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‘Tis the good reader that makes the good book; in every book he
finds passages which seem confidences or asides hidden from all
else and unmistakenly meant for his ear; the profit of books is ac-
cording to the sensibility of the reader; the profoundest thought or
passion sleeps as in a mine, until it is discovered by an equal mind
and heart.

Ralph Waldo Emerson

You cannot teach a man anything, you can only help him find it
within himself.

Galileo Galilei
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Preface

If I have been able to see further, it was only because I stood on the shoulders of
giants.
Isaac Newton

Many of the mathematical models of natural phenomena are based on fundamental sci-
entific laws of physics or otherwise are extracted from centuries of research on the behav-
ior of physical systems under the action of natural forces. Today this subject is referred
to simply as mechanics — a phrase that encompasses broad fields of science concerned
with the behavior of fluids, solids, and complex materials. Mechanics is vitally important
to virtually every area of technology and remains an intellectually rich subject taught
in all major universities. It is also the focus of research in departments of aerospace,
chemical, civil, and mechanical engineering, in engineering science and mechanics, and
in applied mathematics and physics. The past several decades have witnessed a great
deal of research in continuum mechanics and its application to a variety of problems.
As most modern technologies are no longer discipline-specific but involve multidisci-
plinary approaches, scientists and engineers should be trained to think and work in such
environments. Therefore, it is necessary to introduce the subject of mechanics to senior
undergraduate and beginning graduate students so that they have a strong background
in the basic principles common to all major engineering fields. A first course on contin-
uum mechanics or elasticity is the one that provides the basic principles of mechanics and
prepares engineers and scientists for advanced courses in traditional as well as emerging
fields such as biomechanics and nanomechanics.

There are many books on mechanics of continua. These books fall into two major
categories: those that present the subject as highly mathematical and abstract and those
that are too elementary to be of use for those who will pursue further work in fluid
dynamics, elasticity, plates and shells, viscoelasticity, plasticity, and interdisciplinary ar-
eas such as geomechanics, biomechanics, mechanobiology, and nanoscience. As is the
case with all other books written (solely) by the author, the objective is to facilitate
an easy understanding of the topics covered. While the author is fully aware that he
is not an authority on the subject of this book, he feels that he understands the con-
cepts well and feels confident that he can explain them to others. It is hoped that the
book, which is simple in presenting the main concepts, will be mathematically rigorous
enough in providing the invariant form as well as component form of the governing equa-
tions for analysis of practical problems of engineering. In particular, the book contains

xiii
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Preface

formulations and applications to specific problems from heat transfer, fluid mechanics,
and solid mechanics.

The motivation and encouragement that led to the writing of this book came from
the experience of teaching a course on continuum mechanics at Virginia Polytechnic
Institute and State University and Texas A&M University. A course on continuum me-
chanics takes different forms — abstract to very applied — when taught by different peo-
ple. The primary objective of the course taught by the author is two-fold: (1) formulation
of equations that describe the motion and thermomechanical response of materials and
(2) solution of these equations for specific problems from elasticity, fluid flows, and heat
transfer. This book is a formal presentation of the author’s notes developed for such a
course over past two-and-a-half decades.

After a brief discussion of the concept of a continuum in Chapter 1, a review of
vectors and tensors is presented in Chapter 2. Since the language of mechanics is math-
ematics, it is necessary for all readers to familiarize themselves with the notation and
operations of vectors and tensors. The subject of kinematics is discussed in Chapter 3.
Various measures of strain are introduced here. In this chapter the deformation gra-
dient, Cauchy—-Green deformation, Green-Lagrange strain, Cauchy and Euler strain,
rate of deformation, and vorticity tensors are introduced, and the polar decomposi-
tion theorem is discussed. In Chapter 4, various measures of stress — Cauchy stress and
Piola—Kirchhoff stress measures — are introduced, and stress equilibrium equations are
presented.

Chapter 5 is dedicated to the derivation of the field equations of continuum me-
chanics, which forms the heart of the book. The field equations are derived using the
principles of conservation of mass, momenta, and energy. Constitutive relations that
connect the kinematic variables (e.g., density, temperature, deformation) to the kinetic
variables (e.g., internal energy, heat flux, and stresses) are discussed in Chapter 6 for
elastic materials, viscous and viscoelastic fluids, and heat transfer.

Chapters 7 and 8 are devoted to the application of both the field equations derived in
Chapter 5 and the constitutive models of Chapter 6 to problems of linearized elasticity,
and fluid mechanics and heat transfer, respectively. Simple boundary-value problems,
mostly linear, are formulated and their solutions are discussed. The material presented
in these chapters illustrates how physical problems are analytically formulated with the
aid of continuum equations. Chapter 9 deals with linear viscoelastic constitutive models
and their application to simple problems of solid mechanics. Since a continuum mechan-
ics course is mostly offered by solid mechanics programs, the coverage in this book is
slightly more favorable, in terms of the amount and type of material covered, to solid
and structural mechanics.

The book is written keeping the undergraduate seniors and first-year graduate stu-
dents of engineering in mind. Therefore, it is most suitable as a textbook for adoption
for a first course on continuum mechanics or elasticity. The book also serves as an excel-
lent precursor to courses on viscoelasticity, plasticity, nonlinear elasticity, and nonlinear
continuum mechanics.

The book contains so many mathematical equations that it is hardly possible not to
have typographical and other kinds of errors. I wish to thank in advance those readers
who are willing to draw the author’s attention to typos and errors, using the following
e-mail address: jnreddy@tamu.edu.

J. N. Reddy
College Station, Texas



n Introduction

I can live with doubt and uncertainty and not knowing. I think it is much more
interesting to live not knowing than to have answers that might be wrong.
Richard Feynmann

What we need is not the will to believe but the will to find out.
Bertrand Russell

1.1 Continuum Mechanics

The subject of mechanics deals with the study of motion and forces in solids, liquids,
and gases and the deformation or flow of these materials. In such a study, we make
the simplifying assumption, for analysis purposes, that the matter is distributed con-
tinuously, without gaps or empty spaces (i.e., we disregard the molecular structure of
matter). Such a hypothetical continuous matter is termed a continuum. In essence,
in a continuum all quantities such as the density, displacements, velocities, stresses,
and so on vary continuously so that their spatial derivatives exist and are continu-
ous. The continuum assumption allows us to shrink an arbitrary volume of material
to a point, in much the same way as we take the limit in defining a derivative, so
that we can define quantities of interest at a point. For example, density (mass per
unit volume) of a material at a point is defined as the ratio of the mass Am of the
material to a small volume AV surrounding the point in the limit that AV becomes
a value €, where € is small compared with the mean distance between molecules
_ Am
P=oleav:

(1.1.1)

In fact, we take the limit ¢ — 0. A mathematical study of mechanics of such an
idealized continuum is called continuum mechanics.

The primary objectives of this book are (1) to study the conservation princi-
ples in mechanics of continua and formulate the equations that describe the motion
and mechanical behavior of materials and (2) to present the applications of these
equations to simple problems associated with flows of fluids, conduction of heat,
and deformation of solid bodies. While the first of these objectives is an important
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topic, the reason for the formulation of the equations is to gain a quantitative under-
standing of the behavior of an engineering system. This quantitative understanding
is useful in the design and manufacture of better products. Typical examples of engi-
neering problems, which are sufficiently simple to cover in this book, are described
below. At this stage of discussion, it is sufficient to rely on the reader’s intuitive
understanding of concepts or background from basic courses in fluid mechanics,
heat transfer, and mechanics of materials about the meaning of the stress and strain
and what constitutes viscosity, conductivity, modulus, and so on used in the exam-
ple problems below. More precise definitions of these terms will be apparent in the
chapters that follow.

PROBLEM 1 (SOLID MECHANICS)

We wish to design a diving board of given length L (which must enable the swimmer
to gain enough momentum for the swimming exercise), fixed at one end and free at
the other end (see Figure 1.1.1). The board is initially straight and horizontal and
of uniform cross section. The design process consists of selecting the material (with
Young’s modulus E) and cross-sectional dimensions b and 4 such that the board car-
ries the (moving) weight W of the swimmer. The design criteria are that the stresses
developed do not exceed the allowable stress values and the deflection of the free
end does not exceed a prespecified value §. A preliminary design of such systems
is often based on mechanics of materials equations. The final design involves the
use of more sophisticated equations, such as the three-dimensional (3D) elasticity
equations. The equations of elementary beam theory may be used to find a relation
between the deflection § of the free end in terms of the length L, cross-sectional
dimensions b and /4, Young’s modulus E, and weight W [see Eq. (7.6.10)]:

AW

8 —_— W . (1.1.2)

Given § (allowable deflection) and load W (maximum possible weight of a swim-
mer), one can select the material (Young’s modulus, E) and dimensions L, b, and
h (which must be restricted to the standard sizes fabricated by a manufacturer).
In addition to the deflection criterion, one must also check if the board devel-
ops stresses that exceed the allowable stresses of the material selected. Analysis
of pertinent equations provide the designer with alternatives to select the material
and dimensions of the board so as to have a cost-effective but functionally reliable
structure.

PROBLEM 2 (FLUID MECHANICS)

We wish to measure the viscosity u of a lubricating oil used in rotating machinery to
prevent the damage of the parts in contact. Viscosity, like Young’s modulus of solid
materials, is a material property that is useful in the calculation of shear stresses
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Figure 1.1.1. A diving board fixed at left end and free at right end.

developed between a fluid and solid body. A capillary tube is used to determine the
viscosity of a fluid via the formula
b d4 P 1 — Pz

= 1.1.
HEIRLT 0 (1.1.3)

where d is the internal diameter and L is the length of the capillary tube, P, and P,
are the pressures at the two ends of the tube (oil flows from one end to the other, as
shown in Figure 1.1.2), and Q is the volume rate of flow at which the oil is discharged
from the tube. Equation (1.1.3) is derived, as we shall see later in this book [see
Eq. (8.2.25)], using the principles of continuum mechanics.

PROBLEM 3 (HEAT TRANSFER)

We wish to determine the heat loss through the wall of a furnace. The wall typically
consists of layers of brick, cement mortar, and cinder block (see Figure 1.1.3). Each
of these materials provides varying degree of thermal resistance. The Fourier heat
conduction law (see Section 8.3.1)

q=—k (1.1.4)

provides a relation between the heat flux ¢ (heat flow per unit area) and gradient
of temperature 7. Here k denotes thermal conductivity (1/k is the thermal resis-
tance) of the material. The negative sign in Eq. (1.1.4) indicates that heat flows from

v,(r)

Internal diameter, d
E\’; x Pl ( @ PZ
[——L—»

Figure 1.1.2. Measurement of viscosity of a fluid using capillary tube.
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high temperature region to low temperature region. Using the continuum mechan-
ics equations, one can determine the heat loss when the temperatures inside and
outside of the building are known. A building designer can select the materials as
well as thicknesses of various components of the wall to reduce the heat loss (while
ensuring necessary structural strength — a structural analysis aspect).

The previous examples provide some indication of the need for studying the me-
chanical response of materials under the influence of external loads. The response
of a material is consistent with the laws of physics and the constitutive behavior of
the material. This book has the objective of describing the physical principles and
deriving the equations governing the stress and deformation of continuous materi-
als and then solving some simple problems from various branches of engineering to
illustrate the applications of the principles discussed and equations derived.

1.2 A Look Forward

The primary objective of this book is twofold: (1) use the physical principles to de-
rive the equations that govern the motion and thermomechanical response of mate-
rials and (2) apply these equations for the solution of specific problems of linearized
elasticity, heat transfer, and fluid mechanics. The governing equations for the study
of deformation and stress of a continuous material are nothing but an analytical rep-
resentation of the global laws of conservation of mass, momenta, and energy and the
constitutive response of the continuum. They are applicable to all materials that are
treated as a continuum. Tailoring these equations to particular problems and solving
them constitutes the bulk of engineering analysis and design.

The study of motion and deformation of a continuum (or a “body” consisting
of continuously distributed material) can be broadly classified into four basic cate-
gories:

(1) Kinematics (strain-displacement equations)

(2) Kinetics (conservation of momenta)

(3) Thermodynamics (first and second laws of thermodynamics)
(4) Constitutive equations (stress-strain relations)

Kinematics is a study of the geometric changes or deformation in a continuum, with-
out the consideration of forces causing the deformation. Kinetics is the study of
the static or dynamic equilibrium of forces and moments acting on a continuum,
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Table 1.2.1. The major four topics of study, physical principles and axioms used, resulting
governing equations, and variables involved

Topic of study

Physical principle

Resulting equations

Variables involved

1. Kinematics

2. Kinetics

3. Thermodynamics

4. Constitutive
equations
(not all relations
are listed)

None — based on
geometric changes

Conservation of
linear momentum

Conservation of
angular momentum

First law

Second law

Constitutive
axioms

Strain—displacement
relations

Strain rate-velocity
relations

Equations of
motion

Symmetry of
stress tensor

Energy equation

Clausius—Duhem
inequality

Hooke’s law

Newtonian fluids

Fourier’s law

Equations of state

Displacements
and strains
Velocities
and strain rates

Stresses, velocities,
and body forces
Stresses

Temperature, heat
flux, stresses,
heat generation,
and velocities

Temperature, heat
flux, and entropy

Stresses, strains,
heat flux and
temperature

Stresses, pressure,
velocities

Heat flux and
temperature

Density, pressure,
temperature

using the principles of conservation of momenta. This study leads to equations of
motion as well as the symmetry of stress tensor in the absence of body couples.
Thermodynamic principles are concerned with the conservation of energy and rela-
tions among heat, mechanical work, and thermodynamic properties of the contin-
uum. Constitutive equations describe thermomechanical behavior of the material of
the continuum, and they relate the dependent variables introduced in the kinetic
description to those introduced in the kinematic and thermodynamic descriptions.
Table 1.2.1 provides a brief summary of the relationship between physical principles
and governing equations, and physical entities involved in the equations.

1.3 Summary

In this chapter, the concept of a continuous medium is discussed, and the major
objectives of the present study, namely, to use the physical principles to derive
the equations governing a continuous medium and to present application of the
equations in the solution of specific problems of linearized elasticity, heat transfer,
and fluid mechanics, are presented. The study of physical principles is broadly di-
vided into four topics, as outlined in Table 1.2.1. These four topics form the subject
of Chapters 3 through 6, respectively. Mathematical formulation of the governing
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equations of a continuous medium necessarily requires the use of vectors and ten-
sors, objects that facilitate invariant analytical formulation of the natural laws.
Therefore, it is useful to study certain operational properties of vectors and tensors
first. Chapter 2 is dedicated for this purpose.

While the present book is self-contained for an introduction to continuum me-
chanics, there are other books that may provide an advanced treatment of the sub-
ject. Interested readers may consult the titles listed in the reference list at the end of
the book.

PROBLEMS

1.1 Newton’s second law can be expressed as
F = ma, (1)

where F is the net force acting on the body, m mass of the body, and a the accel-
eration of the body in the direction of the net force. Use Eq. (1) to determine the
governing equation of a free-falling body. Consider only the forces due to gravity
and the air resistance, which is assumed to be linearly proportional to the velocity
of the falling body.

1.2 Consider steady-state heat transfer through a cylindrical bar of nonuniform
cross section. The bar is subject to a known temperature 7; (°C) at the left end and
exposed, both on the surface and at the right end, to a medium (such as cooling fluid
or air) at temperature T,. Assume that temperature is uniform at any section of
the bar, T = T(x). Use the principle of conservation of energy (which requires that
the rate of change (increase) of internal energy is equal to the sum of heat gained
by conduction, convection, and internal heat generation) to a typical element of the
bar (see Figure P1.2) to derive the governing equations of the problem.

Convection from lateral

g(x), internal heat generation
surface

Maintained at

temperature, T, L

Exposed to ambient
> ]<E>| temperature, T,

<—L—>|

|}

heat flow in heat flow out,
(Aq )x (Aq)x+Ax

a*e

gx)

Figure P1.2.

1.3 The Euler-Bernoulli hypothesis concerning the kinematics of bending defor-
mation of a beam assumes that straight lines perpendicular to the beam axis before
deformation remain (1) straight, (2) perpendicular to the tangent line to the beam
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axis, and (3) inextensible during deformation. These assumptions lead to the follow-
ing displacement field:

dw
U = _ZE’ u, =0, uz3=w), (1)

where (u1, s, u3) are the displacements of a point (x, y, z) along the x, y, and z
coordinates, respectively, and w is the vertical displacement of the beam at point
(x,0,0). Suppose that the beam is subjected to distributed transverse load g(x). De-
termine the governing equation by summing the forces and moments on an element
of the beam (see Figure P1.3). Note that the sign convention for the moment and
shear force are based on the definitions

V:/adeA, MZ/ZO‘xdi,
A A

and it may not agree with the sign convention used in some mechanics of materials
books.

Z W q(x)
z
i°| X
Y
- L -
ﬂ Beam
cross section
z q) qx)
- q &
X ﬂ + T <:I O + ];) Oyt doy,
M M + dM e
V d V +dVv O, d
PRI PRI

M:fz-axdi, V:faxsz

A A

Figure P1.3.

1.4 A cylindrical storage tank of diameter D contains a liquid column of height
h(x,t). Liquid is supplied to the tank at a rate of ¢; (m*/day) and drained at a rate
of gy (m3/day). Use the principle of conservation of mass to obtain the equation
governing the flow problem.
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A mathematical theory is not to be considered complete until you have made it so
clear that you can explain it to the first man whom you meet on the street.
David Hilbert

2.1 Background and Overview

In the mathematical description of equations governing a continuous medium, we
derive relations between various quantities that characterize the stress and defor-
mation of the continuum by means of the laws of nature (such as Newton’s laws,
conservation of energy, and so on). As a means of expressing a natural law, a coor-
dinate system in a chosen frame of reference is often introduced. The mathematical
form of the law thus depends on the chosen coordinate system and may appear dif-
ferent in another type of coordinate system. The laws of nature, however, should be
independent of the choice of a coordinate system, and we may seek to represent the
law in a manner independent of a particular coordinate system. A way of doing this
is provided by vector and tensor analysis. When vector notation is used, a particular
coordinate system need not be introduced. Consequently, the use of vector notation
in formulating natural laws leaves them invariant to coordinate transformations. A
study of physical phenomena by means of vector equations often leads to a deeper
understanding of the problem in addition to bringing simplicity and versatility into
the analysis.

In basic engineering courses, the term vector is used often to imply a physical
vector that has ‘magnitude and direction and satisfy the parallelogram law of addi-
tion.” In mathematics, vectors are more abstract objects than physical vectors. Like
physical vectors, fensors are more general objects that are endowed with a magni-
tude and multiple direction(s) and satisfy rules of tensor addition and scalar mul-
tiplication. In fact, physical vectors are often termed the first-order tensors. As will
be shown shortly, the specification of a stress component (i.e., force per unit area)
requires a magnitude and two directions — one normal to the plane on which the
stress component is measured and the other is its direction — to specify it uniquely.
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This chapter is dedicated to a review of algebra and calculus of physical vectors
and tensors. Those who are familiar with the material covered in any of the sections
may skip them and go to the next section or Chapter 3.

2.2 Vector Algebra

In this section, we present a review of the formal definition of a geometric (or phys-
ical) vector, discuss various products of vectors and physically interpret them, in-
troduce index notation to simplify representations of vectors in terms of their com-
ponents as well as vector operations, and develop transformation equations among
the components of a vector expressed in two different coordinate systems. Many of
these concepts, with the exception of the index notation, may be familiar to most
students of engineering, physics, and mathematics and may be skipped.

2.2.1 Definition of a Vector

The quantities encountered in analytical description of physical phenomena may
be classified into two groups according to the information needed to specify them
completely: scalars and nonscalars. The scalars are given by a single number. Non-
scalars have not only a magnitude specified but also additional information, such
as direction. Nonscalars that obey certain rules (such as the parallelogram law of
addition) are called vectors. Not all nonscalar quantities are vectors (e.g., a finite
rotation is not a vector).

A physical vector is often shown as a directed line segment with an arrow head
at the end of the line. The length of the line represents the magnitude of the vector
and the arrow indicates the direction. In written or typed material, it is customary
to place an arrow over the letter denoting the vector, such as A.In printed material,
the vector letter is commonly denoted by a boldface letter A, such as used in this
book. The magnitude of the vector A is denoted by |A|, ||A||, or A. Magnitude of a
vector is a scalar.

A vector of unit length is called a unit vector. The unit vector along A may be
defined as follows:

R A
We may now write
A=Aé,. (2.2.2)

Thus any vector may be represented as a product of its magnitude and a unit vector
along the vector. A unit vector is used to designate direction. It does not have any
physical dimensions. We denote a unit vector by a “hat” (caret) above the boldface
letter, €. A vector of zero magnitude is called a zero vector or a null vector. All null
vectors are considered equal to each other without consideration as to direction.
Note that a light face zero, 0, is a scalar and boldface zero, 0, is the zero vector.
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2.2.1.1 Vector Addition
Let A, B, and C be any vectors. Then there exists a vector A + B, called sum of A
and B, such that

(1) A+B =B+ A (commutative).
(2) (A+B)+C=A+ (B+C) (associative).
(3) there exists a unique vector, 0, independent of A such that
A + 0 = A (existence of zero vector). (2.2.3)
(4) to every vector A there exists a unique vector —A
(that depends on A) such that
A + (—A) = 0 (existence of negative vector).

The negative vector —A has the same magnitude as A but has the opposite sense.
Subtraction of vectors is carried out along the same lines. To form the difference
A — B, we write A + (—B) and subtraction reduces to the operation of addition.

2.2.1.2 Multiplication of Vector by Scalar
Let A and B be vectors and « and B be real numbers (scalars). To every vector A
and every real number «, there corresponds a unique vector ¢ A such that

(1) a(BA) = («B)A (associative).
(2) (¢ + B)A = ¢ A + BA (distributive scalar addition).
(3) «(A + B) = ¢A + oB (distributive vector addition).
4 1-A=A-1=A, 0-A=0.

(2.2.4)

Equations (2.2.3) and (2.2.4) clearly show that the laws that govern addition, sub-
traction, and scalar multiplication of vectors are identical with those governing the
operations of scalar algebra.

Two vectors A and B are equal if their magnitudes are equal, |A| = |B|, and if
their directions are equal. Consequently, a vector is not changed if it is moved paral-
lel to itself. This means that the position of a vector in space, that is, the point from
which the line segment is drawn (or the end without arrowhead), may be chosen
arbitrarily. In certain applications, however, the actual point of location of a vector
may be important, for instance, a moment or a force acting on a body. A vector as-
sociated with a given point is known as a localized or bound vector. A finite rotation
of a rigid body is not a vector although infinitesimal rotations are. That vectors can
be represented graphically is an incidental rather than a fundamental feature of the
vector concept.

2.2.1.3 Linear Independence of Vectors

The concepts of collinear and coplanar vectors can be stated in algebraic terms. A
set of n vectors is said to be linearly dependent if a set of n numbers 1, B, ..., Bu
can be found such that

BiAL + BAs + -+ BuAy = 0, (2.2.5)
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where 1, B2, - .., By cannot all be zero. If this expression cannot be satisfied, the vec-
tors are said to be linearly independent. If two vectors are linearly dependent, then
they are collinear. If three vectors are linearly dependent, then they are coplanar.
Four or more vectors in three-dimensional space are always linearly dependent.

2.2.2 Scalar and Vector Products

Besides addition and subtraction of vectors, and multiplication of a vector by a
scalar, we also encounter product of two vectors. There are several ways the product
of two vectors can be defined. We consider first the so-called scalar product.

2.2.2.1 Scalar Product

When a force F acts on a mass point and moves through a displacement vector d,
the work done by the force vector is defined by the projection of the force in the
direction of the displacement, as shown in Figure 2.2.1, times the magnitude of the
displacement. Such an operation may be defined for any two vectors. Since the result
of the product is a scalar, it is called the scalar product. We denote this product as
F-d = (F, d) and it is defined as follows:

F-d= (F,d) = Fd cos#, 0<0<m. (2.2.6)

The scalar product is also known as the dot product or inner product.
A few simple results follow from the definition in Eq. (2.2.6):

1. Since A - B = B - A, the scalar product is commutative.

2. If the vectors A and B are perpendicular to each other, then A-B =
ABcos(/2) = 0. Conversely, if A -B = 0, then either A or B is zero or A is
perpendicular, or orthogonal, to B.

3. If two vectors A and B are parallel and in the same direction, then A -B =
ABcos0 = AB, since cos( = 1. Thus the scalar product of a vector with itself
is equal to the square of its magnitude:

A-A=AA= A% (2.2.7)

4. The orthogonal projection of a vector A in any direction € is given by A - €.
5. The scalar product follows the distributive law also:

AB+C)=(A -B)+(A-C). (2.2.8)
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Figure 2.2.2. (a) Representation of a mo-
ment. (b) Direction of rotation.

(a) (b)

2.2.2.2 Vector Product

To see the need for the vector product, consider the concept of the moment due to
a force. Let us describe the moment about a point O of a force F acting at a point
P, such as shown in Figure 2.2.2(a). By definition, the magnitude of the moment is
given by

M=Ft, F=|F|, (2.2.9)

where ¢ is the perpendicular distance from the point O to the force F (called lever
arm). If r denotes the vector OP and 6 the angle between r and F as shown in Fig-
ure 2.2.2(a) such that 0 < 6 < &, we have ¢ = r sin and thus

M = Frsiné. (2.2.10)

A direction can now be assigned to the moment. Drawing the vectors F and r
from the common origin O, we note that the rotation due to F tends to bring r into
F, as can be seen from Figure 2.2.2(b). We now set up an axis of rotation perpendic-
ular to the plane formed by F and r. Along this axis of rotation we set up a preferred
direction as that in which a right-handed screw would advance when turned in the
direction of rotation due to the moment, as can be seen from Figure 2.2.3(a). Along
this axis of rotation, we draw a unit vector €,, and agree that it represents the direc-
tion of the moment M. Thus we have

M= Fr sinf éy =r x F. (2.2.11)

According to this expression, M may be looked upon as resulting from a special
operation between the two vectors F and r. It is thus the basis for defining a product
between any two vectors. Since the result of such a product is a vector, it may be
called the vector product.

The product of two vectors A and B is a vector C whose magnitude is equal to
the product of the magnitude of A and B times the sine of the angle measured from

(a) (b)
Figure 2.2.3. (a) Axis of rotation. (b) Representation of the vector product.
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Figure 2.2.4. (a) Velocity at a point in a rotating rigid body. (b) Angular velocity as a
vector.

A to B such that 0 < 6 <, and whose direction is specified by the condition that C
be perpendicular to the plane of the vectors A and B and points in the direction in
which a right-handed screw advances when turned so as to bring A into B, as shown
in Figure 2.2.3(b). The vector product is usually denoted by

C=AxB=ABsin(A,B)é= AB sin6 &, (2.2.12)

where sin(A, B) denotes the sine of the angle between vectors A and B. This prod-
uct is called the cross product, skew product, and also outer product, as well as the
vector product. When A = a &4 and B = b ép are the vectors representing the sides
of a parallelogram, with a and b denoting the lengths of the sides, then the vector
product A x B represents the area of the parallelogram, A B sin 6. The unit vector
€ = é,4 x épdenotes the normal to the plane area. Thus, an area can be represented
as a vector (see Section 2.2.3 for additional discussion).

The description of the velocity of a point of a rotating rigid body is an important
example of geometrical and physical applications of vectors. Suppose a rigid body
is rotating with an angular velocity @ about an axis, and we wish to describe the
velocity of some point P of the body, as shown in Figure 2.2.4(a). Let v denote the
velocity at the point. Each point of the body describes a circle that lies in a plane
perpendicular to the axis with its center on the axis. The radius of the circle, a, is
the perpendicular distance from the axis to the point of interest. The magnitude of
the velocity is equal to wa. The direction of v is perpendicular to a and to the axis of
rotation. We denote the direction of the velocity by the unit vector €. Thus we can
write

vV=waé. (2.2.13)

Let O be a reference point on the axis of revolution, and let OP = r. We then
have a = rsinf, so that

V=owr sin6 é. (2.2.14)

The angular velocity is a vector since it has an assigned direction, magnitude, and
obeys the parallelogram law of addition. We denote it by @ and represent its
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Figure 2.2.5. Scalar triple product as the volume of a paral-
lelepiped.

direction in the sense of a right-handed screw, as shown in Figure 2.2.4(b). If we
further let &, be a unit vector in the direction of r, we see that

€, x &, = é sind. (2.2.15)
With these relations, we have
V=wXTr. (2.2.16)

Thus the velocity of a point of a rigid body rotating about an axis is given by the
vector product of w and a position vector r drawn from any reference point on the
axis of revolution.

From the definition of vector (cross) product, a few simple results follow:

1. The products A x B and B x A are not equal. In fact, we have
AxB=-BxA. (2.2.17)

Thus the vector product does not commute. We must therefore preserve the
order of the vectors when vector products are involved.

2. If two vectors A and B are parallel to each other, then 6 =, 0 and sin6 = 0.
Thus

AxB=0.

Conversely, if A x B =0, then either A or B is zero, or they are parallel vec-
tors. It follows that the vector product of a vector with itself is zero; that is,
AxA=0.

3. The distributive law still holds, but the order of the factors must be maintained:

(A+B)xC=(AxC)+ (B x C). (2.2.18)

2.2.2.3 Triple Products of Vectors
Now consider the various products of three vectors:

AB-C), A-(BxC), Ax(BxC). (2.2.19)

The product A(B - C) is merely a multiplication of the vector A by the scalar B - C.
The product A - (B x C) is a scalar and it is termed the scalar triple product. It can
be seen that the product A - (B x C), except for the algebraic sign, is the volume of
the parallelepiped formed by the vectors A, B, and C, as shown in Figure 2.2.5.
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Figure 2.2.6. The vector triple product.

15

m,B A x (B x C), perpendicular to both Aand B x C

We also note the following properties:
1. The dot and cross can be interchanged without changing the value:
A-BxC=AxB-C=[ABC]. (2.2.20)
2. A cyclical permutation of the order of the vectors leaves the result unchanged:
A-BxC=C-AxB=B-CxA=[ABC]. (2.2.21)
3. If the cyclic order is changed, the sign changes:
A-BxC=-A-CxB=-C-BxA=-B-AxC. (2.2.22)

4. A necessary and sufficient condition for any three vectors, A, B, C to be copla-
nar is that A - (B x C) = 0. Note also that the scalar triple product is zero when
any two vectors are the same.

The vector triple product A x (B x C) is a vector normal to the plane formed by
A and (B x C). The vector (B x C), however, is perpendicular to the plane formed
by B and C. This means that A x (B x C) lies in the plane formed by B and C and
is perpendicular to A, as shown in Figure 2.2.6. Thus A x (B x C) can be expressed
as a linear combination of B and C:

A x (B x C)=mB+nC. (2.2.23)
Likewise, we would find that

(A x B) x C=mA +nmB. (2.2.24)
Thus, the parentheses cannot be interchanged or removed. It can be shown that

m =A-C, n=—A-B,
and hence that
AxBxC)=(A-C)B—(A-B)C. (2.2.25)
The example below illustrates the use of the vector triple product.

EXAMPLE 2.2.1: Let A and B be any two vectors in space. Express vector A in
terms of its components along (i.e., parallel) and perpendicular to vector B.

SOLUTION: The component of A along B is given by (A - éz), where éz = B/B
is the unit vector in the direction of B. The component of A perpendicular to B
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S=Sn

(a) (b)

Figure 2.2.7. (a) Plane area as a vector. (b) Unit normal vector and sense of travel.

and in the plane of A and B is given by the vector triple product €z x (A x €3).
Thus,

A= (A €ép)ép+épx (A xép). (2.2.26)
Alternatively, using Eq. (2.2.25) with A = C = ég and B = A, we obtain
égx (A xeég)=A— (A -epep
or

A = (AéB)éB—{—éB X (A X éB)

2.2.3 Plane Area as a Vector

The magnitude of the vector C = A x B is equal to the area of the parallelogram
formed by the vectors A and B, as shown in Figure 2.2.7(a). In fact, the vector C
may be considered to represent both the magnitude and the direction of the product
A and B. Thus, a plane area may be looked upon as possessing a direction in addi-
tion to a magnitude, the directional character arising out of the need to specify an
orientation of the plane in space.

It is customary to denote the direction of a plane area by means of a unit vector
drawn normal to that plane. To fix the direction of the normal, we assign a sense of
travel along the contour of the boundary of the plane area in question. The direction
of the normal is taken by convention as that in which a right-handed screw advances
as it is rotated according to the sense of travel along the boundary curve or contour,
as shown in Figure 2.2.7(b). Let the unit normal vector be given by fi. Then the area
can be denoted by S = Sh.

Representation of a plane as a vector has many uses. The vector can be used to
determine the area of an inclined plane in terms of its projected area, as illustrated
in the next example.

EXAMPLE 2.2.2:

(1) Determine the plane area of the surface obtained by cutting a cylinder of
cross-sectional area Sy with an inclined plane whose normal is fi, as shown
in Fig 2.2.8(a).

(2) Consider a cube (or a prism) cut by an inclined plane whose normal is i,
as shown in Figure 2.2.8(b). Express the areas of the sides of the resulting
tetrahedron in terms of the area § of the inclined surface.
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(a) (b)

Figure 2.2.8. Vector representation of an inclined plane area.

SOLUTION:
(1) Let the plane area of the inclined surface be S, as shown in Fig 2.2.8(a).
First, we express the areas as vectors

So=Sohy and S = Sh. (2.2.27)

Since Sy is the projection of S along fy (if the angle between i and i is
acute; otherwise the negative of it),

So =S -y = S - . (2.2.28)

The scalar product @ - fiy is the cosine of the angle between the two unit
normal vectors.

(2) For reference purposes we label the sides of the cube by 1, 2, and 3 and
the normals and surface areas by (g, S), (fiz, $;), and (i3, S3), respectively
(i.e., S; is the surface area of the plane perpendicular to the ith line or i
vector), as shown in Figure 2.2.8(b). Then we have

S =Sh-f;, S=Sh-f S=Sh-hs (2.2.29)

2.2.4 Components of a Vector

So far we have considered a geometrical description of a vector. We now embark
on an analytical description based on the notion of its components of a vector. In
following discussion, we shall consider a three-dimensional space, and the exten-
sions to n dimensions will be evident. In a three-dimensional space, a set of no more
than three linearly independent vectors can be found. Let us choose any set and de-
note it as ey, e, es. This set is called a basis. We can represent any vector in three-
dimensional space as a linear combination of the basis vectors

A = Aje; + Are, + Ajes. (2.2.30)
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Ae
22 Figure 2.2.9. Components of a vector.

The vectors Aje;, Ase,, and Ases are called the vector components of A, and Ay,
A,, and Aj are called scalar components of A associated with the basis (e, e;, e3),
as indicated in Figure 2.2.9.

2.2.5 Summation Convention

The equations governing a continuous medium contains, especially in three dimen-
sions, long expressions with many additive terms. Often these terms have similar
structure because they represent components of a tensor. For example, consider the
component form of vector A:

A = Aje; + Ayer + Ajzes, (2231)

which can be abbreviated as
3 3
A=) A, or A=) Ae;. (2.2.32)
i=1 j=1

The summation index i or j is arbitrary as long as the same index is used for both A
and €. The expression can be further shortened by omitting the summation sign and
having the understanding that a repeated index means summation over all values
of that index. Thus, the three-term expression Aje; + Ae; + Azes can be simply
written as

A = Aie,‘ . (2233)

This notation is called the summation convention.

2.2.5.1 Dummy Index

The repeated index is called a dummy index because it can be replaced by any other
symbol that has not already been used in that expression. Thus, the expression in Eq.
(2.2.33) can also be written as

A = Aiel- = A]‘ej = Amem, (2234)

and so on. As a rule, no index must appear more than twice in an expression. For
example, A; B;C; is not a valid expression because the index i appears more than
twice. Other examples of dummy indices are

F; =Al'BjC]', Gy, =Hk(2—3AiBi)+PijFk. (2.2.35)
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The first equation above expresses three equations when the range of i and j is
1 to 3. We have

Fi = A1(BiCy + B,G + BGs),
F, = Ay(BICy + B,C, + B;(C3),
F; = A3(BiC) + B,C, + B;C3).

This amply illustrates the usefulness of the summation convention in shortening long
and multiple expressions into a single expression.

2.2.5.2 Free Index

A free index is one that appears in every expression of an equation, except for ex-
pressions that contain real numbers (scalars) only. Index i in the equation F; =
A;B;C; and k in the equation Gy = H(2 —3A;B;) + P; Q; Fy above are free in-
dices. Another example is

A; =2+Bi+ci+D,’+(F/'Gj —I‘I/'P/')Ei.

The above expression contains three equations (i = 1, 2, 3). The expressions A; =
B;Cy, A; = B}, and Fy = A, B;C; do not make sense and should not arise because
the indices on the two sides of the equal sign do not match.

2.2.5.3 Physical Components
For an orthonormal basis, the vectors A and B can be written as

A= A1e + Ay, + Aze; = A,é;,
B = Bié; + B,&; + B:é; = B¢,

where (&, €, &3) is the orthonormal basis and A; and B; are the corresponding
physical components of the vector A; that is, the components have the same physical
dimensions or units as the vector.

2.2.5.4 Kronecker Delta and Permutation Symbols

It is convenient to introduce the Kronecker delta §;; and alternating symbol e;;x
because they allow simple representation of the dot product (or scalar product) and
cross product, respectively, of orthonormal vectors in a right-handed basis system.
We define the dot product &; - €; as

éi . éj = 31‘]‘, (2236)
where
1, ifi=j
8ij _{ 0. ifi ], (2.2.37)

The Kronecker delta §;; modifies (or contracts) the subscripts in the coefficients of
an expression in which it appears:

Ai5,’/’ =Aj, AiBjSi]' =AiBi =AjB‘, 5i/'8ik:5/'k-

19
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As we shall see shortly, §;; denote the components of a second-order unit tensor,
I= 5,'/' éié/' = é,’él’.
We define the cross product &; x €; as

éi X é]- = eijkék, (2.2.38)

where
1, ifi, j, k are in cyclic order
and not repeated (i # j # k),
ejjx =y —1, ifi, j, k are not in cyclic order (2.2.39)
and not repeated (i # j # k),
0, ifanyofi, j, k are repeated.

The symbol e is called the alternating symbol or permutation symbol. By defini-
tion, the subscripts of the permutation symbol can be permuted without changing its
value; an interchange of any two subscripts will change the sign (hence, interchange
of two subscripts twice keeps the value unchanged):

Cijk = €kij = €jki, Cijk = —€jik = €jki = —€kji-

In an orthonormal basis, the scalar and vector products can be expressed in the
index form using the Kronecker delta and the alternating symbols:
A-B=(A&) (Bje;)=A;B;s; = A B,
' (2.2.40)
AxB= (Alé,) X (B]é]) = AiBjeijkék-
Note that the components of a vector in an orthonormal coordinate system can be
expressed as

A =A-¢&, (2.2.41)
and therefore we can express vector A as
A=A& =(A-&)é. (2.2.42)

Further, the Kronecker delta and the permutation symbol are related by the iden-
tity, known as the e-§ identity [see Problem 2.5(d)],

€ijkCimn = 8jmOkn — 8 nSkm- (2.2.43)

The permutation symbol and the Kronecker delta prove to be very useful in
proving vector identities. Since a vector form of any identity is invariant (i.e., valid
in any coordinate system), it suffices to prove it in one coordinate system. In partic-
ular, an orthonormal system is very convenient because we can use the index nota-
tion, permutation symbol, and the Kronecker delta. The following examples contain
several cases of incorrect and correct use of index notation and illustrate some of the
uses of §;; and ¢;ji.

EXAMPLE 2.2.3: Discuss the validity of the following expressions:
1. aubs = cp(d, — ;).
2. ambs = cp(ds — f5).
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3.
4.
S.

a; = bjCid,'.
xix; =r.

al-b,-cj =3.

SOLUTION:

1.
2.
3.

. A valid expression, containing one equation: xf +x5 + x§ =r-.
. A valid expression; it contains three equations (i =1,2,3): ajbic; +

Not a valid expression because the free indices r and s do not match.

Valid; both m and s are free indices. There are nine equations (m, s = 1, 2, 3).
Not a valid expression because the free index j is not matched on both sides
of the equality, and index i is a dummy index in one expression and a free
index in the other; i cannot be used both as a free and dummy index in the
same equation. The equation would have been valid if i on the left side of the

equation is replaced with j; then there will be three equations.
2

arbycy + arbsc; =3, axbici + axbacy + axbse; =3, and  azbicy + asbycr+
a3b3C3 =3.

EXAMPLE 2.2.4: Simplify the following expressions:

1.
2.
3.

;8 k0kpd pi-
EmjkEnjk-
(A xB)-(C x D).

SOLUTION:

1.

2.

3.

Successive contraction of subscripts yield the result:
8ij0iSkpdpi = 8 jkki = 8ijdji = 8ii = 3.

Expand using the e-§ identity
Emjkénjk = Smn‘s/'j - amj(snj = 38mn — Smn = 20mn-

In particular, the expression ¢;jx€;jx is equal to 26;; = 6.
Expanding the expression using the index notation, we obtain

(A xB)-(CxD)=(A;Bjejjrex) - (CpDnepnpe,)
= A, B;C,,Dyejjiemnpdip
= A; B;Cy Dyéijremnk
= A; BiCu Du(8im8jn — 8indjm)
= A; BjCu DySimbjn — Ai B;Co Duind jm
= A;B;C:D; — A;B;C;D; = A;C;B;D; — A; D; B;C;
=(A-C)(B-D)—- (A-D)B-C),

where we have used the e-§ identity (2.2.43).
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Figure 2.2.10. Rectangular Cartesian coordinates.

Although the above vector identity is established in an orthonormal coordinate
system, it holds in a general coordinate system. That is, the above vector identity is
invariant.

EXAMPLE 2.2.5: Rewrite the expression e,,,; A; B;C,, D,€; in vector form.

SOLUTION: We note that B;é; = B. Examining the indices in the permutation
symbol and the remaining coefficients, it is clear that vectors C and D must have
a cross product between them and the resulting vector must have a dot product
with vector A. Thus we have

2.2.6 Transformation Law for Different Bases

When the basis vectors are constant, that is, with fixed lengths (with the same units)
and directions, the basis is called Cartesian. The general Cartesian system is oblique.
When the basis vectors are unit and orthogonal (orthonormal), the basis system is
called rectangular Cartesian or simply Cartesian. In much of our study, we shall deal
with Cartesian bases.

Let us denote an orthonormal Cartesian basis by

{exaeysez} or {élaéZvéS}

The Cartesian coordinates are denoted by (x, y, z) or (x1, X2, x3). The familiar rect-
angular Cartesian coordinate system is shown in Figure 2.2.10. We shall always use
right-handed coordinate systems.
A position vector to an arbitrary point (x, y, z) or (xi, x2, x3), measured from
the origin, is given by
r=x& + yé, + ze,
= X161 + x2€, + x3€3, (2.2.44)

or, in summation notation, by

r=x;&;, r-r=r>=xx. (2.2.45)
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We shall also use the symbol x for the position vector r = x. The length of a line
element dr = dx is given by

dr - dr = (ds)? = dx;dx; = (dx)* + (dy)* + (dz)*. (2.2.46)

Here we discuss the relationship between the components of two different or-
thonormal coordinate systems. Consider the first coordinate basis

{€(, &, &3}
and the second coordinate basis
{er, e, e3}.

Now we can express the same vector in the coordinate system without bars (referred
as “unbarred”) and also in the coordinate system with bars (referred as “barred”):

A=A =(A &)e

. (2.2.47)
=A;é; = (A &)e.
From Eq. (2.2.42), we have
Ai=A-e; = A& €)= A, (2.2.48)
where
Cj =€ - &. (2.2.49)

Equation (2.2.48) gives the relationship between the components (A1, A,, A3) and
(A1, Ay, A3), and it is called the transformation rule between the barred and un-
barred components in the two coordinate systems. The coefficients ¢;; can be inter-
preted as the direction cosines of the barred coordinate system with respect to the
unbarred coordinate system:

¢;; = cosine of the angle between €; and &;. (2.2.50)

Note that the first subscript of ¢;; comes from the barred coordinate system and the
second subscript from the unbarred system. Obviously, ¢;; is not symmetric (i.e.,
¢;j # £;;). The rectangular array of these components is called a matrix, which is the
topic of the next section. The next example illustrates the computation of direction
cosines.

EXAMPLE 2.2.6: Let & (i =1,2,3) be a set of orthonormal base vectors, and
define a new right-handed coordinate basis by (note that €;.€, = 0)

~ ~ 1
€| —2e1+2e2+e3 e =— (& —¢6),
( ), ﬁ( )
é3 =é1 X éz (e1 +e2—4e3)

3f
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a. Figure 2.2.11. The original and transformed coordi-
nate systems defined in Example 2.2.6.

The original and new coordinate systems are depicted in Figure 2.2.11. Deter-
mine the direction cosines ¢;; of the transformation and display them in a rect-

angular array.
SOLUTION: From Eq. (2.2.49) we have
2

511=31'é1=§, €12=é1-éz=§, b3 =@ -

b =& é1=i, 322=éz'é2——i, )
2 V2

l31 =& él—i, l =& é2=L, 33 =@3-
3V2 3V2

The rectangular array of these components is denoted by L and has the form

. 2V2 22 V2
L=—| 3 -3 o0
W2 | 1 —4

2.3 Theory of Matrices

2.3.1 Definition

In the preceding sections, we studied the algebra of ordinary vectors and the trans-
formation of vector components from one coordinate system to another. For ex-
ample, the transformation equation (2.2.48) relates the components of a vector in
the barred coordinate system to unbarred coordinate system. Writing Eq. (2.2.48)

in expanded form,
Al = 1Ay + € Ay + 013 As,
Ay = U1 A + 0 A + U3 A3,
Az = 31 A1 + A + 33 As,

(2.3.1)
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we see that there are nine coefficients relating the components A; to A;. The form
of these linear equations suggests writing down the scalars of ¢;; (jth components in
the ith equation) in the rectangular array

b b2 43
L=ty {n {Ix
l31 L3 A3

This rectangular array L of scalars ¢;; is called a matrix, and the quantities ¢;; are
called the elements of L."

If a matrix has m rows and n columns, we will say that it is an m by n (m x n)
matrix, the number of rows always being listed first. The element in the ith row
and jth column of a matrix A is generally denoted by a;;, and we will sometimes
designate a matrix by A = [A] = [4;;]. A square matrix is one that has the same
number of rows as columns. An #n x n matrix is said to be of order n. The elements
of a square matrix for which the row number and the column number are the same
(i.e., a;; for i = j) are called diagonal elements or simply the diagonal. A square
matrix is said to be a diagonal matrix if all of the off-diagonal elements are zero. An
identity matrix, denoted by I = [I], is a diagonal matrix whose elements are all 1’s.
Examples of a diagonal and an identity matrix are given below:

5 000 1 0 0O
0 -2 00 [— 0100
0 01 of’ 10 0 10
0 0 0 3 0 0 01

The sum of the diagonal elements is called the trace of the matrix.
If the matrix has only one row or one column, we will normally use only a single
subscript to designate its elements. For example,

X1
X=1x ¢, Y={yyy}
X3
denote a column matrix and a row matrix, respectively. Row and column matrices
can be used to denote the components of a vector.

2.3.2 Matrix Addition and Multiplication of a Matrix by a Scalar

The sum of two matrices of the same size is defined to be a matrix of the same size
obtained by simply adding the corresponding elements. If A is an m x n matrix and
B is an m x n matrix, their sum is an m x n matrix, C, with

Cij = ajj + b,'j forall i, j (232)

L The word “matrix” was first used in 1850 by James Sylvester (1814-1897), an English algebraist.
However, Arthur Caley (1821-1895), professor of mathematics at Cambridge, was the first to ex-
plore properties of matrices. Significant contributions in the early years were made by Charles
Hermite, Georg Frobenius, and Camille Jordan, among others.

25
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A constant multiple of a matrix is equal to the matrix obtained by multiplying
all of the elements by the constant. That is, the multiple of a matrix A by a scalar «,
aA, is the matrix obtained by multiplying each of its elements with «:

an aiz ... Qin aay;pr  odyp ... odi,

a dxp ... Qu aay ody ... ody
A= . . .|, A=

aAml A2 ... Qump Ay Ay ... Odyy

Matrix addition has the following properties:

1. Addition is commutative: A + B = B + A.

2. Addition is associative: A + (B+C) = (A +B) + C.

3. There exists a unique matrix 0, such that A +0 =0+ A = A. The matrix 0 is
called zero matrix; all elements of it are zeros.

4. For each matrix A, there exists a unique matrix —A such that A + (—A) = 0.

5. Addition is distributive with respect to scalar multiplication: «(A + B) = ¢ A +
oB.

6. Addition is distributive with respect to matrix multiplication, which will be dis-
cussed shortly (note the order):

(A +B)C = AC + BC.

2.3.3 Matrix Transpose and Symmetric Matrix

If A is an m x n matrix, then the n x m matrix obtained by interchanging its rows
and columns is called the transpose of A and is denoted by AT. For example, con-
sider the matrices

g _3 é 3 -1 2 4
A= , B=|-6 3 5 7/|. (2.3.3)
243 9 6 -2 1
-1 9 0
The transposes of A and B are
58 2 -1 _i _g z
AT=|-27 4 9|, B'=
163 0 200 2
4 7 1

The following basic properties of a transpose should be noted:

1. (ADHT=A.
2. (A+B)'=AT + BT,

A square matrix A of real numbers is said to be symmetric it AT = A. It is said
to be skew symmetric if AT = —A. In terms of the elements of A, these definitions
imply that A is symmetric if and only if a;; = a;;, and it is skew symmetric if and
only if a;; = —aj;. Note that the diagonal elements of a skew symmetric matrix are
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always zero since a;; = —a;; implies a;; = 0 for i = j. Examples of symmetric and
skew symmetric matrices, respectively, are

5 =2 12 21 0 —-11 32 4
-2 2 16 -3 11 0 25 7
12 16 13 8|’ -32 =25 0 15
21 -3 8 19 -4 -7 =15 0

2.3.4 Matrix Multiplication

Consider a vector A = a;&; + a,€; + az€3 in a Cartesian system. We can represent
A as a product of a row matrix with a column matrix,

A

€]

o>

A={aarya3} | &
€3
The vector A is obtained by multiplying the ith element in the row matrix with the
ith element in the column matrix and adding them. This gives us a strong motivation
for defining the product of two matrices.
Let x and y be the vectors (matrices with one column)

X1 N

X2 2
X = , Y= .

Xm Ym

We define the product x'y to be the scalar

N
X'y = {x1, %2, ..., X} }iz
Ym

=X+ X0yt XpYm = le-yi. (2.3.4)

i=1
It follows from Eq. (2.3.4) that x"y = y'x. More generally, let A = [a;;] be m x n
and B = [b;;] be n x p matrices. The product AB is defined to be the m x p matrix
C= [C,‘j] with

. by;

jth col. by;

cij = {i throw of [A]} of = {an. an,....aim} |
B .

b,,j

= ajbij + aipbyj + - + ainby = Za,—kbkj. (2.3.5)
k=1

27
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The next example illustrates the computation of the product of a square matrix with
a column matrix.

The following comments are in order on the matrix multiplication, wherein A
denotes an m x n matrix and B denotes a p x g matrix:

1. The product AB is defined only if the number of columns n in A is equal
to the number of rows p in B. Similarly, the product BA is defined only
if g = m.

2. If ABis defined, BA may or may not be defined. If both AB and BA are defined,
it is not necessary that they be of the same size.

3. The products AB and BA are of the same size if and only if both A and B are
square matrices of the same size.

4. The products AB and BA are, in general, not equal AB # BA (even if they are
of equal size); that is, the matrix multiplication is not commutative.

5. For any real square matrix A, A is said to be normal if AAT = ATA; A is said
to be orthogonal if AAT = ATA = 1.

6. If A is a square matrix, the powers of A are defined by A?> = AA, A% = AA? =
A’A, and so on.

7. Matrix multiplication is associative: (AB)C = A(BC).

The product of any square matrix with the identity matrix is the matrix itself.

9. The transpose of the product is (AB)T = BTAT (note the order).

o

The next example illustrates computation of the product of two matrices and verifies
Property 9.

EXAMPLE 2.3.1: Verify Property 3 using the matrices [A] and [ B] in Eq. (2.3.3).
The product of matrix A and B is

1
3 -1 2 4
AB = 8 76 —6 3 5 7
2 43 9 6 -2 1
| —1 9 0
r 36 -5 -2 7
_ 36 49 39 87
- 9 28 18 39|’
| —57 28 43 59
and
36 36 9 =57
-5 49 28 28
T _
(AB)" = -2 39 18 43
7 87 39 59
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Now compute the product

T3 -6 9

582 -1
BTAT=| L 3 %74
205 2 163 0
L4 7 1
T36 36 9 —57
| -5 49 28 28
Tl -2 39 18 43
L 7 87 39 59

Thus, (AB)T = BTAT is verified.

2.3.5 Inverse and Determinant of a Matrix

If A is an n x n matrix and B is any n x n matrix such that AB = BA =1, then B is
called an inverse of A. If it exists, the inverse of a matrix is unique (a consequence
of the associative law). If both B and C are inverses for A, then by definition,

AB=BA=AC=CA=L
Since matrix multiplication is associative, we have
BAC=(BA)C=IC=C
= B(AC) =Bl =B.

This shows that B = C, and the inverse is unique. The inverse of A is denoted by
A~!. A matrix is said to be singular if it does not have an inverse. If A is nonsingular,
then the transpose of the inverse is equal to the inverse of the transpose: (Afl)T =
AnH™.

Let A = [a;;] be an n x n matrix. We wish to associate with A a scalar that in
some sense measures the “size” of A and indicates whether A is nonsingular. The
determinant of the matrix A = [g;;] is defined to be the scalar det A = | A| computed
according to the rule

detA = |a;j| = Z(—l)i+1ai1|Ai1|,
i=1

(2.3.6)

where | A;;] is the determinant of the (n — 1) x (n — 1) matrix that remains on delet-
ing out the ith row and the first column of A. For convenience, we define the deter-
minant of a zeroth-order matrix to be unity. For 1 x 1 matrices, the determinant is
defined according to |ay1| = a1;. For a2 x 2 matrix A, the determinant is defined by

ar a
A= [ } A=
azy an

ap  an
as

= apda — apai.

In the previous definition, special attention is given to the first column of the matrix
A. We call it the expansion of | A| according to the first column of A. One can expand
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| A] according to any column or row:

n

Al =) (=) Ayl (2.3.7)

i=1
where |A;j| is the determinant of the matrix obtained by deleting the ith row and
jth column of matrix A. A numerical example of the calculation of determinant is
presented next.

EXAMPLE 2.3.2: Compute the determinant of the matrix

2 5 -1
A=[1 4 3
2 -3 5
SOLUTION: Using the definition (2.3.7) and expanding by the first column, we
have
3 .
Al =) (=1)*an| An|
i=1
4 3 5 -1 5 -1
(1) _1)3 V4
= 1Fan| 3 3le e S Tl enta]

=2[@)(5) — B)(=3)] + (-D[)) = (-1)(=3)] +2[(5)3) ~ (-]

=2(20+9) — (25— 3) +2(15 + 4) = 74.

The cross product of two vectors A and B can be expressed as the value of the

determinant
& & &
AxB=|A A, A;l, (2.3.8)
B B B
and the scalar triple product can be expressed as the value of a determinant
A Ay A
A-BxC)=|B B B]|. (2.3.9)
G G G

In general, the determinant of a 3 x 3 matrix A can be expressed in the form
|A| = ei}‘kdli(lgjag,k, (2310)

where a;; is the element occupying the ith row and the jth column of the matrix.
The verification of these results is left as an exercise for the reader (Problem 2.6 is
designed to prove some of them).

We note the following properties of determinants:

1. det(AB) = detA - detB.
2. detAT = detA.
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3. det(e A) = " detA, where « is a scalar and # is the order of A.

4. If A’ is a matrix obtained from A by multiplying a row (or column) of A by a
scalar «, then det A’ = « detA.

5. If A’ is the matrix obtained from A by interchanging any two rows (or columns)
of A, then detA’ = —detA.

6. If A has two rows (or columns) one of which is a scalar multiple of another (i.e.,
linearly dependent), detA = 0.

7. If A’ is the matrix obtained from A by adding a multiple of one row (or column)
to another, then detA’ = detA.

We define (in fact, the definition given earlier is an indirect definition) singular
matrices in terms of their determinants. A matrix is said to be singular if and only if
its determinant is zero. By Property 6 mentioned earlier the determinant of a matrix
is zero if it has linearly dependent rows (or columns).

For an n x n matrix A, the determinant of the (n — 1) x (n — 1) sub-matrix, of
A obtained by deleting row i and column j of A is called minor of a;; and is denoted
by M;;(A). The quantity cof;;(A) = (—1)"*/ M;;(A) is called the cofactor of a;;. The
determinant of A can be cast in terms of the minor and cofactor of a;;

n
detA = > a;; cofij(A) (2.3.11)
i=1
for any value of j.

The adjunct (also called adjoint) of a matrix A is the transpose of the matrix
obtained from A by replacing each element by its cofactor. The adjunct of A is
denoted by AdjA.

Now we have the essential tools to compute the inverse of a matrix. If A is
nonsingular (i.e., det A # 0), the inverse A~ of A can be computed according to

1
1=~ _AdjA. 2.3.12
detA ! ( )

The next example illustrates the computation of an inverse of a matrix.

EXAMPLE 2.3.3: Determine the inverse of the matrix [ A] of Example 2.3.2.
SOLUTION: The determinant is given by (expanding by the first row)

|Al = (2)29) + (-)G)(=1) + (=D)(-11) = 74.
The we compute M;;

4 3
35

1 3

M (A) = ‘ > 5

: Mi>(A) = ‘

et

2 -3
cofi(A) = (1)’ My (A) =4 x 5—(=3)3 =29

cofp(A) = (1)’ Mp(A) = —(1x5-3%x2)=1

cofi3(A) = (—=1)*M3(A) =1 x (=3) =2 x 4 = —11.
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The Adj(A) is given by

B COf11 (A) COf12(A) COf13 (A) T
Ad] (A) = C0f21 (A) C0f22 (A) C0f23 (A)
| C0f31 (A) C0f32 (A) C0f33 (A)

29 =22 19
= 1 12 -7
—11 16 3

The inverse of A can be now computed using Eq. (2.3.12),

. 29 -22 19
A*1=7—4 1 12 -7
11 16 3

It can be easily verified that AA™! = 1.

2.4 Vector Calculus

2.4.1 Derivative of a Scalar Function of a Vector

The basic notions of vector and scalar calculus, especially with regard to physical
applications, are closely related to the rate of change of a scalar field (such as the
velocity potential or temperature) with distance. Let us denote a scalar field by ¢ =
¢(x), x being the position vector, as shown in Figure 2.4.1.

In general coordinates, we can write ¢ = ¢(q', g%, ¢*). The coordinate system
(q'. ¢%. ¢*) is referred to as the unitary system. We now define the unitary basis
(e1, e, e3) as follows:

e = —:, e = —-, e = —;. (241)

Figure 2.4.1. Directional derivative of a scalar function.
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Note that (e, e;, e3) is not necessarily an orthogonal or unit basis. Hence, an arbi-
trary vector A is expressed as

A= Ale; + A%, + Ales = A'e;, (2.4.2)
and a differential distance is denoted by
dx = dq'e, +dq*e; + dg’e; = dq'e;. (2.4.3)

Observe that the A’s and dg’s have superscripts, whereas the unitary basis
(e1, €2, €3) has subscripts. The dq' are referred to as the contravariant components
of the differential vector dx, and A’ are the contravariant components of vector
A. The unitary basis can be described in terms of the rectangular Cartesian basis
(ex, &y, e;) = (&, &, &3) as follows:

ox ox ay . 0z

e =—=—¢ —e —e,,
1 aql aql X + aql y + aql 4

ox ox ay 0z
e =—=—¢@ —e —e€,, 2.4.4
2T a2 o dq? vt ag> " 244)
e_ax_axé+3yé+8zé
3= 36]3 - 36]3 X 36]3 y 36]3 z

In the summation convection, we have

e = a_x = a—ﬂé,, i=1,2,3. (2.4.5)
dg' g’
Associated with any arbitrary basis is another basis that can be derived from it.
We can construct this basis in the following way: Taking the scalar product of the
vector A in Eq. (2.4.2) with the cross product e; x e, and noting that since e; x e; is
perpendicular to both e; and e;, we obtain

A - (e1 X ez) = A363 : (61 X ez).
Of course, in the evaluation of the cross products, we shall always use the right-hand
rule. Solving for A3 gives

e X e e X ey
A=A =A. ) 2.4.6
e;-(e; x e) [erere3] ( )

In similar fashion, we can obtain the following expressions for

€ X e3 2 €3 X €1

Al=A. . .
[61 ezea] [el e2e3]

) (2.4.7)

Thus, we observe that we can obtain the components A', A%, and A® by taking the

scalar product of the vector A with special vectors, which we denote as follows:
1_62X€3 2_e3xe1 3 €1 X e

e = , e = , e =— 2.4.8
[ejeres] [eezes] [erezes] (248)
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The set of vectors (e', €2, e?) is called the dual basis or reciprocal basis. Notice from
the basic definitions that we have the following relations:

; c_ [t =
e-e]-=8j={0, it (2.4.9)

It is possible, since the dual basis is linearly independent (the reader should verify
this), to express a vector A in terms of the dual basis [cf. Eq. (2.4.2)]:

A= Ae! + A)e? + Aze° = Ajel. (2.4.10)

Notice now that the components associated with the dual basis have subscripts, and
A; are the covariant components of A.

By an analogous process as that just described, we can show that the original
basis can be expressed in terms of the dual basis in the following way:

e’ x e e’ x el el x e?

_ L ep= S X8 = £ X 2.4.11
“ [ele2e?] © [ele?e?] @ [ele?ed] ( )

It follows from Eqgs. (2.4.2) and (2.4.10), in view of the orthogonality property in Eq.
(2.4.9), that

Al=A-¢, A =A-e,
Al =gle;, A =gjel, (2.4.12)
gl=¢e-e, gj=e e,

Returning to the scalar field ¢, the differential change is given by

¢ ¢ ¢
de = 701 3 dg* + — 97 dg’. (2.4.13)

The differentials dq', dq”, dg® are components of dx [see Eq. (2.4.3)]. We would
now like to write d¢ in such a way that we elucidate the direction as well as the
magnitude of dx. Since e' -e; =1,e’> - e, = 1, and e* - e; = 1, we can write

a d
d¢:el—¢~e1dql+e2 ¢ 38¢3

aq! 9q>
0 d 0
_¢ + e2_¢ + e3 _¢
ag! 9> g3

cerdg’ + e esdq’

= (dq'e; + dg*e; + dqg’e;) - (e1

=dx- <e1% e e38—¢3). (2.4.14)

Let us now denote the magnitude of dx by ds = |dx|. Then € = dx/ds is a unit vector
in the direction of dx, and we have

A\ _ o (90, 200 500
(ds)é_e (e aql—i—e 8q2+ 8q> (2.4.15)
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z grad ¢

35

o) =c,

p()=c;
Figure 2.4.2. Level surfaces. 5

y

The derivative (d¢/ds)e is called the directional derivative of ¢. We see that it is the
rate of change of ¢ with respect to distance and that it depends on the direction & in
which the distance is taken.

The vector in Eq. (2.4.15) that is scalar multiplied by € can be obtained imme-
diately whenever the scalar field ¢ is given. Because the magnitude of this vector
is equal to the maximum value of the directional derivative, it is called the gradient
vector and is denoted by grad ¢:

¢ 5 0¢ 5 0¢

— al
grad¢ =e 3_611 +e 3_612 +e 3_613 (2416)

From this representation, it can be seen that

) 3 B¢

agt  aqr g

are the covariant components of the gradient vector.

When the scalar function ¢(x) is set equal to a constant, ¢(x) = constant, a fam-
ily of surfaces is generated. A different surface is designated by different values of
the constant, and each surface is called a level surface, as shown in Figure 2.4.2.
The unit vector € is tangent to a level surface. If the direction in which the direc-
tional derivative is taken lies within a level surface, then d¢/ds is zero, since ¢ is a
constant on a level surface. It follows, therefore, that if d¢/ds is zero, then grad ¢
must be perpendicular to € and, hence, perpendicular to a level surface. Thus, if any
surface is defined by ¢(x) = constant, the unit normal to the surface is determined
from

n grad ¢ .
|grad ¢|

n= (2.4.17)
In general, the normal vector is a function of position x; fi is independent of x only
when ¢ is a plane (i.e., linear function of x). The plus or minus sign appears in Eq.
(2.4.17) because the direction of fi may point in either direction away from the sur-
face. If the surface is closed, the usual convention is to take fi pointing outward from
the surface.
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2.4.2 The del Operator

It is convenient to write the gradient vector as

9 0 d
radg = (el — +e>— +e— 2.4.18
and interpret grad ¢ as some operator operating on ¢, that is, grad ¢ = V¢. This
operator is denoted by
d d 0
V=el—+e?— +e—
oq! + 0q? + q>
and is called the del operator. The del operator is a vector differential operator, and
the “components” 3/dq', 3/dq*, and 3/q> appear as covariant components.
Whereas the del operator has some of the properties of a vector, it does not
have them all because it is an operator. For instance V - A is a scalar (called the di-
vergence of A), whereas A - V is a scalar differential operator. Thus the del operator
does not commute in this sense.
In Cartesian systems, we have the simple form

(2.4.19)

0 0 0
V=é—+¢&,— +é,—, 2.4.20
X ax + y ay + z 32 ( )
or, in the summation convection, we have
B
V=¢—. (2.4.21)
8)65

2.4.3 Divergence and Curl of a Vector

The dot product of a del operator with a vector is called the divergence of a vector
and denoted by

V. A =divA. (2.4.22)
If we take the divergence of the gradient vector, we have
div(grad ) =V - V¢ = (V- V)¢ = V2. (2.4.23)

The notation V2 = V - V is called the Laplacian operator. In Cartesian systems, this
reduces to the simple form
3¢ %9 0% 9%
ax2  3yr 92 oax;ox
The Laplacian of a scalar appears frequently in the partial differential equations
governing physical phenomena (see Section 8.3.3).

The curl of a vector is defined as the del operator operating on a vector by means
of the cross product:

Vi = (2.4.24)

9 A
curl A=V x A = el-jkéia—". (2.4.25)
X

i
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The quantity i - grad ¢ of a function ¢ is called the normal derivative of ¢, and
it is denoted by

d¢

— =n-grad ¢ =1i- Vo. (2.4.26)
on

In a Cartesian system, this becomes

¢ d¢ ¢ ¢
9 _99, 9, ¥ 2.4.27
on ax Tyt e (24.27)

where n,, n,, and n, are the direction cosines of the unit normal
0 =n.e +n,e +n.e. (2.4.28)

Next, we present several examples to illustrate the use of index notation to
prove certain identities involving vector calculus.

EXAMPLE 2.4.1: Establish the following identities using the index notation:

LV(@)=".

2. V(") = nr" .

3. Vx(VF)=0.

4. V- (VF xVG) =0.

5. Vx(Vxv)=V(V.v)— V.

6. div(AxB)=VxA-B-VxB-A.

SOLUTION:
1. Consider

_or .0 1
V() = ¢y~ o (xjxj)?
A 1 1_4q A _1 r X
ZCiE(XjX]‘)Z 2x; = €;x; (X]'x]') 2 Z;Z;, (a)
from which we note the identity
ar X;
R b
ax; r (b)
2. Similar to 1, we have
0 4. Or . _
V(") = S ") = nr" 1eia—Xi =" 2x;& = nr'" .

3. Consider the expression

. 0 _dF _9’F
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Note that % is symmetric in i and j. Consider the kth component of the
i0Xj
above vector

3’ F ?F
iik——— = —ejijx——— (interch diandj
€ijk Tx0% ejik Tx0% (interchanged i and j)
3?F
—e;ix—— (renamedi as jand j asi
L ( iasjandjasi)
92F 2F
—ejjk Do, ox, (used the symmetry of Frerak

Thus, the expression is equal to its own negative. Obviously, the only param-

eter that is equal to its own negative is zero. Hence, we have V x (VF) = 0.

It also follows that e;; F;; = 0 whenever Fj; = Fj;, thatis, F;; is symmetric.
4. We have

il oF G
V- (VEXVG)=(&— ) (& — x&—
ax; 0x; 0xy

(- &) 92F aG+8F 92G

= Cukes ax;0x; dxx  9x; 9x;0xx
®F aG OF 3G

Cijk \ ——— + — =0,
0x;0x; 0xx  0x; 0x;0xk

where we have used the result from 3.
5. Observe that

Vx(Vxv)=¢é 0 8, é
X XV)=€ — X |€i— X g€
’Bx,- ’Bx,- KEk

9 vk, P,
=€ — X |ejxr—=©€r | =eiomeire——8€,,.
i 3x,‘ jke 3Xj 14 itm €jke axiaxj m
Using the e-§ identity, we obtain
9%y, %y v,
€, = e; — €k
Bx,-ax,- 8xi8xj ax,-ax,-

N

V x (V X V) = (5,,,]'(3,']( — 5mk5ij)

3 (v 9? )
=¢,—[—) - &) =V (V-v)— V.
e] 8xj (3)@ ) 8xi8xi (Ukek) ( V) v

This result is sometimes used as the definition of the Laplacian of a vector;
that is,
V?y = grad(div v) — curl curl v.

6. Expanding the vector expression

. . 0 N 0A; 0 By
div(A xB) =& - ™ (ejkeAjBeée) = eiji <8_x,/ B, + Aja_x,»>

=VxA-B-VxB-A.
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Table 2.4.1. Vector expressions and their Cartesian component
forms (A, B, and C) are vector functions, and U is a scalar function;

(€1, &, ;) are the Cartesian unit vectors

No. Vector form Component form
1. A A
2. A-B A; B;
3. AxB eijr Ai Bj€
4, A(B XC) ei/'kAiBjCk
5. A x (B X C) = B(A . C) - C(A . B) e,-jkeklmA]- B[Cmé,'
6. vU %éi
7. VA Liee
8. VA 1
9. V x A e,-jk%ék
10. V- (AxB)=B:-(VxA)—A-(VxB) e,-jk%(A‘,-Bk)
11. V.- (UA)=UV-A+VU-A &(UAI-)
12. Vx(UA)=VUxA+UV x A eijk%(UAk)éi
7
13. V(UA) = VUA + UVA éjaaTI_(UAkék)
14. V x (A X B) = A(V . B) — B(V . A) e,-,-kemklﬁ(A,- B/)é[
+B-VA-A.-VB
15. (VxA)xB=B-[VA - (VA)"] ijkexim B 55 &
2
16. V- (VU)=V2U s
02A; A
17. V- (VA) = V’A T €
18. VxVxA=V(V-A)—(V-V)A emilejk[;;—‘g)’;]ém
19. (A-V)B Aj ;B é
A 9B

The examples presented illustrate the convenience of index notation in estab-
lishing vector identities and simplifying vector expressions. The difficult step in these
proofs is recognizing vector operations from index notation. A list of vector oper-
ations in both vector notation and in Cartesian component form is presented in
Table 2.4.1.

2.4.4 Cylindrical and Spherical Coordinate Systems

Two commonly used orthogonal curvilinear coordinate systems are cylindrical co-
ordinate system [see Figure 2.4.3(a)] and spherical coordinate system [see Fig-
ure 2.4.3(b)]. Table 2.4.2 contains a summary of the basic information for the two
coordinate systems. It is clear from Table 2.4.2 that the matrix of direction cosines
between the orthogonal rectangular Cartesian system (x, y, z) and the orthogonal
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Figure 2.4.3. (a) Cylindrical coordinate system. (b) Spherical coordinate system.
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curvilinear systems (7, 6, z) and (R, ¢, 6), respectively, are as given in Egs. (2.4.29)-

(2.4.32)

Cylindrical coordinates

é, cosf® sinf

€ —sin® cosf

€, 0 0

€, [ cos® —sind

é, sinf  cosf

€, 0 0

Spherical coordinates

€r [ sin¢g cosf  sin ¢ sin 6
€, ¢ = | cosgpcosf cos¢sing
€ —sinf cos
€, [ sin¢g cosf cos¢cosh
€, =| singsinf cos¢gsing
e, —sin¢

—_ o O

—_

Ccos ¢
—sin ¢
0

—sin®
cos o
0

2.4.5 Gradient, Divergence, and Curl Theorems

(2.4.29)
(2.4.30)
€,
e, ! (2.4.31)
€,
er
& ! (2.4.32)
€

Integral identities involving the gradient of a vector, divergence of a vector, and curl
of a vector can be established from integral relations between volume integrals and
surface integrals. These identities will be useful in later chapters when we derive the
equations of a continuous medium.

Let © denote a region in %> bounded by the closed surface I'. Let ds be a differ-
ential element of surface and i the unit outward normal, and let dx be a differential
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Table 2.4.2. Base vectors and del and Laplace operators in
cylindrical and spherical coordinate systems

Cylindrical coordinate system (r, 0, z)
x=rcosf,y=rsind,z=z,r=ré + zé,

A = A& + Aypéy + A e, (typical vector)

€, =cosf &, +sinf &,, & = —sinf &, +cosh &,, &, = ¢,

ae,

5o = —sinf &, +cosf &, = &, % — _cosH &, —sind e, =—¢

a0

All other derivatives of the base vectors are zero.
V=bL+1le0 +e.2,

V= %[E( >+ 12 +r%]

V.A=1! [a(rA) + +r"A }

= (L _ 4 04, _ 9Aya o 1[00A) 944
xA=(;% 2) &+ (3 3r)e9+r|: ar a0 | €

Spherical coordinate system (R, ¢, 0)

Xx = Rsingcos6, y = Rsingsinf, z= Rcos¢, r = Rég
A = Apér+ Ayéy + Agéy (typical vector)

€ér =sin¢gcosh &, +singsinb &, + cos¢ &;

€y = cos¢pcosh &, + cospsinf €, —sing €;

&) = —sinf &, +cosb &,

€, =sin¢cosh ég + cos¢cosh &, —sind &

€, =sin¢sinf ég + cos¢sinb &; + cosb &

€, =cos¢p &g —sing &

g _ A der __ 0y A

9 =&, 59 =sing &, 35 =&

98y ~ 9@ . PN ~
S5 =Cos¢ ey, 7 = —sing €r —Ccos ¢ €&,

All other derivatives of the base vectors are zero.

—fp0d 4 la 9 1 & 9
V =8@r3z + %35 T Tems € 95

2_ 1 39 2 0 1 9%
Ve = mar(R ﬁ)JF Rsing a¢<sm¢ >+ By 007

R
_AhA aA 3(Ay sing) 1 A
V-A= 27R + R + Rsm¢ £l + Rsing 2)09
_ 1 aGingAg) _ 04, dA 1 3(RAs)
VXA_Rsin¢[ P ae]eR"'[Rsmd;TeR_R IR ]

A(RAy) _ AR | &
+R|: 7R 9 | €0
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volume element in 2. The following relations, known from advanced calculus, hold:

/ V¢ dx = 7{ fi¢ ds (Gradient theorem). (2.4.33)
Q r
/ V- -Adx= 74 i-Ads (Divergence theorem). (2.4.34)
Q r
/ V x Adx = % fi x A ds (Curl theorem). (2.4.35)
Q r

These forms are known as the invariant forms since they do not depend in any way
upon defined coordinate systems.

The combination @i - A ds is called the outflow of A through the differential sur-
face ds. The integral is called the total or net outflow through the surrounding sur-
face As. This is easiest to see if one imagines that A is a velocity vector and the
outflow is an amount of fluid flow. In the limit as the region shrinks to a point, the

net outflow per unit volume is associated therefore with the divergence of the vector
field.

2.5 Tensors

2.5.1 Dyads and Polyads

As stated earlier, the surface force acting on a small element of area in a continuous
medium depends not only on the magnitude of the area but also on the orientation
of the area. The stress, which is force per unit area, not only depends on the magni-
tude of the force and orientation of the plane but also on the direction of the force.
Thus, specification of stress at a point requires two vectors, one perpendicular to the
plane on which the force is acting and the other in the direction of the force. Such
an object is known as a dyad, or what we shall call a second-order tensor. Because
of its utilization in physical applications, a dyad is defined as two vectors standing
side by side and acting as a unit. A linear combination of dyads is called a dyadic.
Let Aj, Ay, ..., A, and By, By, ..., B, be arbitrary vectors. Then we can represent
a dyadic as

®=AB +AB,+ ---+A,B,. (2.5.1)

The transpose of a dyadic is defined as the result obtained by the interchange of

the two vectors in each of the dyads. For example, the transpose of the dyadic in
Eq. (2.5.1) is

o' =B/A; +BAs + -+ B,A,.

One of the properties of a dyadic is defined by the dot product with a vector,
say V:

(2.5.2)
V.= (VA])B1 +(VA2)B2++(VA,,)B,,
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The dot operation with a vector produces another vector. In the first case, the dyad
acts as a prefactor and in the second case as a postfactor. The two operations in
general produce different vectors. The expressions in Eq. (2.5.2) can also be written
in alternative form using the definition of the transpose of a dyad as

V.-&=¢".V, &.V=V.0o" (2.5.3)

In general, one can show (see Problem 2.25) that the transpose of the product of
tensors (of any order) follows the rule

(@ W' =v". 0" (. w.V) =V .uT. 0T (2.5.4)
The dot product of a dyadic with itself is a dyadic, and it is denoted by
o ¢ =P (2.5.5)
In general, we have

' =9" . @, (2.5.6)

2.5.2 Nonion Form of a Dyadic

Let each of the vectors in the dyadic (2.5.1) be represented in a given basis system.
In Cartesian system, we have

A; = Ajjej, B; = Byex.

The summations on j and k are implied by the repeated indices.
We can display all of the components of a dyadic ® by letting the k index run to
the right and the j index run downward:

D = ¢11€1€1 + P12€18 + P13€183
+ 3216281 + $22€2€) + P23€283
+ $31€3€1 + ¢32€3€; + P33€3€5. (2.5.7)

This form is called the nonion form of a dyadic. Equation (2.5.7) illustrates that a
dyad in three-dimensional space has nine independent components in general, each
component associated with a certain dyad pair. The components are thus said to be
ordered. When the ordering is understood, such as suggested by the nonion form
(2.5.7), the explicit writing of the dyads can be suppressed and the dyadic written as
an array:

11 b2 P13 e’ &
[P]=| d21 d22 ¢ and ®=1& ¢ [P]]é ¢. (2.5.8)
$31 ¢ P33 €3 é;

This representation is simpler than Eq. (2.5.7), but it is taken to mean the same.
The unit dyad is defined as

I=¢é6é,. (2.5.9)

43



44

Vectors and Tensors

It is clear that the unit second-order tensor is symmetric. With the help of the Kro-
necker delta symbol §;;, the unit dyadic in an orthogonal Cartesian coordinate sys-
tem can be written alternatively as

A T

€ € 1 0 0
1=5;8é. I=1&' (Nlel. M=o 1 0]. (2.5.10)
€3 €3 0 0 1

The permutation symbol e;;; can be viewed as the Cartesian components of a third-
order tensor of a special kind.

The “double-dot product” between two dyads is useful in the sequel. The
double-dot product between a dyad (AB) and another dyad (CD) is defined as the
scalar

(AB) : (CD) = (B - C)(A - D). (2.5.11)

The double-dot product, by this definition, is commutative. The double-dot product
between two dyads in a rectangular Cartesian system is given by

W= (¢ij€;€)) : (Vinn€né)
= @i Ymn(&; - €,)(&; - &,)
= Gij YmnbinSjm
. (2.5.12)

The trace of a dyad is defined to be the double-dot product of the dyad with the
unit dyad

tré=a:1L (2.5.13)

The trace of a tensor is invariant, called the first principal invariant, and it is denoted
by I;; that is, it is invariant under coordinate transformations (¢;; = ¢;;). The first,
second, and third principal invariants of a dyadic are defined to be

L=t®, b= % [(tr @) —tr (<1>2)] , I =det ®. (2.5.14)

In terms of the rectangular Cartesian components, the three invariants have the
form

1
L =¢iu, b= 7 (Diidjj — dijdji), =1l (2.5.15)

In the general scheme that is developed, scalars are the zeroth-order tensors,
vectors are first-order tensors, and dyads are second-order tensors. The third-order
tensors can be viewed as those derived from triads, or three vectors standing side by
side.
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2.5.3 Transformation of Components of a Dyadic

A second-order Cartesian tensor ® may be represented in barred and unbarred
coordinate systems as

o = (]5,‘jél‘éj
= praxer.
The unit base vectors in the barred and unbarred systems are related by
X

éi = a—xjejzéjiéj or El‘jZéi~éj, (2.5.16)
where ¢;; denote the direction cosines between barred and unbarred systems [see
Eqgs. (2.2.48)-(2.2.50)]. Thus the components of a second-order tensor transform

according to
Gre = Liilejdij or ® =L & L. (2.5.17)

In some books, a second-order tensor is defined to be one whose components trans-
form according to Eq. (2.5.17). In orthogonal coordinate systems, the determinant
of the matrix of direction cosines is unity and its inverse is equal to the transpose:

L!'=L" or LL"=1L (2.5.18)

Tensors L that satisfy the property (2.5.18) are called orthogonal tensors.

Tensors of various orders, especially the zeroth-, first-, and second-order appear
in the study of a continuous medium. As we shall see in Chapter 6, the tensor that
characterizes the material constitution is a fourth-order tensor. Tensors whose com-
ponents are the same in all coordinate systems, that is, the components are invariant
under coordinate transformations, are known as isotropic tensors. By definition, all
zeroth- order tensors (i.e., scalars) are isotropic and the only isotropic tensor of or-
der 1 is the zero vector 0. Every isotropic tensor T of order 2 can be written as
T = AL, and the components C;;x, of every fourth-order tensor C can be expressed
as

Cijke = 180k + 1(Bik8je + Siedjk) + k (8ikSje — 8ied i), (2.5.19)

where A, i, and « are scalars. The proof of the above statements are left as exercises
to the reader.

2.5.4 Tensor Calculus

We note that the gradient of a vector is a second-order tensor

0A; . .

L0 .
VA = e,-a—xi(Ajej) = 8—Xie,»ej.

Note that the order of the base vectors is kept intact (i.e., not switched from the
order in which they appear). It can be expressed as the sum of symmetric and
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antisymmetric parts by adding and subtracting (1/2)(d A;/dx;) :
1/30A;, 0A; 1/0A;, 0dA;
VA = _ Lyl )ee +- [ —L — —L)ee6.. 2.5.20
2<8x,-+8xj>ee’+2(8xi axj>ee] ( )
Analogously to the divergence of a vector, the divergence of a second-order
Cartesian tensor is defined as

9
dive =V -®=¢&— - (¢un€mnéy)
Bxi
Rl 0¢;
_ Dm0, = Ping, (2.5.21)

i i

Thus, the divergence of a second-order tensor is a vector. The integral theorems
of vectors presented in Section 2.4.5 are also valid for tensors (second order and
higher), but it is important that the order of the operations be observed.

The gradient and divergence of a tensor can be expressed in cylindrical and
spherical coordinate systems by writing the del operator and the tensor in compo-
nent form (see Table 2.4.2). For example, the gradient of a vector u in the cylindrical
coordinate system can be obtained by writing

u=ué + usé + u,é,, (2.5.22)

5 1.9 9
vee 6,2 +e. 2. 2523
Cror T %% T, (2:523)

Then we have

. 0 il N N N
Vu = (er— +&—-— + ez—> (u & +ugéy + u e;)
ar r 0z

A A ou, 1, . du
=e€€e — +¢ee— + € e, — + —€pe, —
r ar r a0

1, . ou,
+ ;egezﬁ + ezega—z +e.e,—

where the following derivatives of the base vectors are used:
0é,
— 0 _ _e. . 252
6 e T Y (2:5.25)
Similarly, one can compute the curl and divergence of a tensor. The following ex-
ample illustrates the procedure (also see Problems 2.26-2.28).

(2.5.24)

R 0&y
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EXAMPLE 2.5.1: Suppose that the second-order tensor E is of the form (i.e., other
components are zero)

E= Err(rv Z)érér + EOH (r, Z)éeée

in the cylindrical coordinate system. Determine the curl and divergence of the
tensor E.

SOLUTION: We note that d(-)/36 = 0 because FE,, and Ey, are not functions of
6. Using the del operator in Eq. (2.5.23), we can write V x E as

b el
VxE= (ér— +=—+ éz8_> x (Err& & + Epo@&)
r Z
A 9 o o 1, 0 A P
=& x o (B8 + Egoeoly) + PRy (Err&r€ + Eoolody)

. 0 A oA
+ €&, x %2 (E/€,€ + Eppégey)

3E99 1 8ér 8é9
— & 808y )+~ x [ Ené, =8 4 Epy Ve
X(ar 69>+rgx< a0 T g

8E@9 1 aér
= & x &)éy+ —E, (& x &
(& x&)es + p (& x &) 90
1 de 9 IE,
+ = Epp| & x — )&y —(ézXér)ér-F;oe(ézXée)ée
0 a9z
IE, E 1 IE, JIE,
= T 0.8) — .80 + — Epp.8p + — 08, — — 2 8,85.(2.5.26)
ar r r Z Z

3 & 0 9
VE=(&—+22L 1.2 ) (E,&é + Epese
(8r+r89+28z>( + Eoo&oly)

0 R A 1, 0 R A
=& - (E €& + Egp€gg) + ~& o (E &8 + Egeyéy)
. 0 R A
+é;- 7z (Err€,€ + Eyp€y&y)
. oE,, . 1, e, . _0e
=€ - ” €e |+ —¢€- Err_rer + EGGeO_e
ar r d

oE,, 1
= e +—(E., — Ep)é,. 2.5.27
o7 e + ; ( 96) € ( )

47



48

Vectors and Tensors

2.5.5 Eigenvalues and Eigenvectors of Tensors

It is conceptually useful to regard a tensor as an operator that changes a vector
into another vector (by means of the dot product). In this regard, it is of interest to
inquire whether there are certain vectors that have only their lengths, and not their
orientation, changed when operated upon by a given tensor (i.e., seek vectors that
are transformed into multiples of themselves). If such vectors exist, they must satisfy
the equation

A -x =X (2.5.28)

Such vectors x are called characteristic vectors, principal planes, or eigenvectors as-
sociated with A. The parameter X is called an characteristic value, principal value, or
eigenvalue, and it characterizes the change in length of the eigenvector x after it has
been operated upon by A.

Since x can be expressed as x = I - x, Eq. (2.5.28) can also be written as

(A —2I)-x=0. (2.5.29)

Because this is a homogeneous set of equations for x, a nontrivial solution (i.e., vec-
tor with at least one component of x is nonzero) will not exist unless the determinant
of the matrix [A — AI] vanishes:

det(A — AI) = 0. (2.5.30)

The vanishing of this determinant yields an algebraic equation of degree n, called
the characteristic equation, for ». when A is a n x n matrix.

For a second-order tensor @, which is of interest in the present study, the char-
acteristic equation yields three eigenvalues A1, ,, and A3. The character of these
eigenvalues depends on the character of the dyadic ®. At least one of the eigen-
values must be real. The other two may be real and distinct, real and repeated,
or complex conjugates. The vanishing of the determinant assures that three eigen-
vectors are not unique to within a multiplicative constant, however, and an infinite
number of solutions exist having at least 3 different orientations. Since only orienta-
tion is important, it is, therefore, useful to represent the three eigenvectors by three
unit eigenvectors €7, €5, €5, denoting three different orientations, each associated
with a particular eigenvalue.

In a Cartesian system, the characteristic equation associated with a second-
order tensor can be expressed in the form

=LA’ +bi—L=0, (2.5.31)

where I;, b, and I; are the invariants of ® as defined in Eq. (2.5.15). The invariants
can also be expressed in terms of the eigenvalues,

L=M+2+2, b=+ i3+ Ar3r1), L =2Ari)s. (2.5.32)



2.5 Tensors

Finding the roots of the cubic Eq. (2.5.31) is not always easy. However, when
the matrix under consideration is either a 2 x 2 matrix or 3 x 3 matrix but of the
special form

onu 0 O
0 on ¢ |,
0 ¢3 ¢33

one of the roots is A; = ¢11, and the remaining two roots can be found from the
quadratic equation

—A
¢2<2¢>32 ¢>3(3132i A ’ = (¢22 — A)(¢33 — 1) — do3dps2 = 0.
That is,
1
Aoz = $22 *2F¢’33 + 5\/(¢>22 + ¢33)2 — 433 — P2303). (2.5.33)

A computational example of finding eigenvalues and eigenvectors is presented
next.

EXAMPLE 2.5.2: Determine the eigenvalues and eigenvectors of the following

matrix:
5 -1

Al = .

=3 7
SOLUTION: The eigenvalue problem associated with the matrix A is

5—A -1 X1 0
i (A I
or
S5—-x -1

det(A—AI):‘ ‘:(5—,\)(1—,\)+3:o.

3 1—-A

The two roots of the resulting quadratic equation, A> — 6A + 8 = 0, are the
eigenvalues Ay = 2 and A, = 4.

To find the eigenvectors, we return to Eq. (a) and substitute for A each
of the eigenvalues and solve the resulting algebraic equations for (x1, x,). For

A =2, we have
5-2 -1 7« _ (o0 b)
30 1-2]1) " o)

Each row of the above matrix equation yields the same condition 3x](1) - xél) =

0or xél) = 3x§1). The eigenvector xV is given by

1
D = { 5 } xl(l), xfl) # 0, arbitrary.
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Usually, we take x}l) = 1, as we are interested in the direction of the vector x(V)
rather than in its magnitude. One may also normalize the eigenvector by using
the condition

(VY + () =1 ©
Then we obtain the following normalized eigenvector:
1 (1
1 —
x,) =+— . d
" V10 { 3 } @

The second eigenvector is found using the same procedure. Substituting for A =

4 into Eq. (a)
e ©

we obtain the condition xl(z) — xéz) =0or xéz) = xiz). The eigenvector x?) is
1 1 (1
X(z):{l} Orxg):iﬁ{l}' ®

When the matrix [A] is a full 3 x 3 matrix, we use a method that facilitates the
computation of eigenvalues. In the alternative method, we seek the eigenvalues of
the so-called deviatoric tensor associated with the tensor A:

, 1
aij = aij — gakk&j. (2534)
Note that
aj; = a;; — agr = 0. (2.5.35)

That is, the first invariant /] of the deviatoric tensor is zero. As a result, the charac-
teristic equation associated with the deviatoric tensor is of the form

WY 4+ L) - L =0, (2.5.36)

where 1’ is the eigenvalue of the deviatoric tensor. The eigenvalues associated with
a;; itself can be computed from

1
A=)+ gakk. (2.5.37)

The cubic equation in Eq. (2.5.36) is of a special form that allows a direct com-
putation of its roots. Equation (2.5.36) can be solved explicitly by introducing the
transformation

1\~
N=2 <—§IZ/> cos«, (2.5.38)
which transforms Eq. (2.5.36) into

1 3/2
2 (—512/) [4cos’a —3cosa] = L. (2.5.39)
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The expression in square brackets is equal to cos 3a. Hence
B3a=2(->) . 2.5.40
cos 3o = = ( Iz’) ( )
If «; is the angle satisfying 0 < 3w; < 7 whose cosine is given by Eq. (2.5.40), then

3aq, 3a1 + 27, and 3y — 27 all have the same cosine and furnish three independent
roots of Eq. (2.5.36),

12
A=2 <—§12/) cosey, i=1,2,3, (2.5.41)
where
1 L[ 3\ 2 2
=3 {cos‘1 [53 (_I_é) , m=o+ ?n a3 =0 — ?ﬂ (25.42)

Finally, we can compute A; from Eq. (2.5.37).
An example of application of the previous procedures is presented next.

EXAMPLE 2.5.3: Determine the eigenvalues and eigenvectors of the following

210
A=|1 4 1

01 2

matrix:

SOLUTION: The characteristic equation is obtained by setting det (A — AI) = 0:

2 1 0
1 4-% 1 |=Q-M[@-D2-)—-1]-1-2-2) =0,
0 1 2-a

or
C-M[@E-12-2r)-2]=0.
Hence
M=3+V3=4721, A% =3-3=12679, i3;=2.
Alternatively, using Egs. (2.5.34)—(2.5.42), we have

2-% 1 0
A = 1 4-% 1
0 1 2-%
! 1 / / / / 1/ I
L = 7 (aiiajj — aijaij) = —zai}»aij
1 2\? 2\% 4\’ 10
=—1|(-= -= = 242 =—-—
2[( 3) +< 3)*(3)+ +} 3
52
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From Eq. (2.5.42),

1 152 79\
== == = 11.565° = 131.565° = —108.435°
o 3 {COS |:54 <10> 565°, ap 31.565°, a3 08.435°,

and from Eq. (2.5.41),
A =2.065384, A, =-1.3987, ;= —0.66667.
Finally, using Eq. (2.5.37), we obtain the eigenvalues
rM =47321, A =12679, A3 =2.00.

The eigenvector corresponding to A3 = 2, for example, is calculated as follows.
From (a;; — A36;)x; = 0, we have

2-2 1 0 X1 0
1 4-2 1 X =10
0 1 2-2 X3 0
This gives x, = 0 and x; = —x3, and the eigenvector associated with 13 = 2 is

1 1 1

3 — 0 () - — 0
X or Xx .

-1 " V2 —1

Similarly, the normalized eigenvectors corresponding to Ay » =3 ++/3 are
given by

1 1
xg):iw (1+\/§) , Xg):iw ((1_ﬁ))
12 . 12 .

When A in Eq. (2.5.28) is an nth order tensor, Eq. (2.5.29) is a polynomial of de-
gree nin A, and therefore, there are n eigenvalues A1, Ay, .. ., A,, some of which may
be repeated. In general, if an eigenvalue appears m times as a root of Eq. (2.5.29),
then that eigenvalue is said to have algebraic multiplicity m. An eigenvalue of alge-
braic multiplicity m may have r linearly independent eigenvectors. The number r is
called the geometric multiplicity of the eigenvalue, and r lies (not shown here) in the
range 1 <r < m. Thus, a matrix A of order n may have fewer than » linearly inde-
pendent eigenvectors. The example below illustrates the calculation of eigenvectors
of a matrix when it has repeated eigenvalues.

EXAMPLE 2.5.4: Determine the eigenvalues and eigenvectors of the following
matrix:

0 1 1
A=|1 0 1
110
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SOLUTION: The condition det(A — Ax) = 0 gives

-2 1 1
1 —x 1 |==A+3r+2=0.
1 1 -

The three roots are

rMm=2, p=-1, =-1.

Thus, » = —1 is an eigenvalue with algebraic multiplicity of 2.
The eigenvector associated with A = 2 is obtained from
-2 1 1 X 0
1 -2 1 X ¢=10
1 1 =2 X3 0

from which we have
—2x1+x%+x3=0, x —=2x,+x3=0, x; +x —2x3=0.

Eliminating x3 from the first two (or the last two) equations, we obtain x, =
x1. Then the last equation gives x3 = x,. Thus the eigenvector associated with
M = 2 1s the vector

1

1) — 1) —
x/=11¢x orx,’ =+—31
1 V3 1
The eigenvector associated with A = —1 is obtained from
1 1 1 X1 0
1 1 1 X ¢=10
1 1 1 X3 0

All three equations yield the same equation x; + x; + x3 = 0. Thus, values of
two of the three components (x1, x», x3) can be chosen arbitrarily. For the choice
of x3 = 1 and x, = 0, we obtain the vector (or any nonzero multiples of it)

-1 1 1
@ _ @ _—
X7 = 0¢x orx,’  =F— 0
1 V2 -1
A second independent vector can be found by choosing x3 =0 and x, = 1. We
obtain
-1 1 1
x®) = 1¢x or x¥ = :FT -1
0 2{ o

Thus, in the present case, there exist two linearly independent eigenvectors as-
sociated with the double eigenvalue.
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A real symmetric matrix A of order n has some desirable consequences as for
the eigenvalues and eigenvectors are concerned. These are

1. All eigenvalues of A are real.

2. A always has n linearly independent eigenvectors, regardless of the algebraic
multiplicities of the eigenvalues.

3. Eigenvectors x() and x® associated with two distinct eigenvalues A; and A,
are orthogonal: x(1) . x® = 0. If all eigenvalues are distinct, then the associated
eigenvectors are all orthogonal to each other.

4. For an eigenvalue of algebraic multiplicity m, it is possible to choose m eigen-
vectors that are mutually orthogonal. Hence, the set of n vectors can always be
chosen to be linearly independent.

We note that the matrix A considered in Example 2.5.4 is symmetric. Clearly,
Properties 1 through 3 listed above are satisfied. However, Property 4 was not il-
lustrated there. It is possible to choose the values of the two of the three compo-
nents (x1, X2, x3) to have a set of linearly independent eigenvectors that are orthog-
onal. The second vector associated with A = —1 could have been chosen by setting
X1 = x3 = 1. We obtain

1 1 1

(3) — (3) —
xW={-2txorx’)=+—3 -2
1 1 ’ Vo 1

Next, we prove Properties 1 and 2 of a symmetric matrix. The vanishing of the
determinant |A — AI| = 0 assures that n eigenvectors exist, X, x®, ..., x( each
corresponding to an eigenvalue. The eigenvectors are not unique to within a multi-
plicative constant, however, and an infinite number of solutions exist having at least
n different orientations. Since only orientation is important, it is thus useful to rep-
resent the n eigenvectors by n unit eigenvectors €}, &5, ..., €, denoting n different
orientations, each associated with a particular eigenvalue ..

Suppose now that A; and X, are two distinct eigenvalues and x(!) and x® are
their corresponding eigenvectors:

A-xD=1xD, A x® =1,x?. (2.5.43)

Scalar product of the first equation by x® and the second by x(V), and then subtrac-
tion, yields

x® A x® —xO A x® = (1 —ay)xD . x®, (2.5.44)

Since A is symmetric, one can establish that the left-hand side of this equation van-
ishes. Thus

0= (h —2)xM.x?, (2.5.45)

Now suppose that 1, and A, are complex conjugates such that A1 — A, = 2ix 7, where
i = +/—1 and Ay; is the imaginary part of A;. Then x() - x( is always positive since
x(M and x® are complex conjugate vectors associated with A; and A;. It then follows
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from Eq. (2.5.45) that A1; = 0 and hence that the n eigenvalues associated with a
symmetric matrix are all real.

Next, assume that A; and A, are real and distinct such that A; — A, is not zero.
It then follows from Eq. (2.5.45) that (") . x®) = 0. Thus the eigenvectors associated
with distinct eigenvalues of a symmetric dyadic are orthogonal. If the three eigenval-
ues are all distinct, then the three eigenvectors are mutually orthogonal.

If an eigenvalue is repeated, say A3 = A5, then x®® must also be perpendicular
to x), i # 2 as deducted by an argument similar to that for x® stemming from Eq.
(2.5.45). Neither x® nor x® is preferred, and they are both arbitrary, except insofar
as they are both perpendicular to x(). Tt is useful, however, to select x® such that
it is perpendicular to both x(!) and x®. We do this by choosing x® = x(1) x x® and
thus establishing a mutually orthogonal set of eigenvectors.

Cayley-Hamilton Theorem

Consider a square matrix A of order n. The characteristic equation ¢(1) = 0 is ob-
tained by setting ¢(1) = det|A — AI| = 0. Then the Cayley—Hamilton theorem states
that

#(A) = (A — MI)(A — 2o0) - (A — A1) = 0. (2.5.49)

The proof of the theorem can be found in any book on matrix theory; see, for ex-
ample, Gantmacher (1959).

2.6 Summary

In this chapter, mathematical preliminaries for this course are reviewed. In partic-
ular, the notion of geometric vector, vector algebra, vector calculus, theory of ma-
trices, and tensors and tensor calculus are thoroughly reviewed, and a number of
examples are presented to review the ideas introduced. Readers familiar with these
topics may skip this chapter.

PROBLEMS

2.1 Find the equation of a line (or a set of lines) passing through the terminal point
of a vector A and in the direction of vector B.

2.2 Find the equation of a plane connecting the terminal points of vectors A, B, and
C. Assume that all three vectors are referred to a common origin.

2.3 Prove the following vector identity without the use of a coordinate system
AxBxC)=(A-C)B—(A-B)C.
2.4 If e is any unit vector and A an arbitrary vector, show that
A=(A-e)e+éx(Axé).

This identity shows that a vector can resolved into a component parallel to and one
perpendicular to an arbitrary direction é.
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2.5 Establish the following identities for a second-order tensor A:
1
(a) Al =ejjxA1iAzj Asi. (b) 1A= gAirA/sAkterstei/'k-

(C) elmnlAl = eijkAilAijkn- (d) €ijkCmnk = Sim(sjn - 81n5]m

31 din 43 Sip  Sig  bir
(e) ejk=16;1 82 8j3]. () eijkepgr = [8jp djq jr
Skt k2 k3 Skp  Okg  Skr

2.6 Given the following components

2 -1 0 5 8 -1 6
A=1-1}, S=| 3 7 4|, T=| 5 4 9/,
4 9 8 6 -7 8 -2
determine
(a) tr(S). (b) S:S. (c) S:ST.
(d) A-S. (e) S-A. (f) S-T-A.

2.7 Using the index notation prove the identities
(aA) (AxB)-(BxC)x(CxA)=(A-(BxC))y>~
) (AxB)x(CxD)=[A-(CxD)]B—[B-(CxD]A.
2.8 Determine whether the following set of vectors is linearly independent:
A=2¢ —é&+é, B=-&—¢&, C=-¢& +é.
Here é; are orthonormal unit base vectors in %>.

2.9 Consider two rectangular Cartesian coordinate systems that are translated and
rotated with respect to each other. The transformation between the two coordinate
systems is given by

X =c¢+ Lx,

where ¢ is a constant vector and L = [¢;;] is the matrix of direction cosines

Il
o

él-j ,-~e,-.

Deduce that the following orthogonality conditions hold:
L-L"=1
That is, L is an orthogonal matrix.

2.10 Determine the transformation matrix relating the orthonormal basis vectors
SO

(€1, €, &3) and (€[, &, €;), when €] are given by
(a) €] isalong the vector & — &, + €3 and &) is perpendicular to the plane 2x; +
3 +x3—5=0.
(b) € is along the line segment connecting point (1, —1,3) to (2, —2,4) and
&, = (—& + & +28&)/V6.



Problems 2.5-2.15

2.11 The angles between the barred and unbarred coordinate lines are given by

(1 € €3
60° 30° 90°
150° 60° 90°
90° 90° 0°

an on 0o
N =

W

Determine the direction cosines of the transformation.

2.12 The angles between the barred and unbarred coordinate lines are given by

X1 X2 X3
X1 45° 90° 45°
X2 60° 45° 120°
X3 120° 45° 60°

Determine the transformation matrix.

2.13 Show that the following expressions for the components of an arbitrary second-
order tensor S = [s;;] are invariant:

(a) sii, (b) sijsij, and (c) 88 xSki-

2.14 Let r denote a position vector r = x;&; (r> = x;x;) and A an arbitrary constant
vector. Show that:

(a) V(™) =n(n+1)r2. (b) grad(r-A)=A.
(¢) div(rx A)=0. (d) curl(r x A) = —2A.
(e) div(rA) = %(r -A). (f) curl (rA) = %(r x A).

2.15 Let A and B be continuous vector functions of the position vector x with con-
tinuous first derivatives, and let F and G be continuous scalar functions of position
x with continuous first and second derivatives. Show that:

(a) div(curl A) =0.

(b) div(grad Fx grad G) =0.

(c) grad(A-x)=A +grad A -x.

(d) div(FA) = A grad F + FdivA.

(e) curl(FA) = F curlA - Ax grad F.

(f) grad(A-B)=A-gradB+ B -gradA + A x curl B+ B x curl A.
(g) div(A xB) =curlA-B —curl B- A.

(h) curl (A x B) =B-VA — A - VB + A divB — B divA.
(i) (VxA)xA=A VA-VA- A

() VX(FG)=FV*G+2VF-VG+ GV?F.

(k) V2(Fx) =2VF +xV?F.

(I) A-grad A =grad(3A-A)— A x curlA.
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2.16 Show that the vector area of a closed surface is zero, that is,

%ﬁds:().

2.17 Show that the volume of the region €2 enclosed by a boundary surface I" is

1 1
volume = — f grad(r?) -fds = = % r-fids.
6 r 3 r

2.18 Let ¢(r) be a scalar field. Show that

/qubdx:%%ds.
Q r on

2.19 In the divergence theorem (2.4.34), set A = ¢ grady and A =  grad¢ succes-
sively and obtain the integral forms

@)/TWW+V¢Vﬂw=f¢ﬂd&
ol r 8}’1

oy 9t lax— d 20,00
® [ oviy—yv ‘f’}d"—fr[%—n *”an}“’

[ 4 22 e A0 o2\ o2, 09
() LﬁVWJWVQﬁ—£PMWw>VwMP&

where Q denotes a (two-dimensional or three-dimensional) region with bounding
surface I'. The first two identities are sometimes called Green’s first and second the-
orems.

2.20 Determine the rotation transformation matrix such that the new base vector &
is along &; — &, + &3, and & is along the normal to the plane 2x; + 3x; +x3 = 5. If S
is the dyadic whose components in the unbarred system are given by s = 1, s12 =
s21 =0, s13 =531 = —1, 500 =3, 523 =53 = —2, and s33 = 0, find the components
in the barred coordinates.

2.21 Suppose that the new axes X; are obtained by rotating x; through a 60° about
the x;-axis. Determine the components A; of a vector A whose components with
respect to the x; coordinates are (2, 1, 3).

2.22 If A and B are arbitrary vectors and S and T are arbitrary dyads, verify that
(a) (A-S)-B=A-(S-B). ®)(S-T)-A=S-(T-A).
) A-(S-T)=(A-S)-T. (d)(S-A)-(T-B)=A-(S"-T)-B.
2.23 If A is an arbitrary vector and ® and W are arbitrary dyads, verify that
(@) IxA)-&=Axo. b)) (AxI)-®=A x ®.
(c) (®xA)TT=-Axe". (@@ ¥ =v'. ol
2.24 The determinant of a dyadic is also defined by the expression

[(S-A)x(S-B)]-(5-C)
AxB-C ’

IS| =



Problems 2.16-2.27

where A, B, and C are arbitrary vectors. Verify the definition in an orthonormal
basis {€&;}.
2.25 For an arbitrary second-order tensor S, show that V - § in the cylindrical coor-
dinate system is given by
9S8, 108, 05,
V.-S= -
|: or + r 06 * 0z
0S50 1080 0S8y
ar r a6 0z

+[as,z 198, S, 13}@

- (Srr - Sea)] [

1
+ - (S0 + Ser)} €

ar | r a0 0z 7

2.26 For an arbitrary second-order tensor S, show that V x § in the cylindrical co-
ordinate system is given by

198, 98, 1 as aS.
VXS:éré,<——Z——9——SZ0>+é9é0< r()__Ze)
r r

a0 0z 0z ar
1 19S,; 0S8 . (108 086 1
Spr — — - ——+ -5
e ( = %0 T )T\ T T
BS,r A 1ee 198,; 08;
\r 90 az
98, 108, 1 1 .. [0S, 08y
_Z ~S, =8 _
( r89+rr9+r0r>+e01<8z ar
e 8S99 S 1. 1385
€& 00 — Pyl B

2.27 For an arbitrary second-order tensor S, show that V - S in the spherical coor-
dinate system is given by

V.S dSrr 1 3Ssr 1 a8
| R R 3¢  Rsing 960

1 o
+ I_? [28krr — S¢¢ — Spo + S(,,Rcotd)]}eR

N dSre N 19844 1 38
oR R 9¢ Rsing 06

1 R
+ 73 [(S¢¢ - S99)00t¢ + S¢R + 25R¢]}6¢

i 8SR9 1 BS¢9 1 aSGO
oR R 9¢ Rsing 00

1
t R [(Spo + Spg) cot e +2Srs + SGR]}é0~
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2.28 Show that Vu in the spherical coordinate system is given by

oug. . ug ., dug .
Vu= — —_ 7 _ v
u aReReR—i— aReRe¢+ 8ReRe9
F L (2R Ve ent = (2 4ug) ey e, + 26,0
R\ ) RT R Gp TR T Rp 07
+ ! OuR Ugsing | &, €g + Outg Ug cos¢ | &g €
Rsing |\ 90 7 PERT o 0%

3119 . A A
+ W—i—ulgsmqb—i-ud)cosd) €€y |.

2.29 Show that the characteristic equation for a symmetric second-order tensor ®
can be expressed as

23— I‘])\.z + hi— L =0,
where

1
I =i, b= §(¢ii¢/’j — $ijji)s

1
L= 8(2¢i}‘¢jk¢ki —3¢ij®jibrk + Piidjjbrx) = det (¢i),

are the three invariants of ®.

2.30 Find the eigenvalues and eigenvectors of the following matrices:

T 4 -4 07 T2 /30
(a) -4 0 0]. (b) -3 4 0
| 0 0 3_ |0 0 4
1 0 07 2 -1 1
(o) 0 3 —-1/. (d) -1 1
[0 -1 3] L1 1 2
3 5 8 1 -1 0
(e) 51 0]. () -1 2 -1
|8 0 2 L 0 -1 2
2.31 Consider the matrix in Example 2.5.3
210
A=|1 4 1
01 2

Verify the Cayley—Hamilton theorem and use it to compute the inverse of [ A].



H Kinematics of Continua

The man who cannot occasionally imagine events and conditions of existence that
are contrary to the causal principle as he knows it will never enrich his science by
the addition of a new idea.

Max Planck

It is through science that we prove, but through intuition that we discover.
H. Poincaré

3.1 Introduction

Material or matter is composed of discrete molecules, which in turn are made up of
atoms. An atom consists of negatively charged electrons, positively charged protons,
and neutrons. Electrons form chemical bonds. The study of matter at molecular or
atomistic levels is very useful for understanding a variety of phenomena, but stud-
ies at these scales are not useful to solve common engineering problems. Continuum
mechanics is concerned with a study of various forms of matter at macroscopic level.
Central to this study is the assumption that the discrete nature of matter can be over-
looked, provided the length scales of interest are large compared with the length
scales of discrete molecular structure. Thus, matter at sufficiently large length scales
can be treated as a continuum in which all physical quantities of interest, including
density, are continuously differentiable.

Engineers and scientists undertake the study of continuous systems to under-
stand their behavior under “working conditions,” so that the systems can be de-
signed to function properly and produced economically. For example, if we were to
repair or replace a damaged artery in human body, we must understand the func-
tion of the original artery and the conditions that lead to its damage. An artery car-
ries blood from the heart to different parts of the body. Conditions like high blood
pressure and increase in cholesterol content in the blood may lead to deposition
of particles in the arterial wall, as shown in Figure 3.1.1. With time, accumulation
of these particles in the arterial wall hardens and constricts the passage, leading to
cardiovascular diseases. A possible remedy for such diseases is to repair or replace
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Figure 3.1.1. Progressive damage of
artery due to the deposition of particles
in the arterial wall.

the damaged portion of the artery. This in turn requires an understanding of the
deformation and stresses caused in the arterial wall by the flow of blood. The un-
derstanding is then used to design the vascular prosthesis (i.e., artificial artery).
The present chapter is devoted to the study of geometric changes in a contin-
uous medium (such as the artery) that is in static or dynamic equilibrium. In the
subsequent chapters, we will study stresses and physical principles that govern the
mechanical response of a continuous medium. The study of geometric changes in a
continuum without regard to the forces causing the changes is known as kinematics.

3.2 Descriptions of Motion

3.2.1 Configurations of a Continuous Medium

Consider a body B of known geometry, constitution, and loading in a three-
dimensional Euclidean space %*; B may be viewed as a set of particles, each parti-
cle representing a large collection of molecules, having a continuous distribution of
matter in space and time. Examples of the body B are provided by the diving board.
For a given geometry and loading, the body 5 will undergo macroscopic geometric
changes within the body, which are termed deformation. The geometric changes are
accompanied by stresses that are induced in the body. If the applied loads are time
dependent, the deformation of the body will be a function of time, that is, the geom-
etry of the body B will change continuously with time. If the loads are applied slowly
so that the deformation is only dependent on the loads, the body will occupy a con-
tinuous sequence of geometrical regions. The region occupied by the continuum at
a given time ¢ is termed a configuration and denoted by «. Thus, the simultaneous
positions occupied in space i by all material points of the continuum B at different
instants of time are called configurations.

Suppose that the continuum initially occupies a configuration kg, in which a
particle X occupies the position X, referred to a rectangular Cartesian system
(X1, X5, X3). Note that X (lightface letter) is the name of the particle that occupies
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K
X ko
o (reference Particle X
A configuration) (occupying
position X)

xZ,Xz
K

(deformed
configuration)

XXt

Particle X
(occupying
position x)

.7C1,X1

Figure 3.2.1. Reference and deformed configurations of a body.

the location X (boldface letter) in configuration «, and therefore (X, X, X3) are
called the material coordinates. After the application of the loads, the continuum
changes its geometric shape and thus assumes a new configuration «, called the cur-
rent or deformed configuration. The particle X now occupies the position x in the
deformed configuration «, as shown in Figure 3.2.1. The mapping x : B, — B, is
called the deformation mapping of the body 5 from « to «. The deformation map-
ping x(X) takes the position vector X from the reference configuration and places
the same point in the deformed configuration as x = x(X).

A frame of reference is chosen, explicitly or implicitly, to describe the defor-
mation. We shall use the same reference frame for reference and current configu-
rations. The components X; and x; of vectors X = X; E; and x = x; é; are along the
coordinates used. We assume that the origins of the basis vectors E; and &, coincide.

The mathematical description of the deformation of a continuous body follows
one of the two approaches: (1) the material description and (2) spatial description.
The material description is also known as the Lagrangian description, and the spatial
description is known as the Eulerian description. These descriptions are discussed
next.

3.2.2 Material Description

In the material description, the motion of the body is referred to a reference con-
figuration kg, which is often chosen to be the undeformed configuration, kg = «p.
Thus, in the Lagrangian description, the current coordinates (x € «) are expressed
in terms of the reference coordinates (X € «y):

x=x(X,1), x(X,0) =X, (3.2.1)

and the variation of a typical variable ¢ over the body is described with respect to
the material coordinates X and time ¢:

¢ = o(X.1). (3.2.2)
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Deformed
Reference configuration K,
x.. X. configuration Particle X,
e occupying
position x at

timet;: X = 1 (X,t,)

Deformed
configuration K,

Particle X,
occupying
position x at

timet,: X= y(X,t,)

Xl’ Xl

Figure 3.2.2. Reference configuration and deformed configurations at two different times in
material description.

For a fixed value of X € «y, ¢(X, t) gives the value of ¢ at time ¢ associated with the
fixed material point X whose position in the reference configuration is X, as shown
in Figure 3.2.2. Thus, a change in time ¢ implies that the same material particle X,
occupying position X in «p, has a different value ¢. Thus the attention is focused on
the material particles X of the continuum.

3.2.3 Spatial Description

In the spatial description, the motion is referred to the current configuration « oc-
cupied by the body 5, and ¢ is described with respect to the current position (x € «)
in space, currently occupied by material particle X:

b=d(x 1), X=X(x1). (3.2.3)

The coordinates (x) are termed the spatial coordinates. For a fixed value of x € «,
¢(x,t) gives the value of ¢ associated with a fixed point x in space, which will be
the value of ¢ associated with different material points at different times, because
different material points occupy the position x € « at different times, as shown in
Figure 3.2.3. Thus, a change in time ¢ implies that a different value ¢ is observed
at the same spatial location x € x, now probably occupied by a different material
particle X. Hence, attention is focused on a spatial position x € «.

When ¢ is known in the material description, ¢ = ¢(X, t), its time derivative is
simply the partial derivative with respect to time because the material coordinates
X do not change with time:

_

== (3.2.4)

d 0
E[fﬁ(X, ] = EW(X» 1)]
x fixed
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Particle X before
x.. X entering the ) )
3' 7% domain of interest Particle X occupying
A position x at time ¢

in the spatial domain
of interest

Particle X after leaving
the domain of interest

S

o

X, Xq

Figure 3.2.3. Material points within and outside the spatial domain of interest in spatial
description.

However, when ¢ is known in the spatial description, ¢ = ¢(X, ), its time derivative,
known as the material derivative,' is

d d d dxi
G100l = o 01+ - lox D1

¢ dp 09
v i — = — Vo, 3.2.5
or Vg T TVV (3.2.3)

where v is the velocity v = dx/dt = x. For example, the acceleration of a particle is
given by

dv av 8vi 81),‘
= —-—— . V 5 l = — A . 3.2.6
a=—_ +v-Vv <a P +v’8x,> ( )

The next example illustrates the determination of the inverse of a given mapping
and computation of the material time derivative of a given function.
EXAMPLE 3.2.1: Suppose that the motion of a continuous medium B is described
by the mapping x : ko — «:
XX, 1) = (X1 + At Xo)é) + (Xp — At X1)é; + Xz &3,

and that the temperature 6 in the continuum in the spatial description is given
by

Q(X, t) = x1 + tx;.

1 Stokes’s notation for material derivative is D/ Dr.
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Figure 3.2.4. A sketch of the mapping as ap-
plied to a unit square.

Determine (a) inverse of the mapping, (b) the velocity components, and (c) the
time derivatives of 0 in the two descriptions.

SOLUTION: The mapping implies that a unit square is mapped into a rectangle
that is rotated in clockwise direction, as shown in Figure 3.2.4.

(a) The inverse mapping is given by x ! : k — «o:
1 (- Atxy \ ~ Xy + Atxq
X (x1)= (m)lﬁ-#(m E; + x; K.
b) The velocity vector is given by v = v, E; + v, E,, with
y g y

d d
== AXy v =l = —AX:.

(c) The time rate of change of temperature of a material particle in B is simply

%[Q(X, H] = %[G(X, )] = 2AtX1+(1+ A)X.
x fixed

On the other hand, the time rate of change of temperature at point x, which is
now occupied by particle X, is
90

d
Zox. 1) = = 1 -t
dt[ (x,1)] = +v o =x4v -1+

= 24AtX1+(1+ A)X.

In the study of solid bodies, the Eulerian description is less useful since the
configuration « is unknown. On the other hand, it is the preferred description for
the study of motion of fluids because the configuration is known and remains un-
changed, and we wish to determine the changes in the fluid velocities, pressure,
density and so on. Thus, in the Eulerian description, attention is focused on a given
region of space instead of a given body of matter.
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X5

Figure 3.2.5. Points P and Q separated by a dis-
tance dX in the undeformed configuration «
take up positions P and Q, respectively, in the
deformed configuration «, where they are sepa-
rated by distance dx.

3.2.4 Displacement Field

The phrase deformation of a continuum refers to relative displacements and changes
in the geometry experienced by the continuum B under the influence of a force
system. The displacement of the particle Xis given, as can be seen from Figure 3.2.5,
by

u=x-X (3.2.7)

In the Lagrangian description, the displacements are expressed in terms of the ma-
terial coordinates X;

uX, 1) =x(X, 1) - X. (3.2.8)

If the displacement of every particle in the body B is known, we can construct
the current configuration « from the reference configuration «o, x(X) = X + u(X).
However, in the Eulerian description the displacements are expressed in terms of
the spatial coordinates x;

u(x, ) =x — X(x, f). (3.2.9)

A rigid-body motion is one in which all material particles of the continuum
B undergo the same linear and angular displacements. However, a deformable
body is one in which the material particles can move relative to each other.
Then the deformation of a continuum can be determined only by considering the
change of distance between any two arbitrary but infinitesimally close points of the
continuum.

To illustrate the difference between the two descriptions further, consider the
one-dimensional mapping x = X(1 + 0.5¢) defining the motion of a rod of initial
length two units. The rod experiences a temperature distribution 7" given by the
material description 7 = 2X?> or by the spatial description T = xt?/(1 + 0.5¢), as
shown in Figure 3.2.6 [see Bonet and Wood (1997)].
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t A
. X=1,T = 32) X=2T=64)
I !
; X=1,T=18 (X=2,T=36)
| |

9 X=1T=8 X=2T=16) Same material particle

' ! at different x positions

X=1,T=2 X=2,T=4)

1 T |
0 1 i >

! [ [ [ [ [
0 1 2 3 4 5 6 X, x

Figure 3.2.6. Material and spatial descriptions of motion.

From Figure 3.2.6, we see that the particle’s material coordinate (label) X
remains associated with the particle while its spatial position x changes. The
temperature at a given time can be found in one of the two ways: for example,
at time ¢ = 3, the temperature of the particle labeled X =2 is T = 2 x 2(3)*> = 36;
alternatively, the temperature of the same particle which at r = 3 is at a spatial po-
sition x =2(14 0.5 x 3) =5is T =2 x 5(3)%/(1 + 0.5 x 3) = 36. The displacement
of a material point occupying position X in kg is

u(X;t)=x—X=X(1+0.5t) — X=0.5Xt.

3.3 Analysis of Deformation

3.3.1 Deformation Gradient Tensor

One of the key quantities in deformation analysis is the deformation gradient of k
relative to the reference configuration «y, denoted F,., which gives the relationship of
a material line dX before deformation to the line dx (consisting of the same material
as dX) after deformation. It is defined as (in the interest of brevity, the subscript «
on F is dropped)

dx =F.dX =dX-F', (3.3.1)
X T ax\" _ T

and V| is the gradient operator with respect to X. By definition, F is a second-order
tensor. The inverse relations are given by

X
dX=F'!.dx=dx-F' where FT= 88— = VX, (3.3.3)
b



3.3 Analysis of Deformation

and V is the gradient operator with respect to x. In indicial notation, Egs. (3.3.2)
and (3.3.3) can be written as

. 8Xi
F=F,&E;, F,;=_—-,
0.X;
3 X (3.3.4)
_ 1 A - J
F'=F'E;&, F;'=-—"".
8X,'
More explicitly, we have
o 9y x L2 (D, ¢}
3X1 3)(2 3X3 axl 3)62 BX3
— | 3 v dxn S P CRR P CR P ¢
[F]= X, X X |’ [F]7 = o oo | (3.3.5)
3X1 3)(2 3X3 3}(1 3){2 3X3

In Egs. (3.3.3) and (3.3.4), the lowercase indices refer to the current (spatial) Carte-
sian coordinates, whereas uppercase indices refer to the reference (material) Carte-
sian coordinates. The determinant of F is called the Jacobian of the motion, and it
is denoted by J = det F. The equation F - dX = 0 for dX # 0 implies that a mate-
rial line in the reference configuration is reduced to zero by the deformation. Since
this is physically not realistic, we conclude that F - dX # 0 for dX # 0. That is, F is
a nonsingular tensor, J # 0. Hence, F has an inverse F~!. The deformation gradient
can be expressed in terms of the displacement vector as

F=(Vx) = (Vou+D" or F!=(vX)" =1 -Vvu)'. (3.3.6)
Example 3.3.1 illustrates the computation of the components of the deforma-

tion gradient tensor from known mapping of motion.

EXAMPLE 3.3.1: Consider the uniform deformation of a square block of side two
units and initially centered at X = (0, 0). The deformation is defined by the

mapping
XxX)=0B5+ X1 +05X)¢é;+ 4+ Xp)é, + Xzés.

Determine deformation gradient tensor F, sketch the deformation, and com-
pute the displacements.

SOLUTION: From the given mapping, we have
X1 =354+ X14+05X%, =4+X, x3=X;.
The above relations can be inverted to obtain
Xi=—154+x—05x%, Xo=—4+x, X53=ux;.
Hence, the inverse mapping is given by

X (x) = (=1.54+x; — 0.5x) By + (—4 4+ x2) B> + x3 K3,
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Xy, X9

F (E,)
(3,5 \ (5, 5)

Figure 3.3.1. Uniform deformation of a

(2,3) (4’3) square.

1,1

> Xl’ X1

A

E,

(1,-1)

which produces the deformed shape shown in Figure 3.3.1. This type of defor-
mation is known as simple shear, in which there exist a set of line elements (in
the present case, lines parallel to the Xj-axis) whose orientation is such that they
are unchanged in length and orientation by the deformation. The components
of the deformation gradient tensor and its inverse can be expressed in matrix

form as

(3% 3% 9% | [10 05 00
X Jx: X

[Fl=| & & 22 1-100 1.0 00,
T P 00 00 1.0
L 9.X; X Xz - -
[N B BN e 05 0.0

-1 X X5 X

[FI'=| 8% 2% 2% — 100 1.0 00
X 01X 0 00 00 1.0
—3X1 axz BX3— -

The displacement vector is given by
u=35+05X;)¢é +4é,.

The unit vectors E; and E, in the initial configuration deform to the vectors

1.0 0.5 0.0 1 1 1.0 05 00 0 0.5
0.0 1.0 00 0¢g=40¢, |00 1.0 0.0 1:=411.0
00 00 1.0 0 0 0.0 00 1.0 0 0.0

The unit vectors &; and €; in the current configuration are deformed from the

vectors
1.0 -0.5 0.0 1 1 1.0 -0.5 0.0 0 —0.5
0.0 1.0 0.0 0¢y=40¢, |00 1.0 00 1;¢ = 1.0

0.0 00 1.0 0 0 0.0 0.0 1.0 0 0.0



3.3 Analysis of Deformation

3.3.2 Isochoric, Homogeneous, and Inhomogeneous Deformations

3.3.2.1 Isochoric Deformation

If the Jacobian is unity J = 1, then the deformation is a rigid rotation or the current
and reference configurations coincide. If volume does not change locally (i.e., vol-
ume preserving) during the deformation, the deformation is said to be isochoric at
X. If J = 1 everywhere in the body B, then the deformation of the body is isochoric.

3.3.2.2 Homogeneous Deformation

In general, the deformation gradient F is a function of X. If F = I everywhere in
the body, then the body is not rotated and is undeformed. If F has the same value
at every material point in a body (i.e., F is independent of X), then the mapping
x = x(X, 1) is said to be a homogeneous motion of the body and the deformation is
said to be homogeneous. In general, at any given time ¢ > 0, a mapping x = x(X, 1)
is said to be a homogeneous motion if and only if it can be expressed as (so that F is
a constant)

x=A X+e¢, (3.3.7)

where the second-order tensor A and vector ¢ are constants; ¢ represents a rigid-
body translation. For a homogeneous motion, we have F = A. Clearly, the motion
described by the mapping of Example 3.3.1 is homogeneous and isochoric. Next, we
consider several simple forms of homogeneous deformations.

PURE DILATATION. If a cube of material has edges of length L and ¢ in the reference
and current configurations, respectively, then the deformation mapping has the form

L
X(X) =21 X8 +2X8 +1 X8, A=, (3.3.8)
and F has the matrix representation
A 00
[F]l=|0 » 0]. (3.3.9)
0 0 2

This deformation is known as pure dilatation, or pure stretch, and it is isochoric if
and only if A = 1 (X is called the principal stretch), as shown in Fig. 3.3.2.

SIMPLE EXTENSION. An example of homogeneous extension in the Xj-direction is
shown in Fig. 3.3.3. The deformation mapping for this case is given by

XxX)=(1+a)Xié + Xoe, + Xz &;. (3.3.10)

The components of the deformation gradient are given by

l+a 0 0
[Fl=] 0 1 0]. (3.3.11)
0 01
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Figure 3.3.2. A deformation mapping of pure dilatation.

For example, aline X, = a + b Xj in the undeformed configuration transforms under
the mapping to [because x; = (1 + ) Xi, x; = X5, and x3 = X;]

Xy =a-+ X1 .

14+«

SIMPLE SHEAR. This deformation, as discussed in Example 3.3.1, is defined to
be one in which there exists a set of line elements whose lengths and orienta-
tions are unchanged, as shown in Fig. 3.3.4. The deformation mapping in this
case is

XX) = (X1 + 7 X0)é + Xoe, + X385 (3.3.12)

The matrix representation of the deformation gradient is given by

1 y 0
[F]=]10 1 0], (3.3.13)
0 0 1

where y denotes the amount of shear.

3.3.2.3 Nonhomogeneous Deformation
A nonhomogeneous deformation is one in which the deformation gradient F is a
function of X. An example of nonhomogeneous deformation mapping is provided,

X x(X) X
‘2 / \ \2 ha
X b~ : : i i //X(X)
] e PR
X, —arbx, T T R &
,=a+bX,

Figure 3.3.3. A deformation mapping of simple extension.
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Figure 3.3.4. A deformation mapping of
simple shear.

as shown in Fig. 3.3.5, by
XX) = Xi(1+ y1 X5)é1 + X(1 + yr Xi)ey + Xz . (3.3.14)

The matrix representation of the deformation gradient is

l+nXxXa »nXi 0
[Fl=| »nX 1+wnX 0]. (3.3.15)
0 0 1

It is rather difficult to invert the mapping even for this simple nonhomogeneous
deformation.

3.3.3 Change of Volume and Surface

Here we study how deformation mapping affects surface areas and volumes of a
continuum. The motivation for this study comes from the need to write global equi-
librium statements that involve integrals over areas and volumes.

3.3.3.1 Volume Change

We can define volume and surface elements in the reference and deformed configu-
rations. Consider three non-coplanar line elements dX"), dX®, and dX® forming
the edges of a parallelepiped at point P with position vector X in the reference body
B, as shown in Figure 3.3.6, so that

dx) =F.dX®", i=1,2,3. (3.3.16)

The vectors dx() are not necessarily parallel to or have the same length as the
vectors dX) because of shearing and stretching of the parallelepiped. We assume
that the triad (X, dX®, dX®)) is positively oriented in the sense that the triple

Figure 3.3.5. A deformation mapping of h
combined shearing and extension.
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Figure 3.3.6. Transformation of a volume element under a deformation mapping.

scalar product dX® .dX® x dX® > 0. We denote the volume of the paral-
lelepiped as

AV = dXO . 4X® x gX® = (Nl ‘N, x Ng) dxXVdx®ax®
=dXVdxPax®, (3.3.17)

where N; denote the unit vector along dX). The corresponding volume in the de-
formed configuration is given by

dv = dxD . dx® x dx®
- (FNl) . (FNQ) x (FN;) dxXWdx@ax®
=detFdXWadxPax® = Jjav. (3.3.18)

We assume that the volume elements are positive so that the relative orientation
of the line elements is preserved under the deformation, that is, / > 0. Thus, J has
the physical meaning of being the local ratio of current to reference volume of a
material volume element.

3.3.3.2 Surface Change

Next, consider an infinitesimal vector element of material surface dA in a neighbor-
hood of the point X in the undeformed configuration, as shown in Figure 3.3.7. The
surface vector can be expressed as dA = d AN, where N is the positive unit normal
to the surface in the reference configuration. Suppose that dA becomes da in the
deformed body, where da = da i, fi being the positive unit normal to the surface in
the deformed configuration. The unit normals in the deformed and deformed con-
figurations can be expressed as (N; = i, ):

Ny x N, F-fiy x F-f

N=—""" fi=— -~ "= 3.3.19
IN7 x Ny| [F-fy; x F- il ( )
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Figure 3.3.7. Transformation of a surface element under a deformation mapping.

The areas of the parallelograms in the undeformed and deformed configurations are
dA =N, xNy|dX;dX,, da=|F-iy xF-iy|dx; dx,. (3.3.20)

The area vectors are

dA =NdA = 2 Ry xRy dX dXo
N1 x Np|
- (N1 x Nz) dX,dX, = <ﬁ1 x ﬁz) dX,dX, (3.321)

F~ﬁ1XF~ﬁ2

da = % A o Al
|F-Il1XF-Il2|

da

Il
=

|F-fy x F-fp|dx;dx;

- (F iy x F. ﬁz) dx dxs. (3.3.22)
Then it can be shown that (see the result of Problem 3.10)

da=JFT.dA or fida=JFT.NdA. (3.3.23)

Next we consider an example of area change under simple shear deformation
[see Hjelmsted (2005) for additional examples].

EXAMPLE 3.3.2: Consider a square block with a circular hole at the center, as
shown in Figure 3.3.8(a). Suppose that block is of of thickness /# and plane di-
mensions 2b x 2b, and the radius of the hole is b. Determine the change in the
area of the circle and the edge of the block when it is subjected to simple shear
deformation mapping of Eq. (3.3.12).
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x(X)
X3 / \ X2

N =—(cos 68, +sin 6 &,) y
/ Figure 3.3.8. (a) Original geometry of the
5% undeformed square block. (b) Deformed
)fl n X1 (simple shear) geometry of the block.
T—»N =é1 A

(a) (b)

SOLUTION: The components of the deformation gradient tensor and its inverse
are

1 vy O 1 —y O
[Fl=|0 1 0|, [FI'=]0 1 0
0 0 1 0 0 1

The determinant of F is det F = 1, implying that there is no change in the vol-
ume of the block. Consider the edge with normal N = E; = &, in the unde-
formed configuration. By Eq. (3.3.23), we have

fida; = (& — y&)d X d X;.

Thus, da; is

day = \/(1+y2)d X, d X3.

The total area of the deformed edge, as shown in Fig. 3.3.8(b), is
hop2b
/ day = 4bh\/1 + y2.
0 J-2

The result is obvious from the deformed geometry of the edge.

Next, we determine the deformed area of the cylindrical surface of the hole.
In this case, the unit vector normal to the surface is in the radial direction and it
is given by

N= —(cos 6 €, +sinb &).

Hence, the components of the vector F~T - N are given by

1 00 —cosf —cos6
-y 1 0 —sinf ¢ =4 ycos6 —sinf
0 01 0 0

Using Eq. (3.3.23), we obtain

fida, =[—cosf & + (ycosd —sinb) e bdo d Xs.
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Hence, the deformed surface area of the hole is

h 21
b/ / \/00529+(y cosf —sin6)? db d X;.
o Jo

The integral can be evaluated for any given value of y. In particular, we have

y =0: a, =2nbh (no deformation),

2
y=1: a,=D>bh \/1.5 + 0.5 cos20 — sin20 d6 ~ 2.357bh.
0

For other values of y, the integral may be evaluated numerically.

3.4 Strain Measures

3.4.1 Cauchy-Green Deformation Tensors

The geometric changes that a continuous medium experiences can be measured in a
number of ways. Here, we discuss a general measure of deformation of a continuous
medium, independent of both translation and rotation.

Consider two material particles P and Q in the neighborhood of each other,
separated by dX in the reference configuration, as shown in Figure 3.4.1. In the
current (deformed) configuration, the material points P and Q occupy positions
P and Q, and they are separated by dx. We wish to determine the change in the
distance dX between the material points P and Q as the body deforms and the
material points move to the new locations P and Q.

The distances between points P and Q and points P and Q are given, respec-
tively, by

(dS)? = dX - dX, (3.4.1)
(ds)*> =dx-dx =dX - (F' . F).dX =dX-C-dX, (3.4.2)
where C is called the right Cauchy—Green deformation tensor

C=F'.F. (3.4.3)

Figure 3.4.1. Points P and Q separated by a dis-
tance dX in the undeformed configuration kg
take up positions P and Q, respectively, in the
deformed configuration «, where they are sepa-
rated by distance dx.
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By definition, C is a symmetric second-order tensor. The transpose of C is denoted
by B and it is called the left Cauchy—Green deformation tensor, or Finger tensor

B=F.F' (3.4.4)

Recall from Eq. (2.4.15) that the directional (or tangential) derivative of a field
¢(X) is given by
d < . dX dX
¢ N

P _N.v - = 22 345
ds 09 1dX| ~ dS’ (3.4.5)

where N is the unit vector in the direction of the tangent vector at point X. There-
fore, a parameterized curve in the deformed configuration is determined by the de-
formation mapping x(S) = x (x(S)), and we have (F = F;; éE; and N = NxEy)

dx  dX dxX
2 Vy(X)=F - =
as = as VX ds

=F-N=F,N,é. (3.4.6)

Clearly, dx/dS = F;; Ny &; is a vector defined in the deformed configuration.

The stretch of a curve at a point in the deformed configuration is defined to be
the ratio of the deformed length of the curve to its original length. Let us consider
an infinitesimal length dS of curve in the neighborhood of the material point X.
Then the stretch A of the curve is simply the length of the tangent vector F - N in the
deformed configuration

22(8) = (F-N) - (F-N) (3.4.7)
=N-(F'.F)-N
=N.C-N (3.4.8)

Equation (3.4.8) holds for any arbitrary curve with dX = dSN and thus allows
us to compute the stretch in any direction at a given point. In particular, the square
of the stretch in the direction of the unit base vector E; is given by

V(E)=E;-C-E; =Cyy. (3.4.9)

That is, the diagonal terms of the left Cauchy—Green deformation tensor C repre-
sent the squares of the stretches in the direction of the coordinate axes (Xj, X5, X;3).
The off-diagonal elements of C give a measure of the angle of shearing between
two base vectors E; and E;, # J, under the deformation mapping x. Further, the
squares of the principal stretches at a point are equal to the eigenvalue of C. We
shall return to this aspect in Section 3.7 on polar decomposition theorem.

3.4.2 Green Strain Tensor

The change in the squared lengths that occurs as a body deforms from the reference
to the current configuration can be expressed relative to the original length as

(ds)* — (dS)* =2dX -E - dX, (3.4.10)
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where E is called the Green—St. Venant (Lagrangian) strain tensor or simply the

Green strain tensor.” The Green strain tensor can be expressed, in view of Egs.
(3.4.1)-(3.4.3), as
T 1

E=_(F -F-1I)= E(C_I)

[+ Vou) - I+ Vou)" —1]

N = N = N =

[Vou+ (Vou)" + (Vou) - (Vou)']. (3.4.11)
By definition, the Green strain tensor is a symmetric second-order tensor. Also, the
change in the squared lengths is zero if and only if E = 0.

The vector form of the Green strain tensor in Eq. (3.4.11) allows us to express
it in terms of its components in any coordinate system. In particular, in rectangular
Cartesian coordinate system (X, X5, X3), the components of E are given by

1/( ou; ou; duy 0
Ey=o 2 2 Tk T ) (3.4.12)
2\0X;, 03X, 090X 0K
In expanded notation, they are given by
8u1 1 i 8u1 2 8u2 2 3u3 2]
Ei= otz || —= —) |,
DX T2 (aXI) oy TUx
o [ om\* [ow\® [ ous)\*]
Ezz—aXz-i-z <8X2>+ % + e ,
dus  1[/0w\>  [odw\® [ dus\?]
Es=—+-|(— — — , 3.4.13
BTEx 2 <3X3> tox) Tox ( )
Eir — 1 3141 8u2 3M1 3141 8LL2 3L£2 3143 8143
PTo\0x T ax  ax0X | 0Xi0X | 90X 09X )’
Ex — 1 8111 i 8u3 31/!1 8111 3142 31/!2 8113 31/13
BTo\oxs Tax T aX 0X; | X 0Xs  aX 90X )’
Eor — 1 8L£2 4 3143 8u1 8L£1 auz 8u2 8L£3 8u3
P72\ T aX%0Xs 00X XX )

The components Eiy, Ey, and Ejs are called normal strains and Ejp, Eps, and Ej3
are called shear strains. The Green—Lagrange strain components in the cylindrical
coordinate system are given in Problem 3.18.

2 The reader should not confuse the symbol E used for the Lagrangian strain tensor and E; used
for the basis vectors in the reference configuration. One should always pay attention to different
typeface and subscripts used.
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Figure 3.4.2. Physical interpretation of normal
strain component Ej;.

X,

3.4.3 Physical Interpretation of Green Strain Components

To see the physical meaning of the normal strain component FEjq, consider a line el-
ement initially parallel to the Xj-axis, thatis, dX = d X;E; in the undeformed body,
as shown in Figure 3.4.2. Then

(ds)* — (dS)* =2E;dX;dX; =2E;1 dX, dX; = 2Ey; (dS)*.

Solving for Ej;, we obtain

2
1(ds)> —(dS)> 1 ds 1.,
Ei=—"—~— " =_||—] —-1|==(1r-1 3.4.14
=27 @Sy 2| \ds 3 ) ( )
where A is the stretch
ds 15
)\ZISZ\/1+2E11=1+E1]—§ 1t (3415)

In terms of the unit extension A1 = ) — 1, we have (including up to the quadratic
term)

1
Eyp = A+ EA%. (3.4.16)

When the unit extension is small compared with unity, the quadratic term in the last
expression can be neglected in comparison with the linear term, and the strain Ej;
is approximately equal to the unit extension A;. Thus, Ej; is the ratio of the change
in its length to the original length.

The shear strain components FE;;, i # j, can be interpreted as a measure of
the change in the angle between line elements that were perpendicular to each
other in the undeformed configuration. To see this, consider line elements dX(!) =
dXE; and dX® = dX;E, in the undeformed body, which are perpendicular to
each other, as shown in Figure 3.4.3. The material line elements dX!) and dX®
occupy positions dx(!) and dx®, respectively, in the deformed body. Then the
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dx® . _ dx@
" O ]
- ax® - dx®

N @ N [oxe]

Figure 3.4.3. Physical interpretation of
shear strain component FEj;.

cosine of the angle between the line elements OQ and OP in the deformed
body is given by [see Eq. (3.3.1)]

dxW . 4x?@
|dxM||dx@)|

[dX(l) -FT]-[F - dX®]

cosfpp, =1y -y =

= . (3.4.17)
VaXD . C . dXDVdXD . C - dXO®
Since
C=F'.F, N =E;, N, =E,, (3.4.18)
we have
N;-C-N, Cip
cosbp = — = =
VN -C-N;vVN,-C-N, VCuvCn
or
C 2E
= —— 2 (3.4.19)

Tk JA+2En) /1 + 2En)

Thus, 2 Ey; is equal to cosine of the angle between the line elements, 6;,, multiplied
by the product of extension ratios y; and y,. Clearly, the finite strain Ej, not only
depends on the angle 6;, but also on the stretches of elements involved. When the

unit extensions and the angle changes are small compared with unity, we have
T

5 — 012 ~ sin (% — 912) = cosbpp ~ 2Ep. (3.4.20)

3.4.4 Cauchy and Euler Strain Tensors

Returning to the strain measures, the change in the squared lengths that occurs
as the body deforms from the initial to the current configuration can be expressed
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relative to the current length. First, we express d.S in terms of dx as

(dSy> =dX-dX =dx-(F".-F!).dx=dx-B-dx, (3.4.21)

where B is called the Cauchy strain tensor
B=FT.F!, B'=B=F F. (3.4.22)
The tensor B is called the left Cauchy—Green tensor, or Finger tensor. We can write
(ds)*> — (dS)* =2dx - e - dx. (3.4.23)

where e, called the Almansi—-Hamel (Eulerian) strain tensor or simply the Euler

strain tensor, is defined as

1 1 _
e — 5 (1 _FT. Ffl) =5 (I — B) (3.4.24)
1 T
= E[I—(I—Vu).(I—Vu) ]
1
=5 [Vu+ (Vu)! — (Vu) - (Vu)T]. (3.4.25)
The rectangular Cartesian components of C, B, and e are given by
dx; 0 - Xk X
1=k Ok g COKOOK (3.4.26)
0X; 0.X; x; 0x;
1 9 Xk 0 Xk
eij =5 \0ij—————
2 3)61' 8x]-
1 /0w Ou; Ouid
_ (oM, o Otk Otk ) (3.4.27)
2 3)(]' 3)(,‘ Z)xi 3)6]'

The next two examples illustrate the calculation of various measures of strain.

EXAMPLE 3.4.1: For the deformation given in Example 3.3.1, determine the right
Cauchy-Green deformation tensor, the Cauchy strain tensor, and the compo-
nents of Green and Almansi strain tensors.

SOLUTION: The right Cauchy—Green deformation tensor and the Cauchy strain
tensor are, respectively,

1.0 0.0 0.07[1.0 05 0.0 1.0 05 0.0
[C]=]105 1.0 0.0 00 10 00(|=(05 125 0.0 |,

1 0.0 0.0 1.0][0.0 0.0 1.0 00 0.0 1.0
- 1.0 0.0 0.07[1.0 —-0.5 0.0 1.0 -0.5 0.0
[B]=| -05 1.0 0.0 00 10 00(|=|-05 125 00 |.
00 00 10J[00 00 10 00 00 1.0

The Green and Almansi strain tensor components in matrix form are given by

L[00 05 00 L0005 00
[E]==]05 025 00|; [eJ==]05 —025 00 |.

2 0.0 0.0 0.0 00 00 00
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-
X1, %

KA
(4 (D)

Figure 3.4.4. Undeformed (k) and deformed (x) configurations of a rectangular block, 5.

EXAMPLE 3.4.2: Consider the uniform deformation of a square block 5 of side
length 2 units, initially centered at X = (0, 0), as shown in Figure 3.4.4. The
deformation is defined by the mapping

1 1
X(X) = 7(18 +4Xi +6X0)8) + 2(14+ 6.X0)& + Xsés.

(a) Sketch the deformed configuration « of the body B.

(b) Compute the components of the deformation gradient tensor F and its in-
verse (display them in matrix form).

(c) Compute the components of the right Cauchy—Green deformation tensor C
and Cauchy strain tensor B (display them in matrix form).

(d) Compute Green’s and Almansi’s strain tensor components (E;; and e;;)
(display them in matrix form).

SOLUTION:
(a) Sketch of the deformed configuration of the body B is shown in Figure 3.4.3.

(b) Note that the inverse transformation is given by (X5 = x3)

R N B I R T H R e T

. 1 . .
X_l(X) = (—15 +x1 — xz)El + 6(7 + 4XZ)E2 + x3 E3.

The matrix form of the deformation gradient tensor and its inverse are

0x ax 9.X 3.X

G e S I o
09X 9x2 ’ g X5 :
el 2103 o el 302
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(¢) The right Cauchy—Green deformation tensor and Cauchy strain tensor are,
respectively,

Wkﬂﬂﬁﬂ=%[§3} Whﬂﬂwle[

4

13 9
9 9|

(d) The Green and Almansi strain tensor components in matrix form are, re-

spectively,

2= 5 (T -1 =55 3]

N = N

=5 (U= T =5 [y )

)ZE 9 —4

3.4.5 Principal Strains

The tensors E and e can be expressed in any coordinate system much like any dyadic.
For example, in a rectangular Cartesian system, we have

E = E[jE]Ej, e:ei/éié,-. (3428)

Further, the components of E and e transform according to Eq. (2.5.17):

Eij = i bje Exe,  €j = Lik Lje exe, (3.4.29)
where ¢;; denotes the direction cosines between the barred and unbarred coordinate
systems [see Eq. (2.2.49)].

The principal invariants of the Green-Lagrange strain tensor E are [see Eq.
(2.5.14)]

1
Ji=tE, )= z[(trE)2 . tr(Ez)], J3 = detE, (3.4.30)

where the trace of E, trE, is defined to be the double-dot product of E with the unit
dyad [see Eq. (2.5.13)]

trE=E:L (3.4.31)

Invariant J; is also known as the dilatation.

The eigenvalue problem discussed in Section 2.5.5 for a tensor is applicable
here for the strain tensors. The eigenvalues of a strain tensor are called the prin-
cipal strains, and the corresponding eigenvectors are called the principal directions
of strain.

EXAMPLE 3.4.3: Consider a rectangular block (B) ABCD of dimensions a x
b x h, where h is thickness and it is very small compared with a and b. Sup-
pose that the block B is deformed into the diamond shape A BC D shown in
Figure 3.4.5(a). Determine the deformation, displacements, and strains in the
body.
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Xo, X2 on Xz

D

1 _

b B

%,- ........... ::fBIeZ\ X, Xq

@) (b)

Figure 3.4.5. Undeformed (x,) and deformed (x) configurations of a rectangular block, B.

SOLUTION: By inspection, the geometry of the deformed body can be described
as follows: let (Xj, X5, X5) denote the coordinates of a material point in the
undeformed configuration, k. The X3-axis is taken out of the plane of the page
and not shown in the figure. The deformation of B is defined by the mapping
X(x) = x1 & + x, € + x3 €3, where

x1=Ao+ A1 Xi + A2X + AnXi Xo,
Xy = Bo+ B X1 + BXo + By X1 X,
X3 = X3.

and A; and B; are constants, which can be determined using the deformed con-
figuration «. We have

(X1, X5) =1(0,0), (x1,x%)=(0,0) - Ay=0, By=0,

e
(X1, %) = (a,0), (¥1,%0)=(a,es) - A =1, Bl=;2,

(X1, %) = (0,b), (x1,x2) = (e1,0) > A= %1, B =1,
(X1, X2) =(a,b), (x1,x2)=(a+ei,b+e) - Ap=0, B =0.
Thus, the deformation is defined by the transformation
X(X) = (X1 + ki1 X2)é1 + (Xo + ko X1)€ + X5 &5,

where k1 = e1/b and k; = e;/a. The inverse mapping is given by

1 N 1 N .
1IX)y=—— —k E —(—k E E;.
X (X) 1—k1k2(x1 1X2) 1+1—k1k2( 2x1 + ) Ey + x5 Es

Thus, the displacement vector of a material point in the Lagrangian description
is

u=ki X;e + kX é.

The only nonzero Green strain tensor components are given by

1 1
Ej = Ek%, 2Ep = ki +ky, Exn= Ek%

85
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The deformation gradient tensor components are

1 ki 0
[Fl=|k 1 0
0 0 1

The case in which k, = 0 is known as the simple shear. The Green’s deformation
tensor C is
1+ k% ki+ky O
C=F'"'F - [C)=[F|'[F]l=|ki+ks 14+k} 0],
0 0 1

and 2E = C — I yields the results given above.
The displacements in the spatial description are

ki
=x1—-X1=kiX, =—(—k
Uy = xq 1 142 1—k1k2( 2X1 + X2),
= X =k X = —2 (x; — kixo)
Uy =X 2 241 1= kik, (x1 1X2)

u3=)C3—AX3=O.

The Almansi strain tensor components are

kiky 1 kiky \? kb O\’
ep=—oo — [ ————) +———) |,
1—kiky, 2|\1=kik 1 — kiky
ki+ky  kiko(ki + k)
L—kiky (1 =kiko)*

kik, 1 kika 2+ ki \°
en=——""——= || ——— —_— .
2T M khk 2 |\1-kk 1—kiky
Alternatively, the same results can be obtained using the elementary me-
chanics of materials approach, where the strains are defined to be the ratio of
the difference between the final length and original length to the original length.

A line element A B in the undeformed configuration «( of the body 5 moves to
position A B. Then the Green strain in the line A B is given by

AB— AB 1 2
E11=EAB=T=;,/a2+e§—1= 1+(;2> -1

2812 =

Similarly,

1 €1 2 1 el 2 1 2
=145 () + |15 (5) =5k
Ex [ +5(3) + ] 2 %) =24
The shear strain 2 Ej, is equal to the change in the angle between two line ele-
ments that were originally at 90°, that is, change in the angle DA B. The change
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is clearly equal to, as can be seen from Fig. 3.4.5(b),

2E, = /DAB— /DAB = %1 + 2 kit k
a

The axial strain in line element AC is (A = A)

AC— AC 1

— — 2 2 _

Eac=——r—= —a2+b2\/(a+e1) +(b+e) -1
1

S o T N R R ) _

= a2+b2\/a + b + ey + €5 + 2ae; + 2be; — 1

_ |y e+ 2ae +2ber T L Lleit e +ae +2be

B a’ + b? T2 a’ + b?

_ 27,2 27,2

_m[a k3 + 2ab(ky + ky) + b°ki] .

The axial strain E4¢ can also be computed using the strain transformation
equations (3.4.29). The line AC is oriented at = tan~'(b/a). Hence, we have

a b
B =cos = ——, PBip =sinf = ——,
Va2 +bp? va? 4 b?
b
B = —sinf = ————, By =cosfh = L,
va? +b? Va? 4 b?

and
Eac = En = piibijEj = BuBu En + 281 B2 En + BB Exn
b TPy [a°k3 + 2ab(ky + k») + b°k7]

which is the same as that computed above.

The next example is concerned with the computation of principal strains and
their directions.

EXAMPLE 3.4.4: The state of strain at a point in an elastic body is given by
(1073 in./in.)

4 —4 0
[E]=| -4 0 0
0 0 3

Determine the principal strains and principal directions of the strain.

SOLUTION: Setting |[E] — A[[]| = 0, we obtain

@A =M[(=1)EB=2)=-0]+4-4B3-1)]=0 — [@4—1)r+16]3—2r)=0.
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We see that A; =3 is an eigenvalue of the matrix. The remaining two eigen-
values are obtained from A2 — 4. — 16 = 0. Thus the principal strains are (107>
in./in.)

M =3, A=214++5). i =201-+5).

The eigenvector components x; associated with e; = A1 = 3 are calculated

from
4-3 —4 0 X1 0
-4 0-3 0 X ¢ =40¢,
0 0 3-3 X3 0

which gives x; — 4x, = 0 and —4x; — 3x; = 0, or x; = x, = 0. Using the normal-
ization x7 + x5 4+ x3 = 1, we obtain x3 = 1. Thus, the principal direction associ-
ated with the principal strain &; = 3 is ) = £(0, 0, 1).

The eigenvector components associated with principal strain & = i, =
2(1 + +/5) are calculated from

4 — —4 0 X1 0
—4 0— Ay 0 X ¢ =407,
0 0 3—X X3 0

which gives

2425

0 =-16180, =0, - @ = £(-0.851,0.526, 0).

X1 =

Similarly, the eigenvector components associated with principal strain e3 = A3 =
2(1 — +/5) are obtained as

2425

= 1.618x;, x3=0, — £® = +(0.526,0.851,0).

X1

The principal planes of strain are shown in Figure 3.4.6.

Figure 3.4.6. Principal planes 1 and 2 of strain.
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3.5 Infinitesimal Strain Tensor and Rotation Tensor

3.5.1 Infinitesimal Strain Tensor

When all displacements gradients are small (or infinitesimal), that is, |Vu| << 1, we
can neglect the nonlinear terms in the definition of the Green strain tensor defined
in Eq. (3.4.11). In the case of infinitesimal strains, no distinction is made between the
material coordinates X and the spatial coordinates x. Therefore, the linear Green—
Lagrange strain tensor and the linear Eulerian strain tensor become the same. The
infinitesimal strain tensor is denoted by ¢, and it is given by

£ = % [Vu+ (Vu)']. (3.5.1)

The rectangular Cartesian components of the infinitesimal strain tensor are
given by

1
gij = 5 (Uij +uji). (3.5.2)
or, in expanded form,
€11 = % &9y = %
1 = 3)(1 5 2 = 3)(2’
dus 1 (0w auy

= oy =5\t ) 353
€33 9Xs f12 = 5 <8X2 + IX ( )

8—1 8u1+8u3 . 8—1 8u2+8u3
B=2\ox "oax )0 P 2\ox T ax )

The strain components €11, €22, and e33 are the infinitesimal normal strains and &1,
€13, and &p3 are the infinitesimal shear strains. The shear strains y1; = 2¢1, y13 =
2¢e13, and y»3 = 2éey3 are called the engineering shear strains.

3.5.2 Physical Interpretation of Infinitesimal Strain Tensor Components

To gain insight into the physical meaning of the infinitesimal strain components, we
write Eq. (3.4.10) in the form

(ds)> — (dS)? = 2dX - ¢ - dX = 26;;d X, d X;
and dividing throughout by (d$?), we obtain
(dsf — (S’ _, dXdX;
as> ~ asas”

Let dX/dS = N, the unit vector in the direction of dX. For small deformations, we
have ds + dS = ds + dS ~ 2dS, and therefore we have

ds—dS . <
SdS =N-&e-N=¢NN;. (3.5.4)

89
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Yz dx(z)

1

o o
Figure 3.5.1. Physical interpretation of

infinitesimal strain components.

@ (b)

The left side of Eq. (3.5.4) is the ratio of change in length per unit original length for
a line element in the direction of N. For example, consider N along the X;-direction.
Then we have from Figure 3.5.1(a) (also see Figure 3.4.2)
ds —dS
ds
Thus, the normal strain €1 is the ratio of change in length of a line element that was
parallel to the x;-axis in the undeformed body to its original length. Similarly, for a
line element along X, direction, (ds — dS)/ds is the normal strain &;,, and for a line
element along Xj direction, (ds — dS)/ds denotes the normal strain &33.
To understand the meaning of shear components of infinitesimal strain tensor,
consider line elements dX(!) and dX® at a point in the body, which deform into line

elements dx(V and dx®, respectively, as shown in Figure 3.5.1(b). Then we have
[see Egs. (3.3.1), (3.4.3), and (3.4.11)]

= £€11.

dxM . dx® = gXO . FT.F. gX® = gXOV . C . gX?®
=dX®" . (1+2E) - dx®

=dXW . dX® 424XV . E . dX?, (3.5.5)
Now suppose that the line elements dX() and dX® are orthogonal to each other.
Then
dxV . dx® = 24XV . E . aX?,
or

24XV . E . dX® = dxWdx@ cosd = dxPVdx@ cos (g -y - yz)

= dxWMdx? sin(y, + y») = dxVdx® siny, (3.5.6)

where 6 is the angle between the deformed line elements dx™) and dx® and y =
y1 + y» is the change in the angle from 90°, as shown in Figure 3.5.1(b) (also see
Figure 3.4.2). For small deformations, we take siny =~ y, and obtain

ax® ax®

e .S < () IS N o)
y =2 BT =2R0 . N0, (3.5.7)

where NO = dX® /dx® and N@ = dX®@ /dx@ are the unit vectors along the line
elements dX( and dX®, respectively. If the line elements dX") and dX® are taken
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along the Xj and X, coordinates, respectively, then we have 2¢1, = y. Thus, the en-
gineering shear strain yj, = 2¢1, represents the change in angle between line ele-
ments that were perpendicular to each other in the undeformed body.

3.5.3 Infinitesimal Rotation Tensor

The displacement gradient tensor Vu (note that F is the deformation gradient ten-
sor) can be expressed as the sum of a symmetric tensor and antisymmetric tensor

Vu= % [Vu+ (Vu)T] + % [Vu - (Vu)T] =c+Q, (3.5.8)

where the symmetric part is clearly the infinitesimal strain tensor, and the antisym-
metric part is known as the infinitesimal rotation tensor

Q= % [Vu—(Vw)']. (3.5.9)

From the definition, it follows that € is antisymmetric (or skew-symmetric), that is,
Q@' = —@. In Cartesian component form,

Qij = (wij —uji),  Quj=—Qj. (3.5.10)
Thus, there are only three independent components of :
([0 S Qs
Q=7 |2 0 -9 (3.5.11)
Qi3 Q3 0
While there is no restriction placed on the magnitude of Vu in writing (3.5.1), € and
© do not have the meaning of infinitesimal strain and infinitesimal rotation tensors
unless the deformation is infinitesimal (i.e., |Vu| is small, |[Vu| << 1).

Since @ has only three independent components, the three components can be
used to define the components of a vector w

1
Q=-E w or w:—ES:SZ,
(3.5.12)
Qij = —ejkwr  OF w; = —5 €ijk Qjks
where € is the permutation (alternating) tensor, £ = e;;x€;€;&,. In view of Egs.
(3.5.9) and (3.5.12), it follows that
1

1 1
w; = 3 eijkUkj OF W= zcurlu =3 V xu. (3.5.13)

In essence, infinitesimal displacements of the form u = 2 - x, where € is indepen-
dent of the position x, are rotations because

up = QijxXj = —e;jpWirx; = —(X x w); = (W X X); Or =W XX,

which represents the velocity of a point x in a rigid material in uniform rotation
about the origin.

91
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Certain motions do not produce infinitesimal strains but they may produce finite
strains. For example, consider the following deformation mapping:
XX) = b1+ Xi + Xz —cXo)ér + (b + Xo+ 3 X1 —1.X3) &
+ b3+ X354+ 0X — X)) és, (3.5.14)
where b; and ¢; (i = 1, 2, 3) are arbitrary constants. The displacement vector is

uX)= b1 +0Xs—cXo)é + (bh+ X —c1X3) &

+ (341X —cXp)és. (3.5.15)
Since

3141 —0 8Ll1 — ¢ aul —c

X, X ax Y

oup ouy oup

—Z — s, — =0, —= = —¢y, 3.5.16
X C3 X, 0X; 1 ( )
ous _ e ous _ . ouy _0

axi 7 X U axs

the infinitesimal (i.e., linearized) strains are all zero.
The components of the deformation gradient tensor F and left Cauchy—Green
deformation tensor C associated with the mapping are

1 —c; %) 1+ C% + C% —C1C —C1C3
[Fl=] o I —c |, [C]= —cicz 1+ +d3 -
- 1 —cic3 —cac3 1+ +c
(3.5.17)

It is clear that for nonzero values of the constants c;, the mapping produces nonzero
finite strains. When all of the constants ¢; are either zero or negligibly small (so that
their products and squares are very small compared to unity), then [F] = [C] = [[],
implying that the mapping represents a rigid body rotation. Figure 3.5.2 depicts the
deformation for the two-dimensional case, with b; = 2, b, = 3, and ¢3 = 1. Thus, the
finite Green strain tensor and deformation gradient tensor give true measures of

X(X)
X, X =2+X, -X, Figure 3.5.2. A mapping that produces
A xy =3+X, +X; zero infinitesimal strains but nonzero
1 -1 finite strains.
[F]=
11
> X,
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X9
A
x (X)
Figure 3.5.3. A mapping that produces X, / \
nonzero infinitesimal strains but zero fi- A o
nite strains. A——
- |
Lbdod ] 2
[ I R |
||
> X

> X, I_u1_>|

the deformation. The question of smallness of ¢; in a given engineering application
must be carefully examined before using a linearized strains.
Next, consider the mapping

X(X) = (u1 + XjcosO — Xosin60) &1 + (up + Xi sin6 + X, cos0) &,
+ X; 85, (3.5.18)

where u; and u; denote the horizontal and vertical displacements of the point
(0,0,0), as shown in Figure 3.5.3.

The components of the deformation gradient tensor F and left Cauchy—Green
deformation tensor C are

cosf —sinf O 1 0 0
[F]=| sin6 cosd O, [C]=]0 1 0. (3.5.19)
0 0 1 0 0 1

Since C =1, we have E = 0, indicating that the body does not experience stretching
or shearing. The mapping is a rigid-body motion (both rigid-body translation and
rigid-body rotation).

If we linearize the deformation mapping by making the approximations cos 6 ~
1 and sin @ ~ 0, we obtain

1 -6 0 1462 0 0
[Fl=|l6 1 0], [C]= 0 1+6% 0]. (3.5.20)
0 0 1 0 0 1

Thus, the Green strain tensor components are no longer zero. The principal
stretches A; = A, = 1 + 62 are not equal to 1, as required by the definition of rigid-
body motion. Owing to the artificial stretch induced by the linearization of the map-
ping, the stretches get larger and larger as the block rotates.

3.5.4 Infinitesimal Strains in Cylindrical and Spherical Coordinate Systems

The strains defined by Eq. (3.5.1) are valid in any coordinate system. Hence, they
can be expressed in component form in any given coordinate system by expanding
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the strain tensors in the dyadic form and the operator V in that coordinate system,
as given in Table 2.4.2 (also see Figure 2.4.2).

3.5.4.1 Cylindrical coordinate system
In the cylindrical coordinate system we have

u=ué + uge + ué,, (3.5.16)
d 1. 0 d
Vo=¢& — + —¢& — +é&,—, 3.5.17
0=Cg T %% TS, (3:517)
e, 0€y
—e %0 _ 4 3.5.18
0 " e T ° (3.5.18)
Using Egs. (3.5.16)—(3.5.18), we obtain [see Eq. (2.5.27)]
Vou=e8 18,24  Loe (3,
ol = €€ a7 r€o a7 ’ 0Cr 90 0
PPN P LU PP
r¥z or z%r 31 r r 90 AL
. ou . Oug . 0u
+ —egeza—é’Z +el—— + & Za—;, (3.5.19)

T A OU o dug 1. (du,
(Vou)' = ¢&,¢&, . +ege,—r+—e,eg 29 — uy

A A

. 0uy ou, 1, gy
+é.6,— +é.¢e, + ;egeg u, + —

or 9z 90
1 A ou A 81/!9 A u
+ ;02098—; + egeza—z + ezeza—zz . (3520)

Substituting the above expressions into Eq. (3.5.1) and collecting the coefficients of
various dyadics (i.e., coefficients of &,&,, & &y, and so on) we obtain the infinitesimal
strain tensor components

ou, 1(1814, g u9>

r a6 ar

Err = Erg =

or’ 2
1 /ou, du, u, 10uy
= - —, =4 -7 3.5.21
frz 2<8z+8r> o=t 50 (3.5.21)
. 1 8u9+13uz . _ dug
72 \az Trae ) TR oz
3.5.4.2 Spherical coordinate system
In the spherical coordinate system, we have
u:uRéR+u¢é¢+u9é9, (3522)
a 1 ) 1 d
Vo=¢er— é (3.5.23)

3R T R3¢ " Rsing " 90°
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g . deg _singé €y 6

ap " a0 B¢ o

0e 0é

%:COS(ﬁég, %:—Sin¢élg—cos¢é¢. (3.5.24)

Using Egs. (3.5.22)—(3.5.24), we obtain (answer to Problem 2.28)

Vou= Re 6p+ Mene, + Yane
u=— —= —
0 8RRR aRR¢ 8RR9

+1 auR u eevL1 Oty +u ee+1—8u9éA
_ — €
3(]5 ¢ |¢9 CR 8¢) R |€¢ ©¢ R 3¢ ¢ ©0

+ ! —8uR Up sin ¢ ! _8u¢ o}
- € e —ugcos¢ |&y e
Rsin ¢ ¢ o R+ Rsin ¢ v 9 e

1
+ Rsin ¢

dug
( + ugsin¢ + uy cos ¢> & &y, (3.5.25)

ﬁee+8uee
R PR HRTOCR

+ dur ee—l—18 + ee—l—laueA
r\ 39 ¢ |€R €y PP R )€y €y 3¢0
1

n oug sing e + 1 dug " .
——u ——u cos¢ ey é
Rsin ¢ f rEe Rsin ¢ ¢ L

1
+ Rsin ¢

OUR . .
(Vou)' = 8_15 RER+
1

0
( o + ugsin¢ + uy cos qb) €y €. (3.5.26)

Substituting the above expressions into Eq. (3.5.1) and collecting the coefficients of
various dyadics, we obtain the following infinitesimal strain tensor components in
the spherical coordinate system:

. _Jug . 1 8u¢+
RR= g o0 = 1\ 5 UR

L(10ug Oduy uy
ERp = <R8¢+ R )

1 1 Odug " dug Uy
& = — _— _— ],
R =72\ Rsing 90 ' aR R

1 1 duy n g (6
oo = —|——+— —ugco
T o2R \sing 90 ' ap ° ’

1

€00 =
Rsin¢ 10}

<8 + ugsing + ug cos ¢> (3.5.27)
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3.6 Rate of Deformation and Vorticity Tensors

3.6.1 Definitions

In fluid mechanics, velocity vector v(x, t) is the variable of interest as opposed to
the displacement vector u in solid mechanics. Similar to the displacement gradient
tensor [see Eq. (3.5.8)], we can write the velocity gradient tensor L = Vv as the sum
of symmetric and antisymmetric (or skew-symmetric) tensors

L=Vv= % (VW) + Vv] + % [Vv—(VW)']=D-W, (3.6.1)

where D is called the rate of deformation tensor and W is called the vorticity tensor
or spin tensor

D= % (VW' +Vv], W= —% [Vv—(Vv)T]. (3.6.2)

It follows that
D:%(LT—i—L), W:—%(L—LT). (3.6.3)
Since W is skew-symmetric (i.e., WT = —W), it has only three independent

scalar components, which can be used to define the scalar components of a vector
w, called the axial vector of W, as follows:

0 —w3 wr
Wi = —eijkwi, [Wl=| ws 0 —w |. (3.6.4)
—w? w1 0

The scalar components of w can be expressed in terms of the scalar components of
W as

w; = —%eiikW]-k = %eijkg—;l; or w= %V X V. (3.6.5)
Note that div w = 0 by virtue of the vector identity (i.e., divergence of the curl of
a vector is zero). Thus, the axial vector is divergence free. As discussed in Sec-
tion 3.5.3, if a velocity vector v is of the form v =W -x for some antisymmetric
tensor W that is independent of the position x, then the motion is a uniform rigid
body rotation about the origin with angular velocity w.

3.6.2 Relationship between D and E

The rate of deformation tensor D is not the same as the time rate of change of the
infinitesimal strain tensor &, that is, the strain rate &, where superposed dot signi-
fies the material time derivative. The time rate of change of Green-Lagrange strain
tensor can be related to D, as discussed next.

Taking the material time derivative of (3.4.10), we obtain

d dE .
E[(ds)Z] =2dX- i dX =2dX-E - dX, (3.6.6)
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where we used the fact that dX and dS are constants. However, from Eq. (3.4.2),
we have (ds)? = dx - dx, and the instantaneous rate of change of the squared length
(ds)? is

d 2 dx

E[(ds) ] =2dx- o (3.6.7)
From Eq. (3.3.1), we have (dx = F - dX)

d(dx) _

d d .
T (dw) = [EF} dX +F- F.dX, (3.6.8)

where the time derivative of dX is zero because it does not change with time. Note
that

F= %(VQX)T = [vo (%)]T = (Vov)'. (3.6.9)

Note that Vgv is the gradient of the velocity vector v with respect to the material

coordinates X, and it is not the same as L = Vv (or L - dx = dv). From Egs. (3.6.8)
and (3.6.9), we have

dv = (Vov)' - dX. (3.6.10)
Thus
(Vov)' -dX =L dx, (3.6.11)
and from Egs. (3.6.7) and (3.6.11), we obtain (see Problem 3.25)
%[(ds)z] =2dx-L-dx =2dx-(D+ W) dx =2dx-D -dx. (3.6.12)

The second term is zero because of the skew symmetry of W. Now comparing
Eqgs. (3.6.6) with (3.6.12) and using Eq. (3.4.4)

dE
dX - — - dX =dx-D.dx
dt
=dX-F'-D.F.dX,
we arrive at the result

dE
— =F'-D-F. 3.6.13
T ( )

We can also relate the velocity gradient tensor L to the time rate of deformation
gradient tensor F. From Egs. (3.6.7) and (3.6.9), we have

F=L-F or L=F.F, (3.6.14)

3.7 Polar Decomposition Theorem

Recall that the deformation gradient tensor F transforms a material vector dX at X
into the corresponding spatial vector dx, and it characterizes all of the deformation,
stretch as well as rotation, at X. Therefore, it forms an essential part of the definition
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Figure 3.7.1. The roles of U and R in transforming an ellipsoidal volume of material in the
neighborhood of X.

of any strain measure. Another role of F in connection with the strain measures is
discussed here with the help of the polar decomposition theorem of Cauchy. The
polar decomposition theorem enables one to decompose F into the product of an
orthogonal tensor and a symmetric tensor and thereby decomposes the general de-
formation into pure stretch and rotation.

Suppose that F is nonsingular so that each line element dX from the reference
configuration is transformed into a unique line element dx in the current configu-
ration and conversely. Then the polar decomposition theorem states that F has a
unique right and left decompositions of the form

F=R-U=V-R (3.7.1)
so that
dx=F-dX=(R-U)-dX = (V-R)-dX, (3.7.2)

where U the symmetric right Cauchy stretch tensor (stretch is the ratio of the final
length to the original length), V the symmetric left Cauchy stretch tensor, and R is
the orthogonal rotation tensor, which satisfies the identity

RT-R=1Ior RT=R"". (3.7.3)

In Eq. (3.7.2), U-dX describes a pure stretch deformation in which there
are three mutually perpendicular directions along which the material element dX
stretches (i.e., elongates or compresses) but does not rotate. The three directions
are provided by the eigenvectors of U. The role of Rin R - U - dX is to rotate the
stretched element. These ideas are illustrated in Figure 3.7.1, which shows the mate-
rial occupying the spherical volume of radius |dX] in the undeformed configuration
being mapped by the operator U into an ellipsoid in the deformed configuration at
x. The role of R is then to rotate the ellipsoid through a rigid body rotation.

From Egs. (3.7.1) and (3.7.3), it follows that

U=R'"."F=RT.F, V=F.R!=F.R" (3.7.4)
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and
U’=U.-U=UT.U=F' " R-R!).-F=F'.F=C,
(3.7.5)
V'=V.V=V.VI=F. (R .R) . F' =F.F' =B.
We also note that
F=R-U=R-U)-(RT-R)=(R-U-R").R=V.R
=V.-R=R-R"- (V.-R)=R-(RT-V.R)=R-U, (3.7.6)
which show that
U=R"-V.R, V=R.U-R". (3.7.7)

It can be shown that detU = detV = detF. Since FT - F is real and symmetric,
there exists an orthogonal matrix A that transforms F' - F into a diagonal matrix

A0 0
U'=F".F=C=A| 0 3} 0 |A" (3.7.8)
0 0 A3

where A7 are the eigenvalues of U> = FT . F, and A is the matrix of eigenvectors N;.
The eigenvalues A; are called the principal stretches and the corresponding mutually
orthogonal eigenvectors are called the principal directions. The tensors U and V
have the same eigenvalues and their eigenvectors differ only by the rotation R; see
Problem 3.31 for a proof. Thus

A 0 0 3
U=A[0 2 0 [AT=) LNN,. (3.7.9)
0 0 A3 i=1

In view of Eq. (3.7.8), the eigenvalues of U and V are identical. Once the stretch
tensor U is known, the rotation tensor R can be obtained from Eq. (3.7.1) as

R=F.- UL (3.7.10)

More details on rotation and stretch tensors can be found in the books by
Malvern (1969) and Truesdell and Noll (1965). An example of the use of the po-
lar decomposition theorem is presented next.

EXAMPLE 3.7.1: Consider the deformation given by the mapping
1 1
x1=Z[4Xl+(9—3Xl—5X2—X1X2)t], x2=Z[4X2+(16+8X1)t].

(a) For X = (0,0) and ¢ = 1, determine the deformation gradient tensor F and
right Cauchy-Green strain tensor C.

(b) Find the eigenvalues (stretches) A; and A, and the associated eigenvectors
Nl and Nz.

(c) Use the polar decomposition to determine the symmetric stretch tensor U
and rotation tensor R.
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SOLUTION:
(a) For X = (0, 0) and time ¢ = 1, the components of the deformation gradient
tensor F and right Cauchy—Green strain tensor C are

it ) @i (5 7]

(b) The eigenvalues A7 and A3 of matrix [C] are determined by setting
IIC]=A[I]l=0 — 23=51593, A5 =1.4658

so that A; = 2.2714 and X, = 1.2107. The eigenvectors are (in vector com-
ponent form)

0.8385 —0.5449
Wy _ @y _
N }_{0.5449}’ N }_{ 0.8385}'

(c) Hence, the stretch tensor can be written as

U = 1, NORO 4 1,RORO)
=2 (M"& + MYe) (MY + Me,)

+ 22 (N + NPe ) (Mo + N, )
= (MINDP + INOP) @161 + (VP + 2ol MYP) e,
+ (klNl(l)Nz(l) + )\le(z)Néz)) (é1€2 + €281)

or in matrix form

(U] = 1.9564 0.4846
~ 104846 1.5257 |

Then the rotation tensor [ R] in matrix form is given by

03590 —0.9333
— -1 _
(Rl =FIY] _[0.9333 0.3590]‘

3.8 Compatibility Equations

The task of computing strains (infinitesimal or finite) from a given displacement field
is a straightforward exercise. However, sometimes we face the problem of finding
the displacements from a given strain field. This is not as straightforward because
there are six independent partial differential equations (i.e., strain-displacement re-
lations) for only three unknown displacements, which would in general overdeter-
mine the solution. We will find some conditions, known as St. Venant’s compatibil-
ity equations, that will ensure the computation of unique displacement field from
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a given strain field. The derivation is presented for infinitesimal strains. For finite
strains, the same steps may be followed, but the process is so difficult that it is never
attempted (although some general compatibility conditions may be stated to ensure
integrability of the six nonlinear partial differential equations).

To understand the meaning of strain compatibility, imagine that a material body
is cut up into pieces before it is strained, and then each piece is given a certain strain.
The strained pieces cannot be fitted back into a single continuous body without fur-
ther deformation. However, if the strain in each piece is related to or compatible
with the strains in the neighboring pieces, then they can be fitted together to form
a continuous body. Mathematically, the six relations that connect six strain com-
ponents to the three displacement components should be consistent. To make this
point clear, consider the two-dimensional case. We have three strain-displacement
relations in two displacements:

3u1
A 3.8.1
3X1 e ( )
8142
— =&y, 3.8.2
BX2 2 ( )
3141 8u2
— 4+ —= =2¢p2. 3.83
o + o €12 ( )

If the given data (11, €22, £12) is compatible (or consistent), any two of the three
equations should yield the same displacement components. The compatibility of the
data can be established as follows. Differentiate the first equation with respect to x;
twice, the second equation with respect to x; twice, and the third equation with
respect to x; and x; each to obtain

3’ 92
T (38.1)
0x10x; 0x5
9° 02
R T (3.8.2)
0x20x7 0x
33 9° 02
o g2 (38.3)
0xy0x1  0x70x 0x10x2

Using Egs. (3.8.1") and (3.8.2") in (3.8.3'), we arrive at the following relation between
the three strains:

92 92 92
S il (3.8.4)
0x; 0x; 0x10x2

Equation (3.8.4) is called the strain compatibility condition among the three strains
for a two-dimensional case.
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Similar procedure can be followed to obtain the strain compatibility equations
for the three-dimensional case. In addition to Eq. (3.8.4) five more such conditions
can be derived:

32 2 32
T _p P08 (3.8.5)
8x3 axl 8x18x3
32822 82833 N 32823 (3 8 6)
ax3 x5 9x20x3 o
32811 32823 _ 82813 32812 (3 8 7)
9X20X3 ax? ax10x,  0x10x3 o
32 32 32 32
2 I T, TP (388)
0Xx10X3 ax2 0x10x2 0X20X3
32833 32812 _ 82813 82823 (3 8 9)

0Xx10X 3x§ o 0X20X3 0X10X3 ’

The six equations in Egs. (3.8.4)—(3.8.9) can be written as a single relation using the
index notation

2 2 2 2
d Emn d Eij _ d Eim d Ejn

(3.8.10)

0x;0x;  0Xpmdx,  0X;OX,  0X;0Xm

These conditions are both necessary and sufficient to determine a single-valued dis-
placement field. Similar compatibility conditions hold for the rate of deformation
tensor D.

Equation (3.8.10) can be derived in vector form as follows. We begin with the
curl of «:

v 08jr . 1 Bzuj . u, \ . .
X € =ejjr—€re, = —¢jjx | ——— + ——— | éé,
ik 0X; k ik ax;0x,  0x;0x; k

1 9%u; o
=5 <ei,-k 8xi8)]c, + O) €,6,. (3.8.11)

Using Eq. (3.5.13), we have

1
Vxe= SCijk

azuj A 0 1 8l/l}'A N 86()](/\ N
——re, = — | —e;jin— é = é.é
2 0x;0x, K& ox, \2 ik 0x; k)= , ke
or
aa)k d
Vxe) =¢ é=é wrér) = V.
( ) oyl rax,( k€x)
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Since the curl (V x) of the gradient (V) of a vector (or tensor) is zero, we take curl of
the above equation and arrive at the compatibility equation in vector/tensor form:

Vx(Vxe)' =0 or ey ejyeiju=0. (3.8.12)

The next example illustrates how to determine if a given strain field is compatible.

EXAMPLE 3.8.1: Given the following two-dimensional, infinitesimal strain field:
2, .2 L 3 2
£11 = C1X1 (x1 + xz), & = gcle, £12 = C3X7 X2,

where ¢y, ¢z, and c¢3 are constants, determine whether the strain field is compat-

ible.

SOLUTION: Using Eq. (3.8.4), we obtain
e 0%exm e
ax;  9x} dx19x2

= 2c1x1 + 2cox1 — dezxy.
Thus the strain field is not compatible, unless ¢; + ¢; — 2¢3 = 0.

The next example illustrates how to determine the displacement field from a
given compatible strain field.

EXAMPLE 3.8.2: Consider the problem of the isotropic cantilever beam bent by
a load P at the free end, as shown in Figure 3.8.1. From the elementary beam
theory, we have the following strains:

Px1x; Pxx; _ (A+v)P

L 2= TvEn=veo, e = W(htxg), (3.8.13)

11 = -

where I is the second moment of area about the x3-axis, v is the Poisson ratio,
E is Young’s modulus, and 2/ is the height of the beam. (a) Determine whether
the strains are compatible, and if it is, (b) find the displacement field using the
linearized strain-displacement relations, and (c) determine the constants of in-
tegration using suitable boundary conditions.

X,
\ P
X, A P \
\
ZhI NE-——————————————7 i Y %EGU
-
b -''m
I: L | X 3
i 4

Figure 3.8.1. Cantilever beam bent by a point load, P.
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SOLUTION

(a)

(b)

Substituting ¢;; into the single compatibility Eq. (3.8.4), we obtain 0 4+ 0 = 0.
Thus the strains satisfy the compatibility equation in two dimensions. Al-
though the two-dimensional strains are compatible, the three-dimensional
strains are not compatible. For example, using the additional strains,
£33 = —vey, €13 = &3 = 0, one can show that all of the equations except
the one in Eq. (3.8.9) are satisfied.

Using the strain-displacement equations and integrating the strains

uy Pxix; Pxfo
ot e11 il 125 SET + f(x2) ( )
duy v Px1X) v Pxx3
2T TRl o=—pr TE) ( )

where f(x;) and g(x;) are functions of integration. Substituting «; and u;

into the definition of 2¢1;,, we obtain
2

Px;j

2FE1

v Px3
2E1

3u2 _

df
da

dg
dx1 '

= 3.8.16
o (3.8.16)

But this must be equal to the strain value given in Eq. (3.8.13):

2
_ Py

2E1

2
v Px;

af
dv T 2El

de

ﬁ__(l—i—v)

2 2
o Z] P(h* — x3).

Separating the x; and x, terms, we obtain

dg

Pxi  (1+v)PR* _df (Q2+v)Px;
dx1 ’

2EI El dx 2FE1

Since the left side depends only on x; and the right side depends only on x;,
and yet the equality must hold, it follows that both sides should be equal to
a constant ¢y:

ﬂ B (2+v)Px3 _
dXQ o

dg  Px?

(14+v)Ph*
dx;  2EI

El

2EI €0,

Integrating the expressions for f and g, we obtain

2 +v)Px3
f(x2)=—( 6E)I 2 + cox2 + ¢1
(3.8.17)
(x1) = Px13 (14 v) P, CoX1 + ¢
8(X1) = 6El El 0X1 2,

where c¢; and c; are constants of integration that are to be determined. The
most general form of displacement field (u1, u,) corresponding to the strains
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in Eq. (3.8.13) is given by

Pxjx, (2+v)Px;

up(xy, x2) = — + + coxp + ¢y,
2FE1 6EI (3.8.18)
(1+v)Ph’x;  vPxix; Px}

(¥, x2) = ———p7 2EI T eEl Mt

(c) The three constants cy, ci, and ¢, are determined using boundary condi-
tions necessary to prevent the beam from moving as a rigid body. From
Figure 3.8.1, we have the following boundary conditions:

ur(L,0) =0, uy(L,0)=0. (3.8.19)

This prevents rigid body translations in the x;- and x,-directions. Substitut-
ing the expressions for u; and u; into the boundary conditions (3.8.19), we
obtain
ul(L, 0) =0 — 1 = 0,

(L+v)PRL  PL (3.8.20)
El 6EI
To remove rigid body rotation, we assume that the rotation of the vertical
edge at the point (x1, x,) = (L, 0) is zero:

le(L, 0) =0 — C()L—Cz =

3 PI>  (1+v)PH? PI?
<ﬂ> 0 e DL AP PR a5y
91 ) _1 o 2EI EI 3EI
The displacement field is
PI?x x? x? h?
ui(x1, x2) = 6E12 [3 (1 — ﬁ) + 2+ v)fzz —6(1 + V)E:| ,
(3.8.22)

PL3 X Xz x3
ur(x1, x2) = SEL |:2—3zl (1 — vfz) + f13 )

3.9 Change of Observer: Material Frame Indifference

In the analytical description of physical events, the following two requirements must
be followed:

1. Invariance of the equations with respect to stationary coordinate frames of ref-
erence.

2. Invariance of the equations with respect to frames of reference that move in
arbitrary relative motion.

The first requirement is readily met by expressing the equations in vector/tensor
form, which is invariant. The assertion that an equation is in “invariant form” refers
to the vector form that is independent of the choice of a coordinate system. The
coordinate systems used in the present study were assumed to be relatively at rest.
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The second requirement is that the invariance property holds for reference frames
(or observers) moving arbitrarily with respect to each other. This requirement is
dictated by the need for forces to be the same as measured by all observers irre-
spective of their relative motions. The concept of frames of reference should not be
confused with that of coordinate systems, as they are not the same at all. A given
observer is free to choose any coordinate system as may be convenient to observe
or analyze the system response. Invariance with respect to changes of observer is
termed material frame indifference or material objectivity.

A detailed discussion of frame indifference is outside the scope of the present
study, and only a brief discussion is presented here. Functions and fields whose val-
ues are scalars, vectors, or tensors are called frame indifferent or objective if both
the dependent and independent vector and tensor variables transform according to
the following equations:

1. Events, x, ¢: X'=c(t)+Q()-x
2. Vectors, v: vi=Q() v
3. General second-order tensors, S:  $* =Q(¢)-S- Q' (¢)
4. Deformation gradient tensor, F: FF=Q()-F

Here quantities without an asterisk refer to a frame of reference (or observer) F
with origin O, and those with an asterisk (*) refer to another frame of reference F*
with origin O*; ¢(t) is a constant vector from O to O*, and Q(t) is the orthogonal ro-
tation tensor that rotates frame F* into frame F. For example, x and x* refer to the
same motion, but mathematically x* is the motion obtained from x by superposition
of a rigid rotation and translation. One can show that the velocity and acceleration
vectors are not objective.

To see the effect on the deformation gradient of a change of observer, consider
the most general mapping between observer O and observer O*

X" = c(t) + Q) - x, (3.9.1)

where ¢ is an arbitrary vector and Q is a second-order orthogonal tensor (i.e.,

Q- Q =1), both of which depend on time ¢. The mapping in Eq. (3.9.1) may be

interpreted as one that takes (x, t) to (x*, t*) as a change of observer from O to O*,

so that the event which is observed at place x at time ¢ by observer O is the same

event as that observed at x* at time * by observer O*, where t* =t —a,and a is a

constant. Thus, a change of observer merely changes the description of an event.
The motion of body B as seen by observer O can be written as

x = x(X, 1), (3.9.2)
whereas observer O* describes the same motion as
X' = x"(X,t"), (3.9.3)
where x*(X, t*) is defined through the observer mapping by
XX, ") =¢(t)+Q(r) - x(X, 1), t*=t—a. (3.9.4)
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The velocity and acceleration of the particle X as observed by O are

ax  9%x
.0 a0 3.9.5
ot ar? (3.9.5)
respectively. The velocity and acceleration observed by O* are
ox* dc 8Q
X =2 x40 X
Px* 9% _9Q ax 32 82Q (3.96)
=—+2—- X, 1),
a2 o T2 e T g T e XX

respectively. We note that the two observers’ view of the velocity and acceleration
of a given motion are different, even though the rate of change at fixed X is the same
in each case.

If the reference configuration is independent of the observer, the deformation
gradients in the two frames of reference are F and F*, respectively, where

= Q1) -F(X,1). (3.9.7)
The respective Jacobians are given by
J =detF, J*=detF* =detF=/J, (3.9.8)

where the fact that the determinant of Q is unity is used. Thus the volume change
is unaffected by an observer transformation, which makes sense as the local volume
ratio should be independent of the (kinematic) description of motion.

To see how the Green-Lagrange strain tensor changes under the observer trans-
formation, consider

C = (F)T.F = (FT : QT) : (Q : F) —F.F=C, (3.9.9)

where Eq. (3.9.7) and the the property QT - Q =1 of an orthogonal matrix Q is
used. Hence, by definition [see Egs. (3.4.3) and (3.4.5)], the Green strain tensor as
measured by the two different observers is the same:

E=E" (3.9.10)

3.10 Summary

In this chapter, the two descriptions of motion, namely, the spatial (Eulerian) and
material (Lagrange), are discussed, and the deformation gradient tensor, Cauchy—
Green deformation tensors, several forms of homogeneous deformations, and var-
ious measures of strain are introduced. The strain tensors discussed include the
Green-Lagrange strain tensor, Cauchy strain tensor, and the Euler strain tensor.
Physical interpretation of the normal and shear strain tensor components is also
discussed. Compatibility conditions on strains to ensure a unique determination of
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displacements from a given strain field are presented. The polar decomposition the-
orem is also presented and its utility in determining the principal stretches was il-
lustrated. Numerous examples are presented to illustrate the concepts introduced.
Finally, the concept of frame indifference is briefly discussed.

PROBLEMS

3.1 Given the motion
x = (1+1)X,

determine the velocity and acceleration fields of the motion.

3.2 Show that the acceleration components in cylindrical coordinates are

v, v, vy 0V, v, vg
a, = —  —— — -2
T P T PR
vy dvy Vg Oy dvg Uy Vg
G T Y e T Y
v, v, vy dv, v,
a;=—+v—+ ——+v,—
ot ar r 00 a9z

3.3 The motion of a body is described by the mapping
XX) = (X1 +17X) & + (X +12X)) & + Xs e3,
where t denotes time. Determine
(a) the components of the deformation gradient tensor F,

(b) the components of the displacement, velocity, and acceleration vectors, and

(c) the position (X, Xz, X3) of the particle in undeformed configuration that
occupies the position (x1, x2, x3) = (9, 6, 1) at time ¢ = 2 s in the deformed
configuration.

3.4 Homogeneous stretch. Consider a body with deformation mapping of the form
X(X) = k1 X1 €1 + ko Xo &, + k3 X3 &3,

where k; are constants. Determine the components of

(a) the deformation gradient tensor F, and

(b) the left and right Cauchy—Green tensors C and B.
3.5 Homogeneous stretch followed by simple shear. Consider a body with deforma-
tion mapping of the form

X(X) = (k1 X1 + eok2 X0) €1 + ko X2 € + k3 X5 &3,

where k; and ej are constants. Determine the components of

(a) the deformation gradient tensor F, and

(b) the left and right Cauchy—Green tensors C and B.
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3.6 Suppose that the motion of a continuous medium is given by
X1 = Xj cos At + X5 sin At,
X, = — X sin At + X5 cos At,
x3 =1+ Bt) Xz,

where A and B are constants. Determine the components of
(a) the displacement vector in the material description,
(b) the displacement vector in the spatial description, and
(c) the Green-Lagrange and Eulerian strain tensors.

3.7 If the deformation mapping of a body is given by
XX) = (X1 + AXy) e + (X2 + BX1)é; + Xz é;,

where A and B are constants, determine
(a) the displacement components in the material description,
(b) the displacement components in the spatial description, and
(c) the components of the Green-Lagrange and Eulerian strain tensors.

3.8 For the deformation field is given in Problem 3.5, determine the positions

(x1, x2, x3) of a circle of material particles X % + X % = a?.

3.9 The motion of a continuous medium is given by

1 1
X = E(XI + Xo)e' + E(Xl - Xp)e ™,

1 1
X, = E(Xl + Xp)e' — E(Xl - Xp)e ™,
X3 = )(3

Determine
(a) the velocity components in the material description,
(b) the velocity components in the spatial description, and
(c) the components of the rate of deformation and vorticity tensors.
3.10 Nanson’s formula. Let the differential area in the reference configuration be
dA. Then
NdA = dX® x dX® or NjdA =epxdXVdxQ,

where dX( and dX® are two nonparallel differential vectors in the reference
configuration. The mapping from the undeformed configuration to the deformed
configuration maps dX!) and dX® into dx(!) and dx®, respectively. Then fida =
dxM x dx®. Show that

fida=JFT.NdA.
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3.11 Consider a rectangular block of material of thickness / and sides 3b and 4b and
having a triangular hole as shown in Figure P3.11. If the material is subjected to the
deformation mapping given in Eq. (3.3.12),

XxX)=(Xi+yXp)é1 + Xoer + Xz €3,

determine (a) the equation of the line BC in the undeformed and deformed con-
figurations, (b) the angle ABC in the undeformed and deformed configurations,
and (c) the area of the triangle ABC in the undeformed and deformed configura-
tions.

X,
\

4b

Figure P3.11.

>

3.12 Consider a square block of material of thickness £, as shown in Figure P3.12.
If the material is subjected to the deformation mapping given in Eq. (3.3.14) with
y; =1and y, =3,

x(X) = Xi(1+ X)é; + Xo(1 +3X)e; + X 83,

(a) compute the components of the Cauchy—Green deformation tensor C and
Green-Lagrange strain tensor E at the point X = (1, 1, 0), and

(b) the principal strains and directions at X = (1, 1, 0).

Xy

Figure P3.12.

3.13 Determine the displacements and Green-Lagrange strain tensor components
for the deformed configuration shown in Figure P3.13. The undeformed configura-
tion is shown in dashed lines.

3.14 Determine the displacements and Green—Lagrange strain components for the
deformed configuration shown in Figure P3.14. The undeformed configuration is
shown in dashed lines.
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D[
D ¢
D : X =k X’
A k—a—=lB X Xy
Figure P3.13. Figure P3.14.

3.15 Determine the displacements and Green-Lagrange strains in the (xi, x2, x3)
system for the deformed configuration shown in Figure P3.15. The undeformed con-
figuration is shown in dashed lines.

Xo, Xy

\

Figure P3.15.

3.16 Determine the displacements and Green-Lagrange strains for the deformed
configuration shown in Figure P3.16. The undeformed configuration is shown in
dashed lines.

X9, Xy *o — *
\ A (X1, X;)=(0,0); At (X, %)= (0,0);
5 B: (Xy, X,)= (1,0); B: (x,X,)= (0.8,0.2);
C: (Xy, Xy) = (L) C: (X, %)= (1.31.2); Figure P3.16.
D: (X, X,)=(0,2); D: (%, %)= (0.5,0.9)
X, Xy

Discussion. Discuss the validity of the following comments by a reviewer of
Problems 3.13-3.16: “...in these (problems) the student is asked to construct the
deformation in the interior of the body from the boundary data alone. This is really
quite absurd, for the answer is not kinematically determined in general. It depends
on the details of material constitution, material homogeneity, whether the body is
in equilibrium or not, etc.”

3.17 Given the following displacement vector in a material description using a cylin-
drical coordinate system

u= Aré, + Brzé, + Csin6ée,,

where A, B, and C are constants, determine the infinitesimal strains.
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3.18 Show that the components of the Green—-Lagrange strain tensor in cylindrical
coordinate system are given by

ou, 1 ou, 2 dlty 2 ou, 2
E., = — - =
" 8r+2|:<8r)+<8r>+(8r> ’

1({10u, Odug wuy 10u, du, 10ug duy
Er0 =3

2\r 90 " ar ¢ T roor 960 ' r or 90

10u; du, u, duy  up Ju,

r or 00 r o or r or

9z ' or | ar az = dr 9z = dr oz
u, 1ouy 1 1 0u, 2 1 duy 2 1 du, 2
Fpp=—4+-——2 42| (= - =
v r+r86+2<r89 Fae) T\

2 du, " 2 Ouy " <u9>2+ (ur)2
- SUp— + s — + | — —) 1.
2090 T2 g0

E. = % <8ur N ou, n ou, ou, N ouy dug N ou, 3uz> ’

> _1 dug 10u, 10u, ou, 10uy duy
=2\ 9z "ra0 " r a0 9z | r a0 oz

10u; du, uy du,  u, duy

r 00 0z r 0z r 0z

ou, 1 duy \ > g\’ ou, 2
E,.=—+~- - - .
«“ 8z+2|:<8z> + 0z + 0z

3.19 The two-dimensional displacement field in a body is given by

’

u =X [XlzXz + ¢ (263 +33X; — Xf)] ,

3 1 3
w=-X (263 + EC§X2 -3 5+ ECIX12X2> :
where ¢; and ¢, are constants. Find the linear and nonlinear Green-Lagrange

strains.

3.20 Determine whether the following strain fields are possible in a continuous
body:

X(XP+ X)) 2X %X X
], ®E=| 2xxx  x x
X X X2

2 2
(a) [e] = [(XlX;rsz) X)l(jz(z
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3.21 Find the axial strain in the diagonal element of Problem 3.13, using (a) the
basic definition of normal strain and (b) the strain transformation equations.

3.22 The biaxial state of strain at a point is given by e;; = 800 x 107% in./in., £y =
200 x 107% in./in., &2 = 400 x 1079 in./in. Find the principal strains and their direc-
tions.

3.23 Consider the following infinitesimal strain field:
en=c1X3 en=cX:, 2ep=0cXX,
e31 = e =33 =0,
where ¢ and ¢, are constants. Determine

(a) ¢ and c¢; such that there exists a continuous, single-valued displacement
field that corresponds to this strain field,

(b) the most general form of the corresponding displacement field using ¢; and
¢, obtained in Part (a), and

(c) the constants of integration introduced in Part (b) for the boundary condi-
tionsu=0and 2 =0atX=0.

3.24 Show that the invariants Ji, J;, and J3 of the Green—Lagrange strain tensor E
can be expressed in terms of the principal values %; of E as

Ji=MF A+ A3, Jo=MAy+ oAz + A3hy, J3 = AAghs.

Of course, the above result holds for any second-order tensor.
3.25 Show that

d
= [(ds)*] =2dx-D - dx.
3.26 Show that the spin tensor W can be written as
W=R-R",

where R is the rotation tensor.
3.27 Verify that

ov 1
V= — 4 = . A
v at—l—zgrad(v V) +2W . v
v

1
= +§grad(v-v)+2wxv,

where W is the spin tensor and w is the vorticity vector [see Eq. (3.6.5)].

3.28 Evaluate the compatibility conditions Vj x (Vo x E)T = 0 in cylindrical coor-
dinates.

3.29 Given the strain components
enn = f(Xo, X3), en =e33 = —vf( X2, X3), e =¢13 =623 =0,

determine the form of f(X;, X3) in order that the strain field is compatible.
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3.30 Given the strain tensor E = E,,&,&, + Fy,€y€, in an axisymmetric body (i.e.,
E,, and E,y are functions of r and z only), determine the compatibility conditions
on E,, and Eyp.

3.31 Show that the components of the spin tensor W in cylindrical coordinate sys-

tem are
(),
()

3.32 Establish the uniqueness of the decomposition F =R - U = V - R. For exam-
ple,if F = R; - U; = R; - Uy, then show that R; = R, and U; = U,.

3.33 Show that the eigenvalues of the left and right Cauchy stretch tensors U and
V are the same and that the eigenvector of V is given by R - n, where n is the eigen-
vector of U.

3.34 Calculate the left and right Cauchy stretch tensors U and V associated with F
of Problem 3.5.

3.35 Given that

[F]Z%[é _ﬂ

determine the right and left stretch tensors.

3.36 Calculate the left and right Cauchy stretch tensors U and V associated with F
of Problem 3.7 for the choice of A =2 and B =0.



n Stress Measures

Most of the fundamental ideas of science are essentially simple, and may, as a rule,
be expressed in a language comprehensible to everyone.
Albert Einstein

4.1 Introduction

In the beginning of Chapter 3, we have briefly discussed the need to study defor-
mation and stresses in material systems that we may design for engineering applica-
tions. All materials have certain threshold to withstand forces, beyond which they
“fail” to perform their intended function. The force per unit area, called stress, is a
measure of the capacity of the material to carry loads, and all designs are based on
the criterion that the materials used have the capacity to carry the working loads of
the system. Thus, it is necessary to determine the state of stress in a material.

In the present chapter, we study the concept of stress and its various measures.
For instance, stress can be measured per unit deformed area or undeformed area.
As we shall see shortly, stress at a point in a three-dimensional continuum can be
measured in terms of nine quantities, three per plane, on three mutually perpendic-
ular planes at the point. These nine quantities may be viewed as the components of a
second-order tensor, called stress tensor. Coordinate transformations and principal
values associated with the stress tensor and stress equilibrium equations will also be
discussed.

4.2 Cauchy Stress Tensor and Cauchy’s Formula

First we introduce the true stress, that is, stress in the deformed configuration «
that is measured per unit area of the deformed configuration «. The surface force
acting on a small element of area in a continuous medium depends not only on the
magnitude of the area but also upon the orientation of the area. It is customary to
denote the direction of a plane area by means of a unit vector drawn normal to
that plane, as discussed in Section 2.2.3. The direction of the normal is taken by
convention as that in which a right-handed screw advances as it is rotated according
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F,

Af
Point forces/

=13

Roller support
Distributed force f

Aa .
t (n)

Plane 1

§>

Continuous rigid support

F, F,

t(—ﬁ) — _t(ﬁ)

Figure 4.2.1. A material body supported at various points on the surface and subjected to
a number forces. Cuts through a point by planes of different orientation. Stress vector on a
plane normal to .

to the sense of travel along the boundary curve or contour. Let the unit normal
vector be denoted by fi. Then the area is expressed as A = An.

If we denote by df(ii) the force on a small area fida located at the position x, the
stress vector can be defined, shown graphically in Figure 4.2.1, as

t(h) = lim Al)

421
Aa—0  Aa ( )

We see that the stress vector is a point function of the unit normal i which denotes
the orientation of the surface Aa. The component of t that is in the direction of
fi is called the normal stress. The component of t that is normal to fi is called the
shear stress. Because of Newton’s third law for action and reaction, we see that
t(—n) = —t(i).

At a fixed point x for each given unit vector i, there is a stress vector t(it) acting
on the plane normal to fi. Note that t(ii) is, in general, not in the direction of fi. It is
fruitful to establish a relationship between t and .

To establish the relationship between t and i, we now set up an infinitesimal
tetrahedron in Cartesian coordinates, as shown in Figure 4.2.2. If —t;, —t,, —t3, and
t denote the stress vectors in the outward directions on the faces of the infinitesi-
mal tetrahedron whose areas are Aaj, Aay, Aas, and Aa, respectively, we have by
Newton’s second law for the mass inside the tetrahedron,

tAa — 1 Aa; — thAay — tzAaz + pAvf = pAva, (4.2.2)

where Av is the volume of the tetrahedron, p the density, f the body force per unit
mass, and a the acceleration. Since the total vector areca of a closed surface is zero
(use the gradient theorem), we have

Aan — Aa1é1 — Aa2é2 — Aa3é3 =0. (423)



4.2 Cauchy Stress Tensor and Cauchy’s Formula

X1

Figure 4.2.2. Tetrahedral element in Cartesian coordinates.

It follows that
Aal = (ﬁ . él)Aa, Aa2 = (ﬁ . éz)Aa, Aa3 = (fl . é3)Aa. (424)

The volume of the element Av can be expressed as

Av = AThAa, (4.2.5)

where A/ is the perpendicular distance from the origin to the slant face.
Substitution of Egs. (4.2.3) and (4.2.4) into Eq. (4.2.2) and dividing throughout
by Aa, yields
. A . Ah
t=(0-&)t + (h-&)t, + (- &)tz + p?(a —f). (4.2.6)
In the limit when the tetrahedron shrinks to a point, Ah — 0, we are left with
t=(i-&)t + (h-&)t, + (- &)t;
= (h-&)t;, (4.2.7)

where the summation convention is used. It is now convenient to display the above
equation as

t=r1- (&t + ét, + ést3). (4.2.8)

The terms in the parenthesis are to be treated as a dyadic, called stress dyadic or
stress tensor o:

o = et + ety + ésts. (4.2.9)

The stress tensor is a property of the medium that is independent of the fi. Thus,
from Eqs. (4.2.8) and (4.2.9), we have

th)=h-c=0c'-n, (4.2.10)

and the dependence of t on fi has been explicitly displayed.

The stress vector t represents the vectorial stress on a plane whose normal is fi.
Equation (4.2.10) is known as the Cauchy stress formula, and o is termed the Cauchy
stress tensor. Thus, the Cauchy stress tensor o is defined to be the current force per
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|
9!--— —-4—» X

1 7

Y—h.oor ¢

@)
i =nN;0;

t,=o; éj, c=t€=¢c0c_6

vy J

Figure 4.2.3. Display of stress components in Cartesian rectangular coordinates.

T.ﬁ,

unit deformed area, df = tda = o - da, where Cauchy’s formula,t=fi-c =0
is used.

In Cartesian component form, the Cauchy formula in (4.2.10) can be written as
t; = njoj;. The matrix form of the Cauchy’s formula (for computing purposes) in

rectangular Cartesian system is given by

5] 011 021 031 n
hh =101 02 03 ny ¢ . (4.2.11)
I3 013 023 033 n3

It is useful to resolve the stress vectors t, t;, and t3 into their orthogonal com-
ponents in a rectangular Cartesian system

t; = 0,161 + 012€) + 0,363 = U;jéj (4.2.12)

fori =1, 2, 3. Hence, the stress tensor can be expressed in the Cartesian component
form as

O = éiti = O'ijé,'éj. (4213)

The component o;; represents the stress (force per unit area) on a plane per-
pendicular to the x; coordinate and in the x; coordinate direction, as shown in
Figure 4.2.3.
In cylindrical coordinate system, for example, the dyadic form of the stress ten-
sor is given by
0 =0,,68€ + 0,9 (€& +&:€&,)+o0,,(&¢€,+¢&¢)
+ O’ggé@ég + 09z (égéz + ézég) + Uzzézéz. (4214)
By Example 2.2.1, the stress vector t can be represented as the sum of vectors

along and perpendicular to the unit normal vector i

t=(t )+ h x (txh). (4.2.15)
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The magnitudes of the component of the stress vector t normal to the plane is given
by

tnm=t-i=tn = njojin;, (4216)

and the component of t perpendicular to i, as depicted in Figure 4.2.2, is

s =/ It12 —12,. (4.2.17)

The tangential component lies in the fi-t plane but perpendicular to i. The next
example illustrates the ideas presented here.

EXAMPLE 4.2.1: With reference to a rectangular Cartesian system (xi, X3, X3),
the components of the stress dyadic at a certain point of a continuous medium
B are given by

200 400 300
[c]=|400 O 0 psi.
300 0 —100

Determine the stress vector t and its normal and tangential components at the
point on the plane, ¢(x1, x2) = x1 + 2x, + 2x3 = constant, passing through the
point.

SOLUTION: First, we should find the unit normal to the plane on which we are
required to find the stress vector. The unit normal to the plane defined by
¢(x1, x2, x3) = constant is given by

Ve 1
n=— = —(& +2é& + 2&3).
Vol 3
The components of the stress vector are
n 200 400 300 1 1 1 1600
hy=1400 O 0 3 2 =3 400 ¢ psi,
f 300 0 —100 2 100

or
R PP & é;) psi
t() = 3(1600&, + 4008, + 100&;) psi.

The normal component ¢,,, of the stress vector t on the plane is given by

2600

tin = t() - 0 = psi,

and the tangential component is given by (the Pythagorean theorem)

10 . .
tas =+ It2 — 12, = 7\/(256 + 16+ 1)9 — 26 x 26 psi = 468.9 psi.
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Plane, x; + 2x, + 2X3 = constant

X3

033 = —-100 pSl

A 050 =0psi
31 = 300 pSl
X1 ! d& L o13 = 300 psi
I 019 = 400 psi
1 .
: op g1 = 200 pst
091 = 400 psi I
099 = 0 pSl _%

093 = 0 psi
Dimensionless point cube at P

Figure 4.2.4. Stress vector and its normal and shear components.

4.3 Transformations of Stress Components and Principal Stresses

4.3.1 Transformation of Stress Components

Since the Cauchy stress is a second-order tensor, we can define its invariants, trans-
formation laws, and eigenvalues and eigenvectors. The invariants of stress tensor o
are defined by [see Eq. (2.5.14)]

1
L=tro, L= 5 [(tro)* —tr(c?)], L =deto. (4.3.1)

Further, the components of a stress tensor o in one rectangular Cartesian coordi-
nate system are related to the components in another rectangular Cartesian system
according to the transformation law in Eq. (2.5.17):

6ij = Lk Ljeoxe or [6] = [L][a][L]", (43.2)

where ¢;; are the direction cosines

(13

g,‘j =€ é] (433)

The principal stresses (eigenvalues of a stress tensor) and principal directions will
be discussed in the next section.

The next two examples show how the stress transformation equations in
Eq. (4.3.2) can be derived for a specific problem and used in the calculation of
stresses in the new coordinate system.



4.3 Transformations of Stress Components and Principal Stresses

EXAMPLE 4.3.1: Consider the unidirectional fiber-reinforced composite layer
shown in Figure 4.3.1. If the rectangular coordinates (x, y, z) are taken such that
the z-coordinate is normal to the plane of the layer and the x- and y-coordinates
are in the plane of the layer, as shown in Figure 4.3.1. Now suppose we define
another rectangular coordinate system (xi, X2, x3) such that the x3-coordinate
coincides with the z-coordinate, but the x;- and x,-coordinates are oriented at
an angle of 6 to the x- and y-coordinates, respectively, so that the x;-axis is
along the fiber direction. Determine the transformation relationships between
the stress components oy, gyy, Oyy, - - - referred to the (x, y, z) system and oy,
022, 012, - - - referred to the coordinates system (xp, X2, X3).

SOLUTION: First, we note that the x;x;-plane and the xy-plane are parallel, but
rotated by an angle 6 counterclockwise (when looking down on the lamina)
from the x-axis about the z- or x3-axis. The coordinates of a material point in
the two coordinate systems are related as follows (z = x3):

X1 cos® sinf O X X
Xy ¢ = | —sind cosf 0 ye=[L]3y (4.3.4)
X3 0 0 1 Zz Z
The inverse of Eq. (4.3.4) is
X cosf —sinfd O X1 X1
yg=|sind cos® O0|{xp=[L]"1x¢. (4.3.5)
z 0 0 1 X3 X3

The inverse of [ L] is equal to its transpose: [ L] ! = [L]T. That is, L is an orthog-
onal tensor.

Next, we establish the relationship between the components of stress in the
(x,y,z) and (x1, x2, x3) coordinate systems. Let &;; be the components of the
stress tensor o in the coordinates (x, y, z), that is, oy, = 11, 0y, = G12, and so
on, and ¢;; are the direction cosines defined by

Figure 4.3.1. Stress components in a fiber-
reinforced layer referred to different rectangu-
lar Cartesian coordinate systems: (x, y, z) are
parallel to the sides of the rectangular lam-
ina, while (x, x,, x3) are taken along and trans-
verse to the fiber.
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where €; and & are the orthonormal basis vectors in coordinate systems
(x = X1, y =X, z=X3) and (x1, x2, x3), respectively. Then using Eq. (4.3.2),
we can write

[6] = [LI[ellL]". [o]=[LI'[S][L]. (4.3.6)

where [ L] is the 3 x 3 matrix of direction cosines defined in (4.3.4). Carrying out
the indicated matrix multiplications in Eq. (4.3.6) and rearranging the equations
in terms of the column vectors of stress components, we obtain

Oy [ cos?6 sin0 0 0 0 —sin207 (on

Oy sin0  cos’6 0 0 0 sin20 | | o

Ozz _ 0 0 1 0 0 0 033

oy | 0 0 0 cosf sind 0 on |’

Oz 0 0 0 —sinf® cos® 0 o13

Oxy L % sin 260 —% sin26 0 0 0 cos20 | | on2
(43.7)

and

o11 [ cos?6 sinf6 0 0 0 sin20 7] [ oy

on sin @ cos20 0 0 0 —sin26 Oy

on | 0 o 1 0 0 0 0.

on [ 0 0 0 cosf® —sind 0 oy

o3 0 0 0 sinf cos 0 Oz

o1 | —1sin20 1sin20 0 0 0 cos20 | | o
(43.8)

The result in Eq. (4.3.8) can also be obtained from Eq. (4.3.7) by replacing 0
with —6. The stress transformation relations can also be derived using equilib-
rium of forces. (Problem 4.7 illustrates this.)

EXAMPLE 4.3.2: Consider a thin, closed, filament-wound cylindrical pressure
vessel shown in Figure 4.3.2. The vessel is of 63.5 cm (25 in.) internal diam-
eter, and it is pressurized to 1.379 MPa (200 psi). If the filament winding an-
gle is 6 = 53.125° from the longitudinal axis of the pressure vessel, determine
the shear and normal forces per unit length of filament winding. Assume that
the material used is graphite epoxy with the following material properties [see
Reddy (2004)]:

Ey = 140 MPa (20.3 Msi), E, = 10 MPa (1.45 Msi),
(43.9)
Gy, = 7MPa (1.02 Msi), vy, = 0.3,

where MPa denotes mega (10°) Pascal (Pa) and Pa = N/m? (1 psi = 6,894.76
Pa). The material properties are not needed to answer the question.
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Figure 4.3.2. A filament-wound cylindrical
pressure vessel.

y A /

- | P
7

™~0=53.125°

SOLUTION: First, we compute the stresses in the pressure vessel using the for-
mulas from a course on elementary mechanics of materials. The longitudinal
(0xx) and circumferential (o,,) stresses are given by

Oxx = p_Dl Oy = p_Di,
4h 2h
where p is internal pressure, D; is internal diameter, and /4 is thickness of the
pressure vessel. The stresses are independent of the material properties and
only depend on the geometry and load (pressure). Using the values of various
parameters, we calculate the stresses as

1.379 x 0.635  0.2189
4h - h
The shear stress oy, is zero.

Next, we determine the shear stress o, along the fiber and the normal stress
o1 in the fiber using the transformation equations (4.3.8)

(4.3.10)

1.379 x 0.635  0.4378

MPa.
2h h a

Oxxy = Pa , Oyy =

0.2189 0.4378 0.3590
o1 = ———(0.6)> + ———(0.8)> = ——— MPa,

h h h

0.2189 0.4378 0.2977

o = ——(0.8)> + ——(0.6)> = ———- MPa,

h h h

4 21 1051
o1 = (% — %) x 0.6 x 0.8 = % MPa.

Thus, the normal and shear forces per unit length along the fiber-matrix in-
terface are Fy = 0.2977 MN and Fj; = 0.1051 MN, whereas the force per unit
length in the fiber direction is Fj; = 0.359 MN.

| o
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4.3.2 Principal Stresses and Principal Planes

For a given state of stress, the determination of maximum normal stresses and shear
stresses at a point is of considerable interest in the design of structures because fail-
ures occur when the the magnitudes of stresses exceed the allowable (normal or
shear) stress values, called strengths, of the material. In this regard, it is of inter-
est to determine the values and the planes on which the stresses are the maximum.
Thus, we must determine the eigenvalues and eigenvectors associated with the stress
tensor (see Section 2.5.5 for more detailed discussion of the eigenvalues and eigen-
vectors of a tensor).

It is clear from Figures 4.2.2 and 4.2.3 that the normal component of a stress
vector is the largest when t is parallel to the normal fi. If we denote the value of
the normal stress by A, then we can write t = Afi. However, by Cauchy’s formula,
t =10 = o1 (due to the symmetry of the stress tensor). Thus, we have

t=c-ai=x1 or (c—Al)-n=0 (4.3.11)

Because this is a homogeneous set of equations for the components of vector i,
a nontrivial solution will not exist unless the determinant of the matrix for o — AI
vanishes. The vanishing of this determinant yields a cubic equation for A, called the
characteristic equation, the solution of which yields three values of 1. The eigenval-
ues X of o are called the principal stresses and the associated eigenvectors are called
the principal planes. That is, for a given state of stress at a given point in the body B,
there exists a set of planes fi on which the stress vector is normal to the planes (i.e.,
there is no shear component on the planes).

The computation of the eigenvalues of the stress tensor is made easy by seeking
the eigenvalues of the deviatoric stress tensor [see Eq. (2.5.34)]. Let o, denote the
mean normal stress

1 1 1
O = gtra = 311 (om = gcfkk> . (4.3.12)

Then the stress tensor can be expressed as the sum of spherical or hydrostatic stress
tensor and deviatoric stress tensor

oc=ol+0. (4.3.13)

Thus, the deviatoric stress tensor is defined by

, 1 , 1
O =0 — 3[11 (Gij = 0jj — §5ijakk> . (4314)
The invariants Il', 12', and 13' of the deviatoric stress tensor are
, , 1, 1.
=0, L= 5%%) L= 397 jk%i- (4.3.15)

The deviatoric stress invariants are particularly important in the determination of
the principal stresses as discussed in Section 2.5.5. The next example illustrates the
computation of principal stresses and principal planes.
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EXAMPLE 4.3.3: The components of a stress dyadic at a point, referred to the
(x1, X2, x3) system, are

12 9 0
[e]=] 9 —-12 0 | MPa.
0 0 6

Find the principal stresses and the principal plane associated with the maximum
stress.

SOLUTION: Setting |0 — AI| = 0, we obtain
6-=M[A2=21)(=12=1) =811 =0 — [—(144 —1?) —81](6 — 1) =0.
Clearly, 1, = 6 is an eigenvalue of the matrix. The remaining two eigenvalues

are obtained from A2 —225 =0 — A; =15 and A3 = —15; thus the principal
stresses are

o =i =15MPa, oy, =i, =6MPa, o3 =213 =—15MPa.

The plane associated with the maximum principal stress A; = 15 MPa can
be calculated from

12 -15 9 0 ny 0
9 —-12-15 0 np ¢ =10¢,
0 0 6—15 n3 0

which gives
-3m +9 =0, 9 —27n, =0, —-9n3=0 — n3=0, n =3n
or

1
(1)_ A A A(l)_ A A
n'/ =3e +& or '/ = —(3¢&; + &;).
To( )

The eigenvector associated with 1, = 6 MPaisn® = &;. Finally, the eigenvector
associated with A3 = —15 MPa is

. . . . A
n® = +(&; —3&,) or i® = :I:ﬁ(el —3&).

The principal plane 1 is depicted in Figure 4.3.3.
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% 0y =-12 MPa )
A 0y =9 MPa
0,3 =0 MPa_ X
. ' &l A 0,,=9MPa !
1 )
X; O3 =0MPa t N g, =12 MPa ¥y
! p2
ou=6MPaL T Koz oMpa 10 =1i= 5 (3,46
3= I 13 = p pl = 1”‘@( 11 €)
03 = 0 MPa

Dimensionless point cube

V10

a1
0ps = COS™ [—= | =108.435%ccw,
p3 (@) ( )
Figure 4.3.3. Stresses on a point cube at the point of interest and orientation of the first prin-
cipal plane.

0= COS™ (i) =18.435%(ccw)

4.3.3 Maximum Shear Stress

In the previous section, we studied the procedure to determine the maximum nor-
mal stresses at a point. The eigenvalues of the stress tensor at the point are the
maximum normal stresses on three perpendicular planes (whose normals are the
eigenvectors), and the largest of these three stresses is the true maximum normal
stress. Recall that the shear stresses are zero on the principal planes. In this section,
we wish to determine the maximum shear stresses and their planes.

Let A1, A2, and A3 denote the principal (normal) stresses and i be an arbitrary
unit normal vector. Then the stress vector is t = A1n1€; + An€; + Aznz€s and ¢, =
tin; = Aln% + )»zn% + )»31’1%. The square of the magnitude of the shear stress on the
plane with unit normal i is given by Eq. (4.2.16)

~ 2
2.() = [t7 — 2, = Afni +23n3 + A3n3 — (Mn] + 2anm3 + a3n3) . (4.3.16)

We wish to determine the plane fi on which ¢, is the maximum. Thus, we seek the
maximum of the function F(ny, ny, n3) = tﬁs (n1, ny, n3) subject to the constraint

n+m+n5—1=0. (4.3.17)

One way to determine the extremum of a function subjected to a constraint is to
use the Lagrange multiplier method, in which we seek the stationary value of the
modified function

Fr(m, m,n3) =ty (n, no, n3) + A (nj +n3 +nj — 1), (4.3.18)
where X is the Lagrange multiplier, which is to be determined along with ny, n,, and
ns. The necessary condition for the stationarity of Fy is

oF oF aoF oF
0=dF, = ———dni + ——dny + ——dns + —Cd.,
onp ony ans aA
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or, because the increments dni, dn,, dns, and di are linearly independent of each
other, we have
IFL 0 oFL oFy oFy,

=0, =Lt=0, ZL=o. (4.3.19)

ony | om ans N

The last of the four relations in Eq. (4.3.19) is the same as that in Eq. (4.3.17). The
remaining three equations in Eq. (4.3.19) yield the following two sets of solutions
(not derived here)

(n1,m2,n3) = (1,0,0), (0,1,0), (0,0, 1), (4.3.20)

1 1 1 1 1 1
ni,np,ny)=—,—,0}), {—=.0,£t—], [0, —. =—]. 4321
o= (L) (Soe), (o t) s

The first set of solutions corresponds to the principal planes, on which the shear
stresses are the minimum, namely, zero. The second set of solutions corresponds to
the maximum shear stress planes. The maximum shear stresses on the planes are
given by

1 . Sa
2= Z(Al — )% for = —(& + &),

\)

1
fy = 701 = 23)? for A= — (& &), (4.3.22)

-5

1
t}%s = Z()»z — )»3)2 for fi = _2(é2 + é3)

7

The largest shear stress is given by the largest of the three values given in
Eq. (4.3.22). Thus, we have

1
(tns)max = E()Lmax - )\min), (4323)

where Amax and Api, are the maximum and minimum principal values of stress, re-
spectively. Clearly, the plane of the maximum shear stress lies between the planes of
the maximum and minimum principal stresses (i.e., oriented at +45° to both planes).

EXAMPLE 4.3.4: For the state of stress given in Example 4.3.3, determine the
maximum shear stress.

SOLUTION: From Example 4.3.3, the principal stresses are (ordered from the
minimum to the maximum):

A= —15MPa, A, =6MPa, X3 =15MPa.

Hence, the maximum shear stress is given by

(tns )max = %()\3 — A1) = %[15 — (—15)] = 15MPa.
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73 =-15MPa  g,, i,=15MPa

X2 g2 = 12 MPa
A 021:9 MPa
023=0 MPa
% " ol A 6= 9 MPa
A
X 032= 0 MPa .
3 E o > 0, = 12 MPa 7,= 6 MPa
033= 6 MPa ——# ;' X 6,5 =0 Mpa h
i =15 MP
031 = 0 MPa ta =15 951 )
1

0, = cos™ (%): 63.435(ccw) ’E

Figure 4.3.4. Stresses on a point cube at the point of interest and orientation of the maximum
shear stress plane.

The planes of the maximum principal stress (A; = 15 MPa) and the minimum
principal stress (A3 = —15 MPa) are given by their normal vectors (not unit vec-
tors):

n) =3¢, + &, n® =¢ —3é,.

Then the plane of the maximum shear stress is given by the vector

1
n = (n(]) - n<3>) =26 +4& or iy = (& —28).

NG

4.4 Other Stress Measures

4.4.1 Preliminary Comments

The Cauchy stress tensor is the most natural and physical measure of the state of
stress at a point in the deformed configuration and measured per unit area of the de-
formed configuration. It is the quantity most commonly used in spatial description
of problems in fluid mechanics. The equations of motion or equilibrium of a material
body in the Lagrange description must be derived for the deformed configuration
of the body at time ¢. However, since the geometry of the deformed configuration
is not known, the equations must be written in terms of the known reference con-
figuration. In doing so, we introduce various measures of stress. They emerge in a
natural way as we transform volumes and areas from the deformed configuration to
undeformed (or reference) configuration. These measures are purely mathematical
but facilitate analysis. These are discussed next.

4.4.2 First Piola—Kirchhoff Stress Tensor

Consider a continuum B subjected to a deformation mapping x that results in the
deformed configuration «, as shown in Figure 4.4.1. Let the force vector on an
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df =TdA =P- NdA df =tda = 0 - fda

N X (X) n
Figure 4.4.1. Definition of the first Piola— -~ ™
Kirchhoff stress tensor. dA da

elemental area da with normal fi in the deformed configuration be df. Suppose that
the area element in the undeformed configuration that corresponds to da is d A. The
force df can be expressed in terms of a stress vector t times the deformed area da as

df =t™ da.

We define a stress vector T™ over the area element d A with normal N in the unde-
formed configuration such that it results in the same total force

df =t™ da =TNUA. (4.4.1)

Clearly, both stress vectors have the same direction but different magnitudes owing
to the different areas. The stress vector T™ is measured per unit undeformed area,
while the stress vector t™ is measured per unit deformed area.

From Cauchy’s formula, we have t™ = ¢ - i, where o is the Cauchy stress
tensor. In a similar fashion, we introduce a stress tensor P, called the first Piola—
Kirchhoff stress tensor, such that T™ = P . N. Then using Eq. (4.4.1) we can write

o-nda=P-NdA or o-da=P.dA, (4.4.2)
where
da=dan, dA=dAN. (4.4.3)

The first Piola—Kirchhoff stress tensor, also referred to as the nominal stress tensor,
or Lagrangian stress tensor, gives the current force per unit undeformed area.

The stress vector T™ is known as the psuedo stress vector associated with the
first Piola—Kirchhoff stress tensor. The tensor Cartesian component representation
of P is given by

P="P,&E;. (4.4.4)

Clearly, the first Piola—Kirchhoff stress tensor is a mixed tensor.

To derive the relation between first Piola—Kirchhoff stress tensor and the
Cauchy stress tensor, we recall from Nanson’s formula in Eq. (3.3.23) the relation
between the area elements in the deformed and undeformed configurations. From
Eqgs. (4.4.2) and (3.3.23), we obtain

P-dA =0 -da
=Jo-FT.4dA, (4.4.5)
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where J is the Jacobian. Finally, we arrive at the relation
P=Jo-FT (4.4.6)

In general, the first Piola—Kirchhoff stress tensor P is unsymmetric even when the
Cauchy stress tensor ¢ is symmetric.

4.4.3 Second Piola—Kirchhoff Stress Tensor

The second Piola—Kirchhoff stress tensor S, which is used in the study of large de-
formation analysis, is introduced as the stress tensor associated with the force dF
in the undeformed elemental area dA that corresponds to the the force df on the
deformed elemental area da

dF =S - dA. (4.4.8)

Thus, the second Piola—Kirchhoff stress tensor gives the transformed current force
per unit undeformed area.

Similar to the relationship between dx and dX, dX = F~! - dx, the force df on
the deformed elemental area da is related to the force dF on the undeformed ele-
mental area dA

dF =F'.4f
=F . (P-dA)
=S -dA. (4.4.9)

Hence, the second Piola—Kirchhoff stress tensor is related to the first Piola—
Kirchhoff stress tensor and Cauchy stress tensor according to the equations

S=F!'.P=JF'!.o.FT (4.4.10)

Clearly, S is symmetric whenever o is symmetric. Cartesian component representa-
tion of S is

S =S,EE;. (4.4.11)

We can introduce the psuedo stress vector T associated with the second Piola-
Kirchhoff stress tensor by

dF =TdA=S-NdA =S .dA. (4.4.12)

The next two examples illustrate the meaning of the first and second Piola—
Kirchhoff stress tensors and the computation of first and second Piola—Kirchhoff
stress tensor components from the Cauchy stress tensor components.

EXAMPLE 4.4.1: Consider a bar of cross-sectional area A and length L. The ini-
tial configuration of the bar is such that its longitudinal axis is along the X axis.
If the bar is subjected to uniaxial tensile stress and deformation that stretches
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T=P-E,=uo,n
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Figure 4.4.2. The undeformed and deformed bar of Example 4.4.1.

the bar by an amount A and rotates it, without bending, by an angle 0, as shown
in Figure 4.2.2 [see Hjelmstad (2005)], the deformation mapping x is given by

x(X) = (A XjcosO — uXosin0)é; + (AX;sinh + u X, cos0) &, + Xz &3,

where A and u are constants; A denotes the stretch of the bar and uA denotes
the volume change from undeformed configuration to deformed configuration.
Determine the components of the first and second Piola—Kirchhoff stress ten-
SOTS.

SOLUTION: The components of the deformation gradient tensor and its inverse
are

Acos® —usinf 0O 1 ucosf using 0
[F]=| Asin@ pcosé 0|, [F]''= 7 —Asind icosé O |,
0 0 1 0 0 A

and the Jacobian is equal to J = Au. Clearly, u denotes the ratio of deformed
to undeformed cross-sectional area.

The unit vector normal to the undeformed cross-sectional area is N = E,
and the unit vector normal to the cross-sectional area of the deformed configu-
ration is

= cos6 e +sindb &,.

The Cauchy stress tensor is o = op fifi and associated stress vector is t = oy h.
The components of the Cauchy stress tensor are

cos® cos’fd  cosfsinf 0
[6]=001 sind ¢ {cosf sind 0} =o0y| cosfsind cos’6 0
0 0 0 0
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The components of the first Piola—Kirchhoff stress tensor are given by
Eq. (4.4.6)

cos? 6 cosfsind 0 ucosf —xrsind 0
[Pl=J[o][F] T=00| cossind cos’6 O || usinf Arcosd 0O

0 0 0 0 0 AL
cos6¢ 0 O
= oy | sind 0 O
0 0 0

The first Piola—Kirchhoff stress tensor and the associated stress vector are
P = pop(cosf €, + sinb &) E;, T=P-N= nop(cosf € + sinb &;).

Clearly, the matrix representing P is not symmetric.

While the stress vector t satisfies both balance of linear momentum and
angular momentum in the deformed configuration, the stress vector T satisfies
only the balance of linear momentum but not the balance of angular momentum
in the undeformed body (it does satisfy the balance of angular momentum in
the deformed body: P - FT = F . PT). On the other hand, there is no reason to
expect the forces occurring in the deformed configuration but measured in the
undeformed configuration to satisfy the balance of momenta in the undeformed

configuration.
The second Piola—Kirchhoff stress tensor is given by Eq. (4.4.10). Thus, we
have
ucosd pusing 0 cosfd 0 O 1 0 0
[s]= 22| “ising acoso 0 ||sine 0 0|=2"10 0 0
Lo o swulL o ool *looo

The second Piola—Kirchhoff stress tensor and the associated pseudo stress vec-
tor are

s="2g gk, T="2k,
x )

The second Piola—Kirchhoff stress tensor does satisfy the balance equations in
the undeformed body.

EXAMPLE 4.4.2: The equilibrium configuration of a deformed body is described
by the mapping

XX)=AX ¢ — BX;&, + CX; &3,
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where A, B, and C are constants. If the Cauchy stress tensor for this body is

0 0 O
[c]=]0 0 0 [,
0 0 (o))

where oy is a constant, determine the pseudo stress vectors associated with the
first and second Piola—Kirchhoff stress tensors on the €;-plane in the deformed
configuration.

SOLUTION: The deformation gradient tensor and its inverse are

A0 0 L 00
[Fl=|0 0 -B|,[FI'=|0 0 %|. J=ABC
0 C 0 0 -+ 0

B
The components of the first Piola—Kirchhoff stress tensor are

00 0L o o
[Pl=J[o][F]T=ABC|0 0 0 0 0 —%
00 oopfJLO & 0

000

=ABop |0 0 0

010

The components of the second Piola—Kirchhoff stress tensor are

L 0 0770 0 0
[S]=[F]"'[P]=ABoy| 0 0 L[]0 0 O
0 —% 0JL0 1 0
0 0 0
AB
00 0

Consider a unit area in the deformed state in the &;-direction. The corre-
sponding undeformed area d A N is given by [see Eq. (4.4.3)]

.1 C .
dAszFT-ﬁdaszz.

Thus, dA = C/J and N = E,. The pseudo stress vector T associated with the
first Piola—Kirchhoff stress tensor is given by Eq. (4.4.1)

T=P N= ABo)ks.

The pseudo stress vector T associated with the second Piola—Kirchhoff stress
tensor is given by Eq. (4.4.12)

T=S N—AB E
= . = COO 2.
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4.5 Equations of Equilibrium

The principle of conservation of linear momentum, which is commonly known as
Newton’s second law of motion, will be discussed along with other principles of me-
chanics in Chapter 5. To make the present chapter on stresses complete, we derive
the equations of equilibrium of a continuous medium undergoing small deforma-
tions using Newton’s second law of motion to a volume element of the medium, as
shown in Figure 4.5.1.

Consider the stresses and body forces on an infinitesimal parallelepiped ele-
ment of a material body. The stresses acting on various faces of the infinitesimal
parallelepiped with dimensions dxi, dx;, and dx; along coordinate lines (x1, X, x3)
are shown in Figure 4.5.1. By Newton’s second law of motion, the sum of the forces
in the x;-direction be zero if the body is in equilibrium. The sum of all forces in the
xp-direction is given by

a ad
0= (o + ﬂd}q dxydx; — opdxodxs + | 01 + ﬂde dxidx;
ax1 axp

d
— ondxidx; + (031 + %d)@) dxydxy — os1dxidx; + p fidxidxydxs
X3

0 d d
= (S50 S S A ) dxdigdxs. (45.1)
3)(1 3)@ 8)(3

Upon dividing throughout by dx;dx;dxs, we obtain

do1 n doy 003

pfi=0. (4.5.2)

3X1 3)62 3)63

X3

deV

dxs

x1 dxs ™

Figure 4.5.1. Stresses on a parallelepiped element.
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Similarly, the application of Newton’s second law in the x,- and x3-directions gives,
respectively,

don 4 0o + do3
3xl BXZ 3X3
do1z 0oz 0033

=0. 454
3X1 + 3X2 + 3X3 + ,0f3 ( )

In index notation, the Eq. (4.5.2)-(4.5.4) can be expressed as

+pf =0, (4.5.3)

80’}'1‘
— - = 0. 455
o, +pf; (45.5)

The invariant form of the above equation is given by
V.o+pf=0. (4.5.6)

The symmetry of the stress tensor can be established using Newton’s second
law for moments. Consider the moment of all forces acting on the parallelepiped
about the x3-axis (see Figure 4.5.1). Using the right-handed screw rule for positive
moment, we obtain

5 d dx
o+ ﬂd)q dxydxs R (012dx2dx3) .
8x1 2 2

do1 dx, dx,
_ [(Gz] + 8_)62dxz> dxldx31| - - (021dx1dx3) - = 0.
Dividing throughout by %d}q dx,dx; and taking the limit dx; — 0 and dx, — 0, we

obtain
01 — 021 = 0. (457)

Similar considerations of moments about the x;-axis and x;-axis give, respectively,
the relations

023 — 032 = 0, 013 — 031 = 0. (458)

Equations (4.5.7) and (4.5.8) can be expressed in a single equation using the index
notation as

ekijaij =0 or Oij — 0ji = 0. (459)

In Section 4.3.2, we have discussed the principal stresses and principal direc-
tions of a stress tensor. The symmetry of stress tensor with real components has
the desirable properties listed in Section 2.5.5. In particular, the stress tensor has
real principal values and the principal directions associated with distinct principal
stresses are orthogonal.

Next, we consider couple of examples of application of the stress equilibrium
equations.
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EXAMPLE 4.5.1: Given the following state of stress (¢;; = ;) in a kinematically
infinitesimal deformation,

o1 = —lez, op=-—T+4x1x+x3, oiz3=1+x —3x,,
0y = 3x12 — 2x22 +5x3, 03 =0, o033=-54x1+3x +3x;3,

determine the body force components for which the stress field describes a state
of static equilibrium.

SOLUTION: The body force components are

ofi = — <3011 do1n n do13

dx;  0xp 03 ) = —[(—4x1) + (4x1) + 0] = 0,

dopp  dop 003
= — = —[(4 —4 0]=0
o= (52 + 524 BB — )+ (<4 + 0] =0,

do3 003 0033
ph=— < + +

8x1 8x2 8X3) [ tot ]

Thus, the body is in static equilibrium for the body force components pf; =
0, pfp =0, and pf = —4.

EXAMPLE 4.5.2: Determine whether the following stress field in a kinematically
infinitesimal deformation satisfies the equations of equilibrium:

2 2 2
on =x+k(xf—x3), op=-2kxx, o53=0,

O'22=X12+k()€22—x12), oy =0, O‘33=k(X12+X22).

SOLUTION: We have

do do do
1, 9912 99 _ (okxy) + (=2kx;) +0 =0,
BX1 3X2 BX3

do do; do
2 202 B0 (“2kxy) + (2kxy) +0 =0,
3

0x1 9x; 0x

a a d
013+ 023+ 033:0_’_0_'_0:0.

8)61 8x2 8)@,

Thus the given stress field is in equilibrium in the absence of any body forces.

4.6 Summary

In this chapter, various measures of stress, namely, the Cauchy stress and Piola—
Kirchhoff stress tensors, are introduced and the Cauchy formula that relates the
stress tensor to the stress vector at a point on the boundary is derived. The trans-
formation relations among stress components from two different rectangular coor-
dinate systems are derived, the principal values and principal directions of a stress
tensor are discussed, and equations of stress equilibrium are derived.



Problems 4.1-4.4

PROBLEMS

4.1 Suppose that t" and t* are stress vectors acting on planes with unit normals fi;
and ny, respectively, and passing through a point with the stress state o. Show that
the component of t" along #, is equal to the component of t* along the normal t.

4.2 Write the stress vectors on each boundary surface in terms of the given values
and base vectors i and j for the system shown in Figure P4.2.

3kN/m2 2 kN/m?2

H Gl | \D ] —
F==Ig >
> 5 KN/m? Figure P4.2.
2.5 kN/m2 >
A B—>

4.3 The components of a stress dyad at a point, referred to the (x1, x,, x3) system,
are (in ksi = 1000 psi):

2 9 0 9 0 12 1 -3 2
Q|9 —12 0f, G)|o =25 o |, (i) | -3 1 =2
0 0 6 12 0 16 NOIEENG) 4

Find the following:

(a) The stress vector acting on a plane perpendicular to the vector 2¢&; — 2€&, +
é;.

(b) The magnitude of the stress vector and the angle between the stress vector
and the normal to the plane.

(¢) The magnitudes of the normal and tangential components of the stress
vector.

4.4 Consider a kinematically infinitesimal stress field whose matrix of scalar com-
ponents in the vector basis {&;} is

1 0 2X
0 1 4X | x10°(psi),
2X, 4Xx; 1

where the Cartesian coordinate variables X; are in inches (in.) and the units of stress
are pounds per square inch (psi).

(a) Determine the traction vector acting at point X = &; + 2&, + 3é; on the
plane X; + X5 + X5 = 6.
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(b) Determine the normal and projected shear tractions acting at this point on
this plane.

(c) Determine the principal stresses and principal directions of stress at this
point.
(d) Determine the maximum shear stress at the point.

4.5 The three-dimensional state of stress at a point (1, 1, —2) within a body relative
to the coordinate system (x1, X2, x3) is

20 35 25
35 0.0 —1.5 | x10°(Pa).
25 —-15 10

Determine the normal and shear stresses at the point and on the surface of an inter-
nal sphere whose equation is x7 + (x, —2)> + x5 = 6.

4.6 For the state of stress given in Problem 4.5, determine the normal and shear
stresses on a plane intersecting the point where the plane is defined by the points
(0,0,0),(2,-1,3),and (2,0, 1).

4.7 Use equilibrium of forces to derive the relations between the normal and
shear stresses 0, and o; on a plane whose normal is i = cosfé; + sin6é, to the
stress components o1, oy, and o1 = o1 on the €; and €, planes, as shown in
Figure P4.7:

0, = 011 €082 0 + 0 SIN% O + 012 8in 26,
1)

1 . .
oy = —5(011 — op)8in26 + 012(0052 6 — sin’ 0).

Note that 0 is the angle measured from the positive x;-axis to the normal to the
inclined plane. Then show that

(a) the principal stresses at a point in a body with two-dimensional state of
stress are given by

o1 + o o1 — 022 :
2
Opl = Omax = ) + ( D) ) toi,

2
o11 + 02 o1 — 02 2
Op2 = Omin = 3 - 3 + 01,

and that the orientation of the principal planes is given by

2)

1 2
0, =+ tan™' [&] , 3)
2 o1 — 0
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Figure P4.7.

(b) the maximum shear stress is given by

Opl — Op2
(Us)max = i% . (4)

Also, determine the plane on which the maximum shear stress occurs.

4.8 Determine the normal and shear stress components on the plane indicated in
Figure P4.8.

10 MPa 10 MPa

JEEESERS WL
. ;

0 =30° 'f N
A \
A . AN

TN oo 1 TITITHT

Figure P4.8. Figure P4.9.

50 MPa 5 20 MPa

\

-— €« <« =<
7

BRARLIRN

4.9 Determine the normal and shear stress components on the plane indicated in
Figure P4.9.

4.10 Determine the normal and shear stress components on the plane indicated in
Figure P4.10.

300 kPa

RYEGEEEY

=45°

500 kPa 100 MPa
4(— - <« -«

40 MPa
6 =60

> > > > ‘(

600 kPa

taaadt

RIS
‘ MLTML‘

T

Figure P4.10. Figure P4.11.
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4.11 Determine the normal and shear stress components on the plane indicated in
Figure P4.11.

4.12 Find the values of o5 and o7, for the state of stress shown in Figure P4.12.

40 MPa
Figure P4.12.

> 20 MPa

4.13 Find the maximum and minimum normal stresses and the orientations of the
principal planes for the state of stress shown in Figure P4.10. What is the maximum
shear stress at the point?

4.14 Find the maximum and minimum normal stresses and the orientations of the
principal planes for the state of stress shown in Figure P4.11. What is the maximum
shear stress at the point?

4.15 Find the maximum principal stress, maximum shear stress and their orienta-
tions for the state of stress (units are 10° psi)

3 5 8
[c]=5 1 0
8§ 0 2

4.16 (Spherical and deviatoric stress tensors) The the stress tensor can be expressed
as the sum of spherical or hydrostatic stress tensor & and deviatoric stress tensor o

. 1

1 , 1
=6l , 0=—-tro= -1, =o0—-L1L
o=6l+0, & 3rcr 31 o =0 31

For the state of stress given in Problem 4.15, compute the spherical and deviatoric
components of the stress tensor.

4.17 Determine the invariants I; and the principal deviator stresses for the following
state of stress (units are msi = 10° psi)

2 -1 1
[o]=]-1 o0 1
1 12

4.18 Given the following state of stress (o;; = 0j;),
o = —2x12, opp=-—T7+4x1x +x3, oi3=1+x —3x,

o0y = 3)612 — 2X§ +5x3, o023 =0, o033 =-54x+3x + 3x3,
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determine (a) the stress vector at point (xi, x2, x3) on the plane x; + x; + x3 = con-
stant, (b) the normal and shearing components of the stress vector at point (1, 1, 3),
and (c) the principal stresses and their orientation at point (1, 2, 1).

4.19 The components of a stress dyad at a point, referred to the (x1, x2, x3) system,
are

25 0 0
0 -30 —60 | MPa.
0 —-60 5

Determine (a) the stress vector acting on a plane perpendicular to the vector
2é; + €, + 2e3, and (b) the magnitude of the normal and tangential components of
the stress vector.

4.20 The components of a stress dyad at a point P, referred to the (x1, x, x3) system,
are

57 0 24
0 50 0 |MPa.
24 0 43

Determine the principal stresses and principal directions at point P. What is the
maximum shear stress at the point?

4.21 Derive the stress equilibrium equations incylindrical coordinates by consider-
ing the equilibrium of a typical volume element shown in Figure P4.21.

d0; d0,
Oy +—2-dz 0y +—2-db
9z 90
004
Oy +_60 do
Gor + aagr do Figure P4.21.

aarz
0., + dr
ar
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4.22 Given the following stress field in a body in equilibrium and referred to cylin-
drical coordinate system:

B C
o, =2A <r + 5 - —) sin @,
r r
B C
Ogg = 2A <3r -3 —) sin @,
r r

B C
o9 =—2A|r+— — —|cosb,
r3r

where A, B, and C are constants, determine whether the stress field satisfies the
equilibrium equations when the body forces and all other stresses are zero.

4.23 Given the following stress field in a body in equilibrium and referred to spher-
ical coordinate system:

B C
Orr =—<A+r—3>, ol =U¢¢=—<A+r—3),

where A, B, and C are constants, determine if the stress field satisfies the equilib-
rium equations when the body forces are zero and all other stresses are zero.



H Conservation of Mass, Momenta, and Energy

Although to penetrate into the intimate mysteries of nature and thence to learn the
true causes of phenomena is not allowed to us, nevertheless it can happen that a
certain fictive hypothesis may suffice for explaining many phenomena.

Leonard Euler

Nothing is too wonderful to be true if it be consistent with the laws of nature.
Michael Faraday

5.1 Introduction

Virtually every phenomenon in nature, whether mechanical, biological, chemical,
geological, or geophysical, can be described in terms of mathematical relations
among various quantities of interest. Most mathematical models of physical phe-
nomena are based on fundamental scientific laws of physics that are extracted from
centuries of research on the behavior of mechanical systems subjected to the ac-
tion of natural forces. What is most exciting is that the laws of physics, which are
also termed principles of mechanics, govern biological systems as well (because
of mass and energy transports). However, biological systems may require addi-
tional laws, yet to be discovered, from biology and chemistry to complete their
description.

This chapter is devoted to the study of fundamental laws of physics as applied
to mechanical systems. The laws of physics are expressed in analytical form with
the aid of the concepts and quantities introduced in previous chapters. The laws or
principles of physics that we study here are (1) the principle of conservation of mass,
(2) the principle of conservation of linear momentum, (3) the principle of conserva-
tion of angular momentum, and (4) the principle of conservation of energy. These
laws allow us to write mathematical relationships — algebraic, differential, or integral
type — of physical quantities such as displacements, velocities, temperature, stresses,
and strains in mechanical systems. The solution of these equations represents the
response of the system, which aids the design and manufacturing of the system. The
equations developed here will be used not only in the later chapters of this book,
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but they are also useful in other courses. Thus, the present chapter is the heart and
soul of a course on continuum mechanics.

5.2 Conservation of Mass

5.2.1 Preliminary Discussion

It is a common knowledge that mass of a given system cannot be created or de-
stroyed. For example, the mass flow of the blood entering a section of an artery is
equal to the mass flow leaving the artery, provided that no blood is added or lost
through the artery walls. Thus, mass of the blood is conserved even when the artery
cross section changes along the length.

The principle of conservation of mass states that the total mass of any part 3B of
the body B does not change in any motion. The mathematical form of this principle
is different in different descriptions of motion. Before we derive the mathematical
forms of the principle, certain other identities need to be established.

5.2.2 Material Time Derivative

As discussed in Chapter 3 [see Egs. (3.2.4) and (3.2.5)], the partial time derivative
with the material coordinates X held constant should be distinguished from the par-
tial time derivative with spatial coordinates x held constant due to the difference
in the descriptions of motion. The material time derivative, denoted here by D/ Dt,
is the time derivative with the material coordinates held constant. The time deriva-
tive of a function ¢ in material description [i.e., ¢ = ¢(X, ¢)] with X held constant is
nothing but the partial derivative with respect to time [see Eq. (3.2.5)]:

D a a
Do = 9 = 9 . (5.2.1)
Dt 0t ) x_const ot
In particular, we have
Dx a a
(= (&) =v, (52.2)
Dt 0t ) X—const ot
where v is the velocity vector. Similarly, the acceleration is
D 9 0
(X (&) =a, (5.2.3)
Dt 0t/ x_const at

where a is the acceleration vector.
In spatial description, we have ¢ = ¢(x, t) and the partial time derivative

a d
<—¢> is different from <—¢) .
ot X=const ot x=const

The time derivative (%—‘f)xzcomt denotes the local rate of change of ¢. If ¢ = v, then
it is the rate of change of v read by a velocity meter located at the fixed spatial



5.2 Conservation of Mass

location x, which is not the same as the acceleration of the particle just passing the
place x.

To calculate the material time derivative of a function of spatial coordinates,
¢ = ¢(x, 1), we assume that there exists differentiable mapping x = x(X, ) so that
we can write ¢(x,t) = ¢[x(X, 1), ¢] and compute the derivative using chain rule of
differentiation:

Do _ <%> _ (%) n <%> 29
D ot X=const ot x=const ot X=const 9x;
0 d
ot x=const 0x;

a
8t Xx=const

where Eq. (5.2.2) is used in the second line. Thus, the material derivative operator
is given by

D 0
— = <_) +v.V. (5.2.4)
Dt ot x=const

The next example illustrates the calculation of material time derivative based on
material and spatial descriptions.

EXAMPLE 5.2.1: Suppose that the motion is described by the mapping, x = (1+
t)X. Determine (a) the velocities and accelerations in the spatial and material
descriptions and (b) the time derivative of a function ¢(X, t) = X¢? in the ma-
terial description.

SOLUTION: The velocity v = dx/dt can be expressed in the material and spatial
coordinates as

Dx  ox X
WX =T =5 v =1
The acceleration a = % in the two descriptions is
_ Du(X;t) dv
- D a7

Dv(x,t) v N v * (. 1 0
a= = — V— = — =
Dt ot ax (1+1¢)? 1+¢)\1+¢

The material time derivative of ¢ in the material description is simply
Do(X.1)  0¢p(X.1)
Dt at
The material time derivative of ¢(x, t) = xt>/(1 + t) in the spatial description is
D¢  9¢ a¢p 2xt xt? X t? 2xt
D "o Vax 14 (41) +<1+z) (1+t> RS

which is the same as that calculated before, except that it is expressed in terms
of the current coordinate, x.

=2Xt.
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In the later chapters of the book, we will make use of the gradient and diver-
gence theorems [see Egs. (2.4.33) and (2.4.34)]. For a ready reference, they are
recorded here. The following relations hold for a closed region Q2 bounded by sur-
face I':

f ndds = / V& dx (Gradient theorem), (5.2.5)
r Q

% n-®ds = / V - & dx (Divergence theorem), (5.2.6)
r Q

where i denotes unit outward normal to the surface I'.

5.2.3 Continuity Equation in Spatial Description

Let an arbitrary region in a continuous medium B be denoted by €2, and the bound-
ing closed surface of this region be continuous and denoted by I'. Let each point
on the bounding surface move with the velocity v,. It can be shown that the time
derivative of the volume integral over some continuous function ¢(x, t) is given by

d o .
E/gﬂx»f)dx E/Qqﬁdx+y§¢vs-nds,

:/ @dx+7§¢vs fds. (5.2.7)
Q 0t r

This expression for the differentiation of a volume integral with variable limits is
sometimes known as the three-dimensional Leibnitz rule.

Let each element of mass in the medium move with the velocity v(x, t) and
consider a special region €2 such that the bounding surface I' is attached to a fixed set
of material elements. Then each point of this surface moves itself with the material
velocity, that is, vy = v, and the region €2 thus contains a fixed total amount of mass
since no mass crosses the boundary surface I'. To distinguish the time rate of change
of an integral over this material region, we replace d/dt by D/ Dt and write

D _ [ .
E[qu(x, l‘)dX:/Q oy dx+£¢v nds, (5.2.8)

which holds for a material region, that is, a region of fixed total mass. Then the rela-
tion between the time derivative following an arbitrary region and the time deriva-
tive following a material region (fixed total mass) is

d D .
E/qu(x, t)dx = E/qu(x, t)dx + ﬁ ¢(vs —v) - nnds. (5.2.9)

The velocity difference v — v; is the velocity of the material measured relative to the
velocity of the surface. The surface integral

f ¢(vy —v)-nds
r

thus measures the total outflow of the property ¢ from the region Q.
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Let p(x, t) denote the mass density of a continuous region. Then the principle
of conservation of mass for a material region requires that

D
2 sax=o.
Dz/Qp X

Then from Eq. (5.2.9) it follows that for a fixed region (vy = 0) the principle of con-
servation of mass can also be stated as

i/ pdx = —‘(]g pv - fids. (5.2.10)

Equation (5.2.10) is known as the control volume formulation of the conservation of
mass principle. In Eq. (5.2.10),  denotes the control volume (cv) and T the control
surface (cs) enclosing .

Using Eq. (5.2.7) with ¢ = p, Eq. (5.2.10) can be expressed as

Converting the surface integral to a volume integral by means of the divergence
theorem (5.2.6), we obtain

)
/ [—p + diV(pv)} dx = 0. (5.2.11)
ol at
Equation (5.2.11) also follows directly from Eq. (5.2.8). Since this integral vanishes,
for a continuous medium, for any arbitrary region €2, we deduce that this can be true
only if the integrand itself vanishes identically, giving the following local form:

ap

ot + div(pv) = 0. (5.2.12)

This equation, called the continuity equation, expresses local conservation of mass
at any point in a continuous medium.

An alternative derivation of Eq. (5.2.12) is presented next. Consider an arbi-
trary control volume €2 in space where flow occurs into and out of the space. Con-
servation of mass in this case means that the time rate of change of mass in € is
equal to the mass inflow through the control surface. Consider an elemental area ds
with unit normal fi around a point P on the control surface, as shown in Figure 5.2.1.
Let v and p be the velocity and density, respectively, at point P. The mass outflow
(slug/s or kg/s) through the elemental surface is pv - ds, where ds = fids. The total
mass inflow through the entire surface of the control volume is

ygr(—pvn)ds =- 7% pv-fds = —/QV - (pv) dXx, (5.2.13)

where the divergence theorem (5.2.6) is used in arriving at the last line. If a contin-
uous medium of density p fills the region 2 at time #, the total mass in Q2 is

M:/Qp(x, 1) dx.
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>

‘ Figure 5.2.1. A control volume for the derivation of

the continuity equation.

> X1, Xq

X3 X3 r

The rate of increase of mass in €2 is

M
M _ / % . (5.2.14)
ot )y

Equating Egs. (5.2.13) and (5.2.14), we obtain

/gz[z—/t)—i-V-(pv)]dx:O,

which is the same as Eq. (5.2.11), and hence, we obtain the continuity equation in
Eq. (5.2.12).
Equation (5.2.12) can be written in an alternative form as follows:

) 9 D,
0——p+v.(pv):a—‘t’+v.vp+pv-v=—‘t’+pv.v, (5.2.15)

o D
where the definition of material time derivative, Eq. (5.2.4), is used in arriving at the
final result.

The one-dimensional version of the local form of the continuity equa-
tion (5.2.12) can be obtained by considering flow along the x-axis (see Figure 5.2.2).
The amount of mass entering (i.e., mass flow) per unit time at the left section of the
elemental volume is: density x cross-sectional area x velocity of the flow = (p Avy ).
The mass leaving at the right section of the elemental volume is (p Avy ) 4y, Where
v is the velocity along x-direction. The subscript of (-) denotes the distance at which
the enclosed quantity is evaluated. It is assumed that the cross-sectional area A is

elemental volume, AV =A Ax

inlet outlet _  Figure 5.2.2. Derivation of the local form of

the continuity equation in one dimension.
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a function of position x but not of time ¢. The net mass inflow into the elemental
volume is

(A/OUX)X - (Apvx)erAx-
The time rate of increase of the total mass inside the elemental volume is

AAx (P)iyar — (ﬁ)t’
At

where p and A are the average values of the density and cross-sectional area, re-
spectively, inside the elemental volume.

If no mass is created or destroyed inside the elemental volume, the rate of in-
crease of mass should be equal to the mass inflow:

AAXW = (Apvy)x — (Apvy)xtax-

Dividing throughout by Ax and taking the limits At — 0 and Ax — 0, we obtain

T (p)t+At - (p)t + (Apvx)x+Ax - (A,va)x

lim A =0
At, Ax—0 At Ax
or(p — pand A — Aas Ax — 0)
a (A
adp | 30w (5.2.16)

ot ax

Equation (5.2.16) is the same as Eq. (5.2.12) when v is replaced with v = v, &,
and A is a constant. Note that for the steady-state case, Eq. (5.2.16) reduces to

d(Apvy)

5 =0 — Apv, = constant = (Apvy); = (Apvy)r = -+ = (Apvy)i,
X

(5.2.17)
where the subscript i in (-); refers to ith section along the direction of the (one-
dimensional) flow. The quantity Q = Av, is called the flow, whereas p Av; is called
the mass flow.

The continuity equation (5.2.12) can also be expressed in orthogonal curvilinear
coordinate systems as (Problems 5.4 and 5.5 are designed to obtain these results)

Cylindrical coordinate system (r, 0, z)

dp  1[a(rpv,)  3(pve) | 3(pvz)
0=—+- . 5.2.18
T [ o T a0 Tz (52.18)
Spherical coordinate system (R, ¢, 0)
oL LR 1 vesing) | 1 aow) (s,
ot R* OR Rsing 00 Rsing 00

See Table 2.4.2 for expressions of divergence of a vector in the cylindrical and
spherical coordinate systems. For steady-state, we set the time derivative terms in
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Egs. (5.2.12), (5.2.18), and (5.2.19) to zero. The invariant form of continuity equa-
tion for steady-state flows is

V- (pv) =0, (5.2.20)
and for materials with constant density, we set Dp/ Dt = 0 and obtain
pV-v=0or V.-v=0. (5.2.21)

Next, we consider two examples of application of the principle of conservation
of mass in spatial description.

EXAMPLE 5.2.2: Consider a water hose with conical-shaped nozzle at its end, as
shown in Figure 5.2.3(a). (a) Determine the pumping capacity required in order
the velocity of the water (assuming incompressible for the present case) exiting
the nozzle be 25 m/s. (b) If the hose is connected to a rotating sprinkler through
its base, as shown in Figure 5.2.3(b), determine the average speed of the water
leaving the sprinkler nozzle.

SOLUTION:
(a) The principle of conservation of mass for steady one-dimensional flow re-
quires

p1 AV = pr Azvs.

If the exit of the nozzle is taken as the section 2, we can calculate the flow
at section 1 as (for an incompressible fluid, p; = p2)

(20 x 1073)?

7 25 = 0.00257 m?/s.

O = A = A =

@

nozzle exit

(20 mm dia.)
Figure 5.2.3. (a) Water hose with a conical
head. (b) Water hose connected to a sprin-
12.5 mm dia. kler.

o~
(b)
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(b) The average speed of the water leaving the sprinkler nozzle can be calcu-
lated using the principle of conservation of mass for steady one-dimensional
flow. We obtain

20, 0.005

—2A == =" " =32 mfs.
Qi =24Am = w=0G =550y -2 ms

EXAMPLE 5.2.3: A syringe used to inoculate large animals has a cylinder, plunger,
and needle combination, as shown in Figure 5.2.4. Let the internal diameter of
the cylinder be d and plunger face area be A,. If the liquid in the syringe is to
be injected at a steady rate of Oy, determine the speed of the plunger. Assume
that the leakage rate past the plunger is 10% of the volume flow rate out of the
needle.

SOLUTION: In this problem, the control volume (shown in dotted lines in Fig-
ure 5.2.4) is not constant. Even though there is a leakage, the plunger surface
area can be taken as equal to the open cross-sectional area of the cylinder,
A, =md?/4. Let us consider Section 1 to be the plunger face and Section 2
to be the needle exit to apply the continuity of mass equation.

Assuming that the flow through the needle and leakage are steady, appli-
cation of the global form of the continuity equation, Eq. (5.2.10), to the control
volume gives

d
O:E/deijygrpvﬁds

d
=d—/de+on+pQ1eak. (a)
tJa
The integral in the above equation can be evaluated as follows:
d d dx
ELPdX=E<prp+p%) =0Ap5=—pz4pvp, (b)

where x is the distance between the plunger face and the end of the cylinder,
V., is the volume of the needle opening, and v, = —dx/dt is the speed of the
plunger that we are after. Noting that Qjeax = 0.1y, we can write the continuity
equation (a) as

—pAyv,+1.1p0) =0,

from which we obtain

Q440
A, mwd

v, =11

Figure 5.2.4. The syringe discussed in Ex-
ample 5.2.3.

[ »!
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/:_:\
b= — — =
l |
s |
|
|
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i
O
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O
o

d, dia Control volume
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For Qy = 250 cm?/min and d = 25 mm, we obtain

4.4 x (250 x 10°)

= = 560 mm/min.
vp 225 % 25) mm/min

5.2.4 Continuity Equation in Material Description

Under the assumption that the mass is neither created nor destroyed during the
motion, we require that the total mass of any material volume be the same at any
instant during the motion. To express this in analytical terms, we consider a material
body B that occupies configuration ko with density py and volume 2 at time ¢t = 0.
The same material body occupies the configuration « with volume 2 at time ¢ > 0,
and it has a density p. As per the principle of conservation of mass, we have

/ podX = / p dx. (5.2.22)
Q() Q

Using the relation between dX and dx, dx = J dX, where J is the determinant of
the deformation gradient tensor F, we arrive at

(oo — Jp)dX = 0. (5.2.23)
Q0

This is the global form of the continuity equation. Since the material volume Q¢ we
selected is arbitrarily small, as we shrink the volume to a point, we obtain the local
form of the continuity equation

po=Jp. (5.2.24)

The next example illustrates the use of the material time derivative in computing
velocities and use of the continuity equation to compute the density in the current
configuration.

EXAMPLE 5.2.4: Consider the motion of a body B described by the mapping
X
Cl4eX

Determine the material density as a function of position x and time ¢.

X1 Xy = sz, X3 = X3.

SOLUTION: First, we compute the velocity components

Dx d Dx; ox;
Dt Ot ) x_fixed Dt 0t/ X—fixed

Therefore, we have
Xt

2
_ AL 2 520, u3=0.
(1+t)(])2 X1, V2 U3

V1 =

Next, we compute Dp/ Dt from the continuity equation (5.2.15):

Dp . X
2P pdivy =2px; =2 .
D = PEVYESPR =P N
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Integrating the above equation, we obtain

/ Dp=2 / X Dt = Inp=2In(l +1X;)+Inc,
1

where c is the constant of integration. If p = pg at time ¢t = 0, we have Inc =
In pg. Thus, the material density in the current configuration is

00

p=po(1+t)ﬁ)2=m.

It can be verified that!

Do_wp o0 2em
Dt ot ax1 (1 —tx)?

The material density in the current configuration can also be computed us-
ing the continuity equation in the material description, pg = p J. Noting that

1 dxq 1
vy = ————dXy, J=-"b=_—
T Arexy ax, ~ (1+1Xx)

we obtain

1
p= 7po=po(1+fX1)2-

5.2.5 Reynolds Transport Theorem

The material derivative operator D/ Dt corresponds to changes with respect to a
fixed mass, that is, p dx is constant with respect to this operator. Therefore, from
Eq. (5.2.8) it follows that, for ¢ = p O(x, ), the result

D d .
D / pO(x, t)dx = —Ldex—kﬁpQVonds, (5.2.26)

or

D/,oQ(x t)dx—/|: g+Q +d1V(,on)}dx

Di
_ /Q [p (% +v. VQ) + Q( + dlv(pv)>:| (5227)

and using the continuity equation (5.2.12) and the definition of the material time
derivative, we arrive at the result

D
—/ pQdx = ,o—Q dx. (5.2.28)
Q Q
Equation (5.2.28) is known as the Reynolds transport theorem.

' Note that p = p(x1,t),and (1 + X)) = (1 —tx1)~".
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5.3 Conservation of Momenta

5.3.1 Principle of Conservation of Linear Momentum

The principle of conservation of linear momentum, or Newton’s second law of mo-
tion, applied to a set of particles (or rigid body) can be stated as the time rate of
change of (linear) momentum of a collection of particles equals the net force exerted
on the collection. Written in vector form, the principle implies

d

= =F, 5.3.1

= (mv) (5:31)
where m is the total mass, v the velocity, and F the resultant force on the collection
of particles. For constant mass, Eq. (5.3.1) becomes

dv
F = m— = ma, 532
m—=m (5.3.2)
which is the familiar form of Newton’s second law. Newton’s second law for a con-

trol volume 2 can be expressed as

9
F= —/ ,ovdx+/,ovv~ds, (5.3.3)
at Jq r

where F is the resultant force and ds denotes the vector representing an area ele-
ment of the outflow. Several simple examples that illustrate the use of Eq. (5.3.3)
are presented next.

EXAMPLE 5.3.1: Suppose that a jet of fluid with area of cross-section A and mass
density p issues from a nozzle with a velocity v and impinges against a smooth
inclined flat plate, as shown in Figure 5.3.1. Assuming that there is no frictional
resistance between the jet and plate, determine the distribution of the flow and
the force required to keep the plate in position.

SOLUTION: Since there is no change in pressure or elevation before and after
impact, the velocity of the fluid remains the same before and after impact. Let
the amounts of flow to the left be Q; and to the right be Qg. Then the total flow
QO = v A of the jet is equal to the sum (by continuity equation)

0=01+ Ok

Next, we use the principle of conservation of linear momentum to relate Qy,
and Qg. Applying Eq. (5.3.3) to the tangential direction to the plate and noting
that the resultant force is zero and the first term on the right-hand side is zero
by virtue of the steady-state condition, we obtain

0= / ovv-ds = pv(vAyL) + p(—v)(vAR) + pvcosO(—vA),
Q

which, with Q7 = Arv, Or = Agv, and Q = Av, yields

Q1 — Or = Qcosb.
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Figure 5.3.1. Jet of fluid impinging on an inclined plate. A

Solving the two equations for Q; and Qg, we obtain

O, = %(1+cos9) 0, Or= %(1 —cosh) Q.

Thus, the total flow Qs divided into the left flow of Q; and right flow of Oy as
given above.

The force exerted on the plate is normal to the plate. By applying the con-
servation of linear momentum in the normal direction, we obtain

—-F, = / pvpv - ds = p(vsinf)(—vA) — F, = pQusinb.
Q

EXAMPLE 5.3.2: When a free jet of fluid impinges on a smooth (frictionless)
curved vane with a velocity v, the jet is deflected in a tangential direction as
shown in Figure 5.3.2, changing the momentum and exerting a force on the vane.
Assuming that the velocity is uniform throughout the jet and there is no change
in the pressure, determine the force exerted on a fixed vane.

SOLUTION: Applying Eq. (5.3.3), we obtain

F=-Fé& +Feé = / pv(v-ds)

cv
= pv(cosf e, +sinfé,)vA+ pv(—vAe)
or

Fy = pv*A(1 —cos6), F,=pv*Asiné.

When a jet of water (p = 10° kg/m?) discharging 80 L/s at a velocity of 60 m/s is
deflected through an angle of 6 = 60°, we obtain (Q = vA)

F, = 10° x 0.08 x 60 (1 — cos 60°) = 2.4 kN,
F, = 10° x 0.08 x 60sin 60° = 4.157 kN.
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y V/7///

Figure 5.3.2. Jet of fluid deflected by a curved
vane.

|
%\

When the vane moves with a horizontal velocity of vy < v, Eq. (5.3.3) be-
comes

=-Fe +Fe = / pv(v-ds)

cv

= p(v —vp) (cosH &, +sinb &,) (v — vy) A
+p(v —vo) [-(v—vo) A &],
from which we obtain

Fe=p(v—v)*A(1 —cosh), F,=p(v—uvy)*Asin6.

EXAMPLE 5.3.3: A chain of total length L and mass p per unit length slides down
from the edge of a smooth table with an initial overhang x( to initiate motion,
as shown in Figure 5.3.3. Assuming that the chain is rigid, find the equation of
motion governing the chain and the tension in the chain.

SOLUTION: Let x be the amount of chain sliding down the table at any instant ¢.
By considering the entire chain as the control volume, the linear momentum of
the chain is

p(L—x)-x& —px-xeé,.

The resultant force in the chainis —pxg €,.
The principle of linear momentum gives

. d . .
—pXg ey = - [o(L—x)x&, — pxxe,],

I::x—ﬂ oV

=5 e = = {‘?¢

X
HY pg Figure 5.3.3. Chain sliding down a table.
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or
(L—x)i —ix*=0, xi+i>=gx.

Eliminating % from the two equations, we arrive at the equation of motion

. &
—Zx=0.
X-Tx
The solution of the second-order differential equation is
x(t) = Acosh At + Bsinh At, where A = % .

The constants of integration A and B are determined from the initial conditions
x(0) =x9, x(0)=0,
where x( denotes the initial overhang of the chain. We obtain
A=x)y, B=0,
and the solution becomes

x(t) = xpcoshrt, A= %

The tension in the chain can be computed by using the principle of linear
momentum applied to the control volume of the chain on the table:

d

T dr

where the term pxx denotes the momentum flux.

T [o(L—x)x]+ pxx = p(L—x)i = %(L— X)X,

EXAMPLE 5.3.4: Consider a chain of length L and mass density p per unit length
which is piled on a stationary table, as shown in Figure 5.3.4. Determine the
force F required to lift the chain with a constant velocity v.

SOLUTION: Let x be the height of the chain lifted off the table. Taking the con-
trol volume to be that enclosing the lifted chain and using Eq. (5.3.3), we obtain

a
F—,ogx:E(pv)—i—pvv:04—,01)2 — F=p(gx+%).
The same result can be obtained using Newton’s second law of motion:
d
F—pgx = E(mv) = mv + mv = 0 + v,

where the rate of increase of mass m is 11 = pv.

To derive the equation of motion applied to an arbitrarily fixed region in space
through which material flows (i.e., control volume), we must identify the forces act-
ing on it. Forces acting on a volume element can be classified as internal and external.
The internal forces resist the tendency of one part of the region/body to be sepa-
rated from another part. The internal force per unit area is termed stress, as defined
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Figure 5.3.4. Lifting of a chain piled on a table.

in Eq. (4.2.1). The external forces are those transmitted by the body. The external
forces can be further classified as body (or volume) forces and surface forces.

Body forces act on the distribution of mass inside the body. Examples of body
forces are provided by the gravitational and electromagnetic forces. Body forces are
usually measured per unit mass or unit volume of the body. Let f denote the body
force per unit mass. Consider an elemental volume dx inside 2. The body force of
the elemental volume is equal to p dxf. Hence, the total body force of the control
volume is

/ ptdx. (5.3.4)
Q

Surface forces are contact forces acting on the boundary surface of the body.
Examples of surface forces are provided by applied forces on the surface of the
body. Surface forces are reckoned per unit area. Let t denote the surface force per
unit area (or surface stress vector). The surface force on an elemental surface ds of
the volume is tds. The total surface force acting on the closed surface of the region
Qis

7§r t ds. (5.3.5)

Since the stress vector t on the surface is related to the (internal) stress tensor o by
Cauchy’s formula [see Eq. (4.2.10)]

t=h-o, (5.3.6)

where fi denotes the unit normal to the surface, we can express the surface force as

fﬁ-ods.
r

Using the divergence theorem, we can write

%ﬁ-cds:/V-o‘dx. (5.3.7)
r Q
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The principle of conservation of linear momentum applied to a given mass of
a medium B, instantaneously occupying a region Q with bounding surface I', and
acted upon by external surface force t per unit area and body force f per unit mass,
requires

D
/ (V-o+pf)dx = —/ PV dx, (5.3.8)
Q Dt Jo

where v is the velocity vector. Using the Reynolds transport theorem, Eq. (5.2.28),
we arrive at

Dv
0= \ f—p—|d 539
/Q[ oc+p th} X, (53.9)
which is the global form of the equation of motion. The local form is given by
Dv
v. f=p— 5.3.10
o+pf=p— ( )
or
v
V.-o+pf=p E—l—v'Vv . (5.3.11)
In Cartesian rectangular system, we have
d0ji v ov;
— i=p|— i— . 53.12
ax, P p(az+vfaxj> (53.12)

In the case of steady-state conditions, Eq. (5.3.11) reduces to

90 av;
V.o+pf=pv-Vv or i+,0f,~=,ovj—v. (5.3.13)
8)6]' 8X/'

For kinematically infinitesimal deformation (i.e., when S ~ o) of solid bodies in
static equilibrium, Eq. (5.3.10) reduces to the equations of equilibrium

do;
V.ootpf=0 or T4 ,f=0. (5.3.14)
ij
When the state of stress in the medium is of the form o = — plI (i.e., hydrostatic state
of stress), the equations of motion (5.3.10) reduce to
Dv
-V f=p—. 5.3.15
p+pt=pr ( )

Application of the stress equilibrium equations, Eq. (5.3.14), can be found in
Examples 4.5.1 and 4.5.2.

5.3.2 Equations of Motion in Cylindrical and Spherical Coordinates

5.3.2.1 Cylindrical coordinates
To obtain the equations of motion in a cylindrical coordinate system, the operator
V, velocity vector v, body force vector f, and stress tensor o are written in cylindrical
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coordinates (r, 0, z) as

v =2¢&uv, + &uy + e,
f=¢ f +é& +é
rfrt & fo et (5.3.16)
0 =0,,88& +0,€8& +0,, &€&,
+ 09, €9€, + 0po €9€y + 09 €g€;
+ 0y €€ + 0y €85 +0,,€:€;.

Substituting these expressions into Eq. (5.3.11), we arrive at the following equations
of motion in the cylindrical coordinate system:

do,, 100y,  doy,
or r 00 a9z

<8v, v, vg Jv, v, vg)
= 10 )

1
+ ; (orr - 090) + ,Ofr

ot TV T a0 TV T

doyg  10d0gg 30,  0rg + 0p;
or r 060 a9z + r +ofs

d d d d
:p(ﬁﬂﬁw_eﬁH&). (5.3.17)

5.3.2.2 Spherical coordinates
In the spherical coordinate system (R, ¢, 0), we write

R P I S
9R " R ?3¢  Rsing 90’

vV = @rup + &3vy + €y,
f=erfr+éfo+efo, (5.3.18)
0 = ORrRERER + ORy Ry + TRy €REy

+ OpR€s€R + 0pp €45€4 + Typ €48

+ 0gR €p€9 + 0pg €9€y + 0pr €y €y.
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Substituting these expressions into Eq. (5.3.11), we arrive at the following equations
of motion in the spherical coordinate system (see Problem 5.11):
aURR 1 30’¢R 1 aUQR

1
Z (2orn— _ "
oR R 3¢ +sin¢ 90 +R( ORR — Opp — Opg + OypRrCOL Q) + pfR

VR OuUR duy vy
_’O<ar TRt ¢aR+v93R ’

30R¢ 1 30’¢¢ 1 30’@¢
AR ' R 3¢ = Rsing 00

1% 8v¢ aUR 8u¢ al/tg
=—|R— + - _ + — 4 +vp— |,
R [ ot vR( A v¢) Ve ( RY0) R v o

JO Ry 1 80'¢9 n 1 8090
oR R 9¢ Rsing 090

1_3
-_r Rsinqbava +v Uy sin ¢
"~ Rsin¢ or TR v

[(%4» —0ge) cot + Spr + 20Rs] + 0 fp

= |

[(00g + 0gs) cOt P +ogr] + pfp

0 0
+ vy (% — Ug cosg’)) + vy <£ + vgsin¢ + ug cos ¢> . (5.3.19)

5.3.3 Principle of Conservation of Angular Momentum

The principle of conservation of angular momentum states that the time rate of
change of the total moment of momentum for a continuum is equal to vector sum
of the moments of external forces acting on the continuum. The principle as applied
to a control volume 2 with a control surface I" can be expressed as

a
er:—/prxvdx+/prxv(v-ds). (5.3.20)
at Jq r

An application of the principle is presented next.

EXAMPLE 5.3.5: Consider the top view of a sprinkler as shown in Figure 5.3.5.
The sprinkler discharges water outward in a horizontal plane (which is in the
plane of the paper). The sprinkler exits are oriented at an angle of 6 from the
tangent line to the circle formed by rotating the sprinkler about its vertical cen-
terline. The sprinkler has a constant cross-sectional flow area of A and dis-
charges a flow rate of Q when o = 0 at time ¢t = 0. Hence, the radial velocity is
equal to v, = Q/2Ay. Determine w (counterclockwise) as a function of time.

SOLUTION: Suppose that the moment of inertia of the empty sprinkler head is
I, and the resisting torque due to friction (from bearings and seals) is T (clock-
wise), we take the control volume to be the cylinder of unit height, formed by
the rotating sprinkler head. The inflow, being along the axis, has no moment.
Thus the time rate of moment of momentum of the sprinkler head plus the net
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R*\ Fluid velocit
v A //7\ \ W VEIOCT, Vr Figure 5.3.5. A rotating sprinkler system.
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efflux of the moment of momentum from the control surface is equal to the
torque 7-

d (R d
—-Té, = |:2E /0 Agpor? dr + Izd—cto +2R (p%) (wR — v, cos@)} é,,

where the first term represents the time rate of change of the moment of mo-
mentum [moment arm times mass of a differential length dr times the velocity:
r x (pAodr)(wr)], the second term is the time rate of change of angular mo-
mentum, and the last term represents the efflux of the moment of momentum
at the control surface (i.e., exit of the sprinkler nozzles). Simplifying the equa-
tion, we arrive at

2 d
(Iz + §,0A0R3) d—i) +pQR’w = pQRv, cost — T.

The above equation indicates that for rotation to start p QRv,cos6 — T > 0.
The final value of w is obtained when the sprinkler motion reaches the steady
state, i.e., dw/dt = 0. Thus, at steady state, we have

Ur
a)f:ﬁCOSG—W.

In the absence of body couples (i.e., volume-dependent couples M)

the mathematical statement of the angular momentum principle as applied to a con-
tinuum is

D
%(x x t)ds + /(x x pf)dv = D /(x x pv)dv. (5.3.22)
r v v
In index notation (kth component), Eq. (5.3.22) takes the form
D
%eijkxitj ds + /peijkxi]‘jdv = E/peijkxiv,- dv. (5323)
r v v

We use several steps to simplify the expression. First replace ¢; with t; = n,0,;. Then
transform the surface integral to a volume integral and use the Reynold’s transport
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theorem for the material time derivative of a volume integral to obtain

D
fe,-,-k (xiop;) dv-i—/peiikxifjdv = /Pez’jkﬁ(xivf)d”'

v v v

Carrying out the indicated differentiations and noting Dx; /Dt = v;, we obtain

Dv;
/e,-,-k (X[O'pjyp‘i'(sipoipj +pxiff)dv = /Peijk (U,‘U,’ + Dt]>dv’

v v

Dv;
/eijk [xi <0pf,p +ofi— pﬁ) + o,-,} dv =0,

or
eijk 0ij = 0. (5.3.24)

Equation (5.3.24) necessarily implies that o;; = 0;;. To see this, expand the above
expression for all values of the free index k:

k=1: (723—0'32:0,
k=2: 031 — 013 = 0, (5325)
k=3 (721—0'1220.

These statements clearly show that o;; = 0j; or 0 = o!. Thus, there are only six
stress components that are independent, discussed in Section 4.4.

5.4 Thermodynamic Principles

5.4.1 Introduction

The first law of thermodynamics is commonly known as the principle of conservation
of energy, and it can be regarded as a statement of the interconvertibility of heat and
work. The law does not place any restrictions on the direction of the process. For
instance, in the study of mechanics of particles and rigid bodies, the kinetic energy
and potential energy can be fully transformed from one to the other in the absence
of friction and other dissipative mechanisms. From our experience, we know that
mechanical energy that is converted into heat cannot all be converted back into me-
chanical energy. For example, the motion (i.e., kinetic energy) of a flywheel can all
be converted into heat (i.e., internal energy) by means of a friction brake; if the
whole system is insulated, the internal energy causes the temperature of the system
to rise. Although the first law does not restrict the reversal process, namely, the con-
version of heat to internal energy and internal energy to motion (the flywheel), such
a reversal cannot occur because the frictional dissipation is an irreversible process.
The second law of thermodynamics provides the restriction on the interconvertibil-
ity of energies.
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5.4.2 The First Law of Thermodynamics: Energy Equation

The first law of thermodynamics states that the time-rate of change of the total energy
is equal to the sum of the rate of work done by the external forces and the change of
heat content per unit time. The total energy is the sum of the kinetic energy and the
internal energy. The principle of conservation of energy can be expressed as

D
o (K+U) =W+ H, (5.4.1)

Here, K denotes the kinetic energy, U is the internal energy, W is the power input,
and H is the heat input to the system.
The kinetic energy of the system is given by

1
K= —/ oV - vdx, (5.4.2)
2 Ja

where v is the velocity vector. If e is the energy per unit mass (or specific internal
energy), the total internal energy of the system is given by

U:/pedx. (5.4.3)
Q

The kinetic energy (K) of a system is the energy associated with the macroscopi-
cally observable velocity of the continuum. The kinetic energy associated with the
(microscopic) motions of molecules of the continuum is a part of the internal en-
ergy; the elastic strain energy and other forms of energy are also parts of internal
energy, U.

The power input, in the nonpolar case (i.e., without body couples), consists of
the rate of work done by external surface tractions t per unit area and body forces f
per unit volume of the region €2 bounded by I':

W:ygt-vds—i—/pfwdx
r Q

:f]{(ﬁ-o)wds—i—/pfovdx
r Q

:/[V'(U~v)+pf~v]dx

:/[(V-G+pf)-v+0' : Vv]dx

= L <p% ‘V+o: VV) dx, (5.4.4)

where “:” denotes the double-dot product @ : ¥ = &;;W;;. The Cauchy formula,
symmetry of the stress tensor, and the equation of motion (5.3.9) are used in arriving
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at the last line. Using the symmetry of o, we can write o : Vv = o : D. Hence, we
can write

1 D
W:zfgpﬁ(v-v)dyﬂ-/QO'.Ddx
1D

ziﬁfﬂpvvdx—}—/ﬂodex, (5.4.5)

where D is the rate of deformation tensor [see Eq. (3.6.2)]
1
D=[Vv+ (vv)'],

and the Reynolds transport theorem (5.2.28) used to write the final expression.

The rate of heat input consists of conduction through the surface I' and heat
generation inside the region Q (possibly from a radiation field or transmission of
electric current). Let q be the heat flux vector and £ be the internal heat generation
per unit mass. Then the heat inflow across the surface element ds is —q - ids, and
internal heat generation in volume element dx is p£dx. Hence, the total heat input
is

Hz_fq.ﬁdH/psczx:/(_v.q+p5)dx. (5.4.6)
r Q Q

Substituting expressions for K, U, W, and H from Egs. (5.4.2), (5.4.3), (5.4.5),
and (5.4.6) into Eq. (5.4.1), we obtain

D 1 1D
E/Qp<§v-v+e>dx=zﬁ va~vdx+/Q(G:D—V-q+p8)dx

or
D
0=/<p—e—0‘2D+V-q—p5>dX, (5.4.7)
o \“ Dt

which is the global form of the energy equation. The local form of the energy equa-
tion is given by
De

Z_saD-V. 5.4.8
Por =© q+ o€, (5.4.8)

which is known as the thermodynamic form of the energy equation for a continuum.
The term o: D is known as the stress power, which can be regarded as the internal
production of energy. Special forms of this equation in various field problems will
be discussed next.

5.4.3 Special Cases of Energy Equation

In the case of viscous fluids, the total stress tensor ¢ is decomposed into a viscous
part and a pressure part:

oc=1t—pl, (5.4.9)
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where p is the hydrostatic pressure and T is the viscous stress tensor. Then Eq.
(5.4.8) can be written as (note that I: D =V - v)

D
p3f=q>_pv-v—v-q+p5, (5.4.10)

where @ is called the viscous dissipation function,

®=r1:D. (5.4.11)

For incompressible materials (i.e., div v = 0), Eq. (5.4.10) reduces to

De
—=o-V. E. 54.12
P Dy q+p ( )
For heat transfer in a medium, the internal energy e is expressed as
P
e=h—— =h-— Pv, (5.4.13)
P

where £ is the specific enthalpy, P is the thermodynamic pressure, and v = 1/p is
the specific volume. Then we have
Dh_De 1DP_PDp
Dt Dt p Dt p?Dt’
Substituting for De/ Dt from Eq. (5.4.14) into Eq. (5.4.10), we arrive at the expres-
sion

(5.4.14)

Dh DP P (Dp :
—=®d-V. E4+—-——[= d , 5.4.15
Py q+p +Dt ,o(Dt+'0 1VV> ( )
or, using the continuity of mass equation (5.3.14)
Dh DP
—=9-V. E+ —. 5.4.16
Py q+pE+ (5.4.16)

In general, the change in specific enthalpy, specific entropy and internal energy
are expressed by the canonical relations

dh = 6dn +vdP, (5.4.17)
de =0dn — Pdv, (5.4.18)

where 7 is the specific entropy and 6 is the absolute temperature. The Gibb’s energy
is defined to be

G=h-0on, (5.4.19)

which relates the enthalpy and entropy.

The concept of entropy is a difficult one to explain in simple terms; it has its
roots in statistical physics and thermodynamics and is generally considered as a
measure of the tendency of the atoms toward a disorder. For example, carbon has a
lower entropy in the form of diamond, a hard crystal with atoms closely bound in a
highly ordered array. Entropy is also considered as a variable conjugate to temper-
ature 0 (i.e., 0 = de/dn).
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5.4.3.1 Ideal Gas
An ideal fluid is inviscid (i.e., nonviscous) and incompressible. For an ideal gas, the
specific internal energy, specific enthalpy, and specific entropy are given by

do
de =c,d0, dh=cpdb, dn :pr, (5.4.20)
where ¢, and cp are specific heats at constant volume and constant pressure, respec-
tively,
dh d
ecr=(2Z2) . e =(Z) . (5.4.21)
90 ) p 20/,
For this case, the energy equation (5.4.10) takes the form
Do DP
pcp— ==V .-q+ p& + — (5.4.22)

Dt Dt

5.4.3.2 Incompressible Liquid
For an incompressible liquid, the specific internal energy, specific enthalpy, and spe-
cific entropy are given by

do
de=cdf, dh=cdd+vdP, dn 267, (5.4.23)
where c is the specific heat. The energy equation takes the form
Do

5.4.3.3 Pure Substance
In general, the specific internal energy, specific enthalpy, and specific entropy are
given by

P
de =c, df + 9(8_) — Pldv, dh=cdo+ _9(8_11) +v|dP,
30 ), 30 ),

de av de oP
dn=cp— —|—| dP=c¢c,— — | dv. 5.4.25
1=y (ae))P ¢ 9+(ae>v ’ (54:25)
The energy equation takes the form
Do DP
—=o-V. £ T—o. 5.4.26
per q+pE+pT— ( )
where g is the thermal coefficient of thermal expansion
1/9
f=—— <—p> . (5.4.27)
p \030 ) p

5.4.4 Energy Equation for One-Dimensional Flows

Various forms of energy equation derived in the preceding sections are valid for
any continuum. For simple, one-dimensional flow problems (i.e., problems with one
stream of fluid particles), the equations derived are too complicated to be of use.

167



168

Conservation of Mass, Momenta, and Energy

In this section, a simple form of the energy equation is derived for use with one-
dimensional fluid flow problems.

The first law of thermodynamics for a system occupying the domain (control
volume) Q2 can be written as

D
—/ pe dV = Wyet + Hyet, (5.4.28)
Dt |,

where ¢ is the total energy stored per unit mass, Wy, is the net rate of work trans-

ferred into the system, and H, is the net rate of heat transfer into the system. The

total stored energy per unit mass € consists of the internal energy per unit mass e,

the kinetic energy per unit mass v?/2, and the potential energy per unit mass gz (g is

the gravitational acceleration and z is the vertical distance above a reference value)
02

e=e+ > + gz (5.4.29)

The rate of work done in the absence of body forces is given by (o0 = T — PI)
Wer = Wanate — f Pv-ids. (5.4.30)
r

where P is the pressure (normal stress) and Wy is the rate of work done by the
tangential force (due to shear stress, in rotary devices such as fans, propellers, and
turbines).

Using the Reynolds transport theorem (5.2.26) and Egs. (5.4.29) and (5.4.30),
we can write (5.4.28) as

9 P 2
—/,oe dV+y§ e+—+v—+gz ov - ds = Wynage + Hpey (5.4.31)
at Jo r p 2

If only one stream of fluid (compressible or incompressible) enters the control vol-
ume, the integral over the control surface in Eq. (5.4.31) can be written as

2

P 2 P
(e TR gz) (0 Q)out — (e o gz) (0. (5432)
P 2 out p 2 i

m

where p Q denotes the mass flow rate. Finally, if the flow is steady, Eq. (5.4.31) can
be written as

P 2 P 07
e+;+—+gz (0 Q)out — e+;+—+gz (0 Q)in = Wanatt + Hner-
out i

2 2
(5.4.33)
In writing the above equation, it is assumed that the flow is one-dimensional and
the velocity field is uniform. If the velocity profile at sections crossing the control
surface is not uniform, correction must be made to Eq. (5.4.33). In particular, when
the velocity profile is not uniform, the integral

2

v

—pv-ids
ﬁ 2

mn



5.4 Thermodynamic Principles 169

Figure 5.4.1. The pump considered in Ex- —>
ample 5.4.1.

e=e,—e

cannot be replaced with (v2/2)(p Q) = p Av?/2, where A is the cross-section area of
the flow because integral of v? is different when v is uniform or varies across the
section. If we define the ratio, called the kinetic energy coefficient

f S pv-ids
=Jdr2-_ 5434
(007 72) (439
Eq. (5.4.33) can be expressed as

P av? P av?
<€+;+—+g2> (pQ)out_ <€+;+—+g2> (PQ)inzW/shaft+Hnet-
out i

2 2
(5.4.35)
An example of the application of energy equation (5.4.35) is presented next.

m

EXAMPLE 5.4.1: A pump delivers water at a steady rate of Qp (gal/min), as
shown in Figure 5.4.1. If the left-side pipe is of diameter d; (in.) and the
right-side pipe is of diameter d, (in.), and the pressures in the two pipes are
p1 and p, (psi), respectively, determine the horsepower (hp) required by the
pump if the rise in the internal energy across the pump is e. Assume that
there is no change of elevation in water level across the pump, and the pump-
ing process is adiabatic (i.e., the heat transfer rate is zero). Use the following
data (@ = 1):

p =194 slugs/ft>, dj =4in.,d> =11in.,
P =20psi, P,=50psi, Qp=350gal/min, e = 3300 lb-ft/slug.

SOLUTION: We take the control volume between the entrance and exit sections
of the pump, as shown in dotted lines in Figure 5.4.1. The mass flow rate entering
and exiting the pump is the same (conservation of mass) and equal to

1.94 x 350
= = = 1.513 l / .
PO = Z 18560 SHES'S
The velocities at Sections 1 and 2 are (converting all quantities to proper units)
are
Qo 350 4x 144
=—= = 8.94 ft/
T A T 748% 60 Tom >
350 4 x 144
n=2_ = 143 s,

T A, T748x60 x
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For adiabatic flow H,. = 0, the potential energy term is zero on account of no
elevation difference between the entrance and exits, and ¢ = e, — ¢; = 3300 ft-
Ib/slug. Thus, we have

P 2 P 2
Waiatt = 0 Qo e+ — + — — e+ —+—
p 2 5 o 2 .

(50 —20) x 144 (14372 — (8.9472 ] 1
L 32
1.4 + 2 550 — 322 hp

= (1.513) [3300 +

5.4.5 The Second Law of Thermodynamics

For the sake of completeness, we briefly review the second law of thermodynamics.
The second law of thermodynamics for a reversible process states that there exists a
function n = n(e, 0), called the specific entropy (or entropy per unit mass), such that

_Vv.
dy = [u} di (5.4.35)
PO

is a perfect differential. Here 6 denotes the temperature. The product —07 is the
irreversible heat energy due to entropy as related to temperature. Equation (5.4.35)
is called the entropy equation of state. Using the energy equation (5.4.8), Eq. (5.4.35)
can be expressed as

De
—=o0:D or 5.4.36

where the superposed dot indicates the time derivative.

For an irreversible process, the second law of thermodynamics requires that
the sum of viscous and thermal dissipation rates (i.e., entropy production) must be
positive. The entropy production is

/ pn dx, (5.4.37)
Q

where 7 is the entropy per unit mass. The entropy input rate is

/g <%5> dx — 7§r (3) ~hds. (5.4.38)

The second law of thermodynamics places the restriction that the rate of entropy
increase must be greater than the entropy input rate

DBI | pmaxz /Q [(‘;75) -v-(3) —] dx. (5.4.39)

The local form of the second law of thermodynamics, known as the Clausius—Duhem
inequality, or entropy inequality, is

Dn & 1 q
—>—-—=-V-(=). 5.4.4
Dt = 6 p (0) ( 0)

The quantity q/6 is known as the entropy flux and £/6 as the entropy supply density.



5.5 Summary

The sum of internal energy (e) and irreversible heat energy (—67) is known as
Helmhotz free energy

W=e— 0. (5.4.41)

Substituting Eq. (5.4.41) into Eq. (5.4.8), we obtain
Dv Do

—=0:D—-—p—n-—-D, 5.4.42
Py = O P ( )
where D is the internal dissipation
D
D=p02l 4V .q—pE. (5.4.43)
Dt
In view of Eq. (5.4.40), we can write
1
D— g1 Vo= 0. (5.4.44)

We have D > 0 for an irreversible process, and D = 0 for a reversible process be-
cause it is always true that

1
—54-V0 20, (5.4.45)

5.5 Summary

This chapter was devoted to the derivation of the field equations governing a con-
tinuous medium using the principles of conservation of mass, momenta, and energy
and therefore constitutes the heart of the book. The equations are derived in in-
variant (i.e., vector and tensor) form so that they can be expressed in any chosen
coordinate system (e.g., rectangular, cylindrical, spherical, or even a curvilinear sys-
tem). The principle of conservation of mass results in the continuity equation; the
principle of conservation of linear momentum, which is equivalent to Newton’s sec-
ond law of motion, leads to the equations of motion in terms of the Cauchy stress
tensor; the principle of conservation of angular momentum yields, in the absence of
body couples, in the symmetry of Cauchy stress tensor; and the principles of ther-
modynamics — the first and second laws of thermodynamics — give rise to the energy
equation and Clausius-Duhem inequality. Examples to illustrate the conservation
principles are also presented.

In closing this chapter, we summarize the invariant form of the equations result-
ing from the application of conservation principles to a continuum. The variables
appearing in the equations were already defined and will not be repeated here.

Conservation of mass

ap
ot
Conservation of linear momentum

+div(pv) = 0. (5.5.1)

d
V-O'—i-pf:p(a—:—i-vVv). (5.5.2)

17
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Conservation of angular momentum

o' =o. (5.5.3)
Conservation of energy
De
—=0o:D-V. E. 5.5.5
P D o q+p ( )
Entropy inequality
Dy 1
0 —pE+V-q——-q-VO >0. 5.5.6
0 D p&+ q 9 q = ( )

The subject of continuum mechanics is primarily concerned with the determi-
nation of the behavior (e.g., p, v, 0) of a body under externally applied causes (e.g.,
f, £). After introducing suitable constitutive relations for o, e, and q (to be discussed
in the next chapter), this task involves solving initial-boundary-value problem de-
scribed by partial differential equations (5.5.1)—(5.5.5) under specified initial and
boundary conditions. The role of the entropy inequality in this exercise is to make
sure that the behavior of a body is consistent with the inequality (5.5.6). Often, the
constitutive relations developed are required to be consistent with the second law
of thermodynamics (i.e., satisfy the entropy inequality). The entropy principle states
that constitutive relations be such that the entropy inequality is satisfied identically
for any thermodynamic process.

To complete the mathematical description of the behavior of a continuous
medium, the conservation equations derived in this chapter must be supplemented
with the constitutive equations that relate o, e, and q to v, p, and 6. Chapter 6 is
dedicated to the discussion of the constitutive relations. Applications of the govern-
ing equations of a continuum to linearized elasticity problems, and fluid mechanics
and heat transfer problems will be discussed in Chapters 7 and 8, respectively.

PROBLEMS

5.1 The acceleration of a material element in a continuum is described by
Dv  ov

Dt~ ot

where v is the velocity vector. Show by means of vector identities that the accelera-

+v-gradyv, (a)

tion can also be written as

Dv 9 2
Vo + grad(%) — v x curlv. (b)

This form displays the role of the vorticity vector, w = curlv.

5.2 Show that the local form of the principle of conservation of mass, Eq. (5.2.10),
can be expressed as

D
E(P1)=0~



Problems 5.1-5.7

5.3 Derive the continuity equation in the cylindrical coordinate system by consid-
ering a differential volume element shown in Figure P5.3.

X3 A

(sz )z+ Az

(pve )9+A6

T

Az

I

Fi P5.3.
(pvr )r . gure

X1

5.4 Express the continuity equation (5.2.12) in the cylindrical coordinate sys-
tem (see Table 2.4.2 for various operators). The result should match the one in
Eq. (5.2.18).

5.5 Express the continuity equation (5.2.12) in the spherical coordinate system (see
Table 2.4.2 for various operators). The result should match the one in Eq. (5.2.19).

5.6 Determine whether the following velocity fields for an incompressible flow sat-
isfies the continuity equation:

X1

(@) v(x,x)=-%, v, x)=-%, where r?

= X7 +x3.
(b)) v, =0, v, =0, v,=c (1 — %), where ¢ and R are constants.
5.7 The velocity distribution between two parallel plates separated by distance b is

UX(J’)Z%UO_C%(l_%>v vy =0, v;=0, 0<y<b,

where y is measured from and normal to the bottom plate, x is taken along the
plates, v, is the velocity component parallel to the plates, vy is the velocity of the
top plate in the x direction, and c is a constant. Determine whether the velocity field

satisfies the continuity equation and find the volume rate of flow and the average
velocity.
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5.8 Ajet of air (p = 1.206 kg/m®) impinges on a smooth vane with a velocity v = 50
m/s at the rate of Q = 0.4 m3/s. Determine the force required to hold the plate in
position for the two different vane configurations shown in Figure P5.8. Assume
that the vane splits the jet into two equal streams, and neglect any energy loss in the
streams.

60

Figure P5.8.

Te\Y o~
t
f

(a) (b) bbor

5.9 In Part 1 of Example 5.3.3, determine (a) the velocity and accelerations as func-
tions of x and (b) the velocity as the chain leaves the table.

5.10 Using the definition of V, vector forms of the velocity vector, body force vec-
tor, and the dyadic form of o [see Eq. (5.3.16)], express the equations of motion
(5.3.11) in the cylindrical coordinate system as given in Eq. (5.3.17).

5.11 Using the definition of V, vectors forms of the velocity vector, body force vec-
tor, and the dyadic form of o [see Eq. (5.2.18)], express the equations of motion
(5.3.11) in the spherical coordinate system as given in Eq. (5.3.19).

5.12 Use the continuity (i.e., conservation of mass) equation and the equation of
motion to obtain the so-called conservation form of the momentum equation

a
m (pv) + div (pvv — o) = pf.

5.13 Show that

D [?
th<2) v-divo + pv (v=1v])
5.14 Deduce that
Dv Dw .
curl (E) =3 + wdivv—w - Vy, (a)

where w = curl v is the vorticity vector. Hint: Use the result of Problem 5.1 and the
identity (you need to prove it)

Vx(AxB)=B-VA—-A-VB+AV-B—-BV-A.
5.15 Derive the following vorticity equation for a fluid of constant density and vis-
cosity

ow
ot
where w =V xvandv = u/p.

+(v-V)w = (w - V)v+rViw,



Problems 5.8-5.20

5.16 Bernoulli’s Equations. Consider a flow with hydrostatic pressure 0 = — Pl and
conservative body force f = —grad ¢.

(a) For steady flow, show that

v? 1
v - grad ?—I—¢> + —v-grad P =0.
0

(b) For steady and irrotational (i.e., curl v = 0) flow, show that
v? 1
grad| — +¢ |+ —grad P = 0.
2 p

5.17 Use the Bernoulli’s equation (which is valid for steady, frictionless, incompress-
ible flow) derived in Problem 5.16 to determine the velocity and discharge of the
fluid at the exit of the nozzle in the wall of the reservoir shown in Fig. P5.17.

d =50 mm dia Figure P5.17.

5.18 If the stress field in a body has the following components in a rectangular
Cartesian coordinate system

x7x; (b — x3)x; 0
[o]=a| (P —x)x1 1(xF-3P)x, O |,
0 0 26x2

where a and b are constants, determine the body force components necessary for
the body to be in equilibrium.

5.19 A two-dimensional state of stress exists in a body with no body forces. The
following components of stress are given:

3 2 3 2 2
011 = C1X; + C2X1 X2 — C3X1, 022 = C4X5; — C5, 012 = CeX1X; + C7X{X2 — Cg,
where ¢; are constants. Determine the conditions on the constants so that the stress

field is in equilibrium.

5.20 For a cantilevered beam bent by a point load at the free end, the bending
moment M about the x3-axis is given by Ms = — Px; (see Figure 3.8.1). The bending
stress o1; is given by

where I3 is the moment of inertia of the cross section about the x3-axis. Starting with
this equation, use the two-dimensional equilibrium equations to determine stresses
oy, and o1, as functions of x; and x;.
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5.21 A sprinkler with four nozzles, each nozzle having an exit area of A =0.25
cm?, rotates at a constant angular velocity of @ = 20 rad/s and distributes water
(p = 10° kg/m?) at the rate of Q = 0.5 L/s (see Figure P5.21). Determine (a) the
torque 7 required on the shaft of the sprinkler to maintain the given motion and
(b) the angular velocity wg at which the sprinkler rotates when no external torque is
applied.

Figure P5.21.

5.22 Consider an unsymmetric sprinkler head shown in Figure P5.22. If the dis-
charge is Q = 0.5 L/s through each nozzle, determine the angular velocity of the
sprinkler. Assume that no external torque is exerted on the system.

Nozzle exit area, A
1 A rnL=03m
L -

oo ey | Figure P5.22.

n
Discharge, Q= 0.5 ( L/s)

5.23 Establish the following alternative form of the energy equation

Do Zdiv(ov)+ pf-v 4 pE -V
P \eT 5 ) =divie-v)+pf-vtp q.

5.24 The fan shown in Figure P5.24 moves air (p = 1.23 kg/m?) at a mass flow rate
of 0.1 kg/min. The upstream side of the fan is connected to a pipe of diameter
dy = 50 mm, the flow is laminar, the velocity distribution is parabolic, and the ki-
netic energy coefficient is « = 2. The downstream of the fan is connected to a pipe of
diameter d, = 25 mm, the flow is turbulent, the velocity profile is uniform, and the
kinetic energy coefficient is & = 1. If the rise in static pressure between upstream
and downstream is 100 Pa and the fan motor draws 0.15 W, determine the loss
(_I{net)-



Problems 5.21-5.25

d, =25mm

Figure P5.24.

e,—e =0 T d; =50 mm
P,— B =100Pa |pQo Laminarflow

5.25 The rate of internal work done (power) in a continuous medium in the current
configuration can be expressed as

1
W:z/U:de, (1)

where o is the Cauchy stress tensor and D is the rate of deformation tensor (i.e.,
symmetric part of the velocity gradient tensor)

dx
= 2)
The pair (o, D) is said to be energetically conjugate since it produces the (strain)
energy stored in a deformable medium. Show that (a) the first Piola—Kirchhoff stress
tensor P is energetically conjugate to the rate of deformation gradient tensor F and
(b) the second Piola—Kirchhoff stress tensor S is energetically conjugate to the rate
of Green strain tensor E. Hints: Note the following identities:

D= % (VW' +Vv], v

. 1
dx=JdX, L=Vv=F.F! P=JF!. o, 0'=7F-S-FT.
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n Constitutive Equations

What we need is imagination. We have to find a new view of the world.
Richard Feynman

The farther the experiment is from theory, the closer it is to the Nobel Prize.
Joliet-Curie

6.1 Introduction

The kinematic relations developed in Chapter 3, and the principles of conservation
of mass and momenta and thermodynamic principles discussed in Chapter 5, are
applicable to any continuum irrespective of its physical constitution. The kinematic
variables such as the strains and temperature gradient, and kinetic variables such
as the stresses and heat flux were introduced independently of each other. Consti-
tutive equations are those relations that connect the primary field variables (e.g., p,
T, x, and u or v) to the secondary field variables (e.g., e, q, and o). Constitutive
equations are not derived from any physical principles, although they are subject to
obeying certain rules and the entropy inequality. In essence, constitutive equations
are mathematical models of the behavior of materials that are validated against
experimental results. The differences between theoretical predictions and experi-
mental findings are often attributed to inaccurate representation of the constitutive
behavior.

First, we review certain terminologies that were already introduced in begin-
ning courses on mechanics of materials. A material body is said to be homogeneous
if the material properties are the same throughout the body (i.e., independent of
position). In a heterogeneous body, the material properties are a function of posi-
tion. An anisotropic body is one that has different values of a material property in
different directions at a point, i.e., material properties are direction dependent. An
isotropic material is one for which every material property is the same in all direc-
tions at a point. An isotropic or anisotropic material can be nonhomogeneous or
homogeneous.



6.2 Elastic Solids

Materials for which the constitutive behavior is only a function of the current
state of deformation are known as elastic. If the constitutive behavior is only a
function of the current state of rate of deformation, such materials are termed vis-
cous. In this study, we shall be concerned with (a) elastic materials for which the
stresses are functions of the current deformation and temperature and (b) viscous
fluids for which the stresses are functions of density, temperature, and rate of de-
formation. Special cases of these materials are the Hookean solids and Newtonian
fluids. A study of these “theoretical” materials is important because these materi-
als provide good mathematical models for the behavior of “real” materials. There
exist other materials, for example, polymers and elastomers, whose constitutive re-
lations cannot be adequately described by those of a Hookean solid or Newtonian
fluid.

Constitutive equations are often postulated directly from experimental observa-
tions. While experiments are necessary in the determination of various parameters
(e.g., elastic constants, thermal conductivity, thermal coefficient of expansion, and
coefficients of viscosity) appearing in the constitutive equations, the formulation of
the constitutive equations for a given material is guided by certain rules. The ap-
proach typically involves assuming the form of the constitutive equation and then
restricting the form to a specific one by appealing to certain physical requirements,
including invariance of the equations and material frame indifference discussed in
Section 3.9 (see Problem 6.8 for the axioms of constitutive theory).

This chapter is primarily focused on Hookean solids and Newtonian fluids. The
constitutive equations presented in Section 6.2 for elastic solids are based on small
strain assumption. Thus, we make no distinction between the material coordinates
X and spatial coordinates x and between the Cauchy stress tensor o and second
Piola—Kirchhoff stress tensor S. A brief discussion of some well-known nonlinear
constitutive models (e.g., Mooney-Rivlin solids and non-Newtonian fluids) will be
presented in Sections 6.2.11 and 6.3.4.

6.2 Elastic Solids

6.2.1 Introduction

A material is said to be (ideally or simple) elastic or Cauchy elastic when, under
isothermal conditions, the body recovers its original form completely upon removal
of the forces causing deformation, and there is a one-to-one relationship between
the state of stress and the state of strain in the current configuration. The work done
by the stress is, in general, dependent on the deformation path. For Cauchy elastic
materials, the Cauchy stress o does not depend on the path of deformation, and
the state of stress in the current configuration is determined solely by the state of
deformation

o = o(F), (6.2.1)
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where F is the deformation gradient tensor with respect to an arbitrary choice of ref-
erence configuration «y. For Cauchy elastic material, in contrast to the Green elastic
material (see below), the stress is not derivable from a scalar potential function.

The constitutive equations to be developed here for stress tensor o do not in-
clude creep at constant stress and stress relaxation at constant strain. Thus, the
material coefficients that specify the constitutive relationship between the stress
and strain components are assumed to be constant during the deformation. This
does not automatically imply that we neglect temperature effects on deformation.
We account for the thermal expansion of the material, which can produce strains or
stresses as large as those produced by the applied mechanical forces.

A material is said to be hyperelastic or Green elastic if there exists a strain energy
density function Uy(¢) such that

al aU
o = —0, Ojj = —0 . (622)
oe 381']'

For an incompressible elastic material (i.e., material for which the volume is pre-
served and hence J = 1 or div u = 0), the above relation is written as

o=—-pl+ —, (oi]- :—p6,7+8—U0), (6.2.3)
88,']'
where p is the hydrostatic pressure. In developing a mathematical model of the
constitutive behavior of an hyperelastic material, U is expanded in Taylor’s series
about ¢ = 0:
1 . 1 .

Up = Gy + Gjeij + Z—!Ci;kzé‘ijskz + icijkemngijgkégmn +..., (6.2.4)
where Gy, G, C, and so on are material stiffnesses. For nonlinear elastic materials,
Uy is a cubic and higher-order function of the strains. For linear elastic materials, Uj
is a quadratic function of strains.

In Sections 6.2.2-6.2.10 we discuss the constitutive equations of Hookean solids
(i.e., relations between stress and strain are linear) for the case of infinitesimal defor-
mation (i.e., |Vu| << 1). Hence, we will not distinguish between various measures
of stress and strain, and use S &~ ¢ for the stress tensor and E ~ ¢ for strain tensor in
the material description used in solid mechanics. The linear constitutive model for
infinitesimal deformations is referred to as the generalized Hooke’s law.

6.2.2 Generalized Hooke’s Law

To derive the stress—strain relations for a linear elastic solid, begin with the quad-
ratic form of U,

1 .
Uy =Cy+ Ci}'é‘,‘]‘ + 2—!Cijk158ij£k(g, (625)
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where C is a reference value of Uy from which the strain energy density function is
measured. From Eq. (6.2.2), we have

aU, 1.
O = = Cij6midnj + = Cijke (€keSimSjn + €ijSkmben)
0&mn 2
1. 1.
= Cmn + zcmnkegké + zcijmngij
1,. N
= Cun + E (Cmm']' + Cijmn) Eij
= Cun + Cmm'/'gij’ (626)
where
1, . R 32Uy
Comii = = (Comii + Ciimn) = = = Ciipm- 6.2.7
mnij ) ( ni j + I]mn) 8€ij88mn 88mn38ij ijmn ( )

Clearly, C,,, have the same units as o,,,, and they represent the residual stress com-
ponents of a solid. We shall assume, without loss of generality, that the body is free
of stress prior to the load application so that we may write

0ij = Cijkexe- (6.2.8)

The coefficients Cjji, are called elastic stiffness coefficients. In general, there are
81(= 3*) scalar components of the fourth-order tensor C. However, the components
Cijk satisfy the following symmetry conditions by virtue of definition (6.2.7) and the
symmetry of stress and strain tensor components:

Cijke = Creijs  Cijke = Cjikes  Cijke = Ciak. (6.2.9)

Thus, the number of independent coefficients in C;j, is reduced to 21:

Cun Cuz Cuzz Gz Gz Cunz
Con Gz Gz Coiz Conn
Gz Gz Gaziz Casin

6.2.10
Gz Gz Can ( )

Ciiz Cin
Ci2 |

We express Eq. (6.2.8) in an alternate form using single subscript notation for
stresses and strains and two subscript notation for the material stiffness coefficients:

01 =011, 02=0p», O03=033, O04=023, O05=03, 0=0],
(6.2.11)

g1 =81, & =6&n, & =633, &4 =283, &5 =213, & =261.
11—-122—-2 33—-3 23—-4 13—-5 12— 6. (6.2.12)

It should be cautioned that the single subscript notation used for stresses and strains
and the two-subscript components C;; render them nontensor components (i.e., o;,
g;, and Cj; do not transform like the components of a tensor). The single subscript
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notation for stresses and strains is called the engineering notation or the Voigt-Kelvin
notation. Equation (6.2.8) now takes the form

o; = C,‘]'Sj, (6213)

where summation on repeated subscripts is implied (now from 1 to 6). The coeffi-
cients C;; are symmetric (C;; = Cj;), and we have 21(= 6 +5+4 +3+2 + 1) inde-
pendent stiffness coefficients for the most general elastic material. In matrix nota-
tion Eq. (6.2.13) can be written as

o1 Ci Cpn Ciz Cu Cs Cig €1
o) Ci Cn Cpn Cu Gs Cyp &
03 Gi Cn G Gy Gs Cs 3

= . 6.2.14
04 Cy Cp Ciz Cu Cy5 Cye &4 ( )
05 Csi Csp Cs3 GCsy Css Csg &s
06 LGt Coo Csz Cos Cos Coe | | 66

We assume that the stress—strain relations (6.2.14) are invertible. Thus, the com-
ponents of strain are related to the components of stress by

& = Si]'O']', (6215)

where S;; are the material compliance coefficients with [S] = [C]~! (i.e., the com-
pliance tensor is the inverse of the stiffness tensor: S = C!). In matrix notation,
Eq. (6.2.15) has the form

&1 St Sz Siz S Sis Sie o1
& 1 S S5 S S5 S Iop)
€3 S5 S S S S35 S 03

= . 6.2.16
&4 Sat Sz Sz Sus Sus Sue 04 ( )
&s Ss1 Ss2 Ss3 Ssa Sss Sse o5
€6 L Se1 Se2 Se3 Ses Ses Ses | | 06

6.2.3 Material Symmetry

Further reduction in the number of independent stiffness (or compliance) param-
eters comes from the so-called material symmetry. Suppose that (xi, xz, x3) de-
note the coordinate system with respect to which Egs. (6.2.5)—(6.2.16) are defined.
We shall call it a material coordinate system. The coordinate system (x, y, z) used
to write the equations of motion and strain-displacement equations will be called
the problem coordinates to distinguish them from the material coordinate system.
The phrase “material coordinates” used in connection with the material description
should not be confused with the present term. In the remaining discussion, we will
use the material description for everything, but we may use one material coordinate
system, say (x, y, z), to describe the kinematics as well as stress state in the body
and another material coordinate system (x1, X2, x3) to describe the stress—strain be-
havior. Both are fixed in the body, and the two systems are oriented with respect
to each other. When elastic material parameters at a point have the same values for
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every pair of coordinate systems that are mirror images of each other in a certain
plane, that plane is called a material plane of symmetry (e.g., symmetry of internal
structure due to crystallographic form, regular arrangement of fibers or molecules).
We note that the symmetry under discussion is a directional property and not a po-
sitional property. Thus, a material may have certain elastic symmetry at every point
of a material body and the properties may vary from point to point. Positional de-
pendence of material properties is what we called the inhomogeneity of the material.

In the following, we discuss various planes of symmetry and forms of associated
stress—strain relations. Use of the tensor components of stress and strain is necessary
because the transformations are valid only for the tensor components. The second-
order tensor components o;; and ¢;; and the fourth-order tensor components C;j
transform according to the formulae

Gij = LipLiqOpgs  Eij = LipLigepgs  Cijr = Lip Ljg tir bis Cpgrs, (6.2.17)

where ¢;; are the direction cosines associated with the coordinate systems (X1, X2, X3)
and (x1, x2, x3), and C; jki and C,q,s are the components of the fourth-order tensor
C in the barred and unbarred coordinates systems, respectively. A trivial symmetry
transformation is one in which the barred coordinate system is obtained from the un-
barred coordinate system by simply reversing their directions: X; = —x;, X, = —xp,
and X3 = —xj3. This transformation is satisfied by all materials, and they are called
triclinic materials. The associated transformation matrix is given by

-1 0 0
[L]=| 0 -1 o0]. (6.2.18)
0 0 -1

For this transformation, one can show that Eq. (6.2.17) gives the trivial result

Cijki = Ciji- Next, we consider some commonly known nontrivial symmetry trans-
formations.

6.2.4 Monoclinic Materials

When the elastic coefficients at a point have the same value for every pair of coordi-
nate systems which are the mirror images of each other with respect to a plane, the
material is called a monoclinic material. For example, let (x1, X3, x3) and (X1, X, X3)
be two coordinates systems, with the x;, x,-plane parallel to the plane of symmetry.
Choosing the ¥3-axis such that ¥3 = —x3 (never mind about the left-handed coor-
dinate system as it does not affect the discussion) so that one system is the mirror
image of the other. This symmetry transformation can be expressed by the transfor-
mation matrix (¥; = x1, X = X, X3 = —Xx3).

10 0
[L]=|0 1 o0]. (6.2.19)
00 —1
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The requirement that C; jki be the same as Cjji; under the transformation (6.2.19)

yields (because 623 = —o723, 031 = —031, £23 = —&23, £31 = —&31 under the same trans-
formation):

Ciiiz = Ciiiz = —Ciis,  Cioz = Crioz = —Cinns,

Cio1i3 = Cioi3 = —Cia13, Gz = Cooiz = =iz,

Coxs = Comos = =Gz, Cozzz = Coszz = — G,

Cs33 = Cazz = —Cazp3,  Caziz = Caziz = — Gz

Thus, all Cs with an odd number of index “3” are zero.
Alternatively, if we use Eq. (6.2.13) and 64 = —o0y, 05 = —05, &4 = —&4, &5 =
—g5, We obtain

o1 = Cii& + Cpér + Ci383 + Ciués + Ci585 + Ciele,
o1 = Crie1 + Ciaer + Cizez — Crags — Cises + Cipse.

But we also have
o1 = Crier + Cper + Cizez + Crags + Cises + Cress.

The elastic parameters C;; are the same for the two coordinate systems because they
are the mirror images in the plane of symmetry. From the above two equations we
arrive at

Ciseq + Ci565 = 0 for all values of ¢4 and ¢s.

The above equation holds only if Cj4 = 0 and C;5 = 0. Similar discussion with the
two alternative expressions of the remaining stress components yield C4 = 0 and
Cys = 0; C34 = 0 and G35 = 0; and Cyu6 = 0 and Csg = 0. Thus, of 21 material param-
eters, we have only 21 — 8 = 13 independent parameters, as indicated below

[Cii Co Ciz 0 0 Ci ]
Co Cpn Gz 0 0 Gy
Cs Cs3 G 0 0 Gs

0 0 0 Cyu Cu5 0
0 0 0 C4i5 GCs5 O
LCs Cx G 0 0 GCe_

[C] = (6.2.20)

Monoclinic materials exhibit shear-extensional coupling, that is, a shear strain can
produce a normal stress.

6.2.5 Orthotropic Materials

When three mutually orthogonal planes of material symmetry exist, the number
of elastic coefficients is reduced to 9 using arguments similar to those given for
single material symmetry plane, and such materials are called orthotropic. The
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transformation matrices associated with the planes of symmetry are

10 0 ~1.0 0 1 00
[LV1=10 1 o, [LP=| 0 1 0|, [L¥=|0 -1 0. (6221)
00 -1 00 1 0 01

Under these transformations, we obtain Cij1p = Cig = 0, Cyip = Gy =0, Ci310 =
C36 = 0, and Cy313 = Cys = 0. The stress—strain relations for an orthotropic material
take the form

o1 Ch Cp C3 0 0 O &1
o Ch Gy C3 0 0 O &
03 C3 C3 G 0 0 O 3

= 2.22
04 0 0 0 C44 0 0 &4 (6 )
05 0 0 0 0 C55 0 &5
06 | 0 0 0 0 0 C66 i &6

Most simple characterization tests are performed with a known load or stress.
Hence, it is convenient to write the inverse of relations in Eq. (6.2.22)

&1 Su S Sis 0 0 0 o1
& S S S 0 0 0 op)
&3 S3 S S 0 000 03

= 2.2
&4 0 0 0 S44 0 0 04 ’ (6 3)
&5 0 0 0 0 Ss 0 |]os
&6 L 0 0 0 0 0 S66 i [

where [S] is the matrix of compliance coefficients S;;, and [S] = [C] L.

Most often, the material properties are determined in a laboratory in terms
of the engineering constants such as Young’s modulus, shear modulus, and so on.
These constants are measured using simple tests like uniaxial tension test or pure
shear test. Because of their direct and obvious physical meaning, engineering con-
stants are used in place of the more abstract stiffness coefficients C;; and compliance
coefficients S;;. Next we discuss how to obtain the strain—stress relations (6.2.23) and
relate §;; to the engineering constants.

One of the consequences of linearity (both kinematic and material lineariza-
tions) is that the principle of superposition applies. That is, if the applied loads and
geometric constraints are independent of deformation, the sum of the displacements
(and hence strains) produced by two sets of loads is equal to the displacements (and
strains) produced by the sum of the two sets of loads. In particular, the strains of the
same type produced by the application of individual stress components can be super-
posed. For example, the extensional strain eﬁ) in the material coordinate direction
x1 due to the stress o1 in the same direction is 011/ E;, where E; denotes Young’s
modulus of the material in the x; direction, as shown in Figure 6.2.1. The extensional
strain eﬁ) due to the stress oy, applied in the x;-direction is (a result of the Poisson
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X
X 2
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Figure 6.2.1. Strains produced by stresses in a cube of material.

effect) —vy1 (022/ E»), where vy is Poisson’s ratio (note that the first subscript in
vij, i # J, corresponds to the load direction and the second subscript refers to the
directions of the strain)

&1
v = ——

€22
and E, is Young’s modulus of the material in the x,-direction. Similarly, o33 pro-
duces a strain sﬁ) equal to —v31(033/ E3). Hence, the total strain 17 due to the simul-
taneous application of all three normal stress components is
() _onu 02 033

&n = 8§1) +8(2) téy = E — Va1 5 U3]E , (6.2.24)

where the direction of loading is denoted by the superscript. Similarly, we can write

& = —) ﬂ + 2 — %
2 e TR 2,
(6.2.25)
£33 = —1)132 - V23% + 22
E E, B
The simple shear tests with an orthotropic material give the results
o12 013 023
2e10=——, 2e13=——, 2ep3=——. (6.2.26)
G Gis Gy

Recall from Section 3.5.2 that 2¢;; (i # j) is the change in the right angle between
two lines parallel to the x;- and x,-directions at a point, o;; (i # j) denotes the cor-
responding shear stress in the x;-x; plane, and G;; (i # j) are the shear moduli in
the x;-x; plane.



6.2 Elastic Solids

Writing Egs. (6.2.24)—(6.2.26) in matrix form, we obtain

&1 i E% _% _% 0 0 0] (5]

el |- & -E 0 0 0 g

s|_|-# &% & 0 0 0|]o (6.2.27)
&4 0 0 0 G% 0 0 os | -
&5 0 0 0 0 GLB 0 s

€6 L 0 0 0 0 0 & JLlos

where Ej, E,, E3 are Young’s moduli in 1, 2, and 3 material directions, respectively,
v;; is Poisson’s ratio, defined as the ratio of transverse strain in the jth direction to
the axial strain in the ith direction when stressed in the i-direction, and Gy3, Gy3, Gi2
are shear moduli in the 2-3, 1-3, and 1-2 planes, respectively. Since [S] is the inverse
of [C] and the [C] is symmetric, then [S] is also a symmetric matrix. This in turn
implies that the following reciprocal relations hold [i.e., compare the off-diagonal
terms in Eq. (6.2.27)]:

VI V2 Vi1 Vi3 b U3 Vij  Vji
—_—= ==, —== > S == 6.2.28
E, E' E E E E E E; ( )

for i, j = 1,2, 3. The nine independent material coefficients for an orthotropic ma-
terial are

E\, B, E;, Gy, Gi3, G, vi2, Vi3, 3.

6.2.6 Isotropic Materials

Isotropic materials are those for which the material properties are independent of
the direction, and we have

Ei=bEB=E=E Gr=G63=063=G, vp=1v3=v3=0

The stress—strain relations take the form

vE
1 +v)A-2v)
where summation on repeated indices is implied. The inverse relations are (G =
E/2(1+v)])

O'l‘j

&ij + Exkdij, (6.2.29)

=1+v

1+4+v )
% kkSij» (6.2.30)

Application of a normal stress to a rectangular block of isotropic or orthotropic
material leads to only extension in the direction of the applied stress and contraction
perpendicular to it, whereas an anisotropic material experiences extension in the
direction of the applied normal stress, contraction perpendicular to it, and shearing
strain, as shown in Figure 6.2.2. Conversely, the application of a shearing stress to an
anisotropic material causes shearing strain as well as normal strains. Normal stress
applied to an orthotropic material at an angle to its principal material directions
causes it to behave like an anisotropic material.

Eij =
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6.2.7 Transformation of Stress and Strain Components

The constitutive relations (6.2.22) and (6.2.23) for an orthotropic material were writ-
ten in terms of the stress and strain components that are referred to the material
coordinate system. The coordinate system used in the problem formulation, in gen-
eral, does not coincide with the material coordinate system. Thus, there is a need to
express the constitutive equations of an orthotropic material in terms of the stress
and strain components referred to the problem coordinate system. We can use the
transformation equations (6.2.17) of a second-order tensor to write the stress and
strain components (o;, &;) referred to the material coordinate system in terms of
those referred to the problem coordinates.

Let (x, y, z) denote the coordinate system used to write the governing equations
of a problem, and let (x1, x,, x3) be the principal material coordinates such that x3-
axis is parallel to the z-axis (i.e., the xjx;-plane and the xy-plane are parallel) and
the x;-axis is oriented at an angle of +6 counterclockwise (when looking down) from
the x-axis, as shown in Figure 6.2.3. The coordinates of a material point in the two
coordinate systems are related as follows (z = x3):

X1 cosf sinf O X X
X, ¢ = | —sinf cos® O ye=[L13y. (6.2.31)
X3 0 0 1 Z Z

The inverse of Eq. (6.2.31) is

X cos® —sind O bel bel
y ¢ =| sinf cosf 0 v =[L"{xt. (6.2.32)
z 0 0 1 X3 X3

The inverse of [ L] is equal to its transpose: [L]™! = [L]".
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Z2=X3

X2

(x,,X,, X, ) material coordinate system
(x,y,z = x;) problem coordinate system

X1

Figure 6.2.3. A material with material and problem coordinate systems.

6.2.7.1 Transformation of Stress Components

Let o denote the stress tensor, which has components o011, 012, . .., 033 in the ma-
terial (m) coordinates (xi, x2, x3) and components oy, Oyy, ..., 0z in the problem
(p) coordinates (x, y, z). Since stress tensor is a second-order tensor, it transforms
according to the formula

(Okg)m = Lrilgj(0ij)p or [o]n= [L][U]p[L]T’
(okg)p = Lirljg(0ij)m or [o],=[L]"[o]m[L].

where (oj;), are the components of the stress tensor o in the material coordinates

(6.2.33)

(x1, x2, x3), whereas (o;;), are the components of the same stress tensor o in the
problem coordinates (x, y, z),

Oxx oxy Oxz 011 012 013
[olp=| 0 oy oy |, [oln=|01 on o3|, (6.2.34)
Oxz Oyz Oz 013 023 033

and ¢;; are the direction cosines defined by
Lij = (&)m - (&)p, (6.2.35)

(&)m and (&;), being the orthonormal basis vectors in the material and problem
coordinate systems, respectively.

Carrying out the matrix multiplications in Eq. (6.2.33), with [ L] defined by Eq.
(6.2.31), and rearranging the equations in terms of the single-subscript stress com-
ponents in (x, y, z) and (x1, x,, x3) coordinate systems, we obtain

Oy ™ cos?6 sin6 0 0 0 —sin207] (oy
Oy sinf¢  cos’d 0 0 0 sin20 | | o»
o™ 0 0 1 0 0 0 03

= . . (6.2.36
0y; 0 0 0 cos® siné 0 04 ( )
Oxz 0 0 0 —sinf® cosf 0 o5
Oxy | % sin 260 —% sin20 0 0 0 cos20 | | o6
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The inverse relationship between {c},, and {0}, is given by

o1 [ cos?6 sinff6 0 0 0 sin20 7 [ oy
oy sin’ @ cos26 0 0 0 —sin26 oyy
- 0 0 1 0 0 0 O

= 6.2.37
o4 0 0 0 cosf —sinf 0 Oy; ( )
o5 0 0 0 sin® cos 6 0 Oz
o6 | —3sin20 1sin20 0 0 0 cos20 | | oy

6.2.7.2 Transformation of Strain Components
Transformation equations derived for stresses are also valid for tensor components
of strains

[l = [LI[el (L1 [e]p = [L]'[e]m[L]. (6.2.38)

However, the single-column formats in Egs. (6.2.36) and (6.2.37) for stresses are not
valid for single-column formats of strains because of the definition:

2610 =66, 2613 =65, 2623 = &4.

Slight modification of the results in Eqs. (6.2.36) and (6.2.37) will yield the proper
relations for the engineering components of strains. We have

Exx Ccos?26  sin’6 0 0 0 —sinfcosd | [ &
Eyy sin“d  cos?0 0 0 0 sin cos 6 &
e | | 0 o 1 0 0 0 &
po 0 0 0 cos® sind 0 &4
2y, 0 0 0 —sinf cos6 0 &s
2ey,y | sin20 —sin20 0 0 0 cos®0 —sin®6 | | e
(6.2.39)
The inverse relation is given by
1 T cos’6 sin’9 0O 0 0 sinfcos® | e
& sin¢  cos’0 0 0 0 —sinf cos 6 Eyy
es| | 0 o 1 0 0 0 b0
e | 0 0 0 cos® —sind 0 2ey,
&5 0 0 0 sin® cos 0 26y,
&6 | —sin26 sin20 0 0 0  cos’d —sin’6 | | 2ey
(6.2.40)

Although not discussed here [see Reddy (2004)], the elasticity tensor C must also be
transformed from the material coordinate system to the problem coordinates.
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Figure 6.2.4. A filament-wound cylindrical
pressure vessel.
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Next, we consider an example of application of the transformation equations
(see Reddy, 2004; also, see Example 4.3.2).

EXAMPLE 6.2.1: Consider a thin, filament-wound, closed cylindrical pressure ves-
sel shown in Figure 6.2.4. The vessel is of 63.5 cm (25 in.) internal diameter,
2 cm thickness (0.7874 in.), and pressurized to 1.379 MPa (200 psi); Note that
MPa means mega (10°) Pascal (Pa), Pa = N/m?, and 1 psi = 6,894.76 Pa. A giga
Pascal (GPa) is 1,000 MPa. Determine

(a) stresses oyy, 0y, and oy, in the vessel,

(b) stresses o11, 022, and o7, in the material coordinates (x1, x,, x3) with x; being
along the filament direction,

(c) strains €11, £, and 2¢1, in the material coordinates, and

(d) strains &y, €y, and yx, in the vessel. Assume a filament winding angle
of 6 =53.125° from the longitudinal axis of the pressure vessel, and use
the following material properties, typical of graphite-epoxy material: £} =
140 GPa (20.3 Msi), E; = 10 GPa (1.45 Msi), Gy, = 7 GPa (1.02 Msi), and
Vi = 0.3.

SOLUTION:

(a) The equations of equilibrium of forces in a structure do not depend on the
material properties. Hence, equations derived for the longitudinal (o) and
circumferential (o,,) stresses in a thin-walled cylindrical pressure vessel are
valid here:

oo PP pDi
=T O T
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where p is internal pressure, D; is internal diameter, and / is thickness of
the pressure vessel. We obtain (the shear stress oy, is zero)

1.379 x 0.635  0.2189
4h - h

1.379 x 0.635  0.4378

o 7 MPa.

Oy = Pa, o,, =

(b) Next, we determine the shear stress along the fiber and the normal stress in
the fiber using the transformation equations

011 = Oyy COS O + Oyy sin” 0 + 20y, cos @ sind,

02) = Oyx sin” 0 + Oyy cos’ O — 20,y cos @ sind,

012 = —0x, Sinf cosf + o,y cosf sind + crxy(cos2 6 — sin’ 0).
We obtain
0.2189 0.4378 0.3590
o1 = ———(0.6)> + ———(0.8)> = ——— MPa,
h h h
0.2189 0.4378 0.2977

=" (0.8)> + ——(0.6)> = ——— MP
o 7 (0.8)" + 7 (0.6) 7 a,

(04378 02189 0.1051
mw=\" h

x 0.6 x 0.8 = T MPa.

Thus, the normal and shear forces per unit length along the fiber-matrix
interface are Fp» = 0.2977 MN and Fj, = 0.1051 MN, whereas the force per
unit length in the fiber direction is F; = 0.359 MN. For & = 2 cm, the stress
field in the material coordinates becomes

o11 = 17.95 MPa, o2, = 14.885 MPa, oy, = 5.255 MPa.

(c) The strains in the material coordinates can be calculated using the strain—
stress relations (6.2.27). We have (vy1/ E; = via/ Ey, 033 = 0)

o111 022V12 17.95 14.885 x 0.3 3
_ o _ _ — 0.0963 x 10~ m/m,
M= T TR T 140x10° 140 x 109 P mm

o11V12 022 17.95 x 0.3 14.885

- _ 2 =1.45 x 1073 m/m,
o2 5 B 140x10° T 10x10° x0T mim
012 5.255 -3
_ _ = 03757 x 1073,
=G, 2x7 x

(d) The strains in the (x, y) coordinates can be computed using
Eyr = €11 COSZ 0 + &2 sin”@ — 2e1, cos O sin 6,
&y = €11 sin? 6 + £ COS% O + 2¢15 cOs O sin O,

exy = (811 — e2) cos O sin6 + e12(cos? 6 — sin’ 0),
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or

xx = 1073[0.0963 x (0.6)* + 1.45 x (0.8)> — 0.3757 x 0.6 x 0.8]
=0.782 x 1073 m/m,

gyy = 107°[0.0963 x (0.8)* + 1.45 x (0.6)* +0.3757 x 0.6 x 0.8]
=0.764 x 1073 m/m,

exy = 1077{2(0.0963 — 1.45) x (0.6) x 0.8 4 0.3757[(0.6)* — (0.8)*]}
= —1.405 x 1073,

6.2.8 Nonlinear Elastic Constitutive Relations

Most materials exhibit nonlinear elastic behavior for certain strain threshold, that
is, the stress-strain relation is no longer linear but recovers all its deformation upon
the removal of the loads, and Hooke’s law is no longer valid. Past certain nonlinear
elastic range, permanent deformation ensues, and the material is said be inelastic or
plastic, as shown in Figure 6.2.5. Here, we briefly review constitutive relations for
two well-known nonlinear elastic materials, namely, the Mooney—Rivlin and neo-
Hookean materials. More discussion can be found in Truesdell and Noll (1965) and
Liu (2002).

Recall from Eq. (6.2.1) that for elastic materials under isothermal conditions
the constitutive equation can be expressed as ¢ = o(F), where F is deformation
gradient tensor with respect to some reference configuration «y (for which det F =
J > 0). For a hyperelastic material, there exists a free energy function ¢ = ¥ (F)
such that

o(F) = pz—lé -F' (6.2.41)

for compressible elastic materials, where p is the material density.

Some materials (e.g., rubber-like materials) undergo large deformations with-
out appreciable change in volume (i.e., J ~ 1). Such materials are called incom-
pressible materials. For incompressible elastic materials, the stress tensor is not
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completely determined by deformation. The hydrostatic pressure affects the stress.
For incompressible elastic materials, Eq. (6.2.41) takes the form
0
o(F) = —pI+ pa—lg -FT, (6.2.42)
where p is the thermodynamic pressure.
For an hyperelastic elastic material, Eq. (6.2.41) can also be expressed as
oy
B)=2p— B, 6.2.43
o(B) = 20— (6:2.43)
where the free-energy function ¢ is written as ¥ = (B) and B is the left Cauchy-
Green tensor B = F - FT [see Eq. (3.4.22)]. Equations (6.2.41)—(6.2.43), in general,
are nonlinear. The free energy function ¢ takes different forms for different ma-
terials. It is often expressed as a linear combination of unknown parameters and
principal invariants of Green strain tensor E, deformation gradient tensor F, or left
Cauchy-Green strain tensor B. The parameters characterize the material and they
are determined through suitable experiments.
For incompressible materials, the free energy function i is taken as a linear
function of the principal invariants of B

v =C(lg—3)+C(Ig—3), (6.2.44)

where C; and C; are constants and Iz and /I are the two principal invariants of B
(the third invariant 711 is equal to unity for incompressible materials). Materials
for which the strain energy functional is given by Eq. (6.2.44) are known as the
Mooney—Rivlin materials. The stress tensor in this case has the form

oc=—pl+aB+ BB, (6.2.45)
where « and 8 are given by
oy oy
o paIB pCi, B anB pC ( )

The Mooney—Rivlin incompressible material model is most commonly used to rep-
resent the stress-strain behavior of rubber-like solid materials.

If the free energy function is of the form v = C;(Ip — 3), that is, C; = 0, the
constitutive equation in Eq. (6.2.45) takes the form

o=—pl+2pCiB. (6.2.47)
Materials whose constitutive behavior is described by Eq. (6.2.47) are called the

neo-Hookean materials. The neo-Hookean model provides a reasonable prediction
of the constitutive behavior of natural rubber for moderate strains.
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6.3 Constitutive Equations for Fluids

6.3.1 Introduction

All bulk matter in nature exists in one of two forms: solid or fluid. A solid body is
characterized by relative immobility of its molecules, whereas a fluid state is charac-
terized by their relative mobility. Fluids can exist either as gases or liquids.

The stress in a fluid is proportional to the time rate of strain (i.e., time rate
of deformation). The proportionality parameter is known as the viscosity. It is a
measure of the intermolecular forces exerted as layers of fluid attempt to slide past
one another. The viscosity of a fluid, in general, is a function of the thermodynamic
state of the fluid and in some cases the strain rate. A Newtonian fluid is one for which
the stresses are linearly proportional to the velocity gradients. If the constitutive
equation for stress tensor is nonlinear, the fluid is said to non-Newtonian. A non-
Newtonian constitutive relation can be of algebraic (e.g., power-law), differential,
or integral type. A number of non-Newtonian models are presented in Section 6.3.4.

6.3.2 Ideal Fluids

A fluid is said to be incompressible if the volume change is zero:
V.v=0, (6.3.1)

where v is the velocity vector. A fluid is termed inviscid if the viscosity is zero, u = 0.
An ideal fluid is one that has zero viscosity and is incompressible.

The simplest constitutive equations are those for an ideal fluid. The most gen-
eral constitutive equations for an ideal fluid are of the form

o=—p(p,o)l, (6.3.2)

where p is the pressure and 6 is the absolute temperature. The dependence of p on
p and 0 has been experimentally verified many times during several centuries. The
thermomechanical properties of an ideal fluid are the same in all directions, that is,
the material is isotropic. It can be verified that Eq. (6.3.2) satisfies the frame indiffer-
ence requirement (see Section 3.9) because 6x =Q - 0- Q' = —pQ -1- QT = —pL

An explicit functional form of p(p, ) valid for gases over a wide range of tem-
perature and density is

p = Rob/m, (6.3.3)

where R is the universal gas constant, m is the mean molecular weight of the gas,
and 0 is the absolute temperature. Equation (6.3.3) is known to define a “perfect”
gas. When p is only a function of the density, the fluid is said to be “barotropic,”
and the barotropic constitutive model is applicable under isothermal conditions. If
p is independent of both p and 6 (p = py = constant), p is determined from the
equations of motion.
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6.3.3 Viscous Incompressible Fluids

The constitutive equation for stress tensor in a fluid motion is assumed to be of the
general form!

o =FD)- pL (6.3.4)

where F is a tensor-valued function of the rate of deformation D and p is the ther-
modynamic pressure. The viscous stress t is equal to the total stress o minus the
equilibrium stress — pl

oc=7t-pl, T=F(D). (6.3.5)
For a Newtonian fluid, F is assumed to be a linear function of D,
T=C:D or Tjj = C,'jlek], (636)

where C is the fourth-order tensor of viscosities of the fluid. For an isotropic viscous
fluid, Eq. (6.3.6) reduces to [analogous to Eq. (6.2.29) for a Hookean solid]

T=2uD+A(trD)I or 7; =2uD;;j + * Dy}, (6.3.7)

where p and A are the Lamé constants. Equation (6.3.5) takes the form
o=2uD+r(trD)I - pl, o0;; =2uD;; + (A Dxx — p) 8ij. (6.3.8)
In terms of the deviatoric components of stress and rate of deformation tensors,
o=0-06I, D=D- %(trD) I, 6= %tr o, (6.3.9)

the Newtonian constitutive equation (6.3.8) takes the form

2
o =2uD + <§M + k) (trD)I- (6 + p) L,

, (6.3.10)
o =2uDf; + (3# + l) Diicdij — (6 + p) 6ij.
Since
oy =2uD;; + 2u +31) D —3(6 + p) =0, (6.3.11)
the last two terms in Eq. (6.3.10) vanish, and we obtain
o' =2uD', o, =2uD. (6.3.12)

The mean stress ¢ is equal to the thermodynamic pressure — p if and only if one
of the following two conditions are satisfied:

Fluid is incompressible: V- D =0, (6.3.13)

2
Stokes condition: K = e +1=0. (6.3.14)

! The dependence of F on the rotation tensor w is eliminated to satisfy the frame indifference re-
quirement.
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In general, the Stokes condition does not hold. For Newtonian fluids, incom-
pressibility does not necessarily imply that & = —p.

Thus, the constitutive equation for a viscous, isotropic, incompressible fluid re-
duces to

o=—pl+2uD, (0;j=—p&j+2uD;). (6.3.15)
For inviscid fluids, the constitutive equation for the stress tensor has the form
o= —pI (Uij = —pcS,-j), (6316)

and p in this case represents the mean normal stress or hydrostatic pressure.

6.3.4 Non-Newtonian Fluids

Non-Newtonian fluids are those for which the constitutive behavior is nonlinear.
Non-Newtonian fluids include motor oils; high molecular weight liquids such as
polymers, slurries, pastes; and other complex mixtures. The processing and trans-
port of such fluids are central problems in the chemical, food, plastics, petroleum,
and polymer industries. The non-Newtonian constitutive models presented in this
section for viscous fluids are only a few of the many available in literature [see
Reddy and Gartling (2001)].

Most non-Newtonian fluids exhibit a shear rate dependent viscosity, with “shear
thinning” characteristic (i.e., decreasing viscosity with increasing shear rate). Other
characteristics associated with non-Newtonian fluids are elasticity, memory effects,
the Weissenberg effect, and the curvature of the free surface in an open-channel
flow. A discussion of these and other non-Newtonian effects is presented in the
book by Bird et al. (1971).

Non-Newtonian fluids can be classified into two groups: (1) inelastic fluids or
fluids without memory and (2) viscoelastic fluids, in which memory effects are sig-
nificant. For inelastic fluids, the viscosity depends on the rate of deformation of the
fluid, much like nonlinear elastic solids. Viscoelastic fluids exhibit time-dependent
“memory”; that is, the motion of a material point depends not only on the present
stress state but also on the deformation history of the material element. This history
dependence leads to very complex constitutive equations.

The constitutive equation for the stress tensor for a non-Newtonian fluid can be
expressed as

o=-pl+t (0ij=—pdij + ), (6.3.17)

where T is known as the viscous or extra stress tensor.

6.3.4.1 Inelastic Fluids

The viscosity for inelastic fluids is found to depend on the rate of deformation tensor
D. Often the viscosity is expressed as a function of the principal invariants of the
deformation tensor D

M= Mn (11, [2, 13) . (6318)
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where the I;, I, and /5 are the principal invariants of D,

I = tr(D) = Dy,
1 w1

L= El‘r(D ) = EDiiji’ (6319)
1 N

132 gtr(D )=§Diijkai7

where ¢r denotes the trace.

For an incompressible fluid, ; = V - v = 0. Also, there is no theoretical or ex-
perimental evidence to suggest that the viscosity depends on /3; thus, the depen-
dence on the third invariant is eliminated. Equation (6.3.18) reduces to

w = u(h). (6.3.20)

The viscosity can also depend on the thermodynamic state of the fluid, which for in-
compressible fluids usually implies a dependence only on the temperature. Equation
(6.3.20) gives the general functional form for the viscosity function, and experimen-
tal observations and a limited theoretical base are used to provide specific forms of
Eq. (6.3.20) for non-Newtonian viscosities. A variety of inelastic models have been
proposed and correlated with experimental data, as discussed by Bird et al. (1971).
Several of the most useful and popular models are presented next [see Reddy and
Gartling (2001)].

POWER-LAW MODEL. The simplest and most familiar non-Newtonian viscosity model
is the power-law model, which has the form

w= K12, (6.3.21)

where n and K are parameters, which are, in general, functions of temperature; 7 is
termed the power-law index and K is called consistency. Fluids, with an index n < 1,
are termed shear thinning or pseudoplastic. A few materials are shear thickening
or dilatant and have an index n > 1. The Newtonian viscosity is obtained with n =
1. The admissible range of the index # is bounded below by zero due to stability
considerations.

When considering nonisothermal flows, the following empirical relations for n
and K are used:

T-T
n=no+ B( 0) , (6.3.22)
Ty

K = Kpexp (—A[T - T)]/ ) . (6.3.23)

where subscript ‘0’ indicates a reference value and A and B are material constants.

CARREAU MODEL. A major deficiency in the power-law model is that it fails to pre-
dict upper and lower limiting viscosities for extreme values of the deformation rate.
This problem is alleviated in the Carreau model

(n—1)/2
1= oo + (1o — poo) (1 + [1 BI) : (6.3.24)
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wherein pp and po are the initial and infinite shear rate viscosities, respectively, and
A is a time constant.

BINGHAM MODEL. The Bingham fluid differs from most other fluids in that it can
sustain an applied stress without fluid motion occurring. The fluid possesses a yield
stress, 19, such that when the applied stresses are below ty no motion occurs; when
the applied stresses exceed 1y the material flows, with the viscous stresses being pro-
portional to the excess of the stress over the yield condition. Typically, the constitu-
tive equation after yield is taken to be Newtonian (Bingham model), though other
forms such as a power-law equation are possible. In a general form, the Bingham
model can be expressed as

1
T= (% + 2;1) D when Etr(rz) > 102, (6.3.25)
1
=0 when ztr(’rz) <1 (6.3.26)

From Egq. (6.3.25) the apparent viscosity of the material beyond the yield point is
(to/~/E + 2). For a Herschel-Buckley fluid, the 1 in Eq. (6.3.25) is given by Eq.
(6.3.21). The inequalities in Eqgs. (6.3.25) and (6.3.26) describe a von Mises yield
criterion.

6.3.4.2 Viscoelastic Constitutive Models

For a viscoelastic fluid, the choice of the constitutive equation for the extra-stress t
in Eq. (6.3.17) is time-dependent. Such a relationship is often expressed in abstract
form where the current extra-stress is related to the history of deformation in the
fluid as

T=F[G(s), 0 <s < o0], (6.3.27)

where F is a tensor-valued functional, G is a finite deformation tensor (related to
the Cauchy—Green tensor) and s = ¢ — t’ is the time lapse from time ¢’ to the present
time, ¢. Fluids that obey constitutive equation of the form in Eq. (6.3.27) are called
simple fluids. The functional form in Eq. (6.3.27) is not useful for general flow prob-
lems, and therefore numerous approximations of (6.3.27) have been proposed in
several different forms. Several of them are reviewed here.

The two major categories of approximate constitutive relations include the inte-
gral and differential models. The integral model represents the extra-stress in terms
of an integral over past time of the fluid deformation history. For a differential
model the extra-stress is determined from a differential equation that relates the
stress and stress rate to the flow kinematics. In general, the specific choice is dic-
tated by the ability of a given model to predict the non-Newtonian effects expected
in a particular application.

DIFFERENTIAL MODELS. The well-known differential constitutive equations are gen-
erally associated with the names of Oldroyd, Maxwell, and Jeffrey. First, we define
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various types of material time derivatives used in these models. For an Eulerian
reference frame, the material time derivative of a symmetric second-order tensor
can be defined in several ways, all of which are frame invariant. Let S denote a
second-order tensor. Then, the upper-convected (or co deformational) derivative is
defined by

38
5+V-VS—L~S—(L~S)T, (6.3.28)

v
S

and the lower-convected derivative is defined as

A
S

38
§+V~VS~|—LT~S+ST~L, (6.3.29)

where v is the velocity vector and L is the velocity gradient tensor

av;
L=V =11 6.3.30
v (=52 (6330)
Since both Egs. (6.3.28) and (6.3.29) are admissible convected derivatives, their lin-
ear combination is also admissible:

o \% A
§=(1—a)S+aS. (6.3.31)

Equation (6.3.31) is a general convected derivative, which reduces to (6.3.28) for ¢ =
0 and (6.3.29) for « = 1. When « = 0.5 [average of Egs. (6.3.28) and (6.3.29)], the
convected derivative in Eq. (6.3.31) is termed a corotational or Jaumann derivative.
All of these derivatives have been used in various differential constitutive equations.
The selection of one type of derivative over other is usually based on the physical
plausibility of the resulting constitutive equation and the matching of experimental
data to the model for simple (viscometric) flows.

The simplest differential constitutive models are the upper- and lower-
convected Maxwell fluids, which are defined by the following equations:

Upper-convected Maxwell fluid: T+ ot = 2u’ D (6.3.32)
Lower-convected Maxwell fluid: Tt + At = 2uP D, (6.3.33)

where A is a relaxation time for the fluid, p” is a viscosity, and D are the compo-
nents of the rate of deformation tensor. The upper-convected Maxwell model in
Eq. (6.3.32) has been used extensively in testing numerical algorithms; the lower-
convected and corotational forms of the Maxwell fluid predict physically unrealistic
behavior and are not generally used.

JOHNSON-SEGALMAN MODEL. By employing the general convected derivative
(6.3.31) in a Maxwell-like model the Johnson—-Segalman model is produced

T+ At =2u”D. (6.3.34)
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PHAN THIEN-TANNER MODEL. By slightly modifying Eq. (6.3.34) to include a variable
coefficient for T, the Phan Thien—-Tanner model is obtained.

Y(t)t + At = 2u” D, (6.3.35)
where

Y(r)=1+ € tr(T) (6.3.36)
MP

and e is a constant. This equation is somewhat better than Eq. (6.3.34) in represent-
ing actual material behavior.

OLDROYD MODEL. The Johnson-Segalman and Phan Thien-Tanner models suffer
from a common defect. For a monotonically increasing shear rate, there is a re-
gion where the shear stress decreases, which is a physically unrealistic behavior. To
correct this anomaly, the constitutive equations are altered using the following pro-
cedure. First, the extra-stress is decomposed into two partial stresses, T and T such
that

=7+, (6.3.37)

where T is a purely viscous and T7 is a viscoelastic stress component. Then, T and
T? are expressed in terms of the deformation gradient tensor D, using the Johnson—
Segalman fluid as an example, as

v =2'D, 7+t =2u"D. (6.3.38)

Finally, the partial stresses in Eqgs. (6.3.37) and (6.3.38) are eliminated to produce a
new constitutive relation

T4 2% = 2(D + D), (6.3.39)

where i = (u* + n?) and A’ = Au®/ji; and A’ is a retardation time. The constitutive
equation in (6.3.39) is known as a type of Oldroyd fluid. For particular choices of
the con;fected derivvative in Eq. (6.3.39), specific models can be generated. When
= 0(T becgmes T), then Eq. (6.3.39) becomes the Oldroyd B fluid; the case o = 1
(T becomes T) produces the Oldroyd A fluid. In order to ensure a monotonically
increasing shear stress, the inequality ©* > ©”/8 must be satisfied. The stress de-
composition employed above can also be used with the Phan Thien-Tanner model
to produce a correct shear stress behavior.

WHITE-METZNER MODEL. In all of the constitutive equations the material parame-
ters, A and u”, were assumed to be constants. For some constitutive equations, the
constancy of these parameters leads to material (or viscometric) functions that do
not accurately represent the behavior of real elastic fluids. For example, the shear
viscosity predicted by a Maxwell fluid is a constant, when infact viscoelastic fluids
normally exhibit a shear thinning behavior. This situation can be remedied to some
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degree by allowing the parameters A and w” to be functions of the invariants of
the rate of deformation tensor D. Using the upper-convected Maxwell fluid as an
example, then

T+ M(B)T = 21" (L)D, (6.3.40)

where I, is the second invariant of the deformation tensor D, I, = 1/2(D : D). The
constitutive equation in Eq. (6.3.40) is termed a White—-Metzner model. White—
Metzner forms of other differential models, such as the Oldroyd fluids, have also
been developed and used in various situations.

INTEGRAL MODELS. An approximate integral model for a viscoelastic fluid repre-
sents the extra-stress in terms of an integral over the past history of the fluid defor-
mation. A general form for a single integral model can be expressed as

t
o= [ 2m— G (63.41)
—00

where ¢ is the current time, m is a scalar memory function (or relaxation kernel), and
H is a nonlinear deformation measure (tensor) between the past time ¢’ and current
time ¢.

There are many possible forms for both the memory function m and the defor-
mation measure H. Normally the memory function is a decreasing function of the
time lapse s = ¢t — ¢’. Typical of such a function is the exponential given by

m(t —t') = m(s) = % e/, (6.3.42)

where the parameters ug, A, and s were defined previously. Like the choice of a
convected derivative in a differential model, the selection of a deformation measure
for use in Eq. (6.3.41) is somewhat arbitrary. One particular form that has received
some attention is given by

H = ¢1(I5, I3)B + ¢2(Ip, I 5)B. (6.3.43)

In Eq. (6.3.43), B is the Cauchy—Green deformation tensor, B is its inverse, called
the Finger tensor [see Eq. (3.4.14)], and the ¢; and ¢, are scalar functions of the
invariants of the deformation tensors, Iz = tr(B) and 3 = tr(B). The form of the
deformation measure in Eq. (6.3.43) is still quite general, though specific choices
for the functions ¢; and the memory function m lead to several well-known con-
stitutive models. Among these are the Kaye-BKZ fluid and the Lodge rubber-like
liquid.

As a specific example of an integral model, we consider the Maxwell fluid. Set-
ting ¢; = 1 and ¢ = 0in Eq. (6.3.43) and using the memory function of Eq. (6.3.42),
we obtain a constitutive equation of the form

o

T=73 t exp[—(t —1")/A][B(t) — 1] dr’". (6.3.44)
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The constitutive equation, Eq. (6.3.44), is an integral equivalent to the upper-
convected Maxwell model shown in differential form in Eq. (6.3.32). In this case, the
extra-stress is given in an explicit form, though its evaluation requires that the strain
history be known for each fluid particle. Although the Maxwell fluid has both differ-
ential and integral form, this is not generally true for other constitutive equations.

6.4 Heat Transfer

6.4.1 General Introduction

Heat transfer is a branch of engineering that deals with the transfer of thermal en-
ergy within a medium or from one medium to another due to a temperature differ-
ence. Heat transfer may take place in one or more of the three basic forms: con-
duction, convection, and radiation (see Reddy and Gartling, 2001). The transfer of
heat within a medium due to diffusion process is called conduction heat transfer.
Fourier’s law states that the heat flow is proportional to the temperature gradient.
The constant of proportionality depends, among other things, on a material parame-
ter known as the thermal conductivity of the material. For heat conduction to occur,
there must be temperature differences between neighboring points.

Convection heat transfer is the energy transport effected by the motion of a
fluid. The convection heat transfer between two dissimilar media is governed by
Newton’s law of cooling. It states that the heat flow is proportional to the difference
of the temperatures of the two media. The proportionality constant is called the
convection heat transfer coefficient or film conductance. For heat convection to occur,
there must be a fluid that is free to move and transport energy with it.

Radiation is a mechanism that is different from the three transport processes we
discussed so far: (1) momentum transport in Newtonian fluids that is proportional
to the velocity gradient, (2) energy transport by conduction that is proportional to
the negative of the temperature gradient, and (3) energy transport by convection
that is proportional to the difference in temperatures of the body and the moving
fluid in contact with the body. Thermal radiation is an electromagnetic mechanism,
which allows energy transport with the speed of light through regions of space that
are devoid of any matter. Radiant energy exchange between surfaces or between a
region and its surroundings is described by the Stefan—Boltzmann law, which states
that the radiant energy transmitted is proportional to the difference of the fourth
power of the temperatures of the surfaces. The proportionality parameter is known
as the Stefan—Boltzmann constant.

6.4.2 Fourier’s Heat Conduction Law

The Fourier heat conduction law states that the heat flow q is related to the temper-
ature gradient by

q=—k- Vo, (6.4.1)
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where k is the thermal conductivity tensor of order two. The negative sign in
Eq. (6.4.1) indicates that heat flows downhill on the temperature scale. The balance
of energy [Eq. (5.4.12)] requires that

Do
ch=®—V-q+p5, P =1: D, (6.4.2)

which, in view of Eq. (6.4.1), becomes

Do

where p€& is the heat energy generated per unit volume, p is the density, and c is the
specific heat of the material.
For heat transfer in a solid medium, Eq. (6.4.3) reduces to

a6
pes = V.- (k-V0)+ p€, (6.4.4)

which forms the subject of the field of conduction heat transfer. For a fluid medium,
Eq. (6.4.3) becomes

a6
oc (E +v~V9> =®+V.(k-V0)+ p&, (6.4.5)

where v is the velocity field and @ is the viscous dissipation function.

6.4.3 Newton’s Law of Cooling

At a solid—fluid interface the heat flux is related to the difference between the tem-
perature at the interface and that in the fluid

n = n- q= h (9 — Qﬁuid) s (646)

where fi is the unit normal to the surface of the body and # is known as the heat
transfer coefficient or film conductance. This relation is known as Newton’s law of
cooling, which also defines 4. Clearly, Eq. (6.4.6) defines a boundary condition on
the bounding surface of a conducting medium.

6.4.4 Stefan-Boltzmann Law

The heat flow from surface 1 to surface 2 by radiation is governed by the Stefan—
Boltzmann law

an = o (0] — 63), (6.4.7)
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where 6; and 6, are the temperatures of surfaces 1 and 2, respectively, and o is the
Stefan-Boltzmann constant. Again, Eq. (6.4.7) defines a boundary condition on the
surface 1 of a body.

6.5 Electromagnetics

6.5.1 Introduction

Problems involving the coupling of electromagnetic fields with fluid and thermal
transport have a broad spectrum of applications ranging from astrophysics to man-
ufacturing and to electromechanical devices and sensors. A good introduction to
coupled fluid-electromagnetic problems is available in Hughes and Young (1966);
general electromagnetic field theory is available in such texts as Jackson (1975).
Here, we present a brief discussion of pertinent equations for the sake of com-
pleteness. No attempt is made in this book to make use of these constitutive
equations.

6.5.2 Maxwell’s Equations

The appropriate mathematical description of electromagnetic phenomena in a con-
ducting material region, Qc¢, is given by the following Maxwell’s equations [see
Reddy and Gartling (2001), Hughes and Young (1966), and Jackson (1975); cau-
tion: the notation used here for various fields is standard in the literature; unfor-
tunately, some of the symbols used here were already used previously for other
variables]:

VXxE= —%, (6.5.1)
\% ><H=J+%, (6.5.2)
V-B=0, (6.5.3)
V-D=p, (6.5.4)

where E is the electric field intensity, H the magnetic field intensity, B the magnetic
flux density, D the electric flux (displacement) density, J the conduction current
density, and p is the source charge density. Equation (6.5.1) is referred to as Fara-
day’s law, Eq. (6.5.2) as Ampere’s law (as modified by Maxwell), and Eq. (6.5.4) as
Gauss’ law. A continuity condition on the current density is also defined by

ap
V.i=—. 6.5.5
o (6.5.5)

Only three of the previous five equations are independent; either Egs. (6.5.1),
(6.5.2), and (6.5.4) or Egs. (6.5.1), (6.5.2), and (6.5.5) form valid sets of equations

for the fields.
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6.5.3 Constitutive Relations

To complete the formulation, the constitutive relations for the material are required.
The fluxes are functionally related to the field variables by

D = fy(E,B), (6.5.6)
H = fy(E,B), (6.5.7)
J= f;(E,B), (6.5.8)

where the functions ( fp, fu, f;) may also depend on external variables such as tem-
perature or mechanical stress. The form of the material response to applied E or B
fields can vary strongly depending on the state of the material, its microstructure
and the strength, and time-dependent behavior of the applied field.

6.5.3.1 Conductive and Dielectric Materials
For conducting materials, the standard f; relation is Ohm’s law, which relates the
current density J to the electric field intensity E

J=k, E, (6.5.9)

where k, is the conductivity tensor. For isotropic materials, we have k, = kI,
where k, is a scalar. In general, the conductivity may be a function of E or an ex-
ternal variable such as temperature. This form of Ohm’s law applies to stationary
conductors. If the conductive material is moving in a magnetic field, then Eq. (6.5.9)
is modified to read

J=k, -E+k, (vxB), (6.5.10)

where v is the velocity vector describing the motion of the conductor and B is the
magnetic flux vector.

For dielectric materials, the standard fp function relates the electric flux density
D to the electric field E and polarization vector P:

D=¢ E+P, (6.5.11)

where ¢ is the permittivity of free space. The polarization is generally related to the
electric field through

P =¢S. - E + Py, (6512)
where S, is the electric susceptibility tensor that accounts for the different types

of polarization and Py is the remnant polarization that may be present in some
materials.
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6.5.3.2 Magnetic Materials
For magnetic materials, the standard fy function relates the magnetic field intensity
H to the magnetic flux B

1
H=—B-M, (6.5.13)
o
where p is the permeability of free space and M is the magnetization vector. The
magnetization vector M can be related to either the magnetic flux B or magnetic
field intensity H by

1 S
=——— B+ M, 6.5.14
Mo (I + Sm) ’ ( )
M=S, -H+(I+S,)- M, (6.5.15)

where S,, is the magnetic susceptibility for the material and M is the remnant mag-
netization. If the susceptibility is negative, the material is diamagnetic; while a pos-
itive susceptibility defines a paramagnetic material. Generally, these susceptibilities
are quite small and are often neglected. Ferromagnetic materials have large positive
susceptibilities and produce a nonlinear (hysteretic) relationship between B and H.
These materials may also exhibit spontaneous and remnant magnetization.

6.5.3.3 Electromagnetic Forces and Volume Heating

The coupling of electromagnetic fields with a fluid or thermal problem occurs
through the dependence of material properties on electromagnetic field quantities
and the production of electromagnetic-induced body forces and volumetric energy
production. The Lorentz body force in a conductor due to the presence of electric
currents and magnetic fields is given by

Fs = pE +J x B, (6.5.16)

where, in the general case, the current is defined by Eq. (6.5.10). The first term on the
right-hand side of Eq. (6.5.16) is the electric field contribution to the Lorentz force;
the magnetic term J x B is usually of more interest in applied mechanics problems.
The energy generation or Joule heating in a conductor is described by

0, =1J-E, (6.5.17)

which takes on a more familiar form if the simplified (v = 0) form of Eq. (6.5.10) is
used to produce

0,=0"'J-J). (6.5.18)

The above forces and heat source occur in the fluid momentum and energy equa-
tions, respectively.
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6.6 Summary

This chapter was dedicated to a discussion of the constitutive equations, that is,
relations between the primary variables such as the displacements, velocities, and
temperature to the secondary variables such as the stresses, pressure, and heat flux
of continua. Although there are no physical principles to derive these mathematical
relations, there are rules or guidelines that help to develop mathematical models
of the constitutive behavior which must be, ultimately, validated against actual re-
sponse characteristics observed in physical experiments. The constitutive relations,
in general, can be algebraic, differential, or integral relations, depending on the na-
ture of the material behavior being modeled.

In this chapter, the generalized Hooke’s law governs linear elastic solids, New-
tonian relations for viscous fluids, and the Fourier heat conduction equation for heat
transfer in solids are presented. These equations are used in Chapters 7 and 8 to
analyze problems of solid mechanics, fluid mechanics, and heat transfer. Constitu-
tive relations of nonlinear elastic solids, non-Newtonian fluids, and electromagnetics
are also presented for the sake of completeness. Constitutive relations of linear vis-
coelastic materials are discussed in Chapter 9.

PROBLEMS

6.1 Establish the following relations between the Lamé constants © and A and en-
gineering constants E, v, and K:

vE E E

P aEnaomy PT % aryy KT saoay

6.2 Determine the stress tensor components at a point in 7075-T6 aluminum alloy
body (E = 72 GPa and G = 27 GPa) if the strain tensor at the point has the follow-
ing components with respect to the Cartesian basis vectors &;:

200 100 0
[e]=| 100 300 400 | x 107°.
0 400 0

6.3 For the state of stress and strain given in Problem 6.2, determine the stress and
strain invariants.

6.4 If the components of strain at a point in a body made of structural steel are

36 12 30
[]=]12 40 0| x107°.
30 0 25

Assuming that the Lamé constants for the structural steel are » = 207 GPa (30 x 10°
psi) and 1 = 79.6 GPa (11.54 x 10° psi), determine the stress invariants.
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6.5 If the components of stress at a point in a body are

42 12 30
[6]=|12 15 0| MPa.
30 0 -5

Assuming that the Lamé constants for are 1 = 207 GPa (30 x 10° psi) and . = 79.6
GPa (11.54 x 10° psi), determine the strain invariants.

6.6 Given the following motion of an isotropic continuum,
x(X) = (Xi + kt*X3) & + (Xo + kt Xo) & + X3 &3,

determine the components of the viscous stress tensor as a function of position and
time.

6.7 Express the upper and lower convective derivatives of Egs. (6.3.28) and (6.3.29)
in Cartesian component form.

6.8 Most advanced books on continuum mechanics discuss the general axioms of
constitutive theory. This exercise has the objective of making the reader to get fa-
miliar with the axioms of the constitutive theory. List the axioms of the constitutive
theory and explain briefly what the axioms mean.
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You cannot depend on your eyes when your imagination is out of focus.
Mark Twain

Research is to see what everybody else has seen, and to think what nobody else has
thought.
Albert Szent-Gyoergi

7.1 Introduction

This chapter is dedicated to the study of deformation and stress in solid bodies un-
der a prescribed set of forces and kinematic constraints. We assume that stresses and
strains are small so that linear strain—displacement relations and Hooke’s law are
valid, and we use appropriate governing equations, called field equations, derived
in the previous chapters. Mathematically, we seek solutions to coupled partial differ-
ential equations over an elastic domain occupied by the reference (or undeformed)
configuration of the body, subject to specified boundary conditions on displacements
and forces. Such problems are called boundary value problems of elasticity.

Most practical problems of even linearized elasticity involve geometries that are
complicated and analytical solutions to such problems cannot be obtained. There-
fore, the objective here is to familiarize the reader with the certain solution methods
as applied to simple boundary value problems. Problems discussed in most elasticity
books are about the same and they illustrate the methodologies used in the analyti-
cal solution of problems of elasticity. Since this is a book on continuum mechanics,
the coverage is some what limited. Most problems discussed here can be found in
elasticity books, for example, by Timoshenko and Goodier (1970) and Slaughter
(2002). While the methods discussed here may not be useful in solving practical
engineering problems, the discussion provides certain insights into the formulation
of boundary value problems. These insights are useful irrespective of the specific
methods of solution.
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7.2 Governing Equations

It is useful to summarize the equations of linearized elasticity for use in the remain-
der of the chapter. For the moment, we consider isothermal elasticity and study only
equilibrium (i.e., static) problems. The governing equations of a three-dimensional
elastic body involve: (1) six strain-displacement relations among nine variables, six
strain components, and three displacements; (2) three equilibrium equations among
six components of stress, assuming symmetry of the stress tensor; and (3) six stress-
strain equations among the six stress and six strain components that are already
counted. Thus, there are a total of 15 coupled equations among 15 scalar fields.
These equations are listed here in vector and Cartesian component forms for an
isotropic body occupying a domain 2 with closed boundary I in the reference con-
figuration.

Strain—displacement equations
1 1
£ = z [Vll + (VU)T] s &ij = 5 (l/l,‘,j + I/tj,,‘). (7.2.1)

Equilibrium equations
V.o+f=0 (O'TZO'), O']',',/'—‘rﬁ:(), (O‘ji =O','/'), (722)
where f is the body force measured per unit volume.

Constitutive equations
o =2ue+ A(tr 8) I, Oij = 2“8,‘]’ + )»Ekk(si]‘. (7.2.3)

These equations are valid for all problems of linearized elasticity; different problems
differ from each other only in (a) geometry of the domain, (b) boundary conditions,
and (c) material constitution. The general form of the boundary condition is given
below.

Boundary conditions
tEﬁ-G:f, [iEI’ljUjiZfi on I'y (724)
and
u= fl, u; = ili on Fu, (725)
where I, and ', are disjoint portions (except for a point) of the boundary whose
union is equal to the total boundary I'. Only one element of the pair (¢, u;), for any
i =1,2,3, may be specified at a point on the boundary.

In addition to the 15 equations listed in (7.2.1)—(7.2.3), there are 6 compatibility
conditions among 6 components of strain:

V x (V X S)T = 0, Cikr€jes€ij ke = 0. (726)

Recall that the compatibility equations are necessary and sufficient conditions
on the strain field to ensure the existence of a corresponding displacement field.
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Associated with each displacement field, there is a unique strain field as given by
Eq. (7.2.1), and there is no need to use the compatibility conditions. The
compatibility conditions are required only when the strain field is given and dis-
placement field is to be determined.

In most formulations of boundary value problems of elasticity, one does not use
the 15 equations in 15 unknowns. Most often, the 15 equations are reduced to either
3 equations in terms of displacement field or 6 equations in terms of stress field. The
two sets of equations are presented next.

7.3 The Navier Equations

The 15 equations can be combined into 3 equations by substituting strain—
displacement equations into the stress—strain relations and the result into the equa-
tions of equilibrium. We shall carry out this process using the Cartesian compo-
nent form and then express the final result in vector as well as Cartesian component
forms.

From Egs. (7.2.1) and (7.2.3), we obtain

oij = (Ui j +uj;) + Mg i (7.3.1)
Substituting into Eq. (7.2.2), we arrive at the equations
O=o0ji;+ fi
= (ugjj +ujip) + Mg + fi
= pu; jj + (e +Aujji + fi. (7.3.2)
Thus, we have
uVu+ (u+2)V(V-u)+£=0,
(7.3.3)
pai jj + (e + Mujji + fi = 0.

These are called Lamé-Navier equations of elasticity, and they represent the equi-
librium equations expressed in terms of the displacement field. The boundary con-
ditions (7.2.4) and (7.2.5) can be expressed in terms of the displacement field as

[I’lj',LL (l/l,"j + Llj!,') + ni)\uk,k] = f,‘ on 'y, w;=1u; on I,. (734)

Equations (7.3.3) and (7.3.4) together describe the boundary value problem of lin-
earized elasticity.

7.4 The Beltrami-Michell Equations

Alternative to the formulation of Section 7.3, the 12 equations from (7.2.2) and
(7.2.3) and 6 equations from (7.2.6) can be combined into 6 equations in terms of
the stress field. Substitution of the constitutive (strain-stress) equations

1
¢ij = g (L +v)oij = vommdij] (7.4.1)



7.4 The Beltrami-Michell Equations

into the compatibility equations (7.2.6) yields
0 = eirrejos &ijke
= eikrejos [(1 + v)0ij ke — VOmm keBij]
= (1 4+ v)eikrejes0ij.ke — VeikritsOmm,ke
= (L +v)eirrejesoijie — v (8kebrs — SksSer) Ormm ke
= (14 v)eixrejesoijke — v (8rsOmmik — Omm,rs) - (7.4.2)

Since [see Problem 2.5(f)]

8ij  Sie  bis
ikr€jos = | Okj Ske  Oks
(Srj (Sr( ‘Srs

= 0;j0keSrs — 8;jOksOre — OkjOiedrs + Ok jSredis + 8,j8i¢Oks — 8y jOkeis,
(7.4.3)
Eq. (7.4.2) simplifies to
8r50ii,jj — Oiirs — (1 4 V) (8550ij.ij + Ors.ii — Ois,ir — Oiris) = 0. (7.4.4)
Contracting the indices r and s (s — r) gives
20ii,jj — (1 +v) (0ijij + 0jj.ii) = 0.
Simplifying the above result, we obtain

(1+v)
%iiji = () T (7.4.5)

Substituting this result back into Eq. (7.4.4) leads to

1 v
Oij.kk + mdkk,ij = mﬁrs,rs&j + Okjki + Okikj- (7.4.6)

Next, we use the equilibrium equations to compute the second derivative of the

stress components, 0,5,k = — fs.x. We have
1 v
Oij,kk + T3 Okkii = =1, fexdij = (fii + fij)- (7.4.7)
or in vector form
1
V26 + — V[V (tro)] = ———(V - H 1 — [VE+ (VHT]. (7.4.8)
1+v 1—v

The six equations in (7.4.7) or (7.4.8), called Michell’s equations, provide the neces-
sary and sufficient conditions for an equilibrated stress field to be compatible with
the displacement field in the body. The traction boundary conditions in Eq. (7.3.4)
are valid for this formulation.
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When the body force is uniform, we have V -f =0 and Vf =0, and Michell’s
equations (7.4.8) reduce to Beltrami’s equations

1 1
Vio + mV[V (tro)] =0, oijik+ H_vakk,ij =0. (7.4.9)

7.5 Type of Boundary Value Problems and Superposition Principle

The boundary value problems of elasticity can be classified into three types on the
basis of the nature of specified boundary conditions. They are discussed next.

TYPE I. Boundary value problems in which if all specified boundary conditions are
of the displacement type

u=1ton ' (7.5.1)

are called boundary value problems of Type I or displacement boundary value prob-
lems.

TYPE IIl. Boundary value problems in which if all specified boundary conditions are
of the traction type

t=ton T (7.5.2)

are called boundary value problems of Type II or stress boundary value problems.

TYPE Ill. Boundary value problems in which if all specified boundary conditions are
of the mixed type,

u=donl, and t=1%on I[,, (7.5.3)

are called boundary value problems of Type III or mixed boundary value problems.

Most practical problems fall into the category of boundary value problems of
Type III.

While existence of solutions is a difficult question to answer, uniqueness of so-
lutions is rather easy to prove for linear boundary value problems of elasticity. An-
other advantage of linear boundary value problems is that the principle of super-
position holds. The principle of superposition is said to hold for a solid body if the
displacements obtained under two sets of boundary conditions and forces is equal
to the sum of the displacements that would be obtained by applying each set of
boundary conditions and forces separately.

To be more specific, consider the following two sets of boundary conditions and
forces

Setl: u=u® onr,; t=tD onT,; £=1Y in Q (7.5.4)

Set2: u=u® onr,; t=tP onT,; £=1? in Q (7.5.5)
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Figure 7.5.1. Representation of an indeterminate beam as a superposition of two determinate
beams.

where the specified data (u®, (), f0) and (u®, ¢ £@) is independent of the
M and u(x)(z),

respectively. The superposition of the two sets of boundary conditions is

deformation. Suppose that the solution to the two problems be u(x)

u=u +u® onr,; t=tD+tD onr,; f=fD+£t® in Q. (7.5.6)

Because of the linearity of the elasticity equations, the solution of the boundary
value problem with the superposed data is u(x) = u(x) + u®(x) in Q. This is
known as the superposition principle.

The principle of superposition can be used to represent a linear problem with
complicated boundary conditions or loads as a combination of linear problems that
are equivalent to the original problem. The next example illustrates this point (see
Reddy, 2002).

EXAMPLE 7.5.1: Consider the indeterminate beam shown in Figure 7.5.1. Deter-
mine the deflection of point A using the principle of superposition.

SOLUTION: The problem can be viewed as one equivalent to the two beam prob-
lems shown there. The sum of the deflections from each problem is the solution
of the original problem. Within the restrictions of the linear Euler—Bernoulli
beam theory, the deflections are linear functions of the loads. Therefore, the
principle of superposition is valid. In particular, the deflection w4 at point A is
equal to the sum of w’ and w?, due to the distributed load gy and spring force
F5, respectively, at point A:

4 3
_ q Ky _qoL _FYL
WA= WAt WA= o T 3R
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Because the spring force Fj is equal to kw4, we can calculate w4 from
qoL*

wA:@.

7.6 Clapeyron’s Theorem and Reciprocity Relations

7.6.1 Clapeyron’s Theorem

The principle of superposition is not valid for energies because they are quadratic
functions of displacements and forces. In other words, when a linear elastic body B
is subjected to more than one external force, the total work done due to external
forces is not equal to the sum of the works that are obtained by applying the single
forces separately. However, there exist theorems that relate the work done by two
different forces applied in different orders. We will consider them in this section.

Recall from Chapter 6 that the strain energy density due to linear elastic defor-
mation is given by

U():%O'l SZ%O'I']‘EI‘]‘. (761)

The total strain energy stored in the body B occupying the region 2 with surface I'
is equal to

1 1
U=f Ung:—/(rzsdx=—/a,-j8ij dx, (7.6.2)

where dx denotes the line element dx;, the area element dx; dx;, or the volume
element dx; dx; dx3, depending on the dimension of the domain 2. The work done
by externally applied body force f and surface tractions t in moving through the
displacement vector u is given by

WE=/f.udx+ft~uds. (7.6.3)
Q r

Because of the symmetry of the stress tensor, o;; = 0j;, we can write o;;&;; =
o;j u; j. Consequently, the strain energy U can be expressed as

1
U= E/S;Uijui’j dx
—/O’i/”/’u,’ dx—i—‘(ﬁnjmju,' dS:|
L Q r
/ fiu; dx—i—%t,—ui ds:|
LJQ r

/f-udx+7§t~uds],
LJQ r

where, in arriving at the last line, we have used the equilibrium equation oj; ; + f; =
0, the Cauchy’s formula #; = n;o};, and the divergence theorem (2.4.34). Thus, the

N = N N
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Figure 7.6.1. Strain energy stored in a linear elastic spring.

total strain energy in a body undergoing linear elastic deformation is

U:%[/Qf-udx—f-ﬁt-uds]. (7.6.4)

The first term in the square brackets on the right-hand side represents the work
done by body force f in moving through the displacement u while the second term
represents the work done by surface forces t in moving through the displacements
u during linear elastic deformation. Equation (7.6.4) is a statement of Clapeyron’s
theorem, which states that the total strain energy stored in a body during linear
elastic deformation is equal to the half of the work done by external forces acting
on the body.

EXAMPLE 7.6.1:

1. Consider a linear elastic spring with spring constant k. Let F be the external
force applied on the spring to elongate it and u be the resulting elongation of
the spring (see Figure 7.6.1). Verify Clapeyron’s theorem.

SOLUTION: The internal force developed in the spring is Fy = ku. The work
done by F; in moving through an increment of displacement du is F; - du.
The total strain energy stored in the spring is

u u 1
U:f Fydu =/ kudu = =ku?. (7.6.5)
0 0 2

The work done by external force F is equal to F u. But by equilibrium, F =
F; = ku. Hence,

1 1
U= kuzZEFM,

which proves Clapeyron’s theorem.

2. Consider a uniform elastic bar of length L, cross-sectional area A, and mod-
ulus of elasticity E. The bar is fixed at x = 0 and subjected to a tensile force
of P atx = L, as shown in Figure 7.6.2. Determine the deflection w(L) using
Clapeyron’s theorem.
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Strain

€
de

Figure 7.6.2. A bar subjected to an end load.

SOLUTION: If the axial displacement in the bar is equal to u(x), then the work
done by external point force P is equal to W = Pu(L). The strain energy in
the bar is given by

1 EA EA (L /du\?
= = xxxxd dA = — dx = — . dx.
zfAf”" 20” 20<dx>x

(7.6.6)
Hence, by Clapeyron’s theorem, we have

Pu(L) EA L(du>2 p
= — X.
0

2 2 dx

To make use of the above equation to determine u(x), let us assume that
u(x) = u(L)x/L, which certainly satisfies the geometric boundary condition,
u(0) = 0. Then we have

L 2
uy= 53 [ () dx =GP

oru(L) = PL/AFE and the solution is u(x) = Px/AE, which happens to co-
incide with the exact solution to the problem.

3. Consider a cantilever beam of length L and flexural rigidity £/ and bent
by a point load F at the free end (see Figure 7.6.3). Determine w(0) using
Clapeyron’s theorem.

SOLUTION: By Clapeyron’s theorem we have

—Fw(O) // Oxx€xx AXdA.

But according to the Euler-Bernoulli beam theory the strain in the beam is
given by

d*w

Exx = _ZW, (767)

where w is the transverse deflection. Then we have

—Fw(O) // Ee?, dxdA = - // EZ (d'f) dA dx

1 d2 1 (LM
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Fz
A
El
Figure 7.6.3. A beam subjected to an end load.
—>x
Sign convention
where M(x) is the bending moment at x
d? d?
zmn:/Q%MA:—Efﬁ—ﬂdA:—ﬂ;ﬂ. (7.6.9)
A A dx? dx?
Equation (7.6.8) can be used to determine the deflection w(0). The bending
moment at any point x is M(x) = — Fx. Hence, we have
1 [t L3 FL?
Fw0)=— [ Fxdx= 0)=——. 7.6.10
w(0) EI/O ¥odx=—pr or w0 =377 (7.6.10)

7.6.2 Betti’s Reciprocity Relations

Consider the equilibrium state of a linear elastic solid under the action of two dif-
ferent external forces, F; and F,, as shown in Figure 7.6.4 [see Reddy, (2002)]. Since
the order of application of the forces is arbitrary for linearized elasticity, we sup-
pose that force F; is applied first. Let W; be the work produced by F;. Then, we
apply force F,, which produces work W,. This work is the same as that produced
by force F;, if it alone were acting on the body. When force F; is applied, force F;
(which is already acting on the body) does additional work because its point of ap-
plication is displaced due to the deformation caused by force F,. Let us denote this
work by Wi,. Thus the total work done by the application of forces F; and F,, F;
first and F, next, is

W=W + W+ Wy (7.6.11)

Work Wp,, which can be positive or negative, is zero if and only if the displacement
of the point of application of force F; produced by force F; is zero or perpendicular
to the direction of Fy.

Figure 7.6.4. Configurations of an elastic body due to the application
of loads F; and F,. —- Undeformed configuration.

- - - - Deformed configuration after the application of F;.

...... Deformed configuration after the application of F,.
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Now suppose that we change the order of application. Then the total work done

is equal to
W=W, + W, + Wy, (7.6.12)

where Wy is the work done by force F, due to the application of force F;. The work
done in both cases should be the same because at the end elastic body is loaded by
the same pair of external forces. Thus, we have W = W, or

Wiz = War. (7.6.13)

Equation (7.6.13) is a mathematical statement of Betti’s (1823-1892) reciprocity
theorem: if a linear elastic body is subjected to two different sets of forces, the work
done by the first system of forces in moving through the displacements produced by
the second system of forces is equal to the work done by the second system of forces in
moving through the displacements produced by the first system of forces. Applied to
a three-dimensional elastic body €2 with closed surface s, Eq. (7.6.13) takes the form

/ £ . u®@ dx + 7§ t . u®@ ds = / £@ . u® dx 4 ?g t?.uWds,  (7.6.14)
Q

K Q K

where u®) are the displacements produced by body forces /) and surface forces @),
The proof of Betti’s reciprocity theorem is straightforward. Let Wj, denote the
work done by forces (1), t1)) acting through the displacement u®. Then

Wi = / £ . u@ dx 4 %t(l) -u® ds
Q s

/ £ ax 1 §£ D4 g
N

/ £ gx 1 f njoeVu® ds

n @ e
Q Q J
— ) MY, ®,,@
_/Q(l,,+f) dx+/ o ul® dx

/ o ul) dx = / o e dx. (7.6.15)
a Q Q

Since a( ) = = Cjjkegyq » We obtain
Wi, = / Cijre egy €57 dx. (7.6.16)
Since Cijkg = Ckgi/', it follows that

W12 —/ C,]kg 8k£ ()dX

= / Craij £\ €y dx = Way. (7.6.17)
Q

Thus, we have established the equality in Eq. (7.6.14).
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Figure 7.6.5. A cantilever beam subjected to two different types of loads.

From Eq. (7.6.17), we also have
QRO @ M
/Qai/- & dx = /Qaij &j dx,

(7.6.18)
/ o @ gx =/ o® ;e gx.
Q Q

EXAMPLE 7.6.2: Consider a cantilever beam of length L subjected to two differ-
ent types of loads: a concentrated load F at the free end and to a uniformly
distributed load of intensity g (see Figure 7.6.5). Verify that the work done by
the point load F in moving through the displacement w? produced by ¢ is equal
to the work done by the distributed force g in moving through the displacement
w’ produced by the point load F, W, = Wh,.

SOLUTION: The deflection w’ (x) due to the concentrated load alone is

F

F _
wi¥) = 57

(* =31%x +217),
and the deflection equation due to the distributed load alone is

wi(x) = 24qEI (x* —4Lx +3L%).

The work done by the load F in moving through the displacement due to the
application of the uniformly distributed load q is

Fql*

Wi = qu(O)Z m,

The work done by the uniformly distributed g in moving through the displace-
ment field due to the application of point load F is

Fql*
8EI’

L F

Wo =
, OEI

(x* =31%x +21%)q dx =

which is in agreement with Wj;.
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Figure 7.6.6. Configurations of the body dis-

" .
=% cussed in Maxwell’s theorem.
o

7.6.3 Maxwell’s Reciprocity Relation

An important special case of Betti’s reciprocity theorem is given by Maxwell’s
(1831-1879) reciprocity theorem. Maxwell’s theorem was given in 1864, whereas
Betti’s theorem was given in 1872. Therefore, it may be considered that Betti gener-
alized the work of Maxwell. We derive Maxwell’s reciprocity theorem from Betti’s
reciprocity theorem.

Consider a linear elastic solid subjected to force F! of unit magnitude acting at
point A, and force F? of unit magnitude acting at a different point B of the body.
Let u,p be the displacement of point A in the direction of force F! produced by
unit force F?, and up,4 by the displacement of point B in the direction of force F?
produced by unit force F! (see Figure 7.6.6). From Betti’s theorem, it follows that

Fl'llAB=F2~llB,4 O UAB = UBRA. (7.6.19)

Equation (7.6.19) is a statement of Maxwell’s theorem. If &; and €, denote the
unit vectors along forces F! and F?, respectively, Maxwell’s theorem states that the
displacement of point A in the & direction produced by unit force acting at point
B in the &, direction is equal to the displacement of point B in the &,-direction
produced by unit force acting at point A in the &, direction.

We close this section with the following example that illustrates the usefulness
of Maxwell’s theorem.

EXAMPLE 7.6.3:

1. Consider a cantilever beam (E = 24 x 10° psi, I =120 in*) of length 12 ft
subjected to a point load 4,000 Ib at the free end. Find the deflection at a
point 3 ft from the free end (see Figure 7.6.7) using Maxwell’s theorem.

SOLUTION: By Maxwell’s theorem, the displacement wpc at point B (x = 3
ft) produced by the 4,000-1b load at point C (x = 0) is equal to the deflection
wcp at point C produced by applying the 4,000 1b load at point B. Let wp
and 6p denote the deflection and slope, respectively, at point B owing to load
F =4,000 Ib applied at point B. Then, the deflection at point B (x = 3 ft)
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Figure 7.6.7. The cantilever beam of Example 7.6.3.

caused by load Fy = 4,000 1b at point C (x = 0)is (wp = FL?/3EI and p =
FI?/2EI)

Wpc = Wcp = Wg + (3 X 12)93
_ 4000(9 x 12)°> (3 x 12)4000(9 x 12)?
N 3EI 2EI

243 x 6000 x (12)°
T 24 x 10° x 120

= 0.8748 in.

2. Consider a circular plate of radius @ with an axisymmetric boundary condi-
tion and subjected to an asymmetric loading of the type (see Figure 7.6.8)

q(r,0) = qo + g1 - cos 6, (7.6.20)
a

where go represents the uniform part of the load for which the solution can
be determined for various axisymmetric boundary conditions [see Reddy
(2007)]. In particular, the deflection of a clamped circular plate under a point
load Qy at the center is given by

Qva? r? r? r
- 1= 55425008 (2) . 7.6.21

w(r) 167 D a? + 2 %\, ( )
Use the Betti-Maxwell’s reciprocity theorem to determine the center deflec-
tion of a clamped plate under asymmetric distributed load.

SOLUTION: By Maxwell’s theorem, the work done by a point load (Qy = 1)
at the center of the plate due to the deflection (at the center) w, caused by
the distributed load g(r, 9) is equal to the work done by the distributed load
q(r,0) in moving through the displacement wy(r) caused by the point load
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q(n 9)= g, + q1%0050

simply
supported Figure 7.6.8. A circular plate subjected to

Z,wy () an asymmetric loading.

*h

Yo d,

y

V2.,

at the center. Hence, the center deflection of a clamped circular plate under
asymmetric load (7.6.20) is

a2 2 a r2 r q0a4
o) 1=2 (1=2108 1) | rarae = 22 (7622
1671D/0 /Oq(r )[ a2( ogaﬂ’ rdd = e (71622)

We =

7.7 Solution Methods

7.7.1 Types of Solution Methods

Analytical solution of a problem is one that satisfies the governing differential equa-
tion at every point of the domain as well as the boundary conditions exactly. In
general, finding analytical solutions of elasticity problems is not simple due to com-
plicated geometries and boundary conditions. Approximate solution is one that sat-
isfies governing differential equations as well as the boundary conditions approxi-
mately. Numerical solutions are approximate solutions that are developed using a
numerical method, such as finite difference methods, the finite element method, the
boundary element method, and so on. Often one seeks approximate solutions of
practical problems using numerical methods. In this section, we discuss methods for
finding solutions, exact as well approximate.

The solutions of elasticity problems are developed using one of the following
methods (see Slaughter, 2002):

1. The inverse method is one in which one finds the solution for displacement,
strain, and stress fields that satisfy the governing equations of elasticity and then
tries to find a problem with boundary conditions to which the fields correspond.
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Figure 7.7.1. Rotating cylindrical pressure vessel.

2. The semi-inverse method is one in which the solution form in terms of unknown
functions is arrived with the help of a qualitative understanding of the problem
characteristics, and then the unknown functions are determined to satisfy the
governing equations.

3. The method of potentials is one in which some of the governing equations are
trivially satisfied by the choice of potential functions from which stresses or dis-
placements are derived. The potential functions are determined by finding so-
lutions to remaining equations.

4. The variational methods are those which make use of extremum (i.e., minimum
or maximum) and stationary principles. The principles are often cast in terms of
energies of the system.

In the remainder of this chapter, we consider mostly the semi-inverse method
and the method of potentials to formulate and solve certain problems of elasticity.

7.7.2 An Example: Rotating Thick-Walled Cylinder

Consider an isotropic, hollow circular cylinder of internal radius a and outside radius
b. The cylinder is pressurized at r = a and/or at r = b, and rotating with a uniform
speed of w about its axis (z-axis). Under these applied loads, stresses are devel-
oped in the cylinder. Define a cylindrical coordinate system (7, 6, z), as shown in
Figure 7.7.1. We assume that body force vector is f = pw’r &,.

For this problem, we have only stress boundary conditions (BVP Type II). We
have

Atr=a: Hh=-¢&, t=p,e or o,=—p;, 0,=0 (7.7.1)

Atr=>b: =&, t=-—p,& or o,=—pp, 0p=0. (7.7.2)
We wish to determine the displacements, strains, and stresses in the cylinder using
the semi-inverse method.

Because of the symmetry about the z-axis, we assume that the displacement
field is of the form

u, =U(r), ug=u,=0, (7.7.3)
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where U(r) is an unknown function to be determined such that the equations of
elasticity and boundary conditions are satisfied. If we cannot find U(r) that satisfies
the governing equations, then we must abandon the assumption (7.7.3).

The strains associated with the displacement field (7.7.3) are [see Eq. (3.5.21)]

du U
Err = _d . Eeg=—, &;=0,
r r

(7.7.4)
g9 =0, €45=0, ¢,=0.
The stresses are given by
au U
Oyr = 2M8rr + A (Err + 809) = (2M + )\)_ +A—,
dr r
U dUu
090 = 2ugeg + A (e + 809) = Cp +21)— + )»d—,
r r (7.7.5)
au U
Oz = 2182z + A (&rr + €09) = A ar + )

00 =0, 0,,=0, 0p,=0.

Substituting the stresses from Eq. (7.7.5) into the equations of equilibrium
(5.3.17), we note that the last two equations are trivially satisfied, and the first equa-
tion reduces to

do,, 1

o + - (07r —0gg) = —pw’r,
(7.7.6)
@, d (V) 20 (U _UY__
H dr? dr \ r F \ar 7)) rPen
Simplifying the expression, we obtain
d*U du 2
P S U= —ar?, pe (7.7.7)

The linear ordinary differential equation (7.7.7) can be transformed to one with
constant coefficients by a change of independent variable, r = ¢ (or & = Inr). Using
the chain rule of differentiation, we obtain

dU _dUds 1dU  d’U _d (1dU\ _1( dU d°U (7.7.8)
dr  dedr rde’ dr?  dr\rdg) r? dr = dg? )’ o

Substituting the above expressions into (7.7.7), we obtain

d2U
i U= —ae*. (7.7.9)

Seeking solution in the form U(&) = ¢, we obtain the following general solution
to the problem:

Un(E) = 16 + o™ — ¥ (7.7.10)
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Changing back to the original independent variable r, we have

Ur)=cir + 2 - %ﬂ (7.7.11)
r

The stress o, is given by

¢ 3o o o«
O—rr—(zﬂ+)‘-)<cl_’._2_§r>+)\v(cl+r_2_§r2>

3 21
—2(p+ M)y — 2 C_z _ @r;

Applying the stress boundary conditions in Egs. (7.7.1) and (7.7.2), we obtain

(7.7.12)

3 2
2(n+ A)eg —2 2—@(12:—@“

o  QBu+2Ma ,
2(w +A)ep —2u ﬁ_Tb =—

(7.7.13)

Solving for the constants ¢; and ¢,

1 Wa> — ppb? 3+ 2
o = Pad” = b7 2y )(M+ ) po? 7
2(n+ 1) b* —a? Qu+1r) 4
@B (pa=pr) , But24) pe?
CHh = - | .
T 2 b? — a? QCu+2r) 4
Finally, the displacement u, and stress o,, in the cylinder are given by

1 Pad® — pyb? 2 2 Bu+2)) po?
b LR T A PY
2(u+k)[< b* —a? >+( +a)(2u+/\) 4}

212 - 2 271 2
b [(pa=pp)  But20)po”] 1 _PY 3 (77.15)
2w \e=a) P eurn 4 |r senn

o= [(%) Ny )((32““ Jf;)) pe. }

@R (pa—p) , But2)pe’]  Gpt20e ,
r? B —a? Cu+xr) 4 4 '

(7.7.14)

u, =

(7.7.16)

7.7.3 Two-Dimensional Problems

A class of problems in elasticity, due to geometry, boundary conditions, and external
applied loads, have their solutions (i.e., displacements and stresses) not dependent
on one of the coordinates. Such problems are called plane elasticity problems. The
plane elasticity problems considered here are grouped into plane strain and plane
stress problems. Both classes of problems are described by a set of two coupled
partial differential equations expressed in terms of two dependent variables that
represent the two components of the displacement vector. The governing equations
of plane strain problems differ from those of the plane stress problems only in the
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Unit thickness
into the plane
of the paper

Figure 7.7.2. Examples of plane strain problems.

coefficients of the differential equations. The discussion here is limited to isotropic
materials.

7.7.3.1 Plane Strain Problems
Plane strain problems are characterized by the displacement field

uy =uc(x,y), uy=uy(x,y), u;=0, (7.7.17)

where (uy,uy, u;) denote the components of the displacement vector u in the
(x, y, z) coordinate system. An example of a plane strain problem is provided by the
long cylindrical member under external loads that are independent of z, as shown
in Figure 7.7.2. For cross sections sufficiently far from the ends, it is clear that the
displacement u; is zero and that u, and u, are independent of z, that is, a state of
plane strain exists.

The displacement field (7.7.17) results in the following strain field:

Ex; =&y; = &7, =0,
du, du, (7.7.18)

Exy = ——, 284 =
ax’ 7

+8uy . _duy
ay  ox’ 7T gy’

Clearly, the body is in a state of plane strain.
For an isotropic material, the stress components are given by [see Eq. (6.2.29)]

O, =0y, =0, 0,;=v(0n+0y), (7.7.19)

Oxx 1—v v 0 Exx

E
N P p— P P ey V. (77.20)
ouy (I +v)(1—2v) 0 0 (1—22v) 26,
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The equations of equilibrium of three-dimensional linear elasticity, with the
body-force components

f=Ff=0, fi=f=FfKxy), fL=[f=/hHx)y) (7.7.21)

reduce to the following two plane-strain equations

00y, 00y

X =0, 7.7.22
x Ty (7.7.22)
0oy, 00y
—r 4 =0. 7.7.23
ox + 3y + fy ( )

The boundary conditions are either the stress type

by = Oyxly + Oy, =1
ooy s } on Iy, (7.7.24)
Iy = oxyhy + Oyyhy =1

or the displacement type

~

Uy =iy, uy,=1ia, onl,. (7.7.25)

Here (ny, ny) denote the components (or direction cosines) of the unit normal vector
on the boundary I', I';, and I',, are disjoint portions of the boundary I', 7,, and 7, are
the components of the specified traction vector, and ii, and i, are the components
of specified displacement vector. Only one element of each pair, (i, ;) and (u,, t,),
may be specified at a boundary point.

7.7.3.2 Plane Stress Problems
A state of plane stress is defined as one in which the following stress field exists:
Ox; =0y; = 0, =0,
(7.7.26)
Oxx = Uxx(xa y)’ Oxy = ny(xa y), Oyy = Uyy(xa y)

An example of a plane stress problem is provided by a thin plate under external
loads applied in the xy plane (or parallel to it) that are independent of z, as shown
in Figure 7.7.3. The top and bottom surfaces of the plate are assumed to be traction-
free, and the specified boundary forces are in the xy-plane so that f, = 0and u, = 0.

e
(h )

X F2

Figure 7.7.3. A thin plate in a state of plane stress.
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The stress-strain relations of a plane stress state are

Oxx E 1 v 0 Exx
=12 1 0 Eyy (- (7.7.27)
Oxy v 0 0 “LZU) 2¢exy

The equations of equilibrium as well as boundary conditions of a plane stress
problem are the same as those listed in Egs. (7.7.22)—(7.7.25). The equilibrium equa-
tions (7.7.22) and (7.7.23) can be written in index notation as

0gap + fu =0, (7.7.28)

where « and g take the values of 1 and 2. The governing equations of plane stress
and plane strain differ from each other only on account of the difference in the
constitutive equations for the two cases. To unify the formulation for plane strain
and plane stress, we introduce the parameter s

1-v>

1 .
o for plane strain, (7.7.29)
1+ v, for plane stress.

Then the constitutive equations of plane stress as well as plane strain can be ex-
pressed as

s—1
Oup = 2 |:8a5 + (2 S) SVVSWﬂ:| s (7730)

1 s—1
gaﬁ = ﬂ [Oaﬂ — ( S )nygaﬁ] . (7731)

where «, B, and y take values of 1 and 2. The compatibility equations (7.4.9) for
plane stress and plane strain now take the form

V2040 = =5 fra. (7.7.32)

7.7.4 Airy Stress Function

Airy stress function is a potential function introduced to identically satisfy the equa-

tions of equilibrium, Egs. (7.7.22) and (7.7.23). First, we assume that the body force

vector fis derivable from a scalar potential V; such that
vy

f=-VV; or fxz—g, fy=—F7—. (7.7.33)

This amounts to assuming that body forces are conservative. Next, we introduce the
Airy stress function ®(x, y) such that

GRS P P
a7 S T o=

- . 7.7.34
dxdy ( )

This definition of ®(x,y) automatically satisfies the equations of equilibrium
(7.7.22) and (7.7.23).
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The stresses derived from (7.7.34) are subject to the compatibility conditions
(7.7.32). Substituting for 0,4 in terms of ® from Eq. (7.7.34) into Eq. (7.7.32), we
obtain

VAo + (2 —5)VV; =0, (7.7.35)
where V* = V2V? is the biharmonic operator, which, in two dimensions, has the
form

a4 a4 3
— +2——+ —.
ox* + 0x29y2 * ay*
If the body forces are zero, we have V; = 0 and Eq. (7.7.35) reduces to the bihar-
monic equation

V4= (7.7.36)

Vi = 0. (7.7.37)
In cylindrical coordinate system, Eqs. (7.7.33) and (7.7.34) take the form
oVr 10V
=__7 =7 7.7.38
fr ar fo r 00 ( )
_loe 1 9’ e
o= T2 T
9’0
Opyp = W + ‘/ff (7739)

3 (10d
og=—>—|-—1.
o ar \r 90

The biharmonic operator V4 = V2V? can be expressed using the definition of V? in
a cylindrical coordinate system

2 139 1 9°
a2 ror ' rrae?

In summary, solution to a plane elastic problem using the Airy stress function in-
volves finding the solution to Eq. (7.7.35) and satisfying the boundary conditions of
the problem. The most difficult part is finding solution to the fourth-order equation
(7.7.35) over a given domain. Often the form of the Airy stress function is obtained
by either the inverse method or semi-inverse method. Next, we consider some exam-
ples of the Airy function approach [see Timoshenko and Goodier (1970), Slaughter
(2002), and Mase and Mase (1999) for additional examples].

V2 — (7.7.40)

EXAMPLE 7.7.1:
1. Suppose that the Airy stress function is a second-order polynomial (which is
the lowest order that gives a nonzero stress field) of the form

D(x, y) = c1xy + e2x” + c3)”. (7.7.41)

Determine constants ¢y, ¢;, and c3 such that & satisfies the biharmonic equa-
tion V4® = 0 (body force field is zero, V; = 0) and corresponds to a possible
state of stress for some boundary value problem (inverse method).
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SOLUTION: Clearly, the biharmonic equation is satisfied by ® in Eq. (7.7.41).
The corresponding stress field is

P 5 GRS 5 3’d
— =203, Op=—— =20, Oy=— -
0y? ’ Y ax2 : v 0xdy

Oxx = —C1. (7742)
Thus, the state of stress is uniform (i.e., constant) throughout the body, and it
is independent of the geometry. Thus, there are infinite number of problems
for which the stress field is a solution. In particular, the rectangular domain
shown in Figure 7.7.4 is one such problem.

. Take the Airy stress function to be a third-order polynomial of the form

d(x, y) = c1xy + c2x* + 3y + cax’y + csxy? + cex’ + ¢y (7.7.43)

Determine the stress field and identify various possible boundary-value prob-
lems.

SOLUTION: We note that V*® = 0 for any ¢; (body force field is zero). The
corresponding stress field is

Oxx =203+ 2¢5x + 6c7y, oy, =200 +2c4y 4 6C6y, Oxy = —C1 — 2c4Xx — 2¢5).

(7.7.44)
Again, there are infinite number of problems for which the stress field is a
solution. In particular, for ¢; = ¢; = ¢3 = ¢4 = ¢5 = ¢¢ = 0, the solution cor-
responds to a thin beam in pure bending (see Figure 7.7.5).

. Last, take the Airy stress function to be a fourth-order polynomial of the

form (omit terms that were already considered in the last two cases)
D(x, y) = csx’y? + cox’y + c1oxy’ + enx’ + cy*. (7.7.45)

Determine the stress field and associated boundary-value problems.

y‘\ Oy = 6C7y

~
S

\
\
|\
> X
/

/

< &

Figure 7.7.5. A thin beam in pure bending.
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SOLUTION: Computing V*® and equating it to zero (body-force field is zero)
we find that

cg +3(ci1 +ci2) =0.

Thus out of five constants only four of them are independent. The corre-
sponding stress field is

Oy = 208x% + 6c10xy + 12c12y2 = —6c1x% + 6¢c10xy + 6012(2y2 - xz),
Oyy = 2c8y2 + 6c9xy + 12¢11x% = 6coxy + 2c11(2x2 — y2) - 6c12y2,

Oxy = —4cgxy — 3cox? — 3>c10y2 = 12cp1xy + 12¢c10xy — 3cox? — 3c10y2.
(7.7.46)
By suitable adjustment of the constants, we can obtain various loads on rect-
angular plates. For instance, taking all coefficients except c1o equal to zero,
we obtain (see Problem 7.17).

2
oxx = 6cr0xy, 0y, =0, o0y = —3coy".

7.7.5 End Effects: Saint-Venant’s Principle

A boundary-value problem of elasticity requires the boundary conditions to be
known in the form of displacements or stresses [see Eqgs. (7.7.24) and (7.7.25)] at
every point of the boundary. As shown in Example 7.7.1, the boundary forces are
distributed as a function of the distance along the boundary. If the boundary forces
(and moments) are distributed in any other form (than per unit surface area), the
boundary conditions cannot be expressed as point-wise quantities.

For example, consider the cantilevered beam with an end load, as shown in
Figure 7.7.6. At x = 0, we are required to specify oy, and oy, (because u, and u, are
clearly not zero there). There is no problem in stating that o,,(0, z) = 0; but we only
know that the integral of o,; over the beam cross section must be equal to P:

f 04:(0,7) dA = P,
A

which is not equal to specifying o, point-wise. If we state that o,(0,z) = P/A,
where A is the cross-sectional area of the beam, then we have a stress singularity at
points (x, z) = (0, +£h), because oy is zero at z = +h [we also have a different type
of singularity at points (x, z) = (L, £h)].

Analytical solutions for such problems, when exist, show that a change in the
distribution of the load on the end, without change of the resultant, alters the stress
significantly only near the end. Saint-Venant’s principle says that the effect of the
change in the boundary condition to a statically equivalent condition is local; that is,
the solutions obtained with the two sets of boundary conditions are approximately
the same at points sufficiently far from the points where the elasticity boundary
conditions are replaced with statically equivalent boundary conditions. Of course,
“sufficiently far” is rather ambiguous and problem dependent. It is often taken to
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Figure 7.7.6. A cantilevered beam under an end load.

be equal to or greater than the length scale of the portion of the boundary where
the boundary conditions are replaced. In the case of the beam shown in Figure 7.7.6,
the distance is 2/ (height of the beam).

EXAMPLE 7.7.2: Here, we consider the problem of a cantilevered beam with an
end load, as shown in Figure 7.7.6. The problem can be treated as a plane stress
if the beam is of small thickness b compared to the height, b <« &k (of course,
h << L to call it a beam). If the beam is a portion of a very long slab, in the
thickness direction, it can be treated as a plane strain problem. Write the bound-
ary conditions and determine the Airy stress function, stresses, and displace-
ments of the problem.

SOLUTION: The boundary conditions are of mixed type (see Figure 7.7.6): the
tractions are specified on the boundaries x = 0 and z = +h, while the displace-
ments are specified on the boundary x = L. However, boundary conditions of
plane elasticity can be written only on x = L and z = +A. On x = 0, we only
know the total force in the z-direction and not the associated stress. Hence, it
must be written as an integral condition on stress o,,(0, z). Thus, we have

0xx(0,2) =0, oy (x,—h) =0, o.(x,—h)=0,

(7.7.47)
oyz(x,h) =0, o,(x,h)=0,
uy(L,z) =0, u,(L,z)=0, (7.7.48)
h P
/ 0x7(0,2) dz = —. (7.7.49)
n b

Because of the boundary condition in Eq. (7.7.49), the resulting boundary-value
problem is not an exact elasticity problem in the sense that boundary values are
not specified point-wise. If P is replaced with a shear stress condition o,,(0, z) =
79, it is a proper elasticity boundary condition, but this creates another problem
as discussed next.

This problem is discussed in most elasticity and continuum mechanics
books, despite the fact that it is not a well-posed problem due to point singu-
larities at the corners of the domain. For example, at points (x, z) = (L, +h) we
have both traction and displacement boundary condition, which is not allowed.
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Similarly, at points (x, z) = (0, £4) we have o,; = 1) from one side and o,, = 0
from the other sides, which violates symmetry of stress tensor. Therefore, the
solution being sought is an approximate solution, which is a reasonable one, by
Saint—Venant’s principle, away from the isolated points of singularity.

The semi-inverse method allows us to identify the form of the Airy stress
function. The knowledge of the stress distributions from the elementary theory
of beams provides the needed clue to identify the terms in the Airy stress func-
tion. Recall the following stress field from the Euler-Bernoulli beam theory:

_ M(x)z V() 0(2)

O =—pp» Ou= 0, o, = ST (7.7.50)
where M is the bending moment and V is the shear force,
M:/ 0.y dA, V:/ oy dA, (7.7.51)
A A

I is the second moment of area about the axis (y) of bending, and Q is the first
moment of area

— 2 —
I—/Az dA, Q(z)—/Asz. (7.7.52)

Here A denotes the cross-sectional area between line z and the top of the beam.
Clearly, Q is a quadratic function of z. We also note that M(x) is a linear func-
tion of x while V is a constant for the problem at hand. Using this qualitative
information and definitions (7.7.34), in the absence of body forces (V; = 0), we
take the Airy stress function to be

d(x,2) = x(c1z2+ 2 + ;7). (7.7.53)

Only the first and third terms are dictated by the stress field in a beam. The sec-
ond term is added to make it complete quadratic polynomial in z. The nonzero
stresses are

O = 63Xz, 0y, = —(c1 + 2022+ 3¢37%). (7.7.54)

The choice in (7.7.53) satisfies the biharmonic equation for any values of
c1, ¢2, and ¢3. We determine their values using the stress boundary conditions
in Eqgs. (7.7.47) and (7.7.49). The stress boundary conditions o,,(0, z) = 0 and
o0,:(x, £h) = 0 are trivially satisfied. From the remaining stress boundary condi-
tions, we obtain

oy, £h) =0 — ¢c; —2c0h +3c3h* =0 and ¢ +2c2h + 33k =0,

whichyield ¢; =0, ¢ = —3h%cs, (7.7.55)
h P 5 P
/ (0, 2) dz= 5 —2h(c1 + hc3) = - (7.7.56)
—h
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We have ¢3 = P/4bh? and ¢; = —3 P/4bh. Hence, the stress field becomes

6Pxz  Pxz
Oxx = =7
4bh® 1
(7.7.57)
_ (3P 3P\ P (2 - 2)
7= \abh ~ 4w’ ) T 21 ’
where I = 2bh*/3. The Airy stress function is
P
Ox.2) = o1 (2= 3. (7.7.58)

The computed stresses are exactly those predicted by the classical (i.e.,
Euler-Bernoulli) beam theory, where M(x) = Px and V = P. This is not sur-
prising because our choice of terms in the Airy stress function was dictated by
the form of the stress field in the classical beam theory. This also indicates that
we cannot obtain any better stress field than the elementary beam theory for the
boundary conditions (7.7.47)—(7.7.49). This stress field can be used to determine
the displacements in the beam.

The strain field associated with the stress field (7.7.57) is

I Pxz
Xx — EI £l
Pxz
N .0 4 7.7.59
82z ve v £ ( )
1+v)P
=g o

where v is the Poisson ratio and E is Young’s modulus. We wish to determine
the two-dimensional displacement field (u,, ;) in the beam.

Using the strain-displacement relations and integrating the strains in Eq.
(7.7.59), we obtain (see Example 3.8.2 and note the change in the coordinate
system used)

Ol Pxz or Px“z + £i(2)
Exx =~ = YW/ Uy = =77 1(<),
ox EI 2EI (7.7.60)
_ du;  vPxz or _ vPx7? + phlx)
== 9 TTTEI Ye="Er TRV

where ( fi, f>) are functions of integration. Substituting u, and u, into the defi-
nition of the shear strain 2¢,,, we obtain
duy odu, Px* dfi vP# dp

Dey, = otx g Je X O h
= N oy T2kl T dz T 2EI T dx

But this must be equal to the strain value given in Eq. (7.7.59):

Px* dfi vPZ df _(1+v)

P = ).
2EI ' dz 2EI ' dx EI ( 2)
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Separating the x and z terms, we obtain

dfy Px>  (L+v)PR* _dfi (2+v)PZ

dx 2EI EI  dz 2EI
Since the left side depends only on x and the right side depends only on z, and
yet the equality must hold, it follows that both sides should be equal to a con-
stant, say co:

dfi n 2+v)PZ . df, Px* (1+v)Ph? .
dz 2EI " T dx  2EI er "
Integrating the expressions for f; and f;, we obtain
_ Q2+vpP?
fi(z) = 6E] +coz+c,
Px®  (1+4v)Ph’x
)=t —ax+a,

where ¢; and ¢, are constants of integration that are to be determined. The
displacements (u,, u;) are now given by

P’z (2+v)PZ

uy(x, z) = SE] GEl Toeten (7.7.61)
(1+v)Ph*x vPxz? Px°

= = S . 7.62

uy(x, z) i SE] SEl coxX + ¢ (7.7.62)

The constants ¢, ¢, and ¢, can be evaluated using the boundary conditions
on the displacements. The displacement boundary conditions u,(L, z) = 0 and
u,(L, z) = 0 cannot be satisfied (why?) by the displacement field in Egs. (7.7.61)
and (7.7.62). Therefore, we impose alternate boundary conditions that admit a
meaningful solution. We set u,, u,, and rotation 65 to zero at (x, z) = (L, 0):

=0. 7.7.63
07 ax ( )

(L.0)

Oy 0
we(L,0) =0, uy(L,0)=0, ( “ ”Z>

Substituting the expressions for u, and u, into the boundary conditions (7.7.63),
we obtain [note that the rotation condition used here is different from that used
in Eq. (3.8.21)].

uy(L,0)=0—c; =0,
(1+v)PR’L PL*
El 6EI’

<8ux Buz) — 0 20— (I+v)Pr>  PL?

3z ox EI EI’

u(L,0)=0— cgL—cy =

(L.0)
Thus, the constants of integration are
PI? (1+v)PK? PL> (1+v)PRL

_ =0, o =— . (7.7.64
=51t 2EI “ = 73E1 2EI ( )
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Finally, the displacement field of two-dimensional elasticity theory becomes

PLZZ X2 Z2 hZ
ue(x,9) = [—3 (1 - E) —@+v) 5 +30+ v)ﬁ} . (7.7.65)

PI3 X z x3 h? X
u(x.2) = — e [2—3z <1 . vﬁ> + 531405 (1 - Z)}

(7.7.66)

The displacement field in the beam according to the Euler—Bernoulli beam
theory is given by

PI?7 x?
(x,2)=— 1-=), 7.1.67
wixd=-50(1-3) (1767
PI? x X
== (2-3= 4+ 7.
uz(x, z) 6EI< 3L+L3>’ (7.7.68)
and, according to the Timoshenko beam theory, it is [see Reddy (2007, 2002)]
PI?z x?
X ) = 1 - 55 ) 7.7.69
talx.2) = 557 ( L2> (7.7.69)

6EI L I? EI

where a shear correction factor of 5/6 is used in the Timoshhenko beam solution.
Clearly, the Timoshenko beam solution is closer to the elasticity solution than
the Euler-Bernoulli beam solution. Also, the elasticity solution indicates that
plane sections perpendicular to the x-axis before deformation do not remain
plane after deformation, as suggested by the quadratic and cubic terms in z.

PI3 3 1+ v)PR2L
u(x, 2) = — (2 B S x-) 4160 VPRL (1 - %) . (1.7.70)

EXAMPLE 7.7.3: Consider a thin rectangular plate of length 2a, width 2b, and
thickness /, and has a circular hole of radius R at the center of the plate. A
uniform traction of magnitude oy is applied to the ends of the plate, as shown in
Figure 7.7.7. Determine the stress field in the plate under the assumption that
R << b.

SOLUTION: The boundary conditions of the problem are

ox(Fa, y) =00, oxy(Fa,y)=0, oy (x,£b) =0, oy(x,£b)=0, (7.7.71)

0, (R.0) =0, 0,4(R,6)=0. (7.7.72)

Since the hole is assumed to be very small compared with the height of the
plate, we can solve the problem for stress field inside a circular region of radius
¢ > R, as shown in Figure 7.7.7. The stresses at the radius ¢ are essentially the
same as in the plate without the hole (a consequence of Saint-Venant’s princi-
ple). We now set up the cylindrical coordinate system and solve the problem in
that system.
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Figure 7.7.7. A thin rectangular plate with a central hole.

Using the transformation equations in Eq. (6.2.37), we can write the bound-
ary conditions at r = ¢ for any 0 as

_ 24 _ 90
o,r(c,0) = 0p cos” 0 = > (1 + 00520),
ows(c,0) = oy sin? 6 = %0(1 — cos 29), (7.7.73)

or9(c,0) = —% cos 26.

Using the definition of the Airy stress function for a cylindrical coordinate sys-
tem and the conditions in Eq. (7.7.73), we see that ®(r, 6) must be of the form

®(r,0) = G(r) — F(r) cos 20, (7.7.74)
with G(r) and F(r) satisfying

(d2 1d>2 (d2 1d 4)2
+ 29 6oy =0, (24 F(r) = 0. (1.7.75)

tra e
The general solutions to the equations in (7.7.75) are of the form
F(r)= % + ¢+ e3r? + ear?, G(r)=cs+cslnr + crr? + cgr’Inr. (7.7.76)
r

Substituting the expressions from Eq. (7.7.76) into Eq. (7.7.74) and using the
definition of the stress components, we obtain

190 1320 ¢ 6c1  4cy
O'rr:;a—r ﬁwzr—z—l—zc7+C3(1+21nr)—(r—4+r—2+2C3 cos 20,
9%P 6
g = =~ 12t eg(342Inr) — [~k 4 2e5 + 12¢4r? | cos 26,
3r2 }’2 r4
0 1 X 661 262 2 .
Org = 797(?%) = <_r_4 — 2 -+ 2¢3 + 6c4r” | sin 26.

(7.7.77)
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Note that ¢s does not enter the calculation of stresses. The boundary condi-

tions in Egs. (7.7.72) and (7.7.73) are used to determine the remaining con-

stants. As r — 00, the expressions for stresses in (7.7.77) must approach those

in Eq. (7.7.73). For this to happen, ¢4 and cg must be zero. The conditions in

Eq. (7.7.72) and (7.7.73) yield the following relations among the remaining con-
stants:

00 00 Ce

~ 3w

6¢ 4c 6¢ 2c

The solution of these equations yield the values

+2¢7 =0,
(7.7.78)
=+ 2C3 =0.

O'()R4 (I()Rz (o)) O’()R2 (o))
C] = — Cz = 2 = 2

Substituting these values into Eqgs. (7.7.77), we obtain
00 R 3R 4R’
O'rr=3|:(1—r—2>+(1+r—4—r—2 cos?20 |,

R R
Opg = % |:(1 + r—2> — (1 + 3"—4) Cos 29:| s (7780)

00 3RV 2R%\ .
Orp = —? <1 — r—4 + r—2 sin 26.

The maximum stress occurs at r = Rand 0 = +90°

Omax = 0go (R, £90) = 30y. (7.7.81)

7.7.6 Torsion of Noncircular Cylinders

The stress function approach used to study a number of plane elasticity problems
in Section 7.7.5 is also useful in studying torsion of noncircular members (see Fig-
ure 7.7.8). However, we cannot use the Airy stress function here because the present
problem does not quite fall into the category of plane elasticity problems. The gov-
erning equations for this problem must be developed from basic principles. The
problem was first studied by Saint—Venant using the semi-inverse method.

Consider a cylindrical member of noncircular cross section and length L sub-
jected to an end torque T = Té3, as shown in Figure 7.7.8. The lateral surface of the
cylinder is free of tractions. We assume that the magnitude of the applied torque is
small so that (a) all cross sections rotate about a single axis in proportion to their
distance from the end of the cylinder and (b) the out-of-plane distortion of each
cross section is the same. Therefore, attention is focused on a typical cross section,
denoted 2. There are two different formulations to study the problem. One is based
on the warping function and the other on Prandtl stress function. Here we consider
the latter approach.
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Figure 7.7.8. Torsion of a cylindrical member.

First, we note that the following stresses are identically zero for the problem:
011 = 0220 =033 =012 = 0. (7782)

Therefore, only stress equilibrium equation left to be satisfied is

8031 30’32

— 4+ = =0. 7.7.83

8)61 + 8XZ ( )
Since o33 = 0, it follows that o3; and o3, are independent of x3. By introducing a

stress function W(xy, x,), called the Prandtl stress function,

ow v
=, =——) 7.7.84
731 3x2 732 8X1 ( )
we trivially satisfy the equilibrium equation in (7.7.83). Now W is to be determined
such that it satisfies the compatibility conditions (034, gg = 0, for o, g = 1, 2)

820'31 820'31 0 82‘-11 32\1—’
a2 2 = lzztoz) =0
0x; 0x5 dxy \ Ox; 0x;
(7.7.85)
d’oxp | 0%on 9 (0*W N vy _,
ax? - ax; axy \ ax?  ax2 )
From these two equations, it follows that W is governed by the equation
VW = C, (7.7.86)

where C is a constant. Equation (7.7.86) must be solved subject to the traction-free
boundary condition on the lateral surface

o31m + oxny =0, (7.7.87)

where the components n; and n; of the unit outward normal to the lateral surface i
can be expressed as

n= —ee; — —€). (7788)
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Then the boundary condition (7.7.87) takes the form

W dx, | W dx = av =0 on T, (7.7.89)
0xy ds 0x1 ds ds
with I" being the boundary of Q. In other words, W is a constant on I". For multi-
ply connected cross sections, the constants on different boundaries are, in general,
have different values. For simply connected cross sections, we can arbitrarily set the
constant to zero. In summary, the Prandtl stress function is determined from

V2W=CinQ, Ww=0onT. (7.7.90)

Although not discussed in detail here, the so-called warping function ®(x1, x»)
is related to the Prandtl stress function by
P 1 0w P 1 0w
_=__+X2’ —_— = - — X1, (7791)
8x1 /,LQ 8x2 8x2 /LQ 3)61
where 6 is the twist per unit length (assumed to be small) and u is the Lamé constant
(same as the shear modulus, G). Equations in (7.7.91) can be combined (by differ-
entiating the first one with respect to x, and the second one with respect to x; and
eliminating ®) to obtain

—V?W =2Gh in Q, ¥=0onT. (7.7.92)

Once W is known, the displacements (uy, uy, u3) are calculated from the equation
(see Figure 7.7.8)

u = —QX2X3, U = 9)(1X3, us = 9@()(1, XQ), (7.7.93)

and the stresses are calculated form Eq. (7.7.84).

Exact solutions of the torsion problem (7.7.92) are possible for few cases. Typ-
ically, one assumes W to be in the form W = Af(x;, x»), where A is a constant and
f is a sufficiently differentiable (i.e., V2 f # 0) function that is identically zero on
the boundary. If —V? f is a non-zero constant ¢ (so that Ac can be equated to 2u6),
then we solve for A and obtain the complete solution. If V2 f is not a constant, ex-
act solution is not possible, although an approximate solution can be obtained, for
example, using the Galerkin method. Here, we consider an example.

EXAMPLE 7.7.4: Consider a cylindrical shaft of elliptical cross section, 2. The
boundary I is the ellipse with semiaxes a and b:

X2 x2
F:{(xl,xz):a—;+b—§=1}. (7.7.94)

Determine the Prandtl stress function and the shear stresses.
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SOLUTION: We select W to be
x2  x?
U(x,x0)=A (a—lz + b—g -1, (7.7.95)
where A is a constant to be determined such that Eq. (7.7.92) is satisfied.

Since the boundary condition W =0 on T is satisfied, we substitute ¥ from
Eq. (7.7.95) into —V?>W = 2G# and obtain

1 1 uba*b?
2A|l=+ 5 |=2u0=>A=———. 7.7.96
<a2+b2) wo= 2+ (7.7.96)
The Prandtl stress function is then given by
noa’h? (x3  x2
W xn) =~ el SRt B (7.7.97)

For solid cylinders, the twist per unit length 6 can be related to the applied
torque 7T by

T= 2/ \IJ(X1, xz) dx1 dXZ. (7798)
Q
For the problem at hand we obtain

(a>+b5)T
= ——~— 7.7.99
umra’b’ ( )
The stresses 031 and o3, are calculated using Eq. (7.7.84) to be
24> 2b?
031 = —m u@xz, 03) = _az——l—bz //LGXL (77100)

7.8 Principle of Minimum Total Potential Energy

7.8.1 Introduction

In Chapter 5 of this book, laws of physics (or conservation principles) and vector
mechanics are used to derive the equations governing continua. These equations, as
applied to solid bodies, can also be formulated by means of variational principles.
Variational principles have played an important role in solid mechanics. The princi-
ple of minimum total potential energy, for example, can be regarded as a substitute
to the equations of equilibrium of elastic bodies. Similarly, Hamilton’s principle can
be used in lieu of the equations governing dynamical systems, and the variational
forms presented by Biot replace certain equations in linear continuum thermody-
namics.

The use of variational principles makes it possible to concentrate in a single
functional all of the intrinsic features of the problem at hand: the governing equa-
tions, the boundary conditions, initial conditions, constraint conditions, even jump
conditions. Variational principles can serve not only to derive the governing equa-
tions but they also suggest new theories. Finally, and perhaps most importantly,
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variational principle provide a natural means for seeking approximate solutions;
they are at the heart of the most powerful approximate methods in use in mechan-
ics (e.g., traditional Ritz, Galerkin, least-squares, weighted-residual, and the finite
element method). In many cases, they can also be used to establish upper and lower
bounds on approximate solutions.

This section is devoted to the study of the principle of minimum total potential
energy and its applications. To keep the scope of the chapter within reasonable
limits, only key elements of the principle are presented here. Additional information
can be found in the books by the author [see, for example, Reddy (2002)].

7.8.2 Total Potential Energy Principle

Recall from Sections 6.2 and 7.6 that for elastic bodies (in the absence of tem-
perature variations) there exists a strain energy density function Uj such that [see
Eq. (6.2.2)]

= 2 78.1
0ij iy ( )

The strain energy density U is a function of strains at a point and is assumed to
be positive definite. For linear elastic bodies (i.e., obeying the generalized Hooke’s
law), the strain energy density is given by [see Eq. (7.6.1)],

1 1 1
U() = 50‘: £ = EO'I‘]‘EZ‘}‘ = Ecijklsijgkl- (7.8.2)

Hence, the total strain energy of the body B occupying the volume €2 is given by [see
Eq. (7.6.2)]

1 1
U:/ U()(Eij)dxz zf o:edx = E/ Oij &ij dx. (783)
Q Q Q

The total work done by applied body force f and surface force t is given by [see Eq.

(7.6.3)]
V=—|:/Qf~udx+£t-udsi|, (7.8.4)

the minus sign in V indicates that the work is expended, whereas U is the available
energy stored in the body B. The total potential energy (functional) of the body B
is the sum of the strain energy stored in the body and the work done by external

forces
1
l'[:U—i—V:—/G:sdx—[/f-udx—f-%t-uds]
2 Ja Q r

1
= —'/ Oij Eij dx — / ﬁ‘ui dx + % tiu; ds|. (785)
2 Q Q r
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The principle of minimum total potential energy states that if a body is in equilib-
rium, of all admissible displacement fields u, the one uj that makes the total potential
energy a minimum corresponds to the equilibrium solution:

[M(ug) < I(u). (7.8.6)

An admissible displacement is the one that satisfies the geometric constraints (or
boundary conditions) of the problem. The statement in Eq. (7.8.6) can be expressed
(based on the conditions of calculus of variations for the minimum of a functional)
as

81 =0 (necessary condition), (7.8.7)
8% > 0 (sufficient condition), (7.8.8)

where § is the variational operator.

The variational operator § is much like a total differential operator d, except
that it operates with respect to the dependent variable u rather than the independent
variable x. Indeed, the laws of variation of sums, products, ratios, and powers of
functions of a dependent variable u are completely analogous to the corresponding
laws of differentiation; that is, the variational calculus resembles the differential
calculus. For example, if F; = Fi(u) and F, = F,(u), we have

(1) SR+ F)=68F +4b.

(2) S(F Fz) =6F L, + Fi$F.

) 8(F1) SR F, - F{§F (7.8.9)
B/ F} )

(4) S(F)" =n(F)"sF.

If G = G(u, v, w) is a function of several dependent variables u, v, and w, and pos-
sibly their derivatives, the total variation is the sum of partial variations:

8G =68,G+5,G+68,G, (7.8.10)

where, for example, §, denotes the partial variation with respect to u. The varia-
tional operator can be interchanged with differential and integral operators:

1) 5(Vu) = V(su). (7.8.11)

2) S(Ludx) =/Q<Sudx. (7.8.12)

All of the above relations are valid in multidimensions and for functions that depend
on more than one dependent variable.

The necessary condition (7.8.7) yields the governing equations of the prob-
lem, which are equivalent to those derived from the principle of linear momentum.
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However, Eq. (7.8.7) also gives the boundary conditions on the forces of the prob-
lem. The equations obtained in Q from the necessary condition (7.8.7) are known
as the Euler equations and those obtained on I' (or on a portion of I') are known as
the natural boundary conditions.

7.8.3 Derivation of Navier’s Equations

Here, we illustrate how the Navier equations of elasticity (7.3.3) and (7.3.4) can be
derived using the principle of minimum total potential energy. Consider a linear
elastic body B occupying volume €2 with boundary I' and subjected to body force £
(measured per unit volume) and surface traction t on portion I', of the surface. We
assume that the displacement vector u is specified to be @ on the remaining portion,
Iy, of the boundary (I' = ', U ',). Therefore, Su =0 on [,.

The total potential energy functional is given by (summation on repeated in-
dices is implied throughout this discussion)

H(ll) = / (10'1‘]‘8,‘]' — f,-u,»)dx—/ fiui ds. (7813)
a\2 r

o

The first term under the volume integral represents the strain energy density of the
elastic body, the second term represents the work done by the body force f, and the
third term represents the work done by the specified traction t.

The strain-displacement relations and stress—strain relations for an isotropic
elastic body are given by Egs. (7.2.1) and (7.2.3), respectively. Substituting Egs.
(7.2.1) and (7.2.3) into Eq. (7.8.13), we obtain

A ~
l_[(ll) = / |:% (u,;j + Mj,i) (u,‘,]- + l/l}',i) + E”i,iuk,k — fiu,-:| dx — / tiu; ds.
Q o
(7.8.14)

Setting the first variation of IT to zero (i.e., using the principle of minimum total
potential energy), we obtain

0= / I:% (814,3,- + Su,;,-) (l/t,"j + l/ljy,') + Au; jug ) — ﬁéui] dx — / fiéui ds,
Q Ty

(7.8.15)

wherein the product rule of variation is used and similar terms are combined. Next,
we use the component form of the gradient theorem to relieve §u; of any derivative
so that we can use the fundamental lemma of variational calculus to the coefficients
of §u; to zero in 2 and on the portion of I' where du; is arbitrary. Using the gradient
theorem, we can write

/ 8ul~.j (u,‘,]’ +uj,,<)dx = —/ Su; (l/l,‘,j +Ltj,,‘)j dx + f Su; (I/l,‘,j +u,~,,-)n]~ ds,
Q Q ’ r
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where n; denotes the jth direction cosine of the unit normal vector to the surface f.
Using this result in Eq. (7.8.15), we arrive at

w w
0= / |:—5 (u,-,]- + uj,i)’j Su; — E (Lll',j + u,-,,-)’i (Su]‘ — )»uk,k,-Sui — ficﬁu,-j|dx
Q

+ ﬁ |:% (l/l,‘,j + Ltj,,') (I’lj(sul‘ + niéuj) + )Luk’kniSui:|ds — /r Su;t; ds
= / [—wQuij +uji) ;= Mg — filoui dx
o .

+ %[M (ui,j + Llj_[) + Auk,k&-j]njéiui ds — / Suif,- ds. (7816)
r Iy

In arriving at the last step, change of dummy indices is made to combine terms.
Recognizing that the expression inside the square brackets of the closed surface
integral is nothing but o;; and o;;n; = t; by Cauchy’s formula, we can write

f[/,b (u,»,,' + Llj,,') + Auk,k&-j]anui ds = % t;8u; ds.
r r

This boundary expression resulting from the “integration-by-parts” to relieve du
of any derivatives is used to classify the variables of the problem. The coefficient
of Su; is called the secondary variable, and the varied quantity itself (without the
variational symbol) is called the primary variable. Thus, u; is the primary variable
and #; is the corresponding secondary variable. They always appear in pairs, and
only one element of the pair may be specified at any boundary point. Specification
of a primary variable is called essential boundary condition and specification of a
secondary variable is termed natural boundary condition. They are also known as
the geometric and force boundary conditions, respectively. In applied mathematics
field, they are known as the Dirichlet boundary condition and Neumann boundary
condition, respectively.

Returning to the boundary integral, it can be expressed as the sum of integrals

onl, and I',:
f tidu; ds = / t;6u; ds +/ t;8u; ds = / t;du; ds.
r r Ly

u o

The integral over T, is set to zero because of the fact that u is specified there, i.e.,
du = 0. Hence, Eq. (7.8.16) becomes

0= / [—n (Lt,',]' + uj,,-)’]. — Mg ki — fi]du; dx + / Su; (t; — ;) ds. (7.8.17)
Q

Lo

Using the fundamental lemma of calculus of variations we set the coefficients of §u;
in Q and u; on ', from Eq. (7.8.17) to zero separately and obtain

,u(ul-,j,- + lljy,'j) + Mg i+ fi =0 in Q, (7.8.18)
ti — fl' =0 on Iy, (7819)
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for i =1,2,3. Equation (7.8.18) represents the Navier’s equations of elasticity
(7.3.3), and the natural boundary conditions (7.8.19) are the same as those listed
in Eq. (7.3.4).

To show that the total potential energy of a linear elasticity body is the indeed
the minimum at its equilibrium configuration, we consider the total potential energy
functional [more general than the one considered in Eq. (7.8.14); see Reddy (2002)]:

1 N
H(ll) = f (ECijkﬁekZ &ij — f,’l/ll') dx — / fiu; ds, (7820)
Q Iy

where C;ji¢ are the components of the fourth-order elasticity tensor.
Let u be the true displacement field and @ be an arbitrary but admissible dis-
placement field. Then  is of the form

u=u-+ayv,

where « is a real number and v is a sufficiently differentiable function that satisfies
the homogeneous form of the essential boundary condition v = 0 on I',,. Then I1(@)
is given by

1
l_[(ll + otv) = f |:§Cl‘jkg (Ske + O{gke)(&‘ij + otgij) — ﬁ(ui + Otvi)] dx
Q

—/ 1i(u; + av;)ds,

where
1
8ij = E(Ui,j + ;).

Collecting the terms, we obtain (because Cjjxe = Cieij)

o A
M(a) = M(u) + oe|:/ (—fivi + Cijkeske8ij + ECijkggijgk¢>dx - f fiv; ds:|.
Q Iy
(7.821)

Using the equilibrium equations (7.2.2) and the generalized Hooke’s law o;; =
Cijke€ke, We can write

—/ ﬁU[dXZ/‘O'ij'/U,'dXZ/ C,‘jkgé‘kg,j U,'dX
Q Q Q

= —/ Ci/ke8kevi,jdx+/ Cijke ekevinjds
Q Iy

= —/ C,'/'kg Eke &ij dx + / f,-vl- ds, (7822)
Q I

o

where the condition v; =0 on I',, is used in arriving at the last step. Substituting
Eq. (7.8.22) into Eq. (7.8.21), we arrive at

o2
M(u) = M(u) + 7/ Cijke 8ij ke dX. (7.8.23)
Q



7.8 Principle of Minimum Total Potential Energy

w(0) =0
. . . w'(0)=0
Figure 7.8.1. A beam with applied loads.
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In view of the nonnegative nature of the second term on the right-hand side of Eq.
(7.8.23), it follows that

M(a) > I(u), (7.8.24)

and IT(a) = I1(u) only if the quadratic expression %Ci/‘kzgijgkz is zero. Because of
the positive definiteness of the strain energy density, the quadratic expression is
zero only if v; = 0, which in turn implies &; = u;. Thus, Eq. (7.8.24) implies that, of
all admissible displacement fields the body can assume, the true one is that which
makes the total potential energy a minimum.

In the following, we consider an example to illustrate the use of the principle of
minimum total potential energy for the bending of beams [see Reddy (2002)].

EXAMPLE 7.8.1: Consider the bending of a beam according to the Euler—
Bernoulli beam theory (see Part 3 of Example 7.6.1). We wish to construct the
total potential energy functional and then determine the governing equation
and boundary conditions of the problem.

From Part 3 of Example 7.6.1 the total potential energy of a cantilevered
beam bent by distributed transverse force g(x) and point load Qy (see Figure
7.8.1), under the assumption of small strains and displacements for the linear
elastic case (i.e., obeys Hooke’s law), is given by [see the right-hand side of
Eq. (7.6.8)]

M(w) = %/OL |:EI <d2_w>2:| dx — |:/0Lq(x)w(x) dx + Qow(L)] , (7.8.25)

dx?

where L is the length, A is the cross-sectional area, [ is the second moment of
area about the axis (y) of bending, and E is the Young’s modulus of the beam.
The first term represents the strain energy U, the second term represents the
work done by the applied distributed load g(x) in moving through the deflection
w(x), and the last expression represents the work done by the point load Qy in
moving through the displacement w(L).

Applying the principle of minimum total potential energy, §IT = 0, we ob-
tain

L d*w d*sw L
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Next, we carry out integration-by-parts on the first term to relieve dw of any
derivative so that we can use the fundamental lemma of variational calculus to
obtain the Euler equation. We obtain

L@ [ dw Pwdsw d (. d*w 8
0= — | El— | éwd El——— — | ElI—)§
/0 dx? ( dx2> v x+|: dx? dx  dx < dx2> w:|0
L
— |:/ qdw dx + Q08w(L)i| . (7.8.27)
0

The boundary terms resulting from integration-by-parts allows us to classify the
boundary conditions of the problem. The expressions that are coefficients of Sw
and §(dw/dx) are the secondary variables:

d d>w dw d>w
Sw: —\El—|; §\—): EI—. 7.8.28
Y ik ( dx? ) ’ <dx ) dx? ( )

It is clear that the secondary variables are nothing but the shear force V(x) =
dM/dx and bending moment M(x) [see Eq. (7.6.9)]

d*w

d d*w
< T (7.8.29)

Vix)=——EI— | ; M(x)=—-EI
0= (E1%5) s M)
The respective primary variables are the varied quantities appearing in the
boundary terms (just remove the variational operator from the varied quan-
tities):
d d
sw=w; (22 ) = Y (7.8.30)
dx dx
Thus, the deflection w and slope (or rotation) dw/dx are the primary variables
of the problem. Only one element of each of the pairs (w, V) and (dw/dx, M)
may be specified at a point. Note that the definitions of the primary and sec-
ondary variables is unique and there should be no confusion in identifying them.
Returning to the expression in Eq. (7.8.27), first we collect the coefficients
of Sw in (0, L) together and set them to zero, because §w is arbitrary in (0, L),

d> ( d*w

= F) —q(x)=0, O0<x<L. (7.8.31)
X X

Equation (7.8.31) is the Euler equation, which can also be derived from vector
mechanics by considering an element of the beam and summing the forces and
moments, and then relating the bending moment M to the deflection w, as given
in Eq. (7.6.9). The summation of forces in the z-direction and moments about
the y-axis give (the reader should verify these equations)

av aM

oA =0 T2~ V() =0, (7.8.32)

Combining Eqgs. (7.6.9) and (7.8.32), we arrive at the equation in (7.8.31).
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Now consider all boundary terms in Eq. (7.8.27), we conclude that

d d*w d d*w
s ()| or=0 [ (o) - @] =0

2 2
(Eld—’f> <d‘s_“’) —0, <E1d—“2’> (_d‘sw) —0.
dx x=0 dx x=0 dx x=L dx x=L

If either of the quantities Sw and déw/dx are zero at x = 0 or x = L, because of
specified geometric boundary conditions there, the corresponding expressions
vanish because a specified quantity cannot be varied; the vanishing of the coef-
ficients of w and déw/dx at points where the geometric boundary conditions
are not specified provides the natural boundary conditions. For example, sup-
pose that the beam is clamped at x = 0 and free at x = L. Then, §w(0) = 0 and
dsw(0)/dx = 0, and the specified natural boundary conditions of a cantilevered
beam with an end load become

d d*w d*w
[—E (EIW) - Q()i|x_L — O, (Elm>x_L e 0 (7834)

7.8.4 Castigliano’s Theorem |

(7.8.33)

Suppose that the displacement field of a solid body can be expressed in terms of the
displacements of a finite number of points x; (i = 1,2, ... N) as

N
u(x) =Y wgi(x), (7.8.35)
i=1

where w; are unknown displacement parameters, called generalized displacements,
and ¢; are known functions of position, called interpolation functions with the
property that ¢; is unity at the ith point (i.e., x = x;) and zero at all other points
(x;, j #1i). Then it is possible to represent the strain energy U and potential en-
ergy V due to applied loads in terms of the generalized displacements u;. Then the
principle of minimum total potential energy can be written as

oU 0%
S=8U+8V=0=8U=—-8V or —  6u; =——"-%u, (7.8.36)
3]1,‘ 8[1,‘
where sum on repeated indices is implied. Since
1%
— =-F,
Bui
it follows, since du; are arbitrary, that
oU oU
—_— = Fi -du; = 0 or — = F,’. (7837)
3lli Bui

Equation (7.8.37) is known as Castigliano’s Theorem 1.
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(a) (b)
Figure 7.8.2. (a) A plane elastic triangular domain. (b) Domain with vertex displacement
components.

When applied to a structure with point loads F; (or moment M;) moving through
displacements u; (or rotation 6;), both having the same sense, Castigliano’s Theorem
I states that

ou
du;

U

., or — =M.
i 89,' i

(7.8.38)
It is clear from the derivation that Castigliano’s Theorem I is a special case of the
principle of minimum total potential energy.

Application of Castigliano’s Theorem I to structural members (trusses and
frames) can be found in many books [see Example 7.8.2 below and the book by
Reddy (2002) and references therein]. In the following paragraphs, application to a
plane elastic problem is illustrated.

Consider an arbitrary triangular, plane elastic domain @ of thickness 4 and
made of orthotropic material, as shown in Figure 7.8.2(a). Suppose that the body
is free of body forces but subjected to tractions on its sides.

The strain energy and potential energy due to applied loads are

h \
U= —/ 0ijé&ij dx, V= —% tiu; ds, (7839)
Q r

2
where T represents the collection of line segments enclosing the domain €2 and 7; (s)
are the components of the boundary stresses. It is convenient to express the expres-
sions for U and V in matrix form. The strain—displacement relations and constitutive
equations can be written in matrix form as

€11 B 3/8)(1 0
en V=] 0 9/dx { “ } or (e} = [D]{ul, (7.8.40)
2812 L 3/8)(2 3/8)61
o1l [cin ¢z O &1l
022 = | Clp 2 0 &N or {G} = [C]{S} (7.8.41)
012 L 0 0 Ce6 2812

Now suppose that the displacements (u1, u,) in the body € can be expressed
(often, it is an approximation) as a linear combination of unknown values of the



7.8 Principle of Minimum Total Potential Energy

displacement vector at the vertices of the triangle and known functions of position

Vi(x1, x2)

w1 (x1, x2) } _ { 2?21 M{ Ilfj(xl, X2) } 3 o
{Mz(xbxz) TS v n) or {u} =[V]{A}, (7.8.42)

where uij denotes the value displacement component u; at the jth vertex of the
domain [see Figure 7.8.2(b)], and

Y1 0 Yo 0 Y3 O
0 v1 0 Yo 0 Y3

(Ay={ul u) wi W} uj ug}T (6 x1).

91=| | exo.

(7.8.43)

Substituting (7.8.42) for {u} into Egs. (7.8.40) and (7.8.41), we obtain

{e} = [Dlfu} = {e} = [BI{A};, {0} =[Cl{e} = {o} = [C][Bl{A},  (7.8.44)

where
v v v
wm 0 s 0 5 0
[Bl=[D][w]=| 0 42 0 32 0 | (3x6). (7.8.45)
axz 3)61 3)62 B)C[ 3)62 3)61

Substituting these expressions into Eq. (7.8.39), we obtain

U= g/Q{A}T[B]T[C][B]{A}dx, V= —fr{A}T[\p]{f} ds. (7.8.46)

Now applying Castigliano’s Theorem II, we obtain

U vV
A= aa = [K]{A} = {F}, (7.8.47)

where
(K] = th[B]T[C][B] dx (6x6), {F}= ygr[xy]T{f} ds (6x1). (7.8.48)

Equation (7.8.47) provides the necessary algebraic equations to solve for the
unknown displacement components. However, the matrix [ K], known as the stiff-
ness matrix, is singular to begin with. After imposing the necessary boundary condi-
tions to eliminate the rigid body translations and the rotation, the condensed matrix
becomes nonsingular. Equation (7.8.47) is not exact unless the representation in
Eq. (7.8.42) is exact, which is most often not the case. The procedure described in
Eqgs. (7.8.42)—(7.8.48) is nothing but the finite element development for a typical do-
main . This particular triangular element is known as the constant strain triangle,
because the functions v; are linear in x; and x; for a triangle with three vertex points
where the displacement degrees of freedom are identified. Consequently, the strains
are constant within the domain . For more details, the reader may consult a finite
element book [e.g., see Reddy (2006)].
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(a) (b)

Figure 7.8.3. (a) Beam with end forces and moments (or generalized forces). (b) Generalized
displacements.

EXAMPLE 7.8.2: To further illustrate the use of Castigliano’s Theorem I, consider
a straight beam of length L and constant bending stiffness £/ (modulus E and
second moment of area [/ about bending axis y) and subjected to point loads and
moments, as shown in Figure 7.8.3(a). The equilibrium equation of the beam
according to the Euler-Bernoulli beam theory (see Example 7.8.1) is

EI=— =0. (7.8.49)

The exact solution to this fourth-order equation is
wo(x) =c¢1 + cx + c3x? + cax’, (7.8.50)

where ¢; (i =1, 2,3, 4) are constants of integration, which we express in terms
of the deflections and rotations at the two ends of the beam. Let

Al = w(O) =1,

Ay = dw = —c
2 = dx x=0_ 2,

(7.8.51)
A3 = w(L) =c+cl+ C3L2 + C4L3,

d
Ay = (——w> = —¢y—2c3L — 3¢y 12
dx x=L

Clearly, A1 and A3 are the values of the transverse deflection w atx = Oand x =
L, respectively, and A, and Ay are the rotations —dw/dx, measured positive
clockwise, at x = 0 and x = L, respectively [see Figure 7.8.3(b)].

The reason for picking two deflection values and two rotations, as opposed
four deflections at four points of the beam needs to be understood. From Ex-
ample 7.8.1, it is clear that both w and dw/dx are the primary (kinematic) vari-
ables, which must be continuous at every point of the beam. If we were to join
two such beams (possibly made of different bending stiffness ET), the kinematic
variables can be made continuous by equating the like degrees of freedom at the
common node.

The four equations in Eq. (7.8.51) can be solved for ¢; in terms of A;, called
generalized displacements, which will serve as the generalized coordinates for
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the application of Castigliano’s Theorem I. Then substituting the result into Eq.
(7.8.50) yields

w(x) = ¢1(X)A1 + 2(x) Az + ¢3(X) Az + da(x) Ay = icﬁi(x)Ai, (7.8.52)
i=1
where ¢ (x) are the Hermite cubic polynomials
wr=1-3(5) +2(3)
r=[i-2(2)+ ()]

0= (5 (-23).

=3 (1-5)

Equation (7.8.52) is analogous to Eq. (7.8.35) used (but not derived; the deriva-
tion can be found in any book on finite element analysis) in the plane elasticity
problem discussed before.

The strain energy of the beam [see Eq. (7.8.25)] now can be expressed in
terms of the generalized coordinates A; (i =1,2,3,4) as

EI (L (dw\’ EI (1 (L 2o\ (K 2o,
N ALO A0 g
v 2[0 (dx2> T (Z dx? Z Fae |

i=1 j=1

(7.8.53)

N =

4 4
O KijAiA, (7.8.54)
i=1 j=1

where
L ¢, d2,;
o dx* dx?
The stiffness coefficients K;; are symmetric (K;; = Kj;). By carrying out the
indicated integration, K;; can be evaluated [see Eq. (7.8.59)].
The work done by applied forces (g is taken as acting downward) is given
by

Ki; = EI (7.8.55)

L 4
V—— [— /0 g()w(x)dx + Z Qiui]

4
=— Z (qiui + Qiu;), (7.8.56)

i=1
where

L
gi = — f q(x)¢i(x) dx, (7.8.57)
0

and Q; are the generalized forces associated with the generalized displacements
A;. Thus, Q; and Qj; are the transverse forces at x = 0 and x = L, respectively,
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and O, and Qy are the bending moments at x = 0 and x = L, respectively, as
shown in Figure 7.8.3(a). The transverse forces ¢; and g3 and bending moments
q» and g4 together are statically equivalent (i.e., satisfy the force and moment
equilibrium conditions of the beam) to the distributed load g(x) on the beam.
Using the Castigliano’s Theorem I, we obtain

4

aU aV

aa = "9a 2; KijAj= Qi +a (7.858)
j:

or, in explicit matrix form,

6 -3L -6 -3L Aq q1 O

2EI | =3L 2I* 3L [? Ay Q2 3

3| -6 3L 6 3L sl V[T o [ (7.8.59)
—3L L2 3L 2L2 A4 q4 Q4

It can be verified that the stiffness matrix [K] is singular. For uniformly dis-
tributed load acting downward, g(x) = qo, the load vector {q} is given by

T 6

7} qL | —L

A (7.8.60)
q4 L

As a specific example, consider a beam fixed at x = 0, supported at x = L
by a linear elastic spring with spring constant &, subjected to uniformly dis-
tributed load of intensity gy, and clockwise bending moment M, at x = L (see
Figure 7.8.4). We wish to determine the compression in the spring, that is, de-
termine w(L).

The geometric boundary conditions at x = 0 require Ay = A, = 0. These
conditions remove the rigid body modes of vertical translation and rotation
about the y-axis. The force boundary conditions at x = L require Oz = —F; =
—kw(L) = —kAsz and Q4 = My. Thus, we have

6 —3L —6 -3L7(0 6 o))
2EI | =3L 21* 3L I? 0| _ aL]|-L o)
3| -6 3L 6 3L ws|~ 12] 6 —kAs
3L 12 3L 212\ L My

(7.8.61)

Thus, there are four equations in four unknowns, (Q;, Q», Az, A4). Since the
last two equations have only the displacement unknowns Aj; and A4, we can

12E1 6EI
+k CSELT( As gL [ 6 0
3 12 —
[ 8L —4{1”A4}_ 2]\ mf (7.862)

write
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Figure 7.8.4. A beam fixed at x =0 and sup-
ported by a spring at x = L.

Solving for A3 = w(L) and Ay = —(dw/dx)(L) by Cramer’s rule, we obtain
317
8BEI+ kL3’
qol? (24EI — kI?) N MyL (12EI + kI?)
"~ 48EI (BEI+ kI3 = 4EI (3EI+kI3) '

The solution obtained is exact because the representation in Eq. (7.8.52) is
exact when EJ is a constant.

Ay = — (qoL? + 4 My)
(7.8.63)

4

7.9 Hamilton’s Principle

7.9.1 Introduction

The principle of total potential energy discussed in the previous section can be gen-
eralized to dynamics of solid bodies, and it is known as Hamilton’s principle. In
Hamilton’s principle, the system under consideration is assumed to be characterized
by two energy functions: a kinetic energy K and a potential energy I1. For discrete
systems (i.e., systems with a finite number of degrees of freedom), these energies
can be described in terms of a finite number of generalized coordinates and their
derivatives with respect to time ¢. For continuous systems (i.e., systems that cannot
be described by a finite number of generalized coordinates), the energies can be
expressed in terms of the dependent variables of the problem that are functions of
position and time.

7.9.2 Hamilton’s Principle for a Rigid Body

To gain a simple understanding of Hamilton’s principle, consider a single particle or
a rigid body (which is a collection of particles, distance between which is unaltered
at all times) of mass m moving under the influence of a force F = F(r) [see Reddy
(2002)]. The path r(z) followed by the particle is related to the force F and mass m
by the principle of conservation of linear momentum (i.e., Newton’s second law of
motion)

d*r

F(r) =m—.

(7.9.1)
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A path that differs from the actual path is expressed as r + ér, where ér is the varia-
tion of the path for any fixed time ¢. We suppose that the actual path r and the varied
path differ except at two distinct times #; and f,, that is, §r(¢;) = dr(z,) = 0. Taking
the scalar product of Eq. (7.9.1) with the variation §r, and integrating with respect
to time between #; and f,, we obtain

1% dzl.
/lll mos = F(r) | -drdt = 0. (7.9.2)

Integration-by-parts of the first term in Eq. (7.9.2) yields

L dr dér dr
- = L F(r) et =5
v/t1 (m a0 ar T (r) r) + (m o r)

The last term in Eq. (7.9.3) vanishes because 8r(t;) = 8r(t;) = 0. Also, note that

5]

—0. (7.9.3)

n

dr dér mdr dr
mE'EZS[EE'E}z(SK (7.9.4)
where K is the kinetic energy of the particle or rigid body
1 dr dr 1
= m—.— = _mv- 7.9.5
2w T2 (7:9:5)

and 8K is called the virtual kinetic energy. The expression F(r) - ér is called the vir-
tual work done by external forces and denoted by

SWi = —F(r) - or. (7.9.6)

The minus sign indicates that the work is done by external force F on the body in
moving through the displacement §r. Equation (7.9.3) now takes the form

[5)
f (5K — §Wi)di = 0, (7.9.7)
151

which is known as the general form of Hamilton’s principle for a single particle or
rigid body. Note that a particle or a rigid body has no strain energy IT because the
distance between the particles is unaltered.

Suppose that the force F is conservative (that is, the sum of the potential and ki-
netic energies is conserved) such that it can be replaced by the gradient of a potential

F = —grad V, (7.9.8)

where V' = V(r) is the potential energy due to the loads on the body. Then Eq. (7.9.7)
can be expressed in the form

[5)
5 / (K —V)di =0, (7.9.9)
151
because (r = x;€;)

1%
grad V- ér = 8—8xi = sV(x).
Xi
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The difference between the kinetic and potential energies is called the Lagrangian
function

L=K-V. (7.9.10)

Equation (7.9.9) is known as Hamilton’s principle for the conservative motion
of a particle (or a rigid body). The principle can be stated as: the motion of a particle
acted on by conservative forces between two arbitrary instants of time t; and t; is
such that the line integral over the Lagrangian function is an extremum for the path
motion. Stated in other words, of all possible paths that the particle could travel
from its position at time ¢ to its position at time #,, its actual path will be one for
which the integral

15}
IE/ Ldt (7.9.11)
151

is an extremum (i.e., a minimum, maximum, or an inflection).

If the path r can be expressed in terms of the generalized coordinates
qi(i = 1,2,3), the Lagrangian function can be written in terms of ¢; and their time
derivatives

L= L(q1, . q3. 1, ¢, §3)- (7.9.12)

Then the condition for the extremum of / in Eq. (7.9.11) results in the equation
((Sql‘ =0att and [2)

5]
85I = 8/ L(qi, g2, q3, q1, ¢, q3)dt =0

151

n 2oL d[aL
= — — — | — ] |8q; dt. 7.9.13
/tl ;[aqi dr(aqi e 7913)

When all g; are linearly independent (i.e., no constraints among ¢;), the variations
3q; are independent for all ¢, except 8q; = 0 at #; and t,. Therefore, the coefficients
of 8q1, 8q», and §g3 vanish separately:

oL d (oL
O _ 45 ) g i=1.2.3 7.9.14
94 dr(aqi) l (721

These equations are called the Lagrange equations of motion. Recall that in Section
7.8 (for a static case) these equations were also called the Euler equations. For the
dynamic case, these equations will be called the Euler—Lagrange equations.

When the forces are not conservative, we must deal with the general form of
Hamilton’s principle in Eq. (7.9.7). In this case, there exists no functional 7 that must
be an extremum. If the virtual work can be expressed in terms of the generalized
coordinates g; by

SWi = — (Fidqy + Fdqy + F3dq3). (7.9.15)
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where F; are the generalized forces, then we can write Eq. (7.9.13) as

/Z|:8q t<85>+F}aq,dx 0, (7.9.16)

and the Euler-Lagrange equations for the nonconservative forces are given by

8qi :

0K d[0d0K
aqi d 86]1

) +F =0, i=123. (7.9.17)

EXAMPLE 7.9.1: Consider the planar motion of a pendulum that consists of a
mass m attached at the end of a rigid massless rod of length L that pivots about
a fixed point O, as shown in Figure 7.9.1. Determine the equation of motion.

SOLUTION: The position of the mass can be expressed in terms of the general-
ized coordinates g; = [ and g, = 6, measured from the vertical position. Since
[ is a constant, we have ¢; = 0 and 0 is the only independent generalized coor-
dinate. The force F acting on the mass m is the component of the gravitational

force,

F = mg (cos0é, —sinbé&y) = F,& + Fyéy. (7.9.18)
The component along €, does no work because g; =/ is a constant. The second
component, Fy, is derivable from the potential (VV = — Fy&y)

V =—[-mgl(1 — cos0)] = mgl(1 — cos0), (7.9.19)

where V represents the potential energy of the mass m at any instant of time
with respect to the static equilibrium position # = 0, and V is the gradient oper-
ator in the polar coordinate system
d & 0
V=¢_— + —— 7.9.20
ar r 89 ( )

Thus, the kinetic energy and the potential energy due to external load are given
by
m, ..,
K=—0), V=mgl(l—-cosb),
2 (7.9.21)
8K =mi*080, 8V = mglsin0s0 = —Fy(180).

Therefore, the Lagrangian function L is a function of 6 and . The Euler—
Lagrange equation is given by

o . AL d (L)
=00 %0 Tai\sa ) T

which yields

d. . ) )
—mglsin® — —-(m9) =0 or 9+ %me =0 (F=mld). (7.9.22)
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Figure 7.9.1. Planar motion of a pendulum.

Equation (7.9.22) represents a second-order nonlinear differential equation
governing 6. For small angular motions, Eq. (7.9.22) can be linearized by re-
placing sin6 ~ 6:

b+ %9 —0. (7.9.23)

Now suppose that the mass experiences a resistance force F* proportional to
its speed (e.g., the mass m is suspended in a medium with viscosity ). According
to Stoke’s law,

F* = —67 paldéy, (7.9.24)

where u is the viscosity of the surrounding medium, a is the radius of the bob,
and &, is the unit vector tangential to the circular path. The resistance of the
massless rod supporting the bob is neglected. The force F* is not derivable
from a potential function (i.e., nonconservative). Thus, we have one part of the
force (i.e., gravitational force) conservative and the other (i.e., viscous force)
nonconservative. Hence, we use Hamilton’s principle expressed by Eq. (7.9.14)
or Eq. (7.9.17) with

SWg =8V —F* - (160&y) = (mgl sin6 + 67 pnal’d) 86 = — Fyl80.

Then the equation of motion is given by [K = K(8)]

d (9K ) 6rau .
) Ri=0 or 64 Ssine+ X2 o, (7.9.25)
dr \ 96 / m

The coefficient ¢ = 6wap/m is called the damping coefficient.

7.9.3 Hamilton’s Principle for a Continuum

Hamilton’s principle for a continuous body B occupying configuration « with vol-
ume 2 with boundary I' can be derived following essentially the same ideas as dis-
cussed for a particle or a rigid body. In contrast to a rigid body, a continuum is char-
acterized by the kinetic energy K as well the strain (or internal) energy U. Newton’s
second law of motion for a continuous body can be written in general terms as

F —ma =0, (7.9.26)
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where m is the mass, a the acceleration vector, and F is the resultant of all forces
acting on the body B. The actual path u = u(x, ¢) followed by a material particle
in position x in the body is varied, consistent with kinematic (essential) boundary
conditions on I', to u + Su, where Su is the admissible variation (or virtual displace-
ment) of the path. We assume that the varied path differs from the actual path ex-
cept at initial and final times, #; and t,, respectively. Thus, an admissible variation
Su satisfies the conditions,

Su=0onT, forall r,
(7.9.27)
su(x, t1) = du(x, ;) = 0 for all x,

where I', denotes the portion of the boundary I" of the body where the displacement
vector u is specified.

The work done on the body B at time ¢ by the resultant force F, which consists
of body force f and specified surface traction t in moving through respective virtual
displacements du is given by

/f~8udx+/ i-Suds—/ o :8¢edx, (7.9.28)
Q T, Q

where o and ¢ are the stress and strain tensors, and I, is the portion of the boundary
' on which tractions are specified (I' =I';, U T',). The last term in Eq. (7.9.28) is
known as the virtual work stored in the body BB due to deformation. The strains de
are assumed to be compatible in the sense that the strain-displacement relations
(7.2.1) are satisfied. The work done by the inertia force ma in moving through the
virtual displacement du is given by

82
/Q ,08—;; - Su dx, (7.9.29)

where p is the mass density of the medium. We have, analogous to Eq. (7.9.2) for a
rigid body, the result

2 9’u .
/ /pﬁdudx—[/(f-8u—0':8£)dx+/ t~8udsj| dt =0
n Q Of Q I,
or

of [ du 98 .
—/ [/ p—“-—“dx+/(f.5u—a:as)dx+/ t~8uds:|dt=0. (7.9.30)
151 Q Q Iy

In arriving at the expression in Eq. (7.9.30), integration-by-parts is used on the first
term; the integrated terms vanish because of the initial and final conditions in Eq.
(7.9.27). Equation (7.9.30) is known as the general form of Hamilton’s principle for
a continuous medium — conservative or not and elastic or not.

For an ideal elastic body, we recall from the previous sections that the forces f
and t are conservative,

8V=—</f~8udx+/ i-Suds), (7.9.31)
Q Iy
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and that there exists a strain energy density function Uy = Uy(¢) such that

ol
=—. 7.9.32
° ae ( )

Substituting Eqs. (7.9.31) and (7.9.32) into Eq. (7.9.30), we obtain

5 / “IK = (V + U)]dr =0, (7.9.33)
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where K and U are the kinetic and strain energies:

pou Ju f
K = —— . —dx, U= Uy dx. 7.9.34
fgzaz ar X o, o (7.9.34)

Equation (7.9.33) represents Hamilton’s principle for an elastic body. Recall
that the sum of the strain energy and potential energy of external forces, U + V, is
called the total potential energy, I1, of the body. For bodies involving no motion (i.e.,
forces are applied sufficiently slowly such that the motion is independent of time
and the inertia forces are negligible), Hamilton’s principle (7.9.33) reduces to the
principle of virtual displacements. Equation (7.9.33) may be viewed as the dynamics
version of the principle of virtual displacements.

The Euler-Lagrange equations associated with the Lagrangian, L = K — II,
can be obtained from Eq. (7.9.33):

17}
0= 8/ L(u, Vu,n) dt

n

f2 9’u .
=f / P —dive —f -Sudx—l—/ (t—t)-Suds |dt, (7.9.35)
n | Ja\ 0t r,

where integration-by-parts, gradient theorems, and Eqgs. (7.9.27) were used in arriv-
ing at Eq. (7.9.35) from Eq. (7.9.33). Because du is arbitrary for ¢, #; <t < t,, and
for x in © and also on I',, it follows that

ar? (7.9.36)

Equations (7.9.36) are the Euler-Lagrange equations for an elastic body.

EXAMPLE 7.9.2: The displacement field for pure bending of the Euler-Bernoulli
beam theory is
ow

up=—-z—, up =0, uz=w(x,t). (7.9.37)
0x
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The Lagrange function associated with the dynamics of the Euler-Bernoulli

beam is given by L= K — (U + V), where
w2
PIZ2) |dAdx
2\ ot

e[ [5(5)
15 ) G o

o= ["] ( )dAdx (7938
[5G o

L
V= —/ q(x,Hw dx.
0

+

Here w denotes the transverse displacement, which is a function of x and ¢, and
q is the transverse distributed load. In arriving at the expressions for K and U,
we have used the fact that the x-axis coincides with the geometric centroidal
axis, [, zdA =0.

The Hamilton principle gives

0= / (8K — 8U — §V)dt

aw dw w 928w
/ / ——+ Aw(Sw—EI8 T o + qdw |dxdt. (7.9.39)

The Euler-Lagrange equation obtained from the above statement is the equa-
tion of motion governing the Euler-Bernoulli beam theory

32 3w 3 dw 82 3w
I ~ 2 (pa2) - Z (E1ZY —0. (7.9.40
oxat (p axat) ot (p az> ox2 < ax 2) Ta=0- (7940

The first term is known as the contribution due to rotary inertia.

Now suppose that the beam experiences two types of viscous (velocity-
dependent) damping: (1) viscous resistance to transverse displacement of the
beam and (2) a viscous resistance to straining of the beam material. If the re-
sistance to transverse velocity is denoted by c(x), the corresponding damping
force is given by gp(x, t) = c(x)wo. If the resistance to strain velocity is ¢y, the
damping stress is 0.2 = ¢;é,,. We wish to derive the equations of motion of the
beam with both types of damping.




Problems 7.1-72

We must add the following terms due to damping to the expression in
Eq. (7.9.39):

T L
—/ |:/ opde dx—l—/ gpdw dx} dt
0
328w L
/ [/ [ Cs (— 28t> (—z 912 ) dAdx+f0 qpdw dx} dt

Pw 92w Jw
MW sw) dxd. 7.9.41
/ / ( “ox2at a2 | <o w) * (7.941)

The Euler-Lagrange equations of the statement

dw ddw w 828w
0_/ / I———f-/ko(Sw—EIa T 2 + qdw |dxdt

Pw 025w Jw
—34 dxdt 7.9.42
/ / ( a0 9 S w) * (7.942)

92 8w 9 dw a2 3%w
(o1 I pa) - (E1ZY
axor (p 8x8t> ot <p a:) ox2 ( 8x2)

32 3w dw
A (A B ) 7.9.43
ox2 ( “ ax23t> ‘o T4 (7.943)

are

7.10 Summary

This is a very comprehensive chapter on linearized elasticity. Beginning with a sum-
mary of the linearized elasticity equations that include the Navier equations and
the Beltrami—Michell equations of elasticity, types of boundary value problems and
principle of superposition were discussed. The Clapeyron theorem and Betti and
Maxwell reciprocity theorems and their applications were also presented. Analyti-
cal solutions of a number of examples of standard boundary-value problems of elas-
ticity using the Airy stress function are developed. Then, the principle of minimum
total potential energy and its derivative the Castigliano Theorem I are discussed.
Last, Hamilton’s principle for problems of dynamics is presented.

PROBLEMS

7.1 An isotropic body (E = 210 GPa and v = 0.3) with two-dimensional state of
stress experiences the following displacement field (in mm)

U = 3x12 — xfxz + 2x§’, Uy = x13 + 2x1x2,
where x; are in meters. Determine the stresses and rotation of the body at point
(x1, x2) = (0.05, 0.02) m. Is the displacement field compatible (pulling your legs)?

7.2 A two-dimensional state of stress exists in a body with the following components
of stress:

3 2 3 2 2
011 = C1X; + C2X1Xp — C3X1, 022 = C4X; — C5,  O12 = CeX1X) + C7X1 X2 — C8,
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where ¢; are constants. Assuming that the body forces are zero, determine the con-
ditions on the constants so that the stress field is in equilibrium and satisfies the
compatibility equations.

7.3 For the plane elasticity problems shown in Figs. P7.3(a)-(d), write the boundary
conditions and classify them into Type I, Type II, or Type III.

Spherical
core Uy, 1

(a) (b)

Spherical
shell 4g, 12

(c) (d)

Hollow

Figure P7.3.

7.4 Determine the deflection at the midspan of a cantilever beam subjected to uni-
formly distributed load gy throughout the span and a point load Fj at the free end.
Use Maxwell’s theorem and superposition.

7.5 Consider a simply supported beam of length L subjected to a concentrated load
Fp at the midspan and a bending moment M, at the left end, as shown in Fig-
ure P7.5. Verify that Betti’s theorem holds.

Fy
M, L/2 L/2

S —

2, w

Figure P7.5.

7.6 A load P = 4,000 Ib acting at a point A of a beam produces 0.25 in at point B
and 0.75 in at point C of the beam. Find the deflection of point A produced by loads
4,500 1b and 2,000 Ib acting at points B and C, respectively.



Problems 7.3-7.12

7.7 Use the reciprocity theorem to determine the deflection at the center of a simply
supported circular plate under asymmetric loading (see Figure 7.6.8)

.
q(r,0) =q +q " cos 6.

The deflection due to a point load @y at the center of a simply supported circular

plate is
Qua® [(3+v r? r\2 r
— 1= Yo 2(5Y 100 (X
w(r) 162D [\1+v a? + (a) 0g<a> ’
where D = ER3/[12(1 — v?)] and 4 is the plate thickness.

7.8 Use the reciprocity theorem to determine the center deflection of a sim-
ply supported circular plate under hydrostatic loading g(r) = go(1 —r/a). See
Problem 7.7.

7.9 Use the reciprocity theorem to determine the center deflection of a clamped
circular plate under hydrostatic loading q(r) = qo(1 — r/a). The deflection due to a
point load Q at the center of a clamped circular plate is given in Eq. (7.6.21).

7.10 Determine the center deflection of a clamped circular plate subjected to a point
load Qy at a distance b from the center (and for some ) using the reciprocity theo-
rem.

7.11 The lateral surface of a homogeneous, isotropic, solid circular cylinder of
radius a, length L, and mass density p is bonded to a rigid surface. Assuming
that the ends of the cylinder at z=0 and z = L are traction-free (see Figure
P7.11), determine the displacement and stress fields in the cylinder due to its own
weight.

Figure P7.11.

7.2 A solid circular cylindrical body of radius a and height # is placed between
two rigid plates, as shown in Figure P7.12. The plate at B is held stationary and the
plate at A is subjected to a downward displacement of §. Using a suitable coordinate
system, write the boundary conditions for the following two cases:

(a) When the cylindrical object is bonded to the plates at A and B.
(b) When the plates at A and B are frictionless.
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Rigid plate

h Cylinder Figure P7.12.

Y

B
Ny eid plate
L™

7.13 An external hydrostatic pressure of magnitude p is applied to the surface of a
spherical body of radius b with a concentric rigid spherical inclusion of radius a, as
shown in Figure P7.13. Determine the displacement and stress fields in the spherical
body.

Rigid inclusion
Figure P7.13.
Elastic sphere

7.14 Reconsider the concentric spheres of Problem 7.13. As opposed to the rigid
core in Problem 7.13, suppose that the core is elastic and the outer shell is subjected
to external pressure p (both are linearly elastic). Assuming Lamé constants of s
and X4 for the core and w; and A, for the outer shell (see Figure P7.14), and that the
interface is perfectly bonded at r = a, determine the displacements of the core as
well as for the shell.

* p Rigid core

Spherical
core fy ,A

Hollow
cylindrical

shaft u A
BN

Figure P7.14. Figure P7.15.

Spherical
shell ty,A9

7.15 Consider a long hollow circular shaft with a rigid internal core (a cross section
of the shaft is shown in Figure P7.15). Assuming that the inner surface of the shaft
at r = a is perfectly bonded to the rigid core and the outer boundary at r = b is



Problems 7.13-7.21

subjected to a uniform shearing traction of magnitude 7y, find the displacement and
stress fields in the problem.

7.16 Interpret the stress field obtained with the Airy stress function in Eq. (7.7.43)
when all constants except c3 are zero. Use Figure 7.7.4 to sketch the stress field.

7.17 Interpret the following stress field obtained in Case 3 of Example 7.7.1 using
Figure 7.7.4:

oxx = 6croxy, 0, =0, o0y = —3c10y2.
Assume that ¢y is a positive constant.
7.18 Compute the stress field associated with the Airy stress function
d(x, y) = Ax> + Bx*y + Cx*y?* + Dx?y? + Exy* + Fy>.

Interpret the stress field for the case in which all constants except D are zero. Use
Figure 7.7.4 to sketch the stress field.

7.19 Investigate what problem is solved by the Airy stress function

<I>—3A xy? +B )
T \ M) T

7.20 Show that the Airy stress function

1
D(x,y) = % [xz (' =367y +26%) = <y (v - sz)]

satisfies the compatibility condition. Determine the stress field and find what prob-
lem it corresponds to when applied to the region —b <y <b and x =0,a (see
Figure P7.20).

Y A

A Figure P7.20.

Y
<

.
-

7.21 Determine the Airy stress function for the stress field of the domain shown in
Figure P7.21 and evaluate the stress field.

YA q (force per unit area)

—ftle

b
2b ¢
|:|I b A

Figure P7.21.

:E\K‘T‘i*“\x\ﬁ
&

Yy
~
A
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7.22 The thin cantilever beam shown in Figure P7.22 is subjected to a uniform

shearing traction of magnitude 7y along its upper surface. Determine whether the
Airy stress function

\4
\4

S

Figure P7.22.
> X 2
b b
A

7.23 The curved beam shown in Figure P7.23 is curved along a circular arc. The
beam is fixed at the upper end, and it is subjected at the lower end to a distribution
of tractions statically equivalent to a force per unit thickness P = — Pé;. Assume

that the beam is in a state of plane strain/stress. Show that an Airy stress function of
the form

A
Q
A 4

B
D(r) = (Ar3 + - +Cr logr) sin 0

provides an approximate solution to this problem and solve for the values of the
constants A, B, and C.

Figure P7.23.

7.24 Determine the stress field in a semi-infinite plate due to a normal load, fj
force/unit length, acting on its edge, as shown in Figure P7.24. Use the following
Airy stress function (that satisfies the compatibility condition V4® = 0)

®(r,0) = A + Br’0 + Crosin6 + Dré cos6,

where A, B, C, and D are constants [see Eq. (7.7.39) for the definition of stress
components in terms of the Airy stress function ®]. Neglect the body forces



Problems 7.22-7.26

(i.e., Vy = 0). Hint: Stresses must be single-valued. Determine the constants using
the boundary conditions of the problem.

Figure P7.24.

y

7.25 Consider a cylindrical member with the equilateral triangular cross section
shown in Figure P7.25. The equations of various sides of the triangle are

side 1:  x; — v/3x, +2a =0,
side 2:  x; + «/§x2 +2a =0,

side3: x; —a=0.

i,;,f/i////
7 N?

Show that the exact solution for the problem can be obtained and that the twist per
unit length 6 and stresses 031 and o3, are given by
5V3T no 7

6
= 27—lw4’ 031 = 7(?61 - a)xz, 03 = 2 (xf + 2ax; — X%)'

Xo

side 3 Figure P7.25.
X1

Xi=a

7.26 Consider torsion of a cylindrical member with the rectangular cross section
shown in Figure P7.26. Determine if a function of the form

where A is a constant, can be used as a Prandtl stress function.
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Xg
?/f?//“/’ o a
Ef' | ~
7 i b Figure P7.26.
— L‘~\\\T Y v X
P \\\\\\
= b
x_

7.27 Use the principle of minimum total potential energy to derive the Euler equa-
tions associated with the Timoshenko beam theory, which is based on the displace-
ment field

ui(x,z) = z26(x),  uz(x, 2) = w(x). ey

Use the cantilevered beam in Figure 7.8.1. Hints: Follow Part 3 of Example 7.6.1
and Example 7.8.1 to develop the total potential energy functional in terms of the
dependent variables w and ¢. Also the nonzero strains are

d¢ dw

xx — K777 2X= o 2
¢ de faz ¢+dx )

Assume the following one-dimensional constitutive equations:

oxx = Eeyy, 0y = 2Gey,. 3)

7.28 The total potential energy functional for a membrane stretched over domain
Q € R is given by

T du \? du \?
M(u) = —|{— — — fu dx,
®) /9:2 |:<8x1> +<8x2> :| ! }
where u = u(x1, x,) denotes the transverse deflection of the membrane, T is the
tension in the membrane, and f = f(x, x,) is the transversely distributed load on
the membrane. Determine the governing differential equation and the permissible

boundary conditions for the problem (i.e., identify the essential and natural bound-
ary conditions of the problem) using the principle of minimum total potential en-
ergy.

7.29 Use the results of Example 7.8.2 to obtain the deflection at the center of a
clamped-clamped beam ( E1 = constant) under uniform load of intensity gy and sup-
ported at the center by a linear elastic spring (k).

7.30 Use the results of Example 7.8.2 to obtain the deflection w(L) and slopes
(—dw/dx)(L) and (—dw/dx)(2 L) under a point load Qy for the beam shown in Fig-
ure P7.30. It is sufficient to set up the three equations for the three unknowns.
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Figure P7.30. Figure P7.31.
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7.31 Use the results of Example 7.8.2 to obtain the deflection w(2L) and slopes at
x = L and x = 2L for the beam shown in Figure P7.31. It is sufficient to set up the
three equations for the three unknowns.

7.32 Consider a pendulum of mass m1; with a flexible suspension, as shown in Figure
P7.32. The hinge of the pendulum is in a block of mass m,, which can move up and
down between the frictionless guides. The block is connected by a linear spring (of
spring constant k) to an immovable support. The coordinate x is measured from
the position of the block in which the system remains stationary. Derive the Euler—
Lagrange equations of motion for the system.

Unstretchedlength
of the spring A

x Figure P7.32.
1)
mg
b
my

7.33 A chain of total length L and mass m per unit length slides down from the
edge of smooth table. Assuming that the chain is rigid, find the equation of motion
governing the chain (see Example 5.2.2).

7.34 Consider a cantilever beam supporting a lumped mass M at its end (J is the
mass moment of inertia), as shown in Figure P7.34. Derive the equations of motion
and natural boundary conditions for the problem using the Euler-Bernoulli beam
theory.

L
N Figure P7.34.
e :
M, dJ

7.35 Derive the equations of motion of the system shown in Figure P7.35. Assume
that the mass moment of inertia of the link about its mass center is J = mQ2, where
Q2 is the radius of gyration.
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xo= unstretched
length

oA P

=y —_—> X
\ ‘ Figure P7.35.

7.36 Derive the equations of motion of the Timoshenko beam theory, starting with
the displacement field

w(x,z,t) =ulx,t) + z¢p(x, 1), up =0, wu3=w(x,r).

Assume that the beam is subjected to distributed axial load f(x,t) and transverse
load g(x, t) and that the x-axis coincides with the geometric centroidal axis.



n Fluid Mechanics and Heat Transfer Problems

The only solid piece of scientific truth about which I feel totally confident is that
we are profoundly ignorant about nature. It is this sudden confrontation with the
depth and scope of ignorance that represents the most significant contribution of
twentieth-century science to the human intellect.

Lewis Thomas

8.1 Governing Equations

8.1.1 Preliminary Comments

Matter exists only in two states: solid and fluid. The difference between the two is
that a solid can resist shear force in static deformation, whereas a fluid cannot. Shear
force acting on a fluid causes it to deform continuously. Thus, a fluid at rest can only
take hydrostatic pressure and no shear stress. Therefore, the stress vector at a point
in a fluid at rest can be expressed as

tY —f.oc=—pa or o=—pl, (8.1.1)

where 1 is unit vector normal to the surface and p is called the hydrostatic pressure.
It is clear from Eq. (8.1.1) that hydrostatic pressure is equal to the negative of the

mean stress
1

p=—30u= —0G. (8.1.2)

In general, p is related to temperature 6 and density p by equation of the form
F(p,p,0)=0. (8.1.3)

This equation is called the equation of state. Recall from Section 6.3.3, that the
hydrostatic pressure p is not equal, in general, to the thermodynamic pressure P

appearing in the constitutive equation of a fluid in motion [see Egs. (6.3.15) and
(6.3.16)]

c=FD)— Pl=1— PI (8.1.4)
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where 7 is the viscous stress tensor, which is a function of the motion, namely, the
rate of deformation tensor D; T vanishes when fluid is at rest.

Fluid mechanics is a branch of mechanics that deals with the effects of fluids at
rest (statics) or in motion (dynamics) on surfaces they come in contact. Fluids do
not have the so-called natural state to which they return upon removal of forces
causing deformation. Therefore, we use spatial (or Eulerian) description to write
the governing equations. Pertinent equations are summarized next for an isotropic,
Newtonian fluid. Heat transfer is a branch of engineering that deals with the transfer
of thermal energy within a medium or from one medium to another due to a temper-
ature difference. In this chapter, we study some typical problems of fluid mechanics
and heat transfer.

8.1.2 Summary of Equations

The basic equations of viscous fluids are listed here. The number of equations (N.q)
and number of new dependent variables (N,,,) for three-dimensional problems are
listed in parenthesis. (in the equations that follow, Q denotes internal heat genera-
tion per unit mass and 7 denotes temperature).

Continuity equation (Neqg = 1, Nyar = 4)

ap . Dp ov;
| =0, —+4+p—=0. 8.1.5
5, T div(e) D TP (8.1.5)
Equations of motion (Neq = 3, Nyar = 6)
av 90 j; Dv;
V. f=p(—+v-V —4 = p—. 8.1.6
o+p p<8t+v v), axj+pﬁ P (8.1.6)
Energy equation (Neg = 1, Nyar = 4)
De De aq;
—=0:D-V. , — =o0;iDjj — — . 8.1.7
th o q+pQ th 0ij Lij axi+pQ ( )
Constitutive equation (Neq = 6, Nyar = 7)
0'=2,bLD+)u(tI"D)I— PI, Oij =2,bLDl'j +)\Dkk5ij — Psi]'. (818)
Heat conduction equation (Neq = 3, Nyar = 1)
oT
=—kVT, = —k—. 8.1.9
q qi o, ( )
Kinetic equation of state (Neq = 1, Nyar = 0)
P=P(p,T). (8.1.10)

Caloric equation of state (Neqg = 1, Nyar = 0)

e=e(p, T). (8.1.11)



8.1 Governing Equations

Rate of deformation-velocity equations (Neq = 6, Nyar = 0)
1 1 /dv;  dvj
D=_[Vv+(VW'], Dj==(—+-2). 8.1.12
v ' Dy =5 (5 ) (31.12)
Material time derivative
D

8~I—vV D—a—i-v8
Dt~ ot oDt ot ax

Thus, there are 22 equations and 22 variables.

(8.1.13)

8.1.3 Viscous Incompressible Fluids

Here, we summarize the governing equations of fluid flows for the isothermal case.
Like in elasticity, the number of equations of fluid flow can be combined to obtain
a smaller number of equations in as many unknowns. For instance, Egs. (8.1.5),
(8.1.6), (8.1.8), and (8.1.12) can be combined to yield the following equations:

dp dp . 3(pv;)
P Ly . (pyy=0 PPV _ 8.1.14
otV (oY) ot T Tom (8.1.14)
3
MV2V+(M+/\)V(V-v)—VP+pf=p<a—:+v-Vv>,
(8.1.15)

oP av; dv;
mvijj + (ke + Avjiji — o pfi=p <¥ + U/a—x]) :

Equations (8.1.14) and (8.1.15) are known as the Navier-Stokes equations.

Equations (8.1.14) and (8.1.15) together contain four equations in five un-
knowns (vy, v, v3, p, P). For compressible fluids, Egs. (8.1.14) and (8.1.15) are ap-
pended with Egs. (8.1.7) and (8.1.9)—(8.1.11). For the isothermal case, Egs. (8.1.14)
and (8.1.15) are appended with Eq. (8.1.10), where P = P(I).

For incompressible fluids, p is constant and is a known variable, and thus we
have four equations in four unknowns,

v
V.v=0, Y _o. (8.1.16)
8Xi
2 ov
uvVv—VP+pf=p E+V~VV ,
(8.1.17)
8P+ f 31),‘ n 37),'
Vi — — i=p|l—+vi— ).
RO g TP =P T T Yy

The expanded forms of these four equations in rectangular Cartesian system and
orthogonal curvilinear (i.e., cylindrical and spherical) coordinate systems are given
below.

Cartesian coordinate system: (x, y, z); vi = vy, v2 = vy, and v3 = v,.

dvy  dvy,  Adv,

=0, (8.1.18)
ox ay 0z
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%v,  9%v, 9%, P vy vy DR
" + + __+,0fx=,0 —+Ux—x+Uya—y+v—

axz  9yr a2 ax

9%v 9%v 9%v oP
M( y 4 y 4 y)

ax2 - 9y2 972 dy

%v,  3%v, 0% AP v v v v
u( S+ o+ Z)——+pfz=p(—z+vx—z+v Z+vz—z).

0xz 9y 02 0z ot ax Yoy

Cylindrical coordinate system: (r, 0, z); vi = v,, v = vy, and vz = v,.

1a(rv,) | 19dvg  dv,
roor rog - az

9 (19 1 (8%, g 92, 9P
— (== Y e A _
Mo (r or (rvr)> to ( 002~ “ 30 ) o2 | T TPk
_ v, +u v, n vy OV, vg o v,
P\ T T e T Tz )
9 (19 1 (8%, A, 9%vy oP
" a—r(;a—r(”@))+rz(w+ @)W—zz ~ g TP
dvg dvg Vg 0y U, Vg dvy
”’(E ”’a_r+73_9+7+vza_z)’

19 ravz N 1 azvz+ 0%v, 8P+ P
" ar r2 962 9Z2 0z plz

v, v, vy v, v,
_p< Tt e T )

Spherical coordinate system: (7, ¢, 0); v1 = v, v2 = vy, and vz = v,.

v, 0v 1  9(vgsin 1 v
gl By L dysing) 1 Bv
r ar rsin ¢ dp rsing 060

r2 or?

av
__+pfy:p<_y+vx_x+vy_+v_

(8.1.20)

0z
(8.1.21)

(8.1.22)

(8.1.23)

(8.1.24)

(8.1.25)

(8.1.26)

1 92 1 8 /. ov 1 9%, 9P
P E N YL p T (L

r2sing d¢ ¢

v, v, Uy 0V, vy 0V, w2402\ ]
=p{ fo— g 2y T ("’ 9),

r2sin’ ¢ 062 or

ot or r 0¢ rsinqb%_ r

(8.1.27)
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Lo (0 +1 3 (1 ( sing) 1 9%y
M2 %r ar r2 3¢ \sing 3¢ Yo rzsin2¢ 362

2 <3v, cos ¢ 8v9> 19P

90 sg o0 )| rae TP

Bvp vy Ve BV | up duy Ur%_”gC_"“f’), (8.1.28)

ot or r d¢  rsing 00 r r

19 3 1a /1 L 2w
" __(r2ﬁ>+__ <_—(v9s1n¢)> - >

r2 or ar r29¢ \sin¢ 3¢ r2sin’ ¢ 962
2 v v 1 9P
— L tcotp—2) | - +pfo
rsin¢g \ 200 a0 rsing 90

dvy dvg vy Vg vy 0vy Vo Uy Vo Vg
= — —_— — cot . 8.1.29
(at+’a+ra¢+rsm¢ae+r+r ¢) ( )

In general, finding exact solutions of the Navier—Stokes equations is an impossi-
ble task. The principal reason is the nonlinearity of the equations, and consequently,
the principle of superposition is not valid. In the following sections, we shall find ex-
act solutions of Eqgs. (8.1.16) and (8.1.17) for certain flow problems for which the
convective terms (i.e., v - Vv) vanish and problems become linear. Of course, even
for linear problems, flow geometry must be simple to be able to determine the exact
solution. The books by Bird et al. (1960) and Schlichting (1979) contains a number
of such problems, and we discuss a few of them here (also, see Problems 8.1-8.5).
Like in linearized elasticity, often the semi-inverse method is used to obtain the
solutions.

For several classes of flows with constant density and viscosity, the differential
equations are expressed in terms of a potential function called stream function, .
For two-dimensional planar problems (where v, = 0 and data as well as solution
does not depend on z), the stream function is defined by

a d
w2 (8.1.30)
ay ox
This definition of vy automatically satisfies the continuity equation (8.1.18):

L U A 2
ax ay dxdy  0dxdy

Next, we determine the governing equation of . Recall the definition of the
vorticity w = V x v. In two dimensions, the only nonzero component of the vortic-
ity vectoris ¢ (w = ¢ &)

dvy vy

—Vxv, =2 % 8.1.31
w xv, ¢ o dy ( )
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Substituting the definition (8.1.30) into Eq. (8.1.31), we obtain

. AN AW .
w=7ce, = (W + 8_y2) é. = Ve, (8.1.32)
Next, recall the vorticity equation from Problem 5.15:
0
a—‘;’ Fv-Vw=(w V)4 rViw, v=5 (8.1.33)
p

Since for two-dimensional flows the vorticity vector w is perpendicular to the plane
of the flow, (w-V)v is zero. Then

ow

- (v-V)w =vVw. (8.1.34)
Substituting Eq. (8.1.32) into the vorticity equation (8.1.34), we obtain
V2
azw + (v V)(V?Y) = vV (8.1.35)

In the rectangular Cartesian coordinate system, Eq. (8.1.35) has the form

V2 9y V2 Y 9V2
Vo (LW WOV gy,
ot ay 0x ox dy

(8.1.36)

In the cylindrical coordinate system, the stress function is related to the veloci-
ties

10 a
by = (8.1.37)
r 00 or
and the governing equation (8.1.36) takes the form
avViy 1/ aaviy oy avViy .
(2= - = vV, 8.1.38
ot +r< 20 ar | ar ae) VY (8.1.38)
where V? is given in Table 2.4.2 for the cylindrical coordinate system.
In the spherical coordinate system, the stress function is defined by
1 oy 1 oy
= _ - =— 8.1.39
o r2sin¢ d¢ Y=g sin¢ or ( )
and Eq. (8.1.36) has the form
V2 1 Ay oViy oy av? -
Wy L (LW VIV gy,
ot r2sin¢ dp  or or ¢
(8.1.40)

., 3> sing 9 1 9
Vie—+—— | —— |-
or2 r2 98¢ \sin¢ d¢
8.1.4 Heat Transfer

Recall from Section 6.4 that the balance of energy is given by [see Egs. (5.4.10) and
(6.4.3) with £ replaced by Q and 6 by T

DT
perpr =® = PY VAV - (kYD) + Q. (8.1.41)
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where Q is the internal heat generation per unit mass. P is the pressure, 7 is the
temperature, and & is the dissipation function

o =1:D. (8.1.42)

For an incompressible fluid, Eq. (8.1.41) takes the simpler form

DT
pepp- =@+ V- (kVT)+pQ. (8.1.43)

The expanded form of Eq. (8.1.43) in rectangular Cartesian system and orthog-
onal curvilinear (i.e., cylindrical and spherical) coordinate systems are given below
for the case in which k and u are constants. For heat transfer in a solid medium, all
of the velocity components should be set to zero.

Cartesian coordinate system (x, y, 2):

8T+ 8T+ 8T+ oT k 82T+ 32T+ 2T
cp|l—+vi—Fv,—+v,— | =k 5+ —5 + —
PEP\ Tar T ox Yoy T Caz ax2  9y? 9z

0V 2 vy, 2 av, 2 dvy  dv, 2
2 o it 2z 2y
+M|:<8x>+(8y>+ 0z T 8y+8x
v v, \ 2 v v, \ >
+—+=) +(2+—=) |[+r0 (8.1.44)
0z ax 0z ay
Cylindrical coordinate system (r, 0, z):

0T T woT | 0T\ _ [1o ( 0T\ 12T 97
cp |l — — + 2 — ) =k|=— (r— -4+ —
PP\ or TV T a0 T Vg rar\Uor ) T 2902 T a2

42 ov, 2 n 1 /0wy + 2 . v, 2
M1\ %r r oo 9z

dvg 10v, 2 ov, v, 2 1 dv, d /vy 2
T (a—ﬁ;@) o+ as) e e ()] [ ee

(8.1.45)

Spherical coordinate system (7, ¢, 6):

(AT 0T 0T vy 0T\ _ |10 (07
—to—+ -+ ———|=k| 5= (r—
Per\ oy or  r d¢ rsing 90 rZ or or

N 1 9 sin¢8T N 1 9T
r2sing d¢ ¢ r2 Sin2¢ 062
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v, 2 1dvg v 2 1 0dvy v, vgcote 2
2 il 7% 4 20y Ze Y
L (8r>+<r8¢+r * rsin¢30+r+ r
n ra <v¢>+18v, 2+ 1 Bvr+r8 (09)2
" or \r r d¢ rsing 06 or \'r

sing 8 [ vy 1 avs]?
+[ : ﬁ(m)*rm%} 0. (8.1.46)

8.2 Fluid Mechanics Problems

8.2.1 Inviscid Fluid Statics

For inviscid fluids (i.e., fluids with zero viscosity), the constitutive equation for stress
is [see Eq. (6.3.16)]

o=—-PI (Uij = —P(Sl'j),

where P is the hydrostatic pressure, the equations of motion (8.1.6) reduces to

Dv
—grad P f=p—. 8.2.1
grad P+ pf = p— (8.2.1)

The body force in hydrostatics problem often represents the gravitational force,

pf = —pg &3, where the positive x3-axis is taken positive upward. Consequently, the
equations of motion reduce to
P P P
—— = paq, —— = pay, _— = as, 822
o pay s pay s pPg + pas ( )

where a; = v; is the ith component of acceleration.
For steady flows with constant velocity field, equations in (8.2.2) simplify to
P oP aP
—— =0, —— =0, —— = pg. 823
3X1 8)62 3X3 rg ( )
The first two equations in (8.2.3) imply that P = P(x3). Integrating the third equa-
tion with respect to x3, we obtain

P(x3) = —pgxs + c1,

where ¢; is the constant of integration, which can be evaluated using the pressure
boundary condition at x3 = H, where H is the height of the column of liquid [see
Fig. 8.2.1(a)]. On the free surface, we have P = Py, where P, is the atmospheric
pressure. Then the constant of integration is ¢; = Fy + pg H, and we have

P(x3) = pg(H — x3) + R. (8.2.4)
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%3 l Smooth  PAAAAAAAAN

surface  RRRRAAAAA
L 9 A
X1

@ (b)

Figure 8.2.1. (a) Column of liquid of height H. (b) A container of fluid moving with a constant
acceleration, a = a; €.

For the unsteady case in which the fluid (i.e., a rectangular container with the
fluid) moves at a constant acceleration a; in the x;-direction, the equations of motion
in Eq. (8.2.2) become

9P 9P aP
—o— =~ =0, =g, (8.2.5)
X1

From the second equation, it follows that P = P(x1, x3). Integrating the first equa-
tion with respect to x;, we obtain

P(x1,x3) = —paix; + f(x3),

where f(x3) is a function of x3 alone. Substituting the above equation for P into the
third equation in Eq. (8.2.5), and integrating with respect to x3, we arrive at

f(x3) = pgxs+ca,  P(x1,x3) = —paixi + pgxs + ¢z,

where ¢; is a constant of integration. If x3 = 0 is taken on the free surface of the fluid
in the container, then P = Py at x; = x3 = 0, giving ¢; = F. Thus,

P(x1,x3) = Py — parx; + pgxs. (8.2.6)

Equation (8.2.6) suggests that the free surface (which is a plane), where P = B, is
given by the equation a;x; = gx3. The orientation of the plane is given by the angle
6 as shown in Fig. 8.2.1(b), where

dX3 a

tanf = — = —. 8.2.7
an Qo 3 ( )
When the fluid is a perfect gas, the constitutive equation for pressure is the

equation of state
P =pRT, (8.2.8)
where T is the absolute temperature (in degree Kelvin) and R is the gas constant
(m-N/kg-K). If the perfect gas is at rest at a constant temperature, then we have
P p

r_r 8.2.9
R oo ( )
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where py is the density at pressure Py. From the third equation in (8.2.3), we have

1 Py dP
dx; = ——dP = e
P8 pog P
Integrating from x3 = xg to x3, we obtain
P P —xJ
X3 =28 =——"1In (—) or P=Pexp|-2"5). (8.2.10)
P08 Py Fo/pog

8.2.2 Parallel Flow (Navier-Stokes Equations)

A flow is called parallel if only one velocity component is nonzero (i.e., all fluid
particles moving in the same direction). Suppose that v, = vs = 0 and that the body
forces are negligible. Then, from Eq. (8.1.16), it follows that

d
I 05 v = v, 23, 0). (8.2.11)
3)(1
Thus, for a parallel flow, we have
v = U1(X2, X3, l‘), vy =v3 =0. (8.2.12)

Consequently, the three equations of motion in (8.1.17) simplify to the following
linear differential equations

oP 321)1 321)1 31)1 oPrP oP
SIS (Rl 1 I B Wy 8.2.13
o M (axg T ) T ox3 (8.2.13)

The last two equations in (8.2.13) imply that P is only a function of x;. Thus,
given the pressure gradient d P/dx;, the first equation in (8.2.13) can be used to
determine v;.

8.2.2.1 Steady Flow of Viscous Incompressible Fluid between Parallel Plates
Consider a steady flow (i.e., dv; /3¢ = 0) in a channel with two parallel flat walls (see
Figure 8.2.2). Let the distance between the two walls be b. Using the alternative
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Velocity, V, = v,/U
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Figure 8.2.3. Velocity distributions for Poiseuille flow. A 0.2
0-0||||||IIII|IIII|
0.0 0.1 0.2 0.3
Velocity, Vy
notation, v; = vy, X1 = X, X = y, Eq. (8.2.13) can be reduced to the boundary value
problem:
d*>v, dP
“dvz = I O0<y<bd
Y X (8.2.14)
v (0) =0, (b)) ="U.
When U # 0, the problem is known as the Couette flow. The solution of Eq. (8.2.14)
is given by
y b> dPy y
=-U—-——=(1-=), O b, 8.2.15
w()=3U- 5 oy (1-3), 0<y=< (82.15)
N _ _ v _ Yy b* dP
(7)) = 1—9), by =—, =, =————. (8216
u=y+ Y=y, =3 V=5 f 3.0 dx ( )
When U = 0, the flow is known as the Poiseuille flow. In this case, the solution
(8.2.16) reduces to
B> dPy y
x ———=(1==), O b, 8.2.17
vx() 2deb< b) =r= (82.17)
1dP (pP® b b b
(N)=————(-— - , =y—-=, —= —. 8.2.18
ve(1) 2de(4 n) n=y-> 5 <n<5 )
Figures 8.2.3 and 8.2.4 show the velocity distributions for cases U =0 and U # 0
(Couette flow).
P
[}
g
Figure 8.2.4. Velocity distributions for the g dP
Couette flow.

2uU dx
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8.2.2.2 Steady Flow of a Viscous Incompressible Fluid through a Pipe
The steady flow through a long, straight, horizontal circular pipe is another problem
that admits exact solution to the Navier—Stokes equations. We use the cylindrical
coordinate system with r being the radial coordinate and the z-coordinate is taken
along the axis of the pipe. The velocity components v, and vy in the radial and tan-
gential directions, respectively, are zero. Then the continuity equation (8.1.22) cou-
pled with the axisymmetric flow situation (i.e., the flow field is independent of 6)
implies that the velocity component parallel to the axis of the pipe, v;, is only a
function of r.

Equations (8.1.23) and (8.1.24) yield (d P/dr) = 0 and (3 P/36) = 0, implying
that P is only a function of z (or P is a constant in every cross section). Equa-
tion (8.1.25) simplifies to

wd [ do, dP
——\r =75 8.2.19
r dr (r dr ) dz ( )
whose solution is given by
2dp
v.(r) = — 2 4 Ar(logr — 1) + B, (8.2.20)
uw dz

where the constants of integration, A and B, are determined using the boundary
conditions

vy 0
VTrzEVM(a—UZ‘i‘%):O at r=0; and v,=0 at r=R, (8221)

where R is the radius of the pipe. We find that
R dP

A=0, B=———, 8.2.22
4u dz ( )
and the solution becomes
1 dP
v(r) = —— —(R* = r?). (8.2.23)
4u dz

Thus, the velocity over the cross section of the pipe varies as a paraboloid of revo-
lution. The maximum velocity occurs along the axis of the pipe and it is equal to

R dP
(V)max = v2(0) = ————, (8.2.24)
4u dz
The volume rate of flow through the pipe is
ook R*( dP
0= / / v (ryrdrdo = = <——> . (8.2.25)
o Jo 8u dz

The wall shear stress is

dv, RdP
o= —n | == - 8.2.26
’ " ( dr )r_R 2 dz ( )
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8.2.2.3 Unsteady Flow of a Viscous Incompressible Fluid through a Pipe
Here, we consider unsteady flow of a viscous fluid of constant p and u through a
long, horizontal circular pipe of length L and radius R. Assume that the fluid is
initially at rest. At¢ = 0, a pressure gradient d P/dz (assumed to be independent of
t) is applied to the system. We wish to determine the velocity profile as a function
of time for ¢ > 0.

For this case, Eq. (8.1.25) takes the form

dv; 0 <r8vz> dP

— = —_— —_ 8.2.27
ot r or or dz ( )

The boundary conditions in Eq. (8.2.21) are still valid for this problem. The initial
condition is

v(r,0) =0, O<r<R (8.2.28)

To solve the problem, we introduce the following dimensionless variables

_ 4L r n
=, = —; = —t. 8.2.29
UZ (dP/dx)szza S R, T ,ORZ ( )

Then Egs. (8.2.27), (8.2.21), and (8.2.28) become, respectively,
av, 19 [ ov,
A -2 ]
TINF (gas>+ |
B.C.: v,(1,7) =0, 9,(0, 7)is finite; I.C.: 9,(§,0)=0.

(8.2.30)

Next, we seek the solution v,(&, t) as the sum of steady-state solution v,(§, t) —
(7;)00(&) as T — oo and transient solution (v;). (&, ) such that

_1d [, dGs
- i (g = > (82.31)
(). 19 (05

22 (g_as ) (8232)

Equation (8.2.31) is subjected to the conditions
(7:)00(1) =0, (9;)e0(0) is finite; (8.2.33)
Equation (8.2.32) is to be solved with the boundary and initial conditions
B.C.: (v,).(1,7) =0, (9,).(0,7)isfinite; LC.: (9;):(§,0) = —(9;)00. (8.2.34)
The solution of Egs. (8.2.31) and (8.2.33) is
(U:)oo(§) =1 — £ (8.2.35)

The solution to Egs. (8.2.32) and (8.2.34) can be obtained using the separation of
variables technique. We assume solution in the form

(1), 1) = X(§)T(7) (8:2.36)
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and substitute into Eq. (8.2.32) to obtain
1dT 11d ax
Tdr Xéede \" de )’

Since the left side is a function of 7 alone and the right side is a function of & alone,

(8.2.37)

it follows that both sides must be equal to a constant, which we choose to designate
as —a? (because the solution must be a decay type in t and periodic in £). Thus, we

have
dT 2 _ _ 70{27.'
. +a°T=0— T(r) = Ae , (8.2.38)
and
1d dX
FaE (‘EE) + o’ X =0— X(£) = CiJo(ag) + G Yy(af), (8.2.39)

where Jy and Yj are the zero order Bessel functions of the first and second kind, re-
spectively. The constants A, C;, and C; must be determined such that the initial con-
ditions in Eq. (8.2.34) are satisfied. The condition that (9,).(0, t) be finite requires
X(0) to be finite. Since Y)(0) = —o0, it follows that C; = 0. The boundary condition
(9;):(1, 1) = 0 requires X(1) = Jo(a) = 0. Since Jo(«) is an oscillating function, it
has the following zeros (i.e., the roots of Jy(«) are):

a; =2.4048, o) =5.5201, a3 =8.6537, o4 =11.7915, os5=14.9309, ---.

Thus the total solution can be written as

(02)c(6.7) = Y Cue ™" Jo(ané). (8.2.40)

n=1

The constants C,, = ACy, are determined using the initial condition in Eq. (8.2.34).
We have

(V2):(§,0) = (V)00 = —(1 — 52) = Z Cado(an§). (8.2.41)

n=l1

Using the orthogonality of Jy(o,,)

! 0, m#n
/0 Jo(@n§) Jo(amé) § dé = { By m=n’ (8.2.42)
where B, is given by
! 1
o= [ )P e de = S 1anP
’ (8.2.43)

4]1(0{,,)

n

/0 Tolen)(1 — )6 dt =

The above integrals are evaluated using some standard relations for the Bessel func-
tions. Thus, we obtain

8

Crmm— .
o Ji (o)

(8.2.44)
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Figure 8.2.5. Creeping flow around a sphere.

Projection

T in the xy-plane
V.

The final expression for the velocity W(§) is

= J()((Xn%_)

(B)(E 1) = (1-§) - SZ ey (8.2.45)

8.2.3 Problems with Negligible Convective Terms

The exact solution of the Navier-Stokes equations is made difficult by the presence
of the convective, nonlinear terms, v-Vv. When the motion is assumed to be very
slow, the convective terms are very small compared to the viscous terms uV2v and
can be neglected, resulting in linear equations of motion. Such flows are called creep-
ing flows and the Navier-Stokes equations without the convective terms are often
called the Stokes equations. For creeping flows, the governing equations reduce to

v
V.oy=0, Y _y, (8.2.46)
8)6,‘
v ov; P
— = uV>N-VP+of, p— = puu; jj — — .. 8.2.47
Py, =KV ok po = Bxl-+'0fl ( )

Equations (8.1.19)-(8.1.21), (8.1.23)—(8.1.25), and (8.1.27)—(8.1.29) can be simplified
by omitting the convective terms.

8.2.3.1 Flow of a Viscous Incompressible Fluid around a Sphere

Here we consider the steady slow flow of a viscous fluid around a sphere of radius
R. The fluid approaches the sphere in the z direction at a velocity V,, as shown in
Figure 8.2.5. Neglecting the convective terms in Eq. (8.1.40), the governing equation
(with no 6 dependence and omitting vy terms) in terms of the stream function is

Vi = 0:

2 singd /1 0\
[W + 2 <ﬂ%>} v =o0. (8.2.48)
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This equation must be solved subjected to the boundary conditions

B Loy _
(R 9) =~ o5 9|, ="

T 8.2.49
vg(R, ¢) = Rsing or r=R_O’ -

1
Y — ) Vo r?sin® ¢ as r — oo.

The first two conditions reflect the attachment of the viscous fluid to the surface of
the sphere. The third condition implies that v, = V, far from the sphere,

r o0 v, ¢) = Vi (8.2.50)
Assuming solution of the form
Y(r.¢) = f(r) sin’ ¢, (8.2.51)
and substituting into Eq. (8.2.48) gives
(:_:2 _ %) <;_r22 _ r%) £r) =0, (8.2.52)
whose general solution is
fr)= Cr—l + cor + car? 4 cr®. (8.2.53)

Satisfaction of the third boundary condition in Eq. (8.2.49) requires ¢4 = 0 and ¢;3 to
be equal to —V,,/2. Hence, the solution is

v (r, ¢) = (Cr—l + cor — %ﬂ) sin® ¢. (8.2.54)

The velocity components are

1 oy c1 2
A e e
vy = — %—(—v —2C—1+C—2)sin¢> -

7 rsing or T3 Ty :

The boundary conditions in Eq. (8.2.49) gives ¢; = — V4 R*/4 and ¢, = 3V, R/4 so
that the velocity distributions are

3
v =V |:1 — % (é) + % <§> :|cos¢,
3
vy = —Vio |:1 — Z (?) — % (I;) :|sin¢.

See Problem 8.15 for the shear stress and pressure distributions on the sphere.

(8.2.56)
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Figure 8.2.6. Schematic of a slider bear- P=F=0
ing. hy

8.2.3.2 Flow of a Viscous Incompressible Lubricant in a Bearing

A slider (or slipper) bearing consists of a short sliding pad moving at a velocity
vy = U relative to a stationary pad inclined at a small angle with respect to the
stationary pad, and the small gap between the two pads is filled with a lubricant, as
shown in Figure 8.2.6. Since the ends of the bearing are generally open, the pressure
there is atmospheric, say P = FP,. When the upper pad is parallel to the base plate,
the pressure everywhere in the gap will be atmospheric, and the bearing cannot
support any transverse load. If the upper pad is inclined to the base pad, a pressure
distribution is set up in the gap. For large values of Uj, the pressure generated can
be of sufficient magnitude to support heavy loads normal to the base pad.

When the width of the gap and the angle of inclination are small, one may as-
sume that v, = 0 and v, = 0 and the pressure is only a function of x. Assuming a
two-dimensional state of flow in the xy plane and a small angle of inclination, and
neglecting the normal stress gradient (in comparison with the shear stress gradient),
the equations governing the flow of the lubricant between the pads can be reduced
to [see Schlichting (1979) for details]

9%, dP dP  6uUy H
_dp db_ 1= L. 8.2.57
H ay? dx dx h? ( h ) = ( )

where

/’12 — h] H 2h1 h2

h(x)=h , = )
(x) 1+ 7 X ot iy

(8.2.58)

The solution of Eq. (8.2.57), subject to the boundary conditions v, (x, 0) = Uy and
vy(x,h) =0is

ve(x, y) = <U0 - ﬂEﬁ) (1 - %) , (8.2.59)

_ 6pUgL(hy — h)(h — hy)

P(x) = 71 : (8.2.60)

dVy dP h Uy
W) =pu—=—(y—= ) —u—. 8.2.61
oxy(X,y)=n TR (y 2) m ( )
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Table 8.2.1. Comparison of finite element solutions velocities with the analytical
solutions for viscous fluid in a slider bearing

y Ux(Oa y) y UX(O.ls, y) y vx(0-36v y) X P(x, 0) _ny(x’ 0)

0.0 30.000 0.00  30.000 0.00  30.000 0.01 7.50  59.99
1.0 22.969 0.75 25.156 0.50  29.531 0.03 2246  59.89
2.0 16.875 1.50  20.625 1.00  28.125 0.05 3729  59.67
3.0 11.719 225 16.406 1.50 25.781 0.07 51.89 5930
4.0 7.500 3.00 12.500 2.00 22.500 0.09 66.12  58.77
5.0 4219 3.75 8.906 2.50  18.281 0.27 129.60  38.40
6.0 1.875 4.50 5.625 3.00 13.125 029 11857 3271
7.0 0.469 5.25 2.656 3.50 7.031 0.31 99.58  25.70
8.0 0.000 6.00 0.000 4.00 0.000 0.33 7030  17.04

f=10x, y=yx10*, P=Px 1072,

.0E-4

Height, h(x)
t

4084 Figure 8.2.7. Velocity distributions for the

3. 0E-4 slider bearing problem.
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Figure 8.2.8. Pressure and shear stress
distributions for the slider bearing prob-
lem.
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Numerical results are obtained using the following parameters:
hi=2h, =8x 107 ft, L=036ft, n=8x10"*Ib/t>, Uy=30ft (8.2.62)

Table 8.2.1 contains numerical values of the velocity, pressure, and shear stress as a
function of position. Figure 8.2.7 contains plots of the horizontal velocity v, at x = 0
ft, x = 0.18 ft, and x = 0.36 ft, while Figure 8.2.8 contains plots of pressure and shear
stress as a function of x at y = 0.

8.3 Heat Transfer Problems

8.3.1 Heat Conduction in a Cooling Fin

Heat transfer from a surface to the surrounding fluid medium can be increased
by attaching thin strips, called fins, of conducting material to the surface (see
Figure 8.3.1). We assume that the fins are very long in the y-direction, and heat
conducts only along the x-direction and convects through the lateral surface, that
is, T = T(x, t). This assumption reduces the three-dimensional problem to a one-
dimensional problem. By setting the velocity components to zero in Eq. (8.1.44)
and noting that 7 = T(x, t), we obtain
2
,ocpaa—tT = kE;TZ +p0. (8.3.1)

Equation (8.3.1) does not account for the cross-sectional area of the fin and convec-
tive heat transfer through the surface. Therefore, we derive the governing equation
from the first principles. We assume steady heat conduction.

Consider an element of length Ax at a distance x in the fin. The balance of
energy in the element requires that

x=0, (832)

Ax + A)C X
(qA)x — (@A) rrax —hPAX(T — T) + pQ <—+A) A

2

where ¢ is the heat flux, A is the area of cross section (which can be a function of x),
P is the perimeter, 4 is the film conductance, and Q is internal heat generation per
unit mass (which is zero in the case of fins). Dividing throughout by Ax and taking
the limit Ax — 0, we obtain

—%(qz‘\) + P(T — To) + pQA = 0. (8.3.3)

Using Fourier’s law, g = —k(dT/dx), where k is thermal conductivity of the fin, we
obtain

d dT
— | kA— Ph(T - T, A =0. 8.3.4
2 (ka0 )+ Prr =104 00 (33.4)

Equation (8.3.4) must be solved subject to the boundary conditions

T(0) = T, [kAg +hA(T — Too)} = 0. (8.3.5)

X=a
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Lateral surface and right end are
exposed to ambient temperature, T

\

- Body from which heat is to be extracted

Convection, AP (T =T,
A

)
((I )x (q )x+Ax

Figure 8.3.1. Heat transfer in a cooling fin.

The second boundary condition is a statement of the balance of energy (conductive
and convective) at x = a.

We introduce the following nondimensional quantities for convenience of solv-
ing the problem (assume that k and A are constant):

T-T x hPa? ha
= _—> == 2= N=—. 8.3.6
1. T4 " T kA k (83.6)
Then Egs. (8.3.4) and (8.3.5) take the form
o do
— —m0=0, 600)=1 — + N6 =0. 8.3.7
om0 00=1. [+ Ll (537

The general solution to the differential equation in (8.3.7) is
0(&) = Cycoshmé + Cysinhmé, 0 <& <a,

where the constants C; and C, are determined using the boundary conditions. We
obtain

msinhm + N coshm

C=1 G= (8.3.8)

~ mcoshm + Nsinhm’

and the solution becomes

() =

coshmé (mcoshm + Nsinhm) — (msinhm + N cosh m) sinh mé

mcoshm + Nsinhm

_ mcoshm(1 — &) 4 Nsinhm(1 — &)

8.3.9
mcoshm + Nsinhm ( )

The effectiveness of a fin is defined by (omitting the end effects)

Actual heat convected by the fin surface

~ Heat that would be convected if the fin surface were held at T
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Figure 8.3.2. Heat conduction in a circular cylinder.

S (T = T)dxdy
I [ h(To — Too)dxdy

/ Co(e) de

B Umcoshm(1 — &) + Nsinhm(1 — &) d
b mcoshm + Nsinhm

_ 1 msinhm + N(coshm — 1)
" m mcoshm+ Nsinhm

(8.3.10)

8.3.2 Axisymmetric Heat Conduction in a Circular Cylinder

Here we consider heat transfer in a long circular cylinder (see Figure 8.3.2). If the
boundary conditions and material of the cylinder are axisymmetric, that is, inde-
pendent of the circumferential coordinate 6, it is sufficient to consider a typical
rz-plane, where r is the radial coordinate and z is the axial coordinate. Further,
if the cylinder is very long, say 10 diameters length, then heat transfer along typ-
ical radial line is all we need to determine; thus, the problem is reduced to one
dimension.

The governing equation for this one-dimensional problem can be obtained from
Eq. (8.1.45) as

oT 18( oT

— = —— | kr— 8.3.11
per ot r or 4 or > +p0Or), ( )

where p Q is internal heat generation per unit volume. For example, in the case of
an electric wire of circular cross section and electrical conductivity k., (1/Ohm/m)
heat is produced at the rate of

12
pO= 1. (8.3.12)

where [ is electric current density (amps/m?) passing through the wire.
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Equation (8.3.11) is to be solved subjected to appropriate initial condition and
boundary conditions at 7 = 0 and r = R, where Ris the radius of the cylinder. Here,
we consider a steady heat transfer when there is an internal heat generation of p Q =
g and the surface of the cylinder is subjected to a temperature 7(R) = Ty. Then the
problem becomes one of solving the equation

1d (dT dT
reo = | —kr=—| =0, T(R)=T. 3.1
i (1) e =0 Gara =[0G <0 TR =m0
The general solution is given by
gr’
T(r)y=—=—+ Alogr + B. (8.3.14)

4k

The constants A and B are determined using the boundary conditions:

RZ
(a0 =0~ A=0 T(R)=Ty—> B="Ty+ 5"
The final solution is given by
R2 7 \2
() =T+ [1 -(%) ] , (83.15)

which is a parabolic function of the distance r. The heat flux is given by

T
q(r) = _k‘;— — %, (8.3.16)

and the total heat flow at the surface is
Q=2nRLq(R)=nR*Lg.

The problem of solving Eq. (8.3.11) subjected to the initial condition and bound-
ary conditions

IL.C. T(r,0)=0

T
B.C.. T(R,t)=0, (rq:)r=0 = [ kr B_} =0. (8.3.17)
or r=0

is equivalent to solving the problem described by Egs. (8.2.27), (8.2.21), and (8.2.28).
In particular, we take

4k L r k
0=—T,; = —; = t. 8.3.18
ng ) E R ’ T ,OCPRZ ( )
Then the transient solution is given by
00 J ;
06, 7) = (1 — £2) — SZ 0(%nt) (8.3.19)

oz3 Ji (ot,,)
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8.3.3 Two-Dimensional Heat Transfer

Here, we consider steady heat conduction in a rectangular plate with sinusoidal tem-
perature distribution on one edge (see Figure 8.3.3). The governing equation is a
special case of Eq. (8.1.44). Taking T = T(x, y), and setting the time derivative term
and velocity components to zero, we obtain

2T  9%T
k{—+—1]=0. 8.3.20
<ax2 - ay2> (8.3:20)

The boundary conditions are
T(x,0)=0, T0,y)=0, T(a,y)=0, T(x,b)= Tysin A (8.3.21)
a

Once the temperature 7'(x, y) is known, we can determine the components of heat
flux, g, and ¢q,, from Fourier’s law

aT aT
= —k— =—k—. 8.3.22
q ax dy dy ( )
The classical approach to an analytical solution of the Laplace or Poisson
equation over a regular (i.e., rectangular or circular) domain is the separation-of-
variables technique. In this technique, we assume the temperature 7'(x, y) to be of

the form
T(x,y)=X(x)Y(y), (8.3.23)

where X is a function of x alone and Y is a function of y alone. Substituting
Eq. (8.3.23) into Eq. (8.3.20) and rearranging the terms, we obtain

1d*X 1d%Y
o _ T 8.3.24

X dx? Y dy? ( )
Since the left side is a function of x alone and the right side is a function of y alone,
it follows that both sides must be equal to a constant, which we choose to be —A?
(because the solution must be periodic in x so as to satisfy the boundary condition
on the edge y = b). Thus, we have

d*x a’y

Ez+ﬁx:a zﬁ—ﬁy=a (8.3.25)

T(x,b) =T, sin =
a

plate.

y
Figure 8.3.3. Heat conduction in a rectangular T y)—O}
WA E b

=

[ a »l

T(x,00=0

297

T(a,y)=0



298

Fluid Mechanics and Heat Transfer Problems

whose general solutions are
X(x) = Cicosix + Cysinix,  Y(y) = Cze ™ + Cye™. (8.3.26)
The solution 7'(x, y) is given by
T(x,y) = (Cycosix + Cysinix) (Cze ™ + Cye™) . (8.3.27)

The constants C; (i =1, 2,3,4) are determined using the boundary conditions in
Eq. (8.3.21). We obtain

T(x,0) =0— (Cicosix + Gsinix) (C3+ C4) =0 — C3 = —Cy,
T(0,y)=0— Ci (Ge™ + Cue?) =0 — C; =0,
T(a,y) =0— Cysinia (Cze™ + Cye™) =0 — sinra = 0.

The last conclusion is reached because C; = 0 will make the whole solution trivial.
We have

SinAd =0 — ha =nm  OF Jy = % (8.3.28)
The solution in Eq. (8.3.27) now can be expressed as
= . MTX . ATy
T(x,y) = ; A, sin - sinh - (8.3.29)
The constants A,,n = 1,2, ..., are determined using the remaining boundary con-

dition. We have

o0
b
T(x, b) = Tjsin Jra_x = ; A, sin nz_x sinh %.
Multiplying both sides with sin(mmx/a) and integrating from 0 to a and using the
orthogonality of the sine functions

¢ nmx , mux 0, m#n
sin —— sin dx =1, ,
0 a 79

a m=n

we obtain
T
A1=,—b, A, =0 for n#l.
sinh ’%

Hence, the final solution is

sinh ™ 7x

T(x,y) =T 2 sin (7) (8.3.30)

When the boundary condition at y = b is replaced with T(x, b) = f(x), then the
solution is given by

ad sinh ary . niwx
T(x.y) =) At sin (=), (8331)
n=1 a
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with A, given by

2 a
A, == / F(x) sin 75 dx., (8.3.32)
a Jo a

8.3.4 Coupled Fluid Flow and Heat Transfer

Next, we consider an example in which the fluid flow is coupled to heat transfer.
Consider the fully developed, incompressible, steady Couette flow between paral-
lel plates with zero pressure gradient (see Section 8.2). Suppose that the top plate
moving with a velocity U and maintained at a temperature 7; and the bottom plate
is stationary and maintained at temperature 7 (see Figure 8.3.4). Assuming fully
developed temperature profile and zero internal heat generation, we wish to deter-
mine the temperature field.

For fully developed temperature field, we can assume that 7 = T(y). Then the
energy equation (8.1.44) reduces to

d*T dv, \* A>T m
k— 1) = — =1 8.3.33
5t (a) =0~ 5 =i (8:3.33)
The solution of this equation is
nU? y*
T(y) = ——— 2+ Ay + B,
(») o Tt

where the constants A and B are determined using the boundary conditions 7(0) =
1y and T'(b) = T;. We obtain

TO)="T: B =T,
8.3.34)
N T (
Tb)=T: A= b +2kb'
Thus the temperature field in the channel is given by
T)-T _y pu>  yooy
— =4t — (1 =). 8.3.35
T T b+2k(T1—T0)b( ) (8.3.35)

\ U YA
(SIS IILS IS SSSSSSSSSSSS

Figure 8.3.4. Velocity and temperature distri-
butions for the Couette flow.
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8.4 Summary

In this chapter, applications of the equations of continuum mechanics to fluid me-
chanics and heat transfer are presented. First, a summary of the equations as ap-
plied to decoupled viscous incompressible fluids and heat transfer are presented in
Cartesian, cylindrical, and spherical coordinates systems. Then applications to some
simple problems of fluid mechanics and heat transfer are discussed. The classes of
problems of fluid mechanics that admit analytical solutions are rather limited.

PROBLEMS

8.1 Assume that the velocity components in an incompressible flow are indepen-
dent of the x coordinate and v, = 0 to simplify the continuity equation (8.1.18) and
the equations of motion (8.1.19)—(8.1.21).

8.2 An engineer is to design a sea lab 4 m high, 5 m width, and 10 m long to
withstand submersion to 120 m, measured from the surface of the sea to the top
of the sea lab. Determine the (a) pressure on the top and (b) pressure varia-
tion on the side of the cubic structure. Assume a density of salt water to be p =
1,020 kg/m?.

8.3 Compute the pressure and density at an elevation of 1,600 m for isothermal
conditions. Assume Py = 10? kPa, py = 1.24 kg/m? at sea level.

8.4 Derive the pressure-temperature and density-temperature relations for an ideal
gas when temperature varies according to 6(x3) = 6 + mx3, where m is taken to be
m = —0.0065°C/m up to the stratosphere, and x3 is measured upward from sea level.
Hint: Use Eq. (8.2.8) and the third equation in Eq. (8.2.3).

8.5 Consider the steady flow of a viscous incompressible Newtonian fluid down an
inclined surface of slope @ under the action of gravity (see Figure P8.5). The thick-
ness of the fluid perpendicular to the plane is 4 and the pressure on the free surface
is po, a constant. Use the semi-inverse method (i.e., assume the form of the velocity
field) to determine the pressure and velocity field.

Y

Figure P8.5.

Direction of gravity, pg

8.6 Two immiscible fluids are flowing in the x-direction in a horizontal channel of
length L and width 2b under the influence of a fixed pressure gradient. The fluid
rates are adjusted such that the channel is half filled with Fluid I (denser phase) and
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half filled with Fluid II (less dense phase). Assuming that the gravity of the fluids

is negligible, determine the velocity field. Use the geometry and coordinate system
shown in Figure P8.6.

Assume steady flow

Fixed wall
* Bt Less dense and
b y Uy | ess viscous fluid
A*; L, X > Interface Figure P8.6.
b M| Denser and
l more viscous fluid
Fixed wall

8.7 Consider the steady flow of a viscous, incompressible fluid in the annular re-
gion between two coaxial circular cylinders of radii R and ¢ R, @ < 1, as shown in
Figure P8.7. Take P = P + pgz. Determine the velocity and shear stress distribu-
tions in the annulus.

Velocity
distribution

Figure P8.7.

AN

8.8 Consider a steady, isothermal, incompressible fluid flowing between two verti-
cal concentric long circular cylinders with radii r; and r;. If the outer one rotating
with an angular velocity €2, show that the Navier—Stokes equations reduce to the fol-
lowing equations governing the circumferential velocity vy = v(r) and pressure P:

v P d <1
p— = Rady e

d oP
r o Mar E(rv)):O, 0=—737 Trs

r 07

Determine the velocity v and shear stress 7,4 distributions.

301
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8.9 Consider an isothermal, incompressible fluid flowing radially between two con-
centric porous spherical shells. Assume steady flow with v, = v(r). Simplify the con-
tinuity and momentum equations for the problem.

8.10 A fluid of constant density and viscosity is in a cylindrical container of radius
R and the container is rotated about its axis with an angular velocity of Q2. Use the
cylindrical coordinate system with the z-coordinate along the cylinder axis. Let the
body force vector to be equal to pf = —gé,. Assume that v, =0 and v, =0, and
vy = v(r) and simplify the governing equations. Determine v(r) from the second
momentum equation subject to the boundary condition v(R) = Qr. Then evaluate
P from remaining equations.

8.11 Consider the unsteady parallel flow on a flat plate (or plane wall). Assume
that the motion is started impulsively from rest. Take the x-coordinate along the
plate and the y-coordinate perpendicular to the wall. Assume that only nonzero
velocity component is v, = v,(y, ¢) and that the pressure P is a constant. Show that
the Navier-Stokes equations for this case are simplified to

0Vy 9%v,
P :/Layz, 0<y<oo. (1)

Solve the above equation for v,(y) using the following initial and boundary condi-
tions:

Initial condition ve(y,0) =0,

@)

Boundary conditions v,(oo, t) = 0.

Hint: Introduce a new coordinate 5 by assuming n = y/(2+/vt), where v is the kine-
matic viscosity v = u/p, and seek solution in the form v, () = Uy f (). The solution
is obtained in terms of the complementary error function

2 ™ _, 2 ("
erfcn = — e’ dn:l—erfn:l——/ e T dn, 3)
)l 7l

where erf n is the error function.

8.12 Solve Eq. (1) of Problem 8.11 for the following boundary conditions (i.e., flow
near an oscillating flat plate)

Initial condition ve(y,0) =0,

1

Boundary conditions v,(0,t) = Uycosnt, v.(oo,t)=0.

In particular, obtain the solution

ve(y, t) = Upe™ cos(nt — ry), A= lg—n. (2)
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8.13 Show that the components of the viscous stress tensor T [see Eq. (6.3.7)] for
an isotropic, viscous, Newtonian fluid in cylindrical coordinates are related to the
velocity gradients by

r 060

ad ad 10
IZZ=2/L£+)»V-V, T = I r_<v_9)+_ﬁ ,
0z r r a0

vy n 10v, v, n v,
Tg=p|l—+-">), tp=ul— ,
@ =K\ %z T 0 v =M\ % T oz

19(rv,)  10vy dv,
Vy=-— 1y 279 L 72
v r or +r 00 + 07

19
Tog = 210 (—ﬁ+ )+)»V~V,

8.14 Show that the components of the viscous stress tensor T [see Eq. (6.3.7)] for
an isotropic, viscous, Newtonian fluid in spherical coordinates are related to the
velocity gradients by

2 ((L2v + FAV
Top = - v,
90 =N\ B0
1 dvy v  wvycote
=2 —_—t — 4+ — AV,
foo 'u(rsimj) ¢ + r + r + v

9 [V 1 dv, 1 v, d /vy
”"’_”[ ar (_)+r8¢i| tre_M[rsin¢ 30 +ra_r(7)]’

- SiIlqb ad Vy i 1 8v¢
00 =R d¢ \sin¢ rsing 96 |’
1 3(r?v,) 1 1 0ve
T2 o rsing d¢ (U"’ sind)+ s r sin ¢ 90

8.15 Use the velocity field in Eq. (8.2.56) to determine the shear stress component
7,4 and pressure P. Ans:

3uVa [ R\ 3uVe ( R\’
tr(p:M(?) sing, P= Po—,ogz—';—R<7) cos ¢,

where P is the pressure in the plane z = 0 far away from the sphere and —pgzis the
contribution of the fluid weight (hydrostatic effect).

8.16 Consider a long electric wire of length L and radius R and electrical conductiv-
ity k. [1/(Ohm-m)]. An electric current with current density / (amps/m?) is passing
through the wire. The transmission of an electric current is an irreversible process
in which some electrical energy is converted into thermal energy (heat). The rate of
heat production per unit volume is given by

12

P Qe - k_

e
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Assuming that the temperature rise in the cylinder is small enough not to affect the
thermal or electrical conductivities and heat transfer is one-dimensional along the
radius of the cylinder, derive the governing equation using balance of energy.

8.17 Solve the equation derived in Problem 8.16 using the boundary conditions
q(0) = finite, T(R) = To.

8.18 A slab of length L is initially at temperature f(x). For times ¢t > 0, the bound-
aries at x = 0 and x = L are kept at temperatures 7y and 7, respectively. Obtain
the temperature distribution in the slab as a function of position x and time ¢.

8.19 Obtain the steady-state temperature distribution 7'(x, y) in a rectangular re-
gion,0 < x <a,0 < y < b for the boundary conditions

q:(0,y) =0, qy(x,0)=0, gqe(a,y)+hT(a,y)=0, T(x,0)= f(x).

8.20 Consider the steady flow through a long, straight, horizontal circular pipe. The
velocity field is given by [see Eq. (8.2.23)]
R dP

/2
v, =0, vy =0, UZ(r)z_@d_z <1_ﬁ>' (1)

If the pipe is maintained at a temperature 7y on the surface, determine the steady-
state temperature distribution in the fluid.

8.21 Consider the free convection problem of flow between two parallel plates of
different temperature. A fluid with density p and viscosity u is placed between two
vertical plates a distance 2a apart, as shown in Figure P8.21. Suppose that the plate
at x = a is maintained at a temperature 7; and the plate at x = —a is maintained
at a temperature 75, with 7, > 7;. Assuming that the plates are very long in the y-
direction and hence that the temperature and velocity fields are only a function of
x, determine the temperature 7(x) and velocity v,(x). Assume that the volume rate
of flow in the upward moving stream is the same as that in the downward moving
stream and the pressure gradient is solely due to the weight of the fluid.

Temperature 22
Distribution,
T(X) vy
1 Cold plate
Hot plate
2 } Figure P8.21.
Velocity T To
Distribution, 1
sl 4
vy (X)
Y
YA
<4— 3 P
> X




n Linear Viscoelasticity

In questions of science, the authority of a thousand is not worth the humble reason-
ing of a single individual.
Galileo Galilei

All truths are easy to understand once they are discovered; the point is to discover
them.
Galileo Galilei

9.1 Introduction

9.1.1 Preliminary Comments

The class of materials that exhibit the characteristics of elastic as well as viscous
materials are known as viscoelastic materials. Metals at elevated temperatures, con-
crete, and polymers provide examples of materials with viscoelastic behavior. In this
section, we study mathematical models of linear viscoelastic behavior. The charac-
teristics of a viscoelastic material are that they (a) have time-dependent behavior
and (b) have permanent deformation (i.e., do not return to original geometry after
the removal of forces causing the deformation).

The viscoelastic response characteristics of a material are determined often us-
ing (1) creep tests, (2) stress relaxation tests, or (3) dynamic response to loads vary-
ing sinusoidally with time. Creep test involves determining the strain response under
constant stress, and it is done under uniaxial tensile stress due to its simplicity. Ap-
plication of a constant stress oy produces a strain, which, in general, contains three
components: an instantaneous, a plastic, and a delayed reversible component

e(t) = [Joo + % + w(t)} 00,

where J0¢ is the instantaneous component of strain, 17 is the Newtonian viscosity
coefficient, and v (¢) the creep function such that ¢ (0) = 0. Relaxation test involves
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determination of stress under constant strain. Application of a constant strain &
produces a stress that contains two components

o(1) = [Eo + ¢(1)] 20,

where Ej is the static elastic modulus and ¢() is the relaxation function such that
$(0) = 0.

A qualitative understanding of viscoelastic behavior of materials can be gained
through spring-and-dashpot models. For linear responses, combinations of linear
elastic springs and linear viscous dashpots are used. Two simple spring-and-dashpot
models are the Maxwell model and Kelvin—Voigt model. The Maxwell model charac-
terizes a viscoelastic fluid while Kelvin—Voigt model represents a viscoelastic solid.
Other combinations of these models are also used. The mathematical models to be
discussed here provide some insight into the creep and relaxation characteristics of
viscoelastic responses, but they may not represent a satisfactory quantitative behav-
ior of any real material. A combination of the Maxwell and Kelvin—Voigt models
may represent the creep and relaxation responses of some materials.

9.1.2 Initial Value Problem, the Unit Impulse, and the Unit Step Function

The governing equations of the mathematical models involving springs and dash-
pots are ordinary differential equations in time, ¢. These equations relate stress o to
strain ¢ and they have the general form

P(c) = O(e), (9.1.1)

where P and Q are differential operators of order M and N, respectively,
M N
am da"
P= m—— = = 9.1.2

The coefficients p,, and g, are known in terms of the spring constants k; and dashpot
constants 7; of the model. Equation (9.1.1) is solved either for () for a specified
o(t) (creep response) or for a(¢) for a given ¢(¢) (relaxation response). Since Eq.
(9.1.1) is a Mth-order differential equation for the relaxation response (/Nth-order
equation for the creep response), we must know M (N) initial values, that is, values
attime t = 0, of o (g):

. . dN-lo _
o(0) =09y, &(0)=o0y,..., <W> _ 0_(()N .
=0
or (9.1.3)
: . aM-le _
e(0) =¢p, £(0)=¢o,..., (dtM1> — 8(()M b
t=0

where 08), for example, denotes the value of the ith time derivative of o(¢) at time
t = 0. Equation (9.1.1) together with (9.1.3) defines an initial value problem.
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Figure 9.1.1. (a) The Dirac delta function. (b) Unit step function.

In the sequel, we will study the creep and relaxation responses of the discrete
viscoelastic models under applied inputs. The applied stress or strain can be in the
form of a unit impulse or unit step function. The unit impulse, also known as the
Dirac delta function, is defined as

3(t — 1)) =0, for t # 1,

NS (9.1.4)
/ 3(t —tp)dt = 1.

—00

The units of the Dirac delta function are 1/s = s~!. A plot of the Dirac delta function
is shown in Figure 9.1.1(a). The time interval in which the Dirac delta function is
nonzero is defined to be infinitely small, say €. The Dirac delta function can be used
to represent an arbitrary point value Fj at t = ¢y as a function of time:

f(t) = Fyd(t — to); /_oo f@)dt = /OO Fob(t — to)dt = Fy, (9.1.5)

—00

where f(¢) has the units of F per second.
The unit step function is defined as [see Figure 9.1.1(b)]

0, for t < ty,

H(t — 1) = { (9.1.6)

1, for t > 1.
Clearly, the function H(¢) is discontinuous at ¢ = t;, where its value jumps from
0 to 1. The unit step function is dimensionless. The unit step function H(¢), when
multiplies an arbitrary function f(¢), sets the portion of f(¢) corresponding to¢ < 0
to zero while leaving the portion corresponding to # > 0 unchanged.

The Dirac delta function is viewed as the derivative of the unit step function;
conversely, the unit step function is the integral of the Dirac delta function

8(r) = dljt(t); H(r) = /_ t 3(&)de. (9.1.7)

9.1.3 The Laplace Transform Method

The Laplace transform method is widely used to solve linear differential equa-
tions, especially those governing initial-value problems. The significant feature of
the method is that it allows in a natural way the use of singularity functions like the
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Dirac delta function and the unit step function in the data of the problem. Here we
review the method in the context of solving initial value problems.

The (one-sided) Laplace transformation of a function f(¢), denoted f(s), is de-
fined as

7(s) = LLF(1)] = /0 e £ d, 9.1.8)

where s is, in general, a complex quantity referred as a subsidiary variable, and the
function e’ is known as the kernel of the transformation. The Laplace transforms
of some functions are given in Table 9.1.1. The table can also be used for inverse
transforms. The following two examples illustrate the use of the Laplace transform
method in the solution of differential equations.

EXAMPLE 9.1.1: Consider the first-order differential equation

du
bE +cu= fo, (9.1.9)

where b, ¢, and fj are constants. Equation (9.1.9) is subjected to zero initial con-
dition, ©(0) = 0. Determine the solution using the Laplace transform method.

SOLUTION: The Laplace transform of the equation gives

fo

(bS +C)17l = ? or 17[(5') = m
b

(9.1.10)

To invert Eq. (9.1.10) to determine u(z), we rewrite the expression as (i.e., split
into partial fractions; see Problem 9.1 for an explanation of the method of partial

fractions)
o fo(1 1 _c
us) = c\s s+a) T
The inverse transform is given by (see Table 9.1.1)
u(t) = fo (1—e). (9.1.11)
c

When b and c are positive real numbers, u(t) approaches fy/c ast — oo.

EXAMPLE 9.1.2: Consider the second-order differential equation

d’u  du
— +b— = fo, 9.1.12
ar + dt Teu=fo ( )
where a, b, ¢, and f; are constants. The equation is to be solved subjected to
zero initial conditions, #(0) = 0 and #(0) = 0. Determine the solution using the

Laplace transform method.

SOLUTION: The Laplace transform of the equation gives
fi

(as®> +bs + ¢)it = el
s



Table 9.1.1. The Laplace transforms of some standard functions

£(0) (s)

£(0) ¥ e f(rydr
f=4 s f(s) — £(0)
f=44 s2f(s) = sf(0) — £(0)

n = daf
f( )(Z) = dm

I f&)ds
Jy A St — &) dg
H(r)
8(t) = H(r)
8@ty = H(r)
6(”)(t)

t

tn

tf(1)
(1)

e f(t)
eat

te™

tneat

at bt

e
(ae™ — be)

sin at

—e

cos at

sinh at
coshat
tsinat
tcosat

bt

e’ sinat

e cosat

1 — cosat

at — sinat

sinat — at cos at
sinat + at cos at

cosat — cos bt

sin at cosh at — cos at sinh at

sinat sinh at
sinh at — sinat

coshat — cosat

Jit
L
Jrt
Jo(al)
el’t—e’"
t
1
+ (1 —cosat)
1
+ (1 —coshat)

Lsinkt

$" Fs) =571 £(0) =52 £(0)
o= fD(0)

(—1)" 7™s)
f(s —a)dt
1

s—a
1
(:—a‘)z
n!
Goay s n:0,1,2,"'
Goar
—a—b)
s(a—b)
a

s2+a*
J S
s2+a?
P
s2—a?

P
2—a?
2as
(s2+a%)?
22
(s2+a?)?

_a

(s—b)>+a?

S0

(s—b)*+a?
2

a’s
s(s2+a?)
)
s2(s%+a?)
20’
G+ad)?
_2as’
(52+a§)2 )
(b2—a®)s 2 2
a2 (521 02) b*#a
4a’s
st+4at
2a’s
st+dat
2a3
(s*—a*)
2a’s
st—at

ﬁs—a/z

Jo(at) is the Bessel function of the first kind.
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or

fo

als) = s(as?+bs +c¢)

To invert the above equation to determine wu(t), first we write as® + bs 4 ¢ as
a(s + a)(s + B), where « and B are the roots of the equation as® + bs + ¢ = 0:

¢ (b /. 4ac) gL (b V= 4ac) : (9.1.13)
a 2a

so that

_ fo
Cas(s+a)(s+B)’

The actual nature of the solution u(¢) depends on the nature of the roots
« and g in Eq. (9.1.13). Three possible cases depend on whether b* — 4ac > 0,
b?> —4dac =0, or b*> — 4ac < 0. We discuss them under the assumption that a, b,
and c are positive real numbers.

i(s) (9.1.14)

CASE 1. When b? — 4ac > 0, the roots are real, positive, and unequal. Then, we
can rewrite Eq. (9.1.14) as
A B C
=B[22y 2],

als " s+a s+pB

so that we can use the inverse Laplace transform to obtain u(¢). The constants
A, B, and C satisfy the relations

A+B+C=0, (¢+B)A+BB+aC=0, apA=1.

The solution of these equations is

1 1 1
A=—, B=—— C= ———.
af a(p —a) B(B —a)
Thus, we have
N . !
as) =< [aﬂs 2 -G T +,3(,6—a)(s+,3)]' (9.1.15)
The inverse transform is

u(t) = o |:l - ﬂie_“’ + Le"”]

aof -« B—«a

_ fO —e ) (1 —e P
T [6(1 ) —a(l )] (9.1.16)

Hence, u(t) approaches fy/aaB ast — oo.

CASE 2. When b?> — 4ac = 0, the roots are real, positive, and equal, o = g =
b/2a. Then Eq. (9.1.14) takes the form

i(s) L:ﬁ[l(l 1) ! } (9.1.17)

:as(s+oe)2 ae la\s s+a) (s+a)2
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The inverse Laplace transform gives
u(t) = [1 — (1 +ar)e™™]. (9.1.18)
Hence, u(t) approaches 4 fya/b> ast — oo.

CASE 3. When b?> — 4ac < 0, the roots are complex, and they appear in complex
conjugate pairs:

b
a=o —iay, B =a;+in; o = 2 ar = +/4dac — b?. (9.1.19)

From Eq. (9.1.16), we obtain
Jo

u(t) = 2B ) a)e"’”’ [B(1—e“") —a(l—e")]
= MC—L@ewlt (1 —cosapt — z{% sin a2t> . (9.1.20)

Hence, u(t) approaches zero as t — oo.

9.2 Spring and Dashpot Models

9.2.1 Creep Compliance and Relaxation Modulus

The equations relating stress o and strain ¢ in spring-dashpot models are ordinary
differential equations, and they have the general form given in Eq. (9.1.1). The solu-
tion of Eq. (9.1.1) to determine o (¢) for a given ¢(¢) (relaxation response) or to de-
termine () for given o (¢) (creep response) is made easy by the Laplace transform
method. In this section, we shall study several standard spring-dashpot models for
their constitutive models and creep and relaxation responses. First, we note certain
features of the general constitutive equation (9.1.1). In general, the creep response
and relaxation response are of the form

&(r) = J(t)oo, (9.2.1)
o(t) = Y(t)eo, (9.2.2)

where J(¢) is called the creep compliance and Y(t) the relaxation modulus associated
with (9.1.1). The function J(¢) is the strain per unit of applied stress, and Y(z) is the
stress per unit of applied strain. By definition, both J(¢) and Y(¢) are zero for all
t <0.

The Laplace transform of Eq. (9.1.1) for creep response and relaxation response
have the forms

Creep response  Q,é(s) = Pyo(s) = — Pyoy, (9.2.3)

Relaxation response P65 (s) = Q,&(s) = (9.2.4)
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where
M N
Py=>"pus". Q=) qus". (9.2.5)
m=0 n=0

The Laplace transforms of Egs. (9.2.1) and (9.2.2) are
g(s) = J(s)oo, (9.2.6)
G(s) = Y(s)eo (9.2.7)
Comparing Eq. (9.2.3) with (9.2.6) and Eq. (9.2.4) with (9.2.7), we obtain

- 1P _ 1G
J(s)=-=, Y(s)= —%. (9.2.8)
s O s P
It also follows that the Laplace transforms of the creep compliance and relaxation

modulus are related by

- _ 1 !

&) ¥s) = or 1= / Y — ) J(¢')dt. (9.2.9)
0

Thus, once we know creep compliance J(¢), we can determine the relaxation mod-

ulus Y(¢) and vice versa

Y(t)=L£"" |:s2f1(s):| . J) =L LZ;(S)] . (9.2.10)

Although creep and relaxation tests have the advantage of simplicity, there are
also shortcomings. The first shortcoming is that uniaxial creep and relaxation test
procedures assume the stress to be uniformly distributed through the specimen, with
the lateral surfaces being free to expand and contract. This condition cannot be
satisfied at the ends of a specimen that is attached to a test machine. The second
shortcoming involves the dynamic effects which are encountered in obtaining data at
short times. The relaxation and creep functions which are determined through Egs.
(9.2.1) and (9.2.2) are based on the assumption that all transients excited through
the dynamic response of specimen and testing machine are neglected. Typically,
this effect limits relaxation and creep data to times no less than 0.1 seconds.

9.2.2 Maxwell Element

The Maxwell element of Figure 9.2.1 consists of a linear elastic spring element in
series with a dashpot element. The stress—strain relation for the model is developed
using the following stress—strain relationships of individual elements:

o=ke, o =ns, (9.2.11)

where k is the spring elastic constant, 5 is the dashpot viscous constant, and the
superposed dot indicates time derivative. It is understood that the spring element
responds instantly to a stress, while the dashpot cannot respond instantly (because
its response is rate dependent). Let g1 be the strain in the spring and &, be the strain
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Figure 9.2.1. The Maxwell element.

S,

in the dashpot. When elements are connected in series, each element carries the
same amount of stress while the strains are different in each element. We have

. Sy o o
E=¢ & = —+ —
! 27 % n
or

n do de

ot =Ny [Plo)=00)] (9.2.12)

Thus, we have M = N = 1 [see Egs. (9.1.1) and (9.1.2)]and py = 1, p1 = n/k,q0 =0
and g; = 7.

9.2.2.1 Creep Response
Let 0 = oy H(¢). Then differential equation in (9.2.12) simplifies to

de
Q= P1008(t) + pooo H(t). (9:2.13)

The Laplace transform of Eq. (9.2.13) is
. _ )
a1 [55() — )] = 00 (1 + 7).
Assuming that £(0) = 0, we obtain

s(s)—ao(pl —l—p—oz).
Qs qis

The inverse transform gives the creep response

e(t)y = — (p1 + pot) = (1 + - ) for ¢t > 0, (9.2.14)
where 7 is the retardation time or relaxation time,

(9.2.15)

T =

q
a
Note that ¢(0") = 0y/ k. The coefficient of o in Eq. (9.2.14) is called the creep com-
pliance, denoted by J (¢)

() = % (1 + %) . (9.2.16)

The creep response of the Maxwell model is shown in Figure 9.2.2(a).
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Figure 9.2.2. (a) Creep response and (b) relaxation response of the Maxwell element.

9.2.2.2 Relaxation Response
Let ¢ = 9 H(t). Then Eq. (9.2.12) reduces to

do

Pi- + poo = q1&0d(1). (9.2.17)

The Laplace transform of the above equation is

p1(sé — o (0)) + po6 = qr&o0.

Using the initial condition o(0) = 0, we write

a(s) = e (q—1> = ﬂ80 (%) ,
Po+ pis P1 oLt
whose inverse transform is
o(f) = gsoe—l’ﬂf/ﬂl — kege ", for t > 0. (9.2.18)
The coefficient of g in Eq. (9.2.18) is called the relaxation modulus
Y(t) = ke /", (9.2.19)

The relaxation response of the Maxwell model is shown in Figure 9.2.2(b).
Note that the relaxation modulus Y(¢) can also be obtained using Eq. (9.2.10).

We have
- 1 1
J(S)=m<s+;>,

and

- 1 - k —t/t
0= 175  [ip ke

which is the same as that in Eq. (9.2.19).

Figure 9.2.3 shows the creep and relaxation responses of the Maxwell model in
a standard test in which the stress and strain are monitored to see the creep and
relaxation during the same test.
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Figure 9.2.3. A standard test of a Maxwell fluid.
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A generalized Maxwell model consists of N Maxwell elements in parallel and a
free spring (ko) in series. The relaxation response of the generalized Maxwell model
is of the form [see Eq. (9.2.18)]

N
o(r) =eo [ko-Ir;kne’ln] fnzz—:. (9.2.20)
The relaxation modulus of the generalized Maxwell model is
N
Y()=ko+ ) ke . (9.221)
n=1

9.2.3 Kelvin-Voigt Element

The Kelvin—Voigt element of Figure 9.2.4 consists of a linear elastic spring element
in parallel with a dashpot element. The stress—strain relation for the model is derived
as follows. Let o1 be the stress in the spring and o, be the stress in the dashpot. Each
element carries the same amount of strain. Then

d
o =01+ = ke + nd—f. (9.2.22)

We have py =1, gy = k,and q; = .

Figure 9.2.4. The Kelvin—Voigt solid element. %_
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\
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(a) (b)

Figure 9.2.5. (a) Creep response and (b) relaxation response of the Kelvin—-Voigt element.

9.2.3.1 Creep Response
Let o = 0y H(t). Then the differential equation in (9.2.22) becomes

de
Qi+ qoe = Pooo H(t). (9.2.23)

The Laplace transform of the equation yields (with zero initial condition)

E‘(S) = Po% ! = Po%o 1 — ;
4 s q
il s(s~|—q—‘]‘> 9o <s+q—‘1‘>
The inverse is
_ Pooo o -\ _ 00 (1 -t
o) = 22 (1-ei) =2 (1-c). (9.2.24)

The creep response of the Kelvin—Voigt model is shown in Figure 9.2.5(a). Note that
in the limit # — oo, the strain attains the value ¢, = 0/ k. The creep compliance of
the Kelvin—Voigt model is

I(t) = (1 - e*%) . (9.2.25)

=

9.2.3.2 Relaxation Response
Let e(t) = o H(t) in Eq. (9.2.22). We obtain

o (t) = &0 [qoH(t) + qi8(t)] = T (t)eo. Y(t) = [KH(t) + nd(t)] . (9.2.26)

Alternatively, we have

9= s 1
$7s) = ns+k/n’
from which we obtain Y(¢) as given in Eq. (9.2.26). The relaxation response of the
Kelvin—Voigt model is shown in Figure 9.2.5(b). The creep and relaxation responses
in the standard test of the Kelvin—Voigt model are shown in Figure 9.2.6.

A generalized Kelvin—-Voigt model consists of N Kelvin—Voigt elements in
series along with the Maxwell element, and it can be used to fit creep data to a

_ k
Y(S)Zﬂ'l';’
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Figure 9.2.6. A standard test of a Kelvin—Voigt solid.
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high degree. The creep compliance of the generalized Kelvin—Voigt model is [see
Eq. (9.2.25)]

J(t)=k10+%+zkl(1—e—#), T, =2 (9.2.27)

9.2.4 Three-Element Models

There are two three-element models, as shown in Figures 9.2.7(a) and 9.2.7(b). In
the first one, an extra spring element is added in series to the Kelvin—Voigt element,
and in the second one, a spring element is added in parallel to the Maxwell element.
The constitutive equations for the two models are derived as follows.

For the three-element model in Figure 9.2.7(a), we have

o=01+0y, e¢=¢c1+¢&, op==key, 0y=né&, & = ];i (9.2.28)
1
Using the relations in (9.2.28) we obtain
n do ky de

—_— 1+ —= =k —. 9.2.29
k1dt+<+k1>o 28+"dr ( )

& & &y O

2 o, 1 2 2

§_-\NW-— k277 -—o'jbro §— n B ky o=

(a) (b)

Figure 9.2.7. Three-element models.
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Equation (9.2.29) is of the form P(c) = Q(¢)

oo + p do 0oe + q de
00 1—7 = qo¢ 175,
dt dt
L (9.2.30)
2 N
= 1 —, = —, = k s = n.
Po + k p1 ky q0 2, q1 =1
For the three-element model shown in Figure 9.2.7(b), we have
o=o01+0y, &€=¢1+ &, glzﬂ, ézzﬂ, 3:2. (9.2.31)
ka n ki
Combining the above relations, we arrive at
1 4 1 do k] c 1 + k] de
o4+ —— M ) =,
n k, dt n ky ) dt
or
n do n de
Poo + D1 i qo¢ T+ q1 dr’ 0232
1 1 ki . ki -
PO—nv P1 o qo0 . q = o

Apparently, the three-element models represent the constitutive behavior of an
ideal cross-linked polymer.

The creep and relaxation response of the three-element model shown in
Figure 9.2.7(a) are studied next. Substituting o (¢) = og H(¢) into Eq. (9.2.30), we

obtain
de
pooo H(t) + p1o0d(t) = qoe + ¢ a (9.2.33)
The Laplace transform of the above equation yields
+ p1s
(90 +@i5)5(s) =00 (22 + p1) or (s) = o VT P1S) (9.2.34)
s s(qo + q15)

where zero initial conditions are used. We rewrite the above expression in a form
suitable for inversion back to the time domain

11 1
Bs)=op | 22(= - + 2 . (9.2.35)
qo \s L+s Q (Z_(l) —i—s)

Using the inverse Laplace transform, we obtain

Po _t P ot q1
et)=o9| —(1—€e7)+ —e r],r:—
2 0[610( ) q1 q0

ki +ky ot 1 . n
= l—e 7 )+ —er =L,
ao|: kika ( e >+k1e :|, T %

(9.2.36)




9.2 Spring and Dashpot Models

Thus, the creep compliance is given by

ki + k> 1 1 . 1 1 _r
= l—er —er|l=—+4+—(1—-e""). 9.2.37
) [k1k2 (1-¢ )+kle } k1+k2< ) (9-2.37)
For the relaxation response, let £(t) = g9 H(¢) in Eq. (9.2.30) and obtain
do
PO+ pr = qoso H(t) + qie0d(2). (9.2.38)

The Laplace transform of the equation is

(q0 + q15)

- q0 -
— kl = , 9.2.39
(Po+ p15) & (s) So(s +611) or &(s) 0 (po T pro) ( )
where zero initial conditions are used. We rewrite the above expression in the form
1 1 1
5(s)=so | L (- o ) + I : (9.2.40)
s B4y Po
Po P1 2 (E + S)
Using the inverse Laplace transform, we obtain
o(t) =g [@ (1—e_§>+ﬂe_;:|, =2
P (]){ ) P » (9.2.41)
1K2 - Ui
= 1 — T k T s = .
0|:k1+k2( ¢ >+ 1€ ] ’ ki + ks
Thus, the relaxation modulus is given by
kiky _t _t n
Y(t) = 1—e- kie 7|, = . 9.2.42
® [kl-i-kz( ¢ )+ ' } Ttk ( )

Determination of the creep and relaxation responses of the three-element
model in Figure 9.2.7(b) will be considered in Example 9.2.3.

9.2.5 Four-Element Models

The four-element models, such as the ones shown in Figure 9.2.8, have constitutive
relations that involve second-order derivatives of stress and strain. Here we discuss
the creep response of such models in general terms. The relaxation response follows
along similar lines to what is discussed for creep response.

Consider the second-order differential equation

Poo + p16 + P26 = qo€ + q1€ + qE. (9.2.43)
Let o(t) = o9 H(t). We have
Pooo H(t) + p1008(t) + pr0od(t) = qoe + q1é + qé. (9.2.44)

Taking the Laplace transform and assuming homogeneous initial conditions, we ob-
tain

09 (% +p1+ pzS) = (610 +qis + 51252) &(s) (9:2.45)
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0, Figure 9.2.8. Four-element models.

or

2
Po + p1S + pas (9.2.46)

eg(s) = oy .
) s(qo + q15 + q25?)

To invert the above equation to determine &(t), first we write g2s> + g5 + qo as
q>(s + a)(s + B), where « and B are the roots of the equation gs> + g5 + go = 0:

1 1
w= e (-t —aam). p=on (0 i -tan) 240
so that

po + pis + pas?
@s(s +a)(s +B)

We write the solution in three parts for the case of real and unequal roots with
q0 #0,q1 # 0,and g, # 0:

2(s) = oo (9.2.48)

w1 1 1

) =00 s T el ta) ﬂ(ﬁ—a)(5+ﬁ)]’ (-249)
~ . P1 i 1 3 1

2= | B0 +a) (ﬁ—a)(erﬂ)] (-2:30)
) o B

Bl =01 (ﬂ—a)(S+a)+(ﬂ—a)(S+ﬁ)] 6-231)

The solution is obtained by taking inverse Laplace transform
00 1 e~ e P! ]
e(t)=—1po |:— — +
© fh[ ap a(f-a) B

+r[5a-v-a) G0 G-a) } 0232
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When ¢, =0, ¢1 # 0, and gy # 0, Eq. (9.2.46) takes the form (with o = ¢qy/q1)

_ oo [po (1 1 P o
=—|=|-- 1- , 9.2.53
5(s) q1|:oe <s s+a>+s+a+p2< s+a>j| ( )

and the solution is given by

ety =2 [& (I—e™)+ pre™ + p (8(t) — ae*“’)] : (9.2.54)
qto

The Dirac delta function indicates that the model lacks impact response. That is,
if a Dirac delta function appears in a relaxation function Y(z), a finite stress is not
sufficient to produce at once a finite strain, and an infinite one is needed.

When gy =0, g1 # 0, and ¢, # 0, Eq. (9.2.46) takes the form (with @ = q1/¢)

1 1 1 1
g<s>:@[1’_g<%__+ )+ﬂ<—— )+ e } (9.2.55)
Q@ Lo \s s Sta a \s S+uo S t+o

and the solution is given by

1
)= 2 [P_of e pze—w} _ (9.2.56)
q2 o o

o

This completes the general discussion of the creep response of four-element
models. For the relaxation response the role of p’s and ¢’s is exchanged. Alterna-
tively, we can use Eq. (9.2.10) to determine Y(¢).

EXAMPLE 9.2.3: Consider the differential equation in Eq. (9.2.32),
Poo + P16 = qoe + qié (9.2.57)

with
1 1 ki

ki + ko
p=— p=-— =0 q , = —

, =0. 9.2.58
7 K 7 Ky Q0 ( )

Determine the creep and relaxation response.

SOLUTION: From Eq. (9.2.54), we have the creep response (« = qo/q1)

1 1
e(t) = oo k2 [— (1—e)+ —e_"":|
k>

ki + k an
1 B 1 _ kik
= —(1—e™ at = — 9.2.59
% |:k1 (=) + k1+kze :| “ n(ki + k2) ( )

Thus, the creep compliance of the three-element model in Figure 9.2.7(b)

1
ki + k2

The relaxation response is o(t) = Y(t)gy with Y(¢) computed as follows. We
have

e (9.2.60)

(1) = kil (1-e)+

j(s)zl

Yoy — ] N S W S
S_SZJ_(S)’ ki\s s+a ki +kys +a
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and

s(o+%) 1 ke  k
)= ( s, e = — = 9.2.61
e (ki +hk)s+a) s2T(s) s+% T3 ( )

Thus, the relaxation modulus is

n

Y(t)=ki + koe™T, 7= o (9.2.62)
2
EXAMPLE 9.2.4: Consider the differential equation
k 1 1 1 k k
é+—2é=—6+<—+—+—2)d+—20. (9.2.63)
mno ok moom ki nn
Thus, we have
k k 1 1 k 1
qOZOa q1=_2a q2=17 p0=_25 p1:_+_+_2’ p2=_
mn nn2 mo m ki ki
(9.2.64)
Determine the creep and relaxation response of the model.
SOLUTION: The creep response is given by Eq. (9.2.56)
oo | pot 1 Po —at —at
1) = — | £ - _ v 1— o o
#() CI2|:ot+a<pl a)( ¢ )+p26
1t 1 _ 1 m
_ (1=, 1= =2, 9.2.65
a{kl+m+k2( e )} =L % ( )
Thus, the creep compliance is
1 t 1
Jt)=—+—+ —(1—e""). (9.2.66)
ki = m ks
To determine the relaxation modulus, we compute
76s) 1 N 1 L 1 ({1 1
s)= — 4+ —+—(-——1,
kis — ms*  ka\s s+1
(9.2.67)
- s 1 1 s as®>+bs +c
sPI(s) = —+—+ — T = o
ky = mo om\s+ 1 d(s+1)
where
a=mn, b=(ki+k)m+kin, c=kk, d=kmn. (9.2.68)
Then

a 1 dis+1) d/f A B
Ys) )= —= — % — | — 4 — 9.2.69
) 2] as’+bs+c a(s+a+s+,3> ( )
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where
b 1 b 1
a=—+—Vb:—4dac, B=-—— —vb?—dac,
2a  2a 2a 2a
ko —mpa ko —mp
m(a—p)’ m(a —B)

It can be shown that b*> > 4ac and « > 8 > 0 for k; > 0 and n; > 0. Hence, we
have

(9.2.70)
A=

k
Y(t) = ——11 [— (ks — ma) e + (ko — ;) e ']
b2 — 4ac

k
= \/ﬁ [ks (e7P" — &) 4y (@e™ — Be )], (9.2.71)

9.3 Integral Constitutive Equations

9.3.1 Hereditary Integrals

The spring-and-dashpot elements are discrete models and are governed by differen-
tial equations. At ¢t = 0, a stress oy applied suddenly produces a strain ¢(z) = J(t)oy
(see Figure 9.3.1). If the stress oy is maintained unchanged, then e(¢) = J(t)oy de-
scribes the strain for all + > 0. If we treat the material as linear, we can use the
principle of linear superposition to calculate the strain produced in a given direction
by the action of several loads of different magnitudes. If, at = #;, some more stress
Ao is applied, then additional strain is produced which is proportional to Aoy and

Ao,
c, ;99_1 _______ o
| t
0 4 t, >
e(t) A

—
L -J(t-t,)Ac,
h—

L~ J(t-t)Ac,

0t i, l >

Figure 9.3.1. Strain response due to oy and Ao;.
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»

o (t) 4

A’

O

» t

0 't +At

Figure 9.3.2. Linear superposition to derive hereditary integral.

depends on the same creep compliance. This additional strain is measured for ¢ > ¢'.
Hence, the total strain for ¢ > f; is the sum of the strain due to oy and that due to
AO’li

e(t) = J(t)oo + J(t —t1)Aoy. (9.3.1)

Similarly, if additional stress Ao, is applied at time ¢ = t,, then the total strain for
t>this

e(t)y=J (@)oo + J(t —t1))Aoy + J(t — 1) Aoy
2
=T(t)oo+ Y _J(t —1;)Ac;. (9.32)
i=1

If the stress applied is an arbitrary function of ¢, it can be divided into the first
part op H(t) and a sequence of infinitesimal stress increments do (t')H(t —t') (see
Fig. 9.3.2). The corresponding strain at time ¢ can be written (using the Boltzmann’s

superposition principle)

do(t")

e(t) = J(t)oo + /Ot J(t —t)do(t') = J(t)op + /Ot J(t—1) — dr'.  (9.3.3)

Equation (9.3.3) indicates that the strain at any given time depends on all that has
happened before, that is, on the entire stress history o (¢') for ' < ¢.

This is in contrast to the elastic material whose strain only depends on the stress
acting at that time only. Equation (9.3.3) is called a hereditary integral.

Equation (9.3.3) can be written in alternate form

e(t)y=J(t)o(0)+[J(t — t')a(f)]g — /0 % o(t)dr
B Ydi@ -ty ., .,
—](O)U(t)+ o WG([)d[ (934)
=J0)o(t)+ /Ot d;—(;) o(t —1)dr. (9.3.5)

Equation (9.3.3) separates the strain caused by initial stress o (0) and that caused
by stress increments. On the other hand, Eq. (9.3.5) separates the strain into the part
that would occur if the total stress o (¢) were applied at time ¢ and additional strain
produced due to creep.
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It is possible to include the initial part due to oy into the integral. For example,
Eq. (9.3.3) can be written as

e(t):/t J(t—1) "( ) ar (9.3.6)

—00

The fact that J(¢) = 0 for ¢ < 0is used in writing the above integral, which is known
as Stieljes integral.

Arguments similar to those presented for the creep compliance can be used to
derive the hereditary integrals for the relaxation modulus Y(¢). If the strain history
is known as a function of time, &(¢), the stress is given by

(1) = Y(1)e(0) + f Y(t—t)dg(t/) (93.7)
= Y(0) () + dzgf)s(z—ﬂ)dﬂ (9.3.8)

0
_ / Y- )d*;(f/) dr'. (9:3.9)

EXAMPLE 9.3.1: Consider the stress history shown in Figure 9.3.3. Write the
hereditary integral in Eq. (9.3.4) for the Maxwell model and Kelvin—Voigt
model.

SOLUTION: The creep compliance of the Maxwell model is given in Eq. (9.2.16)
as J(t) = (1/k +t/n) with J(0) = 1/k. Then the strain response according to
the hereditary integral in Eq. (9.3.4) is given by

t1 o1 ("1 ot (n t
Fort <t : t)=01—— t—dt' =—\|-+=). 9.3.10
ort <t e(t) = Ultk+ /0 ; oy <k+2> ( )

1 | U |
Fort>t: e(t)=o01— +ﬂ/ t’—dt’—i—al/ 1-—dt
k o N ¢ n

= (k +3 +z) (9.3.11)

By setting #; = 0, we obtain the same result as in Eq. (9.2.14).

The creep compliance of the Kelvin—Voigt model is given in Eq. (9.2.25).
Then the strain response according to the hereditary integral in Eq. (9.3.4) is
given by

13
Fort <t;: e(t)= o’l— 0 + e o= =T gy
I T]I1
o1 n —t/t :I
=t 0= : 9.3.12
ki, [ k (1=e™) ( )
I51 , o1 t /

Fort >t : e(t)= —/ e g + _/ e~ =1/t gy

nh n Jy

_ o1 e _ h/t —t/t
== |:1+kt1 (1—e"")e } (9.3.13)
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Figure 9.3.3. Stress history

By setting t; = 0 in Eq. (9.3.13), we obtain (use L’Hospital rule to deal with
zero divided by zero condition) the same strain response as in Eq. (9.2.25). For
t — o0, the strain goes to ¢ = o1/ k, the same limit as if o7 were applied suddenly
att = Oort = ;. This implies that the stress history is wiped out if sufficient time
has elapsed. Thus, Kelvin—Voigt model represents the behavior of an elastic
solid.

9.3.2 Hereditary Integrals for Deviatoric Components

The one-dimensional linear viscoelastic stress—strain relations developed in the pre-
vious sections can be extended in a straightforward manner to those relating the
deviatoric stress components to the deviatoric strain components. Recall that the
deviatoric stress and strain tensors are defined as

1
deviatoric stress o' = o — 61, <cr/j =o0jj — gakk&-,> , (9.3.14)

deviatoric strain & = ¢ — gtr(s), <glf]. =&ij — §8kk8ij) , (9.3.15)

where & is the mean stress and e is the dilatation
1 . .
mean stress 0 = §Uii’ dilatation e = ¢;;. (9.3.16)

The constitutive equations between the deviatoric components of a linear elastic
isotropic material are

6 = Ke, o' =2ue (o, =2pnej). (9.3.17)

Here K denotes the bulk modulus and p is the Lamé constant (the same as
the shear modulus), which are related to Young’s modulus E and Poisson’s ratio
v by
E E
K=—r—— nu=G=——.
31—20) " 2(1+v)

The linear viscoelastic strain—stress and stress—strain relations for the deviatoric
components in Cartesian coordinates are

(9.3.18)

, ! , doi’j )
g (1) = / Js(t =1') ar dar’, (9.3.19)
t
d
e (1) = / Tt =) S ar (9.3.20)
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t de’.
o/i(t) = 2/ G(t —t) dtl/] dr', (9.3.21)
t
d
ot = 3 / K1) 4 ar (9.3.22)

where J(¢) is the creep compliance in shear and J, is the creep compliance in dila-
tion. The general stress—strain relations may be written as

t (1
0ij(1) = 2/ Gt — 1) dg;’—t(f)dﬂ
t /
+ 85 / [K(t —)— %G(r - z/)] de’;"t ft ) ar', (9.3.23)
t d i t
:S‘l'j(l)=/ JS(I—I/)O—d]—t(,)dI/
1 t /
v =8 | [at =)= Tt —1)] d"""ft ) ar'. (9.3.24)
37 ) dt
The Laplace transforms of Egs. (9.3.19)—(9.3.22) are
Ei(s) =5 Js(s) (), a};(s) =25 G(s) &;(s), (9.3.25)
Er(s) =s J_d(s) G ik(s), Tkr(s) =3s I_{(S) Eri(s), (9.3.26)

from which it follows that

2G(s) = (9.3.27)

s2J(s)’

3R (s) = (9.3.28)

s2Ja(s)

9.3.3 The Correspondence Principle

There exists certain correspondence between the elastic and viscoelastic solutions
of a boundary value problem. The correspondence allows us to obtain solutions of
a viscoelastic problem from that of the corresponding elastic problem.

Consider a one-dimensional elastic problem, such as a bar or beam, carrying
certain applied loads EO, i=1,2,---. Suppose that the stress induced is ¢¢. The
strain is

e =0°/E. (9.3.29)

Then consider the same structure but made of a viscoelastic material. Assume that
the same loads are applied at time ¢+ = 0 and then held constant

F(t) = F'H().
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The stress in the viscoelastic beam is o (¢) = o H(¢t). The strain in the viscoelastic
structure is

e(t) = J(t)o“. (9.3.30)

For any time ¢, the strain in the viscoelastic structure is like the strain in an elastic
beam of modulus £ = 1/J(¢t). Thus, we have the following correspondence principle
(Part 1): If a viscoelastic structure is subjected to loads that are all applied simultane-
ously at t = 0 and then held constant, its stresses are the same as those in an elastic
structure under the same loads, and its time-dependent strains and displacements
are obtained from those of the elastic structure by replacing £ by 1/J(¢).

Next, consider an elastic structure in which the displacements are prescribed
and held constant. Suppose that the displacement in the structure is . The strain &°
can be computed from the displacement u¢ using an appropriate kinematic relation
and stress o using the constitutive equation

o = E¢°. (9.3.31)

Then consider the same structure but made of a viscoelastic material. If we pre-
scribe deflection u(t) = u® H(t), the strains produced are ¢(t) = ¢ H(t). The strain
will produce a stress

o (t) = Y(1)e". (9.3.32)

For any time ¢, the stress in the viscoelastic structure is like the stress in an elastic
beam of modulus E = Y(¢). Thus, we have the second part of the correspondence
principle: If a viscoelastic structure is subjected to displacements that are all imposed
att = 0 and then held constant, its displacements and strains are the same as those in
the elastic structure under the same displacements, and its time-dependent stresses
are obtained from those of the elastic structure by replacing E by Y(¢).

The ideas presented above for step loads or step displacements can be gener-
alized to loads and displacements that are arbitrary functions of time. Let w¢(x)
be the deflection of a structure made of elastic material and subjected to a load
fo(x). Then by the correspondence principle, the deflection of the same structure
but made of viscoelastic material with creep compliance J(¢) and subjected to the
step load f(x,t) = fo(x)H(¢) is

w(x, 1) = J () w(x). (9.3.33)

If the load history is of general type, f(x,t) = fo(x)g(¢), we can break the load his-
tory into a sequence of infinitesimal steps dg(¢’), as shown in Figure 9.3.4. Then we
can write the solution in the form of a hereditary integral

(9.3.34)

w(x, 1) = we(x) [g(O)J(t)+/ It —1) g( )y }

Next we consider a number of examples to illustrate how to determine the vis-
coelastic response.
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g)
dg’

Figure 9.3.4. Load history as a sequence of infinitesimal
load steps.

0 t’ t+At

EXAMPLE 9.3.2: Consider a simply supported beam, as shown in Figure 9.3.5. At
time ¢ = 0, a point load P is placed at the center of the beam. Determine the
viscoelastic center deflections using Maxwell’s and Kelvin’s models.
SOLUTION: The deflection at the center of the elastic beam is
PI?
0= . 9.3.35
Ty (9:3.35)

For a viscoelastic beam, we replace 1/ E with creep compliance J(¢) of a chosen
viscoelastic material (e.g., Maxwell model or Kelvin model)

) PL?
Using the Maxwell model, we can write [see Eq. (9.2.16)]
1 t\ PL? n
)y=—(14+—-)— =—. 3.
wo (1) k( +t> " T (9.3.37)
For the Kelvin model, we obtain [see Eq. (9.2.25)]
1 PI? n
) =—(1—-e"")— = 3.38
wi®) = (=< R =% (9:3.38)

Clearly, the response is quite different for the two materials.

EXAMPLE 9.3.3: Consider the simply supported beam of Figure 9.3.5 but with
specified deflection wy at the center of the beam. Determine the viscoelastic
center deflection.

SOLUTION: The force required to deflect the elastic beam at the center by wy is

_ 48EIw

pe 3

(9.3.39)

Figure 9.3.5. A simply supported beam with a central point load.

=7

<

L\'Jb*<_v~u
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To obtain the load for a viscoelastic beam, we replace E with relaxation modu-
lus Y(z) of the viscoelastic material used

481w
Pe(t) = Y(t)TO. (9.3.40)
For the Maxwell model, we have the result [see Eq. (9.2.19)]
_.. 481wy n
v _ /T _
PO(I)—ke ! T, T—%, (9341)
and for the Kelvin model, we obtain [see Eq. (9.2.26)]
481
PU(t) = k [H(t) + 7 8(1)] L;”" . T= % (9.3.42)

EXAMPLE 9.3.4: Consider a simply supported beam with a uniformly distributed
load of intensity go as shown in Figure 9.3.6(a). Determine the viscoelastic de-
flection at the center.

SOLUTION: The elastic deflection of the beam is given by

=m0 20 @] e

The midspan deflection is

5(]0L4
384EI°
For the load history shown in Figure 9.3.6(b), the midspan deflection of the
viscoelastic beam is

wé(L/2) = (9.3.44)

SqoIt 1 [

wh(L/2.0) = 20 - /0 J—t)ydt, O<t<n,  (9345)
SqoIt 1 [

wy(L/2,t) = 3‘?41 Z/o J(@—t)dt', t>rn. (9.3.46)

For example, if we use the Kelvin—Voigt model, we obtain (r = n/k):

56]()L4 1 n —t/e
3841 kiy (1= 2=e)] 0<i<n, (9347

wo(L/2,1) = X

5q0L* 1 n _
Y(L/2,t) = 14+ = (1=e"r)e " ) 34
wi(L/2, 1) 384T K +kt1( et)e L t>1t.  (9.3.48)

T of

(a) (b)

Figure 9.3.6. A simply supported beam with a uniform load.
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Table 9.3.1. Field equations of elastic and viscoelastic bodies

Elasticity Viscoelasticity
Equations of motion

oij.j + fi = pil; oijj + fi = pili
Strain—displacement equations

eij =3 (uij+uj) gij = 5 (ij +uj)
Boundary conditions

ui:l},- on Sl ui:ﬁi on S1

ti=njoj; =1 on $ ti=njoj; =1 on S

Constitutive equations

;o ’ ro_ t s de; ’
O‘i]v—zG&‘ij Ui/—zf,ooG(t_t)Tﬂjdt

o = 3Kew o =3 [ K(t —t') L gy’

9.3.4 Elastic and Viscoelastic Analogies

In this section, we examine the analogies between the field equations of elastic and
viscoelastic bodies. These analogies help us to solve viscoelastic problems when so-
lutions to the corresponding elastic problem are known. The field equations are
summarized in Table 9.3.1 for the two cases. The Laplace transformed equations of
elastic and viscoelastic bodies are summarized in Table 9.3.2. The correspondence
is more apparent. A comparison of the Laplace transformed elastic and viscoelastic
equations reveal the following correspondence

(%) ~ G(x,5),  ef(x) ~ Ejj(x, ), (9.3.49)
G(x) ~ G'(x,5) =sG(x,s) K°(x)~ K'(x,5) =sK(x,s). (9.3.50)

This correspondence allows us to use the solution of an elastic boundary value prob-
lem to obtain the transformed solution of the associated viscoelastic boundary-value

Table 9.3.2. Field equations of elastic and Laplace transformed
viscoelastic bodies for the quasi-static case

Elasticity Viscoelasticity
Equations of motion

oijj+ fi =0 Gijj+ fi =0
Strain-displacement equations

eij = 5 (i +uji) gij = 5 (@ + 1)
Boundary conditions

w =1i; on S i =1u; on S

ti=njo;=1 on S fi=njo; =1 on S
Constitutive equations

ai/j = ZGSI{]- 5,'/}‘ = SG(S)E;]' = G*(S)éz{j

ok = 3Kegk Gk = 35K(s) Exxe = 3K*(5) &r

G*(s) =sG(s), K*(s) =sK(s).
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problem by simply replacing the elastic material properties G and K with G* and K*.
One needs only to invert the solution to obtain the time-dependent viscoelastic so-
lution. This analogy does not apply to problems for which the boundary conditions
are time dependent.

The analogy also holds for the dynamic case, but it is between the Laplace trans-
formed elastic variables and viscoelastic variables:

Gi(x,5) ~ Gli(x,5),  Ej(x.5) ~ Ej(X,9), (9.3.51)

G'(x,5) ~ G'(x,5) =sG(x,5) K(x,5) ~ K'(x,5) = sK(x,s).

Next we consider an example of application of the elastic—viscoelastic analogy.

EXAMPLE 9.3.5: The structure shown in Figure 9.3.7 consists of a viscoelastic rod
and elastic rod connected in parallel to a rigid bar. The areas of cross sections
of the rods are the same. The modulus of the material of the rods are

Viscoelastic rod:  E(t) = 2 H(t) + 2nd(t).
(9.3.52)
Elastic rod: E = Young’s modulus = constant.

If a load of P(t) = PyH(¢) acts on the rigid bar and the rigid bar is maintained
horizontal, determine the resulting displacement of the rigid bar.

SOLUTION: Letu and u”(¢) be the axial displacements in elastic and viscoelastic
rods, respectively. Then the axial strains in elastic and viscoelastic rods are given
by

= )= . (9.3.53)

The strain-stress relations for the two rods are

. O_e ) B t do.v
f=T e (t)_/_OOJ(t—r) A (9.3.54)
0 Fe

Viscoelastic rod Elastic rod l

Rigid bar
(remains horizontal)

Pt)=PoH (t), ut) =?

Figure 9.3.7. Elastic—viscoelastic bar system.
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The axial stresses in elastic and viscoelastic rods are given by

Fe¢ F”(t)
¢=— U(t) = 9.3.55
o=, o) = (93:55)
From Egs. (9.3.53)—(9.3.55) we have
. FL | L [ dF’
W= (t)_Z/_OOJ(t—r) - dr, (9.3.56)

where F¢ and F" are the axial forces in the elastic and viscoelastic rods, respec-
tively. The geometric compatibility requires u® =u', giving

AEe A
or
t dFU
Fe E/ Ja-0 " dr (9.3.57)
The force equilibrium requires
t dFu
Pt)y=F'+F'=F"+ Eef J(@—1) ] dr, (9.3.58)
oo T
which is an integro-differential equation for F'(t).
Using the Laplace transform, we obtain
R e
?0 = (1+ EsJ) F". (9.3.59)
Since s.J = —E, we can write
- 1 1 1 (1 1
J§)=—=—" — — [ Z—- —— 9.3.60
() s2E s(2ps +2u)  2p (s s+ %) ' ( )

and the inverse transform gives

1
I(t) = (1 —e ) . (9.3.61)
21
Equation (9.3.59) takes the form

F”=&(s+%) @2 E

s \s+a 2n

p  (2n @ E
= — - . 9.3.62
2u + E° ( s+ a) ( )

The inverse transform gives the force in the viscoelastic rod

FU(t) = 2 — Ee™). (9.3.63)

Py (
2u + E¢
Then from Eq. (9.3.56) we have

RL RL )|:l 1 }

L o
u’ sJF" — 9.3.64
()= As(s + a) AQu+E) s s+a ( )
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The inverse transform yields the displacement

vy DL (g e
u'(t) = ACu 1 B9 (1—e™). (9.3.65)

9.4 Summary

This chapter is dedicated to an introduction to linearized viscoelasticity. Beginning
with simple spring-dashpot models of Maxwell and Kelvin—Voigt, three and four el-
ement models and integral constitutive models are discussed, and their creep and
relaxation responses are derived. The discussion is then generalized to derive inte-
gral constitutive relations of viscoelastic materials. Analogies between elastic and
viscoelastic solutions are discussed. Applications of the analogies to the solutions
of some typical problems from mechanics of materials are presented. This chapter
constitutes a good introduction to a course on theory of viscoelasticity.

PROBLEMS

9.1 Method of partial fractions. Suppose that we have a ratio of polynomials of the
type
F(s)
G(s)’
where F(s) is a polynomial of degree m and G(s) is a polynomial of degree n, with
n > m. We wish to write in the form
F(s c c
_( ) _ 1 + 2 + 3 IS Cn ’
G(s) sH+a s+o s+o s+ oy

where ¢; and «; are constants to be determined using

o tim )

—_—, | = 1, 2, P (B
S—>—a; G(s) ! "

It is understood that G(s) is equal to the product G(s) = (s +a1)(s +a2)...(s +
ap). If

F(s)=s>—6, G(s)=s>44s*+3s,

determine ;.

9.2 Determine the creep and relaxation responses of the three-element model of
Figure 9.2.7(b).

9.3 Derive the governing differential equation for the spring-dashpot model shown
in Figure P9.3. Determine the creep compliance J(¢) and relaxation modulus Y(¢)
associated with the model.

M, G,
—wW— .
——0 Figure P9.3.

e

=1
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9.4 Determine the relaxation modulus Y(¢) of the three-element model of Figure
9.2.7(a) using Eq. (9.2.10) and the creep compliance in Eq. (9.2.37) [i.e., verify the
result in Eq. (9.2.42)].

9.5 Derive the governing differential equation for the mathematical model ob-
tained by connecting the Maxwell element in series with the Kelvin—Voigt element
(see Figure P9.5).

e K € Figure P9.5.

9.6 Determine the creep compliance J () and relaxation modulus Y(¢) of the four-
element model of Problem 9.5.

9.7 Derive the governing differential equation for the mathematical model ob-
tained by connecting the Maxwell element in parallel with the Kelvin—Voigt element
(see Figure P9.7).

0O<—9 k, p—>0 Figure P9.7.

U —

——

9.8 Derive the governing differential equation of the four-parameter solid shown in
Figure P9.8. Show that it degenerates into the Kelvin—Voigt solid when its compo-
nents parts are made equal.

k, k,
—W— VWW~- .
5 7 : p Figure P9.8.

9.9 Determine the creep compliance J(¢) and relaxation modulus Y(¢) of the four-
element model of Problem 9.7.

9.10 If a strain of e(¢) = ot is applied to the four-element model of Problem 9.7,
determine the stress o(¢) using a suitable hereditary integral [use Y(¢) from Problem
9.9].

9.11 For the three-element model of Figure 9.2.7(b), determine the stress o(¢) when
the applied strain is e(¢) = g9 + &1 t, where gy and ¢; are constants.

9.12 Determine expressions for the (Laplace) transformed modulus E(s) and Pois-
son’s ratio ¥ in terms of the transformed bulk modulus K(s) and transformed shear
modulus G(s).
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9.13 Evaluate the hereditary integral in Eq. (9.3.4) for the three-element model of
Figure 9.2.7(a) and stress history shown in Figure 9.3.3.

9.14 Given that the shear creep compliance of a Kelvin—Voigt viscoelastic material
is

1
- (1-— —t/t
I (1) ZGO( e”'"),

where Gy and t are material constants, determine the following properties for this
material:

(a) shear relaxation modulus, 2G(¢),
(b) the differential operators P and Q of Eq. (9.1.1),
(c) integral form of the stress—strain relation, and

(d) integral form of the strain-stress relation.

9.15 The strain in a uniaxial viscoelastic bar with viscoelastic modulus E(¢) =
Ey/(141t/C)is e(t) = At, where Ey, C, and A are constants. Determine the stress
o(¢) in the bar.

9.16 Determine the free end deflection w"(¢) of a cantilever beam of length L, mo-
ment of inertia /, and subjected to a point load P(¢) at the free end, for the cases (a)
P(t) = PyH(t) and (b) P(t) = Pye ™. The material of the beam has the relaxation
modulus of E(t) = Y(t) = A+ Be ™.

9.17 A cantilever beam of length L is made of a viscoelastic material that can be
represented by the three-parameter solid shown in Fig. 9.2.7(a). The beam carries a
load of P(t) = PyH(¢) at its free end. Assuming that the second moment of area of
the beam is /, determine the tip deflection.

9.18 A simply supported beam of length L, second moment of area / is made from

the Kelvin—Voigt type viscoelastic material whose compliance constitutive response
is

J(t) = %0(1 — e,

where Ep and t are material constants. The beam is loaded by a transverse dis-
tributed load

a(x.t) = a0 (1= 7)1 = F(0 g0,

where ¢ is the intensity of the distributed load at x = 0 and g(r) = ¢>. Determine
the deflection and stress in the viscoelastic beam using the Euler-Bernoulli beam
theory.

9.19 The pin-connected structure shown in Figure P9.19 is made from an incom-
pressible viscoelastic material whose shear response can be expressed as
nd d

P=1+1% o-,%.
toa 27
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where 1 and u are material constants. The structure is subjected to a time-dependent
vertical force P(t), as shown in Figure P9.19. Determine the vertical load P(¢) re-
quired to produce this deflection history. Assume that member AB has an area
of cross-section A; = 9/16 in.? and member BC has an area of cross-section A, =
125/48 in.2.

o)A
===
A,=9/16 in2 5
A, =125/48 in.2 0 . Figure P9.19.
1
0 1 >
0 Z,

9.20 Consider a hallow thick-walled spherical pressure vessel composed of two dif-
ferent viscoelastic materials, as shown in Figure P9.20. Formulate (you need not
obtain complete solution to) the boundary value problem from which the stress and
displacement fields may be determined.

External
pressure, P, @)

Internal
pressure,

py(t) Figure P9.20.

Material 1

Material 2
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Answers to Selected Problems

Chapter 1
1.1 The equation of motion is

v+ c
—tav=g, a=—.
dt & m

1.2 The energy balance gives
d
- (Aq)+BP(Tx — T) + Ag = 0.

1.4 The conservation of mass gives

d(Ah)
dt =dqi — qo;

where A is the area of cross section of the tank (A = 7 D?/4).

Chapter 2
2.1 The equation of (or any multiple of it) the required line is
C-[A—(A-ép)ép]=0.
2.2 The equation for the required plane is
A-B)x(B-C)-(A-C)=0.
2.6 (a)S; =12. (b) S;S;; =240. (e) S;; A; = {181534)T.

2.8 The vectors are linearly dependent.

2.10 (a) The transformation is defined by

A/ 1 =1 1 A
€ Vi V33 €
P — 2 3 1 é
2 Jii Vi Vi 2
&, -4 1 5 €3
NZ7 RNV N
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2.12 Follows from the definition

(L] =

| |
o= I\)I»—-s‘ —_

Shsk o
DN = I\)!»—As\l'_l

2.17 Note that (f— =x /r)

L or .
grad(r?) = 2rei8—Xi =2&;x; =2r.

Use of the divergence theorem gives the required result.
2.18 Use the divergence theorem to obtain the required result.

2.19 The integral relations are obvious.
(a) The identity is obtained by substituting A = ¢ Vi for A into Eq. (2.4.34).

2.20 See Problem 2.10(a) for the basis vectors of the barred coordinate system in
terms of the unbarred system; the matrix of direction cosines [ L] is given there.
Then the components of the dyad in the barred coordinate system are

14
2 - 0

1 14 15 37

[S]= vz 14 1443
3 13

TN

2.24 Begin with
[(S-A) x(S-B)]-(S:C) = eijSipSigSir Ap By G
obtain
ISlepqr — €ijiSipSiqSkr = 0.

2.25 Use the del operator from Table 2.4.2 to compute the divergence of the
tensor S.

230 (a) A =30, r=2(1++5)=06472, r3=2(1—+/5)=-2472. The
eigenvector components A; associated with A3 are AY = +(0.5257,

0.8507, 0).
(¢) Theeigenvaluesare A =4, A, =2, Arz=1.
(d) The eigenvalues are Ay =3, X, =2, i3 = —1. The eigenvector associ-

ated with 1 is A(l) = :I:%(l, 0,1).

(f) The eigenvalues are A; = 3.24698, A, = 1.55496, A3 =0.19806. The
eigenvectors are A" = £(0.328, —0.737,0.591); A® = £(0.591, —0.328,
—0.737); A® = £(0.737,0.591, 0.328).

2.31 The inverse is

1
Al'=—=| 2 4 =2
[A] B
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Chapter 3
31 v=1, a= (1J£t)2"'
1
33 (¢){2
1
[k> 0 0
34 b)[C]l=| 0 k 0 ].
L0 0 &3
_k1 eOkz 0
35 (@)[F]=|0 k 0
| 0 0 ks
cos At sin At 0
3.6 (c)[F]=| —sin At cos At 0
.0 0 1+ Bt

37 (@ wu(X)=AX,, w(X)=BX., us(X)=0.

B A4+B 0
(c)2[E]=|:A+B A? 0}

0 0 0
cosht sinht 0
39 (¢)[F]=| sinht cosht O |.
0 0 1
3.11 (b) The angle ABC after deformation is 90 — 8, where cos 8 = \/%7

6 7 0
3.12 (a) [E] = 3([C] - [1]) = [7 8 0]
0 0

o

33wy =3 X, up=0.
3.14 u = (eg) )(22, U = 0.

315 By =422 + Xz(e;;;,ezz), Ep=29%4 Xz(ejj};%), 2Ep =94 paky

316 uy = —-02X; + 05X, u, =0.2X; —0.1X +0.1.X1 X5.

317 e, = A, €9 =0, &, =0,609 = A, e9 = 5 (Br + £ cosb), e,. =0.
3.19 The linear components are given by &1 = 3x7x; + ¢ (203 +3c3x — xg), g =
—(2c§ + 3c%x2 — xg + 3clx12x2), 210 = X1 [xlz + 1 (36% — 3x§)] — 361X1X%.

3.20 (b) The strain field is not compatible.

321 (b) Ejy(= Ew) ~ #%5, Ep(= Ex) ~ 5 (Z:—Il;z)'

343
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3.22 The principal strains are & = 0 and ¢ = 10~ in./in. The principal direction
associated with ¢; = 0 is A; = & — 2&, and that associated with ¢ = 1073 is
A, =2¢; + é,.

323 (¢)uy = CX1X22, Uy = chzXz.

3.26 Use the definition (3.6.3) and Eqgs. (3.6.14) and (3.7.1) as well as the symmetry
of U to establish the result.

3.29 The function f(X;, X3) is of the form f(X;, X3) = A + BX; + C Xz, where A,
B, and C are arbitrary constants.

5.0 0.40 (U] = 2.2313  0.1455
04 116 ~10.1455 1.0671 |°

0.707 0.707 0 2.121 0707 0
336 [U]=|0707 2121 0 |, [V]=]0707 0707 0 |.

335 [C] = [

0 0 1.0 0 0 1.0

Chapter 4
43 (i)(a)t" =2(& +7& +&3). (¢)o, = —7.33MPa, o, = 12.26 MPa.

44 (a)t" = J-(5& + 58 +98;)10° psi. (b) o, = 6,333.33 psi, oy = 1, 885.62 psi.
(¢) op1 = 6,656.85psi, g, =1,000psi, 0,3 =—4,656.85psi.

45 o0, = —2.833MPa, o, = 8.67 MPa.

4.6 o0, =0.3478 MPa, o, = 4.2955 MPa.

49 o0, =3.84MPa, o, = —17.99 MPa.

4.11 o, = —76.60 MPa, o, = 32.68 MPa.

4.12 o, = 90 MPa.

413 o, =972.015kPa, o0, = —72.015 kPa.

4.14 o, = 121.98 MPa, 0,, = —81.98 MPa.

4.15 op = 11.824 x 10° psi, nM) = £(1, 0.462, 0.814).

417 =2, A =3, Ay =-11 a0 = —0.577&; +0.577&, + 0.577¢;.

418 1, = 6.856, A1) = £(0.42, 0.0498, —0.906).

4.19 (b)t, = —16.67 MPa, t, = 52.7 MPa.

420 o; =25MPa, o, = 50 MPa, o3 =75 MPa;
Al =+ (¢ — &), A® ==&, O ==L (18 +3&y).

5

Chapter 5

5.6 (a) Satisfies. (b) Satisfies.
57 Q=2@3uv —c) m*(sm).
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58 (a) F=24.12N. (b) F=12.06N. (c) F, = 45N,

59 ()= ,/8(x2—x}), a(t) = Sx(1);
v(to) = /8([? — x}) ~ /gL when L >> x.

5.14 The proof of this identity requires the following identities (here A is a vector
and ¢ is a scalar function):

V-(VxA)=0. 1)
V x (V¢) =0. 2)

2
v~gradv=V(%)—vaxv. 3)
Vx(AxB)=B-VA—A.-VB+ AdivB — BdivA. 4

517 v, =99 m/s, Q= 19.45Liters/s.

518 pfi =0, pfr =a (b* +2x1x2 — x3), pfs = —dabxs.
520 0=~ (P =x3), on=0 (L=2).

521 (a) T =0.15N-m. (b) When T =0, wy = 477.5 rpm.
5.22 » =16.21 rad/s = 154.8 rpm.

5.24 v = 0.69 m/s, v, =2.76 m/s, loss = 5.3665 N - m/kg.

Chapter 6
37.8
Z“ 432
22
27.0
_ 0
6.2 023 =10 216 Pa.
Z” 0.0
12 5.4

6.3 I, =108 MPa, L =2,507.76 MPa?, s = 25, 666.67 MPa?;
Jy =500 x 107%, J, =235 x 1079, J3 = —32 x 10712,

64 I =788MPa, L, =1,062.89 MPa?, 5 = 17,368.75 MPa’.

6.5 J =66.65x107° J, =63,883.2 x 10712, J3 = 244,236 x 1018,

6.6 711 = 0, T = ]z_ff—kkt, T2 =M (%)@) .

6.8 (1) Physical admissibility, (2) determinism, (3) equipresence, (4) local action,

(5) material frame indifference, (6) material symmetry, (7) dimensionality, (8)
memory, and (9) causality.
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Chapter 7

71 o111 = 96.88 MPa, 0 = 64.597 MPa, 033 = 48.443 MPa, o1 = 4.02 MPa,
013 = 0 MPa, 03 = 0.
L SRI? 17,
74 wo(3)=- (48(}51 + 3864]1”151)
7.6 w,y =0.656in.

4
77 we = %(ﬁ%).

7.8 we = (5+v _ 6+v)

= (1+v)D 150

_ 43 qod*
7.9 we= 557D

7.10 w, = f’;an (2log Lyg-1).
701 u,(r) = — (1 - —) . 09 =0, o, =%

7.130,r=—(1+3—;g)p, o =040 =— (1~ %) p.
715 ”9(’)=§°Tbj(f7—‘f), o = 200

718 o, =2D (3x2y — 2y3) . Oy = 2Dy’, Oxy = —6Dx)?.
7.21

3qo <X 5a> x* y 5y3>
b

7= 0 22a2b  3b3
y Yy
Oy = 4( 2— 3b b3>

_ 3qoa x . y?
Oy = — 2.
Y= 4 a b2
7.22

By? 4

Oxx =

?® 19 [ 2x 6xy 2a 6ay R
T Tttt ) o=

7.24 o,, = —zf‘ sinf, ogp =0, 079 =0.

7.25
oV no
031 = — = —xX2(x1 —a)
0x) a
ow u@
o3 = _87 = 2(,1 (xl +261x1 — x2)
5v3T

The angle of twist is 0 =

27pa* *
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7.27 The Euler equations are

d dw
Sw : _E[ <¢+E>:|—qzo
s = o (Brge) +oa (o ) =0
729 w(0) =u; = —%'

7.32

1 . : 1
L=5m [176% + &% — 210 sin 0] + Emzxz

1
+ myg(x —IcosB) + mpgx + zk(x + h)?

where 4 is the elongation in the spring due to the masses 1 = £ (m; 4 m»).

733 pli — px or ¥ —Fx=0.

7.34
ad ow 02 0%w 2 0%w
T poaZ )+ Z (E1ZE) - 2 (p1 —q.
ot (p o1 ) t e ( 8x2> axor (p 8x8t> q
7.35
m(x + €0 cos O — £0*sin0) + kx = F
m [0k cos6 + (€% + Q*)F] + mglsin® = 2aF cosb.
7.36
0 Nyy d ou
Suy : — — — — | =0,
o o T ( Oar)
90, 3 [ ow
Sw : - — — — ) =0,
v ax 1ty (mo o1 )
M., 9 3¢
8¢ : - e+ — — | =0.
¢ ax +Q+8t<m28t>
Chapter 8

8.2 (a) The pressure at the top of the sea labis P = 1.2 MN/m?.
83 p=1.02kgm’.

—g/mR —g/mR
8.4 P=P0(1+m9—f) , p=p0(1+%) .

85 P(y)= R +pghcosa (1—7%), U(y) = w(z%— 2)_

m

=1

8.7 The shear stress is given by

dPr 1 dP R 1 R
rr=—| ——= — = 2 — — ,
frz <d22+rcl> dz4|: ( )+( )loga<r>i|

where dP/dz = ’;—f + pg
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8.8

8.10
8.12
8.15

8.16
8.17
8.18

Answers to Selected Problems

Qr? r2

_ 1 2
ve(r) = 5 s|\r——-

ry—ry r

If iy = Randr, = a Rwith 0 < @ < 1, we have

v(r) = = QR (%—a2£>.

r

The velocity field is

The shear stress distribution is given by 7,y = —2uQ % az (5)2 .

P = —pgz+ 3pQ%r? + ¢, where ¢ = By + pgzo.
ve(y, t) = Upe ™" cos(nt — n).

T = 3’;2 (5)4 sing, P=Py—pgz— L= (5)2 cos ¢, where P is the pres-

r r
sure in the plane z = 0 far away from the sphere and —pgz is the contribution

of the fluid weight (hydrostatic effect).
— 4 (rg:)+rpQ. =0.
T(r) =T+ 245 [1- (3)°].

0(x,1) =3, B,sind,xe ', B, = %fOL f(x)sin A,x dx.

— o’ Ry r 3
820 T(r) = Ty — 1 [1 -(&)].
 Brga*(G—Th 3
8.21 vy(x) = MWT(MZI) [(;_C) _ (;_()] _
Chapter 9
9.1 —2H(t)+2.5¢~" +0.5¢73.
92 J(1)= k]_] - kl(kll{ikz')e_t/ry Y(t) = ki + kae™'/".
3 J(O)= |:m+nz + () a- 6“2’)} Y(t) = ms(t) + Goe /2, = %,
_ G G
oy = 3¢ DT nzz
94 Y(t) = k’ff}gz (1—e™) +kje™, r= kl-l]-kz )
9.5 qié+ i]zé' = Pozf + P16+ &, where pg = K, py= A4 L4 L
=5 o=+ @=1
9.6 Y(t) = 4R [y —a)e M — (A —a)e ]
9.7 qos + qié + qE = pyo + p1 &, where py = n]—z pL = klz qo = %

9.9

= kg om =
q1_1+k2+n2’ 2 =1

10= A i ra)
. et

“’1[<ﬂe—a>‘<ﬂ—a>}“’2[ (ﬂ—m) <Ze—z>“
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9.10
9.11

9.12

9.13
9.14

9.15
9.16

9.17

9.18

9.19
9.20

The relaxation response is Y(¢) = ki + koe " + n18(¢).
o(t) = [k + koe™ + 018(t)] &0 + [ty + %2 (1 — e™') + 01 H(t)] &0
Y(t):k1+kze*t/’, TZ%.

Fvon . 9R(s)G(s) 31<() 26(s)
E(s) = 3R()1G(s) ° sv(s) = BRETG6)]

e(t) = o (k% + kize*‘/’) , for t > 1.
(a) 2G(r) = 2Go[H(t) + t8(1)].

(€) 0/, (t) = 2G(1)e;(0) + 2/‘0 G(t — 1) 1,(1) di’.
o(t) =In(1+1/C).

(a) w'(L, £) = AL [ B il 4 B H(t)] (b) w(L, 1) = 8L &,

Eyl

w'(L, ) = PoL [ H(t) + (qom Zopl) e (fIl/Pl)l:I
w0 =4 (1-4) [7-10(1 - 3)? +3(1——)]h(t) where  A(t) =
F -+ 5 (H)[(4) 2] otn = —BaE = 85 (1= 5) £40).

P(t) = ﬁ[fso E(t) + (81 — 80) E(t — fo)i|-

The Laplace transformed viscoelastic solutions for the displacements and
stresses are obtained from

Bi(s)
rz -’

i, (r,s) = A;

0. (r,s) = 2u+31)A;(s) — j—/;Bi(s),

4SM(S)

000(r, ) = 044(r,s) = [25(s) + 3sh(s)] Ai(s) + B;i(s),

where A;(s) and B;(s) are the same as A; and B; with v and E replaced by
sP(s) and s E(s), respectively.
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