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It is always a source of pleasure when a great and beautiful idea proves to be correct in
actual fact. Albert Einstein [letter to Sigmund Freud]

The answer to all these questions may not be simple. I know there are some scientists who
go about preaching that Nature always takes on the simplest solutions. Yet the simplest
by far would be nothing, that there would be nothing at all in the universe. Nature is far
more interesting than that, so I refuse to go along thinking it always has to be simple.
Richard Feynman
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This book is designed for final year undergraduates or beginning graduate students in
physics or theoretical physics. It assumes an acquaintance with Special Relativity and
electromagnetism, but beyond that my aim has been to provide a pedagogical introduction
to General Relativity, a subject which is now — at last — part of mainstream physics. The
coverage is fairly conventional; after outlining the need for a theory of gravity to replace
Newton’s, there are two chapters devoted to differential geometry, including its modern
formulation in terms of differential forms and coordinate-free vectors, then the Einstein field
equations, the Schwarzschild solution, the Lense—Thirring effect (recently confirmed obser-
vationally), black holes, the Kerr solution, gravitational radiation and cosmology. The book
ends with a chapter on field theory, describing similarities between General Relativity and
gauge theories of particle physics, the Dirac equation in Riemannian space-time, and
Kaluza—Klein theory.

As a research student I was lucky enough to attend the Les Houches summer school in
1963 and there, in the magnificent surroundings of the French alps, began an acquaintance
with many of the then new aspects of this subject, just as it was entering the domain of
physics proper, eight years after Einstein’s death. A notable feature was John Wheeler’s
course on gravitational collapse, before he had coined the phrase ‘black hole’. In part I like
to think of this book as passing on to the community of young physicists, after a gap of more
than 40 years, some of the excitement generated at that school.

I am very grateful to the staff at Cambridge University Press, Tamsin van Essen, Lindsay
Barnes and particularly Simon Capelin for their unfailing help and guidance, and generosity
over my failure to meet deadlines. I also gratefully acknowledge helpful conversations and
correspondence with Robin Tucker, Bahram Mashhoon, Alexander Shannon, the late Jeeva
Anandan, Brian Steadman, Daniel Ryder and especially Andy Hone, who have all helped to
improve my understanding. Finally I particularly want to thank my wife, who has supported
me throughout this long project, with constant good humour and generous and selfless
encouragement. To her the book is dedicated.
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Latin indices i, j, k, and so on run over the three spatial coordinates 1,2, 3 orx, y,zorr, 8, ¢

Greek indices a, f, 9, ... &, A, i, ... and so on run over the four space-time coordinates 0, 1, 2,
3orct,x,y,zorct, 1, 0, ¢

Minkowski space-time: metric tensor is 77, = diag (-1, 1, 1, 1), ds?=—c2dP +d*+ dy2 +dz?
in Cartesian coordinates

Riemannian space-time: ds* = v dx dx’= Ade?

The Levi-Civita totally antisymmetric symbol (in Minkowski space) is

&1 = —ggip3 = 1
Connection coefficients: I, = 158" (g5 + Zipu — Guip)
Riemann tensor: R";,, = I'";,,, — I, + 17,07, — T, 17,
Ricci tensor: Ry, = R,

Curvature scalar: R = g"R,,, G

Field equations: G, = R,y — 12 guwR = 2 Ty

Covariant derivatives:

IZ:V# = %Zf + TV or VR, =R, 4 TV
]?j:j:ﬂ - % - F/I/“’VV’I or Wy = Wyy— FXWVVX
Speed of light ¢=3.00x10°ms '
Gravitational constant G=6.67x10 ""Nm’kg '
Planck’s constant i=1.05x10 **Js
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Electron mass me=9.11 x 10 kg
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my,c>=938.3 MeV
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Boltzmann constant k=14x10 #JK !
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Solar mass Mg=1.99 X 103°kg
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Introduction

Einstein’s General Theory of Relativity, proposed in 1916, is a theory of gravity. It is also, as
its name suggests, a generalisation of Special Relativity, which had been proposed in 1905.
This immediately suggests two questions. Firstly, why was a new theory of gravity needed?
Newton’s theory was, to put it mildly, perfectly good enough. Secondly, why is it that a
generalisation of Special Relativity yields, of all things, a theory of gravity? Why doesn’t it
give a theory of electromagnetism, or the strong or weak nuclear forces? Or something even
more exotic? What is so special about gravity, that generalising a theory of space and time
(because that is what Special Relativity is) gives us an account of it? We begin this chapter
by answering the first question first. By the end of the chapter we shall also have made a little
bit of headway in the direction of answering the second one.

1.1 The need for a theory of gravity
(|

Newton’s theory of gravitation is a spectacularly successful theory. For centuries it has been
used by astronomers to calculate the motions of the planets, with a staggering success rate.
It has, however, the fatal flaw that it is inconsistent with Special Relativity. We begin by
showing this.

As every reader of this book knows, Newton’s law of gravitation states that the force
exerted on a mass m by a mass M is

MmG

F=—=73

r. (1.1)

Here M and m are not necessarily point masses; » is the distance between their centres of
mass. The vector r has a direction from M to m. Now suppose that the mass M depends on
time. The above formula will then become

M(t)mGr

F(¢) = — 3

(1.2)

This means that the force felt by the mass m at a time ¢ depends on the value of the mass M
at the same time t. There is no allowance for time delay, as Special Relativity would require.
From our experience of advanced and retarded potentials in electrodynamics, we can say that
Special Relativity would be satisfied if, in the above equation, M(f) were modified to M(¢t  7/c).
This would reflect the fact that the force felt by the small mass at time # depended on the value
of the large mass at an earlier time ¢ r/c; assuming, that is, that the relevant gravitational
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‘information’ travelled at the speed of light. But this would then not be Newton’s law. Newton’s
law is Equation (1.2) which allows for no time delay, and therefore implicitly suggests that the
information that the mass M is changing travels with infinite velocity, since the effect of a
changing M is felt at the same instant by the mass m. Since Special Relativity implies that
nothing can travel faster than light, Equations (1.1) and (1.2) are incompatible with it. If two
theories are incompatible, at least one of them must be wrong. The only possible attitude to
adopt is that Special Relativity must be kept intact, so Newton’s law has to be changed.

Faced with such a dramatic situation — not to say crisis — the instinctive, and perfectly
sensible, reaction of most physicists would be to try to ‘tinker’ with Newton’s law; to change
it slightly, in order to make it compatible with Special Relativity. And indeed many such
attempts were made, but none were successful.' Einstein eventually concluded that nothing
less than a complete ‘new look’ at the problem of gravitation had to be taken. We shall return
to this in the next section, but before leaving this one it will be useful to rewrite the above
equations in a slightly different form; it should be clear that, although Newton’s equations
are ‘wrong’, they are an extremely good approximation to whatever ‘correct’ theory is
eventually found, so this theory should then give, as a first approximation, Newton’s law.
We have by no means finished with Newton!

Let us define g=F/m , the gravitational field intensity. This is a parallel equation to E=F/g
in electrostatics; the electric field is the force per unit charge and the gravitational field the
force per unit mass. Mass is the ‘source’ of the gravitational field in the same way that electric
charge is the source of an electric field. Then Equation (1.1) can be written

g=— o1, (1.3)

which gives an expression for the gravitational field intensity at a distance » from a mass M.
This expression, however, is of a rather special form, since the right hand side is a gradient.
We can write

M

g=-Vo, o(r)=—= (1:4)

The function ¢(r) is the gravitational potential, a scalar field. Newton’s theory is then
described simply by one function. (In contrast, as we shall see in due course, the gravita-
tional field in General Relativity is described by ten functions, the ten components of the
metric tensor. The non-relativistic limit of one of these components is, in essence, the
Newtonian potential.) A mass, or a distribution of masses, gives rise to a scalar gravitational
potential that completely determines the gravitational field. The potential ¢ in turn satisfies
field equations. These are Laplace’s and Poisson’s equations, relevant, respectively, to the
cases where there is a vacuum, or a matter density p:

(Laplace) V=0 (vacuum), (L.5)

(Poisson) V¢ =4nGp  (matter). (1.6)

' For references to these see ‘Further reading’ at the end of the chapter.
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In the case of a point mass, of course, we have p (r) =M &°(r), and by virtue of the identity
V2(1/r) = —4n6*(r) (1.7)

Equations (1.4) and (1.6) are in accord.

This completes our account of Newtonian gravitational theory. The field g depends on r
but not on z. Such a field is incompatible with Special Relativity. It is not a Lorentz covariant
field; such a field would be a four-vector rather than a three-vector and would depend on ¢ as
well as on 7, so that the equations of gravity looked the same in all frames of reference related
by Lorentz transformations. This is not the case here. Since Newton’s theory is inconsistent
with Special Relativity it must be abandoned. This is both a horrifying prospect and a
slightly encouraging one; horrifying because we are having to abandon one of the best
theories in physics, and encouraging because Newton’s theory is so precise and so successful
that any new theory of gravity will immediately have to fulfil the very stringent requirement
that in the non-relativistic limit it should yield Newton’s theory. This will provide an
immediate test for a new theory.

1.2 Gravitation and inertia: the Equivalence Principle

in mechanics
1

Einstein’s new approach to gravity sprang from the work of Galileo (1564-1642; he was
born in the same year as Shakespeare and died the year Newton was born). Galileo
conducted a series of experiments rolling spheres down ramps. He varied the angle of
inclination of the ramp and timed the spheres with a water clock. Physicists commonly
portray Galileo as dropping masses from the Leaning Tower of Pisa and timing their descent
to the ground. Historians cast doubt on whether this happened, but for our purposes it hardly
matters whether it did or didn’t; what matters is the conclusion Galileo drew. By extrapolat-
ing to the limit in which the ramps down which the spheres rolled became vertical, and
therefore that the spheres fell freely, he concluded that all bodies fall at the same rate in a
gravitational field. This, for Einstein, was a crucially important finding. To investigate it
further consider the following ‘thought-experiment’, which I refer to as ‘Einstein’s box’. A
box is placed in a gravitational field, say on the Earth’s surface (Fig. 1.1(a)). An experi-
menter in the box releases two objects, made of different materials, from the same height,
and measures the times of their fall in the gravitational field g. He finds, as Galileo found,
that they reach the floor of the box at the same time. Now consider the box in free space,
completely out of the reach of any gravitational influences of planets or stars, but subject
to an acceleration a (Fig. 1.1(b)). Suppose an experimenter in this box also releases two
objects at the same time and measures the time which elapses before they reach the floor. He
will find, of course, that they take the same time to reach the floor; he must find this, because
when the two objects are released, they are then subject to no force, because no acceleration,
and it is the floor of the box that accelerates up to meet them. It clearly reaches them at the
same time. We conclude that this experimenter, by releasing objects and timing their fall,
will not be able to tell whether he is in a gravitational field or being accelerated through
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lg Ta

Earth
(a) (b)

The Einstein box: a comparison between a gravitational field and an accelerating frame
of reference.

empty space. The experiments will give identical results. A gravitational field is therefore
equivalent to an accelerating frame of reference — at least, as measured in this experiment.
This, according to Einstein, is the significance of Galileo’s experiments, and it is known as
the Equivalence Principle. Stated in a more general way, the Equivalence Principle says that
no experiment in mechanics can distinguish between a gravitational field and an accel
erating frame of reference. This formulation, the reader will note, already goes beyond
Galileo’s experiments; the claim is made that a// experiments in mechanics will yield the
same results in an accelerating frame and in a gravitational field. Let us now analyse the
consequences of this.

We begin by considering a particle subject to an acceleration a. According to Newton’s
second law of motion, in order to make a particle accelerate it is necessary to apply a force
to it. We write

F = ma. (1.8)

Here m; is the inertial mass of the particle. The above law states that the reason a particle
needs a force to accelerate it is that the particles possesses inertia. A very closely related idea
is that acceleration is absolute; (constant) velocity, on the other hand, is relative. Now
consider a particle falling in a gravitational field g. It will experience a force (see (1.2) and
(1.3) above) given by

F = myg. (1.9)

Here m, is the gravitational mass of the particle. It measures the response of a particle to a
gravitational field. It is very important to appreciate that gravitational mass and inertial mass
are conceptually entirely distinct. Acceleration in free space is an entirely different thing
from a gravitational field, and we make this distinction clear by distinguishing gravitational
and inertial mass, as in the two equations above. Now, however, consider a particle falling
freely in a gravitational field, as in the Einstein box experiments. Both equations above
apply. Because the particle is in a gravitational field it will experience a force, given by (1.9);
and because a force is acting on the particle it will accelerate, the acceleration being given by
(1.8). These two equations then give

azf Mg (1.10)

mi - my

the acceleration of a particle in a gravitational field g is the ratio of its gravitational and
inertial masses times g. Galileo’s experiments therefore imply that my/m; is the same for all
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materials. Without loss of generality we may put m, = m; for all materials; this is because the
formula for g contains G (see (1.3)), so by scaling G, m,/m; can be made equal to unity. (In
fact, of course, historically G was found by assuming that m, = m;; no distinction was made
between gravitational and inertial masses. We are now ‘undoing’ history.) We conclude that
the Equivalence Principle states that

mg = m. (1.11)

Gravitational mass is the same as inertial mass for all materials. This is an interesting and
non-trivial result. Some very sensitive experiments have been performed, and continue to be
performed, to test this equality to higher and higher standards of accuracy. After Galileo, the
most interesting experiment was done by E6tvds and will be described below. Before that,
however, it is worth devoting a few minutes’ thought to the significance of the equality
(1.11) above.

The inertial mass of a piece of matter has contributions from two sources; the mass of the
‘constituents’ and the binding energy, expressed in mass units (m = E/c?). This is the case no
matter what the type of binding. So for example the mass of an atom is the sum of the masses
of its constituent protons and neutrons minus the nuclear binding energy (divided by ¢?). In
the case of nuclei, the binding energy makes a contribution of the order of 10 * to the total
mass. Atoms are bound together by electromagnetic forces and stars and planets are bound
by gravitational forces. In all of these cases, the binding energy, as well as the inertial mass
of the constituents, contributes to the overall inertial mass of the sample. The statement
(1.11) above then implies that the binding energy of a body will also contribute to its
gravitational mass, so binding energy (in fact, energy in general) has a gravitational effect
since its mass equivalent will in turn give rise to a gravitational field. The gravitational
force itself, by virtue of the binding it gives rise to, also gives rise to further gravitational
effects. In this sense gravity is non linear. Electromagnetism, on the other hand, is linear;
electromagnetic forces give rise to (binding) energy, which acts as a source of gravity, but
not as a source of further electromagnetic fields, since electromagnetic energy possesses 1o
charge. Gravitational energy, however, possesses an effective mass and therefore gives rise to
further gravitational fields.

Now let us turn to experiments to test the Equivalence Principle. The simplest one to
imagine is simply the measurement of the displacement from the vertical with which a large
mass hangs, in the gravitational field of the (rotating) Earth. From Problem 1.1 we see that
this displacement is (in Budapest) of the order of 6 minutes of arc multiplied by m,/m;. To
see whether m,/m; is the same for all substances, then, involves looking for tiny variations in
this angle, for masses made of differing materials. This is a very difficult measurement to
make, not least because it is static.

A better test for the constancy of my/m; relies on the gravitational attraction of the Sun,
whose position relative to the Earth varies with a 24 hour period. We are therefore looking
for a periodic signal, which stands more chance of being observed above the noise than does
a static one. The simplest version of this is the Eotvos or torsion balance; the original torsion
balance was invented by Coulomb and by Mitchell, and was used by Cavendish to verify the
inverse square law of gravity. For the purposes of this experiment the torsion balance takes
the form shown in Fig. 1.2.
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A torsion balance at the North Pole. (a) and (b) represent two situations with a 12 hour time

Sun

Sun

separation. The Earth is rotating with angular velocity @ and a, and a, are the accelerations of the gold
and aluminium masses towards the Sun. Assuming that a, > a, the resulting torques are of opposite sign.

Two masses, one of gold (shaded) one of aluminium (not shaded), hang from opposite
ends of an arm suspended by a thread in the gravitational field of the Earth. Consider such a
balance at the North Pole, with the Sun in some assigned position to the right of the diagram.
Then at 6 a.m., say, the situation is as shown in (a), the Earth rotating with angular velocity
. The force exerted by the Sun on the gold mass is (M is the mass of the Sun and r the

Earth—Sun distance)

GM<mg)Au

Fpay =
u }"2

and hence its acceleration towards the Sun is

GM (myg
ane=—7|—] -
T m; Au

A similar formula holds for the aluminium mass. Putting

)

n

(1.12)

(1.13)

(1.14)
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then if 05, 7 Ja1 @ forque is exerted on the balance, of magnitude (2/ is the length of the arm)

T = (mg) e — () a1 (1.15)

7

This results in an angular acceleration a given by 7= la, with 7, the moment of inertia, given
by I= milz, so we have, at 6 a.m.,
GM GM

(a)ﬁam :lr—z((SAu —CSA]) :lr—zA, (116)
where A=da,  Ja; . Indiagram (a) we suppose that A> 0, i.e. the acceleration of the gold mass
is greater than that of the aluminium mass. This in effect causes the torsion balance to rotate
with angular velocity @, > w . At 6 p.m., however, the situation is reversed (Fig. 1.2(b)) so the
direction of the torque will be reversed, and

GM

(@epm =~ 7 (1.17)

Thus there would be a periodic variation in the torque, with a period of 24 hours. No such
variation has been observed,” allowing the conclusion that

o<10 1 (1.18)

gravitational mass and inertial mass are equal to one part in 10" — at least as measured using
gold and aluminium.

1.1.1 Aremark on inertial mass

The Equivalence Principle states the equality of gravitational and inertial mass, as we have just
seen above. It is worthwhile, however, making the following remark. The inertial mass of a
particle refers to its mass (deduced, for example, from its behaviour analysed according to
Newton’s laws) when it undergoes non-uniform, or non-inertial, motion. There are, however,
two different types of such motion; it may for instance be acceleration in a straight line, or
circular motion with constant speed. In the first case the magnitude of the velocity vector
changes but its direction remains constant, while in the second case the magnitude is constant
but the direction changes. In each of these cases the motion is non-inertial, but there is a
conceptual distinction to be made. To be precise we should observe this distinction and denote
the two types of mass m1; 5. and m; .. We believe, without, as far as I know, proper evidence,
that they are equal

Mjacc = My rot- (1.19)

The interesting thing is that Einstein’s formulation of the Equivalence Principle referred
to inertial mass measured in an accelerating frame, m; ,.., whereas the E6tvis experiment,
described above, establishes the equality (to within the stated bounds) of m; . and the

2 Roll et al. (1964), Braginsky & Panov (1972).
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gravitational mass. The question is: can an experiment be devised to test the equality of 1; »c.
and m,? Or even to test (1.19)?

1.1.2 Tidal forces

The Principle of Equivalence is a local principle. To see this, consider the Einstein box in the
gravitational field of the Earth, as in Fig. 1.3. If the box descends over a large distance
towards the centre of the Earth, it is clear that two test bodies in the box will approach one
another, so over this extended journey it is clear that they are in a genuine gravitational field,
and not in an accelerating frame (in which they would stay the same distance apart). In other
words, the Equivalence Principle has broken down. We conclude that this principle is only
valid as a Jocal principle. Over small distances a gravitational field is equivalent to an
acceleration, but over larger distances this equivalence breaks down. The effect is known as
a tidal effect, and ultimately is due to the curvature produced by a real gravitational field.

Another way of stating the situation is to note that an object in free fall is in an inertial frame.
The effect of the gravitational field has been cancelled by the acceleration of the elevator (the
‘acceleration due to gravity’). The accelerations required to annul the gravitational fields of the
two test bodies, however, are slightly different, because they are directed along the radius
vectors. So the inertial frames of the two bodies differ slightly. The frames are ‘locally inertial’.
The Equivalence Principle treats a gravitational field at a single point as equivalent to an
acceleration, but it is clear that no gravitational fields encountered in nature give rise to a
uniform acceleration. Most real gravitational fields are produced by more or less spherical
objects like the Earth, so the equivalence in question is only a local one.

We may find an expression for the tidal forces which result from this non-locality.
Figure 1.4 shows the forces exerted on the two test bodies — call them A and B — in the
gravitational field of a body at O. They both experience a force towards O of magnitude
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o

Tidal effect: forces on test bodies A and B.

Fp=Fp =

where m is the mass of A and B, M is the mass of the Earth and 7 the distance of A and B from
its centre. In addition, let the distance between A and B be x. Consider the frame in which A
is at rest. This frame is realised by applying a force equal and opposite to Fa, to both A and
B, as shown in Fig. 1.4. In this frame, B experiences a force F, directed towards A, which is
the vector sum of Fg and Fa:

x mMG

F =2Fpsina=2Fp -—
2r r3

A then observes B to be accelerating towards him with an acceleration given by F=  m d*x/
dr, i.e.

d’x MG

The 1/# behaviour is characteristic of tidal forces.

1.3 The Equivalence Principle and optics

The Equivalence Principle is a principle of indistinguishability; it is impossible, using any
experiment in mechanics, to distinguish between a gravitational field and an accelerating
frame of reference. To this extent it is a symmetry principle. If a symmetry of nature is exact,
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o

Light propagating downwards in a box accelerating upwards.

this means that various situations are experimentally indistinguishable. If, for example,
parity were an exact symmetry of the world (which it is not, because of beta decay), it would
be impossible to distinguish left from right. The fact that it is possible to distinguish them is a
direct indication of the breaking of the symmetry.

No experiment in mechanics, then, can distinguish a gravitational field from an accel-
erating frame. What about other areas of physics? Let us generalise the Equivalence
Principle to optics, and consider the idea that no experiment in optics could distinguish a
gravitational field from an accelerating frame.® To make this concrete, return to the Einstein
box and consider the following simple two experiments. The first one is to release mono-
chromatic light (of frequency v) from the ceiling of the accelerating box, and receive it on the
floor (Fig. 1.5). The light is released from the source S at 7= 0 towards the observer O. At the
same instant =0 the box begins to accelerate upwards with acceleration a. The box is of
height 4. Light from S reaches O after a time interval ¢= h/c, at which time O is moving
upwards with speed u = at= ah/c.

Now consider the emission of two successive crests of light from S. Let the time interval
between the emission of these crests be df in the frame of S. Then

dr = ! inframe S, (1.21)
v

where v is the frequency of the light in frame S. Arguing non relativistically, the time
interval between the reception of these crests at O is

1

Rl

dt/:dtht:dt—ug:dt(le) =
c C \4

* This generalisation is sometimes characterised as a progression from a Weak Equivalence Principle (which is the
statement m; m,) to a Strong Equivalence Principle, according to which all the laws of nature (not just those of
freely falling bodies) are affected in the same way by a gravitational field and a constant acceleration.
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hence

V/

vzlfu/c

2
:1+3+o(3) >1; (1.22)
C C
the light is Doppler (blue) shifted. With v/ = v+ Av we have
A 2 ah h\
_V:E+o(ﬁ) :“_2+o(“—2>. (1.23)
v C C C C

Arguing relativistically, the above result is unchanged to order (ah/c*)*; the equation above
becomes (with y=(1  u?/c?) )

di = y(dt — At) = ydt(1 —u/c) = 1

)
V/

hence

/ 1 1+4 2
V_: — C:1+E+O<E)’
vooy(1=-Y 14 c c

which is the same as (1.22), to the given order. The Equivalence Principle then implies that
this is the relativistic frequency shift of light in a gravitational field. That is to say, if light is
emitted at a point S in a gravitational field and observed at a point O closer to the source of
the field, the measured frequency of the light at O is greater than that at S; light ‘falling into’
a gravitational field is blue shifted. By the same token, if light moves ‘out of” a gravitational
field its frequency is decreased — it is red-shifted. To get an order of magnitude estimate for
this effect, it follows directly from (1.23) that for light travelling 10 metres vertically
downwards in the Earth’s gravitational field, 7=10m, a=10ms 2, we have

A& 10, (1.24)

v

Of course in the gravitational case the frequency shift described above is not a Doppler
shift. It is a purely gravitational effect, in which the source and the detector are not in relative
motion. The formula was, however, derived from the hypothesis that the physical conse-
quences of observing light frequency in a gravitational field are the same as those of
observing it in an accelerating frame; and this is a Doppler shift, because in this case
the source and detection point are in relative motion. This concludes the first thought-
experiment on the Equivalence Principle and optics.

The second such thought-experiment is also concerned with light propagation; this time the
light travels from left to right across the Einstein box. Consider the situations drawn schemati-
cally in Fig. 1.6. In (a) a beam of laser light travels in an inertial frame (that is, in neither a
gravitational field nor an accelerating frame) across the box. It leaves the laser on the left hand
wall and is detected on the right hand wall, after travelling in a straight line. In (b) the box is
accelerating upwards with an acceleration a; this acceleration commences at the same time
that the light leaves the laser. After a time At the light has travelled in the x direction a distance
Ax= ¢ At, while the box has moved upwards a distance Ay = "2a(Af)*, from which
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BN

(a) (b)

v

Ta

Light travelling across a box (a) in an inertial frame, (b) in an accelerating frame, or equivalently
a gravitational field.

Fermat’s Principle: light reaches A from B after reflection at a mirror surface.

a

Ay =55 (Ax)?. (1.25)

Since Ay and Ax are the coordinates of the light as measured in the box, it follows that the
light describes a parabolic path if the box is accelerated. It will therefore be detected at a
detector nearer the floor of the box than the laser is. The Equivalence Principle then implies
that light follows a curved path in a gravitational field, since it does so in an accelerating
frame.

This conclusion is extremely far-reaching; even more so than the prediction of a
gravitational frequency shift. Fermat (1601-1665) postulated that light takes a minimum
time to travel from one point to another. For example, consider (Fig. 1.7) the passage of
light from 4 to B, after reflection in a mirror. Let an arbitrary path be ACB, where C is the
point where the light beam strikes the mirror, and let the angles of incidence and reflection
be 6; and 6, as marked. For simplicity, let 4 and B each be a perpendicular distance 4 from
the mirror (AM= BN=h) and let x and y be the horizontal distances MC and CN
respectively. Then, since 4 and B are fixed points, x + y = d (fixed). The distance s travelled
by the light is

s =AC+ CB=\/x> + 2 + \/y? + i? = \/x2+h2+\/(d—x)2+h2.

The time taken to travel a distance s is then s/c, with c the speed of light; more generally,
the time taken to travel over a given path is [ds/c. The requirement that the time taken be a
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minimum is, since ¢ is constant, clearly the same as the requirement that the distance
travelled be a minimum. In the example of reflection of light at the mirror above, if s is a
minimum then ds/dx=0, which is easily seen to give

ds/dx:0:>x:y:§;
in other words, the light beam strikes the mirror at P, at which 8;=6,. Fermat’s requirement
of least time yields Snell’s law, that the angles of incidence and reflection are equal.
Fermat’s principle is, however, much more far-reaching than this. To begin with, in a
general sense, the demand that light propagation takes a minimum time is the requirement
that [ds be a minimum,; or that, in the sense of the variational principle,4

(S/ds = 0. (1.26)

The bending of light in a gravitational field then implies, if we take Fermat’s principle
seriously, that the shortest path between two points in a gravitational field is not a straight
line. In any flat (Euclidean) space, however, the shortest path between two points is a
straight line. We therefore conclude that the effect of the gravitational field is to make space
curved. This is Einstein’s conclusion: to study gravity we have to study curved spaces. The
motion of particles in a gravitational field is to be formulated as the motion of particles in
curved spaces. And more generally we can then learn to formulate any laws of physics in a
gravitational field; for example, the study of electrodynamical effects in a gravitational field
is ‘simply’ arrived at by writing Maxwell’s equations in a curved space. The study of curved
spaces is, however, not easy, and this is precisely why General Relativity is so difficult. On
the other hand, in a qualitative sense some results become immediately ‘comprehensible’ in
this new language. For example, the reason that planetary orbits are curves (ellipses, in
general) is that planets travel in fiee fall motion, so they trace out the shortest path they can.
In a flat space this would be a straight line, but the effect of the Sun’s gravity is to make the
space surrounding it curved, making the planetary orbits curved paths (there are no straight
lines in a curved space.). Newton’s account of gravity, involving a force, becomes replaced
by an entirely different account, involving a curved space. This is an absolutely totally
different vision! It is, however, worth remarking again that the effects of a curved space are
not going to be easy to detect on Earth; the deflection of a light beam on Earth, travelling
over a distance of 100 km (an order of magnitude larger than, for example, SLAC, the
particle accelerator at Stanford), is, from (1.25), with a=g=10ms 2 about 10 > mm.
The reader who has followed the logic so far will agree that the plan of action is now, in
principle, clear. We have to learn about curved spaces; and this includes learning how to
describe vectors in curved spaces, and how to differentiate them, which we must do if we are
to carry over ideas such as Gauss’s theorem and Stokes’ theorem into curved spaces. The
task is large, not to say daunting, but thanks to the efforts of differential geometers and
theoretical relativists over a long period of time (from before Einstein’s birth to after his

* The variational principle continues to play a crucial role in the formulation of fundamental theories in physics,
from classical mechanics and quantum mechanics to General Relativity and gauge field theory. For an introduc-
tion to the central role of the variational principle see Yourgrau & Mandelstam (1968).
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death) it is not impossible; and, like the task of climbing a mountain, great efforts are
rewarded with excellent views. The chapters ahead chart, I hope, a sensible way through this
rather complex material, but we close this chapter by making some simple observations and
calculations about curved surfaces.

1.4 Curved surfaces
]

A surface is a 2-dimensional space. It has the distinct advantage that we can imagine it easily,
because we see it (as the mathematicians say) ‘embedded’ in a 3-dimensional space — which
also happens to be flat (I mean, of course, Euclidean 3-space). What [ want to demonstrate,
however, is that there are measurements intrinsic to a surface that may be performed to see
whether it is flat or not. It is not necessary to embed a surface in a 3-dimensional space in
order to see whether or not the surface is curved; we can tell just by performing measure-
ments on the surface itself. The reader will appreciate that this is a necessary exercise; for if
we are to make the statement that 3 dimensional space is curved, this statement must have an
intrinsic meaning. There is no fourth dimension into which our 3-dimensional space may be
embedded (time does not count here).

To begin, consider the three surfaces illustrated in Fig. 1.8. They are a plane, a sphere and
a saddle. On each surface draw a circle of radius a and measure its circumference C and area
A. On the plane, of course, C=27a and 4 = 7a®, but our claim is that these relations do not
hold on the curved surfaces. In fact we have

Plane: C =2ma A =ma* flat(zero curvature),
Sphere: C<2ma A<ma* curved (positive curvature), (1.27)
Saddle: C>2ma A>nma* curved (negative curvature).

. N
’ \
' \
1 . 1
\ i
N /

C=2ma C<2rma C>2rna
Zero curvature Positive curvature Negative curvature

Circles inscribed on a plane, on a sphere and on a saddle.
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A cylinder is made by joining the edges of a plane (those marked with arrows). No cutting or
stretching is involved.

In the case of the sphere, for example, to see that C <2za imagine cutting out the circular
shape which acts as a ‘cap’ to the sphere. This shape cannot be pressed flat. In order to make
it flat some radial incisions must be inserted, but this then has the consequence that the total
circumference C of the dotted circle, which is equal to the sum of the arcs of all the incisions
in the diagram below, is less than 2za. In the case of the saddle the opposite thing happens;
in order to get the circular area to lie flat, we have to fold parts of it back on itself, so that the
true circumference C is greater than 2za.

It is important to bear in mind in the above reasoning that a, the radius of the circle, is
the actual distance from the centre to the perimeter, as measured in the space. For
simplicity imagine drawing a circle of radius 1000 km on the surface of the Earth, with
the centre of the circle at the North Pole. This could be done by having a piece of wire
1000 km long, fixing one end at the North Pole and walking round in a circle, with the wire
kept taught. The distance travelled before returning to one’s starting point is the circum-
ference C of the circle. The radius of this circle, 1000 km, is the length of the wire, which is
laid out along the curved surface. One might feel tempted to point out that one could define
the radius of the circle as the ‘straight’ distance between a point on the circumference and
the North Pole, measured by tunnelling through the Earth. But this would be cheating,
because it would involve leaving the space. We are to imagine the surface as being a world
in itself, which we do not leave; we are insisting, in other words, on making measurements
intrinsic to the space. It should now be clear that the statements (1.27) above constitute
a way of telling whether a space — in this case a 2-dimensional one — is flat or curved (and
if curved, whether open or closed), and this by means of measurements made entirely
within the space. A corollary of this is that, on this definition, a cylinder is flat; for a cylinder
can be made by joining together the edges of a flat piece of paper, without stretching or
tearing (see Fig. 1.9, where the edges with arrows are joined together). Since C=2na
before joining the edges, the same relation holds after joining them, so a cylinder is not
intrinsically curved. It is said that a cylinder has zero intrinsic curvature but non-zero
extrinsic curvature.

It is interesting to make one final observation about the exercise of drawing circles on
spheres. As the circle S' is lowered over the sphere, becoming further and further south, its
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circumference increases as its radius increases (with C < 2za always holding).” This happens
until the circle becomes the Equator. This is the circle with a maximum circumference in S%;
beyond the Equator, when the circle enters the southern hemisphere, its radius continues to
increase, but its circumference actually decreases. This continues to be the case until the
circle itself approaches the South Pole, at which its circumference tends to zero. This is
the limit of a circle with maximum radius (which is the maximum distance attainable in
the space) but with a circumference approaching zero. These observations are, in a sense,
obvious, but they become interesting and physically relevant in a particular cosmological
model, in which the geometry of 3-dimensional space is S°, the 3-sphere. The above
exercise can then be rehashed, increasing the dimension of everything by 1; that is, to
discuss surfaces S in S°, rather than lines S in S2. This model describes a ‘closed’ universe,
and is described further in Section 10.2 below.

Further reading
|

Accounts of the various attempts to construct relativistic theories of gravity (other than
General Relativity) are outlined in Pauli (1958) pp. 142-5, Mehra (1973), Pais (1982)
Chapter 13, Torretti (1996) Chapter 5 and Cao (1997) Chapter 3.

For details of the E6tvds experiment on the torsion balance, see Dicke (1964) and Nieto
et al. (1989). A modern assessment of the experimental evidence for the Equivalence
Principle is contained in Will (2001). The reference to Einstein’s seminal paper on the
Equivalence Principle and optics is Einstein (1911).

Good introductory accounts of General Relativity and curved spaces are to be found
in Hoffmann (1983) Chapter 6, and in Harrison (2000) Chapters 10 and 12. See also, for a
slightly more advanced treatment, Ellis & Williams (1988).

Problems
1

1.1 Find an expression for the angle of displacement from the vertical with which a mass
hangs in the gravitational field of the Earth as a function of latitude A, and calculate its
value at Budapest (latitude 47.5° N).

1.2 Suppose that mass, like electric charge, can take on both positive and negative values,
but with Newton’s laws continuing to hold. Consider two masses, m; and m,, a distance
r apart. Describe their motion in the cases (i) m;=my=m (m>0), (ii) m;=mr,= m,
(iii) my=m, my= m. Is momentum conserved in all these cases?

5 §"is an n-dimensional subspace of the (2 + 1)-dimensional Euclidean space, given by the formula x> +x,2 +
+x,+1> const. So 8! is a circle, $? (the surface of) a sphere, etc.
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1.3 The usual formula for the period T of a simple pendulum of length / is

/
T =2my/|—,
g

where g is the acceleration due to gravity. Denoting the inertial mass of the pendulum
bob by m; and its gravitational mass by m,, derive an alternative expression for T in
terms of these masses, the radius R of the Earth and its mass M.

1.4 By employing spherical polar coordinates show that the circumference C of a circle of
radius R inscribed on a sphere S (as in Fig. 1.8) obeys the inequality C<2zR.



special Relativity, non-inertial effects

and electromagnetism

General Relativity is a generalisation of Special Relativity, and this chapter begins with a
brief summary of the special theory, with which the reader is assumed already to have some
familiarity. After an account of the famous ‘Einstein train’ thought experiment, the more
formal matters of Minkowski space-time and Lorentz transformations are discussed. We
then consider some non-inertial effects in the shape of the twin paradox and the Sagnac
effect. Mach’s Principle, which concerns itself with the origin of inertia, is considered, and
this is followed by a section on Thomas precession; an effect derivable from Special
Relativity alone, but associated with forces, and therefore with non-inertial frames. The
chapter finishes with a brief treatment of electrodynamics — which was Einstein’s starting
point for Special Relativity.

2.1 Special Relativity: Einstein’s train
e ———————————

We are concerned with the laws of transformation of coordinates between frames of
reference in (uniform) relative motion. Two frames, S and S’, both inertial, move relative
to one another with (constant) speed v, which we may take to be along their common x axis.
The space-time coordinates in each frame are then

S:(x,y,z0); Sy, 2, 0).
What is the relation between these? In the physics of Galileo and Newton it is
X=x—wt, y=y, 2=z (=t 2.1
whose inverse is
x=x+v, y=y, z=7, t=1¢; 2.2

S'and S’ have a common origin at = 0. There is an infinite number of inertial frames and the
laws of Newtonian mechanics are the same in all of them. There is no such thing as absolute
velocity; we can only meaningfully talk about the relative velocity of one inertial frame
relative to another one. This is the Newtonian—Galilean Principle of Relativity. Under the
above transformations the laws of Newtonian mechanics are covariant (of the same form).
These transformations form a group — the Galileo group — which is the symmetry group of
Newtonian mechanics. Its actions take one from one frame of reference S to another one S,
in which the laws of mechanics are the same. If there is a frame S, moving relative to S’ with
speed u along their common x axis, then the speed of S” relative to S is
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w=u-+v. (2.3)

This is the law of addition of velocities in the Newtonian-Galilean Principle of Relativity.
Can this Principle of Relativity be generalised from mechanics to all of physics? This is surely

a worthy aim, but a strong hint of trouble came when Maxwell, in his theory of electro-

magnetism, showed that the speed of light (electromagnetic waves) was given by the formula

¢ = (eoptg) ", (2.4)

where & is the electric permitivity and o the magnetic permeability of free space. When
the values are inserted this gives c/~3 x 10°ms ' — the observed speed of light. So in
Maxwell’s electrodynamics the speed of light (in a vacuum) depends only on electric and
magnetic properties of the vacuum, and is therefore absolute; this clearly contradicts the
Principle of Relativity above. It must be the same in all frames of reference and Equation (2.3)
must therefore break down (at least when applied to light).

The most famous demonstration of this is the Michelson—Morley experiment, which
showed that the speed of light is indeed the same in different frames of reference. It is
therefore clear that Equations (2.1) and (2.2) must be revised. It was in fact already known
that the transformations which left Maxwell’s equations invariant were the Lorentz trans-
formations, which for relative motion along the x axis take the form

XY =yx—wt), y=y, Z=z =yt—w/?) (2.5)
with inverse
x=y( +v), y=y, z=2, t=y{ +w/P?), (2.6)
where
y=(1—12/c?) . 2.7

Einstein interpreted these equations not just as a mathematical curiosity, but as a demon-
stration that time, like space, is relative: x” # x, ¢’ # ¢. Let us illustrate this by considering the
‘Einstein train’.

Trains A and B, with the same length L, pass one another with relative speed v in the x
direction. How long does this take? Let us consider two events:

Event 1 : front of train B passes front of train A
Event 2 : rear of train B passes front of train A

These are illustrated in Fig. 2.1.
Let us adopt the coordinates
(x',¢) : coordinatesin moving frame 2.8)
(x,2) : coordinatesin stationary frame '

What is the time interval between these events, as measured in the two coordinate systems?
To be definite, let us consider train A as stationary and train B moving. We take the origins
(x=0, X' =0) at the right hand ends of the trains and synchronise the clocks so that event 1
happens at =0, ' =0. Then, for event 1
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I P
—

Event 1

I
]

Event 1: front of train B passes front of train A; Event 2: rear of train B passes front of train A.

Event 2

(Xll,l‘ll) = (0,0), (xl, l‘]) = (0,0) (29)

If event 2 happens after a time interval 7 in the stationary frame (train A) and after an interval
T’ in the moving frame (train B) then we have

(.X'z,,l‘zl) = (_L7T/)7 (x2at) = (07 T) (210)
The Lorentz transformation (2.5) applied to event 2 gives L=y ( vT),T'=y T, or
L=yvT, T =yT. (2.11)

Since y>1, then 7' > T ; the time interval between events 1 and 2 in the moving frame is
greater than in the stationary frame — ‘time goes slower in moving frames’. So when Andrei (in
train A) looks at Bianca’s clock (in train B), he sees it goes slower than his own. It is also true
that when Bianca looks at Andrei’s clock, she sees it goes slower than her own (since of course
the whole sequence of events can be considered in the frame in which B is at rest). One is
tempted to ask the question, whose clock is really going slower? But this is a bit like asking,
when walking along a road, is the house on the left or the right hand side of the road? It all
depends in which direction you are walking; and in our case it all depends who is looking at
the two clocks: if Andrei is looking, Bianca’s clock is going slower, and if Bianca is looking,
Andrei’s clock is lagging. This is, after all, a theory of relativity — only relative motion has
physical significance. It has no meaning to say that A is at rest and B is moving, any more than
it has to say that B is at rest and A is moving. Since only relative motion has significance,
anything observed by A must also be observed by B; the situation is symmetrical. Einstein’s
train gives a neat demonstration of the relativity of time — to be precise, of time intervals.

There is, as the reader will know, a similar result for space intervals: what is the length of
train B as viewed from train A? Call it L’. It is of course 7v:

LU'=Tv=L/y=L(1-V/&)"*<L. (2.12)

A measures B’s train as being shorter than his own. Similarly, B measures A’s train as being
shorter than her own: moving objects appear contracted. This is the Fitzgerald—Lorentz
contraction.
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We see that time intervals and lengths are not invariant under Lorentz transformations.
Infinitesimally, dx”+dy”+dz* is not invariant, and neither is d7*. The quantity which is
invariant between the events (x, y, z, f) and (x +dx, y+dy, z+dz, t+df) is

ds? = —c*d? + d* + dy? + d2°. (2.13)

In the present case of the train, dy=dz=0,s0 ds*=  ¢*d¢*+ dx?. This should be the same in
all frames of reference, where d¢ and dx refer to the time and space separation of the two
events above. We then have, in the rest frame S with coordinates (x, ¢)

ds? = —2dP +d? = =P (b —1)* + (xa — x1)* = =272, (2.14)
while in the moving frame S’, with coordinates (x’, ¢')
ds® = —2d/? +dX? =26 — 1/)* + (v’ —x1')?

2Ty g2

= —PT? 4 PPT? = — P (1 —*)P)

=217, (2.15)
where (2.11) and (2.12) have been used. We see that ds” is the same in the two frames. We
also see the force of Minkowski’s remark,' ‘Henceforth space by itself, and time by itself,

are doomed to fade away into mere shadows, and only a kind of union of the two will
preserve an independent reality.’

2.1.1 Minkowski space-time

We now formalise Special Relativity as follows. Space and time become a 4-dimensional
manifold, Minkowski space-time. Points in this space-time (‘events’) have coordinates x*
(u=0, 1, 2, 3), with, in Cartesian coordinates (xo, x!, 2, %)= (ct, x, y, z), and in spherical
polars (x°, x', x*, x*) = (ct, r, 0, $). We also adopt the notation that while Greek suffices take
on the values (0, 1, 2, 3), Latin suffices take on the values (1, 2, 3) for space variables only;
x*=(x° x). The invariant distance, or ‘separation’ between two events (in Cartesian
coordinates), ds*=  ¢?d? +dx® +dy? +dz%, is written in the form

ds? = 7, de* dx”, (2.16)

where the summation convention has been used: repeated indices are summed over the
values 0, 1, 2, 3. Thus (2.16) is short-hand for

ds® = 1199 (dx®)? + 179, dx® dx’ + 7, dx® dx® + -+ (16 terms),
and #,,, has the following values, in Cartesian coordinates:

ds? = =2 d? + dx* + dy? + d2°, (2.17)

' In Lorentz et al., 1952, p. 75.
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hence

Moo =—1, my =np=n3=1, ”ﬂv:()’ HF Vs

or in matrix form

-1 0 0 O
0O 1 0 O
w={ 0 o1 ol 2.18)
0 0 0 1
and in spherical polar coordinates:
ds? = —c*di* + dr* + 2 d6? + * sin’0 dp* (2.19)
hence
no=-1 nu=1, nmy=r, nmy=rsin’, 5,=0 u#v
-1 0 O 0
o 10 o (2.20)
=10 02 o |
0 0 0 2sin’0

The object 7, is the metric tensor of Minkowski space; it makes the space a metric space,
one in which distance is defined.
A useful concept in Special Relativity is that of proper time 7. It is defined by

ds? = —? d7°. (2.21)

In a particle’s own rest frame — in which, of course, dx=dy =dz=0, 7 coincides with ¢, so proper
time is simply time as measured in the rest frame, or time recorded on one’s own clock.

2.1.2 Lorentz transformations

Lorentz transformations are transformations between coordinates labelling space-time
events recorded by two inertial observers in uniform relative motion. They take a system
from one inertial frame to another one, and consist of rotations and Lorentz ‘boost’ trans-
formations.” Under a general Lorentz transformation

2 The maximal set of transformations leaving ds? invariant includes, in addition to rotations and boosts, also
translations in space and time, x' — x'+ a’, t — t+ t, (or simply x* — x*+ a*). These are inhomogeneous
transformations and, corresponding to the philosophy outlined above, their inclusion represents the fact that the
laws of physics are invariant under space and time translations; there is no absolute origin in space, nor in time
(the Big Bang is not relevant here; firstly, we are not considering cosmology, and secondly, we are concerned with
the laws of physics themselves, not with whatever state the Universe happens to be in). Enlarging the group of
Lorentz transformations to include these translations produces the inhomogeneous Lorentz group, or Poincaré
group. The importance of the Poincaré group as the maximal invariance group in Minkowski space was
emphasised particularly by Wigner, whose analysis remains of fundamental importance in particle physics. For
more details, see Wigner (1939, 1964), Wightman (1960), Sexl & Urbantke (1976), Tung (1985), Doughty
(1990), Ryder (1996), Cao (1997).
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xt— XM= A (2.22)
so dx’#=A*, dx" and the invariance of ds” gives
M A" dx™ = 17, dx'dx”,
hence
NN, & A7 = 17, A d”
or
NNy N 5 = 1,5 (2.23)

Let us now check that this holds for some specific Lorentz transformations. First consider a
rotation about the z axis through an angle 6

¥ =xcosf+ysinfd, ) = —xsinf+ ycoso.

The corresponding matrix is

1 0 0 0
0 cosf sinf@ O
uo_
Ay = 0 —sinf® cosf O (2.24)
0 0 0 1

Equation (2.23) with p= =1 then gives 7,, A“;A"; =1, i.e. (summation convention!)
— A%AY + ANAT AN AN =,

or cos’0+sin*0=1, which is correct. Taking different values for p and o also gives
consistency with (2.23), as may easily be checked.

Now consider a Lorentz boost along the x direction. With x’=c¢t (and replacing v by
+v), Equation (2.5) corresponds to the Lorentz matrix

y /e 0 0
v/c 0 0

Al =7 0/ (y) Lo (2.25)
0 0 0 1

Now put, for example, p=o=0. With AOO =y, Alo =yv/c, Azo = A30 =0, we have

M00(A%)% + 1y (A0)? = 1,

ory’(1 v*c*)=1, which is correct.
For future reference it is convenient to give the most general form of a Lorentz (boost)
transformation, from frame S to frame S’ moving with relative velocity v:

x/:x—f—(y—l)x—;vv—yvt; t’zy(t—x—;v>7 (2.26)
v c

with inverse
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x' v ¢

X=X+ (y— 1)ty + s t_y<t/—xc;v>, (2.27)

12

and, as usual, y=(1 V*/c%) ”.
The matrix (2.25) may be written in a ‘trigonometric’ form, similar to (2.24). Defining the
hyperbolic angle ¢ by (8= v/c)

y =cosh¢, yf =sinhg, (2.28)

the Lorentz transformation given by (2.25) may be written

X0 cosh¢ sinhg 0 0 x°
X' | | sinhg coshg 0 0 || &'
P 0 0 10 x? (2.29)
X3 0 0 0 1 x3
We now define the generator of Lorentz boosts along the x axis by
01 0 0
10A 1 0 00
A i O (2.30)
00 0 0
where A is the matrix in (2.29). It may then easily be checked that
cosh¢ sinh¢p 0 O
. | sinh¢ cosh¢ 0O 0O
exp(iKp) = 0 o 1 0 (2.31)
0 0 0 1

The generators of boosts along the y and z axes are defined analogously and turn out as

K, = —i K. =i (2.32)

o - O O
S O O O

0
0
0
1

SO O
oS o oo
SO OO
SO OO
SO O -

Generators of rotations may be defined similarly. The matrix (2.24) represents a rotation

about the z axis, whose generator is defined as J; = -—| . This and analogous defini-
0=0
tions for J, and J,, yield
00 0 O 0 00 O 0 0 0 O
.0 0 0 O 0 0 0 -1 0O 0 1 0
= 0 0 1) YT oo o 5o -1 0 o0
0 0 -1 0 0 0 0 O 0O 0 0 0
(2.33)

These six generators obey the commutation relations ([A,B] AB BA)
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[Jx,Jy]| = iJ. and cyclic perms

K,,K,] = —iJ, and cyclic perms

Koo K] . yeep (2.34)

Vs, Ky] = 1K. and cyclic perms

[Jx, Ky] = Oetc.

Equivalently, relabelling the subscripts x, y, z as 1, 2, 3,

[‘]i;‘]k] = ieikam, (2353)
Vi, Ki] = 1 imKn, (2.35b)
[Ki; Kk] = igikamy (235C)

where €, is the totally antisymmetric symbol

—1 (ikm) odd permutation of (123), (2.36)

1 (ikm) even permutation of (123),
Eikm =
0 otherwise.

In terms of these six generators a general Lorentz boost transformation is
A(@) = exp(iK - 9); (2.37)
a general rotation is represented by
A(0) = exp(iJ - 0); (2.38)
while a general Lorentz transformation, comprising both a boost and a rotation is given by
A(0,0) =exp(iK-d+iJ - 0). (2.39)

The relations (2.35) define the Lie algebra of the Lorentz group, involving three generators
K; of Lorentz ‘boosts’ (or ‘pure’ Lorentz transformations) and three generators J; of rotations
in space. The algebra is closed, corresponding to the fact that Lorentz transformations form a
group. Rotations in space form a subgroup of the Lorentz group, as may be seen from the
fact that the generators J; form by themselves a closed algebra. The boost generators K;
however do not generate a closed system, as is seen from (2.35c); pure Lorentz trans-
formations do not form a group. As a simple consequence of this, the product of two Lorentz
boosts in different directions is not a single Lorentz boost, but also involves a rotation. It is
this fact which is responsible for Thomas precession (see Section 2.5 below) — and which, as
far as I can tell, seems to have been unknown to Einstein.
We finish this section with an additional remark about notation. In Equation (2.16),

dsz = ’7;1\1 dx* dxv7

it was pointed out that the summation convention is understood. To be more precise, indices
to be summed over appear twice, once in a lower and once in an upper position. We may
write (2.16), however, in an alternative way. Defining

_ Y
x/I - nluvx )
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we may put
ds? = dx* dx,,, (2.40)

where still the summation convention holds, and the repeated index — only one index now —
appears once in a lower and once in an upper position. Note that the components x,, and x*
are quite different: in Cartesian coordinates we have

(x05x17x25x3) = (ct,x,y,z); (XO,XI,XZ,)C}) = (_0t7x?y72);
and in spherical polar coordinates
(0, x'2 X)) = (et,r,0,0);  (x0,x1,X2,%3) = (—ct,r, 7,0, {r? sin26}¢).

In General Relativity the position of indices on vectors is important. Vectors with an upper
index, V*, are called contravariant vectors, and those with a lower index, V,, covariant
vectors. In the modern mathematical formulation, these vectors actually arise in concep-
tually different ways, as will be explained in the next chapter.

2.2 Twin paradox: accelerations
|

The so-called twin paradox is not a paradox. It is the following statement: if A and B are
twins and A remains on Earth while B goes on a long trip, say to a distant star and back
again, then on return B is younger than A. Suppose the star is a distance / away and B travels
with speed v there and back. Then, as measured in A’s frame, B is away for a time 2//v, and
that is how much A has aged when B returns. When A looks at B’s clock, however, there is a
time dilation factor of y=(1 v*/c?) *, so B’s clock — including her biological clock — has
only registered a passage of time 2/4v=(2I/V)(1 V*/c*)”; on return, therefore, she is
younger than A. This is the true situation. It appears paradoxical because one is tempted
to think that ‘time is relative’, so that while A reckons B to be younger on return, as argued
above, B should also reckon A to be younger; so in actual fact, one might think, they are the
same age after the trip, just as before it. This, however, is wrong, and the reason is that while
A remains in an inertial frame (or at least the approximately inertial frame of the Earth), B
does not, since B has to reverse her velocity for the return trip, and that means she undergoes
an acceleration. There is no reason why the twins should be the same age after B’s space
trip, and they are not.

It may be useful to consider some numbers. Suppose the star is 15 light years away and B
(Bianca) travels at speed v=(3/5)c. Then, measured by A (Andrei), Bianca reaches the star in
31755 = 25 years, so Andrei is 50 years older when Bianca returns (see Fig. 2.2). The time
dilation factor is 1/y=(1 vz/cz)‘/z =4/5, so, as seen by Andrei, Bianca takes a time
25 X (4/5)=20 years to reach the star, and will therefore be 40 years older when she returns.
She will therefore be 10 years younger than Andrei after the trip. Of course, this is an
approximation, since we have ignored the time taken for Bianca to change her velocity from
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20 years
Time 50
years 0) Star
A
Space
20 years
B
A

A stays on Earth while B travels to a star and back.

+vto v; this is indicated by B’s ‘smoothed out” world-line near the star in Fig. 2.2. We now

show, however, that this time may be as short as desired, if B is subjected to a large enough

acceleration. We must therefore consider the treatment of accelerations in Minkowski space-time.
First define the 4-velocity u*:

u
In view of (2.16) and (2.17) we have
Nt u’ = u'u, = - (2.42)
the 4-velocity has constant length. Differentiating this gives (with ut = %)
%(u/‘uﬂ) =0 = 2i*uy,
or, defining the acceleration four vector a* = u*,
npatu’ = a'u, = 0. (2.43)

Now consider a particle moving in the x' direction with constant acceleration g. The velocity
and acceleration 4-vectors are

d, &' d® , dd
c—=u, =u; = =a;
dr

T FE R R
(both vectors have vanishing 2- and 3-components). Equations (2.42) and (2.43) give

— W+ W'Y == —ud® +u'ad' = 0. (2.44)
In addition

a'a, = —(a°)* + (a')? = &% (2.45)
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this last equation defines the constant acceleration g. These two equations have the solutions

A =5u, ' =5, (2.46)
c
d 0 d 1 2
from which 4 _8C S8 0 and hence
de cdr ¢ 2
d2u0 g2 0
2 a2l (2.47)
Similarly,
d*u! g 1
gz = al (2.48)
The solution to (2.48) is
u' = Ae®/¢ 4+ Be ¢7/°,
hence
d 1
8 (pesoe g 57
1
With the boundary conditions £=0, 7= 0; u' =0, di —a' —gwefind A= B=c/2 and
e . i
hence u' = &= sinh(gz/c). Equation (2.46) then gives
T
du® .
a = d_ur = gsinh(gz/c),
dt
hence 1’ = cg =¢ cosh(gz/c), and finally
T
c? c?
x = —cosh(gr/c), ct =—sinh(gz/c). (2.49)
g g

The space and time coordinates then fall on the hyperbola

C4
¥ - = 2 (2.50)

sketched in Fig. 2.3. The non-relativistic limits (i.e. gz /c<<1) of x and ¢ above are
t=1, x=c/g+hgt

We may now return to the twin paradox. We saw that the amount of proper time elapsing
for B, travelling at a constant speed v=3c¢/5, was 20 years for each of the journeys to and
from the star. The remaining question was, how much proper time elapses while B reverses
her velocity from +vto v ? If this is achieved with a constant acceleration a, then we have

3
from (2.49) j_x = ¢ sinh(at/c) = gc, hence
T

. 0.55
r=Ssinh 10.6 ~ =
a a
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The hyperbola x2  ¢2?  ¢*/g°.

Hence even with only the acceleration of the Earth’s gravity, s~ g~ 10ms % 7~ 1.6 X
107 s, which is only about 6 months. The proper time that elapses during the period of
deceleration and acceleration is negligible, and we conclude that the twin paradox is not a
paradox at all; after her space journey Bianca is younger than Andrei — almost ten years
younger!

2.3 Rotating frames: the Sagnac effect
|

The twin paradox arises when one of two observers (twins), but not the other one, undergoes

- . . . .. ., dv .
an acceleration in Minkowski space-time; that is, motion in which a # 0, where v is the

relative velocity of the twins. Putting v=nv, however, we may distinguish in general two

d d d
cases in which d—: # 0, (1) d—l; =0, d—‘; # 0; this is the case of acceleration in a straight line,

d d
(i) d—l; # 0, j‘; = 0; this is the case of motion with changing direction but constant speed, for

example, in a rotating frame. Let us now consider this case; we expect to find, and do find,
some interesting new effects.

Let us suppose that S’ rotates relative to S around their common z axis. It is convenient to
use cylindrical coordinates, so that in S
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ds? = —c*d? 4+ dr? + 12 d¢p* + d2%. (2.51)
The coordinates in S’ are related to those in S by
=t vV=r d=¢p—o0t 7=z (2.52)
and hence

dSIZ —_ 76’2 dt/Z Jrclrlz Jr’,/Z(dqsl+wdt/)2 +dZ/2
_ —(C2 _ wzr/z)dtxz +2wr’2 d¢/dt/ +dr/2 +r/2 d¢/2 +dz’2.

Dropping the primes we then have for the invariant space-time interval in a rotating frame

ds? = —(? — 0*?)dP + 20r* dp dt + d? + ? dp* + d22. (2.53)
We write this in the form
ds? = gy dr’ dx” = goo (dx’)” +2 g, dx® d’ + gy A’ d, (2.54)

. . . . . 1 2
where, as usual, i and k are summed over spatial indices 1-3 only. With x =" x', X%

x)=(ct, 1, $, z), g, takes on the form

_<1_w2f) 0 27

C C

G = D o oy (2.55)
o 0 2 0
c
0 0 0 1

The fact that the frame is rotating shows up in the g, and g, terms; and also gy is affected.
In the next chapter we shall use g,,, to indicate the metric tensor in a general Riemannian
(curved) space. Here g, refers to Minkowski space-time only, but in a rotating frame.
Nevertheless, some of the observations made in this section will resurface in our future
considerations of static and stationary space-times.

Let us first consider the definitions of time intervals and distances. There is a time interval
between the events (x°, x* ) and (x°+dx°, x’ ). The invariant interval is

ds? = gooc? di* = —(* — w*?)drP. (2.56)
The parameter ¢ is world time. In contrast proper time t is defined by (see (2.21))
ds? = —? d, (2.57)
so the relation between world time and proper time is in the general case
dr = \/—goo dt (2.58)

and in our particular case

2,2
dr = \/1“’ " dr. (2.59)

2
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x%+dx 0

World time

x9+dx0®@

A B

A light signal sent from A to B and back to A.

It is seen that time ‘goes slower’ in a rotating frame, dr<d¢. A clock on the rim of a rotating
disc will measure the elapse of a smaller amount of proper time than a clock at the centre,
given precisely by the formula above.

Now consider measuring the spatial separation between two points; call them A and B.
Familiarity with the methods of Special Relativity suggests that we use light — we send a light
signal from A to B, where it is reflected and returns to A. The distance between A and B is then
defined in terms of the total proper time elapsing at A between emission and reception of the
light signals. This is illustrated in Fig. 2.4 which shows the world-lines of A and B with the light
signals drawn between them.” The light leaves A at world time x°+ dx"®, reaches B at time x°
and returns to A at x”+dx*"; of course we expect dx"@ to be negative and dx®" positive.
Using the fact that light obeys ds* =0, in the notation of (2.54) we have

ds® = 0 = goo (dx")? + 2go; dx” dx’ + g d’ dx¥, (2.60)
with the solutions
0 1 i i qyk
dx’ = — | —gp;dx' £ \/(gOigOk — goo ik )dx’ dxF |. (2.61)
&goo

These solutions correspond to dx*" and dx*® (note that goo <0). The world time interval
between the emission and reception of the signal is then

2 .
A0 = i) — ) =~ g g — o ) (2.62)

a positive quantity. The corresponding proper time interval between thcc:se events is
cAt = \/—goo Ax°, and the distance between A and B is then given by d/ = 3 A, or

dP = (g,-k - %) v de. (2.63)

3 This treatment follows that of Landau & Lifshitz (1971), Section 84.
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As an illustration of this, let us consider the points (7, ¢, z) and (7, ¢ + d¢, z) on a rotating disc.
If the disc is not rotating the separation between these is d” =17 d¢? or d/=r d¢. The
circumference C of the circle joining all such points is

2

C= sz = J rdep = 2z, (2.64)

entirely as expected. On the rofating disc we now apply Equation (2.63) with the values of
200> 202 =20 and g, read off from (2.55) to give

2 4
2 — 2.2
a2 = (gn - B2 ap = [ 21— lag =2 (1420 )ag?,
800 o’r? c?
l_c—2
C()zl’z

h di~|(1]+—
ence ( + 2

)rdd). The circle joining all such points has circumference

6()2}"2

or
C 2.2
“ o149 ) son, (2.65)
r 2c2

exactly the criterion indicating a curved space, as discussed in Chapter 1. We conclude that
the space of a rotating disc is curved. This is not true, however, of the space time, which is
Minkowski space-time. This latter claim must for the present be taken on trust, but the point
is that a rotating frame is given simply by a coordinate transformation — Equation (2.52)
above —and it will be shown in due course that a flat space remains flat under any coordinate
transformation. So even in a rotating frame the background space-time (Minkowski)
remains flat, but the spatial section of it becomes curved. Not only is the spatial section
radically changed; so also is the measure of time, as we now investigate.

2.3.1 Clock synchronisation

Consider events at two nearby points 4 and B. How do we decide if they are simultaneous?
How do we define simultaneity? As usual, we use light; we send a light signal from A4 to B and
back to 4. Referring to Fig. 2.4, the time on 4’s world-line which is simultaneous with the
event at world time coordinate x° on B’s world-line is defined to be half-way between the

emission and reception of the light signals, i.e. at (NB: Ax” below is different from that in (2.62))

dx0() 4 dx°?) ; dy

O T 0 80l 0y A, (2.66)
2 800

In a rotating frame go;# 0, so Ax”#0. Using the above formula simultaneity may be
defined — and clocks therefore synchronised — at points along any open line. An attempt
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to synchronise clocks at all points along a closed line will in general fail, however, since on
return to the starting point the difference in world time recorded will be

A0 = — jﬁﬁ dx'. (2.67)
&oo

In a rotating frame of reference this integral will not vanish, so clock synchronisation is not

possible: time is not a single valued parameter in such a situation.

The experimental consequences of this were first revealed in the Sagnac effect. Sagnac
found that the interference pattern changed when an interferometer was set in uniform
rotation.* Beams of light traverse a closed path in opposite directions, then meet again at the
starting point and interfere (we may refer to Fig. 2.4 again). Now arrange for the whole
apparatus to rotate. We may derive an expression for the fringe shift using the formulae

above. If the axis of rotation is the z axis then the time discrepancy integrated over one circuit
is (see (2.55))

At:lAXOZJ;gOdez— ! wr2d¢
c

g0 AJ1—(0*?)/
ZJ dg = 270 o 22, (2.68)
C C

where 4 = is the area enclosed by the path. The associated discrepancy in proper time is
At = \/—goo At ~ At (2.69)
to leading order. This results in an optical path length

24
[+ A =2ar+eht =L+ 22, (2.70)
c
where L is the ‘undisturbed’ path length. For the light beam travelling in the opposite

direction the optical path length is

v
c

44
When these beams interfere the difference in optical path length is —w, giving a fringe shift
c

AN = Mﬂ (2.71)
cA
In Sagnac’s experiment w=14 rad s ', 4=0.0863m? and 1=0.436 x 10 ®m, giving
AN=0.036, in agreement with his findings; or, as he put it, ‘bien visible sur les photog-
raphies que je joins a cette Note’ — despite the fact that the relevant photographs were not
attached to the published version!

4 Sagnac (1913a, b). Sagnac’s finding was expressed in terms of the ether. A more modern account would be simply
to state that his experiment demonstrated the absolute nature of rotation.
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2.4 Inertia: Newton versus Mach
-]

One recalls in memory the feeling of anxious, heart constricting solitude and emptiness
that I daresay has crept over everyone on first comprehending the description given
by Kirchhoff and Mach of the task of physics (or science in general): a description of
facts that is as far as possible complete and as far as possible economical of thought.
(E. Schrodinger”)

Newton’s first law of motion states that a body subject to no forces remains at rest or continues
to move in a straight line with constant speed. (Note that by virtue of Newton’s Principle of
Relativity (or of course Special Relativity), these situations are equivalent.) Let us rephrase
this by saying ‘remains at rest or continues to move in a straight line with constant speed with
respect to X°. Then what is X? Newton replied ‘Absolute space’ and demonstrated the
existence of absolute space with his famous bucket experiment. A bucket of water is held at
rest, but hanging by a highly coiled (twisted) rope. The water surface is, of course, flat. The
bucket is then released so that the rope begins to uncoil, and the bucket starts to turn. After
some time the water also starts to rotate, as it begins to partake of the motion of the bucket.
This makes the surface of the water concave, because of the ‘centrifugal’ force on the water.
Eventually the rope becomes untwisted and the bucket stops turning; the water, however, is
still rotating and has a curved surface. At the beginning of this experiment there is no relative
motion between the bucket and the water, and the water surface is flat. Later on, however,
when both the water and the bucket are turning, there is also no relative motion, but the surface
of'the water is curved. The centrifugal force felt by the water is not due to its motion relative to
the bucket; it must be caused by its motion relative to absolute space. Inertia results from
acceleration or rotation relative to absolute space.

The Austrian physicist, mathematician and philosopher Ernst Mach (1838-1916), how-
ever, took a different view, one we should now describe as ‘positivist’; space is not ‘real’,
only matter is real. Space is simply an abstraction taken from the set of distance relations
between material objects on this view. X cannot be ‘absolute space’, it must be matter — what
is more, matter on the cosmological scale. “When ... we say that a body preserves unchanged
its direction and velocity in space, our assertion is nothing more or less than an abbreviated
reference to the entire universe’,6 by which he meant, in effect, heavenly bodies at large
distances, commonly referred to as the ‘fixed stars’. These are thought of as defining a rigid
system, while the motion of nearby stars averages out to zero. Our knowledge of the
Universe is, of course, more detailed and more sophisticated than that obtaining in
Mach’s day. In particular we know that the distribution of matter in the Universe is, to a
very good approximation, homogeneous, so that we are not ‘at the centre’ and the ‘fixed
stars’ are not ‘near the edge’ of the Universe; moreover, the whole distribution of matter is
expanding. Nevertheless, despite our more sophisticated perspective, we may still entertain
Mach’s original, and highly interesting, suggestion by identifying X with an average
distribution of masses in the Universe.

5 Quoted in Moore (1989).
¢ Mach (1919), Chapter 2, Section 6.7.
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This whole question is, of course, one about the origin of inertia, since the inertia of a
body (its inertial mass) is that property of the body which resists any motion except uniform
motion relative to X. If we want to accelerate the body, to give it non uniform motion, we
must exert a force on it; the minute we stop exerting the force, the body will revert to uniform
motion. Then the question is, “Why do bodies possess inertia?’. If Mach is right, it must be
due to some sort of interaction between individual masses and the ‘rest of the Universe’.
What sort of interaction? Gravitational? Unfortunately this is not usually specified in
discussions of Mach’s ideas, making the whole subject much more difficult to discuss; it
becomes a qualitative rather than quantitative matter. It might also be objected that the
question is more philosophical than physical, since we cannot ‘do experiments on’ the
Universe; we cannot remove all the other galaxies and stars, to see if inertia disappears.
Mach would predict, of course, that in an empty universe, particles would have no inertia,
and so could move in any sort of way, including accelerated motion.

Einstein was, at least initially, much influenced by Mach’s ideas: ‘In a consistent theory of
relativity there can be no inertia relatively to “space”, but only an inertia of masses relatively
to one another. If, therefore, | have a mass at a sufficient distance from all other masses in the
universe, its inertia must fall to zero.”” He referred to the whole complex of Mach’s ideas as
Mach’s Principle and tried to incorporate this into General Relativity. It is now generally
considered that he did not succeed, but one interesting consequence of General Relativity,
the so-called Lense—Thirring effect (discussed in Section 6.2 below), predicts that inertial
reference frames outside a rotating body are actually affected by the rotation — causing, for
example, a gyroscope to precess. Newton’s hypothesis of absolute space — duly upgraded to
absolute space-time, in the spirit of Special Relativity — would certainly not allow a
phenomenon like this.

To conclude this section we consider a very interesting simple experiment that has a direct
bearing on Mach’s ideas. If the inertia (inertial mass) of a particle (for example a proton) is
affected in any way at all by mass distributions on the cosmological scale, then we would
expect an anisotropy in the inertia of any proton on Earth, as a consequence of the anisotropy
of the mass distribution of our galaxy. Then if a proton were subjected to an acceleration
towards the galactic centre its mass would be different from what it would be if the
acceleration were in a different direction. Atomic physics experiments involving the
Mossbauer effect and nuclear magnetic resonance have been performed since 1960 to find
dm/m, where m is the proton mass and dm its variation, which will result in changed
frequencies of spectral lines in hyperfine transitions, observable as the apparatus, over a
24-hour period of the Earth’s rotation, traces out different directions in the Galaxy.® A recent
experiment gives dm<2 x 10 *'eV, or dm/m<10 *°; which would seem to offer little
support for Mach’s Principle.’

There is, however, another interpretation of this seemingly null result.'® The Equivalence
Principle implies that in any gravitational field there is a frame of reference in which its

7 Einstein (1917).
8 Hughes et al. (1960), Drever (1960); Weinberg (1972) pp. 86 88, gives a good account of these experiments.
For more recent references see Ciufolini & Wheeler (1995), Section 3.2.4.
® Lamoreaux ef al. (1986).
1 What follows is based on an observation made by Weinberg (1972), p. 87.
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effects are nullified. This is the state of ‘free fall’. For example, in the case of the elevator,
described in Section 1.2, when the supporting cable is severed, the elevator plunges down to
the centre of the Earth in free fall. It finds itself in an inertial frame of reference — the
gravitational field of the Earth and the acceleration of the box relative to the Earth cancel
each other out. Now consider an experiment performed on Earth, such as the one mentioned
above, in which an anisotropy in inertial mass is looked for. It could be argued that the
Equivalence Principle makes it impossible to detect any such effect since the experimental
apparatus will find for itself a locally inertial frame, in which, by definition, any gravita-
tional field (and therefore, presumably, any effect) of the ‘rest of the Universe’ is nullified.
No wonder a null result is found! From this perspective, Mach’s Principle is not necessarily
disproved by the experiment.

Let me conclude this section by taking these considerations slightly further, and
approaching Mach’s Principle from the perspective of particle physics. If Mach is right,
electrons at different locations in the Universe might be expected to have different masses,
but this runs completely counter to the general understanding of mass in particle physics.
Mass is, in effect, one of the Casimir operators of the Poincaré group (Wigner (1939)) and
the Poincaré group is the isometry group of Minkowski space-time, so in a locally inertial
frame the mass of an electron is fixed. It should also be noted that the idea of inertial mass
‘falling to zero’ in an empty universe does not stand up well to investigation; for by virtue of
Special Relativity particles may possess zero (rest)mass (like photons do), but it does not
follow that they possess zero inertia, as Einstein himself pointed out.'" The only entity that
might be said to possess zero inertia is the vacuum, and from quantum field theory we learn
that the vacuum is filled with particle-antiparticle pairs, to say nothing of a non-zero
expectation value of a Higgs field! While Mach’s Principle might have proved very valuable
as a stimulant to thought, it appears to be very tricky to pin down an actual demonstration
that it is correct. Perhaps the moral to be drawn is to note that the Equivalence Principle is a
local one, whereas Mach’s ideas are distinctly global. If Mach’s Principle could be imple-
mented by way of a gravitational (or some other) interaction, that would presumably be
equivalent to a local formulation — which does not work.'? Perhaps what is needed is to find
a mathematical way to describe a global principle.

2.5 Thomas precession
-

The phenomenon known as Thomas precession was first studied in the context of atomic
physics.'? Since it intimately involves the theory of relativity in a rather surprising way, it is
appropriate to discuss it here; and although the original setting in atomic physics might seem
to be far removed from the preoccupations of a general relativist, it is worth at least giving
this a very brief description, since the orbiting of electrons round the atomic nucleus has,

""" Einstein (1905b).

12" An attempt was made by Sciama (1953), who proposed a Maxwell-type of theory to implement Mach’s Principle,
but this theory turns out to be incompatible with Special Relativity.

13 Thomas (1926, 1927).



2.5 Thomas precession

An electron orbiting a proton. B’ is the magnetic field produced by the proton in the frame in
which the electron is at rest.

despite the vast difference in scale, some similarities with the orbiting of planets round the
Sun and of satellites around planets. Indeed the whole phenomenon of spin precession of an
orbiting body is at the heart of one of the most recent and delicate tests of General Relativity,
the Lense—Thirring effect (see Section 6.2 below).

Consider the simplest case of the hydrogen atom, in which an electron orbits a proton, to
which it is bound by electromagnetic forces. The Coulomb field of the proton is

e
= 2.72
Amegr’ f @72)
d
and in this field the electron moves with velocity v = er_ see Fig. 2.5. Let us define the
frames in which the electron and proton are at rest:

S: p atrest,
, (2.73)
S’: e atrest.

In S’ the proton is moving so produces a magnetic field B’ in which the electron spin
(= intrinsic angular momentum) precesses, according to the well-known classical formula

—=uxPB, 2.74

a M (2.74)
where p is the magnetic moment of the electron. What is B’? From the relativistic trans-
formation laws (see Section 2.6 below) the relation between the electric and magnetic fields
in frames S and S’ is

B/:y(B—VXZE) —-2vxE,
C (&

where the second equality follows since B=0. In the non-relativistic approximation y~ 1,

1 . . . .
soB' =~ ——V x E and, using Equation (2.72) and putting L=r X p with p=myv,
c

o e
B = (74”80m02r3>L. (2.75)

The ‘interaction energy’ of a magnetic moment p in a magnetic field — call it B’ —is

U=-u-B.
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What is p? For a charge ¢ in a circular orbit, u = Zi L where L is the angular momentum of
m

the orbiting body. According to the Uhlenbeck—Goudsmit hypothesis for intrinsic spin,
however, the proportionality factor is different and we have

W= %s; (2.76)
so putting together the above equations we have for the interaction energy
&2
U= _W(L - S). 2.77)

This is a form of binding energy of the electron in orbit, which results from the interaction
between the magnetic field of the proton and the electron’s magnetic moment, proportional
to its spin. It is known as a ‘spin-orbit’ interaction and is responsible for the so-called ‘fine
structure’ in atomic spectral lines. The details need not concern us, except to point out the
crucial fact that the above expression does not account satisfactorily for the fine structure
phenomena. The correct expression is one-half of this:

&2

U= L-S). 2.78)

8regm2c?r3

It was Thomas who satisfactorily explained the occurrence of this extra factor of 2, and we
now outline his reasoning.

In Fig. 2.6 the electron is shown with velocity v at A, and a small time o¢ later with
velocity v+8v at B. In addition to the frames S and S’ let us introduce a frame S”:

S': rest frame of p,
S’ rest frameof e at A, (2.79)
S”: rest frame of e at B.

The corresponding Lorentz transformations are (see (2.37))

V+5V

The electron at A with velocity v and at B with velocity v + dv.
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S — S: exp(—iK.9)
S — 8" expl[iK.(¢ + §9)],

hence the transformation linking the frames S’ and S” is
S — 8" exp(—iK.¢9) exp[iK.(¢ + 5¢)] = T (9, 5¢).

T is a transformation matrix between the coordinates of the electron at A and those at B:
"#=T# x";and it is our contention that T'consists of a rotation as well as a pure boost. This
is straightforward to prove, using the Baker—Campbell-Hausdorf formula (in which 4 and B
are operators; in the present context, matrices)

X

edeB — eA+B+1/2[A.B]+--- (2.80)

to give

1
T= exp{iK.5¢ + 7 [—iK.9,iK.8¢)] + - - } (2.81)
We ignore the higher order terms. The commutator term above is

12lKi, Kiliddr = =2 iumIn @i 3¢k = 1+ (1280 % 9),
where the commutation relation (2.35) has been used. This is a pure rotation, through an
angle da="20¢ X ¢. Since the angle is infinitesimal we may find an expression for it by
noting that for infinitesimal boost parameters (i.e. small velocities — see (2.28))
¢~ sinh ¢ = yv/c & v/c, so

oo vV X OV.

T 22
It is then clear that, in addition to the expected Lorentz boost in T (the first term in (2.81)),
there is a rotation. As the electron orbits the proton its rest frame rotates relative to the

. . da. .
laboratory frame and the resulting precession rate Q = S is

1
QThomas ~ 2702‘] X a (2.82)

where a = 6_v is the acceleration of the electron in orbit. The Thomas precession is purely
kinematic in (t)rigin; the acceleration above may have any cause. In this case, of course, it is the
electromagnetic force exerted by the proton (or nucleus), but any force will have the same result.

To complete our task we must make a connection between this precession, or rotation of
the inertial frame, and the interaction energy U introduced above, in Equations (2.76) and
(2.77). This connection comes about because of the relation between magnetic fields and
rotating frames. As every student of classical mechanics knows, the rate of change of a
quantity (let us call it spin S) in a rotating frame is related to its rate of change in a non-
rotating one by the formula'*

4 See for example Goldstein (1950), Kibble & Berkshire (1996) or Morin (2007).
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ds DS dS
) === ) 2.
(dz)m a @ S (2.83)
Substituting from (2.74) and (2.76) gives
DS e ,  m _
G S (BT e)=
which defines the effective magnetic field By,

e m 1
B = — - L -
ot (4neomczr3> * (e 2(:2)V o

where Equations (2.75) and (2.82) have been used. The acceleration a, however, caused by
an electrostatic force, is given by

S x Beff, (2.84)

giving

e e e
Bg=|———|L-(——=|L=(——=|L
eff (47reomczr3> (87reomczr3> <87rsomczr3>

and a spin-orbit interaction of

e2
U——u-Beff——(i)L . S,

8regm?cii

as desired, and as in (2.78), where (2.76) has been used. The Lie algebra relating Lorentz
boosts with rotations gives the factor of 2 necessary for agreement with experiment.

2.6 Electromagnetism
- - ]

The approach to relativity in this chapter has been anti-historical. It is well known that the
paper which sprung Special Relativity on the world was entitled ‘On the Electrodynamics of
Moving Bodies’." Einstein exploited the fact that Maxwell’s equations kept the same form
under Lorentz, rather than Galilean, transformations, to propose a new theory of space and
time; in a word, that they defined what we now call a 4-vector, the components of which get
mixed up in a Lorentz transformation. It is now time to return to electrodynamics and review
how it is formulated in Special Relativity. Since Maxwell’s electromagnetism is already
consistent with Special Relativity, this is only a matter of getting a neat and consistent
notation. The important observation is that just as space and time become the components of
a 4-vector ‘space-time’ in Special Relativity, so all ‘geometric objects’ (for example fields)
also become either 4-vectors or quantities clearly related to them; the language of 3-vectors
has in effect disappeared.

!5 Einstein (1905a).
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We define the 4-vector potential 4*
At = (A01A11A27A3) = ((vavayaAz) = (¢aA)v (285)

where ¢ and A4 are the usual scalar and vector potentials of electromagnetism. Note the
positions of the indices in (2.85); we adopt the convention that indices 1, 2 and 3 may be
raised or lowered, whereas x, y and z always appear in a lower position. Lowering the index
with the Minkowski metric tensor (2.18) gives

Ay = (Ao, A1, 42, A3) = (=, 4, 4y, A2) = (=, A). (2.86)
Under a Lorentz transformation A we have (cf. (2.22))
Af — A" = A A (2.87)
The electric and magnetic fields are defined by

10A

E- 1A ol B_vxa (2.88)
c Ot
Hence
Bo= LY 00 o o0 = 0041 — i a0, (2.89)
c Ox Ox
A A
Bo= - o p ol —Pa - (2.90)
oy oz

and similarly for the other components. Then defining the rank 2 tensor (i.e. an object with
two indices)

F = 0#4" — 0"4", (2.91)
we have, in matrix form, labelling the rows and columns of the matrix by 0, 1, 2 and 3,

0 E E E
~E, 0 B. -B
~E, —B. 0 B, |’
—E. B, —B, 0

= (2.92)

so forexample F°' =E,, F*' = B.and so on. It is clear from the definition (2.91) that F*" is
an antisymmetric tensor, i.e. (| = transpose)

(P = o= 1, (2.93)
Lowering the indices yields F,,,= 7, 1., F", hence
0 —E -E, -E.
F,, = . (2.94)

Under a Lorentz transformation
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F' = F'™ = AF A, FP°. (2.95)

Consider, for example, a boost along the x axis (see (2.25) above). Let us find out how E, and
E,, transform. We have

E/x _ F/Ol — AOp A()”Fpo'
= A% A F + A% AL FO 4+ A0 AN FO + A AT R

2 2 2.96
_ ysz + (VV) Flo _ yzEx (1 _V_) —E,: ( )

c c?

E\ = E,.

In the summation above use was made of the fact that only p=0,1 and 6=0,1 give non-zero
contributions. In a similar fashion

E/y :F/OZ — AOPAZO_F/)J — A00A22F02 + A01A22F12
4% 4%
—yF? 4 %F” = 9E, + %Bz;

or

E=—¢_ (2.97)

This is an example of how electric and magnetic fields transform in a moving frame. They do
not transform as 3-vectors (as remarked above, 3-vectors are non-kosher objects in rela-
tivity), but as the six components of an antisymmetric second rank tensor F*".

It is useful to define the dual field strength tensor F),,:

1Y =14 PoF (2.98)

where ¢“'”?, known as the Levi—Civita symbol, is totally antisymmetric in its indices and has
the values

+1if (uvpo) is an even permutation of (0123),
e = & —1if (uvpo) is an odd permutation of (0123), (2.99)
0 otherwise (i.e. if two or more indices are equal).

For example,
FO = 1" Fy = 1h(""P Fo3 + '3 F3y) = 15(Fo3 — F3p) = Fa3 = B,
The other components follow in the same way, giving

0 B B, B
-B, 0 —E. E
-B, E. 0 —E
-B. —E, E. 0

(2.100)
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It is clear that F**¥ is also antisymmetric:
(F)T = ., (2.101)
In addition, the substitution F — F is equivalent to

F—-F:E—B, B— —E. (2.102)

2.6.1 Maxwell’s equations

We close by expressing Maxwell’s equations in terms of the field tensor F*” and its dual.
The equations are in two sets, homogeneous and inhomogeneous:

homogeneous: V- B=10, V x E+@ =0,
ot
OF (2.103)
inhomogeneous: V- E=p, Vx B +5 =j.

As the reader will easily verify, the inhomogeneous equations are
O,F*" = j* where j” = (p,]) (2.104)
and the homogeneous ones are
8" = 0. (2.105)

It will be noted that each of these is actually four equations; x is summed and therefore a
dummy index, while v takes on the four values 0, 1, 2, 3. Most people will agree that the
Equations (2.104) and (2.105) are slightly neater in form than (2.103). A further degree of
elegance is achieved when Maxwell’s equations are written in terms of differential forms,
which they are in the next chapter.

2.7 Principle of General Covariance
|

The Principle of General Covariance is a mathematical statement of the Equivalence
Principle. Consider ‘at random’ a typical equation in physics

B

VXE=——; 2.106

2 (2.106)
one of Maxwell’s equations. The right and left hand sides are both vectors — more precisely,
3-vectors; and we may take the definition of a 3-vector to be a quantity with a well-defined
transformation under rotations in 3-dimensional space. Under a general rotation the coor-
dinates x’ (i=1, 2, 3) change to x”* given by

X = Rk, (2.107)
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where R’ is a rotation matrix (and summation over k is understood). Under rotations,
distance from the origin is preserved: x* +y* + 22 =x>+)/? + 22, or
x/ix/i _ xix,-,
which with (2.107) gives
RGR"™ = 0";

the matrix R is orthogonal. (It may be pointed out that an example of R is the 3 X 3 part of the
Lorentz matrix (2.24), whose orthogonality is easy to check.) A vector is by definition a
quantity whose components transform in the same way as x’ under a coordinate transformation:

Vi p'h =R, vk (2.108)

We are at present thinking in terms of a Minkowski world, a flat space-time in which it is

conceivable to have the rotation matrix R a constant — the same rotation is to be performed at

each point in space-time. Equivalently the transformation is linear, and in that case Equation
(2.107) may be differentiated to give

ax/i

_ pi

oxi

and (2.108) becomes

V/i

ax/i .
= o Vs (2.109)
the law of transformation for contravariant vectors, as we shall see below.

Maxwell’s equation (2.106) is a vector equation: so if an experimentalist finds this
equation to be valid in a frame of reference S, another experimentalist working in the
relatively rotated frame S’ will find the same equation

, , OB’
V xE = — 2
the time parameter ¢ is unaffected by the rotation. This is simply an example of the
invariance of the laws of physics (in this case one of Maxwell’s equations) under the rotation
of reference frames (to be distinguished, of course, from rotating reference frames, which
are non-inertial). And this requirement in turn follows from the isotropy of space — there is
no distinguished direction in space.'®

As spelled out in the previous section, this invariance under rotations may be extended to
include Lorentz transformations, and then the set of all Maxwell’s equations takes on the
form (2.104) and (2.105). The point being made here is that all these equations may be
expressed in the form

T =0,

16 The connection between symmetries, conservation laws and invariance principles is beautifully and carefully
examined in several essays by Wigner; see for example the collection Wigner (1967).
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where T is a quantity with a well-defined transformation property under rotations and/or
Lorentz transformations; in formal terms 7'is a fensor of rank n (where n =0 corresponds to a
scalar, n=1 to a vector — either a 3-vector, for rotations, or a 4-vector to include Lorentz
transformations, n =2 to a rank 2 tensor, such as F' “*; and so on). To return, for the sake of
definiteness, to our example, if 7 is the vector quantity
A=VXxE+ o8
ot
then Equation (2.106) is the statement that A =0; and if this holds in frame S, then in S/,
obtained from S by a rotation, we also have A’ =0. This is nothing but relativity.
We may now consider how to generalise this observation. We have seen that a uniform
acceleration produces, locally, the same effect as a gravitational field. The coordinate
transformation for an acceleration along the x axis,

X = x + at?,

is, however, non-linear, so our generalisation might be that the laws of nature in the presence
of a gravitational field are tensor equations under any coordinate transformations, linear
or non-linear. This is the so-called Principle of General Covariance, and the logic just
described would justify the term ‘general’ in ‘General Relativity’; generalising linear
to non-linear transformations in order to include gravity. The term ‘covariance’ means,
as usual, that the laws of physics take the same form for observers in relative motion.
The Principle of General Covariance does not, however, fully account for General
Relativity. General Relativity describes gravitational fields in terms of a curved space-
time, as we shall see below, and as was indicated by the thought-experiment described in
Section 1.3.

Further reading
- - ]

Recent reviews of the Sagnac effect may be found in Post (1967), Chow et al. (1985),
Anderson, Bilger & Stedman (1994) and Stedman (1997). A remarkable experiment
involving interference of neutrons, rather than light, to detect the rotation of the Earth was
performed by Colella et al. (1975). For an up-to-date review of these matters see Rauch &
Werner (2000), Chapter 7.

Readable accounts of Mach’s Principle can be found in Bondi (1960), Sciama (1969),
Weinberg (1972), Misner et al. (1973), Rindler (1977, 2001), Ciufolini & Wheeler (1995),
Cao (1997), Harrison (2000) and Jammer (2000). A good review is Raine (1981) and a
useful more recent reference is Barbour and Pfister (1995). An interesting, if brief, account
of Mach’s ideas on the philosophy of physics may be found in Moore (1989).

Thomas precession is discussed in Robertson & Noonan (1968), Maller (1972), Jackson
(1975) and Bacry (1977), and a rather interesting account is given in Rindler (2001). For its
role in the context of atomic physics, see for example Cohen-Tannoudji et al. (1977) or
Shankar (1980).
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Problems
. |

2.1 Consider the following experiment in the Einstein train. A light, situated at the centre of
train A, is switched on and light beams travel up the train and down the train to reach the
front and rear doors of the train at the same time, as viewed by an observer on the train.
Show that, as viewed from a moving train, the arrival of the light at these two points is
not simultaneous, but reaches the rear of the train at a time yvL/c* before reaching the
front. This is an example of the relativity of simultaneity.

2.2 Show that F*"F,,=2(-E - E+B - B)and F"'F,, = —4E - B.



3 Differential geometry I: vectors, differential

forms and absolute differentiation

It is almost impossible for me to read contemporary mathematicians who, instead of
saying, ‘Petya washed his hands’, write ‘There is a #; <0 such that the image of 7, under
the natural mapping #, — Petya(#,) belongs to the set of dirty hands, and a #,, #;, <, <0,
such that the image of #, under the above mentioned mappings belongs to the comple
ment of the set defined in the preceding sentence ...

V.1. Arnol’d

In this chapter we introduce the mathematical language which is used to express the
theory of General Relativity. A student coming to this subject for the first time has to
become acquainted with this language, which is initially something of a challenge.
Einstein himself had to learn it (from his friend Marcel Grossmann). The subject is
widely known as ftensor calculus; it is concerned with tensors and how to define and
differentiate them in curved spaces. In more recent times tensor calculus has been recast
using a more sophisticated formalism, based on coordinate-free notation and differential
forms. At first physicists were disinclined to learn this higher grade language, since it
involved more work, without, perhaps, any reward in terms of mathematical or physical
insight. Eventually, however, sceptical minds became convinced that there were indeed
pay-offs in learning this new formalism, and knowledge of it is now almost essential to
read research papers in the field of General Relativity. This chapter covers the notions of
vectors, differential forms, tensors and covariant (or absolute) differentiation, and the
next one goes on to consider curvature, which, of course, as a property of space-time,
plays a starring role in Einstein’s theory. We begin by considering the general notion of
a differentiable manifold.

3.1 Space-time as a differentiable manifold
Ch—— |

A simple mathematical model of space-time is a Cartesian product of three spatial variables
and one time variable, and a point in this 4-dimensional space may be considered to
represent an ‘event’ (¢, x, y, z) in space-time. This, however, is slightly too simple: the
Newtonian—Galilean Principle of Relativity tells us that an observer (in an inertial frame)
regarding himself as stationary will mark the ‘same’ point in space by for instance tapping
at it every second. A second observer (also inertial) moving relative to him will however
see these points as different points in space. The idea of a “point in space’ therefore has to be
replaced by an equivalence class of points related by a group of transformations X' =x vt
etc. — the Galileo group. Time is taken as absolute in the Newtonian—Galilean scheme.
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In Special Relativity this group is enlarged to the Lorentz group, in which time is no
longer absolute, and one consequence of the relativity of time is the twin paradox, consid-
ered in Section 2.2. In this ‘paradox’ we noted (see Fig. 2.2) that a closed path in space
(consisting of A’s journey followed by the reverse of B’s journey) results in a change of time,
showing that space and time are not independent of each other. In more technical language,
space-time is an example of a fibre bundle, in which a closed path in the base space (‘space’
in this example) results in movement along the fibre (‘time’). Locally, however, a fibre
bundle is simply a direct product of two manifolds, even if this is not true globally.

In General Relativity we have the additional feature that space-time becomes curved.
In such places as the Solar System the curvature will only be slight but in some circumstances,
for example near the horizon of a black hole, it may become highly curved, and even
topologically non-trivial. We shall be wanting, of course, to denote points in space-time by
a system of coordinatisation: how does this work in a curved space? Consider for example the
sphere S: it is a 2-dimensional curved surface, in general coordinatised by 6, ¢. Locally, in the
neighbourhood of any point P on $* we may introduce Cartesian coordinates (x, y) but
these cannot be made to cover the whole sphere without ambiguity. Neither, in fact, may 0
and ¢ be used to cover the sphere without ambiguity: at the north pole (§=0) ¢ is undefined, as
is also the unit vector (ﬁ — at the north pole, every direction is south! These problems may be
overcome by having two coordinate systems; so on the Earth, for example, we would have
the usual one, with =0, 7 at the N and S poles. A second coordinate system would have =0
at for example Concordia, Argentina, on the Uruguay border, at 32° S, 58° W, and ==
Nanjing, 32° N, 118° E. Then the one coordinate system may be employed unambiguously
everywhere except at the N and S poles, and the other one everywhere except at Concordia and
Nanjing. At all other points on the Earth’s surface there is a smooth transformation from one
coordinate system to the other one. We generalise this construction to define a manifold as an
(n-dimensional) space of arbitrary curvature which may be coordinatised by a series of charts,
as shown in Fig. 3.1. The charts are for simplicity taken to be (open subsets of) R" and in the
overlapping regions of M there is a transformation between them.

S | &

E—

Rn A
A region of an n-dimensional manifold M is considered to consist of two overlapping regions,
each coordinated by a chart in R”. In the area of overlap there is a transformation from one
coordinatisation to the other.
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3.2 Vectors and vector fields

We saw in the last chapter that there is an equivalence between accelerating frames and
gravitational fields, as illustrated in the Einstein box experiment. But as was pointed out
there only homogeneous gravitational fields with constant magnitude and direction can be
described in this way. Real gravitational fields — for example at different points on the Earth
or in the Solar System — cannot be eliminated by any single coordinate transformation. To
preserve the usefulness of the equivalence principle we need different transformations at
different points, like the chart above.

3.2 Vectors and vector fields
1

Let us recall how to describe vectors in (flat) 3-dimensional Euclidean space R®. We may
write them in different forms, for example

V="Vi+Vj+V.k or V=Vi+V0+V0, (3.1)

where i, j, k are unit vectors in the x, y, z directions, and f, é,(i) unit vectors in the 7, 8, ¢
directions. The coefficients of these unit vectors are the components of V with respect to the
different basis vectors. We may write the Equations (3.1) in the generic form

V= Ve, (3.2)

where the summation convention is used: i is summed from 1 to 3. The vector V has
components V" in the basis with basis vectors e;.

We want to generalise our formalism to describe vector fields in a space-time with
arbitrary curvature. How do we do it? We want to retain the feature above, of describing
vectors themselves, as well as their components in a particular coordinate system. First,
the generalisation from 3-dimensional space to space-time is straightforward: (3.2) is
replaced by

V ="Vte, (3.3)

where x is summed over the values 0, 1, 2, 3." We next introduce the key concept of a curve
in a manifold. A parametrised curve in a manifold M is a mapping of an interval in R' into
M — see Fig. 3.2 — while a local chart on M is mapped into R”, as explained above. The
interval in R', and therefore the curve into which it is mapped, is parametrised by 4, taking on
values from 0 to 1. A point P on the curve may then be assigned local coordinates x*(1) .
Suppose f(x*) is a function on M (i.e. a mapping from M to R"). Then we may put

S (4) = g).

The differential of the function along the curve is

! We adopt the convention that Greek indices are used in the general case, as well as in 4-dimensional space-time.
Latin indices take on the values 1, 2, 3 and are therefore used in the specifically space section of space-time, as
well as in examples of 2-and 3-dimensional spaces.
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A parametrised curve in M.

dg dx* of
di /Z dA oxw
which may be expressed as an operator identity

d_ &0
di~ 4 di

which in turn, adopting the summation convention, may be written

d_d" o
d. - dd exe’
i

di

0 .
a vector tangent to the curve, o as the basis vectors, and 4 as the tangent vector to the
X

Comparing this with Equation (3.3) above we may identify with the components of

curve at P. But really these are vector fields since they vary with P; so 4 is a tangent

vector field which changes with 1. We are here creating a correspondence between two

languages:
vector < tangent to curve;
or, to emphasise the different areas of mathematics involved,

vector < derivative.
(geometry) (analysis)
Vectors defined at P lie in the tangent space to M at P, denoted T'p. This may be visualised as

the whole plane of vectors tangent to a curved surface, drawn in Fig. 3.3 as a sphere. We
should note some features of the above construction:

e vectors lie in the tangent space to M at P;
o the picture of the tangent plane just given relies on an ‘embedding’ — the 2-sphere S is

embedded in R*. This helps visualisation but is not actually necessary. The tangent space
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Tangent plane to the sphere 5.

Tp is obtained by taking all possible curves through P, and evaluating i with
d dd o dilp
di drox’

e vectors defined at two different points have no relation to each other. We can only add or
subtract vectors at the same point P.

Let us illustrate the above ideas by considering vectors in 3-dimensional Euclidean space R,
in spherical polar coordinates. In the usual notation we have

r=rsinfcospi—+ rsinfsingj+ rcosfk

to denote the position of some point P. Then we define

0 . S
e, :a—r: sin @ cos @i+ sinfsin ¢ j+ cos Ok,
r

0 . .
eg:6—;:rcos@cos¢i+rcos€sm¢j—rsm@k, (3.4)
or . S . .
ey = % = —rsinfsin i+ rsinfcospj.

o 0
A ling to Fig. 3.3 we have the directions —, —, —
ppealing to Fig we have the directions —, —, - "
ular to the surface (and not shown in the diagram), due south and due east (viewing the
sphere as a globe). With the (standard basis) normalisation

, which are respectively perpendic-

i-i=j-j=k-k=1; i-j=j-k=k-i=0
we have
e.-e. =1, ey-ep=r, e¢~e¢,:rzsin20, e.ep=¢e.-e;=¢e-e;=0 (3.5

Making the identifications i=0/0x , j=0/0y, k= 0/0z, we may rewrite Equations (3.4) as
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0 . o . ., 0 0
e, =5 = s1n000s¢a+sm@smgbaJrcosaa,

(3.6)

0 0 ., 0 . 0
€y =% rcochos<ba+rcosHsm¢@—rsmeé,

0 ..., 0 . 0
ey :%: —rsm@smqﬁa+rsmﬁcos¢@,

with the orthogonality conditions (3.5). The system is clearly not orthonormal, but it is
straightforward to define an orthonormal set of vectors, denoted with a hat

R . 1 . 1
& =€, &=_e), & =2 €, (3.7)
with
ér'ér:ég'é(;:é@'é@‘:h ér'égzér'é@:éy'é¢:0. (38)

This has given us a new language in which to describe vectors. We now turn to the
notion of vector fields; we must generalise the idea of a vector at P to a vector defined at
each point of the manifold M — to take a simple example, the electric field vector E due
to some space charge density p(r). Since there is a tangent space at every point of M, a
vector field will select one vector in the tangent space at each point of M. The question
is, can all these tangent vectors be written as tangents to some curve? The converse is
certainly true — given some curve, we may define a vector field, since the curve has a
tangent at every point. And indeed the answer to our question is ‘yes’: given a vector
field, a curve does (locally) exist such that the tangent to it is the vector at each point
(see for example Choquet-Bruhat (1968), p. 21). In mathematical language the question
is, do the equations

dx’ B
-
have a solution? These are first order differential equations, for which in general a local
solution exists. Given v/, we can find x’(1), which is called the integral curve of the vector
field. This holds at every point P — at all x' — so that at every point in M we may draw the the
integral curve of a vector field through that point, and these curves ‘fill’ M. Such a manifold-
filling set of curves is called a congruence.
Figure 3.4 displays examples of some vector fields, or rather of the integral curves of
vector fields. The respective fields are

(i)é——é—l- —
6 T ”

V(")

iy r2 =22 4,0

56 “ox Yoy
F)

(iii) Y3

.. 0
(iv) e
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T
ksza
/;\
l

() (ii)

(i) )

Examples of vector fields.

Two-dimensional space R* may be filled with congruences of vector fields of any of these
types. Let us now observe that the commutator of two vector fields is itself a vector field.
Putting

V=71, U=U"j,, (3.9)

we have, operating on any function f,

[V, Ulf = Vo;(U"0,f) — U"0n(V'eif) = ( aaUm — U W)a 7,

where in the second equality we have relabelled the indices — the second order terms cancel.
Hence we have the operator identity

[V,U] =W, (3.10)
with

U ov
Ox' oxi

W=Ww"s, W'=V (3.11)

The commutator [V, U] is called the Lie bracket or commutator of the respective vector
fields.

Lie brackets may be used to make a distinction between types of basis. Put V=7"e;,
where e; denotes the set of basis vectors. (In the following we consider the plane R?, but the
generalisation to other spaces is obvious.)
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3.2.1 Holonomic and anholonomic bases

If
ler, €] =0, (3.12)
the basis is called a coordinate or holonomic one. For example, in R?, if
1 axa 2 = ayv
the basis is holonomic. Similarly if
1 = 5}’7 2 = 69)

it is likewise holonomic. It is clear that if e; is simply a derivative with respect to a coordinate
the basis is holonomic; hence the alternative name coordinate basis.
If, on the other hand, for some i # k

le;, ex] # 0, (3.13)

the basis is called a non coordinate or anholonomic one. For example (again confining
ourselves to R%) if, in the polar coordinate system, we put

0 10
@ a0 G
then
10 1
[elan]—_r_z%—_;eZ- (3.15)

It is usual to write the commutators as linear combinations of the basis elements, thus:
[eh ek] = Cmik €m, (316)

where the coefficients C";;, are called the structure constants of the Lie algebra. In an
anholonomic basis, therefore, not all the structure constants are zero. In the above

1
example C?, = —C?;; = —— and the others are zero. Clearly in a holonomic basis all
r

the structure constants are zero.

We now have a language in which to describe vectors, exemplified by Equations (3.2) and
(3.3). It remains for us to demonstrate that such expressions are independent of coordinate
systems. This is completely straightforward, since under a transformation x* — x* we have

ox'™

VH— V/'u = wVA, (317)
, 0

. , . . _ _
and, if {e,} and {e’,} are coordinate bases, i.c. e, = pn e, = o

ox¥

/
e —€,=—¢
" u O vy

(3.18)
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and hence

oMo g
Ox* Ox'm Y
where we have used the identity (which follows from the fact that x”=x"(x"))

V- e, = =V'e, =V, (3.19)

ox’ , ox'™ ox¥
Ox* ox'm”

a0

(3.20)

3.3 One-forms

The definition of vectors given above involved the specifying of basis vectors, which are in
essence directions along coordinate lines — 0/0x, 0/0r etc. This gives a sense to the idea that a
vector is a quantity ‘with magnitude and direction’. But there is another type of ‘vector’
quantity defined in elementary calculus, which is the gradient of a (scalar) function. For
example the function f(x, ), z) has a gradient

As a simple illustration consider the surface S*(sphere) = const in R*. Taking the normal to
the surface we have

or, oOr, Or v, 1
Vr=—i+— —k_— k_— =e,;
r 6xl+8y] 22 1+ 1+- r=e,
V@zgi—k% +%k:cos@cos¢i+cosﬁsm¢j_sin@k:leo;
ox ay oz r r r r2
op, 0O¢, a¢ sing , cos¢ 1
V = —1 _— .
¢ ox +6y +Bz rsin @ +rsm¢9] 72 sinZ0 €

In this case the gradients are proportional to the vectors e,, ey, e;, with ey, e, spanning
the tangent space to S°. This, however, is not typical, since a spherical surface in a flat
3-dimensional space has a very high degree of symmetry. Conceptually, gradients and basis
vectors are distinct; basis vectors are associated with coordinate lines, but gradients with
‘lines of steepest descent’ from one surface to another, as sketched in Fig. 3.5. This differ-
ence may be shown up by considering a non-orthogonal coordinate system in R*; define u, v
and w by

xX=u+v, y=u—v, z=2uv+w
with inverse

u=1h(x+y), v=1hlx—y), w=z—1h0"—)").

It is clear that u = const and v=const are plane surfaces, whereas w = const is a hyperboloid.
These surfaces are sketched in Fig. 3.6. Withr=(u+v)i+(u v)j+Quv+ w)k we find
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(b)

()

Lines of steepest descent from one surface to another in R®: (a) surfaces of constant r spheres,
(b) surfaces of constant & cones, (c) surfaces of constant ¢ planes.

0

It is clear that e, and e, are not unit vectors, whereas e,, is. In addition,
e, e, =4uv, e,-e,=2v, e,e,=2u (3.22)

the vectors are not orthogonal. The direction of e,, for example, is given by a line of
intersection of the planes v= const and w = const — a line along which only u changes. Thus it
is pictorially clear that e,, is proportional to k, as in (3.21) above; the intersection of the
planes u=const and v=const is parallel to the z axis. On the other hand this is not
perpendicular to the surface w= const. It is straightforward to calculate the gradient vectors,
which we now denote with an upper suffix:
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()

surfaces (a) v = constant (plane), (b) v = constant (plane), (c) w = constant (hyperboloid).

ou, Ou, Ou
_Ou, OuL Oy el
Vu 8xl+8yl+az it )= e
Vv:l/zi—l/zj:ev; (323)
Vw=—(u+v)i+@u—v)j+k=ce".
As is easily checked from (3.21)—(3.23) these gradient vectors obey
e-e,=¢€e-¢e,=¢€¢"-¢,=1; €e-e,=¢"-¢,=¢€"-¢,=0. (3.24)

Gradients are thus dual to basis vectors. They are conceptually distinct entities, and in fact
are somewhat analogous to reciprocal lattice vectors in solid state physics; indeed Pauli’
refers to them in this way. They are now however referred to as ‘one-forms’ or 1-forms.

2 Pauli (1958), Section 10.
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Instead of denoting them as e”, as above, it is common to use Greek letters for 1-forms. We
shall adopt this convention, and therefore have the following situation. In a manifold we
may define vector fields V in terms of a basis set e,

V="r"e, (3.25)
and dual to these we define 1-forms ®, also in terms of a basis set 0#
o = 0,0 (3.26)
and the duality of the basis sets is commonly expressed using angular brackets:
(0”,e,) = 0",. (3.27)

Equation (3.27) is simply the general form of (3.24) in the particular example considered
above, expressing the duality of vectors and 1-forms. Following from this we have

(@, V) = 0,/"(0",e,) = w,l" (3.28)

As may be seen from Fig. 3.5, a 1-form may be viewed as a series of parallel surfaces,
which may be regarded as being ‘pierced’ by vectors. Misner ef al. (1973) (see
particularly Chapter 8) use the memorable phrase ‘bongs of the bell” to describe a
relation such as (3.28); as the vector V pierces the surfaces given by ® the number
o, V* is the number of bongs of the bell, each ‘bong’ corresponding to one surface being
pierced by a unit vector.

Just as the vectors e, are basis vectors in the tangent space 7 at P, where the vectors are
defined, so 0“, the basis 1-forms, are the basis forms in the cotangent space Tp* at P. These
are defined, however, not just at the single point P but in the tangent and cotangent spaces at
all points in the manifold, which is to say the tangent and cotangent bundles:

e, are basis vectors in tangent bundle, (3.29)
0/ are basis 1-forms in contangent bundle. '

It is perhaps useful to remark here that this subject, like many others in physics and
mathematics, is beset by different notation conventions. The duality (3.28) is also commonly
written as

(@, V) = o(V) = o, /" (3.30)

The components of a vector V and a 1-form @ may then variously be written as

V= (8, V) = 04(V);

W, = ((O,ev) = (;)(ev); (331)

so a 1-form basis 0” may be used to map a vector V into one of its components V* (in other
words onto R'); and a vector basis e, maps a 1-form o into one of its components. This is the
sense in which the basis of 1-forms is dual to the basis e, of vectors, and the #» dimensional
space of 1-forms is the dual space T to the tangent space Tp.

This language is not so strange as it may seem. There are several analogous concepts with
which the reader must already be familiar:
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a
(i) Corresponding to a (column) vector in R*, | b | is the dual (row) vector (p ¢ r) such
a ¢
that (pgqr) | b | = pa+ gb + rc, a real number (belonging to R").

c

(ii) In the complex 2-dimensional space CZ, corresponding to the vector z=x+1y is the
complex conjugate z¥=x iy, such that z*z= x*+)?, a real number.

(iii) In quantum mechanics a vector in Hilbert space is denoted by the Dirac ket vector |y).
Its dual is the bra vector (| so that {w|w) is a real number (a c-number).

There is one further, and rather crucial, piece of notation to introduce. In the previous
section we introduced the notion that vectors, in particular basis vectors, may be represented
as operators, so that e, =e,=0/0x etc. It is then a natural question, what corresponding
notational development is made for the dual one-form e'=0'? The answer is that it is
denoted dx. The duality relation (3.25) then reads

(dx,8/0x) = 1 (3.32)

or, in general

<dxﬂ,%> = 5~ (3.33)
X

The 1-form dx* is not the same as the infinitesimal dx*; it is not a ‘number’, but a member of
the cotangent space T . This mathematical language is more sophisticated than the lan-
guage of ‘classical’ calculus. Though it might seem in danger of becoming unnecessarily
difficult, it actually gets rid of some embarrassments encountered there, concerning the idea
of ‘infinitesimally small’ changes dx’ in the coordinates x: to obtain the gradient of a
function f(x’), for example, as we were taught at school, we consider an infinitesimally
small change in x’, dx’, find the corresponding ‘infinitesimally small’ change in £, which we
denote df, and divide them, to get 6f/ox’ ! This is hardly a very satisfactory procedure, but, as
remarked by Spivak:®

No one wanted to admit this was nonsense because true results were obtained when these
infinitely small quantities were divided into each other (provided one did it in the right
way). Eventually it was realised that the closest one can come to describing an infinitely
small change is to describe a direction in which this change is supposed to occur, i.e. a
tangent vector. Since df is supposed to be the infinitesimal change in f under an
infinitesimal change of the point, df must be a function of this change, which means
that df must be a function on tangent vectors. The dx’ themselves then metamorphosed
into functions, and it became clear that they must be distinguished from the tangent
vectors 0/0x’. Once this realisation came, it was only a matter of making new definitions,
which preserved the old notation, and waiting for everybody to catch up. In short, all
classical notions involving infinitely small quantities became functions on tangent
vectors, like df, except for quotients of infinitely small quantities, which became tangent
vectors, like df/dz.

3 Spivak (1970), pp. 4 6. The italics are mine.
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(In this last quantity ¢ denotes a curve, with ¢ a parameter along it; we would simply denote this
d/dt.) The remark that df'is a function on tangent vectors is then to be understood as follows:

df = aa—fdx"; then <df, a> 2 (3.34)

X oxi/  oxt’

the contraction of df with a tangent vector yields the quantity of /ox".

3.3.1 Transformation rules

One-forms, like vectors, have the same form in different coordinate systems. Under a
transformation x* — x* the (coordinate) basis 8* transforms as

0" — 0" = %OV (3.35)
and the components w,, as
a)v—>w’v:§7xiwi (3.36)
so that @ =w, 0" is invariant:
®— 8" = 00X 6 — w0 —a, (3.37)
Ox'" Ox*k

in analogy with (3.17-3.19). In more old-fashioned language the transformation rules (3.17)
and (3.36) are respectively the transformation rules for covariant and contravariant vector
fields. What we now call vectors have components in a given coordinate system which
transform ‘contravariantly’, and what we now call 1-forms have components in a given
coordinate system which transform ‘covariantly’. For convenience we state the formulae again:

Ox'H

covariant vector: VEx) — V'*(x) = —(x) Vi(x)»
ox*
o (3.38)
contravariant vector: V,(x) — V)(x) = ajcC’V (x) V) (x).

These formulae emphasise, by including the arguments (x), that these vector fields are
defined at a specific point x, and the transformation coefficients are evaluated at the same

. . . . . . ox'™
p01lnt. The reader will appreciate that for non-linear transformations the coefficients ol and
™

will themselves depend on x. The above transformation laws are specific to one

ax v
particular point in the manifold.

3.3.2 A note on orthogonal coordinate systems

It may be instructive to illustrate the above ideas with the simple case of the polar coordinate
system (7, 6) in the plane R”. From the equations x= r cos 6, y=r sin and their inverses
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) 0. 0. 0 0
r=("+y?) ”, 6=tan '(y/k), and recalling that P means (£ , while & means (2 ,it
or or), Ox ox/,

is straightforward to find that

ox O oy O .

8_); = a—:: cos 6, G_Jr} = 6_; =sind, etc.
If a vector then has the contravariant components (V*, V), (V" V7Y, the following relations
will then hold

pr=0ryx 4 QL py — X cosf + V7 sin 0,

T O0x oy
yo= ~-~:%(—szin0+ VY cos ). (3.39)
The covariant components on the other hand obey
ox oy .
Vi=—Vy+==V,=Vicos0+ V,sin0,
PP +8r Y cos + V) sin (3.40)

Vo =r(=V;sin€ + ¥, cos ).

Neither (3.39) nor (3.40), however, describes the ‘normal’ relations between the Cartesian
and polar components of a vector. The ‘ordinary’ components V,., ¥y are given by*

Ve="hV", Vy=hgV*
where
ds? = d? + dy? = b2 dr? + he* dOP = di? + 12 49,
and hence A,.=1, hy=r. Then with V, = V*,V,, = I'” we have
V,=V"=V.,cosO+V,sin6, Vy=rV’=—V,sin@+V,cos. (3.41)
In addition, the relation between the ordinary and the covariant components is
1

v, :h—Vr =V, =V,cos0+V,sinb,

1’ | (3.42)
Vo=—Vyg=—-Vy= —VxSin9+VyCOSH.

hg r

Equations (3.39-3.42) summarise the relations between the contravariant, covariant and
‘ordinary’ components of a vector. It should be remarked that the quantities #; , introduced
above, depend on the metric, i.e. on ds?, a quantity which remains to be introduced — see
Section 3.8 below.

3.4 Tensors
- _______________________________________________________________________________|

A vector is

V=T, (3.43)

4 See, e.g. Arfken (1970), Chapter 2, Panofsky & Phillips (1962), Appendix III, or Weinberg (1972), p. 108.
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where V" are the components in the given basis e,. A 1-form is

o= ©,0", (3.44)

where o, are the components in the basis 8", which is dual to the basis e,.. We can then define
. r L .
a fensor — more precisely, an s tensor — as the geometric object that has components in

the space which is the Cartesian product of r basis vectors and s basis 1-forms:
T=T"" ,e,® - 2ex0" ® ®80 (3.45)

. . . . 1
7%, . .. are the components in the given basis. A vector, then, is a < 0 ) tensor and a 1-form

0 . . . . )
al, tensor. It is common to omit the Cartesian product signs ® in the above formula and

simply write
T=T%" ,e,...e0". . 0" (3.46)

(We should also note that instead of 0, the 1-form basis is sometimes written ¢“.) In a
different basis e’,, 0'* etc., the same tensor is written

T=71"", 0 226" 20"

The components of a tensor in a particular basis may, using the notation of Equation (3.31),
be written as

7%+, ,=T(0%....07 €,... €,); (3.47)

i.e. on inserting the bases e, and the dual bases 0” into the tensor we may obtain its
components in this basis. This is analogous to (3.31).

Analogous to the formulae (3.38), the relation between the components of a tensor, with
both contravariant and covariant indices, in two different bases is given by

, ox'" ox" ox* ox"
wf _ P )
T, u(x) Fy (x)... e (x) P (x)... ey (x) TP, (%), (3.48)

where again the arguments (x) are included, as in (3.38) above. It is worth observing that this
is a homogeneous transformation law. If all the components of a tensor are zero in one frame,
they are also zero in any other frame — we may say that the tensor ‘is zero’. An important
application of this remark will be the characterisation of curvature. It is important to say of a
space whether it is curved or flat — whether the curvature is non-zero or zero; this must be a
statement about the space itself, and not about a particular coordinate system. We shall
therefore define a curvature tensor, with the important property that if'it is zero (non-zero) in
one coordinate system it is zero (non-zero) in all coordinate systems. It is also worth
remarking that whereas tensors, like vectors and 1-forms, may be given a neat geometric
definition (Equation (3.45) above), for many practical purposes it is best to consider the
components of the tensor in a particular coordinate system; and then, on transforming to
another coordinate system, the components reorganise themselves as in (3.48). Let us now
consider various operations on tensors. We begin with contraction.
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3.4.1 Contraction

Consider 7*#?_ , , an (:) tensor, with 7 upper and s lower indices. It is said to be of rank
r+ s. If one lower index is put equal to one upper one and a summation is performed over all
the relevant components, what results is an (; : i ) tensor; its rank has been reduced by 2.
So for example 7%F «..plsan (: : ) ) tensor (since the summation convention means that
the summation is carried out without explicit indication). The proof of this is straightfor-
2 ) tensor. Our claim is

1
tensor — in other words a vector. The proof depends on the transformation

ward, but let us consider for simplicity a particular case. T" b uisa

0
formula (3.48). We have, from (3.48) and (3.20)

that 7%, isa ( !

_ox™ox¥ox+ ., ox” Tu
=T,

T ox* oxtoxeT M ox

T/aﬁa

which is precisely the transformation law for a vector, Equation (3.7). This proves our
claim.

3.4.2 Symmetry and antisymmetry

The symmetric or antisymmetric part of a tensor with respect to either its upper or its lower
indices may be defined. The convention is to use round brackets for symmetrisation, so that

for example, if T is an <:> tensor then

M.

1 . . 1
= —'{sum over all permutations of the r indices x...4 of T”“'ﬁ,mv}
r!

(3.49)

is symmetric on interchange of any of its upper indices. Square brackets are used for
antisymmetrisation, so that for example

THM)VDLNV]
= ~%{alterna‘[ing sum over all permutations of the s indices i...v of T "‘"'i#‘__v}.
(3.50)
To take some simple examples,
T(m)ﬂ _ 1/2(T“ﬂ i T“’,,),
T[’““},, 1/2(T“M _ T“’,,), (3.51)

T[K,).,u]pg — 1/6(Tr;,i,upg + T/Luh:pg + T‘uﬁ,/lpa _ Tr:,,u).pg _ T,u/lr:,pa _ T).H,‘upa).
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A tensor is called symmetric in a given set of (upper or lower — contravariant or covariant)
indices if it is equal to its symmetric part on these indices; and it is called antisymmetric if it
is equal to its antisymmetric part. It is important that the properties of symmetry or

antisymmetry are intrinsic to the tensor — they are the same in all bases. For example if

. . . . . (2
§“= " §* in some basis (S is an antisymmetric 0 tensor), then
g ax'Hox'v " _ _axlﬂ ox'Y ax _ v,
ox" Ox* ox"r Ox* ’

it is antisymmetric in all other bases. In terms of the tensor itself S=5""¢e,e,, we have
(see for example (3.47)) S(0“, 0")=S5"", and the statement of antisymmetry is the
statement

St = —S" = S(6”,8") = —S(8",0")
and since this is true for a basis it is true for all ®, o, i.e.

S(w,0) = —S(o, ®). (3.52)

3.4.3 Quotient theorem

It is clear from the transformation rules above that the sum and the difference of two tensor
fields of the same type — say rank <p > tensors — and defined at the same point — is also a
tensor field of that type. It is alsoqclear that the outer product (product involving no
contractions) of two tensors, one of type (p ) and the other of type (:) , is itself a tensor,
of rank (Z i Z) To complete these ﬁndiqngs there is a further result, which goes by the

name of the quotient theorem, according to which if we have an (outer) product of two
ptr
q+s

>, and one of the
constituent objects is also a tensor, say of type : , then the other object in the product is

objects and it is known that the product is a tensor, say of type (
itself a tensor, of rank (Z . This theorem is clearly a sort of inverse of the previous result
concerning outer products, but the proof is not quite so straightforward. We here consider a
special case, from which the reader will have no difficulty in being able to construct the

general case. Suppose that

T'uvml = U#Svnl

and 7T'is known to be a tensor and U is known to be a contravariant vector (i.e. a tensor of

rank ((1))); then we claim that S is a < !

2) tensor . To do this we introduce an arbitrary
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contravariant vector #* and an arbitrary covariant vector ¢, and multiply T above by &, &,
7" and sum (i.e. contract) over repeated indices:

T" fﬂ & 77”’7/1 = (Uﬂ £,u)Svrf/1 & 771%7/1'

The left hand side is a scalar (since all indices are contracted), and so is (U* &, ). It follows
that $*;, & #*n” is also a scalar, i.c.

% 1Ko A A
Svnifvnl{n :Svmzﬁvﬂl{ﬂ .
However, since ¢ and # are co- and contra-variant vectors this gives

Ox*dx" dx'*

S/VK&
* ox"V O0xP Ox°

Ean”n’ =8 &n'nt =S &an’ 1,

where the second equality follows on relabelling the indices. But ¢ and # are arbitrary
vectors so this implies that

Ox*dx" ox'
Slv){ R Sa -
“ox™ OxP Ox° ’
Ox'* Ox P Ox°

Now multiply by v7 2 C Ay

and use (3.20) to give

ox'" ox? 0x° _,

S =22 2 P2
Cu 0 x® ax/[axl,u pPos

which is the transformation law for a ( ; > tensor.

3.5 Differential forms: Hodge duality
|

One-forms are dual to vectors, as we have seen; but they possess another sort of duality —
they are dual to lines. The integral of a one-form over a line is a number (belonging to R').
Consider for example the 1-form in R*

0 =adx+aydy + azdz. (3.53)

The line integral of @, over a line ¢; is

J @) = number. (3.54)

C1

Letus call aline a 1-chain; then we have a duality between a 1-form and a 1-chain. This duality
is a consequence of integration but follows from the previously noted duality between a
1-form and a vector, since integration is simply the summation along the path of the
contraction of the form with the tangent vector at that point. Now the notion of a 1-chain is
easily generalised: we may call an area a 2-chain ¢,, a volume a 3-chain ¢, a 4-volume (say in
space-time) a 4-chain ¢4, and so on — and with this logic, ¢y, a zero-chain, is a point:
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The vectors w and v form a parallelogram.

co: O-chain: point
cq: 1-chain: line
cy: 2—cha%n: area (3.55)
c3: 3-chain: volume
¢4 4-chain: 4-volume
etc.

Then we may define a2 form m, as dual to a 2-chain: when integrated over an area c, it gives
a number:

sz = number. (3.56)

We shall now see that a 2-form, defined in this way, is not simply a product of 1-forms, but
an antisymmetric product. This is basically because c; itself is antisymmetric. Consider the
area A of a parallelogram defined by the vectors v and w (see Fig. 3.7); it is given by

A=vxw.

By convention 4>0, but v w= w XYV, so 4 is antisymmetric under interchange of v
and w. This notation is, however, unsatisfactory; it is the notation of 3-vectors, whereas we
are concerned only with a 2-dimensional space. Taking v and w (locally) to be in the xy plane
we have

Ve W,
Wy W,

(3.57)

TA=viw, —v,w, =

(we take 4 >0). Now the components v may be written as
(3.58)vi = dx(v)(3.58)
where dx’ is a 1-form and we are using the notation in (3.31). Then we define the 2-form®
di A dF = de' @ d* — dxF @ dx'. (3.59)

This antisymmetric product is commonly called a ‘wedge product’. It then follows that

5 Some writers include a symmetry factor of % on the right hand side of this definition; see for example Choquet-
Bruhat (1968), p. 56. Our definition is the same as that of Misner ez al. (1973), p. 99, and Sex] & Urbantke (1983),
p. 204.
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' A dF (v, w) = dx(v)dx* (w) — dF(v) dx’ (w)

— ik —
_ V_ s ) (3.60)
wowh

The quantity dx’ Adx* is an area 2-form. A general 2-form, for example in R, in local
(Cartesian) coordinates is (i, k=1, 2, 3)

0 = adx’ A dxf (3.61)
with
sz = number. (3.62)
Since, from (3.59) we have
A d?=—d? Adx!, dx! A dx! =0, etc. (3.63)

then (3.61) gives
m; = (alz — a21)dx1 A dx2 + (a23 —6132) dx2 A dx3 + (6131 — a13)dx3 A dx',

so without loss of generality a;; may be assumed to be antisymmetric in i and k& — the
symmetric part makes no contribution to @,. A general 2-form in R* may be written

@ =Pd? Ad + 0dxX® A dx! + Rdx! A di?; (3.64)
and we observe that there are three basic 2 forms in R*. Similarly the volume 3-form is
dx' A dx? A dy.
Clearly
A de A dF =R A A A
and there is only one basic 3-form in R*. The generic 3-form is
03 = F(x, y, 2)dx' A dx? A dx, (3.65)
with
J. w3 = number. (3.66)

c3

We may summarise the p-forms in R* in Table 3.1.

It should be clear that there are no 4-forms or higher forms (5-forms, etc.) in R®. An
example of a 4-form would be F(x, y, z) dx' Adx”> Adx’ Adx®, which is zero, by virtue
of (3.63).

For completeness we also display p-forms in R* in Table 3.2.
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Table 3.1 p forms in R3

P p form Basis (local Cartesian) Dimensionality
0 f (x17 x2 9 x3) 1 1
1 a; dx' +a, A’ +as dx° dx', a2, dx® 3
2 PAdPAdC+0dl Ade' +Rdx' Ad?  d®AdY, 3
dx’ Adx',
dx' A dr
3 F(x, y, z) dx' A dx® A dx’® dx! Adi? Ady® 1
Table 3.2 p forms in R
P Basic p forms Dimensionality
0 1 1
1 dx, dy 2
2 dx A dy 1

Table 3.3 p forms in Minkowski space time

P Basic p forms Dimensionality
0 1 1
1 ds, dx, dy, dz 4
2 dzAdx, dzAdy, dtAdz, dx Ady, dy Adz, dz A dx 6
3 dtAdxAdy, dtAdxAdz, dtAdy Adz, dx Ady Adz 4
4 dt Adx Ady Adz 1

It is clear that in R? there are no 3- or higher forms. Finally we display a table (3.3) of
p-forms in Minkowski space-time (n=4). Again, it is clear that there are no 5- or higher
forms in Minkowski space.

From the tables it is also clear that in an n-dimensional space, the number of independ-
ent p-forms is the same as the number of independent (n p)-forms: for example in
Minkowski space (n=4) the dimensionality of the basis of 1-forms is the same as that
of 3-forms (both=4). This is in fact a general result, not confined to the cases we have
considered, and it suggests the possibilty of a mapping between the two spaces of p-forms
and (n p)-forms. This mapping is effected by the Hodge star operator (or Hodge *
operator):

% (p-form) = (n — p)-form. (3.67)
The general formula is the following:

# (A A dx? A --- A diP) = b gy A e A dn (3.68)
(n—p)t
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The ¢ symbol above needs some explanation. For spaces with a positive definite metric no
distinction needs to be made between upper and lower indices. In Minkowski space-time
indices are lowered with the Minkowski metric tensor (2.18); they are also raised with it,

since its inverse is itself. We work with the convention

0123 _ 1

& = —&0123-

So for n=2 we have
M:%MAM:MAM
sdx=dx! =g dx’ =dy
* dy = —db,
xdx ANdy=¢pp 1 =1.
We may perform the * operator a second time to give
xx1 =1,
xxdy = —dx, xx dy = —dy,
wxdx A dy =dx A dy.
For n=3 we have
¥ 1 =dx Ady A dz,
% dx =dy A dz andcyclic perms,®
x dx A dy = dz andcyclic perms,
xdx Ndy ANdz=1;
and hence
xx1 =1
wxdy =dx, *x dy=dy, *x dz =dz,
sxdy Ady Adz=dx A dy A dz
Finally, for Minkowski space-time (n =4) we have

* 1 =—dt ANdx A dy A dz,
xdt =dx Ady Adz, xdx=dr A dy A dz, etc.

sdv Ady=—dt Adz, *df Adx=dy A dz, etc.

xdx Ady ANdz=dt, xdt A dy A dz =dx, etc.
xdt ANdx ANdy ANdz=1;
and, as a consequence,

®ie *dy dzAdx,*dz dxAdy.

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)
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k] = — 1
x+xdx = dx, etc.
#xdx A dy = —dx A dy, etc. (3.75)

xxdx Ady ANdz=dx A dy A dz, etc.
xxdt Adx Ady Adz=—dt A dx A dy A dz.

The general formula for a p-form in spaces with a positive definite metric (like R* and R’) is
5 @, = (—I)P(" p)mp; (3.76)

in Minkowski space there is an extra minus sign: and since n =4 we find
s, = (17 '@, (3.77)

in accordance with (3.75).

3.5.1 Remarks on the algebra of p-forms

Let us revert to considering 2-forms; and first show that if @ and ¢ are both 1-forms
®=0a0', o=>5b6",
then their wedge product is a 2-form:
ONG=ab 0 ABF
=1h(a;by — arh;)0' A 0F
= 0" A BF (3.78)
with
cik = —cki = 'hlcik — cri) = Clig;

. . . (0 .
the coefficients c;; are the components of an antisymmetric ( ) tensor. It is then clear that

2
o Ao is a 2-form, and also that
WANOC=—0ANO. (3.79)

Analogous relations hold for general wedge products. Let a be a p-form and B a g-form, so
that

=g, 8 A AT =a 0 A A8 (3.80)

. . . (0
and the coefficients ay, . 4, are the components of a totally antisymmetric (p) tensor.

A similar formula holds for B and it then follows, by manipulations similar to those which
lead to (3.79), that

aAB=(—1DPIB A a. (3.81)
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3.5.2 A note on orientation

Ve Wy

We saw above that the area 4 of a parallelogram defined by the vectors v, w is + e
X y

(and 4 is always taken to be positive). For simplicity take v and w to be at right angles, and
let us assume that in some local Cartesian coordinate system v is in the +x direction and w in
the +y direction; then

v O
0 w

Ve W,
W W,

A: >0-

If, however, the x and y axes are interchanged (see Fig. 3.8), we find that

Ve W,
Wy W,

wy O <0.

_’0 Yy

If a space has the property that it is possible to define 4> 0 consistently over the whole
space, the space is called orientable. Otherwise it is non orientable. In an orientable space
the existence of two distinguishable classes 4>0 and 4<0 allows a global distinction
between right-handed and left-handed coordinate systems over the space, but this will not
hold in a non-orientable one. An example of a non-orientable (2-dimensional) space is the
MGébius strip, illustrated in Fig. 3.9. A coordinate system is set up at P, and it is seen that
after transporting it round the band to QO the x and y axes have been interchanged, so a
consistent definition of the sign of 4 over the surface is not possible. The Mébius strip is
actually also an example of a fibre bundle. This is seen as follows: a cylinder is made by
drawing a rectangle and joining together the edges marked with arrows, so that the arrows
are aligned, as in Fig. 3.10(a). Coordinatising the rectangle, this means that the point (1, y)
becomes identified with the point (1, y). If, however, one of the arrows on the rectangle is
inverted, then joining the edges in such a way that the arrows are still aligned results in a
Mobius strip, as in Fig. 3.10(b). This corresponds to the identification of the points (1, y) and
(1, y)in the original rectangle. Now compare the rectangles in (a) and (b). Moving from
the point (1, y), keeping y constant but with x decreasing, describes a journey on the cylinder
where we eventually return to the original point — so that x has completed a circuit and y has
remained unchanged. But on the Mdbius strip after x has completed a circuit, from x=1 to
x= 1, yhas changed. This means it is not possible to define a Cartesian coordinate system
over the whole space; the space may be coordinatised by (x, ), but this does nof represent a

(see text)
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m Transport of coordinate axes (x, y) round the Mabius strip, from P to Q results in an interchange
X < y (as may be seen by rotating the axes at Q by z/2).

(b)

m Making (a) a cylinder, (b) a Mébius strip, from a rectangle by gluing edges together.

Cartesian product of x and y. Calling the x axis the base space and the y axis the fibre, a
closed circuit in the base space results in a motion along the fibre. (The reader will recall that
it was argued at the beginning of this chapter that space-time is a fibre bundle.)

3.6 Exterior derivative operator: generalised
Stokes’ theorem

We have seen that (in an n-dimensional space) we may introduce 1-forms, with a corre-
sponding line integral, and 2-forms, with a corresponding area integral — as well as 3-forms,
with a volume integral, and so on. Consider, however, Stokes’ theorem

JA-dSZJVXA-dZ. (3.82)
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The left hand side is a line integral — the integral of a 1-form, while the right hand side is an
area integral — the integral of a 2-form. The very existence of a theorem like Stokes’ theorem
implies that there must be a relation between 1-forms and 2-forms. In a similar way, Gauss’s
theorem relates an integral over an area to one over a volume, implying a relation between
2-forms and 3-forms. We now investigate this relation and find a beautiful generalisation of
Stokes’ theorem, applicable to general forms, which yields both Stokes’ theorem and
Gauss’s theorem as special cases.

The key to finding the relation is to define an exterior derivative operator d which
converts a p-form into a (p + 1)-form. Let o be the p-form

0O=a_ ,x) dc' A oo A dx” (3.83)
then
aal-lml- k . .
do = Pdxt Adxt A - A dxP. (3.84)
oxk

Clearly do is a (p + 1)-form. For example let 8 be a 1-form in R?
0=a,dx + a,dy + a.dz, (3.89)
then

da, da, da,
gy A dr + “dzAdx+6—‘)’jdxAdy

d6 = oz

=%

oa, oa,
dx A dz
5 * 5y

X

Oa, Oay Oa, Oa
= ——]dx A d — -2 )dy A dz
<6x 6y> v <0y 62) Y

Ja,
+§&A®+ dy A dz
z

Oa, Oa,
— dz A dx
()
which is evidently a 2-form. Note that the coefficients of the three basis forms are respec-
tively the z, x and y components of V X a . Similarly let & be the 2-form (in R*)

®=>bedy ANdz + b,dz A dx + b.dx A dy, (3.87)
then

d(o:(%—l—%—#%>dx/\dy/\dz7 (3.88)
ox Oy Oz

a 3-form. Its coefficient is V + b. The exterior derivative operator d operating on a 1-form
gives a 2-form, and on a 2-form gives a 3-form; it combines, as is clear from the manipu-
lations above, the operations of differentiation and antisymmetrisation. These features now
give an interesting and surprising result, and to illustrate it let us calculate d0=d(d#),
which should, according to the logic above, be a 3-form.
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oa 661 aa oa 6a 6a
29 — I =7 =
d-e d{(@x ay>dx/\dy+(ay >d /\dz+<az 3 )dz/\dx}

0 (Oa, Oay 0 (Oa; Oa, 0 [(Oa, Oa,
={= - += - —_—— dx A dy A dz
{az(ﬁx 6y>+8x(6y 8Z>+8y(8z 6x>} Y
=(V:-Vxa)dx Ady A dz
0

(3.89)

)

since V-V X a=div curl a=0 for any well-behaved vector field a. That is, d* acting on a
general 1-form gives a vanishing 3-form.

This, in fact, is a general result; for example let f(x, y, z) be a 0-form (a function) then dfis
a 1-form

Taer Loy L,

v= 0x oy 0z

and

2, aJof of of 4.
dfd{ Ll 5o }

(Vfo) de Ady + (VX V) dyAdz + (V x Vf),dz A dx

since V X V f=curl grad /=0 for any well-behaved function f. The general result,
d2=0, (3.90)

is known as the Poincaré lemma; dz, acting on any differential form, gives zero.” The
following is a useful identity: if @ is a p-form and 0 a g-form, then

d@AB8)=do A6+ (=)o A do. (3.91)
Proof: Put
O=a;_pdx" A AdX, 0=b ,dx A A di

then

dAB8)=d(a by gdx" A Adx? Adx A - A Ao

={da ,)b1 4 +ai,db )} Adx" Ao Adx? AdXFTA - A di

=(dap, ANdxX" A AdxP) A (b dX A A dXY)

+ (=1 (ar pdx" A - Adx?) A (dby_ g AdXTA - A diR)
=do A O + (-1 o A d6. O

7 For a general proof, see for example Schutz (1980), p. 140.
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Jc

Jc

(a) (b)

(a) An area c is bounded by the closed line &c; (b) a volume c is bounded by the (closed) surface oc.

3.6.1 Generalised Stokes’ theorem

Let @ be a p-form, and let ¢ be a (p + 1)-chain. Define 0, the boundary operator on chains, so
that Oc is the boundary of ¢ ; Oc is a p-chain. Two simple examples are drawn in Fig. 3.11; in
(a) c is an area (2-chain) which is bounded by the closed line dc , a 1-chain. In (b) c is a
volume (3-chain) bounded by the surface dc, a (closed) 2-chain. Note that in both these cases
the boundary is itself closed; Oc has no boundary, or

d(6c) = 0%c=0.
This is a general result for p-chains:
22 =0, (3.92)

and may be understood as being a result ‘dual’ to the Poincaré lemma d*=0, (3.90) above.
The boundary operator 0 is dual to the exterior derivative operator d.

Having defined the boundary operator we are now in a position to state the generalised
Stokes’ theorem, which is

Jm _ Jdco. (3.93)

Stokes’ theorem holds in any space, but to illustrate it let us work in R*; and first consider the
case p=1. Then o is a 1-form, of the type (3.85), and c is an area, with boundary dc, as in
Fig. 3.11(a). The 2-form d is given by (3.86), where, as remarked already, the coefficients
are the components of V X a. Then (3.93) gives

Ja.dl = J(V X a).ndX (3.94)
where dZ is an element of surface area, with unit normal n. This is clearly Stokes’ theorem.
As a second example take the case p=2, so ® is a 2-form, and therefore of the form (3.87);

do is the 3-form given by (3.88). The 3-chain ¢ is a volume V with boundary dc=0V
(Fig. 3.11(b)) and (3.92) then gives
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Jb-ndZ:J(V-b)dV. (3.95)
ov 4

The reader will recognise this as Gauss § theorem.

It will be appreciated that the generalised Stokes’ theorem is a neat and powerful theorem.
The reader will doubtless recall that the “usual’ formulation of Stokes’ and Gauss’s theorems
requires the stipulation of ‘directional’ notions — the normal n is an outward, not an inward,
normal; and in Stokes’ theorem the path round the closed boundary is taken in an anticlock
wise sense. These notions are however automatically encoded in the present formulation
based on the exterior derivative operator, which, as we have seen, antisymmetrises and
differentiates at the same time.

3.6.2 Closed and exact forms

It may be helpful to make some more general remarks about differential forms and
the spaces in which they are defined. First, if @, is a p-form in some space and m,, ;isa
(p 1)-form, we can make the following definitions. If dw, =0, ,, is called closed

dw, = 0; ®,closed. (3.96)
If, on the other hand, ®,=dw®, ; for some (p 1)-form w, |, ®, is called exact,
o, =dw, |; ,exact. 3.97)

Because of the Poincaré lemma (3.90), all exact forms are closed. But are all closed forms
exact? For example, if B=V X A, then V-B=0; but if V:-B=0, does it follow that
B=V X A for some A? The answer is ‘yes’ if the space is R", which is topologically trivial;
but it is not ‘yes’ in general. Because of the duality between forms and chains the question
may be reformulated as a question about chains, and hence as a question about the space
itself, rather than the forms defined in it. So we make the following definition: let ¢, be a
p-chain. If ¢, =0, ¢, is closed

Oc, =0; ¢, closed. (3.98)
If, however, ¢, =0c), + for some ¢, , then ¢, is the boundary of a (p + 1)-chain:
¢y = Ocp1; ¢, boundary. (3.99)

Then because &> =0 ((3.92) above) it follows that all chains which are boundaries are also
closed — boundaries themselves have no boundary, or, as Misner et al. (1973) put it, ‘the
boundary of a boundary is zero’. But the question remains, if ¢, is a boundary, is it also
closed? — does Oc, =0 imply c,=0c,+? This is the dual of the question, ‘are all closed
forms exact?’, but it has the advantage that the situation is much easier to visualise. We first
of all may state that in R”, the answer is ‘yes’ — all chains which are closed — which have no
boundary — are themselves the boundaries of other chains. For example, in R*, a circle S" is
the boundary of the area it encloses and a spherical surface S is the boundary of the volume
it encloses. In spaces with a non-trivial topology, however, we may get more interesting
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Circles ¢' and ¢? on the surface of a torus.

answers. Consider for example a torus (‘doughnut’) 7% shown in Fig. 3.12. This is a
2-dimensional space — it is the surface only that is being considered. Now consider the
1-chains ¢' and ¢ on T'2. They are both closed: dc' =0, dc¢* =0. However, ¢' is the boundary
of an area (a 2-chain) a', ¢! =6a'; whereas ¢? is not the boundary of any area a* defined
on T, ¢* # 0a*. By virtue of duality this means we can state that there are 2-forms o defined
on 7% which are closed but not exact; do=0, but @ # d0, where 0 is a 1-form. These
considerations mark the introduction of the subjects of homology, cohomology, de Rham’s
theorem, etc.; see ‘Further reading’ for other references to these topics.

3.7 Maxwell’s equations and differential forms
I —

We now consider the formulation of Maxwell’s equations (in Minkowski space) using
differential forms. In this section for simplicity we use units in which c¢=1, so that x°=1.
The basic 1-, 2-, 3- and 4-forms in Minkowski space are shown above in Table 3.3. We may
therefore define a 1-form A:

A=A d’ + 4 &' + Hd? + A3dF° =4, dx”, (3.100)
where (see (2.85) and (2.86)) 4g= ¢ (scalar potential) and 4;= A’ (vector potential); and a
2-form F:
F = 1hF,, dx* A dx”
= —Fudd A + Fdd A d¥
E;dX' A dt + Bydy Adz + Bydz A dx + B.dx A dy
= (Exdx + E,dy + E.dz) Adt + B,dy A dz +Bydz A dx + B.dx A dy.

(3.101)
It is then straightforward to calculate the 3-form dF:
E E
dF = OE, _ OB dx A dy A dt + OF: _ %, dy A dz A dt
ox Oy oy Oz
I I B
OBx OB\ 4o pdx Ade + V- Bdx Ady A dz + 25 dr A dy A de
0z  Ox ot
0By 0B

+ dt/\dz/\dx—i—a—tzdt/\dx/\dy.

ot
(3.102)
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We also calculate the 2-form dual to F:
HF = 1 Fyy o de A dy”
=Flo xdx A dt + Foo xdy A dt + F3p xdz A dt
+ Fip xdx Ady + F3) xdz A dx + Fp3 xdy A dz
=—E;dy Ndz — Eydz A dx — E.dx A dy + (B.dz + B,dy + B,dx) A dt

(3.103)
as well as its exterior derivative (a 3-form):
OE, E,
d+F=—-—V- -EdcAdyAdz - at'dt/\dy/\dz—aat“dt/\dz/\dx
OE; 0B. 0B,
~ dt ANdx Ady + <6x - aZ)dx/\dz/\dt
0B, OB 0B, OB
+ (=2 - )dxAdy Adr + —)dy Adz Ade. (3.104)
ox Oy oy Oz

We may also write down the current 3-form j=j, *dx*. Withj,=( p, j) (see (2.104)) we
have

i=Jo * dx® + Jji * dx'
=—pdx Ndy ANdz+ j,dy Adz A dt + j,dz Adx A df + j.dx Ady A dr
(3.105)
Now consider the equation
d«F=j. (3.106)
Comparing the coefficients of dx A dy A dz gives V - E=p; and inspection of the coeffi-
cients of dy A dz A dt yields the x component of V x B — E_ j- From (2.103) these are the

or
inhomogeneous Maxwell’s equations

O F* = j*. (3.107)
The homogeneous Maxwell’s equations are

dF =0, (3.108)

since, from (3.101) the coefficient of dx A dy A dz gives V - B=0; and the coefficient of

dx A dy A dt gives the z component of V x E + a—B = 0. Together, these are the homoge-
neous equations — see (2.103) and (2.105).

Note that the equation dF =0 implies, in a topologically trivial space like Minkowski
space-time, that F =dA — that is, if F is closed, it is exact — and in component language this is
simply

F/JV - ayAv - avA,uy (3109)

as in (2.91); F,, is the 4-dimensional curl of 4,,.
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3.8 Metric tensor
1

We have so far been concerned with spaces in which there are points and a notion of
‘nearness’ of points, so that we can take derivatives; and we can also define vectors
and differential forms. But one notion which has been missing is that of the length of
a vector, or (equivalently) the distance between two points. These are additional
concepts, and a new entity is needed to define them. This entity is called the metric
or the metric tensor. A general space endowed with a metric is called a Riemannian
space.

Let us begin by considering the simple case of R?, in which we may define the vectors v
and u . Their Cartesian components may be written

V= (v, n) = (vl,vz); u = (uy,u,) = (ul,uz);

or we may write, in polar coordinates

v= (v, vg) = (vl,vz)7

and so on. As is well known, from the elementary theory of vectors we define

V=veov= =12 + v (3.110)

as the (magnitude)® of the vector (vector field) v at a particular point. This is a scalar
quantity. Similarly u - u and v - u are scalars. So the situation is that we have a vector v (or
two vectors v and u) and we now want to introduce a scalar quantity, its ‘length’ (or the
‘scalar product’ of two vectors), without talking about 1-forms. To do this we introduce a
new geometric object. We write, in some coordinate system,

vev=17 = gikVin =g11(v1 )2 + (g2 + gzl)VlV2 + gzz(V2)2 (3.111)
and
vou= gt =gl + gl + gul + g, (3.112)

where g;; are the components of the metric tensor in this coordinate system. So in Cartesian
coordinates, we have, comparing (3.110) and (3.111), g;1=g22=1, g12=g21=0; or, in
matrix form

[Cartesian coordinates] gy = ( (1) (1)) (3.113)

In addition, the metric tensor is used to express the distance ds between the points (x', x%)
and (x' +dx', X2+ dx?):

ds? = gy dx’ d, (3.114)

where of course the summation convention is being used (as in (3.112)). The notation
indicates that under a change of coordinates x' — x'' we have
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ox™ ox”
!
g — 8ij = mmgmn (3.115)
so that v-v, v-u and ds” are indeed scalars. This suggests that g transforms as a g

tensor, a rank 2 covariant tensor, a (Cartesian) product of two 1-forms (which is not a 2-
form!). Then in polar coordinates x' =7, x* =4, using (3.113) and writing (x', x*)=(r, §) we
have for example

dx™mox" ox\’ ay\’ ,
gn = %a—%gmn = (%) g + (6_2) @ = 1% cos’0 + r? sin’6 = r2;

and similar elementary calculations lead to (dropping the primes)

[polar coordinates] g; = ( (1) }g) (3.116)

and hence, from (3.114) ds*=dr* + % d6?, as expected.
Since the metric tensor ‘maps’ two vectors into a scalar, it can be represented as the
product of two 1-forms, and we may write

gu,v)=u-v. (3.117)

Writing the basis 1-forms as dx* and the basis vectors as e, with (dx*, e,) =", (cf. (3.20)),
so that u=u*e,, we put

g =gudx" @ dx". (3.118)
Then
g(u, v) = g, (dx*, u’e;) (dx', voe,) = g u’ V' =u - v. (3.119)
Note that
g( ey, ) = g1 (dx”, &) (dx", e,) = g (3.120)
Now consider the formula
ds? = g, dx" dx". (3.121)

Here dx* is the old-fashioned infinitesimal separation between the two points x* and
x“+dx*; it is not a 1-form. The mathematical language in Equations (3.118) and (3.121)
may be different, but the ultimate content is the same. The line element ds® represents the
squared length of an infinitesimal displacement ‘dx*’ in an unspecified direction; this is the
content of (3.121). Using our upgraded mathematical machinery, we may now express the
displacement dx* by the vector A=dx” e,. Then, from (3.119), the metric g contracted
against the vectorial displacement A gives

g(A A) =g, dx" dx’ = ds”. (3.122)

Thus the content of the two equations is the same; only the language differs slightly. It
should be noted that the symbol ‘®’ is often omitted, and then (3.118) is written
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g =g, dx"dx". (3.123)
In fact, verging on sloppiness, the above equation is sometimes written®

g=ds’ =ds’ = g, dx" dx". (3.124)

3.8.1 Holonomic and anholonomic (coordinate
and non-coordinate) bases

We continue our discussion of holonomic and anholonomic bases in Section 3.2 above by
incorporating the metric tensor. It is most straightforward to illustrate the ideas by consid-
ering the simple case of E°, Euclidean 3-dimensional space, in Cartesian and spherical polar
coordinates. The general form for the metric will be

g=g,0 0~ (3.125)

In Cartesian coordinates the basis one-forms are 6'=dx’, and with

0l =dx! =dx, 0’=d’=dy, 0°=dx’=dz, (3.126)
and
1 00
gr=10 1 0|=0d, (3.127)
0 0 1
we find
g=ds’=dx@dr + &y @ dy + dz® dz. (3.128)

The vectors dual to the basis 1-forms (3.126) are

0 0 0
el:a_x’ ezza, € ==, (3.129)

since they clearly obey
(@™, e,) =38",. (3.130)
Now let us turn to spherical polars, in which
ds? = dr? + P d&? + 7 sin*0dg?.
In the language of forms this becomes

A =dr @ dr + rd0 © df + P sin*Adp ® do. (3.131)

8 The above remarks owe much to Misner ef al. (1973), Box 3.2.
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We now have a choice. In a holonomic (or coordinate) basis we may choose the basis
1-forms as

' =dr, 0*=d0, O =d¢ (3.132)
and then
1 0 0
gr=|[0 r 0 : (3.133)
0 0 2 sin’0

The vectors dual to (3.132) are

0 0 0
€ ==, €= 632%.

or 00’
In an anholonomic (non-coordinate) basis, on the other hand, we may choose the basis
1-forms to be

(3.134)

=dr, =rdo, =7 sln .
o' =dr, 0°=rdy, ©° in Od¢ (3.135)

with

(3.136)

—_ o O

1 0
gk=10 1
0 0

Because gj; is the unit matrix bases of this type are commonly called orthonormal bases. The
vectors dual to (3.135) are

0 10 1 0

g, € = ;%, €3 = —r sin 6% (3137)

e =

A characteristic of a non-coordinate basis is that the basis vectors typically do not commute.
For example, from (3.137) we have

0 0 o (90 0
[e1, €]/ (r, 0, ¢)6r<;1f6]<;) - %% <6J:> :fll:flezf,

1
le1, &) = —— e, (3.138)
r

as in (3.15) above. In a holonomic basis, on the other hand, the basis vectors commute. In
both holonomic and anholonomic bases we have

(0", e,) = d%,. (3.139)

The elements g, are the components of the metric tensor in some coordinate system, and
may, for many purposes, be regarded as being defined by Equation (3.121)

ds® = g, dx* dx". (3.140)
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Let us now make some observations about g,,,. First, we may obviously write

Ew = 1/2(g/4v + gvu) + ]/Z(g,uv - g"/l);

the first term of which is symmetric, and the second antisymmetric, under the interchange u
<+ v. The antisymmetric combination makes no contribution to ds* in (3.140), so we may,
without loss of generality, assume that g,,,, itself is symmetric:

8uv = 8vpu- (3141)

Second, let us observe that, because of the way in which the metric is introduced — see
Equation (3.118) — it has the effect of associating with any vector a one-form. Translated
into more old-fashioned language, it has the effect of associating a contravariant vector V'*
with a covariant one V,; the metric tensor g, may be used to ‘lower the index’ on V*, and
to define

Vi=gnV". (3.142)

Clearly this may repeated any number of times, so upper indices in any tensor may be
lowered:

Ty " =g Gua TP, (3.143)
Third, we may define g*”, with upper indices, as the inverse of g,,,:
8" gy = 0"y; (3.144)

y23y

and it is clear that g may be used to raise indices:
vt = gtvu,. (3.145)

It is a trivial exercise to check that, by virtue of (3.144), if an index of some tensor is raised,
and then lowered again, the same tensor is recovered.

3.8.2 Tensor densities: volume elements

We are concerned with the way in which the components of a geometric object transform on

a change of coordinate system x — x’. For example the components of a } tensor, 7,
transform according to
ox'" ox°
T", = — — T",. 3.146
OxP Ox'v ( )
We now wish to generalise this. Define
Ox#
D = det & (3.147)
ax v

For example, in four dimensions
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ox% ox% ox? ox?
ox"0 ox'' ox? ox”3
a—xl / / /
D = |50 . (3.148)
/ / ! i
o>, , ox
ox’0 ox’

We then define a tensor density of weight w, denoted S*,, (taking again as example the case

ofa ( } ) tensor) as an object transforming according to

u g
L, Ox'" Ox

SH, =p¥ —— —_
oxP ox"

S?,. (3.149)
Similar definitions hold for tensors of arbitrary rank.’

Now consider the totally antisymmetric Levi-Civita symbol (in four dimensions, but the
generalisation to other dimensions is obvious)

—1 if (kAuv) is an odd permutation of (0123), (3.150)

) { +1 if (kAuv) is an even permutation of (0123),
gy —
0 otherwise.

KAV

This definition is to hold in @/l coordinate systems: it follows that " is a tensor density of

weight w=1. To see this consider a tensor T,;,, which is completely antisymmetric:
T = Tliw)-
Then
P - O O o o
0123 ™ 5x0 ox/T Ox2 ox3
Every term in the sum on the right hand side above is proportional to Tj;,3; in fact
Tovay = DTois
(note again that T,,,, is a tensor, not a tensor density). Now raise the indices on 7. It is easily

seen that 7" is also completely antisymmetric in its indices. However,

70123 _ ox ox" ox ox” T _ detai,.Tom _ lT0123_

oxt Ox* Ox# Ox¥ N ox D
ote: T is also a fensor.) Hence T,;,, and T have different values in different
L
coordinate systems; whereas the Levi-Civita symbol must possess the same value in all

systems. This will follow if we declare " to be a tensor density of weight w= 1; for then

® This definition differs from that given by Weinberg (1972) (p. 99); Weinberg would define (3.149) as being the
transformation law for a tensor density of weight w. Our definition coincides with, for example, that of
Papapetrou (1974), p. 11.
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1 A 1
gllsziluv — D. ox™ ox"™ ox™ ox" gﬂor[ — D. det%.gxi;tv — 8/«;)u,uv.
OxP Ox” Ox* Ox¢ 0x

Hence ¢/°'2*=¢""?*=1, and so on.

Note that g = det g,,, is a scalar density of weight w=2; we have

_Ox” ox?
8uv = @ w 8pos
hence
ox\?
"= (det — = D?
g ( € 8x’> g &
or
Ve = Dyg; (3.151)
or, in spaces where g <0 (for example spaces with the signature of Minkowski space)
V-¢ = Dy-g. (3.152)
An important application of tensor densities is the notion of volume elements. Let us
show that in an n-dimensional space with basis 1-forms 0', ..., 0" the volume element
(an n-form) is
n=++g6" A ... A0". (3.153)

We begin by specialising to 4-dimensional space-time (which, however, is easily general-

. . . N Y]
isable to n dimensions). Let us lower the indices on &“*”.

Exipuv = 8rp 8io 8ur v dmt( = gs’w‘v.

Then, defining

dr=d% = %gw dx” dx* dx* dx” (3.154)

we have, under x — x/,

1, ox'" ox'* ox'* ox'v
— &y — — ——

4! W ooxr oxo oxt Ox¢
1 ox

_ 2 dv? dx® d¢
=i det o €yor¢ dx” dx” dx’ dx

= %dr. (3.155)

dr — dt’ = dx? dx” dx” dx®

Hence, in a space with negative signature, (3.152) and (3.155) give

V-gdt = /—gdr, (3.156)

and it follows that n in (3.153) above is the invariant volume element.
As a simple illustration consider £ in spherical polar coordinates. In the holonomic basis
the basis 1-forms are given by (3.132) and the metric by (3.133), giving
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g = r*sin®, Vg = * sin 0
and
N = 2 sin Odr A d6 A dép. (3.157)

In the anholonomic system the basis 1-forms are given by (3.135) and the metric by (3.136),
giving g=1 and

N =dr A (rdd) A (rsin 0d¢) = 7 sin Odr A dO A do,

as in the holonomic system — and as expected.

3.9 Absolute differentiation: connection forms
1

In the previous sections we have set up the language of vectors, forms and tensors. Our next
task is to differentiate them. Suppose a vector has components V* in some coordinate
system, then the derivative with respect to x” is commonly written

ov#
=V*,. (3.158)
ox” ’
This is an object with two indices and one might be inclined to think it is a } tensor, but

that is wrong. In coordinate systems other than Cartesian ones the coordinate axes them

selves move around when one moves to a different point in the space, and this must be taken
into account for a proper consideration of differentiation. (We must not forget that the field
equations of gravitation are, in the non-relativistic case — and therefore also in the relativistic
case — second order differential equations; see Equations (1.5) and (1.6). It is therefore
crucial to arrive at a correct treatment of differentiation — ultimately differentiation in a
curved space.)

We begin by considering the simple case of a vector field in a 2-dimensional (locally) flat
space E°. In Cartesian coordinates we write

V="71e+ e,
and in polar coordinates
V="7e + Ve,.
The basis vectors are sketched in Fig. 3.13. In general we write
V ="TVe(i=1,02). (3.159)

As noted above, V is itself invariant under coordinate transformations x — x’. In a similar
way we may write a 1-form @ as

® = 0 (3.160)
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e,
> \/' e
eX

(a) (b)

Basis vectors in the plane: (3) e, and e, (b) e, and e,.

The differential forms dr and d¢.

where 0’ are the basis 1-forms, for example

0 = (dx, dy) or (dr, do)
in a holonomic basis, or

o' = (dr, rdo)

in an anholonomic one. The forms dr and d¢ are sketched in Fig. 3.14. Like V, o is
coordinate-invariant. Now consider the case of a constant vector field, V = const. ‘Constant’
means that the vector has the same magnitude and direction at all points; and this means that
its Cartesian coordinates are constants, ¥*, 7’”’= const. The basis vectors e,, e, are constant
over the plane, but it is clear that e,, e, are not — their orientation will clearly change as they
move over the plane, as shown in Fig. 3.15. As a consequence, even for constant V, V" and
V% are not constant; they are the “projections’ of a constant vector field over changing basis
directions. In general we may write

ViV=Vi(le,) = (anm) ey + V"(0ien) = V" i€y + V" €m,i - (3.161)

We call this the absolute derivative of V. In Cartesian coordinates e,, ;=0 so a constant V
would imply 6,/ =0; 6V*/0x =0 and so on. In the general case this is not true, however, and
a constant V gives

0= VIV = V’”,iem + ym €m, i (3162)
and e,, ; 7 0 (see Fig. 3.15); equally, of course, V"' ;70 (m=r, ¢).
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\J

The basis vectors e, and e, change orientation as they move over the plane.

Equation (3.162) represents the derivative of V in a particular direction x’, but this
suggests that we may make an ‘improvement’ to it by multiplying by the basis 1-form 6’
(and summing over 7). Recall that the 1-form df=(0; /)8’ is the derivative of f in an
unspecified direction, while 0; f'is its derivative in the direction x’ (in a coordinate basis).
In a similar way, therefore, we define

VV = (V,V)8' = (V" e, + V"e,,)0". (3.163)
This represents the derivative of V in an unspecified direction. We may describe it as a
‘vector-valued one-form’ (to use the term employed by Misner et al. (1973), page 349);
1

We may actually calculate the quantities e, ;, that is e,,, e,.,, €, and e; ;. We have

. . . . 0 0
X=rcos ¢, y=rsin ¢, so in the holonomic basis e, = ' ey = — and
r

09
Ox Oy i
e =~ e+ —¢ = (cosple + (sing)e;

. . 1
alternatively, it is a ( ) tensor.

similarly
e, = —(rsin ¢)e, + (r cos ¢)e,.

(Note, in passing, that |e,| =|e,|=1, hence |e,|=1, |es| =7; e, is not a unit vector.) Then

0 0 .
ger =€, = pe (cosge, + singe,) = 0;
0 e =€ 45 = 0 (cos e, + singe,) = —singe, + cospe, = 1e
a(b"_"ﬁ(/}_aq& X v X )’_r¢'
Similarly
1
€or = L€ €9 = ~TE-

We see that e, ; are vectors. They may therefore be expressed in terms of the basis vectors e,,
€4, SO we put

eni = I*iex. (3.164)
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The coefficients T'*,,; are called the connection coefficients or Christoffel symbols. So in E*

. . . 1 2 . . .
in polar coordinates, with x' =7, x*= ¢, and in the holonomic basis e, =
above equations give

E [ —i the
or’ " o

'y =r?, =Ty =TTy = 0;

1 (3.165)
[ =T% =-, T'yp=-r
r
. . 0 10
In the anholonomic basis e, = g,e(b = ;8_¢’ on the other hand, we have e,=cos ¢ e+

sing e, and e,= sin ¢ e, +cos ¢ e,, from which it is easy to find e, =0, e,5=e,, €5, =0,
€ =5 " (ey,) = —e,. We adopt the notation that in an anholonomic basis the connection
coefficients are written ), rather than I'; so we have, here
1 2 1 1 2 2
Y=Y =Y ==V =02»=0;
1 1 (3.166)
V2|2 =~ V122 =
r r

Note that the connection coefficients are different in holonomic and anholonomic bases; and
in particular — and this turns out to be a general result — that in a holonomic basis they are
symmetric in the lower indices

[ = Ty (holonomic basis); (3.167)

a result which does not in general hold in an anholonomic one, and is evident in (3.166).
Returning to the general case, combining Equations (3.163) and (3.164) gives

VV = (V,V)e*

= (Ve + T, V" e,)0"

= (W, + T, V") e, 0"

= (Vu+T%, Ve @6~ (3.168)

where in the third line the suffices have been relabelled, and in the last line the symbol & has
been inserted for correctness (though we shall generally omit this symbol). A further
definition is commonly made; we put

Ve, =Ve, + T4, 7" (3.169)
so that (3.168) may be written
VV =V*,e0". (3.170)

This is known as the absolute or covariant derivative of a vector V. In a basis given by e,
and 0" the components of the covariant derivative are V'*,, given by (3.169). Yet another
definition is coined:

@ = I, 0" (3.171)

is called the connection one form. 1t is clear that (3.168) may be written as
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VV = @V + o4, Ve, (3.172)

in view of (3.171) and the fact that the 1-form d¥* may be written V'*, 8".
Note that the above equations imply that

Ve, = 0", e, (3.173)

since this will yield
vﬂev = <vew e/L> = <0~)Nv €, ey> = l—wvi € <917 ey) = 1—Wv‘u €
and then
V.V =V.(Ve) = (0,V")es + VH[*";,e,)
=V, + TV, V" )e =TV ,e, = (VV,e,).

This is how differentiation is to be performed on vectors, or, in slightly more old-fashioned
language, on contravariant vectors — Equation (3.169) gives the ‘covariant derivative of a
contravariant vector’. How is differentiation to be performed on 1-forms (or equivalently on
covariant vectors)? This is not difficult to deduce, since it follows from the duality of forms

and vectors.
To begin, let us note that for 0-forms (scalar functions f(x*)) Vf simply becomes df:

Vf =df = 0,fdx" (3.174)
where dx* is the basis of 1-forms in a holonomic system. This gives
Vuf = 0f = fu (3.175)

Turning to 1-forms, what is Vdx* ? Use Equation (3.173) and the relation (3.27) in the form
(dx*, e,) =d", to give (assuming the Leibnitz rule)

Vi{dx* e,) = 0 = (Vdx*, e,) + (dx", Ve,),

hence
(Vdx", e,) = —(dr", 0, e) = — 0" (Ix", &) = —@",. (3.176)
Now put
Vi = @ ® dx', (3.177)
a tensor product of 1-forms; that is, a <g> tensor, not a 2-form. Then
(Vdx, ;) = @ (dx", e;) = @, (3.178)
so from (3.176), (3.178)
0", = —0",. (3.179)

Then if ®*, = T'*,; dx” it follows that

I, = —Th,. (3.180)
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In conclusion, then we have
Vdr" = -0, @ dx' = —T*,,dx* ® dx". (3.181)
Operating on 1-forms V is equivalent to d so we have, for 0“, the Cartan structure equation
Ve =do" = —o”, A0 (3.182)

Having found the operation of V on the basis 1-forms, it is straightforward to calculate the
effect of V on a general 1-form:

VA = V(,dx") = d4, ® dx* — 4, 0", @ dx’
= A’ ® A" — TH, 4, A" @ dx”
= Ay — TH 4 dx" @ dx’.
Or, with
VA =4, dx" ® dx’ (3.183)
we have
Au;v = A,u,v - r‘iluvAA, (3184)

which is the formula for the absolute or covariant derivative of a covariant vector.

3.9.1 Tensors

What is the general formula for the absolute derivative of a (Z ) tensor? Consider for
definiteness a <(2)> tensor

t=1"e, @ e,. (3.185)
Then
Vit =V, (t"e, @ e,)
= (0u") e, ® e, + 1"'(Vie,) ® €, + 1", ® (Ve,)
= (8;1/” + Fﬂpg "+ va)vlm)) e, e
=1"5e, @ e,
so that
=t Tt 4+ Tt (3.186)

It should be clear that the general formula is

Tﬁim,uvu.;p — Th'/i...# vp
+I'"%,T “”'ﬂ v... 1 (similar term for each upper index)

-re, Tri . — (similar term for each lower index). (3.187)
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Now we have that A=4,, dx* is a I-form, or a ( 0

) > tensor, while V=1"e, is a vector, or a

((1)) tensor, so that VV is a (}) tensor, and VA a (g) tensor. The metric tensor g,

however, relates vectors and 1-forms, so is in effect a (g) tensor — see Equation (3.118).
Suppose that
A=g(V,.) ie A,=g,V" (3.188)
and that
VA=g(VV, ..), ie A,,=gunV",. (3.189)
We also have, however (by Leibnitz’s rule),
VA=V, .)]=Vegl,.)+egVV,..) (3.190)
and comparison with (3.189) gives, since V is an arbitrary vector,
Vg=0 = dg, =0, +0,,, (3.191)

which is called the metric compatibility condition. In index notation the equations above
become

Ay = (8up Vp);n =&upin V' +8up Vi
and comparison with (3.31) gives g, , . .7 =0; or, since V' * is an arbitrary vector,
up:r=0, (3.192)

which is the component version of the metric compatibility condition.

This condition actually enables us to find an expression for the connection coefficients
I'*,, in terms of the metric tensor and its (ordinary) derivatives. Working in a holonomic
basis, in which I'*,,=T"* ,,, equation (3.192) reads

Gupr = T &op — T pr&uo = 0. (o))
Rewriting this equation after a cyclic permutation of the indices 4 — p — x — u gives

Epr,u — rgpy 8pr — rgn',u 8po = 0, (i1)
and after a further cyclic permutation

Eru,p — rgnp 8ou — rg,up 8ro = 0. (111)

Now take the combination (i)+(ii) (iii). The symmetry of the connection coeffi-
cients in the lower indices means that four of the six terms involving I' cancel and we
find

8up, k +g/m',,u = &rup = zrﬂﬂ&gpw (3193)

Multiplying this equation by g”* gives a §”,, on the right hand side, and hence
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rv/m = ]/ngp (gupﬂ +gnp¢z - g,tm,p)- (3194)

This is the promised formula for the connection coefficients. Its use will be illustrated below.

3.10 Parallel transport
|

The treatment of absolute (‘covariant”) differentiation above is rather formal and also differs
from the historical approach, which was more pictorial and in which the notion of parallel
transport played an important part. We now give an outline of the older conception of
covariant differentiation, which has the virtue of visualisability. This will involve some
repetition of results already obtained, but also gives a more rounded understanding.

Consider the derivative of a vector a—” We denote it, as in (3.158) above, by
xV

oV,
ox¥

=0V, =V, (3.158)

This object has two indices, which might seduce us into believing it is a rank ( N ) tensor. Is
it? Under the coordinate transformation x* — x’* we have, from (3.38),

ox”
V:u - V//t(x) = 6x—’ﬂ ()C) V/J(x)7

hence

ov', o f[oxP | oxt o’ oV, O’ V.
ox  axh | oxm P axmox oxe  dxloxk P

or, using the notation (3.158),

ox” ox° &x?

V', ,= —— —V,.
LY gyt gyt P axvaxi P

(3.195)

This is not the transformation law for a tensor. The first term on the right hand side is
tensorial, but the second term spoils the tensorial character: the differential of a vector is not

a tensor. This is clearly seen to be a consequence of the fact that the transformation ‘matrix’

P is, for non-linear transformations, a function of the coordinate x, so the second
X

derivative is non-vanishing. The point is that a tensor is a geometric object whose existence
is independent of coordinate systems. If it is non-zero in one coordinate system it is non-zero
in all. For /inear transformations (e.g. x"*= x*“ + o x", a=const) the second term in (3.195)
vanishes so if V), is non-zero in one coordinate system it is indeed non-zero in all. But for
non linear transformations this is not true ; ¥, ,, could be zero in one coordinate system but
not in another one. And recall that non-linear transformations (for example accelerations)
play a central role in General Relativity because they mimic gravitational fields.

This non-tensorial nature of the derivative V,,, is a fundamental problem. How do we
solve it? How may we define a genuine tensor which is related to the derivative of a vector?
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We may identify the source of the problem by looking at the very definition of differ-
entiation: we have a vector field V(x), which has the value V(x) at the point x, and the value
V(x+dx)=V+dV at the point x+dx, as shown in Fig. 3.16. Then dV is the difference
between two vectors at different points, and this is not a vector — it was noted above that

the difference between two vectors at the same point is a vector, since the transformation
n

coefficients (x) are the same, but this condition clearly ceases to hold now.

ox*

Schematically we may write

ov lim drv

o dx’
the limit being taken as dx — 0. Then dV/is not a vector, but dx is a vector, so the ratio of them
is not a tensor, exactly as in (3.195) above. We may give a simple illustration of this.
Consider a constant vector in the plane (a flat space). This is illustrated in Fig. 3.17 by a
vector V at one point and a vector W at another point, and V and W are parallel, V || W. In
Cartesian coordinates this means that V.= W,, V,,= W,, so V;= W, or

(3.196)

(Cartesian coordinates) (V; — W;) = 0. (3.197)

In polar coordinates, on the other hand, as is clear from Fig. 3.17, V,.# W,., Vy# W, hence
Vi# W, or

V(x+dx)=V+dV

[/

A vector field V(x) at the points x and x + dx.

> X

The vectors V and W are parallel; their Cartesian components are equal but their polar
coordinates are clearly different.
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V+6V

<

V+dv

X X+dx

Two vector fields are defined at the point x + dx; V + 8V is parallel to V.

(polar coordinatess) (V; — W;) # 0. (3.198)

We see that the difference between the vectors Vand W is zero in one system but non-zero in
another. It therefore cannot be a vector, which by definition has the homogeneous trans-
formation law (3.38): if all components of V are zero in one frame, they are zero in all
frames. We see the force of the observation in (3.196); dV, being the difference between two
vectors at two different points, is not a vector.

To construct a derivative which is a genuine tensor we must take the difference between
two vectors at the same point. So at the point x+dx we consider two vectors; one is the
vector '+ dV] as in Fig. 3.16. The other is a vector constructed at x + dx which is parallel to V
at x. It is denoted V'+ 8V this is shown in Fig. 3.18. The vectors V'and V'+ §V are like the
vectors Vand Win Fig. 3.17, and V'+ §Vis said to be obtained by parallel transport from x to
x+dx. We have then

VEx)+dV*=V*#(x + dx) vectorfieldat x + dx,

V#(x)+8V* wvectorat x + dx parallel transported from x. (3.199)
V+ 8Vis by definition a vector at the point x + dx which has the same Cartesian components
as V' does at x. So in a Cartesian coordinate system 6//*=0, but it is not zero in general. The
quantity 8Vis not a vector, but V*(x) + 6V is a vector at x + dx. We now have two vectors at

x+dx, as in (3.199), and the difference between them is a genuine vector, which we denote
DV and define thus:

DVE=(VFE+dVr) — (VAP =dVr — SVH. (3.200)

As a conceptual scheme this is fine, but how do we write 8V*? It is highly reasonable to
suppose that it is proportional to dx and also to ¥, so we write

SVH = —TH, VAdx", (3.201)

and the coefficient I'*;, is the Christoffel symbol, or connection coefficient, already intro-
duced. (The term ‘connection coefficient’ comes about because this quantity connects the
value of a vector field at one point with the value at another. It amounts to an additional
structure possessed by the space.) Equations (3.200) and (3.201) give

DV#=dV* 4+ T4, V*dx"

so the ‘true’ derivative — the tensorial derivative — of V'is
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DVe  opn

o o TV (3.202a)

In an extension of the notation in Equation (3.158) this equation is commonly written
Ve, =VH +TH, V7 (3.202b)

as in (3.169) above. This is the covariant derivative of a contravariant vector. To find the
covariant derivative of a covariant vector ¥, note simply that under parallel transport the
scalar product V* W, must be unchanged,

s(Vew,) =0,
hence (3V*)W,+ V*(6W,)=0, and therefore
VESW, = — W,V =T, W,V dx" =T, W, dx" V',

where Equation (3.201) has been used, and in the last step a relabelling A <+ u. The vector
field V* is however arbitrary, so this implies that

SW,=T",, W, dx".

This equation parallels Equation (3.201) for a contravariant vector. The covariant derivative
of W, follows from an analogous argument to that involving V'*, so that finally

DW, oW,

—— == I, 3.203

dx ox" w Y2 ( a)
or, in alternative notation,

W,u:y = W,u,v - F)',uv W, (3203b)

as in (3.184) above.

As we have already noted, the connection coefficients T’ lﬂv do not transform as
the components of a tensor under general coordinate transformations. Their transfor-
mation law is shown below — Equation (3.207) — but from that law it will be seen that the

quantity
T’ =170 =17, (3.204)

does indeed transform as a tensor, since the final term in (3.207), which is symmetric
in ¢ and v, will drop away in the transformation law of 77,,, leaving only the homo-
geneous term on the right hand side, and thus demonstrating the tensorial nature. The
quantity 77, is called the torsion tensor. In General Relativity it is generally assumed
that space-time is forsion free, so the connection coefficients are symmetric in their lower
indices

prv:rpvm (3205)

in a coordinate basis.
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3.11 Some relations involving connection coefficients
|

In the expressions for covariant derivatives, (3.202) and (3.203), we have seen that the left
hand sides, V*,, and W,,,,, are tensors, while the ordinary derivatives, V'*,, and ,,, are not.
This is equivalent to the observation that F;‘w is not a tensor, as we have seen from its
definition. We may ask: how does F’lﬂv transform under a coordinate transformation?

Consider Equation (3.203b). Both W,., and W, are tensors; under the transformation
x* — X" we have

oxP ox° ox’

! . (R
Wi = ox'uox!v P W= ox" .
In the X’ coordinate system we will have

/ _ / I !
Wiy =Wy — Fvaiv

where
LI 0 N Y )
Yo oxi T axvaxe T oxe TP oxv
Hence
oxP 0x? *x" ox" Ox” 4 OxT
g s e = G 1 e g Moo~ D g e (3200
Substituting for W, , from (3.203b) gives
Ox” ox° B ?x° Ox* oOx” ox*® ox’ e w
ox'mox’y T T axvox'r Ut ax'moxv P awmox!v T P
7 ox’
T T

The left hand side of this equation is the same as the second term on the right, so with a bit of
relabelling we have

l—*l/l ax'[ T
moaxh T\ oxr ax'Y o+ ox'1ox’v

Ox° Ox” Oxt )

Since W, is an arbitrary vector this is an identity in its coefficients, and on multiplying by
K

we find

ox?

Ox'" ox° ox . ox'™ T

e, == = = =
# oxt ox'tox'v T P axT ax!vox'e

(3.207)
This is the transformation law for the connection coefficients F}}w- The first term on the right
of (3.207) is tensorial (homogeneous), while the second term spoils the tensorial nature —
entirely as expected.
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It is also true, and is not difficult to show, that an equivalent transformation law is
(Problem 3.2)
ox* ox° ox’ o’ oxP *x't

o I oxr . ox
U= s o ar L ™ 30 2u7 3 3" (3.208)

For future purposes it is useful to find an expression for the contracted quantity I', .. The
definition

e = 128" (8up.r + &rpu — Gun.p) (3.194)
involves g, the ‘inverse’ of g,,,. Put
A" = minorof g,
then
N 1
g7 = —A"P
g

where g is the determinant of g,,,. On differentiation,

dg = (dgw,) A” = (dg,,) gg"”. (3.209)

In words, this equation means: dg is the differential of the determinant g made up from the
components of the metric tensor g,,. It can be obtained by taking the differential of each
component of g,,, and multiplying it by its coefficient in the determinant, i.e. by the minor
A". This equation implies that

0,8 = 28" (0iguv)- (3.210)
Now
1
Oilng =-0,g
8
and hence
0;ln/g = i(8 ) = 1 0,8;
2In /g = e Wg) = 2g O/

and equally, when the metric is of negative signature,
1
0, In\/—g=—0,g. 3.211
Iny/—g 2508 (3.211)

From (3.194) we have
F'u/ly = 1/2 g/wa/l Euvy
and (3.210) and (3.211) then give

1 g 0J(In,/—g)
r, =——=—=- 3.212
M g ot ox* ( )
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3.11.1 Derivatives of scalar and tensor densities

Tensor densities were defined in (3.149) above. Here we shall only be concerned with
densities of weight w= 1, so a scalar density Q transforms under x* — x™* as

0
0— 0 =0D, D=det—, (3.213)
ox'
and a tensor density, for example T},,, as
ox* oxt

The derivatives of these quantities do not transform in the same way, so as usual we want to
construct ‘covariant’ derivatives. Differentiating (3.213) with respect to x'* gives
o0 o0 ox¥ oD
Oox'  OxVox'm ox '

(3.215)

It is the second term — and also the presence of D in the first term — which prevents O , from
being a covariant vector. To proceed, we find an expression for 0D/0x’* in the last term.
Recall that for any matrix a*; with determinant @ we have

a=a";A%, (3.216)
where A%, is the minor of a*;. Then (in analogy with (3.209) above)

oa 0

_ K A
axn g @) A
Now put
ox"
a; = P =a=D, (3.217)
and then

oD Fxt
axm axhoxm T

(3.218)
We now need to find an expression for A%,: note that, as well as (3.216) we also have

a";A*, = 0" a.

Then, from (3.217)

Ox" A -
A=%D
Multiplying by ox""/0x" gives
A ox'v

B o
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which, when substituted into (3.218) gives

oD &Pxt ox'*

—_—— 3.21
Ox'®  Ox'*Ox't Oxk (3.219)

It is this term which appears in (3.215). It is convenient, however, to find another expression
for it. Putting x= v in (3.207) gives

l—~/)<, _%rp 6xl;c aZxr
M axtn P T Ox!E dx i
or
ax/f;, aZxr e B %
Oxt dx'*ox mEoxtus 7P
s0 (3.219) becomes
oD ) ox®
pwT = {F”‘}m — ax—wrp””} D. (3.220)

Substituting this into (3.215) gives

00 90 & D+Q{r,% o F”U,J}D

ox'm Oxv Ox o
_ 00 ox" P o’ .,
“avan D T O m Qg el
or
oQ e OxY (00 .
Ewrie Oy = i \ e or-,., ¢ D. (3.221)
/
Hence — QI'*,, is a covariant vector density. We may call it the covariant derivative of

ox"
a scalar density:
0,=0,-T".,0, (3.222)
and then (3.221) is

, ox¥
0., —MQ:VD. (3.223)

This definition of a covariant vector density parallels that of a scalar density, Equation
(3.149) above.

The definition of the covariant derivative of a tensor density follows the same lines: if 7),,,
is the density in (3.214) above, its covariant derivative is

T,

nwip — 7-,'uv,p - l—w/tp T/s'v - l—%vp T:zw - raap T,uw (3224)

with analogous definitions for tensor densities of any rank: the crucial last term is always the
same.
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3.11.2 Note on torsion and curvature

We have been concerned with the absolute derivative operagor V. 1Its ccz)mponent in a direction
of of

oxhox’  Ox oxk’

e, is V. Now ordinary derivative operators commute:
[a,ua av]f = 0;

where f is any scalar field. Do absolute derivative operators commute? There are two
separate questions: whether the commutators acting on a scalar field, or on a vector field,
give zero:

(1) V Vof £ V, VoS, (3.225)

?
2) V,V,V=V,V,V. (3.226)

The difference between ordinary and absolute derivative operators is that the latter depend
also on the frame vectors e, so it is to be expected that the above questions are actually
questions about the space being considered. The answers to the questions are, in fact, that the
commutator acting on a scalar field always vanishes,

(1) [V, V,Jf = 0 always (3.227)

whereas if the commutator acting on a vector field vanishes, the space has no curvature, i.e.

is flat:
(2) Vi V] V = 0 = space has no curvature (is flat). (3.228)

The whole spirit of General Relativity, of course, is that space-time is curved, so [ V,, V, |
V #0; more will be said about this below. However, in conventional General Relativity
(Einstein’s theory) space-time is supposed to have zero torsion. There are in existence
theories of space-time with torsion, and these have particular consequences for particles
with spin, for example spin ' particles in a gravitational field (described by the Dirac
equation) — see Section 11.4 below for some more information on this. Theories with torsion
were also used in some early versions of unified field theories, for example the Einstein—
Strauss theory.'”

These theories lie outside ‘mainstream’ General Relativity, so let us here investigate the
consequences of zero torsion. The torsion tensor is given by (3.204) above and a space-time
with zero torsion is therefore characterised by

r?, =TI, (3.229)

as in (3.205); the connection coefficients, calculated in a coordinate basis, are symmetric in
their lower indices.

1% Einstein & Straus (1946); see also Schrodinger (1985).
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In terms of forms the no torsion condition is
o“, A dx" =0, (3.230)
since this gives (see (3.171) and put 0" =dx")
o AN dx" =T#, dx" Adx" =0,

and since the wedge product is antisymmetric in v and « this implies that T'“,, . is symmetric
in its lower indices, which is condition (3.229).

In the general case, in which the basis 0* is not necessarily holonomic, we define the
torsion two form

T4 = d6* + ", A 0", (3.231)

Space is torsion-free if X*=0. This is the content of (3.182), which in a coordinate basis
0“=dx" gives d0“=0 and (3.231) becomes the condition (3.230).

3.12 Examples
I —

Let us illustrate the methods above by considering the simple cases of the Euclidean plane
E? and the 2-sphere S” — flat and curved 2-dimensional spaces. The equations we shall need
are (3.125) and (3.124), involving the metric tensor

g=g,0"R0, (3.125)

ds* = g, dx" ", (3.124)
and, for the connection 1-forms, (3.173) and (3.182),
Ve, = 0", e, (3.173)

do" = —@", A 0, (3.182)

the last of which is the zero torsion condition. The connection coefficients I'), are defined
by (3.171)

o =1",0" @7 =y",0" (3.171)

for coordinate and non-coordinate bases respectively. In a coordinate basis these are given
by (3.194)

szm = I/ngp (g/z/)., k1 rpu — g/m,/))~ (3.194)
The metric compatibility condition is (3.191)

Vg = 0. (3.191)
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From (3.125) we have
Vg = (dg,) 0" 0" + g, (—®", 6) 8" + g,,0" (—0", 6")
= (dgu — 0", g — @, g4c) 6" 0,
so (3.191) gives
dgu = @, + 0y, (3.232)
where

0, = g;mmﬁv- (3233)

3.12.1 Plane E%; coordinate basis

In polar coordinates

ds? = dr? + r* d¢? (3.234)
and the coordinate basis 1-forms are
o' =dr, 6°=do, (3.235)
with corresponding basis vectors
o= e=2
or 0¢

The metric tensor has components g; =1, gzzzrz, g12=2>1=0, or in matrix form (using
Latin rather than Greek indices in this 2-dimensional example)

(1 0 > . (1 0 )
o = gt = 1. (3.236)
0 }’2 0 r—z

Equation (3.232), the metric compatibility condition, yields

lll:l, v=2: M = —My; (A)
,u:v:lz (1)11:0:>0)11:0; (B)
1 2 1 1
p=v=2 op=rdr=r0 =>w,=-0. ©
r

Equations (B) and (C) give (with (3.171))
1
Iy =Tly,=0 T2 = - 2, =0. (3.237)
The zero torsion condition (3.182) gives:

u=1: o, A0"=0

D
S0 A0=0= o) x 67 =do. @)
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u=2: o Adr+w* Adp=0. (E)
By virtue of (C), Equation (E) gives

1 1 1 1
0’ Adr = ——dr Adp =— dp Adr = 0*] =—-d¢ = -6 (F)
r r r

r
(F) clearly gives
r’,=0, I?,= % =T2,. (3.238)

(F) also gives @, = g22(1)21 =r d¢, whence (A) gives ®,= r d¢ and hence

oh=g"op=-rdp=-r0,
which yields

'y =0=T'y, Ty =-—r (3.239)
Equations (3.237)—(3.239) agree with (3.165) above; and also with (3.194): for example

0
Ty =1he™(guw2 +gur—g0i) =g (—gn1) = —1/25(”2) = —r.

It is left as a (useful) exercise to check the other connection coefficients.
So far we have worked in the polar coordinate system. Let us briefly dispose of the
plane in Cartesian coordinates. Here ds?=dx*+dy* so taking x' =x, x*=y the metric

tensor is
(10 w« (1 0Y.
gk=\o 1) & o 1)

and since its values are constants, the connection coefficients, given by (3.194), which
depend on the derivatives of the metric tensor, will all be zero:

[y = 0.

The same conclusion follows from the equations involving the connection forms. Equation
(3.232) clearly gives

®; =y =0, 02 = —W;.
With 8' =dx, 8% =dy, Equation (3.227) with x=1 gives
(012 A 92 =0,

implying that o', cdy and hence ®* ocdy. With u=2, however, Equation (3.182)
gives

(021 /\(-)2 =0,

and hence @?; ~dx, in contradiction with the above. We conclude that ®*; =0; and thence
that all the connection forms — and therefore all the connection coefficients — vanish.
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Let us now calculate the connection coefficients in an orthonormal basis. We still have the
line element (3.234) but choose the basis 1-forms to be

8! =dr, 6>=rdo, (3.240)
so that the metric tensor is
1 0 i
an orthonormal basis. Then dg;;=0 and, from (3.228) ®;,= @y, so that ®;;=®,,=0=
0)11 =(x)22 , and ;= ;; is the only connection form to be found. The connection

coefficients, denoted y'4,,, in an anholonomic basis, are defined by (3.171)
mik = yikmem7
and we then have
S S 2 _
Yu=r12=0 yy=7n=0. (3.242)
The zero torsion condition d6’+ o ', A 0 =0 gives
i=1: o'y Ardg=0= o', ~dg,
1
i=2: drAdg+ @’ Adr=0= o’ =d¢ =—-6,
r
1
o) =—-dp=—-6
r
and hence

1 1
V211:0a V212=;, V]21=0, ylzzz—;. (3.243)

Equations (3.242), (3.243) are in agreement with (3.166). Note, comparing these with
Equations (3.238)—(3.239), that y',, # I'},.; the connection coefficients are different in
holonomic and anholonomic systems. And in particular I, is symmetric, I, =T",.,
whereas y';,, is not: for example y21 , 70, but y221 =0.

3.12.2 Sphere §?

The metric for a 2-sphere of radius a is
ds? = a®(d6? + sin’0dg?). (3.244)

In a coordinate basis 8' =d6, 8> =d¢ and the metric tensor and its inverse are

1
o az 0 ik a_2 0
gik = 0 &2sin0 ) g = 0 1

a?sin’0
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Now consider the zero torsion equation (3.182),
deo’' + @'y A6 =0.
It yields

i=1 o' Add+o'sAdp=0, (A)

i=2: @) Add+ e’ Adp=0. (B)
The metric compatibility condition

dgir = 0 + 0

yields
i=k=1 =0, (©)
i=1Lk=2: my =—-0, (D)
i=k=2: @y =ad*sinfcosd df = w*, = cotd dd = cotl 0'. (E)
Equation (C) gives
'y =I'y=0, (3.245)
while (E) gives
I =cotf, T’y =0. (3.246)

(B) and (E) give @*, =cot § d¢=cot 0 8%, hence
%, =0, I?;=cotd, (3.247)

On the other hand, from ®?; = cot @ d¢ we deduce that®',= sinfcosfdp= sincosd
92, and hence

Iy =0, T'y = —sinfcos. (3.248)

These values of the connection coefficients agree with Equation (3.194); for example

[0 =1hg" (2gm2 — g2m) = —1/g" g1
1 . .
=520 (a® sin*9) = — sin O cos 0.

Now perform the calculation in an orthonormal basis. We have

ds2 _ (91)2 + (92)2
with

0' —add, 6 —asinfdo, gij:<(l) ?)
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Equation (3.182) gives

i=1: o',Aasinfdé=0= ') ~dp,
i=2: acosfddNdp+ 0’| A (adb) =0 = @* = cosHdd; (3.248a)

and these two equations are consistent. Then (3.171) gives
1
Y1 =— cotd = —y'y,, others = 0. (3.249)
a

Again, as in the case of the plane, the connection coefficients differ in coordinate and non-
coordinate bases. The general formula for them in a coordinate basis is (3.194). Is there a
general formula in a non-coordinate basis? Indeed there is, and we now derive it.

3.13 General formula for connection coefficients
1

The zero torsion condition is d0*=  @"; A 0. This is a 2-form, and the basis of 2-forms is
0“ A 6" so we may put
de" = —1)C",,0" N 0" (3.250)
where C*,,=  C*,, are some coefficients. Then
1hC" 0 N O =" A O =17, 04N
= 1/2(]/{1;1 - yn;ul) 6/ A e/l
= 1/2(ymv,u - yﬁ,uv) 0" A eva

on relabelling, from which

Cluv =7 =V (3.251)
Now let us lower the indices. Define
Corn = 8ip Clius Viau = 8rpV pe (3.252)
Then (3.251) is
Croip = Vs = Vripr (a)

Now cyclically permute the indices k — 4 — u — x to give
Cour =Viry — Viun> (b)
and permuting them once more gives
Curi = Vi = Vura (©
Taking Equations (a)+(b) (c) we find
Coau + Coure = Curi = Wpr + Vunz) = Papw T Vuiw)

(3.253)
+ (y)./{y + ymn‘u) - Q’yﬁi,u'
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Now use the metric compatibility condition
dg,y = @y + Oy, (3.254)
the left hand side vanishing, of course, in an orthonormal system. In a coordinate basis
dg,uv = 8/1g,uv dxi = gﬂv,)udxla (3255)
while in a non-coordinate basis
dg/xv = ei(g/w) e/t; (3256)
10
for example in the non-coordinate basis (3.240) above, e, = _6_(;5‘ Then in the general case
r
e/l(g,uv> 92 = 0)/“’ + (ovy = (y,u vi + yvu/l) ei’
so that
ef»(gﬂ") - y,uvi + VV/M' (3257)
Substituting this equation into (3.253) (more precisely, the three terms in brackets on the
right) gives
Yuvi = Vo ler(guv) + ev(grn) — eulern) = Cuvi = Coap+ Capn]. (3.258)

This is the general formula. In a coordinate (holonomic) basis e;(g,,) —* g, and C),,, =0
(since d0”=0), so we recover (with y — I and the first index lowered — see (3.252)) the
formula (3.194). In an orthonormal basis (g, = d,., up to signs =+ for Lorentzian signature),
however, e)(g,,)=0 so

Yuvi = _I/Z[C/tvi + Cv)u/z - CA#V]- (3259)

We illustrate this by returning to the calculation above, of £2 in an anholonomic basis. The
metric and basis forms are given by (3.234) and (3.240) and ¢; (g,,) =0. The constants Cj,,
are found from (3.250)

do’ = —15C";, 0" A o™
This gives, with (3.240) and i=1:

do' =0=—1HC";,0 A 0" = —C'1,0' N6,

hence
C112 = C121 =0= C112 = C121 = 0; (3260)
and with i=2:
d6’> = dr Adp = —15C%,, 0 N 0" = —C21,0' A 0> = —r C? 12 dr A do,
hence

1 1 1 1
C212 = C221 =—=>0Cp=——, Cpn =-. (3.261)
r r r r
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Then (3.259) gives
Y22 = — 12 (Cia + Coa1 — Coz) = —%,
(since Ci2,  0; any C,,, =0 if = p) and
7212 = =12 (Caz + Cia — Cop1) = %
The remaining y;,, are all zero. For example
7211 = =2 (Ca11 + Cr12 — Ciz1) = 0.

We then conclude that the only non-zero components of y's,, are

1 1
Vlzz:*;, 7’212:;7

as was found in (3.243) above. It is not an accident that the quantities C"jk appearing in
(3.250) have the same form as the structure constants (3.15) in the Lie algebra of the basis
vectors. In fact they are the same quantities, so that corresponding to the formula (3.250),

do" = —14HC",, 0" N O,
we also have a corresponding formula in the dual vector space
lex, €] = C¥yrey. (3.262)
For example, for EZ in the anholonomic basis above

e =2 12] 1o _ 1,
DT o ree] T Rae Y

and hence

1 1
Cp = - C?y) = = others = 0,

1.e.

1 1
Cop=——, Cpy=—, others=0,
r r

as in (3.261) above. This is an alternative, and sometimes rather quicker, method of finding
Cyy Clearly, in a holonomic basis e,=0/0x", so all C*;,=0, as noted before. The proof of
(3.262) is long and slightly involved and the interested reader is referred to ‘Further reading’.

In this chapter we have devoted much attention to connection coefficients. We have seen
that a flat space, for example £2, allows a Cartesian coordinate system to be set up throughout,
and in this case the connection coefficients are all zero, but in any other coordinate system they
will not all vanish. In a curved space, on the other hand, for example S2, the connection
coefficients are not all zero. So if we are presented with a metric tensor for some space and
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calculate the connection coefficients, to find that some of them are not zero, we shall not know
whether the space is flat or curved. This is basically because the connection coefficients are not
tensors: if the space happens to be flat they will all vanish in a Cartesian coordinate system, but
it does not follow that they will vanish in another coordinate system.

It is important in General Relativity to know whether a space-time is flat or curved,
because this corresponds to the presence or absence of a gravitational field. To tell if a space
is really curved we need first to define a test of curvature, and then from this to arrive at a
tensor — a ‘curvature tensor’. If this is non-zero in one coordinate system it is non-zero in all,
so the space is curved. This is the subject of the next chapter.

Further reading
|

Good general references for this chapter, written in a style relatively accessible to physicists,
are Misner et al. (1973), Frankel (1979) and Schutz (1980). More sophisticated accounts are to
be found in a large number of texts, each with its own emphasis and point of view (and some
written for a purely mathematical readership): Choquet-Bruhat (1968), Hawking & Ellis
(1973), Eguchi et al. (1980), Choquet-Bruhat et al. (1982), Crampin & Pirani (1986), De
Felice & Clarke (1990), Nakahara (1990), Martin (1991), Frankel (1997) and Cartan (2001).

Avery enlightening account of the modelling of space-time as a differentiable manifold is
to be found in Kopczynski & Trautman (1992); see also Schroder (2002). A good, and for
many years the standard, reference on differential forms for physicists is Flanders (1989).
Westenholtz (1978) also provides a useful and quite complete account. Accounts written for
more mathematically inclined readers are Cartan (1971) and Schreiber (1977). Introductions
to homology, cohomology and de Rham’s theorem may be found in Misner (1964),
Choquet-Bruhat (1968), Flanders (1989) and Frankel (1997). An old but highly authorita-
tive and very readable account of parallel transport is to be found in Levi-Civita (1927), and
a nice potted history appears in Martin (1991), Section 6.3.

Problems
1

3.1 By differentiating the equation
g/gin = 'k
with respect to x’, show that

agim — _omk ijagjk

Ox! £ Ox;

and hence that
a gi m
ox!

+ g"-"l"’”j I+ gmjrij ;= 0.

Hence show that g7, =0.
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3.2 By differentiating the equation

ox'" oxP ;

oxrox'v Y

with respect to x”*, and using Equation (3.207), show that

ax”“%% p ox® oxP *x"*

OxP Oxtax™ © 7" Ox'mox" OxP Ox°

o
r uv —

3.3 Calculate the connection coefficients F’jk in E* (Euclidean 3-dimensional space) in
spherical polar coordinates.

3.4 Consider the sphere S” in the orthonormal basis 8' =a d6, 8> =a sinf d¢. Calculate the
structure constants C’:,»k from the Lie algebra (3.262) generated by the vectors e’ dual to
0’ and thence show that ®?; =cos@ d¢, as in Section 3.12.2.
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and curvature

We continue our account of differential geometry by discussing the topics of geodesics and
curvature.

4.1 Autoparallel curves and geodesics
e ———————

In the last chapter we defined the notion of the absolute derivative of a vector in an
unspecified direction

VW =75, dv* @ e, (4.1)
where V*,,=V*,+ I'*,; V" (in a holonomic basis). The derivative of V in the direction U is
VuV = (VV,U) = V&, U"e,. 4.2)

If U= e, we may write this as
v,V="rFe,. 4.3)

We now use this to define the notion of parallel transport along a curve — this is a refinement
of what was discussed in Section 3.10 above. Let C be some curve in R". We may
parametrise this curve by A, so the curve is the mapping R — R", 1 — C(4). Let t be the
tangent vector to the curve at some point with coordinates x* (see Fig. 4.1):
dx#

tzt”eﬂ, th :H (44)
If Vis a vector field defined in R”, and therefore in particular at each point on C, we define it
to be parallel transported along C if

VoV=1"V* e, =tV + T, V") e; = 0. 4.5)

Consider for simplicity flat space. The statement that two vectors (of equal magnitude, let us
say) are ‘parallel” means that their Cartesian components are equal. If, then, a vector (field)
V is defined to be parallel along a curve, its Cartesian components are unchanged, so
ddljl = % =0, but % = t"0,, hence a@i = aar; =
the bracket in (4.5) vanishes. But in a Cartesian system all F’lﬂ,{=0, hence V,V=0
in Cartesian coordinates. But this is a tensor equation, and so defines — at least in flat

... =0, and the first term, V%, in
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(@)

A curve Con which is defined a vector field V, and t is a tangent vector at any point.

The vector field V is parallel to itself along the curve C; it is a tangent to C at one point but not at
others, hence tangent vectors are not parallel transported along the curve.

spaces — parallelism (parallel transport) in any coordinate system. Note, by the way, that the
polar components of two parallel vectors are of course not equal, but equally the connection
coefficients I, are not all zero in a non-Cartesian coordinate system — the absolute
derivative will still vanish. Equation (4.5) defines parallelism along a curve.

It is convenient to note a couple of points. First, returning to the case of flat space briefly, if C
is an arbitary curve, tangent vectors are not parallel-transported into tangent vectors — Fig. 4.2
illustrates this simple point. This continues to hold in general (curved) spaces, so a special subset
of curves exists, which have the property that tangent vectors are parallel transported into
tangent vectors. These are called autoparallel curves, and are treated below. The second remark
is that in the definition (4.5) the vector field t is defined only along C, not over the whole space.
To be more precise over this, we need to establish the existence of a vector field Y (say), which
when restricted to C gives the tangent vector t, and then show that V'V is independent of Y, apart
from its restriction to C(4). This is discussed, for example, in Helgason (1978).

It follows from the definition above that the scalar product (inner product) of two vectors
U, V is preserved under parallel transport,

vV(U-V) =0. (4.6)
This follows from the definition U-V=g(U, V)=g,, U"“V", where
g=g.,0"® 0*, hence Vg = g0 ® 0* @0+ = 0,

whence (4.6) follows.
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4.1.1 Autoparallel curves

A curve C is defined to be autoparallel if the tangent vector ¢ is transported along it by
parallel transport

Vit = 0. @.7)

In a flat space an autoparallel curve is a straight line — it is only along straight lines that
tangent vectors at different points are parallel to each other — see Fig. 4.1 above. In curved
spaces there are no straight lines, so we may describe an autoparallel curve as the straightest
path (between two points). From (4.5)

Vit = 't ey, (4.8)
so (4.7) gives ' ,,=0, or
Ot +T4,,t7) =0,

dxct
which, with t# = a gives

dx’ | 0 ydx* dx?

< e, S8 o,
a [va<d/1 ) T dl]
that is,

d’x# dx” dx?
T = =0
di dl di
This is the equation for an autoparallel curve. Our next task is to show that in a metric space
it is also the equation for a geodesic.

4.9)

4.1.2 Geodesics

In a flat space, the straight line joining two points has two properties: (i) it is the ‘straightest’
path — tangent vectors at different points are parallel, (ii) it is the shortest path between the
two points. This second property of course involves the notion of distance, i.e. g,,. In a
general space the straightest path becomes an autoparallel curve (and exists even in an
affine space), while the shortest path becomes a geodesic, whose equation we shall now
derive.

The length of arc between the two points x* and x* + dx* is ds, where

dSz =g dx* dxv’
so the length of arc between P and Q (see Fig. 4.3) is

o
5§ = J\/g,,v(x) dxt dy | (4.10)

P
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XM

P

A parametrised curve between points P and Q.

Let us parametrise the curve by 4, x*(4), with the end points P(4,), Q(4,). For example, in
i

space-time 4 could be proper time. Putting x* = Ve have

A
s:ngmqua, (@.11)
or
)
5 = J\/L di, L =L(x"i") = g, (x)i"%, (4.12)

A1

and L may be termed a ‘Lagrangian’.

Now suppose the curve is deformed, so that x*(1) — x*(1) + ox"(1) (see Fig. 4.4), but with
ox"(A1)=dx"(12) =0, so that the end-points are fixed.

A geodesic is a path of extremal length (in general minimal), so under this deformation or
variation we would have d [ds=0. It is more convenient, however, to take instead J Jds* =0,
which is, with L in (4.12)

5JL(M:0. (4.13)
then
oL oL
G /4 _
J(g.#éx +8x/‘5x )dzl—O, 4.14)

d L .
where ox* = aéx”. Now note that the following integral / is zero:

o
d /oL oL
IT=]—(=—"6x*)dl= SxM2. = 0.
Jm(& x) o e
P

On the other hand
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XH+ 5XH(N)

P

A curve deformed, but with the end-points P and @ fixed.

hence

oL d /oL
cH = — |— K
J R J ( W)ax di. (4.15)

Substituting this in (4.14) gives

oL d /oL
L= oxtdi=0
J- g o u o

and since dx* is arbitrary this implies

%—%(%) =0. (4.16)
This is the Euler—Lagrange equation for the geodesic, where
L(x,%) = g (x) % %%, 4.17)
It is clear that
oL .x.i OL .
Ok = 8riuX X7, oo =2guxx

and hence

d oL d <K K oA K
a (6x“> Zza(g;mx ) = 2g/zm,i)‘c X +2g/mx ’

so that (4.16) gives
g’d’ﬂxmxl - Zg/m,/lxﬁx)u - 2g/mxm =0.
Multiplying by g this gives

X “V‘g'upg/u\:,)»)'cﬁxjL - l/Zg'upg/{/l,lu)'mejL = 0.
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The g, in the second term may, however, be replaced by 1/2 (.1 guix) since xR x* is

symmetric under x <+ A interchange, so its coefficient may be replaced by its symmetric part
only. This then gives

X, + I/ngﬂ(g;m‘l + 8u,k — gﬁlﬁll)xﬁxi =0;
or, in view of (3.194),
jép+rﬂﬁlefx7~:0. (4.18)

This is the equation for a geodesic, and we see it is the same as (4.9), the equation for an
autoparallel curve. Hence it is true, in a general space as well as in a flat one, that the
straightest path between two points is also the shortest one. We now consider some
examples of geodesics.

4.1.3 Examples

The first example is almost trivial — the plane in Cartesian coordinates. Here ds® = dx*+ dy?,
21=82=0, go=2,,=0, so all I}, =0 and the geodesic equations become (with s the
parameter along the path)

d’x d%
@ ar
whose solutions are x=as+ ¢y, y=bs+ ¢, (a, b, ¢, ¢, constants), hence y=mx+c, a
straight line.
For a second example consider the plane in polar coordinates. Here ds* = dr* + % d¢?, and
the connection coefficients are given by (3.237), (3.239) (with, of course, x' =7, x*= ), so
the geodesic equations for p=1, 2 are

d*r do\ 2 )
= r(—(b) =0, @)
d*¢ 2drde ..
a2 Trdsds 0. (it)

. . . . . d
We must verify that these equations describe straight lines. If d_¢ = 0, then ¢ =const and
s

d
from (i) r=as + b; this is a straight line through the origin. Otherwise, if £ = ¢’ #0,divide
(ii) by ¢":
1d¢/ 2d
144 2dr_
¢ ds rds
On integration this yields

d¢

/ I,z: 240 2
¢ |+ In 0=r¢ "

= h = const. (iii)
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Dividing the equation for the metric by ds* and using (iii) gives

dr\ do\  [dr\ R
=(5) (%)= (5)+5

and hence
dr 1 1
il omyh
ds r ( )
On the other hand (iii) gives
do _ 1
ds 2’

Dividing equations (iv) and (v) gives

d—dj:i#l:j:£<cos lﬁ)
dr r(rz—hz)/z dr r

and hence

¢ — ¢o = Ecos lé:> ﬁ_003(¢—¢0)>

r

which is the equation of a straight line in polar coordinates — see for example Fig. 4.5.

(iv)

V)

Our third example of a geodesic is the sphere S>. We shall prove that a geodesic on a
sphere is a great circle, that is, the intersection of a plane through the origin of the sphere and

the spherical surface. The metric is
ds? = > A& + a* sin” O d¢?,
and with x' =6, x* = ¢ we have, from (3.245)—(3.248)
%, =I?,=cotd, TI'y =—sinbcosd.
The geodesic equation with x=2 is then

$+2cotldh =0,

h L
h — cos(o-o0)

P(ro)

P0

A straight line in polar coordinates.
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4.2 Geodesic coordinates

. d
(with ¢ = a(b, etc.) On integration this gives

sin?0. ¢ = h = const = ¢ =—.
sin’f
From the equation for the metric we have

1 = a®0% + a*sin?0 ¢,
which, on substituting from (a) gives
(sin’0 — a*h?) 2

0= :
asinf

Dividing (a) and (b) gives

6 do hcosec?d
0

do 1 1/27
(a2 — 2 cose026)>

which on integration gives

hcotd
¢ — o= !
"\
1.e.
cos( — o) + hcotf

e
which is an equation of the form
Acos¢+ Bsing + Ccotd =0,

which, in turn, is of the form ax+fy + yz=0, where

x=Asinfcosp, y=Asinfsing, z= Acosh.

(@)

(b)

It thus represents a plane section of the sphere through the origin, i.e. a great circle. This is

what we set out to prove.

4.2 Geodesic coordinates

Consider a point P on a geodesic. A nearby point has the coordinates x“(s), where s is the arc

length from P (see Fig. 4.6). Now expand x“(s) about x*p by Taylor’s theorem:
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x'(s)

Points on a geodesic; s is the arc length from the point P.

x*(s) = xtp +xFps + 1p¥Hps* + % ¥ps® +0O(s4). 4.19)
The point x“(s), is, however, on the geodesic, so
4+TH XX =0 (4.20)
hence
¥p=—(TH,)pV' v, vV =X"p.
To find x“p, differentiate (4.20):
XM TR 42T 8, 55 = 0.
Now putting l;#v,ﬂ., = F"m,p'c‘, substituting from (4.20) for X" and relabelling gives
XM= (=TH, 5, + 204, 1%, )5 i
= Sym[-T#,; , 4+ 2I'#,, T, Jx" 3 %"
= Al X5 5P (4.21)

where ‘Sym’ means taking the part of the object in brackets which is symmetric with respect
to the indices «, 4 and p. We then have

Xt = (A”Mﬂ)Pv”viv”

and hence, substituting in (4.19),
. 1 o
x*(s) = x"p + Vi — 1A(TH, ) pV"v7s® + 3 (A¥sp) V"V Vs> + O(s%), (4.22)

with v# = x*p. Having obtained this expansion we now define geodesic coordinates y* by
the equation

1 )
Xt =xtp 4 pH — 1/2(1""V,./U)vav”fs2 + E (A",.MP)PV"v)“vﬂs3 +0(sY),

so that
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vis —y" +0(s*) = 0,
or
Y =vhs + O(sY), (4.23)

so that y*p = v# = x#p. Comparing Equations (4.21) and (4.22) we see that, in geodesic
coordinates,

(T*x)p =0, (4.24)
and that (A", , ,)p=0, or equivalently that
(F#HLP)P + (rﬂpn,i)P + (F”AP,H)P =0. (4.25)

The condition (4.24) requires (g,,,)p=0, but (4.25) is too weak to require that the first
derivative of the connection coefficients vanish, or (what is the same) that the second
derivative of the metric tensor vanish at P. We therefore have, in geodesic coordinates

(g/lv,H)P = 0, but (g/tv,ﬂ;p)P 7é Oa (426)

or, equivalently,
(Fﬂvﬁ)P = 0, but (F‘uvmp)P 7A 0. (427)

Thus the first derivative of the metric tensor vanishes at P, but not nearby. This implies that,
at P, g,,, = const, corresponding to Minkowski (pseudo-Euclidean) space, and therefore to a
locally inertial frame. This is the significance of geodesic coordinates; they determine a
coordinate system which is locally Minkowski.

4.3 Curvature
1

Everyone would consider themselves to have an intuitive understanding of curvature — for
example, that of a curved surface, but the task of the mathematician is to formulate a
definition of it. This is done by pursuing the considerations already begun in Section 3.10
on parallelism and parallel transport. Consider the question; when are two vectors at two
distinct points parallel? In Euclidean space two vectors are said to be parallel if their
Cartesian components are the same. In curved spaces, what do we say? Consider the
sketches in Fig. 4.7. In (a), a flat space, it is clear whether the vectors U and V are parallel
or not. (As drawn, they are.) In (b) the space is a cylinder, which may be unrolled to make it
into a plane. It then becomes case (a), so that it is clear whether U and V are parallel. A
cylinder is said to be a ‘developable surface’. A cone is also developable. In some sense they
are not ‘truly’ curved, since they may be unrolled to be made flat. A sphere S%, on the other
hand, is not developable — it cannot be made flat without stretching or tearing. Then the
question, whether U is parallel to V, now becomes a matter of definition. Figure 4.7(c) shows
both U and V as east-pointing (tangent) vectors on the equator, at opposite sides of the
sphere. The equator is a geodesic and we saw above that under parallel transport a tangent
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(@) (b) (©)

Vectors V and U (a) in a flat space, (b) on the surface of a cylinder, (c) on the surface of a sphere.

An vector V; is parallel transported along the path PNQRP, finishing as the vector V;.

vector to a geodesic remains a tangent vector, so under parallel transport along the equator V
becomes the same as U, so they are parallel by definition.

Consider, however, an alternative route over which to transport V to the point where U is,
that is the route over the north pole N. Since V is initially perpendicular to this path, it
remains perpendicular to it (since the angle between a vector and the tangent vector to the
geodesic is preserved under parallel transport), so when V arrives at the equator on the far
side of the sphere it is pointing due west. Are we then obliged to say that V is still parallel to
U? Is there a contradiction? There is no contradiction. What is happening is precisely an
indication that the surface is curved, and that on a curved surface parallel transport is not
integrable.

Consider for example (Fig. 4.8) the parallel transport of V round the closed path PNORP.
The vector starts out as V; at P (east pointing) and when it arrives at Q, via N, it is west
pointing. It remains west pointing along the equator from Q to P, so that the final specimen
Vi has been rotated through 7 from its orientation as V;: Vi# V,. (Actually, the angle of
rotation, 7 in this case, is also the solid angle subtended by the area enclosed by the path at
the origin; this is a general result.) Parallelism, defined in this way, is not integrable. Instead,
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oV=V; V,gives a measure of the curvature of the path enclosed. We now investigate this
matter more thoroughly.

4.3.1 Round trips by parallel transport

Consider, as shown in Fig. 4.9, the general case of the parallel transport of the vector V*
round the closed loop ABCDA on a (2-dimensional) surface, where the lines 4B etc. are not
necessarily geodesics. Under parallel transport in the direction U we have

VoV =V, U, =V, +T%,V")U"e, =0,
hence, with U%= 8x%,
SV = —T";, V*5xt. (4.28)

So, going from 4 to B

VB - == | e = | rra,
x2=b x2=b

i =

where the subscript i denotes initial. Similarly, over the paths B to C, C to D and finally D
back to 4,

VeC) - 1(B)] = — [V e,
x'=a+da
V(D) = V*(C) = +J I V!,
x2=b+0b
[V*(A)]; — V™ (D) = + 5 V4 da2,

x'=a+8a

2_
x“=b+3b x'=2a

Parallel transport of a vector along the closed path ABCDA.
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where f denotes final. Adding these four equations gives

Ve = 4

{ J } l—wu Vi dX2 + {J _J } l—wm Vl dx'
x'=a+éa x'=a x>=b+b x2=b

J —8a)0; (T, V) do? +J(6b)62 (% V4 dx!

Q

22

8adb {—01(T" V") + 6, (T V) }
=8adb {(—T"1+ "1 0) V=T 0V ) + T (V7)) ).

The last two terms, involving the derivatives of ¥’ *, may be approximated by substituting
from (4.28), giving

AV® 2 8a8b [Ty 5 —T%00) + T THy — T, T, VA (4.29)

Writing 8a 8b as dx' 8x” and observing that the quantity in square brackets is antisymmetric
under 1 <+ 2, (4.29) may be written more generally as

"= S S [Ty — T+ T TP = T, TP, TV
or
AV* =1hR},, VAL, (4.30)
where A4™ is the area enclosed by the path and
Ry =T 0y =Ty + 17, TP = 17,17, (4.31)

is the Riemann—Christoffel (or simply Riemann) curvature tensor." The fact that (unlike the
connection coefficients) R, ,, is actually a tensor follows from the quotient theorem: every other
term in (4.30) is a tensor, so R, ,,, also is. It will be appreciated that this tensor is a property of the
manifold itself, since it depends only on the connection coefficients and their derivatives. It tells us
whether a space is curved or not, and since the connection coefficients depend only on the metric
tensor g,,,, and its first order derivatives, the Riemann tensor also depends only on the metric tensor
and its (first and second order) derivatives. Given the metric, the curvature follows.

It need hardly be emphasised that this point is a high point in our study of gravity, since we
saw in Chapter 1 that in Einstein’s view gravity was to be described as a curvature of space-
time. We now know how to describe that curvature, so a very significant mile-stone has been
reached. There is, however, still some work required to appreciate exactly how curvature is
to be incorporated into Einstein’s theory. This will emerge in due course; but it is

! Some books define the Riemann Christoffel tensor with an overall minus sign relative to this one; unfortunately
there is no general agreement. Our convention agrees with that of Landau & Lifshitz (1971), Misner et al. (1973),
Stephani (1982, 2004), and Rindler (2001). It differs by a minus sign from that of Weinberg (1972).

2 1t should be noted that this reasoning concerns a path on a surface, implicitly embedded in R, a flat space of one
higher dimension. In considering space-time, however, we would need to talk about a surface embedded in a
4-dimensional (or, in general, an n-dimensional, space, spanned by geodesics. This can indeed be done; the
student is referred to the literature for details.
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nevertheless worth reflecting on the significance of the point we have reached. After rather a
long slog we have reached something like the summit ridge of a mountain. At present the
view is not all that great but as we wander along the ridge the clouds will disperse and we
shall be rewarded with more spectacular views.

Before broaching the next topic it is convenient to note that all the above manipulations
were carried out in a holonomic (coordinate) basis. In an anholonomic basis the formula for
the Riemann tensor is

RKA,UV = VH).v,,u - yKA/t.,v + ynpy ypiv - y){/)vypi,u - CP,UV VK/M' (432)

This formula will be derived below (Eq. (4.50)).

4.4 symmetries of the Riemann tensor
|

We shall now study some properties of the Riemann tensor, given by (4.30), as defining
curvature in space time. It should therefore be emphasised once more that the results above,
derived in the 2-dimensional case, also hold in #» dimensions. Since the Riemann tensor is of
rank 4, it has 4*=256 components in 4-dimensional space-time, but not all of them are
independent. For example, it follows from the definition (4.31) that

K K
R Auv = -R Avu

so that of the 16 combinations of the last two indices, 4 are zero and only 6 are independent.
The curvature tensor possesses other symmetries in addition, but to examine them more

.. . . . 0
fully it is more convenient firstly to consider the completely covariant (rank (4) ) tensor

R = 8pR’ 1,0, and secondly to work in the geodesic coordinate system at the given point.
From (4.27) this means that, in this system

R,{A,uv = FKAV.,# - Fﬁiy,v.
From (3.194) and (4.26) we have, in addition,

FH;»V,/I = 1/2 gﬁp(gp)»,v,u +gpv,2/1 - g),v,p,u)7
so that finally
Rmiyv = 1/2 (g/{y,).v — 8kv,\u + v, ku — gl/t,nv)~ (433)

This has the immediately verifiable properties

Rni,uv = _lev,u (1)
Rﬁiyv = _Rlnuv (11)
le,uv = +R,uwgl

( (4.34)
3Rh’[/1/xv] = Rn/l;tv + Rﬁ,uvi + R,Wj,u =0. (IV)
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How many independent components does this leave R,;,,, with (in 4-dimensional space-
time)? Condition (i) means that antisymmetry in the last two indices implies that there are
only 4 X 3/2=6 independent combinations of these. Condition (ii) means that the same is
true of the first pair of indices. Then writing

Rm‘i,uv =Rys

where A refers to the first pair and B to the second pair of indices, condition (iii) means that
R, 5= Rpy, so we have what we could regard as a symmetric 6 X 6 matrix, which will
therefore have 6 x 7/2=21 linearly independent components. Thus of the 256 components
of Ry, conditions (i)—(iii) imply that only 21 are independent (and many, of course, are
zero). Equation (iv) imposes only one extra constraint; it is easy to check that
Ripgo1=  Ryueq and similarly for the other indices (up to an overall sign), so no new
information is added to (iv). We conclude that R,;,, has only 20 (linearly) independent
components.® (Although this conclusion was reached by making use of the geodesic
coordinate system, it will be appreciated that the result holds in general.)

4.5 Ricci tensor and curvature scalar
1

Two other quantities related to the Riemann tensor play an important part in General
Relativity. The Ricci tensor R, is defined by
Ry =R’ 1y = "7 Roppy; (4.35)
it amounts to taking the ‘trace’ of the Riemann tensor on the first and third indices. It is a
(g) tensor which is also symmetric
Ry = 8" Rovpp = 8" Roypv = Ry, (4.36)

where (4.34 iii) above has been used (as well as the symmetry of the metric tensor). The
Ricci tensor R, therefore has 10 independent components in space-time.

The curvature scalar or Ricci scalar R is the contraction of the Ricci tensor with the
(contravariant) metric tensor:

R = g"R,. (4.37)

It is obviously a scalar, and therefore the same in all coordinate systems — unlike R, and
R*;,,. We now give some 2-dimensional examples of the calculation of curvature.

4.5.1 Plane and sphere: holonomic basis

As usual, in these 2-dimensional examples we use Latin indices. R’;, has only one
component (see Footnote 3 above), which we may take to be R'515. The Ricci tensor has

3 In n dimensions the number of independent components of the Riemann tensor is n*(n®>  1)/12; see for example
Weinberg (1972), pp. 142 3.
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three components: R;q, Rj» =R, R»,. We illustrate the foregoing formulae by calculating
R'4im» Ry and R in the cases of EZ and S, in holonomic and anholonomic bases. We shall
indeed find that E? is flat, and S$? is curved.

We begin with the plane in polar coordinates, ds?=dr?+r* d6?, in the coordinate basis
x'=r, x*=¢ (alternatively ' =dr, 0 =d¢), and from Equations (3.237)—(3.239) we have,
for the connection coefficients

1
Iy =TTy =T =Ty =0, T2y, =T% = P 'y =-r

Hence, from (4.31)

Ry = Tlyy =Ty, + T T, — Tl
= % (—r) = T'yI?y = =1 — (=1) = 0. (4.38)
Hence the space is flat, and of course
Ry =0, R=0.

The sphere S* has metric ds®=a* (d6*+sin®0 d¢*) and in the holonomic basis 0' =d6),
02 =d¢ the connection coefficients are, from (3.245)—(3.248),

', =T'y,=rI' =0T = —sin 6 cos¥,
2, =T1%,=0, I?,=TI%, =cotd

then
Ry = Tl =Tl o + T Ty — THaTy,

0 . .
= @(—smﬁ cos®) — I''y,I2, = sin?6. (4.39)
This is non-zero, hence the space is curved. At the north and south poles, sin’0= 0, but this is
not an intrinsic feature; it depends on the coordinate system, and since the sphere is a
homogeneous space the north and south poles may be chosen anywhere.
The components of the Ricci tensor are

1 2 . 2
& sinf0=1:
Zsn2g ¢ M " (4.40)

i 1 20, _pi -
R22 = Rlziz =R 212 = SIn 0, R12 = R1i2 = 07

i 2 2 2 1
Ru=Ri1=R121=g"Run=g"guR 2 =

and the curvature scalar is

1 1 2
R=g“R11 +g22R22 = +g+a—2. (4.41)

T a
It is this last quantity which gives a measure of the curvature of the space, which is
independent of the coordinate system. Shortly below we shall calculate the above tensors
for §% in an anholonomic system; we expect that the Riemann and Ricci tensors will be
different from (4.38) and (4.39), but the curvature scalar should again be 2/a”. It is worth
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remarking that the curvature scalar decreases as the radius a increases — in accord with
intuition.

4.5.2 Plane and sphere: anholonomic basis

Now return to the plane £, this time using the anholonomic basis (3.240). The connection
coefficients, from (3.242), (3.243) are
Pa=r" =0 =0 Yy =—-,
)’211 = V221 = Yzzz =0, Y= %
Hence, from (4.32),
R1212 = Vlzz,l - 7121,2 + Vln Vizz - V1i2 Vi21 - Cklz Vlkz

0 1

where (3.261) has been used. We recover the result that the space is flat.
Finally we return to the sphere S, this time using an anholonomic basis. From (3.249)
we have

Ya=r =7 =ra=7"u=0, Yu=—n= é cot 0,
and hence
Ry, = 7122,1 - V121,2 7' aVn =7 arn - Cr'e
= —al—z %(cot@) —Cayly, = % cosec’ 0 — C? 159 y,.
C?1, may be calculated from the Lie algebra (3.262). With

e 10 o — 1 0
"7 400" T asind oo
we have
o1, &] = — cotd i__cot&e
DRI sing 0 >
to
henceCzlzz—co and
1 26 1
Rlzlzz—zcoseczﬁ—co2 =—. (4.43)
a a a

Then the components of the Ricci tensor are

1 1
Ry =R =g2gn R = ok Ry =RYyy = ok R =0,
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and the curvature scalar is
11 22 2
R = g Rll +g R22 = ;, (444)

as in (4.41) above, and as expected.

4.6 Curvature 2-form
1

We have defined the Riemann tensor above, and argued that, by virtue of the quotient
theorem, it really is a tensor. In this section we present an alternative and more formal
argument for its tensorial nature. This is couched in the language of differential forms. We
introduce a 2-form, the curvature 2 form, which we shall demonstrate to have true tensorial
properties, and whose components in a general basis are precisely those of the Riemann
curvature tensor. We shall illustrate the usefulness of the curvature 2-form by calculating the
curvature of a 2-sphere. This calculation turns out to be considerably shorter than the
equivalent one which involves finding the components of the Riemann tensor.

The curvature 2-form (really a matrix, or a tensor, of 2-forms) is denoted Q “,, and defined as

Q) = dw", + 0", A ©F,. (4.45)

(It might be remarked that this is similar in form to the definition of the torsion 2-form,
Equation (3.231).) We shall first prove that Q“, is a tensor. We have first to find the
transformation law for ®*,. Transforming from coordinates x* to x’* let us define
oo ox”

u Voo
v oY y P = 6x”"’

(4.46)

transferring the prime from x to the index concerned. This notational change makes the
tensorial manipulations slightly more transparent. Then we have for the basis vectors

e =p' e
and
Ve, = V(pvﬂ/ e) = (dpvﬂ’) ¢ +pvﬂ’ Ve,
dp’)e +p' @ e,

= @t 0

= (dp", + P )P ey
On the other hand

Ve, = 0)‘/,,/ €y

hence

o' =p" . phe o + p A", (4.47)
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Then

Q*, = do", + oy Aot
=d ", p", 0 +p", dpt,]
+ (" P 0 + p* dPR) A (PN pl o, 4 p L dp )
= [(dp" ) p"y +p"; (dp",)] A @y
+p*, pt, det, + dpt', Adp?,

+ (p¥ 07 05 =t dp ) A (p“'xpf/ o +p~, dva/) '
= [(dp*,) "\ +p* 1 (dp", )] A 007
+p* P dot + dpt, Adp?,
+p", Pl 0 A& —pl dpt; Ao,
+pt, 0% Adp?, — dp*'; Adp*,.
There are eight terms in the above final expression. Numbering them 1 to 8, we see that terms
1 and 6 cancel, as also do terms 2 and 7, and terms 4 and 8. This leaves terms 3 and 5, giving

Q" =pt,pt, (det, + 0% Ae’,) = p*, pF Q4 (4.48)

which completes the proof that Q, is indeed a tensorial 2-form. It may therefore be
expanded in terms of the basis 1-forms 6%

Q“, = 14R",,,0” N6’ (4.49)

We shall now show that the quantity R“,,, is indeed the Riemann—Christoffel curvature
tensor. We have, from (4.45)

Q4 = do”, + 0 A o,
= d(y*,0”) +7",7",,0” N0’
= (dy",,) A O+, 48" +y"; y",, 08" 187
= 9", 0 N0 —1hyt CT 0P ABT + ", 0,07 N7

(in this last line y *,,, , should strictly be written as e, (y “,,,); and Equation (3.171) has been
used in the second term)

= 1/2 [yluvp.,o' - y#v o,p + yﬂip yiva - yﬂlo- yiw) - Vﬂvn Cl{pa] 0” N o (450)
Equation (4.50) is of the form of (4.49) with
R#Vﬂ” = y”vp,zr - yluv o,p + yﬂ).p ylva - yﬂ/lo' ylvp - yﬂw{ Cv{/1(77 (451)

as in Equation (4.32) above — which we have now proved. In a holonomic basis C*,,=0 and
y “w — T, and we recover (4.31).

Let us illustrate this procedure for S%. In a particular anholonomic basis the non-zero
connection 1-forms are (see (3.2482)) ®',=  cos 6 d¢, so

Q= do'; + o' Ao, =do'; = sin 6d0 A do

1 )
= a—zel AO% = '/lez,-ke’/\e"
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and hence

1 2
1 R
R21z—;é T2

as in (4.41) above. I hope the reader will notice that the calculation of curvature is much
simpler using differential forms, in this case the curvature 2-form. Apart from the greater
clarity that forms shed on the conceptual nature of the calculations, there is no doubt that
they make calculations much simpler.

Let us finally investigate the connection between the curvature of a space and the non-
commutativity of absolute derivatives when acting on vector fields. First define the curva
ture operator p (U, V):

pP (U, V) = VU VV — Vv VU — V[U,V]‘ (4.52)

We recall that if U and V are vectors, then so is [U,V]. In a holonomic basis [U,V]=0 if
U, V are both basis vectors, so the last term above disappears. It is clear that p is
antisymmetric in its arguments,

In the basis e, with
[e/u ev] = C;Lyv €,
we have

ples, e)=Ve Ve — Vo Vo, = Vei o = V,Vy =V, V, — CH, V. (4.54)

v €l

Since V,, acts on a vector to give a vector, then p(e,, e,) also operates on one vector to give
another. We have

Vie, =9",.€ (4.55)
hence
ViVie, =V (7 v &) =7 v € T o
(where, strictly, the first term should be e,(y”,,)e,), and so
(VuVy = VuV, = C* V) ey
= (P kst =V wsir TV 0 a9V iV gy = Chiv 1) €
= R’ 108, (4.56)
with R”,,,, as in (4.51) above. In particular, in a holonomic system
ple, e)e.=[V, V]e. =R, e, (4.57)

with R”,,, as in (4.31) above. We then clearly see the connection between the non-
commutativity of the absolute derivative in a particular space and the curvature of the
space. It follows straightforwardly from (4.55) that (Problem 4.4)
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V)';/l;v - V;L;vz,,u = _Rlp,uv Ve, (4.58)

Vll;,u;v - Vi;v;,u = +Rﬂ/1,uv Vp- (459)

Finally, it is worth noting, for the record, that in theories with forsion, the right hand sides of
the equations above become modified to include torsion terms.*

4.7 Geodesic deviation
1

Geodesic deviation is a manifestation of curvature. Let me begin by giving a physical
motivation for introducing it. In General Relativity a particle under the influence of no
force other than gravity follows a geodesic. Because of the Equivalence Principle,
however, the acceleration of one freely falling body has no significance in General
Relativity — see Section 1.2 above. An observer moving with the body also follows a
geodesic, and the particle appears (and therefore is) at rest. What is observable,
however, is the relative acceleration of particles on neighbouring geodesics. An example
was given in Section 1.2, where observers (particles) in a freely falling lift on the Earth
approach one another, in fact accelerate towards one another. This is the so-called ‘tidal
effect” of the Earth’s gravitational field. We shall now investigate the relative accel-
eration of neighbouring geodesics geometrically and shall find that this depends on the
(Riemannian) curvature of the space, thus giving another connection between a realistic
gravitational field (for example that of the Earth) and the curvature of space (or space-
time).

Consider, then, a one-parameter family of geodesics x“(s, v), where v labels the geodesic
and s the arc length along a given geodesic. This is illustrated in Fig. 4.10. Let t be the
tangent to a geodesic

_ Oxt

w2 4.
== (4.60)

The geodesic equation is Vt=0 (autoparallelism), i.e.
Vit=1t",t"e, =0. (4.61)

We label points on neighbouring geodesics by s and connect these points, labelled by v and
v+ 6v, by an infinitesimal vector n:

u
=25 (4.62)
ov

Now let us calculate Vin:

4 See, for example, de Felice and Clarke (1990), p. 105.



133 4.7 Geodesic deviation

v+ 0oV

S+0s

Two geodesics; v labels the geodesic and s the arc length along a given geodesic.

. on* ox”
Vin =n";, e = {aZv +Fﬂ””p} B

on* oxP ox¥
=—+4T%, 0
{ s T oy B v}

Pt Ox? Ox
= I~ 4.63
{8s8v+ Ay 8s}5v u- (4.63)

Similarly, let us calculate Vyt:

v

Ox
Vat=1t"n"e, = { -+ Tt }88\/%

t" u  Ox’ ox"
" oy dve,

62x” e Ox? Ox¥ Sve
asov T U as v OV

= V1, (4.64)

because of the commutativity of second order partial derivatives and the symmetry of T ..
We want to calculate the relative acceleration of two geodesics, that is,

Ve (V) = Ve Ve,
The geodesic equation Vit =0 implies that V, V=0, which is the same as
{VeVn + [V, Vi } t=0 (4.65)
and hence, using (4.64) and (4.65)
VeVen = — [V, Vil t=[Ve, Val t=p (8, ).

Inserting components, this equation is

VeVe (1" e) =p (1" e, ™ e) t" e, =t 1" t* p (e;, €,) €y
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which gives, using (4.57)

D%y’ :

and hence, finally,
D2 71”

2 = R, " th . (4.66)

This is the relative acceleration of two neighbouring geodesics, written in terms of the
absolute derivative (denoted D, in the notation of (3.202a)). We have reverted to the
notation of ordinary, rather than partial, derivatives, to emphasise the fact that we can
forget about the one-parameter family of curves; these equations apply to neighbouring
geodesics. Hence the deviation of geodesics from straight lines (in which the relative
acceleration is zero) does indicate the presence of curvature; and hence the ‘tidal effect’
in the lift in Einstein’s thought-experiment is in turn an indication of a curved space-
time.

4.8 Bianchi identities
I

The Bianchi identities are interesting in their own right, but for our purposes they are
introduced here only because of their usefulness in the context of Einstein’s equations for
the gravitational field. They are identities involving the covariant derivatives of the Riemann
tensor; we therefore start by taking the (exterior) derivative of the curvature 2-form.

The curvature 2-form is, from Equation (4.45)

Q" =do", + 0" A 0%, (4.67)
Hence (recall that d*=0, and Equation (3.90))
dQ*, =de"; A 0", — ©"; A do*,. (4.68)
On the other hand,
0" AQY, = 0" Ade’, + 0 Aot Ao,
Q" Ao, = do', Ao, + 0" A" Aol

The last terms in the above equations are identical (x and 4 are both dummy indices), so
(4.68) gives

dQ“, = Q4 At — @ A Q4. (4.69)

These are the Bianchi identities written in terms of the curvature 2-form. To find their
expression in terms of the Riemann tensor, take an arbitrary point P in the manifold and
choose geodesic local coordinates there, in which (see (4.27)) T #,,=0, and hence ®*,=0,
0 (4.67) gives
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Problems

dQ*, =0 (geodesiccoordinates). (4.70)
In a holonomic basis we have, from (4.40),
QY = AR, de? AdY,
hence
dQ*, =14R",,, dx* Adx” A dx” .71
with the consequence that
R\ po s + RMeip+ R 0p 6= 0, 4.72)

(the symmetry in the three indices in (4.72) cancelling the antisymmetry in the wedge
products of (4.71), thus yielding (4.70).) This equation holds in a geodesic coordinate
system, in which covariant and ordinary derivatives are the same (the connection coeffi-
cients vanishing); so in a geodesic coordinate system (4.72) may be replaced by

Rﬂvpa; 2t Rﬂvo’l; p + R‘uvlp;a =0. (473)

These, however, are fensor equations, so hold in any coordinate system. They are the
Bianchi identities. They, like the other results in differential geometry that we have obtained,
will find their application to General Relativity in the succeeding chapters.

Further reading

See the ‘Further reading’ for Chapter 3.

Problems

4.1 Show that the 2-dimensional space with metric
ds* = y & +x d&*

is curved, and that the curvature scalar is

1 (1 1)
R=—|[-+-).
2xy \x

4.2 A Riemannian space is said to be of constant curvature if the metric and Riemann
tensors are such that

R hije = K(gnj gix — ik &if)

where K is a numerical constant. If the metric of such a (3-dimensional) space is

ds? = dr? + £2(r)(d6* + sin*0 d¢?),
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43

4.4

4.5

with x! =7, x*=0, x*> = ¢, show that the three independent non-zero components of Ry

are Ri212, R1313 and Ry353. Calculate Ry,;, and show that K may be 1,0 or 1 according

as f=sinr, r or sinh (up to a multiplicative constant), provided that =0 at »=0.
(You may assume that the only non-zero Christoffel symbols are

[y, Thys, T2y =T?pand T = T3.)
A Riemannian 4-space has metric
dS2 — 62”[((1)61)2 + (dx2)2 + (de)Z + (dx4)2]

where o= o(x', x%, x°, x*). If #* is the unit tangent to a geodesic prove that, along the
geodesic,

dr#
—+2(o,t") t" = "
do (ov2")
oo
where o, = P
Given that [V,,, V,] e,=R’,,,, e, , show that for a vector V=7V "e;,
2 A A
VA;/A;V = Viu= —Rpw ve.

Show also that the covariant components obey

Viy = Vi = +R; Vo

Auv
Prove that the Bianchi identity (4.64) implies that

Rﬂ/’;/l = 1/2R7/"



Einstein field equations, the Schwarzschild

solution and experimental tests of
General Relativit

Important milestones in the early history of General Relativity were the Einstein field
equations, Schwarzschild’s solution to them and the observational consequences of this
solution. The Schwarzschild solution' describes the space-time in the vicinity of a static,
spherically symmetric mass, like the Sun, and the observational tests of this solution include
the precession of the perihelion of planetary orbits — in particular the orbit of Mercury — and
the bending of light in a gravitational field. A more recent test is the so-called radar echo
delay of a signal sent from one planet (Earth) and reflected back from another one. An
additional test of General Relativity, which depends only on the Equivalence Principle and
not on the field equations, is the gravitational red-shift of light. The successful passing of
these tests established General Relativity as the ‘correct’ theory of gravity. A feature of the
Schwarzschild solution, not emphasised in the early days but given great prominence since,
is the presence of the ‘Schwarzschild’ radius, which is the signature for the phenomenon of
black holes. These matters are the concerns of this chapter. We begin with a comparison of
the geodesic equation and the Newtonian limit of a weak, static gravitational field.

5.1 Newtonian limit
I ——

Consider the case of a weak, static field (such as, to a good approximation, that of the Sun)
and a particle moving slowly in it (v < ¢). With x*= ¢z, x' =x, x* =y, x* =z, an inertial frame
is one in which the metric tensor is
guv =1, = diag(—1,1,1,1),
so that ds?=  ¢* d7 +dx” +dy* +dz>. A weak field is one for which
gﬂV:nyv+hﬂV (5.1)
with |A,,| < 1; each element of g,,, is close to its inertial value. Non-relativistic motion, on

0 dxi

the other hand, implies that t~ ¢, o R, a4 ~V < ¢, so the geodesic Equation (4.18)
7 T

with p = i becomes

1 d%

5 gz Tl =0 (5:2)

! Schwarzschild (1916a).
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i
since the terms in @ are neglected. (We may write this equation as
T
d%x , 5 i
7(11‘2 = a’ = —C rlool
then the right hand side represents the ‘gravitational force’, which gives the particle its
acceleration. It is better, however, to discard the use of the term ‘force’ and accustom

ourselves to thinking instead of gravity implying a curved space-time, in which particles
move freely.) The connection coefficient in (5.2) is

o0 = 158"7(2800.0 — €00.0) = — '8 200
ik Ohoo _

~—1hn P —1/Vi hoo, (5.3)

where the second and third equalities follow because the field is static, the fourth because we
substitute (5.1), noting that 7 is constant, but keeping only first order terms in #, and the final

equality since #“= 0 for spacelike indices. Putting (5.3) into (5.2) gives
X &P
— =—V, hg. 54
2~ 2 00 (5.4

This is to be compared with Newton’s equation (see (1.1)—(1.4))

d’x
—g=_V 5.5
a2~ 8 ¢ (5.5)
where ¢ is the gravitational potential. Comparison of (5.4) and (5.5) gives
2¢
hoo = — =
and hence
2

We have found one component of the metric tensor g,,,! Actually, this is all we can find by
comparing Einstein’s theory with Newton’s, since Newton’s theory describes gravitation by
means of one function only, the scalar field ¢. (This naturally raises the question, how do we

find the other components of g,,?) MG

At a distance r from a gravitating body of mass M, we have ¢ = ——— so
26M :
goo=—(1— 2)and
rc
2GM
ds2:—<1——2>c2dt2+ (5.7)
re

The ‘time-time’ component of the metric tensor has been found. This is actually sufficient to
derive the gravitational red-shift, which is therefore a consequence of the Equivalence Principle
alone, since the above reasoning relies only on this. We now turn our attention to the field
equations, which will yield the other components of g, (answering the question above).
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5.2 Einstein field equations
Ch—— |

The question to be answered is: given a particular matter distribution, what are the g,,?
There are two considerations to be borne in mind:

(1) the equations we find must be tensor equations, and the tensors we have to hand, to
describe the gravitational field, are R}, R,,, and R;
(i) in a larger context we may summarise the present situation in Table 5.1.

The field equations we are looking for are the relativistic generalisations of Laplace’s and
Poisson’s equations, in the cases of a vacuum and matter, respectively; and they should
therefore yield these equations in the non-relativistic limit. Laplace’s and Poisson’s equa-
tions are second order differential equations, and we have seen that in the weak field limit ¢
becomes essentially ggo, so the relativistic field equations should be second order differential
equations in g,,; and, indeed, the tensors above, R*;,,, R, and R, all contain second order
derivatives of g,,, since R*),,, involves derivatives of I' *;, and I ;, involves derivatives of
g~ Apart from these guidelines, finding the field equations is a matter of guess-work. Let us
begin with the vacuum field equations.

5.2.1 Vacuum field equations

The right hand side will clearly be zero, since there is no matter. The equation R*;,,,= 0 is no
good, though, because that would imply that outside a massive body space-time is flat and
there is no gravitational field. So let us consider the equations

Ry =0. (5.8)

These are 10 equations for 10 unknowns g,,,. They do not imply that R*;,, =0, since as we
saw in Chapter 4 the Riemann tensor has 20 independent components whereas the Ricci
tensor only has 10, so that Equations (5.8) would constitute 10 relations among the 20
independent components of the Riemann tensor. The Equations (5.8) are in fact the vacuum
Einstein field equations. Their general solution is unknown, but particular solutions are
known, corresponding to cases with particular symmetry, for example the Schwarzschild

Table 5.1

Non relativistic Relativistic
Equations of motion a2y 42 dx” dx?
q Newton: d;c = V¢ Geodesic equation: e 4 M7 & ds 0
Field equations Laplace: V?¢ 0vacuum Einstein field equations

Poisson: V¢ 4mpG
matter
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solution. We shall show below that the non-relativistic limit of (5.8) gives Laplace’s
equation.

As far as the matter field equations are concerned, it is clear that the right hand side must
be a tensor describing the matter distribution, which in the non-relativistic limit reduces
essentially to p, as in Poisson’s equation. This tensor is called the energy-momentum tensor.

5.2.2 Energy-momentum tensor

The energy-momentum tensor (or stress-energy-momentum tensor, or stress-energy tensor),

denoted 7}, is a rank 2 tensor. It is not to be confused with the energy-momentum 4-vector

(a rank 1 tensor). In this section we exhibit T}, for dust, that is, incoherent matter whose
particles do not interact. The definition is

THY = pou u” (5.9
or more properly
T (x) = po ) ' (x) ' (x), (5.10)

where p is the proper density of matter, that is the density moving with the flow, and " is its
4-velocity

1 dx*
‘We then have
2
ds? = =2 d? = -2 dPP + d* + dy? + d2> = -2 dr? (1 — —2>
c
and hence
1
dr V2 /2_ 1
dr 2 y’
so that
dr\?
T% = p, (E) =7'py = p- (5.12)

Here p is the mass density in a moving frame. The two factors of y are easy to understand: in
Special Relativity the mass (strictly, mass-energy) of moving material increases over its rest
value by a factor y, and the volume decreases by the same factor. So ¢?T is the relativistic
energy density of matter. Similarly

. 4 1 dx® dv Vi Vi
TY% — p O = p— —— =y —=p — 5.13
| Pottt =po 5 o =V P =P (5.13)
where v = T And finally
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1 odx det , Vi Viyk

Th=py = — —= — = . 5.14
Poa g dr P =P (5.14)
Putting these components together we may display 7" as a matrix
v V. V.
1 = =~ =
c c ¢
L o
. 2 2 2
wy _ c c c c
™ =p T ﬁ vy |- (5.15)
¢ & 2
L R M i

2

In the non-relativistic approximation the dominant component of 7" is T~ p R po, the
density of matter in space.

Energy and momentum are of course conserved quantities, so we expect T to obey a
conservation law. We need to find the form of this law, whatever it is, in General Relativity.
In Special Relativity it is

™, =0. (5.16)
To see that this is indeed a conservation law, put ¢ =0:

TOO’O + TOi"l_ _ O7

1op 1 0 ;
ca oo »=0
Py pw=0 (5.17)

This expresses the law of conservation of energy (strictly mass-energy). The reader might
find it useful to be reminded of a similar law in electrodynamics, that of the conservation
of charge Q. Suppose the charge inside a bounded volume V'is Q, then if p is the charge
density (see Fig 5.1),

0= J pdV.
In any particular frame there are also moving charges so there is also a current density
i=pv

where v is the velocity of the moving charge. Charge will then flow out of (or into) the
bounding volume ¥ through its surface S, so that the total charge enclosed in V" will in
general change. In a time J¢ the change in the charge enclosed is

0 op
SQI_E 6t—{J o dV} dt.

The charge escaping through the surface is, on the other hand,
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A volume V containing a total charge Q, with charge density p.

80, = {Jj-ds} 5t = {J V'jdV} 5,

where the first integral is taken over the closed surface and the second equality follows from
Gauss’s theorem. The law of charge conservation is 8Q; + 60, =0, i.c.

op . _
J<at+v-]> dy =0,

which implies that, in differential form,

op

Fiy. =0

5 TV (Y

where p is the charge density and v its velocity at any point. This equation is of the same
form as (5.17) above, which therefore expresses the conservation of energy, or more strictly,
mass-energy.

Now put 1= i in Equation (5.16). This gives, successively,

TiO.O + Tik’k _ 07

Loft N 18, 4
za(zf”)%—z@ V=0,
0 . .
&(pv’) +V-(p'v)=0. (5.18)

This is of the same form as (5.17) above, except that p, the energy density, has been replaced
by pv', the momentum density, so (5.18) expresses conservation of momentum (density). We
have therefore shown that (5.16) expresses conservation of energy-momentum in Special
Relativity. In General Relativity the conservation law follows by replacing the ordinary
derivative by a covariant one:

™, = 0. (5.19)

Recall once more that the form of the energy-momentum tensor we have been considering
is appropriate only for dust particles, on which no forces act: the particles do not interact.



143

5.2 Einstein field equations

A more general stress tensor describes a fluid, in which there is pressure (exerting a force
and therefore an acceleration). There is also a stress tensor for the electromagnetic field,
which is important in cosmology. This will be considered later.

5.2.3 Matter field equations

We claim that the relativistic version of Lapace’s (vacuum) equation is R, =0, Equation
(4.8). We want the relativistic version of Poisson’s equation, and it is clear that p should be
replaced by 7*”. We might guess that the desired equation is

8tG

Ruv =5 T (7) (5.20)

g) tensors. (It is obvious that having defined R, and

T,,, we can raise and lower indices at will. The only requirement is that in a given equation

Both sides of the equation are rank (

G
the tensorial type is the same throughout.) The constant Lz will be justified later. Is the
C

above equation credible? It is not, because 7/".,=0 but R*"., # 0. This latter fact follows
from the Bianchi identities (4.73):

R'uvprr;/l + R#vpl;/) + Rﬂv},p; o= 0.
Putting 1= p and contracting gives
R v T R'uv:nl:y —-R vie — 07

where the minus sign in the last term follows from the antisymmetry under 4 <+ p. On
multiplying by g’ we find, successively

R A R#A;ﬂ - Ra/l;(f = 07
0’ R, —2R;, =0,
(0":R—2R7,), =0,

(sz _ l/zgle):p —0; (5.21)
or
G""., =0, (5.22)
where
G"" =R — 1/, g''R (5.23)

is called the FEinstein tensor. It is not the Ricci tensor, which has vanishing covariant
divergence, but the Einstein tensor. Then, instead of (5.20) we propose

8tG

Ruv = 18R = =5 T, (5.24)
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Bridge over the river Tisza in Szeged. Hungarian graffiti artists are clearly well educated but seem to
use unusual units for the gravitational constant. | am grateful to Dr Geretovszkyné Varja Katalin
for sending this picture.

for the relativistic matter field equations. Note that in the absence of matter, 7,,,=0, (5.24) gives
Ryy — 1A guwR=0,
which on multiplying by g** gives R 2R =0, (since g""g,, =4), hence R=0, and
Ry =0,

which are indeed the vacuum field equations (5.8).
We now have to show that the weak field non-relativistic limit of (5.24) gives Poisson’s
equation. First multiply (5.24) by g*":

R—ZRngiR:—ﬁT
C C

where 7= g*T,,. Hence the field equations (5.24) may be rewritten as

8rG
R,uv = C—Z(T/“’ — I/Zg,uvT)- (525)

. _V v
Neglecting terms in — and p —, the energy momentum tensor becomes, from (5.15),
c c
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THY —

S o oD
S O o O
S O O O
o o oo

In the weak field approximation (5.1) above g,,=#,,* h,,. To lowest order in & this
implies that

gt =gt — htY (5.26)
since then
g""gny = (’7/“{ - hlm)(’h-,v + hw) =0, — W'\ + ' + O(hz) =",

to lowest order (linear approximation), as required. Then, also to lowest order 7= p and

1 0 0 O
P gy =2 010 0 _pp 621
0 0 0 1
and also
Ty = agun T 1, (T =1 Tg?") =5 0,0, (5.28)
Now let us calculate R,,,.. From (4.31) and (4.35) we have
Riv=T" 4 =Ty + T Iy = T, TP e (5.29)

To lowest (first) order in 4 the connection coefficients are

I—W,uv = I/nga(ga,u,v +g¢7v,y - g,uv,zr) = 1/2 nﬁa(hzry,v + h(rv.,u - h,uv.ﬁ)

so the third and fourth terms on the right hand side of (5.29) are of order 4 and can be
ignored in the linear approximation. We then have, as may easily be verified,

Ryv = 1/2 nﬁg(hzrv,,un + h;t/{,av - h,uv,ah‘ - hzrn,,uv)~

Thus, in the static approximation

Roo = 121" (he0,40 + 101,60 — 100,65 — Hor,00)

_ 1 KO _ 1 1 62 2
=—1hn"hoo, o = =1 2 ﬁ-kv hoo
= —1/ V* hy.
From above Ay = 7% and the above equation gives Ryy = C%Vng. The field equation
(5.25) with 4= v= 0 then gives (see (5.28))
1 871G
— V=L v g = anGp,
c? ¢z 2

which is Poisson’s equation (1.6).
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Before leaving this section it might be useful to reflect once more on Table 5.1,
showing the equations of motion for test particles, and the gravitational field equations.
It is clear that given a particular distribution of (heavy) matter, the curvature of space-
time (that is, essentially, g,,) is fixed by the field equations; and therefore the motion of
test bodies is also fixed — they simply follow a geodesic in the curved space. Wheeler
summarises this in one of his famous aphorisms: ‘matter tells space how to curve, and
space tells matter how to move’. This might sound circular, but it isn’t because in the first
statement the amount of matter involved is large — large enough to cause significant
curvature in space-time, whereas the ‘matter’ in the second phrase is simply a test body,
which is small enough not to give rise to any gravitational field of its own. It will be
appreciated, however, that when the mass of a test body becomes large enough to have an
effect on the spatial geometry, then the problem becomes complicated and non-linear. In
fact the gravitational field equations themselves are non-linear and the only method of
procedure is one based on an approximation scheme — a ‘post-Newtonian’ approximation
(General Relativity being a post-Newtonian theory).

Einstein, Infeld and Hoffmann did a significant amount of work on this problem,
which has become known as the problem of motion. They came to the interesting
conclusion that the equations of motion in General Relativity were actually consequences
of the field equations themselves; a situation which, for example, does not hold in
electrodynamics. This general topic of investigation was of particular significance to
Einstein since he took the view that a point mass was a singularity in the gravitational
field, and this would link very intimately questions about the field and its equations with
those of how a point mass moves in the field. From the point of view of modern particle
physics, however, this point of view would seem too simple, since it appears that there
are no massive particles in nature which do not also carry other field quantities. The
electron carries charge, the neutrino weak isospin and weak hypercharge, the quarks
colour; so these particles, on Einstein’s view, are also singularities in the electromagnetic,
weak isospin and weak hypercharge, and colour fields. Perseverance with Einstein’s
question would take us into the territory of unified field theories. These theories belong,
however, to the quantum regime, whereas General Relativity is, at the level we are at
present concerned, a classical theory. Einstein’s question then enters difficult and
unknown territory.

5.3 Schwarzschild solution
1

We are concerned with a solution of the vacuum field equations R,,=0, in the case
corresponding to the Solar System; that is, to a very good approximation, the field produced
by a static spherically symmetric body at rest. The static condition means that g, is
independent of x°; and in addition ds” is invariant under x” —  x° (time reversal), so there
must be no terms involving dx’ dx” in the expansion of ds*. This means that g;o=go;=0. With
these conditions, the most general form of the space-time line element compatible with
spherical symmetry is
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ds* = —U(r) *de? + V(r)dr* + W (r)r* (d6* + sin*0d¢?). (5.30)

By virtue of the special symmetry conditions obtaining here, the ten components of the
metric tensor, in general each dependent on all the x, reduce to only three functions, and
these are functions of 7 alone. The field equations are second order differential equations for
these functions. In fact the three functions may be reduced to two. Recall that 7 is only a
radial parameter, not an actual distance, so it may be replaced by any function of ». Put

dr daw
WrZZfZ.Thenf’:\/Wrand—dr:\/W<l+ d ),so
r

2w dr
vV rodw 2 N
2 2 2
Vdr ——(1+—2 _dr> dir- = rdr.

We may write, at the same time, U(r) =U(#). The effect of all this is to replace r by 7, to
replace U and V by corresponding functions with hats, but ¥ is replaced by unity in
(5.30). Then removing the hats, and putting, at the same time,

the line element becomes
ds? = —e¥ 2 d? + e dr? + 2 (d6* + sin” 0dg?). (5.31)

The metric tensor, in covariant and contravariant versions, is then

. e 0 0 0
—e2¥ 0 0 0 0 e o 0
0 e 0 0 wo| 0 1 0
&1 o0 0 2 0o |8 T P (5.32)
0 0 0 rsin’ 0 0 0 —. ;
r2sin”6

The two unknown functions v(r) and A(») will now be found from the vacuum field
equations. We first find the connection coefficients: for example

0
1—*1 — 1 lo 2 _ — 1 11 = _lhe 217 _62v
00 ="'22"7(28050 — o0,0) /8 oo, he To (=) (533)
—e2v 2
, dv o . .
where v/ = T Similarly the other connection coefficients turn out to be
r
0 =T% =V,
1"111 = /1,, Flzz = —r¢ 21, F133 = —rsinzﬁe 2;',
2 2 3 3 1 2 : (5.34)
F12:F21:F13:F31:—, F33:—51n00056,
r

F323 = F332 = COtH, others = 0.

These are now to be substituted in the vacuum equations
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R

_ Tk K K K —
uy — r HV, K T r ,tt&,v+r pHrp/lV =T pvrﬂ/ui = 0.

We have, consulting (5.33), (5.34) and remembering the static condition,

Roo = T"00, 5 + T0k,0 + T T00 — T 0 I,
=T 001 + T, T o0 — (Too T %1 + %0 g0)

9 2y 1.2v 20 ), 2 1\2.2v 2]
- v V. Zn ! ) -2 v 24
ar(ve )+ Ve v+ +r (V)e
2V
=€2V M(v"—&—\/z—v'/l/—l— )

r

Then the field equations give
2 /
Roo = <v// + V/2 Y +v> eZv 2% _ 0.
r

Similarly,

!

2
N+ V2=,
r

!

R11 = —V” +v

Ry =(-1—rvV+ri)e *+1=0,

R33 = R22 sin29,
Ru=0 (u#v).

These are three independent equations for the functions v(r) and A(7). The factor e

Equation (A) is non-zero, so Equations (A) and (B) give, on adding

A4V =0= A(r) + v(r) = const.

(A)

(B)

©

(5.35)

2v 24

mn

Asr— oo, however, the metric (5.32) must approach the Minkowski metric #,,, so 4,v — 0,

hence the constant above is zero and

Then Equation (C) gives
(1+2n)e? =1= (re”) =1=re*’ =r—2m,

where 2m is a constant of integration. That is,

e =1-"
.

which on comparison with (5.32) gives

_ 1 2m _ 1
8oo = — -5 ) g11—ﬁ~
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2GM
In the weak field approximation, however, gopo = — <1 — 2) , So we can identify the
re
GM
constant of integration as m = —— and finally
c
2GM dr?
2_ _(q_ 2 12 20402 1 «in2 2
ds” = (1 poe: )c dr- + 1_ GM+r (d6” + sin“0d¢”) (5.36)
rc?

or, equivalently,
2 2m\ 5 5 2m\ ! 5 > .2 5
ds? = —(1-"=)2dP + (1 —===) dr* +/7(d&* +sin*Ad¢?),
r r

with

MG

- (5.37)

m =

This is the Schwarzschild solution. It is exact (and, as a consequence, the weak field
approximation found above is now seen also to be exact — an exact solution of the field
equations). As r — oo Schwarzschild space-time approaches Minkowski space-time, as
desired. The solution holds for the space-time outside a body of mass M. We shall see that it
gives small corrections to the Newtonian predictions for the motions of light and the planets.
It is worth noting that, for this vacuum solution, M is simply the total mass of the ‘gravitat-
ing’ body; the actual distribution of matter inside the body is irrelevant. This is a feature
shared with Newtonian physics, where for example the gravitational potential due to a mass
M depends only on the mass, not on the distribution of matter inside it.

5.3.1 Apparent ‘singularity’ at r=2m

A glance at (5.36) above shows that g;;, the coefficient of dr?, becomes singular as
2GM

r— .
2

What are the consequences of this? Does it give trouble? We shall see that the

consequences are very far-reaching, giving rise to black holes, which have to be investigated
carefully. Here, however, we may note that in the Solar System — which is what is relevant
for many of the tests of General Relativity — this ‘singularity’ gives no trouble. Let me make
the following observations:

(i) For the Sun, M=1.99 x 10*°kg, so

2GM 2% 1.99 x 10°° x 6.67 x 10 !
2 9 x 1016

=2.95km.

This quantity is called the Schwarzschild radius g, so for the Sun

2GM
rs =

=2m = 2.95km; (5.38)

c2

and we may write the Schwarzschild metric as
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(i)

(iif)

ds? — 7(1 ,’;S)CZ di +£’,S+r2(d92 +sin20d¢2). (5.39)
r 1 -2
r

The question then is: do we have trouble when » — r4? The answer is No, since the
Schwarzschild surface (a spherical surface) »=rg is inside the Sun, whose radius is
R=6.96 x 10° km. So at »=rg the Schwarzschild solution above does not hold, since
it is a solution to the vacuum field equations. The region in which General Relativity

will be tested in the Solar System is that for which >R, hence s <42 %10 %, and
r

Schwarzschild space-time differs only very slightly from Minkowski space-time.

We now know, however, that when stars become sufficiently old they collapse, and
very heavy stars may collapse to »<rg, a radius smaller than their Schwarzschild
radius. In that case the surface r=rg is in the ‘vacuum’, outside the star, and the
problems related to the Schwarzschild surface become real, and will be dealt with in
Chapter 7, where we shall see that light cannot escape from a star whose radius is less
than 2GM/c*. We may note here, however, that the ‘singularity’ »=2m is more like a
coordinate singularity than an actual singularity in the geometry. By analogy, at the
north and south poles on a sphere g,,=sin’g, g?> = ﬁ — 00 as @ — 0, w. The
(contravariant components of the) metric tensor may become singular, but nothing
unusual appears at the poles; a sphere is, after all, a homogeneous space, and no one
point is different from any other point.

It is interesting to note that the Schwarzschild radius first appeared in the work of
Laplace in 1798 (the fourth year of the French Republic). Consider a particle of mass m
escaping from the gravitational pull of a body (planet, star) of mass M and radius R.
Using a Newtonian argument, the work done to escape is

T OC‘dr mMG
R R

Supposing light to consist of particles of mass m travelling at speed v= ¢ with kinetic
mMG

energy !/» mc*(!), we may then deduce that the light will not escape if > 1/ mc?,

2GM
ie. if R< ——, precisely the Schwarzschild radius! If the radius of a star is smaller
c

than its Schwarzschild radius, it will not shine. It is amusing and odd that despite the
gross errors in this derivation, Laplace reached the same conclusion as that mentioned
above concerning black holes. We may take the argument a little further. If the density of
a (spherical) star is p, the above condition — that the star will not release light — becomes

32

R* > :
87Gp’

so if a star (of given density) is big enough, it will not shine. As Laplace remarked, ‘il est
donc possible que les plus grands corps de 1’univers, soient par cela méme, invisibles.” (it is
therefore possible that the largest objects in the universe are for that very reason invisible.)
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5.3.2 Isotropic form of the Schwarzschild solution

For some purposes it is useful to express the Schwarzschild metric in a form that makes
explicit its isotropic character. We introduce a new radial coordinate

p=1h(r—m+Vr?— 2mr),

or equivalently

It is then easy to see that

and that

2
m
( _2) m\*
A = —~— P/ 24P + (1 +5) (dp* + p* d6” + p* sin’0 d¢?)

(-5)
- 4
2 m
— _+ AdA + (1 +2p) (A2 + dy? + d2?), (5.40)
(1 *z)

where the variables x, y and z are defined by x=p sin 8 cos ¢, y=p sin 8 sin ¢, z=p cos 6.
This is the so-called isotropic form of the metric in Schwarzschild space-time.

5.4 Time dependence and spherical symmetry:

Birkhoff’s theorem
1

Now consider a slightly more general problem; that of a spherically symmetric but time-
dependent gravitational field, satisfying the vacuum field equations. For example we might
have a radially pulsating star (the pulsations compatible with spherical symmetry). Then the
most general form of the metric is
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ds?> = —P(r,1) & de* + O(r,t) dr* + 2R(r,t) dr dt + S(r, 1) (d6? + sin® 0 d¢?).

As before, we can put 7 = /S(r, t)r, so the final term above is #2(d6” +sin’0 d¢ ), and P, Q
and R become replaced by new functions. Then with simple relabelling we get
(dQ? =d6* +sin6 d¢?)

ds* = —P(r,t) ¢ de* 4+ Q(r,t) dr* + 2R(r,¢) drdt + 1 Q2. (5.41)
Now we can find a function f{(r, ) such that
f(r,t) [P(r,t) cdt — R(r,t) dr]
is a perfect differential, ¢ dF(r, t)
f(r,t) [P(r,t)cdt — R(r,t)dr] = cdF(r,t).

The condition for this is

0 0
5[]%7’,[)])(1”7[)] - _a (I",t)R(I",t)].
This is regarded as an equation for f (7, ), which may be put in the form
o 1[of oP OR
5%{#”5”5}-

Then, given f(r, t, ) for all r at t=¢,, we can find f(r, ty+ df). It then follows that

11 5.5 242 R 2
—ﬁFC dF :—PC' dt +2Rcdtdr—?dr
and hence that
11 R?
ds? = — ﬁ]—ch dF? + (Q + F) dr? 4+ 2 dQ>. (5.42)

Comparing this with (5.41) we note that the term in dr df has disappeared. We may now
define F(r, ) to be a new time parameter ¢’

! =F(rt);
then dropping the prime we may write (5.42) as
ds* = —U(r,t) *de? + V(r,t)dr* + * dQ*.

This is similar to (5.30) above, except that U and / are now functions of ¢ as well as of 7.
Analogously to (5.31), then, we may put

ds? = =200 2 d? + 0D d? + 2 (d6* + sin*0 d¢?). (5.43)

We remind ourselves that this is the general form of the metric in a situation with
spherical symmetry but time dependence also. As before, we now calculate the
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connection coefficients I'*,, and impose the vacuum field equations to find w(r, ) and
Ar, ©).
In addition to the Christoffel symbols found above, it turns out that the following are

non-zero:

lov i A A

T =-==2, Tly=TYy=2, T'y=2¢",

cot ¢ c c
As for the Ricci tensor, Ry, and R33 are unchanged. Ry and R;; acquire the following
extra terms:

1 . . . 1 .. . .
Roo = -~-+c—2(zv—x—zz), Ry = ---+C—2(/1+/12 —Jv)e* V),
In addition, there is one non-diagonal component of R,,,:
2.
R()] =—A
re

Hence the condition Ry; =0 implies that 2 = 0, so A depends only on 7; and all the extra
terms in Ry and R, therefore vanish. The solution to the field equations is therefore found
from (A), (B) and (C) above (after (5.34)), except that v(r, £) is now a function of » and z. The
equation A’ + v/ =0 then gives, on integration,

A(r) +v(r, 1) = n(1),
a function of ¢ only, and (C) gives

: 2
(1—-2e)e %) =15 2 =1 -2
r

Since A(r) is independent of ¢, so is m; m = const, as in the static case. Then the solution is
2 25(1) Zm\ 5 5 2m\ 2, 20302 -2 2
ds* = -1 ——|cfde+ (1 ——) drf +r°(d6° +sin“6de”)
r r

MG
with m = ——. This differs from the Schwarzschild solution by the factor ™ in the first
c

term. We can, however, redefine the time coordinate: put

t

= Je”m dt,

then the first term becomes —(1 —22)¢* d7?, and we recover the Schwarzschild metric
again. We have therefore shown that any spherically symmetric solution of the field
equations is necessarily static. This is Birkhoff’s theorem. It follows that a star pulsating
radially has the same external field as a star at rest — an interesting result! In other words, a
radially pulsating star emits no gravitational radiation. We shall indeed see below that
gravitational radiation is quadrupolar in nature; a star must oscillate in a quadrupolar manner
to emit radiation — and this mode of oscillation does not possess spherical symmetry.
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5.5 Gravitational red-shift
1

The Schwarzschild metric tensor

1
g = diag l— <1 - 2GM>, (1 - 2GM> .2, 17 sin’ 9] (5.44)

rc? rc?

is constant in time, independent of x°=ct. The parameter ¢ is therefore called world time.
(Its choice is not unique; it may for instance be multiplied by an arbitrary constant.)

Consider the lapse of proper time t between two events at a fixed spatial point in
Schwarzschild space-time:

2GM
ds? = —?de? = —goo *de*,  goo(r) = (1 - ),

rc?
hence

dr = \/g()o dz. (545)

The element of proper time dz is measured by a clock at the particular point, while the
element of world time dt is fixed for the whole manifold. From (5.44) we see that goo <1, so
dr<dz; in an easy slogan, clocks go slower in a gravitational field. In fact time itself goes
slower in a gravitational field. Consider two equal, originally synchronous, clocks at some
point in a field, both in an inertial frame. Now move one of them to another point, in a
gravitational field, for a certain time and then bring it back to rejoin the first clock. The
lapses of proper time of the clocks will not be the same; the one which has spent time in the
gravitational field will be behind (‘younger’). By the Equivalence Principle this is actually
analogous to the twin paradox; the twin who has undergone an acceleration is younger; and
an acceleration is equivalent to a gravitational field.

How are we to observe this distortion of time by a gravitational field? Suppose a particular
physical process takes a certain fime to occur, and this time is measured by a clock. The process
might be a nuclear decay half-life, or it might be light emitted in a particular atomic transition,
which has a particular frequency (an inverse time). We might consider measuring this character-
istic time or frequency at different points in a gravitational field (where g, differs) and looking
for a variation. This however will not work; there will be no effect, because while the gravita-
tional field affects the physical process it also affects the measuring apparatus (the clock, or the
frequency measuring device), so the recorded result will always be the same.

To get an observable effect we must compare time dilation effects at two different points
in the gravitational field. Let us observe, at r, light coming from an atomic transition at r.
The wavelength of the light corresponds to a definite ds, or a definite proper time ds ~ ¢ dz.
Figure 5.2 shows the emission of two successive wave crests travelling from 7, to ;. Let the
world-time interval between the emission of these crests at r, be At,; this is then also the
world-time interval between the reception of the crests at 7 , since the two crests of light take
the same time to travel.
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th

~——— Second crest
<——— First crest
>
Iy r

Emission of successive crests of light, from r; to ry.

At r = r,, dr, = proper time interval between successive crests = period of light =
(frequency) ', so we may write

1 A
dey =— = 2 _ Atz\/goo(rz)~
1% c

Also we have

|
dry=—= ?l = Atzx/goo(f”l)7

Vi

where the reader will note the same Az, in both expressions, as explained above. Dividing,
we have

vl [800) i e () = 1 - 2M (5.46)
V2 goo(r1) re

The meaning of the symbols is:

vy = frequency of light emitted at 7, and received at ry,
v, = frequency of light emitted and received at 7,
= frequency of light emitted and received at 7,

as per the comments above. In the case of light from the Sun received on Earth we put
r = ry=surface of Sun, » = r; =surface of Earth, so

vy = frequency of light emitted on Sun, received on Earth,
v, = frequency of light emitted and received on Sun
= frequency of light emitted and received on Earth, in the laboratory.

M
>— < 1, the expression in (5.46) may be
rc

Since in the two cases » = and » = r, we have

evaluated by a binomial expansion to first order, giving
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v 2w6M\ 2 26MN P

—=(l-"= I-—

A% rc ric
GM GM GM [ 1 1

R | PRl PUR Iy L (5.47)
rac? 712 2 \rn n

Since r; > r,, then v; < v, — the light is red shifted. For the Earth—Sun system,

%

r» = Rg = solar radius = 6.96 x 10°m
r1 = R = Earth—Sun distance = 1.5 x 10''m > Rq,

so to leading order we have

Vi

GM.
| GMs

~1-212x10 ° 5.48
" Rec? X ; (5.48)

or if v =v, + Av, (Av = frequency shift)

A
2 o12x10 6. (5.49)
v

This is the predicted magnitude of the frequency shift of light from the Sun. Spectral lines
from the Sun are compared with the ‘same’ lines observed in the laboratory. The effect is
actually rather small, and difficult to detect, because broadening of spectral lines at 7 =
3000 K and Doppler shifts due to convection currents in the solar atmosphere both tend to
mask the effect being looked for. Nevertheless Brault (1963) gives a value 1.05+0.05 times
the predicted one.

The effect is larger in white dwarfs, which have a similar mass to the Sun’s, but a radius

A
smaller by a factor between 10 and 100, so Vs greater by a similar factor. The problems
v

caused by Doppler broadening and so on are less severe, but there is a problem in estimating
the mass of white dwarfs. Nevertheless, for 40 Eridani B the predicted and observed red-
shifts are’

predicted % =—(57+1)x10 % observed % =—(7£1)x10 3,

A more precise test for the gravitational frequency shift, however, is not astronomical but
terrestrial, and is actually a blue-shift rather than a red-shift. It is very small indeed in
magnitude, but can be measured very precisely. It was performed by Pound and Rebka in
1960.* A gamma ray from a 14.4 keV atomic transition in °'Fe falls vertically in the Earth’s
gravitational field through a distance of 22.6 metres. From the formulae above, with

M’gr)) (5.50)

C

am() = (1+
we have, since ¢/c SRS 1,

2 Popper (1954).
3 Pound & Rebka (1960).
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Vi goo(r2) 1

R =14+—= ) —olry)). 5.51

v \/gOO(rl) 2 ((b( 2) ¢( 1)) ( )

Light travels from r; to ri: v, is the frequency measured in a laboratory at r1, and v, is the

frequency of the radiation emitted at r, and received at ;. Then, with v; = v, + Av, we have
Av 1

— == (d(r2) — d(r)), (5.52)

v 2

with Av <0 giving a blue-shift and Av > 0 a red-shift. With My the mass of the earth and Rg
GMxg

its radius we have ¢(r) = — , 1 = Rg, r» = Rg + z, where z is the height of the tower

down which the gamma ray falls. Hence

Av _ GME 1 1 - GMEZ - 8z
v 2 \Rg Rg+z chREZ_c2

where g is the acceleration due to gravity at the Earth’s surface=9.78 ms 2. Withz=22.6 m
this gives

A
2 _246x10 15 (5.53)
14

a very small blue shift. The 14.4 keV line in °'Fe has a width T with [/v=1.13 x 10 '2. The
width is actually small, due to the Mossbauer effect, yet nevertheless I'/v is 460 times the
value of Av/v above and, on the face of it, it would seem impossible to detect this blue-shift.
Pound and Rebka, however, had the clever idea of superimposing onto this gravitational
frequency shift a Doppler frequency shift, by moving the gamma ray source up and down
with a velocity v, cos wt. In the experiment the gamma ray is detected (at the bottom of the
tower) by resonant absorption in >’Fe, and the effect of moving the detector is to change the
counting rate in such a way that the gravitational frequency shift (which is much smaller)
can actually be observed.* The experimental result was

1%

A
(_V) = (257+0.26) x 10 1%, (5.54)
exp

in striking confirmation of the prediction (5.53). This result has since been improved.’

The most precise test of the gravitational frequency shift to date, however, involves a
rather different type of experiment, using a hydrogen maser in a rocket at an altitude of
10000km and comparing its frequency to that of a similar clock on the ground. The
experiment was performed in 1976 by Vessot and Levine, who found agreement between
the observed and predicted frequency shifts at the 70 x 10 © level.®

Let me conclude this section with a couple of remarks. First, tests of the gravitational red-
shift (or blue-shift) are in essence tests of the Equivalence Principle. They do not involve

4 For details the reader is referred to a good account in Weinberg (1972), pp. 82 83.
5 Pound & Snider (1964).
6 Vessot & Levine (1979), Vessot et al. (1980). For more details see Will (1993, 2001).
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Einstein’s field equations, so are not tests of General Relativity in its full form. Second, the
above equations may actually be derived by treating light as a stream of photons with energy
E = hv, which decreases as the light ‘climbs out of” the gravitational field. This type of
derivation, presented in some books, is not exactly wrong, but it should be clear that if one
takes it seriously, then what is being tested is also quantum theory. The approach above has
nothing to do with quantum theory. Light is simply described by a frequency, an inverse
time. Elsewhere in General Relativity (for example the bending of its path in a gravitational
field) light is described by a null geodesic.”

5.6 Geodesics in Schwarzschild space-time
|

We are interested in the motion of planets and of light in the gravitational field of the Sun, i.e.
of test bodies in Schwarzschild space-time. This motion is given by the geodesic equation

&2 dx¥ dx’
e Fuvpa == 0. (5.55)

The connection coefficients I',, have already been found in (5.33) and (5.34) above. With

2
= vande® =1-— m we then have

-
%, =1° "
10 01 r(r—2m)’
Fln :—ﬁ, Flzzz—(r—Zm), F133 :—(r—Zm)sinH,
1 (5.56)
F212:F22| :F313:F331 :;, F233:—sin00050,
I'’,3 =T3%, =coth, others=0.
. dr
Withx’ =¢t, { = i etc., the geodesic equation with =0 is
T
. 2m .
t+——tr =0
+r(r72m) "
or
d 2m\ .
—|{l——]¢ =0
sl(-7)]-0
which is integrated to give
2 .
(1 — _m) t = b = const. (5.57)
r

The u=2 geodesic equation is @ + I'>,;; " x* = 0, which with (5.56) gives

7 For more elaboration of this point see Okun et al. (2000).
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.2 .
60 +;m —sinfcosf $* = 0. (5.58)
The =3 equation likewise becomes
.2 .
¢+;i«b+2cot99¢:0. (5.59)

Instead of the u=1 geodesic equation take the line element
2 2m\ 5 .9 2m\ ! 2 20302 4 «in2 2
ds"=—(1—-——)cde-+ 1 ——| dr +r(d6° +sin“0d¢°) (5.60)
r r
and divide it by ds*=  ¢* d2 to give
2m\ | am\ it .
1= (1-2) 22— (1=22) 2oL (62 +sin’0 7). (5.61)
r r 2 2

The advantage of writing this equation is that for light ds*=0 so the left hand side of (5.61)
becomes 0 instead of 1. It is then possible to treat the paths of light and planets in a similar way.
Now consider a geodesic passing through a point P on the ‘equator’ 6= /2, tangent to the
equatorial plane 6 = 0. Then (5.58) gives @ = 0, s0 6 is always zero, hence 0 is always 7/2, and
planar motion is allowed — in General Relativity, as in Newtonian physics. Then (5.59) gives

I

¢+—-1rp=0

r

or

d .

a (Vz(b) = 0
or, on integration,

¢ = a = const. (5.62)

Now substitute (5.57) and (5.62) into (5.61), noting that
dr. dr a

a0 e A

1 1 2 2
P (122 L _2m) pl(de\"_ o
r c? r  \ dr cr?

1 (dp\> [d (1\] 2
Then noting that — do =|—1(-]| ,and multiplying by | 1 — o / a® gives
A\ dr do \r r

then

d (IN1P 1 EB*—1) 2m? 2m
O] A0, 2 o a6y

Differentiating with respect to ¢ gives
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,d (1 &> 1\ 2d/1\ 2m?* d 1\ 6m d [l
@(?) rw(?)*? @(7) N @(7)*7 @(?)’

d /1
Rejecting the solution @ (—) = 0, which is a circle, we find
r

2 2
d (1) Ll _me | 3m (5.64)

d¢? \r r a? r2’

which is the differential equation for the orbit. In the case of light the left hand side of (5.61)
is 0 instead of 1, and (5.64) becomes replaced by

d N 1 3m
L (;) LR (5.65)

GM . o
In these equations it will be recalled that m = — M being the mass of the gravitating
(&
body.

5.7 Precession of planetary orbits
I —

In Newtonian theory the differential equation for a planet moving in a non-cicular orbit is

d’u 1

— =- 5.66

az = (5.60)
where u=1/r and p=a*/GM= a*/mc* (see Problem 5.3). The quantity p, the semi-latus
rectum of the ellipse, is given by

p=ap(l — ez)

where ao is the semi major axis and e the eccentricity. The general solution to
Equation (5.66) is

u :%:%[1 + ecos(¢p — a)],

where e and « are constants of integration. We may choose e to be non-negative (e > 0),
since the cosine term changes sign when a — a+ 7. In addition a suitable rotation of the
coordinate system allows us to choose a=0, so the solution above becomes

u:l:l(l—kecosd)), e>0. (5.67)
r.p

This is the equation for an ellipse with eccentricity e. In the case e =0 the ellipse becomes a
circle. The particle’s closest approach is at ¢ = 0: this is called the perihelion if M is the Sun
(and the perigee if M is the Earth).

The general relativistic equation for the orbit, (5.64), has a correction term added to the
Newtonian equation (5.66). The relative magnitude of this term, in the case of Mercury,
where r~6 x 107 km, is
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3—’2" L_3m ~10 7.
T r r

For the last term in (5.64) we then substitute (5.67) and neglect the term in ¢, giving

d? <1> l_mc2 3m3ct

a7 7aiz+ (1 +2ecos o)

r r at

mc?  6mict
a? at

ecos ¢. (5.68)

The solution to (5.68) is the solution to (5.66) (which is (5.67)) plus the solution to

d> /1 +1_6m3c4 s
i & =4 eCcos ¢,

P
that is,
1 2 6em’ct
-= g(l +ecosg) + em4c ¢sin ¢
rooa a
(where it may be noted that the last term is non periodic)
2 Jem??
= g <l +ecoso + emzc ququ)
a a

2 3 2.2 2
:W;—i {1 +ecos{¢(1 — n;zc )H +O(%) .

3 2.2
The perihelion occurs when 1/r is a maximum, that is when cos [qS(l — mzc ﬂ =1,

a
hence
2w 4
=0, , -
¢ 3m2c? 3m2c?
1— 7 1 - "
6 2.2
~0, 27 + 7rm2€ , «..=0, 21+ 60, ...
a

where 08¢ is the precession of the ellipse in one revolution:

6zm’ 6 6TMG
b = e onm ” ~0.1" (5.69)

a2  p - Aag(l — e?)
where M is the mass of the Sun and a the semi-major axis of Mercury ~ 5.8 x 10' m and
e =0.21. This is only a tiny amount, but the precession is cumulative and in one hundred
Earth years

Schro0 = 43.03". (5.70)

An exaggerated picture of a precessing elliptical orbit is shown in Fig. 5.3.
The total observed precession of Mercury is 5600.73 =0.41" per century. The Newtonian-
calculated precession, caused by the motion of the other planets (of which Venus, Earth and
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)

—

A precessing elliptical orbit.

Jupiter give the largest contributions) is 5557.62+0.4".® The discrepancy between these
figures is 43.11 +0.4. This is consistent with (5.70) and the effect is therefore well explained
by General Relativity.

5.8 Deflection of light

We use Equations (5.57)—(5.59), but (5.61) has zero on the left hand side when light, rather
than a massive test body, is being considered. Then the equation for the ‘orbit’ is (5.65):

d /1\ 1 3m
@ (;) +;—r—2. (5.65)
2 . e/ o1
where, as before, 3m/r “>>1/r. The solutionto — (— | + —=01s
d¢? \r r

1 1
—=— Ccos o, (5.70)
r ro

a straight line (Fig. 5.4). Equation (5.65) is solved by substituting (5.70) into the right
hand side:

& /1 1 3m
— (- -=— . 5.71
4 (r) +r o cos“¢ (5.71)
This has the particular solution
1
- = (1 +sin%g), (5.72)
r ro
0 (5.65) has the general solution
1 1 .
—:—cosqb—i—ﬂz(l + sin’¢). (5.73)
r ro I

Now consider the asymptotes:
(5.70): r — 00, ¢ —» £ x/2; (5.73):r — 00, ¢ — £ (x/2+ )

8 These figures are taken from Robertson & Noonan (1968), p. 239.
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o

A straight line the path of a light ray in flat space-time.

The path of a light ray in a Schwarzschild field.

with

1. 2
-— s1n5+ﬂ2(1 +cos?0) =0 = 5:—m,
"o o "o
since d is small. Hence the path of the light ray is as shown in Fig. 5.5 and the total deflection
is, in the case of the Sun,

_4m_4MG

ro 4] 6‘2 '

A=20

(5.74)

For light just grazing the Sun the distance of nearest approach, ry, is effectively the Sun’s
radius R, and
AMG
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(a) (b)

(a) Stars in the night sky; (b) the same stars seen near the Sun’s edge at a time of total solar
eclipse the Sun’s light is blocked by the Moon.

Stars seen close to the Sun’s edge are of course not visible by day, but become visible at the
time of a total eclipse. Their position relative to the background of other stars then appears
shifted relative to what it is in the usual night sky — they appear to move out from the Sun, as
in Fig. 5.6.

This prediction of General Relativity was first verified in 1919. Two separate expedi-
tions, to Brazil and Guinea, reported deflections of 1.98+0.16"” and 1.61+0.40", in
reasonable accord with Einstein’s prediction. It was this ‘bending of light’ that really
made Einstein famous. Many measurements of A were made in succeeding years, but the
accuracy did not really increase until the advent of very long baseline (more than 800 km)
radio interferometry in 1972, using quasar sources. A 1995 measurement on 3C273 and
3C279 gives’

Aobserv
“observed _ ) 9996 + 0.0017. (5.76)

Apredicted

5.9 Note on PPN formalism
1

Since Einstein proposed the theory of General Relativity various other people have
proposed modifications of it. They have in common with it that they are all geometric
theories of gravity, i.e. the gravitational field is manifested in the geometry of space-time
itself — in particular it is curved. These theories then give, in the case of a static, spheri-
cally symmetric mass, a metric similar to the Schwarzschild metric, but with some
different numerical coefficients. A convenient way of discussing the results of these
theories is to introduce two parameters S, y into the Schwarzschild solution, so that it
now has the form

% Lebach et al. (1995): see also Will (2001) for more information. The result quoted is cast in the language of the
PPN formalism, which is explained in the next section.
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2m m? dr?
2 _[q_m AN a0 2 | «in2g 42
ds? = (1 = +2(8-) r2>c de +1_2ym+r2(d9 + sin’*0d¢?). (5.77)
r
In General Relativity
GR:y=1, p=1. (5.78)

Einstein’s theory and its rivals are all post-Newtonian theories, and these parameters y, f are
then post-Newtonian parameters.

The most commonly cited alternative to General Relativity is the Brans—Dicke theory,
which includes a scalar field as a way of incorporating Mach’s Principle. This theory has,
however, together with all the other rivals to General Relativity, been to all intents and
purposes ruled out on empirical grounds.'® Many writers, nevertheless, pursue an interest in
these theories, and the PPN (parametrised post-Newtonian) formalism does actually provide
a convenient way of presenting the results of tests of General Relativity. For example the
perihelion precession of a planetary orbit is

242y — 6mm? c?
5 — (22 =P bmm e (5.79)
3 a?
which reduces to (5.69) when f=y=1. In a similar way the deflection of light is given by
1 4
A= (ﬂ) am (5.80)
2 4]

which reduces to (5.74) when y=1.

5.10 Gravitational lenses
1

The power of large masses to bend light paths invites comparison with optical lenses — hence
the topic of ‘gravitational lenses’. The analogy, however, is not complete, as we shall see.
First, consider light coming from infinity and bent by a ‘lens’ L to reach an observer O.
Call the distance of closest approach between the light path and the lens b — an ‘impact
parameter’. The bending of the light path may be simply represented as taking place at one
point, discontinuously, as shown in Fig. 5.7. (Note that the angles involved here are
extremely small; of the order of a few seconds of arc at most, as we saw above. The diagram
is therefore greatly exaggerated.) Light is detected by the observer at a distance D from L:

D=—. 5.81

. (5.81)
4m

However from (5.74) above 0 = A = 3 S0

19 Some years ago there was a problem connected with solar oblateness, and reason to hope that the Brans Dicke

theory might clear this up. It now appears, though, that the problem has probably gone away. See for example
d’Inverno (1992), p. 206.
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Light coming from infinity is bent by a lens L to reach an observer 0.

In a symmetrical configuration light from a source § is bent by a lens L to reach an observer 0, who
then sees the source as an ‘Einstein ring’.

b2

= (5.82)

where, as always, m:MG/cz, M being the mass of the lens. D therefore increases with b:
rays ‘further out’ from L reach the axis at a different point. The lens does not focus the rays to
one point.

Consider the symmetric situation where the source S, lens L and observer O are in a
straight line, as in Fig. 5.8. In a planar cross section the source S appears to the observer O as
two images. There is cylindrical symmetry, however, so the image is actually a ring — the
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Observer O sees light from the source S bent by the lens L: 0, S and L are not in a straight line.

‘Einstein ring’. What is its (angular) radius? The general situation is sketched in Fig. 5.9:
here the source S, lens L and observer O are not in a straight line. The distances between the
planes are as marked: D, is the distance from the lens to the source, etc. These distances

depend on the angles, also as marked. Then

0rDs = 0sDg + a Dy

but (see (5.74))

SO

4 mDLS

0 =0s+—.——
1 S+9[ DLDS7

which on relabelling 8; — 6 becomes

02
Gzes—F%,

where

2 _ 4mDLS
D.Dg’

Ok

(5.83)

(5.84)

(5.85)

and 6, is called the ‘Einstein angle’. The solutions to this equation give the angular positions
of images in the sky — there are generally two solutions. In the situation where D; s, Ds>> D,

(the source is at an ‘infinite’ distance) we have



168

Einstein field equations and Schwarzschild solution

) 4m
Op” =~ D, (5.86)
The significance of the Einstein angle is that in the symmetric case, when the source, lens
and observer are collinear, O5=0 so = Og: the image is a ring with this angular radius. In the
case of lensing in the galaxy (of one star by another, not the Sun), g~ 10 ¥ an angle
which is too small to be resolvable by current telescopes. This is an example of micro
lensing. On the cosmological scale, however, (the lensing of one galaxy by another) 6 ~ 1”,
which is resolvable, and indeed there is observational evidence for lensing on this scale,
known as macrolensing. (For the figures quoted above, see Problem 5.4.)

In a cosmological context lensing may be used — at least in principle, and practice seems
now not far behind — to find the masses and distances away of galaxies acting as lenses. This
is important information, for example in the study of dark matter; the determination of
masses by this method is non dynamical, in contrast with the usual method of detecting dark
matter. It will be shown here, in a very simple (and somewhat unrealistic) model how this
works.

In the approximation D; g~ Dg>> D; =D Equation (5.84) holds with

2_A4m

Ok D

(5.87)

where m=MG]/c*, M being the mass of the lens, and D being its distance away. Hence
& — 050 — 0% =0. (5.88)
This equation has two solutions, 8; and 6, (which are of different signs). Their product is

4m
|6, 6| = Og* = o (5.89)
We now find one more relation between #; and 6,. This depends on the differing path
lengths of the two rays. Consider a point P in the observer plane on the line SL extrapolated,

as in Fig. 5.10. From P an Einstein ring is seen: so in the planar diagram light fronts arriving

TvO

Light rays from the source $ to observer 0.
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along the two paths do so at the same time. In addition, to a good approximation, a, the angle
between these two rays, is equal to 81 + 6,, the corresponding angle at O. Let OP=d, CP=1,
DP=1,. Also let CL=LD=h (and LO= D, above). Then by Pythagoras

1/2

2 2
_ 5 2 _ (h+d) ~ (h+d)
I \/D +(h+d)=D|1+ 2 D+ D
Similarly
(h—d)*
L~D
2 + 2D )
SO
2hd

l] —12:7:2}[@5
But2h=D(6,+6,),s0l; ©,=D(,+6,)¢ and the time difference between the two signals
arriving at P is

Lh—10h

c

At =

- ?(91 +0,)0. (5.90)

On the other hand ¢ ~ 6g (compare Figs. 5.9 and 5.10) and from the theory of quadratic
equations we have from (5.88)

|01 — 02| = O
(recall once more that 8, and 8, are of different signs), hence =160, 6,| and (5.90) gives
D
At = =6, — 6,%|, hence
c

A
10,2 — 0,7 :%t. (5.91)

This is a second relation between ¢, and 6,; so by measuring 6, 6, and At, the Equations (5.89)
and (5.91) allow us in principle to determine D and m, the distance away and mass of the lens. It
was mentioned above that this model is too simplistic; two effects which have been ignored are
the echo delay effect (the subject of the next section) and the expansion of the Universe.
Nevertheless we have shown how gravitational lensing is a useful tool for cosmology.

5.11 Radar echoes from planets
-]

A previous test for General Relativity, that of the bending of light paths, is a test of the
orbit of a light ray. Modern techniques, however, allow the possibility of measuring
directly the time for light to travel from a source to a reflector (planet or space probe) and
back. In appropriate circumstances this differs from the Newtonian expression by an
amount of the order of 10 * seconds, an easily measurable time. The best reflector is a
planet (which is less subject to non-gravitational forces like the solar wind than a space
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Null geodesic

Earth

Radar travelling from the Earth to a planet and back, with r,;, the distance of closest approach to
the Sun.

probe is), and the situation in which relativistic effects are greatest is when the planet is in
‘superior conjunction’, i.e. the Sun is almost on a straight line joining the Earth and the
planet. This is the situation sketched in Fig. 5.11. General relativity predicts that the echo
is delayed relative to the Newtonian prediction, that is, relative to the signal travelling out
and back in a straight line.

Let #(ry, ) be the coordinate time between the emission of a light signal at »= r; and its
reception at = r,. Then the coordinate time interval between the emission of a signal from
the Earth and reception of the echo is

T=2 [l (R>rmin) +t (VP7 rmin)] (592)

where 7, is the distance of closest approach of the path to the Sun — see Fig. 5.11. The
corresponding proper time interval is

2GM
=120
re

. GM _. . . .
and since — Tis of the order of 10 8 s, we ignore this correction factor; we shall see below
rc

that the time delay is of the order of 100 ps, so the dominant effect is due to the fact that the
path is not a straight line. If light travelled in straight lines we should have ¢ (r, )=
te (7, rmin) (E stands for Euclidean), with

1
tE(rarmin) :;\/rz_rminza (593)

by Pythagoras.
To obtain ¢ (r, ryiy) in the relativistic case we return to the Schwarzschild metric (5.36).
Put ds*=0 and d9=0 (motion of light in a plane); then we have
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(dr>2
B 2m 1 dr , (do\?
O——(1—7)+C—2 1_2m+1’ <E) . (594)

7

d
We can eliminate d—(f by using Equations (5.57) and (5.62), from which

rr == )
r d a
dr = —QS:*:B:const,

and hence

Then (5.94) becomes

., 2
oz—(l—z—’">+cl d—t+B—2<1—2—m> . (5.95)
I

d
We can find B by noting that d—’; = 0 when r=r;,, since then the velocity has no radial

component (see the diagram). This gives

a—c

29 1/2
dr 2m Finin’ (1 B 2_m)
_ (1 ) T SN B

Then

r/

1 —— N = 7
2 <1 B 2m>
Fmin Tmin

This is the time taken for light to travel from 7., to r. To first order in the small quantities —
r

12
1 2 rminz (1 - 2_’31)
(r, Fanin) = — ( ’") : r (5.96)
C

m
and

this gives
Fmin
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1 (" 7 dr 2m MV min
{ P > =y Mo 5.97
(7 inin) cjrm;n \/,,/2 — rig? [ * 7 * P+ rmin) |’ ( )

and on integration

1 2_p 2 o
t<rarmin):E [¢72_rmin2+2mln(w—lm>+m\/ﬂ

"'min 7 =+ Fmin

(5.98)

(Confirmation of the above expressions is left to Problems 5.5 and 5.6.) Note that the first
term in (5.98) is the Euclidean expression (5.93); and note also that the extra terms are
positive: t is greater than in the flat space result — light travels in a curve.

We can then state that the time for light to travel from the Earth (at 7= R) to r= rp,;, is,
since R >> ryin, F'min Deing taken to be of the order of the Sun’s radius,

1 2R
t(R7rmin) =hH = E |:\/R2 — Vminz +2m In <r ) > + m] . (599)

Similarly the time from r= ry;, to the planet at r= rp is

1 2
t(rp,rmin) =t = — [\/”P2 — Pmin® + 2m ln( rP) + m}, (5.100)
C

"min

and the total time of travel from the Earth back to the Earth is

T=2(tH+0)
2 4R
== [\/Rz — Pmin? + \/r‘% — FminZ +2m ln( _r};) + Zm]
2 4R
~2 [R+rp+2m{ln( ”;) " 1}] (5.101)
c "min

It is instructive to calculate this quantity for a specific case: let us take Mars, whose distance
from the Sun is 7p=1.52 AU=2.28 x 10" m. Then

2 .

Z(R+rp) =2.52 x 10° s ~ 42 min. (5.102)
c

This is the ‘Euclidean’ time. The excess time, or delay, is clearly greatest when r,,,;, takes its
smallest value, which is the radius of the Sun Rg. In that case

R 5 82 % 10°, 1n<4R’P) — 12.55
R R

2 2
S N

and the ‘echo delay’ is

4m 4Rrp
AT = — |1 1
¢ [H<Rsz ) i ]
=2.66 x 10 *s =266 ps. (5.103)

It is clear that to detect this effect an accuracy of 1 part in 107 is necessary: to measure it to
within 1%, measurement is required to 1 part in 10°. Atomic clocks give an accuracy of 1
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part in 10'2, so this is achievable, but it means on the other hand that R + rp must be known
to an accuracy of the order of 1 km, which presents something of a challenge. Nevertheless
the results are impressive; and are often cast in the PPN formalism. In that formalism the

echo delay above is
_(1+7y\ 4m 4R rp
AT = ( > ) . [ln( RS ) + 1}, (5.104)

(1+7y)
2

where, of course (see (5.78)),

(1+7y)
2

=1 in General Relativity. Will (2001) displays the

measured values of

and concludes that agreement with General Relativity holds to

0.1 per cent.

5.12 Radial motion in a Schwarzschild field: black

holes - frozen stars
1

As observed already, the form of the Schwarzschild metric (5.36) suggests that there may be
interesting phenomena associated with the surface r=2GM/c*=2m. In this section we
consider the radial fall of objects in a Schwarzschild field and see the first indication of
the bizarre nature of this surface.

Consider the motion of a particle falling radially in a Schwarzschild field — into a star, for
dr
T
surface »=2m is also marked. For radial motion we have

2 2m\ !
dszz—(l——m> c2d12+<1——m) d.
r r

example. Suppose it starts at =R with 0, as shown in Fig. 5.12, where the spherical

. dt d
With ds>= ¢ drz,t:d—,f:d—rthis gives
T T
2m\ ., 1 2m\ !
(1——'")%——(1——’") P2 =1, (5.105)
r c2 r
dr
-+ = —_—=
e r=R, ar 0
r=2m

A particle falling radially in a Schwarzschild field.
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. T
which, on putting 7 = d—t gives
T

2
[cz (’ —r2m) — (r - 2m> (‘Z) ] 2= (5.106)

d
The boundary condition r=R , d—]; = 0 gives

1/2
() (%) S0
r=R

2m) .
(1 ——m>t: b = const,
r

From (5.57) above

hence

and therefore

% - (r —r2m)b - (r —r2m> (R _Rzm) 1/2' (5.108)

Substituting this into (5.106) gives, on rearrangement

_ 1/2/p _ N\1/2
dr _ . (r—=2m)2m)"'“(R—r) (5.109)
de /2 (R - 2m)1/2

Note the minus sign, selected on taking the square root: it reflects the fact that we are
considering a ‘fall’ into the star, so r decreases as ¢ increases. Finally we have

fo L (R=2m cr P dp 5.110
e \Tom 2 G110
¢ *(p—2m)(R—p)

This is the time taken for a particle to travel from »=R to an arbitary r, as measured in
Schwarzschild coordinates, in which ¢ is the time parameter, which is the time measured on a
clock ‘at infinity” — by a distant observer. It is clear that the form of the integrand above will
diverge when p — 2m. To investigate this, put

p=2m+e
with & small. Then (5.109) gives

_ (R—-2m 12 r 2m (2m+8)3/2d3_ 2 de
ct=— 3 —1/2——2m —
m R 2m &(R —2m)

R 2m €
= —2mln r—2m ,
R—2m
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or
r—2m = (R —2m) exp(—ct/2m). (5.111)

So, as t — 0o, r — 2m: the radial infall of a particle to the Schwarzschild radius takes an infinite
time as seen from a safe distance. This is always assuming, of course, that the surface r=2m is
outside the star, in the vacuum. If we transfer this conclusion to the outer layers of a collapsing
star itself, we then learn that the collapse of a star, as seen from the outside, takes an infinite time
to reach a finite size. The star seems to collapse more and more slowly, and is never seen
collapsing to a point. Zel’dovich and Novikov (1996) call this phenomenon a ‘frozen star’.
This describes the fall of a particle (or of the star itself) as seen by a distant observer. What

about the fall of the particle measured by its own clock? We need to calculate the proper time

d
for the particle to reach r=2m, and therefore want d_r From (5.108) and (5.109)
T

dr_drdr_ (mR-n\"?__ (2m\'2R N\
de dr'de ¢ Rr - ¢ R r

1 /R (" dr
T:_c\/zm JR (R_l)l/z.

7
r

so that

On putting p = ]% this gives

1y

1\/R3 T dp’
T:*E 2mJ(l_l)l/z.

The integral is straightforward to perform and we find

3
TZ%\/f—m[\/p(l—p)—i—COS 1\/,)] (5.112)

This is the proper time for collapse from% = p = 1 down to an arbitary value of p (<1). It is

clearly finite for all r, even down to »=0. In fact the proper time to reach »=0 is

T |R3

=5\/5 (5.113)

To
So in summary: an object falls into a collapsed star. Viewed from the outside, the object may
still be seen, even after an infinite time, as it asymptotically approaches the Schwarzschild
radius » =2m. Measured on its own clock, however, the object only exists for a time given by
(5.113), after which it is crushed to unlimited density at the centre of the star. It seems as if
nothing strange happens at 7=2m."" In a scenario like this General Relativity provides a
spectacular illustration of the relativity of time.

"' It may be, however, that the scalar quantity constructed by contracting the covariant derivative of the Riemann
tensor with itself changes sign at »  2m, so that in principle a detector (accelerometer) with sufficient sensitivity
should be able to register when the Schwarzschild surface is crossed. I am grateful to Brian Steadman for this
remark.



176

Einstein field equations and Schwarzschild solution

5.13 A gravitational clock effect
|

After the rather lofty topics above, consider the following simpler, but equally interest-
ing, experiment. Suppose there are two synchronised atomic clocks on the equator.
One is placed on board an aircraft which flies once round the Earth (at a height 4) while
the other remains on the ground. After the flight, what is the time discrepancy between
the clocks?'?

We use the Schwarzschild metric on the equator (0=n/2, r = const), so that (5.36)
gives

a5 — <1 _ 2GM>CZ A2 + 2 dg? = —c de? (5.114)

rc?

where 7 is proper time. Referring to Fig. 5.13, observer A remains at rest on the Earth,

. . . d
rotating with angular velocity o = do, hence d¢=w dt and from above

de’
2GM R?w?
2 _ 2.
dTA = |:<1—F> — 2 :|d,t7
RZ 2
and since — < 1,—;0<< 1, then
C C
GM R’w?

(Note the logic implied by this derivation: A is moving in a static Schwarzschild field with

d
velocity Rw = Rj(f.) Observer B, on the other hand, flies round the Earth at a height 4: as

shown in Fig. 5.12 she flies eastward. She moves at a speed v relative to the ground, and so
with a speed ~ v+ (R+ h)w with respect to the ‘static’ frame of the Schwarzschild field.
Then

2GM  {(R+h)w +v)
2_ |1 _ 2
drp R+ h)c? 2 dr
and
GM R*w? + 2Rwv +1?
~ |1— — . 11
dr { R+ h)e? 23 }dt ©.116)
Hence
GMh  (2Rw + v)v
dzp — drg = {— o a2 }dt. (5.117)

12 The following treatment follows closely that of Berry (1976), Section 5.2.
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The Earth, viewed from above: N is the North Pole. Observer A is at rest on the equator, while B
travels with speed v at a height h above the Earth in the equatorial plane. They each carry a clock.

Then, defining the quantity

Ao da—dn (5.118)
d‘L’A
we have
GMh  (2Rw + v)v
A~ — ) 5.119
R 22 (5.119)
GM h
Putting in numbers, with 2=10*m, v=300ms ', F:g:9.81 ms 2, then %:
2R
1.09 10 12, 2Rw=931ms land(cgijv)v:ll « 10 % and
c
AEastward = 1.0 x 10 12; (5120)

‘eastward’ because this is what we are considering. With a westward journey v — v and
(2Rw — v)v

sz = 105 x 10 12 giving
C
Awestwarda = —2.1 X 10 12, (5121)

These quantities are measurable: the fractional accuracy of cesium clocks is about 1 part in
10", In 1971 Hafele and Keating'® placed very accurate cesium clocks aboard commercial
airliners and verified the above predictions to about 10%. (The orbits were not in the

'3 Hafele & Keating (1972).
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equatorial plane, but adjustments were made for this.) This clock effect is a gravitational
analogue of the twin paradox, as well as being a test for the Schwarzschild solution.

Further reading
- - ]

The ‘problem of motion’ is treated in Bergmann (1942), Chapter 15. A later review of it
appears in Einstein & Infeld (1949), reprinted in Kilmister (1973). See also Bazanski (1962)
and Synge (1964), Section 4.6.

A translation of Laplace’s essay is given in Appendix A of Hawking & Ellis (1973); see
also Misner et al. (1973), p. 623. A proof of Birkhoft’s theorem appears in Appendix B of
Hawking & Ellis (1973).

A very complete account of alternative theories of gravitation and the PPN formalism
appears in Will (1993); see also Straumann (1991).

More details of gravitational lensing may be found in Chapter 4 of Peacock (1999) and in
Hartle (2003), pp. 234243 and more details of the radar echo data are given in Will (2001).

Problems
1

5.1 Laplace claimed that a star of the same density as the Earth with a diameter 250 times
that of the Sun would be unable to shine. Verify this claim.

5.2 Inthe text it was claimed that the relative frequency of light from an atomic transition in
the Sun (v;) and in a laboratory on Earth (v,) is approximately

v GMs (1 1
R =R
%) c R Rg
Obtain a higher approximation for this ratio by taking into account the gravitational
field of the Earth itself, and estimate the relative magnitude of this contribution.
5.3 Show that, according to Newtonian theory, for a planet of mass x in a non-circular orbit

around a Sun of mass M, the laws of conservation of energy (kinetic plus potential) and
angular momentum L = ua require that the equation for the orbit, 7(¢), be (with u=1/r)

d’u GM

5.4 Calculate the Einstein angle for (i) lensing within the galaxy of a star by an object of
solar mass between us and the star, (ii) lensing of a source at a cosmological distance by
a galaxy.

5.5 Prove Equation (5.97).

5.6 Prove Equation (5.98).

5.7 Find the radius at which light travels in a circular path round a body of mass M, (i)
according the General Relativity, (ii) according to Newtonian theory.
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5.8

59

5.10

5.11

Show that the lines » variable (8, ¢, t constant), are geodesics of the Schwarzschild
metric.
Consider two identical clocks A and B, synchronised and placed on the equator of the
Earth. Clock A is taken to the North Pole and stays there for a year after which it
returns to clock B on the equator. Ignoring the difference between the equatorial and
polar radii of the Earth, use the Schwarzschild metric to calculate the resulting time
discrepancy between A and B.
Recalculate the time discrepancy in the previous problem, taking into account the
difference between the polar and equatorial radii of the Earth, given by the ‘flattening
parameter’

5=FE" R 0034,

Rg

Using the symbols M, L and T for mass, length and time we may define dimensions of
physical quantities, so that for example density p has dimensions [p]=M L — mass
divided by volume. Check that the right and left hand sides of the field equation (5.24)
have the same dimension.



Gravitomagnetic effects: gyroscopes

and clocks

We have already explored some features of the Schwarzschild solution, including the tests of
General Relativity that it allows. In the Schwarzschild solution the Sun is taken to be static,
that is, non-rotating. In fact, however, the Sun does rotate, and this suggests the question, is
there another exact solution, a generalisation of the Schwarzschild solution, describing a
rotating source? And, if there is, does it suggest any additional tests of General Relativity?
It turns out that a generalisation of the Schwarzschild solution does exist — the Kerr solution.
This is a rather complicated solution, however; it will be discussed further in the next
chapter. In this chapter we shall find an approximate solution for a rotating source (which of
course will also turn out to be an approximation of the Kerr solution). The tests for this
solution include a prediction for the precession of gyroscopes in orbit round the Earth
(which of course also rotates). This is a tiny effect, but in April 2004 a satellite was launched
to look for this precession, which goes by the names of Lense and Thirring. We shall see that
there is a parallel between the Lense—Thirring effect and magnetism, just as there is between
‘ordinary’ gravity (not involving rotations) and electricity — hence the name ‘gravitomag-
netism’. After a discussion of these matters the chapter finishes with a more theoretical look
at the nature of the distinction between ‘static’ (Schwarzschild) and ‘stationary’ (Kerr)
space-times. We begin with a description of the linear approximation; this is important in its
own right, as well as allowing us to find the space-time metric round a rotating object.

6.1 Linear approximation
I —

This approximation is appropriate for weak gravitational fields. The metric tensor is then
very nearly the Minkowski metric tensor, so we put

Qoo = My + s P < 1. (6.1)

This approximation was introduced in Section 5.1 to derive the Newtonian limit. Here we

develop it more thoroughly; we shall find the form of the field equations in this approxima-

tion. We assume that at large distances from the source space-time becomes Minkowski, so
lim £, = 0. 6.2)
r—o00

Because of the smallness of /,,, we neglect terms quadratic or of higher order in 4,,,, — this is

precisely the linear approximation. In this approximation we define the raising and lowering

of indices to be performed with #,,, not g,,; for example
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A* . =n'4,,, etc.

In this case we cannot assume that g**= 5"+ h*”, so put

g ="t
Then from g"’g,,.= 6", it follows that

"+ 1) . + o) = 0,
hence
2+ h =0

and

g =nt — h*. (6.3)
The connection coefficients then are, to first order in 4,

T = Vo™ (hppe + g — hae )

and the Ricci tensor is

R,uv = r{uv,i - r/l,u)uv + O(hz)

=1+ s — Ol — B 0) + O(R?),

VA

(6.4)

where we are using the convention that all the indices following a comma are differentiating
indices. The field equations are then, from (6.4) and (5.25)
l6rG

A A A
h ,u.,wl"'_h v,,ui_‘:\h,uv_h Ay = _0—2

S (6.5)
where
S,uv = T/tv - 1/2 gvai)v-

To lowest (dominant) order in 4, T,,,, and therefore S,,, is independent of h (see (5.27)); and

the conservation law (5.19) becomes
0.8, =0=0,T", (6.6)

i.e. the conservation law of Special Relativity. So in the linearised theory the gravitational
field has no influence on the motion of matter that produces the field. We can therefore
specify 7, arbitrarily provided only that the conservation law (6.6) holds; and we can then
calculate 4, from it using the field equations (6.5). (It is therefore possible in principle, as
pointed out by Stephani,' that an exact solution, provided it could be found, could differ
appreciably from the linearised solution. So we must beware, especially since the linear
approximation may be used in cases where an exact solution is not known; and therefore the
conclusions drawn may not be reliable.)

! Stephani (1982), p. 121; Stephani (2004), p. 217.
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We now want to write the field equation (6.5) in a neater form. Instead of 2*" we introduce
the quantities f*":

V—gg" =n"—f". (6.7)
Now
—1+he  ho hoa hos
&y = My e = Zig 1 Z;’“ 1 -}:222 Z;
h3o hs hy 1+ h3
S0
g = (=14 hoo)(1 +hi)(1 + hn)(1 + hy3) + O(h?)
= —1+hoo — hyy — hyy — b33 + O(h?)
=—1—n% —h'y — Wy — 15 + O(h?)
=—1—h",+O(h*)
and
V—g=1+1hh", +O(h),
giving

V=g g = (1+1hh")n" — ") + O(h)

=" 1y " W, — B+ O(R?). (6.8)
From (6.7) and (6.8) we find
fH = h — 1y gt R, (6.9)
hence
fr = —h", (6.10)
and
B = f1 A ghf (6.11)

Equations (6.10) and (6.11) substituted into (6.4) give

R =) [<f)~ﬂ - 1/2'7ifpﬂ>,va + (fiv = 1) ﬂivfpﬂ) = Ofuw + 120,007, +fp/’"‘v}

A

which becomes, on noting that the second, fourth and final terms cancel,

R/tv = 1/2 (fi;z,vi +f)uv,/xi — OJw + 1/2 '7/4\/ Dfpp) .
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We then have

1/2 ’7va = 1/4 71,uv ”ﬂﬂ[f;hpﬁai +fia,pﬂ, - Df/JU + 1/2’7[)0 Dfi/l]
= 1/2 ”ﬂvfpa.pn + 1/4' '7/1\/ Dfl/l

and the field equations R, "2#,,R= 87CT—2G T,, give

167G

T,
2

Provit Lows =0 fow = 0 = o (6.12)

These can now be simplified by making a coordinate transformation
xt — x" = x* + b (x); (6.13)

the function b*(x) will later be chosen to satisfy some condition resulting in the simplifica-
tion of (6.12). The coordinate transformation (6.13), we shall see below, bears some
resemblance to gauge transformations in electrodynamics. Under (6.13)

6 //t
g =", + b"
XY '
and
Ox'* ox"
g'uv N g/,uv _ w@gpﬂ — gﬂ" —|—gﬂa bv_’o‘ +gp" b/‘./) + O(bZ)

We shall choose b* to be <1, so the O(h?) terms may be ignored. Written out as a matrix the
right hand side of the above equation has the appearance, to order b,

g00+2g0”b0,a g01 +g05b1’”+g1¢7b07”

. gl +2g'9p! .
g22+2g20b2’0 B
g33 _|_2g3rrb3’g

The off-diagonal terms are of first order in % (see (5.3)), or b, so to leading order the
determinant is ( with g = |g,.| = |g*’] '

g/ I _ (g00+2g0(7b010)(g11 _,’_zglablﬁ)(gzz_~_2g2ab2)0)(g33 _|_2g3rrb3yg)
=g 1 Jr2(g11g22g33g00— b07,, +g00gla bl,ag22g33
+g00g11g20 bz,ag” +g00g11g22g3ab3"0)
=g ' +2g (B0 +b + P+ )
=g "(1+25")).

Then g'=g(1 +2b";) 'and

V-g =-g(l+20)) = V—g(1=b")),
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so that to leading order
Vg g =gl =1 )" +g" b +g"b" )
=-gEg" —g""b{i +g" b, + g™ b" ).
On the other hand, from (6.7) we may define /™"

\/_g, oW = g (6.14)
so that
fl,uv _f-/tv — _\/_g/g/,uv + \/_gg,uv

_ \/_g (g,uv bi’i _ g/w bv,n _ gpv b,u.’p)
_ ;1/1\1 bi,ﬂu — pVH _ piv

to leading order. So

S = — bR — PR b (6.15)
and
= —abt = (B )+ (B ) =, —abh. (6.16)
Now choose b* to satisfy
obt =11,
so that
™, =0, (6.17)
and, from (6.14)
(vV-g'g"),=0. (6.18)

This is the harmonic condition and the coordinates in which it holds are called harmonic
coordinates. Substituting (6.15) into (6.12) gives

) 162G
Df,yv + ’Y,Wf/M,m _fm/t.,vn, _fmv,‘uff = +7Tyv7

so that, with (6.17), and dropping the prime on f, the field equations become

167G

OJuw = 2 T,uva (619)

whose solutions obey the harmonic coordinate condition (see (6.14) and (6.18))

=G -gg"),=0 (6.20)
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[r—r]|

Light cone

The retarded potential at P depends on the energy-momentum distribution at Q, which is
within the past light-cone of P.

where (see (6.9), (6.1) and (6.3))

f,uv — v 1/2 ;,l/w hiia

6.21
v = My + s & =" — R (2D

We may note the analogy of the field equation (6.19) under the coordinate condition
(6.20) with Maxwell’s equations under the Lorenz gauge condition

0d, =J,, A", =0;

the coordinate condition in General Relativity is analogous to the gauge condition in
electromagnetism. Guided by this analogy we may write the solution to (6.19) in terms of
retarded potentials

1 l16zG 1 r—r
Julr, 1) =~ —ZJ—”T, (r’, - |)d3x’, (6.22)

¢ |r— c

where, as shown in Fig. 6.1, O, at coordinate distance r' from the origin, is within the past
light-cone of P, at a distance ». We now consider two particular solutions; the first involving
a static distribution of matter.

6.1.1 Static case: mass

Consider a static distribution of matter of density p. From Equation (4.15)

7% = Ty = p, other T, =0.
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The density p is independent of x°. Note that this tensor obeys the conservation law (6.6).
If this density is the only source of the gravitational field, the field must also be static.
Then (6.19) becomes

167Gp
Voo =
Jo=—5—> (6.23)

Vo = 0 ((uv) # (00)).

In Newtonian theory the potential ¢ obeys Poisson’s equation V>¢=  4zpG, so we have

4
Joo=——¢, otherf, =0. (6.24)
¢
We may now find an expression for the metric tensor. We have, from (6.1) and (6.11)

v = Ny + hﬂv = Ny +fyv - 1/2 ”;tvf/l/h
hence, with (6.24),

2
g()()z—l—|—ff)0“‘1/2](()():—1‘|‘1/2f00:—(1—‘-C—ZZ)>7 (625)
2¢
ik = Oik + hix = ik + fix — 2 0ix(—fo0) = x| 1 — =) (6.26)
and
gio =0, (6.27)

so the space-time line element is

2 2

ds* = —<1 +—f)c2dt2+ (1 —-f)(dx2+dy2+dz2). (6.28)
c c

This is the space-time metric corresponding to a static distribution of matter in the linear

approximation. It is to be noted that it holds both inside and outside the matter distribution.

In the case of a spherically symmetric distribution of matter, p = p(r), with mass M, we have

_ _MG : _MG
¢ = -7, and (Wlth m= C—z)
2 2
4 — _(1 _ _’"> 2de + <1 +_m> (A2 + dy? + d22). (6.29)
r r

Note that this agrees with the Schwarschild solution (5.37): first replace dx*+dy*+dz>
by dr’+72 (d62 +5sin’0 d(bz), then, concerning the coefficient of (d6” + sin’0 d¢?), redefine

the parameter r, as explained below Equation (5.30), to make the coefficient simply 72, then

2 2
remove the hat; and finally note that ( 1 m> = <1 + m> in the linear approximation.
r r

The way we have proceeded is, it may be claimed, a more proper way to derive the
Schwarzschild solution; in the derivation in Chapter 5, this solution was found to be a
solution of the vacuum field equations, but we are searching for a solution corresponding
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to a static and spherically symmetric distribution of matter. Finally it should be remarked
that if the distribution of matter is not spherically symmetric, we must put

MG
-

6.1.2 Rotating body: angular momentum

do

Consider a body rotating with constant angular velocity w =ar about the z= x> axis and

assume that v << ¢, where v is the resulting velocity of a typical part of the body. Retaining
terms linear in v/c, the energy-momentum tensor is, from (5.15)

™ =p,
70! :—Tmf/%f pvsmgb, Tozf/% '%osgb, (6.30)
other 7#" = 0.

Denote the coordinates of a point Q inside the body by (X, ¥, Z)= (X", X%, X®); and those of a
point P outside the body by (x, y, z)=(x', x, x*) — see Fig. 6.2. Put /* =xx; and R*=X 'X..
With R < r we have

r—R|= (- 2rR+R2@~r<1 )

6.31)
r—R|'= (P2 —2r-R+R) 2w 1<1+‘R>+.,.,

7

P is outside, and Q inside, the rotating body.
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The field equation (6.19) then gives, with (6.31)

167G 167G
Dﬁ)O = c—zpa Dﬁ)i = C—2 Toi, other fuv =0,
with i=1, 2. Then
162G

c2

Vzﬁ)o = P

with the solutions, as above,

2 GM
goo——(1+c—g2b>7 p=——=+

and, from (6.22) and (6.31),

4G (1 r.R
Jou :_zj_ (1 +r—2) T d°X

C r
4G (1 i

S {JT01d3X+x3JX,-Tm d3X+~-~}.
C r r

Now consider the first integral. We have, from (6.30),

(6.32)

(6.33)

(6.34)

(6.35)

On performing the first integral above we are essentially integrating a4 over the circular

1

motion in the (X', X?) plane. In the four quadrants the quantity 7 itself has two negative

and two positive signs, as shown in Fig. 6.3(a); it will therefore integrate to zero, and the first

X2

The signs of the contributions of the integrals (6.35) in the four quadrants.
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term in (6.35) gives no contribution. Now consider the second term, consisting of three
integrals. The quantity X'—— makes positive and negative contributions as shown in

de

1

dx
Fig. 6.3(b), and this clearly integrates to zero. The quantity X 27, shown in Fig. 6.3(c),

is negative in all four quadrants, so gives a non-zero contribution. Since X always has the
. . dx' . b
same sign, however, the quantity X 3? integrates to zero, just as A itself does. The only

non-vanishing term is for i = 2, hence

4G 4G
for =22 JYTO1 ¢x == ;VJ Yo d3x. (6.36)
Similarly,
4G 4G
for=— al JXTO2 X =—— %JXT” dx. (6.37)
C C r

These quantities may be related to the angular momentum of the source J*, as follows. First
recall that, from Special Relativity,”

J = J(lez ~ X°P") &’x :CJ(XlTOZ - X7 dX. (6.38)

(Note in passing that the dimensions of the above are correct: 7*" has the dimension of mass
density, M L 3, and the dimensions of angular momentum are [J]=M L> T '.) The law of
conservation of angular momentum requires

™., =0.

For a static distribution of matter 7" "0,0 =0; and from cylindrical symmetry, as we have here,
743 =0, hence with £ =0 we have

TOl,l + T0272 =0. (6.39)
Let us verify this in our example with cylindrical (axial) symmetry:
T"(R,x%), R= \/ x!)?

For the rotating system above (see (5.30)),

7 = —'gv(R, x) sin ¢.
c
Then
or’ or™ oR oT” 0  p o v
VS TR o T ag S‘“¢°OS¢<6R R)

2 See for example Landau & Lifshitz (1971) p. 79, or Weinberg (1972) p. 46.
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Similarly

ov v
702 P ov_ v
2 +csm¢cos¢(aR R>’

SO
TOl,l + T0272 — 0,

or T%,;=0. It follows that
JX"X"’TO'[,,- dx =0,
ie.
J{ﬁi(XaniTO[) —(@XFXM T — X (0. XM T dPX = 0.

The first term vanishes by Gauss’s theorem, leaving

J(XmTOk +XkT0m) d3X — 07

and hence
J3
C
using (6.38). Then (6.36) becomes
2G
for =520, (6.40)
cr
Similarly
2G x
Jo=-75530". (6.41)
cr

These are the solutions to the field equations in our case of cylindrical symmetry of a
rotating source. Practically speaking, however, we shall be concerned with the rotating
Earth, and to a good approximation this exhibits spherical symmetry; and the two equations
above can then be written as

foi = eigmxtJ™, (6.42)

We then have, in the linear approximation

2m 2GM
go=—\1-—7)=-\1-—7%5),
r rc

2 2GM
ik = (1 +—m> Oik = (1 +— >5ik, (6.43)
r re
2
G Eipmx I

80i = 33
T
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These are the components of the metric tensor outside a rotating body of mass M and angular
momentum J in the linear approximation. It is not an exact solution to the Einstein field
equations, though we shall see later that there is an exact solution — the Kerr solution —
representing the space-time metric outside a rotating body, which yields the above compo-
nents in the appropriate approximation.

The above metric gives rise to physical effects associated with g¢; spin precession and
the clock effect, to be described below. These of course are gravitational consequences of a
rotating source, not simply kinematic ones. This raises the question of the Equivalence
Principle (EP) again. For a static source EP is the statement that, to some approximation
(i.e. ignoring curvature, or tidal effects) a gravitational field is equivalent to an accelerating
frame of reference. Now an additional question is raised: are the gravitational effects of a
rotating source equivalent to a rotating frame of reference? We shall return to this matter
later. We now consider spin precession, measured in gyroscopes.

6.2 Precession of gyroscopes: the Lense-Thirring effect
|

We are concerned with precession of angular momentum, commonly stated as spin
precession, in a gravitational field. How do we describe spin? Intuitively — and non-
relativistically — we denote it by a 3-vector S, like J. Following a familiar and slightly
simple-minded logic we could then suppose that relativistically we should define a 4-vector
S,.. This is the usual procedure adopted in this subject and indeed the one we shall follow
here, but it is worth pausing a minute to describe why the logic is not actually so
straightforward. From the point of view of quantum mechanics spin operators should
obey the commutation relations of SU(2). There should therefore be three such operators;
and non-relativistically, as the reader is doubtless already aware, the electron spin is
described by (%/2)o, where & are the three Pauli matrices. To generalise this to the relativistic
domain is not so easy, but the first step is to define the so-called Pauli-Lubanski 4-vector
(actually pseudovector) W,ﬁ

= e J P (6.44)

Since there are four of these quantities, rather than three, they cannot obey the required
SU(2) commutation relations, but some progress has been made to manufacture operators
derived from W, which do obey the required relations.*

These considerations arise, of course, from quantum-mechanical reasoning, and so are
perhaps not so important for our present purpose, which is to describe a spinning gyroscope —
hardly a quantum object! Nevertheless we may observe that by virtue of the totally
antisymmetric symbol &,,,, above it follows that

WP = 0; (6.45)

3 See for example Pauli (1965).
4 See Ryder (1999), Giirsey (1965).
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W, is orthogonal to momentum, or velocity. This property is retained in the present context.

We therefore define spin by a 4-vector S, which is orthogonal to momentum and therefore

. dx#
velocity v/ = —:
dr

dx#
—8,=0,
A dr "
de dx’!
hence caSo = _ESi or
1dx
Sp=———8§.. 6.46
0 o (6.46)

We also suppose that the spin vector S, is covariantly constant (has vanishing absolute
derivative) and is therefore parallel-transported along a geodesic

ds, ; dx*
=T S
dr oS dr
This means that
ds, _ ds;dr
dt  drdt
dxv
— (T°. k. =
( le0+ lek) dr
1 dx* dx”
=(—--r% — r~. =
( c iv dt Sk+ lVSk) dt
dx* 1 dx™ dx* dx™
= (Pl =T - St el + T = ) S (647)
( dr ¢ d @ telot dr )"

The connection coefficients l"i/w are now calculated from the metric (6.43) above. We
are already working in the linear approximation (weak gravitational field); and we shall
apply our eventual result (of spin precession) to a gyroscope in orbit round the Earth. It is
therefore a good idea to find numerical orders of magnitude for the terms in the metric. The
metric tensor is

2
—<1+c—(2b> G O G
. 1—% 0 0
8w = ¢ 2¢ ) (648)
& o 1-22 o
(&)
G 0 0 1—%
C

with

2
p=——", (= —3G3 Gikmx"J". (6.49)
r’c
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The quantities % and (; are dimensionless and in the case of the Earth are of the order
c

¢

—~10 % and §;~10 '7. So in calculating g we may ignore terms in ¢?, ¢, (; (. Then
c

4
gzdetgﬂvx—(l——¢>

and

2
2
) s 1+22 o 0
g = c 2 . (6.50)

9 0 1+ 0

2
& 0 0 142

c

The quantities ¢ and { are time-independent and we get, to leading order
0 1
Mo ==V
c
Iﬁkio = I/Z(Ck,i - Ci,k)
1
l—‘kim = 0—2 (5zmvk¢ - 5ikvm¢ - 5mkvi¢)
', = =i A i)

(Note that these all have the dimension L ' (L =length).) Substituting these expressions into
(6.47) gives

(6.51)

ds; 1
= {_cz(vi PV +§(Ck,t —Gik)

5=
+;_2 (6tmvk¢ - 6ffvm¢ - 5ﬁ1vt¢) Vm} Sk (652)
or
ds 2 1 1 c
5= —C—Z(V-S)V¢+C—2(V¢-S)v—;(V-V¢)S+§ [S x (V x {)]. (6.53)

This formula will lead to spin precession. Note that all the terms except the last one depend
on v, the velocity of the gyroscope in orbit. The final term depends on V X {, the angular
momentum of the rotating source. This leads to the famous Lense—Thirring effect, as we
shall see below.

Equation (6.52) must now be solved, and this is done by introducing a new spin operator.
The reasoning is as follows. Parallel transport preserves the value of $*S,,:

d
a@ (g""SuSy) =0, g"'S,S, = const,



194 Gravitomagnetic effects: gyroscopes and clocks

or, ignoring the terms in g”,
gOO(SO)2 + g'*S:S); = const.

Substituting for S, from (6.46) and for g* from (6.49) and working to order v*S* or $S*
then gives

2¢ 1

s? += -S% — (v v-S)* = const. (6.54)

We now introduce a new spin vector X through the equation’

S= (1 —%))34—%\'(%2). (6.55)

Then, to order v*S? or ¢S we have
S = <1 @)zz +i2(v->:)2, 2¢8* = 2432,
c c
v-Szv.Z{l—f—&-z‘i} (v-S)* = (v-X)7,
and (6.54) becomes

>? = const: (6.56)

that is, X is a vector whose magnitude is constant. It will therefore precess, changing only in
direction. To the required order, inverting Equation (6.55) gives

1
T = ( ¢)S—— (v-S). (6.57)
We must now calculate % to find the precession formula. Ignoring terms in ﬁz X (:Tf
we have ¢
dX dS 1d¢ 1 dv 1 dv

We now put

dp 09 B dv .

T +Vop-v=Vo-v; i —V¢ (acceleration)
so that (6.58) becomes

dZ dS 1 1 1

T a —2(V¢ v)S g( )V¢+ (V¢ S)v.

5 We follow here the procedure of Weinberg (1972), p. 234.
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ds
Substituting for N from (6.53) then gives

dX ¢ 3
=SS X (VX )~ 5 Vo(v+S) —v(V6-S)]

The term in square brackets above is S X (V¢ X v) so we have

dx c 3
—_— = S —_ — v .
—=Sx [S(Vx¢) +55 (v x Vo)
To the required order of approximation S on the right hand side above may be replaced
by X, so finally
dx c 3
F_oxy o-_° . . 6.59
KT 3V X6 T oaY X Vo 6.59)
The spin X precesses at a rate |€2| around the direction of €, with no change of magnitude.
This is the solution to our spin precession problem.
Thinking now specifically of the motion of a gyroscope orbiting the Earth, with r and v
the position and velocity of the gyroscope and J the angular momentum of the Earth, we
may substitute (6.49) into (6.59), giving

Q:—ng {ZerJ}+3GMV><V<1>

e 2¢? r

or

Q-9 {3(J'r)r—J}+3GM1~xv. (6.60)

c2r3 72 2c2p3

The first term above, dependent on J, gives rise to the so-called Lense—Thirring effect.
The second term, dependent on M but not on J, is known as the de Sitter—Fokker effect, or
simply geodetic precession; it is the precession caused by motion around the geodesic.
Putting J = 7 @ where / is the moment of inertia, gives

Q= QLT + Qde Sitter

Gl (3(@m-r)r
o= 55 {H5 -0}, (6.61)
3GM
Qgesitter = ST XV (6.62)

We recall from Chapter 2 that the spin (intrinsic angular momentum) of an electron in orbit
round a proton nucleus also precesses. This is Thomas precession, and the precession rate is
given by (2.82)

1

QThomas = 55V X a =
2¢c% 2mc?

vx F, (6.63)
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where a is the acceleration and F = ma the force exerted on the electron. So for the sake of
comparison with (6.59) we may rewrite (2.83) as

%f = g + QThomas xS
(with a + instead of  sign), and Qpomas 1S given by (6.62). Putting these results together,
the fotal precession rate of an object in orbit, subject to both gravitational and non-
gravitational forces, is

Q= QThomas + Qde Sitter T QLense Thirring
1 M 7 .
:—va—|—3G X vV G {M—m}. (6.64)

—T + -
2mc? 2c2r3 ctr3 72

Here F is the non-gravitational force, M and [ are the mass and moment of inertia of the
Earth (or other gravitating body) and m is the mass of the gyroscope. For geodesic motion

F = 0; there is no Thomas precession. On a Newtonian view the gravitational force is
_ GMm
F= 3

r, so the de Sitter precession could be described as being like Thomas precession

due to the gravitational force, but with an extra factor of 3. In General Relativity, however, a
particle (satellite, gyroscope) in geodesic motion has no absolute acceleration, so no Thomas
precession. On the other hand, there is a precession — the geodetic precession — given by
Qe siver- And, of course, one of the main purposes of the present section is to show that we
have, in addition to geodetic precession, the Lense—Thirring precession caused simply by
the rotation of the Earth. This is something Newton would not have dreamed of!

Let us now calculate some orders of magnitude. For a body in circular motion the time for
one revolution is 27/v, so the de Sitter precession rate of 2GMv/2¢*r* radians per second
gives a precession of

3rtGM . .
OPde Sitter = >— radians per revolution.
re

This gives, for the Earth orbiting the Sun, 0.019 arc seconds per year, which is too small to

observe. On the other hand a satellite skimming the Earth has a period t=2x% A% =845
minutes, giving 6.2 X 10° orbits per year. The precession is then
3MG?? 1
dPge sitter = “ e BRI radians/second (6.65)
which works out at
dddesiter = 8.4 arcseconds/year. (6.66)

For a satellite in an orbit of radius » > R (R = radius of Earth) this clearly becomes
amended to

R\ 52
dPdesitter = 8.4 (r> arc seconds/year, (6.67)

so that at a height of 650km, R=6.38 X 10° m, »=7.03 X 10°m and
Shdesiter = 6.6 arc seconds/year. (6.68)
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The frequency Qg sitter (and therefore d¢q. siter) does not depend on @: it is therefore the
same for all orbits of the same radius — polar, equatorial or intermediate. But the orientation
of S in the orbit is important. Let r X v=|r X v|h; so h is a unit vector perpendicular to the
orbital plane. Then Q. sitter ~ h and 6S4e sitter ~ h X S, so to maximise the precession S must
be in the orbital plane. We must now choose the orbit so that both d¢4e siter and 3¢y 1 (Lense—
Thirring) are both measurable — and measurable separately. So we now consider 8S; .

First, consider an orbit in the equatorial plane. From above we have seen that S should
be in the orbital plane, so it follows that S | @ (and of course h || ®). In an equatorial orbit
o - r=0hence (see (6.64)) Q1 ~® and 6S; 1t~ ® X S. It then follows that dS; 1 || dS4e sitter —
these vectors are parallel to each other, so the precessions are simply additive and are not
separately measurable. We therefore turn to an orbit in a polar plane.

There are two separate contributions to the Lense—Thirring precession rate, coming from
the terms in r and ® above:

ESLT(I) ~TX S, SSLT(II) ~ @ X S;

and note further that @ - r varies over the orbit. To maximise (ii) we want @ 1S, as shown
in Fig. 6.4 —that is, the gyroscope spins in the orbital plane, in a direction which is tangential
to the direction of motion when the satellite is over the poles (and perpendicular to the
Earth’s surface when the satellite passes over the equator). Then 8S; 1 || h — the spin vector is
moved out of the orbital plane. On the other hand the de Sitter precession 6S4e sitter ~ S X h,
which is in the orbital plane. The two precessions are therefore at right angles and are
separately measurable. We conclude that to measure these predictions of General Relativity
the satellite should be in a polar orbit and the gyroscope spinning in the orbital plane as
described above.

dpge sitter = 6.6 arc seconds/year

o¢7=0.048 arc seconds/year

The two types of precession of a gyroscope in polar orbit: motional, or Lense Thirring,
and geodetic, or de Sitter. Reproduced from Fairbank et al. (1988), with permission of Henry Holt
and Company.
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We now calculate the Lense—Thirring precession. It is not entirely straightforward since
o - r varies over the orbit, as noted above. Taking an average value over one revolution we

have, from (6.64)
GI /3(®-k)r
(Qut) = a3 <72> — (o>.

r

Let us consider motion in the XZ plane: ® = wk, r =r(i cos wt + k sin wt), hence ® * r = wr sin
wt. Then

r(0-r) = wr’(icos wtsin wt + ksinza)t),

and

2
Then for a sphere I = 3 MR? and

MGR*w
5¢213

Hence for an orbit which skims the Earth » = R and

(Qur) =

MGw

Qup) = 22
(Qur) 5¢2R

= 0.065 arc seconds/year.

Otherwise, with » > R,

R\ 3
(Qrt) = 0.065 <7> arc seconds/year.

For example, with R = 6.37 X 10°mand »=7.02 x 10° m,

(Qrt) = 0.048 arcseconds /year. (6.69)

6.2.1 Gravity Probe B

The precession rates (6.68) and (6.69) are very small but they are being looked for in the
current Gravity Probe B experiment. This experiment, first conceived by Leonard Schiff in
1960, consists of four gyroscopes carried on a satellite. The gyros are spheres of diameter
3.8 cm coated with a 1.2 pm film of niobium, which at 6.5 K becomes superconducting.
The spheres are held in place by a magnetic field, with a gap of 32 pm between them. The
smoothness of the spheres is such that, if they were scaled up to the size of the Earth the
maximum roughness would be that of a ploughed field (!). The precession is measured by
locking a telescope onto a guide star, and the rotation of the gyros required to stay in this
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locked-on position is measured by the London moment of the superconducting material, as
measured on a SQUID. A preliminary result gives, specifically for the Lense-Thirring
precession, a measurement which is 99 £ 5 per cent of the predicted value.®

6.2.2 ‘Inertial drag’

Under the influence of Schiff’ the Lense—Thirring effect is commonly described by the
‘dragging’ of inertial frames — almost as if inertial frames were a fluid in which the rotating
body is immersed, and its rotation causes rotation of the space-time frames. Note that the
sense of the rotation is of the opposite sign near the poles (where ®'r =wr) and near the
equator (where ®-r=0): from (6.61)

2GI 4GM (R?
above N pole: (Qr) G G < > )

pl = 230 =755\ 5
crr 2 \r 2 6.70)
. . GI 2GM (R
in equatorial plane: (Qrt),, = 0= |3

Then, at r ~ R,

4GM 0
QL) = Sag® = 552 x 10 "o,
2GM
(Qur)eg = — 5 7@ = —2.76 x 10 Y.

As remarked by Schiff, ‘At the poles, this tends to drag the spin around in the same direction
as the rotation of the earth. But at the equator, since the gravitational field falls off with
increasing r, the side of the spinning particle nearest the earth is dragged more than the side
away from the earth, so that the spin precesses in the opposite direction.” This view, and its
implied analogy with the behaviour of fluids, has been taken up by many authors, in
particular Misner, Thorne and Wheeler,8 but more recently has come in for criticism.’

6.2.3 Lense-Thirring effect and Mach’s Principle

Mach’s Principle asserts that it is only the relative motion of bodies which can play a role in
mechanics: the motion of a body relative to its surrounding space can have no effect, since
space is not ‘real’ — space is only a way of describing the separation of bodies. With this in
mind let us consider the motion of a gyroscope in the Earth’s equatorial plane. From (6.61)
and (6.70)

© Ciufolini & Pavlis (2004).

7 Schiff (1960).

8 Misner, Thorne & Wheeler (1973).
° By Rindler (1997).



200

Gravitomagnetic effects: gyroscopes and clocks

GM [3 2
Q—W[E rXV—ER(D:|.

If h is the unit vector perpendicular to the equatorial plane, r X v=rvh , ® = wh. We also
have w=27/T (T=1 day) and v=2x r/z,, (zy, = period of satellite). Then Q = Qh with
_nGM [ 3 4R?

2, 58T

Q
c

For a geostationary satellite 7, = T and

_ nGM
- ATr

4
5

¢

MG\ ' R
The height of a geostationary satellite is » = < ) 21 ) ~ 4.23 x 10*km, so — ~ 0.15
T r

and

Q ~ 298

nGM
5 7 0.

c*Tr
This satellite and the Earth are not rotating relative to each other and yet the Lense—Thirring
effect predicts that the satellite precesses. This certainly seems to violate Mach’s Principle,
according to which Q =0, exactly as if neither body were rotating; since of course they are
‘only’ rotating relative to space, and that doesn’t count, according to Mach. One could argue
that although Q # 0, Q is actually small; and one would then try and argue that the satellite is
rotating relative to the rest of the Universe (the ‘background stars’, in Mach’s phrase), and
this contributes a small but non-vanishing effect. The trouble with this argument is that the
solution to the field equations which we are working with makes no reference at all to the
‘rest of the Universe’, so this type of reasoning would seem to be rather disingenuous. For
more discussion of the rather vexed question of Mach’s principle and the Lense—Thirring
effect see ‘Further reading’.

6.3 Gravitomagnetism
|

The reader will clearly have noticed that the Lense-Thirring effect differs from the other
consequences of General Relativity, the so-called ‘classic tests’ discussed in Chapter 5. It
involves rotations, and correspondingly the time-space components go; of the metric tensor,
and gives rise to spin precession. These effects are reminiscent of magnetism; for example
the reader will immediately recall the connections between magnetism and rotations. The
present section is devoted to exploring this analogy.

We begin by reminding ourselves of the (very simple) correspondence between gravity
and electricity in the static case. A charge Q gives rise to an electostatic potential ¢,
a distance » away:

Y

" Agegr’

e



201

6.3 Gravitomagnetism

and an associated electric field

E = —Vo, 6.71
vé 4regr? ©.71)
The force on a charge ¢ in this field is
F=¢qE = 2 r. (6.72)
4megr?

Like charges repel, unlike charges attract. A mass M gives rise to a gravitational potential ¢,

MG
g = ——— (6.73)
-
and an associated gravitational field g
MG,
The force on a mass m is
MmG
F=mg=——2"f. (6.75)
r

Masses (always positive) attract: gravity is always attractive, unlike electricity; it is this, of
course, which is ultimately the source of instability in gravity.
In the non static case, the Lorentz force law is

F =q¢E + gv x B. (6.76)
We define the 4-vector 4* = (¢e, A) with

A
B=VxA, E:—que—%—[ (6.77)

and
_[r [
G = J—dV, A= J—dV, (6.78)
r r

where p is the charge density and j = pu the current density. The Lorentz force is then

O0A
F= q(we - 5) +qv % (V x A), 6.79)
giving an acceleration
a%{Vgﬁe%Jrvx(VxA)} (6.80)

The gravitational analogue of this equation for acceleration is, of course, the geodesic
equation, which we will write in the linear approximation. The geodesic equation is

dx# dx” d*
S e 2
dz? 1 dr dr
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In the Newtonian approximation we have (see (5.2) and (5.3))

d*x! ey
dl‘z ~ —C FOO = Eg()(),i: —Vl' ¢

We need to work to a higher approximation. We have, then,
oo a1 e
S d? \dr) dr|\df) dr

(@) (an e
- \dr/) dz? dr/) dr2dr

dr'dé ) de’dit dy

.

e de T M de dr de
=T — 2cTigp VF = Tl V™
+ [T %0 + 2 ¢ T vF + T, VvV, (6.81)
where v/ = 9 and in the third line we have used the geodesic equation. The equation above

is exact. We now calculate the connection coefficients I',; in the linear approximation.
Many of these have already been found — Equation (6.51) above — but that referred to the

static case. When time dependence is included the coefficients turn out to be

1 06
M — —— 20
00 C3 at,
1
% == Vig,
c
1 0
i =~ o+ Cni) — 5 O o
o
l—‘()0 E 1¢7
1 8¢
riO:]/Z(Ck,i_zi,k)_gE

1
1—‘kim = cj(étm Vk¢ - 65{Vm QS - 51;1 Vi (b)

Substituting these into (6.81) gives, ignoring terms in v/c%, 64/0t, (V*/c*) Vb,

—Vi¢p — C—C—C(@k Gt
or
a=-Vop—c %—chx (Vx )
=g+cvx (Vx{)
where
0
g= —Vqﬁg—c—z;.

ot

(6.82)

(6.83)

(6.84)
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Comparing this with Equation (6.80) there is a clear analogy with the Lorentz force
equation, with

Qe (bga

Aot (6.85)

(In passing, we may remark that the coefficient (¢/m) in the Lorentz equation (6.80) becomes
unity in the gravitational case, since the analogue of electric charge is gravitational mass,
equal to inertial mass by the Equivalence Principle; and we must remember that this analogy
has been derived, and only holds, in the linear approximation — it is not exact.) The quantity
V X A describes a magnetic field. What does V X { (a ‘gravitomagnetic’ field) describe?
Consider a particle which, in an inertial frame, has velocity v’ and acceleration a’. In a frame
rotating with angular velocity @ its acceleration is, ignoring the centrifugal force'®

a=a —2v x o (6.86)
the second term is the Coriolis force. This is of the same form as (6.83) with
Vx{=-2o.

We would therefore expect that this term in the linear approximation corresponds to the
precession of inertial frames. This turns out to be correct; since from (6.49) and the above we
have

G JIxr
a):fl/szC:c—3V>< { 3 }
< P
=55 Br(J-r)—rJ]=Qir (6.87)
from (6.61); this is precisely Lense—Thirring precession.
The analogy, however, even in the linear approximation, is not exact. Let us write
Equation (6.22) in the symbolic form
4G (T,
,ﬁw = _ZJL dV
c r
2
Now from (6.24) ¢ = — T foo, hence
T
6=—G J% dv = —GJ’—’ av, (6.88)
r

where p is the matter density. This equation is analogous to (6.78). On the other hand, with
80i= G;= foi S0

4G [ Ty 4G [TV 4G [ puf
¢ :—ZJ—O av = *—ZJ— av = f—sz—” av, (6.89)
C r C r C r

and the factor of 4 spoils the similarity with the formula (6.78) for A.

19 See for example Kibble & Berkshire (1996), p. 91.
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6.4 Gravitomagnetic clock effect
|

We now investigate the following problem. Two clocks, initially synchronised, are sent in
circular orbits in the equatorial plane of the Earth, in opposite directions. When they return to
the starting point, will they still tell the same time? Clearly, if the Earth is not rotating, they
will, but what if the Earth is rotating?

Take the Earth to be spinning about the z axis: then J = Jk and (6.49) gives

2G 2G
C’lzmij sz—m xJ, {3=0

and the metric (6.48) is

2
- (1 + C—f) B —px (3
2¢
1-—— 0 0
8 = ﬂy c 2(;5 (690)
—ﬁ‘x 0 1-— ey 0
c 2%
(s 0 0 l1-—
c
with
2GJ
B = ﬁ; (6.91)
or
ds2:—<1 ziiM)c ds +2B8(ydx —xdy) + ( 2G]2M> (dx2+dy2—|—dzz).
(6.92)

We now convert the line element into spherical polar coordinates (obviously convenient for
our problem) and find (see Problem 6.2)

2GM ) 2GM 2GM
g,r:1+ , Zoo =17 1+7, g@ofr sin’6 2 )

8r=806=0, g¢= —2/? ,b’sm 6,

so that

e <1 ~ 2G12‘4> 2dP + ( sz2\4) (A + 2d6> + 2 sin*0d¢?)
rc re

4GJ . ,
— 3 sin 6do(cde). 6.93)
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Then the covariant metric tensor

2GM 2GJ .
—<1 -— > 0 0 ——3s1n29
re re
2GM
0 1429 0 0
v = " 2GM
v
0 0 r2<1 +— ) 0
rc
2GJ . . 2GM
——3sm29 0 0 P sm29(1 +— )
re re

has determinant

4GM 1 A4GM
4 2 1

~ — o1 ~ — 1-—

g 7 sin < + 2 >, g r4Sin29< 2 >

and contravariant components

_ leZGM 0 0 _ 1 2GM
re? . r2sin’Q rc
‘M
0 1-=5 0 0
g = 1 26M
0 0 —1-= 0
72 rc?
1 2GM 1 2GM
) 3 0 0 2 il B 2
r2sin“g rc 72 sin“@ rc

The geodesic equation for 7 is [(ct, r, 0, ¢) = (x°, x', X%, x°)]
Ft Tl x5 = 0.

For a circular orbit in the equatorial plane x! = 0, x> = 0 so only i, v=0, 3 contribute to the
sum above, hence

7+ Floo A2r? + 2F103 thb + F133 QSZ =0,
or, with #=0, ¢ = wi,
[.2[6‘2 Floo + 2wcF103 + ? F133] =0.

It is straightforward to calculate the connection coefficients; to lowest order we have

GM 2GMN\ GJ 2GM
Iy ~ rl03%—<1— )@7 rl33%—”(1— )7

72027 rc2 rc?

and thence, to lowest order

0+ Ty 0 =0, (6.94)
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(The reader might find it interesting to check that each term in the above equation has
dimension T 2 (T = time).) This quadratic equation has the two solutions

W) = G 2+GM+GJ Wy = G 2+GM G (6.95)
1= A2 BB 2T A2 PR P :
which correspond to prograde and retrograde motion.
Now for a circular orbit (» = const) in the equatorial plane (8 = 7/2) we have, from (6.93)

dsz_—(l—%)czdtz—k( GM) dgzsz—ﬂ dedr

and with d¢ = w dt, the proper time 7 is given by, ignoring the term in 7> d¢?® (and with
ds? = 2dod)

1 ZGM 4GJw
dit =~ —(1—
‘ w? ( et rc? > d¢*,
1 M 2
de~—(1- GM 26w do.
w re? re?

For one revolution d¢ = 2z and the period is

2 M\ 4
T:—”(l G) —”GZ‘].

) rc? re

Hence, corresponding to the two values of w,

T1:_ B ) T2

o rc? >

2 ( GM> 4xGJ 2 ( GM> 47GJ
1 - +— — -2+ 2=
rc

and the ‘clock effect’ is given by

1 1 M
e (Lo D)ae(1- )
w1 (0 re

We have, from (6.94), (6.95)
1 1 - Wy — 1 o 2_J

w w wiw M2
and finally
4]
-1 ~—. 6.96
- ha (6.96)

This is the prediction: after one revolution the two clocks, originally synchronised, will
differ in time by the above amount (to lowest order). A first remarkable feature of this
prediction is that the result is independent of G; we have a consequence of a gravitational

. _ 2
theory that does not involve Newton’s constant of gravitation! For the Earth, /= 3 MR*w and

with R=6.4x10°m, 0=73x 10 s,
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There has been a proposal to measure this, known as Gravity Probe C(lock) — see Gronwald
et al. (1997).

The distinction between this clock effect and the one discussed in Section 5.13 should be
understood. This (‘gravitomagnetic’) one is a time difference between two clocks on geo
desics, travelling round a rotating Earth in opposite directions. The previous effect was a
difference in time between two clocks being transported (not on geodesics) round the Earth.
The rotation of the Earth is involved, but not as a ‘dynamic’ effect, since the metric is the
Schwarzschild metric.

6.5 Fermi-Walker transport: tetrad formalism
-]

Parallel displacement of a vector appears the most natural way of comparing vectors at
different points in a space, or of transporting a vector from one point to another. But there are
physically important cases in which another kind of transport law is more useful for the
formulation of physical theories.

Consider an observer moving along an arbitrary timelike curve x“(z), under the action of
forces (unless the curve happens to be a geodesic). He will regard as ‘natural’ a coordinate

system in which he is at rest and his spatial axes do not rotate. The rest condition is
dx’
—=1=0, (6.97)
dr

where ¢ is the tangent vector and Latin indices refer to the spatial components. The tangent
vector then possesses only a timelike component

dx#
T dr

tH

=(,0). (6.98)
The ‘natural’ coordinate system is then given by the tangent vector to the worldline; but
the tangent vector to a curve at one point is not parallel-transported into the tangent vector

. . . dx* .
at another point. If V*(x) is the tangent vector to a curve at one point x, V*(x) = 9o where g is
o
some parameter along the curve C, then under parallel transport the absolute derivative of V* is
Dy#  dy* d*xr dx” dx”

Y = rltvn et = r"uvn'__
do do + do? + do do

£0, (6.99)

assuming that C is not a geodesic — see Fig. 6.5. What is the transport law to convert a
non-rotating tangent vector into a non-rotating tangent vector? (By which is meant: a vector
whose space components are non-rotating and whose time component is tangent to the
timelike worldline.) It is Fermi—Walker transport, which will now be defined.
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Z Vi=h

x!(o)
VH= th Timelike curve V=t

Parallel transport Fermi—Walker transport

Parallel transport and Fermi Walker transport along a timelike curve, not a geodesic.

The Fermi derivative of a vector V* is

Dgr# DVH# D¢ De#
= -Vt —=——-t"——. 6.100
do do < do do ) ( )
. . ) . . . DVH
A vector is Fermi—Walker (FW) transported if q =0. | Itis Fermi transported if q
o o

Dt
do
into a tangent vector. Hence if

v = 0.) We have to show that the tangent vector to a timelike curve is FW transported

_dV‘u .

th=——: 'y, =—1 6.101
o =L, (6.101)
Dgt# . ..
we must show that =0. On differentiation of (6.101) we have
o
d

D
do (fﬂtﬂ) = &(fﬂtﬂ) =0,
or, in an obvious notation, Dz, =0. Then, continuing with this notation

Dpt* = Dt* — t,(¢*D¢t" — ¢'Dt*) = Dt“(1 + 1,8) = 0, (6.102)

which proves our assertion. Writing (6.100) in the form

DV DV Dt Dt
=——t| V- — —(V-t 6.103
do  do ( da) T ( ) ( )
the Fermi—Walker transport condition is
DV Dt Dt
—_— = c— ] —=—(V-t). .104
do t<V da) do(V v (6.104)

We shall now make use of FW transport to deal with the case of accelerated motion with
no rotation. In Section 2.2 we considered a body subjected to constant acceleration. Such a
body moves along a hyperbola in space-time given by (see (2.49))
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2
=< (sinh‘g, coshg—r, 0, O), (6.105)
g c c

corresponding to acceleration in the x direction. The 4-velocity is

1 dx* .
ut =— = (coshg, sinh <£7 0, 0) (6.106)
¢ dr c c
and the acceleration is
du* .
at =S (g sinh®%, g cosh®", 0, 0). (6.107)
dr c c

The 4-velocity u” is a tangent vector to the worldline and is timelike:
u'u, = — cosh?&’ + sinh? g7 _ -1, (6.108)
c c

and a” is orthogonal to u* and spacelike:
a"u, =0, a"a, = g*(—sinh*E" + cosh?EY) = g2, (6.109)
¢ c

At any point in a 4-dimensional space-time (in this case Minkowski space-time) we may
erect a set of four mutually orthogonal vectors, one timelike and three spacelike. This is a
straightforward generalisation of the fact that in, say R*, we may erect at each point the three
mutually orthogonal basis vectors i, j, k:

i=(1,0,0), j=(0,1,0), k=
i-i=j-j=k-k=1,i-j=j-k

Let us now put

we now have a triad of vectors e(,. A typical component is
e(a)i: a denotes which vector, i denotes which component of that vector.

For simplicity this may be denoted e,: letters from the beginning of the (Latin) alphabet tell
which vector, and from the middle of the alphabet, which component of that vector. It should
be emphasised: e, is a triad of vectors, not a rank 2 tensor. We may simply mimic this
exercise in Minkowski space-time. We may erect at each point a tetrad (or vierbein — four
legs) of four orthonormal vectors h,:

h(" : a denotes which vector, u denotes which component of that vector (6.110)

or, for simplicity 4,/ (with letters from the beginning of the (Greek) alphabet to tell which
vector, and from the middle to tell which component). This tetrad of vectors comprises one
timelike vector and three spacelike ones. In the present context — of a particle undergoing
uniform acceleration — we may put
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h<0>/‘ =yt = (cosh%,sinh‘%, 0, 0)7

1 .
hiyt =—a" = (smh‘g,cosh‘g, 0, O),
g C

c (6.111)
hiy* = (0, 0, 1, 0),
h(3>” = (0, 0, 0, 1)7
obeying
h(O)#h(O) u = =1 =14,
h(l)ﬂh(l)ﬂ =+1=n,
ho)  hoy = +1 =y,
ha* hyu = +1 =133,
h* higy = 0,07 B,
or
oy hig)u = Nag; (6.112)
or, indeed
M B hip)” = Mg (6.113)

This relation holds in Minkowski space but its significance is perhaps more clearly seen if
we generalise to an arbitrary Riemannian space with metric g,,. Then (6.113) is replaced by

gﬂvh(a)” h(ﬁ)v = ”aﬂ- (6.114)

The indices ¢ and v are world indices: at each point (x*) of the space we can erect a tetrad
hw (@=0, 1, 2, 3) obeying (6.114). The indices o and S are, on the other hand, tangent
space indices. The erection of a local frame at any point in an arbitrary space-time is an
expression of the Equivalence Principle — the locally inertial frame has a Minkowski metric
tensor.

As long as g, is non-singular we may define the ‘inverse’ of 4", denoted h(“)ﬂ, by

8w = h<a);th(ﬁ)v’7a/)’a

or, more precisely,

gu(x) = K (x) B, (x) 1,.5. (6.115)

It turns out that tetrads are an essential device to express the Dirac equation (for spin
Y5 particles) in a general Riemannian space-time — see Section 11.4 below.

Let us now return to the connection between FW transport and accelerating frames.
We want to define a tetrad which an observer, subject to an acceleration, carries with her, and
which defines a set of orthonormal basis vectors forming a rest-frame (so that hy = u, a
tangent to the world-line), and the tetrad is non rotating. Now rotation in non-relativistic
physics is given by



211 6.6 Lie derivatives, Killing vectors and groups of motion

dv . . .
d—‘; — _Qipf, Qif = _qF. (6.116)

This is easily generalised to four dimensions:

dv#
% — QMY QM = QU (6.117)

It is clear that this leaves the length of the vector v* unchanged:

d dv#

Sy Yy — 0
dr(vv”) 2dr

The tensor Q*" has six components, corresponding to the generators of the Lorentz group
(including rotations). We now claim that the expression for Q¥ giving (a) the correct
Lorentz transformation appropriate to an acceleration, and (b) no (spatial) rotation, is

vy =-2Q" v, =0.

QY = a*u” — a’u”. (6.118)
dut
To show that (a) holds, let us calculate dL from (6.117):
T
dulu v v v v (L
. —(a*u" — a'u")u, = —a*(u'u,) + u*(a’u,) = a*,

as desired, and where (6.108) and (6.109) have been used. To show (b) consider a spacelike
vector W*, orthogonal to a* (and to u*), so that

QYW, = a*(W'W,) — u*(a"W,) =0

and hence
dw+
=0; (6.119)
dr
there is no rotation of W*. For a general vector V* (6.117) and (6.118) give
dVIu v v L
P —(a"u —a'u*)V, =u"(a - V) —a"(u-V) (6.120)

which is the law of FW transport — see (6.104) with t = u, Dt = a. Hence Fermi—Walker
transport of a vector describes the propagation of a frame that is accelerating but not rotating,
and is therefore described by a triad of three orthogonal gyroscopes and a timelike vector
(the 4-velocity) orthogonal to the triad.

6.6 Lie derivatives, Killing vectors and groups of motion
|

Consider the Schwarzschild solution. It has a very high degree of symmetry, being spheri-
cally symmetric and static. It was just these features that made it possible for us to find the
form of the Schwarzschild metric, by working in a coordinate system designed for the
symmetry we wanted — spherical polar coordinates and a simple time coordinate, with no
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terms in dx’ dz. We could, however, if we were perverse, re-express the Schwarzschild solution
in a very different coordinate system — say, for example, confocal ellipsoidal coordinates, and
a ‘time’ coordinate that mixed up our previous ¢ with a space coordinate. The Schwarzschild
metric would then look fairly unpleasant, and the symmetry that it still possessed would not be
at all obvious. The whole spirit of General Relativity, of course, is that coordinate systems do
not matter — they have no intrinsic significance — so the question then arises, is there a way of
treating the Schwarzschild solution in a coordinate-independent manner; in other words, to
express its symmetry in such a way? The answer is that there is such a method of approach-
ing matters of symmetry in General Relativity and it is based on the notion of Lie derivatives.
This section is devoted to this topic, which, as well as helping to understand the Schwarzschild
solution, is of great use in cosmology, which is treated in Chapter 10.

If a space possesses a symmetry of some sort this means that it has some property
(usually some property of the metric tensor) which is the ‘same’ at different points of the
space. We therefore have to have a means of comparing two points in the space (for our
purposes, a space-time, but I use the word ‘space’ for simplicity and generality). To make this
comparison, let us introduce a vector field allowing us to pass from one point to another one.
Ifa vector field a“(x) is defined on a manifold we can use it to define the coordinates of nearby
points. For example, referring to Fig. 6.6, P has coordinates x* and P has coordinates x* then

xt =xt —ea(x), (6.121)

where ¢ is infinitesimal. This is a change of point, not of label. The vector field a* then maps
P onto P, i.e. maps the manifold onto itself. It also maps geometric objects defined on the
manifold into similar geometric objects; for example vectors onto vectors. If V*(x) is a
vector field, then

B Ox*
oo

V¥ (x) Vi(x) = (6%, —ea”,) V" (x) = V¥*(x) —ea”, V" (x). (6.122)
(This transformation law refers either to a change of label or to a change of point, but our
present considerations are focussed on a change of point.) The quantity V*(x)  V*(x)is, as
the reader will appreciate, not a vector, since it is the difference between two vectors at
different points, so we expand ¥ (x):

Vi) = 7" x) 4+ (x—x)" V0 (x) 4+ - =V (x) —ea" V", + O(e?),

]

The vector field a” maps the point P onto the point P.
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then together with (6.101),
Vix) = V*(x) —ea" V", +ea", V" +0O()
and

lim

e—0

{V”(x) —7(x)

] = lir%(—av Ve 4 at V) = —a" V", +at, V.
& &— ’ ’

This is the Lie derivative of V with respect to a:

or# oat
L, V) =— Vy— 12
(LaV) == a+ S5, (6.123)
or
LVt =-V*,a"+V"a",. (6.124)

Analogous formulae for covariant vectors and tensors follow, for example

Ly Vy=Vyad +7V, afﬂ, (6.125)

Lagw=8ud v+ gvd,+gu,d" (6.126)

It is clear that the Lie derivatives are defined without the use of affine connections (con-
nection coefficients), so the formulae above do not involve Christoffel symbols.
Nevertheless similar formulae to the above hold, which feature covariant, rather than
ordinary, derivatives. We have, for example,

vi,a' —VVat, =V", & -V a" , +VEd (Th, — T4,

and the last term vanishes in a space with no torsion (in a holonomic basis). Hence Equations
(6.124)—(6.126) yield

L, Vi =—-Vt,a"+V"a",, (6.127)
LVy=Vyad +Vay, (6.128)
L8 =8uid' v+ gvd (6.129)

where in the last equation we have used the fact that the covariant derivative of the metric
tensor vanishes. It is clear that the Lie derivatives of tensors are tensors.
Let us now expresss the above in coordinate-free notation. We put

V="7"e,, A=de,. (6.130)

P ;) .
£ e,=-%and it is easy to see that
ox* ox” Y

A, V]=(a"V#,=V"a",),

In a coordinate basis e, =

which is the right hand side of (6.124), which therefore becomes, in coordinate-free notation
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s
P2 11
2 "y

() (b)

(©

Three vector fields, invariant under particular symmetries see text.

LaV=[A,V]; (6.131)

a Lie bracket appears in the definition of a Lie derivative! (An equation involving Lie
brackets has already been quoted above — see (3.10)). In a similar way Equation (6.128),
when expressed in intrinsic notation, would involve the Lie derivative of a 1-form.

We now turn our attention to symmetries, and remark that particular types of vector fields
are invariant under particular symmetry operations. For example, referring to the three dia-
grams in Fig. 6.7, (a) is invariant under any translation, (b) is invariant under translations in the x
direction, and (c) is invariant under rotations. These are statements that particular Lie derivatives
vanish, L, V=0, where V is the vector field above and A is the generator of the relevant
transformation (or motion, as it is sometimes called). To see this, consider the diagrams in turn:
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(a) V=di+bj=a 86 +b 66 An arbitrary translation is A = f 0 4 g (3@ where f'and g are
V
constants. Clearly
8 0
0
[ xtlay f T8 8y] ;

ie.
Ly\V=[AV]=0.

0 0
(b) V=y=yj=y—. A translation in the x direction is a —:
oy Ox
P
ox’ y@y N

. 0
) V=r=re. = r(cos 0] % + sing 6%) = xﬁﬁx + ygy The generator of rotations is % =

y —+x— . Itis easily proved that
ox Oy

0 0 0 0
— — [— —_ — = O
[ Yot xax+yay}f(x,y) ;
where f is any function of x and y.

Now consider not a vector field, as in (a), (b) or (c) above, but space or space-time, given
by a metric. We want to know what symmetries it possesses, so we find the vector fields for
which the Lie derivatives of the metric tensor vanish. Such symmetries are isometries. If the
vector field is denoted & then the condition for an isometry is L¢ g, =0, i.e.

iy + & = 05 (6.132)
or equivalently
il +gu & +ené,=0. (6.133)

Such vectors are called Killing vectors. In any given space there is a relation between its
Killing vectors and its curvature tensor. For any vector & we have (see (4.59))

& iz _gﬂ;i;h‘ :RZ»;AE/) :R/J#Kiﬁp' (6.134)
It follows that
(f/t;v_gv:ﬂ);,{ + (fn;u - g/t:n);v + (f\w - ER;V);,I
= (Rpﬂm + Rﬂv wu T RMW) &
=0, (6.135)
where we have used (4.34iv). Then the Killing condition (6.132) implies that
g,u;v:,/@ + Eli;/l;v + fv;n;ﬂ =0
i.e., using (6.132) again
g,u;v:,/@ - é-,u;rc;v - gn;v;,u = O
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so, appealing to (6.134)
Evip = Rﬁvk & (6.136)

Spaces endowed with a ‘symmetry’ will possess corresponding Killing vectors — the
more symmetry, the more vectors. Let us find the Killing vectors for a familiar space, R,

ds? = dx* + dy? + d2?,

in Cartesian coordinates. Its Killing vectors, denoted &, obey (6.132) and (6.136).
In this space R’)—,d = 0 and in Cartesian coordinates the connection coefficients vanish,
s0 (6.136) gives

&ikg =0,

hence

ik = Py = const (B = —Py;)

and
& :ﬂikxk + a;.

There are three constants S and three constants a; so there are six Killing vectors,
corresponding to different choices of a; and f;;.

(1) a=(1,0,0), fx=0,¢"V=(1,0,0) [ie. ¢V =1,¢ M, =¢ V3=0]
) a=(0,1,0), =0, > =(0, 1, 0)
(3) a=(0,0, 1), fzx=0,=(0, 0, 1)
4) 0=(0,0,0), 812=p13=0,23= 1= P3,
é::(4)1 =0, 5(4)2= z, 5(4)3 =y, 5(4):(0’ z,9)
(5) @=(0,0,0), B13=1, B12=p23=0, 5(5>:(Z’ 0, x)
(6) @=(0,0,0), fi2= 1, p13=p23=0,¢V=( »,x,0).

6.6.1 Groups of motion

From these (Killing) vectors we may construct the operators

. 0
X, =9 — (6.137)
ox
Continuing with the example of the space R* we then have
Xlzﬁ, XZZE, X3=27
Ox oy oz
B 5 B 5 5 (6.138)
Xo=—z2—4y—, Xs=z——x—, Xe=—-—y—+x—
4 Z@y—i_yaz7 STIm T e 6 y6x+x6y’

which obey the relations

[X4,X5] = —Xs and cyclic perms on (4,5, 6). (6.139)
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Relabelling these latter three operators,

. (0 0
J] = —1X4 = —1<yaz—zay>,

. [ 0 0
J2 = —1X5 = —1 (Za —Xa—z>, (6140)
[ 0 0
J3 = —1X6 = —l<xa—y—ya>,

gives the commutation relations
[J1,/2] =1J5 and cyclic, (6.141)

which are those of SU(2). In addition, relabelling the operators X; to X3,

. .0
Pi=1X; =1

. . 0 . . 0
P =i =i P:=iX: =
ox’ 2= lay’ 3T

a2
gives (i, k=1, 2, 3)
[Pi, Py] = 0; (6.142)
as well as
[P1, J»] =1P5 and cyclic, [P;, J]=0. (6.143)

These commutation relations (6.141)—(6.143) will be recognised as those of the groups of
rotations and translations, so we find the result that the group of motions (isometry group) of
R? is the group of rotations and translations in three dimensions. The rotation subgroup is
non-abelian, the translation subgroup abelian, and rotations and translations do not com-
mute with each other. Up to a factor 7 these of course are the generators of rotations and
translations in quantum mechanics. This might at first seem a bizarre coincidence, since the
subject of General Relativity would seem a million miles from quantum mechanics; but
actually the finding is not completely surprising since the whole philosophy of quantum
mechanics is that observables are represented by operators which operate directly on a linear
vector space. In our present considerations we have the same apparatus of generators of
symmetries of a space, but the space concerned is some space or space-time, not a Hilbert
space of a quantum system.
As a second example of groups of motion, consider the sphere $°. It has line element

ds® = d&” + sin’0 d¢?,

(1 0
gk =\ 0 sin%9 )

Equation (6.133) gives for the Killing vectors &’

and with x' =6, x*= ¢ we have

Sikm&" +&im&" kg km&"i= 0.
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Now take special values for i, k:
i=k=1: ¢,,=0, (i)
i=k=2: Zsin60089§1+2sin20§272:
= cosf¢' + sinf&, =0, (ii)
i=1,k=2: sin®0&*, +¢,=0. (iii)

These equations yield

(i) — & =Asin(¢+ o),
(i) — & = Acotfcos(¢+ do)+B(H),
(iii) — B'()sin’0 = 0 = B = const.

So the Killing vectors are
£ = (¢, &)
€' = Asin(p+ o), € = Acotfcos(¢+¢g) + B.

There are three constants of integration (A, B, ¢y), and so three Killing vectors, which we
can now find.

p=0 A=1, B=0: 5(1):(sinq§, cotfcos )
¢o=m/2, A=1, B=0: ¢2) = (cos ¢, —cot0 cos @)
A=0 B=1: 3 =0, 1).

We now construct the operators (6.137), to find

., 0 0
X = smq/)%—i—coté’cosqﬁﬁ,
0 . 0
X, = cos¢@—cot¢s1n¢%7
0
Xz =—
3 a¢a

which obey
[)(ia Xk} = gikama

and so generate SU(2): the group of motions of the sphere §* is SU(2). This 2-dimensional
space has three Killing vectors. The plane R” also has three Killing vectors; by a simplified
version of the calculation above they are
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two translations and one rotation. Note that

rotation symmetry — isotropy

translation symmetry — homogeneity

of a space or space-time.
It can be shown that the maximum number of Killing vectors of a space of dimensionality
nn+1)

] T'H A space with this maximal number is called maximally symmetric. R*, $*

and R’ are maximally symmetric spaces. So is Minkowski space-time, with 10 Killing
vectors (see Problem 6.1).

The apparatus of Killing vectors and groups of motion provides a suitable language in
which to discuss the symmetry properties of a space. This will be taken up again in the study
of cosmological space-times, in Chapter 10. The present chapter ends, however, with a
consideration of static and stationary space-times — symmetries with respect to time
translation.

6.7 Static and stationary space-times
|

Consider the Schwarzschild metric (5.37)

2 2m\ !
ds? = — (1 - —’") A di + <1 - —m) dr? + 72(d6? + sin?0 dg?) (6.144)

r r

. . MG . .
in which m=—-. With (°, x', X%, x*) = (ct, r, 0, $) the metric tensor components are
c

2m 2m\ ! .
goo:_(l_7>v gn:(l_T) , gn=1r’, gp=rsin’d

v =0, u#v.

(6.145)

In contrast consider what we may call the Lense—Thirring metric (6.48)
2 2 A
ds?* = — (1 — :”) c?di + (1 - :’) (dx? + dy? + dz?) + 2¢:(edr)dx! (6.146)
or, with (xO, x!, xz, x3) =(ct, X, , z),

2m 2m
gooz—(l——) g11=g22=g33=<1——),
" d (6.147)

2G
goi = (i = tikmx" J".
r-’c

The first metric is static, the second one stationary. Imagine photographing the source of
the field. For a star rotating with constant angular velocity the motion of the particles within

' See for example Weinberg (1972), Chapter 13.
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the source is the same at all times, and the metric shares this property. A naive definition of a
stationary space-time is that g, is independent of #, or

0
5gyv = 8w, 0 = 0. (6148)

A static space-time has the further property
goi=0. (6.149)

Both of these conditions, however, refer to a particular coordinate system, so we must
reformulate them in an invariant, or geometric language. We begin with stationary space-
times, and use the language of Killing vectors.

Suppose a space-time possesses a Killing vector K = K* e, which is timelike

K"K, <0. (6.150)

Then there is a coordinate system in which K* = (1, 0), i.e. K*= §",. Since K is a Killing
vector Lk g,,=0 or, from (6.126)

Ik g = g K"y + 2K i+ g0 s KF = 0. (6.151)
In the coordinate system K* = ¢, this becomes

g,uv,)y[</L = &uw,0 = 0,

as in (6.148) above. Hence
A stationary space-time is one which posseses a timelike Killing vector. (6.152)

Moreoever, in the frame K*= ", in a coordinate basis, we have
k=12
c Ot
A static space-time has a further restriction: go,=0. We must find an invariant character-
isation of this condition. Space-time is a 4-dimensional manifold and we may consider 3-
dimensional ‘hypersurfaces’ in it characterised by ¢ = const, where ¢ is, in some coordinate
system, time. These hypersurfaces will be spacelike: the invariant separation between any
two points (‘events’) (¢, x1, y1, z1) and (¢, x, y», z) is spacelike. Let the equation of the
hypersurface be f'(x*) = a = const (which can be recast as ¢ = const). Then consider two
points, at x* and x*+dx*, in the hypersurface (see Fig. 6.8). We have

. A
a = f () = [ 4 ) = (&) + e,

(6.153)

0
hence B_f/ dx* =0, so the gradient vector
X L

of
M= =0 (6.154)

is orthogonal to dx* (which is here a vector, not a 1-form!)

n, de = g, n* dx’ = 0, (6.155)
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Particle world-lines

Spacelike hypersurface
fix") = a = const
(t=const)

Particle world-lines and a spacelike hypersurface. The vector n is normal to the hypersurface.

and hence to the surface, as shown in Fig. 6.8. n* is a normal vector field. Now our claim is
that a space-time is static if the Killing vector K is proportional to n at each point — that the
Killing vector is not only timelike but also hypersurface-orthogonal. Such a vector would be
of the form

X =A(x)m; X*=A(x) n*, (6.156)
or, in view of (6.154),
X, = Ax) Ouf = A(x)f (6.157)

To prove this is slightly long. First observe that from this last equation it follows that

XoXuw =2 S + 2L 1, (6.158)

and then, taking the completely antisymmetric part of this (see (3.51)) it follows straight-
forwardly that

X, X, =0 (6.159)

(which can easily be seen by noting that the first term is symmetric under u <> p and the
second symmetric under u <+ v). The reader may also verify that the same condition holds,
by virtue of the symmetry under x <> v of I'°,,,, when ordinary derivatives are replaced by
covariant ones, i.e.

Xjp X,y = 0. (6.160)

We have now shown that a hypersurface-orthogonal vector satisfies (6.160); in other words,
that (6.156) implies (6.160). But the converse does not hold; (6.160) does not imply (6.156).
We shall, however, now show that (6.160) together with (6.151) does imply (6.156): a Killing
vector field obeying (6.160) is hypersurface orthogonal. Equation (6.160) written out in full is

X/)X;t;v +‘XNXV§P +Xv)(p:/t _Xpr _XvX;u,p _XII‘XP‘«,V =0. (6-161)
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Now, if X is a Killing vector
Xpv + X =0, (6.162)
which reduces (6.161) to
Xy Xy + X Xop + X0 X = 0.
Multiplying this by X” gives
X,,XVX,,;V + X;tXVXV:/) + (XZ)X}J: w=0,
or, in virtue of (6.162),
X;IXVXWJ —XPXVXW + (Xz)Xp;/t =0.
Exchanging upper and lower indices and rewriting the last term gives
XXX~ XXX — (X)X, = 0.
Adding the last two equations gives
Xu(Xz);p - Xp(Xz);ﬂ +X2(Xpm - X#;p) =0.
Replacing covariant derivatives by ordinary ones (a valid operation here) gives
X aﬂ(Xz) - ‘Xﬂaﬂ(Xz) +X2(a/l/YP - apX#) =0,
or
X, 0,(X?) — X?0,X, = X,0,(X*) — X*9,X,. (6.163)

Now

X 1 1 5
9 (;TZ) :ﬁaﬂxﬂ _)F/Yﬂ 6,3()( ),

so dividing (6.163) by X* gives
X, X

X

(Note that X* # 0; X is a timelike Killing vector.) Hence )?’; is the gradient of some scalar
field

X

Xilz = a,uf; X,u = X2a,ufv
which is (6.157) with 2= X*: the hypersurface orthogonality condition. We have shown that
a Killing vector field obeying (6.160) is hypersurface orthogonal. We have, finally, to show
that this condition of hypersurface orthogonality implies that the space-time is static.

We have seen that in a stationary space-time the Killing vector is, in some coordinate system

K" =(1,0),
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hence K, = g,, K" = g,0 and

K* = K"K, = K’Ko = goo-

We also have the hypersurface orthogonality condition X, =K26,, £ (x). With =0 this gives

8oo = &o0 Oof
hence 0y /' =1 and
f(0) =x° + h(x).
With x =i, on the other hand, we find
8i0 = 800 0;i | = goo Oih.
Now perform a coordinate transformation
WX == aR), X X=X

with inverse

=X —h (), ¥ ="
Under this transformation the Killing vector is unchanged:

ox' ox' 4
Kt=—K=—2-=K"=1, K"=0, K = (1,0).
axv a 0 ) ) ( ) )

The metric tensor transforms as follows:

, ox" Ox°
8oo = 00 mgpa = 800,
and
, o ox° e ox° ox™
80i = 20 o 8po = ENG 5800 = o 5800 + =7 pNG 8gom
= (—0ih) goo + goi
P O7

(6.165)

(6.166)

(6.167)

where in the last step we have used (6.165). Equation (6.167) is the condition for a static space-
time, as noted in (6.149). We conclude that a space-time is static if it admits a hypersurface-
orthogonal (timelike) Killing vector field; and in a static space-time there exists a coordinate
system in which go;=0. Hence there are no mixed terms dx’ dz in the expression for ds”.

6.8 Killing vectors and conservation laws

We conclude this chapter by noting a general result, which will be of use in later chapters,
that connects symmetries of the metric tensor with conservation laws, for particles moving
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along a geodesic. The result is straightforward to derive. The Killing vector ¢, associated
with a metric isometry obeys Equation (6.132)

g,u;v + fv:,u =0,
which we write in the form
va/t + V,ufv = Oa (6168)

using the symbol V for absolute, or covariant, derivative, as introduced in Chapter 3. If,
now, a particle moves along a geodesic y, with tangent vector u*, then since the geodesic is
an autoparallel curve, we have from (4.6) V,u* =0, hence

W Vot = 0. (6.169)
Then
ull \Z (‘t: : ll) = ui V/l(g/tu'u) = ”)V u” Vﬂ.g/z + gﬂ ui Vut.

These terms vanish separately; the first by virtue of (6.168) and the second from (6.169). We
therefore have

Vi(§-u) =0=&-u=const. (6.170)

This is the conservation law. It is instructive to see how it operates in particular situations.
Consider first the case of a particle moving along a straight line (geodesic) in 3-dimensional
Euclidean space. The metric is, in Cartesian coordinates,

- o O

1 0
gij = 0 1
0 0

Choosing the direction of motion to be the x axis, the tangent vector is — = u, and the
velocity is u = (u,, 0, 0). The metric above is clearly invariant under displacements along the
x axis, so the Killing vector is

G=2=(1,0,0)

and the conservation law (6.170) is

€-u=u, = const,

or equivalently mu, = p,. = const, conservation of momentum — Newton’s first law of motion.
As a second example, let us stay in 3-dimensional Euclidean space, but now consider a
particle moving in a central field of force. As we know, such particles move in a plane, so we
may take that to be the equatorial plane 8 = 7/2 and the metric tensor is, in spherical polars,

1 0 0
8ij = 0 1”2 0
0 0 rsin’e
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ogjy - :
This is independent of ¢; a’i’ =0, and the Killing vector is
0
g = % = (07 07 1)

I
in coordinates (x', x*, x°) = (r, 6, ¢). The tangent vector to the geodesic is u’ = mn and the
conserved quantity is (recalling that 6 = 7/2)

Eu=gu&u' =gnu’ =rd=1,
angular momentum — or rather, angular momentum per unit mass. Then conservation of
angular momentum follows from isometry of the metric tensor under change of azimuthal
angle (‘rotation’), just as, in the previous example, conservation of linear momentum
followed from isometry of the metric under translations in space.

It is interesting to note the difference between these arguments, connecting invariance
under space translations and rotations with conservation of linear and angular momentum,
with what for many physics students is the more standard argument, cast in the language of
quantum theory, which connects these fundamental ideas. The above argument is couched in
purely geometric language, connecting a symmetry of the metric with a conservation law for
a particle moving along a geodesic. In the quantum theory approach the connection is made
between a symmetry in coordinate space and the generator of this symmetry as an operator
in Hilbert space; for example the momentum operator in Hilbert space is the generator of
translations in coordinate space.

Further reading
|

The Lense-Thirring effect originates in Thirring & Lense (1918), of which an English
translation appears in Mashhoon, Hehl & Theiss (1984). A good account of the precession
of gyroscopes appears (in French) in Tonnelat (1964), and good accounts of Lense—Thirring
precession are to be found in Ciufolini & Wheeler (1995) and Lammerzahl & Neugebauer
(2001). Schiff’s suggestion of searching for the Lense-Thirring effect in a gyroscope
experiment appears in Schiff (1960); see also Schiff (1939).

Detailed descriptions of the Gravity Probe B experiment appear in Everitt ez al. (2001), in
Ciufolini & Wheeler (1995) and in Fairbank et al. (1988). This last reference comprises
seven separate articles on The Stanford Relativity Gyroscope Experiment by: C. W. F. Everitt
(History and overview), J. A. Lipa & G. M. Keiser (Gyroscope development), J. T. Anderson
(London moment readout of the gyroscope), J. P. Turneaure, E. A. Cornell, P.D. Levine &
J. A. Lipa (Ultrahigh vacuum techniques for the experiment), R. A. Van Patten (Flight gyro
suspension system), J. V. Breakwell (Correction to the predicted geodetic precession of the
gyroscope resulting from the Earth’s oblateness) and D. B. DeBra (Translation and orientation
control). For up-to-date information on the Gravity Probe B experiment consult http://www.
gravityprobeb.com, or http://einstein.stanford.edu. Further arguments for and against Mach’s
principle in the context of the Lense—Thirring effect can be found in Rindler (1994), Ciufolini
(1995) and Bondi & Samuel (1997).
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A thorough discussion of gravitomagnetism appears in Ciufolini & Wheeler (1995),
Chapter 6, and a more recent review is Ruggiero & Tartaglia (2002). See also Mashhoon
(1993). The gravitomagnetic clock effect is discussed by Bonnor & Steadman (1999),
Mashhoon & Santos (2000), Mashhoon et al. (2001), Ruggiero & Tartaglia (2002) and
Tartaglia (2002).

Good expositions of Lie derivatives and Killing vectors may be found in Robertson &
Noonan (1968), Chapter 13 and Schutz (1980), Chapter 3. More mathematical accounts may
be found in Lichnérowicz (1958), Wald (1984), Appendix C and Martin (1991), Section 7.7.

An elegant account of static and stationary space-times may be found in Rindler (2001),
Chapter 9.

Problems
1

6.1 Show that

as in (6.60) above, and

)=

VXV|—)==3rxv.

r r

6.2 Prove Equation (6.93).

6.3 Show that the group of motions of Minkowski space-time is the inhomogeneous
Lorentz group (= Poincaré group).



Gravitational collapse and black holes

Black is black. It’s mysterious.
Ellsworth Kelly
American artist
(Television interview with Nicholas Glass, 20 March 2006)

A striking feature of the vacuum Schwarzschild metric, as seen in Chapter 5, is the surface
r=2m. In the case of the Sun, 2m =2.95 km and this surface is inside the Sun, where in any
case the vacuum field equations do not apply. This might encourage the belief that any
problems posed by the Schwarzschild surface were unreal and unphysical. We also noted in
Chapter 5 that, if there were any circumstances in which the Schwarzschild surface were
outside the material of a star, the time taken for an object falling radially into the star to reach
this surface would be infinite, so the region r<2m is ‘out of bounds’, at least in this
coordinate system. These considerations suggest two questions: first, are there any circum-
stances in which ‘stars’ might actually be confined to the region »<2m; and second, if so,
how do we investigate this region mathematically?

The twentieth century has seen spectacular progress in astrophysics. From the work of
Bethe' onwards we know that star light is produced by nuclear fusion reactions, the simplest
of which is

p+n—d+y.

The deuteron is a proton—neutron bound state and consequently has a smaller mass than the
combined masses of these particles, the ‘missing’ mass appearing as the energy of the photon
y. The pressure exerted by these photons, both directly, as radiation pressure, and indirectly, as
thermal pressure, is what keeps the star in equilibrium, balancing the inward gravitational pull.
The reaction above is only the first of many; after deuterium, heavier elements in the periodic
table are produced — lithium, beryllium, and so on, through carbon to iron. At each stage the
nucleus on the right hand side has a greater binding energy per nucleon than that on the left, so
amass defect is converted into energy, emitted as a photon of light. When, however, the centre
of a star becomes dominated by iron, the fusion reactions producing heavier elements are no
longer exothermic. Iron has the greatest binding energy per nucleon of all the chemical
elements so the subsequent fusion reactions do not emit light. The star begins to cool, the
thermal pressure to drop and, as first realised by Oppenheimer, Snyder and Volkoff,” this will
result in gravitational collapse at the end-point of thermonuclear evolution. How far does the
star collapse? There are two states of possible equilibrium, in which the gravitational inward

! Bethe (1939).
2 Oppenheimer & Snyder (1939), Oppenheimer & Volkoff (1939).
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pressure is balanced by the Fermi pressure, of either electrons or neutrons; these configu-
rations are known respectively as white dwarfs and neutron stars. In retrospect, this crucial role
played by quantum theory in the physics of stars is one of the most surprising aspects of the
whole subject. Detailed consideration of these equilibrium states enabled Chandrasekhar to
show that for these configurations there is a limiting mass — the so-called Chandrasekhar
mass — above which equilibrium is no longer possible.” It was in the 1960s that these
considerations began to be taken seriously: the discovery of quasars, and especially of pulsars,
played a key role in persuading physicists that a proper consideration of gravitational collapse
was crucial in understanding these objects, and from that time General Relativity could be said
to have entered physics proper, having previously been largely a pursuit of applied mathema-
ticians. A consequence of the Chandrasekhar limit is that for heavier collapsing stars (for
example the collapse of a star with a mass 10 times that of the Sun) there is no equilibrium
configuration. There is simply continued collapse, which will inevitably result in the stellar
material — or more properly some fraction of it — being confined eventually to a region »<2m.
This state was christened by Wheeler a ‘black hole’.

This chapter begins with a consideration of the internal Schwarzschild solution — the
space-time metric inside a spherically symmetric and static star — and goes on to treat white
dwarfs and neutron stars. We continue on to the investigation of rotating black holes (the
Kerr solution) and finish with brief accounts of the thermodynamics of black holes,
Hawking radiation and some associated matters.*

7.1 The interior Schwarzschild solution and the

Tolman-Oppenheimer-Volkoff equation
|

We want to set up the general relativistic equations for computing the pressure and density of
matter in a spherically symmetric, static star. In Chapter 5 we found the Schwarzschild
solution that describes the space-time outside such a star. We are now concerned with a
solution for the stellar interior.” Since we are assuming spherical symmetry the metric will
be of the form

ds? = =2 dt* + ) dr? + 2 (d6 + sin’0 dg?),

8w =10 (u#v).
The two unknown functions v(r) and A(») will not turn out to be the same as in Chapter 5,
since they must satisfy the field equations inside the star. For this we need the energy-

momentum tensor for the stellar material, which is taken to be a perfect fluid. Let us recall
that the energy-momentum tensor for dust is given by (5.10):

T(x) = polx) ' (x) " (x),

(7.1)

3 Chandrasekhar (1931a, b).

4 I should like to record here my indebtedness to the late Dan Martin, whose lecture notes (1978, Glasgow
University, unpublished) were a great help in preparing this chapter.

5 Schwarzschild (1916b).
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where u * is the 4-velocity of the dust. For a perfect fluid, in which both a density p and a
pressure p are defined, the energy-momentum tensor for the fluid at rest is

p 0 0 0
o Z 0 o
fv,uv_ ¢ p

“lo o Z o}

< p

00 0 %

or
T00:p7 i"lj::%(slj’ Tﬂv:()v ﬂ?év (72)

We need a covariant expression for this tensor, for use in the field equations. We start by going
to a moving frame, by using the Lorentz boost transformation (2.26) (but with v —  v)

k i i
x”:x’—i—(y—l)—zkv’—i—y—ct: <5’k—|—y 5 v’vk>xk+yv—x0,
v c v c
cf =yct+ yv—kxk,
c
from which we may read off the elements of the Lorentz matrix

i

. . -1 . : v
Alk:51k+y7vlvk; AIOZV;, A% =7y, (7.3)
and thereby calculate the elements of 7*" in the moving frame:
7 = N, N, T

= A A, T - Alg Ny T

;ooy—1, =1 N\ P um viv/

= <5k—|— " vvk) (5/m—|— 2 V/vm>025/ +y2 > p
p g vivip -
=50+ 5 RN+ 0T+ —»

_ P ﬂz[g |
_cza + 27 cz+p’ (7.4)

TiO _ Ai,u on T,uv
= A A, T + Ay A% T

. y—l . Y P sV
— (4 i £ gm v
<J+—V2 vvj>y—c 2 + P

—ypZ [:%er}; (7.3)
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T = N N0, T
=A% A% T + (A%)* T

v p
:yzc—zc—28”+y2p

2 P -
= —-1)= .
=D a+rp (7.6)
Equations (7.4) to (7.6) may be expressed in the form

™ :%n”v—k (p+£2) u"u’, (7.7)

c c

with (cf. (5.11))
rde A
e dr’ _dr_% _yc7

as may easily be checked. Having found an expression for the energy-momentum tensor in a
moving frame, it is now straightforward to make this generally covariant; then (7.7)

ut

becomes
™= %g“v + (p + %)u” ', (7.8)
c c
with
gﬂvu,u u,=—1= 8uv utu’, (7.9)
and from (7.1)
—e ¥ 0 0 0
2v
R A
Qv = 0 0 2 0 , g = 0 0 riz 0 (7.10)
0 0 0 r2sin’0 0 0 0 ;2
r2sin“0

In our star, which is a fluid at rest, we have

u=u; =0, ug=u; =0, uy=uz=0;
(7.11)

Then

C
=—pg” =pe ¥,
P n1_P u
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)

e 0 0 0

0o Le» o 0

c
T — p1
0 0 ol 0
p 1

0 0 0 =
c? 12 sin%0

We write the field equations (5.24) in the form

. &G,
R”V—I/Z S/VR:C—ZT!V'

The components of the mixed tensor 7%, are easily found;

T% =guT® = —p; Th=gnT" =2, etc,

-2
SO
5 0 0 0
o Z 0 o
C
o
v=110 0o £ o
oop
0 00 &

The components of the Ricci tensor R, are given by (5.35). Then

2 /
ROO :gOORoo - e 2vR00 —e % (_vu V2 - _V)’

7

2%
Rl1 =g”R11 —e 2).(_\}// _V/2 —‘r\/ﬂ., “r—),
2

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

It turns out that R*;=R?,: also T33=T72,, so the field equations for these indices are the

same. The curvature scalar is

R=PR''=R%+R" + R+ R

4 2 2
—ec % (—2\/’ — 2\/2 + 2V —— (V/ — /1,) — —) + .
r

72 72

Then

22 1 1
R _1R— e 2 _L1)_ 1
0=/ roor 72

and the field equation (7.13) with g= v=0 gives

(7.18)
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!/
en(ﬁi>+l%_ (7.19)

ror? r2 cp
Similarly

2v 1 1
Rll — 1/ZR: —C 22<———2> ——2

r r r

and the field equation with = v=1 gives

eZ*(N+1>—1—Mp (7.20)

roor2 r2 2 2

Likewise the u=v=2 and u= v=3 field equations both give

e 2/1(v//+vl2_v//1/+v,_i/) :%% (721)
ror ¢ c

The three equations (7.19)—(7.21) may now be used to find the functions v(r) and A(7), as

long as some additional information about the pressure p and matter density p is available.

To tackle the problem in full generality a relation between these quantities must be assumed;

that is, an equation of state, normally taken to be of the form

V4
i Kp'. (7.22)
This is called a polytropic equation of state, with y the polytropic exponent (and K a
constant). We shall here adopt a simpler procedure and assume that the fluid of the star is
incompressible: p = const. This is not such a bad assumption for light stars such as the Sun,
and it has the additional virtue of simplicity — as well as being the assumption made by

Schwarzschild himself. Since

d

d_(re 2i(r)) —e 24 27‘/1/6 2/1’
’

Equation (7.19) may be written in the form

d
dr
which under the assumption p = const may be integrated to give

87err2 C
3c? + r’

87Gp

P, (7.23)
2
C

(re )=1-

e ¥=1-

where C is a constant. To eliminate the singularity at »=0 put C=0, then

87G
2 P2y, (7.24)
3c?
with
872G
4 =077 (7.25)



233

7.1 Interior Schwarzschild solution and TOV equation

We now have a solution for g;; =e**. To proceed further, differentiate Equation (7.20) and

substitute for v/ from (7.21), yielding, after a bit of algebra

872G p) 2e ¥

cz 6’2 - V,(‘/ +/1/)7

(7.26)

d
where p’ =P hote that p is not constant, even though p is. Adding Equations (7.19) and

(7.20) gives

816 (,1.2) :2€r” o+ 7).

which may be integrated to give

where D is a constant. This may be rearranged, using (7.24), to give

87G
T Dr = 2e' (1 — A7) + 24r¢".
C

To solve (7.29) put
e =y(r),

then y =1/ ¢” and (7.29) becomes

2/ (1 — Ar?) 4 24r y(r) = —SEZGDV.
c

This is an inhomogeneous differential equation, which has a particular solution

_4zG D
rTTa a4
The corresponding homogeneous equation

du 2 —
a(l —Ar*)+Aru(r) =0

has the solution
u(r) = B(1 — 4*)'2,
(B = const), hence (7.29) has the solution

_ 42GD

&) = () =5~ B —4r)' = C - B(1 - ar)'",

where C is a further constant, or

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)
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2
—gw =" = [C-B(1-a)"]"
This equation, together with (7.24), gives the interior Schwarzschild solution in the form

2 dr?
ds? = —[C—B(l —Arz)l/z} czdt2+17rAz+r2dQZ. (1.32)
— Ar
This metric contains two constants B and C — the quantity 4 is essentially the density — see
(7.25). These constants may now be found from two requirements; firstly, that p=0at »= R,
the radius of the star (this is surely a reasonable definition of radius!), and secondly that
(7.32) matches the Schwarzschild vacuum solution (5.37) at r= R.

For the first requirement, put p=0 at »= R in (7.28) to give

p=De P = pe'® = p
and hence, from (7.31),
4zG D
2 = —B(1-4R})'*| = D.
p{ 2 4 B )

Substitute for 4 in the first term above, from (7.25), to give
D =2pB(1 — AR*)'/?
and then (7.31) gives
') = B|3(1 — 4R*)'* — (1 — 4r?)'?|,
so the line element becomes

dr?
1 — Ar?
with 4 given by (7.25). This line element now features the constant B, which is found from
the requirement that (7.33) match the line element (5.37) corresponding to the exterior
solution, at = R . This vacuum line element is

+2dQ2?, (7.33)

2
4> = —B [3(1 — AR — (1 —Arz)l/z} dP +

2 om\ !
ds? = — (1 _ 7’”) Ad + (1 - 7’") dr? + 2 dQ? (7.34)
with
MG
m=Ta
Matching g, at = R gives
2m 3\
——AR*=R=|"— 7.35
" ( 4np> | (7.35)

on substituting from (7.25), which is of course the expected expression for the radius of a
star with mass M and constant density. Then matching go, gives
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2 2
B2[3(1 — ARY)'? — (1 — 4RY)'?| =1 - %’ — 1 AR,

using (7.35); and this gives
B=—.
2

Finally, then, the internal Schwarzschild solution for the space-time metric inside a spheri-
cally symmetric star of radius R and density p is

3 1 2 dr?
2 _ 2\1/2 2\1/2 2 1.2 2 2
ds? = — E(I_AR) —E(I—Ar) c*dt Tt de’, (7.36)
with
A:87tGp.
3c2

The constant 4 evidently has the dimensions of (length) 2. For the Sun

4= 8nGp _ ’RE
3¢ 2GMs

= (3.38 x 10" m) *.

Since the actual radius of the Sun is 6.96 x 10% m,
AR* <1 (Sun) (7.37)

and goo and g1 differ little from unity, so the Schwarzschild metric inside the Sun is, like that
outside it, close to the Minkowski metric.

In understanding the nature of gravitational collapse in General Relativity, and to perform
explicit calculations, the Tolman—Oppenheimer—Volkoff equation has played a crucial role.®
We close this section by giving a simplified derivation of it, restricting ourselves to the case
of constant density, as assumed above. We start from the condition for energy-momentum
conservation

™, =0. (7.38)

From (7.8) we have

19
=g+ [(p+ B)urw] (7.39)

since g"*.,=0. For a general (2, 0) tensor S** we have
Sy =8+ T SY + T8

1
— S,uvv + a}» _ S/M + rﬂ/lv Slv
gy (v-¢)

1
0 (v/—g$") + THuS™, (7.40)

Vg

® Tolman (1939), Oppenheimer & Volkoff (1939).
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where in the second line we have used Equation (3.212). Applying this to the second term in
(7.39) gives

v 1 ap v 1 V4 v V4 v, A

T = e d" O [Vt G| T (o B)ud
Referring to the second term on the right hand side above, 1= 0 unless v=0 (see (7.11)), but
the condition of equilibrium requires that Jg[...]=0, so this second term vanishes.
Multiplying by g, then gives, in view of (7.38)

1 ap vV L p 0\2
?axv(“ = *F’oog/w(ercfz)(u ).

From (7.11), however, we see that (1°)* = (g0o) ! and since

o0 = —1/28"(05800)
we obtain

1 op 1 p
Sao = /20w () (o +5)- (7.41)

On the other hand,
0;In \/— = —1 0
A \/ gOO 2 0 igo()?

so (7.41) gives

1 op P
E@g:—@+gﬁmuﬁmm (7.42)

Putting goo= ¢**?, the =1 component of this equation gives

d ,
Lo . (7.43)

We shall now find an expression for & in the case of a star of constant density. From
Equations (7.19) and (7.20) we have

20 2 2 281G p
ufst v 2\ 2 _onG/ P
© ( r r r2> +r2 c? (p cz)’
or, multiplying by Va2,
4
T—e (L4 +rde ¥ =222 (p - L), (7.44)
c

Now write (7.19) as

e —_—
2 T 27 T2

Mzi’zleu 1 8zGp
2| r ’

hence
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Ve % =_ — 7.45
rA'e 3 e 2 > (7.45)

1 [ %_ 4 87rG2pr2} _ 4zGpr*  m
c

where (7.34) has been used in the last step. Now substitute (7.45) into the appropriate term in
(7.44), again making use of (7.34), and also (7.43):

1 1_2_m { rp' +4”Gpr2_ﬂ:ﬁr2(p—£).
r p + pc? c? r c? c?

MG 4nG ,
2 32 P

This equation gives, on rearrangement, and on substituting m =

w_ ol g)(5+a)”

dr (r —2m) (7.46)

This is the Tolman—Oppenheimer—Volkoff (TOV) equation. It has here been derived under
the assumption of constant density p, but actually holds in the general case where p depends
on r. It is clear from this equation that a higher density p gives rise to a larger pressure
gradient, which then aids the collapse of the star. This is, of course, completely consistent
with intuition. But the interesting feature of the TOV equation is that the same is true of
pressure. Like mass density, pressure also aids collapse: it gives rise to a gravitational force
which contributes to collapse. This is a characteristic of General Relativity not shared by
Newtonian gravity. In Newtonian theory pressure has no gravitational effect; and of course
in any theory, pressure gives rise to non gravitational forces which oppose collapse
(successfully or not): for example through the gas laws, or Fermi pressure.

To solve the TOV equation in the general case, an equation of state relating p and p is
needed, and this is taken to be a polytropic equation like (7.22) above. It is then clear that the
TOV equation is non-linear; it may be solved numerically, giving the so-called Lane-Emden
solutions. For more details of this the reader is referred to the literature. It is worth noting,
finally, that in the non-relativistic limit 7> 2m, p > p/c*, Equation (7.46) becomes

dp_ 4nG ,

=, (7.47)

as expected — see (7.80) below.

7.2 Energy density and binding energy
-~ ]

On a visit to Einstein in Princeton ... [George Gamow] casually mentioned, when they
were out walking, that ... Pascual Jordan had realised that a star might be made out of
nothing, since ... its negative gravitational energy is numerically equal to its positive
rest mass energy. Einstein stopped in his tracks and, since we were crossing a street,

several cars had to stop to avoid running us down.’

7 Gamow (1970).
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A star is of course a bound system, and its mass, being the quantity that determines the
motion of a planet moving in its gravitational field, includes a contribution from the
gravitational binding energy. This is in complete analogy with, for example, nuclear mass:
the mass of an atomic nucleus is the number of protons multiplied by the proton mass plus
the same for neutrons, minus the nuclear binding energy. This binding energy, by Special
Relativity, contributes to the inertial mass of a nucleus, and in the same way, in General
Relativity, the gravitational binding energy will contribute to the gravitational mass of a star.

With this sort of consideration in mind, let us consider once more the exterior and interior
Schwarzschild solutions (7.34) and (7.36) above. The ‘mass’ M of the star, as measured by a
planetary orbit (the planet following a geodesic in the Schwarzschild vacuum space-time),
is, from the above equations, simply (47/3)pR’, or, in the general case where the density is
not constant,

R
M= J47rr2p(r) dr. (7.48)
0

There is at first sight something odd about this expression, however. Would it not be more
proper, more ‘covariant’, to include a factor /g1, with g, given by (7.36), which would
give a proper 3-dimensional (# = const) volume element? We would then write

R 1/2
M, = J47rr2 (1 — 8ﬂ3G§r2> p(r)dr. (7.49)
) c

What we want to claim is that something like this expression is, in fact, the ‘bare mass’ of the
star — the mass arrived at by neglecting the gravitational binding energy. Because of the extra
factor in the integrand in (7.49) it is clear that M| > M, so it is indeed plausible that M, could
represent the bare mass, with M being the actual, physical, mass, as measured by orbiting
planets, including, as noted above, the (negative) gravitational binding energy. This idea is
almost satisfactory, but not quite: it is in fact better to replace p(r) with n(r), the baryon
number density, and then to define

o 82Gor?\ 1/
B:%J%rrz (1 - 3cp2 > n(r)dr, (7.50)

(where my is the nucleon mass) as being the baryon number of a star. (It is, of course,
understood that the vast bulk of the mass of stars comes from protons and neutrons.) Then

R
871G N 1/2
mnB = My = J47rr2 (1 - ”3CI2?V > n(r)dr (7.51)

is the ‘preassembly’ or ‘bare’ mass of the star. The virtue of proceeding in this way is that
baryon number is a conserved quantity, with the consequence that n(r) obeys a simpler
conservation law than does p(r), as we shall see below.
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We now consider the simplified case n(r) = const, analogous to p(r) = const considered
above; then (7.50) becomes

(1 —4%) 'V dr, (7.52)

o]
Il
N
E
S
o

with 4 given by (7.25). This integral may be evaluated by standard trigonometrical
substitutions to give

_4znR® 3sin 'X —XV1-X? _ 47k

. X 7.53
32 3 Imn (X)), (7.53)
where
2GM  2m
= 2 — ==, 7.54
X=RVA=X 2Z = 7 (7.54)

and the function f(X) is defined by (7.53). We see from (7.37) that for normal stars such as
the Sun

X« 1. (7.55)

This allows us to find a good approximation for f(X). Putting X = sin @ it is straightforward to
check that up to the relevant order

X3 3x°
O=sin ' X=X+"+"—, X<«
sin +6+40’ <
and
3 3m
X=1+—X*4+. . =14=—4---. 7.56
f(X) RN t3r T (7.56)

We can now check our claim that the difference between M, defined in (7.48), and the
preassembly mass (or bare mass) M, is, in the Newtonian limit, equal to the gravitational
binding energy. Working in the regime of constant p and » the preassembly mass becomes,
from (7.52), with n=p,

4mpR3
3

My = mnB = f(X) =Mf(X)

where M is given by (7.48), so

My—-M=M[f(x)—1]==— (7.57)
which is the gravitational binding energy in the Newtonian approximation (see
Problem 7.2).

We now need to justify the manoeuvre above, of defining the preassembly mass in terms
of n(r) rather than p(r). We turn to the more general case of a compressible material and
define
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M(r) = J4nr'2p(r’) dr, (7.58)
0

the mass contained within a sphere of radius 7. It follows from this equation that

dM (r) = 4xr*p(r) dr. (7.59)
We may then write (7.48) as
R
M = J47rr2p(r) dr
0
R 12
= J47rr2 ll - (l _%z(r)) ‘|P(I’) dr
0
R
26M(r)\ 2

+ J47Z'}’2 <1 — I’CZ( )> p(r) dr. (760)

0

Let us write the relation between p(r), the mass density, and n(r), the baryon number
density, as

p(r) =n(r) (mN + 0—82), (7.61)

where ¢ is the specific internal energy (thermal, compressional, etc.) per particle. Using a
binomial approximation on the first term in (7.60) and substituting (7.61) into the second

term gives
GM 26M(r)\
M =~ J47rr27(r)p(r) dr+J4m’2(l _rcz(r)) my n(r) dr
1 26M(r)\ 2
+(:2J47rr2<1 R > e n(r)dr
GM U
_ J rcz(r) dM + My + 5, (7.62)

where (7.59) and (7.51) have been used in the last step and

26M(r)\ 2
U= J47rr2 (1 - $> en(r)dr (7.63)
rc
is the internal energy of the stellar material. Defining
GM
Eo :j ") (7.64)
r

as the gravitational binding energy we may write (7.62) in the form



241

7.2 Energy density and binding energy

Es U
Mo = Mo +c—§ +5. (7.65)

This is the Post-Newtonian (PN) approximation to the expression for the mass of a star, since
the gravitational binding energy (7.64) becomes, in the Newtonian approximation of
constant density, equal to (7.57) — and (7.65) represents an improvement on this.

We shall show finally that the relations above imply that entropy is conserved in this
hydrodynamic flow. We begin with the energy-momentum tensor (7.8), which obeys the
covariant conservation law 7*".,= 0, hence

Ty = [(p+§)uv] Uy T+ (p+§>uvuﬂ%v+l7,vguv =0,

or

VA p v 1 _
|:(p+c_2)u j|;vuﬂ + |:(p+c_2)1/lv u/u :| +c_2pn“ - 0 (766)
Now define, for any tensor 7"

T = Tm..:,,u u”. (767)

This is a ‘generalised’ time derivative, which reduces to g, the comoving frame. Then
T
v -
U, 1" =i, hence

JAW py. 1
[(ﬂ‘i‘g)u};vuﬂ“‘<p+cﬁ)“ﬂ+cﬁp,#—0a
or

p‘y [(p + c%) uv] ;vuﬂ

w, = — - 7.68
o pl+p p+5h (7.65)
Multiply this equation by «, and recall that since v u, = 1, it, u*=0; then
1. P\
ar=[(+3) vl
= (p+£2) '+ (p+%) Uy
c“/ C
1 P\
=gbrit(pr ) (7.69)
or
=B o
c

We may express this in a different way: remove the brackets above and put, as in (7.67),
p=pyut,

then
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1
puv;v +p;vuv = C—ZP uv;va

1
(") + 1ty = 0. (7.71)

This equation, derived from the covariant conservation of the energy-momentum tensor, is,
however, not a continuity equation. A continuity equation is of the form

(nu*),, =0, (7.72)

which indeed we may write if » is identified with baryon number density. Consider, then, a
gas of N particles, occupying a volume ¥, so

~| =

n=

The connection between the (mass) density p, baryon number density » and pressure p
follows from the equation of state

p=rpp)

and the definition of pressure

_ d(energy/baryon) B ,d(p/n) 5, 0,
P~ Td(volume/baryon) < d(i/n) " an 7

or

P+ =nt. (7.73)

The first law of thermodynamics gives the entropy change dS of a gas as
TdS =dU +pdV. (7.74)

If the gas contains N particles then the specific entropy ¢ and specific internal energy ¢ are
given by

S =No, U=N¢
and (7.74) gives
1
Tdo =de —&—pd(;). (7.75)
Now from (7.69) and (7.61)

b= | (s grre 5|

& 1 1 P
. 7 7
mnE + 2 (nu# )W 4 = ne ' + = P+ =2 W,

1. 1. p
:C—Zne—i—c—zp—i—c—zu”;,,,
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where (7.72) has been used. Hence
pu', +né = 0. (7.76)
Equation (7.72), however, implies

1y — [ T -
(nu),, = n ' +nuy = n+nut, =0,

hence
uty, = -2 (1.77)
n
Substituting this in (7.76) gives
—pE + ne =0,
n
hence
| A
p(;) +é=0, (7.78)

which is equivalent to (7.75), and shows that the entropy is constant.

7.3 Degenerate stars: white dwarfs and neutron stars
|

As mentioned above, stars are configurations of matter in equilibrium under the action of
two forces; gravity pulling inwards and some other force in counterbalance. In ‘normal’ stars
the counterbalancing force is provided by the thermal pressure of the stellar gas, but in
degenerate stars it is provided by the Fermi pressure of either electrons or neutrons. It is this
second case which is of principal interest in this section, but it is instructive to begin with
some remarks about ‘normal’ stars, in a simple Newtonian approximation.

Consider a spherical, non-rotating star, of mass density p(r), and consider within it a
spherical shell a distance  from the centre, and thickness dr. An area A of this shell has mass
pA dr and experiences a gravitational force

GM (r)

dF = 2=

p(r)Adr,
where M(r) is given by (7.58) — the mass of material inside the spherical shell. This force

must be balanced by a pressure p(r) such that dF' = 4 dp, and hence

d, r
d—‘r’ - Gﬁfz( )p(r). (7.79)

In the case of constant density p = const, M(r)=(4x/3)pr * and the pressure gradient is

dp  4rm_,
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whose solution is

2r
p=po—=5Gpr,
where po=p(0), the pressure at the centre. The stellar radius R may be defined as the
(minimum) value of » for which p(»)=0, giving
27

Po=75 Gp°R*. (7.81)

Then
po 2 » GM _m

pc 32 PT TR TR

(7.82)
GM . .
where m :c_2 is the Schwarzschild radius of the star.
A ‘normal’ star may be considered to be a gas of protons and neutrons, each of mass my. A
volume ¥ of N such particles obeys the ideal gas law pV'= NkT (where k is Boltzmann’s

. Nmn
constant), so since p= o we have

p kT
pc2 mne’

At the centre of the Sun 7'=1.6 X 10" K, so, expressing both numerator and denominator in
MeV,

kKT 1.6x107 x 8.6 x 10 !
N 939

On the other hand, for the Sun

=15x10 6.

ms 1.47 x 103

ms AT k106
2Rs 2% 696 x 10° o

s0 (7.82), which is only an order-of-magnitude estimate, holds up well.

We now turn to the case of degenerate stars. As mentioned in the introductory section of
this chapter, stars get their energy from nuclear fusion reactions, but when the stellar interior
becomes dominated by iron the fusion reactions no longer produce photons, the temperature
drops and the star begins to collapse. The question then arises: is there any other equilibrium
configuration possible? The answer is yes: as the star collapses the electrons are squeezed
together. In one dimension a particle confined to a region d has a momentum p ~ #/d. If the
particles are bosons any number of them may occupy the same state, but if they are fermions
with spin 4, a maximum of two may occupy a given state, so if N electrons are confined to a
volume V¥ the momentum states become filled up to the Fermi level pg . As an order of
magnitude estimate, we have n = N/ particles per unit volume, so one particle occupies a
volume 1/n=d” and the Fermi momentum is

h
prvE:hn'/3 = n~ pg . (7.83)
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The electron becomes a degenerate gas, whose pressure may — or may not — be able to
withstand the gravitational inward pressure of the star. Thus quantum considerations, in the
shape of degenerate matter, offer the possibility of new types of objects in the sky.

Let us first make a more precise reckoning than the order-of-magnitude estimate (7.83). It
is well known from elementary quantum theory that for a particle confined to a cubic box
with sides of length L, periodic boundary conditions mean that the wave numbers k,, k, and
k, are integral multiples of (2z/L):

k., = 2—7[ I, k= 2—” m, k, = 2_7r n,
L L L

with /, m and n integers. Hence the possible states in k-space are given by the corners of
cubes with /, m, n=1, 2, 3, 4 and so on, and to each state there correspond two electrons
(with spin up and spin down along some axis). It might help to visualise this by displacing
the cubes by (#/L) in each of the x, y and z directions so that the points corresponding to
possible quantum states are at the centres of cubes. There are then two electrons per cube,
each cube being of volume (27/L)*. The electrons then occupy all states up to kg; these states
are contained within a sphere of radius 4 and therefore volume (47/3)ks>. The number of
electrons (which must be an integer!) is, nevertheless, to an excellent approximation
47 3 L 3 kF3 3 kF3
N:Zx?xkF X (2”) :ﬁL =37

and the number per unit volume (at the rate of two per cube of volume ¥'=L") is

N ke?
F=n= 3% (7.84)
With pg =ik this gives
1 3
n= WPF ) (7.85)
or
pr = (322" '3, (7.86)
as expected in (7.83). We may write (7.85) as
PF
—IJZd—l 3 (7.87)
n—ﬂ2h3 p p_3n_2h3pF . .

This is the number of electrons per unit volume. To find the energy density of the electron
gas we must include in this integral the (kinetic) energy of each electron, which is

T = (m*c* +p262)1/2 —mc. (7.88)

In the non relativistic limit p << mc this becomes
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20\ 1/2 2
— 2 p 4
T =mc (1+m2c2) —mc o’

giving an energy density

PF

1 A 1
=— dp=——pF°. 7.89
T o Jp ’ 10m7r2h3pF (7.89)
0
On substituting for pr from (7.87) this gives
e= 3 (372)*3 h—2 n**  (non-rel) (7.90)
10 Me ' '

Here the mass is explicitly shown as the electron mass m,; since it is much smaller than the
nucleon mass the electron will make by far the bigger contribution to the energy density of a
degenerate gas.

In the opposite case, of the ultra-relativistic limit p > mc the kinetic energy (7.88)
becomes

giving an energy density

l 2 c 4
e = —77;2}13 Jp - pc dp = 4—77:2}131)137
0

which, on substituting for pr from (7.87), gives

3
e — 4_1(3 )3 (ch) n*?  (ultra-rel). (7.91)

The pressure of the gas is given by (7.73), with pc? — e:

0
p= nf _ e, (7.92)
on
from which it is straightforward to find the following expressions in the non-relativistic and

ultra-relativistic limits:

_2.-1 (32)*3 LS n**  (non-rel) (7.93)
P=3 5 Me ’ '
LRI P NV 4/3
p=ze=g 37°) " (ch)n (ultra-rel). (7.94)

There is another way of characterising these (non-relativistic and ultra-relativistic) limits.
The mass density of a star is



247

7.3 Degenerate stars: white dwarfs and neutron stars

p = nmg, (7.95)

where 7 is, as above, the number density of electrons, my is the nucleon mass and y is the
number of nucleons per electron — an average taken throughout the star. For stars that have
used up their hydrogen u ~ 2. As the star collapses p increases and the electrons are forced
closer together. When the distance between electrons approaches their Compton wavelength
h/mec we may define a critical density pe:

HMN _ WIMN 3 3

pc NT—TW%C (796)
For a precise definition let us incorporate a factor 37° and define
_ HMN 3 3
Pec = WWISC . (797)
From (7.85) and (7.95) this definition corresponds to
P = P¢ < PF = mec. (7.98)

The non-relativistic limit prp << mec is therefore p < p,, and the ultra-relativistic limit is
p > p.. What is the value of p.? Working in SI units,

1710 T x2x (9.11)° x 10 % x 27 x 10%

Pe = 372 x (1.05)° x 10 102
=2.03x10°kgm 3

~ 2 x 10° x density of water. (7.99)

Now let us calculate the ratio of central pressure to energy density, in this case of a star
composed of a degenerate electron gas. From (7.95) and (7.97) we have

n= (5)3”:;;33 (7.100)
and hence, with a bit of algebra, it follows from (7.93) that in the non-relativistic limit
» me (p 2/3
p <L p.: p_02 = S (p—) (non-rel) (7.101)
and that in the ultra-relativistic limit, using (7.94),
p _ me (p\'*
p>p.: 0Z  dma (ﬂ_c) (ultra-rel). (7.102)

We may convert these expressions (for the ratio of electron Fermi pressure to mass density)
of the star into ones involving the stellar mass M. From (7.82),
p GM m
S == 7.103
pct  2Rc2 2R’ ( )

where m is the Schwarzschild radius of the star (not a mass!). For a star of constant density



248

Gravitational collapse and black holes

o 3\
- \dmp)

hence
m_ GM*P (4n 1/3,)1/3
R c2 3
and
3\ &3 1/, (mN3/2
() == /2(—) . 7.104
M <47r) ar” \R (7.104)
Now insert (7.103) into (7.104) and find, in the two cases corresponding to (7.101) and
(7.102),
182\ 72 7enN32 1 P 1/2
P M=|— — — 7.105
I N0
9r\'/? (eh\? 1
s M= =) . 7.106
e - () (2 =

It is noteworthy that this latter expression is a unique mass, dependent only on constants of
nature and u. In particular it depends on the nucleon mass my but not on the electron mass,
even though it is the electron Fermi pressure which is withstanding the gravitational inward
pressure.

From dimensional considerations it is clear from (7.106) that the quantity (ci/G)” is a
mass; it generally goes by the name of the Planck mass:

1/2
mpy = (%) —2.17 x 10 Ske. (7.107)

The crucial ingredient in the formulae above is, in numerical terms,

(ch>3/2 1 mp? 30
— ) —=—-=3.66 x 10" kg = 1.84 M. (7.108)
G mN2 mN2
It is then clear that the mass of an object which is held in equilibrium by a balancing of the
gravitational force with the Fermi pressure of degenerate electrons is of the order of the solar
mass.

As well as deriving formulae for the mass it is straightforward, though slightly messy, also
to derive expressions for the radius of degenerate stars. In the case p < p,. the balancing of
gravitational and degeneracy pressures gives, from (7.81) and (7.93)

2
2 Gp*R? = ! (37%)*3 <h> n’h3. (7.109)
3 5 Me

4
Since M = ?7[ R} , it follows that
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3 1/3
R= (E) M'Bp 13 (7.110)

3\ /3
oR = = M1/3p2/3.
4

Substituting this, together with (7.95), into the left hand side of (7.109) gives

m\1/3 2/3 4/3 4/37(37[2)2/3 K 5/3
(6) GM ()2 = === s

and hence

from which
125 4 ame
n=g50M (umn) o
and hence
125 me>
p = pmnn = WG3M2(,umN)5 hz .
Substituting this into (7.110) gives
8122\ 1 e
R= (2] =M '/ 53 111
(250) GM ) 71

and, finally, substituting for M from (7.105) gives

92\ /)3 1/2 1 P 1/6
R=|— — — . 7.112
() (&) e () a1

In numerical terms this gives, taking 4 =2,

1/6
p < pe: R:4.2><106<pp> m. (7.113)
C
This is of the same order of magnitude as the radius of the Earth, which is 6.4 x 10° m. (Note
the only slight dependence on p: if p/p.=0.1, (p/p.) "~ 1.47))
On the other hand, in the relativistic case p > p., Equations (7.111) and (7.106) yield

6 m 12 (PN 1
R=—(= — . 7.114
5 (2) (cG) MmN, ( )

In numerical terms, again with 4 =2, we find
p>p.: R=38x10m, (7.115)

a unique radius, which is actually very close in value to the non-relativistic case (7.113).
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Numerical estimates for the mass are easily obtained from (7.105) and (7.106) which,
with (7.108) give (with 4 =2)

1/2
p < pe MzOS%f) Ms, (7.116)

C

p>>pe M =043Ms. (7.117)

This reasoning indicates that there is a maximum mass, above which an object held in
equilibrium by the balancing of gravity with the electron Fermi pressure becomes unstable.
The actual values found above assume a constant density throughout the star. A more precise
estimate yields a value of 1.44Msg, called the Chandrasekhar limit.® Objects with these
properties have been known for some time, and are white dwarfs — they typically have a
mass similar to the Sun’s and a radius similar to the Earth’s. No white dwarf has been
discovered with a mass exceeding the Chandrasekhar limit. Sirius B, for example, is quoted
as having a mass of 1.05Ms and a radius of 5.5 x 10°m.’

Collapsing stars with a larger mass than the Chandrasekhar limit will therefore possess no
white dwarf equilibrium state, so collapse will continue. As it does so, however, the electron
energy increases and eventually the electrons in the star will react with protons

e +p—n+ve

to produce neutrons and electron neutrinos. The neutrinos, having an extremely weak
interaction with matter, will escape from the star, which then simply becomes a collection
of neutrons — a neutron star. Collapse then proceeds unimpeded by the electrons, as layer
upon layer of the stellar material hurtles towards the centre. Neutrons, however, are also
fermions and there will come a point at which neutron Fermi pressure will (successfully or
not) resist the inward gravitational pull. If a neutron star is formed its radius is easy to
calculate: since neutrons, and not electrons, are exerting a Fermi pressure, simply replace m,,
by my in (7.112) and (7.114) (and put x=1), giving, in place of (7.115), a radius of about
4 km (!). The material of a collapsing star, raining down on this core, will be thrown back on
impact, resulting in a supernova explosion. The earliest such explosion known is the famous
Chinese observation in AD 1054 of an event in the Crab Nebula; it was so bright that it was
visible in the day sky for about three weeks. Because of their small size neutron stars can
rotate very fast, and it is now widely believed that pulsars are rotating neutron stars. A pulsar
has indeed been found at the centre of the Crab Nebula and in fact many pulsars are now
known. The calculation of the mass of a neutron star is more complicated than the method
shown above. As well as non-linear effects in the TOV equation, there are also problems
arising because the nuclear physics required is not well understood, but a recent estimate of
the maximum mass quotes the value 6.7Ms.'® In this context a most interesting object is PSR
1913+16, the Hulse—Taylor binary pulsar. It consists of two neutron stars in orbit round each
other, and details of this system are now known with amazing accuracy: for example the

8 Chandrasekhar (1931a, b).
° By Carroll & Ostlie (1996), p. 578.
1% Hartle (1978); see also Hartle (2003), p. 536.
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masses of the neutron stars are M; =(1.4410+0.0005)Mg and M,=(1.3874=0.0005)Ms.
But perhaps the most interesting feature of this binary system is the slow down in its rotation
rate, since this is attributed to a loss of energy through gravitational radiation. This topic will
be treated in Chapter 9.

Very heavy collapsing stars will, following the logic above, have no equilibrium. There
will then be a state of continued collapse, in particular into a size smaller than the
Schwarzschild radius 2m. This is a black hole, on whose study we now embark.

7.4 Schwarzschild orbits: Eddington-Finkelstein

coordinates
1

The extraordinary physics of black holes has its origin in the highly unexpected properties
of the surface »=2m in the Schwarzschild solution. Let us first note that this really is a
(2-dimensional) surface. In general one constraint (»=2m) in the parameters of a 4-dimensional
space (space-time) will leave a 3-dimensional manifold, or ‘hypersurface’. But putting »=2m in
the line element (5.36) causes g to vanish, so the time dimension collapses and we are actually
left with a 2-dimensional ‘surface’. It is in fact a null surface, as we shall see below.

We saw in Section 5.12 that the radial fall of a particle from »>2m to decreasing values of
r takes an infinite time, measured in the Schwarzschild time coordinate ¢, to reach r=2m;
though it only takes a finite proper time. This seems to indicate that to explore the situation
further, and in particular to understand the region »<2m we must consider alternative
coordinate systems. Let us never forget that the whole spirit of General Relativity is that
coordinate systems themselves have no direct relevance: the physics we are trying to
understand is independent of any coordinate system. The coordinate transformation intro-
duced by Eddington and Finkelstein is a significant advance in understanding the peculiar-
ities of the surface r=2m.

The most straightforward way to approach this transformation is to consider radial null
geodesics in Schwarzschild space-time given by the metric (5.60)

2 2m\ !
ds? = — (1 - —’") Ade + (1 - —m) dr? + 2(d6? + sin*0 d¢?). (7.118)
r r
. dt
For these geodesics ds*=0 and # and ¢ are both constant so we have (f = P etc.)
2 , 2m\
0:—<1——’”)c2t2+<1——’") 2 (7.119)
r r
We have in addition, for radial motion, Equation (5.57),
2m\ .
(1 - —m>t = b = const. (7.120)
r

Substituting (7.120) into (7.119) gives i = b?, so
F— +cb. (7.121)
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Incoming

Outgoing

Incoming and outgoing light rays in a Schwarzschild field.

The last two equations imply that

dr 7 r—2m
—=-=4 7.122
dt ¢ T ( )
which can be integrated to give
ct = £(r+2mln|r — 2m|) + const. (7.123)

The + sign refers to outgoing, and the  sign to incoming, rays, and these rays are sketched
in Fig. 7.1. Note that for outgoing rays, if > 2m, r increases as ¢ increases, but when »<2m
(that is, inside the surface r=2m), r increases while ¢ decreases. Similar and opposite
remarks apply to incoming rays: for them, when »>2m, r decreases while ¢ increases, but
in the region »<2m, r and ¢ decrease (or increase) together. In both cases the singular
behaviour of the rays at »=2m is evident. In fact from the metric (7.118) we see that the
signature inside the Schwarzschild surface is

r<2m:+—++,
in contrast with that outside
r>2m: —+++.

As r crosses from >2m to <2m, it changes from being a spacelike parameter to a timelike

one; and the time 7 makes the opposite change, from timelike to spacelike. Hence, as in the

world outside the Schwarzschild surface time inevitably increases (it cannot be made to run

backwards), so inside the Schwarzschild surface it is » which will inevitably decrease.
Now let us introduce a new time coordinate

t:tiz—mln‘L—l’, r=r, (7.124)
c 2m
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so that

1 2
de =de + - m

cCr—im

dr.

Taking the upper (+) sign above, the line element (7.118) becomes
2 2 4
ds?> = — (1 - Tm> Ade*+ (1 + Tm> dr* + Tmcdtdr + 2 dQ?. (7.125)

This is the Eddington—Finkelstein form of the metric.'' Note that g, the coefficient of d?,
is regular at »=2m, so the introduction of ¢ in effect extends the range of the radial
coordinate in the Schwarzschild solution from 2m<r<oo in (7.118) to 0<r<oo in
(7.125). Now let us consider radial null geodesics in advanced Eddington—Finkelstein
coordinates. From (7.125) we have

2 2 4
0= —(1 ——m>czdt2 + (1 +—m)dr2 —i——mcdtdr,
r r r

from which

ldr | or r—2m
cdt r—+2m

(7.126)

These equations, giving the gradients of the light cones, are sketched in Fig. 7.2. It is seen
that light rays coming in from > 2m will cross the surface »=2m smoothly and reach r=0.

axii X

ct r=2m

Light cones and light rays obeying (7.126) a black hole.

"' Eddington (1924), Finkelstein (1958).
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lr7z 2

om

ct

r=2m

Light cones and light rays obeying (7.127) a white hole.

Outgoing rays, originating from »>2m, will eventually reach r= oo, the light cones tilting
progressively towards their Minkowski value as » — oo. Rays originating from »<2m,
however, will never escape to the region r>2m: they all eventually reach »=0. Thus the
surface r=2m acts as a one way membrane: light may cross it going in but not coming out. A
similar conclusion holds also for particles: since they travel along geodesics inside the light
cone, they may cross the Schwarzschild surface from »>2m to » <2m but once inside they
may not leave. Consequently an observer outside this surface will never be able to detect
light signals or particles originating inside it. To an outside observer the Schwarzschild
surface is in effect a boundary of space-time. It is an event horizon, such that timelike or null
geodesics from events inside it will never reach the outside. An object with such an event
horizon is a black hole.

These conclusions were reached taking the + sign in (7.124). Now consider what happens
when we take the  sign. The sign of the d¢ dr term in (7.125) is changed so null geodesics

(7.126) become
1dr r—2m
-——=1 — . A2

cdt o (r + Zm) (7.127)

These rays are sketched in Fig. 7.3, and we see that light can pass through the surface r=2m
from inside to outside but not vice versa; and, as before, a similar conclusion holds for
particles. Particles and light rays approaching from »= oo are prevented from entering the
region, so to an observer inside the Schwarzschild surface, this surface is an event horizon,
which it is not to an observer outside. An object of this type is called a white hole. This is, in
an obvious sense, a time-reversed black hole (Fig. 7.3 upside down looks like Fig. 7.2.) It
seems likely that black holes exist in nature, but unlikely that white holes do. This might be
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thought strange, in view of the fact that Einstein’s field equations are invariant under time
reversal. On the other hand, the wave equations of Maxwell’s electrodynamics are invariant
under time reversal, but nature seems only to make use of the retarded potential solutions,
not the advanced potential ones.

We may conclude that the Eddington—Finkelstein coordinates give us a fuller under-
standing of the Schwarzschild solution. The advanced and retarded time parameters give
two differing versions of the space-time geometry of this solution. A further development,
however, took place when the coordinates introduced by Kruskal and Szekeres were able to
display both of these geometries — and two more also — in one diagram. This is the subject of
the next section.

7.5 Kruskal-Szekeres coordinates
|

Instead of the coordinate ¢ introduced in (7.124) above, let us now introduce the (closely
related) advanced time coordinate v by

cv:ct+r+2mln(2Lfl>, (7.128)
m

then

7

dv=ditt dr=dt — dr'. (7.129)
C

r—2m
From the Schwarzschild metric (7.118) we see that for radial photons

1 r

cr—2m

dt =

dr = —dr*,

so df” is the (Schwarzschild coordinate) time for a radial (incoming) photon to travel a
distance dr. Then, from (7.118)

1
ds? = (1 2—'”)c2dﬁ+ (1 2—”’> dr? + 2 dQ?
r r

2m r 2 2m\ ! 5 3 1
=—|1-— [cdv— dr}—l— 1—— ) drf 4+ dQ7,
r r—12m r

or
2 2m\ 5. 2 102
ds ——<1 ——>c dv® 4 2¢dvdr + - dQ°. (7.130)
r

This line element is not invariant under v — v, which corresponds to t = ¢ and the
substitution of inward-travelling rays by outward-travelling ones. Corresponding to this
time reversal we find another section of the Schwarzschild solution. Introduce the retarded
time coordinate u by
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u=t-r* v=t+r*
A «
N 7
\|/
d
7 N
7 N\
7 N
7 A
N,
7 N
7 A
7 N
7 N
7/ N
*
- -r
7/ N
7 N
Outgoing Ingoing
ray ray

Advanced (v) and retarded (uv) null coordinates with ingoing (v = constant) and outgoing (u =
constant) light rays.

-
cu:ct—r—Zmln(%—l)7 (7.131)
so that
r
(v — u) :2r—|—4mln(g— 1). (7.132)
Replacing (7.130) we have
ds? = —(1 —27m>czdu2 —2cdudr + * dQ2. (7.133)

Writing the relations (7.128) and (7.131) as
u=t—r-, v=t+r, (7.134)

the ingoing and outgoing light rays have the equations v = const and u = const respectively,
as shown in Fig. 7.4, and u and v are therefore null coordinates. 1t is straightforward to see
that

1 1
dudv=¢? (dt+— . dr) (dt—— z dr)
cr—2m cr—2m

2
=c*dr — (1 —2—m> dr
r
1
02(1 2m>dudv <l 2m>czdt2 — <1 Zm) dr?
r r r

and the Schwarzschild metric is, in null coordinates

so that

ds® = —02(1 —sz)dudv—Frdez. (7.135)
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Now instead of u and v let us introduce the coordinates

7= 1/2(ecv/4m +e cu/4m)7 W= 1/2(ecv/4m —e cu/4m).

On substituting (7.128) and (7.131) we find

z= (ﬁ - 1) 1/Ze’/“"’ cosh(ct/4m),
w= (ﬁ - 1) 1/26:"/4”’ sinh(ct/4m).
Clearly,
2= (L),
g — tanh(ct/4m) = ::ij

and after some algebra it follows that
t . t
dz = acosh (:—m) dr + Bsinh (:—m) cdt,

ct

dw = asinh (%) dr + Bcosh (E) cdr,

where
2
2 _ r r/2m 2 _ (}"— zm) r/2m
C = im0 P T e
Then
d? —dw? = o di? — p*P dr%;
hence

32m? -2
2. 2m(dz? — dw?) = T g2 T 2gp

r r—2m r

and the Schwarzschild line element is

3
ds? = 32 1 (g2 dw?) 4 2z, w) Q2.

7

(7.136)

(7.137)

(7.138)

(7.139)

(7.140)

(7.141)

(7.142)

(7.143)

(7.144)

This is the Schwarzschild metric in Kruskal-Szekeres (or simply Kruskal) coordinates.'?

Restricted to radial motion (6, ¢ constant) the line element is

12 Kruskal (1960), Szekeres (1960).
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w
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singularity Z \
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(a) Kruskal diagram with regions I, 11, Il and IV marked; (b) incoming (r increases, t increases) and
outgoing (r decreases, t increases) light rays in the Kruskal diagram.

3
32m e r/2m

ds* = (dz? — dw?), (7.145)

r
which is conformally flat in the zw plane (i.e. an overall factor multiplied by the pseudo-
Euclidean line element). Null radial geodesics ds® =0 have the equations dz =+ dw — straight
lines in the zw plane. This plane is shown in Fig. 7.5. The connection between z, w on the one
hand and 7, ¢ on the other is given by Equations (7.139) and (7.140).

The Kruskal diagram has four sections, marked I, IL, III, IV in Fig. 7.5. Region I represents
the exterior > 2m of the Schwarzschild metric. It is bounded by z=4w, z> 0, i.e. by »=2m,
t=+00. The z axis is = 0. The light cones are displayed, and one can see for example that a
timelike geodesic could start on the z axis and cross the line » = 2m from region I into region
II. The Eddington—Finkelstein coordinates cover both of these regions. The geodesic ends
on r =0, a genuine singularity.

From the structure of the light cones one can see that starting from region I one can enter
region II, but not regions I1I or IV. Once < 2m, in region 11, all null and timelike geodesics
eventually reach » = 0; that is, r inevitably decreases — it plays a role like time in region
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I (except that time inevitably increases!). Region Il is a black hole: everything can go in,
nothing can come out.

Our world (region I) cannot influence region III but it can be influenced by it: outgoing
light rays can travel from III to I. In fact, all light rays and material objects (following
timelike geodesics) eventually leave region III but nothing can enter it — it is a white hole.
Region III is remote from us: nothing happening there can be influenced by or have an
influence on anything in region L.

The Kruskal diagram makes evident the time inversion symmetry of the Schwarzschild
solution (deriving, of course, from that of the Einstein field equations). In a white hole, time
goes ‘backwards’ and gravity is repulsive rather than attractive. Nature does not make use of
this; so perhaps the space-time represented by the whole Kruskal diagram does not corre-
spond to anything in nature. One example of such a possibility, suggested by the diagram, is
the Einstein—Rosen bridge and the phenomenon of ‘wormholes’.

7.6 Einstein-Rosen bridge and wormholes
|

In Kruskal-Szekeres coordinates we are considering a 4-dimensional space-time with
coordinates z, w, 6 and ¢, and line element (7.144). Let us take the time-slice (spacelike
hypersurface) corresponding to w= 0 (which, from (7.138) is also #=0) and at the same time
put 8= n/2 (the equator of a 2-sphere). Then
32m?
ds? =22 r/2m g2 4 42 4g? = (%) dr? 4 2 de. (7.146)
r—2m

7

This is the metric on a (2-dimensional) surface which is a paraboloid of revolution, got by
2

rotating the parabola y:82—+ 2m about the z axis. This is shown in Fig. 7.6. Putting y — r
m

we have

A paraboloid of revolution about the vertical axis, representing a Schwarzschild throat, or
wormbhole, or Einstein Rosen bridge.
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V4

w=0 W=xW,

A paraboloid of revolution at w =0 has evolved from, and becomes, at w = xw,, two separated
space-times.

hence on the paraboloid surface

B 2m )
dz? = <r—2m)dr .

Taking a flat 3-dimensional space with cylindrical coordinates r, ¢, z and metric
ds? = dr? + * d¢? + d2?,

then on the paraboloid surface in this space

2
ds? :dr2(1 + e ) + 7 d¢? = ( d )d72+r2d¢2,
r—2m r—2m

as in (7.146) above. Note that the flat 3-dimensional space into which this surface is
embedded is not physical 3-dimensional space. Note also that one space dimension is
suppressed in (7.146) so the diagram in Fig. 7.6 is not a ‘picture’ of the construction in
any obvious sense, but only a representation of it.

This construction is called the ‘Einstein—Rosen bridge’, or Schwarzschild throat, or
wormhole.'? It is obtained by taking the spacelike hypersurface w=0, i.e. passing from
z>0 to z<0 , from region I to region III in the Kruskal diagram. On taking a different
hypersurface w== wy, such that the passage from I to III passes through II or IV and
encounters the singularity =0, the paraboloids of revolution above are replaced by surfaces
of revolution which are qualitatively different, and are shown in Fig. 7.7. In the second
diagram here the two space-times are not connected. Hence the complete Kruskal diagram
corresponds to an evolutionary, time-dependent, picture: as w (a timelike coordinate)
evolves from oo to 0, and then to +oo, the two space-times, originally separate, become
joined and then separate again. Hence the wormhole only lasts for a finite time — actually, a
rather short time. It is initially surprising that the Kruskal extension of the Schwarzschild
solution actually converts a static solution into a non-static one. This is because in regions
I and III the parameter z is spacelike, but in II and IV it becomes timelike so a solution
containing regions I and II is bound to feature time evolution. The germ of these observa-
tions was already contained in a remark in Finkelstein’s paper (1958), about the lack of time
reversal symmetry in a supposedly ‘static’ solution.

13 Einstein & Rosen (1933).
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7.7 Conformal treatment of infinity: Penrose diagrams
|

The technique of performing conformal transformations, or rescalings, of the metric gives a
way of adjoining the ‘points at infinity’ in a space into the finite region. This means that the
whole of the (infinite) manifold of space-time may be represented on a finite diagram. The
resulting diagrams, known as Penrose diagrams, afford an elegant way of studying particular
solutions, for example, the Kruskal diagram, as well as giving an insight into the causal
structure of space-time. Let us begin by considering Minkowski space-time.

The metric for Minkowski space-time in spherical polar coordinates

ds? = -2 d? + dr? + r*(d6? + sin®0 d¢?)
may be re-expressed in null coordinates (advanced and retarded time coordinates)
u=ct—r, v=ct+r. (7.147)
Since du dv=c*df*  dr* we have

d3® = —dudv + % (u —v)*(d6 + sin*0 d¢?). (7.148)

Now introduce the conformal factor

= .14
(1 4+u?)(1 4+12) (7.149)
to give a rescaled metric
_ dudv 1 (u—v)* .
ds? = Q?ds* = — - de? 29d¢?).  (7.150
s (1+u2)(1+v2)+4(1+u2)(1+v2)( +sin"0de7). - ( )
Introduce the new coordinates
u=tanp, v=tang (7.151)
so that
(u— V)2 )
()1 @) S =a)
and (7.150) becomes
ds?> = —dpdg + %Sinz(p — ¢)[d6* + sin*9d¢?], (7.152)

with

—n<p, q<m. (7.153)
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This is the conformally rescaled metric of Minkowski space in null coordinates.'* The first
term (dp dgq) has the same form as the term du dv in the usual Minkowski metric (7.148) but
it covers only a compact region. Let us put (cf. (7.147))

p=cl—R, g=cT+R (7.154)

In terms of the coordinates r, t we may represent the different types of infinity in Minkowski
space as in Fig. 7.8(a). The past and future light cones extend to past and future null infinity,
and in turn separate past and future timelike infinity on the one hand, and spacelike infinity
on the other. In terms of the coordinates R and 7, however, these infinities are now in the
finite domain, as shown in Fig. 7.8(b). Null future infinity and null past infinity are
represented by the lines 5" and J (pronounced scri plus and scri minus). Timelike future
and timelike past infinity are represented by the points i" and ¢ and the two points i’
represent spacelike infinity. In terms of the coordinates these lines and points are

it cT =,

i :cT =—nm,

igq=-p=n, R=m; p=—q=mn, R=—, (7.155)
It ecT+R=n,

J :¢cT+£R= —n.

In the compactification of the full 4-dimensional Minkowski space-time each point in the
diagram of Fig. 7.8 becomes a 2-sphere. Putting §=z/2 in (7.152) (so with only one
dimension suppressed), the compactified diagram becomes as shown in Fig. 7.9.

Let us now consider the Schwarzschild solution in Kruskal coordinates. We begin with
the metric (7.135)

ds? = —cz<1 — ZTM)dttd\/—!—r2 de?, (7.156)

where u and v are the retarded and advanced time coordinates (7.128) and (7.131). Now
introduce new coordinates U, V-

U= —4me “*" V= 4me"/*", (7.157)

so that

2—’”e AU dv = (1 - 2—’") dudv,
p

P
and the above metric becomes

2 2
ds? = = e P qudy 42 dQ2. (7.158)

r

' It should be noted that conformal rescalings of the type discussed here are to be distinguished from conformal
transformations on coordinates. These latter transformations may be combined with those of the Poincaré¢ group
to give an enlarged symmetry group under which some field theories (for example Maxwell’s electrodynamics)
are invariant. See for example Fulton ef al. (1962), Wess (1960).
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Future null
infinity

Timelike future infinit
N y Future null

infinity

& v
Spacelike< >Spacelike
infinity infinity
N N
Past null Past null

R ~ o
infinity Timelike past infinity infinity
(a)
T i+ Timelike future o
i~ : Timelike past «
0 : Spacelike
g+
L .
N
&

X
)
v 2
N )
N Null lines X=cT
N\
AN
v >
F* ¢ null future
p
F~ 1 null past e

(a) Infinities in Minkowski space-time: timelike past and future, null past and future, and
spacelike; (b) these infinities in the finite domain, in a compactified diagram.

The parameters u, v have the same range of values as in the Penrose diagram for Minkowski
space, Fig. 7.10, but this range is not shared by U and V-

u=-o00, U=-00 v=—00, V=0
u=20, U=—4m v=0, V =4m
u=o0, U=0 vV = 00, V=00

We see that oo < U < 0, whereas 0 < V' < oo, so the Penrose diagram becomes the one
shown in Fig. 7.10, which is not maximal. It may be extended by adding another diagram
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Null geodesic . .
Spacelike geodesic

Timelike geodesic

The Penrose diagram for the parameters u, v translated into one for U, V.

Penrose diagram for the Kruskal solution.

with U >0, V< 0, as in Fig. 7.11. The left half of this diagram differs from the right half by
time reversal, # — ¢ . The diagram then represents the Schwarzschild solution (in Kruskal
coordinates) over the wholerange 0o < U, V' < oo. Region Il is the time-reversed mirror of
region I. The horizontal zig-zag lines represent the singularity =0 in the past and the future.
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For an observer in region I all null rays U> 0 reach null future infinity J": the null ray U=0
(r=2m, t=+00) is the last (retarded) null ray to reach J*, hence the ray U=0 is an event
horizon for observers in region I. Similarly /"=0 is an event horizon for observers in region
II. The regions III and IV are therefore black holes for these observers.

Let us revert to some more physical considerations regarding black holes. The discussion
above was related to the (interior) Schwarzschild solution and therefore describes static
black holes (modulo the observations made about wormholes). Since real stars, however,
rotate, we must ask if there is a solution of the field equations which corresponds to a
rotating source. And indeed there is; it is the Kerr solution and will be discussed in the next
section. At the close of this section, however, it is perhaps appropriate to mention that there
is also a solution of the field equations describing a star with electric charge. This is actually
a solution of the field equations (5.24), with the energy-momentum tensor that of the
electromagnetic field: it therefore describes a (non-rotating) black hole carrying electric
charge and is known as the Reissner—Nordstrom solution.'® It has the form

2 2 ) 2\ !
d? = (1= )de+ (1= L) drt g2 de?, (7.159)
roor? PRI
with
GO? .
s g 7, O = electriccharge.
C

" 4re

This solution describes the gravitational effect of electric charge; an electrically charged
object (star) gives rise to an electromagnetic field, whose energy-momentum tensor con-
tributes, via Einstein’s field equations, to the curvature of space. The geometry of space-time
is therefore modified by electric charge, as expressed in the Reissner—Nordstrem solution.
As far as the real world is concerned, however, I think it is reasonable to take the view that,
so far as we know, this is a physically unrealistic situation. Stars are electrically neutral, so
while the Reissner—Nordstrem solution might be interesting as a mathematical exercise, it
probably does not have physical relevance. For the interested reader there are many good
accounts of this solution in the literature.

7.8 Rotating black holes: Kerr solution
|

We begin by introducing the Newman—Penrose null tetrad,'® which is of great use in
modern relativity theory and turns out to offer an approach to the Kerr solution. In R? the
three basis vectors are, in Cartesian coordinates,

e;=i=(1,0,0), e =j=1(0,1,0), es=k=(0,0,1),

'3 Reissner (1916), Nordstrom (1918).
16 Newman & Penrose (1962).
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respectively perpendicular to the planes x = const, y = const and z = const. Then the
components are i; = 1, j3 =0, etc. The metric tensor is d,,, and we have the relation

5mn = lmin +]m]n +km kna

as may easily be checked. To progress to Minkowski space-time the 3-vectors above are
upgraded to spacelike 4-vectors

i, =(0,1,0,0), j,=(0,0,1,0), k,=(0,0,0,1) (7.160)
and to them we add the timelike 4-vector
= (-1,0,0,0) (7.161)
so the Minkowski metric tensor may be written
Nyw = —Up y + By by + i Ju + K by = diag(=1,1,1, 1), (7.162)

consistent with our metric convention. We also have u“=(1, 0, 0, 0), i“=(0, 1, 0, 0), etc.,
giving

whu, =—1, i*i, =j"j, =k"k, =+1, (7.163)
ui, =u"j, =u"k, = 0. (7.164)

Then, due to the non-positive definite metric, we may construct two null vectors

. 1 )
by = %(uﬂ +iy), M= %(uﬂ — i), (7.165)
with inverses
) 1
Uy = \/2 (l,u + n,u) L, = % (ly - ny)~ (7166)
The following relations are easily checked:
i Lo i
¥n, :5(14 u, —"i,) =—1,

(7.167)

—

(u"u, +i"i,) =0, n*n,=0,

showing that we have indeed constructed two null vectors from two vectors (u, and i,,) of the
basis set (7.160), (7.161) — one of which is timelike and one spacelike. We now want to
construct two more null vectors, using combinations of j* and £, which are both spacelike.
To do this take the complex combinations

m#:%(jﬂJrikﬂ)’ mu:% Y (7.168a)

(with i=+/—1), with their inverses
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1 —i
= —(m" + m"), k' =—(m" — m"). 7.168b
P ),k = = ) (7.168b)
Then
mtm, = m" m, =0,m" m" =1, (7.169)

showing that n* and m* are indeed null (but not orthogonal). We also have the relations
mtl, =m*n, = m'l, = m"n, =0. (7.170)
Then choosing for the tetrad components (see Section 6.5)
ooy =10, Wqg=n, Woy=m' Wgz=nmn, (7.171)
we have the tangent space metric (or frame metric)
8@ @) = M@ hup), (7.172)
with components, for example,
goy0) =l =0, goyo) =gmo) ="m=~1, 8a)3) = 83y2) = m" my =1,

or

E@)p) = (7.173)

—_o O O
—_ o O

-1
0
0
0

S O = O

0

The world space metric is, from (7.162), (7.166), (7.168b),

1 1
g,uv = ’7‘uv = — E (lﬂ + n,u)(lv + nv) + E (l[u — n/,)(lv — I’lv)
1 1
+ 3 (my + my)(m, + m,) — 5 (m, — my)(m, — m,)

= _l,u ny, —ny L+ m, m, + my, my, (7174)
with the equivalent contravariant form
g =—=Fn —nll+m"m" 4+ m"m". (7.175)

The above equations apply to Minkowski space-time. Let us now, as the next step towards
the Kerr solution, find expressions for the tetrads /“, n*, m* and m* relevant to the
Schwarzschild metric in advanced Kruskal coordinates. This is, from (7.130),

2
—c2(1——m> c 0 0
r
v = C 0 0 0 s (7176)
0 0 0
0 0 0 r*sin’d

with the corresponding contravariant components
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1
0 — 0 0
1 02
- (1——’") 0 0
v C r
g = 1
0 0 e (1)
0 0 —
r2sin” 60

This is equivalent to the following null tetrad

" =(0,1,0,0) = o,,

1 i 1
mh — 0,0,1,.7 =——(0y +1cosecHo y
r\/Z( smﬁ) r\/Z( ’ d))
1

i 1
mh — 0,0,1,——— | = —— (09 —icosecOd,),
r\/z( smH) r\/Z( ’ ‘)

as may easily be checked: for example

g% = 20" +2m" m" =0,

= Pul =0 !+ O =,
2m

gl ==20"n" 4 2m'm' =1 -"=,
-

and so on, as in (7.177).

(7.177)

(7.178)

The key to finding the Kerr solution is, following Newman and Janis,'’ to make »

complex (with 7 its complex conjugate) and replace the tetrad above by

I =(0,1,0,0) = 4,

1 I m/l 1 1 1
[ [ — — | — - 00 :__av__Ma}”7
n C7 2+2<r+r>7 ’ > c 2
muL<0 0.1 L) ,L(a +icosecddy)
2\ sing) T 2 "
1 i 1
mt — 0,0,1,———] = —— (09 —icosech dy),
r\/Z( s1n9> r\/Z( ’ &
with
M=1-"-"
r r

(7.179)

(7.180)

(Note that /* and n* are still real, and m* and m* the complex conjugates of each other.)

Now perform the transformations

17 Newman & Janis (1965).
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ia

r=vr —%Clcose7 v=1v — 2 cos 0, (with#', V' real); (7.181)
then the tetrad becomes
llﬂ = (07 1707 0)7
1 1 mr’
n/,u: __7__+47070 )
( c 2 2 —s—‘(f—;cosz(? >
1 - ' - (7.182)
mt = {—l—asine,—l—asinﬁ, 1,.;},
(F +4cosh)v2 | ¢ ¢ sin ¢
1 ia ia
(S LN R N R
" (r —2cos 0) V2 [Csm e sm@]

(These equations follow quite straightforwardly from the usual formula

ox'

V/‘u — VV,

oxv

so for example
(V) (V) ia . 1
10 0 2
= =——sinf.— .
m 6(cv)m + o0 m Csm 2

The contravariant components of the metric tensor then follow from (7.175), with (7.182)
(and dropping the primes); for example

2 o 29
g = 20" +2m® m° = aamy ;1;1 ,
where we have defined
2
P = + L cos?0. (7.183)
c
We find
(a/c)’sin’0 4+ e 0 a
2 2 )
q
2 ’ 2/.2 2 2,2 ’
r+a’lt 4 dE—2mr 0 a
< _2
g P’ P | | (7.184)
0 0 = 0
p
_a_ _a_ 0 71
cp’ cp’ p?sin’0

The parameter a, introduced in the transformation (7.181), is a key feature of this metric.
Below we shall justify its interpretation as the angular momentum of the source. It is
straightforward to calculate the covariant components g, by simply finding the inverse of
(7.184) (which has determinant (p*sin’d) ). The resulting line element is
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2 4 .
ds? = — <1 — %)cz dv? + 2¢dvdr — :;};asmzﬂcdvdqﬁ
2a . a\ . 2mra® .
_ ?Sll’lze dr d(;ﬁ —|—p2 d@z + { (}"2 + C—2> sm26 + —62p2 sm40}d¢2. (7.185)

Now perform the coordinate transformations

2, 272
cdv—cdi+ N G dp—dy+ - dr, (7.186)
A cA
with
)
A:r2—|——2—2mr. (7.187)
c
After some algebra (and relabelling v — ¢) we find
2 4
ds? :_(1 mr) 242 — M d¢dz+ ar + p? de?
p? P?
2 2 gin2
, a” 2mratsin“@\ . , o,
+ (r +C—2+7czp2 ) sin“0dg¢”. (7.188)

This is the Kerr solution in Boyer—Linquist coordinates.'® Equivalent forms are

A . 2 p?

ds? = —= [cdt - fsmzedqb} +p—dr2 + 2 deP
p c
sin’6 :
+ e r2—|— d¢ —adt (7.189)
and
2 _ 2m P 2
ds? = —2de + p [cdt——sm 9d¢>} dr? + p*do
N (ﬂ + j_z) Sin20dg?. (7.190)

(Note that when a=0 these reduce, as expected, to the Schwarzschild form (5.37).) The
metric tensor (7.188) is

_(1_2_”;r> 0 0 —M
p »
pe
0 ~ 0 0
o A N CATIY
0 0 p? 0
p c cp

'8 Kerr (1963), Boyer & Lindquist (1967).
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which may be compared with the metric (6.93) for the gravitomagnetic field. In fact, taking
an approximation for large r (7.191) becomes

2 2
—(1 ——’") 0 0 —gn%

r cr
2m
) 0 0 r? 0
_ M Gin%e 0 0 2 sin’6
cr

GM
and comparing the go3 terms in (6.93) and above, recalling that m = ——, we see that
c

J . . .
a= e essentially the angular momentum per unit mass of the source. This is the
c

interpretation of the parameter a occurring in the Kerr solution, and introduced in
Equation (7.181). It is clear that in the limit » — oo (7.192) becomes the Minkowski metric.
It is also clear, in general terms, that as a — 0 the Kerr metric (7.191) becomes the
Schwarzschild metric. This solution was found by Kerr in 1963, though his reasoning was
different from that given above, being based on the fact that the solution is of an ‘algebrai-
cally special’ type of solution to Einstein’s vacuum field equations. In any case we may
remark that the Kerr solution is an exact two-parameter solution to the field equations, the
Schwarzschild solution being a one-parameter one.

In closing this section it may be noted that the generalisation of the Kerr solution to that of
a rotating source with electric charge is the Kerr—Newman solution

A 2 2
ds? =— 5 [cdt—fsnﬁedﬂ +”Z dr? + p? deP
p c

.2 2 2
4 Sme Krz +L12>d¢—adt}
p c

where p? is given by (7.183), as before, but A is now given by

2
A:r2+j—2—2mr+q2,

a generalisation of (7.187).

7.9 The ergosphere and energy extraction from

a black hole
1

In the Schwarzschild solution the surface »r=2m is an event horizon (EH) (see below
Equation (7.126)). It is also a surface of infinite red-shift (SIR), as we shall now show. In
the Kerr solution these surfaces are different. The area between them is called the ergosphere
and it is a region in which there is some interesting physics.
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We begin by investigating the event horizon more fully and then finding what it is in the
Kerr solution. A hypersurface has the equation

. . 0 .
and the normal to it is the (covariant) vector 7, = Gll‘ . In the case of the Schwarzschild
X

solution the EH is given by »  2m =0, so the function f may be written
f=r—2m=x"—2m,
and
n, = (0,1,0,0).

The hypersurface is null if n*n,=0. To find n* we need g**. Working in Eddington—

Finkelstein coordinates the covariant metric tensor is, from (7.125),

2 2
_(1 _ _M) im0
r r
2 2
8w = —m 1 -I——m 0 0 s (7193)
r
0 0 r 0
0 0 0 2sin’0
from which g=  #* sin®f and
(1 +2—m> Moy
r r
2 2
il - 0 0
g,uv — v r 1 ; (7194)
0 0 — 0
72 |
0 0 0 ——
r2sin“ @
so
2
ntn, =g"n,n, =g'l=1 _Tm’

that is, n* n,= 0 on the hypersurface »=2m, as we aimed to show.
Now let us turn to the Kerr solution, for which g,,, is (7.191) above. The contravariant g*" is

2
2 2 .
(r2 + Z—z> —%A sin%0

2mra
c2p?A 0 0 N
0 Az 0 0
g = P . (7.195)
0 0 ,0_2 0
_ 2mra 0 o _ < sin’60 — A
cp?A p?Asin®0
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We claim that the null hypersurface is A=0, whose solution is (see (7.187))

2
PR (7.196)
c
equivalently
&
r 4+ 2= 2mry, (7.197)

where we have singled out the solution »=r,, which is the one of greatest interest (the
solution »=r being further inside the source). Consider, then, the hypersurface

The normal is n,=f1,,=(0, 1, 0, 0), so
nﬂnﬂ:gﬂvn/tnv:g =

But A=0 at »=r,, hence
] _ —
n,=0 onr=rg,

justifying our claim that »=r. is a null hypersurface. Light will propagate within this
surface, without leaving it — it will not escape from the Kerr black hole. We have therefore
shown that the event horizon of the Kerr black hole is:

2

Kerr event horizon: r=r, =m+ \/m2 — a—z. (7.198)
c

(As expected, when a =0, this reduces to the Schwarzschild case r=2m.)
‘We now turn to the other property of the surface »=2m in the Schwarzschild case, that it is
a surface of infinite red-shift (SIR). The red-shift factor is

Vem
=Yem

Vrec

the symbols referring to the frequencies of emitted and received light. If light is emitted at r,
and received at »; we have, from (5.46),

2
with goo(r)=1 —m. So for light emitted at » and received at infinity, goo(r;) =1 and
r

-
\/goo(r) r—2m

and as r — 2m, z — oo. The surface r=2m is therefore an SIR, defined by gy =0.
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™

>

r=r;:SIR: goo=0

r=r:EH:A=0

Ergosphere

‘Elevation’
‘Plan’

The ergosphere in plan and in elevation.

In the case of the Kerr solution the condition gy =0 gives, from (7.191), with (7.183),
)
p* = 2mr = r* — 2mr + —200320 =0
c

with the solutions

2
a
ria=m= \/m2 — —cos?0,

the interesting case of which is »=r;: so

2
Kerr SIR: r=ri=m+ \/m2 —a—zcoszé? (7.199)
c
(which again, in the case a =0, reduces to the Schwarzschild case).
The surfaces EH and SIR are sketched in Fig. 7.12, in ‘plan’ and ‘elevation’ views. The
ergosphere is the region between them, and therefore defined by

2 2
m+\/m2—ccl—2=r+<r<r1 :m+\/m2—Z—200529 . (7.200)

Now consider a particle in the ergosphere. What constraints are there on its movement? A
‘real’ particle must move along a timelike geodesic; we shall first show that this is
impossible if the particle is at rest in the ergosphere. For, from (7.188), if » = const, § =
const and ¢ = const, then

ds? = —(1 —@>c2 2. (7.201)
P

On the surface of infinite red-shift p2=2mr and = r, so in the ergosphere, where r<ry,
(7.199) gives
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2
a

rm<\/m2 — —cos26
2

which is equivalent to

7 + 5 €OS 0<2mr

or, from (7.183), p> <2mr, so (7.201) gives ds* >0 inside SIR. However, as just noted, for a
real particle we must have ds* <0, so our assumption that , 6 and ¢ all be constant cannot be
met; other terms in the line element must contribute and the particle must change position.

Consider then a particle with fixed r, 8 but moving in the direction of increasing ¢. Then
the 4-velocity is

dx# u’ Q
_— = ‘U: 4 r ¢ (b _— = 0 -
o (' u" u u®) = (1°,0,0,4°) = (I,O,O,MO) u (1,0,0,0)7

since

_d¢  d¢/dr u_3
0= = = (7.202)

The condition that u* is timelike is

guu'u’ <0,
1e.
20o(1°)? + 203 u’u® + g33(u*)* <0,
or, with (7.202),
Q? Q
el 48035 800 (7.203)
c 833 ¢  g33
02 Q
The solution to —+ 2=— £03 goo =0is
c 833 C 833
o) 2
B (S (gﬁ) 8w (7.204)
¢ 833 833 833

The metric components g¢, 293 and gz3 may be read off from (7.191). Putting (noting that
803<0)

_gs_©

- (7.205)
83 ¢
the two solutions (7.204) may be written
Qmin:w_\/wz—czg, Qmaxza)—F\/a)z—Cz@. (7.206)
&33 833

We conclude that for (7.203) to hold Q must lie in the range
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Qmin <Q<Qpyy. (7207)

Q is the angular velocity of a particle in Kerr space-time, as seen by a distant observer. It
depends on r, since the metric coefficients depend on r. In general, since gy <0, Qi <0,
and a distant observer would be able to see a particle counter rotating. As r approaches the
surface of infinite red-shift, however, gog — 0, s0 Quin =0 (and Q,.x =2w), and a particle
would not have the option of counter-rotating, but could still remain at rest. For this reason
the surface of infinite red-shift is also called the static limit. It is the nearest a particle can get
to the centre of the black hole and still not rotate (that is, not be seen as rotating by a distant
observer). Inside it, and therefore in the ergosphere, Q > 0; a particle is forced to rotate, in the
direction of the angular momentum of the source.

To explore more fully the nature of angular momentum and angular velocity in the Kerr
solution, let us consider the part played by conservation laws and Killing vectors. In
Section 6.8 we saw that the fact that the metric in 3-dimensional flat space

1 0 0
gi=10 r? 0
0 0 r%sin’e

0gij _
o9

0 . . . . .
§=% and u is the velocity of a particle moving along a geodesic. In the case of the Kerr

is independent of ¢, 0, leads to the conservation of angular momentum & + u, where

metric, g, in (7.191) above is also independent of ¢, so there is a Killing vector §=—, i.e.

0¢
0
&é#=(0, 0, 0, 1). There is also a Killing vector Frat corresponding to the fact that it is a

stationary metric, with coefficients independent of #. Now consider a particle moving in a
planar orbit with =z /2:

ut = (ct,0,0, ). (7.208)
The conserved angular momentum is

L=E-p=m&-u=m(g, & u")=mgyu =m(gnci +gs9)

(7.209)
and a particle with zero angular momentum has
g3 0+ gsct =0

or, from (7.191),

, @ 2mrd®sin®f)\ | 2marsin®0\ .

}’+—2+T¢* —ZCIZO.
c c’p cp
Since sin #=1 here, this gives
; 2
do _¢_ mra = T _y, (7.210)

== - ¢
d ¢ (P+9)p2+2mrs g3
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from (7.204) and (7.191), and we see that particles with zero angular angular momentum
possess non zero angular velocity. This is an example of the phenomenon that the space-
time frames are being ‘dragged’ round by the source — the Lense—Thirring effect.

We have seen that, as observed by a distant observer, a particle in a circular orbit in a Kerr field
may, so long as it is outside the surface of infinite red-shift, counter-rotate, since when r<r,
Q.1in <0. On the SIR, however, Q.,;, =0, and inside it, in the ergosphere, both Q,.;, and Q. are
positive, so the particle (even one with no angular momentum) is seen to rotate in the same
direction as the black hole — the phenomenon of inertial drag. What happens as r decreases
further and the particle’s orbit approaches the event horizon? It turns out that in this case Q;,
and Q. tend to the same value, so any particle on the event horizon rotates with a fixed angular
velocity — which may, conveniently, be taken as a definition of the angular velocity of the black
hole. To see this, recall that the EH is a null hypersurface, that is, the normal vector n* is null,
n*n,=0. A particle on a geodesic in the hypersurface follows a tangent vector orthogonal to n*.
Any vector orthogonal to a null (lightlike) vector is either null or spacelike and the spacelike
option cannot apply here, so the tangent vector k obeys &*(r) =k - k(r,) =0: recall that »=r, on
the EH — see (7.196). The vector k has components only in the ¢, @ and ¢ directions so let us put

k*=(1,0,0,p), (7.211)
or, equivalently
u* =u’(1,0,a,p) = u’k", (7.212)
Then

K = gu k" k" = goo + a* g + Bg33 + 2aB go3
2 2

+ —
- (go3 + P g33) L 800853 — &

833 £33

On the event horizon, however, where A=0, we also have gg0 235 o3> =0 (see Problem 7.4),
5o the last term vanishes, and k%= 0 requires that a=0 and

_ 803 (ry)
p=—S8"
g3(r+)
2mr.asin’ 0
cpi
2 2 2
2 o\ .
(ri + a—2 e +2a2 o ) sin® 0
c copy

2mr.a

a2
cp, 2(2mry) 4 2mry %-sin”0
ajc
2 A2
p++c—zsm 0
ajc

2mr,’
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where we have made use of Equations (7.183) and (7.197). We therefore have, from (7.212),

2mry

W= u°(1,0,0, ajc > (7.213)

and hence an angular velocity Qi which may be taken as a definition of the angular velocity
of a Kerr black hole:

Q=2

= . (7.214)
2mry
(It might be useful to remind ourselves that the units are correct: a/c has the dimension of
length, as have m and r, so Qy has the dimension of inverse time.)
Our next task is to find an expression for the area of the event horizon. On EH r = r.. so
dr=0, and since A=0 on EH we have, from (7.189)

s ooy si?O[(, & 2
ds® = p7 do +p+2 r++c—2 dp —ade| .

2
. a .
From Equation (7.197), however, r,% + — =2mr,, the above equation becomes
c

5 2 2

ds? = p? do® + <’"”) (sin20) [dqs -3 dt} : (7.215)
N mry

This is the separation between two points on the surface at differing values of 8, ¢ and ¢. For

a static configuration, however, the term in d¢ disappears and the area 2 form of the event

horizon is

2mry

dAp+d<9/\< >sin(9dq52mr+sin0d9 A do,

Pt

giving an area of

2,2
A= 2mr, Jsin@d@ A dé = 8amr, = 87 <m2 + \/m4 2 > (7.216)
c
MG J
With m = —-, a = — this gives
c Mc

8 2 2
A= ’f <M2+\/M4—%>, (7.217)

or, in geometrical units G=c=1,
A= 87r(M2 Ve —J2>. (7.218)

This is the area of the event horizon of a Kerr black hole.
We come now to the highly interesting result, first pointed out by Penrose,'® that it is possible
to extract energy from a Kerr black hole. This is initially surprising, since after all a black hole is

1% Penrose (1969).
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a region from which no light can escape. The result follows, however, from the fact that the
event horizon and the surface of infinite red-shift are distinct; the energy is extracted from the
ergosphere. In parallel with the observation that the (conserved) angular momentum of a body
is & - p (see (7.208)), we also note that its conserved energy is E= 1 - p. For a particle outside
the static limit (SIR) n is timelike, so in the frame in which #*=(1, 0, 0, 0),

E=mn-u.

This is conserved, so for a particle coming in from infinity, entering the ergosphere and
leaving it again, the energy is £>0. But now consider a particle originating in the ergo-
sphere. Here 1 is spacelike: this follows immediately by noting that (see (7.191))

)
2+ —ZCOSZH — 2mr
c

n'n, = gul'n’ = goo = — (7.219)

pe

Outside the SIR 7> so #*7, <0 and 7 is timelike. On SIR n becomes null and inside it
becomes spacelike, #/#,,> 0. In the ergosphere, then, there is a local frame in which 5= (0,
1, 0, 0) and the ‘energy’ is mn + u=mx in Cartesian coordinates; it becomes in effect a
momentum, which may be either positive or negative. To be clear, we are here not talking
about a particle which can leave the ergosphere through the SIR and reach infinity, since
such a particle must always have £>0. To say of a particle that it has £ <0 means that this
would be the energy measured at infinity if the particle could be brought there.

But now consider a particle entering the ergosphere from infinity (with £> 0, of course)
and then breaking up into two particles in the ergosphere; and suppose that one of these
particles escapes back through the SIR, but the other one does not escape. This is sketched in
Fig. 7.13, in which particle 1 enters the ergosphere, splitting up into particles 2 and 3.
Particle 3 then leaves the ergosphere, escaping to infinity while particle 2, while also
originating in the ergosphere, does not escape to infinity; it enters the black hole through
the event horizon. It may then have negative energy, £, <0. On the other hand E; and E; are

The Penrose process: particle 3 may leave the black hole (ergosphere) with more energy than
particle 1 had on entering.
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both positive. Energy conservation at the point of disintegration, however, implies that
E,=E, + E5 and hence

E3 =E1 —E2>E|Z

the particle leaving the ergosphere may have a greater energy than the particle which
entered: energy has been extracted from the black hole. This is commonly known as the
Penrose process. As a result of it, the mass of the black hole must decrease. Note the
surprising nature of this result!

This, however, is not all; the black hole also loses angular momentum through the
Penrose process. The 4-velocity u* of a particle in the ergosphere is timelike, and from
(7.210) may be written u=mn + Qg&; hence the Killing vector

E=n+Qug (7.220)
is timelike, from which it follows that p - £{>0, i.e.
—pN—Qup-§=E—QuL>0,
where (7.209) has been used; hence
E>QyL. (7.221)

Now in the Penrose process a black hole absorbs an amount of energy £, <0, so it also
absorbs the angular momentum

2
L,< Q—H <0:

the angular momentum of the black hole also decreases. Eventually the angular momentum
will become zero, at which point the surface of infinite red-shift and the event horizon will
coincide and the ergosphere will disappear (will shrink to zero), and further extraction of
energy (mass) from the black hole will become impossible.

Note that in the process in which a black hole absorbs (a particle of) energy E and angular
momentum L its parameters change by M= E/c” and 8J=L, so by virtue of (7.221),

M — M550 (7.222)
C

This inequality is actually a consequence of the first and second laws of black hole
mechanics, as we see below.

7.10 Surface gravity
|

Surface gravity turns out to play an important role in the thermodynamics of black holes. It is

. . . GM . . .
not a difficult concept; the surface gravity on the Earth is TR and this expression, suitable
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for the non-relativistic and weak field approximations, simply has to be generalised. So first
consider a static, spherically symmetric space-time

ds* = —f(r) A de? +£(r) ' dr* + 77 Q% (7.223)
for example, in the Schwarzschild case, f(r)=1 Z_m Hold a particle with mass m,
stationary at a distance » from the centre, with coordina:es and 4-velocity
x* = (ct,r,0,9), u"=/(ct,0,0,0)
and ds’= fir) Adi= Fdi,sot= %z‘f ” and
WW=cf 2 u=0. (7.224)

In Minkowski space acceleration is defined as (see Section 2.2) a* = w*. We generalise this
to a=V,u, which from Equation (4.1a) may be written

a=Vyu= u";;,uieﬁ.
Then
= <a,0'> =t = uou® = cf Vuy.
Inturn, u“.o=u" o+ T * o u"=T *. It is easily established that the only non-zero component

of the connection coefficient is oo =" /1" (f = d7 , so the only non-zero component of
dr Y p

acceleration is

2
4! —cf 1/2141;0 _<

2"

The magnitude of the acceleration vector is

2
C 1
a= \/g,wa”av:\/gn al :7f /Zf/-

2
In the Schwarzschild case f =1 Tm and

mc? 1

r_z\/l_27m.

This is the force (when multiplied by m) required to hold the particle at its local position,

a(r) =

and it diverges as » — 2m. (Note in passing that when » > 2m, a becomes GM /r?, as
expected.) But consider instead that the particle is held in position by observer at infinity,
holding the particle on a long massless string. If the observer moves the string by a small
proper distance s, he does an amount of work m a(co) ds =030W .. At the position of the
particle, however, the work done is m a(r) 8s = 8 W(r). These amounts of work are different,
but one may imagine a machine converting work into radiation; the work at position r is
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converted into radiation which is then beamed to the observer at infinity — and in the process
red shifted by the factor /ggo=1", so that

8Eq = f?mya 8s.
But 0E.,=0W, by energy conservation, so

A,
Ef (r).

ae(r) =" a(r) =
The quantity mq a..(r) is the force applied by the observer at infinity to keep the particle in
place. It is well behaved as » — 2m in the Schwarzschild case and is called the surface

gravity k of the black hole:
A,
K = doo(rEn) = +f (ren) (7.225)
2
where rgy refers to the event horizon.?® In the Schwarzschild case = —T and g =2m so
r
2 4

C c
R=—=
4m  AMG

(Schwarschild). (7.226)

(Note that the dimensions are those of acceleration, as expected.)
We now show that surface gravity may also be defined in terms of Killing vectors — in the

. o 10
static case we are considering at present, of the vector n= o For the moment we confine
C

ourselves to the Schwarzschild black hole, so (cf. (7.219))

2
', = (1 —m>, (7.227)
r
which is null on the event horizon. We then define the scalar quantity
2m
®=-n"n, O=1 - (7.228)

Clearly @ =0 on the event horizon. The normal to this surface is @ ,; but since the surface is
null its normal is proportional to 7, itself, so there will exist a quantity « such that

czCI)‘# = 2K1,,. (7.229)
Let us work in advanced time coordinates
(ev,r,8,¢) = (x°,x', %, x°), (7.230)
so from (7.130) the line element is
ds? = — (1 — 27m> A dv? 4 2cdvdr + #? dQ2,
or

20 This argument is taken from Poisson (2004), p. 185.
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g,uv - 0 0 )
0 0 0
0 0 0 r*sin’0
with corresponding contravariant components
12 0 0
1 1-= 0 o0
v " 1
=10 0o 5 o
T
1
0 0 0 ———
72 sin” 6

(7.231)

(7.232)

10
The metric has a Killing vectorn=— o i.e.n=(1,0,0,0)in the coordinate system (7.230),
cov

hence

2m

no:goﬂﬂ"zgooz_(l_T)’ = gun" =g =1

and

2m
O=—i'ng—n'm=1-==, @,

and (7.229) then gives, at r=2m,

as in (7.226) above.

_Zm

72

We now turn to the consideration of surface gravity in Kerr black holes. We want to work
in a coordinate system which is a generalisation of the advanced time coordinate system
(7.230). This is given by the line element (7.185), which may be written

2 2 .
—(1 —#) 1 0 — m};asmzﬁ
P cp
1 0 0 —%sin%0
v = ¢
0 0 P’ 0
2mra . in’0 N 2.
— m};a sin?0  — a sin?0 0 sz (r2 + az) — a—z Asin6
cp c p c c

The Killing vector (7.220) is {*=(1, 0, 0, 1), then

c

Qy
o =goo + 803, {3 =g30 +g33, Cl=g10+7g137

(7.233)
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and the field @ is, in this case,

Q=" =00 — O3 = —(goo + 2803 + g33)- (7.234)

To find the surface gravity x we must (see (7.229)) calculate @, and compare with {,.=¢; .
‘We have, from above

G=1- %QH sin®6. (7.235)
Now § -  is, from (7.220),

(-L=m-n+2Qun-&+ Q&€
= go0 + 2 Qn go3 + Quf 233

2 2

03 03 03
= g0 — 22+ g [an +20u 5% 1 5
833 833 83

1 .
=—(-A sm29) + g33(Qn — w)z,
833

where the result of Problem 7.4 and (7.205) have been used. Now define

2\2 2

. (ﬂ n a—z) — % Asin®, (7.236)
c c
so that, from (7.233),
83 == sin’#,

p

and

C-Czp—z (QH—CO)Z—?. (7.237)

We must now differentiate this with respect to r, regarding w as a parameter (not a function
of r), so

T sin’f p? P2
©0.= (57) -0’ - (5) a-%an
1 1
On the event horizon w = Qy and A=0, so

2 2
_ [ _ 27 (r=m)
(C C).’l a |:Z A71:|rr a |: z :|rr ’
+ +
hence the formula (7.229) gives

k= 2 [2p2(r — m)] . 1
z r=ry 1 — %QH sin%6
C
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which, after a bit of algebra, yields

? \/m2 — a—z
2
=t <« (7.239)

Inthecasea=0,r, = 2m, k — 46—, as in (7.226) above, and as expected.
m

Let us now collect together the formulae for the angular momentum, (7.214), surface
gravity (7.239) and area (7.216) of a Kerr black hole:

a
= 7.214
pYm—— ( )
2
c’z\/m2 _a_2
K=——-< (7.239)
> a
7"+ +07

2,2
A8n<m2+\/m4mf>, (1.216)
C

2
J
where, from (7.196), r. =m + \/ m? — a_2 . Putting a = e and using geometric units G =
c c

c=1 these become

Oy = J (7.240)

2M (M2 + VMt = 7))

4 _ 72
= VM —J , (7.241)
oM (M2 + VM — J2)
A=38x {M2 VM — JZ] (7.242)

1 A

In the Schwarzschild case x = ar A=16xM? and Z— = M. As J increases from zero, k
T

decreases until, when J = M 2, it becomes zero — like centrifugal force. Then the mass is

. J
given by Qu= o

M =2QyJ. (7.243)

In the general case the formulae above give
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4 M4 — 2 2
rA_ VM- 2 . 20uJ = J ,
4z M M (M2 + M - )
and then
4
200 + 22 = M, (7.244)
4

which is Smarr’s formula for the mass of a black hole.?'

It is clear that the area of a black hole is a function of its mass and angular momentum, 4 =
A(M, J). Now suppose that these quantities change, for example by the absorption of a
particle, as considered in the Penrose process: M — M + oM, J — J+ 6J. We can then find a
relation between 84, M and &J. Working in geometric units, so that m = M and so on, from
(7.216) we have

Y|

—:M6r+ +F+5M,
8

then, using (7.239) and (7.197) (with ¢ = 1),

K ro—M
" osa= M3 5M).
87 2, (MOt M)

In addition, from a = Ai4 we have 8J = a dM + M da so that

QudJ =2 (adM +Msa),
2mry
and it then follows from simple algebra that
SﬁsA QS =M. (7.245)
T

This is the relation we were anticipating. The Penrose process is an example of a process in
which M and J change. By virtue of the relation (7.222), found there, and the above relation
we see that 84 in this process — the area of the black hole — increases. This is actually an
example of a more general result proved by Hawking in 1971 that in any process the surface

area of a black hole can never decrease:

84 > 0. (7.246)

There is one further concept which it is useful to introduce, that of irreducible mass. Let
us define™

1
M2 = (M2 4 Vs = ), (7.247)
2
so that, from (7.242),

21 Smarr (1973).
22 Hawking (1971).
23 Christodoulou (1970).
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A = 16zM;,>. (7.248)
From simple algebra it then follows that

J2

M = My> + ——.
1 +4Mr2

(7.249)
The second term above represents the rotational contribution to the mass of a black hole.
The maximum amount of energy to be extracted from a black hole by slowing its rotation

A
downisM M, . The irreducible mass M;,. = \/ = is the energy which cannot be extracted
7T

by the Penrose process — and by virtue of Hawking’s result (7.246) the irreducible mass of a
black hole will never decrease.

7.11 Thermodynamics of black holes

and further observations
1

Results like (7.246) and (7.245), that the area of a black hole never decreases, and the relation
between the changes in mass, area and angular momentum of a black hole, are reminiscent of
the laws of thermodynamics and lead to the formulation of analogous laws of black hole
dynamics.** The energy E, temperature Tand entropy S of a gas are respectively analogous to
the mass M, surface gravity « and area 4 of a black hole, and the laws are as follows:

Zeroth law  The surface gravity of a stationary black hole is constant over the horizon.
First law is given by (7.245)

dM = d4 + Qy dJ,
87

and corresponds to the first law of thermodynamics
dE=TdS —PdV,

which expresses conservation of energy.

Second law  is dA > 0, as in (7.246) above. This law is actually slightly stronger than the
thermodynamic analogy 6S > 0. In thermodynamics entropy may be trans-
ferred from one system to another, and it is only required that the tofal entropy
does not decrease. Since individual black holes cannot bifurcate,25 however,
area cannot be transferred from one to the other. The second law of black hole
mechanics states that the area of each black hole separately cannot decrease.

Third law The Planck—Nernst form of the third law of thermodynamics states that S — 0
as T — 0. Israel has proposed an analogous law of black hole dynamics.*¢

24 Bardeen et al. (1973).
5 Hawking & Ellis (1973), pp. 315 316.
26 Tsrael (1986).
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At this stage we would consider the laws of black hole dynamics and thermodynamics to
be merely analogous, but Bekenstein?’ pointed out that in this case there is a problem with
the second law of thermodynamics in the presence of black holes. A system whose overall
entropy is increasing, as it always will, may nevertheless be made up of individual parts, in
some of which S is decreasing and in others of which S is increasing (and S still increases
overall). In the presence of a black hole one could then throw the parts of the system in which
S is increasing into the black hole. We must now, however, consider a fundamentally
important feature of black holes, considered as solutions (Schwarzschild or Kerr) to the
field equations. This is that these solutions are exact and are described completely by their
mass m and angular momentum a. They are respectively one and two parameter solutions.
This implies that, for example, two Schwarzschild black holes with the same mass must be
identical; and similarly two Kerr black holes with the same mass and angular momentum
must be identical. This result is the content of the theorem that a black hole ‘has no hair’ —
the only labels it possesses are mass and angular momentum (and electric charge in the case
of Kerr—Newman black holes). Anything else is ‘hair’. A striking implication of this
theorem, in the context of elementary particle physics, for example, concerns baryon
number. As far as is known baryon number B is a conserved quantity. No reactions have
yet been observed in which B is violated, though it should be noted that the SU(5) Grand
Unified Theory predicts proton decay p — e + n°, which would indeed violate this
conservation law. Since black holes, however, defined as (Schwarzschild or Kerr) solutions
to Einstein’s field equations, do not possess a baryon number, then the process of throwing a
collection of baryons into a black hole will, in effect, be one in which B is violated.

Returning to our example concerning the second law of thermodynamics, the implication
of throwing the part of the system in which S is increasing into the black hole is, since the
black hole itself has no ‘hair’, that the overall entropy has decreased, thus violating the
second law of thermodynamics! This drastic and unthinkable conclusion may be avoided,
however, if we suppose that the black hole does actually possess entropy, proportional to its
area, so that as its area increases, so does its entropy. That is to say that the entropy of a black
hole is not hair; it is simply a function of its mass and angular momentum. In that case the
second law of thermodynamics will be saved. On the other hand, to say this is to say that
what we supposed above was an analogy is actually more than that: a black hole does
actually possess entropy, proportional to its area 4. But in that case it must also possess a
temperature 7, proportional to its surface gravity x (by comparing (7.245) and (7.250)). And
in that case it must shine — it must emit radiation. But this conclusion goes against the whole
understanding of black holes so far developed: in classical General Relativity black holes do
not shine, since light cannot escape through the event horizon. How is it possible that black
holes might shine?

A clue is to be found in looking for formulae relating the entropy and area, and temper-
ature and surface gravity of black holes. Entropy has the dimensions of Bolzmann’s
constant, energy /temperature, so if we suppose that S and 4 are proportional, the propor-
tionality constant must involve k. Apart from that it must presumably involve only funda-
mental constants. It is easy to see, however, that using G and ¢ alone it is not possible to

27 Bekenstein (1980).



289

7.11 Thermodynamics of black holes

obtain a quantity with the dimensions of area. We need another constant, and the only one
available is Planck’s. We may then write the following formulae — known as the Bekenstein—
Hawking formulae — for the entropy and temperature of a black hole:

kc? h

S= @A’ T omck ™

In the case of a Schwarzschild black hole, putting a=0 in (7.239) gives for the second
formula

(7.252)

_ he?
" 87GkM

(Schwarzschild), (7.253)

showing that the temperature of a black hole is inversely proportional to its mass — the lighter
it is, the hotter it is. The key observation about these formulae is, of course, that they involve
Planck’s constant, which indicates that the mechanism by which black holes shine is a
quantum mechanism. This mechanism was first derived by Hawking and relies, at bottom,
on an observation in quantum field theory in curved spaces.?® In flat (Minkowski) space we
may express, for example, a massless Hermitian scalar field ¢ as

6= lai+fal], (7.254)

where the {f;} are a complete orthonormal family of complex valued solutions to the wave
equation f;,,, #"=0, which contain only positive frequencies with respect to the usual
Minkowski time coordinate. The operators a; and g;" are interpreted as the annihilation and
creation operators, respectively, for the particles in the ith state. The vacuum |0) is defined as
the state from which one cannot annihilate particles

(1,"0> =0.

In a curved space-time, however, one cannot unambiguously decompose ¢ into its positive
and negative frequency components, since these terms cease to have an invariant meaning in
a curved space-time. Hawking shows that in effect this means that particles may be created
in the vacuum. To arrive at a simplified pictorial representation of this consider the Feynman
‘bubble’ diagram shown in Fig. 7.14. Diagrams like this characterise the vacuum in quantum
field theory (QFT). They correspond to the production, at each point of space-time, of a
particle—antiparticle pair, which shortly afterwards again annihilate each other. This process
is allowed by QFT, and physics being what it is, what is allowed by its laws is actually
compulsory, so the vacuum is full of these processes of creation and annihilation of particle—
antiparticle pairs. Processes of this type break the degeneracy of the 2S,,, and 2P/, energy
levels in hydrogen, and explain the Lamb shift in atomic physics. Now consider such a
process taking place just outside the event horizon of a black hole. A particle—antiparticle
pair is created, for example e’e . In flat space these particles will stay within each other’s
wavefunction and after a short time, governed by the uncertainty principle, will annihilate.
Just outside an event horizon, however, not only is the gravitational field very strong, but so

28 Hawking (1975).
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Time

A Feynman bubble diagram: creation and annihilation of a particle antiparticle pair from the
vacuum.

is its gradient, so one of the particles e” and e , which are created at slightly different spatial
points, may find itselfin a considerably stronger gravitational field than the other particle, so
the two particles quickly become separated and at a later time, when in flat space they would
have come together to annihilate each other, they are actually ‘outside each other’s wave
function’, so this is impossible. One of the particles may cross the event horizon into the
black hole and acquire negative energy, as happens in the Penrose process, and the other
particle, with equal and opposite (i.e. positive) energy, will escape from the hole altogether:
it will be emitted. Hawking showed that this indeed happens, and that the spectrum of
emitted particles is thermal, beautifully consistent with the notion that the black hole has a
temperature. The conclusion, then, is that while in classical General Relativity black holes
emit no radiation, by virtue of quantum theory they actually do emit radiation: they posses a
temperature and shine, in the process losing mass (carried by the emitted particles), and from
Equations (7.252) and (7.253), becoming hotfer, and therefore emitting more thermal
radiation. The emission process accelerates and the black hole eventually ends its life in
an explosion. Black holes are therefore not completely stable entities, though their lifetimes
are extremely long.

This connection between gravity, thermodynamics and quantum theory must be seen as
indicative of something very deep in nature. Black holes are thermal objects (they have a
temperature), but to understand why they are thermal or Zow they are thermal is impossible
without a quantum theory of gravity, which at present we do not possess. Nevertheless it
might be interesting to mention a couple of areas of research at present being pursued. The
first is concerned with entropy. If black holes possess an entropy, what is the statistical
origin of it? Entropy, after all, is related via Boltzmann’s constant to degrees of freedom.
Classically, however, black holes possess very few degrees of freedom; a Kerr black hole
possesses two! So where does the entropy come from? This is seen as a question about
information theory, and as one which inevitably involves quantum theory. The entropy of a
black hole is proportional to its area, so its area must be the key to the information contained,
counted in g-bits. The so-called ‘holographic principle’ is an area of current research
addressed to this question.

Another interesting topic is in some sense orthogonal to this: the simplicity and structure-
less quality of black holes has lead ’t Hooft to speculate on the role played by black holes in
elementary particle physics. After all, if black holes evaporate there will be a point at which
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they are extremely small (just before they disappear): a mini black hole might be the smallest
thing there is, so if we really want to understand the world of the very small — perhaps even
to go beyond the Standard Model of elementary particle physics — might it not be a good idea
to take this thought seriously?

7.12 Global matters: singularities, trapped surfaces

and Cosmic Censorship
|

Our investigation of black holes above has been based entirely on two exact solutions of the
Einstein field equations. These solutions possess a high degree of symmetry: spherical
symmetry in the Schwarzschild solution, cylindrical in the case of Kerr. But real stars cannot
be expected to exhibit any exact symmetry, though they may possess an approximate one.
What, then, can we say about the collapse of real stars? Will they produce black holes? Of
Schwarzschild or Kerr type? (Are there any other types?) These are obviously important
questions and it is helpful to make them a bit more specific. In the case of an exactly
spherically symmetric collapsing star, all the infalling matter will come together at »=0,
producing a ‘singularity’, and this singularity is, as we saw, surrounded by a surface r=2m,
an ‘event horizon’. So we may ask: (1) what exactly is a singularity? (2) in the case of a star
with only approximate spherical symmetry, is this singularity still produced? (or, equiv-
alently, is the Schwarzschild solution stable under perturbations?) (3) in this same case, is an
event horizon produced, which ‘shields’ the singularity? Similar questions may be asked
about the Kerr solution, and we may go on to ask, are there any general results, independent
of particular solutions of the field equations, relating to gravitational collapse?

There are general results, though unfortunately not everything that one might reasonably
assume to be true has actually been proved to be true. First a word about singularities. The
metric on the 2-sphere

1

o a? 0 ik _ ? 0
=\ o a&sin’) & 0 1 ’

a?sin’0

is singular at @ = 0, 7, where sin’0=0. But this is simply a singularity in the coordinate system:
the surface S” itselfis completely smooth at the north and south poles, where =0, 7. Similarly

1
the metric ds*=—dx* + dy” has a coordinate singularity at x=0, but this is removable by
x

putting x=17, y=v, then ds?=4du? + dv*. In Riemannian spaces a singularity can often be
detected by considering invariants that can be formed from the curvature scalar. There are

1
—nn—1)(n—-2)(n+3)
12
of these (independent) invariants in general, so 14 of them in the case of space-time. If any
one of them becomes infinite — a condition independent of any coordinate system — then we
can be said to have a true singularity. In Schwarzschild space-time,



292

Gravitational collapse and black holes

. 1
Rﬂl,uth)”uv X I"_6 )
suggesting that r=0 is a true singularity but »=2m is not. A precise definition of a
singularity, however, is not so easy. Geroch (1960) outlines some of the difficulties, and
Schmidt (1971) proposes a technical definition which in looser language amounts to geo
desic incompleteness: that is, a geodesic cannot be continued to arbitarily large values of its
parameter, but comes to an ‘end’, either in the future or in the past. The termination point is
then a singularity. We then will expect that black holes contain a singularity at »= 0, since the
incoming matter and light ‘cease to exist’ in some sense at »=0. Perhaps we should say
that classical General Relativity — which of course is the theory we are dealing with —
exhibits this singularity in the (exact) Schwarzschild and Kerr solutions, though the expect-
ation of physicists is surely that ultimately General Relativity will be replaced by a more
refined theory, in which quantum effects are taken into account, so that what happens at =0
loses its catastrophic and singular nature. But this is a question for the future! The question
we are now asking is, does this singularity exist in more general situations (without any
particular symmetry)? Penrose (1965) and Hawking and Penrose (1969) have shown that
under rather weak conditions, not including any condition of symmetry, a space-time M is
not timelike and null geodesically complete, i.e. there is a singularity present. These
conditions are:

(i) R, u“u” > 0, where R, is the Ricci tensor and #* is a tangent to the geodesic, or
4-velocity. By virtue of the field equations this condition may be written

(Tyv =12 v T) ' u” > 0,

which is a reasonable condition on the energy;
(i1) every timelike and null geodesic contains a point at which

U R i plto uu* # 0;

(iii) the space-time M contains no closed timelike curves — a reasonable causality
condition;29
(iv) M contains a trapped surface.

A trapped surface is the general term for the event horizon in the Schwarzschild and Kerr
cases. Consider light being emitted from all points on a spherical surface in flat space-time,
orthogonal to the surface. There is an outgoing wavefront, which diverges as it travels away,
and an incoming wavefront, which converges to the point »=0. But now consider a surface
inside the event horizon »=2m (or »=r.). From what we have seen above, it is clear that
both the outgoing and the incoming wavefronts actually converge, and no light escapes
through the event horizon. A surface for which this is true is defined by Penrose (1969) to be

29 If a space-time contains closed timelike world-lines, then it will be possible to start a journey from a particular
point in space and time and eventually return to the same point in space and in time. This must involve travelling
into the past (as well as the future), so that one could arrange for one’s parents never to meet, which clearly
violates causality.
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a trapped surface. So the Hawking—Penrose result is that if a trapped surface is present in a
space-time M, with the other conditions listed above, then a singularity will be present. But
we may ask: is it possible that a singularity will occur without a trapped surface? Penrose
(1969) hypothesises not. This is the Cosmic Censorship hypothesis, that all singularities in
nature are surrounded by event horizons, and are therefore not visible from the outside
world — there are no naked singularities.

We have attempted, at least in brief outline, to answer questions (1) and (3) above. As far
as (2) is concerned, it has been shown that an equilibrium state of a vacuum black hole (i.e.
on an asymptotically flat space-time) must correspond to the Kerr solution, so the higher
multipole moments present in any realistic star will be radiated away as the star collapses
and settles down.

Further reading
|

An excellent account, both scholarly and very readable, of stellar collapse and black holes is
Israel (1987). An early, and still arresting, set of lectures on the subject is to be found in
Wheeler (1964). Detailed accounts of stellar equilibrium and the physics of white dwarfs
and neutron stars may be found in Weinberg (1972) and Zel’dovich & Novikov (1996).
Rather briefer, though very readable and authoritative, reviews may be found in
Chandrasekhar (1969, 1972).

The Kruskal extension of the Schwarzschild solution receives a nice treatment in Rindler
(2001), Section 12.5 and an interesting and technically undemanding account, including its
implications for wormholes and time travel may be found in Thorne (1994).

Penrose diagrams are introduced in Penrose (1964) and other good accounts of them may
be found in Wald (1984), Chapter 11, and Hawking & Ellis (1973), where also their
contribution to understanding the causal structure of space-time is treated.

Accounts of the Reissner—Nordstrem solution may be found in Misner ef al. (1973),
Papapetrou (1974), d’Inverno (1992) and Stephani et al. (2003).

Good accounts, in varying amount of detail, of the Kerr solution and the Penrose process
are to be found in Wald (1984), Novikov & Frolov (1989), Poisson (2004), Hobson,
Efstathiou & Lasenby (2006) and Plebanski & Krasinski (2006).

An early and very readable account of black hole thermodynamics is Bekenstein (1980).
Authoritative and more recent accounts of this subject, as well as Hawking radiation are
Wald (1994, 2001). A more general but very stimulating book, with references to the
scientific literature, including that on black holes, thermodynamics and the holographic
principle, is Smolin (2001). For more on the holographic principle see Bousso (2002) and
Susskind & Lindesay (2005). For interesting speculation on the relation between black holes
and elementary particles see 't Hooft (1997).

Authoritative accounts of singularities and other global matters are Hawking & Ellis
(1973), Ryan & Shepley (1975), Carter (1979), Wald (1984) and Clarke (1993). Less
complete versions may be found in Misner et al. (1973), Chapter 34, Ludvigsen (1999),
Chapter 14, and Poisson (2004). A good reference on Cosmic Censorship is Penrose (1998).
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Problems

7.1

7.2

7.3

7.4

7.5

Show that the gravitational binding energy of a sphere of constant density, mass M and
radius R is

_3GMm?

5 R

Ep

Suppose that Jupiter is held in equilibrium by the balancing of gravity and the (non-
relativistic) Fermi pressure of its electrons. Given that its mass is about 10 * times the
solar mass, estimate its density.

By integrating the TOV equation for a star of incompressible fluid, show that such a star
cannot be smaller than (9/8) times the Schwarzschild radius.

Show that in Kerr space-time, when A = 0 (on the event horizon), then also

800833 — go3° = 0.

Consider the process in which two black holes, of masses M, and M,, coalesce into a
single hole of mass M3. Show that the area theorem indicates that less than half of the
initial energy can be emitted as (gravitational) radiation, and that in the Schwarzschild
case the fraction emitted is

1
<1——=~0.29.
f )



Action principle, conservation laws and the

Cauchy problem

If we take seriously — as of course we must — the notion that Einstein’s theory of gravity has a
status equal in validity to that of other major theories of physics, for example Maxwell’s
electrodynamics or the more modern gauge field theories of particle physics, then we shall
want to ask how General Relativity may be formulated at a fundamental level. In Chapter 5
the field equations were introduced on a more or less ad hoc basis, arguing that what was
wanted were equations relating space-time curvature to the energy and momentum of the
source, that they should therefore involve second rank tensors; and that the equations also
reduced to Newton’s law in the non-relativistic limit. This approach is fine as far as it goes,
but recall that Maxwell’s equations, for example, may be derived from a principle of least
action; a Lagrangian formulation. May Einstein’s equations also be derived from a
Lagrangian formulation? Indeed they may, and this is the subject of the first part of this
chapter. We go on to investigate the tricky topic of conservation laws in General Relativity, a
subject which has complications resulting from the fact that the (matter) energy-momentum
tensor is covariantly conserved, whereas ‘true’ conservation laws involve simply partial,
rather than covariant, differentiation. The chapter finishes with a consideration of the
Cauchy, or initial value, problem. Einstein’s field equations are second order differential
equations, whose solutions will therefore involve specifying ‘initial data’ on a spacelike
hypersurface. It turns out that a distinction can then be made between ‘dynamical’ and non-
dynamical components of the metric tensor. This is important in the Hamiltonian formula-
tion of General Relativity, and therefore in some approaches to quantum gravity — though
these topics are not treated in this book.

8.1 Gravitational action and field equations
(|

The casting of fundamental theories of physics into the language of an action principle has a
long and distinguished history. Let us recall the excellent lecture by Feynman, ‘The
Principle of Least Action’, reproduced in his Lectures on Physics,' in which he starts by
recounting how his physics teacher, Mr Bader, said to him one day after a physics class, ‘You
look bored; I want to tell you something interesting.” Then says Feynman, ‘he told me
something which I found absolutely fascinating. Every time the subject comes up, I work on
it.” Mr Bader talked about the parabolic path described by a particle in free motion in a
gravitational field — which of course can be described by Newton’s law F'=ma. But it can

! Feynman et al. (1964), Chapter 19.
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also be described, Mr Bader said, in terms of an action — call it § — which is the integral over
the whole of the particle’s path (equivalently over time) of the difference between the kinetic
and potential energies at any point

S=ﬁT—W¢ @&.1)

One may draw any number of paths between the starting and finishing points, and calculate
S for each path. The actual path taken is the one for which S is a minimum. This is an
extraordinary formulation, but one whose spirit goes back to Maupertuis’ principle — and
indeed further back than that. The principle of least action now occupies such an honourable
place in physics that almost all fundamental theories have been formulated in terms of it: we
need only recall Hamilton’s principle, variational principles in classical mechanics and
Feynman’s path-integral formulation of quantum mechanics to see examples of the principle
at work.

In the area of (special) relativistic field theories the action is an integral of a Lagrange
density £ over space-time

S = J;ﬁd“x (8.2)

and the principle of least action results in the Euler—Lagrange equations. In almost all cases
£ depends on the field in question and its first derivatives only, so that in the case of a scalar
field ¢(x*) for example we have

L($,0u0) = 1/(0"9)(0,0) — Vom* (8.3)
and the Euler—Lagrange equation
oL 0 0
-2 )

leads to the Klein—Gordon equation of motion
(848, — m*)p(x) = 0. 8.5)

Electrodynamics may be formulated in a similar way.
The question we now wish to address is whether, and how, the Einstein field equations of
General Relativity

8rG
R,uv - 1/2 gva = C—ZT/W (86)

may also be derived from a variational principle. In the example above the field ¢ is defined
‘on’ space-time, and similarly the electromagnetic field is conveniently represented by
A*(x), the 4-vector potential, also a quantity defined as an additional structure existing in
space-time. But in General Relativity the ‘gravitational field’ is space-time itself’; so the first
question is, what do we take as the field variable? The usual answer is the metric tensor g,
and we then have to construct a Lagrangian £ which is a function of g, and its derivatives,
such that variation of this Lagrangian will yield the field equations. Because of the unusual
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nature of General Relativity, we expect to — and indeed shall — encounter some subtleties,
compared, say, with electrodynamics.

In the field equations (8.6) T, represents the contribution of matter to the gravitational
field, so in the absence of matter

Ryv - 1/2 gva =0 (87)
and there remains only the gravitational field itself. It would seem reasonable to express

the total action S as a sum of contributions from the matter and from the gravitational
field:

S = S + S, (8.8)

Let us first show that if S, is given by
3

S =
£ 162G

JR\/—g d*x, (8.9)

where R= R,,, g"", the curvature scalar, then the action principle yields Equation (8.7). (The
overall multiplicative constant is of course irrelevant at this stage.)
We then consider a variation in the gravitational field

v — & + Oguv- (8.10)

Here it is to be understood that this is an actual change in the field at each point, not simply a
variation resulting from a change in coordinate system. From Equation (3.194)

Fi#v = 1/2glg(gﬂo,v + Gvou — Guvor)

it follows that
8]‘—‘/jv: 1/2 (ag/{”) (g,ua,v + Gvopu — g,uv,a)
+ 158" [(8gus ) v + (800 by — (88uv) o] - 8.11)
Now
glﬂgap :6Ap = Sgia _ _giﬁgap(ﬁgﬁp) (812)

and when substituted into (8.11) this gives

ST = =g 88y T + 1287 [(88uo), , + (32vs) , — (3G oo ]- (8.13)
From the usual formula for the covariant derivative of a rank 2 tensor
<6g/“7);v = (5g/w),v — 170880 — 176108y, (8.14)
hence
(Sg/“"),v + (5gv0>,ﬂ - (Sg/lv),a = (Sg/w);v + (nga>;,¢ - (5gﬂv);(r + 217,880, (8.15)

and from (8.13)
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81—‘/1/,\; = 1/2 giﬂ[(sg/la);v + (nga);‘u - (Sg;tv);g]v (816)

where the covariant derivatives are calculated using the unperturbed connection coefficients
r’ " - This equation shows that 8I AW is a tensor —which I" %, is not. By virtue of this we
may write for the covariant derivative

(BT %) e = (BT w) = T 87y — 17, 8T + T4, 817,

K

and hence, contracting the indices v and 4 (leaving x and « as the only free indices)

(arlﬂl);lfi - (81—%/“);1 = (81—%/1)~)J< - (Sr;hlm) y l—y)/”{ Sl—JLP}L + F)vp’f 81—‘/)/‘;»

+ rpy). Sripn‘ - r/lp). Srp/m- (817)
On the other hand, since
R/m = R;L/M/{ = Fl/m,/l - r‘i‘uﬂ.,n + Fp;m inp - Fp;ul riﬁpv
then

OR = (Srim) i (81"’1”1)"& + (6Fp/m) FZM + ]"/)M(Sl"'lpk)

— (317, T, = T7,,(8T%, ). (8.18)

Labelling the six terms on the right hand side of (8.17) by 1, 2, 3, 4, 5 and 6, the six terms on
the rhs of (8.18) are respectively 2, 1, 6, 3, 4 and 5; so we have finally

SR = (8T )., — (BT ). s (8.19)

3

known as the Palatini identity. Note that here the covariant derivatives are defined as if 6I"
were a tensor — which it is. Note also, in passing, that 6R,,. may be written in the form
(Problem 8.1)

SR/‘” = 1/2 g}uﬂ[(Sg‘Tﬂ);ff;/{ + (Sgﬂ'/‘i);;t;i - (agll’i);ag/l - (Sg)»lf);,u;f;]' (820)
We are concerned to derive the field equations, so wish to vary the action (8.9).
Defining
&3

— _oR - 21
;Eg I{\/ g ? K 1677:G7 (8 )

we have
0Ly = kd(\/—gR) = Kd(\/—g&" Ruw)
= rk{y/—gRuw3g" + R(8\/—g) + v/—gg"" SR}

We first show that, by virtue of the Palatini identity, the last term in (8.22) is a total
derivative. Indeed, from (8.19)

(8.22)

\/_gg/m SR/m = \/_ggw{[(Srl/m);,l - (ariﬂi);n}
= V=g [(g" 8" ), — (8" 80 %2),,]
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0Q

8g,,=00n dQ

Q

9= G + 69,

A space-time Q with boundary 6Q; the variation of the metric tensor vanishes on the boundary.
since g"*.,=0. Now it follows from (3.202b) and (3.212) that

Vﬂ;’,u = (\/_g Vﬂ),#

1
V-8
hence

V88" SR = (vV—gg" 8T ) ; — (V—g&"™ 8T7)

= 0;[v/—gg" 8" — \/—g g"* 81" ]
=0, W, (8.23)

atotal divergence. Then, if we are evaluating [ § (\/ — gR) over the region Q with g, =0 on

Q
the boundary 0Q (see Fig. 8.1), by Gauss’s theorem the total divergence does not contribute.
Furthermore, since

6(\/_g) = _1/2 \/_gg/tv Sg,uv’
then (8.22) and (8.23) give

3(y/—gR) = \/—g8g" (Ru — V2 guR) + 1W* (8.24)
and, from (8.9)
C3
55 = o |88 o) d' (8.25)
Q

The principle of least action dictates that 3S,= 0 for arbitrary 5g*", giving finally
Rﬂv - I/Zg,uvR = O, (826)

the vacuum field equations. We conclude that (8.9) is a suitable expression for the action of a
gravitational field.

Turning now to the inclusion of matter and radiation, if we accept that they interact with
gravity through the energy momentum tensor, this furnishes a definition of this tensor; in
other words a change 6g,,, in the gravitational field will result in a change in the matter action
S (Equation (8.8)) of
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c

OSm = 7

J T (x)\/—g dgu d*x. (8.27)
This defines T*". Note that since g,,, = g, then 7" is also symmetric
T# = T"*, (8.28)

The equation above then implies a matter action equal to

Sm=—3 | T7e)V-ggad (5.29)
giving a total action
S=5,+8 —J C r Cremlgdt (8.30)
=550 = [\ Tong R g Tme" Ve dx '
On variation of g,
5 J € (Lo r)—Cr sgm /i gdt (8.31)
= P v TS &uv — A tw - X, .
162G \\™ " 2% 7 T 08" VE
and 8S=0 gives
87 G
R,uv - 1/Zg,uvR = CT T,uw (832)

the matter field equations. We conclude that (8.29) is a valid expression for the contribution
of matter (and radiation) to the action.

8.2 Energy-momentum pseudotensor
-]

The left hand side of the field equation (8.6) above obeys

(R~ 1g"R), =0,

and it therefore follows that
., =0, (8.33)

which is a statement of energy-momentum conservation, but in covariant form. This is not
ideal, however; if energy and momentum are truly conserved we should be looking for a
conservation law of the form, involving simply a partial divergence,
A% a AY
W, =—Ww"=0. (8.34)
' ox¥

It is our task in this section to find a form for W*". It turns out that that is possible, and the
extra contribution to W*”, apart from 7", is interpreted as coming from the gravitational
field itself.
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To begin, let us consider again a variation in the metric tensor, given by Equation (8.10).
The requirement that this variation is not simply a consequence of a coordinate change, but
represents a ‘real’ change in the gravitational field, is, translated into mathematical lan-

guage, the statement that it is described by a Lie derivative
xt=xt—eat(x) = x* —&",
as in Equation (6.121) above. Then
8guw = e(guia’ v + givat  + guia’).
Write the action (8.9) (or (8.21)) as

Sg =k J Rd%,
R=Rvg, ™= gR"
Then under (8.36)
3Sy =¢k J(ﬁ"v g a{v +R"™ g, a{,t + R™ v ai) d*x.

The first term in the integrand may be written as

év(éﬂv i 8;") — (é”v g,M),v e

(8.35)

(8.36)

(8.37)

(8.38)

Re-expressing the total divergence as a surface term, which will vanish if a*(x) vanishes on

the surface, and performing the same operation on the second term, gives
38, = SFGJ [—(R™ gM)w — (Ié”vgvg)’ﬂ + Ié"vgﬂv,i] a’ d*x,
and noting that a” is arbitrary, this implies that
2(R"gu) = R g s =0
or
(R), — VhR gz = 0.
This equation is actually
R")., =0
(see Problem 8.2), or equivalently

R™., =0,

(8.39)

(8.40)

(8.41)

We have already seen that because of the contracted Bianchi identities and the field

equations, we have

(R™ —1hgR), =0; T =0.

v



302

Action principle, conservation laws, Cauchy problem

It follows immediately that

[\/_g<RHV - 1/2gva>];v = 01 T,HV sV = 07
where 7" = \/—gT*"; or, in virtue of the equivalence of (8.40) and (8.41),

Ty = 2T g0 = 0. (8.42)

This equation, which is a consequence of the covariant conservation law (8.33), is approach-
ing, but is still not actually in, the most desirable form for a conservation law. We need to
show that the second term in (8.42) can be expressed as a divergence. To do this, note that
(see (8.29))

ijv:_ 8L :_% +81{ oL }
2 e 0gu a(alg/t\/)
Then
C - oL oL
— T/IV = - — K
2 8uv, 2 ag;zv 8uv,h + aﬂ{a(a;{gﬂ\/)} 8uv,h

-5 {ﬁ } I

K a(aﬁgﬂ‘)) Euv.) agyv v a(amgﬂv) Euv,k, )
PP N G
= Ug a(amgﬂv) g,uv,n 6xi

oL , }
P T
{a(aﬁgﬂv) S T

(8.43)
Hence (8.42) is
(T +47), =0 (8.44)
with
oL
"= 98, L — ———— guiyu - 8.45
" ‘ { L 0(0vgr) & ’#} ( )

Equation (8.44) is now in a satisfactory form for a conservation equation, and it shows that
the ‘source’ of gravity is not simply 7" but 7"+ ¢*”. It is reasonable to suppose that ¢
represents the energy-momentum of the gravitational field itself, but to make this more
convincing we must make some adjustments to the Lagrangian (8.21). The important point
is that this Lagrangian involves second order as well as first order derivatives of the metric
tensor (since the Riemann tensor itself involves these). We want to find a Lagrangian
involving only g, and its first order derivatives only, and it turns out we can do this by
subtracting a total divergence from £.
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From (4.23) we have
L =r\/—gR=r\/-gg" Ry =r\/—gg" R,
= K\/_ggl# (rﬂl,u,h' - r%ih',/t + rmph;rpi,u - rmp,urpim)- (846)

The first two terms are
Il _ K\/_ggl,u(l—wlﬂﬂ _ Fﬁlm,y)
= K(\/_gg/l'ural,u - \/_ggmr%ifi),a
- “(\/_ggw)‘,aral/t + (\/_ggia),arﬁi K (8.47)
In addition, noting that (\/—ggﬁ"):a = 0 and hence (see (3.224))

(V-88") 0= T eay/—88™ = Tru/—g 8" + /-8 """ 0,

we obtain, after some cancelling and some addition of terms,
L= r(V-gg" T — v—88"" "),
+ 264/ Py T = T ).
This, when substituted into (8.46) gives
L=Ly+ 4", (8.48)
with
A=k /=g (g T — 87T ),

Ly = ’i\/_gg'd (Fﬂw D =T FV#V)' ¢4

Making the usual observation that a total divergence in the action has no effect (on
the field equations), we may use, instead of £ in the definition (8.45) of #,", the
Lagrangian £y:

0L
) =c98, Ly — ———guiu- 8.50
" c { Jl 0 a(avg’a)gni,; } ( )
The important point about £ is that, unlike R= g**R,,,, it only contains the metric tensor
and its first derivatives

IO - I0 (gyvag/zv.i)~

The consequence of this is that in a geodesic coordinate system, in which the first derivatives
of g, vanish, # also vanishes, " =0. In other coordinate systems this is not the case, so ¢
is not a tensor — it vanishes in some coordinate systems but not in others. It is commonly
called a ‘pseudotensor’. The covariant conservation law T*".,= 0, in which a ‘sham’ (to use
Schrodinger’s word?) divergence is used, is replaced by

2 Schrodinger (1985).
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(T™ + 1), =0, (8.51)

in which #* is a ‘sham’ tensor.

What is the meaning of ¥ ? In any system held together by gravity, the gravitational
field itself contributes to the total mass (equivalently, to the energy), and therefore
contributes to its own source (rather like the Yang—Mills field in particle physics). In
saying, then, that 7"+ ¢*" is the source of the gravitational field, it seems perfectly
reasonable, given that 7*" represents the contribution of matter, to identify ¢*" as the
contribution of the gravitational field to the energy-momentum tensor. It is also to be
expected that this contribution is not tensorial, since, by virtue of the equivalence
principle, in an inertial frame the gravitational field locally disappears, so of course
will carry no energy or momentum; whereas in an arbitrary frame of refernce the energy
of the field will not be zero. We cannot, then, identify a place, or places, where the
gravitational field exists and carries energy, since whether the field carries energy also
depends on the frame of reference. Gravitational energy is not localisable. We must not,
however, forget that, despite the non-covariant nature of some of the quantities we have
been concerned with, our whole formalism is relativistically covariant. The gravitational
field certainly contributes to the mass-energy of a bound system, but this contribution is
not localisable. It is, one may reflect, rather neat — Penrose’ uses the word ‘miraculous’ —
to see how this fits together.

8.3 Cauchy problem
I —

The vacuum field equations
R,=0 (8.52)

are second order differential equations for the components of the metric tensor, so it is
reasonable to suppose that, to find a solution, we must first be given the values of g, and its
time derivatives g, o on a spacelike hypersurface S — for example the hypersurface x°=0,as
sketched in Fig. 8.2. Note that if g,, is given over the hypersurface, then the spatial
derivatives g,,; are already known; in fact, all the spatial derivatives of g,, will be
known, and the first order time derivatives are also specified, so the only unknown functions
are g,,,, 00, the second order time derivatives, and these will be found from the field equations
(8.52). And then, by differentiation with respect to ¢, the third and higher order time
derivatives may be found, so (assuming that g, is an analytic function of #) g,, can then
be found for all time.

We are therefore looking to the field equations to give us expressions for the second order
time derivatives g, oo — that is for g 00, g0,00 and goo 00- These ten functions are all we need
to know. The field equations depend on the Riemann tensor, which, as will now be shown,
can be written as

3 Penrose (2004), p. 468.
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Given g,,and g, o

The spacelike hypersurface S, defined by x° = 0, on which the metric tensor and its first
derivatives are given.

Ra/lyv = ]/Z(gav,/l,u — 8ou,Av +glﬂﬁav - g/lv,a,u)

. . (8.53)
+gaﬁ(r Uvrf;t -I on rfv)

To see this, note that from (4.31) we have

Rﬂi,uv = ng,Ff,w
= gan(l—%iv,,u - l—%l,u,v) +gaﬁ',(l—%p,u l—‘p/lv - l—%/)v rply)
l/zganaﬂ[gﬁr(grl,v + Erv, 2 — glv,r)]

— 12851 0v[8" (Grip + Gt — &iur)]
+ 8o (T pu IPi0 — T T75).

In the first two terms, noting that

gaﬁaﬂg’“- = _g){r u8or = _gﬁt(gqarﬂ&y +gqﬁrnaﬁ)

(by explicit calculation), we find, after some algebra and much cancellation of terms,
Equation (8.53). The first bracket in this equation contains second derivatives of the
metric tensor, and the second bracket only first order derivatives. The second bracket is
therefore included in the initial data. The second order time derivatives, because of the
antisymmetry properties of the Riemann tensor, come from Ry, and these will yield
only gix.00, 10t io.00 OF Zoo.00- This could be called a problem of underdetermination —
the field equations will determine neither g0 00 nor goo,00- The components of the Ricci
tensor are

Roo = R"0u0 = Rl ;o = "Ruoi0 = ¥ Roiox
=g (=" g0 + )
= —1/g%gir,00 + (ID)q (8.54)
(where ID stands for initial data),
Roi = R"0ui = 8" Rioui = &"*Reoui
= g% Ry00i + (ID),,
=15 g"giro0 + (ID)y; (8.55)

and
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Rik = R*u = g Roiox + (D),
= —14g"gik.00 + (ID),-
On the other hand, the field equations (8.52) (= (8.54) +(8.55) +(8.56)) are 10 equations for

the 6 unknowns g oo — a problem of overdetermination. This problem will have to be solved
by demanding compatibility requirements for the initial data.

(8.56)

Let us summarise the situation so far. To determine the complete evolution of a space-time
we want to find the 10 quantities g,,,, oo. The field equations R,,, = 0 only give g oo — they do
not give 0,00 Or Zoo,00: this is Problem 1. On the other hand the field equations are 10
equations in 6 unknowns, so there must be compatibility requirements in the initial data: this
is Problem 2.

To solve Problem 1, we shall show that there is a coordinate system in which

gio,00 =0, goo00=0. (8.57)

These are four equations, which can be made to follow from the four components of a
coordinate transformation: we propose the transformation

3
=t +%A"(x). (8.58)

The spacelike hypersurface S on which the initial data are specified is x° =0, so

X" =x* onS. (8.59)
From (8.58)
0 u 0\2 0\3
O 50, 8 g OV g (8.60)
ox¥ 2 ’
giving
o
*_ 3§, onS. (8.61)
ox

Differentiating further it is straightforward to see that

ame
—=0 S 8.62
Oxvox* on (8.62)
and from (8.60), that
ox'*
(LO) — A" on S. (8.63)
Ox' 00
Now the metric tensor transforms as
ox'™ ox'*
!/
= L . 4
Euv & ki Oxt Ox¥ ) (8 6 )

so, from (8.61),
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v =g, ons. (8.65)
In addition, noting that
o [, ox"ox'"\ox"
Ew. i = 0p \ 8o o o ) ok
ox Ox* Ox" ] Ox
o, oo ox”
= & ron G ox oxt
+g/ < a2xln ax/o' N ax//{ aleo- )

oxoxt ox' T ox" ax'ox (8.66)

it follows from (8.61) and (8.62) that
Q.. = &y,; ON S. (8.67)

Equations (8.65) and (8.67) imply that the initial data are unchanged in the new coordinate
system. We must now show that it is possible to choose 4* in (8.58) such that (8.57) holds.
The calculations are actually straightforward and are set as a problem: they involve simply
showing that

200,00 = €000 + 24" guo on S, (8.68)
20,00 = o, 00 + &uiA" on'S, (8.69)

and
&8ik,00 = g;k"oo on§. (8.70)

Then, choosing 4 such that

goo00 = 24" guo (1 condition)
goi00 = guiA" (3 conditions)

will mean that
/ o o
800,00 = 804,00 = 0,

as claimed in (8.57). We have now solved Problem 1.
Turning to Problem 2, we now regard the equations (see (8.56))

Rii=0 (8.71)

as evolution, or dynamical equations. They are six equations for the six unknown functions
Zir.00- The remaining four equations

Ro=0, Ryo=0 (8.72)

can be shown to involve the initial data only, and therefore to act as constraints on them. For
we see that, from the field equations

g% Roo — g Rix = 0, (8.73)
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s0 (8.54) and (8.56) give
2" (ID),, — ¢*(ID),, = 0. (8.74)

This is a constraint (one constraint) on the initial data — expressed in the form (8.73). This
equation, however, is equivalent to

G% =0, (8.75)
since

GO() = ROO - 1/ZR = RO() — l/z(g’”R,,v) = go’uR()/, — 1/2(g“”R#V)
= 1/(g"Roo — g"R),

which vanishes, according to (8.73).
In a similar way, the field equations also imply that

g"Rip + "Ry = 0, (8.76)
but from (8.55) and (8.56) this is the same as
g(ID),, + g"(ID),, =0, (8.77)
and therefore acts as three constraints on the initial data. On the other hand
G =R" =g" Ry = g"Rio + g" Ru,
0 (8.76) — and therefore (8.77) — can be stated in the form
G =o. (8.78)
Summarising, the vacuum field equations R, =0 may be put in the form

Rix =0 evolution equations,
0 . I (8.79)
G;’|s =0 constraints on the initial data.

Problem 2 is now solved and the Cauchy, or initial value problem is now cast into the form
(8.79) above, where a distinction is made between dynamical and non-dynamical variables.
This is as far as we shall go in our account of these matters, but it is pertinent to remark that the
point we have reached marks the beginning of a particular approach to the study of the
dynamics of General Relativity. This is based on what is known as a 3+1 split, separating
time (1) from space (3) by describing the evolution of spacelike hypersurfaces in time. Since the
overall formalism is invariant under general coordinate transformations, there is no worry about
lack of covariance in any of the calculations. This approach was pioneered by Arnowitt, Deser
and Misner (1962), and is also important in the Hamiltonian formulation of General Relativity.
It is perhaps also worth remarking that Maxwell’s equations of electrodynamics may also be
represented by those equations which are truly dynamical and those which act as constraints.
This division exists essentially because of the gauge invariance of electrodynamics; and in
General Relativity it is general coordinate invariance that plays a role analogous to that of gauge
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invariance in electrodynamics. Finally, this whole subject comes into its own as one way of
approaching quantum gravity. For more details see ‘Further reading’.

Further reading
I —

An excellent account of the role of the least action principle in physics is Yourgrau &
Mandelstam (1968). The expressions (8.50) and (8.51) for the conservation of energy and
the energy-momentum pseudotensor first appear in Einstein (1916a). Detailed accounts of
this topic may be found in Anderson (1967), Davis (1970), Papapetrou (1974), as well as in
some of the older books: Bergmann (1942), Weyl (1952), Pauli (1958). A good account also
appears in Landau & Lifshitz (1971). Very readable and rather enlightening versions of this
topic may be found in Mehra (1973), Pais (1982) and Schrédinger (1985).

Good accounts of the Cauchy problem may be found in Bruhat (1962) and Adler et al.
(1975). Considerably more sophisticated versions may be found in the books of Hawking &
Ellis (1973) and of Wald (1984). The seminal work on the dynamics of General Relativity is
Arnowitt et al. (1962); see also Misner et al. (1973). For the Hamiltonian formulation of
General Relativity see for example Misner et al. (1973), Wald (1984), Poisson (2004); and
also Padmanabhan (1989) and Barbashov et al. (2001). Introductions to the topic of
constraints in quantum field theory may be found in Itzykson & Zuber (1980) and
Weinberg (1995); see also Dirac (2001).

Problems
I ——

8.1 Prove that under a small variation in the gravitational field
S — Guv + OZuy
the change in the Ricci tensor is
SR/M = 1/2gza[(6gﬂﬂ);n;i + (Sgﬂl‘i);,u;ﬂ - (Sg/m);a;/i - (Sg;"ﬂ);/l;l‘é]'

8.2 Prove Equation (8.41) from (8.40), using Equation (3.224).
8.3 Prove Equations (8.68) to (8.70).



Gravitational radiation

The question whether gravitational radiation exists is of great interest, both theoretically and
experimentally. In the weak field approximation Einstein’s field equations lead to a wave
equation, which, in analogy with the situation with Maxwell’s equations of electrodynamics,
clearly suggests that gravitational waves exist; and, it would be hoped, again in analogy with
the electrodynamic case, that they carry energy. We recall the crucial discovery by Hertz of
electromagnetic waves, which convinced him, as well as the general public, of the reality of
the field. From the 1960s Weber pioneered experiments to search for gravitational waves,
but they have not yet been found. On the other hand there is some very convincing, though
indirect, evidence that the gravitational field may radiate energy, which comes from the
discovery that the period of the binary pulsar PSR 1913+16 is decreasing. One may feel
justified in taking an optimistic view that gravitational radiation exists and might soon be
discovered.

On the theoretical side there is a problem which is totally absent in the electromagnetic
case. General Relativity is a non-linear theory, and this has the physical consequence that the
gravitational field itself carries energy — witness the pseudo-energy-momentum tensor
discussed earlier — which then acts as a source for more gravitational field. In contrast the
electromagnetic field carries no electric charge so is not a source of further field. In the
language of quantum theory, there is a graviton—graviton coupling but no photon—photon
coupling. So while a wavelike solution to the gravitational field equations might have been
found in the weak field approximation — which is linear! — an obviously important question
is, does General Relativity, as a complete mathematical structure with no approximation,
exhibit radiative solutions to the field equations? This is ultimately a question about the
Riemann tensor and, using the insights provided by the Petrov classification, it turns out that
it does. These are the topics to be discussed in the present chapter, which we begin with a
consideration of the weak field approximation.

9.1 Weak field approximation
e ————————

The weak field approximation is the linear approximation, which was discussed in
Chapter 6, and amounts to the assumption (6.1)

gﬂV:npv"f_hﬂv, h/tv<< 1 (91)

We recall that in this approximation the energy-momentum tensor 7}, obeys the conserva-
tion law (6.6)
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T, = 0. 9.2)

The harmonic coordinate condition, defined by (6.18), plays a significant role in this
approximation and it is useful to note that it may equivalently be stated in the forms

g”I“AM =0 9.3)

and
R 9.4
i T 5 MY ( ° )

(see Problem 9.1). It is straightforward to see that the field equations (6.19)

162G
Ofuv = C—2 T,'uv
may be written as
162G
Dh/zv ZTS;N (95)

where

S,uv = Lyy — l/zg,uvT;Li
as in (6.5). Equation (9.5) has the retarded potential solution

[ — x|

4G (St ===F—) 5,
hyv(x, 1) _c_zj | d’x'. (9.6)
In vacuo the field equation reduces to
oh,, = 0. 9.7

So far this is quite general. We want to look for a solution to the field equations which
represents a plane wave emanating from a particular source. The plane wave is given by

By = €4y exp(i/qxi) + a;V exp(—ikpcj“). 9.8)
The field equation (9.7) is satisfied if
Kk, =0 9.9)
and the harmonic condition (9.4) requires
1
ke, = 3 ke (9.10)
Since h,,,, is symmetric, so is &,,,
Euv = Evy- (911)

&, has 10 independent components and (9.10) amounts to four conditions, so there remain
six independent components. These, however, do not all have physical significance, for we
may make a coordinate transformation
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X = (),
under which the metric tensor becomes

oxP ox° . -
g/llv = M@gpa =y — fp,/x)(é v— & ﬁv)gpzr = 8uv — fp,,ugpv -

to lowest order in & equivalently
hl/lv = h/lv - é.,u‘v - gv.,u-
We may write £ in the form (suitable for a plane wave)
E(x) = ie,e™ — iee iex
and then (9.8) and (9.13) give

/
Euv = &y + kye, + kyey.

(9.12)

fg,v 8uo

9.13)

(9.14)

(9.15)

The four parameters e, mean that the number of independent components of ¢,, (and

u

therefore 4, ) is 6 4=2. To find these two explicitly, consider a wave travelling in the z

direction, so
B =k =k(>0), k=i=0,

then (9.10) gives, forv=20, 1, 2, 3,

1
€30 + €00 = —5(—800 +en1 +en +ée33),

g1 +e31 =0, &ep+ep=0,

1
€33 + &3 = = (—¢&00 + €11 + €22 + €33).

\9)

(9.16)

These equations enable us to express the four quantities &;y and &5, in terms of the other

SIX &,
el = —&31, &2 = —e3, &3 = —1/2(e00 +33), €0 =—eu.
Under the transformation (9.15) we have

/ ! / /
g1 =¢n, &nn=2¢n, ¢€13==¢c3+ke, &3 =-eé3+ke,

8/33 = &33 + 2kes, 6/00 = goo — 2keg.
Then, putting

1 1
key = —e13, key = —&p3, kez = 53 keg = > &0,

we find

/ / ! /
g =¢&n=¢33==¢0 =0,

(9.17)

(9.18)

leaving, as the only non-zero components, €1, £1» =&, and &,, =— &1;. Hence, dropping the

primes, h,, becomes
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0 0 0 0

_ 0 hn hi 0
b =10 he —hi 0 (9.19)

0 0 0 0

This expression holds for the propagation of a wave in the z direction. Since 4,, contains
only two independent components, it follows that there are two polarisation states of
gravitational radiation. This form for 4, is called the transverse-traceless or TT form. The
only non-zero components of £, are the space-space ones h;, and — for propagation in the z
direction — /3, =0; so A, contains only components transverse to the direction of propaga-
tion. In addition the trace is zero, so we have

Wy =n"tr, = 0. (9.20)

It is a straightforward to write an expression for /4, corresponding to propagation of a
wave in the x direction. In place of (9.16) we have

K=k =k(>0), k=K =0;

the rest of the algebra proceeds in an analogous way and we finish up with

00 0 0
00 0 0
=10 0 by 9.21)

0 0 hy —hp

We complete this section by making two observations following from the fact that gravita-
tional radiation has two degrees of polarisation: these concern the spin of the graviton, and
the behaviour of matter when it is hit by a gravitational wave.

9.1.1 Spin 2 graviton

To talk about ‘gravitons’ at all is immediately to introduce the language of quantum theory
into what has so far been a completely classical discussion — since, of course, the graviton is
defined as being the quantum of the gravitational field, analogous to the photon, the
quantum of the electromagnetic field. Although there exists no proper quantum theory of
gravity at present it is nevertheless possible, in the weak field approximation, to talk about
gravitons as fields h,,, existing and propagating in a Minkowski space background. In a fully
fledged theory of gravity the metric tensor itself will be subject to some sort of quantisation,
but the present considerations are much more limited than this.

Spin was introduced into quantum physics as intrinsic angular momentum possessed by
electrons, which may be represented by the Pauli spin matrices, which obey the same
commutation relations as the generators of the rotation group SO(3), or SU(2).! There is a

! See any book on quantum mechanics; for example Cohen-Tannoudji et al. (1977), Vol. 1, Chapter 4, or Sakurai
(1994), Chapter 3.
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deep connection between rotations and angular momentum and in quantum theory this is
manifested by the fact that under a rotation in parameter space the state in question (for
example a spin ' particle) corresponds to a set of vectors in Hilbert space which act as the
basis states for a representation of the rotation group. Consider for simplicity a rotation
about the z axis through an angle 8, which in coordinate space is given by the matrix

cosd sinf O

RO)=| —sinf cosé 0|, (9.22)
0 0 1
so that the transformation
X X
ROy | =1V
z vl

gives x'=x cos @+y sinf, and so on. The state (e,, e,, e.) transforms according to this
(adjoint) representation of the rotation group if, under the same rotation about the z axis

e ex
; =RO)| e |, (9.23)
g e:
or, in index notation, with (e,, e,, e.)=(e1, €2, €3),
e/ =Rier (i, k=1,2,3) (9.24)

(and there is no need to distinguish upper and lower indices). The two equations above
describe how the state of a spin 1 particle changes under a rotation, according to quantum
theory. It is then easy to see that, with the explicit form (9.22) for the rotation matrix

el'—iezlzeie(el —iez), 63/263, 81/+iezl=e ie(el-i-iez);
that is to say, the three states e_, e, e, respectively have helicity 2=1,0, 1:
R(0) e(h) = e™e(h). (9.25)

This is how the polarisation of the photon is usually described in quantum theory; the photon
has three polarisation states, of which two are transverse and one is longitudinal. As is well
known, however, the longitudinal state is unphysical. In the language of waves, the helicity
of electromagnetic waves is either +1 or 1. In the language of photons, we then state that
the photon is a particle with spin 1 but only two polarisation states exist, with J,==+ 1.

Let us now turn to consider the polarisation states of the gravitational wave (9.20). The
states ¢, transform not as a vector but as a second rank tensor (since there are two indices)
under rotations, so (9.24) becomes replaced by

gik/ = Rip Rin €mn- (926)

Then with the only non-zero components being ¢;; = &, and &), =¢&,; we have
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€11’ = Rim Rip &mn = (c08?0) £11 + (25in 6 cos 0) &1, + (sin’6) &3,
= (cos?@ — sin®0) e;; + (25sin O cosb) &1,

€12’ = Rim Roy &mn = —(25inOcos ) &1 + (cos’d — sin20) €12,
giving
811/—i812/ :CZiH(SH —i812), (927)

a state with helicity h=2. Similarly &1 +1 €1, has helicity = 2. The two states of polar-
isation of the gravitational wave have helicity £2. In the language of gravitons, the graviton
is a particle with spin 2, but only the two states &1 £ig;, exist, with J,==£2.

This analysis completes the parallels between the photon and the (putative) graviton, and
serves as a justification for the statement that the graviton is a particle with spin 2, just as the
photon is a particle with spin 1. For the sake of rigour, however, it should be remarked that as
far as quantum theory is concerned the analysis above is faulty. The reason is deep and the
argument is not particularly easy. It derives from the seminal paper by Wigner” in which he
analysed the definition of spin from a relativistic standpoint. As stated above, spin, as
originally introduced into quantum theory, is described by the rotation group SO(3) (or SU
(2)) and this works well for the treatment of electrons in atoms, in the non-relativistic
regime. In extending these considerations to the (special) relativistic regime, Wigner
realised that the rotation group (describing the invariance of the laws of physics under
rotations) had to be enlarged not only to the homogeneous Lorentz group (describing the
invariance of the laws of physics also under Lorentz transformations) but actually to the
inhomogeneous Lorentz group, which includes invariance under space and time trans
lations. The generators of these translations are essentially the 4-momentum operators P*,
and one then defines states according to the value of P“P,,. According to whether this is >0,
=0 or <0, the states are spacelike, null or timelike. The truly surprising feature of Wigner’s
analysis, however, is that his definition of spin depends on the translation operators P*, and
it turns out that it is only for timelike states that spin is characterised by operators obeying
the Lie algebra of O(3), the rotation group. In particular, when P*P, =0, in other words for
massless particles — like the photon and graviton — spin is not described by the rotation group
at all, but by the Euclidean group in the plane, which is a non-compact group. This is
presumably why it is only the two states J, ==/ that exist for photons and gravitons. The
analysis above is therefore faulty — or at least inadequate.

9.1.2 The effect of gravitational waves

We now ask what happens when a gravitational wave strikes matter. Without loss of
generality we continue to confine our attention to a wave travelling in the z direction.
Consider first the case in which /1, =0 (Equation (9.19)). Then, in this region of space-time

ds? = = d? + {1 + hyy(ct — 2)}d® + {1 — hyy(ct — 2)}dy? + d2%. (9.28)

2 Wigner (1939).
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O-0-0O-O

Oscillatory motion of a circle of particles hit by a gravitational wave with polarisation +.

The function /4;,(ct —z) is an oscillating function, sometimes positive and sometimes negative.
Consider some particles arranged round a circle in the xy plane, and hit by a wave with, at some
instant, 4;; >0. Then two particles with the same y coordinate have a spatial separation

ds® = (1 + hyy) dé?

and will therefore move apart, whereas two particles with the same x coordinate have a
separation

dS2 = (1 —hn)dyz

and will therefore move closer together. Particles at intermediate points on the circle will move
in an intermediate way, so the circle defined by the particles will become ‘squashed’ as shown in
the first part of Fig. 9.1. After a short time /,; returns to zero and the circle is restored, after
which £, becomes negative and the circle becomes elongated, again later returning to a circular
shape. Thus the collection of particles oscillates as shown in the figure. This is clearly a
transverse motion, and the wave (represented by /1, here) is said to have a + polarisation.
Now consider a wave with ;;=0  an 4, wave. The invariant line element is clearly

ds? = = dF? + do? + 2hpy dxdy + dy? + d2. (©-29)

To see what motion this induces in our circular array of particles in the xy plane, it is easiest
to rotate through 45° to new axes in the plane:

¥ =2xc0s45° + ysin45° = % (x+y),

y= —xsin45° + ycos45° = % (—x+).

Then dx? + dy? = d¥* + dj? and 2dxdy = d¥* — dj* and (9.29) becomes
ds? = —c*df* + (1 + hyp)d7® + (1 — hyp)di* + d22, (9.30)

which is of the same form as (9.28), and therefore corresponds to an oscillatory motion of the
same type, but with respect to rofated axes, as shown in Fig. 9.2. This is therefore also a
transverse wave, and is said to be of polarisation type X. In this notation (9.19) may be written as

00 0 0
W =

oo o
>
X
\
=
+

0
0
0
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O-O0-0O-0

Oscillatory motion induced by a gravitational wave with polarisation x.

9.2 Radiation from a rotating binary source

The quantity 4, is the amplitude of the gravitational wave produced by the motion of a
source, and the source is characterised by the energy-momentum tensor 7},,. The expression
(9.19) for h,,, has the property 2*, = 0, so from (6.10) and (6.11) 4, =f,,, and it then follows
from (6.22) that

1 162G 1 =71\
i) =g [ = o,

which gives the relation between 4,,, and 7),,. In the long distance approximation »>>r' (see
Fig. 9.3) so we may put

4G 1

hyu(r,t) = = ;JT#V(r',l‘r)d%/, (9.31)

r. . . . _

where ¢, = t — - is the reduced time. Since we are concerned with weak gravitational fields
c .

and slowly moving sources we may assume that 7),, obeys the flat space conservation law

™, = 0. (9.32)

Putting =0 and differentiating with respect to x” then gives

o [oT" o [orY% ,
T% g0 = ( ) = ——i( > =-T%. (9.33)

NG oxi \ ox0
Putting =k in (9.32) gives
T4+ 7%, = 0,
and this together with (9.33) yields
7% g0 = T ;. (9.34)

Now multiply both sides of this equation by x"'x” and integrate by parts over all space. The
right hand side gives

a2Tik aTik o aTik " -
J@xi 8xkx’”x" d*x = o X |5 —J pw (0" X" 4 0" x™)dx.



318

Gravitational radiation

A gravitational wave produced by a localised source and detected at P. In the long distance
approximation r >> r’.

Two stars of equal mass in orbit around their common centre of mass.

The surface term vanishes for a bounded system and we then integrate by parts once more,
again ignoring surface terms, finishing up with

2 J 7" dx,
0 (9.34) gives

la—zj T Px =2 J 7" dPx
c2or ’
which, when substituted in (9.31) gives

2G &*
W (ryt) = = | TXx"x" d’x.
(1) ctror? J o
In the non-relativistic (low velocity) limit 7°° is dominated by the mass density p, so we have
finally

2G ..
mn — _[mn . .
W, 1) = S (1) 9.35)
where t. =t — r and
C
" (t) = Jp(t, x) X" dx. (9.36)

This is known as the quadrupole formula, since I™" is the second moment (quadrupole
moment) of the mass distribution of the source. We should note that although we have used
the non-relativistic approximation above, it is a good one for our purposes. Let us now
calculate /™" for a binary system.

Suppose that the system consists of two (neutron) stars of approximately the same mass,
so in orbiting their common centre of mass they trace out the same circle (Fig. 9.4). The
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frequency of the gravitational waves emitted is fwice the orbiting frequency, since after one-
half of the period the masses are simply interchanged, which is indistinguishable from the
starting configuration. If each star has a mass M and the radius of the orbit is R then by
simple Newtonian mechanics the frequency of the orbital motion is

1/2
= (GM) . (9.37)

- 2
B 4R3

o =—=

v
t R
At time 7 the two stars are at the positions

(x,¥, z) = (R coswt, R sinwt, 0) and (—R cos wt, —R sin wt, 0)
sO
I"™(t) = 2Mx™(t) x"(t);
for example
I = 2MR? cos’wt = MR*(1 + cos2wt).

The components of the second moment /" are then

1 + cos2wt sin 2wt 0
I""(t) = MR*| sin 20t 1 —cos 20t 0
0 0 0
and hence
) cos2wt sin2wt 0
I"™(f) = —4w*MR?* | sin2wt —cos2wt 0 (9.38)
0 0 0

and finally, from (9.36), ignoring the overall minus sign and restoring the formula to a
4 x 4 form

0 0 0 0
SMGR»* | 0 cos2wt, sin2wt 0
1) _ r r
K, r) Ar 0 sin2wt. —cos2wt, 0 (9-39)
0 0 0 0

This is the expression for the gravitational field induced by orbiting stars a distance » away. It
is seen, as anticipated above, that the frequency of the oscillating gravitational field is 2w,
twice the frequency of the orbiting motion.

It is also seen that 4" is of the TT form (9.19) above, so it follows that this form for 7
already describes radiation emitted in the z direction; it does not, however, describe radiation
emitted in the x direction, which would have to be of the form (9.21). In particular we need
h11="h12=0, so only /,, would remain, and the matrix, while transverse, would not then be
traceless. This must be rectified, which is not difficult to do: any matrix may be decomposed
into a traceless part and a part consisting of the trace. If

= (2d)
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is a2 X 2 matrix, then it can clearly be written as

My, = [My — 1/2(tr M)oy] + 1/2(tr M) oy,

or
a—d atd
M= 2 ’ +| 2 )
c —a—d 0 at+d
2 2

The first of these matrices is traceless, so in our context will contribute to the gravitational
field, whereas the second one does not. We then deduce that the gravitational field corre-
sponding to radiation emitted in the x direction is

0 0 0 0
AMGR*0* | 0 0 0 0
Huv _
W) =—24, 0 0 cos2wt 0 (0.40)
0 0 0 — cos2wt,

The expression (9.39) for 7" contains both diagonal and off-diagonal terms, whereas the
version above has only diagonal terms. These terms correspond to the different types of
polarisation, denoted /. and % above.

9.2.1 Flux

Supposing that the plane of the rotating binary system is the xy plane (Fig. 9.5), let us now
calculate the energy flux received from this system, in both the z and in the x directions. This
can be done by calculating the energy density in the gravitational field, 7y, either from
(8.50), or from the field equations

1 8rG
Goo = Roo — 5 goo R = —a2 oo (9.41)

We choose the second option, though the two calculations are very similar. The metric tensor
is of course

v = My + hyuvs

and the calculations will be kept to lowest order in %; so, for example,

Z T
e

; 7

Orbiting stars in the xy plane. Radiation is emitted in all directions, but not with equal strength.
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1 1
ro,uv = E noo(ho,u,v + hOv,y - hyv,O) = Ehﬁyv,o + O(hz)

For the sake of definiteness let us proceed with the case of radiation emitted in the z

direction. We first calculate the relevant components of the Riemann tensor. We find, for
example (after some algebra)

1 1 1
Rloo=—=hioo — = (h1.0)> — = (h12.0)*
010 2 11,00 4 ( 11,0) 4 ( 12.0) )
1 1 1
R0 == hi1.00 — = (hi10) 2 — = (h12.0)?
020 2 11,00 4 ( 11,0) 4 ( 12,0) )

R3p30 =0,

so that

1
Roo = R'o10 + R*020 = ~5 [(hn,o)z + (h12,0)2]-

In a similar way we find that R;; =Ry =R33= Rqo, and hence, always working to lowest
order in A, the curvature scalar R is

R=3""R,y=—Roo + Rii + Roo + R33 =2[(h11.0)> + (h2.0)°]- 9.42)
The field equation (9.41) then gives

R
167G

which may equivalently be written as

Too = [(h1,0)* + (h12,0)7), (9.43)

2

=99 hijoh,. (9.44)

700
This is the energy density in the gravitational field. The flux is the amount of energy received
per unit area per unit time in a particular direction, which is czyg. Substituting for 4;; and /4,
in (9.39) we find that the flux emitted in the z direction is

O SMCGR 166 e
167G 872 e’ 72

(9.45)

In the case of radiation emitted in the x direction the corresponding formula, containing the
term (h22,0)2 + (h33,0)2, will contain a factor cos*2wt?, which clearly oscillates in time, so we
should only take the average value of this, which is 2. We then find, for the flux in the x
direction

:EM2R4 w_6

F
e’ 72

(9.46)

We see that far more energy is emitted in the z direction than the x direction, which is
hardly surprising, given the nature of the source. The pattern of energy emission is very
anisotropic.
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9.2.2 Radiated energy

Since the binary system emits radiation it will clearly lose energy, and this must have
observable consequences. We should therefore calculate the total rate of energy emission,
but because the emission is not isotropic, the calculation is not entirely straightforward.

We begin by gathering together some relevant formulae. The energy density in the
gravitational field at any point is, from (9.44) and (9.35)

700 9.47)

= Snctr? Iij 1.
It depends on the (square of the) third time derivative of the quadrupole moment. We also
require, however, that /;;, and therefore /;; (from (9.35)), should be of the TT form. We saw
above that for a binary system the form of ;; relevant to emission in the z direction, given by
(9.39), is already in the TT form (9.19), but that describing emission in the x direction had to
be put in the TT form ‘by hand’, ending up with Equation (9.40). Since we now have to
integrate over all directions we must incorporate a mathematical procedure which will
guarantee that /;; (equivalently /;;) retains a TT form. We may introduce an initial simpli-
fication by starting off with /; already in traceless form, which is done simply by subtracting
a multiple of the unit matrix times the trace, as was done above Equation (9.40). That is, we
shall assume that

L;=0. (9.48)

Our aim is to calculate the rate of energy loss through a spherical surface of large radius,
centred on the radiating source. The flux of radiation is then perpendicular to the surface. To
project out the components of j; that are transverse to the direction of flow of the energy
therefore means projecting out the components in the tangent plane to the surface of the
sphere (and neglecting the others). Let n be the unit normal to the surface at any point, and
let v be some arbitary vector. The projection operator P

P,‘j = 5,‘] — n; nj (949)

projects out the component of v which is orthogonal to n, i.e. in the tangent plane of the
surface. We have

Pijv; =v; — ni(v-n)
and hence
(Pv)-n=(Pijv))ni=v-n — (n-n)(v-n) =0,
as required; (P; v; ) is orthogonal to n. Note that

Pij Py = Py, (9.50)

as expected for projection operators. Now let us upgrade our discussion from vectors
v; to rank 2 tensors M;; (which can also be considered as matrix elements). It is easy to
see that
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Ny = Py Py My 9.51)
is transverse:
Nuyng=Ngn =0, (9.52)
since
Nuny = (0u — mimg) (0 — mjmp)Myny = (04 — myng)(n; — n; (n-m))Mj = 0,
but it is not traceless:
Niy = Py Py My = Py My = P My = tr(PM),

where we have used (9.50) and the fact that P;; = P;;. However, the tensor (matrix)

Ry = (Pikle - %szpy)]‘/[zf ©.53)
is traceless:
R = (PaPy — 1/2PuPy)My = (1 - %Pkk)P,,M-j
but Pip=0, nmp=3 1=2,s0
Ry = 0. (9.54)
R is then the transverse and traceless version of M:
R=M"" = PuP — %P(trPM) (9.55)
or
M, = (Pl-kP_,, - %Pi,Pk,)Mk,. (9.56)

This completes the mathematics we need to find hTTij at any point. Equation (9.47) will be
amended to

G < TT - TT

W00 =orgal il i (9.57)
with
1
I, = (Pikle - EPiijl>]k[- (9.58)
To evaluate (9.57) observe that
1 1
Ity = (PikPﬂ ) Pngz) (Pip Pig =3 iippq) T Ipg
= (PikPﬂ]kl)(PtP ij[pq) - (Pikle[kl)(Piijq[pq)
1
+ Z PijPij (Pkl]kl)(qu [pq)- 9.59)

There are three terms on the right hand side of this equation. After some algebra it is seen that
the first one is equal to

LIy = 2mp my Ly Lig + ningny ng Iij I,
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and the second and third terms are, respectively
1
— ngnpny, nqlkllpq and +§ nkn;npnqlkllpq,

giving, finally,

1
I =11y — 2nyng Ly Iy + 5 7 11 Mg T g (9.60)

We have, then, that from (9.57) the gravitational energy density is

G

S TT e TT
700 :W<I ,j] ij> (961)

where the ‘averaging’ sign is put in to deal with possible oscillating terms; and the energy
passing through a spherical surface of radius 7 in unit time is
dE

E:JCTOOFZdQ:

G

8rcd

J <7'TT,~]« TTTij) dQ. (9.62)
The integral above is, from (9.60)
J P 4o = J (T Ty = 2mpn Typ Ty + S meminyny Ty fy) Q. (9.63)

The factors | l ;7 and so on come outside the integral sign. The remaining angular integrals are

JCK2:471'7 Jninde:‘%ﬂéw
(9.64)

4

J n;n;ng npdQ = % (04 O + ik Ot + 0 Ojx).
These are easily seen: for putting n; = X = sinfcos ¢, n, =y = sinfsin ¢, n3 =2 = cos
and dQ=sind dé d¢, it is simple to check that

4

4
Jnlnng:0, Jl’l%dQ:fn’7 J\n%n%dglzE7

3
and so on. Hence (9.63) gives (noting (9.48))
W TT TT 4 14rx e 241
J<1 i ,-j>dQ: <1,-jl,-j>{4n -2+ 53'2} = (I; 1) =5
and, finally, the rate of energy loss is
E_G
dr 568

Returning to our orbiting binary, from (9.38)

(Iy1y). (9.65)

sin2wt  —cos2wt 0
I = 8MR*®’ | —cos2et —sin2wt O |,
0 0 0

hence 7 ,, 1 l, =128M*R*®® and
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dE 128G
E :?MZR“C()Q (966)

Substituting further from (9.37) for w, the frequency of rotation, gives

dE  2G* M3
U SER ©.67)

This is an expression for the gravitational luminosity of the source: we may write it as
2 (GMN'E
L=-—)]=. 9.68
5 (Rcz) G ©.68)

The quantity (GM/Rc?) is dimensionless and (¢’/G) has the dimensions of luminosity. Note
that L depends on 1/R’, so most energy is emitted from compact binaries (R is the radius of
the binary system).

9.2.3 Spin-up and the binary pulsar PSR 1913+16

The total kinetic energy of the binary system is

1 GM?
T=2x=M?*=
MV T R

2

GM
from (9.37). The potential energy is V = — R (since the distance between the bodies

is 2R) so the total energy of the binary system, including rest masses, is

GM?* GM? GM?
E=—1— M = 2Mc* — .
ar 2R e TR

(9.69)

As the system emits energy £ must decrease, so R must also decrease (assuming M is
unaffected) and the orbit will shrink; the system ‘spins up’ and eventually the stars coalesce.
The frequency of the emitted radiation is f=2w/2x, which from (9.37) is

1/G 1/2
f= - (#) : (9.70)

As R decreases the pitch of the radiation increases, and the signal is known as a chirp, the
song of a sparrow.

Let us make a crude estimate of the characteristic time for the radius of the orbit to shrink
from R to R/2. From above it is clear that an amount of energy GM?/4R will have been
emitted, and if' we assume that the luminosity L is constant during this time, the characteristic
time ¢, would be

GM?

Lty = 2o
ch 4R’

giving, from (9.68),
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T8¢ \R&

3
P (GM> . 9.71)

This is the chirp time for the binary. The factor S5R/8c is the time taken for light to travel a
distance SR/8 and the second factor is dimensionless. It must be admitted that this is a rather
crude estimate, but note that because of the 1/R> dependence of the luminosity, the time
taken for a further decrease in radius, say from R/2 to R/4, is very much less, so the chirp time
is actually not a bad order-of-magnitude estimate for the time taken for the stars to coalesce.
Now let us be more specific, and consider a system where both stars are neutron stars,

M =14Ms, R = 10°km. 9.72)
Then MG/Rc¢* =2.06 x 10 ®and

fh=22 x 107s ~ 7.1 x 109years7

comparable to the age of the Universe! This is hardly measurable, but an interesting and
measurable quantity is the change in the period of an orbit, as a result of its shrinking. The
period is, from (9.37),

R3 1/2
T:47T(G—M> 0.6 R3/2.

As R changes 7 will also change, and from above

dr 3dR
— 3R 9.73)

From (9.69) we have dE/E= dR/R, so
dr  3dE

T 2 E°

We want to find dz/d¢, the rate of change of the period. From the above equations we find

dr/de  3dE/dt 3L 12G°M°

T 2 E 2E 5 RS
hence
de 487 /GMN?
F <R—> ' -7

With MG/Rc*=2.06 x 10 © this gives

dr
—=—184x10 3
dr . ’

the period of the orbit decreases by 1.84 x 10 '® seconds every second. This is a dramatic
prediction of General Relativity, coming about as a consequence of the emission of gravita-
tional radiation from the binary system.
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This prediction was verified in 1974 by Russell Hulse and Joseph Taylor who observed
the decrease in the period of the pulsar PSR 1913+16 in a binary system like the one
considered above: both the pulsar and its companion have masses close to 1.4Mg.> The
orbits are tight but eccentric: the semi-major axis is about 9 x 10® m and the eccentricity of
the ellipse is 0.62; the formula (9.74) has to be corrected for this. Hulse and Taylor took
measurements over many years and concluded that

dr

3 = (F2:42240.006) x 10 2,

in agreement with the general relativistic prediction to an accuracy of better than 0.3%. We
may thus conclude that we have definite — though indirect — evidence for the existence of
gravitational radiation.

9.2.4 Search for gravitational waves

The search for gravitational waves actually has a long history, going back to the pioneering
experiments of Weber in the 1960s. These experiments, which in a modified form are still
being pursued by many research groups today, consist of a large metal cylinder which, when
hit by a gravitational wave, will oscillate, and the oscillations are converted by transducers
into electrical signals. Modern versions of this experiment may achieve sensitivities of the
order of 10 '®. To put this figure into context, let us calculate the amplitude of the signal
from PSR 1913+16. Equations (9.37) and (9.39) give
b 2G*M?
T AR

and with M= 1.4Mg, R=10° m and r, the distance away of the source, equal to 8 kpc=2.5x
10*°m, we have £=3.4 x 10 >3, many orders of magnitude down on 10 '®! An apparatus
of this type would only be able to register signals from much more powerful emitters than
this binary pulsar — and of course there are more powerful sources. Even with a sensitivity of
10 '8, however, in a bar of length (say) 10 m, we would be looking for a change in length of
10 ' m— one hundredth the size of a nucleus! Gravitational wave detection certainly offers
an experimental challenge.

More recently a lot of effort is being put into interferometric methods of finding gravita-
tional waves. These experimeents are basically of the same design as a Michelson interfer-
ometer. Mirrors are placed along perpendicular arms and when a gravitational wave
impinges one of the arms contracts while the other expands, followed a short time later by
the opposite motion. Thus what is looked for is an oscillation in the path difference and
therefore the interference pattern. Some of these experiments are earthbound but the most
interesting of them are planned to be set up in space. The LISA (Large Interferometric Space
Antenna) project will consist of three spacecraft about 5 X 10° km apart. The expectation is
that sensitivities of about 10 ** might be achieved in this type of experiment and there is

* Hulse & Taylor (1975); see also Weissberg & Taylor (1984).
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considerable optimism that, in the words of Bradaschia and Desalvo,* the gravitational wave
community is poised to prove Einstein right and wrong: right in his prediction that gravita-
tional waves exist, wrong in his prediction that we will never be able to detect them.

9.3 Parallels between electrodynamics and General

Relativity: Petrov classification
|

In considering the question whether gravitational radiation exists, much of our thinking has
been guided by the case of electromagnetism. Maxwell’s equations give rise to a wave
equation whose solutions describe waves carrying energy. Correspondingly, in the linear
(weak field) approximation of General Relativity, where the metric tensor differs from its
Minkowski value by the small quantity #,,, we saw that this field also obeys a wave
equation; and that these waves also carry energy. In the last section we considered convinc-
ing, though indirect, evidence that gravitational waves exist, so it might be thought that all
that remains is to discover them directly, but this is not true. Even if gravitational waves are
found conclusively to exist experimentally, we still need to have a proper theoretical
understanding of them — and the weak field approximation does not provide this. In the
first place it is linear, whereas General Relativity in its complete version is non-linear. In this
complete version there is a graviton—graviton coupling, but there is no analogous photon—
photon coupling in quantum electrodynamics. The weak field approximation, however,
is linear so the obvious question must be asked: what is the status of this approximation?
On iteration, does it yield General Relativity, and if it does, how does the non-linearity enter?
Is the iteration even convergent? To my knowledge, these questions are not yet satisfactorily
answered.

9.3.1 A geometric approach to electrodynamics

Reflections such as these encourage us to look at the question of gravitational radiation in a
different way, but still bearing in mind the model of electrodynamics. Consider, for example,
two types of electromagnetic field, the Coulomb field and the radiation field, in which the
electric and magnetic components have the following behaviour:

Coulombfield: E ~ iz, B=0,
r

4 (9.75)
Plane wave (radiation): E~—, |E|=|B|, E-B=0.
r

The Coulomb field is quasi-static and carries no energy but the radiation field carries
energy — it has a non-vanishing Poynting vector. What we want to show is that these

4 Bradaschia & Desalvo (2007).
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cases correspond to a classification of the field tensor F,,, into distinct categories — and then
to show that a similar situation exists for the gravitational field and the Riemann tensor.

From the tensor F),, and its dual IZ“W we may form the Lorentz invariant quantities (see
Section 2.6)

1
P =5 FuF" = ~[E[+[Bf,
L (9.76)
0= 3 F,,F*" = —E-B.

Electromagnetic fields with P= Q=0 are called null fields. The field of a Coulomb (electric)
charge has P<0, 0=0, so is not null. The field of a single magnetic charge is also Coulomb-
like, but in this case it is purely magnetic and P>0, O=0. In summary

Field of a point charge: P#0, Q =0,

. . (9.77)
purely electric, P<0; purely magnetic, P > 0.
On the other hand, a plane wave travelling in the direction k has
E =Epexpli(k-x — wf)], B="kxE= kxEexpli(k-x — wr)].
® 1)
Inavacuum V+-E=0so k+-E=0and
k x Eo|*= K*Ey* — (k- Eo)* = K*Ey?
)
2k2
BP= 5B = B = [EP= F, P =0
w
and in addition
EB="E-(kxE)=0=F, " =0.
10)
We therefore have P=0=0, a null field:
Planewave: P =0, Q=0: nullfield. (9.78)

We have thus characterised the fields of a point charge and radiation algebraically. The next
step is to characterise them in the form of an eigenvalue problem. This will enable us to make
the comparison with gravitational fields.’

The eigenvalue problem takes the form

Fuo k' = Ak (9.79)

k, is the eigenvector and / the eigenvalue of F,,. For the next part of the argument we give
F,,, — an antisymmetric rank 2 tensor — a purely algebraic and geometric interpretation.® We
describe it as a bivector — an object constructed from two vectors. A bivector is simple if it
can be written as

> Much of the following mirrors the work of Frolov (1979).
S For a more complete version of the argument that follows see Frolov (1979).
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1
Fuy = apby = 3 (auby — ayby). (9.80)

In general F,, is not simple, but it can always be decomposed into a pair of simple bivectors:
Fuy = apby + cpd,y)- (9.81)

It can be shown’ that a bivector is simple if and only if
FF) =0. (9.82)

From the definition
v 1 guwel
F, ,qu - E F iy F KA

it is clear that the right hand side is totally antisymmetric in all its indices so (9.82)
implies that
F F* = 0. (9.83)
We now introduce an important transformation, the dual rotation:
F,y — Fj(0) = cos 0F,, + sinHFﬂv. (9.84)

It is actually a transformation which mixes electric and magnetic fields; for example with
(uv)=(10), E, — E, cos 8+ B, sin 6. Since ﬁﬂv = —F,, we have

F(0) = cosOF,, — sin0F,,,
SO
F(0) F*™(0) = cos 20 F, F*" — sin 20 F,, F*” (9.85a)
and
F(0) F*¥(0) = cos 20 F,,, F*" + sin 20 F,,, F*". (9.85b)

From (9.85a) it follows that, given an arbitary F,, there exists a & such that F,,, (0) F™(0)=0,
so I, is simple (by (9.82) and (9.83)). Then by a duality rotation any F,,, may be converted
into the form (9.80)

Fuu(0) = apby; (9.86)
and since F,,,(0) F*"(60) = 0, F,,(0) is also simple,
F(0) = cpd,). (9.87)

From here on we write £,,(6) simply as F,,,and E,V(H) simply as F, - Equation (9.86) tells us
that the bivector F,, defines a plane Il(a, b) and similarly F, v defines a plane Il(e, d). And
since Fﬂv = % aw,{;ua[“bﬂ, the plane I1(a, b) is orthogonal to the plane I1(c, d).

7 Schouten (1954).
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With these geometric considerations in mind we now examine more closely the cases
F,, F*=0and F,, F* # 0 (corresponding to radiation and Coulomb-type fields). Consider
the following:

Proposition: 1f F,, is a simple bivector there exists a pair of vectors p,, g, such that
F:uv = P4y P”q/z =0; (988)

in other words, p,, and g, are orthogonal.

Proof: If F,, is simple then we can write F,, = a,b,;, from (9.86), so we have only to
find p,, g, such that pq, = 0.

Case (i): ifa,a" # 0, choose

(axa”)
Pp=04u,  qu =0y — W“ﬂ

so that

L /] (a"iaﬁ)
pluq’l = aﬂb’ — maﬂbﬂ = O,

and clearly

Pudv) = aLubv]a

(since ay,a,) = 0).
Case (ii): if b,b" #0, interchange @ and b above.
Case (iii): if a, and b, are both null, a,a" = b,b" =0, then choose

1 1
Pu = %(aﬂ —bu)s qu= %(aﬂ + bu),
so that
1 1
pLqu] = 5 (a — b)w(a + b)v] = 5 {aLubv] — b/lav]} = a[[ubv]
and
u 1 u u ! J "
puq" = E(aﬂ —by)(a" +b") = E(aua — b,b") = 0. =

If the simple bivector is represented in the canonical form (9.88), then
AY 1 vV v ) 1
Ful" = 2 (pugv = Pvg)0"q" = p'q") = 5 (ur")(9u9")- (9-89)

We may then consider the cases in which F,, F** <0 and F,, F*"=0: in which F,,, is said to
be timelike or null. From the mathematical point of view we should also consider the case
F,, F*>0, but for our present purposes that is of no physical interest.
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Case I: F,, F*" <0 Then from (9.89) one of the vectors (say p,) must be timelike and
the other spacelike. In the plane Il(p, g), however, there must exist a pair of vectors, /, and
n,, with

Fy = luny — Liny, (9.90)
such that /, and n, are both null, but they are not orthogonal:
LI =nn'=0; In'=a#0, (9.91)
since then
Fu F*™ = (Ln, — Ln,) (I'n — I'n*) = —20* <0.

Case lI: F,, F*"=0 Then one of the vectors (say p,) must be null and the other spacelike
(timelike and null, or two independent null vectors, are not orthogonal). In this case we may
write

Fu = La, — lLa, (9.92)
with /, null and a,, spacelike, and the two vectors orthogonal,
L' =0, a,a">0, lLa"=0. (9.93)
We now turn to the eigenvalue problem (9.79)
Fu k" = k. 9.79)
In the case that F,, is timelike we have, from (9.90),

(Z,unv - lvnﬂ)kv = /U(,ua (9.94)
L(n-k) —n,(1-k) = Ak,

so either k,= 1, and (n-k)=A=(n-1), ie. A=a, or k,=n, and I-k)=(1-n)= 4, ie.
A= a. In other words, the equation

Fo k" = Ak, (9.79)
has two solutions
k, =1, or n,, withA = £(n-1). (9.95)
It clearly follows from (9.79) that
ky By kY = A kyky.

The right hand side of this equation is symmetric under p <+ u so the antisymmetric part
under this interchange vanishes:

kV)F#]VkV = 0; (996)

and we recall that this equations has two solutions in the case where F),, is timelike.
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When F,, is null (9.79) becomes, with (9.92)
(Luay — Lya, )k = Ak,
or
L(a-k)—a,(1-k) =21k, (9.97)

It might be thought that this equation has two solutions, the first being k,, =/,,, in which case
the left hand side of (9.97) is

(La, — La)l' =1(a-1) —a,1-1)=0
by (9.93), implying that 2 =0; and the second being k, = a,,, in which case the left hand side
of (9.97) is
(luay — La,)a” = [,(a-a) —a,(l-a) = (a-a)l,;
but this is incompatible with the right hand side, so this second case is not a solution. There is
therefore only one solution to the eigenvalue problem
Fu k' =k,

when F,, is null, which is

ky, = Al, (4 = const), and 1=0. (9.98)

We conclude that in the case P# 0, Q=0, describing a Coulomb-type field, the eigen-
value equation is (9.96)

ki Fy K =0 (9.99)

and this has two solutions. This is called the non degenerate case and the field tensor is
denoted Fﬂv[l’l]. On the other hand, in the case P=0, O =0, the null case corresponding to a
pure radiation field, the eigenvalue equation is

Fu k' =0. (9.100)

There is only one eigenvalue, A = 0; this is the degenerate case and the field tensor is denoted
F#V[z]. The retarded field from an isolated extended source has the asymptotic (r — o)
behaviour

1 1
Fuv = Fuf 4 5 FalM 40 2), (9.101)

Ly — T
r

9.3.2 Petrov classification

We now move on to the gravitational field, described by the Riemann tensor. The relevant
classification is the Petrov classification, which applies in the first instance to the Weyl
tensor Cj,,,,. This is closely related to the Riemann tensor and is defined as follows:
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1
Ri,uvp = Ci,uvp - _(g/lp B,MV +g,uvBip - gAvB,up — 8up B)vv)

21 (9.102)
- E R(gzlp 8uv — g),vg,up)y
with
1
B,uv = R/lv = _Z g‘uvR' (9103)
Clearly, in a vacuum, where R,,,=R =0,
(invacuo) Rjuvp = Ciuvp- (9.104)
Since g"'B,, =R — "4",R=0, it is clear, multiplying (9.102) by &" that
R, = gAVCMVﬁ + Ryp,
hence
2V Ciuvp = 0. (9.105)
The Weyl tensor has the same symmetries as the Riemann tensor: from (9.102)
Ci,uvp = _C/U.vp = _C/lypv = +Cvpiy, (9106)

CZ,uvp + C/lvpy + Clpyv = 0:

0 Cjp» like R),,, has 10 independent components; but giVC Juvp 18 always zero, even in the
presence of matter. The classification of a tensor depends only on its symmetry properties, so
the classification of the Riemann tensor in vacuo is the same as the classification of the Weyl
tensor anywhere — even in matter.

We shall consider the matter of classification by the method of eigenvectors and eigen-
values, as we did above for the electromagnetic field tensor.® If we have, then, a rank 2 tensor
T;; we look for a vector V/ with the property

TV =2V =g V¥, (9.107)
or
(Tij — 2giy) V' = 0,
and the eigenvalues 4 are the solutions to the equation
|T;; — 2gijl = 0. (9.108)

It is most important to note that the classification which we are about to discuss depends
crucially on the fact that we choose a locally inertial frame at any point P of space-time, at
which, therefore, the metric tensor takes on its Minkowski values

gy = diag (—1,1,1,1). (9.109)

8 Much of the material below follows the treatments of Landau & Lifshitz (1971) and Papapetrou (1974).
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It follows from this that the Petrov classification is a Jocal one — in practice, a physical
gravitational field may change from one class to another, or a mixture of classes, as we move
from one point to another in space.

In the spirit of (9.107) we should define a rank 2 tensor related to the Weyl tensor, and we
do this by proceeding, as in Section 4.4, by making the association

Coruvp < Cup, A~ Aw), B~ (vp). (9.110)

The indices A, B take on the values 1, 2, ..., 6 and in view of (9.106) C,z=Cpy is a
symmetric tensor in a 6 dimensional space with metric tensor . This must be symmetric,
and is defined by

YaB < ruvp = &iv 8up — 8ip 8uv- (9111)

It has the same symmetries as the Weyl tensor, so in the bivector space is symmetric. The
eigenvalue equation is of the form

(Cyp —dy3) WE =0. 9.112)
It actually corresponds to the equation
(C/i,uvp - Agi,uvp) WY = 0,

where W' =— W”", but we shall find it easier to work with Equation (9.112). The corre-
spondence between the indices 4, B and uv, etc., is

A v
1 01
2 02
3 03
4 23
5 31
6 12
so, for example,
711 = &olo1 = oo g1 — o1 &o1 = —1,

2
Vas = 2323 =80 g3 — (g23) =1,
Y12 = &o102 = &oo&12 — o2 &o1 = 0,

and so on, giving

v = diag(—1,—1,—1,1,1,1). 9.113)
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An analogous ‘bivector’ relabelling of the Riemann and Weyl tensors may be carried out, so,
for example,

Ruvii < Rap = Rpy. (9.114)
Then the relation (see (4.34iv))
Ro123 + Rop31 + Roziz = 0 (9.115)
becomes
Ris + Ras + Ryg = 0, (9.116)

and similarly, since the Weyl tensors has the same symmetries,
Cis + Cos + C56 = 0. (9117)

To proceed further (noting all the while that the symmetries of the Riemann and Weyl
tensors are the same) we now write the 20 independent components of the Riemann tensor as
a collection of 3-dimensional tensors’ Mj;, Ny and Py

1 1
Mix = Rojox, Nixp = Egimn Rokmn,  Pix = Zgimn 8kqumnpq7 (9118)

noting that in this 3-dimensional locally Minkowski space there is no need to distinguish
upper and lower indices. By virtue of the symmetry properties of the Riemann tensor we
have

M, = My, (.6 components), (9.119)

and
1 1
Pii= 26kmn €ipq Rmnpq = 2 6ipq Ekmn Rygmn = Pix (.".6 components). (9.120)

In addition

N = %5lmn Rotmn = %(Rom — Roi132) = Ro123; Nz = Rooan,
N33 = Ros12,
hence, from (9.115),
Nii = Nii + Ny + N33 = 0. (9.121)
Further,
Niz = Roiz1,  Niz3 = Roiiz,  Nps = Roszi, N2 = Roona, (9.122)

and so on. We now make use of the vacuum field equations R, = 0. We have
Roo = g" Roiox = Roioi = M,
hence

M; = 0. (9.123)

° That is, tensors whose indices take on only the values 1, 2, 3.
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We also have

Pp = %glmn €2 pg Rmnpg = Rozz1 = —R3132.
On the other hand,
Ry = g”Ryia = Roi2 — Riiz = Roz — R3132 = 0,
hence, from (9.118) Mj,= Pi,, and in general
My = =Py (i # k). (9.124)
In a similar way it follows from Ry; = 0 that N3, = N,3, and in general
Nig = Ng;. (9.125)
Finally, the equations R;; =0, R,, =0 and R33=0 give, respectively
My =Py + P33, Mp=Py3+Py, Mj;=P+ Py, (9.126)

which are, on rearrangement,

Py = %(Mzz +Ms3 — M), Pn= %(Mu + Mz — Mp),
P33 = %(Mn + My — Mss),
from which, using (9.123)
Pi; = %Mi =0.
It then follows from (9.126) that M7, =— P;; and so on, so (9.124) becomes
M;, = —P;;, foralli, k. 9.127)

We can now enumerate the number of independent components of these tensors. Because of
(9.127) the independent tensors are M;; and N;.. Equations (9.119) and (9.123) imply that
My has 6 1=5 independent components, and (9.121) and (9.125) that N; has 3 off-
diagonal and 2 diagonal independent components, making 5 in all. This gives a total of 10
independent components for the Riemann tensor, as expected when R,,,= 0.

We can now represent the components of the Riemann tensor as a 6 X 6 matrix, which in
terms of M, and Ny, is

M N
CAB:<N —M>’ (9.128)

with M and N both symmetric traceless 3 X 3 matrices. The eigenvalues 1 of C,p are the
roots of

det (Cyp — Ay ) =0, (9.129)
i.e.

M — Adi N;

N ot s | =0 (9.130)
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There are six rows and six columns in this matrix. Perform the following operations on it:
add to the first column i times the fourth one, to the second column i times the fifth, and to
the third i times the sixth. Then add to the fourth row i times the first row, to the fifth i times
the second and to the sixth i time the third. After these operations (which of course leave the
determinant unchanged) the determinant becomes

M;y M(l)k +iNjk 4 _1:1/3”6 civ | 0, 9.131)
ie.

Mk — 261k + Nig| = 0, 9.132)
involving only the determinant of a 3 X 3 matrix: the second equation resulting from (9.131)
is the complex conjugate of (9.132). Equation (9.132) is cubic in A:

P+ al+bi+c=0,
where a, b and c are functions of Mj;, and N in particular

a=—(M;+N;i;)=0
by virtue of (9.121) and (9.123). However, a is the sum of the roots, 1, + 4, + 43, so we have

M+ +23=0, (9.133)

and we recall that these roots are in general complex numbers. Any classification of the Weyl
tensor can then begin by observing that (9.133) immediately allows a simple enumeration of
three types of solution:

(i) type I:3roots Ay 4y, 43 all different
(ii) type I1:2roots equal 1; =1, # 13 (9.134)
(iii) typeIIl: 3roots equal, so from (9.133) 4 =4, = 43 = 0.

When the eigenvalues are known we can find the eigenvectors W from (9.112). At this

stage, however, we shall abandon a detailed treatment of this topic and simply quote the final
results, giving the matrices M and N in ‘normal form’ for the three types of solution above.

Bpe I
o 0 0 fir 0 0
M=10 a 0], N=]0 0|,
g b (9.135)
0 0 a3 0 0 p
hi=—(;+16,) (i=1,2,3).
Bpe 11
2a 0 0 26 0 0
M=]10 —-a+o 0 , N=10 - o |,
9.136
0 0 —0—0 0 o —p ( )

A= —2((X+iﬂ), A=A =a+1p.
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Type 111
0 ¢ O 00 0
M=o 0 0|, N={0 0 o]. (9.137)
0 0 0 0 ¢ O

Type 1 is clearly the most general — non-degenerate — solution and may be denoted [1, 1, 1],
following the notation of (9.101), Similarly Types II and III may be denoted [2, 1] and [3].

It turns out, however, that the above — algebraic — classification does not do full justice to
the problem. An alternative approach is to base the analysis directly on equations analogous
t0 (9.99) and (9.100). It is obvious that even in the degenerate case (9.100), Equation (9.99)
also holds, so we can regard the problem as looking for solutions to (9.99) and then finding
both the non-degenerate and degenerate solutions F, ﬂv[l Yand F‘W[z], corresponding respec-
tively to a Coulomb field and a radiation field, with the asymptotic behaviour (9.101). So, in
the gravitational case, substituting the Weyl tensor C,,,, or the Riemann tensor R,;,,, (as
long as we are dealing with vacuum solutions) for the electromagnetic tensor F,,, we
investigate all possible solutions to the equation

KRk 'K =0, Kk, = 0, (9.138)

and it is found that there is quite a variety of solutions. In general there are four types of
Riemann tensor satisfying (9.138). In the most general case the eigenvalues are all distinct.
This is the non-degenerate case, labelled [1111] and called Type 1. The other types feature
degeneracies of varying degrees and may be summarised in the following table:

Type: I D I I N

Symbol: [1111] [211] [22] [31] [4] (9.139)

(The notation here is, for example, [31] represents two distinct eigenvalues, one of them 3-
fold degenerate, and [211] represents three eigenvalues, one of them 2-fold degenerate.) All
the solutions satisfy (9.138). In particular Type I does and we may write

KoL o] K K7 = 0.

The types with partial or complete degeneracy also satisfy more stringent equations; for
example Type II and Type N satisfy

I, ko K K =0, Nyojuk® = 0.
Finally, the curvature tensor of an isolated distribution of matter has the long distance expansion

1 1 1
Rh‘i,uv:;NKZ/IV+ﬁIIIH;L/tv+r73DKl/JV+ (9140)
Comparing (9.140) with (9.100) it would seem clear that the tensor N corresponds to a radiative
solution to the field equations; the curvature tensor has a 1/r dependence, so the energy of the
field may be expected to show a 1/7* dependence, indicating a genuine flux of energy.
It is worth considering, in this context, the Schwarzschild solution. Intuition would lead

us to expect that it has similar characteristics to the Coulomb solution — representing the field
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of a static mass, with, in the Newtonian limit, a 1/ dependence. In fact, as may be verified
from (5.34), the Riemann tensor has the non-zero components

m m m 2m
Roo1 = — 3 Roz02 = Rozo3 = 3 Rizip = Riziz = — 3 Ry33 = =

This indicates, from (9.118), that

2m

m
R My =Mz = —Pp=—-Py3=—, Ny;=0

My =—Py =— 3

(in agreement with (9.124)), so that

m
My =—

7\ o o
This therefore corresponds to Type II in (9.136) (with f=0) — one of the eigenvalues is
degenerate. In the scheme (9.139) it is Type 111, with the expected 1/ fall-off.

We can therefore conclude that an analysis of the Riemann tensor, satisfying Einstein’s
field equations, indicates that a radiative solution exists, independent of the weak field
approximation. It makes the question of the existence of gravitational radiation less prob-
lematic from a theoretical point of view. With hopes boosted by the evidence from the binary
pulsar, we now await the direct observation of gravitational radiation, which will surely rank
as one of the most important discoveries of the twenty-first century.

Further reading
- - ]

Einstein’s papers on gravitational waves are Einstein (1916b) and (1918). Good and
relatively modern reviews of gravitational radiation are Douglass & Braginsky (1979) and
Thorne (1987). Reviews of laser interferometric searches for gravitational waves are
Kawashima (1994) and Barish (2002).

A comparison of the geometric parallels between electromagnetic and gravitational fields
may be found in Witten (1962). A full account of the Petrov classification is contained in
Petrov (1969). Good lectures on gravitational radiation theory may be found in Sachs (1964)
and Pirani (1965). Useful reviews of this topic are Pirani (1962a, b). Somewhat briefer
accounts of the geometric classification of fields may be found in Stephani (2004).

Problems
|
9.1 Show that the harmonic condition (6.17) f*¥ ,=0 may be expressed as

g, = 0.

9.2 Taking n;=n3=(0, 0, 1) and a 3 x 3 matrix M, show that M"" defined by (9.55) is
indeed transverse and traceless.
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In the end the world will be a desert of chairs and sofas ... rolling through infinity with
no one to sit on them.
E. M. Forster, Howards End

10.1 Brief description of the Universe
Ch—— |

Our Sun is one star in a collection of about 10'" stars forming our Galaxy. The Galaxy is
shaped roughly like a pancake — approximately circular in ‘plan’ and with thickness much
less than its radius — and the Sun is situated towards the outside of this distribution, not far
from the central plane. The Galaxy is about 100 000 light years (ly) across. Almost all the
stars visible to the naked eye at night belong to our Galaxy, and looking at the Milky Way is
looking into its central plane, where the density of stars is greatest. The Andromeda Nebula,
also visible to the naked eye, is a separate galaxy about 2 million light years away, and in fact
is a member of the Local Group of galaxies. The construction of large telescopes in the first
decades of the twentieth century led to the discovery of many galaxies and groups of
galaxies and it is now known that there are about 10'' galactic clusters in the visible
Universe. Considering these clusters as the ‘elementary’ constituents of the Universe, on
scales larger than that of the clusters their distribution in space appears to be homogeneous
and isotropic. This is the first — and very remarkable — feature of the Universe.

An important cosmological figure is the average density of matter in the Universe. The
contribution of the matter contained in galaxies is

ppy~10 gem 3 =10 P kgm 3. (10.1)

The subscript b refers to the fact that the ‘matter’ referred to here is baryonic matter — made
of protons and neutrons. This is the sort of matter of which stars and planets and we
ourselves are made. We shall see in due course that there is matter of a different sort —
dark matter — in the Universe. The matter referred to in (10.1) is not dark; it constitutes stars,
and shines.

The discovery that the Universe is isotropic means that it has no centre — there is no
privileged point in space. The space (not space-time) of the Universe is a homogeneous
space. This is the content of the so-called Cosmological Principle (CP). An extension of this
principle is the Perfect Cosmological Principle (PCP) according to which, if it were true, the
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Universe would be homogeneous in space and in time. It would look the same at all points in
space and at all times, which of course implies that it must be of infinite age, in both the past
and the future. This principle was proposed by Hermann Bondi and Thomas Gold in 1948
and came to be known as the Steady State Theory.' It might be thought that Special
Relativity requires that the statement of homogeneity in space be extended to homogeneity
in space and time, but this is not true, since Special Relativity is a theory about the laws of
nature. It demands that the laws of nature be covariant — have the same form —under Lorentz
transformations. In doing physics we apply the laws of nature to a particular physical
situation — for example studying the motion of a charged particle in an electric field. If the
laws of nature are ultimately differential equations — and they are — the situation to which we
apply these laws (the motion of the particle) is represented by the boundary conditions of
these equations (the initial position and speed of the particle). It is indeed a most remarkable
circumstance that our knowledge can be divided into these two categories.” In the present
case the physical system is the Universe as a whole, which therefore plays the role of a
‘boundary condition’, so the Cosmological Principle is a property of the boundary con-
ditions, not a property of any law of nature, and Special Relativity does not require that it
should be extended to a Perfect Cosmological Principle. In fact the Steady State Theory is
now discredited; in Big Bang Cosmology the Universe certainly looked very different in the
past from how it looks now!

One of the major advances in cosmology was the discovery by Edwin Hubble in the
1920s, working on the big telescopes at the Mount Wilson and Palomar Observatories, that
the Universe is expanding. This was his interpretation of the fact that the light from far
galaxies was red shifted relative to light from nearby galaxies. Hubble interpreted the red-
shift as a Doppler shift and concluded that the galaxies are moving away — from us, and from
each other. The observed pattern of expansion was that the galaxies are moving away
radially, with a speed v proportional to their distance » from us,

v=~Hyr. (10.2)

The constant Hj, is the present value of Hubbles constant, sometimes called the Hubble
parameter, since it is likely that H, varies in time. There is a degree of uncertainty in its
present value, which is

Hy = (55-85)kms 'Mpc !; (10.3)

a galaxy 1 Mpc (= 3.3 ly) away is receding at a speed of around 70 km s, It is convenient to
write (10.3) as

Hy=h-100 kms 'Mpc !;

with /4 at present in the range 0.55 to 0.85.

There are a number of observations to make about this important discovery. Firstly, it is
not a particularly rapid expansion. Since 1 Mpc=3.09 x 10"’ km and 1 year=3.15 x 10",
then, on putting 4= 1 for definiteness, a galaxy 10** km (about 3 million ly) distant from us

! For an account of the Steady State Theory see for example Bondi (1960).
2 These observations are taken from Wigner’s essay ‘Symmetry and conservation laws’, in Wigner (1967).
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Hubble expansion in three dimensions.

will have receded, after 10° years, by about 10'®km — an expansion of only 1% in 100
million years. In units of inverse seconds H, is

Hy=h(3.24x10 ®)s !
whose inverse is

3.09 1
H,' = =X 10'7s ~ 7 X 10' years. (10.4)

If Hy were a constant in time this figure would represent the age of the Universe — the time
that has elapsed since it had ‘zero’ size. In any case, even if Hubble’s parameter is time
dependent, its inverse should certainly bear some relation to the age of the Universe.

A second observation is that Hubble’s law (10.2) does not imply that we are at the centre
of expansion (the centre of the Universe), as initially one might be tempted to think.
Consider the expansion in one dimension. Suppose we have points M, N, P, R and S a
distance d apart from each other (see Fig. 10.1). An observer at P sees himself at rest, sees an
observer at R moving to the right with speed v= Hd, an observer at .S moving to the right with
speed 2v, an observer at N moving to the left with speed v and so on. An observer at R, on the
other hand, will see herself at rest, will see S moving to the right with speed v, P moving to
the left with speed v, N to the left with speed 2v, and so on; she sees exactly the same pattern
of expansion as P does. Every observer sees the same, so there is no centre of expansion. It is
easy to generalise this to three dimensions. Suppose an observer at P sees an arbitrary galaxy
G, a distance ry away, receding (radially) at speed vo=Hry, as in Fig. 10.2. What does an
observer at O see? Q moves at velocity v, = Hr with respect to P, so by vector addition of
velocities will see G, a distance r, away, move with velocity

Vo=Vo—Vi =H(rg — 1) = Hry;
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Dots on a balloon move apart as the balloon inflates.

O sees a Hubble expansion, just as P does — everybody sees the same thing. It is clear that
Hubble’s law (10.2) is the only expansion law compatible with a homogeneous universe: if
Hubble had observed that v were proportional to 7> then we would certainly have been at the
expansion centre, and the hypothesis of a homogeneous Universe would have been ruined.

Our third observation involves gravity. Since all the galaxies attract one another (in
Newtonian language) this will have the effect of slowing down the expansion — we would
expect to observe a deceleration in the motion of the far galaxies. It has been clear in recent
years, however, that the expansion is accelerating. We shall see, in the course of this chapter,
that General Relativity, with the Einstein field equations (5.24) also predicts a decelerating
universe. To account for an accelerating one involves introducing a ‘cosmological constant’
A into the field equations. We return to this below.

The fourth and final observation is slightly more subtle. It is the statement that the
expansion observed by Hubble is not to be interpreted as the motion of galaxies through a
fixed, static, space. It is, rather, the observation that the space itself is expanding, carrying
the galaxies with it. We may visualise the analogy of a balloon being inflated, as in Fig. 10.3.
If there are dots painted on the rubber surface of the balloon, then as it is inflated the dots
move further apart because they are embedded in the rubber, which is itself stretching. So,
on the cosmological scale, in General Relativity, it is the expansion of space itself which is
being manifested. After all, in Einstein’s vision, space has a reality that it never possessed in
physics before. It acquires curvature when masses are placed in it; and now we learn that on
the scale of the Universe as a whole it is expanding.

10.2 Robertson-Walker metric
]

Our first task is to translate the Cosmological Principle, that the Universe is homogeneous
and isotropic, into an explicitly geometrical condition to be satisfied by the space-time
metric — more particularly by its space part. We use a method based on Killing vectors,
introduced in Section 6.6. It was shown there that if a space (or space-time) possesses a
particular symmetry then the Lie derivative of the Killing vector generating the symmetry
vanishes; that is, from (6.133)

8uv, .. 5/1 +g/42 5}',V + g éﬂu = Oa (105)
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where ¢ is the relevant Killing vector. Let us first implement the requirement of isotropy —
that the metric is invariant under spatial rotations. In fact, we have already written down the
most general form of static metric with spherical symmetry, which is (5.31)

ds? = —e¥? di* + ¥ dr? + r*(d6? + sin*0 d¢?), (10.6)

where v=1w(r), A=A(r); this was a preliminary step to finding the Schwarzschild solution. In
the case of cosmology there is no requirement that the metric be static; we shall proceed to
implement the requirement of isotropy only, followed by the requirement of homogeneity.
We recall from the (6.138) that the Killing vectors for rotations in space are

0 0 0 0 0 0
)(4——Za—y—‘rya—z7 XS—Za—Xé, X —ya +X@

Changing notation and writing these as 4-vectors rather than 3-vectors, the Cartesian
components of the Killing vectors are

Sﬂl = (0707 _Z7y)? 8[2 = (O,Z,O, —X), 5#3 = (07 =X 0) (107)

Then for example, transforming to spherical polars,

g—_§+ ﬁ
AR >

o 1 lcosop O
= —rcosH(stsmqb + - cosHs1n¢% ;smeagz&)
+rsin9005¢<cos€a—s1n0 6)
0 00
.0
:—smqb%—cotQCosqS ¢
&1 =(0,0,—sin ¢, — cotfcos ¢), (10.8)

where in the last line the components are in spherical polar coordinates. Similarly we find
&, =(0,0,cos ¢, —cotfsingp), &5 =1(0,0,0,1). (10.9)

To find the metric tensor we use Killing’s equation (10.5). Applied to £ it gives

8uv,3 :0; 6¢ g,uv:O~ (1010)

Putting (1v)=(00), (10.5) applied to &; gives

£00.2(—sin¢) + goo3(— cotfcos p) = 0,
00,2 Sin°¢ = —goo3 cot & cos ¢ sin B,

and applied to &, gives

0 =0. (10.11)

o 2
goo2 = Vi 66g0

Similarly, for («v)=(01), (11), since &; and &, are independent of # and » we find
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g2 =0, gna =0.

(10.12)

In the same vein, with (uv) = (22), (23), (33), (12), (13), (02), (03), the Killing vector

equation for &* gives the seven equations
cos ¢

sing = —2gy3——,
8222 925 823 sin20

(g232 — ga3 cot ) sing = (—gzz + g323 ) Cos ¢,
sin“ 6

(—g332 + g33 cot 8) sin ¢ = 2g3; cos ¢,

) cos
g1asing = —2g13—— 2¢7
sin“6
(—g132 +gi3coth)sin g = g1 cos ¢,

cos ¢

8022 8INY = go3——
sin“@

(g()g"z — 803 cot 9) sin ¢ = &Zo2 COS ¢

(10.13)

(10.14)

(10.15)

(10.16)

(10.17)

(10.18)

(10.19)

To these seven equations are to be added the seven similar equations for &", which actually

may be found by making the substitutions sin¢ —  cos ¢, cos ¢ — sin ¢; hence

sin
822 COSP = 2g23——— 2¢ ,
sin“0

— (g232 — g23cotf) cos ¢ = (—g32 + g_323> sin ¢,
sin“6

(g332 — @33 cotB) cos ¢ = 2g3; sin ¢,

sin ¢
— g2 Cosp=—-2g3——,
sin“0

(g132 — gi3cotd) cos p = g1 sin ¢,

sin ¢
— 8022 COS @ = go3 3.
sin“6

— (go03,2 — go3 cot f) cos ¢ = go; sin ¢.
Gathering our results together, (10.10), (10.11) and (10.12) give

goo = goo(t,7),  go1 =gui(t,7), gn =gultr).

(10.20)

(10.21)

(10.22)

(10.23)

(10.24)

(10.25)

(10.26)

(10.27)
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Equations (10.13) and (10.20) give g3 =0, g2,, =0, which together with (10.10) implies
gn =gn(t,r), g3=0. (10.28)
This last condition, together with (10.14) gives
233 = gn(t,r)sin0. (10.29)

Finally, (10.18) and (10.25) together give go3 =0, 292> =0, hence from (10.26) gy, =0; and
(10.17) and (10.24) give g1, =0, hence (10.23) gives g;3 =0 and we conclude that g, has the
form

goo(r,t)  goi(r,t) 0 0
t 1 0 0
Guv = gl 1) gnl1) : (10.30)
0 0 gzz(}", t) O
0 0 0 g2 (r, 1) sin’0
or
ds? = — goo(r, t)02 de? + 2g01(r,t) cdrdt + g11(r, 1) dr?
+ gn(r, 1) [d6* + sin*0 d¢?]. (10.31)

This is the most general metric for an isotropic space. On the cosmological scale, however,
space is also homogeneous. A space is homogeneous if it is isotropic about one point and
invaraint under translations; this clearly amounts to being isotropic about all points. The
Killing vectors for translations are, from (6.138), in Cartesian coordinates

0
=—, n/"=1(0,1,0,0
Tl1 axa m (7 ) 7)7

or, in spherical polars

. o 1 0 lsing 0
n, :sm@cos¢5+;0059008¢@—;E%, 103
. 1 1si '
mt = (0,sm<9cos¢, —cos 0 cos ¢, _51'n¢>'
r rsin 6
Similarly
o 1 . 1
' = <0,s1n651n¢7 —cosfsin ¢, —Z?;Z),
r r
| (10.33)
N = <0,cos9, — —siné, 0>.
r
Killing’s equation (10.5) applied to (10.33) gives, for (uv)=(00)
goo,1 = 0= goo = goo(?), (10.34)

and with (uv) = (22)
an(rt) = A(t)r. (10.35)
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Finally («v)=(12) and (02) give
g = rizgzz =A(1), gn=0
and these conditions inserted into (10.31) give a line element
ds? = —goo(t) @ d? + A(1)[dr? + r* d&* + #* sin*6 d¢?). (10.36)
Under a transformation £ — ¢ with d#* = goo(¢) d*, this may be written, dropping the prime,
ds? = —2 d? + S(¢)[dr? + 2 d6* + #* sin* 0 do?). (10.37)

In this cosmological metric ¢ is a ‘“universal’ time, defined over the whole space-time
manifold; it may be identified with proper time at each galaxy (since all galaxies are
equivalent). The factor S*(7) is clearly an ‘expansion’ factor, affecting the spatial part of
the metric, and therefore indicating an expanding universe. We have then proved rather
formally that an expanding universe is compatible with a homogeneous and isotropic one —
the fact that there is an expansion does not mean that there is a ‘centre’ of expansion. The
common analogy, already described, is with the dots painted on the surface of a balloon
which is then inflated — see Fig. 10.3 above.

The spatial section in the line element above, however, is flat; including the expansion
factor S(7) it is conformally flat. We must generalise this and consider the cases where it is
curved, which, in general, it may be. A curved spatial hypersurface, however, may be
embedded into a flat 4-dimensional Euclidean space E*, just as the spherical surface S* may
be considered embedded into the flat space £°. The simplest model is a simple generalisation
of this case; that the spatial section is essentially a 3-sphere S° of radius a with the equation

@)+ () + () + () =, (10.38)

where x', ..., x* are the Cartesian coordinates in E*. This equation is analogous to that of $>
in £%: x> +y 2+ 22 =4 is a spherical surface of radius a. The fourth coordinate x* above has,
of course, nothing to do with time; E* is a (‘fictitious’) flat space in which is embedded
3-physical-dimensional space. It is convenient to introduce spherical coordinates for S°,

x!' = asinysinfcos¢, x*> = asinysinfsin ¢,

3 4

) (10.39)
x> =asinycosf, x" =acosy.

The coordinates y, 6, ¢ label points on S°, so we are now using a coordinate system
(0,222, 0%) = (et, 7.0, 9). (10.40)

In dealing with the flat space E* above we found that the Killing vectors for rotations, (10.8),
(10.9), gave us, via Killing’s equation (10.5), the isotropic line element (10.30). In the
present case we have a slightly different coordinate system so we should check that our new
Killing vectors also give an isotropic metric. Analogous to (10.7) the three Killing vectors
for rotations in the (23), (31) and (12) planes are

_30 .0 _ a0

0 5 0 2 0
b=f X, Geroda Ged SR (104D
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In the coordinate system (10.40) we find

. . . sin 6
&f =siny sm@smqb(O,cos;(cosG, —.—,O)
sin y

cosfsing  cos¢ >

siny ’sinysiné

— siny cos 6 (0, cos y sin fsin ¢,
= (0,0, —sin ¢, — cot #cos @),

exactly as in (10.8). The other Killing vectors are also given by (10.9). The consequences of
isometry under these rotations therefore follow exactly from the equations above and we end
up with the metric (10.30), or

ds? = — goo(xs 1) Ad + 2g01(x, 1) cdydt

5 5 . ) (10.42)
+g11(¢, ) dy* + g22 (1, 1) [d6” + sin“0 de?],

the coordinate y playing the role of » in the flat case.

We must now extend the symmetry to include isometry under rotations in the (14), (24)
and (34) planes. These take the place of translations in the flat case, since there is no
translational symmetry in a curved space — see the examples at the end of Section 6.6. The
Killing vectors for rotations in the (14), (24) and (34) planes are

4 0 . 0 4 0 0 4 0 5 0

’l]l:x@ x@, nz—xaxzfxz@, n3:X @7)(7 % (1043)

The components of i3 in the basis é E i i are

. . sin 6
73" = —siny cos (0, —siny,0,0) + cosy (0, cosycosf, — m , 0>

(10.44)
= (0,cos0,—cotysing,0),
or
0 . .0
n; :cosé’a—cotxsmﬂﬁ. (10.45)
Killing’s equation (10.5) for 5" gives, for (uv)=(00),
goo,1 cosd =0,
hence
00 = Zoo()- (10.46)
For (uv)=(22) we find
g0, = 2gncoty,
which on integration gives
g2 = B(1)sin’y. (10.47)

Putting (uv)=(12) gives
gn =gusin’y, (10.48)
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which with (10.47) yields

gn =gul(?). (10.49)
Finally, (uv)=(02) gives

go1 = Oa
hence (see (10.30)) g,,, is diagonal,

gu = diag{goo(r), g (),sin* ygu1(t), sin’ysin*0 g1 (1)},
or, redefining ¢, as before,

ds? = —di + 82(¢)[dy? + sin’y d&* + sin’y sin’0 d¢?], (10.50)
where S(¢) is some function of . Observing that sin” y = 7*/a®, then

dr?

2 _
dx )

and, absorbing a factor of 1/a” into S*(f) we have

dr? .
ds?> = -2 di* + S*(1) — P2(d6? + sin*0d¢?) |. (10.51)
1 ——
a2
Instead of the embedding (10.38) of cosmological 3-space into E*, however, we could
have the embedding

(@) = ()= () - () =, (10.52)
which describes a hyperbolic space. It may be coordinatised by

x!' = asinhysinfcos¢, x> = asinhysinfsin e,

3

10.53
x* =asinhycos, x*=uacoshy, ( )

which is just (10.39) but with sin y — sinh y, cos y — cosh y. The Killing vectors may be written
down and the analysis goes through very similarly to that above, finishing up with the metric

dr? .
ds* = —c*d* + R (1) ——+ 12 (d6? + sin’6 d¢?) (10.54)
1+
a

to replace (10.50). This is the cosmological space-time metric for a homogeneous, isostropic
universe with a hyperbolic 3-space section. The possible metrics, (10.37), (10.51) and
(10.54), may be expressed in the single form

ds? = —c*di + R(1) dr? + 7A(d6* + sin*0dg¢?) |, (10.55)

1 —Kr?
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The intersection of a plane with a surface: at a point of intersection the vector v, is tangent to a
circle of radius r4.

with

1
K=0, - or —— (10.56)

respectively. The quantity K is called the Gaussian curvature. This quantity is defined
for (2-dimensional) surfaces in a 3-dimensional space, in the following way. Consider a
2-dimensional surface, and visualise the intersection of a plane with this surface in some
region, as in Fig. 10.4. At a point P on the line of intersection a tangent vector v; may be
drawn, and in the direction of v; the intersection of the surface and the plane defines, to
lowest order, a circle, with radius say ;. We then say that the curvature of the surface at P in

N . 1 . .
the direction of the tangent vector v, is k| = — (large radius, small curvature and vice versa).
r
In a direction perpendicular to v, the same is true: in the direction of a tangent vector v, the
. . . . . 1 .
intersection defines a circle with radius r,, say, and curvature k&, = —. The Gaussian
2
curvature K at P is
1
K=kt =—. (10.57)
rir;

Gauss showed that K does not depend on the choice of the vectors vy, v,, or equivalently on
the planes of intersection. In this sense K is an invariant of the surface at the point
considered. It may, however, have a positive or negative sign. Consider, for example, a

sphere S? of radius a. Because S? is a homogeneous space (like S° is) the curvature is the
same everywhere, so that at any point on the sphere both &, and &, are equal to 1/a and

S2: K:%>O; (10.58)
the Gaussian curvature is positive. This is because at any point on the sphere the centres of
the two circles (defining the curvatures in two perpendicular directions) are on the same side
of the surface (‘inside’ it). In contrast, consider a point on the surface of a hyperboloid, as in
Fig. 1.8. It is clear that if the plane of intersection with this surface is (zy) the centre of the
circle of intersection is outside the surface, but the circle resulting from the intersection with
the (xz) plane is inside it. Since the centres are on opposite sides of the surface the Gaussian
curvature is negative,

hyperboloid: K <0. (10.59)
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A flat surface (plane), of course, has K = 0. In these examples we have considered surfaces
(curved or flat) embedded in a flar Euclidean space E°. In the context of cosmology we are
considering the Gaussian curvature K of a 3-dimensional space, not a 2-dimensional one, but
actually K, or a generalisation of it, may be defined for a space of any dimension. In fact the
definition is given in Equation (10.63) below.

It is common to simplify the metric (10.55) by expressing it solely in terms of the sign of
the Gaussian curvature, rather than the actual magnitude of it. Define

K

K=k (10.60)

so that

k=1 closed space (S°),
k=0 flat space (E?), (10.61)
k = —1 open space (hyperbolic).

RZ
Then defining # = V/Kr, Iy) = §%(f) and dropping the prime, (10.55) becomes
dr? .
ds? = -2 dP + Sz(t)( . rk s+ 17 (d6* + sm20d¢2)>. (10.62)
— kr

In this form the metric is known as the Robertson—Walker metric, after its original authors.” It has
been obtained without the use of the field equations, appealing only to the symmetry requirements
of isotropy and homogeneity. The factor S(f) describes an expanding space (or, in principle, a
contracting one, though that is not what our Universe is doing at present) and it is noteworthy
that this feature arises naturally from the above symmetry requirements. The coordinates above
are comoving; that is, they move with the matter and are invariant along its world-lines.

It is of great interest to know what the function S(¢) is, in the actual Universe, and also to
know what £ is. As we shall see, these questions may be answered when we consider the
field equations, which we have not yet done. It is worth noting, however, at this point, that
the steps we have taken so far may be expressed in a slightly different way. It was noted in
Chapter 6 that a space of dimension # is called a maximally symmetric space if it supports
n(n + 1)/2 Killing vectors. We have seen that imposing the conditions of isotropy and
homogeneity implied that the 3-space of the universe allows six Killing vectors, so it follows
that this space is a maximally symmetric space, which is also called a space of constant
curvature. Such a space is characterised by the property®

R'Wl/lv :K(gli,ugiv _gl‘:vg).,u)a (1063)

where K is the Gaussian curvature, a generalisation of what was discussed above for surfaces
in a 3-dimensional space. This quantity appears because at any point P of a manifold we may
define the sectional curvature’®

3 Robertson (1935, 1936), Walker (1936).
4 See for example Weinberg (1972), chapter 13.
5 See for example Eisenhart (1926).
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R. Koy Ay [y, V
KP _ kAuvVl V27 V] ~V2) (1064)
(gw v — kv gl/z) Vlh V2

“ViFwY ’

where v/* and v," are two orthogonal vectors, as explained above. In the case of a
2-dimensional manifold Kp is the Gaussian curvature at P. A homogeneous space, with
maximal symmetry, will clearly have K = constant over the space and (10.63) can be shown
to imply (10.62). Let us see how this works for a 3-dimensional space. From (10.62),
using Latin indices in accordance with our convention for a 3-dimensional space, the Ricci
tensor is

ORu = g™ Rigm = K(3gik — gix) = 2Kgik, (10.65)

™Ry = (n — 1)Kgy in n dimensions] (10.65a)

and the curvature scalar is

. 6
GR = g*CIRy = 6K = = (10.66)
("R = n(n — 1)K in n dimensions] (10.66a)

where in the last step we have used (10.57) for the 3-sphere. This result, (10.65), agrees with
a direct calculation for $* (Problem 10.1).

We close this section by making some remarks about the geometry of S°, a contender for
the space section of the Universe. Like the 2-sphere S° it is a closed space, one with no
boundary. We write the line element in the form (see (10.51))

d?

de? = ——
? 1 —1r2/a?

+ r2(d6? + sin*6 d¢?). (10.67)

S? is a homogeneous space and the origin may be chosen anywhere. The circumference of a
circle is found by considering points distinguished only by their 8 coordinate, so dr=d¢ =0
and do =7 dé, hence the circumference is 27zr. Likewise the surface area of a 2-sphere in S° is

A= Jrz sin@dfde¢ = 47,
0

The ‘radius’ of a circle, or sphere, is
-

2 1/2
radius = J (1 - —2> dr’ = asin '(r/a)>r,

a

SO

circumference of circle
radius of circle

(10.68)
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N

Circles on the surface of a sphere. Measured from the north pole N the radius of the circle on the
equator is the length of the line on the sphere joining them. A circle in the southern hemisphere has
a larger radius but a smaller circumference than that at the equator.

This is also true of a circle " inscribed on a sphere S°. There are other parallels with 5%, To
see these first write the line element (10.67) in polar coordinates (10.52):

($3): do? = a®[dy? + sin? y(d6 + sin*6d¢?)]. (10.69)

The coordinate y plays the role of distance; the distance from the origin is ay. The largest
distance in the space is ax. There is an analogy on the 2-sphere, where

(8?2): dP = a*(d6* + sin®0 d¢?). (10.70)

Here 6 plays a similar role: the distance from any origin is a6 and ar is the largest distance on
S — that between the north and south poles.

The surface area of a 2-sphere in S° is clearly 47a”sin’y. As y increases from 0, this
reaches a maximum at y =7/2, at a distance of ax/2 and thereafter decreases with increasing
distance, shrinking to a point as y — =, a distance ax away (the ‘opposite pole’). This is
completely analogous to the description of circles on a 2-sphere (S' on $?). Starting at, say,
the north pole, the circumference of a circle initially increases with increasing distance away
(‘radius’, but measured, of course, on the surface S itself), but it reaches a maximum at the
equator, and thereafter, when the circle is in the southern hemisphere, as its distance from the
north pole (‘radius’) increases its circumference decreases (see Fig. 10.5), shrinking to a
point at the south pole, the maximum distance away. Stepping up the dimensions by 1, then,
to consider 2-spheres in S°, the observation is exactly that made above, that with increasing
distance away, the area of the 2-sphere initially increases, but reaches a maximum beyond
which it decreases with increasing radius (distance away) — we may say that bigger spheres
“fit inside’ smaller spheres.

The volume of the space S° is

~

I
o%g’
S —3

J a’sin’y sin@dy dod¢ = 27°a°;
0

a finite value. This space, like S°, has no boundary

08 =0; (10.71)
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it is a closed space. So, as pointed out by Landau and Lifshitz,° Gauss’s theorem implies that
the total electric charge in the space must be zero, since (see (3.93), (3.95))

Q:J pdV:eoj V-EdV:e()J E-ndX = 0;
5 5 os?

the total electric charge in a closed universe must be zero.

10.3 Hubble’s law and the cosmological red-shift
|

The Robertson—Walker metric allows us to make various kinematic deductions, independent
of the specific form of S(¢). The first of these is the Hubble expansion. Suppose that our
Galaxy, comoving in the space-time continuum, is located at »=0, and another galaxy is at
an arbitary parameter r. Its proper distance L from us at cosmic time ¢ is, from (10.62)

L=S5(1) J ﬁ = S(0)f (), (10.72)
0

with

sin '(r)  (k=1)
fr)=<r (k=0) (10.73)
sinh '(r) (k=-1)

so L o S(?): the distance away changes with time (hardly surprisingly!). The velocity of
recession is

dr . dr 75'(71)
vfafS(t) J N fS@L, (10.74)
0

hence
vo L (10.75)
at any instant. This is Hubble’s law v = HL ((10.2)) with
H(t) =—=. (10.76)
Note that Hubble’s constant depends on time in general.
Now consider light reaching us, at » = r,, having been emitted from a galaxy at 7 =r, — see
Fig. 10.6. In particular consider successive crests of light, emitted at times ¢, and ¢; + A ¢; and

received at times #, and £, + At,. Since ds? =0 and the light is travelling radially we have

¢ Landau & Lifshitz (1971), p. 375.
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Second crest
/ b+ Al
t
t, + At 2

4 First crest

r > r

Light emitted from a galaxy at r=r, reaches us at r=r,.

0= —c*d + 5%(¢) dr (10.77)
1 — k2’ ’
so for the first crest of light
1) r
J a1 dr
S@ ¢ ) Vi—k?
r

and for the second crest

th+At 1)
[ &t v
S@) clV1=k?’
t+AL |
hence
bL+AL t
[ o
S )S@)’
H+AL I3l

Now At and At, are very small so we may assume that S(f) is constant over these intervals.

Then, since
t+AL 5] tH+At t1+AH
[ =1+ ] -]
t1+An t 53 t
we find
Aty Aty At _m

= = .
S(h)  St) A, S(t)
The emitted and observed wavelengths are
Ae =CcAty, Ao =cAh

so the wavelength shift is
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z= - ~ 1 (10.78)

If the Universe is expanding, S(t;)> S(t,) so z>0, resulting in a red shift, as observed by
Hubble. This is a cosmological red-shift and is conceptually distinct from a Doppler shift. In
a Doppler shift both the source of the light and the observer are in the same inertial frame,
and are moving relatively to each other. In the cosmological setting both the source and the
observer are comoving; they are each in their own inertial frame. Their relative motion is due
to the expansion of space. And, of course, both of these red-shifts are distinct from the
gravitational red-shift.

It is worth making a remark at this point on the Steady State Theory. In this theory, since
the Universe presents the same aspect at all times, Hubble’s constant must be time inde-
pendent, so (10.76) gives

ds
3 =S S =500 e (10.79)
the expansion of space is exponential, and S(¢) is never zero. Moreover, the curvature of the
3-space (10.67) is 6/a* =6k, so the curvature of the 3-space part of the Robertson—Walker
6k
metric (10.62) is 20 0} In Steady State Theory this must be constant so we must have k=0,
and the steady state line element is

ds? = = di* + [dr? + r*(d6? + sin® 0d¢?)]. (10.80)

Space is flat and the metric is determined on kinematic grounds alone. This metric is of
interest not because the Steady State Theory is of interest but because it has the same form as
the de Sitter metric, which we shall meet below.

10.4 Horizons
I

Let us suppose that the Universe ‘began’ at time 7. In most models this will be a finite time
in the past, which we may put equal to 0; in the steady state model it is equal to oo.
Forgetting, temporarily, the expansion of the Universe, we may sketch our world-line, as in
Fig. 10.7, from #g to #,, which is ‘now’. In this simple view of things, at #5 there were many
galaxies — ‘objects’ or ‘particles’ —and it must be true that light from some of these galaxies
is only now reaching us for the very first time. These objects are on a ‘horizon’, called an
object horizon or particle horizon; they are the most distant objects we can now see. From
(10.77) the (proper) distance to the particle horizon, 7py, is given by

to TPH

JSO(li):iJ m(itkrz:ism e (k=1) (10.81)

5] 0
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Particle horizons

¢ C Our world-line

Invisible%

f3

Particle horizon: t; is the ‘beginning’ of the Universe, t, is ‘now’. In a non-expanding model light
from sources further away than ct, has not yet reached us.

or

to
rpy = sin ch (k=1), (10.82)

(1)
B

with analogous expressions for k=0, 1. Objects beyond rpy cannot now be seen by us.
Clearly rpy increases with #y; we shall be able to see more in the future than we can see now.
In fact the horizon at rpy is like an outgoing spherical wave centred on us. In addition, if
there is now someone whom we are able to see for the first time, then ‘they’ must by
symmetry be able to see us for the first time; an outgoing light-front leaving our world-line at
tg will now be reaching them, as also shown in Fig. 10.7.

In certain models we might find rpy = 0o, and then the whole Universe can be seen by us,
and there is no object horizon. In the £ =1 case if

then from (10.80) there is no object horizon, since 7 is the maximum distance in the $°
model.

Now let us consider a related situation, but this time concerned with the end of the
Universe, at f; (which will be finite in some models, but infinite in others). We ask: what is
the coordinate, rgy, of the most distant event occurring now (at ¢y) that we shall ever be able
to see? This defines an event horizon. Light from the event horizon must reach us before, or
as, the Universe ends, at 5. So

g TEH
Jiflj dr
S@t) c ) V1=k?
fo 0
or
g
FEH = sin ch (k=1) (10.83)
EH — S(t) - 9 N

fo
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e
Invisible

RS
Null

E/
LA
:/ geodesics
g/
o

bserver world-line

Eventfhorizon

.

World-line of
other galaxy

Event horizon: t; is the ‘end’ of the Universe, {, is ‘now’. Light emitted from galaxies inside the
event horizon will reach us before the Universe ends.

with analogous expressions for the cases k=0, 1. Events occurring now beyond rgy will
never be seen by us — see Fig. 10.8. If rgyy = 00, every event will at some time be seen by us
(by an observer on our world-line). The event horizon is an inward-converging light cone
reaching us at t=¢g. In Fig. 10.8 is drawn the world-line of another galaxy, with null
geodesics, along which light will travel, from that galaxy to our own. It is clear that, as
time goes on (as #y increases) light from this other galaxy will eventually cease to reach us
before the Universe ends at ¢ = fg, so eventually every galaxy passes out of the event horizon
of every other galaxy.

The above reasoning was based on the assumption that the Universe is not expanding, but
we shall now show that concepts of horizons are basically unaffected by taking the
expansion into account. Defining a new time parameter 7 by

dr
d7 = —
S@)’
the R—W metric (10.62) becomes
2 2 2 372 dr 20102 | 2 2
ds® = S°(¢)| =~ dT +l k2+r(d9 +sin“0de”) |, (10.84)
— kr

which is conformally related to the non-expanding metric

di?

2 240
ds® = —c°dT +1—kr2

+ r2(d6* + sin*0 d¢?);

these line elements being obtained from one another by an overall conformal factor, as
explained in Section 7.7. As was seen there, this conformal rescaling does not affect null
geodesics (since ds* =0 <= d§*=0); it only has the effect of ‘bringing in’ points at infinity to
the finite domain. Since the phenomena of event and particle horizons depend essentially on
null geodesics, qualitative conclusions drawn from a static universe will also hold in an
expanding one.



360

Cosmology

10.5 Luminosity-red-shift relation
I —

The expansion of the Universe is governed by the function S(f) and Hubble’s constant H(?)
is, as we have seen, proportional to S(¢). The double derivative S(¢) will clearly describe the
deceleration of the expansion: on simple Newtonian grounds the Universe self-gravitates so
we would expect the expansion to be slowing down and § (¢) to be non-zero — in fact,
negative. The ‘deceleration parameter’ g, to be defined below, as well as H(f), are quantities
that play key roles in cosmology, since they may be derived from theoretical cosmological
models but they may also be found by exploring relations between various observables. One
of these is the one between luminosity and red-shift, which we now discuss.

Let us calculate the light flux received from a distant source. Suppose the light is emitted
at (cosmic) time #, and radial coordinate r., and is just now reaching us, at time ¢, and
coordinate . This is shown in Fig. 10.9 where we have chosen to put o= 0; r decreases as ¢
increases along the light path. Considering, on the other hand, the source to be at the centre
of a sphere, the light is now crossing the surface of this sphere, whose area is

4r2S*(ty).

Suppose the source has absolute luminosity L; this is the amount of energy emitted per unit
time (i.e. power). The total power received per unit area (for example through a telescope) is
not simply L divided by the area above, since there are two red-shift factors to be taken into
account:

(i) Each photon is red-shifted. From (10.78) the ratio of observed and emitted wavelengths
and frequencies is
S (lo) . E E.

24
— =z = = =,
le S(te) Vo Ey

so the energy of each photon is decreased by (1 + z).
(ii) The rate of arrival of photons is decreased by the same factor. Two photons emitted
within a time interval &z, will arive within the time interval

o)

(to

ot, - = 0t(1 + z).
e S(te) C( )
! D
Us istant
¢ ail C)urce
0
fo
0 le r

Light emitted from a source at r. at time f. reaches us, at a position ry (= 0 here) at time ¢,.
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Hence the power received per unit area, which is the apparent luminosity 1, is’

L 1 LS%(1e)
= . = . 10.85
4mr28%(t0) (14-z)>  4are?S* (1) ( )

A parameter clearly related to apparent luminosity is the luminosity distance d; defined by

L
[l=——. 10.86
47Z'dL2 ( )
We now turn to observables. Besides Hubble’s constant
S(t)
H(t) =—= 10.87
=% (1087)
we also define the deceleration parameter q(%),
S(2)
tH)=——5. 10.88
q(1) R0G (10.88)
Expanding about ¢=1t, and with
Hy = H(t), qo=q(to) (10.89)
we have
S(t) = S(to) + (t — t0)S(to) + /2 (¢ — 10)*S(to) + - -
= S(to) [1 + (¢t — to)Ho — /2t — to)*qoH3 + - . (10.90)

We now want to express (¢t £) in terms of the red-shift z, an observable quantity. From
(10.78), and using (10.90),

2=S(10) S Yte) = 1= [1+ (te — o) Ho —/2(te = t0)*qo Hg + -] ' ~ 1
0

= Ho(to — t) + (1 +%> Ho*(tg — t)* + -+ -.

Inverting this gives

2
z 90 z 1 { ro) 2}
to—te=——(1+=)Ho| =) == |z— |1 += . 10.92
0 °H0(+2)0<H0> HOZ(+22 (1052)
Now let us find an expression for .. From (10.62), for light travelling radially we have
fo Te
J & J 1 —k? 2dr (10.93)

te 0

7 This argument, invoking photons, clearly relies on quantum theory, which is hardly ideal in the context of General
Relativity. For an argument for inclusion of the factor (1 +z) 2, which is based on GR alone, see Robertson
(1938).
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The left hand side of this is, from (10.90)

to
lhs =S (1) J (1 — Ho(t — to) + HX(t — to)° +%H02(t —1)* + -] dr
re

=8 Yto) [(to — te) + /2 Ho(to — te)* + -],
while the right hand side is
rhs = r. + O(r.%),

so to lowest order in 7, and using (10.93)

1 H() 1 qo0 22
Te :m (to — te) +7(to fte)z +] :S(to)Ho {z (1 +7>22 Jrz}
- S(tol) AGNAIC 40)7°)- (10.94)

Now substituting successively (10.94), (10.91) and (10.93) into (10.85) gives

_f_ﬂ.%f_ﬁ[ 1—=1h(1+qo)z]

_ZIS[ 1+ (e = to)Ho + -+ [L+ (1 + qo)2]

:Z[_qu —22) [14 (1 +q0)z]

:ZZ;[H((,O_UZ]. (10.95)

This is the luminosity—red shift relation. An equivalent relation is the distance—red shift
relation, which follows from (10.95) and (10.86):

d, = HLO [z —1/2(q0 — 1)7*]. (10.96)

From these relations between observable quantities it is, in principle, possible to find H, and
qo- Hubble’s constant is the easier parameter to find, being simply related to the gradient of
the d;—z graph for small z. Recent estimates give®

Hy = (55 —85)kms 'Mpc !, (10.97)
or
Hy=h-100kms 'Mpc !, &= (0.55-0.85). (10.98)

The determination of g has, however, seen some rather dramatic developments over the last
10 years. Before about 1998, again working in the area of small red-shifts (z up to about 0.4

8 Freedman (1997).
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or 0.5), go was reckoned to be between 0 and 1; a fairly large uncertainty, but positive,
corresponding to a decelerating universe, understandable through Newtonian intuition.

More recently, however, the data have improved and the reason for this is related to
improved estimates of distance. To know the luminosity distance d; we have to know the
absolute luminosity of the source L — see (10.86). In general this gives rise to a problem: if a
star is faint it could be because it is intrinsically faint, or because it is brighter but further
away. How do we know which? We rely on so-called ‘standard candles’, sources whose
absolute magnitudes are known. The classic example is a Cepheid variable. These are stars
whose luminosity varies periodically, but with a period dependent on the luminosity. Using
Cepheid variables enables us to find d;, and measuring the red-shift earns the star a place on
the d; z plot. Beyond a particular distance, however, Cepheid variable stars become too
faint. Their role as standard candles, has, however, now been taken over by type la super
novae. These are binary white dwarf systems, whose heavier partner attracts material (mass)
from the lighter partner until its mass exceeds the Chandrasekhar limit (see Section 7.3),
resulting in an explosion leading to a supernova — bright, and visible from far away!
Crucially, the luminosity of an exploding white dwarf is a fairly good standard candle so
the distance of these supernovae can then be estimated and they enable more data to appear
on the d; z plot, with higher values of d; and z, so that in particular the non linear term in
(10.96) can be found with some accuracy. And, surprisingly, g, turns out to be negative —the
expansion of the Universe is actually accelerating, not slowing down. Newtonian intuition
fails here, but it turns out that this scenario is not new in cosmology. Einstein introduced his
famous cosmological constant A to solve a problem that has gone away, but A corresponds
exactly to an accelerating expansion. We shall return to this topic below.

10.6 Dynamical equations of cosmology
|

The Robertson—Walker metric (10.62)

dr?
1 — k2

ds* = =2 d* + S*(r) ( + 2(d6? + sin’6 d¢2)) (10.100)
contains the ‘free’ functions S(¢) and k, describing the exansion and the curvature of space.
The Einstein field equations (5.24)

81G

R,uv - l/zg,uvR =3 T;w (10101)
C

will yield equations for S(#) and k£ so enabling us to see what sort of universe General
Relativity permits (provided we have an expression for the energy-momentum tensor).

The quickest way to find the left hand side of (10.101) is to use differential forms. The
metric (10.100) may be written

ds’ = —(6°)° + (8') + (°) + (6°)° (10.102)

which, with basis 1-forms
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0 =cds, 0 =5u'dr, 0=5rdd, 6 =Srsinfdo, (10.103)
where
u(r) = V1 — k2 (10.104)
is an orthonormal (anholonomic) basis with metric tensor
Suv = 1, = diag(—1,1,1,1). (10.105)

The exterior derivatives of the basis forms are

de’ =0, (10.106a)
1 5 1 S (1] 1
d0' = Su 'drndr= 0" 10", (10.106b)
C
do? :Srthd0+SdrAd9:f—Se°A92 +%e‘ A, (10.106¢)

d0’® =Srsin@ds Ado + SsinOdr A dg + Srcos0do A dg

:f—SeOAeH%elAeuc‘;—;@eer? (10.106d)
The structure equations (3.182)
do”“ + o, N0" =0 (10.107)
give, for equation (10.106a),
@’ A0+’ A0? + 0’5 A0 =0, (10.108)
where we have used the fact that
Wy = =y, (10.109)

which follows from (10.105) and (3.191). Equations (10.106b) and (10.107) give
1 0 1 2 0 3 § 0 xal
*0)0/\9 —w,AN0 *(03/\9 :EO /\(-),
which implies that
0y==—0"==uldr (10.110)
Next, (10.106c) gives
2 0 2 1 2 3 N 0,02 Yaql 2
—OON0 —@ A0 —03A0=—0"A0"+—0 AO,
cS Sr

which implies that
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S S
0 =~ =240, @ =Le*=udo, (10.111)
cS c Sr

and finally (10.106d) and (10.108) give

S to
00N — @ AB — 0 A= 00N0 L0 A0 g2 6
cS Sr Sr
and hence
®y =—0="rsinfdg,
cS c
@ =~ 0 = usinfdg, (10.112)
Sr
to
@ =" = cosfdo.
Sr

Note that equations (10.110)—(10.112) satisfy (10.108)—in fact each term separately van-
ishes in this equation.
Having found the connection 1-forms we now calculate the curvature 2-forms from (4.45)

QY = do”, + 0" A o, (10.113)
We have
Q' =do') + 0's A o' + 0's A e,
The second and third terms vanish and
Qlozsu ldt/\drzéeo/\el. (10.114)
c cS

The Riemann curvature tensor follows from (4.39)

Q= 1/2R,,,00 N O, (10.115)

hence
Ry = S _ R! 10.116
001 = 3¢ = ~Roiw0 (10.116)

and all other R'oﬂ,, vanish. Similarly we have

Q% = da’o + 0 A @'y + @5 A @y = %dt £dO =560 N6 (10.117)
and (10.115) gives

¢
Ron = 55 = R, (10.118)

The same equation holds for R3003 so we have
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R'o10 = R2020 = RPp30 = —f—- (10.119)
c*S
The remaining components of the Riemann tensor are found using, for example
2 2 2 0 2 3 wid S 1, @2
ledm1+mo/\m1+m3Am1:<E c252>e AN (10.120)
from which
R =%<k+i—j>. (10.121)
Similarly we have
Ry =R =Ry = ;2 (k +S2> (10.122)

From these equations the components of the Ricci tensor are easily found. For example

§

Roo = Rou0 = R'010 + R%020 + R2030 = —3%7

.. . 10.124
0 ) 5 S 2 s? ( )
Ry =R'101 + R 121 + R 131 = a5te k+ =Ry = R3;.

The curvature scalar may then be found (recall the metric (10.105))
00 1l 22 33 § 6 Sz
R=5#"Roo+n Rn+n"Ryn+n"Ryz=—Re + 3R = 2S 2 k+
(10.125)
In addition it is found that
Rip=Ri3 =Ry =Ro1 =Rpp=Rop3 =0. (10.126)

For the energy-momentum tensor we adopt the model of the perfect fluid. From (7.8)
this is

T, = :%g,,v + (p n 52) U 1ty (10.127)
In the comoving frame u’=up=1, u'=u;=0 and v = Ny SO
Too = p, T11=T22=T33=C£2, Ty =0(i#j), To;=0. (10.128)

We are now in a position to write down the field equations (10.101). The ‘time-time’
component

811G
R()() — 1/27]00R = 7T0()

(recall the meric (10.105)!) gives, with (10.123), (10.125) and (10.128)
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S+ ke® = @psz (10.129)
and the ‘space-space’ component
Ry — 1/ R = 87CT—2G Ty
gives
288 +8% + ke* = —SZ—ZGpSz. (10.130)

Equation (10.129) is called the Friedmann equation,’ though more loosely the models
obtained by using particular equations of state are also called Friedmann models — see the
next section.
There is a compatibilty condition linking these last two equations. Differentiating
(10.129) and substituting (for ) into (10.130) gives, after a bit of algebra
,b+3(p+£2)§20. (10.131)
c?/ S

This is the compatibility condition for (10.129) and (10.130). In what follows it is conven-
ient to treat (10.129) and (10.131) as the fundamental equations. They are differential
equations and will be solved below. Firstly, however, it is interesting to consider a
Newtonian interpretation of them.

10.6.1 Newtonian interpretation

Consider an expanding Newtonian universe with a centre, and a galaxy of mass m at a
distance r = r( S(¢) from the centre (see Fig. 10.10). Its kinetic and potential energies are

: 4
KE = 1/2m* =1/2mr} S, PE:—m(—rp)gz—LGmprz,
r

and conservation of energy gives

A Newtonian universe. A galaxy of mass m is at a distance r from the centre.

® Friedmann (1922).



368

Cosmology
. 41G
12 mrS* — %mprozS2 =E,
o 8nG 2mE
- LpSz _ e const,
3 I"()2
2mE
which s (10.129) with k= -,
o

Furthermore, since the expansion of the Universe must be adiabatic, conservation of
entropy gives

dU = —pdV

where U is the internal energy = pc® V. Hence
0 (4m 5 , 0 (4r ,
B (?’ e ) =7 (T

or

which is (10.131). Equations (10.129) and (10.131) therefore express, in a Newtonian
interpretation, conservation of energy and of entropy.

10.6.2 Critical density

Let us now investigate the consequences of Equations (10.129) and (10.131). Subtracting
(10.129) from (10.130) gives

S‘:—? <p+3§) s, (10.132)
showing that S is always negative, so S is always decreasing in time — the Universe was
expanding faster in the past than it is now. This is of course precisely what our Newtonian
intuition would lead us to expect, and has already been mentioned earlier in this chapter. We
now see, though, that the slowing expansion is actually a consequence of General Relativity.
An expanding universe means that S was smaller in the past than it is now, and there must
have been a time when it was ‘zero’ (zero, that is, in this classical model, in which masses are
point masses and quantum effects are ignored). This was the initial singularity that marked
the ‘birth’ of our Universe. Putting t=0 at S=0 and denoting, as before, the present age of
the Universe by #, we see, by consulting Fig. 10.11, that since the gradient of the tangent at
t= 1y is Sy then from (10.76) the intercept on the time axis is H !, which must be greater
than the age of the Universe. With #=0.55 in (10.98) we have

o <1.8 x 10" years
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S
So
0 fo 't
-
1
Ho

A decelerating universe. Its age is less than the inverse of (the present value of)
Hubble’s constant.

t

Three types of cosmological model: k =1 expanding phase comes to an end and is followed by a
contracting phase; k=0 expansion ceases when the Universe is ‘infinitely dilute’; k= — 1
expansion never ceases time without end.

as an upper limit. This is consistent with independent estimates of the age of the Earth (about
4.5 x 10° years) and of one of the oldest bright cluster galaxies'®

teeg = 134714 |5 x 10° years.

From (10.129), if k=0 or 152 is never zero, so the Universe expands for ever. If k= 1,
however, the expansion will stop (S = 0) when pS” reaches the value 3kc*/87G. Thereafter,
since § < 0,8 will become negative and the Universe will start to contract. These alternative
scenarios are shown in Fig. 10.12. The fate of the Universe, then, depends on £, the sign of
the spatial curvature. What is the value of £?

Let us specialise (10.129) to the present moment (¢= #y); then

&G . 887G 3H,?
ke =227 5 0Se? — 82 = 2802 ( po — 22 ).
T3 P TR e (Ao TG

The last term in brackets, which is clearly a density, is called the critical density p.,

_ 3Hy?
Pe = %2G

(10.133)

19 Ferreras et al. (2001).
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With Hy=72kms ' Mpc ',
pe=0.97 x 10 *kgm ? (10.134)
or more generally
pe = 1.881* x 10 *kgm *. (10.135)

This density is important for it determines the sign of k: if p > p., k is positive and the
Universe will eventually stop expanding and recontract, but if p < p,, it will expand for
ever — there will not be enough matter in it to halt the collapse. There is thus a connection
between the curvature of sapce and the fate of the Universe; but note that these conclusions
are limited to the case of a decelerating universe.

What is the actual density of matter (and radiation) in the Universe? The average density
of luminous (or baryonic) matter — stars and galaxies — is of the order

pp =~ 10 Bkgm 3 (10.136)

approximately one proton in every 10 cubic metres. This is only a small percentage of the
critical density (10.134). There is, however, very good evidence that there is a large amount
of mass in the Universe which is not luminous; this is called dark matter. Dark matter is
believed to exist, for example, in galactic haloes — clouds of gas rotating around a galactic
nucleus. Suppose the velocity of the gas a distance  from the centre is v(r) and the total mass
out to a distance r is M(r). Then from Newtonian mechanics we would expect that

GM(r) _(r)
. .

r r

For gas well outside the visible part of a galaxy we would expect that M(r) is roughly
constant (independent of 7), and we would then have v(r) ~ r /2. Now the velocity can be
found by measuring the Doppler shift of the 21 cm hydrogen line, and what is found is that
that v(r) is more or less constant, so M(r) is not constant, but grows proportionately to r, M
() ~ r. Hence there must be invisible matter in the galaxy, with, as it turns out, a total density
much greater than that of the luminous matter. The composition of dark matter is not known,
and there is speculation that at least some of it is non baryonic — not made of protons and
neutrons, but perhaps other ‘exotic’ particles. This is an important area of modern cosmol-
ogy but will not be pursued further here.

A useful parameter for discussing the contributions to the energy density of material in the
Universe is

Q= (10.137)

a
Pe
Recent estimates for the baryonic and matter contributions (and note that, in this definition,
‘matter’ includes dark matter and luminous matter) are'!

Qp, = 0.044 £ 0.004, (10.138)

' Spergel et al. (2003).
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Qum = 0.27 + 0.04. (10.139)

As is discussed below (and as the reader is doubtless already aware) there is also thermal
radiation in the Universe, at a temperature 7=2.72 K. This gives a radiation energy density

4
p? =0T =416 x 10 “Jm 3
C

in energy units, or in mass units

p, =4.62x10 *kgm 3, (10.140)

giving, for the cosmic thermal radiation,

Q, =48x10 °. (10.141)

10.7 Friedmann models and the cosmological constant
I —

Let us make some observations about the dynamical equations (10.129) to (10.131) (or
(10.132)) above:

8tG

S 4k =7 82, (10.129)
. e
285 +8° + k= =L ps?, (10.130)
C
. p\S
p+3<p+c—2>§:0. (10.131)

These represent, as we have seen, only two independent equations for the three unknowns,
p,pandS. A complete solution is possible if one or more relations between these quantities —
for example an equation of state, relating p and p — is known. Models constructed in this way
are called Friedmann models, after the Russian mathematician and physicist. There are two
special cases of interest: dust, modelling ordinary matter, and radiation.

The dust model is a zero pressure model. We put p=0 in (10.132), giving

S = —#p& (10.142)
Differentiating (10.129) gives
288 = %; (2pSS + §%p), (10.143)
which, on substituting (10.142), gives
[dust] g = —3% = pS® = const = p,Sy°. (10.144)
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This is easy to understand: it is simply the consequence of conservation of mass for non-
relativistic matter in an expanding space; m = pV = const. This describes a matter dominated
universe. Hardly surprisingly, it is a universe in which ¢, the deceleration parameter, is
positive, since from (10.142) we have, for the present value of ¢

SoSo _4xG Sy* _ 4nG py

q0: =

- T A I T~ A — T >0.
S22 3 7527 3 HY

The second case of interest is the radiation gas model, in which'?

3
p="="2. (10.145)
c
Then (10.132) gives
871G
S=—-———>pS.
3 P
Substituting this in (10.143) gives
[radiation] b —45 = pSt = t = poSo” (10.1406)
P pS* = const = pSy”. .

This is to be compared with (10.144) for (non-relativistic) matter. To gain an understanding
of the extra power of S in the radiation case we could argue that if a box of photons, of
volume V] is expanded, the volume of the box increases by a factor S3, but in addition the
energy of each photon £ = hv = ch/A decreases by a factor 1/S, since 4 — SA under an
expansion of space, so the energy density decreases by 1/5°.
In a universe, therefore, containing matter and radiation (though decoupled), their
respective densities will behave, under expansion, as
pmm%, procé, 5—;0(% (10.147)
This is sketched in Fig. 10.13 (notionally a logarithmic plot). If there is any radiation in the
Universe at the present time, it must have dominated at early times. The present densities of
matter and radiation are given by (10.139) and (10.141), so the present Universe is

Matter
\ dominated

Radiation :
dominated !

! S
The density of radiation decreases faster than the density of matter in an expanding universe.

12 See for example Feynman e al. (1963), Section 39 3.
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obviously matter-dominated, but at early enough times it must have been radiation-
dominated. This assumption is a key ingredient in studying the physics of the early
Universe.

Next, let us consider the question of static solutions, thought to be relevant before
Hubble’s discovery that the Universe is expanding. In a static universe S =$ = 0 and
(10.129) and (10.130) then give

3p
-5

(10.148)

the Universe is occupied by a fluid with negative pressure (if positive energy density).
Dismissing this as unphysical we may conclude that the equations have no static solutions.
For Einstein in 1917 this was a problem, which he addressed by introducing an extra term
into the field equations,'® so that they now read (in modern notation — Einstein used A rather
than A)

8rG
R;zv - l/zg/zvR - g/va = % Tﬂv, (10149)

and A is called the cosmological constant. Equations (10.129) and (10.130) then become

8tG

2
§2 4 ket = pS2+%AS2, (10.150)

.. . 7G
255 + 82 + ké? = —%pSZ + PAS2. (10.151)

Equation (10.131) is unchanged.
A static universe (S =S = 0) with p=0 (dust model) now follows if

4AnG

k=AS*, A=—"p. (10.152)
C

This is a closed, static universe, the so-called Einstein universe, shown in Fig. 10.14. It is
clear that a positive A must represent a ‘repulsive force’ to balance the gravitational
attraction of matter. To see this, consider an empty flat universe, p = k=0. From (10.150)

A>0, k=1

Einstein universe.

13 Einstein (1917).
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S
SNeat
t
de Sitter universe.
. 2 2 AN/?
§? = %ASZ, S(1) = S(0) exp{ (%) £y, (10.153)

This is the de Sitter universe, shown in Fig. 10.15. It describes an empty but expanding
space. The space expands by ‘cosmic repulsion’. This is simlar to the Steady State Theory,
except that here p=0. In the de Sitter universe the deceleration parameter is negative

Ss
-5 =

q= )
indicating an accelerating expansion, as observed in our Universe. It is clear then, that this
feature of the Universe will be accounted for, in the language of General Relativity, by a
positive cosmological constant A.

The introduction of the cosmological constant by Einstein, however, was not entirely

trouble-free. If we putS = 0, k=0 and p=0 in (10.151) we find, using (10.152)

S = CZ—AS = —4znpS,
2

henceS <0 and the solution is unstable. This, together with Hubble’s later discovery that the
Universe is expanding after all, led Einstein to abandon the A term, calling its introduction
the ‘greatest blunder’ of his scientific life. As seen above, though, the fact that the expansion
of the Universe is now seen to be accelerating indicates that there is, after all, a place for A,
so Einstein’s blunder might turn out to be not such a bad idea after all!

Introducing A into the picture, however, considerably complicates matters; there are
many types of solutions to Equations (10.150) and (10.151), depending on the sign and
magnitude of k£ and A. Rather than attempt a general survey we shall consider simply a
particular case, which however does seem to stand a reasonable chance of being correct.
This is the case in which £ = 0; the Universe is flat. There is in fact evidence for this from the
now rather detailed observations of the cosmic background radiation, a topic to be discussed
in the next section. The relevant observations are of the anisotropy of this radiation. The
radiation reaching us now was last scattered some hundreds of thousands of years after the
beginning of the universal expansion; and already at that time there were inhomogeneities in
the cosmic dust, which would in the course of time result in the condensation of dust into
galaxies. These inhomogeneities depend on the parameters k& and A, which govern the
dynamics of the evolution — and at the same time can in effect be measured by analysing the
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inhomogeneities in the scattered radiation. The analysis of these is a rather complicated
matter, but Hartle concludes that the evidence, as of 2003, is ‘consistent with’ a flat
universe.'* Making this assumption and writing (10.150) in the form

8rG <p AA 3H02>

ke = ——8,* e
C =30\ PTG T 8eG

where the subscript 0 refers to the present time, then putting k=0 and p = p,+p,, we have,
with (10.133),

2

pr+pm+%_pc:0'
We write this as (see (10.137))
Qr+Qn+Qx=1 (10.154)
where
AN 1 AA
——_ - 10.155
AT 872G p. 3H,? ( )

The term Q4 may be said to represent the contribution of the cosmological constant term to
the energy density of the Universe. With Q, and Q,, taking on the values (10.140) and
(10.139) it is clear that Q  provides the dominant contribution (~ 0.7) to the dynamics of the
Universe. The physical nature of this contribution is still unclear, but it goes by the name of
dark energy.

10.8 Cosmic background radiation
|

The discovery, in 1965, that the Universe contains thermal radiation, was a landmark in
twentieth-century cosmology, equal in importance to Hubble’s discovery that the Universe
is expanding. This cosmic microwave background (CMB) radiation was discovered (acci-
dentally!) by Arno Penzias and Robert Wilson,'> who were awarded the 1978 Nobel prize in
Physics. Over the years it has been confirmed that this radiation is almost perfectly isotropic
and fits a blackbody distribution with a temperature of 2.72 K. The most accurate measure-
ments have been obtained from the COBE satellite (Cosmic Background Explorer) launched
in 1989.

Thermal radiation, resulting from a hot beginning of the Universe, had already been
predicted by Gamow in 1946 and developed in key papers by Alpher, Bethe and Gamow and
by Alpher and Herman in 1948.'® The model they proposed, now accepted as the ‘hot big
bang’ model, is that in its early moments the Universe contained matter at a high density and

4 Hartle (2003), p. 410.
!5 Penzias & Wilson (1965).
16 Alpher, Bethe & Gamow (1948), Alpher & Herman (1948a,b).
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high temperature. This presupposes thermal equilibrium and therefore thermal (blackbody)
radiation, with equilibrium between matter and radiation being maintained by reactions such
asp+n<>d+y,e +e <« y+yandsoon. The idea is that as the Universe has expanded
from this early phase the blackbody radiation has retained its blackbody character and
simply cooled. To demonstrate the feasibility of this model we need to show that it is actually
true — that in our model for the expansion of the Universe, blackbody radiation does indeed
retain its thermal character as space expands. This is what we shall now demonstrate.

First, note that the relation between density and temperature of blackbody radiation is
p=aT* (where a=40/c and o is the Stefan—Boltzmann constant). Then noting from (10.146)
that p oc 1/8* it follows that the variation of T'with S is

1

T ox . 10.156
x5 (10.156)

We shall now show that this is precisely the condition for blackbody radiation to retain its
thermal character under space expansion — for the Planck spectrum to be preserved. The
proof'is based on conservation of photon number. In the Planck distribution the number dn(?)
of photons with frequency between v and v + dv in a volume V(#,) of space at time # is

d
dn(ty) = — 5 V}(fv” A (10.157)
3 — =1
oo i)
At a later time ¢, the frequency has been red-shifted to (see (10.78))
S(n)
=v - 10.158
2=V ( )
and the volume changed to
S (1)
V() =V(th)-
(tz) (tl) S3(l‘1)’
hence
V]z V(tl)dvl = sz V(lz)de (10159)

and the — conserved — number of photons in the stated frequency range is, from (10.157),
using (10.158)

8mv2 V(1) dv

loler)

The condition that this is the same as dn(t) is

dn(ty) =

i.e. from (10.158)
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T(t) =T(h) igzg,
1
70 > gy (10.160)

which is exactly the same as (10.156). Hence conservation of photon number guarantees that
the blackbody nature of the radiation is preserved under space expansion. Finally it is useful
to recall that the energy density of the radiation is, from (10.157),

hv 8h T Vvidy 8k*
H)=| — dn(t) = — = T4(t) = aT*(1), (10.161
) = | 5 ) =5 Jex Y TS (0 a7, Q016D
R AV7A0)
where a=40/c=7.56 x 10 *Jm 3K 4,ais the Stefan—Boltzmann constant, and we have
used the well-known integral'’
T Ads 4
zZ T
1= =, 10.162
[ &5 10.16
0

10.9 Brief sketch of the early Universe
|

It seems that almost everyone in the world knows about the Big Bang theory; that the
Universe began in a hot and very dense phase, from which it has expanded, and is still
expanding, some thousands of millions of years later. It is indeed a most remarkable
achievement of twentieth-century physics; that by using the laws of nature, formulated
here on Earth in the last three hundred years or so, we are able to give such a detailed account
of the first few minutes of the Universe. In particular, we are able to ‘predict’ helium
synthesis during these early moments, with very good numerical agreement with the amount
of primordial helium found in the Sun and the interstellar medium. Amongst other things,
this must imply that the laws of nature have not changed with time. This is surely a
remarkable fact; the laws we understand at present are something like the absolute truth.
In my opinion the Big Bang account of the birth of the Universe is so remarkable that every
educated person should be aware of it, and for this reason the present section is devoted to a
broad overview of its main features. For more detailed accounts the reader is referred
elsewhere.

We have seen (see Fig. 10.13) that if there is any radiation present in the Universe now, in
the early moments its contribution to the dynamics of its evolution must have dominated that

17" See for example Mandl (1988), Appendix Al.



378

Cosmology

of ordinary matter. And indeed there is thermal radiation in the Universe so we can proceed
to investigate Equation (10.129),

. 8nG
§2 4 ke? = %ps2 (10.129)
with p o< 1/5%, as in (10.146). It is clear that as we go backwards in time S becomes smaller
and smaller, the right hand side of (10.129) becomes larger and larger, so that as S — 0,

8zG
%,{)S2 > kc?

and (10.129) reduces to

_ 810

§2
3

pS2. (10.163)
We see that the geometry of space-time is irrelevant in the early Universe.

We should note that p properly stands for the density of all relativistic particles, not only
photons (‘relativistic’ means E > mc?). For example, at a temperature of 7=10'"K,
kT=8.7 x 10° eV ~ 1 MeV. But the rest mass of an electron is m.c* = 0.5 MeV, so electrons
are effectively relativistic at this temperature, as are also electron neutrinos (mc* <3 eV) and
muon neutrinos (mc”> <0.2 MeV), as well as the antiparticles of all these particles. We note
that electrons and neutrinos are fermions, so including their contribution to p, the total
(mass) density, means that instead of (10.161) we should write

a
p:Neff-gT“, (10.164)

where N is the effective number of relativistic species of particle at a temperature 7. It is
not the actual number, since fermions and bosons contribute differently.
For electrons, which obey Fermi—Dirac statistics, the energy density per polarisation
.18
state is

_ b
- 813

ot jE(k)f(E(k))dk,

where E(K) is the energy of an electron with wave vector k and f{£(k)) is the Fermi function

= [exp(E/kT) +1] !

FER) =

(where the chemical potential has been put equal to 0). Performing the angular integrations
1 2 1

Now k = (2a/h)p and in the relativistic regime E = pc, so

18 See for example Ashcroft & Mermin (1976), p. 43. Note that the factor 1/4z° in Ashcroft & Mermin refers to two
polarisation states.
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4mc T pPdp Amk* 4
=— = LT 10.165
Pr= Jexp(pc/kT) T me ! ( )
0
with
3dz

I = J:Ur - (10.166)

By noting that

2 1 1

it is easy to show that

Ty T s
T8 T 120

from (10.162), so the energy density per polarisation state of a relativistic fermion is

pp = %JT“, (10.167)

to be compared with (10.161) for photons.
To return to the early Universe, at a temperature of about 10'° K the electron and the
positron and the electron and muon neutrinos and their antiparticles will all be relativistic:

+ — —
€ ,C ,Ve, V€7vu7 Vu'

In the usual theory of beta decay, the observed parity violation is ascribed to the fact that v, is
massless and exists in only one polarisation state (a left-handed state). By an extension of
ideas the same is supposed to be true of v,;; whereas by contraste and ¢ have2 (=2s+1)
polarisation states so the effective number of relativistic particles is
7 9

Neff=1+[2><2—|—4><l]-E=§=4.5. (10.168)
In recent years, however, the theory of neutrino oscillations has received much attention
since it offers a solution to the solar neutrino problem. The general idea of neutrino
oscillations is that while v, are emitted from the Sun, for example as products of boron
decay *B — ®Be + ¢" + v,, by the time these neutrinos reach the Earth they have become a
mixture of v, v, and v;; and only the electron neutrinos will be detectable in the laboratory,
resulting in a reduced detection rate; this smaller than expected detection rate is the solar
neutrino problem, which is therefore solved in this theory of oscillations. The theory,
however, only works if the electron and muon neutrinos have different masses (the effect
depends on the difference in their (mass)?), so they cannot both be massless. Assuming, for
the sake of definiteness, that neither of them is massless, they will possess two polarisation
states each and instead of (10.167) we will have
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7 25
Neff:1+[2X2+4X2]'R:Z:6.25. (10.169)
In any case, substituting (10.163) into (10.164) gives
1 (dSY 8zGa
— = )| =55 Negr - T* = 7T 10.170

We want an equation relating 7"and ¢. Equation (10.160), however, implies that
1 (dSY 1 /dry
S2\de) T12\dt)’

ary o dT ;
<5)_b 16 = g = b1, (10.171)

so (10.170) gives

where the minus sign is chosen since T decreases as ¢ increases. Integrating (10.171) gives

1
TVi=——=152Ng"" x 1052 K.

V2b
With Ngg= 4.5 this gives
TVi~1.04x10"0s'2K,
or
TVt~ 10, (10.172)

This relates the temperature of the radiation in K to the age of the Universe in seconds, and it
crucially allows us to construct a thermal history of the Universe, at least in its early stages.

Equation (10.172) is displayed in Fig. 10.16, where both 7 and 7 are plotted horizontally
on a logarithmic scale. When the universe is 1 second old the temperature is 10'° degrees,
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when 7= 100 s the temperature has dropped to 10° K and so on. It is interesting to see that if
one inserts the present age, £~ 10'® s, into (10.172) one finds 7= 10K, not too far from the
actual value of 2.7 K. But (10.172) was derived for a radiation dominated universe, which
the present Universe is not, so there is no reason to expect (10.172) to work all that well for
the Universe at the present time.

What was the Universe like at early times? If we take a journey backwards in time we see
the Universe contract and heat up. When 7' reaches about 10*K, kTis about 1 eV, of the order
of atomic ionisation energies, so at this temperature matter, composed of atoms and
molecules, will lose its structure and be reduced to atomic nuclei and electrons. When T
reaches 10'° degrees the thermal energy of the order of MeV is enough to dissociate nuclei,
so above this temperature the Universe will consist of protons, neutron, photons, muons,
electrons and neutrinos (and antiparticles of these last three). All structure will have
disappeared. The Universe is a simple mixture of these particles at a very high temperature.
Coming forwards in time, when T drops to about 1000 K the plasma will condense into
electrically neutral atoms, so electromagnetic forces will disappear on the large scale and
gravity will take over, allowing for galactic condensation, and, in due course, condensation
into stars, in which nuclear fusion reactions take place, to produce the chemical elements.
The first few of these reactions are

p+n—d+y, d+n—*H+y, *H+p—*He+y, (10.173)

and these result in helium production. Heavier nuclei are produced in analogous reactions.
Given our picture of the early Universe, however, since it consists of protons and neutrons
an obvious question is: did the reactions above take place then, producing helium? And if so,
how much helium? And were heavier elements produced? Let us consider the first of these
questions."”

When t=0.01's, 7=10"' K and at that temperature the number of protons is the same as
the number of neutrons, N(p) = N(n). The argument goes as follows. The following reactions
convert n into p and vice versa:

n+ve—p+e, nop+e + v,
so under conditions of thermal equilibrium the relative population of proton and neutron
states will obey a Maxwell-Boltzmann distribution
N(n)
N(p)

= exp(—AE/kT), (10.174)

where AE = [m(n)  m(p)]c*=1.3 MeV. When T=10"" K, however, AT=8.6 MeV and the
above ratio is very close to 1, so at an age of 1/100 second the proton/neutron balance is 50%
n, 50% p. Thereafter however, as T drops, an equal population of proton and neutron levels
is not guaranteed and the neutrons will start to decay

n—p+e + Ve (10.175)

19 I must emphasise once more that this account is greatly simplified, since I am aiming only to give the broadest of
outlines of this topic. Much more detail will be found in the texts cited in ‘Further reading’.
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The question we are asking is whether the fusion reactions (10.173) will take place in the
environment of the early Universe. The answer is that they will not produce stable helium in
a hot universe, for the photons will still have enough energy to destroy the deuterium as fast
as it is created

p+ned+y.

We have to wait until the photons are not energetic enough for this reaction to go ‘back-
wards’. This energy is easily measured in a laboratory and corresponds to a temperature of
about 0.7 X 10° K, which in turn corresponds to a time of 226 seconds. After this time, the
‘deuterium bottleneck’ has been passed and the further reactions in (10.173) will proceed,
producing *He. During these 226 seconds, however, the neutrons have been decaying and
the 50% p, 50% n mixture at #=0.01 seconds has now become, at 226 seconds, 87% p, 13% n.
The fusion reactions which then go ahead produce 2 x 13 =26% “He and 74% H; and it is
this mixture of hydrogen and helium (with a small admixture of heavier elements) which,
hundreds of thousands of years later, will constitute the gas forming the raw material of stars
and the interstellar medium.

This, in the broadest of terms, is how the ‘standard model’ of Big Bang Cosmology
predicts the primordial synthesis of helium (as well as some heavier elements). The agree-
ment between the theoretical prediction and the observed data is impressive.?® For example,
in HII regions of the interstellar medium?' the proportion of *He to all nucleonic matter is
predicted to be ¥ & 0.23 and is found*? to be

Y =0.231 £ 0.006.

It should be remarked that one surprising feature of this model is its simplicity. It depends
on a homogeneous universe, Einstein’s field equations applied to a radiation gas, and the
well-established fields of thermodynamics and nuclear physics. No new laws of physics
have had to be invented. This is surely a remarkable fact — that we can account for the
evolution of the Universe from the time when it was only 1/100 second old! From a rather
different perspective, what is also remarkable is that the original Big Bang model of Alpher
and Herman was for a long time not taken seriously. In fact it was not until the 1960s, when
quasars and pulsars were discovered and when in particular John Wheeler (1911-2008)
began to urge the theoretical community to take seriously the work of Oppenheimer and his
collaborators on gravitational collapse and, in the words of Freeman Dyson, to ‘rejuvenate
General Relativity; he made it an experimental subject and took it away from the mathe-
maticians’,** that physicists seriously began to take on board the idea that there actually was
a time when the Universe was only a few minutes old. In the words of Weinberg:**

This is often the way it is in physics our mistake is not that we take our theories too
seriously, but that we do not take them seriously enough. It is always hard to realise that
these numbers and equations we play with at our desks have something to do with the real

For a recent review, see for example Hogan (1997).

Regions of ionised hydrogen: see for example Carroll & Ostlie (1996).
22 Skillman & Kennicutt (1993).

2 New York Times, 14 April 2008.

24 Weinberg (1978), p. 128.
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world. Even worse, there often seems to be a general agreement that certain phenomena
are just not fit subjects for respectable theoretical and experimental effort. Gamow,
Alpher and Herman deserve tremendous credit above all to take the early universe
seriously, for working out what known physical laws have to say about the first three
minutes. Yet even they did not take the final step, to convince the radio astronomers that
they ought to look for a microwave radiation background. The most important thing
accomplished by the ultimate discovery of the 3 °K radiation background in 1965 was to
force us all to take seriously the idea that there was an early universe.

10.10 The inflationary universe and the Higgs mechanism
-~ ]

Despite the outstanding success of the Big Bang model there are still some questions left
unanswered. Prominent among these is the high degree of isofropy of the cosmic back-
ground radiation. The temperature (2.72 K) is the same in all directions — including dia-
metrically opposite ones. This creates a difficulty because of the horizon problem, described
above. The radiation reaching our apparatus has travelled freely throught the Universe since
the recombination era, at about £ =130 000 years. (This is a recombination of protons and
electrons into hydrogen, and happens when the radiation is at a temperature 7'such that k7'is
rather less than the ionisation energy of hydrogen (13.6 ¢V), since even at that energy the
blackbody spectrum means that in the Wien tail (the high energy end of the spectrum) there
will still be enough photons to ionise hydrogen.) The radiation was thermalised, however,
much earlier, during the first few seconds. Referring to Fig. 10.7, consider a journey
backwards in time. As we approach the Big Bang we see that the horizons of a given
world-line shrink — other bodies in space become progressively invisible as the light from
them has not yet had time to reach us. At the present time we are able to see the light from
very many galaxies, but at early times these galaxies — particularly ones at ‘opposite ends’ of
the Universe — must have been definitely not within each other’s light cone. On the other
hand the cosmic background radiation from these directions is at the same temperature,
which surely argues that these regions must have been in causal contact at very early times,
and therefore within each other’s light cones.

This is known as the horizon problem. A solution was proposed by Guth in 1981:* all the
points in space — even those in diametrically opposite directions — from which we are now
receiving light were actually within each other’s light cones at very early times when thermal
equilibrium held, and since that time space has expanded by such an enormous factor that
these regions now make up the whole of the visible Universe. The situation is sketched in
Fig. 10.17. Let us calculate what expansion factor is necessary for this purpose. Guth’s
argument was developed in the context of particle physics and the reasoning is explained in
some detail below. For reasons to be explained there, the expansion is reckoned to have
begun at a time related to the ‘Grand Unification’ energy

Egut ~ 10" GeV, (10.176)

25 Guth (1981).
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The inflationary phase of expansion, starting at about 1037 seconds and finishing at about 10~3°
seconds.

which corresponds to a temperature of Ty ~ 10?7 K and therefore to a time, from (10.172)

tgur ~ 10 *s. (10.177)

At this very early time the size of a causally connected region of space is ~ctgur~ 10 2° m.
If the expansion of the Universe since that early time had simply followed a Friedmann—
Robertson—Walker pattern for a radiation-dominated universe, the ratio of the present value
of the expansion factor Sy to its value at the GUT time, Sgur, 18, from (10.156) and (10.172)
and noting that the present age of the Universe ~ 10" s,

Sy T n N2 7107\
0 o ZGUT (2 ~(—) ~10%. (10.178)
Scut Ty fGuT 10 34

Under this expansion the causally connected region, originally of size ~10 2® m would now
be of size ~1 m. Guth’s hypothesis, however, is that it should have expanded to the size of the
visible Universe, that is to ~c X 10'7 2 10%® m, which represents a further expansion by a
factor ~107%:

inflationary factor ~ 10%. (10.179)

Guth’s model, known as the inflationary universe, is that for a very short time, beginning at
tcut above, the Universe suffered this incredibly large expansion. Exactly how long the
expansion lasted (perhaps 100 X ¢gyT) and, crucially, how the inflationary period ended (the
so-called ‘graceful exit’ problem) are more detailed matters which we shall not consider
here. But the general idea is that after a (very) short time the expansion of space settled down
to the extremely sedate expansion of the Friedmann—Robertson—Walker cosmology that we
see Now.

The physical motivation for the inflationary model comes from particle physics, in
particular the notions of spontaneous symmetry breakdown and the Higgs mechanism.
The key development was the theory of unification of the electromagnetic and weak
interactions, into the so-called electroweak interaction. The prototype weak interaction is
neutron beta decay
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(a) (b) (©)

Feynman diagrams for (a) electron electron interaction via photon exchange, (b) n +v. —p +e~in
Fermi’s theory, with no field, (c) the same reaction mediated via W exchange.

n—p+e + ve.

The (quantum field theoretic) amplitude for this decay is essentially the same as that for the
related scattering process

Ve+n—e +p. (10.180)
We may set this alongside the electromagnetic process
e +e —e +e (10.181)

of electron—electron scattering. Electrons interact with each other through the electromag-
netic field, and, at the quantum level, the basic interaction is represented by the Feynman
diagram in Fig. 10.18(a) — two electrons exchange one photon, a quantum of the electro-
magnetic field.

According to Fermi’s theory of weak interactions, on the other hand, the Feynman
diagram for the process (10.180) is drawn in Fig. 10.18(b). This is a contact interaction.
The wave functions for the four particles v, n, e and p must all overlap at one point. There
is no action-at-a-distance, therefore no need for a field, therefore no field responsible for this
weak interaction. Fermi’s theory, however, suffered from convergence problems at higher
orders in perturbation theory (basically it is ‘non-renormalisable’), but these problems are
made much less severe if it is supposed that the weak interaction, like the electromagnetic
one, is mediated by a field. In that case the Feynman diagram of Fig. 10.18(b) is replaced
by Fig. 10.18(c); here W is the quantum of the weak field. This is the basic motivation
behind electroweak theory, and in that theory there are actually four field quanta: y, W , W
(its antiparticle) and Z°. The photon is massless but the others have masses,

my = 81.8 GeV/c* = 8Tmy, mz =92.6 GeV/c* =99m, (10.182)

(mp, = proton mass). The W and Z particles were predicted at these masses, and found at
CERN in 1983.

It is the fact that the masses of W and Z are non-zero that creates the problem, for
electroweak theory is in essence a generalisation of Maxwell’s electrodynamics, from a
gauge group U(1) to the non-abelian group SU(2) ® U(1); and in that generalisation the new
gauge fields would, like the photon, all have zero mass. The mechanism which allows the W
and Z fields to be massive (but y to remain massless) is known as the Higgs mechanism.
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The Meissner effect. Magnetic flux is expelled from a superconductor.

Higgs’ work®® concerned the masses of gauge particles in theories with so-called sponta-
neously broken symmetry, and a good illustration of this, one in which Higgs was himself
interested, is the phenomenon of superconductivity.

The defining characteristic of superconductivity is that at a temperature below a critical
temperature T, some metals lose all electrical resistance, R=0: the resistance is not simply
very small, it is zero! R is defined as being the proportionality between the electric field E
and electric current j:

E = Rj, (10.183)
or equivalently
j=0E (10.184)

(where o is the conductivity). A metal in a superconducting state then exhibits a persistent
current even in no field: j # 0 when E =0. The key to understanding superconductivity is to
describe the current as a ‘supercurrent’ j, and, in contrast to the equation above, to suppose
that this is proportional, not to E but to the vector potential A:

j, = —KPA, (10.185)

with a negative coefficient of proportionality. This is the London equation. In a static
situation, evenif A #0, E= 0A/0t=0, so if R is defined by E = Rj,, then R =0, as required.

For our purposes the crucial property of superconductors is the Meissner effect, which is
the phenomenon that magnetic flux is expelled from superconductors, as sketched in
Fig. 10.19 — an external magnetic field does not penetrate a superconductor. Higgs’ con-
tribution was to show that, suitably transformed into a relativistic theory, this is equivalent to

26 Higgs (1964a, b, 1966).
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saying that the photon has an effective mass. The reasoning goes as follows. First, the
London equation explains the Meissner effect; for taking the curl of Ampére’s equation

VxB=j
gives
V(V-B) - V’B=V xj.
Applying this to the supercurrent (10.185) and noting that V-B =0 (no magnetic monopoles)
gives
V’B = k’B. (10.186)

In one dimension the solution to this is
B(x) = B(0) exp(—kx), (10.187)

which describes the Meissner effect — the magnetic field is exponentially damped inside the
superconductor, only penetrating to a depth of order 1/k.
Equation (10.186) is equivalent to

VA = K*A. (10.188)

This equation is, however, non-relativistic. To make it consistent with (special!) relativity
V2 should be replaced by the Klein—Gordon operator [ and A by the 4-vector 4“ = (¢, A) (as
in (2.85) above), giving
18 & & &
S e 10.189
( I 8[2+6x2+8y2 +622 ) ( )
The vector potential is a ‘field” quantity, but we are interested in the photon, the quantum of
the field, so we make the transition to quantum theory by the usual prescription
0 i 0 i
— — ——E, — — —p, etc.,
o Th e wPm e
giving, for the quantum of the field 4“
E* — p*c? = KPR, (10.190)

where E is the (total, including rest-mass) energy of the field quantum and p its momentum.
Comparison with Einstein’s relation E*  p*c?=m?c* implies that the mass of the quantum
in a superconductor is

kh
my=-— (10.191)

the photon behaves as (in effect is) a massive particle. This is the import of the Meissner
effect.

All this would seem to be a long way from cosmology and the early Universe, but the
connection is made by appealing to the Bardeen—Cooper—Schrieffer (BCS) theory of
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Photons are massive in a superconductor, where the scalar (BCS) field ¢ is non-zero, but massless
outside, where there is no field.

superconductivity,”” which is a microscopic theory. At the quantum level the BCS theory
accounts for superconductivity by positing a scalar field ¢ (i.e. of spin 0) which describes a
‘Cooper pair’ of electrons (¢ ¢ ); the pairing is in momentum space rather than coordinate
space. Combining this idea with the previous reasoning, we now have the situation that
superconductivity is described by a many particle wave function (or field) ¢, non-zero inside
a superconductor, in which also m, 7 0. Outside the superconductor ¢ =0 and m, = 0. This is
shown in Fig. 10.20. When a superconductor is heated to above the critical temperature, of
course it loses its superconductivity, reverting to a ‘normal’ state. In this transition the field
¢ — 0 and the photon becomes massless. This is a thermodynamic phase transition.

A few years after the work of Higgs, and in the context of elementary particle physics,
Weinberg®® and Salam® proposed a unified model of weak and electromagnetic interac-
tions. In this model it necessary that the weak field quanta be massive (the reason is
essentially that the weak force is of extremely short range, and is therefore carried by
massive particles®’). On the other hand, as has already been remarked, the unified electro-
weak theory is ‘simply’ a generalisation of Maxwell’s electrodynamics, so the field quanta
should all have zero mass. This problem is solved by invoking a mechanism analogous to
superconductivity. There is a scalar field — now called the Higgs field — which is all-
pervasive (unlike the BCS field, which only exists in a superconductor). By virtue of this
field the W and Z particles acquire a mass, in the way that the photon acquires a mass in
superconductivity, but it can be arranged (somewhat miraculously!) that the photon remains
massless. In the Weinberg—Salam theory the Higgs field is a complex scalar field but to
illustrate the mechanism at work we may consider a real field ¢ with a potential energy
function (sometimes called the Higgs potential)

27 Bardeen, Cooper & Schrieffer (1957).

28 Weinberg (1967).

2% Salam (1968).

30 The range is proportional to the inverse of the mass of the field quantum; for example electrodynamics has “infinite’
range and the photon is massless.
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The Higgs potential. When T < T it has a maximum at ¢ = 0 and two minima at ¢ =+ a. When T > T,
there is only a minimum at ¢ = 0.

m 5, L,
V(o) :7425 Jrzqﬁ . (10.192)
On quantisation m becomes the particle mass and the ¢* term represents a quartic self-
interaction. The extremal values of V(¢), given by 0V/0¢ = 0 (differentiation with respect to

the function ¢), are clearly

2
b =0, j:\/Tm =0, +a. (10.193)

In a usual field theory m* > 0 and the second two possibilities are non-physical but if we are
prepared to consider the case m? <0 then the function ¥(¢) has two minima and a maximum,
as shown in Fig. 10.21. The maximum is at ¢ =0 and the minima at ¢ =+ a. A potential
function like this begs a question about the nature of the vacuum. Normally the term ‘vacuum’
has two connotations: it is both the state of lowest energy of a system, and also the state in
which no matter and no fields are present. Here, however, these situations become distinct:
when there is no field, ¢ =0, the energy is not a minimum, but a maximum; and the state of
lowest energy is a state in which the field does not vanish (and is also 2-fold degenerate).

In the case of superconductivity ¢ would represent the BCS condensate, so that ¢ # 0
(and m, # 0) when T'<T; but on heating the material to a temperature T > T, ¢ =0 and m,
also becomes 0. The same assumption is made in particle physics: in the actual world the
Higgs field ¢ does not vanish (its vacuum value is non-zero) and the quanta W and Z are
massive. But if the temperature were to rise to a value that we may call T, (the subscript
standing for ‘electroweak’) given by (see (10.176))

kT o = mzc* = Towk ~ 10° K, (10.194)

then the vacuum would shift to ¢ =0. At temperatures higher than this W, Z and y would all
be massless and the electroweak symmetry becomes an exact symmetry; at lower temper-
atures it is referred to as a spontaneously broken symmetry. This, then, would be the situation
in the early Universe, at times earlier than (see (10.172))

el.wk

1010 2
lelwk = < ) ~ 10 s (10.195)



390

Cosmology

At these times, when 7> T ., the vacuum is a ‘true’ minimum of ¥V{(¢), at =0. As the
temperature decreases to below Ty i this becomes a ‘false vacuum’, and ¢ then ‘rolls down’
to the new true vacuum at ¢ =+ a. As a result of this phase transition the particles W and Z
pick up a mass.

The final connection with the cosmology of the early Universe is made by making an
identification between the field ¢ and the cosmological constant A, as first suggested by
Zeldovich.?' The consequence of this is that when the vacuum expectation value of ¢ is non-
zero, the cosmological constant dictates the dynamics, the Universe behaves like a de Sitter
universe and expands exponentially. So the situation runs along the following lines: at very
early times, when the temperature is extremely high (in the present reasoning, higher than
10"°K, as above), electroweak symmetry is exact, all field quanta are massless and the
vacuum value of the Higgs field is zero — as shown in Fig. 10.21. The expansion parameter
goes as * (see Problem 10.3). When the temperature drops to below 7., i the symmetry is
broken, the W and Z quanta become massive and the vacuum value of the scalar field ¢ is
non-zero. The Higgs field, in the shape of a cosmological constant, then drives the
expansion, which is exponential. This lasts for a short time, after which the expansion
reverts to a ‘sensible’ Friedmann—Robertson—Walker type, and the horizon problem is
solved. It should be noted that the flatness problem is also solved. It was noted above that
an analysis of the inhomogeneities of the CMB radiation spectrum indicated that the
Universe is flat, or almost flat. A priori this is difficult to account for, but if the Universe
has undergone an inflationary phase then this will result in space becoming almost flat; the
more a balloon is inflated the smaller the curvature of its surface becomes.

Finally, to give an account of Guth’s model, some adjustments have to be made to the
picture above. The first one is that the temperature 7, i which we have been dealing with is
not the temperature assumed in the literature. There the assumption is made that there exists a
‘Grand Unified Theory’ (GUT) of particle interactions. This goes one better than the uni-
fication of electromagnetic and weak interactions achieved by Weinberg and Salam, to
embrace QCD, the theory of the strong interaction between quarks, whose quanta are gluons,
so this is a unification of strong, electromagnetic and weak interactions. In this theory there are
additional field quanta, much heavier than W and Z, so the temperature at which they would
become massless is correspondingly higher than Ty i, and the time correspondingly earlier
than z, . The typical GUT energy is of the order of 1 0" GeV, corresponding to a temperature
of 10*” K and a time of about 10 **s, so this would mark the onset of inflation. In honesty it
should be pointed out, however, that the status of GUTs is not particularly assured. There are
actually several varients of GUT, but the simplest one predicts proton decay

p—et

with an estimated half-life of 10°**! years (though this is model dependent). The exper-
imental figure is >5 x 10°? years.*” It may be that nature does not recognise a unification of
interactions at this level.

31 Zeldovich (1968).

32 The reader might wonder at these figures, which far outstrip the age of the Universe. But recall that the deacy of
particles obeys a probability law, so a lifetime of 10° years means that in a sample of 10°° protons (a decent
mountain) one will decay each year.
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Further reading
|

A superb account of cosmology, at a largely non-mathematical level, is Harrison (2000).
Treatments of Killing vectors and isometries in their relation to cosmology will be found in
Robertson & Noonan (1968), Weinberg (1972), Ryan & Shepley (1975), Ciufolini &
Wheeler (1995), McGlinn (2003) and Plebanski.& Krasinski (2006). A somewhat older,
though still interesting, account may be found in Landau & Lifshitz (1971). A very nice
introduction to Gaussian curvature and the differential geometry of curves and surfaces is
Faber (1983); see also Struik (1961) and Stoker (1969).

A very good account of horizons is Rindler (2001), Section 17.3. Detailed accounts of the
luminosity—red-shift relation may be found in McVittie (1965), Weinberg (1972) and
Peebles (1993). For further information about dark matter see Coles & Ellis (1997),
Peacock (1999), Harrison (2000), Hartle (2003) and Roos (2003).

Detailed treatments of the early Universe may be found in Weinberg (1972), Borner
(1988), Kolb & Turner (1990), Peebles (1993), Coles & Ellis (1997) and Mukhanov (2005).
A full account of neutrino oscillations may be found in Raffelt (1996).

Good introductory accounts of superconductivity can be found in Feynman ef al. (1965),
Chapter 21 and Ashcroft & Mermin (1976), Chapter 34. For the Higgs mechanism and its
role in electroweak theory see Aitchison & Hey (1982), Cao (1997), Cottingham &
Greenwood (1998), Rubakov (2002), Maggiore (2005), Srednicki (2007), Chapters 9 and
10, or Ryder (1996). A particularly attractive and authoritative (and almost non-
mathematical) account is Taylor (2001). Detailed accounts of inflationary cosmology appear
in Borner (1988), Kolb & Turner (1990), Linde (1990), Mukhanov (2005) and Hobson et al.
(2006). Recent reviews of the inflationary universe may be found in Guth (2000) and Linde
(2000). A good critique of the inflationary model is Penrose (2004), Chapter 28.

Problems
1

10.1 Prove that the curvature scalar of S° is R=6/a’.
10.2 Prove that in the Steady State Theory there is an event horizon but no particle horizon.

10.3 Show that for a radiation-dominated universe S o "> and for a matter-dominated one
Soc .
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Our picture of the physical world at its most fundamental level, a model that also has a very
high degree of experimental support, runs along the following lines. There are only three
types of interaction: QCD (Quantum ChromoDynamics), which binds quarks into hadrons,
that is, nuclear particles like protons and neutrons, pions and so on; the electroweak
interaction, which is the unification of electromagnetism with the weak nuclear force
(responsible for beta decay); and gravity. The first two interactions are understood in the
context of quantum field theory, more particularly gauge field theory, and the interactions
are transmitted by the field quanta, which are gluons (for QCD), and the photon and the
W and Z bosons which mediate electroweak interactions. Gravity is described by General
Relativity. What is immediately obvious about this statement is that General Relativity
is, conceptually, a completely different sort of theory from the other field theories, because
of'its explicitly geometric nature. The whole enterprise of physics, however, is to reduce the
number of fundamental theories and concepts to the absolute minimum, and as a con-
sequence a large number of physicists now work on unification schemes of one sort or
another — supergravity, superstring theory, brane worlds, and so on. One guiding principle at
work in these endeavours is to unite the three fundamental interactions into one interaction,
and another, equally important, aim is to find a quantum theory of gravity; it is clear that
General Relativity is a classical theory since it never at any point employs notions involv-
ing wave—particle duality or Planck’s constant. Since the other interactions are all cast in
the language of quantum theory, should not General Relativity also be given a ‘quantum
treatment’?

A full-scale treatment of these matters is well beyond the scope of this book, but in this
chapter some topics will be introduced which, while by no means offering anything like a
theory of unification, do contain interesting and perhaps relevant considerations to what
might lie ‘beyond’ General Relativity. These topics are gauge theories, the formulation of
the Dirac equation in a general space-time and Kaluza—Klein theory, which describes
electromagnetism in terms of a fifth dimension to space-time.

It is well known that Einstein spent many years at the end of his life trying to find a unified
description of gravity and electromagnetism. It is now apparent that this was a misguided
enterprise, for reasons which neither Einstein nor anyone else realised at the time. The
attractiveness of the idea (to unite gravity and electromagnetism) was that both are long
range forces, and as such have a description in classical physics. The strong and weak
nuclear forces were seen to be something completely different, and particularly in view of
their extremely short range, phenomena that could only be treated by using quantum
concepts. We now see, however, that this view was rather misleading. For one thing,
electrodynamics may be formulated as a quantum field theory — even in Einstein’s day



393

Gravitation and field theory

Feynman, Schwinger and Tomonaga completed the work on quantum electrodynamics
(QED) for which they later received a Nobel prize. But perhaps the most telling develop-
ment was in 1967, only twelve years after Einstein’s death, when Weinberg proposed his
unified theory of weak and electromagnetic interactions. Within a few years this theory
received dramatic confirmation, with the discovery of the field quanta W and Z, and of
so-called neutral current reactions, of the form v+p — v+p+n’. Electromagnetism was
unified at last, but with the weak (nuclear) interaction, not with gravity. The only reason that
electromagnetism has a long range nature is that the photon happens to be massless, whereas
W and Z are massive particles. In more recent years we have also seen that protons, neutrons,
pions and the other hadrons are not elementary particles, but are bound states of quarks,
so the ‘true’ interaction at the nuclear scale is not that between protons and neutrons, to make
atomic nuclei, but that between quarks, to make protons, neutrons and other hadrons. This
interaction is called QCD, since it is a generalisation of QED to the case where the symmetry
group is SU(3) rather than U(1), as it is for electromagnetism. Hence the fundamental
interactions are the electroweak interaction, QCD and gravity. Grand Unified Theories
(GUTs) have been proposed to unify QCD and electromagnetism, but there is very little,
if any, experimental support for these. Their most interesting prediction is that the proton
should be unstable, but no proton decays have yet been found, and the experimental upper
limit on the lifetime (about 10%? years) exceeds theoretical predictions. The striking thing
about both electroweak theory and QCD, however, is that they are both ‘gauge theories’ —
they are both generalisations of Maxwell’s theory to cases with an enlarged symmetry
group.

So, in a quest for theories beyond General Relativity, where are we to go? The first
remark to make is that it is not possible to describe the other interactions in geometric
terms, so they cannot be made to look like General Relativity in four dimensions. It is
quite easy to see this. A geometric formulation of gravity is possible because of the
equality of gravitational and inertial mass. Two bodies in a gravitational field experience
a force proportional to their gravitational mass, and this results in an acceleration that is
proportional to (the inverse of) their inertial mass. The equality of these masses means that all
particles accelerate at the same rate in a gravitational field — Galileo’s observation — and
gravity may be simulated by an accelerating frame of reference. But this state of affairs does
not hold for any other of the interations. An electrically charged body will experience a force
proportional to its charge, and the acceleration, as before, depends on this force divided
by the body’s (inertial) mass. The acceleration therefore is proportional to g/m, the
charge-to-mass ratio. This is different for different bodies, so the accelerating frame
in which the electric force vanishes for one body is not the same as that for another
body — there is no universal frame in which electromagnetism ‘disappears’. It is therefore
not possible to ‘geometrise’ it. In the 1960s, however, it was found that ‘gauging’ the
Lorentz transformation of Special Relativity did result in a theory extremely like (but
not identical with) General Relativity. This was moreover a theory that had been
proposed somewhat earlier by Cartan in a purely geometrical context, and on which
in fact Cartan and Einstein had exchanged letters. We shall consider this theory
below, after an introduction to the gauge idea as exemplified in electromagnetism and
Yang—Mills theory.
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11.1 Electrodynamics as an abelian gauge theory
|

Consider a classical scalar complex field ¢(x*) with a Lagrange density'

L= (0,0)("¢") +m*¢" ¢, (11.1)
and, throughout this section, the space-time is Minkowski,
gﬂV:nw:diag(—l,l,l,l)‘ (11.2)

The Euler—Lagrange equations

oL oL
—_—o,l—)=0 11.3
op ' (3(5ﬂ¢)> (-
yield the equations of motion
(-m)p=0, (o—m)¢" =0, (11.4)

where
B 182+82+62+62
2o a2 o

Equation (11.4) is the Klein—-Gordon equation. 1t is a second order relativistic wave
equation. On the ‘quantum’ substitutions (in the units = c=1)

g — iE, i — —ipx, etc.
ot h Ox h
it becomes
Jo e ———

which is Einstein’s relation, where m is the mass of the quantised version of the field
¢ (and ¢*). We now show that the Lagrangian (11.1) possesses a symmetry, as a conse-
quence of which there is a conserved quantity, which we identify with electric charge. The
transformation

¢ —exp(—iA)g, ¢ — exp(iA)¢ (11.5)

clearly leaves £ invariant: here A is a constant parameter and this transformation is called a
gauge transformation of the first kind. For infinitesimal A we have

3¢ = —iAg, ¢ =iAg¢", (11.6)
5(8,0) = —iA(8u0), 8(8,0") =iA(8,0"). (11.7)

! Readers unfamiliar with classical field theory may consult for example Soper (1976), Itzykson & Zuber (1980),
De Wit & Smith (1986) or Ryder (1996).
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We then define a current / by

oL OL o o
6(aﬂ¢) (6¢) + a(aﬂ¢*) (S(b ) - (aﬂ¢ )( A¢) + (6ﬂ¢)( A¢ )’ (11.8)

J=1(¢"0" ¢ — ¢0"¢").

A =

This current is conserved:
j.=1i(¢"op—¢oe’) =0, (11.9)
where we have used (11.4). Consequently
aOJ jOdx :Jv- jdx = J jondz =i J (¢*Vo — ¢ V") d==0,
14 4 v av

where Gauss’s theorem has been used and it is assumed that the field ¢ vanishes on the
boundary 0V of the volume V. So with

Q:Jjo d’x (11.10)
we have
do
E_O' (11.11)

Identifying Q with electric charge we now have an account of a (complex) field ¢ which
carries electric charge, a conserved quantity.

The transformation (11.5) demands that at every point in space the field ¢ changes by
the amount indicated, and all at the same time. This global transformation seems to go
against the spirit, if not the letter, of Special Relativity. A more reasonable demand is that
the parameter A should be a function of space-time, so that the transformation of the field
¢ is a local one, different at all points in space. Let us then replace (11.5) with the
transformation

¢(x) — exp{—i A(X)}o(x), ¢"(x) — exp{iA(x)}¢"(x) (11.12)

which is called a gauge transformation of the second kind. Under this rule, with infin-
itesimal A(x),

dp = —1A¢, 8¢ =1A¢", (11.13)
as in (11.6), but (11.7) becomes replaced by
8((3#(725) = _iA(aMb) - l(aﬂA)¢v 8(6/1(15*) = IA(aﬂ(b*) + 1(5HA)¢*, (1 114)

with extra terms proportional to 0, A. The Lagrangian (11.1), however, is not invariant
under (11.13) and (11.14):

3L = [5(0,6)](0"¢") + (0,0)[8(2"¢")] + m*8(¢"§) = (8,A)7". (11.15)
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To retain an invariant Lagrangian an extra field 4,(x) must be introduced into the theory with
a corresponding extra term in the Lagrangian

L) = —¢f'4,. (11.16)
The coupling constant e has been introduced so that e4,, has the same dimensions as the
operator 6/0x". Then, if under (11.14) we also have
Ay — A},—I—éaﬂA7 (11.17)
the change in £, will be
8Ly = —e(8j")A, — ¢* (84,) = —e(8j*)A, — e(8, A)j*. (11.18)
The second term above cancels (11.15), so
0L + 3Ly = —e(8/") Ay; (11.19)

&L + £, is still not invariant! In fact

0J# =i{(8¢") 0up + ¢ 8(0u0p) — (8¢) 0ud” — ¢[8(0u")]} = 20,A(7 ),
50
S(L + £1) = —2e(¢"¢)(8,A)4".
If we now add a term
Ly = P pA A4, (11.20)
then
8Ly = 26 (") (84") A, = 2e(¢*$)(8,A) 4
and
S(L+ L+ L) =0

Having introduced a field 4“, this field will itself contribute a term to the Lagrangian,
independent of £, and £,, which both describe its ‘coupling’ to the matter field ¢. Let us
define

F,uv = 8/114\) - avAu~ (1121)
Then under (11.17)
1
8(0,dy) = — BuduA,
e

and hence

5(F,) = 0. (11.22)
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Then the Lagrangian®
Ly = V4 F™E, (11.23)
is invariant
3Ly = 0.

We have, finally, the total Lagrangian

Lt =L + Ly + Ly + L5
= (0,0)(0"9") + m*¢* ¢ — ie(¢°0"¢ — ¢"¢*) Ay + € A, A ¢
+ 1/4F/1VF/“/
= (0up + led,) (0"¢" — ied"d") + m* ¢*p + Vs F*VF,. (11.24)

This suggests a definition of covariant derivatives
Dﬂ‘b = (a/l +ieA,u)¢7 D;t¢)* = (a,u - ieA,u)(b*v (11.25)
since under (11.14) and (11.17)

3(D,¢) = 8(0,0) +1e(d4,)p +1eA,(d¢) = —iA (0,0 +1eA,p)
— —iAD,g; (11.26)

D,¢ transforms in the same way as ¢ (from (11.13)). Then we may write the total
Lagrangian as

Liot = (D) (D' ¢*) +m* ¢* ¢ + 1/4sF"" Fy. (11.27)

We have not quite finished. The conserved current j* defined in (11.8) depends on the
ordinary, not the covariant derivative. We need a current, call it J*, which is defined in terms
of the covariant derivative and which, using the total Lagrangian (11.27), is conserved. We
might guess that, by comparing with (11.8), it would take the form

Jt=1i(¢" D" — ¢ D ). (11.28)
Indeed, we find, in analogy with the argument leading to (11.8),
aLtot aLtol . .
AJH = ) §6*) = (D d*) (—iA Do) (iAG*
S0 B0+ ap gy 867) = (D/6)) (i) + (D'6)(A%"),

which is precisely (11.28). We now need to show that this current is conserved. Applying
the Euler-Lagrange equation (with &£ standing for L)

ox ox
EYT (6(6\1/1#)) =0

2 This gives, with our metric, &£3 Vy(E*  H*). Most books on field theory use the metric (+, , , )and then
L5 picks up a minus sign.
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we have

oL
oAr

le (¢au¢ - ¢ a/4¢) + 262¢ ¢Aua W = _Fv,u = wa

and hence

avFﬂv = _ie((b au(b* - (b* a,u(b) + 262¢*¢A,u = _ie((bD,u(b* - ¢* ,u¢)
— eJt (11.29)

Because of the antisymmetry in («v) it then follows that
o0, J" =0; (11.30)

the ‘covariant’ current J* is conserved.
Let us summarise what we have done.

(1) The Lagrangian (11.1) for a complex scalar field has a symmetry — a rotation in the
complex plane. By virtue of this there is a conserved current j* and hence a conserved
quantity which may be identified with electric charge Q.

(ii) On making the symmetry a local symmetry — A(x*) — the Lagrangian £ is no longer
invariant, but invariance may be restored by introducing a field 4* and associated
4-dimensional curl

F‘yv = ayAv - 6VA;4~
This is the electromagnetic field, whose source is electric charge.

This version of electromagnetism is of course not geometrical, but nevertheless there
are some parallels with General Relativity. The reader might be inclined to think that
calling D, ¢ a ‘covariant’ derivative is unwarranted; that this is simply an attempt to
make electromagnetism look like General Relativity. But this objection is not really
justified. It will be recalled (see Equations (4.56) and (4.57)) that the commutator of
two covariant derivatives in General Relativity is proportional to the curvature tensor:
from (4.57)

V., Ve, =R, e, (11.31)

Kuv

What about the analogous commutator in electrodynamics? It follows from (11.25) that
[Dy,Dy] ¢ = [0, +1ed,, 0, +1ied,]|¢p=1e(Sd, — Oudy)P

or

_ é Dy, D)) & = Fy 6. (11.32)

This would imply an analogy between curvature and field strength. In fact, let us write
(11.21) without indices:

F..= a4, (11.33)



399

11.1 Electrodynamics as an abelian gauge theory

(where the brackets [ . . ] stand for antisymmetrisation). This may be compared with
Equation (4.31), also written without indices

R...=oTj+T, T (11.34)

We may then claim that the potential 4 in electrodynamics plays a role analogous to that of
the connection coefficient I' in differential geometry; and the field strength F'is analogous to
the curvature R. It is true that the second term on the right hand side of (11.34) does not have
a counterpart in (11.33), but even this situation is changed when we generalise electro-
dynamics to the case of a non-abelian gauge symmetry, which we do in the next section.

Let us write some of the above equations in a form that suggests a generalisation of this
treatment of electrodynamics. Equation (11.5) may be written

p—Ugp, ¢ —U'g, (11.35)
with
U=¢» UlU=1, (11.36)

and U" is the Hermitian conjugate of U. Here U is a unitary (1-dimensional!) matrix — simply
a phase factor. Under a local transformation, A= A(x"), we have

8,U = i(8,A)U. (11.37)

The transformations (11.17) and (11.22) may be written
A, — A, —é U'o,U, Fu— F,,. (11.38)

If two ‘matrices’ U; and U, obey (11.36), then so does their product U, U,. Furthermore
each matrix U has an inverse U ' which obeys the same condition so these matrices form a
group, the group U(1) of unitary matrices in one dimension. This is the symmetry group of
electrodynamics. It is also, however, isomorphic to the group O(2) of orthogonal matrices in
two dimensions. It is easy to see this, for putting

B
V2

with ¢, ¢, real, the transformation (11.35) is

¢ ¢\ ([ cosA sinA\[¢
(¢;>—><¢i)_<—sin/\ COSA)<¢;), (11.39)

a rotation in the (¢1—@,) plane through an angle A. Rotations in 2-dimensional space are
described by orthogonal matrices; they leave the distance from the origin unchanged, so

(1) + (¢2')* = @1 + ¢2.

1

¢ NG

(¢1+1d,), ¢ (1 —id,),

Then, putting ¢, =R;0;,
&' &' = RijRir ¢j Pk
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and hence
Rij Rif = 8,

which is the condition for orthogonal matrices. They also form a group; if R and S are
orthogonal, so is RS, andsoare R 'and S '. Moreover RS= SR so the group is abelian —all
its elements commute; clearly R(a) R(f)=R(a+ f)=R(S) R(a), where R(a) is a rotation
through an angle a.

All of the above outline theory is summarised in the statement that electrodynamics
is a U(1) gauge theory; the term ‘gauge’ refers to the local nature of the transformation
(11.12) — that A depends on x“. A way to generalise electrodynamics — and this is the path to
electroweak theory — is to enlarge the symmetry group U(1) to SU(2) (or equivalently SO(2)
to SO(3)). (The S here means the matrices have unit determinant.) This is the subject of the
next section.

Before leaving our account of electrodynamics, however, it is worth making the following
observation. It is crucial to both Special and General Relativity that the speed of light is an
absolute speed. As a statement about photons this is the observation that they must have no
mass; particles with non-zero mass may be brought to rest, but photons (light) are never at
rest. This requirement of zero mass actually follows from gauge invariance. If photons were
to have a mass there would be a term in the Lagrangian of the form

Ly =m* 4, A", (11.40)
The Euler—Lagrange equation would then give an equation of motion
m? A" + 8,F* = 0,
which in the Lorenz gauge 0,4" =0 would reduce to
04" = m* A

rather than the usual 04“=0. The Lagrangian (11.40) is however not invariant under the
gauge transformation (11.17), so gauge invariance guarantees zero mass for the photon,
which is crucial for relativity theory.

11.2 Non-abelian gauge theories
I —

It might well be interesting to enlarge the symmetry group U(1) of electrodynamics, to ‘see
what happens’, but why should anyone want to do this? What is the physical motivation? As
often in the history of physics the original motivation for taking this step proved to be
initially unfruitful — though eventually it turned out to be extremely fruitful. The original
idea, due to Yang and Mills,” was conceived in the context of nuclear physics, and in
particular was concerned with what is now called isospin, but was then known as isotopic, or
sometimes isobaric, spin. And the origin of this idea was the observation that particles with

* Yang & Mills (1954). This is reprinted with a commentary in Yang (1983).
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nuclear interactions came in ‘families’ with very similar properties. Thus the proton and
neutron have almost the same mass, and the same spin and baryon number. They could then
be thought of as two states of one particle, the nucleon:

N = (E) (11.41)

The nucleon is said to have isospin / = %3, the proton having isospin ‘up’, 3=+, and the
neutron having isospin ‘down’, 3= ‘. This is in direct analogy with spin; the mathe-
matics is the same, though the physics completely different. Spin is mathematically con-
nected with rotations in 3-dimensional parameter space, and isospin therefore with an
‘abstract’ 3-dimensional space. /5 is the component of the isospin along the ‘third’ axis of
this space. In a similar way, as well as there being two nucleons there are also three pions, 1",
n’and . They have very similar masses (1" and = have the same mass, being particle and
antiparticle), the same spin (zero) and baryon number (zero). They therefore are the three
components of a ‘pion’ with isospin /= 1:

n=| |, (11.42)

with 7", ° and © respectively having 5,=1,0, 1, again in mathematical analogy with the
states of a spin 1 particle. Under an arbitrary rotation in isospin space, p, for example, will
change into a mixture of p and n, and " will similarly change into a mixture of all three
pions. Now if the two nucleons had exactly the same mass, and the three pions also had
exactly the same mass, this would give an extra symmetry to the nuclear interactions. It was
this that was the focus of Yang and Mills’ attention.

What is the relation between this symmetry and electrodynamics? The point is that, as
seen from the two examples above, there is a relation between /5 and Q, electric charge. It is
obvious that for the nucleon and pions multiplets we have

N:Q=L+1p m Q=5

Isospin is a “vector’ quantity in some space whose third dimension is connected with electric
charge. If electric charge is the source of the electromagnetic field, with all the apparatus of
Maxwell’s equations and the U(1) gauge symmetry we have been considering, might not
isospin be understood by simply generalising the gauge group from SO(2) to SO(3) — from
the group of rotations in two dimensions to rotations in three dimensions? Unlike SO(2),
however, SO(3) is non abelian — its different elements do not commute. This may be
observed in a simple experiment, as seen in Fig. 11.1. Rotate an object first around the x
axis and then around the y axis, in each case through an angle 7/2; and then perform these
rotations in the reverse order. The final configurations are different, so

R(m/2) Ry(m/2) # Ry(n/2) Ry(m/2).

This is true for any angles of rotation. Under a rotation about the z axis through an angle a a
vector transforms as

Vy = cosaV,+sinaV,, V,— —sinaV,+cosal,, V,— V., (11.43)
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y R, R, = 7

o

Rotations about the x axis and about the y axis do not commute.

so the rotation matrix is

cosa sina O
R.(a) = | —sina cosa 0 |]. (11.44)
0 0 1

Similarly the rotation matrices for rotations about the x and y axes are

1 0 0 cosy 0 —siny
R(B)=(0 cosp sing |, R(y=| 0 1 0 [, (11.45)
0 —sinf cosp siny 0 cosy

and it is clear that they do not commute,

R.(f) R.(a) # R.(a) R:(p). (11.406)

A rotation through an infinitesimal angle « is, to lowest order

R.(a) = + ol —

S O =
S = O
—_ o O
(=
S O =
—_ o O

Writing this as
R.(a)=1+1iJ. 0,

the generator of rotations about the z axis is

J. = (11.47)

S = O
S O =
S O O
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In a similar way,

0 00 0 0 i
=10 0-1 ], J = 0 00 (11.48)
0 1 0 -1 0 0
These matrices do not commute,
Vs, Jy] = 1J: and cyclic permutations. (11.49)
A rotation through a finite angle (for example about the z axis) is given by
R.(a) = exp(iJza), (11.50)
(see Problem 11.1) or, in general, a rotation about an axis n through an angle « is
Ru(a) = exp(in- Ja). (11.51)

A vector is an object with three components which transforms under rotations in the
same way as the coordinates (x, y, z), and the three states of the pion, (11.42), transform as
a vector in isospin space. For reasons of our own, however, we are more interested in the
nucleon, which has two components. This is a spinor, and strictly speaking is not a basis for
a representation of the rotation group SO(3), but of SU(2), the group of unitary matrices in
two dimensions, with unit determinant. A general 2 X 2 unitary matrix is given by

_( e b 2, P
so that
UUt=UU=1, detU=1, (11.53)

as may easily be checked. If U; and U, are unitary, so is U;U,; unitary matrices, like
orthogonal ones, form a group (but Hermitian ones do not). The structure of SU(2) is (apart
from global considerations*) the same as that of SO(3). In an analogous way to (11.51) we
may write

U = exp[(i/2)n-ca], (11.54)

where ¢ are the Pauli matrices

0 1 0 —i 1 0
ax—(l 0), O'y—<i 0), az—(0_1>. (11.55)

It is easy to check that

{ %, % }: i % and cyclic perms, (11.56)
so the generators of SU(2) obey the same commutation relations as the generators of
SO(3), Equation (11.49). It is straightforward to show that (Problem 11.2)

4 For a very nice account of these global considerations see for example Speiser (1964).
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U= exp(% n'ca> = cos% + in-G sin%, (11.57)

so for example if n=n,=(0, 0, 1),

_a i 0\ . a (&2 0
Uz(a)—cosz—k(O _i>sm§—( 0 e ia/Z)’ (11.58)

Under this transformation a spinor will transform as y — y' = Uy, or®

(v %’) _ ( ey > 11.59
v <V/2> <'//2/ € la/z‘/’z ( )

The outer product of two spinors is

t_ (Y1 wox\ ViVl iy ) 11.60
w (m)(% va) (WzWT v/zwé) (11.60)

Under (11.59) it is easy to see that

(w1y5 +wayh) — cosa(yy; + woyh) + sina{i(yws — o)},

. ! . . (11.61)
1(y1y; — wayy) — cosali(y s — woy))} — sina(yw; + yoy)),

which may be compared with the transformation of a vector, (11.43). Hence

(prys +yayl) ~ Ve, iy —wayy) ~ 1,

and spinors may be said to transform like the ‘square roots’ of vectors.

So far in this section we have given an outline of the group SU(2) which, unlike U(1), the
symmetry group of electromagnetism, is non-abelian, and so possesses more structure — is
more interesting! We have also deliberately chosen to consider fields with spin % (spinors),
because in the next section we want to consider the consequences of gauging the Lorentz
group (which is of course non-abelian), when it acts on a spin ' particle. It is precisely this
which turns out to have very similar consequences to General Relativity. Our immediate task
now is to consider a spinor field ¢ with Lagrangian (cf. (11.1))

L=0,0' 0" +mplg, (11.62)
with
6= (j;) o = (67 63). (11.63)
This is invariant under
¢—Up, ¢ — U, (11.64)

5 A noteworthy feature of this formula is the appearance of the half-angle. It means that under a spatial rotation
through 27 a spinor changes sign, ¥ — . This has actually been observed experimentally for the neutron (a spin
Y5 particle) by Werner et al. (1975). See also Rauch & Werner (2000).
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where U is a matrix of the form (11.57). This is the generalisation of (11.5). For constant
parameters a it is a gauge transformation of the first kind. Our first job is to find the
conserved current, analogous to (11.8), in this non-abelian theory. The second (and more
crucial) job is to consider the case in which a is position dependent, a = a (x*), and then to
find the generalisation of the covariant derivatives and invariant Lagrangian, (11.25),
(11.27), in this non-abelian case.

To take the first task first, writing U, given by (11.54), in the form

Uexp<i%a“>, a=1,23 (11.65)

(where o'=0,0"= 0y, o> =0, and there is an implied summation over a), the transformation

(11.64) for infinitesimal a“ is
¢ — (1 +%gaa0)¢, (11.66)
$O

86 =i%-a’. (a,,¢)—1 o (8,9)- (11.67)

In addition (noting that ¢** =)

ol —>¢)T( —EO‘ oc)

39! = ~i! o, 8(0,61) = ~i(6,81) G ot (11.68)

SO

The current is constructed from (cf. (11.8))

oL i oL _l T aa _i T .a,a
=ia" |0 ¢T ¢5 ¢T aﬂ¢
SO putting
wa OL i oL
“ = 560 ) a0
gives
i = 10,615 6 = 1 T-0,0]. (11.69)

This current, as well as having four space-time components, also has three ‘internal’
(isospin, or spin) components labelled by a.
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It is easily seen that the equations of motion of ¢ and ¢ are
2 2
(0-m’)p=0, (0—m’)e =0,
and that, as a consequence, the current j,“ is conserved,

&5, = 0.

(11.70)

(11.71)

Now to the second question: what happens when the parameters o are ‘gauged’, a® —
o’(x")? In analogy with the electromagnetic case we shall expect to have to introduce a
‘gauge potential” 4, (which will now carry an extra index a), that the derivative 0,¢ will
have to be replaced by a covariant derivative D,¢, and that there will be a field tensor

analogous to F,,. We are considering an isospin rotation

U= exp{i(;aa“(x)}

and for infinitesimal a“(x) the change in ¢ is given by (11.67)

30(x) = ig % o () ().

The covariant derivative ¢.,(x) must by definition transform in the same way

a

. ov
6¢;,u = lgia (x)¢§/l'

We shall show that this follows if ¢., is defined by

.40 .40
¢;y = (b# - lgA,u ?¢7 or D,u¢ = a,ud) - lgA,u =9,

2
while 4, transforms as
A — A4, + 00" — geabcabA/f.
To show this note that the right hand side of (11.74) is

b

.ot . o
1g o ¢,,u - lgA,ub
2 2

g2

Za

i 2

C
A4, ¢ + %sabc(x“’Aﬂb g

.ot
¢>=1g705 Gp+ >

where we have used the relation

6°0" = 84 +16ape 0,

(11.72)

(11.73)

(11.74)

(11.75)

(11.76)

(11.77)

(11.78)

which holds for the Pauli matrices (as the reader can easily check); note that there is no
distinction between upper and lower positions for the indices a, b, c. On the other hand, from

(11.73), (11.75) and (11.76), with a small amount of algebra,

80y = 86, — ig 5 [(34,)6 + 4, (30)]

g2

Z o
which is the same as (11.77). Hence (11.74) is proved.

o2 a
ig o ,
aA;Lad) + 78ubc _abA;LL¢

.ot
:lg?a ¢,;L+ )
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It is useful to write down the finite form of the transformation (11.76), which is

A, — UAU 1—é(a,,u)u 3 (11.79)
where
A, = A/% (11.80)

and U is given by (11.72). Indeed, to lowest order in a“,

. o° »0” .o .
UAIMU 1 = (1 +1g7aa>Aﬂ 7(1 —lg?a)

i
=4, + ZgAﬂh(U“aba“ —o’60c)
=4, —l—ligAﬂb[U”,Ub] a
= Ay — gabe aaAubO-_a
2
and
(0.0)U ! :ig%aa#,

so (11.79) is

o.a

a a a bac a o
A, ?*)A‘u ?fggabca A, E+a "y
ie.
A/la - A/ta + aa,/l —8¢&abc abA,uCa (1181)

which is (11.76).
In the notation of (11.80), (11.75) is

Dﬂ¢ = a/t¢ - igA/z o,
or, as an operator equation for the covariant derivative,

D,=0,—igA,, (11.82)
which is the generalisation of (11.25) to the non-abelian case, 4, above being a 2 X 2 matrix
in this SU(2) theory. Since we now have a potential 4, in the non-abelian case, we must
enquire what the generalisation of the field tensor F,,, Equation (11.21), is to this case. The
best way to proceed is to define the non-abelian field strength as

Fu, :é[Dﬂ,Dv]. (11.83)

From (11.82) this becomes

Fuy = 04Ay — OvA, —ig[Ay, 4], (11.84)

1
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which after some algebra gives

a

F,uv :Fuva% (1185)
with
Fu = 84" = 0,4," + geapc A A (11.86)

In the non-abelian case we should note that the field strength F),, has acquired a term
quadratic in 4, which is absent in pure electromagnetism. Under a gauge transformation U
(see (11.72)) it can be seen, after some algebra, that

Fuw—UF, U (11.87)

(Problem 11.3). Thus F,,, is not gauge invariant, as the equivalent quantity is in electro-
magnetism (see (11.38)), and neither is F,, F/**, which would correspond to the final term in
the Lagrangian for the electromagnetic field, Equation (11.27). But since, in this case,

FF" — UF,,F*'U !,

the trace of this quantity will indeed be invariant (since traces are unchanged under cyclic
permutation of the matrices). With (11.85) we have

tr (Equ#V) — 1/4 F#Va Fyvbtr(o_aa_b) _ I/ZFﬂva Fiva
(see (11.78)), so

U tr (Fuy F'Y) = 1yF,, @ F1Y9. (11.88)

We have, finally, that the Lagrangian for an isospinor field ¢ with a local (‘gauged”) SU(2)
symmetry is

L= (D'¢")(Dup) +m*plep — 1o tr (Fy ). (11.89)

There is a conclusion of considerable physical significance to be drawn from this
Lagrangian. Since, as we have seen, F,, contains terms (linear and) quadratic in 4, the
final term in &£ above will contain terms cubic and quartic in 4, resulting in the primitive
vertices shown in Fig. 11.2. The significance of these is that the gauge field is

Primitive vertices for non-abelian vector field gauge theories.
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Table 11.1 Correspondances between non abelian gauge theories and General Relativity

Non abelian gauge theory General Relativity
Gauge potential 4, Connection coefficient I';,,
Covariant derivative D,¢ (0, —igA4,)¢ Covariant derivative V., V,, — I, Vs
Field strength /=~ 0 A +[4, 4] Curvature R~ op I'j+[I,T]

‘self-coupling’; in propagating through space-time it can emit or absorb another quantum of
the field — it acts as its own source. Actually, this can be seen already from the fact that the
field 4, carries the isospin index a: it has three components, those of an ‘isovector’. The
whole spirit of gauge theories is that fields (particles) carrying the conserved quantity
(isospin) are sources of the isovector field. Thus the field 4, is a source for itself. This is
in contrast with the case of electromagnetism. There, charged particles act as sources for the
electromagnetic field, but the electromagnetic field itself carries no charge. Photons are not
charged. This feature of non-abelian gauge theories has a parallel in General Relativity.
Gravitational waves carry energy (albeit non-localised), and anything carrying energy (or
equivalently, mass) acts as the source of a gravitational field. Gravitational waves therefore
generate an ‘extra’ gravitational field. This is an aspect of the non-linearity of General
Relativity, and is shared by non-abelian gauge theories. In the language of quantum theory,
just as there is a 3-boson vertex in SU(2) gauge theory, there should be, in some future
quantum theory of gravity, a 3-graviton (and perhaps a 4-graviton) vertex, analogous to
those of Fig. 11.2.

To conclude this account of non-abelian gauge theories let us summarise some of the
relevant formulae of this section and point out parallel formulae in General Relativity. The
correspondances are quite striking and are shown in Table 11.1. The analogies are between
the gauge potential A, and connection coefficients I';,, on the one hand, with corresponding
definitions of ‘covariant derivative’ in the two theories, and, on the other hand, between the
field strength F,, and curvature R*),,, defined in terms of the potential and connection
coefficient. The formulae for electromagnetism are the same except that the second,
commutator, term [A, A] in the definition of F is absent in this case, since it is an abelian
gauge theory. (The general relativistic formulae are all given in a coordinate basis.) It is hard
to believe that these similarities are mere coincidences.

11.3 Gauging Lorentz symmetry: torsion
- - - |

In the previous sections we have discussed a complex scalar field ¢ whose Lagrangian £ is
invariant under the phase transformation

¢ — €.
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If a is made space time dependent then £ is no longer invariant but invariance may be
restored if a ‘gauge potential’ 4, is introduced. This is the 4-vector potential of Maxwell’s
electrodynamics. As an extension of these ideas, if ¢ is taken to be a two component
complex field (a ‘spinor’), the phase transformation above becomes

¢—Ugp

where U is a unitary 2 X 2 matrix with unit determinant — an element of the group SU(2).
When the elements of U are made space-time dependent a similar situation to the previous
one develops; £ is no longer invariant but invariance may be restored by introducing a
gauge potential, this time a 2 X 2 matrix 4, = ‘TTQA#“. The resulting theory is a general-
isation of electromagnetism which turns out to be recognised in nature as electroweak
theory, rather than as isospin symmetry in nuclear physics, as originally envisaged by
Yang and Mills. Here ¢ corresponds, for example, to the spinor

¢ = (Z) (11.90)

and the three components 4,” (a=1, 2, 3) correspond to the W™ bosons carrying the weak
interaction, and a linear superposition of the photon and the Z boson (recall that this is a
quantum theory, so linear superpositions of states are allowed).

In this section we develop the gauge idea further, but in a slightly different direction.
Instead of taking ¢ to be a multi-component field whose members differ in their electric
charge, we take ¢ to be a spinor, but this time in actual ‘spin space’, whose components
differ in their spin projection in a particular direction in space. The characteristics of these
fields (mass, spin) derive from space-time itself, not from any ‘additional’ attributes like
electric charge. And the way these properties are understood — see any book on quantum
field theory — is to assume Lorentz invariance. Our method of procedure, then, is to assume
precisely this, but add the crucial ingredient that the parameters of the Lorentz trans-
formations (‘boost’ velocities, rotation angles) are not constant but are functions of space-
time. This ‘gauging’ of Lorentz invariance has the consequence that derivatives must be
replaced by ‘covariant’ derivatives, involving a ‘gauge potential’. This covariant derivative,
if used in the Dirac equation, a wave equation and therefore a differential equation, allows a
description of (say) electrons in a Riemannian space-time. This is the general programme for
this section, and we begin, for the benefit of readers not already familiar with it, by deriving
the Dirac equation.

The Schrodinger equation

W 0
— -V V(x)wzlha—i’zEw, (11.91)

which was so successful in solving many problems in atomic physics in the first part of the
twentieth century, is nevertheless non-relativistic, since it involves second order derivatives
in spatial coordinates but a first order derivative with respect to time. A relativistically
covariant equation should be consistently first order or consistently second order in both
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space and time coordinates. Let us take the view that y is a field, which when quantised will
‘become’ a particle of mass m (as in the above equation). Then if this particle has total
energy (rest-mass plus kinetic) £ and momentum p, Einstein’s relation

E? — p* = m*ct (11.92)

will hold. Using the ‘quantum’ substitutions

., 0 .
E— —-ih—, p,—1h

—, etc. 11.93
at7 ax’ € C’ ( )
we may convert (11.92) to a wave equation
1 & 5 me\ 2
<_c_2§+v>y,_(7) v, (11.94)
or, with
1e*
D:—gerv (11.95)
and in the units = c =1,
oy = m’y, (11.96)

the Klein—Gordon equation, as seen in (11.4) above. This is clearly a second order rela-
tivistic wave equation, but Dirac wanted a first order equation. The easiest way of finding
this is simply to suppose that it exists and is of the form

iy Oy = —mpy, (11.97)

where the y are coefficients of the first order derivative operators 0,,, mp, is the mass of the
Dirac particle and we are using the units 7i= c¢=1 for simplicity. Applying the ‘operator’ iy"
0, to both sides of this equation gives the second order equation

on 20
|0 5at 01 gt | 100 ) 200 -y = mby

This must be the Klein—Gordon equation so we must have

P =007r==0"r==0, (11.98)

where

Yy = vy 4yt (11.99)

({4,B} =AB+BA is often called the anticommutator of A and B.) The second set of
equations (11.98) means that the coefficients y* cannot be pure numbers, but they could
be matrices. In fact they can be 4 X 4 matrices (but not 2 X 2 ones), and a specific solution to
(11.98) is
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10 0 0

N I ) 10

y = = ,
00 —1 0 0 —1
00 0 —1
0 00 1

1 0 010 0 o

y = = ,
0 -1 0 0 e
-1 00 0

(11.100)

00 0 —i

, 00 i 0 0 o

y = = :
0 i 0 0 —2 0
—i 00 0
001 0

s 000 —1 0 o

Yy = = .
100 0 —* 0
010 0

(In these equations all the matrices are 4 X 4: the form of them given on the right is simply
easier to deal with.) With the definition (11.99), Equations (11.98) may be written

{0 = =29"" (11.101)
(see (11.2)). Readers will doubtless enjoy checking the above equations and also convincing
themselves that there is no 2 X 2 solution to (11.101). Since the gamma matrices are 4 X 4 the
wave function ¥ must have four components. Assuming the Dirac equation describes spin Y2
particles (which it does, though this derivation does not make this clear) one might expect  to
have two components (spin up and spin down, j,== 7/2), so what is the significance of the
other two solutions? The answer is famous: they describe antiparticles —that is, particles of the
same mass and spin (Y2), but opposite electric charge (or other label, for example lepton
number L). The Dirac equation in fact describes particles and antiparticles together (electrons
and positrons, neutrinos and antineutrinos, etc.); it is not a single particle wave equation.
We now want to consider how the Dirac spinor y transforms under Lorentz transforma-
tions. It is useful first to express the commutation relations between the generators J; and K;
of rotations and Lorentz boost transformations, in a single equation. These generators were

introduced in Chapter 2 and the relevant commutation relations are shown in Equation
(2.35). Defining J,,,, as follows:

I Ty =€, Joi=K; (11.102)
these commutation relations take the form

i [JK;M']/IV] = Ny I+ 7/5\;*])41 - 77/1er£,11 + Mo Jiov- (11103)
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Homogeneous infinitesimal Lorentz transformations are of the form
Xt — X = x4 dx” (11.104)

L A%
ot = wh, x",

o™ = —w™. (11.105)
For example an infinitesimal rotation about the z axis gives
X =x+y0, yV=-x0+y=8=)0, dy=-x0=w,=0=—w.
A Lorentz boost along the x axis, on the other hand,
¥ =ypx+vt), ¢ =yt+w/c?),
has the infinitesimal form

1Y 10

v v
O ==l ==—-w
c c

ox! = —x
c
and in both cases w*"” is antisymmetric, as in (11.105).

An infinitesimal Lorentz transformation on a scalar field ¢(x) is

¢ (x) = (1 - %w’”J,,V) o (x), (11.106)

where, with =1,
Jw = —1 (%, 0, —x,0,) (11.107)

is the (relativistic) orbital angular momentum operator. For Dirac fields, however, with four
components, there is also a matrix contribution to J,,, acting on and rearranging these
components. We denote this X,

Juv = =1 (%, 0y — X, 0) + Z v (11.108)
Z,,» must obey the commutation relations (11.103) and it is straightforward to check that

i
z:#V = Zb);uyv] (11109)

does this: it represents the ‘intrinsic spin” operator for the Dirac field. Our aim now is to write
down an expression for dy(x), where w(x) is the Dirac spinor, under Lorentz transforma-
tions; and then let the parameters w*” become functions of x*, hence finishing up, as above,
with a covariant derivative to replace 0,,.

But at this point it is necessary to take a step back and ask a rather basic question: how are
we to treat spinor fields in General Relativity? In particular, how are we to find covariant
derivatives for them? We are perfectly familiar with the construction of these for co- and
contra-variant vectors (vectors and 1-forms) and for mixed tensors of arbitary rank, but what
about spinors? This is a non-trivial problem whose origin lies in the fact that the group of
general coordinate transformations, which lies at the absolute foundation of General
Relativity, has vector and tensor representations, but not a spinor representation. In a
sense there was a similar situation with regard to rotations and Lorentz transformations:
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rotations are described by the group SO(3), of which there are vector and tensor, but not
spinor representations. The group SU(2), however, possesses spinor representations and is
homomorphic to SO(3). What is more, nature ‘recognises’ these spinor representations — see
Footnote 5 above. Unfortunately there is no such easy solution for General Relativity. The
group of general coordinate transformations is an infinite parameter group and there is no
way of finding a similar group with spinor representations. So we return to the question: how
do we treat spinor fields in General Relativity? The answer was provided by Weyl.® One
constructs, at every point in space-time, a vierbein (or tetrad) field /,“. This is a set of four
orthonormal vectors 4, the label o telling which vector, as discussed in Section 6.5 above.
These vectors define a frame, and because of the Equivalence Principle this frame can be
made inertial at every point. We have the relations

gw(x) = hﬂa(x) hvb(x) Nap = h/ta(x) hya (%), (11.110)

etaay = 1'a(x) 1" (x) Gu(¥) = Ha(x) s (x), (11.111)

the raising and lowering of the indices a, b, ... being performed with 7, and #*°, and of the
indices u, v, ... with g,,,and g, the inverses being defined in the usual way. These two types
of index have a different significance. The Greek indices (u, v etc.) are world indices, just as
xis a coordinate in the (curved) ‘world’ space-time. The Latin indices (a, b etc.) are tangent
space indices. The tangent space is flat — Minkowski — with metric #,,. Physical quantities
have separate transformation properties in world space and tangent space. The vierbein 4%,
is a contravariant vector in world space and a covariant vector in tangent space.

Weyl’s proposal was that a Dirac spinor i transforms like a scalar with respect to ‘world’
transformations

Y7y

Sy = —& By, (11.112)

with &= ", x”, but a spinor with respect to Lorentz transformations in tangent space

Sy = —%w””Zabz//. (11.113)

In the general case, then

dy = —6”6#w—%w”b2ab y. (11.114)

Following the general philosophy of gauge theories we now take the parameters & and
o to be space-time dependent, though here we shall concentrate only on ®’, which then
becomes w®(x*). In general terms this programme was inspired by the work of Yang and
Mills and was embarked on by Utiyama, Sciama and Kibble.” We shall outline the results
here; the reader is referred to these papers for more details. A Dirac spinor changes by an
amount (11.114) under Lorentz transformations, but when o™ — w“b(x”) the derivative of i
will transform as

¢ Weyl (1929, 1950). See also Weinberg (1972), Section 12.5.
7 Utiyama (1956), Kibble (1961), Sciama (1962).
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i, )
8(v,) = =5 {0 Zasly,) + 0" s (11.115)

acquiring an anwanted term in w“byy. We then replace this derivative by a ‘covariant
derivative’, denoted y, and assumed to be of the form

Wi =W, + 1A Sy (11.116)

such that under Lorentz transformation

8(w) = 120 Zap(y,)- (11.117)

These equations can be solved for 4%, allowing the Dirac equation to be written down.
What is claimed is the the programme of gauging Lorentz symmetry results in a theory with
the same — or almost the same — structure as General Relativity; that it is a ‘back-door’ way
of arriving at space-time curvature. In support of this view is the fact that the commutator of
two covariant derivatives (11.116) turns out to be

'//\,uv - V/\v,u = _1/2Rabuv 2'abl// (11118)
where
Repuw =A%y — A%y + A%y Ay — A%y Ay (11.119)

This expression is of precisely the same form as the Riemann tensor. Assuming that it
actually is the Riemann tensor, or rather, that

Ry = hy"h? 3R (11.120)

is the Riemann tensor, it turns out that we have reproduced the key feature of Riemannian
geometry — the curvature tensor. It also, however, turns out that this approach has an
additional feature which General Relativity lacks, which is that the connection coefficients
l"iﬂv are not necessarily symmetric in their lower indices, F)"W #FAW,. In that case we
would have a space-time with forsion as well as with curvature, the torsion tensor being
defined by

S’ =1 (T = TH,). (11.121)

Moreover, just as the curvature of space-time is induced by mass, or more generally the
energy-momentum tensor,

o

lhg T =—,
08y

the torsion of space-time is, in some theories, induced by spin

oL

KA
T = =
8Ty @Ka,{‘“

where K,/ = S+ S5, S, is the so-called contorsion tensor and rﬂ")” is the spin angular
momentum density. Theories of this type result in a new spin—spin force of purely
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gravitational origin. Trautman has even speculated that such forces may avert gravitational
singularities.®

It is worth noting, as a final remark on gravitational theories with torsion (often called
Einstein—Cartan theories) that they often play a role in quantum theory. This should be clear
from the treatment above: the Dirac field is a four component field which serves as a basis
for a representation of the Lorentz group. That is, it belongs to a vector space, and vectors
(belonging to vector spaces) can be added — they obey the linear superposition principle,
which lies at the foundation of quantum mechanics. Consider even something as elementary
as the two-slit experiment, as explicated by Feynman:’ or, more simply, just note that the spin
operator is proportional to Planck’s constant — non-relativistically it is (//2)c".

11.4 Dirac equation in Schwarzschild space-time
I —

The Dirac equation in Minkowski space-time is (11.97), which on restoring factors of
h and c is

ihy" o = —mpcy. (11.122)

‘We must now replace the derivative 6, by a covariant one, as in (11.116). Let us first write

0,y in terms of a ‘spinor 1-form’

dy = 0,y 0, (11.123)
where the 6/ are basis 1-forms. The consequences of Weyl’s prescription (11.114) is that
instead of (11.123) we now have

dwﬁDw:dw—%mﬂzﬁw, (11.124)

where @ is a connection 1-form, sometimes called the spinor connection (and is not to be
confused with the parameters w™ of a Lorentz transformation!). In terms of the basis forms
it may be expanded, as in Equation (3.171)

o, =T1",,0" (11.125)
With (11.109), then we have
Dy = {8 + sTwuly", 7' v }0%, (11.126)
where
rﬁl,u = 8kp rplya (11127)
so the Dirac equation becomes
1hy" {0, + ATy 7} w = mp cy. (11.128)

8 Trautman (1973a). See also Kopczyfiski & Trautman (1992), Chapter 19.
® Feynman e al. (1965), Chapter 1.
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There is one further modification to make, which is relevant to the way we shall perform the
calculation in Schwarzschild space. This is to replace the vector 0, defined in a holonomic
(coordinate) basis, by e,, defined in an anholonomic one. In fact we shall work in an
orthonormal basis, so (11.128) becomes

ihy"(e,+T,)y =mpcy, (11.129)
where
F/l = 1/8FHA‘U [y’g’ y/“] (11130)
and I',;,, is given by (3.259).
Let us now find the Dirac equation in Schwarzschild space-time, with line element (5.37)
2m 2m\ !
ds? = — (1 - —) Ade + (1 — —) dr? + 7 (d6? + sin*0 d¢?). (5.37)
r r
Write this as

ds* = ~(8")" + (') + (6%)7 + (87",

with
2\ 5 1/2
Gozc(l——m> dr, 0= (1——’") dr, & =rd0, O =rsin0ds
r r
(11.131)
and
g,uv:mzva (11132)

an orthonormal basis. The dual basis is clearly

1 2m\ %o 2m\/? 8 10 1 o
€y = — 1 —— - e = 1] —— - € =—=, €3

c r ot’ r or’ r o0 T rsin0os
(11.133)
MG . . .
(and note that m = ——, not the mass of the Dirac particle, which we have denoted mp).
c
Then the commutators of these vectors may be found; for example
m\ /2 am\ /2
leo. e1]=ﬂ2<1——m> eo;»cmozﬁz(l——m> : (11.134)
r r r r

The non-zero commutators turn out to be

L/ 2m\”? (11.135)
Cin=-Cn= — l——] =Ciz3=—-Cys, ‘
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The quantities I',,,; are then found from (3.259), appropriate to this orthonormal basis,
rﬂvl = _1/2 [C,uvl""cwly _Cl,uv]; (11136)

giving

I r
m 2m 12
IN'p=-T=T;=-T33= 2 (1 _T> ) Iy =T33 =0, (11.137)
cotd
Iz = —I'33 = —, I'33, = 0.

im 2m\!/?
M=o, De— (12 s (11.138)
2r2 r
im 2m\'/? , icoté
_ _ = _ El
I 2r2 < r ) x 2r ’

where

1 0 O'l i O'i 0
are 4 X 4 matrices. Substituting (11.138) and (11.133) into (11.129) and noting that
Pal =y, P = P2 iyl Pl =i

gives the equation

2m\ '/ oloy m | 2m\/? oy
. = I 1__ 1_
lh{(l r) {ycat 2”2}"4"'( r) 4 or

1oy m 2m 1/2 1 Oy cotf
2 1 3 2
it SR B I . ST
4 r 00 r2( r) Ty rsin§ 0¢p 2r rv

=mpcy, (11.139)

for a Dirac particle of mass mp in a Schwarzschild field.
11.5 Five dimensions: gravity plus electromagnetism
|

In the early 1920s a number of people constructed models of ‘unified field theories’ — that is,
unifications of gravity and electromagnetism. Most of these have not stood the test of time,
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largely because we now realise that unification is a greater task than was then thought; it
should now include QCD and electroweak theory. In 1921 Kaluza,'® however, constructed a
unified model (of gravity and electromagnetism) by extending the space-time manifold to
five dimensions, earning, in the process, praise from Einstein: ‘At first glance I like your
idea enormously’, he wrote. Klein later speculated that the fifth dimension might have
something to do with quantisation,'' and this joint theory became known as Kaluza—Klein
theory. Because the number of dimensions may in principle be extended beyond five, to
accomodate the other interactions beyond electromagnetism, enlarged versions of Kaluza—
Klein theory play a part in contemporary string theory. In this section we shall outline
Kaluza’s original proposal, restricted to five dimensions.
The rationale is to extend the line element

ds® = g dx“ dx” (u,v=0,1,2,3)
to a 5-dimensional manifold
ds* =7,, " d&x" (m,n=0,1,2,3,5) (11.140)

where the new metric tensor is

Yoo Yor Yoz Y03 Yos

Yio Y11 Y12 Y13 V15
Ymn = | Y20 Y21 V22 V23 V25 _<
Y30 V31 V2 V33 V35
Yso Vs1 V2 Vs3 o Vss

Tuv Vs ) (11.141)
Ysv  Vss

Under general 5-dimensional coordinate transformations

Von = %% Vpg- (11.142)
Consider translations in the fifth dimension
M= xt, K =X —f(x"), (11.143)
then
v 5 5
and hence
Vus = Vus + (Ouf )7ss- (11.144)
Similarly we find
V'ss = ¥ss.

10 Kaluza (1921).
1 Klein (1926).



420

Gravitation and field theory

Putting
Yus = Vsu = Au, V55 =1 (11.145)
then (11.144) becomes
Ay =4+ 0uf, (11.146)

a gauge transformation in electrodynamics, under which F,,, and therefore the electric
and magnetic fields, are invariant. We also find, under (11.143),

yl,uv = yﬂv +Av(aﬂf) +A/l(avf) + (a,uf) (avf)
But also g, = g, 50 (g, + 4, 4,) transforms in this way, and we may therefore identify
Vv = &uv + Au Ay (11.147)

and write the 5 X 5 metric tensor y,,, in the form

Yom = <gw:AﬂAv Alﬂ). (11.148)

We have succeeded then in relating translations in the fifth dimension to gauge trans-
formations in electrodynamics. We now have to consider the theories of General Relativity
and electrodynamics themselves and discover how this 5-dimensional formulation will
relate them. We shall work at the level of the integrands of the actions of the theories. As
we saw in (8.21) the integrand of the Einstein action is the curvature scalar R, which we
shall here denote R, the overbar denoting that the quantity is a strictly 4-dimensional one.
The symbol R will now refer to the 5-dimensional scalar, and what we shall show is that

R=R+14F,, F"", (11.149)

the second term being the Maxwell action — see (11.23) above. A direct calculation with y,,,,
above is rather messyj it is better to work with differential forms in an orthonormal basis.'?
The 5-dimensional line element is

ds? = ,,, A" d¥" = (gyy + Aud,) da’ dx” + 24, de dx® + (dx®)’
= gy At dx’ + (do® + 4, dx*)*.

Writing g,,, in terms of the vierbein #,°,

Guv = M 11, (11.150)
and putting
0 =h dx", 0 =dv +4,dx" =dx +4,0" (11.151)
gives
ds® = 070"y, + (6°)* = 7,676, (11.152)

12 We follow here the method of Thirring (1972).
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with

0
Yap = (”3” 1>. (11.153)

The indices
A, B=0,...,5 and a,b=0,...,3 (11.154)

are cotangent space indices. We must now find the connection forms ® 4z as a preliminary
to finding the curvature tensor. We use the Cartan structure equations (3.182)

do’ + 0’3 A0F =0, 0 = -0, (11.155)
With 4 =5 they give
o’ = —w’, A 6, (11.156)
but on the other hand, from (11.151)
d0’ = 4,,0° N0 =1/F,,0° A 6, (11.157)
from which we find the connection form
0, =1hF,; 0" (11.158)
The basis form 0 in (11.152) is intrinsically 4-dimensional, so we may write
0" = h, dx* =0, (11.159)

an overbar, as before, denoting an intrinsically 4-dimensional quantity. On taking the
exterior derivative of this equation we have, from (11.155)

do‘ = 0"y A 6= - N 0" — @5 A O
=N 0" +1h(F,0") A O
= — (0% + 1hF,0°) A 0. (11.160)
On the other hand we may put
6" = —a% A 8" = —, A8,

thus defining the intrinsically 4-dimensional connection form ®“;. A comparison of these
equations yields

0% = -0 — 1HF 0. (11.161)
Now use the second Cartan structure equation
dos + @sc N @ g = s Rupcp 0° A 67, (11.162)

where R pcp is the S5-dimensional Riemann curvature tensor. From (11.161) we have,
using (11.157)
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dwab = do)ab - 1/2 Fab,L‘ 0° A 95 - 1/2 Fab(l/Z Fm’) 0° A ed’
so the left hand side of (11.162) is, with 4 = @ and B = b, and using (11.158),
d@y, + O A O + Ous A ©)
=do’y — 11 Fup. 0N 0 —1hF, Fg0°N 67 (11.163)
+ (mac - 1/2Fac 95) A (O)Cb - 1/2wa 95) + (_1/2Fac 96) A (1/2de ed)
The right hand side of (11.162) is, again with 4 = @ and B = b,
1> Rapea® N 07 + Roupes 0 N 6°. (11.164)

Comparing these equations we may find R, by looking at the coefficients of §°A0%.
Writing the contribution to R,.s wWhich comes purely from 4-dimensional quantities as
Rped, We can separate out the contribution which comes from the fifth dimension:

Vo Rapea = '/2Ravea — /4 Fap Fea — 18(Fac Foa — Faa Fie)

and hence

VaR? =1/ R — Vs FO F oy + 15 F Fypy =1/ Ry — VRF Fap. (11.165)
In a similar way, putting 4= a, B=5 in (11.162) gives, for the left hand side

d@ys + O A s

= —1hFu 0 N0 —1hFu(—@° N O) + (@ — o Fup 8°) A (1o F". 6°).
The right hand side is
12 Rasca 8° A 07 + Ryses 6° A 67,

and following the same logic as before, looking at the coefficients of 8° A 0 in these
equations gives

Rases = Ruses — V/aFap FP..
hence
R%s =R%us — s Fy Fy = R 45 + 14 F** Fyp. (11.166)
The Lagrangian in the 5-dimensional theory is
R=R"%,3=R®,; + 2R 5. (11.167)

This will receive contributions from the 4-dimensional sector and from the fifth dimension.
Distinguishing these, as above, by an overbar gives, from (11.165) and (11.166)

R=R—1/4FFuy +1hF*F, =R+ 14F®F,. (11.168)

This, then, is the result of this theory: the action of the 5-dimensional theory is simply
the sum of the actions for General Relativity and Maxwell’s electrodynamics. This is, of
course, a remarkable result, but a disappointment is that it does not amount to a unified
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theory — gravity and electrodynamics separate out, like oil and water. There is no ‘coupling’
between them. If there were cosmic ‘switches’ allowing the different interactions in nature
to be switched on and off at will, gravity could still be switched off without affecting
electromagnetism, and vice versa. Pauli is reputed to have remarked, as an ironic variation
on the words of the priest at a wedding service, ‘Let not man unite what God has put
asunder’.

In this chapter we have considered a few of the topics that have appeared on the agenda
since Einstein’s day, as a consequence of his great theory. There are, of course other
questions raised by General Relativity, perhaps the most famous of which is quantum
gravity. How should a quantum theory of gravity be constructed? There is as yet no
generally agreed answer to this question, but many clever people have devoted many
years to thinking about it. At the end of an introduction to Einstein’s theory, however, it is
best not immediately to start thinking about the next challenge. Like a climber who has
arrived at the top of his mountain, we should simply sit down and admire the view. Is it not
absolutely remarkable that Einstein was able to create a new theory of gravity in which the
geometry of space itself became a part of physics? Whatever would Euclid have thought?

Further reading
- -

A good account of gauge invariance in electrodynamics is to be found in Aitchison & Hey
(1982). Readers who wish to familiarise themselves with some particle physics will find
good accounts in Burcham & Jobes (1995), Perkins (2000) and, at a slightly higher level,
Cottingham & Greenwood (1998). An excellent, though largely non-mathematical account
of gauge fields will be found in Taylor (2001) and an account of the mathematical basis of
gauge field theory, including their fibre bundle formulation, is Healey (2007).

For more information on the relation between SO(3) and SU(2) and between spinors and
vectors see for example Sakurai (1994), Chapter 3, or Ryder (1996) Chapter 2. Good
accounts of non-abelian gauge theory appear in Rubakov (2002) and Maggiore (2005);
see also Aitchison & Hey (1982), Cheng & Li (1984), Ryder (1996) and Srednicki (2007).
An extended treatment of the formal mathematical approach to gauge theories and General
Relativity may be found in Frankel (1997); see also Gockeler & Schiicker (1987) and
Nakahara (1990). A review of Poincaré gauge theory appears in Blagojevi¢ (2002). Good
accounts of the Dirac equation may be found in, for example, Bjorken & Drell (1964),
Itzykson & Zuber (1980), Brown (1992), Gross (1993) or Huang (1998). Good introduc-
tions to theories of space-time with torsion are Hehl & von der Heyde (1973) and Hammond
(1994, 1995). More complete accounts may be found in Hehl (1973, 1974); see also
Trautman (1973b), Hehl et al. (1976) and Shapiro (2002). The Dirac equation in a gravita-
tional field is treated by Brill & Cohen (1966), Chapman & Leiter (1976) and Sexl &
Urbantke (1983).

There are accounts of Kaluza—Klein theory in Bergmann (1942), Pauli (1958) and Pais
(1982). A review of the generalisations of this theory to higher dimensions is Bailin & Love
(1987).
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Problems
. |

11.1 Show that, with R.(a) and J. given by (11.44) and (11.47),
R.(a) = exp(iJza).
11.2 Show that
explin- 6 (a/2)] = cos(a/2) +in-o sin(a/2).

11.3 Show that under the gauge transformation U, given by (11.72), the field tensor F,,,
given by (11.84), transforms as in (11.87):

F,— UF,U "

11.4 Find the Dirac equation in Minkowski space in spherical polar coordinates.
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