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Chapter

1
Electric Motors

J.Kirtley

1.1 Electric Motors

Electric motors provide the driving power for a large and still increasing
part of our modern industrial economy. The range of sizes and types of
motors is large and the number and diversity of applications continues
to expand. The computer on which this book is typed, for example, has
several electric motors inside, in the cooling fan and in the disk drives.
There is even a little motor that is used to eject the removable disk from
its drive.

All around us there are electrical devices that move things around.
Just about everything in one’s life that whine, whirrs or clicks does so
because an electric motor caused the motion.

At the small end of the power scale are motors that drive the hands
in wristwatches, a job that was formerly done by a mechanical spring
mechanism. At the large end of the power scale are motors, rated in the
hundreds of megawatts (MW), that pump water uphill for energy storage.
Somewhat smaller motors, rated in the range of 12 to 15 MW, have
taken over the job of propulsion for cruise ships—a job formerly done by
steam engines or very large, low speed diesel engines.

The flexibility of electric motors and generators and the possibility of
transmitting electric power from place to place makes the use of electric
motors in many drive mechanisms attractive. Even in situations in which
the prime mover is aboard a vehicle, as in diesel-electric locomotives or
passenger ships, electric transmission has displaced most mechanical
or hydraulic transmission. As well, because electric power can be
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2 Chapter One

delivered over sliding contacts, stationary power plants can provide
motive power for rail vehicles. The final drive is, of course, an electric
motor.

The expansion of the use of electric motors’ industrial, commercial
and consumer applications is not at an end. New forms of energy storage
systems, hybrid electric passenger vehicles, and other applications not
yet envisioned will require electric motors, in some cases motors that
have not yet been invented.

This book provides a basic and in-depth explanation for the operation
of several different classes of electric motor. It also contains information
about motor standards and application. The book is mostly concerned
with application of motors, rather than on design or production. It takes,
however, the point of view that good application of a motor must rely on
understanding of its operation.

1.2 Types of Motor

It is important to remember at the outset that electric motors operate
through the interaction of magnetic flux and electric current, or flow
of charge. They develop force because a charge moving in a magnetic
field produces a force which happens to be orthogonal to the motion of
the charge and to the magnetic field. Electric machines also produce a
voltage if the conductor in which current can flow moves through the
magnetic field. Describing the interaction in a electric motor requires
both phenomena, since the energy conversion typified by torque times
rotational speed must also be characterized by current times back
voltage.

Electric motors are broadly classified into two categories: AC and
DC. Within those categories there are subdivisions. Recently, with the
development of economical and reliable power electronic components,
the classifications have become less rigorous and many other types of
motor have appeared. However, it is probably best to start with the
existing classifications of motor.

1.2.1 DC motors

DC motors, as the name implies, operate with terminal voltage and
current that is “direct”, or substantially constant. While it is possible to
produce a “true DC” machine in a form usually called “acyclic”, with
homopolar geometry, such machines have very low terminal voltage
and consequently high terminal current relative to their power rating.
Thus all application of DC motors have employed a mechanical switch
or commutator to turn the terminal current, which is constant or DC,
into alternating current in the armature of the machine.
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Electric Motors 3

DC motors have usually been applied in two broad types of application.
One of these categories is when the power source is itself DC. This is
why motors in automobiles are all DC, from the motors that drive fans
for engine cooling and passenger compartment ventilation to the engine
starter motor.

A second reason for using DC motors is that their torque-speed
characteristic has, historically, been easier to tailor than that of all AC
motor categories. This is why most traction and servo motors have been
DC machines. For example, motors for driving rail vehicles were, until
recently, exclusively DC machines.

The mechanical commutator and associated brushes are problematical
for a number of reasons, and because of this, the advent of cheaper high
power semiconductors have led to applications of AC machines in
situations formerly dominated by DC machines. For example, induction
motors are seeing increased application in railroad traction applications.
The class of machine known as “brushless DC” is actually a synchronous
machine coupled with a set of semiconductor switches controlled by rotor
position. Such machines have characteristics similar to commutator
machines.

1.2.2 AC motors

Electric motors designed to operate with alternating current (AC)
supplies are themselves broadly categorized into two classes: induction
and synchronous. There are many variations of synchronous machines.

AC motors work by setting up a magnetic field pattern that rotates
with respect to the stator and then employing electromagnetic forces to
entrain the rotor in the rotating magnetic field pattern. Synchronous
machines typically have a magnetic field which is stationary with respect
to the rotor and which therefore rotate at the same speed as the stator
magnetic field. In induction motors, the magnetic field is, as the name
implies, induced by motion of the rotor through the stator magnetic
field.

Induction motors are probably the most numerous in today’s economy.
Induction machines are simple, rugged and usually are cheap to produce.
They dominate in applications at power levels from fractional horsepower
(a few hundred watts) to hundreds of horsepower (perhaps half a
megawatt) where rotational speeds required do not have to vary.

Synchronous motors are not as widely used as induction machines
because their rotors are more complex and they require exciters.
However, synchronous motors are used in large industrial applications
in situations where their ability to provide leading power factor helps to
support or stabilize voltage and to improve overall power factor. Also,
in ratings higher than several hundred horsepower, synchronous
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4 Chapter One

machines are often more efficient than induction machines and so very
large synchronous machines are sometimes chosen over induction
motors.

Operated against a fixed frequency AC source, both synchronous and
induction motors run at (nearly) fixed speed. However, when coupled
with an adjustable frequency AC source, both classes of machine can
form adjustable speed drives. There are some important distinctions
based on method of control:

Brushless DC motors: permanent magnet synchronous machines
coupled with switching mechanisms controlled by rotor position. They
have characteristics similar to permanent magnet commutator
machines.

Adjustable speed drives: synchronous or induction motors coupled to
inverters that generate variable frequency. The speed of the motor is
proportional to the frequency.

Vector control: also called field oriented control, is used to produce
high performance servomechanisms by predicting the location of
internal flux and then injecting current to interact optimally with
that flux.

Universal motors are commutator machines, similar to DC machines,
but are adapted to operation with AC terminal voltage. These machines
are economically very important as large numbers are made for consumer
appliances. They can achieve high shaft speed, and thus relatively high
power per unit weight or volume, and therefore are economical on a
watt-per-unit-cost basis. They are widely used in appliances such as
vacuum cleaners and kitchen appliances.

Variable reluctance machines, (VRMs) also called switched
reluctance machines, are mechanically very simple, operating by the
principle that, under the influence of current excitation, magnetic
circuits are pulled in a direction that increases inductance. They are
somewhat akin to synchronous machines in that they operate at a
speed that is proportional to frequency. However, they typically must
operate with switching power electronics, as their performance is poor
when operating against a sinusoidal supply. VRMs have not yet seen
wide application, but their use is growing because of the simplicity of
the rotor and its consequent ability to operate at high speeds and in
hostile environments.

1.3 Description of the Rest of the Book

The book is organized as follows:
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Chapter 2 contains a more complete description of the terminology of
electric motors and more fully categorizes the machine types.

Chapter 3 contains the analytical principles used to describe electric
motors and their operation, including loss mechanisms which limit
machine efficiency and power density. This includes the elementary
physics of electromechanical interactions employing the concepts of
stored energy and co-energy; field-based force descriptions employing
the “Maxwell Stress Tensor”; analytical methods for estimating loss
densities in linear materials and in saturating iron; and empirical ways
of describing losses in steel laminations.

Chapter 4 discusses induction machines. In this chapter, the
elementary theory of the induction machine is derived and used to
explain torque-speed curves. Practical aspects of induction motors,
including different classes of motors and standards are described. Ways
of controlling induction motors using adjustable frequency are presented,
along with their limitations. Finally, single-phase motors are described
and an analytic framework for their analysis is presented.

Chapter 5 concerns wound-field synchronous motors. It opens with a
description of the synchronous motor. Analytical descriptions of
synchronous motors and models for dynamic performance estimation
and simulation are included. Standards and ways of testing synchronous
motors are also examined.

Chapter 6 discusses “Brushless DC Motors”. It includes a description
of motor morphology, an analytic framework for brushless motors and a
description of how they are operated.

Chapter 7 examines conventional, commutator type DC machines. It
presents an analytical framework and a description of operation. It also
contains nomenclature and a description of applicable standards.

Chapter 8 investigates other types of electric motors, including several
types which do not fit into the conventional categories but which are
nevertheless important, including types such as universal motors. This
chapter also contains a section on high performance “high torque” motors.

Chapter 9 discusses the acoustic signature production in electric
motors.

Chapter 10 explores the power-electronics systems that make up the
other half of an electromechanical drive system.
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Chapter

2
Terminology and Definitions

N.Ghai

2.1 Types of Motor

There are many ways in which electric motors may be categorized or
classified. Some of these are presented below and in Fig. 2.1.

2.1.1 AC and DC

One way of classifying electric motors is by the type of power they
consume. Using this approach, we may state that all electric motors fall
into one or the other of the two categories, viz., AC or DC. AC motors
are those that run on alternating current or AC power, and DC motors
are those that run on direct current, or DC power.

2.1.2 Synchronous and induction

Alternating current motors again fall into two distinct categories,
synchronous or induction. Synchronous motors run at a fixed speed,
irrespective of the load they carry. Their speed of operation is given by
the relationship

where f is the system frequency in Hz and P is the number of poles for
which the stator is wound. The speed given by the above relationship is
called the synchronous speed, and hence the name synchronous motor.
The induction motor, on the other hand, runs very close to but less than
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8 Chapter Two

the synchronous speed. The difference between the synchronous speed
and the actual speed is called the slip speed. The slip speed of any
induction motor is a function of its design and of desired performance.
Further, for a given motor, the slip speed and the running speed vary
with the load. The running speed decreases as the load on the motor is
increased.

2.1.3 Salient-pole and cylindrical-rotor

Synchronous motors fall into two broad categories defined by their
method of construction. These are salient-pole motors and cylindrical-
rotor motors. High-speed motors, those running at 3600 r/min with 60
Hz supply, are of the cylindrical-rotor construction for mechanical
strength reasons, whereas slower speed motors, those running at 1800
r/min and slower, are mostly of the salient-pole type.

2.1.4 Single-phase and three-phase motors

All AC motors may also be classified as single-phase and multiphase
motors, depending on whether they are intended to run on single-phase
supply or on multiphase supply. Since the distribution systems are
universally of the three-phase type, multiphase motors are almost always
of the three-phase type. Single-phase motors are limited by the power
they can produce, and are generally available in sizes up to only a few
horsepower, and in the induction motor variety only. Synchronous motors
are usually available in three-phase configurations only.

2.1.5 Other variations

Many variations of the basic induction and synchronous motors are
available. These include but are not limited to the synchronous-induction
motor, which is essentially a wound-rotor-induction motor supplied with
DC power to its rotor winding to make it run at synchronous speed; the

Figure 2.1 Classification of AC and DC motors.
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Terminology and Definitions 9

permanent-magnet motor in which the field excitation is provided by
permanent magnets; the reluctance motor in which the surface of the
rotor of a squirrel-cage induction motor is shaped to form salient-pole
structures causing the motor to run up to speed as an induction motor
and pull into synchronism by reluctance action and operate at
synchronous speed; and the ac-commutator motor or universal motor,
which possesses the wide speed range and higher starting torque
advantages of DC motor, to name a few. One could also include here
single-phase induction motor variations based on the method of starting
used—the split-phase motor, the capacitor-start motor, the resistance-
start motor, and the shaded-pole motor.

2.2 Insulation System Classes

The classification of winding insulation systems is based on their
operating temperature capabilities. These classes are designated by the
letters A, E, B, F, and H. The operating temperatures for these insulation
classes are shown in Table 2.1.

These temperatures represent the maximum allowable operating
temperature of the winding at which, if the motor were operated in a
clean, dry, free-from-impurities environment at up to 40 hours per week,
an operation life of 10 to 20 years could be expected, before the insulation
deterioration due to heat destroys its capability to withstand the applied
voltage.

The temperatures in the Table 2.1 are the maximum temperatures
existing in the winding, or the hot spot temperatures, and are not the
average winding temperatures. It is generally assumed that in a
welldesigned motor, the hot spot is approximately 10°C higher than the
average winding temperature. This yields the allowable temperature rises
(average, or rises by resistance) in an ambient temperature not exceeding
40°C, that one finds in standards. These are shown in Table 2.2.

Class A insulation is obsolete, and no longer in use. Class E insulation
is not used in the United States, but is common in Europe. Class B is

TABLE 2.2 Allowable Temperature Rises

TABLE 2.1 Operating Temperatures for Insulation System Classes
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10 Chapter Two

the most commonly specified insulation. Class F is slowly winning favor,
although for larger motors in the United States, the users tend to specify
class F systems with class B temperature rises to improve the life
expectancy of the windings. Class H systems are widely specified in
synchronous generators up to 5 mW in size.

2.3 Codes and Standards

Both national and international standards exist for electric motors. For
the most part, these apply to general purpose motors. However, in the
United States, some definite purpose standards also exist which are
industry or application specific. Examples of the latter are the IEEE
841, which applies to medium size motors for petroleum and chemical
applications, American Petroleum Institute standards API 541 (large
induction motors) and API 546 (large synchronous motors), both for
petroleum and chemical industry applications, and the American
National Standards Institute standard ANSI C50.41 for large induction
motors for generating station applications.

In the United States, in general, the Institute of Electrical and
Electronics Engineers (IEEE) writes standards for motor testing and test
methods, and the National Electrical Manufacturers Association (NEMA)
writes standards for motor performance. In the international field, the
International Electrotechnical Commission (IEC), which is a voluntary
association of countries, writes all standards applicable to electric motors.
U.S. and international standards that apply to electric motors are:

� NEMA MG1-1993, Rev 4, “Motors and Generators.”
� IEEE Std 112–1996, “IEEE Standard Test Procedure for Polyphase

Induction Motors and Generators.”
� IEEE Std 115–1983, “IEEE Guide: Test Procedures for Synchronous

Machines.”
� IEEE Std 522–1992, “IEEE Guide for Testing Turn-to-Turn Insula-

tion on Form-Wound Stator Coils for Alternating Current Rotating
Electric Machines.”

� IEC 34–1, 1996, 10th ed., “Rotating Electrical Machines, Part 1: Rat-
ing and Performance.”

� IEC 34–1, Amendment 1, 1997, “Rotating Electrical Machines, Part
1: Rating and Performance.”

� IEC 34–2, 1972, “Rotating Electrical Machines, Part 2: Methods of
Determining Losses and Efficiency of Rotating Electrical Machinery
from Tests.”

� IEC 34–2, Amendment 1, 1995 and Amendment 2, 1996, “Rotating
Electrical Machines, Part 2: Methods of Determining Losses and
Efficiency of Rotating Electrical Machinery from Tests.”
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Terminology and Definitions 11

� IEC 34–5,1991, “Rotating Electrical Machines, Part 5: Classification
of Degrees of Protection Provided by Enclosures of Rotating Electri-
cal Machines (IP Code).”

� IEC 34–6, 1991, “Rotating Electrical Machines, Part 6: Methods of
Cooling (IC Code).”

� IEC 34–9, 1990 and 2/979/FDIS, 1997, “Rotating Electrical Machines,
Part 9, “Noise Limits.”

� IEC 34–12, 1980, “Rotating Electrical Machines, Part 12: Starting
Performance of Single-speed, Three-phase Cage Induction Motors for
Voltages up to and Including 600 Volts.”

� IEC 34–14, 1990 and 2/940/FDIS, 1996, “Rotating Electrical Machines,
Part 14: Mechanical Vibration of Certain Machines with Shaft Heights
56 mm and Larger.”

� IEC 34–15,1995, “Rotating Electric Machines, Part 15: Impulse Volt-
age Withstand Levels of Rotating AC Machines with Form-wound
Coils.”

� IEC 38, 1983, “IEC Standard Voltages.”
� IEC 72–1, 1991, “Dimension and Output Series for Rotating Electri-

cal Machines.”
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Chapter

3
Fundamentals of Electromagnetic

Forces and Loss Mechanisms

J.Kirtley

3.1 Introduction

This chapter covers some of the fundamental processes involved in
electric machinery. In the section on energy conversion processes are
examined the two major ways of estimating electromagnetic forces: those
involving thermodynamic arguments (conservation of energy), and field
methods (Maxwell’s Stress Tensor). In between these two explications
is a bit of description of electric machinery, primarily there to motivate
the description of field based force calculating methods.

The section dealing with losses is really about eddy currents in both
linear and nonlinear materials and about semi-empirical ways of
handling iron losses and exciting currents in machines.

3.2 Energy Conversion Process

In a motor, the energy conversion process (see Fig. 3.1) can be thought
of in simple terms. In “steady state”, electric power input to the
machine is just the sum of electric power inputs to the different phase
terminals

Mechanical power is torque times speed
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14 Chapter Three

and the sum of the losses is the difference

It will sometimes be convenient to employ the fact that, in most
machines, dissipation is small enough to approximate mechanical
power with electrical power. In fact, there are many situations in
which the loss mechanism is known well enough that it can be
idealized away. The “thermodynamic” arguments for force density
take advantage of this and employ a “conservative” or lossless energy
conversion system.

3.2.1 Energy approach to
electromagnetic forces

To start, consider some electromechanical system which has two sets of
“terminals”, electrical and mechanical, as shown in Fig. 3.2. If the system
stores energy in magnetic fields, the energy stored depends on the state
of the system, defined by, in this case, two of the identifiable variables:
flux (�), current (i) and mechanical position (x). In fact, with only a little
reflection, you should be able to convince yourself that this state is a

Figure 3.1 Energy conversion process.

Figure 3.2 Conservative magnetic fleld system.
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Fundamentals of Electromagnetic Forces and Loss Mechanisms 15

single-valued function of two variables and that the energy stored is
independent of how the system was brought to this state.

Now, all electromechanical converters have loss mechanisms and so
are not themselves conservative. However, the magnetic field system
that produces force is, in principle, conservative in the sense that its
state and stored energy can be described by only two variables. The
“history” of the system is not important.

It is possible to choose the variables in such a way that electrical
power into this conservative system is

Similarly, mechanical power out of the system is

The difference between these two is the rate of change of energy stored
in the system

It is then possible to compute the change in energy required to take the
system from one state to another by

where the two states of the system are described by a=(�a, xa) and
b=(�b, xb).

If the energy stored in the system is described by two-state variables,
� and x, the total differential of stored energy is

and it is also

so that we can make a direct equivalence between the derivatives and
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16 Chapter Three

This generalizes in the case of multiple electrical terminals and/or
multiple mechanical terminals. For example, a situation with multiple
electrical terminals will have

In the case of rotary, as opposed to linear, motion has in place of force fe

and displacement x, torque Te and angular displacement �.
In many cases, we might consider a system which is electrically

linear, in which case inductance is a function only of the mechanical
position x

In this case, assuming that the energy integral is carried out from �=0
(so that the part of the integral carried out over x is zero)

This makes

Note that this is numerically equivalent to

This is true only in the case of a linear system. Note that substituting
L(x)i=� too early in the derivation produces erroneous results: in the
case of a linear system, it is a sign error, but in the case of a nonlinear
system, it is just wrong.

3.2.2 Co-energy

Often, systems are described in terms of inductance rather than its
reciprocal, so that current, rather than flux, appears to be the relevant
variable. It is convenient to derive a new energy variable, co-energy, by
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and in this case, it is quite easy to show that the energy differential is
(for a single mechanical variable) simply

so that force produced is

Consider a simple electric machine example in which there is a single
winding on a rotor (call it the field winding) and a polyphase
armature. Suppose the rotor is round so that we can describe the flux
linkages as

Now, this system can be simply described in terms of co-energy. With
multiple excitation it is important to exercise some care in taking the
co-energy integral (to ensure that it is taken over a valid path in the
multi-dimensional space). In this case, there are actually five dimensions,
but only four are important since the rotor can be positioned with all
currents at zero so there is no contribution to co-energy from setting
rotor position. Suppose the rotor is at some angle � and that the four
currents have values ia0, ib0, ic0 and if0. One of many correct path integrals
to take would be
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18 Chapter Three

The result is

If the rotor is round so that there is no variation of the stator inductances
with rotor position �, torque is easily given by

3.2.3 Generalization to continuous media

Consider a system with not just a multiplicity of circuits, but a con-
tinuum of current-carrying paths. In that case, we could identify the
co-energy as

where that area is chosen to cut all of the current carrying conductors.
This area can be picked to be perpendicular to each of the current
filaments since the divergence of current is zero. The flux � is calculated
over a path that coincides with each current filament (such paths exist
since current has zero divergence). Then the flux is

Now, if the vector potential  for which the magnetic flux density is
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the flux linked by any one of the current filaments is

where  is the path around the current filament. This implies directly
that the co-energy is

Now it is possible to make   coincide with  and be parallel to the
current filaments, so that

3.2.4 Permanent magnets

Permanent magnets are becoming an even more important element in
electric machine systems. Often systems with permanent magnets are
approached in a relatively ad-hoc way, made equivalent to a current
that produces the same MMF as the magnet itself.

The constitutive relationship for a permanent magnet relates the
magnetic flux density  to magnetic field  and the property of the
magnet itself, the magnetization

Now, the effect of the magnetization is to act as if there were a current
(called an amperian current) with density

Note that this amperian current “acts” just like ordinary current in
making magnetic flux density. Magnetic co-energy is

Next, note the vector identity 
 Now 

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Fundamentals of Electromagnetic Forces and Loss Mechanisms



20 Chapter Three

Then, noting that 

The first of these integrals (closed surface) vanishes if it is taken over a
surface just outside the magnet, where is zero. Thus the magnetic co-
energy in a system with only a permanent magnet source is

Adding current carrying coils to such a system is done in the obvious
way.

3.2.5 Electric machine description

Actually, this description shows a conventional induction motor. This is
a very common type of electric machine and will serve as a reference
point. Most other electric machines operate in a fashion which is the
same as the induction machine or which differ in ways which are easy
to reference to the induction machine.

Consider the simplified machine drawing shown in Fig. 3.3. Most
machines, but not all, have essentially this morphology. The rotor of the
machine is mounted on a shaft which is supported on some sort of
bearing(s). Usually, but not always, the rotor is inside. Although this
rotor is round, this does not always need to be the case. Rotor conductors

Figure 3.3 Form of electric machine.
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are shown, but sometimes the rotor has permanent magnets either
fastened to it or inside, and sometimes (as in Variable Reluctance
Machines), it is just an oddly shaped piece of steel. The stator is, in this
drawing, on the outside and has windings. With most machines, the
stator winding is the armature, or electrical power input element. (In
dc and Universal motors, this is reversed, with the armature contained
on the rotor.)

In most electrical machines, the rotor and the stator are made of
highly magnetically-permeable materials: steel or magnetic iron. In
many common machines such as induction motors, the rotor and stator
are both made up of thin sheets of silicon steel. Punched into those
sheets are slots which contain the rotor and stator conductors.

Figure 3.4 is a picture of part of an induction machine distorted so
that the air-gap is straightened out (as if the machine had infinite radius).
This is actually a convenient way of drawing the machine and, we will
find, leads to useful methods of analysis.

What is important to note for now is that the machine has an air gap
g which is relatively small (that is, the gap dimension is much less than
the machine radius r). The air-gap also has a physical length �. The
electric machine works by producing a shear stress in the air-gap (with
of course side effects such as production of “back voltage”). It is possible
to define the average air-gap shear stress �. Total developed torque is
force over the surface area times moment (which is rotor radius)

Power transferred by this device is just torque times speed, which
is the same as force times surface velocity, since surface velocity is
u=r�

Figure 3.4 Windings in slots.
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If active rotor volume is Vr=�r2�, the ratio of torque to volume is just

Now, determining what can be done in a volume of machine involves
two things. First, it is clear that the calculated volume is not the whole
machine volume, since it does not include the stator. The actual estimate
of total machine volume from the rotor volume is actually quite complex
and detailed. Second, estimate the value of the useful average shear
stress. Suppose both the radial flux density Br and the stator surface
current density Kz are sinusoidal flux waves of the form

Note that this assumes these two quantities are exactly in phase, or
oriented to ideally produce torque, and this will produce an “optimistic”
estimate. Then the average value of surface traction is

This actually makes some sense in view of the empirically derived
Lorentz Force Law: Given a (vector) current density and a (vector) flux
density, in the absence of magnetic materials (those with permeability
different from that of free space), the observed force on a conductor is

where  is the vector describing current density (A/m2) and  is the
magnetic flux density (T). This is actually enough to describe the forces
we see in many machines, but since electric machines have permeable
magnetic material and since magnetic fields produce forces on permeable
material even in the absence of macroscopic currents, it is necessary to
observe how force appears on such material. A suitable empirical
expression for force density is

where  is the magnetic field intensity and µ is the permeability.
Now, note that current density is the curl of magnetic field intensity,

so that
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And, since

force density is

This expression can be written by components: the component of force
in the i’th dimension is

Now, the divergence of magnetic flux density is

and

but since the last term is zero, the force density is

where the Kroneker delta �ik=1 if i=k, 0 otherwise. Note that this force
density is in the form of the divergence of a tensor

or
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In this case, force on some object that can be surrounded by a closed
surface can be found by using the divergence theorem

or, if the surface traction is �i=�kTiknk , where n is the surface normal
vector, then the total force in direction i is just

The interpretation of all of this is less difficult than the notation suggests.
This field description of forces gives a simple picture of surface traction,
the force per unit area on a surface. Integrate this traction over the
area of some body to get the whole force on the body.

Note one more thing about this notation. Sometimes when subscripts
are repeated as they are here, the summation symbol is omitted. Thus
�i=�kTiknk=Tiknk .

Now, in the case of a circular cylinder and torque, one can compute
the circumferential force by noting that the normal vector to the cylinder
is just the radial unit vector, and then the circumferential traction must
simply be

Assuming that there are no fields inside the surface of the rotor, simply
integrating this over the surface gives azimuthal force, and then
multiplying by radius (moment arm) gives torque. The last step is to
note that, if the rotor is made of highly permeable material, the azimuthal
magnetic field is equal to surface current density.

3.3 Surface Impedance of
Uniform Conductors

The objective of this section is to describe the calculation of the surface
impedance presented by a layer of conductive material. Two problems
are considered here. The first considers a layer of linear material backed
up by an infinitely permeable surface. This is approximately the situation
presented by, for example, surface-mounted permanent magnets and is
probably a decent approximation to the conduction mechanism that
would be responsible for loss due to asynchronous harmonics in these

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Fundamentals of Electromagnetic Forces and Loss Mechanisms



Fundamentals of Electromagnetic Forces and Loss Mechanisms 25

machines. It is also appropriate for use in estimating losses in solid-
rotor induction machines and in the poles of turbogenerators. The second
problem concerns saturating ferromagnetic material.

3.3.1 Linear case

The situation and coordinate system are shown in Fig. 3.5. The
conductive layer is of thickness T and has conductivity � and permeability
µ0. To keep the mathematical expressions within bounds, assume
rectilinear geometry. This assumption will present errors which are small
to the extent that curvature of the problem is small compared with the
wavenumbers encountered. Presume that the situation is excited, as it
would be in an electric machine, by a current sheet of the form

In the conducting material, the diffusion equation must be satisfied

In view of the boundary condition at the back surface of the material,
taking that point to be y=0, a general solution for the magnetic field in
the material is

where the coefficient 	 satisfies

and note that the coefficients above are chosen so that  has no
divergence.

Figure 3.5 Axial view of magnetic field problem.
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Note that if k is small (that is, if the wavelength of the excitation is
large), this spatial coefficient 	 becomes

where the skin depth is

Faraday’s law

gives

Now, the “surface current” is just

so that the equivalent surface impedance is

A pair of limits are interesting here. Assuming that the wavelength is
long so that k is negligible, then if 	T is small (i.e. thin material)

On the other hand, as aT�


Next, it is necessary to transfer this surface impedance across the air-
gap of a machine. So, assume a new coordinate system in which the
surface of impedance  is located at y=0, and determine the impedance

 at y=g.
In the gap, there is no current, so magnetic field can be expressed as

the gradient of a scalar potential which obeys Laplace’s equation
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and

Ignoring a common factor of ej(�t-kx),  in the gap as

At the surface of the rotor

or

and then, at the surface of the stator

A bit of manipulation is required to obtain

It is useful to note that, in the limit of  this expression approaches
the gap impedance

and, if the gap is small enough that kg�0

3.3.2 Iron

Electric machines employ ferromagnetic materials to carry magnetic
flux from and to appropriate places within the machine. Such materials
have properties which are interesting, useful and problematical, and
the designers of electric machines must understand these materials.
The purpose of this note is to introduce the most salient properties of
the kinds of magnetic materials used in electric machines.
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For materials which exhibit magnetization, flux density is something
other than . Generally, materials are hard or soft. Hard
materials are those in which the magnetization tends to be permanent,
while soft materials are used in magnetic circuits of electric machines
and transformers. They are related even though their uses are widely
disparate.

3.3.2.1 Magnetization. It is possible to relate, in all materials, magnetic
flux density to magnetic field intensity with a constitutive relationship
of the form

where magnetic field intensity H and magnetization M are the two
important properties. Now, linear-magnetic material magnetization is
a simple linear function of magnetic field

so that the flux density is also a linear function

Note that in the most general case, the magnetic susceptibility �m might
be a tensor, leading to flux density being non-colinear with magnetic
field intensity. But such a relationship would still be linear. Generally,
this sort of complexity does not have a major effect on electric machines.

3.3.2.2 Saturation and hysteresis. In useful magnetic materials, this
nice relationship is not correct and a more general view is taken. The
microscopic picture is not dealt with here, except to note that the
magnetization is due to the alignment of groups of magnetic dipoles—
the groups often called domaines. There are only so many magnetic
dipoles available in any given material, so that once the flux density is
high enough, the material is said to saturate, and the relationship
between magnetic flux density and magnetic field intensity is nonlinear.

Shown in Fig. 3.6, for example, is a “saturation curve” for a magnetic
sheet steel that is sometimes used in electric machinery. Note the
magnetic field intensity is on a logarithmic scale. If this were plotted on
linear coordinates, the saturation would appear to be quite abrupt.

At this point, it is appropriate to note that the units used in magnetic
field analysis are not always the same, nor even consistent. In almost

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Fundamentals of Electromagnetic Forces and Loss Mechanisms



Fundamentals of Electromagnetic Forces and Loss Mechanisms 29

all systems, the unit of flux is the weber (W), which is the same as a
volt-second. In SI, the unit of flux density is the tesla (T), but many
people refer to the gauss (G), which has its origin in CGS. 10,000 G=1 T.
There is an English system measure of flux density generally called
kilo-lines per square inch, in which the unit of flux is the line. 108 lines
is equal to a weber. Thus, a Tesla is 64.5 kilo-lines per square inch.

The SI and CGS units of flux density are easy to reconcile, but the units
of magnetic field are a bit harder. In SI, H has dimensions of amperes/
meter (or ampere-turns per meter). Often, however, magnetic field is
represented as Oersteds (Oe). One Oe is the same as the magnetic field
required to produce one gauss in free space. So 79.577 A/m is one Oe.

In most useful magnetic materials, the magnetic domaines tend to be
somewhat “sticky”, and a more-than-incremental magnetic field is
required to get them to move. This leads to the property called
“hysteresis”, both useful and problematical in many magnetic systems.

Hysteresis loops take many forms: a generalized picture of one is
shown in Fig. 3.7. Salient features of the hysteresis curve are the
remanent magnetization Br and the coercive field Hc. Note that the actual
loop that will be traced out is a function of field amplitude and history.
Thus, there are many other “minor loops” that might be traced out by

Figure 3.6 Saturation curve: Commercial M-19 silicon iron. Source: United States Steel,
Applications handbook “Nonoriented Sheet Steel for Magnetic Applications.”
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out by the B-H characteristic of a piece of material, depending on just
what the fields and fluxes have done and are doing.

Now, hysteresis is important for two reasons. First, it represents the
mechanism for “trapping” magnetic flux in a piece of material to form a
permanent magnet. We will have more to say about that anon. Second,
hysteresis is a loss mechanism. To show this, consider some arbitrary
chunk of material for which one can characterize an MMF and a flux

Energy input to the chunk of material over some period of time is

Now, imagine carrying out the second (double) integral over a continuous
set of surfaces which are perpendicular to the magnetic field H. (This IS
possible!.) The energy becomes

and, done over a complete cycle of some input waveform, that is

Figure 3.7 Hysteresis curve nomenclature.
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That last expression simply expresses the area of the hysteresis loop for
the particular cycle.

Generally, most electric machine applications use magnetic material
characterized as “soft”, having as narrow a hysteresis loop, and therefore
as low a hysteretic loss as possible. At the other end of the spectrum are
“hard” magnetic materials which are used to make permanent magnets.
The terminology comes from steel, in which soft, annealed steel material
tends to have narrow loops and hardened steel tends to have wider loops.
However, permanent magnet technology has advanced to the point where
the coercive forces, possible in even cheap ceramic magnets, far exceed
those of the hardest steels.

3.3.2.3 Conduction, eddy currents and laminations. Steel, being a metal,
is an electrical conductor. Thus, when time-varying, magnetic fields pass
through it, they cause eddy currents to flow, and of course those produce
dissipation. In fact, for almost all applications involving “soft” iron, eddy
currents are the dominant source of loss. To reduce the eddy current
loss, magnetic circuits of transformers and electric machines are almost
invariably laminated, or made up of relatively thin sheets of steel. To
further reduce losses, the steel is alloyed with elements (often silicon)
which poison the electrical conductivity.

There are several approaches to estimating the loss due to eddy
currents in steel sheets and in the surface of solid iron, and it is
worthwhile to look at a few of them. It should be noted that this is a
“hard” problem, since the behavior of the material itself is difficult to
characterize.

3.3.2.4 Complete penetration case. Consider the problem of a stack of
laminations. In particular, consider one sheet in the stack represented
in Fig. 3.8. It has thickness t and conductivity �. Assume that the “skin
depth” is much greater than the sheet thickness so that magnetic field
penetrates the sheet completely. Further, assume that the applied
magnetic flux density is parallel to the surface of the sheets

Faraday’s law determines the electric field and therefore current density
in the sheet. If the problem is uniform in the x- and z-directions
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Note also that, unless there is some net transport current in the x-
direction, E must be anti-symmetric about the center of the sheet. Thus,
if the origin of y is in the center, electric field and current are

Local power dissipated is

To find average power dissipated, we integrate over the thickness of the
lamination

Pay attention to the orders of the various terms here: power is
proportional to the square of flux density and to the square of frequency.
It is also proportional to the square of the lamination thickness (this is
average volume power dissipation).

As an aside, consider a simple magnetic circuit made of this material,
with some length l and area A, so that volume of material is lA. Flux
lined by a coil of N turns would be

and voltage is of course just V=j�L. Total power dissipated in this core
would be

Figure 3.8 Lamination section for loss calculation.
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where the equivalent core resistance is now

3.3.2.5 Eddy currents in saturating iron. Although the same geometry
holds for this pattern, consider the one-dimensional problem .
The problem was worked by Agarwal(1) and MacLean.(2) They assumed
that the magnetic field at the surface of the flat slab of material was
sinusoidal in time and of high enough amplitude to saturate the material.
This is true if the material has high permeability and the magnetic field
is strong. What happens is that the impressed magnetic field saturates
a region of material near the surface, leading to a magnetic flux density
parallel to the surface. The depth of the region affected changes with
time, and there is a separating surface (in the flat problem, this is a
plane) that moves away from the top surface in response to the change
in the magnetic field. An electric field is developed to move the surface,
and that magnetic field drives eddy currents in the material.

Assume that the material has a perfectly rectangular magnetization
curves as shown in Fig. 3.9, so that flux density in the x-direction is

The flux per unit width (in the z-direction) is

and Faraday’s law becomes

Figure 3.9 Idealized saturating
characteristic.
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while Ampere’s law in conjunction with Ohm’s law is

MacLean(2) suggested a solution to this set in which there is a “separating
surface” at depth  below the surface, as shown in Fig. 3.10. At any
given time

That is, in the region between the separating surface and the top of the
material, electric field Ez is uniform and magnetic field Hx is a linear
function of depth, falling from its impressed value at the surface to zero
at the separating surface. Now, electric field is produced by the rate of
change of flux which is

 

Eliminating E, we have

Figure 3.10 Separating surface and penetration depth.
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and then, if the impressed magnetic field is sinusoidal, this becomes

 

This is easy to solve, assuming that =0 at t=0

 

Now, the surface always moves in the downward direction, so at each
half cycle, a new surface is created. The old one just stops moving at a
maximum position, or penetration depth

 

This penetration depth is analogous to the “skin depth” of the linear
theory. However, it is an absolute penetration depth.

The resulting electric field is

 

This may be Fourier analyzed. Noting that if the impressed magnetic
field is sinusoidal, only the time fundamental component of electric field
is important, leading to

 

Complex surface impedance is the ratio between the complex amplitude
of electric and magnetic field, which becomes

 

Thus, in practical applications, nonlinear iron surfaces are treated in
the same way as linear-conductive surfaces—by establishing a skin depth
and assuming that current flows within that skin depth of the surface.
The resistance is modified by the factor of 16/3 � and the “power factor” of
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this surface is about 89% (as opposed to a linear surface, where the
“power factor” is about 71%).

Agarwal(1) suggests using a value for B0 of about 75% of the saturation
flux density of the steel.

3.3.2.6 Semi-empirical method of handling iron loss. Neither of the
models described so far are fully satisfactory in specifying the behavior
of laminated iron, because losses are a combination of eddy current and
hysteresis losses. The rather simple model employed for eddy currents
is precise because of its assumption of abrupt saturation. The hysteresis
model, while precise, would require an empirical determination of the
size of the hysteresis loops anyway. So, one must often resort to empirical
loss data. Manufacturers of lamination-steel sheets will publish data,
usually in the form of curves, for many of their products. Here are a few
ways of looking at the data.

A low frequency flux density vs. magnetic field (“saturation”) curve
was shown in Fig. 3.6. Included with that was a measure of the
incremental permeability

 

In some machine applications, either the “total” inductance (ratio of flux
to MMF) or “incremental” inductance (slope of the flux to MMF curve)
is required. In the limit of low frequency, these numbers may be useful.

For designing electric machines, however, a second way of looking at
steel may be more useful. This is to measure the real and reactive power
as a function of magnetic flux density and (sometimes) frequency. In
principal, this data is immediately useful. In any welldesigned electric
machine the flux density in the core is distributed fairly uniformly and
is not strongly affected by eddy currents, etc., in the core. Under such
circumstances, one can determine the flux density in each part of the
core. With that information, one can go to the published empirical data
for real and reactive power and determine core loss and reactive power
requirements.

Figure 3.11 shows core loss and “apparent” power per unit mass as a
function of (RMS) induction for 29-gage, fully processed M-19 steel. The
two left-hand curves are the most useful. “P” denotes real power while
“Pa” denotes “apparent power”. The use of this data is quite
straightforward. If the flux density in a machine is estimated for each
part of the machine and the mass of steel calculated, then with the help
of this chart, a total core loss and apparent power can be estimated.
Then the effect of the core may be approximated with a pair of elements
in parallel with the terminals, with
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where q is the number of machine phases and V is phase voltage. Note
that this picture is, strictly speaking, only valid for the voltage and
frequency for which the flux density was calculated. But it will be
approximately true for small excursions in either voltage or frequency
and therefore useful for estimating voltage drop due to exciting current
and such matters. In design program applications, these parameters
can be pre-calculated repeatedly if necessary.

“Looking up” this data is a bit awkward for design studies, so it is
often convenient to do a “curve fit” to the published data. There are a
large number of possible ways of doing this. One method that has been
found to work reasonably well for silicon iron is an “exponential fit”

Figure 3.11 Real and apparent loss: M-19, fully processed, 29 gage. Source: United
States Steel, Applications handbook “Nonoriented Sheet Steel for Magnetic Applications.”
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This fit is appropriate if the data appears on a log-log plot to lie in
approximately straight lines. Figure 3.12 shows such a fit for the same
steel sheet as the other figures.

For “apparent power”, the same sort of method can be used. It appears,
however, that the simple exponential fit which works well for real power
is inadequate, at least if relatively high inductions are to be used. This
is because, as the steel saturates, the reactive component of exciting
current rises rapidly. In some cases, a “double exponential” fit

Figure 3.12 Steel sheet core loss fit vs. flux density and frequency.

TABLE 3.1 Exponential Fit Parameters for Two-Sided
Steel Sheets, 29 Ga., Fully Processed
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gives adequate results. To first order the reactive component of exciting
current will be linear in frequency. Parameters for two commonly used
electrical sheet steels are shown in Table 3.1.
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Chapter

4
Induction Motors

J.Kirtley and N.Ghai

4.1 Theory of the Polyphase
Inductor Motor

4.1.1 Principle of operation

An induction motor is an electric transformer whose magnetic circuit is
separated by an air gap into two relatively movable portions, one carrying
the primary and the other the secondary winding. Alternating current
supplied to the primary winding from an electric power system induces
an opposing current in the secondary winding, when the latter is short-
circuited or closed through an external impedance. Relative motion
between the primary and secondary structures is produced by the
electromagnetic forces corresponding to the power thus transferred
across the air gap by induction. The essential feature which distinguishes
the induction machine from other types of electric motors is that the
secondary currents are created solely by induction, as in a transformer,
instead of being supplied by a dc exciter or other external power source,
as in synchronous and dc machines.

Induction motors are classified as squirrel-cage motors and wound-
rotor motors. The secondary windings on the rotors of squirrel-cage motors
are assembled from conductor bars short-circuited by end rings or are
cast in place from a conductive alloy. The secondary windings of wound-
rotor motors are wound with discrete conductors with the same number
of poles as the primary winding on the stator. The rotor windings are
terminated on slip rings on the motor shaft. The windings can be short-
circuited by brushes bearing on the slip rings, or they can be connected to
resistors or solid-state converters for starting and speed control.
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4.1.2 Construction features

The normal structure of an induction motor consists of a cylindrical
rotor carrying the secondary winding in slots on its outer periphery and
an encircling annular core of laminated steel carrying the primary
winding in slots on its inner periphery. The primary winding is commonly
arranged for three-phase power supply, with three sets of exactly similar
multipolar coil groups spaced one-third of a pole pitch apart. The
superposition of the three stationary, but alternating, magnetic fields
produced by the three-phase windings produces a sinusoidally
distributed magnetic field revolving in synchronism with the power-
supply frequency, the time of travel of the field crest from one phase
winding to the next being fixed by the time interval between the reaching
of their crest values by the corresponding phase currents. The direction
of rotation is fixed by the time sequence of the currents in successive
phase belts and so many be reversed by reversing the connections of
one phase of a two- or three-phase motor.

Figure 4.1 shows the cross section of a typical polyphase induction
motor, having in this case a three-phase four-pole primary winding with
36 stator and 28 rotor slots. The primary winding is composed of 36
identical coils, each spanning eight teeth, one less than the nine teeth
in one pole pitch. The winding is therefore said to have 8/9 pitch. As
there are three primary slots per pole per phase, phase A comprises
four equally spaced “phase belts,” each consisting of three consecutive
coils connected in series. Owing to the short pitch, the top and bottom
coil sides of each phase overlap the next phase on either side. The rotor,

Figure 4.1 Section of squirrel-cage
induction motor, 3-phase, 4-pole, 8/
9-pitch stator winding.
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or secondary, winding consists merely of 28 identical copper or cast-
aluminum bars solidly connected to conducting end rings on each end,
thus forming a “squirrel-cage” structure. Both rotor and stator cores
are usually built on silicon-steel laminations, with partly closed slots, to
obtain the greatest possible peripheral area for carrying magnetic flux
across the air gap.

4.1.3 The revolving field

The key to understanding the induction motor is a thorough
comprehension of the revolving magnetic field.

The rectangular wave in Fig. 4.2 represents the mmf, or field
distribution, produced by a single full-pitch coil, carrying H At. The air
gap between stator and rotor is assumed to be uniform, and the effects
of slot openings are neglected. To calculate the resultant field produced
by the entire winding, it is most convenient to analyze the field of each
single coil into its space-harmonic components, as indicated in Fig. 4.2
or expressed by the following equation:

(4.1)

When two such fields produced by coils in adjacent slots are super-posed,
the two fundamental sine-wave components will be displaced by the
slot angle �, the third-harmonic components by the angle 3�, the fifth
harmonics by the angle 5�, etc. Thus, the higher space-harmonic
components in the resultant field are relatively much reduced as
compared with the fundamental. By this effect of distributing the
winding in several slots for each phase belt, and because of the further
reductions due to fractional pitch and to phase connections, the space-
harmonic fields in a normal motor are reduced to negligible values,
leaving only the fundamental sine-wave components to be considered
in determining the operating characteristics.

Figure 4.2 Magnetic field produced
by a single coil.
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The alternating current flowing in the winding of each phase therefore
produces a sine-wave distribution of magnetic flux around the periphery,
stationary in space but varying sinusoidally in time in synchronism with
the supply frequencies. Referring to Fig. 4.3, the field of phase A at an
angular distance x from the phase axis may be represented as an
alternating phasor I cos x cos �t but may equally well be considered as
the resultant of two phasors constant in magnitude but revolving in
opposite directions as synchronous speed

(4.2)

Each of the right-hand terms in this equation represents a sine-wave
field revolving at the uniform rate of one pole pitch, or 180 electrical
degrees, in the time of each half cycle of the supply frequency. The
synchronous speed Ns of a motor is therefore given by

(4.3)

where f=line frequency in hertz and P=number of poles of the
winding.

Considering phase A alone (Fig. 4.4), two revolving fields will coincide
along the phase center line at the instant its current is a maximum.

Figure 4.3 Resolution of alternating wave into
two constant-magnitude waves revolving in oppo-
site directions.

Figure 4.4 Resolution of alternating
emf of each phase into oppositely
revolving constant-magnitude compo-
nents shown at instant when phase A
current is zero (��=90°).

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Induction Motors



Induction Motors 45

One-third of a cycle later, each will have traveled 120 electrical degrees,
one forward and the other backward, the former lining up with the axis
of phase B and the latter with the axis of phase C. But at this moment,
the current in phase B is a maximum, so that the forward-revolving B
field coincides with the forward A field, and these two continue to revolve
together. The backward B field is 240° behind the backward A field, and
these two remain at this angle, as they continue to revolve. After another
third of a cycle, the forward A and B fields will reach the phase C axis,
at the same moment that phase C current becomes a maximum. Hence,
the forward fields of all three phases are directly additive, and together
they create a constant-magnitude sine-wave-shaped synchronously
revolving field with a crest value 3/2 the maximum instantaneous value
of the alternating field due to one phase alone. The backward-revolving
fields of the three phases are separated by 120°, and their resultant is
therefore zero so long as the three-phase currents are balanced in both
magnitude and phase.

If a two-phase motor is considered, it will have two 90° phase belts
per pole instead of three 60° phase belts, and a similar analysis shows
that it will have a forward-revolving constant-magnitude field with a
crest value equal to the peak value of one phase alone and will have
zero backward-revolving fundamental field. A single-phase motor will
have equal forward and backward fields and so will have no tendency to
start unless one of the fields is suppressed or modified in some way.

While the space-harmonic-field components are usually negligible in
standard motors, it is important to the designer to recognize that there
will always be residual harmonic-field values which may cause torque
irregularities and extra losses if they are not minimized by an adequate
number of slots and correct winding distribution. An analysis similar to
that given for the fundamental field shows that in all cases the harmonic
fields corresponding to the number of primary slots (seventh and 19th
in a nine-slot-per-pole motor) are important and that the fifth and
seventh harmonics on three-phase, or third and fifth on two-phase, may
also be important.

The third-harmonic fields and all multiples of the third are zero in a
three-phase motor, since the mmf’s of the three phases are 120° apart
for both backward and forward components of all of them. Finally,
therefore, a three-phase motor has the following distinct fields:

a. The fundamental field with P poles revolving forward at speed Ns.
b. A fifth-harmonic field with five P poles revolving backward at speed

Ns/5.
c. A seventh-harmonic field with seven P poles revolving forward at

speed Ns/7.
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d. Similar 13th, 19th, 25th, etc., forward-revolving and 11th, 17th, 23rd,
etc., backward revolving harmonic fields.

Figure 4.5 shows a test speed-torque curve obtained on a two-phase
squirrel-cage induction motor with straight (unspiraled) slots. The torque
dips due to three of the forward-revolving fields are clearly indicated.

4.1.4 Torque, slip, and rotor impedance

When the rotor is stationary, the revolving magnetic field cuts the
short-circuited secondary conductors at synchronous speed and induces
in them line-frequency currents. To supply the secondary IR voltage
drop, there must be a component of voltage in time phase with the
secondary current, and the secondary current, therefore, must lag in
space position behind the revolving air-gap field. A torque is then
produced corresponding to the product of the air-gap field by the
secondary current times the sine of the angle of their space-phase
displacement.

At standstill, the secondary current is equal to the air-gap voltage
divided by the secondary impedance at line frequency, or

(4.4)

where R2=effective secondary resistance and X2=secondary leakage
reactance at primary frequency.

The speed at which the magnetic field cuts the secondary conductors
is equal to the difference between the synchronous speed and the actual
rotor speed. The ratio of the speed of the field relative to the rotor, to
synchronous speed, is called the slip s

Figure 4.5 Speed-torque curve of
2-phase motor showing harmonic
torque.
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or (4.5)

where N=actual and Ns=synchronous rotor speed.
As the rotor speeds up, with a given air-gap field, the secondary

induced voltage and frequency both decrease in proportion to s. Thus,
the secondary voltage becomes sE2, and the secondary impedance R2+
jsX2, or

(4.6)

The only way that the primary is affected by a change in the rotor speed,
therefore, is that the secondary resistance as viewed from the primary
varies inversely with the slip.

In practice, the effective secondary resistance and reactance, or R2

and X2, change with the secondary frequency, owing to the varying “skin
effect,” or current shifting into the outer portion of the conductors, when
the frequency is high. This effect is employed to make the resistance,
and therefore the torque, higher at starting and low motor speeds, by
providing a double cage, or deep-bar construction, as shown in Fig. 4.6.
The leakage flux between the outer and inner bars makes the inner-bar
reactance high, so that most of the current must flow in the outer bars
or at the top of a deep-bar at standstill, when frequency is high. At full
speed, the secondary frequency is very low, and most of the current
flows in the inner bars, or all over the cross section of a deep bar, owing
to their lower resistance.

4.1.5 Analysis of induction motors

Induction motors are analyzed by three methods: (1) circle diagram; (2)
equivalent circuit; (3) coupled-circuit, generalized machine. The first

Figure 4.6 Alternating forms of squirrel-cage rotor bars.
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two methods are used for steady-state conditions; the third method is
used for transient conditions. The circle diagram is convenient for
visualizing overall performance but is too inaccurate for detailed
calculations and design. The magnetizing current is not constant, but
decreases with load because of the primary impedance drop. All of the
circuit constants vary over the operating range due to magnetic
saturation and skin effect. The equivalent circuit method predominates
for analysis and design under steady-state conditions. The impedances
can be adjusted to fit the conditions at each calculation point.

4.1.6 Circle diagram

The voltage-current relations of the polyphase induction machine are
roughly indicated by the circuit of Fig. 4.7. The magnetizing current IM

proportional to the voltage and lagging 90° in phase is nearly constant
over the operating range, while the load current varies inversely with
the sum of primary and secondary impedances. As the slip s increases,
the load current and its angle of lag behind the voltage both increase,
following a nearly circular locus. Thus, the circle diagram (Fig. 4.8)
provides a picture of the motor behavior.

The data needed to construct the diagram are the magnitude of the
no-load current ON and of the blocked-rotor current OS and their phase
angles with reference to the line voltage OE. A circle with its center on

Figure 4.7 Equivalent circuit for circle diagram.

Figure 4.8 Circle diagram of polyphase induction motor.
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the line NU at right angles to OE is drawn to pass through N and S.
Each line on the diagram can be measured directly in amperes, but it
also represents voltamperes or power, when multiplied by the phase
voltage times number of phases. The line VS drawn parallel to OE
represents the total motor power input with blocked rotor, and on the
same scale VT represents the corresponding primary I2R loss. Then ST
represents the power input to the rotor at standstill, which, divided by
the synchronous speed, gives the starting torque.

At any load point A, OA is the primary current, NA the secondary
current, and AF the motor power input. The motor output power is AB,
the torque×(synchronous speed) is AC, the secondary I2R loss is BC,
primary I2R loss CD, and no-load copper loss plus core loss DF. The
maximum power-factor point is P, located by drawing a tangent to the
circle from O. The maximum output and maximum torque points are
similarly located at Q and R by tangent lines parallel to NS and NT,
respectively.

The diameter of the circle is equal to the voltage divided by the
standstill reactance or to the blocked-rotor current value on the
assumption of zero resistance in both windings. The maximum torque
of the motor, measured in kilowatts at synchronous speed, is equal to a
little less than the radius of the circle multiplied by the voltage OE.

4.1.7 Equivalent circuit

Figure 4.9 shows the polyphase motor circuit usually employed for
accurate work. The advantages of this circuit over the circle-diagram
method are that it facilitates the derivation of simple formulas, charts,
or computer programs for calculating torque, power factor, and other
motor characteristics and that it enables impedance changes due to
saturation or multiple squirrel cages to be readily taken into account.

Inspection of the circuit reveals several simple relationships which
are useful for estimating purposes. The maximum current occurs at
standstill and is somewhat less than E/X. Maximum torque occurs when

Figure 4.9 Equivalent circuit of
polyphase induction motor.
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s=R2/X, approximately, at which point the current is roughly 70% of
the standstill current. Hence, the maximum torque is approximately
equal to E2/2X. This gives the basic rule that the percent maximum
torque of a low-slip polyphase motor at a constant impressed voltage is
about half the percent starting current.

By choosing the value of R2, the slip at which maximum torque occurs
can be fixed at any desired value. The maximum-torque value itself is
affected, not by changes in R2, but only by changes in X and to a slight
degree by changes in XM.

The magnetizing reactance XM is usually eight or more times as great
as X, while R1 and R2 are usually much smaller than X, except in the
case of special motors designed for frequent-starting service.

The equivalent circuit of Fig. 4.9 shows that the total power Pg1

transferred across the air-gap from the stator is

(4.7)

The total rotor copper loss is evidently

Definitions of Equivalent-Circuit Constanta
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(4.8)

The internal mechanical power P developed by the motor is therefore

(4.9)

We see, then, that of the total power delivered to the motor, the fraction
1–s is converted to mechanical power and the fraction s is dissipated as
rotor-circuit copper loss. The internal mechanical power per stator phase
is equal to the power absorbed by the resistance R2(1–s)/s. The internal
electromagnetic torque T corresponding to the internal power P can be
obtained by recalling that mechanical power equals torque times angular
velocity. Thus, when �s is the synchronous angular velocity of the rotor
in mechanical radians per second

(4.10)

with T in newton-meters. By use of Eq. (4.9),

(4.11)

For T in foot-pounds and Ns in revolutions per minute

(4.12)

4.1.8 Torque and power

Considerable simplification results from application of Thévenin’s
network theorem to the induction-motor equivalent circuit. Thévenin’s
theorem permits the replacement of any network of linear circuit
elements and constant phasor voltage sources, as viewed from two
terminals by a single phasor voltage source E in series with a single
impedance Z. The voltage E is that appearing across terminals a and b
of the original network when these terminals are open-circuited; the
impedance Z is that viewed from the same terminals when all voltage
sources within the network are short-circuited. For application to the
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induction-motor equivalent circuit, points a and b are taken as those so
designated in Fig. 4.9. The equivalent circuit then assumes the forms
given in Fig. 4.10. So far as phenomena to the right of points a and b are
concerned, the circuits of Figs. 4.9 and 4.10 are identical when the voltage
V1a and the impedance R1+jX1 have the proper values. According to
Thévenin’s theorem, the equivalent source voltage V1a is the voltage
that would appear across terminals a and b of Fig. 4.9 with the rotor
circuits open and is

(4.13)

where IM is the zero-load exciting current and
 

is the self-reactance of the stator per phase and very nearly equals the
reactive component of the zero-load motor impedance. For most induction
motors, negligible error results from neglecting the stator resistance in
Eq. (4.13). The Thévenin equivalent stator impedance R1+jX1 is the
impedance between terminals a and b of Fig. 4.9, viewed toward the
source with the source voltage short-circuited, and therefore is

 

From the Thévenin equivalent circuit (Fig. 4.10) and the torque
expression (Eq. 4.11), it can be seen that

(4.14)

The slip at maximum torque, smax T , is obtained by differentiating Eq.
(4.14) with respect to s and equating to zero

 

The corresponding maximum torque is

Figure 4.10 Induction-motor equivalent circuits simplified by Thévenin’s
theorem.
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4.1.9 Service factor

General-purpose fractional- and integral-horsepower motors are given
a “service factor,” which allows the motor to deliver greater than rated
horsepower, without damaging its insulation system. The motor is
operated at rated voltage and frequency. The standard service factors
are 1.4 for motors rated 1/20 to 1/8 hp; 1.35 for 1/6 to 1/3 hp; 1.25 for ½ hp to
the frame size for 1 hp at 3600 r/min. For all larger motors through 200
hp, the service factor is 1.15. For 250 to 500 hp, the service factor is 1.0.

4.1.10 Efficiency and power factor

Typical full-load efficiencies and power factors of standard Design B
squirrel cage induction motors are given in Figs. 4.11, and 4.12,
respectively. The efficiencies of Design A motors are generally slightly
lower, and those of Design D motors considerably lower. The power

Figure 4.11 Typical full-load efficiencies of Design B squirrel-
cage motors.

Figure 4.12 Typical full-load power
factor of Design B squirrel-cage mo-
tors.
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factors of Design A squirrel-cage induction motors are slightly higher,
and those of Design C are slightly lower. Energy-efficient motors are
those whose design is optimized to reduce losses. Comparative
efficiencies of standard and energy-efficient motors of NEMA Design B
are shown in Fig. 4.13.

4.1.11 Full-load current

With the efficiency and power factor of a three-phase motor known, its
full-load current may be calculated from the formula

 

where the efficiency and power factor are expressed as decimals.

4.1.12 Torques and starting currents

Starting and breakdown torques of common Design A, B, and C squirrel-
cage induction motors are given in Table 4.1. The maximum breakdown
torque for wound-rotor motors is 200% of full-load torque. The starting
torque and starting current of wound-rotor motors vary with the amount
of external resistance in the secondary circuit.

The starting kVA of a squirrel-cage motor is indicated by a code
letter stamped on the nameplate. Table 4.2 gives the corresponding

Figure 4.13 Nominal efficiencies for NEMA Design B 4-pole motors,
1800 r/min; standard vs. energy-efflcient motors.
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kVA for each code letter, and the locked-motor current can be
determined from

 

where k=1 for single-phase, and k=1.73 for three-phase.
Maximum locked-rotor current for Design B, C, and D three-phase

motors has been standardized as shown in Table 4.3 for 230 V. The

TABLE 4.1 Torques—Polyphase Induction Motors
(Percent of full-load torque)

TABLE 4.2 Locked-Rotor kVA for Code-Letter Motors

NOTE. LR=locked-rotor torque; BD=breakdown torque; A, B, and C refer to Design A, etc.
*Progressively lower values for these larger ratings.

*National Electrical Code.
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starting current for motors designed for other voltages is inversely
proportional to the voltage.

4.2 Design Evaluation of Induction Motors

4.2.1 Introduction

The objective of this section is an understanding of induction motors
from first principles. The analysis developed here results in the
equivalent circuit models discussed in section 4.1, along with more
complex models which give a fuller explanation of some of the loss
mechanisms in induction machines.

The analysis starts with a circuit theoretical point of view of wound-
rotor induction machines, which is used to explain the basics of induction
machine operation. Following that, a model for squirrel-cage machines
is developed. Finally, analysis of solid-rotor machines and mixed solid
rotor plus squirrel-cage machines is developed.

The view taken in this chapter is relentlessly classical. All of the
elements used here are calculated from first principles, with only limited
use of numerical or empirical methods. While this may seem to be
seriously limiting, it serves the basic objective, which is to achieve an
understanding of how these machines work. Once that understanding
exists, it is possible to employ further sophisticated methods of analysis
to achieve more results for those elements of the machines which do not
lend themselves to simple analysis.

An elementary picture of the induction machine is shown in Fig. 4.14.
The rotor and stator are coaxial. The stator has a polyphase winding in
slots. The rotor has either a winding or a cage, also in slots. Generally,

Figure 4.14 Axial view of an induction machine.
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this analysis is carried out assuming three phases. As with many
systems, this generalizes to different numbers of phases with little
difficulty.

4.2.2 Induction motor transformer model

This analysis is limited to polyphase motors. The induction machine
has two electrically active elements: a rotor and a stator. In normal
operation, the stator is excited by alternating voltage. The stator
excitation creates a magnetic field in the form of a rotating, or traveling
wave, which induces currents in the circuits of the rotor. Those currents,
in turn, interact with the traveling wave to produce torque. To start the
analysis of this machine, assume that both the rotor and the stator can
be described by balanced, three-phase windings. The two sets are, of
course, coupled by mutual inductances which are dependent on rotor
position. Stator fluxes are (�a, �b, �c) and rotor fluxes are (�A, �B, �C). The
flux vs. current relationship is given by

(4.15)

where the component matrices are

(4.16)

(4.17)

The mutual inductance part of (1) is a circulant matrix

(4.18)
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To carry the analysis further, it is necessary to make some assumptions
regarding operation. To start, assume balanced currents in both the
stator and rotor

(4.19)

(4.20)

The rotor position � can be described by

(4.21)

Under these assumptions, the form of stator fluxes may be calculated.
As it turns out, one need write out only the expressions for �a and �A to
see what is going on

(4.22)

which, after reducing some of the trig expressions, becomes

(4.23)

Doing the same thing for the rotor phase, A yields
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(4.24)

This last expression is, after manipulating

(4.25)

The two expressions give expressions for fluxes in the armature and
rotor windings in terms of currents in the same two windings, assuming
that both current distributions are sinusoidal in time and space and
represent balanced distributions. The next step is to make another
assumption—that the stator and rotor frequencies match through rotor
rotation. That is

(4.26)

It is important to keep straight the different frequencies here

so that p�m is electrical rotation speed.
To refer rotor quantities to the stator frame (i.e. non-rotating), and to

work in complex amplitudes, the following definitions are made

(4.27)

(4.28)

(4.29)

(4.30)

With these definitions, the complex amplitudes embodied in Eq. (4.22)
and (4.23) become
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(4.31)

(4.32)

There are two-phase angles embedded in these Equations: �0 which
describes the rotor physical-phase angle with respect to stator current;
and �R which describes phase angle of rotor currents with respect to
stator currents. Two new rotor variables are

(4.33)

(4.34)

These are rotor flux and current referred to armature-phase angle. Note
that  and  have the same phase relationship to each other as do

 and  Using Eq. (4.33) and (4.34) in Eq. (4.31) and (4.32), the basic
flux/current relationship for the induction machine becomes

(4.35)

This is an equivalent single-phase statement, describing the flux/ current
relationship in phase a, assuming balanced operation. The same
expression will describe phases b and c.

Voltage at the terminals of the stator and rotor (possibly equivalent)
windings is then

To carry this further, it is necessary to go a little deeper into the machine’s
parameters. Note that LS and LR are synchronous inductances for the
stator and rotor. These may be separated into space fundamental and
“leakage” components as follows
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(4.40)

(4.41)

Where the normal set of machine parameters holds

R is rotor radius
l is active length
g is the effective air-gap
p is the number of pole-pairs
N represents number of turns
k represents the winding factor
S as a subscript refers to the stator
R as a subscript refers to the rotor
Ll is “leakage” inductance

The two leakage terms LSl and LRl contain higher order harmonic stator
and rotor inductances, slot inductances, end-winding inductances and,
if necessary, a provision for rotor skew. Essentially, they are used to
represent all flux in the rotor and stator that is not mutually coupled.

In the same terms, the stator-to-rotor mutual inductance, which is
taken to comprise only a space fundamental term, is

(4.42)

Note that there are, of course, space harmonic mutual flux linkages. If
they were to be included, they would complicate the analysis
substantially. Ignore them here and note that they do have an effect on
machine behavior, but that effect is second-order.

Air-gap permeance is defined as

(4.43)

so that the inductances are

(4.44)
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At this point, rotor current may be referred to the stator. This is done by
assuming an effective turns ratio which, in turn, defines an equivalent
stator current to produce the same fundamental MMF as a given rotor
current

(4.51)

Now, if the rotor of the machine is shorted so that =0, some manipulation
produces

(4.52)

(4.53)

where the following definitions have been made

Then, the voltage balance equations become
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These expressions describe a simple equivalent circuit for the induction
motor shown in Fig. 4.15.

4.2.3 Effective air-gap: Carter’s coefficient

In induction motors, where the air-gap is usually quite small, it is
necessary to correct the air-gap permeance for the effect of slot openings.
These make the permeance of the air-gap slightly smaller than calculated
from the physical gap, effectively making the gap a bit bigger. The ratio
of effective to physical gap is

(4.58)

where

(4.59)

4.2.4 Operation: energy balance

Now see how the induction machine actually works. Assume for the
moment that Fig. 4.15 represents one phase of a polyphase system, that
the machine is operated under balanced conditions, and that speed is
constant or varying only slowly. “Balanced conditions” means that each
phase has the same terminal voltage magnitude and that the phase

Figure 4.15 Equivalent circuit for induction mo-
tor.
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difference between phases is a uniform. Under those conditions, it is
possible to analyze each phase separately (as if it were a single-phase
system). Assume an RMS voltage magnitude of Vt across each phase.

The “gap impedance,” or the impedance looking to the right from the
right-most terminal of X1 is

(4.60)

� total, or terminal impedance is then

(4.61)

and terminal current is

(4.62)

Rotor current is found by using a current divider

(4.63)

“Air-gap” power is then calculated (assuming a three-phase machine)

(4.64)

This is real (time-average) power crossing the air-gap of the machine.
Positive slip implies rotor speed less than synchronous and positive air-
gap power (motor operation). Negative slip means rotor speed is higher
than synchronous, negative air-gap power (from the rotor to the stator)
and generator operation.

This equivalent circuit represents a real physical structure, so it
should be possible to calculate power dissipated in the physical rotor
resistance, and that is

(4.65)

Note that since both Pag and s will always have the same sign, dissipated
power is positive. The rest of this discussion is framed in terms of
motor operation, but the conversion to generator operation is simple.
The difference between power crossing the air-gap and power dissipated
in the rotor resistance must be converted from mechanical form
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(4.66)

and electrical input power is

(4.67)

where armature dissipation is

(4.68)

Output (mechanical) power is

(4.69)

where Pw describes friction, windage and certain stray losses, which
will be discussed later.

And, finally, efficiency and power factor are

(4.70)

(4.71)

EXAMPLE Torque and power vs. speed are shown in Figure 4.16 for the
motor whose parameters are detailed in Table 4.4.

4.2.5 Squirrel-cage machine model

Now a circuit model for the squirrel-cage motor is derived using field
analytical techniques. The model consists of two major parts. The first
is a description of stator flux in terms of stator and rotor currents. The
second is a description of rotor current in terms of air-gap flux. The
result is a set of expressions for the elements of the circuit model for the
induction machine.

To start, assume that the rotor is symmetrical enough to carry a
surface current, the fundamental of which is

(4.72)

Note that in equation, use is made of the simple transformation between
rotor and stator coordinates

(4.73)
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and that

(4.74)

Here, the following symbols are used

is complex amplitude of rotor surface current
s is per-unit “slip”
� is stator electrical frequency

Figure 4.16 Torque and power vs. speed.

TABLE 4.4 Example, Standard Motor
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�r is rotor electrical frequency
�m is rotational speed

The rotor current will produce an air-gap flux density of the form

(4.75)

where

(4.76)

Note that this describes only radial magnetic flux density produced by
the space fundamental of rotor current. Flux linked by the armature
winding due to this flux density is

(4.77)

This yields a complex amplitude for �AR :

(4.78)

where

(4.79)

Adding this to flux produced by the stator currents, an expression for
total stator flux is found

(4.80)

The expression produces a definition of an equivalent rotor current I2 in
terms of the space fundamental of rotor surface-current density

(4.81)

Then the simple expression for stator flux is

(4.82)

where Lad is the fundamental space harmonic component of stator
inductance
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(4.83)

The second part of this derivation is the equivalent of finding a
relationship between rotor flux and I2. However, since this machine has
no discrete windings, it is necessary to focus on the individual rotor
bars.

Assume that there are NR slots in the rotor. Each of these slots is
carrying some current. If the machine is symmetrical and operating
with balanced currents, we may write an expression for current in the
kth slot as

(4.84)

where

(4.85)

and  is the complex amplitude of current in slot number zero.
Expression shows a uniform progression of rotor current phase about
the rotor. All rotor slots carry the same current, but that current is
phase-retarded (delayed) from slot-to-slot because of relative rotation
of the current wave at slip frequency.

The rotor current density can then be expressed as a sum of impulses

(4.86)

The unit impulse function �( )is a way of approximating the rotor current
as a series of impulsive currents around the rotor.

This rotor surface current may be expressed as a fourier series of
traveling waves

(4.87)

Note that in (4.87), negative values of the space harmonic index n allow
for reverse-rotating waves. This is really part of an expansion in both
time and space, although we consider here only the fundamental time
part. The nth space harmonic component is recovered by employing the
following formula

(4.88)
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Here the brackets  denote time average and are here because of the
two-dimensional nature of the expansion. To carry out (4.88), first expand
it into its complex conjugate parts

(4.89)

If (4.89) is used in (4.88), the second half results in a sum of terms which
time average to zero. The first half of the expression results in

(4.90)

The impulse function turns the integral into an evaluation of the rest of
the integrand at the impulses. What remains is the sum

(4.91)

The sum in is easily evaluated. It is

(4.92)

The integer in (4.92) may be positive, negative or zero. As it turns out,
only the first three of these (zero, plus and minus one) are important,
because they produce the largest magnetic fields and therefore fluxes.
These are

(4.93)

Note: that (4.93) appears to produce space harmonic orders that may be
of non-integer order. This is not really true: it is necessary that np be an
integer, and will always satisfy that condition.

So, the harmonic orders of interest are one and
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(4.94)

(4.95)

Each of the space harmonics of the squirrel-cage current will produce
radial flux density. A surface current of the form

(4.96)

produces radial magnetic flux density

(4.97)

where

(4.98)

In turn, each of the components of radial flux density will produce a
component of induced voltage. To calculate that, one must invoke
Faraday’s law

(4.99)

Assuming that the fields do not vary with z, the radial component of
flux density  is

(4.100)

Or, assuming an electric field component of the form

(4.101)

Using (4.98) and (4.101) in (4.100), we obtain an expression for electric
field induced by components of air-gap flux

(4.102)

(4.103)
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Now, the total voltage induced in a slot pushes current through the
conductors in that slot. This is

(4.104)

Now: in, there are three components of air-gap field. E1 is the space
fundamental field, produced by the space fundamental of rotor current
as well as by the space fundamental of stator current. The other two
components on the left of (4.104) are produced only by rotor currents
and actually represent additional reactive impedance to the rotor. This
is often called zigzag leakage inductance. The parameter Zslot represents
impedance of the slot itself: resistance and reactance associated with
cross-slot magnetic fields. Then it can be re-written as

(4.105)

To finish this model, it is necessary to translate back to the stator. See
that and make the link between  and 2

(4.106)

Then the electric field at the surface of the rotor is

(4.107)

This must be translated into an equivalent stator voltage. To do so, use
(4.102) to translate (4.107) into a statement of radial magnetic field,
then find the flux liked and hence stator voltage from that. Magnetic
flux density is

(4.108)

where the slot impedance has been expressed by its real and imaginary
parts

(4.109)
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Flux linking the armature winding is

(4.110)

which becomes

(4.111)

where

(4.112)

Then, “air-gap” voltage is

(4.113)

This expression describes the relationship between the space fundamental
air-gap voltage ag and rotor current  2. The expression also fits the
equivalent circuit of Fig. 4.17 if the definitions made below hold

(4.114)

(4.115)

Figure 4.17 Rotor equivalent circuit.
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The first term in (4.114) expresses slot leakage inductance for the rotor.
Similarly, (4.115) expresses rotor resistance in terms of slot resistance.
Note that Lslot and Rslot are both expressed per unit length. The second
term in (4.114) expresses the “zigzag” leakage inductance resulting from
harmonics on the order of rotor slot pitch.

Next, see that armature flux is just equal to air-gap flux plus armature
leakage inductance. It could be written as

(4.116)

There are a number of components of stator slot leakage Lal , each
representing flux paths that do not directly involve the rotor. Each of
the components adds to the leakage inductance. The most prominent
components of stator leakage are referred to as slot, belt, zigzag, end
winding, and skew. Each of these will be discussed in the following
paragraphs.

Belt and zigzag leakage components are due to air-gap space
harmonics. As it turns out, these are relatively complicated to estimate,
but we may get some notion from our first-order view of the machine.
The trouble with estimating these leakage components is that they are
not really independent of the rotor, even though they are called “leakage.”
Belt harmonics are of order n=5 and n=7. If there were no rotor coupling,
the belt harmonic leakage terms would be

(4.117)

(4.118)

The belt harmonics link to the rotor, however, and actually appear to be
parallel with components of rotor impedance appropriate to 5p and 7p
pole-pair machines. At these harmonic orders, one can usually ignore
rotor resistance so that rotor impedance is purely inductive. Those
components are

(4.119)

(4.120)
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In the simple model of the squirrel-cage machine, because the rotor
resistances are relatively small and slip high, the effect of rotor resistance
is usually ignored. Then the fifth and seventh harmonic components of
belt leakage are

(4.121)

(4.122)

Stator zigzag leakage is from those harmonics of the orders pns=Nslots±p
where Nslots is the total number of slots around the periphery of the
machine.

(4.123)

Note that these harmonic orders do not tend to be shorted out by the
rotor cage and so no direct interaction with the cage is ordinarily
accounted for.

In order to reduce saliency effects that occur because the rotor teeth
will tend to try to align with the stator teeth, induction motor designers
always use a different number of slots in the rotor and stator. There
still may be some tendency to become aligned, and this produces
“cogging” torques which in turn produce vibration and noise and, in
severe cases, can retard or even prevent starting. To reduce this tendency
to “cog”, rotors are often built with a little “skew”, or twist of the slots
from one end to the other. Thus, when one tooth is aligned at one end of
the machine, it is un-aligned at the other end. A side effect of this is to
reduce the stator and rotor coupling by just a little, and this produces
leakage reactance. This is fairly easy to estimate. Consider, for example,
a space-fundamental flux density Br=B1 cos p�, linking a (possibly)
skewed full-pitch current path

Here, the skew in the rotor is electrical radians from one end of the
machine to the other. Evaluation of this yields
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Now, the difference between what would have been linked by a non
skewed rotor and what is linked by the skewed rotor is the skew leakage
flux, now expressible as

The final component of leakage reactance is due to the end windings.
This is perhaps the most difficult of the machine parameters to estimate,
being essentially three-dimensional in nature. There are a number of
ways of estimating this parameter, but a simplified, approximate
parameter from Alger [1] is

As with all such formulae, extreme care is required here, since little
guidance is available as to when this expression is correct or even close.
Admittedly, a more complete treatment of this element of machine
parameter construction would be an improvement.

4.2.6 Harmonic order-rotor resistance and
stray load losses

It is important to recognize that the machine rotor “sees” each of the
stator harmonics in essentially the same way, and it is quite straight-
forward to estimate rotor parameters for the harmonic orders, as we
have done above. Now, particularly for the “belt” harmonic orders, there
are rotor currents flowing in response to stator mmf’s at the fifth and
seventh space harmonic order. The resistances attributable to these
harmonic orders are

(4.124)

(4.125)

The higher-order slot harmonics will have relative frequencies (slips)
that are

(4.126)
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The induction-motor electromagnetic interaction can now be described
by an augmented magnetic circuit as shown in Fig. 4.18. Note that the
terminal flux of the machine is the sum of all of the harmonic fluxes,
and each space harmonic is excited by the same current so the individual
harmonic components are in series.

Each of the space harmonics will have an electromagnetic interaction
similar to the fundamental: power transferred across the air-gap for
each space harmonic is

Figure 4.18 Extended equivalent circuit.
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Of course dissipation in each circuit is:

leaving

Note that this equivalent circuit has provision for two sets of circuits
which look like “cages.” One of these sets is for the solid rotor body if
that exists. There is also a provision (re ) for loss in the stator core iron.

Power deposited in the rotor harmonic resistance elements is
characterized as “stray load” loss because it is not easily computed from
the simple machine equivalent circuit.

4.2.7 Slot models

Some of the more interesting things that can be done with induction
motors have to do with the shaping of rotor slots to achieve particular
frequency-dependent effects. Three cases are considered here, but there
are many other possibilities.

First, suppose the rotor slots rectangular, as shown in Fig. 4.19 and
assume that the slot dimensions are such that diffusion effects are not
important so that the current in the slot conductor is approximately
uniform. In that case, the slot resistance and inductance per unit
length are

Figure 4.19 Single slot.
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(4.127)

(4.128)

The slot resistance is obvious. The slot inductance may be estimated by
recognizing that if the current in the slot is uniform, the magnetic field
crossing the slot must be

Then energy stored in the field in the slot is simply

4.2.8 Deep slots

Now, suppose the slot is not small enough so that diffusion effects can
be ignored. The slot becomes “deep” to the extent that its depth is less
than (or even comparable to) the skin depth for conduction at slip
frequency. Conduction in this case may be represented by using the
Diffusion equation

In the steady state, and assuming that only cross-slot flux (in the y
direction) is important, and the only variation that is important is in
the radial (x) direction

This is solved by solutions of the form

where the skin depth is

Since Hy must vanish at the bottom of the slot, it must take the form
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Since current is the curl of magnetic field

then slot impedance per unit length is

Of course the impedance (purely reactive) due to the slot depression
must be added to this. It is possible to extract the real and imaginary
parts of this impedance (the process is algebraically a bit messy) to
yield

4.2.9 Multiple cages

The purpose of a “deep” slot is to improve starting performance of a
motor. When the rotor is stationary, the frequency seen by rotor
conductors is relatively high, and current crowding due to the skin effect
makes rotor resistance appear to be high. As the rotor accelerates, the
frequency seen from the rotor drops, lessening the skin effect and making
more use of the rotor conductor. This then gives the machine higher
starting torque (requiring high resistance) without compromising
running efficiency.
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This effect can be carried even further by making use of multiple
cages, such as is shown in Fig. 4.20. Here, there are two conductors in a
fairly complex slot. Estimating the impedance of this slot is done in
stages to build up an equivalent circuit.

Assume, for the purposes of this derivation, that each section of the
multiple cage is small enough so that currents can be considered to be
uniform in each conductor. Then the bottom section may be represented
as a resistance in series with an inductance

The narrow slot section with no conductor between the top and bottom
conductors will contribute an inductive impedance

The top conductor will have a resistance:

Now, in the equivalent circuit, current flowing in the lower conductor

Figure 4.20 Double slot.
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will produce a magnetic field across this section, yielding a series
inductance of

By analogy with the bottom conductor, current in the top conductor
flows through only one-third of the inductance of the top section, leading
to the equivalent circuit of Fig. 4.21, once the inductance of the slot
depression is added on

Now, this rotor bar circuit fits right into the framework of the induction-
motor equivalent circuit, shown for the double cage case in Fig. 4.22,
with

Figure 4.21 Equivalent circuit: Double bar.

Figure 4.22 Equivalent circuit:
Double-cage rotor.
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4.2.10 Rotor end-ring effects

It is necessary to correct for “end-ring” resistance in the rotor. To do
this, note that the magnitude of surface current density in the rotor is
related to the magnitude of individual bar current by

(4.129)

Current in the end-ring is

(4.130)

It is then straightforward to calculate the ratio between power dissipated
in the end-rings to power dissipated in the conductor bars themselves,
considering the ratio of current densities and volumes. Assuming that
the bars and end-rings have the same radial extent, the ratio of current
densities is

(4.131)

where wr is the average width of a conductor bar and lr is the axial end-
ring length.

Now, the ratio of losses (and hence the ratio of resistances) is found
by multiplying the square of current density ratio by the ratio of volumes.
This is approximately

(4.132)

4.2.11 Windage

Bearing friction, windage loss and fan input power are often regarded
as elements of a “black art,” of which motor manufacturers seem to take
a highly empirical view. What follows is an attempt to build reasonable
but simple models for two effects: loss in the air-gap due to windage;
and input power to the fan for cooling. Some caution is required here,
for these elements of calculation have not been properly tested, although
they seem to give reasonable numbers.

The first element is gap windage loss. This is produced by shearing of
the air in the relative rotation gap. It is likely to be a significant element
only in machines with very narrow air-gaps or very high surface speeds.
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But these also include, of course, the high performance machines with
which we are most interested. This may be approached with a simple
“couette flow” model. Air-gap shear loss is approximately

(4.133)

where �a is the density of the air-gap medium (possibly air) and f is the
friction factor, estimated by

(4.134)

and the Reynold’s Number Rn is

(4.135)

and vair is the kinematic viscosity of the air-gap medium.
The second element is fan input power. An estimate of this rests on

two hypotheses. The first is that the mass flow of air circulated by the
fan can be calculated by the loss in the motor and an average temperature
rise in the cooling air. The second hypothesis is that the pressure rise of
the fan is established by the centrifugal pressure rise associated with
the surface speed at the outside of the rotor. Taking these one at a time:
if there is to be a temperature rise 	T in the cooling air, then the mass
flow volume is

and then volume flow is just

Pressure rise is estimated by centrifugal force

then power is given by

For reference, the properties of air are
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4.2.12 Magnetic circuit loss and excitation

There will be some loss in the stator magnetic circuit due to eddy current
and hysteresis effects in the core iron. In addition, particularly if the
rotor and stator teeth are saturated, there will be MMF expended to
push flux through those regions. These effects are very difficult to
estimate from first principles, so resort to a simple model.

Assume that the loss in saturated steel follows a law such as

(4.136)

This is not too bad an estimate for the behavior of core iron. Typically, 
f

is a bit less than 2.0 (between about 1.3 and 1.6) and 
b is a bit more
than two (between about 2.1 and 2.4). Of course, this model is only good
for a fairly restricted range of flux density. Base dissipation is usually
expressed in “watts per kilogram”, so we first compute flux density and
then the mass of the two principal components of the stator iron—the
teeth and the back-iron.

In a similar way, one can model the exciting volt-amperes consumed
by core iron by

(4.137)

This, too, is a form that appears to be valid for some steels. Quite
obviously it may be necessary to develop different forms of curve “fits”
for different materials.

Flux density (RMS) in the air-gap is

(4.138)

Then flux density in the stator teeth is

(4.139)

where wt is tooth width and w1 is slot-top width. Flux in the back-iron of
the core is
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(4.140)

where de is the radial depth of the core.
One way of handling this loss is to assume that the core handles flux

corresponding to terminal voltage. Add up the losses and then compute
an equivalent resistance and reactance

then put this equivalent resistance in parallel with the air-gap reactance
element in the equivalent circuit.

4.2.13 Solid iron rotor bodies

Solid steel rotor electric machines (SSRM) can be made to operate with
very high surface speeds and are thus suitable for use in high RPM
situations. They resemble hysteresis machines in form and function.
However, asynchronous operation will produce higher power output
because it takes advantage of higher flux density. Consider here the
interactions to be expected from solid iron rotor bodies. The equivalent
circuits can be placed in parallel (harmonic-by-harmonic) with the
equivalent circuits for the squirrel cage, if there is a cage in the machine.

To estimate the rotor parameters R2s and X2s, assume that important
field quantities in the machine are sinusoidally distributed in time and
space, so that radial flux density is

(4.141)

and, similarly, axially directed rotor surface current is

(4.142)

Now, since by Faraday’s law

(4.143)

in this machine geometry
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(4.144)

The transformation between rotor and stator coordinates is

(4.145)

where �m is rotor speed. Then

(4.146)

and now in the frame of the rotor, axial electric field is just

(4.147)

(4.148)

and

(4.149)

Of course, electric field in the rotor frame is related to rotor surface
current by

(4.150)

Now these quantities can be related to the stator by noting that air-gap
voltage is related to radial flux density by

(4.151)

The stator-equivalent rotor current is

(4.152)

Stator referred, rotor-equivalent impedance is

(4.153)

Now, if rotor surface impedance can be expressed as
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(4.154)

then

(4.155)

where

(4.156)

(4.157)

Now, to find the rotor surface impedance, make use of a nonlinear eddy-
current model proposed by Agarwal. First, define an equivalent
penetration depth (similar to a skin depth)

(4.158)

where s is rotor surface material-volume conductivity, B0, “saturation
flux density” is taken to be 75% of actual saturation flux density and

(4.159)

Then rotor surface resistivity and surface reactance are

(4.160)

(4.161)

Note that the rotor elements X2 and R2 depend on rotor current I2, so
the problem is nonlinear. However, a simple iterative solution can be
used. First, make a guess for R2 and find currents. Then use those
currents to calculate R2 and solve again for current. This procedure is
repeated until convergence, and the problem seems to converge within
just a few steps.

Aside from the necessity to iterate to find rotor elements, standard
network techniques can be used to find currents, power input to the
motor and power output from the motor, torque, etc.
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Solution Not all of the equivalent circuit elements are known at the start of the solution.
Assume a value for R2, possibly some fraction of Xm, but the value chosen doesn’t seem to
matter much. The rotor reactance X2 is just a fraction of R2. Then proceed to compute an
“air-gap” impedance, just the impedance looking into the parallel combination of
magnetizing and rotor branches

(4.162)

(Note that, for a generator, slip s is negative).
A total impedance is then

(4.163)

and terminal current is

(4.164)

Rotor current is just

(4.165)

Now it is necessary to iteratively correct rotor impedance. This is done by estimating
flux density at the surface of the rotor using (Eq. 4.159), then getting a rotor surface
impedance using (Eq. 4.160) and using that and (Eq. 4.157) to estimate a new value for
R2. Then we start again with Eq. 4.161. The process “drops through” this point when the
new and old estimates for R2 agree to some criterion.

4.2.14 Harmonic losses in solid steel

If the rotor of the machine is constructed of solid steel, there will be
eddy-currents induced on the rotor surface by the higher-order space
harmonics of stator current. These will produce magnetic fields and
losses. This calculation assumes the rotor surface is linear and smooth
and can be characterized by a conductivity and relative permeability.
In this discussion, two space harmonics (positive- and negative-going)
are considered. In practice, it may be necessary to carry four (or even
more) harmonics, including both “belt-” and “zigzag-” order harmonics.

Terminal current produces magnetic field in the air-gap for each of
the space harmonic orders, and each of these magnetic fields induces
rotor currents of the same harmonic order.

The “magnetizing” reactances for the two harmonic orders (really
the two components of the zigzag leakage) are
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(4.166)

(4.167)

where Np and Nn are the positive- and negative-going harmonic orders:
For “belt” harmonics, these orders are 7 and 5. For “zigzag,” they are

(4.168)

(4.169)

Now, there will be a current on the surface of the rotor at each harmonic
order, and following Eq. (4.152), the equivalent rotor element current is

(4.170)

(4.171)

These currents flow in response to the magnetic field in the air-gap
which in turn produces an axial electric field. Viewed from the rotor,
this electric field is

(4.172)

(4.173)

where the slip for each of the harmonic orders is

(4.174)

(4.175

and then the surface currents that flow in the surface of the rotor are

(4.176)

(4.177)
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where Zsp and Zsn are the surface impedances at positive and negative
harmonic slip frequencies, respectively. Assuming a linear surface, these
are, approximately

(4.178)

where � is material resistivity and the skin depth is

(4.179)

and �s is the frequency of the given harmonic from the rotor surface. We
can postulate that the appropriate value of µ to use is the same as that
estimated in the nonlinear calculation of the space fundamental, but
this requires empirical confirmation.

The voltage induced in the stator by each of these space harmonic
magnetic fluxes is

(4.180)

(4.181)

Then the equivalent circuit impedance of the rotor is just

(4.182)

(4.183)

The equivalent rotor circuit elements are now

(4.184)

(4.185)

(4.186)

(4.187)
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4.2.15 Stray losses

The major elements of torque production and consequently of machine
performance have been discussed and outlined, including the major
sources of loss in induction machines. Using what has been outlined in
this document will give a reasonable impression of how an induction
machine works. Also discussed are some of the stray load losses: those
which can be (relatively) easily accounted for in an equivalent circuit
description of the machine. But there are other losses which will occur
and which are harder to estimate. No claim is made of a particularly
accurate job of estimating these losses, and fortunately they do not
normally turn out to be very large. To be accounted for here are:

1. No-load losses in rotor teeth because of stator slot opening modula-
tion of fundamental flux density.

2. Load losses in the rotor teeth because of stator zigzag mmf, and
3. No-load losses in the solid rotor body (if it exists) due to stator slot

opening modulation of fundamental flux density.

Note that these losses have a somewhat different character from the
other miscellaneous losses we compute. They show up as drag on the
rotor, so we subtract their power from the mechanical output of the
machine. The first and third of these are, of course, very closely related
so we take them first.

The stator slot openings “modulate” the space-fundamental magnetic
flux density. One may estimate a slot opening angle (relative to the slot
pitch)

Then the amplitude of the magnetic field disturbance is

In fact, this flux disturbance is really in the form of two traveling waves—
one going forward and one backward with respect to the stator at a velocity
of �/Ns. Since operating slip is relatively small, the two variations will
have just about the same frequency viewed from the rotor, so it seems
reasonable to consider them together. The frequency is
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Now, for laminated rotors, this magnetic field modulation will affect
the tips of rotor teeth. Assume that the loss due to this magnetic field
modulation can be estimated from ordinary steel data (as we estimated
core loss above) and that only the rotor teeth, not any of the rotor body,
are affected. The method to be used is straightforward and follows almost
exactly what was done for core loss, with modification only of the
frequency and field amplitude.

For solid steel rotors, the story is only a little different. The magnetic
field will produce an axial electric field

and that, in turn, will drive a surface current

Now, what is important is the magnitude of the surface current, and
since , we can simply use rotor resistance.
The nonlinear, surface penetration depth is

A brief iterative substitution, re-calculating � and then  quickly yields
consistent values for � and Rs. Then the full-voltage dissipation is

and an equivalent resistance is

Finally, the zigzag-order current harmonics in the stator will produce
magnetic fields in the air-gap which will drive magnetic losses in the
teeth of the rotor. Note that this is a bit different from the modulation of
the space fundamental produced by the stator slot openings (although
the harmonic order will be the same, the spatial orientation will be
different and will vary with load current). The magnetic flux in the air-
gap is most easily related to the equivalent circuit voltage on the nth

harmonic
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This magnetic field variation will be substantial only for the zigzag-
order harmonics: the belt harmonics will be essentially shorted out by
the rotor cage and those losses calculated within the equivalent
circuit. The frequency seen by the rotor is that of the space harmonics,
already calculated, and the loss can be estimated in the same way as
core loss, although as we have pointed out it appears as a “drag” on
the rotor.

4.3 Classification of Motor Types

NEMA offers many ways of classifying motors. Most important of these
are classifications according to:

� Application
� Electrical type
� Environmental protection and method of cooling

Given below are brief descriptions of these classifications. For more
complete information, see NEMA MG1-1993, Fourth Revision.

4.3.1 Classificatlon according
to application

Three motor classes are recognized:

� General-purpose motor
� Definite-purpose motor
� Special-purpose motor.

4.3.1.1 General-purpose motor. A general-purpose motor is a motor with
an open or enclosed construction, and is rated for continuous duty.
This motor is designed with standard ratings, standard operating
characteristics, and mechanical construction for use in usual service
conditions and without restriction to a particular application or type
of application. Depending on whether the motor is a small, medium or
large motor, and whether it is an AC motor or a DC motor, it may
have some additional characteristics defined in sections applicable to
the particular motor type. Usual service conditions include an
altitude no higher than 1000 m and an ambient temperature of 40°C
or lower.
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4.3.1.2 Definite-purpose motor. A definite-purpose motor is any motor
designed in standard ratings with standard operating characteristics
or mechanical construction for use in service conditions other than usual,
or for use in a particular type of application.

4.3.1.3 Special-purpose motor. A special-purpose motor is a motor with
special operating characteristics or special mechanical construction, or
both, designed for a particular application, and not falling within the
definition of a general-purpose or definite-purpose motor.

4.3.2 Classification according to
electrical type

NEMA recognizes two broad classes:

� AC motor
� DC motor.

4.3.2.1 AC motor Two classes of alternating-current (ac) motors are
recognized—the induction motor and the synchronous motor. The
synchronous motor is further classified as the direct-current excited
synchronous motor (usually called the synchronous motor), the
permanent-magnet synchronous motor, and the reluctance synchronous
motor.

Induction motor. An induction machine is an asynchronous machine that
comprises a magnetic circuit which interlinks with two electric circuits,
rotating with respect to each other and in which power is transferred
from one circuit to the other by electromagnetic induction. An induction
motor is an induction machine which transforms electric power into
mechanical power, and in which one member (usually the stator) is
connected to the power source, and a secondary winding on the other
member (usually the rotor) carries induced current. In a squirrel-cage
induction motor, the rotor circuit consists of a number of conducting
bars shorted by rings at both ends. In a wound-rotor induction motor,
the rotor circuit consists of an insulated winding whose terminals are
either short-circuited or closed through external circuits.

Synchronous motor. A synchronous machine is an alternating-current
machine in which the speed of operation is exactly proportional to the
frequency of the system to which it is connected. A synchronous motor
is a synchronous machine which transforms electric power into
mechanical power. The stator winding is similar to the induction-motor
winding. The rotor winding consists of an insulated-field winding, wound
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to produce the magnetic poles equal in number to the poles for which
the stator is wound. The dc field excitation keeps the rotor speed in
synchronism with that of the rotating field produced by the stator.

Permanent-magnet synchronous motor. A permanent magnet synchronous
motor is a synchronous motor in which the field excitation is provided
by permanent magnets.

Reluctance synchronous motor. A reluctance synchronous motor is a motor
similar in construction to an induction motor, in which the rotor circuit
has a cyclic variation of reluctance providing the effect of salient poles,
without permanent magnets or direct current excitation. It has a
squirrel-cage winding and starts as an induction motor but operates at
synchronous speed.

4.3.2.2 DC motor
Direct-current (dc) motor. A direct-current machine is a machine
consisting of a rotating armature winding connected to a commutator
and stationary magnetic poles which are excited from a direct current
source or permanent magnets. Direct-current motors are of four
general types: shunt-wound; series-wound; compound-wound; and
permanent-magnet.

Shunt-wound motor. A shunt-wound motor may be a straight shunt-
wound or a stabilized shunt-wound motor. In a straight shunt-wound
motor the field winding is connected in parallel with the armature
circuit or to a source of separate excitation voltage. The shunt field is
the only winding supplying field excitation. The stabilized shunt motor
has two field windings, the shunt and the light series. The shunt-field
winding is connected either in parallel with the armature circuit or to a
separate source of excitation voltage. The light series winding is
connected in series with the armature winding and is added to prevent
a rise of speed or to obtain a slight reduction of speed with increase
in load.

Series-wound motor. A series-wound motor is a dc motor in which the
field winding is connected in series with the armature circuit.

Compound-wound motor. A compound-wound motor is a dc motor with
two separate field windings: one connected as in a straight-shunt wound
motor, and the other in series with the armature circuit.

Permanent magnet motor. A permanent magnet motor is a dc motor in
which the field excitation is supplied by permanent magnets.
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4.3.3 Classification according to
environmental protection and method
of cooling

Two main classifications are recognized: the open motor, and the totally
enclosed motor. The open motor includes the following types:

� Dripproof
� Splashproof
� Semiguarded
� Guarded
� Dripproof-guarded
� Weather-protected I (WP I)
� Weather-protected II (WP II)

The open machine has ventilating openings which allow external
cooling air passages over and around the windings, and does not
restrict the flow of air other than that necessitated by mechanical
construction. A dripproof motor is an open motor modified so that
successful operation is not interfered with when drops of liquid or
solid particles strike the enclosure at any angle between 0 to 15°
downwards from the vertical. When this angle is up to 100°, the motor
is a splash proof motor.

A semiguarded motor is an open motor whose openings in the top
half are usually guarded, whereas a guarded motor is one in which all
openings giving access to live or rotating parts are limited in size to less
than 0.75� in diameter. A dripproof-guarded motor is a dripproof motor
whose ventilating openings are guarded as for a guarded motor. A WP I
motor is an open motor with its ventilating passages so constructed as
to minimize the ingress of rain, snow or airborne particles to the electric
parts and having individual ventilating openings limited to 0.750� in
diameter.

A WP II motor has, in addition to the requirements of a WP I motor,
its intake and exhaust ventilating passages arranged so that high velocity
air and airborne particles blown into the motor can be discharged without
entering the internal ventilating passages leading to the live parts of
the machine. At entry three, abrupt right angle changes in direction for
cooling air are also provided, and an area of low air velocity not exceeding
600 ft/min is also provided to minimize the entry of moisture or dirt
entering the live parts of the motor.

The more common categories of totally enclosed motors include:

� Totally enclosed non-ventilated
� Totally enclosed fan-cooled
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� Explosionproof
� Dust-ignition proof
� Totally enclosed air-to-water cooled
� Totally enclosed air-to-air cooled

A totally enclosed motor is constructed to prevent free exchange of air
between the inside and the outside of the case. A totally enclosed
fan-cooled motor is a totally enclosed motor equipped with external
cooling by means of a fan or fans integral with the machine, but external
to the enclosing parts.

An explosionproof motor is a totally enclosed motor whose enclosure
is constructed to withstand an explosion of a specified gas or vapor which
may occur within it.

A dust-ignition proof motor is a totally enclosed motor constructed
to exclude ignitable material which may cause ignition by normal
operation of the motor from entering the motor enclosure. The design is
such that any arcs, sparks or heat generated inside the motor do not
cause ignition of a specific dust in the vicinity of the motor.

A totally enclosed water-to-air cooled motor is a totally enclosed
machine which is cooled by internally circulating air which, in turn, is
cooled by circulating water. It is provided with a water-cooled heat
exchanger. A totally enclosed air-to-air cooled motor, on the other
hand, is a motor in which circulating air rather than water is used to
cool the internal circulating air. An air-to-air heat exchanger is provided.

IEC classifies motors with the IP (protection) and IC (cooling)
designations, which are much more extensive than NEMA classifications.
An enclosure for IEC is completely defined by an IP code and an IC
code. The IP designations are a suggested standard for future designs
in NEMA.

4.4 Induction Motor Testing

All induction motors are tested before shipment from the factory. This
testing can be subdivided in two groups:

� Routine tests
� Complete or prototype tests

IEEE Std 112–1996 applies to induction motor testing.

4.4.1 Routine tests

The primary purpose of the routine test is to insure freedom from
electrical and mechanical defects, and to demonstrate by means of key
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tests the similarity of the motor to a “standard” motor of the same design.
The “standard” motor is an imaginary motor whose performance
characteristics would agree exactly with the expected performance
predictions.

Depending on the size of the motor, some or all of the following tests
could constitute routine tests:

� Winding resistance measurement
� No-load running current and power
� High-potential test
� Locked-rotor test
� Air-gap measurement
� Direction of rotation and phase sequence
� Current balance
� Insulation resistance measurement
� Bearing temperature rise
� Magnetic center at no-load
� Shaft voltages
� Noise
� Vibration

NEMA MG1 includes the first three tests for all motors, and the fourth
test for medium motors only.

4.4.2 Prototype tests

The purpose of a prototype test is to evaluate all the performance
characteristics of the motor. This test consists of the following tests in
addition to the routine tests:

� No-load saturation characteristic
� Locked rotor saturation characteristic
� Locked rotor torque and current
� Loss measurement including stray load loss
� Determination or measurement of efficiency
� Temperature rise determination
� Surge withstand test

4.4.2.1 No-load running current and power. This is obtained by measuring
volts, current and input power at rated voltage with motor unloaded.
The no-load saturation curve is obtained by repeating this test at various
voltages between 20% and 125% of rated voltage.
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4.4.2.2 Current balance. With the motor running on no-load at rated
voltage, the current in all three phases are measured and comparison
can then be made between the highest and the lowest values for
acceptability.

4.4.2.3 Winding resistance. This is measured usually using a digital
bridge, or a calibrated ohmmeter if the resistance is greater than one
ohm. The value is then corrected to 25°C for comparison with the
expected value.

4.4.2.4 Insulation resistance measurement. Insulation resistance is useful
as a long-term maintenance tool. Measured during the life of the motor,
it provides an indication of the quality and relative cleanliness of the
stator winding insulation. The test made in the factory before the motor
is shipped is a good benchmark for this purpose. For this test, all
accessories with leads located at the machine terminals are disconnected
from the motor, and their leads are connected together and to the frame
of the machine.

4.4.2.5 High potential test. This test entails applying a test voltage between
the windings and ground for one minute, the test voltage being equal to
twice the line voltage plus 1000 volts. The voltage is applied successively
between each phase and the frame, with the windings not under test
and the other metal parts connected to the frame. All motor accessories
that have leads located in the main terminal box are disconnected during
this test, with the leads connected together to the frame or core.

4.4.2.6 Vibration test. The normal test entails reading vibration at the
bearing housing with the motor running uncoupled and on no-load at
rated voltage and frequency. The limits are established in NEMA MG1.
See Table 4.5. The unit of measure is peak velocity in in/sec, and the
permissible magnitude is a function of speed.

4.4.2.7 Bearing temperature rise. This test is made by operating the motor
unloaded for at least two hours while monitoring the bearing
temperature. The test is continued until the bearing temperature
stabilizes. A good indication of this is when there is less than 1°C rise
between two consecutive readings taken half an hour apart.

4.4.2.8 Shaft voltage check. Any unbalances in the magnetic circuits can
create flux linkages with the rotating systems which can produce a
potential difference between the shaft ends. This is capable of driving
circulating currents through the bearings resulting in premature bearing
damage. See IEEE Std 112–1996 for details of this test.
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4.4.2.9 Stray load loss. The stray load loss is that part of the total loss
that does not lend itself to easy calculation. It consists of two parts, viz.,
losses occurring at fundamental frequency, and losses occurring at high
frequency.

The stray load loss can be determined by the indirect method or by
the direct method. By the indirect method, the stray load loss is obtained
by measuring the total losses using the input-output method and
subtracting from them the sum of stator and rotor I2R losses, the core
lose and the friction and windage loss. The method thus entails
subtracting two relatively large quantities from each other and is,
therefore, not very accurate. For greater accuracy, and for the
determination of efficiency by the loss segregation method, the direct
measurement techniques must be used. In this, the fundamental
frequency and high frequency components are measured separately and
require two tests: the rotor removed test, and the reverse rotation test.
The fundamental frequency losses can be measured by the rotor removed
test, in which consists of measuring the power input with the rotor
removed from the motor. The high frequency component is measured
by the reverse rotation test, which entails measuring the power input
to the motor, with the rotor being driven in the reverse direction to the
stator revolving field, and at synchronous speed. For details of this test,
see IEEE 112–1996.

4.4.3 Efficiency tests

Efficiency is the ratio of the motor output power and the motor input
power.

Efficiency=(output)/(input)
or=(output)/(output+losses)
or=(input–losses)/(input)

It can thus be calculated by a knowledge of power input and power
output, or of power output and losses, or power input and losses.

The losses in the induction motor consist of the following:

� Stator I2R loss
� Rotor I2R loss
� Core loss
� Friction and windage loss
� Stray load loss

IEEE Std 112 gives 10 different methods for the measurement of
efficiency. Only three of these methods will be described here, one each
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for fractional-horsepower, medium and larger induction motors. For a
more complete description, see IEEE Std 112–1996.

4.4.3.1 Method A—input-output method. This method is suitable for
fractional-horsepower motors. In this method, the motor is loaded by
means of a brake or a dynamometer. Readings of electrical power input,
voltage, current, frequency, slip, torque, ambient temperature and stator
winding resistance are obtained at four load points, more-or-less equally
spaced between 25% and 100% load, and two loads above the 100% point.
Motor efficiency is then computed using the procedures laid out in Form
A in IEEE Std 112.

4.4.3.2 Method B—input-output with loss segregation. This method is the
only method suitable for testing motors designated energy efficient
through 250 horsepower size range.

The method consists of several steps which need to be performed in a
set order. By this method, the total loss (input minus output) is
segregated into its various components with stray-load loss defined as
the difference between the total loss and the sum of the conventional
losses (stator and rotor I2R losses, core loss, and friction and windage
loss). Once the value of the stray load loss is determined, it is plotted
against torque squared, and a linear regression is used to reduce the
effect of random errors in the test measurements. The smoothed
strayload loss data are used to calculate the final value of the total loss
and the efficiency.

The tests required to be performed to develop the loss information
are described below.

� Stator I2R loss is calculated from a knowledge of the rated stator
current and the resistance of the stator winding corrected to the op-
erating temperature.

� Rotor I2R loss is calculated from a knowledge of the input power at
rated load, the stator I2R loss, the core loss and the per unit slip.

� Rotor I2R loss=(measured input power—stator I2R loss—core loss)×per
unit slip.

� The core loss and friction and windage losses are determined from
the no-load running current and power test. The motor is run with
no load at rated voltage and frequency. The friction and windage loss
is obtained by plotting the input power minus the stator I2R loss vs.
voltage, and extending this curve to zero voltage. The intercept with
zero voltage axis is the friction and windage loss.

� The core loss is obtained by subtracting the sum of stator I2R loss at
no-load current and rated voltage, and the friction and windage loss
from the no load power input at rated.
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4.4.3.3 Method F (and variations)—equivalent-circuit method. This test is
usually used for a motor whose size is greater than 250 hp, and its size
is such that it is beyond the capabilities of the test equipment.

This method uses the equivalent circuit of the induction motor to
determine the performance from circuit parameters established from
test measurements. The test provides acceptable accuracy for starting
and running performance. It also yields the most accurate determination
of the losses and hence the efficiency.

This method uses two locked rotor tests: one at line frequency, and
the other at reduced frequency (a maximum of 25% of rated frequency).
These tests, in conjunction with the running saturation test, delineate
the classical equivalent circuit parameters of the motor. From the no-
load saturation test, the magnetizing reactance, the stator leakage
reactance and the magnetizing conductance can be determined. The
rated-frequency locked-rotor test measures the stator and rotor reactance
and the rotor resistance under initial starting conditions. The low-
frequency locked-rotor test measures the stator and rotor leakage
reactance and rotor resistance at close to the running frequency. The
stator and rotor leakage reactances for equivalent circuit are separated
using the ratio of these parameters provided by design. Also calculated
value of full-load slip, and either tested value of stray load loss, or loss
assumed according to Table 4.6 are used. The machine performance is
then calculated using the parameters established from the test. Losses
as determined from no-load tests are introduced at appropriate places
in the calculation to obtain overall performance.

TABLE 4.5 Unfiltered Vibration Limits

TABLE 4.6 Stray Load Loss Allowances per
IEEE 112
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4.4.4 Temperature test

The reason for doing temperature tests is to determine and verify the
temperature rise of various parts and windings of the motor when
operated at its design load, voltage and frequency, and to insure that
unacceptably high temperatures do not exist in any part of the motor.
Proper instrumentation of the motor by the installation of thermocouples,
resistance temperature detectors, thermometers, together with prompt
measurement of the winding temperature at shutdown is critical for
this test. Also important is the need to ensure that the motor is shielded
from conditions such as rapid change in ambient temperature and
presence of air currents, since these will reduce the accuracy of the test.
The motor can be loaded by coupling it to a dynamometer, or by the so-
called dual frequency equivalent loading method. The test is continued
until the motor is thermally stable.

In the dual frequency test method, the test machine is operated at
no-load at rated voltage and frequency, and a low frequency power at a
different frequency is superposed on the winding. For this test, the
frequency of this auxiliary power is set at 10 Hz below the primary
frequency, and the voltage is adjusted so that the stator winding current
equals the rated load current. Since the motor is supplied with power at
two different frequencies, it is subjected to oscillatory torques that will
cause the motor vibration during the test to be higher than normal. The
temperature rise determined by the dual frequency method is usually
within a couple of degrees of that obtained by the direct loading method.

It is important that the hot resistance of the winding after shutdown
be measured promptly to preserve accuracy in the calculation of losses
and in the determination of temperature rise by the resistance method.
IEEE 112 requires that this reading be taken within the time after
shutdown shown in Table 4.7.

4.5 Data

4.5.1 Motor output rating categories

Induction motors are divided into three broad output power categories
in NEMA MG1-1993, Revision 4: small motors; medium motors; and

TABLE 4.7 Permissible Time Lag
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large motors. Small motors are fractional-horsepower motors. Medium
motors are integral-horsepower motors, 1 hp through 500 hp in size
depending on the speed and number of poles and in maximum ratings
given in Table 4.8. Large motors are motors in the horsepower range
from 100 hp through 50,000 hp shown in Table 4.9. NEMA MGl covers
large motors for all the ratings in Table 4.9 at speeds of 450 r/min or
slower. For higher speeds, only ratings greater than those given in Table
4.10 are included.

Since medium motors are used in very large quantities, much of the
performance and dimensions are standardized in NEMA MGl for ease
in specification and application, and to make it possible for a motor

TABLE 4.8 Maximum Ratings for Medium-
Class Motors

TABLE 4.9 Horsepower Ratings for Induction Motors

TABLE 4.10 NEMA Standard Ratings at
514 rev/min

Copyright by NEMA. Used by permission.
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from one manufacturer to be interchanged with one from another. Large
motors on the other hand are usually designed to particular user
specifications, and therefore their performance is specified in a more
general manner.

4.5.2 Performance of medium motors

4.5.2.1 Design letters. NEMA designates the design and performance of a
motor by a code letter which represents the locked rotor kVA per
horsepower for the motor. For selected design codes, NEMA also gives
additional performance. These letter codes and the associated locked-
rotor kVA are given in Table 4.11.

4.5.2.2 Efficiencies and energy efficient motors. The Energy Policy Act of
1992 (EPACT 1992) requires that all electric motors manufactured after
October 24, 1997 be of the energy-efficient type, having an efficiency
not less than that required by this statute. The electric motor defined
here has the following attributes:

� General purpose
� T frame
� Single speed
� Polyphase squirrel-cage induction
� Horizontal, foot-mounted
� Open or enclosed
� 2-, 4- or 6-pole speeds (3600, 1800 and 1200 r/min)
� Operating on 230/460 volt 60 Hz line power
� Continuous rating
� Output in the range of 1 to 200 hp
� NEMA design A or B

TABLE 4.11 Letter Code Designations for Locked Rotor kVA

Copyright by NEMA. Used by permission.
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Excluded from EPACT are:

� Definite- and special-purpose motors
� Inverter duty motors
� Footless designs
� U frame motors, and design C and D motors
� Horsepower sizes less than 1 and greater than 200
� 900 r/min and slower speeds
� 50 Hz motors
� Motors operating on 200/400 and 575 volts
� Single-phase motors

NEMA defines a polyphase squirrel-cage induction motor suitable for
operation at less than or equal to 600 volts as energy efficient if it meets
the efficiency requirements of NEMA MG1-Table 12.10 (Table 4.12),
which includes 2-, 4-, 6- and 8-pole motors in outputs of 1 to 500 hp. It
also includes the statutory efficiencies of 1 to 200 hp, 2-, 4- and 6-pole
motors from EPACT 1992.

4.5.2.3 Starting performance (torque characteristics). Tables 4.13 through
4.15 give NEMA starting performance of design A and B energy efficient
motors and include the starting torque, the breakdown torque and the
pull-up torque. For others designs, see NEMA MG1-Part 12.

4.5.2.4 Dimensions. NEMA MG1 gives dimensions of medium motors in
many horizontal and vertical configurations. For horizontal foot-mounted
motors with a single shaft extension, the major dimensions are given in
Fig. 4.23 and Table 4.16.

4.5.3 Performance of large
induction motors

There are no energy efficiency requirements for large induction motors
in NEMA MG1. The performance requirements are also not specified in
as much detail as is the case with medium motors.

4.5.3.1 Starting performance. The locked rotor kVA per hp and the design
letters are the same as for medium motors (see Table 4.11).

Two starting performance levels are specified—one for standard
torque and the other for high-torque applications. Table 4.17 gives the
torque requirements for these designs. NEMA requires that the
developed torque from locked rotor point to the breakdown torque point
on the speed-torque curve exceed by 10% the torque obtained from a
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TABLE 4.12 Full-Load Efficiencies of Energy Efficient Motors (NEMA MG1—
Table 12–10)

Copyright by NEMA. Used by permission.
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curve that varies as the square of the speed and is equal to 100% of
rated full-load torque at 100% of rated speed.

4.5.3.2 Application information. Significant application-related information
is included in MG1, such as sealed windings, surge withstand capabilities
for insulation systems, bus transfer and terminal box sizes. For this
and for a more complete description of performance standards for large
induction motors, see the references below:

� NEMA MG1-1993, Rev 4, Part 20, “Motors and Generators”
� Ghai, Nirmal K., “IEC and NEMA Standards for Large Squirrel-cage

Induction Motors—A Comparison,” Paper submitted to IEEE Power

TABLE 4.13 Locked-Rotor Torque of Design A and B Single-Speed Polyphase
Squirret-Cage Medium Motors as Percentage of Full-Load Torque (NEMA MG1 Table
12–2)

Copyright by NEMA. Used by permission.
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Engineering Society for publication in IEEE Transactions on Energy
Conversion.

4.6 Induction Motor Simulation and Control

4.6.1 Introduction

Developed in this section are models useful for simulating operation of
induction machines. These models are similar to those used for
synchronous machines, and in fact are somewhat easier to handle
analytically.

Among the more useful impacts of modern power electronics and
control, technology has made it possible to turn induction machines into
high performance servomotors. A picture of how this is done is shown in
this section. The objective is to emulate the performance of a dc machine,
in which torque is a simple function of applied current. For a machine
with one field winding, this is simply

This makes control of such a machine quite easy, for once the desired
torque is known, it is easy to translate that torque command into a
current and the motor does the rest.

Dc (commutator) machines are, at least in large sizes, expensive, not
particularly efficient, have relatively high maintenance requirements

TABLE 4.14 Breakdown Torque of Single-Speed Design A and B Polyphase
Squirrel-Cage Medium Motors with Continuous Ratings as Percentage of Full-Load
Torque (NEMA MG1–12.39.1)
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because of the sliding brush/commutator interface, provide
environmental problems because of sparking and carbon dust and are
environmentally sensitive. The induction motor is simpler and more
rugged. Until fairly recently, the induction motor has not been widely
used in servo applications because it was though to be “hard to control.”
It takes a little effort and even some computation to correctly do the
controls, but this is becoming increasingly affordable.

4.6.2 Elementary model

In an elementary model of the induction motor, in ordinary variables,
referred to the stator, the machine is described by flux-current
relationships (in the d-q reference frame)

TABLE 4.15 Pull-Up Torque of Single-Speed Design A and B Polyphase Squirrel-
Cage Medium Motors with Continuous Ratings as Percentage of Full-Load Torque
(NEMA MG1–12–40.1)

Copyright by NEMA. Used by permission.
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Note that the machine is symmetric (there is no saliency). The stator
and rotor self-inductances include leakage terms

The voltage equations are

Note that both rotor and stator have “speed” voltage terms since

Figure 4.23 NEMA dimensions of medium motors for horizontal foot-mounted motors
with a single shaft.
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they are both rotating with respect to the rotating coordinate system.
The speed of the rotating coordinate system is w with respect to the
stator. Concerning the rotor, that speed is �s=�–p�m, where �m is the
rotor mechanical speed. Note that this analysis does not require that
the reference frame coordinate system speed � be constant.

Torque is given by

4.6.3 Simulation model

As a first step in developing a simulation model, see that the
inversion of the flux-current relationship is, for the d-axis (the q-axis
is identical)

 

Now, making the following definitions

the currents become

TABLE 4.17 NEMA Percent Starting Torques
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The q-axis is the same.
With these calculations for the current, a torque may be written as

 

Note that the foregong expression was written assuming that the
variables are expressed as peak quantities.

With these, the simulation model is quite straightforward. The state
equations are

 

where the rotor frequency (slip frequency) is

For simple simulations and constant excitation frequency, the choice of
coordinate systems is arbitrary. For example, one might choose to fix
the coordinate system to a synchronously rotating frame, so that stator
frequency �=�0. In this case, the stator voltage could lie on one axis or
another. A common choice is Vd=0 and Vq=V.

4.6.4 Control model

To turn the machine into a servomotor, it is necessary to be a bit more
sophisticated about the coordinate system. In general, the principle of
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field-oriented control is much like emulating the function of a dc
(commutator) machine. First, determine the location of the flux, then
inject current to interact most directly with that flux.

As a first step, note that because the two stator flux linkages are the
sum of air-gap and leakage flux

This means that torque may be expressed as

Next, note that the rotor flux is, similarly, related to air-gap flux

Torque now becomes

Now, since the rotor currents could be written as

That second term can be written as:

so that torque is now
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4.6.5 Field-oriented strategy

Field-oriented control establishes a rotor flux in a known position (usually
this position is the d-axis of the transformation). Put a current on the
orthogonal axis (where it will be most effective in producing torque).
Thus, attempt to set

 

Torque is then produced by applying quadrature-axis current

 

The process is almost that simple. There are a few details involved in
determining the location of the quadrature axis and how hard to drive
the direct axis (magnetizing) current.

Now, suppose one can succeed in putting flux on the right axis, so
that �qR=0, then the two rotor voltage equations are

 

Now, since the rotor currents are

 

The voltage expressions become, accounting for the fact that there is no
rotor quadrature-axis flux

 

Noting that the rotor time constant is
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the result is

 

The first of these two expressions describes the behavior of the direct-
axis flux: as one would think, it has a simple first-order relationship
with direct-axis stator current. The second expression, which describes
slip as a function of quadrature-axis current and direct-axis flux, actually
describes how fast to turn the rotating coordinate system to hold flux on
the direct axis.

Now, a real machine application involves phase currents ia, ib and ic ,
and these must be derived from the model currents idS and iqs. This is
done, of course, with a mathematical operation which uses a
transformation angle �. That angle is derived from the rotor mechanical
speed and computed slip

 

A generally good strategy to make this sort of system work is to measure
the three-phase currents and derive the direct- and quadrature-axis
currents from them. A good estimate of direct-axis flux is made by
running direct-axis flux through a first-order filter. The tricky operation
involves dividing quadrature-axis current by direct-axis flux to get slip,
but this is now easily done numerically (as are the trigonometric
operations required for the rotating coordinate system transformation).
An elementary block diagram of a (possibly) plausible scheme for this is
shown in Fig. 4.24.

Start with commanded values of direct- and quadrature-axis currents,
corresponding to flux and torque respectively, then translate by a
rotating coordinate transformation into commanded phase currents.
That transformation (simply the inverse Park’s transform) uses the angle
q derived as part of the scheme. In some (cheap) implementations of
this scheme, the commanded currents are used rather than the measured
currents to establish the flux and slip.

The commanded currents ia*, etc., are shown as inputs to an “Amplifier.”
This might be implemented as a PWM current-course, for example, and
a tight loop here results in a rather high performance servo system.
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4.7 Induction Motor Speed Control

4.7.1 Introduction

The inherent attributes of induction machines make them very attractive
for drive applications. They are rugged, economical to build and have
no sliding contacts to wear. The difficulty with using induction machines
in servomechanisms and variable speed drives is that they are “hard to
control,” since their torque-speed relationship is complex and nonlinear.
However, with modern power electronics to serve as frequency changers
and digital electronics to do the required arithmetic, induction machines
are seeing increased use in drive applications.

4.7.2 Volts/Hz control

Induction machines generally tend to operate at relatively low per unit
slip, so one very effective way of building an adjustable speed drive is to
supply an induction motor with adjustable stator frequency. And this
is, indeed, possible. One thing to remember is that flux is inversely
proportional to frequency, so that to maintain constant flux, one must
make stator voltage proportional to frequency (hence the name “constant

Figure 4.24 Field-oriented controller.
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volts/Hz”). However, voltage supplies are always limited, so that at some
frequencies it is necessary to switch to constant voltage control. The
analogy to dc machines is fairly direct here: below some “base” speed,
the machine is controlled in constant flux (“volts/ Hz”) mode, while above
the base speed, flux is inversely proportional to speed. It is easy to see
that the maximum torque is then inversely proportional to the square
of flux, or therefore to the square of frequency.

To get a first-order picture of how an induction machine works at
adjustable speed, start with the simplified equivalent network that
describes the machine, as shown in Fig. 4.25.

Torque can be calculated by finding the power dissipated in the virtual
resistance R2/s and dividing by electrical speed. For a three-phase
machine, and assuming RMS magnitudes

 

where � is the electrical frequency and p is the number of pole pairs. It
is straightforward to find I2 using network techniques. As an example,
Fig. 4.26 shows a series of torque/speed curves for an induction machine
operated with a wide range of input frequencies, both below and above
its “base” frequency. The parameters of this machine are

Number of Phases 3
Number of Pole Pairs 3
RMS Terminal Voltage (line-line) 230
Frequency (Hz) 60
Stator Resistance R1 .06 �
Rotor Resistance R2 .055 �
Stator Leakage X1 .34 �
Rotor Leakage X2 .33 �
Magnetizing Reactance Xm 10.6 �

Strategy for operating the machine is to make terminal voltage
magnitude proportional to frequency for input frequencies less than the
“Base Frequency,” in this case 60 Hz, and to hold voltage constant for
frequencies above the “Base Frequency.”

Figure 4.25 Equivalent circuit.
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For high frequencies, the torque production falls fairly rapidly with
frequency (as it turns out, it is roughly proportional to the inverse of the
square of frequency). It also falls with very low frequency because of the
effects of terminal resistance.

4.7.2.1 Idealized model: no stator resistance. Ignoring for the moment
R1 an equivalent circuit is shown in Fig. 4.27. From the rotor, the
combination of source, armature leakage and magnetizing branch can
be replaced by its equivalent circuit, as shown in in Fig. 4.28.

In the circuit of Fig. 4.28, the parameters are

Figure 4.26 Induction machine torque-speed curves.

Figure 4.27 Idealized circuit (ignoring armature
resistance).

Figure 4.28 Idealized equivalent circuit.
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If the machine is operated at variable frequency �, but the reactance is
established at frequency �B, current is

 

and then torque is

 

What counts is the absolute slip of the rotor, defined with respect to
base frequency

 

Then, assuming that voltage is applied proportional to frequency

 

and with a little manipulation, this is

 

If voltage is proportional to frequency, this would imply that torque
means constantly applied flux, dependent only on absolute slip. The
torque-speed curve is a constant, dependent only on the difference
between synchronous and actual rotor speed.

This is fine, but eventually the notion of “volts per Hz” is invalid
because at some number of Hz, there are no more volts available. This
is generally taken to be the “base” speed for the drive. Above that speed,
voltage is held constant, and torque is given by
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The peak of this torque has a square-inverse dependence on frequency,
as can be seen from Fig. 4.29.

4.7.2.2 Peak torque capability. Assuming a sufficiently “smart” controller,
the actual torque capability of the machine, at some voltage and
frequency, is given by

 

The peak value of that torque is given by the value of R2s, which
maximizes power transfer to the virtual resistance. This is given by the
matching condition

Figure 4.29 Idealized torque-speed curves with zero stator resis-
tance.
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Then maximum (breakdown) torque is given by

 

This is plotted in Fig. 4.30. As a check, this was calculated assuming
R1=0, and the results are plotted in Fig. 4.31. This plot shows, as one
would expect, a constant torque-limit region to zero speed.

4.8 Single Phase Induction Motors

4.8.1 Introduction

Single-phase induction motors are widely used in small power
applications where the provision of polyphase power is impossible (as in
domestic applications) or uneconomical. Single-phase induction motors
share most advantages of polyphase motors: they are rugged and

Figure 4.30 Torque-capability curve for an induction motor.
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economical to build. Typically, single-phase motors are larger and less
efflcient than comparable polyphase motors and require special means
for starting. They are therefore somewhat more expensive. In some cases,
the starting mechanism involves a switch and this is an extra point of
vulnerability which can lead to lower reliability.

This section includes the expressions required to analyze the basic
operation of single-phase induction motors. It starts with the running
operation of the motor on a single winding, using much of the notation
developed for polyphase motors. It is then extended to include a second,
auxiliary winding to show how these motors can be started.

Figure 4.32 shows a “cartoon-style” drawing of a single-phase motor.
The “main” winding is contained in slots in the stator structure. Shown
also is an “auxiliary” winding, usually situated in quadrature with the
main winding, leading it by 90 electrical degrees. The auxiliary winding
is, generally, not identical to the main winding.

Once a single-phase machine is turning, it will develop torque. In
fact, many applications of single-phase motors use a starting mechanism
which is removed once the motor is started, so that it actually runs as a
true single-phase machine. For this reason, this section first develops
the single-phase motor with a single-stator winding and shows how it
works. Following that, it investigates, in a bit less depth, the mechanisms
for starting these motors.

Figure 4.31 Idealized torque capability curve with zero stator
resistance.
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4.8.2 Single-phase MMF

Single-phase induction motors come in a wide range of topologies, but
in most cases, they are very similar to polyphase motors. The difference
is that they have only one active winding on the stator. Recalling the
development of winding inductances, express the space fundamental of
MMF produced by a single-phase, p pole-pair winding carrying current
i in N turns as

(4.188)

Now, if that winding is driven by a sinusoidal current i=I sin �t, the
MMF becomes

(4.189)

(4.190)

(4.191)

Flgure 4.32 Single-phase induction motor windings.
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The result of Eq. (4.191) is illustrated in Fig. 4.33. The single-phase
winding actually produces two traveling waves of MMF, each with half
of the amplitude of the winding MMF. One rotates forward at
synchronous speed and the other rotates backward at the same speed.
The rotor of the machine interacts with both of these MMF waves. If the
rotor is “round,” or uniform in its azimuthal direction, and if the rotor is
not heavily saturated so that the flux-MMF interaction is linear, the
interactions of the two MMF waves with the rotor are independent of
each other.

Assume that the rotor supports two independent MMF waves—one
rotating forward and the other backward—and that the currents,
referred to the stator, are 2f and 2r, respectively. Assuming a common
reference, the two rotor currents will induce a flux in the armature
winding

 

At the same time, the armature current will induce flux equal to

 

Before writing a set of expressions that will permit calculation of these
various currents, it is necessary to establish the frequencies of the two
traveling waves on the rotor. Keeping in mind that the angular
coordinate �’ with respect to the rotor is

Figure 4.33 Single-phase induction phasor diagram.
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where �m=�(1–s) is the electrical equivalent of mechanical rotor speed
and s is conventionally defined slip, the arguments of the two traveling
waves may now be re-written in the rotor coordinate system

(4.192)

(4.193)

(4.194)

(4.195)

Thus, if s is the conventionally defined slip, it is also the slip for the
forward-going traveling wave, while 2–s is the slip for the reverse-going
wave.

Now it is possible to cast the single-phase motor interaction in terms
which are already familiar. Currents are induced in the rotor in exactly
the same fashion for both forward and reverse traveling waves as they
are in the polyphase machine, taking note of the fact that the slips are
different. The voltage equation is

(4.196)

(4.197)

(4.198)

This set of expressions can be cast in the form of a convenient equivalent
circuit by using . Then we have

(4.199)

(4.200)

(4.201)
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These expressions correspond with the equivalent circuit shown in
Fig. 4.34.

4.8.3 Motor performance

The equivalent circuit of Fig. 4.34 may be used in a straightforward
fashion to find energy transfer through the machine. Time average power
across the air-gap is

 

Time average power dissipated in the rotor is

 

so that mechanical power is

 

and then torque is

Figure 4.34 Single-phase motor
equivalent circuit.
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4.8.3.1 Example. From the equivalent circuit, it is straightforward to
estimate elements of performance of the machine. In the example shown
below, one more electrical element, a fixed element representing core
loss, is added. Then, adding the power into that element, efficiency is
estimated as power out divided by power in. Power factor is simply the
phase angle of net current into the motor.

The example machine is a small motor used in a food processor. The
parameters of the motor, looking from the “main” or “running” winding
are

Figure 4.35 Torque-speed curve for single-phase induction motor.

Shown in Fig. 4.35 is a torque vs. speed curve for this motor, operating
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against a nominal 60 Hz, 120 V RMS power supply, running on the
“main” winding only. Note that in this type of motor, the torque does
not go to zero-at-zero slip: at very low slips, the torque is actually slightly
negative. The torque does go to zero-at-zero speed because of course, at
that speed, the motor can make no distinction between the “forward”
and “reverse” components of MMF.

Figure 4.36 shows efficiency and power factor for this motor as a
function of output power. Efficiency of single-phase motors tends to be
lower than that of polyphase motors because the “reverse” MMF produces
torque in the wrong direction.

4.8.4 Starting

Single-phase motors create no net torque-at-zero speed, which means
that they cannot “start” without some additional influence. To make
single-phase motors work, a number of methods have been used,
including building a repulsion motor into the machine, using a second-
phase winding driven in such a way as to provide currents that are both
out of phase in time and space, and using parasitic “shaded” poles. The

Figure 4.36 Efficiency and power factor for single-phase induction motor.
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first of these methods is now obsolete because it requires an additional
commutator. Capacitive and resistive split-phase motors are actually
quite common, and we will describe how they work. Shaded-pole motors
are also used in small machines.

4.8.4.1 Split-phase windings. Split-phase motors utilize a second
armature winding, connected in such a way that its current is
temporarily out of phase with the current in the main winding, at least
when the rotor is stalled. This phase shift may be produced by a series
capacitor or, if large starting torque is not required, by a resistor.

Figure 4.37 shows a capacitor-start motor, one of the most common
of split-phase types. In such motors there are two windings, typically
arranged to be spatially in quadrature, but not necessarily identical.
The strategy in starting a motor is to try to get the current phasors to
appear as they do in Fig. 4.38. During starting, the current in the main
winding lags terminal voltage because the winding is inductive. If a
capacitor is inserted in series with the auxiliary winding, and if its

Figure 4.37 Split-phase machine schematic.

Figure 4.38 Idealized phasor
diagram at start for single-
phase induction motor.
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impedance dominates, its current will tend to lead terminal voltage. If
everything is sized correctly, the current in the auxiliary winding can
be made to lead that of the main winding by approximately 90°.

Note that since the terminal impedance of the induction motor will
increase and become more resistive as its speed increases, a capacitor
sized to produce optimal currents at start will not produce optimal
currents when the machine is running. Further, the large capacitance
(economical capacitors often used for starting duty) are relatively lossy
and would overheat if left connected to the motor. For this reason, in
most capacitor-start motors a switch is used to disconnect the starting
capacitor once the machine is turning.

The starting switch is usually operated by a speed-sensitive
mechanism (a variation of flyballs) which holds the switch closed when
the motor is stationary, but which withdraws and allows the switch to
open as the rotor turns at a high enough speed. Such a mechanism is
simple and cheap, but has moving parts and always employs a pair of
contacts. Such switches are therefore subject to wearout failures and
environmental hazards.

An alternative to the mechanical, centrifugal switch is an electronic
equivalent, usually employing a simple timer and a Triac, which connects
the auxiliary winding and capacitor for a fixed period of time after
energization.

It is not necessary to employ a capacitor in a split-phase motor. If the
auxiliary winding is made to have relatively high resistance, compared
with its inductance at start, the current in that winding will lead the
current in the main winding by some amount (although it is not possible
to get the ideal 90° phase shift). This will tend to produce a rotating flux
wave. Such motors have smaller starting torque than capacitive split-
phase motors, and cannot be used in applications such as pumps where
the motor must start against a substantial “head”. For low starting duty
applications (for example driving most fans) however, resistive split-
phase windings are satisfactory for starting.

“Permanent” split-phase motors leave the auxiliary winding connected
all of the time. For example, permanent capacitive split-phase motors
employ a capacitor selected to be able to operate all of the time. The
sizing of that capacitor is a compromise between running and starting
performance. Where running efficiency and noise are important and
starting duty is light, a permanent split-phase capacitor motor may be
the appropriate choice. Permanent split-phase motors do not have the
reliability problems associated with the starting switch.

In some applications, it is appropriate to employ both a starting and
running capacitor, as shown in Fig. 4.39. While this type of motor employs
a starting switch, it can achieve both good starting and running
performance.
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4.8.4.2 Analytical model. Assume a single-phase motor with two
windings (geometrically, like a two-phase motor in which the two phases
are not necessarily “balanced”). If the number of turns and winding
factor of the second phase together produce a flux per ampere that is,
say a times that of the primary winding, and if that winding is in space
quadrature with the main winding as shown in Fig. 4.40, note that

The forward component of stator MMF is

(4.202)

The reverse component of stator MMF is

Figure 4.39 Split-phase machine schematic with running capacitor.

Figure 4.40 Split phasors for
single-phase induction motor.
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Then the voltage and current equations which govern the machine
are

This set of expressions does not lend itself to a nice equivalent circuit,
but may be solved in a straightforward way. Of course for a splitphase
motor, some auxiliary impedance is placed in series with winding “b,”
and the terminal voltage is the same as the main winding. The set is
therefore

Torque and mechanical power are estimated in the same way as for the
motor operating with a single winding. Time average power across the
air-gap is

Time average power dissipated in the rotor is
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so that mechanical power is

(4.214)

and then torque is

(4.215)

(4.216)

4.8.4.3 Example. The motor presented in an earlier section is actually a
capacitor-start motor, with these parameters

Shown in Fig. 4.41 are starting and running torques for this motor as a
function of shaft speed. Note that starting torque is substantially larger
than running torque for this particular motor.

4.8.4.4 Shaded poles. There is yet another starting scheme that is widely
used, particularly for low-power motors with small starting requirements
such as fan motors. This is often referred to as the “shaded-pole” motor.
An illustration of this motor type is in Fig. 4.42.

In the shaded-pole motor, part of each pole is surrounded by a
“shading coil,” usually a single short-circuited turn of copper. This
shorted turn links the main flux, but has some inductance itself.
Therefore, it tends to reduce the flux through that part of the pole and
to retard it in phase. Thus the flux pattern across the pole has a
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Figure 4.41 Starting and running torque for single-phase induction motor.

Figure 4.42 Shaded-pole single-phase motor.

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Induction Motors



Induction Motors 139

component which tends to move from the unshaded part of the pole to
the shaded part of the pole.

Shaded-pole motors tend to have low efficiency and low power density
because part of the active pole is permanently short-circuited. They are
used primarily for small rating applications in which starting torque is
not important, such as blowers. A major application for this motor type
is now largely obsolete—the synchronous motors used to drive electric
clocks. These always started as shaded-pole induction motors, but ran
as (weakly) salient-pole synchronous machines.

4.9 Reference

1. Alger, Philip L. “Induction Machines.” Gordon and Breach, New York, 1970.
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Chapter

5
Synchronous Motors

J.Kirtley and N.Ghai

5.1 Definition

A synchronous motor is a machine that transforms electric power into
mechanical power. The average speed of normal operation is exactly
proportional to the frequency of the system to which it is connected.
Unless otherwise stated, it is generally understood that a synchronous
motor has field poles excited with direct current.

5.2 Types

The synchronous motor is built with one set of ac polyphase distributed
windings, designated the armature, which is usually on the stator and
is connected to the ac supply system. The configuration of the opposite
member, usually the rotor, determines the type of synchronous motor.
Motors with dc excited field windings on silent-pole or round rotors,
rated 200 to 100,000 hp and larger, are the dominant industrial type. In
the brushless synchronous motor, the excitation (field current) is supplied
through shaft-mounted rectifiers from an ac exciter. In the slip-ring
synchronous motor, the excitation is supplied from a shaft-mounted
exciter or a separate dc power supply. Synchronous-induction motors
rated below 5 hp, usually supplied from adjustable-speed drive inverters,
are designed with a different reluctance across the air gap in the direct
and quadrature axis to develop reluctance torque. The motors have no
excitation source for synchronous operation. Synchronous motors
employing a permanent-magnetic field excitation and driven by a
transistor inverter from a dc source are termed brushless dc motors.
These are described in Chapter 6.
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5.3 Theory of Operation

The operation of the dc separately excited synchronous motor can be
explained in terms of the air-gap magnetic-field model, the circuit model,
or the phasor diagram model of Fig. 5.1.

In the magnetic-field model of Fig. 5.1a, the stator windings are
assumed to be connected to a polyphase source, so that the winding
currents produce a rotating wave of current density Ja and radial
armature reaction field Ba. The rotor carrying the main field poles is
rotating in synchronism with these waves. The excited field poles
produce a rotating wave of field Bd. The net magnetic field Bt is the
spatial sum of Ba and Bd; it induces an air-gap voltage Vag in the stator
windings, nearly equal to the source voltage Vt. The current-density
distribution Ja is shown for the current Ia in phase with the voltage
Vt , and (in this case) pf=1. The electromagnetic torque acting between
the rotor and the stator is produced by the interaction of the main
field Bd and the stator current density Ja, as a J×B force on each unit
volume of stator conductor. The force on the conductors is to the left
(-�) the reaction force on the rotor is to the right (+�) and in the
direction of rotation.

Figure 5.1 Operation of synchronous motor. (a) Air-gap magnetic-
field model; (b) circuit model; (c) phasor-diagram model.
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The operation of the synchronous motor can be represented by the
circuit model of Fig. 5.1b. The motor is characterized by its synchronous
reactance xd and the excitation voltage Ed behind xd. The model neglects
saliency (poles), saturation, and armature resistance, and is suitable
for first-order analysis, but not for calculation of specific operating points,
losses, field current, and starting.

The phasor diagram of 5.1c is drawn for the field model and circuit
model previously described. The phasor diagram neglects saliency and
armature resistance. The phasors correspond to the waves in the field
model. The terminal voltage Vt is generated by the field Bt ; the excitation
voltage Ed is generated by the main field Bd; the voltage drop jIaxd is
generated by the armature reaction field Ba; and the current Ia is the
aggregate of the current-density wave Ja. The power angle d is that
between Vt and Ed, or between Bi and Bd. The excitation voltage Ed, in
pu, is equal to the field current Ifd , in pu, on the air-gap line of the no-
load (open-circuit) saturation curve of the machine.

5.4 Power-Factor Correction

Synchronous motors were first used because they were capable of raising
the power factor of systems having large induction-motor loads. Now
they are also used because they can maintain the terminal voltage on a
weak system (high source impedance) and they are more efficient than
corresponding induction motors, particularly the low-speed motors.
Synchronous motors are built for operation at pf=1.0, or pf=0.8 lead, the
latter being higher in cost and slightly less efficient at full load.

The selection of a synchronous motor to correct an existing power
factor is merely a matter of bookkeeping of active and reactive power.
The synchronous motor can be selected to correct the overall power factor
to a given value, in which case it must also be large enough to accomplish
its motoring functions; or it can be selected for its motoring function
and required to provide the maximum correction that it can when
operating at pf=0.8 lead. In Fig. 5.2, a power diagram shows how the
active and reactive power components Ps and Qs of the synchronous
motor are added to the components Pi and Qi of an induction motor to
obtain the total Pt and Qt components, the kVAt, and the power factor.
The Qs of the synchronous motor is based on the rated kVA and pf=0.8
lead, rather than the actual operating kVA.

The synchronous motor can support the voltage of a weak system, so
that a larger-rating synchronous motor can be installed than an induction
motor for the same source impedance. With an induction motor, both
the P and Q components produce voltage drops in the source impedance.
With a synchronous motor, operating at leading power factor, the P
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component produces a voltage drop in the source resistance, but the Q
component produces a voltage rise in the source reactance that can offset
the drop and allow the terminal voltage to be normal. If necessary, the
field current of the synchronous motor can be controlled by a voltage
regulator connected to the motor bus. The leading current of a
synchronous motor is able to develop a sufficient voltage rise through
the source reactance to overcome the voltage drop and maintain the
motor voltage equal to the source voltage.

5.5 Starting

The interaction of the main field produced by the rotor and the armature
current of the stator will produce a net average torque to drive the
synchronous motor only when the rotor is revolving at speed n in
synchronism with the line frequency f; n=120 f/p, p=poles. The motor
must be started by developing other than synchronous torques.
Practically, the motor is equipped with an induction-motor-type squirrel-
cage winding on the rotor, in the form of a damper winding, in order to
start the motor.

The motor is started on the damper windings with the field winding
short-circuited, or terminated in a resistor, to attenuate the high
“transformer”-induced voltages. When the motor reaches the lowest slip
speed, nearly synchronous speed, the field current is applied to the field
winding, and the rotor poles accelerate and pull into step with the
synchronously rotating air-gap magnetic field. The damper windings
see zero slip and carry no further current, unless the rotor oscillates
with respect to the synchronous speed.

Starting curves for a synchronous motor are shown in Fig. 5.3. The

Figure 5.2 Power diagrams of
induction motor and synchronus
motor operating in parallel,
showing component and net val-
ues of P and Q.
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damper winding is designed for high starting torque, as compared to an
induction motor of the same rating. The closed field winding contributes
to the starting torque in the manner of a three-phase induction motor
with a one-phase rotor. The field winding produces positive torque to
half speed, then negative torque to full speed, accounting for the anomaly
at half speed. The maximum and minimum torque excursion at the
anomaly is reduced by the resistance in the closed field winding circuit
during starting. The effect is increased by the design of the damper
winding.

The velocity of the rotor during the synchronizing phase, after field
current is applied, is shown in Fig. 5.4. The rotor is assumed running at
0.05 pu slip on the damper winding. The undulation in speed, curve 1, is
the effect of the poles attempting to synchronize the rotor just by
reluctance torque. The added effect of the field current is shown by curve
2, and the resultant by curve 3. The effect of the reluctance torque of

Figure 5.3 Characteristic
torque curves for 5000 hp syn-
chronous induction motor during
runup at full voltage, (1) Syn-
chronous motor for pf=1; (2) syn-
chronous motor for pf=0.8; (3)
squirrel-cage induction motor.

Figure 5.4 Relationship between slip and time for a synchro-
nous motor pulling into synchronism. (a) Successful; (b) unsuc-
cessful.
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curve 1 is not dependent on pole polarity. The synchronizing torque of
curve 2, with the field current applied, is pole polarity dependent; the
poles want to match the air-gap field in the forward torque direction.
Curve a shows a successful synchronization. Curve b shows the condition
of too much load or inertia to synchronize.

The method used to start a synchronous motor depends upon two
factors: the required torque to start the load and the maximum starting
current permitted from the line. Basically, the motor is started by using
the damper windings to develop asynchronous torque or by using an
auxiliary motor to bring the unloaded motor up to synchronous speed.
Solid-state converters have also been used to bring up to speed large
several-hundred-MVA synchronous motor/generators for pumped
storage plants.

Techniques for asynchronous starting on the damper windings are
the same as for squirrel-cage induction motors of equivalent rating.
Across-the-line starting provides the maximum starting torque, but
requires the maximum line current. The blocked-rotor kVA of
synchronous motors as a function of pole number is shown in Fig. 5.5. If
the ac line to the motor supplies other loads, the short-circuit kVA of
the line must be at least 6 to 10 times the blocked rotor kVA of the
motor to limit the line-voltage dip on starting. The starting and pullin
torques for three general classes of synchronous motors are shown in
Fig. 5.6. The torques are shown for rated voltage; for across-the-line
starting, the values will be reduced to  (pu).

Reduced-voltage starting is used where the full starting torque of the
motor is not required and/or the ac line cannot tolerate the full starting
current. The starter includes a three-phase open-delta or three-winding
autotransformer, which can be set to apply 50, 65, or 80% of line voltage
to the motor on the first step. The corresponding torque is reduced to
25, 42, or 64%. the starter switches the motor to full voltage when it has

Figure 5.5 Approximate blocked-rotor
kVA of synchronous motors.
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reached nearly synchronous speed, and then applies the field excitation
to synchronize the motor.
ANSI C50.11 limits the number of starts for a synchronous motor, under
its design conditions of Wk2, load torque, nominal voltage, and starting
method, to the following:

1. Two starts in succession, coasting to rest between starts, with the
motor initially at ambient temperature, or

2. One start with the motor initially at a temperature not exceeding its
rated load operating temperature.

If additional starts are required, it is recommended that none be made
until all conditions affecting operation have been thoroughly
investigated and the apparatus examined for evidence of excessive
heating. It should be recognized that the number of starts should be
kept to a minimum since the life of the motor is affected by the number
of starts.

5.6 Torque Definitions

The torques described in the following paragraphs are listed in the
Standards [8,11]. The minimum values are given in Table 5.1.

Locked-rotor torque is the minimum torque which the synchronous
motor will develop at rest for all angular positions of the rotor, with
rated voltage at rated frequency applied.

Pull-in torque is the maximum constant-load torque under which the
motor will pull into synchronism, at rated voltage and frequency, when
its rated field current is applied. Whether the motor can pull the load
into step from the slip running on the damper windings depends on the

Figure 5.6 Approximate starting
performance of synchronous
motors.
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speed-torque character of the load and the total inertia of the revolving
parts. A typical relationship between maximum slip and percent of
normal Wk2 for pulling into step is shown in Fig. 5.7. Table 5.1 species
minimum values of pull-in torque with the motor loaded with normal
Wk2. Nominal pull-in torque is the value at 95% of synchronous speed,
with rated voltage at rated frequency applied, when the motor is running
on the damper windings.

Pull-out torque is the maximum sustained torque which the motor
will develop at synchronous speed for one min, with rated voltage at
rated frequency applied, and with rated field current.

In addition, the pull-up torque is defined as the minimum torque

TABLE 5.1 Locked-Rotor, Pull-in, and Pull-out Torques for Synchronous Motors

*The torque values with other than rated voltage applied are approximately equal to
the rated voltage values multiplied by the ratio of the actual voltage to rated voltage in
the case of the pull-out torque, and multiplied by the square of this ratio in the case of
the locked-rotor and pull-in torque.

†With rated excitation current applied.

Figure 5.7 Typical relation-
ship between load inertia and
maximum slip for pulling syn-
chronous motors into step.
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developed between stand-still and the pull-in point. This torque must
exceed the load torque by a sufficient margin to assure satisfactory
acceleration of the load during starting.

The reluctance torque is a component of the total torque when the
motor is operating synchronously. It results from the saliency of the
poles and is a manifestation of the poles attempting to align themselves
with the air-gap magnetic field. It can account for up to 30% of the pull-
out torque.

The synchronous torque is the total steady-state torque available,
with field excitation applied, to drive the motor and the load at
synchronous speed. The maximum value as the motor is loaded is the
pull-out torque, developed as a power angle �=90°.

5.7 Synchronization

Synchronization is the process by which the synchronous motor “pulls
into step” during the starting process, when the field current is applied
to the field winding. Initially, the rotor is revolving at a slip with respect
to the synchronous speed of the air-gap magnetic-field waves. The rotor
torque, produced by the damper windings, is in equilibrium with the
load torque at that slip. The ability of the rotor to accelerate and
synchronize depends upon the total inertia (Wk2), the initial slip, and
the closing angle of the poles with respect to the field wave at the instant
field current is applied.

Figure 5.8 shows the torque versus angle d locus for the rotor during
a successful synchronization. The rotor is subjected to the synchronous
torque Ts, which is a function of �, and the damper torque Td, which is
a function of the slip velocity (n0–n). The torque Ta available to
accelerate the rotor is the residual of Ta=Ts+Td–Tl. In the figure, the

Figure 5.8 Locus of torque and
speed vs. power angle d for a syn-
chronous motor during a success-
ful and an unsuccessful attempt
to synchronize.
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closing angle is assumed zero at point a. Furthermore, Td=Tl, so that the
residual torque Ta is zero. The rotor has a finite slip, so that the power
angle � increases. As it does, the synchronous torque Ts increases, Ta

increases and the rotor accelerates to point b, where n=no, Td=0. The
slip goes negative, reverses the direction of the damper torque, but the
rotor continues to accelerate to point c, where the speed is maximum
and the accelerating torque is zero. The rotor falls back to points d and
e at minimum speed, accelerates again, and finally synchronizes at
point f.

If the initial slip is excessive, or if the inertia and/or load too great,
the locus in Fig. 5.8 could follow the path ab’. The condition of Ta= 0
is reached below synchronous speed; the rotor never pulls into step,
but oscillates around the initial slip velocity until the machine is
tripped off.

5.8 Damper Windings

Damper windings are placed on the rotors of synchronous motors for
two purposes: for starting and for reducing the amplitude of power-
angle oscillation. The damper windings consist of copper or brass bars
inserted through holes in the pole shoes and connected at the ends to
rings to form the equivalent of a squirrel cage. The rings can extend
between the poles to form a complete damper. Synchronous motors with
solid pole shoes, or solid rotors, perform like motors with damper
windings.

The design of the damper winding requires the selection of the bar
and ring material to meet the torque and damping requirements. Figure
5.9 shows the effect on the starting curves for the damper winding of
varying the material from a low-resistance copper in curve 1, to a higher-
resistance brass or aluminum-bronze alloy in curve 2. Curve 1 gives a
starting torque of about 0.25 pu, and a pull-in torque of 1.0 pu, of the
nominal synchronous torque. Curve 2 gives a higher starting torque of

Figure 5.9 Effect of resistivity
of damper material on the start-
ing and pull-in torque of the syn-
chronous motor. Damper wind-
ing 1, least resistance; damper
winding 3, maximum resistance.
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about 0.5 to 1.0 pu, but a pull-in torque of about 0.4 pu of the nominal
value. The additional starting torque of the field winding is super-
imposed on the torque of the damper alone. The damper winding must
be designed to meet the characteristics of the load.

To design the damper winding so that the amplitude of the natural-
frequency oscillation is reduced, the bar currents during the low-
frequency sweeping of the air-gap flux across the pole faces must be
maximized. Since the slip frequency is low, the currents and damper
effectiveness are maximized by making the dampers low-resistance,
corresponding to curve 1 in Fig. 5.9. This design coincides with the
requirement for low starting torque and high pull-in torque. In special
cases, the equivalent of a deep-bar or double-bar damper can be used, if
there is adequate space on the pole shoe.

5.9 Exciters

Exciters are classified into slip-ring types and brushless types. The slip-
ring consists of a dc generator, whose output is fed into the motor field
winding through slip rings and stationary brushes. The brushless type
consists of an ac generator, with rotating armature and stationary field;
the output is rectified by solid-state rectifier elements mounted on the
rotating structure and fed directly to the motor field winding. In each
type, the motor field current is controlled by the exciter field current.
Typical kilowatt ratings for exciters for 60-Hz synchronous motors are
given in MG1-21.16 as a function of hp rating, speed, and power factor.
For a given hp rating, the excitor kW increases as the speed is reduced,
and as the power factor is shifted from pf=1.0 to pf=0.8 lead.

During starting, the motor field winding must be disconnected from
the exciter and loaded with a resistor, to limit the high induced voltage,
to prevent damage to the rectifier elements of the brushless type, and
to prevent the circulation of ac current through a slip-ring-type dc exciter.
The switching is done with a contactor for the slip-ring type, and with
thyristors on the rotating rectifier assembly for the brushless type.
Except for the disconnection for starting, the synchronous-motor
excitation system is practically the same as for an ac generator of the
same rating.

Brushless-type exciters are now used on all new high-speed
synchronous motors (two to eight poles) that formerly were built with
direct-drive dc exciters and slip rings. The brushless-type exciters require
minimum maintenance and can be used in explosive-atmospheres. The
circuit of a typical brushless-type excitation system is shown in Fig.
5.10. The semicontrolled bridge with three diodes and three thyristors
rectifies the output of the ac exciter generator and supplies the motor
field winding. The thyristors act as a switch to open the rectifier during
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starting and to close it during running, whereas the ac exciter generator
is excited with its own field current. The resistor is permanently
connected across the motor field winding during starting and running.
It improves the torque characteristics during starting, and protects the
bridge elements against transient overvoltages during running. The
capacitor protects the diodes and thyristors against commutation
overvoltages.

The control system (Fig. 5.10) comprises a simple auxiliary rectifier
arrangement connected in parallel with the main rectifier bridge and
loaded with an auxiliary resistor 7. Each main thyristor has an auxiliary
thyristor which provides the gate current and operates on the same
phase of the ac excitor voltage. Consequently the trigger signal always
occurs at the correct instant, that is, when the thyristors have a forward
loading. No trigger signal is given during the blocking period. There is
no excitation at the exciter during run-up, and therefore no trigger signal
is applied to the gates of the thyristors and they remain blocking. The
alternating current induced in the field winding flows in both directions
through the protection resistor 5. When the machine has been run-up
to normal speed, the field voltage is applied to the ac exciter. It then
supplies the control current and the thyristors are fired. Control losses
are only 0.1 to 0.2% of the exciter power and are therefore negligible.
The auxiliary thyristor 10 together with the diode 11 and zener diode

Figure 5.10 Brushless-type excitation system for a synchronous motor.

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Synchronous Motors



Synchronous Motors 153

12 prevents preignition of the thyristors during run-up due to high
residual voltage in the exciter. On the other hand the gates of the other
thyristors are protected against overload by zener diode 9 and resistor
18. If the voltage exceeds the zener voltage, the zener diode conducts
the excess current.

5.10 Standard Ratings

Standard ratings for dc separately excited synchronous motors are given
in NEMA MG1, Part 21. Standard horsepowers range from 20 to 100,000
hp. Speed ratings extend from 3600 r/min (2-pole) to 80 r/min (90-pole)
for 60-Hz machines, and five-sixths of the values for 50-Hz machines.
The power factor shall be unity or 0.8 leading. The voltage ratings for
60-Hz motors are 200, 230, 460, 575, 2300, 4000, 4600, 6600, and 13,200
V. It is not practical to build motors of all horsepower ratings at these
speeds and voltages.

5.11 Efficiency

Efficiency and losses shall be determined in accordance with IEEE Test
Procedures for Synchronous Machines, Publication No. 115. The
efficiency shall be determined at rated output, voltage, frequency, and
power factor. The following losses shall be included in determining the
efficiency: (1) I2R loss of armature and field; (2) core loss; (3) stray-load
loss; (4) friction and windage loss; (5) exciter loss for shaft-driven exciter.
The resistances should be corrected for temperature.

Typical synchronous motor efficiencies are shown in Fig. 5.11. The
unity-power-factor synchronous motor is generally 1 to 3% more efficient
than the NEMA Design B induction motors. The 0.8 of synchronous
motor, because of the increased copper loss, is lower in efficiency; its
efficiency is closer to that of the induction motor at high speed, but
better at low speed.

5.12 Standard Tests

Tests on synchronous motors shall be made in accordance with IEEE
Test Procedure for Synchronous Machines, Publication No. 115, and
ANSI C50.10. The following tests shall be made on motors completely
assembled in the factory and furnished with shaft and complete set of
bearings: resistance test of armature and field windings; dielectric test
of armature and field windings; mechanical balance; current balance
at no load; direction of rotation. The following tests may be specified
on the same or duplicate motors: locked-rotor current; temperature
rise; locked-rotor torque; overspeed; harmonic analysis and TIF;
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segregated losses; short-circuit tests at reduced voltage to determine
reactances and time constants; field-winding impedance; and speed-
torque curve.

The following tests shall be made on all motors not completely
assembled in the factory: resistance and dielectric tests of armature
and field windings. The following field tests are recommended after

Figure 5.11 Full-load efficiencies of (a) high-speed general-purpose synchronous
motors and (b) low-speed synchronous motors.
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installation: resistance and dielectric tests of armature and field windings
not completely assembled in the factory; mechanical balance; bearing
insulation; current balance at no load; direction of rotation. The following
field tests may be specified on the same or duplicate motors: temperature
rise; short-circuit tests at reduced voltage to determine reactances and
time constants; and field-winding impedance.

The dielectric test for the armature winding shall be conducted for
one min, with an ac rms voltage of 1000 V plus twice the rated voltage.
For machines rated 6 kV and above, the test may be conducted with a
dc voltage of 1.7 times the ac rms test value. The dielectric test for the
field winding depends upon the connection for starting. For a short-
circuited field winding, the ac rms test voltage is 10 times the rated
excitation voltage, but no less than 2500 V, nor more than 5000 V. For
a field winding closed through a resistor, the ac rms test voltage is twice
the rms value of the IR drop, but not less than 2500 V, where the current
is the value that would circulate with a short-circuited winding. When
a test is made on an assembled group of several pieces of new apparatus,
each of which has passed a high-potential test, the test voltage shall
not exceed 85% of the lowest test voltage for any part of the group.
When a test is made after installation of a new machine which has
passed its high-potential test at the factory and whose windings have
not since been disturbed, the test voltages should be 75% of the original
values.

5.13 Cycloconverter Drive

A unique application for large low-speed synchronous motors is for
gearless ball-mill drives for the cement industry. For a recently
installed drive, the motor is rated 8750 hp, 1.0 pf, 6850 kVA, 14.5 r/
min 1900 V, 4.84 Hz, 40 poles, Class B. The power is provided by a
cyclo-converter over the range 0 to 4.84 Hz, as shown in Fig. 5.12. The
cycloconverter consists of six thyristor rectifiers, each of which
generates the polarity of the three-phase ac voltage wave applied to
the motor. The cycloconverter can be used effectively up to about one-
third of the line frequency. The motor can be controlled in speed by
the cycloconverter frequency, or in torque by the angle between the
armature voltage and the field-pole position, approximately the power
angle �.

5.14 Inverter-Synchronous Motor Drive

Synchronous motors over about 1000 hp are being driven by machine-
commutated inverters for adjustable-speed drives for large fans, pumps,
and other loads. The machine-commutated inverter drive consists of
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two converters interconnected by a dc link as shown in Fig. 5.13a. The
synchronous motor operates at constant volts per hertz, i.e., voltage
proportional to frequency and speed. The converter characteristics are
shown in Fig. 5.13b and c. The ± Vd values are 1.35 times the line-line
voltage on the ac side of each converter. For a given motor speed,
frequency, and voltage, the firing angle of the rectifier is set to ar to
yield the required dc voltage Vl for the link. The firing angle of the
inverter is set at ai in the inverting quadrant of the converter so that
the link voltage Vt matches the internal ac voltage generated by the
motor at the given speed. Power flows from the rectifier at VeId into the
inverter and the motor. The inverter firing signals are synchronized to

Figure 5.12 Cycloconverter-synchronous motor gearless-drive sys-
tem for ball mill.
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the motor voltage. For decelerating the motor, the rectifier and inverter
functions are reversed by shifting the firing angles. Power flows from
the motor into the dc link and to the supply line.

5.15 Synchronous Motor Applications

The motor choice for any application is determined by an evaluation of
the load requirements and by economic considerations. In sizes greater
than one horsepower per r/min, the synchronous motor has inherent
advantages over other motor types (the induction motor and the direct-
current motor) that often make it the logical choice for many industrial-
drive applications. The synchronous motor is unique in that it runs at
constant speed, at leading power factor and has low starting or inrush
current. The efficiency is higher than for other motor types. The torque
characteristics can be modified by design to match the driven load needs
and the characteristics of the available power supply to which the motor
is connected. The starting, pull-in, and pull-out torques can be varied
over a wide range. The synchronous motor usually runs at unity power

Figure 5.13 (a) Diagram of machine-commutated synchronous motor drive; (b) DC
voltage vs. firing angle �r, characteristic of rectifier; (c) DC voltage vs. firing angle �i,
characteristic of inverter.
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factor and can be designed for 80% leading power factor also, thereby
providing system power factor improvement.

5.15.1 Motor selection by speed

Specific load and application considerations are critical in the selection
of a motor for a given load. In general, the following also applies:

5.15.1.1 3600 to 3000 r/min. Synchronous motors are not economical for
this speed range because of the high cost of their rotor construction.
Although large two-pole, 3600 r/min synchronous motors from 2000 to
20,000 horsepower (hp) have been manufactured, slower speed motors
with step-up gears or squirrel-cage induction motors are usually a more
economic choice. The exception will be the adjustable speed motor for
use at speeds higher than 4000 r/min. In this case, the higher cost of the
rotor is more than compensated by system economics.

5.15.1.2 1800 to 900 r/min. Synchronous motors above 1000 hp are widely
used for pumps and for centrifugal compressors (with speed increasers)
as well as for fans, pulverizers, rubber mills, banbury mixers, refiners,
and motor-generator sets. The need for power-factor correction, high
efficiency, low inrush, or constant speed may sometimes also favor
synchronous motors below 1000 hp.

For compressors, applications above 2500 hp requiring speed
increasers, 1200 r/min unity-power-factor synchronous motors might
provide a better fit than the 1800 r/min motors. For 1200 r/min loads
such as pumps above 1250 hp and other 900 r/min loads above 1000 hp,
the synchronous motor may be more economical than the induction
motor. In this speed range however, induction motors are more
economical below 1000 hp.

5.15.1.3 720 to 514 r/min. Synchronous motors are often selected in sizes
above 1 hp per r/min, that is, 750 hp at 720 r/min, 600 hp at 600 r/min,
and 500 hp at 514 r/min.

5.15.1.4 Below 514 r/min. Because of higher efficiency, improved power
factor, and possibly lower cost, the synchronous motor should be
considered for sizes down to 200 hp. At voltages above 4000 volts, the
synchronous motor is usually more economical than other motor types
at even lower horsepower sizes.

5.15.2 Load torque considerations

Motor torques are a consideration both during starting as well as during
rated speed operation under load.
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The maximum torque that a synchronous motor can carry at
synchronous speed, rated voltage, and with rated field current, or the
torque which if exceeded, will cause the motor to pull out of synchronism
is the pull-out torque. Since the pull-out torque is directly proportional
to voltage, possible line voltage variations must be taken into
consideration when specifying a value for it. Adequate torque must be
specified to provide ample margin over maximum torque required by
the driven machine at the lowest motor-line voltage that will be
encountered. However, it is not desirable to specify a pull-out torque
greatly above actual requirements because the size and therefore the
cost of the machine increases as the pull-out torque increases. High
pull-out torque also results in a higher starting current.

Since pull-out torque is also proportional to the motor field excitation,
most synchronous motors should be operated at rated field excitation,
even at light loads, if the load is subject to fluctuations. Decreasing field
excitation to maintain rated power factor at light loads can cause the
motor to pull out of synchronism if the load suddenly increases.

Motors rated at 0.8 power factor (leading) usually have higher pull-
out torque than unity-power-factor motors because of their higher field
excitation. Therefore, for high pull-out torque applications, motors
designed for 0.8 power factor may be more economical than unity power
factor motors.

Motors with high pull-out torque are capable of handling high
momentary overloads. However, they do not necessarily have greater
capability for handling continuous overloads. The size of motors with
high pull-out torque is bigger in order to increase the thermal capacity
of the field winding, but the thermal capacity of the stator winding is
not increased in the same proportion. Therefore, unless the stator has
been designed for low temperature rise operation, it will reach its limiting
operating temperature under rated load conditions. A continuous
overload will cause overheating of this winding.

Special consideration must be given to drives for loads with cyclic
torque pulsations, such as reciprocating compressors. The torque
pulsations produce a cyclic pulsation in the stator current drawn by the
motor. These applications require close coordination between the motor
designer and the compressor designer so that a limiting value for the
stator line current pulsation can be achieved to avoid high voltage
fluctuations and other system problems. This is done by providing
adequate inertia in the rotating masses.

Current pulsation is defined as the difference between the maximum
and minimum current peaks divided by the peak of the rated line current
drawn. The NEMA standard current pulsation is set at 66%, because
experience has shown that this will still give satisfactory operation in
nearly all installations.
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5.15.3 Motor starting considerations

The synchronous motor has two starting windings, the field winding
and the amortisseur winding. The field discharge resistor used for fixed
winding protection also acts as the starting winding. The torque
developed by a motor at any instant during acceleration is the resultant
of the torques developed by all of these windings. The starting
characteristics of the synchronous motor can thus be adjusted by
controlling the resistances and the reactances of these rotor circuits.

The starting performance characteristics of the synchronous motor
are completely defined by the starting torque, the pull-in torque and
the starting current. These characteristics are interdependent: any
change in one affects the others.

The torques are expressed as a percentage of the torque delivered
by the motor when it is carrying its rated load at synchronous speed.
The starting current is expressed as a percentage of rated full-load
current.

5.15.3.1 Starting torque. The starting torque is the torque developed by
the motor at standstill or zero speed when voltage is applied to the stator
winding. The torque must be sufficient to break the load loose and
accelerate it to the speed from which the motor pulls into synchronism
when field excitation is applied.

5.15.3.2 Pull-in torque. The pull-in torque is the torque developed by a
motor when it is operating as an induction motor at the speed from
which it can pull into synchronism when the field winding is energized.
The speed at which this can happen successfully is generally a function
of the total inertia of the rotating masses (motor and the driven
equipment). Most synchronous motors pull in from approximately 5%
slip, i.e., 95% speed.

The torque developed by a synchronous motor while it is operating as
an induction motor varies as the square of the applied voltage. When
motors are started at reduced voltage, the control usually is arranged
so that transfer to full voltage will be made before the pullin speed is
reached. Field excitation is not applied before the motor is up to pull-in
speed.

The pull-in torque capability depends on the inertia of the connected
load. Nominal pull-in torque is the torque against which the motor can
synchronize a normal inertia load (see load inertia, below) from
approximately 95% speed with full voltage and rated excitation applied.
Nominal pull-in torque is a function of the motor alone and is
independent of the load characteristics.
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5.15.3.3 Starting current. The starting current is the current in the
synchronous motor stator winding when rated voltage is applied to it at
standstill or zero speed. If the motor is being started at reduced voltage,
this current will vary approximately with the voltage. The torque
developed by the motor, however, varies approximately as the square of
the voltage.

5.15.4 Specifying motor torques

Synchronous motors can be designed with any combination of torques
required for practical applications. Although NEMA MG1 publishes
recommended values for minimum torques for most synchronous motor
applications, the torque specified for any given condition should be in
line with the needs of that particular application which may be higher,
lower or the same as NEMA values. If the torque is not correctly specified,
either the motor will be inadequate for the application, or of inadequate
design in regard to its cost and economic performance. For example, if
the driven machine can be started unloaded with low starting and pull-
in torques, specifying lower torque values than standard will permit
the motor to be designed with a lower value of starting current and with
higher efficiencies under load. If the driven machine cannot be started
unloaded, and the torque requirements of the load are higher than
standard, the necessary starting and pull-in torques must be specified.
This will increase the cost of the motor. The starting current will also be
higher. A motor suitable for pulverizer application, for instance, might
require 225% starting torque, 150% pull-in torque and 220% pull-out
torque. A motor suitable for this application may cost as much as 50%
more than a low-torque motor. Further, the starting current is likely to
be more than twice that of a low-torque motor.

Typical load torque requirements for standard NEMA motors are
given in Table 5.2 and for special industrial applications in Table 5.3.
These values should be used as a guide if more precise information is
not available.

5.15.5 Load inertia

The torques given in Table 5.2 are expected to be adequate in starting a
load whose inertia is no higher than the so-called NEMA nominal inertia
which is calculated by the following equation
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Loads with inertia values lower than the nominal value are considered
to be low inertia loads, and those with higher values will be the high
inertia loads.

The load inertia is critical in selecting and specifying a synchronous
motor because the motor must develop adequate torques not only to
start the load, but also accelerate it to the pull-in speed fast enough to
ensure that the motor windings do not attain unacceptably high
temperatures. If load torque is small compared to available motor torque,
the heat developed in the amortisseur winding of the motor during
acceleration is equivalent to the kinetic energy of the rotating mass. If
the load torque is high, additional rotor heating results. Unless the
winding components are large enough, the temperature may become
excessive and damage to the windings will be the result.

Loads such as blowers, chippers, compressors, centrifugal fans and
refiners are high inertia loads, whereas loads such as pumps, refiners
and rolling mills are low inertia loads. The developed torques for the
motor at available voltage at the line terminals must be greater than
the load requirements for successful acceleration and pulling into
synchronism of the load.

In all applications, it is thus important that accurate load requirements
(inertia, torques, and voltage during starting) be determined for an adequate
motor to be selected. In this regard it is necessary, especially for high inertia
loads, that the possibility of starting unloaded be considered, since in such
cases the load torque requirements will be lower. A better matched design
for the motor will be possible which will be of smaller size and will have
higher efficiencies than may otherwise be the case.

5.15.6 Power supply

Limitations of the power supply must always be evaluated when applying
large synchronous motors. Starting current is the most important

TABLE 5.2 Torque Values (NEMA MG1–1993, Rev. 4)

Copyright by NEMA. Used by permission.
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TABLE 5.3 Torques for Special Applications (NEMA MG1–1993, Rev. 4)
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characteristic affecting the power supply because it causes a system
voltage dip. For weak systems, this dip may be significant.

Full-voltage starting is the most economical and simple form of motor
starting because the motor is energized by simply connecting it across
the line. But when motor starting current is too high for the power supply,
other starting methods must be evaluated. Reduced voltage starting
can be used only if the motor is capable of developing adequate torques
to accelerate the load to running speed without causing the windings to
exceed their safe temperatures. Otherwise special motors with higher
torque capabilities must be specified.

5.15.7 Power factor

Synchronous motors are usually rated at either unity power factor or
0.8 leading power factor. Substantial power factor improvement can be

TABLE 5.3 Continued

Copyright by NEMA. Used by permission.
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obtained with leading power factor machines by allowing the motor to
operate lightly loaded with rated field current applied to the field
winding. Unity power factor motors may provide a small amount of
leading kVAR at reduced loads. A machine typically has about 25%
reactive kVA at no load and zero reactive kVA at full load. If higher
leading kVAR is desired at all reduced loads, field current should be set
at rated value at all lower loads for these machines.

If reactive kVA is not required, the field excitation of both unity and
leading power factor machines can be adjusted to maintain unity power
factor at all loads. This results in reduced losses and higher operating
efficiency. However, since pull-out torque of leading power factor motors
is reduced under these conditions, synchronous motors operated with
reduced field excitation must have automatic provision for increasing
field excitation when the load returns to normal values.

5.15.8 Twice slip frequency
torque pulsations

The average motor torque during the starting and acceleration of the
silent pole synchronous motor is developed by the interaction of the
rotating magnetic field produced by the stator winding currents and
the induced currents in the amortisseur and field windings. The motor
has two axes of symmetry—the direct axis which is the centerline of the
poles, and the quadrature axis which is the centerline between the poles.
This dissymmetry causes an oscillating torque to be developed in addition
to the average motor torque. The frequency of oscillation of this torque
equals twice the slip frequency and is twice the line frequency at zero
speed and zero at the synchronous speed. The average value of this
torque is zero and does not contribute to the accelerating torque. It is
simply superimposed on the average torque developed by the motor.

The torque pulsation is defined as the single amplitude of the
oscillating torque as a percentage of the rated motor torque.

The rotor systems, which are systems of inertias connected by shafting,
generally have torsional natural frequencies in the range of zero to twice
the line frequency. Since the torque pulsations also lie in the same
frequency range, at some time during the acceleration of the motor and
the driven equipment, these two frequencies will coincide and the various
components of the rotor system will be subjected to high alternating
stresses as the motor passes through the torsional natural frequency of
the system. The phenomenon is more troublesome in high-speed motors
accelerating high inertia loads.

Whereas the successful system design must take into consideration
this phenomenon and design, the number of alternating stress cycles
and the torque amplification at resonance can be controlled to some

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Synchronous Motors



166 Chapter Five

extent by design. To this end, a good motor design will limit torque
pulsations to less than 60% of rated torque.

5.16 Synchronous Machine and
Winding Models

5.16.1 Introduction

The objective of this section is to develop a simple but physically
meaningful model of the synchronous machine as well as to provide an
analysis and understanding of the machine, particularly in cases where
one or another analytical picture is more appropriate than others. Both
operation and sizing of the machine are also discussed.

Machine windings are approached from two points of view. On the
one hand, they may be approximated as sinusoidal distributions of
current and flux linkage. Alternately, one may take a concentrated coil
point of view and generalize that into a more realistic and useful winding
model.

5.16.2 Physical picture: current sheet
description

Consider the simple picture shown in Fig. 5.14. The machine consists of
a cylindrical rotor and a cylindrical stator which are coaxial and which
have sinusoidal current distributions on their surfaces: the outer surface
of the rotor and the inner surface of the stator.

The rotor and stator bodies are made of highly permeable material,
approximated as being infinite for the time being, but this is something
that needs to be looked at carefully later. Assume also that the rotor

Figure 5.14 Axial view of elementary machine model.
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and stator have current distributions are axially (z) directed and
sinusoidal

 

Here, the angle � is the physical angle of the rotor. The current
distribution on the rotor goes along. Now assume that the air-gap
dimension g is much less than the radius: g<<R. It is not difficult to
show that with this assumption the radial flux density Br is nearly
uniform across the gap (i.e. not a function of radius) and obeys

 

Then the radial magnetic flux density for this case is simply

 

Now it is possible to compute the traction on rotor and stator surfaces
by recognizing that the surface current distributions are the azimuthal
magnetic fields: at the surface of the stator , and at the surface
of the rotor . So at the surface of the rotor, traction is

 

The average of that is simply

 

The same exercise done at the surface of the stator yields the same
results (with opposite sign). To find torque, use

 

Pause here to make a few observations:

1. For a given value of surface currents KS and Kr, torque goes as the
fourth power of linear dimension. The volume of the machine goes as
the third power, so this implies that torque capability goes as the
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4/3 power of machine volume. Actually, this understates the situation
since the assumed surface current densities are the products of vol-
ume current densities and winding depth, which one would expect to
increase with machine size. Thus, machine torque (and power) den-
sities tend to increase somewhat faster with size.

2. The current distributions want to align with each other. In actual
practice, what is done is to generate a stator current distribution
which is not static as implied here, but which rotates in space

 
and this pulls the rotor along.

3. For a given pair of current distributions, there is a maximum torque
that can be sustained, but as long as the torque that is applied to
the rotor is less than that value, the rotor will adjust to the correct
angle.

5.16.3 Continuous approximation to
winding patterns

Those surface current distributions cannot be produced exactly with
physical windings, but they may be approximated by a turns distribution
that looks like

 

Note that this implies that Ns and NR are the total number of turns on
the rotor and stator, i.e.

 

Then the assumed surface current densities are as above, with

 

So far nothing is different, but with an assumed number of turns, one
can proceed to computing inductances. It is important to remember what
these assumed winding distributions mean: they are the density of wires
along the surface of the rotor and stator. A positive value implies a wire
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with sense in the +z direction, a negative value implies a wire with
sense in the –z direction. That is, if terminal current for a winding is
positive, current is in the +z direction if n is positive, and in the -z
direction if n is negative. In fact, such a winding would be made of
elementary coils with one-half (the negatively-going half) separated from
the other half (the positively-going half) by a physical angle of �/p. So
the flux linked by that elemental coil would be

 

So, if only the stator winding is excited, radial magnetic field is

 

and thus the elementary coil flux is

 

Now, this is flux linked by an elementary coil. To get flux linked by a
whole winding, we must “add up” the flux linkages of all the elementary
coils. In our continuous approximation to the real coil, this is the same
as integrating over the coil distribution

 

This evaluates fairly easily to

 

which implies a self-inductance for the stator winding of

 

The same process can be used to find self-inductance of the rotor
winding (with appropriate changes of spatial variables), and the
answer is
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To find the mutual inductance between the two windings, excite one
and compute flux linked by the other. All of the expressions here can be
used, and the answer is

 

Now it is fairly easy to compute torque using conventional methods.
Assuming both windings are excited, magnetic co-energy is

 

and then torque is

 

and then substituting for NSIS and NRIR

 

we get the same answer for torque as with the field approach

 

5.16.4 Classical, lumped-parameter
synchronous machine

Examine the simplest model of a polyphase synchronous machine. Assume
a machine in which the rotor is the same as the one previously considered,
but in which the stator has three separate windings, identical but with
spatial orientation separated by an electrical angle of 120°=2�/3. The
three stator windings have the same self-inductance (La).

With a little bit of examination it can be seen that the three stator
windings will have mutual inductance, and that inductance will be
characterized by the cosine of 120°. Since the physical angle between
any pair of stator windings is the same

 

There will also be a mutual inductance between the rotor and each
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phase of the stator. Using M to denote the magnitude of that
inductance

 

Torque for this system is

 

5.16.5 Balanced operation

Now, suppose the machine is operated in this fashion: the rotor turns at
a constant velocity, the field current is held constant, and the three
stator currents are sinusoids in time, with the same amplitude and with
phases that differ by 120°.

 

Straightforward (but tedious) manipulation yields an expression for
torque
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Operated in this way, with balanced currents and with the mechanical
speed consistent with the electrical frequency (p�=�), the machine
exhibits a constant torque. The phase angle �i is called the torque angle,
but it is important to use some caution, as there is more than one torque
angle.

Now, look at the machine from the electrical terminals. Flux linked
by Phase A will be

 

Noting that, under balanced conditions, the sum of phase currents is
zero and that the mutual phase-phase inductances are equal, this
simplifies to

 

where the notation Ld denotes synchronous inductance.
Now, if the machine is turning at a speed consistent with the electrical

frequency, it is said to be operating synchronously, and it is possible to
employ complex notation in the sinusoidal steady state. Then, note

 

The complex amplitude of flux is

 

where

 

Now, terminal voltage of this system is

 

This system is described by the equivalent circuit shown in Fig. 5.15,
where the internal voltage is

 

If that is connected to a voltage source (i.e. if is fixed), terminal current
is
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where Xd=�Ld is the synchronous reactance.
Then real and reactive power (in Phase A) are:

 

This makes real and reactive power

 

If we consider all three phases, real power is

 

Now, look at actual operation of these machines, which can serve either
as motors or as generators.

Vector diagrams that describe operation as a motor and as a generator
are shown in Fig. 5.16 and 5.17, respectively.

Operation as a generator is not much different from operation as a
motor, but it is common to make notations with the terminal current
given the opposite (“generator”) sign.

Figure 5.15 Round-rotor syn-
chronous machine equivalent
circuit.
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5.16.6 Reconciliation of models

Power and/or torque characteristics can be predicted from two points of
view: first, by knowing currents in the rotor and stator, one may derive
an expression for torque vs. a power angle

 

From a circuit point of view, it is possible to derive an expression for
power

 

and of course since power is torque times speed, this implies that

 

To reconcile these notions, look a bit more at what they mean. A

Figure 5.16 Under-excited (a) and over-excited (b) motor operation.

Figure 5.17 Under-excited (a) and over-excited (b) generator operation.
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generalization of the simple theory to salient pole machines follows as
an introduction to two-axis theory of electric machines.

5.16.6.1 Torque angles. Figure 5.18 shows a vector diagram that shows
operation of a synchronous motor. It represents the MMF’s and fluxes
from the rotor and stator in their respective positions in space during
normal operation. Terminal flux is chosen to be “real,” or occupy the
horizontal position. In motor operation, the rotor lags by angle �, so the
rotor flux MIf is shown in that position. Stator current is also shown,
and the torque angle between it and the rotor, �i is also shown. Now,
note that the dotted line OA, drawn perpendicular to a line drawn
between the stator flux LdI and terminal flux �t, has length

 

Then, noting that terminal voltage V=��t
, Ea=�MIf and Xd= �Ld,

straightforward substitution yields

 

So the current- and voltage-based pictures do give the same result for
torque.

5.16.7 Per-unit systems

The per-unit system is a notational device that, in addition to being
convenient, is conceptually helpful. The basic notion is quite simple: for
most variables, note a base quantity and then divide the ordinary

Figure 5.18 Synchronous
machine phasor addition.

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Synchronous Motors



176 Chapter Five

variable by the base to derive a per-unit version of that variable.
Generally, the base quantity is tied to some aspect of normal operation.
So, for example, the base voltage and current might correspond with
machine rating. If that is the case, then power base becomes

and one can define, in similar fashion, an impedance base

Now, a little caution is required here. Voltage base is defined as
lineneutral and current base as line-current (both RMS). That is not
necessary. In a three-phase system, one could very well have defined
base voltage to have been line-line and base current to be current in a
delta connected element

In that case the base power would be unchanged, but base impedance
would differ by a factor of three

However, to be consistent with actual impedances (note that a delta
connection of elements of impedance 3Z is equivalent to a wye connection
of Z), the per-unit impedances of a given system are not dependent on
the particular connection. In fact one of the major advantages of using a
per-unit system is that per-unit values are uniquely determined, while
ordinary variables can be line-line, line-neutral, RMS, peak, etc., for a
large number of variations.

Perhaps unfortunately, base quantities are usually given as line-line
voltage and base power. So that

Usually, per-unit variables are written as lower-case versions of the
ordinary variables

Thus, written in per-unit notation, real and reactive power for a
synchronous machine operating in steady state are
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These are, of course, in motor reference coordinates, and represent real
and reactive power into the terminals of the machine.

5.16.8 Normal operation

The synchronous machine is used, essentially interchangeably, as a
motor and as a generator. Note that, as a motor, this type of machine
produces torque only when it is running at synchronous speed. This is
not, of course, a problem for a turbogenerator which is started by its
prime mover (e.g. a steam turbine). Many synchronous motors are
started as induction machines on their damper cages (sometimes called
starting cages) and of course with power electronic drives, the machine
can often be considered to be “in synchronism”, even down to zero speed.

As either a motor or as a generator, the synchronous machine can
either produce or consume reactive power. In normal operation, real
power is dictated by the load (if a motor) or the prime mover (if a
generator), and reactive power is determined by the real power and by
field current.

Figure 5.19 shows one way of representing the capability of a
synchronous machine. This picture represents operation as a generator,
so the signs of p and q are reversed, but all of the other elements of
operation are as one would ordinarily expect. Plot p and q (calculated in
the normal way) against each other. If one starts at a location q= –v2/xd,
(and remember that normally v=1 per-unit), then the locus of p and q is

Figure 5.19 Synchronous gen-
erator capability diagram.
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what would be obtained by swinging a vector of length veaf/xd over an
angle �. This is called a capability chart because it is an easy way of
visualizing what the synchronous machine (in this case generator) can
do. There are three easily noted limits to capability. The upper limit is a
circle (the one traced out by that vector) which is referred to as field
capability. The second limit is a circle that describes constant |p+jq|.
This is, of course, related to the magnitude of armature current and so
this limit is called armature capability. The final limit is related to
machine stability, since the torque angle cannot go beyond 90°. In
actuality, there are often other limits that can be represented on this
type of a chart. For example, large synchronous generators typically
have a problem with heating of the stator iron when they attempt to
operate in highly underexcited conditions (q strongly negative), so that
one will often see another limit that prevents the operation of the
machine near its stability limit. In very large machines with more than
one cooling state (e.g. different values of cooling hydrogen pressure),
there may be multiple curves for some or all of the limits.

Another way of describing the limitations of a synchronous machine
is embodied in the Vee Curve. An example is shown in Fig. 5.20. This is
a cross-plot of magnitude of armature current with field current. Note
that the field and armature current limits are straightforward (and are
the right-hand and upper boundaries, respectively, of the chart). The
machine stability limit is what terminates each of the curves at the

Figure 5.20 Synchronous machine Vee Curve.
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upper left-hand edge. Note that each curve has a minimum at unity
power factor. In fact, there is yet another cross-plot possible, called a
compounding curve, in which field current is plotted against real power
for fixed power factor.

5.16.9 Salient-pole machines:
two-reaction theory

So far, the machines described are referred to as “round rotor” machines,
in which stator reactance is not dependent on rotor position. This is a
reasonable approximation for large turbine generators and many smaller
two-pole machines, but it is not a fair approximation for many
synchronous motors nor for slower speed generators. For many such
applications, it is more cost-effective to wind the field conductors around
steel bodies (called poles) which are then fastened onto the rotor body,
with bolts or dovetail joints. These produce magnetic anisotropies into
the machine which affect its operation. The theory which follows is an
introduction to two-reaction theory and consequently for the rotating
field transformations that form the basis for most modern dynamic
analyses.

Figure 5.21 shows a very schematic picture of the salient-pole
machine, intended primarily to show how to frame this analysis. As
with the round rotor machine, the stator winding is located in slots in
the surface of a highly permeable stator core annulus. The field winding
is wound around steel pole pieces. Separate the stator current sheet
into two components: one aligned with and one in quadrature to the
field. Remember that these two current components are themselves
(linear) combinations of the stator-phase currents. The transformation

Figure 5.21 Cartoon of a salient-
pole synchronous machine.
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between phase currents and the d- and q-axis components is straight-
forward.

The key here is to separate MMF and flux into two orthogonal
components and to pretend that each can be treated as sinusoidal. The
two components are aligned with the direct axis and with the quadrature
axis of the machine. The direct axis is aligned with the field winding,
while the quadrature axis leads the direct by 90°. Then, if � is the angle
between the direct axis and the axis of Phase a, we can write for flux
linking Phase a

Then, in steady state operation, if Va=d�a/dt and �=�t+�

which allows these definitions

one might think of the “voltage” vector as leading the “flux” vector by
90°.

Now, if the machine is linear, those fluxes are given by

Note that, in general, Ld	Lq. In wound-field synchronous machines,
usually Ld>Lq. The reverse is true for most salient (buried magnet)
permanent magnet machines.

Referring to Fig. 5.22, one can resolve terminal voltage into these
components

or

which is easily inverted to produce
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where

These variables are easily cast into a complex frame of reference

Complex power is

or

A phasor diagram for a salient-pole machine is shown in Fig. 5.23.

Figure 5.22 Resolution of terminal voltage.
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This is a little different from the equivalent picture for a round-rotor
machine, in that stator current has been separated into its d- and q-
axis components, and the voltage drops associated with those components
have been drawn separately. It is interesting and helpful to recognize
that the internal voltage Eaf can be expressed as

where the voltage E1 is on the quadrature axis. In fact, E1 would be the
internal voltage of a round rotor machine with reactance Xq and the
same stator current and terminal voltage. Then the operating point is
found fairly easily

A comparison of torque-angle curves for a pair of machines, one with a
round, one with a salient rotor is shown in Fig. 5.24. It is not too difficult
to see why power systems analysts often neglect saliency in doing things
like transient stability calculations.

Figure 5.23 Phasor diagram of a salient-pole machine.
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5.16.10 Relating rating to size

It is possible, even using the simple model developed so far, to establish
a quantitative relationship between machine size and rating, depending
(of course) on elements such as useful flux and surface current density.
To start, note that the rating of a machine (motor or generator) is

where q is the number of phases, V is the RMS voltage in each phase
and I is the RMS current. To establish machine rating it is necessary to
establish voltage and current. These are done separately.

5.16.10.1 Voltage. Assume that the sinusoidal approximation for turns
density is valid

and suppose that working flux density is

Now, to compute flux linked by the winding (and consequently to compute
voltage), first compute flux linked by an incremental coil

Flgure 5.24 Torque-angle curves for round-rotor and salient-pole machines.
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Then flux linked by the whole coil is

This is instantaneous flux linked when the rotor is at angle �. If the
machine is operating at some electrical frequency � with a phase angle
so that p�=�t+�, the RMS magnitude of terminal voltage is

Finally, note that the useful peak current density that can be used is
limited by the fraction of machine periphery used for slots

where Bs is the flux density in the teeth, limited by saturation of the
magnetic material.

5.16.10.2 Current. The (RMS) magnitude of the current sheet produced
by a current of (RMS) magnitude I is

and then the current is, in terms of the current sheet magnitude

Note that the surface current density is, in terms of area current density
Js, slot space factor �s and slot depth hs

This gives terminal current in terms of dimensions and useful current
density
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5.16.10.3 Rating. Assembling these expressions, machine rating
becomes

This expression is actually fairly easily interpreted. The product of slot
factor times one minus slot factor optimizes rather quickly to ¼ (when
�s=1). We could interpret this as

where the interaction area is

The surface velocity of interaction is

and the fragment of expression which “looks like” traction is

Note that this is not quite traction since the current and magnetic flux
may not be ideally aligned, and this is why the expression incorporates
reactive as well as real power.

This is not yet the whole story. The limit of Bs is easily understood to
be caused by saturation of magnetic material. The other important
element on shear stress density, hsJs is a little more involved.

Per-unit, or normalized synchronous reactance is

While this may be somewhat interesting by itself, it becomes useful if,
when solved for hs Ja

That is, if xd is fixed, hsJa (and so power) are directly related to airgap g.
Now, to get a limit on g, we must consider the question of how far the
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field winding can “throw” effective air-gap flux. To understand this
question, first calculate the field current to produce rated voltage, no-
load, and then the excess of field current required to accommodate load
current.

Under rated operation, per-unit field voltage is

Or, if at rated conditions v and i are both unity (one per unit), then

Thus, given a value for xd and 
 per-unit internal voltage eaf is also
fixed. Then field current required can be calculated by first estimating
field winding current for “no-load operation”

and rated field current is

or, required rated field current is

Next, If can be related to a field current density

where NRS is the number of rotor slots and the rotor slot area ARS is

where hR is rotor slot height and wR is rotor slot width

Then
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Now air-gap g is

This in turn gives useful armature surface current density

Note that the ratio of xd/eaf can be quite small (if the per-unit reactance
is small). It will never be a very large number for any practical machine,
and is generally less than one. As a practical matter, it is unusual for
the per-unit synchronous reactance of a machine to be larger than about
2 or 2.25 per unit. This means that either the rotor or the stator of a
machine can produce the dominant limitation on shear stress density
(and so on rating). The best designs are “balanced,” with both limits
being reached at the same time.

5.16.11 Winding inductance calculation

This section shows how the inductances of windings in round-rotor
machines with narrow air-gaps may be calculated. It deals only with
the idealized air-gap magnetic fields, and does not consider slot, end
winding, peripheral or skew reactances. It does consider the space
harmonics of winding magneto-motive force (MMF).

To start, consider the MMF of a full-pitch, concentrated winding.
Assuming that the winding has a total of N turns over p pole-pairs, the
MMF is

This leads directly to magnetic flux density in the air-gap

Note that a real winding, which will most likely not be full-pitched and
concentrated, will have a winding factor which is the product of pitch
and breadth factors. This will be discussed later.
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Now, suppose that there is a polyphase winding, consisting of more
than one phase (we will use three phases), driven with one of two types
of current. The first of these is balanced current

Conversely, consider zero-sequence currents

Then it is possible to express magnetic flux density for the two distinct
cases. For the balanced case

where

� The upper sign holds for n=1, 7, …
� The lower sign holds for n=5, 11, …
� all other terms are zero

and

The zero-sequence case is simpler: it is non-zero only for the triplen
harmonics

 

Next, consider the flux from a winding on the rotor: that will have the
same form as the flux produced by a single armature winding, but will
be referred to the rotor position
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which is, substituting ��= �-�t/p

The next step here is to find the flux linked by a winding if air-gap flux
density is of the form

Now, it is possible to calculate flux linked by a single-turn, full-pitched
winding by

and this is

This allows one to compute self and mutual inductances, since winding
flux is

The end of this is a set of expressions for various inductances. It should
be noted that, in the real world, most windings are not fullpitched nor
concentrated. Fortunately, these shortcomings can be accommodated
by the use of winding factors.

The simplest and perhaps best definition of a winding factor is the
ratio of flux linked by an actual winding to flux that would have been
linked by a full-pitch, concentrated winding with the same number of
turns. That is

It is relatively easy to show, using reciprocity arguments, that the
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winding factors are also the ratio of effective MMF produced by an actual
winding to the MMF that would have been produced by the same winding
were it to be full-pitched and concentrated. The argument goes as follows:
mutual inductance between any pair of windings is reciprocal. That is,
if the windings are designated one and two, the mutual inductance is
flux induced in winding one by current in winding two, and it is also
flux induced in winding two by current in winding one. Since each
winding has a winding factor that influences its linking flux, and since
the mutual inductance must be reciprocal, the same winding factor must
influence the MMF produced by the winding.

The winding factors are often expressed for each space harmonic,
although sometimes when a winding factor is referred to without
reference to a harmonic number, what is meant is the space factor for
the space fundamental.

Two winding factors are commonly specified for ordinary, regular
windings. These are usually called pitch and breadth factors, reflecting
the fact that often windings are not full-pitched, which means that
individual turns do not span a full � electrical radians and that the
windings occupy a range or breadth of slots within a phase belt. The
breadth factors are ratios of flux linked by a given winding to the flux
that would be linked by that winding were it full-pitched and
concentrated. These two winding factors are discussed in a little more
detail below. What is interesting to note, although we do not prove it
here, is that the winding factor of any given winding is the product of
the pitch and breadth factors

With winding factors as defined here and in the sections below, it is
possible to define winding inductances. For example, the synchronous
inductance of a winding will be the apparent inductance of one phase
when the polyphase winding is driven by a balanced set of currents.
This is, approximately

This expression is approximate because it ignores the asynchronous
interactions between higher order harmonics and the rotor of the
machine. These are beyond the scope of this section.

Zero-sequence inductance is the ratio of flux to current if a winding
is excited by zero-sequence currents
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and then mutual inductance, as between a field winding (f) and an
armature winding (a), is

The winding factor can, for regular winding patterns, be expressed as
the product of a pitch factor and a breadth factor, each of which can be
estimated separately.

Pitch factor is found by considering the flux linked by a less-than-full
pitched winding. Consider the situation in which radial magnetic flux
density is

A winding with pitch � will link flux

Pitch � refers to the angular displacement between sides of the coil,
expressed in electrical radians. For a full-pitch coil �=�

The flux linked is

The pitch factor is seen to be

Now for breadth factor. This describes the fact that a winding may consist
of a number of coils, each linking flux slightly out of phase with the
others. A regular winding will have a number (say m) of coil elements,
separated by electrical angle �.

A full-pitch coil with one side at angle  will, in the presence of
sinusoidal magnetic flux density, link flux

This is readily evaluated to be
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where complex number notation has been used for convenience in
carrying out the rest of this derivation.

Now if the winding is distributed into m sets of slots and the slots are
evenly spaced, the angular position of each slot will be

and the number of turns in each slot will be N/mp, so that actual flux
linked will be

The breadth factor is then simply

Note that this can be written as

Now, focus on that sum. Any coverging geometric sum has a simple
sum

and a truncated sum is

Then the useful sum can be written as

Now, the breadth factor is found
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5.17 Synchronous Machine-Simulation
Models

5.17.1 Introduction

This section develops models useful for calculating the dynamic behavior
of synchronous machines. It starts with a commonly accepted picture of
the synchronous machine, assuming that the rotor can be fairly
represented by three equivalent windings: one being the field and the
other two, the d- and q-axis “damper” windings, representing the effects
of rotor body, wedge chain, amortisseur and other current-carrying paths.

While a synchronous machine is assumed here, the results are fairly
directly applicable to induction machines. Also, extension to situations
in which the rotor representation must have more than one extra
equivalent winding per axis should be straightforward.

5.17.2 Phase-variable model

To begin, assume that the synchronous machine can be properly
represented by six equivalent windings. Four of these, the three
armature-phase windings and the field winding, really are windings.
The other two, representing the effects of distributed currents on the
rotor, are referred to as “damper” windings. Fluxes are, in terms of
currents

(5.1)

where phase and rotor fluxes (and similarly, currents) are

(5.2)

(5.3)

There are three inductance submatrices. The first of these describes
armature winding inductances

(5.4)

where, for a machine that may have some saliency
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(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

Note that this last set of expressions assumes a particular form for the
mutual inductances. This is seemingly restrictive, because it constrains
the form of phase-to-phase mutual inductance variations with rotor
position. The coefficient L2 is actually the same in all six of these last
expressions. As it turns out, this assumption does not really restrict the
accuracy of the model very much.

The rotor inductances are relatively simply stated

(5.11)

And the stator-to-rotor mutual inductances are

(5.12)

5.17.3 Park’s equations

The first step in the development of a suitable model is to transform the
armature-winding variables to a coordinate system in which the rotor
is stationary. We identify equivalent armature windings in the direct
and quadrature axes. The direct axis armature winding is the equivalent
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of one of the phase windings, but aligned directly with the field. The
quadrature winding is situated so that its axis leads the field winding
by 90 electrical degrees. The transformation used to map the armature
currents, fluxes and so forth onto the direct and quadrature axes is the
celebrated Park’s Transformation, named after Robert H.Park, an early
investigator in transient behavior in synchronous machines. The
mapping takes the form

(5.13)

Where the transformation and its inverse are

(5.14)

(5.15)

This transformation maps balanced sets of phase currents into constant
currents in the d-q frame. That is, if rotor angle is �=�t+�0, and phase
currents are

then the transformed set of currents is

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Synchronous Motors



196 Chapter Five

Now, apply this transformation to Eq. (5.1) to express fluxes and currents
in the armature in the d-q reference frame. To do this, extract the top
line in (5.1)

(5.16)

The transformed flux is obtained by premultiplying this whole expression
by the transformation matrix. Phase current may be obtained from d-q
current by multiplying by the inverse of the transformation matrix. Thus

(5.17)

The same process carried out for the lower line of (5.1) yields

(5.18)

Thus the fully transformed version of (5.1) is

(5.19)

If the conditions of (5.5) through (5.10) are satisfied, the inductance
submatrices of (5.19) are of particularly simple form. (Please note that
a substantial amount of algebra has been left out here!)

(5.20)

(5.21)

Note that (5.20) and (5.21) express three separate sets of apparently
independent flux-current relationships. These may be re-cast into the
following form

(5.22)
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(5.23)

(5.24)

Where the component inductances are

(5.25)

(5.26)

(5.27)

Note that the apparently restrictive assumptions embedded in (5.5)
through (5.10) have resulted in the very simple form of (5.21) through
(5.24) and which, in particular, result in three mutually independent
sets of fluxes and currents. While one may be concerned about the
restrictiveness of these expressions, note that the orthogonality between
the d- and q-axes is not unreasonable. In fact, because these axes are
orthogonal in space, it seems reasonable that they should not have
mutual flux linkages. The principal consequence of these assumptions
is the decoupling of the zero-sequence component of flux from the d- and
q-axis components. It should be noted that departures from this form
(that is, coupling between the “direct” and “zero” axes) must be through
higher harmonic fields that will not couple well to the armature, so that
any such coupling will be weak.

Next, armature voltage is, ignoring resistance, given by

(5.28)

and that the transformed armature voltage must be

(5.29)

Much manipulation goes into reducing the second term of this, resulting
in
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(5.30)

This expresses the speed voltage that arises from a coordinate
transformation. The two voltage-flux relationships that are affected are

(5.31)

(5.32)

where

(5.33)

5.17.4 Power and torque

Instantaneous power is given by

(5.34)

Using the transformations given above, this can be shown to be

(5.35)

which, in turn, is

(5.36)

Then, noting that electrical speed � and shaft speed � are related by
�=p� and that (5.36) describes electrical terminal power as the sum of
shaft power and rate of change of stored energy, torque is given by

(5.37)
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5.17.5 Per-unit normalization

The next thing to do is to investigate the way in which electric machine
system are normalized, or put into what is called a per-unit system. The
reason for this step is that, when the voltage, current, power and
impedance are referred to normal operating parameters, the behavior
characteristics of all types of machines become quite similar, giving us
a better way of relating how a particular machine works to some
reasonable standard. There are also numerical reasons for normalizing
performance parameters to some standard.

The first step in normalization is to establish a set of base quantities.
Normalize voltage, current, flux, power, impedance and torque by using
base quantities for each of these. Note that the base quantities are not
independent. In fact, for the armature, one need only specify three
quantities: voltage (VB), current (IB) and frequency (�0). It is not
customary to normalize time nor frequency. Once this is done for the
armature circuits, the other base quantities are

� Base power

� Base impedance

� Base flux

� Base torque

Note that base voltage and current are expressed as peak quantities.
Base voltage is taken on a phase basis (line to neutral for a
“wye”connected machine), and base current is similarly taken on a phase
basis, (line current for a “wye”-connected machine).

Normalized, or per-unit quantities are derived by dividing the
ordinary variable (with units) by the corresponding base. For example,
per-unit flux is
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(5.38)

In this derivation, per-unit quantities will usually be designated by lower
case letters. Two notable exceptions are flux, where we use the letter 
,
and torque, where we will still use the upper case T and risk confusion.

Note that there will be base quantities for voltage, current and
frequency for each of the different coils represented in our model. While
it is reasonable to expect that the frequency base will be the same for all
coils in a problem, the voltage and current bases may be different.
Equation (5.22) becomes

(5.39)

where i=I/IB denotes per-unit, or normalized current.
Note that (5.39) may be written in simple form

(5.40)

It is important to note that (5.40) assumes reciprocity in the normalized
system. To wit, the following equations are implied

(5.41)

(5.42)

(5.43)

(5.44)
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(5.45)

(5.46)

These in turn imply

(5.47)

(5.48)

(5.49)

These equations imply the same power base on all of the windings of the
machine. This is so because the armature base quantities VdB and IdB

are stated as peak values, while the rotor base quantities are stated as
dc values. Thus power base for the three-phase armature is 3/2 times the
product of peak quantities, while the power base for the rotor is simply
the product of those quantities.

The quadrature axis, which may have fewer equivalent elements than
the direct axis and which may have different numerical values, still
yields a similar structure. Without going through the details, the per-
unit flux-current relationship for the q-axis is

(5.50)

The voltage equations, including speed voltage terms, (5.31) and (5.32),
may be augmented to reflect armature resistance

(5.51)

(5.52)

The per-unit equivalents of these are
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(5.53)

(5.54)

where the per-unit armature resistance is just ra=Ra/ZB.
Note that none of the other circuits in this model have speed voltage

terms, so their voltage expressions are exactly what one might expect

(5.55)

(5.56)

(5.57)

(5.58)

It should be noted that the damper winding circuits represent closed
conducting paths on the rotor, so the two voltages vkd and vkq are always
zero.

Per-unit torque is simply

(5.59)

Often, one needs to represent the dynamic behavior of the machine,
including electromechanical dynamics involving rotor inertia. If J is
the rotational inertia constant of the machine system, the rotor dynamics
are described by the two ordinary differential equations

(5.60)

(5.61)

where Te and Tm represent electrical and mechanical torques in
“ordinary” variables. The angle d represents rotor phase angle with
respect to some synchronous reference.
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It is customary to define an “inertia constant” which is not
dimensionless, but which nevertheless fits into the per-unit system of
analysis. This is

(5.62)

or

(5.63)

Then the per-unit equivalent to (5.60) is

(5.64)

where now Te and Tm represent per-unit torques.

5.17.6 Equal mutual’s base

In normalizing the differential equations that make up the model, a
number of base quantities are used. For example, in deriving (5.40), the
per-unit flux-current relationship for the direct axis, six base quantities
appear VB, IB, VfB, IfB, VkB and IkB. Imposing reciprocity on (5.40) results
in two constraints on these six variables, expressed in (5.47) through
(5.49). Presumably the two armature base quantities will be fixed by
machine rating. That leaves two more “degrees of freedom” in selection
of base quantities. Note that the selection of base quantities will affect
the reactance matrix in (5.40).

While there are different schools of thought on just how to handle
these degrees of freedom, a commonly used convention is to employ
what is called the equal mutuals base system. The two degrees of freedom
are used to set the field and damper base impedances so that all three
mutual inductances of (5.40) are equal

(5.65)

The direct-axis flux-current relationship becomes

(5.66)
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5.17.7 Equivalent circuit

The flux-current relationship of (5.66) is represented by the equivalent
circuit of Fig. 5.25, if the “leakage” inductances are defined to be

(5.67)

(5.68)

(5.69)

Many of the interesting features of the electrical dynamics of the
synchronous machine may be discerned from this circuit. While a
complete explication is beyond the scope of this chapter, it is possible to
make a few observations.

The apparent inductance measured from the terminals of this
equivalent circuit (ignoring resistance ra) will be, in the frequency
domain, of the form

(5.70)

Both the numerator and denominator polynomials in s will be second
order. (Confirm this by writing an expression for terminal impedance).
Since this is a “diffusion”-type circuit, having only resistances and
inductances, all poles and zeros must be on the negative real axis of the
“s-plane.” The per-unit inductance is then

(5.71)

The two time constants T�d and T�d are the reciprocals of the zeros of the
impedance, which are the poles of the admittance. These are called the
short-circuit time constants.

Flgure 5.25 D-axis equivalent circuit for synchronous machine.
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The other two time constants T�do and T�do are the reciprocals of the
poles of the impedance, and so are called the open-circuit time constants.

This is cast as if there were two sets of well-defined time constants.
These are the transient time constants T�d and T�do and the subtransient
time constants T�d and T�do. In many cases, these are indeed well
separated, meaning that

(5.72)

(5.73)

If this is true, then the reactance is described by the pole-zero diagram
shown in Fig. 5.26. Under this circumstance, the apparent terminal
inductance has three distinct values, depending on frequency. These
are the synchronous inductance, the transient inductance, and the
subtransient inductance, given by

(5.74)

(5.75)

A Bode Plot of the terminal reactance is shown in Fig. 5.27.
If the time constants are spread widely apart, they are given,

approximately, by

(5.76)

(5.77)

Figure 5.26 Pole-zero diagram
for terminal inductance.
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Finally, note that the three reactances are found simply from the model

(5.78)

(5.79)

(5.80)

5.17.8 Statement of simulation model

Several simulation models may be derived, since the machine can be
driven by either voltages or currents. Further, the expressions for
permanent magnet machines are a bit different. So the first model is
one in which the terminals are all constrained by voltage.

The state variables are the two stator fluxes 
d, 
q, two “damper”
most straightforward way of stating the model employs currents as fluxes

kd, 
kq, field flux 
f, rotor speed � and torque angle �. The most
straightforward way of stating the model employs currents as auxiliary
variables, and these are

(5.81)

(5.82)

Then the state equations are

(5.83)

(5.84)

Figure 5.27 Frequency response
of terminal inductance.
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 (5.85)

(5.86)

(5.87)

(5.88)

(5.89)

and, of course

 

5.17.8.1 Statement of parameters. Note that data for a machine may often
be given in terms of the reactances xd, x�d, x�d, T�do and T�do, rather than
in terms of the elements of the equivalent circuit model. Note also that
there are four inductances in the equivalent circuit, so we have to assume
one. There is no loss in generality in doing so. Usually, one assumes a
value for the stator leakage inductance, and if this is done, the translation
is straightforward

5.17.8.2 Linearized model. Often, it becomes desirable to carry out a
linearized analysis of machine operation, for example, to examine the
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damping of the swing mode at a particular operating point. What is done,
then, is to assume a steady state operating point and examine the
dynamics for “small” deviations from that operating point. The definition
of “small” is really “small enough” that everything important appears in
the first-order term of a Taylor series about the steady operating point.

Note that the expressions in the machine model are linear for the
most part. There are, however, a few cases in which products of state
variables cause us to do the expansion of the Taylor series. Assuming a
steady state operating point [
d0 
kd0 
f0 
q0 
kg0 �0 �0] the first-order
(small-signal) variations are described by the following set of equations.
First, since the flux-current relationship is linear

(5.90)

(5.91)

Terminal voltage will be, for operation against a voltage source

Then the differential equations governing the first-order variations are

(5.92)

(5.93)

(5.94)

(5.95)

(5.96)

(5.97)

(5.98)
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5.17.8.3 Reduced order model for electromechanical transients. In many
situations, the two armature variables contribute little to the dynamic
response of the machine. Typically, the armature resistance is small
enough that there is very little voltage drop across it and transients in
the difference between armature flux and the flux that would exist in
the “steady state” decay rapidly (or are not even excited). Further, the
relatively short armature time constant makes for very short time steps.
For this reason, it is often convenient, particularly when studying the
relatively slow electromechanical transients, to omit the first two
differential equations and set

(5.99)

(5.100)

The set of differential equations changes only a little when this
approximation is made. Note, however, that it can be simulated with
far fewer “cycles” if the armature time constant is short.

5.17.9 Current-driven model: connection to
a system

The simulation expressions developed so far are useful in a variety of
circumstances. They are, however, difficult to tie to network simulation
programs because they use terminal voltage as an input. Generally, it
is more convenient to use current as the input to the machine simulation
and accept voltage as the output. Further, it is difficult to handle
unbalanced situations with this set of equations.

An alternative to this set would be to employ the phase currents as
state variables. Effectively, this replaces 
d, 
q and 
0 with ia, ib, and ic.
The resulting model will interface nicely with network simulations as
we will show.

To start, write an expression for terminal flux on the d-axis:

(5.101)

and here, of course

This leads to a definition of “flux behind subtransient reactance”
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(5.102)

so that

On the quadrature axis, the situation is essentially the same, but one
step easier if there is only one quadrature-axis rotor winding

(5.103)

where

Very often these fluxes are referred to as “voltage behind subtransient
reactance”, with . Then

(5.104)

(5.105)

Now, if id and iq are determined, it is a bit easier to find the other currents
required in the simulation. Write

(5.106)

and this inverts easily

(5.107)

The quadrature-axis rotor current is simply

(5.108)

The torque equation is the same, but since it is usually convenient to
assemble the fluxes behind subtransient reactance, it is possible to use

(5.109)
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Now it is necessary to consider terminal voltage. This is most
conveniently cast in matrix notation. The vector of phase voltages is

(5.110)

Then, with similar notation for phase flux, terminal voltage is, ignoring
armature resistance

(5.111)

Note that one may define the transformed vector of fluxes to be

(5.112)

where the matrix of reactances shows orthogonality

(5.113)

and the vector of internal fluxes is

(5.114)

Now, of course,  , so that we may re-cast (5.111) as

(5.115)

Now it is necessary to make one assumption and one definition. The
assumption, which is only moderately restrictive, is that subtransient
saliency may be ignored. That is, we assume that . The definition
separates the “zero-sequence” impedance into phase and neutral
components

(5.116)

Note that according to this definition, the reactance xg accounts for any
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impedance in the neutral of the synchronous machine as well as mutual
coupling between phases.

Then, the impedance matrix becomes

(5.117)

In compact notation, this is

(5.118)

where  is the identity matrix.
Now the vector of phase voltages is

(5.119)

Note that in (5.119), multiplication by the identity matrix is already
factored out. The next step is to carry out the matrix multiplication in
the third term of (5.119). This operation turns out to produce a
remarkably simple result

(5.120)

The impact of this is that each of the three phase voltages has the same
term, and that is related to the time derivative of the sum of the three
currents, multiplied by xg.

The third and final term in (5.119) describes voltages induced by rotor
fluxes. It can be written as

(5.121)

Now, the time derivative of the inverse transform is

(5.122)
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Now the three phase voltages can be extracted from all of this matrix
algebra

(5.123)

(5.124)

(5.125)

Where the internal voltages are

(5.126)

(5.127)

(5.128)

This set of expressions describes the equivalent circuit shown in Fig.
5.28.

Figure 5.28 Equivalent network
model.
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5.17.10 Restatement of the model

The synchronous machine model which uses the three phase currents
as state variables may now be stated in the form of a set of differential
and algebraic equations

(5.129)

(5.130)

(5.131)

(5.132)

(5.133)

where

and

(It is assumed here that the difference between subtransient reactances
is small enough to be neglected.)

The network interface equations are, from the network to the machine

(5.134)

(5.135)

and, in the reverse direction, from the machine to the network
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(5.136)

(5.137)

(5.138)

and, of course

(5.139)

(5.140)

(5.141)

(5.142)

(5.143)

5.17.11 Network constraints

This model may be embedded in a number of networks. Different
configurations will result in different constraints on currents. Consider,
for example, the situation in which all of the terminal voltages are
constrained, but perhaps by unbalanced (not entirely positive sequence)
sources. In that case, the differential equations for the three phase
currents would be

(5.144)
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(5.145)

(5.146)

5.17.12 Example: line-line fault

This model is suitable for embedding into network analysis routines. It
is also possible to handle many different situations directly. Consider,
for example, the unbalanced fault represented by the network shown in
Fig. 5.29. This shows a line-line fault situation, with one phase still
connected to the network.

In this situation, one has only two currents to worry about, and their
differential equations would be

(5.147)

(5.148)

and, of course, ic=–ib.
Note that included here are the effects of armature resistance, ignored

in the previous section, but obviously important if the results are to be
believed.

Figure 5.29 Line-to-line fault
network model.
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5.17.13 Permanent magnet machines

Permanent magnet machines are one state variable simpler than their
wound-field counterparts. They may be accurately viewed as having
constant field current. Assuming that we can define the internal (field)
flux as

(5.149)

A reasonably simple expression for the rotor currents, in the case of a
voltage driven machine becomes

(5.150)

(5.151)

The simulation model then has six states

(5.152)

(5.153)

(5.154)

(5.155)

(5.156)

(5.157)

In the case of a current-driven machine, rotor currents required in the
simulation are

(5.158)

(5.159)

Here, the “flux behind subtransient reactance” is, on the direct axis
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(5.160)

and the subtransient reactance is

(5.161)

On the quadrature axis

(5.162)

and

(5.163)

In this case, there are only four state equations

(5.164)

(5.165)

(5.166)

(5.167)

The interconnections to and from the network are the same as in the
case of a wound-field machine: in the “forward” direction, from network
to machine

(5.168)

(5.169)

and, in the reverse direction, from the machine to the network
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(5.170)

(5.171)

(5.172)

5.17.14 PM machines with no damper

PM machines without much rotor conductivity may often behave as if
they have no damper winding at all. In this case, the model simplifies
even further. Armature currents are

(5.173)

(5.174)

The state equations are

(5.175)

(5.176)

(5.177)

(5.178)
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In the case of no damper, the machine becomes quite simple. There is
no “internal flux” on the quadrature axis. Further, there are no time
derivatives of the internal flux on the d-axis. The only machine state
equations are mechanical

(5.179)

(5.180)

The “forward” network interface is as before

(5.181)

(5.182)

and, in the reverse direction, from the machine to the network, things
are simpler than before

(5.183)

(5.184)

(5.185)

5.18 Standards

Synchronous motor standards fall in two broad categories, viz., standards
for performance and standards for testing. In the U.S., National
Electrical Manufacturers Association (NEMA) writes standards for
performance, whereas The Institute of Electrical and Electronics
Engineers (IEEE) writes standards for testing. The main standards that
apply to synchronous motors are:

� NEMA MG1-1993, Rev 4, “Motors and Generators”
� IEEE Std 115–1995, “IEEE Guide: Test Procedures for Synchronous

Machines”
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� IEEE Std 522–1992, “IEEE Guide for Testing Turn-to-Turn Insula-
tion on Form-Wound Stator Coils for Alternating Current Rotating
Electric Machines”

NEMA MG1 is a standard for machines for general purpose applications.
There are other U.S. standards that are industry-specific and deal with
design and construction of machines pertinent to that particular
industry. An example of this is American Petroleum Institute Standard
API 546, which applies to synchronous motors for the petroleum and
chemical industries, and addresses in some detail, design and
manufacture in addition to performance. Such standards include issues
other than performance because of the special needs of these industries.
NEMA, on the other hand, writes standards that are, for the most part,
applicable to all machines. Industry-specific standards generally use
NEMA standards as the baseline and add to it to fit the needs of the
specific industry.

Internationally, International Electrotechnical Commission (IEC)
standards are available. These are developed by IEC member countries,
and are expected to apply to machines everywhere, although country-
specific standards such as the NEMA and IEEE standards in the U.S.
also exist. IEC standards, like NEMA standards, are also general purpose
standards.

5.19 NEMA MG1 Performance

NEMA MG1 applies to synchronous motors in sizes covered by Table 5.4.

5.19.1 Voltage, frequency, speed and power factor

NEMA synchronous motors are available for 50 and 60 Hz operation at
power factors of 1.0 and 0.8. Standard service factor is 1.0, but motors
at 1.15 service factor can also be specified. The available voltages are
460, 575, 2300, 4000, 4600, 6600 and 13200 volts. Since it is not possible

TABLE 5.4 Horsepower Ratings for Synchronous Motors
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to design all sizes of motors at all voltages and all speeds, NEMA
identifies horsepower ranges available at various voltages, as well as
speeds for all sizes. Table 5.5 gives horsepower assignments, and Table
5.6 available speeds.

5.19.2 Voltage and frequency variations

NEMA MGl allows a variation of ±10% of rated voltage at rated
frequency, ±5% of rated frequency at rated voltage, or a combination of
rated voltage and frequency of 10%, provided that the frequency variation
does not exceed ±5%. It is assumed the performance of the motor may
differ from that at rated voltage and frequency conditions when operated
at other than rated conditions.

5.19.3 Operating conditions

The usual or normal site operating conditions include the following:

� an ambient temperature in the range of 0°C to 40°C
� an altitude not exceeding 1000 m
� a location such that there is no serious interference with motor ven-

tilation
� deviation factor of the supply voltage of less than 10%
� supply voltage balanced to within 1%

TABLE 5.5 NEMA Horsepower Assignments

TABLE 5.6 Available 60 Hz Speeds for Synchronous
Motors

Copyright by NEMA. Used by permission.

Copyright by NEMA. Used by permission.
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� a grounded power system

5.19.4 Temperature rises

NEMA recognizes four insulation classes (A, B, F and H) for the windings.
Table 5.7 gives allowable temperature rises for these four classes.

5.19.5 Torques and starting

The minimum values of locked-rotor, pull-in and pull-out torques with
rated voltage and frequency applied are given in Table 5.8. The required
number of starts with normal load inertia are:

� Two starts in succession, coasting to rest between starts, with the
motor initially at ambient temperature

� One start with the motor initially at a temperature not exceeding its
rated load operating temperature

TABLE 5.7 NEMA Temperature Rise Limits in Degrees C

TABLE 5.8 Torque Values

Copyright by NEMA. Used by permission.

Copyright by NEMA. Used by permission.
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5.19.6 Overloads

NEMA motors have the capability to deliver higher than 150% torque
for more than 15 seconds. They will withstand an excess current of 50%
for 30 seconds. NEMA MG1 also requires an overspeed for two minutes
of 20% for motors operating at higher than 1800 r/min, and 25% for all
other motors.

5.19.7 Vibration

Vibration limits for completely assembled motors, running uncoupled
are specified. The preferred vibration parameter is velocity in in/s or
mm/s peak. Table 5.9 gives the vibration limits on the bearing housings
of resiliently mounted motors. For rigidly mounted motors, the limits
given in this Table are reduced to 80% of the table values.

Lower vibration limits are specified for special applications. Also
included are shaft vibration limits by displacement using non-contacting
probes. These both are available when specified.

5.19.8 Surge withstand capabilities

Surge withstand capabilities for armature windings are specified by
NEMA. These apply to armature windings only, and to motors using
form-wound armature coils.

NEMA standard is a capability to withstand a steep-fronted surge of
2 per unit (pu) at a rise time of 0.1 to 0.2 µs and 4.5 pu at a rise time of
1.2 µs or slower. Option available is a surge of 3.5 per unit (pu) at a rise
time of 0.1 to 0.2 µs and 5 pu at arise time of 1.2 µs or or slower. One per
unit is the peak of the rated line-to-ground voltage. For “green” coils,
the test values are 65% and for resin rich coils, 80% during the
manufacturing cycle.

The test methods and instrumentation are per IEEE Std 522. This
latter standard establishes the test voltage levels and is a de facto
standard for turn insulation.

TABLE 5.9 NEMA Unfiltered Vibration Limits

Copyright by NEMA. Used by permission.
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5.20 International (IEC) Standards

IEC 34 series of standards apply to synchronous motors. A fair degree
of harmonization exists between NEMA and IEC standards. Because of
the needs of the international marketplace, the requirements for any
specific design or performance parameter in the two standards are not
always the same, although the intent is identical. NEMA standards
however are somewhat more extensive than IEC standards in that a
greater number of application related topics are addressed.

IEC does not have any requirements for power factor, service factor,
speed and number of poles, and load inertia. A derating of the motor for
altitudes higher than 1000 m is not required. It requires however, that
the power supply be virtually balanced and sinusoidal with a harmonic
voltage factor not exceeding 2%. Nine types of duty varying between
continuous, standby and short time are identified (NEMA offers only
continuous duty) and overspeed capability requirement is 20% for all
speeds.

In some cases harmonization is not possible because of philosophical
differences. For synchronous motors, a good example is the allowance
of tolerances on performance by IEC. IEC performance for a given motor
can sometimes be shown to be better than NEMA performance for the
same motor. Another example is the surge withstand capability levels.
NEMA requirements are based on some actual user and site testing
experience, whereas the IEC requirements are a fixed percentage of
the line voltage. For more information on standards, see the following
references:

1. Ghai, Nirmal K., “Comparison of International and NEMA Standards for Salient
Pole Synchronous Machines.” Paper approved for publication in IEEE Transactions
on Energy Conversion, 1998.

2. IEC 34–1, 1996, 10th Edition, “Rotating Electrical Machines, Part 1: Rating and Per-
formance.”

3. NEMA MG1-1993, Rev 4, “Motors and Generators.”
4. IEEE Std 115–1995, “IEEE Guide: Test Procedures for Synchronous Machines.”
5. IEEE Std 522–1992, “IEEE Guide for Testing Turn-to-Turn Insulation on FormWound

Stator Coils for Alternating Current Rotating Electric Machines.”

5.21 Testing of Synchronous Motors

Synchronous motor testing falls in two categories:

� Routine tests
� Prototype or complete tests

IEEE Std 115–1995 is the standard that applies to synchronous motors
and contains instructions for conducting the tests to determine the
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performance characteristics of synchronous machines. This standard
gives alternative methods for making many of the tests to enable the
selection of a method appropriate for the size of motor under
consideration. Where a method is superior to others, it is identified as
the preferred method.

5.21.1 Routine tests

The main purpose of routine tests is to ensure that the motor is free
from electrical or mechanical defects. Depending on the size of the motor,
some or all of the following tests could constitute routine tests:

� Resistance of armature and field windings
� High potential test
� Polarity of field coils
� Insulation resistance
� Tests for short-circuited field coils
� Shaft currents
� Phase sequence
� Overspeed test
� Saturation curves
� Locked rotor current and torque
� Air-gap measurement
� Noise
� Vibration

NEMA MG1 includes the first two tests in the above list for all motors,
and a field polarity check for unassembled motors or a no-load test for
assembled motors.

5.21.2 Prototype tests

Prototype tests are performed to evaluate the complete performance of
the motor. The following tests are included in addition to the routine
tests:

� Measurement of segregated losses and efficiency
� Load excitation
� Temperature tests
� Speed-torque and pull-out torque tests
� Synchronous machine quantities
� Sudden short-circuit tests
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5.21.3 Resistance measurement

The stator, field winding and exciter winding resistances are usually
measured using a digital bridge, or a calibrated ohmmeter if the
resistance is greater than one ohm. The value is then corrected to 25°C
for comparison with the expected value, or to any other temperature
using the following relationship

5.21.4 Polarity of field coils

This test can be made by means of a small permanent magnet mounted
in such a manner that it can rotate and reverse its direction freely. For
the test, the field winding is energized with a low value of current. The
correct polarity is indicated by the magnet reversing direction as it is
passed from pole to pole.

5.21.5 High potential test

This test is usually made after all other tests have been completed. The
test voltage is applied to each phase of the stator winding, the field
winding and the exciter windings in sequence, with all windings not
under test and other metal parts grounded. The leads of each winding
are connected together for the test. The test voltage can be an ac
voltage at power frequency or, for the stator windings, a dc volt’ age
equal to 1.7 times the rms value of the power frequency voltage. The
duration of the test for each winding is one minute. The test voltages
specified by NEMA are:

stator windings twice the line voltage plus 1000 volts
with a minimum of 1500 volts.

field windings 10 times the excitation voltage with a
minimum of 1500 volts for rated
excitation voltage of �500 volts and 4000
volts plus twice the excitation voltage
for rated excitation voltages of greater
than 500 volts.

exciter armature winding same as for fleld windings
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5.21.6 Insulation resistance

Insulation resistance is the resistance of the winding’s insulation. Its
measurement is useful as a long term maintenance tool. Measured
frequently during the life of the motor, it provides an indication of
winding deterioration and potential need for preventive maintenance.

For performing this test, all accessories with leads located at the
machine terminals are disconnected from the motor and their leads
connected to each other and to the motor frame. The test is made on
each phase with other phases grounded. The usual voltages for making
this test are 500 or 1000 volts dc for machines operating at 7000 volts or
less, and 2500 volts dc for higher voltages. The most commonly used
testing device is an insulation resistance tester with a selfcontained
constant dc voltage source and a direct reading cross-coil type
ohmmeter. The test voltage is applied to both ends of the winding under
test.

The minimum acceptable value of insulation resistance in megohms
is equal to the rated rms line voltage in kilovolts plus one at 40°C.

5.21.7 Tests for short-circuited field coils

This test is made to determine if any of the field winding turns are short
circuited. A good test method is to pass constant amplitude alternating
current through the entire field winding and to measure the voltage
across each field coil. Compared to a good coil, a field coil with a short-
circuited turn or turns will have a substantially lower voltage drop across
it while a good coil adjacent to the coil with the short-circuited turn will
have a voltage drop somewhat less than that across a good coil because
of the reduced flux in the short-circuited coil. A comparison of the voltage
drops across all coils can thus be used to determine the coil with the
short-circuited turns.

5.21.8 Shaft currents

Unbalances in the magnetic circuits can create flux linkages with the
rotating systems which can produce a potential difference between the
shaft ends. This potential difference, if large enough, can produce a

exciter field winding 10 times the excitation voltage with a
minimum of 1500 volts for rated
excitation voltage of �500 volts and 4000
volts plus twice the excitation voltage
for rated excitation voltages greater
than 500 volts.
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circulating current through the bearing systems resulting in premature
bearing failures unless the circuit is interrupted by insulation.

With the motor running at rated voltage and frequency, the voltage
between the shaft ends is measured using an electronic voltmeter. A
voltage of less than 100 millivolts for anti-friction bearings and 200
millivolts for sleeve bearings should create no problems for the motor.
For higher voltages, one bearing should be insulated to interrupt the
current flow and eliminate bearing currents.

5.21.9 Phase sequence

This test is made to insure that the motor terminals have been marked
correctly for the required direction of rotation. The test is performed by
starting the motor from its normal power source and observing the
direction of rotation.

5.21.10 Overspeed test

This test is normally made with the motor unexcited. The motor rotor is
driven at the specified overspeed and its vibration performance observed
for any sign of distress. The motor may be dismantled, if necessary, to
look for any signs of damage.

NEMA standard requires an overspeed capability for two minutes of
20% of rated speed for motors running at speeds higher than 1800
r/min and 20% for all others.

5.21.11 Vibration

The normal test entails reading vibration at the bearing housing with
the motor running uncoupled and on no-load at rated voltage and
frequency. The limits are established in NEMA MG1. (See above.)

5.21.12 Bearing temperature rise

This test is made by operating the motor unloaded for at least two hours
while monitoring the bearing temperature. The test is continued until
the bearing temperature stabilizes. A good indication of temperature
stability is when there is less than 1°C rise between two consecutive
readings taken 30 minutes apart.

5.21.13 Measurement of saturation curves,
segregated losses and efficiency

Efficiency is the ratio of the motor output power and the motor input
power.
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It can thus be calculated by a knowledge of power input and power
output, or of power output and losses, or power input and losses.

The losses in the synchronous motor consist of the following:

� Stator I2R loss
� Field I2R loss
� Core loss
� Friction and windage loss
� Stray load loss

The stator and field I2R losses can be calculated using the stator and
field currents and the resistance of the stator and field windings at the
operating temperature.

Four different methods can be used for the determination of other
losses and saturation curves. One of these, the electrical input method,
will be described here. Two tests are required for this. These are the
open-circuit test and the short-circuit test.

5.21.13.1 Open-circuit test. The open-circuit test yields the friction
and windage loss, and the core loss for the motor. Open-circuit or noload
saturation curve is also obtained from this test.

The machine is run as a synchronous motor at approximately unity
power factor and readings of power input, field current and armature
current taken at the following voltage points:

� Four points below 60% voltage
� Two points between 60% and 90% voltage
� Four between 90% and 110% voltage
� Two points above 110% voltage, with one of these at approximately

120% voltage.

From this test, the open-circuit saturation curve which is the relationship
between armature voltage and field current can be plotted, as well as
the core loss and friction and windage loss curve (Fig. 5.30).

Since the motor is unloaded for this test, the power input is the motor
loss for the test. For each voltage point, the difference between the total
loss and the stator and field I2R losses for the measured value of stator
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and field currents and winding resistances at the test temperature is
the core loss plus friction and windage loss. A plot of this loss against
the stator voltage when extrapolated down to the point where it
intercepts the x-axis gives the friction and windage loss. Subtracting
the friction and windage loss as well as the I2R losses from power inputs
at all voltage points will give the core-loss curve.

5.21.13.2 Short-circuit test. The short-circuit test gives the stray load losses
for the motor. For this test, the machine is operated as a motor at a
fixed voltage, preferably about one-third the rated voltage or at a lower
value for which stable operation can be obtained. The armature current
is varied by changing the field current in about six steps between 25%
and 125% of rated armature current.

The total power input under the short-circuit test consists of the core
loss, the friction and windage loss, the field and stator I2R loss, and the
stray load loss. A curve can now be plotted showing the relationship
between the total loss and the square of the armature current or
voltage (Fig. 5.31). The intercept of this curve with the power loss axis
gives the friction, windage and core losses. Subtracting these losses
from the total power input at any stator current gives the short-circuit
loss for that current. Subtracting the stator I2R loss from the short-
circuit loss at the test temperature gives the stray load loss for that
armature current.

The curve showing the relationship of stator current to field current
is over-excited part of the zero power factor V-curve (see Fig. 5.32). A

Figure 5.30 Open-circuit and
core-loss curves.
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curve parallel to this and passing through the origin is the short-circuit
saturation curve for the motor.

5.21.13.3 Load excitation. The load excitation or the field current under
load conditions can be determined for any load, voltage, frequency and
power factor by loading the motor and measuring the field current. When
the motor is too large to be so loaded, the field current can be obtained
by the potier reactance method.

In the potier reactance method, the voltage back of the potier reactance
is determined as in Fig. 5.33, or from the equation

Figure 5.31 Determination of
friction windage and core loss.

Figure 5.32 Saturation and loss
curves.
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IaXp is obtained from Fig. 5.34.
The potier reactance can be calculated graphically as shown in Fig.

5.34. In this figure, line ab is parallel to the air-gap line and line bc is
the product of the stator current and the potier reactance. The potier
reactance is obtained by dividing this product by the stator current.
Or the stator leakage reactance can be used in place of potier
reactance.

Figure 5.33 Determination of
voltage back of potier reactance.
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The field excitation IFS is then calculated from Fig. 5.35 or Fig. 5.36 for
which IFG and IFS are obtained from Fig. 5.33 and IFSI from Fig. 5.34. Or
the following equation may be used

Figure 5.34 Determination of potier reactance voltage.

Figure 5.35 Determination of load excitation for over-
excited generator.
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5.21.14 Temperature tests

Temperature tests are made to determine the temperature rise of the
stator and field windings when running under load. These tests can be
made using more than one method, the actual method selected depending
on the capabilities of the test facility and the size of the motor.

The preferred test method is to load the motor at specified load,
voltage, stator current, power factor and frequency until stable
temperatures are achieved. For large motors, this method is usually
not feasible and another method, the zero power factor test, is more
commonly used. In this method, the motor is operated at no load, zero
power factor as a synchronous condenser, maintaining appropriate
conditions of stator current, voltage and frequency. Since the voltage
back of the potier reactance under this test condition is greater than at
rated power factor, the terminal voltage must be reduced so that this
voltage is the same as its value under rated load and power factor
conditions. For the zero power factor test, the field winding losses and
hence the field winding temperature rise will differ considerably from
those at normal operating conditions. The rise must therefore be
corrected for the specified field current.

5.21.15 Other tests

For more information on the tests described above, tests for synchronous
machine reactances and time constants, as well as other tests, see IEEE
Std 115–1995.

Figure 5.36 Determination of
load excitation for under-excited
generator.
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Chapter

6
Permanent Magnet-Synchronous

(Brushless) Motors

J.Kirtley

6.1 Introduction

This section introduces the design evaluation of permanent magnet
motors, with an eye toward servo and drive applications. It is organized
in the following manner. First, three different geometrical arrangements
for permanent magnet motors are described:

1. Surface-mounted magnets, conventional stator.
2. Surface-mounted magnets, air-gap stator winding.
3. Internal magnets (flux-concentrating).

The section then includes a qualitative discussion of these geometries.
Also examined is the elementary rating parameters of the machine and
how to arrive at a rating, how to estimate the torque and power vs.
speed capability of the motor, how the machine geometry can be used to
estimate both the elementary rating parameters; and finally, the
parameters used to make more detailed estimates of the machine
performance.

6.2 Motor Morphologies

There are, of course, many ways of building permanent magnet motors.
However, only a few will be considered in this section. Actually, once
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these are understood, rating evaluations of most other geometrical
arrangements should be fairly straightforward. It should be understood
that the “rotor inside” vs. “rotor outside” distinction is in fact trivial,
with very few exceptions.

6.2.1 Surface-magnet machines

Figure 6.1 shows the basic magnetic morphology of the motor with
magnets mounted on the surface of the rotor and an otherwise
conventional stator winding. This sketch does not show some of the
important mechanical aspects of the machine, such as the means for
fastening the permanent magnets to the rotor, and so one should look
at it with a bit of caution. In addition, this sketch and the other sketches
to follow are not necessarily to a scale that would result in workable
machines.

This figure shows an axial section of a four-pole (p=2) machine. The
four magnets are mounted on a cylindrical rotor “core”, or shaft, made
of ferromagnetic material. Typically, this would simply be a steel shaft.
In some applications, the magnets may be simply bonded to the steel.
For applications in which a glue joint is not satisfactory (e.g. for high-
speed machines), some sort of rotor-banding or retaining-ring structure
is required.

Figure 6.1 Axial view of a surface mount motor.
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The stator winding of this machine is “conventional”, very much like
that of an induction motor, consisting of wires located in slots in the
surface of the stator core. The stator core itself is made of laminated
ferromagnetic material (probably silicon iron sheets). The character and
thickness of these sheets are determined by operating frequency and
efficiency requirements. They are required to carry alternating magnetic
fields, so they must be laminated to reduce eddy current losses.

This sort of machine is simple in construction. Note that the operating
magnetic flux density in the air-gap is nearly the same as in the magnets,
so that this sort of machine cannot have air-gap flux densities higher
than that of the remanent flux density of the magnets. If low-cost ferrite
magnets are used, this means relatively low induction and consequently
relatively low efficiency and power density. (Note the qualifier
“relatively” here!). Beware, however, that with modern, highperformance
permanent magnet materials in which remanent flux densities can be
on the order of 1.2 T, air-gap working flux densities can be on the order
of 1 T. With the requirement for slots to carry the armature current,
this may be, anyway, a practical limit for air-gap flux density.

It is also important to note that the magnets in this design are really
in the “air gap” of the machine, and therefore are exposed to all of the
time- and space-harmonics of the stator winding MMF. Because some
permanent magnets have electrical conductivity (particularly the higher
performance magnets), any asynchronous fields will tend to produce
eddy currents and consequent losses in the magnets.

6.2.2 Interior magnet or flux-
concentrating machines

Interior magnet designs have been developed to counter several apparent
or real shortcomings of surface mount motors:

� Flux-concentrating designs allow the flux density in the air-gap to be
higher than the flux density in the magnets themselves.

� In interior magnet designs, there is some degree of shielding of the
magnets from high order space harmonic fields by the pole pieces.

� There are control advantages to some types of interior magnet motors,
to be discussed shortly.

� Some types of internal magnet designs have (or are claimed to have)
structural advantages over surface-mount magnet designs.

The geometry of one type of internal magnet motor is shown (crudely)
in Fig. 6.2. The permanent magnets are oriented so that their
magnetization is azimuthal. They are located between wedges of
magnetic material (the pole pieces) in the rotor. Flux passes through
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these wedges, going radially at the air-gap, then azimuthally through
the magnets. The central core of the rotor must be non-magnetic, to
prevent “shorting out” the magnets. No structure is shown at all in this
drawing, but quite obviously this sort of rotor is a structural challenge.
A six-pole machine is shown. Typically, one does not expect
fluxconcentrating machines to have small pole numbers, because it is
difficult to get more area inside the rotor than around the periphery.
On the other hand, a machine built in this way, but without substantial
flux concentration, will still have saliency and magnet shielding
properties.

At first sight, these machines appear to be quite complicated to
analyze, and that judgement seems to hold up.

6.2.3 Air-gap armature windings

Shown in Fig. 6.3 is a surface-mounted magnet machine with an air-
gap, or surface armature winding. Such machines take advantage of
the fact that modern, permanent magnet materials have very low
permeabilities and that, therefore, the magnetic field produced is
relatively insensitive to the size of the air-gap of the machine. It is
possible to eliminate the stator teeth and use all of the periphery of the
air-gap for windings.

Figure 6.2 Axial view of a flux concentrating motor.
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Not shown in this figure is the structure of thee armature winding.
This is not an issue in “conventional” stators, since the armature is
contained in slots in the iron stator core. The use of an air-gap winding
gives opportunities for economy of construction, new armature winding
forms such as helical windings, elimination of “cogging” torques and
(possibly) higher power densities.

6.3 Zeroth Order-Rating

In determining the rating of a machine, consider two separate sets of
parameters. The first set, the elementary rating parameters, consist of
the machine inductances, internal flux linkage and stator resistance.
From these and a few assumptions about base and maximum speed, it
is possible to get a first estimate of the rating and performance of the
motor. More detailed performance estimates, including efficiency in
sustained operation, require estimation of other parameters.

6.3.1 Voltage and current: round rotor

To get started, consider the equivalent circuit shown in Fig. 6.4. This is
actually the equivalent circuit which describes all round rotor
synchronous machines. It is directly equivalent only to some of the

Figure 6.3 Axial view of a permanent magnet (PM) motor with an air-gap winding.
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machines dealt with here, but serves to illustrate one or two important
points.

Shown in Fig. 6.4 is the equivalent circuit of a single phase of the
machine. Most motors are three-phase, but it is not difficult to carry out
most of the analysis for an arbitrary number of phases. The circuit shows
an internal voltage Ea and a reactance X which, together with the
terminal current I, determine the terminal voltage V. In this picture,
armature resistance is ignored. If the machine is running in the
sinusoidal steady state, the major quantities are of the form

 
The machine is in synchronous operation if the internal and external
voltages are at the same frequency and have a constant (or slowly
changing) phase relationship (�). The relationship between the major
variables may be visualized by the phasor diagram shown in Fig. 6.5.
The internal voltage is just the time-derivative of the internal flux
from the permanent magnets, and the voltage drop in the machine
reactance is also the time-derivative of flux produced by armature

Figure 6.4 Synchronous machine equivalent circuit.

Figure 6.5 Phasor diagram for a
synchronous machine.
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current in the air-gap and in the “leakage” inductances of the machine.
By convention, the angle � is positive when current I lags voltage V
and the angle d is positive, then internal voltage Ea leads terminal
voltage V. So both of these angles have negative signs in the situation
shown in Fig. 6.5.

If there are q phases, the time-average power produced by this machine
is simply

 
For most polyphase machines operating in what is called “balanced”
operation (all phases doing the same thing with uniform phase
differences between phases), torque (and consequently power) are
approximately constant. Since we have ignored power dissipated in the
machine armature, it must be true that power absorbed by the internal
voltage source is the same as terminal power, or

Since in the steady state

 
where T is torque and �/p is mechanical rotational speed, torque can
be derived from the terminal quantities by simply

In principal, then, to determine the torque and hence power rating of a
machine, it is only necessary to determine the internal flux, the terminal
current capability, and the speed capability of the rotor. In fact, it is
almost that simple. Unfortunately, the model shown in Fig. 6.4 is not
quite complete for some of the motors under discussion, so one more
level into machine theory must be considered.

6.3.2 Two-reaction theory

The material in this subsection is framed in terms of three-phase (q=3)
machine theory, but it is actually generalizable to an arbitrary number
of phases. Suppose a machine whose three-phase armature can be
characterized by internal fluxes and inductance which may, in general,

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Permanent Magnet-Synchronous (Brushless) Motors



244 Chapter Six

not be constant but is a function of rotor position. Note that the simple
model we presented in the previous subsection does not conform to this
picture, because it assumes a constant terminal inductance. In that case,
the relationship between fluxes and currents is

(6.1)

where �R is the set of internally produced fluxes (from the permanent
magnets) and the stator winding may have both self and mutual
inductances.

Now, it is useful to do a transformation on these stator fluxes in the
following way: each armature quantity, including flux, current and
voltage, is projected into a coordinate system that is fixed to the rotor.
This is often called the Park’s Transformation. For a three-phase
machine, it

(6.2)

Where the transformation and its inverse are

(6.3)

It is easy to show that balanced polyphase quantities in the stationary,
or phase-variable frame, translate into constant quantities in the so-
called “d-q” frame. For example

(6.4)
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maps to

Now, if �=�� + �0, the transformation coordinate system is chosen
correctly and the “d-” axis will correspond with the axis on which the
rotor magnets are making positive flux. That happens if, when �=0,
phase A links maximum positive flux from the permanent magnets. If
this is the case, the internal fluxes are

The fluxes in the d-q frame are

(6.5)

Two things should be noted here. The first is that, if the coordinate
system has been chosen as described above, the flux induced by the
rotor is, in the d-q frame, simply

(6.6)

That is, the magnets produce flux only on the d-axis.
The second thing to note is that, under certain assumptions, the

inductances in the d-q frame are independent of rotor position and have
no mutual terms. That is
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(6.7)

The assertion that inductances in the d-q frame are constant is actually
questionable, but it is close enough to being true and analyses that use
it have proven to be close enough to being correct that it (the assertion)
has held up to the test of time. In fact, the deviations from independence
on rotor position are small. Independence of axes (that is, absence of
mutual inductances in the d-q frame) is correct because the two axes
are physically orthogonal. The third, or “zero” axis in this analysis is
generally ignored. It does not couple to anything else and has neither
flux nor current. Note that the direct- and quadrature-axis inductances
are, in principal, straightforward to compute. They are:

� Direct axis. The inductance of one of the armature phases (corrected
for the fact of multiple phases) with the rotor aligned with the axis of
the phase.

� Quadrature axis. The inductance of one of the phases with the rotor
aligned 90 electrical degrees away from the axis of that phase.

Next, armature voltage is, ignoring resistance, given by

(6.8)

and that the transformed armature voltage must be

(6.9)

The second term in this expresses “speed voltage”. A good deal of
straightforward but tedious manipulation yields

(6.10)

The direct- and quadrature-axis voltage expressions are then
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(6.11)

(6.12)

where

Instantaneous power is given by

(6.13)

Using the transformations given above, this can be shown to be

(6.14)

which, in turn, is

(6.15)

Noting that  and that (6.15) describes electrical terminal power
as the sum of shaft power and rate of change of stored energy, one may
deduce that torque is given by

(6.16)

Expression (6.15) states a generalization to a q-phase machine, even
though the derivation given here was carried out for the q=3 case. Of
course three-phase machines are by far the most common case. Machines
with higher numbers of phases behave in the same way (and this
generalization is valid for most purposes), but there are more rotor
variables analogous to “zero axis”.

Now, noting that, in general, Ld and Lq are not necessarily equal

(6.17)

(6.18)

then torque is given by
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(6.19)

6.3.3 Finding torque capability

For high performance drives, assume that the power supply, generally
an inverter, can supply currents in the correct spatial relationship to
the rotor to produce torque in some reasonably effective fashion. Shown
in this section is how to determine the required values of Id and Iq in
order to produce a required torque (or if the torque is limited by either
voltage or current). This is the essence of what is known as “field-oriented
control”, or putting stator currents in the correct location in space to
produce the required torque.

The objective in this section is, given the elementary parameters of
the motor, to find the capability of the motor to produce torque. There
are three things to consider here:

1. Armature current is limited, generally by heating.
2. A second limit is the voltage capability of the supply, particularly at

high speed.
3. If the machine is operating within these two limits, one should

consider the optimal placement of currents (that is, how to get the
most torque per unit of current to minimize losses).

Often the discussion of current placement is carried out using the Id, Iq

plane as a tool to visualize what is going on. Operation in the steady
state implies a single point on this plane. A simple illustration is shown
in Fig. 6.6. The thermally-limited armature current capability is
represented as a circle around the origin, since the magnitude of
armature current is just the length of a vector from the origin in this
space. Since in general, for permanent magnet machines with buried
magnets, Ld<Lq, so the optimal operation of the machine will be with
negative Id. How to determine this optimum operation will be shown
shortly.

Finally, an ellipse describes the voltage limit. To start, consider what
would happen if the terminals of the machine were to be short-circuited
so that V=0. If the machine is operating at sufficiently high speed so
that armature resistance is negligible, armature current would be
simply
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Now, loci of constant flux turn out to be ellipses around this point on the
plane. Since terminal flux is proportional to voltage and inversely
proportional to frequency, if the machine is operating with a given
terminal voltage, the ability of that voltage to command current in the
Id, Iq plane is an ellipse whose size “shrinks” as speed increases.

To simplify the mathematics involved in this estimation, normalize
reactances, fluxes, currents and torques. First, define the base flux to
be �b=�f and the base current Ib to be the armature capability. Then
define two per-unit reactances

(6.20)

(6.21)

Next, define the base torque to be

and then, given per-unit currents id and iq, the per-unit torque is simply

(6.22)

It is fairly straightforward (but a bit tedious) to show that the locus of

Figure 6.6 Limits to operation of a permanent magnet motor.
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current-optimal operation (that is, the largest torque for a given current
magnitude or the smallest current magnitude for a given torque) is along
the curve

(6.23)

(6.24)

The “rating point” will be the point along this curve when ia=1, or where
this curve crosses the armature capability circle in the id, iq plane. It
should be noted that this set of expressions only works for salient
machines. For non-salient machines, of course, torque-optimal current
is on the q-axis. In general, for machines with saliency, the “per-unit”
torque will not be unity at the rating (so that the rated, or “base speed”
torque is not the “base” torque), but

(6.25)

where te is calculated at the rating point (that is, ia=1 and id and iq as per
(6.23) and (6.24)).

For sufficiently low speeds, the power-electronic drive can command
the optimal current to produce torque up to rated. However, for speeds
higher than the “base speed”, this is no longer true. Define a per-unit
terminal flux

Operation at a given flux magnitude implies

which is an ellipse in the id, iq plane. The base speed is that speed at
which this ellipse crosses the point where the optimal current curve
crosses the armature capability. Operation at the highest attainable
torque (for a given speed) generally implies d-axis currents that are
higher than those on the optimal current locus. What is happening here
is the (negative) d-axis current serves to reduce effective machine flux
and hence voltage which is limiting q-axis current. Thus, operation above
the base speed is often referred to as “flux weakening”.

The strategy for picking the correct trajectory for current in the id, iq

plane depends on the value of the per-unit reactance xd. For values of
xd>1, it is possible to produce some torque at any speed. For values of

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Permanent Magnet-Synchronous (Brushless) Motors



Permanent Magnet-Synchronous (Brushless) Motors 251

xd<1, there is a speed for which no point in the armature-current
capability is within the voltage-limiting ellipse, so that useful torque
has gone to zero. Generally, the maximum torque operating point is the
intersection of the armature-current limit and the voltage-limiting ellipse

(6.26)

(6.27)

It may be that there is no intersection between the armature capability
and te voltage-limiting ellipse. If this is the case and if xd<1, torque
capability at the given speed is zero. If, on the other hand, xd>1, it may
be that the intersection between the voltage-limiting ellipse and the
armature-current limit is not the maximum torque point. To find out,
we calculate the maximum torque point on the voltage-limiting ellipse.
This is done in the usual way by differentiating torque with respect to id

while holding the relationship between id and iq to be on the ellipse. The
algebra is a bit messy, and results in

(6.29)

Ordinarily, it is probably easiest to compute (6.28) and (6.29) first, then
test to see if the currents are outside the armature capability. If they
are, use (6.26) and (6.27).

These expressions give us the capability to estimate the torque-speed
curve for a machine. As an example, the machine described by the
parameters cited in Table 6.1 is a (nominal) 3HP, 4-pole, 3000 RPM
machine.

The rated operating point turns out to have the attributes shown in
Table 6.2. The loci of operation in the Id, Iq plane is shown in Fig. 6.7.
The armature-current limit is shown only in the second and third
quadrants, so it shows up as a semicircle. The two ellipses correspond
with the rated point (the larger ellipse) and with a speed that is three
times rated (9000 RPM). The torque-optimal current locus can be seen
running from the origin to the rating point, and the higher speed
operating locus follows the armature-current limit. Figure 6.8 shows

(6.28)
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the torque/speed and power/speed curves. Note that this sort of machine
only approximates “constant power” operation at speeds above the “base”
or rating-point speed.

6.4 Parameter Estimation

Because there are a number of different motor geometries to consider
and because they share parameters in a not-too-orderly fashion, this
section will have a number of sub-parts. First, calculate flux linkage,
then reactance.

6.4.1 Flux linkage

Given a machine which may be considered to be uniform in the axial
direction, flux linked by a single, full-pitched coil which spans an angle
from zero to �/p is

TABLE 6.1 Data for the Example Machine

TABLE 6.2 Operating Characteristics of Example Machine

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Permanent Magnet-Synchronous (Brushless) Motors



Permanent Magnet-Synchronous (Brushless) Motors 253

Figure 6.7 Operating current loci of example machine.

Figure 6.8 Torque- and power-speed capability.
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where Br is the radial flux through the coil. And, if Br is sinusoidally
distributed, this will have a peak value of 

Now, if the actual winding has Na turns, and using the pitch and breadth
factors derived in Appendix 1, the total flux linked is simply

(6.30)

where

The angle a is the pitch angle

where Np is the coil span (in slots) and Ns is the total number of slots in
the stator. The angle � is the slot electrical angle

Now, what remains to be found is the space-fundamental magnetic
flux density B1. In the Appendix 3, it is shown that, for magnets in a
surface-mount geometry, the magnetic field at the surface of the
magnetic gap is

(6.31)

where the space-fundamental magnetization is  
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where Br is remanent flux density of the permanent magnets and �m is
the magnet angle. The factor that describes the geometry of the magnetic
gap depends on the case. For magnets inside and p	1

For magnets inside and p=1

For the case of magnets outside and p	1

 
and for magnets outside and p=1

where Rs and Ri are the outer and inner magnetic boundaries,
respectively, and R2 and R1 are the outer and inner boundaries of the
magnets.

Note that for the case of a small gap, in which both the physical gap
g and the magnet thickness hm are both much less than rotor radius, it
is straightforward to show that all of the above expressions approach
what one would calculate using a simple, one-dimensional model for
the permanent magnet

This is the whole story for the winding-in-slot, narrow air-gap, surface
magnet machine. For air-gap armature windings, it is necessary to take
into account the radial dependence of the magnetic field.

6.4.2 Air-gap armature windings

With no windings in slots, the conventional definition of winding
factor becomes difficult to apply. If, however, each of the phase belts

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Permanent Magnet-Synchronous (Brushless) Motors



256 Chapter Six

of the winding occupies an angular extent �w, then the equivalent to
(6.31) is

Next, assume that the “density” of conductors within each of the phase
belts of the armature winding is uniform, so that the density of turns as
a function of radius is

This just expresses the fact that there is more azimuthal room at larger
radii, so with uniform density, the number of turns as a function of
radius is linearly dependent on radius. Here, Rwo and Rwi are the outer
and inner radii, respectively, of the winding.

Now it is possible to compute the flux linked due to a magnetic field
distribution

(6.32)

Note the form of the magnetic field as a function of radius expressed in
(6.80) and (6.81) of Appendix 2. For the “winding outside” case, it is

Then, a winding with all its turns concentrated at the outer radius r=Rwo

would link flux

Carrying out (6.32), it is possible to express the flux linked by a thick
winding in terms of the flux that would have been linked by a radially
concentrated winding at its outer surface by

where, for the winding outside, p	2 case
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(6.33)

where  and . In the case of winding outside
and p=2

(6.34)

In a very similar way, define a winding factor for a thick winding in
which the reference radius is at the inner surface (Note: this is done
because the inner surface of the inside winding is likely to be coincident
with the inner ferromagnetic surface, as the outer surface of the outer
winding is likely to be coincident with the outer ferromagnetic surface.)
For p	2

(6.35)

and for p=2

(6.36)

where 
=Ri/Rwi

So, in summary, the flux linked by an air-gap armature is given by

(6.37)

where B1 is the flux density at the outer radius of the physical winding
(for outside-winding machines) or at the inner radius of the physical
winding (for inside-winding machines). Note that the additional factor
kt is a bit more than one (it approaches unity for thin windings), so that,
for small pole numbers and windings that are not too thick, it is almost
correct and in any case “conservative” to take it to be one.

6.4.3 Interior magnet motors

For the flux-concentrating machine, it is possible to estimate air-gap
flux density using a simple reluctance model.

The air-gap permeance of one pole piece is  

where �p is the angular width of the pole piece.
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And the incremental permeance of a magnet is

The magnet sees a unit permeance consisting of its own permeance in
series with one-half of each of two-pole pieces (in parallel)

Magnetic flux density in the magnet is

And then flux density in the air-gap is

The space fundamental of that can be written as

where

The flux linkage is then computed as before

(6.38)

6.4.4 Winding inductances

The next important set of parameters to compute are the d- and q-axis
inductances of the machine. Considered are three separate cases, the
winding-in-slot, surface magnet case which is magnetically “round”, or
non-salient, the air-gap winding case and the flux-concentrating case
which is salient or has different direct- and quadrature-axis inductances.
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6.4.4.1 Surface magnets, windings-in-slots. In this configuration, there
is no saliency, so that Ld=Lq. There are two principal parts to inductance,
the air-gap inductance and slot-leakage inductance. Other components,
including end-turn leakage, may be important in some configurations,
and they would be computed in the same way as for an induction
machine. As is shown in Appendix 1, the fundamental part of air-gap
inductance is

(6.39)

Here, g is the magnetic gap, including the physical rotational gap and
any magnet retaining means that might be used. hm is the magnet
thickness.

Since the magnet thickness is included in the air-gap, the air-gap
permeance may not be very large, so that slot-leakage inductance may
be important. To estimate this, assume that the slot shape is rectangular,
characterized by the following dimensions:

hs height of the main portion of the slot
ws width of the top of the main portion of the slot
hd height of the slot depression
wd slot depression opening

Of course, not all slots are rectangular. In fact, in most machines, the
slots are trapezoidal in shape to maintain the cross-sections that are
radially uniform. However, only a very small error (a few percent) is
incurred in calculating slot permeance if the slot is assumed to be
rectangular and the top width is used (that is the width closest to the
air-gap). Then the slot permeance is, per unit length

Assume for the rest of this discussion a standard winding, with m slots
in each phase-belt (this assumes, then, that the total number of slots is
Ns=2pqm), and each slot holds two half-coils. (A half-coil is one side of a
coil which, of course, is wound in two slots). If each coil has Nc turns
(meaning Na=2pmNc), then the contribution to phase self-inductance of
one slot is, if both half-coils are from the same phase, . If the half-
coils are from different phases, then the contribution to self inductance
is  and the magnitude of the contribution to mutual inductance is

. (Some caution is required here. For three-phase windings, the
mutual inductance is negative, as are the senses of the currents in the
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two other phases. Thus, the impact of “mutual leakage” is to increase
the reactance. This will be true for other numbers of phases as well,
even if the algebraic sign of the mutual leakage inductance is positive,
in which case so will be the sense of the other phase current.)

Two other assumptions are made here. The standard one is that the
winding “coil throw”, or span between sides of a coil, is Ns/2p-Nsp. Nsp is
the coil “short pitch”. The other is that each phase-belt will overlap with,
at most, two other phases: the ones on either side in sequence. This last
assumption is immediately true for three-phase windings (because there
are only two other phases). It is also likely to be true for any reasonable
number of phases.

Noting that each phase occupies 2p(m-Nsp) slots with both coil halves
in the same slot and 4pNsp slots in which one coil half shares a slot with
a different phase, we can write down the two components of slot-leakage
inductance, self and mutual

For a three-phase machine, then, the total slot-leakage inductance is

For a uniform, symmetric winding with an odd number of phases, it is
possible to show that the effective slot-leakage inductance is

Total synchronous inductance is the sum of air-gap and leakage
components. So far, this is

6.4.4.2 Air-gap armature windings. It is shown in Appendix 2 that the
inductance of a single-phase of an air-gap winding is:

where the harmonic components are  
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and the following shorthand coefficients are used

This fits into the conventional inductance framework

 
The “thick armature” coefficient is

where k=np and g=Rs-Ri is the conventionally defined “air-gap”.
In the case of p=2, the fundamental component of ka is

 

If the aspect ratio Ri/Rs is not too far from unity, neither is ka.
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For a q-phase winding a good approximation to the inductance is
given by just the first space harmonic term, or

6.4.4.3 Internal magnet motor. The permanent magnets will have an
effect on reactance because the magnets are in the main flux path of the
armature. Further, they affect direct and quadrature reactances
differently, so that the machine will be salient. Actually, the effect on
the direct axis will likely be greater, so that this type of machine will
exhibit “negative” saliency: the quadrature-axis reactance will be larger
than the direct-axis reactance.

A full-pitch coil aligned with the direct axis of the machine would
produce flux density

Note that only the pole area is carrying useful flux, so that the space
fundamental of radial-flux density is

Then, since the flux linked by the winding is

The d-axis inductance, including mutual phase coupling, is (for a q-phase
machine)

The quadrature axis is quite different. On that axis, the armature does
not tend to push flux through the magnets, so they have only a minor
effect. What effect they do have is due to the fact that the magnets
produce a space in the active air-gap. Thus, while a full-pitch coil aligned
with the quadrature axis will produce an air-gap flux density

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Permanent Magnet-Synchronous (Brushless) Motors



Permanent Magnet-Synchronous (Brushless) Motors 263

the space fundamental of that will be

where �t is the angular width taken out of the pole by the magnets.
So that the expression for quadrature-axis inductance is

6.5 Current Rating and Resistance

The last part of machine rating is its current capability. This is heavily
influenced by cooling methods, for the principal limit on current is the
heating produced by resistive dissipation. Generally, it is possible to do
first-order design estimates by assuming a current density that can be
handled by a particular cooling scheme. Then, in an air-gap winding

and note that, usually, the armature fills the azimuthal space in the
machine

For a winding in slots, nearly the same thing is true: if the rectangular
slot model holds true  

where Js denotes slot current density. Characterize the total slot area
by a “space factor” �s which is the ratio between total slot area and the
annulus occupied by the slots. For the rectangular slot model

where  and  in a normal, stator-outside
winding. In this case,  and the two types of machines can be
evaluated in the same way.
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It would seem apparent that one would want to make �s as large as
possible, to permit high currents. The limit on this is that the magnetic
teeth between the conductors must be able to carry the air-gap flux,
and making them too narrow would cause them to saturate. The peak
of the time fundamental magnetic field in the teeth is, for example

where wt is the width of a stator tooth

so that

6.5.1 Resistance

Winding resistance may be estimated as the length of the stator
conductor divided by its area and its conductivity. The length of the
stator conductor is

where the “end winding factor” fe is used to take into account the extra
length of the end turns (which is usually not negligible). The area of
each turn of wire is, for an air-gap winding

where �w, the “packing factor” relates the area of conductor to the total
area of the winding. The resistance is then just

and, of course, � is the conductivity of the conductor.
For windings in slots, the expression is almost the same, simply

substituting the total slot area
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The end turn allowance depends strongly on how the machine is made.
One way of estimating what it might be is to assume that the end turns
follow a roughly circular path from one side of the machine to the other.
The radius of this circle would be, very roughly, Rw/p, where Rw is the
average radius of the winding

Then the end-turn allowance would be

6.6 Appendix 1: Air-Gap
Winding Inductance

A simple two-dimensional model is used to estimate the magnetic fields
and then inductances of an air-gap winding. The principal limiting
assumption here is that the winding is uniform in the  direction, which
means it is long in comparison with its radii. This is generally not true,
nevertheless, the answers obtained are not too far from being correct.
The style of analysis used here can be carried into a three-dimensional,
or quasi three-dimensional domain to get much more precise answers,
at the expense of a very substantial increase in complexity.

The coordinate system to be used is shown in Fig. 6.9. To maintain
generality, four radii are defined: Ri and Rs are ferromagnetic

Figure 6.9 Coordinate system for inductance calculation.
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boundaries, and would, of course, correspond with the machine shaft
and the stator core. The winding itself is carried between radii R1 and
R2, which correspond with radii Rwi and Rwo in the body of the text. It is
assumed that the armature is carrying a current in the z direction,
and that this current is uniform in the radial dimension of the
armature. If a single phase of the armature is carrying current, that
current will be

over the annular wedge occupied by the phase. The resulting
distribution can be fourier analyzed, and the n-th harmonic component
of this will be (assuming the coordinate system has been chosen
appropriately)

where the n-th harmonic winding factor is

and note that �we is the electrical winding angle

It is easier to approach this problem using vector potential. Since the
divergence of flux density is zero, it is possible to let the magnetic flux
density be represented by the curl of a vector potential

Taking the curl of that

and using the coulomb gage
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A reasonably tractable partial differential equation in the vector
potential is  

Assuming there is only a z-directed component of , that one component,
in circular cylindrical coordinates is

(6.40)

For this problem, all variables will be varying sinusoidally with angle,
so angular dependence is ejk�. Thus

This is a three-region problem. Note the regions as

For i and o, the current density is zero and an appropriate solution to
(6.40) is

In the region of the winding, w, a particular solution must be used in
addition to the homogenous solution, and

where, for k	2
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or, if k=2  

And, of course, the two pertinent components of the magnetic flux
density are 

Next, it is necessary to match boundary conditions. There are six free
variables and correspondingly there must be six of these boundary
conditions. They are the following:

� At the inner and outer magnetic boundaries, r=Ri and r=Rs, the
azimuthal magnetic field must vanish.

� At the inner and outer radii of the winding itself, r=R1 and r=R2, both
radial and azimuthal magnetic field must be continuous.

These conditions may be summarized by  

This derivation is carried out here only for the case of k	2. The k=2
case may be obtained by substituting its particular solution at the
beginning or by using L’Hopital’s rule on the final solution. This set
may be solved to yield, for the winding region
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Now, the inductance linked by any single, full-pitched loop of wire located
with one side at azimuthal position � and radius r is  

To extend this to the whole winding, integrate over the area of the
winding the incremental flux linked by each element times the turns
density. This is, for the n-th harmonic of flux linked

Making the appropriate substitutions for current into the expression
for vector potential, this becomes  

6.7 Appendix 2: Permanent Magnet
Field Analysis

This section is a field analysis of the kind of radially magnetized,
permanent magnet structures commonly used in electric machinery. It
is a fairly general analysis, which will be suitable for use with either
surface or in-slot windings, and for the magnet inside or the magnet
outside case.
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This is a two-dimensional layout suitable for situations in which field
variation along the length of the structure is negligible.

6.7.1 Layout

The assumed geometry is shown in Fig. 6.10. Assumed iron (highly
permeable) boundaries are at radii Ri and Rs. The permanent magnets,
assumed to be polarized radially and alternately (i.e. North-South), are
located between radii R1 and R2. We assume there are p pole pairs (2p
magnets) and that each magnet subsumes an electrical angle of �me. The
electrical angle is just p times the physical angle, so that if the magnet
angle were �me=�, the magnets would be touching.

If the magnets are arranged so that the radially-polarized magnets
are located around the azimuthal origin (�=0), the space fundamental
of magnetization is

where the fundamental magnitude is

and Brem is the remanent magnetization of the permanent magnet.

Figure 6.10 Axial view of magnetic field problem.
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Since there is no current anywhere in this problem, it is convenient
to treat magnetic field as the gradient of a scalar potential 

The divergence of this is

Since magnetic flux density is divergence-free

we have

or

Now, if we let the magnetic scalar potential be the sum of particular
and homogeneous parts  

where , then  

We can find a suitable solution to the particular part of this in the region
of magnetization by trying  

Carrying out the Laplacian equation on this  

which works if �=1, in which case
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Of course, this solution holds only for the region of the magnets: R1<
r<R2, and is zero for the regions outside of the magnets.

A suitable homogeneous solution satisfies Laplace’s equation, 0,
and is, in general, of the form

Then we may write a trial total solution for the flux density as

The boundary conditions at the inner and outer (assumed infinitely
permeable) boundaries at r=Ri and r=Rs require that the azimuthal field
vanish, or , leading to

At the magnet inner and outer radii, H� and Br must be continuous.
These are

These become, at r=R1
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and at r=R2

Some small-time manipulation of these yields

Taking sums and differences of the first and second and then third and
fourth of these, we obtain]

and then multiplying through by appropriate factors  and
then taking sums and differences of these
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Dividing through by the appropriate groups

and then, by multiplying the top equation by  and subtracting

This is readily solved for the field coefficients A1 and A3

Now, noting that the scalar potential is, in Region 1 (radii less than the
magnet)

and noting that p(p+1)/(p2-1)=p/(p-1) and p(p-1)/(p2-1)=p/(p+1),
magnetic field is
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The case of p=1 appears to be a bit troublesome here, but is easily handled
by noting that

Now there are a number of special cases to consider.
For the iron-free case, Ri� 0 and R2� �, this becomes, simply, for r<R1

Note that for the case of p=1, the limit of this is

and for r>R2

For the case of a machine with iron boundaries and windings in slots,
we are interested in the fields at the boundaries. In such a case, usually,
either Ri=R1 or Rs=R2. The fields are, at the outer boundary: r=Rs
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or at the inner boundary: r=Ri
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Chapter

7
Direct Current Motors

J.Kirtley and N.Ghai

7.1 Introduction

Virtually all electric machines and all practical electric machines employ
some form of rotating or alternating field/current system to produce
torque. While it is possible to produce a “true DC” machine (e.g. the
“Faraday Disk”), for practical reasons such machines have not reached
application and are not likely to. The AC machine is operated from an
alternating voltage source. Indeed, this is one of the principal reasons
for employing AC in power systems.

The first electric machines employed a mechanical switch, in the form
of a carbon brush/commutator system, to produce this rotating field.
While the widespread use of power electronics is making “brushless”
motors (which are really just synchronous machines) more popular and
common, commutator machines are still economically very important.
They are relatively cheap, particularly in small sizes, and they tend to
be rugged and simple.

Commutator machines are found in a very wide range of
applications. The starting motor on all automobiles is a commutator
machine. Many of the other electric motors in automobiles, from the
little motors that drive the outside rear-view mirrors to the motors that
drive the windshield wipers are permanent magnet commutator
machines. The large traction motors that drive subway trains and
diesel/electric locomotives are DC commutator machines (although
induction machines are making some inroads here). Many common
appliances use “universal” motors: series connected commutator motors
adapted to AC.
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A schematic picture (“cartoon”) of a commutator type machine is
shown in Fig. 7.1. The armature of this machine is on the rotor (this is
the part that handles the electric power), and the current is fed to the
armature through the brush/commutator system. The interaction
magnetic field is provided by a field winding. A permanent magnet field
is applicable here.

Assume that the interaction magnetic flux density averages Br, and
that there are Ca conductors underneath the poles at any one time, and
if there are m parallel paths, then one may estimate torque produced by
the machine by

where R and � are rotor radius and length, respectively, and Ia is terminal
current. Note that Ca is not necessarily the total number of conductors,
but rather the total number of active conductors (that is, conductors
underneath the pole and therefore subject to the interaction field). If Nf

is the number of field turns per pole, the interaction field is

leading to a simple expression for torque in terms of the two currents

where G is now the motor coefficient (units of N-m/ampere squared)

Figure 7.1 Wound-field DC machine geometry.
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Reviewing this using Faraday’s Law

Integrating both sides and noting that the area integral of a curl is the
edge integral of the quantity

In the case in which the edge of the contour is moving (see Fig. 7.2), this
is a bit more convenient to use if

where  is the velocity of the contour. This is a convenient way of noting
the apparent electric field within a moving object (as in the conductors
in a DC machine)

Note that the armature conductors are moving through the magnetic
field produced by the stator (field) poles, and one can ascribe to them an
axially directed electric field

If the armature conductors are arranged as described above, with Ca

conductors in m parallel paths underneath the poles and with a mean
active radial magnetic field of Br, voltage induced in the stator
conductors is

Note that this is only the voltage induced by motion of the armature
conductors through the field and does not include brush or conductor
resistance. If the expression for effective magnetic field is included, the
back voltage is
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which leads to the conclusion that newton-meters per ampere squared
equals volt seconds per ampere. This stands to reason if one examines
electric power into the interaction and mechanical power out

A more complete model of this machine would include the effects of
armature, brush and lead resistance, so that in steady state operation

This corresponds with the equivalent circuit shown in Fig. 7.3.
Now, consider this machine with its armature connected to a voltage

source and its field operating at steady current, so that

Then torque, electric power in and mechanical power out are

Figure 7.2 Motion of a contour through a magnetic field
produces flux change and electric field in the moving
contour.

Figure 7.3 DC machine equivalent circuit.
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Now, note that these expressions define three regimes defined by
rotational speed, as is illustrated in Fig. 7.4. The two “break points” are
at zero speed and at the “zero torque” speed

For 0<�<�0, the machine is a motor: electric power in and mechanical
power out are both positive. For higher speeds: �0<�, the machine is a
generator, with electrical power in and mechanical power out being both
negative. For speeds less than zero, electrical power in is positive and
mechanical power out is negative. There are few needs to operate
machines in this regime, short of some types of “plugging” or emergency
braking in traction systems.

7.2 Connections

The previous section described a mode of operation of a commutator
machine usually called “separately excited,” in which field and
armature circuits are controlled separately. This mode of operation is
used in some types of traction applications in which the flexibility it
affords is useful. For example, some traction applications apply voltage
control in the form of “choppers” to separately excited machines, as is
shown in Fig. 7.5.

Note that the “zero torque speed” is dependent on armature voltage
and on field current. For high torque at low speed, one would operate
the machine with high field current and enough armature voltage to
produce the requisite current. As speed increases so does back voltage,
and field current may need to be reduced. At any steady operating speed,
there will be some optimum mix of field and armature currents to produce
the required torque. As is often done for braking, one could re-connect

Figure 7.4 DC machine operating
regimes.

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Direct Current Motors



282 Chapter Seven

the armature of the machine to a braking resistor and turn the machine
into a generator. Braking torque is controlled by field current.

A subset of the separately excited machine is the shunt connection in
which armature and field are supplied by the same source, in parallel.
This connection is not widely used anymore: it does not yield any
meaningful ability to control speed, and the simple applications to which
it used to be used are mostly being handled by induction machines.

Another connection which is still widely used in the series connection,
shown in Fig. 7.6, in which the field winding is sized so that its normal
operating current level is the same as normal armature current and the
two windings are connected in series. Then  

And then torque is

Figure 7.5 Two-chopper, separately excited machine
hookup.

Figure 7.6 Series connection.
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It is important to note that this machine has no “zero-torque” speed,
leading to the possibility that an unloaded machine might accelerate to
dangerous speeds. This is particularly true because the commutator,
made of pieces of relatively heavy material tied together with non-
conductors, is not very strong.

Speed control of series-connected machines can be achieved with
voltage control and many appliances using this type of machine use
choppers or phase-controlled rectifiers. An older form of control used in
traction applications was the series dropping resistor: obviously not a
very efficient way of controlling the machine and not widely used (except
in old equipment, of course).

A variation on this class of machine is the very widely used “universal
motor,” in which the stator and rotor (field and armature) of the machine
are both constructed to operate with alternating current. This means
that both the field and armature are made of laminated steel. Note that
such a machine will operate just as it would have with direct current,
with the only addition being the reactive impedance of the two windings.
Working with RMS quantities

where � is the electrical supply frequency. Note that, unlike other AC
machines, the universal motor is not limited in speed to the supply
frequency. Appliance motors typically turn substantially faster than the
3,600 RPM limit of AC motors, and this is one reason why they are so
widely used: with the high rotational speeds, it is possible to produce
more power per unit mass (and more power per dollar).

7.3 Commutator

The commutator is what makes the DC machine work. There are still
aspects of how the brush and commutator system work that are poorly
understood. However, this section makes some attempt to show a bit of
what the brush/commutator system does.

To start, look at the picture shown in Fig. 7.7. Represented are a pair
of poles (shaded) and a pair of brushes. Conductors make a group of
closed paths. The current from one of the brushes takes two parallel
paths. It is possible to follow one of those paths around a closed loop,
under each of the two poles (remember that the poles are of opposite
polarity) to the opposite brush. Open commutator segments (most of
them) do not carry the current into or out of the machine.
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A commutation interval occurs when the current in one coil must be
reversed, as is shown in Fig. 7.8. In the simplest form, this involves a
brush bridging between two commutator segments, shorting out that
coil. The resistance of the brush causes the current to decay. When the
brush leaves the leading segment, the current in the leading coil must
reverse.

This section does not attempt to fully explore the commutation process
in this type of machine, but note a few things. Resistive commutation is
the process relied upon in small machines. When the current in one coil
must be reversed (because it has left one pole and is approaching the
other), that coil is shorted by the brushes. The brush resistance causes
the current in the coil to decay. Then the leading commutator segment
leaves the brush and the current MUST reverse (the trailing coil has
current in it), often resulting in sparking.

In larger machines, the commutation process would involve too much
sparking, which causes brush wear and noxious gases (ozone) that
promote corrosion, etc. In these cases, it is common to use separate

Figure 7.7 Commutator and current paths.

Figure 7.8 Commutator at commutation.
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commutation interpoles. These are separate, usually narrow or
seemingly vestigal pole pieces which carry armature current. They are
arranged in such a way that the flux from the interpole drives current
in the commutated coil in the proper direction. Remember that the coil
being commutated is located physically between the active poles and
the interpole is therefore in the right spot to influence commutation.
The interpole is wound with armature current (it is in series with the
main brushes). It is easy to see that the interpole must have a flux
density proportional to the current to be commutated. Since the speed
with which the coil must be commutated is proportional to rotational
velocity and so is the voltage induced by the interpole, if the right number
of turns are put around the interpole, commutation can be made to be
quite accurate.

7.4 Compensation

The analysis of commutator machines often ignores armature reaction
flux. Obviously these machines do produce armature reaction flux, in
quadrature with the main field. Normally, commutator machines are
highly salient and the quadrature inductance is lower than direct-axis
inductance, but there is still flux produced. This adds to the flux
density on one side of the main poles (possibly leading to saturation).
To make the flux distribution more uniform, and therefore to avoid
this saturation effect of quadrature axis flux, it is common in very
highly-rated machines to wind compensation coils: essentially mirror-
images of the armature coils, but this time wound in slots in the
surface of the field poles. Such coils will have the same number of
ampere-turns as the armature. Normally, they have the same number
of turns and are connected directly in series with the armature
brushes. What they do is to almost exactly cancel the flux produced by
the armature coils, leaving only the main flux produced by the field
winding. One might think of these coils as providing a reaction torque,
produced in exactly the same way as main torque is produced by the
armature.

7.5 Standards

DC motor standards fall into two categories, viz., standards for
performance and standards for test. For test, IEEE Std 113 applies. For
performance, the applicable U.S. standard is NEMA MG1–1993,
Revision 4.

In NEMA MG1, DC motors are divided in two categories by size:
those with outputs of up to and including 1.25 hp per r/min and those
with higher outputs. Because of their smaller size, motors in the former
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category (the medium DC motors) have their size and mounting
dimensions standardized, and their performance is defined more
precisely. Motors in the latter category (the large DC motors) do not
have standardized dimensions and the performance is more generalized.
This is so because larger motors are not mass produced and are usually
designed to fit the needs of specific applications.

7.6 NEMA Performance for
Medium DC Motors

The following performances are included in NEMA MG1:

� Operating conditions � Commutation
� Temperature rise of windings � Overspeed
� Rated voltage variations � Operation on rectified AC current
� Speed variations � Operation on variable voltage
� Momentary overload � Vibration

7.6.1 Operating conditions

The usual or normal site operating conditions include the following:

� An ambient temperature in the range of 0°C to 40°C.
� An altitude not exceeding 1000 m.
� A location such that there is no serious interference with motor

ventilation.
� Installation on a rigid mounting surface.

7.6.2 Temperature rise

For continuous operation and for motors in totally enclosed fan-cooled,
and all other enclosures, permissible temperature rises by resistance in
degrees centigrade for classes A, B, F and H insulation are given in
Table 7.1. For short time-rated motors, higher temperature rises are
permitted. These temperature rises are dependent on the time rating of
the motor and are lower for longer time ratings.

TABLE 7.1 Temperature Rise

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Direct Current Motors



Direct Current Motors 287

7.6.3 Rated voltage variations

NEMA requires that the motors operate successfully with a voltage
variation of +10% from the rated field and armature DC voltages, and
of ± 10% of rated AC line voltage for motors operating on rectified power
supply, although the performance is not expected to be necessarily the
same as that established for operation at rated voltage.

7.6.4 Speed variations due to load

Speed variation from rated load to no load for straight shunt-wound,
stabilized shunt-wound or permanent magnet DC motors when operated
at rated armature voltage, with ambient temperature per the standard,
and the windings at constant temperature is allowed in accordance with
Table 7.2.

7.6.5 Base speed variations due to heating

For straight shunt-wound, stabilized shunt-wound and permanent
magnet motors, NEMA limits the speed variation from base speed
between ambient temperature to that attained at rated load armature
and field voltage following a run of specified duration to the values given
in Table 7.3.

7.6.6 Variation from rated base speed

When operated at rated load and voltage and at full field, with windings
at constant temperature, the speed variation allowed by NEMA is ±7.5%.

TABLE 7.2 Speed Variation

TABLE 7.3 Percent Variation of Rated
Base Speed
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7.6.7 Momentary overloads

NEMA DC motors are capable of 50% armature over-current for one
minute at rated voltage. For adjustable speed motors this capability is
required for all speeds within the speed range.

7.6.8 Successful commutation

Successful commutation is defined as operation in normal service at
rated load with no serious damage to the commutator or brushes due to
sparking that might require abnormal maintenance. It is recognized
that some visible sparking is not evidence of unsuccessful commutation.

7.6.9 Overspeed

For one minute duration, all DC motors are required to be capable of
overspeeds as follows:

1. Shunt-wound: 25% above the highest rated speed, or 15% above the
no-load speed, whichever is greater.

2. Compound-wound motors with �35% speed regulation: 25% above
the highest rated speed, or 15% above the corresponding no-load
speed, whichever is greater, but not exceeding 50% above the highest
rated speed.

3. Series-wound and compound wound with >35% speed regulation: 10%
above the maximum safe operating speed.

7.6.10 Operation on rectified alternating currents

When small DC motors intended for use on adjustable voltage electronic
power supplies are operated from rectified power sources, they are.
required to be designed or selected for this application. NEMA suggests
that successful operation in this application is possible if the
combination results in a form factor at rated load equal to or less than
the motor-rated form factor. For some typical power supplies, the
recommended rated motor form factors are given in Table 7.4. The
form factor of the current is the ratio of the rms value of the current to
its average value.

7.6.11 Operation on variable voltage power supply

NEMA cautions that the temperature rise of the motors operated at
full-load torque and reduced speed and reduced armature voltage will
increase requiring a reduction in load torque. With some rectifier circuits,
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the current ripple at rated current also increases as the armature voltage
is reduced requiring a further reduction in load torque. Under these
conditions, motors are capable of operating successfully at only 67% of
rated torque at 50% of rated speed.

7.6.12 Vibration

See Section 7.7.10 on large DC motors.

7.6.13 Other performance

For additional performance, rating charts, etc., see NEMA MG1-1993,
Rev 4.

7.7 NEMA Performance for
Large DC Motors

7.7.1 Motor types

Three broad categories of DC motor are recognized in this standard.
These are general industrial motors, metal-rolling mill motors and
reversing hot-mill motors.

7.7.1.1 General industrial. These motors are designed for all industrial
service other than metal rolling mills, and may, when specified, operate
at speeds higher than the base speed by field weakening.

7.7.1.2 Metal rolling-mill. These motors apply to metal rolling-mill service
other than reversing hot-mill applications. They may be specified for
single or either direction of rotation. These motors differ from the general
industrial motors in that they have special requirements for continuous

TABLE 7.4 Recommended Form Factors
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overload capability, heavy mechanical construction, high momentary
overloads and close speed regulation.

Metal rolling-mill motors are further divided into two categories: the
class N and the class S motor. Class N motors are designed for a given
base speed, but when specified, may be designed for operation at higher
speeds by field weakening. Class S motors are designed for speeds still
higher than those for class N (by field weakening), and therefore require
special mechanical construction.

7.7.1.3 Reversing hot-mill. These motors are designed specifically for
reversing hot-mill applications. They are characterizcd by no continuous
overloads, mechanical construction suitable for rapid speed reversals
and sudden application of heavy loads, and higher momentary overload
capability.

7.7.2 Continuous overloads

General industrial and reversing hot-mill motors have no continuous
overload capability. Metal rolling-mill motors are capable of carrying
115% of rated load throughout the rated speed range, and 125% of rated
load for two hours at rated voltage throughout the rated speed range
following continuous operation at rated load. At 115% load, the
temperature rises specified for the applicable insulation class will be
higher than at rated load and other performance characteristics may
differ from those at rated load. At 125% load for two hours, the
temperature rise permitted for the applicable insulation class is not
exceeded, but other performance characteristics may differ.

7.7.3 Momentary overloads

All motors are capable of carrying momentary overloads for one minute
of magnitudes given in Tables 7.5, 7.6, and 7.7.

7.7.4 Operating conditions

The usual or normal site operating conditions include the following:

TABLE 7.5 Overloads for General Industrial Motors
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� An ambient temperature in the range of 0°C to 40°C.
� An altitude not exceeding 1000 m.
� A location such that there is no serious interference with motor

ventilation.

7.7.5 Overspeed

All NEMA motors are required to have an overspeed capability of 25%
above rated full-load speed for a period of two minutes.

7.7.6 Variation from rated voltage

NEMA DC motors are designed to operate successfully at rated load at
up to 110% of rated DC armature or field voltage, or both, provided that
maximum speed is not exceeded, but the performance within this
variation may not necessarily be in accordance with the standard. The
motors are also required to be capable of withstanding repetitive
transient voltages of 160% of rated voltage and random transients of
200% of rated voltage.

TABLE 7.6 Overload for Metal Rolling-Mill
Motors

TABLE 7.7 Overload for Reversing Hot-Mill Motors
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7.7.7 Reversal time of reversing
hot-mill motors

Maximum time typically required to reverse direction of rotation at no
load and with suitable controls are given in Table 7.8.

7.7.8 Successful commutation

Successful commutation is defined as operation in normal service at
rated load with no serious damage to the commutator or brushes due to
sparking that might require abnormal maintenance. It is recognized
that some visible sparking is not evidence of unsuccessful commutation.

7.7.9 Operation on rectified
alternating currents

Large DC motors to NEMA standards are designed to operate from a
direct-current source and their performance will vary in every material
respect when operated from a rectified alternating-current supply. The
difference in performance will be more marked when the rectifier pulse
number is less than six or when the rectifier current is phase-controlled
to produce an output voltage of 85% or less of the maximum possible
rectified output voltage.

7.7.10 Vibration

Vibration limits for completely assembled motors, running uncoupled
are specified. The preferred vibration parameter is velocity in in/s or
mm/s peak. Table 7.9 gives the vibration limits on the bearing housings

TABLE 7.8 Reversal Times for Reversing Hot-Mill Motors
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of resiliently mounted motors. The standard is 0.15 in/s. For rigidly
mounted motors, the limits given in this Table are reduced to 80% of
the table values.

7.7.11 Temperature rise

Permissible temperature rises in NEMA MG1 for various insulation
classes are a function not only of the class of insulation, but also of the
type of enclosure and machine ventilation. They also vary with the type
of service. Tables 7.10 and 7.11 give the temperature-rise limits for large
DC motors.

7.7.12 Other performance

For more information, see NEMA MG1–1993, Rev 4.

TABLE 7.10 Temperature-Rise Limits in Degrees Celsius for
General Industrial Service

TABLE 7.9 NEMA Unfiltered Vibration Limits
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Chapter

8
Other Types of Electric Motors

and Related Apparatus

J.Kirtley

8.1 Induction Generators

Any induction motor, if driven above its synchronous speed when
connected to an ac power source, will deliver power to the external circuit.
The generator operation is easily visualized from the equivalent circuit
of Fig. 8.1, corresponding to negative slip. The induction generator must
always take reactive power from the load or the line for excitation and
for the I2X losses. For this reason, the induction generator can only
operate in parallel with an electric power system or independently with
a load supplemented by capacitors. For independent operation, the speed
must be increased with load to maintain constant frequency; the voltage
is controlled with the capacitors.

An induction generator delivers an instantaneous three-phase short-
circuit current equal to the terminal voltage divided by its locked-rotor

Figure 8.1 Equivalent circuit of
polyphase induction motor.
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impedance. Its rate of decay is much faster than that of a synchronous
generator of the same rating, corresponding to the subtransient time
constant  sustained short-circuit current is zero.

The virtue of the induction generator is its ability to self-synchronize
when the stator circuit is closed to a power system. At one time induction
generators were used for small, unattended hydro stations. Today,
induction generators are being used in a similar manner for wind
turbines and cogeneration units. They have also been used for high-
speed, high-frequency generators, because of their squirrel-cage rotor
construction.

8.2 Synchronous Induction Motors

There are three types of motors that can start and run as induction
motors yet can lock into the supply frequency and run as synchronous
motors as well. They are (1) the wound-rotor motor with dc exciter; (2)
the permanent-magnet (PM) synchronous motor; (3) the reluctance-
synchronous motor. The latter two types are used today primarily with
adjustable-frequency inverter power supplies. In Europe, wound-rotor
induction motors have often been provided with low-voltage dc exciters
that supply direct current to the rotor, making them operate as
synchronous machines. With secondary rheostats for starting, such a
motor gives the low starting current and high torque of the wound-rotor
induction motor and an improved power factor under load. Several
different forms of these synchronous induction motors have been
proposed, but they have not shown any net advantage over usual salient-
pole synchronous or induction machines and are very seldom used in
the United States. The PM synchronous motor is shown in Fig. 8.2a.
The construction is the same as that of an ordinary squirrel-cage motor
(either single or polyphase), except that the depth of rotor core below
the squirrel-cage bars is very shallow, just enough to carry the rotor
flux under locked-rotor conditions. Inside this shallow rotor core is placed
a permanent magnet, fully magnetized. The rotor core serves as a keeper,
so that the rotor is not demagnetized by removing it from the stator. In
starting, the rotor flux is confined to the laminated core. As the speed
rises, the rotor frequency decreases and the rotor flux builds up, creating
a pulsating torque with the field of the magnet, as when a synchronous
motor is being synchronized after the dc field has been applied. As the
motor approaches full speed, therefore, the ac impressed field locks into
step with the field of the magnet and the machine runs as a synchronous
motor. The absence of rotor I2R loss, the synchronous speed operation,
and the high efficiency and power factor make the motor very attractive
for special applications, such as high-frequency spinning motors. When
many such motors are supplied from a high-frequency source, the kVA
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requirements are reduced to perhaps 50% of those needed for usual
induction motor types, with consequent large savings.

If the rotor surface of a P-pole squirrel-cage motor is cut away at
symmetrically spaced points, forming P salient poles, the motor will
accelerate to full speed as an induction motor and then lock into step
and operate as a synchronous motor. The synchronizing torque is due to
the change in reluctance and, therefore, in stored magnetic energy, when
the air-gap flux moves from the low- into the high-reluctance region.
Such motors are often used in small-horsepower sizes, when synchronous
operation is required, but they have inherently low pull-out torque and
low power factor, and also poor efficiency, and therefore require larger
frames than the same horsepower induction motor. The PM synchronous
motor has superior performance in every way, except possibly cost. A
cross section of the reluctance-synchronous motor is shown in Fig. 8.2b.
These motors are available up to about 5 hp.

If the number of rotor salients is nP, instead of P, and if the P-pole
motor winding is arranged to also produce a field of (n+1)P or (n-1)P
poles, the motor may lock into step at a subsynchronous speed and run as
a subsynchronous motor. For the P-pole fundamental mmf, acting on the
varying rotor permeance, will create (n+1)P and (n-1)P pole fields from
this base, and these will lock into step with the independently produced
(n-1)P- or (n+1)P-pole field, when the rotor speed is such as to make the
two harmonic fields turn at the same speed in the same direction.

It is difficult to provide much torque in such subsynchronous motors,
and their use is therefore limited to very small sizes, such as may be
used in small timer or instrument motors.

Figure 8.2 Cross section of (a) a permanent magnet (PM) synchronous motor and (b)
a reluctance-synchronous motor.
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8.3 Linear Motors

Linear induction motors (LIMs) have been built in fractional-horsepower
ratings for such applications as moving drapes, and up to several
thousand horsepower for driving tracked air-cushion transit vehicles
on a guideway. Other applications include moving freight cars in yards,
driving people-mover vehicles, and providing reciprocating motion for
machine tools. LIMs are built like rotary induction motors with
distributed multipole polyphase windings placed in the slots of a plane
laminated status as shown in Fig. 8.3. When the windings are excited
by a polyphase voltage of frequency f, an air-gap space flux wave is
propagated along the length of the stator at a velocity of �=2fp, where p
is the pole pitch. The rotor consists of an aluminum or copper sheet,
which is propelled by the field with a slip velocity to provide the required
thrust. LIMs are either double-sided, with two facing stators operating
on a single rotor, or single-sided, with the rotor sheet backed by a moving
or stationary magnetic return path. The magnetic force density normal
to the stator surface is considerable compared to the tangential force
density that moves the rotor, which requires that the stator be well-
braced mechanically to maintain constant air-gap distances over the
surface of the stator. The typical tangential force density is about 3 lb/
in2 for air-cooled windings, where the normal force density is about 30
lb/in2.

Figure 8.3 Single-sided and double-sided linear induction motors (LIMs) with sheet
rotor.
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The magnetic air-gap of a double-sided LIM is the thickness of the
sheet rotor plus the clearance between the rotor and the stators on either
side. Whereas most rotary induction motors are built with an air-gap of
0.025 to 0.1 mils, the air-gap in the LIM is 0.25 to 1.5 in. For this reason,
the magnetizing reactance of the LIM is lower than that of an equivalent
rotary induction motor. Also the stator leakage reactance is higher. The
equivalent circuit of the LIM is shown in Fig. 8.4a. Figure 8.4b shows
the thrust-slip power factor and efficiency curves of a double-sided LIM.1

This LIM has an air gap of 1.47 in, a rotor sheet thickness of 0.25 in, and
a stator length of 9.8 in. The two, three-phase windings of the stator are
excited at 173 Hz from inverters to produce a linear synchronous velocity

1M.G.Say; Alternating Current Machines; New York, John Wiley & Sons, 1983.

Figure 8.4 (a) Equivalent circuit
of a double-sided LIM and (b) the
characteristic curves of a typical
LIM.
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of 395 ft/s. Speed control and breaking of LIMs is done in the same way
as in the rotary induction motors.

8.4 High-Frequency Motors

For high-speed tools and for spinning of rayon and other threads, a
variety of interesting motor constructions have been developed. Normally
these are two-pole, three-phase motors, with special high-frequency
power supply of 90, 120, or 180 Hz, giving operating speeds between
500 and 10,500 r/min and up to 25 hp. In textile applications, the motors
usually drive individual spinning buckets, which are subject to
considerable unbalance due to uneven building up of thread, etc. The
continual starting and stopping for loading and unloading the buckets
requires the motors to carry unbalance reliability through the entire
speed range, necessitating careful design of mounting flexibility and
shaft stiffness. Most usual applications, however, are in wood-working
and similar industries, where separate motor stators and rotors are
supplied to the tool manufacturers for building into their particular
devices. These motors were powered from high-frequency alternators,
but are now powered by adjustable-frequency solid-state inverters.

Three-phase 400-Hz power systems, used on large airplanes, have
led to the development of 400-Hz motors with speeds of 12,000 and 24,000
r/min, having weights averaging 2 lb/hp for motors of 1 to 15 hp with 5-
min ratings. These motors are open, with an external fan to force air
over the windings.

8.5 Stepper Motors

The primary characteristic of a stepper motor is its ability to rotate a
prescribed small angle (step) in response to each control pulse applied
to its windings. Below about 200 pulses per second, the motor rotates in
discrete steps in synchrony with the pulses; at higher frequencies up to
16,000 pulses per second, the motor slews without stopping between
pulses. Although motors are available for step angles of 90 to 0.180°,
the common step is 1.8°. Stepper motors are categorized as permanent-
magnet rotor (PM), variable reluctance (VR), or hybrid (PM-VR). The
rotor of the PM aligns itself with the energized stator poles as shown in
Fig. 8.5b. The rotor turns until the poles are aligned at each step. The
PM-VR hybrid shown in Fig. 8.5c has a high skew rate yet retains
holding torque when the power is turned off. Motors can be made to
rotate in half-steps to increase accuracy. Performance of stepper
motors is described by two types of curves: the pull-out torque vs. speed
curve, as shown in Fig. 8.6; and the holding torque angle curves, as
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Figure 8.5 Three types of stepper motors.

Figure 8.6 Pull-out torque vs.
speed for a four-phase 5° step
VR step motor running at half
steps (2 1/2º).
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shown in Fig. 8.7. Stepper motors are available with holding torques up
to 4000 oz · in.

8.6 Hysteresis Motors

By constructing the secondary core of an induction motor of hardened
magnet steel, in place of the usual annealed low-loss silicon-steel
laminations, the secondary hysteresis can be greatly magnified,
producing effective synchronous motor action. Such hysteresis motors,
having smooth rotor surfaces without secondary teeth or windings, give
extremely uniform torque, are practically noiseless, and give
substantially the same torque from standstill all the way up to
synchronous speed. A hysteresis motor is a true synchronous motor,
with its load torque produced by an angular shift between the axis of
rotating primary mmf and the axis of secondary magnetization. When
the load torque exceeds the maximum hysteresis torque, the secondary
magnetization axis slips on the rotor, giving the same effect as a friction
brake set for a fixed torque.

Despite the interesting characteristics of this type of motor, it is
limited to small sizes, because of the inherently small torque derivable
from hysteresis losses. Only moderate flux densities are practicable,
owing to the excessive excitation losses required to produce high densities
in hard magnet steel, and, therefore, about 20 W/lb of rotor magnet
steel represents the maximum useful synchronous power on 60 Hz.
Hysteresis motors have found an important use for phonograph-motor
drives, their synchronous speed enabling a governor to be dispensed
with and freedom from tone waver to be secured.

The Telechron motor, which is so widely used for operating electric
clocks, also operates on the hysteresis-motor principle. In the
Telechron motor, a two-pole rotating field is produced in a cylindrical
air space, and into this space is introduced a sealed thin-metal cylinder
containing a shaft carrying one or more hardened magnet-steel disks,
driving a gear train. The 60-Hz magnetic field causes the steel disks to
revolve at 3600 r/min, driving through the gears a low-speed shaft,

Figure 8.7 Holding torque vs. rotor
position for a 3-phase, VR step motor,
24 steps per revolution, bi-directional,
1600 steps/s.
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usually 1 r/min, which merges from the sealed cylinder through a
closely fitting bushing designed to minimize oil leakage. Although the
magnetic field has to cross a very considerable air-gap length and pass
through the thin walls of the metal cylinder, the power required to
drive a well-designed clock is so small that sample output is obtained
with only about 2 W input for ordinary household-clock sizes.

The hysteresis motor has been displaced for phonograph and tape-
reel drives by the transistor-driven brushless dc motor. It has been
displaced for electric clocks by solid-state circuits with digital readout.

8.7 Alternating-Current
Commutator Motors

8.7.1 Classification2

As compared with the induction motor, the ac commutator motor
possesses two of the advantages of the dc motor: a wide speed range
without sacrifice of efficiency, and superior starting ability. In the
induction motor, the starting torque is limited by the small space-phase
displacement between the air-gap flux and the induced secondary current
and by magnetic saturation of the flux paths. In the ac commutator
motor, on the other hand, the air-gap flux and current are held at the
optimum space-phase displacement by proper location of the brush axis,
and the secondary current is not limited by magnetic saturation, giving
high torque per ampere at starting. Furthermore, the series commutator
motor may be operated far above the induction-motor synchronous speed,
giving high power output per unit of weight.

Alternating-current commutator motors may be grouped into two
classes:

1. Those motors in which the resultant mmf providing the flux increases
with the load. When operated from a source of constant voltage, the
speed of such motors decreases with increasing load. They are termed
series motors from the similarity of their characteristics to those of series-
wound dc motors. The speed at any given load may be varied by changing
the applied votage or, in some cases, by shifting the brushes.

2. Those motors in which the resultant mmf providing the flux is
substantially constant irrespective of the load. For operation from a
source of constant voltage, the speed of such motors is approximately
constant. The speed may, however, be increased or decreased

2C.W.Olliver; “The A-C Commutator Motor”; Princeton, N.J., D.Van Nostrand
Company, Inc., 1927.
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(independently of the load) by increasing or decreasing the voltage at
the terminals of the motor, by brush shifting, or by the provision of
suitably disposed and connected auxiliary coils. Such motors are termed
shunt motors.

Alternating-current commutator motors are either single-phase or
polyphase. A unique characteristic of all single-phase motors is a double
line-frequency pulsation of the torque produced, corresponding to the
sinusoidal variation twice each cycle of the single-phase power supplied.
This torque pulsation is partly transmitted to the load, causing small
speed pulsations and necessitating special coupling and mounting
designs to minimize vibration and fatigue stresses.

Polyphase commutator motors have the advantage of better inherent
commutating ability, due in part to the need for shifting the rotor current
only 60° in time phase at each brush stud for a six-phase motor of 30°
for 12 phases, as compared with 180° shift for a single-phase or dc
machine. Single-phase motors are generally limited to sizes below about
10 hp, except for railway applications.

With the advent of solid-state devices, the ac commutator motor is
being displaced by the thyristor-rectifier-powered dc motors and inverter-
fed induction motors, at less cost and superior performance. The dc motor
does not have the difficulties of commutation, the requirement for extra
windings, and shifting brush arrangements, and can be built on an
unlaminated frame. The induction motor has no commutator and can
run at the high speeds of the commutator motor.

8.7.2 Single-phase straight series motor

An ordinary dc series motor, if constructed with a well-laminated field
circuit, will operate (although unsatisfactorily) if connected to a suitable
source of single-phase alternating current. Since the armature is in
series with the field, the periodic reversals of current in the armature
will correspond with simultaneous reversals in the direction of the flux,
and consequently the torque will always be in the same direction. But
the inductance of the motor will be so great that the current will lag far
behind the voltage, and the motor will have a very low power factor.
The entire amount of armature flux produced along the brush axis
generates a reactive voltage in the armature, which must be overcome
by the applied voltage, without performing any useful function
whatever.

When the motor is first thrown in the circuit, and before the armature
has moved from rest, the field constitutes the primary of a transformer
and sends flux through the armature core. Those armature turns which
at that instant are short-circuited under the brushes act as
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short-circuited secondary coils and are traversed by heavy currents
which serve no useful purpose whatever and occasion serious heating.
When the armature starts to revolve, these short-circuited turns are
opened as they pass out from under the brushes and are replaced by
other turns which are momentarily short-circuited and then opened.
These interruptions of heavy currents are accompanied by serious
sparking, since the heating is concentrated at the few segments on
which the brushes rest. As soon, however, as a certain speed is acquired,
the heating is distributed over all the segments and the conditions are
ameliorated. This source of sparking is, then, most serious at the
moment of starting. This difficulty has been minimized by operating at
a lower frequency than 60 Hz and by the employment of leads of high
resistance connecting the winding to the commutator segments.

The simple single-phase series motor has therefore two major faults,
low power factor and poor commutation at low speeds, confining its use
to fractional horsepower and very high speed applications.

8.7.3 Single-phase compensated
series motor

In all except the smallest sizes, it is usual to employ a compensating
winding on the stator, in series with the armature and so arranged that
its mmf as nearly as possible counteracts the armature mmf. A
commutating winding is also frequently used, which somewhat over-
compensates the armature reaction along the interpolar, or
commutating-zone, axis and so provides a voltage to aid the current
reversal, just as in a dc motor. By these means, the flux along the brush
axis is reduced to a small fraction of its uncompensated value, and the
power factor of the motor is greatly improved. Further improvement of
the power factor is secured by using a smaller air gap and
correspondingly fewer field ampere-turns than in an uncompensated
motor, thus reducing the reactive voltage in the series field to a
minimum.

8.7.4 Universal motors

Small series motors up to about  rating are commonly designed to
operate on either direct current or alternating current and so are called
universal motors. Universal motors may be either compensated or
uncompensated, the latter type being used for the higher speeds and
smaller ratings only. Owing to the reactance voltage drop, which is
present on alternating current but absent on direct current, the motor
speed is somewhat lower for the same load ac operation, especially at
high loads. On alternating current, however, the increased saturation
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of the field magnetic circuit at the crest of the sine wave of current may
materially reduce the flux below the dc value, and this tends to raise
the ac speed. It is possible, therefore, to design small universal motors
to have approximately the same speed-torque performance over the
operating range, for all frequencies from 0 to 60 Hz. On a typical
compensated-type  motor, rated at 3400 r/min, the 60-Hz speed
may be within 2% of the dc speed at full-load torque but 15% or more
lower at twice normal torque, while on an uncompensated motor the
speed drop will be materially greater.

The commutation on alternating current is much poorer than on direct
current, owing to the current induced in the short-circuited armature
coils, and this provides a definite limitation on their size and usefulness.
If wide brushes are used, the short-circuited currents are excessive and
the motor-starting torque is reduced, while if narrow brushes are used,
there may be excessive brush chatter at high speeds, causing short brush
life. Good design, therefore, requires careful proportioning of commutator
and brush rigging to meet conflicting electrical, mechanical, and thermal
requirements. Universal motors are generally used for vacuum cleaners,
portable tools, food mixers, and similar small devices operating at
maximum speeds of 3000 to 10,000 r/min.

The speed of the universal motor is controlled by means of a half-
wave thyristor, or full-wave triac, as shown in Fig. 8.8.3 The control
device governs the half-wave average voltage applied to the motor as a
function of the firing angle. The firing circuits are usually relatively
simple. The speed is controlled by changing a resistance value, such as
Rc, in Fig. 8.8. The characteristics of a universal (series) motor with
half-wave control are shown in Fig. 8.9.

Figure 8.8 (a) Half-wave series universal motor circuit; (b) full-wave series universal
motor circuit, and the holding torque angle curves. Stepper motors are available with
holding torques up to 400 oz · in.

3A.Kusko; Solid-State DC Motor Drives; Cambridge, Mass., MIT Press, 1969.

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Other Types of Electric Motors and Related Apparatus



Other Types of Electric Motors and Related Apparatus 309

8.8 Fractional-Horsepower-Motor
Applications

8.8.1 Scope

A fractional-horsepower motor is defined by NEMA as either (1) a motor
built in a frame with a NEMA two-digit frame number, or (2) a motor
built in a frame smaller than the NEMA frame for a 1-hp, open-
construction, 1700- to 1800-r/min, induction motor. The two-digit frame
number is defined as 16D, where D is the height of the shaft centerline
above the bottom of the mounting base. Fractional-horsepower motors
include one-phase and three-phase induction and synchronous motors,
one-phase universal motors, and dc motors. Ratings, with minor
exceptions, are to  to 1 hp, inclusive, Motors of smaller ratings are
classified as subfractional or miniature.

8.8.2 Purpose

General-purpose motors are of open construction, rated at 60°C
temperature rise by resistance over a 40°C ambient temperature. They
are designed according to standard ratings with standard operating
characteristics and mechanical construction for rise under usual service
conditions without restriction as to a particular application or type of
application. A definite-purpose motor is any motor designed according
to standard ratings with standard operating characteristics or
mechanical construction for use under service conditions other than the
usual or for on a particular type of application.

8.8.3 Selection of type

The principal characteristics of fractional-horsepower motors are shown
in Table 8.1. For any application, the motor selected should meet the

Figure 8.9 Measured speed-load
torque characteristics of series
motor and half-wave thyristor
control.
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TABLE 8.1 Characteristics of Fractional-Horsepower Motors
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application and power supply requirements at the least cost. Numerous
trade-offs are possible, for example, speed changing infinite steps
compared to continuously adjustable-speed solid-state drives.

8.8.4 Ratings

Standard voltage and frequency ratings for ac motors are listed in Table
8.2 and for dc motors in Table 8.3.

8.8.5 Service conditions

General-purpose motors are designed to operate under the usual
service conditions of 0° to 40°C ambient temperature, altitude to 3300
ft (1000 M), and installation on rigid mounting surfaces where there is
no interference with the ventilation. Some general-purpose, definite-
purpose, and special-purpose motors can operate under one or more
unusual service conditions, which include exposure to dust, lint,
fumes, radiation, steam, fungus, shock; operation where voltage,
frequency, waveform, and form factor deviate from standards; and
over-speed, overtemperature, and excess altitude operation. The

TABLE 8.2 Voltage Ratings of AC
Fractional-Horsepower Motors

TABLE 8.3 Voltage Ratings of DC Fractional-Horsepower Motors

*Can operate from dc to 60 Hz.
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manufacturer should be consulted for operation under unusual
service conditions.

8.8.6 Thermal protection

Many single-phase motors are now available with a built-in thermal
protector which affords complete protection from burnout due to any
type of overload, even a stalled rotor. Most such devices are automatic-
resetting, but some are manual-resetting. Motors that are protected
usually are marked externally in some way to indicate the fact.

8.8.7 Reversibility

In general, standard motors of the kind listed in the table can be arranged
by the user to start from rest in either direction of rotation. There are
exceptions, however, Shaded-pole motors, unless of a special design,
can be operated in only one direction of rotation. Small dc and universal
motors often have the brushes set off neutral, preventing satisfactory
operation in the reverse direction. Single-phase motors which use a
starting switch ordinarily cannot be reversed while running at normal
operating speeds, because the starting winding, which determines the
direction of rotation, is then open-circuited. By use of special relays this
limitation of split-phase and capacitor-start motors can be overcome
when necessary. Such motors are built for small hoists. High-torque
intermittent-duty permanent split capacitor motors; repulsion-induction
(buried-cage) motors; and split-series dc or universal motors are often
built for plug-reversing service. Standard polyphase induction motors
can be reversed while running, as can the smaller ratings of dc motors;
such applications should preferably be taken up with the motor
manufacturer.

8.8.8 Mechanical features

Rigid and rubber-mounted motors are commonly available. Sleeve and
ball bearings are both standard. Sleeve-bearing motors are designed for
operation with the shaft horizontal, but ball-bearing motors can be
operated with the shaft in any position. For operation with the shaft
vertical, sleeve-bearing motors may require a special design. Rubber
mounting is widely used for quiet operation, because all single-phase
motors have an inherent double-frequency torque pulsation. An effective
and common arrangement uses rubber rings concentric with the shaft
and so arranged as to provide appreciable freedom of torsional movement
but little other freedom. Sometimes the driven member picks up the
double-frequency torque pulsation and amplifies it to an objectable noise,
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for example, a fan with large blades mounted rigidly on the shaft. The
cure for this difficulty is an elastic coupling between the shaft and the
driven member; no amount of elastic suspension of the stator can help.
Standard motors are generally open and of dripproof construction.
Splashproof and totally enclosed motors are easily available.

8.8.9 Inputs of small single-phase motors

See Table 8.4. Full-load torque, in terms of horsepower and rated
speed, is

8.8.10 Application tests

The primary object of any application test is to determine the power
requirements of the appliance or device under various significant
operating conditions. A convenient way of doing this is to use a motor of
approximately the right horsepower rating and of predetermined
efficiency at various outputs. Watts input are carefully measured under
each condition. From the watts input observed (never use current as a
measure of load except for dc motors) and the known efficiency, the load
is readily determined. Care should be taken in measuring the watts
input to correct for the meter losses.

A second, and equally important, object of the test is to determine
the actual locked-rotor and pull-up torques required by the appliance.
The locked-rotor and pull-up torques of the test motor should be known
or measured at rated voltage and frequency. (Locked-rotor torque often

TABLE 8.4 Approximate Starting- and Full-Load Current for
Single-Phase 115-V Motors

NOTE: A=amperes; W=watts; Des.=Designation.
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varies with slight changes in rotor position.) Using a transformer or
induction regulator to obtain a variable voltage (do not use a resistance
or choke for this purpose), measure the minimum voltage at which the
motor will start the appliance and also the minimum voltage at which it
will pull it up through switch-operating speed. Assuming that the pull-
up and lock-rotor torques each vary as the square of the applied
voltage, it is then a simple matter to determine the actual locked-rotor
and pull-up torques required by the device. After a motor has been
selected, it should be determined whether or not it can operate the
device at 10% above and below normal rated voltage of the motor or
over a wider range of voltage, if desired. If exceptional load conditions
may occasionally be encountered, use of a motor equipped with
inherent-overheating protection is often desirable.

8.8.11 Definite-purpose motors

For a number of important applications, involving large quantities of
motors, NEMA has developed standards to meet these special
requirements effectively and economically. Motors built to these standards
are usually more readily obtainable and economical than special motors
tailored to one application. Highlights and distinguishing features are
given in Table 8.5. More details can be obtained in NEMA Standards.

8.8.12 Small synchronous motors

Small synchronous motors in the 1.5- to 25-W range for timing, tape
drives, small fans, and record players are available as brushless dc
motors or as hysteresis motors. The brushless dc motor consists of a
permanent-magnet field, two-phase, synchronous motor driven by
transistors from a dc source. The transistors are switched from a Hall-
device signal which senses the rotor position. A regulator maintains
constant speed.

Shaded-pole hysteresis motors, which operate at synchronous speed,
are essentially the same as shaded-pole induction motors except that
they use rotors of hardened-steel rings of a material having high
hysteresis loss. Large quantities of such motors are built for clocks and
timing devices. Clock motors have an input of 1.5 to 2 W and an output
of a few millionths of a horsepower. Large motors with inputs up to 15
W are built for heavier duty applications. Rotor speeds are commonly
450, 600, and 3600 r/min. Most of these motors are furnished with built-
in reduction gears to give output speeds of 60 r/min to 1 r/month.

Reluctance motors, both self-starting and manual-starting types, are
available for similar applications. Another type used is the
synchronous-inductor motor, which is essentially an inductor
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TABLE 8.5 NEMA Standards for Definite-Purpose Motors

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Other Types of Electric Motors and Related Apparatus



Other Types of Electric Motors and Related Apparatus 317

alternator used as a motor; field excitation is furnished by a permanent
magnet.

8.9 High Torque Motors

8.9.1 Introduction

Of course all motors are intended to produce torque, so the notion of
“high torque” motor is perhaps a bit odd. What is meant by this term is
a description of motors in which torque density (torque per unit weight
or torque per unit volume) is the important attribute and in which tip
speed or other speed-related effects are not important. Motors of this
description would be used for applications such as direct drive of ships
or wheel motors in automobiles.

This section focuses on generic features of machines and avoids detail
as much as is possible. It includes a few comments on radial and axial
gap machines. Two exotic machine types are described.

Some degree of caution is required here. Some first-order (partial)
optimizations are carried out, assuming that all parameters, other than
the one or two we are considering, are (or can be) held constant. This is
not always strictly true.

8.9.2 Cylindrical rotor machine

In “standard” machine geometry, the stator is on the outside and consists
of ordinary windings in slots and “back iron” to make up the magnetic

TABLE 8.5 (Continued)
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circuit. Analysis of rotor outside machines would not differ from this by
very much.

Torque produced by a cylindrical rotor is

 

where τ is the average shear stress produced by the electromagnetic
interaction, R is the rotor radius and � is the active length of the machine.
Here, we assume that the radial flux density and the axial surface current
density are ideally situated

 

Of course, these quantities may be viewed as the active components: in
the stator winding, the total flux density may contain a component in
quadrature with Br or the surface current may contain a component in
quadrature with Kz. In either case, it is the components of radial flux
density and axial current density that are in phase with each other that
produce torque.

Rotor volume is simply

so that the torque per unit volume is

 

The total volume of a machine is substantially more than just rotor
volume, so it is necessary to include radial space for the stator windings
and back iron and axial space for the end windings

 

It may be appropriate to make a few first-order estimates of these
quantities. The radial dimension of the current carrying region of the
machine is

 

where Ja is current density in the stator slots and �s is azimuthal slot
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factor. There are a number of limits to both current density and total
current. One of these is heating, both obvious in nature and difficult to
cast in general terms.

8.9.2.1 Tooth flux. A second set of armature-current limits arises because
stator currents produce magnetic fields, both across the gap and within
the stator (slot leakage), and these fields add to the flux density that
must be carried by the teeth and back iron of the magnetic circuit. To
model this, assume that the part of the magnetic circuit that consists of
slots and teeth is very highly permeable in the radial direction (µ→ ∞),
but has a much lower permeability in the azimuthal direction (µθ ≈ µ0/
�s). Then, in the ideal case the cross-slot flux density is

where the slot bottom radius is Ri=R-hs. At the tooth tips, this is

 

This would impose one limit on total surface current, since this azimuthal
flux density and the radial flux density of interaction must be carried in
the teeth. Since these fluxes are orthogonal, they add to form a peak
flux density

 

Since τ =Br0Kz0, the maximum value of shear stress indicated occurs when

 

where Bs is the maximum working flux density in the teeth (ordinarily
this would be saturation flux density). This would, in turn, indicate a
maximum surface stress level of

 

and since �s≈ ½

 

If saturation flux density is taken to be about 2 T, this works out to be
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about 400 kPa (about 58 PSI). Interestingly, the most highly stressed
machines currently operated are also the largest, turbine generators,
and they achieve on the order of 30 PSI.

For completeness, consider another limit which is unlikely to be
reached: cross-slot leakage flux must be carried through the teeth and
magnetic circuit. To estimate the load on the tooth roots, note that flux
density has no divergence

 

this means that

 

(Note this analysis assumes that the slots have uniform width so that
µθ/r is constant and equivalent to its value at the radius R.) The magnetic
flux density in the tooth region can be computed as

 

Assume that none of this flux crosses the air-gap. Then, assuming that
all of the radial flux density is in the teeth, one can estimate the tooth
root flux density

 

Note that, unless the machine has very deep slots, this flux density is
unlikely to approach the saturation limit.

8.9.2.2 Back iron. Flux density in the core is easy to compute, and is

 

so that, assuming that the core and teeth will be operating at about the
same flux density (presumably saturation density), we can estimate a
requirement for core depth
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8.9.2.3 End windings. The end windings are, of course, subject to specific
construction details. They will add, however, some length to the motor
which is of the form

 

The coefficient ß will depend on construction, but is on the order of one.

8.9.2.4 Volume torque density. The volume torque density can be
expressed in a number of ways. Using overall volume, it is

 

Perhaps more interesting, particularly when considering high torque
density machines, which tend to have large values for p, is to consider
the active volume. Suppose we have a machine in which the active
part of the rotor has the same radial extent as the stator: the active
area will be

 

This indicates a torque per unit volume

 

A few immediate conclusions arise from this:

1. Torque density increases directly with rotor radius, pushing high
torque machines to maximum practical radius.

2. Large pole numbers (p) reduce the impact of both back iron (tb) and
end-winding length (��).

3. The value of large pole numbers hits a point of diminishing return,
when tb becomes less than hs.

8.9.3 Axial flux machines

These are often called “disk-type” machines because the active elements
are shaped like disks. They are characterized by multipole flux in the
axial (z) direction and by radial currents and they can be of any of the
major classes. This analysis treats a machine-type which could be either
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synchronous or induction, but permanent magnet and even reluctance
machines can be made in this format.

Shear stress in an axial gap machine is of the form

 

Now, since surface current has no divergence , the radially
directed current is

 

But note also that, if the slots in the magnetic circuit are of constant
width, the average operating magnetic flux density is also a function of
radius. Noting  as the peak flux density (in a tooth), the RMS flux
density at some radius r is

 

The width of the teeth increase with radius

 

where Ns is the number of teeth and ws is slot width. If we note the slot
fraction at the inner radius as

 

then the tooth fraction is

 

The surface traction (shear stress) is then

 

where K0 is slot surface current density and B0 is RMS fundamental (in
the teeth) flux density.

To get actual torque, integrate over the active radius range of the disk
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It is possible to maximise this with respect to the radius ratio x= Ri/Ro

and the slot fraction at the inner radius lsi. The process is standard
(even if a bit naive) and results in x= Ä and lsi=1. That is, the optimum
value for inner radius is one-third of outer radius and the optimum
value of slot fraction at the inner radius is unity. Thus, the slots occupy
the whole of the inside circumference and one-third of the outer
circumference.

This optimum is at best questionable, since it was derived with no
variables other than the active disk in mind. Of course other things,
including end-turn shape, machine cooling and structure will affect these
choices, but the final machine will probably not be too far away from
this. The result is a torque of

 

Note that this does not yet yield a volume. To find a volume, one must
include the end turns and active length of the machine.

8.9.3.1 End turns. These are perhaps more properly called “edge turns”.
This is really the space required to connect windings at the outer
periphery of the rotor (and stator). The total width of conductors that
must be carried from one half-pole to the next half-pole (one-half of the
width of all conductors in a pole) is

 

This reflects the notion that the radial extent of the end windings is
equal to the azimuthal width of all of the conductors coming out of one-
half of a pole. Now, the slot fraction at the outer periphery is

 

so that the fractional edge winding is

 

The length of the machine will be affected by “end iron”. The return
path will be nearly the same as for a radial flux machine
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One very interesting feature of axial flux machines is that they can
have multiple interactions disk pairs with only one set of end return
paths. That is, there can be a multiplicity of rotor and stator disks
interacting with flux that threads its way from one end of the machine
to the other. This is shown in Fig. 8.10 If there are nR rotors, total machine
length is

where the axial length of air-gaps is ignored.
Machine volume is then

 

With nR rotors, torque is

 

so that torque per unit volume is, assuming stator and rotor length are
the same (hr=hs)

 

Now, note that if p is large enough, the expressions for relative

Figure 8.10 Disk motor cartoon.
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torque per unit volume for the two machine morphologies (radial and
axial flux) are nearly the same (since  and ½ are fairly close in value).
But note also that the axial flux machine uses nearly all of its volume
(nearly all of it is active), whereas the radial flux machine has a large
“hole” in the center, and the total volume of such a machine will be
much larger than the active volume.

8.9.4 Step-motor like PM machines

This machine has a relatively high pole number and is built in such a
way that its active radius is as large a fraction of its outer radius as
possible. These features make this geometry suitable for relatively low-
speed applications such as traction drives for buses and automobiles.

The machine is shown in cartoon format in Fig. 8.11. Its rotor is the
outermost element, making this an “inside out” machine. A row of
permanent magnets is mounted to the inside of an outer shell which
forms the magnetic return path as well as the shaft. The magnets are
alternately polarized.

The machine stator consists of a number of poles different (usually
smaller) than the number of magnets. Wound on these poles, one coil
per pole, is a multiple-phase armature winding. The required number
of armature phases may be greater than three. Shown in the cartoon,
for example, is a 12-pole (six-phase) stator winding and a 14-pole rotor.
The electrical frequency is ω =pΩ, in this case p=7.

The stator poles have concentrated windings around them, so the
end turns are uncomplicated and short. The back iron of the rotor must

Figure 8.11 Step-motor-like PM
machine.
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carry only one-half of the flux associated with one pole—a relatively
small part of the total flux used by the machine.

Approach this machine at first by using a current sheet approach. To
start, look at one pole with a phase winding around it. If the pole covers
an angular extent θp (a physical, as opposed to electrical angle), it
produces an MMF

 

(Note that this isolated pole also has a “DC” flux component which can be
ignored because of what happens next.) Now, assume that there are Np

of these spaced about the circle and driven by appropriate currents. Using
the index j to denote the progression of these, we find total MMF to be

 

Assume the machine will be driven with currents which are periodic
and which lag each other in time

 

Assembling all of this, the MMF distribution is

 

where

 

and in the last two expressions, k is an integer.
Of course, the interesting current component is the one with n=the

number of magnet pole pairs.
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To get some idea of what is happening here, note that the total number
of ampere turns could be written as either

 

or

 

where I0 is the maximum current amplitude and K0 is the measure of
the total current sheet magnitude. Thus

Equivalent surface current here is:

 

This looks very much like the expression obtained with a conventional
stator winding. This results in large current component at the right
space and time order by picking angles that make fm and kn right at the
right orders.

Suppose, for example, that the number of magnet pairs n0=Np+ 1.
This would be a likely combination. Some pictures here have been
calculated and drawn for Nr-10, n-11. If θp p/Nr, an approximation that
ignores the need for slot openings

 

This is not too far from one if R is relatively large.
This produces a whole sequence of synchronous harmonics

 

8.9.5 Transverse flux machines

Particularly for low-speed machines, the use of short-pole pitch has
advantages: it reduces required end-turn length and depth of back iron
in the magnetic circuit. On the other hand, short pole-pitch machines
have relatively large magnetizing MMF requirements because every
pole must be excited. Further, low-speed machines are inefficient because
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conduction losses are normally associated with torque, while power is
torque times speed.

The transverse flux machines described here are an attempt to take
advantage of really short-pitch configuration to shorten further the
current path in a machine, reducing the conduction loss. They do this
by distorting the magnetic circuit (lengthening it considerably). They
also use permanent magnets to provide for the relatively large MMF
requirements.

Figure 8.12 shows two variations on the configuration. The simplest
version is a single-phase machine (typically, multiple phases are
arranged in different “rings”. Current is carried in a single-circular
coil, linking flux with a ring of permanent magnets. Engaging the tips
of the yokes that go around the coil are pairs of permanent magnets
driving flux around each yoke. The magnets labeled “S” are matched
behind the coil with “N” magnets. The two magnets are linked by back-
iron elements below the magnets. Current as labeled in the coil would
be driving flux downward in the near legs of the yokes (as seen in this
view), attracting the “S” poles and providing torque in the “clockwise”
direction.

A two-phase version of the same machine could be made by using
yokes both above and below, alternating with flux return elements. Two
circular coils would drive currents in quadrature phase relationship.
This second configuration might be re-drawn as shown in Fig. 8.13. This

Figure 8.12 Transverse-flux machine geometry. Source: New Permanent Magnet Excited
Synchronous Machine with High Efficiency at Low Speeds, H.Weh, H.Hoffman, and
J.Landrath. Proceedings: International Conference on Electric Machines, 1988.)
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is a flattened-out version, justified by the fact that the machine it models
will have a lot of poles and therefore relatively little curvature.

This one is most easily approached using an energy method. Magnetic
co-energy is, for this system

 

For this configuration, coil inductance does not depend on rotor position, so

 

Note that the first term, which relates to the co-energy of the magnets
alone, will, in general, be a function of rotor position. This will produce
“cogging” torque due to the permanent magnets interacting with the
cores but it will have zero average value, so we can ignore it. Force
is then

 

Flux is a “triangle” wave with peak value (per yoke)

 

where Br=µ0M0 is magnet remnant flux density, Nc is the number of
turns in the coil, w is width of one leg of the yoke and lp is yoke length.

Figure 8.13 Two-phase transverse-flux machine.
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This flux distribution is shown in Fig. 8.14. The slope of the triangle
wave is the peak flux over engagement distance, so if I has proper sign

 

To get some idea of what kind of force density can be produced with this
machine, see that with two phases, two-thirds of the surface is covered
with active cores. Since the current and magnets aid in producing flux,
a limiting value for current is

 

Remember there are two sides to the yoke. Or I is limited to

 

Using a little shorthand

 

Now, since spacing is one-half of core length and actual device width is
2w, neglecting coil width, force density is

 

This expression is still highly simplified since it assumes an arbitrary

Figure 8.14 Flux linked by yoke.
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value of g/�. Note: it does not account for coil width, but does charge for
both upper and lower surfaces of the rotor.

Suppose g/�=  is possible. The maximum force density occurs when
aξ=½. If core flux density Bg≈1.8T, then τ=≈86 kPa (about 12.5 PSI).

This might be carried even further by considering a flux concentrating
version of this, which turns out to be somewhat similar to a PM biased
variable reluctance machine.

Shown in Fig. 8.15 is a single-phase machine which has two coils,
two sets of yokes, two rows of magnets and poles and problematical
structure. The path of flux is complex: assume that the poles are lined
up with the yokes, see that flux goes around one yoke, splits in the pole
underneath and goes through two of the magnets and then around the
two yokes underneath those magnets. In those yokes, of course, there is
also flux from the adjacent top yokes, preserving symmetry.

Magnet MMF is

 

Magnet reluctance is

 

Gap reluctance (facing one magnet) is

Figure 8.15 Flux-concentrating transverse-flux machines. (Source: New Permanent
Magnet Excited Synchronous Machine with High Efficiency at Low Speeds, H.Weh,
H.Hoffman, and J.Landrath. Proceedings: International Conference on Electric Machines,
1988.)
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where �m is magnet circumferential length, hm is magnet radial height,
wp is pole (and magnet) axial width, �p is pole circumferential length,
and g is physical gap dimension.

Flux per magnet is

 

where

 

Co-energy exchange over one-half cycle is

 

Note that this involves the same current I in both coils, since half of the
magnet flux is in an upper yoke and half in a lower yoke. Then total
force is

 

since that is the “pitch” of the co-energy change.
It is a bit difficult to get a hard limit on the actual physical quantities

here. Assume that current is limited by magnetic saturation. Saturation
flux is

 

and if we assume that  then

 

The co-energy change becomes

 

With a little manipulation, this becomes
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That is the force associated with one magnet, which has total area (both
sides, magnet plus associated poles) of

This implies a maximum developed shear of

 

There are no good rules nor limits for these dimensional parameters,
but suppose  (which
are not out of the ordinary). Then the saturation limit is reached when
the peak force density is

 

This would correspond with nearly 540 kPa or 78 PSI.
The literature suggests somewhat lower limits—on the order of

135 kPa.

8.9.6 Suggestions for further reading on
fractional-horsepower-motor applications

Miller, R.; Fractional Horsepower Electric Motors; New York, Macmillan, 1984.
Standards for Fractional Horsepower Motors; NEMA Publ. MG2, 1951, New

York, National Electrical Manufacturers Association.
Veinott, Cyril G.; Fractional Horsepower Electric Motors, 2d ed.; New York,

McGraw-Hill Book Company, 1948.
Veinott, C.G., and Martin, J.E.; Fractional and Subfractional Horsepower

Electric Motors; New York, McGraw-Hill Book Company, 1986.
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Chapter

9
Motor Noise and Product Sound

R.Lyon

9.1 The Role of Sound In
Product Acceptance

We often think of the sound of products in general, and of motors in
particular, as “noise”—unpleasant and unwanted. People want to buy
motors that are quiet, and designers and manufacturers seek to provide
them. However, the goals for the sound of the motor, or the complete
product can be elusive. Sounds identify products and inform us about
how they are working. The sound of an automobile can conjure up an
image of a sportscar of the 1950’s and 1960’s, motorcycle sounds are
used to advertise and even represent a particular brand, and the soft
sound of a room ceiling fan is said to establish a safe and comfortable
home environment. The sound of a new car door closure reinforces our
satisfaction with owning a quality product. Sound is so much more than
noise.

Of course, unwanted noise is indeed a feature of product sound, and
electric motors are often a major ingredient of that sound. The sound of
a vacuum cleaner has a large component due to motor noise, a sound
that is annoying and at the same time conveys a perception of greater
cleaning power. The motor and fan in a room air cleaner or computer
are doing a useful job, but over a long period of time, they can lead to
annoyance and dissatisfaction with the product.

We also use product sounds to detect problems. A motor with
squeaking brushes will quickly convey a message of poor quality. A
projector that has a 120 Hz hum broadcasts cheap parts and construction.
Motor sounds are both wanted and unwanted, and the first step for us
is to be able to tell the difference.
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9.2 Descriptions and Causes of
Motor Sounds

A designer must be concerned with the physical causes for the various
sources of motor vibration and sound, and their correlation with the
subjective reaction to the sounds. One aspect of the subjective reaction
is the words that people use to describe motor sounds. We do not expect
the verbal descriptions to necessarily uniquely define the source of sound.
Words like whine, squeal, ticking, buzz, and hum are used in the motor
industry as well as by the general population. If there were a one-to-one
correspondence between such descriptions and physical causes for the
sound, our life would be somewhat easier, but the unfortunate fact is
that sounds, due to different physical causes, may end up being described
by the same word.

An example of this is the whine of a motor. Unless the motor is driving
a gear (which can whine as well), whine often arises in a motor with
commutator and brushes. It may be due to the fluctuating force between
the brush and commutator, but it can also arise from electro-magnetic
force variations on the rotor and stator. In both cases, a resonance of
the motor structure is excited by the force, leading to a perceptible
increase in the sound as a certain speed is attained by the motor. Figures
9.1 and 9.2 show examples of whine caused by brush-commutator forces.
Figure 9.1 shows a peak in noise due to a resonance between the motor
and the stator, while Fig. 9.2 shows a whine as the brush forces excite a
resonance of the stator shell.

9.3 Sound Quality (SQ) and Jury Testing

The complex pattern of annoyance and meaning as reflected in product
acceptability is referred to as sound quality. In some cases, the
relationship between acceptability and sound is fairly simple. A
regulation or industry code may specify that product sound not exceed
a certain number of decibels, either in sound pressure level Lp, or sound
power level Lw (see below for the definition of these quantities). In such
a case, meeting the requirement is confirmed by a physical measurement,
which may be cumbersome, but is well defined. However, if the
requirement is “customers should like the sound,” then a physical
specification or measurement will not be adequate.

People’s preferences for perfumes, foods, or sounds can be determined
from the technique of jury testing. Table 9.1 lists the major components
of a jury test of product sounds. A group of respondents (jurors) is chosen
based on the characteristics of the customers for that product (age,
gender, socio-economic status, experience, etc.). A group of sounds,
anticipated from variations in the product design, is generated and
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recorded for later playback (the stimulus set). The jurors are asked to
respond to these sounds in terms of various perceived product attributes,
such as quality of construction, effectiveness in function, annoyance of
sound, etc.

Commonly used response formats are paired comparisons (eg. “listen
to the following two sounds and select the one that gives the impression
of a higher quality product”), fixed interval testing (“judge the following
sounds for perceived quality on a scale of 1 to 9), and magnitude
estimation. Magnitude Estimation is less familiar but has advantages,
particularly when the stimulus set (number of sounds to be compared)
is large. It involves each respondent setting his/her own scale and
responding accordingly. Then, at the end of the test, the respondent
writes down his/her numerical values that correspond to major judgment
categories (eg, the numbers corresponding to very high quality,
moderately high quality, etc.) As a result, all juror responses can be
rescaled to be consistent. A sample instruction set for magnitude
estimation of power and effectiveness is shown in Exhibit A. The response
form that corresponds is shown in Exhibit B.

The relationship between the subjective response and physical
changes in the sounds from product components is obtained by subjecting
the response data to regression analysis Regression analysis

Figure 9.1 Waterfall spectrum shows amplified response as brush frequency coincides
with motor dumbbell resonance at 420 Hz.
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Figure 9.2 Waterfall spectrum shows amplified response as brush frequency coincides
with shell resonance at 1300 Hz.

TABLE 9.1 Components of a Jury Test
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Training in Magnitude Estimation: “The shapes you will see on the screen
have different sizes. I want you to assign numbers to these shapes which
indicate how large or small you think they are. Pick any whole positive number
you want for the first shape. This number is going to be used to compare the
size of the next shape you will see. Fill in the blank space on the sheet that is
labelled with the same letter as that of the shape you are looking at. Write the
number you have picked in that place.

Now look at the second shape on the screen. Your number for this shape
should be assigned in proportion to how much larger or smaller you feel this
one is. If it is the same size, your number should be the same. If it is twice as
big, the number should be twice as big, etc….”

develops a functional (mathematical) relationship between the sound
levels of various machine components and the psychological attribute.
From these data, choices can then be made regarding modifications in
the components, including all or some parts of the motor, which should
lead to greater sound quality. The dependence of the attribute on a
particular source component (motor brushes, airflow, gear noise) might
be dropped from the function, either because the dependence is very
weak (small value of coefficient in the regression function), or because a
statistical test indicates low confidence in the derived value of the
coefficient (jurors unable to make consistent judgments).

Figure 9.3 shows, for example, how the acceptability of a hypothetical
vacuum cleaner is changed by alterations in the motor and airflow
sounds. In this case, there is a combination of reductions in the
component sounds (about 5 dB each) that is expected to optimize
acceptability. In a study of the motor only, the sound sources might be
brush-commutator interaction, cooling fan, bearings, imbalance and
electromagnetic forces. Jury judgment categories might be loudness,
perceived power, and perceived quality.

9.4 Noise Control (NC) vs. Design for SQ

The traditional approach to noise reduction as a part of product design
has been “noise control,” which we will contrast with “design for sound
quality” as seen in Table 9.2. Noise control is the subject of a large number
of texts and handbooks which emphasize add-on devices such as vibration
isolators, damping materials, mufflers and enclosures, and related
methods for reducing radiated sound. Because NC is addon, it is
generally after-the fact, independent of the basic design, and readily

Exhibit A: Instructions for Magnitude Estimation
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Exhibit B: Jury Response Form
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costed independently. It is this after-the-fact character that allows one
to speak of “dollars per dB.” But if one can make such a calculation, it
indicates an after-the-fact approach, which is not desirable and adds
expense, reduces maintainability and may also hinder maintenance.

From the manufacturer’s viewpoint, add-on devices for NC have
another disadvantage, in that they are a fixed cost for every produced
unit. The cost of SQ design effort can be spread over all units, and the
cost per unit therefore decreases as volume increases. Designing the
reduced noise element into the product has more up-front cost, but may
well cost less and result in a more competitive product in the long run.

Design for SQ integrates acoustical principles into the design process,
along with materials choice, structural configuration, and lubrication.

Figure 9.3 Subjective acceptability of vacuum cleaner sound
as a function of motor and airflow noise.

TABLE 9.2 Comparison of Noise Control and Design for SQ
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Because of the interactions among design parameters involved, an
independent costing of design features for sound is not possible (nor is
it for lubrication or structural design). The basic principles of relating
mechanism forces and actions to the vibrations they induce and the
sounds they radiate are known. These principles have to be applied
differently though, if the noise source is electromagnetic as contrasted
with bearing roughness or imbalance.

Still, incorporating acoustics into the basic design may result in
enhanced performance in other areas. For example, perforating a motor
cover to reduce its sound radiation may improve air cooling, and reduce
material usage and weight. An example of this approach is presented
below.

9.5 Measures of Sound and Vibration

Audible sound is a pressure fluctuation in the range of frequencies from
about 50 to 15000 cycles per second (hertz or Hz). The conventional unit
for pressure in acoustics is newtons per square meter (N/m2 or pascals,
Pa). It is common to express the pressure as a level in logarithmic units

 

The pressure p can, in fact, be any pressure, but in acoustics it is
customary to use the measured or calculated root mean square (rms)
pressure in the numerator. The reference pressure pref=2×10-5 Pa, and a
sound pressure level would be stated as X dB re 20 micro pascals (20
µPa), although the reference is usually not stated since it is universal in
air (not so for vibration quantities). Typical values of sound pressure
levels in the vicinity of a motor can range from 50 to 90 dB.

The total sound power radiated can also be expressed as a level in
logarithmic units

 

where Wref =10-12 watts (1 picowatt, or 1 pw)

is the accepted reference power in acoustics. Typical values of power
level for the sound radiated by a motor range from 105 to 109 pw (Lw= 50
to 90 dB re 1 pw). Note that a rather high value of sound power level (90
dB) corresponds to a rather small amount of power (1 mw). A noisy
motor may signal inefficiency, but not because of the power lost in sound
energy!
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The display of the way that sound pressure or power is distributed in
frequency is called a spectrum. Typically, the contributions to power, or
to the mean square (ms) pressure by different frequency components
are grouped into frequency bands, which may be of fixed or proportional
bandwidth as a function of frequency. Most “FFT” (fast fourier transform)
analyzers calculate and present spectral data in constant (fixed)
frequency bands, but this data can also be processed and presented in
proportional bands.

The most common proportional (or constant percentage) band is the
octave band. Each band is labelled by its geometric center frequency fc

and extends from to fc/�2 to fc/�2. The next band is centered at 2 fc, the
next at 4 fc, etc. This frequency scale is presented in Fig. 9.4 using ISO/
ANSI standard center frequencies. Octave bands are rather wide (about
71%), so if more frequency resolution is desired, one can present the
data in third-octave bands, which extend from  to , for a total
bandwidth of . This corresponds to approximately a 23% bandwidth.
The third-octave scale is also shown in Fig. 9.4, using the standardized
band center frequencies. A radiated third-octave sound pressure
spectrum is shown in Fig. 9.5.

When vibration data are to be graphed, the frequency spectra are
typically presented using the same frequency bands as those for sound.
As in the case for sound, vibration amplitudes are also expressed in
logarithmic units, but the reference values are not very well
standardized, and it is extremely important to indicate the reference
quantity. For example, an acceleration level, calculated from La=20
log10(A/Aref), (dB), might use as a referenceAref=1 m/sec2, 1 g (acceleration
of gravity=9.8 m/sec2), or a variety of other values. That is why it is
essential that vibration spectra presented in dB always indicate the
reference quantity when absolute values of vibration amplitude are
required. A sample third-octave spectrum of vibratory motor acceleration
is shown in Fig. 9.6.

When motors encounter rapidly changing loads, or have changing
operational conditions, the frequency spectra of vibrations or sound will
also change. An example of this was shown in Figs. 9.1 and 9.2. Such
presentations are called “waterfall” diagrams, and are possible because
of the ability of modern analyzers to compute spectra for limited time
windows very rapidly. Another form of such a presentation is the
“spectrogram sometimes called a “sonogram” in underwater sound, or a
“voiceprint” in speech analysis. An example of a spectrogram is presented
in Fig. 9.7, showing intermittent “squeak” in a motor due to brush-
commutator slip-stick (discussed below). In Fig. 9.7, the amplitude is
represented by the changing darkness of the pattern. In other equivalent
presentations, amplitudes are shown as color variations, or as contours
as in a topographical map.
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9.6 Examples of Motor Sound Sources

Motor sound usually results from a force or motion that generates audible
frequency energy, a structural response to that excitation (but not
always), and the radiation of sound. We shall deal with these in sequence,
first identifying some of the sources in this section, examples of response
in the next, and then subsequently radiation mechanisms. It is useful
to think of excitations as “dynamic” (specified force), or “kinematic”
(specified motion), much as in electrical engineering where one thinks

Figure 9.4 Standardized center
frequencies of octave and third-octave
frequency bands.
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Figure 9.5 Third-octave spectrum of motor sound pressure level.

Figure 9.6 Third-octave spectrum of motor acceleration level.
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of sources as specified voltage or specified current, although as in
electrical engineering, actual physical sources only approximate these
idealized limits. Because the ways of amelio-rating the excitation depend
on whether it is dynamic or kinematic, such a division has practical
consequences.

9.6.1 Imbalance

Mass imbalance in motors is usually a rotating imbalance, caused by an
asymmetric distribution of mass about the axis of rotation. It can usually
be resolved as two rotating lumped masses at two locations along that
axis, and can be eliminated by “two-plane” or dynamic balancing. Most
motor manufacturers carry out a single-plane or static balance of the
rotor. This will leave an unresolved imbalance in the rotor, and vibration
at the rotation frequency.

The method of balance usually involves adding bits of epoxy material
to the rotor windings (if they exist), or grinding or drilling away bits of
the rotor material. The latter method can be a source of noise itself,
since it can be a source of additional “magnetic runout” (see below).

The effect of imbalance on the vibration spectrum is quite simply a
line at the rotation frequency with some weak harmonics (20 to 40 dB
down from the fundamental), as long as the imbalance does not excite
other sources of vibration, such as rattling. The rotating imbalance in
motors can be very significant at the rotation frequency, but at the
harmonics or multiples of shaft rate, the amplitudes should die away

Figure 9.7 Spectrogram of a motor with squeaking brush-commutator interface.
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quite rapidly—of the order of 20 dB per harmonic. If they do not, that is
usually an indication of another source operating, such as magnetic
runout.

9.6.2 Magnetic runout

Magnetic runout is a variation in the mutual (paired) force between the
rotor and stator during a cycle of rotation. This may be caused by the
rotor not being centered in the magnetic field, or any other variation in
geometry, anisotropic material properties, or winding currents that cause
flux linkage and the resulting forces to vary as the armature rotates. In
general, these variations will have both spatial and temporal harmonics,
leading to vibration harmonics at multiples of the shaft rate, with other
frequencies associated with the temporal harmonics. Since the
magnitude and phase of these forces are relatively unaffected by any
vibrational response that they induce, we can regard them as a “dynamic”
source of vibration.

An example of the sound spectrum of an inexpensive universal motor,
typical of those used in consumer appliances, is shown in Fig. 9.8. The
shaft rate is shown as frot, and several harmonics are clearly evident in
the spectrum. Since this motor operates from 60 Hz power, the
electromagnetic forces are temporally modulated by 120 Hz—the rate
of variation in the magnetic forces. This creates “sidebands” around the

Figure 9.8 Narrow-band spectrum of sound from a universal motor.
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harmonics of the rotation rate. We also see an underlying “foundation”
to the spectrum, identified as structural resonances. We shall revisit
this matter in the following section.

The paired electromagnetic forces that arise between stator and rotor
can be quite complex, and have components in the radial, axial and
circumferential directions. Analytical methods, supplemented by
experiment, are useful in relating these forces to geometric and electrical
design. Analytical methods include both fourier spectral calculations of
the fields and currents, and finite element models for the magnetic
circuits. Experimental methods use the vibrations induced by these
forces, along with structural response data to “back out” the forces
creating these vibrations.

9.6.3 Rotor slip

The rotating magnetic field in an induction motor revolves faster than
the rotor, and the difference in these frequencies is the rotor slip
frequency. Rotor slip results in a form of magnetic force variation in
these motors. As the stator field moves through the rotor bars, induced
currents produce forces that vary in time if the rotating field is not
spatially uniform. These forces occur at the slip frequency and its
harmonics. A particularly strong harmonic is found by multiplying the
slip frequency times the number of rotor bars.

Although the slip frequency is so low in many induction motors that
the rotor slip does not present a noise problem, it can produce audible
sound in small split phase (such as shaded-pole) motors where the slip
frequency is large. In some cases, the slip frequency can be about half
the power supply frequency, and if there are many rotor bars, the
vibration induced can generate audible sound. An example is shown in
Fig. 9.9, which shows a spectrum of the vibration induced by this effect
in a small shaded-pole fan motor.

9.6.4 Magnetostriction

Magnetostriction is a coupling of material strain to magnetic polarization
that is common in ferromagnetic materials, and in certain other
compounds as well (Terfenol D is a particular example). The laminations
of a motor are particularly susceptible to this effect, and cause contraction
and expansion of the magnet stack as the field varies in strength. If the
field alternates, then the strain will have a double frequency component
(typically 120 Hz). There will also be a vibration at the power line
frequency if there is a strong bias field, as in a permanent magnet motor.
Although magnetostriction will occur in a solid material, the vibrations
can be significantly greater if the lamination stack is not rigid.
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This magnetostriction induced component can be seen in the spectrum
of motor noise in Fig. 9.8. The frequency peak at 120 Hz is due to
magnetostriction, but the motor itself does not have a structural
resonance at such a low frequency and it is very small compared to the
wavelength of sound (~2.9m) at 120 Hz. Therefore, any sound radiation
at 120 Hz is very likely due to the vibrational response of the structure
to which the motor is attached.

9.6.5 Brush noise

Universal and dc motors with brush and commutator elements have
geometric and frictional variations at their interface that lead to dynamic
forces, vibration, and noise. There is a “linear” version or component to
this sound that is due to the geometric variations of the commutator
profile that the brush follows. This source is kinematic in the sense
discussed above. Of course, the brush may also bounce on the
commutator. Both effects lead to brush motion that produces vibrations
in the brush holder at mid and high frequencies. These vibrations may
be enhanced by structural resonances in the motor shell or the armature
(see the discussion of “whine” below).

The back end of the brush also radiates sound directly as it vibrates—
generally above 4 to 5 kHz. This end of the brush acts like a small piston,

Figure 9.9 Rotor slip-induced noise from a shaded-pole fan motor.
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and since it is small, it is a very inefficient radiator at lower frequencies,
but as the sound wavelength becomes shorter (~7 cm at 5000 Hz), the
brush is large enough to become a good radiator. An example of sound
radiation computed from brush vibration, and compared with measured
sound radiation from a motor is shown in Fig. 9.10. This type of sound is
also referred to as “whine,” but is not related to any resonance of the
motor structure since it involves only brush motion.

9.6.6 Brush squeak

Under certain circumstances, a motor may squeak because of a brush-
commutator interaction called “slip-stick”—a phenomenon associated
with squeaking of brakes or fingernails on a chalk board. When slip-
stick can couple into a structural resonance, the amplitudes of the
vibration and the sound are greatly enhanced. When brakes squeal, the
drum or disk supplies the structural resonance. Exhibit C describes the
mechanism by which the sliding motion feeds energy into vibration.

Figure 9.10 Sound radiated by the brush compared to total motor sound.
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The Exhibit shows a case where the static and sliding friction values
are constant, but any situation where the frictional force decreases as
sliding velocity increases can lead to oscillations that we might refer to
as stick-slip.

The resonance that couples into squeak must cause vibration that is
parallel to the direction of sliding. In a motor, this will typically involve
a torsional mode of the rotor. Figure 9.7 shows the squeak of a motor at
about 2.7 kHz, with a secondary response at about 4.1 kHz. Figure 9.11
shows torsional resonance frequencies for the rotor of this motor that
coincide with the spectral peaks in the squeak sound.

Exhibit C: Mechanism for Slip-Stick Oscillatio
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These resonances are excited by the sliding interaction between the
brush and the commutator, as described in Exhibit C.

9.7 Structural Resonances and
Amplification of Response

The structural response to the dynamic forces in a motor will be greater
if the frequency of excitation is at or near a natural resonance of the
motor structure. Usually this resonance is local to the motor itself, as
described below. The higher vibration due to the resonance may radiate
sound directly, or it may, in turn, cause the attached structure (base
plate, frames, panels, etc.) to vibrate and radiate sound.

9.7.1 Motor whine

Motor whine is a highly tonal sound that results when periodic forces in
the motor excite a resonance of the motor structure. These forces can
result from various causes: brush-commutator interaction, magnetic

Figure 9.11 Impact response of motor armature showing strong torsional resonances
at 2.7 and 4.1 KHz.
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forces on the rotor due to winding current or flux variations, and/or
similar forces on the stator. It is because there are a number of possible
causes that one must investigate whine very carefully to find a design
solution when whine is a problem.

Although it is not necessary for a resonance of the structure to be
excited in order for forces to generate sound, the sound will usually
only be strong and intrusive when resonances are excited. We can
distinguish three classes of resonances that are excited: “local” resonances
of the stator, local resonances of the rotor, and mutual resonances in
which both the rotor and stator participate. By a local resonance, we
mean a vibration pattern that primarily involves only a portion of the
overall structure. Such resonances are very common in all types of
machinery.

A particular resonance of importance in this regard is the “dumb-
bell” resonance that involves both the rotor and the stator: the masses
of these two elements “bouncing” against each other, while the rotor
shaft, bearings, and bearing supports act as the springs. Typically, this
resonance occurs at a few hundred hertz and may be referred to as “first
critical.” An example of the whine caused by this resonance is shown in
Fig. 9.1, where the resonance occurs at about 420 Hz, and is excited at
the commutation frequency (shaft rotation frequency× number of
commutator bars) by the brush-commutator interaction forces.

Local resonances of the motor stator, including the magnet structure,
the shell, brush plate, and end bells, can also participate in whine. Figure
9.2 shows whine that occurs at 1350 Hz due to a resonant mode of the
stator shell. Again, this is excited by fluctuating forces between the
brushes and the commutator. As the commutation frequency comes into
coincidence with the resonance, the sound increases by more than 20
dB. Local resonances of the rotor are also excited by the forces mentioned,
but because the rotor is more compact and massive, it does not vibrate
with as large an amplitude. In addition, any sound that it radiates is
enclosed by the motor shell, and the sound is blocked from getting out.
It is therefore more difficult to find examples where rotor local resonances
contribute to whine.

9.8 Nonlinear Vibrations and “Jumps”
in Response

No excitation force or vibration in a motor is strictly a linear
phenomenon, but much of the time the nonlinear effects are so weak that
we can ignore them. There are cases, however, where the phenomenon
depends strongly on a nonlinear characteristic of the response, and in
such cases, we must deal with nonlinearities. One such example is a

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Motor Noise and Product Sound



354 Chapter Nine

“jump” phenomenon in which the vibration (and sound) amplitude changes
very rapidly, and in a non-reversible manner as the motor speed
changes.

In a “dumbbell” resonance as described under Motor Whine, the spring
comprises the rotor shaft bearings. Both hydraulic (oil-film journal)
and roller element anti-friction bearings are nonlinear springs, and
generally have a “hardening” characteristic as shown in Fig. 9.12. The
frequency response of a mass-spring resonator with a hardening spring
is shown in Fig. 9.13 for two degrees of nonlinearity. If the nonlinearity
is strong enough, the response will drop off abruptly as the driving frequency
is increased, as shown. As the driving frequency is decreased, the
amplitude will abruptly increase, but at a frequency less than that of the
downward jump.

An example of such behavior is presented here for a shop-type vacuum
cleaner motor unit shown in Fig. 9.14. In this unit, the armature “hangs”
from the motor housing, supported by a ball bearing. As the speed of the
motor is slowly increased, the vibration generally increases, but abrupt
downward transitions occur. As the motor speed is decreased, upward
transitions occur at a succession of frequencies below those of the
downward transitions as shown in Fig. 9.15. Although the motor
armature hanging on the bearing represents a single dof resonator,
multiple transitions occur because the harmonics of the running speed
are able to excite the nonlinear resonance. In practice, only the
transitions during motor slow-down can be heard because when power

Figure 9.12 Force-deflection characteristics for linear, softening, and hardening
springs.
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is applied, the motor speeds up too quickly for jumps to occur. If
nonlinearity is the problem, then linearity may be the solution. In the
motor shown in Fig. 9.14, a resilient piece of elastomer (an O-ring) is
placed between the stationary outer race of the ball bearing and the
motor housing bearing support to linearize the hardening ball bearing
spring. The vibration as a function of motor speed with this modification
in place is shown in Fig. 9.16.

This is only one of a number of potential nonlinear effects in motors,
but in all cases, the message is “find out why the nonlinear effect is
occurring, and find a way to reduce its influence.”

Figure 9.13 Frequency response curves for a hardening spring resonator.
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9.9 Reducing Sound Radiation by
Decoupling from the Air

Sound radiation from a vibrating surface can be thought of as a product
of vibrational response and coupling to the air. Mathematically, this
can be expressed as follows

where ρ is the density of air, c is the speed of sound (the product ρc is
407 mks units), A is the area of the radiating surface,  is the space-
time mean square (ms) velocity on the surface, and srad is the “radiation
efficiency” of the structure. The vibration of the structure’s surface can
be reduced by applying damping (which only affects the resonant
amplification) and/or by applying a treatment to the surface that isolates
(decouples) the vibrating surface from the air. Or, the decoupling can be
accomplished by replacing a solid surface with a perforated surface, or
its equivalent (perforated plate, expanded metal, truss structure, etc.).

9.9.1 Isolating and damping treatments

These treatments are usually “add-ons” applied to a structure to isolate
the vibrations of the structure from the surrounding air. An illustration

Figure 9.14 Sketch of a shop-type vacuum cleaner motor with armature supported by a
ball bearing.
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of such a treatment is shown in Fig. 9.17. This particular design includes
a “free layer” damping element which adheres directly to the structure.
The thickness of a free layer damping treatment should be at least 50%
of the structure thickness for plastic, and 90 to 200% of the structure
thickness for steel or aluminum.

The layer of plastic foam and the outer septum form a mass-spring
resonator. The septum will vibrate less than will the structure above
the resonance frequency of this resonator. A typical transfer function
relating septum to structure vibration for such a decoupler is shown in
Fig. 9.18. One will usually realize a useful amount of sound reduction at
frequencies more than an octave above the resonant frequency. The
providers of these materials have charts that indicate the amount of
reduction that can be achieved in practice.

Figure 9.15 Vibration of shop-type vacuum cleaner vs.
motor speed—shows jumps.
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Figure 9.16 Vibration of shop-type vacuum cleaner vs.
motor speed when bearing stiffness is linearized.

Figure 9.17 Sketch of a damping and isolation treatment for reducing
radiation.
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9.9.2 Decoupling by perforation

If the solid surface of a motor is perforated, then its vibration amplitudes
are not reduced (they may be increased slightly), but the ability of the
structure to compress the surrounding air (and therefore generate sound)
is reduced. This amounts to a reduction in �rad, the radiation efficiency.
“Perforation” can be achieved by actual perforation of a solid sheet, or
equivalently, by using expanded metal or a truss structure of some kind.
Typically, a 9% or greater proportion of open area is able to achieve a
useful amount of reduction.

Figure 9.19 sketches a brushless dc pwm motor of the type used in
computer disk drives. The end bell of this unit that holds the stator coils
was perforated as shown in Fig. 9.20. The result of this change on the
radiated sound is shown in Fig. 9.21, and indicates more than 15 dB
reduction in radiated sound due to the perforations.

Perforation of a motor housing can have other beneficial effects, such
as improved cooling because the air can circulate better through the
motor. But if oil, gases, or dust can pass through the openings and cause
trouble, then perforation may not be possible. Therefore, perforation
has to be regarded as a “target of opportunity,” effective when it can be
used, but it may not be available in many situations.

Figure 9.18 Theoretical vibration and sound radiation
reduction by a foam-septum treatment.
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9.10 Product SQ as a
Company-Wide Activity

Achieving product SQ on a consistent basis, like any product quality
achievement, must result from a company-wide awareness and
commitment. A diagram indicating the functional components of a
product company is shown in Exhibit D. Below is a discussion of the
role of each of these in a company-wide SQ program.

9.10.1 Marketing

Marketing has the job of looking “both-ways”—back to customer
acceptance of products purchased, and forward to what customers will
want to buy in the future. The comments customers make to dealers,
correspondence with manufacturers, and service calls, etc. will indicate
if there may be an SQ problem with the product. This understanding
can be sharpened in focus group studies. If the study is properly designed,

Figure 9.19 Sketch of brushless DC motor used in disk drives.
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Figure 9.21 Effect of perforations on sound radiation from disk-drive motor.

Figure 9.20 Perforation pattern on end bell of
disk-drive motor to decouple vibrations from air.
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it can indicate where sound stands in the rank of important product
attributes, and indicate also the kinds of words and descriptors customers
apply to favorable and unfavorable sounds. Such information can be
invaluable later on if a jury study is undertaken.

9.10.2 Product planning

In dealing with sound, product planners have often made the mistake
of trying to give quantitative goals for SQ when they have no way of
knowing if such a goal will really increase customer satisfaction. Unless
a governmental or other regulatory requirement is to be met, or one
wishes to counter an advertising claim by a competitor, giving a
numerical value for a sound level to be achieved is not likely to be useful.
“Our old model is 76 dB, so the new model should be 72 dB” is,
unfortunately, Product Planning’s too common response to a concern
for noise. A statement such as “The new XP-9 motor needs to sound
more powerful and less annoying than XP-8” may cause consternation
to Engineering, but it says clearly what Product Planning wants. It
should then be up to Engineering, perhaps with Product Planning’s help,
to decide how that goal is to be met with a new design.

9.10.3 Product design

Product design is the engineering function that converts the desires of
Product Planning into a working prototype. The “soft-specs” of Product
Planning must be converted into the “hard-specs” that the design must

Exhibit D: Functional Components of a Product Company
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accomplish. One of the ways this is done is to run jury tests that will
provide the kind of information that is shown in Fig. 9.3 in the case of a
vacuum cleaner, but of course specialized to the product in question. A
jury test can provide specific goals for component noise levels that should
meet Product Planning requirements.

9.10.4 Manufacturing engineering

It would be very unusual for the design engineer’s prototype to be a
manufacturable product. As manufacturing engineers modify the design
for production, it may occur that changes in materials or configuration,
seemingly innocuous, will have large effects on sound radiation. A
lightweight and stiff structure, desirable for weight and cost, may turn
out to be a wonderful loudspeaker. Good communication between
engineers in Design and Manufacturing can be critical in avoiding and
catching these problems.

9.10.5 Manufacturing

Even well designed products can have SQ problems because of variations
introduced in Manufacturing. Motor brushes with an incorrect spring
setup force may squeak, or an armature with grinding cuts needed for
balance may have too much magnetic runout. When problems occur,
there is often a tendency to start changing parts, usually because the
old parts did not exhibit the problem. This can reveal a design deficiency
in that the design is not robust in providing stable behavior when
variations in parameters occur. It is important that Manufacturing
understand those features that are in the product for SQ, and not change
those features without consultation.

9.10.6 Quality assurance

A design for good SQ will have certain features built in that can be
subverted by the inevitable variations introduced in Manufacturing.
Purchased components must meet specs that relate to acoustical
performance. Manufacturing processes should not introduce variations
that lead to unwanted sound. Whether the QA system is built around
90% testing or sample and audit procedures, processes need to be put in
place to protect the final product from being compromised in its acoustical
performance.
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Chapter

10
Servomechanical Power-
Electronic Motor Drives

S.Leeb

A modern actively controlled motor drive is a system that combines a
power-electronic circuit and a motor. The electronics in the drive system
control the behavior of the mechanical shaft of the motor. For example,
the electronics might be configured to provide the possibility of directly
varying the shaft speed or torque based on a low-power, “signal level”
command input. The earliest variable-speed drives avoided the need for
(the unavailable) highly capable power electronic devices by cascading
motors and generators, i.e., an M-G set. In an M-G set, a prime mover,
such as a steam turbine or an induction motor running from a fixed
frequency ac source, would be used to turn the shaft of a generator. The
generator’s terminal voltage could be controlled through a relatively
low-power field or control winding. The generator’s variable terminal
voltage could then be used to alter the speed of a motor powered by the
generator.

An M-G set involves a significant investment in rotating electric
machines. For very high-power applications, cascades of electric
machines, e.g., a “Ward-Leonard” style system1, are still occasionally
used or maintained. The advent of high-performance power-electronic
components, however, has generally made it possible to develop electrical
terminal drives that can directly control the flow of power through a
motor from an electrical source to the machine shaft. Power-electronic
circuits permit the construction of compact and highly efficient motor
drive systems that are increasingly used in applications from the milliwatt
to the megawatt range, including variable fan drives in ventilation
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systems, pumps and compressors, spindle controls in machine tools, and
wheel or shaft drives in electric or hybrid vehicles.

A power-electronic circuit can control either the voltage or the current
waveform applied to the terminals of a motor. It can control two basic
features of this waveform: the average value or magnitude of the
waveform, and the overall frequency content or shape of the waveform.
This means that the circuit can drive the machine to control the shaft
torque, speed, or position. For ac machines like the induction motor and
the permanent-magnet synchronous machine (“brushless” dc motor),
the power circuit also provides a specific waveform shape necessary to
sustain the conversion of electrical energy into mechanical energy. In
the case of the brushless dc machine, for example, the power-electronic
drive effectively serves as an electrical commutator that replaces the
action of the mechanical commutator in a conventional dc machine.

The next section explores the distinction between linear amplifiers
and high efficiency switching power amplifiers. The following section
examines the trade-offs associated with current versus voltage drives
in the specific context of the dc motor. Models of dc motor
servomechanisms with current and voltage drives will be developed that
will expose fundamental design issues associated with all types of dc
and ac motor drive systems. The dc motor is used to explore these issues
because of the simplicity of the circuitry needed to create a basic dc
motor drive. The final section explores useful power-electronic circuits
for operating ac machines, either open loop or with active feedback
control.

10.1 Power Converters:
Linear vs. Switching

The purpose of a power converter is to process or “condition” electrical
power, by interfacing a system with a given electrical specification
(voltage and/or current), with another system with a different
specification. Ideally, this conditioning is accomplished with the use of
low-loss components including semiconductor switches, inductors, and
capacitors. Efficiency as a design objective is what distinguishes a
switching power supply from a linear regulator: a linear regulator is
designed to process power in one direction, from a large reservoir of
power to a small consumer, while in the process wasting a (possibly
substantial) fraction of the power drawn from the source to accomplish
regulation. The high efficiency of switching regulators (typically over
70%, with the state of the art approaching 85 to 95%) makes them
desirable for powering high-density loads with high-power requirements
and difficult thermal management problems.
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The first part of this section examines linear regulators that could,
for example, be used to drive a dc motor. The next subsection examines
the canonical switching cell dc-dc converter, first presented by
Landsman5. The canonical cell serves as a unifying circuit structure
from which the common dc-to-dc high-frequency switching converter
designs, i.e., the buck, boost, buck-boost, and boost-buck (Cúk) converters,
may be derived6.

10.1.1 Linear converters

Figure 10.1(a) shows an “open-loop,” linear amplifier that uses an NPN
bipolar-junction transistor configured as an emitter-follower to provide a
controlled voltage across a load. The circuit is called a “linear amplifier”
because the transistor is operated in the forward-active region, i.e., the
collector current ic is linearly related to the base current ib by a constant, ß

 

In Fig. 10.1, the load is a resistor with value Rload, but this circuit could
also be used to drive the terminals of a permanent-magnet dc motor, for
example. The voltage Vref is the command voltage that sets the voltage
to be applied to the load. Assuming that the transistor is in the forward-
active region (not saturated or cut-off), and also making the typical
assumption that the forward drop across the base-to-emitter junction
diode is abut 0.6 volts (optimistically low for a power transistor),
Kirchoff’s voltage law around the loop formed by Vref, the base-emitter
junction of the transistor, and the load resistor reveals that

Figure 10.1 Linear voltage amplifier.
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If the power transistor has a relatively high value of ß (again, this is
optimistic for a conventional power transistor; a Darlington combination
of two transistors or a single Darlington power transistor would probably
be essential in practice) then a negligible current in comparison with
the load current flows out of the Vref source. Hence, a low-power, signal-
level voltage could be used to command the voltage across the load.
This low-power voltage command might come from the digital-to-analog
converter of a microcontroller, or from an operational amplifier circuit,
for example. As long as we remember to account for the base-emitter
voltage drop, the source Vref essentially commands the load voltage. The
bulk of the power provided to the load comes from the Vdc voltage source.
The value of this source can fluctuate substantially without significantly
affecting Vload, as long as the transistor stays in the forward-active region.

Assuming that the transistor ß is large (100 or more), the base current
is negligible compared with the load current, and Kirchoff’s current law
therefore reveals that

 

This approximation can be used to determine an upper bound on the
efficiency of the amplifier. Efficiency is commonly defined as the ratio
of the output power delivered to the load, to the input power:

 

Recognizing that the load current and the input current are
approximately equal

 

This is a general result for linear power amplifiers: the efficiency is
bounded by the ratio of the output voltage over the input voltage. If, for
example, the circuit is operating from an input source Vdc with a nominal
voltage of 10 volts, while delivering five volts to the load (i.e., Vref ≈5.6
volts), the circuit will be 50% efficient. If it delivers 50 watts to the load
(10 amps at five volts), it must draw about 100 watts from the input
source. Where do the other 50 watts go? The power is dissipated as heat
in the transistor! Hence, in this example, the case of the transistor would
have to be connected to a heat sink adequate to dissipate 50 watts without
allowing the temperature of the transistor to rise above its maximum
specification.
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In situations where the output voltage is fixed and known during the
circuit design (i.e., a regulation, not a tracking application), and where
the designer can pick the nominal value of an unregulated input voltage
that is guaranteed not to fluctuate too much, it is possible to configure
the linear amplifier so that its input voltage is only slightly above the
output voltage. In this case, relatively high-efficiency operation can be
achieved. However, this arrangement is unforgiving if the input voltage
fluctuates substantially, or if a wide range of output voltage levels are
needed. In general, therefore, most linear amplifiers operate with
relatively poor efficiencies in comparison to switching power converters.
This disappointing situation is common to all linear amplifiers. For
example, a push-pull amplifier constructed from two transistors might
be used to provide an ac voltage drive for a load. As long as the transistors
in the push-pull stage are operated in the linear, forward-active region,
the efficiency of the power stage will still be the ratio of the output and
input voltages, and may be distressingly low from the standpoint of
thermal management.

Nevertheless, for relatively low-power applications, i.e., around 100
watts, the thermal management of a linear amplifier does not pose
insurmountable demands, and linear amplifiers are often used in many
consumer applications, including stereo amplifiers and small motor
drives. Both dc and ac linear drives are possible. Linear supplies may
be especially valuable when electromagnetic interference (EMI)
considerations are paramount or are perceived to be important, as in
the case of audio amplifiers. They may serve as an effective way to
generate a drive waveform with very low total harmonic distortion, for
special machines that cannot tolerate high-harmonic components in
the drive voltage (machine magnetic flux). They are also quick solutions
for low-power (5 to 10 watts) regulation applications. For example, the
popular 7800 series three-terminal voltage regulators essentially consist
of the circuit shown in Fig. 10.1(b). The base of the power transistor is
driven by a low-power voltage reference, shown in the figure as a stack
of diodes. This could also be a zener diode, or another type of precision
reference. Something like everything to the left of the dots in Fig. 10.1(b)
is provided in the package of a three-terminal regulator, e.g., the
LM7805 five-volt regulator7. The user provides the load and the input
source Vdc.

The basic linear amplifier circuit can be modified to provide other
improvements or operating modes. For example, a high-gain operational
amplifier and a closed-loop feedback arrangement are used in Fig. 10.2
to ensure that the load voltage precisely follows the command voltage
Vref. The feedback loop minimizes the effect of the base-emitter voltage
drop. This technique is used in many monolithic voltage regulators to
ensure good output voltage regulation.
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It is also possible to reconfigure the circuit as shown in Fig. 10.3 to
provide a current-source amplifier. In this case, the transistor is arranged
as a common-emitter amplifier. The command voltage Vref sets the base
current through the resistor Rb. The transistor draws a collector current
through the load resistor that is ß times the base current. Hence, in this
circuit, the command voltage Vref sets the load current, rather than the
load voltage, with a gain that is a function of the value of the base resistor,
Rb, and ß.

10.1.2 DC-DC switching converters

A dc-dc switching regulator is a circuit that can provide a controlled or
regulated dc output voltage from an unregulated dc input. It serves as
an interface between two or more dc systems (hence the name dc-to-dc
switching power supply), and can generally be designed to operate with
high efficiency in comparison with a linear regulator. In the next section,
for example, a “buck”-type switching regulator, or “chopper”, will be
used to provide a controllable voltage across the armature terminals of
a dc motor, given an unregulated dc input voltage source.

Figure 10.2 Voltage amplifier with feedback.

Figure 10.3 Current amplifier.
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These converters might also be used to drive the field windings in ac or
dc machines.

To get a better understanding of the distinction between different
types of converters, consider how two dc systems might be interfaced.
Start with a simple two-port model. This model is depicted in Fig. 10.4.
The interface (the two-port box in Fig. 10.4) is presumed to contain no
significant internal sources or sinks of power.

For now, no particular circuit topology is being derived here. Rather,
the goal is to expose common features which relate several of the high-
frequency, square-wave switching topologies. In this simple example,
ignore any control or implementation issues. Also, assume that the
terminal voltages and currents are constant with the polarities shown
in Fig. 10.4. Under these conditions, the steady-state power sinked at
one terminal must be sourced at the other terminal and vice versa. Notice
that either port may source or sink power. Applying Kirchoff’s current
and voltage laws (KCL and KVL) reveals that the series switch must
have average dc components of 50 volts across it and 15 amps through
it. Similarly, the shunt switch must withstand an average of 150 dc
volts across it and five amps through it.

Ideal switches provide a simple way to create consistent average
waveforms in this configuration. They are particularly attractive
because, ideally, when “off”, they withstand a voltage without passing
any current, and when “on”, they pass a current with no voltage across
the switch terminals. Hence, the product of voltage and current for the
ideal switch is zero at all times and no power is dissipated.

To be consistent with KVL and KCL under the terminal conditions
specified, the switches are operated to create voltage and current
waveforms with appropriate average values. Specifically, during normal
operation over a “switch period” of time T, the series switch turnson for
a period of time 3T/4. Then, this switch turns off and the shunt switch

Figure 10.4 Simple dc-dc interface (Figure and example adapted
from “Principles of Power Electrons”6).
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turns on and remains on for a time T/4. At the end of this time, the
shunt switch turns off and the cycle repeats itself. In the jargon of the
trade, the series switch has a duty cycle of 75% and the shunt switch
has a duty cycle of 25%. At no time are both switches on together, as
this would result in a short circuit. Similarly, at no time are both switches
open, as this would result in a cessation of power flow.

When the series switch is on, it carries a current of 20 amps to feed
the 150 volt terminals. When the series switch is off, the shunt switch is
on and the series switch is connected across the 200 volt input. Hence,
the series switch withstands 200 volts. With the timing scheme described
in the previous paragraph, we see that the current and voltage
waveforms for the series switch are as shown in Figs. 10.5 and 10.6
respectively.

The average values of these waveforms are 15 amps and 50 volts
respectively, as indicated in the figures (average variables are marked

Figure 10.6 Voltage waveform across the series switch.

Figure 10.5 Current waveform through the series switch.

Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com)
Copyright © 2004 The McGraw-Hill Companies. All rights reserved.

Any use is subject to the Terms of Use as given at the website.

Servomechanical Power-Electronic Motor Drives



Servomechanical Power-Electronic Motor Drives 373

with 〈〉 symbols). A similar analysis of the shunt switch yields equally
agreeable results. This simple switching scheme is apparently one option
for interfacing two dc systems. Unfortunately, while the average values
of the waveforms conform to their required values so that Kirchoff’s
laws are satisfied (on average), this scheme superimposes a substantial
ac component to the terminal waveforms. Even though the waveforms
in Figs 10.5 and 10.6 have the necessary average values, their
instantaneous values ripple.

Filtering components must be added to smooth the waveforms. To
maintain high efficiency, only inductors and capacitors are added. To
help stiffen the bus voltage, a capacitor is added in parallel with the left
terminals. An inductor is used to isolate the 150-volt terminal pair on
the side with the shunt switch. Of course, the inductor will pass a
continuous dc current, but will tend to block ac current. A revised version
of the simple two-port interface is shown in Fig. 10.7.

This minimal topology “interface” is in fact the skeleton of four basic
types of high-frequency dc-dc switching converters. This simple form,
shown in Fig. 10.7, is so fundamental that it has been called the canonical
switching cell5. It is often redrawn as shown in Fig. 10.8.5,6

As long as the switches are ideal (so that currents and voltage may
flow or be blocked in any direction), power may flow bidirectionally
through the circuit. By varying the interconnection of the designated

Figure 10.7 Simple topology for a dc-dc converter.

Figure 10.8 The canonical switching
cell.
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input and output terminals and the implementation of the ideal switches
with real devices (which may or may not limit the flow of current or
voltage in certain directions), all four basic high-frequency topologies
may be derived. When the canonical cell is connected so as to allow
power to flow directly from one terminal to another when one of the
switches is closed, the buck or boost converters are formed. The type of
converter formed depends on the direction of power flow; in the case of
the buck converter, or chopper, power flows from a high-voltage source
to a lower-voltage load when the controllable switch is closed. In the
case of the boost converter, power flows from a low-voltage source to a
load operating at a higher voltage when the diode is conducting. The
classic buck and boost implementations of the canonical cell are shown
in Figs. 10.9 and 10.10.

The braces in Figs. 10.9 and 10.10 indicate the canonical cell portions
of the buck and boost converters. Note that actual implementations
invariably make modifications to the canonical cell. For example, an
extra output capacitor was added to make the buck topology shown in
Fig. 10.9. For simplified discussions, the input capacitor is usually
discarded from the buck configuration of the canonical cell, i.e., the
voltage source is presumed to be “stiff,” or to exhibit little internal
impedance.

The buck-boost and boost-buck converters are implemented by
configuring the canonical cell so that power never flows directly from
one port terminal to another; energy is accumulated in one of the storage
elements during part of the cycle and then is removed from the element
to power the load on another part of the cycle. In the buck-boost topology,

Figure 10.9 Buck converter.

Figure 10.10 Boost converter.
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the most common of the “indirect” power supplies, the inductor is the
intermediary energy-storage element. Also, the capacitance in the
canonical cell is typically split between the input and output terminals.
A simple buck-boost converter is shown in Fig. 10.11. A discussion of
the less-common boost-buck converter is deferred to References 14, 16,
and 22.

For now, all of the switching-power supply circuits have been drawn
with a resistive load. Assuming that the switches, inductors, and
capacitors in the power supplies are ideal, the resistive load is the only
element in the circuits that can dissipate time-average power. This
means that, in theory, any power taken from the input source is
ultimately delivered to the load. In other words, the circuits are
theoretically 100% efficient. Of course, the components would not be
ideal in practice, but it is commonplace to achieve efficiencies in excess
of 90% in actual implementations. The output voltage or current provided
to the load can be actively controlled to a particular value or reference
waveform by appropriately varying the duty cycle of the controllable
switch. The next section examines a basic scheme for controlling the
output voltage of a buck converter.

10.1.3 Buck converter with
voltage control loop

To understand how a switching-power amplifier might be used in a
servomechanical drive, consider the problem of making an output voltage
that tracks a command reference using the buck converter shown in
Fig. 10.12. This is identical to the task accomplished by the linear
regulator shown in Fig. 10.2, whose output follows the command Vref.
Properly controlled, the buck converter should also be able to create an

Figure 10.11 Buck-boost converter

Figure 10.12 Buck converter.
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output voltage that follows a command reference, but with a greater
efficiency over the full tracking range than was achieved with the linear
amplifier.

Our goal is to control the output voltage of the converter. Given a
particular input voltage source and a fixed switch frequency, our only
possibility for controlling the output of the converter is to vary the duty
cycle of the controllable switch. First, reconsider the open-loop behavior
of the buck converter. Suppose, as in the previous section, that the
controllable switch is operated with a fixed switch period and a duty
cycle D that can be chosen. This approach is called pulse-width
modulation (PWM), and is illustrated in the top plot in Fig. 10.13(a).
The controllable switch is “on” for a time DT each cycle, and “off” for the
remainder of the cycle. For now, focus on steady-state operation, and
assume that the inductor is large enough that it is in continuous
conduction—that is, there is always current in the inductor. When the
switch is on, the input voltage will keep the diode reverse biased, i.e.,
“off”. When the switch turns off, the inductor voltage will force the diode
on in order to keep current flowing. Therefore, the instantaneous voltage
across the diode, Vm(t), looks like the bottom trace in Fig. 10.13(a).

When the load on the switches (e.g., the circuit driven by Vm(t) in Fig.
10.12) is inherently low-pass in nature—that is, when the natural
frequencies of the load are relatively slow compared with the switch
frequency—the effect of a PWM drive is conveniently analyzed in terms
of average variables. One definition for an average variable value in
this context is

(10.1)

where 〈w(t)〉 indicates the average value of a variable w(t) over the
period T.

The waveform Vm(t) can be thought of as the sum of two waveforms.
One is the near-dc or average component 〈Vm(t)〉=DVin. The remainder
is Vm(t) − 〈Vm(t)〉, i.e., the “ac” component of the diode voltage waveform.
If, for example, D=0.5, then this ac component looks like a zero-
centered square wave, with a maximum value of Vin/2 and a minimum
value of -Vin/2.

In a well-designed buck converter, the values of the inductor and
capacitor, L and C, will have been chosen so that, for a typical range of
load values R, the transfer characteristic of the LRC low-pass filter
formed by the “back-end” of the buck converter will look something like
the magnitude Bode plot shown in Fig. 10.13(b). In other words, the
filter will pass the low-frequency dc and near-dc components of Vm(t)
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straight through to the output. The values of L and C will have been
selected, however, so that the ac components of Vm(t) (generally at and
above the switch frequency, 1/T) will be severely attenuated by the low-
pass filter. This means that Vout(t) will look essentially like the near-dc
〈Vm(t)〉, with a small amount of AC ripple that passes through the second-
order low-pass filter.

Setting a fixed duty cycle for the buck converter in Fig. 10.12 is
therefore somewhat similar to setting Vref in the linear amplifier shown
in Fig. 10.1(a). Of course, the buck converter will generally operate with
a higher efficiency than the linear regulator, unless special steps have

Figure 10.13 Buck converter: proportional control.
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been taken to limit the difference between the input and output voltage
in the linear power supply. Notice that, contrary to the situation in the
linear amplifier, the open-loop buck converter running with a fixed duty
cycle provides absolutely no rejection or attenuation of variations at the
output due to changes in the input source Vin. With a fixed value of D,
the output voltage of the buck converter is essentially DVin. If the input
voltage changes, so will the output voltage.

This may not be of great concern if the buck converter is part of a
servomechanical control system driving, for example, a dc motor. In
this case, the buck converter and motor will be embedded in a closed
loop attempting to control speed or some other mechanical quantity.
Variations in the input voltage to the buck converter will be handled
(by a well-designed control loop) as disturbances that get rejected.

If the buck converter is being used to drive a motor or some other
mechanical or thermo-mechanical system such as a heating element, it
may not be necessary to include the complete LC output filter shown in
Fig. 10.12. Two motor-drive examples involving permanent-magnet dc
motors are illustrated in Fig. 10.14. In Fig. 10.14(a), the low-pass output
filter of the buck converter has been eliminated entirely. This circuit is
sometimes called a “chopper”. In this case, the dc motor will see an
average voltage at its armature terminals equal to DVin. It will also, of
course, see a large ripple voltage around this average. However, if the
motor is connected to a mechanical subsystem at its shaft that is
substantially low-pass in character, e.g., a large inertia (fly-wheel) with
some mechanical friction, the shaft speed will not respond to the rippling
armature voltage if the switch frequency is high enough. It will only
respond to the average value of the armature voltage set by the duty
cycle command.

Taking advantage of a separation in time scales or time constants
can be possible and valuable in other systems as well. Consider, for
example, driving a resistive thermal heater to warm a large bath.
Imagine that this load is suddenly driven with an input power of P
watts by a linear, dc amplifier that provides “flat” waveforms of voltage
and current. If the heater is warming a substantial mass, it might be

Figure 10.14 Chopper circuits.
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several seconds or more before a measurable change in temperature is
observed. Imagine that a switching amplifier is employed that provides
2P watts for half a switch period, and 0 watts for the other half, cycling
periodically and rapidly in comparison with the time scale for response
of the thermal mass. In this case, the net effect on the temperature of
the mass would be essentially the same as if the amplifier delivered P
watts continuously. The thermal system simply cannot follow the rapid
changes in input power. Its “low-pass” character is incapable of following
high-frequency variation in the input, averaging the effects of high- and
low-input levels over time. Of course, this would not be the case if the
switch period were not sufficiently short. A long switch period would
provide significant time for the mass to “overheat” during the time when
2P watts were provided, and would also permit significant cooling of
the mass during the fraction of the switch period when 0 watts were
delivered. A practical example of this technique is switching with an
inexpensive bimetallic strip to establish control for electric heating
elements in residential kitchen stoves.

Even with a “low-pass” mechanical load, however, the situation in
Fig. 10.14(a) may not be entirely acceptable, because the ripple voltage
at the armature electrical terminals may cause a large ripple current
to flow. This ripple current may cause large ripples in the shaft torque.
If the mechanical system is slow, these ripples may result in only small
oscillations of the speed. However, the large peak currents may exceed
the switch current ratings in the chopper. They may also be responsible
for unacceptable levels of acoustic noise form the motor windings, and
could exceed the peak current specification of the armature electrical
port. Generally, these problems show up most acutely in machines with
relatively low armature impedances, e.g., high-performance servodisk
motors. In such cases, one solution is to add sufficient inductance
externally to the armature circuit to limit the voltage (current, torque)
ripple, as shown in Fig. 10.14(b). External inductance must be added
with care in the case of a dc motor in order to avoid creating unacceptable
discharging in the mechanical commutator. Raising the switch
frequency, if possible, can reduce the size of the impedance that must
be added.

A simple switching circuit that might be employed as a bidirectional
chopper is shown in Fig. 10.15. Notice that both switches can never be
on at the same time, or a very low impedance path will form between
the positive and negative 30-volt rails. The diodes provide “free-wheeling”
paths for current when the controllable switches are both off. These
free-wheeling or “catch” diodes are essential if the load has non-zero
inductance

Finally, if for some reason it is essential that the buck converter
accurately follow an output voltage command reference and actively
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reject input voltage disturbances, it is possible to close a feedback loop
that varies the duty cycle to achieve a desired output voltage waveform.
An actively controlled converter could also serve as a component block
in a larger seromechanism. One possibility for controlling the output
voltage of the buck converter, shown for the case of a resistive load, is
illustrated in Fig. 10.13(c). The duty cycle is computed by a proportional
compensator as the error or difference between a command reference
and the actual output voltage, times a gain K. This error computation
could be accomplished, for example, by an operational amplifier
configured as a subtractor with a gain of K. The duty cycle is compared
with a sawtooth waveform by a comparator. The sawtooth has a period
of T, a peak voltage of one volt, and a minimum voltage of zero volts.
When the sawtooth waveform is below the value of the D output
waveform computed by the subtractor, the output of the comparator is
high. When the sawtooth rises above D, the comparator output goes
low. Hence, the output of the comparator produces a PWM-drive
waveform that could be used to directly drive a controllable switch (e.g.,
a transistor or MOSFET) in the buck converter.

The performance of the actively controlled buck converter can be
analyzed with the feedback diagram shown in Fig. 10.13(d). This block
diagram contains all of the functionality of Fig. 10.13(c). However, ripple
voltage has been presumed to be small and is ignored in Fig. 10.13(d).
That is, the block diagram describes only the relatively slowly varying
dynamics (compared with the ripple frequency) of the output voltage.
The difference between Vref and Vout is computed by the subtractor, and
fed to the proportional compensator with gain K to compute the duty
cycle, D. The product of the duty cycle and the input voltage Vin produces
〈Vm(t)〉, which passes through the transfer function P(s) of the LRC output
filter of the buck converter shown in Fig. 10.12. Using Black’s formula8,
the overall input-output transfer function for the actively controlled buck
converter is

Figure 10.15 Bipolar chopper.
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The second-order denominator of this transfer function has all positive
coefficients as long as the circuit is loaded with a finite value of output
resistance. Hence, the closed-loop system poles are guaranteed to be in
the left half-s-plane (Routh criterion) and the system will be stable, in
principle. For this proportional compensator, the steady-state error after
a step change in the command output Vref decreases as the gain K
increases. However, the damping of the system also decreases as K
increases. For larger values of K, the closed-loop system will therefore
overshoot higher and oscillate more times than for lower gains. The
proportional compensator is by no means the most sophisticated or
flexible choice of series compensation for the buck converter, although
it can produce reasonable steady-state performance. It is also possible
to close a feedback loop around the buck converter that varies the duty
cycle to ensure that a specific value of current is delivered to the load.
That is, a current-source output could be made using the buck converter
and an active control loop.

The next section will examine the effects of different power amplifier
choices (current vs. voltage drive) in permanent-magnet dc motor velocity
and position servo systems.

10.2 DC Motor Servomechanisms for
Velocity and Position Control

Many electromechanical systems are tasked to provide precise control
of a position or a velocity. A system could be required, for example, to
regulate a position to a specific value or location, as in the case of a
position controller for an antenna. It could also be required to accurately
track a time-varying position or velocity reference, e.g., when following
an aircraft with a radar dish, or serving as a drive motor in an electric
vehicle. Direct-current machines are often used as actuators in such
systems. Dc machines provide rotary motion and torque, and can also
provide linear motion and force through clever mechanical arrangements
such as lead-screw mechanisms.

Dc machines may be somewhat more expensive than comparably rated
machines of other types (induction, stepping, and variable reluctance
machines), and may also be more difficult to maintain. Because of
limitations on the mechanical commutator, dc machines generally cannot
be used at high altitudes or in a vacuum. However, from a power
electronics standpoint, dc machines are relatively easy to control
compared to many other motors, e.g., induction machines. Well-designed
dc machines provide a smooth, nearly continuous motion with little
“cogging,” as would be found in stepper motors, for example. For these
and other reasons, dc machines have been used in servo-mechanisms
for over a century, and are still popular in many applications.
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Because of the relative simplicity of the power electronics needed to
drive a dc motor, this section reviews the basic issues of constructing
velocity and position servomechanisms using the dc motor as an actuator.
The following section will examine the power-electronic requirements
for ac machines. However, the basic approach for controlling most ac
machines is, to some extent, to first make them “look like” a commutator
dc machine, at least in a mathematical sense. The basic approach to
designing closed-loop controllers for position and velocity servos,
therefore, is generally the same for both dc and also most ac machines
(given an appropriate ac power amplifier).

10.2.1 Circuit analogue

This section will quickly review the basic wound-field dc-machine model
which is described in more detail elsewhere in this text. The field winding
in a dc machine is reasonably accurately modeled as a resistance in
series with an inductance. The armature winding consists of wire coiled
around a high-permeability rotor. The armature electrical port, therefore,
has some electrical loss that could be modeled as a resistance in series
with the back-electromotive force (back-EMF) source. It also has some
inductance (typically small, in comparison to the field winding), which
could be incorporated as an inductor in series with the resistor and back-
EMF source. The mechanical shaft could incorporate elements to account
for load torque, viscous damping, and other mechanical effects and
components (e.g., a gear box). A reasonable circuit model of a dc machine
is shown in Fig. 10.16. The voltage source labeled Vbemf in Fig. 10.16 is a
speed-dependent voltage source that represents the back-EMF of the
motor. The “source” is a transducer, therefore, connecting the mechanical
subsystem (shaft of the motor) to the electrical subsystem (armature
terminals). The torque produced by the shaft is a function of the field
current and the armature current

(10.2)

The motor constant G is a function of the machine’s construction (e.g.,

Figure 10.16 Circuit model.
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number of armature turns, rotor radius, etc.). More complicated models
accounting for nonlinear electrical effects like saturation and non-linear
mechanical effects like windage (air flow around the rotor) could be
developed as needed. The model in Fig. 10.16 is often very satisfactory
for control design, however.

Starting with the model summarized in Fig. 10.16, we can use basic
circuit analysis techniques to develop a concise third-order dynamic
(differential equation) model of the dc machine. The field circuit can be
described by a first-order, linear, time-invariant differential equation
relating the field current if to the field terminal voltage �f

(10.3)

The armature current ia is described by a nonlinear differential equation
that depends on both field current if and rotor speed w

(10.4)

Finally, the mechanical subsystem is described by Newton’s second law.
The dc machine makes a machine torque �m described by Eq. 10.2. The
motor shaft has inertia J and is connected to a load (motor operation) or
prime mover (generator operation) that exerts a torque �l on the shaft.
(This torque could be, and often is, a function of speed). For now, we
ignore other possibly complicating details such as the presence of a gear
box. Angular acceleration of the machine rotor results from differences
between the two torques �m and �l

(10.5)

One simple model for a common load torque is a friction �f that is linearly
dependent on angular velocity, �f=ß�, where ß is a constant.

In the case of a permanent-magnet (PM) dc machine, the field winding
is replaced by a permanent magnet. This situation is functionally
equivalent to driving the field circuit in Fig. 10.16 with a constant-current
source of value If sufficient to create a comparable air-gap magnetic
field to that produced by the magnet. The PM dc machine is accurately
modeled by a second-order model consisting of Eqs. 10.4 and 10.5, with
if=If. Block diagrams of a PM dc machine appropriate for control design
are shown in Fig. 10.17. Laplace transforms of Eqs. 10.4 and 10.5 have
been employed in the block diagrams, and the system is assumed to
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start from initial rest condition. The constant Km equals GIf, the product
of the motor constant and the dc “field current” that represents the
effect of the permanent magnet.

The first diagram in Fig. 10.17(a) shows how an ideal voltage-source
drive on the armature would affect the shaft speed and position. A
practical implementation of such a power amplifier could be made with
a linear amplifier like the emitter-follower, or a switching amplifier like
the chopper. Notice that, particularly in a high-quality machine with
low armature resistance and inductance, a fixed arma ture voltage will

Figure 10.17 Permanent magnet dc machine block diagrams.
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approximately set the level of the steady-state back-EMF. Since the
back-EMF depends on the shaft speed, setting the armature voltage to
a particular value in a PM dc motor approximately sets the shaft speed.
The next block diagram in Fig. 10.17(b) shows how an ideal current
source driving the armature terminals produces torque, speed, and
position at the machine’s mechanical shaft. A current-source amplifier,
in theory, directly commands armature current and therefore shaft
torque. The details of the armature electrical circuit, i.e., armature
resistance and inductance and motor back-EMF, are negligible to the
extent that the current-source amplifier has sufficient voltage compliance
to command current in the armature winding. The block diagram for
the ideal current-source drive, therefore, is simpler than for the ideal
voltage-source drive in Fig. 10.17(a).

In practice, it is not possible to drive the machine with an ideal current
source. The power amplifier’s ability to command current in a winding
will always be limited by its ability to command an instantaneous
terminal voltage necessary to set the current. This terminal voltage
will not be infinite in magnitude or negligible in rise time, and the current
command, therefore, cannot be arbitrary. This can be seen in any of the
amplifiers—linear or switching—that have been examined in previous
sections. Consider, for instance, the common-emitter amplifier shown
in Fig. 10.3. Imagine that the load resistor is replaced by a winding that
consists of some inductance and some resistance. In response to a step
change in the base current, i.e., a sudden change in the command voltage
Vref, the best that the transistor can do is saturate, i.e., turn on “fully”.
The rise time of the current will then be governed by the L-R time
constant of the load winding.

A more realistic model for a current-source drive, therefore, is shown
in Fig. 10.17(c). Here, the current amplifier accepts a command labeled
iref, which is compared to the actual armature current ia. A proportional
compensator with gain Ka drives an armature voltage va based on the
error between the requested and actual current. This arrangement does
not directly represent any of the circuits from previous sections, but it
could be created with either the linear or switching amplifiers. It also
does not account for nonlinear effects like saturation in the amplifier.
However, the block diagram in Fig. 10.17(c) will serve to bring out some
of the “real-life” issues that arise with a practical current-source
amplifier.

10.2.2 Velocity servo-current-source drive

Because it is analytically easier to understand, let us begin by examining
how to make a closed-loop system to control motor velocity using a
current-source drive. A block diagram of a feedback loop for controlling
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motor speed with a current-source power amplifier is shown in Fig.
10.18(a). The gain of the tachometer is presumed to be one, but any
constant gain or transfer function could be added if appropriate. The
block with transfer function Gc(s) represents a series compensator chosen
to yield closed-loop stability and performance. This block includes the
ideal current-source power amplifier. This section will consider several
possible compensation options. First we consider a proportional
compensator, i.e., Gc(s) is a constant gain.

A circuit schematic of a unidirectional demonstration system based
on the block diagram in Fig. 10.18(a) is shown in Fig. 10.19. The current-
source amplifier is implemented with two NPN bipolar-junction
transistors connected in a Darlington configuration. This arrangement

Figure 10.18 Velocity controllers with current-source and voltage-source drives.
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increases the overall current gain of the amplifier, minimizing the
loading of the LM358 operational amplifier driving the transistors. The
Darlington-connected transistors are used in a common-emitter
arrangement with a “power” level (20 Volt) dc voltage source for the
motor’s armature circuit. A flyback or “catch” diode provides a free-
wheeling path for the armature current in the event that the control
loop is deactivated suddenly while the machine is running. Operational
amplifiers implement the remaining functions in the feedback loop. An
LM358 configured as a non-inverting amplifier provides a variable,
proportional compensation gain. The error signal between the
tachometer voltage �tach and the speed reference Vref is computed by an
LM358 arranged as a subtractor. The voltage reference, which might be
made by a potentiometer connected across the power supply rails, is
buffered by an op-amp follower. The tachometer feedback signal �tach

might also be buffered by a follower if necessary (not shown).
The closed-loop transfer function for the velocity servo loop can be

found by applying Black’s formula8 twice to the inner and outer loops
shown in Fig. 10.18(a). For a proportional compensator, Gc(s)=K, a
constant that includes the op-amp and transistor amplifier gains in Fig.
10.19. In this case, the transfer function relating motor speed to
commanded speed is

(10.6)

Ideally, for a constant speed reference, this transfer function would
approach unity in steady-state (zero frequency). That is, for dc
excitations, the output should track the input or reference command

Figure 10.19 Unidirectional velocity servo: circuit schematic.
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perfectly. Unfortunately, for the proportional controller with a finite
proportional gain, there is always a steady-state error or difference
between the commanded and actual speeds.

In principle, the compensation gain could be increased indefinitely to
make this error arbitrarily small. A typical root-locus of the closed-loop
system pole locations for increasing positive gain, shown in Fig. 10.20,
indicates that the system should remain stable as the gain is increased.
Furthermore, a Bode plot of the magnitude and phase of the closed-loop
transfer function, Eq. 10.6, indicates not only that the low-frequency
behavior of the transfer function will approach unity as the compensation
gain increases, but also that the closed-loop tracking bandwidth will
increase. In practice, however, increasing the compensation gain
indefinitely will most probably become seriously detrimental after a
certain point. Higher closed-loop bandwidths demand excessive peak
power requirements from the power amplifier. Also, as the gain is
increased, we become more likely to “find” unmodeled poles. That is,
the comforting stability argument made by the root-locus diagram is
unlikely to be true when the effects of other, unmodeled system poles
(e.g., poles from the tachometer and power amplifier) are included.

We could instead try an integral compensator, Gc(s)=K/s. The
integral compensator provides a frequency-dependent gain that is, in

Figure 10.20 Root-locus: proportional compensation.
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principle, infinite at zero frequency. In this case, the closed-loop
transfer function is

(10.7)

where

Notice that the steady-state value of the closed-loop system under
integral compensation is unity, i.e., the system tracks dc commands
perfectly, regardless of the value of the gain K. The Routh criterion8 can
be used to show that the poles of Eq. 10.6 are always in the left half-s-
plane, i.e., the system is always stable in principle. A root-locus of the
system poles for positive integral gain K is shown in Fig. 10.21. With
integral compensation, there is little advantage to excessively high values
of the gain K. After a certain point, the closed-loop band-width of the

Figure 10.21 Root-locus: integral compensation.
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system essentially stops increasing, and the transient response of the
system becomes more and more oscillatory.

There is a wide range of options for compensating this servo system
to achieve desired performance; see References 10, 11, and 12 for a more
complete discussion of the possibilities.

10.2.3 Velocity servo-voltage-source drive

Figure 10.18(b) shows a block diagram of a closed-loop velocity drive
that employs a voltage-source amplifier to drive the motor. Because the
amplifier is a voltage drive, the block diagram now shows explicit
dependence on the armature impedance and the back-EMF. The loop
with voltage drive will be shown to have an additional pole in comparison
to a similarly compensated loop with current drive. This pole arises
from the armature electrical subsystem.

The series compensator Gc(s) includes the voltage amplifier. For now,
assume that the system is compensated with a porportional gain, so
that Gc(s)=K, a constant that includes the gain of the voltage-power
amplifier. Employing Black’s formula repeatedly on the block diagram
in Fig. 10.18(b), the closed-loop transfer function can be shown to be

(10.8)

The time constant �e=La/Ra is sometimes called the electrical time
constant of the machine. In relatively small machines, this time constant
may be small compared with the mechanical time constant a. If the
electrical time constant is negligible (near 0), then the voltage velocity
loop with proportional compensation is essentially first-order, and has
a root-locus similar to that one shown in Fig. 10.20. If the electrical time
constant is not ignored, then the root-locus will look something like the
one shown in Fig. 10.22.

Whether or not the electrical time constant is ignored, the proportional
compensator always leaves some steady-state error in response to a step
input. To eliminate this steady-state error, we might again consider
using an integral compensator, Gc(s)=K/s, where K is a gain to be chosen.
Ignoring the electrical pole leads to a system that exhibits zero steady-
state error in response to a step input, and which has a root-locus similar
to the one shown in Fig. 10.21.

If we do not ignore the electrical pole, an integral compensator still
leads to a closed-loop system with zero steady-state error in response to
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a step input. However, this system, with three poles (one from the
integral compensator at the origin, one from the mechanical subsystem,
and one from the electrical subsystem) will have a root-locus like the
one shown in Fig. 10.23. For modest gains, the dominant poles (closest
to the origin) of the system shown in Fig. 10.23 behave much like the
dominant poles shown in Fig. 10.21. For higher gains, disaster ensues!
If too high a gain K is selected, the system in Fig. 10.23 will be unstable.
Even if the electrical pole is ignored during the design process, it or
some other unmodeled pole is very likely to be present in that actual
system. Great care must always be taken, therefore, when selecting
compensator structures and gains. It is perhaps a too common practice
to ignore the supposedly fast electrical poles in favor of the mechanical
poles when designing a servomechanical drive system. Especially in very
large machines, ac or dc, the electrical poles can actually be slower than
the mechanical poles. Ignoring these poles in this case will almost
certainly lead to an unstable servo system.

10.2.4 Velocity servo-practical current-source
drive

Figure 10.17(c) shows a block diagram of a PM dc machine with a
practical current-source drive, i.e., one with some dynamic limitation

Figure 10.22 Root-locus: voltage loop with significant �e
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on the terminal voltage compliance. With some effort, the block diagram
in Fig. 10.17(c) can be manipulated to reveal that the open-loop transfer
function relating the output speed to the input current command is

(10.9)

This transfer function is second-order. Closing a proportional loop
around this system to regulate speed would result in a system with
finite steady-state error in response to a step, and with a root-locus
similar to the one shown in Fig. 10.21. Notice, however, the effect of the
“minor loop” that attempts to force the actual armature current to
follow the reference command iref. The electrical pole begins
substantially deeper in the left half-s-plane. That is, as long as it does
not saturate, the current minor loop has effectively decreased the
electrical time constant, making the system “look more first-order”, as
we would have expected from the prior analysis with an ideal current-
source drive. Also note that an integral compensator wrapped around

Figure 10.23 Root-locus: voltage loop with significant �e and integral compensation.
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this system to regulate speed would result in zero steady-state error,
and a root-locus similar to the one shown in Fig. 10.23. However,
because the minor current loop starts the electrical pole deeper in the
left half-s-plane, the system with integral compensation might be able
to support a larger range of variation of the integral gain K before going
unstable.

10.2.5 Position control loops

Notice from Fig. 10.17 that the difference between a dc motor model
that describes a velocity output at the mechanical shaft and one that
describes position is the absence or presence, respectively, of a final
integration block in the diagram (to integrate velocity into position). In
a block diagram with a series cascade of blocks, the order of the blocks
is irrelevant in determining the through-transfer function. Hence, any
closed-loop transfer function derived for a velocity servo loop with an
integral compensator will be identical to one derived for a position
servo loop with a proportional compensator. This means, for example,
that the transfer function Eq. 10.7 describes not only a velocity servo
loop with a current-source drive and integral compensator, but also a
position servo loop with a current-source drive and proportional
compensator. Conclusions drawn in the previous three sections for
velocity loops with integral compensators all apply, therefore, to
position loops with proportional compensators. The exploration of other
compensation possibilities are left to the reader and References 10, 12.

10.3 Power Electronics for AC
Drive Systems

In a dc machine, the mechanical commutator ensures that current flows
in the machine windings in a manner that will produce useful torque,
even when the rotor changes position and speed. From a modeling and
control standpoint, the presence of the commutator significantly eases
the problem of designing appropriate power-electronic amplifiers for
driving dc machines. Essentially, the problem becomes one of developing
circuitry that can create flexible levels of voltage or current, without too
much concern for the specific waveshape: either a linear amplifier or a
chopper would generally produce adequate results, for example. Only
the relatively slowly varying, average values of the terminal waveforms
prove to be of concern in a well-designed system. In an ac machine,
there is no mechanical commutator, and the electrical excitation of the
stator must be appropriate to ensure sustained torque production. For
a controllable motor drive, this generally means that the drive electronics
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must be capable of producing ac waveforms with controllable frequency
and amplitude.

Switching power-electronic drives for ac machines are often (but not
always) constructed as inverters, which operate from a dc input voltage
and which produce a controlled ac output voltage waveform or
waveforms. A dc bus that serves as the input voltage to the inverter can
be created by rectifying a fixed-frequency ac utility service, for example.
Figure 10.24 shows a full-wave rectifier set operating from a three-phase
utility connection. A dc output voltage with relatively low ripple is
produced across the capacitor. If necessary, the level of the dc output
voltage can be controlled by replacing the diodes with controllable
devices, such as silicon-controlled rectifiers. Controlling the firing angle
of these devices permits control of the magnitude of the output voltage.
Of course, a dc bus can be created in other ways. For a single-phase
utility connection, either a single-phase, full-wave rectifier or a firing
angle-controlled rectifier might be used. In an electric-vehicle drive
system, the dc bus would come from a battery rack, and no rectification
would be required.

An inverter uses the dc bus to create ac waveforms with controllable
frequency and amplitude. Figure 10.25 shows a typical inverter
configuration driving a balanced, three-phase, inductive load. This load
could be the wye-connected stator of an induction or PM synchronous
motor, for example. There are a variety of schemes for operating the
switches Q1–Q6 to produce desired ac waveforms. Typically, the ultimate
goal of an inverter drive for an AC machine is to make the machine
appear from an electrical port to be a current-controlled torque source,
just like the PM dc machine. Two approaches for operating the switches
in a three-phase inverter will be discussed briefly here; others may be
found in Reference 13 and especially in Reference 14. The goal of this
section is to reveal how useful ac waveforms can be produced by an

Figure 10.24 Three-phase rectifier.
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inverter given a DC bus. The waveform analysis presented is
summarized from the excellent discussion in Reference 13.

In a “six-step”, continuous current inverter, the controllable switches
are operated as shown in the top six traces in Fig. 10.26. One leg or
phase of the inverter consists of a top and bottom switch stacked together,
e.g., Q1 and Q4. The stator connections a, b, and c can each be connected
to either the top or the bottom of the dc input voltage by the switches. In
any particular leg of the inverter, the two switches are never turned on
at the same time in order to avoid shorting the input source. Also, in the
continuous current inverter, one of the switches in each leg is always
turned on to provide a path for phase current to flow. To emulate the
behavior of a balanced, three-phase sinusoidal voltage source, the top
or high-side switch in each leg is turned on 120 electrical degrees before
the top switch in the next leg, and remains on for half of the electrical
cycle.

When the high-side switch in a leg is on, the winding connected to
that leg is connected to the top of the dc source. When the high-side
switch is off, the low-side switch in the leg is on, and the winding is
connected to the bottom of the dc source. The voltage between each
stator terminal and point g, therefore, has a waveshape that looks like
the switch state for the high-side switch in that leg. For example, the
voltage Vag has a waveshape like the Q1 switch state trace in Fig. 10.26.

This fact can be used to determine the line-to-line and line-to-
neutral voltages seen by the load. For example, the line-to-line voltage
Vab will have a waveshape that looks like the difference of the Q1 and
Q2 waveshapes. This line-to-line voltage is plotted in the seventh trace
in Fig. 10.26. To determine the line-to-neutral voltage for Phase a,
notice that, for stator terminal a, we can use Kirchoff’s voltage law to
discover that

Figure 10.25 Inverter.
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(10.10)

and so on for the other two phases. Because the inverter and load are
balanced and have three phases, we know that

Therefore, the voltage

Figure 10.26 Six-step continuous inverter: switch states and voltage waveforms.
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(10.11)

Substituting Eq. 10.11 into Eq. 10.10 reveals that the Phase a line-to-
neutral voltage is

(10.12)

The waveshapes of Vag, Vbg and Vcg are identical to the Q1, Q2, and Q3
wave traces in Fig. 10.26. Equation 10.12 and the traces Q1, Q2, and Q3
are used to produce the line-to-neutral voltage waveform Vas for phase a
shown in the last trace in Fig. 10.26. The six-step inverter produces a
line-to-neutral voltage that has a substantial sinusoidal component at
the fundamental frequency, with some obvious harmonic distortion
present at higher, odd harmonics of the fundamental.

The frequency of the output waveforms can, of course, be changed by
varying the time allotted to complete one electrical cycle. In a PM
synchronous machine or “brushless dc motor”, the operation of the
switches in the inverter is often “slaved” or synchronized to the rotor
position, possibly by Hall-effect switches that sense the location of the
rotor. This ensures that the AC waveform produced by the inverter will
have a significant constant component when viewed in the rotor frame,
as is necessary to sustain torque production. In a two-pole machine, for
instance, the inverter would complete one electrical cycle for every
revolution of the rotor. In essence, the inverter operates as an electrical
commutator. The inverter can also be used to drive an induction machine.
This drive could be “open-loop,” i.e., the inverter can provide the induction
motor with a fixed-frequency, balanced voltage set. It could also be
synchronized to the position of the rotor, as would be essential in the
implementation of a field-oriented controller.

In the case of the PM synchronous machine, once the inverter
operation is synchronized to the rotor position, the machine essentially
behaves like a conventional PM dc machine from the standpoint of the
dc input to the inverter. Raising the inverter input voltage will increase
the speed of the machine. The current flowing out of the dc input indicates
the level of torque produced at the shaft of the machine. It is important,
therefore, to be able to control the magnitude of the voltage or current
applied to the machine. This can be done in at least two ways. The first
approach would be to vary the level of the dc input voltage to the inverter.
This might be done either to vary the machine terminal voltage directly,
or perhaps to control the current injected into the machine with a minor
loop. The second, pulse-width modulation approach uses the inverter
switches to chop the voltage applied to the stator. The stator voltages
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can always be set to zero by turning on all three high-side, or all three
low-side switches in the inverter (but never the high-side and low-side
switches at the same time for a dc voltage input). The PWM switch
frequency would be set significantly higher than the six-step electrical
frequency. Varying the duty cycle will vary the average voltage applied
to the stator terminals, again permitting voltage control or current
control with a minor control loop.
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