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INTRODUCTION

In the past decade there have been a number of exciting new developments in an
nrea lying roughly between manifold theory and geometry. More specifically, the
principal developments concern:

(1) geometric structures on manifolds,
(2) symplectic topology and geometry,
(3) applications of Yang-Mills theory to three- and four-dimensional manifolds,
(4) new invariants of 3-manifolds and knots.

Although they have diverse origins and roots spreading out across a wide range
c)f mathematics and physics, these different developments display many common
f(~u.tures-some detailed and precise and some more general. Taken together, these
(l(~velopments have brought about a shift in the emphasis of current research on
Ilumifolds, bringing the subject much closer to geometry, in its various guises, and
I~hysics.

()ue unifying feature of these geometrical developments, which contrasts with some
~(~()metrical trends in earlier decades, is that in large part they treat phenomena in
HI)(~(~ific, low, dimensions. This mirrors the distinction, long recognised in topology,
IH,t,ween the flavours of "low-dimensional" and "high-dimensional" manifold theory
(ltlt,hough a detailed understanding of the connection between the special roles of
the dimension in different contexts seems to lie some way off). This feature explains
t.ll(~ title of the meeting held in Durham in 1989 and in turn of these volumes of
Proceedings, and we hope that it captures some of the spirit of these different
t l~v(~lopments.

It. lURy be interesting in a general introduction to recall the the emergence of some
c.1" these ideas, and some of the papers which seem to us to have been landmarks.
(W.' postpone mathematical technicalities to the specialised introductions to the
Nix Heparate sections of these volumes.) The developments can be said to have
ht'Ktlll with the lectures [T] given in Princeton in 1978-79 by W.Thurston, in which
II... (l(~veloped his "geometrisation" programme for 3-manifolds. Apart from the
illll)(~t,US given to old classification problems, Thurston's work was important for
tltt' way in which it encouraged mathematicians to look at a manifold in terms of
vn... ic)us concomitant geometrical structures. For example, among the ideas exploited
lu ('f] the following were to have perhaps half-suspected fall-out: representations of
liul< I(roups 88 discrete subgroups of PSL2(C), surgery compatible with geometric
r41.1'1icture, rigidity, Gromov's norm with values in the real singular homology, and
InUMt. irnportant of all, use of the theory of Riemann surfaces and Fuchsian groups
t.c~ ((('vclop a feel for what might be true for special classes of manifolds in higher
.1 ill)( 'Hsions.
M('u.llwhile, another important signpost for future developments was Y. Eliashberg's
I l 1'C)c.f in 1981 of "symplectic rigidity"- the fact that the group of symplectic diffeo
IIlol'phisms of a symplectic manifold is CO-closed in the full diffeomorphism group.
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This is perhaps a rather technical result, but it had been isolated by Gromov in
1970 as the crux of a comprehensive "hard versus soft" alternative in "symplec
tic topology": Gromov showed that if'this rigidity result was not true then any
problem in symplectic topology (for example the classification of symplectic struc
tures) would admit a purely algebro-topological solution (in terms of cohomology,
characteristic classes, bundle theory etc.) Conversely, the rigidity result shows the
need to study deeper and more specifically geometrical phenomena, beyond those
of algebraic topology.

Eliashberg's original proof of symplectic rigidity was never fully published but there
are now a number of proofs available, each using new phenomena in symplectic
geometry as these have been uncovered. The best known of these is the "Amol'd
Conjecture" [AJ on fixed points of symplectic difFeomeorphisms. The original form
of the conjecture, for a torus, was proved by Conley and Zehnder in 1982 [CZ]
and this established rigidity, since it showed that the symplectic hypothesis forced
more fixed points than required by ordinary topological considerations. Another
demonstration of this rigidity, this time for contact manifolds, was provided in 1982
by Bennequin with his construction [B] of "exotic" contact structures on R 3 •

Staying with symplectic geometry, but moving on to 1984, Gromov [G] introduced
"pseudo-holomorphic curves" as a new tool, thus bringing into play techniques
from algebraic and differential geometry and analysis. He used these techniques
to prove many rigidity results, including some extensions of the Amol'd conjecture'
and the existence of exotic symplectic structures on Euclidean space. ( Our "low
dimensional" theme may appear not to cover these developments in symplectic'
geometry, which in large part apply to symplectic manifolds of all dimensions: what
one should have in mind are the crucial properties of the two ..dimemional surfaces,
or pseudo-holomorphic curves, used in Gromov's theory. Moreover his results seem
to be particularly sharp in low dimensions.)

We turn now to 4-manifolds and step back two years. At the Bonner Arbeitstagung
in June 1982 Michael Atiyah lectured on Donaldson's work on smooth 4-manifolds
with definite intersection form, proving that the intersection form of such a manifold.
must be "standard". This was the first application of the "instanton" solutions o~

the Yang-Mills equations as a tool in 4-manifold theory, using the moduli space o~

solutions to provide a cobordism between such a 4-manifold and a specific unio~

of Cp2,s [D]. This approach again brought a substantial amount of analysis an
differential geometry to bear in a new way, using analytical techniques which wer '
developed shortly before. Seminal·ideas go back to the 1980 paper [SU] of Sacks and1
Uhlenbeck. They showed what could be done with non-linear elliptic problems fori
which, because of conformal invariance, the relevant estimates lie on the borderline'
of the Sobolev inequalities. ' These analytical techniques are relevant both in th '
Yang-Mills theory and also to pseudo-holomorphic curves. Other important an
influential analytical techniques, motivated in part by Physics, were developed by,
C.Taubes [Ta].
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Combined with the topological h-cobordism theorem of M. Freedman, proved shortly
hefore, the result on smooth 4-manifolds with definite forms was quickly used to
(leduce, among other things, that R 4 admits exotic smooth structures. Many differ
ent applications of these instantons, leading to strong differential-topological con
clusions, were made in the following years by a number of mathematicians; the
other main strand in the work being the definition of new invariants for smooth
4-manifolds, and their use to detect distinct differentiable structures on complex
ILlgebraic surfaces (thus refuting the smooth h-cobordism theorem in four dimen
Hions).

(·\·om an apparently totally different direction the Jones polynomial emerged in a

Meriea of seminars held at the University of Geneva in the summer of 1984. This was
It new invariant of knots and links which, in its original form [J], is defined by the
traces of a series of representations of the Braid Groups which had been encountered
in the theory of von Neumann algebras, and were previously known in statistical
Illcchanics. For some time, in spite of its obvious power as an invariant of knots
lLud links in ordinary space, the geometric meaning of the Jones invariant remained
..uther mysterious, although a multitude of connections were discovered with (among
e»t.her things) combinatorics, exactly soluble models in statistical physics and con
re )rmal field theories.

I•• the spring of the next year, 1985, A. Casson gave a series of lectures in Berkeley
011 a new integer invariant for homology 3-spheres which he had discovered. This
( ~n.sson invariant "counts" the number of representations of the fundamental group
i.1 SU(2) and has a number of very interesting properties. On the one hand it gives
h,ll integer lifting of the well-established Rohlin Z/2 It-invariant. On the other hand
(~lLsson's definition was very geometric, employing the moduli spaces of unitary
n'))fcsentations of the fundamental groups of surfaces in an essential way. (These
Inoduli spaces had been extensively studied by algebraic geometers, and from the
point of view of Yang-Mills theory in the infiuential1982 paper of Atiyah and Bott
'A Ill.) Since such representations correspond to flat connections it was clear that
(~"'HHon's theory would very likely make contact with the more analytical work on
Y,ulg-Mills fields. On the other hand Casson showed, in his study of the behaviour
of t. he invariant under surgery, that there was a rich connection with knot theory
"'lid Inore familiar techniques in geometric topology. For a very readable account of
(~II.SHOnS work see the survey by A. Marin [M].

Around 1986 A. Floer introduced important new ideas which applied both to sym
pl.·ctic geometry and to Yang-Mills theory, providing a prime example of the in
t."rnct,ion between these two fields. Floer's theory brought together a number of
pow('lful ingredients; one of the most distinctive was his novel use of ideas from
rvJ()rs~ theory. An important motivation for Floer's approach was the 1982 pa
pf'" hy E. Witten [WI] which, among other things, gave a new analytical proof of
1.1 ... Morse inequalities and explained their connection with instantons, as used in
(~ ..u.ntum Theory. 0
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In symplectic geometry one of Floer's main acheivements was the proof of a
generalised form of the Arnol'd conjecture [Fl]. On the Yang-Mills side, Floer
defined new invariants of homology 3-spheres, the instanton homology groups [F2].
By work of Taubes the Casson invariant equals one half of the Euler characteristic
of these homology' groups. Their definition uses moduli spaces of instantons oVe!;
a 4-dimensional tube, asymptotic to flat connections at the ends, and these are
interpreted in the Morse theory picture as the gradient flow lines connecting critical
points of the Chern-Simons functional.
Even more recently (1988), Witten has provided a quantum field theoretic interpre
tation of the various Yang-Mills invariants of 4-manifolds and, in the other direction,
has used ideas from quantum field theory to give a purely 3-dimensional definition
of the Jones link invariants [W2]. Witten's idea is to use a functional integral in
volving the Chern-Simons invariant and holonomy around loops, over the space of
all connections over a 3-manifold. The beauty of this approach is illustrated by the
fact that the choices (quantisations) involved in the construction of the represen
tations used by Jones reflect the need to make this integral actually defined. In
addition Witten was able to find new invariants for 3-manifolds.
It should be clear, even from this bald historical summary, how fruitful the cros
fertilisation between the various theories has been. When the idea of a Durham
conference on this area was first mooted, in the summer of 1984, the organisers
certainly intended that it should cover Yang-Mills theory, symplectic geometry and
related developments in theoretical physics. However the proposal was left vague
enough to allow for unpredictable progress, sudden shifts of interest, new insights,
and the travel plans of those invited. We believe that the richness of the contribu
tions in both volumes has justified our approach, but as always the final judgement
rests with the reader.
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The last few years have seen important advances in our understanding of 4
Inanifolds: their topology, differential topology and geometry. On the topological
side there is a good picture of the full classification, through Freedman's h-cobordism
n.nd restricted s-cobordism theorems. In the differential topological category we are
now well-aquainted with the special features of 4-manifold theory which are detected
hy the instanton solutions of the Yang-Mills equations, but the general classification
iH, for the moment, a matter of speculation. The 4-manifolds underlying complex
n.lgebraic surfaces have always provided a particularly interesting stock of examples,
IUld the fascinating problems of understanding the interaction between the complex
Ht,ructure and the differential topology lie at the forefront of current research. One
..n.n obtain a good idea of the present position of the subject, and of the progress
thnt has been made in recent years, by reading the two survey articles [M], [FM].

'('he five articles in this section cover many facets of the subject. The paper of
I)onaldson contains a general account of the use of Yang-Mills moduli spaces to de
1111(~ 4-manifold invariants, and some discussion of geometrical apects of the theory.
III particular it gives a brief summary of the link between Yang-Mills theory over
C'oillplex surfaces and stable holomorphic bundles, which in large measure accounts
fC)I' the prominence of algebraic surfaces in the results. The paper of Gompf sur
vc'ys the general picture of smooth 4-manifolds, especially algebraic surfaces, and
pn'H(~nts partial classification results. It also contains wonderfully explicit "Kirby
f'".Ietllus" descriptions of some distinct differentiable structures on a family of open
,1 Ilumifolds, and ties these in to the ideas of Floer homology which we consider at
1'.1'('u.t,er length in the next section. The paper of Kotschick takes a more algebro
Kt'olllet,ric stance, and surveys what is known about the differential topology of a
~I.t·(·in.l, but very important, class of complex surfaces. This class includes the "Dol
K",c"lu\v surfaces", which provided some of the first applications of the new techniques
I'nll .. Yang-Mills theory and which are also the starting point for Gompf's examples.
'I'lar' interaction between the complex geometry and the topology is particularly ap
p......·llt in Kotschick's paper, and leading open problems, of detecting rationality,
"tlU hc~ traced back to early work on algebraic surfaces.

'1111f' Dolgachev surfaces are also the starting point for the work described in the
"l'ti("I<, of Kreck; the general setting is the relative theory, of 2-dimensional surfaces
i,. 4 Ilutnifolds, and the Dolgachev manifolds appear as branched covers. Kreck's
I ttl I)('1' Kives us an example of the application of the topological s-cobordism theorem,
t'0IT.('f,h(~r with surgery theory, to a very concrete problem.

'l'la" pn.per of Johnson deals with a rather different facet of the topology of algebraic
\"'" I("t.i("s; the structure of the fundamental group. There has been a good deal of
'H't.iVit,y in the last few years on the problems of describing what groups can occur
" .. t.lu" fundamental groups of Kahler manifolds or of complex projective manifolds,
with work of Johnson and Rees, Gromov, Toledo, Corlette, Goldman and Millson
nud ()t.Il<~rH. A wide variety of techniques have been used, ranging from algebra to
.laJrf"rc'lltill.l geometry and analysis. These qnestions arc, at least vaguely, related



to the techniques applied in defining differentiable invariants of complex swfaces,
since the moduli spaces of unitary representations of the fundamental group of a
compact Kahler manifold can be interpreted as moduli spaces of stable holomorphic
vector bundles (compare, for example, the contribution of Okonek below).

[FM] Friedman, R. and Morgan, J.W. Algebraic surfaces and 4-manifolds: some
conjectures and speculations Bull. Amer. Math. Soc. (New Series) 18 (1988)
1-18

[M] Mandelbaum,R. Four-dimensional topology: an introduction Bull. Amer.
Math. Soc. (New Series) 2 (1980) 1-159



Yang-Mills Invariants of Four-manifolds

S.K.DONALDSON
'Itl}(~ Mathematical Institute, Oxford.

'l'hiH article is based on three lectures given at the Symposium in Durham. In
1.1." first section we review the well-known analogies between Yang-Mills instantons
OVf'1' 4-manifolds and pseudo-holomorphic curves in almost-Kahler manifolds. The
NC'c'oIHl section contains a rapid summary of the definition of invariants for smooth
,1 IIIH.nifolds using Yang-Mills moduli spaces, and of their main properties. In the
tl,il'(l section we outline an extension of this theory, defining new invariants which
WI' hope will have applications to connected sums of complex algebraic surfaces.
l-'iulLlly, in the fourth section, we take the opportunity to make some observations
nil pH(~udo-holomorphiccurves and discuss the possibility of using linear analysis to
.'C allHtruct symplectic submanifolds, 'in analogy with the Kodaira embedding theorem
f"~'lll e()mplex geometry.

SECTION 1, ELLIPTIC TECHNIQUES IN TOPOLOGICAL PROBLEMS

tl'lac' II\.Ht ten years have seen the development and application of new techniques in
1.1 .., t.wo fields of 4-manifold topology and symplectic geometry. There are striking
tU,,·u.llc~ls between these developments, both in detail and in general methodology.
III tJu' first case one is interested primarily in smooth, oriented 4-manifolds, and
tit.' prohlems of classification up to diffeomorphism. In the second case one is inter
t'Rl.t'cl in, for example, problems of existence and uniqueness of symplectic structures
(t'IOf-U'd, nowhere degenerate, 2-forms). In each case the structure considered is 10
fully st.andard : the only questions are global ones and it is reasonable to describe
IUlt.1a suhjects as "topological" in an extended sense of the word.
'1'I.f' IIC'W developments which we have in mind bring methods of geometry and anal
yuiN t.o hear on these topological questions. One introduces, as an auxiliary tool,
"f.II •• , ".I>propriate geometrical structure, which will have local invariants like curva
'.1." ,.... <1 torsion. In the case of symplectic manifolds this structure is a Riemannian
tll .. t..,ic adapted to the symplectic form or, equivalently, a compatible almost com
1'1.·)( tit.rlleture. Such a metric can appropriately be called almost-Ka_hler. In the
••11"°,, case one considers Riemannian metrics on 4-manifolds. With this structure
II )(.·d W(' study associated geometric objects: in the first case these are the pseudo
1,,,l,,u,.tl1'1)hic curves in an almost complex manifold V (i.e. maps f : ~ -+ V from a
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Riemann surface ~ with complex-linear derivative) ; in the other case the objects
are the Yang-Mills instantons over a 4-manifold X (i.e. connections A on a princi
pal bundle P -+ X with anti-self-dual curvature). In either case the objects can be
viewed as the solutions of certain non-linear, elliptic, differential equations. Infor
mation about the original topological problem is extracted from properties of th~

solutions of these equations. In the symplectic case this strategy was first employed
by Gromov [115], and the developments in both fields are instances of the use of
"hard" techniques, in the terminology of Gromov [16].
The detailed analogies between these two set-ups are wide ranging. Among the
most important are

(1) In each theory there is a "classical" or "integrable" case. On the one hand
we can consider Kahler metrics on complex manifolds V, and their associated
symplectic forms. Then the pseudo-holomorphic curves are the holomorphic
curves in the ordinary sense. On the other hand we can consider the 4
manifolds obtained from complex projective surfaces, with Kahler metrics.
Then, as we shall describe in Section 2 (c) below, the Yang-Mills instantons
can be identified with certain holomorphic bundles over the complex surface.
So in either theory our differential geometric objects can be described in
algebro-geometric terms in these important cases.

(2) There is a fundamental integral formula in each case. The area of a compact
pseudo-holomorphic curve equals its topological "degree" ( the pairing of its
fundamental class with the cohomology class of the symplectic form) ; and
the Yang-Mills energy (mean- square of the curvature) of an instanton over
a compact base manifold is a topological characteristic number of the bundle
carrying the conection.

(3) Both theories are conformally invariant; with regard to the structures on E
and X respectively.

(4) The non-linear elliptic differential equations which arise in the two cases can
have non-zero Fredhohn indices. Thus the solutions are typically not isolated
but are parametrised by moduli manifolds.

(5) Both theories enjoy strong links with Mathematical Physics ( q - models and
gauge theories). A unified treatment of these developments from the point:
of view of q~antum field theory has been given by Witten [22]. '

(6) Both theories exploit exploit special "low-dimensional" features - they areJ
tied to the 2-dimensionality of E and the 4-dimensionality of X respectivelY.l

There are many other points of contact between the theories. Notable among these~
are the developments in the two fields brought about through the magnificent work'
of Floor ( see [10], and the articles on Floor's work in these Proceedings). Many of'
the developments in the two fields bear strongly on the representation variety W ot
conjugacy classes of r~presentationsof the fundamental group of a closed Riemann':
surface, which has a natural Kahler structure. For example the Casson invariant of:
a 3-manifold can be obtained from the intersection number of a pair of Lagrangian
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Ittll>manifolds in W. In a different setting we will encounter the space W in Section
2 (c) below, in our discussion of instantons over complex algebraic surfaces. It is
,ut,riguing that these representation spaces have also come to the fore recently in the
.Iones/Witten theory of invariants for knots and 3-manifolds (see the contributions
•~r Atiyah, Hitchin, Kirby and Witten in the accompanying volume), and it seems
.lllite likely that this points the way towards the possibility of obtaining some unified
IltHlerstanding of these different developments in Low-Dimensional Topology and
( :(.( Hnetry.

SECTION 2, YANG-MILLS INVARIANTS

(n) Definition. We will now describe how the Yang-Mills instantons yield invari
.\111.1-1 of certain smooth 4-manifolds. For more details see [8] or [9]. For brevity we
will (~onfine our discussion here to the gauge group SU(2), so we fix a.ttention on a
pl'ill(~ipa1 SU(2) bundle P over a compact, oriented Riemannian 4-manifold X. We
will 11180 assume that X is simply connected. The bundle P is determined up to
bUHllorphism by the integer k =< C2(P), [Xl >, and if P is to support any anti-self
dunl eonnection k must be non-negative, by the integral formula mentioned in (2)
t.r St,(~tion 1. For each k 2: 0 we have a moduli 8pace Mk of anti-self-dual connec
UOIIM OIl P modulo equivalence, and M o consists of a single point, representing the
ltHuluet connection on the trivial bundle.
I,t,t. Ao be a solution of the instanton equations, i.e. F* (Ao) = 0, where F+ =
( 1/2)(F +*F) denotes the self-dual part of the curvature. The curvature of another
n"lllt~(~tion Ao + a can be written

F(Ao + a) = F(Ao) + dAoa + a 1\ a,

wlu'J'c dAo is the coupled exterior derivative. Taking the self-dual part we get, in
"t.fuiclard notation,

F+(Ao +a) = d10a + (a 1\ a)+.

Il'lu' uloduli space is obtained by dividing the solutions of this equation by the
hl,t.ic'll of the "gauge group" g = Aut P. For small deformations a this division can
tlf' ""I)laced by imposing the Coulomb gauge condition (provided the connection Ao
,~ lIl'('ducible )

dAoa = 0 ,

which defines a local transversal slice for the action of g. Thus ( assuming irre
d".·ihility ) a neighbourhood of the point [Ao] in the moduli space is given by the
n.. lul.ioliH of the differential equations

dAoa = 0

d10a + (a 1\ a)+ = O.
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These are non-linear, first order, equations; the non-linearity coming from the
quadratic term (a A a)+. The linearisation about a = 0 can be written DAoa = 0,
where DAo = dAo E9 d1

0
is a elliptic operator which plays the role in this four

dimensional situation of the Cauchy-Riemann operator in the theory of pseudo
holomorphic curves. The Fredholm index s = ind DAo of this operator is given b~

the formula:

N = { ([A], t) E B* X [0, 1] I [A] E Mk(gt)}.

J
.~

~

For a generic path gt the space N is a manifold- with- boundary, the boundary ~
consisting of the disjoint union of Mk(gO) and Mk(gl). Using the obvious projection.
from N to 8* , we can regard N as giving a "homology" between the two moduli.:
spaces. .
This idea needs to be amplified in a number of ways. First we need to show that:
the moduli space is orientable ( and to fix signs one must find a rule for choosing ~

in which b+(X) is the dimension of a maximal positive subspace for the inter
section form on H2(X). The nlllllber s is the "virtual dimension" of the moduli
space; more precisely, according to a theorem of Freed and UWenbeck [11], [9],
for a generic Riemannian metric on X the part of the moduli space consisting of
irreducible connections will be a smooth manifold of dimension s.
Let us now assume that b+(X) is strictly positive. Then it can be shown that for
generic metrics and all k ;:::: 1 every instanton is irreducible. It is easy to see why b+
enters here. A reducible anti-self-dual connection on P corresponds to an element
c of H 2(X;R) which is in the intersection of the integer lattice and the subspace
H- C H 2 consisting of classes represented by anti-self dual forms. The codimension
of H- is b+, so if b+ > 0 and H- is in general position there are no non-zero classes
in the intersection. On the same lines one can show that if b+ > 1 then for generic 1
-parameter families of Riemannian metrics on X we do not encounter any non-trivial
reducible connections.
We can now indicate how to define differential topological invariants of the under
lying 4-manifold X. We introduce the space 8* of all irreducible connections on
P, modulo equivalence. It is an infinite dimensional manifold and, under our as
sumptions the moduli space MA: is a submanifold of 8*, for generic metrics on X.
Roughly, the invariants we define are the pairings of the fundamental homology class
of the moduli space with the cohomology of B*. To see that this is a reasonable,
strategy we have to consider the dependence of the definition on the Riemannian
metric on X. The moduli space itself certainly depends on the choice of metric,
so let us temporarily write MA;(g) for the the moduli space defined with respect
to a metric g. Suppose go , gl are two generic metrics on X. We join them by a
smooth path gt; t E [0,1] of metrics. If b+ > 1 then, as explained above, we do not
encounter any reducible connections so we can define
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n. definite orientation). Second we need to construct cohomology classes on 8*.
,I'his second step is an exercise in algebraic topology. Fix a base point in X and
Ic,t, B be the 80(3) bundle over B* whose points represent equivalence classes of
c·ounections on a bundle which is trivialised over the base point. The space B is
wc-n.k-homotopyequivalent to the space Maps(X,BG) of based maps (of "degree"k)
f.'cnIl X to the classifying space BG (which can be identified with Hpcx» of the
nt.l'tlcture group SU(2). One can show then that the rational cohomology of B is a
IH )lynomial algebra on 2-dimensional cohomology classes labelled by a basis for the
:~ clilnensional homology of X. That is, the cohomology is generated by the image
c~f n. natural map

jJ : H2(X; Z) --+ H2(8; Z),

which is just the slant product in Maps(X,BG) x X with the 4-dimensional
.·IU.HH pulled back from the generator of H 4(BG) under the evaluation pairing
AlalJs(X,BG) X X --+ BG. One can show further that this map jJ descends to
It. lunp

IJ : H2(X; Z) --+ H2(B*; Z),

.uld that the rational cohomology of B* is freely generated as a ring by the image
.)f' I.hiH map and by a 4-dimensional class ( the Pontryagin class of the fibration
l~ • B*). The upshot of this algebro-topological excursion is that the rational
"OhOlllOlogy classes of B* are labelled by polynomials in the homology of X.
'1'11(' t,hird and most important step required to define invariants is to understand
tI,f" ("olnpactness properties of the moduli space. If the moduli spaces were compact
tl1t4

" they would carry fundamental homology classes in the usual way and there
wcndd be little extra to say. However in practice the moduli spaces are scarcely ever
•·••IIIIUl.et, but they do have natural compactifications. The compactification M k of
,.,A· iH n, subset of

Mk U Mk-l X X U Mk-2 X s2(X) U ....

'1'1 ..• topology is defined by a notion of convergence of the following kind. If
(.1'1," ., Xl) is a point in the symmetric product s'(X), a sequence [An] in Mk
•·..uvC'rp;es to a limit ([A], (Xl, ... Xl)) E Mk-l X s'(X) if the connections converge
(lip t.o equivalence) away from Xl, ••• ,X" and the energy densities IF(An )1 2 converge
nit IlIC'nsures to ,

IF(A)12 + 81r2 L 6Xi •

i=l

'1'Iu' Ht.n.tement that the closure M k of M k in this topology is compact is essentially
ft handy formulation of analytical results of Uhlenbeck on Yang-Mills fields. This
t I,,'ory enters into our discussion of invariants because it can be used to show that
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if the moduli space has even dimension, s = 2d say, then for k such that 4k >
(3b+(X) +3) there is a natural pairing between the moduli space Mk and a product
of cohomology classes /t(al) '-' /t(a2) '-' ... '-' /t(ad), for any al, ... , ad in H2(X).
We will refer to this range of values of as the "stable range" for k.
The cleanest conceptual definition of these pairings proceeds by extending the

')

cohomology classes to the compactified space. For I > 0 and c E H2(X) let
s'(c) E H 2(s'(X» be the natural "symmetric sum " of copies of c. Then for a
in H2(X) we let a(l) be the class

where c is the Poincare dual of a. One then shows that, for any k, there is an
extension Ji(a) of lL(a) to H2 (Mk), which agrees with a(l) on Mk,l == M k n (Mk- 1x
s'(X». Consequently, for any al, •• . ,ad there is a class

Granted this we can define a pairing < II, [Mkl > so long as the compactified
space carries a fundamental homology class, and this fact follows from standard
homology theory provided that the "strata" Mk,' making up M k have codimension
2 or more, for I > O. But the dimension of Mk" is certainly bounded by that of
M k- I x s'(X) which is :

(1) dim Mk-I + 41 = dim M k - 81 + 41 = dim M k - 41, if 1< k ;
(2) dim Sk(X) =4k, if I = k.

Since b+ is odd the condition for Mk,k to have codimension 2 is that 8k - 3(1 +
b+(X» > 4k, which is just the stable range condition stated above.
The disadvantage with this approach is that the only definition of the classes p(a)
known to the author is rather complicated (the main points in the definition are
given in Chapter 7 of [9]). However the same pairing can be defined by a much
more elementary, although less perspicuous, procedure. For a generic surface ~ in"
X the restriction of any ireducible anti-self-dual connection over X to E is again
irreducible, so we get restriction maps :

J

r: Mj -+ 8;, 1
where BE is the space of irreducible connections over E, modulo equivalence. Ifi

a is the fundamental class of E in H 2 (X) the cohomology class p,(a) is pulled back
from BE by the restriction map. We choose a generic codimension 2 submanifold l

in this target space which represents the cohomology class, and let VE be the pre- :,
image of this in the moduli space. By abuse of notation we use the same symbol "
to denote subsets of all the different moduli spaces M j (since they are all pulled
back from the same representative over E). Let now E1 , ••• ,Ed be sudaces in X,
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ill Il:eneral position, and write Vi for representatives VE., as above. The crux of the
IUIl.t,t,er is to show that, for k in the stable range, the intersection

iH compact. We can then define the pairing to be the corresponding algebraic
lut.'l'scction number; the number of points, counted with signs. The argument to
.,t4t....hlish this compactness is elementary, given two basic facts. First we can choose
tlu' ~ so that all intersections in all the moduli spaces are transverse (and the
product connection is not in the closure of the Vi). Second, if [An] is a sequence in
\'. (. M k which converges to ([A],Xl' ... 'X,) in the sense considered above, and if
uolU' of the points Xj lies in ~i then the limit [A] is in Vi C M j . One then goes on
t,4. H}U)W that this intersection number is independent of the choice of Riemannian
....~t,l'ic on X by intersecting N with the Vi. Similar arguments show that the
IlIt,f-I'H(~ction number is independent of the choice of Vi, and of the surfaces Ei,
within their homology classes.

I.. ""Ill, we have found new invariants of 4-manifolds which are multi-linear functions
til t.h(' homology. We introduce the notation

Sym~,R

ru" t.lu~ Bet of d-linear, symmetric, functions on H2(X;Z) with values in a ring R.
'l'h."11 W(~ have

'l'IIII;OIlEM 1. Let X be a smooth, oriented, compact and simply connected 4
,uulJi(old with b+(X) = 2a + 1 for a 2: 1. For each k with 4k > (3b+(X) + 3)
tl." IIULp :

qk = qk,X : ([Ell,···, [~d]) .-+ n(Vi n··· n Vd n M k )

f/ftlllU~S an element of Sym~,z , where d = 4k - 3(1 + a), which is (up to sign) a
.IU''''''t'utinl-topological invariant ofX, natural with respect to orientation -preserving
","i., J"'t'c)rphisms.

W.' lut.(trpose a few remarks here. First, if b+ = lone can still define invariants,
I.. tt, t.lu'He have a more complicated form; see the article by Kotschick in these
1·luc·(~(·dings. Second, it should be possible to extend the range of values of k
r••• wlli("h invariants are defined. In a simple model case (where b+ = k = 1)
t'llf~ 1<llC.WS how to introduce a boundary term to compensate for a codimension-l
",'.ut,11I1I Mt,l, then one obtains the "r-invariant" of a 4-manifold. This approach
I&un I ~f'C'Jl (~xtended in the Oxford D.Phil. thesis of K.C.Mong, and can probably be
"ppli"e1 quite generally, although this has yet to be worked out in detail. A simpler
I'''H'('dur(~ has been developed by J.W. Morgan, using components of the invariants

-2'tt' It. counected sum XI rep, to define qk,X for values of k below the "stable
t nll~"'"
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As a third remark; it would be good to have a definition of the invariants which
was both elementary and conceptually clear. To do this one would need to fully
understand the interaction between the topology used to define the compactification
and the homotopy theory of the spaces of connections. It is worth emphasising that
the anti-self dual equation itself plays no essential part in this discussion. Let B~

denote the space of irreducible connections modulo equivalence on a bundle of Chern
class k. We can define a topology on the union:

~ = 8A: U Bi-l x X U 8k- 2 X s2(X) U ...

in much the same way as before, decreeing that a sequence [An] converges to
([A], (x 1 , •.. , xI) if

(1) The connections converge away from the Xi.

(2) The self-dual parts IF+(An )12 of the energy densities are uniformly bounded.
(3) The Chern-Wei! integrands Tr(F(An )2) converge as measures to the limit

Tr(F(A))2 +87r2 2: 6x••

It would be interesting to identify the homotopy type of~. Similar questions can
be posed for the spaces of maps from a Riemann surface, which are relevant to the
analogous "weak" convergence encountered in the theory of harmonic maps and
holomorphic curves.

(b) Connected sums. One of the main features of the invariants constructed
above is that they vanish for a large class of connected sums. We have

THEOREM 2. Let X be a 4-manifold which satisfies the conditions of Theorem 1.
H X can be written as a smooth, oriented, connected sum X = X 1UX2 and each of
the numbers b+(Xi) is strictly positive, then qk,X is identically zero for all k.

This strong statement reflects the fact that one can give a rather detailed description
of the moduli spaces over a connected sum, in terms of data on each factor. This uses
analytical techniques, which go back to work of Taubes [18 ], for "glueing" together
anti-self- dual solutions, and the ideas lead on to Floor's instanton homology groups
(which appear in the context of "generalised conected sums" across a homology 3
sphere). We will now indicate the kind of analytical techniques involved, and sketch
how they lead to Theorem 2.

Let A1 ,A2 be instantons on bundles Pl,P2 over the manifolds X 1,X2 respectively.
Assume that the connections are irreducible and that the operators <11. appearing~
in the linearisation of the anti-self-dual equations are surjective (which is true for.~
generic metrics on Xi). We also suppose that the metrics on the Xi are flat in ~

small neighbourhoods of points Xi. We introduce a parameter .A > 0 and consider
a conformal structure on the connected sum based on the "glueing" map given, in
local Euclidean co-ordinates about these points, by
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where e.....-+ eis a reflection. A suitable metric on the conformal class represents a·
c'onnected sum with a "neck" ofdiameter 0(,\1/2) ( another, conformally equivalent,
IIlodel is a connected sum joined by a tube of radius 0(1) and length O(exp(tX-1 ))0
We want to construct an instanton on X, for a small parameter '\, which is close to
Ai away from the neck region in the connected sum. As an approximation to what
W(~ want we fix an identification of the fibres :

We construct a connection Ao on a bundle P over X by flattening the connections
A. near Xi, and glueing together the bundles using the identification p, spread out
t.v(~r balls around the Xi using the flat structures. We want to find an anti-self-dual
4'CHluection Ao + a near to Ao• This is rather similar to our discussion above of the
Ic)(°n.l behaviour of the moduli space about a solution, the difference is that now Ao
iN Iiot itself a solution. We want to solve the equation

d10a = -F+(Ao) + (a 1\ a)+,

with a small. Suppose that S is a right inverse to d~o i.e. d10Sw = w, and that
WC' have a uniform bound on the operator norm of S, mapping from L2 to L4 , that
iflt

with a constant C· independent of A (which should be regarded as a parameter
t.broughout the discussion). Note that the L 2 norm on 2-forms and L 4 norm on
I f()rrns are conformally invariant, so we need only specify the conformal structure
flU ..Y". We will come back to the construction of S in a moment, but first we show
how it leads to a solution of our problem. We seek a solution in the form a = S(w),
,~() t.he equation becomes:

w = -(Sew) 1\ S(w))+ - F+(Ao).

We use the Cauchy- Schwartz inequality to estimate the quadratic term, or rather
1.llf· corresponding bilinear form:

'I'his means that we can write our equation in the fo~w = T(w), where T(w) =
(S'(w) 1\ S(w))+ - F+(Ao), and ~e have:



14 Donaldson: Yang-Mills invariants of four-manifolds

say, if the L2_norms of W1,W2 are smaller than some fixed constant, independent of
A. On the other hand

and it is easy to see that this can be made arbitrarily small by making A small (since
one neeeds to flatten the connections over corespondingly small neighbourhoods or
the points Xi ). It follows easily then from the contraction mapping principle that,
for small A, there is a solution to our problem in the form

w = lim TR(O).
n-+oo

, We now come back to explain how to construct the right inverse 5, obeying the
c'rucial uniform estimate. By standard elliptic theory there are right inverses Si
to the operators d1, over the compact manifolds Xi which are bounded as maps
from L2 to L4 • To save notation (and an additional, unimportant, term in the
estimates) let us at this stage ignore the distinction between Ai and the slightly
flattened connection over Xi used to form Ao- Let <P1' <P2 be cut-off functions on
X whose derivatives are supported in the neck region, with tPi equal to 1 on the
"Xi side" and to 0 on the other side, and with tP~ + tP~ = 1 on X. The function
tPi can be regarded in an obvious way as a function on Xi, and we can choose the
functions so that ( for small A ) the L4 norm of dtPi is as small as we please. (This
is essentially the failure of the Sobolev embedding Lr --+ Co, when p = 4.) By the
conformal invariance it does not matter whether we measure this L4 norm in X or
in Xi-

Now, as a first approximation to the desired inverse 5, we set

for any self-dual 2-form w over X. The cut-off functions allow us to make sense~

of this formula, over X, even though the Si are defined ov~r Xi, using obvious:~

identifications. Moreover we have

This gives, much as before, that

When Ais small we can choose 4>i with derivative small in L 4 , then this inequality,;
says that atA N - 1 is a contraction ; hence atA N is invertible and we can put ;
00·

S = No (d1oN)-l.
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I I'Ia is completes our brief excursion into the analytical aspects of the theory. Taking
tolu' ideas further one shows that, with Ai fixed and ,\ small, one constructs a family
of solutions parametrised by a copy of SO(3), the choice of gluing parameter p.
I,.,tt.ing the Ai vary we construct open sets in the moduli space Mk,X which are
nbl"(~ bundles over open sets in Mkt,Xt X Mk"X2' for k = k1 + k2 and each ki > o.
WI)(~n one of the ki is zero, say k2 , the picture is different, since the operator d1

2
then

h".H n. cokemel of dimension 3b+(X2 ). One obtains another open set in Mk,x which
1~ Illodelled on a subset Z of Mk,X t , this being the zero set of a section of a vector
IHIIHlle E of rank 3b+(X2 ) over Mk,Xt • The bundle E is the direct sum of b+(X2 )

'fopi('s of a canonical 3-plane bundle over the moduli space: the vector bundle
n~Ho("in.ted by the adjoint representation to the principal 80(3) bundle B --+ B*
lIu'lltioned in (a) above. In particular the rational Euler class of E is zero.

'I'IIC' J'(~lation between these different open sets in the manifold Mk,x, and their de
p'~ll(l(~llCe on the parameter '\, is rather complicated but to sketch the ideas involved
I,. f.la(~ I)roof of the "vanishing theorem" (Theorem 2) we can proced by imagining
U'h,f, the moduli space Mk,X is actually decomposed into compact components in
t.laiH wny, labelled by (k1 ,k2 ). We then invoke two mechanisms. First, for com
' .... U·llt.S with neither ki equal to zero, the 80(3) fibre in the description of the
"lIluponent fibering over Mkt,X1 X Mk2 ,X2 is trivial as far as the cohomology classes
1'( f ~) u.r(~ concerned. These classes are all lifted up from the base in the fibration (
tIdnk of restricting to surfaces in Xl, X 2 ) and so their cup-product must obviously
vt\'Iiula ()Il the fundamental class. The second mechanism applies when one of the
AI, i14 1,('ro, k2 say. We can then think ( under our unrealistic hypotheses) of the
.·tlil f'Hponding component of Mk,X as being identified with the zero set Z. Under
'111~ ic I. 'I Itification the cohomology classes p,(a) are all obtained by restricting the
':"1 n~Mpouding classes over Mk,xt • On the other hand the fundamental class of Z in
tllf' hOlllology of Mk,Xt is Poincare dual to the Euler class of E, and hence is zero
,,, I nt.iollu.l homology, so the contribution from this component to all the homology
"nh III~H p;ives zero.

W.' '~lllphasise again that all we have tried to do here is to give the main ideas in
,1"1 proof of Theorem 2, since we will take up these ideas again in Section 3 ; the
.If\toI1H."d proof is long and complicated and we refer to [8] for this.

('1) IUHC,nntons and holomorphic bundles. We will now consider the "integrable
"""f~ u 1IJ('llt,ioned in Section 1. We suppose that our base manifold is endowed with
.. I ..u.pu.t,ihle complex structure: then we will see that any instanton naturally
.It,llu,oH u. holomorphic bundle. In this discussion it is simplest to work with vector
t.tltldl.-B, :-10 we identify our connections with covariant derivatives on the complex
'-f'. 1..1' htllldle associated to the fundamental representation of SU(2). The relation
wit I. J.olorllorphic structures can been seen most simply if we consider first the
I-nm' WIt.'1l t,he base space is C 2 , with the standard flat metric, and choose complex
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F12 +F34 = 0

F13 +F42 = 0

F14 +F23 = o.

co-ordinates z = Xl + iX2, W = X3 + iX4. A covariant derivative has components

and its' curvature has components

Fij = [Vi, Vj].

The anti-self-dual condition becomes the three equations :

l
l

1
j
1

Now write D z = (1/2)(V1 + iV2 ), Dw = (1/2)(V3 + iV.) i these are the coupled j
Cauchy-Riemann operators in the two complex directions. Then the second and ,
third of the three anti-self-dual equations can be expressed in the tidy form .

[Dz,Dw ] = o.
This is the integrability condition which is necessary and sufficient for the exis- ,

tence of a map 9 from C 2 to GL(2, C) such that:

-1 8 -1 8
gDzg = oz ' gDw 9 = OW·

So, in the presence of the complex structure on the base, we can write our three
anti-self-dual equations as the integrability condition plus the remaining equation,
which can be written :

[D z , D:l + [Dw , D:,] = O.

For a global formulation of this we suppose X is a complex Kahler surface and·
w is the metric 2-form on X. The anti-self dual forms are just the "primitive" (1,1).
forms: the forms of type (1,1) which are orthogonal to the ~ahler form. The;
covariant derivative of a connection over X can be decomposed into (1,0) and (0,1)
parts:

VA = V~ +V~

We extend the operators to coupled exterior derivatives OA , 8A on bundle-.
valued forms, equal to VA, VA respectively on the O-forms. If the curvature has·;'
type (1,'1) then a~ = 0 and the connection defines a holomorphic bundle, whose'
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1....".1 holomorphic sections are the solutions of the equation BAS = o. So an anti
~t~lf (Inal connection defines a holomorphic bundle. Conversely, given a holomorphic
l"IIUllc, we get an anti-self dual connection from any compatible unitary connection
which satisfies the remaining equation F(A).w = O. This relation can be taken
1I11I..h further.It has been shown ( [6], [19] ) that it induces a (1,1) correspondence
'If~t.w(~en:

( I) The equivalence classes of irreducible anti-self-dual connections ( with struc
ture group SU(2) in the present discussion).

(2) Equivalence classes of holomorphic 5L(2, C) bundles E over X which satisfy
the condition of "stability" with respect to the polarisation [w] E H 2(X).
This stability condition is the requirement that for every line bundle bundle
L which admits a holomorphic map to E we must have cl(L) '-' [w] < 0 .

'1'11'1 :-;ubstance of this assertion is an existence theorem: for any stable bundle
We' ("lUi find a compatible connection A which satisfies the differential equation
III( A ).w = o. The effect is that, as far as discussion of moduli questions go (and
Itt pu.rticular for the purposes of defining invariants), we can shift our focus from
lIu' differential geometry of anti-self-dual connections to the algebraic geometry of
"••1. )I11orphic bundles.

11'1 .. ,s(' ideas have been used in two ways. On the one hand we can, in favourable
.."m's, apply algebraic teclmiques to describe the moduli spaces explicitly and then
,'"I.'ulate invariants. Two standard techniques are available for constructing rank-2
lanlolllorphic bundles over surfaces. In one we consider a bundle V of rank 2, with a
1...lolllOrphic section s which vanishes on a set of points {Xi} in X, with multiplicity
".H' ",t, each point. Then we have an exact sequence

0--+ 0 --+ V --+ A®I --+ 0,

wll~'rc A is the line bundle A2V and I is the ideal sheaf of functions vanishing·pn. '
t IH\ points Xi. These extensions are classified by a group Ext == Ext1(A ® I, 0),
which fits into an exact sequence:

H 1 (A*) --+ Ext --+ EB(Kx ® A):. --+ HO(Kx ®A)*,
i

wllc're the last map is the transpose of the evaluation map at the points Xi. SO
W'" cnll read off complete information about these extensions if we have sufficient
'\Il~)wl(~dge of the cohomology groups of the line bundles over X. In principle this
.. ppronch can be used to describe all bundles over X since, if E is any rank-2 bundle
Wf' c'nn always find a line bundle L such that V = E ® L has a section vanishing
nf UII isolated set of points (for a complete theory one needs also to consider zeros
waUl hip;her multiplicity).

"'or the second construction techriique we consider a double branched-cover 7r :

\ ~ "t". If J is a line bundle over X the direct image 1["*(J) is a rank-2 vector bundle
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r:Mk~WE.

Over WE we have a basic holomorphic line bundle £, again just as considere
in Witten's theory. It is easy enough to show that p(a) is the pull-back by r .
the first Chern class of .e. On the other hand £, is an ample line bundle over WE
for large N the sections of .eN define a holomorphic embedding j : WE -+ cpm:
Furthermore one can easily see that r is an embedding, so the composite j 0 r give'
a projective embedding of Mk, and N IJ(a) is the restriction of the hyperplane cl '
over projective space. In this way one shows that,under one important hypothesi'
the pairing Ndqk,X(Q, ••• ,a) is the degree of the closure of the image of Mk in CP ,
(a projective variety). The degree of a non-empty projective variety is positive, an:
this gives the result. :
The vital hypothesis we require for this argument to work is the condition that,
least over a dense set of points in Mk, the Kahler metric w behaves like a generi
Riemannian metric, i.e. that for a dense set of anti-self-dual connections A th
cokemel of the operator d1 is zero. In algebra-geometric terms we require that fo',
a dense set of stable bundles E the cohomology group H2 (EndoE) should be zer
(Here Endo denotes the trace -free endomorphisms).

(locally free sheaf) over X. Conversely, starting from a rank-2 bundle E over X, r
we have a trace-free section s of the bundle EndE ® L for some line bundle Love'
X, which has distinct eigenvalues at the generic point of X, and whose determinan
vanishes with multiplicity one on a curve C in X then we can construct a doubl
cover X ~ X, branched over C. The points of X represent choices of eigenvalue 0

s. The associated eigenspace defines a line bundle J' over X, and E is the diret
image of J = J' ® [C], where C is regarded as a divisor in X. This theory can b_
extended to cases where X is singular and J is a rank-l sheaf of a suitable kind. '

The other application of these ideas is more general. The Yang-Mills invariants giv
strong information about the differential topology of complex surfaces even in cas
where one cannot, at present, calculate the invariants explicitly. This comes ahou ~
through a general positivity property of the invariants. Let a E H2(X) be Poincar
dual to the Kahler class [w] over a surface X, as above. Then we have :

THEOREM 3.
For all large enough k the invariant qk,X satisfies qk,X (a, a, ... , a) > O.

For the proof of this one considers the restriction of holomorphic bundles over X t :
a hyperplane section ~ - a complex curve representing Q. We have a moduli spac
WE of stable bundles over E, just as considered in Witten's interpretation of th,
Jones invariants.(See the account of Witten's lectures in these Proceedings). Le'
llS suppose for simplicity that stable bundles over X remain stable when restricte'
to C ( the technical difficultyies that arise here can be overcome by replacing Q b
pa for p >> 0, and considering restriction to a finite collection of curves.) Then vi
have a restriction map
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'1\ ••'olnplete the proof of (3) then we must show that this hypothesis is satisfied,
I ..el t.his is where the condition that k be large enters. What one proves is that the
IUIt"t't, Sic of the moduli space representing bundles E with H2(EndoE) non-zero
h... c·cHoplex dimension bounded by

(4)

rtl., ,.uJue constants A,B. This grows more more slowly than the virtual (complex)
,IhuruHion d = 4k - (3/2)(1 + b+(X» of the moduli space M" , and it follows that
AI, \ a~k is dense in M Ic, for large k. To establish the bound (4) one uses the fact that
N'I( I'J'7I.doE) is Serre- dual to HO(EndoE f8J Kx). So if E represents a point in Sic
U."rr iH a non-trivial section s of the bundle EndoE®Kx. Two cases arise according
'u wlu~ther the determinant of s is identically zero or not. If the determinant is zero
Ull' l((~rnel of s defines a line bundle L* and a section of E ® L. Then we can fit
h,tI4' th(~ first construction described above and estimate the nmnber of parameters
IYAlllthle in the group Ext in terms of k. H the determinant is non-zero we fit into
.ht:' "f~(·ond construction, using a branched cover, and we again estimate the number
uf ,.n.nuneters which determine the branched cover X and rank-1 sheaf J.

(tI) Itemarks.
c') ... ~ ("lUi roughly summarise the first results which are obtained from these Yang
MIIiN invariants by saying that they show that there are at least two distinct classes
It' ,.,,('11 manifolds (up to diffeomorphism), which are not detected by classical meth
lub.. ()n the one hand we have the connected sums of elementary building blocks,
r.,1' f~x,unple the manifolds:

Xo,fJ = (UCP2# ... #CP2
) UCP

2
U.•• UCp

2

, y ", vt '

a copies fJ copies

r..1' which the invariants are trivial. Any (simply connected) 4-manifold X with
luld illt.('rsection form is homotopy equivalent to one of the Xo,fJ . On the other hand
w" lIn.v(~ complex algebraic surfaces, where the invariants are non-trivial. (There is
.tt.Il.- overlap between these classes in the case when a = 1.) For a more extensive
tU~(·uHHion of this general picture see the article by Gompf in these proceedings. More
'~"flf~(1 results show that the second class of 4-manifolds itself contains many distinct
'tl"uifolds with the same classical invariants (that is, homotopy equivalent but non
tllll'c'olllorphic, simply connected smooth 4-manifolds.) The strongest results of this
~il,.lltave been obtained by Friedman and Morgan in their work on elliptic surfaces.

1(.",,,,11 that a K3 surface is a compact, simply connected complex surface with
t II vinl canonical bundle. All K3 surfaces are diffeomorphic, but not necessarily bi
t.,.lc)IIH)l-phicallyequivalent. Some K3 surfaces are "elliptic surfaces", that is they
ndfuit a holomorphic map 1r : S ~. Cpl whose generic fibre is an elliptic curve
(:' clilllcnsional torus). Starting with such a K3 surface one can construct a family
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of complex surfaces Sp,q p, q 2: 1 by performing logarithmic transformations to :
pair of fibres of 11", with multiplicities p and q. From a differentiable point of vie
a logarithmic transform of multiplicity r can be effected by removing a tubul !,

neighbourhood of a fibre, with boundary a 3-dimensional torus, and glueing it bac
using the automorphism of the 3-torus specified in a standard way by the matrix:

')

I

qk S = (pq) Q[ij +'"" a 'Q[l-i] ~2i ., P,f L.J I p,q
;=1

(5)

~p,q : H2 (Sp,q) --+ Z,

given by pairing with the cohomology class -Cl(Sp,q). The Yang-Mills invari '
can be expressed as polynomials in Q and ~p,q and have the form:

(
1r-1 0)
010
001

in SL(3, Z) ~ Aut T3. The Sp,q are again elliptic surfaces and, as was point~,'

out by Kodaira [11 ], are homotopy equivalent to S if p + q is even. In particul~:

b+(Sp,q) = 3 and, for k 2: 4, Theorem 1 gives an invariant qk,SPJf' which is'~

multilinear function of degree d = 4k - 6. Friedman and Morgan have announced
partial evaluation of these invariants, for k > 4 using a description due to Fried -..
of the moduli spaces of stable holomorphic bundles over Sp,q, for a suitable Hod ~

metric [12],[13]. Friedman's description of the moduli spaces starts from an analys
of the restriction of bundles on Sp,q to the fibres of the elliptic fibration. On
fibre the bundle is either decomposable into a connected sum, or an extension
the trivial bundle by itself. The first condition is open and for a bundle whi:,
decomposes on the generic fibre the choice of a factor in such a decompositi,
defines a double branched cover of the surface; then the bundle can be recover:
using the second construction mentioned above. Friedman also analyses the oth,
bundles by the first technique, using extensions, and these turn out to have few
moduli. In this way Friedman is able to obtain a very general and quite detail,'
description of the moduli spaces. ~
To state the result of Friedman and Morgan we regard the invariants as polynom~:

functions on the homology of the 4-manifolds. There are two basic such functio ..
the intersection form Q - viewed as a quadratic polynomial, and the linear functio,

.....

Here 1= (d/2) = (l/4)dim Mk, and we have written Q[lJ for the "divided pow':
(l/l!)Q'. The formulae depend a little on ones choice of conventions for multipli
tion in the ring Symx,z: explicitly we have, for example:
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lu Ulr formula (5) the ai are unknown integers. Friedman and Morgan deduce
"t"t1 this partial calculation that the product (pq) is a differentiable invariant of
Ilua ;t lunnifold Sp,q. In particular there are infinitely many diffeomorphism types
,""UJ;i('cl within the one homotopy ( or homeomorphism) class. (Indeed Friedman
It..t Mor~an work much more generally, considering all simply connected elliptic
.\" rn.·.'H with b+ ~ 3.)

AU"'."I'",1 question to ask is to what extent such information can be derived without
"Ii'U'I'HC' t.o algebraic geometry and explicit descriptions of the moduli spaces. One
MhvhHIH approach to this is to think about the differentiable description of the
Ittl"dt.hluic transformation in terms of cutting and pasting along a 3-torus. One
"I" ...,t. n. good theoretical understanding of the effect on the Yang-Mills invariants
ttl ."u,1I (·utting and pasting operations across a homology 3-sphere using Floer's
",.ta"ll.oll homology groups. One would like to have an extension theory of this to
tRtu'r ".'·llC'ral 3-manifolds, like the 3-torus. The author has been told that analytical,.."It... iu t.his direction have been obtained by T. Mokwra.

A"uUu'" p;cneral problem is to find if there are any other simply connected 4
Ittlu'l'olclH, beyond the connected sums and algebraic surfaces noted above. We
PIli nt.l,,"ution to a very interesting family of 4-manifolds, which provides at present
1tt1"IV c'u.ndidates for such examples. These candidates are obtained by starting
wUIt " Coolllplex algebraic surface X defined over the real numbers, so there is an
'flU I"tlcullorphic involution u : X ~ X with fixed point set a real form X R of X 
• tf'1\1 u,lJ((\hraic surface. We let Y be the quotient space X/u, which naturally has
thtt "',I',.c·f.l1re of a smooth manifold ( since the fixed point set has real codimension
,) If.\' is simply connected and XR is non-empty the quotient Y is also simply
Mttuu·ltl.r'd and its' classical numerical invariants can be found from the formulae

b+(Y) = pg(X) , 2X(Y) = X(X) + X(XR) ·

U,fh•• hltckwards, the manifold X can be recovered as the double cover of Y,
It.aurl,,·c1 over the obvious copy of XR.
~r'd. "oIlHtruction has been used by Finashin, Kreck and Viro in the case when X
,. " I )••I,,;u.chev surface ( with Pg = 0 ). In this case the quotient Y does not give a
ItllW .Illlc'n'utiable structure - for a suitable choice of q it is diffeomorphic to the 4
Itth"tf" Illst,ead they show that the branch surfaces give new exotic knottings in 8 4

~ 1\ I f'f'k 's article in these Proceedings. A similar picture holds if we take X to be
It..~ ..f 1.1 .. , tnanifolds 8p ,q considered above. First, if (8,u) is a K3 surface with anti-
1 1 phie involution then S/u is one of the standard manifolds: S2 X 52 or X1,p.
h.. h;f~tll Yan's solution of the Calabi conjecture gives a u- invariant hyperkahler
ttttal tte' 4H. S, compatible with a family of complex structures. It is easy to see that
"'" I, l4"fiP(\(~t, to one such complex structure, J say, the map q is a holomorphic
ht".,lul.iotl of S. (This complex struct~re is orthogonal to the original one present in
ntH f~l(plicit. complex description of S.) Then J induces a complex structure on the
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SECTION THREE, TORSION INVARIANTS

(a) More cohomology classes. The theory outlined in Section Two can be
tended in a number of directions. In this Section we will consider one such extensi '
where we define additional invariants which exploit the torsion in the homology'
the space of connections. This extension was greatly stimulated by conversati
with R.Gompf during the Durham Symposium, and for aditional background \
refer again to Gompf's article in these Proceedings.
Our starting point is the following question : does the connected sum of a pair!:'
algebraic surfaces decompose into "elementary" factors? For example, can we s .
off an 52 X S2 summand ? The invariants we have defined so far are not at all us
for these problems, since they are trivial on such connected sums. So we will 11J'

look for finer invariants, which will not have such drastic "vanishing" propert·,
These invariants use more subtle topological features. ,
As we explained in Section Two the rational cohomology of the space B* of equ
alence classes of irreducible connections on an SU(2) bundle over a compact,(
manifold X is very simple. The integral cohomology of B* the other hand, is m '
more complicated. For example, consider the case when X = 8 4 and, as in Sec
2, let' 8 be the space of "framed" connections - homot~py equivalent to an SO'
bundle over Brtt. This basic example was discussed in detail by Atiyah and Jo'
[1]. The space 8 is homotopy equivalent to n3 5 3 - the third loop space of S3.
rational cohomology is trivial, but the cohomology with finite co-efficient gro~p
very rich. Many non-zero homology classes are detected by a virtual bundle wh~

corresponds, in the framework of connections, to the index of the family of coup)"

quotient space T = (5/u), such that the projection map is a holomorphic branch'
cover. But it is a simple fact from complex surface theory that if a K3 surface
a branched cover of a surface T then T is a rational surface; hence S / u is ratio .
and so difFeomeorphic to 52 X 52 or some Xl ,fJ.

Now the argument of Finashin, Kreck and Viro shows that the quotient of a 10
rithmic transform 5p ,q by an anti-holomorphic involution is again diffemorphic

1

one of these standard manifolds. By this means one can get "knotted compi
curves" in, for example, S2 x B2, i.e. embedded surfaces homologous to a compI.
curve of the same genus, but not isotopic to a complex curve.
While we do not obtain any new manifolds by this quotient construction in t
two cases considered above, in more general cases the problem of understanding t
diffeomorphism type of the quotient seems to be quite open. An attractive feat ,
of this class of manifolds is that one can still hope to get some explicit geometri ~

information about the Yang-Mills solutions. The anti-holomorphic involution u,
X induces an anti-holomorphic involution 0- of the moduli spaces Mk,X. Recen
S-G.Wang has shown that the moduli space Mj,Y can essentially be identified wit'
component of the fixed-point set of q in M2j,x ( the "real" bundles over X ). On t;
other hand these real bundles can, in principle, be analysed algebro-geometric
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Ol"nc' operators parametrised by B. In general on an arbitrary spin 4-manifold X
WfI.'nll use the Dirac family to construct corresponding classes, as in [7]. One can
'h..u ~() on to consider the problem of pushing these classes down to 8*. For our
Iltl,Uc·nt.ion below we want a certain class u E H 1(8*; Z/2), or equivalently a real
It".. 1.'llulle ." over 8*. This is defined when the Chern class k of the bundle P over
Xw,· 'U'(~ considering is even. We recall the construction from [7]. Over A there is
••1~t,.·nllinant line bundle Tj with fibres

11A = AmazokerDA ® AmazokerD'A,

WIHtl'C~ DAis the Dirac operator coupled to A via the fundamental representation
.., ~HJ(2), and regarded as a real operator. This admits a natural action of the
I,ulc~ KI"OUP Q; and the element -1 in the centre of Q (which acts trivially on A)
I.th. tL'" (_l)indDA on the fibres of fi. On the other hand the numerical index of the
"uUI.I,4cl operator compares with that of the ordinary Dirac operator D by

ind DA = k + 2 ind D.

(tl'll(' fa.ctor 2 appears here as the dimension of the fundamental representation.)
" r••llt)ws that (-1) E Q acts trivially on ij precisely when k is even, and in this case
UtI' ItUlldlc descends to a line bundle 7J ~ 8*. We then put u = Wl(7]).

(It) Additional invariants.
('''''Mld.'1" first a general case where we have a cohomology class 8 E H8(8*; R), for
"'Utti ('o-cfficient group R, and a Yang-Mills moduli space Mit: C 8* of dimension
It If Wf· (~an construct a natural pairing between a fundamental class of the moduli
II'R."~ ,u1d 8 we obtain a n\llllerical invariant of X. We recall that in Section 2 such
I I..,~ri ..p; could be obtained, when 8 is a product of classes p(a), by extending
th" f'oluuIlology classes to the compactified space Mit: which carries a fundamental
1.... lIolo.u:y class once k is large. It seems that this approach cannot be extended,
wtt.llout reservation, to all the cohomology of B* .(It is certainly not true that all
Ulf1 4t olu)(nology of 8* extends to Mk.) However, 88 we shall now show, it can be
.'RII tf'( 1t.hrough when the class 8 contains a large enough number of factors of the
tU11i1 11.( (\~). Suppose then that the virtual dimension s of the moduli space under
t!....t1idt·rntion has the form s = 2d+r, where r = 1 or 2 and 8 is a cohomology class
ur t ltc' Hilape :

wllf'n~ ¢ E HT(8*; R). To construct a pairing between 8 and the moduli space we
tt" Wf'('d as follows. As in the second construction of Section 2 we let Vi, ... ,Vd be
t IlIlilUC'llsion 2 representatives for the.J.t(ai), based on surfaces E i in X, and chosen
!if" t.hnt. all multiple intersections are transverse to all moduli spaces. Then the
lftft·"N(~(·tion :
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q",q"X : H2 (X; Z) x··· X H 2(X : Z) --+ R,

given by q",q"x ([EI ], ... , [Ed]) =< 4> ,M" nVI n V2 n· · ·n Vd > defines an eleme ':,
Sym~ R which is (up to sign) a differential-topological invariant of X, natural .
respedt to orientation preserving diffeomorphisms.

(c) Loss of compactness. Unfortunately, the author does not know any inter ~

ing potential applications for the invariants of Theorem 7. So we now go furt
and see what can be done if we take r = 3 in the set-up above. For definiteness

this case does not occur. On the other hand if I < k the dimension of M,,_
2d+ r - 81 and this must be at least 2(d - 21), since A lies in d - 21 of the Vj. He;
r ~ 4/, and since r :5 3 we must have 1= o. So A is a limit point of the seque:
in I. ::
Now a similar argument involving families shows that for any two generic met·
on X, or choices of Vj, the intersections are cobordant in 8*. This is where we n'
to use the assumption that r :5 2, since we introduce an extra parameter into
"dimension counting" .It follows then that the pairings are the same. Finally le~

note that the group of orientation- preserving self- homotopy equivalences of X .
naturally on the cohomology of 8*. For simplicity we suppose that the class ~

fixed by this action, we just call such a class an invariant class . Then to sum"
we obtain

THEOREM 7. Let X be a compact, smooth, oriented,and simply connecte
manifold with b+(X) > 1. Let q, be an invariant class in Hr(B*, R) for r
If4k > 3(1 +b+(X) +r and the dimension s = 8k - 3(1 + b+(X) equals 2d + r t,
the map

4k > 3(1 + b+(X)) + r

is an r-dimensional, oriented, submanifold of Mk C 8*. If I is compact we
evaluate the remaining factor q, on I to obtain an invariant in the co-efficient gr ,
R.
The argument to show that I is compact, when k is large, is just the sam'e
that used in the basic case (when r = 0) considered in Section 1. In terms of ,
compactified space, we exploit here the fact that the lower strata have codimens·
at least 4, and this is where the hypothesis r :5 2 enters. In fact, at this point
only need r :5 3. In detail; suppose that [Aal is an infinite sequence in I. '] •
a subsequence we may assume that it converges to ([A], (Xl, ... ,Xl) in M ". Th
are at most 21 of the surfaces which contain one of the points Xi, so [A] must lie
at least d - 21 of the Vj. H I = k, so A is flat, [A] does not lie in any of the Vj'l
in this case we must have d:5 2k i.e.4k :5 3(1 + b+(X)) + r. So if we assume th'
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nuw lix the class 4> E H 3(8*; Z/2) to be u3 , the cup-cube of the class u described
In (,,). Thus we should assume that X is spin and that the Chern class k is even,'''Ii clilllcnsion formula shows that we must then have b+(X) even. The essential
r.rl. ",hout this class u3 is that it can detect the "glueing parameter" which appears
wh"11 W(~ join together instantons over two different regions, after the fashion of our
~IIIIIU'(·t.(~d sum construction in 2(b). We shall use this fact twice below so we will
.".~ .. II the main point now. Consider a pair of irreducible connections A1 ,A2 on
hUllclI.'H Pl,P2 over spin manifolds X 1,X2 • Let the Chern classes of the bundles be
~I t A"~' with k1 + k2 even. Flattening the connections in small balls we construct a
p"u,u·c·t.ion Ao(p) for each gluing parameter p, and in this way we obtain a family
ttl ll."'''~(~ -equivalence classes of connections over the connected sum parametrised
lty S( J( ~l). Up to homotopy this family is independent of the particular connections
A" ur t.he particular flattening procedure. We can restrict our determinant line
h,ul.II.~ t.o this family, getting a real line bundle over 50(3). A simple application
ur t.lu· At.iyah-Singer "Excision Axiom" shows that this bundle is

wl.-·,,· eis the Hopfline bundle over 80(3), viewed as projective 3-space.(See [7].)
Nut.., t.hat there is no loss in symmetry in this formula, since k1 + k2 is even. It
f..lluwH t.hen that the pairing of u 3 with the fundamental class of 80(3) is (-1 )k1 •

WU.lt this fact at hand we will now go back to our discussion of invariants. Let
Ut" dill H~nsion of the moduli space Mk(g) be 2d+3 and let 1(g) be the intersection
ur II ..· IlH)duli space with VI, ... , Yd. As we noted above, l(g) is still compact for
lfiIlC.tic- Inctrics 9 (so long as 4k > 6 + 3b+) and we can form the pairing of [1(g)]
wit.1I ,,:'. The argument to show that this is independent of the choices of surfaces
Mud c'odiluension-2 representatives Vi goes through just as before, and we obtain a
u,ult.ilillpar function

f3g : H 2(X) x·· · x H 2 (X) --+ Z/2,

I.v '~.IU.illp; ,8g([~l], ... ,[~d]) =< u3,1(9) >.
1'1 .. \ IU'W feature that we encounter is that fig is not now independent of the generic

....,tilt' !I. The problem comes from the next stratum Mk,l = Mk-I X X in the

.....1I1.lIct.ified space. The moduli space M"-l has dimension 2(d - 2) - 1 so in a
t \'1., .. ,,1 I-parameter family of metrics 9t we should expect there to be some isolated
tlt""'1 when Mk-1(gt) meets d - 2 of the Vi, say Vi, ... ,Vd - 2 • IT A is a connection
... rllte"1I au intersection and x is a point in the intersection Vd-l n Vd then the pair
f 1.-l11 ,r) can lie in the closure of I == oN n VI · · · n Vd, and in that case I does not
lJ)"f' " cOlnpact cobordism from 1(go) to 1(gl).
AII III IIOt, lost, however, through this failure of compactness. The same analytical
I f" I'll ic 11l(~S used for connected sums allow one to model quite precisely the behaviour

". # .6
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of the compactified moduli space around ([A], x), see [7]. The link L of the strat
Mk,l in the compactified space is a copy of 50(3), representing the gluing paramet I

which attachs a highly concentrated instanton to the background connection A.
.follows from the discussion in the previous paragraphs that the pairing of u3 with.:
is 1. On the other hand a simple topological argument shows that a suitable trun
tion of the space I is a compact manifold-with-boundary, whose boundary has,')·
addition to 1(go) and 1(91), a component for each pair ([A], x), and this compon :.J

is a small perturbation of the link L. So the difference (P9o - ,891 ([~l]'. · · ,[~dl
is exactly the total number of pairs ([A], x). (Here we have, of course, to allow'
partitions of {I, ... ,d} of type (d - 2,2) when counting the pairs ([A], x) .)
To understand this better we consider briefly another kind of generalisation of t
Yang-Mills invariants. Suppose we ·have a situation where the moduli space M j h
virtual dimension -1, and so is empty for generic metrics. We define an invari
for a path of metrics 9t by counting the number of points in the associated mod
space N. If b+ ~ 3 this number depends on the path only through its' homoto
class, with fixed (generic) end points. This collection of invariants of paths give
class in Hl(1?,*), where 'R,* is the space of Riemarmian metrics on X with trivi
isometry group, modulo diffeomorphism. More generally, if we have a moduli sp .'
of dimension (2d - 1) we can take the intersection with subvarieties Vi to obtainj

multi-linear invariant of paths of metrics :

This is independent of the representatives Vi, and yields a homotopy invariant:
paths. It naturally defines a class in the twisted cohomology Hl(R,*;II), wh
IT is the local co-efficient system over 'R.* corresponding the representation of t
diffeomorphism group on the multilinear, Z/2 -valued functions in the homology::
x. (We can, of course, go further in this direction to define higher cohomolo'
classes over 1?,•• )

Our analysis of the ends of the manifold I now leads immediately to the fonnul

(9)

where u is the (d-2) -linear invariant of paths defined by the moduli space Mk ;
as described above. In (9) we take any path from 90 to 91, and on the right h '
side we use the multiplication in the ring of multilinear functions Symx,Z/2 .
the intersection form Q of X. In particular the functions 13gt are equal modulo t,
ideal generated by the intersection form, and we obtain an intrinsic invariant in t
quotient graded- ring

SymX,Z/2/ < Q > ·
( Notice that another consequence of (9) is that the product of the cohomolo

class defined by u with Q is zero in Hl('R.*;IT).)

To sum up then we have :
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TII~:.)I'I·:M 10. Let X be a compact, simply connected, oriented, spin 4-manifold
.,.,. I, t ( ..X") > 1. Suppose k is even and is such that 8k - 3(1 +b+(X) = 2d +3 and
~~ .. :I( 1+b+(X) + 3. Then tbe pairing

Pk,x([E I ], ••• , [Ed]) =< u3
, MA; n VI n · · ·n Vd >

fI"n'U'H lJ. differential- topological invariant Pk,X in Symi,Z/2/ < Q >.

(l'lvn.rinnts with this kind of ambiguity have appeared in a slightly different con
IHt, l•• the works of Kotschick and Mong. The identification of the precise correction
fatAl. u' ",rising from the failure of compactness has been discussed, in this other con".t. hy Kotschick. )

(1I)llIvnriants for connected sums. We suppose now that the manifold X ap
~'I""1l: in Theorem 9 is a smooth, oriented, connected sum Xl~X2 and that each of
t+( 1\' I), b+(X2 ) is odd. We shall use the analytical techniques described in Section
I (t.) I.e» l)artially calculate the new invariant of X in terms of the factors in the SUIn.

tit.. tl"~ltments involved are very similar to those in the Vanishing theorem for the"'''tllnl invariants - but we shall see by contrast that these torsion invariants for X
" .....t Hot, be trivial, due to the fact that they detect the glueing parameter which
Itt,I",.u·('d in our description of the moduli space. The discussion here is very similar
~" Uud. in [7] for the complementary problem of the existence of 4-manifolds: it
,. "htH very similar to Furuta's use of such torsion classes in his generalisation of
rl.NtI'" coohomology groups; see Furuta's article in these proceedings.
~ '''altlyse the invariant Pk,X we fix a partition d = d l + d2 and homology classes

f
"tJ, .. 0' [~dl] in Xl, represented by surfaces Ej in t~e obvious way, and classes
Ji\). .. , [~d2] in X 2 • Recall that 8k - 3(1 + b+(X» = 2d +3, where

4k > 6 + 3b+(X).

W.....1a".11 (~valuate the pairing (J = ,8k,x([EI ], •.• , [Ed l ], [E~, ... , [Ed,]) assuming that

(II )

·l'lu\ point of this condition is that if we define ki by

t...tl. of kI , k2 are in the range where the polynomial invariants ql:.,x, developed
h. ~t.·.·tioll 2(a) are defined. Let us write qI,q2 E Z for the evaluation of these
Itt\'''' "Ult.S on the classes [Ej ], [Ejl, in H2(X1 ),H2(X2 ) respectively.
\\,'1 IIC)W proceed in the familiar fashion, considering a family of metrics g(A) on
1( I wltb t.he neck diameter O(A1/ 2 ), and "converging" to given, sufficiently generic,
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and similarly that A2 is a connection over X 2 which represents a point of the
tersection [2 of Mk2 ,X2 with the VJ. Then the glueing theory sketched in 2(b) sh '
that, for small enough A, there is a family of ASD connections over X parametri '
by a the product of a copy of SO(3) ( the gluing parameter ), and neighbourh "1:

of the points [Ail in their respective moduli spaces. Taking the intersection f.

the 'Vi and Vj is effectively the same as removing these two latter sets of paramet
in the family; so we obtain a copy I([At ], [A2 ]) of SO(3) in the intersection, w
clearly forms a complete connected component of I(A).
Now, under the condition (10) the sets I t ,I2 are finite, so for small A we ,
111 1.112 1copies of 80(3) in I(A). We will now show that these make up all of Ie
Again the argument takes a familiar form : suppose we have a sequence An ;'
and connections An in leAn). After taking a subsequence we can suppose that,
connections converge to limits B 1 ,B2 over the complement of sets of sizes 11, 1\
the two punctured manifolds; where Bi is an anti-self-dual connection on a bu
with Chern class "'i over Xi. We have an "energy" inequality

metrics 91,g2 on X t ,X2 • We let l(A) C Mk,X(g(A» be the intersection of mod'
space with all of the 'Vi and Vj. We will show that, for small A, leA) is a disjo·
union of copies of SO(3). In one direction, suppose that At is a connection over
which represents a point of

(12)

Now the argument is the usual dimension counting. First note that at least,
of the Ki must be strictly positive, by (11). Suppose next that K2, say, is zero'"
B 2 is the product connection. Then each surface ~j must contain one of th
exceptional points in X 2 , so:

d2 :::; 2 12 •

Over the other piece: at least d1 - 2 11 of the 'Vi must meet the moduli spac .
Chern class Kl, so :

2d1 :::; 411 + 8Kl - 3(1 + b+(X1 ).

Combining these inequalities with (11) we obtain a contradiction. Similarl:
the case when neither "'1 nor ~2 is zero one deduces that in fact 11 = 12 = 0
k = "'1 + "'2. It follows then that for large n the point [A(n)] lies in [([B1], [ :

and hence that I(A) is indeed the union of these components, for small A. :
We can now use the relation (8) between the class u and the gluing construe'
to evaluate (3. The copies [([AI], [A2 ]) of 80(3) are small perturbations of t \
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..I,t.n,iued by flattening the connections, so the cohomoloogy classes restrict in just
'ht' tuune way. We obtain the formula

f3 = 0 if k1, k2 even

= ql ·q2 if kl , k2 odd.

w., (~nn sum up in the following theorem

'aUI:ouEM 13. Let X be a simply connected, spin, 4-manifold with b+(X) even
.,,,1 k he even with 4k > 6 + 3b+(X). If X can be written as a connected sum
,V - .\ I UX2 , with each of b+(Xi) odd, the invariant I3k,x has the form:

(3k,X=( L Qkt ,Xt·Qk2 ,X2 )+ €1+ €2 mod 2,
k1,k2 odd,kt +k2=k

wl,,',.(~ €i contains terms of degree at most (3/2)(1 +b+(Xi)) in H2(Xi).

WfJ 14(1(' t.hen that the torsion invariants are more sensitive than those defined by
'Itp IItt.ioual cohomology: the latter are killed by connected sums, since the glueing
ttl. nt.u't.er is rationally trivial, but the torsion classes can detect the gluing parame
, .... nud p;ive potentially non-trivial invariants. Moreover, if Xl and X 2 are complex
.1.fil.l'",i(~ surfaces we can hope to calculate some components of the new invariant
ftt" t.I .., (~onected sum, using Theorem 13, and hence show, for example, that the
ftUu.irold does not split off an 8 2 x S2 summand. In this direction, one can use a
",~..n'1I1 of Wall [20], which tells us that if X = YU(82 X 8 2 ) and b+(Y) ~ 1 then
t'tf' t1l1l.olIlorphism group of X realises all symmetries of the intersection form. The
tt\V"dnllf.H for such a manifold must be preserved by the automorphism group, and
Iltht p"iVC'H strong restrictions. The author has, however, not yet found any examples
whf.'lf~ t.his scheme can be applied: in a few simple examples various arithmetical
"t!f,~n~ He'em to conspire against the success of the method. Perhaps more elaborate
""Iuple':-I will be successful, or perhaps there is some deeper phenomenon in play
Whlt'h Illakes these torsion invariants also vanish on connected sums.

N~.t ''J'I()N 4, REMARKS ON HOLOMORPHIC AND PSEUDO-HOLOMORPHIC CURVES

II) «:urves, Line bundles and Linear systems.
WI' will.IOW change tack and make make two remarks on the relation between holo
tt.u. phico nnd pseudo-holomorphic curves. These remarks can be motivated by the
..."l"p,ic'H with Yang-Mills theory on 4-manifolds described in Section 1. We have
Ifif'1t III Sc'etion 2 that, at present, the utility of the Yang-Mills invariants is derived
hUJl.'11y frOID the link with algebraic geometry in the case when the 4-manifold is
ft • lIluplc'x algebraic surface. One might hope that, in a similar way, the space
Itt IUff'lulo-holomorphic curves in a general almost Kahler manifold captures infor
'U"f •• -II whi<:h depends only on the symplectic structure and which reduces, in the
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special case of Kahler manifolds, to well-known facts about complex curves. This i
certainly true to some extent: for example Gromov proved in [15] that a symplecti~'

4- manifold which has the homotopy type of Cp2 and contains a complex line 0,

self-intersection 1 (for a suitable, compatible, almost complex structure) is sym'
plectomorpbic to the standard CP2. Gromov's argument reduces in the integrabl'
case to classical geometry, effectively a step in the Enriques-Castuelnuevo theore
[14]. For many more general results on these lines see the contribution of Mac D ,
to the Proceedings. Observe, by the way, that an embedded (real) surface E in :
symplectic manifold (V,w) is pseudo-holomorphic with respect to some compatibl~

'almost complex structure if and only if it is a symplectic submanifold ,i.e. if '
restricts to a symplectic form on E. So Gromov's Theorem asserts that a symplec'
tic homotopy Cp2 in which a generator of the homology can be represented by
symplectic 2-sphere is standard.

With this in mind we consider what can be said about moduli spaces of holo
morphic and pseudo-holomoxphic curves. In the integrable case one can of cours
apply a great deal of existing algebro-geometric theory. First, in a general wa~
the moduli spaces of holomorphic curves will be quasi-projective varieties - an'
the coresponding hyperplane class has a simple toploogical description, much as i '
the Yang-Mills case. While it is a difficult problem to find holomoxphic curves i
general there is one class of examples which are easy to find and describe - th"
curves given by complete intersections of hypersurlaces in a complex manifold. W'
recall that in a hypersurlace W in a complex manifold V can be identified with'
line bundle eover V and a holomoxphic section s of e. If V is simply connecte
then the line bundle eis in turn specified uniquely by its' first Chern class 
integral class of type (1,1). Having fixed ethe cOrresponding hypersurfaces for '
a linear system, parametrised by the projective space P(r(e)·). Thus the stud
of complete intersection curves, and in particular of all holomomorphic curves i '
a complex surface, reduces to questions about line bundles and their holomorphi .'
sections.

This familiar theory has a number of simple consequences. We will concentrat '
on the case of symplectic 4-manifolds and complex surfaces, although some of ou.
remarks apply in higher dimensions. First, the existence of any holomorphic curv .
at all in some complex manifolds is a very unstable phenomenon. Take for exampl'
a generic (Kahler) metric on a K3 surface. The integer lattice in H2 only meet
the subspace of (1,1) classes in the origin, so there are no non-trivial holomorphi'
curves. (Note that the ideas here are very close to those we encountered wh :
discussing how to avoid reducible instantons ). The same phenomenon applies mor'
generally, and we shall now see how it can be understood in the framework of th,
local deformation theory of solutions to the holomorphic equation, and cohomology;'

Let us now go back for a while to review some of the general theory of pseud "
holomorphic curves, of a given genus 9 and a given homotopy class, in an almos
complex manifold V. We can define two moduli spaces ME and M ; the first bein
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'h" Npace of holomorphic maps from a fixed Riemann surface Ii, and the second
'HI'IIK the space of all pseudo holomorphic curves of the given topological type, in
wlll.oll the induced complex structure is allowed to vary. (Thus ME is a fibre of the
""t.urn.l map from M to the moduli space of Riemann surfaces of genus g.) The
U""ltrisation of the equation defining M about a given solution f : ~ --+ V (which
Wfl t.11.ke, for simplicity, to be an embedding) is given by a linear elliptic operator,'t t\(~ting on sections of the normal bundle. The Fredholm index s of 6/ is easily
f'f\lc·,.lnted to be

s = 2(E.E + 1 - g)

....1 t.his index is the virtual dimension of the moduli space M of all the pseudo
huloillorphic curves. To describe ME locally we introduce a similar operator 6/,0'
".'t.iup; on the pull back of the tangent bundle of V. The Fredholm index of fJ/,o is
• (Gg - 6), and this is the virtual dimension of ME.

Nc)w for a generic almost-Kahler structure on V one can show that the operators
~ I tU I(16/,0 are surjective, for all embedded pseudo-holomorphic curves (the analogue
IIr til(' Freed-Uhlenbeck result in the Yang-Mills case), see [15]. This means that
ll,,· Illoduli spaces M, ME are smooth manifolds whose dimension agrees with
Uu·'" virtual dimension. We will now see that the picture for Kahler metrics is quite
tUlrf·l'C~llt. Consider a holomorphic curve f : ~ -+ V in a complex Kahler surface
V ; fc)l' simplicity we assume f is an embedding. The cokernels of ~/ and 6/,0 can
It" lclc'utified with the sheaf cohomology groups Hl(E; v), Hl(E, TVIE) respectively,
wl,,'n' v is the normal bundle of E in V. We have then:

PUOPOSITION 14.
If V is a compact complex surface with Pg(V) > 0 and E is an embedded curve

I" V then Hl(E; v) and HI(E; TV(E) are both non-zero, except for the cases

( I) Pg(V) = 1 and ~ ( or some multiple thereof) is cut out by the section of
Kv.

(:~) E is an exceptional curve in V (i.e. an embedded 2-sphere with self
intersection -1 ).

(:1) V is an elliptic surface, and E is a multiple fibre in V - a 2-torus whose
normal bundle is a holomorphic root of the trivial bundle.

'1'0 prove this it suffices to consider the normal bundle, since the holomorphic
,,,up from TVh~ to v induces a surjection on HI. Now if eis the line bundle over
V C"C HTcsponding to E the normal bundle v is the restiction of eto E and we have
hit f'xnct sequence

'I'his induces a long exact cohomology sequence, the relevant part of which is:
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The space H 2(V; 0) has dimension Pg(V) which is positive by hypothesis. ':D:'
show that HI (v) is non-zero it suffices to show that the map to H2 (V; e) is no
injective. By Serre duality this is equivalent to showing that the map between th "
duals

m.,: HO(V;e* ®Kv) ~ HO(V;Kv)

is not surjective. Here m s is multiplication by the section s ofecutting out E. S',
m s is surjective if and only if all sections of the canonical line bundle K V vanish 0

E. Thus we have established that Hi (E; v) is non-zero if~ is not a fixed componen

oflKvl·
To complete the proof we examine the case when E is a fixed component of IKvJ

Thus we can write Kv = [E + Cj, where C is another curve in V. Now if E is ,,~

exceptional curve in V then certainly all sections of K v must vanish on E, so we g
a fixed component this way, as allowed for in case (i) of the Proposition. Conversel .
leaving aside exceptional curves, we may as well replace V by its minimal mode
So we assume now that V is itself minimal. We now appeal to the classification .
surfaces, as on p.188 of [2]. The only cases that can occur are when V is an minim
elliptic surface or a minimal surface of general type. In the first case the curve .
must be a fibre of the elliptic fibration. If it is an ordinary fibre the normal bund \,
is trivial and H1(v) is non-zero, so the only curves that occur in this way are t ~

multiple fibres allowed for in part(3) of the Proposition. In the second case, wh "
V is of general type, we can assume C is non-empty, otherwise we fall into catego '
(i) of the proposition. Then we must have E.G> 0, since IKvi is connected ( [2
page 218). On the other hand some routine manipulation using the adjunctio'
formula shows that the holomorphic Euler characteristic X(v) is given by -~.G, ..
HI (v) must be non-zero.

We see then that for most purposes the Kahler metrics are quite unlike the gene .,.
almost-Kahler metrics as far as the pseudo-holomorphic curves which they defin
are concerned. Again, one should contrast this discussion with that for holomorp .,'
bundles and instantons where the key result, obtained from the estimate (4),
the fact that the Kahler metrics behave quite like the generic metrics.

A partial remedy for the degeneracy we have noted above can be achieved
allo,ving the symplectic form to vary. Fix a conformal structure on V such th'
the symplectic form w is self-dual. Then w is an element of the space H.+ of se '
dual harmonic forms, which has dimension b+(V). There is an open set U C 11"
containing w such that any Wi E U is a non-degenerate 2-form, defining a symplect
structure on V. Also there is a unique metric in the conformal class which is almos·
Kahler with metric form Wi. Thus we have a natural family of almost- Kahl
structures on V parametrised by U. Fixing the volume of V we get a b+ 
dimensional family parametrised by the subset S(U) of the sphere 8(11.+). We c '
then consider an enlarged moduli space M+ whose points consist of pairs (w',f'
where Wi is in S(U) and f : ~ ~ V is pseudo-holomorphic with respect to t



Donaldson: Yang-Mills invariants of four-manifolds 33

P-"It'r'~p()nding structure. Thus the space M considered before is a fibre of the
".t,1I1'1l1 Inap from M+ to S(U).
Tit., point of this construction is that the space M+ is in many respects the more
_",u'upriate generalisation of the moduli space of holomorphic curves in a Kahler
IUt fU4·(t. The Hodge decomposition of the cohomology shows that if the original
..,.... i. o is Kahler then M = M+ - i.e. there are no pseudo-holomorphic curves, in
'h" ".iV(~ll homology class, for the perturbed structures. Moreover the dimension of
AI til. t.he Kahler case is then typically equal to the virtual dimension s+b+(V) -1.
ft,nt) t.llis point of view the degeneracy detected by Proposition 14 in the Kahler case
'Itl,,'n.rH a.s the degeneracy of the map from M+ to M. The great drawback with
tltllll h·I)1 )I'oach, as far as applications go, is the fact that in general we will lose the
~AlIlf' C(uupactness properties in the manifold M+, since the symplectic structure
"'ftlf will break down at the boundary of U.(In the special case of a K3 surface,
"Uti It. hyperkahler metric, the set S(U) is the whole 2-sphere and this breakdown
tit*,. 11()f, occur: the importance of considering all the complex structures in this
"'f! WitH pointed out to the writer by Mario Micallef.)

(tt) Ilnrlnonic theory on almost Kahler manifolds.
~f4 will BOW focus on a specific question - the existence of symplectic submanifolds
1ft " p,f'IH~ral almost Kahler manifold. To be quite precise we will consider the
fHUt.will.L!; problem:

'''U''I.EM. Let V be a compact 2n-dimensional manifold and w a symplectic form
fltt \' \vil,}) integral periods, i.e. [w] E H2(V; R) is the reduction of a class a
itt III ( ~\ ; Z). Is there a positive integer k such that the Poincare dual of ka is
PI,JlrHI·III,ed by a symplectic submanifold of V ?

I Wf1 III\.V(~ mentioned in (i) that, when n = 2, such a submanifold would be pseudo
1w1"'llc"'I)hic for a suitable almost-Kahler structure on V.)
~h" •C'It.HOll for phrasing the problem in this way is that there is a simple, famil
,••.• nllHW(~r in the case when the form is compatible with an integrable complex
.Itllt".un'. There is then a holomorphic line bundle e-+ V with Cl(e) = a, and
••<.tlBlu,.foible unitary connection on ehaving curvature form -21riw. Thus eis a
'tt.,""r hne bundle and, according to the Kodaira embdding theorem, eis ample,
tit til" H('ctions of some power ek , k » 0, define a projective embedding of V.
("Vii" this we obtain many holomorphic curves, Poincare dual to ka, as hyperplane
1fI.:UUllti in the projective space, or equivalently as the zero sets of holomorphic sec
th .. ," of ~k. These holomorphic curves are a fortiori symplectic submanifolds, so we
fU'I1IW,'. the problem affirmatively in the "classical" case.
h ftt 1"tlIH that there is esentially only one proof of the Kodaira theorem known; using
~'H"Jllaill.u; theorems and harmonic theory over Kahler manifolds ( see for example
II ~I ' 121]). Thus it is natural to ask whether this kind of proof can be adapted
It. ntltlw.'r the problem in the general, non-integrable case. In the remainder of this
'-tit t " -. 1 WC~ will make some first moves in this direction. Let us consider then an
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almost- Kahler manifold V, of any dimension and mimic, as far as possible, th:
usual differential geometric theory from the Kahler case. .

First, we can decompose the differential forms on V into hi-type (since this is
purely algebraic operation) and define operators :

lJ : at;q --+ at,+l,q , a: at;q --. nt:q+1

by taking the relevant components of the exterior derivative d. In general we d~'
- -2

not have d = () + {J, and a is not zero. Instead we have,

and

(15)

82 = N 0 a:a-f;q --+ nt;q+2,

where N is the Nijenhius ten80r in Tl,O ® AO,2, which defines bundle maps fro':;'
AP+l,q to AP,q+2 (see [4]). I

We will now go on to consider vector bundles over V. Let E --. V be a compi
Hermitian bundle with a connection having covariant derivative V E and curvat
FE. We decompose VE, much as in Section 2(c), to write:

This condition is thus a natural generalisation, from the point of view of t "
zero set, of the notion of a holomorphic section in the integrable case. We c .'
interpret the problem of finding a symplectic submanifold as the problem of fin ·
"approximately holomorphic" sections in this sense. To see why it is plausib,
that such sections should exist we will go on to consider the interaction betw
curvature and the coupled a-operator, in the almost-Kahler case.

We can extend these operators to E- valued differential forms, getting operata'
oE,8E with:

) dE=8E+8E+N+N,

such that OE = V E,BE = V'/i; on se~tions of E. The important case for us will
when E is a complex line bundle ek • Let s be a smooth section of ek , with zero s
Z C V. It is a simple exercise in linear algebra to show that Z will be a symplect
submanifold of V if the section s satisfies the condition:
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rh'Nt., turning back to the general differential geometric theory for the bundle E
ttWSI" V, we have:

wla"I'(' F~,q is the (p, q) component of the curvature. We wish to combine these
~""uuln.e with the "Kahler identities". To state these we introduce the algebraic

'URI-

.1.1.'11 is the adjoint of multiplication by the metric form w, with respect to the

.huacln.rd inner product on the forms. The basic Kahler identities extend to the
al•••••,..t.-Kahler case, in that we have:

"lte »POSITION 16. On any almost Kahler manifold the formal adjoints of the oper-- \

.tUI'N D,8 are ::
8* = i[A,8] , {)* = -i[A,8].

'l'ht'HC identities calf be verified by checking that the usual proof for the Kahler

'."", II..'; for example in [21], does not use the equations 82
= 82 = o. Consider for

"'.\tuple the formula for the operator F on forms of type (0, q). This is very easy'It prove. We need to show that any (J E Oo,q, ¢> E OO,q-l with compact supports
••u~ry :

< 8,84> >=< iA89, 4> >=< i89, w " 4> > .

'~llht follows from the algebraic identity:

It,,- /. ( QO,r. We have:

J86 1\ ""j, 1\ wn
-

r = J86 1\ ""j, 1\ wn
-

r
,

'''tlll''; St,okes' theorem and the fact that w is closed. Now the same algebraic identity
.l.uWH t.hat the last expression is just < iA88,w 1\ 4> >, as required. The Kahler
hlt1t1t.it.ies extend to bundle-valued forms ( since the connection is trivial to first
ttl tI., .. ). We apply this first to the two Laplacians on sections of E to get:

( I'l) (V~)*V~ - (V'E)*V'E = iA(F~,l + NN + NN).
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Turning now to the E -valued (0, q) forms, we can consider three Laplace- type
operators. First we have the "8 -Laplaci~ "

Second we have the a-Laplacian on n~9 :

The Kahler identities give :

(18) 6. = 0' + iA(F1,1 + NN + NN).

Applying (17) to the bundle E @ A0,9 we get :

0' - 0" = iA~,(19)

On the other hand there is a unique connection on the bundle A0,9 ® E compatible
with the metric and having aE for its (0, 1) component. We write the covariant;
derivative of this connection as V = V' + V" , so V' =BE. We can form the thir ;
o~r~~ :

0" = V"·V".

where ~ is the (1,1) part of the curvature of the connection V. Combining (18,
with (19) we obtain:

(20) ~ = 0" + iAF1,1 +iA(NN +NN~).

Now suppose that E is the line bundle ek , where ehas curvature 21riw. Then it i'
easy to see that the operator iAF~,l is multiplication by 21t'k(n - q) on (0, q) form .
The curvature ~ has two components - one from ek and one from the bundle Ao,~~

The former gives a contribution 21rkn to iA'l> and the latter is independent of'
Similarly the term N N +N N does not vary with k. In sum then we get the tw
formulae

(21)

and

(22)

where 0 1 , C2 are tensors which depend only on the geometry of the base manifo!
The most important of these formulae for us is the first, which shows that, for lars
k, ~ is a very positive operator on nO,q<ek), for all q > O.
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Nc)w it is easy to see, in various ways, that when k is large the operator D = 8E+a~
lAking no,evenCek) to nO,odd(ek ) has a large kernel. The quickest route is to use the
At.iyah-Singer index theorem, which shows that the index of this operator is given
'.y t,he familiar "Riemann-Roch " formula

index D =< ch (el:) Td (V), [V] >,

wlac'''(~ the Todd class is defined in the usual way by the almost complex structure
.... V. This formula represents a polynomial of degree n in k and the leading term
I" A~n Yolume(V), thus we have:

dim ker D ~ indexD = kRYolume(V) + O(kn
-

1
).

OUIiHider now an element of the kernel of D, which we write in the form (s + q),
.Ia(~rc~ s is a section of {k and u contains the terms in nO,2T(ek) for r ~ 1. We write:

o=D*D(s + u) = 6(8 + u) + ([)2 + (8*)2)(S + u).

Mfll'f' we have, for simplicity, written 8, '8* for the operators coupled to ek , using the
1.".1 (~()nnection. We obtain then:

(In) 6u = 8*N*u + {)*N*s + N8s

IIV"uIl2 + 21rkllull2 =< Ct(f,U > -2 < {)*N*u,u > - < 8*N*,s > .

6.8 = {)*N*u.

It..1

1If1,r n.ll11orms are L2. The key observation now is that the term ()*N*u is hounded
,..lut,wiHe by a multiple of IV"ul+ lui, where the multiple is independent of k. This is
,la"1 wh(\n one expands out the terms by the Leibnitz rule, in local co-ordinates, and
..t""it VPH that {)* only involves the derivatives in the "antiholomorphic " directions.
W~ 'tt*t t.hen, for large enough k, an estimate of the form:

(I~)

I ta~'IIK the inner product of equation (23) with u and using the formula (21) above'f' •. ~t.:

IIV"uIl2 + (21rk - C)lIull 2 :5 const·(lIuli + IIsll)(lIuli + IIsll)·

It 1ft .·I,ollientary to deduce from this that

lIull :5 const. k-1
/

2 I1 s l1 , IIV"ull:5 const. IIsll,
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with constants independent of k.Now use (19), and the fact that the curvature is of
order k, to obtain

which gives a bound on the "holomorphic" derivative:

IIV'o-li $ const. IIsli.
Using the first order relation 8s = -8*0-, we deduce that

lIa811 ~ const. IIsli.
On the other hand, returning to the equation (24), and using (22), we get:

so

We see then that each element of the kernel of D gives rise, when k is large, t!
an "approximately holomorphic" section s of ek , in that the L2 norm of 8s is mu
less than that of 8s. Precisely, we have a bound

from which we deduce that

118811 ~ const. k-1
/

2 118sll·

We sum up in the following proposition.

PROPOSITION 25. Let e be a line bundle with a Hermitian connection over
almost- Kahler manifold (V, w) whose curvature is 21riw There is a linear space
of sections ofek , with

dim Hk "'" Volume V kn ,

and a constant C, independent of k, such that

for all s in Hk.

Here we have identified the space H k , as defined above, with a space of sectio
of ek by taking the {lO(ek) component.
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'I'lais L 2 result falls, of course, a long way short of proving the existence of a section
IlIn.t.isfying the pointwise inequality (15) which would give a symplectic submanifold,
1.'If, it seems possible that a more sophisticated analysis of the kernel of D, for large
k, would show that suitable elements of this kernel do indeed satisfy (15). (One can
1".lllpare here the work of Demailly [5] and Bismut [3] in the integrable case.) In
"' HiInilar vein, one can show that for large k the sections Hk generate ek , so they
cl,~fille a smooth map:

j" : V --+ P(HZ).

It. iH interesting to investigate in what sense jk is, for large k, an "approximately
lu.l(unorphic" map.
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On the topology of algebraic surfaces

I()DERT E. GOMPF

'I'lac' University of Texas at Austin

INTRODUCTION

A major focus of current research in topology is the classification problem for

Mtllf)()th, closed, simply connected 4-manifolds. While we are still a long way from

....·oluplete solution of this problem, progress is now being made, driven mainly

tty t.he new gauge-theoretic tools introduced by Donaldson. In this article, we

will break the problem into several smaller problems, and discuss what is known

"houtJ each.

The most basic approach to a classification problem is to list examples.

'Ill .., ~dmplest example of a smooth, closed, simply connected 4-manifold is the

r£ f;4phere 8 4 • After this, we may think of Cp2, S2 X 8 2 and perhaps the famous

1\':1 Httrface. The latter example has second Betti number ~ = 22 and signature

,,~ -16, and it is the simplest known example which is spin and has nonzero

.'''''IH.t,ure. We see that except for 8 4 , these examples are all algebraic surfaces,

.It ;J luanifolds obtained as zero loci in cpn of collections of homogeneous poly

"u'lIi",}s. In fact, they are hypersurfaces in Cp3, cut out by a single polynomial.

~\.I· c'n.ch d ~ 1, there is a unique diffeomorphism type of smooth hypersurface

,•• c: />:1 obtained from a degree d polynomial. For d = 1,2,4 we obtain Cp2,

.... l l( ,')2 and K3. The degree 3 hypersurface is the connected sum Cp2 #6 Cp2

••r Nt'V('1l Cp2,S, six of which have reversed orientation. (Algebraically, it is CP2

"lowll up at 6 points.) For each d 2:: 5 we obtain a new example of a smooth,

.I"lif'd, simply connected 4-manifold. In general, the simply connected algebraic

"'" fncc's provide a rich class of examples.

N<'xt, we ask what simply connected 4-manifolds are not algebraic surfaces.

C l .. tIIU'Ct,cd sums of algebraic surfaces provide many examples. For example,

~ I Cp2 # Cp2 is not algebraic, since its tangent bundle admits no complex
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structure. (If it did, we would have the characteristic class identity c¥[M] =
(2C2 +Pl)[M] = 2X(M) +30'(M) = 2·4 +3· 2 = 14. But it is easily checked that

no element of H2(M; Z) has square 14.) In fact, Donaldson's invariants show

that simply connected algebraic surfaces can never split as connected sums of

pieces with bt > 0 [6], so we obtain many new examples this way.

What simply connected 4-manifolds are not connected sums of algebraic

surfaces? Here we are stymied. Although many attempts have been made to

construct such examples, none has been proven successful. In fact, many con

structions have yielded only known examples such as connected sums # ±Cp2 of I

Cp2,s with both orientations. It is possible that all simply connected 4-manifolds

are sums of algebraic surfaces.

We now see that ~he classification problem for smooth, closed, simply con

nected 4-manifolds splits into three subproblems:

Problem A. Classify simply connected algebraic surfaces up to diffeomorphism.

Problem B. Understand how algebraic surfaces behave under connected sum.

Problem C. Is every smooth, closed, simply connected 4-manifold a connected .~
...~

sum of algebraic surfaces?

As previously indicated, Problem C is a major open problem, about which noth

ing is known. We will address Problems A and B in the next two sections.

2 ALGEBRAIC SURFACES

There is a partial classification of algebraic surfaces (or, more generally, ~

compact, complex surfaces) due to Kodaira [19]. (See also [3].) In the sim... ',

ply connected setting, algebraic surfaces (up to diffeomorphism) fall into three' ~

types: rational, elliptic, and general type. The rational surfaces include CP2

and its blow-ups Cp2 #n Cp2, 88 well as 8 2 X 52. This provides a complete list

of diffeomorphism types of rational surfaces, although there are many algebraic

structures on these manifolds. The elliptic surfaces represent many more diffeo

morphism types, including the K3 surface, and will be described in detail below.

The simply connected surfaces of general type include everything which is nei

ther rational nor elliptic, such as the hypersurfaces in CP3 of degree d ~ 5. This

collection is poorly understood. Fortunately, it is fairly "small" in the following

sense: For any fixed integer b, there are only finitely many simply connected
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•• ,rfaces of general type (up to diffeomorphism) with second Betti number ~ ~ b

111 1.
The "largest" class of simply connected algebraic surfaces is the simply con

...~(·t,(~d elliptic surfaces, which will now be described. (See also [3], [15], [16],

I~()I.) Without loss of generality, we will restrict attention to minimal ellip

UC' Hurfaces. (Arbitrary elliptic surfaces are obtained from these by blow-ups,

f,r',. (:onnected sums with CP2.) In general, an elliptic surface is a compact,

.'ulIlplex surface with an elliptic fibration, a holomorphic map 1r : V ~ C onto

A "olllplex curve (i. e., Riemann surface), such that the generic fibers of 1r are

1I~lIipt,ic curves," i.e., complex tori. By elementary arguments, 1r will have only

ttult.(tly many critical values, whose preimages are called singular fibers, and away

t••Hil these 1r will be a fiber bundle projection with torus fibers (called regular

n'If~I'H). Note that if V is simply connected then C must be the Riemann sphere

l 1'1 = 8 2 , since any homotopically nontrivial loop in C would lift to a nontrivial

'..up ill V. Note also that for any simply connected, closed 4-manifold, the Euler

t~I'RI',\et,eristicX ~ 2, since bl = b3 = o.
'I'he simplest example of a simply connected elliptic surface is the rational

AllllJtic surface, which we denote by VI. To construct this surface, we begin with a

'PIU~l'ic pencil of cubic curves on CP2. Tha.t is, we let Po and PI denote a generic

I,all' of homogeneous cubic polynomials on C3
• For each t = [to, tl] E Cpl, we let

If; 41rllote the zero locus of toPo +t l PI in CP2. For all but finitely many values of

'. I'i will be a smoothly embedded torus in CP2. The base locus B of the pencil

(1', I' (- cpt} is the set of points in CP2 where Po and PI simultaneously vanish.

Nhlt'.' t.his is a generic pair of cubics, the base locus consists of exactly 9 points.

(tl'-'~I'ly, B c Ft for any t E CPl. For any z E CP2 -B, however, there is a unique

'f 4'cJlltnining Z, as can be seen by solving toPo(z) + tIPI(Z) = 0 uniquely (up to

Ilinl.,) for t. Now we blow up each point p E B. (See, for example [15].) That is,

W~ clrl(·t.{~ p from Cp2 and replace it by Cpl, thought of as the set of complex

~",,~,f'llt. lines through p in CP2. If the new cpt is suitably parametri~ed,each

/t', will intersect it precisely in the point t. Thus, the 9 blow-ups will make the

I"t". JI', disjoint so that they fiber the new ambient manifold CP2 #9 CP2. This

ht •till' .., ..tional elliptic surface Vi, with the elliptic fibration 1r : Vl ~ Cpl given

t.\; I'~ I • t.

Wp obtain other elliptic surfaces by a procedure called fiber sum. Suppose

r nod IV are elliptic surfaces. Let N C V be the preimage under 1r of a closed
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2-disk containing no critical values of 1r. (Thus, N is diffeomorphic to T2 X D2 .)

Let <.p : N c..--. W be a fiber-preserving, orientation reversing embedding onto

a similar neighborhood in W, and let M be obtained by gluing V - int N to '

W - int<.p(N) along their boundaries via the map <.pIaN. We call M the fiber

sum of V and W along ep. We construct manifolds Vn , n ~ 2, by taking the fiber

sum of n copies of Vi. This turns out to be independent of all choices (except n).
In particular, the map ep may be changed by s~lf-diffeomorphismsof N, using

the monodromy of the bundle part of VI. Although this fiber sum construction

is not holomorphic in nature, the manifold Vn actually admits an (algebraic)

elliptic surface structure whose fibration is the obvious one. Note that since Vi
has Euler characteristic X = 12 and signature u = -8, we have X(Vn ) = 12n and

u(Vn ) = -8n. As an example, V2 is diffeomorphic to the K3 surface.

To construct further examples, we introduce an operation called logarithmic.

transform. Let V be an elliptic surface, with N C V as before, a closed tubular I:

neighborhood of a regular fiber. In the smooth category, a logarithmic transform

is performed by deleting int N and gluing N R:S T2 X D2 back in, by some dif- ~

feomorphism t/J : T2 x SI -+ aN. The multiplicity is defined to be the absolute

value of the winding number of 1r 0 t/Jlpoint xSl as a map into 1r(8N) ~ S1. A '

logarithmic transform of multiplicity zero destroys the fibration 1r and the com

plex structure, but any positive multiplicity p can be realized by a holomorphic:,

logarithmic transform. This changes the fibration by the addition of a singular ,:'

fiber called a smooth multiple fiber, a smoothly embedded torus which is p-fold "

covered by nearby regular fibers. :;
!

Let Vn (PI, · · · ,Pl:) denote the manifold obtained from Vn by logarithmic:j

transforms of multiplicities PI, ... ,Pl:. The diffeomorphism type of this manifold.!

is completely determined by n and the unordered k-tuple {PI, ... ,Pk}. (This is ..:i

due to the monodromy of the bundle part of Vn and the symmetries of T 2 x D2. ;
;

See, for example, [13].) In particular, we may add or delete Pi'S equal to one'

without disturbing the diffeomorphism type, since the trivial logarithmic trans-"

form (regluing N by the identity map) has multiplicity one. If no Pi equals zero,

Vn (PI, · · · ,Pk) will admit algebraic surface structures which are elliptic. Further

more, any minimal elliptic surface over 8 2 with nonzero Euler characteristic will

be diffeomorphic to some Vn(Pl, ... ,Pk), (Pl, ... ,Pk ~ 2) [17], [23]. The mani

folds Vn(Pl, ... ,Pk) which are simply connected are precisely those which can be

put in the form Vn(p, q), p, q relatively prime (including p = 0, q = 1) by adding
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or deleting Pi'S equal to one. (Note that this includes Vn and Vn(p).)

The homeomorphism classification of the manifolds Vn(p, q) (p, q relatively

Iu'ilne) is a corollary of Freedman's Classification Theorem for simply connected,

«')oHcd, topological 4-manifolds [8]. For a fixed odd n, the manifolds Vn(p, q) all

fuJI into one homeomorphism type, that of #2'11-1 Cp2 #10'11-1 CP2. For fixed

.~vc'n n, there will be two homeomorphism types, distinguished by the existence

C~r It spin structure. If p and q are both odd (and n is even) then Vn(p, q) will

h,tlluit a spin structure, and it will be homeomorphic to #!n K3 # 1'11-1 52 X 8 2.
2 2

(H,hcrwise it will not admit a spin structure and be homeomorphic to

-II 'In-1 Cp2 #10'11-1 CP2.

The diffeomorphism classification of the manifolds Vn (p, q) is much more

l'c»lllplex, and only partially understood. It is well-known that the algebraic

""!'fa.ces V1(p) (p ~ 1) are rational, and hence diffeomorphic to cp2#9 Cp2.
(A t.opological proof of this appears in [13].) Each Vn(O) is diffeomorphic to

II '/.,,-1 cp2 #10'11-1 CP2 [13]. FUrther results require Donaldson's invariants from

!hl1~e theory [5], [6]. In the n = 1 case, Friedman and Morgan [9] and Okonek

tUHI Van de Yen [24] showed that each diffeomorphism type is realized by only

n.. it.(~ly many V1(p, q) (2 ~ p < q), and in particular, no two of the manifolds

l'd2,q) q = 1,3,5,7, ... are diffeomorphic. For n ~ 2 (p,q ~ 1), Friedman

"ltd Morgan [10] showed that the product pq is a smooth invariant, implying a

Milililar finiteness result, and showing that no two of the manifolds Vn(p) P =
(It 1,2, .•. are diffeomorphic. (The P = 0 case follows from the decomposition'I.. (()) ~ # ±Cp2, together with Donaldson's theorem [6] that a simply connected

nIIJ.,ohraic surface cannot be decomposed into two pieces with bt > 0.)

'rhese results about elliptic surfaces are quite surprising from a topologist's

\'if'wpoint. Observe that we have many families (one for each odd n and two

ru.. ('nch even n), each of which contains only one homeomorphism type, but

lullllit.ely many diffeomorphism types. We may interpret each family 88 a sin

.,.1" I.()]>ological manifold which admits infinitely many nondiffeomorphic smooth

HI ruc·t,ttres. This contrasts strikingly with topology in dimensions ~ 4, where

11 c'.alupact manifold admits only finitely many diffeomorphism types of smooth

f.f 1 "c·ttires. (In fact, high dimensional smoothing theory would predict that a

""lIply connected, closed 4-manifold should admit no more than one diffeomor

,.1&itHll type of smooth structure.) Furthermore, a classical result of Wall [26]
III,pliPH that all members of a given family will be smoothly h-cobordant, so we
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have infinite families of counterexamples to the smooth h-Cobordism Conjecture

for 4-manifolds. In Section 4, we will further analyze the topology of elliptic

surfaces, and use these to construct other surprising examples.

3 CONNECTED SUMS OF ALGEBRAIC SURFACES

We begin by considering connected sums of algebraic surfaces with ratio

nal surfaces. Observe that connected sum with CP2 is the same as blowing-up,

which keeps us within the category of algebraic surfaces. Thus, we should not

expect too much information to be lost during this procedure. In fact, Donald

son's invariants are stable under blow-ups [9], [10], so that our infinite families of

distinct elliptic surfaces remain distinct after sum with any number of Cp2's. In

contrast, sum with +Cp2 is much more damaging. Mandelbaum and Moishezon 1
[20], [23] showed that if M is a simply connected elliptic surface, then M # Cp2 .j
always decomposes 88 a connected sum of ±CP2 's. They obtained similar results J

for many other algebraic surfaces, including hypersurfaces in CP3 and complete 'j

intersections, which are those algebraic surfaces obtained as transverse intersec

tions of N hypersurfaces in CpN+2. Mandelbaum has conjectured that for any

simply connected algebraic surface M, M # CP2 should decompose as # ±CP2.

Sum with 52 x 8 2 is similarly damaging. In fact, Wall [25] showed that if

M is a simply connected non-spin 4-manifold, then M # 52 X 52 is diffeomorphic

to M#S'lx$l, where S2'X52 denotes t.he twisted S2-bundle over 8 2 , which is

diffeomorphic to Cp2 # Cp2. (An analogous phenomenon occurs in dimension 2:

If M2 is nonorientable, then M # 8 1 X 8 1 is diffeomorphic to M # 51 XSI where

8 1 X8 1 , the Klein bottle, is diffeomorphic to Rp2 # Rp2 .) It follows immedi

ately that if M is a simply connected elliptic surface or complete intersection,

and if M is nonspin, then M # 52 X 52 ~ # ±CP2. If M is spin, such a decom

position cannot occur (since M # S'l X 8 2 will be spin and # ±Cp2 will not),

but we might expect a similar decomposition into simple spin manifolds. In

fact, Mandelbaum showed that for M a simply connected, spin elliptic surface,

M # 52 x 52 decomposes 88 a connected sum of K3 surfaces (with their usual

orientations) and 8 2 x 8 2 's. This suggests the following:

Definition. A 4-manifold M dissolves if it is diffeomorphic to either

#k Cp2 #t Cp2 or ±(#kK3#l 8 2 X 8 2 ) for some k,l ~ o.
Note that for any given M, at most one of the two possibilities can occur, and

this, as well as k,£ and the sign (±) are determined by the (oriented) homotopy
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type of M. (In fact, the intersection form suffices.) We can now state the results

«.[ Mandelbaum and Moishezon for elliptic surfaces concisely: If M is a simply

.'C Hlnected elliptic surface, then M # Cp2 and M # 8 2 X 52 dissolve.

We now turn to more general connected sums. It can be shown that for M, N

Niluply connected elliptic surfaces, M # N dissolves [14]. This result still holds if

1\4 and N are also allowed to be complete intersections other than Cp2, provided

thn.t at least one of M, N is not spin [12]. One is free to conjecture that M # N

.liHHolves for M,N any simply connected algebraic surfaces except CP2. These

"'~Hll1ts, as well as those of Mandelbaum and Moishezon, are proven essentially by

,~I('lllentary cut-and-paste techniques. Ultimately, they rely on various versions

t~r 't. lemma of Mandelbaum [21] which shows how -to decompose fiber sums and

rrlnt,ed objects into ordinary connected sums in the presence of an 8 2 x 52 or

,&",/. XS2. A unified discussion of the results for elliptic surfaces appears in [14].

The case of connected sums with compatible orientations seems harder. For

'~)(Iunple, there is no known example of irrational algebraic surfaces M 1, ••• ,Mk
Ruch that #~=1 Mi dissolves. It is conceivable that such sums never dissolve,

Itlld perhaps such connected sum decompositions (for simply connected, minimal

"TIl,t.ional surfaces) are even unique. However, the usual Donaldson invariants

will vanish for these sums, making analysis of this situation difficult.

The crucial dependence of the topology on orientations is even more graph

h'M,lIy illustrated by the following result. Suppose M is made as a fiber sum of

two (-Uiptic surfaces with nonzero Euler characteristic, but assume that the sum

1.'v.'rHes orientation (i.e., the gluing map <p preserves orientation). If M is simply

.·utlll(~cted, then it dissolves [14]. Of course, fiber sums with the usual choice of

..ri(,llt.ation are elliptic, so they never dissolve (except for the rational case and

\', . K3). In practice, this difference arises from the "negativity" of most ir

I"tiC)11al algebraic surfaces. Most (and perhaps all) simply connected, irrational

"IKftl .('aic surfaces contain embedded spheres with negative normal Euler number,

hut rpw (and perhaps no) such manifolds contain embedded spheres with positive

u.,rtllul Euler number. (In fact, such spheres cannot exist if the algebraic surface

Itu" f,lw > 1. Otherwise, by blowing up we could obtain a sphere with normal

'
1:11).' .. number one. A tubular neighborhood of this would be diffeomorphic to

c ,.1 -{point}, and we would have a connected sum decomposition of an algebraic

IHIl f",("(~ into two pieces (one of which is CP2), both of which have bt > o. This

t nlltrndicts a theorem of Donaldson [6].) When we connected sum or fiber sum
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an algebraic surface with one of reversed orientation, this typically introduces

spheres of positive normal Euler number. It is the interaction of positive spheres

with negative spheres which provides the 8 2 x 8 2 summand required for the ap

plication of Mandelbaum's lemma. This also explains why CP2 behaves more

like a typical algebraic surface than Cp2 does: CP2 contains embedded spheres

with normal Euler numbers +1 and +4, but no negative spheres. One further

example of this phenomenon is the following: If V is a simply connected elliptic

surface and M is a nonorientable 4-manifold, then V # M is diffeomorphic to

W # M for some W which dissolves [14]. (Roughly, this is because positive and

negative are indistinguishable in a nonorientable manifold.)

4 NUCLEI OF ELLIPTIC SURFACES

The new theory of Floer and Donaldson (for example, [2]) motivates the

study of homology 3-spheres in 4-manifolds. Specifically, if a 4-manifold is split

into two pieces along a homology 3-sphere, we can understand Donaldson's in

variants of the 4-manifold in terms of certain invariants of the pieces which take

values in the "instanton homology" of the boundary homology sphere. In this

section, we will show how to split an elliptic surface along a homology 3-sphere

with known instanton homology, in such a way that one piece is very small but

still contains all of the topological information of the elliptic surface. This "nu

cleus" is itself an interesting 4-manifold with boundary. (For more detail, see

[13].)

We begin with any Vn(Pl' ... ,pic). We will find embedded in this the

Brieskorn homology sphere E(2, 3, 6n - 1), whose instanton homology was com

puted by Fintushel and Stern [7]. This splits the manifold into two pieces. The

small piece, or nucleus Nn(Pl' ... ,Pk) has Euler characteristic 3 (compared with

12n for the ambient space). Its diffeomorphism type depends only on n and

Pl, ... ,Pk, and doesn't change if we add or delete Pi'S equal to 1 (just as with

Vn(Pl, ... ,Pk)). The large piece, with X = 12n - 3, is independent of PI,.·. ,Pk,
and will be denoted ~n. It can be shown that tPn is actually diffeomorphic to a

well-known manifold, namely the Milnor fiber of ~(2, 3, 6n -1). This is the locus

of x2+y3 +z6n-l = e in the closed unit ball in C3
• The boundary, ~(2, 3, 6n-l),

has at most two self-diffeomorphisms (up to isotopy) [4], and the nontrivial one

(when it exists) extends over the Milnor fiber as complex conjugation. Thus,

there is a canonical procedure for reconstructing Vn(Pl, ... ,Pk) from its nucleus
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N n (p1, ... ,Pk). (Simply glue on the Milnor fiber by any diffeomorphism of the

houndaries.) In particular, Vn(Pt, ... ,Pk) and Vn(Q1, ... ,ql) will be diffeomor

I)hic if their nuclei are diffeomorphic.

We consider the nuclei in detail. It is not hard to verify from the construc

t.ion we will give that the inclusion Nn(Pl' ... ,PI.) '--+ Vn(P1' ... ,Pk) induces an

i~()morphismof fundamental groups. We will restrict attention to the simply

("onnected case: N n (p, q), p, q relatively prime. In this case, the nucleus has

"I = 0 and ~ = 2. It follows from Freedman theory that two of the manifolds

Vn(p, q) will be homeomorphic if and only if their nuclei are. We have already

H(-en that nondiffeomorphic Vn(p, q)'s have nondiffeomorphic nuclei. (The con

VPfse also holds in the cases where two Vn(p, q)'s are known to be the same. That

iN, the nuclei N 1(p) are all diffeomorphic.) It follows that our families of home

( HIlorphic but nondiffeomorphic elliptic surfaces yield families of homeomorphic

IHlt nondiffeomorphic nuclei. Thus, we may trim away much useless complexity

fn)in the elliptic surfaces, and see their most important topological properties

c'apt,ured in the much simpler nuclei. As a measure of the simplicity of these

"tI(~lei, consider the ones Nn(p) with a single multiple fiber. (Note that these are

n.11 nondiffeomorphic if n > 1.) Each Nn(p) has a handle decomposition with only

three handles: One O-handle and two 2-handles. (Equivalently, it has a perfect

Morse function with only three critical points.) These handle decompositions

C"Ul be drawn explicitly.

The art of drawing pictures of 4-manifolds as handle:bodies is called Kirby

ftl.l(:1Llus. (See, for example, [18].) Suppose, for example, that H is a 4-dimensional

Illt.lldlebody built with one O-handle and k 2-handles. The O-handle is just a 4-ball

//,1, and each 2-handle is a copy of D2 X D2, glued onto the boundary 8B4 = S3

,,1()1l~ S1 X D2 , by some embedding Ii : Sl x D 2 ~ S3 (1 ::; i ~ k). Figure 1 is

" Hchematic picture of this, which is literally a pair of 2-dimensional l-handles

fI."H~d to a O-handle (D2) to yield a punctured torus. To specify fi up to isotopy,

\\ff' need two pieces of information. First, we specify filS1 x {OJ up to isotopy,

wl.iell is just a knot in S3. Then, we specify the twisting of the normal vectors

'''I follows: If p i= 0 is a point in D2, then li(Sl x {OJ) and li(Sl x {p}) are a

1)l1i .. of disjoint knots in S3. Their linking number, an integer called the framing

•• f f,ll~ 2-handle, specifies the normal twisting as required. To completely deter

IIlill(' H, we must simultaneously specify all gluing maps of 2-handles. This is

u,·I,i(-vcd by a framed link, or a link f : Ilk S1 '--+ S3 with an integer attached to
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each component. Identifying 8 3 with R3 U {oo}, we may draw the framed link to

obtain a complete picture of H. (For comparison, the 2-dimensional handlebody

drawn literally in Figure 1 is specified by the nontrivial link of two O-spheres in

8 1 , together with a framing in Z2 for each I-handle. If we change one framing,

i.e., put a half-twist in one 1-handle, the manifold is changed to a punctured

Klein bottle.)

Now we can see the manifolds Nn(P). The simplest pictures, Nn,(O) and

Nn, = Nn,(l) are shown in Figure 2. The boxes indicate twists in the link. In the

picture for Nn,(O), for example, the box indicates n 3600 left-handed twists. Our

previous discussion implies

':;

Figure 2 is undoubtably the most visuaJizable example known of homeomorphic ~
but nondiffeomorphic manifolds, with the possible exception of Akbulut's ex

ample [1] of two such manifolds, each built with a single 2-handle. (His proof

depends on a calculation in Donaldson-Floor theory by Fintushel and Stem and,

of course, Freedman theory for the topological part.)

Figure 3 shows a general Nn,(p). The ribbon at the top represents a spiral

with p loops.

Theorem.

a) For any fixed odd integer n ~ 3, the two bandlebodies shown in Figure 2 are

homeomorphic but not diffeomorphic.

b) For each homeomorphism type shown in Figure 2 (n ~ 1 arbitrary) there are .

infinitely many diffeomorphism types.

Theorem.

Fix n ~ 2. If n is even, fix the mod 2 residue of p. Then the manifolds in tbe

infinite family given by Figure 3 are all homeomorphic, but no two are diffeo

morphic.

It remains to sketch the construction of the nuclei. Details (and further

properties of the nuclei) can be found in [13]. First, consider Vn,- By perturbing

the elliptic fibration if necessary, we may assume that Vn, has a singular fiber of

. a type called a cusp fiber. This is a 2-sphere in Vn, which is smoothly embedded

except at one non-locally flat point where it is locally a cone on a trefoil knot

(i.e., the zero locus of x2 + y3 in C2
). A regular neighborhood of this will be a

handlebody made by attaching a 2-handle to a O-framed trefoil knot. We may
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also find a section for Vn , i. e., a smoothly embedded 2-sphere intersecting each

fiber transversely in a single point. (In V1 , any of the nine cpt's created by the

blow-ups will work. Vn is made by fiber sum from n copies of V1 , and a section is

obtained by splicing together sections of Vi.) The section will have normal Euler

number -no Let N fa C Vn denote a regular neighborhood of the section union

the cusp fiber. The reader can check that this is obtained from. a handlebody

on a O-framed trefoil by adding a 2-handle along a -n-framed meridian. This is

Reen explicitly in Figure 2. An easier task is to verify that the intersection form

of N n is [~ '!nl which is unimodular, proving that fJNn is indeed a homology
sphere. A routine computation with Kirby calculus shows that fJNn , as seen in

Figure 2, is -~(2, 3, 6n -1). More work shows that the closed complement ~n is

the Milnor fiber. (Question: Can this be seen directly by algebraic geometry?)

To construct nuclei in general, observe that by construction ·Nn contains a

neighborhood of a singular fiber. Such a neighborhood contains a continuous

fn.mily of regular fibers. Change Vn to Vn (P1,'" ,pic) by performing logarithmic

t.ransforms on k regular fibers in the interior of N n . This will not disturb the

homology sphere or ~n, but it will change N n to a new manifold Nn(Pt, .•• ,pic),
which is the nucleus of Vn(Pl"" ,pic). Figure 3 may now be derived by Kirby

('I"lculus. Details appear in [13].
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Interest in algebraic surfaces with pg = hO(O(K» = 0 goes back to the work
c.r Enriques and Castelnuovo in the 19th Century. After Clebsch had proved that
.'urves with pg = 0 are rational, these authors considered the analogous question
rOl'surfaces. It was clear to them that in this case the irregularity q = h1(O(K»
III\H to be controlled as well.

III 1894 Enriques constructed his now famous surface, which is irrational with
II :~ pg = 0, disproving the most obvious rationality criterion. Two years later
(!Mt,clnuovo proved that the modified conditions q = P2 = 0 do imply rationality.
'1'11\18 he substituted the second plurigenus from PA: = hO(O(K k » for the first. (For
th~ Enriques surface K is a 2-torsion bundle, so the bigenus is one.)

()ver the next forty years more examples of irrational surfaces with q = pq = 0
W"I'(~ constructed. Like the Enriques surface they were all elliptic. Only in 1931 did
(Jud.~RUX [G] find a surface of general type with these invariants. His construction
WAM disarmingly simple: divide the Fermat quintic in CP3 by the standard free Zs
'u,t.ioll on the coordinates. Campedelli also gave an example of a surface of general
'Y1H', introducing his "double plane" construction. This has Hl (X, Z) = Z~.

()u the basis of these examples Severi conjectured in 1949 that the two conditions
II. (<It, Z) = 0 and Pg = 0 should imply rationality. (Recall that q = 0 implies
II,()(,Q) = 0.) This was disproved by Dolgachev, who in 1966 gave examples
,at -.ililply connected irrational elliptic surfaces with vanishing geometric genus, d .

. Illvl. Then, in her 1982 Warwick thesis, R. Barlow constructed a simply connected
Itil fh,(~(~ of general type with Pg = 0, cf. [B1]. To this day it is the only such example.

III this paper we want to summarize the progress made in understanding alge
tunic surfaces with pg = 0 since the survey of Dolgachev [Dv]. In view of the
Ilu1c·t,,,,eular advances in 4-manifold topology initiated by Freedman and Donaldson
Wf' .~x t,(lud the classification programme from the algebraic or analytic to the smooth
....1 topological categories. Although the results are not yet complete, a coherent

r
,,,·t,tln. emerges. Namely, if the topology of a surfa.ce is sufficiently complicated (e.g.
"'111'· f, ludamental group), then it determines the~ smooth structure. On the other

hn ... I, if the topology is simple (e.g. rational surfaces) then there are homeomorphic
lUI f",·.'s which are not diffeomorphic to the given one.

t1t~If,.purl.cd by NSF Grant Number DMS-8610730



56 Kotsehick: The topology of algebraic surfaces with q = Pg = 0

The reader should be warned that nothing is proved in this article. For back
ground for the papers referred to in the third section consult the forthcoming book '
by S. K. Donaldson and P. B. Kronheimer (Oxford UP). The philosophy is well .:
explained in [FM2].

I would like to thank R. Gompf for pointing out an erroneous claim about (non- '
algebraic) 4-manifolds with 2-torsion in HI (X, Z) made in the oral version of this'
lecture. (

1. ALGEBRAIC CLASSIFICATION

The following theorem is part of the classification of surfaces [BPV], Chapter:
VI.

THEOREM 1 (Enriques-Kodaira). Let X be a smooth minimal compact complex
algebraic surface with q = pg = o. Then X is one of the fonowing: "

A) a minimal rational surface
B) an Enriques surface
C) a minimal properly elliptic surface
D) a minimal surface ofgeneral type.

We can describe these surfaces in more detail:
A) The minimal rational surfaces are p2 and the Hirzebruch surfaces En, n >

0,2,3,4, .... Here En is the pI-bundle P(O $ O(n» over pl. Thus EO =pI X p~,

The surface El is not minimal, it is p2 blown up once. Note that K 2 = 9 for .
and K 2 =8 for En.
B), C) Let Xg be the rational elliptic surface obtained from p2 by blowing up t ,/
nine base points of a generic cubic pencil. Then Dolgachev [Dv] proved that t :
surfaces in B), C) are precisely those obtained from X g by performing logant .
transformations on at least two different smooth fibers. We denote the surf ;:'
obtained in this way by X (PI , ... ,Pi), where the Pi are the multiplicities of t
logarithmic transformations, and call it a Doigachev surface. (Some authors r
this name for the case when there are only two multiple fibers and their multiplicitii

are relatively prime.) Up to the deformation X(pI, ... ,Pi) does not depend on t',
choices involved in the construction. Now X(2,2) is the Enriques surface. It:':;,
distinguished from the other Doigachev surfaces by its Kodaira dimension (= ,:
rather than 1). Note second K 2 = 0 for all of these surfaces, just like for X9. l

D) For a minimal surface of general type we have c~ > 0 and C2 > o. If in addit "
q = Pg = 0, then c~ + C2 = 12 by Noether's formula, and K 2 = c~ E {I, 2, ... , ~
Examples of surfaces realizing all these values of K2 are contained in the ta
on page 237 of [BPV]. The reader can also find there an overview of difF
methods used in those constructions. Among them are the classical Godeaux .
Campedelli constructions mentioned in the introduction. For a modern discussi
of these see [R3J. The author knows of only three new constructions which he;
appeared since [BPV]. One is J. H. Keum's method using branched double covers
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Enriques surfaces [Ke]. He uses this to give examples of surfaces with'K2 = 2,3,4.
Some of them are known to coincide with surfaces constructed earlier by different
methods and contained in the table of [BPV], whereas others are new. Another
recent method of construction is due to M. Oka [02], who uses singularity theory
and toroidal embeddings. Unfortunately this method has not yet produced new
examples. Finally, a new surface with K 2 = 2 is contained in Xiao Gang's book on
~enus 2 fibrations [X] , Example 4.11, cf. also [Be].

Having long lists of examples is interesting, but it cannot be the ultimate aim of
the theory. Rather the aim is to give complete constructions of all such surfaces.
To this end one introduces another invariant, besides q, pg and K 2 • This is the
p;roup TorsX of torsion divisors. H q = 0 then TorsX ~ H 1(X, Z). For given q,
l'g and K 2 one tries to pin down the possible groups for Tors X, and then gives an
('xhaustive construction for the whole moduli scheme of surfaces with a fixed torsion
p.;roup.

Let us look at the case q = pg = 0, K 2 = 1 in detail. These surfaces are
('ltIled numerical Godeaux surfaces, in honor of Lucien Godeaux who constructed
the first such surface [G]. In this case a result of Deligne and Bombieri [Bo] implies
\'l'orsXI ~ 6. This has been refined by Reid [RI], who has also determined the
Ilu)duli spaces in some cases, by using explicit presentations of the canonical ring.
Hili result is:

'I'IIEOREM 2 (Reid). For a numerical Godeaux surface TorsX is one 0[0, Z2, Z3,

Z.t or Zs. In the last three cases the moduli schemes are irreducible 8-dimensional
\'I1.,.h~ties.

I t. is natural to conjecture that the irreducibility result will extend to the cases
ur t.orsion 0 or Z2. However, the problem becomes harder for smaller groups, and
twC) recent attempts on the case of Z2 by Reid [R2] and by Catanese-Debarre [CD]
Af'C'·11l to have failed. At least the existence of such surfaces is known. Examples
httv(' been constructed by Barlow [B1] for the case of no torsion and by Oort-Peters
I().») and by Barlow [B2] for the case TorsX = Z2. (The Oort-Peters surface is a
.~I. Ui(' cousin of Xiao's surface mentioned above. Both of them are genus 2 fibrations
IX),)

()f course one would like to have an analogue of Theorem 2 for K 2 > 1 as well.
1I.,w('ver, except for some unpublished work of Reid on the case K 2 = 2, not much
1,11'ln:-l t,o be known.

2. HOMEOMORPHISM TYPES

II. c.rder to identify the homeomorphism types of some of the surfaces described
1.1 I, W(~ have to determine their fundamental groups. The rational surfaces are, of
•·.."HU·, simply connected. For the elliptic surfaces we have the result of Dolgachev
II tvl: 11"1 (X(p, q» = Zk, with k = g.c.d.(p, q). In particular X(p, q) is simply
H'IIIIC·Ct.(~d if p and q are relatively prime. The fundamental group is non-abelian if
t1"'1 t' IU'(~ more than two multiple fibers.
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For surfaces of general type the answers are less coherent. In general it is very ,:'
hard to control 11"1 in complicated constructions. Only for Oka's method is there.:
a general theorem [01], which says that 11"1 is always finite cyclic. This should~'

encourage attempts to use his methods to find new surfaces (say simply connected 
ones). Here are some other results. If K 2 = 9, then Yau's uniformization result ':
implies that the fundamental group is infinite. H K 2 = 8, then the only known;'
examples have infinite 11"1, and for K 2 = 7, the fundamental group is unknown. For'
K 2 = 6 the example cited in [BPV] has infinite 1rl. For 1 :5 K 2 < 6 surfaces with
various finite fundamental groups are known. For K 2 = 4 there is also an example'!
of J. H. Keum [Ke] with fundamental group Z" )4 (Z2)2.

As in the previous section, more is known in the case of numerical Godeaux:
sUrfaces, i.e. K 2 =1. Here HI (X, Z) =0, Z2, Z3, Z4 or Zs by Theorem 2. Moreover,:
1rl =HI for all surfaces with HI = Z3, Z4 or Zs, and for the other known surfaces';
except possibly the Oort-Peters example. This is because the Barlow surface [Bl},
is simply connected by construction, and the construction in [B2] gives 1rl = Z2.'
In the cases of torsion Z3, Z4 or Zs all surfaces have the same topological type
because of the irreducibility of moduli (Theorem 2). Thus it is enough to exhibit
one example with 1r1 = HI for each case. This is done in [Be]l for Z3 and in [M}
for Z4. For Zs it is obvious in view of the classical Godeaux construction. ':

We now give the homeomorphism classification in simple cases, which are th ~

only ones where it is known. For the simply connected case we call on Freedman'~
work [Fl], who proved that smooth 4-manifolds are classified by their intersectio '
forms.

THEOREM 3 (Freedman). The simply connected Dolgachev surfaces are homeomor+
pbic to Xg, and the Barlow surface is homeomorphic to X s. Moreover any simp]'
connected minimal surface ofgeneral type with pg = 0 is homeomorphic to X 9- K .,

ortoS2 xs'l. '

In the non-simply connected case we can only deal with the case 11"1 = Zk, du
Y

to the work of Hambleton-Kreck. Building on the fact that surgery works [F2
they extend Freedman's classification to the case 1r1 = Zk with k odd [HKlt
They have also dealt with the case of even k [HK2]. Here the classification ·
more complicated, because it involves the so-called w2-type of the manifold. Som~

consequences of their results are:

THEOREM 4 (Hambleton & Kreck). A numerical Godeaux surface with 11"1 =Zk
homeomorphic to Xs#'Ek, where Ek is any rational homology sphere with 7r1 = Z"
Similarly the Dolgachev surfaces X(p, q) and X(q', q') are homeomozphic ifand onJ
if g.c.d.(p, q) = g.c.d.(p', q') = k and, when k is even, f + i == t + of mod 2.

1Beware, the construction of a simply connected surface suggested in [Be] does not work. On th
other hand, the constructions using double covers of Enriques surfaces are essentially contained i
[Ke].
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Here the complication in the case of even k comes precisely from the w2-type.
If k is odd and in the case i + t == 1 mod 2 for even k the intersection form of
.\((p,q) is diagonal and X(p,q) is homeomorphic to Xg#'Ek. In the remaining case

t1w intersection form is H (D Ea, where H = (~ ~) is the standard hyperbolic, and

Jt,'H is taken to be negative definite. This case includes the Enriques surface.

3. DIFFERENTIABLE STRUCTURES

In the previous section we did not discuss the homeomorphism classification for
t.hose manifolds for which it coincides with the diffeomorphism classification. This
'N t.he case for the Hirzebruch surfaces ~n, which by construction are diffeomorphic
t.o S2-bundles over SJ. It is a trivial consequence of Wall's work [W] that ~n is
....t'J X S2 for n even and p2#p2 for n odd. A much deeper result is the following
C'uuHcquence of a theorem of Ue [U]:

'I'IIEOREM 5 (Ue). The diffeomorphism type of a Dolgachev surface with three or
'''Ul'(~ multiple fibers is determined by its fundamental group.

Although this r~sult is far from trivial, its proof is in a sense elementary. On
t.lu' other hand, Theorems 3 and 4 given in the previous section are proved us
'II~ Freedman's surgery [Fl), [F2]. This means that they leave room for non
.lilr(~(>lnorphic surfaces in the same homeomorphism type. Indeed, in many cases
",u·ll non-diffeomorphic pairs can be found using gauge theory. (This of course
,UfI4lH'oves the 4-dimensional h-cobordism conjecture [Dl], [D2].)

'I'h(~ first result of this type was obtained by Donaldson [Dl], [D2], who proved
tIIU.t, X(2,3) is not diffeomorphic to X g • His argument was extended by Friedman
Itutl Morgan [FMl] to show, among other results, the following:

'I'III':()REM 6 (Friedman & Morgan). No Dolgachev surface is diffeomorphic to Xg_
A'f.,'(~()ver the map from deformation types to diffeomorphism types of simply con
tut."/.t·d Dolgachev surfaces is nnite-to-one.

It'I'i(-<!man and Morgan [FMl] also showed that this is still true after an arbitrary
IIUlllb(~r of blowups. As a corollary one finds that XI: has infinitely many smooth
"t., IIt't,ures for k ~ 9. We have given a simpler proof of Theorem 6 in [K3]. This
U~"N n new invariant <PI defined using gauge theory on 80(3)-bundles with non
h ivilLl Stiefel-Whitney class, instead of Donaldson's r-invariant coming from 8U(2)
t'"lIcll(~H [Dl], [D2]. Using this type of argument we have also proved [K2]:

II'III':()HEM 7 (Kotschick). The Barlow surface is not diffeomorphic to X s.

'I'll(' generalization of this to arbitrary blowups is very complicated, and has not
'tf~f'U (·oInpleted yet. Thus, to prove the optimal Theorem 8 below, we have reverted
i I. 11\ 4], see also [K1], Chapter V, to the case of the Donaldson invariant instead
ttl. HII' own invariants from [K3].
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THEOREM 8 (Kotschick). For all k the k-fold blowup of the Barlow surface is not
diffeomorpbic to a rational or (blown up) Dolgacbev surface.

The proof of Theorem 8 is rather interesting, because it uses naturally the ge- \
ometry of surfaces of general type, and suggests a way of extending the proof to :
arbitrary such surfaces. H this is successful it will prove the following folk conjecture :'
in the case pg = 0 and 1r} = 0: '

CONJECTURE. Surfaces of different Kodaira dimension are not diffeomozphic.

Now let us look at the case of non-simply connected surfaces. In view of Theorems '
4 and 5 the interesting cases are those of finite (cyclic) fundamental groups. For:;
these one can obtain results by going over to the universal cover and applying the<
theory of Donaldson polynomials [D3]. This is done for elliptic surfaces in [FM3]';
and for the Godeaux surface in [HKl]. However, direct arguments are possible 88,:'1
~. :

Thus Maier [Mal extended the work of Donaldson [DIl, [D2] and of Friedman and?
Morgan [FMl] to non-simply connected Dolgachev surfaces, proving that they give;;
infinitely many smooth structures on every X9#'Ek. Similarly Okonek [Ok] treated:~,

the case of elliptic surfaces homeomorphic to the Enriques surface. Technically this~j

is the simplest possible case, because the r-invariant [Dl], [D2] takes a simple)
form, allowing arguments of the type used for SO(3)-invariants in [K3l. Finally,:~

our own method of proof using SO(3)-invariants [K2], [K3] works uniformly for:,;
any fundamental group, as long as the intersection form is odd. Thus we can deal.~

with non-simply connected numerical Godeaux surfaces and with those Dolgachev'
surfaces which have diagonal intersection forms. Our method does not apply to the;,
Enriques surface (at least not in the naive form given in [K3] d. the discussion in'
§4 of [K3]).
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ON THE HOMEOMORPmSM CLASSIFICATION OF SMOOTH KNOTTED

SURFACES IN THE 4-SPHERE

Matthias KRECK

Max-Planck-Institut fiir Mathematik, Bonn

1. In [FKV] an infinite family of smooth (real) surfaces F(k) embedded in S4

was constructed which has the following properties:

i) The knottings (S4,F(k» and (84,F(l» are not diffeomorphic for k +l .
ii) F(k) = #10(IRP2)

iii) 2"1(S4 - F(k» = 712
iv) The normal Euler number (with local coefficients) of F(k) in 84 is 16.

The knottings (S4,F(k» are constructed from the Dolgachev surfaces

D(2,2k+l). There are antiholomorphic involutions c on D(2,2k+l) with fixed

point set F(k) = #10(lRp2) and orbit space D(2,2k+1)/c diffeomorphic to 84.

Thus the diffeomorphism type of D(2,2k+1), the ramified covering along the

knotting, is an invariant and one can distinguish these Dolgachev surfaces by

Donaldson's r-type invariants [D), [FM], lOY]. It was also proved in [FKV] that
the number of homeomorphism types of these knottings is finite and it was con

jectured that they are all homeomorphic to the standard embedding (S4,F) with

normal Euler number 16. The main result of this note is an affirmative answer to '

this conjecture.

More precisely consider the standard embedding of IRp2 into S4 with nor

mal Euler class -2. This can be considered as the fixed point set of the standard
aotiholomorphic involution c on (p2 embedded into (p2Ic ~ S4. Then the

standard embedding (S4,F) with normal Euler class 16 is obtained by taking the
4 2 4 2(:onnected sum (8 ,iP )#9(-8 ,IRP ).

rrbeorem: Let 8 = #10(lRp2) be embedded into 84 with normal Euler number
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16 and r 1(S4-8) = 712. Th~ (S4,S) is homeomorphic to (S4,F), the standard

embedding with normal Euler number 16. The homeomorphism can be chosen as a

diffeomorphism on a neighborhood of S and F.

Corollary: The knottings (S4,F(k» are all homeomorphic to (S4JF) implying

that the standard knotting (S4,F) has infinitely many smooth structures.

Remark: Recently R. Gompf [G) constructed non-diffeomorphic embeddings of a

punctured Klein bottle K (= Klein bottle minus open 2-ball) into n4 with

r 1(D4 - K) = 712 and intersection form of the 2-fold ramified covering along K

equal to <1> • <-1> . The same methods as used for the proof of our Theorem

show that they are pairwise homeomorphic if they have same relative normal Euler

number and the knots 8K in S3 are equal. We will comment the necessary modi

fications of the proof in section 5. I was informed by o. Viro that he has similar

knottings of K in D4 which 'are related to the construction in [V).

2. Proof: Since F and S have isomorphic normal bundles we can choose a linear

identification of open tubular neighborhoods and denote the complements by C

and 0'. We identify the boundaries, so that DC = DC' =: M. We want to

extend the identity on M to a homeomorphism from 0 to C'. Since C and

C' are Spin-manifolds a necessary condition for this is that we can choose

Spin-structures on C and C' which agree on the common boundary. Another

necessary condition is that the diagram

(1) 1 1
1"1(0') ---..... 1/2

commutes. One can show that by choosing the linear i.dentification of the tubular

neighborhoods appropriately one can achieve these two necessarr conditions. I am

indepted to O. Viro for this information. To obtain condition (1), choose sections

s and 8' from FO resp. SO (delete an open 2-disk) to M such that the

composition with the inclusion to C and C' reap. are trivial on 1('1 . Since the

normal Euler numbers of the knottings are equal one can choose the linear
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identification of the tubular neighborhoods such that they commute with s and

8' resp_ yielding (1). To obtain the compatibility of Spin structures on M it is

enough to control them on the image of s and 8' . Note that for each embedded

circle a in FO , sea) bounds an immersed disk D in C. The normal bundle of

a determines a l-dimensional subbundle of lJ(D) IIJD .The Spin structure on the

image of s is characterized by the obstruction mod 4 to extending this

subbundle to JJ(D) and gives a quadratic form q: H1(Fo) -+ 1/41 [GM]. Thus

we have to control that the identification of F and S respects this fonn or

equivalently that the Brown invariants in lL/81L agree. But this follows from the

generalized Rochlin formula [GM].

In the following we will assume that the Spin-stmctures on IJC = DC' =M

agree and the diagram (1) commutes. There is another obvious invariant to be

controlled, the intersection form on the universal covering. For this we assign to

our knotted surface the 2-fold ramified covering along F denoted by X. A simple

calculation shows that X is l-eonnected, e(X) = 12 and sign(X) =-8.. Thus the

intersection form on X is indefinite and odd (since otherwise the signature were

divisible by 16 by Rochlin's Theorem). By the classification of indefinite fonns, the

intersection form on X is <1>.9 <-1>. The long exact homology sequence

combined with excision and Poincare duality leads to an exact sequence

0--+ H1(F) .... ~(~) --+ ~(X) --+ H2(F) --+ 0

1~2
and the map H2(X) --+ H2(F) =12 is a ..---. a 0 [F], the mod 2 intersection

number of a with F. Since tj is Spin and X is not Spin (see above) the map

a .-+ a 0 [F] is given by w2(X): a 0 [F] = <w2(X),a>. Since the image of

U1(F) is contained in the radical of the intersection form on H2(~) and the form

on H2(X) restricted to the kernel of w2 is non-singular, the image of H1(F) is

the radical of the form on H2(~). The form on H2(~)/rad is the restriction of

<1> • 9<-1> ~ ES • <1> • <-1> to the kernel of x t-+ x 0 x which is

J<~8lB [~~] ~ ES + 2(~ ~l
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We know that the covering transformation 'T acts trivially on H1(F) and

by -Ion H2(X) (since XI r = S4). Thus, if we take the A = 1l(1l2J module

structure given by 'T on H2(~) into account we have an exact sequence

where + or - indicates the trivial or non-trivial A-action. Moreover one can

show that ~(~)=1l_ $ A9 ([FKV), Lemma S.2A). We can summarize these

considerations as follows:

H (~) ~ 1 EBA9 .2 - - ,

(2) the radical of the intersection fonn is H2(~)+' the +1 eigenspace;

the fonn on H2(~)/rad is ES$ 2 [~ ~).

The proof is finished by the following proposition which is the main step.

Proposition: Let C and C' be 4--dimensional Spin manifolds with fundamental

group "'8.2' DC = DC' =M and inducing same Spin-structure on M such that

the conditions (1) and (2) are fulfilled. Then there is a homeomorphism from C to

0' inducing on M the identity.

3. Proof of the Proposition. We use the method of [K]. The normall-type of C is

the fibration p: B = IRplD
)( B Spin~ BO and a nonnal smoothing of X in

(B,p) is given by the non-trivial map C -+ IRpm and a Spin-structure on C
(given by a lift of the normal GauD map to B Spin). Thus it is uniquely deter

mined by a Spin-structure. By assumption there exist normal smoothings of C

and C' in (B,p) which agree on the common boundary. Thus we can form

C U(-e / ), a closed manifold with (B,p)--structure. An easy computation with the

Atiyah-Hirzebruch spectral sequence shows that 04(B,p) ~ I, detected by the sig-

nature. Since sign C = sing C', C u-e' is zero bordant in (B,p).
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Let W be a zero bordism. Then there exists an obstruction B(W,C) e lS(7L/2)

such that C is h-eobordant to C' reI. boundary if and only if B(W,C) is zero

bordant [K]. This implies our statement using the topological h-eobordism

Theorem [Fl.

We will not repeat the definition of 8(W,C). Instead we formulate some
elementary properties which are enough to show that in our situation B(W,C) is

zero bordant. Elements in lS(7L/2) are represented by pairs (H(Ar),U), where

H(Ar) is the hyperbolic form on Ar )( Ar and U CAr )( Ar is a half rank free

direct summand. Note that the difference to the oldinary Wall groups is, that

there U is an addition self annihilating (a hamiltonian). Note also that we can

forget here the quadratic refinement of the form since it is determined by it. Since

the ordinary Wall group LS(7L2) vanishes one can characterize zero bordant ele-

ments in lS(7L2) as follows:

(3) [H(AI),u] E i 5(1L/2) is zero bordant if U has a hamiltonian complement V.

By construction of B(W,C) and some elementary considerations it has the

following properties:

(4) If (H(A1),U) represents B(W,C) then (H(AI),U.1.) represents B(W,C').

(5) There exists a surjective homomorphism d: U --+ H2(e) inducing an isome

try of the fOlm on U with the intersection form on H2(e).

f
(6) If V = AS --I-t H2(e) is a free A-resolution, 8(W,C) has a representative

(H(As),V) such that d occurring in (5) is equal to f.

Since H2(e) =1_ ED A9 we can take V =A10 with the obvious map

f : V -+-t H2(~).
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The natural thing for showing that B(W,C) is zero bordant is to prove

that in the restriction of (H(As),V) to the :J:l-eigenspaces, V:I: have hamiltonian

complements and then to construct from them a hamiltonian complement for V.

The restriction of the hyperbolic form b on H(A8) to the ='=1 eigenspaces is

twice the hyperbolic form on H(7z8). In particular the restriction to VoJ: is divi-I
~

sible by two. After dividing by 2 we c&1l this form b:l: and V:I: sits isometri- :l
·."1cally in H(7z8). j

By assumption (2) the form b+ vanishes identically on V+ and thus

(H(A)+,V+) represents an element in the ordinary L-group L5 ={OJ.

We have V ~ A10~ H2(e) =71._ • A9 --+ H2(e)jrad = 71.~O and

flV_ maps onto 21l~O. Thus the form b_ on V_is

Since by (4») (H(A10),Vl.) represents 8(W,C') and the form on ~(e') is

minus the form on ~(e), we know from (5) that the form on v.: is -b_. Thus

we have an isometric embedding V_ fB V: =b_fa (-b--> into H(1l10) and we are

searching for a hamiltonian complement of V_in H(1l10).

The different isometry classes of embeddings of a pair of direct summands V_

and V: (they are direct summands since V and VJ. are so) into H(110) = H .

are equivalently classified by analyzing in how many different ways the hyperbolic

form can be reconstructed from the sublattice V_ • V:. To do this we consider

the adjoint Adb_ : V_ --+ V~. Denote the cokemel of Adb_ by L, a finite

abelian group since Det b_ '/: o. On L we have an induced quadratic form '

q:L--+ Q/71. given by q([x])=~ b_((Adb-->-1( ILI·x), (Ad b-->-1( 1LI • x».
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Similarly starting with V: we get a quadratic form denoted by (LJ..,qJ..).

Of course (L,q) and (LJ..,-q.l) are isometric and by means of this isometry iden

tify them with (L,q). We can reconstruct H and the embeddings of V_and V:

as follows. H =Ker (V~ )( (V:>*--+ L), V_ =Ker P2 : V~)( (V:>*--+ (V:>*,

V: = Ker PI : V~x(V:>* --+ V~. Here the map V~ lC (V:>* --+ L is the diffe

rence of the projections onto L. This reconstruction follows from a standard argu

ment similar to ([W], p. 285 ff).

Thus we have to analyze the isometries between (L,q) and (LJ..,-q.1.) = (L,q)

modulo those which can be lifted to isometries of V~. Indeed, (H,V-> is zero bor-

dant if and only if the corresponding isometry of (L,q) can be lifted to V~. This

follows since if V_ has a hamiltonian complement, (H,V.J is isomorphic to an

(~Iement which corresponds to Id on L. On the other hand the element correspon

ding to a liftable isometry of (L,q) has an obvious hamiltonian complement.

Unfortunately there exist isometries of (L,q) which cannot be lifted to

v~. We have to show that the corresponding elements of lSC1l2) don't occur in

our geometric situation. The key for this is that we know that since C and C'

'Lre bordant reI. boundary in 04(B,p) they are stably diffeomorphic [K], i.e.

(~#r(S2xS2) is diffeomorphic to C' #r(S2xS2) fOI some r and in particular

there exists a bordism W between C#r(S2)(52) and C' #r(52)(52) with

U(W,C#r(S2xS2» zero bordant. Obviously W is bordant to W#r(S2xD3)
#r(S2xD3) where the boundary connected sum takes place along C and C'

wspectively and W is appropriately chosen. If (H(A2),V) represents B(W,C)
t.heR (H(AS+2r), V4BH(Ar )( {O}» represents B(w,C#r(S2)( S2». Denote
V_ := V_ ED H(Alx {OJ)_. Then L = L • H(7Lr)/2. We know that the isometry of

(L,q) corresponding to B(W,C)_ can after adding Id on H(1Lr)/2 be lifted to

'Ln isometry of t*. We call an isometry (L,q) with this property a restricted

iHometry.

Lemma: The group of restricted isometries of (L,q) modulo those induced by

iHometries of V* is trivial.
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Before we prove this Lemma we finish our argument that B(W,C) is zero

bordant, i.e. V in H(A10) has a hamiltonian complement T. We know that V:I:

have hamiltonian complements T:-J:. We also know that V is a direct summand

(over A) in H(A1
0) =H. Choose ll-bases ai of V+' bi of V-' ci of T+ and

d. of T ,such that (a. + b.)/2 is a A-base of V and a. 0 c· =b. 0 d. = 26...
1 - 1 1 1 J 1 J IJ

Then we know that for each di there are elements 0i EV+' Pi EV_ and ,

7·E T+ such that a. + IJ.. + 7· + d. =0 mod 2 in H and p.:= (a·+!J,·+1·+d.)/2
1 1 1 1 1 1 1111

form a A-basis of H/V. We want to choose these elements so that they generate a

hamiltonian, i.e. the form is trivial between those base elements.

Since a.+ b. =0 mod 2 we can assume IJ.. = o. Write a· = Ea. · a. and
1 1 1 1 IJ 1

7i= E7ifj with aij E {O,:l:1} and 7ij E {O,l}. A simple computation with eva-

luation of the form implies 7ij = 6ij and thus 7i =ci. Similarly one can show

a.. = a.. mod 2 and a·· = O. Since we are free to change the sign of a·. we can
IJ J1 11 IJ

assume aij =-aji for i f j . With these assumptions it is easy to check that

Pi 0 Pj =0 for all i,j and we are finished.

4. Proof of the Lemma. In an equivalent formulation we have to study the

following situation. Consider in H(ll) e ES the lattice 4· H(ll) ED 2· ES and

consider L = H(7I)/4H(1l) • ES/2ES =LIED L2 with the induced "quadratic form

q which is on L1 given by q[x] =1b(x,x) and on L2 by q[x] =i b(x,x) and ,

L1 ..L L2. A simple calculation shows that the only isometries of (L1,q IL1) are,

:1:1 and :I: [~ ~] , which obviously can be lifted to L1 = H(ll). The nontrivial :

analogous lifting statement holds for L2 ([BS], p. 416). Thus we are finished if

modulo isometries of H(l). ES each restricted isometry of L preserves L1 and

L2·

We denote the standard symplectic basis of H(l) by e and f. Let

g:(Ltq) --+ (L,q) be a restricted isometry. Write g[e] = are] + b[f] + [x] with
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x eES. Since g[e] has order 4, a or b must be odd. Since g is restricted,

g CD Id on L CD H(7l)/2 can be lifted to an isometry of H(71) CD ES CD H(71r ) under

which e is mapped to ae + t)f +x + 2y + 2z where a =amod 4, b = t) mod 4,

y eES and z eH(llr). Computing the quadratic form of this element yields

2ab + (x + 2y) 0 (x + 2y) = 0 mod 8.

Since a or b is odd we can after acting with an appropriate liftable

isometry assume a = 1 or g[e] = [e] + b[~ + [x]. Now consider
A
g(e) := e + (b - 4e)f + x + 2y, where 2b + (x + 2y) 0 (x + 2y) =Sc. Then

~(e) • ~(e) = O. We can extend ~ to an isometry of H(71) CD ES by setting

~(f) = f. Then i(e) and i(f) span a hyperbolic plane in H(71) CD ES whose

orthogonal complement is isometric to ES and we use this isometry to extend ~.

After composing with a-I we obtain h with h[e] = [e]. Since h[e] 0 h[~ =~

we must have h[ij =ale] + [ij + [y]. By the same argument as above we obtain an

Isometry A of H(71) CD ES with A(e) =e and A[fj =ale] + [fj + [y] and after

<:omposing again with A-1 we obtain an isometry which preserves H(1l)/4H(1l)
finishing our proof.

5. Some knottings in n4. Let K be the punctured compact Klein bottle with

houndary 81. We consider smooth embeddings of (K,DK) into (D4,S3) with

fixed relative normal number, r l (D4 - K) = 712 ' intersection form of the 2-fold

ramified covering equal to < 1 > ED < -1 > and (S3,1JK) a fixed knot. We

(~Iaim that two such knottings (D4,K) and (D4,K') are homeomorphic rel.

boundary. The proof is similar as for our Theorem and we indicate the necessary

changes.

As in section 2 we choose linear identifications of open tubular neighbor

hoods of K and K I and denote their complements by C and C I. We identify

IJ(~ = IJC I = M and choose our identification such that the Spin structures on M

"'Kree and the diagram (1) commutes. A similar consideration as in section 2 shows

tha.t H2(~) =7l_ CD A and the radical of the intersection form is 7l+ =H2(~)+

ILlld the form on H2(~)/rad is 2 (~ ~].
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Then we proceed as in section 3. Most of the arguments there don't make

any special assumptions which are not fulfilled in our situation. The only difference

is in the analysis of (H(A2)_,V-l. Again this is determined by an isometry of

(L = coker 4 [~ ~] ,q). The situation is easier than in section 4, since the lifting

problem is simpler. The problem is here whether any isometry on (L,q) is induced

from an isometry of H(lI). But as mentioned in section 4 this holds, finishing the

argument.

I would like to thank R. Gompf, O. Viro and C.T.C. Wall for useful conver

sation and M. Kneser for the information about a reference.

[BS]

[D)

[FKV]

[F]

[FM]

[G]

[GM]

[K]

[OV]

[V]

[W]

References

F. van der Blij and T. Springer: The arithmetic of octaves and of the
group G2 ) Indag. Math. 21 (1959), 406-418

S. Donaldson: Irrationality and the h-eobordism conjecture, J. Diff.
Geom. 26 (1987), 141-168.

S.M. Finashin, M. Kreck, O.Ya. Viro: Non-diffeomorphic but
homeomorphic knottings in the 4-sphere, in SLN 1346 (1988), 157-198

M.R. Freedman: The disk theorem for 4-manifolds, Proc. Int. Congress
Math., Warsaw 1983, 647-663

R. Friedman and J. Morgan: On the diffeomorphism type of certain
algebraic surfaces I, J. Diff. Geom. 27 (1988), 297-398

R. Gompf: Nuclei of elliptic sudaces, preprint 1989

L. Guillou and A. Marin: Une extension d'un theorem Rochlin sur la
signature, C.R. Acad. Sci, 258 (1977), A 95-98

M. Kreck: An extension of results of Browder, Novikov and Wall,
preprint 1985 (to ap~ear under the title surgery and duality in the
Aspects series, Vieweg).

C. Okonek and A. van de Yen: Stable bundles and differentiable
structures on certain elliptic surfaces, Inv. Math. 86 (1986), 357-370

O. Viro: Compact 4-dimensional exotica with small homology, to
appear in the Leningrad Math. J. vol 1: 4, 1989

C.T.C. Wall: Quadratic forms on finite groups, and related topics,
Topology 2 (1964), 281-298



Flat Algebraic Manifolds

F.E.A. JOHNSON

DEPARTMENT OF MATHEMATICS, UNIVERSITY COLLEGE LONDON. LONDON WClE, 6BT

The relationship between the class S, of "fundamental

groups of compact Klthler manifolds, and the class 9,

of fundamental groups of smooth complex projective

varieties, is not well understood; one clearly has ~ C

S, but, although some compact KKhler manifolds are

non-algebraic, there is, at present, no known example

of a group in ~ which is definitely not in ~. It is

known that membership oT S is severely restricted [5].

In this paper, we consider the subclasses Sflat' 9 f1at
consisting of fundamental groups of compact KKhler

(resp. complex projective) manifolds whose underlying

Riemannian manifold is flat ; we show

Theorem I: The classes ~flat and 9 flat are identical.

This Tollows easily from

Theorem II: A smooth compact flat Riemannian manifold

X admits the structure of a flat K~hler manifold if

and only if it also admits the structure of a smooth

flat complex projective variety.
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In a previous paper with E.G. Rees ([6]), we showed

tttat STlat may be characterised as the class oT

extension groups G oT the form

o -. Z2n --. G ---+ • -. 1

in which 4> is finite, G is torsion free, and the

operator homomorphism p • ---+ GL2n (Z) admits a complex

structure; that is, the image of p may be conjugated by

a real matrix so as to be contained within the

subgroup GLn(C). By an amalgamation of Bertini's

Theorem and the Lefschetz Hyperplane Theorem, we see

that every group in c:P is the Tundamental group oT a

smooth complex algebraic surface (see, for example,

(1.4) oT [7]). Thus we obtain;

Theorem III Let G be a torsion free group occurring

in an extension of the Torm 0 -. Z2n ~ G ---+ 'I -. 1

where • is Tinite and the operator homomorphism admits

a complex structure; then there exists a smooth

complex projective surface X such that G = Wt(X).

Our starting point is the Tormal similarity between

the rational group ring of a finite group and the ring

oT rational endomorphisms of an abelian variety ; each

is semisimple and admits a positive involution. The

proof proceeds by an analysis OT the rational holonomy

nprsenutioo p • ~ GL2n (Q), using Albert's

classification of positively involuted semisimple

algebras [1]. For restricted classes of holonomy group

., for example, the symmetric groups, the Tull

complication of the proof may not emerge when. is

nilpotent, a short prooT using only classical

representation theory has been given by the author's

student N.C. Carr ( [3J).



Johnson: Flat algebraic manifolds

The paper is organised as Tollows

involuted algebras are dealt with in

positively

§1, abel ian

varieties in §2, and rational representation theory in

§3. Theorems I and II are proved in §4, as (4.3)

and (4.2) respectively.

The problem investigated here arose out OT joint work

with Elmer Rees, to whom the author would I ike to

express his gratitude Tor many interesting

conversations and much help and good advice, not least

his unsparing (and oTten unsuccess-ful) efforts to

instill the virtues of brevity into the author's

prose.

§ 1 Positive division algebras:

Let A be a finite dimensional semisimple algebra over a

field K. An involution r on A is an isomorphism of A
with its opposite algebra such that r 2 = l A. When k is

a real field, the involution r is said to be~mw when

Trl(xr(x» > 0 Tor all nonzero x E A, where 'TrK'

denotes 'reduced trace'. When I( = Q, the class oT such

positively involuted algebras has been determined by

Albert [1], [12]. We recall his results.

We may express A in the Torm A = Ale. .~ Am, where

each Ai is a simple two-sided ideal. If r is a positive

involution on A, it Tallows easily that r(A i ) = Ai Tor

each i, so it suffices to consider the case where A is

simple; that is, A = Mn(D) , where D is a finite

dimensional division algebra over K. An involution tT

on D extends to an involution u on A thus

U«Xij) = (u(xji»

with transposed indices as indicated. By the Skolem-

Noether Theorem, each involution on Mn(D) has this

form. Moreover, U is positive if and only if U is

positive : that is
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Proposition 1.1: Let (A,r) be a positively involuted

Tinite dimensional semi simple algebra over a real

Tield K. Then there is an isomorphism oT involuted K

algebras (A,r) - (Mnl(Dl),Tt)x ... x(Mnm(Dm),rm) where

(Di,ri) is a positively involuted division algebra .

Let F be a field, s a field automorphism oT F oT order

n , and let a be a nonzero element OT F such that

sea) = a. The cyc/icalgebra (F,s,a) is constructed as

Tollows (F, s ,a) is a two sided F-vector space oT

dimension n, with basis ([Xr])O~r~n_l' subject to the

relations

= (l E F)

and is an algebra with centre E = { x E F: sex) = x }

and multiplication

[X] [xr ]
o ~ r < n-l

r = n-l

In the case n = 2 , we may take F = E.Jb Tor some

nonzero bEE. Then (F,s,a) is isomorphic to the

quatemion algebra (a
i

b) with basis {l, i,j ,k} over E, subject

to the relations ij = -J1 = k; i 2 = a.l; j2 = b.l

An involution r oT a simple algebra . A is said to be

of the first kind when it restricts to the identity on the

centre ~ OT A; otherwise, r is said to be ofMeA~ndkm~

A quaternion algebra (aib) admits two essentially

distinct involutions OT the first kind, namely conjugation,

c, and reversion, r, clef ined thus

c(xO + Xli + x2j + x3k ) = Xo - Xii - x2j - xgk

Albert [1] ,[12], showed that a positively involuted

division algebra (D,r), OT finite dimension over Q,
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falls into one of Tour classes

algebraic number fields.

here E and K are

I: D = E is totally real and r= 1 E ;

II: D = (aib), where E is totally real, a is totally

positive, b is totally negative, and T is reversion;

III : D = (aib), where E is a totally real, a and b

are both totally negative, and r is conjugation;

I-Y.-J D = (K,s,a), where s is an automorphism of Ie

whose fixed point field E is an imaginary qua.dratic

extension, E = EO(~b), of a totally real field.EO' and

a E E; moreover, if L is a maximal totally real

subfield oT K, there exists a totally positive element

dEL such that =

Albert's results [12] may be summarised thus

Theorem 1.2 : The finite dimensional rational division

algebras which admit a positive involution oT the first

Icind are precisely those of type I II or III

those which admit a positive involution OT the eoondkmd

are precisely those of type IV.

§2 : Riemann matrices and abelian varieties:

Let K be a subring oT the real number field R; a Riemann

ma~xovu k is a pair (A,t) where A is a free K-module aT

finite rank, and t is a complex structure on the real

vector space A®ER that is, t : A®KR ~ A@KR is a

real linear map such that t 2 = -1 rkK(A) must

then be even. There is a category ~Ak oT Riemann

matrices over Ie whose morphisms t/J : (A1 ,t1) ---+ (A2 ,t2 )

are K-linear maps t/J : A1 ---+ A2 such that t2(~@1) =
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(~~l)tl. An object (A,t) in ~jLK is mmp~ over K i~ and

only i"f A contains no nontrivial K-submodule B such

that t(B~KR) = B~KR. ~AK has "finite products given

by (A1 ,t1) x (A2 ,t2 ) = (Al x A2 , t 1 x t 2 ). By a memann

form on (A,t) e ~AK we mean a nonsingular skew K-

bilinear £orm p: A x A~ K such that

(i) iT PR:A@I(R x A01(R ~ R denotes the R-bilinear Torm

obtained from (J, then "for each x,y e A~KR,

PR(tx,ty) = PR(x,y)

(ii) the associated "form P : A0KR x A0KR ~ R,
P(x,y) = PR(tx,y) is positive de"finite symmetric.

A Riemann ma.trix is algebraic when it admits a. Riemann

Torm.IT (A,t) e ~AK' we write (A,t)* = (A*,t*) where

A* = HomK(A,K) is the k-dual o"f A, t* is the R-clual oT

t, making the identifications A*~KK - Homl(A,R) 

HomR(A®I(R,R). The correspondence (A,t) 1-+ (A,t)* gives

a contravariant "functor * : CJ,AK ~ CJ,AK . A Riemann

form P on (A,t) gives rise to an injective K-linear

map P A ~ A* such that P(x)(y) = P(x,y) Tor all

x, yEA. When I( is a field, p is bijective, and,

identifying A with A**, we obtain a Riemann Torm p* on

(A,t)* thus ;

{J* (e, 'I) =
(A,t) is algebraic precisely when (A,t)* is algebraic

moreover, a Riemann Torm on (A,t) induces an

isomorphism P (A,t) ~ (A,t)* in ~AK. In this

ca.se, if k is a subfield oT R, the K-algebra Endl(A,t)

admits a positive involution, denoted by ,-, thus:

~ =(p)-l~*(p). This is the classical theorem o~ Rosati

[10J. Taken together with the complete reducibility

theorem of Poincare' [8] ,[9], we obtain:
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(A,t) be an algebraic Riemann matrix over

(A,t) is isomorphic in ~~K to a product

Theorem 2.1 Let K be a subfield oT R and let

K. Then

(A,t)

where (Ai,t i ) (15i5m) are simple Riemann matrices over

K, and the isomorphism types (Ai,t i ) and multiplicities

ei are unique up to order. Moreover, EndK(A,t) ,the

algebra of K-endomorphisms OT (A,t), is a product

EndK(A,t)

where Di = EndK(Ai,t i ) is a positively involuted

division algebra over K. In particular, EndK(A,t) is a

positively involuted semisimple K-algebra.

We construct algebraic Riemann matrices in two ways

in particular,E ·,negative element of

CM-a~.n we mean a quadruple (A,E,r,a) where

E is a totally real algebraic number field of

finite degree over Q;

(A,r) is a "finite dimensional positively'

involuted E-algebra such that rE = 1E ;

aEA has the property that a 2 is a totally

eM-algebras :

F = E(a) is a purely imaginary extension OT E

reF) = F and r restricts to the nontrivial

element of Gal(F/E) .

I :

By a

(i)

(ii)

(iii)

(iv)

(v)

In a eM-algebra (A,E,r,a), we do not assume that E is

t,he centre OT A. With a eM-algebra (A,E,r,a), we

a,asoc i ate the canonical complex structure t A@ER --+ A@ER

p;iven by t(x®l) ax ® .1
../_a2
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Proposition 2.2: Let (A,E,'T,a) be a CM-algebra with

canonical complex structure t. Then (A,t) is an

algebraic Riemann matrix over E.

ProoT It is easy to check that {J A x A --+ E

de-fined by

P(x,y) = TrE(ay'T(x) - &X'T(Y))

is a Riemann Torm Tor (A,t) E ~AE. IJ

For algebras of type III or IV, the -following

statement is tautologous; Tor algebras oT type II, it

is a restatement of an observation OT Shimura ([12],

p.153, Proposition 2 ).

Proposition 2.3: Let (A,'T) be a positively involuted

-finite dimensional division algebra OT type II, III

or IV over Q; then there exists a subfield E C A, and

( e A such that (A,E,'T,() is a eM-algebra.

II: The doubling construction:

Let K be a subTield oT R.To each Tinite dimensional K

vector space V , we associate a Riemann matrix D(V) ,

the ~~kof V, over Ie thus; D(V) = (V$V,t@l) where t:
V$V ~ V$V is the K-linear map t(x1,x2) = (-x2,x1).

Observe that D(V) is algebraic since

is a Riemann Torm Tor D(V), where (Ti)lSisn is a basis

Tor the K-dual oT V. The doubling construction can be

obtained from the CM-algebra construct ion as Tollows;

D(K) is the Riemann matrix obtained -from the CM-
algebra K(v'-=1) • However, V - Kn so that D(V) - D(K)'?,
Suppose that E, F are rings such that E C F C R. There

is an extension of scalars -functor gF ~A,E -+ 9,AF ,
E
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g~(A,t) = (A~EF ,t) (= (A,t) ~EF) on making the

identification F~ER ~ R. When E is also a field ,

and F is a finite algebraic extension OT E, we write

'!FE = {
(J' : (T is a field imbedding

(T : F -+ = }
where E is the algebraic closure oT E. Suppose that,

in addi tion, F is also real over E, in the sense that Tor

each U E ~E' u(F) C R. We may identiTY

; ~F/E(A,t)

where, Tor each (T E ~E' (TR ~ H .. Thus, iT t is a

complex structure on A, there exists a natural complex

structure

so that we obtain a r5mcaonofsa~~ functor

(A, n (Tt)
u E ~E

The constructions l!:~, '3l.F / E preserve algebraicity. Let

K be a Tinite algebraic extension OT Q. Applying the

construction C!R,K/Q to a Riemann matrix (A,t) E SAl('

enables us to construct a Riemann matrix over Q. We

denote by A(t) the complex vector space obtained from

A®KR by means oT t, and regard A as being imbedded

in A(t) by means oT x 1-+ x@l. A Riemann matrix (A,t)

over l determines a complex torus A(t)/A clearly every

complex torus may be so described. An abelian variety is a

complex torus which is algebraic, that is, which admits a

holomorphic imbedding into some Pn(C).. The Tollowing

r-esult Trom the classical theory OT theta-Tunctions

[8] justifies the usage Halgebraic Riemann matrixH•
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Proposition 2.4: Let (A,t) be a Riemann matrix over Z.

Then the yollowing conditions are equivalent

(i) A(t)/A is an abelian variety

(ii) (A,t) is an algebraic Riemann matrix over Z;
(iii) (A,t)~lQ is an algebraic Riemann matrix over Q.

Conversely, if (A,t) is an algebraic Riemann matrix

over Q, and A1 , A2 C A are Tree abelian subgroups

of maximal rank, then A(t)/A1 is an abelian variety

isogenous to A(t)/A2 , so that extension oT scalars

from Z to Q yields a bijection

{ isogeny classes of

abelian varieties }~ { Q-isomorphism classes of Q} .
algebraic Riemann matrices over

13 Representations of finite groups

Throughout this section we fix a finite group .; let K

be a subfield of R. The group algebra K[.] is

semisimple, by Maschke's Theorem, and has a positive

involution r given by ;

r(a)

By (1.1), there is an isomorphism OT involuted K

a.lgebras

(K [tt] ,r)

where each Di is a finite dimensional division algebra

over K, admitting the positive involution rie Let V be

a simple (left) K [~] module; for some unique i (lS

iSm), V is isomorphic to a simple left ideal oT

Mni(D i ), and EndK[fI](V) Di - We are principally

interested in the two cases K = Q ; K = R.



w. =
1

Johnson: Flat algebraic manifolds

When K = R, each finite dimensional division a.lgebra

is isomorphic to R, H or C; an isotypic module V ==
W(e) is said to be of type R , H or C according to the

type oT the division algebra EndR[.](\N). Similarly

when K = Q, an isotypic module V == Wee) is ascribed

the type (I, II, III or IV) oT the division algebra.

EndR[.](W). A complexstructure Tor the K[fI]-module V, is an

element t E EndR[.](V@KR) such that t 2 = -1.

Proposition 3.1 : Let V be a Tinitely generated R[.]

module: the following conditions on V are equiva.lent ;

(i) V admits a complex structure

(ii) each isotypic component of V admits a complex

structure ;

(iii) each simple summand oT type R occurs with even

multiplicity in V.

Proof (i) => (ii) Write V in its isotypic

decomposition V = W 1 ED ... EDWm where each Wi is

isotypic, with HomR[.](Wi,Wj ) = {O} -for i#:j.

(~orresponding to the Wedderburn decomposition oT R[.]

H,S a product of simple two sided idea.ls, we may write

t,he identity element 1 of R[~] as a sum of central

idempo!;elrtse l + e2 + . . + en with m ~ n, such that

f~ ie j = 0 Tor i"# j , and Tor 1 ~ i ~ m,

n A(j)
i,ej

where A(j) = {v E V : ej.v = 0 }. Let t be a complex

Ht~ructure on V. Since tis R[.]-linear, it commutes

with each e j. Henc\e t (A(j)) C A(j) Tor each j, and

HO, by (*) above, t(W i ) C Wi for each i. That is, each

iHotypic component OT V admits a complex structure.

LJ.E.D. (i) ~ (ii).
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(ii) => (iii): Let W == V(n) be an isotypic R[.]-module

with EndR[.](V) - R, so that EndR[.](W) - Mn(R). A

complex structure t on W induces a complex structure

t. on the real vector space EndR[.](W) thus; t*(f) =
taL It Tollows that n 2 = dimR(EndR[.](W)) is even,

and hence n is even. Q.E.D. (ii) ~ (iii) .

(iii) => (i) Let V - VR ED Vc ED VH where

VR - Val E9 V~ E9 .ED V~r1 2

Vc UbI U b2 .ED U~- 1 E9 2 E9

VH
WeI WC2 .$ wct- 1 E9 2 ED t

and where Vi' Uj , Wk are all simple R[.]-modules, with

EndR[.](V i ) =R, EndR[.](Uj ) = C, and EndR[.](Wk ) =H.
Clearly, each U. admits a complex structure. Moreover,

J
since C C H, each Wk admits a complex structure.

However, since

structures on

each ai

doubles,

is even,

each V
ai

by taking

admits a

complex

complex

structure. V is now a direct sum OT submodules each of

which admits a complex structure, and so admits a

complex structure. Q.E.D. (ii) => (iii): D

Recall that if W is a finitely generated Q[.]-module,

W contains a .-invariant I-lattice L, and that any two

such are commensurable. We say that a complex

structure t on W is a <!P-structure Tor W when Tor some (and

hence Tor any) .-invariant l-lattice, W(t)/L is an

abelian variety. We wish to give an analogue of (3.1)

Tor the existence of '-structures ; first we note
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Proposition 3.2: Let V be a simple Q[.] -module; i of

V is oT type II, III or IV then V admits a ,

structure ; iT V is oT type I then V~V admits a

<!r'-structure.

Proof: The second statement Tollows easi ly -from the

doubl ing construction OT §2. To prove the first, put D

= EndQ[.](V). By (2.2), there exists a subTield E o-f

t.he division algebra D, and an element e E D such that

(D,E,T,() is a CM-algebra, where T is the canonical

involution on D inherited Trom Q[.]. Then (D,E,T,e)

has the canonicalcomplexstructure t: D@ER -+ D@ER defined thus;

t.(x@l) = ex ® 1. . (D,t) is an algebraic Riemann

-I-e2

nlgebraic over E. However, V is a vector space over D,

of dimension m, say, and also has a canonical complex

Ht.. ructure T:V®ER -+ V@ER defined by the same -formula

H,S t , namely T(y@l) = (y ® .1 Clearly there is
-I-e2

nn isomorphism of Riemann matrices (V,T) == (O,t)m, so

that (V,T) is also algebraic. Since e E D, and the D

nction on V commutes with that of ., it Tollows easily

t.hat T commutes with the .-action on V; that is, T is

It. e,,-structure for V. []

'I'heorem 3.3: Let W be a finitely generated Q[fI]

module. Then the following conditions on Ware

(~qu i valent ;

(i) each Q[.]-simple summand OT type I has even

multiplicity in W;

( i i) W admits a c:P-structure

(iii) W admits a complex structure.

PI-oof: Write W = Vo) EB V(II) EB V(III) E9 V(IV) where, for T = I,

II, III,IV, VeT) denote~ a direct sum of simple Q[.]-
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modules OT type T.

(i) => (ii) : By (3.2), V(ll)ED V(ll) ED V(IV) admits a ,

structure; by hypothesis, each simple summand oT V(I)

has even multiplicity, so that, again by (3.2), V(I)

admits a '-structure. Hence V admits a '-structure.

(ii) => (iii): Obvious .

(i i i) ~ (i): Let W == V~el) @ @ V~m) be the il80typic

decomposition oT W, with Vi a simple le£t ideal oT

Mni(D i ), where Q[.] - Mn1(Dt) x.. x Mnm(Dm) is the

Wedderburn decomposition oT Q[.]. On writing the

identity element 1 oT Q[.] as a sum oT primitive

central idempotents

see that

1

o if i #: j

1V . if i = j
J

Hence Hom R [fI] (V i ®QR, Vj®QR) = {O} when i ;/= j. On

extending scalars, we obtain

= { o if i

1V.@R iT i
J

#= j

= j

Since fj®l is a sum oT primitive central idempotents in

R[.] , no R[.]-simple summand of Vj is isomorphic to any

R[.]-simple summand oT Vi' and hence

HomR [fI] (V i ®QR, Vj®QR) = 0 Tor i '* j. Now suppose tha.t

Vi is OT type I; that is, Di is a totally real

algebraic number field with d i = dimQ(D i ). Then

are isomorphically distinct simple R[.] -modules Tor

we may write

R x . x R .
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a.nd identiTY

of Mn . (R)
1

Hubspace OT

x

the

Mn . (R)
1

copy oT Mn(R)

UtED U2 ED • • ED U~

where Ur is the

consisting oT

matrices concentrated in the "first column. Clearly

(,:&ch Ur is R[.]-simple, and Tor r #= s, Ur and Us

correspond to distinct simple "factors ofR [.], and so

are not R[.]-isomorphic.

We assume that W admits a complex structure; that is,

W®QR admits a complex structure. Since

110m R[.](Vi~QR, Vj®QR) = {O} "for i #= j, it Tallows

t.hat the multiplicity oT each Ur in W~QR is the same

u.s the multiplicity o"f Vi in W ,namely ei. Now each

Ur is a type R-summand OT W~QR, so that, by (3.1),

(~i is even when Vii s a type I summand. []

§~ Flat Klhler manifolds and Tlat algebraic manifolds

Ilccall that a closed flat Riemannian manifold X is

i Hometric to one of the form X = G\E(n)/O(n) where

I (0) is the group oT Euclidean motions aT Rn , O(n) is

.. he isotropy group o"f the origin, and G = '1"1 (X) is a

..orsion free discrete cocompact subgroup oT E(n).

Moreover, there is a natural exact sequence

0--. A ~G--.. ---+ 1

in which -t, the holonomy group OT X, is "finite, and A

Zn is the trn.nslation subgroup oT G. Conversely,

K i ven any such torsion (ree extens ion, G imbeds as a.

cI iscrete cocompact subgroup oT E(n), and XG = G\E(n)/O(n)

iH a compact flat Riemannian manifold. For these

cI(~taiIs, we re"fer the reader to [2] [4], [13J.

Since the K~hler condition is purely local, a. closed

flat Riemannian maniTold oT real dimension 2n which

,ulmits a compatible complex structure is automatically

I(;~hler. We denote by ~flat the class OT groups which

occur as the fundamental group of some compact flat
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Klthler mani-fold, and by ~-flat the subclass OT S"flat

consisting -fundamental groups o-f smooth flat complex

projective varieties. We may represent a compact Tlat

K£hler mani-fold X in the -form X = G\H(n)/U(n) where

H(n) = Cn ><l D(n) is the group o-f "Hermitian"

isometries o-f CD, and G is a torsion -free discrete

cocompact subgroup o-f H(n). The classes c:PTlat , S'flat

may be characterised in the -following way, which "for

S'flat is already known (see [6] ).

Theorem 4.1 '-flat (resp. S-flat) consists precisely

of those torsion -free groups G which occur in an

extension

o --+ Z2n --+ G --+. --+ 1

in which the operator homomorphism p • ~ GL2n (Z)

admits a '-structure (resp. complex structure), and in

which. is Tinite. Given any such pair (S,p), there is

a smooth -flat complex projective variety (reap.

compact, complex flat KKhler manifold) X whose

-fundamental group is G, and whose holonomy

representation is p.

Proo-f We give the proof -for smooth projective

varieties: the prooT Tor K~hler mani-folds is slightly

simpler [6].

Let X be a smooth -flat projective variety oT complex

dimension n; the universal covering X oT X is

holomorphically equivalent to Cn . Considering X as a

Hermitian manifold, 71(X) = G occurs in an extension

o --+A --+G--+c1 --. 1

in which • is -finite; A, the kernel of the holonomy
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r-epresentation of "'1 (X), is isomorphic to Z2n and acts

on Cn as a group of translations. Let X be the

finite covering of X with ~1(i) = A. Then X = CnlA is

a complex torus which, being a finite holomorphic

covering of a smooth projective variety, is algebraic.

'rhe operator homomorphism p ~ ---+ GL2n (Z) extends to

t.he holonomy representat ion p ~ ---+ GL2n (R) OT the

Riemannian manifold X. However, the Hermitian metric

on X is preserved by the holonomy representation so

t.hat Im(p) is contained in U(n). Thus p admits a

complex structure, which, since CnlA is algebraic, is

also a ~-structure.

Conversely, if 0 ~ Z2n ~ G ~ 4) ~ 1 is a torsion free

(~xtension in which the operator homomorphism p admits a

~-structure t Z2n®ZR ---+ Z2n®ZR, and where ~ is

finite, let i denote the inclusion, i Z2n C V =

Z2n®ZR We have a corresponding inclusion i GL2n (Z)

C GLR(V), and induced maps i*: H*(4),~2~ ---+ H*(<<t,y)

where ~2n (reap. y ) denotes the Z[«IJ (reap. R[.J)

module in which 4) acts by p (resp. ip). Up to

congruence, G is classified by the pair (i,c), where c

E H2(~,~2n) is the characteristic class oT the

extension defining G. Let L(G) be the extension

o ---+ Y --+ L (G) ---+ ~ ---+ 1

classified by the pair (ip, i*(c». Then there is a

morphism of exact sequences

0 ---+ Z2n --+ G --+ 4) ~ 1

·n n II
0 ---+ Y --+ L(G) ~ • --+ 1

In which G is imbedded as a discrete cocompact

Hubgroup of the Lie group L(G). The identity component

of L(G) is V, and L(G) has finitely many connected

components, indexed by 1,h(~ (~1 cmcnts of •• Since • is
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"finite and V is divisible, i*(c) = 0, so that L(G)

splits as a semidirect product L(G) = V ~ ••

Write x = G\L(G)/~. Then X is a compact "flat Riemannian

manifold having a finite covering X = Z2n \V(t) which,

since p admits a c:P-structure, is a complex algebraic

torus, and on which • acts "freely by complex analytic

di"ffeomorphisms to give X. Thus X is also a smooth

flat complex projective variety ([11] pp. 395-398). By

construction, ~l(X) = G, and the holonomy

representation of X is p. C

Thus we obtain

Theorem 4.2 Let X be a smooth compact flat

Riemannian manifold; i"f X admits the structure oT a.

flat KKhler manifold, then X also admits the

structure of a flat smooth complex projective variety.

Proof: Let S = (0 ~ Z2n ~ ~l(X) ~ • ~ 1) be the exact

sequence defining the fundamental group of X, with

holonomy representation p .. --+ GL2n (I). Since X

admits a flat K~hler structure, p admits a complex

structure. By (3.3), p admits a 9-structure, and, by

(4.1), X admits the structure of a smooth flat complex

projective variety. D

Corollary 4.3

identical .

The classes Sflat and c:P"flat are

By the Bertini-Lefschetz Theorem , we obtain

is the

complex
of STlat

compact

element

smooth

Every

o"f a

4.4

group

algebraic surface.

Corollary

"fundamental
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PART 2

FLOER'S INSTANTON HOMOLOGY GROUPS



95

The seminal ideas of Andreas Floer have attracted a great deal of interest over
til(· past few years. In his work Floer has developed a number of important new
ilasights, notably through the novel use of ideas from Morse theory. His work also
Ii t.s perfectly into an overall theme of these Proceedings by illustating the paral
I.-Is between symplectic geometry and gauge theory in 3 and 4 dimensions. On
til(· symplectic side a decisive achievement of Floer's programme was his proof of
Arnol'd's conjecture on fixed points, a conjecture which had its origins in Hamilto
.. inn mechanics and the work of Poincare. See also the introduction to the section
uH symplectic geometry in Volume 2. Floer's lecture on this work is described in
t.ll(~ notes by Kotschick in this section.

'I'lte other papers in this section are related to Floer's work in gauge theory. The
id.-as here are closely related to those involved in the section above, on the use of
Yang-Mills instantons in 4-manifold theory. The Floer instanton homology groups
()f a. 3-manifold Y are defined by instantons on the cylinder Y x R, interpolating
Ju-t,ween fiat connections at the two ends. The space of fiat connections over Y, or
n'presentations of the fundamental group, occupies a central place in the theory,
nlld Floer's groups can be regarded as a refinement of this space of representa
t,i()llS. Roughly speaking, if one tries to extend an argument for instantons over
c'I()sed 4-manifolds to instantons over a 4-manifold-with-boundary, one finds that
t1l(~ new phenomena that arise, which have to do with connections which are flat
hilt not trivial over the 3-dimensional boundary, are captured by the Floer homol
•)I!.y groups of the boundary. Similarly, if a 4-manifold X is split into two pieces by
u. 3-dimensional submanifold Y, then the instantons on X can be analysed in terms
()f those on the two pieces and the Floer homology of Y.

For some time after Floer's work first appeared there was a dearth of explicit ex
Iunples on which to test the theory, due to the difficulty of performing calculations.
'I'his picture is now beginning to change, with progress on a number of fronts which
is well-illustrated by the papers in this section. On the one hand, in the new de
vc'lopments which he described in his lectures in Durham, Floer has found exact
s.'quences for his homology groups which open up the possibility of making system
u.t,ic calculations from a Dehn surgery description of a 3-manifold. (The development
()f a similar programme in one dimension higher, for the Yang-Mills invariants of
-I Inanifolds, also forms an important goal of current research.) On the other hand,
feH" a particular class of 3-manifolds - the Seif~rt fibred manifolds- special geometric
f('atures have been used to calculate the Floer homology groups. Two approaches
f.() this are described in the contributions of Fintushel and Stern and of Okonek
I)(·low. The simplifying feature here is that, as shown by Fintushel and Stern, one
ca.n obtain the Floer groups directly from the representations, without considering
illstantons. The technique of Okonek brings the problem of describing the represen
t.ations into the realm of algebraic geometry, and holomorphic bundles on a complex
algebraic surface: a natural problem is to see if algebro-geometric techniques can be
I)rought to bear on other calculations of the Floer groups (and of the "cup products"
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which can be defined in Floer homology). The paper of Fintushel and Stern also
describes an application of the calculations for Seifert manifolds to obtain a result
on 4-manifolds (a result which has in turn been used by Akbulut to detect exotic
structures on open 4-manifolds). Here one should refer also to the contribution of
Gompf in the preceding section.
Before Floer introduced his more general theory, ideas which can now be seen as
going in a similar direction were developed by Fintushel and Stem, Furuta and oth
ers. Here the 3-manifolds concerned are lens spaces and, instead of 4-manifolds with
boundaries, one can consider compact 4-dimensional orbifolds. These developments,
and their striking topological applications, are described in the paper of Fintushel
and Stern. Yang-Mills theory over orbifolds has had a number of other applications:
for example Furuta and Steer have developed a theory for 2-dimensional orbifolds,
generalising the work of Atiyah and Bott, which gives another, rather complete,
description of the Floer homology of Seifert manifolds.
The contribution of Furuta deals with some more geometrical aspects. As we have
mentioned, Floer's homology groups depend in general on knowledge of the instan
tons over cylinders, and these are normally quite inaccessible. The work of Atiyah,
Drinfeld, Hitchin and Manin (ADHM) gives a complete description of the instantons I

over the 4-sphere in terms of matrix data. This can then be used to describe instan
tons on quotients of 8 4 , and in particular (by conformal invariance) on the cylinder
with a lens space as cross-section. This is at present the only kind of example where
one can obtain such explicit information. There are many different reductions of
the ADHM description which can be made in this fashion and the investigation of
these is at present an active area of research, with work by Furuta, Braam, Austin,
Kronheimer and others. These descriptions involve an attractive blend of geome
try, representation theory and matrix algebra. In his paper below Furuta gives a I

number of applications of these ideas, including an analogue of Floer's homology
groups for lens spaces in which the groups can in principle be computed completely
in terms of matrix algebra, via the ADHM description.
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We describe a long exact sequence relating the instanton homology of two homol
op;Y 3-spheres which are obtained from each other by ±l-surgery. The third term
iH a Z4-graded homology associated to knots in homology 3-spheres.

I. Instanton homology.

Let M be a homology 3-sphere, i.e. an oriented closed 3-dimensional smooth
or topological manifold whose first homology group Ht(M,l) vanishes. Poincare,
who first conjectured that M would have to be the standard 3-sphere, the first
IH)ntrivial example, now known as the Poincare sphere. Its fundamental group is

c)f order 120. Since then, many other examples were found, all of which have an

ilJfinite fundamental group. For example,

M(p,q,r) = {x E C 3 11xl = 1 and xi +x~ +x~ = O}

is a homology 3-sphere if p, q, and r are relative prime. In this case, M(p, q, r) is
conlled a Brieskorn sphere. Properties of Brieskorn spheres were studied e.g. in [M].
I{(~cently, Donaldson's theory of instantons on 4-manifolds applied successfully to
t.he study of 3-manifolds. First, Fintushel and Stem [FS] proved that the Poincare
Hphere has infinite order in "integral cobordism". Pursuing the same approach
J1ltrata [Fu] proved that all manifolds M(2,3,6k - 1) are linearly independent for

allY kEN (see also [FS2]). There is a strong feeling that instantons have more
to say about 3-manifolds, even though the above results rely very much on special
I)foperties of the Brieskom spheres and of their fundamental groups. In [Fl] and
ill the present paper, we therefore approach the problem from the other side, by
(OOl1structing instanton-invariants on 3-manifolds which can be defined rather gen
~·ra.lly, leaving computations and applications (some luck provided) to the future.
'I'he invariant, as defined in [Fl], takes on the form of a graded abelian group I.(A)
.l!:raded by ls. This as well as the definition of I. suggests that one should consider
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it as a homology theory, and we will in fact refer to it as instanton homology. It is
the purpose of the present paper to expose further properties of I. to justify this
terminology.

Since we will need a slight extension of instanton homology, we briefly review the
construction. Let A be a general S03-bundle over an oriented closed 3-manifold M.
Instanton homology is a result of applying methods of Morse theory to the following
(infinite dimensional) variational problem: Consider the space A(A) of L1-Sobolev :
connections on A. Choosing a reference connection (which we will always assume
to be the product connection (J if A is the product bundle), we can identify A(A)
with the space L1(Q1(A» of Sobolev I-forms with values in the adjoint bundle I

ad(A) = (A X 803)/503. The Sobolev coefficients are fixed rather arbitrarily to
ensure that each ~nnection is actually continuous on M. A(M) is acted upon by
the gauge group

g = L~(A XAd 803 ).

We rather want to restrict ourselves to the subgroup

(Note that 50a is the group of inner automorphisms of SU2 as well as of 80a.)
The double covering S03 =SU2 /Z 2 defines an extension

(1.1)

where HI (M, Z2) has the usual additive group structure. The homomorphism 1] can
be described topologically as the obstruction to deforming 9 to the identity over the
1-skeleton of M. In fact, we can define {is as the set of all gauge transformations in
M which are homotopic to one of the "local" transformations which map the exterior
of some 3-ball Ba in M to the identity. We therefore have a natural isomorphism
1['o(gs) ~ Z, through the degree deg(g) of the map M/(M - B 3) ~ SU2 ~ S3. '
The quotient space 8(A) = A(A)j{is is then a finite covering of the space of gauge
equivalence classes of connections on M, with covering group H 1(M, Z2). .~

::~

To define the Chern Simons function (see reS]) note that TaA(A) = Lf(Ql(A),
so that the integral of tr(Fa 1\ a) over M, for (a, a) E T A(M) defines a canonical
one-form on A(M). It turns out to be closed; in fact, there exists a function £i on
A(A) such that

(1.2) d.G(a)a = Jtr(F.. A a).
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It is almost gauge invariant in the sense that
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(1.3) a(g(a)) = s(a) + deg(g).

Hence it defines, up to an additive constant, a function a : B(A) --+ R/l. It can

also be described 88 the "secondary Pontrjagin class". Recall that on a principal
bundle X over a closed 4-manifold, the first Pontrjagin class is represented by the

4-form PI(a) = tr(Fa A Fa) for any connection a. Here, Fa = da + a A a is the
curvature 2-form. (For forms with values in ad(X), the exterior product is here
(~xtended by matrix composition in the adjoint representation of 803.) It follows

t.hat the integral JPI (a) is an integer and is independent of A. H the boundary

ax = A is not empty, then this is generally not true any more, but JPI (a) modulo
the integers depends only on the restriction of a to M and is given by s. This can
a.ctually be used to define s, since every B03-bundle M can be extended to some

S03-bundle X as above.

By definition, the critical set of .6 is the set of flat connections on M, which we
will denote by R(A). It is well known that the holonomy yields an injective map

n,(A) --+ Hom(7rI(M), B03 )/ ad(S03).

Flat connections are therefore sometimes referred to 88 representations (of the fun
damental group). Conversely, for each representation one can construct an 803 

I)undle with a flat connection whose holonomy is prescribed by the representation.

It is n,(A) which will become the set of simplices in instanton homology. To
nnderstand this, recall the following statement of (finite dimensional) Morse theory.

THEOREM (Thorn-Smale-Witten). Let f be a function on a closed manifold B with

uondegenerate critical set C(/). Let Cp(/) denote the free abelian group over all

.r. E C(/) with Morse index p. Then there exist homomorphisms

/11 fact, if9 is a metric on B such that the gradient field on f induces a Morse-Smale

flow on B, then the matrix elements (8a, b) with respect to the natural basis can
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be defined as the intersection number of the unstable manifold of x and the stable
manifold ofy in arbitrarily level sets between f(a) and f(b).

In particular, it follow.s that ICp(f)1 ~ dimHp• It is the defining property of

Morse-Smale flows that the intersections above are transverse. The manifolds in

volved can all be given natural orientations, so that the matrix elements are integers.

They would define homomorphisms with any Z-module (i.e. any abelian group) 88

coefficients, and the same is true for instanton homology. We will, however, restrict

ourselves to coefficients in Z for the sake of brevity.

We want to apply a similar procedure to the Chern Simons function. To define the

gradient flow, note that the set 8*{A) of irreducible (i.e. nonabelian) connections

is a smooth Banach manifold with tangent spaces

(1.3)

see e.g. [FU] or [FI]. Note moreover that for any metric q on the base manifold,

ftr{a) := *Fa E V{n1 ® SU2) satisfies d:fiT{a) = 0 due to the "Bianchi identity"

daFa = o. Finally, the gauge equivariance of Fa implies that fa{g(a» = gftr{a)g-l,
so that f tT is in fact a section of the bundle (, whose fibres La are obtained by

replacing Lt by L 4 in (1.4). Even though it is not a tangent field over 8* in the sense

of Banach manifolds, it has properties similar to vector fields on finite dimensional

manifolds. The reason is that the How trajectories of f tr , Le. the solutions of the

''flow equation"

(1.4) oa(T) + f...(a(T)) = 0ar
are in 1-1 correspondence to self dual connections a on the infinite cylinder M x R '

with vanishing r-component and with aIMx{r} = a(T). One can also show (see

[FI]) that they "connect" two critical points if and only if their Yang Mills action J

IIFAII~ is finite. Three problems arise if we try to fit this gradient flow into the

framework of the above theorem. First, we have mentioned above that the Chern ~

Simons function is well defined only locally. Surprisingly, it turns out that we can

simply ignore this point, since not only the function, but also the Morse index is

ill defined along nontrivial loops in 8(A). Second, since flat connections are not

necessarily nondegenerate as critical points of .6, we perturb .6 by a function of the

form

(1.5)



FIoer: Instanton homology, surgery and knots 101

where h is a character of G, and K9(a) the parallel transport along a thickened knot

K, : T X D X 803 --+ A.

Ilcre, D is the two disc and T = aD the I-sphere. The measure dp,(8) can be
assumed to be smooth and supported in the interior of D. Let us denote by s a
t.riple s = «(1, A, h), where (f is a metric on A and (A, h) a disjoint collection of
knots labeled by characters of G. It defines a perturbation .6 of the Chern-Simons

ftlnction, with L 2 -gradients

where s' is a smooth section of TB*(A) and in this sense a compact perturbation

()f *Fa • The critical points and trajectories of Is in B*(A) are now given- by
(1.6)

Rs(A) = {a E B*(A) I Is(a) = O}

M,,(A) = {a: R -+ A(A) I Baa(r) + f,,(a(r» = 0 and lim a(r) E'R,,(A)}.
T r~±~

Analytically, we consider Ms(A) as a perturbation of the space of self-dual connec

tions on R X A. In fact, the temporal gauge (see [Fl]) defines a bijection

Ms(A) c {a E A(R X A) IFa + *Fa = s'(a) and IIFa + s'(a)1I2 < oo}/Q(R X A)

where

A(R X A) = Uo ,.8Ell.(A)a+ + f3- + Ll(n~d(A»

,\.lid for each a E ns(A), Q± are chosen such that for 1r : R X A -+ A,

a± = 1r*a on R± X A

for some representative a of a. The flow equation is then given by a non-linear
(;(IR x A)-equivanant map

Is : A(R x A) -+ U(n-(R x A»

f,,(a) = ~(Fa +*Fa) + s'Ca).

w(~ call s stable if the operators .

f~(a) = d;;,s + s"(a) : L~(n~d(R X A) -+ L2(n~(R x A»

lin' surjective for all a E Ms(A). This implies (see [Fl]) that Rs(A) is non
t I(\~cnerate as the critical set and contains no non-trivial reducible representations.

IJy eompactness, it is then also finite. The set of stable parameters plays the role of
t.1l(> Morse-Smale gradient flows, and is denoted by SeA). Then we proved in [Fl]:
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THEOREM 1. SeA) is not empty and contains for any metric (J' on A elements (0-, h)
such that

IIhll =Llh,,12

"E..\

is arbitrarily small. Then 'Rs(A) is finite and Ms(A) decomposes into smooth

manifolds of nonconstant dimensions satisfying

dimMs(a,,B) = p.(a) - p.(,B)(mod8)

for some function J.l. = 'R,s(A) ~ ls. There exists a natural orientation on M s which

is well defined up to a change of orientation of a E Rs(A) (meaning a simultaneous

change of the orientations on M(a,,B) and M«(J,a) for a11(J in 'Rs(A») and which

has the following property: Denote by R p, p E Zs, the free abelian group over the

elements a ofns with p.(a) = p. Define the homomorphism

8s ,p : Rp -+ Rp - 1

8s,p(a) = L o(a),B,
AEM(Ot,fJ)

where o(a) = 0 for dima Ms(a,,B) =1= o. Then if A allows no non-trivial abelian

connections, we have OpOp+l = 0, and the homology groups

[p(A,s):= kerop/imop+l

are canonically isomorphic for any S E SeA).

The only point in the proof of Theorem 1 that differs from the case of trivial SU2
bundles is the question of orientations. This is not a property of the moduli space

alone, but follows from a global property of the operator family DA over B(M). To :

be more precise, define the determinant line bundle A of D as the real line bundle .

with fibers

Aa = detDa = det(kerDa ) ®II det(cokDa ).

Local trivializations can be defined as follows. For any finite dimensional subspace '

E c La such that cokDa maps injectively into Hom(E,R), define the projection

"IrE :La -+ La/E. Then det ker "IrEDa can be identified naturally with det(DA), and I

can clearly be extended smoothly on a neighborhood of A ,in B. If now in addition

fs(A) E E, then the set

ME = {a +e,eE TaB and fs(a + e) E E}

is a smooth manifold locally at A, and its orientation is determined by an orientation

of A and E. In particular, any orientation on A defines an orientation on M.
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LEMMA 1.1. Let X be an SOa-bundle over a compact 4-manifold X, and let Gs(X)
denote the group ofassociated 8U2 -gauge transformations defined as in (1.1). Then

A is orientable on A(X)/gs(X).

PROOF: Since gs contains only the SU2-gauge transformations, orientability can
')e proved in the same way as Proposition 3.20 and Corollary 3.22 of [D]. 0

The canonical isomorphism of the instanton homology groups can be understood
I)est in the following functional framework.

[)EFINITION 1.1: 80a[3] is the category whose objects are principal SOa-bundles

A, B over closed oriented 3-manifolds and whose morphisms X : A ---+ B are princi

l)al80a bundles over oriented smooth 4-manifolds together with an oriented bundle
isomorphism gX : AU(-B) -+ ax. In this case we also write A = X+ and B = X_.

Note that everyequivariant diffeomorphism 9 of M defines an "endomorphism"

Zg = (M x [0,1],9) of M, where 9 : M U!VI -+ M x {O, I} is the union of go(x) =
(!I(x),O) and 91(X) = (x,!). We will restrict ourselves to the (full) subcategory
S10;[3] consisting of bundles M which do not admit a nontrivial abelian connection.

'I'hat is, the objects in 80;[3] are either trivial bundles over homology 3-spheres,

or nontrivial bundles with no reducible fiat connections. We define a functor 1*
from 80;[3] into the ls-graded abelian groups by means of the following auxiliary
Htructures on M. Consider conformal structures u on

which are equivalent to product metrics on the ends, and on a collection A X D x R
()f thickened cylinders in X oo• Let h be a time dependent character of G associated
t.o the components of A, and define

Ma(X) = {a E A(X) IFa + *tTFa = s'Ca) and IIFa + s'(a)1I2 < oo}/g(X)

as in (1.5). Denote by SeX) the set of all such (u, A, h) such that Ms(X) is stable,

aud which define stable limits s± E S(X±).

'rUEOREM 2. SeX) is nonempty and for s E SeX),

VX,s : R*(A,SA) ---+ R*(B,SB)

vx,s(a) = L o(a)f3
aEM(o,,8)
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has the following properties

(1) vXtSos = os+vxts.

(2) Let (X,s): (A,SA) -+ (B,SB) and (Y,sy): (B,SB) -+ (C,sc) be two stable
cobordisms. For p E R+ large enough define on the bundle

X#pY = (R_ X A) U X U ([-p, p] X B) U Y U (R+ X C) : A -+ C.

Then for p large enough, the obvious perturbed parameter 1rX#p1rY on X#pY
is regular, and induces the composite

Vp = vY,Sy 0 vx,s.

(3) The homomorphism

(X,s)* : I*(A,sA) -+ I*(B,sB)

does not depend on the choice of sx E S(X).

These are three properties that allow us to consider 1* as a functor on the category I

80;[3] rather than a functor on the category of pairs (A,s). (The same argument
is used e.g. in the definition of algebraic homologic theories through projective
resolutions.) 1* has a cyclic ls-grading, meaning that ls acts freely on I. by
increasing the grading. H M is a nontrivial bundle, then there usually does not exist
a canonical identification of the grading label p with an element of ls. However,

if H1(M) = 0 then the gauge equivalence class of the product connection 8M is
a nondegenerate (though reducible) element of R. In this case, we can therefore
define a canonical ls-grading of I*(M) through the convention that

p(a) = dimM(a,8M).

2. Dehn surgery.

For a knot '" in a homology 3-sphere M, denote by "'¥ the homology 3-sphere
obtained by (+l)-surgery on "'. We want to show that I.(M) and I.(K.M) are related
by an exact triangle (a long exact sequence) whose third term is an invariant of K..

In fact, it will turn out that it depends only on the knot complement K of "', so that
it is the same for all exact sequences relating ",'1M and ",'1+1 M. We may say that

"integral closures" K(a) with Hl(K(a» = 0 is an affine Z-family of manifolds. The
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only closure of K which is canonical is K := K(K), which is homology-equivalent
to 8 2 X 51. Although there exist, consequently, reducible representations of 11"1 (K),
none of them can be represented by flat connections in the 803-bundle P over [(

with nonzero W2(P) E H2(K,Z2). In fact, restriction yields a 1-1 correspondence

In fact, the elements of this set do not extend to 5U2-representations on K, but

their induced S03-representations do. Since ,., is trivial in H l (K), all abelian rep
resentations of 1I"1(K) would assign it the identity 1 E SU2 • It is easy to see that

if ,,(g) 1= 0, then g2 generates 1ro(gs(P)). Our knot invariant now takes on the

following form:

DEFINITION 2.1. The instanton homology ofa knot It in a homology 3-sphere with
complement ,., is defuJed as the Z4 -graded abelian group

where a({1} x 8D x 1) is non-trivial in the nbre but trivial in HI (K). The surgery
triangle of I\. is the triple

(2.1)

of surgery cobordisms, where w is trivial relative to the boundaries and with the
(~nds identified in such a way that its total degree is -1.

The extensions of the framed surgery cobordisms to B03-bundles is unique de
t.ermined by the prescription in Definition 2.1. That the total degree of (2.1) is

equal to -1 modulo 4 follows from an index calculation. The construction becomes

perfectly symmetric in the three maps of (2.1) if one formulates the surgery problem

for general knots ("', A), which are principal BOa-bundle A over a closed oriented

3-manifold M = A1803 , together with an equivariant embedding

I\. ~ T x D X 803 -+ A.

Viewed from the knot complement K, (,." A) defines sections 1\.0, "1 of the bundle

;)I{ over two simple closed curves in 18KI = T2, through

~o = {l} x aD x {I}

"'1 = T x {I} x {I}.
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= (Diff(T2 )j Diff1(T2» )4 H 1(T2
, Z2)

This class of knots is acted upon by the group

r = Z~ ~ 812 Z
(2.2)

of isotopy classes of equivariant diffeomorphisms of the bundle T 2 X 80a. In the
complementary picture,

8(t,K) = (toe-1,K).

For e = (~ :)4 (a, b) E S12Z)4 Z~ with Z2 = {a, I}, we have

(eK)O = {(tn, tP, p(at) I t E T} ~ a(nK" +pK1r )

(eK)l = {(tm,tq,p(bt) It E T} ~ b(m~"+ q~7r).

EXAMPLE 1: The restriction

Aut(T x D x BOa) = Z2 ~ Z ~ Aut(T2 x 803 )

defines the subgroup r o of surgeries leaving K" = ta({I} x T x {I}) invariant. Hence
it describes the subgroup of all surgeries on K, which do not change the topology

of the bundle A = K(K,,). In fact, r o is generated by the operator e changing the
orientation of K, the operator ~ changing the framing of K and the operator q, of
order 2 changing the trivialization of A over the core of K,:

~o = {e (~ ~)4 (O,b) I b, e E Z2, mE Z}.

EXAMPLE 2: The element

E= (0 1)
-1 0

of order 2 in PSl(2,Z) corresponds to framed ("honest") surgery on the framed
(and lifted) knot K.

E together with r 0 spans r. However, there is a more canonical generating system

where Z2 is generated by E and Z3 by

(2.3) - (0 -1) (1 01)= (-11 -01): = Er.p = 1 0 1
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satisfying

,=,2 _ (-1 -1) (-1 -1) _(0 1) _,::,-1
'-' - 1 0 1 0 - -1 -1 - -

1 +a +S2 = 1 +a +a-I = o.
Hence ("pE)3 = id for any "p E H 1(T2 , Z2). If"p = (0,1) changes the lifting

along the longitudinal, i.e. t/J E ro, then "pS corresponds to a framed surgery on
1',. Denote by X" the corresponding surgery cobordism. Replacing I', by t/JBK, and
repeating the process, we obtain a "surgery triangle" associated to a framed knot
1'\.. We abbreviate it as

(2.4)

where

A" = K Ua (D2
X T X S03)

I'\.A = K Ua (D X T X 503 ).

The attaching maps Q and & are determined by

a(8D x {I}) = VJK,I

a(8D X {I}) = 1'\.0 + "'1.

The surgery triangle of K coincides with (2.4) if H 1(K) = Z and 1',1 is canonical,
i.e. 1'\.1 = 8SK for some subbundle (SK, 8SK) C (K, oK) with two-dimensional base.
Therefore exactness of (2.1) follows from the following result

THEOREM 3. H all bundles M, K.M, and M" are in 50;[3], then (X, Y, Z) :=

(XK, YK , ZK) induces an exact triangle.

Because of the symmetry of (1.7) with respect to S, we only need to prove exact
ness of the two homomorphisms

I.A,,~I.A~I.(K.A).

imY. = kerX. C I.(A).

rrhe sequence property X.~ = 0 follows from a connected sum decomposition.
(This is simlar to the vanishing theorem for Donaldson's invariants.)

LEMMA 2.1.

XY=Z~P

where P is the S03-bundle over Cp2 with Wl(P) = 1 and Pl(P) = o. There exists
some s E p(X) sucb that the discrete part of M.,(X) is empty.
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3. Instanton homology for knots.

All 3-manifolds are interrelated through surgery on knots, and are interrelated
in many ways. What is needed is a method to "decrease the complexity" of 3
manifolds by surgery, such that the third term which arises is simpler, too. A
way of doing this is to consider the instanton homology of certain 3-manifolds as

"relative" homologies 1.(A, ,\) for a link (a disjoint collection of knots) in A.- Then
by surgery we can reduce the problem to I.(A) for a link in S3. At least in Sa there
is an organized scheme of simplification of links, by the skein move, where two parts
of A pass through each other. In knot theory, such a move often involves a third
link '\/1, which is described as follows.

DEFINITION 3.1. A crossing"Y of a link ,x in A is an embedding, : D x I -t A such

that ,-1[,\] is given by the graphs of the functions

Then define 7'\ by replacing the graph of e± by the graph of

To define '\/7, replace e± by the sets [-1/2,1/2] x {O, I}.

Topologically, ,A is obtained by a ±l-surgery on the circle, defined by the

crossing, and which does not change K.. We will therefore use the operative notation

,(A,'\) = (, · A,'\) Rj (A" · ,x),

where A is omitted if it is the three sphere. Of course, AA differs from A by the ,
connected sum with the non-trivial bundle over T x 8 2 • One still obtains skein

relations between links in A, if one extends the concept of instanton homology for

links: For any 3-manifold QA with aQA = A x T, one can define invariants for
framed knots by "closing up" A \,\ x D by QA. It turns out that the following two
types of closures are needed.

DEFINITION 3.2. For a knot K, : T x D X BOa -+ A, we define A(K,) to be the '

bundle obtained by (framed) surgezy on K,It Moreover, let 8 g ,6 be the oriented

surface of genus 9 with b boundary components, and let Uo, Ul denote the non- I

trivial BOa-bundles over 80,2 x T and 81,1 X T, respectively. (Uo, Ul are unique up
to automorphism). Let A[K] be obtained by gluing U1 to the complement ofK, where
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(3.1)

T is identified with the normal fibre. These definitions extend componentwise to
links A. Ifeis a link of two components in M and A is a b~dle over its complement
which does not extend to M, then we define A(e) to be obtained by gluing Uo to

A.

All gluings are performed according to the given framings, or more precisely

by using the parametrizations of the normal neighborhoods that we assume to be

given for every knot. We sometimes refer to a link of the type ein Definition 2 as
a "charged link in A", and consider A as a "discontinuous SOa-bundle over M". IT
K., A, and eare disjoint links, then we define

I.(A\e) = I.(A(e))

I.(A, A) = I.(A[A]).

A general combination of these three constructions leads to homology groups

The reason for this definition is the fact that there exists a self-contained skein

theory for link homologies defined in this way.

Actually, I. does not depend on the framing of A, and it is entirely independent
of the parametrization of A near e. This will follow from the "excision" property
of Theorem 6. Note that the construction is natural with respect to "strict" link
cobordisms, which are cobordism of pairs of the form

(X,'\ x I) : (A,"x) --+ (A', A').

In fact, we can define for any closure U>. with au>. =aX,

This applies in particular to all cobordisms obtained by framed surgery on a link
disjoint from A, e.g. for the surgery triangle

A.oy U>. U>.
./ ,

AU>. U>. --+ 1'A U>. U>. = A U"y>' U>.

()f surgery on a skein loop l' = 8D'Y. Now a redefinition of the top term of (3.1)
yields the following skein relations for I.:
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THEOREM 4. Assume that "1 crosses K, and a component ofa link A with boundary
conditions given by U>.., and let A+ K, be the connected sum along i and (K" A') =
"Y(K" A). Then we have an exact triangle

I.(A U>..+I' U>..)

./ "I.(A(K,) U>.. U>..) --+ I.(A(K,') U>.., U>..).

In particular,

(Ia)

(lb)

I.(A, A+ K,)

./ "I.(A(",), A) ---+ I.(A(",'), A')

I.(A\(A + K,))
./ '\.

I.(A(K,)\A) ---+ I.(A(",')\A')

H, crosses two components AO' Al of A, then we have an exact triangle

(lc)
I.(A(A/'Y))

./ "I*(A(A)) ---+ I*(A( 'Y. A))

H "Y is a crossing of a knot, and jf the lifting of "1 extends to D.." then (A( K,)).., =
A["'/i] and we have an exact sequence

(2)

with i. = (X(i)).- Finally, for a crossing between two components of a link A we
have an exact triangle

(3)
I.(A, A/I)

./ '\.
I.(A\A) --+ I*(A\i· A)

There is no skein relation for a crossing of a single charged component. In fact,

it is unnecessary to unknot a charged component since whenever A+ and A_ are

separated by a two-sphere in A, I.(A\A) = o. (There are no flat connections on the
non-trivial bundle over S2.) It therefore suffices to consider crossings of A+ with
A_ or nonna! or framed components.
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THEOREM 5. Set A = H·(T2 ) ~ Z4. Then in the situations of Theorem 1, we have

exact triangles

(I')

(2')

I.(A\,.,/'1) ® A
'Y- ./ "'Yo

I.(A,"') --+ I.(A,'Y· K,)
"Y.

I.(A, A/'1) ® A
1'- ./ "70

I.(A, A) --+ [.(A,'Y·A)
7.

[.(A\(A/'Y)) ® A
(3') ./ "

I. (A \ AI, Ao) --+ 1.(A \ Ai , A6); A' = 'Y - A
The proof of Theorem 4 proceeds by elementary topology, showing that the top

term of the surgery triangle (4) of '1 is diffeomorphic to the top tenns in the triangles
of Theorem 4. The proof of Theorem 5 involves the Kiinneth formula of I._ Let
U denote the non-trivial S02-bundle over the two-torus. Then I. is multiplicative
with respect to connected sums along U-bundles in the following sense:

THEOREM 6. A, B be closed connected bundles containing two-sided homologically
non-trivial thickened U-bundles UA and UB. Define

C = A+u B = A\UA UUB\UB-

Here, the identification is uniquely determined by requiring that the boundary of

W = «-00,0] x (AIIB)) U ([0,00) x C)

has boundary

aw = U x T = a(U x D).

Then the cobordism
W := WU (U x D) : A IT B --+ C

induces an isomorphism

w: * • ~ ·(A )• : I A ®gU I B --+ I +u B ,

where gu(a ® b) = gUA a ® b+a ® gUB a.

NaturaJity with respect to surgery cobordisms and the canonical excision isomor
phisms qo, ql determine the functor I. in a similar way as ordinary homology is
(letermined by the Eilenberg axioms: Let 80:[3] denote the category of bundles over
A over closed oriented 3-manifolds such that either HI(A/G) = 0 or w(A)[S] = 0 on
sOlne oriented surface in A/G. Let the morphisms in 80;[3] be given by arbitrary
S'03-bundles over 4-dimensional cobordisms.
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THEOREM 7. Let J. be a functor on 80:[3] such tbat tbe surgeJY triangle induces
an exact triangle and such that W induces an isomorphism. Then any functor

transformation I. -+ J. which is an isomorphism on [.(53
) = 0 and [.(U X T)/gu =

Z is a functor equivalence.

PROOF: Note that 0: is an isomorphism I.(A(K.)\e, A) if K. UeU Ahave no crossing.
Assume that 0: is an isomorphism whenever K. UeU,\ have less than k crossings, and

consider a link JJ with k-crossings. Then for any It = AU e, the 5-lemma applied to

the exact triangle

I.(83\e u,\ U,\) --+ I.(S3\e1 u,\ U,\), ./
I.(S3\eo u,\ U,\)

corresponding to a skein between e+ and ,\ implies that if a is an equivalence on

1.(S3\e u,\ U,\), then it is an equivalence on I.(S3\e1 u,\ U,\) where e1 is obtained
from eby e+ passing through an arbitrary number of components of ,\ and e-. Since
I. as well as J. are trivial if e+ is separated from A\e+ by a sphere, we conclude

that a is an isomorphism on 1*(83(K.)\e,,\) for all e.
Similarly, a is an isomorphism [.(S3(K,),,\) if it is an isomorphism on 1.(S3("I), AI)

for (,,1 , ,\1) obtained from K., ,\ by skein. Since (K., A) is skein related to the trivial
link, this proves by induction that a is a functor equivalence. Since all 3-manifolds
can be obtained as A = S3 ( K,) for some framed link K. in S3, this also proves that

a: is an equivalence on I*(A\e,'\) for any link e U A with e = 0 or e = (e+, e-) in
3-manifold A. 0

Let us apply Theorem 4 to some simple examples. First, note that if T is the

trivial knot, A the standard link, and 31 the trefoil knot, then

are U-bundle over T. Hence

This isomorphism is also represented in the skein triangles
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1*(53\'\1)

./ "1*(31 ) ~ I.(T)
More generally, we obtain

1*(r)
0./ ,,~

1*(S3\'\k) ----+ 1.(S3\Ak+l)

113

This is essentially the relation that was used by Casson to determine the knot
invariant

,\1(~) = '\(~PS3) _ A(~p-lS3)

=X«(I.(S3(~))/g)

= ~:(1),

where ~,,(t) is the Alexander polynomial.

REFERENCES

[A] Atiyah, M. F., New invariants of3 and 4 dimensional manifolds, in "Symp. on
the Mathematical Heritage of Hermann Weyl," University of North Carolina,
May 1987 (eds. R. Wells et al.).

[AM] Akbulut, S. and McCarthy, J., Casson's invariant for oriented homology

3-spheres - an exposition, Mathematical Notes, Princeton University Press.
[C] Cassen, A., An invariant for homology 3-spheres, Lectures at MSRI, Berkeley

(1985).
reS] Chern, S. S. and Simons, J., Characteristic forms and geometric invariants,

Ann. Math. 99 (1974),48-69.
[D] Donaldson, S. K., The orientation of Yang-Mills moduli spaces and 4 ...manifold

topology, J. Diff. Geom. 26 (1987), 397-428.
[Fl] Floer, A., An instanton-invariant for 3-manifolds, Commun. Math. Phys.

118 (1988), 215-240.



114 Floer: Instanton homology, surgery and knots

[F2] , Instanton homology and Dehn surgery, Preprint, Berkeley (1989).
[FS1] Fintushel, R. and Stem, R. J., Pseudofree orbifolds, AIUl. Math. 122 (1985

),335-346.
[FS2] , Instanton homology of Seifert fibered homology 3-spheres,

Preprint.
[FS3] , Homotopy K3 surfaces containing E(2,a, 7), Preprint.
[FU] Freed, D. and Uhlenbeck, K. K., "Instantons and Four-Manifolds," Springer,

1984.
[G1l Goldman, W. M., The symplectic nature of the fundamental group of sur

faces, Adv. in Math. 54 (1984), 200-225.
[G2] , Invariant functions on Lie groups and Hamiltonian flows

of surface group representations, MSRI Prep~int (1985).
[H] Hempel, J., a--manifolds, Ann. of Math. Studies 86, Princeton University

Press, Princeton (1967). /
/ .

[K] Kirby, R., A calculus for framed links in S3, Invent. Math. 45 (1978), 35-56.
[Ko] Kondrat'ev, V. A., Boundary value probleriM for elliptic equations in do

mains with conical or angular points, Transact. Moscow Math. Soc. 16 (1967).
[M] Milnor, J., On the 3-dimensional Brieskorn manifolds M(p, q,r), knots,

groups, and 3-manifolds, Ann. of Math. Studies 84, Princeton University Press
(1975), 175-225.

[8] Smale, S., An infinite dimensional version of Sard's theorem, Amer. J. Math.
87 (1973), 213-221. '

[TI] Taubes, C. H., Self-dual Yang-Mills connections on non-self-duaI4-manifolds

J. DifF. Geom. 17 (1982),139-170.
[T2] , Gauge theory on asymptotically periodic 4-manifolds, J. Diff.

Geom. 25 (1987), 363-430.
[W] Witten, E., Supersymmetry and Morse theory, J. DifF. Geom. 17 (1982),

661-692.



Instanton Homology

Lectures by ANDREAS FLOER

Department of Mathematics,University of California,Berkeley

Notes by DIETER KOTSCHICKl)

The Institute for Advanced Study, Princeton, and

Queens' College, Cambridge

(Editors Note.Floer gave three lectures at Durham; two on his work in Yang..

Mills theory and one on his work in symplectic geometry. As an addition to Floer's

010n contribution to these Proceedings, immediately above, Dieter K otschick kindly

(I,,qreed to write up these notes, which give an overview of Floer's three talks.)

'I'hese are notes of the lectures delivered by Andreas Floer at the LMS Symposium

ill Durham. After a general introduction, the three sections correspond precisely to

his three lectures. The reference for the first lecture is [Fl], and for the third [F2]

a.nd [F3]. For details of the second lecture see Floor's article in this volume.

'I'he unifying theme behind the topics discussed here is Morse theory on infinite

dilnensional manifolds. Recall that classical Morse theory on finite-dimensional

Illanifolds, as developed by M. Morse, R. Thorn, S. Smale and others, can be viewed

il.S deriving the homology of a manifold from a chain complex spanned by the critical

1)( lints of a Morse function, with boundary operator defined by the flow lines between

4'1'itical points. This was the approach taken by J. Milnor in his exposition of Smale's

\v()rk on the structure of high-dimensional smooth manifolds [M].

'I'his point of view was described in the language of quantum field theory by E.

vVit.t.en [W]. To him, critical points are the groundstates of a theory, and flow lines
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between them represent tunneling by "instantons". These ideas form the back

ground against which Floer developed the theories described in these lectures, in

which the manifold considered is infinite-dimensional. In the first of these theories

the manifold under consideration is the space of gauge equivalence classes of (irre

ducible) connections on a bundle over a 3-manifold. The gradient lines are given,

literally, by the instantons of 4-dimensional Yang-Mills theory. In the second theory

the manifold considered is the loopspace of a symplectic manifold, and the gradient

lines or instantons are Gromov's pseudoholomorphic curves [G].

A common feature of these "Morse theories" is that there is no Palais-8male

condition satisfied by the Morse function. In each case the Hessian at a critical point

has infinitely many positive and negative eigenvalues, and a "Morse index" is defined

by a suitable renonnalisation. This is quite different from the classical infinite

dimensional variational problems, such as the energy function on loops, for example.

In fact these instanton homology theories on infinite dimensional manifolds should

be considered as "middle dimensional" homology theories, as suggested by M. F.

Atiyah [A] and others.

Instanton Homology for 3-manifolds

Let M be an oriented 3-manifold. Considering finite-action instantons over M x R,

we want to construct invariants of M from moduli spaces. Let P be an 80(3)

bundle over M, extended trivially to M X R, and denote by Mg(M x R) the space

of gauge equivalence classes of connections on P -+ M x R satisfying

(1)

(2)

J IlFII2
< 00

MxR

F+*F = 0,

where (2) is the anti-self-duality equation with respect to the product metric (gx

canonical) on M x R.

The condition of finite energy (1) forces elements of Mg(M x R) to converge to

well-defined flat connections on the ends of the cylinder M x R. Denote by R(M)

the space of gauge equivalence classes of fiat connections on P -+ M. Then

Mg(M x R) = U M(A, B),
(A,B)E'R(M)2
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where M(A, B) denotes the moduli space of finite-action instantons interpolating

between A and B.

We always assume that there are no nontrivial reducible flat connections on P --+- M.

This is the case in particular if M is a homology 3-sphere, and also if M has the

homology of 8 1 X 82 and W2(P) i= o. Moreover, just for the sake of exposition, we

assume that n(M) is discrete. (If it is not we can still carry out all the constructions

after replacing n(M) by the solution ~pace of a suitable perturbation of the flatness

equation, cf. [FI].)

Now all the moduli spaces M(A,B) can be oriented in a coherent fashion by consid

(~ring extensions to a 4-manifold X with boundary ax = M, and using Donaldson's

t.heory [D].

'rhe action of R by translation on M x R induces an action on each M(A, B),
and we denote by M(A, B) the reduced moduli space M(A, B)/R. Uhlenbeck's

compactness principle [U] has the following consequences:

(a.) O-dimensional components of M(A,B) are compact, and

(h) if a sequence in a I-dimensional component of M(A, B) has no convergent sub

sequence, then some subsequence decomposes asymptotically into instantons in

M(A, C) and M(C, B), where C is a nontrivial flat connection.

With all these technicalities in place we can define instanton homology. Let R*(M)
1)(' the set of gauge equivalence classes of nontrivial flat connections on P --+- M.

,I'hen counting, with signs given by the orientations, the number of O-dimensional

nnnponents of M(A, B) gives a linear map a9 on the free abelian group generated

I)y the elements of R,*(M) (via (a) above). Moreover, (b) can be used to prove

iJ;; == o. Thus

I)(~finition [Fl]: The instanton homology of M is

'1'11(' two cases we are interested in are when M is a homology 3-sphere, in which

(·H~~(' there is only one SO(3)-bundle over M (the trivial one), and when H*(M, Z) =
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H.(81 X 8 2 , Z) and P -+ M is the unique SO(3)-bundle with W2 =1= O. In each case

there is a grading on the instanton homology, which we have indicated by writing

I •. In the first case * E ls, and in the second * E Z4.

The whole construction underlying the definition of instanton homology has certain

functorial properties. Most importantly, if X 4 is a cobordism between M3 and

N 3 , then counting points in zero-dimensional moduli spaces over X gives a chain

homomorphism 'R*(M) · l -+ 'R*(N) . Z. Applying this to M x R with a "twisted"

metric gives homomorphisms

which can be seen to be inverses of each other. This proves that I*(M) is, in fact,

independent of the metric g.

The definition of I*(M) given above does not bring out completely the variational

origin of the whole theory. There is a function (the "Chern-Simons functional")

on the space of connections on P -+ M 3 , such that R(M) is the critical set of the

function, and the M(A, B) parametrize gradient lines between the critical points A

and B. We will come back to this point of view in the third lecture, to explain the

analogy with constructions in symplectic geometry.

Instanton Homology and Dehn Surgery

The definition of instanton homology given in the previous lecture is enough to

allow one to calculate it completely in simple cases. Indeed, such calculations have

been carried out by several people for the Seifert fibered homology 3-spheres, with

the most complete results in [FS].

Leaving aside the study of examples, we want to describe a more systematic ap

proach to such calculations by producing an "exact triangle" relating the instanton

homology of a homology 3-sphere M with that of M', obtained from M by Dehn

surgery on a knot. This is in the spirit of the usual exact sequences for standard

homology theories. It gives, in principle, a universal computational tool, because

every homology 3-sphere, or, more generally, every orientable 3-manifold, can be

obtained from S3 by a sequence of Dehn surgeries [L].

Let K, be a knot in M. We think of this as an embedded solid torus K,: 8 1 X D 2 L-7 M.

The knot complement is K = M " K(Sl X D 2
) with boundary oK = T 2 , a 2-torus.
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We denote by k the "closure" of K obtained by gluing in 81 x D 2 interchanging

parallels and meridians on T 2
• Then H*(K, Z) = H*(SI X 8 2 , Z).

We want to do (+1)-Dehn surgery on 1C. To this end we take out 1C(8 1 x D2) and

glue it back in mapping the meridian to the diagonal in T2. This gives another

homology 3-sphere M'.

Now for any such surgery we have a surgery cobordism obtained as follows: take M x

[0,1] and attach a 2-handle D 2 XD2 to M x {I} using IC. The resulting 4-manifold X

has two boundary components; one is M, and the other is the surgered manifold. As

(~xplained in the previous lecture, each cobordism gives a homomorphism between

the instanton homologies of the ends. We apply this to the triple M, M', K related

I>y surgery cobordisms. For K we use a Zs-graded double cover 1*(K) of the l4

~raded I*(K). The result is:

'rheorem (Floer): The triangle

;8 exact.

I t. turns out that this can be proved by analyzing the effect of Dehn surgery on

tile representation space of the fundamental group. No detailed understanding of

illstantons on tubes is needed.

It'irst, to see that for two consecutive maps a, f3 in the triangle ker f3 c ima holds,

one looks at the representation spaces R(·) = Hom(7rl (.), 80(3»)/80(3) for all the

Illanifolds involved. (For K the condition W2 i= 0 has to be imposed.) Now each of

til( ~ manifolds M, M', K contains K :::> 8K = T 2
• Thus for each of these manifolds

1\ ( .) c R(K) C R(8K) = T2 /Z2. It can be shown that a suitable perturbation of

1,'( M') splits into R(M) and R(K) and that this implies ker f3 C im a.

'1 '0 prove iroa c ker (3, i.e. f3 0 a = 0, one uses a connected sum decomposition

l.r the 4-manifold defining f3 0 a, in the spirit of Donaldson's vanishing theorem.

Jt()r example, one could use one of the arguments in [K], §6. The point is that this

-I Illanifoid splits off Cp2 as a connected summand, and that the relevant 80(3)

I~tltl(lle has W2 =1= 0 on CP2. This means that any O-dimensional moduli space on
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the 4-manifold giving (3 0 a must be empty, which implies f3 0 a = o. For a more

detailed account of Floer's proof of this theorem, we refer to his article in these

Proceedings.

Finally, we note that the above theorem ties in nicely with Casson's work, described

in [AM]. Casson defined a numerical invariant A(M) for homology 3-spheres M by

counting, with suitable signs, the number of nontrivial representations of 7rl(M) in

SU(2). In fact, A(M) is one half this number, and Casson showed that A(M) is

always an integer. Casson gave the following formula for the change of his invariant

under Dehn surgery:

A(M') = A(M) + A'(K:),

where A'(IC) is a knot invariant extracted from the Alexander polynomial.

The relation of Casson's invariant with instanton homology is simply that the Euler

characteristic,X(I.(M» = E(-l)idim Ii(M), is 2A(M), as proved by Taubes [T],

[FI]. The mystery of the integrality of Anow becomes the mystery of the evenness

of X(I.). However, the above theorem, and the fact that going around the triangle

once gives a shift in the grading by -1, show

X(I.(M'» = X(I*(M» + X(I*(K»

= X(I.(M» + 2X(I*(I(».

Now working inductively from 8 3 to any given Musing [L], we find that X(I.(M» "
is always even, as X(I*(S3» = 0, and Dehn surgery changes the Euler characteristic .

by 2X(I.(K». Note that this proves A'(IC) = X(I*(K»).

Symplectic Instanton Homologies

There are deep analogies between gauge theory on 3- and 4-dimensional manifolds

as used in the previous two lectures, and the theory of J-holomorphic curves in

symplectic manifolds, as initiated by Gromov [G] and developed in [F2,3]. We

summarize some of these analogies in the following table, in which X is a smooth

oriented 4-manifold, and V is a symplectic 2n-manifold with symplectic form w.

80(3) -. p -+ X

1) A choice of conformal struc

ture gives the ASD equation

(~w)

A choice of almost complex

structure gives a a-operator
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F+*F=O,

for connections on P.

2) If X = M X R, the ASD

equation is

8A (M)
&f+*MFA =0.

3) In fact, *MF~M) is the grad

ient of the Chern-Simons

function.

4) This setup for M 3 X R leads

to instanton homology.

for Ulaps

u:C~V,

C a Riemann surface.

If C = 51 X R, the 8
equation is

au + Jau = o.
as at

Similarly, J ~~ is the grad

ient of the symplectic action

defined below.

Here we obtain an "index

cohomology" which turns

out to be H*(V, Z2)'

121

Itoughly speaking, the space of connections on M 3 on the left hand side is replaced

011 the right by the loop space LV of V. Point loops correspond to flat connections,

and holomorphic maps 51 X R --t V to instantons on M 3 X R. The variational

I»roblem underlying the symplectic theory comes from the symplectic action function

fI. defined as follows. Fix a loop Zo E LP, and set

a(z) = J u*w,
8 1 X[o,l]

\vll(~re u: 51 X [0,1] --+ V interpolates between z and zo.

III l)oth of these theories the PDEs considered are elliptic, we have Fredholm equa

tions and finite-dimensional trajectories. Moreover, the spaces of trajectories have

11itnilar compactness properties.

N()w let us look at some applications. Let H: 51 X V --+- R be a time-dependent

Iialuiltonian function on P. Then the critical points of

a(z) +JH(t,z(t))dt
Sl
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are solutions of

a~t) = JV'H(t,z(t»,

i.e. they are the fixed points of the exact symplectic diffeomorphism defined by H.

Assume '1r2(V) = o. Then it turns out that the cohomology of the complex generated

by the solutions of (*), with boundary operator defined by the flow lines of the

modified function, is isomorphic to H*(V, Z2). This gives the following

Theorem [F2]: Let V be a closed symplectic manifold with '1r2(V) = 0, and 4> an

exact diffeomorphism of V with nondegenerate fixed points. Then the number of

fixed points is at least the sum of the Z2-Betti numbers of V.

This result was previously conjectured by V. I. Arnold, and special cases were proved

by Conley and Zehnder, Hofer and others. A more general theorem, covering the

case of degenerate fixed points, was obtained in [F3].

In fact, the above theorem can be recovered from a more general relative version

for Lagrangian submanifolds LeV. This says that if 1l"2(V, L) = 0, then

IL n 4>(L)1 ~ Ldim H i (L,Z2).
i

To deduce the fixed-point theorem above from this Lagrangian intersection result,

one considers V and the graph of a symplectomorphism as two Lagrangian subman

ifolds of the product V X V. To prove the Lagrange intersection result FIoer used a

homology constructed with a boundary operator defined by "holomorphic strips";

i.e.pseudo- holomorphic maps from [0, 1] x R to V which map one boundary, {O} X R,

to L and the other, {I} X R, to ¢(L).These can be regarded as the gradient lines of

a function on the space of paths in V beginning on L and ending on <p(L), and the

critical points of the function' are the constant paths , mapping to the intersection

points of L and ¢(L),

Among the various interesting questions raised by these results, we mention

the following :

(1) Is it possible to remove the assumption on '1r2 ? Evidence that this can be done in

some cases comes from Fortune's proof [Fo] of the above theorem for V = CpR,
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On the other hand the "relative theorem" is false for a nullhomologous small

circle on a surface (the Lagrangian condition is vacuous here). The methods

described in this lecture have been pushed through in the case that [w] is zero

in 1r2(V), or more generally if, on '1r2(V), w is a multiple of the first Chern class

of V (defined by the almost-complex structure).

(2) What can be said for symplectic diffeomorphisms which are not exact, i.e. not

deformations of the identity? Similarly, can one estimate IL nL' Iby something

better than the intersection number of the homology classes of L, L' if L' i:
</J(L) ?

(3) Let 8 be a surface and V the representation space of 1r1 (8) in a compact

semisimple Lie group. The representations coming from a handlebody HI with

boundary S make up a Lagrangian submanifold L1 C V. Thus the representa

tion space of a 3-manifold M is identified via a Heegard splitting with L 1 nL 2 •

This is the approach that Casson took to define his invariant. It was sug

gested by Atiyah [A] that this should extend to give a link between instanton

homology in the symplectic and 3-manifold cases. Can this be made rigorous?

(11) If, in answer to (2), instanton homology for Lagrangian intersections in the

non-exact case is a new invariant, are there exact sequences etc. which can be

used to calculate the homology groups?
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Invariants for Homology 3-Spheres

RONALD FINTUSHEL l AND RONALD J. STERN2

L. Introduction
In this paper we survey our work of the last few years concerning invariants for

homology 3-spheres. We shall pay special attention to the role of gauge theory, and
we shall try to place this work in a proper context. Homology 3-spheres exist in
a.bundance. Let us begin with a list of some examples and constructions.

i. The binary icosahedral group I is a subgroup of SU(2) of order 120. The
quotient of its action on S3 is the Poincare homology 3-sphere p3 , and so 1rl (P3) =
I. In fact, it is known that the only finite non-trivial group that can occur as the
fllndamental group of a homology 3-sphere is I, and it is still unknown if p3 is the
(~nly homology 3-sphere E with fundamental group I. (But of course this depends
011 the 3-dimensional Poincare conjecture.)

it The Brieskorn homology 3-sphere E(p, q, r) is defined as {zf +z~+za = O} nss

where p, q, r are pairwise relatively prime. It is the link of the Brieskorn singularity
of type (p,q,r) [BJ. In fact E(2,3,5) = p3, and if lip + l/q + l/r < 1 then
If I (E(p, q, r» is infinite.

iii. The Seifert fibered homology 3-spheres E = E(al, ... , an) (see [NR]) are a
rather ubiquitous collection of homology 3-spheres. These 3-manifolds possess an
,<,f'-action with orbit space S2. If E =1= S3, then the S1-action has no fixed points and
Ilas finitely many exceptional orbits (multiple fibers) with pairwise relatively prime
C)f'( lcrs al, ... , an. If n ~ 3, then E -:F S3 and the orders classify E = B(aI, ... , an) up
t.() diffeomorphism. If n :5 2, then E = S3. As our notation predicts, the Brieskorn
nphcre E(p, q, r) is Seifert fibered with 3 exceptional orbits of orders p, q, and r. In
fact, the Seifert fibered homology 3-spheres are the links of singularities in Brieskorn
t't Huplete intersections [NR]. Also one can show that for E = ~(a1, . .. ,an) we have

(1.1) 7rl(E) =< xl, ... ,xn,hlh central; Xii = h-bi,i = 1, ... ,n;x1·· .Xn = h-bo >.

IIc're bo, b1 , ••• , bn are chosen so that

n b.
a(-bo+L ~)= 1

i=l ai

where a = al · · · an. We say that E has Seifert invariants {bo;(aI' b1), . .. ,(an, bn )}.

(' I'lt(~se are, of course, not unique.)

'1·llrtitl.lly supported by NSF Grant DMS8802412
'I·nl·t.ia,lly supported by NSF Grant DMS8703413
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iv. Given a knot K in 8 3 one can perform a l/n , nEZ, Dehn surgery on K to
obtain a homology 3-sphere. The homology 3-spheres E(p, q, pqn ± 1) are obtained
by ±l/n surgery on the (p, q) torus knot; the homology 3-spheres E(p, q, r, s) with
qr - ps = ±1 are obtained by a ±1 surgery on the connected sum of the (q, r)
and (-p, s) torus knots. It is not known if every irreducible homology 3-sphere
can be obtained by a Dehn surgery on some knot in 8 3 • However, every homology
3-sphere can be obtained as an integral surgery on a link in S3. Recently, Gordon
and Luecke [GL] have shown that nontrivial Dehn surgery on a nontrivial knot
never yields S3. Furthermore, any homology 3-sphere obtained by Dehn surgery on
a knot is irreducible.

v. Given a knot K in S3 one can take the n-fold cyclic cover of 8 3 branched over
K, denoted K n . This is a homology 3-sphere when In?=l ~(wi)1 = 1, where ~(t)
is the Alexander polynomial of K normalized so that there are no negative powers
of t and has non-zero constant coefficients and w = eJ.;-i. The homology 3-sphere
E(p, q, r) is the r-fold cover of the (p, q) torus knot and every E(al, ... , an) is the
2-fold cover of S3 branched over a rational knot (see [BZ]). Not every homology
3-sphere is a cyclic branched cover [My]. However, every 3-manifold is an irregular '
branched cover of the figure eight knot [HLM].

Oriented homology 3-spheres E1 and E2 are said to be homology cobordant if there I

is an oriented 4-manifold W with aw = E1 II -E2 and such that the inclusions
~i ~ W induce isomorphisms in integral homology. Equivalently, ~l and ~2 are
homology cobordant provided (-E1 )#E2 bounds an acyclic 4-manifold. The set of
equivalence classes of oriented homology 3-spheres under this relation is denoted
e¥. With the operation of connected sum "#", ef is an abelian group, the
homology cobordism group of oriented homology 9-spheres. The additive inverse in I

ep is obtained by a reverse of orientation.
Until recently the only fact known concerning the group ep was the existence

of the Kervaire-Milnor-Rochlin homomorphism p, : e: --+ 12 defined as JL(~) =
sign(W4 )/8 (mod 2) where W is a parallelizable 4-manifold with boundary E. The
proof that p(E) is independent of the choice of W 4 and depends only on the class
of E in e¥ utilizes Rochlin's theorem, which states that the signature of a closed
spin (i. e. almost-parallelizable) 4-manifold is divisible by 16. Since ~(2, 3, 5) is the
Es-singularity, JL(~(2,3,5» = 1 and J.L is a surjection.

The group 0: has a distinguished history in the study of manifolds. Its structure
is closely related to the question of whether a topological n-manifold Mn, n ~ 5, is
a polyhedron. In [GS] and [Mat] it is shown that Mn is a polyhedron if and only
if an obstruction 'TM E H5 (Mn; ker(p, : e~ ~ Z2») vanishes, and that if TM = 0
there are IH5(Mn; kerJl)I triangulations up to concordance. Furthermore, TM = 0
for all M if and only if there is a homology 3-sphere E with /-leE) = 1 and such
that E~E bOllllds a smooth acyclic 4-manifold. At the time that these papers were
written (circa 1978) a reasonable conjecture was that er = Z2, so that kerJ-t = O.
To date, the existence of a homology sphere with the above properties is unknown.
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However, in §5 we shall utilize techniques from gauge theory to show that the group
fo)f is infinite and, in fact, infinitely generated.

Another importance of ef arises in 4-manifold theory. One can study 4-manifolds
by splitting them along embedded homology 3-spheres. In §9 we shall give an ex
ample of this approach. In the other direction, one can attempt to construct 4
Inanifolds by studying the bounding properties of homology 3-spheres, for example
t.heir image in e¥. IT a homology 3-sphere ~ bounds the 4-manifold U with inter
section form Iu, and if -~ bounds V with intersection form Iv, then X = UUV has
intersection form 1uE9Iv. Conversely, if the intersection form of a closed 4-manifold
~\ decomposes as II E9 12 , then there is a homology 3-sphere ~ in X splitting it into
t.wo 4-manifolds WI and W2 with intersection forms II and 12 respectively [FT].
'fhis has been useful in constructing exotic 4-manifolds and group actions. For ex
a.tople in [FSl] it is shown that E(3,5, 19) bounds a contractible manifold W 4 and
t.hat the double of W 4 Ut W 4 along the free involution t : :E ~ ~ contained in the
5i1-action on ~ is S4 with a free involution 'T (obtained by interchanging the copies
()f W 4 ) that is not in any sense smoothly equivalent to the antipodal map. Thus
S"4 / T is a smooth homotopy Rp4 that is not s-cobordant to RP4. Other related
constructions are given in [FS2].

Prior to the 1980's there were few invariants for homology 3-spheres. One had
t.llc Kervaire-Milnor-Rochlin invariant discussed above and the TJ and p invariants
introduced by Atiyah-Patodi-Singer [APSl-3] and discussed in §6. Another, not so
w(~ll-used, invariant is the Chern-Simons invariant discussed in §3. As we shall see,
it. is the Chern-Simons invariant that motivates many of the exciting new insights in
:~'lnanifold topology. Of course the fundamental group also plays an important role
ill 3-manifold topology. However, its role was not underscored until the introduction
of Casson's invariant in 1983.

2. Casson's Invariant
It is natural to study 11"1 (~) to obtain invariants of a homology 3-sphere ~. One

way to do this is via representation spaces. Consider the compact space R(E)
of conjugacy classes of representations of 1I"1(E) into SU(2). "Generically" this
i:i a finite set of points which can be assigned orientations. Casson's invariant,
.\ (E), is half the count (with signs) of those points corresponding to nontrivial
n'presentations. (Of course the construction of this invariant when 'R.(~) is not
lillite is considerably more difficult. See [AM] for an exposition.) Casson showed
t.ha.t A(E) == JL(~) (mod 2) and used this new invariant to settle an outstanding
prohlem in 3-manifold topology; namely, showing that if ~ is a homotopy 3-sphere,
f hP11 1L(E) = O.

'The natural correspondence

R(E) = representations of 7r} (E) into SU(2) f-+ flat SU(2) connections over E
conjugation gauge equivalence
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indicates that there should be a differential-geometric approach to the definition of
.A(E), which was discovered by Taubes [T2]. ("Gauge equivalence" means equiv
alence under the action of the automorphism group of the (trivial) SU(2) bundle
supporting these connections.) First fix a Riemannian metric on~. Then from this
point of view, one computes .A(E) by counting equivalence classes of nontrivial fiat
connections with sign given by the parity of the spectral flow of the elliptic operator:

given by (a, (3) ~ (d: (3, dbll +*dbf3) as the connection b varies along a path from
the trivial connection (J to the given flat connection a, and db denotes the covariant
derivative corresponding to the connection b and db is its formal adjoint. The
spectral flow is the net number of negative eigenvalues of Db which become positive
as b varies along the path. (Since D(J has three zero eigenvalues, one must fix
a convention for dealing with them.) At a flat connection, a, the kernel of the
operator D a measures the dimension of the Zariski tangent space of'R.(E).

Let AE be the space of all SU(2) connections over E, and let BE be the quotient
of AE modulo gauge equivalence. An appropriate Sobolev norm on AE turns BE

into a Hilbert manifold (with a positive codimensional singular set which meets
'R.(E) only in the trivial connection). The tangent space to AE at a point a is
n~ ®.6u(2), and the normal space to the orbit of a under gauge equivalence may be
identified with the solutions of the equation d:f3 = o. Thus, loosely speaking, we
may view the map sending a connection a to the Hodge star of its curvature *Fa as
a vector field on AE whose critical set consists of the flat connections. In the next
section we shall see that this is actually the gradient vector field of a function on
AE. The Hessian of this function at a is thus *da , and at a critical point it preserves
the equation d:(3 = o. It is easy to see that for a nontrivial flat connection a, the
kernel of *da on {d:f3 = O} may be identified with the kernel of D a • Since Da is
self-adjoint, we can add a compact perturbation term so that the corresponding
vector field has a zero-dimensional critical set. This explains the statement above
that R(E) is generically a finite set of points.

3. Chern-Simons Invariants
Let E be a homology 3-sphere. Each principal SU(2)-bundle P over E is trivial,

i.e. is isomorphic to ~ x SU(2). As we have alluded in the last section, given a
trivialization, one can identify the space of connections AE of Sobolev type Lt with
the space Lt(n1(E) ® aU(2» of I-forms on E with values in the Lie algebra sU(2)
in such a way that the zero element of AE corresponds to the product connection
(J on E x SU(2). The gauge group of bundle automorphisms of P can be identified
with g = L1+t(E,SU(2)) acting on AE by the nonlinear transformation law
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We shall assume that k+ 1 > 3/p so that 9 consists of continuous maps. The group
9 is not connected; in fact 1ro(9) = l given by the degree of 9 : ~ ~ SU(2). The
quotient BE = AE/Q can be considered as an infinite dimensional manifold except
near those connections a for which the isotropy group

Qa = {g E Qlg(a) = a}

is larger than {±id}. Such connections are called reducible. For example, the trivial
eonnection 8 is reducible since its isotropy group consists of all constant maps
fJ : ~ ~ SU(2). Irreducible connections form an open dense set BE in BE- The set
()f flat connections is invariant under Q.

Given any connection a, we can take a path I : I = [0, 1] ~ AE from the trivial
eonnection fJ to a. This path determines a connection Ai' in the trivial SU(2) bundle
()ver ~ X I. Let

CS(fJ,a) = 8\ f Tr(FA-y A FAy).
1r lEX]

'fhis definition is independent of the choice of path I because AE is contractible.
lIowever, the function CS(8,·) : AE ~ R does depend on the trivialization of P.
If ()' is the trivial connection with respect to another trivialization, and " is a
path in AE from 8' to a, we can glue the connections A" and A-y' together over
~~ x {OJ and along ~ x {I} via a gauge transformation to obtain a connection A in
nn SU(2)-bundle E over ~ X 8 1 and

CS(8,a) - CS(8',a) = 812 f Tr(FA A FA) = c2(E)
1r JEXSl

au integer. A similar argument shows that if 9 E Q then CS(fJ,g(a» = deg(g) +
(~S(B,a), so that CS(B,.) descends to a function CS : BE ~ R/l, independent of
t.he choice of trivialization. It has an L2-gradient given by a 1-+ *Fa ; hence it is a
fUllction on 8(~) whose critical set is n.(~). At an a E n.(~), the Hessian is *da •

'I'his R/l invariant can be regarded as a (mod l) charge of the connection A", for
,)'r{ FA.., 1\ FA-y) is the Chern-WeiI integrand. .

Chern-Simons invariants were overlooked by low dimensional topologists since it
was shown in [APSl-3] that the Pa invariants discussed in §6 (well-defined as real
1l1lInbers) were congruent to CS(a) mod I. The only utility of CS(a) appeared
t.o be that it determined the nonintegral part of Pa. As it turns out, it is the
(:hcrn-Simons functional that plays a central role in the modern understanding of
Il<Hnology 3-spheres. As a simple starting point, noting that n(~) is compact, we
flc'fine

T(E) = min{CS(a)la E neE)} E [0,1).

\;V(~ Hhall see in §5 that coupled with the techniques of [FS3] these invariants are
f' x t.relnely useful.
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4. Representations of E(al , .•. , an)
A Seifert fibered homology sphere E = E(aI, ... ,an) admits a natural 5 1-action

whose orbit space is B2. Orient E as the link of an algebraic singularity or equiva
lently as a Seifert fibration with Seifert invariants {bo;(ai, bi), i =1, ... , n} as in §1.
With this orientation E bounds the canonical resolution, a negative definite simply
connected smooth 4-manifold. Let W = W(al, ... ,an ) denote the mapping cylin
der of the orbit map. It is a 4-dimensional orbifold with boundary oW = E and
W has n singularities whose neighborhoods are cones on the lens spaces L(ai, bi)
(see [FS3]). H we orient W so that its boundary is -E its intersection form will
be positive definite. Let Wo denote W with open cones around the singularities
removed. Then

?rl(WO) ='!rl(E)/ < h > =T(al' ,an )

=< xl, ,xnlxi i = 1,i = 1, ... ,n; Xl· ··Xn = 1 >.

When n = 3 this is the usual triangle group and in general it is a genus zero Fuchsian
group. The element h E ?rl(E) is represented by a principal orbit of the 5 1-action.
It is central, and for any representation a of '!rl(E) into 8U(2) we have a(h) = ±1.
Thus a gives rise to a representation of 'Kl(WO) into 80(3). Conversely, any flat
80(3) bundle over Wo restricts to one over ~, and there it lifts to a Hat SU(2)
bundle since ~ is a homology sphere. Thus 8U(2)-representations of 'Trl(E) are in
one-to-one correspondence with SO(3)-representations of '!rl(WO).

Given it E n(E), let VQ denote the fiat real 3-plane bundle over Wo determined
by a. When V a is restricted over L(aj, bj) c awo it splits as La,; EB R where R
is a trivial real line bundle and La,i is the flat 2-plane bundle corresponding to
the representation 1rl(L(aj,bj) -. Zaj of weight Ii, where a(xi) is conjugate in
SU(2) to e1rilj/aj. (The presentation (1.1) shows that a(xi) is an ajth or 2ajth
root of unity.) The preferred generator of 1rl(L(aj, bi» corresponds to the deck
transformation

(z, w) i-+ «(z, (bj W )

of S3 where ( = e2frj/aj. Thus La,i is the quotient of 8 3 x R2 by this Zaj -action.
The bundle La,i extends over the cones cL(aj, bj) as (C2 x R2) El1 R, an 80(3)-

IGj

V-bundle whose rotation number over the cone point is Ii (with respect to the
preferred generator). So Va extends to an SO(3) V-bundle over W. In [FS6] we
determine which (11 ,12 ,13 ) can arise for representations of 'Trl(WO), n = 3, thus
determining n(E) for all Brieskorn spheres E.

Here is another way to think about representations a : 'Trl (E) --+ SU(2). After
conjugating in SU(2), we may assume that a(xl) = e1rilt/at E S1 C SU(2). For
j = 1, ... , n let 8j be the conjugacy class of efri1j /aj. This is a 2-sphere in SU(2)
which contains a(xj). So a(XtX2) lies on the 2-sphere a(x1) · S2, and generally,
n(x1 ... Xj+l) lies on the 2-sphere a(xl ... Xj). 5i+1- Finally, since a(h) = ±1,
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the presentation (1.1) implies that a(x1 ... x n ) = ±1. Thus a corresponds to a
Inechanicallinkage in SU(2) with ends at e7rilt/at and a(x1 ... x n ) = ±1 and with
arms corresponding to radii of the spheres a(x1' ... ' xi) -8i+1- (See Figure 1, where
n = 5.)

Figure 1

Representations 7rl(E) --+ SU(2) thus correspond to choices of (11' ... ' In) such
t.hat a linkage from e7rilt/al to a(xl ... x n ) = ±1 exists; numerical criteria for this
are given in [FS6]. The connected component of any a E R.(E) is the correspond
iug component in the configuration space of mechanical linkages modulo rotations
«>aving 8 1 invariant.

For example, consider a Brieskorn sphere E(at, a2, a3). A representation corre
HI>onds to a linkage as in Figure 2.

Figure 2

This linkage is rigid modulo rotations leaving 51 fixed. Thus R( E(at , a2, a3»
consists of a finite number of isolated representations. More generally we have:
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PROPOSITION 4.1 [FS6]. Let E = ~(al, ... ,an). If a : ?r1(E) -+ SU(2) is a rep
resentation with a(ai) =F ±1 for i = 1, ... , m, and a(ai) = ±1 for i = m + 1, ... , n,
then the connected component nOt of a in the space R(~) is a closed manifold of
dimension 2m - 6.

In [FS6] we conjectured that any connected component of R(~) has a Morse
function with critical points only of even indices. This was proved to be the case
in [KK1] using the mechanical linkages discussed above. Furthermore, these com
ponents were also shown to be rational algebraic manifolds in [BO] and Kahler
manifolds in [FoS].

One can show further that, as the critical set for the Chern-Simons function,
n(~) is nondegenerate_ That is, the Hessian *da of the Chern-Simons function is
nondegenerate normal to R(~). Our next goal is to compute the Chern-Simons
invariant of a representation a : 1rl(E(al' _. _, an) -+ SU(2). Our technique will
work with the corresponding SO(3)-representation a'. H A is an SU(2)-connection
which interpolates from the trivial SU(2)-connection to a, and if A' is an SO(3)
connection interpolating from the trivial SO(3)-connection to a', then the Chern
Simons invariant of a is obtained by integrating the Chern form of A, i. e. CS(a) =
fEXIC2(A) E R/I; whereas CS(a') = JEx/PI(A') is obtained by integrating the ..

(SO(3)) Pontryagin form of A'. We have CS(a') E R/41 since PI(A') = 4c2(A) if
A is a lift of A' (c.!. [HH]).

An SO(2) V-vector bundle Lover W is classified by the Euler class e E H 2(WO) ~

Z of its restriction over Wo = W - (neighborhood of singular points). Let Le denote
the V-bundle corresponding to the class e times a generator in H 2 (Wo,I), and let
B be any connection on L e which is trivial near oW. Then the relative Pontryagin
number of Le is e: = fw PI(B) where a = al · _. an- Let A be the SO(3)-connection
on Va over W U (~ X R+) ~ W which is built from the flat (V-) connection a' over
W and from a connection A' over ~ x R+ which interpolates from a' to the trivial
connection. The rotation numbers Ii of the representation a' depend on choices
of generators for the fundamental groups of the lens space links of W. These are
then determined by the Seifert invariants of E. We shall suppose that ~ has Seifert
invariants {bO;(al,b1), ... ,(an,bn )} with bo even. (This can always be arranged.)
If one of the a~s is even, assume it is aI, and arrange the Seifert invariants so that
the bi, i =F 1, are even. This specifies rotation numbers Ii for a'. Let e'= E?=l Ii :,
(mod 2a), and let L e be the corresponding SO(2) V-vector bundle. Then stabilize
to get an SO(3) V-vector bundle L e El7 R with connection A e which is trivial over
the end ~ X R+.

Truncate W by removing neighborhoods of the singular points, leaving Wo, and
let 6Wo = awo \ ~ (a disjoint lillion of lens spaces). Let E be the 50(3) vector
bundle over Wo carrying the connection A, i.e. E is the restriction of V Ot. Also let
Ee"o be the restriction of Ee over Wo, and let YO = TVo U6Wo Woo

Over Yo we can construct the SO(3) vector bundle E U E by gluing by the
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identity over 6Wo, and we obtain the connection "A U A". The relative Pontryagin
number of E U E is fyo PI (A U A) = 0, since orientations get reversed. The number
e is chosen so that it is possible to form the bundle E U Ee,o over Yo, gluing by
a connection-preserving bundle isomorphism over SWo• In [FS6] it is shown that
w2(E U E) = w2(E U Ee,o). Then, since the connections A U Ae,o and A U A are
asymptotically trivial, we have (just as we would for a closed 4-manifold) fyo PI (A U

A) == fYoPI(A U Ae,o) (mod 4Z). Thus

0= f Pl(A) - f Pl(Ae ) == f Pl(A) - e
2

(mod 4Z).Jwo Jwo Jwo a

But

f Pl(A) = f Pl(a') + f Pl(A') = 0 - CS(a').Jwo Jwo Jr.XR+ .
Hence we have

THEOREM 4.2. Let E = E(al' ... ,an ) and let a be a representation of 7r1(E) into
2

SU(2) with associated representation at into 80(3). Then eS(a') = - ea mod 4Z

and CS(a) = - :: mod Z where e == E:=11i :j (mod 2a).

Another very interesting technique for computing Chern-Simons invariants is
discussed in [KK2]. It applies to homology spheres which are obtained from surgery
on a knot.

5. Gauge Theory for ~(al' ... ,an)
The success of Donaldson's approach to 4-manifolds [DI-4] has motivated the

lise of similar techniques in the study of homology cobordism properties of homology
:~-spheres. The approach taken in [FS3] is to study the mapping cylinder, W, of
t.he orbit map E(at, ... , an) --+ 8 2 , which appeared prominently in the last section.
Slippose, for example, that E(ai, ... , an) is the boundary of a simply connected,
positive definite 4-manifold U. IT we use the orientation on W which was described
ill the last section we can form the union W U U, obtaining a simply connected
()rhifold X. Even though X is not a manifold, it is a rational homology manifold,
uHd thus has a well-defined rational intersection form, with respect to which it is
positive definite. Let X o = Wo U U. There is a preferred class W E H2(X; Z) ~
112 (Xo,axo;Z) which is represented by the 2-sphere orbit space in W, and w 2 = ~.

As in §4, we form the 50(3) V-bundle L w E9 R over X, where L w is the 80(2)
\-' -bundle whose Euler class in H 2(Xo) is Poincare dual to w. In [FS3] we studied
I.lap moduli space M of self-dual connections on Ew • For a fixed metric on X this
I~; t.he solution space of the equation FA = *FA in Bx. In [FS3] we showed that
(I)(Orhaps after a compact perturbation) M is a compact manifold except at the
!iiu~lc reducible self-dual connection, which has a neighborhood homeomorphic to
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a cone on a complex projective space. Its formal dimension as computed by the
index theorem is

n ai-l k k k2 ~ 2 ~ 1ra 1r. 2 1f
R(al' ... ' an;w) = - - 3 + n + LJ -:- L....J cot(-2) cot(-. )sm (-.).

a i=t a. k=l ai a. a.

H this integer is positive, it will actually give the dimension of M. (Note that
since dimM = R(at, ... , an; w), the existence of the singular point in M implies
that the dimension R(at, · · · , an; w) is odd. This argument applied to W, consid- l'

ered as an orbifold with a noncompact end, rather than to X works independently
of the bounding properties of E(all • · . , an). In fact, it is shown in [FS3] that J
R(al, ... ,an;w) is odd even when it is negative.) If R(al, ... ,an;w) > 0, this I
means that the complex projective space which is the link of the unique singularity .J

of M is null-cobordant. In the case that we have a cp2m this is an immediate
contradiction, for cp2m has even Euler characteristic and thus cannot bound a
compact manifold. In the case of cp2m+l one can get a similar contradiction using
the so-called "basepoint fibration". Actually one has a slightly stronger statement:

THEOREM 5.1 ([FS3]). If R(al' .. ' ,an;w) > 0 then E(at, ... ,an) cannot bound a
smooth positive definite 4-manifold whose first homology has no 2-torsion.

Easy calculations show that R(2, 3, 6k - 1) = 1 for all k > O.

COROLLARY 5.2 ([FS3]). If R(al, ... ,an;w) > 0 then E(at, ... ,an ) has infinite ,
order in the homology cobordism group ef.
PROOF: Suppose a multiple m~(al, ... , an) (connected sum) is trivial in er, then
it bounds an acyclic 4-manifold U. Since -U is also acyclic we may assume that
m > O. By attaching 3-handles to U we obtain a 4-manifold V whose boundary
is the disjoint union of m copies of E(aI, ... ,an), and with HI(V) = 0 = H 2(V).
Recall that E(aI, ... , an) bounds a negative definite simply connected 4-manifold
- its canonical resolution, N. Now attach m - 1 copies of -N to the boundary
components of V to obtain a positive definite 4-manifold W with HI (W) = 0 and
with 8W = E(al, ... ,an). This contradicts Theorem 5.1.

Thus we see that the Brieskorn spheres E(2, 3, 6k -.1), k > 0 all have infinite
order in e:. In particular this is true for the Poincare homology sphere E(2, 3,5).
For other interesting results concerning the moduli spaces of self-dual connections
over orbifolds one should read the work of Furuta [Ful],[Fu2].

Let us now return to the invariant T(E) defined in §3. Here we shall change
its definition in order to allow us to use SO(3)-representations and the orientation
conventions which we have adopted. Hence define

r(E) = min{-CS(a')la': 1t"}(E) -+ SO(3)} E [0,4).
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This may be interpreted as follows. Fix a trivial connection (J so that we may
view the Chern-Simons fWlction as integer-valued on AE. The application of a
gauge transformation 9 to an 80(3) connection changes its Chern-Simons invariant
by 4 · deg(g). So gauge equivalent to a given flat connection there is a unique
connection a whose Chern-Simons invariant CS«(), a) calculated with respect to 8
lies in the interval (-4,0]. We are minimizing -CS«(J,a) over the compact space
R(E). For Brieskorn spheres either of the two techniques for finding representations
described in §4 will determine all of the (finitely many) numbers e that occur in
Theorem 4.2, and thus give us a finite procedure for the calculation of T(~(p,q, r)).

2

In fact Theorem 4.2 implies that T(E(p,q,r)) is the minimum of all peqr E [0,4)
where e is chosen as in that theorem. Note that pqrr(E(p,q,r)) E Z.

For example, for p and q relatively prime, r('E(p,q,pqk - 1)) = 1/(pq(pqk 
1»), for k 2: 1. One way to see this is to use one of the algorithms presented in
~i4 to find a representation with associated Euler number e = 1. Another way
to see this is to consider the orbifold W which is the mapping cylinder of the
orbit map E(p,q,pqk -1) ~ 8 2 and study the moduli space M of asymptotically
t.rivial self-dual 80(3)-connections with Pontryagin charge *in the V-bundle E =
L1 EB Rover W. (Here, and throughout the rest of the paper, we shall write W
t.o mean W U E X R+.) Then dimM = R(p,q,r;w) = 1 (e/. [FS3]), so that
(perhaps after a compact perturbation) M is a I-manifold with a single boundary
»oint corresponding to the unique reducible self-dual connection. The component
of M containing the reducible connection must then have a noncompact end. This
indicates that a self-dual connection "pops off" the end [Tl,§10]. That is, there
is a sequence of connections in M which limits to the 'union' of a nontrivial self
(Inal connection Cover E X R which is asymptotically trivial near +00 and is
asymptotically a flat connection a' near -00 together with a self-dual connection
over W which is asymptotic to a'. Since C is self-dual and nontrivial, its charge
H~2 fEXIJI Tr(Fc A Fe) > o. Now for any asymptotically trivial connection A in E
over W we have ~ fw Tr(FA A FA) = e2 /(pq(pqk - 1)) = 1/(pq(pqk - 1)). Then
() < -C8(8,a') =~ fEXIJI Tr(Fc A Fe) ~ l/(pq(pqk - 1)), so that -C8(8,a') =
I/(pq(pqk -1)).

Our result of Corollary 5.2 was expanded by Furuta [Fu2], who showed that e:
is infinitely generated. Below is the proof of Furuta's result which we gave in [FS6]
IIsing the T-invariant. (Furuta's proof is similar.)

'I'IIEOREM 5.3 (FURUTA). Let p and q be pairwise relatively prime integers. The
('ollcction of homology 3-spheres {E(p,q,pqk - 1)lk 2: 1} are linearly independent

Z · aH .
('Vt~r ln 03 .

PU()OF: Fix k 2: 2 and suppose that E(p,q,pqk - 1) = E;=1 njE(p,q,pqj -1) in
():~/, where nj E Z and nk ~ o. Then there is a cobordism Y between E(p, q,pqk-1)

Zlud the disjoint union 11;=1 njE(p,q,pqj - 1) with Y having the cohomology of a
( I +2: Injl)-punctured 4-sphcre. Now cap off the -nk copies of -E(p, q,pqk -1) by
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adjoining to Y the positive definite manifolds -Nk bounded by -E(p,q,pqk -1),
where N k denotes the canonical resolution. Let V be the resulting positive definite
4-manifold, and, as usual, let W denote the mapping cylinder of the orbit map
~(p, q,pqk - 1) -? 52. Finally, let X = W UE(p,q,pqk-l) V and consider the 80(3)
V -bundle E = L $ R over the positive definite orbifold X, where the Euler class
of L comes from the dual of w. For any asymptotically trivial connection A in E
over X we have ~ Ix Tr(FA A FA) = l/(pq(pqk - 1)). The moduli space M of
asymptotically trivial self-dual connections in E has dimension R(p, q,pqk -1; 1) =
1, so that (perhaps after a compact perturbation) there is a component of M which
is an arc with one endpoint corresponding to the reducible self-dual connection. As
in the argument above, the noncompactness of M implies that there is a nontrivial
self-dual connection Cover Y = ±~(p, q, pqj - 1) X Ii, for some j < k, which is
asymptotically trivial near +00 and is asymptotically a flat connection at near -00.
Also, there is a self-dual connection B over X which is asymptotically flat at the
ends of X; so~ Ix Tr(FBAFB) ~ O. However, pq(p:k-l) =~ Ix Tr(FAI\FA) =
~ Iy Tr(FcAFc)+~ Ix Tr(FBAFB) ~ r(E(p,q,pqj-1»+~ Ix Tr(FBAFB) ~
pq(P;i-l) ' a contradiction.

Other non-cobordism relationships can be detected by the explicit computa
tions of r(E(p,q,r). For example, r(E(2,3, 7)) = 25/42 and r(-E(2,3,7» =
4 - 121/42 = 47/42. Thus, the proof of Theorem 5.3 shows that E(2, 3,5) is not a
multiple of ~(2, 3, 7) in e:. Further uses of these r invariants will be given in §7.

6. TJ and p-Invariants
Atiyah, Patodi, and Singer introduced in [APSl-3] a real-valued invariant for fiat j

connections in trivialized bundles over odd-dimensional manifolds. These invariants
arose from their study of index theorems for manifolds with boundary. In this
section we shall describe these invariants and show how they have been used in low
dimensional topology.

Let B be a self-adjoint elliptic operator on a compact manifold M. The eigen
values A of B are real and discrete. Atiyah, Patodi, and Singer [APSl] define the
function

1](8) = L(sign,x)IAI-S
•

A~O

In [APSl] it is shown that '1](8) has a finite value at s = o. Note that for a finite
dimensional operator B, the TJ-function evaluated at 0, 7](0), cOWlts the difference
between the number of positive and negative eigenvalues of B.

Now let E be a 3-manifold with a flat connection a in a trivialized U(n )-bundle
over 2.:. Let n:d denote the space Lt(!l(E) 0 un), and consider the self-adjoint
elliptic operator
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Since the operator B a involves the * operator, it depends upon a Riemannian metric
on ~ and changes sign when the orientation is changed. The importance of the .,,
invariant to low-dimensional topology is due to the role that the .,,-invariant of Ba

plays in the computation of twisted signatures of 4-manifolds with boundary.
Let X be a 4-manifold with boundary ~ and let f3 : 7r"l(X) ~ U(n) be a unitary

representation of its fundamental group. This defines a flat vector bundle V,s over
X, or equivalently a local coefficient system. The cohomology groups H*(X; V,s)
and H*(X,~;Vp ) have a natural pairing into C given by cup product, the inner
product on V,s, and the evaluation of the top cycle of X mod~. This induces
a. nondegenerate form on H*(X; V,s), the image of the relative cohomology in the
a.bsolute cohomology. On iI2 (X; V,s) this form is Hermitian and the signature of
t.his form is denoted by sign,s(X).

Assume that the metric on ~ is extended to a metric on X which is a product
ncar ~ and that the restriction of f3 to E is a. It is shown in [APS3) that

signp(X) = n LL(pd - 77a(O)

where L(Pl) is the Hirzebruch L-polynomial of X. Thus 7Ja(O) may be viewed as
a. signature defect. However, it depends on the choice of a Riemannian metric
eH}~. To resolve this dependency, Atiyah, Patodi, and Singer define the reduced
1/-function by

Pa(S) = 1]a(s) -1]o(s)

where 8 is the trivial U(n) connection. An application of the above signature
f()rmula to ~ x I shows that Pa(O) is independent of the Riemannian metric on ~

and is a diffeomorphism invariant of ~ and a. It is denoted by Pa(~). Furthennore,
if E = ax with a extending to a flat unitary connection (3 over X, then

(n.! ) Pa(~) = n · sign(X) - sign,8(X)

The Pa-invariants were made important in low dimensional topology via the
(~a.sson-Gordon invariants for knots [CG). We shall next discuss these invariants
Bud indicate how gauge theory can enter into their considerations.

A smooth knot K in S3 is called slice if there is a smooth 2-disk D C B 4 with
1\" = aD. Oriented knots K o, K 1 are cobordant if there is a smoothly embedded
f)riented annulus C in S3 x I with ac = K 1 x {I} -1<0 x {OJ. Addition of cobordism
('Iasses of oriented knots is given by connected sum, resulting in the knot cobordism
I~'.r()np e~ in which slice knots represent the trivial element.

Suppose the knot K C S3 bounds an oriented surface F C S3. Thicken F to an
f'llloedding F x I C S3. Then given x, y E H1(F), let A(x, y) = linking number of
.r xU and yx 1. This defines the Seifertform, a bilinear form A : HI (F) xH1(F) ~ Z,
:iuch that A(X,y) - A(y,x) is the intersection number of x and y. It is called null
('obordant if it vanishes on a subgroup of H}(F) of dimension! dimH1(F». J.
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Levine has proved (in all dimensions) that if K is slice, then any Seifert form for K
is null-cobordant. Such a knot is called algebraically slice. Furthermore, in higher
(odd) dimensions the analogous condition is necessary and sufficient for K to be
slice.

A knot K is called a ribbon knot if it bounds an immersed disc (ribbon) in S3
each of whose singularities consists of two sheets intersecting in an arc which is
interior to one of the sheets. Ribbon knots are slice, for one can push the interior
of the ribbon into B4 and then deform slightly a neighborhood of each arc. An old
problem of Fox, which is still unresolved, asks whether every slice knot is ribbon. In
[CG], Casson and Gordon present an invariant for detecting when an algebraically
slice knot fails to be ribbon and a modified version of this invariant that detects
when it fails to be slice. We discuss these ribbon invariants and indicate how gauge
theory makes them slice invariants.

Let L be the double branched covering of the knot K in S3. If K is slice, then
the double covering of B 4 branched over the slicing disc is a 4-manifold W with
H*{W;Q) = 0, and if the image of H1(L) in H1{W) has order m, then IH1(L)1 =
m 2• Furthermore, if the slicing disc is obtained by deforming a ribbon, then 1I"1{L)
surjects onto 1r} (W).

Let X : H1(L) --+ U(l) be a representation with image the m-th roots of unity,
em. Then X is induced by a map L --+ K{Cm , 1). Since 0 3 K(Cm , 1) is torsion,
rL bounds a compact 4-manifold W over K(Cm , 1), for some r > o. Thus the '/
representation X factors through H 1(W) and induces a flat U(1) bundle Vx over W.
Then the Casson-Gordon invariant u(K, X) is defined by

(6.2) u(K, X) = .!.(sign(W) - signx(W)).
r

Hence it follows from (6.1) that q{K, X) = Px(L).
Casson-Gordon invariants were originally applied to those knots K in S3 whose

double branched covering is a lens space L = L(p, q). This contains the collection
of 2-bridge knots. If a knot K in this class is ribbon, then 1fl (L) = Zm2 and
1fl(W) = lm. Using W to compute u(K, X), one gets that Ho(W; Vx ) = 0 if X is
non-trivial, and since the m-fold covering of W is simply-connected, H1 {W; Vx ) =
H3 (W; Vx ) = 0 (this is where the ribbon assumption is used). Also the Euler
characteristic of W with Vx coefficients is the same as its Euler characteristic with
l coefficients, namely 1; so that H2(W;·VX ) has dimension 1. Thus q(K, X) = ±1.
Calculations then show that there are algebraically slice 2-bridge knots K for which
there is a X with q(K, X) -# ±1; hence they are not ribbon. Casson-Gordon then
proceed in reG] to refine these invariants. By considering infinite cyclic coverings
they define invariants of (1<, X) that show that these K are also not slice in the case
that m is a prime power order.

At this point gauge theory can enter the picture to show that in fact if K is slice,
then q{K, X) = ±1 for any m. This was done in [FS4] as follows. Consider the
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orbifold X =cone(L) UL W. The bundle Vx over W extends as a flat V-bundle over
X. The fiat connection detennined by Vx is both self-dual and anti-self-dual. Now
consider the moduli spaces M+ and M_ of self-dual and anti-self-dual connections
in the 50(3) V-bundle Ex = Vx EB R. Each contains the reducible flat connection
determined by X and is compact (since these fiat connections are representations
into a compact group). Using the index theorem one computes that the formal
dimension of M± is -2 ± q(K, X). As in the proof of Theorem 5.1, this is an
odd integer. If dimM± > 0, then a perturbation of the equations has a moduli
space that is a compact manifold of dimension dimM± with an odd number of
singularities of the form a cone on a complex projective space, and as in (5.1), an
odd number of complex projective spaces cannot bound in B. Thus the formal
dimensions of both M ±, are negative, and so q(K, X) = ±1.

This program was extended by G. Matic in [Mal and independently D. Ruberman
in [R]. They show that if L is a rational homology sphere which has an integral
homology sphere as a finite cover, and if L bounds a rationally acyclic 4-manifold W
which has a character X with image em, then the same conclusion holds. The main
new ingredient is the gauge theory for manifolds with ends developed by C. Taubes
in [Tll. Rather than coning off the boundary, the idea is to add an open collar
to W 4 and consider self-dual and anti-self-dual connections that are asymptotically
flat. With the results of [Tl] in place, the proof is formally the same.

Note that the only po-invariants that were used in the above set-up were those
associated with representations a : 1rl(L) --. U(2) that factored through a finite
p;roup. In general, there are many irreducible representations. What role do these
invariants play in the study of e~? We should keep this question in mind during
t.he next few sections, where these irreducible representations play an essential role.

7. An Integer Instanton Invariant
Let ~ be a homology 3-sphere, and let a' : 1rl (~) --. 50(3) be an irreducible

(i.e. non-trivial) representation, which corresponds to a flat connection in the trivial
bundle over E. Fix a trivialization of the SO(3)-bundle over E; this gives us a fixed
t.rivial connection 8. The Chern-Simons invariant CS(8,a') of c/ is the Pontryagin
cha.rge of a connection on the trivial bundle over E x R that tends asymptotically
t.o a' near +00 and to 8 near -00. (Recall from §3 that this calculation takes place
in AE , not in BE.) Let a'(E) denote that connection gauge equivalent to a' with

CS(8,a'(E») E [0,4).
We can associate an integer to the representation a' as follows. Let M(a'(E),8)

(I( -note the moduli space of self-dual connections over E x R whose Pontryagin charge
i:~ -CS(8,a'(E» and that are asymptotically a'(E) near -00 and (J near +00. Let
diluM(a'(E),8) denote its virtual dimension as predicted by the index theorem and
cIc-fiue

lea') = dimM(a'(E),8) + ho,
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where ha , is the sum of the dimensions of Hi(E; VOt' ), i = 0, 1. This definition does
not depend on our original trivialization (), for if 8 is changed by a gauge equiv
alence, then a'eE) will change by the same gauge equivalence. When considered
with appropriate boundary conditions (e.l. [APSl],[Tl]), the self-duality operator
(whose index gives the formal dimension of the above moduli spaces) restricts to the
boundary of a smooth 4-manifold as a self-adjoint elliptic operator. Let 1J(s) denote
its 7]-function. The Atiyah-Patodi-Singer index theorem can be used to compute
I(a'):

, 1 All1(0: ) = A(E x R)ch(V_)ch(g) - 2(h8 + 718(0)) + 2(ha /(E) + 1/Otl (E)(O))
Exll

where the forms A(~ x R) and ch(V_) are computed from the Riemannian connec
tion on E x R (choose a product metric, say) and g is the 50(3) bundle over E x R
carrying the connection a'eE). Recalling that pa' = 1/01,(0) - 110(0) and noting that
h(J = 3 we have

(7.1) [(a') = f A(~ x R)ch(V_)ch(g) _ ~ + ha,,(E) + Pa,,(E) .
lExR 2 2 2

The integral term of (7.1) is

f A(~xR)ch(V_)ch(g)=2 f Pl(g)+-2
3 f (.c.-e)

JEXfl JEXfl JEXfl

where .c and e are the L-polynomial and the Euler form of ~ x R. Since g
is our SO(3)-bundle over E x R with connection a'(E), we have JEXfJI Pl(g) =
-CS(8,a'(E». We then get as in [APSl,§4] that the integral term is

3 3
(7.2) -2CS(8, a/(~)- 2[X(E x R)-u(E x R)]+2(1/8(0) -1/8(0») = -2CS(6, a'(~».

Combining (7.1) and (7.2) we have

(7.3) I(a') = -2CS(9,a'(~» - ~ + haiE
) + PaiE

) E l.

We now have a relationship between the Chern-Simons invariants introduced in
§3 and the Per-invariants of the self-duality operator, namely

4CS(a') == POI' + hOt' - 3 mod 2l.

Like the Chern-Simons invariant, the integer invariant 1(0') is useful in detecting
when homology 3-spheres are not homology cobordant.
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In [FS6] we computed 1(0:') for 0:' E n.(E(p,q,r». We now indicate the key
ideas behind the computation. As in §5 we have the integer

2 ~ 2~ 1rak 1rk. 2 1rek
(7.4) R(at, ... ,an ;e·w)=--3+m+ /-i-:- L...J cot(-2)cot(-.)sln (-.)

a i=1 a. 1:=1 ai a. a.

(a = at, ... , an), which is the virtual dimension of the moduli space of asymp
t.otically trivial self-dual connections in the 80(3) V-bundle L e ."., EB Rover W. It
follows from Proposition 4.1 that hoI = 0 for each nontrivial representation of a
Drieskorn sphere. Combining (7.4) with the choices of e that arise from represen
t.ations of 1rl(E(p,q,r» (see §4) and Theorem 4.2 yields the computation of 1(a');
for -CS(O, a'(~» = pe:r - 4k E [0,4). Then l(a') = R(p, q, rj e) - 8k.

rrHEOREM 7.5 (c.f.[FS6]). Suppose R(a1, ... ,an ;w) ~ 1. IfE(al, ... ,an ) is ho
11lOlogy cobordant to a homology 3-sphere E, then

(1) T(E) ~ T(E(a1, ... ,an » =~, and
(2) 1:5 l(a'):5 R(a1, ... ,an ;w) for some representation 0:' E neE) with

o:5 -CS(a') :5 :.

Fhrthermore, }J(at, ... , an) is not homology cobordant via a simply-connected ho
IIlOlogy cobordism to any other homology sphere.

I)ROOF: Let X be the union of the mapping cylinder W of E(al, ... ,an) and the
homology cobordism, and consider the 80(3) V-bundle E = LEf)R over x, where L
is the 80(2) V-bundle whose Euler class comes from the dual of the preferred class
I.v E H2(W; Z). Let M denote the moduli space of asymptotically trivial self-dual
connections on E with Pontryagin charge -:. We now apply the ideas of the proof
of Theorem 5.3 to M.

The moduli space M contains a single reducible connection, and so is nonempty.
/1'llUS M is a manifold of odd dimension R(a1, ... , an; w) ~ 1, and has one singu
larity, a cone on a complex projective space. As in (5.1) this complex projective
:-ipa.ce cannot be null-cobordant inside Bx . Therefore M has an 'asymptotic end'
as in (5.3). Since the smallest Pontryagin number of a bundle on the suspension of
It l(~ns space L(ai, bi) which admits a self-dual (V-) connection is ;i > ~, no instan
tOil can pop off at a cone point. This means that there is a nontrivial flat 80(3)
('~)Jlnectiona' on ~ and a sequence of connections in M which limits to the 'union'
(tf self-dual connections B over X and Cover E x R, where B tends asymptotically
1,0 H~' and C is asymptotic to a' at -00 and to 8 at +00. The Pontryagin charge
••f C is -CS(8,a'); hence 0 :5 -CS(8,a') :5 .;. Notice that this also means that
,.'(E) = a'. Now if we apply the very same argument to W rather than to X we
\V ill find a fiat connection {3' on ~(al, ... , an) with 0 :5 -esc8, {3') :5 :-. Since the

( ~I J('rn-Simons invariants of flat connections on E(a1, ... , an) are all of the form e: '
lilis proves the assertion (1).
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To prove assertion (2), note that by the translational invariance of the self-duality
equation on E x R we get 1 $ ME(a', 8) for the component of the moduli space
containing the connection C. Furthermore, if Mx(a') is the component of the
moduli space containing B, then by the index theorem of [APSI]

R(al' ... ,an;w) = dimM =dimMx{a') +dimME(a',(J) + hal

~ dimME(a', 6) +hal = l(a') 2= 1.

The last statement follows as in Proposition 1.7 of [Til. Let U be a simply-
connected homology cobordism from ~(at, , an) to E, and let V be the simply-
connected homology cobordism from E(at, ,an) to itself obtained by doubling U
along E. We obtain a reducible (asymptotically trivial) self-dual connection on the
bundle E = LeEBR over the union X of the mapping cylinder W of E{aI, ... ,an) with
infinitely many copies of V adjoined. Let M be the moduli space of asymptotically
trivial self-dual connections on E. Now, since X has a simply-connected end, M is
compact ([TI]). As above, since dimM = R(al, ... ,an ) > 0, we can cut down to
obtain a compact moduli space with one end point, a contradiction.

For example, r(2,7,15) = T(2,3,35) and R(2,3,35;w) = 1. However, for the
unique a in 'R.(E(2, 7,15» with CS(a) = T(~(2, 7,15», we have lea) = -5; so that
E(2, 7, 15) is not homology cobordant to E(2, 3, 35).

8. Instanton Homology and an Extension
We now return to our discussion in §2 of Casson's invariant and Taubes' interpre

tation in terms of gauge theory. In the situation where all nontrivial representations 0

of 1rl(}J) in SU(2) are nondegenerate, recall that A(E) = ! EaER*(E){ _l)SF(Ci)
where SF(a) is the spectral flow of the operator Db of §2 as b varies from 8 to a.
Equivalently we can restate this for 80(3) representations with the orientation con
ventions we have been using, i.e. A(}J) = l ECi/E1l.*(E)(-l)SF(a',S) where SF(a',8)
is the spectral flow of Db (defined now for 80(3) connections) as bvaries from a' to
the trivial 80(3) connection. Floer interpreted this sum as an Euler characteristic.
The idea is as follows.

H a flat SO(3) connection is changed by a gauge transformation g, its spectral
flow to a fixed trivial connection changes by 8 · deg(g). Similarly, if the choice of
trivial connection is changed, the spectral flow again changes by a multiple of 8.
This means that SF(a',8) is well-defined on n.*(E) as an integer mod 8. Floer
defines chain groups Rn(E) indexed by Zg as

Rn{E) = Z(a' E R*(E)ISF(a',8) == n (mod 8))

(so A(E) = ! E~=o(-l)nrank(Rn(E»). The boundary operator is given by

oa' =~ #M] (a', (3') · (3'
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where M 1 ( a' ,,8') is the union of I-dimensional components of the moduli space of
self-dual connections on E X R which tend asymptotically to a' as t -+ -00 and to
{3' as t -+ +00, and "#"denotes a count with signs. Floer [F] shows that this defines
a chain complex. Its homology is the instanton homology I*(E) graded by la, and
again can be defined even when there are nondegenerate representations of 1rl (~).

Since flat connections are the critical points of the Chern-Simons function, and
since it can be shown that the gradient trajectories of the Chern-Simons function
are exactly the finite-action self-dual connections on E x R, this theory becomes
quite analogous to Witten's calculation of the homology of a manifold from a Morse
function I'W]. Instanton homology is a very important new invariant and deserves
a much more complete description than we have given here. We refer the reader to
the original source [F] and to the excellent survey papers [At] and [Br].

In [FS8] we show how to extend this theory to one with integer grading. For
simplicity continue the assumption that all nontrivial (80(3» representations of
1rl (E) are nondegenerate, and also assume that there is no nontrivial representation
with Chern-Simons invariant congruent to 0 mod 4. (These restrictions are satisfied
I)y Brieskorn spheres and in general can be removed.) As in the previous section,
we fix a trivial 80(3) connection f) over E.

For any integer m, let nm(E) be the free abelian group generated by the a' E
'1l*(E) with I(a') = m. (Since we are assuming that all these representations are
Ilondegenerate, ha , = 0 here.) For n E Zs and s E l with s == n (mod 8), define the
free abelian groups

FsRn(E) = L 1(.s+8j(~).
j~O

Then

is a finite length decreasing filtration of Rn(E). Furthermore, it can be shown
(using the fact that the Chern-Simons functional is non-increasing along gradient
t.ra.jectories) that Floer's boundary operator IJ : FsRn(E) -+ Fs-1Rn-1(E) preserves
t.he filtration. Thus Floer's la-graded complex (R.(E), 8) has a decreasing bounded
filtration (FsR*(E), IJ). For nEls and s == n (mod 8) let Istn(E) denote the
)1( )ffiology of the complex

888 8
... ---+ Fs+1 Rn+1(E) ---+ FsRn(E) ---+ Fs-1Rn-1(E) ---+ ....

w(~ then have a bounded filtration on In(~) defined by

\vith

As usual, there is a hOlnology spectral sequence:
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THEOREM 8.1 [FS8]. There is a convergent El-spectral sequence (E;,n(E),dr)
such that for n E Zs and s E Z with s == n (mod 8) we have

Furthennare, the groups E~,n(E) are topological invariants.

In particular for s E I the groups is(E) = E~,n(~) give an integer-graded version
of instanton homology. As in §7 this theory is easily seen to be independent of our
choice of bundle-trivialization. See [FS8] for more details.

In [FS6] we gave an algorithm for computing 1.(E(p, q, r». We list some exam
ples. The groups Ii are free over Z and vanish for odd i, so we denote the instanton
homology I*(E(p, q, r» of E(p, q, r) as an ordered 4-tuple (fa, fl, /2, f3) where Ii is
the rank of 12i+l(E(p,q,r».

{
( !±1 k±l !:El k±l) for k odd

I.(E(2, 3, 6k ± 1» = k 2 k'~' 2 '-2-

( 2" '2' '2' '2 ) for k even

{
(ll:E! 3k±1 ll:E! 3k±1) for k odd

I*(E(2, 5, 10k ± 1» = 3k
2

3~ 3
2
k ~k 2 , 2

(T' T' "'2' "2 ) for k even

{
(~ ~ ~~) forkodd

I.(E(2, 5, 10k ± 3» = 3k~2 ' 3k
2
3~±22 3~ 2

(-2-'2-' -2-' '2) for k even

I (E(2 7 14k ± 1» = { (3k 1= 1,3k ± 1,3k =F 1,3k ± 1) for k odd
* " (3k, 3k, 3k, 3k) for k even

I.(E(2, 7, 14k ± 3» = (3k, 3k ± 1, 3k, 3k ± 1)

I.(E(2, 7, 14k ± 5» = (3k ± 1, 3k ± 1, 3k ± 1, 3k ± 1)

{
(A!±! .Qil! A!±! ~) for k odd

I.(E(3,4, 12k ± 1) = 5k
2

5~ 5
2
k ~k 2 , 2

(T' '2' T, 2' ) for k even

{

(~ 5k-3 5k-l 5k-3) for k odd
I.(E(3, 4, 12k - 5» = 5k~2 ' 5k~2 ' 5k~2 ' 5k:2

(-2-' -2-' -2-' -2-) for k even

I ( ( k » {
(4k,4k ± 1,4k,4k ± 1) for k odd

* E 3, 5, 15 ± 2 =
(4k ± 1,4k,4k ± 1,4k + 1) for k even

We conclude by listing some explicit computations of the Poincare-Laurent poly-
nomials p(aI, a2, a3)(t) of the homology groups i.(E(p, q, r ».

p(2, 3, 5) = t + tS

p(2,3, 11) = t + t3 + t5 + t 7

p(2, 3, 17) = t + t3 + 2t5 + t 7 + t 9



Fintushel and Stem: Invariants for homology 3-spheres 145

p(2, 3,23) = t + 2t3 + 2t5 + 2t7 + t9

p(2, 3, 29) = t + t 3 + 3t5 + 2t7 + 2t9 + tIl

p(2,3,35) = t + 2t3 + 3t5 + 3t7 + 2t9 + tIl

p(2, 3,41) = t + t 3 + 4t5 + 3t7 + 3t9 + 2tll

p(2, 3,47) = t + 2t3 + 3t5 + 4t7 + 3t9 + 2ttl + t l3

p(2, 3, 53) = t + t 3 + 4t5 + 4t7 + 4t9 + 3tII + t l3

p(2, 3,59) = t + 2t3 + 3t5 + 5t7 + 4t9 + 3tll + 2t13

p(2, 3, 65) = t + t3 + 4t5 + 5t7 + 5t9 + 4tl
! + 2tl3

p(2, 3, 71) = t + 2t3 + 3t5 + 5t7 + 5t9 + 4tII + 3t13 + t I5

p(2, 3, 7) = t- l + t3

p(2, 3, 13) = t- I + t + t 3 + t5

p(2, 3, 19) = 2t- l + t + 2t3 + t 5

p(2, 3, 25) = 2t-1 + 2t +2t3 + 2t5

p(2, 3, 31) = 2t-1 + 2t + 3t3 + 2t5 + t7

p(2, 3, 37) = t- l + 3t + 3t3 + 2t5 + 2t7

p(2, 3, 37) = 2t-I + 3t + 4t3 + 3tS + 2t7

p(2, 3,43) = t- I + 4t + 4t3 + 4t5 + 3t7

p(2, 3, 49) = 2t- I + 3t + 5t3 + 4t5 + 3t7 + t9

p(3, 4, 13) = t-5 + 2t-3 + 3t-1 + 2t + 2t3

p(4,5,21) = 4t-9 + 5t-7 +8t-5 + 6t-3 + 5t-1 + t + t3

peS, 6,31) = 2t-15 + lOt- 13 + lIt-II +15t-9 +13t-7 +8t-5 +5t-3 +4t-1 + t + t 3

For a' E n('E(2,3,6k-l)), CS(a') == 36~~6 mod 4 where e == 1 mod 6. Choos-
ing the largest e and computing R(2, 3, 6k - 1; e · w), it can be shown that for
a. given any positive integer N, there is a K with i2N - 1(E(2,3,6K - 1)) =F O.
Silnilarly, it can be shown that for any negative integer N, there is a K with
j~N-I('E(K,K+ 1,K(K +1) + 1)) =F O.

u. Homotopy K3 Surfaces Containing E(2, 3, 7)
In this section we shall describe an application of the technology which we have

(Iiscussed in previous sections to the problem of computing the Donaldson invariants
()f smooth 4-manifolds homotopy equivalent to the I<:3-surface (i.e. homotopy K3
~;tltfaces). The Donaldson invariant may be briefly described as follows. Given a
:illlooth simply-connected 4-manifold, M, for a generic metric 9 on M, the moduli
:~pace, Mk,M(g) C Bk,M of anti-self-dual SU(2)-connections (*FA = -FA) with
"'.~ = k is a manifold of dimension 8k - 3(1 + b;). (It may have singular points
if bt = 0.) If b~' is odd, then this dimension is even, say 2d. Donaldson has
dc-fined a homomorphism JJ : H 2 (M; Z) -+ H 2 (Bk,M; l) (see [D4]) and has shown
f.ha.t. if k > ~(1 +.bt) then there is a well-defined pairing q(ZI, ... ,Zd) = P(Zl) U
.. ·ll(Zd)[Mk,M(9)]. This defines Donaldson's invariant q : tfJdH2(M; Z) ~ Z. Our
I.)u\orcm is:
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THEOREM 9.1 [FS7]. Iftbe Brieskorn sphere ~(2, 3, 7) is embedded in a 4-manifold
which is homotopy equivalent to a K3-surface, then there are classes Zl, ••• ,ZlO E
H2 (M;Z) such that q(Zl, ••• ,ZlO) == 1 (mod 2)

This result plays a role in an important result of S. Akbulut.

THEOREM 9.2 [Ak]. There is a compact contractible 4-manifold W which has a
fake relative smooth structure.

To prove this Akbulut gives a construction which produces a homotopy K3 sur
face M containing E(2, 3, 7) and a compact, contractible 4-manifold W together
with a self-diffeomorphism f of oW which extends to a self-homeomorphism of W
such that either

(1) all of the Donaldson polynomial invariants of M are trivial, or
(2) there is no self-diffeomorphism of W extending f.

Theorem 9.1 then implies that (1) is false; so Akbulut's construction gives (2).
The proof of Theorem 9.1 proceeds via a degeneration argument. The intersection

form form of a K3-surface is 2Ea EB 3H, and E(2, 3, 7) embeds in the standard K3
surface, splitting it into two submanifolds, X and Y, where X has intersection
form Es EB H and boundary ~(2, 3, 7) and Y has intersection form Es E9 2H and
boundary -E(2, 3, 7). Using the work of Donaldson [D2], it is not difficult to see
that if ~(2, 3, 7) embeds in any homotopy K3-surface, M, then it splits M as XU Y
in a similar manner. The idea is then to study the effect of letting the metric 9
degenerate to a metric which stretches a tube E(2, 3, 7) x (-1,1) in M until it has
infinite length.

For the homology classes Zl, ••• ,ZlO, we choose classes ZI, ••• ,Z4 E H2(X;l) =
EstJ)H such that Zl, Z2 E Es satisfy zi = zi = 2 and Zl ·Z2 = 1, and choose Za, Z4 E H
with zi = zl = 0 and Z3· Z4 = 1. Similarly choose Zs, ••. ,ZlO E H 2(Y; Z) = Esff)2H
such that zs, Z6 form a pair in Es and Z7, Zs and Zg, ZlO form pairs in the two copies
of H. Suppose for a moment that q(Zl, .•. , ZIO) =f: 0 and follow the above-described
degeneration of metrics. In the process M is pulled apart into noncompact manifolds
X+ and Y_ (X+ = X U R+, and Y_ = R- U Y). A finite-action anti-self-dual
connection on X+ or Y_ is asymptotically flat, and the techniques of §4 can be
used to show that ~(2,3, 7) has only two gauge equivalence classes of nontrivial :fiat
connections.

IT q(Zl' ... ' ZIO) # 0 the degeneration process will produce nontrivial "relative"
Donaldson invariants which can be described roughly as qX(Zl, ... , Z4) = E p Jt(Zl)U
... UJt(z4)[M~(p)], where p is a :fiat connection on E(2, 3, 7), and qy(zs, ... , ZlO) =
EpJt(zs)U .. ·UJ.t(zlo)[M¥(p)]. One can now make counting arguments (see [FS7])
to the effect that only one possible p can appear in the above sums, and furthermore,
for this p we have

q(Zl, ... , ZlO) = qX(Zl, .. . , Z4)(p) · qy(zs, ... , ZlO)(p).
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The proof is now concluded by constructing the moduli spaces M~(p) and
MV(p) whose appropriate relative invariants are odd. The philosophy is to ap
ply the proofs of Donaldson's Theorems B and C of (D2]. These theorems prove
that there are no closed 4-manifolds which have the intersection forms of X or Y.
Applying the proofs to X and Y, rather than contradictions we obtain information
ahout the asymptotic behavior of certain moduli spaces. As in the proof of (5.3) we
J!:et anti-self-dual connections popping off the ends of M 2,x(6) and M 3,y(8) which
I('ave us the correct moduli spaces over X and Y (see [FS7]).
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1. INTRODUCTION

This note contains a somewhat expanded version of my talk given at the Durham
Geometry Symposium. In this talk, which was based on a joint paper with S.Bauer
[B/O], I tried to explain how some fairly remote results in algebraic geometry 
like e.g. Deligne's solution of the Weil conjectures - can be used to calculate the
instanton homology of Seifert fibered homology 3-spheres.

Instanton homology groups In(~),n E Z/8 have recently been defined by A.Floer
for every oriented 3-dimensional Z-homology sphere ~[F].

They provide an important link between the geometry of 3- and 4-dimensional
lnanifolds [AI]. In fact, Donaldson has shown that his polynomial invariants 11
for a 4-manifold X [D2], which can be decomposed along a homology sphere E
into two pieces factor through the Floer homology of ~ [AI]. A nice introduction
to the Donaldson-Floer theory can be found in Atiyah's survey articles [Al],[A2].

'fhe definition of the groups In(~) uses gauge theoretic constructions in dimension
3 and 4, so that it is difficult to compute them for a general homology sphere.
~or the subclass of Seifert fibered homology spheres however, Fintushel and Stern
have found a way to calculate the instanton homology provided that a certain
conjecture holds [F/82].
This conjecture, which I will explain in a moment, has recently been settled by
Kirk and Klassen [K/K], so that the Fintushel-Stern program can be carried out.
\tVhat it comes down to is to understand the representation spaces

R*(~) = Hom*(1rl(~),SU(2)/conj.

c.f conjugacy classes of irreducible SU(2)-representations of the fundamental group
7fl(~).

I rhe Floer homology of a Seifert fibered homology sphere I: is determined by the
Betti numbers of the components of R*(E) and certain (explicitely computable)
integers associated to each component [F/52].
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One way to study these representation spaces R*(~) is to identify them - via Don
aldson's solution of the Kobayashi-Hitchin conjecture [Dl] - with moduli spaces
of stable vector bundles over certain algebraic surfaces [0/V2]. In this way they
become complex projective varieties which turn out to be smooth and rational.
Moreover, these moduli spaces come with a stratification whose individual strata
can be described in terms of secant varieties of rational normal curves [B/O].
Using a trick due to Deligne-Illusie [D/1], one can assume that everything is de
fined over an algebraic number ring, so that the Weil conjectures can be applied.
The explicit geometric description of the strata of the moduli spaces then allows
to determine the Zeta functions associated to the components and thereby to com
pute their Betti numbers.
The final result is an algorithm which, in principle, could be implemented on a
computer.

2. FLOER HOMOLOGY

I recall very briefly the idea of the definition of Floer's instanton homology groups;
a much more detailed description can be found in Floer's paper [F] and the survey
article [BR].
Let E be an oriented Z-homology sphere of dimension 3. Consider the space 8 of
gauge equivalence classes of SU(2)-connections on the trivial SU(2)-bundle over
~. The map A 1--+ FA, sending a connection A to its curvature, defines a natural
I-Form F on B which is locally exact. More precisely, F is - up to a constant 
the differential of the Chern-Simons function

f: 8 -+ R/4Z·

This function associates to a connection A the integral

where At := (1 - t)A + to is a path of connections from A to the trivial connection
f), thought of as a connection on :E x [0, 1].
The critical set of the Chern-Simons function, i.e. the zeros of F, can be identified
- via the monodromy representation - with the space

R(~) = Hom(1rl(~)' SU(2))/conj.

of conjugacy classes of SU(2)-representations of 7rl(~).

Suppose now that all non-trivial critical points of I are non-degenerate (if not one
uses a suitable Fredholm perturbation); this means that R(I;) is finite and that the
Hessian of f (considered as an operator on the tangent space) is an isomorphism
at every critical point a = [A] in R*(E) = R(~)\{[O]}.

Let S(O,a) E Z/s denote the spectral flow associated to a path of connections
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from the trivial connection to A [BR]. Floer's instanton homology I*(~) is then
defined as the homology of the following chain complex (R., 8):
The nth chain groupRn of R. = E9 Rn is the free abelian group generated by

· neZ/s
the elements 0: E R·(E) with S(8,0) = n.
The boundary operator 8 : Rn --+ R n - 1 is given by

80: = L m((t, 13)13;
.8eR·(D)

8(8,,8)=",-1

here m(o:, {3) is the number of oriented I-dimensional components of the moduli
space M E(a,!3) of self-dual connections (relative to a product metric) on E x R,
which are asymptotic to a and (3 for t tending to ±oo [F]. Floer shows that
82 = 0 and proves that the homology of the instanton chain complex (R.,8) is
independent of the various choices (metric, perturbation).

3. SEIFERT FIBERED HOMOLOGY 3-SPHERES

Let 1r : ~ --+ ~/8 1 be a Seifert fibration of a homology 3-sphere I: with n excep
tional orbits 1r-1(Xi), i = 1, ... , n of multiplicities a1, ... , an- The multiplicities are
necessarily pairwise relatively prime and the orbit space 'E/Sl is homeomorphic

to (82; (Xl, a1), ... , (xn , an)) [N/R].
Conversely, given n pairwise coprime integers ai 2: 2, there exists a Seifert fibered
homology 3-sphere I: with these multiplicities; its diffeomorphism type is deter
ruined by .a = (at, ... , an) [N/R].
Denote such a homology sphere by E(g) = I:(al' ... ' an). I will always assume that
the multiplicities are indexed in such a way that at most at is even. The links of
certain Brieskorn complete intersections provide standard models of Seifert fibered
hornology spheres [N/R]. The fundamental group of E(g) has the following repre
sentation [F/82]:
Let a := at · ... - an and choose integers b, bi, i = 1, ... , n with
(1 (-b + L:~=1 ~) = 1. Then

1rl (E(<<)) ~ (t 1 , ••• ,tn, h I h central, tii = h-bi
, t1 • ••• • tn = hb

) •

If n ~ 3, then this group is infinite with center (h) ~ Z, except for 11"1 (E(2, 3, 5)) ~
.',1 L(2, FS) with center (h) ~ Z/2. The quotient 11"1 (~(.G)) / (h) is isomorphic to the

:! orbifold fundamental group ?rIb (E(<<)/S1) of the decomposition surface [F/S2].
I t. is isonlorphic to a cocompact FUchsian group of genus 0 with representation
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4. REPRESENTATION SPACES OF SEIFERT FIBERED HOMOLOGY SPHERES

Fix a Seifert fibered homology sphere ~(g) = :E(al' ... ' an) with n ~ 3 exceptional
fibers and consider a representation

0: : 1fl (~(<<») ~ SU(2).

If Q is irreducible, then the generator h of the center must be mapped to ±1 E
SU(2); the images a(ti) of the remaining generators are conjugate to diagonal
matrices

a(t;) "" (w~' wi';)
with Wi = exp (21rt=J) and certain numbers Ii E Z/ai.These numbers
(±It, . .. ,±In) are the rotation numbers of the representation Q.

Proposition 1 ([F/82],[B/O]) The representation R* (E(!!») 01 a Seifert fibered
homology sphere is a closed differentiable manifold with several components. The
rotation numbers of an irreducible representation Q are invariants of the connected
component of Q in R* (~(g). A component with rotation numbers (±ll' ... ' ±In)
has dimension 2(m - 3), where m = U{i 1 21i =I OJ.

Furthermore, there exists at most one component in R* (~(g)) realizing a given
set of rotation numbers [BfO].

In the special case of 3 exceptional orbits, Le. for Brieskorn spheres ~(al' a2, a3),
the associated representation spaces are finite.
Fintushel and Stern have shown that the number of elements in R* (~(al' a2, a3»
is equal to - ~ times the signature of the Milnor fiber of the corresponding singu
larities [F/82].
The Casson invariant of a Brieskorn sphere is therefore equal to ~ times the sig
nature of its Milnor fiber.
The latter result has recently been generalized by Neumann and Wahl (N/W].

5. THE INSTANTON CHAIN COMPLEX OF SEIFERT SPHERES

In this section I recall the relevant results of Fintushel and Stern's paper [F/S2].
Again, fix a Seifert fibered homology sphere ~(G) = ~(al' ... ' an), n ~ 3. For any
integer e let

2e2
n 2 ai-

1 (1rak) (1rk) (7rek)
R(!!,e)=--3+m+L~Lcot -~ cot -. sin2

-. '
a i=l al k=l at at at

where m = U{i , e ~ O(mod ai)}. This number is the virtual dimension of a certain
moduli space of instantons; it is always odd [F/SI].
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Theorem 1 ([F/S2]) The spectral flow 8(9, a) of an element a E R* (~(a)) with
rotation numbers (±ll' ... ,±In) is given by

8(6,a) = -R({!,e) - 3(mod8),

ife satisfies e == E~11i!i(mod2a).

If now every representation a E R* (E(g» is non-degenerate, then the grading in
the instanton chain complex is always even, so that the boundary operator must
vanish. This assumption holds if n == 3, Le. for Brieskorn spheres E(al' a2, a3).
Explicit examples of instanton homology groups 1* (~(al' a2, a3) can be found in
[FjS2].
In the general case n > 3 the elements of R* (~(g)) are usually degenerate, so
that one has to perturb the Chern-Simons function. Fintushel and Stern use
a Morse function on R* CE(aJ) to produce a perturbation with non-degenerate
critical points.

Theorem 2 ([F/82]) Let 9 : R* (~(<<»Q ~ R a Morse junction on the compo
nent 01 a in R* (~(g)). The critical points of 9 are basis elements oj the instanton
chain complex.
A critical point t3 E R* (~(g)o: 01 9 with Morse index IJg(f3) has grading
8(8, a) + j.tg({3).

In order to make explicit computations possible Fintushel and Stern show how
R* (~(q) can be described as a configuration space of certain linkages in 8 3 [F/82].
With this method they find copies of 8 2 as 2-dimensional components. On the
hasis of these examples they make the following

Conjecture Every com,ponent ofR* (~(<<)) admits Morse functions with only even
index critical points.
Note that this conjecture implies that the instanton chain complex of ~(g) is
concentrated in even dimensions, the boundary operator vanishes and the Floer
homology can be read off from the rotation numbers and the Betti numbers of the
cornponents of R* (h(g).

6. THE ALGEBRAIC GEOMETRY OF THE REPRESENTATION SPACES

B* (~(q» Every representation a : 1r1 (~(q)) ----+ 8U(2) induces a representation
H: 1rrb(~(g)jS1) ----+ PU(2) s.t. the following diagram commutes:

?r1 (1:(<<»
1/(h)

?rIb (~(ll)/ 8 1
)

~ 8U(2)

1/z/2
~ PU(2).

'I'his correspondence yields an identification of R* (E(aJ) with the representation
sl)a,ce
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of the orbifold fundamental group in PU(2). Recall that

1rfb (~(ll)/8 1
) ~ (tt, ... , tn Itf' = 1, t 1 • ••• • tn = 1) ·

In the sequel I shall denote this group by r(ll).

Theorem 3 ([B/O]) The representation space Hom· (r(g),PU(2» Icon;. admits
the structure a 01 smooth complex projective variety whose components are rational.

The proof has two essential steps:

i) Interpretation of Hom· (r(g), PU(2)) / con;. as moduli space of stable vector
bundles:

Consider a rational elliptic surface over pi - defined by a generic pencil of
plane cubic curves - and perform logarithmic transformations of multiplicities
aI, ..• , an along smooth fibers over Xl, .•. ,Xn E pI [B/PIV]. The resulting ellip
tic surfaces X(g.) = X(at, ... ,an) over pI are algebraic with fundamental group
11"1 (X(a)) ~ r(a) [U]. .
(The algebraic structure of X(g) depends on the choices which are involved in the
logarithmic transformations, but the COO-type does not [U]). Choose a (sufficiently
nice) ample divisor H = H(g.) on X = X(g) and let M~(Cl'C2) denote the moduli
space of H-stable rank-2 bundles over X with Chern classes Cl,C2 [O/S/S].
Using Donaldson's solution of the Kobayashi-ffitchin conjecture [DI] and some
simple arguments [O/VI] one obtains an identification of
Hom· (1rl (X(g) ,PU(2») / elm;. with the differentiable space underlying the disjoint
union M~(O,O) IIM~(K,O). Here K = -Cl(X) is the canonical class of X.

ii) Description of the moduli space of stable vector bundles:
The moduli spaces M~(O, 0) and M~(K,0) can be handled by similar methods;
but a little trick allows to avoid computing the latter. Indeed, the homomorphism

sending a generator ti of r(2al' a2, . .. ,an) to the corresponding generator in
real, a2,· .. , an) induces an isomorphism

r· : M~(O, 0) II M~(K, 0)~ M1<0, 0)

with the moduli space Mf(O,O) of stable bundles over an elliptic surface X of
type X(2at, a2, . .. ,an).
Consider now a stable 2-bundle £ over X with trivial Chern classes. e admits a
unique representation as an extension
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of line bundles, where D f'J dF + Ei=l diFi is a vertical divisor with 0 ~ di < ai.
Here F denotes a generic fiber of X over pI, aiFi "J F, i = 1, ... , n the n multiple
fibers over the points Xl, •.. X n E pl.

The line bundles O(D) which occur in such extensions form a finite subset I C
NS(X) in the Neron-Severi group of X.
Conversely, for every line bundle O(D) E I and every (non-trivial) extension
class [f] E P (Ext l (O(D),O( -D») one obtains a simple 2-bundle e given by the
extension

f : 0 --+ o(-D) ~ E --+ O(D) --+ O.

Denote by Mx(O,O) the moduli space of simple 2-bundles over X with triv
ial Chern classes. This is a locally (but not globally) Hausdorff complex
space containing M~(O,O) as (Hausdorff) open subspace [O/V2]. Let P(D) =
P (Ext l (O(D), O(-D») and define Zariski open subsets U(D) C P(D) by
U(D) = P(D) nM~(O, 0). Then one has a cartesian diagram

IfP(D)

U

IfU(D)

and a stratification II U(D) of M~(O,0) by locally closed subspaces U(D), each
I

sitting as a Zariski-open subset in its 'own' projective space. In order to prove
the smoothness of M~(O,0) as a complex algebraic variety, one shows that the
coefficients di of a divisor D determine the rotation numbers of the component
which contains U(D).
More precisely, if a representation Q : 1r1 (X(<<» -» SU(2) corresponds to a vector
bundle e given by a class [f] E U(D) with D f'J dF + Ei=l diFi , then a has the
rotation numbers (±ll' ... ,±In).
The rationality of all components of M~(O,0) now follows immediately.

'fhe next point is to understand the projective varieties P(D)\U(D) parametrizing
(simple but) unstable bundles.
A bundle e given by [e] E P(D) is unstable if and only if X contains a vertical curve
J~ with O(D - E) E I s.t. [e] is contained in the projective kernel P (Ker(eE» of
t he multiplication map

eE : Extl(O(D),O(-D)--+Extl(O(D-E),O(-D).

,I 'hcse kernels form a projective bundle P (Ker(e I E I)) over the linear system I E I
which admits a natural map

"pIEI: P(Ker(e, E I))~ P(D)

to the projective space P(D). The image of "pIEI is the subvariety Dest(1 E I) of
huudles which arc destabili~ed by curves in IE I.
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Recall that the join W l * ... *Wit of subvarieties WI, ... ,W k C pN is the smallest
closed subvariety of pN containing span(Wi, ... ,Wk) for every tuple (WI, ... ,Wk) E
WI X _. - X W k - The secant variety Seck(W) = W *... *W (k times) is a particular
case.

Proposition 2 ([B/O]) Suppose that dim P(D) > o. There exists a natural em
bedding of (PI; Xl, ••• , Xn ) as a rational normal curve N(D) c P(D) with marked
points x j, such that the following holds:

i) Every destabilizing subvariety Dest(1 E I) 01 P(D) is a join
Seck(N(D» * {Xii} * ... * {Xii} of a secant variety of N(D) and some of the
points Xj.

ii) P(D)\U(D) is a finite union 01 destabilizing subvarieties Dest(' E I).

iii) The intersection Dest(1 E I) n Dest(1 E' I) of two destabilizing subvarieties in
P(D) is a finite union of other destabilizing subvarieties.

The following picture illustrates a typical 2-dimensional situation

N(D)

7. THE BETTI NUMBERS OF THE MODULI SPACES

The way in which the stratification of-M = M~(O,O) has been defined makes it
difficult to describe the normal bundles of the various strata.
To circumvent this difficulty one can use an approach which has been ·applied by
Harder and Narasimhan in a similar situation [H/N]. Their idea was to calculate
the Betti numbers of a moduli space by 'counting points over finite fields and then
use the Weil conjectures'. In the situation at hand the space M is not a priori
defined over a number ring. However, one can find an extension of M over the
spectrum of a subring ACe and a closed point in Spec (A) with residue field F q

of positive characteristic p, so that there exists a good prime l i= p with

for all i.
Consider now the Zeta function of M F ,

q
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where vk(M-F ) counts the number of points in MF k. By Deligne's solution of
q 9

the Weil conjectures Z(MFq , t) can be written in the form

Z(M'F ,t) = Pi · · · · · P2n- i
q po····· P2n

with polynomials ~ of degree dim Hjt(MF ; '21), whose zeros all have absolute
q

value p-i [D]. In our situation we have to determine the Zeta functions of the strata
U(D) or, equivalently, of the varieties P(D)\lI(D) of unstable bundles. Using the
explicit description of these varieties as joins over secant varieties of rational normal
eurves, it is possible to calculate these Zeta functions. One finds that associated
t.o each component of M, there are natural numbers bo = 1, b2 , ••• ,b2(m-3h so that
the counting function Vk of the component has the form

2(m-3)

Vie = L b2i(qk)i.
i=O

()f course, this implies that the Zeta function of this component has the product
decomposition

More precisely:

Theorem 4 ([B/O]) The odd Betti numbers of the moduli space M~(O, 0) are
zero. The even Betti nu.mbers can be determined by a numerical algorithm.

Explicit formulas can be found in [B/O].

8. FINAL REMARKS

As I already mentioned in the introduction, the conjecture of Fintushel and Stern
has been shown to be true. In fact, there are at least three different (announce
lnents of) proofs.
'[,he first Olle - by Kirk and Klassen [K/K] - uses the concept of linkages in S3
to construct directly a Morse function with only even index critical points.
!\. second proof has been announced by FUruta and Steer [FIST]. Their starting
point is the observation that the representation space
Ilom· (1rrb(:E(g)/81),PU(2») Iconj. can be interpreted as moduli space ofequivari
ant Yang-Mills connections over a suitable covering surface of ~(g)/81

• Extending
the Atiyah-Bott method [A/B] to this equivariant setting they give formulas for
t.h(\ Poincare polynomials of the instanton homology.
'('here is still another interpretation of Hom· (7rfb(~(.a)18 1

), PU(2)) Iconj., going
ha.ck to Mehta and Seshadri [M/S]. These authors show that representation spaces
of cocompact Fuchsian groups can be identified with moduli spaces of parabolic
vpctor bundles 011 nHuked es.__IDR~~~~~,
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Using this description of R· (~(G)) Bauer [B] gives a third proof of the conjecture.
Finally, I like to mention another point of view which might be interesting. The
fundamental group 1r1 (~(g)) of a Seifert fibered sphere is isomorphic to the local
fundamental group of a corresponding Brieskorn complete intersection singularity.
Thus unitary representations of this group should give rise to reflexive modules
over the local ring of such singularities; equivalently, they should define vector
bundles over their minimal resolutions. It might be useful to consider the relevant
singularities as group quotients of cone singularities [Pl.
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1. INTRODUCTION

The purpose of this article is to give a classification of invariant SU(2)-instantons
on 84 for some equivariant SU(2)-bundles over S4 and to give some applications.
We use the term instanton for anti-self-dual connection here. It is well known that
t.he moduli spaces of SU(2)-instantons on the standard four sphere 8 4 are smooth
tuanifolds. When a group r acts on 8 4 isometrically and P is a r-invariant SU(2)
bundle, the moduli space M(P) of r-invariant instantons on P is defined as the
quotient of the space of f -invariant instantons divided by the f -equivariant gauge
t.ransformations. Then M(P) has a natural smooth structure as well. Instantons
on 8 4 are classified by the ADHM-construction [2] or the monad description [5],
so, in principle, we have a description of invariant instantons. On the other hand,
ror some group actions the invariant instantons have some geometric interpretation:
M. F. Atiyah pointed out as an important example that when f is the rotations
around 8 2 in 84 , the r -invariant instantons are interpreted as hyperbolic monopoles
[1]. In this article we consider subgroups of the maximal torus of SOC4) as r
a.nd f-equivariant SU(2)-bundles over 8 4 for which the moduli spaces of invariant
illstantons are one-dimensional, in particular when r is a finite cyclic group Za of
order a.
/\. crucial observation is as follows. Suppose r is a cyclic group and the r -action
is semifree with fixed point set {O, oo}. The quotient s3/r is called a lens space.
Il(~cause (S3 If) x R is conformally equivalent to (S4 \ {O, 00 } ) If, a r -invariant
illstanton on 8 4 induces an instanton on (S3 If) x R. Conversely Uhlenbeck's
n~lnovable singularity theorem [19] implies that an instanton on (S3 If) x R with
JJ2-bounded curvature comes from a f-invariant instanton on 8 4 •

III Section 2 a classification of invariant instantons is described for some equiv
ariant bundles over 8 4 • This is a special case considered by D. M. Austin [3]
and Y. Hashimoto and the author [13]. (The results of [13] are an extension of

~;t1prorted by the U.1(. Science and Engineering Research Council
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Hashimoto's MSc thesis (University of Tokyo, 1987)). As a byproduct the Euler
numbers of the moduli spaces of SU(2)-instantons on 54 are given [10]. In Section 3
an analogue of Floer's instanton homology group is defined for lens spaces with odd
order fundamental groups [12]. Using the classification in Section 2 and the above
correspondence between invariant instantons on S4 and instantons on (83 /r) x R,
these groups are described explicitly. In Section 4 an application to cobordisms
among lens spaces is explained; this is an extension of an argument in [11].
Acknowledgement. The author is grateful to M. Crabb for his reading through the
manuscript and all his comments.

2. DESCRIPTION OF ONE-DIMENSIONAL MODULI SPACE

2.1 8 1 x 5 1-invariant instantons.
Let T = 8 1 X 8 1 be a maximal torus of SO(4). Then topological isomorphism

classes of T-equivariant SO(3)-bundles over 84 with negative first Pontrjagin class
are parametrized by {(k1 ,k2 ) : k1 ,k2 EN}. We write P(k l ,k2 ) for the T-bundle
corresponding to (k1 , k2 ). Then P(k1 , k2 ) is characterized by

(i) The T-action on P(k1 ,k2 )oo (resp. P(k1 ,k2 )o) is given by the conjugacy
class of a homomorphism f : T ~ SO(3) defined by

(

COS 0 - sin 0 0 )
f(t l ,t2) = sinO cos (} 0 ,

001

where eie = t~lt~2 (resp. t~lt2k2). We call f the isotropy representation at
00 (resp. 0).

(ii) PI (P(k1 , k2 »[S4] = -4k1k2 •

In this subsection we consider T-invariant instantons on P( kl , k2 ). Taking a
double covering T of T, if necessary, we may consider T-invariant instantons on
a T-equivariant SU(2)-bundle P( k1 , k2 ) instead of P( k1 , k2 ). (The choice of the
double covering depends on k1 and k2 .) Note that c2(P(k1 ,k2»[84

] = k1 k2 .

The ADHM-construction reduces classification of SU(2)-instantons to that of cer
tain holomorphic SL2(C)-bundles over p3. Moreover S. K. Donaldson reduced the
classification to that of holomorphic SL2(C)-bundles over p2 = C 2 U 100 which are
trivial over Zoo. A pair of an SU(2)-instanton and a base point of the SU(2)-bundle
at 00 corresponds to a pair of a holomorphic SL2 (C)-bundle and a holomorphic
trivialization of the bundle on 100 •

By considering this procedure equivariantly, we can reduce the classification of '1'
invariant SU(2)-instantons to that of T-equivariant holomorphic SL2-bundles over
p2 which are trivial on 100 • Here we regard T as a subgroup of U(2) = SO(4) n
GL2 (C) which acts on p2 naturally.
Since the T-action preserves the holomorphic structure of the bundle, it can be
extended to an action of the complexification TO. Because p2 has a dense to-orbit,
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it would be expected that a small nlll11ber of data should classify TO -equivariant
holomorphic bundles. In fact such equivariant SL2 (C)-bundles were classified by
T. Kaneyama [17]. (Kaneyama assmned that the TC-acton is algebraic. This is
shown by, for instance, looking at a TC-action on monad3, which we shall mention
later. )
In our case they are parametrized by (k l , k2 ) E N and are expressed as E(kl , k2 )

in the following exact sequence.
'Po~ O(-kl - k2 ) ~ 0 EB O(-k2 ) EB O(-kl ) ~ E(k}, k2 ) ~ 0,

where 'P(f) = (Z;t+ k2f,zflf,z;2f). (We write (ZO,Zl,Z2) for the homogeneous
coordinate of P2.) Let t E TC be a lift of (t l , t 2 ) E TO = C* x C*. Then the
action of t on E(kl , k2 ) is induced from the actions on O( - kl - k2 ), 0, O( - k2 ) and
O(-kl ) which are defined below.

t· f(ZO,Zl,Z2) = t-.;k1 /2{:;k 2 /2 f(zo,t11z1,t;:lz2) f E O(-k} - k2)

t· f(ZO,Zl,Z2) = t-;kl/2t:;k2/2f(zo,tllz1,t;:lz2) f E 0

t I( ) t kl/2t-k2/2f( t-l t- l ) f E O(-k2). Zo, Zt ,Zz = 1 2 Zo, 1 Zl, 2 Z2

t· f(ZO,Zl,Z2) = t~kl/2t~2/2 f(zo,tllzl,t:;lz2) I E O(-k1 )

The T-invariant instantons on the T-equivariant SU(2)-bundle P(k1 ,k2 ) over 54
correspond to the fC-equivariant SL2(C)-bundle E(k 1 , k2 ). Note that the base
points of an SU(2)-bundle at 00 are parametrized by SU(2) and the trivializations of
a holomorphic bundle on 100 are, if any, parametrized by SL2(C). So, in general, one
holomorphic bundle gives rise to a family of (non-based) instantons parametrized
by SL2 (C)jSU(2). But we have now group symmetries. If we consider the base
points and the trivializations compatible with the T-action and the fC-action,
then they are parametrized by D(l) and C* respectively. Hence one fC-equivariant
holomorphic bundle gives rise to a family of T-invariant instantons parametrized by
C* jU(l) = R+. So we have

THEOREM 1 [3,13]. M(P(k1 , k2 » ~ R+.

Note that the dilation r : 54 --+ 84 (r E R+) rex) = rx, (x E R 4 U {oo} = 54)
induces a free R+-action on M(P(k1 ,k2 )). Theorem 1 says that M(P(kt ,k2 »
consists of exactly one orbit.
In particular the dimension of M(P(k1 , k2» is one. This can also be shown from
the Atiyah-Bott-Lefschetz formula. Let Pk be an SU(2)-bundle over 54 such that
C2(Pk)[S4] = k and Mk be the moduli space of instantons on Pk. The SO(5)-action
on 54 cannot be lifted to Pk if k -=F 0, but there is an SO(5)-action on Mk because
the action can be lifted up to gauge transformations_ Forgetting the T-action we
can think of M(P(kl , k2 )) as a submanifold of Mk for k = k1 k2 - (Since every non
trivial instanton on 54 is irreducible, the map M(P(kl ,k2 » -+ Mk is injective. Its
image is contained in the fixed point set Mr.) For [A] E M(P(k1 , k2» the tangent
space (TMk)[A] is a T-module. From the Atiyah-Bott-Lefschetz formula we have
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LEMMA 1 [12].

(™k)[A] = -1+ Laijsis~,

aij = I{e E {±I} : IiI S k1 - 1 ~ e , IiI S k2 _ 1 ; e }I,

where 81 and 82 are the components of (TS4)0 as complex representation spaces of
T: (T5 4

)0 = 81 + 82. (We fix an identification 84 = C 2 U { 00}.)

The constant term of the above two-variable Laurent polynomial is one. This gives
the dimension of M(P(k 1 , k2 )).

We already gave an expression of the holomorphic T-bundle corresponding to an ele
ment of M(P(k1 , k2 ». But to consider Za-invariant instantons later it is convenient
to give the monad description.
We recall the monad description [5]. Let V be a k-dimensional complex vector space
and W a 2-dimensional complex vector space. Suppose four linear maps 0.1 , 0.2, a, b
are given, where b: W ~ V, a1,a2 : V ~ V and a: V ~ W. When they satisfy

one has maps Az and B z below parametrized by Z = (zo, Zl , Z2) E C 3
\ {O}:

Az B zo--+ V ~ V E9 V E9 W ~ V --+ 0,

A z = (:::~ ~:~~:) , B z = (-zOa2 - z2 Ik,zoG.1 + z1 I k,zob).
zoa

They satisfy BzAz = O. Moreover if Az is injective and Bz is surjective for every
Z, one has a holomorphic bundle I1[Z)EP2 Ker B z 11m Az over p2. A trivialization

on 100 corresponds to an isomorphism W ~ C 2 •

For example P(3, 2) is given by

W = (!_a -l,!a 1)'
2' 2'

V = (e_ 1 .1,eo .1,e1 .l.,e_1_1,eo _l,e} _.l.}
'2 '2 '2 '2 , 2 '2

and aI, l}2, a, b defined below.

at at a
e-I,! ~ eO,~ ~ e1,t ~ !!,1

021 021 021
b 01 01

f-~,-l ~ e-1,-!~ eo,_!~ e1,-t
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Other matrix elements of aI, 02, a and b are defined to be zero. Here we define a
T-action on W and V by

where t E T is a lift of (t l , tz) E T. Then these data define a T-equivariant
holomorphic SLz(C)-bundle. In general the monad for P(k1 , k2 ) is given in a similar
way_
To recover an instanton from a holomorphic bundle, one has to solve a (finite
dimensional) variational problem [5]: find a hermitian metric on V such that
II al liZ + II 0z 11 2 + II a liZ + II b liZ attains the minimum. (The metric of W
is fixed because W is associated to the fibre of the SU(2)-bundle at 00.) Then
a solution gives rise to a set of data for the ADHM-construction from which one
can find a connection form. For P(k1 , k2 ) the variational problem is reduced to an
equation which is similar to Kirchhoff's law. Firstly let us write down solutions for
P(3,2). Let r E R+ be a parameter.

r ¥r ¥r
e-1,i ------+ eo,! ~ e1,! ~ ft,1

rl ~rl rl
f-~,-1 ~ e-l,-t~ eo,_~ ------+ el,-!¥r ¥r r

Here a metric on V is given so that {ep.v} is an orthononnal basis, and the positive
number written at each arrow describes the square norm of a matrix element of aI,

az, a and b for this basis. In general, if we call these positive numbers flows, the
equation is

(i) At each vertex the sum of the entering flows is zero. (In the above example
we have, for instance, r + (1 + J5)r /2 - (3 + J5)r /2 = 0 at the vertex e1 ~.)

, 2

(ii) At each unit square the two products of the flows corresponding to a1 a2 and
0Za1 agree.

(Every monad describing P(kJ , kz) satisfies (ii). So (i) is the essential equation.)
The author does not know how to solve this equation for general P(k1 , k2 ).

2.2 SI-invariant instantons.
If one takes a sufficiently complicated subgroup of T, one could expect that its fixed
point set in M k is the same as the fixed point set for the T-action. For a natural
number p let Tp be the subgroup {(t, tP) : t E 51} of T. We show that Tp satisfies
t.his property if p is odd and larger than k. The following argument is outlined in
IlO). For a fixed point rA] E M[p there is a unique lift of the Tp-action to an action
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on the adjoint bundle adPk = Pk xadsu(2) preserving A. Suppose that the isotropy
representation of the Tp-action on (ad Pk) at 00 (resp. 0) is

(

cose -sinO 0)
(t, tP ) t---+ sin 0 cos (} 0 ,

o 0 1

where ei9 = t 'oo (resp. ei9 = t 'o ). Then one can use the Atiyah-Bott-Lefschetz
formula to calculate the Tp-action on (TMk)[A]. The result is

The right hand side must be a Laurent polynomial in t with non-negative coefficients
and its value at t = 1 must be equal to dim M k = 8k-3. From these requirements we
can easily show, replacing 100 and 10 by -100 and -10 if necessary, that 100 = k1 +pk2 ,

10 = k1 - pk2 and k = k1 k2 for some k1 , k2 EN. (Looking at the value at 1 we have
2(1~ - 15)/p - 3 = 8k - 3, i. e. l~ - 15 = 4pk. Looking at the value at e21ri / r we
have 10 == ±loo mod p. Note that we assumed that p is odd.)
Then the Tp-action on ad P is isomorphic to a restriction of the T -action on ad P( k1 , k2

Moreover if p is larger than k, then the constant term of the Laurent polynomial is
one. Hence the dimension of M'[l' is one. Since R+ acts freely on MJp, it must be
a disjoint union of copies of R+. Because T is commutative, the T-action on Mk
preserves Mil' as a set. Since an action of a compact group on R+ must be trivial,
the T-action on M'[l' must be trivial, so we have Mil' = M'[.
We know from Theorem 1 that M'[ is a disjoint union of R+ 's and the number of
components is equal to the number d(k) of positive divisors of k. As an application
we find the Euler characteristic number of Mk.

THEOREM 2. X(Mk ) = d(k).

Here X(Mk ) = Ei(-l)idim Hi(Mk,R).

PROOF: Let X be M k \ M'[. Then we have shown XTp = 0. The Tp-action on
X may not be free. So the quotient space X/Tp is not smooth in general, but is
an orbifold, or a V-manifold. The projection map X -;. X/Tp is not in general a
circle bundle, but is a circle bundle in the category of orbifolds (a circle V-bundle).
Then we still have a version of the Thom-Gysin exact sequence for the de Rham
cohomology groups:

where H*(X, R) is the de Rham cohomology of X and H*(X/Tp , R) is here defined
as the cohomology of the chain complex of smooth differential forms on X which are
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basic for the Tp-action. Then if H*(X, R) and H*(X/Tp , R) are finite dimensional,
we obtain that X(X) = X(X/Tp ) - X(X/Tp ) = 0 and

X(Mk ) = X(M[) + X(X) = d(k) + 0 = d(k).

It suffices to see the finiteness of dim H*(Mk , R). This follows from the fact that
the moduli space of based instantons Mk is an SO(3)-bundle over Mk and that Uk
is a quasi-affine variety [5]. (In fact Hashinl0to gave an explicit embedding of Mk

into an affine space by identifying Uk with a space of representations of a certain
algebra [14].) •

The above argument does not give which Betti number is not zero. But the following
facts are known.

(i) J. Hurtubise showed that the first Betti number of M k is zero. In fact
7f'1(Mk) = 0 if k is odd and 7f'l(Mk) = Z2 if even [15].

(ii) Y. Kamiyama showed that the second Betti number of Mk is also zero. In
fact H 2(Mk ,Zp) = 0 for a prime number p larger than k [16].

2.3 Za-invariant instantons. Let Vi and V2 be two faithful complex I-dimensional
representation spaces of Za. We think of (VI EB V2 ) U {<X>} as S4 with a Za-action.
For simplicity we assume from now on that a is odd. (When a is even, the argument
is parallel except that we need a double covering of Zao For the details see J3,13Jo)
Let L be the kernel of the map Z x Z ~ Hom(Za, Sl) defined by (i,j) ~ V1®2 ~V2 J.

Then Hom(Za, 8 1
) can be identified with lattice points on the torus (R x R)/L.

A Za-equivariant SU(2)-bundle P over 8 4 is specified by the Za-actions on (P)oo
and (P)o and the second Chern class C2(P). A Za-action on (P)oo or (P)o corre
sponds to a conjugacy class of a homomorphism from Za to SU(2), i. e. the isotropy
representation. These three satisfy a compatibility condition. Note that the set
Hom(Za,SU(2»/conj. can be identified with the unordered pairs {/l,f2} such that
11 + 12 == 0 mod L. The compatibility condition is described as follows [12]. Let
{fo, - fo} and {f00' - lex>} be the pairs corresponding to the isotropy representations
at 0 and 00. Take one of the rectangles on R x R which satisfy.

(i) The four edges are parallel to R x {O} or {O} x R, so the vertices are written
as (Xl,YI), (Xl,Y2), (X2,YI), (X2,Y2) for Xl < X2 and YI < Y2- Moreover
Xl, X2, Yl and Y2 are integers.

(ii) The projection of the two-point set {(Xl, Y2), (X2' Yl)} to (R x R)jL is equal
to {fa, - fo} and the projection of {(Xl, YI), (X2' Y2)} is {feo, - fool·

Then the area (X2 - Xl )(Y2 - YI) of the rectangle is well defined mod a and the
compatibility condition is

ell fact the T-equivariant bundle P(X2 - XI,Y2 - Yl) can be regarded as a Za
('quivariant bundle P by restriction of the action, which satisfies C2(P) = (X2 -
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X1)(Y2 - Y1) and has the required isotropy representations at 0 and 00. (Here, since
a is odd, we have a unique lift Za --+ T of Za CT.)
If we identify Hom(Za, SU(2))/conj. with the set of isomorphism classes of flat
SU(2)-connections on the lens space S3/Z a , then the above formula could give the
Chern-Simons invariants of these flat connections.
The Za-equivariant bundles with one-dimensional moduli spaces are classified by
using Lemma 1.

THEOREM 3 [3,13,12]. Let {fo, - fo} and {foo, - fool be any two unordered pairs
corresponding to two elements ofHom(Za, SU(2) / conj. If the projection ofa rectan
gle on RxR satisfying (i) and (ii) above to (Rx R)/L does not have self-intersection
except vertices, then P(X2 - Xl, Y2 - YI) with the restricted Za -action has a one
dimensional moduli space of invariant instantons. Conversely all Za-equivariant
SU(2)-bundles with one-dimensional moduli spaces are given in this way_ Moreover
for each such Za-equivariant SU(2)-bundle, the one-dimensional moduli space is
diffeomorphic to R+.

PROOF: Suppose that a rectangle with vertices {(Xi,Yj) : i,j = 1,2} satisfies the
above assumption. From Lemma 1 it is equivalent to say that the number of iden
tity representations in a Za-module (TMk)[A] is one for [A] E M(P), where P is
P(X2 - Xl, Y2 - Yl) with the restricted Za-action. Hence M(P) is one-dimensional.
Conversely if the moduli space for a Za-equivariant SU(2)-bundle P is non-empty
and one-dimensional, then, as in the previous subsection, the Za-action can be ex
tended to a T-action for a double cover T of T and Za-invariant instantons are
actually T-invariant. Hence we can use the classification of T-invariant instantons
to obtain the result. I

The monad description of P( X2 - Xl, Y2 - Yl) can be explained using the corre
sponding rectangle: the space V which appears in the monad is spanned by vectors
corresponding to unit squares {(Zl, Z2), (Zl + 1, Z2), (Zl, Z2 + 1), (Zl + 1, Z2 + I)}
(Zl' Z2 E Z) sitting in the rectangle. The maps 01 and 02 could be seen as 'flows'
on the rectangle from the left to the right and from the bottom to the top respec
tively. The space W can be understood as a vector space spanned by two vectors
corresponding to the two-point set {leo, - fool. The maps a and b are local 'flows'
around these two points.
When a rectangle on (R x R)/L has self-intersection only on an edge, Lemma 1
can be used to see that the dimension of the corresponding moduli space is three.
In fact in this case the 'flow' obtains one more (complex) dimensional freedom at
the tangential edge. Similarly suppose that two rectangles corresponding to one
dimensional moduli spaces have intersection only on their edges and that the two
vertices of the one rectangle for the isotropy representation at 00 are equal to the
two vertices of the other for the isotropy representation at 0, then the union of the
two rectangles could be used to construct a three-dimensional moduli space. These
pictures could give the mona.d description of all three-dimensional moduli spaces
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to show that the the possibility of the diffeomorphism type of three-dimensional
moduli space is only (52 - { n-points }) X R+, where n = 0,1,2 [3].
In general it is convenient to describe a Za-equivariant monad as a collection of
finite dimensional vector spaces assigned to each unit square of (R x R)JL and
{foo, - fool together with four 'flows'. The dimension of the vector space assigned
to 100 or - 100 should be one.

When we fix the vector spaces, we can construct a deformation of a monad by
deforming the 'flows', which gives a family of instantons. Take an oriented closed
path on the torus (R x R)jL which lies in (Z x R)JL U (R x Z)JL. Then for each
non-zero complex number c new flows are defined as follows.

(i) In the place where the flow does not go across the path, the new flow is the
same as before.

(ii) To give the new flow, each component of flow (which is a homomorphism
between vector spaces) is multiplied by ci when it goes across the path,
where i is the multiplicity of the intersection between the path and the flow.

(When the path goes through 100 or -100' we can arrange the new flow so that, for
instance, the local flow a is the same as before and b is multiplied by ci as above.)
Since a torus has two closed paths homologically independent of each other, we can
construct a family of Za-equivariant holomorphic SL2 (C)-bundles parametrized by
C* x C* , which gives a map from C* x C* to the moduli space divided by dilations.
If P is a Za-equivariant bundle such that M(P)JR+ is compact, then the image of
t.his map should have a compact closure.
A similar idea is used in [13] to classify P such that M(P)JR+ is compact: the
eases we have described (M(P) ~ R+ and M(P) ~ 52 x R+) turn out to be the
only possibilities.
[t is now well known that an end of a moduli space corresponds to a splitting of the
hundle associated with 'bubbles'. Therefore by collecting our results, the following
eriterion can be shown.

THEOREM 4 [3,13]. A Za-equivariant SU(2)-bundle allows an invariant instanton
on it, ifand only ifit is isomorphic to a connected sum offinitely many T-eqwvariant
SU(2)-bundles with non-negative second Chern class. The connected SU.ID is con
structed by gluing neighbourhoods of 0 and 00 together.

'Lo glue P(k1 , k2 ) and P(ll' 12 ) at 0 and 00, one needs the condition that the isotropy
r<~presentationof P(k} , k2 ) at 0 is isomorphic to that of P(11 , 12 ) at 00 if restricted
t.o Za. (In [13] the above theorem is shown under the assumption a > c2(P)[54

].

Austin proved it in general by using a different argument in [3].)

li~XAMPLE 1. Let Vo be the standard complex one-dimensional representation space
of Za. Let I} and 12 be natural numbers coprime to each other, Vi = Vo®12 and V2 =
\~;"~-lt. Suppose that a is sufficiently large compared with 11 and 12 • (The precise
l'oudition will be given soon later.) Then P( I}, 12 ) has the following properties.

(i) P(l}, [2) with the restricted Za-action has a one-dimensional moduli space.
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The isotropy representation at 00 is trivial and that at 0 is V
O
@1112 0 Vo@-1112.

(ii) Let P be a Za-equivariant SU(2)-bundle over S4 such that the isotropy rep
resentation at 0 is the same as that of P(ll, 12 ). Suppose that there exists at
least one invariant instanton on P and C2(P)[S4] ~ c2(P(11,12 »[S4](= 1112).
Then P ~ P(1},12).

PROOF: (i) If we substitute 81 = Vi and 82 = V2 in the Laurent polynomial given
in Lemma 1, then the number of identity representations of Za in it is equal to the
dimension. It turns out to be one if a is sufficiently large so that the conditions
x12 -y11 == 0 mod a, Ik1t :::; 11 and Ik2 1 :::; 12 for integers x and y imply x = 11, y = 12

or x = -11, y = -12 •

(ii) From Theorem 4 we may assume that P = P( k1 , k2 ) for some k1 , k2 and the
isotropy representations of P( k1 , k2 ) and P( I} ,12 ) at 0 agree. Therefore if a is
sufficiently large so that the conditions kl l2 + k2 1} == ±21112 mod a and k1 k2 ~ 1112

imply k1 = 11 and k2 = 12 , then we obtain the result.•

We use this example in Section 4.

3. AN ANALOGUE OF FLOER'S INSTANTON HOMOLOGY FOR LENS SPACES

For an oriented homology 3-sphere ~, A. Floer defined the instanton homology
groups HI*(~) using instantons on Ex R [9]. For closed 4-manifold or V-manifolds,
it has been important to consider some cohomology classes on moduli spaces 6f
instantons [6,7]. For instance Donaldson's polynomial invariant is defined by using
certain cohomology classes. For 4-manifolds with boundaries, R. Fintushel and
R. Stern used some Z2-cohomology classes introduced by Donaldson [6] to compute
the polynomial invariants valued in the instanton homology groups in a special case
[8]. However it has not been made clear how these Z2-cohomology classes are related
to the instanton homology in a general context. In this section we use one of the
Z2-cohomology classes to define an analogue of the instanton homology groups for
lens spaces with odd order fundamental groups, as an attempt to understand this
cohomology class. For the details see [12].
A lens space is not a homology 3-sphere. It is only a rational homology 3-sphere and
every flat SU(2)-connection is reducible. When the instanton homology is defined,
a reducible fiat connection gives rise to a difficulty which ought to be solved in
itself: a reducible connection has a non-trivial symmetry and it causes a quotient
singularity in the space of connections. We do not deal with this problem here.
However when one uses a co~omology class of degree one, as we shall see, it is
rather easier to evaluate the class on certain moduli spaces if a flat connection has
exactly one-dimensional symmetry.
Recall that the instanton homology groups are defined by using a chain complex
(C,8) under a certain transversality assumption.

(i) C is spanned by the classes of irreducible flat SU(2)-connections on E.
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(ii) The matrix element of afor irreducible flat connections Al and A2 is given
by counting the number (with sign) of the components of a one-dimensional
moduli space of instantons on E x R which connect Al to A2 •

For a lens space S3/Za with a odd, firstly we define (C', a') similarly.

(i)' C' as a Z2-vector space spanned by the classes of non-trivial (reducible) flat
SU(2)-connections on S3/Za •

(ii)' The matrix element of a' for non-trivial flat connections Al and A 2 is given by
counting the number (up to mod 2) of the components of a one-dimensional
moduli space of instantons on (S3/Z a ) X R which connect Al to A 2 .

While Floer showed a2 = 0, there is no reason for the square of at to be zero as we
shall see. Recall that the proof of 82 =°depends on the two facts below.

(iii) The matrix element of 82 for Al and A3 is given by counting the number
(with sign) of the ends of a two-dimensional moduli space of instantons on
E X R which connect Al to A3 •

(iv) The two-dimensional moduli space has a free R action and the quotient is
bne-dimensional. Hence the nwnber of ends (with sign) is zero.

The reason why the two dimensional moduli space comes in is explained as follows
[9]. Suppose we are given a non-empty one-dimensional moduli space of instantons
which connect Al to A2 , and similarly A2 to A3 . Then one can construct an end
of a moduli space M(A l ,A3 ) of instantons which connect At to A3 • When A2

is irreducible, the dimension of the moduli space is two, which is the sum of the
dimensions of two moduli spaces. However if A2 is a non-trivial reducible connec
tion, then M(A1 ,A3 ) becomes three-dimensional, where the extra one dimension
comes from the dimension of the symmetry of A2 • In this case the number of ends
M(A l ,A3 )/R is not necessary zero (mod 2) since its dimension is two.
The idea to define an analogue of instanton homology groups is as follows.

(iv)' In the above situation suppose A2 is a non-trivial reducible fiat connection
and suppose we have a Z2-cohomology class u of degree one. An end of
M(A l ,Ag )/R is diffeomorphic to 51 X (0,1). (Here 8 1 is the symmetry of
A2 which gives an extra parameter in gluing two connections.) Then the
number of ends such that u[Sl] = 1 should be zero mod 2, since it is the
evaluation of u by the boundary of truncated M(A l , A3 )/R.

We define u by using the Dirac operator D(AI, A3 ) twisted by the bundle on which
Al and A3 are connected. If the numerical index of D(A I , A3 ) is even, then the
(leterminant line bundle for the family of the Dirac operators descends to a real line
hundle on M(A t ,A3 ) [6]. Then u is defined as its first Stiefel-Whitney class. Let
fJ(A t ,A2 ) and D(A2 ,A3 ) be similar twisted Dirac operators. Then we have

indD(A1 , A3 ) = indD(A t , A2 ) + indD(A2 , A3 )

(when ~ is a lens space). Hence if ind D(AI, A3 ) is even, then the parities of
illdD(A t ,A2) and indD(A2 ,A3 ) agree and moreover we can show that it is also
equal to U[SI] [12 Proposition 3.2].
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Now we define a map a" :C' ---+ C' as follows.

(ii)" The matrix element of a" for Al and A2 is given by the number (up to mod
2) of components of a one-dimensional moduli space of instantons which
connect Al to A2 such that the associated twisted Dirac operator has odd
index.

Then the argument in (iv)' implies 8"2 = o. An analogue of the instanton homology
is defined as the homology group of (C', a").
REMARK. We can introduce a Zs-grading for (C', a") [12].

Recall that instantons on (S3 /Za) x R with L2-bounded curvatures can be regarded
as Za-invariant instantons on 54. We can use the classification of Za-equivariant
SU(2)-bunc:lles which have one-dimensional moduli spaces of invariant instantons to
describe the boundary map a" explicitly. In addition to Theorem 3 we only have
to calculate the index of the twisted Dirac operator up to mod 2. It can be shown
that the index is equal to the second Chern nwnber mod 2. Hence we obtain the
following description.

PROPOSITION 1. [12 Theorem 4.2]

(i) C' is a Z2-vector space spanned by the pairs {f, - f} (f i= 0) of lattice points
of(R X R)jL.

(ii) The matrix elements of a" correspond to rectangles on (R x R)/L with
out self-intersection such that the centre of the rectangles are of the form
(a/2, a/2) mod L

4. COBORDISMS AMONG LENS SPACES

One could regard a: moduli space M of instantons on a 4-manifold X as a cobordism
between its ends and its singularities. When both can be described by some topo
logical data of X, each cohomology class of M of degree dim M - 1 gives rise to a
certain equation for the data. Such an idea was first developed by Donaldson [4] and
subsequently used by Fintushel and Stern [7] and T. Lawson [18] for V-manifolds.
Suppose given a sequence of instantons. Then an end of the moduli space of instan
tons corresponds to divergence of their curvatures at some points on the 4-manifold.
On a smooth 4-manifold the divergence could be captured by instantons on S4 [4].
On the other hand the divergence on a V-manifold could be understood by using
instanton on 54 jf, where r is a finite subgroup of SOC4).
Lawson used a certain non-existence result of invariant instantons on 84 to see
compactness of some moduli spaces for V-manifolds and used it to obtain some
results in topology [18].
In this section we use Example 1 in Section 2.3 to give an application to topology.
Let I} and 12 be natural numbers coprime to each other and a be an odd num
ber sufficiently large compared with 11 and 12 - Let us identify 83 with the unit
sphere of the Za-module Vo

tZll2 EB VO
tZl - 11

, where Vo is the standard one-dimensional
representation. We write L(a; 11 ,12 ) for the quotient S3/Z a •

1

I
J
.~

j
~
':
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THEOREM 5. Suppose X be an oriented closed 4-dimensional V-manifold which
satisfies

(i) 7r"l(X) = 1. (The fundamental group of the underlying space of X, not the
orbifold fundamental group of X.)

(ii) H2 (X, Q) = O.
(iii) There is a singular point p whose neighbourhood is of the form cL(a; 11 ,12 )

(the cone on L(a; 11 ,12 )).

Then there is a singular point (# p) whose neighbourhood is of the form S3 jr with
Irl 2:: a/(1112).

SKETCH OF A PROOF: Let us identify S4 with (Vo@12 E9 Vo®-h) U {oo}. Then we
can think of X as a 'connected sum' of X and S4 jZa at p and 00. Let P be an
SU(2)-V-bundle defined by a 'connected sum' of X x SU(2) and P(ll, 12)jZa. (We
can take the connected sum because the Za-action on (P(ll' 12 ))00 is trivial.) ~

Let M(P) be the moduli space of instantons on P. Then, after deforming slightly if
necessary, M(P) has a structure of a smooth one-dimensional manifold. Using the
one-dimensional moduli space of invariant instanton on P(ll' 12 ), we can construct
an end of M(P) diffeomorphic to an interval [4,6,11]. The property of P(ll, 12 )

showed in Example 1 (ii) says that this is the only end where curvature of instantons
diverges at p. Since the number of ends of a one-dimensional manifold is even, there
must be an end where curvature of instantons diverges at some other point q. The
amount of L 2-norm of the curvature concentrated on q is equal to or less than the
total amount of the L2-norm. When we write the neighbourhood of q as c(S3 jr),
then this inequality implies Irl ~ aj(I}12). I

COROLLARY 1. Let ~ be the connected sum L(a;11,12)#(#'i=lS3jZai)' where
S3 jZai is a lens space with fundamental group Zai' Suppose that a is an odd num
ber sufficiently large compared with 11 and 12 , and that ai < aj( /1 12 ) for i == 1, ... ,n.
Then ~ cannot be smoothly embedded in 54.

PROOF: Suppose there is an embedding ~ C S4. Then S4 is divided into two pieces.
l~rom one of them a counterexample of the previous theorem can be constructed. •

()ther applications of P(11,12) are given in [11] when I} = 12 = 1.
We remark that, using an argument similar to the above, one could conversely show
t.he existence of some invariant instantons on 8 4 topologically without appealing to
auy classification. The simplest example would be to show that M I is non-empty:
I(~t P be an SU(2)-bundle over p2 with C2(P)[P2] = 1, then the moduli space M(P)
()f instantons on P cannot be compact because a singular point of M{P) requires an
~'lld of M(P), which implies M I =/:. 0. In order to consider invariant instantons on S4
one could use, instead of p2, the quotient of a weighted 5 1-action on 55 = 5(C3 ),

which is a rational p2 with (at most) three singular points of the form c(S3 jZa).
A similar argument was used by Fintushel and Stern for another direction [7].



174 Furuta: Z/a-invariant SU(2) instantons over the four-sphere

REFERENCES

1. M. F. Atiyah, Magnetic monopoles in hyperbolic spaces, Vector bundles on algebraic varieties,
Tata Institute of Fundamental Research, Bombay, 1984.

2. M. F. Atiyah. V. G. Drinfeld, N. J. Hitchin and Yu. I. Manin, Constructions of instantons,
Phys. Lett. 65 A (1978), 185-187.

3. D. M. Austin, SO(3)-Instantons on L(p, q) X R, preprint.
4. S. K. Donaldson, An application of gauge theory of -4-dimensional topology, J. Differential

Geometry 18 (1983), 279-315.
5. S. K. Donaldson, Instantons and geometric invariant theory, Commun. Math. Phys. 93

(1984), 453-46l.
6. S. K. Donaldson, Connections cohomology and the intersection forms of 4-manifolds, J.

Differential Geometry 24 (1986), 295-341.
7. R. Fintushel and R. Stern, Pseudofree orbifolds, Ann. of Math. 122 (1985), 335-364.
8. R. Fintushel and R. Stern, Homotopy K3 surfaces containing E(2, 3, 7), preprint.
9. A. Floer, An instanton invariant for 3-manifolds, Commun. Math. Phys. 118 (1988),215-240.

10. M. Furuta, Euler number of moduli spaces of instantons, Proc. Japan Acad. 63, Ser. A
(1987), 266-267.

11. M. Furuta, On self-dual pseudo-connections on some orbifolds, preprint.
12. M. Furuta, An analogue of Floer homology for lens spaces, preprint.
13. M. Furuta and Y. Hashimoto, Invariant instantons on 8 4 , preprint.
14. Y. Hashimoto, Instantons and representations of an associative algebra, preprint, University

of Tokyo.
15. J. Hurtubise, Instantons and jumping lines, Commun. Math. Phys. 105 (1986), 107-122.
16. Y. Kamiyama, The 2 dimensional cohomology group of moduli space of instantons, preprint,

University of Tokyo.
17. T. Kaneyama, On equivariant vector bundles on an almost homogeneous variety, Nagoya

Math. J. 57 (1975),65-86.
18. T. Lawson, Compactness results for orbifold instantons, Math. Z. 200 (1988), 123-140.
19. K. K. Uhlenbeck, Removable singularities in Yang-Mills fields, Commun, Math. Phys. 83

(1982), 11-30.



PART 3

DIFFERENTIAL GEOMETRY AND
MATHEMATICAL PHYSICS



177

Differential geometry has proved to be a natural setting for large parts of mathe
matical physics and conversely mathematical physics has provided a supply of new
ideas and problems for differential geometers. Perhaps the best known example of
this two-way interaction is given by the instanton solutions of the Yang-Mills equa
tions - first noted by physicists but now playing an important role in several areas
of mathematics.. There are, however, many other very interesting special equations
and theories; some of them, like the "monopole" equations, close relatives of the
Yang-Mills instantons and some rather different .. In this section we have a number
of papers which exemplify this rich interaction.

The paper of Manton describes the Skyrme model, which is of practical interest
in physics and is also very attractive mathematically. The theory appears to offer
a number of challenging problems in the calculus of variations; being a variant of
the well-known harmonic map theory in which the energy integrand is modified by
a quartic term. The intriguing scheme described by Manton, relating the Skyrme
Inodel to instantons, also displays very well the beautiful classical geometry involved
in the explicit description of the instanton solutions.

An important line of research on instantons, going back to the seminal paper of
Atiyah and Jones [AJ), bears on the limiting behaviour of the homotopy and ho
lIlology groups of the instanton moduli spaces over S4, for large Chern numbers.
The "Atiyah-Jones conjecture" suggests that these agree with the homotopy and
homology groups of the third loop space of the structure group. From quite differ
('fit directions, Taubes and Kirwan have made important advances on this problem
recently. Analogous problems and results apply to the moduli spaces of monopoles.
rrhe paper of Cohen and Jones below describes more refined results in this direction,
/!;iving a complete description of the homology of all the monopole moduli spaces in
t.erms of the braid groups (which also enter into the Jones theory of link invariants,
as described in Atiyah's lecture in Durham).

Next we have two papers on the oldest branch of differential geometry-the geome
t.ry of submanifolds. The article of Hartley and Thcker develops a general framework
for dealing with variational problems for submanifolds, more complicated than the
sirnple minimal surface problem. A well-known instance of this kind of theory in
t.he mathematical literature is the work initiated by Willmore, for surfaces in R 3 •

,I'lle paper of Burstall gives a fine illustration of the application of the holomorphic
J!.()ometry of the Penrose twistor space to minimal sunaces..

'I'lte papers of Tod and Wood are quite closely related. Both consider special differ
«'Iltial geometric structures in 3-dimensions, with particular reference to Thurston's
!loInogeneous geometries, which have to do with the space of geodesics in a 3
Iliallifoid (the mini-twistor space, in Tod's terminology). These structures seem to
Ilave a good deal of potential, posing many natural questions (for example the ex
1~;f.()llce of Einstein-Weyl structures on general 3-manifolds) and offering scope for
:.i,t;llificant interactions with 4-dimensional geometry. Note that there are similari
t i.>s between the diS(~llH:..;iOll ill the last section of Wood's paper, on the passage from
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a Seifert 3-manifold to an elliptic surface, and the technique described in the paper
of Okonek for studying the representations of the fundamental group of a Seifert
manifold.

[AJ] Atiyah, M.F. and Jones, J.D.S. Topological aspects of Yang-Mills theory
Commun. Math. Phys. 61 (1978) 97-118
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ABSTRACT The first part of this paper is a brief review of the Skyrme model,
and some of the mathematical problems it raises. The second part is a summary
of the proposal by M.F. Atiyah and the author to derive families of Skyrme fields
from Yang-Mills instantons.

1 THE SKYRME MODEL
IIadronic physics at modest energies (a few GeV) is concerned with the interactions
of nucleons (protons and neutrons) and of pions. About 30 years ago, Skyrme
:-luggested a model for these particles which is still useful (Skyrme, 1962), despite
t.he fact that the particles are now believed to be bound states of quarks. In the
Skyrme model only the pion field appears, and the nucleons are quantum states of
a. classical soliton solution of the pion field equations, known as the Skyrmion.

Nucleons have baryon number 1, their antiparticles have baryon number -1, and
,)ions have baryon number o. In any physical process the total baryon number
is unchanged. In the Skyrme model, a field configuration has a conserved integral
t.opological charge which Skyrme identified with the baryon number. The Skyrmion
has charge 1, and there is a similar solution with charge -1.

Sl<yrme's pion field is a scalar field U taking values in SU(2). I shall mainly consider
fi(~lds at a given time, and not discuss dynamics much. In this case, U is a map
from physical space R 3 to SU(2). The uniform field U = 1 represents the vacuum,
a.nd all field configurations are assumed to be asymptotically like the vacuum so
"(x) ~ 1 as Ixt -+ 00. Space may therefore be compactified to a 3-sphere of
ill finite radius. Let S3(R) denote a 3-sphere with its standard metric and ra.dius R.
,'l'/ f (2) with its standard metric is S3 (1) . U is effectively a map

(1)

11.:-; degree, deg U, is a topological invariant and an integer. Skyrme identified deg U
\vith the baryon number.
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U maps an infinitesimal sphere of radius E, centred at x, to a neighbourhood of
U(x). To lowest order in E, this neighbourhood is an ellipsoid, with principal axes
J.LIE,J.t2f. and P,3f., say. The energy density at x, proposed by Skyrme, is (Manton,
1987)

e(x) = J.t~ + JL~ + p,~ + J.t~J.t~ + JL~p,~ + #L~P~

and the total field energy is

(2)

(3)

Note the following about this energy expression:
1) E is the potential energy of the Skyrme field at a given time. Using Lorentz
invariance one can obtain the kinetic energy and hence the Lagrangian for dynamical
fields. The kinetic energy expression defines a metric on the function space of static
fields.
2) The vacuum field U = 1 has zero energy, and degU = O.
3) Presumably, finite energy implies that U (x) --+ const as Ixl ~ 00, but this
may not have been rigorously proved.
4) E is in dimensionless form. The energy unit and length unit are determined
from experimental properties of hadrons.
5) The symmetries of E are the Euclidean group of RS , and the 0(4) group of
S3(1). The latter is the "chiral symmetry" group. The choice of a vacuum U = 1
breaks this down to 0(3) which is "isospin symmetry".

It follows immediately from (2) that

e(x) ~ 6PIJ.L2Pa, (4)

and since J.ttJ.t2JLa is the modulus of the Jacobian of the map U, and the volume of
S3 (1) is 211"2, the energy satisfies the inequality (Fadeev, 1976)

E ~ 1211"2 1deg UI . (5)

Let En denote the infimum of the energy for fields of degree n. The symmetry
U ~ U-l (the inverse in SU(2» changes the sign of deg U, so En = E_n. It has
been shown (Castillejo and Kugler, 1987) that En < E,+En-l for any integer I not
equal to 0 or n, and Esteban has shown, assuming this inequality, that the infimum
is attained for each integer n by a smooth field whose energy is concentrated in a
single region of space (Esteban, 1986). The physical meaning of the strict inequality
is that there are attractive forces in the Skyrme model. It is easy to prove that
En ~ E, +En-l by considering fields of degrees 1and n -I glued together at a large
separation, but the strict inequality is less obvious.



Manton: Skynne fields and instantons 181

The vacuum is the lowest energy field of degree o. The lowest energy field of degree
1 is not known for certain, but physicists have assumed, and numerical evidence
makes it likely, that it is spherically symmetric. The lowest energy spherically
symmetric field is known as the Skyrmion, and its standard form is

U(x) = cos f(r)1 + i sin f(r)x · 0" • (6)

Here r = Ixl,i = xfr and 0'1,0'2 and uS are the Pauli matrices. The profile
function fer) has been determined numerically, by solving the variational equation
for f obtained from the energy functional. The boundary conditions are /(0) = 1r
and f(r) -+- 0 as r -+- 00, so U is continuous at the origin and deg U = 1. The energy
of the Skyrmion is 1.231 ... X 121r2 (Adkins, Nappi and Witten, 1983; Jackson and
Rho, 1983). A six-parameter family of Skyrmions is generated from (6) by the action
of symmetries. The centre can be moved to an arbitrary point, and the orientation
changed by conjugating U with some fixed element of SU(2). Replacing / by - f
gives the anti-Skyrmion with the same energy but degree -1. The physical nucleons
and anti-nucleons are obtained by promoting the position and orientation collective
coordinates to dynamical variables and quantizing these. The quantum states are
characterized by their momentum, their spin and their isospin. The nucleons have
~pin ! and isospin !' with the isospin "up" for the proton and "down" for the
rleutron.

Skyrme's motivation for choosing the energy density (2) was to have a simple gen
eralization of the harmonic map energy density p,i + J.t~ + JLi whose variational
equations had non-trivial solutions in R 3 • Skyrme's energy density is geometrically
natural in three dimensions, and one may use it to define the energy of maps from
a.ny 3-dimensional Riemannian manifold M to another Riemannian manifold N.
In this general context one may ask: (i) Is the infimum of the energy for maps in
(\etch homotopy class attained by some smooth map that satisfies the variational
pCJuations? (ii) Are there saddle-point solutions, i.e. non-minimal solutions of the
variational equations? (iii) Is the Skyrme energy functional in some sense a Morse
fu nction? These questions are open.

Some explicit (numerical) solutions to the equations have been found for special
,~('ometries. For example, solutions of all degrees are known for maps U : S3(R) -+

,t,<t(l), where R is finite (Jackson, Manton and Wirzba, 1989). Most of these are
:laddle points, and most do not have good limiting behaviour as R -+- 00. Other
!l()]utions, representing Skyrme crystals, are known for maps from a flat 3-torus to
8='(1) (Kugler and Shtrikman, 1988; Castillejo et aI, 1988). On the other hand,
uo solutions other than the vacuum are known for maps of degree zero from R 3 to
.~.:l ( l), despite an attempt to find a saddle-point solution (Bagger, Goldstein and
Soldate, 1985).
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A more detailed problem is the following. It is fairly easy to understand that the
energy bound 1211"2 is exceeded by the Skyrmion because R3 and' 8 3 (1) are not
isometric (Manton, 1987). More generally, there is a topological lower bound on
the energy for maps U : M ~ N which cannot be attained unless U is an isometry.
The problem is to find a stronger lower bound in the case that M and N are
geometrically distinct and there are no isometric maps between them.

For maps of degree 2 from R 3 to 8 3 (1), two solutions of the Skyrme field equations
are known. The first has the spherically symmetric form (6), but with /(0) = 211".
The energy is 1.83 ... X 2411"2, which is greater than that of two well-separated
Skyrmions (Jackson and Rho, 1983). It is a saddle-point of the energy functional
and has six unstable modes as well as six zero modes (Wirzba and Bang, 1989). The
other solution is axisymmetric and has energy 1.18 ... X 2411"2, which is less than
that of two well-separated Skyrmions (Kopeliovich and Shtern, 1987; Verbaarschot,
1987; Schramm, Dothan and Biedenharn, 1988). The energy density is concentrated
in a toroidal region. It is likely that this solution is the lowest energy Skyrme field
of degree 2, and it has eight zero modes.

One of the central problems in hadronic physics is to understand the interaction
of two nucleons at low energy. It is known experimentally that there is one bound
state of a proton and neutron - the deuteron - and there is a wealth of scattering
data. Much can be described with semi-phenomenological nucleon-nucleon poten
tial models, but there is no deep understanding of these. It is not yet possible to
calculate low energy phenomena using QeD, the theory of quarks and their inter
actions. It is therefore a challenge to see if the Skyrme model can describe them.
In principle, one should treat the Skyrme model as a quantum field theory and re
strict attention to the sector where the fields have degree 2. In practice, this leads
to all sorts of conceptual and computational difficulties. Instead, one may try to
select a finite dimensional submanifold of Skyrme fields, whose coordinates are the
physically relevant degrees of freedom at low energy, i.e. collective coordinates, and
one should quantize.

The simplest version of this idea is to quantize the eight collective coordinates of
the orbit of the lowest energy degree 2 solution (Braaten and Carson, 1988). One
of the quantum states is qualitatively like the deuteron. However, to describe the
deuteron quantitatively and to describe nucleon-nucleon scattering one needs at
least 12 collective coordinates since two well-separated Skyrmions have 6 collective
coordinates each, namely their positions and orientations. A candidate for a 12
dimensional set of Skyrme fields of degree 2 is the unstable manifold of the orbit
of the spherically symmetric solution (Manton, 1988). This manifold has not been
investigated in detail, but it probably includes well-separated Skyrmions in all po
sitions and orientations, as well as the orbit of lowest energy fields. It is an open
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problem to determine numerically which fields lie on this manifold, and to ascertain
whether the manifold is smooth at the lowest energy fields or has cusps there. It
needs to be smooth to give a physically sensible model.

2 SKYRME FIELDS FROM INSTANTONS
One natural way to obtain static Skyrme fields is as the holonomy of instantons
(Atiyah and Manton, 1989).

Suppose AJ.& is any SU(2) Yang-Mills gauge potential in (Euclidean) R 4 with finite
action and 2nd Chern class k. In a suitable gauge, AI£(x) decays faster than Ixl-1 as
Ixl ---+ 00. Let the time-lines in R4 denote the lines parallel to the time axis. They
are labelled by points of R3. Let U(x) be the holonomy of AI£ along the time-line
labelled by x. Formally

U(x) = p exp - f-: A,.(x, T) dT (7)

where 'f is the (Euclidean) time-cordinate and P denotes path ordering. U takes
values in SU(2), and hence may be regarded as a Skyrme field in R 3 •

U is unchanged under a large class of gauge transformations, but to ensure a com
pletely gauge invariant definition of U one should regard AI£ as defined on R 4

conformally compactified to 8 4 , and U as the holonomy along a circle on 8 4 which
starts and ends at the point at infinity. In most cases, this is equivalent to closing
the contour in (7) with a semi-circle at infinity. U is then well-defined up to conju
gation by a fixed (x-independent) element of 8U(2). Also, in this way, one ensures
that U(x) --+ 1 as Ixl --+ 00. It is a basic topological fact that the field U, regarded
a.s a Skyrme field, has degree k.

l'he moduli space of k-instantons (anti-self-dual Yang-Mills fields of 2nd Chern
class k), Mk, is an 8k-dimensional connected manifold (not 8k-3 because one allows
conjugation by fixed elements of 8U(2» (Atiyah, 1979). The holonomies have one
dimension less, as a time-translation doesn't affect them. These instantons therefore
~enerate a connected (8k - I)-dimensional manifold of Skyrme fields of degree k,
Mk =Mlc/R .

'I'here is no precise relationship between the anti-self-duality equations for Yang
Mi lIs fields in R 4 and the Skyrme equations in R 3 , so it is not surprising that none
()f the instanton-generated Skyrme fields are solutions of the Skyrme equations.
lIowever, some are good approximations to solutions discussed in Sect. 1, and Uk
:ilnoothly interpolates between these approximate solutions. In fact, the coordinates
of'Mk seem to correspond well to the collective coordinates of Skyrme fields relevant
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to k-nucleon physics at low energy. The symmetry group acting on Mle is the prod
uct of 80(3) (the adjoint action of 8U(2) on U) and the 15-dimensional conformal
group of R4. The 80(3) survives the holonomy construction as the isospin sym
metry of Skyrme fields, but the conformal group is broken down to the Euclidean
group of R 3 and dilations.

The l-instantons generate a 7-dimensional set of spherically symmetric Skyrme
fields. The seven coordinates define the centre, the orientation and the scale size.
In the standard position, the Skyrme field is of the form (6), with

(8)

,\ is the scale parameter. For this simple profile, the minimal value of the Skyrme en
ergy is 1.24 ... X 1211"2 when A2 = 2.11 ..., which exceeds the energy of the Skyrmion
by less than 1%.

The 2-instantons generate a 15-dimensional manifold of Skyrme fields. Some of
these 2-instantons may be identified with two well-separated l-instantons, and as
the time-separation tends to infinity, the resulting Skyrme field tends to a product
of two Skyrme fields of degree 1. 14 of the 15 dimensions are accounted for by the
positions, orientations and scales of these two degree 1 fields, and the last is the
time separation of the instantons which has little effect in the limit. H the spatial
separation is also large, then the time-separation may be continuously increased
from -00 to 00. The effect is to reverse the order of the product of the Skyrme
fields. A particularly symmetric configuration can occur when the time-separation
is zero.

2-instantons with rotational symmetry about the time-line x = 0 generate Skyrme
fields of the form (6). The profile function f(r) is quite complicated in general.
However, the 2-instantons with time reversal symmetry which correspond to two
well-separated single instantons of the same scale size ,\ (they have the same orien
tation because of the symmetry) give, in the limit of infinite separation, the simple
profile

(9)

The Skyrme energy is minimized when A2 = 2.62 ... and then E = 1.86 ... x 2411"2.
This is probably the lowest energy Skyrme field of degree 2 with 80(3) symmetry
that is generated from instantons. Its energy again exceeds the energy of the 80(3)
symmetric solution of the Skyrme equations by about 1%.
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(10)

A general formula for 2-instantons is known (Jackiw, Noh} and Rebbi, 1977).
Hartshorne has given a geometric characterisation of 2-instantons, and shown that
all can be expressed in this form (Hartshorne, 1978). These instantons are obtained
from an SU(2) matrix Uo and a potential

Al + A2 + As
p(x) = (:I: - X1)2 (x - X 2 )2 (x - Xs)2

where Xl, X2 and Xs are distinct points in R4 (poles), and AI,A2 and As are
positive constants (weights). (x- Xi)2 denotes the square of the Euclidean distance
from x to Xi. In terms of Uo and p the time-component of the gauge potential is

(
i Vp ) -1

A.. = Uo 2 p ·U Uo · (11)

An arbitrary Uo is necessary to obtain the full 16-dimensional moduli space of
instantons. The recipe for obtaining the associated Skyrme fields is to take the
formula (7) and multiply by -1. The factor -1 comes from closing the contour.

rrhe formula (11) depends on 17 parameters (the pole positions, ratios of the weights,
and Uo), but, as shown by Jackiw et aI., there is a I-parameter family of changes
(,0 the poles and weights whose effect is simply a gauge transformation. This may
be described geometrically as follows, according to Hartshorne. Suppose for the
rnoment that X I ,X2 and Xg are not collinear. Then associated with the poles and
weights are two coplanar conics in R 4 • (See Figure). Let Al,A2 and As be the
interior points on the sides of the triangle Xl X 2 X g , defined by

(12)

l'he first conic is the unique ellipse which is tangent to the sides of the triangle at
11 1 , A 2 and Ag. The existence of the ellipse follows, by the converse of Brianchon's
theorem, from the concurrency of the lines Al Xl, A2 X 2 and Ag Xg, and this in
t.1lrn follows, by Ceva's theorem, because

Xl As ·X2 A 1 ·Xs A2

As X2 • Al Xs · A 2 Xl
= 1. (13)

'rite second conic is the circumcircle of the triangle Xl X 2 X g •

Now, we have a pair of conics with a triangle Xl X2 Xg circumscribing one and
Illscribed in the other. By Poncelet's theorem, there is a porism (a one-parameter
Ll.lnily) of such triangles. A second triangle XiX~X~ is shown in the Figure, tangent
t.o the ellipse at A~, A~ and A~. Each triangle of the porism has associated poles
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(the vertices) and weights (defined up to an irrelevant multiplicative constant by
the analogue of formulae (12», but they all give the same instanton, up to gauge
tranformations. The pair of conics is the gauge invariant data which defines the
instanton.

This geometrical characterization of instantons is easy to visualise, but not very
convenient for computations. An equivalent algebraic characterization is very useful.
Here, the porism of triangles is described by a one-parameter linear family of cubic
equations. Let t denote the (real) rational coordinate along the circle t = tan 19,
where (J is an angular coordinate. Suppose that the vertices of one triangle of the
porism have coordinates tl, t2 and ta- Associated with the triangle is the cubic
equation

pet) - (t - tl) (t - t2) (t - ta) = 0 . (14)
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Associated with a second triangle of the porism, with vertices t~, t~ and t~ is the
cubic equation

p'(t) == (t - t~) (t - t~) (t - t~) = o. (15)

It is a remarkable fact that any triangle of the porism is associated with a cubic
equation of the form

Il pet) + J,t'p'(t) = 0 . (16)

The porism is therefore given by a (projective) line of cubic equations, with inho
mogeneous parameter Il' / p,. The same characterization of the porism as a line of
cubics also applies when the circle degenerates to a line. In this case, t is simply a
linear coordinate.

2-instantons are rather well understood, but the evaluation of the associated Skyrme
fields involves computing the holonomy. In practice, this means integrating the
ordinary differential equation

(17)

along a time-line. C is a 2 x 2 matrix of rational functions of r which depend on the
instanton parameters as well as on x, and \It is a 2-component vector. Eq. (17) is
of Fuchsian type, and since the integral is from -00 to +00 one may complete the
path of integration with a large semi-circle in the complex r-plane. The holonomy
is therefore a monodromy of the operator C. Since the problem is non-abelian, the
Inonodromy cannot be calculated by simply adding residues. It would be very inter
(\sting if these monodromies could be determined without numerically integrating
( 1.7).

So far, it has only been possible to calculate the Skyrme fields for special instan
t.ons where the holonomy is abelian along each,time-line. Expressions (8) and (9)
are examples. For the general 80(3) symmetric 2-instanton one can also give an
('xpression for the profile fer). The potential p depends only on r and r = lxi,

and it may be written as the ratio of two polynomials in r and r. The numerator is
quartic in r (and in r), and since p is positive for real r its roots are two complex
« onjugate pairs a ± ib and c ± id, with b and d positive. Then the Skyrme profile is

fer) = 1I"(b + d) • (19)

'I'ltis is not a simple expression, because b and d depend in a complicated (but
dll-'tebraic) way on r. An explicit formula could be found, since the quartic equation
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is solvable by radicals. Things simplify when there is time-reversal symmetry and
the quartic reduces to a quadratic in ,,2.

Another special 2-instanton generates a good approximation to the minimal energy
Skyrme field of degree 2. The conics associated with this instanton are a pair of
concentric circles in a spatial plane (perpendicular to the time-lines) with the ratio
of the radii equal to 2. The triangles tangent to the inner circle, with vertices on
the outer, are all equilateral. The Skyrme field generated from this 2-instanton is
axisymmetric about the spatial line perpendicular to the plane of the circles and
passing through their centres. It has not been possible to compute the Skyrme field
at a general point because the holonomy is non-abelian, but on the axis of symme
try and in the plane of the circles the holonomy is abelian and can be computed
straightforwardly. Suppose the field is in its standard position and orientation,
with the xg-axis as symmetry axis, and suppose the outer circle has radius R. Let
Xl = r cos 4> , X2 = r sint/> and Xs = z. Then, on the axis

(20)

(22)

and in the plane

U(r cos t/>, r sin 4>, 0) = exp i f(r) (0"1 cos 24> - (12 sin 24» , (21)

where

f(r) = 1(" [ r + IR 1_ r -IR 1].
(r2 +rR+R2)2 (r2 -rR+R2)2

There is qualitative agreement with the numerical solution of the Skyrme equations,
if one chooses the scale R appropriately. It would be interesting to quantitatively
compare the instanton-generated Skyrme field with the numerical solution, and to
compute its energy.

M2 , the set of Skyrme fields of degree 2 generated from 2-instantons, appears to
provide a sensible subset of Skyrme fields with which to model low-energy two .
nucleon interactions. However, one needs to understand the topology of M2 better. :
The Skyrme energy functional can be regarded as a Morse function on M2 and one
should verify that all the critical points correspond closely to true critical points of ..
the Skyrme model.

M2 is a set of static fields, but if the coordinates (moduli) of M2 vary with time,
then the fields become dynamical. The Skyrme Lagrangian, restricted to M2 , de- I

fines a Lagrangian on M2~ but the computations which are necessary to find and
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solve the equations of motion are heavy. Since the Skyrme model is itself only an
approximation, it would be natural to seek a Lagrangian on M2 , defined directly
in terms of instanton moduli, and of the same qualitative form as the Skyrme La
grangian. This requires that one find a metric 9 and potential energy V directly
in terms of instanton moduli. Given such data, the natural Hamiltonian to use
for the quantized dynamics is H = - V 2 + V, where V 2 is the Laplacian on M2

constructed using the metric g. The wave functions are (complex) scalar functions
on M2 • The novel feature of such a model in a nuclear physics context is that the
curvature and the non-trivial topology of M2 are important. Curvature alone can
lead to non-trivial scattering and quantum bound states.
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REPRESENTATIONS OF BRAID GROUPS AND
OPERATORS COUPLED TO MONOPOLES

RALPH L. COHEN AND JOHN D.S. JONES

Let Mk be the moduli space of based SU(2)-monopoles in R3 of charge k, see
for example [4]. Associated to each monopole c there is a natural real differential
operator 6c , the coupled Dirac operator. The space of solutions of the Dirac equation
6cf = 0 is k-dimensional and as c varies these k-dimensional spaces form a real
vector bundle over the space of monopoles. One of the main purposes of this paper
is to explain how this bundle is related to representations of the braid group.

Braid groups appear in the theory of monopoles in the following way. Let Ratk
be the space of rational functions on C which map infinity to zero and have k poles,
counted with multiplicity. In [10], Donaldson showed that there is a diffeomorphism

The topological properties of the space Ratk are extensively studied in [8] and in
particular it is shown that, for large enough N, there is a homotopy equivalence

Here ~N means N-fold suspension, (32k is the braid group on 2k strings, and B(32k
is its classifying space, an Eilenberg-MacLane space of type !{(/32k, 1). Combining
t.hese two results shows that the space of monopoles Mk and the space B/32k have
tIle same homology and cohomology; indeed if E is any (generalised) cohomology
theory, then E*(Mk) and E*(Bf32k) are isomorphic. Our aim is to investigate this
isomorphism between the K-theory of Mk and the K-theory of B/32k.

Vector bundles over a classifying space B'Ir arise most naturally from representa
t.ions of the group 'Ir. Indeed a well-known theorem, due to Atiyah [2], shows that
if the group 'Ir is finite then the K-theory of B'Ir can be computed from the repre
:~(\ntation ring of 'Ir by completion. The braid group /32k is not finite and Atiyah's
theorem does not hold; but nonetheless many interesting bundles arise from repre
~\(·lltations. On the other hand the moduli space Mk consists of .analytic objects,
n.llnections. One very natural way of constructing vector bundles over Mk is to
4'()llstruct differential operators using the connections and to form the index bundles
!"c H' the corresponding families of operators parametrised by M k. The isomorphism
IH·t.ween the K-theory of Mk and the K-theory of B(32k suggests that there may
1)(\ a. natural correspondence between representations of /32k and operators coupled

I'hp first author was partially supported by grants from the NSF and PYI. Both authors were
'.Ilpported by NSF grant. 1)MS-R505550
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to monopoles. Here we will study the coupled Dirac operator and the permutation
representation of the braid group.

It is natural to look at other representations of the braid group, in particular
those used in Vaughan Jones's construction of polynomial invariants of knots and
links, and to see if these representations have some interpretation in terms of the
space of monopoles. We will make some comments on this project in §6. The Jones
polynomials have been given a gauge theoretic interpretation by Witten [18] and it
is natural to wonder if there is any direct connection between these various points
of view..

In this article we will summarise some of the ideas involved in establishing the
relationship between the permutation representation of the braid group and the
index bundle for the family of Dirac operators; full details will be given in [9].

The authors are indebted to Michael Atiyah, Simon Donaldson, Nigel Hitchin, and
Cliff Taubes, for helpful conversations and correspondence concerning this project.
The first author would like to thank the mathematics departments at Oxford Uni
versity and University of Paris VII for their hospitality while some of this work was
being carried out.

§1 MONOPOLES

The purpose of this section is to summarise the basic facts concerning monopoles
and Yang-Mills-Higgs theory and to show that there are many interesting topological '
features in the theory. Fix the structure group to be SU(2) with Lie algebra su(2).
We use the standard invariant inner product on su(2) and so su(2) becomes a three
dimensional Euclidean space. We study SU(2)-monopoles on R 3 equipped with its
standard (Euclidean) metric and orientation.

We consider pairs (A, cp) where:

(1) A is a connection on the trivial bundle SU(2) on R 3 ,

(2) t.p is an su(2) valued function on R 3 •

So A is a I-form on R 3 with values in su(2);

3

A = L AIL(x)dX#t
".=1

where AI' : R3 --+ su(2) and the xll are the coordinates on R3. The connection A
is called the gauge potential and ep the Higgs field. The pair (A, cp) is required
to satisfy several conditions. First we require the Yang-MilIs-Higgs action of (A, <p)
to be finite, that is

(I) U(A,ep) = f (11FA1I 2+ II DAepIl2) dvol < 00.iR3
\

Here FA = dA + A A A is the curvature of the connection A, D A is the covariant
derivative operator defined by A, a.nd dvol is the usual volume form on R 3. We also
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-
require a condition on the behaviour of <p at infinity. There are several different
conditions which may be imposed. Here we use the weakest condition which seems
to be sufficient [1 7]

(II)

Notice that we do not assume any asymptotic conditions on the gauge potential A.
In addition we impose a base point condition

(III) lim <pet, 0, 0) = (1,0,0).
t-+oo

Let A be the space of pairs (A, <p) E A which satsify these three conditions.
There is a natural map

I: (2282 -+ A,

where (2282 is the space of all smooth maps 52 -+ 52, which preserve the base
point (1,0,0) in 52. This map I is defined explicitly as follows. We identify the
unit sphere 52 with the sphere in su(2). Now given a map

define the pair I(0') = (A, <p) by the formula

A= P(lxl) [a C:I) ,da C:I)]
'P = -p(lxl)a C:I) ·

In this formula /3 : R -+ [0, 1] is a smooth cut-off function which is identically 0 if
I ~ 1/2 and identically 1 if t ~ 3/4, and [, ] is the Lie bracket on su(2).

PROPOSITION. The map I : 0 2 52 -+ A is a homotopy equivalence.

This is proved in [17]. It immediately shows that there is a definite topological
a.spect to the study of monopoles.

There is a group of gauge transformations

9 = Mapo(R 3, SU(2))

which acts on the'space A. Here Ma·po means those maps 9 : R3 -+ 8U(2) which
!\a,t.isfy the base point condition

lim g(t, 0, 0) = 1.
t-+oo
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Because of this base point condition g is contractible. Gauge transformations act
onA by

This formula makes sense since 9 is a matrix valued function and A is a matrix of
l-forms. The action of g on A is free and has local slices, see [17], and so we form
the quotient spaces

B = A/g.

The quotient map is a principal fibre bundle with fibre g and since g is contractible
we deduce that the projection A --+ B is a homotopy equivalence. The natural maps
fit into a diagram

1
B

and since each of these maps is a homotopy equivalence we deduce the following
proposition.

PROPOSITION. There is a natural homotopy equivalence

In view of these results A and 8 break up into components labelled by the integers
Z and we use the subscript k to denote the k-th component. This integer k is the
charge of the pair (A, <p). The above propositions show that

where nis2 means the space of all base point preserving maps 8 2 --+ 8 2 of degree k..
The Yang-MilIs-Higgs functional is invariant under the gauge group g and so

defines a function U on 8. The space Mk ~ Bk of based SU(2)-monopoles of
charge k is defined to be the space of absolute minima of U. If k 2:: 0 then M k can
be identified with the space of pairs (A, c.p) which satisfy the Bogomolnyi equation

where * is the Hodge star operator on R 3, modulo gauge equivalence. If k < 0
then M k can be identified with the space of pairs (A, <p) which satisfy the equation
DAcp = - *FA.

We concentrate on the case where k ;::: 0 and so study the space of solutions of
the equation D A <p = *FA. This space M k is a smooth manifold of dimension 4k
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and its geometrical properties are extensively studied in [4]. For example, when
k = 1 a monopole is uniquely determined by its centre, which is a point in R 3 , and
a "phase" parameter in 8 1 ; thus

In fact monopoles can be regarded as "time invariant instantons" in the following
sense. Given the pair (A,<p) we can form an su(2) connection

on R4 = R3 X R. This connection is independent of t and it is easy to check that
(A, <p) satisfies the Bogomolnyi equation if and only if a is self-dual,

where * is the star operator on R4 •

The following theorem, due to Cliff Taubes [17], shows that these spaces Mk
have some very interesting topological features.

THEOREM. The inclusion i : Mk ~ Bk is an "asymptotic homotopy equivalence";
that is there is a function q(k) with q(k) ~ 00 as k --+ 00 such that the map i
induces an isomorphism of homotopy groups 'Trq provided q ~ q(k).

Note that the homotopy type of 8k ~ ni82 is independent of k so the spaces Mk
provide finite dimensional approximations to a fixed homotopy type which become
better and better approximations as k --+ 00.

§2 BRAIDS

In the previous section we saw that the space of monopoles is a finite dimen
sional homotopical approximation to the space 0 28 2 of all base-point preserving
rllaps 8 2 --+ 8 2. In fact there is a more classical finite dimensional homological
approximation to this space and this is where braid groups come into the picture.

Define Ck = Ck(R 2) to be the space of unordered k-tuples of distinct points in
the plane R2. Then recall that the braid group {Jk is the fundamental group of Ck

ludeed it is well-known that Ck is the classifying space of the braid group 13k, that
IS

if i ~ 2.

It. is usual to draw braids as follows:
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Let Ck = Ck(R 2) be the space of ordered k-tuples of distinct points in R2. The
symmetric group Ek acts freely on Ck by permuting points and the quotient is Ck.
The covering 6k -+ Ck corresponds to a homomorphism

In terms of the diagram representing a braid this is given by mapping a braid to
the permutation of its end points.

There is a natural map
j: Ck ~ ni52

defined as follows. First replace the space Ck by the homotopy equivalent space
of configurations of k disjoint disks in the plane. Now given a configuration D =
{D1 , •• • ,Die} of k disjoint disks define a map In : 52 -+ 8 2 as follows. Regard the
domain of In as R2 U 00 and then In maps the complement of D1 U · . · U Dk to the
base point of 8 2 and on the disk Di it is the usual identification of DilaDi with 8 2 •

Then D ~ In gives the required map j : Ck ~ Q%S2. The main theorem relating
Ck and nis2 is the following result due to May, Milgram, and Segal [14], [15], [16].

THEOREM. The map j : Ck -+ nis2 is an asymptotic homology equivalence.

Now we see that there must indeed be a relation between the monopole space
Mk and the spa.ce BPk = Ck. There are maps

and the map i is an asymptotic homotopy equivalence whereas the map j is an
asymptotic homology equivalence. So the space Mk is a finite dimensional homo
topical approximation to nZ82 and the space Ck is a finite dimensional homological
approximation to the same space. However the precise relation between braids and
monopoles is rather more subtle tha.n the above remarks might lead one to expect
and it is explained in deta.il in §3.
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One may think of the map j : C" --. nls2 as superimposing, or gluing in, a
standard map, the identity of S2 or, to put it another way, the identification of
D2 /8D2 with the sphere 52, at each of k distinct points in the plane. There is a
similar superposition process in the theory of instantons on R4; in this particular
case this is the 't Hooft construction of instantons on R4 and in the case of a general
4-manifold this is the patching process due to Taubes. If we follow the analogy with
instantons, compare [5], we might think that there is a gluing process for monopoles
which superimposes a standard k = 1 monopole at each of k distinct points in the
plane and that this process leads to a map ,\ : C,,(R 3 ) ~ Mk with the property
that the composite

C,,(R 2
) ~ C,,(R 3

) ~ M" -+ 8" ~ nis2

is homotopic to the map j used above. Suppose indeed that such a map A exists,
then computing the induced homomorphisms on fundamental groups quickly gives
a contradiction;

and the induced homomorphismj. is surjective. But 7rl(Ck(R3)) is the symmetric
group Ek and the homomorphism

cannot factor through Ek.
This argument shows that the gluing proceedure for monopoles is considerably

Inore delicate than that for instantons. Indeed it is possible to superimpose "well
separated monopoles" but great care must be taken with this construction and
t.his is one of the points where the theory of monopoles is very different from the
(~orrespondingtheory of instantons.

§3 RATIONAL FUNCTIONS

To understand the full relation between braids and monopoles we need to use
J)onaldson's theorem relating Mk and Rat", the space of rational functions on C
which map infinity to 0 and have k poles.

'I'IIEOREM. There is a diffeomorphism Mk ~ Ratk-

The proof of this theorem is given in [10], [11], [12]. Now let Rat~ be the subspace
of Ratk consisting of those rational functions with k distinct simple poles; this is
til(' subspace of generic rational functions. If f E Rat~ then fez) can be written in
t,l1(\ form

n

f(z)=~~
L-t z - b·
i=l I
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where the hi are distinct complex numbers and the ai are non-zero complex numbers,
therefore

o - * kRat" = Ck XEk (C ) .

Here Ok is the space of ordered k-tuples of distinct points in C and C* is the space
of non-zero complex numbers. The symmetric group Ek acts on both Ok and (C*)k
by permutations. From this we deduce that Rat~ is the classifying space B/32,k of
the semi-direct product

/32,k = 13k ~ (Z)k

where {11: acts on (Z)k by permuting factors. This group f32,k can be thought of
as the group of framed braids and it is naturally a subgroup of the group f32k.
The inclusion /32,k ~ f32k is given by the cabling process which can be described as
follows. Start with k pairs of pieces of string and twist the i-th pair ni times where
ni E Z. Now braid the k pairs according to the braid b E f3k. This gives a braid on
2k strings and the map which sends (13; nI, ... , nk) to this braid gives the inclusion
{32,k -+ {32k.

We now have the following diagram.

<p

Rat~ = B{32,k~ B/32k

t/Jl
Ratk = Mk

and the following theorem follows directly from one of the main results of [8].

THEOREM. Let E be any cohomology theory, then

cp* : E*(Bf32k) -+ E*(Bf32,k)

1/J* : E*(Mk) ~ E*(Bf32,k)

are both split injective and the splittings induce a natural isomorphism

We will use this theorem in the case where E is K -theory but before doing so we
discuss some of its implications. It is a reasonably straightforward piece of group
theory to check the following lemma concerning the braid group, for example see [7].

LEMMA. (1) The abelianisation of the braid group f3k is the integers Z.
(2) If k ~ 5 then the commutator subgroup [Pk, ,Bk] ~ {3k is perfect.

Given this lemma we can form the Quillen plus construction to kill [f32k, {32k] to
get the space B /3tk' and this space then has fundamental group Z and the same
homology, with any twisted coefficients, as B{32k. We know that ?rIMk = Z and, by
the above theorem, H*(Mk; Z) ~ H*(B/32k; Z) and so the following question seems
very natural
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QUESTION. Is there a homotopy equivalence
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The essential difficulty is whether there is a map Bf32k ---+ Mk which abelianises
the fundamental group and induces an isomorphism in homology with any twisted
coefficient system. Both spaces are as nice as possible, they are 4k-dimensional
manifolds and both have natural complex structures. A theorem due to Kan and
Thurston [13] asserts that any space is homotopy equivalent to a space obtained
by applying Quillen's plus construction to a space of the form B1r. It would be
rather remarkable if it were possible to obtain the monopole space by applying
the plus constrution to B/32k. If there is such an equivalence this would give the
neatest possible way of expressing the relation between braid groups and monopoles,
however for many purposes the above theorem is completely satisfactory since it
provides a definite method of producing the isomorphism E*(Mk) --+ E*(Bf32k) as
we shall see in a specific example.

§4 THE COUPLED DIRAC OPERATOR

Now we turn to the construction of vector bundles on the space Mk using diff
erential operators and the purpose of this section is to describe the basic operator,
the coupled Dirac operator, and its index bundle. Let 53 be the space of spinors
on R 3 and write E for the usual 2-dimensional complex representation of 5U(2).
Then the Dirac operator coupled to a pair c = (A, ep) E A is the operator

defined by the formula

3

ac(f) = 2:(ei @ 1)· (DA,i(f)) + (1 ® cp)f·
i=l

Here ei is the i-th generator of the Clifford algebra C3 of R 3 and D A,i is covariant
differentiation in the i-th direction in R 3 defined using the spinor connection on 53
Hud the given connection A on E. The ei act on 53 via the usual spin representation
of C3 and su(2) acts on E via the standard representation of the Lie algebra su(2).

In fact this operator is the time invariant Dirac operator on R 4 coupled to a time
illvariant instanton i~ the following sense. Given the pair (A, cp) form the connection
t \' == A + 'P dt on R4, as in §1. Now we can form the Dirac operator on R 4 coupled
tC) the connection a
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where st are the positive and negative spinors on R4. We can restrict this operator
to the subspace of functions on R4 = R3 X R which are independent of the fourth
coordinate t and since a is independent of t we get an operator

Now using e4 to identify st and S4 we can form the operator

Using the usual identification of the C3 module 53 with st where ei E C3 acts as
e4 ei this operator e4 • 00/ can be identified with the operator oc defined above.

Now note that Spin(3) is isomorphic to SU(2) and under this isomorphism the
spin representation 83 becomes the usual2-dimensional representation E of SU(2).
Therefore 83 ®E is the 4-dimensionaJ representation E0E of SU(2) x SU(2). This
representation has a real structure; indeed using the fact that Spine4) is isomor
phic to SU(2) x SU(2) the underlying real representation is the double covering
Spine4) ~ SOC4). The outcome is that there is there is a 4-dimensional real rep
resentation R of SU(2) x SU(2) whose complexification is E ® E. Therefore the
operator Oc has a real structure and there is an operator

whose complexification is oc. This operator Dc is the one we use and we refer to it
as the real Dirac operator coupled to (A, cp).

In [17] Taubes shows that this operator extends to a Fredholm operator on the
appropriate Soholev spaces. Furthermore if Cl and C2 are gauge equivalent the oper
ators OCl and OC2 are isomorphic and so we get a family of operators 6c parametrised
by the points c E 8. Taubes also shows that this is a continuous family and therefore
has an index bundle

ind(6) E KOO(B).

Recall briefly how this index bundle is defined. Let

Cc = coker8c

so both K c and Cc are finite dimensional real vector spaces. Suppose in fact that
the spaces K c form a vector bundle K over A and the spaces Cc also form a vector
bundle Cover A. Then

ind(o) = K - C.

In general the spaces K c do not form a vector bundle, nor do the spaces Cc , since
the kernel and cokernel of bc may jump in dimension, but we can reduce to this
case by a deformation, compare [2].
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Now we must identify this index bundle

using the equivalence of B with U28 2 • There is the usual isomorphism

52 = 5p(1)jU(1)

and we can compose this equivalence with the stabilisation

Sp(l)/U(l) ~ SpjU = lim 5p(n)jU(n)
n~oo
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to get a natural map 8 2 --+ SpjU. Now apply 0 2 to this map and use the equivalence

occuring in real Bott periodicity, a.nd we get a map

This map gives us an element 1 E KOO(U2S2 ) with corresponding components
"fA: E KOO(Ui52).

THEOREM. Using the natural isomorphism of1(00(8k) with KOO(QiS2 ) the index
bundle ind(6) can be identified with 1k:

1(00(8A:) ~ KOO(n~S2)

ind(6) +-+ ,k
This theorem is proved by adapting Atiyah's proof of Bott preriodicity [1] using

elliptic operators and it is given in [9]. In some sense the proof is straightforward
hut in detail it is quite tricky since it must necessarily involve the intricacies of
8-fold Batt periodicity in real K-theory. The complexification of the bundle, is
t.rivial so there is no way to avoid the extra complications of real K -theory and get
non-trivial results.

The appearance of Sp(l)jU(l) in the above description of I is very natural. In
the theory of monopoles for general Lie groups the asymptotic conditions imposed
011 the pair (A, <p) are that <p approaches a fixed orbit of the adjoint action of the
,~roup on its Lie algebra. In our case we see that using the identification of Sp(l)
wit,h SU(2) the unit 2-sphere in the Lie algebra su(2) can be identified with the
orhit of Sp(l) acting on a fixed unit vector, that is Sp(l)jU(l).
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§5 THE DIRAC OPERATOR AND REPRESENTATIONS OF THE BRAID GROUP

Now we look at the operator

where c E Mk. The first simplification is that since c now satisfies the Bogomolnyi
equation we can use the vanishing theorem of [17].

THEOREM.

Cc = coker(be) = 0

Therefore the spaces Kc = ker(cc) form a k-dimensional real vector bundle over
the monopole space M k and this is the index bundle ind(6) of the family of operators
Cc where c E Mk. Now we use the theorem of [8] described in §3 to identify
the corresponding bundle over B(32k, more precisely the corresponding element in
KOO(Bf3k). To do this we must first identify ~*(ind(6) where

is the map described in §3.
There is a natural representation

'Irk : f32,k ~ O(k)

defined as follows. Let ai be the generator of the i-th copy of Z in (32,k = (3k t>< (Z)k,
then in the representation 'lrk, ai changes the sign of the i-th basis vector in R k

and a braid b E 13k S; f32,k permutes the basis of Rk. Another way to describe this
representation is as the composition

where the first homomorphism is the obvious quotient and Ek ~ (Z/2)k is identified
with the subgroup of O(k) generated by the permutation matrices and the diagonal
matrices with ±1 's along the diagonal. This representation defines a bundle over
B(32~k which will still be denoted by 1rk. The corresponding bundle can be described
quite explicitly as follows. Let H be the real Hopf line bundle over C* = R X 8 1;

then 1rk is the bundle

THEOREM.

¢*(ind(6)) = 'Irk E KOO(B132,k)

The proof of this theorem is given in [9] so here we try to describe the intuition
behind it. First we deal with the case k = 1, then M 1 = R 3 X 8 1 and ind(b) is the
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non-trivial I-dimensional line bundle over M 1 , that is the (real) Hopf line bundle
over the circle 51. This of course immediately verifies the theorem in the case k = 1
since !J2

t
l = l, M 1 = BP2,1 and the Hopf line bundle is just ?rl. These facts have

the following intuitive interpretation. A I-monopole is determined by its centre in
R 3 and a phase, which determines its component in 51. The space of solutions of
the Dirac equation oc(/) = 0 is one dimensional and any non-trivial solution of this
equation has the property that if we rotate the phase of the monopole through 2?r
then this solution changes sign.

Now we look at the general case of Mk and restrict attention to the subspace of
"well separated monopoles"; this is the subspace obtained by gluing in I-monopoles
at k distinct points in R 3. Then it is natural to expect the solutions of the Dirac
equation coupled to such a monopole to be k-dimensional with one basic solution
associated to each of the k-distinct points. If the points are permuted then so is
the basis and if the phase of the i-th I-monopole is rotated through 2?r then the
sign of the i-th basis vector changes. Therefore the representation ?rk should appear
quite naturally. However as we have already pointed out the gluing process for
monopoles is quite subtle so that while this heuristic argument is quite convincing,
considerable care is needed to give a precise proof.

The next step is to look for the corresponding element of KOO(BP2k). First we
show that there is an element x E [(OO(BP2k) with the property that

c.p*(x) = ?rk

where c.p : BP2,k ---. BP2k is induced by the inclusion j : {32,k --+ (32k. The obvious
starting point is the permutation representation P2k : f32k -+ O(2k) and so the first
step is to compute the representation j*(p2k). Let q : (32

t
k --+ Pk be the quotient

homomorphism Pk I>< (l)k -+ Pk.

LEMMA.

j*(p2k) = ?r2k EB q*(Pk)

The proof of this lemma is quite straightforward. If we write the basis of R 2k as
Cl, ••• ,e2k then in the representation j*(p2k) the generator ai of the i-th factor l
acts by interchanging e2i-l and e2i and leaving the other basis vectors fixed while
a. braid b E (3k permutes the k pairs (el, e2), . .. ,(e2k-l, e2k). Therefore in the basis

11 = el - e2,···, Ik = e2k-l - e2k, !k+l = el + e2,···, 12k = e2k-l + e2k

t.he representation j*(p2k) is precisely ?r2k EB q*(Pk).
To find the element x E KOO(Bf32k) such that <p*(x) = ind(o) E KOO(Mk) we

need to find a way to subtract off Pk from P2k. In KOO(Bf32k) there is a natural
way to do this; at the level of representations things are more delicate and will be
analysed carefully in [9] . The inclusion i : Pk -+ {32k induces a surjection

i* : KOO(B(32k) ---. KOO(B{jk)

and this map has a natural splitting. More precisely we use the following proposition
from [6].
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PROPOSITION. There is a natural map

such that

(1) i* · a = 1, where i : f3k ~ {32k is the inclusion
(2) j* · a = q* where j : {J2,k -+ {32k is the inclusion.

From this proposition we see that the element x we have been looking for is
P2k - a(pk). Now by analysing the splittings which occur in the theorem of [8]
we end up with the following result, proved in [9], which gives the precise relation
between the index bundle for the family of Dirac operators coupled to monopoles
and the permutation representation of the braid group.

THEOREM. Using the natural isomorphism of KOO(Mk) with [(OO(B/32k) the in
dex bundle ind(6) can be identified with P2k - a(pk):

KOO(Mk) ~ KOO(B{32k)

ind(6) ~ P2k - a(Pk)

§6 FURTHER COMMENTS

It is natural to wonder which of the other representations of the braid groups
appear in index bundles of operators parametrised by the space of monopoles. The
above proceedure can be generalised as follows. We can couple the Dirac operator on
R 3 to the pair (A,cp) using any representation of SU(2). The Dirac operator has a
quaternionic structure and so if we couple it to a representation with a quaternionic
structure the corresponding index bundle will have a real structure. This gives a
homomorphism

where RSp is the quaternionic representation ring. Similarily we get a homomor
phism

where RO is the real representation ring and KSp is quaternionic K-theory. These
two homomorphisms will be studied in detail in [9]. These constructions give the I

most general natural elements of K-theory which can be constructed by these meth
ods.

The representations which are used in Vaughan Jones's work all occur in continu
ous one parameter families which for special values of the parameter factor through
the permutation group ~n. The corresponding bundles are homotopic, therefore
isomorphic, and so define the same element of K -theory. So [{-theory is not suffi
ciently sensitive to detect the difference between these inequivalent representations
and every K-theory class which arises from these representations factors through
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the permutation group. However the index bundles come as sub-bundles of a trivial
bundle of Hilbert spaces and so they inherit natural connections. It seems reason
able to guess that the holonomy of these natural connections is closely related to
representations of the braid groups and if true this would give a more precise way
of associating representations of the braid groups to these index bundles. One final
point worth mentioning is that the space of monopoles on hyperbolic space is also
diffeomorphic to the space of rational functions Ratk' see [3], and it may be possible
to exploit this fact. We plan to return to these ideas in future work.
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Abstract

We present a computationally powerful formulation of variational problems that

depend on the extrinsic and intrinsic geometry of immersions into a manifold. The

approach is based on a lift of the action integral to a larger space and proceeds by

systematically constraining the variations to preserve the foliation of a Pfaflian sys

tem on an extended frame bundle. Explicit Euler-Lagrange equations are computed

for a very general class of Lagrangians and the method illustrated with examples

('clevant to recent developments in theoretical physics. The method provides a

Ineans of determining spatial boundary conditions for immersions with boundary

and enables a construction to be made of constants of the motion in terms of Euler

Lagrange solutions and admissible symmetry vectors.

INTRODUCTION

(~urrent trends in theoretical physics have focussed attention on the properties of

sl>acetime immersions that extremalise various aspects of their geometrical struc

rnrc. Thus string theories are based on models that extremalise the. induced area

of two dimensional time-like world sheets. Their generalisations to p-dimensional

iUUllersions provide a dynamical prescription for (p - I)-dimensional membranes.

I'~xt,remalising the integral of the natural induced measure has provided a very rich

plu'llomenological interpretation in the context of particle physics and has led to

" 11lunber of speculations connecting gravitation to the other forces of Nature. In
111~\S(' developments the properties of the ambient embedding space for the various
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immersions playa minor role at the classical level. At the quantum level consistency

conditions constrain their dimensionality when the ambient space is flat.

A number of recent papers [1] have begun to investigate the properties of spacetime

immersions that extremalise integrals of certain of their extrinsic properties. Such

an approach incorporates the ambient space into the fundamentals of the theory

in a non-trivial way. At the classical level such models promise a rich and varied

phenomenological interpretation and offer important challenges for the quantisation

program of non-linear systems.

f
I
J
}

I
.\

In order to appreciate the properties of individual models constructed from their

extrinsic geometrical properties it is important to be able to study a class of models.

In this manner we may put individual properties into their proper perspective..

However the classical methods of the variational calculus applied to such higher

order Lagrangian systems become increasingly unwieldy for the models that we have

in mind. The traditional approach is to formulate the calculus of variations on a

bundle of k-order jets. In plinciple this formulation is available to us but we have .

found a more economical approach based on the use of exterior differential systems

on an extended frame bundle. This idea has been inspired by the work of Griffiths

[2] who has considered 1-dimensional variational problems in this context. For

variational problems that are concerned with the extremal properties of immersions

this approach seems both natural and powerful.

We consider below a class of immersions determined from properties of their shape

tensor. (The immersions with extremal volume are included as a special case.)

Immersions in this class lie at the basis of a number of recent membrane mod

els in theoretical physics and have been studied by Willmore and others in the

mathematical literature [3],[4]. We believe that the approach to be described will

provide a unifying route to the Euler-Lagrange equations of these and more general

geometrical actions.

1. The Darboux Frame and Second Fundamental Forms

Let C be a p-dimensional submanifold of an m-dimensional {pseudo-)Riemannian

manifold (M,g) with Levi-Civita connection V. For any point pEe write TpM =
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TpC E9 (TpC).L and denote by V the Levi-Civita connection of the induced metric 9
on C. Then

V'yZ =VyZ +h(Y,Z) W,ZETC 1.1

defines the shape tensor h E Tl(Tlvl). For the ranges a,b,c = 1, ... ,m; It, {3, 'Y =

1, ... ,p; i,j,k = p + 1, ... ,me Let {ea} = {ei,eQ
} be a local g-orthonormal

coframe for M such that {eQ}p E T;C and {ei}p E (T;C)l.. We introduce the

matrix TJab = g(ea , eb) with inverse TJ4b- If C is the image of the embedding map

f:D~M

then {e a } constitutes a local Darboux coframe adapted to C if

1.2

'Vi 1.3

Denoting the dual orthonormal frame as {Xa } = {Ni,Xa } we may expand the

shape tensor h in terms of the normal basis to define the set of m - p second

fundamental forms Hi on M:

VX,Y ETC 1.4

Since V'xa X{1 = -w~C(XQ)Xc in terms of the connection l-forms wah in a Darboux

frame:

or

1.5

Since

1.6

and each ei restricts to zero on C we see that:

1.7

\v here here and below ~ denotes restriction by pullback. The restricted structure

"(Illations imply that each Hi is a symmetric second degree tensor.
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2. Differential Ideals of Exterior Forms (5]

A set of differential forms {aA } (1 ~ PA ~ n) with a A E APA (T*B) on an

n-dimensional smooth manifold B generates a differential ideal I(B) in the exterior

algebra A(T*B) consisting of all forms of the type 1rA 1\ etA where 'irA E A(T*B).

The differential ideal is closed if for all A, do:A = pA B l\aB for some pA B E A(T*B).
Two sets of differential forms {aA} and {f3B}, not necessarily with the same number

of elements, are said to be algebraically equivalent if they generate the same ideal:

in which case any subspace of T(B) that annuls all forms in one set will also annuls

all forms in the equivalent set. In this case we write {aA} == {,BB}. The associated

space of an ideal I(B) generated by {etA} is the smallest subspace Q* C T*B such

that the exterior algebra generated by the l-forms in Q* contains a subset that

genera.tes I(B). The associated Pfaff system of {etA} is this set {61 ,S2, •.• sr} of

I-forms that span Q* and the rank of the ideal I(B) is defined as the dimension

of Q*. In the following we are mainly concerned with ideals generated by a set

of I-forms, known as a Pfaffian system. Then any Pfaffian system of rank r is

algebraically equivalent to a set of r linearly independent I-forms. An integral

manifold of an ideal I(B) is a mapping

F:D--+B 2.1

of maximal rank such that all forms in the ideal vanish when restricted to D, i.e.

Po. = 0 Yo. E I(B) 2.2

The closure of a Pfaffian system {SA} is the ideal containing {SA, dSA}. Since d

commutes with pull backs~ integral manifolds of the Pfaffian system {(JA} are also

integral manifolds of its closure and conversely. Clearly the closure of a Pfaffian

system is closed. The system is said to be completely integrable if it is algebraically

equivalent to a set of r exact I-forms where r is the rank of the system. This occurs

iff the system is (locally) closed. In this case one has a (local) foliation on B whose

leaves eA = constant are the integral manifolds of {IJA} == {deA} More generally a

system S of forms {o.A}, not containing O-forms, has as its characteristic system

Ch(S) the associated Pfaff system of its closure S = {o:A, daA} [6]. If r is the rank

of this associated Pfaff system then Ch(S) always possesses local integral manifolds
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of dimension dim B - r. These are the characteristic manifolds for S, and can be

used to determine integral manifolds of S itself. In the following we have been able

to bypass the explicit construction of Ch(S) by examining directly the structure of S
in order to determine the appropriate integral manifold for our particular problem.

3. Variations of Exterior Systems

A regular exterior differential system on a smooth manifold B consists of a differen

tial ideal I(B) C A(T*B) and a preferred set {nO'} of linearly independent I-forms

on B. An integral manifold of such a system consists of a smooth mapping

j:D--+B 3.1

such that 1is an integral manifold of I(B) together with the condition that {j*OO:}

is non-zero. The problem discussed below entails finding an appropriate space B

for an ideal I(B) in formulating our variational principle.

In the first instance we deal with an integral Ie f3 of a p-form f3 on a manifold M.

In our applications we have in mind that M is a spacetime. Thus we wish to find

the extremum of the integral

A(C,j) = Lf3 3.2

where f : D --+ M is a p-dimensional immersion, C = f(D) and f3 some prescribed

form constructed from properties of the immersion and the ambient space M. In

terms of the Hodge p-form, *1, defined with respect to the induced metric on C

\ve define the Lagrangian O-form £, by

3.3

A variation of f is a map

F : D x [-e, e] -+ M

h'ICh that f(p) = F(p,O) for all p E D. This defines a family of immersions It :
/) x {t} --+ M with ft(D) = Ct, t E [-e,e], and we seek a critical immersion

l ~ 10 such that

dA t d 1
dt 't=o = dt I3lt=o = °

Ct

3.4
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subject to conditions on aco- Denoting V = F. :t to be a variational vector field

on M we have in terms of the Lie derivative

dA t 18A[V] == -d It=o = £vf3
t Co

3.5

The problem is to compute LV f3 when f3 depends on properties of the immersion.

A relatively simple case occurs when t3 = *1 and p = m - 1. In this case suppose

V = N, the normal vector field to the varied hypersurfaces and choose f3 = iN * 1

in terms of the Hodge m-form on M, since this pulls back to the volume form on

D. Clearly £N/3 = i.~rd/3 = iNd *N, where Nis the metric dual of N, so using

3.6

3.7

3.8

we have

e5A[V] = - r (TrH)*l
10 0

Hence closed immersions of zero mean curvature {"minimal immersions"} will ex

tremalise our integral. To accommodate the induced variations in (3 in the more

general case we reformulate our problem by lifting f to a map j : D -+ B for some

suitable space B such that 6 = j(D) becomes a p-dimensional integral manifold

of a regular Pfaffian differential system {(JA, d()A} ,{na } on B. We now regard P
as a p-form on B such that f* f3 = i* i3 and look for integral manifolds j that

extremalise the integral

A(C,j) = fc~

for admissible variations F : D x [-e, e] --+ B , generated by the vector field V =
F* :t on B, and appropriate conditions on 86_By an admissible variation we shall

mean that the various maps it : D x {t} -+ B are also integral manifolds of our

system {(JA, dfJA }. This implies that admissible variations are generated by fields

V that satisfy:

i.e.

Since

'1.4 3.9

3.10

3.11
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for any forms AA it follows that admissible variations satisfy

3.12

Thus given some p-form f3 on M we have elevated the variational problem to the

determination of an integral manifold f of a differential exterior system such that

for all variations satisfying 3.12 we have

3.13

3.14

modulo boundary data.

Let us first consider the case where V is chosen to vanish on 8C. (One might

equivalently postulate 86 = 0 although in the classical spacetime context this is

a somewhat unphysical condition.) Then since £"(r = iyd + diy equation 3.13 is

equivalent to

kivd~ = 0

Note this statement is invariant under p-+ p+AA 1\ (}A since d(}A pulls back to zero

on D, and under ~ --+ ~ +dp. Furthermore 3.14 is satisfied if

3.15

provided V is admissible and evanishes on 8e.
Now suppose we seek a set of (p -I)-forms AA so that for all V, CVI BC = 0)

3.16

'Then 3.15 becomes with the aid of 3.12

3.17

Such an equation respects the invariances above and will be adopted as the set

of Euler-Lagrange equations for the integral manifolds that extremalise 3.8 for all

variations that vanish on ac.
\Vhen 6 has a boundary on which we relax the condition VIBe = 0 the above

4'ollclusions need refining. In general we do not expect to be able to impose either
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arbitrary or unique boundary conditions that determine (: from the Euler-Lagrange

equations. On the other hand we. do not expect that 3.17 will need modification in

the presence of boundaries. Thus we adopt 3.17 as before but re-examine

I
1

3.18

= Zi"Q"djj + f _i"Q"jj 3.19Jc Jac
where we have used Stoke's theorem in the second integral. At this point we can no

longer assert that A be stationary under arbitrary variations. However from 3.17

we may write

3.20

3.21

or using 3.10

6A[Vj = f _i"Q"(jj + AA 1\ OA)
Jac

for admissible variations. At this point it is useful to introduce the notion of an

admissible symmetry vector. V is an admissible symmetry vector, denoted f', if in

addition to 3.12

3.22

If such a vector field exists

or

where

f jt =0JaG 3.23

3.24

When M has a Lorentzian structure we may classify subspaces of TpD according to

the signature of the restriction of f* 9 to TpD. (Recall f : D -+ M.) We shall suppose

that for physical applications f(D) is an orientable time-like (or null) p-chain rep

resenting the history in Al of some spacelike (p - 1)-chain. (For timelike signature

f* 9 contains one timelike eigenvalue.) Then suppose we write

3.25
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where D± are spacelike (p - 1)-chains (corresponding to parameter time sli(~es tha.t.

"cap"D) and Dr is a timelike (p - I)-chain (corresponding to the history of a

spacelike (p - 2)-chain). Conditions on D± constitute initial and final data. Thus

we adopt spatial boundary conditions that ensure:

3.26

for all admissible V, so that

3.27

for admissible V.

It follows from the global boundary condition 3.26 that if r is an admissible sym

metry vector

3.28

is a constant of the motion for any spacelike (p -I)-chain DO' C D with boundary

in Dr'

4. The Extended Frame Bundle and its Darboux Leaves

Having set up a general variational formalism we wish to apply it to the problem of

extremalising 3.2 where f : D --+ M is an immersion and f3 depends on properties

of its extrinsic geometry.

Consider the orthonormal frame bundle (OM'I1r) of M, elements of which are

{p, {Xa }} for p E M. Extend this to the bundle B = (OM X R k , 1r) for some k, A

local coordinate system for UB C B is given by {x a , nab, Hi Otp} where {x a } are chart

functions for UM C M, aab = _aba parameterise the m-dimensional (pseudo)

orthogonal group and Hi a{3 = Hi {30/ are coordinates for R k. With the index ranges

d(~clared in section 1, we have k = tp(p+ I)(m-p) and dim B = m+ !m(m-l)+k.
IJ(~t us denote a local coframe by a set of I-forms

4.1
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Indices attached to forms on B will be raised and lowered using the matrix 'flab

introduced in section 1. A variation of C gives rise to a local foliation of M by

leaves Ct. Our first aim is to construct a local foliation V of B by subbundles

(1)(Ct ),1[') over Ct such that local sections (1M : UM ~ B give rise to a choice of

a local Darboux frame field adapted to each leaf Ct - Having established a set of

"Darboux leaves", V(Ct ), we shall lift our variational problem into B in order to

determine a critical leaf V(Co) by the Euler-Lagrange equations on B. From such

a leaf we may obtain the solution Co on M of our original problem by projection.

Any section (1M that restricts to (1eo : Co ~ 1'(Co) fixes a Darboux frame adapted

to Co-

Thus we seek an exterior differential system on B whose integral manifolds include

the leaves 1)(Ct ). Consider then the system S = {e i , 6i O'} where in terms of the

cofrarne 4.1

4.2

ili - wi _ Hi eP
(1 Q - 0' O'P

together with the preferred forms nO' = eO.

4.3

We claim that S possesses as a local integral manifold the leaf 1)(C) where C is a

p-dimensional submanifold of M and that locally

'D(C) ~ C x SO(C) X (SO(C))J.. 4.4

where SO(C) is the structure group for the orthonormal frame bundle of C and

(80(C)).1. the structure group for the bundle of orthonormal frames normal to C.

To justify this assertion we must obtain from S its closure S and examine its integral

manifolds. From the first structure equations:

= _Wij 1\ Bi + eO /\ Bi
o

using the symmetry of Hi o{3. Furthermore

4.5

4.6

4.7

4.8
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using both structure equations. Splitting

Ri _lRi 6/\ c0-2 obce e

into different index ranges and using 4.2,4 ..3 gives:

. 1· Q • Q ·1· . k
dOl = -R" Q etJ A e~ + R" Q'el-' /\ 8J + -R" 'J~8J /\ 0a 2 atJI °tJJ 2 OJtfi

-(Oi f3 + Hi /3,e'Y) /\ w/3 a - wi j /\ (oj 0 + Hi o/3e/3)

-dH i 0/3 A e/3 + Hi o/3WP'Y /\ e'Y - Hi ap(8 j P + HjP"'Y /\ ej') /\ f)i 4.9

Under pull back to integral manifolds we may work modulo products of the forms

4.2,4.3 hence:

In the first term the expression in brackets is 0., symmetric except for the curvature

term. However using the symmetry properties

we may write

R i - R i
1 0 /3 - - j'Po 4.11

4.12

4.13

in terms of the I-forms:

. . 1· . P · {J' {J' ••ea
OJ' = ea

'Ya = - 3'(R" a/3'Y +R" 'Y/3o)e + dH10'Y - W aHa /3~ - W 'YHz 0/3 + WI j HJ 0'Y

4.15

The closure of S is the system S = {8i,f)io,d8i,dBia}. From 4.6 and 4.14 we see

that integral manifolds of the system .

4.16
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are integral manifolds of S. The rank of PI(S) is the number of linearly independent

I-forms in it. Hence:

1 1
rank PI(S) = (m- p)+p(m-p)+2(m-p)p(p+1) = (m- p)(1+P+2P(p+I» 4.17

It follows that the integral manifolds of Pf(S) give rise to a local foliation V in

B whose leaves have codimension equal to the rank of PI( S). Since dim B =

!m(m + 1) + t(m - p)p(p + 1) we have:

dim (leaf V) = dim B - rank Pf(S) = p+ ~p(p -1) + ~(m - p)(m - p -1) 4.18

Thus the dimension of lea! V coincides with that of a bundle locally isomor

phic to C x SO(C) X (SO(C»l.. We may reorganise the local coframe for B

as {eO', w O'P ,wij , oj, 8i 0" ei 0',8} and we observe that a suitable coframe for leaf 1)

would be {eO/,wO'f3 ,wii }. Thus the maximal integral manifolds of P/(S) are just

the Darboux bundles (V(C),1r) which are those subbundles of B whose cotangent

spaces are locally spanned by such coframes. Since integral manifolds of Pf(S) are

integral manifolds of S and hence S we identify the bundles (1'(C), 1r) as leaves

of the foliation associated ,vith system 4,2,4.3. We have already seen in section 1

that the equations Oi ~ 0, (Ji O' ~ 0 (pulled back to C = 1r(V(C» c M enable us

to identify the pull backs of {e i } and {Hi
O'p } as the normal coframe and second

fundamental forms of C respectively.

It is of interest to examine the pull back equation ei Ot{3 ~ o. This equation may be

written in terms of a pull back of the exterior covariant derivative jj on sections of
A(T*C) as

iIi i f3 - i i jecry = '3(R OtI3"Y + R "YpOt)e + DH O'-Y +w jH Ot"'(

Thus from 4.11,4.12,4.13

In terms of the curvature operator R.xy on M:

4.19

4.20

4.21
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Furthermore:

-l .
V X· = eJ(Vx X·)X·X OI I 01 t J

4.22

4.23

in terms of the connection V induced on TC and the normal connection V -l on

(TC)-l. Thus
· i i(r7 X) - i(T7-l X )tf3W j = e v XfJ j = e v xI' j

and 4.20 becomes:

. -l . '.L .
+el(V~YJJXj)HJ a-r - eZ(Vx-yXj)HJ af3

which is just the Codazzi equation for C C M.

5. The Variational Problem on the Extended Frame Bundle

4.24

4.25

In section 4 we established a set 'D of integral manifolds for the differential system

(8, {nOl
}) on B. Leaves 1)(Ct) of its foliation contain the orthonormal frame bundle

for a p-dimensional submanifold Ct C M together with the bundle of normal

frames. For any Ct let

5.1

be any section of (V(Ct ),1r). Extend the map arbitrarily to give a local section

5.2

of B such that O'M restricts to u' on Ct - The section UM defines an orthonormal

coframe {O'A/ea} and connection forms {O'Mwa b} on M together with a set of func

tions {O'MH i ol,8} which we have seen in 4 are the components of the shape tensor

of Ct C M. The map 0'1\/ also defines a lift Ct of Ct to B:

5.3

and since Ct = It(D), a lift it :D --+ B of the immersion It = Fit: D X {t} ~ M;

it = (I'M 0 It 5.4
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so that

5.5

We may now lift our original variational problem onto B. For any p-form Pon B

such that

5.6

5.7
we have

A(C,f) = lfJ = 1u"Mii = fcii == A(C,j)

We now seek to extremalise A(C, i) under variations that preserve the foliation V

and are subject to conditions on ac. Thus for variations that vanish on 80 we seek

an immersion

such that

10 :D --. B 5.8

5.9d 1 ..- ,8lt=o = 0
dt ct

where Ct = It(D) and the variations preserve the exterior differential system
(S,nO):

\:It E [-e, e] 5.10

Then the solution (fo, Co = fo(D») to the original problem is obtained by simple

projection 1r : 'D(Co) --+ At.

We illustrate this procedure with

P= £(g(Trh,Trh»n

where on B

5.11

g(Tr h, Tr h) = r/irr,c:ra' 1JPf31 Hino,Hi f3f3'

corresponds to the square of the length of the trace of the shape tensor and n =

IIo:(eO'A) so O'uO = *1. According to 3.17 we must compute;

5.12

where

5.13
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iii P
() Q = W Q - H OtI3C

and the (p - I)-forms Ai and AiQ are to be determined. We have

where 1/'t/; = (-I)Q.,p for any q-form.,p. Using equations 4.6 and 4.14 we have

5.14

5.16

"Normal"variations of B are maps between leaves of the foliation V generated by the

vector fields {Xi, XiO!, XiQ,s} on B, dual to the system {Oi, 8i Q, ei 0,8}. Contracting

5.17 successively with these vectors yields:

i*{77iXj {1d~ + efJ 1\ Ai + (6{wfJQ - 6pWii) /\ Aia} = 0 5.19

j*{77iXi(J({1dP+e,8/\AiQ}=0 5.20

These are the Euler-Lagrangian equations for any Lagrangian f3 on C. From the

structure equations it follows that

5.21

so for our choice 5.11 of P
5.22

iXi {1dP ~ 0 5.23

iXi (J({1 d/3 ~ 2£'Hi~~1JQf3n 5.24

where £' == d~~x). The equations 5.18-5.20 are all pulled back to D. In the follo"ring

we shall write equations on C that are readily pulled back to D by applying maps

induced from f. Thus the Euler-Lagrange equations may be written
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ep A >..i + tJ>..i j3 +wi i A >..i p = 0

(-1)(p-l)2.c'Hi-Y-y7]ap*1 + ef3 A >..i a = 0

where for any form Ilai

DJlai = dJ.Lai - wf3
0 A Jl Pi

is the exterior covariant on sections of A(T*C) and

1. .
D f.loi = dJ-Lai - w' i A f.lcxi

5.26

5.27

5.28

5.29

is the exterior covariant derivative on sections of A«T*C)J..) induced from the nor

mal bundle. From 5.27,5.34

5.30

By the first structure equation, D*ea = 0, so

5.31

Then 5.26 becomes

5.32

with solution

5.33

We have the relations

5.34

5.35

where ~.l.. is the Laplacian induced from the connection in the normal bundle on
any 0-form tl>:

5.36

5.37

and

A=VxaXa

Inserting >"i and>.. i ex into 5.25 and using 5.34 and 5.35 we obtain finally

A1-(£'H;OI 01) - i£H;OI 01 - £'Hi 01 Ot(RiPPi - Hj!J-y HiP-Y) = 0 5.38
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This is the Euler-Lagrange equation for the immersion C into M which extremalises

[ £(g(Trh,Trh»:n

A few specific examples may serve to illustrate the scope of this result. Consider

first

£,=1 5.39

The action above is the p-dimensional volume of C and since £" = 0 the Euler

Lagrange equation is simply:

5.40

This is the familiar equation for an immersion with extremal volume.

As a more complicated example take

5.41

for some constant K. This is the generalisation to p-dimensional immersions into

a curved spacetime of Polyakov's "rigid string "Lagrangian density [7]. We have

£,' = K,

so the Euler-Lagrangian equation is:

5.42

Finally take the real root

{, = (±g(Tr h, Tr h) )C/2 == ITrh IC

for some real value c ~ 1. Then 5.38 becomes

5.44

This equation agrees with that obtained by Chen and Willmore [3] for the special

case p = m - 1 with M flat" and with that obtained by Weiner [4] for the case

(" = p = 2 in a space of constant sectional curvature.
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6. Boundary Conditions and Constants of the Motion

In this section we seek admissible variation vector fields VETB for the differ

ential system S defined in section 4. This will enable us to specify appropriate

boundary conditions and derive conserved quantities for the variational problem

discussed in 5. Adopt the coframe {ecW, w a ,8, wij , Bi, Oi a,ei 0,8} for B and let

{Xo , 'WOtIJ, 'Wii' Xi, 'W/lt , 'Wi°,8} be the dual frame with 'W01J = - 'Wfja, Wij =
-Wji , W/lt,8 = 'Wi ,8o. Any vector V E TB can be written

with appropliate index symmetries understood in the summation. As described in

section 3 V generates an admissible variation iff

6.2

Writing £''9" = di'9" + i"(rd, we can use the d(Ji and dO i a given in 4.6 and 4.14 to find

6.3

and
F' ni I"'V dyi ,8 Vi + i yi...... '9"{1 a - a - W a ,8 W j a

_(Ri o,8j - Hio-yHj"'Y fj )efJyi - e,8yi OtIJ

~ byia - (R i
afjj - Hia-yHj -y ,8 )eIJV j - elJV i afj

where the mixed exterior derivative iJ is

,. i _ i {3 i i j
DV 0 - dV a - W Q' Y fj +W j Y a

6.4

6.5

All the equations 6.2 to 6.5 hold under restriction by pullback to D or equivalently

to M. We shall suppress again pullback maps and write {eOt,e i } as a Darboux

frame for the immersion of D in M; with dual frame {Xa,Ni}. Putting 6.3 and 6.4

into 6.2 gives

6.6

6.7
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These are the constraints which must be satisfied by V of the fortll 0.1 if it is t,O

generate admissible variations. We note that the va, yap and yij COIUpOllcut,s

are unconstrained. They merely induce leaf preserving diffeomorphisms on V(C).

Furthermore we see that 6.6 and 6.7 completely determine Vi a and Vi ap in terms

of the Vi. Thus apart from leaf preserving diffeomorphisms an admissible V can

be given in terms of a single'vector yAt E (TC)1. given by

6.8

In terms of the connections V, V..L, 6.6 and 6.7 can be written

It is interesting to note that the left-hand side of 6.10 is symmetric in 0.(3 whilst

the right-hand side appears at first to be asymmetric. However, the antisymmetric

part of the right-hand side vanishes by virtue if the Ricci equation:

R i . - Rl.i . _ (Hi H .#Ot[ _ Hi H. #Ot[ )
Ja~ - JOtP Q-Y J {J {Joy J Q 6.11

Having established the admissible variation vectors VETB, we can now seek spa

tial boundary conditions. In pl-inciple such conditions need not bear any relation

to an extremalisation procedure. However the determination of the critical immer

sion by such a process always involves integrals over possible boundaries and it is

therefore natural to elevate the variational principle in such a manner that both the

Euler-Lagrange equations and compatible boundary conditions be simultaneously

determined. It is worth noting that for the higher order Lagrangian systems con

sidered in this paper, a determination of boundary conditions from a prescription

that considers only admissible variations vanishing on a boundary is no longer suffi

cient to exhaust all possibilities. Specifying the derivatives of admissible boundary

variations (arbitrarily) enlarges the space of possible boundary conditions. In this

paper we have adopted the view that for immersions into a Lorentzian spacetime

the variational procedure determines spatial boundary conditions in any manner
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that results in the (lifted) variational integral being stationary modulo integrals

over (lifted) space-like chains. Thus from 3.26 the conditions should ensure that

f j{r = 0
Jj(Dr)

where

i y = iv(~ + Ai A (}i + AiQ A (}iQ)

~ iv~ + TJAi A iV(}i + TJAia A i'{r(}ia

For our choice [3 = .en
iv13 = .cVaix

Q
n ~ .e*liT

where the vector V T E TC is defined by

6.13

6.14

6.15

and VT is the dual form related to it by the metric o. Substituting Ai, Aia from

5.33, 5.30 and using 1.6 j"(r becomes

6.16

Thus

Z jy= f *{.cVT +2(.c'HiP,sD.LVi-ViD.L(.c'H/p»} 6.17
Ji(Dr) J!(Dr )

If the spatial boundary f(D r ) of feD) has a unit normal field n E TC then the

induced volume element on f(D r ) is

6.18

The integral 6.17 can be rewritten in terms of n, Vl.. and the vector Tr h = HiexaNi,
so that the boundary condition 6.12 becomes

f {.cVT(n) + 2{ .c'Tr h(V*"VA') - VA'(V*"(.c'Tr h»}}#1 = 0 6.19
J!(Dr)

To satisfy these boundary conditions for arbitrary V T , VAl" and dVN" we can take

either:

#1 =0 on 6.20
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or

.c = 0 and V'-;«(,'Tr h) = 0 and £'Trh = 0 on f(D r )

6.21

For example, for an open membrane in Lorentzian spacetime with the Lagrangian

5.39 the boundary condition on Dr is

#1 =0 6.22

Condition 6.22 implies that the induced metric on the spatial boundary is degen

erate. For strings, this is the familiar condition that the ends of the string move

at the speed of light. For (p - I)-dimensional membranes (p > 2), it implies that

the spatial boundary sweeps out a null surface, possessing a single null direction

and (p - 2) space-like directions. This is a stronger condition than requiring the

boundary to move at the speed of light (although the latter still applies).

For the Lagrangian with 5.41 the conditions 6.21 are incompatible for an immersion

with boundary and 6.22 may be imposed in the Lorentzian context. On the o·ther

hand fo~ admissible variations that vanish on f(D r ), but not their derivatives we

see from 6.19 that an alternative boundary condition is

(,' Tr h = 0

Thus for the Lagrangian 5.41 with 5.42 we may impose

6.23

Trh = 0 on 6.24

For the Lagrangian 5.44 we have the alternative boundary conditions on f(D r ):

Trh = V';(Trh) = 0 6.25

To find the constants of the motion given by 3.28 we need to determine the admis

sible symmetry vectors r. Recall that V = t is an admissible symmetry vector ifit

satisfies 3.12 and 3.22. Thus for solutions of 3.17 the current it = it(~ + AA /\ (}A)

satisfies

6.26



228 Hartley & Tucker: Extremal immersions and the extended frame bundle

Since d COmtl1utes with pull backs this may be written on C as

6.27

Noting that

d*(C'HiP t3 D l..r i) = D.1.(C'Hi /3 ,8*DJ..ri) = nJ..(£'HiP ,8) 1\ *D.l.ri + £'HiP ,8~l.ri*l

6.28

and that

6.29

the symmetry vector condition 6.26 may be further rewritten

6.30

If this condition is satisfied, then by an argument similar to the one in section 3 the

quantity

Q(l')= {f*{.ctT(n)+2{.c'Trh(v~rAf)-tAf(V~(.C'Trh))}}#1 6.31
iDa

is a constant of the motion for any space like (p - I)-chain DO' (with boundary in

Dr) with unit (timelike) normal vector field n E f(TD) and:

6.32

Conclusions

As can be seen from the preceeding calculations, the differential system of con

straints on the extended frame bundle that we have used provides a convenient

framework for tackling a wide class of higher-order variational problems depending

on the extrinsic geometry of immersions. In this approach the Euler-Lagrange equa

tions are expressed in terms of geometrical quantities relevant to the problem. As

illustrated in section 6, the "natural" boundary conditions which arise for higher

order problems depend on a somewhat arbitrary choice of details in the variational

principle. We have adopted boundary conditions at the boundaries of space-like
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chains only, thus allowing for the specification of initial and final conditions. This

has also enabled us to construct constants of the motion in the presence of symmetry

vectors.

The general approach is both po,verful and flexible, and clearly lends itself to a

number of generalisations.
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Minimal surfaces in quaternionic symmetric spaces

F.E. BURSTALL

University of Bath

We describe some birational correspondences between the twistor spaces of quater
nionic !(ahler compact symmetric spaces obtained by Lie theoretic methods. By
means of these correspondences, one may construct minimal surfaces in such sym
metric spaces. These results may be viewed as an explanation and a generalisation
of some results of Bryant [1] concerning minimal surfaces in 8 4 •

This represents work in progress in collaboration with J.H. Rawnsley and S.M. Sala
mon.

BACKGROUND
This work has its genesis in our attempt to understand the following result of Bryant
[1]:

Theorem. Any compact Riemann surface may be minimally immersed in 8 4 •

To prove this, Bryant considers the Penrose fibration 1(' : CP3 --+ 8 4 = HPI. The
perpendicular complement to the fibres (with respect to the Fubini-Study metric)
furnishes CP3 with a holomorphic distribution rl C T 1,oCP3 and it is well-known
that a holomorphic curve in CP3 tangent to rt (a horizontal holomorphic curve)
projects onto a minimal surface in 8 4

• Bryant gave explicit formulae for the horizon
tality condition on an affine chart which enabled him to integrate it and provide a
"Weierstraf3 formula" for horizontal curves. Indeed, if j, 9 are meromorphic functions
on a Riemann surface M then the curve ~(f, g) : M --+ CP3 given on an affine chart
by

iP(j,g) = (I - ig(dg/dj),g, i(dl/dg))

is an integral curve of 1i. For suitable j, 9, ~(f,9) is an immersion (indeed, an
(~mbedding) and the theorem follows.

In [6], Lawson gave an interesting interpretation of Bryant's method by introduc
ing the flag manifold D 3 = U(3)/U(1) x U(l) X U(l) which may be viewed as the
t.wistor space of CP2 (the twistor fibring being the non-±holomorphic homogeneous
fibration of D 3 over Cp2). Again we have a holomorphic horizontal distribution 1(,
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perpendicular to the fibres of the twistor fibration but, this time, horizontal curves
are easy to construct. Indeed, viewing D 3 as P(T1 ,OCP2), JC is just the natural con
tact distribution and a holomorphic curve in CP2 has a canonical horizontal lift into
D3 given by its tangent lines.

The remarkable fact, implicit in Bryant'8 work and brought to the fore by Lawson, is

Theorem. There is a birational correspondence q> : D3 --. Cps mapping JC into 'H.

Recall that a birational correspondence of projective algebraic varieties is a holomor
phic map which is defined off a set of co-dimension 2 and biholomorphic off a set of
co-dimension 1.

Thus it suffices to produce horizontal curves in D 3 which avoid the singular set of <b
and this may be done by taking the lifts of suitably generic curves in CP2.

Lawson gave an analytic expression for ~ but a geometrical interpretation of the map
seemed quite hard to come by. An algebro-geometric interpretation has been given
by Gauduchon [4] but it is our purpose here to show how this map arises naturally
from Lie theoretic considerations.

QUATERNIONIC SYMMETRIC SPACES
The 4-sphere and CP2 may be viewed as the 4-dimensional examples of the quater
nionic Ka.hler compact symmetric spaces. These are 4n-dimensional symmetric spaces
N with holonomy contained in Sp(I)Sp(n). Geometrically, this means that there is a
parallel subbundle E of End(TN) with each fibre isomorphic to the imaginary quater- I

nions. There is one such symmetric space for each simple Lie group; the classical ones
in dimension 4n being

Following [7], we consider the twistor space Z of N which is the sphere bundle of E ,
Of, equivalently,

Z = {j E E: j2 = -I}.

This twistor space is a Kahler manifold, indeed a projective variety, and once more'
the perpendicular complement to the fibres 11, is a holomorphic subbundle which is
called the horizontal distribution. Our main theorem is then

Theorem. Let Nt, N 2 are compact irreducible quaternionic [(ahler symmetric spaces
of the same dimension with twistor spaces Zl' Z20 Then there is a birational corre
spondence Zl --+ Z2 which preserves the horizontal distributions.

For this we must study the homogeneous geometry of the twistor spaces: if N is
the symmetric space GJ [( then G acts transitively on Z and, moreover, this action
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extends to a. holomorphic action of the complexified Lie group GO. Further,' the
horizontal distribution is invariant under this GC action. In fact, Z is a special kind
of GC-space: it is a flag manifold, that is, of the form GC / P where P is a parabolic
subgroup.

For any flag manifold GC / P, let p be the Lie algebra of P. We have a decomposition
of the Lie algebra of GC

gC = pEen

where n is the nilradical of p so that ii ~ T:#Gc / P is a nilpotent Lie algebra. Let N
be the corresponding nilpotent Lie group and consider the N orbits in GO / P. The
orbit {} of the identity coset is a Zariski dense open subset of GC/ P (it is the "big
cell" in the Bruhat decomposition of the flag manifold). In fact, the map ii' --+ n
given by

e~expe·p

is a biholomorphism with polynomial components (since n is nilpotent) and so ex
tends to give a birational correspondence of GC/ P with P(n EI1 C). Thus GC

/ P is
a rational variety: a classical result of Goto [5]. However, more is true: let Gf/Pl

and Gf/ P2 be flag manifolds and suppose that the nilradicals nl and n2 are isomor
phic as complex Lie algebras. Then we have an isomorphism </J : ii} --+ n2 which
we may exponentiate to get an isomorphism of Lie groups 4> : N 1 --+ N 2 and thus
a biholomorphism 0 1 --+ {12 which extends to a birational correspondence between
the flag manifolds. Moreover, on {}1' this biholomorphism is N t-equivariant and so
will preserve any invariant distribution so long as </J does when viewed as a map
T;~Gf/ P l --+ Telp~ G~ / P2•

We now specialise to the case at hand: if Z is the twistor space of a quaternionic
!(ahler compact irreducible synunetric space then Z is a rather special kind of flag
manifold. In fact, Wolf [8] has shown that here ii' is two-step nilpotent with 1
dimensional centre and so is. precisely the complex Heisenberg algebra. Thus any
two of our twistor spaces of the same dimension have isomorphic n and so the main
theorem follows.

APPLICATIONS TO MINIMAL SURFACES
rrhe relevance of these constructions to minimal surface comes from the well-known
fact that, just as in the 4-dimensional case, horizontal holomorphic curves in Z project
oato minimal surfaces in N. Moreover, in some of the classical cases, horizontal
holomorphic curves are quite easy to come by. For example, the twistor space of
()2(Cn +2

) is the flag manifold Z = U(n+2)/U(1) x U(n) x U(l) which we may realise
a,s the set of flags

{ f c 1r C C n +2
: dim.e = 1, diol1r = n + I}.
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Horizontal, holomorphic curves in this setting are just a special kind of ai-pair in the
sense of Erdem-Wood [3] and may be constl"Ucted as follows: if / : M -+ cpn+l is
a holomorphic curve, we may construct the associated holomorphic curves fr : M -+
Gr+1(Cn+2

) given locally by

a/ arf
fr = f A -8 A ••. A -8·z zr

Generically, I is full so that 11,"" fn are defined and then the map t/J : M -+ Z
given by

is horizontal and holomorphic. Note that for n = 1, t/J is just the lift of I : M -+ CP2
discussed above. Composing these curves with the birational correspondences of the
previous section, we then have horizontal holomorphic curves in all the other twistor
spaces of the same dimension so long as we can ensure that the curves avoid the
singular sets of the correspondences. Thus, for example, one has the possibility of
constructing minimal surfaces in the 8-dimensional exceptional quaternionic symmet
ric space G2 /SO(4) from holomorphic curves in CP3.

However, to carry out such a programme, a rather more detailed analysis of these
singular sets is required so as to ensure that they are avoided for suitably generic f.
Work is still in progress on this issue.

EXTENSIONS
Many parts of the above development apply to arbitrary generalised flag manifolds.
Burstall-Rawnsley [2] have shown that any flag manifold fibres in a canonical way over
a Riemannian symmetric space of compact type and, moreover, any such symmetric
space with inner involution is the target of such a fibration. In this setting, the
perpendicular complement to the fibres is not in general holomorphic but there is a
sub-distribution thereof, the superhorizontal distribution, which is holomorphic and
GO-invariant. Again, holomorphic integral curves of this distribution project onto
minimal surfaces in the symmetric space.

The above discussion applies so that isomorphisms of nilradicals exponentiate to
give birational correspondences of flag manifolds which preserve the super-horizontal
distributions. However, apart from the quaternionic symmetric case, we have not yet
found any examples of differing flag manifolds with isomorphic nilradicals.
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Three-dimensional Einstein-Weyl Geometry
K.P.TOD
The Mathematical Institute, Oxford

Abstract. I review what is known about 9-dimensional Einstein- Weyl spaces.

1. Introduction.

The Einstein-Weyl equations are a naturally-arising, conformally-invariant, gener
alisation of the Einstein equations. In the special case of 3-dimensions, the Einstein
equations on a space force it to have constant curvature. The metric is then charac
terised locally by a single number, the Ricci scalar. By contrast, the Einstein-Weyl
equations allow some functional freedom locally. Further, the equations fall into
the small class of non-linear partial differential equations which can be solved by
the twistor correspondence. -

In this article I shall review the definition of an Einstein-Weyl structure (§2) and
its twistor correspondence (§3). I also give some examples of Einstein-Weyl spaces
(§4), and describe some general and some particular properties (§5,§6).

I am very grateful to the organisers of the LMS Durham Symposium for inviting
me to take part in a most stimulating and worthwhile conference.

2. Einstein-Weyl spaces.

A Weyl space is a smooth (real or complex) manifold W equipped with

(1) a conformal metric
(2) a symmetric connection or torsion-free covariant derivative (the Weyl con

nection )

which are compatible in the sense that the connection preserves the conformal metric.
This compatability ensures in particular that orthogonal vectors stay orthogo

nal when parallel propogated in the Weyl connection and that the null geodesics,
which can be defined just given a conformal metric, are also geodesics of the Weyl
connection.

In local co-ordinates (or using the "abstract index convention" [8]) we write a
(·hosen representative 9 for the conformal metric as gab and we write the Weyl
covariant derivative as D a . The compatability condition becomes
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(2.1) Da9bc = W a9bc

for some I-form W = wadxa • Under change of representative metric we have

(2.2)

where n is a smooth, strictly positive, function on W.
Note that the I-form w encodes the difference between the Weyl connection and

the Levi-Civita connection of the chosen representative metric. Thus we can think
of a Weyl space as a pair (g, w) modulo (2.2).

The Weyl connection has a curvature tensor and hence a contracted curvature
tensor or Ricci tensor. The skew part of the Ricci tensor is a 2-form which is
automatically a multiple of dw. To impose the Einstein condition on W we require
that the symmetric part of the Ricci tensor be proportional to the conformal metric,
[4]. In local co-ordinates (or abstract indices) the Einstein condition is

(2.3) W(ab) = Agah some A

where Wab is the Ricci tensor of the Weyl connection. When W is 3-dimensional,
as we shall assume from now on, we also have the identity

(2.4) W[ab] = -3Fab

(2.5)

where Fab is the 2-form dw. (As is customary in the relativity literature we
denote symmetrisation and anti-symmetrisation by round and square brackets re
spectively. )

A Weyl space satisfying the Einstein condition we shall call an Einstein- Weyl
space.

Since the Weyl connection can be written in terms of the Levi-Civita connection
of the chosen representative metric g and the I-form w, we can rewrite (2.3) as an
equation on gab and W a • We find that the condition is

1 1
Rab - 2'i7(aWb) - ~WaWb ex gab

where Rab is the Ricci tensor of the Levi-Civita connection of 9 and V a is the
corresponding covariant derivative.
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Note that if the chosen representative metric g is actually an Einstein metric on
W then (2.5) is satisfied with the I-from w vanishing. Since (2.5) is invariant under
(2.2), any W conformal to an Einstein space is an Einstein-Weyl space. These
examples have Fab in (2.4) vanishing and, locally at least, are characterised by this
property. Thus the Einstein- Weyl equation (2.9) is a natural conformally-invariant
equation which generalises the Einstein equation.

That the Einstein-Weyl equation has a direct geometrical content is shown by
the following

PROPOSITION 2.1 [2]. H W is 3-complex dimensional and satisfies the Einstein
Weyl equation then W admits a 2-complex dimensional family of totally geodesic
null hypersurfaces.

(That is, the hypersurlaces are totally geodesic with respect to the Weyl connection
and have normal which is of zero length or null with respect ,to the conformal metric.
Cartan calls the hypersurfaces "isotropes".) If W is 3 reaf-dimensional we need to
suppose that it is real analytic and then complexify it to use this Proposition. We
shall return to this point in §5. This result was re-interpreted by Hitchin [4] in a
way that we may conveniently call a corollary.

COROLLARY 2.2 [4]. Such a W admits a twistor construction.

To say what this means we shall consider twistor constructions in the next section.
To conclude this section we note that there is another characterisation of the

Einstein-Weyl condition equivalent to Proposition (2.1) and obtainable by a con
sideration of the geodesic deviation equation in W :

PROPOSITION(2.3) [9]. The Einstein-Weyl condition is equivalent to the existence
of a complex structure on the space of Jacobi fields along each geodesic.

We shall see the connection between these two characterisations below.

3. Twistor correspondences.

The idea of twistor constructions or twistor correspondences, as I shall use the
term here, is that one has two manifolds with a non-local correspondence; one space
has some differential geometric objects satisfying local equations; the other does not
but is a complex manifold, and under the correspondence the local equations on one
space are solved automatically by virtue of the the complex analyticity of the other
space.

The first example, which I shall call the Penrose correspondence [6], begins with
a. 4-complex dimensional manifold M with a conformal structure. The conformal
(~urvature C of the conformal structure on M is required to be anti-self-dual as a
2-form:



240 Too: Three-dimensional Einstein-Weyl geometry

This condition is the integrability condition for M to admit a 3-complex dimen
sional family of 2-dimensional surfaces on which the conformal metric degenerates
completely ("totally null" surfaces). Call these a-planes, then the space of a-planes
is a 3-dimensional complex manifold g, the twistor space of M. A point p of M
is represented in g by the a-planes through it, which define a holomorphic curve
£1' in g. The curve .cp is a copy of Cpl and automatically has normal bundle
N ~ 0(1) €I' 0(1) . This gives the non-local correspondence between g and M.

To define the conformal metric on M it is sufficient to be able to recognise which
vectors are null. A tangent vector v at a point p in M corrresponds to a section Lv
of the normal bundle N of L,p. Define this vector to be null if Lv has a zero. From
the character of N this is a quadratic condition. Remarkably, the conformal metric
obtained in this way automatically has anti-self-dual conformal curvature tensor.

This is the twistor correspondence; it becomes a twistor construction if one can
find a way of building complex manifolds like g, since these will in turn generate
"sp~e-times"M which automatically satisfy local equations.

The second example, which I shall call the Hitchin correspondence [4], relates
a 3- complex- dimensional Einstein-Weyl space W to the 2-complex -dimensional
manifold T whose points are the totally geodesic null hypersurfaces in W, the
existence of which is guaranteed by Proposition 2.1. (T is sometimes called the
mini-twistor space of W, by analogy with the previous case.) A point p of W is
represented by the set of surfaces through it, which forms a holomorphic curve £p
in T. Again,.cp is a copy of Cpl, but now the normal bundle is N ~ 0(2). This
defines the non-local correspondence between W and T.

To define the conformal metric on W, we note as before that a vector v at a
point p of W defines a section Lv of the normal bundle N of L,p. We define v to be
null if Lv has coincident zeros. Again, this is a quadratic condition by virtue of the
character of N.

To define the Weyl connection on W is more complicated. The idea is as follows:
take a curve £p in T corresponding to a point p in W; now take two points 0'1,0'2 on
.cp and consider all the curves .cq which meet L,p in 0'1 and 0'2. The corresponding
point q in W lies on a geodesic 1=/(0'1,0'2). Geometrically, we can think of 1 as
being the intersection of the two null hypersurfaces in W corresponding to 0'1 and
(12 in T. (This intersection is automatically a geodesic, since the hypersurfaces are
totally geodesic.)

If the Einstein-Weyl space W is the complexification of a real space with positive
definite conformal structure then one has an alternative description of T. A real
geodesic, will lie in the intersection of a complex conjugate pair of totally geodesic
null hypersurfaces, so symbolically 0'2 =Ut. We can define an orientation on 1 and
associate 0'1 with one orientation and (J2 with the opposite orientation. Then T
appears as the space of oriented geodesics of W. (This picture of T arises readily
from Proposition 2.3.)

The two twistor correspondences can be fitted into a larger picture (Figure 3.1),
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which we summarise as follows.

PROPOSITION 3.1.

241

(1) Suppose M has a I-parameter family of conformal isometries (by which
we mean self-diffeomorphisms preserving the conformal structure). The in
finitesimal generator X is called a conformal Killing field. The space of
trajectories of X automatically has a conformal metric, and also has a nat
ural Weyl connection which satisfies the Einstein condition ,[5J. The vector
field X induces a holomorphic vector field on the twistor space g, and the
quotient is T.

(2) H W is an Einstein-weyl space then one can construct conformally anti
self-dual spaces M , as fibre bundles over W, from solutions (V, a) of the
monopole equation

Here V is a function and 0: is a I-form on M (more generally we can work
with a connection on a circle bundle over W [5J).

(3) Given a mini-twistOT space T, the proj'ective tangent bundle P(TT) is the
twistor space for an anti-sell-dual manifold M, and the boundary 8M at
infinity is the Einstein-Weyl3-manifold associated to 7,[4].

Penrose correspondenceg .. ' .. M

(I) 1t (3) (I) 1t (2)

Hitchin correspondence
T.. • W

Figure 3.1 Fitting together the Penrose and Hitchin correspondences. The
numerals refer to Proposition 9.1.
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4. Examples.
4.1 The quadric.

The simplest example of the Hitchin correspondence has for T the complex
quadric Q in 9P3 . The curves £p are the conics in Q and a geodesic of the
Weyl structure is defined by the set of conics meeting a fixed line in CP3. The
Einstein-Weyl space W is the complexification of S3 or the hyperbolic space H3.
Suitable choices of reality structure give one or the other. Choosing S3 and applying
the construction of (3.1)(3) fills in S3 with the 4-dimensional hyperbolic space H4.

This example essentially just gives an Einstein space. The following Proposition
suggests that Einstein-weyl spaces may be rare:

PROPOSITION 4.2, [4].
H T is an open set in a c~mpact surface then 7 is Q or a cone in Cp3, and W

is an Einstein space. (The cone gives Bat space R3.J

However, one can analyse an initial value problem, locally, to find:

PROPOSITION 4.3, [2], 4. An Einstein-weyl space W is determined by an initial
value problem with data 4 functions of two variables, or by a characteristic initial
value problem with data 2 functions of 2 variables.

4.4 Einstein- Weyl 3paces from 84
•

To find some more examples explicitly we may follow the suggestion of Proposition
3.1(1). The Einstein metric on 8 4 is conformally flat and has many conformal
Killing fields. In this way we obtain two classes of Einstein-Weyl spaces [9] :
a~l .

A 3-parameter family of Einstein-Weyl structures on S3, generalising the 1
parameter family of Einstein metrics.

Class 2

A 2-parameter family of Einstein-Weyl structures on R 3 •

The corresponding conformal Killing fields are shown diagrammatically in Figur~

4.1. In both classes we can take the equatorial S3 as a representative for W, althougl
in Class 2 we must remove a point.
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Class 2
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Figure 4.1

This is a manifold which admits no Einstein metric. It can be given an Einstein
Weyl structure by rescaling the flat metric in R 3 following (2.2), [9]:

9= dX2 + d82 + sins28diP2

W = -2~X,

with X = logr and n = r-1 , and imposing periodicity in x-

4.6 Other examples.

I3y ad hoc methods one finds that there are Einstein-Weyl structures on three more
of Thurston's eight homogeneous geometries [10], in which the metric is closely
related to the natural one. These are R X H2, twisted R X H2 ( or the universal
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cover of 8£(2, R) ) and twisted R x R2 ( or "Nil"). However in all three of these
examples the metric is an indefinite version of the natural one [9].
It is also possible to produce these examples by constructing the mini-twistor space
T directly, [7],[9].

5. Ellipticity and analyticity.
An attractive feature of the Einstein equations is that positive-definite solutions are
automatically real-analytic in suitable co-ordinates, [3]. An analogous statement is
true here:

PROPOSITION 5.1, [9]. In co-ordinates which are harmonic with respect to the Weyl
connection, and with the conformal freedom (2.2) restricted by the condition d*w =
o the Einstem-Weyl equations in the positive-definite case are eniptic. Positive
definite Einstein-Weyl spaces are therefore real analytic in a suitable gauge.

The construction of the mini-twistor space T requires the complexification of W and
hence is only possible when W is real analytic. The above Proposition therefore
has the corollary:

COROLLARY 5.2. Every Einstein-Weyl space W has a mini-twistor space T.

It also follows from Proposition 5.1 that the linearisation of the Einstein-Weyl equa
tions about, say, the Einstein metric on 83 gives an elliptic system for the pertur
bation. In this way one can show the following:

PROPOSITION 5.3 , [9].
The Einstein-Weyl structures found in Class 1 of Section 4.4 include all the solu

tions obtained by linearising about the Einstein metric.

Note however that there exists another family, disconnected from the Einstein
metric and bif}1Tcating from Class 1.

/
6. Geodesics.

In an Einstein space the behavior of geodesics is closely regulated by the Ricci
scalar, which is automatically constant, [1]. From a study of the geodesic devia
tion equation one finds that a positive Ricci scalar forces all the geodesics to have
conjuagate points, and ultimately forces the space to be compact, while a negative
Ricci scalar forces geodesics to diverge from each other exponentially rapidly. In an
Einstein-Weyl space different things can happen, as we shall see from two examples.
The first is 8 1 X 52 from Section 4.5. We draw this as the region between two con
centric spheres in R 3 (Figure 6.1). Geodesics are straight lines, and must reappear
on the inner sphere on the same radius as they meet the outer sphere. Therefore
any non-radial geodesic will close in asymptotically on the radial one parrallel to it,
[9].

The second example is the "Berger sphere" [5], which lies in Class 1 of Section
4.4. This has

I
I
~
i
1
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limiting geodesic

Figure 6.1

9 = 11~ + q~ + A2qi
W = A(1 - A2 )4113 ,

where qi are the standard basis of left-invariant I-forms on S3.
By a direct integration of the geodesjc equations one finds that the 0'3 directions

form geodesics, and that geodesics in all other directions close in asymptotically on
these ones [9].

In these two examples the space of geodesics, which is the mini-twistor space T,
will be non-Ha'US do rff.

What one finds from a study of the geodesic deviation equation in a 3-dimensional
Einstein-Weyl space is that the space of Jacobi fields along each geodesic admits a
complex structure (Proposition 2.3) .. This is the fundamental property which leads
to the existence of the twistor correspondence.
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HARMONIC MORPHISMS, CON~'ORMAL FOLIATIONS AND SEIFERT FIBRE SPACES

JOHN C. WOOD

University of Leeds

1 INTRODUCTION

A harmonic morphism is a mapping between Rielnannian manifolds which

preserves Laplace's equation in the sense that it pulls back harmonic

functions on the codomain to harmonic functions on the domain (see

below). The aim of this paper is to introduce harmonic morphisms to

the non-specialist and show how they occur naturally in low dimension

al geometry. In particular. we shall show that each of Thurston's

geometries apart from Sol has a natural map which can be character

ized as the unique non-constant harmonic morphism to a surface (§3)~

and in §4, we shall show that, for any closed Seifert fibre space

Iv? , there is a harmonic morphism with fibres equal to the fibres of

MJ. Finally, in §5 we use these ideas to give a simple explanation

of why the product of a circle and a closed oriented Seifert fibre

space with oriented fibres is naturally an elliptic surface.

The author wishes to thank several participants at the conference for

useful conversations about this work. especially K.P. Tod, J.H. Rubin

stein and J.D.S. Jones. Most of the work in this paper represents

work of the author with Paul Baird. It Is hoped that this informal

accoun t will prove useful for thOSf) wishing to tas te the flavour of

the subject but unable to read the full account in (Baird & Wood,

1988. 1989a. 1989b).

2 DEFINITIONS AND BASIC PROPERTIES

2.1 Harmonic morphisms

Let kf"l and pf7 be em Riemannian manifolds of dimensions m and

n respectively, and let tp:kfll~ JIl be a (f mapping. Then <p is

called a harlnollic morphisrll if t for any harmonic function .f:u~ (R
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defined on an open subset U of N with cp-1 (U) non-empty,
-1

fQq>:f{) ( U) -+ R is also a harmonic function. Because of the exis-

tence of harmonic coordinates (Greene & Wu, 1962) any harmonic mor

phism is necessarily c! Harmonic morphisms can be characterized in

terms of harmonic maps as follows: Say that cp is horizontall.y

(weakl.y) conformal if, at each point x E M"' where dcp "# 0 , writing
x

V = ker dip and H = V J. n T M , dq>x' H maps Hx conformallyx x x x x x
onto Ttp(x)N t that is, for all VE Hx ' Itdcpx( V) !I = A(x)1I vii for

some )..{x) >o. Setting A(X) =0 at points where dtp x ¢ 0 (called
?

critical points) we obtain a continuous function )":M~ IR ,with A""

smooth, called the dilatioll of qJ. Note that a horizontally weakly

conformal map with Ae 1 is just a Riemannian submersion. We have

Theorem 2.1 (Fuglede, 1978; Ishihara, 1979)

A smooth map qJ:M"'~ JIl is a harmonic morphism if and only if it is

(8) a harmonic map and (b) horizontally weakly conformal.

We remark that in the case M = JR3 , N= 1R 2 =<C • this says that

tp:fR 3~ <L is a harmonic morphism if and only if it satisfies

the first equation expressing harmonicity of rp and the second,

horizontal conforJnality.

In particular. if q> is non-constant, m'2 n. Further~ if

m = n = 2 ,then tp is a harmonic morphism if and only if it is a

weakly conformal map, and if m =n >2 , the only harmonic Inorphisms

are hornothetic maps. Thus we concentrate on the case m >n. Har

monic morphisms to surfaces (Le. two-dimensional Riemannian mani

folds) have many nice properties For example we have

(1)
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Theorem 2.2 (Baird & Eells, 1981)

Let rp:Jifl~ t1 be a submersion to a surface. Then qJ is a harmonic

morphism if and only if it is horizontally conformal and its fibres

are minimal submanifolds.

In the case that m = 3, minilnal fibres means that the fibres are

geodesics. Another property of harmonic Illorphisms to a surface is

that composition of such a map with a conformal map of surfaces gives

another harmonic morphism. In particular. the concepts of harmonic

morphism to a Cf'O 2-manifold with a conformal structure (i.e. an

equivalence class of smooth metrics) and harmonic morphism to a Rie

mann surface (i.e. a one-dimensional comple.x manifold) are well

defined without specifying a particular Hermitian metric on the sur

face. For this reason, by surface we shall henceforth mean a ~$AJ

2-manifold with a conformal structure.
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We can now give some examples of harmonic morphisms. concentrating on

ones from 3-manlfolds to surfaces.

(1 a) Let 1-13 denote hyperbolic 3-space thought of as the open

unit disc D
3 =l{ X1'J~2 • .(3) : I xl 2 <I} of 1R3 (where

IxI 2
=X1

2
+.X2

2
+X3

2
) with the metric 4LdXi2/{1-lxI2)2. Then geode

sics are circular arcs hitting the boundary 8D
3 orthogonally.

Identify the hyperbolic plane 1H z with the equatorial disc X3 =0

of D
3

• Draw all the geodesics of 11-1
3 which cut this disc orthogon

ally. Define a map rp:1I3~ 1H2
by projection down these geodesics.

(I b) As a limiting case of (3). choose a point Xo E 8D
3

.

Then, for each x E 1H3
, let qJ(x) =the point of intersection of the

geodesic through x with aD3
• This defines a map fI':lH 3 ~ 8D3 \L\"oJ

~ ([; where we identify 8n3 \lxo} = ~\{Xo} with ([; by stereographic

projection.

(2)

(3)

Orthogonal projection 1R3 ~ 1R 2

The Hopf map SJ~ ~. With
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IZf1 2 +lz2 12 = 1}. This can be defined as (Z1,Z2) ~Z1/Z2E([;U{roJ

followed by the inverse of stereographic projection a:s2 ---?- (fulrol .

These are essentially the only harmonic morphisms from a simply

conneeted three-dimensional space form to a surface. PreclselY4

'fheorem 2.3. (Baird & Wood, 1988, 1989a)

Up to isometries of the domain, any non-constant harlnonic morphism of

1H3
. 1R3

01' g'J to a surface is one of the above tour examples followed

by a weakly conformal mapping of the codomain to a surface.

In particular. the only solutions q>:1R 3~ <L to the equations (1) and

(2) above are linear ones qJ(X1.X2,X3) = 81x1+a2x2+a3x3 where the

8i€ft satisfy a12+a22+a3~=O, conlposed with a weakly conformal

self-mapping of <r. More interestingly from the geometrical point of

view t the Hopf map SJ ........;. s2 is characterized as the unique non

constant harmonic morphism from s3 to s2 (up to conformal self map

pings of $:'.

2.2 Conformal foliations

A smooth foliation on a Riemannian manifold is called conformal (resp.

Riemannian) If its leaves are locally the fibres of a horizontally

conformal (resp. Riemannian) submers.ion. Let rp:~~ ti be a sub

mersive harmonic morphism of a Riemannian 3-manifold to a surface.

Then. by Theorem 2.2, the fibres give a conformal foliation of p,j3 by

geodesics. Conversely, given a conformal foliation by geodesics of a

suitable subset U of ~ (for example, geodesically convex), we can

form its leaf space~ a surface. in fact a R.iemann surface if ~ and

the foliation are oriented. Then the canonical projection of U onto

its leaf' space is a harmonic morphism. In particular~ we can trans

late the above results into the theorem that, up to isometries, 1R 3

and $3 have just one conformal foliation b,Y geodesics and 1H3
has two.

The above results on the three space forms are global; indeed. there
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is a large supply of harmonic morphisms (or conformal foliations by

geodesics) defined on open subsets of a space form. ~'\or let ~ be a

conformal foliation by geodesics of a geodesically convex subset of a

space form 1E
3 = 1R3

, SJ or 1H
3 and let JI be its leaf space. Then

we have an injective map i:~ ~ G
lE

3 into the space of all geodesics

which describes the foliation. Now G
IE

3 can be given the structure

of a complex surface (Hitchin, 1982; Baird & Wood, 1989a). Then,

because the foliation is conformaC i is holomorphic. Conversely, a

holomorphlc injective map defines a conformal foliation by geodesics

on a suitable open subset of 1E3
. Choosing this subset to be geodes

ically convex, the natural projection of it onto .its leaf space is a

harmonic rnorphism. For example, if 1E3 = 1R3
,G)E3 may be identified

with the unit tangent bundle of ~.2. Using stereographic projection

(1 from a point Xo and its differential as a chart Ttf Itf \lxol ~

fLx<C ,a tangf~nt vector at a point 0'-1 (x) E tf\fxol .is represented

by a pair (x, v) E <f,x<C. We can then, for example, define a holomor

phic rnap <r -+ 7~cf by z~ (z, e
ie

z) where e is a constant. This

defines a 1-paralneter family of conformal foliations by geodesics of

dense open subsets of 1R3
. For example, if e = 0 this is the folia

tion of 1R 3 \{O} by radii and if e=1( it is a foliation which

tWists through the unit disc (see Baird & Wood, 1988; Baird, 1987).

The corresponding harmonic morphisms are radial projection

1R3
\{OJ ~ tf and a harmonic morphism 1R3 \:D2~ D2 where D2 is the

unit disc in the {x1,x2)-plane. Similar constructions provide harmon

ic morphisms and conformal foliations by geodesics of open subsets of

~ and 11-1
3 (Baird & Wood. 1988, 1989a).

We note that in relativity theory, a conformal foliation by geodesics

is a geodesic shear-free congruence (Penrose & Rindler, 1984; Huggett

& Tod, 1985) and there are analogies between the theory of conformal

foliations by geodesics of a space form and that of geodesic shear

free congruences of null geodesics in space-time.

251
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3. HARMONIC MORPHISMS AND THURSTON'S GEOMETRIES

By a geometr,y we shall mean a simply-connected r? 3-dimensional

Riemannian homogeneous space which admits a compact quotient. see

(Scott, 1983). Thurston showed that there are exactly eight geomet

ries. Three of these are the space forms (1) 1H3
, (2) R3

, (3) b.:J ;

we have described canonical harmonic morphlsms of these in § 1 (1H3

having two), we shall now list the other geometries together with a

canonical metric and canonical harmonic morphism n to a surface

(which are all Riemannian submersions with geodesic fibres). The

fibres of the latter give a canonical conformal foliation by geodesics

of the geometry~ in fact all these foliations are Riemannian.

(4) .fxR with the product of standard metrles and 1C = projec-

tion onto the first factor.

(5) 1H2
xIR with the product of standard metrles and 1C = projec-

tion onto the first factor.

(6) Nil; this can be identified with 1R3 with the metric ds
2

= dx2+dy·2+(dz-xdy)2 ~ and then 1l:Nil~ 1R2 is defined by (X,Jl,Z)

~ (x,y) .

(7) The universal cover SL2(1R)- of SL2(1R) ; this can be

identified with the upper half-plane IR~ =l(xJy,z) € 1R3
: y) OJ with

the metric ds2 = (dx2 +dy2 }/y.2 + (dx!y + dZ>2 , and then n:SL2(1R)'" ~

1Hz is defined by (x,Y,z) t-+ (X,Jl) •

Note that the last two examples, as for the Hopf map $3~ ~ • have

non-integrable horizontal spaces and these three geometries with

their canonical metrics and foliations defined above are naturally

Sasakian manifolds. We have omitted the last geometr~T (8) Sol

because of the following:

Theorem 3 .. 1 (Baird-Wood 1989b)

Any non-constant harmonic morphism from an open subset of a 3

dimensional geometry not of constant curvature to a surface Is the

restriction of one of the four maps 1l listed above in (4)-{7) f01-
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lowed by a weakly conformal map of its codomain to a surface. In

particular, there is no harmonic morphism to a surface from any open

subset of Sol.

Theorem 3.2 (loc.cit.)

Any conformal foliation by geodesics of an open subset of a 3

dimensional geometry not of constant curvature is the restriction of

one of the four standard examples induced by the maps 1C in (4)-{7)

as explained above. In particular, no open subset of Sol supports a

conformal foliation by geodesics.

The last result is shown in the following way: Given any conformal

foliation by geodesics, let U, ..:'{, Y be an orthonormal frame with U

along the foliation. Set Z= ~~+lY. Then from the Jacobi equation

we can show that

253

Ricci(Z,Z) =0 (3)

But for this equation, one of the following holds: (i) if the eigen

values of the Ricci curvature are all distinct there is essentially

one solution Z ; (ii) if two of the eigenvalues of the Ricci cur

vature are the same there are essentially two solutions; (iii) if

all three eigenvalues of the Ricci curvature are the same, in which

case the 3-manifold is of constant curvature, any Z is a solution .

In the case of a Riemannian product YxlR or a Sasaklan 3-manifold,

it can be shown that case (i) applies. in particular this applies to

the geometries (4)-(8). Thus. in these cases there is only one pos

sible direction for a conformal foliation by geodesics. In the cases

(4)-(7) this really does give a conformal foliation bj'" geodesics,

however in the case of Sol the foliation is not. in fact, conformal.

Note that the local uniqueness (Theorem 3.2) of a conformal follation

by geodesics of a geometry not of constant curvature is in contrast to

the abundance of such foliations on an open subset of 3-dimensional
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space form (see §2) where Theorem 2.3 asserts global uniqueness.

Furthermore, any isometry of a geometry (4)-{7) must preserve any

conformal foliation by geodesics, this is not the case for the space

forms. Lastly note that the analysis a~ovet together with' a unique

continuation theorem for harrnonic morphisms of conformal foliations by

geodesics, shows that no (,~ Riemannian 3-manifold of non-constant

curvature can support more than two distinct non -constant harmonic

morphisms to surfaces or conformal foliations by geodesics.

4. HARMONIC MORPHISMS AND SEIFERT FIBRE SPACES

By a fibred solid torus Tp •q we mean D
2

xI with the end D
2 xlll

identified to the end D2xlOl by a twist through 2nq/p for some

integers P.q with 1#0. If q=O this gives the solid torus D
2
xS

1

with its product foliation by circles. By a fibred solid Klein bottle

we mean D
2
xI with its ends identified by a reflection. By a Seifert

fibre space' (without reflections) we mean a 3-manifold with a decorn

posJtion into circles (called fibres) such that each circle has a

neighbourhood and a fibre preserving homeomorphisn1 to a flbred solid

torus Tp •q • If q=O the fibre is called regular, otherwise we

shall call it singular, the integers (p, q) are called the

(unnormalized) orbit or Seifert invariants of the fibre. If we also

allow fibred solid Klein bottles we obtain a Seifert fibre space with

reflections. It is result of Epstein that any foliation by circles of

a compact 3-rnanifold is a Seifert fibre space possibly with reflec

tions. If the manifold is orientable, this is necessarily without

reflections. We shall here concentrate on the latter sort of Seifert

fibration for reasons explained after Theorem 4.1. As an example, for

any non-zero co-prime integers p,q, consider the foliation '-P.q by

circles of $3 =I(Z1, Z2)€ (['2: I zd 2 + t Z2 f 2= 1. J given by

ZIP/ Z2q = constant (4
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For p =q = 1 this is the foliation associated to the Hopf fibra

tion. For ,p, Q> 1 , the circles Z1 = 0 and Z2 = () are singular

f1bres wi th (unnorrnallzed) orbIt invariants (p, q) and ( qtp) res

pectivel~",

Now it follows from Scott (1983) that any closed Seifert fibre space

is of the form 1E3 If where E3 is one of the geometries (2)-{7) with

its canonical foliation, or 1E
3 =$3 wi th the foliation '-P.q for

some p, q ,and r is a group of isometries which acts freely and

properly discontinuously on JE3. Note that 1H3 and Sol do not

give rise to any Seifert fibre spaces. For example, if we factor the

geometry ~xlR by the group generated by (cx,fJ) where <X is a

rotation of s2 by an angle 21Cqi p about the dIameter joining pojnts

±a and f3 is translation of IR by 1 unit, we obtain a Seifert

fibration on s2xs
1 with singular fibres lalxS1 and l-a}xS

1 both

with orbit invariants (p, q).

Associated to any Seifert fIbre space without reflections Is the

natural projection onto its leaf space ~. The latter is an orbifold

with cone points of angle 21f.1p corresponding to singular fibres with

orbit invariants (p,q). For example, for the foliation '-p,q on

$3 above, the leaf space is homeomorphic to s2 but with two cone

points of angles 2nlp and 21£/ q respectively; in Scott's notation·,

Z = s2(p,q). For the folIation on ~xS1 descrIbed above, the leaf

space is s2{ptp) Now in all cases apart from ~p 1 q , the metric

induced from the standard metric on the geometry makes the Seifert

fibre space JE3If a Riemannian foliation by geodesics. In the case

of ,"p, q we can give $3 a metric g such that this becomes a

Riemannian foliation by geodesics. Indeed, we let ($3 ,g) be the
3 2'" 2 2 2ellipsoid QPoq= f(Z1,Z2)E([ : 1Z11~/p + 1Z21 /q = I} with the

metric induced from the ambient Euclidean space (see Eells & Ratto,

1988; Baird & Wood. 1989b). The metric on the Seifert fibre space

induces a metric, and thus a conformal structure on the leaf space ~

except at the cone points. In fact we can give the leaf space a

255
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conformal structure even at the cone points as follows: At a cone

point. the leaf space is of the form D2 IIp where D2 is a disc with

a rotationall~'· symmetric metric g. Then by the Uniformlzation Theo

rem (Ahlfors, 1979), there is a conformal diffeomorphism

(D
2

t g) ~ (D2 ,standard). After composing this with the map z~ z?
of the codomain it factors to a homeomorphism V

2 /71p~ (D2 ,standard)

which we use to give the leaf space a conformal structure at the cone

points. Our construction gives a hOIneomorphism h from the leaf

space Z to a smooth surface with conformal structure Zs which we

call the smoothed leaf space. We can use this smoothing procedure to

establish the following:

Theorem 4.1 (Baird & Wood, 1989b)

Let Jy3 be a closed Seifert fibre space without reflections. Then

there exists a smooth metric on ~ and a smooth harmonic morphism qJ

to a smooth surface with conformal structure such that the fibres of

€I' coincide with the fibres of ~.

Proof. Let rp be the composItion of the natural projection onto

the leaf space with the map h above. This certainly has geodesic

fibres and is horizontally conformal away from critical fibres; it is

thus a harmonic morphism off the polar set given by those fibres. It

Is also continuous everywhere; it follows (cf. Baird & Wood, 1989a)

that it is a smooth harmonic rnorphlsm ever~·where.

RemarlfS. Note that each point of a singular fibre of . JyP Is a

critical point of qJ. In fact, at such a poInt. qJ has the form of

a submersion followed by z~ zP. Note also that. given a Seifert

fibre space Y with reflections, there cannot be any harmonic morphism

qJ:~ --+ 11 to a surface. with fibres coinciding with the fibres of

Ji3 t for, again, all poin ts of the singular fibres would have to be

critical points of q>. But now the singular fibres corresponding to

fibred solid Klein bottles are whole surfaces and so not polar contra

dicting the fact (Fuglede, 1978) that the critical points of a har-
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monic morphism form a polar set.

As an example, consider the foliation ~P.q on the ellipsoid Q;.q.
?

The leaf space Is the orbifold S"'(p, q) with a rotationally symmetric

metric. Composing with the slTloothing Inap 11:F(p,q) ~ F , which

will be of the form (*) (r,8) ~ (.t{r),f3) in spherical polar co

ordinates~ gives (up to conformal self-mappings of S- of the form

(*» the harmonic morphism Q;.q~ 52 of Eells & Ratto (1988). Note

that our method does not require discussion of any ordinary differen

tial equation. this being implicit in the use of the Uniformization

Theorem.

The ellipsoid Q;.q actually has two Riemannian foliations, the

second one given by replacing q by -q in (4). These foliations

are interchanged under the reflection (Zt,Z2) ~ (Z1.Z2). Now for

any non-zero coprime integers (r.s) we have a free properly discon-
3tinuous action of Z... on Qp~q given by (Zt,Z2) t---+

(Zte 2", i ! r ,Z2e 2w is / r) which preserves these foliations. Then the

foliations factor to foliations on the lens space with ellipsoidal

metric L(r,s) = Q;,q/Z",. These last foliations are not isometri-

cally related unless r=2 in which case the lens space is real projec

tive 3-space. In (Baird & Wood. 1989b) the closed oriented Rieman

nian 3-manifolds supporting a pair of oriented Riemannian foliations

by geodesics are classified. They are the 3-torus ~ t $3 , any lens

space and S?xS', all with one of an infinite family of non-standard

metrics. The constructions above then yield harmonic filorphisms ill

various homotopy classes from these manifolds to 2-tori and the 2

sphere.

5 THE PRODUCT OF A SEIFERT FIBRE SPACE WITH A CIRCLE
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Let i~r be an oriented RIemannian 3-manifold with an oriented confor

mal foliation by geodesics. Then there is a natural alrnost Hermitian
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structure J on the product rxs' described as follows. At any

point (x,..y) E rxs1 let eat e2. e3 be an oriented orthonormal basis

for Txr with e3 along the foliation and let e4 be the unit

positive tangent to 81 at Jl. Then set J( 6'1)= ez , J( ~)=-e, t

J{~)=e4 and J(e4)=-e:J. Then a straightforward calculation of the

Nljenhuis tensor shows that J is integrable. Now suppose that M'

is a closed oriented Seifert fibre space with oriented fibres. Then,

as in §4, it can be given the structure of a conformal (in fact Rie

mannian) foliation by geodesics and we can construct a harmonic mor

phism cp:Y~ Ji2 to a Riemann surface whose fibres are the fibres of

r. The composition YxS' ~ r --+,; of the projection onto the

first factor with qJ is clearly holomorphic and has tori as fibres.

so we have shown in a very natural way the well-known:

Theorem 5.1

The product of a closed oriented Seifert fibre space with oriented

fibres and the circle 81 is naturally an elliptic surface.

As an example. start with the Hopf rnap S3 ~ ~. Then we get a

Hermitian structure on $3xs1
, the well-known Hopf surface (see 1 for

example, Besse~ 1981 L together with a surjective holomorphic map

trxs1
-4 g3. If we take. instead, the Eells-Ratto harmonic morphism

Q;.<I~ SZ , we get a Hermitian structure on Q~tqXS1 which gives

$3xs1 a non-standard metric and Hermitian structure as an elliptic

surface. Similarly, using the harmonic morphisms discussed at the end

of §4, we obtain non-standard metrics and Hermitian structures on

SZxS'xS1
• S'xS1 xS1 xS' and L{p,q)XS

1 together with holomorphic maps

~xS1xS1~ SZ, S'xS1xS1xS1~ S1 xS1 and L(p,Q)xS1 --+ sz. .
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