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Since the last edition appeared under the Viewpoint imprint
of the Cement and Concrete Association, this Handbook has
been in the ownership of two new publishers. I am delighted
that it has now joined the catalogue of engineering books
published by Spon, one of the most respected names in
technical publishing in the world, and that its success is thus
clearly assured for the foreseeable future.

As always, it must be remembered .that many people
contribute to the production of a reference book such as
this, and my sincere thanks goes to all those unsung heroes
and heroines, especially the editorial and production staff
at E. & F.N. Spon Ltd, who have been involved in the process.

Preface

Thanks are also due to the many readers who provide
feedback by pointing out errors or making suggestions
for future improvements, Finally, my thanks to Charles
Reynolds’ widow and family for their continued encourage-
ment and support. [ know that they feel, as I do, that C.E.R.
would have been delighted to know that his Handbook is
still serving reinforced concrete designers 56 years after its
original inception.

J.CS.
Upper Beeding, May 1988
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Charles Edward Reynolds was born in 1900 and educated
at Tiffin Boys School, Kingston-on-Thames, and Battersea
Polytechnic. After some years with Sir William Arroll, BRC
and Simon Carves, he joined Leslie Turner and Partners,
and later C. W. Glover and Partners. He was for some years
Technical Editor of Concrete Publications Ltd and later
became its Managing Editor, combining this post with
private practice. In addition to the Reinforced Concrete
Designer’s Handbook, of which well over 150 000 copies have
been sold since it first appeared in 1932, Charles Reynolds
was the author of numerous other books, papers and articles
concerning concrete and allied subjects. Among his various
appointments, he served on the council of the Junior
Institution of Engineers and was the Honorary Editor of its
journal at his death on Christmas Day 1971.

The current author of the Reinforced Concrete Designer’s
Handbook, James Cyril Steedman, was educated at

The authors

Varndean Grammar School and was first employed by
British Rail, whom he joined in 1950 at the age of 16. In
1956 he commenced working for GKN Reinforcements Ltd
and later moved to Malcolm Glover and Partners. His
association with Charles Reynolds commenced when,
following the publication of numerous articles in the
magazine Concrete and Constructional Engineering, he took
up an appointment as Technical Editor of Concrete
Publications Ltd in 1961, a post he held for seven years.
Since that time he has been engaged in private practice,
combining work for the Publications Division of the Cement
and Concrete Association with his own writing and other
activities. In 1981 he established Jacys Computing Services,
an organization specializing in the development of micro-
computer software for reinforced concrete design, and much
of his time since then has been devoted to this project. He
is also the joint author, with Charles Reynolds, of Examples
of the Design of Buildings to CP110 and Allied Codes.
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The latest edition of Reynold’s Handbook has been necessi-
tated by the appearance in September 1985 of BS8110
‘Structural use of concrete’. Although it has superseded its
immediate predecessor CP110 (the change of designation
from a Code of Practice to a British Standard does not
indicate any change of status) which had been in current
use for 13 years, an earlier document still, CP114 (last revised
in 1964), is still valid.

BS8110 does not, in essence, differ greatly from CP110
(except in price!). Perhaps the most obvious change is
the overall arrangement of material. Whereas CP110 in-
corporated the entire text in Part 1, with the reinforced
concrete design charts more usually required (ie. slabs,
beams and rectangular columns) forming Part 2 and the
others Part 3, the arrangement in BS8110 is that Part 1
embodies the ‘code of practice for design and construction’,
Part 2 covers ‘special circumstances’ and Part 3 incorporates
similar charts to those forming Part 2 of CP110. There are,
as yet, no equivalents to the charts forming Part 3 of CP110.

The material included in Part 2 provides information on
rigorous serviceability calculations for cracking and deflec-
tion {previously dealt with as appendices to Part 1 of CP110),
more comprehensive treatment of fire resistance (only
touched on relatively briefly in Part 1), and so on. It could
be argued that mc:e logical arrangements of this material
would be ecither to keep all that relating to reinforced
concrete design and construction together in Part 1 with
that relating to prestressed and composite construction
forming Part 2, or to separate the material relating to design
and detailing from that dealing with specifications and
workmanship.

The main changes between CP110 and its successor are
described in the foreword to BS8110 and need not be
repeated here. Some of the alterations, for example the design
of columns subjected to biaxial bending, represent consider-
able simplifications to previously cumbersome methods.
Certain material has also been rearranged and rewritten to
achieve a more logical and better structured layout and to
meet criticisms from engineers preferring the CP114 format.
Unfortunately this makes it more difficult to distinguish
between such ‘cosmetic’ changet and those where a definite
change in meaning or emphasis is intended than would
otherwise be the case.

In addition to describing the detailed requiremen:s of

Introduction to the
tenth edition

BS8110 and providing appropriate charts and tables to aid
rapid design, this edition of the Handbook retains all the
material relating to CP110 which appeared in the previous
edition. There are two principal reasons for this. Firstly,
although strictly speaking CP110 was immediately super-
seded by the publication of BS8110, a certain amount of
design to the previous document will clearly continue for
some time to come. This is especially true outside the UK
where English-speaking countries often only adopt the UK
Code (or a variant customized to their own needs) some
time after, it has been introduced in Britain. Secondly, as far
as possible the new design aids relating to BS8110 have been
prepared in as similar a form as possible to those previously
provided for CP110: if appropriate, both requirements are
combined on the same chart. Designers who are familiar
with these tables from a previous edition of the Handbook
should thus find no difficulty in switching to the new Code,
and direct comparisons between the corresponding BS8110
and CP110 charts and tables should be instructive and
illuminating.

When BS8110 was published it was announced that
CP114 would be withdrawn in the autumn of 1987. However,
since the appearance of CP110 in 1972, a sizeable group of
engineers had fought for the retention of an alternative
officially-approved document based on design to working
loads and stresses rather than on conditions at failure. This
objective was spear-headed by the Campaign for Practical
Codes of Practice (CPCP) and as a result, early in 1987, the
Institution of Structural Engineers held a referendum in
which Institution members were requested to vote on
the question of whether ‘permissible-stress codes such as
CP114.. .should be updated and made available for design
purposes’. By a majority of nearly 4 to 1, those voting
approved the retention and updating of such codes. Accord-
ingly, the IStructE has now set up a task group for this
purpose and has urged the British Standards Institution to
publish a type TI code for the permissible-stress design of
reinforced concrete structures. As an interim measure, the
BSI has been requested to reinstate CP114, and the Building
Regulations Division of the Department of the Environment
asked to retain CP114 as an approved document until the
fiew permissible stress code is ready.

In order to make room for the new BS8110 material in
this edition of the Handbook, much of that relating
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specifically to CP114 (especially regarding load-factor
design) has had to be jettisoned. However, most of the
material relating to design using modular-ratio analysis (the
other principal design method sanctioned by CP114) has
been retained, since this has long proved to be a useful and
safe design method in appropriate circumstances.

Although intended to be self-sufficient, this Handbook is
planned to complement rather than compete with somewhat
similar publications. A joint committee formed by the
Institutions of Civil and Structural Engineers published in
October 1985 the Manual for the Design of Reinforced
Concrete Building Structures, dealing with those aspects of
BS8110 of chief interest to reinforced concrete designers and
detailers. The advice provided, which generally but not
always corresponds to the Code requirements, is presented
concisely in a different form from that in BS8110 and one
clearly favoured by many engineers. Elsewhere in the
Handbook this publication is referred to for brevity as the
Joint Institutions Design Manual. Those responsible for
drafting CP110 produced the Handbook on the Unified Code
for Structural Concrete, which explained in detail the basis
of many CP110 requirements. A similar publication dealing
with BS8110 is in preparation but unfortunately had not
been published when this edition of the Handbook was
prepared. References on later pages to the Code Handbook
thus relate to the CP110 version. A working party from the
CPCP has produced an updated version of CP114* and
reference is also made to this document when suggesting
limiting stresses for modular-ratio design.

* Copics can be obtained from the Campaign for Practical Codes of
Practice, PO Box 218, London SW15 2TY.

ix

In early editions of this Handbook, examples of concrete
design were included. Such examples are now embodied in
the sister publication Examples of the Design of Buildings,
in which the application of the requirements of the relevant
Codes to a fairly typical six-storey building is considered.
Since the field covered by this book is much narrower than
the Handbook, it is possible to deal with particular topics,
such as the rigorous calculations necessary to satisfy the
serviceability limit-state requirements, ini far greater detail.
The edition of the Examples relating to CP110 has been out
of print for some little time but it is hoped that a BS8110
version will be available before long.

Chapter 7 of this Handbook provides a brief introduction
to the use of microcomputers and similar electronic aids in
reinforced concrete design. In due course it is intended to
supplement this material by producing a complete separate
handbook, provisionally entitled the Concrete Engineer’s
Computerbook, dealing in far greater detail with this very
important subject and providing program listings for many
aspects of concrete design. Work on this long-delayed
project is continuing.

Finally, for newcomers to the Handbook, a brief comment
about the layout may be useful. The descriptive chapters
that form Part I contain more general material concerning
the tables. The tables themselves, with specific notes and
worked examples in the appropriate chapters, form Part II,
but much of the relevant text is embodied in Part I and this
part of the Handbook should always be consulted. The
development of the Handbook through successive editions
has more or less negated the original purposes of this plan
and it is hoped that when the next edition appears the
arrangement will be drastically modified.
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The basis of the notation adopted in this book is that
employed in BS8110 and CP110. This in turn is based on
the internationally agreed procedure for preparing notations
produced by the European Concrete Committee (CEB) and
the American Concrete Institute, which was approved at
the 14th biennial meeting of the CEB in 1971 and is outlined
in Appendix F of CP110. The additional symbols required
to represent other design methods have been selected in
accordance with the latter principles. In certain cases the
resulting notation is less logical than would be ideal: this is
due to the need to avoid using the specific Code terms for
other purposes than those specified in these documents. For
example, ideally M could represent any applied moment,
but since CP110 uses the symbol to represent applied
moments due to ultimate loads only, a different symbol (M)
has had to be employed to represent moments due to service
loads. In isolated cases it has been necessary to violate the
basic principles given in Appendix F of CP110: the precedent
for this is the notation used in that Code itself.

To avoid an even more extensive use of subscripts, for
permissible-stress design the same symbol has sometimes
been employed for two related purposes. For example, f,
represents either the maximum permissible stress in the
reinforcement or the actual stress resulting from a given
moment, depending on the context. Similarly, M, indicates
either an applied “service’ moment or the resistance moment
of a section assessed on permissible-service-stress principles.
It is believed that this duality of usage is unlikely to cause
confusion.

In accordance with the general principles of the notation,

A, Area of concrete

A Area of core of helically reinforced column

A, Area of tension reinforcement

A Area of compression reinforcement

A Area of compression reinforcement near more
highly compressed column face

A, Area of reinforcement near less highly compress-
ed column face

A, Total area of longitudinal reinforcement (in
columns)

Ag Equivalent area of helical binding (volume per

unit length)

Notation

the symbols K, k, &, f, {, &£ and y have been used repeatedly
to represent different factors or coefficients, and only where
such a factor is used repeatedly (e.g. «, for modular ratio),
or confusion is thought likely to arise, is a subscript
appended. Thus k, say, may be used to represent perhaps
twenty or more different coefficients at various places in this
book. In such circumstances the particular meaning of the
symbol is defined in each particular case and care should
be taken to confirm the usage concerned.

The amount and range of material contained in this book
makes it inevitable that the same symbols have had to be
used more than once for different purposes. However, care
has been taken to avoid duplicating the Code symbols,
except where this has been absolutely unavoidable. While
most suitable for concrete design purposes, the general
notational principles presented in Appendix F of CP110 are
perhaps less applicable to other branches of engineering.
Consequently, in those tables relating to general structural
analysis, the only changes made to the notation employed
in previous editions of this book have been undertaken to
conform to the use of the Code symbols (i.e. corresponding
changes to comply with Appendix F principles have not
been made).

In the left-hand columns on the following pages, the
appropriate symbols are set in the typeface used in the main
text and employed on the tables. Terms specifically defined
and used in the body of BS8110 and CP110 are indicated
in bold type. Only the principal symbols (those relating to
concrete design) are listed here: all others are defined in the
text and tables concerned.

A Area of longitudinal reinforcement provided for
torsion

Ay proy Area of tension reinforcement provided

Agreq Area of tension reinforcement required

A, Cross-section area of two legs of link re-
inforcement

A, Area of individual tension bar

A, Area of individual compression bar

A, Transformed concrete area

a Dimension (as defined); deflection

a, Distance between centres of bars

a, Distance to centroid of compression re-
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Notation
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inforcement

Distance to centroid of tension reinforcement

Width of section; dimension (as defined)

Breadth of section at level of tension reinforce-
ment 7

Breadth of web or rib of member

Torsional constant

Minimum cover to reinforcement

Density {with appropriate subscripts)

Density (i.e. unit weight) of concrete at time of
test

Effective depth to tension reinforcement

Depth to compression reinforcement

Minimum effective depth that can be provided

Diameter of core of helically bound column

Depth of concrete in compression (simplified
limit-state formulae)

Static secant modulus of elasticity of concrete

Modulus of elasticity of steel

Eccentricity; dimension (as defined)

Additional eccentricity due to deflection in wall

Resultant eccentricity of load at right angles to
plane of wall

Resultant eccentricity calculated at top of wall

Resultant eccentricity calculated at bottom of
wall

Total load

Tensile force due to ultimate load in bar or
group of bars

Horizontal component of load

Tie force

Vertical component of load

Stress (as defined) (i:e. f,, fg etc. are stresses at
points A, B etc.).

Local-bond stress due to ultimate load

Anchorage-bond stress due to ultimate load

Local-bond stress due to service load

Anchorage-bond stress due to service load

Permissible stress or actual maximum stress in
concrete in direct compression (depending
on context}

Permissible stress or actual maximum stress
in concrete in compression due to bending
{depending on context)

Permissible stress or actual maximum stress in
concrete in tension (depending on context)

Characteristic cube strength of concrete

Service stress in reinforcement (deflection
requirements)

Stress assumed in reinforcement near less highly
compressed column face (simplified limit-
state formulae)

Permissible stress in compression reinforcement

Permissible stress or actual maximum stress
in tension reinforcement (depending on

fu
5
Joa

fur
Joaz

=

&~

O~

oo
®

<

5'\

xi

context}

Specified minimum cube strength of concrete

Characteristic strength of reinforcement

Maximum design stress in tension reinforcement
(=/,/vm) (limit-state analysis)

Actual design stress in compression reinforce-
ment (limit-state analysis)

Actua! design stress in tension reinforcement
(limit-state analysis)

Characteristic strength of longitudinal torsional
reinforcement

Characteristic strength of shear reinforcement

Shear modulus

Characteristic dead load

Distributed dead load

Characteristic dead load per unit area

Horizontal reaction (with appropriate subscripts)

Overall depth or diameter of section

Diameter of column head in flat-slab design;
distance of centroid of arbitrary strip from
compression face

Thickness of flange

Depth of arbitrary strip

Second moment of area

Transformed second moment of area in concrete
units

Radius of gyration

Section modulus; number; constant

Number

A constant (with appropriate subscripts)

Moment-of-resistance factor when K, = K,
(design to BS5337)

Moment-of-resistance factor due to concrete
alone (= M,,,,./bd%)

Link-resistance factor for permissible-service-
stress design

Service moment-of-resistance factor for un-
cracked section (design to BS5337)

Service moment-of-resistance factor for cracked
section (design to BS5337)

Link-resistance factor for limit-state design
A constant (with appropriate subscripts)

Factors determining shape of parabolic-
rectangular stress-block for limit-state
design

Factors determining shape of stress—strain
diagram for reinforcement for limit-state
design

Span

Span

Effective span or height of member

Effective height for bending about major axis

Effective height for bending about minor axis

Average of I, and [,

Clear height of column between end restraints
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Length of shorter side of rectangular slab
Length of longer side of rectangular slab

Length of flat-slab panel in direction of span
measured between column centres

Width of flat-slab panel measured between
column centres

Bending moment due to ultimate loads

Additional moment to be provided by com

sion reinforcement

rec.
105

Moments of resistance provided by concrete
alone (permissible-service-stress design)

Moment of resistance of section or bending
moment due to service load, depending on
context (permissible-service-stress design)

Design bending moments in flat -slabs

Maximum initial moment in column due to
ultimate load

Initial moment about major axis of slender
column due to ultimate load

Initial moment about minor axis of slender
column due to ultimate load

Bending moments at midspan on strips of unit
width and of spans I, and I, respectively
Total moment in column due to ultimate load
Total moment about major axis of slender

column due to ultimate load

Total moment about minor axis of slender
column due to ultimate load

Ultimate moment of resistance of section

Maximum moment capacity of short column
under action of ultimate load N and bending
about major axis only

Maximum moment capacity of short column
under action of ultimate load N and bend-
ing about minor axis only

Moments about major and minor axes of short
column due to ultimate load

Ultimate axial load

Ultimate axial load giving rise to balanced.
condition in column (limit-state design)

Axial load on or axial resistance of member
depending on context (permissible-service-
stress design)

Ultimate resistance of section to pure axial
load

Total distributed ultimate load per unit area
(=14g,+16g,)

Number of storeys

Characteristic imposed load

Distributed imposed load

Characteristic distributed imposed load per unit
area

Vertical reaction (with appropriate subscripts)
Internal radius of bend of bar; radius

Outer and inner radii of annular section,
respectively

S

X
X

Y1

Z

a’ﬁ’(’
o)

ae
Ys
Y
€4,Ep, elC.
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i

[}

T T M

=® DS

Notation

Value of summation (with appropriate sub-
scripts)

Spacing of bars

Pitch of helical binding

Spacing of links

Torsional moment due to ultimate loads

Torsional moment due to service loads

Temperature in degrees

Perimeter

Length of critical perimeter

Effective perimeter of reinforcing bar

Shearing force due to ultimate loads

Shearing force due to service loads

Total shearing resistance provided by inclined
bars

Shearing stress on section

Ultimate shearing resistance per unit area pro-
vided by concrete alone

Shearing resistance per unit area provided
by concrete alone (permissible-service-stress
design)

Limiting ultimate shearing resistance per unit
area when shearing reinforcement is provided

Shearing stress due to torsion

Ultimate torsional resistance per unit area
provided by concrete alone

Limiting ultimate torsional resistance per unit
area when torsional reinforcement is
provided

Total wind load

Total distributed service load per unit area
(=9x + 44

Depth to neutral axis

Lesser dimension of a link

Greater dimension of a link

Lever-arm

Factors or coefficients (with or without sub-
scripts as appropriate)

Modular ratio

Partial safety factor for loads

Partial safety factor for materials

Strain at points A, B etc.

Strain at interface between parabolic and linear
parts of stress—strain curve for concrete

Strain in tension reinforcement
Strain in compression reinforcement

Proportion of tension reinforcement (= A,/bd)

Proportion of compression reinforcement
(= Ay/bd)

Proportion of total reinforcement in terms of
gross section (= A,/bh or A, /bh)

Bar size

Angle

Frictional coefficient
Poisson’s ratio
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A structure is an assembly of members each of which is
subjected to bending or to direct force (either tensile or
compressive) or to a combination of bending and direct
force. These primary influences may be accompanied by
shearing forces and sometimes by torsion. Effects due to
changes in temperature and to shrinkage and creep of
the concrete, and the possibility of damage resulting
from overloading, local damage, abrasion, vibration, frost,
chemical attack and similar causes may also have to be
considered. Design includes the calculation of, or other
means of assessing and providing resistance against, the
moments, forces and other effects on the members. An
efficiently designed structure is one in which the members
are arranged in such a way that the weight, loads and forces
are transmitted to the foundations by the cheapest means
consistent with the intended use of the structure and
the nature of the site. Efficient design means more than
providing suitable sizes for the concrete members and the
provision of the calculated amount of reinforcement in an
economical manner. It implies that the bars can be easily
placed, that reinforcement is provided to resist the secondary
forces inherent in monolithic construction, and that resist-
ance is provided against all likely causes of damage to the
structure. Experience and good judgement may do as much
towards the production of safe and economical structures
as calculation. Complex mathematics should not be allowed
to confuse the sense of good engineering. Where possible,
the same degree of accuracy should be maintained through-
out the calculations; it is illogical to consider, say, the
effective depth of a member to two decimal places if the load
is overestimated by 25%. On the other hand, in estimating
loads, costs and other numerical quantities, the more items
that areincluded at their exact value the smaller is the overall
percentage of error due to the inclusion of some items the
exact magnitude of which is unknown.

Where the assumed load is not likely to be exceeded and
the specified quality of concrete is fairly certain to be
obtained, high design strengths or service stresses can be
employed. The more factors allowed for in the calculations
the higher may be the strengths or stresses, and vice versa.
If the magnitude of a load, or other factor, is not known
precisely it is advisable to study the effects of the probable
largest and smallest values of the factor and provide
resistance for the most adverse case. It is not always the

Chapter 1
Introduction

largest load that produces the most critical conditions in all
parts of a structure.

Structural design is largerly controlled by regulations or
codes but, even within such bounds, the designer must
exercise judgement in his interpretation of the requirements,
endeavouring to grasp the spirit of the requirements rather
than to design to the minimum allowed by the letter of a
clause. In the United Kingdom the design of reinforced
concrete is based largely on the British Standards and BS
Codes of Practice, principally those for ‘Loading’ (CP3:
Chapter V: Part 2 and BS6399: Part 1), ‘Structural use of
concrete’ (BS8110: Parts 1, 2 and 3), ‘The structural use of
concrete’ (CP110: Parts 1, 2 and 3), ‘The structural use -
of normal reinforced concrete in buildings’ (CP114), ‘The
structural use of concrete for retaining aqueous liquids’
(BS5337) and ‘Steel, concrete and composite bridges’
(BS5400) ‘Part 2: Specification for loads’ and ‘Part 4: Design
of concrete bridges’. In addition there are such documents
as the national Building Regulations.

The tables given in Part II enable the designer to reduce
the amount of arithmetical work. The use of such tables
not only increases specd but also eliminates inaccuracies
provided the tables are thoroughly understood and their
bases and limitations realized. In the appropriate chapters
of Part I and in the supplementary information given on the
pages facing the tables, the basis of the tabulated material
is described. Some general information is also provided. For
example, Appendix A gives {undamental trigonometrical
and other mathematical formula and useful data. Appendix
B is a conversion table for metric and imperial lengths.
Appendix C gives metric and imperial equivalents for units
commonly used in structural calculations.

1.1 ECONOMICAL STRUCTURES

The cost of a reinforced concrete structure is obviously
affected by the prices of concrete, steel, formwork and labour.
Upon the relation between these prices, the economical
proportions of the quantities of concrete, reinforcement and
framework depend. There are possibly other factors to be
taken into account in any particular case, such as the use
of available steel forms of standard sizes. In the United
Kingdom economy generally results from the use of simple
formwork even if this requires more concrete compared with
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a design requiring more complex and more expensive
formwork.

Some of the factors which may have to be considered are
whether less concrete of a rich mix is cheaper than a greater
volume of a leaner concrete; whether the cost of higher-
priced bars of long lengths will offset the cost of the extra
weight used in lapping shorter and cheaper bars; whether,
consistent with efficient detailing, a few bars of large
diameter can replace a larger number of bars of smaller
diameter; whether the extra cost of rapid-hardening cement
justifies the saving made by using the forms a greater number
of times; or whether uniformity in the sizes of members saves
in formwork what it may cost in extra concrete.

There is also a wider aspect of economy, such as whether
the anticipated life and use of a proposed structure warrant
the use of a higher or lowcr factor of safety than is usual;
whether the extra cost of an expensive type of construction
is warranted by the improvement in facilities; or whether
the initial cost of a construction of high quality with little
or no maintainance cost is more economical than less costly
construction combined with the expense of maintenance.

The working of a contract and the experience of the
contractor, the position of the site and the nature of the
available materials, and even the mcthod of measuring
the quantities, together with numerous other points, all have
their effect, consciously or not, on the designer’s attitude
towards a contract. So many and varied are the factors to
be considered that only experience and the study of the trend
of design can give any reliable guidance. Attempts to
determine the most economical proportions for a given
member based only on inclusive prices of concrete, re-
inforcement and formwork are often misleading. It is never-
theless possible to lay down certain principles.

For equal weights, combined material and labour costs
for reinforcement bars of small diameter are greater than

.those for large bars, and within wide limits long bars are
cheaper than short bars if there is sufficient weight to justify
special transport charges and handling facilities.

The lower the cement content the cheaper the concrete
but, other factors being equal, the lower is the strength and
durability of the concrete. Taking compressive strength and
cost into account, a concrete rich in cement 1S more
economical than a leaner concrete. In beams and slabs,
however, where much of the concrete is in tension and
therefore neglected in the calculations, it is less costly to use
a lean concrete than a rich one. In columns, where all the
concrete is in compression, the use of a rich concrete is more
economical, since besides the concrete being more efficient,
there is a saving in formwork resulting from the reduction
in the size of the column.

The use of steel in compression is always uneconomical
when the cost of a single member is being considered, but
advantages resulting from reducing the depth of beams and
the size of columns may offset the extra cost of the individual
member. When designing for the ultimate limit-state the
most economical doubly-reinforced beam is that in which
the total combined weight of tension and compression steel
needed is a minimum. This otcurs when the depth of the
neutral axis is as great as possible without reducing the
design strength in the tension steel (see section 5.3.2). With
permissible-working-stress design the most economical
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doubly-reinforced section is that iz vhich the compressive
stress in the concrete is the maximum permissible stress and
the tensile stress in the steel is that which gives the minimum
combined weight of tension and compression reinforcement.
T-beams and slabs with compression reinforcement are
seldom economical. When the cost of mild steel 1s high in
relation to that of concrete, the most economical slab is that
in which the proportion of tension reinforcement is weil
below the so-called ‘economic’ proportion. (The economic
proportion is that at which the maximum resistance
moments due to the steel and concrete, when each is
considered separately, are equal.) T-beams are cheaper if the
rib is made as deep as practicable, but here again the increase
in headroom that results from reducing the depth may offset
the small extra cost of a shallower beam. It is rarely
economical to design a T-beam to achieve the maximum
permissible resistance from the concrete.

Inclined bars are more economical than links for resisting
shearing force, and this may be true even if bars have to be
inserted specially for this purpose.

Formwork is obviously cheaper if angles are right angles,
if surfaces are plane, and if there is some repetition of use.
Therefore splays and chamfers are omitted unless structural-
ly necessary or essential to durability. Wherever possible
architectural features in work cast in situ should be formed
in straight lines. When the cost of formwork is considered
in conjunction with the cost of concrete and reinforcement,
the introduction of complications in the formwork may
sometimes lead to more economical construction; for
example, large continuous beams may be more economical
if they are haunched at the supports. Cylindrical tanks are
cheaper than rectangular tanks of the same capacity if many
uses are obtained from one set of forms. In some cases domed
roofs and tank bottoms are more economical than flat
beam-and-slab construction, although the unit cost of the
formwork may be doubled for curved work. When formwork
can be used several times without alteration, the employment
of steel forms should be considered and, because steel is less
adaptable than wood, the shape and dimensions of the work
may have to be determined to suit. Generally, steel forms
for beam-and-slab or column construction are cheaper than
timber formwork if twenty or more uses can be assured, but
for circular work half this number of uses may warrant the
use of steel. Timber formwork for slabs, walls, beams, column
sides etc. can generally be used four times before repair, and
six to eight times before the cost of repair equals the cost
of new formwork. Beam-bottom boards can be used at least
twice as often.

Precast concrete construction usually reduces consider-
ably the amount of formwork and temporary supports
required, and the moulds can generally be used very many
more times than can site formwork. In some cases, however,
the loss of structural rigidity due to the absence of monolithic
construction may offset the economy otherwise resulting
from precast construction. To obtain the economical
advantage of precasting and the structural advantage of in
situ casting, it is often convenient to combine both types of
construction in the same structure.

In many cases the most economical design can be
determined only by comparing the approximate costs of
different designs. This is particularly true in borderline cases
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and is practically the only way of determining, say, when
a simple cantilevered retaining wall ceases to be more
economical than one with counterforts; when a solid-slab
bridge is more economical than a slab-and-girder bridge; or
when a cylindrical container is cheaper than a rectangular
container. Although it is usually more economical in floor
construction for the main beams to be of shorter span than
the secondary beams, it is sometimes worth while investigat-
ing different spacings of the secondary beams, to determine
whether a thin slab with more beams is cheaper or not than
a thicker slab with fewer beams. In the case of flat-slab
construction, it may be worth while considering alternative
spacings of the columns.

An essential aspect of economical design is an apprecia-
tion of the possibilities of materials other than concrete. The
judicious incorporation of such materials may lead to
substantial economies. Just as there is no structural reason
for facing a reinforced concrete bridge with stone, so there
is no economic gain in casting in situ a reinforced concrete
wall panel if a brick wall is cheaper and will serve the same
purpose. Other common cases of the consideration of
different materials are the installation of timber or steel
bunkers when only a short life is required, the erection of
light steel framing for the superstructures of industrial
buildings, and the provision of pitched steel roof trusses.
Included in such economic comparisons should be such
factors as fire resistance, deterioration, deprecia-
tion, insurance, appearance and speed of construction, and
structural considerations such as the weight on the
foundations, convenience of construction and the scarcity
or otherwise of materials.

1.2 DRAWINGS

The methods of preparing drawings vary considerably, and
in most drawing offices a special practice has been developed
to suit the particular class of work done. The following
observations can be taken as a guide when no precedent or
other guidance is available. In this respect, practice in the
UK should comply with the report published jointly by the
Concrete Society and the Institution of Structural Engineers
and dealing with, among other matters, detailing of reinforc-
ed concrete structures. The recommendations given in the
following do not necessarily conform entirely with the
proposals in the report (ref. 33).

A principal factor is to ensure that, on all drawings for
any one contract, the same conventions are adopted and
uniformity of appearance and size is achieved, thereby
making the drawings easier to read. The scale employed
should be commensurate with the amount of detail to be
shown. Some suggested scales for drawings with metric
dimensions and suitable equivalent scales for those in
imperial dimensions are as follows.

In the preliminary stages.a general drawing of the whole
structure is usually prepared to show the principal arrange-
ment and sizes of beams, columns, slabs, walls, foundations
and other members. Later this, or a similar drawing, is
utilized as a key to the working drawings, and shouild show
precisely such particulars as the setting-out of the structure
in relation to adjacent buildings or other permanent works,
and the level of, say, the ground floor in relation to a datum.
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All principal dimensions such as the distance between
columns and overall and intermediate heights should be
indicated, in addition to any clearances, exceptional loads
and other special requirements. A convenient scale for most
general arrangement drawings is 1:100 or 1/8 in to 1ft,
although a larger scale may be necessary for complex
structures. It is often of great assistance if the general drawing
can be used as a key to the detailed working drawings by
incorporating reference marks for each column, beam, slab
panel or other member.

The working drawings should be large-scale details of the
members shown on the general drawing. A suitable scale is
1:25 or 1/2 in to 1ft, but plans of siabs and elevations of
walls are often prepared to a scale of 1:50 or 14 in to 1ft,
while sections through beams and columns with complicated
reinforcement are preferably drawn to a scale of 1:10 or
1in to 1 ft. Separate sections, plans and elevations should be
shown for the details of the reinforcement in slabs, beams,
columns, frames and walls, since it is not advisable to show
the reinforcement for more than one such member in a single
view. An indication should be given, however, of the
reinforcement in slabs and columns in relation to the
reinforcement in beams or other intersecting reinforcement.
Sections through beams and columns showing the detailed
arrangement of the bars should be placed as closely as
possibie to the position where the section is taken.

In reinforced concrete details, it may be preferable for the
outline of the concrete to be indicated by a thin line and to
show the reinforcement by a bold line. Wherever clearness
is not otherwised sacrificed, the line representing the bar
should be placed in the exact position intended for the bar,
proper allowance being made for the amount of cover. Thus
the reinforcement as shown on the drawing will represent
as nearly as possible the appearance of the reinforcement as
fixed on the site, all hooks and bends bcing drawn to scale.
The alternative to the foregoing method that is frequently
adopted is for the concrete to be indicated by a bold line
and the reinforcement by a thin line; this method. which is
not recommended in the report previously mentioned. has
some advantages but also has some drawbacks.

The dimensions given on the drawing should be arranged
so that the primary dimensions connect column and beam
centres or other leading setting-out lines, and so that
secondary dimensions give the detailed sizes with reference
to the main setting-out lines. The dimensions on working
drawings should also be given in such a way that the
carpenters making the formwork have as little calculation
to do as possible. Thus, generally, the distances between
breaks in any surface should be dimensioned. Disjointed
dimensions should be avoided by combining as much
information as possible in a single line of dimensions,

It is of some importance to show on detail drawings the
positions of bolts and other fitments that may be required
to be embedded in the concrete, and of holes etc. that are
to be formed for services and the like. If such are shown on
the same drawings as the reinforcement, there is less
likelihood of conflicting information being depicted. This
proposal may be of limited usefulness in buildings but is of
considerable importance in industrial structures.

Marks indicating where cross-sections are taken should
be bold and, unless other considerations apply, the sections



http://www.cvisiontech.com/pdf_compressor_31.html

6

should be drawn as viewed in the same two directions
throughout the drawing; for example, they may be drawn
as viewed looking towards the left and as viewed looking
from the bottom of the drawing. Consistency in this makes
it easier to understand complicated details.

Any notes on general or detailed drawings should be
concise and free from superfluity in wording or ambiguity
in meaning. Notes which apply to all working drawings can
be reasonably given on the general arrangement with a
reference to the latter on each of the detail drawings.
Although the proportions of the concrete, the cover of
concrete over the reinforcement, and similar information are
usually given in the specification or bill of quantities, the
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proportions and covers required in the parts of the work
shown on a detail drawings should be described on the latter,
as the workmen rarely see the specification. If the bar-
bending schedule is not given on a detail drawing, a reference
should be made to the page numbers of the bar-bending
schedule relating to the details on that drawing.

Notes that apply to one-view or detail only should be
placed as closely as possible to the view or detail concerned,
and only those notes that apply to the drawing as a whole
should be collected together. If a group of notes is lengthy
there is a dangur that individual notes will be read only
cursorily and an important requirement be overlooked.
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2.1 FACTORS OF SAFETY

The calculations required in reinforced concrete design are
generally of two principal types. On the one hand, calcula-
tions are undertaken to find the strength of a section of a
member at which it becomes unserviceable, perhaps due to
failure but also possibly because cracking or deflection
becomes excessive, or for some similar reason. Calculations
are also made to determine the bending and torsional
moments and axial and shearing forces set up in a structure
due to the action of an arrangement of loads or pressures
and acting either permanently (deadloads) or otherwise
(imposedloads). The ratio of the resistance of the section to
the moment or force causing unserviceability at that section
may be termed the factor of safety of the section concerned.
However, the determination of the overall (global) factor of
safety of a complete structure is usually somewhat more
complex, since this represents the ratio of the greatest load
that a structure can carry to the actual loading for which
it has been designed. Now, although the moment of resist-
ance of a reinforced concrete section can be calculated with
reasonable accuracy, the bending moments and forces acting
on a structure as failure is approached are far more difficult
to determine since under such conditions a great deal of
redistribution of forces occurs. For example, in a continuous
beam the overstressing at one point, say at a support, may
be relieved by a reserve of strength that exists elsewhere,
say at midspan. Thus the distribution of bending moment
at failure may be quite different from that which occurs under
service conditions.

2.1.1 Modular-ratio design

Various methods have been adopted in past Codes and
similar documents to ensure an adequate and consistent
factor of safety for reinforced concrete design. In elastic-
stress (i.e. modular-ratio) theory, the moments and forces
acting on a structure are calculated from the actual values
of the applied loads, but the limiting permissible stresses in
the concrete and the reinforcement are restricted to only a
fraction of their true strengths, in order to provide an
adequate safety factor. In addition, to ensure that if any
failure does occur it is in a ‘desirable’ form (e.g. by the
reinforcement yielding and thus giving advance warning that
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failure is imminent, rather than the concrete crushing, which
may happen unexpectedly and explosively) a greater factor
of safety is employed to evaluate the maximum permissible
stress in concrete than that used to determine the maximum
permissible stress in the reinforcement.

2.1.2 Load-factor design

While normally modelling the behaviour of a section under
service loads fairly well, the above method of analysis
gives an unsatisfactory indication of conditions as failure
approaches, since the assumption of a linear relationship
between stress and strain in the concrete (see section 5.4) no
longer remains true, and thus the distribution of stress in
the concrete differs from that under service load. To obviate
this shortcoming, the load-factor method of design was
introduced into CP114. Theoretically, this method involves
the analysis of sections at failure, the actual strength of a
section being related to the actual load causing failure, with
the latter being determined by ‘factoring’ the design load.
However, to avoid possible confusion caused by the need
to employ both service and ultimate loads and stresses for
design in the same document, as would be necessary since
modular-ratio theory was to continue to be used, the
load-factor method was introduced in CP114 in terms of
working stresses and loads, by modifying the method
accordingly.

2.1.3 Limit-state design

In BS8110 and similar documents (e.g. CP110, BS5337,
BS5400 and the design recommendations of the CEB) the
concept of a limit-state method of design has been introduc-
ed. With this method, the design of each individual member
or section of a member must satisfy two separate criteria:
the ultimate limit-state, which ensures that the probability
of failure is acceptably low; and the limit-state of service-
ability, which ensures satisfactory behaviour under service
(i.e. working) loads. The principal criteria relating to service-
ability are the prevention of excessive deflection, excessive
cracking and excessive vibration, but with certain types of
structure and in special circumstances other limit-state
criteria may have to be considered (e.g. fatigue, durability,
fire resistance etc.)
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To ensure acceptable compliance with these limit-states,
various partial factors of safety are employed in limit-state
design. The particular values selected for these factors
depend on the accuracy known for the load or strength to
which the factor is being applied, the seriousness of the
consequences that might follow if excessive loading or stress
occurs, and so on. Some details of the various partial factors
of safety specified in BS8110 and CP110 and their applica-
tion are set out in Table ! and discussed in Chapter 8. It
will be seen that at each limit-state considered, two partial
safety factors are involved. The characteristic loads are
multiplied by a partial safety factor for loads y, to obtain
the design loads, thus enabling calculation of the bending
moments and shearing forces for which the member is to
be designed. Thus if the characteristic loads are multiplied
by the value of y, corresponding to the ultimate limit-state,
the moments and forces subsequently determined will re-
present those occurring at failure, and the sections must be
designed accordingly. Similarly, if the value of y, corres-
ponding to the limit-state of serviceability is used, the
moments and forces under service loads will be obtained.
In a similar manner, characteristic strengths of materials
used are divided by a partial safety factor for materials
7. to obtain appropriate design strengths for . each
material.

Although serviceability limit-state calculations to ensure
the avoidance of excessive cracking or deflection may be
undertaken, and suitable procedures are outlined to under-
take such a full analysis for every section would be too
time-consuming and arduous, as well as being unnecessary.
Therefore BS8110 and CP110 specify certain limits relating
to bar spacing, slenderness etc. and, if these criteria are
not exceeded, more-detailed calculations are unnecessary.
Should a proposed design fall outside these tabulated
limiting values, however, the engineer may still be able to
show that his design meets the Code requirements regarding
serviceability by producing detailed calculations to validate
his claim.

Apart from the partial factor of safety for dead +
imposed + wind load, all the partial safety factors relating
to the serviceability limit-state are equal to unity. Thus the
calculation of bending moments and shearing forces by using
unfactored dead and imposed loads, as is undertaken with
modular-ratio and load-factor design, may conveniently be
thought of as an analysis under service loading, using
limiting permissible service stresses that have been determin-
ed by applying overall safety factors to the material strengths.
Although imprecise, this concept may be useful in appreciat-
ing the relationship between limit-state and other design
methods, especially as permissible-working-stress design is
likely to continue to be used for certain types of structures
and structural members (e.g.chimneys) for some time to
come, especially where the behaviour under service loading
is the determining factor. In view of the continuing usefulness
of permissible-working-stress design, which has been shown
by the experience of many years to result in the production
of safe and economical designs for widely diverse types of
structure, most of the design data given elsewhere in this
book, particularly in those chapters dealing with structures
other than building frames and similar components, are
related to the analysis of structures under service loads and
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their design by methods based on permissible working
stresses.

Note When carrying out any calculation, it is most
important that the designer is absolutely clear as to the
condition he is investigating. This is of especial importance
when he is using values obtained from tables or graphs such
as those given in Part IT of this book. For example, tabulated

must never be used to satisfy the requirements obtained by
carrying out a serviceability analysis, i.e. by calculating
bending moments and shearing forces due to unfactored
characteristic loads.

2.2 CHARACTERISTIC LOADS

The loads acting on a structure are permanent (or dead)
loads and transient (or imposed or live) loads. As explained
above, a design load is calculated by multiplying the
characteristic load by the appropriate partial factor of safety
for loads 7,. According to the Code Handbook a character-
istic load is; by definition, ‘that value of load which has an
accepted probability of its not being exceeded during the
life of the structure’ and ideally should be evaluated from
the mean load with a standard deviation from this value.
BS8110 states that for design purposes the loads set out in
BS6399: Part | and CP3: Chapter V: Part 2 may be
considered as characteristic dead, imposed and wind loads.
Thus the values given in Tables 2-8 may be considered
to be characteristic loads for the purposes of limit-state
calculations.

In the case of wind loading,in-CP3: Chapter V: Part 2 a
multiplying factor S, has b@porated in the express-
ion used to determine the characi€ristic wind load W to
take account of the probabige\gﬂgnﬁ&'%asic wind speed being
exceeded during the life of the structure.

2.3 DEAD LOADS

Dead loads include the weights of the structure itself and
any permanent fixtures, partitions, finishes, superstructures
and so on. Data for calculating dead loads are given in
Tables 2, 3 and 4: reference should also be made to the notes
relating to dead loads given in section 9.1.

2.4 IMPOSED LOADS

Imposed (or transient or live) loads include any external
loads imposed upon the structure when it is serving its
normal purpose, and include the weight of stored materials,
furniture and . movable equipment, cranes, vehicles, snow,
wind and people. The accurate assessment of the actual and
probable loads is an important factor in the production of
economical and efficient structures. Some imposed loads,
such as the pressures and weights due to contained liquids,
can be determined exactly; less definite, but capable of being
calculated with reasonable accuracy, are the pressures of
retained granular materials. Other loads, such as those on
floors, roofs and bridges, are generally specified at character-
istic values. Wind forces are much less definite, and marine
forces are among the least determinable.
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2.4.1 Floors

For buildings is most towns the loads imposed on floors,
stairs and roofs are specified in codes or local building
regulations. The loads given in Tables 6 and 7 are based
on BS6399: Part 1 which has replaced CP3: Chapter V:
Part 1. The imposed loads on slabs are uniformly distributed
loads expressed in kilonewtons per square metre (kN/m?)
and pounds per square foot (Ib/ft?). A concentrated load,
as an alternative to the uniformly distributed load, is in
some cases assumed to act on an area of specified size and
in such a position that it produces the greatest stresses or
greatest deflection. A slab must be designed to carry
either of these loads, whichever produces the most adverse
conditions. The concentrated ioad need not be considered
in the case of solid slabs or other slabs capable of effectively
distributing loads laterally.

Beams are designed for the appropriate uniformly distri-
buted load, but beams spaced at not more than I m (or 40 in)
centres are designed as slabs. When a beam supports not

.less than 40m? or 430ft? of a level floor, it is permissible
to reduce the specified imposed load by 5% for every 40 m?
or 430ft2 of floor supported, the maximum reduction being
25%; this reduction does not apply to floors used for storage,
office floors used for filing, and the like.

The loads on floors of warehouses and garages are dealt
with in sections 2.4.8, 9.2.1 and 9.2.5. In all cases of floors
in buildings it is advisable, and in some localities it is
compulsory, to affix a notice indicating the imposed load
for which the floor is designed. Floors of industrial buildings
where machinery and plant are installed should be designed
not only for the load when the plant is in running order,
but for the probable load during erection and the testing of
the plant, as in some cases this load may be more severe
than the working load. The weights of any machines or
similar fixtures should be allowed for if they are likely to
cause effects more adverse than the specified minimum
imposed load. Any reduction in the specified imposed load
due to multiple storeys or to floors of large area should not
be applied to the gross weight of the machines or fixtures.
The approximate weights of some machinery such as
conveyors and screening plants are given in Table 12. The
effects on the supporting structure of passenger and goods
lifts are given in Table 12 and the forces in colliery pit-head
frames are given in section 9.2.9. The support of heavy safes
requires special consideration, and the floors should be
designed not only for the safe in its permanent position
but also for the condition when the safe is being
moved into position, unless temporary props or other means
of relief are provided during installation. Computing
and other heavy office equipment should also be considered

specially.

2.4.2 Structures subject to vibration

For floors subjected to vibration from such causes as
dancing, drilling and gymnastics, the imposed loads specified
in Table 6 are adequate to allow for the dynamic effect. For
structural members subjected to continuous vibration due
to machinery, crushing plant, centrifugal driers and the like,
an allowance for dynamic effect can be made by reducing
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the service stresses by, say, 25%, or more or by increasing the
total dead and imposed loads by the same amount; the
advantage of the latter method is that if modular-ratio
theory is being used the ordinary stresses and standard tables
and design charts are still applicable.

2.4.3 Baiustrades and parapets

The balustrades of stairs and landings and the parapets of
balconies and roofs should be designed for a horizontal force
acting at the level of the handrail or coping. The forces
specified in BS6399: Part 1 are given in Table 7 for parapets
on various structures in terms of force per unit length.
BS5400: Part 2 specifies the horizontal force on the parapet
of a bridge supporting a footway or cycle track to be
1.4kN/m applied at a height of 1 metre: for loading on
highway bridge parapets see DTp memorandum BES (see
ref. 148).

2.4.4 Roofs

The imposed loads on roofs given in Table 7 are additional
to all surfacing materials and include snow and other
incidental loads but exclude wind pressure. Freshly fallen
snow weighs about 0.8kN/m? or 51b/ft*, but compacted
snow may weigh 3kN/m> or 201b/ft?, which should be
considered in districts subjec® to heavy snowfalls. For
sloping roofs the snow load decreases with an increase in
the slope. According to the Code the imposed load is zero
on roofs sloping at an angle exceeding 75°, but a sloping
roof with a slope of less than 75° must be designed to
support the uniformly distributed or concentrated load
given in Table 7 depending on the slope and shape of the

roof.
If a flat roof is used for purposes such as a café, playground

or roof garden, the appropriate imposed load for such a
floor should be allowed. The possibility of converting a flat
roof to such purposes or of using it as a floor in the future
should also be anticipated.

2.4.5 Columns, walls and foundations

Columns, walls and foundations of buildings should be
designed for the same loads as the slabs or beams of the
floors they support. In the case of buildings of more than
two storeys, and which are not warehouses, garages or stores
and are not factories or workshops the floors of which are
designed for not less than 5kN/m? or about 1001b/ft?, the
imposed loads on the columns or other supports and the
foundations may be reduced as shown in Table 12. If two
floors are supported, the imposed load on both floors %y
be reduced by 10%; if three floors, reduce the imposed load
on the three floors by 20%, and so on in 10%, reductions
down to five to ten floors, for which the imposed load may
be reduced by 40%; for more than ten floors, the reduction
is 50%,. A roof is considered to be a floor. These requirements
are in accordance with the Code. If the load on a beam is
reduced because of the large area supported, the columns
or other supporting members may be designed either for-
this reduced load or for the reduction due to the number
of storeys.



http://www.cvisiontech.com/pdf_compressor_31.html

10

2.4.6 Bridges

The analysis and design of bridges is now so complex that
it cannot be adequately treated in a book of this nature,
and reference should be made to specialist publications.
However, for the guidance of designers, notes regarding
bridge loading etc. are provided below since they may also
be applicable to ancillary construction and to structures
having features in common with bridges.

Road bridges. The imposed load on public road bridges in
the UK is specified by the Department of Transport in BS153
(as subsequently amended) and Part 2 of BS5400. (Certain
requirements of BS153 were later superseded by Department
of the Environment Technical Memoranda. These altered,
for example, the equivalent HA loading for short loaded
lengths, the wheel dimensions for HB loading etc. For details
reference should be made to the various memoranda. These
modifications are embodied in BS5400.) The basic imposed
load to be considered (HA loading) comprises a uniformly
distributed load, the intensity of which depends on the
‘loaded length’ (i.e. the length which must be loaded to
produce the most adverse effect) combined with a knife-edge
load. Details of these loads are given in Tables 9, 10 and 11
and corresponding notes in section 9.2.3. HA loading
includes a 259, allowance for imapct.

Bridges on public highways and those providing access
to certain industrial installations may be subjected to loads
exceeding those which result from HA loading. The resulting
abnormal load (HBloading) that must be considered is
represented by a specified sixteen-wheel vehicle (see Tables
9, 10 and 11). The actual load is related to the number of
units of HB loading specified by the authority concerned,
each unit representing axle loads of 10kN. The minimum
number of HB units normally considered is 25, correspond-
ing to a total load of 1000kN (i.e. 102 tonnes) but up to 45
units (184 tonnes) may be specified.

For vehicles having greater gross laden weights, special
routes are designated and bridges on such routes may
have to be designed to support special abnormal loads
(HCloading) of up to 360 tonnes. However, owing to the
greater area and larger number of wheels of such vehicles,
gross weights about 709 greater than the HB load for which
a structure has been designed can often be accommodated,
although detailed calculations must, of course, be under-
taken in each individual case to verify this.

If the standard load is excessive for the traffic likely to
use the bridge (having regard to possible increases in the
future), the load from ordinary and special vehicles using
the bridge, including the effect of the occasional passage of
steam-rollers, heavy lorries and abnormally heavy loads,
should be considered. Axle loads (without impact) and other
data for various types of road vehicles are given in Table 8.
The actual weights and dimensions vary with different types
and manufacturers; notes on weights and dimensions are
given in section 9.2.2, and weights of some aircraft are given
in section 9.2.11.

The effect of the impact of moving loads is usually allowed
for by increasing the static load by an amount varying from
10%;, to 75% depending on the type of vehicle, the nature of
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the road surface, the type of wheel (whether rubber or steel
tyred), and the speed and frequency of crossing the bridge.
An allowance of 25% on the actual maximum wheel loads
is incorporated in the HA and HB loadings specified in
BS153 and BS5400. A road bridge that is not designed for
the maximum loads common in the district should be
indicated by a permanent notice stating the maximum loads
permitted to use it, and a limitation in speed and possibly
weight should be enforced on traffic passing under or over
a concrete bridge during the first few weeks after completion
of the concrete work.

Road bridges may be subjected to forces other than dead
and imposed loads (including impact); these include wind
forces and longitudinal forces due to the friction of bearings,
temperature change etc. There is also a longitudinal force
due to tractive effort and braking and skidding. The effects
of centrifugal force and differential settlement of the structure
must also be considered. Temporary loads resulting from
erection or as a result of the collision of vehicles must be
anticipated. For details of such loads, reference should be
made to BS153 or Part 2 of BS5400.

Footpaths on road bridges must be designed to carry
pedestrians and accidental loading due to vehicles running
on the path. If it is probable that the footpath may later be
converted into a road, the structure must be designed to
support the same load as the roadway.

Railway bridges. The imposed load for which a main-
line railway bridge or similar supporting structure should
be designed is generally specified by the appropriate railway
authority and may be a standard load such as that in BS5400:
Part 2, where two types of loading are specified. RU loading
covers all combinations of rail vehicles operating in Europe
(including the UK) on tracks not narrower than standard
gauge: details of RU loading are included in Tables ¢ and
10. Details of some typical vehicles covered by RU loading
are given in Table 8. An alternative reduced loading
(type RL) is specified for rapid-transit passenger systems
where main-line stock cannot operate. This loading consists
of a single 200kN concentrated load combined with a
uniform load of 50kN/m for loaded lengths of up to 100 m.
For greater lengths, the uniform load beyond a length of
100m may be reduced to 25kN/m. Alternatively, concen-
trated loads of 300 kN and 150 kN spaced 2.4 m apart should
be considered when designing deck elements if this loading
gives rise to more severe conditions. In addition to dead

-and imposed load, structures supporting railways must be

designed to resist the effects of impact, oscillation, lurching,
nosing etc. Such factors are considered by multiplying the
static loads by an appropriate dynamic factor: for details
see BS5400: Part 2. The effects of wind pressures and
temperature change must also be investigated.

For light railways, sidings, colliery lines and the like,
smaller loads than those considered in BS5400 might be
adopted. The standard loading assumes that a number of
heavy locomotives may be on the structure at the same time,
but for secondary lines the probability of there being only
one locomotive and a train of vehicles of the type habitually
using the line should be considered in the interests of
economy.
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2.4.7 Structures supporting cranes

Cranes and oher hoisting equipment are commonly support-
ed on columns in factories or similar buildings, or on
gantries. The wheel loads and other particulars for typical
overhead travelling cranes are given in Table 12. It is
important that a dimensioned diagram of the actual crane
to be installed is obtained from the makers to ensure that
the necessary clearances are provided and the actual loads
taken into account. Allowances for the secondary effects on
the supporting structure due to the operation of overhead
cranes are given in section 9.2.6.

For jib cranes running on rails on supporting gantries,
the load to which the structure is subjected depends on the
disposition of the weights of the crane. The wheel loads are
generally specified by the maker of the crane and should
allow for the static and dynamic effects of lifting, discharging,
slewing, travelling and braking. The maximum wheel load
under practical conditions may occur when the crane is
stationary and hoisting the load at the maximum radius
with the line of the jib diagonally over one wheel.

2.4.8 Garages

The floors of garages are usually considered in two classes,
namely those for cars and other light vehicles and those for
heavier vehicles. Floors in the light class are designed for
specified uniformly distributed imposed loads, or alternative
concentrated loads. In the design of floors for vehicles in
the heavier class and for repair workshops, the bending
moments and shearing forces should be computed for a
minimum uniformly distributed load or for the effect of the
most adverse disposition of the heaviest vehicles. The
requirements of the Code are given in Table 11. A load equal
to the maximum actual wheel load is assumed to be
distributed over an area 300 mm or 12 in square.

The loading of garage floors is discussed in more detail
in Examples of the Design of Buildings.

2.5 DISPERSAL OF CONCENTRATED LOADS

A load from a wheel or similar concentrated load bearing
on a small but definite area of the supporting surface {called
the contact area) may be assumed to be further dispersed
over an area that depends on the combined thicknesses of the
road or other surfacing material, filling, concrete slab, and
any other constructional material. The width of the contact
area of the wheel on the slab is equal to the width of the
tyre. The length of the contact area depends on the type of
tyre and the nature of the road surface, and is nearly.zero
for steel tyres on steel plate or concrete. The maximum
contact length is probably obtained with an iron wheel on
loose metalling or a pneumatic tyre on a tarmacadam
surface.

Dispersal of a concentrated load through the total thick-
ness of the road formation and concrete slab is often
considered as acting at an angle of 45° from the edge of the
contact area to the centre of the lower layer of reinforcement,
as is shown in the diagrams in Table 11. The requirements
of BS5400 ‘Steel, concrete and composite bridges’ differ,
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as shown in Table 10. The dispersal through surfacing
materials is considered to be at an inclination of 1’ unit
horizontally to 2 units vertically. Through a structural
concrete slab at 45°, dispersal may be assumed to the depth
of the neutral axis only.

In the case of a pair of wheels, on one axle, on two rails
supported on sleepers it can be considered that the load
fromn the wheels in any position is distributed transversely
over the length of the sieeper and that two sieepers are
effective in distributing theload longitudinally. The dispersal
is often assumed as 45° through the ballast and deck below
the sleepers, as indicated in Table 11. Again, the require-
ments of BS5400 differ, as shown in Table 10. When a rail
bears directly on concrete, the dispersion may be four to six

- times the depth of the rail. These rules apply to slow-moving

trains; fast-moving trains may cause a ‘mounting’ surge in
front of the train such that the rails and sleepers immediately
in front of the driving wheels tend to rise and therefore
impose less load in front, but more behind, on the supporting
structure.

2.6 MARINE STRUCTURES

The forces acting upon wharves, jetties, dolphins, piers,
docks, sea-walls and similar marine and riverside structures
include those due to the wind and waves, blows and pulls
from vessels, the loads from cranes, railways, roads, stored
goods and other live loads imposed on the deck, and the
pressures of earth retained behind the structure.

In a wharf or jetty of solid construction the energy of
impact due to blows from vessels berthing is absorbed by
the mass of the structure, usually without damage to the
structure or vessel if fendering is provided. With open
construction, consisting of braced piles or piers supporting
the deck in which the mass of the structure is comparatively
small, the forces resulting from impact must be considered,
and these forces depend on the weight and speed of approach
of the vessel, on the amount of fendering, and on the
flexibility of the structure. In general a large vessel has a
low speed of approach and a small vessel a higher speed of
approach. Some examples are a 500 tonne trawler berthing
at a speed of 300mm/s or 12 in/s; a 4000 tonne vessel at
150 mm/s or 6in/sec; and a 10000 tonne vessel at 50 mm/s
or 2in/s (1 tonne = 1 ton approximately). The kinetic energy
of a vessel of 1000 tonnes displacement moving at a speed
of 300 mm/s or 12 in/s and of a vessel of 25000 tonnes
moving at 60mm/s or 24 in/s is in each case about
50kNm or 16 tonft. The kinetic energy of a vessel of
displacement F approaching at a velocity of V s
514FV2Nm when F is in tonnes and V is in m/s, and
0.016F V2 tonft when F is in tons and V is in ft/s. If the
direction of approach is normal to the face of the jetty, the
whole of this energy must be absorbed upon impact. More
commonly a vessel approaches at an angle of #° with the
face of the jetty and touches first at one point about which
the vessel swings. The kinetic energy then to be absorbed is
K[(V sin0)?> — (pw)?], where K is 514F or 0.016F depending
on whether SI or imperial units are employed, p is the radius
of gyration of the vessel about the point of impact in metres
or feet, and w is the angular velocity (radians per second)
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of the vessel about the point of impact. The numerical values
of the terms in this expression are difficult to assess
accurately and can vary considerably under different
conditions of tide and wind with different vessels and
methods of berthing.

The kinetic energy of approach is absorbed partly by the
resistance of the water, but most of it will be absorbed by
the fendering, by elastic deformation of the structure and
the vessel, by movement of the ground, and by the energy
‘lost’ upon impact. The proportion of energy lost upon
impact (considered as inelastic impact), if the weight of the
structure is F,, does not exceed F /{(F,+ F) approximately.
It is advantageous to make F, approximately equal to F.
The energy absorbed by the deformation of the vessel is
difficult to assess, as is also the energy absorbed by the
ground. It is sometimes recommended that only about
one-half of the total kinetic energy of the vessel be considered
as being absorbed by the structure and fendering.

The force to which the structure is subjected upon impact
is calculated by equating the product of the force and half
the elastic horizontal displacement of the structure to the
kinetic energy te be absorbed. The horizontal displacement
of an ordinary reinforced concrete jetty may be about 25 mm
or 1in, but probable variations from this amount combined
with the indeterminable value of the kinetic energy absorbed
result in the actual value of the force being also indetermin-
able. Ordinary timber fenders applied to reinforced concrete
jetties cushion the blow, but may not substantially reduce
the force on the structure. A spring fender or a suspended
fender can, however, absorb a large portion of the kinetic
energy and thus reduce considerably the blow on the
structure. Timber fenders independent of the jetty are
sometimes provided to relieve the structure of all impact
forces.

The combined action of wind, waves, currents and tides
on a vessel moored to a jetty is usually transmitted by the
vessel ‘pressing directly against the side of the structure or
by pulls on mooring ropes secured to bollards. The pulls
on bollards due to the foregoing causes or during berthing
vary with the size of the vessel. A pull of 150kN or 15 tons
acting either horizonally outwards or vertically upwards or
downwards is sometimes assumed. A guide to the maximum
pull is the breaking strength of the mooring rope, or the
power of capstans (when provided), which varies from 10kN
or | ton up to more than 200kN or 20 tons at a large dock.

The effects of wind and waves acting on a marine structure
are much reduced if an open construction is adopted and
if provision is made for the relief of pressures due to water
and air trapped below the deck. The force is not, however,
directly related to the proportion of solid vertical face
presented to the action of the wind and waves. The magni-
tude of the pressures imposed is impossible to assess with
accuracy, except in the case of sea-walls and similar struc-
tures where there is such a depth of water at the face of the
wall that breaking waves do not occur. In this case the
pressure is merely the hydrostatic pressure which can be
evaluated when the highest wave level is known or assumed,
and an allowance is made for wind surge; in the Thames
estuary, for example, the latter may raise the high-tide level
1.5m or 5ft above normal.

Safety factors, loads and pressures

A wave breaking against a sea-wall induces a shock
pressure additional to the hydrostatic pressure, which
reaches its maximum value at about mean water level and
diminishes rapidly below this level and less rapidly above
it. The shock pressure may be ten times the hydrostatic
pressure, and pressures up to 650 N/m? or 6 tons/ft? are
possible with waves from 4.5 to 6 m or 15 to 20ft high. The
shape of the face of the wall, the slope of the foreshore, and
the depth of the water at the wali affect the maximum
pressure and the distribution of pressure. All the possible
factors that may affect the stability of a sea-wall cannot be
taken into account by calculation, and there is no certainty
that the severity of the worst recorded storms may not be-.
exceeded in the future.

2.7 WIND FORCES

2.7.1 Velocity and pressure of wind

The force due to wind on a structure depends on the velocity
of the wind and the shape and size of the exposed members.
The velocity depends on the district in which the structure
is erected, the height of the structure, and the shelter afforded
by buildings or hills in the neighbourhood. In the UK the
velocity of gusts may exceed 50m/s or 110 miles per hour
but such gusts occur mainly in coastal districts. The basic
wind speed V in the design procedure described in Part 2
of CP3: Chapter V is the maximum for a three-second gust
that will occur only once during a 50 year period, at a height
above ground of 10m. Its 1958 predecessor considered the
basic wind speed as the maximum value of the mean velocity
for a one-minute j eriod that would be attained at a height
of 40ft. The velocity of wind iricreases with the height above
the ground.

The pressure due to wind varies as the square of the
velocity and on a flat surface the theoretical pressure is as
given by the formula at the top of Table 13. When calculating
the resulting pressure on a structure, however, it is necessary
to combine the effect of suction on the leeward side of an
exposed surface with the positive pressure on the windward
side.

The distribution and intensity of the resulting pressures
due to wind depend on the shape of the surface upon which
the wind impinges. The ratio of height to width or diameter
seriously affects the intensities of the pressures; the greater
this ratio, the greater is the pressure. The ‘sharpness’ of
curvature at the corners of a polygonal structure, and the
product of the design wind speed ¥, and diameter (or width)
b both influence the smoothness of the flow of air past the
surface and may thus also affect the total pressure. In practice
it is usual to allow for such variations in intensity of the
pressure by applying a factor to the normal specified or
estimated pressure acting on the projected area of the
structure. Such factors are given in Table 15 for some
cylindrical, triangular, square, -ectangular and octagonal
‘solid’ structures with various ratios of height to width;
corresponding factors for open-frame (unclad) structures
and for chimneys and sheeted towers are also given in CP3,
from which the factors given at the bottom of Table 15 have
been abstracted.
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The wind pressure to be used in the design of any
particular structure should be assessed by consideration of
relevant conditions, and especially should be based on local
records of velocities.

2.7.2 Buildings

The effect of the wind on buildings is very complex. In any
particular case it is necessary to determine the requirements
of the local authority.

CP3: Chapter V: Part 2: ‘Wind loading’ deals with wind
forces in some detail, and gives comprehensive data and
formulae by which wind pressures on buildings and similar

structures may be assessed. The intensity of external press- .

‘ure is calculated from the characteristic wind speed; this
relationship in SI units is as given in the table on the right
of Table 13. The characteristic wind speed in turn is related
to the locality, degree of exposure and height of structure,
and is found by multiplying the basic wind speed V, which
depends on locality only, by three non-dimensional factors
S;, S; and S;. Values of V for the UK may be read from
the map on Table 13.

The factor S, relates to the topography of environment
of the site and in most cases is equal to unity; it may increase
by some 10% on exposed hills or in narrowing valleys or it
may decrease by some 10% in enclosed valleys. The factor
S, is a statistical concept depending on the probable life of
the structure and the probability of major winds occurring
during that period; a recommended value for general use is
unity. Thus in the general case V, = VS,, where S, is an
important factor relating the terrain, i.e. open country or
city centres or intermediate conditions, the plan size of the
building and the height of the building. Some values of S,
over a wide range of conditions are given in Table 13.

Having determined V,, the next step is to assess the
characteristic wind pressure w, which is obtained from the
formula w, = 0.613V2, in which w, is in N/m? and V; is in
m/s. The actual pressure on the walls and roof of a fully
clad building is then obtained by multiplying w, by a
pressure coefficient C,, to obtain the external pressure and
by C,; to obtain the internal pressure. The net pressure on
cladding is then the algebraic difference between the two
pressures. Values of C,, for general surfaces and for local
surfaces are given on Table 15.

To calculate the force on a complete building, the structure
should be divided into convenient parts (e.g. corresponding
to the storey heights). The value of S, relating to the height
of the top of each part should be determined and used to
calculate the correspondng value of V, and hence w,. The
force acting on each part is then calculated and the results
summed vectorially if the total force on the entire structure
is required.

An alternative procedure to the use of external pressure
coefficients C,, is to employ the force coefficients C, which
are also tabulated in Part 2 of CP3: Chapter V and included
on Table 15. The value of w, is found as previously described
and then multiplied by the frontal area of the structure and
the appropriate force coefficient to obtain the total wind

force.
On a pitched roof the pressures and suctions on the
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windward and leeward areas depend on the degree of slope,
and appropriate external pressure coefficients are included
on Table 14. The overall coefficients apply to the roof as a
whole but for the design of the roof covering and purlins, .
or other supports, greater local pressures and suctions must
be considered as indicated on the table. Curved roofs should
be divided into segments as illustrated on Table 7. The
information presented on Tables 14 and 15 only briefly
summarizes the more imporiant items abstracted from the
considerable volume of information provided in the Code
itself, which should be consulted for further details.

2.7.3 Chimneys and towers

Since a primary factor in the design of chimneys and
similarly exposed isolated structures is the force of the wind,
careful consideration of each case is necessary to avoid either
underestimating this force or making an unduly high
assessment. Where records of wind velocities in the locality
are available an estimate of the probable wind pressures can
be made. Due account should be taken of the susceptibility
of narrow shafts to the impact of a gust of wind. Some
by-laws in the UK specify the intensities of horizontal wind
pressure to be used in the design of circular chimney shafts
for factories. The total lateral force is the product of the
specified pressure and the maximum vertical projected area,
and an overall factor of safety of at least 1.5 is required
against overturning. In some instances specified pressures
are primarily intended for the design of brick chimneys, and
in this respect it should be remembered that the margin of-
safety is greater in reinforced concrete than in brickwork or
masonry owing to the ability of reinforced concrete to resist
tension, but a reinforced concrete chimney, like a steel
chimney, is subject to oscillation under the effect of wind.
Suitable pressures are specified in CP3, Chapter V: 1958.
(Note that the 1972 revision does not cover chimneys and
similar tall structures, for which a BSI Draft for Develop-
ment is in preparation.) These recommendations allow for
a variable pressure increasing from a minimum at the bottom
to a maximum at the top of the chimney (or tower). A factor,
such as given in Table 15, to allow for the shape of the
structure, can be applied to allow for the relieving effect of
curved and polygonal surfaces of chimneys, and of the
tanks and the supporting structures of water towers. For
cylindrical shafts with fluted surfaces a higher factor than
that given in Table 15 should be applied. Local meteoro-
logical records should be consulted to determine the pro-
bable maximum wind velocity. The chimney, or other
structure, can be divided into a number of parts and the
average pressure on each can be taken.

2.7.4 Bridges

The requirements of Part 2 of BS5400 for the calculation of
wind loads on bridges are basically similar to those in Part
2 of CP3: Chapter V. However, the analysis is based on
basic wind speeds which represent the greatest mean hourly
speed that may be attained in a 120 year period at a height
of 10 m above open level country. For details, reference must
be made to BS5400: Part 2 itself.
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2.8 RETAINED AND CONTAINED MATERIALS

2.8.1 Active pressures of retained and
contained materials

The value of the horizontal pressure exerted by a contained
material or by earth or other material retained by a wall is
uncertain, except when the contained or retained material
is a liguid. The formulae, rules and other data in Tables
16—-20 are given as practical bases for the calculation of such
pressures. Reference should also be made to Code no. 2,
‘Earth-retaining structures’ (see ref. 1),

When designing structures in accordance with BS8110 it
should be remembered that all pressures etc. calculated by
using the characteristic dead weights of materials represent
service loads. Consequently, when designing sections accord-
ing to limit-state considerations, the pressures etc. must be
multiplied by the appropriate partial safety factors for loads
to obtain ultimate bending moments and shearing forces.

Liquids. At any h below the free surface of a liquid,
the intensity of pressure ¢ per unit area normal to a surface
subject to pressure from the liquid is equal to the intensity
of vertical pressure, which is given by the simple hydrostatic
expression g = Dh, where D is the Weight per unit volume
of the liquid.

Granular materials. When the contained material is
granular, for example dry sand, grain, small coal, gravel or
crushed stone, the pressure normal to a retaining surface
can be expressed conveniently as a fraction of the equivalent
fluid pressure; thus g = kDh, where k is a measure of the
‘fluidity’ of the contained or retained matérial and varies
from unity for perfect fluids to zero for materials that stand
unretained with a vertical face. The value of k also depends
on the physical characteristics, water content, angle of
repose, angle of internal friction and slope of the surface of
the material, on the slope of the wall or other retaining
surface, on the material of which the wall is made, and on
the surcharge on the contained material. The value of k is
determined graphically or by calculation, both methods
being usually based on the wedge theory or the developments
of Rankine or Cain. The total pressure normal to the back
of a sloping or vertical wall can be calculated from the
formulae in Table 16 for various conditions.

Friction between the wall and the material is usually
neglected, resulting in a higher calculated normal pressure
which is safe. Friction must be neglected if the material in
contact with the wall can become saturated and thereby
reduce the friction by an uncertain amount or to zero. Only
where dry materials of well-known properties are being
stored may this friction be included. Values of the coefficient
of friction p can be determined from Table 17. When friction
is neglected (i.c. u = 0), the pressure normal to the back of
the wall is equal to the total pressure and there is, theoretical-
ly, no force acting parallel to the back of the wall.

Generally, in the case of retaining walls and walls of
bunkers and other containers, the back face of the wall is
vertical (or nearly so) and the substitution of § = 90° in the
general formulae for k gives the simplified formulae in Table
16. Values of k, (maximum positive slope or surcharge), k,

Safety factors, loads and pressures

(level fill) and k; (maximum negative slope) for various angles
of internal friction (in degrees and gradients) are given in
Table 18; the values of such angles for various granular
materials are given in Tables 17 and 21. For a wall retaining
ordinary earth with level filling k, is often assumed to be
0.3 and, with the average weight of earth as 16kN/m? or
1001b/ft3, the intensity of horizontal pressure is 4.8 kN/m?
per metre of height or 301b/ft? per foot of height. The
formuiae assume dry materiais. If ground-water occurs in
the filling behind the wall, the modified formula given in
section 10.1.1 applies. The intensity of pressure normal to
the slope of an inclined surface is considered in section 10.1.2
and in Table 18.

Effect of surcharge (granular materials). The effects of
various types of surcharge on the ground behind a retaining
wall are evaluated in Table 20, and comments are given in
section 10.1.3.

Theoretical and actual pressures of granular
materials. In general practice, horizontal pressures due to
granular materials can be determined by the purely theoret-
ical formulae of Rankine, Cain and Coulomb. Many inves-
tigators have made experiments to determine what relation
actual pressures bear to the theoretical pressures, and it
appears that the Rankine formula for a filling with a level
surface and neglecting friction between the filling and the
back of the wall gives too great a value for the pressure. Thus
retaining walls designed on this theory should be on the side
of safety. The theory assumes that the angle of internal
friction of the material and the surface angle of repose are
identical, whereas some investigations find that the internal
angle of friction is less than the angle of repose and depends
on the consolidation of the material. The ratio between the
internal angle of friction and the angle of repose has been
found to be between 0.9 and 1 approximately. For a filling
with a level surface the horizontal pressure given by

1 —siné
q—Dh<1 +sin0)

agrees very closely with the actual pressure if 8 is the angle
of internal friction and not the angle of repose. The
maximum pressure seems to occur immediately after the
filling has been deposited, and the pressure decreases as
settling proceeds. The vertical component of the pressure on
the back of the wall appears to conform to the theoretical
relationship F, = F,tan pu. A rise in temperature produces
an increase in pressure of about 2%, per 10°C.

The point of application of the resultant thrust on a wall
with a filling with a level surface would appear theoretically
to be at one-third of the total height for shallow walls, and
rises in the course of time and with increased heights of wall.
According to some investigators, where the surface of the
fill slopes downward away from the wall, the point of
application is at one-third of the height, but this rises as the
slope increases upwards.

Loads imposed on the ground behind the wall and within
the plane of rupture increase the pressure on the wall, but
generally loads outside the wedge ordinarily considered can
be neglected. The increase of pressure due to transient
imposed loads remains temporarily after the load is re-


http://www.cvisiontech.com/pdf_compressor_31.html

Retained and contained materials

moved. If the filling slopes upwards, theory seems to give
pressures almost 309 in excess of actual pressures.

Cohesive soils. Cohesive soils include clays, soft clay
shales, earth, silis and peat. The active pressures exerted by
such soils vary greatly; owing to cohesion, pressures may
be less than those due to granular soil, but saturation may
cause much greater pressure. The basic formula for the
intensity of horizontal pressure at any depth on the back of
a vertical wall retaining a cohesive soil is that of A. L. Bell
{derived from a formuia by Frangais). Beil’s formula is given
in two forms in Table 16. The cohesion factor is the shearing
strength of the unloaded clay at the surface. Some typical
values of the angle of internal friction and the cohesion C
for common cohesive soils are given in Table 17, but actual
values should be ascertained by test.

According to Bell’s formula there is no pressure against
the wall down to a depth of 2€/D ,/k, below the surface if
the nature of the clay is prevented from changing. However,
as the condition is unlikely to exist owing to the probability
of moisture changes, it is essential that hydrostatic pressure
should be assumed to act near the top of the wall. Formulae
for the pressure of clays of various types and in various
conditions are given in Table 19, together with the properties
of these and other cohesive soils. In general, friction between
the clay and the back of the wall should be neglected.

2.8.2 Passive resistance of granular and
cohesive materials

The remarks in the previous paragraphs relate to the active
horizontal pressure exerted by contained and retained
materials.

If a horizontal pressure in excess of *e active pressure is
applied to the vertical face of a retained bulk of material,
the passive resistance of the material is brought into action.
Up to a limit, determined by the characteristics of the
particular material, the passive resistance equals the applied
pressure; the maximum intensity that the resistance can
attain for a granular material with a level surface is given
theoretically by the reciprocal of the active pressure factor.
The passive resistance of earth is taken into-account when
considering the resistance to sliding of a retaining wall when
dealing with the forces acting on sheet piles, and when
designing earth anchorages, but in these cases consideration
must be given to those factors, such as wetness, that may
reduce the probable passive resistance. Abnormal dryness
may cause clay soils to shrink away from the surface of the
structure, thus necessitating a small but most undesirable
movement of the structure before the passive resistance can
act.

For a dry granular material with level fill the passive
resistance is given by the formula in Table 16; expressions
for the passive resistance of waterlogged ground are given
in section 10.1.1. It is not easy to assess the passive resistance
when the surface of the material is not level, and it is
advisable never to assume a resistance exceeding that for a
level surface. When the surface slopes downwards the passive
resistance should be neglected.

For ordinary saturated clay the passive resistance is given
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by the formula in Table 16, and the corresponding formulae
for clay in other conditions are given in Table 19.

2.8.3 Horizontal pressures of granular
materials in liquid

The effect of saturated soils is considered in preceding
paragraphs. The notes given in section 10.2.1 and the
numericai vaiues of some of the factors involved for certain
materials as given in Table 17 apply to granular materials

immersed in or floating in liquids.

2.8.4 Deep containers (silos)*

In deep containers, termed silos, the linear increase of
pressure with depth found in shallow containers and
described above, is modified. When the deep container is
filled, slight settlement of the fill activates the frictional
resistance between the stored mass and the wall. This induces
vertical load in the silo wall but reduces the vertical pressure
in the mass and the lateral pressures on the wall. Janssen
has developed a theory giving the pressures on the walls of
a silo filled with granular material having constant proper-
ties. His expression, shown in Table 21, indicates that the
maximum lateral pressure arising during filling, at which
the force due to wall friction balances the weight of each
layer of fill, is approached at depths greater than about twice
the diameter or width of the silo.

The lateral pressure g, depends on D the unit weight of
contained material, r the hydraulic radius (obtained by
dividing the plan area by the plan perimeter), tan 8 the
coefficient of friction between the contained material and
the silo wall, & the depth of material above the plane
considered, and k the ratio of horizontal to vertical pressure.
The value of k is often taken as k; = (1 —sin 8)/(1 + sin 9),
where 8 is the angle of internal friction of the stored material.
For reinforced concrete silos for storing wheat grain D is
often taken as 8400 N/m3, with values of k of 0.33 to 0.5
and of tan & of 0.35 to 0.45. The average intensity of vertical
pressure g, on any horizontal plane of material is g,/k, but
pressure is not usually uniform over the plane. The load
carried by the walls by means of friction is [Dh — (g,/k)]r
per unit length of wall.

Unloading a silo disturbs the equilibrium of the contained
mass. If the silo is unloaded from the top, the frictional load
on the wall may reverse as the mass re-expands, but the
lateral pressures remain similar to those that occur during
filling. With a free-flowing material unloading at the bottom
from the centre of a hopper, one of two completely different
modes of flow may occur, depending on the nature of the
contained material, and the proportions of the silo and the
hopper. These modes are termed ‘core flow” and ‘mass flow’
respectively. In the former, a core of flowing material
develops from the outlet upwards to the top surface where
a conical depression develops. Material then flows from the
top surface down the core leaving the mass of fill undisturbed
(diagram(a) on Table 21). Core flow give rise to some increase
in lateral pressure from the stable, filled condition.

*These notes and those in section 10.3 have been contributed by J. G. M
Wood, BSc, PhD, CEng, MICE.
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Mass flow occurs in silos fitted with steep-sided hoppers
which are proportioned to ensure that the entire mass moves
downwards as a whole, converging and accelerating towards
the outlet (diagram(b) on Table 21). This action produces
substantial local increases in lateral pressure, especially at
the intersection between the vertical walls and the hopper
bottom where a ‘dynamic arch’ forms at the transition from
parallel vertical flow to accelerating convergent flow. How-
ever, mass flow can develop within the mass of material
contained in any tall silo owing to the formation of a
‘self-hopper’. The resulting high local pressures arising at
the transition may occur at varying levels where the parallel
flow starts to diverge from the walls.

For the routine design of silos in which mass flow cannot
develop, the method presented in the West German code of
practice DIN1055: Part 6 (ref. 2) provides possibly the most
satisfactory current approach for calculating pressures for
designing concrete silos: this method is summarized on Table
21 and in section 10.3. Where mass flow is possible (e.g.
where the height from the outlet to the surface of the
contained material exceeds about four times the hydraulic
radius) specialist information should be sought (ref.3):
reference should be made to the work of Walker and Jenike
(refs 4, 5).

When calculating the pressures on and the capacity of
the silo, great care must be exercised in establishing the
maximum and minimum values of density, angle of repose,
angle of internal friction and angle of wall friction for the
contained fill. In establishing the coefficient of wall friction,
allowance must be made for the full range of moisture
contents that may occur in the stored material and the
‘polishing’ effects of continued use on the surface finish of
the silo wall. In general, concrete silo design is not sensitive
to the values of vertical wall load, so the maximum density
and minimum consistent coefficients of internal friction and
wall friction should be used when calculating the lateral and
floor pressures. Typical values for some common materials
are indicated on Table 21, together with the values of density
and angle of repose appropriate to calculations of capacity.

The pressures in the silo, the effects of vibration and the
presence of fine particles and/or moisture in the stored

Safety factors, loads and pressures

material may all increase densities from the values given in
reference books. For certain materials, e.g. wheat and barley,
the density when stored in a silo can be 15% greater than
the ‘bushel weight’ density commonly quoted.

Eccentric filling or discharge tends to produce variations
in pressure round the bin wall. These variations must be
anticipated when preparing the design, although reliable
guidance is limited; with large bins central discharge must
be insisted upon for normal designs. The “fluidization’ of
fine powders such as cement or flour can occur in silos,
either owing to rapid filling or through aeration to facilitate
discharge. Where full fluidization can occur, designs must
be based on the consideration of fluid pressure at a reduced
density.

Various devices are marketed to facilitate the discharge
of silos based on fluidization, air slides, augers, chain cutters
and vibrators. These devices alter the properties of the mass
or the pressure distribution within the mass to promote flow,
with a corresponding effect on the pressures in the silo.
When vibrating devices are used the effects of fatigue should
also be considered during design. Considerable wear can
occur due to the flow of material in a silo, particularly close
to the hopper outlet.

Agricultural silage silos are subjected to distributions of
pressure that differ greatly from those due to granular
materials: reference should be made to BS5061 ‘Circular
forage tower silos’.

2.9 PRESSURE DUE TO SONIC BOOMS

A sonic boom is a pressure wave, not dissimilar to that
produced by a clap of thunder, which sweeps along the
ground in the wake of aircraft flying at supersonic speeds,
despite the great altitude at which the aircraft is flying.
Limiting pressures of about 100 N/m? or 21b/ft? have been
established as the probable maximum sonic-boom pressure
at ground level. Pressures of such low intensities are
relatively unimportant when compared with the wind
pressures which buildings are designed to resist, but the
dynamic effect of the sudden application of sonic pressures
may produce effectively higher pressures.
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The bending moments and shearing forces on freely support-
ed beams and simple cantilevers are readily determined from
simple statical rules but the solution of continuous beams and
statically indeterminate frames is more complex. Until fairly
recently the techniques of structural analysis required to
solve such problems were presented and employed as
independent self-contained methods, the relationships
between them being ignored or considered relatively un-
important. The choice of method used depended on its
suitability to the type of problem concerned and also to
some extent on its appeal to the particular designer involved.

Recently, the underlying interrelationships between
various analytical methods have become clearer. It is now
realized that there are two basic types of method: flexibility
methods (otherwise known as action methods, compatibility
methods or force methods), where the behaviour of the
structure is considered in terms of unknown forces, and
displacement methods (otherwise known as stiffness methods
or equilibrium methods), where the behaviour is considered
in terms of unknown displacements. In each case, the
complete solution consists of combining a particular solution,
obtained by modifying the structure to make it statically
determinate and then analysing it, with a complementary
solution, in which the effects of each individual modification
are determined. For example, for a continuous-beam system,
with flexibility methods, the particular solution involves
removing the redundant actions (i.e. the continuity between
the individual members) to leave a series of disconnected
spans; with displacement methods the particular solution
involves violating joint equilibrium by restricting the rotation
and/or displacement that would otherwise occur at the
joints.

To clarify further the basic differences between the types
of method, consider a propped cantilever. With the flexibility
approach the procedure is first to remove the prop and to
calculate the deflection at the position of the prop due to
the action of the load only: this gives the particular solution.
Next calculate the concentrated load that must be applied
at the prop position to achieve an equal and opposite
deflection: this is the complementary solution. The force
obtained is the reaction in the prop; when this is known, all
the moments and forces in the propped cantilever can be
calculated.

If displacement methods are used, the span is considered

Chapter 3
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fixed at both supports and the resulting moment acting at
the end at which the prop occurs is found: this is the
particular solution. The next step is to release this support
and determine the moment that must then be applied at the
pinned end of the cantilever to negate the fixing moment.

_Lastly, by summing both resulting moment diagrams the
final moments are obtained and the reactions can be
calculated.

In practical problems there are a number of unknowns
and, irrespective of the method of solution adopted, the
preparation and solution of a series of simultaneous equ-
ations is normally necessary. Whichever basic method of
analysis is employed the resulting relationship between
forces and displacements embodies a series of coefficients
which can be set out concisely in matrix form. If flexibility
methods are used the resulting flexibility matrix is built up
of flexibility coefficients, each of which represents a displace-
ment produced by a unit action. Similarly, stiffness methods
lead to the preparation of a stiffness matrix formed of
stiffness coefficients, each of which represents an action
produced by a unit displacement.

The solution of matrix equations, either by inverting the
matrix or by a systematic elimination procedure, is ideally
handled by machine. To this end, methods have been devised
(so-called matrix stiffness and matrix flexit:lity methods) for
which the computer both sets up and solves the necessary
equations (ref. 6).

It may here be worth while to summarize the basic aims
of frame analysis. Calculating the bending moments on
individual freely supported spans by simple statics ensures
that the design loads are in equilibrium. The analytical
procedure which is then undertaken involves linearly trans-
forming these free-moment diagrams in such a way that
under ultimate-load conditions the inelastic deformations
at the critical sections remain within the limits that the
sections can withstand, whereas under working loads the
deformations are insufficient to cause excessive deflection
or cracking or both. Provided. ii:at the analysis is sufficient
to meet these requirements, it will be entirely satisfactory
for its purpose; the attempt to obtain painstakingly precise
results by ever more complex methods in unjustified in view
of the many uncertainties involved.

The basic relations between the shearing force, bending
moment, slope and deflection caused by a load in a structural
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member are given in Table 22, in which are also given typical
diagrams of bending moments and shearing forces for
cantilevers, propped cantilevers, freely supported beams, and
beams fixed or continuous at one or both supports.

3.1 SINGLE-SPAN BEAMS AND CANTILEVERS

Formulae giving shearing forces, bending moments and
deflections produced by various general loads are given on
Table 23. Similar expressions for particular arrangements
of load commonly encountered on beams that are freely
supported or fixed at both ends, with details of the maximum
values, are presented on Table 24. The same information
but relating to both simple and propped cantilevers is set
out on Tables 25 and 26, respectively. Combinations of load
can be considered by caiculating the moments, deflections
etc. required at various points across the span due to each
individual load and summing the resulting values at each
point.

On Tables 23 to 26, expressions are also given for the
slopes at the beam supports and the free (or propped) end
of a cantilever. Information regarding slopes at other points
(or due to other loads) is seldom required. If needed, it is
usually a simple matter to obtain the slope by differentiating
the deflection formula given with respect to x. If the resulting
expression is then equated to zero and solved to obtain x,
the point of maximum deflection will have been found, which
can then be resubstituted into the original formula to obtain
the value of maximum deflection.

The charts on Table 28 give the value and position of
maximum deflection for a freely supported span when loaded
with a partial uniform or triangular load. (On this and
similar charts, concentrated loads may be considered by
taking f = 1 —a, of course.) If deflections due to combinations
of load are required they can be estimated simply by
summing the deflection obtained for each load individually.
Since the values of maximum deflection given by the charts
usually occur at different points for each individual load,
the resulting summation will slightly exceed the true maxi-
mum deflection of the combined loading. A full range of
similar charts but giving the central deflections on freely
supported and fixed spans and propped cantilevers and the
deflection at the free end of simple cantilevers are given in
Examples of the Design of Buildings. The calculation of such
deflections forms part of the rigorous procedure for satisfying
the serviceability limit-state requirements regarding deflec-
tions in BS8110 and CP110. Comparison between the values
obtained from the charts shows that the differences between
the central and maximum deflection are insignificant, in view
of the uncertainties in the constants (e.g. E, and I) used to
compute deflections. For example, with a partial uniform
load or a concentrated load on a freely supported span, the
greatest difference, of about 2.5%, between the maximum
deflection and that at midspan occurs when the load is at
one extreme end of the span, when the deflection values are
minimal anyway.

Similar charts giving the value and position of the
maximum bending moment on a freely supported span,
when loaded with a partial uniform or triangular load, are
given on Table 27. These may be used to sketch the free
bending moment diagrams simply and quickly.

Structural analysis

The bending-moment factors for beams of one span which
is fixed at both supports are the fixed-end-moment factors
(or load factors) used in calculations in some methods of
analysing statically indeterminate structures. Such load
factors (which should not be confused with load factors used
in determining the resistances of members by ultimate-load
methods) and notes relating to the methods to which they
apply are given in Table 29. Coefficients for the fixed-end
moments due to a partial uniform and a partial triangular
load on a span with fixed supports are given in Tables 31
and 30 respectively, and similar coefficients for a trapezoidal
load, such as occurs along the longer spans of a beam system
supporting two-way slabs, are given in Table 31.

3.2 CONTINUOUS BEAMS

Various methods have been been developed for determining
the bending moments and shearing forces on beams that
are continuous over two or more spans. As pointed out
above, these methods are interrelated to each other to a
greater or lesser extent. Most of the well-known individual
methods of structural analysis such as the theorem of three
moments, slope deflection, fixed and characteristic points,
and moment distribution and its variants, are stiffness
methods: this approach generally lends itself better to hand
computation than do flexibility methods. To avoid the need
to solve large sets of simultaneous equations, such as are
required with the three-moment theorem or slope deflection,
methods involving successive approximations have been
devised, such as Hardy Cross moment distribution and
Southwell’s relaxation method.

Despite the ever-increasing use of machine aids, hand
methods still at present have an important place in the
concrete designer’s ‘tool-kit’. For less complex problems, it
may be both cheaper and quicker to use such methods if
immediate and continued access to a computer is not
possible. Hand methods, particularly those involving succes-
sive approximations, also give the designer a ‘feel’ for
analysis that it is impossible to obtain when using machine
aids entirely. It is for these and similar reasons that brief
details of the best-known hand computation methods are
given in the tables corresponding to this section.

3.2.1 Calculation of bending moments and
shearing forces

The bending moments on a beam continuous over two or
more spans can be calculated by the theorem of three
moments, which in its general form for any two contiguous
spans is expressed by the general and special formulae given
on Table 39. Notes on the use of the formulae and the
calculation of the shearing forces are given in section 12.4.1,
and an example is also provided. The formulae establish the
negative support moments; the positive bending moments
in the spans can then be found graphically or, in the case
of spans that are loaded uniformly throughout, from the
formulae given on Table 14].

Another well-known method is that of slope deflection:
this is discussed later when considering the analysis of
frames. The principles of slope deflection can be used to
develop a graphical method for determining both span and
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support moments, known as the method of fixed points.
Details of the procedure involved are summarized on
Table 41 and described in section 12.5. A somewhat similar
but perhaps even simpler semi-graphical method is that of
characteristic points, of which brief details are given on
Table 42.

If beams having two, three or four spans, and with a
uniform moment of inertia throughout, support ioads that
are symmetrical on each individual span, the theorem of
three moments can be used to produce formulae and
coefficients which enable the support moments to be deter-
fnined without the need to solve simuitaneous equations.
Such a method is presented on Table 43. The resulting
formulae can also be used to prepare graphs for two- and
three-span beams, such as those which form Tables 44 and
45, from which the internal support moments can be found
very quickly. Further details of this method, together with
examples, are given in section 12.7.

Perhaps the system best known at present for analysing
continuous beams by hand is that of moment distribution,
devised by Hardy Cross in 1929. The method, which derives
from slope-deflection principles and is described briefly on
Table 40, avoids the need to solve sets of simultaneous
equations directly by employing instead a system of succes-
sive approximations which may be terminated as soon as
the required degree of accuracy has been reached. One
particular advantage of this {and similar approximation
methods) is that it is often clear, even after only one
distribution cycle, whether or not the final values will be
acceptable. If not, the analysis need not be continued further,
thus saving much unnecessary work. The method is simple
to remember and apply and the step-by-step procedure gives
the engineer a quite definite ‘feel’ of the behaviour of the
system. It can be extended, less happily, to the analysis of
systems containing non-prismatic members and to frames
(see Table 66). Hardy Cross moment distribution is described
in detail in most textbooks dealing with structural analysis:
see for example, refs 7,8 and 9.

In the succeeding fifty years since it was introduced the
Hardy Cross method has begot various (including some
rather strange) offspring. One of the best known is so-called
precise moment distribution (sometimes known as the
coefficient-of-restraint method or direct moment distri-
bution). The analytical procedure is extremely similar to and
only slightly less simple than normal moment distribution,
but the distribution and carry-over factors are so adjusted
that an exact solution is obtained after only a single
distribution in each direction. The method thus has the
advantage of eliminating the need to decide when to
terminate the successive approximation procedure. The few

formulae that are required are easy to memorize and the-

use of graphs is not essential. Brief details are given on
Table 40 and the method is described in some detail in
Examples of the Design of Buildings: more extensive infor-
mation is given in refs 10 and 11.

It should be noted that the loading producing the greatest
negative bending moments at the supports is not necessarily
that producing the greatest positive bending moments in
the span. The incidence of imposed load to give the greatest
bending moments according to structural theory and to the
less onerous requirements of BS8110 and CP110 is illustrated
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in Table 22 and comments are given in section 12.1, Some
dispositions of imposed load may produce negative bending
moments in adjacent unloaded spans.

According to both Codes, the appropriate partial safety
factors for loads to be considered when analysing systems
of continuous beams for ultimate limit-state conditions are
1.6 for imposed load and either 1.4 or 1.0 for dead loa-. th.
particular arrangement investigated being that causing the
most onerous conditions. In view of the alternative dead-
load factors it is often convenient in such calculations to
consider instead an ultimate dead load of 1.0g, (or 1.0G,)
and an ‘imposed load’ of 0.4¢g, + 1.64, (or 0.4G, + 1.60,).

The moment of inertia of a reinforced concrete beam of
uniform depth may vary throughout its length because of
variations in the amount of reinforcement and because it is
considered, with the adjoining slab, to act as a flanged section
at midspan but as a simple rectangular section over the
supports. It is common, however, to neglect these variations
for beams of uniform depth and for beams having small
haunches at the supports. Where the depth of a beam varies
considerably, neglect of the variation of moment of inertia
when calculating the bending moments leads to results that
differ widely from the probable bending moments. Methods
of dealing with beams having non-uniform moments of
inertia are given in Table 39 and in section 12.4.2.

3.2.2 Coefficients for bending moments and
shearing forces for equal spans

For beams continuous over a number of equal spans,

“calculation of the maximum bending moments from basic

formulae is unnecessary since the moments and shearing
forces can be tabulated. For example, in Tables 33 and 34
the values of the bending-moment coefficients are given for
the middle of each span and at each support for two, three,
four and five continuous equal spans carrying identical loads
on each span, which is the usual disposition of the dead
load on a beam. The coefficients for the maximum bending
moments at midspan and support for the most adverse
incidence of imposed loads are also given; the alternative
coefficients assuming only two spans to be loaded in the
case of the bending moments at the supports are given in
curved brackets and those relating to imposed load covering
all spans are shown in square brackets; these latter corres-
pond to the critical loading conditions specified in CP110
and BS8110 respectively. It should be noted that the
maximum bending moments do not occur at all sections
simultaneously. The types of load considered are a uniformly
distributed load, a single load concentrated at midspan,
trapezoidal loads of various proportions and equal loads at
the two third-points of the span.

Similar information is presented in Tables 36 and 37,
where the bending-moment coefficients corresponding to
various arrangements of dead and imposed loads are given
together with sketches of the resulting moment envelopes
for two- and three-span beams and for the end and interior
spans of a theoretically infinite system. This information
enables the appropriate bending-moment diagrams to be
plotted quickly and accurately.

These theoretical bending moments may be adjusted by
assuming that some redistribution of moments takes place.
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One principal advantage of employing such moment redistri-
bution is that it enables the effects of ultimate loading to be
assessed by employing normal elastic analyses of the struc-
ture, thus avoiding the need to undertake a separate
structural analysis under ultimate-load conditions using
plastic-hinge techniques: the theoretical basis for redistri-
bution is explained clearly in the Code Handbook. Since the
reduction of moment at a section assumes the formation of
a plastic hinge at that point as ultimate conditions are
approached, it is necessary to limit the total amount of
adjustment possible in order to restrict the amount of
plastic-hinge rotation that takes place and to control
the amount of cracking that occurs under serviceability
conditions. For these reasons both Codes also relate the
depth-to-neutral-axis factor x/d (see section 5.3.1) and the
maximum permitted spacing of the tension reinforcement
(see Table 139) to the amount of redistribution allowed.

Such adjustments are convenient to reduce the inequality
between negative and positive moments and to minimize
the moment and hence the amount of reinforcement that
must be provided at a section, such as the intersection
between beam and column, where concreting may otherwise
be difficult due to the congestion of reinforcement. Both
BS&110 and CP110 permit moment redistribution to be
undertaken; the procedure is outlined below and described
in more detail in section 12.3, while the resulting adjusted
bending-moment coefficients are given in Tables 36 and 37.

It should be remembered that while the coefficients given
apply to the systems of equal spans considered here, moment
redistribution can be employed as described in section 12.3
to adjust the moments on any system that has been analysed
by so-called exact methods.

It is generally assumed that an ordinary continuous beam
is freely supported on the end supports (unless fixity or
another condition of restraint is specifically known), but in
most cases the beam is constructed monolithically with the
support, thereby producing some restraint.

The shearing forces produced by a uniformly distributed
load when all spans are loaded and the greatest shearing
forces due to any incidence of imposed load are given in
Table 35 for beams continuous over two to five equal spans.

3.2.3 Approximate bending-moment coefficients

The precise determination of the theoretical bending
moments on continuous beams may involve much mathe-
matical labour, except in cases which occur often enough
to warrant tabulation. Having regard to the general assump-
tions of unyielding knife-edge supports and uniform moments
of inertia, the probability of the theoretical bending moments
being greater or less than those actually realized should be
considered. The effect of a variation of the moment of inertia
is given in section 12.4.2. The following factors cause a
decrease in the negative bending moment at a . support:
settlement of the support relative to adjacent supports, which
may cause an increase in the positive bending moments in
the adjacent spans and may even be sufficient to convert
the bending moment at that support into a positive bending
moment; supports of considerable width; and support and
beam constructed monolithically. The settlement of one or
both of the supports on either side of a given support causes
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an increase in the negative bending moment at the given
support and consequently affects the positive bending
moments in adjacent spans. ‘

The indeterminate nature of the actual bending moments
occurring leads in practice to the adoption of approximate
bending-moment coefficients for continuous beams and
slabs of about equal spans with uniformly distributed loads,
Such coefficients, including those recommended by BS8110
and CP110, are given in the middle of Table 32: notes
on the validity and use of the coefficients are given in
section 12.1.4.

When the bending moments are calculated with the spans
assumed to be equal to thé distance between the centres of
the supports, the critical bending moment in monolithic
construction can be considered as that occurring at the edge
of the support. When the supports are of considerable width
the span can be considered as the clear distance between
the supports plus the effective depth of the beam, or an
additional span can be introduced that is equal to the width
of the support minus the effective depth of the beam. The
load on this additional span can be considered as the
reaction of the support spread uniformly along the part of
the beam over the support. When a beam is constructed
monolithically with a very wide and massive support the
effect of continuity with the span or spans beyond the
support may be negligible, in which case the beam should
be treated as fixed at the support.

3.2.4 Bending-moment diagrams for equal spans

The basis of the bending-moment diagrams in Tables 36
and 37 is as follows. The theoretical bending moments are
calculated to obtain the coefficients for the bending moments
near the middie of each span and at each support for a
uniformly distributed load, a central load, and loads concen-
trated at the third-points of each span. The condition of all
spans loaded (for example, dead load) and conditions of
incidental (or imposed) load producing the greatest bending
moments are considered. As the coefficients are calculated
by exact methods, moment redistribution as permitted in
BS8110 and CP110 is permissible. The support moments
are reduced by 10%; or 30 to establish the reduced bending
moments at the supports, and the span moments are then
reduced by 10% or 30% (where possible) to obtain the
reduced positive bending moments in the span. Tables 36
and 37 also give the coefficients for the positive bending
moments at the supports and the negative bending moments
in the spans which are produced under some conditions of
imposed load; it is not generally necessary to take these
small bending moments into account as they are generally
insignificant compared with the bending moments due to
dead load.

The method of calculating the adjusted coefficients is that
the theoretical bending moments are calculated for all spans
loaded (dead load), and for each of the four cases of imposed
load that produce maximum bending moments, that is at
the middle of an end span (positive), at a penultimate support
(negative), at the middle of the interior span (positive), and
at an inner support (positive). For each case, the theoretical
bending-moment diagram is adjusted as follows. For the
diagram of maximum negative bending moments, the
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theoretical negative bending moments at the supports are
reduced by either 10%, or 30% and the positive bending
moments are increased accordingly. For the diagram of
maximum positive bending moments in the spans, these
theoretical positive bending moments are reduced by 10%,
or more where possible. (In most cases a full 30%; reduction
of the positive bending moments is not possible.) This
redistribution process is described in detail in section 12.3.

3.3 MOVING LOADS ON CONTINUOUS BEAMS

Bending moments caused by moving loads, such as those
due to vehicles traversing a series of continuous spans, are
most easily calculated by the aid of influence lines. An
influence line is a curve with the span of the beam as a base,
the ordinate of the curve at any point being the value of the
bending moment produced at a particular section of the

~»*beam when a unit load acts at the point. The data given in

Tables 46 to 49 enable the influence lines for the critical
sections of beams continuous over two, three, four and five
or more spans to be drawn. By plotting the position of the
load on the beam (drawn to scale), the bending moments at
the section being considered are derived as explained in the
example given in chapter 13. The curves in the tables for
equal spans are directly applicable to equal spans, but the
corresponding curves for unequal spans should be plotted
from the data tabulated.

The bending moment due to a load at any point is the
ordinate of the influence line at the point multiplied by the
product of the load and the span, the length of the shortest
span being used when the spans are unequal. The influence
lines in the tables are drawn for symmetrical inequality of
spans. Coefficients for span ratios not plotted can be
interpolated. The symbols on each curve indicate the section
of the beam and the ratio of spans to which the curve applies.

3.4 ONE-WAY SLABS

3.4.1 Uniformly djstributed load

The bending moments on slabs supported on two opposite
sides are calculated in the same way as for beams, account
being taken of continuity. For slabs carrying uniformly
distributed loads and continuous over nearly equal spans,
the coefficients for dead and imposed load as given in
Table 32 for slabs without splays conform to the recom-
mendations of BS8110 and CP110. Other coefficients,
allowing for the effect of splays on the bending moments,
are also tabulated. Spans are considered to be approximately
equal if the difference in length of the spans forming the
system does not exceed 15% of the longest span.

If a slab is nominally freely supported at an end support,
it is advisable to provide resistance to a probable negative
bending moment at a support with which the slab is
monolithic. If the slab carries a uniformly distributed load,
the value of the negative bending moment should be assumed
to be not less than wi%/24 or ni*/24.

Although a slab may be designed as though spanning in
one direction, it should also be reinforced in a direction at
right angles to the span with at least the minimum proportion
of distribution steel, as described in section 20.5.2.
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3.4.2 Concentrated load

When a slab supported on two opposite sides only carries
a load concentrated on a part only of the slab, such as a
wheel load on the deck of a bridge, there are several methods
of determining the bending moments. One method is to
assume that a certain width of the slab carries the entire
load, and in one such method the contact area of the load
is first extended by dispersion through the thickness of the
slab as shown in Table 11, giving the dimension of loaded
area as a, at right angles to the span and a, parallel to the
span . The width of slab carrying the load may be assumed
to be (2/3)(I + a,) + a,. The total concentrated load is then
divided by this width to give the load carried on a unit
width of slab for the purpose of calculating the bending
moments. The width of slab assumed to carry a concentrated
load according to the recommendations of BS8110 and the
Code Handbook is as illustrated in the lower part of Table 56.

Another method is to extend to slabs spanning in one
direction the theory of slabs spanning in two directions. For
example, the curves given in Tables 54 and 55 for a slab
infinitely long in the direction [, can be used to evaluate
directly the bending moments in the direction of, and at
right angles to, the span of a slab spanning in one direction
and carrying a concentrated load; this application is shown
in example 2 in section 14.5. Yet another possibility is to
carry out a full elastic analysis. Finally, the slab may be
analysed using yield-line theory or Hillerborg’s strip method.

3.5 TWO-WAY SLABS

When a slab is supported other than on two opposite sides
only, the precise amount and distribution of the load taken
by each support, and consequently the magnitude of the
bending moments on the slab, are not easily calculated if
assumptions resembling practical conditions are made.
Therefore approximate analyses are generally used. The
method applicable in any particular case depends on the
shape of the panel of slab, the condition of restraint at the
supports, and the type of load.

Two basic methods are commonly used to analyse slabs
spanning in two directions. These are the theory of plates,
which is based on an elastic analysis under service loads,
and yield-line theory, in which the behaviour of the slab as
collapse approaches is considered. A less well-known alter-
native to the latter is Hillerborg’s strip method. In certain
circumstances, however, for example in the case of a freely
supported slab with corners that are not held down or
reinforced for torsion, the coefficients given in BS8110 and
CP110 are derived from an elastic analysis but use loads
that are factored to represent ultimate limit-state conditions.
If yield-line or similar methods are concerned, the sections
should be designed by the limit-state method described in
section 20.1. In undertaking elastic analyses, both Codes
recommend a value of 0.2 for Poisson’s ratio.

Distinction must be made between the conditions of free
support, fixity, partial restraint and continuity, and it is
essential to establish whether the corners of the panel are
free to lift or not. Free support occurs rarely in practice,
since in ordinary reinforced concrete beam-and-slab cons-
truction, the slab is monolithic with the beams and is thereby
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partially restrained and is not free to lift at the corners. The
condition of being freely supported may occur when the
slab is not continuous and the edge bears on a brick wall
or on unencased structural steelwork. If the edge of the slab
is built into a substantial brick or masonry wall, or is
monolithic with concrete encasing steelwork or with a
reinforced. concrete beam or wall, partial restraint exists.
Restraint is allowed for when computing the bending
moments on the slab but the supports must be able to resist
the torsional and other effects induced therein; the slab must
be reinforced to resist the negative bending moment produced
by the restraint. Since a panel or slab freely supported along
all edges but with the corners held down is uncommon
(because corner restraint is generally due to edge-fixing
moments), bending moments for this case are of interest
mainly for their value in obtaining coefficients for other cases
of fixity along or continuity over one or more edges. A slab
can be considered as fixed along an edge if there is no change
in the slope of the slab at the support irrespective of the
incidence of the load. This condition is assured if the polar
moment of inertia of the beam or other support is very large.
Continuity over a support generally implies a condition of
restraint less rigid than fixity; that is, the slope of the slab
at the support depends upon the load not only on the panel
under consideration but on adjacent panels.

3.5.1 Elastic methods

The so-called exact theory of the elastic bending of plates
spanning in two directions derives from the work of Lagrange,
who produced the governing differential equation for bending
in plates in 1811, and Navier, who described in 1820 the
use of double trigonometrical series to analyse freely sup-
ported rectangular plates. Pigeaud and others later developed
the analysis of panels freely supported along all four edges.

Many standard elastic solutions of slabs have been
developed (see, for example, refs 13 and 14, and the
bibliography'in ref. 15) but almost all are restricted to square,
rectangular and circular slabs. The exact analysis of a slab
having an arbitrary shape and support conditions due to a
general arrangement of loading is extremely complex. To
solve such problems, numerical techniques such as finite
differences and finite elements have been devised. These
methods are particularly suited to computer-based analysis
but the methods and procedures are as yet insufficiently
developed for routine office use. Some notes on finite-element
analysis are given in section 3.10.7. Finite-difference methods
are considered in detail in ref. 16: ref. 6 provides a useful
introduction.

3.5.2 Collapse methods

Unlike frame design, where the converse is true, it is normally
easier to analyse slabs by collapse methods than by elastic
methods. The two best-known methods of analysing slabs
plastically are the yield-line method developed by K. W.
Johansen and the so-called strip method devised by Arne
Hillerborg.

It is generally impossible to calculate the precise ultimate
resistance of a slab by collapse theory, since such slabs are
highly indeterminate. Instead, two separate solutions can be
found - one upper-bound and one lower-bound solution.

Structural analysis

With solutions of the first type, a collapse mechanism is first
postulated. Then, if the slab is deformed, the energy absorbed
in inducing ultimate moments along the yield lines is equal
to the work done on the slab by the applied load in
producing this deformation. Thus the load determined is
the maximum that the slab will support before failure occurs.
However, since such methods do not investigate conditions
between the postuiated yield lines to ensure that the
moments in these areas do not exceed the ultimate resistance
of the slab, there is no guarantee that the minimum load
which may cause collapse has been found. This is one
shortcoming of upper-bound solutions such as those given
by Johansen’s theory.

Conversely, lower-bound solutions may lead to collapse
loads that are less than the maximum that the slab will
actually carry. The procedure here is to choose a distribution
of ultimate moments that ensures that the resistance of the
slab is not exceeded and that equilibrium is satisfied at all
points across the slab.

Most material dealing with Johansen’s and Hillerborg’s
methods assumes that any continuous supports at slab edges
are rigid and unyielding. This assumption is also made
throughout the material given in Part II of this book.
However, if the slab is supported on beams of finite strength,
it is possible for collapse mechanisms to form in which the
yield lines pass through the supporting beams. These beams
then form part of the mechanism considered. When employ-
ing collapse methods to analyse beam-and-slab construction
such a possibility must be taken into account.

Yield-line analysis. Johansen’s yield-line method requires
the designer to postulate first an appropriate collapse
mechanism for the slab being considered according to the
rules given in section 14.7.2. Any variable dimensions (such
as al, in diagram (iv)(a) on Table 58) may then be adjusted to
obtain the maximum ultimate resistance for a given load (i.e.
the maximum ratio of M/F). This maximum value can be
found in various ways, for example by tabulating the work
equation as described in section 14.7.8 using actual numer-
ical values and employing a trial-and-adjustment process.
Alternatively, the work equation may be expressed algebrai-
cally and, by substituting various values for «, the maximum
ratio of M/F may be read from a graph relating « to M/F. Yet
another method, beloved of textbooks, is to use calculus to
differentiate the equation, setting this equal to zero in order
to determine the critical value of «. This method cannot
always be used, however (see ref. 21).

As already explained, although such processes enable the
maximum resistance moment for a given mode of failure to
be determined, they do not indicate whether the yield-line
pattern considered is the critical one. A further disadvantage
of such a yield-line method is that, unlike Hillerborg’s
method, it gives no direct indication of the resulting distri-
bution of load on the supports. Reference 21 discusses the
possibility that the yield-line pattern also serves to apportion
the loaded areas of slab to their respective supporting beams
but somewhat reluctantly concludes that there is no justifi-
cation for this assumption.

Despite these shortcomings, yield-line theory is extremely
useful. A principal advantage is that it can be applied
relatively easily to solve problems that are almost intractable
by other means.
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Yield-line theory is too complex to cover adequately in
this Handbook; indeed several textbooks are completely or
near-completely devoted to this subject (refs 17-21). In
section 14.7 and Tables 58 and 59 notes and examples are
given on the rules for choosing yield-line patterns for
analysis, on theoretical and empirical methods of analysis,
on simplifications that can be made by using so-called
affinity theorems, and on the effects of corner levers.

Strip methed. Hillerborg devised his strip method in order
to obtain a lower-bound solution for the collapse load while
achieving a good economical arrangement of reinforcement.
As long as the steel provided is sufficient to cater for the
calculated moments, the strip method enables such a lower-
bound solution to be determined. {Hillerborg and others
sometimes refer to it as the equilibrium theory: it should not,
however, be confused with the equilibrium method of yield-
line analysis, with which it has no connection.) Hillerborg’s
original theory (ref. 22) (now known as the simple strip
method) assumes that, at failure, no load is carried by the
torsional strength of the slab and thus all the load is
supported by flexural bending in either of two principal
directions. The theory results in simple solutions giving
full information regarding the moments over the whole
slab to resist a unique collapse load, the reinforcement
being arranged economically in bands. Brief notes on
the use of simple strip theory to design rectangular slabs
supporting uniform loads are given in section 14.7.10 and
Table 60.

However, the simple strip theory cannot be used with
concentrated loads and/or supports and leads to difficulties
with free edges. To overcome such problems, Hillerborg
later developed his advanced strip method which employs
complex moment fields. While extending the scope of the
original method, this development somewhat clouds the
simplicity and directness of the original concept. A full
treatment of both the simplified and advanced strip theories
is given in ref. 22.

A further disadvantage of Hillerborg’s and, of course,
Johansen’s methods is that, being based on conditions at
failure only, they permit unwary designers to adopt load
distributions which may differ widely from those which
occur under working loads, and the resulting designs-may
thus be susceptible to early cracking. A recent development
which eliminates this problem as well as overcoming the
limitations arising from simple strip theory is the so-called
strip deflection method due to Fernando and Kemp (ref.
25). With this method the distribution of load in either
principal direction is not selected arbitrarily by the designer
(as in the Hillerborg method or, by choosing the proportion
of steel provided in each direction, as in the yield-line
method) but is calculated to ensure compatibility of deflec-
tions in mutually orthogonal strips. The method leads to
the solution of sets of simultaneous equations (usually eight),
and thus requires access to a small computer or similar
device.

3.5.3 Rectangular panel with uniformly
distributed load

Empirical formulae and approximate theories have been put
forward for calculating the bending moments in the common
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case of a rectangular panel or slab supported along four
edges (and therefore spanning in two directions mutually at
right angles) and carrying a uniformly distributed load. The
bending moments depend on the support conditions and
the ratio of the length of the sides of the panel. Because
most theoretical expressions based on elastic analyses are
complex, design curves or close arithmetical approximations
are generally employed in practice. Westergaard has
combined theory with the results of tests and his work
formed the basis of the service bending-moment coefficients
which were given in CP114.

The ultimate bending-moment coefficients given in BS8110
and CP110 are derived from a yield-line analysis in which
the coefficients have been adjusted to allow for the non-
uniformity of the reinforcement spacing resulting from the
division of the slab into middle strips and edge strips. The
various arbitrary parameters (e.g. the ratio of the negative
moment over the supports to the positive moment at
midspan) have been chosen so as to conform as closely as
possible to serviceability requirements. For further details
see ref. 130, on which the coefficients in CP110 are based.
The coefficients for freely supported panels having torsional
restraint and panels with continuity on one or more sides
are illustrated graphically on Tables 51 and 52 for BS8110
and CP110 respectively.

The simplified analysis of Grashof and Rankine can be
applied when the corners of a panel are not held down and
no torsional restraint is provided; the bending-moment
coefficients are given in Table 50 and the basic formulae are
given in section 14.2.1. If corner restraint is provided,
coefficients based on more exact analyses should be applied;
such coefficients for a panel freely supported along four sides
are given in Table 50. It has been shown by Marcus (ref. 12)
that, for panels whose corners are held down, the midspan
bending moments obtained by the Grashof and Rankine
method can be converted to approximately those obtained
by more exact theory by multiplying by a simple factor. This
method is applicable not only for conditions of free support
along all four edges but for all combinations of fixity on
one to four sides with free support along the other edges;
the bending moments at the supports are calculated by an
extension of the Grashof and Rankine method but without
the adjusting factors. The Marcus factors for a panel fixed
along four edges are given in Table 50, and these and the
Grashof and Rankine coefficients are substituted in the
formulae given in the table to obtain the midspan bending
moments and the bending moments at the supports.

If the corners of a panel are held down, reinforcement
should be provided to resist the tensile stresses due to the
torsional strains. The amount and position of the reinforce-
ment required for this purpose, as recommended in BS§110
and CP110, are given in Table 50. No reinforcement is
required at a corner formed by two intersecting supports if
the slab is monolithic with the supports.

At a discontinuous edge of a slab monolithic with its
support, resistance to negative bending moment must be
provided; the expressions in the centre of Table 50 give the
magnitude, in accordance with BS8110 and CP110, of this
moment, which is resisted by reinforcement at right angles
to the support. The Codes also recommend that no main
reinforcement is required in a narrow strip of slab parallel
and adjacent to each support; particulars of this recom-
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mendation are also given in Table 50, the coefficients for
use in which are taken from Tables 51 and 52.

The shearing forces on rectangular panels spanning in
two directions and carrying uniformly distributed load are
considered briefly in section 14.8.

3.5.4 Rectangular panel with triangularly
distributed load

In the design of rectangular tanks, storage bunkers and some
retaining structures, cases occur of walls spanning in two
directions and subject to triangularly distributed pressure.
The intensity of pressure is uniform at any level, but
vertically the pressure varies from zero at or near the top
to a maximum at the bottom. The curves on Table 53 give
the coefficients for the probable span and support moments
in each direction, calculated by elastic theory and assuming
a value of Poisson’s ratio of 0.2, as recommended in BS8110
and CP110. The curves have been prepared from data given
in ref. 13, suitably modified to comply with the value of
Poisson’s ratio adopted. Separate graphs are provided for
cases where the top edge of the panel is fully fixed, freely
supported and unsupported. The other panel edges are
assumed to be fully fixed in all cases. In addition, however,
the maximum span moments in panels with pinned edges
are shown by broken lines on the same graphs. The true
support conditions at the sides and bottom of the panel
will almost certainly be somewhere between these two
extremes, and the corresponding span moments can thus
be estimated by interpolating between the appropriate
curves corresponding to the pinned-support and fixed-
support conditions.

If Poisson’s ratio is less than 0.2 the bending moments

- will be slightly less, but the introduction of corner splays
would increase the negative bending moments. Further
comments on the curves, together with an example, are given
in section 14.9.1.

An alternative method of designing such panels is to use
yield-line theory. If the resulting structure is to be used to
store liquids, however, extreme care must be taken to ensure
that the proportion of span to support moment and vertical
to horizontal moment adopted conform closely to the
proportions given by elastic analyses, as otherwise the
formation of early cracks may render the structure unsuitable
for the purpose for which it was designed. In the case of
non-fluid contents, such considerations may be less impor-
tant. This matter is discussed in section 14.9.2.

Johansen has shown (ref. 18) that if a panel is fixed or
freely supported along the top edge, the total ultimate
moment acting on the panel is identical to that on a similar
panel supporting the same total load distributed uniformly.
Furthermore, as in the case of the uniformly loaded slab
considered in section 14.9.1, a restrained slab may be
analysed as if it were freely supported by employing so-
called ‘reduced side lengths’ to represent the effects of
continuity or fixity. Of course (unlike the uniformly loaded
slab) along the bottom edge of the panel, where the loading
is greatest, a higher ratio of support to span moment should
be adopted than at the top edge of the panel.

I the panel is unsupported along the top edge, different
collapse mechanisms control the behaviour of the panel.

Structural analysis

The pertinent expressions developed by Johansen (ref. 18)
are shown graphically on Table 61.

Triangularly loaded panels can also be designed by means
of Hillerborg’s strip method: for details see ref. 22 and
Table 61.

3.6 BEAMS SUPPORTING RECTANGULAR PANELS

When designing the beams supporting a panel freely sup-
ported along all four edges or with the same degree of fixity
along all four edges, it is generally accepted that each of the
beams along the shorter edges of the panel carries the load
on an area having the shape of a 45° isosceles triangle with
a base equal to the length of the shorter side, i.e. each beam
carries a triangularly distributed load; one-half of the
remaining load, i.e. the load on a trapezium, is carried on
each of the beams along the longer edges. In the case of a
square panel, each beam carries one-quarter of the total
load on the panel, the load on each beam being distributed
triangularly. The diagram and expressions in the top left-hand
corner of Table 63 give the amount of load carried by each
beam. Bending-moment coefficients for beams subjected to
triangular and trapezoidal loading are given in Tables 23
and 24; fixed-end moments due to trapezoidal loading on a
span can be read from the curves on the lower chart on
Table 31. The formulae for equivalent uniformly distributed
loads that are given in section 14.10 apply only to the case
of the span of the beam being equal to the width or length
of the panel.

An alternative method is to divide the load between the
beams along the shorter and longer sides in proportion to
a,, and a,, (Table 50) respectively. Thus the load transferred
to each beam along the shorter edges is «,,wl,l,/2, triangu-
larly distributed, and to each beam along the longer edges
is a,,wl,l,/2, trapezoidally distributed. For square panels
the loads on the beams obtained by both methods are
identical.

When the panel is fixed or continuous along one, two or
three supports and freely supported on the remaining edges,
the subdivision of the load to the various supporting beams
can be determined from the diagrams and expressions on
the left-hand side of Table 63. The non-dimensional factors
a,f and p denote the distances (in terms of the spans
concerned) defining the pattern of load distribution. Alter-
natively the loads can be calculated approximately as
follows. For the appropriate value of the ratio k of the
equivalent spans (see T'able 56), determine the corresponding
values of a,, and «,, from Table 50. Then the load
transferred to each beam parallel to the longer equivalent
span is a,,wl.l,/2 and to each beam paraliel to the shorter
equivalent span is a,, wl /2. Triangular distribution can be
assumed in both cases, although this is a little conservative
for the load on the beams parallel to the longer actual span.
For a span freely supported at one end and fixed at the
other, the foregoing loads should be reduced by about 20%
for the beam along the freely supported edge and the amount
of the reduction added to the load on the beam along the
fixed or continuous edge.

If the panel is unsupported along one edge or two adjacent
edges, the loads on the beams supporting the remaining
edges are as given on the right-hand side of Table 63.
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The above expressions are given in terms of a service load
w but are equally applicable to an ultimate load n.

BS8110 provides coefficients for calculating the reactions
from two-way slabs supporting uniform loads and taking
torsional restraint at the corners into account. Curves
derived from these values form Table 62 and details of their
use are given in section 14.8.

3.7 RECTANGULAR PANELS WITH
CONCENTRATED LOADS

3.7.1 Elastic analysis

The curves in Tables 54 and 55, based on Pigeaud’s theory,
give the bending moments on a freely supported panel along
all four edges with restrained corners and carrying a load
uniformly distributed over a defined area symmetrically
disposed upon the panel. Wheel loads and similarly highly
concentrated loads are dispersed through the road finish (if
any) down to the surface of the slab, or farther down to the
reinforcement, as shown in Table 11, to give dimensions a,
and a,, and thus the ratios a,/l, and a,/l,, for which the
bending moments a,, and «,, for unit load are read off the
curves for the appropriate value of the ratio of spans k. For
a total load of F on the area a, by a,, the positive bending
moments on unit width of slab are given by the expressions
in Tables 54 and 55, in which the value of Poisson’s ratio
is assumed to be 0.2. The positive bending momenis
calculated from Tables 54 and 55 for the case of a uniformly
distributed load over the whole panel (that is a, =a,=1)
do not coincide with the bending moments based on the
corresponding coefficients o, and «,; given in Table 50
unless Poisson’s ratio is assumed to be zero, as is sometimes
recommended. The curves in Tables 54 and 55 are drawn
for k=10, 1.25, \/2(= 1.41 approximately), 1.67, 2.0, 2.5
and infinity. For intermediate values of &, the values of a,,
and a4 can be interpolated from the values above and below
the given value of k. The curves for k = 1.0 apply to a square
panel.

The curves for k = oo apply to a panel of great length (/)
compared with the short span (I,) and can be used for
determining the transverse (main reinforcement) and longi-
tudinal (distribution reinforcement) bending moments on a
long narrow panel supported on the two long edges only.
Alternatively the data at the bottom of Table 56 can be
applied to this case which is really a special extreme case
of a rectangular panel spanning in two directions and
subjected to a concentrated load. '

When there are two concentrated loads symmetrically
disposed or an eccentric load, the resulting bending moments
can be calculated from the rules given for the various cases
in Table 56. Other conditions of loading, for example,
multiple loads the dispersion areas of which overlap, can
generally be treated by combinations of the particular cases
considered. Case I is an ordinary symmetrically disposed
load. Case VI is the general case for a load in any position,
from which the remaining cases are derived by simplification.

The bending moments derived directly from Tables 54
and 55 are those at midspan of panels freely supported along
all four edges but with restraint at the corners. If the panel
is fixed or continuous along all four edges, Pigeaud recom-
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mends that the midspan bending moments should be
reduced by 20%. The estimation of the bending moment at
the support and midspan sections of panels with various
sequences of continuity and free support along the edges
can be dealt with by applying the following rules, which
possibly give conservative results when incorporating
Poisson’s ratio equal to 0.2; they are applicable to the
common conditions of continuity with adjacent paneis over
one or more supports, and monolithic construction with the
supports along the remaining edges. Find a,4 and «,, from
the curves in Tables 54 and 55 for the appropriate value of
k,=k,1,/l., where k, is obtained from Table 56, cases (a)-(j).
For similar conditions of support on all four sides, that is
cases (a) and (j), or for a symmetrical sequence as in case
(f), k, = 1.0; therefore the actual value of [/, is used in these
cases. If in cases (b), (d), and (h) the value of k,1/l, is less
than unity, /, and [, (and consequently a, and a,) should be
transposed throughout the calculation of «,, and ay,.
Having found the bending moments in each direction with
the adjusted values of /,/1,, the bending-moment reduction
factors for continuity given in Table 56 are applied to give
the bending moments for the purpose of design.

Examples of the use of Tables 54,55 and 56 are given in
section 14.5.

The maximum shearing forces V per unit length on a
panel carrying a concentrated load are given by Pigeaud as
follows:

a,>a, atthe centre of lengtha,, V= F/(2a,+a,)
at the centre of length a,, V = F/3a,
a,>a,: atthecentre of length a,, V=F/3a,

at the centre of length a,, V= F(2a, + a,)

To determine the load on the supporting beams, the rules
given for a uniformly distributed load over the entire panel
are sufficiently accurate for a load concentrated at the centre
of the panel, but this is not always the critical case for
imposed loads, such as a load imposed by a wheel on a
bridge deck, since the maximum load on a beam occurs
when the wheel is passing over the beam, in which case the
beam carries the whole load.

3.7.2 Collapse analysis

Both yield-line theory and Hillerborg’s strip method can be
used to analyse slabs carrying concentrated loads. Appro-
priate yield-line formulae are given in ref. 18, or the empirical
method described in section 14.7.8 may be used. For details
of the analysis involved if the advanced strip method is

.adopted, see ref. 22.

3.8 NON-RECTANGULAR PANELS

When a panel which is not rectangular is supported along
all its edges and is of such proportions that main reinforce-
ment in two directions seems desirable, the bending moments
can be determined approximately from the data given in
Table 57, which are derived from elastic analyses and apply
to a trapezoidal panel approximately symmetrical about one
axis, to a panel which in plan is an isosceles triangle (or very
nearly so), and to panels which are regular polygons or are
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circular. The case of a triangular panel continuous or
partially restrained along three edges occurs in pyramidal
hopper bottoms (Table 186); the reinforcement calculated
by the expressions for this case should extend over the entire
area of the panel, and provision must be made for the
negative moments and for the direct tensions which act
simultaneously with the bending moments.

if the shape of a panel approximates to a square, the
bending moments for a square slab of the same area should
be determined. A slab having the shape of a regular polygon
with five or more sides can be treated as a circular slab the
diameter of which is the mean of the diameters of the
inscribed and circumscribed circles; the mean diameters for
regular hexagons and octagons are given in Table 57.

Alternatively, yield-line theory is particularly suitable for
obtaining an ultimate limit-state solution for an irregularly
shaped slab: the method of obtaining solutions for slabs of
various shapes is described in detail in ref. 18.

For a panel which is circular in plan and is freely
supported or fully fixed along the circumference and carries
a load concentrated symmetrically about the centre on a
circular area, the total bending moment which should be
provided for across each of two diameters mutually at right
angles is given by the appropriate expression in Table 57.
The expressions given are based on those derived by
Timoshenko and Woinowsky-Krieger (ref. 14}.

In general the radial and tangential moments vary accord-
ing to the position being considered.

A circular panel can therefore be designed by one of the
following elastic methods:

1. Design for the maximum positive bending moment at the
centre of the panel and reduce the amount of reinforce-
ment or the thickness of the slab towards the circum-
ference. If the panel is ot truly freely supported, provide
for the negative bending moment acting around the
circumference.

2. Design for the average positive bending moment across
a diameter and retain the same thickness of slab and
amount of reinforcement throughout the entire panel. If
the panel is not truly freely supported around the
circumference, provide for the appropriate negative bend-
ing moment. -

The reinforcement required for the positive bending moments
in both the preceding methods must be provided in two
directions mutually at right angles; the reinforcement for
the negative bending moment should be provided by radial
bars normal to, and equally spaced around, the circum-
ference, or reinforcement equivalent to this should be
provided.

Circular slabs may conveniently be designed for ultimate
limit-state conditions by using yield-line theory: for details
see ref. 18.

3.9 FLAT SLABS

The design of flat slabs, i.e. beamless slabs or mushroom
floors, is frequently based on empirical considerations,
although BS8110 places much greater emphasis on the
analysis of such structures as a seriec of continuous frames.
The principles described below and summarized in Table 64

Structural analysis

and in section 14.12 are in accordance with the empirical
method described in BS8110 and CP110. This type of floor
can incorporate drop panels at the column heads or the slab
can be of uniform thickness throughout. The tops of the
columns may be plain or may be provided with a splayed
head having the dimensions indicated in Table 64.

There should be at least three spans in each direction and
the lengths (or widths) of adjacent panels should not differ
by more than 159 of the greater length or width according
to CP110 or 20%, according to the Joint Institutions Design
Manual: BS8110 merely requires spans to be ‘approximately
equal’. The ratio of the longer to the shorter dimension of
a non-square panel should not exceed 4/3. The length of
the drop in any direction should be not less than one-third
of the length of the panel in the same direction. For the
purposes of determining the bending moments, the panel is
divided into ‘middle strips’ and ‘column strips’ as shown in
the diagram in section 14.12, the width of each strip being
half the corresponding length or width of the panel according
to CP110, but one-half of the shorter dimension according
to BS8110. If drop panels narrower than half the panel length
or width are provided, the width of the column strip should
be reduced to the width of the drop panel and the middle
strip increased accordingly, the moments on each strip being
modified as a result.

The thickness of the slab and the drop panels must be
sufficient to provide resistance to the shearing forces and
bending moments: in addition it must meet the limiting
span/effective-depth requirements for slabs summarized in
Table 137. For further details see section 14.12.2.

3.9.1 Bending moments

For the calculation of bending moments, the effective spans
are ly, —(2/3)h.and I, — (2/3)h,, where I, and [, are the longer
and shorter dimensions respectively of the panel and k. is
the diameter of the column or column head if one is provided.
The total bending moments to be provided for at the
principal sections of the panel are given in Table 64 and are
functions of these effective spans.

Walls and other concentrated loads must be supported
on beams, and beams should be provided around openings
other than small holes; both Codes recommend limiting sizes
of openings permissible in the column strips and middle
strips.

3.9.2 Reinforcement

It is generally most convenient for the reinforcement to be
arranged in bands in two directions, one parallel to each of
the spans !, and I,. Earlier Codes such as CP114 also
permitted bars to be arranged in two parallel and two
diagonal bands, but this method produces considerable
congestion of reinforcement in relatively thin slabs.
BS8110 places similar restrictions on the curtailment of
reinforcement to those for normal slabs (see Table 140). The
requirements of CP110 are that 40%; of the bars forming
the positive-moment reinforcement should remain in the
bottom of the slab and extend over a length at the middle
of the span equal to three-quarters of the span. No reduction
in the positive-moment reinforcement should be made
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within a length of 0.6/ at the middle of the span and no
reduction of the negative-moment steel should be made
within a distance of 0.2/ of the centre of the support. The
negative-moment reinforcement should extend into the
adjacent panel for an average distance of at least 0.25; if
the ends of the bars are staggered the shortest must extend
for a distance of at least 0.21.

3.9.3 Shearing force

The shearing stresses must not exceed the appropriate
limiting values set outin T'able 142 and Table 143 for BS8110
and CP110 respectively. Details of the positions of the
critical planes for shearing resistance and calculation proce-
dures are shown in the diagrams in Table 64 and discussed
in section 14.12.5.

3.9.4 Alternative analysis

A less empirical method of analysing flat slabs is described
in BS8110 and CP110, which is applicable to cases not
covered by the foregoing rules. The bending moments and
shearing forces are calculated by assuming the structure to
comprise continuous frames, transversely and longitudinally.
This method is described in detail (with examples) in
Examples of the Design of Buildings. However, the empirical
method generally requires less reinforcement and should be
used when all the necessary requirements are met.

3.10 FRAMED STRUCTURES

A structure is statically determinate if the forces and bending
moments can be determined by the direct application of the
principles of statics. Examples include a cantilever (whether
a simple bracket or the roof of a grandstand), a freely
supported beam, a truss with pin-joints, and a three-hinged
arch or frame. A statically indeterminate structure is one in
which there is a redundancy of members or supports or
both, and which can only be analysed by considering the
elastic deformation under load. Examples of such structures
include restrained beams, continuous beams, portal frames
and other non-triangulated structures with rigid joints, and
two-hinged and fixed-end arches. The general notes relating
to the analysis of statically determinate and indeterminate
beam systems given in sections 3.1 and 3.2 are equally valid
when analysing frames. Provided that a statically indeter-
minate frame can be represented sufficiently accurately by
anidealized two-dimensional line structure, it can be analysed
by any of the methods mentioned earlier (and various others,
of course).

The analysis of a two-dimensional frame is somewhat
more complex than that of a linear beam system. If the
configuration of the frame or the applied loading is unsym-
metrical (or both), side-sway will almost invariably occur,
considerably lengthening the analysis necessary. Many more
combinations of load (vertical and horizontal) may require
consideration to obtain the critical moments. Different
partial safety factors may apply to different load combi-
nations, and it must be remembered that the critical
conditions for the design of a particular column may not
necessarily be those corresponding to the maximum moment.
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Loading producing a reduced moment together with a
greater axial thrust may be more critical. However, to
combat such complexities, it is often possible to simplify the
calculations by introducing some degree of approximation.
For example, when considering wind loads, the points of
contraflexure may be assumed to occur at midspan and at
the midheight of columns (see Table 74), thus rendering the
frame staticaily determinate. In addition, if a frame subjected
to vertical loads is not required to provide lateral stability,
BS8110 and CP110 permit each storey to be considered
separately, or even to be subdivided into three-bay sub-
frames for analysis (see below).

Beeby (ref. 71) has shown that, in view of the many
uncertainties involved in frame analysis, there is little to
choose as far as accuracy is concerned between analysing a
frame as a single complete structure, as a series of continuous
beams with attached columns, or as a series of three-bay
sub-frames with attached columns. However, wherever
possible the effects of the columns above and below the run
of beams should be included in the analysis. If this is not
done, the calculated moments in the beams are higher than
those that are actually likely to occur and may indicate the
need for more reinforcement to be provided than is really
necessary.

It may not be possible to represent the true frame as an
idealized two-dimensional line structure. In such a case,
analysis as a three-dimensional space frame may be neces-
sary. If the structure consists of large solid areas such as
walls, it may not be possible to represent it adequately by
a skeletal frame. The finite-element method is particularly
suited to solve such problems and is summarized briefly
below.

In the following pages the analysis of primary frames by
the methods of slope deflection and various forms of moment
distribution is described. Most analyses of complex rigid
frames require an amount of calculation often out of
proportion to the real accuracy of the results, and some
approximate solutions are therefore given for common cases
of building frames and similar structures. When a suitable
preliminary design has been evolved by using these approxi-
mate methods, an exhaustive exact analysis may be under-
taken by employing one of the programs available for
this purpose at computer centres specializing in structural
analysis. Several programs are also available for carrying
out such analysis using the more popular microcomputers.
Further details are given in Chapter 7 and the associated
references.

3.10.1 BS8110 and CP110 requirements

For most framed structures it is unnecessary to carry out a
full structural analysis of the entire frame as a single unit - an
extremely complex and time-consuming task. For example,
both Codes distinguish between frames that provide lateral
stability for the structure as a whole and those where such
stability is provided by other means (e.g. shear walls or a
solid central core). In the latter case each floor may be
considered as a separate sub-frame formed from the beams
at that floor level together with the columns above and
below, these columns being assumed to be fully fixed in
position and direction at their further ends. This system
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should then be analysed when subjected to a total maximum
ultimate load of 1.4G, + 1.6Q, acting with minimum ultimate
dead load of 1.0G,, these loads being arranged to induce
maximum moments. The foregoing loading condition may
be considered most conveniently by adopting instead a dead
load of 1.0G, and ‘imposed load’ of 0.4G, + 1.6Q,.

As a further simplification, each individual beam may
instead be considered separately by analysing a sub-frame
consisting of the beam concerned together with the upper
and lower columns and adjacent beams at each end (as
shown in the right-hand diagram on Table 1). These beams
and columns are assumed to be fixed at their further ends
and the stiffnesses of the two outer beams are taken to be
only one-half of their true values. The sub-frame should then
be analysed for the combination of loading previously
described. Formulae giving the ‘exact’ bending moments due
to various loading arrangements acting on this sub-frame
and obtained by slope-deflection methods (as described in
section 15.2.1) are given in Table 68. Since the method is
an ‘exact’ one, the moments thus obtained may be redistri-
buted to the limits permitted by the Codes. This method is
dealt with in greater detail in Examples in the Design of
Buildings, where graphical aid is provided.

BS8110 also explicitly sanctions the analysis of the beams
forming each floor as a continuous system, neglecting the
restraint provided by the columns entirely and assuming
that no restraint to rotation is provided at the supports.
However, as explained above, this conservative assumption
is uneconomic and should be avoided if possible.

If the frame also provides lateral stability the following
two-stage method of analysis is recommiended by both
Codes, unless the columns provided are slender (in which
case sway must be taken into account). Firstly, each floor
“is considered as a separate sub-frame formed from the beams
comprising that floor together with the columns above and
below, these columns being assumed fixed at their further
ends. Each sub-frame is subjected to a single vertical ultimate
loading of 1.2(G, + Q,) acting on all beams simultaneously
with no lateral load applied. Next, the complete structural
frame should be analysed as a single structure when subjected
to a separate ultimate lateral wind load of 1.2W, only, the
assumption being made that positions of contraflexure (i.e.
zero moment) occur at the midpoints along all beams and
columns. This analysis corresponds to that described for
building frames in section 3.13.3, and the method set out in
diagram (c) of Table 74 may thus be used. The moments
obtained from each of these analyses should then be summed
and compared with those resulting from a simplified analysis
considering vertical loads only, as previously described, and
the frame designed for the more critical values. These
procedures are summarized on Table 1.

In certain cases, a combination of load of 0.9G, + 1.4W,
should also be considered when lateral loading occurs. The
Code Handbook suggests that this is only necessary where
it is possible that a structure may overturn, e.g. for buildings
that are tall and narrow or cantilevered.

3.10.2 Moment-distribution method: no sway occurs

In certain circumstances a framed structure may not be
subject to side-sway; for example, if the configuration and
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loading are both symmetrical. Furthermore, if a vertically
loaded frame is being analysed storey by storey as permitted
by BS8110 and CP110, the effects of any side-sway may be
ignored. In such circumstances, Hardy Cross moment distri-
bution may be used to evaluate the moments in the
beam-and-column system. The procedure, which is outlined
on Table 66, is virtually identical to that used to analyse
systems of continuous beams.

Precise moment distribution may aiso be used to soive
such systems. Here the method, which is also summarized
on Table 66, is slightly more complex than in the equivalent
continuous-beam case since, when carrying over moments,
the unbalanced moment in a member must be distributed
between the remaining members meeting at a joint in
proportion to the relative restraint that each provides: the
expression giving the continuity factors is also less simple
to evaluate. Nevertheless, this method is a valid and
time-saving alternative to conventional moment distri-
bution. It is described in greater detail in Examples of the
Design of Buildings.

3.10.3 Moment-distribution method: sway occurs

If sway can occur, moment-distribution analysis increases
in complexity since, in addition to the influence of the
original loading with the structure prevented from swaying,
it is necessary to consider the effect of each individual degree
of sway freedom separately in terms of unknown sway forces.
These results are then combined to obtain the unknown
sway values and hence the final moments. The procedure is
outlined on Table 67.

The advantages of precise moment distribution are largely
nullified if sway occurs: for details of the procedure in such
cases see ref. 10.

To determine the moments in single-bay frames subjected
to side sway, Naylor (ref. 27) has devised an ingenious variant
of moment distribution: details are given on Table 67. The
method can also be used to analyse Vierendeel girders.

3.10.4 Slope-deflection method

The principles of the slope-deflection method of analysing a
restrained member are given in Table 65 and in section 15.1,
in which also the basic formulae and the formulae for the
bending moments in special cases are given. When there is
no deflection of one end of the member relative to the other
(for example, when supports are not elastic as assumed),
when the ends of the member are either hinged or fixed, and
when the load is symmetrically disposed, the general expres-
sions are simplified and the resulting formulae for the more
common cases of restrained members are also given in
Table 65.

The bending moments on a framed structure are deter-
mined by applying the formulae to each member successively.
The algebraic sum of the bending moments at any joint
equals zero. When it is assumed that there is no deflection
{or settlement) a of one support relative to the other, there
are as many formulae for the restraint moments as there are
unknowns, and therefore the restraint moments and the
slopes at the ends of the members can be evaluated. For
symmetrical frames on unyielding foundations and carrying
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symmetrical vertical loads it is common to neglect the
change in the position of the joints due to the small elastic
contractions of the members, and the assumption of a=0
is reasonably accurate. If the foundations or other supports
settle unequally under the load, this assumption is not
justified and a value must be assigned to the term a for the
members affected.

If a symmetrical or unsymmetrical frame is subjected to
a horizontal force the sway produced invoives laterai
movement of the joint. It is common in this case to assume
that there is no elastic shortening of the member. Sufficient
formulae to enable the additional unknowns to be evaluated
are obtained by equating the reaction normal to the member,
that is the shearing force on the member, to the rate of
change of bending moment. Sway cannot be neglected when
considering unsymmetrical frames subject to vertical loads,
or any frame on which the load is unsymmetrically disposed.

Slope-deflection methods have been used to derive the
formulae giving the bending moments on the sub-frame
illustrated on Table 68. This sub-frame corresponds to the
simplified system that BS8110 and CP110 suggest may be
considered to determine the bending moments in individual
members comprising a structural frame subjected to vertical
loads onlv. The method is described in section 15.2.

An example of the application of the slope-deflection
formulae to a simple problem is given in section 15.1.

3.10.5 Shearing forces on members of a frame

The shearing forces on any member forming part of a frame
can be determined when the bending moments have been
found by considering the rate of change of the bending
moment. The uniform shearing force on a member AB due
to end restraint only is (M 45+ Mpg,)/l 45, account being
taken of the signs of the bending moments. Thus if both
restraint moments are clockwise, the shearing force is the
numerical sum of the moments divided by the length of the
member. If one restraint moment acts in a direction contrary
to the other, the numerical difference is divided by the length
to give the shearing force. For a member with end B hinged,
the shearing force due to the restraint moment at A is
M 4/l 45. The variable shearing forces due to the loads on
the member should be algebraically added to the uniform
shearing force due to the restraint moments, in a manner
similar to that shown for continuous beams in Table 32.

3.10.6 Portal frames

A common type of simple frame used in buildings is the
portal frame with either a horizontal top member or two
inclined top members meeting at the ridge. In Tables 70 and
71, general formulae for the moments at both ends of the
columns, and at the ridge in the case of frames of that type,
are given together with expressions for the forces at the bases
of the columns. The formulae relate to any vertical or
horizontal load and to frames fixed or hinged at the bases.
In Tables 72 and 73 the corresponding formulae for special
conditions of loading on frames of one bay are given.
Frames of the foregoing types are statically indeterminate,
but a frame with a hinge at the base of each column and
one at the ridge, i.. a three-hinged frame, can be readily
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analysed. Formulae for the forces and bending moments are
given in Table 69 for three-hinged frames. Approximate
expressions are also given for certain modified forms of these
frames, such as when the ends of the columns are embedded
in the foundations and when a tie-rod is provided at eaves
level.

3.10.7 Finite elements

In conventional structural analysis, numerous approxi-
mations are introduced, although the engineer normally
ignores the fact. Actual elements are considered as idealized
one-dimensional members; deformations due to axial load
and shear are assumed to be sufficiently small to be
neglected; and so on.

In general, such assumptions are valid and the results
obtained by analysis are sufficiently close to those that would
be attained in the actual structure to be acceptable. However,
when the sizes of members become sufficiently large in
relation to the structure they form, the system of skeletal
simplification breaks down. This occurs, for example, with
the design of such elements as shear walls, deep beams and
slabs of various types.

One method that has recently been developed to deal with
such so-called continuum structures is that known as finite
elements. The structure is subdivided arbitrarily into a set
of individual elements (usually triangular or rectangular in
shape) which are considered to be interconnected only at
these extreme points (nodes). Although the resulting reduction

" in continuity might seem to indicate that the substitute

system would be much more flexible than the original
structure, if the substitution is undertaken carefully this is
not so, since the adjoining edges of the elements tend not
to separate and thus simulate continuity. A stiffness matrix
for the substitute skeletal structure can now be prepared
and analysed using a computer in a similar way to that
already described above.

Theoretically, the choice of the patpers-of elements may
be thought to have a marked effect Qn\ @/ results obtained.
However, although the use of a s consisting of a
large number of elements often increwsgseesaccuracy, it is
normal for surprisingly good results to be obtained when
using a rather coarse grid consisting of only a few large
elements. Nevertheless, the finite-element method is one
where previous experience in its application is of more than
usual value.

For further information, see refs 6, 103 and 104: ref. 105
provides a useful introduction. The BASIC microcomputer
programs provided in ref. 139 enable engineers to investigate

- and use elementary finite-element techniques for themselves

by experimenting with the effects of different mesh spacings
etc. on simple problems.

3.11 BENDING OF COLUMNS

3.11.1 External columns

Provision should be made for the bending moments produced
on the columns due to the rigidity of the joints in monolithic
beam-and-column construction of buildings.

The external columns of a building are subjected to a
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greater bending moment than the internal columns (other
conditions being equal), the magnitude of the bending
moment depending on the relative stiffness of the column
and beam and on the end conditions of the members. The
two principal cases for exterior columns are when the beam
is supported on the top of the column, as in a top storey,
and when the beam is fixed to the column at an intermediate
point, as in intermediate storeys. The second case is shown
in the diagrams in Table 65. Since either end of the column
or the end of the beam remote from the column can be
hinged, fixed or partially restrained, there are many possible
combinations.

For the first case the maximum reverse moment at the
junction of the beam and column occurs when the far end
of the beam is hinged and the foot of the column is fixed.
The minimum reverse moment at the junction occurs when
the beam is rigidly fixed at the far end and the column is
hinged at the foot. Conditions in practice generally lie
between these extremes, and with any condition of fixity of
the foot of the column the bending moment at the junction
decreases as the degree of fixity at the far end of the beam
increases. With any degree of fixity at the far end of the
beam the bending moment at the junction increases very
slightly as the degree of fixity at the foot of the column
increases.

The maximum reverse moment on the beam at the
junction with the column in the second case occurs when
the beam is hinged at the far end and the column is perfectly
fixed at the top and the bottom as indicated in Table 65.
With perfect fixity at the far end of the beam and hinges at
the top and bottom of the column, as also shown in Table 65,
the reverse moment on the beam at the junction is a
minimum. Intermediate cases of fixity follow the following
rules: any increase in fixity at the end of the beam decreases
the bending moment at the junction; any decrease in fixity
at either the top or the bottom of the column decreases the
bending moment at the junction; and vice versa.

Formulae for the maximum and minimum bending
moments are given in Table 65 for a number of single-bay
frames. The bending moment on the beam at the junction
is divided between the upper and lower columns in the ratio
of their stiffness factors K when conditions at the ends of
the two columns are identical. When the end of one column
is hinged and the other fixed, the ratio of the bending
moments allocated to each column is in accordance with
the expression

bending moment on hinged portion
bending moment on fixed portion

__0.75K for hinged portion
"~ K for fixed portion

3.12 COLUMNS IN BUILDING FRAMES

3.12.1 Internal columns

For the frames of ordinary buildings, the bending moments
on the upper and lower internal columns can be computed
from the formulae given in the lower part of Table 65; these
expressions conform to the method described in clause
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3.2.1.2.3 of BS8110 and clause 3.5.2 of CP110. When the
spans are equal the value of M, employed should be that
which occurs when an imposed load is on only one of the
adjacent spans. When the spans are unequal, the greatest
bending moments on the column occur when the value of
M, (see Table 65) is greatest, which is generally when the
longer beam is loaded with imposed + dead load while the
shorter beam carries dead load only.

An alternative method of determining the moments in
columns according to the Code requirements is to use the
simplified sub-frame formulae given on Table 68. Then
considering column SO, for example, if Dy, is the distribution
factor for SO (ie. Dgg= Kgo/(¢Kgzs+ Ksg + Kgo + Kgp)),
and Fg and F7 are the out-of-balance fixed-end moments
at S and T respectively for the particular loading condition
considered, the moment in the column is given by the
expression

p.. [ ¥P1sFr +4Fs
SO\ 4 —DgyDys

This moment is additional to any initial fixed-end moment
acting on SO.

To determine the maximum moment in the column it may
be necessary to examine the two separate simplified sub-
frames in which each column is embodied at each floor level
(ie. a column at joint S, say, is part of the sub-frame
comprising beams QR, RS and ST, and also part of that
comprising beams RS, ST and TU). However, the maximum
moments usually occur when the central beam of the
sub-frame is the longer of the two beams adjoining the
column being investigated, and this is the criterion specified
in each Code.

Since they derive from an ‘exact’ analysis, these column
moments may be redistributed as permitted by each Code,
but this is normally not possible since, unless the ratio of
moment to axial force is unusually high, the value of x/d
for the column section is too great to permit any redistri-
bution to be undertaken.

3.12.2 External columns

There is greater variation in the bending moments due to
continuity between the beams and the external columns than
is the case with internal columns. The lack of uniformity in
the end conditions affects the bending moments determined
by the simplified method described above more seriously
than in the case of internal columns and thus the values
obtained by simplified methods are more approximate,
although they are still sufficiently accurate for designing
.ordinary buildings. The simplified formulae given on
Table 65 conform to clause 3.2.1.2.3 of BS8110 and clause
3.5.2 of CP110, while the alternative simplified sub-frame
method described for internal columns may also be used.

3.12.3 Corner columns

A column at an external corner of a building is generally
subjected to bending moments from beams in two directions
at right angles. These bending moments can be calculated
by considering two frames (also at right angles) independent-
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ly, but practical methods of design depend on the relative
magnitude of the bending moments and the direct load and
the relevant limit-state condition. For the ultimate limit-
state method see sections 22.2.3 and 22.2.4, and for the
modular-ratio method see section 22.3.

3.12.4 Approximate methods

The methods hitherto described for evaluating the bending
moments in column-and-beam construction with rigid joints
involve a fair amount of calculation, including that of the
moments of inertia of the members. In practice, and especially
in the preparation of preliminary schemes, time is not always
available to make these calculations, and therefore approxi-
mate methods are of value. Designs shouid be checked by
more accurate methods.

For large columns and light beams, the effect on the
column of the load on the beam is not great, and in such
cases when preparing a design based on service stresses the
difference between the permissible compressive stress for
direct compression and for bending combined with direct
compression is generally sufficient to enable the preliminary
design of the column to be based on the direct load only.
Where the effect of the beam on the column is likely to be
considerable, and in order to allow a margin for the bending
stresses in the column, the column can be designed provi-
sionally for a direct load that has been increased to allow
for the effects of bending, by the amounts shown in
section 16.2 for the particular arrangement of beams sup-
ported by the column.

3.13 BENDING MOMENTS DUE TO WIND

In exposed structures such as water towers, bunkers and
silos, and the frames of tall narrow builtings, the columns
must be designed to resist the effects of wind. When
conditions do not warrant a close analysis of the bending
moments to which a frame is subjected due to wind or other
horizontal forces, the methods described in the following
and illustrated in Table 74 are sufficiently accurate.

3.13.1 Braced columns

For braced columns (of the same cross-section) forming an
open tower such as that supporting an elevated water tower,
the expressions at (a) in Table 74 give the bending moments
and shearing forces on the columns and braces due to the
effect of a horizontal force at the head of the columns. The
increase or decrease of direct load on the column is also
given.

In general, the bending moment on the column is the
shearing force on the column multiplied by half the distance
between the braces. If a column is not continuous or is
insufficiently braced at one end, as at an unconnected
foundation, the bending moment is twice this value.

The bending moment on the brace at an external column
is the sum of the bending moments on the columns at the
intersection with the brace. The shearing force on the brace
is equal to the change of bending moment from one end of
the brace to the other divided by the length of ti.c brace.
These shearing forces and bending moments are additional
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to those created by the dead weight of the brace and any
external loads to which it may be subjected.

The overturning moment on the frame causes an additional
direct load on the leeward column and a corresponding
relief of load on the windward column, the maximum value
of this direct load being approached at the foot of the column
and being equal to the overturning moment divided by the
distance between the centres of the columns.

The expressions in Table 74 for the effects on the columns
and for the bending moments on the braces apply whether
the columns are vertical or at a slight inclination. If the
columns are inclined, the shearing force on a brace is 2M,,
divided by the length of the brace being considered.

3.13.2 Columns supporting massive superstructures

The case illustrated in (b) in Table 74 is common in bunkers
and silos where a superstructure of considerable rigidity is
carried on comparatively short columns. If the columns are
fixed at the base, the bending moment on a single column
is Fh/2J, where J is the number of columns if they are all
of the same size; the signification of the other symbols is
given in Table 74.

If the columns are of different sizes, since each column is
deflected the same amount, the total shearing force should
be divided among the columns in any one line in proportion
to their separate moments of inertia. If J, is the number of
columns with moment of inertia I,,J, the number of
columns with moment of inertia I, etc., the total moment
ofinertiais J I, + J,I, + etc. = 3 1. On any column having
a moment of inertia I;, the bending moment is Fhl;/231 as
given in diagram (b) in Table 74. Alternatively, the total
horizontal shearing force can be divided among the columns
in the ratio of their cross-sectional area (thus giving uniform
shearing stress), and with this method the formula for the
bending moment on any column with cross-sectional area
Ajis FhA;/23 A, where 3" A is the sum of the cross-sectional
areas of all the columns resisting the total shearing force F.

3.13.3 Building frames

In the frame of a multistorey building, the effect of the wind
may be small compared with that of other loads, and in this
case it is sufficiently accurate to divide the horizontal
shearing force on the basis that an external column resists
half the shearing force on an internal column. If J, is the
total number of columns in one frame, in the plane of the
lateral force F, the effective number of columns is J, — 1 for
the purpose of calculating the bending moment on an

-interior column, the two external columns being equivalent

to one internal column; see diagram (c) in Table 74. In a
building frame subjected to wind pressure, the pressure on
each panel (or storey height) F,,F,,F; etc. is generally
divided into equal shearing forces at the head and base of
each storey height of columns. The shearing force at the
base of any interior column, i storeys from the top, is
(CF+F,/2))(J,—1), where Y F=F, + F,+ F3+ -+ F,_,.
The bending moment is the shearing force multiplied by half
the storey height.

A bending moment and a corresponding shearing force
are caused on the floor beams in the same way as on the
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braces of an open tower. At an internal column the sum of
the bending moments on the two beams meeting at the
column is equal to the sum of the bending moments at the
base of the upper column and at the head of the lower
column.

This method of analysis corresponds to the ultimate
limit-state requirements of BS8110 and CP110 for carrying
out the elastic analysis due to a lateral wind loading of 1.2W,
of a frame that provides lateral structural stability and is
subjected to vertical and lateral loading, as described in
Table 1.

3.14 EARTHQUAKE-RESISTANT STRUCTURES

Opinions may differ on whether structures to withstand the
disruptive forces of earth tremors and quakes should be
designed as rigid or flexible or semi-flexible. The effect of an
carth tremor is equivalent to a horizontal thrust additional
to the loads (but not wind effects) for which the building is
commonly designed. There are codes for earthquake-resistant
construction in several countries, and recent codes are more
complex than earlier requirements. The simplest consider-
ation, based on elastic design, is as follows.

The dead and imposed loads should be increased by 209,
to allow for vertical movement. The magnitude of the
horizontal thrust depends on the acceleration of the tremor,
which may vary from less than {m/s? or 3ft/s? in firm
compact ground to over 4m/s? or 12ft/s? in alluvial soil
and filling. A horizontal thrust equal to about one-tenth of
the mass of the building seems to be sufficient for all but
major shocks when the building does not exceed 6 m or 20 ft
in height, and equal to one-eighth of the mass when the
building is of greater height. The horizontal shearing force
on the building at any level is one-eighth (or one-tenth) of
the total weight of the structure (including imposed loads)
above this level. The calculation of the bending moments
and shearing forces on the columns and floor beams is, in
this simple analysis, similar to that described for wind
pressure on building frames in Table 74. In order that the
structure acts as a unit, all parts must be effectively bonded
together. Panel walls, finishes and ornaments should be
permanently attached to the frame, so that in the event of
a shock they will not collapse independently of the main
structure. Separate column footings should be connected by
ties designed to take a thrust or pull of say one-tenth of the
load on the footing.

The satisfactory behaviour of structures that were designed
to withstand arbitrary seismic forces and have since been
subjected to severe earthquakes has been attributed to the
following causes: yielding at critical sections, which increased
the period of vibration and enabled greater amounts of input
energy to be absorbed; the assistance of so-called non-
structural partitions and the energy dissipated as they
cracked; and the fact that the response was less than-
predicted owing to yielding of the foundations. It is uneco-
nomical to design structures to withstand major earthquakes
elastically, and hence present-day design procedures assume
that the structure possesses sufficient strength and ductility
to withstand such tremors by responding inelastically
provided that the interconnections between members are
designed specially to ensure adequate ductility.
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A detailed discussion of the complexities of designing
carthquake-resistant reinforced concrete structures in
accordance with this philosophy is contained in ref. 28. The
ACI code for rcinforced concrete (ACI 318) contains require-
ments for seismic design: see ref. 29.

3.15 PROPERTIES OF MEMBERS OF A FRAME

3.15.1 End conditions

Since the results given by the more precise methods of frame
analysis vary considerably with different degrees of restraint
at the ends of the members, it is essential that the end
conditions assumed should be reasonably obtained in the
actual construction. Absolute fixity is difficult to attain
unless the beam or column is embedded monolithically in
a comparatively large mass of concrete. Embedment in a
brick or masonry wall represents more nearly the condition
of a hinge, and should be considered as such. The ordinary
type of separate foundation, designed only for the limiting
uniform ground pressure under the direct load on a column,
should also be considered as a hinge at the foot of the
column. A continuous beam supported on a beam or column
is only partly restrained, and where the outer end of an end
span is supported on a beam a hinge should be assumed. A
column built on a pile-cap supported by two, three or four
piles is not absolutely fixed but a bending moment can be
developed if the resulting vertical reaction (upwards and
downwards) and the horizontal thrust can be taken on the
piles. A column can be considered as fixed if it is monolithic
with a substantial raft foundation.

In two-hinged and three-hinged arches, hinged frames,
and some types of girder bridges, where the assumption of
a hinged joint must be fully realized, it is necessary to form
a definite hinge in the construction. This can be done by
inserting a steel hinge (or similar), or by forming a hinge
within the frame. (See Table 181.)

3.15.2 Moments of inertia of reinforced
concrete members

Three separate bases for calculating the moment of inertia
of a reinforced concrete section are generally recognized; all
are acknowledged in both BS8110 and CP110. They are as
follows:

1. Theentire concrete area may be considered including any
concrete in tension but ignoring all reinforcement.

2. Theentire concrete area may be considered together with
the reinforcement which is allowed for on the basis of
the modular ratio.

3. The area of concrete in compression only may be
considered together with the reinforcement on the basis
of the modular ratio (BS8110 recommends the use of a
value of 15 unless a more accurate figure is available).

Method 3 gives what is usually known as the transformed
moment of inertia. However, until the cross-section of the
member has been determined, or assumed, the calculation
of the moment of inertia in this way cannot be made with
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any precision. Moreover, the moment of inertia of an
ordinary beam calculated on this basis changes considerably
throughout its length, especially with a continuous or
restrained beam in beam-and-slab construction, which acts
as a T-beam at midspan but is designed as a rectangular
beam towards the supports where reverse bending moments
occur. It should be considered whether the probable tensile
stresses at any time are sufficient to cause cracking, parti-
cularly with T-beams and L-beams if the flanges are in
tension; although the beam may be designed on the assump-
tion that the concrete has cracked and that the reinforcement
resists all the tension due to bending, cracking may not take
place owing to the comparatively large area of concrete in
the flange.

Method 1 is clearly generally the simplest to apply and
is often used but, as pointed out in the Code Handbook,
both other methods are applicable when assessing the ability
of an existing structure to carry revised loadings. When
analysing single-bay monolithic frames where the ratio of
beam span to column height exceeds three and the beam
contains less than 19 of reinforcement, CP110 states that,
in calculating the moments in the frame, the moments of
inertia should be determined by method 3 (or the moments
transferred to the columns should be limited). In such a case
the Code Handbook suggests that it is more realistic to adopt
method 2 and method 3 for the beams. Alternatively, it
recommends that column moments calculated on the basis
of method 2 should, in the case of single-bay frames, be
increased by 10%.

Since early comparisons of moments of inertia are required
in the design of frames, the errors due to approximations
are of little importance. It is, however, important that the
method of assessing the moment of inertia should be the
same for all members in a single calculation. It is generally
sufficient to compare the moments of inertia of the whole
concrete areas alone for members that have somewhat
similar percentages of reinforcement. Thus the ratio of the
moment of inertia of a rectangular column to that of a
rectangular beam is b h3/b ki, where b, and h, are the
breadth and thickness of the column, and b, and h, are the
breadth and depth of the beam. :

In Table 98 values of the moments of inertia for square,
rectangular, octagonal and some other non-rectangular
sections are given, calculated on the gross sections and
ignoring the reinforcement (i.e. method 1). The moment of
inertia and depth to the centroid of flanged beams when
calculated on the same basis can be determined from the
chart on Table 101; the breadth of the flange assumed for
the purpose of calculating the moment of inertia should not
exceed the maximum permissible width given at the
bottom of Table 91. The particulars in Table 98
exclude the effect of the reinforcement, but the data given in
Tables 99 and 100 for some regular cross-sections take the
reinforcement into account, and thus give the moment of
inertia as calculated in accordance with methods 2 and 3
above.

The alternative methods of assessing the ratio of the
moments of inertia of two members given in the examples
in section 16.1 show that approximate methods readily give
comparative values that are accurate enough not only for
trial calculations but also for final designs.
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3.16 ARCHES

Arch construction in reinforced concrete occurs mainly in
bridges but sometimes in roofs. The principal types of
symmetrical concrete arch are shown in Table 180. An arch
may be either a three-hinged arch, a two-hinged arch or a
fixed-end arch (see the diagrams in Table 75), and may be
symmetrical or unsymmetrical, right or skew, or a single
arch or one of a series of arches mutually dependent upon
each other. The following consideration is restricted to
symmetrical and unsymmetrical three-hinged arches and
symmetrical two-hinged and fixed-end arches; reference
should be made to other publications for information on
more complex types. Arch construction may comprise an
arch slab (or vault) or a series of paraliel arch ribs. The deck
of an arch bridge may be supported by columns or transverse
walls carried on an arch slab or ribs, in which case the
structurs-may have open spandrels; or the deck may be
belcw the crown of the arch either at the level of the
springings (as in a bow-string girder) or at some intermediate
level. A bow-string girder is generally considered to be a
two-hinged arch with the horizontal component of the
thrusts resisted by a tie which generally forms part of the
deck. If earth or other filling is provided to support the deck,
an arch slab and spandrel walls are required and the bridge
is a closed or solid-spandrel structure.

3.16.1 Three-hinged arch

An arch with a hinge at each springing and with a hinge at
the crown is statically determinate. The thrusts on the
abutments, and therefore the bending moments and shearing
forces on the archiitself, are not affected by a small movement
of one abutment relative to the other. This type of arch is
therefore used when there is a possibility of unequal settle-
ment of the abutments.

For any load in any position the thrust on the abutments
can be determined from the statical equations of equilibrium.
For the general case of an unsymmetrical arch with a load
acting vertically, horizontally or at an angle, the expressions
for the horizontal and vertical components of the thrusts
are given in the lower part of Table 75. For symmetrical
arches the formulae for the thrusts given for three-hinged
frames in Table 69 are applicable, or similar formulae can
be obtained from the general expressions in Table 75. The
vertical component is the same as the vertical reaction for
a freely supported beam. The bending moment at any section
of the arch is the algebraic summation of the moments of
the loads and reactions to the thrusts on one side of the
section. There is no bending moment at a hinge. The shearing
force is likewise the algebraic sum of the reactions and loads,
resolved at right angles to the arch axis at the section
considered, and acting on one side of the section. The thrust
at any section is the sum of the rgactions and loads, resolved
parallel to the axis of the arch at the section, and acting on
one side of the section.

The extent of the arch that should be loaded with imposed
load to produce the maximum bending moment or shearing
force or thrust at a given section is determined by drawing
a series of influence lines. A typical influence line for a
three-hinged arch and the formulae necessary to construct
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an influence line for unit load in any position are given in
the upper part of Table 75.

3.16.2 Two-hinged arch

The hinges of a two-hinged arch are placed at the abutments
and thus, as in a three-hinged arch, only thrusts are
transmitted to the abutments, there being no bending
moment on the arch at the springings. The vertical compo-
nent of the thrust from a symmetrical two-hinged arch is
the same as for a freely supported beam. Formulae for the
thrusts and bending moments are given in Table 75 and
notes are given in section 17.1.

3.16.3 Fixed arch

An arch with fixed ends exerts a bending moment on the
abutments in addition to the vertical and horizontal thrusts.
Like a two-hinged arch and unlike a three-hinged arch, a
fixed-end arch is statically indeterminate, and changes of
temperature and the shrinkage of the concrete affect the
stresses. As it is assumed in the general theory that the
abutments are incapable of rotation or of translational
movement, a fixed-end arch can only be used in such
conditions.

Any section of a fixed-arch rib or slab is subjected to a
bending moment and a thrust, the magnitudes of which have
to be determined. The design of an arch is a matter of trial
and adjustment since the dimensions and the shape of the
arch affect the calculations, but it is possible to select
preliminary sizes that reduce the repetition-of arithmetical
work to a minimum. The suggested method of determining
the possible sections at the crown and springing as given in
Table 76, and explained in section 17.2.1, is based on treating
the fixed arch as a hinged arch, and estimating the size of
the cross-sections by reducing greatly the maximum stresses.

The general ‘formulae for thrusts and moments on a
symmetrical fixed arch of any profile are given in Table 76,
and notes on the application and modification of these
formulae are given in section 17.2. The calculations involved
in solving the general and modified formulae are tedious,
but some labour is saved by preparing the calculations in
tabulated form. One such form is that given in Table 76;
this form is particularly suitable for open-spandrel arch
bridges because the appropriate formulae, which are those
in Table 76, do not assume a constant value of a,, the ratio
of the length of a segment of the arch to the mean moment
of inertia of the segment.

For an arch of large span the calculations are made
considerably easier and more accurate by preparing and
using influence lines for the bending moment and thrust at
the crown, the springing, and the first quarter-point. Typical
influence lines are given in Table 76, and such diagrams can
be constructed by considering the passage over the arch of
a single concentrated unit load and applying the formulae
for this condition. The effect of the dead load, and of the
most adverse disposition of the imposed load, can be readily
calculated from such diagrams. If the specified imposed load
includes a moving concentrated load, such as a knife-edge
load, influence lines are almost essential for determining the
most adverse position, except in the case of the positive
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bending moment at the crown for which the most adverse
position of the load is at the crown. The method of
determining the data to establish the ordinates of the
influence lines is given in the form in Table 78.

3.16.4 Fixed parabolic arches

In Table 77 and in section 17.3 consideration is given to
symmetrical fixed arches that can have either open or solid
spandrels and can be either arch ribs or arch slabs. The
method is based on that of Strassner as developed by H.
Carpenter, and the principal assumption is that the axis of
the arch is made to coincide with the line of pressure due
to the dead load. This results in an economiical structure
and a simple method of calculation. The shape of the axis of
the arch is approximately that of a parabola, and this method
can therefore only be adopted when the designer is free
to select the profile of the arch. The approximately parabolic
form of arch may not be the most economical for large
spans, although it is almost so, and a profile that produces
an arch axis that coincides with the line of thrust for the
dead load plus one-half of the imposed load may be more
satisfactory. If the increase in thickness of the arch from the
crown to the springing varies parabolically, only the bending
moments and thrusts at the crown and springing need be
investigated. The formulae for the bending moments and
forces are given in section 17.3.1, and these include a series
of coefficients, values of which are given in Table 77; an
example of the application of the method is given in
section 17.3. The component forces and moments are as in
the following.

The thrusts due to the dead load are relieved somewhat
by the effect of the compression causing elastic shortening
of the arch. For arches with small ratios of rise to span, or
for arches that are thick compared with the span, the stresses
due to arch shortening may be excessive. This can be
overcome by introducing temporary hinges at the crown
and springings, which eliminate all bending stresses due to
dead load. The hinges are filled with concrete after arch
shortening and much of the shrinking of the concrete have
taken place.

There are additional horizontal thrusts due to a rise of
temperature or a corresponding counter-thrust due to a fall
of temperature. A rise or fall of 16.7°C or 30°F is often used
for structures in the UK, but careful consideration should
be given to those factors that may necessitate an increase,
or may justify a decrease, in the temperature range. The
shrinking that takes place when concrete hardens produces
counter-thrusts, and can be considered as equivalent to a
fall of temperature; with the common sectional method of
constructing arches the effect of shrinkage may be allowed
for by assuming it to be equal to a fall of temperature of
8.3°C or 15°F.

The extent of the imposed load on an arch to produce
the maximum stresses in the critical sections can be deter-
mined from influence lines, and the following are approxi-
mately correct for parabolic arches. The maximum positive
bending moment at the crown occurs when the middle third
of the arch is loaded; the maximum negative bending
moment at a springing occurs when four-tenths of the span
adjacent to the springing is loaded; the maximum positive
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bending moment at a springing occurs when the whole span
is loaded except for the length of four-tenths of the span
adjacent to the springing. In the expressions in Table 77 the
imposed load is expressed in terms of an equivalent uniformly
distributed load.

When the corresponding normal thrusts and bending
moments on a section have been determined, the area of
reinforcement and the stresses at the crown and springing
are calculated in accordance with the methods described in
sections 5.13 or 5.14. All that now remains necessary is to
determine the intermediate sections and the profile of the
axis of the arch. If the dead load is uniform throughout (or
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practically so) the axis will be a parabola, but if it is not
uniform the axis must be shaped to coincide with the line
of pressure for dead load. The latter can be plotted by
force-and-link polygons (as in ordinary graphic statics), the
necessary data being the magnitudes of the dead load, the
horizontal thrust due to dead load, and the vertical reaction
{(which equals the dead load on half the span) of the sprifig..g.
The line of pressure, and therefore the axis of the arch,
having been established, and the thicknesses of the arch at
the crown and springing determined, the lines of the extrados
and intrados can be plotted to give a parabolic variation of
thickness between the two extremes.
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The properties of reinforcement and of the constituents of
concrete are described in Regulations, Standards and Codes
of Practice. Only those properties of reinforcement, cement
and aggregate which concern the designer directly and
influence ultimate and service stresses are dealt with in this
chapter.

4.1 CONCRETE

4.1.1 Cement

Cements suitable for reinforced concrete are ordinary and
rapid-hardening Portland cements, Portland blast-furnace
cement, low-heat Portland cement, sulphate-resistant cement,
super-sulphate cement, and high-alumina cement. Quick-
setting cements are not used in ordinary construction.
Calcium chloride 1s sometimes added to ordinary and
rapid-hardening Portland cement to accelerate the initial
set, either for concreting in cold weather or to enable the
moulds or formwork to be removed earlier. Cements of
different types should not be used together. Particulars of
cements complying with British Standards and some other
special cements are given in the following. The SI values are
generally adopted equivalents of the imperial values given
in the documents concerned.

Ordinary Portland cement (BS12). This is the basic
Portland cement. The initial setting time must not be less
than 45 minutes and the final setting time not more than
10hours. The specific surface area must not be less than
2250 cm? per gram. The minimum compressive strengths of
1:3 mortar cubes are 15 N/mm? or 22001b/in? at 3 days and
23 N/mm? or 34001b/in? at 7 days. An alternative test on
100mm or 41in concrete cubes with a cement/aggregate ratio
of about 1:6 (equivalent to 1:2:4), with aggregate from
19mm or 3/4in down, a water/cement ratio of 0.6, and a
slump of 13mm to 50mm or 1/2in to 2in, is included. The
strength of such cubes must be not less than 8.3 N/mm? or
12001b/in? at 3 days and 14 N/mm? or 2000 1b/in? at 7 days.
According to the recommendations of CP114, the crushing
strength of 150 mm or 6 in cubes of 1:2:4 nominal concrete in
preliminary tests should be not less than 18.7 N/mm? or
27001b/in? at 7 days. It is possible that this strength might
not be obtained if cubes tested in accordance with BS12 have
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only the minimum strength of 15 N/mm? or 22001b/in?, but
in this case the concrete would be acceptable as long as the
strength of works cubes at 28 days is not less than 21 N/mm?
or 30001b/in?. ‘

Rapid-hardening Portland cement (BS12). The prin-
cipal physical difference between ordinary and rapid-
hardening Portland cement is the greater fineness of the
latter, which must have a specific surface area of not less than
3250 cm? per gram. The setting times are the same, but the
minimum compressive strengths of mortar cubes are
21 N/mm? or 30001b/in? at 3 days and 28 N/mm? or
4000 1b/in? at 7 days. The minimum compressive strengths of
concrete cubes are 12 N/mm? or 17001b/in? at 3 days and
17 N/mm? or 25001b/in? at 7 days. An optional tensile test at
1 day is included. The quicker hardening of this cement may
enable formwork to be removed earlier.

Portland blast-furmace cement (BS146). The slag con-
tent must not exceed 65%;. The setting times and the fineness
are the same as for ordinary Portland cement. The minimum
compressive strengths of mortar cubes are 11 N/mm? or
16001b/in? at 3 days, 21 N/mm? or 3000 1b/in? at 7 days and
35N/mm? or 50001b/in? at 28 days, and of concrete cubes
are 5.5, 11 and 22 N/mm? or 800, 1600 and 32001b/in? at
these respective ages.

Sulphate-resistant cement (BS4027). Thiscement, asits
name implies, is used for concrete liable to chemical attack by
sea-water, acid ground-waters, and other medium-sulphate
liquids. It is a mixture of blast-furnace slag and Portland
cement clinker, has less free lime and has moderate low-heat
properties.

Super-sulphated cement (BS4248). This cement is a
mixture of blast-furnace slag, Portland cement clinker and
calcium sulphate. It produces a slightly more workable
concrete than with ordinary Portland cement at the same
water/cement ratios, but it has a low heat of hydration and
hence it only hardens slowly. Special care must be taken
when it 15 used in cold weather. It also deteriorates rapidly
in poor storage conditions (see clause 6.3.5 of CP110).
Dense concrete with this cement is resistant to sulphates
in all normal concentrations and to weak acids. It is
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expensive and difficult to obtain in some countries, includ-
ing the UK.

High-alumina cement (BS915). This cement has extreme
rapid-hardening properties owing mainly to the proportion
of alumina being up to 40% compared with the 5% or
thereabouts present in Portland cement; a minimum of 329
of alumina is required. The required fineness is between that
of ordinary and rapid-hardening Portland cements. Initial
setting must take place between 2 and 6 hours, and final
setting within 2 hours after the initial set. The minimum
compressive strengths of mortar cubes are 42N/mm? or
60001b/in? at 1 day and 48 N/mm? or 70001b/in* at 3 days.
High-alumina cement is more costly than Portland cement
but it is immune from attack by sea-water and many
corrosive liquids; because of its high early strength it is also
used when saving time is important. Refractory concrete is
made with this cement.

However, high-alumina cement concrete is subsequently
subject to a phenomenon known as conversion, during
which mineralogical and chemical changes occur when the
metastable calcium aluminates produced during hydration
convert to a more stable form. The concrete then becomes
more porous and in vulnerable conditions substantial re-
ductions in strength and durability may take place. For this
and related reasons, the use of high-alumina cement in
structural concrete (including all concrete in foundations)
has at present been withdrawn from the Codes of Practice
and related documents currently valid in the UK. For
suitable guidance on the use of high-alumina cement concrete
see ref. 30.

Low-heat Portland cement (BS1370). Low-heat Port-
land cement generates less heat during setting and hardening
than do other cements, and thus reduces the risks of cracks
occurring in large masses of concrete due to a reduction of
tensile stresses during cooling. The development of strength
is slower than that of other Portland cements, but in course
of time the strengths may be equal. The minimum compress-
ive strengths of mortar cubes are 7.5 N/mm? or 1100 Ib/in? at
3 days, 14 N/mm? or 2000 Ib/in? at 7 days and 28 N/mm? or
4000 1b/in? at 28 days. The strengths required from concrete
cubes at these respective ages are 3.5, 7 and 14 N/mm? or 500,
1000 and 20001b/in®. A high proportion of lime is not
compatible with low heat of hydration, and therefore the
permissible percentage of lime is less than for other Portland
cements. The heat of hydration must not exceed 60 calories
per gram at 7 days and 70 calories per gram at 28 days. The
initial setting time must be not less than 1 hour and the final
setting time not more than 10hours. The specific surface
must be not less than 3200cm? per gram.

Low-heat Portland blast-furnace cement (BS4246).
The composition of this cement is also a mixture of Portland
cement clinker and blast-furnace slag and the behaviour of
the product is similar to cements complying with BS146 and
BS1370.

Portland pulverized-fuel-ash cement (BS6588). This
cement is obtained by intergrinding the components forming
ordinary Portland cement to BS12 with pulverized fuel ash
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(PFA) complying with BS3892: Part 1. When the proportion
of PFA exceeds 25% some degree of resistance is provided to
the action of weak acids and sulphates, and if the PFA
content exceeds 30% the deleterious effects resulting from the
reaction between alkalis and silica may be somewhat
reduced.

Masonry cement (BS5224)

Other cements. Other cements used for special purposes
but not at present covered by British Standards, although
most have a base of Portland cement, include c¢xtra-rapid-
hardening, ultra-high early strength, white and coloured,
waterproofing and water-repellent, and hydrophobic.

4.1.2 Aggregates

Fine aggregate (sand) and coarse aggregate (stone) must be
clean, inert, hard, non-porous and free from excessive
quantities of dust, laminated particles and splinters. Gravels
and crushed hard stone are the common materials for
ordinary structural concrete. Broken brick is a cheap
aggregate for plain concrete, generally of low strength.
Clinker, foamed slag, expanded shale and clay, pellets of
pulverized fuel ash, fire brick and pumice are used as
aggregates for non-load-bearing and insulating concrete
where great strength is not essential although structural
lightweight concrete can be made with some of these
materials (see BS8110 and CP110). Aggregates for reinforced
concrete should comply with BS882, but air-cooled blast-
furnace slag (BS1047), foamed blast-furnace slag (BS877),
various lightweight aggregates (BS3797), crushed dense clay
brick and tile, some proprietary forms of expanded shale or
clay, and clean pumice may also be suitable.

The size and grading of aggregates vary with the nature
and source of the material, and the requirements in this
respect depend upon the type of structure. For buildings
and most reinforced concrete construction, the fine aggregate
should be graded from 5mm or 3/16in down to dust with
not more than 3%, passing a BS sieve no.200. The coarse
aggregate should be graded from 5 to 20mm or 3/16 to
3/4in, and between these limits thc grading should be such
as to produce a workable and dense concrete. The largest
coarse aggregate should gencrally be Smm or 1/4in lcss
than the cover of concrete (except in slabs) or the bar spacing
{although in certain circumstances both BS8110 and CP110
permit the distance between bars to be reduced to two-thirds
of the maximum aggregate size), and should not exceed a
quarter of the smallest dimension of the concrete member.
For the ribs and top slab of hollow clay-block slabs, and
for shell roofs and similar thin members, the largest aggregate
is generally 10mm or 3/8in. In non-reinforced concrete
larger aggregate, say 40 to 75 mm or 13 to 3in, is permissible,
and both BS8110 and CP110 permit aggregate having a
nominal maximum aggregate size of 40 mm to be used for
reinforced concrete work. In concrete in large piers of bridges
and massive foundations or in concrete for filling large
cavities or for kentledge, the use of hard stone ‘plums’ is
common.

For concrete subject to attrition, such as roads and the
floors of garages, factories and workshops, if a special finish
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is not applied, an angular aggregate and a coarse sand are
preferable. For liquid-containing structures the aggregates
should be selected to give as dense a concrete as possible.

4.1.3 Concrete mixes

The proportions in which the cement, fine aggregate and
coarse aggregate are mixed may be expressed for convenience
as volumetric ratios based on a unit volume of cement, for
example, 1:2:4, meaning one part by volume of cement, two
parts by volume of fine aggregate, and four parts by volume
of coarse aggregate. Since it is important that the quantity
of cement should be not less than that expected, the cement
should be measured by weight. If Portland cement has a
nominal weight of 1440kg/m3 or 901b/ft3, 1:2:4 means
1440 kg of Portland cement to 2 m? of fine aggregate to 4 m?
of coarse aggregate; or 901b of cement to 2ft® of fine
aggregate to 4 ft* of coarse aggregate. If the basis of a batch
of concrete is a 50kg or 1cwt bag of cement, this mix is
equivalent to 50kg of cement to 0.07 m* of fine aggregate
to 0.14 m? of coarse aggregate; or 1121b of cement to 2.5 ft3
of fine aggregate to 5ft3 of coarse aggregate.

Proportions of cement to aggregate. The proportion of
cement to aggregate depends on the strength, impermeability
and durability required. Experience shows that the equiva-
lent of a 1:2:4 concrete is suitable for general construction in
cost and strength. A nominal 1:3:6 concrete is suitable for
non-reinforced construction or for concrete placed tem-
porarily that will be cut away later. Workable mixes richer in
cement than 1:2:4, for example 1:14:3 and 1:1:2, are
stronger but more expensive owing to the higher proportion
of cement. They are not generally economical for beams and
slabs, although often so for heavily loaded columns or for
members subjected to combined bending and direct thrust
when the direct thrust predominates. Mixes richer than 1:1:2
contain so largeé a proportion of cement that, apart from the
cost, shrinkage during hardening is excessive. Instead of
using a rich mix it is generally more economical to obtain the
necessary compressive strength by carefully grading the
aggregates and controlling the amount of water,

In liquid-containing structures the nominal proportions
should be not leaner than 1:12:3. If the thickness of the
concrete exceeds 450mm or 18in, nominal 1:2:4 concrete
is permissible. Concrete having the proportions 1:1%:34 is
generally used for precast piles, unprotected roof slabs and
for concrete deposited under water, and in other places
where a concrete of a better quality than 1:2:4 is required.
For hollow-block floors and similar narrow-ribbed cons-
truction and for many precast products 1:14:3 concrete is
often specified, but with smaller aggregate than is used for
ordinary construction. The blinding layer on the bottom of
an excavation may consist of concrete having the proportions
of 1 part of Portland cement to 8 parts of combined
aggregate.

Proportions of fine and coarse aggregates. The ratio
between the amounts of fine and coarse aggregate necessarily
depends on the grading and other characteristics of the
materials in order that the volume of sand is sufficient to fill
the voidsin the coarse aggregate to produce a dense concrete.

Materials and stresses

Until the material for a particular structure has been
delivered to the site it is not possible to say what will be the
exact grading of the sand or stone. Therefore this inform-
ation is not always available when the specification is
written. Several courses are open to the engineer when
specifying the proportions for the concrete. The proportions
of a particular sand and a particular stone with the properties
of which the engineer is acquainted can be specified. Two or
more independent sources of supply should be available
within reasonable distance of the site. If the material is
specified in this way, the permissible variations of the
essential properties should be given. Another method is to
specify the proportions of coarse and fine aggregates having
definite gradings and leave it to the contractor to supply a
material conforming to these requirements. Probably a
better method is to specify a provisional ratio of fine to
coarse material, and maximum and minimum sizes (with
such percentages of intermediate sizes as necessary), and
insert a provision to allow adjustment of the proportions
after examination of the actual materials.

Generally the proportion of fine to coarse aggregate
should be such that the volume of fine aggregate should be
about 5% in excess of the voids in the coarse material. Since
the volume of voids may be up to 45%, the common ratio
of one part of fine to two parts of coarse aggregate, as in a
1:2:4 mix, is explainable. Such proportions, however, relate
to dry materials. Whereas the water in a damp coarse
aggregate does not appreciably affect the volume, the water
in damp fine aggregate may increase the volume by 30%
over the dry (or fully saturated) volume. The proportions
specified should therefore apply to dry sand and must be
adjusted on the site to allow for bulking due to dampness.

The ratio of 1:2 of fine (dry) to coarse aggregate should
be altered if tests show that a denser and more workable
concrete can be obtained by using other proportions.
Permissible lower and upper limits are generally 1:13 and
1:24 respectively; thus for a nominal 1:2:4 concrete, the
variation of the proportions may result in the equivalent
extreme proportions of approximately 1:24:3% and 1:1%:41.

Quantity of water. The strength and workability of con-
crete depend to a great extent on the amount of water used in
mixing. There is an amount of water for certain proportions
of given materials that produces a concrete of greatest
strength, A smaller amount of water reduces the strength,
and about 10%, less may be insufficient to ensure complete
setting of the cement and may produce an unworkable
concrete. More than the optimum amount increases worka-
bility but reduces strength; an increase of 10% may reduce
the strength by approximately 15%, while an increase of 50%,
may reduce the strength by one-half. With an excess of more
than 509 the concrete becomes too wet and liable to
separation. The use of an excessive amount of water not only
produces low strength but increases shrinkage, and reduces
density and therefore durability.

Some practical values of the water/cement ratio for
structural reinforced concrete are about 0.45 for 1:1:2
concrete, 0.50 for 1:14:3 concrete, and 0.55 to 0.60 for 1:2:4
concrete.

Concrete compacted by efficient mechanical vibrators
may generally contain less water than concrete compacted
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by tamping or rodding, thereby obtaining greater strength.
Increased workability can be obtained by incorporating a
plasticizing agent in the mix; the consequent reduction in
the amount of water required results in a gain in strength.

A practical method of assessing the amount of water
required is to make trial mixes and find the proportion of
water which produces a concrete that is just plastic enough
to be worked among and around the reinforcement bars.
These trial mixes may also be used to determine the best
ratio of fine to coarse aggregate. Several mixes are made
with slightly differing amounts of fine and coarse aggregates
in each, but with the same total volume of aggregate and
weight of cement in each. The amount of water is adjusted
to give the required workability. The mix that occupies the
feast volume, i.e. is the densest, will produce the best concrete.
When the best mix has been determined, the slump may be
determined and the slumps of subsequent batches checked.
The slump test allows for the porosity and dampness of the
aggregates but not for any variation in the grading, size or
shape of the aggregate. A maximum slump for reinforced
concrete is about 150 mm or 6in, but a stiffer mix is often
desirable and practicable; a slump of 25mm or 1in may be
suitable if the reinforcement is not intricate or congested.
For plain concrete in massive foundations, roads and dams,
and similar work the concrete may not contain enough water
to produce any slump, but sufficient water must be present
to hydrate the cement and to enable the concrete to be
properly consolidated by vibration or ramming,

Mixes per BS8110. Unlike its predecessors, BS8110 does
not give specific information regarding the specifying of
concrete mixes: instead, it refers users to BS5328 ‘Methods for
specifying concrete’. Two basic types of concrete mixes are
described in BS5328, namely prescribed and designed mixes.
In addition, either type may be designated to produce either
ordinary structural concrete, if the constituents consist solely
of Portland cement, certain types of aggregate, and water, or
special structural concrete if other constituents such as
admixtures or other types of aggregate are included.

Prescribed mixes are similar in many respects to the
standard mixes previously described in earlier Codes. With
a prescribed mix it is the designer’s task to specify mix
proportions satisfying the necessary requirements regarding
strength and durability; the manufacturer of the concrete
merely produces a properly mixed concrete containing the
correct proportions of constituents as specified in BS5328.
Such mixes are designated by prefixing and suffixing the
specified grade number (i.e. optimum 28 day compressive
strength in N/mm?) by the letters C and P respectively; e.g.
C25P denotes an ordinary designed mix of grade 25.

Prescribed mixes other than those tabulated in BS5328
can be adopted if desired. In such a case the engineer must
also specify the minimum cement content, the proportions
of materials, the types of aggregate that may be used and
the workability required: he must also arrange for strength
tests to be made during construction to ensure that the mix
he has prescribed meets the necessary requirements.

With a designed mix the onus is on the manufacturer of
the concrete to select appropriate mix proportions to achieve
the strength and workability specified; the engineer merely
states the minimum cement content and any other require-
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ments that may be necessary to achieve adequate durability.
Prefixes C, F and IT (but with no corresponding suffix)
denote the prescribed grades of designed mix. Thus IT2.5
indicates a designed mix having a specified characteristic
indirect tensile strength of 2.5 N/mm?. For designed mixes,
the purchaser must specify the types of cement and aggregate
permitted, and the required nominal maximum size of the
aggregates. He is also free to specify additional optional
requirements such as workability if so desired. Fifteen
compressive strengths ranging from 2.5 to 60 N/mm? may
be specified, three flexural strengths (3 to 5 N/mm?), or three
indirect tensile strengths (2 to 3 N/mm?). The cement content
of fresh, fully compacted reinforced concrete must also be
niot less than 240 kg/m?.

Instead of a designed mix having a specified strength, the
purchaser may alternatively specify a special prescribed mix
where the required mix proportions in kilograms of each
constituent are prescribed; such mixes are of particular value
where properties other than strength are of paramount
importance.

Mixes per CP110. The requirements regarding mix desigr
given in CP110 are very similar to those in BS5328 and
described above but preceded the appearance of the British
Standard. The requirements for ordinary prescribed mixes
tabulated in CP110 generally correspond to those in BS5328
but slightly richer aggregate/cement ratios should be adop-
ted to conform to the desired grade.

Durability. The grade of concrete suitable for a particular
structure should be selected to provide an appropriate
degree of durability as well as strength. Durability depends
on the conditions of exposure, on the grade of concrete and
on the cement content of the mix: for this reason minimum
cement contents for various conditions of exposure are
specified in BS8110, CP110 and BS5337. However, greater
cement contents increase the likelihood of thermal cracking;
hence maximum values are also often specified. The amount
of cover of concrete over the reinforcement also influences
the durability of reinforced concrete. Details of the respective
requirements of BS8110 and CP110 are given in Table 139.

4.2 PROPERTIES OF CONCRETE

4.2.1 Weight and pressure

The weight of ordinary concrete is discussed in section 9.1.1,
and the weights of ordinary reinforced concrete, lightweight
concrete and heavy concrete are given in Tables 2 and 80.
A unit weight of 24 kN/m? or 1501b/ft* is generally adopted
in the structural design of reinforced concrete members, and
this value is recommended in the Joint Institutions Design
Manual.

In the design of formwork a weight of not less than
24N/m? or 1501b/ft* should be allowed for wet concrete.
The horizontal pressure exerted by wet concrete is often
assumed to be 22kN/m? or 1401b/ft? of vertical surface per
metre or per foot of depth placed at one time, but for narrow
widths, for drier concretes, and where the reinforcement is
intricate, the increase in pressure for each metre or foot of
depth is less: see also ref. 31.
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Lightweight concrete. Concrete having a density less
than that of concrete made with gravel or crushed stone is
produced by using clinker, foamed slag, expanded clay and
shale, vermiculite, pumice and similar lightweight materials.
Some of these concretes do not have great strength at low
density, but their low densities and high thermal insulation
properties make them suitable for partitions and for lining
walls and roofs. Concretes of medium weight with light-
weight aggregates have sufficient strength for structural
members, and BS8110 and CP110 give recommendations for
their use. Some details of the various properties of different
types of lightweight concrete are given in Table 80.

‘No-fines’ concrete is a form of lightweight concrete
suitable for cast in situ, non-reinforced construction. It is
generally ordinary gravel concrete with little or no aggregate
less than 10 mm or 3/8in, and has high thermal insulation
properties.

Cellular or aerated concrete. Cellular (acrated or gas)
concrete is a lightweight concrete made from a mixture of an
aggregate (e.g. pulverized fuel ash, blast-furnace slag or fine
sand), cement, a chemical admixture and water. The addition
of aluminium powder to this mixture causes expansion and,
after autoclaving, a lightweight concrete of cellular texture is
produced. If the steel is suitably protected, the concrete can
be reinforced.

Air-entrained concrete. Air is trapped in structural
Portland-cement concrete with ordinary aggregates by add-
ing resinous or fatty materials during mixing. Generally the
amount of air entrained is about 5% (by volume). The results
are decreases of about 3% in weight and up to 10% in
strength, but a considerably increased resistance to frost and
chiemical attack and an improvement in workability.

4.2.2 Compressive strength

With given proportions of aggregates the compressive
sttength of concrete depends primarily upon age, cement
content, and the cement/water ratio, an increase in any of
these factors producing an increase in strength. The strengths
of a range of concretes are given in Tables 79 and 80.
Compressive strengths vary from less than 10 N/mm? or
15001b/in? for lean concretes to more than 55N/mm? or
80001b/in? for special concretes: the minimum characteristic
strength of concrete made with dense aggregate, according
to BS8110, is 25 N/mm? (about 37001b/in?); for concrete
made with lightweight aggregate (except for plain walls) it
is 20 N/mm? (about 3000 1b/in?). The relevant values accord-
ing to CP110 are 20 N/mm? (about 30001b/in?) for normal
concrete and 15kN/mm? (about 23001b/in?) for concrete
made with lightweight aggregate. The rate of increase of
strength with age is almost independent of the cement
content, and, with ordinary Portland-cement concrete, about
60%, of the strength attained in a year is reached at 28 days;
70%, of the strength at 12 months is reached in 2 months,
and about 95% in 6 months. Characteristic strengths or
permissible service stresses for design are generally based
on the strength at 28 days. The strength at 7 days is about
two-thirds of that at 28 days with ordinary Portland cement,
and generally is a good indication of the strength likely to
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be attained: see Table 79.

Compression tests in the UK are made on 150 mm or 6in
cubes, which should be made, stored and tested in accordance
with BS1881. For cubes made on the site, three should be
cast from one batch of concrete. Identification marks should
be made on the cubes. Two sets of three cubes each are
preferable, and one set should be tested at 7 days and the
other at 28 days. If only one set of three cubes is made, they
should be tested at 28 days. The sirengths of the cubes in
any set should not vary by more than 15%; of the average,
unless the lowest strength exceeds the minimum required.
The 7 day tests are a guide to the rate of hardening: the
strength at this age for Portland-cement concrete should be
not less than two-thirds of the strength required at 28 days.

In some countries cylinders or prisms are used for
compressive tests. For ordinary concrete the compressive
strength as measured on 150mm or 6in cylinders is about
859, of that as measured on 150 mm or 6 in cubes of ordinary
concrete, although the ratio may be only two-thirds with
high-strength concretes.

4.2.3 Tensile strength

The direct tensile strength of concrete is considered when
calculating resistance to shearing force and in the design of
cylindrical liquid-containing structures. The tensile strength
does not bear a constant relation to the compressive
strength, but is about one-tenth of the compressive strength.
Because of the difficulty in applying a truly concentric pull,
itis usual to measure the indirect tensile strength by crushing
a concrete cylinder laterally.

The tensile resistance of concrete in bending is generally
neglected in the design of ordinary structural members but
1s taken into account in the design of slabs and similar
members in liquid-containing structures. The tensile resis-
tance in bending is measured by the bending moment at
failure divided by the section modulus, the result being
termed the modulus of rupture.

4.2.4 Elastic properties

Notes on the elastic properties such as the modulus of
elasticity, modular ratio and Poisson’s ratio for plain and
reinforced dense and lightweight concrete are given in
section 18.1.

4.2.5 Thermal properties

The coefficient of thermal expansion is required in the design
of chimneys, tanks containing hot liquids, and exposed or
long lengths of construction, and provision must be made
to resist the stresses due to changes of temperature or to
limit the strains by providing joints. The thermal conductivity
of concrete varies with the density and porosity of the
material. Some coefficients of thermal expansion and
conductivity are given in sections 18.1.7 and 18.1.8.

The nature of the aggregate is the principal factor in
determining the resistance of concrete to fire, although the
type of cement may affect this property to some extent. The
resistance to fire of a reinforced concrete structure is affected
considerably by the thickness of cover of concrete over the
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bars and, for a high degree of resistance, cover thicknesses
in excess of those ordinarily specified should be provided,
especially for floor and roof slabs and walls. Reference
should be made to Table 81, which gives the requirements
of BS8110, and to Table 82, which gives the corresponding
data for CP110.

The Building Regulations also contain tables specifying
minimum dimensions and cover thicknesses for prescribed
fire resistance periods. Except in very rare instances these
values are generally identical to or slightly less stringent
than'the corresponding requirements of CP110. Yet another
set of values is provided in the joint report on fire resistance
by the Institution of Structural Engineers and the Concrete
Society (ref. 78): some details are given on Table 84.

According to the Building Regulations, the actual period
of fire resistance needed depends on the size of the building
and the use to which it is put: brief details are given on
Table 83.

Aggregates that have been sintered are supetior to other
aggregates in their resistance to fire; also of high resistance,
but less so than the foregoing, are limestone and artificial
aggregates such as broken brick. The aggregates ordinarily
used for structural concrete, such as crushed hard stone
(excepting hard limestone, but including granite) and flint
gravels, are inferior in resistance to fire although such
aggregates produce the strongest concrete.

4.2.6 Shrinkage

Unrestrained concrete members exhibit progressive shrinking
over a long period while they are hardening. For concrete
that can dry completely and where the shrinkage is unres-
trained, the linear coefficient is approximately 0.00025 at
28 days and 0.000 35 at 3 months, after which shrinkage the
change is less rapid until at the end of 12 months it may
approach a maximum of 0.0005. The relationship between
the percentage of shrinkage and time suggested in BS8110
and CP110 may be read from the appropriate diagrams on
Table 79. In reservoirs and other structures where the
concrete does not become completely dry, a maximum value
of 0.0002 is reasonable. The Code Handbook suggests a value
of 0.0003 for sections less than 250mm in thickness and
0.00025 otherwise, provided that the concrete is not made
with aggregates prone to high shrinkage. More detailed
information is given in ref. 32. A concrete rich in cement,
or made with finely ground cement or with a high water
content, shrinks more than a lean concrete or one with a
low water content.

If a concrete member is restrained so that a reduction in
length due to shrinkage cannot take place, tensile stresses
are caused. A coefficient of 0.0002 may correspond to a stress
of 3.5N/mm? or 500 Ib/in? when restrained; in such cases it
is important to reduce or neutralize these stresses by using
a strong concrete, by proper curing and by providing joints.
Shrinkage is considered in the calculation of deflections and
the design of fixed arches.

4.2.7 Creep

Creep is the slow deformation, additional to elastic cont-
raction exhibited by concrete under sustained stress, and
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proceeds at a decreasing rate over many years. Characteristic
values for creep, expressed in deformation per unit length,
for 1:2:4 concrete loaded at 28 days with a sustained stress
of 4 N/mm? or 600 Ib/in? are 0.0003 at 28 days after loading,
and 0.0006 at one year. Thus creep is of the same degree of
magnitude as shrinkage, and appears to be directly pro-
portional to the stress. The earlier the age of the concrete
at which the stress is applied the greater is the creep, which
also appears to be affected by the same factors as affect the
compressive strength of the concrete; generally the higher
the strength the less is the creep.

The effect of creep of concrete is not often considered
directly in reinforced concrete design. It is, however, taken
into account when calculating deflections according to the
rigorous method described in BS8110 and CP110 (see
Table 136), by modifying the elastic modulus of concrete.
Values of the creep multiplier involved may be read from
the graphs given on Table 79.

4.2.8 Reduction of bulk upon mixing

When the constituents of concrete are mixed with water and
tamped into position, a reduction in volume to about
two-thirds of the total volume of the dry unmixed materials
takes place. The actual amount of reduction depends on the
nature, dampness, grading and proportions of the aggregates,
the amount of cement and water, the thoroughness of mixing,
and the degree of consolidation. With so many variables it
is impossible to assess exactly the amount of each material
required to produce a unit volume of wet concrete when
deposited in place.

4.2.9 Porosity and permeability

The porosity of concrete is the characteristic whereby liquids
can penetrate the material by capillary action, and depends
on the total volume of the spaces occupied by air or water
between the solid matter in the hardened concrete. The more
narrow and widely distributed these spaces are, the less easily
can liquids diffuse in the concrete.

Permeability is the property of the concrete that permits
a liquid to pass through the concrete owing to a difference
in pressure on opposite faces. Permeability depends primarily
on the size of the largest voids and on the size of the channels
connecting the voids. Impermeability can only be approached
by proportioning and grading the mix so as to make the
number and sizes of the voids the least possible, and by
thorough consolidation to ensure that the concrete is as
dense as possible with the given proportions of the materials.
Permeability seems to be a less determining factor than
porosity when considering.the effect on concrete of injurious
liquids.

4.2.10 Fatigue

The effect of repeatedly applied loads, either compressive or
tensile, or a frequent reversal of load, is to reduce the strength
of concrete; this phenomenon is called fatigue. If the resultant
stress is less than about half the strength, as is the case in
compression on most concrete members, fatigue is not
evident. When a stress exceeding half the strength of the
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unfatigued concrete is frequently caused, the strength of the
concrete is progressively reduced, until it equals the stress
due to the applied load, when the concrete fails. The number
of repetitions of load to produce failure decreases the more
nearly the stress due to the load equals the strength of the
unfatigued concrete.

A relatively high frequency of repetition of stress would
be ten times and upwards per minute. If intervals of time
occur between successive applications of ioad, the effect of
fatigue is delayed. The degree of fatigue differs for direct
compression, direct tension, and bending. Since the tensile
stress in concrete in bending more nearly approaches the
strength than does ihe compressive stress, it is evident that
fatigue due to tensile stress controls fatigue of concrete in
bending.

Failure due to fatigue has been shown to be directly linked
to the development and growth of microcracks (i.e. cracks
too small to be seen by the naked eye.) If the growth of such
cracking is inhibited, the concrete will be markedly more
resistant to the effects of fatigue (or impact). This is the
fundamental basis of fibre-reinforced concrete where short
lengths of chopped steel, plastics or glass fibre are distributed
randomly through the mix.

4.3 STRESSES IN CONCRETE

4.3.1 Characteristic strength

The characteristic strength of concrete is defined as the
crushing strength of concrete cubes at 28 days below which
not mmore than one-twentieth of the test results fall. If the
distribution of test results about a mean strength f,, follows
the normal (i.e. Gaussian) form, the characteristic crushing
strength f., can be expressed in terms of the standard
deviation s by the relationship

fou=fm— 1.64s

where s is the positive square root of the variance. The
variance is

1 J
T.Z (fi_fm)z
]1=1

where f; is each individual test result and j is the total
number of results. Thus

i 12
fcu=fm_ 164[:% 'gl(fi-fm)zil

Consequently, in order to achieve the required characteristic
strength it is necessary to set out to achieve a ‘target mean
strength’ that exceeds f,, by what is known as the ‘current
margin’. The current margin is often either (1) 1.64s on tests
on not less than 100 separate batches of similar concrete
made within one year, but not less than 3.75 N/mm? for
concrete of grade 20 and over; or (2) 1.64s on tests on not

less than 40 separate batches of similar concrete made in

more than 5 days but less than 6 months, but not less than
7.5N/mm? for grade 20 concrete and over. For weaker
concretes, the minimum standard deviation for conditions
1 and 2 should be f,,/6 and f,,/3 respectively. Until sufficient
data have been accumulated to use these criteria, a current
margin of 15N/mm? for grade 20 concrete and over is
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recommended. For detailed information regarding mix
design to achieve the desired characteristic strength, reference
should be made to BS5328, CP110 and the Code Handbook.

Concrete grade. The grade of a concrete is defined as that
number which indicates the characteristic compressive
strength of concrete in N/mm?2, determined by cube tests
made at 28 days. Thus a grade 25 concrete has a character-
istic strength of 25 N/mm?: this is the lowest grade that may
be employed as reinforced concrete made with dense aggre-
gate according to BS8110. The Code for water-containing
structures (BS5337) only sanctions the use of concrete of
grades 25 and 30 for reinforced concrete.

4.3.2 Design strengths

For ultimate limit-state analysis the design strength of
concrete is determined by dividing the characteristic strength
f.. by the appropriate partial factor of safety for materials
Ym- However, in nearly all appropriate design formulae,
including those in BS8110, CP110 and this book, the partial
safety factor is embodied in the formula itself, so that the
ultimate resistance of a section is related directly to the
characteristic strength of the concrete. This generally simpli-
fies the calculations, but if the effects of a less usual ultimate
limit-state condition (e.g. due to excessive loading or local
damage) are being investigated, the correct value of y,, (i.e.
1.3 according to BS8110 and CP110) for this condition may
be substituted instead of the normal value of y,, for concrete
of 1.5.

The requirements of BS5337, when limit-state design is
adopted, correspond to those for CP110.

Strength in direct compression and in bending.
According to both BS8110 and CP110, in all ultimate
limit-state calculations for the design of sections such
as beams, slabs and columns, involving the strength of
concrete in direct compression or in compression in bending,
the appropriate formulae require the direct use of the
characteristic compressive strength. In the case of slender
sections, €.g. columns, no adjustment to this value is made (as
for example is done in permissible-service-stress design):
instead, an additional moment related to the slenderness is
taken into consideration (see section 5.15.1).

Strength in shear. BS8110 specifies that, for grade 25
concrete, the relationship between the maximum resistance
to shear v, of dense-aggregate concrete without special
shearing reinforcement, the depth of section d and the
proportion p of main reinforcement provided is given by
the expression

v, = 0.79(100p)'2(400/d) /4 /y,.

where 7y, is taken as 1.25, 100p 3+ 3 and 400/d <« 1. This
relationship is shown graphically on Table 142. For other
grades of concrete, v, is proportional to \3/(0.04fw), and the
values of v, obtained from the graph should be multiplied
by the appropriate factor read from the adjoining scale.
CP110 does not specify a direct relationship between the
concrete strength and v, but tabulates the results of many
tests; these values are shown graphically on Table 143.
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The shearing resistance of lightweight-aggregate concrete
is markedly less than when dense aggregates are used. Both
BS8110 and CP110 propose values that are 80% of the
dense-concrete equivalents, and these are also shown on
Tables 142 and 143 respectively.

The limiting shearing resistance that may be adopted,
even when reinforcement to resist shear is provided, is
specified in BS8110 as the lesser of 0.85,/f,, or SN/mm?,
and of 0.68\/];,, or 4N/mm? for normal and lightweight-
aggregate concrete respectively. The equivalent values are
not stated explicitly in CP110 but, for normal and light-
weight-aggregate concrete, are found to correspond to
0.75./f., and 0.6,/ f,, respectively, when f,, < 20 N/mm?.

Strength in torsion. Limiting values for the ultimate
torsional strength of dense-aggregate concrete with or
without special torsional reinforcement are given in
BS8110:Part 2 and CP110. BS8110 specifies the use of the
expressions 0.8,/ f,, or 5§ N/mm? whichever is the lesser, and
0.067/ f., or 0.4 N/mm? whichever is the lesser, respectively;
for lightweight-aggregate concrete the corresponding ex-
pressions are 0.64,/f, or 4N/mm?, and 0.0536,/f,, or
0.32N/mm?, respectively. The limiting values given in
CP110 are found to correspond to the expressions 0.75,/ f,,
and 0.15,/f,, respectively, as shown on Table 143. Lower
values are applicable when lightweight-aggregate concrete
is used and correspond to 80%; of those given by the above
expressions: these values are also indicated on Table 143.

Bond. The requirements of BS8110 and CP110 regarding
bond are summarized and discussed in section 4.6.

Modification of strength with age. Values of the cube
strengths of concretes having various characteristic strengths
f.u(at 28 days) of from 20 to 60 N/mm?, at ages of from 7 days
to one year, are given in BS8110 and CP110. Both Codes
permit designs to be based either on f,, or on the appropriate
strength corresponding to the age at which the concrete will
beloaded. The Code relationship between strength and age is
illustrated graphically on Table 79.

Bearing on plain concrete. According to CP110 (clauses
5.5.5 and 5.5.7), bearing stresses due to ultimate loads
beneath bearings should not exceed 0.6f,, for grade 25
concrete and over, and 0.5 f,, otherwise, and may be assumed
to disperse immediately.

4.3.3 Permissible service stresses

Compression due to bending. Formodular-ratio or load-
factor design the permissible service stress f, in concrete due
to bending is generally assumed to be about one-third of the
specified minimum crushing strength of works cubes at 28
days. The CPCP revision of CP114 suggests a relationship of
f..=0.3661,, for concrete grades from 15 to 60.

Direct compression. For members in direct compression,
such as concentrically loaded columns, the permissible
compressive stress f,. is about 76% of the permissible
compressive stress in bending; the CPCP recommendation is
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fee=0.275f,,. This stress is assumed to occur over the whole
cross-sectional area of an ordinary column and on the
cross-sectional area of the core of a column with helical
binding,

Combined bending and direct force. When a member is
subject to bending moment combined with a direct thrust, as
in an arch ora column forming part of a frame, or is subjected
to a bending moment combined with a direct pull, as in the
walls of rectangular bunkers and tanks, and is designed
according to the modular-ratio method, the same permi-
ssible compressive stress f,, is used for the concrete as if the
member were subjected to bending alone.

Tension. In the design of members subjected to bending the
strength of the concrete in tension is commonly neglected,
but in certain cases, such as structures containing liquids and
in the consideration of shearing resistance, the tensile
strength of the concrete is important. For suspension
members which are in direct tension and where the cracking
is not necessarily detrimental, the tensile strength of the
concrete can be neglected and the reinforcement then resists
the entire load. In a member that must be free from cracks of
excessive width, such as the wall of a cylindrical container of
liquids, the tensile stress in grade 25 concrete should not
exceed 1.31 N/mm? in accordance with the alternative (i.e.
working stress) design method prescribed in BS5337; a
member in bending should be designed, as described in
section 5.6, so that the tensile stress in the concrete does not
exceed 1.84 N/mm2. The corresponding tensile stresses in
grade 30 concrete are 1.44 and 2.02 N/mm?, as given in Table
132.

Overline railway bridges on lines on which steam loco-
motives may still run and similar structures where cracking
may permit corrosive fumes to attack the reinforcement
should also be designed with a limited tensile stress in the
concrete (see section 5.2).

Shearing stresses. The permissible shearing stress v, in a
beam is about 109 of the maximum permissible compressive
stress in bending, but if the diagonal tension due to the
shearing force is resisted entirely by reinforcement the
shearing stress should not exceed 4v,; a maximum stress of
less than 4u, is advisable in all but primary beams in
buildings. The permissible shearing stresses per BS5337 are
given in Table 132.

Bond. The permissible average-bond stress between con-
crete and plain round bars is slightly more than the shearing
stress, and the local-bond stress f, ., (see section 4.6.5) is
about 50%; greater than the average-bond stress. For defor-
med bars, the bond stresses may be increased by up to about
40%;, according to CP114, in excess of the stress for plain
round bars.

The CPCP revision of CP114 proposes permissible
anchorage-bond stresses for type 2 deformed bars equal to
 (fe)/3, with permissible local-bond stresses that are 25%
higher than these values.

Bearing on plain concrete. Plain concrete mixed in
leaner proportion than 1:2:4 is used for filling under
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foundations and for massive piers and thick retaining walls.
The bearing pressures on plain and reinforced concrete in
piers and walls subjected to concentric or eccentric loads,
and permissible local pressures as under bearings, are given
in Table 191.

4.4 PROPERTIES OF REINFORCEMENT

4.4.1 Types of reinforcement

There are several types of steel reinforcement for concrete,
the most common in the United Kingdom being plain round
mild-steel bars and high-yield-stress deformed bars. These,
and others, are covered by appropriate British Standards,
the specified physical properties of which are given in
Table 85. The British Standard reference numbers given in
Table 85 and the following are the metric editions of the
standards which now supersede the previous standards in
imperial units; the equivalents in the latter units given in
Table 85 are practical conversions.

Plain round hot-rolled mild-steel bars (BS4449).
These have a minimum yield-point stress (i.e. characteristic
stress) of 250 N/mm? (36 0001b/in?) upon which stress the
permissible working stress depends. Because of the plain
surface, the bond with the concrete is not so high as for
deformed bars and therefore end anchorages, such as hooks
and bends, may be required. Mild-steel bars are easily bent
and are weldable.

Deformed mild-steel bars. These have higher bond qu-
alities than plain round bars and are also specified in BS4449,
but are not widely used at present.

Hot-rolled deformed (high-bond) high-yield-stress
bars (BS4449). These are some of the most commonly
used bars in the United Kingdom. The specified character-
istic strength (i.e. the yield stress below which not more than
5%, of the test results may fall) is 460 N/mm? for bars up to
and including 16 mm in diameter, and 425 N/mm? for larger
bars. This characteristic strength is considered to be achieved
if not more than two results in forty consecutive tests to
determiné the yield stress fall below the specified strength
and all the test results reach at least 93%, of the specified
strength.

Cold-worked bars (BS4461). These are usually mild-steel
bars, the yield point of which has been eliminated by cold
working, generally twisting under controlled conditions,
resulting in a higher yield stress and consequently a higher
permissible working stress. A common form of such bars are
twisted square bars, the smaller sizes of which are truly
square, while bars of intermediate and larger sizes have
chamfered corners. Another form is a round deformed bar
that has been twisted. The specified characteristic strength of
cold-worked bars corresponds to that specified for hot-rolled
deformed bars described above.

Fabric reinforcement (BS4483). This reinforcement is
generally steel wire mesh, the wire complying with BS4482.
Such fabrics are used mainly for reinforcing slabs, such as
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suspended and ground floor slabs, flat and shell roofs, roads
and the like. There are four standard types of fabric, having
the sizes and other properties given in Table 91, which are as
follows. Square-mesh fabrics have wires of the same size and
spacing in both directions. Oblong-mesh fabrics have trans-
verse wires that are smaller and more widely spaced than the
main longitudinal wires, the amount of transverse wires
being less than that required as distribution steel in ac-
cordance with CP110. Standard structural fabrics also have
oblong meshes but the transverse wires comply with the
latter requirement. Wrapping fabrics are light fabrics used
mainly for reinforcing the concrete casing steel stanchions
and beams. :

Special structural fabrics are also obtainable and these
are generally made to specific requirements as to cross-
sectional area in both directions. They are generally much
heavier than standard fabrics and may incorporate bars
instéad of wires.

Other reinforcements are obtainable and may be proprietary
materials or otherwise, such as high-grade twin bars and
expanded metal. When expedient, such materials as old rails,
disused wire ropes and light structural steelwork are used
as reinforcement on occasion.

4.4.2 Areas, perimeters and weights

The data required by designers regarding cross-sectional
areas, perimeters and weights of various types of reinforce-
ment are given in Tables 86 to 91 for bars of common metric
and imperial sizes and for wires and fabric reinforcement of
metric sizes. The data are given basically for plain round
bars, but are also applicable to deformed and square bars
since the standard nominal sizes of the latter are the
diameters of plain round bars of the same cross-sectional
areas.

For metric bars, Table 86 gives the cross-sectional area
per unit width of slab for bars of various sizes at specified
spacings (values given in italics correspond to ‘non-standard’
spacings), the areas of numbers of bars from one to twenty,
and the perimeters of from one to ten bars. Similar, but less
extensive, information relating to bars of imperial sizes is
provided on Table 89.

On Table 87 the cross-sectional areas of various combi-
nations of bars of metric sizes at recommended spacings are
listed. The criterion adopted is that the bar diameters
forming the combination must not differ by more than two
sizes, for example with 10mm bars, possible combinations
are only with 6, 8, 12 or 16 mm bars. The values are tabulated
so as to enable the particular combination providing an
area satisfying a given value to be selected at a glance. A
similar table giving cross-sectional areas of combinations of
specific numbers of bars forms Table 88. Here, areas for all

. combinations of up to five bars of each size (or ten bars of

the same size) are listed where the bar diameters do not
differ by more than two sizes (i.e. for 20 mm bars, the possible
combinations are with 12, 16, 25 or 32 mm bars only).

On Table 90 the unit weight and weights of bars at specific
spacings are given, and Table 91 gives particulars of
cross-sectional areas and weights of standard fabric rein-
forcements, together with particulars of single wires.
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4.5 STRESSES IN REINFORCEMENT

4.5.1 Characteristic strength

The characteristic strength of the reinforcement is defined
in BS8110 and CP110 as that value of yield or proof stress
below which the values obtained from not more than one
test in twenty fall. As in the case of concrete, with a Gaussian
distribution of test results, this corresponds to a relationship
between the characteristic strength of the reinforcement f,
and the mean yield strength f,, of

fy=fn— 1.64s

where s is the standard deviation. In the case of reinforce-
ment, steel complying with the appropriate requirements of
BS4449 and BS4461 has a characteristic strength of 250, 425
or 460 N/mm? (i.e. the characteristic strength corresponds
to the minimum yield-point stress for the particular type of
steel specified in these Standards).

4.5.2 Design strengths

Design strength in tension. The design strength of the
reinforcement in tension f,,; is determined by dividing the
characteristic strength f, by the appropriate partial safety
factor for materials y,,. Once again, however, certain design
formulae, such as the simplified expressions for beams and
slabs given in CP110, involve the direct use of f,, the value of
v actually being embodied in the numerical values con-
tained in the formulae. If ultimate limit-state analysis for
local damage or excessive loading is being undertaken,
therefore, an appropriate adjustment to cater for the differing
value of y,, may be made if desired.

With rigorous limit-state analysis from first principles, the
design strength f,,, is related not only to the characteristic
strength but also to the strain in the reinforcement and
hence, owing to the compatibility of strains in the concrete
and steel, to the depth-to-neutral-axis factor x/d. This
relationship is discussed in greater detail in section 5.3.1.
Values of f,,, for types of reinforcement having ‘standard’
and other values of f, and various ratios of x/d may be
calculated from the formulae on Table 103 or read from the
scales on Table 104. )

Design strength in compression. While BS8110 permits
a maximum design strength in compression f,4; that is
identical to that in tension f,4, (i.€. f,/7,), CP110 limits the
maximum design strength in compression reinforcement f
to 2000 f,/(2000y,, + f,). Thus if f, =250 N/mm? and y, =
115, f,41/f, =0.784, and if f, =460 N/mm? and y, = 1.15,
fyar/fy=0.725. With the simplified design expressions for
beams, slabs and columns given in CP110, the varying
relationship between f,4; and f, is simplified to a constant
value of f,4; =0.72f,, thus underestimating the true max-
imum design strength by up to a maximum of 8% (when
mild-steel reinforcement is used).

With rigorous limit-state analysis using first principles,
the design strength of the compression reinforcement f,4;
is related not only to the characteristic strength but also to
the ratio of the depth of the steel from the compression face
d’ to the depth to the neutral axis x, owing to strain-
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compatibility requirements. Values of f,,; for ‘standard’ and
other types of reinforcement with various ratios of d'/d may
be obtained from Tables 103 and 104. N

Shearing reinforcement. In the design of shearing rein-
forcement using inclined bars, the same design strength (i.e.
fy/vm)may be used asin the corresponding tension reinforce-
ment. Where reinforcement in the form of inclined bars or
links is provided, however, the maximum characteristic
strength therein is, according to CP110, limited w

425 N/mm?.

Torsional reinforcement. In the design of longitudinal
bars or links to resist torsion, the maximum characteristic
strength in the reinforcement must not exceed 425 N/mm? to
meet the requirements of CP110.

BS5337. When limit-state design procedures are adopted,
the requirements of BS§5337 correspond to those specified in
CP110 and summarized above, except that in no case may f,
exceed 425 N/mm?

4.5.3 Permissible service stresses

Tension. The permissible basic service stresses in tension in
mild-steel bars are frequently 140 N/mm? or 200001b/in? in
bars of diameter not greater than 40mm or 1%in, and
125 N/mm? or 18 0001b/in? in larger bars. The correspond-
ing stress in high-yield bars is 55% of the yield stress but not
more than 230 N/mm? or 330001b/in? in bars of diameter
not greater than 20mm or 7/8in, and not greater than
210N/mm? or 300001b/in? in larger bars. The revised
version of CP114 drafted by the CPCP suggests limiting
values of 140 and 250 N/mm? for mild-steel and high-yield
bars in tension due to bending, and 140 and 200 N/mm? in
tension due to shear.

Similar service stresses are generally acceptable in the
design of retaining walls and foundations, and most industrial
structures, although in the latter case consideration must
be given to vibration, high temperatures, impact and other
influences which may require the adoption of much lower
service stresses. In liquid-containing structures, maximum
tensile stresses of 85 N/mm? and 115 N/mm? are specified
in BS5337 (see section 5.6 and Table 121), for class A and
class B exposure when mild-steel bars are used and the
alternative (working-stress) design method is employed or
the section is designed to comply with ‘deemed-to-satisfy’
limit-state requirements. For deformed bars the corres-
ponding limiting stresses are 100 N/mm? and 130 N/mm?
for'class A and class B exposure respectively. The tensile
stress in bars near the face not in contact with the liquid
also must not exceed the foregoing values, except in members
not less than 225mm thick, when the stress may be
125N/mm? or even 140 N/mm? if deformed bars are used.

When deciding the tensile service stress suitable for the
reinforcement in a part of a structure, modifying factors
should be considered, but the factors that represent a
variation in the strength of the concrete only must be
disregarded except when the bond stress is affected.

The tensile service stress in the reinforcement in buildings
can be increased by one-quarter when the increase is due
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solely to increased bending moments and forces caused by

wind pressure; the CPCP version of CP114 limits the
increased stress to 300 N/mm? or 43 500 1b/in?.

Compression. The compressive stress in reinforcement
depends on the compressive stress in the surrounding
concrete if the modular-ratio theory of the action of reinfor-
ced concrete at service loads is applied. Since the strain of the
two materials is equal as long as the bond is not destroyed,
the stresses are proportional to the elastic moduli. Mild steel
has a modulus of elasticity E; of about 210 x 10? N/mm?
or 30 x 10°1b/in? and, if the modulus of elasticity of concrete
E, is assumed, as is often the case, to be nominally
14 x 10* N/mm? or 2 x 10°1b/in?, the compressive stress in
the steel f,. is fifteen times the compressive stress f,, in the
concrete, or generally . =a.f,, if «, is the modular ratio
E /E,. The value of , is considered in section 18.14. It is often
convenient to calculate the compressive stress in the steel as
additional to that in the concrete;i.e. as f,,(x, — 1). When this
expression is used the resistance of the concrete can be
calculated on the entire cross-sectional area, no deduction
being necessary for the area of the bars.

In load-factor design, in the design of axially loaded
columns generally, and in steel-beam theory, the compres-
sive stresses in the main reinforcement are assumed to be
indepenident of the stress in the adjoining concrete. For
high-yield bars, the maximum stress is 55% of the
yield stress but not more than 175 N/mm? or 25000 1b/in.
In the CPCP revision of CP114, limiting stresses of 120 and
215N/mm? are suggested for mild-steel and high-yield bars
respectively. l

4.6 BOND BETWEEN CONCRETE AND
REINFORCEMENT

4.6.1 Anchorage bond of tension reinforcement

For a bar to resist tensile forces effectively there must be a
sufficient length of bar beyond any section to develop by
bond between the concrete and the steel a force equal to
the total tensile force in the bar at that section.

BS8110 and CP110 requirements. The minimum effec-
tive anchorage length required for bond or for overlap can be
expressed in terms of the diameter ¢ of the bar. It can be
shown (see section 18.3.1) that I/¢ must be not less than
0.217f,/ f1se» Where f, is the characteristic strength of the
reinforcement concerned and f,,, the ultimate anchorage-
bond stress, depends on the type of steel used and the
strength of the dense-aggregate concrete. Two types of
deformed bars are recognized in BS8110 and CP110: bars of
type 2 meet more stringent requirements and higher
anchorage-bond stresses are allowed. According to BS8110,
for type 1 deformed bars in temsion f,, (termed f, in
BS8110) = 0.4\/ feu If plain round bars or type 2 deformed
bars are used, the calculated values should be reduced by
30% and increased by 25%; respectively. The limiting values
of f,. given in CP110 do not appear at first sight to be
linearly related to the concrete grade. However, closer
examination indicates that the linear relationship employed
has been masked when rounding off the tabulated values.

' greater).
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The values for plain bars correspond closely with those
resulting from the expression (f,, + 16)/30, while those for
type 1 deformed bars are 40%, greater. For bars of type 2,
anchorage-bond stresses 30%, higher than those for type 1
may be adopted.

The foregoing relationship has been used to calculate the
values of anchorage-bond length required for plain and
deformed bars in tension and compression, and various
values of f,, are given (in terms of bar diametersj in Table
92 for both normal and lightweight concretes. In Table 93
the actual bond lengths required in millimetres are given
for the three most commonly employed grades of dense
concrete for the characteristic steel strengths specified in
BS8110 and for various bar sizes: these lengths have
been rounded to the Smm dimension above the exact
length calculated. Table 94 provides similar information
relating to four concrete grades according to CP110
requirements.

If bars in contact are provided in groups of up to four,
the bond achieved between the steel and the concrete is
reduced. According to BS8110, in such situations the
anchorage-bond length provided should be that for a single
bar having an equivalent area; i.e. for a group comprising
n bars of diameter d,, provide for each bar forming the
group the bond length necessary for a single bar of diameter
(d,+/n). For example, the bond length required for a group
of four 8mm bars would be that needed for a single 16 mm
bar. The corresponding requirement in CP110 is that the
reduction may be considered by multiplying the sum of the
effective perimeters of individual bars by (6 — j)/5, where j
is the number of bars forming the group. If all the bars are
of equal size, the effect on the anchorage length required
may be assessed simply by considering, instead of ¢, a bar
of diameter 5¢/(6 —j). For example, for a group of four
8 mm bars, an anchorage-bond length equivalent to that
required for a 20 mm bar should be provided for each of
the bars forming the group.

Where the calculated maximum tensile force in a bar is
less than its design strength the anchorage-bond length
provided may be reduced proportionately. Care should be
taken, however, not to violate the requirements of the
relevant Code regarding the curtailment of bars (see section
20.5.1).

According to BS8110, where two tension bars are lapped
the overlap should be at least equal to the anchorage-bond
length of the bar having the smaller diameter. In addition,
where the lap is near the top of the section as cast and if
the bar diameter exceeds one-half of the minimum cover,
the lap length must be increased by 40%,. The same increase
should also be made at section corners where the bar
diameter exceeds one-half of the minimum cover to either
face or where the clear distance between adjoining laps is
less than 75mm (or six times the bar diameter if this is
If both conditions apply, the lap length
should be doubled. Lap lengths corresponding to these
multiples of the basic anchorage length are tabulated on
Table 93.

CP110 requires that the overlap for plain bars should be
at least equal to the anchorage-bond length of the bar having
the smaller diameter, but not less than 25¢ + 150 mm. For
deformed bars of both types the overlap should be at least
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259 longer than the anchorage-bond length of the smaller
bar but not less than 25¢ + 150 mm.

The bond between lightweight-aggregate concrete and
steel is less strong than when dense aggregates are used.
BS8110 recommends that with lightweight-aggregate
concrete, bond stresses of four-fifths of the values adopted
for normal-weight concrete should be employed for all types
of bars, while CP110 requires that with lightweight aggre-
gates, bond stresses of one-half and four-fifths of those for
the corresponding grades of dense-aggregate concrete should
be adopted for plain and deformed bars respectively. For
grade 15 lightweight concrete the strengths should be 0.4
and 0.64 of those for dense-aggregate concrete of grade 20.
These values are incorporated on the table forming Table 92.

4.6.2 Anchorages

If an anchorage is provided at the end of a bar in tension,
the bond length required need not be so great as when no
such anchorage is provided. An anchorage may be a
semi-circular hook, a 45° hook, a right-angled bob or a
mechanical anchorage. To obtain full advantage of the bond
value of an anchorage, the hook or bend must be properly
formed.

BS8110 and CP110 requirements. If r is the internal
radius of a bend, the effective anchorage length (measured
from the commencement of the bend to a point 4¢ beyond
the end) that is provided by a semi-circular hook is the lesser
of 24¢ or 8r, and by a right-angled bob the lesser of 12¢ (or
24¢ according to CP110) or 4r. The minimum radius of any
bend must be at least twice that of the test bend guaranteed
by the manufacturer, and must also be sufficient to ensure
that the bearing stress within the bend does not exceed the
permissible value. This requirement can be considered (see
section 18.3.1) as a need to provide a minimum ratio of /¢
for given values of a,/¢ and f_,/f,. where g, is the distance
between bar centres perpendicular to the plane of bending:
suitable ratios of r/¢» meeting these requirements may be read
from the appropriate chart on Table 95 for dense-aggregate
concrete. When lightweight-aggregate concrete is employed,
the permissible bearing stress within the bend is somewhat
lower, and appropriate ratios of a,/¢ and r/¢ corresponding
to this condition may be found by using the scales on the
right-hand edges of the same charts.

If an appropriate end enchorage is provided, the bond
length can be reduced accordingly. Table 93 and 94 give
details of the lengths required when anchorages are provided
in the form of right-angled bobs and semi-circular hooks,
having internal radii of 2¢» and 3¢ for bars of mild steel and
high-yield steel respectively.

Mechanical anchorages. A mechanical anchorage can be
a hook embracing an anchor bar (the internal diameter of the
hook being equal to the diameter of the anchor bar);
alternatively the end of the bar can be threaded and provided
with a plate and nut. The size of the plate should be such that
the compression on the concrete at, say, 7 N/mm? or
1000 1b/in? of the net area of contact (i.e. the gross area of the
plate less the area of the hole in the plate) should be equal to
the tensile resistance required.
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4.6.3 Anchorage bond of compression reinforcement

BS8110 and CP110 requirements. According to both
BS8110 and CP110, for bars in compression ultimate
anchorage-bond stresses are permitted that are 25%; higher
than those for bars in tension. Whereas with BS8110 the
maximum design strength of a bar in compression (f,,) is
equal to that in tension (f,,,), with CP110 the limiting design
so the maximum effective anchorage-bond length necessary
is correspondingly smaller. Where compression bars are
lapped the overlap should be at least the anchorage-bond
length of the smaller bar (but not less than 20¢ + 150 mm,
according to CP110), although the appropriate anchorage-
bond length is that for bars in compression, of course.
Alternatively, square sawn ends of such bars may be butted
together and held permanently in position by a mechanical
sleeve or similar proprietary device.

4.6.4 Bars in liquid-containing structures

For liquid-containing structures the requirements of BS5337
regarding bond depend on whether limit-state design or the
alternative (working-stress) design method is adopted. If
limit-state design is used the limiting anchorage-bond stresses
correspond to those for concrete grades 25 and 30 given in
CP110 (see Tables 92 and 94). With working-stress design,
the limiting anchorage-bond stresses are 0.9 and 1.0 N/mm?
for grades 25 and 30 respectively if plain round bars are
used. With deformed bars, these values may be increased
by 409, (sece Table 132).

Whichever design method is employed, BS5337 specifies
that anchorage-bond stresses in horizontal bars in sections
that are in direct tension should be reduced to 70%;, of normal
values.

4.6.5 Local-bond stress

BS8110 requirements. BS8110 states that provided that
the force in each bar is transmitted to the surrounding
concrete by providing an adequate embedmentiength or end
anchorage, the effects of local bond stresses may be ignored.
(This view is not, however, shared by those responsible for
preparing the CPCP revision to CP114))

CP110 requirements. The ultimate local-bond stress f,
resulting from the rapid variation of tensile stress in reinfor-
cement in beams, slabs, foundations etc. should be inves-
tigated by applying the formulae in section 18.3.3. For dense-
aggregate concrete with plain and type 1 deformed bars the
resulting values must not.exceed the limiting ultimate values
given in CP110: for type 2 deformed bars the Code values
may be increased by one-fifth. For plain bars the values given
in the Code correspond closely to those resulting from the
expression (f,, + 15)/20, while those for type 1 deformed bars
are 25%, greater. The ultimate local-bond stresses for various
values of f,, are tabulated on Table 92.
With lightweight-aggregate concrete, f,, must not exceed
one-half and four-fifths of the values given in CP110 for
dense-aggregate concrete when plain and deformed bars
respectively are used: see Table 92.
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4.7 DETAILS OF REINFORCEMENT

4.7.1 Length and size of bars

If attention is given to a number of points regarding the
length and size- of reinforcement bars, fixing the bars is
facilitated and the construction is more efficient. As few
different sizes of bars as possible should be used, and the
largest size of bar consistent with good design should be
used, thus reducing the number of bars to be bent and placed.
Large bars are cheaper than small bars. The basic price is
usually that of 16 mm or 5/8in bars, all larger bars being
supplied at this rate; smaller bars cost more for each size
below 16 mm or 5/8in.

Generally, the longest bar economically obtainable should
be used, but regard should be paid to the facility with which
a long bar can be transported and placed in position.
Consideration should also be given to the greatest length
that can be handled without being too whippy; these lengths
are about 6 m for bars of 8 mm diameter and less, 8 m from
8mm to 12mm, 12m for 16 mm, 18 m for 25mm, and 20 m
for bars over 30 mm. Corresponding limiting imperial values
are 20ft for bars of 5/16in diameter and less, 25ft from
5/16in to 1/2in, 40ft for 5/8in, 60ft for 1in, and 75ft for
bars over 1%in. The basic price only applies to bars up to
12m or 40 ft long, and extras for greater lengths are charged.
Bars up to 10 mm or 3/81in can be obtained in long lengths
in coils at ordinary prices and sometimes at lower prices.
Over certain lengths it is more economical to lap two bars
than to buy long bars, the extra cost of the increase in total
length of bar due to overlapping being more than offset by
the increased charge for long lengths. Long bars cannot
always be avoided in long piles, but bars over 12m or 40ft
require special vehicles which may result in delay and extra
cost.

The total length of each bar should, where possible, be
given to a multiple of 100 mm or 3 in and as many bars as
possible should be of one length, thus keeping the number
of different lengths of bars as small as practicable.

4.7.2 Bar-bending schedule

The method of giving bending dimensions and marking
the bars should be uniform throughout the bar-bending
schedules for any one structure. A system of bending
dimensions is illustrated in Tables 96 and 97 and conforms
to BS4466, which also gives standard forms of bending
schedules which are recommended to be adopted.

According to the Report of the Joint Committee of the
Concrete Society and the Institution of Structural Engineers
(ref. 33) a convenient method of allocating a reference
number to an individual bar is to use a six-character number,
the first three characters relating to the drawing number on
which the bar is detailed, the next two characters corres-
ponding to the schedule number, and the last character
giving the revision letter.

Materials and stresses

4.7.3 Detailing

To avoid non-uniform presentation of the details of rein-
forcement, it is advisable to adopt a standard method and,
in the United Kingdom, the method given in ref. 33 should
be followed.

4.7.4 Concrete cover

To ensure adequate durability by providing proper pro-
tection to the reinforcement, and to employ a sufficient
thickness of concrete around each bar to develop the
necessary bond resistance between the steel and the concrete,
it is necessary to provide an adequate cover of concrete over
the bars. Also, unless grouped as permitted by BS8110 and
CP110 (see Table 139), sufficient space must also be left
between adjacent bars. To comply with the requirements of
these Codes the minimum concrete cover should be as given
on Table 139: it should be noted that these values relate to
all reinforcement (i.e. including links etc.). B§5337 specifies
that the minimum cover to all reinforcement must be not
less than 40mm, and that this value should be increased
where the surface is liable to erosion, abrasion or contact
with particularly aggressive liquid.

The cover provided to protect the reinforcement from the
effects of exposure may be insufficient for adequate fire
resistance. Details of minimum thicknesses of concrete cover
to main bars to provide specified periods of fire resistance
according to BS8110: Part 2 are given on Table 81.

Since much of the deterioration of reinforced concrete is
due to the provision of insufficient cover to the bars, a
designer should not hesitate to increase the minimum cover
if it is thought desirable to do so. However, excessive
thickuesses of cover are to be avoided since any increase
will also increase the surface crack width.

4.7.5 Minimum spacing of bars

BS8110 and CP110 requirements regarding the minimum
spacing between individual bars or groups of bars are
summarized on Table 139.

In other cases the distance between two bars in any layer
in a beam should normally be not less than the diameter of
the bar, or 25mm or 1in, or the largest size of aggregate
plus 6 mm or 1/4in, whichever is the greater. The minimum
clear distance between successive layers of bars in a beam
should be 12mm or 1/2in and this distance should be
maintained by providing 12 mm or 1/2 in spacer bars at Im
or 3ft centres throughout the length of the beam wherever
two or more layers of reinforcement occur. Where the bars
from transverse beams pass between reinforcement layers,
spacer bars are unnecessary. If the bars in a beam exceed
25mm or lin in diameter, it is preferable to increase the
space between layers to about 25 mm or 1in. If the concrete
is to be compacted by vibration, a space of at least 7S mm
or 3in should be provided between groups of bars to allow
a poker-type or similar vibrator to be inserted.
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5.1 PROPERTIES OF CROSS-SECTIONS
OF MEMBERS

The geometrical properties of plane figures, the shapes of
which conform to those of the cross-sections of common
reinforced concrete members, are given in Table 98. The
data include areas, section moduli, moments of inertia, and
radii of gyration. Curves to simplify the calculation of the
moments of inertia of T-sections, which are also applicable
to other flanged sections such as L-beams and inverted
channels, are given in Table 101. These curyes are suitable
for cases when the amount of reinforcement provided need
not be taken into account, as in the case when comparing
moments of inertia (see section 16.1).

The data given in Tables 99 and M apply to reinforced
concrete members having rectilinear ana polygonal cross-
sections when the reinforcement is taken into account on
the basis of the modular ratio. Two conditions are consi-
dered, namely when the entire section is subjected to stress,
and when the concrete in tension in members subjected to
bending is not taken into account. The data given for the
former condition include the effective area, the position of
the centroid, the moment of inertia, the section modulus
and the radius of gyration. For the condition when amember
is subjected to bending and the concrete is assumed to be
ineffective in tension, the data provided include the position
of the neutral axis, the lever-arm, and the moment of
resistance. The corresponding general formulae for regular
and irregular sections are given in Chapter 19.

5.2 DESIGN OF BEAMS AND SLABS

At the time of writing, three basic methods of designing
reinforced concrete niembers are permitted by the Codes of
Practice in current use in the UK, namely limit-state
analysis, load-factor design and modular-ratio theory. Both
the modular-ratio and the load-factor method are permitted
by CP114; all design to both BS8110 and CP110 is under-
taken on the basis of limit-state principles. All three methods
employ certain common basic assumptions. e.g. that the
distribution of strain across a section is linear anu that the
strength of concrete in tension is usually neglected, together
with other assumptions that differ from method to method:
these assumptions are summarized briefly in the following
sections.

Chapter 5

Resistance of
structural members

For many years the modular-ratio or elastic method has
been used to prepare designs that are normally safe and
reasonably efficient for many widely differing types of
structures. The method is based on a consideration of the
behaviour under service or working loads only, assuming
that both steel and concrete behave perfectly elastically, and
employing permissible stresses determined by dividing the
material strength by an appropriate overall factor of safety.

Modular-ratio design has two principal shortcomings.
Although the assumption that the concrete behaves elastically
is not seriously incorrect within the range of stresses used
in design this does not hold for higher stresses, with the
result that at failure the distribution of stress over a section
differs markedly from that under service loads. It is thus
impossible to predict accurately the ratio between service
loading and that causing collapse (i.e. the factor of safety)
on the basis of modular-ratio design, and sections designed
to behave similarly under working loads may have entirely
different safety factors depending on the proportions,
positioning and relative strengths of the matetials provided.
The second principal drawback of the method is that certain
types of modular-ratio design, €.g. sections containing large
amounts of compression steel, are uneconomic and impracti-
cal as the section as a whole will fail before the full resistance
of its components is realized.

To overcome such shortcomings, the load-factor or
ultimate-load method was introduced in the 1957 edition of
CP114. With this method the resistance of a section is
assessed as failure is approached. However, to avoid the
necessity of employing both permissible service stresses and
ultimate stresses in a single design document, the load-factor
theory, as presented in CP114, was modified to enable the
saime permissible stresses employed in modular-ratio design
to be used. This adjustment also avoided the need to analyse
a structure for service loading when design was to modular-
ratio principles and for ultimate loading when load-factor
design was undertaken.

The familiarity resulting from the introduction of basic
load-factor principles in 1957 was instrumental in making
it possible to omit from CP110, published in 1972, any
explicit reference to modular-ratio theory and to introduce
a comprehensive design method, the limit-state theory, in
which the requirements for strength and stability are
expressed in terms of ultimate loads and ultimate stresses
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while satisféctory behaviour under service loads is also
ensured. By introducing two partial safety factors, one
relating to loads and the other to materials, uncertainties
that arise in assessing values for these terms are kept separate
and, as further statistical data become available, it will be
possible to amend the values of y used in design calculations
without having to make major revisions to the Code.

Since the publication of CP110, other documents have
appeared in which limit-state theory forms the design basis.
The Code of Practice for bridges, BS5400, is conceived
wholly in limit-state terms. In the document for water-
containing structures (BS5337), however, the designer is
given the choice of either following limit-state requirements
(in which the limit-state of cracking plays a dominant role)
based on those in CP110, or designing in accordance with
modular-ratio theory. BS8110, the successor to CP110,
which was published in 1985, is also written solely in terms
of the limit-state method.

5.3 LIMIT-STATE METHOD: ULTIMATE
LIMIT-STATE

When designing in accordance with limit-state principles as
embodied in BS8110 and similar documents, each reinforced
concrete section is first designed to meet the most critical
limit-state and then checked to ensure that the remaining
limit-states are not reached. For the majority of sections the
critical condition to be considered is the ultimate limit-state,
at which the strength of each section is assessed on the basis
of conditions at failure. When the member has been designed
to meet this limit-state it should be checked to ensure
compliance with the requirements of the various serviceability
limit-states, such as deflection and cracking, as described
later. However, since certain serviceability requirements, e.g,
the selection of an adequate ratio of span to effective depth
to prevent excessive deflection and the choice of a suitable
bar spacing to prevent excessive cracking occurring, clearly
also influence the strength of the section, the actual design
process actually involves the simultaneous consideration
of requirements for various limit-states. Nevertheless the
normal process in preparing a design is to ensure that the
strength of each section at failure is adequate while also
complying with the necessary requirements for serviceability.

5.3.1 Basic assumptions

In assessing the strength of any section at failure by rigorous
limit-state analysis, the following four basic assumptions are
laid down in BS8110 and CP110:

1. The resistance of the concrete in tension is ignored.

2. The distribution of strain across any section is linear, i.e.
plane sections before bending remain plane after bending,
and the strain at any point is proportional to its distance
from the neutral axis.

3. The relationship between the stress and strain in the
reinforcement is as shown in the diagrams on Table 103.

4. The relationship between the stress and strain in the
concrete is as shown in the diagram on T'able 102. Alter-
natively the distribution of stress in the concrete at failure
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may be satisfactorily represented by a uniform stress
acting over most or all of the compression zone. In both
cases the maximum strain at the compression face should
be taken as 0.35%; and the depth of the compression zone
is limited to one-half of the effective depth of the section
if tension steel only is provided.

Since the strain distribution across the compression zone is
linear, the first of the two relationships in assumption 4
results in the consideration of a concrete ‘stress-block’
having a shape which consists of a combination of a rectangle
and a parabola: it is hereafter referred to as the parabolic-
rectangular stress-block. An interesting feature is that the
relative areas contributed to the stress-block by the parabola
and the rectangle depend on the concrete strength, and
consequently the resulting expressions for the total com-
pressive force in the concrete, the position of the centroid
of compression, and the lever arm are rather complex. Data
to facilitate the calculation of the shape, size etc. of this
stress-block and to simplify the use of the stress—strain curve
are given in Table 102: see also section 20.1.1.

The alternative assumption of a uniform distribution of
stress in the concrete leads to a uniform rectangular stress-
block. BS8110 proposes a stress of 4f1,,/9 extending over a
depth of 0.9x with a centroid at a depth of 0.45x, while
CP110 adopts a stress of 2f,,/5 extending to the neutral
axis with a centroid that is located at one-half of the depth
of the compression zone.

As a result of assumption 3 above, the design stress in
the reinforcement depends on the corresponding strain in
the steel. Since this is determined by the linear distribution
of strain across the section being considered, which in turn
is controlled by the maximum strain in the concrete and the
position of the neutral axis, the strain and thus the stress in
the steel are functions of the ratio of x/d. Thus, as explained
in section 20.1.2, the maximum design stress Sfyaz in the
tension reinforcement can be directly related to f,,7,, and
x/d, while the maximum design stress f,;, in the compression
reinforcement is related to f,,y,,x/d and d'/d. Then if the
ratios x/d and d'/d are known or assumed, the corresponding
design stresses f,;; and f,4, can be calculated for given
values of f, and y,, by using the expressions given on Table
103; whereas, if the value of f, corresponds to those given
in BS8110 or CP110 and y,, = 1.15, f,, and f,,, can be read
from the scales on Table 104.

5.3.2 Design methods using rigorous analysis

Position of neutral axis. A feature of the ultimate limit-
state design procgdffig-is that when rigorous analysis is
employed the choi ¢ neutral-axis position is left to the
designer, providedvigiicisg sections reinforced in tension
only, the depth to The neutral axis x must not exceed d/2. The
correct choice of x is important for two principal reasons.
Firstly, the amount of moment redistribution permitted by
BS8110 and CP110 at a given section is related to x/d by the
expression x/d % (0.6 — B,.,), where B,., is the ratio of the
reduction in resistance moment to the largest moment. Thus
to achieve a 109 reduction in moment, x/d must not exceed
0.5; for the maximum permissible reduction of 30%, x/d must
not exceed 0.3; and so on. Thus x/d should be selected to
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permit the required amount of moment redistribution to be
achieved.

In addition, as previously described and as can easily be
seen from Table 103, the ratio x/d also determines the strains
and hence the corresponding design stresses in the tension
and compression steel. For ratios of x/d below the limiting
value of 8054'/(805 — f,)d with BS8110 and 2.333d'/d with
CP110, the strain in the compression steel is less than the
limiting vaiue, and the corresponding design stress f,,, in
this reinforcement must be reduced accordingly. For greater
ratios of x/d both tension and compression steel work at
their full design strength until x/d reaches a value of
805/(805 + f,) with BS8110 and 805/(1265 + f,) with CP110;
at this point the critical strain in the tension steel is reached,
and beyond it the design stress f,,, must be reduced as
indicated on the table to correspond to the limiting strain
and hence the actual value of x/d.

It is clearly advantageous where possible to avoid provid-
ing reinforcement that is working at less than its maximum
design value. It is usually equally clearly advantageous to
make x as large as practicable since this means that, in
sections reinforced in tension only, a given resistance moment
can be provided with the minimum effective depth, whereas
in sections with both tension and compression steel the
greater the value of x the less the amount of compression
steel required. Thus, unless the value of x/d is limited by the
need to obtain a certain proportion of moment redistri-
bution, it should normally be selected so that the corres-
ponding strain in the tension reinforcement is at its limiting
value (i.e. at points A and C on the stress—strain design
curves for BS8110 and CP110, respectively). In sections
reinforced in both tension and compression, it can be shown
that such a choice usually minimizes the total reinforcement
needed to provide a specified resistance moment with a
section of given dimensions. A lesser value of x/d requires
more compression steel but less tension reinforcement, while
the decrease in compression steel required with a greater
value of x/d is more than outweighed by the increase in
tension reinforcement needed to work at the lower permis-
sible stress: see the diagram and discussion in section 20.1.4.

Alternatively, with sections reinforced in tension only, it
may be advantageous to adopt the maximum permissible
value of x/d of 0.5 even if this involves reducing f,4,. When
designing to BS8110 requirements and where, with CP110,
f, does not exceed 345 N/mm?, the corresponding limiting
value of x/d to avoid reducing the design stress in the tension
steel is not less than 0.5 and thus it is not necessary to
reduce f,,;,. However, according to CP110, when f, exeeeds
345N/mm? (ie. for all types of steel described in clause
3.1.4.3 other than hot-rolled mild steel) the limiting value
of x/d is less than 0.5, and if x is taken as d/2 the stress in
the tension steel must be reduced accordingly. This situation
thus resembles that in modular-ratio design where, for a
given permissible concrete stress, the limiting value of
M,/bd? and thus the resistance moment of a particular
section reinforced in tension only can be increased by
decreasing the stress in the steel, although this expedient is
‘uneconomic’ in terms of the extra reinforcement that must
be provided.

In such a section a slight design complication arises if the
actual depth of section provided is greater' than that
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theoretically needed, since this effectively reduces the x/d
ratio. Thus to determine the true amount of tension steel
necessary it is first desirable to recalculate the actual value
of x/d in order to establish the corresponding design stress
in the steel. While it is always safe to employ the value of
fya2 corresponding to the minimum effective depth and
merely to adjust the amount of reinforcement necessary in
proportion to the ratio of the minimum effective depth to
that provided, it is more economicai to recaicuiate x/d as
described, and this is perhaps simpler if a uniform rectangular
stress-block is adopted. The procedure is illustrated in the
examples in section 20.1.

5.3.3 Simplified formulae for rectangular
and flanged sections

As an alternative to rigorous limit-state analysis using basic
principles, CP110 provides a series of simpiified expressions
for designing rectangular and flanged sections reinforced in
tension only and rectangular beams with both tension and
compression reinforcement, provided that d’ does not exceed
d/5. The formulae are based on the assumption of a
rectangular concrete stress-block with a uniform concrete
stress of 21_,/5 and with a fixed depth to the neutral axis x
of d/2 when compression reinforcement is provided, so that’
moment redistribution is limited to a maximum of 109, when
these expressions are used.

An interesting feature, however, is that when using these
expressions it is not necessary to reduce the design stress in
the tension reinforcement even when x/d exceeds the value
at which the strain in this reinforcement becomes less than
0.002 + £,/230000. Thus for sections reinforced in tension
only, when adopting a rectangular concrete stress-block, the
use of these simplified formulae occasionally leads to the
need for slightly less reinforcement to resist a given moment
than when a rigorous analysis is undertaken, in those cases
where the limiting strain would otherwise require a reduction
in the corresponding design stress. For example, with
f,=460N/mm?, this would apply for values of M,/bd*f,,
of between 0.143 and 0.150, and with the greater value about
4.5% less reinforcement would be needed when using the
simplified expressions. Since the CP110 simplified expressions
are derived from the same fundamental assumptions, the
resistance moment due to the concrete is near-identical
whether these expressions or a rigorous analysis with a
rectangular stress-block are employed; the only discrepancies
result from some simplification in the numerical values in
the expressions given in CP110.

BS8110 also provides (in clause 3.4.4.4) various design
exﬁressions. Unlike those in CP110, however, the BS8110
formulae are more strictly in accordance with rigorous
analysis using a uniform rectangular concrete stress-block,
and their use shows little saving in labour over the exact
expressions given on Table 105.

5.3.4 Comparison between design methods

With rigorous limit-state analysis, the direct resistance in
compression obtained when a uniform rectangular stress-
block is assumed is 0.4f,bx, and thus ranges from 10bx
when f,, is equal to 25N/mm? to 20bx when f,, equals
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Resistance moment M,
Concrete Neutral-axis Percentage increase in M,
strength depth factor (i) Parabolic- (ii) BS8110 (iiiy CP110 provided by (i)
{(N/mm?) x/d rectangular rectangular rectangular
stress-block stress-block stress-block over (ii) over (iit)
25 0.3 2.607bd* 2.595hd? 2.550hd +0.5 +22
0.6* 4.389hd? 4.380bd? 4.200bd? +02 +45
. 03 3.101bd? 3.114bd? 3.060b4> ~04 +13
0.6* 5.231bd? 5.256bd? 5.040bd? —-05 +38
50 0.3 5.015bd? 5.190b4? 5.100bd? —34 - 1.7
0.6* 8.516bd> 8.760bd* 8.400hd? —28 +14

*Such a vaiue can only be adopted if compression reinforcement is provided.

50 N/mm?. These values compare with resistances of 10.06bx
and 19.26bx respectively when a parabolic-rectangular stress-
block is assumed. It can in fact be shown that for values of
fou Of less than 28.14 N/mm? the choice of a parabolic-
rectangular stress-block gives the greater direct resistance,
whereas for higher values of f,, the resistance due to a
uniform rectangular stress-block is greater. Alsq, the depth
to the centroid of a parabolic-rectangular stress-block varies
between 0.455x and 0.438x as f,, increases from 25 to
50 N/mm?, compared with constant values of 0.45x and 0.5x
for a umform rectangular stress-block according to BS8110
and CP110 respectively.

The relationship between the moments of resistance
provided by the alternative assumptions depends on the
ratio of x/d selected, but typical comparative figures are as
in the accompanying table. These values indicate that, while
normally showing a slight advantage over the CP110
uniform rectangular distribution of stress, the choice of a
parabolic-rectangular stress distribution in the concrete is
most advantageous for lower values of f_, and higher ratios
of x/d. Perhaps more important when working to CP110 is
the fact that, for a given applied ultimate moment, a
parabolic-rectangular distribution of stress normally leads
to the need for a lower x/d ratio and thus, if this ratio is
greater than that corresponding to the critical strain in the
tension reinforcement, to the need to reduce the design stress
in the steel less severely than if a uniform rectangular stress-
block is adopted. However, for other than simple rectangular
sections the calculations with a parabolic-rectangular stress-
block are often extremely complex and the choice of a
uniform rectangular stress-block here is most desirable.

When designing sections reinforced in tension only to
CP110, it is sometimes slightly advantageous and never
disadvantageous to use the simplified Code expressions
rather than to carry out a rigorous analysis with a uniform
rectangular stress-block. However, a slight advantage, in
terms of achieving an increased resistance moment and a
slight reduction in steel, may be obtained by adopting a
parabolic-rectangular stress-block, expecially with low values
of f.

Itis shown later that the assumption of the CP110 uniform
rectangular stress-block is particularly disadvantageous
when considering sections subjected to combined bending
and thrust where the latter predominates. This is because,

when x equals & for example, the assumed shape of the
parabolic-rectangular (and BS8110 uniform rectangular)
stress-block still provides some resistance to bending, where-
as in such a condition the CP110 stress-block does not. The
purpose of the uniform rectangular stress-block is to provide
a simple yet fairly accurate representation of the parabolic-
rectangular distribution to use in calculations which would
otherwise be unnecessarily complex (ref. 35); in BS8110 the
correspondence has been considerably improved, while
simplicity has been maintained, by employing a uniform
stress of 0.67/y,, over a depth of 0.9x, as can be seen from
the table in this section. The table also indicates that when
working to BS8110 with concrete strengths of 30 N/mm? or
greater it is more economical, as well as simpler, to employ
a uniform rectangular rather than a parabolic-rectangular
stress-block.

For sections reinforced in tension and compression, use
of the appropriate CP110 simplified expressions is generally
uneconomical, since a design stress of 0.72f, is specified in
the compression reinforcement as a simplification for 2000,/
(2300 + f,), resulting in the need to provide much higher
proportions of p” than when a rigorous analysis is employed.
This simplification is particularly disadvantageous for low
values of f,: for f, =250 N/mm?, for example, the accurate
expression for f,;, =0.784f,, and thus nearly 9% more
compresston steel must be provided if the simplified expres-
sions are used for design.

5.3.5 Design procedures and aids

Rectangular sections reinforced in tension only.
When designing a rectangular section reinforced in
tension only to resist a given ultimate moment, the normal
procedure is to calculate the minimum effective depth needed
but to provide a somewhat greater value of d based on the

"adoption of a convenient round figure for the overall section

depth; the steel required is then calculated for this increased
depth. With rigorous limit-state design this procedure may
occasionally be slightly more complex than usual since with
CP110. If f, is greater than 345N/mm? and d,,;, has been
determined by adopting a value of x/d that exceeds that
corresponding to the critical strain in the tension reinforce-
ment, it is then necessary to recalculate the actual ratio of x/d
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corresponding to the effective depth provided in order to
determine the actual stress in the steel, before the area of
reinforcement needed can be calculated. Thus for such
sections the use of design charts is particularly advantageous
since the necessary manipulations can be undertaken swiftly
and simply.

The design charts in Part 3 of BS8110 and Part 2 of
CP110 are based on the adoption of a parabolic-rectangular
concrete stress-block with rigorous limit-state analysis.
Those forming Tables 110 and 111 of this book have been
prepared using the BS8110 uniform rectangular stress-block
with rigorous limit-state theory, while those provided on
Tables 112 to 114 employ the CP110 simplified expressions.
All of these charts can only be used for the types of steel
having the values of f, set out in clauses 3.1.7.4 of BS8110
and 3.1.4.3 of CP110. For other values of f,, the simplified
expressions given in BS8110 and CP110 are the least trouble
to apply, either in"their original form or as rearranged on
Tables 105 and 106: see also ref. 79. A similar chart to those
given on Tables 112 to 114 but catering for any value of f,
forms data sheet 12 in Examples of the Design of Buildings.

The ultimate moments of resistance and areas of steel
required for slabs of various overall thicknesses are given
in Tables 115 and 116. Those in Table 115, for values of f,,
of 25, 30 and 40 N/mm? and f,, of 250 and 460 N/mm?, have
been calculated using the BS8110 uniform rectangular
stress-block and rigorous limit-state analysis: those forming
Table 116, for values of f,, of 20, 25 and 30 N/mm? and f,
of 250, 425 and 460 N/mm?2, have been calculated using the
simplified design expression given in CP110.

Rectangular sections with tension and compression
reinforcement. When both tension and compression rein-
forcement is provided, the dimensions of the section are
normally predetermined or assumed and it is merely nece-
ssary to calculate the areas of steel required. Since with a
rigorous analysis the choice of x/d is left to the designer
unless controlled by the amount of redistribution required, a
wide range of values of p and p’ is usually possible, depending
on the particular ratio of x/d selected.

Design curves based on a rigorous limit-state analysis
with a parabolic-rectangular distribution of stress in the
concrete are given in Part 3 of BS8110 and Part 2 of CP1 10,
and enable p and p’ corresponding to given values of M, /bd?
and x/d to be selected for a series of values of S f, and
d'/d. However, as illustrated in the examples in section 20.1,
the design of such sections from basic principles or formulae
is rather simpler than in the case of sections reinforced in
tension only, and such methods may be found useful to
avoid the complex interpolation that may be needed when
sets of design charts are employed. Alternatively, Tables 105
and 107 may be found useful for checking designs prepared
by other means.

Design charts based on rigorous limit-state analysis with
a uniform rectangular distribution of stress in the concrete
are given in ref. 5.

Since they presuppose a ratio of x/d of 0.5, the CP110
simplified expressions lead to specific values of p and p’ for
given values of M, /bd?, f.., f, and d'/d. The design charts
forming Tables 112 and 114 have been extended to give
values for p and p’ for sections reinforced in tension and
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compression for values of M,/bd* of up to 6 when d'/d = 0.1:
other ratios of d'/d can be catered for as described in the
notes on the tables. As discussed above, the use of the CP110
simplified expressions is rather uneconomic, especially when
providing large proportions of compression steel, but the
inclusion of these data on the same design charts may be
useful for preliminary design or checking purposes.

By setting a similar restriction of x/d = 0.5, similar curves
for the design of doubly-reinforced sections according to
rigorous limit-state analysis with the BS8110 uniform rect-
angular stress-block are included in Tables 110 and 111.
These curves are only applicable when d'/d = 0.1, but other
ratios of d'/d can be catered for as described in section 20.1.6.
To design doubly-reinforced sections with other ratios of
x/d it is simplest to use the design formulae given in
Table 105.

Flanged and other sections. When designing flanged
sections, the basic dimensions have usually already been
decided. Three possible conditions may occur, as shown in
the sketches at the bottom of Table 109. If the value of x
corresponding to a given applied ultimate moment and
calculated on the effective width of the flange is found to be
less than the flange thickness h , the section may be designed
for bending as a simple rectangular beam using the design
methods and aids already described. However, if x exceeds h,
it is necessary to consider the assistance of the web section. If
a parabolic-rectanguiar stress-block is assumed and (1
— k3)x exceeds h, the distribution of compressive stress over
the flange area is uniform and is equal to4£,,/9. However, if x
is between h, and h /(1 —k;) the parabolic-rectangular
diagram representing the compressive stress in the flange is
truncated, as shown on Table 109. In this case thc adoption
of a rectangular stress-block is recommended, as such
calculations with a parabolic-rectangular stress-block are
unnecessarily complex: a suitable design procedure is out-
lined by the flow-chart forming Table 109.

The formulae for flanged beams given in clauses 3.4.4.4
and 3.4.4.5 of BS8110 are based on rigorous analysis with
a uniform rectangular stress-block and, when x exceeds h/,
are only applicable where redistribution is limited to 10%]
(i.e. x/d > 0.5) and where compression steel is unnecessary.
If these conditions are not met the design procedure outlined
on Table 108 must be adopted. Otherwise such sections can
be designed using Tables 110 and 111, where limiting ratios
of h/d corresponding to values of M, /bd? and f,, are plotted.
Provided that the ratio of h,/d rcad from the appropriate
chart does not exceed the true value, the section acts as 4
rectangular beam: otherwise the procedure set out on
Table 108 must be employed.

The simplified expressions given in CP110 include for-
mulae for flanged beams that give the maximum ultimate
moment of resistance of the concrete section based on the
assumption of a rectangular distribution of stress in the
concrete over the depth of the flange only. These expressions
may be rearranged to give limiting values of h, corresponding
to given values of M,/bd* and f,,, and as such they are
incorporated on the design charts on Tables 112-114.
Provided that the required ratio of h/d read [rom the charts
for given values of M, /bd? and f,, does not exceed the actual
ratio of h/d provided, the section acts as a rectangular beam
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and can be designed as such from these charts. If not, a
rigorous limit-state analysis must be undertaken as outlined
on Table 109.

Sections having other irregular sections can be designed
most conveniently by employing a rigorous limit-state
analysis with a rectangular concrete stress-block. A typical
example of such a calculation is given in example 5 in
section 20.1.

5.4 MODULAR-RATIO METHOD

The modular-ratio method is based on a consideration of
the behaviour of the section under service loads only. The
strength of the concrete in tension is neglected (except in
certain cases in the design of liquid-containing structures)
and it is assumed that for both concrete and reinforcement
the relationship between stress and strain is linear (i.e. that
the materials behave perfectly elastically). The distribution
of strain across a section is also assumed to be linear (i.e.
sections that are plane before bending remain plane after
bending). Thus the strain at any point on a section is
proportional to the distance of the point from the neutral
axis and, since the relationship between stress and strain is
linear, the stress is also proportional to the distance from
the neutral axis. This gives a triangular distribution of stress
in the concrete, ranging from zero at the neutral axis to a
maximum at the compression face of the section. Assuming
that no slipping occurs between the steel and the surrounding
concrete, the strain in both materials at that point is identical
and, since the modulus of elasticity E of a material is equal
to the stress f divided by the strain ¢, the ratio of the stresses
in the materials thus depends only on the ratio of the elastic
moduli of steel and concrete. This ratio is known as
the modular ratio %,. The value of E for steel is about
210 x 10° N/mm?, but for concrete the value of E depends
on several factors (see section 18.1.4) including the strength
of the concrete. In some Codes of Practice a variable
modular ratio depending on the concrete strength is recom-
mended, but others, such as CP114 and BS5337, specify a
fixed value irrespective of the strength of the concrete.
Commonly adopted values of «, are 15 for normal-weight
concrete and 30 for lightweight concrete.

The internal resistance moment of a member is assumed
to result from the internal resisting couple due to the
compressive resistance of the concrete (acting through the
centroid of the triangular distribution of compressive stress)
and the tensile resistance of the tension reinforcement. The
arm of this resisting couple, i.e. the distance between the
lines of action of the resultant forces, is known as the
lever-arm. Formulae for the position of the neutral axis, the
lever-arm, the moments of resistance and the maximum
stresses in rectangular and flanged sections (i.e. T-beams and
L-beams) resulting from the foregoing principles are given
in Table 117. For beams of other regular cross-sections, the
expressions for the lever-arm and moments of resistance
given in Tables 99 and 100 are applicable. For a member
of any general or irregular cross-section, the method of
design described in section 20.2.10 may be used.

According to modular-ratio theory, for members rein-
forced in tension only, each of the ratios involving the depth
to the neutral axis (i.e. x/d), the lever-arm (z/d), the proportion
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of reinforcement (p), the ratio of maximum stresses (f,,/f.,)
and the moments of resistance of the section in terms of the
maximum stress in the concrete or steel (M,/bd*f,, and
M,/bd* f,;) may be expressed directly in terms of each other
individual ratio and b,d and «, only. The relevant formulae
are sometimes complex and are therefore not given here,
but may easily be derived from the formulae given in
Table 117. These interrelationships are shown by the scales
on the left-hand side of Table 120 for any modular ratio.
When the value of «, is 15, the terms involved are somewhat
simplified, and the corresponding interrelationships are
shown by the scales on the right-hand side of Table 120.

5.4.1 Rectangular beams

Formulae 1(b) and 1(c) in Table 117 apply to rectangular
beams whether reinforced in tension only or in tension and
compression, and give the depth-to-neutral-axis ratio x/d in
terms of the proportions of tension and compression steel,
ie. p and p’ respectively. For sections reinforced in tension
only, values of x/d corresponding to various values of p, or
conversely, may be read from the scales on Table 120.

The expressions for the lever-arm z when tension steel
only or both tension and compression steel are provided
are given by the formulae 3 and 3(a) in Table 117.

The moment of resistance of a rectangular beam reinforced
in tension only is given by formulae 5 and 5(a), depending
on whether the resistance to compression or tension deter-
mines the strength. Values of these moments of resistance
(M,y/bd*f,, and M,/bd*f,, respectively) corresponding to
various values of p, x, z or f,,/ f,, may be read from the scales
on Table 120.

The moment of resistance in compression can be expressed
conveniently in terms of a factor K, such that M, =
K oncbd?. Values of K ,,.( = M,/bd*) for various stresses with
o, = 15 can be read from the charts on Table 118 in SI units
and on Table 119 in imperial units. The corresponding
values of p required can also be read from these charts.

A more detailed account of the various design aids
provided and of their use is given in section 20.2.

When a sufficient depth or breadth of beam cannot be
obtained to provide enough compressive resistance from the
concrete alone, compression reinforcement must be provided.
This extra reinforcement is not generally economical, al-
though some concrete is saved by its use, but in some cases,
such as at the support sectiens of continuous beams, the
ordinary arrangement of the reinforcement provides com-
pression reinforcement conveniently. The maximum amount
of such reinforcement should not exceed 0.04bk in accordance
with CP114 and compression reinforcement in excess of this
amount should be neglected in calculating the resistance of
the beam.

If the compressive resistance provided by the concrete is
not neglected, the moment of resistance of a beam with
compression reinforcement is the sum of the moments of
resistance of the concrete and the compression reinforce-
ment. The moment of resistance of the concrete is calculated
as for a beam with tension reinforcement only, and the
additional moment of resistance due to the compression
reinforcement is as given by formula 5(b) in Table 117, in
which x is based on formula 1(c). The maximum stresses
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due to a given bending moment are derived from formulae
11, in which z is based on the value of z calculated from
formula 3(a) or approximately from 3(b), and x is determined
from formula 1(c); note that formula 3(b) does not apply if
7' is small compared with p.

The rational limit of application of the formulae for
rectangular beams with compression reinforcement is when
AL = A, and for this condition the moment of resistance 15
given by

Tix 1\ . o fx=d\/, d\],,
M.,—[zd(l 3d)+mae—l>(——x )(lvd)Jﬁ,bd

and the proportion of tension reinforcement, which is equal
to the proportion of compression reinforcement, is given by

, Ix [ fa x—d
-allfe (5]

p=p -
To prevent the compression reinforcement from buckling,
links should be provided at a pitch not exceeding twelve
times the diameter of the smallest bar in the compression
reinforcement. The binders should be so arranged that each
bar is effectively restrained.

5.4.2 Balanced design

In the design of a beam it is of course necessary to ensure
that the permissible stresses in the steel and the concrete
are not exceeded, but it is also desirable generally for the
maximum stresses to be equal to the permissible stresses.
When this condition is obtained, the design is considered
to be balanced. There is, for each ratio of permissible stresses,
a proportion of tension and compression (if provided)
reinforcement which gives balanced design, and expressions
for this amount are given in formulae 9 and 9(a)in Table 117.
The percentage of reinforcement corresponding to the
proportion for a given ratio of stresses is sometimes called
the economic percentage, but this may be somewhat mislead-
ing since the relative amounts of steel and concrete in the
most economical beam depend not only on the permissible
stresses but also on the cost of the materials and formwork.

5.4.3 Steel-beam theory

If the amount of compression reinforcement required equals
or exceeds the amount of tension reinforcement when using
the formulae in Table 117, the beam may be designed by
the steel-beam theory in which the compressive resistance
provided by the concrete is neglected and A=A, =M,/
(d—d)f,. When this method of design is adopted, the
spacing of the links should not exceed eight times the
diameter of the bars forming the compression reinforcement,
and f,, should be equal to the permissible value of f,. The
indiscriminate application of the steel-beam theory is not
recommended. At first sight it might seem that a beam of
any size can be designed to resist almost any bending
moment irrespective of the compressive stress in the concrete.
In fact, however, with a theoretical stress of 125 N/mm? in
the reinforcement, the theoretical compressive stress in the
surrounding concrete may exceed 8 N/mm?, which for
ordinary concrete leaves very little margin for accidental
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overloading, the differences between theoretical and actual
bending moments and stresses, poor workmanship, and
similar factors. Partial safeguards against unreasonable use
of the steel-beam theory include the provision of a sufficient
area of concrete to resist the shearing forces, the space
required for the bars in the top and bottom of the beam,
and the reduction of the lever-arm that results from the fact
that the large numbers of bars needed require more than
one layer of reinforcement in the top and bottom of the
section.

5.4.4 Flanged beams

Ifa flanged section, such as a T-beam, an L-beam or an I-beam
is constructed monolithically with the slab, the slab forms
the compression flange of the beam if the bending moment
is such that compression is induced in the top of the beam.
If a slab extends an equal distance on each side of the rib,
i.e. the beam is a T-beam, or if the slab extends on one side
of the rib only, i.e. in the casc of an L-beam (or an inverted
L-beam), the breadth of slab assumed to form the effective
compression flange should not exceed the least of the
dimensions given in the lower part of Table 91.

There are two design conditions to consider, namely when
the neutral axis falls within the thickness of the slab and
when the neutral axis is below the slab. In the former case
a flanged beam is dealt with in exactly the same way as a
rectangular beam having a breadth b equal to the effective
width of the flange. If the neutral axis falls below the slab,
the small compressive resistance afforded by the concrete
between the neutral axis and the underside of the slab is
often neglected, and then the corresponding formulae in
Table 117 apply. Note the approximate expression for the
lever-arm in formula 4(a); this value is usually sufficiently
accurate for most T-beams and L-beams.

It is uncommon for beams with compression flanges to
require compression reinforcement, but if this 1s unavoidable
the same principles apply as for rectangular beams. The
theoretical formulae for this case are too complex to be of
practical value, although they may be of some use for
I-beams, the design of which is described in section 20.2.11.

5.4.5 Beams with concrete effective in tension

In the design of liquid-containing structures and some other
structures, the resistance to cracking of the concrete in the
tension zone is important. Such members are therefore
calculated taking the concrete as effective in tension. The
corresponding formulae for rectangular and flanged beams
are given in the lower part of Table 91.

5.4.6 Proportions and details of beams

The dimensions of beams are primarily determined from
considerations of the moment of resistance and the resistance
to shearing force, but beams having various ratios of depth
to breadth may give the resistances required. In practice
there are other factors that also affect the relative dimensions.

A rule for determining a trial section for a rectangular
beam or T-beam designed by modular-ratio principles is
that the total depth should be equal to about one-twelfth
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of the span. The breadth of a rectangular beam or the
breadth of the rib of a T-beam is generally from one-third
to equal to the total depth; for rectangular beams in buildings
a reasonable breadth is one-half to two-thirds of the total
depth; in industrial structures beams having proportions
of breadth to depth of one-hall to one-third are often
convenient. The lower ratio in each case applies principally
to T-beams. Much, however, depends upen the conditions
controlling a structure, especially such factors as clearances
below beams and the cross-sectional area required to give
sufficient resistance to shearing. The breadth of the beams
should also conform to the width of steel forms or timber
commercially available. In buildings, the breadth of beams
may have to conform to the nominal thicknesses of brick
or block walls. If the ratio of the span to the breadth of a
beam exceeds 30, the permissible compressive stress in the
concrete must be reduced.

The breadth of the rib of a flanged beam is generally
determined by the cross-sectional area required to resist the
applied shearing force, but consideration must also be given
to accommodating the tension reinforcement.

Various methods of designing sections or of determining
the stresses induced therein, by using either charts, tables
or formulae, are given in section 20.2, together with examples
in the use of these tables.

5.4.7 Solid slabs

A slab is generally calculated for a strip 1 m or 1ft wide;
hence a slab is equivalent to a rectangular peam with
b=1000mm or 12in. The moment of resistance and the
area of reinforcement required are then expressed per unit
width. The formulae in Table 117 for rectangular beams
also apply to slabs but, as b is constant, the expressions may
be modified to facilitate computation. For example, the
effective depth and area of reinforcement required can both
be expressed as simple functions of the applied bending
moment.

Notes on the rcinforcement of solid slabs are given in
section 20.5.1. The use of compression reinforcement in slabs
is unusual but, if provided, the calculation is the same as
for a rectangular beam. Links or other means of preventing
the compression bars from buckling should be provided at
centres not exceeding twelve times the diameter of the
compression bars; otherwise the bars in compression should
be neglected when computing the resistance. Reinforcement
to resist shearing is not generally necessary in slabs. Shearing
stresses need not normally be considered unless the span
is small and the load is large. The thickness of a slab
should comply with the limiting span/effective-depth ratio
requirements.

5.5 SERVICEABILITY LIMIT-STATES

The two principal controlling conditions corresponding to
serviceability limit-state requirements according to BS8110
and CPI110 are the prevention of excessive deflection and
the prevention of excessive crack widths. To minimize the
amount of calculation that would otherwise be necessary,
both Codes provide various rules regarding serviceability;
compliance with these requirements should ensure satis-
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factory behaviour under the loads corresponding to this
limit-state. The simplified rules set out in these Codes may,
however, be disregarded provided that the designer can
produce appropriate detailed calculations to show that the
resulting sections meet specified basic criteria for maximum
deflection and maximum crack width: the same calculations
are also necessary for those cases where the simplified
requirements given in the Codes are not applicable. Methods
of producing such caiculations are described in Part 2 of
BS8110 and Appendix A of CP110. These requirements are
summarized on Tables 136 and 138.

It should be noted that, even if design in accordance with
either Code is not being undertaken, compliance with the
requisite requirements may be advantageous since the
criteria presented represent the synthesis of a very great deal
of research into these important aspects of the behaviour of
reinforced concrete members.

5.5.1 Deflection

The deflection of reinforced concrete members cannot be
predicted with any certainty. This fact is not particularly
important where only comparative deflections are required
since the indefinite numerical values offset each other to a
large extent. If actual deflection values must be calculated,
they may be estimated reasonably well by the careful use of
the rigorous procedure set out in BS8110 and CP110.

In the past, deflections have been calculated approximately
from the expression FI*K’'/E I, where F is the total service
load on the member, / is the span, E, is the modulus of
clasticity of concrete in compression, I, is the equivalent
moment of inertia of the section and K’ is the deflection
coefficient depending on the type of loading and the
conditions at the supports of the member. Values of K’ for
various types of loading can be obtained from the formulae
and curves on Tables 23 to 28. If all the terms are in units
of millimetres and newtons, the resulting deflection will be
in millimetres; if they are in units of inches and pounds, the
deflection will be in inches.

An appropriate value of E, may be read from the curves
on Table 79; however, if a more accurate value can be
obtained from tests on the concrete to be used, this should
be employed. The moment of inertia should be expressed
in concrete units and should be that at the point of maximum
positive bending moment. In this instance, the moment of
inertia should be computed for the whole area of the concrete
within the effective depth, ie. the area of the concrete
between the neutral axis and the tension reinforcement
should be included as well as that above the neutral axis.
The areas of tension and compression steel should be consi-
dered by transforming them into an equivalent additional
area of concrete by multiplying the area of the reinforcement
by the effective modular ratio (¢, — 1), where «, = 200/E, in
metric units or 30 x 10%/E, in imperial units. The moment
of inertia should be taken about the centroid of the trans-
formed area and is approximately (1 + 4o, p)bd>/12(1 + «_p)
for a rectangular section reinforced in tension only, the
proportion of tension reinforcement being p. The corres-
ponding expressions for rectangular beams with compression
steel and for T-beams are those for I, given on Table 136.

The rigorous procedure described in BS8110 and CP110,
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which is summarized on Table 136, consists of an extended
complex version of the above calculation. Having determined
the service moment and the properties of the transformed
section, and taking a value of E, of one-half of the instan-
taneous value read from the graph on Table 79 or obtained
elsewhere, the particular curvature being considered is
calculated on the assumption that the section is both cracked
and uncracked, and the more critical value is adopted. The
total long-term curvature is then evaluated by adding and
subtracting the instantaneous and long-term curvatures due
to the total load and permanent load as shown on Table 136,
the effects of creep and shrinkage also being taken into
account. Finally the actual deflection is calculated by
integrating the curvature diagram for the member twice or
by using a deflection factor K. This factor represents the
numerical coefficient relating to the curvature at the point
where the deflection is calculated (i.e. at midspan for a freely
supported or fixed span and at the free end in the case of
a simple cantilever) divided by the numerical coefficient
representing the maximum bending moment on the member
(or the maximum positive moment in the case of a fixed
member). Note that if the curvature is measured at midspan
the resulting deflection given by this method is that at
midspan. If the load is not arranged symmetrically on the
span this will be slightly less than the maximum deflection,
but the resulting difference is negligible.

Instead of calculating the total long-term curvature and
then calculating the resulting deflection, it is possible
to determine the maximum deflection by summing the
individual deflections obtained for the various loading
conditions. By so doing the difficulty of having to select a
particular value of K to represent the total loading arrange-
ment is avoided. However, where the same type of loading
occurs throughout, the previous method is perhaps simpler
to follow.

BS8110 requires that, for appearance purposes, any def-
lection should be limited to span/250 and also, in order to
prevent damage to non-structural elements, deflections must
not exceed span/500 or 20mm for brittle materials and
span/350 or 20mm for non-brittle materials and finishes.
Lateral deflections due to wind must not exceed storey
height/500.

The two basic requirements of CP110 are that the
long-term deflection (including all time-dependent effects
such as creep and shrinkage as well as those of temperature)
of each horizontal member below the supports must not
exceed span/250, and that any deflection occurring after the
construction of a partition or the application of a finish
must not exceed span/350 or 20 mm.

The rigorous procedure for calculating deﬂectlons 1s
described in considerable detail in Examples of the Design
of Buildings, which includes charts to assist in the calculation
of the sectional properties of rectangular and flanged beams
and to facilitate the calculation of K-factors. Area-moment
. coefficients are required when investigating the effects of the
rotation of cantilever supports, and further charts giving
such coefficients are provided. The rigorous procedure is
also discussed at some length in ref. 36.

As already described, compliance with the Code require-
ments for the serviceability limit-state of deflection for beams
and slabs can be achieved either by providing detailed
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calculations or by observing limiting slenderness ratios. The
latter procedure involves selecting a basic ratio of span to
effective depth relating to the actual span and the support
fixity conditions, which is then multiplied by factors due to
the amount of and service stress in the tension reinforcement
and to the amount of compression steel provided. For flat
slabs, hollow-block, ribbed and voided slabs, -and flanged
beams, multiplication by a further factor is necessary; if
lightweight concrete is used, yet another multiplicr must be
employed.

Since the initial span/effective-depth ratio is directly
related to the span, it is possible to simplify the foregoing
procedure slightly by tabulating the effective depth corres-
ponding to a given span with given fixity conditions. This
basic value of d is then adjusted as necessary by multiplying
it by various factors. Such a procedure is described in greater
detail in section 20.4.2 and, to facilitate the process, scales
from which the various factors involved may be read are
set out on Table 137. Since the amounts of reinforcement
required are normally not known until well after an initial
knowledge of the span/effective-depth ratio is needed, the
use of a cyclic trial-and-adjustment design procedure is
usually required.

5.5.2 Cracking

The prevention of excessive cracking is the second of the
two principal criteria for the serviceability limit-states as
considered in BS8110 and CP110. Except in particularly
aggressive environments when more stringent restrictions
are imposed, the Code specifies that the surface width of
cracks should not generally exceed 0.3 mm. Beeby (ref. 37)
has shown that cracking in the tension zone of a member
subjected to bending is due to the interaction of two basic
patterns of cracking, of which one is controlled by the initial
height of the cracks and the other is controlled by the
arrangement of, and proximity to, the reinforcing bars. These
patterns can be represented by a hyperbolic relationship
which, in a rearranged and considerably simplified form, is
that given in Part 2 of BS8110 and Appendix A of CP110.

Basically, the calculation procedure is as follows. Having
calculated the service bending moment, the appropriate
modular ratio is determined by dividing E, (200 N/mm? or
30 x 10°1b/in?) by E,/2 (the factor of one-half is introduced
to allow for creep). The next step is to evaluate the
neutral-axis depth and lever-arm of the cracked transformed
concrete section and to use the appropriate expression on
Table 138 to determine the strain at the point being
considered. It is now necessary to take into account the
stiffening effect of the concrete in the tension zone in order
to obtain the average strain which, when substituted into
the basic width equation, gives the resulting width.

In normal design, calculations are only needed to check
that the maximum surface crack widths do not exceed the
limiting value of 0.3mm. The criteria controlling cracking
are such that across the tension face of a beam or slab the
width of crack rises from a minimum directly above a bar
to a maximum midway between bars or at an edge. Over
the sides of a beam the width varies from a minimum at the
level of the tension steel to zero at the neutral axis, attaining
a maximum value at a depth of about one-third of the


http://www.cvisiontech.com/pdf_compressor_31.html

58

distance from the tension bars to the neutral axis. Thus in
such cases the task of the designer is simplified merely to
checking that the width of crack midway between bars on
the tension face and at the critical level on the beam sides
does not exceed 0.3 mm. These requirements can be expressed
instead as limiting values of the clear spacing between bars
s, and the ratio (d — x)/(h — x). If the actual values comply
with these specified limits the required crack width will not
be exceeded.

The operations necessary to undertake the foregoing
calculations, together with the formulae required, are set
out in flow-chart form on Table 138.

To avoid the need to undertake such calculations, rules
which are summarized in section 20.5.1 and Table 139 are
given in BS8110 and CP110 to limit the maximum spacing
of bars in beams and slabs. If these requirements are
met, satisfactory compliance with serviceability limit-state
requirements regarding cracking will be achieved. Greater
bar spacings may often be adopted if desired, but these must
then be substantiated by detailed calculations made as
described above.

The basic crack-width formula given in CP110 embodies
a 20% probability of the predicted width being exceeded.
When preparing this Code it was considered simpler to
. combine this high probability with the use of characteristic
loads (which themselves are considered only to have a 59
chance of occurring during the life of the structure and would
thus be unlikely to occur often or long enough to influence
corrosion or appearance) than to invoke the more logically
correct combination of a 5%, probability of the prescribed
crack width being exceeded, with the need to consider yet
another, and lower, set of loads.

The requirements for limiting crack widths presented in
the Code for water-containing structures (BS5337) are
basically similar to those in BS8110 and CP110, but are
modified to reduce the likelihood of the prescribed width
being exceeded from 20% to 5% because of the potential
seriousness if such wide cracks should occur. The limiting
crack widths are also reduced to 0.1mm and 0.2mm for
exposure classes A and B respectively: see section 20.3.1.
BS5337 does not sanction the alternative simplified rules for
compliance regarding cracking by limiting bar spacing as
given in BS8110 and CP110. In other words, if limit-state
design in accordance with BS5337 is being undertaken,
rigorous crack-width calculations must always be made.

The crack-width calculation procedure is discussed at
some length in Examples of the Design of Buildings, where
various charts are provided to facilitate the determination
of the properties of cracked transformed sections and to
check that cracks exceeding 0.3 mm in width do not form.

5.6 LIQUID-CONTAINING STRUCTURES

The principal UK document dealing with the design of
liquid-containing structures, BS5337 ‘The structural use
of concrete for retaining aqueous liquids’, describes two
fundamentally different design methods. The first is a
development of the limit-state principles presented in
BS8110 and CP110, but in which the serviceability limit-
state of cracking now plays a dominant role. Rigorous
calculations to determine probable maximum surface crack
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widths may be undertaken, but these may be avoided by
complying instead with deemed-to-satisfy requirements. By
following these requirements when investigating tension
resuiting from bending, it becomes unnecessary to calculate
the anticipated crack widths, provided that the stress in
the steel under working conditions is limited to specified
conservative values. These same values must also be observed
when designing members to resist direct tension only (i.e.
in this case the crack-width calculation procedure is not
applicable).

The width of cracks which occur in immature concrete
due to restrained shrinkage and movements resulting from
the heat generated by hydration must also be investigated.

In addition BS5337 presents alternative requirements for
designing sections to specified working stresses using con-
ventional modular-ratio theory. This part of the document
is, in fact, merely a revised version of the design procedure
given in CP2007 ‘The design of reinforced and prestressed
concrete for the storage of water and other aqueous liquids’,
which BS5337 has superseded (the changes of title and of
the document from a Code of Practice to a British Standard
indicate no change of status) and the modifications have
been made to correspond with the requirements of the
current edition of CP114.

Throughout BS5337 only two concrete grades, namely
25 and 30, are considered. Provided that adequate durability
and workability are assured, the lower grade should normal-
ly be employed, since the use of a richer mix will accentuate
any problems that arise from early thermal cracking.

Three classes of exposure, A, B, and C, are defined. The
most severe condition, class A, corresponds to exposure
to a moist or corrosive atmosphere or to alternate wetting
and drying (e.g. the roof and upper walls of a storage
tank), and for reinforced concrete it restricts the maximum
calculated width of crack at the surface of a member to
0.1 mm. Class B relates to surfaces in continuous or almost
continucus contact with liquid (e.g. the lower walls of a
liquid container) and corresponds to a maximum crack
width of 0.2mm. The final exposure condition, class C, is
that considered in Appendix A of CP110 (i.e. for a maximum
crack width of 0.3mm). If a member is not greater than
225mm in thickness, both faces must be designed for the
same class of exposure, but for thicker members each face
may be designed for the class of exposure to which it is
subjected. Details of the calculation procedure necessary to
evaluate the maximum surface width of cracks are given in
section 20.3.1, and the strength, limiting stresses etc. permit-
ted in the materials according to the various methods of
analysis are summarized on Tables 121 and 132.

To prevent the formation of excessively wide cracks due
to shrinkage, thermal movement and so on; secondary
reinforcement must be provided near each face. However,
if the slab thickness does not exceed 200 mm, the Standard
permits the total reinforcement in each direction to be
combined in a single layer. BS5337 specifies that nominal
minimum amounts of 0.15%; of deformed high-yield bars or
0.25% of plain mild steel (in terms of the gross cross-sectional
area of the slab) must be provided in each direction near
each face in slabs conforming to exposure classes A or B.
For exposure class C the requirements of CP110 must be
followed, i.e. a single layer of reinforcement having an area
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of not less than 0.12%, of high-yield reinforcement or 0.15%,
of mild steel should be provided. An alternative procedure
for calculating the amount of secondary reinforcement
needed is also described. The Standard implies that the
designer is free to choose between providing the nominal
amounts or undertaking the rigorous calculations. However,
ref. 26 makes it clear that the specified nominal amounts,
although ensuring that wide cracks will not form, may not
restrict the width of those cracks that do occur to the fimits
required by class A or B exposure. To ensure that these
requirements are observed, the calculation procedure must
be adopted. Further details are given in section 20.3.1.

Although BS5337 permits either deformed high-yield or
mild-steel reinforcement to be used, the slight additional
cost of the former is outweighed by its superior bonding
properties and it should be employed wherever possible.
The characteristic strength of reinforcement is restricted to
425 N/mm?. Where a member is subjected to predominantly
direct tension, research into certain types of failure has
shown that the anchorage-bond stresses in horizontal bars
should be restricted to 70%, of normal values.

When analysing structures to be designed in accord-
ance with BS5337, no moment redistribution is permitted.
Moments should be determined by undertaking an elastic
analysis.

An important point to note is that when undertaking a
design in accordance with BS5337 the normal rules govern-
ing the maximum spacing of reinforcing bars, such as those
set out in BS8110 or CP110 (see Table 139), do not apply.
This means that if the stresses in the reinforcement are not
restricted to the deemed-to-satisfy values, detailed analysis
to determine the calculated surface crack widths must be
undertaken, even in the case of exposure class C. However,
closer investigation shows that in such circumstances crack-
ing forms the limiting criterion in only a very few situations.
Normally the resistance of a section is controlled by its
strength in bending.

5.7 SHEARING

Much research has recently been undertaken in the hope
of obtaining a better understanding of the behaviour of
reinforced concrete when subjected to shearing forces. As a
result of this research, which is still continuing, various
theories have been put forward to explain the action of
shearing forces after cracks have started to form and to give
suitable methods for designing shearing reinforcement. One
such theory, known as the truss-block method, is discussed
in some detail in ref. 38, and an extensive general review of
various theories of shearing is given in ref. 39. '

Shearing forces produce diagonal tensile stresses in the
concrete. If these stresses exceed some limiting tensile stress
in the concrete, reinforcement in the form of either links or
inclined bars or both must be provided to achieve the
necessary resistance to shearing.

5.7.1 BS8110 and CP110 requirements

The method of designing shearing reinforcement given in
BS8110 and CP110 thus involves the calculation of the
average shearing stress v on a section due to ultimate loads,
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which is then compared with empirical limiting values of
ultimate shearing stress v,. These limiting values have been
derived from test data and depend on the characteristic
strength of the concrete and the amount of tension reinforce-
ment present at the section being considered. If the limiting
shearing stress is exceeded, reinforcement must be provided
on the assumption that, for the purposes.of resisting
shearing, the member behaves as a pin-jointed truss or lattice
girder in which the links or inclined bars forming the
shearing reinforcement act as the tension members while
the inclined compression in the concrete provides the
corresponding compression member. The total shearing
resistance at any section is thus the sum of the vertical
components of all the tension bars and compression ‘struts’
cut by the section. To prevent failure occurring owing to
the concrete crushing, an upper limit v,,,, to the shearing
stress imposed on a section is also specified, irrespective of
the amount of shearing reinforcement provided. Values of
v, and v,,, may be read from Tables 142 and 143 for
normal-weight and lightweight concrete.

Although this so-called truss analogy offers a rather poor
representation of the actual behaviour of the member after
cracking has commenced, the designs that result from its
adoption have been shown by tests to be conservative. Tests
have also shown that the contribution of the concrete to
the shearing strength of the section is not lost when v exceeds
v.; thus, according to both Codes, it is only necessary to
provide sufficient shearing reinforcement to cater for the
difference between the applied shearing force V and the
shearing resistance (v.bd) provided by the concrete.

5.7.2 Shearing reinforcement

The reinforcement provided to resist shearing forces is
usually in the form of either vertical links or inclined bars.
The ultimate resistance in shearing of such reinforcement,
calculated in accordance with BS8110 and CP110 require-
ments, is given in Table 145 for the values of f, mentioned
in the Codes: the resistances for other values of f, are
proportional. In some cases, such as beams subjected
to vibration and impact, the stress in the reinforcement
provided to resist shearing forces should be less than the
normal maximum value, say two-thirds of the latter, and
closely spaced links of small diameter should be used where
possible.

In liquid-containing structures designed to BS5337 the
permissible stress in shearing reinforcement should not
exceed 85 or 100 N/mm? for plain and deformed bars with
exposure class A, and 115 and 130 N/mm? respectively with
exposure class B, if modular-ratio design is adopted. In such
a case all shearing force has to be resisted by reinforcement
and the shearing stress must not exceed 1.94 or 2.19 N/mm?
for concrete grades 25 and 30 respectively, whatever the
amount of reinforcement provided.

If the limit-state method described in the same document
is adopted, the requirements for shearing reinforcement
correspond to those in BS8110 or CP110. Thus reinforce-
ment is necessary to withstand the difference between the
shearing force applied to the sections and that resisted by
the concrete alone.

Both BS8110 and CP110 recommend that, even when the
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calculated shearing stress is less than that which can be
resisted by the concrete alone, nominal shearing reinforce-
ment should be provided (see section 21.1.1). Although a
maximum limit of about four times the shearing strength of
the concrete alone is permitted by both Codes, a limit of
about 2.5 times the strength of the concrete is preferable for
secondary beams that may be subjected to greater incidental
loads, although the higher limit could be used for main
beams in buildings (other than warehouses) where it appears
unlikely that the full design load will occur.

Both BS8110 and CP110 permit the same characteristic
strengths to be used for the design of shearing reinforcement
as are used in bending, although according to CP110 the
maximum value of f, adopted should not exceed 425 N/mm?
irrespective of the type of reinforcement employed.

Notes on the provision, resistance, spacing, size and shape
of links according to BS8110 and CP110 are given in
Table 145 and in section 21.1.2; see also Table 144.

The principle assumed in evaluating the shearing resist-
ance of inclined bars is that the bars form the tension
members of a lattice, and notes on their arrangement as
affecting the stresses therein are given on Table 144 and
in section 21.1.3. Note that, according to BS8110 and CP110
(and the related part of BS5337), not more than one-half of
the shearing force to be resisted by reinforcement at any
séction can be carried by inclined bars, and links must be
employed to resist the balance.

Inclined bars are frequently provided by bending up the
main tension reinforcement, but in so doing an inspection
must be made to ensure that the bar is not required to assist
in providing the moment of resistance beyond the point at
which the bar is bent. The points at which bars can be
dispensed with as reinforcement to resist bending are given
in Table 141, which applies to beams having up to eight
bars as the principal tension reinforcement. Although a bar
can be bent up at the points indicated, it is not implied that
if it is not bent up it can be terminated at these points, since
it may not have a sufficient bond length from the point of
critical stress. This length depends on the rate of change of
bending moment, and should be investigated in any parti-
cular beam.

When preparing designs, care must also be taken to ensure
that the requirements of the Codes regarding detailing (see
section 20.5.1) are not violated when bending up tension
bars to act as shearing reinforcement.

5.8 TORSION

If the resistance or stiffness of a member in torsion is not
taken into consideration when analysing a structure it is
normally not necessary to design members for torsion, since
adequate resistance will be provided by the nominal shear-
ing reinforcement. However, if the torsional resistance
of members is taken into account in a design, BS8110
recommends that the torsional rigidity CG of a section be
determined by assuming a shear modulus G of 0.42E, and
a torsional constant C of one-half of the St Verant value for
the plain concrete section: CP110 recommends a value of
G of 0.4E,. The nominal shearing stress due to torsion v, at
any section may be found by assuming a plastic distribution
of shearing stress, and an appropriate expression for rectan-
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gular sections is given in section 21.2.1, where details of the
treatment of flanged sections are also summarized.

If v, exceeds the limiting values of torsional shearing stress -
Uy min S€t out in the Codes, torsional reinforcement consisting
ofa combination of closed rectangular links and longitudinal
bars must be provided. The relevant design formulae are
givenin section 21.2.2, where the link reinforcement required
is also expressed in terms of the link-reinforcement factor
used in selecting normal shearing reinforcement. Thus Table
145 can be used to select an appropriate arrangement of
links.

To avoid premature crushing of the concrete, BS8110 and
CP110 impose an upper limit v,, on the sum of the stresses
due to the direct shearing force and the torsional shearing
force. Values of v, and v, corresponding to various
strengths of normal-weight and lightweight concrete may
be read from Tables 142 and 143. Details of the arrangement
of the reinforcement and a suitable design procedure are
outlined in sections 21.2.2 and 21.2.3. For further informa-
tion, reference should also be made to the comments given
in the Code Handbook and to the specialist references quoted
therein.

5.9 CURVED BEAMS (BOW GIRDERS)

Bow girders and beams that are not rectilinear in plan are
subjected to torsional moments in addition to the normal
bending moments and shearing forces. Beams forming a
circular arc in plan may comprise part of a complete circular
system supported on columns that are equally spaced, and
each span may be equally loaded; such a system occurs in
water towers, silos and similar cylindrical structures. The
equivalent of these conditions also occurs if the circle is
incomplete, as long as the appropriate negative bending
moment can be developed at the end supports. This type of
circular beam may occur in structures such as balconies.

On Tables 146 and 147, charts are given which enable
the bending and torsional moments and shearing forces
which occur in curved beams due to uniform and concentrat-
ed loads to be evaluated rapidly. The formulae on which
the charts are based are given in sections 21.3.1 and 21.3.2
and on the tables concerned. The expressions for uniformly
loaded beams have been developed from those given in ref.
40 and those for concentrated loads from ref. 41. In both
cases the results have been recalculated to take into account
the values of G = 0.4E, and C = J/2 recommended in CP110.
(BS8110 recommends a slightly different value for G of
0.42E_)

5.10 DEEP BEAMS

As the depth of a beam becomes greater in proportion to
its span, the distribution of stress differs from that assumed
for a ‘normal’ beam. In addition, the particular arrangement
of the applied loads and of the supports has an increasing
influence on this stress distribution. Thus if the ratio of clear
span to depth is less than 2:3 for a freely-supported beam,
or 2.5:4 for a continuous system, it should be designed as
a deep beam.

No guidance on the design of such beams is given in
BS8110 and CP110, but similar documents produced else-
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where deal with the subject. For example, both the American
Concrete Institute and the Portland Cement Association (of
America) have developed design methods, while the 1970
International Recommendations of the European Concrete
Committee also include information on the design of deep
beams (summarized in section 21.4.1), based on extensive
experimental work by Leonhardt and Walther (ref. 42). Brief
details of all these methods are given in ref. 43, where Kong,
Robins and Sharp put forward their own empirical design
method. The Swedish Concrete Committee has also produc-
ed recommendations that form the basis of the details given
in ref. 34, while yet another method is contained in a
comprehensive well-produced guide (ref. 44) issued by the
Construction Industry Research and Information Associa-
tion (which is based on developments of the work of Kong,
Robins and Sharp).

The design proposals produced by Kong, Robins and
Sharp and others are based on the results of several hundred
tests and, unlike most other procedures, are also applicable
to deep beams with web openings. Details of the method
are presented on Table 148 and in section 21.4.2.

5.11 COLUMNS: GENERAL CONSIDERATIONS

The imposed loads for which columns in buildings should
be designed are the same as those for beams as given in
Table 6, except that the concentrated loads do not apply.
The imposed load on the floors supported by the columns
may be reduced (see Table 12) when calculating the load 6n
the column in accordance with the scale given for multi-
storey buildings. External columns in buildings, and internal
columns under certain conditions, should be designed to
resist the bending moments due to the restraint at the ends
of beams framing into the columns and due to wind (see
Tables 65, 68 and 74). An approximate method of allowing
for the bending moment on a column forming part of a
building frame is to design for a concentric load of K times
the actual load, where K is as given in section 16.2 for
different arrangements of beams framing into the column.
These values have been evaluated for permissible-service-
stress design but may also be applicable to limit-state
methods: in any case so many factors affect the actual value
of K that the tabulated values can only be approximate
and the final design must be checked by more accurate
calculation.

Reinforced concrete columns are generally either rectan-
gular in cross-section with separate links, or circular or
octagonal with helical binding. In some multistorey residen-
tial buildings columns that are L-shaped or T-shaped.in
cross-section are formed at the intersection of reinforced
concrete walls. In most reinforced concrete columns the main
vertical bars are secured together by means of separate links
or binders. Rules for the arrangement of such links, the
limiting amounts of main reinforcement etc. in accordance
with BS8110 and CP110 are given in section 22.1.

So many variants enter into the design of a column that
it is not easy to decide readily which combinations give the
most economical member. For a short column carrying a
service load exceeding 100 tonnes the following may apply,
however.

Other factors being equal, the stronger the concrete the
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more economical is the column. For a square column the
minimum amount of longitudinal reinforcement produces
the cheapest member for a specified quantity of concrete.
Also, for any concrete a square column is generally less
costly than an octagonal column with helical binding.
Taking eight designs to CP114 of columns to support service
loads of 100 to 500 tonnes, the order of economy is genetally
as follows, the most economical design being the first: 1:1:2
concrete, square column with minimum vertical steel; 1:1:2
concrete, octagonal column with maximum volume of
helical binding and minimum area of vertical steel; 1:15:3
concrete, square column with minimum vertical steel; 1: 113
concrete, octagonal column with maximum volume of
helical binding and minimum volume of vertical steel; 1:2:4
concrete, square column with minimum vertical steel; 1:2:4
concrete, octagonal column with maximum volume of
helical binding and minimum volume of vertical steel; 1:2:4
concrete, octagonal column with maximum volume of
helical binding and maximum volume of vertical steel; and
1:2:4 concrete, square column with maximum amount of
vertical steel.

5.12 AXIALLY LOADED SHORT COLUMNS

The BS8110 and CP110 requirements for axial loading of
short columns are as follows. For ultimate limit-state design
of sections the characteristic dead and imposed loads must
first be multiplied by the appropriate partial factors of safety
for loads to obtain the required ultimate design loads. The
values of characteristic strength f,, and f, of the concrete
and reinforcement respectively are used directly in the design
expressions given in BS8110 and CP110; the appropriate
partial safety factors for materials are embodied in the
numerical values given in the expressions. According to
BS8110 the resistance of a section to pure axial load N, is
0.45f., A, +0.87f,A,; with CP110, N,, =045f,A.+0.75
f,As, and values of N, can be read from the upper chart
on Table 168. In practice, however, this ideal loading
condition is virtually never achieved, and both Codes
recommend the assumption for short braced columns that
are axially loaded of an ultimate load N of 0.4/, 4.+ 0.75
f, A (according to BS8110) and N =04f,,A4.+0.67f,A,
(according to CP110). This expression, which corresponds
to the introduction of a minimum eccentricity to cater for
constructional tolerances of about /20, is appropriate for
a column supporting a rigid superstructure of very deep
beams. When an approximately symmetrical beam arrange-
ment is supported (i.e. the imposed loading is distributed
uniformly and the maximum difference in the spans does
not exceed 0.15 times the longer span) the ultimate load
capacity N of the section of a short braced column is 0.35
fiuA.+ 0671, A, (according to BS8110) and 0.35f, A, + 0.60
1A, (according to CP110), the further reduction in load-
carrying capacity being to cater for the effects of asym-
metrical imposed loading. :

Ultimate loads on rectangular columns of various sizes
which have been calculated according to these expressions
are given in Tables 149 and 150. According to both Codes,
A, represents ‘the area of concrete’, but neither Code makes
it clear whether this should be the net area of the section
(i.e. that remaining after the area of concrete displaced by
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the reinforcement in compression is deducted) or the gross
area of the section. In preparing the design charts for sections
subjected to combined axial load and bending accompany-
ing BS8110 and CP110, the common assumption is adopted
that no deduction need be made for the small amount of
concrete displaced by the reinforcement. With an eccentri-
city of load of h/20, the loads read from these design charts
should correspond to those for a short braced column.
However, if A, is taken as the net area of concrete in this
expression the resulting values are rather less than those
given by the charts. Furthermore, since it is necessary to
design short unbraced columns by using the Code design
charts, it would appear an advantage to ignore the effect of
any bracing and to design the column as unbraced using
the Code charts! This is clearly illogical, and for uniformity
it is preferable to take A, as the gross concrete area. The
maximum difference between the results obtained using the
two differing assumptions occurs when the proportion of
mild-steel reinforcement and the concrete grade are both as
high as possible.

As is shown below, similar arguments are valid for taking
A, asthe gross concrete area when designing slender columns
and columns subjected to biaxial bending according to
CP110.

Short unbraced columns not specifically subjected to
bending must be designed as sections subject to an axial
load acting at an eccentricity of h/20 {but not exceeding
20mm according to BS8110): see section 22.1.1.

5.13 BENDING AND DIRECT FORCE ON
SHORT COLUMNS: LIMIT-STATE METHOD

5.13.1 Combined uniaxial bending and thrust

The assumptions involved in the rigorous analysis of sections
subjected ‘to direct loading and bending about one axis at
the ultimate limit-state are the same as those for members
subjected to bending only, as set out in section 5.3.1. By
resolving forces on a rectangular section vertically and by
taking moments about the centre-line of the section, the
following basic equations are obtained:

N=k;xb+ A.;lfydl ~ As2fyd2
M= kIXb(%h —kyx)+ A4’y ydl(%h —d)+ Ast;:dZ(d—%h)

where f,;; and f,,;, are the appropriate design stresses in
the reinforcement A, and A,, nearer and further from the
action of the load respectively, k; and k, are factors
depending on the shape assumed for the concrete stress-
block (and possibly on f,), and x is the depth to the neutral
axis. If x is greater than d, A, is in compression and negative
values of f,,, should be substituted in the foregoing express-
ions. With rigorous analysis the actual values of fya1 and
Jya2 depend on the actual value of x/A (and, of course, on
/,) and may be calculated from the expressions on Table 103.

If the shape of the concrete stress-block is assumed to be
parabolic-rectangular the values of k, and k, depend on f,,
and may be either read from the scales or calculated from
the expressions on Table 102. With the BS8110 uniform
rectangular stress-block, k; =0.67f,,/y,, k» =0.5 and the
stress-block extends to a depth of only 0.9x; with the CP110
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uniform stress-block, k; =0.60f../7,,» k;=0.5 and the
stress-block extends to the neutral axis.

As an alternative to rigorous analysis, CP110 permits the
use of simplified formulae. These are based on the use of a
rectangular stress-block and the assumption of a depth of
concrete in compression of d,, with the added restriction
that d, must not be less than 2d'. The simplified formulae
then correspond to the above equations but with x=d,,
fa1=0.72f, and f,,, = f,,. With these formulae no direct
correspondence between the design stresses in the reinforce-
ment and the position of the neutral axis is assumed. It is
thus necessary to adopt sensible values for f,,: a useful
relationship between f, and f;, for various ratios of d,/h is
suggested in the Code Handbook (see section 22.2.2).

Owing to the complex interrelationship between the
variables involved, the foregoing equations are unsuitable
for direct design purposes. Instead, they may be used to
prepare sets of design charts or tables from which a section
having the appropriate dimensional properties may be
selected. The charts for rectangular sections provided in
Part 3 of BS8110 and Part 2 of CP110 are derived from the
equations for rigorous ultimate limit-state analysis with a
parabolic-rectangular stress-block and A}, = A, = A./2,
with various values of f,,, f, and d/h (=1 — d'/h). Charts for
circular sections derived from the same basic assumptions
for ultimate limit-state analysis are given in Part 3 of CP110.

The charts for rectangular sections that form Tables 151
to 156 are derived by using the same equations as those
given in Part 3 of BS8110 and Part 2 of CP110, but the
interrelated loads, moments and amounts of reinforcements
are given in terms of f,,. Each individual chart thus covers
thefull range of concrete grades. In addition, by using shaded
zones to represent the various proportions of reinforcement
it has been possible to incorporate the curves for mild steel
and high-yield steel on the same charts. By interpolating
between these limiting curves the designer is able to consider
intermediate values of f,.

In a similar manner the simplified expressions provided
in Part 1 of CP110 may be used to prepare design charts
that correspond to those in Part 2 of the Code. The charts
given on Tables 157 and 158 differ slightly (see section 22.2.2)
as the basic expressions have been rearranged to cater for
various ratios of f,/f., and f,;/f,. Thus, unlike the charts
in Part 2 of CP110, which only apply to single values of f,,
and f,, these charts may be used for any practical
combination of f,, and f,.

Charts for rectangular sections which are based on
the assumption of a rectangular stress-block are given in
Examples of the Design of Buildings and ref. 79.

In general the use of the simplified formulae in CP110
results in the need for more reinforcement than when the
section is analysed rigorously, mainly because of the assump-
tion of a fixed value of f,;, of 0.72f, instead of the
relationship of 2000 f,/(2300 + f,) permitted when rigorous
analysis is used. Since this fixed relationship is most dis-
advantageous when f, is low, the use of these expressions
(and the charts based on them) is most uneconomical when
mild steel is employed and when the applied moment is a
minimum. In cases where it is thought that worthwhile
savings may be made by utilizing rigorous analysis, and
suitable design charts such as those in CP110 are not
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available, it is suggested that the charts on Tables 157 and
158 may be used to obtain an approximate design and the
resulting values of b, h and A,, then substituted into the
basic equations for rigorous analysis and refined by trial
and adjustment. In the majority of cases, however, the
resulting savings are unlikely to outweigh the additional
work involved.

Requirements due to the limit-state of serviceability
seldom influence the design of columns. Braced columns
that are not slender (see below) need not be checked for
deflection, and similar unbraced columns are deemed satis-
factory if the average value of [/ for all columns at a certain
level does not exceed 30. Excessive cracking in rectangular
columns is unlikely if N/bh is greater than f,,/5: if this is
not so, and the section is subjected to bending, the axial
load should be ignored and the section tréated as a beam,
using the appropriate criteria.

Unsymmetrically arranged reinforcement. In cases
where the effects of bending are considerable and a reversal
of bending is impossible, it may be worth while examining
the effects of disposing the reinforcement unequally in the
section, i.e. by providing more tension reinforcement to
balance the assumption of a deeper concrete stress-block. On
the other hand, if M/N is similar to d — (h/2) the line of action
coincides with the position of the compression steel: in such a
case, no tension reinforcement is required theoretically.
Design charts have been prepared which give the minimum
amount and optimal arrangement of unsymmetrically dis-
posed reinforcement to resist various combinations of M and
N according to CP110: see ref. 85.

One possible method of designing such a section if
appropriate tables are not available is as sollows. When the
resulting eccentricity of the load falls outside the line of A,
(i.e. A,, is stressed in tension), CP110 permits the direct load
N to be neglected and the section to be designed instead to
resist a moment of M + (d — hj2) N. The amount of reinforce-
ment required to resist this moment may then be reduced
by 0.87N/f,. This stratagem actually corresponds to intro-
ducing equal and opposite forces N along the line of A,,,
the original direct load and the tensile force opposing it at
a distance of d — h/2 giving rise to the additional moment,
and the compressive ‘opposing force’ bringing about the
reduction in the area of tension steel required. This method
of design is not explicitly mentioned in BS8110, but there
seems no reason why it should not be used. The method is
illustrated in example 1 in section 22.2.

Although CP110 does not place restrictions on the actual
method used to design the section for bending alone, it is
clear that if rigorous analysis is used the value of x/d must
be such that f,,, is nut less than 0.87 f,. For maximum
economy, the ratio chosen for x/d should be the maximum
that may be adopted without reducing f,,, below 0.87f,.

This method of design has the disadvantage that it is
impossible to choose the relative proportions of steel near
each face. If the resulting amounts are inconvenient and they
are adjusted to achieve a more suitable arrangement, it may
be difficult to be certain whether the strength of the 1esulting
section is adequate.

Irregular sections. The design of an irregular section

subjected to axial load and bending in order to meet ultimate
limit-state requirements is bound to involve a considerable
amount of trial and adjustment. The following procedure
may, however, be found useful for short columns.

When the dimensions of the section are given or have
been assumed, the section should be drawn to a convenient
scale (say1:10). A suitable arrangement of réinforcement
shouid be decided upon, aithough the actual size of bars
(assuming that these are all to be of the same diameter) need
not be fixed at this stage. It is now necessary to select
a position of the neutral axis. To obtain some approxi-
mate indication of a suitable ratio of x/h correspond-
ing to the relative values of M and N given, it is suggested
that a very rough calculation for a rectangular section having
the same total area and ratio of overall dimensions as the
section proposed be prepared. When M/bh?f,, and N/bhf,,
have been calculated, the charts in Tables 157 and 158 are
used to obtain a ratio of d,/h that can be employed for x/h
as a starting value. Next, calculate or measure the area of
the concrete stress-block, i.e. the area of the section between
the neutral axis and the compression face of the section in
the case of CP110 or to a depth of 0.9x in the case of BS8110,
and also the position of the centroid of this area. To
determine the latter it may be necessary to divide the area
into a number of convenient component parts or even strips

“and to take moments. Then if §4,,, 64, etc. are the areas
‘of these parts or strips and d,, d, etc. are the distances of

their individual centroids from the neutral axis, the distance
of the centroid from the neutral axis X is 3 (04,d;)/>. 6 A4;.

The next step is to measure the distances of the individual
reinforcing bars acting in tension below the neutral axis and
thus to calculate the ratio x/a for each bar, where a is the
distance of the bar from the compression face of the section.
Knowing x/a, the design stress f,,, in each bar can then be
calculated from the relevant expressions given in Tables 103,
and by multiplying these stresses by 6A4,, where 34, is the
area of an individual bar, and summing, the total tensile
force in the reinforcement can be found in terms of 6A4,. The
depth of the centroid of this reinforcement below the neutral
axis should also be determined by summing the individual
values of ¢ — x and dividing by the total number of bars.
This part of the procedure is most conveniently undertaken
tabularly as indicated in example 5 (for bending only) in
section 20.1.

A similar summation should be made for the bars in
compression, calculating a'/x (where @' is the depth of each
bar of area 5 A, below the compression face) and determining
the corresponding value of f,;; from Table 103. The height
a, of the centroid of this reinforcement above the neutral
axis should also be found by summing the values of x — a
for the individual bars and dividing by the number of
bars. ‘

Then, assuming a uniform stress of kf,, over the rectan-
gular concrete stress-block (where k = 4/9 with BS8110 and
2/5 with CP110), the two equations to be satisfied are

N=kf A*+ K, — K,
M=kf A¥x+ K,a,+K,aq,
where M, N and f,, are given, A* is the total area of the

concrete stress-block, and X, a, and q, are the distances from
the neutral axis to the centroids of the stress-block, the
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compression steel and the tension steel respectively. K, and
K, are the numerical summations (in terms of 64, and §A4,)
of the forces in the compression and tension reinforcement
respectively. The two equations may be solved to obtain
values of §A; and éA,, and appropriate bar sizes thus
determined. If these sizes are impracticable, suitable adjust-
ments should be made to the basic section dimensions or a
different value of x tried, and the process repeated until a
suitabie section is achieved.

5.13.2 Combined uniaxial bending and tension

The analysis of sections subjected to combined bending and
tension does not, in theory, differ from that for combined
bending and thrust, and the above formulae can again be
used provided the value of N is taken as negative. The
appropriate expressions have been used to prepare the
relevant sections of the curves shown on the charts for CP110
forming Tables 153—156.

In practice, the design of such sections will probably be
determined by the prevention of excessively wide cracks.
The formulae given in Appendix A of CP110 for calculating
crack widths are only applicable to members subjected to
bending only (as are those provided in BS5337), although

- BSE110 also outlies a procedure to adopt if tension extends
over the entire section. The Code Handbook suggests an
expression for calculating the crack width in a member
subjected to pure tension: see Appendix 3 therein.

5.13.3 Biaxial bending

According to BS8110 short rectangular columns that are
subjected to bending moments M, and M, about the two
principal axes simultaneously with an axial load N may be
designed as sections subjected to direct load with an
increased bending moment about one axis only. If #’ and ¥’
are the distances from the compression face to the least
compressed bars about the major and minor axes respective-
ly, then when M, /h" exceeds M /b’ the section should be
designed for the axial load N plus an increased moment
M, of M, + BM h'/b" acting about the major axis; other-
wise the section should be designed for N plus a moment
M, of M, + BM b’/ acting about the minor axis. In
these expressions i =1 — (7N/6 bhf,,), but must be not less
than 0.3.

Although not stated in BS8110, these expressions only
appear to be valid if all the reinforcing bars are located near
the corners of the sections and thus contribute to the
resistance to bending in both directions. If additional bars
are provided, in important cases it may be worth while to
assume a section size, steel arrangement, and position and
angle of neutral axis and to carry out an analysis from
first principles as for irregular sections in section 5.i3.1.
Computer analysis comes into its own in such circum-
stances.

CP110 permits short rectangular columns subjected to
axial load together with moments about both principal axes
to be considered as sections subjected to direct load and
uniaxial bending about each individual axis in turn, provided
that the resulting section meets the additional requirement
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where M, and M, are the maximum moment capacities
of the section provided, assuming the action of an axial
load N and with bending about the individual axis being
considered only; 1<a,<2 and %,=(2/3) (1 + 5N/2N,.),
where N,,, the resistance to pure axiai ioad, can be read
from Table 159. The resulting relationship between M /M, _,
M,/M,, and N/N,, can be represented graphically by the
lower chart on Table 159.

The foregoing requirements have been shown to lead to
designs that conform to the basic stress and strain criteria
laid down for ultimate limit-state analysis. Onice again a
direct design procedure is not strictly possible, and in-
stead a trial-and-adjustment process is reccommended. One
possible procedure is outlined in example 2 in section 22.2.
With this method suitable values are adopted for b and h
and the ratios d'/b, d'/h, M,/bh*, M /b*h and N/bh are
calculated. Then, by assuming a convenient value for
M,/M,, and thus obtaining M, /b*h, the appropriate charts
for the given cover ratio d'/b on Tables 153-156 may be
used to determine an appropriate value of p,. Next the upper
chart on Table 159 can be employed to obtain N,./bh and
thus N/N,, may be calculated. Now with N/N,, and the
selected value of M,/M,,,, the maximum corresponding value
of M,/M,, can be read from the lower chart on Table 159
and the required value of M,/bh? may be evaluated. Use of
the CP110 charts for the appropriate cover ratio d'/h with
the given values of M,./bh* and N/bh will then give a value
of p,.

Now the actual value of p required will clearly lie
somewhere between the values of p, and p,.thus obtained,
and a worthwhile estimate may be made by averaging the
two values and perhaps rounding up slightly. Then with this
new value of p, the charts on Tables 153-156 and on Table
159 may be employed to calculate the corresponding values
of M., M, and N,.. These, together with the actual values
of M., M, and N, may then be substituted into the above
expression to check that the section is satisfactory.

The foregoing procedure, which is described in more detail
in example 2 in section 22.2, is only valid if the resulting
bars (or groups of bars) are located near the corners of the
section, and thus contribute to the resistance in both
directions. A convenient design method, if this is not so, is
described in Examples of the Design of Buildings.

To