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Preface

In this book we try to present a balanced overview of modern macroeconomic the-
ory. We have adhered to two guiding principles in writing this book. First, we have
adopted a rather eclectic approach by paying attention not just to the most recent
insights in the field but also to developments that are currently less fashionable. In
doing so we hope to provide the students with a better overview of current and past
debates in macroeconomic theory. We have thus chosen to include discussions of
the IS-LM model, the adaptive expectations hypothesis, and the quantity rationing
models of the early 1970s. Though these theories are currently less fashionable
(and, as some economists argue, may even be "outdated") it is our firm conviction
that they nevertheless provide important insights. For example, to fully appreciate
the importance of the rational expectations hypothesis, a good understanding of
the adaptive expectations hypothesis (its immediate predecessor) is indispensable.
Similarly, to really understand the contributions made in recent years by Real Busi-
ness Cycle economists it is useful to have a firm understanding of the IS-LM model,
whilst a familiarity with the quantity rationing literature helps in appreciating the
New Keynesian insights. Finally, "old habits die slowly" and the IS-LM model is still
used extensively even though, as Blanchard has pointed out recently, many people
may not even know they are using it (2000b, p. 1405).

Our second guiding principle concerns the adopted style of the book. In addition
to introducing the different theories by verbal and graphical means, we have also
aimed to successively develop "the tools of the trade" of modern macroeconomics.
In this aspect our book is related to Allen's (1967) marvellous macroeconomic tool-
book. So instead of only providing students with a verbal/intuitive understanding
of the material (valuable as it is), we also want to teach them the basic modelling
tricks of modern macroeconomics. Where needed we present the full details of
both the models and their solutions. We expect that students who have worked
through our book should have little or no problems with more advanced graduate
textbooks like Blanchard and Fischer (1989), Farmer (1993), Obstfeld and Rogoff
(1996), Romer (2001), Turnovsky (1997, 2000), Sargent (1987a), and Ljungqvist
and Sargent (2000). Similarly, the student should be well prepared to read (and
appreciate) the magnificent survey articles in the recent macroeconomics handbook
by Taylor and Woodford (1999).
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How did this book get written? We started to think about writing this book in 1993
when we were both employed at the University of Amsterdam. The second author
benefited much from his experience teaching courses in macroeconomic theory and
policy at the London School of Economics together with Charles Bean and John
Hardman Moore. Handwritten notes on the first ten chapters were developed by
the second author and expanded into a set of typed lecture notes by the first author
in early 1995. These notes carried the provisional title of Macroeconomics in Sixteen
Frames, even though only ten "frames" existed at that time. (Recall that projection
at a rate of at least sixteen frames per second underlies the principle of motion
pictures. The working title was thus intended to signal that the book presents a
smooth overview of modern macroeconomics.) We determined the contents of the
remaining frames and the Mathematical Appendix together and the first author
completed the work on the book on a part-time basis during the period 1995-2001.

Our book can be used both in the undergraduate and the graduate curriculum. In
the undergraduate curriculum, Chapters 1-11 can be used in a second (intermedi-
ate) macroeconomics course whilst Chapters 12-17 are aimed at final-year advanced
undergraduates. For example, we have ourselves used Chapters 1-10 in our second-
year macroeconomics courses at the Universities of Amsterdam and Groningen.
Students in these institutions typically study a book like Mankiw (2000a) in their
first-year course. In the graduate curriculum, the book can be used as the main text
in a first-semester macro course or as a supplementary text for an advanced graduate
macro course. The book is well suited for beginning graduate students with no or
insufficient previous training in macroeconomic theory. Parts of Chapters 13-17
were used in the various graduate courses we have taught over the years for the
Netherlands Network of Economics (NAKE) and the Tinbergen Institute. Graduate
courses based on the material in this book were also given in the European Uni-
versity Institute (Florence), the Institute for Advanced Studies (Vienna), and SERGE
(Prague).

Despite considerable effort on our part (and that of the editorial team of Oxford
University Press), we are almost sure that some typos and errors are still "out
there" to be discovered. We pledge to publish all such errors and typos as we
become aware of them. We will make the errata documents available through
the home page of the first-mentioned author. At the time of writing, the link is:
http://www.eco.rug.nl/medewerk/heijdra . On this home page we will also place the
problem sets for the book as they become available.

We have received comments from many students and colleagues over the
years. Particularly detailed comments were received from two anonymous refer-
ees, Jaap Abbring, Leon Bettendorf, Lans Bovenberg, Erik Canton, Robert Dur,
Switgard Feuerstein, Christian Groth, Albert van der Horst, Jan-Peter Kooiman,
Jenny Ligthart, and Partha Sen. Peter Broer provided technical assistance on
Chapters 15-17 and Thijs Knaap helped with the impulse-response graphs in
Chapter 15. The first drafts of Chapters 16-17 were written during a visit of the first-
mentioned author to the Economic Policy Research Unit (EPRU) of the University

v i
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Preface

of Copenhagen in January 2000. We are grateful to EPRU for its hospitality and
excellent research facilities.

We were very fortunate to work with Andrew Schuller of Oxford University Press.
Despite the fact that we missed many deadlines over the years, and ultimately
handed in a typescript almost twice the size we originally promised, Andrew has
maintained a cheerful disposition and a steady interest in the project. During the
fine tuning of the book we benefited tremendously from the efforts of Rebecca
Bryant, also of Oxford University Press.

Ben J. Heijdra
Rick van der Ploeg
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Rational Expectations and
	 I

Economic Policy

The purpose of this chapter is to discuss the following issues:

1. What do we mean by rational expectations (also called model-consistent expecta-
tions)? 	 actual price It

2. What are the implications of the rational expectations hypothesis (REH) for the con -	 expected pricy A,
duct of economic policy? What is the meaning of the so-called policy-ineffectiveness 	 In the diagram
proposition (PIP)? 	 towards point f

3. What are the implications of the REH for the way in which we specify and use 	 The adjustm ,

macroeconometric models, and what is the Lucas critique? 	 (e.g. household

4. What is the lasting contribution of the rational expectations revolution? 	
time paths for t
the expectation
is slowly elim A,
negative, and a ,

3.1 What is Rational Expectations? 	 This is very
opposed to the

3.1.1 The basic idea 	 economics. Thi
occupies cent'.

More than three decades ago, John Muth published an article in which he argued 	 result, Muth pi
forcefully that economists should be more careful about their informational assump- 	 future events, a
tions, in particular about the way in which they model expectations. Muth's (1961) 	 theory" (1961.
point can be illustrated with the aid of the neoclassical synthesis model under the 	 With respect
AEH that was discussed in Chapter 2. Consider Figure 3.1, which illustrates the 	 hear at time to
effects of monetary policy over time. The initial equilibrium is at point E0, with out- 	 relevant econo
put equal to Y* and the price level equal to Po. There is an expectational equilibrium, 	 level for the n
because P = Pe at point Eo. If the monetary authority increases the money supply 	 supply (PC = P1
(in a bid to stimulate the economy), aggregate demand is boosted (the AD curve 	 jumps from E0

shifts to ADO, the economy moves to point A, output increases to Y*, and the price 	 adjustment st,
level rises to P'. In A there is a discrepancy between the expected price level and the 	 sition. Since ti



P

Pi

Po

P= PC+ (110)[Y—Y1

P=11-F(110[Y—Y*]

AD 1

AD0

Y*

Figure 3.1. Monetary policy under adaptive expectations

actual price level. This discrepancy is slowly removed by an upward revision of the
expected price level, via the adaptive expectations mechanism (e.g. equation (1.14)).
In the diagram this is represented by a gradual movement along the new AD curve
towards point E l , which is the new full equilibrium.

The adjustment path of expectations is very odd, however, because agents
(e.g. households supplying labour) make systematic mistakes along this path. The
time paths for the actual and expected price levels are illustrated in Figure 3.2, as is
the expectational error (Pe — P). The initial shock causes an expectational error that
is slowly eliminated. All along the adjustment path, the error is negative and stays
negative, and agents keep guessing wrongly.

This is very unsatisfactory, Muth (1961) argued, because it is diametrically
opposed to the way economists model human behaviour in other branches of
economics. There, the notion of rational decision making (subject to constraints)
occupies centre stage, and this does not appear to be the case under the AEH. As a
result, Muth proposed that: "expectations, since they are informed predictions of
future events, are essentially the same as the predictions of the relevant economic
theory" (1961, p. 316).

With respect to the model illustrated in Figure 3.1, this would mean that agents
hear at time to that the money supply has been increased from M0 to M1, use the
relevant economic theory (equations (2.1)—(2.2)), calculate that the correct price
level for the new money supply is P 1 , adjust their expectations to that new money
supply (11 = P1), and supply the correct amount of labour. As a result, the economy
jumps from E0 to E1, output is equal to Y* and the price level is P i . Of course, this
adjustment story amounts to the PFH version of the policy-ineffectiveness propo-
sition. Since there is no uncertainty in the model, forecasting is not difficult for
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Figure 3.2. Expectational errors under adaptive
expectations
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the agents. They realize that a higher money supply induces a higher price level
and thus adjust their wages upwards. As a result, the real wage, employment, and
output are unaffected.

In reality all kinds of chance occurrences play an important role. In a macroe-
conomic context one could think of stochastic events such as fluctuation in the
climate, natural disasters, shocks to world trade (German reunification, OPEC
shocks, the Gulf War), etc. In such a setting, forecasting is a lot more difficult. Muth
(1961) formulated the hypothesis of rational expectations (REH) to deal with situa-
tions in which stochastic elements play a role. The basic postulates of the REH are:
(i) information is scarce and the economic system does not waste it, and (ii) the way
in which expectations are formed depends in a well-specified way on the structure
of the system describing the economy.

In order to clarify these postulates, consider the following example of an isolated
market for a non-storable good (so that inventory speculation is not possible). This

market is describe
I

Q4D = ao _

Qs = bo -r. k

QtD (215 I

where Pt is the p
the quantity su,
to hold in period
impinge on the
Ut could summa::.
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market is described by the following linear model:

QtD = ao - aiPt, al > 0, (3.1)

Qts = bo + biPt + Ut, bi > (3.2)

QtD = 	 Qt] (3.3)

where Pt is the price of the good in period t, Qtli is the quantity demanded, Qis is
the quantity supplied, and P; is the price level that suppliers expect in period t - 1
to hold in period t. The random variable Ut represents all stochastic elements that
impinge on the supply curve. If the good in question is an agricultural commodity,
Ut could summarize all the random elements introduced in the supply decision by
the weather, crop failures, insect plagues, etc.

Equation (3.1) shows that demand only depends on the actual price of the good.
In other words, the agents know the price of the good, and there are no stochastic
events occurring on the demand side of the market, such as random taste changes,
income fluctuations, etc. Equation (3.2) implies that there is a production lag: sup-
pliers must decide on the production capacity before knowing exactly what will
be the price at which they can sell their goods. They make this decision on the
basis of all information that is available to them. In the context of this model, the
information they possess in period t - 1 is summarized by the so-called information

set, Qt-i.

2t -1 {Pt -1,Pt -2, Qt Qt- _2, ...;ao, ai, bo, bi; Ut N(0, 0-2)} (3.4)

What does this mean? First, the agents know all prices and quantities up to and
including period t - 1 (they do not forget relevant past information). Obviously,
the information set Qt-i does not include Pt, Qt, and Ut . Second, the agents know
the structure of the market they are in (recall: "the relevant economic theory" is
used by agents). Hence, the model parameters c/o, a l , bo, and b 1 are known to the
agents as is the structure of the model given in (3.1)-(3.3). Third, although the actual
realization of the stochastic error term Ut is not known for period t, the probability
distribution of this stochastic variable is known. For simplicity, we assume that Ut

is distributed as a normal variable with an expected value of zero (EUt = 0), no
autocorrelation (EUt Us = 0 for t s), and a constant variance of a 2 E(Ut - EUt) 2],
where E(.) is the unconditional expectations operator. This distributional assump-
tion is written in short-hand notation as N(0, a 2 ). Recall from first-year statistics
that the normal distribution looks like the symmetric bell-shaped curve drawn in
Figure 3.3. Fourth, past realizations of the error terms are, of course, known. Agents
know past observations on Qt_ i and Pt_i, and can use the model (3.1)-(3.3) to find
out what the corresponding realizations of the shocks must have been (i.e. Ut_i).

The REH can now be stated very succinctly as:

Pt = E [Pt I Qt_i]	 (3.5)
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but the REH states in
expectation, 	 coinc
L.c solution for

The final expression
The actual price levc,

;ply shock Ut ). By si

(3.9)

where E t_1 is short-hand notation for E(. I Qt---1.), which is the conditional expectation
operator. In words, equation (3.5) says that the subjective expectation of the price
level in period t formed by agents in period t -1 (Pt) coincides with the conditional
objective expectation of Pt, given the information set Qt-t.

How does the REH work in our simple model? First, equilibrium outcomes are
calculated. Hence, (3.3) is substituted into (3.1) and (3.2), which can then be solved
for Pt and Qt in terms of the parameters and the expected price 11:

ao - bo - 	 - Ur
ai

Qt = + b iPte: + Ut .

Equation (3.6) is crucial. It says that the actual price in period t depends on the price
expected to hold in that period, and the realization of the stochastic shock Ut . More
precisely, a higher expected price level or a positive supply shock (bigger Pt or Ur)
boosts the supply of goods and thus the equilibrium price level must fall in order to
clear the market. The REH postulates that individual agents can also calculate (3.6)
and can take the conditional expectation of Pt:

ao - bo

al
	 (-191 	

1

	

al 	 al- (—) Et_iUt •	 (3.8)

Consider the three terms on the right-hand side of (3.8) in turn. The first term is
obvious: the conditional expectation of a known constant is that constant itself. The
second term can similarly be simplified: Pt is a known constant, so that E t_i/I =
The third term can be simplified by making use of our knowledge concerning the
distribution of Ut . Since Ut is not autocorrelated, the conditional expectation of it
is equal to its unconditional expected value, i.e. Et-1 Ut = 0. As a result of all these
simplifications, Et_iPt can be written as:

Et-iPt = (ao
 - bo) (b 1

--) /Pt.
ai al
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But the REH states in (3.5) that the objective expectation, Et_iPt, and the subjective
expectation, Pt, coincide. Hence, by substituting Et_iPt = 11 into (3.9) we obtain
the solution for /1:

Pt	
al

e ao – bo	 bi	 = Et_ pt = ao – bo
t 

= 	 ai + bi
(3.10)

The final expression is the rational expectations solution for the expected price level.
The actual price level Pt is stochastic (of course, since it depends on the stochastic
supply shock Ut ). By substituting (3.10) into (3.6), the expression for Pt is obtained:

Pt =
ao – bo	( 1	 =i)-(1)ut,
al + bl	 k al ) 	 ai

(3.11)

where P (ao – bo)/(ai + b1) is the equilibrium price that would obtain if there were
no stochastic elements in the market. Equation (3.11) says that the actual price
Pt fluctuates randomly around P. The expectational error is equal to Pt – Et-iPt =
–(1/a i )Ut , and exhibits no predictable pattern. Also, the average of this error is zero,
so that agents do not make systematic mistakes. If there is an expected negative
supply shock, for example due to an agricultural disaster, the price level rises.

What would have been the case under the AEH? Obviously, under AEH, the expec-
tational errors do display a predictable pattern. Recall (from (1.14)) that the AEH
says that the expected price level can be written as a weighted average of last period's
actual price level and last period's expected price level:

Pt = + (1 – 0 < A < 1. (3.12)

By using (3.6) and (3.12), the model can be solved under the AEH:

al +bi 1Pt-1 – (—) (Ut – (1 – A)Ut_i) . (3.13
al 	

)
al

Equation (3.13) shows that the equilibrium price Pt under the AEH displays a clearly
recognizable pattern, because Pt depends on its own lagged value Pt- i and the error
term displays autocorrelation.

The issue can be illustrated with the aid of Figures 3.4 and 3.5, which show the
paths of the price level and the expectational errors that are made under, respec-
tively, the REH and the AEH. The diagrams were produced as follows. First, the
computer was instructed to draw 100 (quasi-) random numbers from a normal dis-
tribution with mean zero and variance a 2 = 0.01. These random numbers are the

(3.8)

in turn. The first term is
s that constant itself. The

:nt, so that Et_iPte = P.
owledge concerning the

final expectation of it
D. As a result of all these
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Ut of the model. The parameters of demand and supply were set at ao = 3, al = 1,
bo = 1, and b 1 = 1, which implies that the deterministic equilibrium price is P = 1.
Obviously, from (3.10) it is clear that under the REH, Pt = P = 1. This is the dashed
line in Figure 3.4. The actual price level under the REH is given by (3.11), and is
drawn as a solid line fluctuating randomly around the dashed line. In Figure 3.5 the

Figure 3.4. Actual and expected price under REH
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Chapter 3: Rational Expectations and Economic Policy

expected and actual price levels have been drawn for the same stochastic Ut terms as
before. Not surprisingly, there is a clear pattern in the way expectations continually
lag behind actual price movements (as (3.12) of course suggests theoretically).

3.1.2 Do we really believe the idea?
In the previous section we have postulated the REH in the form of a statement like
(3.5). Muth (1961) offers an intuitive defence for the equality of conditional and
subjective expectations. First, if the conditional expectation of the price level based
on the model (E t_ iPt ) were considerably better at forecasting Pt than the subjective
expectation of suppliers (PO, there would be an opportunity for making larger than
normal profits for an alert "insider", i.e. someone who does use the information
contained in the model. This insider could, for example, start his/her own busi-
ness, engage in inventory speculation (in the case of storable goods), or operate a
consulting firm specialized in selling forecasting services to the existing suppliers.

It has unfortunately proved very difficult indeed to come up with a formal model
of this "market for information". One of the reasons is that (i) information is costly
to get, and (ii) is at least partially a public good. Agents that possess information can,
by their actions in the market place, unwittingly reveal the content of this informa-
tion to agents who have not acquired it. As a result, there may be a strong "free-rider"
problem in the market for information. Using this type of argument, Grossman and
Stiglitz (1980) conclude that it is impossible for the market for information to be
efficient. Other authors investigate the question whether agents can learn to con-
verge to rational expectations—see, for example, Friedman (1979), DeCanio (1979),
and Pesaran (1987). The conclusion of this literature suggests that is not always the
case. To quote DeCanio, "the economical use of information will not necessarily
generate rational expectations" (1979, p. 55).

So there are good reasons to believe that the use of the REH cannot be justified as
an outcome of an informational cost-benefit analysis. Yet, many economists today
accept the REH as the standard assumption to make in macro-models involving
uncertainty. The reason for this almost universal acceptance is again the corre-
spondence principle. Since we know little about actual learning processes, and the
REH describes an equilibrium situation, it is the most practical hypothesis to use.
Of course, the equilibrium described by models involving the REH is inherently
stochastic. For that reason, REH solutions for models can be referred to as stochastic
steady-state solutions.

3.2 Applications of REH in Macroeconomics
` 11 11111111111111111111111

81	 91
The idea behind rational expectations remained unused for a decade, before new
classicals like Robert Lucas, Thomas Sargent, Neil Wallace, and Robert Barro
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The Foundation of Modern Macroeconomics

applied it to macroeconomic issues. They took most of their motivation from
Friedman's (1968) presidential address to the American Economic Association, and
consequently focused on the role of monetary policy under the REH.

Their basic idea can be illustrated with a simple loglinear model, that is based on
Sargent and Wallace (1975).

yt = ao + ai(pt — Et_ipt) + ut, al > 0,

Yr = fio + 8i (mr - pt) + 132Et_i(pt+i — pt) + vt, 131, 82 > 0,

mt = /to +	 + ,u2yt_i + et,

where Yt log Yt , m t log Mt, and p t log Pt are, respectively, output, the money
supply, and the price level, all measured in logarithms. The random terms are given
by u t , vt, and et , and are assumed to be independent from themselves in time, and
from each other, i.e. Evt = 0, Evt = Eu t = 0, Eut = a3 , Eet = 0, and E4 =

Equation (3.14) is the expectations based short-run aggregate supply curve
(e.g. (2.2)). If agents underestimate the price level, they supply too much labour
and output expands. Note that the coefficient ao plays the role of potential output,
ao = yt* log 17. Equation (3.15) is the AD curve. The real balance term, mt - pt,
reflects the influence of the LM curve, i.e. the Keynes effect, and the expected
inflation rate, Er-i (Pr+i - pt), represents a Tobin effect. Investment depends on
the real interest rate, so that, ceteris paribus the nominal interest rate, a higher
rate of expected inflation implies a lower real rate of interest, and a higher rate
of investment and hence aggregate demand. Finally, equation (3.16) is the pol-
icy rule followed by the government. This specification nests several special cases:
(i) Friedman would advocate a constant money supply (since there is no real growth
in the model) and would set p,i = ,u2 = 0, so that mt = (ii) a Keynesian like Tobin
would believe in a countercyclical policy rule, i.e. A i = 0 but /12 < 0. If output
in the previous period is low (relative to potential, for example), then the mone-
tary authority should stimulate the economy by raising the money supply in this
period. The interpretation of the error term in the money supply rule is not that
the monetary authority deliberately wishes to make the money supply stochastic,
but rather that she has imperfect control over this aggregate. We could also allow
money supply to depend on other elements of the information set, i.e. pt- i, Pt-2, • • •1

Mt-2, Mt-3, • • • , Yt-2, Yt-3, • . ., but that does not affect the qualitative nature of our
conclusions regarding the effectiveness of monetary policy whatsoever.

How do we solve the model given in (3.14)-(3.16)? It turns out that the solution
method explained above can be used in this model also. First, we equate aggregate
supply (3.14) and demand (3.15) and solve for the price level:

So - ao + I3imt +aiEt-iPt + /32Et-i [Pt+i - pd + vt — ut
pt =

al + ,8
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Second, we take expectations of p t , conditional on the information set Qt-i

Po - ao + PiEt-i nit +

(3.18)

But the conditional expectation of a conditional expectation is just the conditional
expectation itself, i.e. we only need to write Et_i once on the right-hand side of
(3.18). The shock terms v t and ut are not autocorrelated, so the conditional expec-
tation of these shocks is zero, i.e. Et_ivt = 0 and Et_i u t = 0. In other words, knowing
the actual realization of these shocks in the previous period (v t_i and ut-i), as the
agents do, does not convey any information about the likely outcome of these
shocks in period t. After substituting all these results into (3.18), one obtains a
much simplified expression for Et_ipt:

Po - ao + piEt_imt +, aiEt_iPt 132E,, [pt±i — Pt] 
Et_iPt = (3.19)

a i + Pi

By deducting (3.19) from (3.17), a very simple expression for the price surprise is
obtained:

pt — Et_ipt = 	sl )[
ai +
	 Et-i	 + 	 1 	 ) [vt- — ut] .

al + 
(3.20)

Only unanticipated shocks to AD and AS, and unanticipated changes in the money
supply can cause agents to be surprised. Indeed, (3.16) implies that m t mt = et,
so that (3.20) and (3.14) imply the following expression for output:

Yt = ao + airier + aivt + Piut 
al+ 

(3.21)

where the parallel with equation (3.11) should be obvious. Equation (3.21) repre-
sents the stochastic steady-state solution for output. Given the model and the REH,
output fluctuates according to (3.21).

Equation (3.21) has an implication that proved very disturbing to many
economists in the early 1970s. It says that monetary policy is completely inef-
fective at influencing output (and hence employment): regardless of the policy
rule adopted by the government (passive monetarist or activist Keynesian), out-
put evolves according to (3.21) which contains no parameters of the policy rule! This
is, in a nutshell, the basic message of the policy-ineffectiveness proposition (PIP).
In the words of Sargent and Wallace:

In this system, there is no sense in which the authority has the option to conduct counter-
cyclical policy. To exploit the Phillips curve, it must somehow trick the public. By virtue of
the assumption that expectations are rational, there is no feedback rule that the authority
can employ and expect to be able systematically to fool the public. This means that the
authority cannot exploit the Phillips curve even for one period. (1976, p. 177)
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Of course, the PIP caused an enormous stir in the ranks of the professional
economists. Indeed, it seemed to have supplied proof that macroeconomists are
useless. If macroeconomic demand management is ineffective, then why should
society fund economists engaging themselves in writing lengthy scholarly treatises
on the subject of stabilization policy?

On top of this came the second strike of the new classicals against the then pre-
dominantly Keynesian army of policy-oriented macroeconomists. Lucas argued that
the then popular large macroeconometric models (with a strong Keynesian flavour)
are useless for the exact task for which they are being used, namely the evaluation
of the effects of different types of economic policy. This so-called Lucas critique can
be illustrated with the aid of our model. Suppose that the economy has operated
under the policy rule (3.16) for some time, that agents know and understand it, and
that the economy is in a stochastic steady state, so that output follows the stochastic
process given by (3.21).

By solving (3.16) for et and substituting the result into (3.21), it is clear that output
can be written as follows:

Yt = 4)o + Yr-1 + 4)2 m t + 03mt- +

where

	ao(ai + Si) — 	 1t2a1S1aiSi Oo	 , 	 =	 4)2 =

	

al + Pi	 al + IB1 	 al + Pi
ail/t + PiUt 

4,3 =  	 =ai + Pi 	 ai + Pi
An econometrician running regressions like (3.22) would find a well-fitting model.
An innocent but popular interpretation might suggest that a monetary expansion
would yield an expansion of employment and output. Indeed, many use simula-
tions of econometric models to give policy recommendations. Lucas pointed out,
however, that the model would be useless for policy simulations because its coef-
ficients are not invariant to the policy rule under the REH. Indeed, suppose that
the government would switch to a strong countercyclical viewpoint, reflected in a
more negative value for the parameter 11,2. Predictions with the model based on the
existing estimates of the (pi-parameters would seriously misrepresent the real effects
of this policy switch, due to the fact that the actual 0,-parameters would change.
For example, an increase in 1/121 would increase the actual value of 10 1 1.

Of course, Lucas is right in principle. Provided one compares only stochastic steady
states, the effects mentioned by him will indeed obtain. But in practice the Lucas
critique may be less relevant, especially in the short run. As we have argued above,
very little is known about the learning processes that may prompt agents to converge
to a rational expectations equilibrium. To the extent that it may take agents some
time to adapt to the new policy rule, it may well be that both (3.22) and (3.16) give
the wrong answers. This may explain why full-scale models embodying the REH are
still relatively scarce.
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3.3 Should We Take the PIP Seriously?

Shortly after the publication of Sargent and Wallace's (1976) seemingly devastating
blow to advocates of (Keynesian) countercyclical policy, it was argued that PIP is
not the inevitable outcome of the REH (that, of course, made a lot of Keynesians
happy again, and may have promoted the broad acceptance of the REH). The crucial
counter-example to PIP was provided by Stanley Fischer (1977), a new Keynesian
economist. His argument is predictable, in view of Modigliani's (1944) interpreta-
tion of Keynes' contribution. What happens with PIP if money wages are rigid, for
example due to nominal wage contracts?

3.3.1 One-period nominal wage contracts
Fischer's (1977) model is very simple. The AD curve is monetarist in nature:
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'1.21), it is clear that output

(3.22)
yt = mt —pt + vt, (3.25)

which can be seen as a special case of (3.15) with po = /32 = 0 and /3 1 = 1. The supply
side of the economy consists of workers signing one-period or two-period nominal
wage contracts, after which the demand for labour curve determines the actual
amount of employment. We first consider the case of one-period wage contracts.
We assume that workers aim (and settle) for a nominal wage contract for which they
expect full employment in the next period, when the wage contract is in operation.
This is illustrated in Figure 3.6. Workers know the supply and demand schedules for

Figure 3.6. Wage setting with single-period contracts
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labour, and estimate the market clearing real wage. Since the contract is specified
before the price in period t is known, the workers use the expected price level
to determine the market clearing real wage. If their price expectation is pet , then
expected full employment occurs at point E0. If the actual price level in period t
is higher (lower) then employment occurs at point A (B). Let wt (t — 1) denote the
(logarithm of the) nominal wage that is specified at the end of period t — 1, to hold
in period t. Assume furthermore that the real wage that clears the labour market is
equal to y. Then wt (t — 1) is set as:

wt(t. — 1) = y + 	 (3.26)

where we can simplify notation further by normalizing y = 0. The supply of output
depends on the actual real wage:

yt = [pt wt(t - 1)] + ut, 	 (3.27)

so that (3.26) and (3.27) imply a Lucas-type supply curve:

yt = [pt - Et_ipt] + ut .	 (3.28)

Note that (3.28) is a special case of (3.14) with ao = 0 and a l = 1.
We assume that the policy rule adopted by the policy maker has the following

form:

mt = E	 -FE
	

(3.29)

Hence, the policy maker is assumed to react to past shocks in aggregate demand and
supply (below we shall see that it is in fact sufficient to react to shocks only lagged
once and lagged twice, so that Ali = u2i = 0 for i = 3, 4, , co).

Not surprisingly, in view of the similarities with our earlier model, Fischer's one-
period contract model implies that the PIP is valid. The REH solution is constructed
as follows. First, solving (3.25) and (3.28) for P t yields:

Pt = i [mt + vt - ut + Et_ipt] • 	 (3.30)

By taking conditional expectations of both sides, (3.30) becomes:

Et_iPt = 2 [Et_imt + Et_ivt — Et-tut + Et_ipt] •	 (3.31)

Deducting (3.31) from (3.30) yields the expression for the expectational error:

Pt — Et- iPt = 2 [(mt — Et_imt) + (vt — Et-ivt) — (ut — Et_iut)] • 	 (3.32)

Now assume that the shock terms display autocorrelation, i.e.:

ut 	punt-i + Et, IPul < 1, vt = pvvt-i + rlr, IPvl < 1, 	 (3.33)

where Et and ri t are uncorrelated white noise terms (often referred to as innovations):
Ect = 0, EE? = 	 =0, and. Di; = a,12 .
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What does the surprise term (3.32) look like? First, (3.29) implies that agents
know the money supply in period t once they have lagged information (there is no
stochastic element in the policy rule). Hence, mt — Et_ i m t = 0. The fact that the
shocks are autocorrelated implies that agents can use information on the shocks in
the previous period (i.e. v t_i and u t—i) to forecast the shocks in period t:

Et_iut = puut_i, Et_ivt = pvvt-i.	 (3.34)

By using these forecasts in equation (3.32), and substituting the price surprise into
(3.28), the REH solution for output is obtained:

Yt = i brit —	 + ut.	 (3,35)

The coefficients of the policy rule (i.e. Ali and /12i) do not influence the path of
output, so that PIP holds. In other words, anticipated monetary policy is unable to
cause deviations of output from its natural level.

3.3.2 Overlapping wage contracts
Now consider the case where nominal contracts are decided on for two periods. We
continue to assume that nominal wages are set such that the expected real wage is
consistent with full employment. Hence, in period t there are two nominal wage
contracts in existence. Half of the workforce is on the wage contract agreed upon
in period t — 1 (to run in periods t and t 1), and the other half has a contract
formulated in period t — 2 (to run in periods t — 1 and t). In symbols:

wt(t — 1) 	 wt(t — 2) Et-2Pt• 	(3.36)

Notice the difference in the information set used for the two contracts. The economy
is perfectly competitive, so that there is only one output price, and aggregate supply
is equal to:

Yt = i [Pt — wt(t — 1) + ut] + 2 [Pt — wt(t — 2) + ut] 	 (3.37)

where the first term in brackets on the right-hand side is the output of firms with
workers on one-year old contracts, and the second term is the output of firms with
workers on two-year old (expiring) contracts. By substituting (3.36) into (3.37), we
obtain the aggregate supply curve for the two-period contract case:

Yt = 2 [Pt - Et-lPt] + i [Pt - Et-2Pti
	

(3.38)

Hence, this supply curve has two different surprise terms, differing in the informa-
tion set. The rest of the model consists of the aggregate demand curve (3.25) and
the money supply rule (3.29).
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The monetary
Lad that:

Mt =	 +

=

The model can be solved by repeated substitution. First, (3.25) and (3.38) can be
solved for pt:

Pt = z [Mt Vt Ut 	 (Et—lPt Et-2Pt)] •
	 (3.39)

By taking expectations conditional upon period t — 2 information of both sides of
(3.39), we obtain:

Et-2Pt = 2 [Et-2Mt Et-2Vt Et-2Ut 	 (Et--2Et--iPt + Et--zEt--2Pt)] • 	 (3.40)

We already know that Et_2Et_2Pt = Et-2Pt, but what does E t_2Et_ipt mean? In words,
it represents what agents expect (using period t — 2 information) to expect in period
t — 1 about the price level in period t. But a moment's contemplation reveals that
this cannot be different from what the agents expect about p t using t — 2 informa-
tion, i.e. Et_2Et_ipt Et-2Pt• This is an application of the so-called Law of Iterated
Expectations. In words this law says that you do not know ahead of time how you
are going to change your mind. Only genuinely new information makes you change
your expectation. Hence, (3.40) can be solved for Et_2Pt:

Et-2Pt = Et-2Mt Et-2Vt Et-2Ut•
	 (3.41)

Similarly, by taking expectations conditional upon period t —1 information of both
sides of (3.39), we obtain:

Et—lPt = i [Et-1 mt + Et-1 vt — Et-1 Ut 	 (Et—lEt—lPt Et—lEt-2Pt)] •	 (3.42)

Obviously, Et_iEt_ipt = Et_ipt, but what does Et_1Et_2pt mean? In words, it rep-
resents what agents expect (using period t — 1 information) to expect in period
t — 2 about the price level in period t. But Et_2pt is known in period t — 1, so
that Et_iEt_2Pt Et-2Pt (the expectation of a constant is the constant itself). By
substituting (3.41) into (3.42), the solution for Et_ip t is obtained:

Et_ipt =	 +	 + 3 [Et_ivt -Et_iut] + 3 [Et_2vt -Et_2ut] •	 (3.43)

If we now substitute (3.41) and (3.43) into (3.39), the REH solution for the price
level is obtained:

pt 4Et-imt +	5 Et_2mt + 1(vt - ) + -16Et_i(vt - ut) + 3Et_2(vt - u t). 	 (3.44)

This can be substituted into the AD equation (3.25) to obtain the expression for yt:

yt = mt - [iEt-imt + 3Et-2Mt 	 (1/t Ut) 	 Et-1(Vt Ut) 3Et_2(vt - ut)] + vt

= 3 [mt --Et--2mt] —	 — ut) — Et_i(vt — ut) — 3Et_2(vt - ut) + vt ,	 (3.45)

where we have used the fact that Et_imt = mt.
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rst, (3.25) and (3.38) can be The monetary surprise (m t - Et_2m t) must now be calculated. Using (3.29), we
find that:

(3.39) 	 nit = Anut, + it21Vt-1 + E 	 + E
	

(3.46)
	i=2 	 i=2

Et _2Et_ipt mean? In words,
ation) to expect in period
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he so-called Law of Iterated
LOW ahead of time how you
-.nation makes you change

	oo 	 00

	= PUP, 1 1 Ut-2 PVP , 21 Vt -2 + E	 + E
	i=2 	 i=2

(3.47)

where we have used the fact that (3.33) implies Et_2Ur-1 = puut_2 and Et_2 1/t-1 =--
PVVt-2. Using (3.46) and (3.47) we find:

-Et_2mt =	 [ut-i - Auut-2] +	 [vt-i Pvvt-2]

r:
	 =	 +

	
(3.48)

Equation (3.48) is intuitive. Agents can perfectly forecast the money supply one
period ahead (i.e. Et_im t = mt) but not two periods ahead. That is because in period
t - 1 an innovation in the demand and supply shock occurs (equal to E t_i and
n t_ i , respectively) that the monetary policy maker will react to. In other words, the
innovation that occurs in period t -1 is not forecastable by agents who have signed
their contract in period t - 2.

If we substitute (3.48) into (3.45), the final expression for output is obtained:

yt = + /in + 2 (vt + Ut) - -61 Et_i(vt - ut) - 3Et_2(vt - ut)

=2 [Tit + Et] + 3 Lull

This is the crucial counter-example to the PIP. Equation (3.49) contains the policy
parameters A n and ,u2 1 , so that output can be affected by monetary policy even
under rational expectations. As Fischer puts it, the intuitive reason for his result is
that ".. . between the time the two-year contract is drawn up and the last year of
operation of that contract, there is time for the monetary authority to react to new
information about recent economic disturbances" (1977, p. 269). Because of the
two-period contracts, half of the workers have implicitly based their contract wage
on "stale" information.

But Fischer's blow to the new classicals was made even more devastating by the fol-
lowing. Clearly, output can be affected by monetary policy. But should it be affected,
and if so, how? Clearly, (3.49) implies that output fluctuates stochastically, so some
measure of the degree of fluctuations over time is warranted. The appropriate mea-
sure is the asymptotic variance of yt, designated by QY (see the Intermezzo below).
Intuitively, the asymptotic variance measures the severity of the fluctuations in

+ Et _iEt_2Pr-)] •
	 (3.42)
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obtain the expression for yt :

— tit) 	 3Et-2(Vt 	 Ut)] 	 Vt
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+ 2pu] Et-i + 3 [An + PV]	 + p6ut-2• 	 (3.49)
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output. Using standard (but tedious) techniques, the asymptotic variance of the
output path described by (3.49) can be written as:

a y2 ac2[4 1 — u1 P u +2
,pu)2

	
a,

	 + (/21 + PV) 2 1 •

So, to the extent that fluctuations in output are a good proxy for loss of economic
welfare, the policy maker could attempt to minimize the asymptotic variance of
output by choosing its reaction coefficients An and A21 appropriately. It turns out
that the optimal values for these parameters are equal to:

loll = — 2PU, lu21 = —PV•
	 (3.51)

Intuitively, the policy parameters should be set at values that neutralize the effects
of the shocks that occur in period t — 1. In view of (3.49), the coefficients given
in (3.51) do exactly that. Of course, not all output fluctuations can be eliminated
by the policy maker. This is because the first and the last terms on the right-hand
side of (3.49) cannot be affected by the policy maker. The first, because the policy
maker has no better information about the innovations in the present period than
the public possesses. The last, because ut_2 was known when the oldest contracts
were signed in period t — 2, and is hence incorporated in the oldest contract.

In a recent paper, Chadha (1989) has extended Fischer's (1977) analysis to the
multi-period overlapping contract setting using the insights of Calvo (1982) that
are discussed in detail below in Chapter 13. In his model, he is able to analyse
contracts of any particular duration (not just one-period and two-period contracts
as in Fischer's model). He is furthermore able to express the asymptotic variance in
output as a function of the contract length. This diagram is given in Figure 3.7. The
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conclusion is very surprising indeed: there is an optimal contract length of n* > 0,
which Chadha estimates to be around 3.73 quarters for the US economy (1989,
p. 492). Hence, intuitively, contracts act as "shock absorbers" of the economy.

There are a number of other reasons why PIP fails-see Buiter (1980) for an interest-
ing discussion. For example, private agents may not have rational expectations, or
there may be nominal price stickiness. Furthermore, even though anticipated mon-
etary policy may not be able to cause deviations of output from its natural level,
anticipated monetary policy may affect the natural rate itself. A theoretic (albeit
empirically not so relevant) example is the Mundell-Tobin effect: a higher mone-
tary growth rate depresses the real interest rate, and this boosts capital accumulation
and the natural level of output.

Intermezzo

Asymptotic variance Rational expectations models often use the asymptotic
variance of output as a welfare measure. Intuitively, the asymptotic variance
measures the degree of fluctuations over time in output. An economy with
violent (mild) fluctuations has a high (low) asymptotic variance. Suppose that
the path for output is described by the following equation:

Yt AYt-1 Xt + Et, I A 1 1, (a)

where y t is output, xt is some (vector of) deterministic exogenous variable(s),
and Et is a white noise stochastic error term with mean zero and variance aE2 .
How would a Martian judge the degree of fluctuations in output, not knowing
any realizations of output and the error term, but in full knowledge of equation
(a) and the stochastic process of the error terms. The answer is that he would
calculate the asymptotic variance:

where the notation Et_,, formalizes the idea of no information about the actual
realizations mentioned above. It is as if the Martian makes his calculations at
the beginning of time.

The asymptotic variance of output implied by the process in (a) is calculated
as follows. First, we write Et-_yt = AEt-coYt-i x t and work out the square:
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Taking expectations of both sides of (c) yields:

[yt E 	 yt1 2 = ),2E	 [yt_i — Et- Yt-11 2

	

aE t__,„Et [yt_i 	 (d)

The second term on the right-hand side is the variance of the error term (0 -(2 ),
and the third term is zero because the error term is independent of lagged
output. The term on the left-hand side is the asymptotic variance of y t , and
the first term on the right-hand side is A2 times the asymptotic variance of yt_i.

Because the process in (a) is stationary (IX! < 1), these two asymptotic variances
are identical. Using all this information, the final expression for the asymptotic
variance becomes:

x 0,2
CrY

2
	+

Intuitively, the asymptotic variance of output is a multiple of the variance of
the error term due to the persistence effect via lagged output. If A is close to
unity, there is a lot of persistence and the variance multiplier is very large.

3.4 Punchlines

To most economists, one of the unsatisfactory aspects of the adaptive expectations
hypothesis (AEH) is that it implies that agents make systematic mistakes along
the entire adjustment path from the initial to the ultimate equilibrium. In the
early 1960s, John Muth argued that such an outcome is difficult to square with
the predominant notion adopted throughout economics, namely that agents use
scarce resources (like information) wisely. He formulated the rational expectations
hypothesis (REH) which, in essence, requires the subjective expectation of house-
holds regarding a particular variable to be equal to the objective expectation for that
variable conditional upon the information set available to the agent.

Muth's idea was introduced into the macroeconomic literature in the early 1970s
by a number of prominent new classical economists. They argued that under the
REH, monetary policy is ineffective (at influencing aggregate output and employ-
ment) because agents cannot be systematically fooled into supplying too much or
too little labour. This is the so-called policy irrelevance proposition (PIP) which
caused a big stir in the ranks of professional macroeconomists in the mid-1970s.
Another implication of the REH is that, according to the Lucas critique, the then
predominant macroeconometric models are useless for the task of evaluating the
effects of different macroeconomic policies.
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As was quickly pointed out by proponents of the new Keynesian school, the REH
does not necessarily imply the validity of the PIP. Stanley Fischer pointed out that
if nominal wage contracts are set for more than one period in advance (and are not
indexed) then even under rational expectations monetary policy can (and indeed
should) be used to stabilize the economy. Hence, the validity of PIP hinges not so
much of the REH but rather on the type of model that is used. If REH is introduced
in a classical model then the implications are classical whereas a Keynesian model
with REH yields Keynesian implications.

It is almost universally agreed that the PIP cannot be taken seriously, except per-
haps as an extreme position taken to promote a discussion. Furthermore, due to
the fact that Fischer and others demonstrated that the REH does not necessarily
imply PIP, acceptance of the REH as a modelling device is also almost universal. The
Lucas critique is valid, but its empirical short-run relevance is seriously doubted
by both theoretical econometricians (Favero and Hendry, 1992) and applied policy
modellers. A reason for this luke-warm reception may be the absence of a credible
theory of how agents learn new policy rules.

Further Reading

The classic articles setting out rational expectations are Lucas (1972, 1973), Sargent (1973),
Sargent and Wallace (1975, 1976), and Barro (1976). Papers stressing the stickiness of wages
or prices include Fischer (1977), Phelps and Taylor (1977), Barro (1977), Gray (1976, 1978),
and Taylor (1979, 1980). For good surveys of this literature, see McCallum (1980), Maddock
and Carter (1982), and Attfield, Demery, and Duck (1985). Several key articles on the
rational expectations approach are collected in Lucas and Sargent (1981), Miller (1994),
and Hoover (1992). The interested reader should also consult the collections of essays by
Lucas (1981) and Sargent (1993). See Frydman and Phelps (1983) for a collection of essays
on learning under rational expectations.

As was acknowledged by Lucas himself, an early statement of the Lucas critique is found
in Marschak (1953). For an early application of the rational expectations hypothesis to
finance, see Samuelson (1965). McCallum (1983b) presents a model of the liquidity trap
and finds the rational expectations solution. The pre-REH literature on optimal stabilization
policy is well surveyed by Turnovsky (1977, chs. 13-14). See also the classic analysis by Poole
(1970) on the optimal choice of policy instruments within the stochastic IS-LM model. For
an early analysis of economic policy under rational expectations, see Fischer (1980b).
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Anticipation Effects and
Economic Policy

The purpose of this chapter is to discuss the following issues:

1. To complete our discussion of the dynamic theory of investment by firms that was
commenced in Chapter 2,

2. Use the investment theory to determine how the government can use tax incen-
tives (such as an investment subsidy) to stimulate capital accumulation. This is an
example of fiscal policy where the government changes a relative price in order to
prompt a substitution response,

3. Embed the investment theory in an IS-LM framework. How do anticipation effects
influence the outcome of traditional budgetary policies?

4.1 Dynamic Investment Theory

In Chapter 2 we sketched a theory of investment by firms that is based on forward-
looking behaviour and adjustment costs of investment. For reasons of intuitive
clarity, the model was developed in discrete time. It turns out, however, that work-
ing in continuous time is much more convenient from a mathematical point of
view. The first task that must be performed therefore is to redevelop and generalize
the model in continuous time.

4.1.1 The basic model
Assume that the real profit of the representative firm is given by what is left of
revenue after the production factor labour and investment outlays have been paid:
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where n- (t) is real profit in period t, F(., .) is the constant returns to scale production
r . . nction, w(t) is the real wage rate W(t)/P(t)), pi (t) is the relative price of invest-
ment goods (EE PI (t) /P(t)), Mt) is the investment subsidy, and (I)(.) is the adjustment
cost function, with 0/ > 0 and DH > 0. By assuming that the good produced by the
firm is the same as the investment good (the so-called single good assumption), we
obtain the simplification pi (t) = 1. In some cases it is convenient to assume that
the adjustment cost function is quadratic:

(1)(I (t)) = I (t) b [I (O]2 , b > 0. (4.2)

The capital accumulation identity is given by:

K(t) = /(t) - BK(t), 8 > 0. (4.3)

The firm must choose a path for its output such that the present value of its profits is
maximized. Since real profits are defined in (4.1), the appropriate discount rate is the
real rate of interest on alternative financial assets. This real interest rate is denoted
by r and is assumed to be constant over time throughout this chapter. Under these
assumptions, the net present value of the stream of profits now and in the future is
given by:

V(0) 7rf (t)e-rtdt

= f [F(N(t), K(t)) - w(t)N(t) - [1 - (0] (1)(1(t))] e - rtdt (4.4)

To the extent that shares of this company are traded in the stock exchange, and share
prices are based on fundamentals and not on the speculative whims and fancies of
irrational money sharks, its value on the stock market should equal V(0) in real
terms, or P(0) V(0) in nominal terms.

The firm maximizes (4.4) under the restriction (4.3). With the aid of the Maximum
Principle the solution to this problem can be found quite easily.' The current-value
Hamiltonian can be written as:

7-1(t) e-rt [F (N (0, K(t)) - w(t)N(t) - - Mt)] 'S. (' (0)

+ q(t) [I (t) - 6K(t)1]. (4.5)

Formally, q(t) plays the role of the Lagrange multiplier for the capital accumulation
restriction. The economic interpretation of q(t) is straightforward. It can be shown
that q(0) represents the shadow price of installed capital K(0). In words, q(0) mea-
sures by how much the value of the firm would rise (dV(0)) if the initial capital

1 Note that the method sketched here is a generalization of the Lagrange multiplier method used in
Chapter 2. An explanation of the Maximum Principle based mainly on pure economic intuition can
be found in Dorfman (1969). Other excellent sources are Dixit (1990) and Intriligator (1971). See also
the Mathematical Appendix.
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stock were increased slightly (dK(0)), i.e. q(0)::_-=. dV (0)/ dK(0) (see the Intermezzo on
Tobin's q below).

The firm can freely choose employment and the rate of investment at each instant,
so that the following first-order conditions (for t E [0, opo]) should be intuitive:

aN(t) = 
e_rt [FN (N(t), K(o) - w(t)1 = 0, 	 (4.6)

	  = e q - 	 I
aH(t) [	 (1 s (0)(Dia(0)] =	 (4.7)
am)

The interpretation of (4.6) is the usual one: the firm must choose the amount of
labour such that the marginal product of labour equals the real wage rate. Note that
(4.7) implies a very simple investment function:

(1 - si (t))0I (I(t)) = q(t)	 I (t) -= I (q(t), si(t)),	 (4.8)

where Iq = 1/[(1 - si )(DH] > 0 and Is (I)/ /[(1 - si )1 11] > 0. In words, higher
values for q and s1 both imply a higher rate of investment. Indeed, for the quadratic
adjustment cost function (4.2), the investment function has a very simple form:

(Di (I (0) = 1 + 2bI (t) =
1 - si(t) 2b 1 - .5'4)	 _I

1 	q(t) 	1	 (4.9)1q(t)
	I (t) =

The parallel with the expression derived in Chapter 2 (i.e. equation (2.36)) should
be noted. Note that we have not used the symbol q for nothing: The investment
theory developed here is formally known as Tobin's q-theory, after its inventor James
Tobin (1969).

The first expression in equation (4.8) allows a very simple interpretation of the
optimality condition for investment. It instructs the firm to equate the marginal
cost of investment (equal to (1 - si)(I)/) to the shadow price of capital, which is
the marginal benefit of investment. In other words, by spending money today on
investment you add value to your company. This added value is measured by the
shadow price.

Equations (4.6)-(4.7) are in essence static conditions of the form "marginal cost
equals marginal benefit". The truly intertemporal part of the problem is solved by
choosing an optimal path for the shadow price of capital. The first-order condition
for this choice is:

d [q(t)e-1	 .97-00
dt	 ax(t)

e- rt 	- rq(t)] = -e- rt [FK (N(t), K(t)) - 6q(t)] •	 (4.10)

This condition can be written in several ways, two of which are:

q(t) = (r + 8)q(t) - FK(N(t), K(t)),
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and:
4(0 + F KW (0, K(t)) = r + 8.

q (t)
(4.12)

Equation (4.12) allows for a very intuitive interpretation. The shadow return on
the possession and use of physical capital is the sum of the shadow capital gain
(4(t)) and the marginal product of capital [FK(N(t), K(t))], expressed in terms of the
shadow price (to make it a rate of return). This shadow rate of return must equal the
market rate of return on other financial assets (that are perfect substitutes for shares)
plus the rate of physical deterioration of the capital stock. The depreciation costs
must be counted as a cost item because capital evaporates over time, regardless of
whether the firm uses the capital for production or not. Hence, in determining the
optimal path for q(t) the firm is guided by the implicit arbitrage equation (4.12).

We have developed Tobin's marginal q-theory of investment in this section.
It is shown in an intermezzo to this chapter that, provided some more spe-
cific assumptions are made about the adjustment cost function, Tobin's average
q-theory coincides with his marginal q-theory. Average q for the firm is defined as
4(0) V(0)/K(0). In words, 7/ represents the value that the stock market ascribes to
each unit of installed capital of the firm (at replacement cost, see the Intermezzo).

And this is exactly where the great beauty of the theory lies. In principle one can
look up the stock market value of a firm from the financial pages in the newspapers,
and divide this by the replacement value of its capital stock (slightly more work),
and calculate the firm's q. The value of q that is obtained in this manner reflects all
information that is (according to the stock market participants) of relevance to the
particular firm (see Hayashi (1982) for further remarks).

T Tobin's q-theory of investment. In this intermezzo we show that Tobin's aver-i 

ntermezzo

age and marginal q coincide under certain conditions. The proof is adapted
from Hayashi (1982). Suppose that the profit function in equation (4.1) is
adjusted by including the existing capital stock in the adjustment cost function:

n- (t) F (N (0, K(t)) — w(t)N(t) — pl (t) — sr (t)] [1 (0, Mt)] ,

where 7(t) is real profit, w(t) is the real wage rate W (t)/P(t)], (t) is the
relative price of investment goods Pi(t)/P(t)}, and sj (t) is the investment
subsidy. The adjustment cost function is homogeneous of degree one in I (t)
and K(t), with <13./ > 0, (DK < 0, 4 > 0, (I)/K < 0, and (I)KK > 0. Hence,
adjustment costs are decreasing in the capital stock. Large firms experience less
disruption for a given level of investment than small firms.

(4.10)

'lich are:

(4.11)
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The firm is assumed to maximize the present value of profits, using the (time-
varying) real interest rate r(t) as the discount factor. Equation (4.4) is altered to:

V(0) f {F (N (t), K(t)) w(t)N(t)

- pi" (t)(1 - s1(t))43 [ (t), K(t)i]e -R(t)dt,

where V(0) is the real stockmarket value of the firm, and R(t) is a discounting
factor that depends on the entire path of short interest rates up to t:

R(t)
0
 r(r) dt

The counterpart to (4.5) is:

x(t) e-R(t) [F (N (t), K(t)) - w(t)N(t) - pl (t)(1 s M) l) [I (t), K(t)]]
-R(t)x(t) (t) - 6K(01

where A.(t) is the Lagrange multiplier. The first-order conditions for this
problem are:

n(t) = :	 T (AT (0 , K(0) w(t) fl , 	 (a)
aN

not) : A.(t) pi (t)(1 - sj(t))CD1(I(t), K(t)) = , 	 (b)
di —

	

d [X(t)e-R(0 ] 	 a 7-ot)= 	  
dt 	 aK(t)

	

X(t) [r(t) + 6[X(t) 	 -FK [N (t), K(t)]

+ (t)(1 - s (t))(1)K [I (t) K(t)] , 	 (c)

where we have already deleted the (non-zero) exponential term e- R (t) from the
expressions. These expressions generalize (4.6), (4.7), and (4.10) to the case
of a linear homogeneous adjustment cost function and a time-varying rate of
interest.

In order to establish the relationship between the Lagrange multiplier (X(0)),
the capital stock (K(0)), and the real stockmarket value of the firm (V(0)), we
first derive the definition:

X(t)K(t) R(t] - [K(t)5,(t) + X(t)K(t) - r(t)A(t)K(t)] e -R([ 	 _
dt

(d)

The term in square brackets on the right-hand side of (d) can be expanded by
substituting the capital accumulation identity, and equation (c). Ignoring time

dR(t) 
= r(t).

dt
=

= Fx 1( -

= FAK
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Jer conditions for this

0 .

	f d [X(t)K(t)e -R(t) ]	 f
	

(t) -R(t)dt - V(0)

	[lim X(t)K(t)e -RM1 A(0)K(0) 	 V(0)

V(0) = A (0)K (0), 	 (f)
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; uation (4.4) is altered to:

[- • -] = K f(r + 8)X FK pi (1 - si)(13 + X [I - 6K] + r XK

= 	 + (1 — si)(DKK +

_FKK +11(1—	 — Oin + =
	 (e)

. and R(t) is a discounting
, t rates up to t:

In the final step we have used the linear homogeneity of (1). (i.e. (13. (1)Ii FKK),

equation (b), and the following result:

= FNN FKK wN 	 (1 si)(1)

= FKK + N [FN - 141] - (1 - si) (1)

= FKK - pi (1 — si)(D,

where we have used the linear homogeneity of F (i.e. F = FNN + FKK), and
equation (a). By substituting (e) into (d) and integrating we obtain:

T." t)] e -R(t) 	(d)

f (d) can be expanded by
ion (c). Ignoring time

where the term in square brackets on the left-hand side vanishes due to the
transversality condition. The final expression of (f) shows that Tobin's average
q (designated by 4) equals marginal q:

(0)  (0)K(0) q" ;1(0)) 4(0) = '1(0).
V(0) in\

The nominal stockmarket value of the firm is P(0) V(0) and the nominal replace-
ment value of its capital stock is Pi (0)K(0). As a result, Tobin's average q is
P(0) V(0)/(PI (0)K(0)), which equals V(0)/(p/ (0)K(0)).

4.1.2 Fiscal policy: Investment stimulation

The model can now be used to investigate the immediate, transitional, and long-
run effects of governmental efforts to stimulate investment. Omitting the (now
almost superfluous) time index, the model consists of equations (4.3), (4.6), (4.8),

(c)
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and (4.11):

k = I (q, si) — 3K, 	 (4.13)

= (r + 8)q — FK(N , K
	

(4.14)

w = FN (N , K). 	 (4.15)

Despite its simplicity, the model allows several economically interesting variations
to be considered within the same framework. Clearly, in view of (4.15), some
assumption must be made about the real wage rate w. At least three types of labour
market assumptions can be distinguished: (i) the model is interpreted at firm level
and the real wage is assumed to be exogenously given (and constant); the model
is interpreted at the level of the aggregate economy and (ii) full employment of
labour is postulated or (iii) a macroeconomic labour supply equation is added to it
(e.g. equation (1.11) with Pe = P). We consider these three cases in turn.

The effects of the investment subsidy under constant real wages

If the real wage rate is constant, the assumption of perfect competition in the goods
market (and the implied homogeneity of the production function) renders the
model very simple indeed. Of course, aside from the microeconomic interpretation
given above, this case is also relevant for an entire economy with rigid real wages.
Since the production function is homogeneous of degree one (constant returns to
scale), the marginal products of labour and capital are homogeneous of degree zero
(see the Intermezzo). This implies that FN(N, K) can be written as FN(1, KIN), which
depends on the capital-labour ratio only. Equation (4.15) says that w = FN(1, KIN),
which uniquely determines the K IN ratio for the firm, which is constant over time
because w is constant over time. This also implies that the marginal product of
capital is constant, since FK(N, K) = FK(1, KIN) = FK, a constant.

By assuming a constant real wage, the labour demand equation can be ignored,
and the model consists of equations (4.13)—(4.14). The qualitative content of the
model can be summarized graphically by means of Figure 4.1. The K = 0 line rep-
resents all combinations of K and q such that the capital stock is in equilibrium. In
view of (4.13), this implies that gross investment is exactly equal to replacement
investment along the K = 0 line. Formally, we obtain from (4.13):

dk = Iq dq + Is dsi — 8 dK, 	 4.16)

which implies that the slope of the k = 0 line is:

aq
aK )1<=0 = 	

> O. 	 (4.17)

In words, a higher capital stock necessitates a higher level of steady-state gross
investment. This is only forthcoming if q is also higher.

4 .

home 4.1. it
I
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Figure 4.1. Investment with constant real wages

Equation (4.16) also implies that an increase in the investment subsidy shifts the
k = 0 line down and to the right:

(aq ) = _ Is <
as' k=o

(4.18)

The after-subsidy cost of investing falls and as a result firms are willing to invest the
same amount for a lower value of q.

For points off the K = 0 line, the dynamics of the capital stock is also provided
by equation (4.16):

ak
—k
a =-8 <0.

The graphical interpretation is as follows. In point A the capital stock is in equi-
librium. If K is slightly higher (say at A' to the right of point A), (4.19) predicts

that depreciation exceeds gross investment so that the capital stock falls over time,
i.e. K < 0. This dynamic effect is indicated by a horizontal arrow towards the K = 0
line. Obviously, for points to the left of the K = 0 line, the arrows point the other
way (see point A"). The basic insight is, of course, that the capital accumulation
process is self-correcting, i.e. for a given value of q, K has an automatic tendency to
return to the K = 0 line.

The q = 0 line represents all points for which the firm's investment plans are in
equilibrium. By differentiating (4.14) we obtain:

(4.19)

al wages

!ct competition in the goods
- 4; on function) renders the
croeconomic interpretation
nomy with rigid real wages.

one (constant returns to
lomogeneous of degree zero
-itten as FN (1, KIN), which

51 says that w = FN (1, KIN),
which is constant over time
at the marginal product of
:onstant.
d equation can be ignored,
qualitative content of the

!re 4.1. The K = 0 line rep-
stock is in equilibrium. In

actly equal to replacement
om (4.13):

(4.16)

(4.17)

level of steady-state gross



a q
=r+8>0.a q (4.23)

The Foundation of Modern Macroeconomics

where we have used the fact that the marginal product of capital is constant. From
(4.20) it is clear that the q = 0 line is horizontal:

= 0.
( Kg ) =o

This is intuitive: since both the rate of interest and the marginal product of capital
are constant (and hence independent of K) , q itself is also constant and independent
of K in the steady state. If the (exogenous) rate of interest rises, future marginal
products of capital are discounted more heavily, so that the steady-state value of
q falls:

( aaqr) 4=0 	r + 6
	 < O.	 (4.22)

For points off the q = 0 line, the dynamic behaviour of q is also provided by (4.20):

The graphical interpretation is as follows. At point B the value of q is consistent
with an equilibrium investment plan. Now take a slightly higher value of q, say
the one associated with point B', directly above point B. Clearly, in view of the fact
that both r and FK are constant, this higher value of q can only satisfy the arbitrage
equation (4.12) if a (shadow) capital gain is expected, i.e. if q > 0. The opposite
holds at points below the q = 0 line (say point B', as is indicated with the arrows
in Figure 4.1). Intuitively, therefore, the q-dynamics is inherently unstable. Slight
moves away from the 0 line are not self-correcting but reinforcing.

By combining the information regarding the K-dynamics and q-dynamics, the
forces operating on points in different regions of Figure 4.1 are obtained and sum-
marized by the arrows. For example, at point B' there are automatic forces shifting
the (q, K) combination in a north-easterly direction. In Figure 4.2, a number of rep-
resentative trajectories have been drawn. Note especially what happens if a trajectory
crosses through the K = 0 line. Take point A, for example. As it moves in a south-
easterly direction, it gets closer and closer to the K = 0 line. As it reaches this line
(at point A'), however, the value of q keeps falling and the level of gross investment
becomes too low to sustain the given capital stock. As a result, the trajectory veers
off in a south-westerly direction towards point A" (never to be heard of again).

From the different trajectories that have been drawn in Figure 4.2, it can be judged
that the model appears to be very unstable: all trajectories seem to lead away from
the steady-state equilibrium point at Eo . There is, however, one path that does give
rise to stable adjustment, namely the q = 0 line itself. Consider, for example, point
C. It lies on the 4 = 0 line (so there are no forces operating to change the value of
q over time), but it lies to the left of the K = 0 line. But, the K-dynamics is stable,
so the capital stock will automatically rise towards its level at point E o . A similar
conclusion holds for point C'.
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q

q*

Figure 4.2. Derivation of the saddle path

In conclusion, for each given initial level of the capital stock, there is exactly one

path towards the steady-state equilibrium. And this is very fortunate indeed, because
one would have an embarrassment of riches if this were not the case. Indeed, sup-
pose that the model were globally stable, so that "all roads lead to Rome", i.e.
all (q, K) combinations would eventually return to point Eo. That would lead to a
very troublesome conclusion, namely that the shadow price of capital (q) is not
determined at any point in time!

The particular type of stability that is exemplified by the model is called saddle-

point stability: there is exactly one stable adjustment path (called the saddle path)
that re-establishes equilibrium after a shock. Technically speaking, the requirement
that the economy be on the saddle path has more justification than just conve-
nience: ultimately, an exploding solution is seen by agents not to be in their own
best interests, so that they have good reason to restrict attention to the saddle-path
solution. The remainder of this chapter will be used to demonstrate the remarkable
predictive content of models incorporating saddle-point stability.

Consider the case of an unanticipated and permanent increase in the investment sub-

sidy. This means that at some time tA the government announces that s, will be
increased "as of today". In other words, the policy change is implemented imme-
diately. For future reference, the implementation date is denoted by t1 . Hence, an
unanticipated shock is a shock for which announcement and implementation dates
coincide, i.e. tA = tI. The effects of the policy measure can be derived graphically
with the aid of Figure 4.3. We have already derived that an increase in s1 shifts the
K = 0 line to the right, so that the ultimate equilibrium will be at point E 1 . How
does the adjustment occur? Very simple. Since E o is on the q = 0 line (which is
also the saddle path for this model), the higher subsidy gives rise to higher gross
investment and the adjustment path is along the saddle path from E0 to E 1 . Note
that the capital stock adjusts smoothly, due to the fact that adjustment costs make

capital is constant. From
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to = t1 	 time

F1160Figure 4.3. An unanticipated permanent
increase in the investment subsidy

very uneven investment plans very expensive. The adjustment over time has also
been illustrated in Figure 4.3.

As a second "finger exercise" with the model, consider an unanticipated perma-
nent increase in the exogenous rate of interest r as illustrated in Figure 4.4. Equation
(4.22) shows that this shifts the q = 0 line down due to the heavier discounting of
future marginal products of capital. What does the adjustment path look like now?
Clearly, the new equilibrium is at point E1 and the only path to this point is the
saddle path going through it. Since K is fixed in the short run, the only stable adjust-
ment path is the one with a "financial correction" at the time of the occurrence of
the shock (in tA ): q jumps down from point E0 to point A directly below it. The intu-
ition behind this financial correction is aided by solving the differential equation
for q given in (4.14):

0o	 r

q(t) 	 FK(r) exp[— 	 [r(s) + 6] dddr (4.24)f f 

Hence, as was already hinted at above, q represents the discounted value of present
and future marginal products of capital, so that an increase in r (either now or in
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the future) immediately leads to a revaluation of this stream of returns. After the
immediate financial correction, the adjustment proceeds smoothly along the saddle
path towards the ultimate steady-state equilibrium point E 1 .

As a final example of how the model works, consider the case where the firm hears
at time tA that interest rates will rise permanently at some future date tI. This is an
example of a so-called anticipated shock. Formally, an unanticipated shock is one that
is known to occur at some later date. Obviously, the only real news reaches the agent
at time tA . Everything that happens after that time is known to the agent. What
happens to the value of q can already be gleaned from (4.24). Discounting of future
marginal products becomes heavier (than before the shock) after the rate of interest
has actually risen, i.e. for t > t1 . Hence, q must fall at the time the news becomes
available. But by how much? This is best illustrated with the aid of Figure 4.5.
Consider the following intuitive solution principle: a discrete adjustment in q must
occur at the time the news becomes available (i.e. at tA), and there cannot be a
further discrete adjustment in q after tA . Intuitively, an anticipated jump in q would
imply an infinite (shadow) capital gain or loss (since there would be a finite change
in q in an infinitesimal amount of time). Hence, the solution principle amounts to
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K1 	 K0

K 	 E1

q,I

q,I

B
A

time

Figure 4.5. An anticipated permanent increase
in the rate of interest

requiring that all jumps occur when something truly unexpected occurs (which is
at time tA). Obviously, at tA there is an infinite capital loss, but it is unanticipated.

With the aid of this solution principle, the adjustment path can be deduced. We
work backwards. At the time of the interest rate increase the (q, K) combination must
be on the new saddle path, i.e. at point B. If it were to reach B too soon (t < ti ) or
too late (t > tj), equilibrium would never be re-established without further jumps in
q that are prohibited. Between tA and tj the dynamic forces determining q and K are
those associated with the old equilibrium E0 (see the arrows). Working backwards,
there is exactly one trajectory starting at point A at tA that arrives at point B at
the right time ti. Hence, the unique path that re-establishes equilibrium after the
shock is the one comprised of a discrete adjustment at tA from E0 to A, followed
by gradual adjustment from A to B in the period before the interest rate has risen,
arrival at point B at ti , followed by further gradual adjustment in the capital stock
from B to E1

In comparison with the case of an unanticipated rise in the interest rate, the paths
of q and investment are more smooth in the anticipated case (compare Figures 4.4
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and 4.5, lower panel). The reason is, of course, that the firm in the case of an
anticipated shock has an opportunity to react to the worsened investment climate
in the future.

The effects of the investment subsidy with full employment in the labour market

Up to now we have interpreted the model given in (4.13)-(4.14) as applying to a
single firm facing a constant real wage. Suppose that we re-interpret the model at a
macroeconomic level, i.e. I and K now represent economy-wide gross investment
and the capital stock, respectively, and the interpretation of q is likewise altered.
Assume furthermore that the economy is characterized by full employment in the
labour market. By normalizing employment to unity (N = 1), the model consists of:

K = I (q, si) – SK, (4.25)

4= (r + 8)q – FK(1, K), (4.26)

where it is clear that the major change caused by our re-interpretation is that the
marginal product of capital is no longer constant. Intuitively, since the labour input
is fully employed, the economy experiences diminishing returns to capital, since
FKK < 0. This also causes the 4= 0 line to be affected:

( 8q) = FKK
a K r + 8 T.

< 0 
aq) FK '94 =r

q=0 q=0 
(r+02 <0,--1- 6 >0. (4.27)

Intuitively, steady-state q is downward sloping in K because the more capital is used,
the lower is its marginal product. As a result, the discounted stream of marginal
products (which is q) falls.

In Figure 4.6, the saddle path is derived graphically. The dynamic forces are much
more complicated in this case. This is because the steady-state level of q and the
q-dynamics itself are now both dependent on K. In addition to trajectories from
points like A and C, there are now also trajectories from points like B and D that
pass through the 4= 0 line. The major alteration compared to our earlier case is
that the saddle path no longer coincides with the 4= 0 line.

As a first policy measure, consider an anticipated abolition of the investment sub-
sidy, as was for example the case in the Netherlands in the late 1980s. Using the
solution principle introduced above, the effects of this announced policy measure
can be derived with the aid of Figure 4.7. The ultimate effect of the abolition of the
subsidy is to increase the relative price of investment goods and to shift the K 0
line up and to the left. In the long run the economy ends up at point E 1 , with a
lower capital stock and a higher value of q (due to the higher steady-state marginal
product of capital). Since the discrete adjustment in q must occur at the time of
the announcement tA, and the economy must be on the new saddle path at the
time of implementation t1, the adjustment path must look like the one sketched
in the diagram. At tA there is a financial correction that pushes the economy from
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E0 to A directly above it (recall that K is fixed in the short run). Between tA and tj
the economy moves in a north-easterly direction towards point B, where it arrives
at tj. After that, there is gradual adjustment from B to the new steady state at E 1 .

The striking (though intuitive) conclusion is that investment goes up initially!
Firms in this economy rush to put in their investment orders in order to be able to get
the subsidy while it still exists. This is of course exactly what happened in the Dutch
case. The adjustment paths for all variables have been drawn in the lower panel
of Figure 4.7. The conclusion of this experiment must be that anticipation effects
are very important and can give rise to (at first glance) unconventional dynamic
adjustment.

Temporary or permanent investment subsidy?

Suppose that the policy maker wishes to stimulate the economy and has decided to
do so by creating investment incentives in the form of an investment subsidy. If the
policy maker desires the maximum stimulus to emerge for a given subsidy, should
she introduce a permanent or a temporary investment subsidy? Intuition would
suggest that a temporary subsidy would have a larger impact on current investment
because firms would squeeze in their investments while the subsidy exists. This is
an intertemporal substitution argument: firms are tempted to bring forward their
intertemporal investment plans to "make hay while the sun shines". It turns out
that our simple model in fact predicts this kind of response.

The temporary subsidy is announced and introduced in tA = ti and simultane-
ously announced to be abolished again at some fixed time in the future tE (> tA

of course). Our heuristic solution principle can again be used to graphically derive
the adjustment path with the aid of Figure 4.8. Working backwards in time, the
following must hold: (i) at tE the economy must be on the saddle path towards
the eventual steady-state equilibrium E0 ; (ii) between tA and tE the dynamic forces
operating on q and K are those associated with the equilibrium E 1 (that is relevant
if the subsidy were permanent). The arrows are drawn in Figure 4.8. At tA the capital
stock is given (at Ko) and the discrete financial adjustment must take place.

Using all this information, the adjustment path is easily seen to consist of a jump
from E0 to A at time tA , gradual adjustment from A to B between tA and tE , followed
by gradual adjustment from B to E0 after tE. The time paths for all variables are
drawn in the lower panel of Figure 4.8.

Of course, the path associated with a permanent subsidy is an immediate jump
at tA from E0 to A' followed by gradual adjustment from A' to E 1 . This shows that
the effect on current investment (i.e. WA )) is highest for a temporary investment
subsidy (compare points A and A'). This is because, for a given investment subsidy,
the value of q falls by less in the case of a temporary subsidy. Hence, if the policy
maker is concerned about stimulating current investment, a temporary investment
subsidy is one way to achieve it.
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Figure 4.8. A temporary increase in the
investment subsidy

Interaction with the labour supply decision

As a final application of the model, we now consider the general case where the
model is interpreted at a macroeconomic level, and equations (4.13)-(4.15) are
appended with a labour supply equation of the form familiar from Chapter 1:

w(1 — tL) = AN), 	 (4.28)

where h is the tax rate on labour income.
What happens to investment and employment if the tax on labour is reduced?

And how do these effects occur over time? Obviously, in order to examine the
effect on investment, the effect on the steady-state value of q must be determined.
Since the economy is operating under perfect competition, the production func-
tion is linear homogeneous (constant returns to scale), and FN and FK depend
only on KIN. The expressions for FN and FK can be linearized as follows (see the

it
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Intermezzo below):

FN = [( 1 — COL) /OWN] k - 	 =w, 	 (4.29)

FK = (COL/aKN)[f< k], 	 (4.30)

= ES [CV
	 (4.31)

where FK dFK/FK, FN dFN/FN, 	 dN/N, 	 dK/K, 	 dw/w, tL dta(1 -0,

NFN /17 Es g(N)/(NgN), and aKN FNFK /(YFNK). In words, a variable with a
tilde represents the proportional rate of change in that variable, (Di, is the share of
income paid out to the factor labour, Es is the labour supply elasticity (see Chapter 1)
that is assumed to be positive, and cJKN (> 0) is the substitution elasticity between
capital and labour. Intuitively, it measures how easy it is to substitute one factor of
production for the other. The easier the substitution, the higher the value for aKN.
Note that we have already imposed that the labour market is in equilibrium.

Intermezzo

Some production theory. If Y = F(N, K) is a linear homogeneous production
function, it possesses several very useful properties (see e.g. Ferguson, 1969,
pp. 94-96):

(P1) FNN FKK = Y (Euler's Theorem);
(P2) FN and FK are homogeneous of degree zero in N and K, hence;

SP,

K

(P3) NFNN = —KFNK and KK ---ATFKN;

(P4) CrKN FNFK/(YFKN)•

on labour is reduced?
in order to examine the
-` Li must be determined.
(1, the production func-

-md FN and FK depend
zed as follows (see the

Also, Young's Theorem ensures that FNK 	 FKN. Armed with these useful
properties equations (4.29) and (4.30) can be derived. First, totally differentiate
FN (N, K):

dFN FNN dN + FNK dK.

But (P3) ensures that FNN —(K/N)FNK, so that (a) can be written as:

dFN = —(K/N)FNK dN FNK dK —FNKK
 dN dK]
N K

(a)

ot 7eneral case where the
ations (4.13)—(4.15) are

iliar from Chapter 1:

(4.28)

1 — coL 	 (c)
aKN

dFN 	 FNKK dK dN
FN 	 FN 	 K N

It remains to be shown that FNKK/N can be written in terms of an income share
and the substitution elasticity defined in (P4):

(b)

FNKK (FKK) (FNK IT )

FN 	 Y	 F FK
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Combining (c) and (b) yields (4.29). Note that we have used (P1) and (c) to
derive that FKK/17 = 1 — FNN IY 1 -- wN IY =-- 1 — col,. The derivation of (4.30)
is left as an exercise.

By using (4.29) and (4.31), the equilibrium employment level and the wage rate
can be written as a function of and

(1 — col) [f< + 6s -id

	

=  	 (4.32)
0-KN ± ( 1 — COL)ES

Esa — 001( ESOWNtL =
aKN ± ( 1 — (OL)ES

By substituting (4.33) into (4.30), the expression for PK is obtained:

(0/, [k + ESid

	

r K =	 ,	 •	 (4.34)
oKN + ( 1 — 04,)Es

This expression is particularly important. It says that the marginal product of capital
increases if the tax on labour is reduced. The reason is that a decrease in the labour
tax stimulates employment (since Es > 0), which means that capital becomes more
productive (since FKN > 0).

The immediate, transitional, and long-run effects of a permanent unanticipated
reduction in the labour income tax have been illustrated in Figure 4.9. As the labour
tax falls, the marginal product of capital rises (for all levels of the capital stock) and
the = 0 line shifts up and to the right. The economy jumps from E 0 to A, and the
value of q jumps from go to q'. Entrepreneurs observe a very good business climate
and feel a strong incentive to expand business by investing. The economy moves
smoothly along the saddle path from A to E l . The situation in the labour market is
depicted in Figure 4.10. The immediate effect of the tax reduction is an expansion of
labour supply from Nos to NI. Employment is immediately stimulated and rises from
No to N' . This is not the end of the story, however. Due to the fact that more capital
is put in place (factories are expanded) labour becomes more productive as well. In
terms of Figure 4.10, the labour demand schedule starts to gradually shift up and to
the right, and employment expands further. The ultimate steady-state equilibrium
is at E1 . The time paths for all variables have been sketched in the bottom panel of
Figure 4.9.

4.2 A Dynamic IS-LM Model

Tobin's q-theory has become very popular among macroeconomists. The reason
is that it allows for a very simple description of the dynamics of the investment

(4.33)

98



N05

Ko K

Figure 4.9. A fall in the tax on labour
income: investment and employment effects

No 	 N

Figure 4.10. The short-run and long-run labour market

effects

w

Chapter 4: Anticipation Effects and Economic Policy

have used (P1) and (c) to
. The derivation of (4.30)

'rent level and the wage rate

(4.32)

(4.33)

is obtained:

(4.34)

marginal product of capital
that a decrease in the labour
is that capital becomes more

I
f a permanent unanticipated

in Figure 4.9. As the labour
ivels of the capital stock) and
jumps from E0 to A, and the

a very good business climate
'esting. The economy moves
ation in the labour market is
reduction is an expansion of

ely stimulated and rises from
to the fact that more capital
more productive as well. In

s to gradually shift up and to
tate steady-state equilibrium
ched in the bottom panel of

!,roeconomists. The reason
:iamics of the investment

99



The Foundation of Modern Macroeconomics

process, and gives predictions that are not grossly contradicted by empirical evi-
dence. In this section we discuss Blanchard's (1981) IS-LM model which incorporates
the q-theory along with the assumptions of fixed prices and slow quantity adjust-
ment. This allows us to study the macroeconomic effects of traditional fiscal policy
in an explicit forward-looking framework. The model that is used is described by
the following equations:

YD = aq pi/ + G, a > 0, 0 < < 1, (4.35)

= a [YD — 17], a > 0, (4.36)

M/P = kY —1Rs, k > 0, 1 > 0, (4.37)

Rs = RL — (1/RL):RL, (4.38)

4 +  = Rs ,
q

7r = ao ai Y,

where YD is real spending on goods and services, q is Tobin's average q, Y is the level
of real production (and income), G is an index of fiscal policy, Y [. dY /dt] is the
change in output, Rs is the short rate of interest, RL is the rate of interest on consols
(the long rate), M is the nominal money supply, and P is the fixed price level.

Equations (4.35)—(4.36) together describe a dynamic IS curve. Equation (4.35)
shows that spending depends on Tobin's average q, both because of its positive effect
on investment and (potentially) because of positive wealth effects in consumption
(recall that qK is the value of the nation's capital stock. To the extent that domestic
households own the firms, qK is part of wealth which may affect consumption).
Furthermore, spending depends on an index of fiscal policy G.

Equation (4.36) shows the dynamic behaviour of output. If demand exceeds pro-
duction (YD > Y) then inventories are run down and output is gradually increased.
Output is a state variable, and can only move gradually.

Equation (4.37) is a linear money demand equation. The demand for real money
balances depends negatively on the short rate of interest and positively on income.
In discrete time, the short rate of interest is the rate of interest on single-period
bonds. Such bonds have no capital gain/loss because they mature after a single
period. In continuous time, the short rate represents the rate of interest on a bond
with an infinitesimal term to maturity. Hence, there are no capital gains/losses in
this case either.

Equation (4.38) is the arbitrage equation between short bonds and consols (see
Chapter 2). We assume that the two types of financial instruments are perfect sub-
stitutes, so that their respective rates of return must equalize. For short bonds this
rate of return is Rs since there are no capital gains/losses. For consols there may,
however, be capital gains/losses. Recall that the price of consols is the inverse of the
rate of interest on consols, i.e. PB 1/RL. The rate of return on a consol is equal to
the sum of the coupon payment (1 guilder each period) plus the expected capital

(4.39)
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gain (PB) expressed in terms of the price of the consol (PB):

return on consol -
PB 	 1/RL	

= RL — (1/RL)RL,
1 ± PB 	 1 - (1/RDki,	

(4.41)

where we have used PB 1/RL and PB = (- 1/RDIZI, to arrive at the final expression.
This rate of return on consols must be the same as the short rate of interest:

Rd& = RL — Rs. 	 (4.42)

Equation (4.42) is known as the term structure of interest rates.
Equation (4.39) is another arbitrage equation. Since q measures the value of shares,

the rate of return on shares is the sum of the periodic dividend payment (7r) plus the
expected capital gain (4) on shares, expressed in terms of the share price (q) itself:

+ 4 return on share 	 q (4.43)

Since shares and the other financial instruments are perfect substitutes, the rate of
return on shares must be the same as the short rate of interest. This is what (4.39)
says. Finally, equation (4.40) is an ad hoc relationship between profit (or dividends)
and output. If output is high, the marginal product of capital is also high (for a
given capital stock) and so are profits.

The model can be condensed to three equations by means of simple substitutions:

bEE 1	 0 <b < 1, 	 (4.44)

Rs = (k 	 — ( 1 / 1)(M /P), 	 (4.45)

Rs = -1- 0to+ail7 	(4.46)
q

The Y = 0 line is linear and upward sloping. Increasing government spending
shifts the Y = 0 line down and to the right, and the dynamic forces operating
on points off the Y = 0 line are stabilizing, i.e. for a given level of q, output
automatically returns to the equilibrium line over time.

(aq aqay) k=0 	°' (aG) k=0 =	 <

The 4 = 0 line is slightly more complicated due to its non-linearity. Its slope depends
on the relative strength of two effects: if Y increases, both profits and the short
rate of interest rise. As a result, the net effect on the steady-state value for q
(ao + al Y)/Rs] is not a priori clear. In this section we assume that the profit effect of
output is dominated by the interest rate effect. This case is labelled the "bad news
case" by Blanchard (1981). To calculate the properties of the q = 0 line, we totally
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differentiate (4.46):

.1 •	 h I

coescm,
- • e tio

ea

lains

isillimart,

-.)elr 10

q = Rsq — ao — aiI'

d4 = [qk/1 — a i ] dY + Rs dq — q d(M /P1).

From (4.48) we can derive that the slope of q = 0 is:

aq	 = a i — qk/l
a Y ) Rs4=o

Hence, the "bad news" case holds if al < qk/l, which is likely if the LM curve is
relatively steep (as the monetarists would have it). Equation (4.48) also implies that
an increase in the money supply shifts the 4 = 0 line up and to the right. Also, the
dynamics of q for points off the 4 = 0 line is destabilizing:

(4.48)

(4.49)

( aq— 
 q  > 0, = Rs > 0.am q=0 1P Rs a q (4.50)

The dynamic behaviour of the model can once again be determined graphically
with the aid of Figure 4.11 (the q = 0 line is drawn as a linear line for convenience).
The model is saddle-point stable, and the initial equilibrium is at E 0 , with output
equal to Yo and Tobin's q equal to qo.

Now consider what happens if the policy maker announces a permanent fiscal
expansion to be implemented some time in the future (hence tI > tA). Using the
heuristic solution principle used extensively in this chapter, the adjustment path
is easily derived. At tA there is a stockmarket correction and q jumps from qo to q'.
Agents know that output will expand in the future and as a result short interest rates
will rise. Even though profits will rise also, the interest rate effect dominates in this
case, so that the discounted value of profits (i.e. q) must fall. Between tA and ti output
actually falls. This is because aggregate spending (YD) has collapsed due to the fall
in q (recall that the additional government spending has not yet materialized). At tr
the fiscal impulse happens and demand exceeds production (YD > Y), which leads
to a gradual increase in production along the saddle path from B to E l . Ultimately,
the economy ends up with a higher level of output and a lower value of q.

What happens to the other variables over time has been illustrated in the lower
panel of Figure 4.11. The path of the short rate of interest is implied by the path for
income Y and the LM curve (4.37). The long rate of interest must satisfy (4.38). We
know that in the long run both the short- and the long rate must rise (dRL = dRs > 0).
In view of the solution principle, RL can only jump at time tA since no anticipated
infinitely large capital gains/losses are allowed. If RL were to jump down to a level
below RL, equilibrium would never be restored since R L = RL (RL — Rs) < 0, and RL
would continue to fall over time (whereas its steady-state level is higher than before
the shock). Hence, RL must jump up at time tA to a level above Rs (but below its
new steady-state level). Thereafter, RL (RL — Rs) > 0, and RL gradually starts to
rise further over time towards its new steady-state level.
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4.3 Punchlines

The key concept that is developed in this chapter is that of saddle-point stability.
To illustrate this concept we develop Tobin's q theory of investment in continuous
time. This theory, which was also discussed briefly in discrete time in Chapter 2, is
quite attractive because it is very simple but nevertheless yields predictions which
accord with intuition and (some of the) empirical evidence. In the q-theory, invest-
ment by firms depends on the shadow price of installed capital goods, which is
called Tobin's marginal q. This shadow price is a forward-looking concept and
it incorporates all the information that is of relevance to the firm. Under some
conditions Tobin's marginal q coincides with average q, which can be measured
in a relatively straightforward fashion by looking at the stockmarket value of
the firm.

In order to understand the capital dynamics implied by Tobin's q theory, we study
the effect of an investment subsidy in a number of different settings. In the simplest
possible setting we interpret the theory at the level of an individual firm for which
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the real wage rate and thus the marginal product of capital is constant. In a more
complex setting we interpret the theory as pertaining to the economy as a whole.
This necessitates an assumption about the labour market. We study the cases with
a fixed supply of labour and with an elastic labour supply. The latter case allows for
a discussion of the effects of a labour income tax on employment, investment, and
the capital stock.

Since the q-theory is inherently forward looking, the effects of a policy shock
depend critically on whether the shock is anticipated or not. A policy shock is
unanticipated (anticipated) if the time of implementation coincides (postdates) the
time of announcement. An anticipated shock which affects either the marginal
product of capital or the interest rate will have an immediate effect on investment
because Tobin's q is the present value of present and future marginal capital produc-
tivity. Graphically the model can be shown to be saddle-point stable, i.e. there is
a unique trajectory towards the new equilibrium following a shock. At impact the
capital stock is predetermined (accumulated in the past) but Tobin's q can jump to
incorporate new information.

The model gives rise to some interesting policy implications. For example, an
anticipated abolition (or reduction) of the investment subsidy leads to an invest-
ment boom at impact because firms rush to put in their investment orders to get
the subsidy while it still exists. Similarly, a temporary investment subsidy causes a
larger impact effect on investment than a permanent subsidy does. Intuitively this
happens because firms bring forward their intertemporal investment plans in order
to "make hay while the sun shines". The fact that these predictions accord with
intuition lends the theory some credibility.

Another attractive feature of Tobin's q theory is that it is easily incorporated in
the IS-LM model. In doing so one of the objections raised against that model,
namely that it contains only rudimentary dynamics, is substantially weakened. By
also introducing a simple (forward-looking) term structure of interest rates into the
model, the dynamic IS-LM model gives rise to a rich array of intertemporal effects.
For example, with an anticipated increase in government consumption it is possible
that output falls during the early phase of the transition. This is because the down-
ward jump in Tobin's q causes a fall in investment and aggregate demand which
is not counteracted because the additional government consumption has not yet
materialized. In the long run, of course, output rises beyond its initial level.

Further Reading

The material on the investment subsidy is motivated in part by the analyses of Abel (1982)
and Summers (1981). Abel (1981) shows how the investment model can be generalized by
allowing for a variable utilization rate of capital. The recent investment literature stresses
the irreversibility of investment and/or non-convex adjustment costs. Key articles are: Abel
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and Eberly (1994), Abel et al. (1996), Dixit and Pindyck (1994), and Caballero and Leahy
(1996). A good survey is Caballero (1999).

Sargent (1987b) and Nickell (1986) develop a dynamic theory of labour demand based
on adjustment costs on the stock of labour. Hamermesh and Pfann (1996) present a recent
survey of this literature. In Chapter 11 we show how saddle-point equilibria naturally arise
in the open economy context. Key papers are Dornbusch (1976) and Buiter and Miller
(1981, 1982), and a good survey is Scarth (1988, ch. 9).
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The Macroeconomics of
Quantity Rationing

The purpose of this chapter is to discuss the following issues:

1. To introduce the first attempt by (neo-) Keynesians to provide microeconomic
foundations of Keynesian macroeconomics,

2. To analyse the effects of fiscal and monetary policy in the different disequilibrium
configurations,

3. To ascertain the lasting contributions made by the quantity rationing approach.

5.1 (Neo-) Keynesians go Micro

Without any doubt, the Keynesian camp was in great disarray during the middle
and late 1970s. First of all, the neoclassical synthesis was under great stress from
the attacks by the monetarists at first and the new classicals later on. Furthermore,
the Lucas critique had caused serious doubts as to the validity of macroeconomic
models that are not based on a firm microeconomic underpinning (which describes
a great many Keynesian models of those days).

Not surprisingly, a new research programme was launched by predominantly
Keynesian macroeconomists such as Robert Barro (!) and Herschel Grossman (1971,
1976), and Edmond Malinvaud (1977), building on earlier work by Robert Clower
(1965) and Don Patinkin (1965), that was specifically aimed at providing Keynesian
macroeconomics with firm micro-foundations. (Note, however, that Barro "jumped
ship" in the late 1970s and became one of the leaders of the new classical school.
See Barro (1979b) for his reasons.) In this chapter we wish to provide a selective
survey of what these neo-Keynesian theories amount to.
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Chapter 5: The Macroeconomics of Quantity Rationing

5.1.1 The basic ideas

Not surprisingly, in view of Modigliani's interpretation of the Keynesian innovation,
the crucial assumption that the neo-Keynesians use is the notion of comprehensive
price and wage fixity (in the short run). As we have already seen in the previous
chapters, the non-functioning of a price signal implies the automatic emergence
of a quantity signal. For example, a large part of the Amsterdam market for rental
accommodation is price regulated. As a result the price signal is not allowed to do its
job (of clearing the market) and large waiting periods of up to ten years or more are
the consequence (that is the quantity signal). Similarly, the long queues one used to
routinely observe in the Eastern Bloc countries are a tell-tale sign of quantity signals
taking over where price signals are not allowed to work.

Hence, given the assumption that prices and wages are fixed, it should come as
no surprise that macroeconomic quantities such as output and employment will be
influenced. More precisely: we should expect rationing to emerge in one or more
markets. For example, if the real wage W /P is "too high", one would expect the
demand for labour to be "too low" vis-a-vis labour supply and unemployment to
exist. (As it turns out, however, this basic intuition in some cases provides an incor-
rect causal link between the level of real wages and unemployment.) But if agents
are unemployed, they are likely to change their consumption plans also. In other
words, the problem that exists in one market (e.g. an excessive real wage) also has
an effect in the other market (e.g. lower demand for goods because the unemployed
consume less). This is an example of so-called spillover effects that may exist between
markets.

It is clear that we have to be very specific about the kind of restrictions that
agents face when making their decisions. Glower (1965) formulated the dual decision
hypothesis for this purpose. Loosely speaking, the dual decision hypothesis suggests
that agents, when formulating their optimal plans in one market, take into account
the possible quantity restrictions that they may face in one or more different mar-
kets. The plans that are made according to the dual decision hypothesis are called
effective plans. Plans that are based only on the usual budget restriction are called
notional plans.

A final element in the theories to be discussed is the minimum transaction rule,
according to which the short side of the market determines the quantity that is
actually traded. The idea can be illustrated with the aid of Figure 5.1, which depicts
a market for some particular good in isolation. The demand and supply schedules
are QD and Qs, respectively, and the fixed price is equal to Po. This price is too
low for the market to clear, and there exists an excess demand for the good, i.e.
QD (Po) > Qs (Po )• If we postulate that exchange in this market is voluntary, nobody
is forced to trade more than he/she wishes, and the actual amount traded is the
minimum of demand and supply:

Q = min [Qs (Po), QD (Po)] , (5.1)
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Figure 5.1. The minimum transaction rule 	
iits. Re 6. 	 I

which equals Qs (P0) in the case depicted. Equation (5.1) is a formal representation of
the minimum transaction rule. By trying several different price levels, the minimum
transaction rule is obtained graphically as the thick line in Figure 5.1.

5.1.2 Notional behaviour of households
We assume that there is a representative household that consumes goods (C), leisure
(1— N), and real money balances (m M/P, where M is the nominal money supply
and P is the price level). There are no interest-bearing assets so the household can
only save by holding money. The household's utility function is given by:

UH = U (C, 1 — N, m), 	(5.2)

where Uc > 0, 	 > 0, and Urn > 0. Real money balances appear in the util-
ity function as a proxy for future consumption possibilities (see Muellbauer and
Portes (1978) for an explicit two-period approach). The budget restriction of the
representative household is:

m — mo =	 wN — C,	 (5.3)

where n-0	 I1 0/11 is real profit income received at the beginning of the period,
mo MOP] is initial real money balances, and w W /P] is the real wage rate.
Equation (5.3) says that the excess of income over consumption spending is to be
saved in the form of additional money balances. The budget restriction can also be
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a formal representation of
- ice levels, the minimum

n Figure 5.1.

written in a more intuitive form:

Cd-w(1-N)+m=m0+7ro+w, 	 (5.4)

where the right-hand side of (5.4) is the definition of full income, i.e. the maximum
amount of income the household can generate by working the maximum amount
of hours at its disposal (and not consuming any leisure). The left-hand side of (5.4)
says that this full income can be spent on three spending categories: consumption
of goods, consumption of leisure, and real money balances.

The notional plans for the household are obtained by maximizing (5.2) subject to
(5.4). The first-order conditions characterizing the notional plans are easily derived
by using the Lagrange multiplier method (see Chapter 2 and the Mathematical
Appendix). The Lagrangean is:

U(C , 1 - N , m) X [mo + + w - C - w(1 - N) - m] ,	 (5.5)

where X is the Lagrange multiplier associated with the budget restriction (5.4). The
first-order conditions for C, 1 - N, and m are:

a.
aC
c_ 

uc =

au —N) 
= Ul-N - A.W =

a.c = urn — = o,am

where, of course, the final first-order condition, min. = 0, implies the household
budget restriction (5.4). By substituting the Lagrange multiplier X, equations (5.6)-
(5.8) can be summarized by two first-order conditions: Uc = Urn and Ui_N/Uc = w.
In words, the first condition states that the marginal rate of substitution between
consumption and money should equal unity, and the second condition states that
the marginal rate of substitution between consumption and leisure should equal
the opportunity cost of leisure (i.e. the real wage rate). Of course, the second con-
dition has already been discussed extensively in Chapter 1. In order to get the
simplest possible expressions, we use a Cobb-Douglas utility function to represent
the household's preferences:

U = ( 1 - N)i6 m ,
	 (5.9)

with 0 < a, p,y < 1 and a + p + y 1. The advantage of using this specific form
is that the solutions for C, N, and m that satisfy the first-order conditions plus the
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household budget restriction are very straightforward: 1

CD = CD(w,P,Mo + no)= a [CI° p+ 11° ) + Iv] ,

Ns = Ns (w,P,M0 + no) = 1 - ( 12 ) KM° 	 n°) + ,

Mo nop+ no 
mD = 	 v Mo + no) = Y

where CD is the notional demand for goods, Ns is the notional supply of labour,
and mD is the notional demand for real money balances. Equations (5.10)-(5.12)
imply that consumption, leisure, and real money balances are all normal goods: as
full income increases more of each is purchased. The following partial derivatives
will be useful below.

= a > 0, - aCD = a(MC 4- TIC) 0- a P	 P2	
,

CD — 8CD - 
> 
0 Nws = aNs = 13(M° + n°) > 0,

amo P	 aw	 Pw2

Ns - aNs = 13 (Mo + no) 	aNs> 0, 	 =  	 < 0.
P aP 	 wP2 	 =amo	wP

These effects are intuitive. Note that, due to the Cobb-Douglas assumption, the
notional labour supply equation is guaranteed to be upward sloping in the wage
rate, i.e. the income effect is dominated by the substitution effect. Note finally,
that the effects of the absolute price level operate via a wealth effect: a rise in the
price erodes the real value of the initial profit income and money balances (since
no rio /P and mo Mo/P)•

aCD
aw

G a5.1.3 Notional behaviour of firms
We model firms in the simplest possible way. Unlike Muellbauer and Portes (1978),
we do not allow for the possibility of simultaneous rationing of firms in both the
goods market and the labour market. 2 Firms are assumed to be unable to hold

1 Notation is a perennial problem in rationing models. After some soul-searching we settled on the
following conventions. Superscripts "D" and "S" stand for notional demands and supplies, respectively.
Superscripts "DE" and "SE" stand for effective demands and supplies, respectively. Quantity variables
with a bar refer to actually traded quantities (and perceived quantity constraints). For example, ND is
the notional demand for labour, WE is the effective supply of labour, and N is the actual amount of
labour traded.

2 If the firms can also make a non-trivial inventory decision, it is possible for them to be simultane-
ously rationed in both the labour market and the goods market. The resulting underconsumption regime
is rarely observed in practice, and including it does not seem worth the effort.
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inventories, nor to be able to invest. As a consequence, the firm maximizes its profit:

= Y -wN=F (N ) - wN,	 (5.16)

where TC is current period real profit (to be handed over to households in the future),
I = F(N) is production in the current period (there is no physical capital). Below
we will occasionally make use of the following Cobb-Douglas specification to get
simple expressions:

Y = F(N) NE, 0 < E < 1. (5.17)

In the absence of rationing, the firm chooses its production level Y and its demand
for labour N such that (5.16) is maximized. The first-order condition is obtained in
the usual fashion:

(5.13) do
dN 

=0: FN(N) = w. (5.18)

0,	 (5.14)
I

<0. 	 (5.15)
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suiting underconsumption regime

effort.

Equation (5.18) says that the marginal product of labour should be equated to the
real wage rate. Obviously (5.18) and the production function imply two implicit
functions relating the notional demand for labour (ND) and the notional supply of
goods (Ys) to the real wage rate.

ND = ND (w) , 	 = 1/FNN <0 , 	 (5.19)

Ys = F (ND (w)) = Ys (w),	 = FN/FNN < 0. 	 (5.20)

5.1.4 Walrasian equilibrium

The government levies no taxes and pays no transfers, but it does consume goods
(denoted by G), and pays for these goods by issuing new money. The government
budget restriction can be written as: 3

(m - mo) + - 70) = G,	 (5.21)

which says that the net acquisition of financial assets by the private sector
(households plus firms) equals government consumption.

Before we discuss disequilibrium in product and labour markets, it is useful first to
consider the Walrasian equilibrium (WE) in which prices and wages are flexible and
all markets clear. Since households and firms face no constraints due to quantity

3 The national income identity is Y = C + G. By substituting this identity, as well as the profit
definition (5.16), into the household budget constraint (5.3) we obtain (5.21).
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Figure 5.2. The Walrasian equilibrium and the effects of fiscal policy 	 -

-twos ot

rationing, the model is closed by the following two equilibrium conditions:

yS (w) =	 ± no) ± G , 	 (GME)

ND (w) = (w, P, Mo + no), 	 (LME)

where GME and LME stand for, respectively, the goods market equilibrium and
labour market equilibrium.

The Walrasian equilibrium can be illustrated with the aid of Figure 5.2. By differ-
entiating the GME we obtain:

= CwD dw + dP + Cfs dMo + dG

Cp„ - Yi45,

From this we conclude that GME is upward sloping in (w, P) space, and shifts down
and to the right if government spending or the money supply are increased:

\al') GME 	 CD _ ys 0,
w w

( w 	 w

D= 	yS < U.
amo GME 

In words, if w rises, the demand for goods is increased but the supply of goods is
reduced. As a result, there is an excess demand for goods that can only be eliminated
if the price of these goods rises. Similarly, an increase in government consumption
(or the money supply) creates an excess demand for goods (for a given real wage
rate), which can only be eliminated if the price level rises and household demand
for goods is sufficiently cut back.

-CD dP - dMo - dG
dw = 	 (5.22)
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For the Cobb—Douglas preferences given in (5.9), the solutions are:

C + m = + 7ro + w -XT.

CDE = (wk" p mo ± no =  a  ) [(Mo + n o
P

N Mo + no) = 	a+y)[( p
MO ± no= mDE ivc

(5.24)

1 but the supply of goods is
that can only be eliminated
government consumption

pods (for a given real wage
and household demand

+ wNi ,

(5.27)

(5.28)

(5.29)
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By differentiating the LME, we obtain the following:

—N,s, dP — dMo
dw + dP + dmo = dw	 dw = Ns _ ND • (5.25)

Hence, the LME is downward sloping in (w, P) space, and shifts up and to the right
if the money supply is increased:

aw)	 NS
	< 0	

aw NMS
	  >0 .

aP LME 8/40)LmE

In words, for a given level of the real wage rate w, an increase in the price level
increases labour supply and induces an excess supply of labour that only disappears
if the real wage rate falls. Similarly, for a given price level, an increase in the money
supply reduces labour supply (as households are wealthier) and creates an excess
demand for labour that vanishes if the real wage rate rises.

The effects of fiscal policy have been illustrated in Figure 5.2. The initial Walrasian
equilibrium is at E. An increase in G shifts GME down and to the right. This leads to
a fall in the real wage rate and a rise in the price level. Employment rises: households
work harder despite the fall in real wages because of the negative effect on wealth
of the higher price level.

Monetary policy, consisting of a helicopter drop of money balances at the begin-
ning of the period (i.e. dMo > 0) has an ambiguous effect on employment and the
real wage rate. This is because both GME and LME curves shift to the right: the
wealth effect causes households to consume more and work less.

5.1.5 Effective demands and supplies of households
The household can face quantity restrictions in the labour market, the goods mar-
ket, or both. Starting with the first case, suppose that the household faces a binding
restriction on the number of hours of work equal to N (< Ns). In the face of this
restriction, the household formulates effective demands for goods and real money
balances (CDE and MDE , respectively). These are obtained by maximizing (5.5) by
choice of C and m, with the restriction N = N substituted in. The first-order
conditions consist of (5.6) and (5.8) and the budget restriction:

(5.26)
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Obviously, since N < Ns (the constraint is binding) equation (5.28) implies that
CDE < CD . Due to the rationing in the labour market, households cut back con-
sumption. For the Cobb-Douglas case we can use (5.10) and (5.28) to obtain an
alternative expression for CDE which clearly shows the spillover effect from the
labour market to the goods market:

cDE = cD ( 	 ) w [NS
a+ y

(5.30)

If the employment ration (N) happens to coincide with the notional supply of labour
(Ns) then effective and notional demands for goods will coincide, i.e. CDE = CD
(students should verify that MDE = MD also in that case). From equation (5.28) we
obtain the following partial derivatives which will prove useful below:

OE asi	 n	 awCDE 
=    > 0, CN = _ = 	DE " 

y	
> 0, 	 (5.31)

Ow aN a y
CDE a cDE = a(Mo 	 a OEno) < o, CDE 	

aP	amo	 +	 > 0. 	 (5.32)—  	
± Y)P2

Now suppose that the household is restricted in the amount of consumption
goods it can purchase at the given price level, i.e. C < C. The effective supply of
labour and demand for money are in this case obtained by maximizing (5.5) with
respect to N and m, subject to the restriction C = C, and the budget restriction:

w(1-N)+m=mo+no +w- C.

The solutions are, for the Cobb-Douglas case:

GO +)1 )W) [(A"P. 	
,NsE = NsE(w, 	mo ± no) = 1     + w -C 	 (5.34)

mDE = niDE (w p,c,mo + n o) = ( 0	 y ) [( 	 W —
Mo + no 

Obviously, since C < CD (the constraint is binding) equation (5.28) implies that
NsE < i■TsIV Due to the rationing in the goods market, households cut back their
labour supply. This is intuitive: if you cannot buy goods with your labour earnings,
then why bother working so hard? By using (5.11) and (5.34) we obtain an alter-
native expression for effective labour supply which shows the spillover from the
goods market to the labour market:

NsE = Ns (0 ±/3 y (_ co _v_vi ) L 

If the consumption ration (C) happens to coincide with the notional demand for
goods (0) then the effective and notional labour supplies coincide, i.e. NsE Ns

(and thus also mDE = mD ).

(5.33)

(5.35)

(5.36)
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Once again, the following partial derivatives will prove useful below:
	a  xiSE	 mo±ri	  i(0 < NsE 	w = aw (P + Ow2	P

0 < N
aNsE =	  P(Mo + no) ms

is,E

	

aP 	 (fi + Y*P2 <

0 > Nm —
sE _ aNsE

amo = ($ Y)wP

ATSE 	
C   > o.

	

ac 	 +
Hence, the effective labour supply is less elastic than notional labour supply.

Finally, if households are simultaneously rationed in both markets, i.e. C < CD

and N < Ns, their choice problem is trivial: they simply accumulate money balances
as implied by the budget restriction:

m = mo + n- 0 + wN - C. 	 (5.41)

The money balances yield utility to the household in the form of future consump-
tion possibilities.

5.1.6 Effective demands and supplies of firms
When firms cannot get all the labour they wish to purchase according to their
notional plans, N < ND , and the effective supply of goods is obtained by substituting
N into the production function:

ySE = F(N) 	ySE = ySE (N) , ykE = FN > 0. 	(5.42)

Obviously, since N < ND the effective supply is less than the notional supply of
goods, i.e. YsE < Ys. For the Cobb-Douglas production function we can use (5.20)
and (5.42) to obtain an alternative expression for the effective supply of goods:

log ySE = log yS E [log ND - log N] .	 (5.43)

If the firm is restricted in the amount of goods it can sell at the given price level,
Y = Y < Ys, and the firm expresses an effective demand for labour. This is equal to
the amount of labour needed to produce

F(NDE ) = 	 NDE = NDE ( k), NDE = 	 > 0. 	 (5.44)

For the Cobb-Douglas case we can combine (5.19) and (5.44) to obtain:

log NDE = log ND - 1 [log Ys - log kJ .
E	

(5.45)

Obviously, the firm cannot be rationed in both markets simultaneously. Either
the labour constraint is binding, or the output constraint is. This is because the firm
has no real choice left if either output or employment is determined.

f, n 0 	 w _ 	 (5.34)

+ w - C	 (5.35)
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5.1.7 The full model
Depending on the particular combination of the real wage rate w and the price level
P, there are three possible regimes that the economy can find itself in. These regimes
are summarized in Table 5.1. The different regimes can be depicted graphically by
means of Figure 5.3. The dashed lines are the notional GME and LME schedules
discussed in section 1.4 above. In order to determine the effective goods- and labour
market clearing loci, we must be very precise about the different regimes.

Table 5.1. Effective regime classification

Labour market

The Foundation of Modern Macroeconomics

(Effective) Excess

Supply (ESL)

(Effective) Excess

Demand (EDL)

Goods market (Effective) Excess Keynesian

Supply (ESG) 	 Unemployment 	 Impossible
=	 < yS G

N = NDE < Ns

(Effective) Excess Classical 	 Repressed

Demand (EDG) 	 Unemployment 	 Inflation
	G  > yS = 	 G > ySE =

	N =N°<NSE 	 ND , NSF _

P

Figure 5.3. Effective equilibrium loci and the three regimes
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Consider first the goods market equilibrium locus if there is excess supply of
labour. This locus is labelled GME(ESL) and is defined by:

YS (w) =	 (wN, p 
1V1 + no) + G, N = ND(w).	 (GME(ESL))

GME(ESL) is upward sloping and lies to the left of GME. For a given real wage, wo,
the left-hand sides of GME and GME(ESL) are the same and thus C D (wo, Po, Mo +
no) = CDE (wok , P1, Mo + no). We know, however, that when evaluated at the same
wage-price combination the effective demand falls short of the notional demand
because unemployed workers spend less on consumption, i.e. CDE (wo.k, Po, Mo +
no ) < cD(wo, Po, Mo + no). It follows that P1 must be lower than Po, i.e. GME(ESL)
lies to the left of GME in Figure 5.3. (Obviously, at the Walrasian equilibrium point
GME and GME(ESL) coincide because there CDE = CD .)

Goods market equilibrium when there is excess demand for labour is denoted by
GME(EDL) and is defined by:

Ige rate w and the price level
nd itself in. These regimes

I be depicted graphically by
al GME and LME schedules
e",?ctive goods- and labour
different regimes.

I

(Effective) Excess
Demand (EDL)

Impossible
	 Y (N) = C ( , P, Mo + no) + G, N = NS (w, P, Mo + no). 	 (GME(EDL))

Repressed
Inflation
cr) G ySE =

ND NSE A1

Since firms are rationed in their demand for labour, they supply fewer goods
( ySE < Ys) and, for a given real wage rate, the price level has to rise (thus erod-
ing wealth) in order to reduce consumption demand and increase the supply of
labour. Alternatively, for a given price level, the real wage rate has to fall in order to
restore goods market equilibrium. It follows that GME(EDL) must be steeper than
the relevant section of the GME schedule.

Labour market equilibrium with an excess demand for goods is denoted by
LME(EDG) and is defined by: 

Si)

• GME
	 ND (w) = NSE (w, 	 Mo + no), 	= YS(w) G. 	 (LME(EDG))

Ns > NDE

CDE+ G < yS

LME

LME(EDG) is downward sloping and lies to the right of LME. For a given real
wage rate, wo, the left-hand sides of LME and LME(EDG) are the same so that
NsE (wo, Pi, Ys (wo) — G, Mo + no) = Ns (wo, Po, Mo + no). For the wage-price com-
bination (wo, Po) households cannot buy as many goods as they wish and effective
labour supply falls short of the notional supply, i.e. NsE(wo, Po, I's (w0)—G, mo + no) <
Ns(wo, Po, Mo + no). It follows that Pi is higher than Po, i.e. LME(EDG) lies to the
right of the LME schedule.

Finally, labour market equilibrium with an excess supply of goods is denoted by
LME(ESG) and is defined by:

Ns (w, P, Mo + no) = NDE(k), Y = CD (w, P, Mo + no) + G.	 (LME(ESG))

It is straightforward to show that LME(ESG) coincides with GME(EDL).e three regimes
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(LME(CU))

(GME(CU))

5.1.8 The effectiveness of fiscal and monetary policy

In the regime of Classical Unemployment (CU), households are rationed in both
markets, so that the rationing equilibrium is described by:

N =ND (w),
= ys (w).

(5.46)

dY = CPvEdN + OZEdMo + dG = crivrdy + cry 7- -0am + dG

dY— dG +CIZEdMo
cDENSE
N Y

The Foundation of Modern Macroeconomics

These expressions contain neither G nor Mo, so it is obvious that both fiscal and
monetary policy are ineffective. All that happens if the government increases its
consumption is that private consumption is crowded out one-for-one.

In the regime of Keynesian Unemployment (KU) there is excess supply in both
markets, and rationing equilibrium is described by:

N = NDE(Y), 	 (LME(KU))

Y = CDE (wN,P, Mo + no) + G.	 (GME(KU))

The comparative static effects of changes in G and Mo are obtained in the usual
fashion:

where the numerator is guaranteed to be positive.
These effects can be illustrated with the aid of Figure 5.4. An increase in G (or MO

boosts effective demand for goods and shifts the GME(KU) schedule up and to the

LM E(KU)

GM E(KU) i

GM E(KU)0

N

Figure 5.4. The Keynesian unemployment equilibrium and
fiscal policy
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5.4. An increase in G (or MO
KU) schedule up and to the
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left. For a given level of employment (at point A), firms experience a greater demand
for their products and a relaxation of their sales constraint. As a result, output rises
as does the effective demand for labour and hence employment. This gives rise to a
multiplier effect due to the additional labour income received by households. The
new equilibrium is at 4, with higher employment and output.

In the regime of Repressed Inflation (RI), there is generalized excess demand, so
that the rationing equilibrium is given by:

N = NsE (w,P,Y — G, Mo no ), 	 (LME(RI))
Y ySE (N) , 	 (GME(RI))

where we have substituted the consuthption ration, i.e. C = Y — G, in the effec-
tive supply of labour equation (LME(EDG)) to obtain LME(RI). Fiscal and monetary
policy are now counterproductive. Fiscal policy worsens the rationing that house-
holds face in the goods markets (cl . < 0) and reduces the effective labour supply
and hence employment even further. In terms of Figure 5.5, LME(RI) shifts up and
to the left. Firms experience a worsening of the labour constraint and are forced to
cut back production even further. This causes a "supply multiplier" effect due to the
additional reduction of the effective supply of labour. Eventually, the economy ends
up at point ER , with lower output and employment. The output supply multiplier
is easily obtained:

= y,s,r [KE (dy _ 	 + mgdmo]

dY 
= _ ykENEdG ykEN,Ndmo

, _ vSENTSE
N C
	 (5.47)
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Table 5.2. Effects on output and employment of changes in government
spending and the money supply

Government spending 	 Money supply
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Hence, it is clear that the effect of a monetary impulse is also to reduce output due
to the adverse effect on labour supply.

The effects of fiscal and monetary policy have been summarized in Table 5.2.
The crucial policy conclusion that must be drawn from this table is that the choice
of the correct policy response depends very much on which particular regime the
economy finds itself in. If the economy is in the KU regime, then clearly Keynesian
fiscal impulses will be very effective. If, on the other hand, the economy is in the CU
or RI regime, then Keynesian demand management is either impotent (CU regime)
or counterproductive (RI regime). So what is the appropriate policy measure in
these latter regimes? To answer this question we turn to Table 5.3, which contains
the comparative static effects of changes in the real wage and the price level.

The information in Table 5.3 shows that in the CU and RI regimes there is ample
scope for economic policy that is aimed directly at the level of real wages and/or
the price level. In the CU regime, for example, real wage moderation is a very
effective way to increase the level of employment and output. This is intuitive: real
wages are too high for full employment, and anything that lowers them is good for
employment and hence output. In the RI regime, however, the appropriate policy is
to allow for a rise in real wages (to choke off the excess demand for labour) and/or a
rise in the price level (to choke off the excess demand for goods). All this presumes,
of course, that the policy maker has the instruments to interfere directly with real
wages and/or the price level.
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Table 5.3. Effects on output and employment of changes in the real wage
rate and the price level

Real wage 	 Price level

hanges in government

I
Money supply

5.1.9 Wage and price dynamics

So far, we have assumed that wages and prices are fixed altogether. What would
happen if prices and wages respond over time to disequilibrium situations? One
possibility is to assume that real wages react to the (effective) excess demand for
labour and the price level reacts to the (effective) excess demand for goods:

= AN [ND(E) — Ns(E)] , AN > 0, (5.48)

P = AG [cD(E) G — ys(E)] , AG > 0, (5.49)

where the notation indicates that effective and notional quantities appear in an
alternating fashion, i.e. in the KU regime the relevant labour market disequilibrium
measure is (NDE NS ) but in the CU and RI regimes it is (ND — NSE). The dynamic
adjustment over time has been indicated with arrows in Figure 5.6. Suppose that
the economy starts in a Keynesian unemployment equilibrium at point E. There
is an effective excess supply of labour, so that the real wage rate falls over time, and
effective excess supply of goods, which leads to price reductions. Eventually the
economy moves into the regime of Repressed Inflation, where the real wage and
price dynamics are sharply reversed (point A). The cyclical adjustment is stable and
eventually restores the Walrasian equilibrium Ew.
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Figure 5.6. Wage and price dynamics and stability

5.2 Rationing in Small Open Economies

For policy purposes it is important to consider the implications of rationing for a
small open economy. Dixit (1978) discusses the effects of rationing in a one-sector
model of a small open economy with no inventories, immobile labour, tradeable
goods, prices determined on the world market (so that purchasing power parity (PPP)
holds, P = EP*, where P* is the world price level and E is the nominal exchange
rate), and fixed exchange rates. In fact, rationing in such an open economy is much
simpler than in a closed economy. Any effective excess demand for (supply of) goods
is met by importing (exporting) goods from (to) the rest of the world. Hence, there
can never be any spillover effects from the goods market onto the labour market,
and thus whether unemployment or overemployment prevails depends entirely on
whether the real wage is too high or too low.

The balance of trade (net exports, X) follows from the absorption approach, that
is, the excess of production over absorption. When there is excess supply of labour,
it is given by:

X = F (ND (W)) -C DE (wND (w), Ep. mo + no) — G, 	 (5.50)

where we have substituted the constraint on the labour market (N = ND(w)) and
PPP (P = EP*). When there is excess demand for labour and firms are rationed in
the labour market, the expression for the trade balance is:

X = F (Ns (w, EP*, Mo + no)) — CD (w, EP* ,M0 	 — G,	 (5.51)

where we have again substituted the labour market constraint (N = Ns (.)) and
PPP. We assume that there is real wage rigidity, so that w is fixed in the short run,
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Figure 5.7. Rationing in a simple model of the small open
economy

irrespective of whether exchange rates are fixed or floating. Figure 5.7 presents the
four possible outcomes and has some similarity with the familiar Mundell-Swan
diagram.

We first consider the case of fixed exchange rates. In the short run, the economy
may experience a trade surplus (deficit), but in the long run this leads (in the absence
of sterilization) to an increase (decrease) in foreign reserves, the money supply, and
wealth, and hence to a downward shift of the effective GME locus and an upward
(downward) shift of the LME locus. A trade surplus leads to more wealth, which
in the presence of unemployment increases the household's effective demand for
goods and thus chokes off some of the trade surplus. When firms are rationed,
the increase in wealth reduces the supply of labour and thus the supply of goods,
increases the demand for goods, and thus chokes off the trade surplus in two ways.
However, in the latter case the initial excess demand for labour is worsened. These
adjustment processes are of course related to David Hume's specie-flow mechanism
and the monetary approach to the balance of payments.

The adjustment process under floating exchange rates is quite different. When there
is an incipient trade surplus, the nominal exchange rate appreciates (i.e. E falls), the
home price level falls, and thus real wealth is boosted. This chokes off the excess
supply of goods, so that the economy never diverges from the effective GME locus
and balanced trade.

A fiscal expansion in an economy with fixed exchange rates shifts the Walrasian
equilibrium from E ic'r to Er', so that on impact the trade deficit rises by exactly
the same amount as the increase in government spending. As the budget deficit
must be financed by money creation, next period's stock of real money balances

123



*if

=

The Foundation of Modern Macroeconomics

increases by the change in government spending. However, this is exactly offset
by the decrease due to the ensuing trade deficit and thus there is no change in
the short-run equilibrium over time. Effectively, the government uses its foreign
reserves to purchase commodities from abroad, as can be seen from the identity:

(m — mo) +(n — 70) = G + X, (5.52)

i.e. the net acquisition of financial assets by the private sector must equal the sum
of the government deficit and the trade surplus.'

With floating exchange rates and real wage rigidity the new equilibrium lies to
the north-east of Eli'', say q, so that the fiscal expansion leads to classical unem-
ployment. The reason for this counterintuitive result is that the depreciation of the
exchange rate, required to choke off the incipient trade deficit, increases the home
price level, erodes real wealth, and increases the supply of labour (whilst the real
wage rate and thus labour demand are unaffected).

Note that a devaluation in a situation of unemployment erodes the real value
of wealth and therefore reduces the effective demand for goods and causes a trade
surplus. (If there were nominal rather than real wage rigidity, labour demand and
output increase.) A devaluation in a situation of excess demand for labour increases
labour supply and output, decreases demand, and improves the trade balance.

5.3 Intertemporal Spillovers

As a final example of the macroeconomic quantity rationing literature we now dis-
cuss a simplified version of the closed-economy model developed by Neary and
Stiglitz (1983). They extend the static disequilibrium analysis of Barro and Gross-
man (1971) and Malinvaud (1977) by allowing for intertemporal considerations.
In doing so they are able to demonstrate the critical role of constraint expecta-
tions and intertemporal spillovers. Indeed, it is possible to show that when agents
expect unemployment tomorrow, it will be more likely that there is unemployment
today. Hence there exists a so-called "bootstrap" effect in the sense that pessimistic
expectations can lead to bad outcomes today (see also Persson and Svensson, 1983).

We start with a brief description of the model. Households have an inelastic supply
of labour (normalized to equal unity) and decide on their lifetime consumption
plans on the basis of subjective point expectations about future wages, prices, and
constraint levels. To keep things as simple as possible, only the first two periods are
studied ("today" and "tomorrow") and the rest of the future is summarized by the
inclusion of money balances in the utility function. The representative household

4 The national income identity for the open economy is Y C + G + X. By using this identity plus
the profit definition (5.3) in (5.16) we obtain (5.52).
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has a simple Cobb-Douglas utility function:

UH = C7 1 C22 m2, 	 (5.53)

with al, a2, y > 0 and al +a2 + y = 1. In (5.53), C i represents consumption of goods
in period i and m2 =- M2/P2 denotes real money holdings at the end of the second
period, where M2 is nominal money balances and Pi is the price level in period i.
The intertemporal budget constraint facing the household is given by:
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where Mo denotes the household's initial endowment of nominal money balances,
Y denotes total income, and Yi is production in period i. The first equality in (5.54)
says that total household income can either be spent on goods consumption in the
two periods or can be carried over into the future. The second equality in (5.54) says
that, in contrast to what we assumed in section 1, profits and wages are distributed
instantaneously to the household sectors. The notional demand functions of the
household are obtained by maximizing (5.53) subject to (5.54):

(5.55)

(5.56)

(5.57)

The objective function of the representative firm is the sum of current and future
profits:

H 71 + 72

= 	 - W1N1 + P2F(N2) - W2N2, 	 (5.58)

where Wi and Ni are, respectively, the nominal wage and demand for labour in
period i, and FO is the production function featuring positive but diminishing
marginal productivity of labour (FN > 0 > FNN ). The notional demands for labour
and output supplies are obtained by maximizing (5.58) with respect to N1 and N2.
The resulting expressions are:

Nip = ND(wi), NwD =1/FNN < 0,

YS = F (ND (wi)) = yS(wi ) , viS„
	= FN/ FNN	 ,

where wi Wi/Pi is the real wage in period i. Note that, unlike Neary and Stiglitz
(1983), we ignore the possibility of firm investment.

The final agent in the model is the government which can purchase goods in
each period (denoted by G,) and can make transfer payments to households thereby
increasing their initial endowment Mo . The government finances its policy actions
by printing money.
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5.3.1 Walrasian expectations
We first consider the case where agents do not expect to be constrained either today
or tomorrow. This leads to the following goods market equilibrium (GMEi) and
labour market equilibrium (LMEi) loci:

yS(wi ) = ai (Mo ±PiF(1) P2F(1))
Pi	

Gi,	 (GMEi)

1 =ND (w i).	 (LME;) 	 411 

The equilibrium condition (GMEi) equates notional goods supply in period i (the
left-hand side) to total notional goods demand in period i (right-hand side) given
that household income is consistent with full employment of labour in both periods
(i.e. Yi = F(Ni) = F(1) in the two periods). Similarly, the equilibrium condition
(LME i) equates labour supply (left-hand side) to notional labour demand (right-
hand side) in the two periods. If prices and wages are perfectly flexible, then (LME ; )
determines the equilibrium real wage in both periods and (GME i) determines the
nominal prices (and thus the nominal wage) in both periods. The Walrasian price-
wage vector is denoted by (W;', PO.

To reduce the dimensionality of the model somewhat we assume that Pi and W,
remain always at their Walrasian level, i.e. we assume that Pi = PI and W2 = WI and
concentrate on variations in Wi and P2. The notional equilibria can be illustrated
with the aid of Figure 5.8. In this figure, the LME i locus is horizontal at Wi =
which implies that w i = wI also since Pi = PI. For points above (below) the LME 1

line the real wage is too high (low) and there is excess supply of (demand for) labour.
The GME1 locus is downward sloping because an increase in today's real wage (w1)
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reduces aggregate supply and a reduction in tomorrow's price level reduces total
income and therefore reduces aggregate demand. For points above (below) the GME 1

line today's real wage is too high (low), supply is too low (high) and there is excess
demand for (supply of) goods.

Now consider the case where agents expect the Walrasian equilibrium to prevail
tomorrow yet allow for the possibility of quantity constraints today. This leads to
the same type of spillover effects that were discussed above. When there is unem-
ployment today (ND (1471 /PI) < 1) then households' effective demand for goods will
be less than their notional demand and therefore, to maintain goods market equi-
librium, today's real wage rate has to rise. The effective goods market equilibrium
locus is given by:

YS ( W1 ) = al ( M° ±F (ND (W1)) P2(—)F(1)) + G1,
Pi 	Pi	 Pi 	 Pl

(GME 1 (ESL 1 ))

where the first term on the right-hand side of (GME 1 (ESL 1 )) represents the effective
demand for goods in period 1 by households (Yr). It follows in a straightforward
fashion that GME 1 (ESL 1 ) is steeper than the GME 1 line.

When there is excess demand for labour today (ND (Wi /PI) > 1) firms are con-
strained in their hiring of labour and their effective supply of goods is less than their
notional supply ( ySE (1) = F ( 1 ) < 0) The GME 1 (EDL 1 ) is given by:

OF(1) = M(—p. + F(1) + P2(--)F(1)) +
P*

Since W2 does not feature in (GME 1 (EDL 1 )) it follows that GME 1 (EDL 1 ) is vertical.
If there is an excess supply of goods today, firms' demand for labour is constrained

by the demand for goods and therefore the LME i (ESG 1 ) locus coincides with the
GME 1 (ED14) line. This obviously rules out the regime of underconsumption due
to the fact that there are no inventories. For obvious reasons, the LME 1 (EDG 1 )
locus coincides with the LME 1 locus because the supply of labour is exogenous by
assumption.

The resulting effective goods market and labour market equilibrium loci divide
up the space into three regimes, i.e. Keynesian unemployment (KU), classical
unemployment (CU), and repressed inflation (RI). This is indicated in Figure 5.8.

5.3.2 Bootstrap effects
We now consider intertemporal spillover effects, that is, the effects of expectations
of future quantity constraints on the current behaviour of households and firms.
One of the objectives of Neary and Stiglitz (1983) was to demonstrate the existence
of "bootstrap" phenomena. By this we mean that when households expect to be
unemployed today, and when firms expect they cannot sell all their goods tomor-
row, it is also more likely that firms will be unable to sell all their goods today. Such
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Figure 5.9. Effective equilibria with expectations of future Keynesian or
classical unemployment

phenomena lead to the possibility of multiple equilibria for a given level of current
and expected future wages and prices. For ease of exposition, we concentrate on the
effects of expected Keynesian unemployment or classical unemployment. 5

Since the supply of labour is inelastic, the effective LME 1 locus coincides with
the notional LME 1 locus as long as firms face no quantity constraints in the current
period. When households expect to be constrained in their sale of labour tomor-
row, their human wealth declines and therefore current consumption falls. The
GME i (ESL2 ) locus is defined as follows:

Ys W1 ) = al [ M° + F(1) + ( P2  F (ND p-147, ))1+ Gi.P* P* P* P2
The comparison of (GMEi) (for period 1) and (GMEi (ESL2)) reveals that GMEi (ESL2)
lies to the right of the GME i locus. In Figure 5.9, GMEi, GMEAESLi), and LME 1

have all been reproduced from Figure 5.8 for convenience. The GME i (ESL2 ) line has
also been drawn and cuts the LME i line at point E". When firms expect to be unable
to sell all their goods tomorrow, this does not affect the current effective supply of
goods as we abstract from the intertemporal spillover effects arising from (reduced)
inventories. This means that the GMEi (KU2) coincides with the GME i (ESL2) locus,
where the notation KU2 stands for Keynesian unemployment in the second period,
i.e. the combination of ESL2 and ESG2. This has also been illustrated in Figure 5.9.

If households expect that tomorrow there will be classical unemployment (CU2,
consisting of excess demand for goods (EDG2) and excess supply of labour (ESL2)),

5 We have simplified the Neary-Stiglitz model by ruling out inventory holdings of firms. As a result,
the behaviour of firms is entirely static and intertemporal spillovers only occur via household behaviour.
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then they will have less incentive to save as they cannot buy all the goods they want
tomorrow anyway. Therefore current consumption increases. Indeed, the effective
demand for goods in period 1 given that the household faces a constraint in the
goods market (C2 < C2) in period 2 is obtained by maximizing (5.53) subject to (5.54)
and the constraint. If the second-period constraint is binding (so that C2 = C2),
we obtain:
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Of course, the GME i (CU2) locus is only relevant for those values of P2 for which the
household actually faces a constraint in the goods market tomorrow. This implies
the following constraint:

P*	 W*
[C1) --A	 Moa2 [— + (---1  F(1) + F (ND (  2 ))1 > C2.

P2 	 P2 	 r2
(5.60)

The right-hand side of this inequality is the notional demand for period-2 con-
sumption. Let P2W2) denote that value for P2 for which the constraint in (5.60)
holds with equality. Then it follows that the GME i (CU2) locus coincides with the
GMEi(ESL2) line for P2 in excess of 111 (2). Since future consumption is constrained,
P/-W2 ) lies to the right of the Walrasian level P;—see Figure 5.9.

So far, we have looked at the notional first-period loci when there are expecta-
tions of future quantity constraints. Now consider the effective loci when there
are expectations of either Keynesian or classical unemployment. The effective
GMEi (ESL i ,KU2) line is given by:

ys ( W1 ) 	[M° F (ND ( W1 )) +P 	 P*

whilst the effective GME i (ESL i ,CU2) line is given by:

YSWl =ai
	M0

±F (ND 	

+ Y L Pl	 Pl

	

+ (P14) (F (ND (wp2 )) — C2
	 (GME i (ESLi,CU2))

These two loci are only relevant above the LME 1 locus, that is, when there is unem-
ployment today. Obviously, they pivot to the right because the existence of current

( P2 ) F (ND ( 1471 ))]+ Gl,\PI 	 P2

(GMEi (ESL i ,KU2 ))
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unemployment means that today's demand for goods will be less and therefore the
supply of goods needs to be choked off with a higher real wage in order to maintain
goods market equilibrium in the first period. Clearly, the GME i (ESL i ,KU2) line lies
completely to the right of the GME i (ESI4,CU2) line. It is now possible to divide the
(Wi, P2) space bordered by the loci LMEi, GMEi (ESLi ,CU2), and GMEi (ES14,KU2)
into combinations of current and expected regimes-see Figure 5.9. The regime that
lies above the LME i line and between GMEi (ESLi,CU2), and GMEi (ESLi,KU2) is the
most interesting one and it consists of either Keynesian unemployment in both
periods (KU1,KU2) or classical unemployment in both periods (CU1,CU2)-

The first thing to note is that the vector of current and future wages and prices
consistent with Walrasian equilibrium is not unique since it depends on the nature
of expectations about future quantity constraints. If W i and P2 are flexible, all
points between E"' and E" on LME i are possible Walrasian equilibria, each associ-
ated with a different configuration of constraint expectations. The second point to
notice is the non-uniqueness of effective equilibria for particular constellations of
current and future wages and prices. The region above the LME i line and between
GMEi (ESL]. ,CU2), and GMEi ,KU2) in Figure 5.9 is compatible with either KUi
or CUi, depending on what agents expect tomorrow. The final point to notice is
the "bootstrap" effect, that is, Keynesian (classical) unemployment is more likely
to occur today when it is expected to prevail tomorrow. In terms of Figure 5.9, the
region for which there is KU i is larger if KU2 is expected than if CU2 is expected.
Conversely, the region for which there is CU i is larger if CU2 is expected than if
KU2 is expected.

5.3.3 Rational constraint expectations

The previous subsection employed arbitrary expectations about future quantity
constraints, which is undoubtedly the main reason for the non-uniqueness of the
Walrasian and effective equilibria. In order to avoid this problem, one might borrow
the assumption of rational expectations from the new classical school of macroe-
conomics (see Chapter 3). Although the assumption of rational expectations may
be within the spirit of market clearing and other assumptions of the new classical
school, it is a rather far-fetched assumption within a macroeconomic model with
rationing. The assumption of rational constraint expectations presumes that agents
have an enormous amount of information in order to be able to calculate the aggre-
gate future quantity constraints in a rational fashion. However, it does not require
knowledge of individual demands and supplies. This is just as well, since if this were
the case firms and households could engage in bilateral bargaining which contra-
dicts the fundamental assumption of fixed wages and prices. Due to the difficulties
in the coordination of the behaviour of individual households and firms when infor-
mation (at a disaggregated level) is imperfect, the assumption of rational constraint
expectations may be a first step in removing the arbitrariness of expectations.
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Chapter 5: The Macroeconomics of Quantity Rationing

To understand rational constraint expectations, let us focus on the case where
there is unemployment today and Keynesian unemployment is expected tomorrow.
It is important at this stage to distinguish between real and nominal wage rigidity.
If there is real wage rigidity (w2 constant), then the GMEi (ESLDKU2) locus is also
the locus that pertains under rational constraint expectations. However, if there is
nominal wage rigidity (W2 constant), one has to take account of the fact that second-
period income, Y2 = F(ND (W2 /P2)), is an increasing function of the second-period
price, since a higher price erodes the real wage and thus boosts labour demand,
employment, and income. This means that the locus under rational constraint
expectations, say the RCE locus, lies to the right of the GME i (ESL i ) locus. 6

The main implication of the above argument is that the set of (W 1 , P2) com-
binations consistent with Keynesian rather than classical unemployment today is
greater when Keynesian unemployment rather than when Walrasian equilibrium
is expected to prevail tomorrow, so that rational constraint expectations increase
the likelihood of Keynesian unemployment today. Hence, the "bootstrap" property
still holds when constraint expectations are rational. The assumption of rational
constraint expectations does reduce non-uniqueness of the set of equilibria.

Neary and Stiglitz (1983) also show that, under the assumption of rational
constraint expectations, the effects of an increase in government spending on
employment and output during a Keynesian regime is greater than under static
expectations of Keynesian unemployment tomorrow and greater still than under
Walrasian expectations about the future. The main reason for this interesting
result is that an increase in government spending is more effective when firms
are pessimistic about their future sales prospects. Also, the increase in government
spending relaxes the constraint on current sales and therefore firms might plan to
hire more labour and produce more output tomorrow. Under the assumption of
rational constraint expectations, households realize that this increases their life-
cycle income and they therefore increase consumption both today and tomorrow
which in turn increases the effective demand for labour today.

Note the sharp contrast with the policy neutrality results of the new classical
school. Their neutrality results depend on price flexibility (market clearing) and
rational expectations. Rational expectations actually enhance the effectiveness of
fiscal policy in the rationing approach. Hence, it follows that the essential ingredient
of the policy neutrality propositions of the new classical school is market clearing
rather than rational expectations. This, of course, was the message of Fischer (1977)
which we discussed in detail in Chapter 3 above.

6 Neary and Stiglitz (1983, pp. 216-219) discuss an iterative procedure to obtain consistency of
expectations and of actual outcomes, which demonstrates that this remains the case even when there
are intertemporal spillover effects arising from inventories.

I and therefore the
1 order to maintain
rESLi ,KU2) line lies
ssible to divide the
d GME i (ESLi,KU2)
,9. The regime that
E i (ESLi,KU2) is the
-1 oyment in both

wages and prices
ends on the nature
P2 are flexible, all
libria, each associ-
le second point to
r constellations of
line and between

le with either KU 1

-oint to notice is
ent is more likely
of Figure 5.9, the

I CU2 is expected.
expected than if

131



itignone.. I nu in5.4 Punchlines

The Foundation of Modern Macroeconomics

Lae Ai. a

of le

:..at

'.-"rlimeaL kcal w

;males *

the r

ate it

bassi
adz

*AB Ile oti2t1

,o Lhap

We study the macroeconomic implications of two key insights in this chapter. First,
if the price system does not work then quantity signals take over as a coordination
device in the economy. Second, if there is quantity rationing in one market this may
spill over into one or more other markets and affect conditions in these markets in a
meaningful way. In the presence of quantity rationing so-called effective demands
and supplies are relevant. These differ from the conventionally defined (or notional)
demands and supplies in that they take the quantity restrictions into account. For
example, for a household the notional demand for consumption goods is obtained
by maximizing utility subject to the household budget constraint. In contrast, if the
household is unable to sell all the labour it wants to sell, it faces a quantity restriction
in the labour market. The effective demand for consumption goods is then obtained
by maximizing utility subject to the budget restriction and the quantity constraint
in the labour market.

In the early to mid-1970s a number of Keynes-inspired economists built general
(dis-) equilibrium models of the macroeconomy, in which the price level and real
wage are fixed and quantity rationing exists in the markets for good and labour.
The aim of these economists was to weaken the challenge of the new classicals by
providing Keynesian economics with firm microeconomic foundations.

In the standard models there are three macroeconomic regimes depending on the
configuration of the real wage and the price level. In the Keynesian unemployment
(KU) regime, there is excess supply of goods and labour, in the classical unemploy-
ment regime (CU) there is excess supply of labour and excess demand for goods,
and in the Repressed Inflation regime there is simultaneous excess demand for goods
and labour.

A rather interesting prediction of the standard model is that the effects of fiscal and
monetary policy depend critically on the regime that the economy happens to be in.
An increase in government consumption, for example, has a positive effect on out-
put and employment in the KU regime, has no effect in the CU regime, and decreases
output and employment in the RI regime. Whilst the first two cases are familiar from
our discussion of Keynesians and classicals in Chapter 1, the third case is novel and
somewhat surprising. The intuition behind the so-called supply multiplier is that
the increase in government consumption worsens the quantity restriction experi-
enced by households in the goods market. As a result, these households supply even
less labour and thus aggregate employment and output fall.

In a similar vein, the effects of policy measures directly impacting on the real wage
or the price level also depend critically on the regime the economy is in. To alleviate
unemployment and boost output the real wage should fall in the classical regime
(as expected from our earlier discussion). In sharp contrast, the real wage should
rise if the economy is in the KU or the RI regime. The reasons for this result are
different for the two regimes. In the KU regime an increase in the real wage boosts
aggregate demand for goods because the household experiences a higher (labour)
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income. This in turn reduces the severity of the constraint experienced by firms and
prompts them to hire more workers and thus to boost output. In contrast, in the
RI regime the increase in the real wage boosts employment and output because the
supply of labour expands.

The standard model has been extended in a number of directions, the most
interesting of which are the setting of a small open economy and the intertem-
poral setting. In the intertemporal disequilibrium model there is the possibility of
intertemporal spillovers. It is possible, for example, to show that there may be an
intertemporal bootstrap effect in the sense that pessimistic expectations about con-
straints in the future may increase the likelihood of such constraints in the present.

What is the lasting contribution of the rationing approach? Perhaps the sin-
gle most important contribution of this approach to macroeconomics has been
to clarify the nature of disequilibrium situations in an explicit general equilibrium
framework. Due to disequilibria, notional plans lose their relevance and must be
replaced by effective plans. The additional insights that flow from the approach are
plentiful. Real wages may have nothing to do with unemployment in some cases,
whereas they are of vital importance in others.

The quantity rationing approach suffers from one major defect, however, in the
sense that the rigidity of prices and wages is simply postulated and not derived
from maximizing principles. Indeed, it is straightforward to show that the rationing
equilibria are in fact Pareto-inefficient. This begs the question why prices and wages
are not changed by the economic agents. In that sense, the rationing approach
resembles "Hamlet without the Prince" or "A pub without beer". The main character
of neoclassical economics (i.e. the price mechanism) has been omitted from the play
without any justification.

On the other hand, however, the slow adjustment of prices and wages seems to
be a fact of life. See, for example, Blinder (1994) for empirical evidence on price
adjustment by firms. In that sense, the rationing models may present a relevant
description of the world as it actually is.

One strand of literature has instead chosen to remedy the lack of a "theory of
pricing" by adopting explicit price- and wage-setting agents in the form of monop-
olistically competitive firms and labour unions. This literature will be discussed in
detail in Chapter 13 which deals with new Keynesian economics.

Further Reading

An influential and highly readable reinterpretation of Keynes is found in Leijonhufvud
(1968). Surveys of the quantity rationing literature are given by Drazen (1980), van der Ploeg
(1987a), Benassy (1982, 1993b), and Silvestre (1993). Neary (1980) extends the Dixit model
by including a non-traded goods sector. For excellent surveys of the open economy quantity
rationing models the reader is referred to Neary (1990) and Cuddington, Johansson, and
LOfgren (1984).
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The Government Budget Deficit
.1.-

The purpose of this chapter is to discuss the following issues:

1. To explain and assess the validity of the Ricardian equivalence theorem, and to
show how it operates in a simple two-period optimizing model of consumption
behaviour;

2. To explain the notion of tax smoothing and the golden financing rule, and

3. To show how the fiscal stance of the government should be measured.

6.1 Ricardian Equivalence

The Ricardian equivalence theorem was formulated, as the name suggests, by the
British classical economist David Ricardo (1817, p. 245), who immediately dis-
missed it as being irrelevant in practice. In an influential paper, however, the new
classical economist Robert Barro (1974) forcefully argued that the Ricardian equiv-
alence theorem is worthy of professional attention and yields important policy
prescriptions.

Loosely speaking, the Ricardian equivalence theorem amounts to the following:
for a given path of government spending the particular method used to finance these
expenditures does not matter, in the sense that real consumption, investment, and
output are unaffected. Specifically, whether the expenditures are financed by means
of taxation or debt, the real consumption and investment plans of the private sector
are not influenced. In that sense government debt and taxes are equivalent.

In other words, government debt is simply viewed as delayed taxation: if the
government decides to finance its deficit by issuing debt today, private agents will
save more in order to be able to redeem this debt in the future through higher taxa-
tion levels. Consequently, if the Ricardian equivalence theorem is valid, the Blinder
and Solow (1973) model (discussed extensively in Chapter 2) is seriously flawed.
In that model real private consumption depends on net wealth, which includes
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Chapter 6: The Government Budget Deficit

government debt! Under Ricardian equivalence, government debt in the hands of
the public should not be counted as net wealth since it is exactly matched by the
offsetting liability in the form of future taxation.

6.1.1 A simple model
Suppose that historical time from now into the indefinite future is split into two
segments. The first segment (called period 1) is the present, and the second segment
(called period 2) is the future (obviously, by construction, there is no period 3).
There is perfect foresight on the part of both households and the government. We
look at the behaviour of the representative household first. It lives as long as the
government does, and achieves utility by consuming goods in both periods. Labour
supply is exogenous and household income consists of exogenous "manna from
heaven". Lifetime utility V is given by:

( 1 + p)V = U(C1) +  1 U(C2)' 
(6.1)

where Ct is consumption in period t (= 1,2), U(.) is the instantaneous utility func-
tion, p is the pure rate of time preference, representing the effects of "impatience".
The higher p, the heavier future utility is discounted, and the more impatient is
the household. At the end of period 0 (i.e. the "past"), the household has financial
assets amounting in real terms to Ao over which it also receives interest payments
at the beginning of period 1 equal to rAo, where r is the real rate of interest, which
is assumed fixed for convenience. The exogenous non-interest income payments
are denoted by Y1 and Y2, respectively, so that the budget restrictions in the two
periods are:

Al = (1+ OA° + (1— ti)Yi — (6.2)

A2 = (1 + r)Ai + (1 — t2)Y2 — C2 = (6.3)

where t1 and t2 are the proportional tax rates on income in the two periods, and
A2 = 0 because it makes no sense for the household to die with a positive amount of
financial assets (A2 < 0), and it is also assumed that it is impossible for the household
to die in debt (A2 > 0). (Below, we modify the model and show that households
with children may wish to leave an inheritance.) Note that (6.2)—(6.3) incorporate
the assumption that interest income is untaxed.

If the household can freely borrow or lend at the going interest rate r, A l can
have either sign and equations (6.2)—(6.3) can be consolidated into a single lifetime
budget restriction. Technically, this is done by substituting out A l from (6.2)—(6.3):

C2 - (1 - 1-2)/72 
Al = 1 + r 

= (1 ± OA° + (1 — 1-1)171 —C1

C1 + 
C2  = (1 + r)Ao + H,

1+r
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(1+ r)B0 + Gi - t1 Y1 =

(1 ± r)B0 +	
G2

+	 = t1Y1 + 
t2 Y2 

1+r	 1+r'

t2 Y2 — G2
1 + r

lug C1 +

(6.8)

The Foundation of Modern Macroeconomics

where the right-hand side of (6.4) represents total wealth, which is the sum of initial
financial wealth inclusive of interest received, (1 + r)Ao , and human wealth, H:

(1 - t2)Y2 
H (1 - ti)Yi +

1 + r
(6.5)

Equation (6.4) says that the present value of consumption expenditure during life
must equal total wealth.

In order to demonstrate the Ricardian equivalence theorem, we need to introduce
the government and its budget restriction. We start as simple as possible by assum-
ing that the government buys goods for its own consumption (G1 and G2), and
finances its expenditure by taxes and/or debt. There is no money in the model, so
money financing is impossible. The government, like the household, exists for two
periods, and can borrow or lend at the interest rate r. In parallel with (6.1)-(6.3),
the government's budget identities are:

(D 1 =) rBo + Gi - =B1 - Bo, (6.6)

(D2 ) rB i + G2 — t2 Y2 = B2 B1 = (6.7)

where Di and B i denote, respectively, the deficit and government debt in period i
(i = 1, 2), respectively, and B2 = 0 because the government, like the household,
cannot default on its debt and is assumed to remain solvent (no banana republic!).
Using the same trick as before, equations (6.6)-(6.7) can be consolidated into a
single government budget restriction:

Ube household bu	 1.1

C1 	
C2 =(1+ r)
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where the left-hand side of (6.8) represents the present value of the net liabilities of
the government, and the right-hand side is the present value of net income of the
government (i.e. the tax revenue).

Since government bonds are the only financial asset in the toy economy, house-
hold borrowing (lending) can only take the form of negative (positive) holdings of
government bonds. Hence, equilibrium in the financial capital market implies that:

Ai = Bi, (6.9)

for i = 0, 1, 2.
The first demonstration of the Ricardian equivalence theorem is obtained by solv-

ing the government budget restriction for (1 + r)Bo, and substituting the result into
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the household budget restriction (6.4) taking (6.9) into account:

(1 - t2)Y2 +	 ]

1 
r = (1 + r)B0 +[(1 ti)Yi + 1 + r

C2 

t2 Y2 	G2	 1 - t2) Y2
-t1 Y1 ++ (1 ti)Y1

1 r 	 1 r 	 1 + r
Y2-G2

= Y1 - 	 1 + r	  = 52. (6.10)

The final expression shows that the tax parameters drop out of the household's
udget restriction altogether. Only the present value of (exogenously given) gov-

ernment spending affects the level of net wealth of the household. Consequently,
the choice of C1 and C2 do not depend on the tax parameters t 1 and t2 either.
The way in which the government finances its expenditure has no real effects on
consumption.

So if consumption plans are unaffected by the timing of taxation, then what is?
The answer is, of course, household saving. In order to demonstrate this, and to
facilitate the subsequent discussion, we use a specific form for the utility func-
tion U(.); one that yields very simple expressions for the optimal consumption and
saving plans:

U(Ct) = log Ct. (6.11)

The household chooses C1 and C2 such that (6.1) is maximized subject to (6.10) and
given the utility function (6.11). Again the optimality conditions can be obtained
by using the Lagrange multiplier method. The Lagrangean is:

1log C 1 +  1  ) log C2 + ), [S2 U1 
C2 (6.12)

1 p	 1 + r 

so that the first-order conditions are:
(6.8)

t value of the net liabilities of
It value of net income of the

a.c	 1
ac t

ac _	 1
a C2  (1 ± p)C2 1 + r

(6.13)

=0, 	 (6.14)

I
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(6.9)
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and the third condition, aLiax = 0, yields the budget restriction (6.10). By
combining (6.13)-(6.14), the so-called consumption Euler equation is obtained:

1	 1 + r 	 C2 	 1 + rx =	 =  	 (6.15)
C1	 + p)C2 	 C1 1 + p

In words, (6.15) says that, for example, if r > p, C2 IC i > 1 or C2 > C1. The
household wishes to enjoy relatively high consumption in the second period. This
is understandable in view of the fact that a low value of p (relative to r) implies that
the household has a lot of patience, and hence a strong willingness to postpone
consumption.



( (1 + r)Yi) dti > 0,
Y2

(6.19)
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Equation (6.15) determines the optimal time profile of consumption, i.e. it shows
consumption in the future relative to consumption now. The level of consumption
is obtained by substituting (6.15) into the household budget restriction (6.10):

= (1 -Fp\ 2, 	= (1+/- \
2-Fp) 	 z 	 2-Fp)

The expression for household saving (S1) is determined by the identity S1 A l -A0 =
B1 - Bo, or:

Si 	
(1 + p 0= rBo + (1 - ti)Yi 2+p)-'

(6.17)

from which we see immediately that the tax rate t1 does not vanish from the
expression for household saving in the first period.

Now consider the following Ricardian experiment. The government reduces the
tax rate in the first period (dt1 < 0) but keeps its goods consumption (G1 and G2)
constant. Then equation (6.17) implies that

dSi dti > 0, (6.18)

(as dS2 = drBo = 0) but the government budget restriction (6.8) implies that taxes
in the second period must satisfy:

Yi dti ( Y2 dt2 = 0	 dt2 =
--FT)

as the present value of government liabilities are unchanged by assumption. Hence,
the reaction of the household to this Ricardian experiment is to increase its saving
in the first period (d51 > 0) in order to be able to use the extra amount saved
plus interest in the second period to pay the additional taxes. In Figure 6.1, the
experiment has been illustrated graphically.

The initial income endowment point is EK, . It represents the point at which the
household makes no use of debt in the first period (i.e. B1 = 0) and simply consumes
according to (6.2)-(6.3). Since the household can freely lend/borrow at the going
rate of interest r, however, it can choose any (C1, C2) combination along the budget
line AB. Suppose that the optimal consumption point is at Ec, where there is a
tangency between an indifference curve (dV = 0) and the budget line. The optimal
consumption levels are given by CI and q, respectively. As a result of the Ricardian
experiment, income rises in the first period and falls in the second period, but the
net wealth of the household (Q) is unchanged. Hence, the income endowment
point shifts along the given budget line in a south-easterly direction to ET. The
optimal consumption point does not change, however, since nothing of importance
has changed for the household. Hence, the only thing that happens is that the
household increases its saving in the first period and it does so by purchasing more
bonds from the government.

• (6.16)
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C2

A

Figure 6.1. Ricardian equivalence experiment

6.1.2 Distorting taxes
Up to this point we have assumed that income in the two periods is exogenous.
It is easy to imagine that, for example due to an endogenous labour supply deci-
sion, income depends on the tax rate on labour income (see Chapter 1). If that is the
case, we should write Y1 (t1 , t2) and Y2(ti, t2), and the path of taxes may directly influ-
ence the income endowment point, and potentially also the level of net household
wealth. Consequently, Ricardian equivalence should be expected to fail.

An even simpler example of a distorting tax can be provided with the aid of
the model introduced above. Assume that non-interest income is exogenous but
that there is a comprehensive income tax, and that interest income is also taxable.
Equations (6.2)-(6.3) are modified to:

B 1 = Bo + (1 - [Yi + rBo] -
	 (6.20)

B2 = + (1 t2) [Y2 + 	 - C2 = 0, 	 (6.21)

where we have already incorporated (6.9). The consolidated budget restriction for
the household becomes:

+ 1 + r(1 — t2) = [1 + r 1 ti)1130 +[
C2 	 ti)Yi + 	 (6.22)

1 ± r(1 - t2)
(1 - t2)Y2
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There are many theoretical objections that can be levelled at the Ricardian equiv-
alence theorem. In the next subsections we discuss the most important theoretical
reasons causing Ricardian equivalence to fail. The interested reader is referred to
the recent symposium on the budget deficit for further details (see Barro (1989) and
other papers in the same issue of the Journal of Economic Perspectives).
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The budget restrictions for the government are also suitably altered:

(D 1 ) rBo +	 —ti [Y]. + rBo] =B1 — Bo,

(D2 ) rBi + G2 — [Y2 ± rBil = —Bi,

so that the consolidated government budget yrestrictionrt2( ilys2:_ t2)

[1 + r(1 — 1-1)] Bo + G1 +
1 + r(1 — t2)

G2

	= t

Failure of the Ricardian equivalence theorem is demonstrated by solving the gov-
ernment budget restriction for (1 + r(1 — ti))Bo, and substituting the result into the
household budget restriction:

C2 	 Y2 G2 
Cl 	 = Y1 G +	 = S2(t2)-

1 + r(1 — t2 )	 1 + r(1 — t2)

This expression shows that the income tax in the second period does not drop out
of the household budget constraint. Consequently, optimal consumption plans are
affected by the timing of taxation. Obviously, t 1 does not appear in (6.26) because
it operates like a lump-sum tax. Households are taxed on their interest income in
the first period and can do nothing to avoid having to pay that tax (since Bo is
predetermined and is hence a "sitting duck" for the tax man). The tax in the second
period changes the intertemporal price of consumption now versus later, and as a
result distorts the saving decision. 1

(6.23)

(6.24)

(6.25)

(6.26) 

Intermezzo 

The two-period consumption model. Because the two-period consumption
model has played such an important role in the macroeconomic literature it
pays to understand its basic properties well. Assume that the representative
household's lifetime utility function is given in general terms by: 

V = V(Ci, C2 ),	 (a)

where C, is consumption in period i, and we assume positive but diminishing
marginal utility of consumption in both periods, i.e. V i Es. aviaci and Vu
a 2 viac < O. Note that (6.1) is a special case of (a) incorporating a zero cross

I Indeed, optimal C1 and C2 are modified from (6.16) to:

Ci = 1	 P )Q M/ C2 =
fl+r(1 — t2))

 S.2(t2)
(2 + p 2+p

from which we conclude that ac i / at2 > 0 and ac2 /at2 = —(r/(2 + p))(Yi — G1) < 0. So the tax leads to
a shift of consumption from the future to the present.
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	derivative 1712	 C)2 v ocia C2. In the general case considered here, no such
restriction is placed on V12.

Abstracting from taxes, the household's periodic budget identities are given
by Ai + Ci = (1 + ro)Ao + Y1 and C2 = (1 + ri)Ai + Y2 which can be consolidated
to yield the lifetime budget constraint:

+ C2 =-- (1 + ro)A0 + [Yi + Y2 =

	

1 ri 	 1 +
	 (b)

where Yi is exogenous non-interest income in period i, Ao is initial financial
wealth, 52 is initial total wealth (i.e. the sum of financial and human wealth),
and r1 is the interest rate in period i. The household chooses C5 and C2 in order
to maximize lifetime utility (a) subject to the lifetime budget constraint (b).
The first-order conditions are given by (b) and the Euler equation:

Vi Wi t C2) =

	

V2 (C1, C2) 	 I
	 (c)

where we indicate explicitly that Vi in general depends on both C1 and C2
(because 1712 0 0 is not excluded a priori).

Equations (b)-(c) define implicit functions relating consumption in the two
periods to the interest rate and total wealth which can be written in general
terms as Ci = Ci(E2, ri) for i = 1, 2. To find the partial derivatives of these implicit
functions we employ our usual trick and totally differentiate (b)-(c) to obtain
the following matrix expression:

two-period consumption
acroeconomic literature it

that the representative
.-ral terms by:

(a)

positive but diminishing
e.	 avoci and Vii

incorporating a zero cross    

C2   
[ dC i

dC2            0
+ 1+r1)2

V2 
dr1, (d)                    

where the matrix A on the left-hand side of (d) is defined as:

1
1 +
	 (e)

VIA - (1 + ri)V12 V12 - (1 + ri)V22
A

1

where we have already incorporated Young's theorem according to which
Vi2 = V21 (Chiang, 1984, p. 313). The second-order conditions for utility
maximization ensure that the determinant of A is strictly positive (see Chiang
(1984, pp. 400-408) for details), i.e. I A I > 0. This means that the implicit
function theorem can be used (Chiang, 1984, p. 210).
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(f)

(g)

a c i	V12 - (1 +ri.) V22
 0

164	 <

ace = (1+ ri)vi2 - 	>0

< •

(h)
aci 	1	 ac, =1.

ac�	 1 +rl ) a s�

(i)
IL\1) ( V2 )

/ 1 	 1 + ac 1 = (171 - (1 -+-ri)V22) 	 111 
a r 	 16,1 	 1+ r1

(1)
ac2 	+ ri)111 2 - Vl l ( A 1 ) (I) 	 0,a r	 Ipi	 lAi
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Let us first consider the effects of a marginal change in wealth. We obtain
from (d):

Several observations can be made reading these expressions. First, the effect
of wealth changes on consumption in both periods is ambiguous in general.
Second, if lifetime utility satisfies V12 > 0 then aCi/aS2 > 0 for i = 1, 2, and
present and future consumption are both normal goods. Third, if V12 < 0
then either present consumption or future consumption may be an inferior
good (aci l as2 < 0). It follows from (b), however, that at, most one good can be
inferior, i.e.:

Next we consider the effects of a marginal change in the interest rate rl . It
follows from the budget restriction (b) that a change in r 1 not only changes the
relative price of future consumption (on the left-hand side of (b)) but also affects
the value of human wealth (and thus total wealth) given in square brackets
on the right-hand side of (b). Indeed, in view of the definition of C2, we find
as 21 ari —172 1(1 +1.1 )2 < 0, i.e. an increase in the interest rate reduces the value
of human capital because future wage income is discounted more heavily. By
taking this (human) wealth effect into account we obtain the following partial
derivatives from (d):

-
ane

where we have used the second period budget identity, (1 + ri)A 1 = C2 - Y2
to simplify these expressions. Again several observations can be made regard-
ing the expressions in (i)-(j). First, without further restrictions on V12 and A l

the effects are ambiguous. By differentiating the lifetime budget equation (b)
we find:

ac i (  1  \ ac2 A 1

+ar, 	 1	 art 	 1 +

from which we deduce that for an agent who chooses to save (Ai > 0) either
present or future consumption (or both) rise if the interest rate rises. Second, if
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Al > 0 and V12 > 0 then aCi/ar 0 and aC i 	> O. Third, if the agent's utility
maximum happens to coincide with its endowment point (so that A i = 0) then
it neither saves nor dissaves and it follows that aci lar < 0 and actor > 0.

In the literature it is often assumed that the utility function is homothetic.
A homothetic utility function can be written as V(C1, C2) = G [H(C1, C2)]
where G[.] is a strictly increasing function and H(C i , C2) is homogeneous of
degree one in C1 and C2 (see e.g. Sydsxter and Hammond, 1995, p. 573).
We recall the following properties of such functions from the intermezzo in
Chapter 4: (P1) H 1 C 1 + H2C2 = H, (P2) H 1 and H2 are homogeneous of degree
zero in C 1 and C2, (P3) H12 —(Ci /C2)Hii = —(C2/Ci)H22 and thus Hil =-
(C2/C1)2H22, and (P4) a12 —d log (C 1 /C2)/d log (H1 /H2) 1/1 1/2/(H/42) 0.
Since H11 < 0 it follows from (P3) that H12 > 0 and from (f) to (g) that present
and future consumption are both normal goods. To study the effect of a change
in the interest rate we note that the first-order condition (c) becomes Hi /H2 =
1 + Since the Hi are homogeneous of degree zero, this Euler equation pins
down a unique Ci /C2 ratio as a function of 1 + r1. By loglinearizing the Euler
equation and the budget restriction (b) (holding (1+ro)A0, Y1, and Y2 constant)
we obtain the following expression: 

- dC1

c t

tiC2
- C2    [

(A1/ 0 )

0-12  
col	 — col

—1 	 1
dri (1)           

where Ni	 C 1 Q and 1 — 0)1	 C2/((1 r i ) S 2) are the budget shares of,
respectively, first- and second-period consumption. Solving (1) we obtain the
comparative static effects:

Y2
col) (1 — 04)042 ,	 (m)1+ rig2

(0_, Y2
coicri2 (n)

(1 	 r1)Q

where we have also used (1 + r1)A1 = C2 — V2. The three terms appearing in
square brackets on the right-hand sides of (m) and (n) represent, respectively,
the income effect, the human wealth effect, and the substitution effect (see also
Obstfeld and Rogoff (1996, p. 30) for this terminology). We illustrate these
effects in Figure 6.2.

The ultimate effect of an increase in the interest rate r1 is given by the move
from E0 to E 1 . This total effect can be decomposed into the usual Hicksian
fashion. In doing so we exploit the fact that for homothetic utility functions
the slope of the indifference curves is the same along a straight ray from the
origin. Two such rays are drawn in Figure 6.2, one for the old and one for the
new interest rate. The move from Eo to E' is the substitution effect (SE) and
the move from E' to E" is the income effect (IE). If the household were to have

art 	 +
= 	  [(1ac i

C2

art	 1 ±

—  [0
r1

aC2	C
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Figure 6.2. I ncome, substitution, and human wealth effects

no non-interest income in the second period (Y2 = 0) this would be all as the
human wealth effect would be absent. If Y2 is positive, however, the increase
in the interest rate reduces the value of human capital and shifts the budget
restriction inward. Hence, the human wealth effect (HWE) is represented by the
move from E" to E 1 . Students should check their understanding of homothetic
utility functions by drawing the case for which the substitution effect is zero.
Further results on the two-period model are presented by Obstfeld and Rogoff
(1996, ch. 1).

6.1.3 Borrowing restrictions
In the basic case we have assumed that households can borrow/lend at the same
rate of interest as the government. In practice this is unlikely to be the case, as is
evidenced by the prevalence of credit rationing of young agents with high earning
potential but no tangible appropriable collateral (slavery is not allowed, so future
labour income typically cannot serve as collateral). Furthermore, households are
more risky to lend to than (stable) governments, suggesting that the former may
pay a larger risk premium than the latter. It turns out that borrowing restrictions
can invalidate the Ricardian equivalence proposition.

For simplicity we assume that a household is unable to borrow altogether but can
lend money at the going interest rate r. In the case discussed so far, this would be no
problem because the household chose to be a net lender in the first period. Let us now
augment the scenario by assuming that income is low in the first period and high in 

- lei cast
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Figure 6.3. Liquidity restrictions and the Ricardian
experiment

the second period. This case has been drawn in Figure 6.3. The income endowment
point is q, and the optimal consumption point in the absence of borrowing restrictions
is q, . This point is not attainable, however, since it involves borrowing in the first
period, which is by assumption not possible for the household. The effective choice
set is consequently only AqC70 and the optimal consumption point (C7, OP is at
the kink in the budget line (in point E,1", ).

If we now conduct the Ricardian experiment of a tax cut in the first period
matched by a tax increase in the second, the income endowment point shifts along
the unrestricted budget line AB, say to point El . . As a result, the severity of the bor-
rowing constraint is relaxed and the consumption point (C1, CI) moves to point Er.
The effective choice set has expanded to AEr C10 and real consumption plans (and
household utility) have changed for the better.

Obviously, a similar story holds in the less extreme case where the borrowing rate
is not infinite (as in the case discussed here) but higher than the rate the government
faces. In that case the budget line to the right of the income endowment point
is not vertical but downward sloping, and steeper than the unrestricted budget
line AB (see the dashed line segments). As a result, the Ricardian experiment still
leads to an expansion of the household's choice set and real effects on the optimal
consumption plans.

6.1.4 Finite lives

Everybody knows that there are only two certainties in life: death and taxes. Hence,
one should feel ill at ease if Ricardian equivalence only holds if households live

c,

wealth effects
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Figure 6.4. Overlapping generations in a three-period economy

forever. In the example discussed so far, households, the government, and the entire
economy last for two periods, which effectively amounts to saying that the house-
hold has an infinite life. Suppose that we change the model slightly by introducing
two households, that each live for only two periods, and that the government and
the economy last for three periods. The old household lives in periods 1 and 2.
whilst its offspring, the young household, lives in periods 2 and 3. The structure of
the overlapping generations is drawn in Figure 6.4.

We describe the old generation first. They are assumed to possess the following
lifetime utility function:

V° = log C(i) + 1
	 log C2° + aVY , a > 0,1 + p (6.27)

where the superscript "0" designates the old generation, and "Y" the young genera-
tion. Equation (6.27) says that if a > 0, the old generation loves its offspring, in the
sense that a higher level of welfare of the young also gives rise to a higher welfare of
the old. The old can influence the welfare of the young by leaving an inheritance.
Assume that this inheritance, if it exists, is given to the young just before the end
of period 2 (see Figure 6.4). The inheritance is the amount of bonds left over at the
end of the old generation's life, i.e. B. Clearly, it is impossible to leave a negative
inheritance, so that the only restriction is that 13° > 0.

The consolidated budget restriction of the old generation is derived in the usual
fashion. The periodic budget restrictions are:

13? = (1+ r)B0 + (1 — ti)Y? — C I° ,	 (6.28)

13° = (1+ r)B? ± (1— t2)11 —	 (6.29)

,A14,10001.

tor

111.1.1 -31
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(6.29)

(6.31)log CI'.
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from which 13° can be eliminated to yield:

(1 — 1-2) 11) 
co Boro	 2 ' 2 = (i r)B0 + (1 ti)11) +
l+r	 1 + r

where S2° is total wealth of the old generation, and the term in square brackets is
human wealth of the old generation denoted by H°. Equation (6.30) says that the
present value of consumption expenditure (including the bequest to the young)
during life must equal total wealth. In order to determine the appropriate size of
the bequest, the link between the size of the inheritance and lifetime utility of the
young generation must be determined, i.e. we must find in' = (1)(B?).

By assumption the young generation has no offspring (presumably because "the
end of the world is nigh"), does not love the old generation, and hence has the
standard utility function which only depends on own consumption levels:

V Y = log Cr +

Its consolidated budget restriction is derived in the usual fashion. The periodic
budget restrictions are:

13 127 = (I — t2)117 —	 , (6.32)

= (1 + r)[B° + 13 127 ] + (1 — t3 )YI —	 = 0, (6.33)

from which BY can be eliminated to yield:

CY
CY 	113?+	 =	 +

(1 — t3)Y1
3

Y , (6.34)
1 + r t2)Y2(1 1 + r

where QY is total wealth of the young generation, and the term in square brackets
is the human wealth of this generation denoted by HY.

The optimal plan for the young generation is to choose CI' and CI' such that (6.31)
is maximized subject to (6.34). The solutions are similar to those given in (6.16):

CY = ( 1+ /9)C = 1 + r  QY2	 2 p 	 3	 2+p	 •

By substituting these optimal plans into the utility function (6.31), we obtain the
expression relating optimal welfare of the young generation as a function of the
exogenous variables, including the inheritance B°:

1VY CB?) = log ( 
1 p
2 + p 1( p ) log (  1 r

2 + p 
+ 

(2 + p ) log S-2 Y1 + p

= + 
(2 + p log [B° + HY ] .

1 + p

The old generation is aware of the relationship given in (6.36), and uses it in the
decision regarding its own optimal plan. Hence, the old generation chooses ci),

3	 time

economy

(6.30)

(6.35)

(6.36)
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cis), and B° such that (6.27) is maximized subject to (6.30), (6.36), and the inequal-
ity restriction BY > 0. The first-order conditions are obtained by postulating the
Lagrangian:

log C° 	 1 	log C°+	 + ci(l)(B°) +
(1 ± p) 	 2	 2 C2° co CS) + B2°

1 +r1

so that the first-order conditions are:

aL _ 1
ac? 	= 0 '
aL =	1 a.

a c° 	 + p)ci, 1 + r =0 '

aL	 [ (dvY)  	
0, B° 0,	 ar)B° 	 =0.

aBS) = a dB° 	 1 + r	 aB°2

(The fourth condition, min. = 0, yields the budget restriction (6.30).) Equa-
tion (6.40) is the Kuhn-Tucker condition for the optimal inheritance BS) that must
be used because of the inequality restriction (see e.g. Chiang (1984, ch. 21) and
the Mathematical Appendix). The mathematical details need not worry us at this
point because the economic interpretation is straightforward. If a = 0 (unloved
offspring), then equation (6.40) implies that aLlaB° = —A/(1 + r) < 0 (a strict
inequality, because (6.38) shows that A. = 1/Ci) > 0) so that BS)(aLlaBS)= 0 implies
also HY = 0. In words, no inheritance is given to offspring that is unloved. More
generally, if a is so low that a.ciaB° < 0, giving an inheritance would detract from
the old generation's lifetime utility, which means that the inheritance is set at the
lowest possible value of B° = 0.

Hence, a positive inheritance implies that the first expression in (6.40) holds with
equality. Using (6.36) it can then be written as:

ac	 a(2 + p)	 1
> 0 	 = 0 <#.

aB-	 (1+ p) [B° HY] 1 r	 1+ p)CSP (6.41)

where we have also used (6.39) in the final step. Furthermore, (6.38)-(6.39) can be
combined to yield the familiar Euler equation for consumption.

(  1 + r o
1 + p 

Cl.

(6.37)

(6.38)

(6.39)

(6.40)

(6.42)

4.111111 • TNIL,
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But (6.30) predicts that

dS2° = - Y?dti > 0,
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By using (6.30), and (6.41)-(6.42), the solutions for optimal consumption and the
(positive) inheritance can be solved:

c(1) = (1 + p) [Q° + HY 1(1 + r)]

(2 + p)(1 + a)

(1 + r)S2° + HY
(2 + p)(1 + a)

13 ,2 = a(1 + r)C2° - HY
(1 + a)

(6.43)

(6.44)

(6.45)

These results are intuitive. First, if a is very large (unbounded love for the offspring)
the old generation consumes next to nothing, and the inheritance approaches its
maximum value of (1 + r)Q°. Second, if there is a lot of growth in the economy,
HY is high and the young have high human wealth. This means that the marginal
utility of bequests falls, so that the inheritance is reduced (agpaHY < 0). Since
the offspring is wealthier, the old generation consumes more in both periods of life
(acs /aHY > 0 and acpaHY > 0).

It can now be demonstrated that, provided the optimal bequest stays positive,
Ricardian equivalence holds in this economy despite the fact that households have
shorter lives than the government. The government budget restriction is now:

G2 G3 0 _L t-2(y° +  + 
 6171 

( 1 + r)B0 + +   =
1 + r (1 + r) 2 1 + r (1 + 02.

Consider the following Ricardian experiment: the government reduces the tax rate
in period 1 (dti < 0) and raises it in period 3 (dt3 > 0), such that (6.46) holds for an
unchanged path of government consumption, i.e.:

YY
0 = rfidti + (1 + 3 r)2 

dt3 (balanced-budget).

(6.46)

(6.47)

I , ression in (6.40) holds with
What do (6.43)-(6.45) predict will be the
Clearly, from (6.43) we have that:

result of this Ricardian experiment?
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(where we have used (6.47) to relate dt3 to dti ) so that dQ° (1/(1 + 0)dllY = 0,
and (6.48) is reduced to

dC? 0
dti

and, of course, also (by (6.44))

dC°2 = n.
dti

The Ricardian experiment does not affect the consumption plans of the old gen-
eration at all. What is the intuition behind this result? The answer is found
in (6.45).

dB° = 	
1 + a

all + 0dA° - dHY
dti

(-a(1 + 031) - (1 + 011
1 + a	

dti = -(1 + r)17Pti > 0. (6.53)

The entire tax cut is simply added to the inheritance. In period 1 the old gen-
eration buys government bonds (that have just been emitted by the government
to finance its deficit, hence no upward pressure on the bond price!) on which it
receives interest. The additional bonds plus interest are added to the inheritance
so that the young generation is able to meet its higher tax bill. Equations (6.34)-
(6.35) and (6.53) therefore predict that the consumption of the young generation
is unchanged as well.

CM Y = C14	
YY

— 	 3 ) dt31 + r

= -(1 + 011)dti - ( 11 
1 + r	

11)(1 + 02 = 0,K 

which implies that

dC1' = dCK =0.

In conclusion, the fact that individual lives are finite does not mean that Ricardian
equivalence automatically fails. Provided future generations are linked to the cur-
rent generation through a whole chain of operative bequests, the unbroken chain
of connected generations ensures that Ricardian equivalence holds. Of course, once
a single link of the chain snaps (zero bequests, childless couples), generations are
no longer linked and Ricardian equivalence does not hold in general. Leaving no
inheritance is the optimal strategy if the degree of "altruism" a is low, or if future

(6.51)

(6.52)

(6.54)

(6.55)
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income growth is high. 2 Students should test their understanding of this material by
showing that Ricardian equivalence also fails, even if there are positive inheritances,
if there is an inheritance tax that is varied in the experiment.

6.1.5 Some further reasons for Ricardian non-equivalence
A further reason why Ricardian equivalence may fail is the occurrence of net popu-

lation growth. Intuitively, the burden of future taxation is borne by more shoulders,
so that the burden per capita is lower for future generations than for current gen-
erations. Hence, one expects real effects from a Ricardian experiment that shifts
taxation to the future. (We demonstrate this with a formal model in Chapter 14
below.)

A fifth reason why Ricardian equivalence may fail has to do with issues such as
irrationality, myopic behaviour, and lack of information. Households may not be as
farsighted and rational as we have assumed so far, and may fail to fully understand
the implications of the government budget restriction. Furthermore, they may sim-
ply not have the cognitive power to calculate an optimal dynamic consumption
plan, and simply stick to static "rule of thumb" behaviour like "spend a constant
fraction of current income on consumption goods".

A sixth reason why Ricardian equivalence may fail has to do with the "bird in
the hand" issue. A temporary tax cut, accompanied by a rise in government debt,
acts as an insurance policy and thus leads to less precautionary saving and a rise
in private consumption (Barsky et al., 1986). The main idea is that the future rise
in the tax rate reduces the variance of future after-tax income, so that risk-averse
households have to engage in less precautionary saving. A temporary tax cut thus
has real effects, because it is better to have one bird in the hand than ten in the
air. This critique of Ricardian debt equivalence relies on the absence of complete
private insurance markets. A related reason for failure of debt equivalence is that
people are uncertain of what their future income and thus also what their future
bequests will be (Feldstein, 1988). People may thus value differently, on the one
hand, spending a sum now, and, on the other hand, saving the sum of money and
then bequeathing.

Finally, a frequently stated but incorrect "reason". A popular argument is that
government debt matters in as far as it has been sold to foreigners. The idea is that
in the future our children face a burden, because they have to pay higher taxes in
order for the government to be able to pay interest on and redeem government
debt to the children of foreigners. A rise in government debt is thus thought to
constitute a transfer of wealth abroad. However, the original sale of government
debt to foreigners leads to an inflow of foreign assets whose value equals the present
value of the future amount of taxes levied on home households which is then

2 Barring transfers in the opposite direction, i.e. from child to parent.
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paid as interest and principal to foreigners. Hence, this critique of Ricardian debt
equivalence turns out to be a red herring.

6.1.6 Empirical evidence
The Ricardian equivalence theorem has been the subject of many tests ever since its
inception by Barro (1974). The existing literature is ably surveyed in a recent paper
by Seater (1993). There is a substantial part of the empirical literature that finds
it hard to reject the Ricardian equivalence theorem. Nevertheless, the jury is still
out as solid tests with microeconomic data still have to be performed. Even though
Seater (1993) concludes that debt equivalence is a good approximation, Bernheim
(1987) in his survey comes to the conclusion that debt equivalence is at variance
with the facts. Even though debt equivalence is from a theoretical point of view
invalid and according to most macroeconomists empirically invalid as well, one
might give the supporters of Ricardian debt equivalence, for the time being, the
benefit of the doubt when they argue that the Ricardian proposition is from an
empirical point of view not too bad. Hence, in the following section we see what
role there is for government debt if Ricardian equivalence is assumed to hold.

6.2 The Theory of Government Debt Creation

Is there any role for government debt if it barely affects real economic outcomes
such as investment and consumption? According to the neoclassical view of public
finance, there is still a role for government debt in smoothing intratemporal distor-
tions arising from government policy. In particular, government debt may be used
to smooth tax and inflation rates and therefore private consumption over time.
Such neoclassical views on public finance give prescriptions for government budget
deficits and government debt that are more or less observationally equivalent to
more Keynesian views on the desirability of countercyclical policy. After a simple
discussion of the intertemporal aspects of the public sector accounts, we review the
principle of tax smoothing. In the light of this discussion we are able to comment
on the golden rule of public finance.

6.2.1 A simple model of tax smoothing
Assume that the policy maker can only raise revenue by means of a distorting tax
system (e.g. labour taxes). Assume furthermore, that there are costs associated with
enforcing the tax system, so-called "collection costs", and suppose that we can
measure the welfare loss of taxation (LG) as a quadratic function of the tax rates
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(t1 and t2), and a linear function of income levels in the two periods (Yi and Y2).

t2 Y2
LG	 t? yi +  21+ PG	

(6.56)

where AG is the (policy maker's) political pure rate of time preference. We continue
to assume that household income is exogenous. The government budget restriction
is augmented somewhat by distinguishing between consumption and investment
expenditure by the government, denoted by GF and Git , respectively (t = 1, 2).
Instead of equations (6.6)-(6.7) we have:

(13 1 ) rBo + 	 + 	 tiYi = 13 1 -13o,

(D2 	 rB i +	 t2 Y2 = B2 - B1 = -13 1

where le2 is the gross return on public investment obtained in period 2, so that the
rate of return rG can be written as:

R12 = (1 + rG)Gli .	 (6.59)

Obviously it makes no sense for the government to invest in period 2 since the world
ends at the end of that period (hence GI2 = 0). Note furthermore that (6.57)-(6.58)
also imply the following relationship between the deficits in the two periods and
the initial debt level:

D1 + D2 + 130 = 0. 	 (6.60)

To the extent that there is an initial debt (Bo > 0), the sum of the deficits in the two
periods must be negative (i.e. amount to a surplus). The consolidated government
budget restriction can be obtained in the usual fashion:

t2 Y2 ± (1 ± rG)Gli -(1+ r)B0 + + - 	 =

GC	(r -r GI t2 Y2 
'

[ :="] (1 + r)Bo + r +
	

2 
	 =	 +	 (6.61)1 + r	 1+ r	 1+r

where 2 i is the present value of the net liabilities of the government. We imme-
diately see the golden rule of government finance: as long as rG = r, government
investment expenditure can be debudgeted from the government budget constraint.
In words, public investments that attain the market rate of return give rise to no
net liability of the government and hence do not lead to present or future taxation.
They can be financed by means of debt without any problem.

The growth rate of income in this economy is defined as y _--_-Y21171-1, so that we
can write 172 = ( 1 + y) Yi, and everything can be written in terms of Y1. Specifically,
the right-hand side of (6.61) can be rewritten as:

( 1 + y
6 = tl	 + r ) t211

where i is net government liabilities expressed as a share of income in the first
period.
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The policy maker is assumed to minimize the welfare loss due to distortionary
taxation, subject to the revenue requirement restriction (6.62). The Lagrangean is: ,(1 +

t2 v 	1t2	 x t2
6.63(	 )2-1 - 1 	 2 2

so that the first-order conditions are:

±± yr

a
at1 = ti Yi 	=
a	

1+ Y
Y 	X	

1 + y
= 0,

(6.64)

(6.65) 	=t	
1ate	2	 1 + pG	 1 + r

( )

and the third condition, ariaa. = 0, yields the revenue requirement restric-
tion (6.62). By combining (6.64)-(6.65), the "Euler equation" for the government's
optimal taxation problem is obtained:

= 	
+= 	 ± r t2171. t = 	 + Prc 

t2• 	 (6.66)

This expression is intuitive: a short-sighted government (pG greater than r) would
choose a low tax rate in the current period and a high one in the future. In doing
so, the "pain" of taxation is postponed to the future. The opposite holds for a very
patient policy maker.

Equations (6.62) and (6.66) can be combined to solve for the levels of the two
tax rates:

tl	
(1 + 026

=	 (6.67)(1 + r) 2 + (1 + y)(1 +pGY

( 1 + pG)(1 + r)1 t2 =	 (6.68)(1 + r) 2 + (1 + y)(1 + PG)

where the optimal path for government debt is also implicitly determined by
equations (6.67)-(6.68). We observe that the existing debt exerts an influence on
the optimal tax rates only via In that sense it is only of historical significance.
The debt was created in the past and hence leads to taxation now and in the future.
The optimal taxation problem is illustrated in Figure 6.5. The straight line through
the origin is the Euler equation (6.66), and the downward sloping line is the rev-
enue requirement line (6.62). The concave curves are iso-welfare loss curves (i.e.
combinations of t1 and t2 for which LG is constant, or dLG = 0). The closer to the
origin, the smaller the welfare costs of taxation. The given revenue is raised with
the smallest welfare loss in a point of tangency between the revenue requirement
line and an iso-welfare loss curve. This happens at point E.

A special case of the tax-smoothing theory is obtained by assuming that r = pG.

In that case, (6.67)-(6.68) predict that the two tax rates are equal in the two periods:

tl 	
1 + r

= t2 = ( 2 + r y 	(6.69)

Debt is used to keep the tax rates constant, hence the name "tax smoothing".

154

1 + pc)
F . ;ure 6.5.

ft-hand •
inctAue.

=

in period 1 C

D1 	 rP-- — -
Y1 -

6.6. The 01 -
AlIti the aid of ti
art -.1ment'-
setts earning a
Cr' ion spc- -

--as i ta_1/4..
e the weiii

tr
'1 4 	 not raise tht'

= -(1 +
e kit. 	 tti..8)

Mai taxes remain u



I
ss due to distortionary
i2). The Lagrangean is:
I

(6.63)

(6.64)

(6.65)

ie requirement restric-
" for the government's

greater than r) would
'1 the future. In doing
oposite holds for a very

the levels of the two

(6.67)

(6.68)

)licitly determined by
exerts an influence on
historical significance.
now and in the future.
e straight line through
doping line is the rev-
. - .'1 fare loss curves (i.e.

0). The closer to the
revenue is raised with
revenue requirement

assuming that r = pG.

.ii in the two periods:

(6.69)

"tax smoothing".

155

Chapter 6: The Government Budget Deficit

t,

Figure 6.5. Optimal taxation

The left-hand side of (6.61) can also be expressed in terms of shares of current
national income. After some manipulation we obtain:

(  1 	G2 (r – rG G1	 Bo

	

+ r	 1 + r	 ± (1 ± r) yi

=

	

c (1+Y)	 (r–rG)
	1 + r 	 1 + r	 + (1 + r)bo,

where e	 GII/Yi, and 190	 Bo / Yi . Furthermore, using (6.57), the
ficit in period 1 can also be written in terms of national income in period 1:

, D i rBo + + G11 –u1 — = 	 = rbo + + – .	 (6.71)1,1

The spending point is defined as the point where Di = 0, and is drawn as point Eo in
Figure 6.6. The optimal taxation point is given by point E.

With the aid of this simple model a number of "rules of thumb" can be derived for
the government's finances. First, as was mentioned above, government investment
projects earning a market rate of return can be financed by means of debt. Second,
consumption spending and losses on public investment projects should be financed
by means of taxation. Third, tax rates should be smoothed as much as possible to
minimize the welfare loss due to taxation. Fourth, a temporary rise in government
consumption may be financed by means of debt. Formally, a temporary increase
does not raise the revenue requirement of the government is constant since

= –(1 + r)dq implies that d 7E1 = 0), so that the revenue requirement line
stays put. In terms of Figure 6.6, the spending point moves from q, to E si , the opti-
mal taxes remain unchanged, and the temporary increase in government spending

Gc
+

(6.70)
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Figure 6.6. Optimal taxation and tax smoothing

is accommodated by an increase in the deficit (and hence debt) in the first period.
This is a neoclassical policy prescription that looks a lot like old-fashioned Keynesian
countercyclical policy. During (temporary) recessions there is no harm in letting the
debt increase a little bit. Fifth, if it appears that the government's spending level
has permanently increased (d6 > 0), tax rates should be increased immediately.
For example, if we know that unemployment has permanently increased (and not
due to a recession), taxes should be increased in order to finance the additional
unemployment benefits. Sixth, if the government credibly announces that it is
permanently lowering government spending, tax rates should be lowered imme-
diately. This is a so-called "balanced decline" of the public sector. Seventh, if the
government credibly announces that it will lower its consumption spending in
the future (46 < 0), then the tax rates should be lowered immediately. In terms
of Figure 6.6, the revenue requirement line shifts down and to the left, and the
spending point moves from Ei5, to E2 directly below it. The deficit in the first period
(and hence debt) increases as a result. Indeed, (6.69) and (6.70)-(6.71) predict that
dcli I = (1+ y) (2 r + y) > 0.

In Chapter 10 we shall return to the issue of debt management and the nation's
finances. We do this in the context of models in which the political process is
made endogenous, the so-called "endogenous politicians" or New Political Econ-
omy approach to macroeconomics. In that context it is much more natural to
discuss the otherwise "hard to swallow" debt and deficit norms agreed upon by
members of the European Community in the Maastricht Treaty. For those who
cannot wait, the article by Buiter, Corsetti, and Roubini (1993) makes excellent
reading.

6.3 Punchlines
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6.3 Punchlines

In this chapter two concepts, both relating to the government budget constraint,
are introduced and analysed, namely the so-called Ricardian equivalence theorem
RET) and the theory of tax smoothing.
Starting with the first of these, the RET can be defined as follows. For a given

path of government spending, the particular financing method used by the govern-
ment (bonds or taxes) does not matter. More precisely, when the RET is valid, the
financing method of the government does not affect real consumption, investment,
output, and welfare and government debt is seen as a form of delayed taxation. It
must be stressed that the RET is not a statement about the effects of government
consumption but rather deals with the way these expenditures are paid for by the
government.

The intuition behind the RET is quite simple. If the government cuts taxes today
and finances the resulting deficit by means of debt, then households will realize
that, since total resources claimed by the government have not changed in present
value terms, eventually the tax will have to be raised again sometime in the future.
To ensure that it will be able to meet its future tax bills, the household reacts to the
tax cut by saving it. The tax cut does not affect the lifetime resources available to
the households and thus does not affect their consumption plans either.

Although the RET was not taken seriously by David Ricardo himself, it was (and
still is) taken seriously by most new classical economists. A lot of objections have,
however, been raised against the strict validity of the RET. First, if the Ricardian
experiment involves changing one or more taxes which distort economic deci-
sions (like a comprehensive income tax) then RET will fail. Intuitively, the lifetime
resources available to the households will in that case depend on the particular time
path of taxes and not just on the present value of taxes.

Second, if the household is unable to borrow freely, for example because future
labour income cannot be used as collateral, then RET fails. Again, the reason for this
failure is that the household choice set (and the severity of the household's borrow-
ing constraints) is affected by the time path of taxes chosen by the government.

Third, if households have finite lives whilst the government (and the economy as
a whole) is infinitely lived, RET may or may not be valid. It turns out that it matters
whether the overlapping generations which populate the economy are altruisti-
cally linked with each other or not. Generations are altruistically linked if they care
about each other's welfare (like children caring for their parents or vice versa). In
the absence of intergenerational altruism, the RET fails. Intuitively, a tax cut now
matched (in present value terms) by a tax hike later on will make present genera-
tions wealthier and future generations poorer. With intergenerational altruism it is
possible that the RET holds because transfers between generations will take place.
Intuitively, a tax cut today will be passed on to future generations in the form of an
(additional) inheritance.



A Closer Loa
Labour Mall

The Foundation of Modern Macroeconomics

Other objections to the RET relate to net population growth, informational prob-
lems (irrationality, myopia, and lack of information), and the so-called "bird in
the hand" fallacy. The upshot of the discussion is that there are ample theoreti-
cal reasons to suspect that the RET is not strictly valid. Unfortunately, as is often
the case, the empirical evidence regarding the approximate validity of the RET is
inconclusive.

Even if one is willing to assume that the RET is valid, this does not mean that
public debt has no role to play in the economy. Indeed, according to the theory
of tax smoothing the government can use public debt to smooth its tax rates over
time. To the extent that these tax rates are distorting the behaviour of private agents,
tax smoothing is socially beneficial because it minimizes the distortions of the tax
system as a whole. A number of intuitive "rules of thumb" follow from the theory.
First, government investment projects earning the market rate of return do not
represent a net claim by the government on private sector resources and thus can
be financed with government debt. Second, government consumptive spending
(including losses on public investment programmes) should be financed by means
of taxes. Third, tax rates should be smoothed and not display large fluctuations over
time. Fourth, temporary spending shocks can be financed with debt but permanent
shocks should be financed with taxes.

Further Reading

The theory of tax smoothing is due to Barro (1979a). Readers interested in the various issues
surrounding the government budget constraint and the deficit are referred to Buiter (1985,
1990). The intertemporal consumption model used in this chapter is due to Fisher (1930).
See Deaton (1992) and Attanasio (1999) for recent surveys of intertemporal consumption
theory.
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- t-ie purpose of this chapter is to discuss the following issues:

1. What are some of the most important stylized facts about the labour market in
advanced capitalist economies?

2. How can we explain some of these stylized facts in the standard model of the labour
market used so far? How do these theories fall short of providing a full explanation?

3. How can we explain real wage rigidity as the outcome of an implicit contractual
arrangement between risk-neutral firms and risk-averse workers?

4. What do we mean by efficiency wages and how do they lead to equilibrium
unemployment?

7.1 Some Stylized Facts

The stylized facts about the labour market in advanced capitalist countries can be
subdivided into the two categories of time series evidence and cross-section informa-
tion. The main indicator of labour market performance is the unemployment rate.
Ever since the Great Depression of the 1930s this has been at the forefront of macroe-
conomic research. The following stylized facts about unemployment can be estab-
lished for most countries in the Western world (see, e.g. Layard et al., 1991, ch. 1).

Fact 1: The unemployment rates fluctuates over time In Figures 7.1-7.3, we plot
the unemployment rate for a number of regions and countries since 1967. 1 As is
evident from Figure 7.1, unemployment was relatively low and stable in the EC

The data are taken from various issues of the OECD Economic Outlook. Where possible we make use
of standardized unemployment data.
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Figure 7.1. Unemployment in the European Community and the
United States
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Figure 7.2. Unemployment in Japan and Sweden

up until the time of the first oil shock in 1973. After that, for about a decade, the
employment rate followed a steady trend upward, peaking in 1985-1986 and again
in 1995. Unemployment in 1997 is estimated to be 10.6% in the EC (this amounts
to 17.8 million people out of work!). Unemployment in the US seems to be hovering
around 6% during that same period, and in 1997 it stands at 4.9%.
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Figure 7.3. Unemployment in the United Kingdom and the
Netherlands

1991 	 1997

ommunity and the

The unemployment experience in the US and the EC differs markedly from that
in Japan and Sweden. 2 As is shown in Figure 7.2, until the early 1990s, the latter
countries have had a stable and low unemployment rate of around 2%. The unem-
ployment experience in the UK looks very much like the EU pattern whereas Dutch
unemployment has dropped off rather dramatically during the last few years—see
Figure 7.3.

Fact 2: Unemployment fluctuates more between business cycles than within
business cycles In Figures 7.4 and 7.5, we plot the unemployment rate for the
US and the United Kingdom for extended periods of time. 3 The Great Depression
truly deserves its name, especially in the US. Unemployment was very high for a
prolonged period of time and peaked at close to 25%! Another thing to note is that,
if unemployment were purely a business-cycle phenomenon, one would expect a
much more regular pattern than the one observed in these figures. To put the same
argument slightly differently, the time series of unemployment displays a lot of
persistence, much more than is consistent with the business cycle. For example, by
regressing unemployment on its own lagged variable, Layard, Nickell, and Jackman

2 We focus on the figures for Sweden because it is a representative member of the European Free Trade
Area (EFTA). Other member countries are Norway, Sweden, Finland, Austria, and Switzerland. Lack of
data have precluded us from constructing a consistent unemployment index for the EFTA countries.

3 The data for the period until 1993 have been taken from Mitchell (1998a, pp. 163, 165, 168-169)
for the United Kingdom and from Mitchell (1998b, pp. 112, 114) for the United States. The data for
the period 1994-2000 have been taken from OECD (2001, Table 21).
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(1991, p. 77) obtain the following fit for the UK during the period 1900-1989:

IJt = 0.0041 + 0.934 Ut_1, 	 (7.1)
(0.039)

and for the US:

(it = 0.0080 + 0.877Ut_1,
	 (7.2)
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Chapter 7: A Closer Look at the Labour Market

where Ut is the actual unemployment rate at time t and Ch- is the unemployment rate
predicted by the regression equation. The numbers in parentheses are the estimated
standard error of the coefficient estimates. In both countries the coefficient for
lagged unemployment is high (and close to unity) and significant. This suggests a
lot of persistence in the unemployment time series. High persistence implies that it
takes a long time before the effects of a particular shock die out (see below).

Fact 3: The rise in European unemployment coincides with an enormous
increase in long-term unemployment Almost half of Europe's unemployed have
been unemployed for more than one year. In Table 7.1, which is taken from Bean
(1994, p. 575), we show the unemployment composition for a number of regions of
the developed world for 1979 and 1988. The column "Annual Inflows" measures the
percentage inflow into unemployment, i.e. the number of people who lose their job
expressed as a percentage of the number of employed people. The column "Annual
Outflows" measures the flow out of unemployment, i.e. the number of people that
find a job expressed as a percentage of the number of unemployed people.

The striking pattern that can be observed in Table 7.1 is that the inflow rates are
relatively similar in the two years, but that the outflow rate in the EC has halved
between 1979 and 1988! In words, the high unemployment level in the EC is caused
not so much by an increased probability of losing one's job, but rather by a reduction
in the probability of finding a job when one is unemployed (Bean, 1994, p. 576).

The same pattern is observed in Table 7.2 which has been taken from Layard,
Nickell, and Jackman (1991, ch. 1). Between 1979 and 1990, the total level
of unemployment has risen in most countries, but in the ten EC countries the 

1965 I 	 1985
1975 	 1995

n, 1855-2000 

Annual
Inflows'

Annual
Outflows°

Long-term
Unemployment"

1979 0.27 9.8 29.3
1988 0.33 5.0 54.8

1979 2.07 43.5 4.2

1988 1.98 45.7 7.4

1979 0.31 19.1 16.5

1988 0.37 17.2 20.6

1979 0.70 38.1 5.3

1988 0.80 30.4 7.3

Table 7.1. The nature of unemployment

European Community

United States

Japan

Non-EC Europe'

Notes:
a Percentage of source population
b Percentage of total unemployment
c Nordic countries only

Source: Bean (1994)
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Table 7.2. Unemployment duration by country

1990 1979

All Under
1 year

Over
1 year

All Under
1 year

Over
1 year

Belgium 8.7 1.9 6.8 8.2 3.4 4.8
Denmark 9.6 6.8 2.8 6.2 - -

France 8.9 5.4 3.5 5.9 4.1 1.8
Germany 5.0 2.6 2.4 3.2 2.6 0.6

Ireland 14.0 4.8 9.2 7.1 4.8 2.3

Italy 7.9 2.4 5.5 5.2 3.3 1.9

Netherlands 7.6 3.8 3.8 5.4 3.9 1.5

Portugal 5.1 2.5 2.6 4.8 - -

Spain 1 6.7 9.5 8.5 6.1 2.4
United Kingdom 6.5 3.6 2.9 5.0 3.8 1.3

Australia 6.8 5.2 1.6 6.2 5.1 1.1

New Zealand 7.6 1.9 - -

Canada 8.1 7.6 0.5 7.4 7.1 0.3

United States 5.5 5.2 0.3 5.8 5.6 0.2

Japan 2.1 1.7 0.4 2.1 1.7 0.4

Austria 3.3 2.9 0.4 1.7 1.5 0.2

Finland 3.4 2.8 0.6 5.9 4.8 1.1

Norway 5.3 4.7 0.6 2.0 1.9 0.1

Sweden 1.6 1.5 0.1 1.7 1.6 0.1

Switzerland 1.8 0.9 -

Source: Layard, Nickell, and Jackman (1991, p. 6)

rise in long-term unemployment has been much larger than that in short-term
unemployment. We shall return to this issue below.

Fact 4: In the very long run unemployment shows no trend This fact has been
graphically illustrated in Figures 7.4 and 7.5. Although there are sharp peaks and
deep troughs, there does not seem to be any noticeable trend in the unemployment
rate for the US and the UK. This is all the more remarkable in view of the enormous
productivity gains that have been made in the last century and a half. Apparently,
the nineteenth century luddite fear of physical capital permanently pushing workers
into unemployment has proved unfounded.

More formally, and in terms of equations (7.1)-(7.2), the coefficient of the
lagged unemployment rate is high but less than unity. Ultimately, there are
mechanisms at work whereby unemployment returns to some average level. The

convergence to this avera..:
: ilows. From equations hi.,
unemployment rate U:

I
Ut = ao + ai Ut-

would equal 6.21% 1
- he adjustment speed by sol
;:employment rate at time

can be solved by repeated su

• = ao + ai Uo,

U2 = ao + al Ui =- ao + ai

Ut = ao [1 + ai + a; +

expression can be re% ai

Ut - f7/ = [ U0 - a 41

fquation (7.5) can be used
een U0 and U to be el

Uo and the long-run 111
e, for example, before hL:

as z.e indicator for the au,

[UtH -U] = [Uo - UJ a A
a - 1

tit log ai = - log 2

the UK this amounts to
- than a decade before e

.....6-run unemployment ra

ignore the fact that we ar
nce intervals for U.

trick is to write the term .-

1 -1 -0- a I + ai 	 = 1 -

zing this result plus the de:'

164



ao (7.3)
er Over

it 1 year
Ut = ao + al Ut-i 	 = 1 -al

I. 4.8

1.8

0.6

2.3

1.9

1.5

2.4

1.3

1.1

0.3

0.2r 0.4

0.2

1.1

0.1

0.1

I
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convergence to this average level is very slow, however, as can be demonstrated as
follows. From equations like (7.1)-(7.2) we can determine the long-term steady-state
unemployment rate U:

ry

which would equal 6.21% for the UK, for example. 4 From (7.3) we can compute
the adjustment speed by solving the difference equation for Ut . Suppose that the
unemployment rate at time t = 0 (the reference period) is equal to Uo. Then (7.3)
can be solved by repeated substitutions of the kind:

U1 = a° + al Uo,

U2 = ao + al = ao + ai ao ai Uo]

Ut = oto [1 + a1 + 	 ... a t1-1 ]-F a ti Uo. 	 (7.4)

This expression can be rewritten in the following (more elegant) form: 5

Ut - = [Uo - 	 a ti . 	 (7.5)

Equation (7.5) can be used to determine how long it takes for any discrepancy
between U0 and U to be eliminated. Suppose that the unemployment rate is cur-
rently Uo and the long-run unemployment rate is U. How many periods (tH) does it
take, for example, before half of the difference (Uo - U) is eliminated? We can use tH
as the indicator for the adjustment speed in the system. It is calculated as follows:

ger than that in short-term

[Ut, - U] [Uo U] a = [U0 -
tHal = -2

log 2
tH log ai =-- - log 2 	 tH = 	 •log ai

(7.6)

10 trend This fact has been
h there are sharp peaks and

nd in the unemployment
He in view of the enormous

ry and a half. Apparently,
ermanently pushing workers

2), the coefficient of the
nity. Ultimately, there are
to some average level. The

For the UK this amounts to tH = 10.15 years (see (7.1)). Hence, it takes slightly
more than a decade before even half of the difference between the actual and the
long-run unemployment rate is eliminated.

We ignore the fact that we are using estimates for ao and al, and should really be constructing
confidence intervals for U.

5 The trick is to write the term in square brackets as:

— a t

l1 + al + ai + • • • + ait-1 =1
- al

By using this result plus the definition of U (given in (7.3), equation (7.5) is obtained.
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Fact 5: Unemployment differs a lot between countries As we can see from
Table 7.2, the level of unemployment differs a lot even between the countries of
Europe. It is very high for countries of the (original) EC, whilst it is very low (and
unchanged over time) for other European countries like Norway, Sweden, Finland,
Austria, and Switzerland. As we shall see in Chapter 8, a reason for this different
unemployment experience may be the different labour market institutions that exist
in this second group of countries.

Fact 6: Few unemployed have themselves chosen to become unemployed Only
a very small minority of the unemployed have quit a job in order to become unem-
ployed (for example, to search for a new job). The vast majority of unemployment
occurs because the workers are laid off by their employer. This fact will prove
important in Chapter 9, where we discuss search behaviour.

Fact 7: Unemployment differs a lot between age groups, occupations, regions,
races, and sexes Examples are easy to come by. Table 7.3 shows the unemployment
rates of workers, by age and by sex, for different countries. Women experience much
higher unemployment rates than men, and the young have higher unemployment
rates than older workers. The statistics on Italy and Spain are particularly dramatic
in this respect! Furthermore, unemployment differs a lot for occupations as well. In
Table 7.4 the unemployment rates for blue collar workers and white collar workers
are shown for a number of countries. Blue collar workers experience about double
the unemployment rate of their (more fortunate) white collar colleagues.

As these stylized facts show, there is quite a lot to be explained about the labour
market. The next section is aimed at showing how the standard labour market story
used so far can explain some of the stylized facts. We also show in which important
aspects it fails to provide an adequate explanation. One of these failures concerns
the observed (relative) inflexibility of the real wage rate with respect to demand and
productivity shocks. For that reason we also discuss two theories that can explain
real wage inflexibility in the final section of this chapter.

7.2 The Standard Macroeconomic Labour Market Theory

7.2.1 Flexible wages and clearing markets
Up to this point we have modelled the labour market in the same way we would
model the market for peanuts, i.e. by looking at the aggregate demand and supply
schedules (for labour in this case; see Chapter 1). Although a high level of aggre-
gation is the hallmark of macroeconomics, this approach flies in the face of the
evidence unearthed in the previous section. For example, suppose that one wishes
to use the standard approach to explain why blue collar workers experience a higher
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Table 7.3. Sex composition of unemployment

All

Over 25 Under 25

Men Women Men Women

Belgium 11.0 5.6 15.3 16.0 27.1
Denmark 7.8 5.2 9.4 9.3 11.9
France 10.5 6.4 10.1 19.6 27.9
Germany 6.2 5.1 7.5 6.1 8.5
Greece 7.4 3.8 6.7 15.5 35.1
Ireland 17.5 13.5 18.5 27.2 22.6
Italy 7.9 2.3 6.5 21.0 30.1
Netherlands 9.6 6.8 11.7 14.2 14.3
Portugal 7.0 3.3 5.6 13.1 21.5
Spain 20.1 11.9 16.8 39.9 50.1
United Kingdom 10.2 8.8 8.0 16.9 14.6
Australia 8.0 5.6 6.1 15.0 14.5
New Zealand 4.1 1.9 2.4 6.1 5.5
Canada 8.8 7.0 8.4 14.9 12.5
United States 6.1 4.8 4.8 12.6 11.7
Japan 2.8 2.6 2.4 5.4 5.0
Austria 3.8 3.4 3.7 4.4 4.7
Finland 5.0 5.0 3.8 9.7 8.1
Norway 2.1 1.8 1.5 3.8 3.9
Sweden 1.9 1.4 1.5 4.4 4.0
Switzerland 2.4 - -

Source: Layard, Nickell, and Jackman (1991, p. 7)

unemployment rate than white collar workers (see Fact 7). Obviously, this can be
done by distinguishing two types of labour. Call the blue collar workers "unskilled"
labour (denoted by Nu) and the white collar workers "skilled" labour (Ns). The
production function of the representative firm is given by:

Y = G(Nu, Ns, k) = G(Nu,Ns,1) _= F(Nu, N5), (7.7)

where Y is output, and the capital stock is fixed in the short run at K = 1. Hence,
F(Nu , Ns) is the short-run production function that satisfies Fu aF/aNu > 0,
Fs -=- aF/aNs > 0, Fuu a 2F/aN6 < 0, and Fss a 2F/aN, < 0.

The representative firm maximizes profit by choosing the optimal production
level. With perfect competition in the output market and both input markets, the
output price P and the wage rates Wu and Ws are taken as given by the firm and
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Table 7.4. The skill composition of unemployment

Blue Collar 	 White Collar

Australia 	 1986	 6.6 	 3.2

1987	 6.5 	 3.3

1992	 9.9	 4.2

1993 	 8.9	 4.0

Canada 	 1983 	 15.9 	 8.9

1984 	 14.4 	 8.7

1991 	 15.0 	 7.7

1992 	 15.6 	 8.6

1993 	 15.2 	 8.6

United Kingdom 	 1985 	 9.7 	 5.3

1986 	 9.6 	 5.2

1992 	 13.2 	 5.8

1993 	 13.9 	 6.3

United States 	 1983 	 13.5 	 6.3

1984 	 9.8	 5.0

1991 	 9.4 	 4.7

1992 	 10.1	 5.3

1993 	 9.0	 4.9

Source: OECD (1994, p. 15)

the choice problem is:

max n PF(Nu, NO - WuNu - WsNs,
uvu,Ns}

which yields the usual marginal productivity conditions:

PFu(Nu , Ns) = Wu, PFs(Nu , Ns) = W.

In words, the value of the marginal product of each type of labour must be equated
to its wage rate. Obviously, the expressions in equation (7.9) can be used to derive
the demand functions for the two types of labour. By total differentiation of the
two equations, we obtain the following matrix expression:

[ cciliN\Ts i = (FssFuu - F1) -Fsu -
su -Fsu 	 dws

][ dw u 1'
1 (7.10)

where ws Ws/P, wu Wu/P, and Fsu 3 2F/aNsNu. The term in round brackets
on the right-hand side of (7.10) is positive for any well-behaved production func-
tion. Equation (7.10) can be used to find all the comparative static results of the
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demand functions for the two types of labour:

Ns = Anws,wu), Nu = Nu (ws, wu),

where the "own" real wage effects are guaranteed to be negative:

	ND aND 	 aND	s 	ND	u .< 0.
	aws	 awu

The "cross" real wage effects cannot be signed without making further assumptions.
Assume that skilled and unskilled labour are gross substitutes. This implies that Fsu
is negative, and the cross partial derivatives are both positive:

aN,D	 aN,DND   	 0.
`'SU awu "	 ' US 	 aws (7.13)

In words, if unskilled labour becomes dearer, the demand for skilled labour increases,
and similarly if skilled labour becomes more expensive, the demand for unskilled
labour increases. This is because the two factors can be used as substitutes in the
production process.

In order to close the model as simply as possible, we assume that the supply curves
of the two types of labour are perfectly inelastic.

1\1:Z = Rs, NU = Ru. 	 7.14)

(7.11)

(7.12)

The equilibrium in the two labour markets can be drawn as in Figure 7.6.
If wages are perfectly flexible, full employment is attained in both markets. This

is the case at points Eo and Eg, respectively. How can we nevertheless provide an
explanation for the high unemployment rate among unskilled workers? A simple

(7.8) 	 explanation runs as follows. Suppose that there is a minimum wage law, which states
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that the real wage of any worker (irrespective of that worker's skill level) must not
fall below ft/. This minimum wage is at a level below the market clearing real wage in
the market for skilled labour, but above the equilibrium real wage in the unskilled
labour market. As a result, the minimum wage is binding in the market for unskilled
labour, and unemployment emerges in that market equal to the segment AB in the
right-hand panel of Figure 7.6. This is not the end of the story, however, since the
high real wage of unskilled workers prompts the representative firm to substitute
skilled for unskilled labour. The demand for skilled labour shifts to the right, and the
skilled real wage rate rises. This partially offsets the initial unemployment effect by
stimulating the demand for unskilled labour a little. Ultimately, the unemployment
equilibrium with minimum wages occurs at points El and EY, respectively.

We have developed a very simple representation of the bottom end of the labour
market. There is unemployment in the market for unskilled labour because this type
of labour is too expensive: the marginal product of this type of labour is simply
too low, given the existence of a binding minimum wage, to be consistent with
full employment. We recognize (from Chapter 5) that the minimum wage causes
Classical Unemployment in the market for unskilled labour.

A number of policy options exist to solve this type of unemployment. First,
the minimum wage could be abolished. This will obviously work, but may cause
politically undesirable income distribution effects, social unrest, etc. Hence, some
package of transfers to unskilled workers may be unavoidable. Second, unskilled
labour could be subsidized. In terms of Figure 7.6, this amounts to shifting the
demand for unskilled labour up and to the right. The demand for unskilled labour
is artificially stimulated to make the minimum wage less of a disequilibrium wage.
Third, the government can directly employ some unskilled workers at the going
minimum wage. Again, the demand for unskilled labour shifts to the right, and
unemployment is reduced. The problem with this option is that the jobs that are
created tend to be "dead-end" jobs (like having three men guarding the Town Clerk's
bicycle). For all three options discussed so far, there is a revenue requirement on
the part of the government. To the extent that the additional tax revenue that is
needed can only be raised in a distorting fashion (see Chapter 6), the net benefits
to society are far from obvious. This is especially the case for the third option, since
nothing of value to society may be created in dead-end jobs.

A fourth option may be more attractive. The government could invest in (re-)
training projects specifically targeted at unskilled workers. By making unskilled
labour more productive, it is possible to stimulate the demand for those workers and
reduce unemployment. In the terminology of Chapter 6, a golden rule of financing
could be used: to the extent that the rate of return on public investment in (re-) train-
ing schemes equals the market rate of return, such schemes may even be financed
by means of debt, thus obviating the need for distorting taxation. The return to
making unskilled workers more productive includes two components. First, as the
unemployment rate falls, spending on unemployment benefits falls, thus reducing
the government's revenue requirement. Second, as the previously unemployed find
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work, they also start to pay taxes, thus further reducing the government's revenue
requirement.

In conclusion, even our very simple standard model can be used to derive sensible
conclusions about the labour market. If we look at the Dutch situation, for example,
the relative wage of unskilled versus skilled labour (i.e. Wu/Ws) has risen during
the last decade! Hence, this is a possible explanation for stylized Fact 7: unemploy-
ment among unskilled workers is high because this type of labour is too dear. Most
economists agree that this is partially true, but that other elements also play a role.

7.2.2 The effects of taxation

Before leaving the standard model of the aggregate labour market, we turn to an
analysis of the effects of taxation on employment and the real wage rate. This anal-
ysis was commenced in Chapter 1 (see section 3.6 on the supply siders) and is
completed here. Attention is restricted to the short run, i.e. the capital stock is
assumed to be constant (and equal to k). There is only one type of labour, and the
representative firm maximizes short-run profit which is defined as:

PF (N , k) — W(1 + tE)N , 	 (7.15)

where tE is an ad valorem tax levied on the firm's use of labour (e.g. the employer's
contribution to social security). The usual argument leads to the marginal pro-
ductivity condition for labour, FN(N, = W(1 + tE)/P. This expression can be
loglinearized:

= —ED [Cy +	 ,	 (7.16)

where w W IP is the gross real wage, ED —FNI(NFNN) is the absolute value of the
labour demand elasticity, -ND -= dND /ND	:÷7 dtE / (1 + tE), and i-4/ dw/w.

Most income tax systems in use in the developed countries are progressive, in the
sense that the tax rate rises with the tax base (labour income in this case). Since
we wish to investigate the effects of progressivity on the labour supply decision
by households, we specify the general tax function T(WNs). The marginal tax rate
tM facing households coincides with the derivative of this function with respect to
income, i.e. tM dT(WNs)Id(WNs). In the absence of taxable income from other
sources, the average tax rate is simply to T(WNS )/(WNS). The household's utility
function is assumed to be of the usual kind:

U = U(C, 1 — Ns ), 	 (7.17)

with Uc > 0, 	 > 0, Ucc < 0, 	 < 0. In addition to facing (progressive)
income taxes, the household also has to pay an ad valorem tax on consumption
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ac =uc —AP(1 + tc) = 0,

aL =-U
rr
l-N

ac	 +	 [0. tA) _ Ns ( ca)] =0.
aNs

(7.20)

(7.21)

By rearranging this expression we obtain the result mentioned in the text.
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dtA _ (Ns WT'(WNs) — T(WNs))
dNs  W 	 Nsf( 

goods (e.g. a value-added tax, tc), so that the household budget restriction is:

P(1 + tc)C = WNs - T(WNs) (1 - tA)WNS. 	 (7.18)

The household maximizes utility by choosing the optimal level of consumption
and labour supply. The Lagrangean is:

U (C, 1 - Ns) + [(1 — tA)WNS — P(1 + tc)C1, 	 (7.19)

yielding the first-order conditions:

In view of the definition of the tax function, however, it is straightforward to derive
that Ns (dtA / dNs) = tM - tA, so that (7.20)-(7.21) can be combined to yield the
expansion path: 6

	Ã—  
UC 	 Ul-N= 	

Pa + tC) W(1 — tM)

Ul-N 	(1 — tM 
UC 

=w
1 ± tC ) '

(7.22)

where we have used the definition of the gross real wage w. Equation (7.22) drives
home a very important point: the marginal rate of substitution between leisure and
consumption depends on the marginal (and not on the average) tax rate facing
households!

In order to facilitate the discussion to come, we assume that the utility function
(7.17) is homothetic and define the substitution elasticity between consumption
and leisure as follows:

%ge change in C/(1 - Ns) d log (C/(1 - Ns))
acm = %ge change in Lh_N/Uc d log (Ui_N/Uc)

Intuitively, o-cm measures how "easy" it is (in utility terms) for the household to
substitute consumption for leisure. A household with a very low value of acM,
finds substitution very difficult, whereas a household with a high a cm is quite

6 The average tax rate is defined as tA T(WNs )/(WNs ). By differentiating with respect to Ns we
obtain:
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happy to substitute consumption for leisure. In graphical terms, the former house-
hold has sharp kinks in its indifference curves, 7 whereas the latter has relatively
flat indifference curves. The substitution elasticity can be used in the linearization
of (7.22):

d log (Lli_N/Uc) = w — tM — tC = ( 1 /acm) — 1 — Ns)]

C + (1/coL)ks = acm — tM — 	 , 	 (7.24)

where tM dtm / (1 — tM ), 	 dtc / (1 + tc), and (Di, (1 — Ns)/Ns is the initial ratio
of leisure to labour supply. The budget restriction (7.18) can also be linearized:

(7.25)

where to CitA / (1 — tA). Hence, the average income tax rate influences the budget
restriction of the household.

By solving (7.24)—(7.25) for the change in labour supply, the following expression
is obtained:

1■Ts = (1 — Ns) [(acm — 1)Cv — o-cm(im + + +

= sw [17v — — 	 + Es/ [tA+tC — w]

= ESW [Cv — 	 — ESW tM + ESI tA,
	 (7.26)

where E-sw acm(1 — Ns) is the compensated wage elasticity, and Es/ (1 — Ns) is the
income elasticity. The compensated wage elasticity corresponds to the substitution
effect and is always non-negative. The income elasticity of labour supply corre-
sponds to the income effect and is always negative. The total effect of a change in
the gross wage is measured by the uncompensated wage elasticity, ESW Esw — Esi =
(0-04 — 1)(1 — Ns), which may be positive, zero, or even negative, depending on
the magnitude of acm. If the elasticity of substitution between leisure time and
consumption (crcM) exceeds unity, the substitution effect dominates the income
effect and thus labour supply is an increasing function of the real wage. Otherwise,
the income effect dominates the substitution effect and labour supply slopes back-
wards. Empirical studies report that the wage elasticity of labour supply (Es ) is fairly
small for males, but bigger for females (see Pencavel, 1986 and Killingsworth and
Heckman, 1986).

The demand and supply equations of the standard model of the labour mar-
ket (expanded with various tax rates) are given in linearized form by, respectively,
equations (7.16) and (7.26). There are several ways to close the model. For example,

7 This does not imply that this household is kinky. It just means that the household is very reluctant
to deviate from a fixed proportion between consumption and leisure. In case acm = 0, the indifference
curves are at right angles, and nothing will make the household deviate from a fixed proportion between
consumption and leisure.
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Table 7.5. Taxes and the competitive labour market

F ggu

the equilibrium interpretation postulates flexible wages and assumes continuous
market clearing (N = 1VD = .10. Since we also wish to discuss the effect of differ-
ent tax rates on unemployment, the disequilibrium interpretation requires the real
wage to be fixed at a level that is too high for market clearing. In Table 7.5 we cal-
culate the effects of the different taxes on employment, the gross real wage rate,
and unemployment for both the equilibrium and disequilibrium interpretations of
the model.

Tax effects with flexible wages and a clearing labour market

Suppose that the policy maker wishes to make the tax system more progressive,
without however, changing the average tax rate. In terms of Table 7.5(a), this means
that tM > 0 and all other tax rates remain constant (tA = tE = tc = 0). Due to the
higher marginal tax rate, households supply less labour at the same gross real wage
rate, and labour supply shifts to the left. In terms of Figure 7.7, the equilibrium
moves from Fo to E1, and the gross wage rate increases. 8 Part of the tax is shifted
from households to the firms (segment Ei B) because they have to pay higher wages
to the households. The degree of tax shifting depends on the elasticities of the
demand and supply curves.

If, on the other hand, the policy maker increases the average income tax, keeping
the marginal tax and all other taxes unchanged, the effects on the labour market are
completely different. The situation (for E SW > 0) is also depicted in Figure 7.7. As

8 This holds regardless of the sign of ESN., provided the stability condition csw + ED > 0 is satisfied.
In terms of Figure 7.5, the labour supply curve can be downward sloping but it must be steeper than
the labour demand curve. Otherwise, high wages would be associated with excess demand for labour.
There is no plausible real wage adjustment mechanism that would lead to stability in that case.
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Figure 7.7. The effects of taxation when wages are flexible
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a result of the higher average tax, households feel poorer and start to supply more
labour. This shifts the labour supply curve to the right, the equilibrium moves from
E0 to E2 so that the real wage falls and employment rises.

Tax effects with rigid consumer wages and unemployment

Assume now that (for whatever reason) the real consumer wage is exogenously
fixed above the level consistent with full employment. The real consumer wage is
defined as the real wage after income taxes and the tax on goods have been taken
into account, i.e. we w(1 — tA)/(1 tc). In loglinearized form we have that:

CVC	 (7.27)

In view of this definition, equations (7.16) and (7.26) can be rewritten in terms of
the exogenous real consumer wage:

By assumption the real consumer wage is too high for full employment, so that
the minimum transaction rule says that employment is determined by the demand
for labour (see Chapter 5), i.e. N = ND which implies in loglinearized form that

= kp. Unemployment is defined as U (Ns — ND) /ND log Ns — log ND , so that
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We

We

Figure 7.8. The effects of taxation with a fixed consumer 	 Figure 7.9.
wage 	 macroeconc

we have for the change in unemployment:

clU = (7.30)

Equations (7.28)-(7.30) determine employment, labour supply, and the unemploy-
ment rate as a function of the tax rates and the exogenous real consumer wage.
Equation (7.27) can be used to determine what happens to the gross real wage.

Consider what happens if the marginal tax rate on labour is increased, leaving all
other taxes unchanged. For the given real consumer wage, labour supply is decreased
and labour demand is unchanged. Consequently, unemployment is reduced. Some
of the unemployed hours of labour are no longer supplied due to the disincentive
effect of the higher marginal tax rate. This policy experiment has been illustrated in
Figure 7.8. The economy is initially at E0 and stays there. The reduction in unem-
ployment is represented by the horizontal segment BA. The students are advised to
work through the entries of Table 7.5(b), and verify their understanding by drawing
pictures.

7.3 Real Wage Rigidity

There exists a fundamental tension in the labour market theories that are based
on perfectly competitive behaviour and flexible wages. From microeconometric
research we know that the labour supply curve of (especially male) workers is highly
inelastic (almost vertical). Macroeconometric research, on the other hand, shows
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that employment does fluctuate, for example due to productivity or demand shocks.
In terms of Figure 7.9, this implies that the macroeconomic supply equation is not
vertical but almost horizontal. What could be the microeconomic rationale behind
such a horizontal real wage equation? In other words, why are real wages inflexible?
A number of theories have been proposed to answer this question.

7.3.1 Implicit contracts

The theory of implicit contracts was formulated in the mid-1970s by Azariadis
(1975) in the hope (and expectation) that it could ultimately provide the microeco-
nomic foundation for the quantity rationing models that are characterized by real
wage rigidity (see Chapter 5). Although implicit contract models are relatively com-
plex, the basic idea is quite simple. There is uncertainty about the state of the world,
for example due to random productivity shocks. Households dislike uncertainty and
are risk averse. Firms, on the other hand, do not care much about uncertainty, and
are risk neutral.

Under these circumstances, a Pareto-efficient trade is possible between the firm
and its workers (the households). In exchange for a stable real wage, employees
pay an insurance premium to the employer by agreeing to work at a lower real wage.
This means that wages are, in equilibrium, "too low" (compared to the Walrasian
outcome without implicit contracts) so that employment is "too high" (compared
to the Walrasian outcome without implicit contracts). Hence, implicit contract
theory does provide a rationale for real wage rigidity but not for (involuntary)
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unemployment. For that reason it is no longer at the top of the research agenda
of most macroeconomists studying the labour market. Instead, a lot of them have
turned their attention to the theory of efficiency wages.

7.3.2 Efficiency wages
As is argued by Stiglitz (1986, p. 182), the basic hypothesis underlying the family
of efficiency wage theories is that the net productivity of workers is a function
of the wage rate they receive. In that case firms may not lower the wage even if
there is excess supply of labour because they may fear that the adverse effect on
worker productivity outweighs the reduction in the wage per worker, thus increasing
actual total labour cost. As a result, there may be unemployment even in a world
populated by perfectly competitive firms. The law of demand and supply is repealed.
Furthermore, since the relationship between wages and worker productivity may
differ between industries, wages (for otherwise identical workers) may also differ
across industries, thus repealing the law of one price.

As Stiglitz (1986) shows, there are at least five different explanations for the link
between wages and workers' productivity. First, it has been argued in the devel-
opment literature that there is a direct link between productivity and the level of
nutrition, especially at low levels of nutrition. This link gives rise to an S-shaped
wage—productivity curve as is drawn, for example, in Figure 7.10. The second the-
ory leading to efficiency wage effects is based on labour turnover. The lower the
wage, the higher the rate of labour turnover. To the extent that the firm must incur
training costs for new workers, this mechanism gives rise to a link between the wage
and the worker's productivity. The third theory is based on imperfect information

E,

Ei= e(4/, WR)

WA

Figure 7.10. Efficiency wages
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on the part of the firm about the characteristics of the worker. By paying a high
wage the firm obtains a high quality labour force. The fourth theory is based on
the imperfect information that the firm has about the workers' actions and the cost
of monitoring them. Unemployment works as a disciplining device (Shapiro and
Stiglitz, 1984): if workers are caught shirking on the job, they are fired and become
unemployed (for some time). Note that there are other (potentially more efficient)
means by which the firm can induce the good behaviour of its work force. An
example is the use of bonding. Upon entering employment in the firm, the worker
pays a bond up front, to be forfeited to the firm if he/she is caught shirking. Apart
from the moral hazard problem that the firm may have (wrongfully accusing the
worker of shirking, leading to the forfeit of her/his bond), poor workers may have
no way to borrow the money for the performance bond. Hence, to the extent that
poor/unskilled workers have restricted access to the capital market, this theory may
explain why these groups experience a higher unemployment rate (Stiglitz, 1986,
p. 186). The fifth theory suggests that workers' performance depends on whether
they believe they are being treated fairly. In this sociological theory the workers are
particularly interested in their wage relative to that of other workers.

A simple model of efficiency wages

Suppose that the effort level of a worker in firm i is denoted by Ei, and depends
positively on the wage paid in firm i (Wi) and negatively on the wage that can be
obtained elsewhere (WR):

Ei e(Wi, WR), ew > 0, ewR < 0.	 (7.31)

The idea is simple: if you pay your workers well (as did Henry Ford), they are likely
to display a lot of effort. Conversely, "if you pay peanuts, you get (lazy) monkeys".
Let Ni denote the number of workers that are employed in firm i, so that Li E.- EiNi is
the total number of efficiency units of labour employed by the firm. In the absence
of capital, these efficiency units of labour lead to output via the production function
F(Li). The firm maximizes profits, that are defined as follows:

r i PiAF(EiNi) — WiNi, 	 (7.32)

where A is an index for general productivity, and Pi is the price charged by firm i

for its product. The firm chooses its level of employment (Ni) and wage rate (WO in
order to maximize profit. The first-order conditions are:

an i
= PiAE;FL(EiNi) — 	 = 0,	 (7.33)aNi	-	 -

a ni = PiANiFL (EiNi)ew(Wi, WR) — Ni = 0, 	 (7.34)awi

where FL, is the marginal product of labour measured in efficiency units. By substi-
tuting these two conditions, the expression determining the efficiency wage for firm
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This expression says that the firm should find the wage for which the elasticity of
the effort function equals unity. The firm should keep increasing its wage rate as
long as the effort rises faster than the wage rate (and the wage per unit of effort
keeps falling). In terms of Figure 7.10, the optimum is at point Eo . This is the only
point where the tangent of the effort curve goes through the origin, thus ensuring
that the unit-elasticity condition (7.35) is satisfied. 9

Once the efficiency wage and hence the optimal effort level have been deter-
mined, the number of workers that are employed by the firm is determined by
equation (7.33). By aggregating over all firms the aggregate demand for labour (mea-
sured in terms of workers) is obtained. From the structure of the model, there is no
reason at all to expect that full employment will prevail. Productivity shocks have
no effect on the efficiency wage chosen by the firms, and hence only affect employ-
ment. Hence, this model provides a partial equilibrium reason for the horizontal
real wage equation drawn in Figure 7.9.

Up to this point we have not yet determined WR. The model developed by Sum-
mers (1988) provides a particularly simple illustration of how WR may depend on the
unemployment rate and the level of unemployment benefits. The effort function is
specialized to:

Ei = (Wi — WR) E , 0 < E < 1, (7.36)

where E measures the strength of the productivity-enhancing effects of high wages,
which we call the leap-frogging effect. Assume that WR represents the value of the
outside option for the workers, i.e. it represents what workers get if they are not
employed by firm i. We assume that WR is a weighted average of the average wage
paid by other firms in the economy (W) and the unemployment benefit (B):

WR =(1 — U)W UB = "W [1 — U + I3U], (7.37)

where U is the unemployment rate, and fi B/W is the unemployment benefit
expressed as a proportion of the average wage paid in the economy (the so-called
replacement rate). We assume that fi is constant, i.e. the government indexes the
unemployment benefit to the average wage rate.

9 The ray from the origin has slope E; /W;. At point E0 this ray is tangent to the effort curve, i.e.
E;/W; = ew or Wield /E; = 1 at that point. At point A (B) the effort curve is steeper (flatter) than the ray
from the origin and Wiew lEi > 1 (< 1). Hence, WA is too low, and Wr is too high.
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In view of (7.35) and (7.36), the efficiency wage is easily calculated:

7.35)
Wi 8E 1
	  =1

Ei awi

Wi WR =E

Wi

WR.<=>. 	 = 1 — (7.38)

The firm pays a constant markup (1/(1-6)) times the value of the outside option. But
equation (7.38) is not the end of the story. If all firms are treated symmetrically in
equilibrium, we have that the average wage that is paid coincides with the optimal
wage paid by firm i (determined in (7.38)), i.e. Wi = W. By substituting this into
(7.37), and using (7.38) we obtain the expression for the equilibrium unemployment
rate U*:

Wi
= = WR = W(1 — U I3U)

U* =  (7.39)
1—E 1—E 1 — 0 •

Obviously, a meaningful solution is only obtained if the unemployment benefit is
strictly less than the average wage, or 0 < < 1. Even though the model underlying
(7.39) is extremely simple, it provides some very clear and intuitive conclusions.
First, the higher the leapfrogging coefficient, the higher is the equilibrium unem-
ployment rate. Second, the lower the indexing coefficient fi, the lower is equilibrium
unemployment.

The mechanism behind these results can be illustrated with the aid of Figure 7.11.
On the vertical axis we plot the optimal wage of firm i relative to the average wage
paid by other firms in the economy (Wi/W). By using (7.37)—(7.38), the relative
wage paid by firm i can be written as:
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The relative wage curve (RW) is a downward-sloping function of the unemploy-
ment rate U. The labour market is in symmetric (unemployment) equilibrium if
firm i pays the same wage as all other firms (which therefore also equals the mar-
ket average wage). Hence, the horizontal line EE gives the equilibrium condition,
Wi/ITV = 1. The equilibrium is at E0. Suppose that the government increases the
indexing coefficient /3. This shifts the RW locus up and to the right. For a given
level of unemployment, the pain associated with being unemployed is reduced and
firm i must pay a higher relative wage than before in order to attract workers. This
cannot be an equilibrium, however, since every firm wishes to pay a higher relative
wage (thus driving Wi/W back to unity), thereby leading the economy to the new
equilibrium at E 1 , with a higher level of unemployment.

As is pointed out by Summers (1988, p. 385), the model can explain why unem-
ployment is high in particular segments of the population. For example, young
people may value leisure more highly than older people, and consequently have a
higher rate of turnover and hence a higher value of E. As equation (7.39) shows, the
unemployment rate for young people is also higher in that case. Similarly, mobility
for (blue collar) construction workers is higher than for other occupations, again
suggesting a higher value for E and a higher unemployment rate for this group of
workers.

Progressive taxation and efficiency wages

As a final application of the efficiency wage model, we now consider the effects
of progressive taxation on the unemployment rate. We assume that the wage rate
received after tax is equal to WI' = (1 — tA )Wi, where tA is the average tax rate paid
by the worker, and tA T(Wi)/Wi (recall that each worker supplies one unit of
labour to the firm). T(Wi) is the tax function, and the marginal tax rate is defined
as tM dT/dWi. Assume furthermore that the production function is linear in
the efficiency units of labour, i.e. F(Li) = EiNi, that the productivity index A = 1,
and that the price charged by the firm is normalized at Pi = 1. Equation (7.36) is
modified to:

Ei = (Wiv — WRY , 0 < E < 1, (7.41) U* = 
 Es

1 — /J .

where the difference between the net wage and the value of the outside option
determines the level of effort.

The firm maximizes profits that are defined as:

n i = E;Ni—W;N1, 	 (7.42)
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By combining (7.43)—(7.44) and noting the definitions of tA and tM,
expression for the efficiency wage:

(	 E-1147:v - wR ) 	 - to =

( iv:" - wR ) € 	1	 Wt
— WR 	 E(1— tM)

(

147V WR ) = ES
W

where s is an index of progressivity of the tax system, that is defined as:

S
( 1 — tm

1 — tA ) •
(7.46)

For a progressive tax system, the marginal tax rate is higher than the average tax rate
(tM > tA) and s < 1. An increase in the progressivity of the tax system is represented
by a decrease in s. Equation (7.45) shows that the firm, as before, pays a constant
markup times the value of the outside option but this markup now also depends on
the degree of progressivity of the tax system s.

The value of the outside option is determined as before:

WR =(— tA)W — U 	 , 	
(7.47)

where we have assumed that the unemployment benefit is indexed to the net aver-
age wage paid in the economy, i.e. B - tA )W. In the symmetric equilibrium,
all firms pay the same wage (W1 = W), and equations (7.45) and (7.47) can be used
to solve for the equilibrium unemployment rate U*:

	WR 	 (1 tA)W(1 — U 13U)
— ta) = ( 1— tA)W =

	

1— Es	 1—ES
U*-  Es

1- 0•

Equation (7.48) shows that the average tax rate has no effect on the equilibrium
unemployment level, provided the degree of progressivity of the tax system s is
constant. Increasing the unemployment benefit index parameter /3 increases equi-
librium unemployment. Perhaps the most surprising conclusion is that increasing
the degree of progressivity (decreasing s) reduces unemployment! The intuition
behind this result is, however, straightforward. A move to a more progressive tax
system reduces the scope for leapfrogging by firms, and punishes firms for paying
excessive wages. As a result, wages are lowered and unemployment falls.

The comparative static effects on gross and net wages with respect to the different
tax parameters can be obtained as follows. After some manipulation we obtain a
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simple expression for Wi:'°

147i = [e(1 — tm)] f /(1-E) .

By loglinearizing (7.49) we obtain:

T"=-( 6 ) = E
	

)	 iA)1 — E	 1 — E

where Wi dWi/Wit 	dtM/(1 — tM), to a dtA /(1 — tA), and 3 -=- ds/s 	 —
Furthermore, in view of the fact that Wiv 	— tA) we also have that:

= 	 — = — 	 E 	tM —tai(7.51)1 — E

A higher average tax rate has no effect on the gross wage, so that workers bear the
full brunt of the tax. If the marginal and average tax rates are both increased, the
degree of progressivity of the tax system is unchanged and the net wage rate falls by
more than 100%, because the gross wage also falls. Workers bear more than 100%
of the burden of the tax.

7.4 Punchlines

We started this chapter by establishing some stylized facts about the labour market
in advanced capitalistic economies. In such economies, unemployment shows a
lot of fluctuations over time which are quite persistent (more so than the business
cycle). In Europe the recent rise in unemployment is due to a rise in long-term
unemployment. Once unemployed, European workers find it hard to exit the pool
of the jobless by finding a new job. Looking at very long data sets reveals that there
is no long-run trend in the unemployment rate. The unemployment rate differs
between apparently similar countries suggesting an explanatory role for dissimilar
labour market institutions. The majority of job loss (inflow into unemployment) is
due to layoffs by firms not voluntary quits by workers. Finally, the unemployment
rate differs between age groups, occupation, regions, races, and sexes.

The standard labour market model employed in the early chapters of this book
can easily be augmented to explain some of these stylized facts. For example, the
higher unemployment rate among blue collar workers vis-a-vis white collar workers
can be modelled by distinguishing two types of workers, skilled and unskilled, and
by assuming that there is a minimum (real) wage which is binding for the latter type
of workers. In that case there is unemployment in the market for unskilled workers.
The unemployment is classical as it is directly caused by the binding minimum wage.

1° By substituting (7.48) into (7.47) we find that WR = (1 — tA)W (1 —E s) so that Wr — WR = ( 1—tm)E W.
By using this result in (7.41) and noting (7.43) we obtain (7.49).
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Chapter 7: A Closer Look at the Labour Market

Abolishing the minimum wage would solve the unemployment problem because
the unskilled wage rate would fall to clear the market.

The standard model is also quite useful to study the impact of a variety of taxes on
the aggregate labour market. We consider a wide array of taxes, namely a progressive
system of (labour) income taxes, a payroll tax, as well as a tax on consumption. In
the standard model with flexible wages, taxes affect equilibrium wages and employ-
ment but do not give rise to unemployment. Ceteris paribus the average income
tax rate, an increase in the marginal income tax chokes off labour supply and leads
to lower employment, a higher producer wage, and a lower consumer wage. On the
other hand, if the marginal tax is kept unchanged and the average tax is increased
then labour supply increases (because leisure is a normal good), both producer and
consumer wages fall, and employment rises. Simple expressions can be derived
which show which side of the labour market ends up paying the tax (so-called tax
incidence).

If the consumer wage is assumed to be fixed above the market clearing level then
employment is demand determined and unemployment emerges. Now, the effects
of the tax system on employment and the unemployment rate can be traced. Raising
the marginal income tax or lowering the average tax both lead to a reduction in the
unemployment rate. In the former case labour demand (and hence employment)
is unchanged but labour supply drops off. In the latter case labour demand (and
employment) is boosted and labour supply falls.

Although the standard labour demand model is thus quite flexible there is one
stylized fact for which it cannot easily furnish a credible explanation, namely the
fact that the real wage appears to be rather rigid in the face of productivity and
demand shocks. The standard model can be made consistent with this rigidity by
assuming a highly elastic labour supply curve but that assumption is grossly at odds
with microeconometric evidence. For that reason, a number of economists have
started to look for alternative reasons for real wage rigidity.

A highly influential answer is provided by the theory of efficiency wages. The
basic hypothesis underlying this theory is that the net productivity of workers is
a function of the wage rate they are paid. A famous example of efficiency wages
is provided by the case of Henry Ford, who paid very high wages and achieved a
very high level of productivity as a result. The implications of the efficiency—wage
hypothesis are quite far-reaching. First, the law of demand and supply is no longer
relevant. Even if there is excess supply of labour, the firm may not lower its wage rate
because the adverse effect on its workers' productivity may outweigh the beneficial
reduction in the wage bill. Furthermore, the law of one price is also repealed. Since
the effort—wage relationship may differ across industries, wages may also differ for
otherwise identical workers.

In the final part of this chapter we develop a simple model in which efficiency
wages lead to real wage rigidity and a positive equilibrium unemployment rate.
Crucial determinants of the equilibrium unemployment rate are the replacement
rate (the ratio of unemployment benefits and the after-tax wage rate), the so-called
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leap-frogging coefficient (summarizing the productivity-enhancing effect of high
wages), and the degree of progressivity of the income tax system.

Further Reading

All serious students of the macroeconomic labour market should take notice of Layard,
Nickell, and Jackman (1991) and Bean (1994). Key readings on the efficiency wage theory
are collected in Akerlof and Yellen (1986). Katz (1986), Stiglitz (1986), and Weiss (1991)
present very good surveys. Hoel (1990) studies the impact of progressive income taxes in
an efficiency wage model. On dual labour markets, see Saint-Paul (1992) and Bulow and
Summers (1986). Good surveys on the implicit contract literature are Azariadis (1981),
Azariadis and Stiglitz (1983), and Rosen (1985). For a good survey article on tax incidence
in macro models, see Kotlikoff and Summers (1987).
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Trade Unions and the
Labour Market

ne purpose of this chapter is to discuss the following issues:

1. What models of trade union behaviour exist, and what do they predict about
unemployment?

2. What do we mean by corporatism and how can it explain some of the stylized facts
about the labour market?

3. How can so-called insider-outsider models be used to explain hysteresis?

4. How does taxation affect unemployment in trade union models?

5. How do trade unions affect investment by firms?

F

8.1 Some Models of Trade Union Behaviour

The typical layman's sentiment about trade unions probably runs as follows. Pow-
erful trade unions are just like monopolists. They sell labour dearly, cause high real
wages, and hence are really to blame for low employment and high unemployment.
In this section we evaluate this sentiment within the context of several partial equi-
librium models of trade union behaviour. The typical setting is one where a single
representative union interacts with a single representative firm.

Suppose that the representative trade union has a utility function V(w, L) with
the following form:

V(w,L) Nu(w) ± [1 — C d--)]u(B),	 (8.1)

where N is the (fixed) number of union members, L is the number of employed
members of the union (L < N), w is the real wage rate, B is the pecuniary value
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of being unemployed (referred to as the unemployment benefit), and u(.) is the
indirect utility function of the representative union member. 1 Equation (8.1) can
be interpreted in two ways. First, L/N can be interpreted as the probability that a
union member will be employed, in which case the union cares about the expected
utility of its representative member. This is the probabilistic interpretation. The
second, utilitarian, interpretation runs as follows. The union calculates the average
utility attained by its employed and unemployed members, and takes that as its
index of performance.

The representative firm is modelled in the standard fashion. The production func-
tion is Y = AF(L, R), where Y is output, K is the fixed capital stock, A is a productivity
index, and F(., .) features constant returns to scale and positive but diminishing
marginal labour productivity (FL > 0 > FLL ). The (short-run) real profit function is
defined as:

(w, L) AF(L, R) – wL. (8.2)

All models discussed in this section can be solved graphically. In order to do so,
however, a number of graphical schedules must be derived. First, the labour demand
schedule is obtained by finding all (w, L) combinations for which profit is maximized
by choice of L. Formally, we have irL 07r /81, = 0, which yields:

ITL = AFL (L, i() – w = 0 LD = LD (w, A, k), (8.3)

where Ow < 0, LA > 0, and LRD 0. The labour demand curve is downward sloping
in (w, L) space.

The second graphical device that is needed is the iso-profit curve. It represents the
combinations of w and L for which profits attain a given level. It can be interpreted
as the firm's indifference curve. The slope of an iso-profit curve can be determined
in the usual fashion:

71,thr = 0: 	 7r,vdw + irLdL = 0 	 (—dw) 	 = _
dL chr =0 	 7r w

(8.4)
Figure

We know from equation (8.2) that 7rw = –L < 0, so that the slope of an iso-profit line
is determined by the sign of irL. But 71, AFL – w, and FLL < 0, so that 771 is positive
for a low employment level, becomes zero (at the profit-maximizing point), and
then turns negative as employment increases further. Hence, in terms of Figure 8.1,
the iso-profit curves are upward sloping to the left of the labour demand schedule,
downward sloping to the right of labour demand, and attain a maximum for points
on the labour demand schedule. In Figure 8.1 a number of iso-profit curves have
been drawn, each associated with a different level of profit. Obviously, for a given

1 An indirect utility function differs from the usual, direct, utility function in that it depends on
prices and income rather than on quantities. The two are intricately linked, however. Indeed, the
indirect utility function is obtained by substituting the optimal quantity choices of the household
back into the direct utility function.
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Figure 8.1. The iso-profit locus and labour demand
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Figure 8.2. Indifference curves of the union

level of employment L, the level of profit is increased if the wage rate falls, i.e.
thr/dw = 7rw < 0. Hence, the level of profit increases the further down the demand
for labour curve the firm operates, i.e. 70 < Trl < 72.

Trade union behaviour can also be represented graphically. The third schedule to
be derived concerns the union's indifference curve. Obviously, the union will not
supply any workers to the firm at a wage rate below the unemployment benefit.
Hence, in terms of Figure 8.2, the restriction w > B, translates into the horizontal
line BB. Furthermore, the union is unable to supply any more workers than its
current membership. Hence, there is an additional restriction L < N, which is the
full employment line FE in Figure 8.2. Within the feasible region (w > B and L < N),
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the slope of an indifference curve of the union is determined in the usual way:

dV Vwdw + VLdL = 0 	 (Tv-) uu,dw + —
1 

[u(w) — u(B)] dL = 0

(dw
L)

	(u(w) — u(B))
Lu 	

< O.

Hence, the union's indifference curves are downward sloping. Furthermore, union
utility rises in a north-easterly direction (because V i4,	 (L/N)u,, > 0 and VL

— u(B))/N > 0), i.e. V2 > Vl > V0 in Figure 8.2.

8.1.1 The monopoly model of the trade union
Perhaps the oldest trade union model is the monopoly model developed by Dunlop
(1944). The trade union is assumed to behave like a monopolistic seller of labour. It
faces the firm's demand for labour (defined implicitly in (8.3)) and sets the real wage
such that its utility (8.1) is maximized. Formally, the problem facing a monopoly
union is as follows:

max V(w, L) subject to n-L(w, A, L, K) = 0,	 (8.6)
0,1

where the restriction 34 = 0 ensures (by (8.3)) that the monopolistic union chooses a
point on the labour demand function. In words, the demand for labour acts like the
"budget restriction" for the monopolistic union. By substituting the labour demand
function (given in (8.3)) into the union's utility function, the optimization problem
becomes even easier:

max V [w, L (w, A, R)], 	 (8.7)
{w}

(8.5)
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= 0 : V„, + VLLD = 0, (8.8)

Vw + VL L,1;. =

=

which implies that V,„/VL = —Ow . The slope of the union's indifference curve should
be equated to the slope of the demand for labour. 2

The monopoly union solution is illustrated in Figure 8.3. The wage rate is set at
wM, the union attains a utility level VM, and employment is LM . The union has
(N — LM) of its members unemployed. How does this unemployment level compare
to the competitive solution? If there were no unions, the forces of the free market
would force the wage rate down to w = B, so that point C in Figure 8.3 represents the
competitive point. Employment is equal to Lc which is greater than employment

2 It is possible that the union cannot choose this interior solution because the firm would make too
little profit there. In such a case a corner solution is attained, and (8.8) does not hold with equality. We
ignore this case here.
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Figure 8.3. Wage setting by the monopoly union

with monopoly unions, i.e. Lc > LM. Hence, the monopoly union causes more
unemployment than would be the case under perfect competition, and the layman's
sentiments mentioned in the introduction are confirmed.

Recall that one of the reasons for being interested in models of union behaviour is
to investigate their potential in explaining the (near) horizontal real wage equation
(see Figure 7.9). What happens if there is a productivity shock in the monopoly
model? In the competitive solution (point C in Figure 8.3) there is only an effect
on real wages if the productivity shock (dA) is very large, i.e. if the new labour
demand equation intersects with the FE line at a wage rate above B. Something
similar happens in the monopoly union model. In order to derive the real wage
effects of a productivity shock, we first rewrite (8.8) in a more intuitive form:

V„, + VLLD = ( 	 u,, + 1  [u(w) - u(B)] LD = 0
N	 N

= id(—wiv ) [wuw + [u(w) - u(B)] wL EP Ll = 0

u(w) - u(B) = 1	  — ,
WUw

(8.9)

where ED 7-- -wLP,„/L is the absolute value of the labour demand elasticity. If this
demand elasticity is constant (as is the case for a Cobb-Douglas production func-
tion), then a productivity shock has no effect on the real wage rate chosen by the
monopoly union. Only employment reacts to a productivity shock, and the model
indeed predicts a rigid real wage.

Obviously, as for the competitive case, this conclusion must be qualified if the
union is fully employed (L = N). In that case the union's effective utility function
is (via (8.1)) equal to V(w, L) = U(w), which no longer depends on the employment

(8.8)
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translated into higher wages.
In the monopoly union model the trade union unilaterally picks the wage and since the solution 1,,

the firm unilaterally chooses the level of employment it wants at that wage. In the (8.13)-(8.14) into (8.

next union model this setting is made more realistic by assuming that the firm and the RTM model (the
the union bargain over the wage rate.

level. As a result, the fully employed union is only interested in high real wages, 	 Furthermore, the st, ,
and its optimal strategy is to set w = AFL (N , k). This is the point of intersection ofII
the FE line and the labour demand curve. Any productivity shocks are immediately 	 7tw + ITLLI;', = 7r„

1

(v — f7 ) -1 [11

8.1.2 The "right to manage" model
The right to manage (RTM) model was first proposed by Leontief (1946). The firm
still has "consumer sovereignty" in the sense that it can unilaterally determine the
employment level (hence the name "right to manage"), but there is bargaining
between the firm and the union over the real wage. The outcome of the bargain-
ing process is modelled as a so-called generalized Nash bargaining solution (see e.g.
Binmore and Dasgupta, 1987, and Booth, 1995, pp. 150-151). According to this
solution concept, the real wage that is chosen after bargaining maximizes the geo-
metrically weighted average of the gains to the two parties. In logarithmic terms
we have:

max C2 	 log [V (w, L) - V] + (1 - A) log [7(w, L) - Fr]
tui

subject to 7rL(w, A, L, k) = 0, 	 (8.10)

where V U(B) is the fall-back position of the union, 71- is the fall-back position of
the firm, and A represents the relative bargaining strength of the union (0 < A < 1).
Obviously, the monopoly union model is obtained as a special case of the RTM
model by setting ), = 1. We have already argued that the union has no incentive to
accept wages lower than the unemployment benefit B, where utility of the union
is at its lowest value of V(w, L) = V (B, L) = U(B). This rationalizes the fall-back
position of the union. For the firm a similar fall-back position will generally exist. To
the extent that the firm has fixed costs, minimum profit must be positive, i.e. n > 0.

By substituting the labour demand function (8.3) into (8.10), the problem is
simplified substantially:

max C2 	 log [ V(w, LD (w, A, K)) - V] + (1 -A) log [7 (w, LD (w, A, 1)) - , (8.11){w}
for which the first-order condition is:

dS2 = x Vw +	 ± 	 A) (7w + 7LL/f„ = 0.
dw	 V - V )n -n	

(8.12)

The numerator of the first term on the right-hand side of (8.12) can be simplified to:

Vw + VLLD = i' Nw ) [wuw - ED [u(w) - u(B)]] •	 (8.13)

wN 
[wuw - ED PA

a
WUw - E
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1.12) can be simplified to:

(8.13)

Furthermore, the second term on the right-hand side of (8.12) becomes:

7rw + 7TLLD,, = 7rw = -L, (8.14)

since the solution lies on the labour demand curve, so that 74 = 0. By substituting
(8.13)-(8.14) into (8.12), and simplifying, we obtain the real wage expression for
the RTM model (the counterpart to (8.9)):

	(v — V) -1 [Vw +	 = -(1 - (7r - 7- ) -1 7rw

L17,N [wuw — ED [U(W) - u(B)]]=
(1 - A)(V -

xo.e. 	 L

wuw - ED [u(w) - u(B)] = A(1/ 	 _ fr. ) )
(1 - A	

[u(w) - u(B)],
)wL 

where we have used the definition of 7 (in (8.2)) and the fact that V - V =
(L/N)(u(w) - u(B)) in the final step. Continuing the derivation, we obtain:

u(w) - u(B) 	 1 	 (1 - ?)wl,
,	 = 	

 >
0,

wuw 	ED + 	 X(1 - (or, - 0)70
8.16)

where (Di, wL/Y is the share of labour income in total income, and can -= it/YY is
the share of the minimum profit level in total income.

Equation (8.16) shows that the real wage markup that rolls out of the bargaining
process is lower than under the monopoly union model (unless the union has all
the bargaining power, in which case A = 1, (1) = 0, and (8.9) and (8.16) coincide).
The RTM solution can be illustrated with the aid of Figure 8.4. For ease of reference,
the monopoly solution M and associated iso-profit curve 7rm have also been drawn.
The RTM solution lies on the labour demand curve, but at a wage level below that
for the monopoly solution. It is indicated by point R where the profit level of the
firm is 7r R > 7rm . Compared to the competitive solution (at point C), there is still
too little employment, and too much unemployment. Compared to the monopoly
solution, however, unemployment is lower.

The exact location of point R depends on the bargaining strength of the union,
as represented by the parameter A. The higher is A, the closer point R lies to point
M. On the other hand, if A is very low, then is very large (see (8.16)) and the wage
is close to the competitive solution, i.e. w B. Hence, depending on the magnitude
of A, R can be anywhere on the labour demand curve between points M and C.

A major problem with the RTM solution is that the chosen wage-employment
outcome is Pareto-inefficient, i.e. it is possible to make one of the parties involved
in the bargain better off without harming the other party. This can be demonstrated
with the aid of Figure 8.4. At point R, the union attains a utility level of VR and
the firm has a profit level of 7 R . The firm is indifferent for all (w, L) combinations
along the iso-profit curve 7TR, but the union's utility strictly increases if a point off
the labour demand curve is chosen. Indeed, the efficient solution occurs at the
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Figure 8.4. Wage setting in the right-to-manage model
	 I

Figure 8.5.

point where there is a tangency between the iso-profit curve .7R and an indifference
curve for the union. This occurs at point ER , where the union attains a utility level
VRE > VR . (For the same reason, point M is also inefficient, but point C is efficient.
Verify these claims.)

Economists are not particularly fond of inefficient solutions, especially in the
"small numbers" case—that we are considering here—with only two parties bargain-
ing. One would expect that the two parties would be sufficiently smart to eliminate
the type of inefficiency that exists in the RTM and monopoly model. For that reason,
the efficient bargaining model was developed by McDonald and Solow (1981).

8.1.3 The efficient bargaining model
McDonald and Solow (1981) analyse the case where the union and the firm bar-
gain simultaneously over wages and employment. Again the bargaining problem
can be analysed within a generalized Nash bargaining setup. Now the negotia-
tions lead to the maximization of S2 by choice of the appropriate wage-employment
combination:

max S2 )1/4. log [V(w, L) –	 (1 – )■) log [7(w, L)	 .	 (8.17)
{w,L}

The first-order conditions for this problem are:
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(8.20)

By combining (8.18)-(8.19), the so-called contract curve is obtained:

1 X 
— 	

Vw 
= 

( 	 = L
Jr —	 — (V — ) 7rw	 V — )7TL 	 Vw n-w

Figure 8.5. Wages and employment under efficient bargaining

In words, the contract curve (CD in Figure 8.5) represents the locus of (w, L) combi-
nations for which efficient bargaining solutions are obtained. For any point on the
contract curve, there is no (w, L) combination that makes one party better off with-
out simultaneously harming the other party. In graphical terms, the contract curve
represents all tangency points between iso-profit curves and union indifference
curves.

One immediate implication of the efficient bargaining model is that the real wage
exceeds the marginal product of labour. Indeed, (8.20) says that rci, = VLTrw / Vw < 0
(since V', > 0, Vw > 0, and 7rw < 0). Hence:

L AFL (L, k) — w < 0 <#. w > AFL (L, R).	 (8.21)

Hence, with the exception of the competitive solution, efficient contracts are not
on the labour demand curve. Of course, we have already discussed three points on
the contract curve, namely points C, ER and EM in Figure 8.4.

In Figure 8.5, the entire contract curve is drawn as the dashed line connecting
points C and D. We assume that full employment is possible in principle. This means
that the profit level associated with the full employment level on the contract curve
(point D) exceeds the fall-back profit level of the firm (i.e. 7r FE > In that case,
the entire line segment CD constitutes the contract curve. As it stands, the model
is not yet fully specified because it does not yield a prediction about any particular
wage-employment outcome—all (w, L) combinations along the line CD are efficient.
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McDonald and Solow (1981, p. 903) suggest closing the model by postulating a so-
called "fair share" rule. After repeated interactions in the past, the union and the
firm have somehow settled on a "fair" division of the spoils. In terms of the model,
the equity locus (EE) can be written as follows:

wL = kY = kAF(L, K), 0 <k (8.22)

where k is the share of the spoils going to the union (the firm gets 1 — k of output
in the form of profits). The slope of the equity locus can be determined in the usual
fashion:

Ldw + wdL kAFLdL (di = 
kAFL — w

dL EE
 < 0, (8.23)

where the sign follows from the fact that 71-1, AFL — w < 0 (solution lies to the
right of the labour demand function) so that a fortiori w > kAFL. The equity locus
is downward sloping and shifts up and to the right if labour's share of the pie (k) is
increased.

By combining the equity locus EE and the contract curve CD, the equilibrium
wage-employment combination is obtained at Eo . A very surprising conclusion is
reached. Compared to the competitive solution (point C), employment is higher
(and unemployment is lower) under the efficient bargaining model (LEB > Lc).
The layman's sentiment, mentioned in the introduction to this chapter, is only
partially correct. Wages are higher than in the competitive solution (wEB > B) but
employment is also higher than in the competitive solution. The intuition behind
this result is that the union prevents the firm from grabbing the maximum profit
level (at point C), and instead turns some of this profit into jobs for union members.

In that sense the next conclusion that can be drawn on the basis of the efficient
bargaining model is perhaps less paradoxical than it may appear at first sight. Wage
moderation, as modelled by a smaller share of the pie for labour (dk < 0), turns
out to be bad for employment! Graphically, a lower k shifts the EE locus down
and to the left, shifting the equilibrium from E0 to E 1 . The power of the firm is
de facto increased, and the wage-employment combination is forced closer to the
competitive solution.

Hence, the efficient wage bargaining model yields some surprising conclusions.
The problem with the model appears to be its tenuous empirical relevance. Although
simultaneous bargaining over wages and employment is efficient, it is hardly ever
observed in practice. It therefore appears that the RTM model (which includes the
monopoly model as a special case) has a closer affinity to reality than the efficient
bargaining model. In other words, in the real world the relevant case appears to be
that firms and unions negotiate over the wage rate, but that the firm can unilaterally
determine the employment level.
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'3.1.4 Trade unions in a two-sector model

Before turning to the next issue, it is instructive to study the effects of trade union
behaviour in a two-sector setting. This allows us to study the spillover effects that
unions may have on the non-unionized sector of the economy. Suppose that labour
is homogeneous, but that there are two sectors in the economy. The first sector,
coled the primary sector, is unionized, and the second, called the secondary sector,
has a competitive system of wage determination. The labour force is fixed, and equal
to N. Employment in sector i is denoted by L 1 , and U is the number of unemployed
workers, so that N = L1 + L2 + U. We assume that a monopoly union sets the wage
in the primary sector. The demand for labour in the two sectors is given by L if (wi)
and LY(w2), respectively, where w i is the wage in sector i. These schedules are drawn
in Figure 8.6. In the primary sector, the monopoly union selects the tangency point
for a union indifference curve and the demand for labour (point M). The wage rate
is wM and employment is L. In the absence of a union, and with perfect mobility
of labour between the two sectors, the common wage rate would be at the market
clearing competitive level w c , and employment in the two sectors would be Ll and
4, respectively. If the union sets the wage in the primary sector at 4, however,
all workers that cannot find a job in that sector supply their labour inelastically to
the secondary sector, so that the wage rate in that sector is w2 and employment is

= N - L. Hence, with a monopoly union in the primary sector, there is full

employment of labour at the aggregate level, but wage disparity between the primary
and secondary sectors. Workers in the secondary sector would rather work in the

W1	 D
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LY(W2)

A4
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B

Figure 8.6. Unemployment in a two-sector model
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primary sector (because wages are higher there), but are prevented from getting
work there because of the union's wage-setting power.

Suppose now, however, that unemployment benefits equal B, and that B exceeds
the wage for which full employment would prevail in the economy, i.e. B > w . In
such a case, employment in the two sectors would equal IT and g, respectively,
and unemployment would be equal to UB .

8.2 Corporatism

Our fifth stylized fact in Chapter 7 suggests that there are large differences in the
unemployment rates of countries of the developed world. We saw that (at least up
until the early 1990s) countries such as the US, Japan, Austria, Sweden, Norway, and
Finland are characterized by low unemployment, whilst countries such as Belgium
and the Netherlands have high unemployment. Calmfors and Driffill (1988) sug-
gest that the unemployment rate may have something to do with the degree of
corporatism that exists in the economy, and that the relationship is parabolic, as
is drawn in Figure 8.7. Although the concept of corporatism is hard to define pre-
cisely, Calmfors and Driffill intend it to mean the degree of centralization of the
wage-setting process. In terms of Figure 8.7, a low degree of corporatism is found
in countries such as Japan, Switzerland, Canada, and the US, since these coun-
tries are characterized by relatively competitive labour markets. A very high degree

competitive labour 	 centralized wage
market 	 bargaining

degree of corporatism

Figure 8.7. Unemployment, real wages, and corporatism
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of corporatism is found in countries such as Austria, Norway, Sweden, Denmark,
and Finland. An intermediate degree of corporatism is found in the Netherlands,
Belgium, and Australia.

The reason why highly corporatist countries have a good unemployment record
may be that highly centralized unions tend to internalize external effects that
smaller unions would cause. First, higher wages at the microeconomic level trans-
late to a higher price level at the macroeconomic level. Small unions do not take this
wage-price spiral into account, but large national unions may. Second, higher wages
mean both higher unemployment, and in most countries, higher civil servants'
wages (via the indexing clauses), thus raising the government's revenue require-
ment. To the extent that the additional revenue must be raised by means of higher
tax rates, union members may not experience an increase in their after-tax wages.
Again, large unions are more likely to internalize this external effect than small
unions. Third, it is possible that leapfrogging effects (see Chapter 7) are important
when there are small unions. With a high degree of centralization, however, these
effects will be absent. A national union cannot overbid its own wage claim (Layard
et al., 1991, p. 30).

The reason why countries with a low degree of centralization fare well on the
unemployment front is that unions, if they exist at all, are very small, have very little
power and are hence rather harmless. As a result, the fact that these small unions
do not internalize externalities does not matter much, because the externalities
themselves are small in that case.

Unemployment is at its worst for intermediate cases. There, unions are large
enough to cause some damage (in the form of higher wage claims and lower
employment levels), but too small to feel inclined to internalize the external effects
mentioned above. By being neither one nor the other, the countries character-
ized by an intermediate degree of centralization inherit the bad features of both
extreme cases.
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8.3 Fiscal Increasing Returns

In a recent article, Blanchard and Summers (1987a) argue that the countries in the
EC are characterized by so-called fiscal increasing returns due to the existence of a large
public sector. Their idea is very simple: an increase in employment can be associated
with a rise in the after-tax real wage rate. Put in more colloquial terms, a tax cut
can pay for itself. Their argument is not based on the assumption that the economy
is located on the downward-sloping part of the Laffer curve (see Chapter 1), but
rather on the fact that high employment means low expenditure on unemployment
benefits. The basic mechanism can be demonstrated with the aid of a very simple
model. There is perfect competition on the goods market and output Y is produced
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— +	 + t 	(oL l
1 - t (8.28)

with the following constant returns to scale production function:

Y = F(L, k), FL > 0 > FLL, (8.24)

where L is employment and K is the fixed capital stock. Assume that the government
keeps its budget deficit constant if unemployment is diminished. The government
budget restriction is:

G + Ow(1 - t) [N - Id] = tY, (8.25)

where G is exogenous government spending on goods and services, t is the tax rate
(so that tY is tax revenue), N is the given labour force (so that N - L is the number
of unemployed members of the labour force), wN w(1 - t) is the after-tax real
wage rate, and 0 is the constant replacement ratio (0 < < 1). It is assumed that the
unemployment benefit is linked to the after-tax real wage. The tax rate t ensures
that the government budget is balanced.

With perfect competition in the goods market, the demand for labour is implicitly
defined by the marginal productivity condition:

FL(L, K) = w. (8.26)

Equations (8.24)-(8.26) contain four endogenous variables (Y, L, w, and t), so that
a macroeconomic relationship between after-tax real wages wN and employment L
can be deduced:

wN w(1 - = FL(L, K)[
F (L, K) - G - Ow(1 - t)(N - L)

F(L, K)
(8.27)

Equation (8.27) has a hump-shaped form, as has been illustrated in Figure 8.8. If
employment is very low, the effect of diminishing returns to labour is dominated
by the decrease in the tax rate which is made possible by the larger tax base. As a
result, net wages can rise. When employment is high, on the other hand, the reverse
happens: the tax rate effect is dominated by the decreasing returns to labour, and
the net wage falls as employment expands.

More formally, the slope of (8.25) can be calculated as follows (see the Intermezzo
below):

dwN _ owN)
dL (1 - coG)L

where coG is the share of government spending in output, 04, is the share of labour
income in output, t is the initial tax rate, and a is the substitution elasticity between
capital and labour in the production function (see Chapter 4).

Blanchard and Summers (1987a, p. 548) close the model by assuming that the
after-tax real wage rate is fixed at some exogenous level, say w N in Figure 8.8. This
could be either because of extensive indexing or due to the influence of trade unions.
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Figure 8.8. Fiscal increasing returns

At that level of net wages, there are two equilibria; a "bad" equilibrium at E' char-
acterized by low employment, and a "good" equilibrium at E"', where employment
is high. It is likely that (some of) the EC countries may find themselves in the bad
equilibrium. If this is indeed the case, a rather perverse policy conclusion is reached.
A rise in the union's wage claim turns out to be good for employment! The bad equi-
librium shifts from F! to E"'. Conversely, wage moderation is bad for employment.
Furthermore, there is scope for a wage-tax deal between the government and the
unions. By keeping the after-tax real wage rate unchanged (at CvN), a simultaneous
reduction in the tax rate and gross real wages can shift the economy from the bad
to the good equilibrium.

Blanchard and Summers (1987a) suggest, however, that the bad equilibrium
is unstable. To demonstrate this instability, we postulate the following ad hoc
adjustment rule for the tax rate:

t = y [G /3w(1 — t)[N — L] — tF(L, k)] , y > 0, (8.29)

where the gross real wage is given by (8.26) and we retain the assumption of a fixed
after-tax real wage CvN. As is shown in the Intermezzo, around point E', we have that
at/at > 0: unless the economy is exactly at point E', a small deviation away from
this equilibrium is self-perpetuating, so that the equilibrium is unstable. For point
E"', on the other hand, we have that atiat < 0, which implies stability. Hence, to
the extent that 141N is truly fixed, there are two possibilities if a country finds itself in
a bad equilibrium. Either there is automatic adjustment from the bad to the good
equilibrium, or there is a gradual deterioration of the employment performance
accompanied by ever increasing tax rates. Of course, a wage-tax deal would help in
getting the EC countries from the bad to the good equilibrium.

WN

WN

201



dt = ' a )[ 	 -)	 (#
y Y 	1 a),

t	
t
	dt.]1 — (g)

The Foundation of Modern Macroeconomics

Intermezzo

Stability in the Blanchard-Summers model. The relationship between wps, and
the employment level L, implied by equations (8.24)-(8.26) can be deduced as
follows. First, we loglinearize these equations:

Y = on,L, 	 (a)
(t coG)iN - fi( 1 - t)(orL 	 + (I t)t, 	 (b)

	

(  1 - coL 	
(c)

where Y	 L	 wN dwAT 	 dt-1(1-t),-4,	 G/Y,
and (Di, wL1Y . In view of the definition of wN, we also have that:

(d)

By substituting (a)-(c) into (d) and simplifying, the following expression is
obtained.

=( 1
coGJ

Since L dL11, and ii/N dwN/wN we can rewrite (e) to obtain (8.28).
Stability of the equilibria E" and E" can be investigated as follows. The

adjustment mechanism (8.29) is linearized as follows:

di -y Y [f3(1 	 + — 	 .

By using (a) and (c), and recognizing that wN = 0
from (a):

Hence, by (e), dt I dt < 0 if wN depends negatively on L and dt 1 dt > 0 in the
opposite case. Hence, point E' is unstable and point E"' is stable.

8.4 Hysteresis and the Persistence of Unemployment

The second and fourth stylized facts from Chapter 7 demonstrate that there is a
high degree of persistence in the European unemployment rate. How can models
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based on trade unions explain this phenomenon? The key to the solution is found
in the membership rule of the union. Up to this point we have assumed that the
typical union has a fixed number of members (say N members, as in section 2). It
is possible, however, that unemployed union members either quit the union, or
worse, are kicked out. What may happen in such a case is illustrated with the aid of
the simple model by Blanchard and Summers (1986, 1987b).

Suppose that the demand for each firm's product depends on the real money
supply (an index of aggregate demand) and the relative price of the product vis-a-vis
the general price index:

yi = (m — p) — a(pi — p), a > 1, (8.30)

where all variables are measured in logarithms, yi is output, m is the money supply,
p i is the price charged by firm i, and p is the aggregate price index. There are constant
returns to scale, and only labour is used in the production process. The production
function is yi = /i, where li is employment in firm i. Perfect competition in the goods
market implies that price is set equal to marginal cost, so that pi = wi. Hence, the
demand for labour is given by:

li = (m — w) — a(wi — w), (8.31)

where w is an aggregate index of nominal wages.
Each firm has a given number n7 of attached workers. Only the interests of these

workers are taken into account in the wage bargaining process, for which reason
these workers are referred to as the insiders. Only if all insiders are employed by
the firm, is the firm allowed to hire any outsiders. We assume that the group of
insiders has sufficient bargaining power to set the wage unilaterally. Furthermore,
it is assumed that the wage is set such that the expected employment is equal to the
number of insiders:

Eli = n7, (8.32)

where E is the expectations operator. By using (8.31)—(8.32), we derive that
Eli = Em — Ew — a(wi — Ew) = n7. All firms are identical and all insider groups have
the same size, so that the equilibrium is symmetric. Consequently, all insider groups
choose the same nominal wage, so that:

w i = w = Ew. (8.33)

It follows that n7 = Em — w. By substituting this expression into (8.31) we obtain
the final expression for employment (per firm):

li = m — w — a(wi — w) = m — Em + n7

1 = (m — Em)± n*, (8.34)

where the firm index i can be dropped in the final step due to symmetry. Equation
(8.34) shows that only the unexpected shock in aggregate demand has any effect on
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employment (per firm). Suppose that the membership rule of the group of insiders
is as follows: n7 = l i ( — 1), i.e. only insiders that were employed in the previous
period will belong to the group of insiders in the current period. By substituting
this membership rule into (8.34), the hysteresis effect is obtained:

1 = (m — Em) + 1( — 1), (8.35)

which, for a given labour force 14, can be rewritten in terms of the unemployment
rate U as:3

U = —(m — Em) + U( — 1). (8.36)

Equation (8.36) yields the very strong conclusion that the unemployment rate fol-
lows a random walk. To the extent that aggregate demand surprises are random, the
change in unemployment, A U is random also. There is no tendency for the unem-
ployment rate to converge to any particular level. The intuition behind this result is
straightforward. After a bad shock, employment falls (by (8.35)). The unemployed
become outsiders, and the remaining insiders are not inclined to lower wages to get
their former comrades back into a job. The opposite holds after a positive aggregate
demand shock.

Of course, the hysteresis result is far too strong, both for empirical and theoretical
reasons. Empirically, as we saw in Chapter 7, the unemployment rates in the UK and
US display a lot of persistence but no hysteresis. The autoregressive coefficient in
the unemployment process (see (7.3)) is high but not equal to unity. Theoretically,
an unsatisfying assumption made so far is that the insiders have all the bargaining
power and can set the wage unilaterally. Firms, in other words, are unable to appoint
the unemployed who may be willing to work at a lower wage.

It turns out, however, that the model can be salvaged quite easily. Following
Blanchard (1991), the bargaining process between the firm and the group of insiders
is made more interesting by recognizing an explicit role for the unemployment rate.
Unemployment has two distinct effects in the bargaining process. First, there is the
fear effect that we also encountered in the efficiency wage models (see Chapter 7).
If unemployment is high, a typical insider is a bit more modest in his/her wage
claims. If unemployed, it may not be so easy to find another job. Second, the threat
effect exists. If unemployment is high, employers can threaten current employees
(the insiders) that they will be replaced by (hungry) unemployed workers.

A simple model that includes both aspects is the following. Labour demand is
very simple:

/=—w+E, (8.37)

where E is a stochastic shock (with EE = 0), 1 is employment, and w is the wage rate
(all in logarithms). Just as in the previous model, it is assumed that wages are set such

3 In levels, the unemployment rate is given by U (N — L)/N = 1 — (L/N) — log (L/SI) = Fz — I,
where the approximation is valid for small unemployment rates.
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that the insiders (of which there are l(- 1)) expect to have a job in the current period,

i.e. w* = -l( - 1). An unemployed person receives the unemployment benefit plus
the utility value of leisure, the sum of which can be expressed in pecuniary terms by
the reservation or unemployment wage, wR (if all workers were to receive WR, expected

employment would be equal to IR = -WR). Assuming that unemployment is the
correct indicator for labour market conditions for both the firm and the insiders,
the actual wage w is assumed to be set as follows:

	w = aw* + (1 - a) - b(n- 1) ,	 < a < 1 , b > O. 	 (8.38)

Equation (8.38) says that the actual wage (w) is a weighted average of the wage insid-
ers would choose (w*) and the reservation wage (wR) (with weight a, representing
the bargaining strength of the insiders), with a correction for the unemployment
situation in the labour market. If unemployment U h -1 is very high, insiders are
more modest in their wage claims, and the wage is lower. By simple substitutions
the following expression for the unemployment process is obtained:

a 1  \

() 	 (	 E	U ( - 1) + 
(1 - a\ wR ( 1 - a)

 -	 (8.39)
1 + b 	 1 + b 	 + b 	 1 + b 

Since 0 < a < 1 and b 0, (8.39) shows that the unemployment rate displays
persistence but no hysteresis. If b is high (strong influence of unemployment on the
bargained wage rate) then there is little persistence. Furthermore, if insider power is
high (a close to unity), persistence is high. Hence, this version of the insider-outsider
model does indeed deliver more sensible predictions.

8.5 Applications of Trade Union Models

In this section some of the union models discussed in this chapter are used to study
two issues. First, we continue our study of the effects of taxation on employment,
wages, and unemployment. Second, we study the effects of unions on the rate of
investment by the firm.

8.5.1 The effects of taxation
In order not to unduly test the reader's patience, only one tax experiment is con-
ducted. Suppose that the system of income taxes is progressive, that unemployment
benefits are untaxed, and that the tax function is given by T(w), so that the marginal
tax rate is tM dT dw and the average tax rate is to T/w. It is assumed that the
monopoly union model applies, and that the union's utility function is augmented
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(from (8.1)) to include income taxes:

v (w, L) (R ) u(w(1 - tA)) + [1 - (Ki)]u(B),

so that the first-order condition for the optimal wage is:

dtA 1 =
(B)A LD,v + euw(1-tA)[(1 

tA) w 
dw
	0,

This expression can be simplified by using the result that wdtA/dw = tM - to and
using the labour demand elasticity ED (defined below (8.9)):

u(w(1 - tA)) - u(B) = s
w(1 - tA)Uw(1-tA)

(8.42)

where s	 (1 - tm)I(1 - tA) is the index of progressivity of the tax system. For
a progressive tax system, tM > tA, so that s < 1. Recall from Chapter 7 that an
increase in progressivity of the tax system is represented by a decrease in s.

For example, assume that the representative union member's indirect utility
function is given by U(.) log (.). Then the markup equation (8.42) is simplified to:

log w(1 - tA ) = log B+sIED 	
B

w= 	  e ED
 .

1 - tA

From (8.43) we can see that the gross wage w (and thus unemployment U) rises if
the unemployment benefit (B) rises, the degree of progressivity falls (s rises), and
the average tax rate (tA ) rises. These conclusions are very similar to those that were
obtained for the efficiency wage model in Chapter 7.

8.5.2 Unions and investment

Are unions good or bad for investment? Intuitively one would think the latter. The
argument might go as follows. When capital is a variable production factor, the
demand for labour becomes more elastic. This creates a conflict between what is
optimal for the union in the short run and in the long run. Take, for example, the
case of the monopoly union discussed in section 1.1. There it was shown that the
wage markup bears an inverse relationship with the labour demand elasticity. A
short-sighted union will push for high wages and suffer the consequences in the
future as firms accumulate capital and labour demand becomes more elastic. Far-
sighted unions, on the other hand, will demand a lower wage, in the hope that the
firm will not invest too much, so that the wage in the future will be comparable. A
kind of wage smoothing behaviour may emerge.

This is not the end of the story, however, since there is a credibility problem asso-
ciated with the wage smoothing union, due to the fact that investment is largely
irreversible. The union can announce to the firm that it will follow a smooth (and
moderate) wage policy, after which the firm will invest. Once the firm has invested,

dV
T4/ = [14(wa tA» -

(8.40)

8.41)

(8.43)
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(8.40)

w
dtA =0

.
— dw (8.41)
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however, the firm is a "sitting duck" for the union. The capital stock cannot be
shifted easily so the union can renege on its promise of moderate wages and skim
off a large part of the firm's profits. But the firm knows beforehand that the union
has this incentive to cheat, and consequently will not believe the union's announce-
ment of smooth and moderate wages. As a result, it invests less, in order to minimize
the risk and impact of being cheated in the future. This is the famous underinvestment

result, discussed for example in van der Ploeg (1987b). We shall return to credi-
bility issues in Chapter 10, where we shall also illustrate how reputational forces
can overcome (some of) the problems associated with dynamically inconsistent
behaviour.

The remainder of this section serves to demonstrate the underinvestment result
in a simple two-period model of the interaction between a monopoly trade union
and a firm. This example is a simplification of the model presented in van der Ploeg
(1987b). The firm exists for two periods (now and in the future) and has a given
capital stock K 1 at the beginning of period 1. Real profits in the two periods are
equal to:

	ni r----- 	— w1L1 — 00'0,
	 (8.44)

	=" -- 	 + -1-1) — W2L2,
	 (8.45)

where Trt is real profit in period t (= 1, 2), L t is employment, It is investment, wt

is the real wage rate, F(., .) is a constant returns to scale production function, and
(I)(.) is the installation function for investment. As we have shown in Chapter 4,
this function captures the existence of internal adjustment costs that are rising (at
an increasing rate) in the rate of investment, i.e. (1)1 > 0 and (1)ll > 0. Obviously
the firm does not invest in the second period because our stylized world comes to
a close at the end of that period. Furthermore, we have assumed for convenience
that the capital stock does not depreciate. The firm chooses its employment and
investment levels in order to maximize the present value of its stream of profits,
which is defined as:

7r2n= + 1 + r

F(L i ,Ki ) — w iLi —
)(pal) (F(L2,Ki + — w2L2 

1 + r
	 (8.46)

where r is the real interest rate. The first-order conditions for the optimization
problem are:

an, ir
=aL i

aIi =
a II

aL2

an 

,
-14,1= 0, 8.47)

(	 1 + = 0, (8.48)

+1-0 — w21 =[FL(L2,Ki
r)

0. (8.49)
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In order to keep the model as simple as possible, we work with specific functional
forms for the firm's production and adjustment cost functions, and the utility func-
tion of the representative union member. The adjustment cost function is quadratic
(see (4.2)), i.e. (DO =Ii (1+ b/i ), and the production function is assumed to be Cobb-
Douglas, i.e. Yt = 41g -a , with 0 < a < 1 and Yt representing output. By using these
specific functions, (8.47)-(8.49) can be written as:

ED

1,13 = (°-) Kl,1	 Wi
A, ED

	LD = 
W2	

[K i + 11

= -

b
1

2

	FK(142, K1 	= (1 — 
a) (a YED

q =
	1 + r	 1 + r w2

(8.50)

(8.51)

(8.52)

(8.53)

where ED 1/(1 - a), Lp is the firm's demand for labour in period t, and q is Tobin's
q-ratio discussed extensively in Chapter 4. Equations (8.50)-(8.51) show that the
elasticity of labour demand is constant. Equation (8.52) shows that investment is
increasing in Tobin's q, which itself depends negatively on the exogenously given
real rate of interest r and the real wage rate in the second period w2.

The monopoly trade union has the following lifetime utility function:

union member is logani,
using (8.50) to yield:

1u(w - u(B)= 	 =
ED	 W1Uw(W1)

log WI = log B + —
1

.
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=
awe

where p is the pure rate of time preference (see Chapter 6), and V (wt , L t) is the
instantaneous utility of the union, that is defined as follows:

Lt
V (wt, Lt) 	 Lt

(—
N

) u(wt) + [1 - (-Au(B), (8.55)

which indicates that membership of the union is fixed at N, and the unemployment
benefit is constant over time. The optimal plan for the union consists of choosing w 1
and w2 such that (8.54) is maximized given (8.55) and the labour demand functions
(8.50)-(8.51). The necessary conditions for this optimization problem are:

ac� 	 av 	 av	 =  	 =0,	 (8.56)awl 	 awl 8L 1 awl
as.2 av	 av (aLy av2) ail  0g 	 )	 = 	 + 	 +	 0.	 (8.57)
aw2 awe	awe	 aq aw2

Equation (8.56) has a form identical to the one obtained for the static case (see
e.g. (8.8)). A point of tangency is found between a union's indifference curve and
the labour demand curve. Assuming that the utility function of the representative
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Equation (8.57) is slightly more involved. The union realizes that the wage that it
chooses for the second period influences the firm's investment decision: the higher
the wage in the second period, the lower the rate of investment by the firm. Com-
pared to the static case with no investment, therefore, the demand for labour in
the second period is more elastic, and the wage rate chosen by the union is lower.
Specifically, we can easily derive that:

1 	U (w 2 ) - U(B)
	 = log w2 - log B

ED +	 wzUw(w2)
1

log w; = log B + 	
ED +

where is defined as:

802  all  w2 (aED ) (1— a  ( a )0)( 1 +0

Ly	 + r w2
> 0.

ah aw2 

Comparing the optimal wage rates in the two periods (as given in (8.58) and (8.59)),
it is clear that the wage is lower in the second period, i.e. w*i > w2. By offering low
wages in the second period, the firm is encouraged to invest a lot.

The problem with the optimal union wage profile (WI , W2) is that the firm will
not believe that the union will stick to it! Indeed, if a legally binding agreement is
impossible, the union will not stick to the wage rate w2 it has announced to the
firm when period 2 comes along. The reason is not that it has changed its mind in
the light of new information, but rather that it faces a different incentive structure
when period 2 comes along. In technical terms, the optimal policy for the union is
dynamically inconsistent. The reason why the firm does not believe that the union
will set the wage at W2 in period 2 is easy to demonstrate. Suppose that the firm
did believe the union, and decided its investment plans according to (8.52)-(8.53)
with w2 substituted (call this investment level II). At the beginning of period 2,
the firm has invested a lot and has a total capital stock of K 1 + I;, and demands
labour according to (8.51) with K1 + Ii substituted. The union, however, observes
this demand for labour, knows that the capital stock cannot be shifted any more,
and makes its decision on the optimal wage in the second period on the basis of the

(8.58)

(8.59)

(8.60)
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demand curve:
a ED

LD = (---) [xi +in, (8.61)

which is iso-elastic with wage elasticity ED (in absolute terms), so that the union
sets the wage in the second period at the same level as in the first period, i.e. i'2 =
wl > 14/2. The firms knows this, and hence is not going to believe the union if it
announces w2.

So what is the solution to this conundrum? Although a more complete treatment
will have to wait until Chapter 10, common sense suggests a solution for our present
problem. The firm knows that it is going to get ripped off in the second period "come
hell or high water". Hence, it expects to be charged the wage rate 14/ = WI' in both
periods (t = 1, 2), and bases its investment decision on this knowledge. Indeed, this
assumption on the part of the firm is consistent with the actual behaviour of the
union. For that reason, the wage profile (14/, wD is called the time-consistent policy
of the union. But, since Ma > W2 (and thus 1,6 > wD, and investment depends
negatively on the wage rate in the second period, the firm will also invest less
under the consistent wage profile (14/ . , wD than under the inconsistent wage profile

vq). Hence, the effect of a union that is unable to stick to its promises is to stifle
investment.

8.6 Punchlines

In this chapter the three most important models of trade union behaviour have
been studied, namely the monopoly union model, the right-to-manage model, and
the efficient bargaining model. The objective function of the union is the expected
(or average) utility of the union's members. In most of the discussion we assume
that the number of union members is fixed.

In the monopoly union model, the union unilaterally picks a wage rate such that
union utility is maximized subject to the proviso that the solution lies on the labour
demand curve. The union thus acts as the monopolistic seller of labour exploiting
the downward-sloping labour demand curve of the firm. The optimal wage choice of
the union can be represented as a simple markup expression involving unemploy-
ment benefit and the elasticity of the labour demand function. The union's choice
implies that both the wage and the unemployment rate are above their respective
competitive levels. Productivity shocks typically lead only to employment changes
so that the model is consistent with real wage rigidity. (The proviso must be made
because a union which is fully employed is only interested in higher wages so that
positive productivity shocks do not translate into employment expansions.)

In the right-to-manage model, the firm is still allowed to decide on employment
but the wage is the outcome of a bargaining process between the union and the firm.
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Using the concept of generalized Nash bargaining, the resulting wage can again be
written in a markup format. In addition to unemployment benefit and demand
elasticity an additional component entering the markup solution is the relative
bargaining strength of the union. An attractive feature of the right-to-manage model
is that it contains the monopoly union solution and the competitive solution as
special (extreme) cases. An unattractive feature of the right-to-manage solution is
that it is Pareto inefficient, i.e. it is possible to make one of the parties involved in
the bargaining strictly better off without making the other party worse off.

The efficient bargaining model solves this problem by assuming that the firm and
the union bargain over both the wage and the employment level. The outcome
of this bargaining process is a range of efficient wage-employment combinations.
When combined with a "fair share" rule, dividing output over the two parties,
the model predicts a unique wage-employment solution. Interestingly, wage and
employment are higher than under the competitive solution as the union turns
profits into jobs. Wage moderation, consisting of a smaller share of the output
going to labour, is bad for employment because the wage-employment solution
moves closer to the competitive solution.

In the remainder of this chapter we show a number of applications of the var-
ious union models. In Chapter 7 we saw that one of the stylized facts about the
labour market is that institutions may be an important determinant of the unem-
ployment rate. We briefly discuss the hypothesis that corporatism, loosely defined
as the degree of centralization of the wage-setting process, may be such an impor-
tant institution. Some authors have claimed that unemployment is low if there are
either many very small or few very large unions but that unemployment is high in
the intermediate case. Hence, high or low corporatism both lead to a low unemploy-
ment rate but intermediate corporatism does not. Intuitively, small unions do little
harm, large nation-wide unions practise wage moderation because they internalize
the outcomes of excessive wage claims, but middle-sized unions are both strong yet
do not take into account all the adverse consequences of their wage claims on the
macroeconomy.

Another stylized fact that can be explained with the aid of a union model is the
high degree of persistence in the unemployment rate (the near-hysteresis effect). The
membership rule of the union turns out to form a key model ingredient explain-
ing hysteresis. If the unemployed union insiders become outsiders the next period,
then strict hysteresis applies. If the outsiders are allotted a role in the wage bargain-
ing process, via the reservation wage, then the model becomes more realistic and
predicts a high degree of persistence.

As a final application of the union model, we study the effects of a monopoly
union on the investment plans of firms. It turns out that unions may be bad for
firm investment because of the hold-up problem. The optimal choice of the union is
to offer low wages in the future in order to induce the firm to invest a lot. This offer is
not credible to the firm, however, because once the firm has invested the union will
renege on its promise and demand higher wages. Intuitively, the union "holds up"
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(as in a Western movie) the firm's capital stock. The firm will formulate its optimal
investment and production plans in the full knowledge that it will be held up in
the future and will therefore invest less than it would otherwise have done. This
is the famous underinvestment result. The scenario sketched is an example of the
dynamic inconsistency which arises is many different settings in macroeconomics.
In Chapter 10 we return to this important issue.

Further Reading

On the interaction between union wage setting and firm investment, see Grout (1984),
van der Ploeg (1987b), Anderson and Devereux (1988), and Devereux and Lockwood
(1991). Gottfries and Horn (1987) present a union-based model of unemployment per-
sistence. Lindbeck and Snower (1988) is a good reference to the insider-outsider literature.
Manning (1987) embeds the union model in a sequential bargaining framework. Koskela
and Vilmunen (1996) study the effects of income taxes in a union model. For good surveys
of the union literature, see Oswald (1982, 1985), Farber (1986), Pencavel (1991), and Booth
(1995). See Cross (1988) for an interesting collection of articles on hysteresis.
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Search in the Labour Market

The purpose of this chapter is to discuss the following issues:

1. How can we explain the duration of unemployment? We introduce a simple model
of search in the labour market.

2. How does taxation affect the equilibrium unemployment rate? How can we reduce
the equilibrium unemployment rate?

3. How can the search-theoretic approach explain observed persistence in the
unemployment rate?

9.1 Search in the Labour Market

The labour market in many countries is characterized by huge gross flows of work-
ers leaving a job and entering unemployment and vice versa. For example, for the
US the flow of workers entering or leaving a job amounts to 7 million per month
(Blanchard and Diamond, 1989, p. 1)! It would be tempting to argue that these enor-
mous flows, due to the simultaneous occurrence of job creation and job destruction,
are bound to cause problems. There are a lot of workers looking for jobs, and vice
versa. At a macroeconomic level, however, it appears that (at least in the US) the
labour market is relatively efficient at matching jobs and workers. As we saw in
Chapter 7, US unemployment seems to be relatively low and stable. The modern
theory of search behaviour in the labour market is specifically aimed at describing
this matching process that takes place in the labour market. This theory is radi-
cally different from the previous labour market theories discussed so far in that the
notion of an aggregate labour market is abandoned. As Diamond (1982, p. 217)
explains, rather than assuming that the market is the mechanism by which workers
and jobs are brought together, the modern approach assumes that there is a search
process which stochastically brings together unemployed workers and vacant jobs
in a pair-wise fashion. This search process takes time and consequently causes loss
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of output. When a worker and a job meet each other, negotiations take place to
determine the wage.

9.1.1 A simple models
The modern theory of search makes use of the so-called matching function. This is
a hypothetical concept, not unlike the production function, which turns out to be
very convenient analytically. A matching function determines the number of jobs
that are created ("matches") each instant, as a function of the number of unem-
ployed job-seeking workers and the number of vacancies that exist (plus exogenous
variables). Firms have jobs that are either filled or vacant. It is assumed that only
vacant jobs are on offer. The firm is not searching for workers to replace existing (but
unsatisfactory) workers. Workers either have a job or are unemployed, and only the
unemployed engage in search. There is no on-the-job search in the model discussed
in this section. By making these assumptions, the two activities of production of
goods and trade in labour are strictly separate activities.

Firms and workers know the job-matching technology, and know that there is
an exogenously given job separation process. 2 At each moment in time, a proportion
of the existing filled jobs are destroyed, say because of firm-specific shocks making
previously lucrative jobs unprofitable. In equilibrium, there is thus a constant inflow
into unemployment, and the model predicts an equilibrium unemployment rate that
is strictly greater than zero.

It is assumed that there are many firms and many workers, and that every agent
behaves as a perfect competitor. The fixed labour force consists of N workers, and
each worker who has a job supplies one unit of labour. (There is no decision on hours
of work by the worker, and effort of each worker is constant.) The unemployment
rate is defined as the fraction of the labour force without a job, and is denoted by
U. The vacancy rate is the number of vacancies expressed as a proportion of the
labour force, and is denoted by V. Hence, at each moment in time, there are UN
unemployed workers and VN vacant jobs "trying to find each other".

The number of successful matches each instant in time depends on UN and VN
according to the matching function:

XN = G(UN , VN), (9.1)

where XN is the total number of matches, so that X is the matching rate, and G(., .)
is a linearly homogeneous function, with Gu > 0, Gv > 0, Guu < 0, Gvv < 0,
and GuuGvv –GUS > 0. The intuitive idea behind (9.1) is that at each instant XN

1 The exposition given in this section closely follows Pissarides (1990, ch. 1).
2 Mortensen and Pissarides (1994) and Pissarides (2000, ch. 2) develop a matching model with an
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meetings occur between an unemployed worker and a firm with a job vacancy.
Which particular worker meets which particular job vacancy is selected randomly.

Consider a small time interval dt. During that time interval, there are XN dt
matches and VN vacant jobs, so that the probability of a vacancy being filled during
tit equals (XN / VN)dt . By defining g - ..XN/VN = X/V, we can use equation (9.1) to
write q as:

G(UN , VN) VNG(UN /VN , 1)q = 	 = G(U /V , 1) q(0),VN	 VN (9.2)

where 6 V /U is the vacancy-unemployment ratio that plays a crucial role in the
analysis. Obviously, since g(0)dt measures the probability that a vacancy will be
filled in the time interval dt, q(0) can be interpreted as the instantaneous probability
of a vacancy being filled, and the expected duration of a job vacancy is 1/q(0). All
these results are derived more formally in the Intermezzo below.

In view of the assumptions about G(., .), the following properties of the g(0)
function can be demonstrated:

dq	
GU

dO = 0 < ‘ j,

and

0 dq 
GU- - — =	 0 < 77(6) < 1, 	 (9.4)q dO

where ?AO) is the absolute value of the elasticity of the q(0) function. 3

Unemployed workers also find a match in a stochastic manner. For workers, the
instantaneous probability of finding a firm with a vacancy is given by XN/UN, the
number of vacancies expressed as a fraction of the number of unemployed workers.
This instantaneous probability can be written in terms of 0 also:

G(UN , VN) VNG(UN /VN, 1)
= (V /U)G(U / V , 1) = 0 0q() 	 fie)). 	 (9.5)UN	 UN

The f (0) function has the following elasticity:

0	 df 
=[q(0) + 

dg]  0 
= 1 + -

0 
—
dq 

= 1 - ?AO)f (60 d9 	 dO 0(1(0) 	 g de

Since f (0) represents the instantaneous probability of an unemployed worker find-
ing a job, the expected duration of unemployment equals 1/f (0) = 1/(0q(0)). This is
intuitive, since unemployed workers find it easier to locate a job (and hence expect
a shorter duration of unemployment) if 0 is high, i.e. if there are relatively many
vacancies. The definitions of q(0) and f (9) in (9.2) and (9.5) show that there is

3 The trick is to write (9.1) as XN = GuUN + GvVN, which implies q = Gu 10 + Gv. Hence, 9(0) =
Gu 1(q0) =1 — Gv /q, which is between 0 and 1 because 0 < Gv < q.
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an intricate connection between the process linking workers to jobs, and the one
linking jobs to workers. This is obvious, since workers and vacancies meet in pairs.

The variable e is the relevant parameter measuring labour market pressure to both
parties involved in the labour market. This parameter plays a crucial role because the
dependence of the search probabilities on 9 implies the existence of a trading external-
ity. There is stochastic rationing occurring in the labour market (firms with unfilled
vacancies, workers without a job) which cannot be solved by the price mechanism,
since worker and vacancy must first get together before the price mechanism can
play any role. The degree of rationing is, however, dependent on the situation in
the labour market, which is summarized by 9. If 9 rises, the probability of rationing
is higher for the average firm and lower for the average worker. The particular exter-
nal effect that is present in the model is called the congestion or search externality by
Pissarides (1990, p. 6).

For simplicity it is assumed that there is an exogenously given job destruction pro-
cess that ensures that a proportion s of all filled jobs disappears at each instant.
These jobs could be destroyed, for example, because of firm-specific shocks making
previously profitable jobs unprofitable. Hence, in a small time interval dt, the prob-
ability that an employed worker loses his/her job and becomes unemployed is given
by sdt (with the same holding for filled jobs, of course). Hence, the average number
of workers that become unemployed in a time interval dt equals s(1 — U)N dt and
the average number of unemployed who find a job is given by 9q(9)UN dt. In the
steady-state the unemployment rate is constant, so that the expected inflow and
outflow must be equal to each other:

s(1 — U)N dt = 0q(0)UN dt. (9.7)

By assuming that the labour force N is large, expected and actual inflows and out-
flows can be assumed the same, so that (9.7) can be solved for the actual equilibrium
unemployment rate:

U = s + 0q(0)'

which implies that a U/as > 0 and au/a9 < 0.

9.8)

Intermezzo

Some statistical theory. The search-theoretic approach makes use of some
statistical techniques that may not be immediately obvious. In this intermezzo
some important notions are reviewed. Further details can be found in Ross
(1993, ch. 5).

A very convenient probability distribution is the exponential distribution.
A continuous random variable X is exponentially distributed if its probability
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density function has the form:

{),.e-hXx > 0
f (x) -=

0	 x < 0

which implies that the cumulative distribution function is given by:

The cumulative distribution function F(x) measures the probability that the
random variable X attains a value less than or equal to x, or in symbols:

F(x) P {X < x} . (c)

The exponential distribution has the following properties. First, E(X) = 1/A, the
expected value of X is 1/A. Second, the variance of X is V(X) E(X 2)- [E(X)] 2 =
1/A2 . Third, the random variable X is memoryless. Suppose that X is the lifetime
of some light bulb. Then, if the light bulb is still working at some time t, the
distribution of the remaining amount of time that it will continue to shine
light is the same as the original distribution. Colloquially speaking, the light
bulb does not "remember" that it has already shone for t periods. Formally, a
random variable is memoryless if the following holds:

P {X s-kt IX > = PVC > (d)

The memoryless property implies a very simple expression for the failure rate
function (often called the hazard rate function). The failure rate function r(t)
represents the conditional probability density that a t-year old item (such as a
light bulb or a human being) fails. It is defined as:

(a)

(b)

r(t) =  f(t) 
1 - F(t) .

(e)

For the exponential distribution, the memoryless property implies that the
distribution of remaining life for a t-year old item is the same as for a new
item. As a result, the failure rate function should be constant. Using (a)-(c), we
find that this is indeed the case:

f(t) 	 Xe- A t(t)= 	 (f)1 - F(t) 	 e-At

We shall have the opportunity to use this property in economically very
interesting applications in the present chapter and in Chapter 16.
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The search-theoretic approach also makes extensive use of the notion of a
Poisson process. A Poisson process is a counting process with a number of prop-
erties. A stochastic process {M(t), t > 0} is called a counting process if M(t)
represents the number of "events" that have occurred up to time t. For exam-
ple, if M(t) represents the number of goals scored by one's favourite soccer star
by time t, an "event" consists of your star hitting the back of the net once more.
In the context of matching, M(t) represents the number of all matches that
have occurred by time t. The counting process M(t) must satisfy: (i) Ai(t) > 0;
(ii) M(t) is integer valued; (iii) if s < t, then M(t) M(s) > 0; and (iv) for s < t,
M(t)—M(s) equals the number of events that have occurred in the interval (s, t)
(Ross, 1993, p. 208).

A Poisson process is a specific kind of counting process. Formally, the count-
ing process {M(t), t > 0} is called a Poisson process with rate X( > 0) if:
(i) M(0) = 0; (ii) the process has independent increments; (iii) the number
of events in any interval length t is Poisson distributed with mean At. Hence,

P tM(t s) M(s) = rn} e-At(Xtr
m! '

for in = 0, 1, 2, 3, ... For our purposes it is important to know something about
interarrival times. Suppose that we have a Poisson process M(t), and that the
first event has occurred at time We define Tr, as the elapsed time between the
(n — 1)st and the nth event (for n > 1), and refer to Tr, as the interarrival time.
Of course, Tr, is stochastic. A very useful property of the Poisson process is that
Ti , (n = 1, 2, 3, . .) are independent identically distributed exponential random
variables with parameter X and hence have a mean of 1/X (Ross, 1993, p. 214).

Within the context of the matching model this is a very handy property.
Since interarrival times are distributed exponentially, the hazard rate r(t) ,--- A
is constant and A dt represents the probability that a failure will take place in
the time interval dt. Note that a "failure" implies that a match has occurred in
this context. Hence, A can be interpreted as the instantaneous probability of a
match occurring.

Firms

Each firm is extremely small, has a risk-neutral owner, and has only one job, which
is either filled or vacant. If the job is filled, the firm hires physical capital K at
a given interest rate r, and produces output F(K, 1). The production function is
constant returns to scale and satisfies FK > 0 > FKK and FL > 0 > Fa. If the job is
vacant, on the other hand, the firm is actively searching for a worker and incurs a
constant search cost of yo per time unit. As was pointed out above, the probability
that the firm finds a worker in time interval dt is given by q(9) dt. Since each firm
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only has one job, the number of jobs and firms in the economy coincide, and the
free entry/exit condition determines the number of jobs/firms.

Let Jo denote the present value of the profit stream originating from a firm with
an occupied job, and let jv designate the same for a firm with a vacancy. With a
perfect capital market the firm can borrow freely at the given interest rate, and the
following steady-state arbitrage equation holds for a firm with a vacancy:

rjv = — Yo q(9) [Jo — /17] • 
(9.9)

In words, equation (9.9) says that a vacant job is an asset of the firm. In equilibrium,
the value of this asset must be such that the capital cost rJv is exactly equal to the
return from the asset. The return consists of two parts, i.e. the constant search cost
that must be incurred each time unit (—yo) plus the expected capital gain due to the
fact that the vacant job can be filled in the future (with instantaneous probability
q(9)). The capital gain is the difference in value of a filled and a vacant job, i.e.
to — /v•

Since anyone who is prepared to incur the constant search cost each time unit can
set up a firm (with a vacancy) and start looking for a worker, free entry of firms will
occur until the value of a vacant job is exactly equal to zero. Conversely, if a vacant
job is worth a negative amount, exit of firms takes place and vacancies disappear.
This implies the following expression:

Iv = 0 0 = —Yo + q(09)I0 Io = yolq(0). (9.10)

The final expression is intuitive. The expected duration of a vacancy is 1/q(6) during
which the search cost yo must be incurred. In equilibrium the number of jobs/firms
must be such that the expected profit of a filled job is exactly equal to the expected
cost of the vacancy.

For a firm with a filled job, the following steady-state arbitrage equation can be
derived:

rjo = F (K , 1) — (r + 8)K — w —
	 (9.11)

where (r + 8) is the rental charge on capital goods, and w is the real wage rate.
Equation (9.11) says that the asset value of a filled job is Jo and its capital cost
equals rjo. This must equal the return from the filled job, which consists of two
parts. The first part is the surplus created in production, i.e. (the value of) output
that remains after the production factors capital and labour have been paid (this
equals F(K, 1) — (r + 8)K — w). The second part is the expected capital loss due to job
destruction (sJo).

The size of each firm with a filled job is determined in the usual manner. The firm
chooses the amount of capital it wants to rent such that the value of the firm is
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maximized. In terms of (9.11) we can write this problem as:

max (r + s)1 	 F (K , 1) — (r + 8)K — w 	 FK(K , 1) = r + 8 . 	 (9.12)
{K)

This is the usual condition equating the marginal product of capital to the rental
charge on capital. By substituting (9.10) and (9.12) into (9.11), we obtain: 4

(r + s)yo = F (K, 1) — FK(K, 1)K — w
q(0 )

FL(K , 1) — w = yo
r + s 	 q(9)•

(9.13)

The left-hand side of (9.13) represents the value of an occupied job, equalling
the present value of rents (accruing to the firm during the job's existence) using the
risk-of-job-destruction-adjusted discount rate, r + s, to discount future rents. The
right-hand side of (9.13) is the expected search costs. With free exit/entry of firms,
the value of an occupied job exactly equals the expected search costs (see above). 5

Workers

The worker is risk neutral and lives forever, and consequently only cares about the
expected discounted value of income (Diamond, 1982, p. 219). A worker with a
job earns the wage w, whilst an unemployed worker obtains the exogenously given
"unemployment benefit" z. This may consist of a real transfer payment from the
government but may also include the pecuniary value of leisure. Let YE denote the
present value of the expected stream of income of a worker with a job, and let
Yu denote the same for an unemployed worker. Then the following steady-state
arbitrage equation can be derived for a worker without a job:

rYu = z + q(9) [YE — Yu] • (9.14)

In words, equation (9.14) says that the asset Yu is the human capital of the unem-
ployed worker. The capital cost of the asset must be equal to the return, which con-
sists of the unemployment benefit, z, plus the expected capital gain due to finding a
job, i.e. YE — Yu. As Pissarides (1990, p. 10) points out, rYu can be interpreted in two
ways. First, it is the yield on human capital of an unemployed worker during search.
It measures the minimum amount for which the worker would be willing to stop
searching for a job, and hence has the interpretation of a reservation wage. The second

4 We have used the linear homogeneity of the production function, which implies that F = FKK +
1 x FL, so that F — FKK = FL .

s If there were no search costs for the firm (yo = 0), the model would yield the standard productivity
condition for labour (FL = w). With positive search costs, however, the factor labour receives less than
its marginal product. This is because the marginal product of labour must be sufficiently large to cover
the capital cost of the expected search costs.

220



:n as:

=r+8.	 . 1 1

pc! , ct of capital to the ren '

(9.11), we obtain: 4

(9.13)

an occupied job, equallir c.-

e job's existence) using t
) discount future rents. The
With free exit/entry of firm<
NJ search costs (see above).'

iuently only cares about tt'
2, p. 219). A worker with a
tains the exogenously given
transfer payment from the

leisure. Let YE denote the
worker with a job, and let
the following steady-state

a job:

(9.14

Liman capital of the unem-
' to the return, which con-

capital gain due to finding a
can be interpreted in two

loyed worker during search.
er would be willing to stop

\ervation wage. The second

m, which implies that F = FKK -

rY u =
r +s+9q(0)

s + [r + 1(9)] w 	r(w — z)
r YE =   rYu,

r+s+9q(0)	 r+s+0q(0)

(r + s)z + 0 q(6)w (9.16)

(9.17)

ka yield the standard productivity
[te factor labour receives less than

_ist be sufficiently large to cover

rjo = F (Ki , 1) — (r + 8)Ki — wi —

= F L(Ki , 1) — w i

r + s
(9.18)

221

Chapter 9: Search in the Labour Market

interpretation is that of "normal" or "permanent" income: the amount that the
unemployed worker can consume whilst still leaving his/her human capital intact.

For a worker with a job the steady-state arbitrage equation reads as follows.

rY E = — s [YE — Yu]	 (9.15)

The permanent income of an employed worker differs from the wage rate because
there is a non-zero probability of job destruction causing a capital loss of YE — YU.

By solving (9.14)-(9.15) for rYu and rY E, the following expressions are obtained:

where the second expression in (9.17) shows that w > z must hold for anybody to
be willing to search for a job.

Wages

What happens when a job seeker encounters a firm with a vacancy? Clearly there
is a pure economic rent created by the encounter, existing of the sum of the foregone
expected search costs by the firm and the worker. But how is this surplus shared
between the two parties? In this search context, it is clearly not possible to refer to
some going market wage rate, because the concept of an aggregate labour market
with impersonal exchange has been abandoned. The exchange that takes place
between the two parties is one-on-one, and the division of the rent is a matter of
bargaining. Fortunately, as we saw in Chapter 8, there is a useful solution concept
in two-person bargaining situations, called the generalized Nash bargaining solution.

We assume that all firm-worker pairings are equally productive, so that the wage
rate is the same everywhere. This allows us to focus on the symmetric equilibrium
solution of the model, which is reasonable because the aim of this chapter is to
discuss the macroeconomic implications of search theory, not to develop an empir-
ically adequate description of the labour market. We furthermore assume that each
firm-worker pair that is involved in wage negotiations takes the behaviour of other
such pairings as given.

Consider a particular firm-worker pairing i. What does the firm get out of a deal?
Obviously the firm changes status from a firm with a vacancy (with value n, 0,
due to free exit/entry) to a firm with an occupied job (with value Hence, the
expected gain to the firm is:
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where Ki denotes the capital stock of firm i, and we have used (9.12) and linear
homogeneity of the firm's production function to obtain the final expression involv-
ing the marginal product of labour. (Upon reaching agreement with the worker, the
firm rents capital such that FK(Ki, 1) = r +8.) Equation (9.18) shows what the firm is
after: it wants to squeeze as much surplus as possible out of the worker by bargaining
for a wage far below the marginal product of the worker.

What does the worker get out of the deal? If a deal is struck, the worker changes
status from unemployed to employed worker, which means that the net gain to the
worker is:

r	 —Yu) =wi— s[lq— Yu] — rYu,	 (9.19)

where Yu does not depend on wi, but rather on the expectation regarding the wage
rate in the economy as a whole (see (9.16)). If the worker does not accept this
job offer (and the wage on offer wi) then he/she must continue searching as one of
many in the "pool of the unemployed". The relevant wage rate that the unemployed
worker takes into account to calculate the value of being unemployed is not w i but
rather the expected wage rate elsewhere in the economy.

Using the generalized Nash bargaining solution, the wage wi is set such that S2 is
maximized:

max S2 	 log 	 — Yu] + (1 — 3) log	 — iv] ,two
	 0 < < 1, 	 (9.20)

where Jv (= 0) and Yu can be interpreted as the "threat" points of the firm and the
worker, respectively. The relative bargaining strengths of the worker and the firm
are given by, respectively, /3 and 1 — /3. The usual rent-sharing rule rolls out of the
bargaining problem defined in (9.20):

dJO

dwi =	 — Yu dwi	 P) dwi = °
d	 Q 	 )(1

First, by substituti
exit/entry) we obtain:

( 1 — 13))1 =	 +

(1 —,8) 
[wi + sYL

r + s
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wi=( 1— $)rYu+ I
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= 0
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	)	 — #	 1

- Yu =[Lia — Jv ] .
	 (9.21)

This rent-sharing rule can be turned into a more convenient wage equation in
two ways.	 model is summarized b

222



9.1'

station regarding the wa,
does not accept

- inue searching as one
rate that the unemployed
unemployed is not w i -•

Re w i is set such that Q is

1, 	 (9.2r

points of the firm and the
the worker and the firm
ring rule rolls out of the

Chapter 9: Search in the Labour Market

First, by substituting (9.18)-(9.19) into (9.21) and imposing jv = 0 (due to free
exit/entry) we obtain:

(1 — p))I =	 + ( 1 —

wi 	 sYu
FL(Ki 1) - w i

(1 P)[] = [ 	 ]+ (1 -	r s 	 r + s

(1 — p) [wi + sYu] = p [FL(Ki, — wi] + (1 — P)(r + s)Yu

wi = (1- i3)tYu + 13FL(Ki, 1).	 (9.22)

The worker gets a weighted average of his/her reservation wage (rYu) and marginal
product (FL). The stronger is the bargaining position of the worker, the larger is p
and the closer is the wage to the marginal product of labour.

The second expression for the wage equation is obtained as follows. From (9.12)
we know that each firm with an occupied job chooses the same capital stock, so
that Ki = K. Hence, the wage rate chosen by firm i is also the same for all firms,
w i = w. This implies that rYu can be written as follows:

rYu = z 0 q(9) [YE - Yu] z + 0(1(0) (1 -
18 	 p) Jo

= z + eq(e)( 1 _13 p ) q)/° =z+(9 )	/13 62 i° 	(9.23),6 

This result is intuitive. The reservation wage is increasing in the unemployment
benefit, the relative bargaining strength of the worker, the employers' search cost,
and the tightness in the labour market. By substituting (9.23) into (9.22) we obtain
the alternative wage equation:

- e used (9.12) and lir -

he final expression invoh--
-,.ent with the worker, tt.
18) shows what the firm

,1 the worker by bargainir

truck, the worker changes
c that the net gain to

w= (1 - 13)z + 13 [FL(K, 1) +
	 (9.24)

Workers get a weighted average of the unemployment benefit and the surplus, which
consists of the marginal product of labour plus the expected search costs that are
saved if the deal is struck (recall that yo0 yoV/U represents the average hiring
costs per unemployed worker).

(9.21)

9.1.2 Market equilibrium
tvenient wage equation in 	 We now have all the necessary ingredients of the model. For convenience, the full

model is summarized by the following four equations which together determine
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the equilibrium values for the endogenous variables, K, w, 9, and U.

(9.25)

(9.26)

(9.27)

(9.28)

FK(K , 1) = r + 8,

FL [K(r + 0,1] —w _ Yo
r + s	 q(0)'

w = (1 — 13)z + [FL [K(r + 8), 1] + Yo

U =
s + 0q(0) •

Equation (9.25) is the marginal productivity condition for capital, determining the
optimal capital stock (and thus the optimal size of production) of each firm with
a filled job. Since the marginal productivity of capital diminishes as more capital
is added (FKK < 0), (9.25) relates the optimal capital stock (K*) to the (exogenous)
rental rate on capital, i.e. K* = K(r + 6) with K' < 0. By plugging this function
into, respectively, (9.13) and (9.24) we obtain (9.26) and (9.27). Equation (9.26) is
a form of the zero profit condition implied by the assumption of free exit/entry of
firms, and (9.27) is the wage-setting equation that rolls out of the Nash bargaining
between a firm with a vacancy and an unemployed job seeker. Finally, (9.28) is the
expression for the equilibrium unemployment rate. This equation is also known as
the Beveridge curve (Blanchard and Diamond, 1989).

The model is recursive under the assumption of a fixed real rate of interest. First,
(9.25) determines the optimal size of each producing firm as a function of the inter-
est rate. Then (9.26)—(9.27) determine equilibrium values for w and 9 as a function
of that optimal capital stock. Finally, (9.28) determines the unemployment rate,
U, as a function of 9. Once 9 and U are known, the number of jobs is given by
(1 — U)N + 0 UN and employment equals L = (1 — U)N.

The graphical representation of the model is given in Figure 9.1. In panel (a) the
ZP curve is the zero-profit condition (9.26). It is downward sloping in (w, 9) space:

(dw) = (r + s)yo (6) < .
dO zp q(9)2

Intuitively, a reduction in the wage increases the value of an occupied job and thus
raises the left-hand side of (9.26). To restore the zero-profit equilibrium the expected
search cost for firms (the right-hand side of (9.26)) must also increase, i.e. q(9) must
fall and 9 must rise.

Also in panel (a), the WS curve is the wage-setting curve (9.27). This curve is
upward sloping in (w, 9) space:

dw\
T 	 = PY° °•ws

(9.30)

Intuitively, the wage rises with 9 because the worker receives part of the search costs
that are foregone when he strikes a deal with a firm with a vacancy (see above).
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Figure 9.1. Search equilibrium in the labour market

By combining ZP and WS0 in panel (a), the equilibrium wage, w*, and vacancy-
unemployment ratio, e*, are determined—see point E0 in panel (a).

In panel (b) of Figure 9.1 the equilibrium vacancy-unemployment ratio (the indi-
cator for labour market tightness) is represented by the line LMT0 from the origin
and BC is the Beveridge curve (9.28) rewritten in (V, U) space. By using V OU in
(9.28), the Beveridge curve can be loglinearized:

	= (  1  \	 (  s+fri

	

- r ) 	 (1 - 77) ) 
u (9.31)

where U dUIU,I7 dVIV, and 3 ds/s, and where 77 and f are given, respectively,
in (9.4) and (9.5). 6 The Beveridge curve is downward sloping (since 0 < ri < 1).
Intuitively, for a given unemployment rate, a reduction in vacancy rate leads to a
fall in the instantaneous probability of finding a job (f) , i.e. for points below the BC
curve the unemployment rate is less than the rate required for flow equilibrium in
the labour market (U < s I (s + f)). To restore flow equilibrium the unemployment
rate must rise. Equation (9.31) also shows that an increase in the job destruction rate
s shifts the Beveridge curve up and to the right, a result which will be used below.

6 This expression is obtained as follows. Starting with (9.28) and noting that f (0) 0q(0) we find:

[s + f (0)] dU + Udf (0) = 0

dU + Udf (0) = (1 — U)ds

sU + Uf (0) [1 — ii(e)] .6 = s(1 - U),"s"

[s — f (0)U(1 — 17(0))] U + Uf (0)(1 — q(0))17 = s(1 — U)3.

By using U = s / (s + f) in the final expression and rewriting we obtain (9.31).
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9.1.3 Comparative static effects

In order to demonstrate some of the key properties of the model we now perform
some comparative static experiments. The first experiment has some policy rele-
vance and concerns the effects of an increase in the unemployment benefit z. It is
clear from (9.27) that an increase in z leads to upward pressure on the wage rate
as the fall-back position of workers in the wage negotiations improves. In terms of
Figure 9.1, the wage setting equation shifts up from WS° to WS 1 and the equilib-
rium shifts from E0 to E 1 in panel (a). The equilibrium wage rate increases and the
vacancy—unemployment ratio decreases. Intuitively, the policy shock causes the
value of an occupied job to fall. In panel (b) of Figure 9.1, the reduction in the
vacancy—unemployment ratio is represented by a clockwise rotation of the LMT
line, from LMT0 to LMT 1 . Since nothing happens to the Beveridge curve, the equilib-
rium shifts from E0 to E 1 in panel (b), the vacancy rate falls, and the unemployment
rate rises.

As a second comparative static experiment we consider what happens when the
exogenous rate of job destruction s rises. This shock is more complicated than
the first one because it affects both the incentive for firms to create vacancies and
the Beveridge curve itself. It is clear from (9.26) that, ceteris paribus the wage, the
increase in the job destruction rate reduces the value of an occupied job as the rents
accruing to the firm are discounted more heavily. Hence, in terms of panel (a) of
Figure 9.2, the ZP curve shifts to the left from ZP0 to ZP1. Since nothing happens to
the wage-setting curve, the equilibrium in panel (a) shifts from E0 to E1 and both
the wage and the vacancy—unemployment ratio fall. In panel (b) of Figure 9.2, the
LMT curve rotates in a clockwise fashion from LMT0 to LMT 1 . As was noted above,
the direct effect of an increase in the job destruction rate is to shift the Beveridge
curve outward, say from BC° to BC1 in panel (b). We show in the appendix that
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e outward shift in the Beveridge curve dominates the clockwise rotation in the
LMT curve (provided a very mild sufficient condition is satisfied) so that the new

uilibrium E 1 lies in a north-easterly direction from the initial equilibrium E0 so
that both the unemployment and vacancy rates increase.

9.2 Applications of Search Models

In this section we use the search-theoretic approach to study three issues. First, we
continue our study of the effects of taxation on the labour market. Second, we study
the idea of treating workers like empty beer bottles. Specifically, we look at what
happens if employers must pay (receive) a deposit if they lay off (hire) a worker.
Finally, we briefly investigate how the search-theoretic approach can be used to
explain the observed persistence in the unemployment rate.

9.2.1 The effects of taxation

We assume that there are two separate taxes levied on labour. First, the employer
must pay an ad valorem tax on the use of labour (a payroll tax), which is denoted
by tE. Second, the household faces a proportional tax on labour income, denoted
by tL .

The effects of the employers' tax on labour are as follows. First, equation (9.11) is
modified to:

rjo = F (K , 1) — (r + 8)K — w(1 + tE) — sIo 	 (9.32)

so that the marginal productivity condition for capital (equation (9.12)) is unaf-
fected, but the free entry/exit condition (9.13) is modified to:

FL [K(r + 8 ), 1] — w(1 + tE) _  Yo 
r + s	 — (MY

where we have also substituted the implicit expression determining the optimal
capital stock (i.e. K* = K(r + 8)).

The effects of the labour income tax are as follows. First, since the unemployment
benefit is untaxed and exogenous, equation (9.14) is unchanged, but the after-tax
real wage rate w(1 — tL) appears in (9.15), so that (9.16)-(9.17) are modified to:

(r + s)z + q(0)w(1 — tL) 
rY u =	 (9.34)r + s + 9 q(9)

sz + [r +
 9q(8 )] w(1 —	 r [w(1 —	 — z]

rY E = 	 + rYu ,	 (9.35)r + s + 9 q(0)	 r + s + 90)

where the second expression in (9.35) shows that w(1—tL ) > z must hold for anybody
to be willing to search, i.e. the labour income tax must not be too high.
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The second effect of the income tax operates via the wage bargaining process. By
following the derivation in section 1.1, the rent-sharing rule (9.21) is modified to:

i — Y - 	E	 1—Y   FA - Iv],--13)1+4) L

so that the wage equation (9.22) becomes:

	rYU	 FL(Ki, 1))
= (1 - (1
	

+,8
( 1+4

and (9.24) can be written as:

w = (1 — /3) 
	z 	±(1 —tL)q

FL [K(r + 8), + OYo ,

1 + tE

where we have once again substituted K* = K(r + 3).
The core part of the model consists of the Beveridge curve (9.28), the zero-profit

curve (9.33), and the wage-setting curve (9.38). It is possible to explain the intuition
behind the comparative static effects of the various tax rates by graphical means.
(The formal derivations are found in the appendix.)

First we consider in Figure 9.3 the effects of an increase in the payroll tax, tE.

It follows from (9.33) that the zero profit curve shifts to the left (from ZP 0 to ZP 1

in panel (a)) as a result of the shock. Ceteris paribus the gross wage rate, the tax
increase reduces the value of an occupied job so that the zero profit equilibrium is
consistent with a lower vacancy—unemployment ratio. The payroll tax also features
in the wage-setting equation. Indeed, it follows from (9.38) that the increase in the
payroll tax puts downward pressure on the wage rate. Intuitively this is because the
firm is interested in the net surplus of the match (equal to (FL + 6y0)/(1 tE)), i.e.
it takes the payroll tax into account. Part of this surplus features in the wage which

Figure 9.3. The effects of a payroll tax

(9.36)

(9.37)

(9.38)
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Figure 9.4. The effects of a labour income tax

thus falls on that account. In terms of Figure 9.3, the wage-setting curve shifts down
from WS° to WS 1 in panel (a). The equilibrium shifts from Eo to E1, and both the
wage rate and the vacancy—unemployment ratio fall (see Appendix). In panel (b) the
LMT curve rotates in a clockwise fashion from LMT 0 to LMT 1 and the equilibrium
shifts from E0 to E 1 . The equilibrium vacancy rate falls and the unemployment rate
increases.

As a second comparative statics exercise we now consider the effects of an increase
in the labour income tax, tL. The effects of this shock are illustrated in Figure 9.4.
The increase in the labour income tax has no effect on the zero-profit curve but the
wage-setting equation shifts up from WS0 to WS 1 in panel (a). Intuitively, it follows
from (9.38) that the tax increase raises the outside option for the household in the
wage bargaining process because the unemployment benefit is untaxed. This leads,
ceteris paribus, to upward pressure on the wage rate. In panel (a) the equilibrium
shifts from E0 to E 1 , the gross wage rate increases, and the vacancy—unemployment
ratio falls. In panel (b) the LMT curve rotates in a clockwise fashion from LMT 0 to
LMT 1 , the equilibrium shifts from Ea to E 1 , and equilibrium vacancies fall whilst
the unemployment rate rises. The tax shock works in exactly the same way as an
increase in the unemployment benefit.

9.2.2 Deposits on workers?
Some people return empty bottles to the store because they find it unacceptable
from an environmental point of view to litter them. Most people, however, are
less interested in this noble pursuit of a responsible attitude towards the natural
environment, and only return the bottles because there is money to be made in
the form of a deposit that will be refunded. One could argue that a similar system
should be tried in the labour market. Why not have the firm pay a deposit when it
fires a worker, to be refunded when it (re-) hires that (or another) worker? It turns
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out that this question can be analysed in the search-theoretic framework developed
in this chapter.

Suppose that a firm that hires a worker receives a fixed once-off payment of b from
the government, but that a firm that fires a worker must pay b to the government.
Clearly, (9.9) would be modified to reflect this payment:

rlv = — Yo + q(9) [Io + b — 	 (9.39)

If a firm with a vacancy finds a worker, its capital gain will be Jo — Iv plus the pay-
ment from the government. Free exit/entry of firms will then imply the following
expression for the value of an occupied job:

Iv = 0 	 k Yo=	 b.
q(9 )
	 (9.40)

Equation (9.40) shows that the deposit acts like a lump-sum subsidy to firms with a
vacancy. The expected search costs yo/q(9) are reduced by the lump-sum payment
received from the government.

For a firm with a filled job, the steady-state arbitrage equation reads as follows:

rIo = F (K, 1) — (r + 8)K — w — s [Jo + b] . (9.41)

If the job is destroyed, the firm not only loses the value of the occupied job, but
must also pay back the deposit on its worker to the government. As a result, the
expected capital loss is s(Jo + b). (Since the job destruction rate s is exogenous, the
firm can do nothing to reduce the probability of an adverse job-destroying shock.)
The marginal productivity condition for capital (9.12) still holds. By combining
(9.12) with (9.40)—(9.41), the zero profit condition (given in (9.13)) is changed to:

(r + s)[(1Yo _b = F(K, 1) — FK(K, 1)K — w — sb

Yo 	 (K, 1) — w rb
q(0) 	 r s 	 (9.42)

The capital value of the deposit acts like a subsidy on the use of labour.
The rent-sharing rule (equation (9.21)) is modified to reflect the payment the firm

receives if it employs the worker:

Y i — Yu = 	 )	 ,

	

1 — fi	 (9.43)+ b — Iv]

so that the wage equation (9.22) becomes:

wi = (1 — fi)rYu + [FL(Ki, + rb] . 	 (9.44)

Since the reservation wage is still given by (9.23), the wage equation (9.44) can be
rewritten for the symmetric case (with wi = w) as:

w = (1 — 13)z + [FL(K, 1) + rb + 0 yo] . 	 (9.45)

The model consists of equations (9.25), (9.28), (9.42), and (9.45).
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Figure 9.5. The effects of a deposit on labour

In Figure 9.5 we illustrate the effects of an increase in the deposit, b. It follows
from (9.42) that the zero profit curve shifts up (from ZP 0 to ZP 1 in panel (a)) because
the interest payments the firm earns on the deposit increase the value of an occu-
pied job. These interest payments, however, also influence the wage rate via the
wage-setting equation (9.45). Hence, the wage-setting equation shifts up from WS°
to WS1 in panel (a). It is shown in the appendix that both the wage and the vacancy—
unemployment ratio rise as a result of the shock, i.e. point E 1 lies to the north-east
of the initial equilibrium Eo . In panel (b) the LMT curve rotates in a counterclock-
wise fashion from LMT0 to LMT 1 and the equilibrium shifts from Eo to E 1 . The
equilibrium vacancy rate rises and the unemployment rate falls.

9.2.3 Search unemployment, loss of skills, and persistence—)

As we saw in Chapter 7, one of the stylized facts about the labour markets of
advanced economies is the persistence of the unemployment rate. How can thp--
persistence be explained in the search-theoretic framework? In a recent cOntrifu-
tion, Pissarides (1992) has shown that one of the mechanisms by which temporary
shocks can persist for a long time has to do with loss of skills. If the unemployed
lose some of their skills, they become less productive, and hence attractive

the firms. By sitting at home without a job, they lose some of their human capital.
As a result, there are less vacancies in the next period, and the expected duration .

of unemployment increases.,Furthermore, because of the fact that average human
capital has decreased (due to the loss of skills by the long-term unemployed), the
market becomes "thin", in the sense that average labour productivity has decreased.
There are less profitable matches in the economy than would have been the case
if the unemployed had not lost some of their skills. There will, on average, be
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more long-term unemployed, so that even if the original long-term unemployed
have died (or found a job), the thinness of the labour market remains. A temporary
shock is self-perpetuating.

9.3 Punchlines

In this chapter we discuss the flow approach to the labour market. This is by far
the most technically demanding theory of the labour market discussed in this
book because it abandons the notion of an aggregate labour market altogether and
instead directly models the flows of labour that occur in the economy, namely the
movements of workers from unemployment into jobs and vice versa.

Because the theory is inherently quite demanding, we only present the simplest
possible search model. The central elements in the model are the following. First,
there are frictions in the process by which job-seeking unemployed workers come
into contact with firms that are looking for a worker to fill a vacancy. These frictions
are costly and time consuming. Second, the crucial analytical device that makes the
model tractable is the so-called matching function. (This function plays a similar
role in the flow approach to the labour market that the neoclassical production func-
tion plays in the theory of factor productivity and growth.) The matching function
relates the probabilities of workers meeting firms (and firms meeting workers) as a
function of an aggregate labour market tightness variable. This tightness indicator
is the ratio of vacancies and unemployed workers.

If the vacancy-unemployment ratio is high (low) then the probability that an
unemployed job seeker finds a firm with a vacancy is high (low) and expected dura-
tion of the search for a job is low (high). The matching function also explains
the conditions facing the other party on the market. Indeed, if the vacancy-
unemployment ratio is high (low), then there are many (few) firms trying to locate
an unemployed worker so that the probability that an individual firm is successful
is low (high) and the expected duration of the firm's search process is high (low).

The third key ingredient of the search model concerns the wage formation process.
Once a firm with a vacancy meets an unemployed worker a pure economic rent is
created consisting of the sum of foregone expected search costs by the firm and the
worker. This surplus must be divided somehow between the firm and the worker. The
typical assumption in this literature is that the two parties bargain over the wage.

The fourth ingredient of the model is the so-called Beveridge curve which relates
the equilibrium unemployment rate to the (exogenous) job destruction rate (regu-
lating the flow into unemployment) and the workers' job finding rate (regulating
the flow out of unemployment). The job destruction rate is strictly positive because
previously profitable firm-worker matches are destroyed due to idiosyncratic shocks.

The model yields a general equilibrium solution for, inter alia, the unemploy-
ment rate and the vacancy rate as a function of the exogenous variables. We perform
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Chapter 9: Search in the Labour Market

various comparative static experiments. For example, an increase in the job destruc-
tion rate leads to an increase in both the unemployment and vacancy rates and to
a decrease in the vacancy-unemployment ratio.

We complete this chapter by applying the search model in a number of different
settings. First, we show how the search equilibrium is affected by the tax system.
Second, we show that a worker-deposit scheme can be used to affect the equilibrium
unemployment rate. (Under the scheme the firm receives a grant from the govern-
ment when it hires a worker but must repay the grant when the job is destroyed
again.) Finally, we briefly argue that a modified search model can account for one
of the stylized facts of the labour market, namely that there is strong persistence
in the unemployment rate. The key notion here is that the unemployed may lose
their skills while unemployed and become less attractive employees to firms (and
thus face a longer search process) as a result.

Further Reading

Key references to the modern search-theoretic literature are Mortensen (1978, 1982a,
1982b, 1986, 1989), Diamond (1984a, 1984b), Mortensen and Pissarides (1994), Pissarides
(1994), and Blanchard and Diamond (1994). Mortensen and Pissarides (1999a, 1999b)
present good (but advanced) surveys of the literature. Hosios (1990) studies the welfare-
theoretic properties of the search model. Microeconomic evidence on the job destruction
/creation process is presented by Davis, Haltiwanger, and Schuh (1996). For a recent and
very extensive survey of the matching function, see Petrongolo and Pissarides (2001).

Appendix

In section 1.3 we graphically derive some results regarding shocks to the unemployment
benefit, z, and the job destruction rate, s. In this appendix we derive these results analyti-
cally. First we loglinearize equations (9.26)—(9.27) holding constant r and 8 (and thus also
FK, FL, and K). After some manipulation we obtain:
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It follows that an increase in the unemployment benefit (dz > 0) raises the wage (dw > 0)
and reduces the vacancy—unemployment ratio (6 > 0) as is illustrated in Figure 9.1. An
increase in the job separation rate (3 > 0) leads to a reduction in both the wage and the
vacancy—unemployment ratio (dw < 0 and ö < 0) as is illustrated in Figure 9.2. Finally, an
increase in the search costs (yo > 0) reduces both the wage and the vacancy—unemployment
ratio (dw < 0 and ö < 0). Students are invited to draw the corresponding graph and to
provide the economic intuition.

It remains to show that an increase in the job destruction rate raises both the unemploy-
ment and vacancy rates, as is asserted in the discussion surrounding Figure 9.2. By using
(9.31) and (A9.2) (and setting yo = dz = 0) we obtain a system in V and U:

1 f
s(1±± 7,77) 	v.

L	 -1
Solving (A9.4) yields the following expressions:

Unemployment unambiguously rises but the effect on the vacancy rate is ambiguous in
general. It is not difficult to show, however, that the term in square brackets on the right-
hand side of (A9.5) is positive if a rather weak sufficient condition is satisfied. First we note
that (9.26) gives rise to the following result:

By using (A9.7) the term in square brackets on the right-hand side of (A9.5) can be
simplified to:
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The denominator in (A9.8) is positive and, since frii > 0, a sufficient condition for the
numerator to be positive also is /6 > (s I f) 2 or:

U \2> 
1 - U)

where we have used the fact that U = s/(s + f). Provided the relative bargaining power of
the worker (13) is not very small, the inequality in (A9.9) is satisfied and the term in square
brackets on the right-hand side of (A9.5) is positive. In fact, the sufficient condition is quite
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weak. Even for the relatively high unemployment rate of 25% (U = 0.25) the condition is
satisfied if /3 > 1/9. See, also Pissarides (1990, p. 16) who derives a more stringent sufficient
condition.

In section 2.1 we modify the model to take into account the effects of taxation on the
labour market. An increase in the labour income tax rate operates just like an increase in the
unemployment benefit so the results follow immediately. Keeping all exogenous variables
other than the payroll tax constant we find by differentiating (9.33) and (9.38):

(A9.10)

(A9.11)

(A9.12)

where it follows from (9.38) that the numerator of (A9.11) is positive.
In section 2.2 we study the effects of an increase in the deposit on labour, b. Keeping

all exogenous variables other than the deposit constant we find by differentiating (9.42)
and (9.45):
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Macroeconomic Policy,
Credibility, and Politics

The purpose of this chapter is to discuss the following issues:

1. What do we mean by dynamic inconsistency. When is economic policy dynamically
inconsistent and hence not credible?

2. How can reputation effects come to the rescue if the optimal policy is inconsistent?

3. Why does it sometimes pay to appoint a conservative to head the central bank?

4. How can the taxation of capital give rise to dynamic inconsistency?

10.1 Dynamic Inconsistency

10.1.1 A classic tale

As anyone with more than a fleeting interest in literature knows, Ulysses had a hard
time getting back to his island of Ithaca after helping the Greeks win the war against
the Trojans. Apparently the Greeks had forgotten to suitably thank the gods upon
winning the war, and this had irritated them to such an extent that they decided
to make the Greeks suffer. To cut a long story short, it took Ulysses ten years plus
a lot of trouble to get home. During this journey he and his men have to pass the
island of the Sirens. These Sirens were twin sisters and excellent singers but had a
dangerous streak to them. As the witch Circe warns Ulysses:

Your next encounter will be with the Sirens, who bewitch everybody that approaches them.
There is no home-coming for the man who draws near them unawares and hears the Sirens'
voices; no welcome from his wife, no little children brightening at their father's return. For
with the music of their song the Sirens cast their spell upon him, as they sit there in a
meadow piled high with the mouldering skeletons of men, whose withered skin still hangs
upon their bones. (Homer, 1946, p. 190)
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Ulysses is facing a difficult choice. He would like to listen to the Sirens (who
would not?) but he does not want to end up as a skeleton just yet. Fortunately Circe
a! \o suggests a solution to the decision problem Ulysses faces. As Ulysses later tells
his men, their ears should be plugged with beeswax so that they cannot hear the
Sirens, and:

I alone ... might listen to their voices; but you must bind me hard and fast, so that I cannot
stir from the spot where you will stand me, by the step of the mast, with the rope's end
lashed round the mast itself. And if I beg you to release me, you must tighten and add to my
bonds. (Homer, 1946, p. 193; emphasis added)

The plan is executed, they sail past the Sirens' island, and Ulysses instructs his men
to release him. He wants to go to the island. His men, suitably instructed, ignore
his pleas and add to his bonds. They escape the perilous Sirens with no additional
problems.

Ulysses' decision problem is a classic example of dynamic inconsistency, and
Circe's suggestion constitutes a smart solution to the problem. The optimal policy
for Ulysses and his men is to listen to the Sirens and continue the journey to Ithaca.
After all, they are good singers. Unfortunately, this policy is inconsistent, since it
leads to death and decay, and Ithaca will not be reached. Circe's solution is to make
Ulysses commit himself to his long-term goal of reaching Ithaca by plugging the
ears of his crew, and tying himself to the mast. By giving up his authority for a
brief spell, he and his men are better off as a result. The commitment solution is
consistent but suboptimal, as his men don't get to hear the music. 1

10.1.2 A neoclassical tale

Dynamic inconsistency also features prominently in the economics literature. One
of the simplest examples of dynamic inconsistency concerns the conduct of mon-
etary policy with an expectations-augmented Phillips curve (Kydland and Prescott,
1977). Our version of their example makes use of the Lucas supply curve. Aggregate
supply of goods y depends on the full employment level of output y, the inflation
surprise 7 — 7 e , and a stochastic error term c (with properties EE = 0 and EE 2 = a 2 ):

y = p + a [7r — ± E , a > 0, (10.1)

where y and y are both measured in logarithms. If the actual inflation rate, .71- ,
exceeds the expected inflation rate, 7 e , workers have overestimated the real wage,
labour supply is too high, and output is higher than its full-employment level.

We assume that agents hold rational expectations (REH, see Chapter 3), so that the
expected inflation rate coincides with the mathematical expectations of the actual

One wonders why Ulysses did not tie all his men but one to the mast, and plug that one man's
ears with beeswax. That way a higher level of welfare would have been attained and consistency would
have been ensured. Homer does not explain. Perhaps the mast only held one person.

1 0
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inflation rate predicted by the model, i.e. ire Eir. The policy maker is assumed
to have an objective function (often referred to as a social welfare function) which
depends on inflation and an output target y* that is higher than the full employment
level of output (y > y*). Although this may appear odd, the policy maker deems the
full-employment level of output to be too low from a societal point of view. This
is for example, due to the existence of distorting taxes or unemployment benefits.2

The cost function of the policy maker is given by:

[Y Y* 1 2 + 11 2, > 0, (10.2)

where 8 measures the degree of inflation aversion of the policy maker. The higher
0, the higher the welfare costs associated with inflation, and the stronger is the
inflation aversion. The policy maker cannot directly influence the expectations
held by the private agents and consequently takes n- e as given in its optimization
problem. There is information asymmetry in the sense that the policy maker can
observe the realization of the supply shock, E, but the public cannot. As a result, the
policy-ineffectiveness proposition (PIP) fails and economic policy has real effects
(see Chapter 3). The policy maker chooses the inflation rate and output level such
that social costs (10.2) are minimized subject to the Lucas supply curve (10.1). The
Lagrangean for this problem is:

min .0 -
1 

[y -	 2 ±XIrY — Y — a —7({ ,, ,Y} 	 2	 2 (10.3)
Figure 10.1. Consiste

I

so that the first-order conditions are:

(10.5)

By combining (10.4)-(10.5) we obtain the "social expansion path", giving all
combinations of inflation and output for which social costs are minimized:

Y y* = - (0/01)7r •<# n = -(a/P) [Y yl • (10.6)

This downward-sloping line has been drawn in Figure 10.1. Graphically the line
represents all points of tangency between an iso-cost curve of the policy maker and
a Lucas supply curve. In view of the definition of the social welfare function (10.2),
the iso-cost curves are concentric ovals around the bliss point E, where it = 0 and

2 Obviously, the first-best policy would be to remove these pre-existing distortions directly. It is
assumed that this is impossible, however, so that monetary policy is used as a second-best instrument
to boost output. See Persson and Tabellini (1989, p. 9).

y = y*. The slope of the isci

do	 (y -
dy

It follows that the iso-cost
	(dn- dy	 oo) for it = 0. 1

By combining (10.1) any
discretion, denoted by ap:

= ire + (i/a) [y — —

(1 + fl/a2)7 = 7re + 'c
a2 7T e ± a fy* 	 _

	

7TD 	 p

We use the term "discretic
rate in each period as it pleai
(10.8) says that inflation un
ambition of the policy ma,
supply shock (e < 0, which

(10.4)
	

dS2 = 0 :

238



(10.2)

dS2 = :

y y*. The slope of the iso-cost curves is obtained in the usual fashion:

(17 	 (y — y*) 	 (10.7)
dy 	 fin-

It follows that the iso-cost curve is horizontal (d7 r I dy = 0) for y = y* and is vertical
(d7 r I dy 	 oo) for 7r = 0.

By combining (10.1) and (10.6), we obtain the expression for inflation under
discretion, denoted by 7TD:

Chapter 10: Macroeconomic Policy, Credibility, and Politics

Figure 10.1. Consistent and optimal monetary policy

	= +010[Y 	 — = Ire ±( 1 10[— (13107 +Y*

(1 + p/a 2 )71- = 7r e + (1/a) [y* — —

cy 2g e a [y*
7rD = a2 + Y

a

We use the term "discretion" because the policy maker chooses the optimal inflation
rate in each period as it pleases, i.e. after it has observed the supply shock E. Equation
(10.8) says that inflation under discretion is high if expected inflation is high, if the
ambition of the policy maker (i.e. y* —i7) is large, and if there is a negative aggregate
supply shock (E. < 0, which is the case, for example, with an OPEC shock).
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This is not the end of the story, of course, since under rational expectations agents
in the private sector know that the policy maker will choose the inflation rate 7rD
under discretion, so that they will form expectations accordingly:

EgD	 =

7rie)	 (a/ 16) EY* —

where we have used EE = 0 (agents do not observe the supply shock but expect it
to be zero). Equation (10.9) is the rational expectations solution for the expected
inflation rate. By substituting (10.9) into (10.8) and (10.6), respectively, we obtain
the expressions for actual inflation and output under discretionary monetary policy:

7rD = (a/0) [Y * 	a2a+ p) E,
	 (10.10)

YD = + a2
± 

) E.

These results are intuitive. Equation (10.10) says that under the REH the actual
inflation rate is high if the output ambition of the policy maker is high or if there
are negative supply shocks. Equation (10.11) shows that, for example, a negative
supply shock is partially accommodated by expansionary monetary policy (only
partially as fl/(a 2 +13) < 1). This is especially the case if the policy maker has "leftist"
preferences, i.e. has a low aversion towards inflation, represented by a low value of
13. A left-wing policy maker attaches a greater importance to the stabilization of
output (and hence, employment) fluctuations. A similar conclusion is obtained if
the Lucas supply curve is very flat. In that case, a is very large and a large degree of
accommodation takes place.

The problem with the discrete solution is that it is suboptimal! This can be demon-
strated graphically with the aid of Figure 10.1. The discrete solution is represented
by point ED , where we have drawn the Lucas supply curve, LSCD, for a realization
of the supply shock equal to E = 0. Suppose, however, that the policy maker could
announce to the public that it would choose a zero inflation rate, i.e. 7 = 0. If the
public believes this announcement, the REH implies that expected inflation will
also be zero, i.e. ire 0, so that the relevant Lucas supply curve would be the one
through the origin (i.e. LSCR which passes through point E R). Through this point,
there is an iso-cost curve Q R that is closer to the bliss point E, and consequently
involves strictly lower social costs, i.e. OR < CID . Hence, for this case the solution is:

71-R = irf? = 0,	 (10.12)

YR = +
	 (10.13)

where we have used the subscript "R" to designate that this is policy under a rule.
Instead of choosing the optimal inflation and output combination each period, the

a24 +a [ y * - Yi
a2 x- 13

(10.9)
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policy maker follows a simple money growth rule that ensures that the inflation
rate is zero, as promised. Equation (10.13) shows that no accommodation of supply

ocks is possible under this rule (obviously, since accommodation would lead to
lation, which violates the promise). The advantage is that there is no inflation
der the rule, as (10.12) shows.
The problem with this optimal policy is that it is inconsistent! This can also be

illustrated with the aid of Figure 10.1. The solution under the inflation rule 7rR = 0
is given at point ER , and the relevant Lucas supply curve goes through that point
(LSCR). But the policy maker has an even more attractive option than ER if it faces
LSCR, namely the "cheating" point Ec , where there is a tangency between LSC R and
the iso-cost curve C2c. In the cheating solution, the policy maker creates an inflation
surprise r > 7Q? = 7rf? = 0 in order to boost output y >

Formally, the cheating solution for inflation, denoted by 7C, is obtained by
substituting Ir e = 7ER = 0 into (10.8):

ITC =
a [Y* - P - 

a2 p (10.14)
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so that output is:

13
	  y+

)	 a2 	 *Yc — a2±/6 	a2	 y+ p) -1-(  2P 
a ±

(10.15)

The upshot of this is, of course, that the solution under the zero-inflation rule is
not credible. Only if the policy maker is able to commit himself by being tied to the
"mast" of zero inflation (just like Ulysses), does the rules solution have credibility.

Before turning to one possible commitment mechanism, we summarize the argu-
ment up to this point. There are three possible options that the policy maker has
in the current setup. It can pursue discretionary policy (equations (10.10)-(10.11)),
follow a zero-inflation rule (equations (10.12)-(10.13)), or cheat (equations (10.14)-
(10.15)). By substituting the different solutions for output and inflation into the
welfare cost function (10.2) (assuming e = 0 for simplicity), we obtain the following
expressions:

QC = (a213+	 p)	 Y12

2R = 2 [P - Y*1 2 ,

SzD )

= 12- 	 P FY' Y1 2

from which we infer that OD > C2R > S2c > 0. The cheating solution is closest to
the bliss point, is credible but it violates the REH. The rules solution is optimal
and satisfies REH, but is open to temptation and is hence not credible. Finally, the
solution under discretion is suboptimal, satisfies REH, and is credible.
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10.1.3 Reputation as an enforcement mechanism
In the previous subsection we have shown that the only policy which is both credi-
ble and consistent with rational expectations is the suboptimal discretionary policy.
Given the structure of the problem, it appears that the economy is likely to end up
in the worst possible equilibrium. In an influential article, however, Barro and Gor-
don (1983b) have demonstrated that reputation effects can come to the rescue, and
prevent this worst-case scenario from materializing. Their argument can be made
with the aid of the model developed in section 1.2. In order to develop the sim-
plest possible model, we assume that there are no stochastic shocks (E 0). There
is repeated interaction between the policy maker and the public (represented, for
example, by the unions who set the nominal wage rate).

The cost function of the policy maker consists of the present value of the costs
incurred each period, and is defined as:

00S21 	 C� t
V = S20 +    + • • = 2_1 + r	 (1 + r)2 	t_o (1 + r)t

where r is the real discount factor (e.g. the real rate of interest), and Sg t is the cost
incurred in period t:

positively on the .
present value of Cu),

vR@TR) 	1 + r
r

Finally, as before, the
for the policy make
inflation rate CR. B
the expression for ti,

0/ 2 7R + cr
Trc =	 a2 e

which implies that a

YC = 2
1
	V

I
By substituting (10._
cheating is obtained:

(10.19)

12	 0 2
[Yt 	 Y*1 + " .7rt ►

and the Lucas supply curve is given by:

yt = y + a — 7rn, a > 0.

QcOrR) =	 a _

It is assumed for simplicity that both y* and k are constant over time and thus do
not feature a time subscript.

As in section 1.2, there are again a number of choices that the policy maker can
make. A discretionary policy involves setting inflation according to (10.10) in each
period (with c = 0 imposed). This yields a cost level of C2D in each period (see
(10.18)), so that the present value of social costs equals VD:

VD = (1 + r 
E2D• 	 (10.22)

Now consider what happens if the policy maker chooses tosfollow a constant-inflation
rule, 7rt = n-R, where we generalize the previous discussion by allowing the constant
inflation rate 7rR to be non-zero. If this inflation rate is believed by the public, it will
come to expect it, so that the expected inflation rate will also be equal to Ttp in each
period, so that output will equal y in each period. By substituting these solutions
into (10.20) the periodic cost level under the rule is obtained:

2
C2R(gR) =	 + 

S
—7TR,	 (10.23)
2

where S2R is the welfare cost under the zero-inflation rule as defined in (10.17), and
we have indicated that under the more general inflation rule, the cost level depeiltis
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nterest), and Q t is the cost

(10.20)

By substituting (10.25)-(10.26) into (10.20), the periodic cost level associated with
cheating is obtained:

1 

	fiQc(rR) = 2[(a2+16) 1 ( 
a/i 

Y ITR]a2 +13
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positively on the chosen inflation level. By substituting (10.23) into (10.19), the
present value of costs incurred under the rule V R (7TR) is obtained:

vR(7TR) .2._ (1 + r rnR 11 721
r	 -r 2 R •

Finally, as before, the cheating solution is derived by determining the optimal choice
for the policy maker given that the public expects it to stick to the announced
inflation rate 7rR. By substituting 7re = 7rR into equation (10.8), and setting E = 0,
the expression for the cheating inflation rate 7rc is obtained:

a 2 7R + a [y*
 -

YJ n-c = 	 (10.25)
a2 ± fi

which implies that output under cheating is given by:
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s defined in (10.17), and
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where Qc depends on the chosen inflation level under the rule. Obviously, (10.27)
and (10.16) coincide for JTR = 0, and Qc(rrR) is greater than Qc for any non-zero
value of 7r.R.

We are now in a position to introduce the policy maker's reputation into the anal-
ysis. Suppose that the public trusts the policy maker in period t, if it has kept its
promise in the previous period t - 1 (in the sense that it did as it was expected to
do). If that is the case, the public expects that the rule will be followed in period t so
that inflation will be set at n-R. On the other hand, if the policy maker did not keep
its promise in period t - 1, the public loses trust in the policy maker, and instead
expects the discrete solution to obtain in period t. In formal terms, the postulated
mechanism adopted by the public can be written as follows.

TCe 
- 	 nR 	 if rat-i =

if 74_1 	 7Tri
(10.28)

Equation (10.28) implies that the public adopts the tit-for-tat strategy in the repeated
prisoner's dilemma game that it plays with the policy maker. If the policy maker
"misbehaves" it gets punished by the public for one period. To see that this is indeed
the case, consider the following possible sequences of events. We start in period 0
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and assume that the policy maker has credibility in that period (i.e. in period —1 it
has kept its promise) and so expected inflation in period 0 equals the level specified
by the rule, i.e. no =

The first scenario that the policy maker can follow in period 0 is to keep its
promise, and to produce inflation equal to N.R. The public observes this inflation
rate, concludes that the policy maker is trustworthy, and continues to expect that
inflation will be set according to the rule. By sticking to its promise, the policy
maker has maintained its reputation, and no punishment takes place.

The second scenario that the policy maker can follow is to cheat in period 0.
It has an incentive to do so since the periodic cost level attained in period 0 is
then given by (10.27) which is lower than periodic cost under the rule as given in
(10.23). In fact, the temptation that the policy maker is subjected to in period 0 can
be calculated:

T(.7tR) QR(nR) — lc(7rR

-Fp 	 a

2
	2 /3 2 	 1 	S 
	— Y1 + --1TR	 R	 Y*1 ( afice22 +0

02 2

R a2 p ITR + ( 02 a+	 p )[Y* (10.29)

where we have used (10.27) and (10.23), and T(7R) is the temptation to cheat if
the policy rule stipulates an inflation rate 71-R. In Figure 10.2 we have plotted this
quadratic temptation function. Several points of this function are easy to find. If the

Figure 10.2. Temptation and enforcement

1
2
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rule inflation rate n-R = 0, T(0) is equal to:

T(0) QR QC = ( a 2a +2	 0 ) [Y* — y12 ,
	 (10.30)

and T(rR) = 0 if the rule inflation equals the discrete inflation rate irD given in
(10.10) (with E = 0 imposed):

T(nD) = O.	 (10.31)

The inflation rate under discretion is also the point where temptation is minimized.
For higher inflation rates, the T(TR) curve starts to rise again.

But under the second scenario, the policy maker is punished in period 1, because
it did not keep its promise in period 0. The public has lost confidence in the policy
maker, and expects the discrete solution for period 1. This causes costs in period 1
to be higher than they would have been, since S2D > QR(7TR), and these additional
costs must be taken into account in the decision about whether or not to stick to
the rule in period 0. From the point of view of the policy maker, the punishment it
receives consists of the discounted value of the additional costs it incurs in period 1:
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QD 2R(74) 
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a2 + 1
	 12 P	 N(1 	 r)

[p-y*] 2 -
(10.32)

where we have used (10.18) and (10.23). Again, a number of points on the pun-
ishment curve can be found easily. First, if the rule inflation 74 = 0, P(0) is equal
to:

P(0) = (1 	 a2
1 +r)-PY-Y*-12*

(10.33)

By comparing (10.33) and (10.30) it is clear that P(0) < T(0). Furthermore, P(nR) = 0
for the discrete inflation rate 7TD:

P(nD) = O. 	 (10.34)

Finally, for rule inflation rates larger than Ir e , P(74) < 0. The quadratic punishment
function P(7R) has been drawn in Figure 10.2.

In period 1 the public expects the policy maker to produce the discretionary
inflation rate gm and given this expectation it is also optimal for the policy maker
to do so. Hence, in period 1 expected and actual inflation coincide, and confidence
in the policy maker is restored (see (10.28)). As a result, the public expects the rule
inflation rate to be produced in period 2. And by assumption the policy maker
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does indeed produce the rule inflation because we have investigated the effects of
a single act of cheating by the policy maker. No further costs are associated with
the cheating that takes place in period 0, and P(7TR ) and T(nR) fully summarize the
relevant costs and benefits of a single act of cheating in period 0. 3

Clearly, if the temptation of cheating exceeds the punishment, the policy maker
will submit to temptation and cheat. The public knows this and does not believe the
rule at all in such a case. In technical terms, the rule inflation is then not enforceable.
This immediately explains that the zero inflation rule is not enforceable. The temp-
tation to cheat is simply too large for 7rR = 0 to be enforceable. In terms of Figure
10.2, only rule inflation rates in the interval [7r;, 7rD] are enforceable. The optimal
enforceable rule inflation rate is of course the lowest possible enforceable inflation
rate 7r; (point E). This is because for all rule inflation rates there are no inflation
surprises (otherwise a punishment would occur) so that there are only costs associ-
ated with inflation and no benefits (through higher than full-employment output).
Consequently, the lowest enforceable inflation rate minimizes these costs. Just as
in the repeated prisoner's dilemma game analysed inter alia by Axelrod (1984), the
enforcement mechanism in the form of loss of reputation ensures that the economy
does not get stuck in the worst equilibrium with discretionary monetary policy.

The optimal enforceable rule inflation rate Jr; can be calculated by equating P(nR)
and T(7R) given in (10.29) and (10.32), respectively. After some manipulation we
obtain:

a2 + 6+ 
p	 Ll+ 	 = 13(1 + r) .

(10.35)

Hence, the optimal enforceable rule inflation rate is a weighted average of the
unenforceable zero-inflation rule and the enforceable but suboptimal discretionary
inflation rate 7rD, which equals the term in round brackets (Barro and Gordon,
1983b, p. 113). 4

As a final application of this model, consider what happens if the real interest
rate r rises. In terms of Figure 10.2, nothing happens to the temptation line T R)
but the punishment line P (7r R) rotates in a counter-clockwise fashion around the
discretionary point. As a result, the enforceable region shrinks, and the optimal
enforceable rule inflation rate rises. This is intuitive. Due to the fact that punish-
ment occurs one period after the offence, higher discounting of the future implies
a smaller punishment ceteris paribus. This result is confirmed by the expression
in (15).

3 At the beginning of period 2 the policy maker faces exactly the same problem as at the beginning
of period 0. Hence, if it pays to cheat in period 0 it also does in period 2. Vice versa, if it does not pay to
cheat in period 0 then it also does not pay in period 2. For that reason we only need to check whether
cheating pays for one deviation.

4 We assume that the interest rate is not too low (i.e. r > a 2 / fl) so that 0 < < 1 and the optimal
enforceable inflation rate is strictly positive. See also Figure 10.2.
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10.2 The Voting Approach to Optimal Inflation

In a seminal paper, Rogoff (1985) asks himself the question why it is the case that
central bankers are often selected from the conservative ranks of society. It turns out,
once again, that the answer relies on the benefits of a commitment mechanism (like
Ulysses' mast). In order to make the point as simply as possible, we utilize the model
of section 1.2 with some minor modifications. Following Alesina and Grilli (1992),
we use a median voter model to determine which person is elected to head the
central bank and conduct monetary policy. Assume that person i has the following
cost function:

	[Y Y* ] 2 ± 2` 2 ,	 (10.36)

where the only difference with (10.2) is that the degree of inflation aversion differs
from person to person. The Lucas supply curve is still given by (10.1), so that if per-
son i were elected to head the central bank, he would choose the discretionary
inflation rate and associated output level (denoted by 71) and yb, respectively).
In view of (10.10)—(10.11), these would amount to:

7rD = (;) [Y* 	(a2- l3 ) E

	 (10.37)

yD = y + ( a2 °_Ei	 ) E.	 (10.38)

The preferences regarding inflation are diverse, and are summarized by the fre
quency distribution of /53i's as given in Figure 10.3. Agents with a very low value of
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fii are called "left wing" in that they do not worry much about inflation but a great
deal about output and employment stabilization. At the other end of the political
spectrum, "right-wing" agents with a very high /3i have a strong aversion against
inflation and worry very little about output stabilization.

We assume that the agents choose from among themselves the agent who is going
to head the central bank. Voting is on a pairwise basis and by majority rule. The
agent that is chosen has an inflation aversion parameter #. For this agent there
exists no other agent fii such that /3i is preferred by a majority of the people over #.
Since there is a single issue (namely the choice of 13) and preferences of the agents
are single-peaked in p, the median voter theorem holds (see Mueller, 1989, pp. 65-66).
In words this theorem says that the median voter determines the choice of 0. The
median voter has an inflation aversion parameter #m that is illustrated in Figure 10.3.
Exactly 50% of the population is more left wing than this voter and 50% is more
right wing than the median voter.

But the median voter knows exactly what an agent with inflation aversion param-
eter /3 would choose, since that is given by (10.37)-(10.38) by setting pi = /3. By
substituting (10.37)-(10.38) into the median voter's cost function, we obtain:

= -2 E RY'D - Y* )
2 

± fikr (TD )

2

]
1	 •

= _1 E[( _ y* ( 	 ) E) + 	 (Y* k)2 \	 a2 s 	
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2
1	

2 -ma2 2
,,2 1 rs + p  1 

where we have used EE = 0, .E€ 2 = a 2 . The median voter minimizes his expected cost
level by choice of #. The median voter cannot observe e but knows exactly how
agent /3 reacts to supply shocks in general. Hence, the median voter can determine
which agent would (if chosen to head the central bank) minimize the expected
value of his welfare costs. The first-order condition is given by:

dC2m
= 1

 12sm 	 (Ti3c'2
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d$	 13 )	 (a2

Equation (10.40) implicitly defines the optimal /3 as a function of the parameters
of the model and the median voter's inflation aversion parameter Om. It is straight-
forward to show that the median voter chooses someone more conservative than

himself, i.e. # > pm . The proof runs as follows. If we evaluate dS2Al ldp for p = Om ,
equation (10.40) shows that dS2m10 < 0. Since the second-order condition for
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cost minimization requires that d 2 S2m/d02 > 0, d2m1d13 rises as 0 rises, so that
dS2m 1(43 = 0 for a value of /3 larger than /3m . Hence, the median voter delegates the
conduct of monetary policy to someone more inflation averse than himself, and in
this manner commits himself to a lower inflation rate. 5

Furthermore, it is also possible to derive the following comparative static results
with respect to the variance of the shocks (a 2), the degree of inflation aversion of
the median voter (,8M), and the ambitiousness of monetary policy (y* - y):

In words, more uncertainty (a higher a 2 ) and a more left-wing population (a lower
$M) both lead to the appointment of a more left-wing central banker (a lower /3).
Higher output ambition, however, leads to the appointment of a more conservative
central banker.
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10.3 Dynamic Consistency and Capital Taxation

Up to this point the economic policy applications of the notion of dynamic incon-
sistency have all been in the area of monetary policy. This is not to say that this is
the only area where this phenomenon is encountered. 6 Indeed, the purpose of this
section is to demonstrate that exactly the same issues are relevant for fiscal policy
as well. We demonstrate this with the aid of a simple model of optimal taxation
and public goods adapted from Fischer (1980). As in Chapter 6, time is split into
two periods, with period 1 representing the present and period 2 the future. The
representative household has the following utility function:

=0
c1- 1/E1 	 ( 1

U- 1 -1
1
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s An even easier way to demonstrate that IBM > 0 is to write (10.40) as:

— 8m)a 2 _ 	(y* — Y)2 > 0,
(0,2 4_ fi)3	 /33

from which the result follows immediately.
6 Indeed, we came across dynamic inconsistency in Chapter 8 where we analysed the interaction

between wage setting by the union and capital investment by the firm. There we showed that the future
wage offer of the union is dynamically inconsistent and thus not credible.
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where Ct is goods consumption in period t (= 1, 2), N2 is labour supply in the future,
and G2 is the level of public goods provision in the future. Notice that for simplicity
labour supply and public goods provision are zero in the present period. Nothing of
substance is affected by these simplifications. At the beginning of period 1, there is
an existing capital stock built up in the past, equal to Capital does not depreciate
and the constant marginal product of capital is equal to b (see below). The resource
constraint in the current period is:

Ci + [K2 - K 1 ] = bK i .	 (10.45)

In words, (10.45) says that consumption plus investment in the present period must
equal production (and capital income). In the second period, total demand for goods
equals C2 + G2, which must equal production F(N2, K2) plus the capital stock (which
can be consumed during period 2. Think of capital as "corn"). Assuming a linear
production function, the resource constraint in the second period is given by:

C2 + G2 = F(N2, K2) + K2 = aN2 + (1 + b)K2,	 (10.46)

where a is the constant marginal product of labour. ?

10.3.1 The first-best optimum

Let us first study the so-called command optimum. Suppose that there is a benevolent
social planner who must decide on the optimal allocation by maximizing the util-
ity of the representative household subject to the restrictions (10.45)-(10.46). The
Lagrangean for this optimal social plan is:

1 \ -1/E2(1 — IN2, 1 fi 1-1/E3r,
kJ-2 )

1 — 1/E1 (1 + P) [C2 + a

(	
1 — 11E2 1-1/E3

C2 + G2 — aN2
- X[Ci +1 + b
	

(1 + b)Ki],

7 Assuming a linear production function simplifies the exposition substantially. Technically, a linear
production function is obtained by imposing an infinite elasticity of substitution between capital and
labour, i.e. o-KN Do (see Chapter 4). It also means that the demands for labour and capital are infinitely
elastic, and that both factors are inessential, in the sense that output can be produced with only one of
the two production factors.
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Equation (10.49) implies that the marginal utility of income (given by A) is constant:
A = (1 + b)/(1 + p). By substituting this value of A into (10.48) and (10.50)-(10.51),
the optimal values for C1, N2, and G2 are obtained.

1
 += (10.52)1
+ p

1 — N2 = (a la)-E2 ,
G2 = p-€3.

(10.53)

(10.54)

Finally, by using (10.52)-(10.54) in the consolidated resource constraint, the level
of consumption in the second period can be calculated:
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C2 = (1 + b)2Ki + a - (1 + b)Ci - G2 — a(1 - N2)

= a + (1 + b) 2K1 - (1 + P)Ei (1 +	 - aE2 a l-E2 — r3, 	 (10.55)
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where we assume that the non-negativity restriction on consumption in the second
period is non-binding (i.e. C2 > 0). The command optimum is the best possible
outcome for the representative household, given the availability of resources and
the state of technology.

In practice, the policy maker may have direct control over the level of public
goods provision G2, but it is not likely to have direct control over the variables
chosen by the representative household such as Ci, C2, and N2 (even in the former
centrally planned Eastern bloc countries this proved to be difficult). This does not in
and of itself imply that the first-best optimum cannot be attained in a decentralized
economy. Indeed, if the government chooses G2 optimally and has lump-sum taxes
at its disposal, the first-best plan as given in (10.52)-(10.55) can be decentralized.

In the decentralized economy, households own the capital stock which they
rent out to firms at an interest rate r. Households furthermore sell their labour
to these firms, for which they receive a real wage W2 (recall that they do not work
in period 1). The budget restriction of the representative household in the first

(,2 1-1/E3
4.. 	`J 

	)]
2 

1 - 1/63

(10.4 7 )
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period is:

C + [K2 - Ki] = (10.56)

where r1 is the interest rate in period 1, so that riKi is the interest income received by
the household. This income is spent either on consumption goods or by purchasing
additional investment goods. In the second period, the budget restriction is:

C2 = W2N2 + (1 + r2)K2 - Z2, (10.57)

where Z2 is lump-sum taxes and r2 is the real interest rate, both in period 2. The
household does not invest in period 2 since the model world ends at the end of that
period.

The representative firm produces output by hiring capital and/or labour from the
representative household. Profit in period t is equal to:

7rt F(KoNt) - WrNt - rtKr, (10.58)

so that profit-maximizing behaviour implies that rt = FK = b and Wt = FN = a. In
period 1 there is no labour supply and only capital is used, and in period 2 both
labour and capital are used in production. Hence, for the linear production function
we have:

r2 = b, W2= (10.59)

The real interest rate is constant and equal to b and the real wage in the second
period is also constant and equal to a. Since both factors of production are paid
exactly their respective marginal product, and the production function is constant
returns to scale, the representative firm makes no profit.

The government purchases goods in period 2 and pays for these goods by lump-
sum taxes levied on the representative household. Hence, the government budget
restriction is:

G2 = Z2. (10.60)

By substituting (10.59)-(10.60) into (10.56)-(10.57) and consolidating, we obtain:

+ 1 + b 
= 

1 + b 
+ (1 + b)Ki.C2 + G2 aN2 (10.61)

The representative household maximizes its utility (10.44) by choice of C1, C2, and
N2, taking G2 and its consolidated budget restriction (10.61) as given. Provided
the government sets G2 appropriately (i.e. at the level given in (10.54)) the thus
chosen values of C1, C2, and N2 coincide with the first-best optimum values given
in (10.52)-(10.53) and (10.55). Hence, the social optimum can be decentralized if
the government has access to lump-sum taxes.
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8 A tax on capital income :-
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10.3.2 The second-best problem
In practice the policy maker does not have (non-distorting) lump-sum taxes at its
disposal. Instead, it must finance its spending by means of taxes on the different
income categories. Suppose that tL is the tax on labour income and tK is the tax on
capital income in the second period. 8 The household's budget restrictions become:

Ci + [K2 - Kul = bKi, 	 (10.62)

C2 = all - )N2 + [1 + b(1 - tK)] K2, 	 (10.63)

where we have already imposed the expressions in (10.59). By consolidating (10.62)-
(10.63) we obtain:

(10.56)
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te, both in period 2. The
rld ends at the end of that

al and/or labour from the C2 	 a(1 -	 )N2 C 1 + 	 + (1 + b)Ki,1 + b(1 - tK) 	 1 + b(1 - tK)
(10.64)

= b and Wt = FN = a. In
ied, and in period 2 both
near production function

(10.58) which is the counterpart to (10.61). The representative household maximizes its
utility (10.44) by choice of C1, C2, and N2, taking G2 and its budget restriction
(10.64) as given. The Lagrangean for this problem is:
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which yields the first-order conditions:
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A tax on capital income in the first period is abstracted from as it would amount to a lump-sum tax.
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Finally, by substituting these optimal solutions back into the utility function, the
indirect utility function is obtained:

v (  1(1 + b(1 - tK)) 1-	( 1 -1-+F p )Ei

-1)	 1+ p

	( i a+ p ) ( E2 1_ 1 ) (a(1 -  y 2 ± ( 	 (G21
-1163

	

\1+ p) 1-11E3 	
(10.72)

--E

where IF is full income of the representative household, which is defined as:

IF a(1 - + [1 + b(1 - + b)Ki. (10.73)

Full income represents the maximum amount of income the household could have
in period 2, i.e. by not consuming anything in period 1 and by supplying the
maximum amount of labour in period 2.

The government budget restriction in the absence of lump-sum taxes is:

G2 = tKbK2 toN2. (10.74)

Government spending on public goods must be financed by the revenue from the
capital and labour taxes. The policy maker maximizes indirect utility of the repre-
sentative household (given in (10.72)) subject to the government budget restriction
(10.74). The Lagrangean for the policy maker's problem is:

P V(G2, tL, tK) - [G2 - tKb [( 1 + b)K1 - Ci] haN , 	 (10.75)

where we have substituted the expression for gross saving by the household, K2 =--=

(1 + b)K1 — C1, and ,u is the Lagrange multiplier associated with the government
budget restriction (10.74). The first-order conditions for the policy maker's problem
are the constraint (10.74) and:

ap av
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In the appendix it is shown that the first-order conditions can be rewritten in the
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where EL is the uncompensated wage elasticity of labour supply (EL >0), EK is the
uncompensated interest elasticity of gross saving (EK > 0), and 77 ,u/(aviaiF ) is the
marginal cost of public funds (MCPF). Intuitively, the MCPF measures how much it
"costs" to raise a guilder of public revenue. If there are non-distorting taxes it costs
exactly one guilder to raise a guilder, and the MCPF is unity. On the other hand, if
taxes distort real decisions by the private sector, it costs more than one guilder to
raise one guilder of public revenue and the MCPF exceeds unity.

Equation (10.79) is the modified Samuelson rule for the optimal provision of pub-
lic goods (see Atkinson and Stern, 1974). In words, (10.79) says that the marginal
benefits of public goods (the left-hand side of (10.79)) should be equated to the
marginal cost of financing these public goods, i.e. the MCPF. If there are non-
distorting taxes, 77 = 1, and society can afford the first-best optimum level of public
consumption. With distorting taxes, > 1, and fewer public goods are provided.
Equations (10.80)-(10.81) determine the optimal mix of taxes. Indeed, by rewriting
(10.80)-(10.81) we obtain:

to the utility funCtion,

(10.74)

ced by the revenue from the
indirect utility of the repre-
- ernment budget restriction

n is:

1—	
(1 —	 I,

71	 EL

tK

1 — tK
	  = 1	 ,1) 1

rl EK

(10.82)

(10.83)

(10.81)

Equations (10.82)-(10.83) are expressions for the so-called Ramsey taxes on capital
and labour (named after the British economist Frank Ramsey). Intuitively, these
taxes raise a given amount of government revenue in the least distorting fashion. In
order to facilitate the interpretation of (10.82)-(10.83), suppose that labour supply
is perfectly inelastic (i.e. EL = 0). Then we know that a tax on labour income works
exactly like a (non-distorting) lump-sum tax. Equation (10.80) says that in that case
the MCPF is unity, so that (10.83) says that capital should not be taxed at all, and
the entire revenue should be raised by means of the labour tax. The reverse case
holds if the savings function is very interest inelastic and the labour supply is very
wage elastic. In that case capital should be taxed heavily and labour should be taxed
lightly. In the general case, however, (10.82)-(10.83) say that both tax rates should
be set at some positive level.

10.3.3 Dynamic inconsistency of the optimal tax plan
The problem with the optimal tax plan calculated in the previous section is that it
is dynamically inconsistent. In the first period the policy maker announces that it
will tax both labour income and capital income in the second period. But it turns
out that once the second period has commenced it is no longer optimal for the
policy maker to stick to its plan. This can easily be demonstrated with the aid of the
model. At the beginning of the second period, the representative household has a

(10.79)

(10.80)
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capital stock of K2 and chooses C2 and N2 to maximize remaining lifetime utility,

( (1 - N2 ) 1-1 /E2 )
1 - 1/E2 ) +18 (1 - 1/E3

subject to the budget restriction:

C2 = a(1 - tON2 + [1 + 	 - 40]-K2.

Following the usual steps, the solutions for C2 and N2 are obtained:

C2 = a(1 - 	 + [1 + b(1 - tK)] K2 — ot E2 [a(1 - 	 62

(a(1 tL))-E21 — N2 = 

By substituting (10.86)-(10.87) into (10.84) the indirect utility function for period 2
is obtained:

V2 := [a(1 - tL) + [1 + b(1 - tK)] K2]

a	 a(1 - tL )
 - 1/E 3 ) •

( 	  (L))1-" 
+ p (G21-11" (10.88)

E2 -1 

Obviously, (10.86)-(10.87) coincide with the expressions given in (10.70)-(10.71),
respectively, if the policy maker keeps his word and produces the tax rates as given
in (10.82)-(10.83).

The problem is that, from the perspective of period 2, the policy maker will set
different tax rates. Intuitively, the reason is that once the capital stock K2 is in place,
taxing capital income is non-distorting (since the capital income is like a "sitting
duck") and the optimal Ramsey tax solution is to set tL = 0 (since the labour tax
is distorting) and tK > 0.9 As a result of this, the optimal tax rates as given in
(10.82)-(10.83) are not believed by the public.

Of course, there is a consistent solution to the problem. This solution is obtained
by working backwards in time, starting in period 2. The public knows that the
government will set tL = 0 in period 2 and raise its revenue by means of the tax on
capital income only. The public also knows that G2 will be set according to the level
given in (10.54) because the policy maker has a non-distorting tax at its disposal in
period 2. As a result of the higher level of public spending and the higher capital
tax, the public will save less in period 1.

9 Formally, the policy maker chooses G2, tL, and tK in order to maximize (10.88) subject to the
government budget restriction (10.74). By following the same steps as before it can be shown that
these results follow. Notice also that the government's plan regarding public goods provision is also
dynamically inconsistent. Provided enough revenue can be raised from the capital income tax, the
policy maker will set G2 at the first-best optimum level as given in (10.54). This is a higher level than
was announced in the first period.
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10.4 Punchlines

The discussion in this chapter focuses on the phenomenon of dynamic inconsis-
tency. The classic example of dynamic inconsistency and its potential resolution
can be traced to the ancient Greek author Homer. In this chapter, however, we
study examples of dynamic inconsistency in governmental economic policy. We
study three examples, two of which deal with monetary policy and one with fiscal
policy.

To prepare for the first two examples of dynamic inconsistency we develop a
simple model in which the policy maker faces a (stochastic) Lucas supply curve and
attempts to steer output towards a higher than full employment level by setting the
inflation rate (using monetary policy instruments to do so). The cost function of
the policy maker depends positively on the deviation of output from its target level
and on the inflation rate. A simple parameter measures the relative aversion of the
policy maker against inflation. The higher this parameter the more "right wing" we
shall call the policy maker. There is informational asymmetry in the model because
the policy maker can observe the realization of the stochastic supply shock in the
Lucas supply curve but the public cannot. As a result of this asymmetry, monetary
policy is effective at influencing output despite the fact that private agents formulate
rational expectations.

We can distinguish three different solutions to the policy maker's optimization
problem. Under the discretionary solution, the policy maker chooses inflation (and
thus output) in each period. Since private agents know the structure of the model
they can compute the rational expectations solution under discretion which then
feeds back into the Lucas supply curve. The rational expectations solution for the
discretionary policy has two features. First, the chosen inflation rate depends posi-
tively on the output ambition of the policy maker (the gap between target and full
employment output) and negatively on the supply shock. Second, the degree of
accommodation of supply shocks by monetary policy depends in an intuitive fash-
ion on the political orientation of the policy maker. Indeed, a left-wing (right-wing)
policy maker cares little (strongly) about inflation and cares strongly (little) about
deviations in output from full employment.

The discretionary solution is suboptimal, however, in that the policy' maker can
steer closer to its bliss point under an alternative rule-based solution. The rule-based
solution is as follows. The policy maker announces to the public that it will follow
a monetary policy rule which produces zero inflation in every period. If the public
believed that the policy maker would stick to its promise the expected inflation rate
would also be zero and no output stabilization would take place.

The problem with the rule-based solution is, however, that it is dynamically
inconsistent. A policy maker has a strong incentive to exploit the Lucas supply curve
based on zero expected inflation and to accommodate supply shocks by accom-
modating surprise inflation. This is the so-called cheating solution which derives
its name from the fact that the policy maker does not stick to its promises of no
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inflation. The cheating solution is closest to the policy maker's bliss point but it
violates the rational expectations assumption.

The upshot of the discussion so far is that the only policy which is both believed by
private agents (and is said to be credible) and is consistent with rational expectations
is the discretionary policy. Of all policies considered however, the discretionary
policy yields the policy maker the lowest level of welfare (i.e. the highest level of
social cost). It would seem that the economy gets stuck with the worst possible
outcome.

In an ingenious paper, Barro and Gordon have shown that the reputation of the
policy maker can act as an enforcement device, making it possible that the superior
rule-based equilibrium is credibly selected in equilibrium. These authors proxy the
policy maker's reputation as follows. If the policy maker has kept its promise (what-
ever it was) in the previous period then the public will believe the policy maker's
announcement that it will follow the monetary rule in the present period. In con-
trast, if the policy maker did not keep its promise in the previous period, the public
discounts the policy maker's reputation and expects that the discretionary solution
will be selected in the present period. This is an example of a "tit-for-tat" strategy
adopted by the private agents in their repeated prisoner's dilemma game with the
policy maker. The approach implies that a rule-based solution may be enforceable
which features a positive inflation rate.

In the remainder of this chapter we give two more examples of dynamic incon-
sistency (and its possible resolution). In the first of these we show that in a voting
model, the median voter will elect somebody to act as the central banker who is
more conservative (and has a higher aversion against inflation) than he is himself.
In doing so, the median voter commits himself to a lower inflation rate than he
would have chosen had he himself been the monetary policy maker.

In the final example we develop a simple toy model of optimal taxation of
labour and capital income when lump-sum taxes are not available. Two key results
are derived. First, abstracting from issues of dynamic inconsistency, the optimal
tax rates on both labour and capital are non-zero and these rates depend on the
elasticities of the respective tax bases. Second, the optimal taxes are dynamically
inconsistent. Once the future capital stock is in place, the tax base for capital income
tax is inelastic and the policy maker can raise public revenue in a non-distorting
fashion by not taxing labour income and taxing capital income as much as possible.

Further Reading

The key references to the reputational model of inflation are Barro and Gordon (1983a,
1983b), and Backus and Driffill (1985). See also Cukierman and Meltzer (1986) and
Cukierman (1992). Persson and Tabellini (1994b) present a collection of the most impor-
tant articles. Recently a number of monographs have appeared on the political economy
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2000). Readers interested in the optimal taxation literature are referred to Atkinson and
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sentative democracy. Van der Ploeg (1995) studies the political economy of monetary and
fiscal policy in a dynamic macroeconomic model.
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Derivation of equations (10.80)—(10.81)

Equation (10.80) is derived as follows. First, we calculate avot-L from the indirect utility

function given in (10.72).

ay —
	

a +  a  ( a(1 — ti.)1 E2

atL 1 +p 1+p	 a )

where we have used (10.71) in the final step. By substituting (A10.1) into (10.77) we obtain:

(1	 P)	

aN2 = 0]

i, 2 + ..taN2 1[ ±
N2 at-L 

EL] = 1, 	 (A10.2)

where ri bc(1 p) is the marginal cost of public funds, and EL is the uncompensated wage

elasticity of labour supply:

EL	
aN2 a(1 - ) 	 -  ) aN2 tL

— = HE2 > 	 (A10.3)
aa(1 - 1-1,)	 N2	 ati, N2

where coif (1 - N2)/N2 is the leisure/work ratio. By rewriting (A10.2), equation (10.80) is
obtained.
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where EK is the uncompensated interest elasticity of gross saving:
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11 

The Open Economy

,e purpose of this chapter is to discuss the following issues:

1. How do we add the international sector to the IS-LM model? The Mundell-Fleming
contribution.

2. What are the implications of openness on the effects of fiscal and monetary policy?
How do the degree of capital mobility and the exchange rate system affect the
conclusions?

3. How are shocks transmitted across countries and how does international policy
coordination work?

4. How can we introduce forward-looking behaviour into the model?

11.1 The International Sector in the IS-LM Model

11.1.1 Some bookkeeping
From national income accounting principles we know that for the open economy
aggregate output can be written as:

where Y is aggregate output, C is private consumption, G is government consump-
tion, EX is exports, and IM are imports. Aggregate spending by domestic residents
is called absorption and is defined as A -m C + G. Exports are added to domestic
absorption in the calculation of aggregate output because foreigners also spend on
our goods, but imports must be deducted because what we import (i.e. parts of C,
I, and G) does not lead to domestic production.
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In view of the definition of absorption A, (11.1) can also be written as: 	
Ba .-,ce

Y -= A + (EX — IM), 	 (11.2)	 Assets

which says that income equals aggregate spending by domestic residents plus net
exports.

We also recall that aggregate output in an economy can be measured in differ-
ent manners. Particularly, total output produced within the country is measured by
gross domestic product (GDP), whereas total output produced by residents of the
country (anywhere in the world) is measured by gross national product (GNP). For
the first definition the relevant criterion is "where is it produced" and for the sec-
ond definition "who produces it". The difference between GNP and GDP therefore
depends on net factor payments received from abroad (such as income from capi-
tal in the form of interest and dividends, and labour income received by domestic
residents from abroad). In practice we shall ignore the difference between the two
concepts regarding aggregate output.

Yet another definition is obtained from (11.1) by adding international transfer
receipts TR and deducting net taxes T (total taxes minus domestic transfers) on
both sides:

Y+TR—TC+I+(G—T)+(EX+TR—IM), 	 (11.3)

where the left-hand side of (11.3) gives the definition of disposable income of
residents. By noting that aggregate saving by the private sector S is defined as
S Y + TR — T — C, equation (11.3) can be written as:

(S — I) + (T — G) (EX + TR — IM) CA. 	 (11.4)

The current account surplus CA is identically equal to the private sector savings
surplus S — I plus the government budget surplus T — G. The current account surplus
measures the rate at which the aggregate economy is adding to its net external assets:
by spending less than your income (as a nation) you build up claims on the rest of
the world. Hence, ignoring valuation changes of the existing stock of net foreign
assets (NFA) we have:

ANFA CA, 	 (11.5)

or, equivalently,

ANFA (S — I) + (T — G). 	 (11.6)

Hence, a country for which S = I and G > T is of necessity running down its stock
of net foreign assets (it is "borrowing from the rest of the world").

As a final step we must link the situation of the balance of payments to what
happens in the financial sector by means of some elementary money accounting. In
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Balance sheet of the central bank

Assets	 Liabilities

Net foreign assets NFAth
Domestic credit 	 DC	 High powered money H

equation (11.6) the aggregate change in net foreign assets is determined (i.e. lumping
together all sectors of the economy such as the central bank, commercial banks,
treasury, and the non-bank private sector). We denote what happens to the central
bank's net foreign asset position by ANFAcb . The monetary authority's balance sheet
can be written (in stylized form) as above.

Here NFA th includes foreign exchange reserves less liabilities to foreign official
holders, and DC includes securities held by the central bank (such as T-bills), loans,
and other credit. High powered money consists of currency CP (cash in vaults and
currency in the hands of the public) plus commercial bank deposits at the central
bank RE (so that H CP + RE). High powered money is often referred to as "base
money".

By taking first differences we can derive from the central bank's balance sheet
that the change in the net foreign asset position of the central bank is equal to
the difference between the rate of high powered money creation minus the rate of
domestic credit creation:

ANFAcb AH — ADC. (11.7)

Equation (11.7) demonstrates an important mechanism due to the eighteenth-
century Scottish philosopher and economist David Hume. If the monetary authority
intervenes in the foreign exchange market (by buying or selling foreign exchange)
the stock of net foreign assets changes and, by (11.7), the stock of high powered
money changes as well, i.e. AH = ANFAcb . Hence, foreign exchange sales (pur-
chases) automatically reduce (increase) the stock of high powered money (and, by
the money multiplier, the money stock as well; see below).

The monetary authority can (temporarily) break this automatic link between H
and NFAch by engaging in so-called sterilization operations. In terms of (11.7) the
central bank can sterilize the effect of changes in its net foreign asset position by
manipulating domestic credit, i.e. AH = 0 if ADC = — ANFA th . For example, if the
central bank sells foreign exchange reserves (so that ANFA cb < 0) and simultane-
ously uses an expansionary open market operation (a purchase of domestic bonds
on the open market) of appropriate magnitude, so that ADC = — ANFA cb > 0,
then AH = 0.

In a fractional reserve banking system commercial banks are required to hold a
fraction of their deposits in the form of reserves with the central bank. The money
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stock, Ms , as measured by the sum of deposits, D, at the commercial banks plus
currency, CP, is then a multiple of the stock of high powered money:

Ms = D CP = ,uH <#. OMs = ,u6R,	 (11.8)

where ,u > 1 is the money multiplier. 1

11.1.2 The modified IS-LM model for a small open economy

Up to this point all we have done is manipulate some unexciting (but rather essen-
tial) identities. We can give the story some theoretical content by specifying the
behavioural equations of the model. First, we write (11.2) in the form of a condition
for spending equilibrium in the aggregate goods market as:

Y = A(r, Y) + G X(Y , Q),	 (11.9)

where A(r, Y) is the part of domestic absorption that depends on the rate of interest
r and the level of aggregate output Y, G is the exogenous level of government
spending, and X(Y , Q) is net exports (--= EX - IM) as a function of output and
the relative price of foreign goods Q EP* /P, where E is the nominal exchange
rate (domestic currency per unit of foreign currency), P* is the foreign price level,
and P is the domestic price level. In view of the definition of the exchange rate, a
depreciation (or devaluation) of the domestic currency is represented by an increase
in E.

Since investment depends negatively on the interest rate and the marginal
propensity to consume out of current income is between zero and unity, we have
that Ar < 0 and 0 < A y < 1. Furthermore, the net export function satisfies Xy < 0
(since imports depend positively on income) and XQ > 0 (as it is assumed that
the Marshall-Lerner condition holds). Equation (11.9) is the open economy IS curve.
Like its closed economy counterpart, it is downward sloping in (r, Y) space, but the
import leakage makes it steeper than for the closed economy.

The money market can be modelled in the standard fashion.

MD /P L(r, Y),	 (11.10)

Ms = ,u, [NFAth + DC] ,	 (11.11)

mD = mS = m	 (11.12)

with Lr < 0 and L y > 0 (see Chapter 1). Equations (11.10)-(11.11) define the
open economy LM curve, which is upward sloping in (r, Y) space. The modifica-
tion brought about by the recognition of the openness of the economy consists of

1 Assume that the commercial banks are required by law to hold a fraction c1 of their deposits as
reserves with the central bank, RE= c i D, where 0 < c1 < 1. Suppose furthermore that the public desires
a constant ratio between currency holdings and deposits, say C/D = c2. Then, since Ms D + CP =
(1 + c2)D and H = (ci +c2)D, we can derive that Ms = ittH, where A (1 + C2)I(C1+ c2) > 1. A higher legal
reserve requirement or a lower desired currency-deposits ratio both decrease the money multiplier.

the potential end(
net foreign assets of th
domestic and foreign p
by making an assumi,..

264



open economy

unexciting (but rather essen-
.,a1 content by specifying
1.2) in the form of a condition

t as:

(11.9)

. _-pends on the rate of interest
venous level of government

as a function of output and
e E is the nominal exchange

1)s is the foreign price level,
lition of the exchange rate, a

s represented by an increase
I
Brest rate and the marginal

n zero and unity, we have
port function satisfies Xy < 0

> 0 (as it is assumed that
he open economy IS curve.

(-Ting in (r, Y) space, but the
:omy.

fashion.

(11.10)

(11.11)

(11.12)

1 11.10)411.11) define the
( r, Y) space. The modifica-

the economy consists of

ra fraction ci of their deposits as
hermore that the public desires

= c-2. Then, since Ms D + CP =
1 --c2)/(c i +c2 ) > 1. A higher legal
lecrease the money multiplier.

Chapter 11: The Open Economy

.rie potential endogeneity of the money supply through changes in the stock of
'et foreign assets of the central bank. The model is closed by assuming that both

)mestic and foreign prices are fixed (and normalized to unity, i.e. P* = P = 1), and
by making an assumption regarding the degree of international capital mobility.

11.1.3 Capital mobility and economic policy

We can distinguish several degrees of "financial openness" of an economy. First, it
can be assumed that the small open economy (SOE) has no trade in financial assets
with the rest of the world (ROW). This extreme case is referred to as one of capital

immobility. This case was relevant during the 1940s and early 1950s when many
countries had capital controls. A second case is that of perfect capital mobility. Finan-
cial capital is perfectly mobile and flows to that location where it earns the highest
yield. Domestic and foreign bonds are perfect substitutes and portfolio adjustment is
instantaneous so that yields are equated across the world. This case is often deemed
to be relevant to the situation in the 1980s and 1990s. Finally, the intermediate case
is referred to as one of imperfect capital mobility.

The balance of payments B can be written as the sum of the current account and
the capital account. Ignoring net international transfers the former coincides with
the trade account:

B X(Y, Q) KI(r — r*) ANFA cb , (11.13)

where B is the balance of payments, KI is net capital inflows, and r* is the interest
rate in the ROW. If KI is positive this means that domestic residents are selling
more financial assets (such as bonds) to the ROW than they are buying from the
ROW. In that case the country as a whole is a net borrower from the ROW. The
three assumptions regarding capital mobility that were mentioned above can now
be made more precise. Capital immobility (case (i)) means that KI(r — r*) 17. 0 so
that balance of payments equilibrium coincides with equilibrium on the current
account, i.e. B = ANFAcb = X(Y, Q) = 0. With perfect capital mobility (case (ii)),
arbitrage in the capital markets and the resulting capital flows ensure that r = r*
always, which can be represented mathematically by KIr ---> 00. Finally, for the
case of imperfect capital mobility (case (iii)) differences between r and r* can exist
in equilibrium and 0 < KI r << 00. Figure 11.1 shows the balance of payments (BP)
curves in (r, Y) space for the different cases. The slope of the BP curve can be obtained
by differentiating (11.13):

( dr Xy n
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(11.13) (with B = 0 and KI EF-_- 0 imposed). Graphically the situation in the economy
can be drawn as in Figure 11.2. The initial IS-LM-BP equilibrium is at point e0 where
output is Yo and the interest rate is ro. Note that for points to the right of the BP
curve output and imports are too high and the current account is in deficit (X < 0),
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with the reverse holding for points to the left of the BP curve. It is assumed that
output is below full employment output YF and that the policy maker wishes to
conduct economic policy aimed at restoring full employment.

Since the money supply is generally endogenous in the open economy operating
under fixed exchange rates, we must be precise about what is meant by monetary
policy. An open market operation in the form of a purchase of bonds by the central
bank leads to an increase in domestic credit ADC > 0, and, by (11.11), to an increase
in the money supply AMS = au ADC > 0. In terms of Figure 11.2, the LM curve
shifts from LM(Mo) to LM(M1) in the short run. At point output is higher and
the interest rate is lower than before the shock, but the current account is in deficit
(B = X < 0). Since the country is spending more than it is earning, the demand
for foreign exchange exceeds the supply of foreign exchange. Since the monetary
authority is committed to maintaining a fixed exchange rate, however, it must
satisfy the excess demand for foreign exchange by running down its international
reserves, i.e. ANFACb < 0. In the absence of sterilization, this means, by equation
(11.11), that the money stock starts to decrease again. This causes the LM curve to
gradually shift to the left, and the economy moves along the IS curve back to point
e0. Ultimately, the initial increase in domestic credit is exactly offset by the loss in
foreign exchange reserves and only the composition (but not the size) of the central
bank's portfolio has been changed as a result of the monetary policy.

Now consider what happens if the policy maker wishes to stimulate the economy
by means of fiscal policy, consisting of a bond-financed increase in government
spending. 2 Assume furthermore that government spending is entirely on domesti-
cally produced goods (a simplification that is relaxed below in section 2). In terms of
Figure 11.2, the IS curve shifts from IS(G o ) to IS(G i ) and the new short-run equilib-
rium is at point e". In view of the increase in output, imports are higher, the current
account is in deficit (X < 0), and the money supply gradually declines (from Mo to
M1 ) as the central bank foreign exchange reserves dwindle. The ultimate equilibrium
is at point el, at which output is unchanged and the interest rate is higher.

In conclusion, neither monetary nor fiscal policy can (permanently) raise the level
of income in the absence of capital mobility. The balance of payments is only in
equilibrium if the current account is, but the latter does not itself depend on the rate
of interest. This very strong conclusion is modified once the extreme assumption
of capital immobility is relaxed.

Monetary and fiscal policy with perfect capital mobility under
fixed exchange rates

With perfect capital mobility, the BP curve is horizontal. In terms of Figure 11.3, the
initial equilibrium is at eo. Monetary policy, consisting of an increase in domestic

2 The Treasury issues new bonds to pay for the additional government spending. This ensures that
the money supply stays constant as the level of domestic credit is unchanged. The money raised by the
bond sale is spent again on the additional government goods.
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Y

Figure 11.3. Monetary and fiscal policy with perfect
capital mobility and fixed exchange rates

credit, shifts the LM curve from LM(M0) to LM(M1 ). At point e' the domestic inter-
est rate is below the world interest rate and a massive capital outflow would occur,
which worsens the capital account. Since output (and hence imports) is higher,
the current account is also worse than at point e0. The money supply will decrease
(instantaneously) as investors purchase foreign exchange in order to buy profitable
foreign financial assets. Since the exchange rate is fixed, the monetary authority
sells them the required foreign exchange, which means that its stock of net for-
eign assets decreases, i.e. ANFA th < 0. The adjustment occurs instantaneously,
since all that happens is a portfolio reshuffling by investors. Hence, the econ-
omy stays at point e0. The shift in LM due to the increase in domestic credit
is immediately reversed by the loss of foreign exchange reserves, or, in terms of
(11.7), ANFAcb ± ADC= AH = 0. Monetary policy is totally ineffective even in the
short run.

Fiscal policy, on the other hand, is very effective in this case. Consider again a
bond-financed increase in government spending. In terms of Figure 11.3, the IS
curve shifts to the right from IS(G 0) to IS(G1). This puts upward pressure on the
domestic interest rate (at point e") which causes massive net capital inflows. As
investors from the ROW wish (in net terms) to buy domestic securities, the supply of
foreign exchange outstrips the demand for foreign exchange. In order to maintain
the fixed exchange rate, the central bank purchases the excess supply of foreign
exchange and its stock of net foreign assets and hence the money supply increases
(instantaneously), i.e. AMS = p,ANFAcb > 0. This causes the LM curve to shift from
LM(M0) to LM(Mi). Only at point el are the domestic and foreign interest rates
equated and the money supply stabilized. Since capital is perfectly mobile, the shift
from e0 to el occurs instantaneously. Hence, fiscal policy is highly effective in a
small open economy under perfect capital mobility.
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Monetary and fiscal policy with perfect capital mobility under
cifxible exchange rates

Under flexible exchange rates variations in the value of the domestic currency (E)
ensure that the balance of payments is always in equilibrium. Indeed, the exchange
rate is determined by balance of payments equilibrium, since it implies that the
demand for and supply of foreign exchange are equated:

B ANFA th = 0 <#. X( Y, E) + KI (r — r*) = 0, (11.15)

where we have substituted P* = P = 1 so that Q = E in the expression for net
exports. Suppose that there is a current account deficit, so that exports are smaller
than imports. Since exports give rise to a supply of foreign exchange and imports
cause a demand for foreign exchange, this means that X < 0 represents an excess
demand for foreign exchange. This excess demand for foreign exchange is met by
capital inflows, consisting of investors from the ROW buying domestic bonds. Since
they have to pay for these bonds, the capital inflow gives rise to a supply of foreign
exchange. In equilibrium, therefore, E adjusts until X(Y , E) = —KI (r — r*) since only
then does demand equal supply in the foreign exchange market.

This has an important consequence for economic policy, since the monetary
authority has control over the domestic money supply under flexible exchange
rates. The reason is that the central bank, by allowing the exchange rate to float
freely, does not need to intervene in the foreign exchange market. This means that
its stock of net foreign assets is fixed, so that changes in domestic credit translate
directly into changes in the money supply.

The equilibrium exchange rate follows from the IS-LM equilibrium with r = r*
imposed. By using (11.9)—(11.12) and imposing r = r*, equilibrium in the money
market and the (demand side of the) goods market implies:

M = L(r* , Y),

Y A(r* , Y) + G + X (Y, E),

where we have also substituted P = 1 in (11.16). Equation (11.16) represents money
market equilibrium at the given world interest rate r* . Since the money supply is
constant (11.16) determines a unique level of output that is independent of the
exchange rate. In terms of Figure 11.4, this curve is drawn as LL(Mo). Equation
(11.17) represents domestic spending equilibrium at the world rate of interest. Since
a high value for E (a weak domestic currency) stimulates net exports, (11.17) implies
a positive relationship between output and the exchange rate that has been drawn
as the schedule YY in Figure 11.4. Indeed, the slope of the YY schedule can be
obtained from (11.17) as:

dE 	 1 - Ay -- Xy
	  > 0.

dY YY 	XQ
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Figure 11.4. Monetary policy with perfect capital
mobility and flexible exchange rates

Monetary policy is highly effective in this case. In terms of Figure 11.4, an increase
in domestic credit shifts the LM curve in panel (a) from LM(M o) to LM(M1 ) and the
LL curve from LL(M0) to LL(M1 ). At point e' the domestic interest rate is below the
world interest rate, and a massive capital outflow occurs. There is excess demand
for foreign exchange which leads to an instantaneous depreciation of the domestic
currency (from E0 to E1 in panel (b)). This stimulates net exports as domestic goods
are now cheaper to foreigners and shifts the IS curve from IS(E0) to IS(E 1 ). The
new equilibrium, which is attained instantaneously, is at point el where output is
increased.

Fiscal policy, in the form of a bond-financed increase in government spending,
turns out to be entirely ineffective (as was to be expected from the discussion sur-
rounding the LL and YY curves). In terms of Figure 11.5, the fiscal impulse shifts the
IS curve in panel (a) from IS(Go, E0) to IS(G1, E0), and the YY curve in panel (b) from
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Figure 11.5. Fiscal policy with perfect capital mobility

and flexible exchange rates

YY(G0) to YY(G 1 ). This puts upward pressure on domestic interest rates and at point
e' massive capital inflows occur leading to an excess supply for foreign exchange. In
response, the domestic currency appreciates (E falls from E0 to E 1 ), which leads
to a deterioration of the current account and shifts IS back from IS(G1, E0) to
IS(G i , E 1 ), which coincides with IS(Go, E0 ). In the new equilibrium, which is again
attained instantaneously, output and the rate of interest are unchanged and the
exchange rate has appreciated. Fiscal policy is completely ineffective under flexible
exchange rates.

An immediate policy consequence of this ineffectiveness result is that the small
open economy operating under flexible exchange rates is, in a sense, insulated
from foreign spending disturbances (such as shocks to the demand for its exports),
provided these shocks are uncoordinated and consequently have no effect on the
world rate of interest. For example, if a spending bust occurs in Germany leading
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to a decrease in the demand for exports from the Netherlands, the Dutch exchange
rate will depreciate and no output effects will occur under flexible exchange rates.
Matters are different, of course, if a global shock hits the economy. If all countries,
except the Netherlands, pursue expansionary aggregate demand policies, the world
interest rate will rise. This will affect the Dutch economy even if it is operating
under flexible exchange rates. In terms of Figure 11.6, the rise in r* shifts the YY
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ands, the Dutch exchange
'der flexible exchange rates.
ke economy. If all countries,
demand policies, the world
omv even if it is operating
the rise in r* shifts the YY

curve to the left and the LL curve to the right. The domestic currency depreciates,
le to the capital outflows, and output increases. A global shock is transmitted to

the small open economy through its effect on the world rate of interest. We return
to the issue of shock transmission below.

'llperfect capital mobility
If financial capital is imperfectly mobile, we have a weighted average of the two pre-.
vious extreme cases. The balance of payments curve is upward sloping (see (11.14))
and points to the left (right) of the BP curve are consistent with a balance of pay-
ments surplus (deficit). The IS, LM, and BP curves have been drawn in Figure 11.7,
where the BP curve has been drawn flatter than the LM curve. Instead of discussing
fiscal and monetary policy under fixed and flexible exchange rates by graphical
means, we present the different comparative static effects in mathematical form
in Table 11.1. The results in Table 11.1 are obtained as follows. First we totally
differentiate the IS, LM, and BP curves. After some manipulations we obtain:

[

Ly Lr 0 —1
1— Ay — Xy —A r —XQ 0

(Xy /KG) 1 (XQ/Kr) 0

Of course, equation (11.19) cannot be used to solve for all four variables appearing
on the left-hand side since we only have three equations. This "problem" is solved
however, by specifying the exchange rate regime. Under flexible exchange rates the

Yo
	 Y1

	 Y

'{Pct capital 	 Figure 11.7. Monetary policy with imperfect capital mobility and

flexible exchange rates
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Table 11.1. Capital mobility and comparative static effects

dG
	

dM	 dr*

Flexible exchange rates

dY   > 0
LA/K4 
	

4(1 - Ar/K1r) > 0
'Al

	Xy/KIr > 
0	

(1 -AoxaKir < 0

Irl	 - 	 Irl
	L y - LrXy/KIr 	iAtdM

	
0	 > 0

Irl 	 Irl
Notes: 101 XQ Ry (1 — Ar/ Klr) — Lr(1 AY)/K1,1 > 0

in	 - A y - Xy +ArXy /KI, > 0

money supply is exogenous (and the column for dM is moved to the right-hand side
of (11.19)) and (11.19) determines dY, dr, and dE, as a function of the exogenous
variables dM, dG, and dr*. Under fixed exchange rates, on the other hand, the
exchange rate is exogenous (and the column for dE is moved to the right-hand side
of (11.19)) and (11.19) determines dY, dr, and dM, as a function of the exogenous
variables dE, dG, and dr*.

In order to demonstrate the link between the mathematical results in Table 11.1
and the graphical representation in Figure 11.7, consider the case of monetary policy
under flexible exchange rates. The increase in domestic credit shifts the LM curve
from LM(Mo) to LM(M1 ). At point e', output and imports are too high and net capital
inflows too low, so that there exists a balance of payments deficit (B < 0), which
manifests itself as an excess demand for foreign exchange. The domestic currency
depreciates (E rises), the IS curve shifts from IS(E0) to IS(E 1 ), and the BP curve shifts
from BP(E0) to BP(E 1 ). Both the current account and the capital account recover
somewhat due to the depreciation and the slight recovery of the domestic interest
rate (that occurs in moving from e' to e1). The new equilibrium is at el. Although it
is impossible to deduce by graphical means, the results in Table 11.1 demonstrate
that the ultimate effect on output is positive.

Of course, since the results of Table 11.1 are derived for any value of Klr , the polar
cases of immobile and perfectly mobile capital can be obtained as special cases from
the table by setting KI r = 0 and K/, oo, respectively. The students are advised to
verify that this is indeed the case.
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11.1.4 Aggregate supply considerations
Up to this point we have assumed that domestic and foreign price levels are constant
(P = P* = 1). Whilst this may be appropriate under some conditions (e.g. in the very
short run), it is nevertheless important to add a supply side to the Mundell-Fleming
model of the small open economy. We use a model inspired by Argy and Salop
(1979), Armington (1969), and Branson and Rotemberg (1980) to demonstrate the
importance of supply-side effects. This model will also be used (in simplified form)
in section 2 on the transmission of shocks and the coordination of economic policy
in a two-country model of the world. We restrict attention to the case of perfect
capital mobility and flexible exchange rates.

The Armington approach

Now that we wish to model the production side of the economy, we have to be
more precise about the various price indexes. There are two goods, a domestic good

with price P, and a foreign good with price P* in foreign currency (EP* is the price
of the foreign good in domestic currency). These goods are imperfect substitutes for
each other (otherwise one would expect purchasing power parity (PPP) to hold, so
that the real exchange rate, EP* / P , would be identically equal to unity at all times).
Real household consumption C and investment I are assumed to be determined by
the usual macro-relations:

C = C(Y), 1= I(r),	 (11.20)

with 0 < Cy < 1 and /r < 0, and real government spending G is exogenously given.
We now need to confront the issue of sourcing of the goods. For example, once

the households know how much they wish to consume in the aggregate and in
real terms, the next issue for them is to decide on where to purchase the goods
(and the same holds for investment by firms and government consumption). The
trick that was devised by Armington (1969) is to assume that, for example, C is in
fact "constructed" out of domestically produced goods (labelled by Cd) and foreign
produced goods (labelled by Cf). Since the two goods are assumed to be imperfect
substitutes, we cannot simply add Cd and Cf to find C (a German apple is not quite
the same as a Dutch apple, even though they are both round and taste good). A
particularly simple way to capture the imperfect substitution idea is to assume that:

C = dfC1—

with 0 < a < 1 denoting the relative weight given to domestically produced goods
used in consumption.

In the decision about sourcing, the households wish to attain the composite con-
sumption level C (that is determined by (11.20) once Y is known) as cheaply as
possible. Since the (domestic currency) prices of domestic and foreign goods are P
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and EP*, respectively, the households decide on Cd and Cf such that total nomi-
nal consumption spending, PAC PCd + EP*Cf, is minimized given the restriction
imposed by (11.21). (Here, Pc is a consumer price index (CPI) for which an expres-
sion is deduced below.) The household chooses the optimal ratio between Cd and
Cf on the basis of the relative (domestic currency) price of the two goods:

Cd_ ( a ( EP*
Cf	 1 — a ) P

(11.22)

which is intuitive: if the relative price of foreign goods rises, households choose
a larger proportion of consumption goods from domestic sources. By substituting
(11.22) into the budget restriction, we obtain:

PCd aPcC, EP*Cf = (1 - a)PcC, 	 (11.23)

which says that spending shares on domestic and foreign goods are constant.' Also,
by substituting (11.23) into (11.21), we obtain the expression for the CPI:

C = aPcC
P	 EP*L_IL l a 1 (1 a)PcCr 	1 - a) i-apccp_a (Er) (I a)

Pc CU" (EP*) 1-a
	

(11.24)

where Q0 	 [a" (1 - a) 1-1 -1 > 0 is some constant. The weights that define the
consumption bundle C (a and 1 - a) also appear in the CPI.

By substituting (11.20) and (11.24) into (11.23), we obtain intuitive expressions
for Cd and Cf in terms of aggregate income Y and the real exchange rate (Q m-)
EP* /P:

EP* 1—a
Cd aS20 	 C(Y), C

f 
- (1 -

For a given real exchange rate, a rise in real income raises the demand for both
domestic and foreign consumption goods. For a given level of aggregate income,
the real exchange rate determines where the goods to be used for consumption are
bought.

3 Constant spending shares are a feature of the Cobb-Douglas specification for composite consump-
tion C, given in (11.21). This sharp prediction is altered if (11.21) is changed to, for example, a CES
specification,

C20 
(EP* 

	C(Y
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By using the same approach for investment and government spending, we obtain
expressions for Id, If, Gd, and Gf : 4

EP* ) 1-a 	EP* -a
= aS20 	 p 	I(r), If = (1 a) S20 	 p 	 1(r),
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(11.26)
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(11.28)

Real exports are denoted by EX and are sold to the ROW at the same price that
domestic customers pay for these goods (P), and spending on imported goods (in
terms of domestic currency) equals EP*(Cf + If + Gf), so that the national income
identity (11.1) can be written as:

goods are constant. 3 Also,
ssion for the CPI:

which shows (more clearly than (11.1)) that only domestically produced goods enter
into the aggregate production measure for the domestic economy. In summary, by
looking in more detail at the sourcing issue we now have an IS equation (simi-
lar in form to (11.9)) in which the real exchange rate affects domestic spending
equilibrium.

By defining net exports (in real terms) by X EX - -(EP* /P)[Cf + If + Gf], noting
(11.25)-(11.27) and assuming that the demand for exports depends on the real
exchange rate,

EX = EX0 (E-P7 9  = EXoQs, fi 0, (11.29)

(where EX° represents all exogenous influences on the country's exports) we obtain
the net export function defined by the model:

X [r, Y, Q, G, EX0] EX0Q° - Q(1 - a)S-20Q-a [A(r, Y) + G] , 	 (11.30)

where A(r, Y) C(Y) + I(r). Several features are worth noting in the compari-
son between (11.30) and the net export function used throughout section 1 (i.e.
X(Y, Q)). First, domestic absorption, and not just aggregate domestic income,
appears in (11.30). Since domestic absorption depends on the rate of interest and
some investment goods are purchased from the ROW, the BP curve has a positive
slope even under perfectly immobile capital (compare section 1.3). A higher rate of
interest chokes off aggregate investment, decreases imports of investment goods,

4 We assume for the sake of convenience that I and G are similar composites as C, i.e. I = / 1,7//. -" and

G = . This assumption ensures that the price indices for investment and government spending
are the same as the CPI, so that the real exchange rate does not affect relative prices within a country.

(EP*) -(1-")

(11.24)

'he weights that define the
CPI.

)btain intuitive expressions
e real exchange rate (Q



(11.34)

(11.35)

The Foundation of Modern Macroeconomics

and causes a trade account surplus. To restore equilibrium on the trade account,
income (and hence imports) must rise.

A second feature of (11.30) is that we can now be more precise about the Marshall-
Lerner condition. Indeed, by differentiating (11.30) with respect to the real exchange
rate Q (holding A + G) fixed, we obtain:

XQi3EX0Q0-1 (1 - no, [A(r , Y) + G] 13 wx - (1 - a)wM
=

where XQ axiaQ, wx EX/ Y, and wM Q(Cf + If + Gf) I Y are, respectively,
the domestic output shares of exports and imports. This expression shows that net
exports improve as a result of a real exchange rate depreciation if the following
condition holds:

QXQ  
= Ocox - (1 - a)com > 0, 	 (11.32)

or, if the trade balance is initially in equilibrium (so that imports and exports are of
equal magnitude and wM = wx), the condition is:

fi+a- 1 > 0. 	 (11.33)

This is the famous Marshall-Lerner condition: if the sum of the elasticities of export
and import demand exceeds unity, a depreciation of the currency improves the trade
account, so that XQ > 0. The intuition behind the Marshall-Lerner condition is as
follows. A depreciation of the currency (a rise in Q) makes domestic goods cheaper
for the ROW and increases export earnings. This improves net exports. The rise in
Q also makes foreign goods more expensive to domestic residents. If real imports
were unchanged, spending on imports would rise because of the depreciation, which
would worsen net exports. Domestic residents, however, substitute domestic goods
for foreign goods, as a result of the depreciation, and this effect mitigates the rise in
import spending and its adverse effect on net exports. The strength of the export
effect is regulated by the export elasticity and that of the import spending effect
is regulated by 1 - a. The Marshall-Lerner condition ensures that the export effect
dominates the import spending effect, which translates as > 1 - a or, equivalently,

+ a > 1.

The extended Mundell-Fleming model

By using (11.25)-(11.29) the IS curve for the model is obtained:

Y = aS20Q 1-" [A(r, + + EXoQ I

which can be written in loglinearized form as:
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where 17 dY/Y, dC/C, I Es- dI /I, dG/G, dQ/Q, dExo /Exo, and
(0c = CAA±G] and coi //[A+G] denote, respectively, the share of consumption and
investment in total domestic absorption. Aggregate consumption and investment
(see (11.20)) can be loglinearized to:

= EcyY, I = —EIRdr, (11.36)

where 0 < ccy YCy/C MPC/APC < 1 and En? > 0 are, respectively, the
income elasticity of the aggregate consumption function and (the absolute value of)
the interest semi-elasticity of the investment function. 5 Note that ECY equals the
marginal propensity over the average propensity to consume, which is less than
unity for the usual Keynesian consumption function.

The money market of the model is summarized by the LM curve M /P = L(r, , Y),
which can be loglinearized to:

A)1 -15 = -EmR dr + EMYk (11.37)

where Emy YLy /L > 0 and EMR —L r/L > 0 are, respectively, the income elas-
ticity and (the absolute value of) the interest semi-elasticity of the money demand
function.

Since we assume perfect capital mobility, the world interest rate determines the
domestic rate (r = r*), so that:

dr = dr* . (11.38)

The supply side of the model also contains some new elements. Domestic firms are
perfectly competitive (and do not attempt to exploit the export demand function
(11.29)) and maximize short-run profit II PF(N , JO— WN , where N is employment,
W is the nominal wage, and k is the given capital stock. The labour demand func-
tion is implicitly defined by the marginal productivity condition PFN(N , k) = W,
which can be loglinearized to:

P + EN = = —ENw [W — Pl , (11.39)

where ENW —FN ANFNN) > 0 is the (absolute value of the) real wage elasticity
of labour demand. It is assumed, following Branson and Rotemberg (1980), that
the labour market is characterized by unemployment because the wage is too high.
We model this by assuming that the nominal wage is set according to the wage-
setting rule W = where Wo is exogenous and 0 < < 1. This rule can be
loglinearized to:

fined:

(11.34)

W = Wo +CPC. 	 (11.40)

5 We use the term semi-elasticity to indicate that Ell? relates the percentage rate of change of investment
to the absolute change in the interest rate. In the case of interest rates, the use of semi-elasticities is

(11.35) 	 natural. For example, if Em = 2, a one percentage point increase in the rate of interest (say a rise in r

from 5 to 6% per annum) causes a fall in investment of 2%.
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Workers care about their wage in terms of the CPI but may suffer from money
illusion (if 0 < A < 1). In case A. = 0, workers have a nominal wage target, and if A. = 1
they have a real wage target. Branson and Rotemberg (1980) suggest on the basis of
empirical evidence that A. = 0 is relevant for the US economy in which there is little
or no indexing of nominal wages, and A. = 1 is more relevant to the situation in the
UK, Germany, Italy, and Japan, where wage indexing is much more common.

Once the wage rate is set, domestic producers determine employment (by
(11.39)), after which output is determined by the production function which can
be loglinearized to:

= (0N -XT, (11.41)

where 0 < coN WN /Y < 1 is the share of labour income in aggregate output.
The full model consists of the IS curve (11.35)—(11.36), the LM curve (11.37), the

BP curve (11.38), and the AS curve (11.39)—(11.41). For convenience, the equations
are gathered in Table 11.2, where we have substituted the BP curve into the IS and LM
curves. The endogenous variables are aggregate output, the domestic price level, and
the real exchange rate. Once the latter two are determined, the nominal exchange
rate is also determined since — P*, where I)* is exogenous due to the
small open economy assumption. The other exogenous variables are M dM/M,

dG/G, dr*, EX° dEX01EX0, and Wo dWo/Wo. The comparative static effects
can be obtained in the standard fashion and have been collected in Table 11.3.

Graphically these effects can be illustrated as follows. Consider the case of a posi-
tive demand shock (say O > 0). In the standard Mundell-Fleming model with fixed
prices and flexible exchange rates, such a shock does not affect aggregate output
(and hence employment). This is the well-known insulation property of flexible
exchange rates. The results in Table 11.3 suggest that this insulation property no

LM

Table 11.2. The Extended Mundell-Fleming Model 
P F 

(1 - wx) [-(0/E/Rdr* + (1 - wc - (0/)6] + wxao
Y= 	

1 — (1 — wx)(ocEcy

R1 — a)(1 — cox )+lcox ] Q
1 — (1 — COX)COCECY

A4 — P = —EMRdr* EMYY,

= —CONE„ /19 + A(1 a)i) (1 A.)P]

(T2.1)

(T2.2)

(T2.3)

Notes: Endogenous variables are dY/Y, dQ/Q, P dP/P, exogenous variables are dr*, dM/M,
dG/G, Wo = dWolWo, EXo . dEXolEXo. Absorption share of consumption is wc, absorption share of

investment is co/, export share in GDP is wx, labour income share of output is (DN. Income elasticity of aggregate
consumption is Ecy, interest semi-elasticity of aggregate investment is cm, income elasticity of money demand is
EMY, interest semi-elasticity of money demand is EMR, wage elasticity of labour demand is ENW, real exchange rate
export elasticity is $, real exchange rate import spending elasticity is 1 — a. Money illusion exists if 0 < A < 1,
real wage rigidity if A = 1, nominal wage rigidity if A = 0.
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Figure 11.8. Aggregate demand shocks under wage rigidity

longer holds for the augmented Mundell-Fleming model developed in this section
(as dY I dG > 0), unless there exists nominal wage rigidity (A = 0). The basic intuition
behind this result can be explained with the aid of Figure 11.8. In the left-hand side
of Figure 11.8, the LM curve is drawn, expressing the negative relationship between
the domestic price level and output. The IS curve is an upward sloping relation-
ship between output and the real exchange rate. The AS(LM) curve is obtained by
substituting the LM curve into the AS curve:

—WNENW [I'Vo + (1 — a)0 — ( 1 — A) ( -ICI + E AIR dr*)]
Y= 	

1 + (1 — A.)EiwoNENw
(AS(LM))

281

Chapter 11: The Open Economy

may suffer from money
al wage target, and if A = 1

suggest on the basis of
my in which there is little
it to the situation in the
ich more common.

,rmine employment (by
• on function which can

-1 aggregate output.
the LM curve (11.37), the
venience, the equations

P curve into the IS and LM
domestic price level, and

the nominal exchange
is exogenous due to the

riables are M dM/M,

comparative static effects
►llected in Table 11.3.

cider the case of a posi-
leming model with fixed
t a "ect aggregate output
tion property of flexible
s insulation property no

(T2.1)

(T2.2)

(T2.3)

ariables are dr*,li4.dM/M,
is wk , absorption share of

ncome elasticity of aggregate
we elasticity of money demand is

I is €Nw, real exchange rate
nett illusion exists if 0 < A < 1,

A(1 — a)coNE-Nw
	  > 0

IA l
1 + (1 — A)EMYWNENW < 0

I Al
),(1 — cst)cmywNENw

Al
1 + (1 — aA)EMYWNENW < 0

I Al

I A I

E

PC

< 0

Table 11.3. Wage rigidity and demand and supply shocks

coG(1 — wx)6
	

M 	 WNENW W0
coxao

> 0

IAI
(1 — a)(1 EMYWNENW) < 0 (1 — a)S2WNENW + 

I AI



where stars denote fo7
duced consumption
obtain:

EX = «Q.+ wcEcyk s

By substituting this exp
(equation (T2.1) in Tab
a two-country setting:

Y =

The Foundation of Modern Macroeconomics

If there is real wage rigidity (),. = 1), the AS(LM) curve is downward sloping and
independent of the price level (see (T2.3) in Table 11.2) so that the money supply and
the world interest rate have no effect on its position. If there is nominal wage rigidity

= 0), on the other hand, the AS(LM) curve is independent of the real exchange
rate (horizontal). An increase in government spending shifts the IS curve up from
IS(G0) to IS(G 1 ). In the absence of nominal wage rigidity (A > 0), the real exchange
rate appreciates (from Qo to Qi), but not by enough to undo the expansionary effect
of increased government spending on output. The domestic price level falls as does
the nominal exchange rate (E < P < 0). If there is nominal wage rigidity (A. = 0), on
the other hand, output and the domestic price level are unchanged, and the real
exchange rate appreciation exactly reverses the stimulative effect of the additional
government spending. Since real output depends on what happens to real wages (as
producers do not have money illusion), nominal wages must be free to fall (along
with the domestic price level) if there are to be any positive output effects. This
explains why output effects are zero under nominal wage rigidity.

11.2 Transmission of Shocks in a Two-country World

In section 1.4 we introduced a simple Mundell-Fleming type model with a rudi-
mentary aggregate supply side. Some microeconomic foundations provided for the
supply side of the model and for the issue of sourcing. The model of section 1.4
was used to study a small open economy under flexible exchange rates and perfect
capital mobility. One of the reasons so much attention was paid to the details of
sourcing and price indexes is to be able to construct a (logically consistent) model of
the world economy.

Assume that the world consists of two countries (or regions) that are identical
in structure and look like the small open economy discussed in section 1.4. One
immediate consequence of this assumption is that we must do away with the ad
hoc export demand function (11.29), since we know from (11.25)-(11.27) that the
domestic economy's demand for imports is given by:

Cf + If + Gf = (1 - ot)S20 ) [C(Y) + l(r) + G]

• 
= (1 - ag20 (E—p—Pia [A(r, Y) + G] . (11.42)

But the domestic economy's exports are (in a two-country world) just the foreign
country's demand for imports which, in view of the symmetry assumption, take a
form similar to (11.42):

.EX =T. Cf + + G'; = (1 - a)00 ( 
EP
7- [A(r* , Y*) + G*] ,

* ") 	
(11.43)
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where stars denote foreign variables, e.g. C; is the demand for domestically pro-
duced consumption goods by foreign residents. 6 By loglinearizing (11.43) we
obtain:

EX = oto(+ WCECY — wiciR dr* + (1 — wc — wi)O*• (11.44)

By substituting this export demand function in the domestic economy's IS curve
(equation (T2.1) in Table 11.2) we obtain the IS curve for the domestic economy in
a two-country setting:

— 

—wIEIR dr* + wG [( 1 wx)G (DXOl wX(0CECY

1 — (1 — cox)wcEcy

[(1 — wx)(1 — a)+wxad Q 	 (11.45)
1 — (1 — wx)(ocEcY

where we have used the fact that dr = dr* due to perfect capital mobility. By com-
paring (T2.1) and (11.45), it is clear that the IS curve is augmented in a number of
ways. First, the interest rate exerts a stronger effect on domestic production than
before. The reason is that changes in the interest rate decrease investment in both

countries, and since some investment goods are imported, spillover effects exist.
Second, foreign government spending spills over into the domestic economy, both
directly (via the term involving G*) and indirectly (via the term with Y*).

Of course, the foreign country also has an IS curve (labelled IS*) which is similar
in form to (11.45). By making the appropriate substitutions, the IS* curve can be
written as:

—wIE1R dr* + wG [( 1 — wx)G* + wx + wxwcEcyk

1 — (1 — wx)(ocEcy

[(1 — wx)(1 — a)+wxa) Q 
1 — (1 — wx)wcEcY 

(11.46)

where we have once again used dr = dr* . The real exchange rate affects foreign
spending negatively because it is measured from the point of view of the domes-
tic country (i.e. Q EP* /P). By using (11.45)—(11.46) to solve for Y and 11*, the

6 Note that the real exchange rate from the perspective of the foreign country is P / (EP*) 1/Q. This
explains the positive sign of the exponent on the real exchange rate in (11.43). Comparing (11.43) and
(11.29) shows that the two coincide if a = i3 and EX° (1 — a)S20[A(r*, Y*) G*]. This shows that EXo
is no longer exogenous in a two-country model.
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If there is real wage rigidity (A = 1), the AS(LM) curve is downward sloping and
independent of the price level (see (T2.3) in Table 11.2) so that the money supply and
the world interest rate have no effect on its position. If there is nominal wage rigidity
(A = 0), on the other hand, the AS(LM) curve is independent of the real exchange
rate (horizontal). An increase in government spending shifts the IS curve up from
IS(Go) to IS(G1). In the absence of nominal wage rigidity (A > 0), the real exchange
rate appreciates (from Qo to Q i ), but not by enough to undo the expansionary effect
of increased government spending on output. The domestic price level falls as does
the nominal exchange rate (E < P < 0). If there is nominal wage rigidity (A = 0), on
the other hand, output and the domestic price level are unchanged, and the real
exchange rate appreciation exactly reverses the stimulative effect of the additional
government spending. Since real output depends on what happens to real wages (as
producers do not have money illusion), nominal wages must be free to fall (along
with the domestic price level) if there are to be any positive output effects. This
explains why output effects are zero under nominal wage rigidity.

11.2 Transmission of Shocks in a Two-country World

In section 1.4 we introduced a simple Mundell-Fleming type model with a rudi-
mentary aggregate supply side. Some microeconomic foundations provided for the
supply side of the model and for the issue of sourcing. The model of section 1.4
was used to study a small open economy under flexible exchange rates and perfect
capital mobility. One of the reasons so much attention was paid to the details of
sourcing and price indexes is to be able to construct a (logically consistent) model of
the world economy.

Assume that the world consists of two countries (or regions) that are identical
in structure and look like the small open economy discussed in section 1.4. One
immediate consequence of this assumption is that we must do away with the ad
hoc export demand function (11.29), since we know from (11.25)-(11.27) that the
domestic economy's demand for imports is given by:

Cf +If +Gf = (1- a)00 (E
P* y 

[C(Y) I (r) + G]

•	 EP* y
= (1 - cy)S20 	 [A(r , Y) 4- G] . (11.42)

But the domestic economy's exports are (in a two-country world) just the foreign
country's demand for imports which, in view of the symmetry assumption, take a
form similar to (11.42):

EX	 + I* + G* = (1 - a)S-20 ( E	 [A(r* ,Y*) + G*f	 f	 f (11.43)
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where stars denote foreign variables, e.g. C; is the demand for domestically pro-
duced consumption goods by foreign residents. 6 By loglinearizing (11.43) we
obtain:

EX = aQ + WCECYY* — wiem dr* + (1 - we - (0I) . (11.44)

By substituting this export demand function in the domestic economy's IS curve
(equation (T2.1) in Table 11.2) we obtain the IS curve for the domestic economy in
a two-country setting:

Y _
-WIEIR dr* + WG [(1 - wx)G + (0xO*] + wxwcECY Y* 

1 - (1 - wx)cocEcy

[(1 - wx)(1 - a) + (0xal 
1 - (1 - wx)(0cEcv
	 (11.45)

where we have used the fact that dr = dr* due to perfect capital mobility. By com-
paring (T2.1) and (11.45), it is clear that the IS curve is augmented in a number of
ways. First, the interest rate exerts a stronger effect on domestic production than
before. The reason is that changes in the interest rate decrease investment in both

countries, and since some investment goods are imported, spillover effects exist.
Second, foreign government spending spills over into the domestic economy, both
directly (via the term involving G*) and indirectly (via the term with i'*).

Of course, the foreign country also has an IS curve (labelled IS*) which is similar
in form to (11.45). By making the appropriate substitutions, the IS* curve can be
written as:

Y* = 
-WIEIR dr* + WG [(1 - wx)G* + (0x + wxwc€cy Y

1 — (1 — wx)(ocEcy

[(1 — wx )(1 — a) + wxa] 	 (11.46)
1 - (1 - cox)(ocEcy

where we have once again used dr = dr* . The real exchange rate affects foreign
spending negatively because it is measured from the point of view of the domes-
tic country (i.e. Q EP* /P). By using (11.45)-(11.46) to solve for Y and Y*, the

6 Note that the real exchange rate from the perspective of the foreign country is P / (EP*) 1/Q. This
explains the positive sign of the exponent on the real exchange rate in (11.43). Comparing (11.43) and
(11.29) shows that the two coincide if a = $ and EX() (1 — a)C20[A(r*, Y*) G*). This shows that EXo
is no longer exogenous in a two-country model.
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following simplified expressions for IS and IS are obtained:  Table 11.4. A two -co..    

where 0 < y cox wc€ cY / [ 1 — (1 — wx)wcEcy] < 1.
Domestic output depends on both domestic and foreign government spending

in this symmetric model of the world economy. It is, however, not a priori clear
which effect dominates, the "own" effect (via G) or the spillover effect (via G*). By
comparing the coefficients for G and G* in (11.47)—(11.48), it can be seen that the
own effect is larger than the spillover effect provided the economies are not "too
open", i.e. provided the share of exports in GDP is less than one-half (wx < 1). This
requirement is intuitive, since a high value of wx implies that the two economies
are more sensitive to foreign than to domestic influences (in colloquial terms, if the
foreign country sneezes, the domestic country catches a cold if cox is high).

Since it is more convenient to work with the logarithmic version of the model
(and in order to cut down on notation), equations (11.47)—(11.48) are rewritten in
logarithmic form as equations (T3.1) and (T3.2) in Table 11.4.

In order to discover how the model works, we look at some prototypical cases
before studying the empirically relevant application of the model.

11.2.1 Nominal wage rigidity in both countries
If there exists nominal wage rigidity in both countries, the relevant model is
obtained from Table 11.4 by setting X = X.* = 0. The resulting model can then
be studied graphically with the aid of Figure 11.9. The LM(ASN ) curve is obtained
by substituting the AS curve (i.e. equations (T3.5) and (T3.7) combined and with
X. = 0 imposed, hence the subscript "N" for nominal) into the LM curve (LM*(ASO
is obtained in an analogous fashion). The resulting expressions for price and output
levels are:
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Table 11.4. A two -country extended Mundell—Fleming model
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(T3.1)

y* = —c yR r* — cyo + EYG [g* + 	 , 	 (T3.2)

m p = EMYY — EmRr*,
	 (T3.3)

m * — p* = EmyY* — EmRr* ,
	 (T3.4)

Y = —wNENw [w — 131 ,
	 (T3.5)

Y* = —wNENw [w* — P*
	

(13.6)

= wo + Ape,
	 (T3.7)

w* = wo + K,
	 (T3.8)

Pc = wo + p + (1 — a)q,
	 (T3.9)

pc = wo + p* — (1 — a)q, 	 (T3.10)

Notes: All variables except the interest rate are in logarithms and starred variables refer to the foreign
country. Endogenous variables are the outputs (y, y*), the real exchange rate (q), the rate of interest (r*),

price levels (p, p*), nominal wages (w, w*), and consumer price indexes (pc , 14). Exogenous are government

spending (g, g*), the money stocks (m, m*), and the wage targets (wo, wo). Elasticities of (T3.1)—(T3.2) can be

recovered from (11.47)—(11.48), and wo log Qo.

and
coNENw [m + EMRr* — w0] 

Y = 1 + WNENWEMY
toN€Nw [m* + EAIRr* — Wo]y* =

1 + OJNENWEMY

The curves LM(ASN ) and LM*(AS7v ) are drawn in the left-hand panel of Figure 11.9,
and coincide in the initial equilibrium due to the symmetry assumption. The goods
market equilibrium schedule under nominal wage rigidity, GME N , is obtained by
substituting LM(ASN) into the IS curve and solving for r* in terms of the real
exchange rate and the exogenous variables (and similarly for GMEN):

(1 WNENWEMY) [EyQq + EyG(g + rig* )] + coNENw (vvo — m]
r* =

EYR ( 1 WNENWEMY) WNENWEMR

(1 + WNENWEMY) HIV/ ± EYAr + 77g)] + (DNENw [11 — m*]
r* =

EYR ( 1 (NENWEMY) (.ONENWEMR

GMEN is upward sloping in (r*, q) space because a real depreciation (a rise in q)
stimulates domestic output and, consequently, the demand for real money balances.
Money market equilibrium can only be restored if the interest rate is higher (the
slope of GMEN is reversed since —q measures the real exchange rate from the foreign
country's perspective).

VIVEA4-wW;	

(11.49)
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Figure 11.9. Fiscal policy with nominal wage rigidity in

both countries
Figure 11.10
in both cot..

Fiscal policy in the domestic country (represented by a rise in g) shifts up both
GMEN and GMEN but, provided the own effect of government spending dominates
(so that ri < 1), the former shifts by more than the latter (i.e. ar*/ag is largest
for GMEN ). The new equilibrium is at e l , the domestic economy experiences a
real appreciation, and output in both countries rises. Hence, the fiscal stimulus in
the domestic economy also stimulates the foreign economy. This is why this phe-
nomenon is called a locomotive policy: the one country is able to pull itself and the
other country out of a recession by means of fiscal policy. Why does it work? The
increased government spending in the domestic economy leads to upward pressure
on domestic interest rates. The resulting capital inflows cause the domestic currency
to appreciate, so that the demand for foreign goods is increased. This stimulates out-
put in the foreign country. The resulting increase in the interest rate causes the price
levels of both countries to rise by the same amount. Since nominal wages are fixed,
the real producer wage falls in both countries, which explains the increase in output
and employment.

For future reference we derive the expressions for the output multipliers. First, we
use (GMEN) and (GMEN) to derive the effect of domestic and foreign fiscal policy
on the world interest rate:

dr*dr*	 (1 + 77)EyG(1 + (DNENwEmY)= 	 >
dg	 dg* 2 [EyR(1 + (i,,TENwemy) + WNENWEMR]

(11.50)

Next, we use (LM(ASN )), (LWAS7,T)), and (11.50) to derive the output effects:

dy_ 	  dy* dy*	 (1 + OwNEyGENwemR
 , > 0.

dg dg*	 dg dg* 2 [cyR (1 + (DNENwEmy) + WNENWEMRI
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Figure 11.10. Monetary policy with nominal wage rigidity

in both countries

The key thing to note is that own and foreign fiscal policy affect have the same
output effects in both countries.

Monetary policy in the domestic country, on the other hand, does not benefit
but harm the foreign country. This is illustrated with the aid of Figure 11.10. The
increase in the domestic money stock shifts the domestic goods market equilib-
rium locus from GMEN(mo) to GME N (m l ) and the LM(AS) curve from LM(AS N )0 to
LM(ASN)i . There is downward pressure on domestic interest rates, and the capital
outflows lead to a depreciation of the currency. This shifts domestic demand towards
domestically produced goods and away from foreign goods. Also, foreigners shift
towards goods produced in the domestic economy. In view of (11.49), the foreign
price level falls and consequently the real producer wage rises. This explains the
fall in output and employment in the foreign country. For obvious reasons mon-
etary policy is referred to as a beggar-thy-neighbour policy: the domestic economy is
stimulated at the expense of the foreign economy.

11.2.2 Real wage rigidity in both countries
If both countries experience real wage rigidity, the relevant model is obtained from
Table 11.4 by setting X = X* = 1. Again the resulting model is amenable to graphical
analysis. Under real wage rigidity, the aggregate supply curves in the two countries
are equal to:

y= — coNENw [(Do + wo + (1 — ot)q] ,	 (ASR)

■VENfid 
> 0. 	 (11.51)	 y* = —(0NENw [(Do + led — ( 1 — a)q] .
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The goods market equilibrium schedules for the two countries are obtained by equat-
ing the respective AS and IS curves and solving for r* in terms of the real exchange
rate and the exogenous variables. The subscript "R" is used to indicate that real
wages are rigid in the two countries.

r* WNENW [wo + wo] + (EYQ + WNENW)q + EYG [g 
(GMER)

EYR

WNENW [(00 + led - (EYQ WNENW )q EYG [g * rig] r = 	 (GMER)
EYR

In sharp contrast to our conclusion in the previous section, fiscal policy constitutes
a beggar-thy-neighbour policy under real wage rigidity. This can be illustrated with
the aid of Figure 11.11. The increase in government spending in the domestic coun-
try (g) raises the interest rate and causes a real appreciation of the domestic economy
(provided ri < 1, which we assume). Since consumer wages are fixed, the producer
wage falls in the domestic economy and output and employment are stimulated.
The opposite holds in the foreign country, where the producer wage rises. By raising
g, the domestic policy maker causes the foreign producer wage to rise, as foreign
workers demand higher nominal wages in order to keep their consumption wage
constant after the real depreciation of the foreign currency. For future reference
we derive the expressions for the various output multipliers. First we use (GMER)
and (GMER) to derive the effect of domestic and foreign fiscal policy on the real
exchange rate:

dq 	dq _ 	 — J)EYREYG , < 0.	 (11.52)
dg	 dg* 	 2 [EYQ CONENWi

Next, we use (ASR ), (ASR), and (11.52) to derive the output effects:

dy	 dy dy* _dy* = (1 — 0(1 — a)(DNENwEYREYG > 0.
dg	 dg* dg*	 dg	 2 [EYQ (.WNENW]

Equation (11.53) provides a clear statement of the beggar-thy-neighbour property
of fiscal policy when both countries experience real wage rigidity.

Not surprisingly, monetary policy has no real effects under real wage rigidity. As
none of the equilibrium conditions is affected, the interest rate, output levels, and
the real exchange rate are also unaffected and the increase in m causes an (equal)
increase in the domestic price level and the nominal wage rate (dp = dw). Since the
real exchange rate is unaffected, the nominal exchange rate depreciates by the full
amount of the change in the domestic price (de = dp).

11.2.3 Real wage rigidity in Europe and nominal wage rigidity
in the United States

In an influential paper, Branson and Rotemberg (1980) argue on the basis of empir-
ical evidence, that nominal wage rigidity characterizes the US economy whilst real
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wage rigidity well describes the European countries. Letting Europe denote the home
country and the US the foreign country (and ignoring the rest of the world for the
time being), the model describing this configuration is obtained from Table 11.4 by
setting A = 1 and A* = 0. The analysis of the effects of fiscal and monetary policy can
once again proceed by graphical means. Since Europe experiences real wage rigid-
ity, it is fully described by GMER and ASR (given in (GMER) and (ASR), respectively).
The US economy, on the other hand, experiences nominal wage rigidity, and is
described by LM*(AS7v ) and GME7v (given in (LM*(ASO) and (GME7„), respectively).
The different schedules have been drawn in Figure 11.12. The initial equilibrium
is at eo.

A European fiscal expansion (a rise in g) leads to an upward shift of both GMER
and GME1,'„ with the former experiencing the larger shift (as ri < 1). The real
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Figure 11.12. Fiscal policy with real wage rigidity in Europe
and nominal wage rigidity in the United States

exchange rate of Europe appreciates and the new equilibrium is at el. Both y and y*
increase, though the latter increases by more than the former (see the third quad-
rant). The European fiscal impulse constitutes a locomotive policy since it ends up
simultaneously stimulating US output and employment.

A US fiscal expansion (a rise in g*) shifts both GMER and GME'k. In terms of
Figure 11.12, the new equilibrium is at e2. The rate of interest is higher, there is a real
depreciation in Europe, but output falls because real producer wages in Europe rise.
Output and employment in the US rise, so that the US fiscal expansion constitutes
a beggar-thy-neighbour policy. It leads to lower output and higher unemployment
in Europe.

A monetary expansion in Europe has no real effects (see above), but expansionary US
monetary policy (a rise in m*) constitutes a locomotive policy for Europe. This has
been illustrated in Figure 11.13. The increase in the US money stock shifts GME -,-
down and LM*(AS'„',) to the left. The European real exchange rate appreciates and
the interest rate falls. Both y and y* rise, and the US impulse thus stimulates both
economies. By inflating the foreign price level, the real producer wage abroad falls.
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This explains why foreign output rises. Similarly, the real exchange rate appreci-
ation causes European producer wages to fall, thus also enabling an increase in
output there.

11.2.4 International policy coordination
The symmetric two-country model of the world economy that was developed in the
previous subsections can be used to study the issue of international policy coordina-
tion. Since we do not wish to carry on with the rather extensive notational burden
introduced in the development of this model, the insights of the two-country model
are summarized by means of the following reduced form expressions for domestic
and foreign output:

Y = g + 	 Y* = g* + *g,
	 (11.54)

where g and g* are indexes of fiscal policy, = 	 = 1 if there is nominal wage
rigidity in both countries (which is the case studied in section 2.1), = 	 < 0 if
there is real wage rigidity in both countries (see section 2.2), and, finally, < 0 and
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0 < < 1 if there is real wage rigidity in the domestic economy and nominal wage
rigidity in the foreign economy (see section 2.3).

Assume that the domestic government is interested in stimulating domestic output
(to get as close as possible to some given full employment target, y > 0) without,
however, creating a large government sector (which could give rise to large deficits).
We assume that the domestic policy maker minimizes some cost function, LG:

LG	 (y —	 + 2g2,
	 (11.55)

subject to the reduced form expression summarizing the domestic economy, given
by the first expression in (11.54). In a similar fashion, the foreign policy maker has
the loss function:

Lc = 2 (y* - p) 2	(s-1 2 (11.56)

that it minimizes subject to the constraint imposed by the reduced form expression
for foreign output (the second equation in (11.54)). It is assumed that the domestic
and foreign policy makers have the same output targets, i.e. y features in both
(11.55) and (11.56).

Suppose that both governments choose their own spending level independently,
i.e. without taking the possible repercussions for the other country into account. In
this case, fiscal policy is uncoordinated and each country chooses its spending level
conditional upon the other country's spending level. For example, the policy maker
in the domestic economy solves:

i	 , 2 	 0 2

gin LG = (g fig *
	 +ig

which yields the domestic country's reaction function, RR:

aLG

as-

= + 	 — j7) + eg = 0 	 g = 
 1 + 0 ' 

RR.

Similarly, the foreign country has a reaction function (RR*) which relates its optimal
(non-coordinated) level of government spending to its full employment target and
the spending level of the domestic country:

	  = (g* + *g — + 9g* = 0	 g* = 	  RR*. 	 (11.59)
ag*	 1 + 0

The non-cooperative Nash equilibrium is defined as that equilibrium in which each
country's spending plan is optimal given the other country's spending plan. Since
the reaction functions designate such conditionally optimal spending plans, the
non-cooperative Nash equilibrium is obtained by finding the intersection of RR

(11.57)
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and RR*, i.e. by solving (11.58)-(11.59) for g and g*. For the special case of 4- = r,
we obtain:

gN = = 1 Y 0 , 
for = r,

+4- 
(11.60)
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where the subscript "N" indicates that these solutions are non-cooperative. In terms
of Figures 11.14 and 11.15, the two reaction functions can be drawn as RR and RR*,
respectively. In both diagrams we impose that 4- = which means that the two
countries have the same wage-setting regime. In Figure 11.14 both countries have
nominal wage rigidity (4- = 4- * = 1), and in Figure 11.15 both countries experience
real wage rigidity (. = 4- * < 0). In both cases the stable 7 non-cooperative solution
is at point N, where the two reaction functions intersect.

What would a coordinated policy look like? In the coordinated solution, the policy
maker in one country takes into account the (positive or negative) effect that its
own spending has on the other country. One way to analyse the coordinated policy
is to assume that both policy makers relinquish control over spending to some
international agency which is instructed to minimize the total welfare loss, LG VG ,

by choosing spending levels in the two countries. Formally, the problem solved

It is easy to show that the non-cooperative Nash equilibrium is stable. In terms of Figure 11.14,
suppose that g = go initially. It is then optimal for the foreign policy maker to choose g* = 4. But for

this value of g*, it is optimal for the domestic policy maker to set g = Repeating the argument shows
that the only stable Nash equilibrium is at point N.
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W(1 +0)

Figure 11.15. International coordination of fiscal
policy under real wage rigidity in both countries

under a coordinated fiscal policy is:

min LG±	 1(g	 — y) 2 + i (g* rg —
tg*,g)

+ tlg
2 + (g*)

2

	2 	 2

ag*	 = (g +	 — + (g* +	 —y) + og* = o.

By comparing these first-order conditions under cooperative behaviour to the ones
relevant under non-cooperative behaviour (given in equations (11.58)-(11.59)), it is
clear that in the cooperative solution the policy maker explicitly takes into account
the international spill-over effects that exist (represented by the terms premultiplied
by and r in (11.62) and (11.63), respectively). By solving (11.62)-(11.63) for g
and g* (again for the special case = .*), the spending levels under coordination
are obtained:

gc = = 1+ 	 , 
for = 	 (11.64)

where the subscript "C" is used to designate cooperation.
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wage rigidity in both countries “. = = 1), the cooperative solution involves
the higher spending levels in the two countries. This is illustrated in Figure 11.14,
where point C designates the cooperative solution. The intuition behind this result
is obvious. With nominal wage rigidity in both countries, fiscal policy constitutes a
• ,comotive policy. In the absence of coordination, however, individual countries do
not take into account that their own fiscal spending also aids the other country. They
therefore both underestimate the benefit of their own spending and consequently
choose spending levels that are too low. In the cooperative solution, on the other
hand, this external effect is internalized, and spending levels are raised to make full
use of the locomotive feature of fiscal policy.

The opposite holds if there is real wage rigidity in both countries = < 0), as
is illustrated in Figure 11.15. Fiscal policy constitutes a beggar-thy-neighbour policy
and uncoordinated actions by national governments lead to spending levels that are
too high. The coordinated policy solution internalizes this "pollution-like" aspect
of government spending and consequently leads to lower spending levels.

Up to this point we have only analysed the symmetric cases of either nominal
or real wage rigidity in both countries. As a final case, consider the mixed case
where there is real wage rigidity in the domestic country (Europe) and nominal
wage rigidity in the foreign country (the US). This configuration implies that < 0
and 0 < < 1. Following the same reasoning as before, but noting that now
it is possible to derive the uncoordinated and coordinated solutions for government
spending:

so that:

(1 + e +	 - + r)ogN
gc - gN =	 > 0,

[1 + 0 + (C) 2 ] (1 + 0 + - + 0 2

[1 + 0 + (r) 2i - OgN - + r)C0A
[1 + 0 + (01(1 + 0 + 2)- + 0 2

From (11.65) we can conclude that gN is larger, and gN is smaller, in the asymmetric
than under the symmetric case (for which = > 0)—compare (11.65)-(11.66)
and (11.60). Furthermore, in view of (11.65)-(11.66) and (11.67)-(11.68) we observe
that gN < gc and gN > This means that, in the absence of cooperation, the world
interest rate is too high, the dollar is too strong, and there is high unemployment
in Europe due to the economic policy pursued by the US. This result is intuitive
since fiscal policy is a beggar-thy-neighbour policy for the US, which consequently
spends too much in the absence of coordination. Under cooperation this external

gC-gN = 	  <O.

(11.65)

(11.66)

(11.67)

(11.68)
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effect is internalized. Similarly, European fiscal policy is a locomotive policy, which
consequently spends too little.

11.3 Forward-looking Behaviour in International
Financial Markets

Up to this point we have been somewhat inconsistent in our discussion of the
economy operating under flexible exchange rates. The nature of this inconsistency
can be gleaned by looking at the uncovered interest parity condition. Consider a
domestic investor who has f 100 to invest either at home, where the interest rate on
bonds is r, or in the US, where the interest rate on bonds is r* . If the investor chooses
to purchase a domestic bond, he will get f 100x (1 + r) at the end of the period, so
that the gross yield on his investment is equal to 1 + r. If, on the other hand, the
investor purchases the US bond, he must first change currency (from guilders to
dollars), and purchase US bonds to the amount of (f100x(11E0) = $100, where
E0 is the nominal exchange rate at the beginning of the period (the dimension of
E is, of course, f per $). At the end of the period he receives ($100E 0 ) x (1 + r*),
which he converts back into guilders by taking his dollars to the foreign exchange
market, thus obtaining (1 + r*)x($100E0)1E1 = f 100 x (1 + r*) x (E1lE0). Of course,
the investor must decide at the beginning of the period on his investment, and he
does not know the actual exchange rate that will hold at the end of the period. The
estimated gross yield on his foreign investment therefore equals (1 + r*) x (E1 /E0),
where Eel is the exchange rate the investor expects at the beginning of the period to
hold at the end of the period. If the investor is risk-neutral, he chooses the domestic
(foreign) bond if 1 + r > ( < )(1 + r*) x (E1lE0), and is indifferent between the two
investment possibilities if the expected yields are equal.

The point of all this is that the expected yield differential between domestic and
foreign investments depends not only on the interest rates in the two countries (r
and r*) but also on what is expected to happen to the exchange rate in the period
of the investment:

Ee 
yield gap F. --- ( 1 ± r ) — (1 + r*)—I = (1 + r) — (1 + r*) (1 +

AEe

Eo	 Eo

= (1 + r) — (1 + r* + AEe 
+ r* 

AEe
 ) --- r (r* +

AEe
	 (11.69)

E0 	 Eo	 Eo ) '
where the cross-term r* AEe 1E0 can be ignored because it is of second-order
magnitude. Equation (11.69) can be written in continuous time as:

yield gap = r — (r* + ee ),	 (11.70)

where e -E:- log E, so that e -.- dee I dt =---- Ee IE. Expressions (11.69) and (11.70) are intu-
itive. If the domestic currency is expected to appreciate during the period (e < 0),
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_len the domestic currency yield on the US bond is reduced because the dollar earn-
^gs on the bond are expected to represent fewer guilders than if no appreciation is

pected. In the case of perfect capital mobility, arbitrage will ensure that the yield
differential is eliminated, in which case (11.70) reduces to the famous uncovered

serest parity condition:

r = r* +ee .	 (11.71)

11.3.1 The Dornbusch model
Up to this point we have always assumed that r = r* under perfect capital mobility,
- hich would be correct if investors never expect the exchange rate to change. Whilst
this may be reasonable under a (tenable) fixed exchange rate regime, it is a some-
what inconsistent assumption to make about investors' expectations in a regime
of freely flexible exchange rates. Investors know that the exchange rate can (and
generally will) fluctuate, and consequently will form expectations about the change
in the exchange rate. The seminal contribution by Dornbusch (1976) was to intro-
duce the assumption of perfect foresight (the deterministic counterpart to rational
expectations; see Chapters 1 and 3) into a model of a small open economy facing
perfect capital mobility and sticky prices. The model is summarized in Table 11.5.
Equations (T5.1) and (T5.2) are, respectively, the IS curve and the LM curve for
a small open economy. Uncovered interest parity is given in equation (T5.3) and
equation (T5.4) is the Phillips curve. If output is higher than its full employment
level y, prices gradually adjust to eliminate Okun's gap. The adjustment speed of the
price level is finite, due to the assumption of sticky prices. This means in formal
terms that 0 < < oo. Finally, equation (T5.5) represents the assumption of perfect
foresight. Agents' expectations regarding the path of the exchange rate coincide
with the actual path of the exchange rate.

The model exhibits long-run monetary neutrality, as --- 0 implies that y =
and e = 0 implies that r = r*, so that (T5.2) shows that m — p is constant. In the
long run, the domestic price level and the nominal money supply move together.
Furthermore, there is also a unique equilibrium real exchange rate, defined by (T5.1)
with y = y and r = r* substituted. This equilibrium exchange rate is not affected

Table 11.5. The Dornbusch Model

y= —EyRr +EyQ [p* + e — P]+ EYGg,
	 (T5.1)

m p = 	 + EMYY,
	 (T5.2)

r = r* + ëe, 	 (T5.3)

= [Y — Y
	 (T5.4)

ee = e . 	 (T5.5)

AEe

E0
(11.69)
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by monetary policy, but can be affected by fiscal policy. But we are really interested
in the short-run dynamics implied by the model. To study this, we first reduce the
model to two differential equations in e and p. For given values of the nominal
exchange rate and the domestic price level, the domestic interest rate and output
can be written as:

Y = 	 (11.72)EmREyQ [p* + e - + EmREyGg + EyR(m - p) 
EMR EMYEYR

EMEYQ [p* + e - p] + EMYCYGg — (m — p) 	 (11.73)r=
EMR EMYEYR

By substituting (11.72)-(11.73) and (T5.5) into (T5.3) and (T5.4), we obtain the
dynamic representation of the model:

The only sign that is ambiguous in the Jacobian matrix on the right-hand side
of (11.74) is the one for ae/ap. This is because an increase in the domestic price
level has an ambiguous effect on the domestic interest rate. On the one hand, real
money balances decrease, which leads to upward pressure on the interest rate, but
on the other hand the domestic price increase also leads to a real appreciation of
the exchange rate which decreases output and hence the (transactions) demand
for money. This money demand effect causes downward pressure on the interest
rate. We assume for simplicity that the money supply effect dominates the money
demand effect, so that EmyEm < 1 and ae/ap > 0.

The model can be analysed with the aid of Figure 11.16. The e = 0 line is obtained
by taking the first equation in (11.74) and solving it for e as a function of p and the
exogenous variables:

e + p* = - ( 1 - EMYEYQ)p — EMYEYGg M (EMR EMY YR)r *  (11.75)
EMYEYQ

Along the e = 0 line the domestic interest rate equals the foreign interest rate (r = r*).
It is downward sloping in view of our assumption (made above) that EmyEm < 1.
For points above the e = 0 line the nominal (and the real) exchange rate is too high,
output is too high, and the domestic rate of interest is higher than the world rate
(r > r*). Uncovered interest parity predicts that an exchange rate depreciation is
expected and occurs (ee = e > 0). The opposite holds for points below the e = 0
line. These dynamic forces on the nominal exchange rate are indicated by vertical
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Po p

Figure 11.16. Phase diagram for the Dornbusch model

arrows in Figure 11.16. More formally we can derive the same result by noting that
I 1.74) implies:

(a e	 EMYEYQ

which shows that the interest parity condition introduces an unstable element into
the economy in the sense that exchange rate movements are magnified, rather than
dampened, according to (11.76).

The p = 0 line is obtained by taking the second equation in (11.74) and solving
it for e as a function of p and the exogenous variables:

(E YR + EMREYQV EMREYGg E YR M (EMR EMY E YR 
e +p* =	 (11.77)

EMREYQ

Along the p = 0 line there is full employment (y = y). It is upward sloping because
an increase in the domestic price level reduces output via the real balance effect. To
restore full employment, the nominal exchange rate must depreciate. For points to
the right of the p = 0 line, output is below its full employment level (y < y/) and the
domestic price level is falling. The opposite holds for points to the left of the p = 0
line. The dynamic forces operating on the price level are indicated by horizontal
arrows in Figure 11.16. In formal terms, the second equation of (11.74) shows that
the real side of the model exerts a stabilizing influence on the economy:

( ap\
=

 0(EyR + EMREYR) < 0.
ap 	 EMR EMYEYQ

The long-run steady-state equilibrium is at point ao in Figure 11.16, where p = e = 0
so that both r = r* and y = k hold.
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What about the stability of this steady-state equilibrium? Will a shock away
from ao eventually and automatically be corrected in this model? The answer is
an emphatic "no" unless we invoke the perfect foresight hypothesis. The dashed
trajectories drawn in Figure 11.16 eventually all turn away from the steady-state
equilibrium. There is, however, exactly one trajectory which does lead the econ-
omy back to equilibrium. This is the saddle path, SP. If and only if the economy
is on this saddle path, will the equilibrium be reached. Since agents have perfect
foresight they know that the economy will fall apart unless it is on the saddle path
(p and/or e will go to nonsense values). Consequently, they expect that the econ-
omy must be on the saddle path, and by their behaviour this expectation is also
correct. If anything unexpected happens, the nominal exchange rate immediately
adjusts to place the economy on the new saddle path. Since the price level is sticky,
it cannot jump instantaneously and consequently the nominal exchange rate takes
care of the entire adjustment in the impact period. (See Chapter 4 above for other
examples of saddle-point stable models.)

As an example of adjustment, consider the case of an unanticipated expansionary
fiscal policy. In terms of Figure 11.17, the increase in g shifts the p = 0 line to the
right and the e = 0 line to the left, leaving the long-run price level unchanged. At
impact the exchange rate adjusts downward from point ao to a l . There is no tran-
sitional dynamics, and the Dornbusch model predicts exactly the same adjustment
pattern as the traditional Mundell—Fleming approach does in this case. Since there is
no need for a long-run price adjustment the assumption of price stickiness plays no
role in the adjustment process, and because the fiscal impulse is unanticipated,
the interest parity condition does not introduce transitional dynamics into the
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exchange rate in this case. Students are advised to verify that the announcement of
a future permanent increase in government spending leads to an immediate appre-
ciation of the currency, followed by falling prices and a further appreciation of
the exchange rate, in the period between announcement and implementation of
the policy. Once government spending has gone up, the price level starts to rise
again and the exchange rate appreciates further. In the long run, the equilibrium
is at al, with a permanently lower exchange rate and the same price level, and the
adjustment path is ao to a' at impact, gradual movement from a' to a" between
announcement and implementation, followed by gradual movement from a" to al
after implementation.

An unanticipated and permanent expansionary monetary policy produces the famous
overshooting result in this case. In terms of Figure 11.18, an increase in the money
supply shifts both the e = 0 line and the p = 0 line to the right, leaving the long-
run equilibrium real exchange rate unchanged (recall that money is neutral in the
long run). In the short run, however, prices are sticky and the exchange rate makes
a discrete adjustment from e0 to e'. The depreciation of the currency leads to an
increase in the demand for aggregate output (y > y) and the domestic price level
starts to rise. A gradual adjustment along the saddle path SP 1 , with an appreciat-
ing real exchange rate, leads the economy back to the long-run equilibrium. The
nominal exchange rate actually overshoots its long-run target in the impact period.
The intuition behind this result is that agents expect a long-run depreciation of
the nominal exchange rate, and hence domestic assets are less attractive. There is
a net capital outflow and the spot rate depreciates. The exchange rate overshoots
in order for domestic residents to be compensated (for the fact that r < r*) during
adjustment by an exchange rate appreciation. Hence, point a l must be approached
from a north-westerly direction.

Price stickiness and overshooting

The finite speed of adjustment in the goods market (a distinctly Keynesian feature)
plays a crucial role in the exchange rate overshooting result. Suppose, for example,
that (/), -÷ oo, so that (T5.4) predicts that y = p always, as prices adjust infinitely fast.
This means that we can solve (T5.1)-(T5.2) for the domestic rate of interest and price
level as a function of the nominal exchange rate e and the exogenous variables. For
the domestic interest rate we obtain:

r - 
(EmEmy - 1)y, + 

EyQ(p*
 + e) + EyGg - Emni (11.79)

EMR EYQEMR

which, together with (T5.5), can be substituted into (T5.3) to get the expression for
the rate of depreciation of the exchange rate under perfectly flexible prices:
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Figure 11.18. Monetary policy in the
Dornbusch model

This is an unstable differential equation in e only (it does not feature the price
level, p). In terms of Figure 11.19, the only stable solution, following an unantic-
ipated increase in the money supply, is an immediate discrete adjustment of the
exchange rate from e0 to el. Consequently, both immediately before and immedi-
ately after the shock, the exchange rate is constant (é = 0) so that the domestic rate
of interest stays equal to the world rate at all times (r = r*). Unanticipated monetary
policy does not lead to overshooting if prices are perfectly flexible.

This does not mean, of course, that overshooting is impossible when the price
level is fully flexible. In some cases, anticipation effects can also cause overshooting
of the exchange rate. Assume that the monetary impulse is announced at time tA
to be implemented at some later time ti (>tA). If agents have perfect foresight, the
adjustment path will be an immediate depreciation at time tA from e0 to e', followed
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Figure 11.19. Exchange rate dynamics with perfectly flexible
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by gradual further depreciation between tA and ti, represented by the movement
from point a' to a" along the e(mo) line. Exactly at time ti the money supply is
increased (as was announced), the e = 0 line shifts to the right to e(m i ), and the
exchange rate settles at its new equilibrium level el. Agents anticipate a deprecia-
tion of the currency in the long run since the money supply increases. There can
be no anticipated jumps in the exchange rate, since these would imply infinitely
large expected capital gains/losses, so that one side of the market would disappear.
Consequently, interest parity dictates adjustment, and the exchange rate starts to
depreciate immediately. 8 There is still no overshooting in this case.

Matters are different if the monetary impulse is implemented immediately
(tA = ti) but is of a temporary nature. Specifically, it is announced (and believed
by the agents) that the money supply will be decreased to its old level at some time
tE in the future. In that case, the adjustment path is given by an immediate depre-
ciation at tA = ti from eo to e", followed by gradual appreciation between tA and tE
(described by the movement from point b' to b"). At the time the money supply is
decreased again, the exchange rate has fallen back to its initial level, the e = 0 line
shifts from e(m i ) = 0 to e(mo) = 0, and equilibrium is restored. A temporary mon-
etary expansion causes the exchange rate to overshoot its long-run (unchanged)

8 The smaller the difference between implementation and announcement dates (ti — tA), the larger is
the jump in the exchange rate at impact. This can be seen intuitively, by noting that if (tj — tA)	 0, the
jump is instantaneous from e0 to el, and if (tj — tA )	 oo, the policy measure is postponed indefinitely,
and nothing happens to the exchange rate.
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level. Agents expect no long-run depreciation but the domestic interest rate is tem-
porarily below the world rate of interest, so that interest parity predicts that e < 0
along the transition path.

Imperfect capital mobility and overshooting

Frenkel and Rodriguez (1982) have shown that Dornbusch's conclusion regarding
the crucial role of slow price adjustment for the overshooting result is somewhat
misleading. They do so by modifying the Dornbusch model to incorporate imperfect
capital mobility. The Frenkel-Rodriguez model is given in Table 11.6. Equation (T6.1)
shows that aggregate demand, yd , is equal to fixed output, p, plus a term depend-
ing on the real exchange rate. Underlying (T6.1) is the assumption that output and
domestic absorption are fixed, and that the long-run trade balance is zero. Equation
(T6.2) is the inverse LM curve, expressing the domestic interest rate that clears the
money market as a function of fixed output and the real money supply. In view of
(T5.2), the semi-elasticities are defined as: ERy EMy/EMR and ERM 1/EmR. Equa-
tion (T6.3) shows that the domestic price level changes as a result of goods market
disequilibrium, and (T6.4) shows that the trade balance, X, depends positively on
the real exchange rate. In (T6.5), net capital inflows, KI, depend on the yield gap
between domestic and foreign assets (see (11.70)). Depending on the value of
(T6.5) can be used to describe different assumptions regarding capital mobility. If
capital is immobile, 4 = 0, if it is perfectly mobile, oo, and the intermedi-
ate case of imperfect capital mobility is obtained if 0 < oo. Under perfect
capital mobility, yield gaps are closed instantaneously, uncovered interest parity
holds (r = r* + ë), and the balance of payments restriction (T6.6) is redundant (since
it holds as an identity in that case).

By using (T6.1) and (T6.3), the price adjustment equation is obtained:
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which shows that the price exerts a stable influence, i.e. afi/ap = 	 < 0.
Similarly, by substituting (T6.2), (T6.4), and (T6.5) into (T6.6), the dynamic

Table 11.6. The Frenkel—Rodriguez Model

yd = j-/ 	EDQ [P* 	e
r = ERyY 	 ERM [rn

13] ,

191
(T6.1)

(T6.2)

p = q5 [yd — (T6.3)

X = EXQ [1,* + e , (16.4)

KI = 	 [r — (r* + e.)], (T6.5)

KI + X = 0. (T6.6) Figt
cap
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equation for the exchange rate is obtained:

e = (ExQM [p* + e — p] + ERyP - ERm [m — p] - r*, (11.82)

which shows that, just as in the Dornbusch model, the instability originates from
the exchange rate, i.e. ae/ae = ExQ/ > 0. Following the same procedures as above,
the p = 0 and e = 0 lines can be derived:

e = p — p* , (11.83)

e = [1 — *€/,n4/Ex(2]p + (vEx(2)[ERmrn — ERITY r*] . (11.84)

The p = 0 line (11.83) is upward sloping, but the slope of the e = 0 line (11.84) is
ambiguous. If capital mobility is low low), it is likely to be upward sloping, but
if capital mobility is high it will be downward sloping. The two cases are drawn in
Figures 11.20 and 11.21, respectively.

Figure 11.20 illustrates that there is no overshooting of the exchange rate after a
monetary impulse under low capital mobility. At impact, the higher money supply
causes the domestic interest rate to fall. This causes net capital outflows (KI < 0).
At the same time, the exchange rate depreciates and the trade account improves. If
capital mobility is low, the former effect is dominated by the latter, and balance of
payments equilibrium requires a slight appreciation of the currency (to ensure that
X + KI = 0 at time t = 0). After that, the domestic price level and the exchange rate
rise along the saddle path towards their new equilibrium levels. The opposite case
with high mobility of capital is illustrated in Figure 11.21. Here, both the e = 0 line
and the associated saddle path are downward sloping. The exchange rate overshoots
its long-run level at impact, as the capital inflow effect dominates the effect on the
trade account at impact.

11

I
:nestic interest rate is tem-

st parity predicts that e < 0

h's conclusion regarding
hooting result is somewhat

to incorporate imperfect
Table 11.6. Equation (T6.1)
it, j7, plus a term depend-
umption that output and

de balance is zero. Equation
- lterest rate that clears the

it money supply. In view of
and ERM 	 1/EmR• Equa-

as a result of goods market
X, depends positively on

I, depend on the yield gap
)ending on the value of

,A-ding capital mobility. If
Do, and the intermedi-

oo. Under perfect
uncovered interest parity

1 (T6.6) is redundant (since

►1-1 is obtained:

ak/ap = —Ow < 0.
into (T6.6), the dynamic

(T6.1)

(T6.2)

(T6.3)

(T6.4)

(T6.5)

(16.6)

305



Since the money sui
replaced by:

Y — 
EmoyQ[p * + e -

EMY EYQ [pa e -
r =

so that the = 0 and e

[(1 — (5)EyR + (%4
e= 	

e

Po EAIREYQP * + 

Figure 11.21. Exchange rate dynamics with high
capital mobility

[1 — 8 — EmEl,
e= 	

The Foundation of Modern Macroeconomics

So what is the lesson that is learnt from this model? The role of asset market
adjustment speed is vital in the discussion about overshooting. As long as the speed
of price adjustment is finite, the sign of the parameter (EXQ — GERM) determines
whether or not there is overshooting. In other words, the assumption of sticky
prices is necessary but not sufficient for the exchange rate overshooting result. By only
considering the extreme case of perfect capital mobility, one is unable to disentangle
the effects of adjustment speeds in goods- and assets markets, and one is tempted
to infer (incorrectly) that price stickiness alone automatically implies exchange rate
overshooting.

Monetary accommodation and overshooting

Up to this point we have assumed that the policy maker pursues discrete monetary
policy, consisting of once-off changes in the money supply. Suppose now, however,
that the policy maker wishes to accommodate any price shocks that may occur.
Specifically, we continue to use the Dornbusch model of Table 11.5, but we postulate
that the money supply reacts to the price level according to:

m = m + 8p, (11.85)

where 8 is the accommodation coefficient. If 8 = 0, we have the "pure float" case
analysed by Dornbusch, but if 0 < 8 < 1, we have a "dirty float". There is some
degree of exchange rate management in the form of adjustments in the money
supply.
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Since the money supply is no longer exogenous, equations (11.72)—(11.73) are
replaced by:

=0
EMREYQ [p* + e — p] + EMRCYGg + EYR [fn — (1 — 8)131 

Y =
EMR EMYEYR

EMREYQ[p* + e — pi+ EMY E YGg —m +(1- 8)p

so that the p = 0 and é = 0 lines are changed to:

e= 
[(1 8)EyR + EMREYQ] + (EMR + emvEyRV

EMREYQ

EMR 6 YQP* EMREYGg EYRtil 

EMREYQ

e
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The p = 0 line (11.88) is still unambiguously upward sloping, but the slope of the
= 0 line (11.89) is ambiguous:

If there is little accommodation (0 < S < 1— emy E y(2), expansionary monetary policy (a
rise in rn) leads to overshooting (as was the case in the Dornbusch model for which
3 = 0 and 1 — EMYEYQ > 0). If there is a lot of accommodation (3 > 1 — E my E yQ > 0),
however, the overshooting result disappears and undershooting of the exchange
rate is the result. This can be illustrated with the aid of Figure 11.22. An increase
in rrc shifts both the p = 0 and e = 0 lines but leaves the long-run equilibrium
real exchange rate unaffected. If the initial equilibrium is at ao (initial schedules
have not been drawn to avoid cluttering the diagram), an increase in m shifts the
long-run equilibrium to a l . Adjustment is instantaneous from ao to a', followed
by gradual adjustment from a' to al. The time paths of the different variables are
given in the lower panel of Figure 11.22. Note that, since the money supply rises
along with the price level, it is possible to approach the new equilibrium with
a falling interest rate. The change in the money supply has a more than 100%
effect on the price level in the long run. Recall that in the steady state, y = y and
r = r*, so that the real exchange rate is constant. In view of (11.87) we observe that
dp(oo) = dm/(1 — 6) > d (since 0 < 8 < 1). The reason for this result is, of course,
that m increases by more than in if there is accommodation.
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11.4 Punchlines

In this chapter we conclude our discussion of the IS-LM model that was commenced
in Chapter 1, by discussing the contributions made by Mundell and Fleming (MF)
and subsequent work in the area. In the MF framework it is explicitly recognized
that most countries are open economies, i.e. they trade goods and financial assets
with each other. There are two crucial aspects characterizing the open economy,
namely its "financial openness" and the exchange rate system it maintains.

By financial openness we mean the ease with which domestic residents substitute
domestic and foreign assets in their portfolios as yields between assets differ. If
substitution is very easy then yields will equalize. This situation is often referred to
as one of perfect capital mobility. At the other extreme, if domestic residents are
not willing to hold foreign assets at all (or if there are strictures against it) then the
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Chapter 11: The Open Economy

economy is "financially closed" and there is said to be no capital mobility at all.
'le intermediate case, with imperfectly mobile capital, can also be distinguished.
There are two prototypical exchange rate systems. Under a system of fixed

exchange rates, the monetary authority keeps the exchange rate for the domestic
currency fixed by means of interventions on the foreign exchange market. Unless
the policy maker engages in sterilization operations, the money supply will be
endogenous under this regime. With a system of flexible exchange rates, the mon-
etary authority does not intervene in the foreign exchange market. As a result the
equilibrium exchange rate is endogenously determined by the forces of demand and
supply in the foreign exchange market.

The results of monetary and fiscal policy depend both on the degree of capital
mobility and on the exchange rate system. With immobile capital and under fixed
exchange rates neither monetary nor fiscal policy can permanently affect aggregate
output. With perfectly mobile capital and fixed (flexible) exchange rates, monetary
policy is ineffective (effective) and fiscal policy is effective (ineffective) at influencing
output. All these results are based on the assumption of a fixed price level.

In order to endogenize the price level we add a simple model of aggregate supply
to the MF framework. The key features of this model are as follows. First, perfectly
competitive firms set prices of the domestic good. Second, domestic and foreign
goods are distinct and are imperfect substitutes for each other. Third, to give the
model some Keynesian features it is assumed that the (real or nominal) consumer
wage is fixed and that the demand for labour determines employment and output.
Finally, because domestic consumers use both domestic and foreign goods, the con-
sumer price index, upon which the wage claims are potentially based, depends on
both the domestic and the foreign price (and thus on the nominal exchange rate).

Armed with this extended MF model we investigate the effects of monetary and
fiscal policy under perfect capital mobility. Not surprisingly, the wage setting regime
plays a crucial role. Under real (nominal) wage rigidity, monetary policy is inef-
fective (effective). With real wage rigidity fiscal policy boosts output, reduces the
domestic price, and leads to an appreciation of both the nominal and the real
exchange rate. In contrast, with nominal wage rigidity fiscal policy does not affect
output and the domestic price and merely leads to an appreciation of the real and
nominal exchange rate. All these results hold for a small open economy which faces
an exogenously given world interest rate.

In order to endogenize the world interest rate we assume that the world consists
of two identical countries which can each be described by the extended MF model.
The two-country MF model shows how shocks are transmitted internationally.
Depending on the configuration of wage-setting regimes in the two countries' pol-
icy initiatives may spill over across countries. As an application of the two-country
model we show the effects of policy coordination.

In the last part of this chapter we introduce forward-looking elements in a sticky-
price model of a small open economy facing perfect capital mobility. A striking
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feature of this model is that an unanticipated and permanent monetary expan-
sion may produce overshooting of the exchange rate. Intuitively, agents expect a
long-run depreciation of the nominal exchange rate which, ceteris paribus, makes
domestic assets less attractive than foreign assets. There is a net capital outflow and
the spot exchange rate depreciates. During transition the domestic interest rate falls
short of the world interest rate. As a result the exchange rate overshoots its long-run
equilibrium value because part of the yield on domestic assets consists of a gradual
appreciation of the exchange rate.

The overshooting result caused a big stir in the late 1970s because it provided
an economically intuitive rationale for the large swings that are often observed
in the exchange rate. Large changes in the exchange rate need not be due to the
behaviour of irrational currency speculators after all! In the final part of the chapter
we demonstrate that price stickiness is a necessary but not a sufficient condition for
the overshooting result to hold. Both a high degree of capital mobility and price
stickiness are needed to produce overshooting.

Further Reading

Obstfeld and Rogoff (1996) is a recent graduate text focusing on the open economy. The
classic references on the open economy IS-LM model are Mundell (1968) and Fleming
(1962). See Frenkel and Razin (1987) for a review article. Open economy models incorporat-
ing the rational expectations (or perfect foresight) hypothesis were developed by Dornbusch
(1976, 1980, 1983), Kouri (1976), Niehans (1977), Buiter and Miller (1981, 1982), and Obst-
feld and Rogoff (1984). See Gartner (1993) for a recent survey. Obstfeld and Rogoff (1995a)
present a micro-founded model of the small open economy with sticky prices.

Students interested in multi-country models and the issue of policy coordination are
referred to Cooper (1968), Mussa (1979), Aoki (1986), McKibbin (1988), Canzoneri and
Henderson (1991), and McKibbin and Sachs (1991). Key references to the intertemporal
approach to the current account are Sachs (1981), Buiter (1981), Obstfeld (1982), and
Svensson and Razin (1983). A good survey of this literature is presented by Obstfeld and
Rogoff (1995b). For empirical evidence, see Feldstein and Horioka (1980) and Feldstein
(1994).

Calvo and Rodriguez (1977) study a perfect foresight model with currency substitution.
For good surveys of the literature on balance of payments crises, see Agenor, Bhandari, and
Flood (1992) and Blackburn and Sola (1993).

310



permanent monetary expan
v. Intuitively, agents expect a
which, ceteris paribus, makes
!re is a net capital outflow and

domestic interest rate falls
rate overshoots its long-run

tic assets consists of a gradual

to 1970s because it provided
qs that are often observed

rate need not be due to the
the final part of the chapter

not a sufficient condition for
)f capital mobility and price

12
Money

The purpose of this chapter is to discuss the following issues:

1. What are the principal functions of money in advanced economies?

2. How can the role of money be captured in simple models?

3. What is the socially optimal quantity of money?

4. How does money affect the government budget constraint (nominal money growth
as an inflation tax)?

12.1 Functions of Money

The question "What is money?" will be answered with full confidence when asked
of any man or woman in the street. Indeed, the typical response one may expect
from such a question would probably consist of the person in question taking out
his/her wallet and showing a colourful piece of paper with some numbers printed
on it and possibly the portrait of some past or present monarch or president. If
the question had been asked a few centuries ago, the object produced from the
wallet would probably have been made of some precious metal rather than (hard
to counterfeit) paper but the intended answer would have been the same: money is
the stuff which sits in one's wallet and can be used to purchase goods and services. 1

Economists will show considerably less confidence if confronted with the same
question and instead of formulating a straight answer will propose a number of
functions performed by this elusive thing called "money". In other words, instead
of designating what money "is" economists describe what money "does," or more
precisely what something must do in order for it to be called money. In broad terms
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1 An exhaustive and highly readable historical treatment of the emergence of money in different
societies is found in Einzig (1949). See also Davies (1994), Jevons (1875), Menger (1892), Fisher (1913),
Wicksell (1935), and Jones (1976).
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Figure 12.1. The barter economy

three major functions of money can be distinguished: (1) money as a medium of
exchange, (2) money as a medium of account, and (3) money as a store of value
(McCallum, 1989a, pp. 16-18).

The various aspects of money can be illustrated with the aid of Figure 12.1. Sup-
pose there are four agents (labelled 1 through 4) in the economy who each produce a
unique commodity but like to consume not just their own product but also all other
products in the economy. In a barter economy all agents formulate their supply of
the own good and demands for the other goods, meet at a central market place
(which is located, say, at point A in Figure 12.1) in which the equilibrium relative
prices are determined. Since there are four goods in our example, there are in total
six relative prices which are determined. 2 Exchange takes place without the use of
money, namely good 1 is directly exchanged ("bartered") for good 2, etc. Aside from
obvious complications relating to indivisibilities of goods etc., a centralized market
place would function perfectly well without money. Intuitively, without some kind
of "friction" money is not likely to be a very useful thing to have.

In reality, of course, not all transactions take place in a centralized full-
information setting and the process of trading becomes more complicated. Assume
that the central market place in Figure 12.1 exists, but that the agent does not know
beforehand which other trader he is going to meet there at any particular time. Sup-
pose that at most two traders meet randomly at this market in each period. Then
agents are confronted with a major problem due to the need for a double coinci-
dence of wants. For example, agent 1 may find himself paired with agent 2 who may
or may not want to trade with him. In fact, in the absence of money, an exchange
of goods will only take place if agent 1 meets an agent who wants to have his good

2 These are the rates at which the goods are exchanged pair-wise. Denoting as the relative price of
good i in terms of good j, we have the following relative prices: P12, P13, P14, P23, P24, and p34. Obviously,
we have that
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and who himself has a good which agent 1 is looking for. Hence, in such a setting
it may take a lot of effort and a long time before agent 1 can actually trade.

Even if agents are perfectly informed about the location of trading partners, the
problem may still persist. Cass and Yaari (1966) present a case in which the dou-
ble coincidence of wants always fails. Assume that agents only wish to consume
their own good and the good produced by the agent located closest (in a clock-
wise direction), i.e. agent 1 would like to consume the bundle (1,2), agent 2 (2,3),
agent 3 (3,4), and agent 4 (4,1). Assume that the goods are non-storable and that
each agent can at most travel halfway towards his adjacent neighbours. This means
that agent 1, for example, can attempt to trade with agents 4 and 2, agent 2 with 1
and 3, etc. It is easy to see, however, that no trading will actually take place. Agent 1,
for example, cannot trade with 2 because the latter is not interested in good 1 at
any price. Similarly, agent 1 will not trade with agent 4 for the same reason. The
double coincidence of wants fails, all agents consume only their own good, and a
situation of autarky persists.

Now assume there is a durable "thing" which is storable and can be transferred
across agents at zero cost, and call this thing money. Then agents will actually be
able to trade with each other by using this money rather than bartering. Agent 1, for
example, sells his good to agent 4, and receives money for it with which he purchases
good 2 from agent 2. Since the other agents do the same with their neighbours, an
equilibrium can be attained in which all agents are better off (in welfare terms) as a
result of the existence of a medium of exchange called money.

Of course, the circle model is a highly stylized account of the trading process but
it is nevertheless useful because it motivates the following medium-of-exchange
"test". Something serves the role of medium of exchange if its existence ensures
that agents can attain a higher level of welfare. 3 In the "random-encounters" model
and in the "circle" model money serves as a medium of exchange in the sense of
this proposed definition. Indeed, in the former model the trading friction is reduced
(but not totally eliminated) 4 by the existence of a medium of exchange, whereas in
the latter the friction is completely eliminated.

There is nothing in the theory which suggests that the medium of exchange must
be an intrinsically valuable commodity such as gold or silver (or rare shells) which
enhance people's utility or can be put to productive uses. Indeed, an intrinsically
low-valued good (such as paper) can also serve as a medium of exchange provided
it is generally accepted in exchange. To the extent that gold and silver are better

3 This test is similar to (but more general than) the one suggested by McCallum (1983b). His require-
ment is more strict in that it requires the medium of exchange to expand production possibilities.
Indeed, he call this the "traditional presumption" (1983, p. 24).

4 Agent 1 may meet an agent from whom he does not want to buy anything but who does want to
buy good 1. The transaction takes place against money, which agent 1 can use at some later encounter.
If agent 1 instead meets an agent who does not want good 1 and whose good agent 1 does not want,
then no trade takes place. Hence, some frictions remain in the random-encounters model.
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used for productive purposes, it is actually preferable for society to use intrinsically
low-valued material as a medium of exchange (McCallum, 1989a, p. 17).

The second major function of money is that of medium of account. As was explained
above, an economy with four distinct goods exhibits six distinct relative prices. For
an economy with N different goods the number of distinct relative prices amounts
to N(N-1)/2, which is a rather large number even for a modestly large N. If all goods
are expressed in terms of money, and money is thus the medium of account, then
only N different (absolute) prices for the different goods need be recorded. Denot-
ing these absolute prices by pi (i = 1, , N) the relative prices are then implied,
e.g. Ai

The third function of money is that of store of value. In a monetary economy
money can be used to buy goods and vice versa, not only today but (more than
likely) also tomorrow. Hence, a stock of money represents "future purchasing
power". In the future the money can be exchanged for goods which can be con-
sumed or used in the production process. Money is thus capable of being used as a
store of value, but there are other assets (bonds, company shares, real estate, etc.)
which typically outperform it in this role because they yield a positive rate of return
whereas money (typically) does not.

Of the three major roles played by money, only the medium-of-exchange role
is the distinguishing feature of money. Any commodity can serve as a medium of
account (without at the same time serving as a medium of exchange) and there are
various non-money assets which can serve as a store of value.

12.2 Modelling Money as a Medium of Exchange

In Chapter 1 we discussed the Baumol (1952)—Tobin (1956) inventory-theoretic
model of money demand in an intermezzo. The basic idea behind that model is
that money is held through the period between income receipts, despite the fact
that it does not yield any interest, because it is needed to make purchases. The
baker will sell you a loaf of bread in exchange for money but not for bonds. At a
more general level the model suggests that money facilitates transactions. Of course,
the Baumol—Tobin model is rather restrictive in its scope and partial equilibrium in
nature, and the task of this section is to study how money as a medium of exchange
can be cast in a general equilibrium framework. In what follows the Baumol—Tobin
model is shown to be a special case of a more general framework in which money
helps to "grease the wheels" of the economy by minimizing liquidity costs.

12.2.1 Setting the stage
Suppose an individual agent lives for two periods, "now" (period 1) and "in the
future" (period 2), and possesses stocks of bonds (Bo) and money (Mo) that were

accumulated in the pi
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accumulated in the past. The agent has fixed real endowment income in the two
periods (Y1 and Y2, respectively) and consumes in the two periods (C1 and C2,

respectively). The price of the good in the two periods is denoted by Pi and P2,

respectively. The periodic budget identities are then given by:

P1 Y1 + Mo + + Ro)Bo = P1 C1 +M1+ Bli

P2Y2 ± M1 + (1 + R1)131 = P2C2 + M2 + 132,

where R, is the nominal interest rate on bonds in period i. The left-hand side in
these expressions represents the total resources available to the household whereas
the right-hand side represents what these resources can be spent on.

Since the agent will not be around in period 3 and there is no bequest motive
(see Chapter 6), he will not wish to die with positive stocks of money and/or bonds
(i.e. M2 < 0 and B2 < 0). The financial sector will not allow him to die indebted
(B2 > 0) and the agent cannot create money (M2 > 0). Hence, combining all these
requirements yields M2 = B2 = 0, so that (12.1)-(12.2) can be combined into the
following consolidated budget constraint:

I'4 + 
Y2 	(PO mo + (1 + ro)bo = + 	 (12.3

I'4	
)

1 + + 	
C21-Fri 	 1-FR1'

where m t Mt/Pt is real money balances, bt Bt/Pt is real bonds (or real debt if bt

is negative), and rt is the real rate of interest which is defined as:
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If the price level is stable (rising, falling), the real interest rate equals (falls short of,
exceeds) the nominal interest rate.

The agent has the usual lifetime utility function which depends on consumption
in the two periods in a time-separable manner:

V = U(C1) +	 1	 ) U(C2),
1 + p

where p > 0 is the pure rate of time preference and U(.) has the usual properties (see
Chapter 6). The household chooses consumption in the two periods (C1 and C2)

and its desired money holding (m 1 ) in order to maximize (12.5) subject to (12.3)
and the non-negativity condition on money holdings (m1 > 0), and given the
predetermined stocks of money and bonds (mo and bo). The Lagrangean associated
with this problem is:

(12.5)

--" (period 1) and "in the
arid money (M0) that were

1
U (C +	 1	  U (C 2) + [A Ci 	

C2	 R1M1 

1 p	 1+r1 1 +Rd'
(12.6)
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aci 
= LP(C i ) — = 0,

a G =(  1  )
U(C2) 	 =o,

aC2 
aG

am1
=	 —Rt
	  < 0, 	 > 0,   = 0.
i+R i 	amt

aG

where A is the Lagrangean multiplier. The first-order conditions are:

Equations (12.7)—(12.8) are exactly the same as in a model without money and
in combination yield the usual Euler equation relating the optimal time profile of
consumption to the divergence between the real interest rate and the rate of time
preference. The existence of money does not affect this aspect of the intertemporal
model. Equation (12.9) is new and warrants some further discussion. First consider
the normal case with a strictly positive rate of interest (R1 > 0) so that the term
in round brackets in (12.9) is strictly negative and the complementary slackness
condition suggests that no money is held by the agent:

m 1 = 0 if R 1 >0. (12.10)

The intuition behind this result is that the opportunity cost of holding money
consists of foregone interest, which is positive. Since money is not "doing" anything
useful in the model developed thus far, the rational agent refrains from using money
altogether.

The second, at first view rather pathological, case describes the situation in which
the nominal interest rate is negative (R 1 < 0), so that the term in round brackets
in (12.9) is positive. Now the agent wishes to hold as many money balances as
possible. By simply holding these money balances they appreciate in value (relative
to goods). To put it differently, money has a positive yield if the interest rate is
negative.

oo if R 1 < 0. (12.11)

Of course, negative nominal interest rates do not represent a particularly realistic
phenomenon. We shall nevertheless have a need to return to this case in section 4.2
below where we discuss the optimal quantity of money argument. In the remainder
of this section, however, we restrict attention to the normal case, i.e. we assume
that the nominal interest rate is strictly positive. The challenge is then to modify
the basic model in such a way that money will play a non-trivial role for the agent
(and thus for the economy as a whole).

12.2.2 Shopping costs
In section 1 it was argued that money as a medium of exchange reduces the trans-
actions costs associated with the trading process between agents. A particularly
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simple and elegant way to capture this aspect of money was suggested by McCallum
(1983b, 1989a). He assumes that households value leisure time and that part of their
time endowment is spent on "shopping around" for goods. Money is useful in the
sense that it makes shopping easier, i.e. by using money the agent can save leisure
time otherwise spent on shopping. We now modify our basic model to incorporate
shopping costs.

Suppose that the household has a time endowment of unity, works a fixed amount
of time units, N, and spends Sr units of time on shopping. Then the agent enjoys
(1 — N — Sr ) units of leisure in period t. The utility function is modified to take into
account that the agent likes leisure time:

v = un, 1 - 1+ p+  1 )u(c2,1- N — S2), p > 0. (12.12)

The intertemporal budget constraint is still given by (12.3), with endowment
income now representing real labour income, Yt (Wt /Pt )/■/, where Wt is the
nominal wage rate in period t. The shopping technology is assumed to take the
following form:

1 — N — St = Cr), (12.13)

where the *(.) function is assumed to have the following properties. First, for a
given level of goods consumption, raising the level of real money balances results
in a finite reduction of time spent shopping and thus an increase in available leisure,
i.e. *,„ > 0. Second, the reduction in shopping cost due to a given increase in
money balances decreases as more money balances are used, i.e. < 0 or,
in words, the shopping technology features diminishing marginal productivity of
money balances. Third, increasing consumption requires more shopping costs but
at a diminishing rate, i.e. *c < 0 and Ikcc (.) > 0. Finally, the shopping costs are
bounded, i.e. 0 < Igoe) < *(0) < 1 — N.

The household chooses C r , S r (for t = 1, 2), and m 1 (mo being predetermined)
in order to maximize (12.12) subject to (12.3), (12.13), and the non-negativity
constraint on money balances (m 1 > 0). The Lagrangean expression is:

1 \ u- ST - SO+ 
1+p 

(c2,1 -- s2)

C2 R1 m1 2
+ A [A - C l	 1±ri	 i+Ri]	 At [1 - N - Sr -11/(mt-1,ct)], (12.14)
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where A t are the Lagrangean multipliers associated with the shopping technology
in the two periods. The first-order conditions are:

	=udc 1 ,1— N — Si) — + Vfc(rno, 	 = 0,ac i

ac2 	1+ p
ac =(  1	 A. ) Uc(C2, 1 N S2)

1 +
+ Xvkc(ni, C2) = 0,

ac
as l

— so+ x i = 0,

8L _	 1
as2	 p)UL(C2,1 — — s2) + =0,

aml 	 1 + R1 ) + A.2 1,frm (m i , C2) 0,
a.c	 A (

where Lk(.) and UL(.) denote the marginal utility of consumption and leisure,
respectively.

The first thing to note about these expressions concerns equation (12.19), which
is the first-order condition for optimal money balances. Comparing this expression
to its counterpart in the basic model (i.e. equation (12.9)) reveals that the exis-
tence of shopping costs indeed gives rise to an additional positive term in the first
expression of (12.19), UL (C2, 1 — N — S2 )irm (m i , C2) / (1 + p) (we have used (12.18) to
eliminate A.2). This term represents the marginal utility of money balances. It must
be stressed, however, that this does not in-and-of-itself ensure that the agent will
choose to hold positive money balances. Indeed, given the assumptions made so
far, it is quite possible that m1 = 0 is the best available option for the household.
Specifically if the marginal utility of leisure and/or the marginal productivity of
money balances are low, the first expression in (12.19) will be strictly negative so
that the complementary slackness condition ensures that m1 = 0 is optimal, as in
the basic model. Intuitively, no money is held in that case because the agent does
not really mind shopping (UL low) and/or because money does not reduce shopping
costs by much (V'm low).

In the remainder of this section we assume that Ifr in and/or UL are high enough to
ensure that a strictly positive amount of money is held by the agent. The first expres-
sion in (12.19) holds with equality and the Lagrange multipliers (A1 and A 2 ) can
be eliminated by combining (12.15)—(12.18) after which the following optimality
conditions are obtained:

= LIc(C 1, 1 — N — Si) + UL(Ci, 1 — N — si)*c(mo, C i)

= (  1 +  ) [Lk (C2, 1 — N — 52) + UL(C2, 1 — N — S2)*c(ini, C2)]p

UL(C2, 1 — N — S2)*.(nli , C2)(1 + R1)
(1 ± p)R i
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Chapter 12: Money

where A. represents the marginal utility of wealth (see Chapter 6). In planning his
optimal consumption levels, the agent equates the marginal utility of wealth to the
net marginal utility of consumption, which consists of the direct marginal utility
of consumption (L/c(.) in the first and second lines of (12.20)) minus the disutility
caused by the additional shopping costs which must be incurred (the UL (.)1frc(.)
terms). For consumption taking place in the future the expression is augmented by a
net discounting factor (see the second line of (12.20)). The third line in (12.20) shows
that the marginal utility of money balances (UL 01/4,,(.)) must be equated to the
opportunity costs associated with holding these balances expressed in utility terms.

12.2.3 Money in the utility function
Inspection of equations (12.12)-(12.13) of the shopping-cost model reveals that this
approach in effect amounts to putting money directly into the utility function, i.e.
by substituting (12.13) into the felicity function U(Ct , 1 - N - St) we obtain an
indirect felicity function, CI (Ct , m t_i) U (Ct, (mt-i Ct)), which only depends on
consumption and money balances. Hence, the shopping cost approach can be used
to rationalize the conventional practice in macroeconomic modelling of putting
money directly into the utility function.

In a recent paper, Feenstra (1986) has provided further justifications for this prac-
tice by demonstrating that there exists a functional equivalence between, on the
one hand, models with money entered as an argument into the utility function
and, on the other hand, models in which money does not enter utility but instead
affects "liquidity costs" which in turn show up in the budget restriction. Since the
Baumol-Tobin model gives rise to such liquidity costs, Feenstra (1986) has demon-
strated that, in a general equilibrium setting, it too is equivalent to a model with
money in the utility function.

In a classic paper on the micro-foundations of monetary theory, Clower (1967)
complained that (at least in models such as developed up to this point) money
is not allowed to play a distinctive role in the economy. Indeed, by looking at
the budget identities (12.1)-(12.2), it is clear that money enters these expressions
in exactly the same way that goods and bonds do. Implicitly, this suggests that
any item (be it goods, money, or bonds) can be directly exchanged for any other
item, i.e. goods for bonds, bonds for money, etc. This makes Clower complain
that: "... an economy that admits of this possibility clearly constitutes what any
Classical economist would regard as a barter rather than a money economy. The
fact that fiat money is included among the set of tradeable commodities is utterly
irrelevant; the role of money in economic activity is analytically indistinguishable
from that of any other commodity" (Clower, 1967, p. 83). In a pure monetary
economy, Clower argues, there is a single good, "money", which is used in all
transactions, and "money buys goods and goods buy money; but goods do not buy
goods" (1967, p. 86).

h the shopping technology

C 1 )

)ific (m C2)]

(12.20)
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In the context of our basic model of section 2.1, Clower's idea can be formalized by
requiring that spending on consumption goods cannot exceed cash balances carried
over from the previous period. 5 The so-called Clower or cash-in-advance constraint
thus amounts to:

PtCt <Mt-i <#. Ct < (Pt-i/Pt)mt-i• (12.21)

The basic model, augmented with the Clower constraint (12.21), can be solved as
follows. To keep things simple, we assume that the Clower constraint holds with
equality in the first period. Since mo is predetermined, the same then holds for
consumption in the first period, i.e. Ci = Pomo/Pi . The household chooses C2 and
m i in order to maximize (12.5), subject to (12.3) and (12.21). The Lagrangean is:

U((Po/Pi)mo) (  1 +1 p U(C2) + A2 [(P1/132)M1 — C2]
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where A2 is the Lagrangean multiplier associated with the Clower constraint. The
first-order conditions consist of the budget constraint (12.3) and:

ar
mi> 0, m i 	  = 0,

am i

A2 a— = 0.
0A2

The marginal utility of wealth is strictly positive, i.e. > 0, so that (by (12.23)) the
marginal utility of consumption is bounded. Since U'(Ct) = 0 by assump-
tion, this implies that the consumer chooses a strictly positive consumption level in
period 2, i.e. C2 > 0 and (by the first inequality in (12.25)) m i > 0. Hence, the cash-
in-advance constraint does indeed deliver the "goods" desired by Clower. Money is
essential, not because it is valued intrinsically, but rather because households wish
to consume in the second period. It can also be shown that the household will not
hold excess cash balances. Since m1 > 0, the first expression in (12.24) holds with
equality, which ensures that the shadow price of cash balances is strictly positive:

Ri 
1 R )

This implies that the first expression in (12.25) holds with an equality, i.e. the house-
hold will hold just enough cash to be able to finance their optimal consumption
plan in the future. This result is not specific to our simple two-period model and
easily generalizes to a multi-period setting.

5 For simplicity we assume that the cash-in-advance constraint does not affect purchases of bonds.
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As is the case for the shopping model and the Baumol-Tobin model, the
cash-in-advance approach can also be shown to be equivalent to a utility-of-
money approach. Indeed, as the Clower constraint always holds with equality
(Ct = (Pt_1/Pt)int-i), the same results are obtained if the indirect felicity function
0(Ct , m t_i) min[C t , m t_ i ] is maximized subject to the budget constraint only (see
Feenstra, 1986, p. 285). An important aspect of this indirect felicity function is that
the substitution elasticity between consumption and money balances is zero. In this
aspect the cash-in-advance formulation differentiates itself from both the shopping
model and the Baumol-Tobin model.

12.3 Money as a Store of Value

In the basic model of section 2.1 above, both bonds and money can be used by the
individual agent to transfer resources across time and both assets are thus capable of
serving as a store of value, although the former does so in a superior fashion to the
latter as it yields a higher rate of return. For that reason, money is not generally held
in the basic model. It thus does not actually serve as a store of value even though it
is technically capable of doing so.

Bewley (1980) presents a model in which money is used as a store of value. His
approach can be illustrated with the aid of our basic model. The key assumption he
makes is that money is the only asset available to the agent, i.e. Bo = B1 = B2 = 0
in the budget equations (12.1)-(12.2). These can then be expressed in real terms as:

> 0, so that (by (12.23)) the
LP(Ct) = 0 by assump-

)ositive consumption level in
►) rn l > 0. Hence, the cash-

mnY1 ± 
MO 

 = Cl Ml, 12 "T"	 = C2 , m1 ?0,
1 ±7ro	 1 ±

(12.27)

where Trt Pt+111)t- — 1 is the inflation rate. 6 The agent chooses consumption in the

desired by Clower. Money is two periods and money holdings (C1, C2, m1) in order to maximize lifetime utility

r because households wish (12.5) subject to (12.27). The Lagrangean for this problem is given by:
I that the household will not

ssion in (12.24) holds with 1 U (C2) + Xi moY1 C1 -U(CO) +
1+ p

+
1+ nobalances is strictly positive:

(12.26) + A2 [Y2 + 1 +	
C2] ,n1 1 (12.28)

th an equality, i.e. the house-
their optimal consumption

rnple two-period model and

11/-
oes not affect purchases of bonds.
111
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where Xi and A2 are the Lagrangean multipliers associated with the two budget
restrictions. The first-order conditions are the two budget constraints and:

ac 
=LP (Ci) - = 0,aC i

aC =( 1	 u , (c2) __ = 0,
ace 	1+ p)

aG 	A2 	ar

	

= xi+	 < 0, m 1 > 0, m1- = 0.
ami	 1 + Tri

Equations (12.29)-(12.31) can be combined to yield the following expression:

m i 	1 + p	 + 7,1 	 P(c2)

aL	 LP(c2 ) 	 1	 + pw(ci)  < 0 ,

m1 ? 0, mi aL
= 0.am i

The intuition behind (12.32) can be illustrated with the aid of Figure 12.2. The
consolidated budget equation is drawn as the straight line segment AB with slope
dC2/dCi = -1/(1 + Tr1). The indifference curve, Vo, has a slope of dC2/dCi =
-(1 + p)L1/(C1)11F(C2) and has a tangency with the budget line at point Ec . This
is the privately optimal consumption point ignoring the non-negativity constraint
on money holdings. If the income endowment point lies north-west of point Ec,
say at money is of no use as a store of value to the agent. In economic terms,
the agent would like to be a net supplier of money in order to attain the consump-
tion point Ec but this is impossible. Graphically, the indifference curve through
q7 (the dashed curve) is steeper than the budget line, the choice set is only AE, 137 C,
and the best the agent can do is to consume his endowments in the two periods.

Figure 12.2. Money as a store of value
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In mathematical terms, the slope configuration implies that aL/ami < 0 (lifetime
utility rises by supplying money) and complementary slackness results in m 1 = 0.

In the alternative case, for which the income endowment point lies south-east
of the consumption point (say at Er) the agent saves in the first period by holding
money and the first expression in (12.32) holds with equality so that the Euler
equation becomes:

LT (C2)
  = (1 + p)(1 + 71)-U'(Ci)

The upshot of the discussion so far is that money will be held under certain cir-
cumstances because it provides a means by which intertemporal consumption
smoothing can be achieved.

Of course, the Bewley approach is rather specific and somewhat unrealistic in
that interest-bearing financial instrument are widely available in modern market
economies. This fact does not, in-and-of-itself invalidate the argument, however,
as the following example, inspired by Sargent and Wallace (1982) reveals. Suppose
that there are poor agents (with low income endowments) and rich agents (with
high income endowments) in the economy, and assume that both types of agents
wish to save in the first period. Suppose furthermore that interest-bearing bonds
exist but that they come in minimum denominations, say due to legal restrictions
or otherwise, and assume there are no savings banks. In this setting the poor agents
save too small an amount to be able to purchase even a single bond and they are
thus forced to save by holding money. On the other hand, the rich agents will hold
all (or part) of their saving in higher-yielding bonds. Aggregating over all agents in
the economy, the indivisibility of bonds results in a positive demand for money to
be held as a store of value.

12.3.1 Overlapping-generations model of money
In the model of the previous section, money is used as a store of value by an
individual agent provided there is some friction which prevents him from using
higher-yielding assets for this task. The argument is based on a partial equilibrium
investigation, and the first task of this section is to embed the notion of money as
a store of value in a general equilibrium economy-wide model. Instead of using the
legal restrictions argument of Sargent and Wallace (1982), we introduce an inter-

generational friction, of the type first emphasized by Samuelson (1958), in order to
motivate a meaningful role for money. This allows us to introduce and discuss the so-
called overlapping-generations model of money, which has been extremely influential
in modern monetary theory.

At time t the population consists of N / 2 young agents and N/2 old agents and
we normalize N to unity to simplify the notation. All agents live for two periods,
so the young have two periods to live and the old only one. Agents receive an
endowment, Y, when young, but do not have any endowment income when they

ciated with the two budget
iget constraints and:

(12.2cor

(12.301

(12.31►

following expression:

(12.32

(12.33)
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are old. The output Y is potentially storable and for each unit stored in period
t, 1/(1 + 8) units of output will be left over in period t + 1, where 8 > —1. This
storage technology nests several special cases. Particularly, if 8 oo, goods spoil
immediately and are thus non-storable. If 8 = 0, goods keep indefinitely, and if
—1 < 6 < 0 goods reproduce without supervision by the storage process!

The (representative) young agent can either consume his output in youth (Cr,
where the superscript denotes "young"), store it (Kt of which Kt /(1 + 8) is available
in period t + 1), or trade it for fiat money. Since the money price of output is Pt , the
last option yields the agent real money balances at the end of period t (mt Mt /Pr ).
The budget identity facing a young agent in his youth is thus:

Y = cr +Kt ±MtIPt• (12.34)

Now consider the budget identity of an old agent in period t. This agent stored
output in youth (Kt _ i ) as well as nominal money balances (M r_ 1 ) with which he can
purchase goods, facing the period-t price level (Pt). In addition, the agent receives
a transfer from the government (Tt), the amount of which he takes as given. The
budget identity of an old agent is thus:

• = Kr-1/( 1 + + Tt + (Pt-1/1)t)mt-1, (12.35)

where the superscript denotes "old". But the agent who is young in period t will
himself be old in period t + 1, and will thus face a constraint similar to (12.35) but
dated one period later in the last period of his life:

dt)+1 = Kt/(1 + 8) + Tt+i + (Pt/PrAmt. (12.36)

The lifetime utility function of the young agent in period t is given by:

VT = U(CI) ± ( 1+ p
1  ) u (0t)±1) > 

0, (12.37)

and the agent chooses Cr, 0)+1 , Kt, and m t in order to maximize (12.37) subject
to (12.34) and (12.36) as well as non-negativity conditions on money holdings and
stored output (Mt > 0 and Kt > 0, respectively). The Lagrangean is:

• u(ci ) + 	1 	u (c°±0+ Xi,t[Y — Cr — Kt — Mt]1 p

X2,t [Kt/ (1 + + Tt+i + (PtIPt-F0mt - dt)+1] ,
(12.38)

where Au and X2,t are the Lagrangean multipliers of the budget identities in youth
and old age respectively. The first-order conditions consist of the budget identities

7 Samuelson gives the examples of rabbits and yeast for this case. In a more serious vein, a negative
value for S captures the notion of net productivity in the economy (1958, p. 468). Figure 12.3.
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where n-t Pt+ilPt - 1 is the inflation rate. In view of our assumptions regarding
the utility function, agents wish to consume in both periods of their lives so that

> 0 and Azt > 0. Equations (12.41)-(12.42) imply that, provided 7rt 0 6, the
young agent will choose a single type of asset to serve as a store of value, depending
on which one has the highest yield. Particularly, if inflation is relatively low (74 < 6)
then only money will be held (Kt = 0 and m t > 0), and if it is relatively high (7rt > 6)

then only goods will be stored (Kt > 0 and m t = 0). In terms of Figure 12.3, in the
first case the storage technology is not productive enough and yields a budget line
AB which lies below the budget line associated with holding money as a store of
value (the line AC). The line configuration is switched in the second case with high
inflation (yrt > 8).

The behaviour of the old in period t is quite straightforward. Although they
entered life (in period t - 1) possessing a utility function analogous to (12.37) (and
designated by 1/t 1 ), their behaviour in period t -1 (their youth) constitutes "water

Figure 12.3. Choice set with storage and money

325



m(Tt+i, n't) =
mt = 	 2+ p

0

if n-t <8

if Trt > 8.

Y - (1 + p)(1 + zt)Tt+i
(12.46)

serve as a store of value
course, if the storage teci
t4uilibrium will only ob
if there is a constant rat

rishable (8	 cc) th,
represents the only store

The existence of a r
ii,,nerations model. Index
as a store of value and c

_ :0 (see the second lir -

a:rid is distributed to agLi
of value. This implies V.
i.e. 1/Pt = 0 for all t.

12.3.2 Uncertainty al
. • . the basic model dis
and bonds are known b

,ids in order to decide
basic model the yi,.

former are used as a stoi
:sic model by assum

uiat on money) is not kn
4arding consumption
this situation as one

to the yield on his invest
known with certairr

is known with certain
view of the investor.

LAoney as 1 + rit4 1/(1
be expressed in real tern

+ (1 + rn mo +

(1 + rr)mi + (1 +

here we have already i
cents the present value (

,k-free rate, i.e. Y i*
bonds is a stochastic .

agent at the end of the
yen made (Ci, rni, b,

8 Of course, ro is not sta...1
period.

The Foundation of Modern Macroeconomics

under the bridge" in the sense that it cannot be undone in period t (it is irreversible
or "sunk" in economic terms). All that remains for them is to maximize remaining
lifetime utility, U(C°) subject to the budget identity (12.35). They simply consume
their entire budget.

Following Wallace (1980) we assume that the government pursues a simple money
supply rule:

Mt = (1 + /2)Mt-i, (12.43)

with p, > -1 representing the constant rate of nominal money growth. The addi-
tional money is used to finance the transfer to the old, i.e. the government budget
restriction is Mt — Mt_ i = Pt Tt which implies that the transfer in period t + 1 is:

Tt±i
 = Mt+i - Mt it Mt  Pt aumt 

Pt+i Pt Pt+i 1 + 7rt-
 (12.44)

Equilibrium in the model requires both money and goods markets to be in equilib-
rium in all periods. By Walras' Law, however, the goods market is in equilibrium
provided the money market is, i.e. provided demand and supply are equated in the
money market:

m(Tt+1,74) = M t 1 Pt , (12.45)

where m(.) is a function, representing the demand for money by the young in period
t, which is implied by the first-order conditions (12.39)-(12.42). For example, if the
felicity function in (12.37) is logarithmic, U(x) log x, then this money demand
function has the following form:

The model consists of (12.44) and (12.45) and we are looking for a sequence of price
levels (Pt, Pt+i, etc.) such that the equilibrium condition (12.44) holds for all periods
given the postulated money supply process. For the logarithmic felicity function the
solution is quite simple and can be obtained by substituting (12.44) into the first
line of (12.46) and solving for the equilibrium level of real money balances:

pt = (2 ±p±,u(1 p)) mt. (12.47)

This expression, which is only valid if 74 < 8, shows that real money balances are
constant so that the price level is proportional to the nominal money supply and
the inflation rate is equal to the rate of growth of the money supply (7r t = ,u). So
we reach the conclusion that, provided the money growth rate it is less than the
depreciation rate 8, intrinsically useless fiat money will be held by agents in a general
equilibrium setting. Intuitively, money is the best available financial instrument to
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serve as a store of value as it outperforms the storage technology in that case. Of
course, if the storage technology yields net productivity (8 < 0) then the monetary
equilibrium will only obtain if the money growth rate is negative (p, < 3 < 0), i.e.
if there is a constant rate of deflation of the price level. In contrast, if goods are
perishable (8 oo) then the monetary equilibrium will always hold since money
represents the only store of value in that case.

The existence of a monetary equilibrium is quite tenuous in the overlapping-
generations model. Indeed, if pt > 8 then the storage technology outperforms money
as a store of value and consequently the demand for real money balances will be
zero (see the second line in (12.46)). Despite the fact that fiat money exists (M t > 0)
and is distributed to agents in the economy, it is not used by these agents as a store
of value. This implies that money is valueless and the nominal price level is infinite,
i.e. 1/Pt = 0 for all t.

12.3.2 Uncertainty and the demand for money
In the basic model discussed in section 2.1 above, the respective yields on money
and bonds are known by the agent who consequently only has to compare these
yields in order to decide upon the optimal instrument to use as a store of value. In
the basic model the yield on bonds is higher than that on money so that only the
former are used as a store of value. In this section we introduce a friction into the
basic model by assuming that the yield on bonds (though higher on average than
that on money) is not known with certainty by the agent when making his decisions
regarding consumption and saving in the first period. Sandmo (1970, p. 353) refers
to this situation as one in which there exists capital risk; the investor is uncertain as
to the yield on his investment. We assume that endowment income in both periods
is known with certainty (there is no income risk). Furthermore, the yield on money
is known with certainty so that money constitutes a "safe" asset from the point
of view of the investor. To simplify the notation somewhat we define the yield on
money as 1 + rP4 1/(1 + 7rt). The periodic budget identities (12.1)-(12.2) can then
be expressed in real terms as:

Yl + (1 + mo + (1 + ro)bo = + mi + (12.48)

(1 + rr)mi + (1 + F1)b1 = (12.49)

where we have already incorporated the fact that m2 = b2 = 0. Note that r repre-
sents the present value of present and future endowment income, capitalized at the
risk-free rate, i.e. Y1 + Y2/(1 + re). The tilde above r1 denotes that the yield on
bonds is a stochastic variable, the realization of which (r 1 ) will only be known to the
agent at the end of the first period, i.e. after consumption and savings plans have
been made (C1, m1, b1).8 This means (by (12.49)) that consumption in the second

8 Of course, ro is not stochastic as it is a realization of ro which is known at the beginning of the first
period.
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period is also a stochastic variable, i.e. C2 appears in (12.49). In the terminology
of Dreze and Modigliani (1972, p. 309) the model implies that investing in bonds
represents a temporal uncertain prospect, i.e. time must elapse before the uncertainty
is removed.

Below it will turn out to be useful to write the budget identities (12.48)-(12.49)
in a slightly different manner:

Y; +A1 = + A2 (12.50)
1 + rr)coi + (1 + ii)(1 - (01)

first-order conditions 	 .

0 (1 + p) -1

0 = E (UVC2)(A1

(CO =(1+ 19) -1
-1

(CO = (1 +
A2 = C2, 	 (12.51)

where A t 	(1 + rtm i )mt-i + (1 + rt_i)bt_i represents total assets inclusive of inter-
est receipts available at the beginning of period t and where co i mi + b 1 )
represents the portfolio share of money. In the first period the agent chooses con-
sumption C1 and the portfolio share w l , not knowing how high will be the value
of his assets at the beginning of the second period because the yield on the risky
investment is uncertain.

Since ri (and thus C2 and A2) is stochastic, the agent must somehow evaluate
the utility value of the uncertain prospect C2. The theory of expected utility, which
was developed by Von Neumann and Morgenstern (1944) postulates (as indeed its
name suggests) that the agent will evaluate the expected utility in order to make
his optimal decision, i.e. instead of using V in (12.5) as the welfare indicator the
agent uses the expected value of V, denoted by E(V). 9 We assume that the agent
bases his decisions on a subjective assessment of the probability distribution of
the yield on his investment, the density function of which is given by f (TO. We
furthermore assume that i 1 is restricted to lie in the interval [-1, oo), with the lower
bound representing "losing your entire investment principal and all" and the upper
bound denoting "striking it lucky by hitting the jackpot". Finally, we assume that
the parameters of the model and the stochastic process for r i are such that we can
ignore the non-negativity constraint for money holdings. Since there is no sign
restriction on bond holdings, this means that we only need to study an internal
optimum.

The expected utility of the agent can now be written as follows:

	E(V) f [U (CO	
1 

+ (
1 +p	

( 12)]f	 dfi

+ 	
-1 

u[s 1 [(1+ )(Di + (1 + il)(1 - 0_0]]r	 (jib (12.52)
1 + p

	

1	 (x)

where S 1 A 1 + Yl - C1. The agent chooses C 1 (and thus Si) and co i in order to max-
imize his expected utility, E(V). Straightforward computation yields the following

9 The expected utility theory is discussed in more detail by Hirshleifer and Riley (1992).
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Technically, (12.53) is the expression determining the optimal composition of the
investment portfolio in terms of money (which has a certain yield rr) and bonds
(carrying a stochastic yield Intuitively (12.53) says that the expected marginal
utility per dollar invested should be equated for the two assets (see Sandmo, 1969,
pp. 588, 590). Equation (12.54) is the Euler equation, determining the optimal time
profile of consumption, generalized for the existence of capital uncertainty.

In order to simplify the discussion, we now assume that the agent has a felicity
function, U(Ct), which takes the following, iso-elastic form:

U(Ct) = log Ct 	if y= 0,

where y < 1 represents the degree of risk aversion exhibited by the agent (see below
The first-order condition for w i (given in (12.53)) collapses to:

0 = E [&2/-1 (Ai + YiK - Ci)(r114 -

= E [(Ai + Y1 - COY [(1 + r incui + (1 +1'0(1 -
	 1 (riki

E [[( 1 + Ow l + (1 + Ti)(1 - 04)Y 1 (rr - 	 • 	 (12.56)

In going from the first to the second line we have substituted the expression for C 2

from (12.51), and in the final step we have made use of the fact that A1, C1, and
III are non-stochastic variables. Equation (12.56) implicitly determines the opti-
mal portfolio share, al, as a function of riti , y, and parameters characterizing the
probability distribution of r l . The important thing to note is that ail maximizes the
subjective mean return on the portfolio, r*, which is defined as:

(1/y)	 - 1] if y 0 (12.55)
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For the iso-elastic felicity function (12.55), the first-order condition for C1 (given in
(12.54)) collapses to:

Cl -1 = (1 + P) -1E [ -02-1 [(1 + rr)wi + (1 + ii)(1 W i )]]

= (1 + p) -1 (A1 + Yjir - C1)Y -1E [(1 + rr)wi + (1 +	 -

= (1 + p) - l(Ai + 	 C1)Y -1 (1+ r*)Y

= c [Ai	 ,

where c is the marginal propensity to consume out of total wealth:

(1 + e)Y/(Y -1 )

(1 + p)i/(y-i) + (1 + r*))//(Y -1 ) •

In going from the second to the third line in (12.58) we have made use of the
expression for r* in (12.57). The striking thing to note about (12.58)-(12.59) is that
the optimal consumption plan for the first period looks very much like the solution
that would be obtained under certainty. Indeed, in the absence of uncertainty about
the bond yield, maximization of lifetime utility would give rise to the expression
in (12.58)-(12.59) but with r* replaced by max [r1, rr], where r l is the certain return
on bonds. Furthermore, in the case of a logarithmic felicity function (y = 0), r*
drops out of (12.58)-(12.59) altogether and the capital risk does not affect present
consumption at all (see Blanchard and Fischer (1989, p. 285) on this point).

With iso-elastic felicity functions, there thus exists a "separability property"
between the savings problem (choosing when to consume) and the portfolio prob-
lem (choosing what to use as a savings instrument). 10 Since (as we shall see in
subsequent chapters) modern macroeconomics makes almost exclusive use of such
felicity functions, it is instructive to turn to a more detailed discussion of the pure
portfolio problem. In doing so, we are not only able to characterize more pre-
cisely the factors influencing the choice of money versus bonds but it also allows
us to introduce the liquidity preference theory of money that was developed by
Tobin (1958). This so-called portfolio approach to money played a major role in
macroeconomics in the 1960s and 1970s.

The portfolio decision

An important implication of the theory discussed above is that for a certain class of
felicity functions, the expected-utility-maximizing household wishes to consume a
fraction c of total wealth whilst saving the remaining fraction 1 - c. Designating
the amount to be invested by S1 = (1 - c) [A + Yn, the budget equation for the

10 This was first demonstrated by Samuelson (1969b, pp. 243-245) in a multi-period discrete-time
setting and generalized to continuous time for a more general class of felicity functions by Merton
(1971). See also the discussion by Dreze and Modigliani (1972, pp. 317-323) on the separability property
in the context of a two-period model with both capital and income risk.
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portfolio problem is 51 = m1 + bl and the household wishes to choose m 1 and
b 1 such as to maximize expected utility of end-of-period wealth, E(U(A2)), where
A2 Sl [( 1 + rr )04 + (1 + Fi)( 1 — (01)]•

Stepping back somewhat from the specifics of our two-period model, the general
form of the portfolio problem as analysed by Tobin (1958) and Arrow (1965) takes
exactly this form. The investor chooses the portfolio share of money w in order to
maximize expected utility:

EU(Z), 2 S [(1 + rM)w + +0(1 - con , 	 (12.60)

where Z is end-of-period wealth, S is the amount to be invested, and rM is the risk-
free rate (S and rM are both exogenously given parameters). The first-order condition
for this problem is:

EU'(Z)(rM r) = 0.	 (12.61)

Apart from a slight change of notation, (12.61) coincides with the first-order
condition for w i in the two-period model (see (12.53) above).

In order to further develop intuition behind the first-order condition (12.61) we
now turn to the mean-variance model, which can be seen as an approximation/special
case of the model discussed so far." The first step in the argument is to expand the
utility function, U(2), by means of a Taylor approximation around the expected
value (or mean) of 2, denoted by E(2):

U(2) ti U(E(Z)) +(E(2))[2 — E(2)] + U" (k(2))[Z- 	 E(Z)]

+(E(2))[2 — E(2)] 3 + • • •	 (12.62)

Taking expectations on both sides of (12.62) yields the (approximate) expression
for expected utility:

EU(2) ti EU (E(Z)) +	 (E(2))[2- 	 E(2)] + 1EU" (E(2))[Z — E(Z)]
2
 +•

= U(E(Z)) +a U" (E(2))E [2 — E(2)] 2 + • • •	 (12.63)

In going from the first to the second line in (12.63) we use the fact that the expected
value of a constant is that constant itself. The expected utility associated with end-
of-period wealth can thus be approximated by the utility of expected wealth (first
term on the right-hand side in the second line), a term involving the variance of
end-of-period wealth (second term), plus higher-order terms subsumed in the dots.

The second step in the argument amounts to ignoring all higher-order terms in
(12.63) so that preferences of the investor are (assumed to be) fully described by

11 See Hirshleifer and Riley (1992, pp. 69-73) for a further discussion.

(12.58)

IT total wealth:
I

(12.59)

i8) we have made use of the
about (12.58)—(12.59) is that

ks very much like the solution
absence of uncertainty about

give rise to the expression
where ri is the certain return
felicity function (y = 0), r*

al risk does not affect present
p. 285) on this point).

s a "separability property"
►ume) and the portfolio prob-
1. 10 Since (as we shall see in
almost exclusive use of such

=ailed discussion of the pure
to characterize more pre-

TSUS bonds but it also allows
ey that was developed by

oney played a major role in

is that for a certain class of
usehold wishes to consume a

fraction 1 — c. Designating
le budget equation for the

'45) in a multi-period discrete-time
of felicity functions by Merton

-323) on the separability property
- sk.

331



or 2 = Zo+h with equal
with this distribution
right-hand side of (12.
straight line connectin
that the utility of the
utility, E(U(Z)), i.e. po
determine the certain j
is done by going to poi
distance between p(
indifferent between. o
hand, receiving Zo -
receive a risk premiu

The third type of ae,‘
Such an agent is calle
outcome when both
and is willing to pay
a risk-lover has a a
In the remainder of tl
risk-averse investors.

Up to this point,
variable 2 which is sto
z.le next step in our
ing a particular probd,
,z tribution to choc

The Foundation of Modern Macroeconomics

only the mean and the variance of end-of-period wealth; hence the name of the
mean-variance approach. In summary, we write expected utility as:

EU(2) = U(E(Z)) - rjE [2 — E(2)] 2 ,	 (12.64)

where ri	 - 1LI"(E(2)). The sign of 7] fully characterizes the investor's attitude
towards risk. Indeed, if 77 = 0, the variance term drops out of (12.64) altogether
and the investor is only interested in the expected value of end-of-period wealth.
Such an investor, who totally disregards the variance of end-of-period wealth, is
called risk neutral. In terms of Figure 12.4, the underlying utility function, U(2), is
simply a straight line from the origin (U'(Z) > 0 and U"(2) = 0 in this case).

In real life, most people do care whether the return they receive is certain (has a
zero variance) or is subject to fluctuations and can be much higher or lower than
expected (has a positive variance). Risk-averse investors are therefore characterized
by a positive value of r . In terms of Figure 12.4, a risk-averse investor has an under-
lying utility function which is concave (U'(Z) > 0 and U"(2) < 0). In order to take
on additional risk (a "bad" rather than a good) a risk-averse agent must be compen-
sated in the form of a higher expected return, i.e. he must receive a risk premium.
In formal terms the risk-premium, n-R , is such that the agent is indifferent between
the risky prospect Z and the certain prospect E(Z) (see Pratt, 1964):

U(E(Z) - 7R) = l(Z). 	 (12.65)

In general n -R depends on the distribution of Z but a simple example can be used to
illustrate what is going on. Suppose that the distribution of Z is such that 2 Zo -h

r N , 	 ,

Zo- h	 Z 0 - irR
	 Zo 	 Zo+ h

Figure 12.4. Attitude towards risk and the felicity function
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r Z = zo +h with equal probability 2 so that E(Z) = Zo . The risk premium associated
fh this distribution is found by applying (12.65). In terms of Figure 12.4, the

_ght-hand side of (12.65) is represented by point D which lies halfway along the
straight line connecting points A and B. Concavity of the utility function ensures
hat the utility of the expected outcome, U(E(Z)) = U(Zo), is higher than expected

utility, E(U(Z)), i.e. point C lies above point D. To find the risk premium we must
determine the certain prospect (Zo — 7R) such that (12.65) holds. In Figure 12.4 this
is done by going to point E, which lies directly to the left of point D. The horizontal
distance between points D and E represents the risk premium 7R. In order to feel
indifferent between, on the one hand, receiving Zo — ITR for sure and, on the other
hand, receiving Zo — h or Z0 + h with equal probability, the risk-averse investor must
receive a risk premium equal to 7TR.

The third type of agent is described by (12.64) with a negative value for i inserted.
Such an agent is called a risk-lover because he prefers an uncertain over a certain
outcome when both have equal expected value. He thus enjoys the thrill of a gamble
and is willing to pay (rather than receive) a risk premium. In terms of Figure 12.4,
a risk-lover has a convex underlying utility function (U'(2) > 0 and U"(2) > 0).
In the remainder of this section we focus attention on the portfolio behaviour of
risk-averse investors.

Up to this point, we have described the agent's expected utility in terms of the
variable Z which is stochastic only because the return on the risky asset, r, is. Hence,
the next step in our exposition of the mean-variance approach consists of postulat-
ing a particular probability distribution for r. A particularly simple and convenient
distribution to choose in this context is the normal distribution:

N (r, 	 (12.66)

q= 0-z

<0

z

function

where "—" means "is distributed as," "N" stands for "normal or Gaussian distri-
bution", r is the mean of the distribution, and its variance. The advantage of
working with the normal distribution lies in the fact that it is fully characterized by
only two parameters, r and All higher-order uneven terms, such as E(r — r)i (for
i = 3, 5, 7,•) are equal to zero as the distribution is symmetric around its mean.
Furthermore, the higher-order even terms, such as E(r — r) i (for i = 4, 6, 8, ) can
be expressed in terms of r and QR (Hirshleifer and Riley, 1992, p. 72). This implies
that (12.63) can always be written as in (12.64) even without ignoring the higher-
order terms, i.e. preferences are fully described by only two parameters. Another
advantage of using the normal distribution is that it enables us to conduct simple
comparative static experiments pertaining to r and cR and the optimal portfolio
choice below.

Armed with the distributional assumption in (12.66), the probability distribution
of end-of-period wealth can be determined by noting the definition of Z in (12.60).
After some manipulation we derive that Z is distributed normally (i.e. Z — N(k , cry))
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with parameters depending on the portfolio fraction of money (0:

E(2) = S [(1 + rm )co + (1 — co)(1 +I)] ,
QZ a_-- E [2 — E(2)] 2 = S2 (1 — co)2 .

(12.67)

z    

A    

By manipulating the portfolio share of money, the investor can influence both the
expected value of, and the risk associated with, end-of-period wealth. For example,
if only money is held in the portfolio (w = 1), end-of-period wealth equals S(1 + TM)
for sure (o-z = 0). This determines point A in Figure 12.5. The top panel of that
figure plots combinations of expected return (vertical axis) and risk (horizontal axis),
whilst the lower panel plots the relationship between risk and the portfolio share
of money. 12 At the other extreme, if no money is held at all ((.0 = 0), expected
end-of-period wealth equals S(1 + r) and the standard deviation is az = SaR. In
order to have any non-trivial solution at all, the mean return on the risk asset must
exceed that on money, otherwise a risk-averse agent would never hold any risky
assets. Hence, r > rm must be assumed to hold. This in turn ensures that point
B lies north-east of point A in the top panel of Figure 12.5. By connecting points
A and B in the top panel we obtain the upward-sloping constraint representing
feasible trade-off opportunities between average return and risk. In the lower panel,
az and (0 are related by the second definition in (12.67) which can be rewritten as
1 — = az (aRS).

The final step in our exposition of the mean-variance model consists of intro-
ducing the appropriate indifference curve. According to (12.64), expected utility
depends on both i and cri and the indifference curve satisfies dEU(Z) = U'(Z)dZ —
2/7azdaz = 0 from which we derive:

dorz 	 U'(Z)
	  = 	 > 0, 

d22 	[U.' (2) — o-z U" (Z) (d2 I daz)1
dcq = 

29	 (12.68)
d2	 2 tiaz 

[U'(2)]2

Hence, the typical indifference curve of a risk-averse agent is upward sloping and
convex; see for example EU0 in the top panel in Figure 12.5. Since expected return
is a "good" and risk is a "bad" for such an agent, expected utility increases if the
indifference curve shifts in a north-westerly direction.

It is clear from the slope configuration in Figure 12.5 that a risk-averse investor
will typically choose a diversified portfolio. 13 Rather than choosing the safe haven
of only money (point A) it is optimal for him to "trade risk for return", i.e. to
accept some risk by holding a proportion of his portfolio in the form of the risky
asset. In exchange the investor receives a higher expected yield on his portfolio.
In Figure 12.5 the optimum occurs at point E0 where the indifference curve is

12 It is convenient to work with the standard deviation of Z (rather than its variance) because it is in
the same units as the mean of Z which facilitates the economic interpretation to follow.

13 For a discussion of possible corner solutions, see. Tobin (1958, pp. 77-78).
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Figure 12.5. Portfolio choice

tangential to the budget line. 14 In technical terms we have:

d2	 2qcrz = r — rM

U'(Z)	 aR _ 
d2 	  (

daz
daz 	 BL

The left-hand side of (12.69) represents the slope of the indifference curve (subscript
"IC") whereas the right-hand side is the slope of the budget line (subscript "BL").

Although (12.69) looks different from (12.61), it is not difficult to show that the
former is merely a special case of the latter. Since we work with a second-order

14 The budget line is given by Z = 	 + r	 — r)] which can be written in terms of az by noting

that 1 — w = az/(aRS)•

noney co:
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expansion of utility (see (12.62)), marginal utility can be written as U'(Z) = a — 21)2 ,
so that (12.61) can be written as:

0 = EU'(2)(rm — = E [(a — 2oZ) — 2o — ZARrm — — —

= — 29Z) (rM — r) 2oE — Z) (i- — r)

= U'(Z) (rM — 	 27/cov(2, 	 (12.70)

where we have used E(Z) = Z and E(i) = r in going from the first to the second line
and where cov(2, r) is the covariance between 2 and F. In view of the definition of Z
in (12.61) we find that cov(2, i) = S(1 — (0)ai = azaR • By using this result in (12.70)
we find that (12.70) (and thus (12.61)) coincides with (12.69).

Returning now to Figure 12.5, it is clear that a risk-averse agent will hold money
even if its return is zero (rM = 0) because it represents a riskless means of investing
(at least, under the present set of assumptions). By going to the lower panel of
Figure 12.5, the optimal portfolio share of money, w*, can be found which implies
that the demand for money equals w*S. Although S is given, w* (and hence money
demand) depends on all the parameters of the model such as the yield on money,
the mean and variance of the yield on bonds, and the preference parameter(s):

co* = co* (rm , 	 , o). 	 (12.71)

The conventional method of comparative statics can now be used to determine the
partial derivatives of the w*(.) function.

First consider the effects of an increase in the yield on money rM (i.e. a reduc-
tion in the inflation rate). In terms of Figure 12.5, the budget line shifts up and
becomes flatter; see the line A'B in the top panel. We get the result, familiar from
conventional microeconomic demand theory, that the ultimate effect on the port-
folio share of money (and thus money demand) can be decomposed into income
and pure substitution effects. On the one hand, an increase in rM narrows the yield
gap between money and the risky asset which induces the investor to substitute
towards the safe asset and to hold a higher portfolio share of money. This is the
pure substitution effect represented in Figure 12.5 by the move from E0 to E'. On
the other hand, an increase in rM also increases expected wealth and the resulting
income (or wealth) effect also leads to an upward shift in w. Hence, both income
and substitution effects work in the same direction and the new optimum lies at
point E1 , where the move from E' to El represents the income effect.

In formal terms, the total effect on w of an increase in rM can be expressed in the
form of a conventional Slutsky equation:

arM (arM dEU=0 	 az
aw 	aw

+ CO3 	 >
	 (12.72)
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where the first term on the right-hand side represents the pure substitution or
- compensated" effect and the second term is the income effect:

arM dEU=O 
= 

(1- – r14)[ai + (TM –0 2 ] > 0 '
aco	 (1 – (0)aR	 (12.73)

aw r – rm	(  	 > 0
a z) s [aR + (rM – 0 2 ]
	 (12.74)

The second, much more interesting, comparative static experiment concerns the
effect on the money portfolio share of an increase in the expected yield on the
risky asset. Throughout this book we have made use of money demand functions
which are downward sloping in "the" interest rate, i.e. in terms of our model we
have implicitly assumed that aw bar is negative. The question is now whether this
result is actually necessarily true in our model. In terms of Figure 12.6, an increase
in -1- causes the budget line to rotate in a counter-clockwise fashion around point A.
In contrast to the previous case, income and substitution effects now operate in
opposite directions and the Slutsky equation becomes:

aw
ar = 

ow)
ar dEu=o 	

az+ (1 – (— >0,al
	

(12.75)

where (aco/g)dEu=o = — (aw/arm )dEu=o < 0 and where (.9(0/02) > 0 (see (12.74)).
In terms of Figure 12.6, the pure substitution effect is the move from E0 to E' and
the income effect is the move from E' to El if the substitution effect dominates
or E1 if the income effect dominates. It is thus quite possible that money demand
depends positively on the expected yield on the risky asset in the portfolio model of
Tobin (1958). Under the usual assumption of a dominant substitution effect (which
we have employed time and again throughout this book), however, the portfo-
lio approach does indeed deliver a downward-sloping money demand function as
postulated by Keynes and his followers.

The third and final comparative static experiment concerns the effect on money
demand of the degree of risk associated with the risky asset as measured by the
standard deviation of the yield, aR. In terms of Figure 12.7, a number of things
happen if aR rises. First, in the top panel the budget line becomes flatter and rotates
in a clockwise fashion around point A. In order to get the same expected return,
the investor must be willing to hold a riskier portfolio, i.e. to accept a higher value
of az. In the bottom panel, the line relating the standard deviation of the portfolio
to the portfolio share of money becomes flatter and rotates in a counter-clockwise
fashion around point A. The Slutsky equation associated with the change in aR is:

= –(1–w)S[(r-
0a R \aaR dEU=0

where aav az is given in (12.74) and the pure substitution effect is given by:

	( aw )	 (1 — w) [2a + (rM — -02 ]
= 	  > 0.	 (12.77)

.9.9-R dEU=0 	 aR [01 + (rM — r)2]
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SIR az

Figure 12.6. Portfolio choice and a change in the expected 	 Figure 12.7. Por
yield on the risky asset 	 the risky asset

The substitution effect dominates the income effect and money demand rises if the
return on the risky asset becomes more volatile.

12.4 The Optimal Quantity of Money

In the previous two sections we have reviewed the main models of money which
have been proposed in the postwar literature. We now change course somewhat by

taking for granted that r
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Figure 12.7. Portfolio choice and an increase in the volatility of
the risky asset

B

SCR az

e expected

money demand rises if the

models of money which
course somewhat by

taking for granted that money exists and plays a significant role in the economic
process and by posing the question concerning the socially optimal quantity of
money. If fiat money is useful to economic agents then how much of it should the
policy maker bring into circulation? This question received an unambiguous answer
from Friedman (1969). Social optimality requires marginal social benefits and costs
of money to be equated. Since the production of fiat money (intrinsically useless
tokens) imposes little or no costs on society, the money supply should be expanded
up to the point where the marginal benefit of money is (close to) zero and agents
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are flooded with liquidity (money balances). This is the famous full liquidity result
proposed by Friedman (1969) and others. 15

Intuitively, people should not economize on resources which are not scarce from a
social point of view (like fiat money). Since the opportunity cost of holding money is
the nominal rate of interest on bonds, the strong form of the Friedman proposition
requires the policy maker to manipulate the rate of money growth (and hence the
inflation rate) such as to drive the nominal interest rate to zero (Woodford, 1990,
p. 1071). The nominal interest is itself the sum of the real rate of interest (rt , which
is largely determined by real factors according to Friedman) and the expected rate
of inflation (4), i.e. Rt = rt + 4. Hence, in the steady state (rt = r and 71- = At) and
with fulfilled expectations (4 = ir t) the Friedman proposition requires a constant
rate of decline in the money supply equal to the (constant) real rate of interest, i.e.
Rt = 0 <#> --itt = --7rt = r.

The remainder of this section is dedicated to the following two issues. First, we
demonstrate (a version of) the Friedman result with the aid of a simple two-period
general equilibrium model. Second, we review the main objections which have been
raised against the Friedman argument in the literature.

12.4.1 A basic general equilibrium model
In section 2 above we discussed several justifications for putting real money balances
into the felicity function of households. We now postulate that the lifetime utility
function of the representative agent can be written as follows:

V = u(ch mo+ ( 1+ p ) m2), (12.78)

where m t denotes real money balances held at the end of period t. 16 Abstracting
from bonds, endogenous production, and economic growth, the budget identities
in the two periods are given by:
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	 Y	 = C2.

P2 Y + M1 + P2T2 = P2C2 + M2,
	 (12.80)

	
By multiplying the expres
(12.85), the perfect fore ,

where Mo is given and Pt Tt represents lump-sum cash transfers received from the
government. The representative agent takes these transfers as parametrically given
in making his optimal plans, but in general equilibrium they are endogenously
determined.

15 Other important contributors to the debate are Bailey (1956) and Samuelson (1968b, 1969a).
An excellent survey of this vast literature is Woodford (1990).

16 We thus change the timing of the utility-yielding effect of money in comparison to the arguments
in section 2. We do so in order to simplify the argument and to retain consistency with Brock's (1975)
model of which our model is a special case.
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Chapter 12: Money

We postulate a simple money supply process according to which the rate of
nominal money growth is constant:

(12.81)

where is a policy instrument of the government. The increase in the nominal
money supply is disbursed to the representative agent in the form of lump-sum
transfers:

PtTt = AMt. (12.82)

The household chooses C t and A (for t = 1, 2) in order to maximize (12.78) subject
to (12.79)-(12.80). Assuming an interior solution, the first-order conditions for this
problem are:

Um (C1, ml) (  1  s\ Uc(C2, m2) 

Pl 	l+p)	 P2
	 (12.83)
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Uc(C2, m2) = Um(C2, m2),
	 (12.84)

where Ik	 auo/act and Um (.) 	 aU(.)10mt. Equation (12.83) says that the
marginal utility of spending one dollar on consumption (the left-hand side) must be
equated to the marginal utility obtained by holding one dollar in the form of money
balances (the right-hand side). The latter is itself equal to the marginal utility due to
reduced transaction costs (first term) plus that due to the store-of-value function of
money (second term). In the final (second) period, money is not used as a store of
value so only the transactions demand for money motive is operative. This is what
the expression in (12.84) says.

In the absence of goods consumption by the government, and public and private
investment, the product market clearing condition says that endowment income
equals private consumption in both periods:

Y = Ci = C2.
	 (12.85)

By multiplying the expression in (12.83) by M1 and using (12.81), (12.84), and
(12.85), the perfect foresight equilibrium for the economy can be written as:

[UdY , m1) - Um(Y, m1)] m1 	
m2 Uc(17 , m2) 

( 1 + p)(1 + p,)'
	 (12.86)

Uc(Y , m2) = Urn (Y, m2)• 	 (12.87)

These two equations recursively determine the equilibrium values for the real money
supply. The trick is to work backwards in time. First, equation (12.87) is solved
for m2. Second, by using this optimal value, say m2, in the right-hand side of (12.86),
an equation determining m1 is obtained. Since the path of the nominal money
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supply is determined by the policy maker, the nominal price level associated with
the solution is given by 11

In our simple two-period model the solution method is quite simple, but the bulk
of the literature on the optimal money supply is based on the notion of an infinitely
lived representative agent for which a general solution is much harder to obtain.
Indeed, in that literature the discussion is often based on simple special cases. In
order to facilitate comparison with that literature and to simplify the exposition of
our model, we now assume that the felicity function is additively separable:

and can thus be expressed a
and the money growth ra'
For the separable case of (
derivatives with respect to
Since the rate of money g -
has the instrument needet
in the first period. By sub , •
representative agent (12.6

u(ct , mt) u (ct) + v(mt) ,	 (12.88) 	 V = u(Y) + v (mi(p, Y,
with u'(Ct) > 0, u"(Ct) < 0, (m t) > 0 for 0 < m t < m*, V(mt) = 0 for m t = m*,
v'(mt) < 0 for mt > m* and v'(m t) < 0. Marginal utility of consumption is positive
throughout but satiation with money balances is possible provided the real money
supply is sufficiently high.

By using (12.88) in (12.86)-(12.87) we obtain:

m214107) [W(') - v / (ml)1 m l = 
(1 + p)(1 + ,u)

u'(Y) = v'(m2). 	 (12.90)

In Figure 12.8 these two equilibrium conditions have been drawn. Equation (12.90)
is represented by the horizontal line TC, where "TC" stands for "terminal condi-
tion". Equation (12.89) is an Euler-like equation and is drawn in the figure as the
upward-sloping EE line. 17 The equilibrium is at point Eo. Before going on to the
issue of social optimality of the perfect foresight equilibrium at E0, it is instruc-
tive to conduct some comparative dynamic experiments. An increase in the money
growth rate, for example, leads to an upward shift in the EE line, say to EE 1 in Figure
12.8. The equilibrium shifts to E1 and real money balances in the first period fall,
i.e. dmI/d au < 0. Hence, even though only the level of future nominal money bal-
ances is affected (M1 stays the same and M2 rises), the rational representative agent
endowed with perfect foresight foresees the consequences of higher money growth
and as a result ends up bidding up the nominal price level not only in the future but
also in the present. A similar effect is obtained if the rate of pure time preference is
increased.

12.4.2 The satiation result
We have seen that, in our simple two-period model, the optimal real money balances
in the two periods are determined recursively by the expressions in (12.86)-(12.8;)

17 The slope of the EE line is:
dm2 __ + p)(1 + u) [W(') — v'(mi) — rniv"(mi)] > 0.
dmi 	 u'(Y)

(12.89)
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dV
dp, = v'	 Y, if)) (
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and can thus be expressed as implicit functions of taste and endowment parameters
and the money growth rate, i.e. we can write mI = ml (p, Y, ,u) and rti2 = frq(p, Y, p).

For the separable case of (12.88) these implicit functions feature the following partial
derivatives with respect to the money growth rate: amI/am, < 0 and amt/aµ = 0.
Since the rate of money growth is a policy variable it follows that the policy maker
has the instrument needed to influence the equilibrium of money balances, at least
in the first period. By substituting rn,*() and (12.85) into the utility function of the
representative agent (12.88) we obtain:

V = u(Y) + v (m*i (p, Y, 1
1 tt

( 1 p [u(Y) + v (2 (p, Y))]

A utilitarian policy maker can pursue an optimal monetary policy by choosing the
money growth rate for which the welfare of the representative agent is at its highest
level. By maximizing (12.91) by choice of it we obtain (a variant of) the Friedman
satiation result:
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where is the optimal money growth rate. This optimal growth rate of the money
supply is such that the corresponding demand for current real money balances
chosen by the representative household is such that the marginal utility of these
balances is zero (and thus equal to the social cost of producing these balances). In
terms of Figure 12.8, the social optimum is at point E s° and corresponds to a higher
level of real money balances and a lower money growth rate than at point Eo .
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Figure 12.8. Monetary equilibrium in a perfect

foresight model
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The satiation result does not hold in the final period, of course, as the terminal
condition pins down a positive marginal utility of money balances needed for trans-
action purposes (see (12.87)). It is straightforward to generalize the Friedman result
to a setting with an infinitely lived representative agent. 18 In that case terms like
(1 +p) t-1 U(Ct, mt) are added to the utility function in (12.78) and budget equations
like PrY + Mt-i + PtTt = PtCt + A are added to (12.79) (both for t = 3, 4, 5, , oo).
Equation (12.86) is then generalized to:

The thing to note about (12.93) as compared to (12.89)-(12.90) is that the ter-
minal condition is no longer relevant. Brock (1975, pp. 138-141) shows that the
equilibrium solution to (12.93) will in fact be the steady-state solution for which
mt = mt+i = m*:

*) = El 	 1

(1 + p)(1 + au)
]14' (Y)

dm*ul (Y)
	 = 	  < O.
dµ	 (1 + p)(1 + 1.) 2 v"(m*)

Since both the endowment and real money balances are constant over time, lifetime
utility of the infinite lived representative agent is equal to:

V = ( 1 + p
 [u(Y) + v (m* (0)]

p
(12.96)

Maximizing (12.96) by choice of p, yields the result that the optimal money supply is
such as to ensure that v'(m*) = 0 for all periods. In view of (12.94), this is achieved
if the money supply is shrunk at the rate at which the representative household
discounts future utility:

= •
p 

1 + p

Although there are no interest-bearing assets in our model, equation (12.97) can
nevertheless be interpreted as a zero-interest rate result (see Turnovsky and Brock,
1980). Indeed, the pure rate of time preference represents the psychological costs
associated with waiting and p/(1 + p) p) can be interpreted as the real rate of
interest. Furthermore, since real money balances are constant, the money growth
rate alsoalso represents the rate of price inflation. The nominal rate of interest in the
optimum is thus R p I (1 + p) + = p I (1 + p) + ,u* =0.

18 Much of modern macroeconomic theory makes use of such a fictional agent. See e.g. section 4.4
below and Chapters 14-17.
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12.4.3 Critiques of the full liquidity rule
The Friedman satiation rule, according to which the policy maker should use its
money growth instrument in order to drive the marginal utility of real money bal-
ances to zero, has come under severe criticism in the literature. We now wish to
demonstrate the two most important mechanisms by which the full liquidity result
is invalidated. In order to do so we return to the two-period setting but we enrich the
basic model of section 4.1 above by moving from an endowment to a production
economy and by introducing (potentially) distorting taxes.

Introducing endogenous production

We assume that the representative household derives utility not only from con-
sumption of goods and real money balances but also from leisure. Hence, equation
(12.78) is replaced by:

V = U(Ci , 1 - L 1 , m 1 ) + 	1
1 + p

) U(C2, 1 - L2, m2),
	 (12.98)

where the time endowment is unity, L t is labour supply, and 1 - L t is leisure in
period t (= 1, 2). The household budget identities in the two periods are:

WN1 ri)Li + Mo + PIT1 = P1C1 + 1\41, 	 (12.99)

WN1 — r2)1,2 + M1 + P2 T2 = P2C2 M2, 	 (12.100)

where Mo is given, Pt Tt represents lump-sum cash transfers received from the gov-
ernment, Wt is the nominal wage rate, and rt is the tax rate on labour. To keep
things simple we assume that production is subject to constant returns to scale and
that the production function is given by Yt = L t . Perfectly competitive producers set
price equal to marginal cost which implies that Pt = WN. As before, the government
does not consume any goods so that the goods market clearing condition requires
consumption by households to equal production in both periods. In summary, we
have that:

Ct = Yt = Lt, WN = Pt. 	 (12.101)

Rather than analysing the behaviour of the representative household and firm
separately, it is legitimate to incorporate (12.101) into (12.99)-(12.100) and to
have the household-producer choose consumption (and thus production) and real
money balances directly. Assuming an interior solution, the first-order conditions
characterizing the optimum are given by:

U1-1,(xt) = (1 - ri)Uc(xt), t = 1, 2,	 (12.102)

[UC(X1) Um(X1)] m1 = 
M2 Lk (X2) 

(1 + p)(1 ,u)
	 (12.103)

(12.104)Uc(x2) = U,n (x2),
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where x t [Ct, 1 - Ct, mt] and we have used the definition of the money growth
rate (given in (12.81)) to simplify (12.103). Equation (12.102) shows that the house-
hold equates the marginal rate of substitution between leisure and consumption to
the after-tax wage in both periods. Equations (12.103)-(12.104) generalize (12.86)-
(12.87) by accounting for an endogenous labour supply (and thus production)
choice. Armed with this minor modification to our original model, the robustness
of the full liquidity result can be examined.

Non-separability

The model is solved recursively by working backwards in time, just as in section 4.1
above. We assume that both tax rates are constant. Equations (12.102) (for t = 2)
and (12.104) then pin down optimal levels of consumption (and labour supply) and
money balances for the final period (q and m2, respectively) which are constant
and independent of the rate of money growth IL Given these values for C2 and
rrG, equations (12.102) (for period t = 1) and (12.103) together constitute a system
of implicit equations expressing CI and m1 in terms of the rate of money growth
it (as well as p, r1 , and r2, but these are held constant). Denoting these implicit
functions by C1(µ) and m1 (µ), we obtain the following derivatives by means of
standard techniques:

dCl m2 - (1 - ri)Ucm] 
dµ = (1 + p)(1 02 I Al

dmi in*2' [Ul-L,C Ul-L,1-L ( 1 - r1)(UCC UC,1-0] (12.106)
dp, = (1 + p)(1 it)2 1,6,1

where I AI is the (negative) Jacobian of the system and where the partial derivatives
Ucc, Ucm, UCJ-L, U1-L,1-L, and U1-L,m are all evaluated in the optimum point (CI,
1 -

The expression in (12.106) shows that the sign of diri/d,u is ambiguous in the
generalized model. The existence of diminishing marginal utility of leisure and
consumption ensures that Ui _LJ _L and Ucc are both negative, but the cross-term,

===- (kJ-La can have either sign. Turnovsky and Brock (1980, p. 197) argue
that it is reasonable to assume on economic grounds that Uc,1_L is positive, i.e. the
marginal utility of consumption rises with leisure. With that additional assumption
it is clear that optimal money holdings in the current period fall as the money
growth rate is increased, i.e. dmI/d,u < 0. This conclusion generalizes our earlier
result obtained for the basic model of section 4.1 above (see (12.95)).

As the expression in (12.105) shows, the sign of dq/dp, is also ambiguous in
general as it depends on the cross-partial derivatives U1_L, m and UCm which can
have either sign and about which economic theory does not suggest strong priors.
In economic terms the ambiguity arises because it is not a priori clear how (or even
whether) the rate of money growth affects the marginal rate of substitution between
consumption and leisure, i.e. how ,u influences the consumption-leisure trade-off.
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The issue can be investigated more formally by writing the marginal rate of sub-
stitution between leisure and consumption (for period t = 1) in a general functional
form as g(C1, m1):

th_L (ci , 1 — C1 , m1) g(ci, ml) = 	 •uc (c i , — C1, ml)
(12.107)

By partially differentiating g(.) with respect to m1 we obtain the following result:

gm (Ci, mi) =
U1-LUCm
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Ul-L,m g(C1,M1)UCm 
Uc

Ul-L,m — (1 — TOUCm 
Uc

(12.108)

where we have used (12.102) in the final step). The expression in (12.108) shows the
intimate link which exists between gm (Ci, m1) and the sign of dq/dit in (12.105): if
the marginal rate of substitution between leisure and consumption rises (falls) with
real money balances, gm (Ci , m 1 ) > 0 (< 0), then an increase in the money growth
rate leads to an increase (decrease) in goods consumption, i.e. dCl/d,u > 0 (< 0).

The upshot of the discussion so far is that Cl; and rrq do not depend on the
rate of money growth and that CI and m1 do so but in an ambiguous fashion. By
plugging CI (4) and mi (A) into the utility function (12.98) we obtain an expression
for household utility in terms of the policy variable it:

V __ U (CI (p), — CI Cu), m1 (A)) + ( 	 ) * 	 *
+ p	 2'

1 — C 
2'

 m*)•
2
	(12.109)

1
1 

	U(C

The policy maker selects the optimal money growth rate it* in order to maximize
V, a problem which yields the following first-order condition:

Tit 	 dµ	 dµ
)	 (dmI = 0,dV 

= Uc 	  + Um

where we have used equation (12.102) to simplify (12.110). Armed with this expres-
sion we can re-examine the validity of the Friedman full-liquidity result according
to which i_t* should be set such as to drive the marginal utility of money balances
to zero. Equation (12.110) shows the various cases under which this result contin-
ues to hold in our extended model. First, if there is no initial tax on labour in the
first period (t 1 = 0) then the leisure-consumption choice is undistorted so that a
change in the money growth rate does not create a first-order welfare effect even if
it does affect consumption in the first period. In terms of (12.110), Uc = Ui_L in
that case and the sign (or magnitude) of deildit does not matter. The first term on
the right-hand side of (12.110) drops out and, provided dmI/dp, 0 0, the optimal
money growth rate entails driving Um to zero.

(12.110)
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The second case for which the satiation result obtains is one for which the tax is
strictly positive (t i > 0) but consumption is independent of the money growth rate
(dCl/d,u, = 0). This case was emphasized by Turnovsky and Brock (1980). In terms of
(12.110) and (12.108) this holds if the marginal rate of substitution between leisure
and consumption does not depend on A. If that result obtains, the felicity function
U(.) is said to be weakly separable in (Ct , 1 —L i) on the one hand and m t on the other.
It can then be written as:

u(ct , 1 — Lt, mt) = U [Z(ct, 1 — Li), mt] (12.111)

where Z(.) is some sub-felicity function. Note that (12.111) implies that the
marginal rate of substitution between leisure and consumption only depends on
the properties of Z(.), as th-L/Uc = UzZi-L /(UzZc) = Z1_L/Zc and thus does not
depend on mt.

In summary, the Friedman satiation result holds in our model if (i) there is no
initial tax on labour income (ti = 0), and (ii) if ti is positive but preferences display
the weak separability property. In general, however, (12.109) implicitly defines the
optimal money growth rate and Um will not be driven to zero. Turnovsky and Brock
refer to (12.110) as a "distorted" Friedman liquidity rule (1980, p. 197).

The government budget restriction

The second major argument against the validity of the Friedman result is based on
the notion that steady-state inflation (caused by nominal money growth) can be
seen as a tax on money balances and thus has repercussions for the government
budget constraint especially in a "second-best" world in which lump-sum taxes are
not available to the policy maker. In such a world, Phelps (1973) argues, government
revenue must be raised by means of various distorting taxes, of which the "inflation
tax" is only one. The literature initiated by Phelps is often called the "public finance"
approach to inflation and optimal money growth. Briefly put, the Phelps approach
is an application to monetary economics of the optimal taxation literature in the
tradition of Ramsey (1927). 19 We return to the insights of Phelps (1973) below.

12.4.4 An infinite horizon model
Up to this point we have employed simple two-period models in order to demon-
strate (some of) the key issues in monetary macroeconomics. Although such
two-period models are convenient for some purposes, they also have some unde-
sirable features. For example, as the model only distinguishes two periods ("today"
and the "future"), there is no third period and the model economy "closes down" at
the end of period 2. The aim of this subsection is to get rid of this rather unattractive
feature of the model. To that effect, we develop a general equilibrium model of a

19 We briefly discussed Ramsey taxation in the context of Chapter 10 above.
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monetary economy in which the economy does not come to a full stop at some
time in the future but instead runs on indefinitely through time. We subsequently
use this multi-period model to demonstrate the validity of the Friedman rule under
different assumptions regarding government financing.

Households

We assume that the behaviour of households in the economy can be captured
with the fictional representative agent who is infinitely lived and has the following
lifetime utility function:

t-1
V =	 ( 	 1

+ p 
) U(Ct , 1 - 14,110,

t=i 
(12.112)

where the felicity function, U(.), has the usual properties: (i) there is positive but
diminishing marginal felicity for both consumption and leisure, (ii) there exists a
satiation level for real money balances, Tit, and (iii) marginal felicity of real money is
diminishing. Since timing issues will prove extremely important below, we simplify
the notation by defining xt E---- [Ct, 1 - Lt, mt] and by writing the properties of the
felicity function as follows:

(12.113)

To keep the model as simple as possible we continue to abstract from physical
capital, and assume that the representative household can shift resources through
time by means of government bonds and/or money. The periodic budget constraint
in period t (= 1, 2, ....) is given in nominal terms by:

(1 +R t_i)B t_i + WItv (1. - rt)lat + Mt_i + PtTt = PtCt + Mt + Bt,
	 (12.114)

where Bt_1 is the stock of government bonds held at the end of period t - 1, Rt _ i is
the nominal interest on government bonds paid at the end of period t -1, Mt is the
stock of money balances at the beginning of period t, WPT is the nominal wage rate,

rt is the proportional tax on labour income, and PtTt is transfers received from the
government. Equation (12.114) generalizes (12.1)-(12.2) by adding taxes and trans-
fers, recognizing endogenous labour income (rather than exogenous endowment
income), and by distinguishing multiple periods.
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By dividing both sides of (12.114) by the current price level, Pt, we obtain the
household's budget identity in real terms:

(1 + rt_i)bt_i + Wt(1 — rt)lit +  mt-i + Tt = Ct + mt + bi-, 	 (12.115)1 + 7Tt_i

where bt 	Bt /Pt is the stock of real bonds, Wt 	WT/Pt is the real wage rate,
7rt Pr-FilPt--1 is the inflation rate, and rt -._=_Pt(l+Rt)11)t+i-1 is the real interest rate.

The household's budget identity is a difference equation in bond holdings, bt,
which can be solved forwards in time by repeated substitutions. After some tedious
but straightforward manipulations we find the following general expression (see the
appendix to this chapter):

mt — Wt(1 — rt)Lt — Tti

114+1  )+ qk± i° b 
k+
 + qk±i 1+ Rk+1

where Ao (1 + ro)bo + mo/(1 + 70) and q (t) is a rather complicated discount factor
involving the real interest rates in future periods:

o _ 1
qt = 	 ( 1 \

111=1 	 1-Fri )

By letting k	 oo, we find that (12.116) simplifies to:

A = E q?[Ct + ( 1 ±Rt Rt ) — 	 — Trgt — Tr],
t=i

provided the following so-called transversality conditions hold:

l+k
Ao = E qr [Ct + 	Rt

1 + R t

(12.116)

for t = 1
for t = 2, 3, ... (12.117)

(12.118)

lim 4+i bk± i = 0,
k—,00

0
qk+1 Mk+ 1 lim=

k--+. 1 ± Rt+k

th-L(xt) 
=— TO,Uc(xr)

Uc(xt) 	Rt

Uc(xt) 	 1 + R t • I
We postpone a more extended discussion of transversality conditions to Chapter 14.
Intuitively, equation (12.119) means that the household's assets (b t positive) cannot
grow faster than the rate of interest. In the case of household debt (bt negative) the
household would, of course, be perfectly happy to let the expression in (12.119)
be negative but there will be no lenders in the market allowing this to happen.
Technically, (12.119) is a terminal condition on the household's debt as time goes
to infinity. It does the same thing in the infinite-horizon model as the assumption
of B2 = 0 does in the two-period model of section 12.2.1, namely to ensure that the
household is solvent. The intuition behind (12.120) is similar.

Equation (12.118) is the present-value budget constraint of the household.
It shows that the excess of spending on consumption and money balances over the
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after-tax wage income plus government transfers (right-hand side) must be equal
in present-value terms to the pre-existing wealth of the household (left-hand side).
Equation (12.118) is the infinite-horizon counterpart to (12.3).

The household chooses sequences for its consumption, labour supply, and real
money balances (i.e. {Ctrt 1 , {/i t }t° 1 , and fm t n° 1 ) in order to maximize lifetime
utility (12.112) subject to the lifetime budget constraint (12.118). The Lagrangian
expression associated with this optimization programme is:

t-i
(  1 ) wt., 1 — Lt, mt)

t=i
(12.121)

+ [Ao — 	 q't)	 1 +[Ct+ 	RtR t
 mt — Wt(1 — rt)Lt —

t=1 

I
t price level, Pt, we obtain t! -•

(12.117)

where A is the Lagrangian multiplier. The first-order conditions for an interior
optimum are the constraint (12.118) and:

t-1
—

a.c _ 0. (  1 	gt) Uc(x t) = X ,

	

o 	 (12.122)
act	•	 .+ p

a.c___ 
0:
	)t-1

ui_L(x)= Aewt(1- tt), 	 (12.123)
aL t = •	 p

\ t_1
0: 	1

	unoo= Ag n 	Rt
(12.124)

ami 	 p	 ‘t' 	 + R t

By eliminating the Lagrange multiplier from these expressions we obtain the usual
conditions equating marginal rates of substitution to relative prices:

(12.118)

hold:

I

(12.119)

(12.120)

Lli-L(xt) 
= Wt(1 — TO,

LIc(xt)

Uni (xt) _  Rt 

Uc(xt) 	 1 + R t •
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In each period, the marginal rate of substitution between leisure and consumption
should be equated to the after-tax wage rate, whilst the marginal rate of substi-
tution between real money balances and consumption should be equated to the
opportunity cost of holding real money balances.

Firms, government, and Walras' Law

The firm sector is very simple. There is no capital in the economy and goods are
produced with labour only. The production function is given by Yt = Lt and the
representative firm maximizes profits, lit PtYt — WtNLt, given this linear tech-
nology. The perfectly competitive solution implies marginal cost pricing, Pt = WP1 ,
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i.e. the real wage rate is equal to unity:

Wt = 1 , 	 (12.127)

and profits are zero al t = 0).
The government budget identity is given in nominal terms by:

Rt_iBt_i + PtGt + PtTt = rtWtN + (Mt — Mt-1) + (Bt - Bt-i) 	 (12.128)

where G t is the consumption of goods by the government. The sum of spending on
interest payments on outstanding debt plus government consumption and transfers
to households (left-hand side) must be equal to the sum of the labour income tax
revenue, newly issued money balances, and newly issued government debt (right-
hand side). By dividing both sides of (12.128) by the current price level, and noting
(12.4) and the definition of the real interest rate, we obtain the government budget
identity in real terms:

(1 + rt_i)br_i + Gt + Tt = rtiVtLt- + mt -  	 bt.
1 + rct_i

(12.129)

Before discussing the key features of the model we check Walras' Law. By combin-
ing the household budget identity (12.115) with the government budget identity
(12.129) we obtain WtLt = Ct+Gt (which is the resource constraint). But Wt = 1 (by
(12.127)) and the production function implies Yt = L t so it follows that Yt = Ct +G t .
So, provided the household and government budget identities are satisfied, so is the
economy-wide resource constraint.

The adjusted household budget constraint

In order to prepare for our discussion of the optimal rate of money growth it is
useful to derive the so-called "adjusted household budget constraint" (Ljungqvist
and Sargent, 2000, pp. 319-325). This adjusted budget constraint is obtained by
substituting the household's first-order conditions (12.122)-(12.124) into the reg-
ular, unadjusted, household budget constraint (12.118). After some manipulation
we obtain the following expression:

Rt 00

Ao = E [Cr - Tr] + E (1,9 	 nit - Eq(?w,-(1- rt)Lt
t=i 	 t=i 	 1 + R t	t=i

= 1 ) t 1 [Uc(xt)[Ct - Tr] + Um(xt)mr - th-L(xt)Lt] ,
t=i 

1
+ p

(12.130)

where we have used (12.122)-(12.124) to get from the first to the second line. By
applying (12.122) for t = 1 and noting that q7 = 1 (from (12.117)) we derive that
A equals the marginal utility of consumption in the first period, i.e. A = Uc(x1)-
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By substituting this result in (12.130) we obtain the final expression for the adjusted
household budget constraint:

t_i
Aouc(xi) =	 [Uc(xt) [Ct — Tt] + Um(xt)mt — ui_L(xoLti . (12.131)

t=i 1 P

The advantage of working with (12.131) instead of with (12.118) is that the former
expression no longer contains the distorting tax instruments of the government
(namely tt and ,u t ). This facilitates the characterization of the optimal taxation prob-
lem because the social planning problem can be conducted directly in quantities
(rather than in terms of tax rates). 2°

Optimal money growth revisited

We now have all the ingredients needed to study the optimal tax problem of the gov-
ernment. The social planner chooses sequences for consumption, employment, and
real money balances (i.e. (C t ri° 1 , {Lt }r i , and tni trt' i ) in order to maximize lifetime
utility of the representative household (12.112) subject to the adjusted household
budget constraint (12.131) and the economy-wide resource constraint Lt = Ct +Gt.

We assume that the sequence of government consumption, {G t }c;°,, is exogenously
given. The Lagrangian associated with this optimization programme is:

00 	 1	 t-1
E  	 [u(ct, 1 — Lt,mt) + [Lt - Ct - Gt]
t=1 	 p

O G (Uc(xt)[Ct - 	 + Um(xt)mt - th-Axt-)Lt)]

- O GA0Uc(xi.),

where OG is the Lagrange multiplier for the adjusted household budget constraint
and {4}r 1 is the sequence of Lagrange multipliers for the resource constraint.

Let us first assume that the policy maker can freely adjust the level of transfers, Tt,

in each period. It is clear that this scenario includes the case of lump-sum financing
because negative transfers are allowed. What is the optimal rate of money growth
in this economy? The first-order conditions for the sequence of transfers, ITtrt'i,
take the following form:

(12.12-'
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- rt )L t

aLG = _0G
	 1 	 t-i

aTt 	1+ p
Uc(xt) = 0. 	 (12.133)

d-xt)Lt]	 (12.130)

a to the second line. By
2.117)) we derive that

period, i.e. A = Uc(xi).

But, since the discounting factor on the right-hand side of (12.133) is strictly pos-
itive, and we have ruled out satiation of consumption (Uc(x t) > 0—see (12.113)),

20 The approach followed here is called the "primal" approach to the Ramsey problem because it uses
outputs and the direct utility function. See Atkinson and Stiglitz (1980, pp. 376-382) for a discussion
of the primal approach to Ramsey taxation in static models. Jones et al. (1997) and Ljungqvist and
Sargent (2000, pp. 319-325) follow Lucas and Stokey (1983) by applying the primal methods in a
dynamic context.
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it follows from (12.133) that OG = 0. Intuitively, the availability of the lump-sum
instruments means that the adjusted household budget constraint does not repre-
sent a constraint on the social optimization programme. The remaining first-order
conditions of the social plan are obtained by setting aLG/aCt = aLG/aLt =
aLG/am t = 0 (for t = 1, 2, ...) and noting that OG = 0. After some straightforward
manipulation we find:

U1_L(xt) _ 1

Udxt)

Um(Xt) = 0.

Equation (12.134) shows that the marginal rate of substitution between leisure
and consumption should be equated to the marginal rate of transformation
between labour and goods (which is unity since the production function is lin-
ear). Equation (12.135) is the Friedman rule requiring the policy maker to satiate
the representative household with money balances. Equations (12.134)-(12.135)
characterize the socially optimal allocation in terms of quantities. In the final step
we must find out what tax instruments the planner can use to ensure that these
conditions hold in the decentralized economy. By comparing (12.134)-(12.135) to
the first-order conditions for the household, given in (12.125)-(12.126), we find
that they coincide if there is no tax on labour income and the nominal interest rate
is zero, i.e. rt = Rt = 0. With a constant level of government consumption (Gt = G
for all t) the optimal allocation is constant, i.e. C t = C, L t = L, bt = b, mt = m,
Wt = W, and Tt = T for all t. The real interest rate is equal to the rate of pure time
preference, rt = p, and, since the nominal rate is zero, it follows that the rate of
inflation is constant and equal to Trt = — PI(1+ p). Since m is constant, the rate of
money growth equals the rate of inflation, i.e. A t = -pi(1+ p).

Ramsey taxation

Matters are not as simple if the policy maker does not have access to a freely
adjustable lump-sum instrument like Tt . In the absence of such an instrument the
policy maker is forced to raise the required revenue, needed to finance the gov-
ernment's consumption path, in a distortionary fashion, i.e. by means of a tax on
labour income and/or by means of money growth (the inflation tax). In the remain-
der of this subsection we briefly sketch the complications which arise in this setting.
As before, the social planner chooses sequences {C t }ci.' 1 , {L t }t' 1 , and fm t yl' i which
maximize (12.112) subject to (12.131) and the resource constraint L t = Ct + Gt . We
now assume, however, that Tt = 0 for all t.

The first-order conditions for an interior solution for real money balances is given
by aLG/am t = 0 for all t. By using (12.132) we derive the following conditions for,
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Um(Xi) OG [Um(Xi) MiUmm(X1)] 6G ( 1 ro)i-km(Xi) = 0,

Um(xt) + e G [Um(xt) + mtUmm(xt)] = 0,

(12.136)

(12.137)

where the term involving Ucm (x1) appearing in (12.136) is due to the fact that the
marginal utility of consumption in the first period in general depends on real money
balances. In contrast to the lump-sum case, the Lagrange multiplier O G is now strictly
positive. Intuitively, O G measures the utility cost of raising government revenue
through distortionary taxes (Ljungqvist and Sargent, 2000, p. 323). An immediate
consequence which follows from the first-order conditions (12.136)-(12.137) is that
the full liquidity rule is no longer optimal even if the felicity function is separable
in consumption and real money balances (so that U cm (x t) = 0). Indeed, in the
separable case (12.136) and (12.137) coincide and can be simplified to:

0G

1 + O G
Um (xt) = —mtUmm(xt) 	  > 0. (12.138)

The optimal level of real money balances falls short of its satiation level and the
Friedman result no longer obtains in this setting.

12.5 Punchlines

Money performs three major functions in the economy: it is a medium of exchange,
serves as a store of value, and performs the role of a medium of account. Of these
three functions, the first is the most distinguishing function of money. Despite the
fact that every layman knows what money is (and what it can do) it has turned out
to be difficult to come up with a convincing model of money. In the first part of this
chapter we discuss some of the more influential models that have been proposed in
the literature.

The medium of exchange role of money has been modelled by assuming that
money reduces the transactions costs associated with the trading process between
agents. In this view, the existence of money reduces the time needed for shopping.
Since leisure is valued by the agents, the same holds for money. This so-called
shopping cost approach is one way to rationalize the conventional practice in
macroeconomic modelling of putting money balances directly into the household's
utility function. The cash-in-advance approach is another possible rationalization
for this practice.

The role of money as a store of value has been modelled in two major ways.
In the first model, intrinsically useless money may be held if it allows agents to
engage in intertemporal consumption smoothing and either (i) there are no other
financial assets available for this purpose at all, or (ii) such assets exist but carry an
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inferior rate of return. The second model of money as a store of value is based on
the notion that assets carrying a higher yield than money may also be more risky. In
the simplest possible application of this idea, the yield on money is assumed to be
certain and equal to zero (no price inflation) whilst the yield on a risky financial asset
is stochastic. The risky asset carries a positive expected yield. The actual (realized)
rate of return on such an asset is, however, uncertain and may well be negative.
In such a setting the risk-averse household typically chooses a diversified portfolio,
consisting of both money and the risky asset, which represents the optimal trade-off
between risk and return.

In the second part of this chapter we take for granted that money exists and plays
a useful role in the economic process and study the socially optimal quantity of
money. If fiat money is useful to economic agents then how large should the money
supply be? Friedman proposes a simple answer to this question: since fiat money
is very cheap to produce, the money supply should be expanded up to the point
where the marginal social benefit of money is (close to) zero. This is the famous full
liquidity or satiation result. We first demonstrate the validity of the satiation result in
a very simple two-period model of an endowment economy with money entering
the utility function of the households. Next we extend the model by endogenizing
the labour supply decision of households and demonstrate the various reasons why
full liquidity may not be socially optimal.

Further Reading

Good textbooks on monetary economics are Niehans (1978), McCallum (1989a), and Walsh
(1998). Diamond (1984), Kiyotaki and Wright (1993), and Trejos and Wright (1995) use the
search-theoretic approach to model money. The demand for money by firms is studied by
Miller and Orr (1966) and Fischer (1974). Romer (1986, 1987) embeds the Baumol-Tobin
model in a general equilibrium model. Saving (1971) presents a model of money based on
transactions costs. McCallum and Goodfriend (1987) give an overview of money demand
theories. Fischer (1979) studies monetary neutrality in a monetary growth model.

On the public finance approach to inflation, see Chamley (1985), Turnovsky and Brock
(1980), Mankiw (1987), Gahvari (1988), Chari et al. (1996), Correia and Teles (1996), Batina
and Ihori (2000, ch.10), and Ljungqvist and Sargent (2000, ch. 17). On the unpleasant
monetarist arithmetic argument, see Drazen and Helpman (1990), Sargent and Wallace
(1993), and Liviatan (1984).

Appendix

In this appendix we derive equation (12.116) in the text. As a preparatory step we write
(12.115) in short-hand format as follows:
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where zt is the forcing term of the difference equation:

- rt)Lt - Tt.
	 (Al2.2)

We wish to solve (Al2.1) forwards in time, taking account of the fact that in period t = 1,

bb is given. By using (Al2.1) we find the following expression after two substitutions:
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( 	 ro ) [( 	 ) R 	 r2)
[b3 + z31 + z2] +Zl <=>.

(1 + ro)bo = 	 (1+1 rib3+zi + ( 1+1 ri ) Z2 + (1 ±lri)(1+r2)
Z3.

From the ultimate expression it is easy to recognize the pattern and to conclude that after
k substitutions we get:

(1 + ro)bo - (1 +1 i.	 r) (1 +1 
r2 )	 1 +1 rk )bk+i

	1 	 1 	(  1	 1
	  Zk	+ + Z2

 + 	
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+ 
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(Al2.3)

By using the definition for (1,9 given in equation (12.117) in the text, we find that (Al2.3)
can be written in a compact form as:

(1 + ro)bo = qi:+1
l+k

k+1	 etzt•
t=i

(Al2.4)

Next we must simplify the second term on the right-hand side of (Al2.4). By using (Al2.2)
we can write this term as:

l+k	 1+k	 1+k Mt-1 E q?zt = E [Ct -	 - tt)Lt - + E q t9[mt i+n-t_i •
t=1	 t=i	 t=1

(Al2.5

The first term on the right-hand side of (Al2.5) is already in the required format but
the second term can be further simplified. We note that it follows by definition that

357



(Al2.6) New Key n

The Foundation of Modern Macroeconomics

qo = qo 1 /(1 + rt_i) for t > 2. By using this result we obtain:
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where we have used the fact that the nominal interest rate, R t , satisfies 1 +R t = (1 +rt)( 1 + 74)
in going from the first to the second line. By using (Al2.5) and (Al2.6) in (Al2.4) and
rearranging we obtain equation (12.116) in the text.
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13

The purpose of this chapter is to discuss the following issues:

1. Can we provide microeconomic foundations behind the "Keynesian" multiplier?

2. What are the welfare-theoretic aspects of the monopolistic competition model?
What is the link between the output multiplier of government consumption and
the marginal cost of public funds (MCPF)?

3. Does monetary neutrality still hold when there exist costs of adjusting prices?

4. What do we mean by nominal and real rigidity and how do the two types of rigidity
interact?

13.1 Reconstructing the "Keynesian" Multiplier

The challenge posed by a number of authors in the 1980s is to provide microeco-
nomic foundations for Keynesian multipliers by assuming that the goods market
is characterized by monopolistic competition. This is, of course, not the first time
such micro-foundations are proposed, a prominent predecessor being the fixed-
price disequilibrium approach of the early 1970s (see Chapter 5). The problem with
that older literature is that prices are simply assumed to be fixed, which makes
these models resemble Shakespeare's Hamlet without the Prince, in that the essen-
tial market coordination mechanism is left out. Specifically, fixed (disequilibrium)
prices imply the existence of unexploited gains from trade between restricted and
unrestricted market parties. There are f 100 bills lying on the footpath, and this begs
the question why this would ever be an equilibrium situation.

Of course some reasons exist for price stickiness, and these will be reviewed here,
but a particularly simple way out of the fixity of prices is to assume price-setting
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behaviour by monopolistically competitive agents. 1 This incidentally also solves
Arrow's (1959) famous critical remarks about the absence of an auctioneer in the
perfectly competitive framework.

13.1.1 A static model with monopolistic competition
In this subsection we construct a simple model with monopolistic competition in
the goods market. There are three types of agents in the economy: households, firms,
and the government. The representative household derives utility from consuming
goods and leisure and has a Cobb-Douglas utility function:

U Ca(1 - L) 1-" , 0 < < 1, (13.1)

where U is utility, L is labour supply, and C is (composite) consumption. The house-
hold has an endowment of one unit of time and all time not spent working is
consumed in the form of leisure, 1 - L. The composite consumption good consists
of a bundle of closely related product "varieties" which are close but imperfect sub-
stitutes for each other (e.g. red, blue, green, and yellow ties). Following the crucial
insights of Spence (1976) and Dixit and Stiglitz (1977), a convenient formulation is
as follows:

0/(0-1)
N

C N 1 [N-1 E C1 10-1)101

j=1

where N is the number of different varieties that exist, C j is a consumption good of
variety j, and 9 and ri are parameters. This specification, though simple, incorporates
two economically meaningful and separate aspects of product differentiation. First,
the parameter 9 regulates the ease with which any two varieties (C i and Cj) can
be substituted for each other. In formal terms, 9 represents the Allen-Uzawa cross-
partial elasticity of substitution (see Chung, 1994, ch. 5). Intuitively, the higher is 9,
the better substitutes the varieties are for each other. In the limiting case (as 9 ---> oo),
the varieties are perfect substitutes, i.e. they are identical goods from the perspective
of the representative household.

The second parameter appearing in (13.2), r1, regulates "preference for diversity"
(PFD, or "taste for variety" as it is often called alternatively). Intuitively, diver-
sity preference represents the utility gain that is obtained from spreading a certain
amount of production over N varieties rather than concentrating it on a single
variety (Benassy, 1996b, p. 42). In formal terms average PFD can be computed by
comparing the value of composite consumption (C) obtained if N varieties and
X /N units per variety are chosen with the value of C if X units of a single variety

1 See the recent surveys by Benassy (1993a), Silvestre (1993), Matsuyama (1995), and the collection
of papers in Dixon and Rankin (1995).

9 > 1, 11 > 1, 	 (13.2)
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are chosen (N = 1):

C(X/N,X/N,....,X/N)	 1
average PFD = 	 (13.3

	C(X 0 . 0) 	
=N77_.	 )

 ... 

The elasticity of this function with respect to the number of varieties represents the
marginal taste for additional variety 2 which plays an important role in the monopo-
listic competition model. By using (13.3) we obtain the expression for the marginal
preference for diversity (MPFD):

MPFD = - 1.
	 (13.4)

It is now clear how and to what extent 77 regulates MPFD: if 77 exceeds unity MPFD
is strictly positive and the representative agent exhibits a love of variety. The agent
does not enjoy diversity if Ti = 1 and MPFD = 0 in that case.

The household faces the following budget constraint:

p; c; =W L+ II - T,	 (13.5)
j=i

where Pi is the price of variety j, WN is the nominal wage rate (labour is used as the
numeraire later on in this section), n is the total profit income that the household
receives from the monopolistically competitive firms, and T is a lump-sum tax paid
to the government. The household chooses its labour supply and consumption
levels for each available product variety (L and Cj , j = 1, , N) in order to maximize
utility (13.1), given the definition of composite consumption in (13.2), the budget
constraint (13.5), and taking as given all prices (Pi, j = 1, . ,N ), the nominal wage
rate, profit income, and the lump-sum tax.

By using the convenient trick of two-stage budgeting, the solutions for composite
consumption, consumption of variety j, and labour supply are obtained:

PC = a [WN + 11 - ,	 (13.6)

Cj	 °= N-(0+0+0 ( 1)/	 • N,,, - 1, • • •-	 (13.7)

WN [1 - L] = (1 - a) [WN + - T] ,	 (13.8)

where P is the so-called true price index of the composite consumption good C.
Intuitively, P represents the price of one unit of C given that the quantities of all
varieties are chosen in an optimal (utility-maximizing) fashion by the household.
It is defined as follows:

P --1\T -ii N-° Epi l-e[	

1/(1-6)

1=1

N
(13.9)

2 As is often the case in economics, the marginal rather than the average concept is most relevant.
Benassy presents a clear discussion of average and marginal preference for diversity (1996, p. 42).
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U1-1, WN
Uc = P	 P	 a	 -- L .

WN -a C (b)

Two-stage budgeting. As indeed its name strongly suggests, the technique of
two-stage budgeting (or more generally, multi-stage budgeting) solves a rela-
tively complex maximization problem by breaking it up into two (or more)
much less complex sub-problems (or "stages"). An exhaustive treatment of
two-stage budgeting is far beyond the scope of this book. Interested readers are
referred to Deaton and Muellbauer (1980, pp. 123-137) which contains a more
advanced discussion plus references to key publications in the area.

We illustrate the technique of two-stage budgeting with the aid of the maxi-
mization problem discussed in the text. Since C and 1 - L appear in the utility
function (13.1) and only ci (j -_-_-_- 1, ... N) appear in the definition of C in (13.2)
it is natural to subdivide the problem into two stages. In stage 1 the choice is
made (at the "top level" of the problem) between composite consumption and
leisure, and in stage 2 (at the "bottom" level) the different varieties are chosen
optimally, conditional upon the level of C chosen in the first stage.

Stage 1. We postulate the existence of a price index for composite consump-
tion and denote it by P. By definition total spending on differentiated goods is
then equal to Ei p;c; = PC so that (13.5) can be re-written as:

PC + WN (1 -- L) = WN +11 -  IF, (a)

which says that spending on consumption goods plus leisure (the left-hand
side) must equal full income (IF on the right-hand side). The top-level maxi-
mization problem is now to maximize (13.1) subject to (a) by choice of C and
1 - L. The first-order conditions for this problem are the budget constraint
(a) and:

The marginal rate of substitution between leisure and composite consumption
must be equated to the real wage rate which is computed by deflating the
nominal wage rate with the price index of composite consumption (and not
just the price of an individual product variety!). By substituting the right-hand
expression of (b) into the budget identity (a), we obtain the optimal choices of
C and 1 L in terms of full income:

PC	 W (1 -L) (1 - 0)IF. 	 (c)

Finally, by substituting these expressions into the (direct) utility function (13.1)
we obtain the indirect utility function expressing utility in terms of full income

T ,
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where PV is the true price index for utility, i.e. it is the cost of purchasing one
unit of utility (a "util"):

Pv (Py (wNy -a
-	 ,a 	 1 — a
	 (e)

Stage 2. In the second stage the agent chooses varieties, ci = 1,2, ..., N), in
order to "construct" composite consumption in an optimal, cost-minimizing,
fashion. The formal problem is:

- 0/(0-1)

subject to 	 Pic; = PC,	 (f)
j=1

for which the first-order conditions are the constraint in (f) and:

ac/aC1 	Pj	 (ck )1/9	 Pj
for j,k = 1, 2, ..., N.	 (g)

aciack — Pk	 Pk

The marginal rate of substitution between any two product varieties must be
equated to the relative price of these two varieties. By repeatedly substituting
the first-order condition (g) into the definition of C (given in (13.2)), we obtain
the following expression for

N ---11 CP/-8

[EkN_ i N__i p1-0] - 0/(1-0

By substituting (h) into the constraint given in (f) the expression for the price
index P is obtained:

Pj C1 = 	
 No/0-1)-r C riy

[Ej=i Pi
N 

L.-J =1 1

0/0 -0) = PC

By using this price index we can re-express the demand for variety j of the
consumption good (given in (h)) in a more compact form as:

(C.) N-(0-1-0+0 
P

which is the expression used in the text (namely equation (13.7)).

Max N'1
(c) )

(h)

(i)

j 1, ... ,N,	 (j)
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ii

It must be pointed out that we could have solved the choice problem facing
the consumer in one single (and rather large) maximization problem, instead of
by means of two-stage budgeting, and we would, of course, have obtained the
same solutions. The advantages of two-stage budgeting are twofold: (i) it makes
the computations more straightforward and mistakes easier to avoid, and (ii) it
automatically yields useful definitions for true price indexes as by-products.

Finally, although we did not explicitly use the terminology, the observant
reader will have noted that we have already used the method of two-stage
budgeting before in Chapter 10. There we discussed the Armington approach
to modelling international trade flows and assumed that a domestic composite
good consists of a domestically produced good and a good produced abroad.

The firm sector is characterized by monopolistic competition, i.e. there are very
many small firms each producing a variety of the differentiated good and each
enjoying market power in its own output market. The individual firm j uses labour
to produce variety j and faces the following production function:

0	 ifl,-<F17; =
(1/k) [Li — F] if Li > F (13.10)

where 171 is the marketable output of firm j, Li is labour used by the firm, F is fixed
cost in terms of units of labour, and k is the (constant) marginal labour requirement.
The formulation captures the notion that the firm must expend a minimum amount
of labour ("overhead labour") before it can produce any output at all (see Mankiw,
1988, p. 9). As a result, there are increasing returns to scale at firm level as average
cost declines with output.

The profit of firm j is denoted by IIj and equals revenue minus total costs:

nj Pi Yi — WN [k Yi + , (13.11)

which incorporates the assumption that labour is perfectly mobile across firms, so
that all firms are forced to pay a common wage (147 N does not feature an index j).
The firm chooses output in order to maximize its profits (13.11) subject to its price-
elastic demand curve. We assume that it acts as a Cournot competitor in that firm j
takes other firms' output levels as given, i.e. there is no strategic interaction between
producers of different product varieties.

In formal terms, the choice problem takes the following form:

Max 	 = Pi ( Yi) — WN [kYi + 	 (13.12){Y,}

where the notation Pi(Yi) is used to indicate that the choice of output affects the
price which firm j will fetch (downward-sloping demand implies aPdaY; < 0).
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The first-order condition yields the pricing rule familiar from first-year microeco-
nomic texts:

drii 	(api)	 N

dyi — ±	 — W k =0

(13.13)

here ui is the markup of price over marginal cost (i.e. variable labour cost) and ci
• the (absolute value of the) price elasticity of demand facing firm j:

The higher is the elasticity of demand, the smaller is the markup and the closer is
the solution to the perfectly competitive one. Clearly, the pricing rule in (13.13) is
only sensible if p 1 is positive, i.e. demand must be elastic and ci must exceed unity.

The government does three things in this model: it consumes a composite good
(G, given below), it levies lump-sum taxes on the representative household (T), and
it employs civil servants (LG ). To keep things simple we assume that G is defined
analogously to C in (13.2):

N e/0-1)

[G -...=- MI N-1 E G,(0_1),0

where Gi is the government's demand for variety j. It is assumed that the government
is efficient in the sense that it chooses varieties Gi (j = 1, ...,N) in an optimal, cost-
minimizing, fashion, taking a certain level of composite public consumption (G) as
given. This implies that the government's demand for variety j is:

G =N-(9+0+0 (Pi)_c
P , 1

where the similarity to (13.7) should be apparent to all and sundry. Since C and G
feature the same functional form, the price index for the public good is given by P

in (13.9).
Total demand facing each firm j equals Yi which in view of (13.7)

and (13.16) shows that the demand elasticity facing firm j equals ci = 0 so that
the markup is constant and equal to ,a = ,u = 6/(0 — 1). In this simplest case, the
composition of demand does not matter. The model is completely symmetric: all
firms face the same production costs and use the same pricing rule and thus set the
same price, i.e. Pi = = ettvOk. As a result they all produce the same amount, i.e.
171 = Y, for j = 1, . . . , N. A useful quantity index for real aggregate output can then

Ei

Ei -

al,/ Pi

al); Yi
(13.14)
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Table 13.1. A simple macro model with monopolistic competition

Y=C+G
	

(T1.1)

PC =OF , IF ---E [WN n - 	 (T1.2)

n E ni = 0-ipy - wNNF
J=,
	 (T1.3)

T = PG WN
	

(T1.4)

P = 	 P = N1-11 AW N k
	

(T1.5)

INN (1 —L)=(1— a)IF
	

(T1.6)

p)ot 	 WN )1-a 	
F

PV = 	 , V
	

(T1.7).

CX 	 1 — a 	
= 

Pv

be defined as:

y 	1=1 )

P
	 (13.17)

so that the aggregate goods market equilibrium condition can be written as in (T1.1)
in Table 13.1.

For convenience, we summarize the model in aggregate terms in Table 13.1. Equa-
tion (T1.1) is the aggregate goods market clearing condition and (T1.2) is household
demand for the composite consumption good (see (13.6)). Equation (T1.3) relates
aggregate profit income (11) to aggregate spending (PY) and firms' outlays on over-
head labour (WNNF). This expression is obtained by using the symmetric pricing
rule, P1 = i) = ,u,WN k, in the definition of firm profit in (13.11) and aggregating over
all active firms. The government budget restriction (T1.4) says that government
spending on goods (PG) plus wage payments to civil servants (WNLG) must equal
the lump-sum tax (T). By using the symmetric pricing rule in the definition of the
price index (13.9) expression (T1.5) is obtained. Labour supply is given by (T1.6).
Finally, (T1.7) contains some welfare indicators to be used and explained below in
section 1.4.

Equilibrium in the labour market implies that the supply of labour (L) must equal
the number of civil servants employed by the government (LG) plus the number of
workers employed in the monopolistically competitive sector:

L = LG E Li . 	 (13.18)
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Walras' Law ensures that the labour market is in equilibrium, i.e. (T1.1)-(T1.6)
;ether imply that (13.18) holds.
There is no money in the model so nominal prices and wages are indeterminate.

It is convenient to use leisure as the numeraire, i.e. WN is fixed and everything
is measured in wage units. The model can be analysed for two polar cases. In the
first case, the number of firms is constant and fluctuations in profits emerge. This
version of the model is deemed to be relevant for the short run and gives rise to
short-run multipliers (Mankiw, 1988). In the second case, the number of firms is
variable and exit/entry of firms ensures that profits return to zero following a shock.
Following Startz (1989) this can be seen as the long-run version of the model.

13.1.2 The short-run balanced-budget multiplier
In the (very) short run, Mankiw (1988) argued, the number of firms is fixed (say
N = No) and the model in Table 13.1 exhibits a positive balanced-budget multiplier.
This can be demonstrated as follows. By substituting (T1.3) and (T1.4) into (T1.2),
the aggregate consumption function can be written in terms of aggregate output
and constants:

C = co + (a 10)Y - aG,	 (13.19)

where co a [1 - NoF - LG] W and W WN/P is the real wage. It follows from
(T1.5) that the real wage rate is constant in the short run. 3 The consumption func-
tion looks rather Keynesian and has a slope between zero and unity since 0 < a < 1

and 6 > 1. Additional output boosts real profit income to the household which
spends a fraction of the extra income on consumption goods (and the rest on
leisure). The consumption function has been drawn in Figure 13.1 for an initial
level of government spending, G o . By vertically adding Go to C, aggregate demand
is obtained. The initial equilibrium is at point Eo where aggregate demand equals
production and equilibrium consumption and output are, respectively, Co and Yo.

Now consider what happens if the government boosts its consumption, say from
Go to G1, and finances this additional spending by an increase in the lump-sum
tax. Such a balanced-budget policy has two effects in the short run. First, it exerts a
negative effect on the aggregate consumption function (see (13.19)) because house-
holds have to pay higher taxes, i.e. the consumption function shifts down by a dG

in Figure 13.1. Second, the spending shock also boosts aggregate demand one-
for-one because the government purchases additional goods. Since the marginal
propensity to consume out of full income, a, is less than unity, this direct spending
effect dominates the private consumption decline and aggregate demand increases
(by (1 - a) dG), as is illustrated in Figure 13.1. The equilibrium shifts from E 0 to E 1 ,

3 The number of product varieties (N) is fixed as are (by assumption) the markup (A) and the marginal
labour requirement (k).

(13.17)
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C1 Co Yo 	 Y

Figure 13.1. Government spending multipliers

output increases from (Y0 to Y1), but consumption falls (Co to C1). Formally, the
short-run income and profit multipliers are:

dY \ SR 9will
= (1 a)[1 	 (a 1 ed

dG T = PdG i=1

An increase in government spending increases aggregate demand on impact by
(1 - a) dG and causes additional real profits to the tune of 0 -1 (1 - a) dG. Although
aggregate household consumption declines at impact by adG, the rise in profit
income mitigates this reduction somewhat. This furnishes a second round in the
multiplier process, which ultimately converges to the expression given in (13.20).
Under perfect competition, there is no profit effect and hence the ultimate effect of
a change in government consumption coincides with the impact effect, 1 - a.

Although (13.20) looks like a Keynesian multiplier (and certainly was sold as
one by the initial authors), 4 some features are distinctly un-Keynesian. For one,
household consumption falls as a result of the increase in government consumption:

dC SR B-1
-a

< dG T =	 9— a ) 
a < 0,	 (13.21)

which is at odds with the usual Haavelmo balanced-budget multiplier (see
Chapter 1). Furthermore, it turns out that the same reason that makes households
cut back consumption (i.e. the higher tax burden, which lowers full income) also

4 With the notable exception of Dixon (1987) who argued that the multiplier was more Walrasian
than Keynesian.
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makes them cut back on leisure consumption (since leisure is a normal good, see
(13.8)) and increase labour supply. In aggregate terms we have:

0 < w 	= 

(O 
— 1) 

(1 — a) < (1 - )-	 (13.22)

Hence, the Keynesian multiplier is really explained by the fact that households
supply more labour because they feel poorer. This is a mechanism more usually
associated with the new classical school to be discussed below in Chapter 15.

13.1.3 The short-run multiplier in isolation
Mankiw (1988) uses an ingenious argument to mimic the effect of bond financing in
a static model (like the one in Table 13.1). Suppose that the additional government
consumption is not financed by additional taxes (as in the previous subsection) but
instead is paid for by firing civil servants. As in the case of bond financing, 5 the
representative household's budget constraint is unaffected by the spending shock
and the consumption function (13.19) is replaced by:

C = [1 - NFJW + (a 10)Y - a(T IP), 	 (13.23)

where the real tax bill (T /P) is constant. The various multipliers are now:

clG LG -

f dy yR (OdfI VR	 0.	 1
PdG ) LG 

[1 + E (a / 9) i] = 	
1 - a I 0 	

(13.24)

	

- 	
 = 

( dC)S R 	a ,
( di,yR 

= — ( 1
 — a )

< 0. 	(13.25)
	dG ) LG - 	

> 0 W
0 - a 	 dG LG 	9 - a

The output multiplier exceeds unity (as in the traditional Keynesian cross-model).
As the representative household is wealthier because of the additional profit income,
consumption rises and labour supply (and hence employment) falls. The additional
units of labour that are needed to produce the additional output are released from
the public sector. The intersectoral re-allocation of labour (from the public to the
private sector) dominates the reduction in labour supply so that aggregate output
can expand.

13.1.4 The "long-run" multiplier
Startz (1989) suggested that the multiplier stories that were told in the previous
two subsections are incomplete because they implicitly assume that there are f100
bills lying around on the footpath. Just as in the fixed-price approach discussed

5 And with disconnected generations so that Ricardian equivalence does not hold; see section 1.4 in
Chapter 6.
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in Chapter 5, not all trading opportunities are exhausted in the short-run equilib-
rium that emerges following a public spending shock. Indeed, as both (13.20) and
(13.24) demonstrate, additional profits emerge as a result of the increase in gov-
ernment spending. In the absence of barriers to entry, one would expect new firms
to commence operations as long as super-normal profits persist. Following Heijdra
and van der Ploeg (1996, p. 1291) we capture this idea with the following simple
specification:

1■1 = yN(n/P)= yN [0 -1 Y - WNF] , yN > 0, 	 (13.26)

where 1S/- dN I dt is the rate of change in the number of firms over time and yN is
finite so that exit/entry occurs gradually over time.

To keep the discussion as simple as possible, it is assumed in the remainder of
this section that the government employs no civil servants (i.e. LG = 0). The
goods market equilibrium (GME) condition is obtained by substituting (T1.2)-(T1.4)
into (T1.1):

Y =- a [1 - NT] W (a119)Y -I- (1 - )G

= L /Ala - ale)
a(1 - NF) 1 N77_ 1 r 1_ a

L - a/9 
G (GME), 	 (13.27)

where we have solved for output and used the pricing rule (given in (T1.5) above) to
relate the real wage to the number of firms in the second line of (13.27). For future
reference we rewrite this pricing rule as follows:

N11-1W = 	 (13.28)Ak •

Finally, the zero-profit condition, ZP, which is obtained by setting 11 = 0 in (T1.3),
collapses to Y = OWNF which can be re-expressed with the aid of the pricing rule
(13.28) in terms of the number of firms:

FNnO
Y = 	  (ZP). (13.29)

as defined in equation
differentiate (13.2 -

The intuition behind the short-run, transitional, and long-run effects of a tax-
financed increase in public consumption can now be explained with the aid of
Figure 13.2. In the top panel ZP represents combinations of output and the number
of firms for which profits are zero. In view of (13.29) the ZP line goes through the
origin and is upward sloping:

dY
dN zp 	 ( 11\;) > 0.

Furthermore, (13.26) shows that profits are positive (negative) for points to the left
(right) of the ZP line so that the entry dynamics is as indicated by horizontal arrows.
Still in the top panel, GME0 represents the initial goods market equilibrium locus

[1 - a 10]
dY
 y- = —

=[1

I
=

where we have used t
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oc C IY and coG E- 1

(13.30)
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Figure 13.2. Multipliers and firm entry

as defined in equation (13.27). In order to study the properties of the GME-locus
we differentiate (13.27) around an initial zero-profit equilibrium:

I
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p
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(13.31)

where we have used the zero-profit condition (in levels) in going from the first to
the second line and the pricing rule in going from the second to the third line. The
initial output shares of private and public consumption are given, respectively, by
(oc C/Y and wG 1 - 0_)c G/ Y.
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Equation (13.31) shows that, for a given number of firms, an increase in govern-
ment consumption leads to an upward shift of the GME-locus. Note furthermore
that the output-related profit effect appears on the left-hand side of (13.31). There
are two distinct mechanisms by which a change in the number of firms affects the
GME-locus, namely the diversity effect and the fixed-cost effect. The first term on the
right-hand side of (13.31) represents the positive effect on aggregate demand of an
increase in the real wage which occurs as a result of an increase in the number of
firms provided the agents exhibit love of variety (77 > 1). This is the diversity effect.
The second term is potentially offsetting and represents the negative effect on aggre-
gate demand of fixed costs: as the number of firms increases, total overhead costs
rise and profits fall. This is the fixed-cost effect.

The overall effect of N on Y along the GME-locus is thus theoretically ambiguous
because the diversity and fixed-cost effects work in opposite directions. Our usual
ploy to be used in the face of ambiguity, the Samuelsonian correspondence principle
(see Chapter 2), does not help to resolve this issue because the model is stable for
all parameter values. Indeed, in view of (13.26) the stability condition (aN/aN < 0)
amounts to requiring that the ZP line is steeper than the GME line.

aY)
aN GME L

(77 — 1) [a + (1— a)cod — ard0 < — 0177/0

( _ 1 ) [(1) I 	 1, 	 (13.32)

where the latter inequality holds as both terms on the left-hand side are strictly
between zero and unity. 6

Two often-used approaches lead to a resolution of the ambiguity regarding the
slope of the GME-locus. In the first approach the ambiguity is resolved by ignor-
ing the conceptual distinction between the price elasticity of demand (9) and the
preference for diversity (r7) and imposing a single utility parameter to regulate these
two effects. Technically, the standard Dixit and Stiglitz (1977, p. 298) formulation is
used for composite consumption by setting ri = 9/(9 — 1) in (13.2). Since 0 > 1 is
required to guarantee a meaningful monopolistically competitive equilibrium (i.e.
to ensure that x > 1), diversity preference is operative (r7 > 1) and strong enough
to render the slope of the GME-locus positive:

aN GME (9 -1)[1— a/9J] >0.

aY ria 	(1 — a)wc 	
(13.33)

This is the case drawn in Figure 13.2. An increase in government consumption shifts
the GME locus from GME0 to GME 1 . At impact the number of firms is predetermined

6 For a more general utility function than (13.1), the stability condition does furnish additional
information that is useful for comparative static purposes. See Heijdra and van der Ploeg (1996, p. 1291),
Heijdra and Ligthart (1997, p. 817), and Heijdra et al. (1998, p. 86) for different examples.
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(at N = No) and output rises as the economy jumps from E0 to E 1 . This is the short-
run multiplier given in (13.20). At point E1 there are super-normal profits to be
had and entry of new firms occurs. Gradually, the economy moves along GME 1

from E1 to E2 and both output and the number of firms increase towards their new
equilibrium values. Furthermore, as the lower panel of Figure 13.2 shows, the real
wage rate also increases during transition. So, even though the model may not be
vintage Keynesian in its basic mechanism, it does have some Keynesian features
since the real wage and aggregate output move pro-cyclically.

Whereas in the first approach the long-run output multiplier exceeds the short-
run multiplier, this conclusion is reversed in the second approach. Startz (1989,
p. 741) implicitly resolves the ambiguity concerning the slope of the GME locus by
eliminating preference for diversity altogether, i.e. by setting ri = 1 in (13.2). The
GME locus is downward sloping in that case as entry of firms only does bad things
to the economy (such as using up additional resources in the form of overhead
labour):

( y= 1 _	 a/9

aN GME	 1 a /0 < 
0. (13.34)

Furthermore, the pricing rule (13.28) implies a constant real wage in that case. In
a diagram like Figure 13.2, the GME curve is downward sloping in the top panel
and the wage curve is horizontal in the bottom panel. At impact the multiplier is
as in (13.20) but during transition the increase in the number of firms leads to a
reduction in aggregate output. The long-run effect on output is equal merely to the
first round of the multiplier process in (13.20) (i.e. the impact effect of the shock):

dy \ LR,77 =1

dG T

= (1 	<  1 — a	 ( dy \ SR

1 01/0 — dG ) T •
(13.35)

This prompts Startz (1989, p. 747) to conclude that ". . in the long run the short-run
multiplier is eliminated by free entry".

In the most general version of the model, with 77 unrestricted, the long-run
multiplier can be solved by combining (13.29) and (13.31):

c/Y LR	 w dL LR 1 — a
dG — 	dG T 	1 — ((p — 1)10[a + (1 — a)wc} > 1 — a ,

where the inequality follows from the fact that the denominator is strictly between
zero and unity if p > 1 (see (13.32)). Hence, whereas fluctuations in profit income
explain the multiplication of the impact effect in the short run, it is the preference
for diversity effect which plays this role in the long run.

Although Startz (1989, p. 751 n. 13) justifies the elimination of diversity prefer-
ence by appealing to computational advantages, it is not an innocuous assumption
at all as the discussion above reveals. In essence, if the diversity parameter (p) is
greater than unity there are economy-wide increasing returns to scale that help
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explain the "long-run" multiplier under free exit/entry of firms. Indeed, in the long
run profits are zero and Y = OWNF = WL which implies (by (13.29)) that the
macroeconomic "production function" can be written as:

Y = (OF)l-n
	 Ln

,uk
(13.37)

Changes in the aggregate supply of the production factor(s) (labour in this case) are
magnified more than proportionally. The importance of increasing returns to scale
for Keynesian economics has been stressed time and again by seasoned warriors like
Weitzman (1982, 1984, 1994) and Solow (1986, 1998) and allowing for preference
for diversity is one particularly simple way to introduce scale economies. ?

13.1.5 We effects

In a famous passage in the General Theory, Keynes argued that seemingly useless
government consumption could actually improve welfare for the agents in the
economy:

If the Treasury were to fill old bottles with bank-notes, bury them at suitable depths in
disused coal-mines which are then filled up to the surface with town rubbish, and leave it
to private enterprise on well-tried principles of laissez-faire to dig the notes up again (... ),
there need be no more unemployment and, with the help of the repercussions, the real
income of the community, and its capital wealth also, would probably become a good deal
greater than it actually is. (1936, p. 129)

In the jargon of modern economics, Keynes suggests in this quotation that the
marginal cost of public funds (MCPF, see Chapter 10) is zero or even negative: useless
spending turns out to be useful after all! To conclude this section we now investigate
the link between fiscal policy multipliers and the welfare of the representative agent.
It turns out that the monopolistic competition model has some Keynesian aspects
in this regard although they are not quite as extreme as the quotation suggests.

One of the major advantages of macroeconomic models based on explicit micro-
economic foundations is that they provide an explicit link between macroeconomic
concepts (such as aggregate output, employment, etc.) and the level of welfare
experienced by the representative household. To conduct the welfare analysis for
the monopolistic competition model it is convenient to use the so-called indirect

utility function, rather than the direct utility function given in (13.1). The indirect
utility function is obtained by substituting the optimal plans of the representative

7 In the model developed here (and in most models in the literature) all scale economies are external
to the firm in the long run. With a constant markup the zero profit condition in combination with
markup pricing implies a unique (constant) optimal long-run firm size: Y F/[(p, — 1)k]. Hence,
aggregate output expansion is solely due to increases in the number of firms in the long run.
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IF W n /P — T/P Pv
= 	

Pv 	 Pv/P 	 P aa(1 — 0 1—a

w 1 -a

(13.37)

(13.38) 
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Armed with this expression we can evaluate the welfare effects of expansionary
fiscal policy. In the interests of brevity, we only analyse the short-run multipliers
discussed above in subsections 1.2. and 1.3.

First consider the case in which the increase in government consumption is
financed by means of a lump-sum tax increase. By substituting the expression for
real aggregate profit income (T1.3) and the government budget constraint (T1.4) in
(13.38) we obtain the following expression:

V_ [1 — NF — LG] W + (1/6)Y — G

Pv/P
(13.39)

Since N and thus also W, P, Pv are constant in the short run, the welfare effect of
a tax-financed fiscal expansion is simply the derivative of V with respect to G:

(ddGv )SR 	 pP v )	 (dd GI! yTR _ 11	 (pPv) ( 68 a1 ) < 0, 	 (13.40)

where we have substituted the output multiplier (given in (13.20)) to simplify the
expression. Under monopolistic competition, there is an intimate link between the
multiplier and the welfare effect of public spending which is absent under perfect
competition. The intuition is that under monopolistic competition there is a dis-
tortion in the goods market and the economy is "too small" from a societal point
of view. By raising government spending output rises and that in itself constitutes a
move in the right, welfare-enhancing, direction. Of course government consump-
tion must also be financed somehow (here by means of lump-sum taxes) so that the
expansion is not costless. Indeed, (13.40) shows that the overall effect of a lump-sum
financed fiscal expansion is negative.

So unless there are other reasons (such as public goods aspects due to govern-
ment spending discussed by Heijdra and van der Ploeg, 1996) the government
does not increase welfare as a result of its increased spending and Keynes' insight
does not hold. This un-Keynesian element of the monopolistic competition model
is explained by two of its key properties: (1) the real wage is flexible and clears
the labour market, and (2) every unit of labour contributes to production in the
economy.

The importance of the second property of the model can be demonstrated by
studying the case (discussed in detail in subsection 1.3) in which the spending
shock is financed by reducing the number of (unproductive) civil servants (i.e. dG =
—WdLG). In that case the lump-sum tax is constant and the relevant expression for
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In this case only the beneficial effect of government-induced output expansion is
operative and welfare rises. The intuition is the same as in Keynes' story: units of
labour are shifted from socially unproductive to productive activities. The mono-
polistically competitive sector absorbs the former civil servants without prompting
a change in the real wage.

Intermezzo

Multipliers and the marginal cost of public funds. There exists a simple
relationship between the macroeconomic concept of the output multiplier and
the public finance concept of marginal cost of public funds (MCPF). This link
is particularly useful to study issues of optimal public spending and taxation.
As was pointed out in Chapter 10, MCPF measures how much it costs to raise
a guilder of public revenue. In the context of the monopolistic competition
model MCPF is defined as follows:

MCPF r 
1 dV (a)

Uc dG'

where Uc is the marginal utility of composite consumption. Intuitively, the
minus sign appears on the right-hand side to convert benefits into costs (a
negative benefit is equivalent to a positive cost!) and the division by Uc occurs
in order to compare "likes with likes" and to render MCPF dimensionless.

It is not difficult to show that Uc equals P/Pv. Recall that the representa-
tive household maximizes utility, U(C, 1 — L), subject to the budget constraint,
IF = PC + WN(1 — L). The first-order conditions for this problem are Uc = AP

and U1_,/, = AWN, where X is the Lagrange multiplier of the budget con-
straint representing the marginal utility of (full) income, i.e. X = dU/dIF
(see Intriligator, 1971, ch. 3). The indirect utility function (13.38) shows that
dV/d/F 1/Pv dU/dIF. By combining these results we derive that Uc = P/Pv
so that (13.40) and (13.42) can be re-expressed in terms of MCPF:

0 < MCPq 	
1 (dv)sR 0

-1 

MCPPSR — '1 di SR	
1

,
U dG =LG

dVVR 	P

(:1G LG = Pv

(13.41)

(13.42)

< 1
Uc dG 	 0 — a
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Hence, it costs (more than zero but) less than one guilder to raise a guilder
of revenue if lump-sum taxes are used (expression (b)) and the MCPF is even
negative if useless civil servants can be made socially productive (expression
(c)). Heijdra and van der Ploeg (1996) develop a more general monopolistic
competition model and use the concept of MCPF to derive the conditions under
which optimal public spending is countercyclical.

13.2 Monopolistic Competition and Money

In the monopolistic competition model used throughout the previous section (and
t•immarized in Table 13.1) money is abstracted from and as a result nominal prices

ld the nominal wage are indeterminate although, of course, relative prices are
determined within the model. The objective of this section is to introduce money

to the model and study its properties. Although there are several ways to ensure
that money plays a role in the model (see Chapter 12), we focus attention on
"le simplest of these and postulate that real money balances yield utility to the
representative household. The utility function (13.1) is changed to:

U [Ca (1 — L)1-alb (M /P) 1- ' 9 , 0 < a, p < 1 , 	 (13.43)

where M is nominal money balances. The household has an initial endowment of
money, Mo, and the budget constraint (13.5) is changed to:

PC + WN (1— L)+M = Mo +WN + n - T,	 (13.44)

which says that the sum of spending on consumption, leisure, and money balances
(the left-hand side) must equal total wealth (the right-hand side of (13.44)).

The household chooses composite consumption (C), labour supply (L), and
money balances (M) in order to maximize (13.43) subject to (13.44). The solutions
are:8

PC = a ,f3IF, 	 Mo WN 	— T,	 (13.45)

WN ( 1 — L) = )9( 1 - a)IF ,	 (13.46)

M = (1 — /3)IF.	 (13.47)

The first two expressions are qualitatively the same as before (see (13.6) and (13.8)),
although IF now includes initial money balances. Furthermore, equation (13.47)
shows that money demand is proportional to full income. For future reference we

8 The demand for variety j of the composite consumption good is still given by (13.7).
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Table 13.2. A simple monetary monopolistic competition model

Y = C + G (12.1)

C =afi(IF/P), IF/P	 Mo/P	 WN /P	 fl/P - T/P (12.2)

=- 19 -1 Y - (WN /P)NE (T2.3)

T/P = G	 (WN /P)LG (12.4)

P/WN = pkN1- '1 (T2.5)

(WN / P)(1 - L) =	 — 01)(1,1p) (T2.6)

Mo /P = (1 - /3)(IF /P)

pp	 a	wN	 \ 13(1 -a)

V 	
F	

Pv (1 1: 13) 113

(T2.7)

(T2.8)=
a$ 	 p(1 — a))

substitute the solutions (13.45)-(13.47) back into the direct utility function (13.43)
to obtain the indirect utility function-see equation (T2.8) in Table 13.2 above.

Assuming a constant money supply (M0), the money market equilibrium
condition is:

M = Mo. 	 (13.48)

The rest of the model is unchanged and we summarize the main equations of the
monetary monopolistic competition model in Table 13.2.

It is tempting (though wrong) to conclude from the form of the indirect utility
function (T2.8) that the government could increase the welfare of the represen-
tative household by simply bringing more money into circulation (and boosting
full income, IF, in the process), for example by engineering a helicopter drop of
money (dMo > 0). The reason why such a ploy would not work is that money is
neutral in this model and the classical dichotomy holds (see Chapter 1). This can be
demonstrated formally by noting that the equilibrium conditions (in Table 13.2) are
homogeneous of degree zero in WN , P, T, 11 , IF, and Mo (see Dixon, 1987, p. 141).
By substituting WN , 4"P, 4- T 4-11 , 41F, and "-Alo > 0) into Table 13.2 the real
equilibrium is unaffected. All that happens if the money supply is multiplied by is
that all nominal variables are increased equiproportionally and all real variables are
unchanged. Hence, a helicopter drop of money does not succeed in raising house-
hold welfare because both IF and Pv go up by the same proportional amount thus
keeping V in (T2.8) unchanged. The upshot of this discussion is that monopolistic
competition in and of itself does not introduce monetary non-neutrality. Put differ-
ently, if money is neutral in a model-economy without monopolistic competition

then it is also neutral if
(Silvestre, 1993, p. 122).
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then it is also neutral if monopolistic competition is introduced into the 'model
(Silvestre, 1993, p. 122).

The model can be summarized with two equations. The goods market equilibrium
(GME) locus is obtained by using (T2.2)-(T2.4) and (T2.6) in (T2.1). The money
market equilibrium (MME) locus is obtained by using the second expression of
(T2.2) as well as (T2.3)-(T2.4) in (T2.7):

a [1 - NF - LG] W (1 - a)G
1 - a/0

P° 	=	 [[1 - NF - LGJ W + (1/0)Y - 	 (MME).

The two loci provide a clear demonstration of the classical dichotomy. In the short
run, N and thus W are fixed and GME determines equilibrium output. Since the
money supply does not appear in (13.49), monetary policy cannot affect equilib-
rium output. According to (13.50), an increase in the money supply leads to an
equiproportional increase in the price level.

The GME and MME loci can also be used to compute the short-run effects of a tax-
financed increase in public consumption. An increase in G leads to a boost in output
Y but a reduction in the demand for real money balances (as real full income falls).
Since nominal money balances Mo are constant, the price P rises to bring demand
and supply of real money balances back into equilibrium. The nominal wage and
prices of different varieties also rise equi-proportionally. In summary:

0< 
dyyR 1 - a 
dG	 1 - a/0 < 1
	

dwN SR

, 	 147(N) T = P

dp SR -
dp SR

T 	 '(-)()

dmotp\ sR = (mo s\ dpyR 	
(
1 - 	 - 1)

dG 	 P2 ) (;1G 	 me —a)

From the monetary side of things the model is more classical than Keynesian if
prices and wages are flexible.

13.3 Sticky Prices and the Non-neutrality of Money

In the previous section it was demonstrated that the presence of monopolisti-
cally competitive agents in the economy does not in and of itself render money
non-neutral. This is not to say that the introduction of price-setting agents in a
macroeconomic model is merely a theoretical nicety yielding no novel insights or
additional predictions. Indeed, in the first section of this chapter it was shown
how the monopolistic competition model with flexible prices and wages generates
results that are quite different from the standard competitive model. An additional

(GME), (13.49)

(13.50)

(13.51)
T

•
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advantage of assuming monopolistic, rather than perfect, competition is that one
can do away with the fictional notion of the Walrasian auctioneer.

By modelling price-setting agents explicitly, it is also possible to study quite pre-
cisely the conditions under which such an agent would change his price (or keep it
unchanged) following a shock in some nominal variable such as the money supply
or the money wage rate (Rotemberg, 1987, p. 71). The key ingredient of the New
Keynesian approach is to postulate that it costs the firm real resources in order to
change its price. As a result, prices may not be adjusted after some nominal shock
and money may be non-neutral. In the remainder of this section a number of the
main macroeconomic price-adjustment models will be discussed. The key feature
distinguishing these models lies in the nature of the price adjustment cost that are
postulated.

As is pointed out by Rotemberg (1982, p. 522) there are two main reasons why
prices may be costly to change. First, there may be administrative costs having to
do with informing dealers, reprinting price lists, etc. Such costs tend to have the
nature of a fixed cost per price change, independent of the magnitude of the change:
it costs the same to reprint your restaurant menu card when you double or triple
your prices. Such price adjustment costs are often referred to as menu costs in the
new Keynesian literature. The second reason why prices may be costly to change is
that there may be an implicit cost due to an adverse reaction of customers to large
price changes. According to this view customers may prefer frequent small price
changes over infrequent but large price adjustments. It is conventional to assume
that such costs are increasing and convex in the price change. 9

We now turn to a discussion of some of the most popular models of price setting.
In the first model only menu costs play a role (subsection 3.1) whilst in the second
we assume that price adjustment costs are quadratic (subsection 3.2). In subsection
3.3 we discuss an alternative setting in which price adjustment costs are random and
are either infinite or zero in any particular period. The models in subsections 3.2-3.3
both give rise to a new Keynesian Phillips curve which is similar in form (though
not in interpretation) to the expectations-augmented Phillips curve of Friedman
and Phelps (see Roberts, 1995, pp. 979-980).

13.3.1 Menu costs, real rigidity, and monetary neutrality

In this subsection we develop a simple monetary monopolistic competition model
in which price-setting firms face small menu costs if they wish to change their
prices. The model is a simplified version of Blanchard and Kiyotaki (1987) in that
the labour market is assumed to be competitive and populated by wage-taking agents
(firms and the representative household). Hence, the nominal wage is flexible and

9 Such costs are reminiscent of the adjustment costs often postulated in the theory of firm
investment. See the discussion of Tobin's q theory of investment in Chapters 2 and 4.
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labour demand and supply are equated. The main advantage of assuming a com-
petitive labour market is that it facilitates the exposition of the main results and
identifies in a straightforward fashion some of the empirical problems the menu-cost
argument runs into.

As in Blanchard and Kiyotaki (1987, p. 649) the representative household has a
utility function which is additively separable in composite consumption and real
money on the one hand and labour hours on the other.

U(C,M/P,L)=- U 1 (C,M/P)-U2 (L)

r  Li±i/a- YL
= "1/111-a [ 1 + 1/a 0 < a < 1, a > 0, (13.52)

where yL > 0 is a simple scaling factor (to be used in the computer simulations
below) and a regulates the slope of the labour supply function (see below). The
budget restriction is given by:

PC-1-M=WNL+Mo+n-T (-I), (13.53)

where I represents total wealth of the household (including labour income). Com-
posite consumption is defined by (13.2) and it is assumed that the diversity effect
is absent (i.e. we set ri = 1). This is a useful and innocuous simplification as it is
assumed that the number of firms is constant. The household chooses consump-
tion, money balances, and labour supply in order to maximize (13.52) subject to
(13.53). Again a simple two-stage procedure can be used to find the solutions. In the
first stage the household chooses C and M/P to maximize the sub-utility function
U l (C,M/P) subject to the budget restriction PC + M = I. This yields the following
expressions:

PC = aI, (13.54)

M = (1 - a)I, (13.55)

V 1 (I /P) = a"(1 - a) 1-a (I /P), (13.56)

where V 1 (I /P) is the indirect sub-utility function associated with Ul (C, m
the second stage, the household chooses L and thus I in order to maximize V 1 (I /P) -
U2 (L) subject to the definition of I (given on the right-hand side of (13.53)). This
yields the expressions for labour supply and real household wealth including labour
income:

L=

	

(  "(1 -	 ( 147N \ aa

	

YL
	 (13.57)

I
= ( 

a" (1 a)1-1 ° (WN ) 1±a Mo + rl— T 	 (13.58)
15 	j

10 It is obtained by substituting the optimal values for C and M/P into the direct sub-utility function
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By using the utility specification (13.52), there is no income effect in labour supply
and only the substitution effect survives. The advantage of this specification is that
it enables us to demonstrate the crucial role played by the elasticity of labour supply
with respect to the real wage. If a is very high, labour supply is highly elastic and
large labour supply changes result from only a small increase in the real wage.
Conversely, if a is low labour supply is relatively inelastic and a large change in
the real wage is needed to produce a given increase of labour supply.

Each firm in the monopolistically competitive sector faces a demand for its prod-
uct from the private sector (see (13.7)) and from the government (see (13.16)). Since
we abstract from diversity effects (rj = 1), total demand facing firm j can be written
as:

= (PT;) (N± 	 (13.59)

where Y is aggregate demand:

Y--=C+G= ( 1 :1 (M1,)+G, 	 (13.60)

and where we have used (13.54)—(13.55) to relate private consumption to real money
balances.

For reasons that will become clear below, we use a slightly more general descrip-
tion of technology than before. Instead of (13.10) we use the following production
function:

with 0 < y < 1. If y is strictly less than unity, the marginal physical product of
labour declines with output and the average cost curve of the firm is U-shaped (see
Dixon and Lawler, 1996, p. 223). Of course, if y = 1 (13.61) and (13.10) coincide.

Firm j chooses its price, Pi, in order to maximize its profit: 11

ni (Pi , P, Y) PiYi(Pi, P, Y) — WN [k (Yi(Pi, P, Y)) 1/Y +	 ( 13.62)

The optimal price of firm j must satisfy the following first-order condition:

aY.(P. P. P, Y)
dP	 = [Pi MCA] ( 1  	) Yi(Pi ,P,Y)

i	 ap.

YAPJ,P,Y)[1 + (Pi —M 	 alTi(*) p.	)1
\YA.) 81;

Yi (Pi,P,Y)[1 — 0 (Pi — MCi )1= 0, 	 (13.63)
Pi

11 The reason why we introduce the rather elaborate notation for demand Yj(Pj, P, Y) and profit
P, Y) will be made apparent below.
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where MCi is marginal costs of firm j and where we have substituted the price elas-
ticity of demand (9) in going from the second to the third line. An active firm is one
which produces a positive amount of goods (Yi(.) > 0) and sets price according to:

P; = pmci pi = wN 41-y)/y 

- 1 
> 1. (13.64)

This pricing rule generalizes the one derived in section 1 of this chapter (i.e. equation
(13.13)) by allowing for an upward-sloping marginal cost curve (if y < 1). Apart
from this generalization, another important thing to note is that in section 1 it was
assumed that the firm sets its output level in a profit-maximizing fashion taking
other producers' output levels as given (the Cournot assumption). In contrast, in
this section the firm sets its price in an optimal (profit-maximizing) fashion, taking
other producers' prices as given (the Bertrand assumption). In the absence of menu
costs the two assumptions yield the same pricing rule. As is shown below, however,
this equivalence does not necessarily hold in the presence of menu costs.

We now have all the ingredients of the model, though still abstracting from
menu costs. The main equations have been collected in Table 13.3. Equation
(T3.2) expresses consumption (and equilibrium real money balances) as a func-
tion of factors influencing real wealth. It is obtained by using (13.54)—(13.55),
(13.58), imposing money market equilibrium (13.48), and substituting the gov-
ernment budget constraint G = T /P (we again abstract from civil servants and set
LG = 0 in (T2.4)). Equation (T3.3) is the expression for aggregate profit income. It
is obtained by substituting the optimal price (13.64) into the definition of profit
income (13.62) and simplifying by using the definition of Y in (13.17). Finally,

Table 13.3. A simplified Blanchard-Kiyotaki model (no menu costs)

Y =C+G
	

(T3.1)

	a 	 +) 	 T, + P - G (if a < oo

a [( -T) L+ 7,0 r1

[ 	
w 	

O
(0-' (-:; 

1 +a 
M 	 11

WN
	

-M + 7, - G (if o- ---> oo)

	 (T3.2)

FI/P ( 11 Y  Y - (WN /P)NE
	

(T3.3)

Y ) (1-Y)/Y

P/WN = 	 /Y) ( -A7
	 (T3.4)

	

I

coL i la (if a < oo) 	 (T3.5)
WN

= w(if a -> 00)P

Notes: w ydaa (1 - a)1-1 -1 > 0 and ,u, 01(9 - 1).
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(T3.4) is the price-setting rule in the symmetric equilibrium, and (T3.5) is the labour
supply function.

Before turning to the implications of menu costs, we first study the properties of
the model under perfect price flexibility. By studying the flex-price version of the
models first, it is easier to understand the implications of menu costs later on. It is
clear that money is neutral: multiplying WN ,P, and Mo by > 0 does not change
anything real and just changes all nominal variables (such as nominal wealth, I, and
nominal profit, 11) equi-proportionally. On the monetary side of things the models
of Tables 13.2 and 13.3 are thus similar in that they both exhibit monetary neutrality
when prices and wages are flexible. There is an important difference between the two
models, however, in the area of fiscal policy. Indeed, because there is no income
effect in labour supply (see (T3.5)), fiscal policy is completely ineffective in the
model of this section. Using the expressions in Table 13.3 it is easy to show that a
tax-financed increase in public consumption leads to one-for-one crowding out of
private consumption, no effect on output, real profits, employment, and real wages,
and an increase in the price level. In that sense the model used here is even more
classical than the one used in the previous section. In the next subsection we study
if and to what extent the notion of menu costs can give this hyper-classical model
a more Keynesian flavour.

The basic menu -cost insight

Sometimes the answer to an apparently simple question can be quite surprising.
A beautiful example of this phenomenon is provided by Akerlof and Yellen's (1985a)
question whether "small deviations from rationality make significant differences to
equilibria". Alternatively, the question could be rephrased in terms of transactions
costs: can small costs of changing one's actions have large effects on the economic
equilibrium and social welfare? Nine out of ten people would probably answer this
question with an unequivocal "no". The thought experiment would probably lead
them to reject the notion that a small "impulse" can produce a "large effect". In
terms of Matsuyama's (1995) terminology, most people are unfamiliar with the
notion of macroeconomic complementarities and cumulative processes. It turns
out, however, that the answer to Akerlof and Yellen's question can be quite a bit
more complex.

In the context of our model, the task at hand is to investigate whether, following a
shock in aggregate demand, price stickiness can (a) be privately efficient and (b) exist
in general equilibrium, whilst (c) the effect on social welfare can be large. If both
parts (a) and (b) are demonstrated, Akerlof and Yellen's question is answered in the
affirmative. Part (a) can be easily demonstrated to hold in our model and relies on
a simple application of the envelope theorem. The proof of part (b) is more complex
as it relies on the general equilibrium implications of price stickiness. Once (a) and
(b) have been demonstrated, part (c) follows readily.
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ipmep
Intermezzo

The envelope theorem The envelope theorem is extremely useful in economic
eory. Broadly speaking the theorem says that the change in the objective

function due to a change in an exogenous parameter is the same whether or
not the decision variable is adjusted as a result of the change in the parameter.
In more colloquial terms, the theorem says that objective functions are flat at
the top (Roternberg, 1987, p. 76).

Consider the formal demonstration by Varian (1992, pp. 490-491). Suppose
that f(x, z) is the objective function, x is the decision variable, and z is the
(vector of) exogenous variables and parameters. The first-order condition for
an optimum of f (x, z) by choice of x is:

of (x' z) = 0.
ax

(a)

But (a) can itself be interpreted as an implicit function relating the optimal
choice for the decision variable (x*) to the particular values of z, say x* = x* (z).
By plugging x* back into the objective function we obtain the so-called optimal
value function:
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It is useful to note that we have in fact encountered many such optimal value
functions throughout the book. For example, in this chapter the indirect util-
ity function (13.38) is an example of a maximum value function: it expresses
maximum attainable utility (the objective) in terms of full income and a true
price index (the parameters that are exogenous to the household). Similarly,
the true price index for the composite differentiated good (13.9) is an example
of a minimum value function.

Using the optimal value function (b) we can determine by how much the
objective function changes if (an element of) z changes by a small amount. By
totally differentiating (b) we obtain:

dV (z)
dz

r af(x,z) 	dx* (z)) 	of (x* (z), z)
L ax 	 .x=x*(z)	 dz 	 az (c)

The second term on the right-hand side of (c) is the direct effect on the objective
function of the change in z keeping the decision variable unchanged. The first
term on the right-hand side is the indirect effect on the objective function that
is induced by the change in x* itself. The point to note, however, is that in
the optimum the objective function is flat (i.e. (a) shows that afoox = 0 for
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x = x*) so that the indirect effect is zero. Hence, equation (c) reduced to:

d17(z)	 a f (x* (z), z) 	 a v (z)
dz az az

This is the simplest statement of the envelope theorem. The total and partial
derivatives are the same, i.e. at the margin the change in the objective function
is the same whether or not the decision variable is changed.

We close with an anecdote from times past. As is argued by Silberberg (1987),
the discovery of the envelope theorem is due in part to a dispute between
the famous economist Jacob Viner and his draftsman Dr Y. K. Wong. Viner
was working on his famous paper about the relationship between short-run
(ACSR) and long-run average cost (ACLR) curves (see Viner, 1931). He instructed
Dr Wong to draw ACLR in such a way that it was never above any portion of
any ACSR curve and that it would pass through the minimum points of all ACSR
curves. Dr Wong, being a mathematician, refused to do so and pointed out to
Viner that his instructions were actually inconsistent. Unfortunately, Viner, not
being a mathematician, could not understand Dr Wong's point and ended up
drawing ACLR through all the minima of the ACSR curves (see his chart IV and
footnote 16). Samuelson (1947), being both an economist and mathematician,
ultimately solved the puzzle by pointing out that ACLR is the envelope of all
ACSR curves. Wong was right after all! If this anecdote has any lesson at all,
it must be that economists should also be reasonably good mathematicians to
avoid falling into puzzles that cannot be solved by graphical means alone.

What happens to the optimal price of firm j if aggregate demand changes by a
small amount? The answer is provided by the envelope theorem (see the Inter-
mezzo). In particular, (13.59) and (13.64) together yield an expression for the
optimal price in terms of the parameters that are exogenous to firm j, i.e. P7 =
PAP, Y, WN):

R iuk) (wN 	y \(1—y)/y1MY-1-0(1-0]
=

Y	 P N
(13.65)

By substituting 17 (.) into (13.62) we obtain the maximum profit function,
rh (P, Y, WN), of firm j:

ni(P, Y, WN )	 (A(P10, P, — WN [k (Y/(P10,P, Y))
1/y 

11.	 (13.66)

By differentiating this expression with respect to aggregate demand we obtain the
result that it doesn't really matter to the profit of firm j whether or not it changes
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price following a shock in aggregate demand:

d n7 0 	 0 mc7 (.)] a Pi	 pi=P7
dY 

= 
L	

( a Yi (Pi ,13 ' IT) ) 	± Yi(P10,1),17)1	 dY
dP7(.)

±[p7(.) —MC70.1
	(aYi(Pi 	Y)

aY
ani= [0 -1

	

al; p = 

( dPi()) ±[pio MC10] 
aYi(Pi 	 Y)dY

1,

= [P70 — MC1 0-1_1 (aYi(131	 Y))	 nj(*)a Y	 (13.67)

where MC!'(.) is short-hand notation for the marginal cost of firm j evaluated in the
ntimum. Hence, to a first-order of magnitude, the effect on the profit of firm j of

a change in aggregate demand is the same whether or not firm j changes its price
,ntimally following the aggregate demand shock.

The envelope result can be illustrated with the aid of a diagram originally sug-
gested by Akerlof and Yellen (1985a, p. 710). In Figure 13.3 firm j's price and profit
level are put on the horizontal and vertical axes respectively. Initially aggregate
demand is Yo and the optimal price is at the top of the "profit hill" at point A.
The optimal price-profit combination is denoted by 87V» , yb, n), 117(P, Yo, W,D).
Now consider what happens if aggregate demand expands, say from Yo to Yi (> Yo).
Ceteris paribus the nominal wage rate (Win and the price index for the composite
consumption good (P), 12 the level of profit rises for all values of Pi and the entire
profit function shifts up, say from ili(Pi,P, Yo, W4v) to ngi,P, vq,.. The out-
put expansion leads to an increase in marginal costs (provided y < 1) and thus to
an increase in the optimal price of firm j (see (13.64)-(13.65)). Hence, the top of the
new profit hill (point B) lies north-east of the top of the old profit hill (point A). 14

But this is not the end of the story. Following the shock to aggregate demand, firm
j experiences a boost in the demand for its product and increases its production level

12 We hold constant the prices charged by all other firms and conclude that this renders the price
index, P, constant. In doing so, we ignore the fact that firm/'s price also features in the price index P.
This is allowed because there are many firms and each individual firm is extremely small and its price
thus carries a small weight in the price index.

13 Formally, (13.62) implies that an i o/aY = [Pi — MC]aYOY. A necessary condition for firm j
to have positive profits (as drawn in Figure 13.3) is that its price must cover at least marginal cost,
i.e. P1 MCi. Furthermore, (13.59) implies that firm j's demand expands if aggregate demand increases,
i.e. aYi lay. Combining these results yields an io/aY > 0. Firms like aggregate demand expansions
because it raises their profits.

" In contrast, if the marginal product of labour is constant (y = 1), point B lies directly above
point A. This strong result follows from the pricing rule (13.64) in combination with the fact that the
demand elasticity (0) and thus the gross markup (A) of firm j are both constant. The optimal price is
then proportional to the given nominal wage. As a result, for a given nominal wage there is no need
for firm j to change its price and the envelope result (13.67) holds exactly.
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Figure 13.3. Menu costs

accordingly. But this means that it needs to employ more workers. Since all firms are
in exactly the same position as firm j they will also want to employ more workers so
that aggregate demand for labour will rise. This is where the labour market comes
in. Clearly, if the labour supply elasticity is very large (a oo), firm j (and all other
firms) can obtain the additional units of labour at the initial nominal wage rate
(n ) . In that case the real wage is rigid (see (T3.5)) and thus, if the price index P
does not change neither will the nominal wage rate WN . So all we need to show
now is why the price index would be rigid.

Assuming for the time being that labour supply is infinitely elastic (a oo)
it is possible to demonstrate the menu-cost insight graphically with the aid of
Figure 13.3. For given values of P and WN , the aggregate demand shock would
increase the profits of firm j from 111(P, n) to ni(p, 171, n ) if it adjusted its
price optimally (which is the move from A to B). If instead firm j keeps its price
unchanged, the profit increase would be the vertical distance between points C and
A and the envelope theorem suggests that the profit loss due to non-adjustment of
the price is second order, i.e. the vertical distance DC in Figure 13.3 is very small.
But that suggests that small menu costs can make non-adjustment of the price a
profitable option for firm j. Indeed, provided the menu costs (Z) are larger than the
vertical distance DC, keeping Pi unchanged is the optimal choice for firm j, i.e. Pi
will be set equal to its old optimal level (P1 (P, Yo, n)) if the following condition is
satisfied:

ni(PI(P, Yo, 	 Y1, WOv) > r17(P, Y1, n) - Z, 	 (13.68)
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P Yo , WOsi)

r1,(Pp 	 WO/)

where the left-hand side of (13.68) is the profit level of firm j when it charges the
old price and faces the higher aggregate demand, Y 1 . The right-hand side of (13.68)
is the net profit of firm j if it changes its price in the face of higher demand and
incurs the menu cost. Since by assumption all firms are in exactly the same position
as firm j, they also do not change their price if (13.68) holds and the maintained
assumption that P is constant is thereby confirmed. Hence, for the infinitely elastic
labour supply case (a oo) a menu-cost equilibrium exists for which an aggregate
demand shock has no effect on prices and the nominal (and real) wage rate.

The effects of fiscal and monetary policy in a menu-cost equilibrium can be
computed as follows. The model consists of equations (T3.1) and the second expres-
sion in (T3.2). Since aggregate profit income equals revenue minus the wage bill

(fl PY — WNL) we can write the system as:

Y=C+G, 	 (13.69)

P. 	 C = ( 1 _a a ) (Mo/P) =a [Y Mo /P — G
	 (13.70)

(13.68)

Fiscal policy is highly effective in the menu-cost equilibrium:

dY \MCE dc\MCE	 d(uoip)\MCE

dG T = 1

	 -

' dG )	 dG

	 —
(13.71)

where the superscript "MCE" stands for menu-cost equilibrium. The increase in
government consumption raises aggregate demand and thus each individual firm's
demand and profit level. Due to the menu costs all firms keep their price unchanged
and because of the horizontal labour supply curve (a oo) the nominal wage does
not change either. The firms can hire all the additional units of labour they need
at the old real wage rate. The representative household receives the additional firm
revenue in the form of additional wage payments and profit income. The additional
income exactly covers the higher taxes levied by the government so that private
consumption is unchanged and the output effect is simply the effect due to public
consumption as in the original Haavelmo (1945) story. In view of the production
function (13.61) the employment expansion can be written as:

dL )MCE 1 (dY MCE

WN 
m

 (:1G) — dG ) T

where we have used symmetry (Li = L/N for j = 1, . . . , N) plus the fact that firms
have set their prices as a markup over marginal cost in the initial (pre-shock)
equilibrium.

Monetary policy, consisting of a helicopter drop of nominal money balances
(dM0 > 0) stimulates output, employment, and consumption, and the existence
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of menu costs thus destroys monetary neutrality:

dl y )MCE = p dC
dMo 

MCE = i,twN 	
dMo	

dL MCE

dMo
a
	  > 0.
1 - a

(13.73)

The increase in money balances leads to an increase in consumption spending and
further multiplier effects via the expanded income of the representative household,
i.e. after n rounds of the multiplier process spending has increased by P dY = P dC =
[a + a2 an] dMo and the demand for money has increased by dM = (1- a)[1 +
a + a 2 + • • • + an] dMo. Since the marginal propensity to consume is less than unity,
the multiplier process converges to the expressions in (13.73).

In summary, we have succeeded in demonstrating that with a very high labour
supply elasticity (a -* oo, so that the labour supply curve is horizontal), small menu
costs can lead to nominal price and wage inflexibility, which in turn drastically alters
the qualitative properties of the model. Indeed, as was shown in the previous sub-
section, the flex-price version of the model possesses extremely classical properties
in that money is neutral and fiscal policy only affects the price level. In contrast, in
a menu cost equilibrium, both fiscal and monetary policy affect output and employ-
ment thus giving the model a much more Keynesian flavour. Below we demonstrate
that both the nominal rigidity (price stickiness due to menu costs in price adjust-
ment) and the real rigidity (constant real wage due to a horizontal labour supply
curve) are of crucial importance in this result. Before doing so, however, we must
demonstrate part (c) of our menu-cost investigation by demonstrating that there
are first-order welfare effects associated with the aggregate demand effects we found
above (see page 384 above).

As before, we use the indirect utility function to compute the welfare effects of
aggregate demand shocks in a menu-cost equilibrium. By using (13.69)-(13.70) in
(13.52) (with a —* co imposed) we find a number of alternative expressions for
indirect utility:

V =- aa(1 - 1-a [Y + 	 Gi— yLL

= a«(1 - 	 [Mo + 
p	 G 	 (1 a

= a" (1 _ 	 [Mo + n

1-a
(wpN
 	 yd1--

(13.74)

In going from the first to the second expression we have used the definition for
aggregate profit income (I1 PY - WNL) and in going from the second to the third
expression we have used the labour supply equation (T3.5). Fiscal policy clearly has

first-order welfare effects
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first-order welfare effects. Using the first line of (13.74) and noting (13.69) we derive:

dV MCE)
= a"(1 - a)1-" C

d 'VICE 	dL)MCE
T

dG	 dG T 	dG T

YL	P	 a' (1 - a) l-a <
wN

(13.75)

where the second equality makes use of (13.71) and (13.72). The increase in gov-
ernment consumption raises output one-for-one but does not come for free (as in
Keynes' story in section 1.5 above) as the representative household has to supply
more hours of work. Since the labour market is competitive the household derives
no surplus from supplying labour; the additional wage income exactly compensates
the household for having to work harder (Blanchard and Kiyotaki, 1987, p. 654).
Hence, only the additional profit income mitigates the welfare loss due to additional
government spending somewhat. Indeed, the welfare effect (13.75) can be restated
in terms of MCPF as:

\mcE
0< MCPFAICE	

1 dV	 =1 =° -1 <1,
Uc (dG ) T

— —

where we have used the fact that the marginal utility of consumption equals U c =
a" (1 - a) 1-a . The existence of market power in the goods market mitigates but does
not obliterate the social costs associated with a public spending shock.

Monetary policy also has first-order welfare effects in the menu-cost equilibrium.
Indeed, using the final expression in (13.74) we derive:

(dv  rcE
dmo 	= a«(1 a)l-a[l

	 d(II /P) MCE)]

	P 	 dMo

a
1 - a > 0.	 (13.73)

0
(13.76)
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c used the definition for
.nm the second to the third

Fiscal policy clearly has

The term outside the brackets on the right-hand side of (13.77) represents the
marginal utility of nominal income. Inside the square brackets on the right-hand
side of (13.77) there are two effects which may be labelled, respectively, the liq-
uidity effect and the profit effect. As is pointed out by Blanchard and Kiyotaki, the
liquidity effect exists because even the competitive equilibrium (for which 1/0 = 0)
is suboptimal if real money enters utility (1987, p. 654 n. 13). As is explained
in Chapter 12, the inefficiency results from the fact that people economize on a
resource (fiat money) which is not scarce from a societal point of view. For that rea-
son, ceteris paribus consumption, an increase in real money balances constitutes a
welfare gain because it lowers the marginal utility of real money balances and brings
the economy closer to Friedman's satiation point. This effect operates regardless of
the nature of competition in the goods market.
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In contrast to the liquidity effect, the profit effect in (13.77) is only operative under
monopolistic competition (i.e. if 1/0 is finite). This works via the profit income of
households. An increase in the money stock boosts output and profit income and
this causes an additional welfare gain to the representative household over and
above the liquidity effect. Since both effects work in the same direction, the total
welfare effect of an increase in nominal money balances in a menu-cost equilibrium
is unambiguously positive and first order.

Some simulations

In the previous subsection it was demonstrated (for the case with a horizontal labour
supply curve, i.e. a -÷ oo) , that with small menu costs both monetary and fiscal
policy can have first-order effects on welfare. We have thus confirmed the basic
menu-cost insight of Akerlof and Yellen (1985a, 1985b). In Tables 13.4 and 13.5 we
present some numerical simulations with a more general version of the menu-cost
model. In particular, we investigate the robustness of the menu-cost insight with
respect to changes in key parameters such as the labour supply elasticity (a), the
markup (,u), and the elasticity of the marginal cost function (ay (1 — y)/y).

In order to perform the simulations, numerical values must be chosen for all the
parameters that appear in Table 13.3. The following so-called calibration approach is
adopted. We set up the model such that the parameters of special interest (a, ay, and
,u) can be varied freely. We adopt a number of quantities/shares that are held con-
stant (at economically reasonable values) throughout the simulations. In particular,
the number of firms is No = 1000 (large), the steady-state revenue share of overhead
labour cost is coF WNNF/PY = 0.05, the output share of government consumption
is COG G/Y = 0.1, and the velocity of money vm Mo/(PY)o = 6. We assume that
the initial money supply is MO = 1 and that initial output and employment are nor-
malized at unity, Yo = Lo = 1. For a given configuration of (a, ay, p,) it is possible to
compute the initial steady state for the endogenous variables (Y, C, P, WN /P, L, II /P)
by using the calibration parameters (a, yL, F, k) appropriately, i.e. in such a way that
the steady state is consistent with the share and parameter information we have
imposed above.

Since this way of calibrating a theoretical model may not be familiar to all readers,
we show in detail how we can retrieve the remaining variables and parameters. We
denote the initial steady-state value with a subscript "0". It follows from (T3.1) that
Co = (1 - coG)Y0 = 0.9 and Go = coG = 0.1. By rewriting the money velocity defini-
tion we find Po = Mo/(vmY0) = 1/6. From (T3.2) we derive we C/Y = avm/(1 - a)

which can be solved for a = cocl(wc+vivr) 0.13. By defining the pure profit share as
1- EL [rII(PY)] 0 , it follows from (T3.3) and the definition of coF that EL = y I A+ (oF

(where y -=-E 1/(1 + ay)). By definition EL -,_-_[WNLI (PY)] 0 from which we derive an
expression for the initial real wage (WN /P) 0 = EL. We can make this expression for
the real wage consistent with (T3.5) by setting yL = (WN / P) 0 a' (1. - a) 1-a. In view
of the definition of WF we find that F = (Y/N)o/ (WN/11 0 = (NO EL ) -1 . The value for
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k is retrieved from (T3.4): k = y [EL tt(Y !Mao' 1 and 110 is obtained from (T3.3). To
give an example, for the case with r = 1.25, ay = 0.1, and a = 106 , the calibration
approach yields the following results for the variables and parameters.

Yo = 1 	 Co = 0.9 	 Go = 0.1 	 Lo = 1
No = 1000 (WN/P) 0 = 0.777 P0 = 0.167 110 = 0.0371 	 (13.78)
a = 0.130 yL = 0.528	 k = 1.867 F = 6.433 x 10-5

In order to numerically investigate the menu cost insight, we follow Blanchard
and Kiyotaki (1987, p. 658) by administering a non-trivial monetary shock, taking
the form of a 5% increase in the money supply. We study the economy under two
pure scenarios. In the full-adjustment case, all firms pay the menu cost and adjust
the price of their product in the light of the higher level of aggregate demand. In
contrast, in the no-adjustment case, all firms keep their price unchanged and expand
output to meet the aggregate demand expansion.

Assuming that the menu cost takes the form of overhead labour (e.g. workers
are employed to change price tags), under full adjustment, the model consists of
equations (T3.1)-(T3.2) and (T3.4)-(T3.5) plus the augmented profit function:

11FA = (I1 Y py wN N	 z), 	 (13.79)

where the superscript "FA" stands for full adjustment. For a given value of Z, this
system can be solved numerically for the endogenous variables FI FA , Y, L, P, C,
and WN.

In contrast, in the no-adjustment case all firms keep their price unchanged
(P = P0) and the system consists of equations (T3.1)-(T3.2), (T3.5), and the profit
function under no adjustment (superscript "NA"):

11NA = poy WN [kyl/yN1-1/y +	 .
	 (13.80)

This system of equations can be solved numerically for the endogenous variables
TINA, Y , L, C, and WN .

In the final step, we compare profit levels under the two scenarios and find the
lowest value of menu costs, ZMIN, for which non adjustment of prices is an equili-
brium, i.e. for which FIFA just falls short of FINA . In Tables 13.4 and 13.5 we report a
number of indicators for different parameter combinations. In Table 13.4 we con-
sider four different values for the markup (p, E {1.1, 1.25, 1.5, 2}) and six different
values for the labour supply elasticity (a E {0.2, 0.5, 1, 2.5, 5, 10 6 }). In each case
the entry labelled "menu costs" reports the revenue share of menu costs for which
non-adjustment is an equilibrium for all firms, i.e. the entry equals:

	No  (WN)NA zmiN 	
(13.81)menu costs = 100 x (

)

poyNA 

where (WN )NA and YNA are, respectively, the nominal wage and output when the
price is not adjusted. So, for example, if ,u = 1.1, ay = 0.1, and a = 106 , the results
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Table 13.4. Menu costs and the markup

AM = 0.05

ay = 0.1

menu

costs

welfare

gain

ratio menu

costs

welfare

gain

ratio

µ =1.101.10 µ=1.251.25

a = 0.2 20.44 28.6 1.40 18.10 29.1 1.61

a = 0.5 7.85 28.9 3.68 6.96 29.4 4.22

a = 1 3.95 29.0 7.35 3.51 29.5 8.40

a = 2.5 1.69 29.1 17.18 1.51 29.5 19.49

a = 5 0.94 29.1 30.80 0.86 29.6 34.37

a = 106 0.20 29.1 146.12 0.20 29.6 145.73

1.50µ=1.50 = 2

a = 0.2 15.23 29.8 1.96 11.53 30.6 2.65

a = 0.5 5.87 30.0 5.11 4.55 30.8 6.76

a = 1 2.99 30.1 10.06 2.35 30.8 13.12

a = 2.5 1.32 30.1 22.80 1.06 30.8 29.12

a = 5 0.76 30.1 39.56 0.63 30.9 48.68

a = 106 0.21 30.1 144.67 0.21 30.9 144.95

in Table 13.4 show that menu costs amounting to no more than 0.20% of revenue
will make non-adjustment of prices an equilibrium in the sense that TI NA > FIFA . The
entry labelled "welfare gain" measures the gain in welfare (expressed in terms of an
output share) which results from the monetary shock when there is no adjustment
in prices:

welfare gain = 100 x 
vNA vo
LIcyNA 

(13.82)

where Uc cya (1 - a) 1 -a is the marginal utility of income, Vo is initial welfare, and
VNA is welfare following the shock but in the absence of price adjustment. So, if

= 1.1, ay = 0.1, and a = 106 , the monetary shock gives rise to a huge 29.1%
rise in welfare. Finally, the entry labelled "ratio" is the ratio of the welfare gain and
the macroeconomic menu costs. For the particular case considered here, the ratio
is 146.12, so that a small menu cost gives rise to very large welfare effects.

In Table 13.4 we hold the elasticity of marginal cost constant (at ay = 0.1) and
consider various combinations of the markup (p) and the substitution elasticity of
labour supply (a). Just like Blanchard and Kiyotaki (1987, p. 658) we find a number
of key features in these simulations. First, the welfare measure does not vary a lot
with the different parameter combinations. Second, for a given value of a, the
markup does not affect menu costs and the ratio very much. Third, for a given
value of it, menu costs are strongly dependent on the value of the labour elasticity.
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Table 13.5. Menu costs and the elasticity of marginal cost

AM = 0.05
= 1.25

menu
costs

welfare
gain

ratio menu 	 welfare
costs 	 gain

ratio

ay = 0 ay = 0.05

= 0.2 17.44 29.2 1.67 17.72 	 29.2 1.65
a = 0.5 6.61 29.4 4.45 6.76 	 29.4 4.35
a = 1 3.17 29.5 9.31 3.34 	 29.5 8.84
a = 2.5 1.19 29.5 24.73 1.36 	 29.5 21.69
a = 5 0.52 29.6 56.72 0.70 	 29.6 42.23

= 106 --A 29.6 00 0.04 	 29.6 672.74

ay = 0.1 ay = 0.2

a = 0.2 18.10 29.1 1.61 18.54 29.1 1.57
a = 0.5 6.96 29.4 4.22 7.34 29.4 4.00
a = 1 3.51 29.5 8.40 3.84 29.5 7.67
a = 2.5 1.51 29.5 19.49 1.83 29.5 16.16
a = 5 0.86 29.6 34.37 1.15 29.5 25.60
a = 106 0.20 29.6 145.73 0.49 29.6 60.60
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Take, for example, the empirically reasonable case for which the net markup is 25%,
i.e. ,u = 1.25. If labour supply is infinitely elastic (a -÷ oo), menu costs of 0.2% of
revenue suffice to make non-adjustment of prices optimal and the ratio is 145.73.
This ratio drops very rapidly for lower, empirically more reasonable, values of a. For
example, if a = 1 then only unreasonably high menu costs (amounting to 3.51% of
revenue) can stop the firm from finding price adjustment advantageous. Intuitively,
if labour supply is not very elastic, the output expansion under non-adjustment
drives up wages (and thus production costs) very rapidly and thus makes it more
likely that price adjustment is profitable.

In Table 13.5 we hold the markup constant (at = 1.25) and consider various
combinations of the elasticity of marginal cost (ay) and the labour supply elasticity
(a). Essentially the same picture emerges from this table as from the previous one:
the welfare gain is rather insensitive to (a, ay)-combinations, the value of ay does
not affect menu costs and the ratio very much, and the labour supply elasticity
exerts a major effect on menu costs and the ratio.

Evaluation

The simulation results graphically illustrate that the standard menu-cost model runs
into trouble because non-adjustment of prices after a monetary shock is only an
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equilibrium if labour supply is highly elastic (Blanchard and Kiyotaki, 1987, p. 663).
For an empirically reasonable value of the labour supply elasticity, there are very
strong incentives to adjust prices and nominal frictions produce only small non-
neutralities. 15 Ball and Romer (1990) argue that the menu-cost argument can be
rescued if the economy has both real and nominal rigidities. By real rigidity they
mean the phenomenon that "real wages or prices are unresponsive to changes in
economic activity" (Ball and Romer, 1990, p. 183). Nominal rigidity can either
take the form of small menu costs or departures from full rationality (as in Akerlof
and Yellen, 1985a, 1985b). Taken in isolation, real rigidity does not imply price
inflexibility. But in combination with nominal rigidity, a high degree of real rigidity
translates into substantial effects of monetary shocks. In the model considered in
the previous subsection, a high labour supply elasticity leads to substantial real
rigidity. Indeed, for a oo , the real wage is constant (see equation (T3.5)) and
thus completely insensitive to economic activity. Ball and Romer (1990) discuss a
number of alternative models leading to real rigidities, such as the efficiency-wage
model of the labour market and the imperfect-information customer-market model
of the goods market.

Rotemberg (1987, pp. 80-81) has identified a number of problematic aspects of
the menu-cost insight. First, the menu-cost equilibrium may not be unique. In the
context of our model, his argument runs as follows. Recall that ZMIN represents the
minimum amount of menu costs for which it is profitable for an individual firm j
not to adjust its price given that all other firms also keep their prices unchanged! But if
one firm changes its price when Z = ZMIN, it generally becomes profitable for all
other firms to change their prices also, so we have two equilibria: the firms either
all adjust their prices or they all keep them unchanged. Let us now define Z'A',„„, as
the minimum amount of menu costs for which an individual firm j keeps its price
unchanged even if all other firms would change their prices. Clearly, ZMIN exceeds ZmIN.

Furthermore, if Z > Z„,  the menu cost equilibrium is unique. For the intermediate
case, however, with Z E (ZMIN, 4/N ) there are three equilibria: one with no firm
adjusting, another with all firms adjusting, and an intermediate case in which a
fraction 0 of the firms adjusts (0 < 0 < 1). Rotemberg (1987, p. 90) argues that the
multiplicity of equilibria is a weakness for any economic model. Essentially, with
multiple equilibria it is impossible to predict the economy's reaction to particular
policy shocks.

A second problem with the menu-cost insight is that it could equally well be
applied to quantities instead of prices. Indeed, if there are costs of adjusting quanti-
ties (e.g. because capital has to be installed in advance of the price-setting decision,
as in Shapiro, 1989, pp. 350-351) it may well be optimal for the firm to adjust its
price and leave output unchanged (Rotemberg, 1987, p. 77).

15 As we show in Chapter 15, the competitive real business cycle (RBC) model runs into the
same problem because it can only generate large output movements following real shocks if the
(intertemporal) labour supply elasticity is very large.
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'e (RBC) model runs into the
following real shocks if the

Finally, as is argued by Rotemberg (1987, pp. 85-91) and Blanchard (1990, p. 822)
an important practical disadvantage of the menu-cost approach to price adjustment
is that it does not generalize easily to a dynamic setting. 16 For that reason we now
turn to two approaches which do not have this disadvantage.

13.3.2 Quadratic price adjustment costs
In an influential article, Rotemberg (1982) has formulated a rather attractive
dynamic model of price adjustment in which adjustment costs are assumed to
be quadratic (just as in the investment literature surveyed in Chapters 2 and 4
above). Intuitively, his model solves the problem of dynamic price adjustments in
two (conceptual) steps. In the first step, a path of "equilibrium" prices is determined
consisting of the solution that firm j would choose if there were no costs of adjusting
prices. Normalizing the current (planning) period by t = 0, this equilibrium path
for firm j is denoted by the sequence {Pit }c)°, 0 . In the second step, Rotemberg takes a
quadratic approximation of the firm's profit function around this equilibrium path
and incorporates adjustment costs. He shows that the dynamic objective function
of the firm can then be written as follows:

1	 2= E ( 1 p ) [ (1,r — Pi,)	 c (Air Phr-1),] ,
•	 •

h•

r =0

(13.83)

where (1 + p) -1 is the firm's discount factor, c is a constant, pi,,	 log Pi,,, and
pi, log Pr,. In the presence of price adjustment costs, the firm chooses a sequence
of actual prices, {1)1,,r, 0 , in order to minimize the costs of deviating from the opti-
mum in the absence of price adjustment costs (c20). Equation (13.83) shows that
these "deviation costs" are composed of two terms. The first quadratic term on the
right-hand side of (13.83) represents the intratemporal cost of setting the price at
a "suboptimal" level, i.e. at a level different from P. The second quadratic term
on the right-hand side of (13.83) parameterizes the intertemporal costs to the firm
that are due to price adjustment costs. The higher is c, the more severe are the price
adjustment costs.

The first-order condition for the optimal price in period r is readily obtained by
using (13.83) and setting C2 0 	0:

r

api,, ( 1+1 0 	 2 (p. - 
/It
 + 2c (NT - pi,r_i)]I_

an() 

(1 	r+i

+ p 	 [2c 	 Pi,4] =

16 See Danziger (1999) for a recent example of a dynamic general equilibrium model with menu
costs.
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After some straightforward manipulation we find that (13.84) can be simplified to:

- [1 + (1 + 
(1 +
	+ +
	 =

Equation (13.85) is a second-order difference equation in pi,, with constant coeffi-
cients and a potentially time-varying forcing term p7 T . In order to solve this equation
we need two boundary conditions. The first is an initial condition which results
from the fact that when the firm decides on its price pi,,, the price it charged in
the previous period (pi, r _ i ) is predetermined. The second boundary condition is a
terminal condition saying that the firm expects to charge a price close to /3; r in the
distant future (see Rotemberg (1982, pp. 523-524) for details):

	

moo 
[(pi,, 

- KT  + cj ,t —pi,r_i)] = 0.	 (13.86)

It is shown by Kennan (1979, p. 1443) and Rotemberg (1987, p. 92) that the
solution for the price in the planning period, No, can be written as:

= 	 + (1 -
[()1/4.2A-2 1	 r)  (Al ) pid

r=0
(13.87)

where 0 < < 1 and )1/4.2 > 1. 17 The economic intuition behind the pricing-setting
rule (13.87) is as follows. In the presence of price adjustment costs, the firm finds
it optimal to adjust its price gradually over time. As a result, the optimal price in
any period is the weighted average of the last period's price p1,_ i and the long-
run "target" price given in square brackets on the right-hand side of (13.87). This
target price itself depends on the present and future equilibrium prices (pi r , for

= 0, 1, ). In the special case where the equilibrium price is (expected to be)
constant indefinitely, we have /37, = p7 and it follows that the target price is equal
to p7. In the general case, however, the firm knows that it chases a moving (rather
than a stationary) target because it recognizes future variability in the equilibrium
price (say due to anticipated policy shocks).

13.3.3 Staggered price contracts

In a number of papers, Calvo has proposed an alternative approach to modelling
sluggish aggregate prices (see e.g. Calvo, 1982, 1983, 1987 and Calvo and Vegh,
1994). His basic idea, which derives from the early papers by Phelps (1978) and
Taylor (1980), makes use of the notion that price contracts are staggered. Calvo
(1987, p. 144) adopts the following price-setting technology. Each period of time
"nature" draws a signal to the firm which may be a "green light" or a "red light"
with probabilities n- and 1 - 7, respectively. These probabilities are the same for all

17 Readers of the Mathematical Appendix will recognize that X i and A2 are, respectively, the stable
and unstable characteristic roots of the difference equation in (13.85).

(1 + 
c Pi (13.85)
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firms in the economy. A firm which has just received a green light can change its
price optimally in that period but must maintain that price until the next green
light is received.

In order to solve the pricing problem of a firm which has just received a green light
we can follow the same approach as in the previous subsection. In the absence of
the pricing friction firm j would always want to set its price equal to its equilibrium
price 17. But with the pricing friction the firm aims to minimize the deviation cost,
S2o, given in equation (13.83) but with c = 0 (there are no price adjustment costs).
By substituting the assumptions about the pricing technology into the objective
function (13.83) we obtain:

Qo (No — 197,0 2 +( i+1

2
	p)[7r	 KJ) + (1— 7) (PO — Ki) 2]

\ 

( 1  )2

p
[72 (Pi,2 — P7,2)

2 
+ 7( 1-	 (Pj,1 — M,2)

2

+ (1 — 7)2 (pi 3O — K 2) 21 + higher-order terms. 	 (13.88)

The interpretation of this expression is as follows. In the current period (t = 0) the
firm has a green light so it can set its price. The first term on the right-hand side of
(13.88) gives the cost of deviating from p7, in the current period. In the next period
(r = 1) the firm may or may not get a green light again. If it does (with probability
7) it will again be able to set its price in the light of the then relevant equilibrium
price /37 1 . If it gets a red light, however, it will have to keep its price unchanged (at
No) and face the deviation costs associated with this choice made in the previous
period. In period r = 2 there are three different possibilities depending on when
the firm last received a green signal.

Since the pattern should be clear by now and we are only interested in the price
to be set by the firm in the planning period, we can rewrite (13.88) by gathering all
terms involving Pi,o:

= (PO P70 	 1 p (AM
1 

=	 2" 1 — 	 \
	) (No K)

pr=0

where the remaining terms do not involve po. The pricing friction thus shows up
in the discounting factor employed by the firm. The higher is the probability of a
green light in any period, the less severe is the friction, and the lower is the weight
attached to future equilibrium prices.

The firm chooses No in order to minimize S20. The first-order condition is given
by as-�0 /api3O = 0 which can be written as:

No 2_, ( 1 + p )
,2—,0 1— 7
T=0
	

= 	 *t3 (1-7\ r

=0
	 p	 Pl' t

	

•
	 (13.90)
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Since the infinite sum on the left-hand side of (13.90) converges to (1 + p) I Or p)
we can rewrite (13.90) as follows:

PO=
p\ °\-:-; (1 —7TV

1 ±p) L 14-p) Pt,

r=0

(13.91)

where pg denotes the common "new" price set in period 0 by all firms facing a
green light in that period. Note that we have assumed that all firms are identical so
that the firm index no longer features in (13.91). The firms facing a red light in the
planning period (r = 0) keep their prices as set in some past period using a rule like
(13.91), i.e.:

n	 (7-1-p \2-,° (1-71- V 	 (13.92)

for s = 1, 2, • • • oo. Since ir(1 — 71-) 0 is the fraction of firms which last adjusted prices
s periods before the planning period, we can define the aggregate price level in the
planning period as follows:

Po = npo + (1 — 7011± 1 + 1 — 70 2 Pn 2 +7r(1 — 703 Pn3 +..  •

E (1 _ 7r) spn_s

s=0

= 7rpro' + (1— 	 (13.93)

The actual aggregate price level in the planning period (po) is thus the weighted
average of the aggregate price in the previous period (p_i) and the newly set price
(pg). By substituting (13.91) in (13.93) we get the following expression for p o :

Po = ( 1 — 70P + [( 71 ++ pP ) 	 ( 11 -4-PY * •r=0 
	 P
	 (13.94)

As is pointed out by Rotemberg (1987, p. 93), the pricing rule that results from the
Calvo friction (given in (13.94)) is indistinguishable from the aggregate version of
the pricing rule under adjustment costs (given in (13.87)). The nice thing about
both pricing rules is that they can be readily estimated using time series data for
actual economies. Rotemberg (1987, p. 93) for example, cites evidence that 8% of
all prices are adjusted every quarter in the US, implying a mean time between price
adjustments of about three years. 18

18 The expected time of price fixity (ETPF) is:

ETPF = 7r x 1 + n- (1 — 7r) x 2 + • • • + 7.41 — 7r)n-1 n +

00

= E (1— 70(1 + .5) = 1/7r.
s=o

See King and Wolman (1996, p. 10).
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13.4 Punchlines

We started this chapter by constructing a small general equilibrium model with
monopolistic competition in the goods market. On the supply side of the goods
market there are many small firms who each produce slightly unique product vari-
ety and thus possess a small amount of market power. Each firm sets its price to
optimally exploit its market power.

The model provides microeconomic foundations for the multiplier. In the short
run the number of firms is fixed and a tax-financed increase in government con-
sumption boosts output, though by less than one-for-one. The tax increase makes
households poorer which prompts them to decrease consumption and leisure (and
thus to increase labour supply). The increase in output raises profit income which
partially mitigates the fall in consumption. In the long run the short-run increase
in profits prompts entry of new firms which continues until all firms exactly break
even (the Chamberlinian tangency solution). If households like product diversity
then the increase in the number of product varieties causes an increase in the real
consumer wage. The multiplier is not very Keynesian as the output expansion relies
critically on the labour supply response (a new classical feature).

Under monopolistic competition, there exists an intimate link between the mul-
tiplier and the welfare effect of public spending which is absent under perfect
competition. Under monopolistic competition there is a distortion in the goods
market and the economy is "too small" from a societal point of view. By raising
government spending output rises and that in itself constitutes a move in the right,
welfare-enhancing, direction.

Next we introduce money into the model by assuming that households derive
utility from real money balances. (This money-in-the-utility-function approach is
discussed in detail in Chapter 12 and constitutes the simplest way to ensure that fiat
money is held by economic agents.) Monopolistic competition in and of itself does
not invalidate the classical dichotomy. Indeed, a helicopter drop of money balances
simply inflates all nominal variables equi-proportionally and leaves all real variables
unchanged.

Money ceases to be a mere veil if prices are sticky. Here the assumption of monopo-
listic competition is essential because it explicitly recognizes that it is the individual
firms (and not some anonymous auctioneer) who are responsible for setting prices
in the economy. We study three major approaches under which price stickiness
emerges as an equilibrium phenomenon. The menu-cost approach postulates the
existence of small costs associated with changing prices. Since profit functions are
flat at the top, it may be optimal for an individual firm not to increase its price in
the wake of an expansionary (monetary or fiscal) shock and instead to expand its
output. Provided labour supply is sufficiently elastic (and there is thus a sufficient
degree of real rigidity) small menu costs (a source of nominal rigidity) can ratio-
nalize the fixity of both wages and prices in general equilibrium. In the menu-cost
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equilibrium, both fiscal and monetary policy are highly effective and money is not
neutral. The Achilles heel of the menu-cost model is that it hinges on a highly elastic
labour supply equation, a feature which is not supported by the empirical evidence.

A more pragmatic approach to price stickiness assumes that there are convex
costs associated with changing prices. In this approach, the individual firm tries
to steer the actual sequence of its price as close as possible to its "ideal" price path
which would be attained in the absence of adjustment costs. The presence of adjust-
ment costs ensures that the firm sets its actual price as a weighted average of last
period's price and some long-run target price which is explicitly forward looking.
At a macroeconomic level, the adjustment cost approach thus provides a microeco-
nomic foundation for the expectations-augmented Phillips curve of Friedman and
Phelps.

In the third approach to aggregate price stickiness, the pricing friction is stochas-
tic. Each period of time "nature" draws a signal to the firm which may be a "green
light" or a "red light" with given probabilities. These probabilities are the same for
all firms in the economy. A firm which has just received a green light can change its
price optimally (without adjustment costs) in that period but must maintain that
price until the next green light is received. Although this theory differs substantially
from the adjustment-cost approach at the microeconomic level, the two approaches
give rise to an observationally equivalent macroeconomic pricing equation.
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Mankiw and Romer (1991) is a collection of key articles on new Keynesian economics. Also
see Gordon (1990) and Benassi, Chirco, and Colombo (1994) for overviews of new Keyne-
sian economics. On monopolistic competition as a foundation for the multiplier, see Ng
(1982), Hart (1982), Solow (1986), Blanchard and Kiyotaki (1987), Dixon (1987), Mankiw
(1988), and Startz (1989). Recent contributions include Molana and Moutos (1992), Dixon
and Lawler (1996), Heijdra and Ligthart (1997), and Heijdra, Ligthart, and van der Ploeg
(1998). On the welfare properties of the monopolitically competitive equilibrium, see
Mankiw and Whinston (1986). Benassy (199 1 a,b, 1993b), Silvestre (1993), and Matsuyama
(1995) give excellent surveys of the early literature.

On price adjustment costs, see Mankiw (1985), Poterba, Rotemberg, and Summers (1986),
Parkin (1986), Dixon and Hansen (1999), and Danziger (1999). Levy et al. (1997) present
empirical evidence on the size of menu costs in supermarket chains. For the envelope
theorem, see Dixit (1990). On the new Keynesian Phillips curve, see Ball, Mankiw, and
Romer (1988) and Roberts (1995). The Calvo approach to price stickiness is widely used in
monetary economics. See, for example, King and Wolman (1996, 1999), Clarida, Gall, and
Gertler (1999), Goodfriend and King (1997), Rotemberg and Woodford (1999), and Yun
(1996).

Kiyotaki (1988) and Benassy (1993a) show that under monopolistic competition it may
not be optimal for households to have rational expectations. There is a large literature on
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14
Theories of Economic
Growth

The purpose of this chapter is to discuss the following issues:

1. What are some of the most important stylized facts of economic growth?
2. How well does the Solow—Swan model explain these stylized facts?
3. What are the key implications of adding human capital to the Solow—Swan model?
4. What are the most important features of the growth model based on dynamically

optimizing consumers?

5. How do fiscal policy and Ricardian equivalence work in various traditional growth
models?

6. Under which conditions can endogenous growth emerge?

14.1 Stylized Facts of Economic Growth

According to Kaldor (1961, pp. 178-179), a satisfactory theory of economic growth
should be able to explain the following six "stylized facts" by which we mean results
that are broadly observable in most capitalist countries.

(SF1) (*) Output per worker shows continuing growth "with no tendency for a
falling rate of growth of productivity".

(SF2) Capital per worker shows continuing growth.

(SF3) The rate of return on capital is steady.

(SF4) (*) The capital-output ratio is steady.

(SF5) (*) Labour and capital receive constant shares of total income.

(SF6) (*) There are wide
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(SF6) (*) There are wide differences in the rate of productivity growth across
countries.

Note that not all these stylized facts are independent: (SF1) and (SF4) are easily
seen to imply (SF2). In a similar fashion, (SF4) and (SF5) imply (SF3). Hence, the
starred facts are fundamental. Romer (1989, p. 55) argues that there is evidence
which leads him to disbelieve (SF5), but the remaining facts can be considered
stylized even four decades after Kaldor's original claims.

Romer (1989, p. 55) suggests five more stylized facts that growth theorists should
be able to explain:

(SF7) In cross-section, the mean growth rate shows no variation with the level
of per capita income.

(SF8) The rate of growth of factor inputs is not large enough to explain the rate
of growth of output; that is, growth accounting always finds a residual.

(SF9) Growth in the volume of trade is positively correlated with growth in
output.

(SF10) Population growth rates are negatively correlated with the level of income.
(SF11) Both skilled and unskilled workers tend to migrate towards high-income

countries.

Although we shall have very little to say about the last three stylized facts, the
other facts will be referred to regularly.

14.2 The Solow—Swan Model

The neoclassical growth model was developed independently by Solow (1956) and
Swan (1956). The central element of their theory is the notion of an aggregate
production function (which has been used throughout the book). It can be written
in a very general form as:

Y(t) = F [K(t), L(t), t] , (14.1)

where t is the time index which appears separately in the production function
to indicate that the technology itself may not be constant over time. We retain
the assumption of perfectly competitive behaviour of firms which implies that the
production function must obey constant returns to scale. We label this first property
of technology (P1): 1

14

conomic growth?

' . 7ed facts?

to the Solow—Swan model?

)del based on dynamically

various traditional growth

I

F [AK(t), XL(t), t] = Al? [K(t), L(t), t] , for A. > 0. 	 (P1)

income. 	 1 See the Intermezzo on production theory in Chapter 4 above.
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It is assumed that the household sector as a whole (or the representative household)
consumes a constant fraction of output and saves the rest. Aggregate saving in the
economy is then:

S(t) = sY (t), 0 < s < 1,	 (14.2)

where s is the constant propensity to save which is assumed to be exogenously
given. In a closed economy, output is exhausted by household consumption C(t)
and investment I(t):

Y(t) = C(t) /(t), 	 (14.3)

where we have assumed that government consumption is zero for now. Aggre-
gate gross investment is the sum of replacement investment, SK(t) (where 8 is the
constant depreciation rate), and the net addition to the capital stock, K(t):

I(t) = SK(t) K(t). (14.4)

We assume that labour supply is exogenous but that the population grows as a whole
at a constant exponential rate nL:

L(t)
L(t) 

=	 L(t) = L(0)ena , 	 (14.5)

where we can normalize L(0) = 1.

14.2.1 No technological progress
We first look at the case for which technology itself is time-invariant, so that the
production function (14.1) has no separate time index:

Y(t) = F [K(t), L(t)] • 	 (14.6)

In addition to linear homogeneity (property (P1)), the production function features
positive but diminishing marginal products to both factors:

FK, FL > 0, FKK, Fu < 0, FKL > 0. 	 (P2)

A more controversial assumption, but one we will make nevertheless, is that F(.)
obeys the so-called Inada conditions (after Inada (1963)) which ensure that it has
nice curvature properties around the origin (with K or L equal to zero) and in the
limit (with K or L approaching infinity): 2

K-03	 L-4) 	 K—>oo 	 oo
lim FK = lim FL = +00, lim FK = lim FL = 0. 	 (P3)

As we shall demonstrate below, these conditions are far from innocuous and actually
preclude a number of interesting non-standard cases.

2 Ironically these are the two points about which we humans know the least. The question "Where
do we come from and what are we heading for?" is perhaps better dealt with by theologians than by
macroeconomists. The Inada conditions obviate the need for a deep study of theology.
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Chapter 14: Theories of Economic Growth

The model consists of equations (14.2)—(14.5) plus the savings-investment iden-
tity, S(t) I (t). Because the labour force grows, it is impossible to attain a steady
state in levels of output, capital, etc., but this problem is easily remedied by mea-
suring all variables in per capita or intensive form, i.e. we define y(t)	 Y (t)/ L(t),
k(t)	 K(t)/ L(t), etc. The model can then be condensed into a single differential
equation in the per capita capital stock:

k(t) = sf (k(t)) – (8 + nL)k(t), 	 (14.7)

where f (k(t)) is the intensive form of the production function and use has been
made of the linear homogeneity property (P1):

f (k(t))	 F [K(t)/ L(t), I] . 	 (14.8)

We can obtain insight into the properties of the model by working with a phase
diagram for k(t)—see Figure 14.1. In that figure, the straight line (8 + nL)k(t) repre-
sents the amount of investment required to replace worn-out capital and to endow
each existing worker with the same amount of capital. Since the work force grows,
the line features the growth rate of the labour force, nL. Since the savings rate,
s, is constant by assumption, the per capita saving curve has the same shape as
the intensive-form production function. To draw this curve we need to know what
happens for k(t) = 0 and k(t) oo. We obtain from (14.8):

f/ (k(0)	 FK [k(t), 1] , f"(k(t)) 	 L(t)FKK [k(t), 1] , 	 (14.9)

about which the Inada conditions (P3) say all we need to know: f (k(t)) is vertical
at the origin, is concave, and flattens out as more and more capital per worker is
accumulated. Hence f (k(t)) and sf (k(t)) are as drawn in Figure 14.1. 3

It follows in a straightforward fashion from the diagram that the model is stable.
From any initial position k(t) will converge to the unique equilibrium at point
E0 . In the steady state capital per worker is constant and equal to k(t) = k*. This
implies that the capital stock itself must grow at the same rate as the work force,
i.e. K(t)/K(t) = L(t)/ L(t) = nL . The intensive-form production function says that
steady-state output per worker, y*, satisfies y* = f (k*) and is thus also constant.
Hence, output itself also grows at the same rate as the work force, i.e. Y(t)/Y(t) = nL,
and since the savings rate is constant, the same holds for the levels of saving and
investment. In the balanced growth path we thus have:

k(t) 	 1(t) 	S(t)	 L(t) 	 n
Y(t)	 K(t) 	 I (t) 	 S(t) 	 L(t) 	 L.

Since the rate of population growth is exogenous, the long-run growth rate of the
economy is exogenously determined and thus cannot be influenced by government

3 Barro and Sala-i-Martin (1995, p. 52) show that both inputs are essential if the properties (P1)—(P3)
are satisfied. Hence, F(0, L) = F (K , 0) = f (0) = 0.

(14.10)
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policy or household behaviour. For example, an increase in the savings rate rotates
the savings function counter-clockwise and gives rise to a higher steady-state capital-
labour ratio but it does not affect the rate of economic growth along the balanced
growth path.

Before turning to a detailed examination of the properties of the Solow-Swan
model we first expand the model by re-introducing technological change into the
production function.
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Figure 14. The Solow-Swan model  

14.2.2 Technological progress
Technical change can be embodied or disembodied (see Burmeister and Dobell, 1970,
ch. 3). Embodied technical change is only relevant to newly acquired and installed
equipment or workers and therefore does not affect the productivity of existing
production factors. Disembodied technical progress takes place if, independent
of changes in the production factors, isoquants of the production function shift
inwards as time progresses (Burmeister and Dobell, 1970, p. 66). Reasons for this
inward shift may be improvements in techniques or organization which increase
the productivity of new and old factors alike. We focus on disembodied technical
progress in the first part of this chapter but will return to examples of embodied
technical progress later on.

We can represent different cases of factor-augmenting disembodied technical
change by writing the production function (14.1) in the following form:

Y(t) = F [AK (t)K(t), AL(OL(t)i
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where AK(t) and AL(t) only depend on time, and AK(t)K(t) and AL (t)L(t) are "effec-
tive capital" and "effective labour" respectively. Technical progress is purely labour
augmenting if AK (t) 0 and AL (t) > 0, purely capital augmenting if AL (t) 0 and
AK(t) > 0, and equally capital and labour augmenting if AK (t) AL (t) > 0.

Three different concepts of neutrality in the process of technical advance exist in
the literature (Burmeister and Dobell, 1970, p. 75; Barro and Sala-i-Martin, 1995, p.
33). Technological change is (a) Harrod neutral if the relative input share FKK/FLL is
constant over time for a given capital-output ratio, K/Y, (b) Hicks neutral if this share
is constant over time for a given capital-labour ratio, K/L, and (c) Solow neutral if this
share is constant over time for a given labour-output ratio, L/Y. In terms of equation
(14.11), the three cases correspond to, respectively, AK(t) 1, AK(t) AL (t), and
AL(t) 1.

Of course, for the Cobb-Douglas production function the three concepts of
neutrality are indistinguishable, since:

(6 + n L ) k (t)

f (k (t))

sf (k (t))

k (t)

Y(t) = [AK(OK(t)r
= K(t)" [AL(t)L(t)1 1-" for AL(t) AK(t)" /(1-")

	
(14.12)
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For non-Cobb-Douglas cases, however, the different neutrality concepts have dif-
ferent implications for balanced growth. Barro and Sala-i-Martin (1995, pp. 54-55)
show, for example, that technical progress must be Harrod neutral (labour aug-
menting) for the model to have a steady state with a constant growth rate. In a
steady state we must have a constant capital-output ratio and it can be shown that
for forms of technological progress that are not Harrod neutral, one of the factor
shares approaches zero if the capital-output ratio is to be constant. So if we wish to
have balanced growth and be able to consider a non-unitary substitution elasticity
between capital and labour, we must assume Harrod-neutral technical progress. The
remainder of the discussion in this section will thus assume that Harrod neutrality
holds.

The production function is written as:

Y(t) = F [K(t), N(t)] , 	 (14.13)

where N(t) measures the effective amount of labour (N(t) A(t)L(t)) and we assume
that technical progress occurs at a constant exponential rate:

A(t) n
A(t) 	 A'

A(t) = A(0)enA t .	 (14.14)

Since the labour force itself grows exponentially at a constant rate nL (see (14.5)),
the effective labour force grows at a constant exponential rate nr, + nA •

By measuring output and capital per unit of effective labour, i.e. y(t) Y (t)/N(t)
and k(t)	 K(t)/N(t), and following the standard solution procedure explained

in the savings rate rotates
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above, the fundamental differential equation for k(t) is obtained:

k(t) = sf(k(t)) — (6 + nL + nA)k(t)• (14.15)

In the steady state, k* = sy* / (6 + nt + nA), so that output and the capital stock grow
at the same rate as the effective labour input. Hence, equation (14.10) is changed
to:

Y(t) _ K(t) _ i(t) _ S(t) 	 N(t) 	L(t) A(t)
=nt+ nA •

Y(t)	 K(t)	 I(t)	 S(t)	 N(t)	 L(t)	 A(t)

Hence, exactly the same qualitative conclusions are obtained as in the model with-
out technological advance. Long-term balanced growth merely depends on the
exogenous factors nL and nA.

14.3 Properties of the Solow—Swan Model

In this section we study the most important properties of the Solow—Swan model.
In particular, we look at (a) the golden rule and the issue of over-saving, (b) the
transitional dynamics implied by the model as well as the concept of absolute versus
conditional convergence, and (c) the speed of dynamic adjustment.

14.3.1 The golden rule of capital accumulation
One of the implications of the model developed thus far is that, even though long-
term balanced growth is exogenous (and equal to n + nA), the levels of output,
capital, and consumption are critically affected by the level of the savings rate. In
other words, even though s does not affect long-term growth it does affect the path
along which the economy grows. This prompts the issue concerning the relative
welfare ranking for these different paths. To the extent that the policy maker can
affect s, he/she can also select the path on which the economy finds itself. We first
consider steady-state paths.

In the steady state, equation (14.15) implies a unique implicit relationship
between the savings rate and the equilibrium capital-labour ratio which can be
written as:

k* = k*(s), (14.17)

with dk* /ds = y* /[8 + n — sf/(k*)] > 0. Suppose that the policy maker is interested in
steady-state per capita consumption and, to keep things simple, assume that there
is no technical progress (i.e. nA = 0 and n = nL). Consumption per capita can then

be written
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be written as:

c(s) = (1 — s)f [k* (s)] = f [k* (s)] — (3 + n)k* (s), 	 (14.18)

which in Figure 14.1 represents the vertical distance between the production func-
tion and the required-replacement line in the steady state. In Figure 14.2 we plot
c(s) for different savings rates. Any output not needed to replace the existing capital
stock per worker in the steady state can be consumed. Per capita consumption is at
its maximum if the savings rate satisfies dc(s)I ds = 0, or:

dc(s)	 dk* (s)
	  =	 [k* (s)] (8 + n)] 	  = 0. 	 (14.19)

ds	 ds

In terms of Figure 14.1, per capita consumption is at its maximum at point A where
the slope of the production function equals the slope of the required-replacement
function. In view of (14.19), the golden rule savings rate, SGR , satisfies:

f, [k* (sGR )] = 8 + n. (14.20)

The golden rule savings rate is associated with point E1 in Figure 14.2. Burmeister
and Dobell (1970, pp. 52-53) provide the intuition behind the result in (14.20).
The produced asset (the physical capital stock) yields an own-rate of return equal
to f' — 8, whereas the non-produced primary good (labour) can be interpreted as
yielding an own-rate of return nL = n. Intuitively, the efficient outcome occurs if
the rates of return on the two assets are equalized, i.e. if the equality in (14.20)
holds.

Note that the expression in (14.20) can be rewritten as:

sGR = ( 8 + n)k* (sGR)	 k* (sGR )r [k* (sGR )] 
f [k* (sGR)1	 f [k*(sGR)]

(14.21)

Equation (14.21) shows that the golden rule savings rate should be equated to the
share of capital income in national income (which itself in general depends on the
golden rule savings rate). In the Cobb—Douglas case, with f = k(t)" , a represents
the capital income share so that the golden rule savings rate equals SGR = a.

We are now in a position to discuss the concept of dynamic inefficiency. We call an
economy dynamically inefficient if it is possible to make everybody at least as well
off (and some strictly better off) by reducing the capital stock. Consider the situation
in Figure 14.2, and assume that the actual steady-state savings rate is so so that the
economy is at point Eo. Since this savings rate exceeds the golden rule savings rate
(so sGR\) per capita consumption is lower that under the golden rule. It is not
difficult to show that point E0 is dynamically inefficient in the sense that higher
per capita consumption can be attained by reducing the savings rate. Figure 14.2
shows that a reduction in the savings rate from so to SGR would move the steady
state from E0 to E 1 and lead to higher per capita steady-state consumption. With
the aid of Figure 14.3 we can figure out what happens to per capita consumption

ained:
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S1	 SGR 	 So

Figure 14.2. Per capita consumption and the savings rate

during the transitional phase. The economy is initially at point E 0 and the initial
steady-state capital-labour ratio is 4. A reduction in the savings rate (from s o to
sGR) rotates the per capita consumption schedule in a counter-clockwise fashion
and the economy jumps from Eo to A at impact. Since the transition towards the
golden-rule capital-labour ratio kGR is stable, the economy moves from A to the new
steady-state point E 1 as k(t) falls towards kGR during transition. Hence, as a result of
the decrease in the savings rate, consumption is higher than it would have been,
both during transition and in the new steady state, i.e. the reduction in s is thus
Pareto-improving. As a result, we can conclude that savings rates exceeding SGR are
dynamically inefficient.

The same conclusion does not hold if the savings rate falls short of SGR as the
Pareto-optimality property cannot be demonstrated unambiguously. Consider an
economy in which the savings rate is too low, i.e. s1 < SGR . In terms of Figures 14.2
and 14.3, the economy is initially at point £2. An increase in the savings rate from
s 1 to SGR still leads to an increase in steady-state per capita consumption. During
transition, however, per capita consumption will have to fall before it can settle at
its higher steady-state level prescribed by the golden rule. In terms of Figure 14.3, at
impact the economy jumps from E2 to B as the savings rate is increased. During part
of the transition consumption is lower than it would have been in the absence of the
shock. Since we have no welfare function to evaluate the uneven path of per capita
consumption we cannot determine whether the increase in s is Pareto-improving
in this case.
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Figure 14.3. Per capita consumption during transition to
its golden rule level

14.3.2 Transitional dynamics and convergence
Up to now attention has been focused on steady-state issues. We now return to
the model with exogenous technical change, the fundamental equation of which
is given in (14.15). By defining the growth rate of k(t) as yk(t) k(t)/k(t), we derive
from (14.15):

yk(t) sf(k(t))/k(t) - (8 + n), 	 (14.22)

where n	 + nA. In Figure 14.4 this growth rate is represented by the Vertical
difference between the two lines. 4 An immediate implication of (14.22), or Figure
14.4 for that matter, is that countries with little capital (in efficiency units) grow
faster than countries with a lot of capital. In other words, poor and rich countries
should converge!

Note that the growth rate of output in efficiency units of labour, yy (t), is uniquely
linked to yk(t):

	p (t)	 f' [k(t)] k(t) 
	y y (t) = 	 = 	  = (0K(t)Yk(t), 	 (14.23)
	Y(t)	 y(t)

	where (K (t) 	 f' (k(t))k(t)/y(t) is the capital share in national income (see below).
For a Cobb-Douglas production function this share is constant (WK (t) = a) but this
does not hold if the substitution elasticity between capital and labour is unequal to
unity.
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Take, for example, the CES production function:

F [K(t), N (t)] 	 [a K (t) ( 'KL -1)/	 + (1 — a)N , (crla.-1)/0-KLFKL,(.71,„„)

f [k(t)] --== [1 — a + ak(t)(,KL-1)1aKLTKL (o-la -1) , 	 (14.24)

where ola, (>0) represents the substitution elasticity between capital and labour. The
capital share implied by (14.24) is given by (K (t) EE a[f (k(t))/ k(t)ria -1)/aKL , which
thus depends on k(t) according to:

&DK (t) (
cIKL — 1 1[1 (0K (t)]  	 14.25

cox (t)	 CrKL 	 k(t) 	
(	 )

It follows that for 0-KL, > 1 (<1), an increase in k(t) results in an increase (decrease)
in the share of capital in national income. By using (14.23) and (14.25) we obtain
the result linking output growth to the output level in efficiency units of labour:

(14.26)

For economies with positive growth in k(t) (for which yk(t) > 0) the term in square
brackets on the right-hand side of (14.26) is guaranteed to be positive, so that a
higher output level in efficiency units of labour is associated with a lower growth rate
in output. The same holds for declining economies (for which yk(t) < 0) operating
to the right of their steady-state position, provided they are not too far from this
steady state (i.e. yk(t) must not be too negative).

dyy (t) = (1 — „Km) [Yk(t) n 4_ 3] (dy(t)

Y(t)) • E
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This suggests that there is a simple empirical test of the Solow-Swan model which
is based on the convergence property of output in a cross-section of many different
countries. We take a group of closed economies (since the Solow-Swan model refers
to the closed economy) and assume that they are similar in the sense that they pos-
sess the same structural parameters, s, n, and 8, and the same production function,
so that in theory they have the same steady state. The so-called absolute convergence
hypothesis (ACH) then suggests that poor countries should grow faster than rich
countries. Barro and Sala-i-Martin (1995, p. 27) show the results of regressing of
yy (t) on log y(t) for a sample of 118 countries. The results are dismal: instead of
finding a negative effect as predicted by the ACH, they find a slight positive effect,
i.e. initially rich countries grow faster than poor countries. Absolute convergence
does not seem to hold and (Romer's) stylized fact (SF7) is verified by the data.

This rejection of the ACH does not necessarily mean that the Solow-Swan model
is refuted because one of the identifying assumptions underlying the regression
results could be false. For example, if a rich country has a higher savings rate than a
poor country, it could actually be further from its (higher) steady state than the poor
country is from its steady state. The Solow-Swan model then predicts that the rich
country will be growing faster than the poor country, as indeed the empirical results
of Barro and Sala-i-Martin (1995) suggest. We demonstrate this result in Figure 14.5
where sp and sR are the savings rates of the poor and the rich country, respectively,
and (k*)P and (k*) R are the corresponding steady states. If the poor country is initially
at kP (0) and the rich country at kR(0), the former will grow slower than the latter
(the vertical distance CD is larger than AB).

A refined test of the Solow-Swan model makes use of the conditional convergence
hypothesis (CCH) according to which similar countries should converge. Barro and

(5+ n
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I
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Sala-i-Martin (1995, pp. 27-28) show that convergence does appear to take place
for the twenty original OECD countries and a fortiori for the different states in the
US. This suggests that the CCH is not grossly at odds with the data, which is good
news for the Solow-Swan model (and bad news for some of the endogenous growth
models discussed below).

14.3.3 The speed of adjustment
The convergence property is not the only testable implication of the Solow-Swan
model. Apart from testing whether economies converge, another issue concerns how
fast they converge. In order to study this issue further we follow Burmeister and
Dobell (1970, pp. 53-56) and Barro and Sala-i-Martin (1995, pp. 37-39, 53) by
focusing on the Cobb-Douglas case for which f = k(t)", and the fundamental
differential equation (14.15) becomes:

k(t) = sk(t)" - (8 + n)k(t).	 (14.27)

An exact solution to this differential equation can be obtained by using a transfor-
mation of variables, i.e. by rewriting (14.27) in terms of the capital-output ratio,
x(t) k(t)/y(t) = k(t)l -a:

X(t) = (1 - a) [s - (8 n)x(t)] .	 (14.28)

The solution to (14.28) is obtained by standard methods:

x(t) = x(oo) + [x(0) - x(oo)] e-t ,	 (14.29)

where x(oo) s/(8+n) is the steady-state capital-output ratio to which the economy
converges in the long run, and where fi a:- (1 - a)(8 n) measures the speed of
convergence. The interpretation of ,8 is as follows: x 100% of the divergence
between x(t) and x(oo) is eliminated after a time interval of 4:

	- (1/13) log (1 - 	 (14.30)

Hence, the half-life of the divergence = D equals t i/2 = log 2/fi = 0.693//3. 5 Some
back-of-the-envelope computations based on representative values of n1. = 0.01 (per
annum), n A = 0.02, 8 = 0.05, and a = 1/3 yield the value of /3 = 0.0533 (5.33% per
annum) and an estimated half-life of t112 = 13 years. Transition is thus relatively
fast, at least from a growth perspective. 6 As Barro and Sala-i-Martin (1995, p. 38)
indicate, however, this estimate is far too high to accord with empirical evidence.

5 See also Chapter 7 where we compute the convergence speed of the unemployment rate in a
discrete-time setting.

6 Note that Sato (1963) actually complains about the startlingly low transition speed implied by the
Solow-Swan model. His object of study is fiscal policy and business cycle phenomena. In this context
convergence of 5% per annum is slow. Hence the different conclusion.
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They suggest that p is more likely to be in the range of 2% per annum (instead of
5.33%). So here is a real problem confronting the Solow-Swan model. In order for it
to generate a realistic convergence rate of 2%, for given values of 6 and n, the capital
share must be unrealistically high (a value of a = 4 actually yields an estimate of
p= 0.02)! One way to get the Solow-Swan model in line with reality is to assume a
broad measure of capital to include human as well as physical capital. This is indeed
the approach taken by Mankiw, Romer, and Weil (1992).

14.3.4 Human capital to the rescue
Mankiw, Romer, and Weil (1992, p. 415) start their highly influential analysis by
using real world data to estimate the textbook Solow model. They show that, though
the model appears to fit the data quite well, some of the parameter estimates are not
entirely satisfactory. For example, the estimated capital coefficient is much larger
than the actual capital share of about one third. So either their Cobb-Douglas tech-
nology assumption is inappropriate or there is a serious mis-measurement of the
capital input. They adopt the latter stance and suggest that the convergence conun-
drum of the Solow-Swan model disappears if the production function is modified
to include human capital:

Y(t) = K(t)"KH(t)" [A (t)L(t)1 1-a
K-"H , 0 < otK + aH < 1,	 (14.31)

where H(t) is the stock of human capital and aK and aH are the efficiency parameters
of the two types of capital (0 < aK, aH < 1). In close accordance with the Solow-Swan
model, productivity and population growth are both exponential (A(t)/A(t) nA

and L(t)/L(t) = nL ) and the accumulation equations for the two types of capital can
be written in effective labour units as:

k(t) = sKy(t) + (6 + n)k(t), 	 (14.32)

h(t) = sHy(t) + (6 + n)h(t), 	 (14.33)

where h(t) H(t)/0(t)L(t)], n E---- nA -1- nL, and sK and sH represent the propensities to
accumulate physical and human capital, respectively. The production functions as
well as the depreciation rate of the two types of capital are assumed to be equal. Since
there are decreasing returns to the two types of capital in combination (aK + aH < 1)
the model possesses a steady state for which k(t) = h(t) = 0, k(t) = k*, and h(t) = h*.
By using (14.31)-(14.33) we obtain:

e l—aH aH 1 /( 1— .K —aH)

k* = 	 sH 
6 + n

By substituting k* and h* into the (logarithm of the) production function (14.31)
we obtain an estimable expression for per capita output along the balanced growth

(14.29)
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path:

aK aH 	log [Y(t)/L(t)] = log A(0) + nA t — 	 ) log (n + 8)
- al( - aH

	( 1 - aK aH 	 1 — aK aH

aK 	
)10g SK 	

aH 	 ) log sH. 	 (14.35)

Mankiw et al. (1992, p. 417) suggest approximate guesses for aK = 3 and aH between
and 9. The latter guess is based on the observation that in the US manufacturing

sector the minimum wage is between a third and a half of the average wage. By
interpreting the minimum wage as the return to labour without any human capital
(so-called "raw" labour), this means that between half and two thirds of the total
payment to labour represents the return to human capital. Since an income share
of (1 - aK) is left after payments to owners of physical capital are taken care of, this
implies 1. (1 - aK) < aH < 4(1 - aK) or 3 < an- <

As a result of the inclusion of human capital, the model is much better equipped
to explain large cross-country income differences for relatively small differences
between savings rates (sK and sH) and population growth rates (n). This is apparent
from equation (14.35). An increase in sic, for example, induces higher income in
efficiency units just as in the standard Solow-Swan model (see (14.32)) but also
raised the stock of human wealth in efficiency units. By adding human capital to
the model, the elasticity of sK in (14.35) is of the order of unity rather than one
half which is predicted by the standard Solow-Swan model. A similar conclusion
holds for a change in n. An increase in n reduces income because both physical and
human capital are spread out over more souls and the elasticity of (n + 8) is not -4,
as in the Solow-Swan model, but a staggering -2! See Romer (1996, pp. 134-135)
for a further numerical example.

Not surprisingly, the inclusion of a human capital variable works pretty well
empirically; the estimated coefficient for aH is highly significant and lies between
0.28 and 0.37 (Mankiw et al., 1992, p. 420). The convergence property of the aug-
mented Solow-Swan model is also much better. The convergence speed is now
defined as p (1 aK — aH)(n + 8) which can be made in accordance with the
observed empirical estimate of = 0.02 without too much trouble. Hence, by this
very simple and intuitively plausible adjustment the Solow-Swan model can be sal-
vaged from the dustbin of history. The speed of convergence it implies can be made
to fit the real world.

7 Ingenious as it is, this approach to estimating the income share of human capital is not without
dangers, especially in Europe where the minimum wage is policy manipulated rather than market
determined.

14.4 Macroec
4

The Solow-Swan n
such as the effect
Ricardian equivale
Solow-Swan mode

14.4.1 Fiscal pol
Suppose that the
demand in the goo

Y(t) = C(t) +

Aggregate saving is

S(t) = s [Y(t) 
-

where T(t) is the
government defit
investment, i.e. GO
by:

B(t) = r(t)B(t)

where B(t) is govt
competitive condi
productivity of cal

r(t) = f'(k(t)) -

By writing all ca:
condensed to the f

k(t) = f(k(t)) -

= sf (k(t))

b(t) = [f"(k(t))

where r(t)--_E-T(t)i.
Under pure tax t

b(t) = 0), the govt

8 This result is de,-

418



419

Chapter 14: Theories of Economic Growth

) log sH. 	 (14.35)

'tx = 3 and aH between
i the US manufacturing
,f the average wage. By
lout any human capital
two thirds of the total
Since an income share

are taken care of, this

; much better equipped
tively small differences
.'s (n). This is apparent

luces higher income in
1 (see (14.32)) but also
'cling human capital to
unity rather than one

I. A similar conclusion
i se both physical and

:itv of (n + 6) is not -1,
(1996, pp. 134-135)

able works pretty well
ant and lies between

ce property of the aug-
rgence speed is now
accordance with the
)uble. Hence, by this
an model can be sal-

it implies can be made

an capital is not without
►ulated rather than market

14.4 Macroeconomic Applications

The Solow-Swan model can also be used to study traditional macroeconomic issues
such as the effect of fiscal policy and the issue of debt versus tax financing and
Ricardian equivalence. In order to keep things simple, we return to the standard
Solow-Swan model in which there is only physical capital.

14.4.1 Fiscal policy in the Solow model

Suppose that the government consumes G(t) units of output so that aggregate
demand in the goods market is:

Y(t) = C(t) + I(t) + G(t). 	 (14.36)

Aggregate saving is proportional to after-tax income, so that (14.2) is modified to:

S(t) = s [Y(t) - T (0] 	 (14.37)

where T(t) is the lump-sum tax. Since S(t) 	 Y(t) - C(t) - T(t) any primary
government deficit must be compensated for by an excess of private saving over
investment, i.e. G(t) - T(t) = S(t) - I(t). The government budget identity is given
by:

B(t) = r(t)B(t) + G(t) - T(t), 	 (14.38)

where B(t) is government debt and r(t) is the real interest rate which, under the
competitive conditions assumed in the Solow-Swan model, equals the net marginal
productivity of capital: 8

r(t) = (k(t)) - 3.	 (14.39)

By writing all variables in terms of effective labour units, the model can be
condensed to the following two equations:

k(t) = f(k(t)) - (6 n)k(t) - c(t) - g(t)

= sf(k(t)) - (6 + n)k(t) + (1 - s)-c(t) - g(t), 	 (14.40)

b(t) = 	 (k(0) - 6 - n] b(t) + g(t) - r (t), 	 (14.41)

where t (t) T(t)/N(t), g(t) G(t)/N(t), and b(t) B(t)/N(t).
Under pure tax financing and in the absence of initial government debt (b(t) =

b(t) = 0), the government budget identity reduces to g(t) 	 r(t). By substituting

8 This result is demonstrated more formally below. See section 5.2.
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Figure 14.6. Fiscal policy in the Solow–Swan model

this expression into (14.40) we obtain:

k(t) = sf(k(t)) – (6 + n)k(t) – sg(t). 	 (14.42)

The economy can be analysed with the aid of (14.40) alone—see Figure 14.6. In the
absence of government consumption, the unique (and stable) steady-state equi-
librium is at point E0. An increase in government consumption shifts the net
investment line down which results in multiple equilibria (or even no equilibria).
Of these equilibria, the one at point A is unstable and that at E1 is stable. Fiscal
policy crowds out the physical capital stock. At impact, private consumption and
net investment (in efficiency units of labour) both fall (dc(0) < 0 and dk(0) < 0) but
output is unchanged (dy(0) = 0). Over time, as the capital stock dwindles, output
and private consumption per effective labour unit fall:

dy(oc) 	 f' dk(oo)	 sf'
	  < 0, 	 (14.43)

dg	 dg	 sf' – (6 + n)
dc(oo)	 dy(oo)1_ (1 – s)(3 + n)
dg = 

(1 s)[1
dg 	 s

- 

f' – (8 + n)
(14.44)

Next we consider the issue of bond financing. If the government increases its con-
sumption without at the same time raising r (t) by the same amount, a primary
deficit will be opened up which, according to (14.41), will lead to an ever-increasing
explosive process for government debt (since r > n by assumption in (14.41)). In
order to avoid this economically rather uninteresting result, we postulate a debt
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Figure 14.7. Ricardian non-equivalence in the
Solow–Swan model

stabilization rule, a variation of which was suggested by Buiter (1988, p. 288):

t(t) = to + 0(t), 4 > r – n.	 (14.45)

By substituting (14.45) into (14.41) we obtain a stable debt process: 9

b(t) = [f'(k(t)) – 8 – n – b(t) + g(t) – to. 	 (14.46)

The dynamic properties of the economy can be illustrated with the aid of a phase
diagram in (k, b) space—see Figure 14.7. By combining (14.40) and (14.45) we obtain
the following expression:

k(t) = sf (k(t)) – (8 + n)k(t) (1 – s) [to + 0(t)] – g(t).	 (14.47)

The slope of the k = 0 line is obtained from (14.47) in the usual fashion:

(14.42)
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db(0\	 (1 –
> 0.

dk(t))0-)=0 8 + n – sf'
(14.48)

The k = 0 line is upward sloping and points above (below) this line are associated
with positive (negative) net investment, i.e. k > 0 (< 0). Ceteris paribus the capital
stock, an increase in the level of debt raises tax receipts (by (14.45)), reduces con-
sumption, and renders net investment positive. As a result, the new capital stock
equilibrium features a higher capital stock. The dynamic forces are indicated by
horizontal arrows in Figure 14.7.

9 Equation (14.46) is stable because the coefficient for b(t) on the right-hand side is equal to (r—n)— f ,
which is negative.

(14.44)
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The b 0 line is obtained from (14.46). It is horizontal if debt is zero initially but
with a positive initial debt level, it is downward sloping because of the diminishing
marginal productivity of capital:

db(t) 	 bf" 
dk(t) b(0=0 	- (r - n) < 0.

(14.49)

For points above (below) the b = 0 line there is a government surplus (deficit) so that
debt falls (rises). This is indicated with vertical arrows in Figure 14.7. The Buiter rule
thus ensures that the economy follows a stable (and possibly cyclical) adjustment
pattern, as can be verified by graphical means.

Now consider the typical Ricardian equivalence experiment, consisting of a post-
ponement of taxation. In the model this amounts to a reduction in To. This creates a
primary deficit at impact . (g (t) > ro) so that government debt starts to rise. In terms
of Figure 14.7, both the k = 0 line and the b = 0 line shift up, the former by more
than the latter. In the long run, government debt, the capital stock, and output (all
measured in efficiency units of labour) rise as a result of the tax cut.

dy(oo) 	 f' dk(oo) 	 (1 - s)(r - n)f' < 0,
	dro	 di-0 	 101

db(oo) sf' - + n) + (1 - s)bf" < 
0 ,

	duo	 I I

	

where I A I 	 =	 (r - n)] [n +8 - sf'] - (1 - s)K f" > 0 is the determinant of the
Jacobian matrix of the two-by-two system of differential equations, and Xi and A2
are the two characteristic roots. As tr(A) Al +A2 = (r - n)] - [n + 3 — Sr] < 0,

both roots are negative, i.e. as we already verified by graphical means, the system
is stable. Clearly, Ricardian equivalence does not hold in the Solow-Swan model.
A temporary tax cut boosts consumption, depresses investment, and thus has real
effects.

14.5 The Ramsey Model

Up to now we have assumed an ad hoc savings function according to which aggre-
gate saving is a constant fraction of income (see (14.2)). Whilst the underlying
consumption function works rather well empirically, there are serious theoretical
objections that can be raised against it. In Chapter 6, for example, it was shown
that a forward-looking "representative" agent would condition consumption not on
some measure of disposable income but rather on lifetime wealth, comprising the
sum of financial and human wealth. In this section we investigate the implications
for growth of the intertemporal consumption theory.

(14.50)

(14.51)
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14.5.1 The representative consumer

Assume that the representative consumer is infinitely lived l° and blessed with per-
fect foresight. The consumer experiences instantaneous utility (or "felicity") which
depends on the consumption flow c(t). The felicity function, U(c(t)), exhibits posi-
tive but diminishing marginal utility and thus satisfies U'(c(t)) > 0 and U"(c(t)) < 0.
In addition the following Inada-style conditions are imposed:

lim U'[c(t)] = +oo, lim Ujc(t)] = 0. (14.52)c(t)-,o c(t)-,00

The consumer derives no felicity from the consumption of leisure and is assumed to
inelastically supply L(t) units of labour to a competitive labour market. As before,
labour supply grows over time at a constant exponential rate (i.e. L(t)/L(t) = 11

The consumer's utility functional is defined as the discounted integral of present
and future felicity. Normalizing the present by t = 0 ("today") we obtain:

A(0) f U [c(t)]e- P t dt , p > 0, (14.53)

where A(0) is lifetime utility and p is the pure rate of time preference. At time t, the
consumer holds financial assets totalling A(t) and yielding a rate of return of r(t).
The budget identity is thus given by:

C(t) + A(t) r(t)A(t) + W (t)L(t), (14.54)

where W(t) is the real wage and C(t) c(t)L(t) is aggregate consumption. Equation
(14.54) says that the sum of income from financial assets and labour (the right-
hand side) is equal to the sum of consumption and saving (the left-hand side). By
rewriting (14.54) in per capita form we obtain:

a(t) [r(t) - n] a(t) + W (t) - c(t), (14.55)

where a(t) A(t)/ L(t). As it stands, (14.55) is still no more than an identity, i.e.
without further restrictions it is rather meaningless. Indeed, if the household can
borrow all it likes at the going interest rate r(t) it will simply accumulate debt indef-
initely and thus be able to finance any arbitrary consumption path. To avoid this
economically nonsensical outcome, we need to impose a solvency condition:

lim a(t) exp [- f [r(r) - n] ch-] = 0. (14.56)
t->00 

Intuitively, (14.56) says that the consumer does not plan to "expire" with positive
assets and is not allowed by the capital market to die hopelessly indebted. 12

10 Alternatively, one might assume a representative family dynasty, the members of which are linked
across time via operative bequests. See Barro and Sala-i-Martin (1995, p. 60) and Chapter 6 for this
interpretation.

11 Under the extended-family interpretation the family grows exponentially at rate 0L .
12 Compare the discussion in Barro and Sala-i-Martin (1995, pp. 62-66). Strictly speaking (14.56)

in equality form is an outcome of household maximizing behaviour rather than an a priori restriction.
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By integrating (14.55) over the (infinite) lifetime of the agent and taking into
account the solvency condition (14.56), we obtain the household lifetime budget
constraint:

CO

c(t)e-[R(t)-nt] dt	 a(0) + h(0), 	 (14.57)

where a(0) is the initial level of financial assets, h(0) is human wealth, and R(t) is a
discounting factor:

R(t)	 r(r)dr,	 (14.58)

h(0) f W(t)e- IRM-nti dt.	 (14.59)

Equation (14.59) shows that human wealth is the present value of the real wage,
i.e. the market value of the agent's time endowment. From the viewpoint of the
consumer, the right-hand side of (14.57) is given and acts as a restriction on the
time paths for consumption that are feasible.

The consumer chooses a time path for c(t) in order to attain a maximum lifetime
utility level A(0) (given in (14.53)), subject to the lifetime budget restriction (14.57).
The first-order conditions are (14.57) and:

U' [c(t)] e-pt = Ae-[R(t)-nt] 	 t E [0, cc),
	 (14.60)

where A is the marginal utility of wealth, i.e. the Lagrange multiplier associated with
the lifetime budget restriction (14.57). The left-hand side of (14.60) represents the
marginal contribution to lifetime utility (evaluated from the perspective of "today",
i.e. t = 0) of consumption in period t. The right-hand side of (14.60) is the lifetime
marginal utility cost of consuming c(t) rather than saving it. The marginal unit of
c(t) costs exp ( - [R(t) - nt]) from the perspective of today. This cost is translated
into utility terms by multiplying it by the marginal utility of wealth. 13

Since the marginal utility of wealth is constant (i.e. it does not depend on
t), differentiation of (14.60) yields an expression for the optimal time profile of
consumption:

[c(t)] = -Ae- [R(t)-nt- pt] [dR(t) 	n p	 .<=>
at	 dt

U" [c(t)] 
dc(t)

 = -U' [c(t)][r(t) - n - p]
dt

1	 )
0[c(t)] 	

dc(t)
 (c(t) dt 	 = r(t) - n - p,	 (14.61)

where we have used the fact that dR(t) I dt = r(t) (see (14.58)) and where 0[.] is the
elasticity of marginal utility which is positive for all positive consumption levels

By using (14.56) we avoid getting bogged down in technical issues. See also Chapter 6 for an intuitive
discussion of the solvency condition in macroeconomics.

13 See Dixit (1990, ch.10) for intuitive discussions of apparently intractable first-order conditions.
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agent and taking into
isehold lifetime budget

because of the strict concavity of U[.]:

0 [ c ( t ) ] = U" lc (t)] c (t)
U ' [ c ( t ) ] (14.62)

	(14.57)	
The intertemporal substitution elasticity, a [1, is the inverse of 0 [1. By using this rela-

	n wealth, and R(t) is a
	 tionship, the expression in (14.61) can be rewritten to yield the consumption Euler

equation:

(14.58)
1 dc(t)
	  = a[c(t)][r(t) - n - p] .

c(t) dt
(14.63)

(14.59)

value of the real wage,
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n a maximum lifetime
fidget restriction (14.57).

(14.60)

. !tiplier associated with
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optimal time profile of

(14.61)

and where 0[.] is the
- e consumption levels

< - Chapter 6 for an intuitive

'le first-order conditions.

Intuitively, if GT] is low, a large interest gap (r(t) - n - p) is needed to induce
the household to adopt an upward-sloping time profile for consumption. In that
case the willingness to substitute consumption across time is low, the elasticity of
marginal utility is high, and the marginal utility function has a lot of curvature. The
opposite holds if a [.] is high. Then, the marginal utility function is almost linear so
that a small interest gap can explain a large slope of the consumption profile.

As it stands, (14.63) is of little use to us because a [.] still depends on consumption,
rendering (14.63) difficult to work with and the derivation of a closed-form solution
for consumption impossible. For this reason an explicit form for U[.] is chosen.
There are two useful functional forms, i.e. the exponential utility function:

U [c(t)] 	 _ae-(110c(t) 	 a > 0,

and the iso-elastic utility function: 14

U [c(t)] 1-11,
c(0 1-1 1a -1 for a > 0, a 0 1,
log c(t)	 for a = 1.

It is not difficult to verify that the substitution elasticities corresponding with these
two functional forms are, respectively, a [.] = alc(t) and a [.] = a, so that the
respective Euler equations are:

] (exponential felicity), 	 (14.66)

(iso-elastic felicity). 	 (14.67)

So both these utility functions lead to very simple expressions for the Euler equation.
But what about the closed-form solution for consumption itself?

14 The second line in (14.65) is obtained from the first line by letting 1/a approach unity. The trick
is to use L'FlOpital's rule for calculating limits of the 0 0 type:

lira 	
1 	 — lim(1/0_1	 log c
	  = log c.

-

010-1[ 1 - 1/a 	 —1

(14.64)

(14.65)

dc(t)
	  - [r(t) -

dt
1 dc(t)
	  = a [r(t) - n - p]

c(t) dt
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We focus on the iso-elastic case, leaving the exponential case as an exercise for
the reader. First we note that (14.67) can be integrated to yield future consumption
c(t) in terms of current consumption c(0):

	c(t)	 40)e, [R(t)-nt- pi]
	

(14.68)

By substituting this expression into the household budget constraint (14.57) we
obtain in a few steps:

00

c(0)e[R(0-nt- pt] e-[R(t)-nt] dt = a(0) + h(0)

-1)[R(t)-nil-apt dtc (0)	 e('	 = a(0) + h(0)f 

c(0) 0(0) -1 [a(0) + h(0)] , 	 (14.69)

where A(0) -1 is the propensity to consume out of total wealth:
00

	

(0)	 f e(0. -10(t)-nti 	 --74-
UL• (14.70)

0

According to (14.69), consumption in the planning period is proportional to total
wealth. Some special cases merit attention. If a = 1 (so that U[.] in (14.65) is log-
arithmic), A(0) -1 = p and the household consumes a constant fraction of total
wealth in the current period. Income and substitution effects of a change in the
interest rate exactly cancel in this case (see also Chapter 6). Another special case
is often used in the international context. If a country is small in world financial
markets and thus faces a constant world interest rate r* it follows from (14.58) that
R(t) r* t and from (14.70) that A(0) -1 = a p (1— o- )(r* — n). (Of course restrictions
on the parameters must ensure that A(0) remains positive.)

14.5.2 The representative firm
Perfectly competitive firms produce a homogeneous good by using capital and
labour. Since there are constant returns to scale to the production factors taken
together (see (P1)) there is no need to distinguish individual firms and we can make
use of the notion of a representative firm, which makes use of technology as sum-
marized by the production function in (14.6). (We abstract from technical progress
to keep things simple.)

The stockmarket value of the firm is given by the discounted value of its cash
flows:

14.5.3 The phase
The model in Table 1
phase portrait which
rants some additions
space for which the p

15 In deriving (14.72, I.
0.0

V(0) = f [F [K(t), L(t)] — W (t)L(t) — (1 — si) I (t)]e -R(t) dt, (14.71) Jo 1') [K(t) — r(t)K(t)ic

where R(t) is the discounting factor given in (14.58), I (t) is gross investment by
the firm (see equation (14.4)), and sI is an investment subsidy to be used below (in

where we have used the
16 We use F = FKK f

expression.
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this section we assume sI = 0). The firm maximizes its stockmarket value (14.71)
subject to the capital accumulation constraint (14.4). Implicit in the formulation
of the firm's choice set is the notion that it can vary its desired capital stock at will,
i.e. there are no adjustment costs on investment (see Chapter 4 and below for a
discussion of such costs). Indeed, by substituting (14.4) into (14.71) and integrating
we find that the objective function for the firm can be written as:ls

ntial case as an exercise for
I to yield future consumption

(14.68)

idget constraint (14.57) we

V(0) = K(0) + f [F [K(t), L(01 - (r(t) + 8)K(t) - W (t)L(t)]e -R(t) dt , 	 (14.72)

where K(0) is the initial capital stock. Equation (14.72) shows that the firm's decision
about factor inputs is essentially a static one. Maximization of V(0) by choice of L(t)
and K(t) yields the familiar marginal productivity conditions for labour and capital:

FL [K(t), L(t)] = 147 (t) , FK [K(t), L(t)] = r(t) + 8.	 (14.73)

By substituting the marginal productivity conditions (14.73) into (14.72) and noting
the linear homogeneity property of the production function we find that V(0) =
K(0). In the absence of adjustment costs on investment the value of the firm equals
the (replacement) value of its capital stock and Tobin's q is unity.

By writing the production function in the intensive form (see (14.8)) we can
rewrite the marginal products of capital and labour as follows: 16

FK [K(t), L(t)] = f'(k(t)), FL [K(t), L(t)] = f(k(t)) - k(t)r (k(t)). 	 (14.74)

We now have all the ingredients of the model and we summarize them for the
sake of convenience in Table 14.1. Equation (T1.1) is the rewritten Euler equation
associated with an iso-elastic felicity function (see the expression in (14.67)). (T1.2)
combines equations (14.3)-(14.5) and is written in the intensive form. Finally, (T1.3)
is obtained by combining the relevant conditions in (14.73) and (14.74).

14.5.3 The phase diagram
The model in Table 14.1 can be analysed to a large extent by means of its associated
phase portrait which is given in Figure 14.8. The construction of this diagram war-
rants some additional comment. The k(t) = 0 line represents points in (c(t), k(t))
space for which the per capita capital stock is in equilibrium . The Inada conditions

15 In deriving (14.72) the key thing to note is:

[K(t) - r(t)K(t)je -R(t)dt = f d[K(t)e -R(1= —K(0),

where we have used the fact that limK(0_,,, K(t)e-R ( t ) = 0 in the final step.
16 We use F = FKK + FLL, which follows from Euler's theorem, and FK = f' to derive the second

expression.
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Table 14.1. The Ramsey growth model

e(t) = a [r(t) 	 n — p1 c(t), 	 (T1.1)

k(t) = f(k(t)) — c(t) — (8 + n)k(t), 	 (T1.2)

r(t) = f'(k(t)) — b. 	 (T1.3)

Notes: c(t) is per capita consumption, k(t) is the capital-labour ratio, and r(t) is the interest rate. Capital
depreciates at a constant rate 8 and the population grows exponentially with rate n.

The -(t) = 0 line r,
is flat. In view of (T1.1
the rate of time prefer
the superscript "KR" re
result. The Keynes—Rai
ratio (see (T1.3)). Her

I
f, (kKR ) = 8 n

The comparison of (14
lies to the left of k".
Ramsey capital—labour
the modified golden ru..

ensure that it passes through the origin and is vertical there (see point A 1 ). Golden
rule consumption occurs at point A2 where the k(t) = 0 line reaches its maximum:

(dc(t)) 	= 0 : ft [kGR] = 3

dk(t) k(t)=O

The maximum attainable capital-labour ratio, kmAx , occurs at point A3, where per
capita consumption is zero and total output is needed for replacement investment:

f (kmAx)

kmAx = 8 +11.

Finally, the capital dynamics depends on whether there is more or less capital than
the golden rule prescribes:

(ak(t) = r — (8 + 	 0 for k(t) kGR .	 (14.77)
ak(t) k(t) =O

This has been indicated by horizontal arrows in Figure 14.8.
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The e(t) = 0 line represents points for which the per capita consumption profile
is flat. In view of (T1.1) this occurs at the point for which the interest rate equals
the rate of time preference plus the rate of population growth, r" p + n, where
the superscript "KR" refers to "Keynes—Ramsey", who were the first to discover this
result. The Keynes—Ramsey interest rate is associated with a unique capital-labour
ratio (see (T1.3)). Hence, r"f= ,(kKR‘ —) 8 and kKR thus satisfies:

nip ) = 8 n p. (14.78)

The comparison of (14.75) and (14.78) reveals that r(kKR) exceeds r(kGR), i .e. kla

lies to the left of kGR. Finally, we note that the expression determining the Keynes—
Ramsey capital—labour ratio (namely (14.78)) is often referred to in the literature as
the modified golden rule.

14.5.4 Efficiency properties of the Ramsey model

Perhaps the most important property of the Ramsey model is that it precludes the
possibility of dynamic inefficiency and oversaving, phenomena which are possible
in the Solow—Swan model. Intuitively, this result is perhaps not that surprising
because there are no missing markets, distortions, and external effects in the model
so there is no reason to suspect violation of the fundamental theorems of welfare
economics.

The efficiency property of the Ramsey model can be demonstrated by proving
the equivalence of the market outcome (discussed in the previous section) and the
solution chosen by a benevolent social planner. Such a social planner would max-
imize lifetime utility of the representative agent (A(0) given in (14.53)) subject to
the production function (14.6) and the capital accumulation constraint (14.4). 17

The Hamiltonian associated with the command optimum is given by:

7-1(t) U [c(t)] e- Pt + au(t) (k(t)) — c(t) — (n + 8)k(t)] , (14.79)

where ,u(t) is the co-state variable. The first-order necessary conditions characteriz-
ing the social optimum are:

an(t)
 = 0: ( f [CS° (0] e- Pt = AM ,

ac(t)
a7-i(t) it(t) = ak(t) 	

WO= 0:	 = — [r [ks° (0] — (n + 8)] WO,

where the superscript "SO" denotes socially optimal values. The socially optimal
interest rate can be defined as rs°(t) r k[ sor —r)] 8, so that (14.79)—(14.80) can be

17 As well as an initial condition for the capital stock, non-negativity constraints for consumption
and capital, and a transversality condition. See Blanchard and Fischer (1989, pp. 38-43) and Intriligator
(1971, pp. 405-416).

(T1.1)

(T1.2)

(T1.3)

r(t) is the interest rate. Capital
•i rate n.

(14.77)

8.

(14.80)

(14.81)
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combined to yield an easily interpretable expression for the optimal time profile of
consumption:

do (t) [0o (0] 	 = au (t)eP t [p + 11(t) ]
dt	 tic(t)

= _ u, [cso (0} [f [kso (t)] - 3 	p	 )

Equation (14.82) has exactly the same form as (14.63) so that the planning solution
and market outcome coincide. 18 Hence, by removing the ad hoc saving function
from the Solow-Swan model there is no possibility of oversaving any more.

14.5.5 Transitional dynamics and convergence in the Ramsey model
As was demonstrated graphically with the aid of Figure 14.8, the Ramsey model
is saddle-point stable. An exact solution for the saddle path can in general not
be obtained, however, rendering the study of the convergence properties of the
model slightly more complicated than was the case for the Solow-Swan model. By
linearizing the model around the initial steady state, E 0 , however, the approximate
transitional dynamics can be studied in a relatively straightforward manner.

After linearizing the model in Table 14.1 we obtain the following system of first-
order differential equation:

	[e. (0	 [ o ac* f" (k*) ][c(t) - c*
	k(t)	 —1	 p	 k(t) - k*	

(14.83)

where the superscript "k" denotes initial steady-state values. The Jacobian matrix
on the right-hand side of (14.83) is denoted by A. Since tr(A)-a7 A l + A2 = p > 0
and IA I ---- A1X2 = a c*f"(k*) < 0, where A l and A2 are the characteristic roots of
A, equation (14.83) confirms saddle-point stability, i.e. ),. 1 and A2 have opposite
signs. The absolute value of the stable (negative) characteristic root determines the
approximate convergence speed of the economic system. After some manipulation
we obtain the following expression:

1 4a c* f" (k*)
 1

1
P2  

+ i;2_4 ( 07(La ( kc y
- (r* + 3)(1 - 040 - 1, (14.84)

18 We have also used the fact that the initial condition and the capital accumulation constraint are
the same for the market and planning solutions. This implies that the levels of the interest rate, capital,
and consumption also coincide for the two solutions.
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where an (1 — WK) f'/( — kf") is the substitution elasticity between capital and
labour in the production function and WK kr If is the capital share in national
income (both evaluated in the initial steady state). Recall that the Solow—Swan
model predicts a convergence speed which exceeds the empirically relevant esti-
mate of about 2% per annum by quite a margin (see section 3.3). Although it is
not immediately apparent from the formula in (14.84) it turns out that the Ramsey
model also predicts too high a rate of convergence for realistic values of the parame-
ters. This has been demonstrated by means of some numerical simulations in Table
14.2. We calibrate the steady state of a fictional economy as follows. We set the rate
of pure time preference at 3% per annum (p = 0.03), the rate of population growth
at 2% (n = 0.02), and the depreciation rate of capital at 5% (8 = 0.05). The steady
state implies r* = p + n, (k/y)* = WK/(r* + 8), and (c/y)* = 1 — (8 + n)WK/(r* + 6).
By varying the capital share (WK) and the ratio of elasticities of the felicity function
and the production function (a/an) we obtain a number of estimates for the con-
vergence speed /3. As is clear from the results in Table 14.2, the Ramsey predicts
even faster convergence than the Solow model! For example, if both the felicity
function and the production function feature a unitary substitution elasticity (so
that a = 1) then for the realistic capital share of WK = the convergence speed
is a staggering 10.97% per annum. Only if the capital share is unrealistically high
and the felicity function is relatively inelastic (so that 0-/an is low) does the model
come anywhere near to matching the empirically observed speed of convergence.

1]
(14.84)

vital accumulation constraint are
levels of the interest rate, capital,

145.6 An open-economy Ramsey model
Up to this point we have focused attention on the traditional closed-economy rep-
resentation of the Ramsey model. In a closed economy, the domestic interest rate
clears the domestic rental market for physical capital and thus bears a close rela-
tionship with the capital-labour ratio; see equation (T1.3). In an open economy,
which is small in world financial markets, on the other hand, the interest rate is
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fully determined abroad and is thus exogenous. It is clear that the marginal pro-
ductivity condition for capital (equation (T1.3)) can only hold for a small open
economy if the physical capital stock is perfectly mobile across countries! Indeed,
a small increase in the world interest rate must be accompanied by an immediate
and instantaneous outflow of physical capital in order to restore equality between
the domestic marginal product of capital and the world interest rate.

Apart from the fact that perfect mobility of physical capital is extremely unreal-
istic, it also has a very unfortunate implication in that it renders the convergence
speed of the economy infinitely large! In technical terms, capital is changed from a
slow-moving (predetermined) variable to a jumping variable. The traditional solu-
tion to this problem is to assume that physical capital is firm specific and thus
cannot move costlessly and instantaneously. Financial capital, such as bonds and
ownership claims of domestic assets, is of course perfectly mobile in this context so
that yields on domestic and foreign assets are equalized. In technical terms imper-
fect mobility of physical capital is modelled by assuming that the firm must incur
installation costs associated with the investment process.

The small open economy assumption also causes a complication on the con-
sumption side of the Ramsey model. Indeed, as was shown above, the representative
household chooses its optimal consumption profile according to the Euler equation
(T1.1). But if the rate of interest is exogenous (i.e. r(t) = r*, where r* is the world
interest rate) then consumption can only ever attain a steady state (4t) = 0) if the
world interest rate happens to be equal to the exogenous population growth plus
the rate of time preference, i.e. r* = p n must be satisfied. In any other case, the
country either follows an ever-decreasing path of per capita consumption if its citi-
zens are impatient (p +n > r*) or the country saves so much that it eventually ceases
being small in world financial markets (with very patient citizens, p n < r*). In
order to avoid these difficulties we assume that the following "knife-edge" condition
holds:

p n = r*• (14.85)

An immediate consequence of (14.85) in combination with (T1.1) is that per capita
consumption of the representative household is completely smoothed over time,
i.e. c(t)/c(t) = 0 for all time periods.

We now consider the behaviour of the representative (domestic) firm facing
adjustment costs for investment. The stockmarket value of the firm is still given
by (14.71) but net and gross investment are now related according to a concave
installation function:

k(t) =[(1). (
I(t)

) — 8]K(t),
K(t)

where C.) rep
We assume n._

> 0, and
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in order to n„
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where (I)(.) represents the presence of installation costs associated with investment.
We assume that the installation cost function satisfies the usual properties: 43(0) = 0,
VC) > 0, and (t."(.) < 0. 19

The firm chooses time paths for investment, labour demand, and the capital stock
in order to maximize V(0) subject to the capital accumulation identity (14.86), an
initial condition for the capital stock, and a transversality condition. The first-order
necessary conditions are the constraint (14.86) and: 2°

W (t) = FL [K(0, L(t)]

q(t).1V (  (t) ) 1 — ,

\K(t) = 

4(0 = [r(t) + 8 — ( 14)] q(t)

(

— FK [K(t), L(t)] + (1 — sr) 
I (t) 
K(t)

where q(t) is Tobin's q (its current value, q(0), measures the marginal (and average)
value of installed capital, K(0), i.e. V(0) = q(0)K(0)).

As was demonstrated in Chapter 11, gross domestic product in an open economy
can be written as follows:

Y(t) C(t) + I (t) + X (t),	 (14.90)

where X(t) is net exports (i.e. the trade balance) and gross investment (inclusive of
installation costs) appears in the national income identity. Note furthermore that we
abstract from government consumption for convenience. Designating AF (t) as the
stock of net foreign assets in the hands of domestic agents, gross national product is
equal to gross domestic product plus interest earnings on net foreign assets, r*AF(t).
The current account of the balance of payments is equal to net exports plus interest
earnings on foreign assets. The dynamic equation for the stock of net foreign assets
is thus:

AF(t) = r*AF(t) + X (t) = r* A F (t) + Y(t) — C(t) — I (t), 	 (14.91)

which can be written in per capita form as:

aF(t) = paF (t) + y(t) — c(t) — i(t), 	 (14.92)

where we have used the fact that p = r* — n (see (14.85)). Although the country can
freely borrow from (or lend to) the rest of the world, it must obey an intertemporal

19 See Chapters 2 and 4 for an extensive discussion of the theory of investment based on adjustment
costs.

20 See the Intermezzo on Tobin's q-theory of investment in Chapter 4 for a derivation of these first-
order conditions.

(14.87)
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solvency condition of the form:

lim aF(t)e- Pt = O.
t- oc

(14.93)

Equations (14.92) and (14.93) in combination imply that there is a relationship
between the initial level of net foreign assets per capita, aF,0, and the present value
of future trade balances:

aF ,0 =f [c(t) + i(t) - y(t)] e-P tdt (14.94)

To the extent that the country possesses positive net foreign assets (aF,o > 0), it can
afford to run present and future trade balance deficits. All that nation-wide solvency
requires is that the present value of these trade balance deficits (the right-hand side
of (14.94)) add up to the initial level of net foreign assets (left-hand side of (14.94)).

We now possess all the ingredients of the open-economy Ramsey model and we
restate its key equations for the sake of convenience in Table 14.3.

Equation (T3.1) shows that per capita consumption is completely smoothed over
time. As was pointed out above, this result is a direct consequence of the assumption
expressed in (14.85). Equation (T3.2) implicitly determines the optimal investment-
capital ratio as a function of (subsidy-adjusted) Tobin's q. Equation (T3.3) gives
the dynamic evolution of Tobin's q and (T3.4) does the same for the capital stock
per worker. Finally, (T3.5) is the current account equation which is obtained by
substituting the production function, f (k(t)), into (14.92).

Model solution and convergence speed

The model is quite unlike the growth models that were studied up to this point
because it contains a zero root and thus displays hysteretic properties in the sense
that the steady state depends on the initial conditions. 21 Technically, the model

Table 14.3. The Ramsey model for the open economy

= 0	 (T3.1)

q(t)I' (g)=1_s,	 (T3.2)

ii(t) = [p n + 3 - 00] q(t) - (k(t)) + (1 - (g)	 (T3.3)

k(t) = [(I) 	 — n — 8] k(t)	 (T3.4)

OF(t) = paF(t) +f(k(t)) — c(t) — i(t)	 (T3.5)

Notes: c(t) is per capita consumption, k(t) is the capital-labour ratio, q(t) is Tobin's q, i(t) is gross investment
per worker, .51 is an investment subsidy, and AF(t) is net foreign assets per worker. See also Table 14.1.

21 See Turnovsky (1995, ch. 12), Sen and Turnovsky (1990), and Giavazzi and Wyplosz (1985) for a
further discussion. See also Chapter 2 above for an example of a hysteretic model in discrete time.
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solution proceeds as follows. First, we note that equations (T3.2)-(T3.4) form an
autonomous subsystem determining the dynamics of i(t), q(t), and k(t). Second,
once the solutions for investment and capital are known, they can be substituted
into the nation-wide solvency condition (14.94) which can then be solved for per
capita consumption.

Since the model is non-linear, it can only be solved analytically by first linearizing
it around the steady state. We start with the investment system consisting of (T3.2)-
(T3.4). To keep the model as simple as possible we postulate an iso-elastic installation
function:

	cr. i(t) \ 	1 	 0(0\ 1--,

	

k(t) ) 	 1— ai k(t)) (14.95)

with 0 < crl < 1. The parameter a/ regulates the curvature of the installation func-
tion. The lower is al, the closer (I)(.) resembles a straight line, and the higher is
the international mobility of physical capital—see Bovenberg (1994, p. 122). The
investment demand implied by (T3.2) in combination with (14.95) is also iso-elastic:

i(t)
k(t) = g(q(t), si) 

=[q(t) 
1

By inserting (14.96) into (T3.3)-(T3.4) and linearizing, we obtain a simple matrix
expression for the investment system:

[

k(t) [ 0 i*(1 - si)/ [(q*) 2Gri] ][k(t) - k*
q(t) p q(t) - q*] .

The Jacobian matrix on the right-hand side of (14.97) is denoted by A/ and its typical
elements by 84 . The investment system is saddle-point stable because Al has a posi-
tive trace (equal to p) and a negative determinant (equal to (1 -si)i*f "(V)/[((r)201]).
This implies that the characteristic roots of Al are real, distinct, and opposite in
sign. 22 Denoting the stable and unstable roots by, respectively -Xi < 0 and > 0
it follows from (14.97) that:

A2 — = tr(An = X2 = p Xi > p, (14.98)

i.e. the unstable root equals the pure rate of time preference (p) plus the transi-
tion speed in the economy (represented by X1). Note that the adjustment speed
of the investment system (X1) is finite due to the existence of installation costs of
investment and the associated short-run immobility of capital.

If the initial capital stock is denoted by k0, then the system converges to the
steady state provided it is on the saddle path. Deferring the technical details of the

22 Recall that the trace and determinant of the Jacobian matrix equal, respectively, the sum and the
product of the characteristic roots.

(14.96)

(14.97)
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Figure 14.9. Investment in the open economy

derivation to the appendix of this chapter, we find that the solution to (14.97) is:

	[k(t) – k*	 k	 k[__0 – *	 ] e_Ait

	

q(t) – q*	 q(0) – q*

where the initial value of Tobin's q is given by:

q(0) = q* – (—) [ko – .
812

The solution path is illustrated in Figure 14.9. For the initial capital stock, k0, Tobin's
q is above its equilibrium level and the economy moves gradually towards the
steady-state equilibrium E0.

Now that we know the dynamic paths for the capital stock and Tobin's q (and thus,
by (14.96), the implied path for investment) we can work out the restriction implied
by national solvency. First, we linearize the production function, y(t) = f (k(t), and
the investment function (14.96) around the steady state:

[ y(t) – y* [ f' (k*) 0 [ k(t) – k*

i(t) – i* g* k*g; q(t) – q*

where g* g(q*,si) and g; gq (q* , si). By using (14.99)—(14.101) we find the
(approximate) path for i(t) – y(t):

i(t) – y(t) = i* – y* + k* [q(t) – 	 + [g* – (k*)] [k(t) – k*]

= i* – y* – [ko – 	 cA l t ,	 (14.102)

where C2 	 r(k*) – g* + Aik*gq*I812 > 0. Equation (T3.1) shows that per capita
consumption stays constant during the transition, i.e. c(t) = c*. By using this result
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as well as equation (14.102) in the nation-wide solvency condition we obtain the
following expression:

C* 	cx)
aF,0 — f [i(t) — y(t)] e — Pt dt

P	 o
c* + i* - y*
	  Q [ko - k*]f e-(P±A l )t dt

c* + i* - y* Q 	 - k* ] 

p  

IC(t) = 0  
(14.103)

where we have used the fact that A.2 = p + A (see (14.98)) in the final step. It follows

=0
	 from the steady-state version of (14.92) that pa); = c* i* - y* (since er'F' = 0) so that

(14.103) can be rewritten as follows:

imy

k (t)

aF,0 + (—) 	 +aF —)
A	

* 	 L

2 A2
(14.104)

As Sen and Turnovsky (1990, p. 287) point out, the left-hand side of (14.104) rep-
resents the initial value of total resources available to the economy and can thus be
interpreted as national wealth. National wealth consists of initial non-human wealth,
aF,0 + ko, plus the present value of resources generated by capital accumulation
starting from the initial capital stock, ko.

The striking feature of the open-economy Ramsey model is that its steady state
depends on the initial stock of assets, aF,o and ko. This is the hysteretic property
alluded to above. In the steady state we have that c (t) = 4(t) = k(t) = ago = 0 and
the model consists of equation (14.104) as well as:

*.1* (Di ( i _) = 1 - sr ,k*

f (k* ) = pq* + (1 - si) G-(;)

i*
(14—

k*
)=n+8,

pa; f(k*) c* + 1*,

which jointly determine the steady-state values q*, i* , k*, c*, and a'F' . Given the
structure of the model, only consumption and the net stock of foreign assets display
hysteresis and are thus a function of the initial conditions. 23

23 In particular, (14.107) determines i* I k* as a function of n + 3, (14.105) then determines q* and
(14.106) determines k* (and thus i*). The only variables remaining to be determined by (14.104) and
(14.108) are c* and (4. Sen and Turnovsky (1990) show that if labour supply is endogenous, the
hysteretic property extends to investment and the capital stock also.
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Effects of an investment subsidy

We are now in the position to use the model to study the effects of an investment
subsidy on the macroeconomy. To keep things simple we restrict attention to the
case of an unanticipated and permanent increase in the investment subsidy. It is
most convenient to determine the long-run effect first. Equation (14.107) shows
that i* /k* is constant, so that it follows from (14.105) that q* is proportional to
(1 — sj). Hence, Tobin's q falls in the long run:

dq*	 1	 q*
— = 	 = 	 < 0.ds/ 	 (I)'(i*/k*)	 1 — (14.109)

Equation (14.106) can be used to derive the long-run effect on the stock of capital
per worker:

dk*	 k* di*	 1 d q* 	 i* 1 =	 ft (k	
> 0 .

*ds/	 i*dsi	 f"(k*)	 .151	 k*	 (1— si)f"(k*)

p 
(14.110) Figure '

q (t)

q0*

q1 *

Hence, investment and the capital stock (both measured per worker) rise equi-
proportionally in the long run. The national wealth constraint (14.104) shows that
the composition of wealth changes also, i.e. the increase in the domestic capital
stock leads to a reduction in the long-run stock of net foreign assets:

da;	 dk*

dsi	 X2) ds/ ) • (14.111)

The net effect on consumption is ambiguous.
The transitional effects of the policy shock can be studied with the aid of Figure

14.10. In that figure, ko is the initial capital stock per worker, the economy is at point
A and is heading towards the steady state at E0 (where the steady-state capital stock
per worker is 4). The long-run effect on the capital stock is positive (see (14.110))
and saddle-point stability requires that the economy must be on the stable arm of
the saddle path. By using the expression for the saddle path (given in (14.100)) we
obtain the impact effect for Tobin's q:24

dq(0) dq* (	 ( dk*)
ds"	 dsi	 812

	( a.l 	 f ' (k*)

812f"(k*)) 1— s'

	

(	 1	 f''(k*) <

24 We have used equations (14.109) and (14.110) in going from the first to the second line. In
going from the second to the third line we have used some results for the characteristic roots, i.e.
Ai X2 = -f" (k*)312 and A2 = p +

(14.112)
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Figure 14.10. An investment subsidy with high
mobility of physical capital

The impact effect on Tobin's q is ambiguous because the first term on the right-hand
side is negative whilst the second term is positive. The ambiguity arises from the
fact that both the k(t) = 0 line and the /At) = 0 lines shift as a result of the increase
in the investment subsidy. Recall that the k(t) = 0 line represents points for which
the (ilk) ratio is constant. Since an increase in .s / leads to a higher desired (ilk) ratio
(see (14.96)), Tobin's q must fall to restore capital stock equilibrium, i.e. the k(t) = 0
line shifts down. At the same time, the boost in si leads to an upward shift in the
4(t) = 0 line.

In Figure 14.10 the new steady-state equilibrium is at E1 and the saddle path is
drawn under the assumption that the capital stock effect is dominated by the effect
on Tobin's q (given in (14.112)), so that dq(0)/dsj < 0. At impact the economy
jumps from point A to point B, after which gradual adjustment takes place towards
the new steady-state equilibrium E 1 .

Why is the impact effect on Tobin's q ambiguous? Equation (14.112) shows that
the ambiguity arises because dq(0)1 cis' depends on the adjustment speed in the
economy, 1 . If adjustment costs on investment are relatively low (a/ ti 0), then Al
is relatively high, physical capital is highly mobile, and installed and new capital
goods are close substitutes. The investment subsidy reduces the price of new capital
goods and thus also the value of the installed capital stock in that case (Bovenberg,
1993, p. 13). The opposite holds if adjustment costs are severe (cvi 1). As the dia-
gram shows, however, regardless of the sign of dq(0)I dsi , net capital accumulation
takes place (as B lies above the new k(t) = 0 line) and the economy moves from B
to E 1 over time.

(14.110)
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14.5.7 Fiscal policy in the Ramsey model
We now return to the closed-economy Ramsey model summarized in Table 14.1 and
investigate the effects of government consumption at impact, during transition, and
in the long run. This ultimately leads into a discussion of Ricardian equivalence.
We assume that government consumption has no productivity-enhancing effects
and, to the extent that it affects the welfare of the representative agent, does so in
a weakly separable manner. 25 The only change that is made to the Ramsey model
relates to equation (T1.2) which is replaced by:

k(t) = f (k(t)) - c(t) - g(t) - (3 + n)k(t), (14.113)

where g(t) G(t)/L(t) is per capita government consumption. Government con-
sumption withdraws resources which are no longer available for private consump-
tion or replacement of the capital stock. As a result, for a given level of per capita
public consumption, g(t) = g, the k(t) = 0 line can be drawn as in Figure 14.11. Sev-
eral conclusions can be drawn already. First, the existence of positive government
consumption does not reinstate the possibility of dynamic inefficiency in the Ram-
sey model. The golden-rule capital stock per worker is not affected by g, although of
course the golden-rule per capita consumption level is affected. Second, the issue of
multiple equilibria also does not arise in the Ramsey model with government con-
sumption. In contrast to the situation in the Solow model, provided an equilibrium
exists in the Ramsey model it is unique and saddle-point stable.

An unanticipated and permanent increase in the level of government consumption
per worker shifts the k(t) = 0 line down, say to (k(t) = 0)1. Since the shock comes as
a complete surprise to the representative household, it reacts to the increased level
of taxes (needed to finance the additional government consumption) by cutting
back private consumption. The representative household feels poorer as a result of
the shock and, as consumption is a normal good, reduces it one-for-one:

dc(t) _ dy(t)	 dk(t) =
dg	 dg	 dg

(14.114)

for all t E [0, oo). There is no transitional dynamics because the shock itself has no
long-run effect on the capital stock and there are no anticipation effects. In terms
of Figure 14.11 the economy jumps from E0 to E 1 .

With a temporary increase in g there are non-trivial transition effects. The represen-
tative household anticipates the temporarily higher taxes but spreads the negative
effect on human wealth out over the entire lifetime consumption path. As a result,

25 See Turnovsky and Fisher (1995) for the more general cases. With weak separability we mean that
the marginal utility of private consumption does not depend on the level of government consumption.

440



Chapter 14: Theories of Economic Growth

7arized in Table 14.1 and
ct, during transition, and

Ricardian equivalence.
ivity-enhancing effects

ntative agent, does so in
ie to the Ramsey model

(14.113)

)tion. Government con-
for private consump-

given level of per capita
n as in Figure 14.11. Sev-
of positive government
inefficiency in the Ram-
ffected by g, although of
ed. Second, the issue of
with government con-

- rovided an equilibrium
table.
wernment consumption

the shock comes as
cts to the increased level
nsumption) by cutting

'eels poorer as a result of
it one-for-one:

(14.114)

11
the shock itself has no

ipation effects. In terms
11)
on effects. The represen-
)ut spreads the negative
ption path. As a result,

—k separability we mean that
DI government consumption.

Figure 14.11. Fiscal policy in the Ramsey model

the impact effect on private consumption is still negative but less than one-for-one:

dc(0)
< 0.

dg

In terms of Figure 14.11 the economy jumps from E0 to point A. Immediately after
the shock the household starts to dissave so that the capital stock falls, the interest
rate rises, and (by (T1.1)) the consumption path rises over time. The economy moves
from A to B which is reached at the time government consumption is cut back to its
initial level again. This cut in g (and the associated taxes) releases resources which
allow the capital stock to return to its constant steady-state level. As a result of the
temporary boost in government consumption, the policy maker has managed to
engineer a temporary decline in output per worker.

With an anticipated and permanent increase in g, the opposite effect occurs dur-
ing transition. Consumption falls by less than one-for-one (as in (14.115)), but
since the government consumption has not risen yet it leads to additional saving
and a gradual increase in the capital stock, a reduction in the interest rate, and a
downward-sloping consumption profile. At impact the economy jumps from E 0 to
A', after which it gradually moves from A' to B' during transition. Point B' is reached
at precisely the time the policy is enacted. As g is increased, net saving turns into
net dissaving and the capital stock starts to fall. The economy moves from point
B' to E 1 .

(14.115)
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Ricardian equivalence once again

Ricardian equivalence (see Chapter 6) clearly holds in the Ramsey model as can
be demonstrated quite easily. The government budget identity (in per capita form)
is given in (14.41). Like the representative household, the government must also
remain solvent so that it faces an intertemporal solvency condition of the following
form:26

lira b(t)C [R(t)-nt] =
t-÷oo (14.116)

By combining (14.41) and (14.116), we obtain the government budget restriction:

b(0) = f [r(t) — g(t)] C[R(t)-nt] dt
.
	 (14.117)

To the extent that there is a pre-existing government debt (b(0) > 0), solvency
requires that this debt must be equal to the present value of future primary surpluses.
In principle, there are infinitely many paths for r (t) and g(t) (and hence for the
primary deficit), for which (14.117) holds.

The budget identity of the representative agent is given in (14.55). It is modified
to take into account that lump-sum taxes are levied on the agent:

a(t)	 [r(t) — n] a(t) + W(t) — r(t) c(t)•	 (14.118)

By using (14.118) in combination with the household solvency condition (14.56),
the household budget restriction is obtained as in (14.57), but with a tax-modified "
definition of human wealth:

h(0) f [W(t) — r (t)] e4R(t)—nti dt.
00

(14.119)

By substituting the government budget restriction (14.117) into (14.119), the
expression for human wealth can be rewritten as:

h(0) = f [W(t) — g(t)] e- IR(t)-nti dt — b(0).	 (14.120)

The path of lump-sum taxes completely vanishes from the expression for human
wealth. Since b(0) and the path for g(t) are given, the particular path for lump-sum
taxes does not affect the total amount of resources available to the representative
agent. As a result, the agent's real consumption plans are not affected either.

26 By substituting (14.39) into (14.41) and integrating the resulting expression we obtain:

lim b(t)c [RW-n t] — b(0) = f [g(t) — 4)] e -[R(t)-nt] dt,

where we have also used (14.58). The first term on the left-hand side is the government solvency
condition. By imposing this condition the government budget restriction (14.117) is obtained.
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t 00
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ing in (14.122) features an intertemporal substitution elasticity of unity. Equation

le expression for human
cular path for lump-sum
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cnression we obtain:

the government solvency
14.117) is obtained.
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By using (14.120) in (14.57), the household budget restriction can be written as:

`‘le Ramsey model as can
entity (in per capita form)

e government must also
)ndition of the following

(14.120)

J 00 	 00

c(t)e -[R(t)-- nt] dt = [a(0) — b(0)] f [W(t)— g(t)1 e- [R(t)-nt] dt.	 (14.121)

This expression shows clearly why Barro (1974) chose the title he did for his path-
breaking article. Under Ricardian equivalence, government debt should not be seen
as household wealth, i.e. b(0) must be deducted from total financial wealth in order
to reveal the household's true financial asset position, as is in fact done in (14.121).

14.5.8 Overlapping generations of infinitely lived dynasties
In the previous section we saw that the Ramsey model yields classical conclusions
vis-a-vis fiscal policy and implies the validity of Ricardian equivalence. The ques-
tion which arises is which aspect of the model can be considered the prime cause
for these classical results. In this subsection we show that once we allow for "dis-
connectedness of generations", debt neutrality no longer holds despite the fact that
individual generations live forever.

Up to now we have introduced population growth by assuming growth of the
dynastic family. Suppose now, however, that individual agents are infinitely lived
(as the dynastic family is in the Ramsey model) but that population growth takes
the form of new agents gradually entering the economy. These new agents also
have infinite lives but are not linked to any of the agents already alive at the time
of their birth. This is the setting of infinitely lived overlapping generations (OLG)
suggested by Weil (1989b). Loosely put, growth of the population now occurs at the
"extensive" rather than the "intensive" margin.

Since different agents enter life at different moments in historical time, both the
birth rate (generational index) and the calendar date must be distinguished. We
assume that a representative agent of generational cohort v < t chooses a path for
consumption in order to maximize lifetime utility,

A (v, f log c(v, r)eP (t- r ) dr, (14.122)

subject to the budget identity:

(14.116)

rrent budget restriction:

(14.117)

' - ht (b(0) > 0), solvency
f future primary surpluses.
d g(t) (and hence for the

in (14.55). It is modified
agent:

(14.118)

,!ncy condition (14.56),
but with a tax-modified "

(14.119)

.117) into (14.119), the
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(14.123) shows that the household supplies a single unit of labour inelastically to the
competitive labour market and receives a wage, W(r), which is age-independent. A
new generation is born without any financial assets:

a(v, , v) = 0. 	 (14.125)

In view of the simple structure of preferences, the level and time profile of
consumption by a representative household of vintage v are easily computed:

c(v, , t) = p [a(v, , t) + h(t)] , 	 (14.126)
t) = [r(t) — p] c(v, , t), 	 (14.127)

where h(t) is age-independent human wealth:

h(t) f [W(r) — r(r)] e -R(t dr, ,	 (14.128)

and r(r) represents lump-sum taxes per agent. This tax is, by assumption, the same
for all agents and thus does not feature a generations index either.

At the beginning of time, the economy starts out with N(0) agents, so that with a
constant exponential population growth rate of n, the population size at time t is:

N(t) = N (0)ent 	(14.129)

The instantaneous arrival rate of new generations is dN (t) I dt so we know that the
number of agents of generation v < t is given by N(v, v) dN(v)/dv. This suggests
that aggregate per capita variables can be measured as follows:

x(t) =  1  [N(0)x(0, t) + 	 x(v, , t) dN (v)] ,N(t)
	 (14.130)

so that aggregate per capita consumption, c(t), can be written as follows:

c(t) = p [a(t) + h(t)] , 	 (14.131)

where we have used (14.126) plus the fact that human wealth is age-independent.
The aggregate counterpart to (14.123) is:

ä(t) = [r(t) — n] a(t) + W (t) — c(t), 	 (14.132)

and equation (14.128) implies that human wealth (per agent) accumulates accord-
ing to:

h(t) = r(t)h(t) — [147 (t) — r (t)] . 	 (14.133)

Human and non-human wealth accumulate at different rates because newborns
have no financial wealth, and thus drag down aggregate per capita financial wealth
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Table 14.4. The Weil model of overlapping generations

.(t) = [r(t) - p] c(t) - n pk(t) (T4.1)

k(t) = f(k(t)) - c(t) - g(t) - (.5 + n)k(t) (14.2)

r(t) = f' (k(t)) - (T4.3)

Notes: See Table 14.1 for definitions of the variables.

accumulation, whilst all generations have the same level of human wealth (see Weil,
1989b, pp. 187-188).

Equations (14.131)-(14.133) can be combined to yield the Euler equation modi-
fied for the existence of overlapping generations:

	 = [r(t) p] np 
(a(t)) (14.134)

c(t) 	 c(t)

4v, 
	n 

[c(t) - c(t,t)1
- 	

(14.135)
c(v, t) 	 c(t)

The first term on the right-hand side of these expressions represents individual
consumption growth, whilst the second term indicates how the arrival of new gen-
erations affects per capita consumption growth. In the absence of initial government
debt (b(t) = 0), equilibrium in the financial capital market implies that household
non-human wealth is held in the form of productive capital, i.e. a(t) = k(t). 27

The model is completed by the capital accumulation identity (14.113) and the
marginal productivity condition (T1.3). For convenience the key equations have
been collected in Table 14.4.

The phase diagram for the overlapping-generations (OLG) model has been drawn
in Figure 14.12 for the case with zero initial debt and government consumption
(b(t) = g(t) = 0). The k(t) = 0 line has already been discussed extensively in sec-
tion 5.6 above. The W) = 0 line is obtained by combining (T4.3) and (T4.1) and
invoking the steady state. The slope of the . (t) line can be explained by appealing to
equation (14.135) and Figure 14.12. Suppose that the economy is initially at point
A in Figure 14.12 and consider point B which lies directly above it. With the same
amount of capital per worker, both points feature the same interest rate so that
individual consumption growth, 4v, t)/c(v, t), coincides at the two points. Equa-
tion (14.135) indicates, however, that aggregate consumption growth depends not
only on individual growth but also on the proportional difference between average
consumption and consumption by a newly born generation, i.e. [c(t) - c(t, t)]/c(t).
Since newly born generations start without any financial capital, the absolute differ-
ence between average and new-born consumption depends on the average capital
stock (i.e. c(t) - c(t, t) = pk(t)) and is thus the same at points A and B. Since the level

27 There are no adjustment costs of investment so that the stockmarket value of the firm is equal to
the capital stock. See (14.72) above.
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c(t) = 0
c (t)

kMKR	 kGR

kKR

Figure 14.12. Fiscal policy in the overlapping-generations model

of aggregate consumption is larger at B, this point features a smaller proportional
difference between average and new-born consumption, thereby raising aggregate
consumption growth. In order to restore zero growth of aggregate per capita con-
sumption, the capital stock must rise (to point C, which lies to the right of B). The
larger capital stock not only reduces individual consumption growth by decreasing
the rate of interest but also raises the drag on aggregate consumption growth due to
the arrival of new dynasties because a larger capital stock widens the gap between
average wealth and wealth of a newly born.

This argument also explains that for points above (below) the 4t) = 0 line, con-
sumption rises (falls). This has been indicated with vertical arrows in Figure 14.12.
The intersection of the W) = 0 and k(t) = 0 lines yields a unique, saddle-point
stable, equilibrium at point E0 . The capital stock per worker associated with point
E0 is kMKR, where "MKR" stands for modified-Keynes—Ramsey rule. It is clear from
the diagram that kMKR kKR and that the steady-state interest rate exceeds the rate
of time preference:

p < rMKR = fr (kMKR) 6 < p n. (14.136)

The upward-sloping time profile of individual consumption that is implied by
(14.136) and (14.127) ensures that new generations, like old generations, accu-
mulate capital. Note that there is nothing preventing the capital-labour ratio from
being larger than the golden-rule ratio. Indeed, kMKR > )kGR rMKR < > )n.
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The "normal case" appears to be, however, that the rate of pure time preference
exceeds the rate of population growth (p > n), so that rMKR > n (see Weil, 1989b, p.
197). This is indeed the case that we will restrict attention to.

It is straightforward to demonstrate that Ricardian equivalence fails in the OLG
model. Indeed, the government budget restriction can be written as:

b(t) = f [r(r) — g (0 	 t.1 e- [R( ,T)-414 -"CA dr,
t

(14.137)

where we now allow there to be a non-zero initial debt. By substituting (14.137) into
(14.128) we can derive the following expression for aggregate per capita wealth:

a(t) + h(t) k(t) + b(t) + h(t)

= k(t) + b(t) +f [147 (r) — g (T)] e -R(trir) dr

— [b(t) +[g(r) — r (0] er(t ) drf]

= k(t) +f [W (r) — g(0] e -R(tic) dr

+[b(t
) — [r(r) — g(r)] e -R(t't ) drf]

By comparing (14.138) to (14.137) it is clear that the term in square brackets on the
right-hand side of (14.138) only vanishes if there is no population growth, i.e. if no
new unconnected generations enter the economy (n = 0). With a positive arrival
rate of generations (n > 0) Ricardian equivalence fails because total wealth and (by
(14.131)) aggregate per capita consumption are both affected by the path of primary
deficits and debt.

The intuition behind this result is provided by Weil (1989b, p. 193). A postpone-
ment of taxation which is financed by means of government debt makes all existing
generations better off not because they don't have to pay taxes in the future, but
rather because the future tax base will be larger as it includes newly arrived gener-
ations to which the present generations are not linked. An important conclusion
from the analysis is that it is the economic identity of future taxpayers which deter-
mines the validity of Ricardian equivalence. Whether or not agents have finite lives
in-and-of itself has no implication for Ricardian equivalence. 28

The OLG model thus generally refutes the notion of Ricardian equivalence. It
does, however, yield classical predictions regarding the effects of government con-
sumption on output, consumption, and capital etc. This can be demonstrated as
follows. Assume that lump-sum taxation is used and that there is no initial debt, so
that the government budget identity reduces to g(t) = (t). An increase in govern-
ment consumption shifts the k(t) = 0 line down by the amount of the shock (dg),

28 See Weil (1989b) and Buiter (1988) on this point. We return to the different versions of the OLG
approach in Chapter 16 below.
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so that the long-run equilibrium shifts from E0 to E1 in Figure 14.12. In contrast
to what happens in the Ramsey model, not only consumption but also the capital
stock per worker is reduced in the long run:

dc(oo) 	 -np + c* f" (k*) < _ 1,
dg	 1,61

dk(oo) r* - p
dg	 AlI

(14.139)

(14.140)

where c*, k*, and r* are the initial steady-state levels of consumption, capital per
worker, and the interest rate, respectively. The denominator appearing in (14.139)-
(14.140) is negative by saddle-point stability. 29

Since the model is saddle-point stable, the economy jumps at impact from Ea0 to
E', and consumption falls but by less than one-for-one in the impact period:

dc(0) 	[A2 — (r* - p)]-1 <   < 0, 	 (14.141)
dg 	 A2

where A2 > 0 is the unstable root of the Jacobian matrix of the linearized system
(footnote 29 shows that A2 > r* - p). Existing generations do not bear the full burden
of taxation because they know that future generations will eventually expand the
tax base. As a result, present generations cut back consumption by too little and
thus save too little to maintain the capital stock per worker at its old level. Over
time the capital stock falls, as does the wage. Gradually, new generations are born
with a lower level of human wealth due to the decreasing wage. This explains why
aggregate per capita consumption falls during transition.

14.6 Endogenous Growth

Up to now we have exclusively worked with a production structure which satisfies
the Inada conditions (See (P2) and (P3) for the properties). Although these con-
ditions facilitate the construction of the phase diagrams they are not innocuous
(in an economic-theoretic sense) because they imply the existence of diminish-
ing returns to both factors of production. This, in turn, ensures that economic

29 The dynamical system (T4.1)—(T4.3) can be linearized around the initial steady state:

[ k(t) [ r* — n —1 ][k(t) — k*

e(t) c*f"(k*) — np r* — p c(t) — c* ]'

where we have used the fact that r* r(k*) — 8. The determinant of the Jacobian matrix on the right-
hand side is I A I . (r* — n)(r* — p) + c*f"(k*)— np = r* [r* — (p + n)] + c*f"(k*) < 0, where the sign follows
from the fact that p < r* < p + n (see (14.136)). The characteristic roots of A are —Ai < 0 and A2 > 0,
respectively. Since tr(A) --= A2 — Al = 2t* — (p + n) we find that A2 — (r* — p) = Al + (r* — n) > 0, where
the final inequality follows from the assumption of dynamic efficiency (r* > n).
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growth eventually settles down to a constant. In terms of Figure 14.4, the steady-
state capital—labour ratio is constant and growth equals the sum of exogenously
given population growth and technological progress (see equation (14.16)).

As was pointed out above, the Inada conditions have no obvious intrinsic appeal
and are certainly difficult to test empirically since they deal with the curvature of
the production function for very low and very high levels of capital. For this reason
alone, an investigation of the consequences of abandoning (some of) the Inada
conditions seems a worthwhile endeavour. As it turns out, this brings us into the
realm of so-called "endogenous growth" models. 3° •

14.6.1 "Capital-fundamentalist" models
The aspect of traditional growth models which ensures that growth settles down
to its exogenously given steady-state rate is the existence of diminishing returns to
capital. As k(t) rises, the average product of capital falls:

d [f (k(t))/k(t)] 	 [f (k(t)) — k(t)f' (k(t))] < 0 ,

dk(t) 	 k(t)2
(14.142)

where the term in square brackets denotes the marginal product of labour, which
is positive (see (14.74)). This is not enough to ensure the existence of a constant
steady-state capital—labour ratio, however, because this requires equality between
sy(t)/k(t) and (3+ n) in the Solow model. Provided (P2) and (P3) hold, we can derive
by l'HOpital's rule that:
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Equation (14.144) shows that sy(t)/k(t) goes to zero (infinity) as the capital—labour
ratio becomes very large (small). This ensures the existence of a constant steady-state
capital—labour ratio and thus a balanced growth path.

Easy substitution between capital and labour

As was already well known in the 1960s, 31 there are perfectly legitimate produc-
tion functions which violate the results in (14.143)—(14.144). Consider the CES
production function given in (14.24), for which the average product of capital

3° See the symposium on new growth theory in the Winter 1994 issue of the Journal of Economic
Perspectives. See also Barro and Sala-i-Martin (1995).

31 See e.g. Burmeister and Dobell (1970, pp. 30-36), and indeed Solow (1956).
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equals:

f(k(o) 	r
k(t) = [( 1 - a)k(t) (1-,

KL o-KL ara @KL -1)

It is clear from this expression that two separate cases must be distinguished,
depending on the ease with which capital and labour can be substituted in pro-
duction. If substitution is difficult (so that 0 < am, < 1) then the average product of
capital satisfies:

f (k(t)) 	A	 (14.146)lim 	  = aaKL 0-KL	 >

k(t)—>,0 k(t)

f (k(t))	 f' (k(t)) lim  , 	  = lim 	 = 0.
k(t)-->oo k (t)	 k(t)-,00	 1	

(14.147)

The average product of capital goes to zero as more and more capital is added but
near the origin it attains a finite value, i.e. while (14.144) is still satisfied (14.143)
no longer holds. It is therefore not even guaranteed that the average product of
capital around the origin is high enough to exceed ((8 n) I s), so that a situation
as illustrated in Figure 14.13 is a distinct possibility. (In that figure, we assume that
0 < aKL < 1 and sa aKI, OWL -1) < 8 + n.) An economy characterized by Figure 14.13
would never be able to accumulate any capital nor would it be able to produce any
output (as both product factors are essential in production). Alternatively, if this
economy were to start out with the initial capital-labour ratio k o (say because it
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experienced a higher savings rate in the past), then it would slowly decline towards
the origin.

Matters are radically different if capital can be easily substituted for labour, i.e. if
an exceeds unity. In that case, the average product of capital satisfies:

f (k(t))	 f' (k(t)) lira= lira= oo,
k(t)—>0 k(t) 	 k(0-03 	 1
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Our

The average product of capital starts out very high (as the Inada conditions require)
but it approaches a positive limit as more and more capital is added, i.e. (14.144)
no longer holds. It follows that the average product of capital may not fall below
((8 + n)/ s), so that a steady-state capital-labour ratio may not exist. This is indeed
the situation illustrated in Figure 14.14. (In that figure, we assume that aKL > 1 and
seKL (GKL -1) > 8 + n.) Starting from an initial value k0, the capital-labour ratio grows
without bounds. Despite the fact that there are diminishing returns to capital, in the
long run the production factors are very much alike and substitute well in produc-
tion (aKL > 1). This means that if capital grows indefinitely the constant growth rate
of (effective) labour never becomes a binding constraint. Relatively scarce labour is
simply substituted for capital indefinitely. The long-run "endogenous" growth rate
of the capital-labour ratio and the output-labour ratio is:

y* = saaKL 1(aKL -1) - (8 + n) > 0. (14.150)

This growth rate is called "endogenous" because it is affected not only by exoge-
nous parameters (a, 8, and n) but also by the savings rate (s) , a result which is in
stark contrast to the predictions of the standard Solow-Swan model discussed in
sections 2-3 above.

It is not difficult to understand that with this kind of labour-substituting endoge-
nous growth, labour becomes less and less important and eventually the income
share of capital goes to unity and that of labour goes to zero. This is why this
endogenous growth model is an example of the "capital-fundamentalist" class of
models (King and Levine, 1994). With cr ia, > 1, labour is not essential in production
and in the limit it is possible to produce with (almost) only capital. This prediction
is, of course, at odds with the stylized facts (SF3) and (SF5).

The AK model

An even more radical example of a capital-fundamentalist model is the so-called
"AK" model proposed by Romer (1986), Barro (1990), Rebelo (1991), and others. In
its most rudimentary form, the AK model eliminates (raw) labour from the produc-
tion function altogether and assumes constant returns to scale on a broad measure
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(t)

sf (k (t))— (6 + n) k (t)

k0 	k (t)

Figure 14.14. Easy substitution between labour and
capital

of capital. Hence, equation (14.6) is replaced by:

Y(t) = AK(t), (14.151)

which of course clearly violates the Inada conditions. The first task at hand is
to derive the behavioural equations of firms and households under the technol-
ogy (14.151).

Following the analysis in section 5.2, we assume that the representative (perfectly
competitive) producer chooses its output and investment plans in order to maximize
the discounted value of its cash flows, taking the production function (14.151) and
the capital accumulation identity (14.4) as given. After some manipulation we find
that the rental rate of capital depends on the constant marginal product of capital
(A) and both the level and the time change in the investment subsidy.

A	 ,r(t) r(t) + — 	 (14.152)1 — (t)	 1 — (t)

The representative household is assumed to be infinitely lived. As in section 5.1, it
maximizes lifetime utility subject to its accumulation identity:

max no) =	 i c(t)1-1/' - P t dt
o 1_ 1 — 1/a	

e- 	(14.153)

s.t. A(t) = r(t)A(t) — [1 + tc(t)] C(t) + Z(t), 	 (14.154)

where a is the constant intertemporal substitution elasticity (see (14.65)), tc is a
consumption tax, Z(t) is a lump-sum transfer from the government (or tax if it is
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negative), A(t) represents financial assets, and r(t) is the rate of interest. Using the
analytical methods discussed in section 5.1, the representative household's Euler
equation can be derived:

C(t) 
C(t)

= a [r(t) p	
tc(t) 

1 A- tc(t)
(14.155)

Since the model deals with a closed economy and there is no government debt,
the only financial asset which can be accumulated consists of company shares, i.e.
A(t) = K(t). The key equations of the basic AK growth model have been summarized
in Table 14.5.

Equations (T5.1) and (T5.3) have been explained above, and (T5.2) is the capital
accumulation identity (14.4) combined with the output constraint (14.3) and the
production function (14.151). It is now straightforward to demonstrate the exis-
tence of perpetual "endogenous" growth in the model. We focus attention on the
case for which both the consumption tax and the investment subsidy are (expected
by agents to be) constant over time, i.e. tc (t) = = 0. 32 In that case the interest
rate is constant and the growth rate of consumption is fully determined by (T5.1).
At the same time, similar arguments to those explained in section 5.1 can be used
to show that the propensity to consume out of total wealth is constant also, i.e. it
is optimal for the representative household to maintain a constant ratio between
consumption and the capital stock. 33 But if C(t)/K(t) is constant, so is I(t)/K(t).
Hence, the common growth rate for output, consumption, the capital stock, and
investment is given by:

C(t)if(t) K(t) 1(t) A 
Y = = = =C(t) Y(t) K(t) I(t) — [1 — sr

The striking conclusion is that the growth rate of the economy can be permanently
affected by the investment subsidy, a result which is impossible in the traditional
growth model discussed above. Intuitively, a higher investment subsidy leads to a

Table 14.5. The basic AK growth model

E(t) = a [r(t) — p 	 i+tc,(ct)(t)] C(t)
k(t) = (A — 8)K(t) — C(t)
r(t) —  A 	s1 si(t) 	1 t)(t) 	8

(T5.1)

(T5.2)

(15.3)

Notes: C(t) is consumption, K(t) is the capital stock, r(t) is the interest rate, tc (t) is the consumption tax, silt) is an
investment subsidy, p is the pure rate of time preference, and S is the depreciation rate of capital.

32 The key point to note in Table 14.5 is that the level of the consumption tax does not influence the
growth rate as this tax does not distort the intertemporal consumption decision.

33 Since there is no labour in the model, human wealth is zero and the capital stock equals total
wealth.
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higher interest rate, a steeper intertemporal consumption profile, and thus a higher
rate of capital accumulation in the economy. Furthermore, taste parameters also
exert a permanent effect on the growth rate of the economy. Hence, an economy
populated by patient households (a low p) or households with a high willingness
to substitute consumption intertemporally (a high a), tends to have a high rate of
economic growth.

The level of the different variables can be determined by using the initial con-
dition regarding the capital stock. Indeed, by using K(0)/K(0) = y* in (T5.2) and
noting that K(0) is predetermined we find:

C(0) = A3y* = 1
—Si---a

A+(a-1)3+ap.
K(0) 	 1 —

(14.157)

A number of further properties of the basic AK model must be pointed out. First,
the model contains no transitional dynamics. The initial levels of the different
macroeconomic variables are tied down by the initial capital stock (see (14.151) and
(14.157)), and the rate of growth is constant and the same for all these variables.
This result does not hold if the consumption tax or the investment subsidy are time-
varying, since in that case the real interest rate will vary over time and the agents
will react to this. Second, the equilibrium in the basic AK model is Pareto-efficient
in that the market outcome and the central planning solution coincide. Intuitively
this result holds because there is no source of market failure in the model (Barro
and Sala-i-Martin, 1995, p. 144).

In a recent paper, Barro (1990) has proposed a model in which productive govern-
ment spending has an effect on the economic growth rate. The production function
(14.151) is replaced by:

Y (t) = AK(t)«G(t) 1-« = AK(t) 
G(t)

 1-«
(K(t) 	

0 < a < 1, 	 (14.158)

where G(t) is the flow of public spending. The idea is that productive public spend-
ing affects all producers equally, these services are provided free of charge, and there
is no congestion effect. Note that (14.158) reinstates diminishing returns to private
capital, K(t), because a is less than unity. If somehow the government succeeds in
maintaining a constant ratio between its productive spending and the private cap-
ital stock, however, the model ends up looking very much like the basic AK model
and thus will display endogenous growth.

The government is assumed to finance its spending by means of a tax on output:

G(t) = tyY (t),	 (14.159)

where ty is the output tax. The representative firm takes the level of G(t) as given
and maximizes the present value of after-tax cash flows:

V(0) = f [(1 — ty)Y (t) — I(t)] e_R(t) dt,
00

(14.160)
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subject to the capital accumulation identity (14.4), the production function
(14.158), an initial condition on the capital stock, and a transversality condition.
After some manipulation we find that the rental rate on capital equals the after-tax
marginal product of capital:

r(t) = (1 - ty)

Since nothing is changed on the household side of the model, the Euler equation
is still of the form given in (T5.1) (with ic (t) = 0 imposed). The representative firm
computes the marginal product of capital for a given level of public spending (G(t)):

ax(t)	 K (t)
= aA (V ay(t) 	G(t) (14.162)

By using (T5.1) in combination with (14.161)-(14.162) and assuming that the gov-
ernment maintains a constant ty and G(t)/K(t)-ratio, we find the common growth
rate implied by (this version of) the Barro model:

C(t) Y(t) 1(t)Y = = = - --
C(t) Y (t) K(t) I (t)

= a[a(1- ty)A (KG ((tt 0 1- 8 - p].

The striking conclusion is that endogenous growth emerges despite the existence
of diminishing returns to private capital! Intuitively, by ever increasing its level of
productive spending, the government manages to negate the effect of diminishing
returns to private capital that would otherwise result from continuing capital accu-
mulation. It is able to do so without ever-increasing (and thus ultimately infeasible)
tax rates because the tax base (gross output) grows at the same rate as the capital
stock.

By using the production function (14.158) and the government budget constraint
(14.159) we can express the G(t)/K(t)-ratio in terms of the productivity parameter
and the output tax rate, i.e. G(t)/K(t) = (tyA) l ia . By substituting this result into
(14.163), we obtain an expression linking the rate of growth to the tax rate:
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(14.159)

s the level of G(t) as given

(14.160)

which has been plotted in Figure 14.15. There are two offsetting effects of the output
tax on the rate of economic growth. First, via the government budget constraint
we know that a higher G(t)/Y(t)-ratio requires a higher tax rate which is bad for
growth. Second, a higher G(t)/ Y(t)-ratio also raises the marginal product of private
capital which is good for growth as it raises the interest rate and makes households
save more. For low initial tax rates, the second effect dominates the first effect and
the growth rate increases if the output tax is raised, and vice versa for high tax rates.
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The growth-maximizing tax rate (and share of productive government spending) is
obtained by maximizing y* with respect to ty . After some manipulation we obtain:

dy* 	 G(t) 	 „= 	 ty = 	 = — CY .
dty 	Y (t)

The interpretation of this result is as follows. The social cost of a unit of government
spending is unity and the social benefit is aY(t)/aG(t) = (1—a)Y(t)/G(t) = (1—a)/ty .
By equating marginal costs and benefits we obtain the expression in (14.165) (see
Barro and Sala-i-Martin, 1995, p. 155).

14.6.2 Human capital formation
In a path-breaking early contribution to the literature, Uzawa (1965) argued that
(labour-augmenting) technological progress should not be seen as some kind of
"manna from heaven" but instead should be regarded as the outcome of the inten-
tional actions by economic agents employing scarce resources in order to advance
the state of technological knowledge. Uzawa (1965) formalized his notions by
assuming that all technological knowledge is embodied in labour, i.e. in terms
of the aggregate production function (14.11) he sets AK (t) = 1 for all t and pro-
poses a theory which endogenizes A L (t) (and thus nA in (14.14)). Uzawa postulates
the existence of a broadly defined educational sector which uses labour, LE (t), in
order to augment the state of knowledge in the economy according to the following
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knowledge production function:

AL(t)	 (LEM 
AL (t)	 L(t)

(14.166)
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where L(t) = LE(t) Lp(t) is the total labour force, Lp(t) is labour employed in the
production of goods, and tP(x) satisfies W'(x) > 0 > W"(x) for 0 < x < 1. It is clear
that there are now two stocks that can be accumulated in this economy, namely
the stock of physical capital goods (K(t)) and the stock of knowledge (AL (t)). Uzawa
shows how a benevolent social planner would optimally choose these stocks for the
special case of a linear felicity function (i.e. under the assumption that U[c(t)] = c(t)
in (14.53)). One of the trade-offs which the planner must make is of course the
optimal assignment of labour to the production and educational sectors. By raising
the proportion of workers in the educational sector the growth of knowledge will
increase but production of goods (and thus the rate of investment) will decrease.

Uzawa's ideas lay dormant for two decades until they were taken up again and
extended by Romer (1986), Lucas (1988, 1990b), and Rebelo (1991). The aim of this
section is to discuss (a simplified version of) the Lucas model in order to demonstrate
that human capital accumulation can serve as the engine of (endogenous) growth.

Lucas (1988) modifies and extends Uzawa's analysis in various directions. First,
whereas Uzawa interprets AL (t) very broadly as consisting of activities like educa-
tion, health, construction and maintenance of public goods (1965, p. 18), Lucas
adopts a more specific interpretation by interpreting AL (t) as human capital. Sec-
ond, Lucas cites Rosen (1976) whose findings suggests that the empirical evidence
on individual earnings is consistent with a linear knowledge production function.
Despite the fact that in reality people tend to accumulate human capital mainly
early on in life, this does not necessarily imply that there are diminishing returns
to knowledge accumulation (as is assumed in (14.166)) but rather may be due to
the fact that agents' lives are finite (Lucas, 1988, p. 19). It simply makes no sense
for an octogenarian to go to school as the time during which he can cash in on his
additional skills is too short for the investment to be worthwhile. On the basis of
the above considerations, Lucas adopts the following specification for the human
capital accumulation function:

I: I (0
= LE (t) 

H(t) L(t)* E (14.167)

where *E > 0 is a constant. The third modification that Lucas makes is to assume
a curved (rather than linear) felicity function. The lifetime utility function for the
representative infinitely lived household is thus given by:

Fc(t) 1-1/a — 11 P dt,L 1 _ 1/a 
(14.168)

where a is the intertemporal substitution elasticity, p is the rate of time preference,
and C(t) is consumption. The remainder of the model is fairly standard. To keep

A(0) = Jo
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things simple we abstract from population growth and normalize the size of the
population to unity (L(t) = 1). This means that the time constraint can be written as:

to the time constra
the following buc

I(t) C(t) =LE(t) Lp(t) = 1.	 (14.169)

Following Lucas we assume that the aggregate production function is Cobb-
Douglas:

Y(t) = F[K(t), N(t)) = N (t) 1-"K K(t)aK ,	 (14.170)

where N(t) is effective labour used in goods production, i.e. skill-weighted man-
hours: 34

N(t) H(t)Lp(t)•	 (14.171)

We are now in a position to solve the model and to demonstrate that it contains a
mechanism for endogenous growth. The institutional setting is as follows. Perfectly
competitive firms hire capital and labour from the household sector. Households
receive rental payments on the two production factors and decide on the opti-
mal accumulation of physical and human capital and the optimal time profile for
consumption.

Since technology is linearly homogeneous and competition is perfect it is appro-
priate to postulate the existence of a representative firm. This firm hires units
of labour and capital from the household in order to maximize profit, fl(t)
Y(t) - W (t)Lp(t) - RK (0K(t), subject to the technology (14.170) and the defini-
tion of effective labour (14.171). This yields the familiar expressions for the rental
rate on capital RK(t) and the wage rate W(t):

RK (t) = FK[K(t), N(t)1 = a K(t)l( 	N(t)

W (t) H (t)FN[K(t), N(t)) = (1 - aK)H(t) N(t)K(t) ") .

Equation (14.172) is the standard condition equating the marginal product of capital
to the rental rate. The key thing to note about (14.173) is that, for a given capital-
effective-labour ratio, K/N, the wage rate increases as the skill level increases. This
gives the household a clear incentive to accumulate human capital.

The representative household chooses sequences for consumption and the stocks
of physical and human capital in order to maximize lifetime utility (14.168) subject

34 In adopting (14.169)-(14.171) we have simplified the Lucas model by assuming that the popula-
tion is constant and that there is no external effect of human capital. See Lucas (1988, p. 18) for the
latter effect.
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to the time constraint (14.169), accumulation identities (14.4) and (14.167), and
the following budget identity:

I (t) + C(t) = H (t)FN 04(0 + RK (t)K(t), 	 (14.174)

where I (t) is gross investment in physical capital and we have substituted the expres-
sion for the real wage from (14.173). 35 The crucial thing to note is that, from the
point of the individual agent described here, the marginal product of effective labour
(FN) is taken as given as it depends on the aggregate ratio between physical capital
and effective labour.

The Hamiltonian associated with the representative household's decision problem
is given by:

C(t) 1-1/a - 1
7-(t) = 	 +	 (t)*ELE (t)H (t)1 - 1 / a

+ K(t)[(RK (t) - 3) K(t) + H (t)FNO( 1 - LE(t)) - C(t)], 	 (14.175)

where plat) and auH(t) are the co-state variables for, respectively, K(t) and H(t). The
first-order necessary conditions are: 36

C(0 -1 / = px(t),

ilx(t)FN•= *E itH(t),

ILK (t) = p + 3 - FK [K(t), N (t)] ,
(t)

H	 I1 K(t) 
=	 ViELE(t) 	 [1 - LE(t)] FN [K(t), N(t)] ,(t) 	 (t)

0 = urn P t ,uK(OK(t) = lirn P t AH(t)H(t),

(14.176)

(14.177)

(14.178)

(14.179)

(14.180)

where we have used (14.172) to simplify (14.178) and (14.180) are the transversality
conditions (explained in detail by e.g. Benhabib and Perli (1994, p. 117)). The
intuition behind these expressions is as follows. First, according to (14.176) goods
must on the margin be equally valuable in their two uses, namely consumption and
capital accumulation. Similarly, (14.177) says that time must be equally valuable in
its two uses, namely the accumulation of physical and human capital (Lucas, 1988,
p. 21). The intuition behind (14.178)-(14.179) is best understood by rewriting them
slightly and appealing to the fundamental principle of valuation according to which
the rate of return on different assets (dividends plus capital gains) must be equalized

35 Since, capital and effective labour receive their respective marginal products, it follows that profit
is zero (0(t) = 0).

36 The first-order conditions are 07-t/ax = 0 for the control variables (x E	 LE)) and —87-t/ax =

— pit, for the state variables (x E (K, H)).
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(cf. Miller and Modigliani, 1961, p. 412).

(t) + 	 (t) DH(t) 
P =

,aK(t)	 PH(t)
(14.181)

capital, and outpu.

YK = YY = Yc =

where DK (t) FK [KM , N(0] — 8 is the "dividend" on physical capital, consisting of
the net marginal product of physical capital, and DH(t) stands for the "dividend" on
human capital. The latter can be written in a number of different (but equivalent)
ways:

DH(t) m ILK(t)FN (.) = /LH(t). (14.182)

Recall that µK (t) and p,H (t) are the imputed shadow prices of the two assets owned
by the household. According to the fundamental principle of valuation, the rate of
return (consisting for each asset of dividends plus capital gains expressed in terms
of the value of the asset) must be equalized across assets. This is essentially what
(14.181) says in the context of the household's choice regarding physical and human
capital. The expressions in (14.182), which are obtained by substituting (14.177)
into (14.179), show that the dividend on human capital can be written in terms of
the additional wage payments it causes (first equality) or in terms of the increase in
the marginal productivity of educational activities it gives rise to (second term).

We now have all the ingredients of the model and proceed to characterize its bal-
anced growth path (BGP). 37 Along the BGP consumption and physical and human
capital are all growing at constant exponential growth rates, the fraction of labour
used in education is constant, and the shadow prices decline at constant exponen-
tial rates. We define the exponential growth rate of a variable along the BGP as
Yx 1)c (for x E (K, C, H, Y}). First we note that by differentiating (14.176) with
respect to time and substituting (14.178) we obtain:

Yc +P+8_FK K1
a N (14.183)

where we have incorporated the fact that F[.] is homogeneous of degree one (so that
FK [.] is homogeneous of degree zero). Equation (14.183) implies that the capital-
effective-labour ratio is constant along the BGP, i.e. yi< = yN = YH, where the final
equality follows from (14.171) plus the fact that Lp is constant along the BGP. It
follows from (14.177) that µH /µK = FN is constant also, so that (14.177)—(14.179)
together imply that FK = 8 + E. Using this value for FK in (14.183) we find that
Yc = a(E — p) . The macroeconomic resource constraint along the BGP can be
written as follows:

C Y
YK = —8.  (14.184)

Since Y IK = F[1, N IK] is constant along the BGP (as KIN is constant) it follows
from (14.184) that C K is constant also. Hence, consumption, human and physical
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capital, and output all grow at the same exponential rate:

YK = YY = Yc = YH = a (i,E — p). 	 (14.185)

It remains to be checked that the (common) growth rate given in (14.185) is actu-
ally feasible. According to (14.167) the maximum growth rate of human capital
(equalling IfrE) occurs if the entire labour stock is devoted to educational activities
(LE = 1 and Lp = 0). Hence, the growth rate in (14.185) is feasible if and only if
YH < *E. The feasibility requirement thus places an upper limit on the allowable
intertemporal substitution elasticity:

*E 0' < 	 •
*E P

(14.186)

We have thus demonstrated that endogenous growth can result from the purpose-
ful accumulation of human capital by maximizing agents. No "manna from heaven"
assumption is needed to generate this result. The model studied by Lucas (1988) is
more complex than the one studied here because he introduces (exogenous) pop-
ulation growth nL and, more importantly, because he argues that knowledge may
have a positive external effect on productivity. Instead of (14.170) he uses the pro-
duction function Y(t) = N(t) l-aKK(t)a4-1(t)as, where H(t) is the average skill level
in society and as > 0. Intuitively, his formulation attempts to capture the notion
that the formation of human capital is, in part, a social activity. Since individual
households are infinitesimally small (relative to the economy) they will not recog-
nize the link between their own human capital choice and the resulting level of
average economy-wide human capital. As a result, the market economy will not be
efficient. Lucas (1990b) uses this extended model to explain why there can be per-
sistent differences in the marginal product of capital across countries even if there
are no barriers to international capital flows.

14.6.3 Endogenous technology
In the previous subsection we showed that the purposeful accumulation of human
capital ("skills") forms the key ingredient of the Uzawa-Lucas theory of economic
growth. In this subsection we briefly review a branch of the (huge) literature in
which the purposeful conduct of research and development (R&D) activities forms
the key source of growth. 38 In order to demonstrate the key mechanism by which
R&D affects economic growth we follow Grossman and Helpman (1991, ch. 3) and
Benassy (1998) by abstracting from physical and human capital altogether. In such a
setting all saving by households is directed towards the creation of new technology.

There are three production sectors in the economy. The final goods sector pro-
duces a homogeneous good using varieties of a differentiated intermediate good

38 Key contributions to this literature are Romer (1987, 1990), Aghion and Howitt (1992), and
Grossman and Helpman (1991).
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as productive inputs. Production is subject to constant returns to scale (in these
inputs) and perfect competition prevails. The R&D sector is also perfectly compet-
itive. In this sector units of labour are used to produce blueprints of new varieties
of the differentiated input. Finally, the intermediate goods sector is populated by a
large number of small firms, each producing a single variety of the differentiated
input, who engage in Chamberlinian monopolistic competition (see Chapter 13 for
a detailed account of this market structure).

The production function in the final goods sector is given by the following
(generalized) Dixit-Stiglitz (1977) form:

Y(t) N(t) 9 N(t) -1 	Xi(t)114dir > 1,	 > 1, 	 (14.187)f
N(t)

where N(t) is the number of different varieties that exist at time t, Xj(t) is vari-
ety j, and /2 and 77 are parameters. 39 Note that, holding constant the number of
varieties, doubling all inputs leads to a doubling of output in (14.187), i.e. con-
stant returns to scale prevail. The specification in (14.187) implies that, provided

> 1, there are returns to specialization of the form emphasized by Ethier (1982).
This can be demonstrated as follows. Suppose that the same amount is used of all
inputs (as will indeed be the case in the symmetric equilibrium discussed below),
i.e. Xj(t) = X(t) for j E [0, N(t)]. Then total output in the final goods sector will be
Y(t) = N (0 11-1 (Lx(t)/kx), where Lx(t) = kxN(t)X(t) represents the total amount of
labour used up in the intermediate goods sector (see below). Ceteris paribus Lx(t),
output in the final goods sector rises with the number of intermediate inputs pro-
vided rj exceeds unity. By having a larger number of varieties, producers in the
final goods sector can adopt a more "round-about" method of production and thus
produce more.

The representative producer in the final goods sector minimizes its costs and sets
the price of final goods equal to the marginal (equals average) cost of production:

N(t)-----. 	 71 N(t)W(1-)4 f[	
N(t)

1/Pi (t) (1—
 A) 

ddl-it
Py(t) 

where P1(t) is the price of input variety j. The cost-minimizing demand for input j
is given by:

Xi(t) 12 /(1-0

Y(t)
	 = N(00-0/(eu-1) ( Pi (t) 

Py(t))

where /2/(1 - /2) thus represents the (constant) price elasticity of the demand for
variety j.

39 Note that (14.187) is similar to (13.2) in Chapter 13 with the summation sign replaced by an
integral sign. Strictly speaking N(t) is now the "measure" of products invented before time t. Following
convention we will continue to refer to N(t) as the number of firms. See Romer (1987) and Grossman
and Helpman (1991, p. 45) for details.
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In the intermediate goods sector there are many monopolistically competitive
firms which each hold a blueprint telling them how to produce their own, slightly
unique, variety X1(t). The operating profit of firm j is defined as follows:

Ill (t)-= Pi (t)Xj(t) — W(t)Li(t), (14.190)

where W(t) is the wage rate (common to all firms in the economy as labour is
perfectly mobile) and Li (t) is the amount of labour used by firm j. Firm chooses
its output level, Xi (t), given the demand for its output (14.189), the production
function Xj(t) = (1/kx )Lj (t), and taking the actions of all other producers in the
intermediate goods sector as given. As is familiar from the detailed discussion in
Chapter 13, the optimal choice of the firm is to set price according to a fixed markup
over marginal production cost:

Pi (t) = ,uW(t)kx, (14.191)

where It thus represents the constant markup. Since all active firms in the inter-
mediate sector possess the same technology and face the same input price and
markup, they all choose the same amount of output and charge the same price.
Hence, from here on we can suppress the firm subscript, as X i (t) = j((t), Pi (t) = P(t),
and Ili(t) = WO for j E [0, N(t)], and let the barred variables denote the choices
of the representative firm in the intermediate sector. By substituting (14.191) into
(14.190) and invoking the symmetry results we obtain the following expression for
the profit of a representative firm in the intermediate goods sector:

(t) = [P(t) — W(t)kx] X(t) =  — 1 P(t)X(t). (14.192)

In the R&D sector competitive firms use labour (researchers) to produce new
blueprints. Since N(t) is the stock of existing blueprints, its time rate of change,
N(t), represents the new blueprints. It is assumed, following Benassy (1998) that
the production function for new blueprints is given by:

N(t) = (1/kR )N(t)LR(t), (14.193)

where LR(t) is the amount of labour employed in the R&D sector and 1/kR is a
productivity parameter. By employing more labour in the R&D sector, more new
blueprints are produced per unit of time. Furthermore, equation (14.193) incorpo-
rates the assumption, due to Romer (1990), that the stock of existing blueprints
positively affects the productivity of researchers. As Romer puts it, "Mlle engineer
working today is more productive because he or she can take advantage of all the
additional knowledge accumulated as design problems were solved during the last
100 years" (1990, pp. S83-84). Since the R&D sector is competitive the price of a
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new blueprint, PN (t), is equal to the marginal cost of producing it:

k RW
PN(t) = 	 •N(t) (14.194)

The model is clog
clears provided oL.

Y(t) = C(t).

It remains to describe the optimal behaviour of the representative, infinitely
lived, household. This household has a utility function as in (14.168) and faces
the following budget identity:

PY(t)CM PN(t)N(t) = W(t)L N(t)II(t), 	 (14.195)

where L is the exogenous supply of labour of the household. Total spending on
consumption goods plus investment in new blueprints (left-hand side) equals total
labour income plus the total profits the household receives from firms in the
differentiated sector (right-hand side). By using the price of final output as the
numeraire (Py(t) = 1) we obtain the household budget identity in real terms,
C(t) + PN(t)N(t) = W(t)L N(t)f1(t).

The current-value Hamiltonian associated with the representative household's
decision problem is given by:

— 1 + AN(0
[W(t)L N(t)t1(t) — CM] ,7-1(t) = 	

1 — 1/a 	 PN ( t)

(14.196)

where ,uN(t) is the co-state variable for N(t). The first-order necessary conditions
.are 40.

C(t) —l ia = IJN(t) 
PN(t)''

µN(t) 	 fl(t) 

µN (t) P PN(t)•

By combining these two expressions we obtain the conventional consumption Euler
equation:

C (t) 
= [r(t) —C(t) 	 p] ,

where r(t) is the rate of return on blueprints:

n(o+N(t) r(t) =
PN

The return on blueprints is the dividend plus the capital gain expressed in terms of
the purchase price of the blueprint.

40 The first-order conditions are arc/ax = 0 for the control variables (x E {C,LE}) and —87-(/ax =
Nx — pt-„ for the state variables (x E {K, H}).
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Chapter 14: Theories of Economic Growth

The model is closed by two market clearing conditions. The final goods market
c' jars provided output equals consumption:

Y(t) = C(t). 	 (14.201)

The labour market equilibrium condition requires the total supply of labour to equal
the sum of labour demand in the intermediate and R&D sectors, i.e. Lx (t)+L R = L.
Since Lx (t) = k x N (t)X (t) and LR (t) = kRN(t)/N(t) we can rewrite this labour market
equilibrium condition as:

(t) L — kx N (t)X (t)
N (t)	 kR

where we assume implicitly that the differentiated sector is not too large and thus
does not absorb all available labour (i.e. the numerator on the right-hand side is
strictly positive).

Growth
We are now in a position to determine the growth rate in the economy. We follow
the solution approach of Benassy (1998). In the first step, we note a number of
intermediate results:

Mt)
= (it 1) 

kxN(t)X(t) 
PN (t)

PN(t)(0 	(10) 
(T,	 = ri 2)

i'N (t) 	 N(t)

C (t) = N (t) N (t)X (t)

Equation (14.203) expressed the real dividend rate on blueprints in terms of the
monopoly markup (A) and the total amount of labour absorbed by the final goods
sector. It is obtained by using (14.194) and (14.191) in (14.192) and imposing the
symmetry results. Equation (14.204) shows that the capital gains rate on blueprints
is proportional to the growth rate of varieties, i.e. the rate of innovation. It is
obtained by using (14.191) and (14.188) in (14.194), setting Py (t) = 1 and imposing
symmetry. This yields PN(t) = [kR/(ukx)1N(t) 17-2 which can be differentiated with
respect to time to obtain (14.204). Finally, (14.205) is the goods market clearing
condition in the symmetric equilibrium.

In the second step we write the dynamics of the model as follows:

Yc =a[( 11-1- )Lx + ( 71 — 2)YN (t) — 19]kR 	
(14.206)

Yc(t) = (ri — 1 )YN(t) + Lx (t),
L — Lx (t) 

YN(t) =
kR

(14.202)

(14.203)

(14.204)

(14.205)

(14.207)

(14.208)
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where we use the conventional notation for growth rates, i.e. y, ic(t)/x(t). Equa-
tion (14.206) is the consumption Euler equation. It is obtained by combining
(14.199)-(14.200) and (14.203)-(14.204) and noting that Lx(t) = kxN(t)X(t). Equa-
tion (14.207) is the time derivative of (14.205) and (14.208) is a rewritten version
of (14.202).

In the third step we eliminate yN(t) and yc(t) from (14.206)-(14.208) to derive a
single differential equation for Lx(t):

[ q 1 + a(2 - 
- ap. (14.209)

kR
Lx(t) = [ala + (1 —

a

)(ri
 -1)]Lx(t)

kR

The crucial thing to note about this expression is that the coefficient for Lx(t) on
the right-hand side is positive, i.e. (14.209) is an unstable differential equation.41
This, of course, means that the only economically sensible solution is such that
Lx(t) jumps immediately to its steady-state value:

[ 77 - 1 + a(2- 77)]L apkR
a P., + (1 — a)(ri - 1) 

(14.210)
•

Since there is no transitional dynamics in Lx(t) (and thus Lx (t) = 0 for all t) the
same hold for the growth rates of the number of varieties and consumption. Indeed,
by using (14.210) in (14.206) and (14.208) we obtain:

YN = 
au(

+(
1
1—

(1,
a
/k

)

R(77)  yc = yy = i)yN, 
(14.211)

where the sign follows from our assumption made in the text below equation
(14.202). This expression generalizes the results of Grossman and Helpman (1991,
p. 59), Benassy (1998, p. 66), and de Groot and Nahuis (1998, p. 293) to the case of
a non-unitary elasticity of intertemporal substitution. Like these authors, we find
that the rate of innovation increases with the monopoly markup (ayN /ap, > 0) and
the size of the labour force (ayN > 0) and decreases with the rate of time prefer-
ence (ayN/ap < 0). The partial equilibrium effect for the intertemporal substitution
elasticity is:

aYN _  —1))/N 

aa — a [a + (1 - a)(r) -1)J •

 (14.212)

Provided the returns to specialization are operative (so that ri > 1), an increase in the
willingness of the representative household to substitute consumption across time
raises the rate of innovation (ayN /aa > 0). As is evident from (14.211), the growth
rate in consumption and output also depends critically on whether or not the
technology in the final goods sector is characterized by returns from specialization.

41 Recall that p, > 1 and > 1. For low values of the intertemporal substitution elasticity, 0 < a < 1,
it follows immediately that the coefficient is positive. If a > 1 we write the numerator of the coefficient
as a (,u —1) + -1+ a (2 — ti). This expression is positive provided a mild sufficient condition on holds,
i.e. 77 < 2.
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Efficiency

One of the classic questions in economics concerns the welfare properties of the
decentralized market equilibrium. In the context of the model we wish to know
whether the market rate of innovation is too high or too low. To study this problem
we follow the usual procedure by computing the social optimum and comparing it
to the decentralized market equilibrium.

As is pointed out by Benassy (1998, p. 66), computation of the social optimum is
quite a lot easier than that of the market solution because we can impose symmetry
up front and work in terms of aggregates like consumption, the number of firms,
and labour used in the intermediate sector. The social planner is assumed to maxi-
mize lifetime utility of the representative agent (14.168), subject to the constraints
(14.202) and (14.205). By using Lx(t) = kxN(t)X(t) in the various expressions we
find that the Hamiltonian for the social welfare programme is given by:

[N(tr i ki-c 1Lx(01 11a —

l1(t) = 	
1 — 1/0-

where 1,1 N (0 is the co-state variable for N(t). The first-order necessary conditions are:

,LN(t)N(t) L -k Lx(t)
 ,R  (14.213)

(14.211)
(

AN(0) N(t)n-2

kR kx[N(t)71-11q,1Lx(td
1 / a '

(14.214)
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By combining these two expressions we obtain (after a number of tedious but
straightforward steps) a differential equation in Lx(t):

(14.212)

Lx(t) = rl 11 Lx(t) [(77 - 1)(1 -	 a p.
Lx(t)	 kR	 kR

(14.216)

Provided there are returns to specialization (7/ > 1), the coefficient for Lx(t) on the
right-hand side of (14.216) is positive so that the differential equation is unstable
and the socially optimal solution is to jump immediately to the steady state (Lx (t) =
0):

LX = (1 - 01, ±  PkR 
-1

(14.217)

where the superscript "SO" denotes the socially optimal value and we assume implic-
itly that Lv is feasible (positive). The socially optimal rate of innovation associated
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with (14.217) is:

yN = 	 kR) a	  > 0SO
q 1

The striking conclusion that can be drawn from (14.218) is that the socially optimal
rate of innovation does not depend on the markup (A) at all but rather on the param-
eter regulating the returns to specialization (q). This result is obvious when you think
of it—in the symmetric equilibrium (14.187) collapses to Y(t) = N(t) ,-1 (Lx(t)/kx)
from which we see that the social return to research depends critically on q — 1
(136nassy, 1998, p. 67).

We can now compare the socially optimal and market rate of innovation (given,
respectively, in (14.211) and (14.218)) and answer our question regarding the wel-
fare properties of the decentralized market equilibrium. To keep things simple we
set a = 1 (logarithmic felicity) for which case yN and )4° are:

YN	 Y N
(bt — 1)(L/kR) p	 so _ (71 – 1) (L IkR) – p •

tt	 q — 1

These expressions can be used to derive the following result:

L 	 [it – (9 — 1) [ Aso _ yN. = 	 p

No general conclusion can be drawn from (14.220) and both yN > yN (underin-
vestment in R&D) and niS° < yN (overinvestment in R&D) are distinct possibilities
as is the knife-edge case for which the parameters are such that the market yields
the correct amount of investment in R&D (yV = yN).42 The literature tends to stress
the underinvestment case but that result is not robust as it is based on the implicit
assumption that the markup equals the returns to specialization parameter. Indeed,
for that special case, ri r, and (14.220) reduces to:

L 	 1	 ,[ yAr	 =	 p  	 rN • (14.221)

Hence, if q = and yN > 0 the "traditional" result obtains and the market yields
too little R&D and the innovation growth rate is too low (Benassy, 1998, p. 68; de
Groot and Nahuis, 1998, p. 294). 43

42 Recall that kt> 1 and 1 < q< 2 so that the term in square brackets on the right-hand side of
(14.220) is positive.

43 The example in this paragraph serves to demonstrate that, even though the standard Dixit-Stiglitz
preferences (for which = r) are convenient to work with, they are restrictive and may impose too
much structure. Ethier (1982) stresses the need to distinguish 77 and p,. Weitzman (1994) provides some
micro-foundations for assuming and it to be different. Broer and Heijdra (2001) study diversity and
markup effects in a traditional growth model with capital accumulation.

Yc° =	 =(q - 1) YN
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Human and physical capital

Romer (1990) extends the R&D model by recognizing physical capital accumulation
and by assuming that a given stock of human capital is used in both the final goods
sector and in the R&D sector. In his model the production function for final output
(14.187) is modified to:

[N(t)
Y(t) F_-_-- Hy(t)".1_,(4 f Xj(t)1-"H' di , 0 < al', aL, al/ + al, < 1, (14.222)

0

where L and Hy (t) are, respectively, the amounts of labour and human capital used
in the final goods sector. Labour is only used in the final goods sector and its total
stock is constant. The total stock of human capital, H, is also constant, but it is used
both in the final goods sector (Hy (t)) and in the R&D sector (HR (t)):

H = Hy (t) HR(t). (14.223)

A further notable difference between (14.187) and (14.222) is that in the latter for-
mulation the technology coefficient, 1 —aH—aL, performs no less than three roles: it
parameterizes the returns to specialization, the monopoly markup, and the capital
efficiency parameter (i.e. 1/77 = 1/it = 1 — aH — aL).

Any output of final goods which is not consumed is added to the stock of (non-
depreciating) "general" capital, K(t). Hence, the accumulation identity for general
capital is:

K (t) = Y(t) c(t), (14.224)

where C(t) is aggregate consumption. The representative household maximizes its
lifetime utility function (14.168) using both general capital and new technology as
assets to smooth consumption over time. Since these assets attract the same net rate
of return, r(t), the consumption Euler equation is still as given by (14.199).

General capital (or "cumulative foregone output" as Romer calls it) is rented
(from the representative household) by the monopolistically competitive produc-
ers in order to produce units of the differentiated input. The production function
in the differentiated sector is KA° = ( 1 Ikx)X j (t). Romer (1990, p. S80) furthermore
assumes that the differentiated inputs, Xj (t), are durable and non-depreciating "spe-
cialized capital goods". Capital is "putty-putty" in the sense that specialized capital
can be converted back into general capital if the need arises (1990, p. S86). Romer
defines the following accounting measure for general capital:

K(t) (1 / kx)f X j(t) dj,
13 

N(t) 
(14.225)

where the left-hand side of (14.225) denotes the total stock of general capital and
the right-hand side is the total amount of general capital used in the differentiated
sector.

(14.218)
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The R&D sector uses human capital, HR (t), in order to produce new designs.
Hence, equation (14.193) is replaced by:

N(t) = (1/kR )N (t)HR(t). 	 (14.226)

Apart from the fact that raw labour (LR (t)) appears in (14.193) and human capital
appears in (14.226), the two expressions for the R&D technology are essentially the
same. The engine of growth in both cases is furnished by the fact that the number
of designs, N(t), appears linearly in both expressions (see also Romer, 1990, p. S84).

On the balanced growth path consumption, final output, general capital, and the
number of designs all grow at the same exponential rate, i.e. yc = yy = YK = YN ,

where yN is given by (Romer, 1990, p. S92):

YN = 	  A =
H/kR — pA aH 

1 + A/a 	 (1 — aH — aL)(aH + ceL)'
	 (14.227)

where it is assumed that this growth rate is positive (HR (t) > 0 in the balanced
growth path). Comparing (14.211) and (14.227) reveals a number of differences
and similarities. Both models give rise to similar effects on the rate of innovation
of preference and technology parameters like s, p, and kR . An important differ-
ence between the two models concerns the scale factor. In (14.211) the stock of
raw labour (L) determines the growth rate whereas in (14.227) it is the stock of
human capital (H) which determines the rate of innovation. This key difference
is, of course, directly attributable to the different specifications of the R&D sector
(namely (14.193) and (14.226)).

Scale effect

In the previous subsections we have developed two R&D-type growth models which
have in common the prediction that the scale of an economy is an important deter-
minant of that economy's balanced growth rate in the economy. This so-called scale

effect is in fact a common feature of many important R&D growth models such as
Grossman and Helpman (1991) and Aghion and Howitt (1992). In a recent paper,
Jones (1995) has argued that the prediction of scale effects is easily falsified empiri-
cally. In the US, for example, the amount of labour employed in R&D activities grew
from 160,000 in 1950 to about 1,000,000 in 1988 whereas total factor productivity
growth stayed the same (or even declined somewhat) during that period (Jones,
1995, p. 762). Similar data can be quoted for other industrialized countries such as
France, West Germany, and Japan. On the basis of the empirical evidence, Jones
concludes that "the assumption embedded in the R&D equation that the growth
rate of the economy is proportional to the level of resources devoted to R&D is
obviously false" (1995, p. 762).
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Jones suggests that, since the R&D equation is clearly the cause of the empirical
refutation, it should be replaced by the following specification:

N(t) = (1/kAR(ON(t) 01 [LR(t)] h 1 , 0 < 	 02 1, 	 (14.228)

where LR(t) captures an external effect due to unintended duplication of work in the
R&D sector. In equilibrium LR(t) = LR(t), and the production of new designs features
diminishing returns to labour provided 0 2 < 1. Individual R&D firms, however,
take LR (t) as given and operate under the assumption that the R&D production
function is linear in LR(t). Apart from a duplication externality, (14.228) also features
a more general specification of the knowledge externality which operates across time
via the stock of invented product varieties. Indeed, whereas N(t) enters linearly in
the standard R&D equation (14.193), it features in the augmented R&D equation
with an exponent 0 1 which may or may not equal unity. An attractive feature of the
generalized R&D equation (14.228) is that it contains the standard R&D equation
(14.193) as a special case. Indeed, if 0 1 = 02 = 1 the duplication externality is absent
and the R&D equation is linear in N(t) and the two expressions coincide.

We now demonstrate the implications for economic growth of adopting the more
general specification of the R&D function. As we have seen in the previous sub-
section, the accumulation of physical capital does not play an essential role in
the determination of the steady-state growth rate. For that reason we use our first
R&D model (without physical capital) and derive the steady-state growth rate when
(14.228) is used as the R&D function. We augment our simple R&D model, however,
by assuming non-zero population growth.

The key ingredients of the model are as follows. The production function for final
output is as given in (14.187) except that we follow convention by assuming that
the specialization parameter equals the markup (1) = ,u):

N(t)
Y(t) -=[f Xi (t) 11A dji , ,u > (14.229)

The simplifications that result from assuming ri = are easily incorporated in equa-
tions (14.188)—(14.189). Equations (14.190)—(14.192) are unchanged, (14.193) is
replaced by (14.228), and (14.194) is replaced by:

PN( t) — 

kR W(t)
 [I,R(t)]1-h

N(0 4, 1 (14.230)

The price of a new design is equal to the private marginal cost of producing. As
in our first R&D model, labour is used in both the intermediate goods sector and
in the R&D sector. In contrast to what was assumed in that model, the stock of
labour is now postulated to grow at a constant exponential rate, i.e. L(t)/L(t) = nL.
The representative household is assumed to care about its per capita consumption,
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c(t) C(t)/L(t), and has the following lifetime utility function:

A(0) = 	 L 1 - 1/a

1-1/a	 ]
	 e	 dt.

0

fa° c(t)	 1
(14.231)

From this

YY = YY

Finally, since the number of family members of the household grows, the budget
identity for the household is changed from (14.195) to:

L(t)c(t) + PN(t)N(t) = W(t)L(t) + N(t)I1(t), 	 (14.232)

where we once again assume that final output is the numeraire commodity (so
that Py(t) = 1). The representative household chooses the optimal per capita
consumption path in order to maximize (14.231) subject to (14.232) (plus an NPG-
no-Ponzi-game—condition). The consumption Euler equation that results from this
choice problem is given by:

c(t)
c(t) = a [r(t) - (p + nL)]

where the rate of interest (r(t), representing the yield on blueprints) is given by
(14.200). The remaining equations of the model are the final goods market clearing
condition (14.201) and the labour market condition:

L(t) = Lx(t) LR(t) = Lx(t) -F[kRN(01-01 (Mt)]
N(t)

	 1/02 	
(14.234)

where the second equality uses (14.228) and incorporates the fact that LR(t) = LR(t)
in equilibrium.

Although we could, in principle, retrace the steps leading from the simplified
model to the expression in (14.211), we skip the details of dynamic adjustment here
and simply compute the steady-state growth rates implied by the augmented model.
We are looking for a balanced growth path in which (a) the proportions of labour
going into the intermediate and R&D sectors (Lx/L and LR/L) are both constant,
and (b) the proportional rates of growth in N(t), c(t), and y(t) Y(t)/L(t) are all
constant. The steady-state innovation rate is easily found by rewriting (14.228) in
steady-state format and substituting LR = LR:

[YN =1 —N 
= (1/kR)N 4'1-142 . 	 (14.235)

The left-hand side of (14.235) is constant (as yN is constant). By differentiating the
left-hand side of (14.235) with respect to time and noting that LR /LR = nL we obtain
0 = (01 - 1)YN + 0211L which can be solved for yN:

02111,
YN =	 •	 (14.236)1 -

By using the steady-state version of (14.229) (and imposing symmetry) we find
Y = MLA which can be rewritten as Y/L = (1/kx)NA -1Lx/L (where Lx = kxNX).
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From this last expression we find:

Yy = YY 	 = (11 - 1)YN.	 (14.237)

Finally, from the final goods market clearing condition (14.202) we find the growth
rate for (per capita) consumption:

Yc = Yc - /IL = yy .	 (14.238)

We reach a rather striking conclusion. By modifying the R&D equation suggested by
Jones (namely (14.228)) instead of the standard one (14.193) we have managed to
eliminate the scale effect altogether (compare (14.211) and (14.236)). The economy
still grows and innovation continues to take place in the modified model but growth
is exogenous, i.e. it is explained by the rate of population growth just as in the good
old Solow model! With a stable population (ni, = 0) innovation ceases in the long
run because as N(t) rises over time, more and more labour has to be devoted to the
R&D sector to sustain a given rate of innovation.

14.7 Punchlines

We started this chapter by presenting some of the most important stylized facts
about growth as they were presented four decades ago by Kaldor. These are: (i)
output per worker shows continuous growth, (ii) the capital-output ratio is constant,
(iii) labour and capital receive constant shares of total income, and (iv) the rate
of productivity growth differs across countries. Together these stylized facts also
explain that (v) capital per worker grows continuously and that (vi) the rate of
return on capital is steady.

Next we presented the neoclassical growth model as it was developed by Solow
and Swan in the mid-1950s. The key elements of this model are the neoclassical
production function, featuring substitutability between capital and labour, and the
"Keynesian" savings function according to which households save a constant frac-
tion of their income. Although the Solow-Swan model is able to explain all of
Kaldor's stylized facts, some economists are disturbed by its prediction that long-run
growth is determined entirely by exogenous factors, such as the rate of population
growth and the rate of labour-augmenting technological progress. For this reason
the Solow-Swan model is often referred to as an "exogenous" growth model. The
model is inconsistent with Ricardian equivalence. Further important features of
the model are that it allows for the possibility of oversaving (dynamic inefficiency)
and that it is consistent with the conditional convergence hypothesis according
to which similar countries converge. The standard Solow-Swan model predicts too
high a convergence speed but this counterfactual prediction of the model is easily
fixed by incorporating human capital into the model.
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Several extensions and applications of the Solow-Swan model are discussed. In
the most important extension, the ad hoc savings function is endogenized by intro-
ducing infinitely lived optimizing consumers into the model. This approach, which
was pioneered by Ramsey more than seven decades ago, precludes the possibility of
oversaving and implies the validity of Ricardian equivalence. (Ricardian equivalence
fails, even with infinitely lived agents, if population growth consists of the arrival
of disconnected generations.) The growth properties of the Ramsey model are very
similar to those of the Solow-Swan model.

The final section of the chapter deals with the recent literature on so-called
"endogenous" growth. Three major approaches can be distinguished in this litera-
ture. The so-called "capital-fundamentalist" models generate perpetual growth by
abandoning one of the key elements of the Solow-Swan model, namely the assump-
tion that the average product of capital goes to zero as the capital stock gets very
large. If it is easy to substitute labour for capital then the average product of capital
reaches a finite limiting value. It is possible to produce without any labour at all and
long-run growth depends, among other things, on the savings rate. Similar results
are obtained for the AK-model in which labour plays no role at all and production
features constant returns to a broad measure of capital.

The second major approach in the endogenous growth literature emphasizes the
purposeful accumulation of human capital as the engine of growth. This approach
was pioneered by Uzawa in the mid-1960s and further developed by Lucas. The
model features infinitely lived households and technology exhibits constant returns
to scale in capital and effective labour. The rate of growth in human capital depends
on the fraction of time households spend on educational purposes. Even without
population growth, consumption, human and physical capital, and output all grow
at the same exponential rate.

The third group of studies in the field of endogenous growth is based on the
notion that research and development (R&D) activities by firms constitute the
engine of growth in the economy. Studies in this vein abandon the assumption
of perfect competition and instead analyse monopolistically competitive firms. We
present a very simple model (without physical and human capital) in which the
R&D sector produces blueprints for new differentiated inputs. In the intermediate
goods sector there are many monopolistically competitive firms which each hold
a blueprint telling them how to produce their own, slightly unique, input vari-
ety. Production of final goods features returns to specialization, i.e. a broader range
of differentiated inputs raises productivity because a more roundabout production
process can be adopted. The model features a constant rate of innovation which
depends positively on the monopoly markup and the scale of the economy. The
scale effect is a problematic feature of many R&D based models because it is easily
falsified empirically. Elimination of the scale effect is possible but renders the rate
of innovation proportional to the rate of population growth, just as in the standard
Solow-Swan model.
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Further Reading

The first wave of growth theory is well surveyed by Burmeister and Dobell (1970), Hamberg
(1971), and Hacche (1979). Key contributions to the Ramsey model are Ramsey (1928), Cass
(1965), and Koopmans (1965, 1967). Important early papers on endogenous growth are by
Arrow (1962), Uzawa (1965), Sheshinski (1967), Shell (1967), and Conlisk (1969).

Recent textbooks on economic growth include Barro and Sala-i-Martin (1995), Aghion
and Howitt (1998), Jones (1998), and Gylfason (1999). Good survey articles are Stern
(1991), van de Klundert and Smulders (1992), van der Ploeg and Tang (1992), and Jones and
Manuelli (1997). Key references to the R&D literature are Grossman and Helpman (1991)
and Aghion and Howitt (1998). The classic source on the idea of creative destruction is
Schumpeter (1934).

Lucas (1990a) studies capital taxation in a growth model. Temple (1999) presents a survey
of the recent empirical growth literature. On the issue of transitional dynamics, see King and
Rebelo (1993), Mulligan and Sala-i-Martin (1993), Xie (1994), Benhabib and Perli (1994),
and Bond, Wang, and Yip (1996).

There is a large literature on money and growth. The key references are Tobin (1955,
1965), Sidrauski (1967), Fischer (1979), and Ireland (1994). Key contributions to the liter-
ature on public investment include Barro (1981, 1990), Aschauer and Greenwood (1985),
Uzawa (1988), Aschauer (1988, 1989), Baxter and King (1993), Glomm and Ravikumar
(1994), Turnovsky (1996), Turnovsky and Fisher (1995), and Fisher and Turnovsky (1998).
On the scale effect, see Young (1998) and Segerstrom (1998). On R&D and education,
see Griliches (2000). Rivera-Batiz and Romer (1991) study the growth effects of economic
integration.

Appendix

In this appendix we show how the expressions in (14.99)—(14.100) are derived. In the first
step we postulate a trial solution for capital and Tobin's q:

[ k(t) — k* =[ 7rkl e 	 1
t +-A [ 7k2 eA

2
t 	(A14.1)

q(t) — q* 7ro Thq2

where 7rki and 70 (i = 1, 2) are coefficients to be determined and where —A.1 < 0 and X2 > 0
are, respectively, the stable (negative) and unstable (positive) characteristic root of Ai. To
eliminate the effects of the unstable root we must set:

[ irk2

By differentiating (A14.1) with respect to time and noting (A14.2) we obtain:

[ k(t)
4(0 = —A1 [ Trkl

7rql	
(A14.3)
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Real Busi

where we have also used the fact that k* = = 0 (constant steady state). By substituting
(A14.1)-(A14.3) into (14.97) we obtain:

[ 	 811) 	 —612

-621 	 + 622) [ Trql 	
- (A14.4)

where 64 represents element (1,1) of the Jacobian matrix A. Since -X1 is an eigenvalue of
Ai, the matrix on the left-hand side of (A14.4) is singular so either row of (A14.4) can be
used to solve n-q i in terms of Ytk l . Noting that 811 = 0 we obtain from the first row:

=
	 A.1 	 (A14.5)

°12

Next we exploit the fact that the capital stock is predetermined, i.e. its value at time
t = 0, denoted by /co, is given. Substituting this initial condition in the first equation of
(A14.1) and noting (A14.2) we obtain:

k(0) - k* = 1(0 k* = 7rki.	 (A14.6)

The second equation of (A14.1) in combination with (A14.2) and (A14.5)-(A14.6) yields
the solution for Tobin's q on the saddle path:

q(0) - q* = 	 - (—)[ko - .
312
	 (A14.7)

By substituting (A14.2), (A14.6)-(A14.7) into (A14.1) the expressions in (14.99)-(14.100)
are obtained.

The solution method used here is valid provided the forcing term of the dynamical system
is time invariant. This covers both the transition path of an economy which starts outside
the steady state and the adjustment path following an unanticipated and permanent shock
to the investment subsidy (both are discussed in section 5.6 above). In the Mathematical
Appendix we present a solution method which can handle more general shock patterns.
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Real Business Cycles

The purpose of this chapter is to achieve the following aims:

1. To introduce an endogenous labour supply decision into the Ramsey model and to
study the effects of fiscal policy, both theoretically and quantitatively;

2. To turn the extended Ramsey model into a prototypical real business cycle (RBC)
model by assuming that technology is stochastic;

3. To analyse the theoretical properties of the RBC model by means of its impulse-
response functions;

4. To study the quantitative performance of the RBC model by showing how well it
can be made to fit real world data;

5. To briefly discuss some of the extensions that have been proposed in recent years
to improve the model's empirical performance.

15.1 Introduction

In this chapter we study two major themes which were pursued by predominantly
new classical economists in the wake of the rational expectations revolution of the
early 1970s. The first theme studies the effects of fiscal policy in an optimizing
equilibrium framework. Pioneering contributions to this branch of the literature
were made by Hall (1971, 1980), Barro (1981), and Aschauer (1988), and more
recently by Baxter and King (1993).

The second theme concerns the general equilibrium approach to economic
fluctuations. Pioneering contributions to this so-called real business cycle (RBC)
approach were made by Kydland and Prescott (1982), Long and Plosser (1983), and
Prescott (1986).
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15.2 Extending the Ramsey Model

In this section we extend the deterministic Ramsey model (see Chapter 14) by
endogenizing the labour supply decision of households. In the model a representa-
tive household makes optimal decisions regarding present and future consumption,
labour supply, and saving. The representative firm hires the factors of production
from the household sector and produces output. The government levies taxes and
consumes goods. All agents in the economy operate under perfect foresight. The
model can be used to study how the economy reacts to shocks in government
spending. Throughout the chapter we abstract from population growth.

15.2.1 Households

The representative agent makes a dynamically optimal decision regarding consump-
tion of goods and leisure both for the present and for the indefinite future. The agent
has a time endowment of unity which is allocated over labour and leisure. The agent
is infinitely lived and lifetime utility in period t, A(t), is given by the discounted
integral of present and future utility:

A (t) 	 f (13.(t)eP(t- T ) dr,	 (15.1)

where p is the pure rate of time preference (p > 0), and CO is instantaneous utility
(or felicity) in period t. Following Campbell (1994, p. 482) and King and Rebelo
(1999, p. 954) we assume that the felicity function takes the following form:

(NT) Ec log C 	 + (1 - cc) 
L(r-)]1-1/al- - 1

aL > 0, 	 (15.2)1 - 1/aL,

where C(t) is consumption and 1 - L(r) is leisure. The felicity function is conve-
nient to work with because it nests the two most commonly used specifications in
the RBC literature as special cases. The first special case assumes that leisure, like
consumption, enters felicity in a logarithmic fashion, i.e. a t, = 1 in (15.2). The sec-
ond special case is based on the assumption that leisure enters felicity linearly, i.e.

Do in (15.2). The main emphasis in this chapter will focus on the logarithmic
case. (In section 15.5.4 below we present the linear case.)

The agent's dynamic budget identity is:

A(r) r(r)A(t) + W(t)L(t) T(r) - C(T), 	 (15.3)

where r(7-) is the real rate of interest, A(r) is real financial assets, W (r) is the real wage
rate, L(r) is labour supply, T(r) is real lump-sum taxes, and C(r) is consumption of a
homogeneous good. A dot above a variable designates the derivative with respect to
time, i.e. A(r) dA(t)/dt. As it stands, equation (15.3) simply says that the income
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from assets and labour is either consumed, paid to the government in the form of
taxes, or saved. Provided the agent has free access to the capital market, the choice
problem defined so far is not meaningful: the agent can simply borrow an infinite
amount (A(r) -> -oo), service the debt with further borrowings (A(r) < 0), and
live in a state of utmost bliss (presumably that would mean "all fun and no work",
i.e. C(r) -> +oo and L(r) = 0). Obviously, something is missing in the story up to
now to make for interesting macroeconomics. The key to the puzzle is obtained by
integrating (15.3):

A(t) f [C(r) - W(r)L(r) + T(r)] e-R(t'r ) dr + [ lim A(r)e-R(t ' )] , 	 (15.4)

where R(t, r) ft r(s) ds is a discounting factor. 1 A heuristic argument can be used to
motivate why the term in square brackets on the right-hand side of (15.4) should be
zero. It is not in the agent's interest to 'die' with a positive wealth position. Hence,
the term in square brackets cannot be positive. Similarly, although the agent may
wish to 'die' heavily indebted, the capital market will not allow this. Hence, the
term cannot be negative either. The only possibility that remains is that the term
vanishes, i.e. the agent remains solvent. This condition is often referred to as the
no-Ponzi-game (NPG) condition (Blanchard and Fischer, 1989, p. 49):

lim A(r)e -R(t ir ) = 0 (NPG condition). 	 (15.5)
"C"

When (15.5) is substituted in (15.4), the household intertemporal budget constraint
is obtained. It says that the value of financial assets that the agent possesses in
period t (left-hand side of (15.4)) equals the present discounted value of the excess
of consumption over after-tax labour income (first term on the right-hand side
of (15.4)). Hence, an agent who has negative assets (i.e. debt) in period t must
eventually consume less than his after-tax labour income at some time in the future.

The household chooses paths for consumption, labour supply, and assets in order
to maximize lifetime utility (15.1) subject to the budget identity (15.3), and the
NPG condition (15.5), taking as given the initial level of assets. The current-value
Hamiltonian for this problem is:

[ [1 - L(t-)] 1-1 /aL - 1
7-1(r) cc log C(r) + (1 -

1 - 1/aL

+ ,a(r)[r(r)A(r) + W(r) - T(r) - C(r) - W(r) [1 - L(r)]1, 	 (15.6)

1 Equation (15.4) is derived as follows. We multiply (15.3) by e -R(t ' T) and find:

- r(r)A(r)ie -R(t ' r) = [W(r)L(r) — T(r) — C(r)]

dr 
[A(r)e -R(1 = [W(r)L(r) — T(r) — C(r)] e -R(t ,	 (a)

where we have used the fact that dR(t, r)/ dr r(r). By bringing dr to the right-hand side of (a) and

integrating over the interval [t, oo) we obtain (15.4).
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where kt(T) is the co-state variable. The interesting first-order necessary conditions
are:2

Ec 
C(T) = P (t),

1 - EC

[1 — L(t)] liaL 	 au(T)W (T)'

µ(t)= 
p - r(r).

By using (15.7) in (15.8)-(15.9) we can eliminate ,u(T) and WO and write the first-
order conditions as follows:

C(r)	 (1 - cc ) = W(r), 	 (15.10)[1 - L(T)] 1 /aL 	 Cc

r(r) - p.	 (15.11)

Equation (15.10) requires the marginal rate of substitution between leisure and con-
sumption to be equated to the wage rate in each period. This is essentially a static
decision which is made in each period. According to (15.10) labour supply depends
negatively on consumption and positively on the real wage. 3 The dynamic part of
the solution is contained in (15.11) which is the consumption Euler equation. If
the real interest rate exceeds (falls short of) the pure rate of time preference, the
household chooses an upward (downward) sloping consumption profile over time
(see Chapter 14 for further details).

(15.7)

(15.8)

(15.9)

C (r ) 
C (r)

15.2.2 Firms

Perfectly competitive firms produce a homogeneous good by using capital and
labour. Since there are constant returns to scale to the production factors, there
is no need to distinguish individual firms and we can make use of the notion of a
"representative firm". In the interest of simplicity, the production function features
the following Cobb-Douglas form:

Y(T) = F (K(r), L(r)) -= ZoL(T) EL K(T) i-EL 	(15.12)

where Zo is an index of general productivity, Y(r) is aggregate output, and K(r) and
L(r) are, respectively, the amounts of capital and labour used in production.

2 The first-order conditions are 87-1/ax = 0 for the control variables (x a {C, 1 — L}) and —87-i/ax =
-	 for the state variable (x = A).
3 By differentiating (15.10) we obtain:
dLdW dC

=0-04, W T ],
where wa (1 — L)/L. Hence, the wage elasticity of labour supply is given by aLwa• For a given (on,
this elasticity rises with aL•
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r necessary conditions The stockmarket value of the firm is given by the discounted value of its cash
flows:

	

(15.7) 	 V(t) =f [Y(r) - W(r)L(r) - I (r)] e -R" dr ,	 (15.13)

	

(15.8) 	 where R(t, r) is the discounting factor (defined below (15.4)) and I (r) is gross
investment:

	

(15.9) 	
k(r) = I (r) - SK(r),	 (15.14)

I by using capital and
xluction factors, there
use of the notion of a

ction function features

by aLwa. For a given 0LL,

where S is the depreciation rate of capital. The firm maximizes its stockmarket value
(15.13) subject to the capital accumulation constraint (15.14). Implicit in the for-
mulation of the firm's choice set is the notion that the firm can vary its desired
capital stock at will, i.e. there are no adjustment costs on investment. It is not very
surprising, therefore, that the firm's decision about how much labour and capital
to hire is essentially a static one. Hence, the familiar marginal conditions for labour
and capital hold:

a Y (r) aY (r)
= W (T), 0K(r) = (T) + S.

aL(T)
(15.15)

In view of the fact that both factors are paid their respective marginal products, and
the production function exhibits constant returns to scale, excess profits are zero
and the stockmarket value of the firm is equal to the replacement value of its capital
stock, i.e. V(t) = K(t).

15.2.3 Equilibrium
Output can be used for private consumption, public consumption, or for investment
purposes. Hence, the condition for goods market equilibrium is:

Y(r) = C(r) + I (r) + G(r).	 (15.16)

Finally, the model is completed by the government budget restriction which sim-
ply states that public consumption is paid for by lump-sum taxes levied on the
representative household:

G(r) = T (r).	 (15.17)

15.3 The Unit-elastic Model

In the previous section we have constructed a fairly simple dynamic general equi-
librium model of the closed economy. In section 15.5 this model will be used to
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Table 15.1. The unit-elastic model

K(t)=1(t)-8K(t)

E(t)
 =

C(t)	
r(t) - p

G(t) = T(t)

W(t) = EL (-TY
L(t)

r(t) 8 = (1 - EL ) ( 
Y(t)\

K(t))

Y(t) = C(t) 	 1(t) 	 G(t)

W(t) [1 - L(t)] = 	 ( 1 	EC ) c(t)
\ EC

Y(t) = ZoL(t)"K(t)l-E1-

Definitions: Y real national income, C private consumption, L employment, K capital stock, I gross investment,
G public consumption, W real wage rate, r real interest rate, EC taste parameter for consumption, T lump -sum
taxes, p pure rate of time preference, B depreciation rate of capital, EL efficiency parameter of labour.

simulate the effects of stochastic productivity shocks. In this section, however, we
demonstrate some of the theoretical properties of a special case of the model in
which the substitution elasticity for labour supply equals unity, i.e. cr.', = 1. This
unit-elastic version of the model is often used in the RBC literature (see e.g. Baxter
and King, 1993 and King and Rebelo, 1999) because it is relatively easy to analyse
and yet does quite a decent job when confronted with the data (see below). For
convenience, the complete unit-elastic model has been summarized in Table 15.1.

Equations (T1.1), (T1.2), (T1.3), (T1.6), and (T1.8) restate, respectively, equations
(15.14), (15.11), ( 15.17) (15.16), and (15.12). Equation (T1.7) is obtained by setting
oL = 1 in (15.10). Finally, (T1.4)-(T1.5) are obtained by using (15.12) in (15.15).

In the appendix to this chapter we present the full derivation of the phase diagram
for the unit-elastic model. The derivation proceeds under the assumption that the
output share of government consumption is held constant. The phase diagram is
presented graphically in Figure 15.1. The K = 0 line represents combinations in
(C, K) space for which net investment is zero. For each (C, K) combination there
exists a unique equilibrium employment level. Indeed, for points near the origin
employment is low whilst for points near the horizontal intercept (KK) employment
is close to its upper limit of unity. The golden-rule capital stock is KGR and the
associated consumption level is CGR (see point A). For points above (below) the
K = 0 line, consumption is too high (low) and net investment is negative (positive).
These dynamic effects have been illustrated with horizontal arrows in Figure 15.1.
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Figure 15.1. Phase diagram of the unit-elastic model

The C = 0 line represents (C, K) combinations for which consumption is constant
over time, i.e. for which the interest rate equals the rate of time preference. Since the
interest rate depends on the marginal product of capital, and production features
constant returns to scale, consumption equilibrium pins down a unique capital—
labour ratio and thus a unique output—capital ratio and real wage rate. It follows
(from (T1.7)) that the ratio between consumption and labour supply is constant
also. The C = 0 line is linear and slopes downward. Ceteris paribus the capital
stock, an increase (decrease) in consumption decreases (increases) labour supply
and equilibrium employment, and decreases (increases) the output—capital ratio
and the rate of interest. Hence, consumption falls (rises) at points above (below)
the C = 0 line. This has been indicated with vertical arrows in Figure 15.1.

It follows from Figure 15.1 that the two equilibrium loci intersect only once, at
point E0. The arrow configuration shows that E0 is saddle-point stable. The saddle
path associated with the steady-state equilibrium E0, denoted by SP0, is upward
sloping.

15.4 Fiscal Policy

In this section we demonstrate some illustrative properties of the deterministic unit-
elastic model developed in the previous sections. In doing so we prepare the way
for the numerical simulations of the stochastic model in the next section. In the
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first subsection we study the impact, transitional, and long-run effects of a per-
manent and unanticipated increase in government consumption. In the second
subsection we study how the economy reacts to a temporary fiscal shock. Through-
out this section we assume that the government finances its consumption by means
of lump-sum taxes.

15.4.1 Permanent fiscal policy

This section studies the effect on the main macroeconomic variables of an increase
in public consumption financed by means of lump-sum taxes. We assume that the
policy shock is unanticipated and permanent, and that the economy is initially in
the steady state.

Although the model in Table 15.1 may look rather complex, it was demonstrated
recently by Baxter and King (1993) that the long-run effects of the policy shock can
be determined in a relatively straightforward fashion. For that reason, we first study
the long-run effects, before investigating the somewhat more demanding short-run
and transitional effects of fiscal policy.

Long-run multipliers

Computation of the long-run "new classical multiplier" is a back-of-the-envelope
exercise due to the fact that the economy is structurally characterized by a number
of great ratios that are independent of public consumption (see Baxter and King,
1993, p. 319). In our model this can be demonstrated as follows. In the steady state,
both the capital stock and consumption are constant, i.e. K = C = 0. Equation
(T1.1) and (T1.2) in Table 15.1 then imply, respectively, that the investment-capital
ratio and the rate of interest are constant, i.e. I /K = 1 and r p. The marginal
productivity condition for capital, (T1.5), then pins down the equilibrium capital
intensity of production, y* (Y /K)*, as a function of structural parameters only
(y* (p 6)/(1 - EL)). But, since the production function, (T1.8), features constant
returns to scale, the equilibrium capital intensity also determines a unique capital-
labour ratio, (K/L). This, in turn, pins down the real wage and thus (by (T1.7)) the
ratio between goods and leisure consumption, C/(1 - L).

The long-run constancy of the various ratios can be exploited to find the long-
run effect of an increase in public consumption. By totally differentiating the goods
market clearing condition, (T1.6), we obtain:

a
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the following long-run relationships (in loglinearized form):

dY(oo)dK(oo) dI(oo) dL(co)	 ( dC (oo)\

Y	 = K = I =
L = wa

	

C )	 '	
(15.19)

where cou s-_-- [1 - /1/L. By substituting the relevant results from (15.18) into (15.19)
we find an expression for dY(oo)/Y which can be rewritten in a multiplier format:

i long-run effects of a per-
ITT _imption. In the second
mary fiscal shock. Through-

- consumption by means

1 is variables of an increase
I taxes. We assume that the
the economy is initially in

"nlex, it was demonstrated
is of the policy shock can

ir that reason, we first study
--lore demanding short-run

is a back-of-the-envelope
characterized by a number
• i)n (see Baxter and King,
follows. In the steady state,
i.e. K = C = 0. Equation
it the investment-capital
and r = p. The marginal
71 the equilibrium capital

structural parameters only
(T1.8), features constant

srmines a unique capital-
(..- and thus (by (T1.7)) the

exploited to find the long-
• differentiating the goods

(15.18)

wG 	1. Following the
"I be restored. This implies

In a similar fashion, the long-run multipliers for consumption, investment, and the
capital stock can be derived:

A number of observations can be made about these results. First, the endogeneity
of the labour supply decision plays a crucial role for the new classical multiplier.
Indeed, if labour supply is exogenous (CC = 1 so that L = 1 and wu = 0) equation
(15.19) gives the immediate result that output, investment, and the capital stock
are unchanged. Equation (15.21) shows that there is one-for-one crowding out of
private by public consumption in that case. Second, the elasticity of labour supply
(aL ) also plays a crucial role. Note that the great ratios result also holds for the general
model developed in section 2 above. Indeed, by replacing coll by aLwLL in (15.20)-
(15.22) the long-run effects for the more general model are obtained. Consequently,
the more elastic is labour supply (i.e. the higher is aL), the larger are the long-run
effects on output, capital, and investment, and the smaller is the crowding-out
effect on consumption. 4

Short-run multipliers

The impact and transitional effects of the fiscal shock can be studied graphically with
the aid of Figure 15.2. In this figure, CE 0 is the initial consumption equilibrium line,

4 The intertemporal substitution effect in labour supply can be eliminated by using the felicity
function suggested by Greenwood et al. (1988):

(1, (r) log U(r), U(T) C(r) 	 YL 	 L(01+0,
( 1 4- el,

The first-order conditions for this case are:

U(r)W(r) = YLL(Tr-,	 J= r(r) - p.
U(r)

Employment only depends on the wage rate which is pinned down by the steady-state interest rate
(r = p). It follows that fiscal policy does not affect output and the capital stock either, and that crowding
out of consumption is one for one. See Heijdra (1998, pp. 687-688).
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Figure 15.2. Effects of fiscal policy

CSE0 is the initial capital stock equilibrium line, and E o is the initial steady state. As
a result of the shock, the CSE line changes to CSEi . Since lump-sum taxes are used
to balance the budget, the position of the CE line is unaffected and the long-run
equilibrium shifts from E0 to E 1 (see (15.20)—(15.22)). At impact, the economy jumps
from E0 to point A on the new saddle path SP1. Agents cut back consumption of both
goods and leisure because they are faced with a higher lifetime tax bill and thus feel
poorer. The boost in employment causes an expansion in aggregate output and an
increase in the marginal product of capital, and hence the interest rate, despite the
fact that the capital stock is fixed in the short run. The increase in the real interest
rate not only results in an upward-sloping time profile for consumption but also
creates a boom in saving-investment by the representative household, so that both
consumption and the capital stock start to rise over time. This is represented in
Figure 15.2 by the gradual movement along the saddle path SP1 from A to the new
equilibrium at E 1 . The long-run effect on the capital stock is positive (see (15.22))
and consumption falls. Since the representative agent reacts to the fiscal shock by
accumulating a larger capital stock and supplying more labour, steady-state output
rises and crowding out is less than full (see (15.21)).

Though we can get a good feel for the qualitative properties of the model by
graphical means such methods are useless to obtain quantitative results. For example,
it is clear from Figure 15.2 that consumption overshoots its long-run effect at impact
and is crowded out (dC(0) I dG < dC(oo) I dG < 0). It is impossible, however, to deduce
how large the overshooting and crowding-out effects are. In order to compute the
impact and transitional effects on the economy, the standard practice in the ,RI3C
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literature is to loglinearize the model around the steady state so that it can be analysed
more easily. 5

Intermezzo

Loglinearization. Strangely enough, loglinearization of a non-linear dynamic
model often confuses people. For that reason we show in detail how we log-
linearize the model in Table 15.1. Campbell (1994) and Uhlig (1999) provide
further examples. We first define the variable i(t):

*(t) log [x(t)/x] x(t)/x ei(t), (a)

where x is the steady-state value for x(t). Provided x(t) is near its steady-state
value (x(t)/x ti 1 and x(t) 0) we have e (t) 1 + 540 so that it follows from
(a) that:

x (t)/x 	 1 + *(t) . 	 (b)

Furthermore, in view of the definition of i(t) (given in (a)) we have:
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We now apply these intermediate results to the unit-elastic model. In Table
15.1 there are three "basic types" of equations, namely dynamic equations
(like (T1.1) and (T1.2)), equations that need no approximation because they
are multiplicative and thus loglinear (like (T1.3), (T1.4), and (T1.8)), and linear
equations (like (T1.6)).

Consider first a dynamic equation like (T1.1). We obtain in a few steps:

	K(t) 	I \ I (t)'\ 	 K(t) 
	K 	 K I ) 	 K

	

6 [1	 (t)] -- 6 [1 + 0)]

K(t) ti 6 [i (t) KW] ,

where we have used (b) (plus the steady-state relation I 6K) in going from
the first to the second line and (c) in going from the second to the third line.

5 In this chapter, we make use of the method of comparative dynamics. This method loglinearizes
the non-linear model and tackles the issue of dynamics in the much easier linear world. The method
is explained in more detail in the Mathematical Appendix. Intuitively, it is appropriate and gives
relatively accurate answers, provided the changes in the forcing terms (the exogenous variables) are
not "too large" and the model is not "too non-linear". See also Dotsey and Mao (1992).

(c)
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— L(t) 1
g

— L(t))
1 — L

Next we consider an equation like (T1.8). By taking logarithms on both sides
we get:

log Y(t) = log Z0 + EL log L(t) + (1 — EL) log K(t). 	 (d)

In the steady state we have:

log Y = log Z0 + EL log L + (1 — EL) log K. 	 (e)

Deducting (e) from (d) and noting the definitions of Y(t), L(t), and i<(t) we
obtain the desired expression (which no longer contains the constant log Z0):

Y(t) ELL(t) (1 — EL)K(t).

Third, we consider a linear equation like (T1.6). We derive in a few steps:

Y(t) = 	 C(t) + I ( 1(0\ 	 G 	 G(t)'\
Y	 Y	 C	 Y)k I	 Y	 G

1 +	 (-k-C) [1 + CM] + ( -17) [1 +I(t)] (T,G) [1 + a(t)]I

	

Y(t) (-17C) C( t) 	 )1(t)-f- (vG ) a(t),

where we have used (b) in going from the first to the second line and note that
in the steady state Y C + I + G.

Finally, consider an equation like (T1.7) which is loglinear in leisure (but not
in labour). Indeed, we obtain in a straightforward fashion 1217- (t) + [1 — L(t)]

(t) . But in the rest of the model we work with L(t). Using (b) we can relate
L(t) and [1 — L(t)]:

[ — L(t)] — [1 — L] 	 L(t) —
1 — L	 k 1 — L

1
 6 

[L(t))
 L	

L(t) — L
L

from which it follows that [1 — L(t)]	 [L / (1 L)] L(t).

The loglinearized version of the unit-elastic model is given in Table 15.2. All
variables with a tilde r") are defined as proportional rates of change relative to the
initial steady state, i.e. i(t) log[x(t)/x]. Variables with a tilde and a dot are time
rates of change of the variable, again expressed in terms of the initial steady-state
level of the variable, i.e. JO) *(t)/x. This notation is used throughout the remainder
of this chapter.
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g logarithms on both sides Table 15.2. The loglinearized model

k(t) = 8 [1(t) - 1-<(t)]
	

(T2.1)

C(t) = pr(t)
	

(T2.2)

G(t) = T (t)
	

(T2.3)

(t) = '(t) - 1(t)
	

(T2.4)

pr(t) = (p 6)[S" (t) - 0)]
	

(T2.5)

(t) = coc C(t) + (01(t)	 coG G(t)
	

(T2.6)

L(t) = coLL [1 4 (t) - C(t)]
	

(T2.7)

(t) = E L L(t) + (1 - E	 (t)
	

(T2.8)

Definitions: wG 	G/Y: output share of public consumption; we 	 C/Y: output share of private consumption;
co, 	 I/Y: output share of investment, we + w, + (0G = 1, 6/(0/ = Y* 	+ 6)1(1 — EL). (DLL	 (1 — L)/L: ratio
between leisure and labour. 1(t) 	 i(t)/x,i(t) 	 log [x(t)/x].

The state variables are the aggregate capital stock, K(t), which is predetermined,
and consumption, (t), which is a jump variable. The dynamic behaviour of the
model can be studied most easily by first condensing it as much as possible. This
is done by expressing Y(t), e'(t), i(t), W(t), and L(t) in terms of the state variables.
Labour demand (T2.4), labour supply (T2.7), and the production function (T2.8)
are used to compute the conditional equilibrium levels of employment, real wages,
and real output:

ELL(t) = (0 - 1) [(1 - EL )K(t) - -e(t)] , 	 (15.23)

EL 'CIAO = (1 - EL) [[1 - 0(1 - EL)] k(t) + (0 - 1)e(t)] 	 (15.24)

Y(t) = 0(1 - EL)R(t) - (0 - 1)C(t), 	(15.25)

where 0 is a crucial parameter representing the effects intertemporal substitution in
labour supply:

(d)

(e)

of Y(t), L(t), and K(t) we
- :ins the constant log Zo):

derive in a few steps:

(t)\
G

) [1 + GM]

econd line and note that

rv.►linear in leisure (but not
ashion	 + [1 - L(t)] =

Using (b) we can relate

L(t) -
1-L

1 < 1 + (DLL= 	
	1 + 0)11(1 — EL) 	 1 — EL

(15.26)

given in Table 15.2. All
ates of change relative to the
h a tilde and a dot are time
ns of the initial steady-state
d throughout the remainder

The expressions in (15.23)-(15.25) are easy to understand intuitively. First, for a
given capital stock, a rise in the level of consumption reduces labour supply (and
hence employment), drives up the real wage rate, and reduces output. Second, for
a given level of consumption, a rise in the capital stock boosts labour demand and
employment and raises the real wage. Output is stimulated both because of the
increase in the capital stock and because of the induced effect on employment.
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By using the output expression (15.25) in (T2.5) and (T2.6) the conditional
equilibrium results for investment and the interest rate are obtained:

wri (t) = 0(1 — E L)k(t) — (a) c 	 — 1) (t) WG G, 	 (15.27)

p P+ 6 ) i(t) = — [i1 — 0(1 — EL)] R(t) + — 1)(t)], (15.28)

where we have incorporated the assumption (made throughout this section) that
the shock in government consumption is constant over time, i.e. G(t) = O. The rate
of interest depends negatively on both the capital stock and consumption. For a
given level of consumption, an increase in the capital stock raises employment, as
labour demand is boosted. This raises the marginal product of capital and hence the
interest rate. This positive effect on the interest rate is more than offset, however, by
the fact that marginal returns to capital decline as more capital is added. For a given
capital stock, an increase in consumption lowers labour supply and employment,
and hence lowers the marginal product of capital and the interest rate.

Of course, since there are constant returns to scale in production, there exists a
unique inverse relationship between factor prices. This factor price frontier is obtained
by substituting (T2.4) and (T2.5) into (T2.8):

ELT2V (t)	 P	  (1 — EL) (t) = 0.
-I-

(15.29)

By substituting (15.27) into (T2.1) and (15.28) into (T2.2), the dynamical system
can be written in a condensed form as:

{- (0 	[ R(t)
(t)

where A is the Jacobian matrix of the system:

[

Yr< (t)
Yc(t)1'

(15.30)

A [ Y* (0( 1 — EL) — 04)	 —Y*(wc + 0 — 1)
-Go ± Ll - 	 - EL)) - (A+ 6)(0 - 1 ) '

and yK (t) and yc (t) are the shock terms:

(15.31) and:

(1- 0(1 -e
-Qt) -

- 1 1
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K (0)=0 	 (t)

Figure 15.3. Phase diagram of the loglinearized model
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tr(A) = p > 0. 	 (15.34)

(15.29)

'.2), the dynamical system

be demonstrated formally
'm matrix, A. After some

As I Al is equal to the product of the characteristic roots, it follows from (15.33) that
there must be one negative (stable) root and one positive (unstable) root. Through-
out this chapter the stable root is designated by —A 1 (< 0) and the unstable root by
A2 (> 0). When written in this way, Al also represents the adjustment speed of the
economic system (see Chapter 14 for details). Furthermore, since tr(A) is the sum
of the characteristic roots, it follows from (15.34) that A2 = p + Ai.

The loglinearized model has been illustrated in Figure 15.3, where the loglin-
earized CSE and CE schedules are given by, respectively:

C (t) = 	— EL) — K(t)	
coG 	G '	

(15.35)

	

wc + —1 	 + — 1 

and:

	- a ( t) = — (1 — 4)(1 —	 k(t).	 (15.36)
—1

(Equations (15.35)—(15.36) are obtained from (15.30)—(15.32) by imposing the
steady state K(t) = C(t) = 0.)

6 By noting that y* (p + 8)I(1 — EL), the trace of A can be simplified as follows:

tr(A) = y* [0( 1 — EL) — WI] — (1 — EL)y* (0 — 1) = y* wA = P,

where WA pK/Y =1 — EL — wI = ply* is the net steady-state capital income share.
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We now return to the fiscal policy experiment. In the appendix to this chapter
we derive a general expression for the perfect foresight solution of the model. For
the shock vector (15.32), the solution paths for consumption and the capital stock
take the following form:

= [ _O ]e-A4t +[I:(°°)
C(0)	 C(o0)	

- e

where C(0), C(oo), and R(oo) are given by:

Equations (15.37)-(15.40) represent the so-called impulse-response functions for cap-
ital and consumption with respect to a permanent and unanticipated shock in
government consumption which occurs at time t = 0. Equation (15.37) shows
that the effect of the shock as of time t can be written as the weighted average of
the impact effect and the long-run effect with respective time-varying weights e -A lt
and 1 - e -A lt . The impulse-response function for the remaining variables of the
model (i.e. L(t), W(t), 1(t), and T(t)) are obtained by using (15.37)-(15.40) in
(15.23)-(15.25) and (15.27)-(15.28).

Since the capital stock is predetermined in the impact period (K(0) = 0), the
impact effects for employment, output, the wage, and the interest rate are all propor-
tional to C(0). The decrease in consumption causes labour supply (and employment)
to increase.

(A(0) \ A2 + (p + 6)(O - 1)
> 0.

dG	 A2(0 + we - 1)

As a result of the increase in employment, output also expands:

dY(0) 	 + (p + 6)(0 - 1 )] > 0.dG	 A.2(4) + we - 1)

Since output expands and goods consumption falls, investment unambiguously
rises:

dI(0) 	
1 
(dK(00)) ( p + S)(0 - 1)

dG = A.
dG A2

Equation (15.43) shows the accelerator mechanism that is operative in the model (see
also Baxter and King, 1993, p. 321): the impact effect on investment is proportional

to the long-run effect on t
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appendix to this chapter
t solution of the model. For

'tion and the capital stock 

to the long-run effect on the capital stock, with the adjustment speed of the econ-
omy acting as the factor of proportionality. Because the output—capital ratio expands
at impact, the marginal product of capital and thus the real interest rate rises:

Finally, the expansion of labour supply implies that the real wage rate falls as the
demand for labour is downward sloping:

(15.38)

L dW (0) 
dG

(1 — 60(0 — 1) 1A2 + (P + 8)(0 — 1 )1 < 0.
A2(0 + we — 1)

(15.45)

Of course, what happens to the wage rate can also be determined by combining
(15.44) with the factor price frontier (15.29).

Quantitative evidence

Now that the qualitative effects of the fiscal shock have been fully characterized
analytically, the next question concerns the quantitative size of the various effects.
In order to cast some light on this issue we must now calibrate the model by using
information that is more or less plausible for a typical advanced market economy.
The calibrated model is then used to compute the various impact, transitional, and
long-run effects.

Essentially calibration amounts to choosing the parameters of the theoretical
model in such a way that the model replicates certain outcomes about which suf-
ficiently robust information is available. Take, for example, the unit-elastic model
given in Tables 15.1 (in levels) and 15.2 (in loglinearized format). The structural
parameters appearing in that model are the pure rate of time preference p, the rate
of depreciation of the capital stock 3, the efficiency parameter of labour EL, the
preference parameter Ec, and the general productivity parameter Zo.

Some of these parameters are not hard to guess. For example, under the main-
tained hypothesis that the economy is in (or near) a steady state, it follows from
(T1.2) that the real rate of interest must be (nearly) equal to the rate of pure time pref-
erence, i.e. r = p. King and Rebelo (1999, p. 953) suggest that the average real rate
of return to capital in the US has been 6.5% per annum over the period 1948-1986.
On a quarterly basis this would give us the estimate r = p = (1.065) 1 / 4 —1 = 0.0159
(1.59% on a quarterly basis). The annual rate of depreciation of the capital stock
is set at 10% per annum by King and Rebelo, i.e. 8 = (1.1) 1 /4 — 1 = 0.0241. Of
course, for buildings this figure is far too high (most buildings last longer than ten
years) but for machines (e.g. personal computers) it may be far too low. As an aver-
age guess, however, it may not be too widely off the mark. With Cobb-Douglas
technology EL equals the share of labour income in output (see (T1.4)) which King
and Rebelo set equal to two-thirds, i.e. EL = 2/3 (1999, p. 954). But now that we
know p and EL , we can infer the implied estimate for the equilibrium output—capital
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ratio from (T1.5), i.e. y* (17/K)* = (p + 8)/(1 - EL) = 3(0.0159 + 0.0241) = 0.12.
By imposing the steady state in (T1.1) we obtain the implied investment share of
output, i.e. 04 //Y = 8/y* = 0.0241/0.12 = 0.201. Baxter and King (1993, p.
320) suggest that the average postwar share of government consumption in output
was 20% in the US, i.e. (0G = 0.2. We now have estimates for almost all parame-
ters of interest. By using (T1.6) we observe that the consumption share in output is
we C/Y = 1 - w1 - LOG = 0.599. By combining (T1.4) and (T1.6) we derive:

LOLL
1 - L = coc) (1 - Ec)

L	 EL )	 cc
(15.46)

so choosing EC implies choosing L (and thus (0u) and vice versa. King and Rebelo
suggest that 20% of total available time has been dedicated to working in the postwar
period in the US, i.e. L = 0.2 and LOLL = 4, so that it follows from (15.46) and the
other estimates that EC = wc/[wc + ELwu] = 0.183. Finally, we observe that Zo is a
"free parameter" in the sense that it merely fixed the scale of the economy. In the
next section we shall set Zo = 1 but here we normalize Zo such that output is unity
in the initial steady state, i.e. we set Zo = L -EL (y*) 1-EL = 1.442. 7

In summary, we have now calibrated the model using the following values for the
structural parameters:

p = 0.0159 8 = 0.0241 €L = 2/3
Ec = 0.183 Zo = 1.442 (0G = 0.2

The resulting initial steady state is given by:

Y = 1 	 C = 0.599 I=0.201 G = T = 0.2
r = 0.0159 L = 0.2 	 K = 8.337 W = 3.333

Using these calibration values in (15.31)-(15.32) and noting (15.26) we obtain the
implied estimates for the Jacobian matrix, A, and the shock terms, yK(t) and yc(t): 8

A [ 0.06156 -0.20892
-0.01142 -0.04569
	 (15.49)

[	 [ -0.02399
-Yc(t) 	 0
	 G. 	 (15.50)

The characteristic roots of A are, respectively, -Ai = -0.0646 and A2 = 0.0805.
What do these figures mean? Recall that Al represents the adjustment speed in the
economy—see (15.37). Using the reasoning explained in Chapter 14, the half-life
of the adjustment process in the economy is t112 (1/A1) log 2 = 10.7. Since we

7 Most numerical solution algorithms work best when the endogenous variables are all of the same
order of magnitude. For that reason it is wise to normalize output such that this is indeed the case.

8 We present the actual numerical estimates here not to test the reader's patience but rather to enable
replication and to give a 'feel' for the magnitudes and dimensions involved.

(15.47)

(15.48)
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Table 15.3. Government consumption
multipliers

Variable 	 Impact effect Long-run effect

dY
dG
dC
dG
dl
dG
dq 1 ( dG)

1K ) i G )
cIL) (wdGL / 	 )

dr\(dG/
r ) 	 G
dW) 1 ( cIG
W ) 1 k, G

have calibrated on quarterly observations for the interest rate and the depreciation
rate on capital, this figure means, for example, that half of the adjustment in the
non-jumping variable (the capital stock) is completed almost eleven quarters after
the shock occurred.

Using the information from (15.49)–(15.50) in the various analytical expressions
(15.37)–(15.45) we obtain the numerical estimates for the impact and long-run
effects on the different variables. These results have been summarized in Table 15.3.
There is severe crowding out of private by public consumption at impact. For every
$1 of extra government consumption private consumption falls by $0.54 at impact.
Because the representative agent cuts back on leisure consumption—by supplying
more hours to the labour market—household labour income rises. The additional
(saving equals) investment at impact is $0.57 out of every $1 of extra government
consumption so that the output multiplier exceeds unity at impact. Let us look at
some of the other magnitudes involved. At impact a 1% increase in government
spending gives rise to a 0.3% increase in employment and a 0.1% fall in the wage
rate. The interest rate rises proportionally by 0.5%, i.e. in absolute terms the interest
rate rises by 0.0082 percentage points from 1.587% to 1.595% on a quarterly basis.

In the long run the interest rate, the wage rate (see the factor price frontier (15.29)),
and the capital–labour ratio all return to their respective initial equilibrium val-
ues. For a 1% increase in government consumption the capital stock increases by
0.211%. In the long-run net investment ceases as the initial investment–capital ratio
is restored. Consumption crowding out remains but is less severe than at impact and
the output multiplier is a little higher than at impact.

In summary, the results in this subsection show that large output multipliers due
to permanent government consumption are quite possible in the representative-
agent model. The mechanism behind the multiplier is, however, quite classical and
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originates from the dynamic interaction of the supply of labour and capital (Baxter
and King, 1993, pp. 323-324). The additional lump-sum taxes make people poorer
which leads them to increase labour supply both at impact and in the long run. In
the long run the capital-labour ratio is restored so that the capital stock rises also.
In the short run the investment accelerator (see (15.43)) explains that the public
consumption shock is accompanied by an investment boom.

15.4.2 Temporary fiscal policy
One of the recurrent themes in the study of fiscal policy is the difference between
the effects of temporary and permanent policy. Baxter and King, for example,
employ numerical methods to study to what extent the impact multiplier for out-
put depends on the duration for which the fiscal policy impulse is in operation
(1993, p. 315). In this subsection we show how a temporary (but unanticipated)
fiscal spending shock affects the economy. To keep things simple we assume that
the government raises its consumption level unexpectedly at some time to = 0 and
then gradually lets it fall back to the initial level. In terms of (15.32), the shock term
for the CE line is unaffected (i.e. yc (t) 0 because lump-sum taxes continue to be
used in this experiment) but the shock term affecting the CSE line is changed to:

Mt) —e -4.Kty*(0G6, 	 (15.51)

where 4'1‹ > 0 is the exponential rate at which government consumption returns to
its initial level. At impact the shock is the same as before (since MO) = 

-Y*(0GO)
but eventually the shock vanishes (lirnt--,00yK (t) = 0). Since agents in the economy
are assumed to know the path of government consumption they will condition
their behaviour accordingly and will change their plans optimally. Note that 4K
parameterizes the persistence of the shock. For example, if K ti 0 then the shock is
highly persistent and yK(t) falls only very slowly towards zero. In contrast, if K is
large, then yK(t) drops off rapidly as time goes by and the shock is very transitory.
The time path for yK(t) is illustrated in Figure 15.4 for different values of 4•K, ranging
from K = 0 (permanent shock) to 4K = 0.5 (very transitory shock).

Using the methods explained in the appendix to this chapter, the perfect foresight
solution of the model is obtained:

[

k(t) [ 0 e_Ait K — (p + 8)(0 - 1)

C(t) C(0) (p+8)[i -q(1 - EL)]

Y* COGb X MK, A1, t) ),2

where the impact effect on consumption, C(0), is:

e(0) = Xz+ (p+ 	 - 1)) (  WGG 
< 0

(oc + 0 - 1 	)k,2 + 4k)

(15.52)

(15.53)
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Figure 15.4. The path for government spending

and where T( K , A i , t) is a temporary transition term which is defined as follows:

for K0Ai

'MK, t)
to-x l t for K = Ai

Before developing the economic interpretation of the solutions for consumption
and the capital stock, as given in (15.52)-(15.53), it is useful to first look at the
shape of the temporary transition term T( K , A i , t). In Figure 15.5 we illustrate the
shape of this term for a range of values of K . In this figure, the adjustment speed
of the economy is set at the value implied by the calibration, i.e. )1/4.1 = 0.0646 (see
the text below equation (15.50)).

We observe from Figure 15.5 that, provided 4•K is strictly positive, the transition
term is a non-negative bell-shaped function of time. Furthermore, this term is zero
both at the time of the shock (t = 0) and in the long run (t 00). The lower is
the value of 4k, the later is the time at which the transition terms reaches its peak
and the slower is the decline towards zero as time goes on. In the limiting case,
with K = 0, the shock is permanent and the transition term is proportional to an
adjustment term of the form A(Ai, t) 1 - e-)`lt . Hence, for K = 0 the transition
function is not bell-shaped—see the back ridge in Figure 15.5.

We are now in a position to study the intuition behind the macroeconomic effects
of a temporary public spending shock. The aim is to firmly establish the link between
the impulse-response diagrams contained in Figures 15.7-15.10 and the analytical
results given in (15.52)-(15.53). This task is facilitated by considering the phase
diagram presented in Figure 15.6.
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Figure 15.6. Phase diagram for temporary shock
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In Figure 15.6, CSE0 and CE0 are, respectively, the initial capital stock equilibrium
and consumption equilibrium curves, and E 0 is the initial equilibrium. The effect of
a permanent shock, which was also studied in Figure 15.4, is to shift the CSE curve
to CSEpS . The economy adjusts by jumping from E0 to A ps at impact and by moving
gradually along the saddle path, SPps , from Aps to Elm.
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Next we consider what the adjustment path looks like when the shock is tempo-
rary. It follows from the comparison of (15.38) and (15.53) that the impact reduction
in consumption is larger for a permanent than for a temporary shock. In Figure 15.6
this means that for a temporary shock the economy jumps somewhere along the
vertical dashed line connecting E 0 and Aps . In order to study the qualitative effects
of shock persistence, we postulate two values for K , sayK and q, and we assume
that < q, i.e. the shock is relatively more persistent for K. The consumption
jumps associated with the two K values are illustrated in Figure 15.6 by, respectively,
points A l and A2.

Consumption falls regardless of the degree of shock persistence. The additional
lump-sum taxes make the representative agent poorer as a result of which he cuts
back on goods consumption and leisure. This negative human wealth effect is larger
the more persistent is the shock. Next we consider whether the agents react to the
shock by accumulating or decumulating assets. The diagram in and of itself does
not provide an unambiguous answer because it is not a priori clear which region the
economy jumps to. This is where the analytical results can provide further guidance.

It follows from the first expression in (15.52) that the impact effect on net
investment is given by: 9

K(0) = [(p + 8)(0 – 1) – Y*wG°+

The impact effect on net investment depends on the interplay of two mechanisms
working in opposite directions. If labour supply is highly elastic (0 high) and the
shock is very persistent (1( low), then the term in square brackets on the right-hand
side of (15.55) is positive and net investment rises at impact (R(0) > 0). Intuitively,
since consumption falls and output increases strongly (because of the large boost
in labour supply), the increase in government consumption does not cause any
crowding out of private investment. Hence, for K < (p 8)(0 – 1), the transition
path at impact is upward sloping—see the dashed line from point A l in Figure
15.6. The phase diagram can now be used to characterize the transition path. Over
time, the capital stock equilibrium locus starts to shift back towards CSE0. During
the early part of the transition the equilibrium trajectory runs in a north-easterly
direction, say from A l to B 1 in Figure 15.6. By the time the equilibrium trajectory
catches up with the then relevant capital stock equilibrium locus (CSE 1 ), net capital
accumulation ceases, i.e. the trajectory is vertical at point B1. After that time, the
economy returns to the old equilibrium along the trajectory from B1 to E0.

If the labour supply is not very elastic (0 close to unity) or the shock is very
transient high), then the term in square brackets on the right-hand side of
(15.55) is negative and net investment falls at impact (K(0) < 0). In that case,

> (p + 8)(0 – 1), and the economy jumps at impact from E0 to A2, after which it

9 This expression is obtained by differentiating the first expression in (15.52) with respect to time
and noting that dT /dt = 1 for t = 0.

(15.55)
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The Foundation of Modern Macroeconomics

We conclude this section by briefly touching on what has been labelled by Baxter
and King (1993) as one of the four classic fiscal policy experiments, namely the
relationship between policy persistence and the magnitude of impact effects. By
using (15.25) and (15.53) and noting that capital is predetermined at impact (k(0) =
0), we find that there exists a simple relationship between the output multiplier for
permanent and temporary increases in government consumption in the impact
period:

dY (0) 1 	 = 	A2 	r dY (0) 
> 0, 	 (15.56)dG	 A2 ± 4.K	 dG

where [dY(0)/dG] i<=0 is given in (15.42) above. It follows from (15.56) that the
impact multiplier is smaller the less persistent is the shock to government spending,
i.e. the higher is 4K. We thus confirm analytically the conclusion reached on the
basis of numerical simulations by Baxter and King (1993, p. 326). 11

15.5 The Lucas Research Programme

One of the lasting contributions of the rational expectations revolution of the 1970s
(see Chapter 3) has been a methodological one. Throughout the 1950s and 1960s
macroeconomists engaged in a huge model construction programme in which the
insights of the IS-LM model and its refinements were estimated by econometric
means. These macroeconometric models were quite popular in both public and
private sectors because they could be used for prediction and simulation purposes.
Two developments occurred in the early 1970s which led to a drastic reduction in
the popularity of these models. First, a lot of the macroeconometric models then
in use included a relatively poorly specified supply side and consequently were ill
equipped to predict the effects of the various oil price shocks that occurred at the
time. Of course, this criticism is not deadly per se as macroeconometric models
can be (and indeed, have been) re-specified to better deal with shocks affecting the
supply side of the economy.

A second—potentially much more lethal—criticism was raised by Lucas (1976).
The so-called Lucas critique was discussed above-see Chapter 3. Loosely put, it states
that macroeconometric models that are not based on a consistent set of optimizing
foundations are non-structural and cannot be used for policy evaluation. The reason
is that the estimated parameters of the model's equations are mixtures of struc-
tural and policy parameters and are therefore not invariant across different policy
regimes (see Chapter 3 for a simple example of this point). To avoid the critique
that now carries his name, Lucas (1980, 1987) argued forcefully and eloquently

11 In the classic analyses of Hall (1980) and Barro (1981), exactly the oppostite result holds, i.e.
temporary spending shocks have larger effects than permanent ones. The reason for this discrepancy
is that these papers do not allow for capital accumulation. See Baxter and King (1993, p. 326).
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that macroeconomists should build structural models, i.e. models that are based on
optimizing behaviour of the various agents in the economy. In doing so he pro-
posed what Christiano, Eichenbaum, and Evans (1999) have recently labelled the
Lucas (research) programme.

As Lucas (1980, p. 272) argues, well-articulated structural models are of necessity
unrealistic and artificial. They should be tested "as useful imitations of reality by
subjecting them to shocks for which we are fairly certain how actual economies .
would react. The more dimensions on which the model mimics the answers actual
economies give to simple questions, the more we trust its answers to harder
questions". He goes on to argue that:

On this general view of the nature of economic theory then, a "theory" is not a collec-
tion of assertions about the behavior of the actual economy but rather an explicit set of
instructions for building a parallel or analogue system-a mechanical, imitation economy.
A "good" model, from this point of view, will not be exactly more "real" than a poor one,
but will provide better imitations. (1980, p. 272)

In a seminal paper, Kydland and Prescott (1982) accepted the challenge posed by
Lucas and his co-workers by building a full-scale structural model with maximizing
agents doing as well as they can in a world in which technology is subject to stochas-
tic shocks. Their model can be seen as the starting point of the real business cycle
(RBC) research programme (see also Prescott (1986)). As their testing procedure they
ask themselves the following question: can shocks to productivity explain fluctua-
tions in actual economies using a model that is plausibly calibrated, i.e. that uses
parameter estimates that are not inconsistent with micro observations (Kydland
and Prescott, 1982, p. 1359)? The performance of the model is not gleaned by esti-
mating its equations econometrically and testing its implied restrictions. Indeed, as
Kydland and Prescott (1982, p. 1360) suggest, the model would undoubtedly have
been rejected statistically both because of measurement problems and because of
its abstract nature. Instead, the model is tested by comparing model-generated and
actual statistics characterizing fluctuations in the economy. "Failure of the theory
to mimic the behavior of the post-war US economy with respect to these stable
statistics ... would be ground for its rejection".

The aim of this section is to illustrate to what extent RBC models have been
successful in passing the tests proposed by Kydland and Prescott (1982). Since the
Kydland-Prescott model is rather complex, we start our assessment with a much sim-
pler RBC model based on Prescott (1986). It is shown that even this relatively simple
model does surprisingly well in mimicking the fluctuations in the US economy. At
the end of this section we show some deficiencies of the simple model and survey
some of the possible extensions that can potentially fix them. 12

12 Of necessity, our discussion of the RBC methodology is far from complete. The interested reader
is referred to Plosser (1989), Danthine and Donaldson (1993), Stadler (1994), Cooley (1995), and King
and Rebelo (1999) for much more extensive surveys of the literature.
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15.5.1 The unit-elastic RBC model
The model constructed in section 2 can be viewed as a deterministic version of an
RBC model. To turn that model into a conventional RBC model we must reformulate
it in discrete time, introduce a stochastic technology shock, and derive the rational
expectations solution for the loglinearized version of the model.

In much of the early RBC literature attention was restricted to competitive mod-
els without distortions (like tax rates, useless government consumption, etc.) or
externalities (like congestion, pollution, etc.). As Prescott (1986, p. 271) argues,
the advantage of working with such models is that the competitive equilibrium is
Pareto-optimal and unique. The solution algorithm can then exploit this equiva-
lence between the decentralized market outcome and the social planning problem
by solving the latter (easy) problem rather than the former (more difficult) problem.
Here we do not pursue this approach because we wish to emphasize the link with
the theoretical framework used throughout the book. As a result of this, we need to
spell out the decentralized economy. (An additional advantage of doing so is that
distortions, such as taxes, are easily introduced in and analysed with the model.)

The decentralized economy

The basic setup is as follows. The representative firm is perfectly competitive and
produces homogeneous output, Y r , by renting capital, KT , and labour, L T , from the
household sector. The production function is linearly homogeneous in capital and
labour and features a unit elasticity of substitution:

YT = F (Z, , K, , L r ) Z,41-Kr1-EL, 0 < EL < 1,	 (15.57)

where Z, is the state of general technology at time r, which is known to the firm
at the time of its production decision. The firm thus faces the static problem of
maximizing profit, 11, F(K, , L T ) - W,L, - RKKT , where WT is the wage rate and kr<

is the rental charge on capital services. The first-order conditions are:

FL(Z,, KT , L T ) W, , FK(Zt , KT, LT ) = RK , 	(15.58)

and the linear homogeneity of the production function ensures that profits are zero
(II, = 0)•

There is a large number of consumer-investor households. Each individual house-
hold is infinitely small and is a price taker on all markets in which it operates. By
normalizing the population size to unity we can develop the argument on the basis
of a single representative agent. The representative household is infinitely lived and
has an objective function based on expected lifetime utility. Denoting the planning
period by t, expected lifetime utility, EtAt, is given by:
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where Et is the expectations operator, C r and 1 - L T are, respectively, consumption
and leisure in period t, and 1/(1 + p) is the discounting factor due to time prefer-
ence. Equation (15.59) is the discrete-time analogue to (15.1)-(15.2) modified for
the existence of uncertainty (and with crL = 1 imposed). The notation for the expec-
tation operator, E t , indicates that the household bases its decisions on information
available at time t.

The household receives wage and rental payments from the firm, pays lump-
sum taxes to the government, and uses its after-tax income for consumption and
investment purposes. The budget identity is given in discrete time (for r = t, t +
1, t + 2, ...) by:

Cr + IT = W,L, + RK,K, - TT , 	 (15.60)

where IT is gross investment. The capital stock carried over from one period to the
next equals gross investment plus the undepreciated part of the existing capital
stock:

KT+1 = IT + (1 - 3)K, ,	 (15.61)

with 0 < 8 < 1. Equations (15.60) and (15.61) are the discrete-time counterparts
to, respectively, (15.3) and (15.14). In the planning period, the household knows
Wt and Rf but future rental payments on labour and capital are stochastic variables
because of the future technology shocks (see (15.58) and below). The household can
borrow and lend freely on the capital market and chooses sequences for consump-
tion, labour supply, investment, and capital {C T , LT , IT , KT _F i}r in order to maximize
expected utility (15.59) subject to (15.60)-(15.61) and taking its initial capital stock,
Kt , as given.

We follow Chow (1997) by tackling this problem with the Lagrangian methods
used throughout this book. The Lagrangian expression is:

Et	
1 V -t

(+	
[EC log Cr + (1 - Ec)log[l - L T ]

	

r=t 	 P/
E 	 ,

- (KT-4-1 -	 + - (RK, + 1 - 8)K, + C r WT[ 1 - LTD],

where X, is the Lagrange multiplier for the budget identity in period r. The first-order
conditions for this problem (for r = t, t + 1, t + 2, .. .) are:

(15.62)
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For the planning period (r = t) these first-order conditions can be combined to
obtain one static and one dynamic equation:

(1 - cc) (EC
1 - L t 	Cr

(Ec) = Et (1 + rr+i) Ec 
Cr 1+ p

rt+i =
K

 "•

(15.66)

(15.67)

(15.68)

Equation (15.66), which is obtained by combining (15.63) and (15.64) for period t, is
the familiar condition calling for an equalization of the wage rate and the marginal
rate of substitution between consumption and leisure. Note that the expectations
operator does not feature in this expression. As Mankiw, Rotemberg, and Summers
(1985, p. 231) explain, this is the case because (15.66) is a purely static condition as
the household knows the wage rate at time t and simply chooses the optimal mix
of consumption and leisure appropriately.

Equation (15.67) is obtained by using (15.63) twice (for periods t and t + 1) in
(15.65) for period t and substituting (15.68). It is the discrete-time consumption
Euler equation. Intuitively (15.67) says that along the optimal path the representa-
tive household cannot change his/her expected lifetime utility by consuming a little
less and investing a little more in period t, and consuming the additional resources
thus obtained in period t+1. The left-hand and right-hand sides of (15.67) represent,
respectively, the (marginal) utility cost of giving up present consumption and the
expected utility gain of future consumption (Mankiw, Rotemberg, and Summers,
1985, p. 231).

The remainder of the model is quite standard. The government is assumed to
finance its consumption with lump-sum taxes, i.e. G, = T. Finally, the goods
market clearing condition is given in each period by: 1 77 = Cr + I, + G. The last two
expressions are the discrete-time counterparts to, respectively, (15.16) and (15.17).

Loglinearized model

The model consists of the capital accumulation identity (15.61), the consumption
Euler equation (15.67), the factor demand equations (15.58), the definition of the
real interest rate (15.68), the labour supply equation (15.66), the production func-
tion (15.57), plus the goods market clearing condition and the government budget
restriction.

We follow Campbell (1994) by looking for analytical solutions to the loglinearized
model. The advantage of this approach is that it allows us to study the economic
mechanisms behind our simulation results in a straightforward fashion. The loglin-
earized model is reported in Table 15.4. As before we loglinearize the model around
the steady state and use the notation je t log [x t/x], where x is the steady-state
value of xt.
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Table 15.4. The log-linearized stochastic model

kt+1 — Kt = 8 	 — kt]
	

(T4.1)

Er t-Ei — ct = ( 1 ±P p )Etit+i
	

(T4.2)

6t =
	

(T4.3)

Wt =Yt - L t
	

(T4.4)

Pit = (P 8)[C't - Kt]
	

(T4.5)

Yt = cocci + unit + WG G t
	 (T4.6)

Lt =LOLL 	 -
	

(T4.7)

Yt = + Etit + (1 - EL)kt
	

(T4.8)

Definitions: wG 	 G/Y: output share of public consumption; we 	 C/Y: output share of private consumption;
co, 	 //Y: output share of investment, we + cot + coy = 1, 3/(0/ = Y * 	+ 3)/(1 — EL). COLL 	 (1 - L)/L: ratio
between leisure and labour. it 	 log kt /x1.

Comparing the discrete-time model of Table 15.4 to the continuous-time model
of Table 15.2 reveals the close connection between the two models. Apart from the
technology term appearing in (T4.8) but not in (T2.8), the only significant difference
between the two models lies in the consumption Euler equation. In the continuous
time model agents are blessed with perfect foresight and thus actual consumption
growth ( a(t)) appears in the Euler equation. In contrast, in the discrete-time model
the representative household does not know the future interest rate (rt+1 ) because
future general technology (4 ±1) is stochastic. As a result, the expectations operator
features in the Euler equation (T4.2).

The derivation of the loglinearized Euler equation (T4.2) from its level counterpart
(15.67) is not straightforward and warrants some further comment. First we note
that (15.67)-(15.68) can be combined to:

	=Et 
(1 + rt+i 	 Ct 

	1 + p 	 Cr-1-1 (15.69)

By definition we have that (1 + rt+i)/( 1 +P) = exp[1 + rt+ii, C t/C = et and CNA /C =
so we can rewrite (15.69) in a number of steps:

1 = Et exp [(1 + rt+i) + at -

= Et [1 (1 + rt-+i) + 1 + at - 1 -

0 = Et R i + p )Ft+i + C r - (15.70)
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In going from the first to the second line, we have used the approximation ext

1 + x t , and in going from the second to the third line, we relate 1 + rt+i to it+1. 13

As was the case for the deterministic continuous-time model of section 4.1, the
stochastic discrete-time model of Table 15.4 can best be solved by first condensing
it. This procedure yields a system of stochastic difference equations in the state
variables Kt and Ct , of which the former is a predetermined variable and the latter
is a jumping variable.

By using labour demand (T4.4), labour supply (T4.7), and the production func-
tion (T4.8), we solve for the equilibrium levels of employment -i t , wages 1717t , and
output kt , conditional upon the two state variables and the existing state of general
productivity 4:

ELLt = (4) — 1 ) [2t + ( 1 - EL)Kt at] , 	 (15.71)

EL Wt = [1 - 0(1 - EL)] [2t + (1 - EL)Kt] + (4) - 1)(1 - EL)Ct,
	 (15.72)

Yt = [2t + - EL)Kt] - (4) - 1 )
	

(15.73)

where is defined in (15.26) above. Ceteris paribus consumption and capital, a
higher than average level of general productivity (21- > 0) implies that labour
demand is higher than average. As a result, employment, wages, and output are
also higher than average.

By using (15.73) in (T4.6) and (T4.5), respectively, we obtain the relevant
expressions for investment it and the interest rate it:

= 0 (1 - EL )Kt - (wc + 0 - 1)et + 02t - 0)GOt,	 (15.74)

P 	 )rt =	 - 0(1 -
p + 8 	

EL)] Kr — (0 — 1)f- + o2t.	 (15.75)

General productivity affects investment and the interest rate positively because,
ceteris paribus, output and capital productivity are both higher than average if
2t > 0. By leading (15.75) by one period and taking expectations we obtain the
following expression:

p _FP 	8 ) Etit+i = - [1 - 0(1 - EL)] kt+i (4) - 	 OEt2t+1.
	 (15.76)

13 An alternative derivation, mentioned by Campbell (1994, p. 469) and Uhlig (1999, p. 33), is due
to Hansen and Singleton (1983, p. 253). (See also Attanasio, 1999, p. 768.) Under the assumption that
(Ct± i /Ct ) and (1 + rt+1) are jointly distributed lognormally with a constant variance-covariance matrix,
(15.69) can be rewritten as:

G2

Et log (1 + rt+i) = Et log [Ct+i /Cd + log (1 + p) -

where 5 2 is the (constant) variance of log [(Ct/Ct+1)( 1 + rt+i)]. The Q 2 term is subsequently ignored by
Campbell (1994) and Uhlig (1999).
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Since investment is known in period t, the household knows exactly what next
period's capital stock will be. Hence, the actual future capital stock (k t+ 1) fea-
tures in (15.76). Furthermore, the household must form expectations regarding
next period's general productivity level (Et2t+ 1) and labour supply. The latter effect
explains why Et at+1 enters in (15.76).

Finally, by using (15.74) in (T4.1) and (15.76) in (T4.2) we obtain the following
expression for the (condensed) dynamic system of stochastic difference equations:

[ kt+1 - kt
— A— Cr 

where A F -1 A* is the Jacobian matrix and A* and F are defined, respectively, as:

d the approximation eat

re relate 1 + rt±i to --rt+1. 13
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nt, wages, and output are

+ 
Y21	 [1 —	 —	 , 0 < = 1 —6+ 0(p+6)

and y1( and ytc are the shock terms:

(15.79)

we obtain the relevant [
Yt

K 
1 =

Ytc
-1 [ Y* (02/- — WGGt)

(IgEt2t+i
(15.80)

term is subsequently ignored by

A number of things should be noted about the dynamical system defined in (15.77).
First we note that the determinants of A and A* are identical. 14 It is straightforward
to verify that IA l equals:

lAl = I A * I = —01* [wG(4) — + Ococe-L] < 0. (15.81)

Second, since the determinant is the product of the characteristic roots it follows
from (15.81) that the system in (15.77) possesses one negative characteristic root,
denoted by —Al < 0, and one positive characteristic root which we denote by A2 > 0.
If, in addition, the parameters of the problem are such that Al < 1 it follows that
the system is saddle-point stable. 15

14 Denoting the typical elements of A and A* by, respectively, 6q and ,S;; we find:

A . r -1 0* = [ 611 6'12
621 - Y218 1'1 622 — Y216121 .

From matrix algebra we know that the subtraction of a multiple of any row from another row leaves
the determinant unchanged, so it follows that IAI=I A*I. See Mathematical Appendix.

15 Checking saddle-point stability is thus more involved in a discrete-time setting than in a
continuous-time context. With continuous time, the only thing that must be checked is the sign of the
characteristic roots. In contrast, with discrete time, the magnitude of the roots matters, i.e. one must
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The shock process

Our description of the unit-elastic RBC model is completed once particular specifi-
cations are adopted for the exogenous variables, Z t and G. To keep things simple,
we assume that government consumption is constant, so that a t = 0 for all t, and
that the technology shock takes the following first-order autoregressive form:

log Zt = az + pz log Zr_i + 0<pz,1, (15.82)

where az is a constant, pz is the autoregressive parameter, and Er is a stochastic
"innovation" term. The parameter pz parameterizes the persistence in the produc-
tivity term-the closer pz is to unity, the higher is the degree of persistence. It is
assumed that the innovation term, Ef , is identically and independently distributed
with mean zero and variance cry. In the absence of stochastic shocks, technology
would settle in a steady state for which (1 - pz ) log Z = az. Since, by definition, we
have that Z t log [Zt/Z], equation (15.82) can be rewritten as follows:

2t = pz2t-1 +Ef• (15.83)

Recall that agents must form an expectation at time t about technology in the next
period (Et2t+ i) in order to forecast the interest rate featuring in their Euler equation
(Etit+i, see (15.76)). Since agents are aware of the shock process for technology
(given in (15.83)) they will use this information to compute their forecast, i.e. they
will base their decisions on the forecast Et 2t+i = Pz2t (since EtEf+1 = 0 this is the
best they can do).

The model is now fully specified and consists of (15.77), (15.80), and (15.83).
There exist several methods that can be used to solve for the rational expecta-
tions solution of the model. Campbell (1994, pp. 470-472), for example, uses the
method of undetermined coefficients. Intuitively, this method works as follows.
First, we guess a solution for consumption in terms of the state variables (Kt , Zt )
and unknown parameters (7,k, n-a ), of the form C t = 7rakt + 7„2t. Next, we use all
the structural information contained in the model plus the assumption of rational
expectations in order to relate the unknown coefficients to the structural parame-
ters of the model. Another method is due to Blanchard and Kahn (1980)—see Uhlig
(1999, pp. 54-56) for an example.

check whether they are inside or outside the unit circle. Note that (15.77) is conventionally written as:

[ kt+1 ]=,[ kt J_[ YtK

Er Ct+1 	 Cr	 atC

where a I + A has characteristic roots X 1 1 — Xi and A2 1 + A2 (see Mathematical Appendix). A
stable (unstable) root satisfies IX < 1 (V,., > 1). Saddle-point stability thus obtains provided Il — X i I < 1
and Il + X2I > 1. See Azariadis (1993, pp. 39 and 62-67) for a very thorough discussion of the discrete-
time case. In the text we simply assume that X1 < 1 and we ensure that this assumption is satisfied in
the simulations.
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15.5.2 Impulse-response functions
In the appendix to this chapter we work out the general rational expectations solu-
tion of the model in terms of its state variables, following the approach suggested by
Campbell (1994). Here, we focus directly on the impulse-response functions for the
different variables. The advantage of doing so is twofold. First, it facilitates the com-
parison with the analytical discussion in the first half of this chapter. Second, the
impulse-response functions nicely visualize the key properties of our prototypical
RBC model, especially those related to the degree of persistence of the shock.

We compute the impulse-response functions as follows. We normalize the time
of the shock at t = 0, and assume that 66 > 0 and ef = 0 for t = 1, 2, ... Assuming
that technology was at its steady-state level in the previous period (2_1 = 0) we can
use (15.83) to solve for the implied path of 2, that results from the innovation at
time t = 0:

2t = ptz EO
	

(15.84)

By using (15.84) in (15.80) (and recalling that G t = 0 and Er2r+i Pz2t) we find that
the shock term affecting the dynamical system takes the following, time-varying,
form:

	[ 3/1( 	[ y* 2t	 0 [ y*

	Yt 	€0 z.1;72t	 — y* [1 — 0(1 — EL)i] 	
z

P t
	

(15.85)

It follows from (15.85) that the productivity shock affects both the CSE and CE
curves. Since 0 < pz < 1, the shock eventually dies out as time goes by, i.e. y o,„K =
yooc = 0. The innovation therefore does not have a long-run effect but the impact
and transition results are non-zero. In the appendix to this chapter we derive the
impulse-response function for the capital stock and consumption:

Kt

	C t
	 oy [(1 — pz ) (1 — (0 — 	 + to) 1

Co 
(i 	)t +[ * 	 c,

Pz [ 1 Pz + (1— wi)y1

x 
± 1 Pz
CbE6)Tt(Pz,1 –
	 (15.86)

where the impact jump in consumption is given by:
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Although these expressions look rather complex, it turns out that quite a lot can be
understood about them by first focusing on some special cases that have received a
lot of attention in the literature. In doing so we are able to demonstrate the crucial
role of shock persistence in the unit-elastic RBC model.

A purely temporary shock (pz = 0)

We follow King and Rebelo (1999, pp. 964-967) by first considering the effects of
a purely transitory productivity shock. In terms of our model this means that the
shock displays no serial correlation at all (i.e. pz = 0 in (15.83)) and we study the
response of the system to a technology shock of the form Z o = 66 and 2, = 0 for
t = 1, 2, ... Clearly, such a shock has no long-run effect on the macroeconomy as
technology only deviates in the impact period from its steady-state level. The impact
effect on consumption, and thus on the other variables, is, however, non-zero.
Indeed, by setting pz = 0 in (15.87) we obtain the expression for the consumption
jump with a purely transitory shock:

Co 
= 

(1) [A2 + 	 — 1)11E0Z > 0 .

( 1 +A2)[wc+c- l]

Intuitively, consumption rises in the impact period because the technology shock,
brief though it may be, makes the agent richer. Since leisure, like consumption, is
a normal good, the shock also causes a wealth effect in labour supply. In terms of
Figure 15.11 the labour supply curve shifts up and to the left (from the solid to the
dashed line). At the same time, however, the shock raises labour productivity and
thus labour demand. Hence, even though the capital stock is predetermined in the
impact period, the labour demand curve shifts up and to the right. As is clear from
the diagram, the impact effect on the wage rate is unambiguously positive, but the
impact effect on employment appears to be ambiguous as it depends on the relative
magnitudes of the labour supply and demand effects.

By using (15.89) and Zo = E6 in (15.71)—(15.73) we obtain the following analytical
expressions for L0, V-170, and Yo :

Lo= ( 0 — 1 [ 1 a 0422)+[(0c(4)±-1)] 	EZ,

EL	0I	 1] 0

17170 = 	
— 0(1 EL)]

 EO
Z [(0 1 )( 1 EL)] 	>

EL EL

(15.89)

(15.90)

(15.91)

(15.92)Yo=
[(1 X2)(0C + (0 — 1 ) [

— - (Cb — 1)] (I)EoZ > °. (1 + )1/4.2) [(0c ± — 1]
For realistic calibrations of the model the labour-demand effect dominates the
labour-supply effect, so that employment increases in the impact period as illus-
trated in Figure 15.11. The wage rate increases at impact regardless of the parameter
values as the labour-demand and supply effects work in the same direction. Finally,
despite the fact that the employment effect is ambiguous in general, the output

512



0
	

To 	 Lt

Chapter 15: Real Business Cycles

Figure 15.11. A shock to technology and the labour

market

effect is unambiguously positive. 16 Since output rises and capital is predetermined
at impact, the immediate effect on the interest rate is positive (see e.g. (T4.5)).
Finally, the impact effect on investment is obtained by using (15.89) and setting
Zo = Eo and a t = 0 in (15.74). After some manipulation we obtain:

Io = 1 - ofi - 1) CEO > 0,L	 + A.2) _1
(15.93)

where the sign follows from the fact that 0 < 	 — 1) < 1 (see footnote 16).
By substituting pz = 0 into (15.86) and (15.88) (and noting (15.93)) we find the

transition paths for the capital stock and consumption:

Kt

L at
WA 1 )-10 Ai st)	 for t = 1, 2, 3, ...

Co
(15.94)

In Figure 15.12 we plot the impulse-response functions for the purely transitory
shock, using the calibration values discussed above (see page 493). One period after
the shock has occurred, technology is back to its steady-state level (as kt = 0 for
t = 1, 2, ...). It follows from (15.94) that the economy has a slightly higher capital
stock in period 1 (since K 1 = Sio > 0) which is gradually run down over time. Con-
sumption also gradually returns to its initial steady-state value. As the simulations
confirm, investment and employment fall below their respective steady-state levels
during transition (it < 0 and i t < 0 for t = 1, 2, ...). The real interest rate also
falls below its steady-state level in period t = 1 after which it gradually returns to

16 The sign of the output effect follows in a straightforward fashion from the fact that defined in
(15.79), satisfies 0 < ((p. — 1) < 1.
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this level. Since rt < 0 for t = 1, 2, ... it is optimal for the household to choose a
downward-sloping consumption profile. 17

A permanent shock (pz 1)

The second special case that can be distinguished assumes that the technology
shocks are permanent, i.e. the technology process (15.83) features a unit root
(Pz = 1). The impact effect on consumption is obtained from (15.87):

	(i) {A2 —	 Ez= 	 o > 0.	 (15.95)
X2 [oc + 	 1]

Consumption rises at impact because the permanent technology shock makes
the representative agent wealthier. By substituting (15.95) into (15.71)—(15.73) we
obtain the impact effects for employment, the wage, and output:

LO =	 - 	 1 ) [1 	 (1) [X2 - . (t)C1 	,

	

EL 	 [(0C + — 1] 	 ( 15.96)

Wo— [ 1 4)(1 EL ) ] E6 +[ (Ø 1)
6
(
L
1 — EL) ]	 > 0 ,

EL

I0— [ X2+
 “4) — 1) ONCE(' > 0 .

),2 [WC + — 1]	
(15.98)

As for the purely temporary shock, the employment effect is ambiguous in general
but positive for realistic calibrations. The wage rate rises unambiguously as does
output. Finally, the impact effect on investment is obtained by using (15.95) and
setting 20 = E6 and Ot = 0 in (15.74):

dOwcE0 =	 > 0.	 (15.99)

By setting pz = 1 in (15.86) and (15.88) we obtain analytical expressions for the
transition paths of the capital stock and consumption:

Capital stock

111 15 	 20	 25 	 30 	 35	 40

Real interest rate

(15.97)

WIX 2

Kt

Ct
[1(1- xot + [-] 	 - (1- ), i)t], (15.100) 

where C0 is given in (15.95) above, and ko and 	 are given by:

K00 
= we e00 = 	Owc€0 

> 0.
1 —	 coG(0 — 1) + Owc€.1.

(15.101) 

15	 20	 25	 30	 35 	 40 As equation (15.100) shows, Kt and C t (and thus all other variables also) can be
written as the weighted average of the relevant impact and long-run effects. The 

17 King and Rebelo (1999, pp. 966-967) incorrectly argue that the interest rate falls in the impact
period. Since output rises and the capital stock is unchanged at impact, it must be the case that the
interest rate rises at impact also.
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transition speed of the economy, (1-A.1), determines the time-varying weights. With
a permanent productivity shock both consumption and the capital stock increase
in the long run—see (15.101). The intuition behind this result follows readily from
the steady-state constancy of the great ratios (see also above). Imposing the steady
state in equations (T4.1)-(T4.2) (and ignoring the expectations operator) we find
ioo = koo and i.„„ = 0. But this implies, by (T4.5), that YO° = Roo , and by (T4.4) and
(T4.8) that Roo - Loo = Woo = (1/EL)2„ where 40 = e6. With constant government
spending ( -ä t = 0), the steady-state versions of (T4.6) and (15.73) can be solved for
e0,0 and Yoo :

koo = 	(pc  ) 	 = 	Owc200 > 0,
coc' + coG	 wc(4) — 1) + c EL

and (T4.7) can be solved for L oo :

— eoo 	coGLoo =
l + cou	 (WC + LOG j (1 + (DLL

< O.

In the long run a permanent productivity improvement makes the representative
agent wealthier which prompts him to increase consumption. The investment-
capital ratio and the output-capital ratio are unchanged but the capital-labour ratio
rises as does the real wage. In the absence of government consumption (wG = 0) the
income and substitution effects in labour supply exactly cancel out and employ-
ment is unchanged (see (15.103)). With positive government consumption the
income effect dominates the substitution effect and labour supply goes down (i.e.
the household consumes more leisure).

In Figure 15.13 we present the impulse-response functions for the permanent
shock, again using the calibration values discussed above (see page 493). Follow-
ing their initial jumps, consumption and the wage both gradually increase further
during transition. Investment and employment both overshoot their respective
long-run levels. Though the impact effect on employment is positive, employment
falls in the long run because the calibration is based on a positive share of govern-
ment consumption (see (15.103)). The real interest jumps up at impact and gradually
returns to its initial level. This explains why the time profile of consumption is
upward sloping.

A realistic shock

Now that we have discussed the impulse-response functions for purely transitory
and permanent technology shock, we can proceed and study the reaction of the
economy to realistic productivity shocks. The seminal work by Solow (1957) has
been used by RBC proponents to estimate the nature of technological change. Solow
(1957) tried to determine how much of economic growth can be accounted for
by fluctuations in the production factors capital and labour. He found that the
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unexplained part of output growth (later termed the Solow residual in his honour)
accounted for approximately half of the growth of output in the US since the 1870s
(Stadler, 1994, p. 1753). It was shown by Prescott (1986) that data on the Solow
residual can be used to recover an estimate for the persistence parameter (pz ) and
the standard deviation of the innovation term (denoted by az). King and Rebelo
(1999, pp. 952-953) explain in detail how this can be done. 18 They use quarterly
data for the US and obtain the following estimates for these parameters: pz = 0.979
and o-z = 0.0072. The key thing to note is that the technology shock displays a very
high degree of persistence.

In Figures 15.14-15.20 we present impulse-response functions for all macroeco-
nomic variables using the calibration values discussed above (see page 493). Instead
of focusing on one particular estimate for the persistence parameter, we show these
impulse-response functions for a range of values of pz which includes both King
and Rebelo's estimate and the unit-root case (i.e. 0.5 < pz < 1 in these figures).

18 In the context of our (simple) model the procedure would work as follows. First, we take logarithms
of (15.57) to derive the estimate for the Solow residual:

log SRt log 17, — EL log /4 — (1 — EL) log Kt = log Zt.

Hence, in our model the Solow residual is equal to the general productivity index Zt . By using this
result in (15.82) one obtains an equation which can be estimated empirically:

log SR, = az + pz log SR, + Er .

The procedure of King and Rebelo (1999) is a little more complicated because they also allow for
labour-augmenting technological change.

Figure 15.15. Cc

Figure 15.16. Ot
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The Foundation of Modern Macroeconomics

Table 15.5. The unit-elastic RBC model

(a) US economy (b) Model economy I (c) Model economy II

xt : a(xt) P(xt, Yt) (xt) P(xt, Yt) a(xt) P(xt Yt)

Yt 1.76 1.35 1.76

Ct 1.29 0.85 0.42 0.89 0.51 0.87

I t 8.60 0.92 4.24 0.99 5.71 0.99

Kt 0.63 0.04 0.36 0.06 0.47 0.05

L t 1.66 0.76 0.70 0.98 1.35 0.98

Yt /L t 1.18 0.42 0.68 0.98 0.50 0.87

ways to improve the internal propagation mechanism of the model. Some of this
literature will be discussed briefly below.
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15.5.3 Correlations
As was pointed out in the introduction to this section, most RBC modellers fol-
low the suggestion by Kydland and Prescott (1982) and evaluate the usefulness of
their model by judging how well the model-generated data match the data for an
actual economy. The typical approach is to compute actual and model-generated
moments for a number of key variables (King and Rebelo, 1999, p. 956). Usually the
moments of interest are the variances (or standard deviations) of output, consump-
tion, investment, capital, labour, and productivity. Often the contemporaneous
correlations between output and the other variables are also compared. 19

In Table 15.5 we show the results that were computed by Hansen (1985) for the US
economy. In this table, 0- (xt ) and p(x t ,Yt ) are, respectively, the (asymptotic) standard
deviation of x t and the contemporaneous correlation between x t and Yt . In panel
(a) of Table 15.5 the indicators for the US economy are reported. The following
regularities can be distinguished (Stadler, 1994, pp. 1751-1752). First, investment is
much more volatile than output, i.e. the standard deviation of investment is a (It) =
8.60 which far exceeds the standard deviation of output which equals a (Yt ) = 1.76.
Second, consumption is somewhat less volatile than output (a (Ct ) = 1.29). Third,
the capital stock is much less volatile than both consumption and output (a (Kt) =
0.63). Fourth, employment is approximately as volatile as output (a (L t) = 1.66).
Fifth, productivity is less volatile than output (a (Yt IL t) = 1.18). Sixth, all variables
are positively correlated with output, although the correlation is rather weak for the
capital stock.

19 In the appendix to this chapter we show how these various indicators can be computed for the
theoretical model without having to use statistical simulation methods.
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In panel (b) of Table 15.5 the model-generated standard deviations and corre-
lations are reported. Hansen (1985, pp. 319-320) uses the unit-elastic model to
generate these results and employs the following calibration parameters: coG = 0,
EL = 0.64, p = 0.01, 8 = 0.025, and cc = 1/3. These parameters imply:
y* = (p + 3) 1 (1 — EL) = 0.097, wi = 8/y* = 0.257, we = 1 — (.0/ = 0.743, and
(by (15.46)) WLL = 2.321. The persistence parameter and standard deviation of the
technology shock (€f in (15.83)) are set at, respectively, pz = 0.95 and az = 0.00712.

A comparison of panels (a) and (b) reveals that the model captures the facts that
consumption is less and investment is more volatile than the aggregate output.
It also matches the output correlations of consumption, investment, capital, and
employment quite well but it overpredicts the correlation between output and pro-
ductivity. Given the extremely simple structure of the unit-elastic model, the match
between actual and model-generated moments is quite impressive. There are, how-
ever, also a number of facts that are not well explained by the model. Following
Stadler (1994, pp. 1757-1761) we focus on some stylized facts about the labour
market which the model is unable to mimic.

Employment variability puzzle

In reality employment and output are almost equally variable (see Table 15.5), and
employment is strongly procyclical, whilst wages are only mildly procyclical. If
general productivity shocks are the source of the variability, then a positive shock
should shift labour demand, and for a given upward-sloping labour supply curve,
there should be a reaction in both wages and employment. Microeconomic evi-
dence, however, suggests that the labour supply curve is almost vertical, so that
the variability in wages should be high and that in employment should be low. In
panel (b) of Table 15.5 we therefore observe that the unit-elastic model underpre-
dicts the variability of employment by a significant factor, i.e. the model predicts
a (L t) = 0.70 whereas in reality for the US o- (L t ) = 1.66. 20

Procyclical real wage

The unit-elastic model with productivity shocks as the source of fluctuations pre-
dicts a high correlation between productivity and output (in panel (b) of Table 15.5
p(Yt IL t ,Yt)= 0.87). In reality, however, this correlation is much weaker. Since tech-
nology is represented by a Cobb-Douglas production function in the unit-elastic
model, the real wage is proportional to productivity (see (T4.4) above). It thus fol-
lows that the unit-elastic model generates wage fluctuations that are much more
procyclical than is consistent with reality.

20 Below we discuss Hansen's (1985) approach to bringing the model outcomes closer to reality. See
section 15.5.4 as well as Hansen and Wright (1994) and Stadler (1994, pp. 1757-1762).
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Productivity puzzle

If productivity shocks are the predominant source of fluctuations, the shifts in
labour demand would imply that hours worked and productivity move closely
together. If real wage changes are small, all variation in employment is due to labour
demand shocks, and the correlation between productivity and both hours worked
and output should be high. In reality, however, the first correlation (productivity-
hours) is absent or even negative and the second correlation (productivity-output)
is much weaker than predicted.

Unemployment

Since there is no unemployment in the unit-elastic model, all variation in employ-
ment is explained by fluctuations in the supply of labour by the representative
household. In reality, however, about two thirds of the variation in hours is due
to movements into (and out of) employment and only one third is explained
by variation in the number of hours worked per employed worker (Stadler, 1994,
p. 1758).

15.5.4 Extending the model
Stadler (1994), Hansen and Wright (1994), and King and Rebelo (1999) discuss the
several model extensions that have been proposed in the RBC literature over the
past two decades. Here, we focus attention on just some of the ways in which RBC
modellers have responded to the various puzzles discussed above.

Employment variability puzzle

One would observe a realistic correlation between real wages and employment if
the labour supply curve is relatively flat. There are several ways to get this. First,
there may be strong intertemporal substitution effects in labour supply, but this
is rejected by the econometric evidence to date (Card, 1994). Second, the dom-
inant RBC solution to the employment variability puzzle is provided by Hansen
(1985) who incorporated the insights of Rogerson (1988) into an RBC model. His
argument makes use of the fact that in reality about two thirds of the variation of
total hours worked is due to movements into and out of employment, whilst only
one third is explained by variation in the number of hours worked. Hansen (1985)
assumes that the length of the working week is constant: you either have a job and
work for, say, 38 hours per week, or you do not work at all. This non-convexity
in the form of indivisible labour (IL) ensures that workers wish to work as much as
possible when wages are high. Hansen shows that even if individual agents have
a zero intertemporal labour supply elasticity, the aggregate economy behaves as
if the (average) "representative agent" has an infinite intertemporal labour supply
elasticity. Individual households do not choose the number of working hours per

I
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period, but rather the probability of working. Who actually works is determined by
a lottery. There is a contract between the firm and a household that specifies that
the household must work L hours with probability Trt in period t. The firm pro-
vides complete insurance to the worker and the lottery contract is traded, so that
each household gets the same amount from the firm, regardless of whether it works
or not in any particular period. Actual per capita employment in period t will be
L t = jrtL, and each household gets paid as if it worked Lt hours in period t.

The IL model is obtained by setting aL —> co in (15.2) so that the felicity function
appearing in (15.59) is linear in labour supply:

(1)(r) cc log C, — (1 — EC) LT.	 (15.104)

With this modification, the consumption Euler equation continues to be given by
(15.67) but leisure drops out of equation (15.66) which becomes:

In the IL model, consumption is proportional to the wage, i.e. the labour supply
equation is horizontal. In terms of the loglinearized model of Table 15.4, equation
(T4.7) is replaced by W t = Ct . Hence, in formal terms, the IL model is a special case
of the model presented in Table 15.4 with 0LL —> oo•

In panel (c) of Table 15.5 we show the results that were obtained by Hansen's
(1985) calibration of the IL model. With the exception of EC (and thus 04,L ) the
calibration parameters are the same as for panel (b). The parameter EC is chosen
such that employed individuals spend 53 percent of their time endowment on work,
i.e. L = 0.53 (Hansen, 1985, p. 320). 21 This yields the value of cc = 0.381. It is
clear from Table 15.5 that the IL model provides a much better match between the
model-generated and actual variability of employment than the standard model
does. 22 By incorporating the assumption of indivisible labour in the unit-elastic
model, the model-generated standard deviation of employment rises from a (L i) =
0.70 (in panel (b)) to a (L t) = 1.35 (in panel (c)). The IL model is thus able to
dispose of the employment variability puzzle but not of the procyclical real wage.
Indeed, the results in panel (c) of Table 15.5 show that the IL model predicts a very
similar correlation between productivity and output as the standard unit-elastic

21 By manipulating (15.105) we find that the value of Cc can be written as follows:

€  1E C = 1+ - 
Lcoc

Since coy and EL are known, the value of cc is readily obtained from this expression.
22 Note that the actual and model-generated standard deviation of output are the same in panels

(a) and (c) of Table 15.5. This cannot be counted as a success for the unit-elastic model because it is a
feature of the calibration procedure. The standard deviation of the productivity shock (az ) is chosen
such that the variation in aggregate output is perfectly matched (Hansen, 1985, p. 320). In a model
with divisible labour (given in panel (b)) a larger standard deviation of the innovation term is needed
to match the observed standard deviation of output.
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model does (i.e. p(Yt114,Yt) = 0.87 in panel (c) and p(Yt /L t , Yt) = 0.98 in panel (b)).
Because it largely solves the employment variability puzzle, Hansen's approach has
nevertheless become standard practice in the RBC literature.

Productivity puzzle

RBC theorists have also found creative solutions to the productivity puzzle, which
are often based on introducing shift factors in the labour supply equation. Exam-
ples that are found in the literature include the existence of nominal wage contracts,
taste shocks, government spending shocks, labour hoarding by firms, and the exis-
tence of a non-market production sector that is also subject to technology shocks
(see Stadler, 1994, pp. 1759-1761). In home production models, for example,
households divide their labour over market and non-market activities. If market
productivity rises, agents not only intertemporally substitute labour, but also shift
labour intratemporally from the non-market to the market sector.

Unemployment
In recent years, a number of authors have introduced voluntary unemployment into
the RBC framework by making use of the search-theoretic approach of Diamond,
Mortensen, and Pissarides (see Chapter 9). 23 Andolfatto (1996, p. 113) shows
that the introduction of labour market search into an RBC model leads to three
major improvements. First, the model is able to predict that labour hours fluctuate
more than wages. Second, the model predicts a lower correlation between labour
hours and productivity. Third, the model predicts a more realistic impulse-response
function for output.

Involuntary unemployment can be built into RBC-style models as well. Dan-
thine and Donaldson (1990), for example, use the device of efficiency wages (see
Chapter 7) to explain equilibrium unemployment. In such models, the real wage
does not clear the labour market but rather is used to induce high effort by the
workers. Such models typically predict some kind of real wage rigidity which can
help explain the low correlation between wages and employment and magnifies
the impact of shocks on output. The latter effect also ensures that productivity
shocks do not have to be unrealistically large in order to explain given fluctuations
in output.

15.6 Punchlines

This chapter deals with the two major themes which have been developed by new
classical economists over the last two decades, namely the equilibrium approach to

23 See, e.g. Andolfatto (1996), Merz (1995, 1997, 1999), and Cole and Rogerson (1999).
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fiscal policy and real business cycle theory. These two themes build on and extend
the insights that were obtained as a result of the rational expectations revolution of
the 1970s.

In order to discuss the equilibrium approach to fiscal policy, we started this
chapter by extending the deterministic Ramsey model that was studied in detail
in the previous chapter. To make this model more suitable for fiscal policy anal-
ysis the labour supply decision of households is endogenized. We use (a simple
version of) the extended Ramsey model to study the effects of a lump-sum tax
financed increase in government consumption. Both permanent and temporary
policy shocks are considered. Furthermore, the impact, transitional, and long-run
effects are characterized both analytically and quantitatively.

With a permanent increase in government consumption, the increase in taxes
causes households to cut back goods consumption and to supply more labour
because they feel poorer (the wealth effect). Output and investment both rise
and the capital stock starts to increase during transition and consumption recov-
ers somewhat. In the long run, consumption is still crowded out (though by less
than one for one) and output, capital, employment, and investment all increase
equi-proportionally due to the constancy of a number of "great ratios". A plausi-
bly calibrated version of the model shows that the long-run output multiplier may
well exceed unity. Though this result is superficially reminiscent of the Keynes-
Haavelmoo multiplier, the mechanism behind the output multiplier is distinctly
new classical in nature. Whereas the marginal propensity to consume out of income
plays the vital role in the former multiplier, it is the wealth effect in labour supply
which determines the latter multiplier.

When the increase in government consumption is only temporary there are no
long-run effects. Consumption is crowded out and labour supply and thus output
rise in the impact period. These effects are stronger the more persistent is the policy
shock. If labour supply is highly elastic and the shock is relatively persistent then the
household starts to accumulate capital during the early part of the transition. The
increase in output and decrease in consumption together more than compensate
the increased government consumption and investment is crowded in at impact. If
the labour supply effect is weak and the shock is highly transitory then the capital
stock falls during the early phases of the transition.

In the second half of the chapter we turn the extended Ramsey model into a pro-
totypical real business cycle model by reformulating it in discrete time, introducing
a stochastic process for general productivity, and imposing the assumption of ratio-
nal expectations. We study the properties of the so-called unit-elastic RBC model by
computing the analytical impulse-response functions for the different macroeco-
nomic variables. Just as for the deterministic model, the degree of persistence of the
technology shock exerts a critical influence on the shape of the impulse-response
functions.

For a purely transitory technology shock, consumption, employment, invest-
ment, and output all rise in the impact period. The employment response is

L : .Yt)= 0.98 in panel (b)).
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explained not so much by the wealth effect (which is rather weak) but rather by
the incentive to substitute labour supply across time. The technology shock makes
it attractive to work in the current period because the current wage is high rela-
tive to future wages. After technology has returned to its initial level, capital and
consumption gradually fall back over time.

With a permanent productivity shock, consumption, capital, output, investment,
and the real wage all rise in the long run. In the absence of government consump-
tion (and the concomitant lump-sum taxes), employment stays the same because
the income and substitution effects of the wage change cancel out. With positive
lump-sum taxes the former dominates the latter effect and employment falls. The
intuition behind the long-run results is again provided by the constancy of a num-
ber of great ratios. Consumption jumps up at impact and thereafter increases further
during transition.

Next we study the impulse-response functions for a "realistic" shock persistence
parameter. Most RBC modellers use the so-called Solow residual to obtain an esti-
mate for this persistence parameter. The typical finding is that productivity shocks
(thus measured) are very persistent, i.e. the persistence parameter is close to (but
strictly less than) unity.

An important, somewhat disappointing, feature of the unit-elastic RBC model
is its lack of internal propagation. For all cases considered, the impulse-response
function for output is virtually identical to the exogenous technology shock itself.
The lack of propagation plagues not just the uni-elastic model but many other RBC
models as well. For this reason, one of the currently active areas of research in the
RBC literature concerns the development of models with stronger and more realistic
internal propagation mechanisms.

It is standard practice to evaluate the quantitative performance of a given RBC
model in terms of the quality of the match it provides between model-generated
and actual data. Typically, the statistics of interest are the standard deviations (and
correlations with aggregate output) of some key macroeconomic variables. Despite
its simplicity, the unit-elastic model is able to capture quite a few features of the real
world data. For example, it correctly predicts that investment is more and consump-
tion is less volatile than aggregate output. It also matches the output correlations
of consumption, investment, capital, and employment quite closely. There are also
a number of empirical facts that are difficult or impossible to reconcile with the
unit-elastic model. For that reason a huge literature has emerged over the last two
decades which aims to improve the empirical fit of RBC models.

Perhaps the most important contribution of the RBC approach is a methodologi-
cal one. Recall that in the traditional macroeconometric approach, weakly founded
relationships were typically estimated with the aid of time series data. RBC modellers
have largely abandoned the macroeconometric approach and have instead forged a
link with micro-founded stochastic computable equilibrium models. Attention has
shifted from estimation to simulation. The approach has proved to be quite flexi-
ble. RBC models now exist which include alternative market structures (on goods

I
and labour markets), pri _
just technology shocks, a
cations indicates that t'
from classical and Kepi

Further Reading

Some of the most important
(1994). For survey articles,
(1989b), Plosser (1989), Li,
(1994), Stadler (1994), Cr'
approach are Summers (198
of calibration, see Kydlar
(1996). Watson (1993) del. u
(1995) and Rotemberg and
of a number of standard RRI

There is a huge and gro‘N .;
ral substitution mechanism
On family labour supply, •
inal wage contracts are st..
On search unemployment, !
Rogerson (1999). Efficiency
Kimball (1994), and Geor,„

Early papers on the macrc
istic approach, include Fole!
Barro (1981), and Aschauer
(1998) (on public infrastru,
Braun (1994), Jonsson and I
Fisher (1998) study the emp

Temporary shocks and ti..
are also studied by Judd ( P
on home production are IN
Hercowitz (1991). Models v
man (1991) and McGrattan (
in household consumption
Hercowitz, and Huffman 1
monopolistically competit,
(1993), Chatterjee and Cool
Head, and Lapham (1996a, 1
and price stickiness, see H,...
Rotemberg and Woodford 11
develops a method to decorn
effects.

528



Chapter 15: Real Business Cycles

her weak) but rather by
hnology shock makes

Trent wage is high rela-
itial level, capital and

ital, output, investment,
_:overnment consump-
stays the same because

kncel out. With positive
I employment falls. The
he constancy of a num-

after increases further

, tic" shock persistence
sidual to obtain an esti-
"at productivity shocks

meter is close to (but

RBC model
i, the impulse-response
•-chnology shock itself.

:1 but many other RBC
areas of research in the
on :er and more realistic

Lance of a given RBC
een model-generated

tandard deviations (and
comic variables. Despite
3 few features of the real
• is more and consump-

e output correlations
to closely. There are also
e to reconcile with the
terged over the last two
xiels.

.ich is a methodologi-
•roach, weakly founded

:s data. RBC modellers
al have instead forged a

models. Attention has
ved to be quite flexi-

'et structures (on goods

and labour markets), price and wage stickiness, open-economy features, more than
just technology shocks, and heterogeneous households. The broad range of appli-
cations indicates that the RBC methodology has received widespread acceptance
from classical and Keynesian economists alike.

Further Reading

Some of the most important early articles on the RBC approach have been collected in Miller
(1994). For survey articles, see King, Plosser, and Rebelo (1987, 1988a, 1988b), McCallum
(1989b), Plosser (1989), Eichenbaum (1991), Danthine and Donaldson (1993), Campbell
(1994), Stadler (1994), Cooley (1995), and King and Rebelo (1999). Early critics of the
approach are Summers (1986) and Mankiw (1989). For a recent discussion on the method
of calibration, see Kydland and Prescott (1996), Hansen and Heckman (1996), and Sims
(1996). Watson (1993) develops a measures of fit for calibrated models. Cogley and Nason
(1995) and Rotemberg and Woodford (1996) document the weak propagation mechanisms
of a number of standard RBC models.

There is a huge and growing literature on various labour market aspects. The intertempo-
ral substitution mechanism is studied in detail by Hall (1991, 1997) and Mulligan (1998).
On family labour supply, see Cho and Rogerson (1988) and Cho and Cooley (1994). Nom-
inal wage contracts are studied by Cho and Cooley (1995) and Huang and Liu (1999).
On search unemployment, see Andolfatto (1996), Merz (1995, 1997, 1999), and Cole and
Rogerson (1999). Efficiency wage theories are used by Danthine and Donaldson (1990),
Kimball (1994), and Georges (1995).

Early papers on the macroeconomic effects of government purchases, using a determin-
istic approach, include Foley and Sidrauski (1971), Hall (1971), Miller and Upton (1974),
Barro (1981), and Aschauer (1988). Recent stochastic models include Cassou and Lansing
(1998) (on public infrastructure), Christiano and Eichenbaum (1992), McGrattan (1994),
Braun (1994), Jonsson and Klein (1996), and Canton (2001). Edelberg, Eichenbaum, and
Fisher (1998) study the empirical effects of a shock to government purchases.

Temporary shocks and the interaction between the graphic and mathematical approaches
are also studied by Judd (1985) and Bovenberg and Heijdra (forthcoming). Key articles
on home production are Benhabib, Rogerson, and Wright (1991) and Greenwood and
Hercowitz (1991). Models with distorting taxes are presented by Greenwood and Huff-
man (1991) and McGrattan (1994). Ljungqvist and Uhlig (2000) introduce habit formation
in household consumption. Studies focusing on firm investment include Greenwood,
Hercowitz, and Huffman (1988) and Gilchrist and Williams (2000). Models including a
monopolistically competitive goods market are formulated by Benassy (1996a), Hornstein
(1993), Chatterjee and Cooper (1993),Rotemberg and Woodford (1992, 1996), Devereux,
Head, and Lapham (1996a, 1996b), Heijdra (1998), and Gall (1999). On models with money
and price stickiness, see Hairault and Portier (1993), King and Watson (1986), Yun (1996),
Rotemberg and Woodford (1999), and Chari, Kehoe, and McGrattan (2000). King (1991)
develops a method to decompose impulse-response functions into wealth and substitution
effects.
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Appendix

Phase diagram for the unit-elastic model
In this appendix we derive the phase diagram for the unit-elastic model. We drop the
superfluous time index and hold the output share of government consumption, coG G/Y,
constant.

Employment as a function of the state variables
By using labour demand (T1.4), labour supply (T1.7), and the production function (T1.8),
we obtain an expression relating equilibrium employment to consumption and the capital
stock ("LME" designates labour market equilibrium).

( 	 )LME:	 (f(L) .) (1 - L)LEL -1 = 1 — EC CK-(1-EL),
ECELZO

(A15.1)

with f'(L) < 0 and f"(L) > 0 in the economically meaningful interval L E [0,1]. Hence, f(L)
is as drawn in Figure A15.1.

Capital stock equilibrium
Using (T1.6) in (T1.1) we observe that K = 0 holds if and only if SK = (1 - WG)Y - C. By
using (T1.4) and (T1.7), and assuming 0 < Ec < 1, the capital stock equilibrium (CSE) locus

= 0) can be written as:

SK = [1 - toG 	
ECEL ( 1 - L\1

Y.-EC 	 L 

f(L)

(A15.2)
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Figure A15.1. Labour market equilibrium
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We are clearly only interested in positive values of output and capital so that the term in
square brackets on the right-hand side of (A15.2) must be non-negative. This furnishes a
lower bound for employment:

!antic model. We drop the
t consumption, coG G/Y,

ECEL 
L > LMIN =0 < LMIN <

ECEL ( 1 — WG)( 1 — EC)

By using LMIN and (T1.8) we can rewrite (A15.2):

(A15.3)

nroduction function (T1.8),
nsumption and the capital

CSE: 	 KEL = ECELZO (L LMIN 

6(1 — EC)	 LMIN
LEL -1 . (A15.4)

Equation (A15.4) represents an implicit function, L = g(K), over the interval L E [LMIN, 1]
relating K and L. In order to compute the slope of the implicit function we totally

(A15.1) 	 differentiate (A15.4):

rval L E [0, 1]. Hence, f (L)
KEL

dK\	 EcZo ) rELL 	(dL
K	 (5(1 - EC)	 LMIN	 L

(A15.5)

Iv if 6K = (1 - (0G)Y - C. By
ck equilibrium (CSE) locus

(A15.2)

Since L > LMIN > 0 the term in square brackets on the right-hand side is strictly positive so
that g'(K) > 0. It follows from (A15.4) that K = 0 for L = LMIN, so as L rises from L = LMIN
to L = 1, K rises from K = 0 to K = KK . ((1 — COG)Zo / /EL > 0. We now have two zeros
for the CSE line, i.e. both (K, L) = (0, LMIN) and (K, L) = (KK , 1)1) solve equation (A15.2).
By using (A15.1) we find the corresponding values for C, i.e. (C,K,L) = (0, 0, LMIN) and
(C, K, L) = (0, KK, 1) are both zeros for the CSE line. In Figure 15.1 these points have been
drawn in (C, K) space.

The slope of the CSE line is computed as follows. We note that the CSE line can be
written as:

C = (1 - G)Zog(K)" K l-EL - 6K,	 (A15.6)

where L = g(K) is the implicit function defined by (A15.4). By taking the derivative of
(A15.6) we obtain in a few steps: 

dC
(1 - wG)Z0 [1 - (1 - tig(K))1 g(K) EL

,c1K ) •K=0

where rig (K) is the elasticity of the g(.) function:

77,(K) = Kg' (K) ) 	 EL (g(K) 	•g(K) ) ELg(K) + (1 - EL)LMIN

(A15.7)

(A15.8)
1

It follows from (A15.8) that 74(0) = 0 so that the term in square brackets on the right-hand
side of (A15.7) goes to (1 - EL ) as K 0. But since limx->og(K)/K = +oo it follows that the
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CSE line is vertical near the origin (see Figure 15.1):

lim (—
dC

) = -Foo.
K-÷O dK k=0

(A15.9)

The golden-rule point (for which consumption is at its maximum value) is obtained by
setting dC/dK = 0 in (A15.7):

yGR

(1 - (G) [1 - EL (1 - rig (KGR ))] KGR 	 6,

where YGR is given by:

yGR zo [g (KGR)1EL [KGRil -EL

and rig (K) is given in (A15.8). The golden rule occurs at point A in Figure 15.1. For points
to the right of the golden-rule point, the CSE line is downward sloping.'

The capital stock dynamics follows from (T1.1) in combination with (T1.6), (T1.8), and
using the implicit function L = g(K):

K = ( 1 — wG )Zog(K)ELKi -EL - 6K - C,	 (A15.12)

from which we derive akiac < 0. See the horizontal arrows in Figure 15.1.

Consumption equilibrium
The consumption equilibrium (CE) line describes combinations of C and K for which C = 0.
By using (T1.2) (in steady-state format), (T1.5), and (T1.8), we can write the CE line as
follows:

CE: y H(_Y)=zo(,) 
EL

 ]= y* ,
-

(A15.13)

where y* (p 6) / (1 - EL) is the equilibrium output-capital ratio for which the rate of
interest equals the rate of time preference (r = p). It follows from (A15.13) that consumption
equilibrium pins down a unique capital-labour ratio, (K/L)* (Z0 /y*) 1 /EL . By substituting
this ratio into (A15.1) we obtain the expression for the CE line in the (C, K) plane:

Provided 0)G < EL, the CE I
line. 25

The consumption dyndil
the following fashion: Ci C
(A15.13) we find: I

ay	 K \ -(1+*'
aC =ELZ°

where (A15.1) shows that 8
has been indicated with

I

Derivation of (15.52)-
We wish to solve the dy:
is as defined in (15.51). In 1
written in Laplace transforr

(s +	
L{R, s)

	[ G{C,s}	 L

The impact jump for con ,

C'(0) = ( A2 322 

6 12

The shock term (15.51) G

Tme-w , OK -

The shock occurs at time t
(A15.19), the Laplace tran .

(A15.10)

(A15.11)

C =
EL

ECEL,  )[( Z0 )1 /

— EC ) y*	 -
(A15.14) L{/10 s} = _

L{YK, - LIM A21 

It follows from (A15.14) that the CE line is linear and passes through the coordinates 	 s - A2
(C, K) (0, KO and (C, K) = (Cc, 0) in Figure 15.1:

Z0) 1/EL
Kc	 . y* EcEL  K., 	

Y*	 — EC
(A15.15)

25 To show this result, we nol

Kc " 	 8 
(kj = (p+8)(1 1

24 For exogenous labour supply 77,(K) = 0 for all K and the formula for KGR collapses to the usual
	

Both terms in round brackets
expression (1 — toG)FK = 8 or (1 — coG)(1 — EL )(Y/K)GR = 8. 	 Hence, we conclude that Kc <
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through the coordinates

(A15.20)

(A15.21)
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Provided coG < €L, the CE line crosses the K-axis to the left of the K-intercept of the CSE
line. 25

	(A15.9)
	 The consumption dynamics can be deduced by noting that (T1.2) can be rewritten in

the following fashion: C/C = (1 — EL)[y —	 where y* is defined below (A15.13). From

	

imum value) is obtained by
	 (A15.13) we find:

(A15. 10 )

z (K yi+EL) K (aL) < 0,
aC — L 0 T, 	 ac (A15.16)

where (A15.1) shows that aLlac < 0. It follows that a[Cic]lac = (1 — EL)ay/aC < 0. This
has been indicated with vertical arrows in Figure 15.1.

Derivation of (15.52)—(15.53)
We wish to solve the dynamical system (15.30) given that yc(t) 0 (for all t) and yK(t)
is as defined in (15.51). In the Mathematical Appendix we show that the solution can be
written in Laplace transforms as:

[

(s + Xi)[	
GfyK, s
bC(0)

(A15.11)

A in Figure 15.1. For points
loping.24

n with (T1.6), (T1.8), and

(A15.12)

I Figure 15.1.
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can write the CE line as

ratio for which the rate of
115.13) that consumption
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in the (C,K) plane:
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A2 — 322 ( LIYK, St —	 } 

821 	 s — A2

The impact jump for consumption, C(0), is:

C(0) =	
)1/4.2 	 322 

612 	
L{YK, A2)

The shock term (15.51) can be written in general terms as:

(A15.17)

(A15.18)

Mt) r1Ke-4K t , r/K = —y*coca, 	 x > 0. 	 (A15.19)

The shock occurs at time t = 0 and is permanent (transitory) if K = 0 	 > 0). In view of
(A15.19), the Laplace transform appearing in (A15.17) can be written as:

25 To show this result, we note that Kc can be related to KK (defined in the text below (A 15 . 5 )):

(A15.15)

I
a for KGR collapses to the usual

(Kc = 	6 	( 1 — EL

Ki()

Both terms in round brackets on the right-hand side are between zero because p > 0 and coG < EL.
Hence, we conclude that Kc < KK.
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(

in<  [ 822 +K  1
X2 ± 4.K —821 (S OMS A-1) •

(A15.22)
[

kt+1 — Kt
at.+1 —

[

The impact effect is obtained by substituting (A15.20) in (A15.18):

-°(°) 	 A28-32212 ) (X2 q+1( K) .

	 (A15.23)

By inverting (A15.22) and noting that G{e-at , s} = 1 / (s + a) and G{T(ai, a2, t), s}

[(s + al)(S a2)1 -1 we obtain the expression for the transition paths of K(t) and C(t):

[

k(t)	 [ 0 	 e_Ait ( 	  [ 622 +
C(t) C

(0) + —(5.21 T(K, Ali 0, (A15.24)

where T(K, A1, t) is a temporary bell-shaped transition term with properties covered by the
following lemma.

Lemma 1 Let T(ai, a2, t) be a single transition function of the form:

where the shock vector is
deterministic counterpart t
(15.77) when we compute
porated the rational expect
from the innovation e6

In the Mathematical App
the aid of the z-transform
—1 < < 0 and A2 > 0, tl

[z —(1 — A. 1)][ z i k,
zfc t ,z)

with a l > 0 and a2 > 0. Then T(ai, a2, t) has the following properties: (i) (positive) T(ai, a2, t) > 0
for t E (0, oo), (ii) T(a i , 0/2, t) = 0 for t = 0 and in the limit as t oo, (iii) (single-peaked)

dT(ai, cx2, t)/ dt > 0 for t E (0, t), dr(ai, a2, t)/ dt < 0 for t E (t, oo), dT(a 1 , a2, t)/dt = 0 for

t = t and in the limit as t oo, and dT (al, a2, 0)/dt = 1, (iv) in (a1/a2)/(al —012) ifal a2

and	 1/am if a1 = ce2; (v) (point of inflexion) d2T(ai, a2, t)/dt2 = 0 for t* = 2t; (vi) if ai 	 00

then T(ai, a2, = 0 for all t > 0.

Lemma 2 If a2 = 0 the transition function is proportional to a monotonic adjustment function:

T(a i , 0, t) = (1 / ai)Mai , t), where A(ai, t) 1 —e-"lt has the following properties: 0 < A(ai, t) <
1 for t E (0, oo), A(ai, 0) = 0 and lim t_,„„ A(ai, = 1, (iii) (monotonic) dA(ai, t)/dt > 0 for

t E [0, cc), lim t,,, dA(a brt)Iclt = 0.

It follows from Lemma A15.2 that for permanent shocks (0( = 0) (A15.24) can be rewritten
as:

A(A.1, t) ,	 (A15.25)

(A15.26)

	[ k (t)	 [ o [1 — A(Ai 01+ [ 1-<(°°)
	(t)	 -C(oc))

where the long-run effects are given by:

[ IC(oo) 	 adj A [ 71K
= AiA2 	 0	 •

a= t
Zly c 1 + A.21

-' 
1 +A2

The shock term (15.85) ca
I

[ YtK
L Yt

[

riK p tz,

qc

The z-transform for yti can •

Z{Yti z} = z — pz)

Using (A15.31) in (A15.29) v

0 =	
SIC 

A2 -I- (1 — Pz) 

By substituting roc and /ix
from (A15.31) that:

Z{yti , z} — 	 Ziy: 1

z — (1 + A2)

z
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►:

p
(A15.23)

7 and GIT(ai, ce2, 0, 	 =
- hs of k(t) and a(t):

/,	 (A15.24)
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Derivation of (15.86)—(15.87)
We compute the impulse-response function associated with the innovation e6 by solving
the following system:

[ kt+i — Kt
—

where the shock vector is given in (15.85). The key thing to note is that (A15.27) is the
deterministic counterpart to (15.77). The expectations operator, Et , can be dropped from
(15.77) when we compute the impulse-response function because we have already incor-
porated the rational expectations assumption by substituting the path for kt that results
from the innovation E6 into the shock term.

In the Mathematical Appendix we show how a system like (A15.27) can be solved with
the aid of the z-transform method. Assuming that A possesses real characteristic roots,
—1 < —A l < 0 and A.2 > 0, the general solution of (A15.27) is:

A [

Kt

Ct
(A15.27)

p
properties covered by the

[z — (1 — Xi)] [ z{ktzlcmt : zz} — z[ zel oYtK'+	 z}

adjA(a2) [ z{vic , z} — (z/(1 + Az)) Z{Yr, 1 + A2}

Zlytc , — (z/(1 + A2)) Zlytc , 1 + A2 }

(A15.28) 

z — ( 1 + A2)

where A(A.2) A21 — A and we have used the fact that capital cannot jump at impact (i.e.
Ro = 0). The impact jump in consumption (C0) is:

: (i) (positive) T(ai, a2, t) > 0
C DO, (iii) (single-peaked)
N.►, dT(a , a2, t)/dt = 0 for

la1/a2)/(ai —.2) ifai 0 .2
o for t* = 2t; (vi) if a t 00

ionic adjustment function:
properties: 0 < A(ai, t) <

isotonic) dA(ai, t)/dt > 0 for

Z{Ytc , 1 + A.2} (A2 —822 [Z{YtK , 1 + A2}1= 1 + A2	 312 ) 	 1 + A2

The shock term (15.85) can be written in general format as:

[ Yi( = [ 	 t	 [77K ] =— o [ Y*	 Ez

Yt

c,
	rlc Pz,
	

[Pz — Y* [1 — 0(1 — €0[1] ° •

The z-transform for y/ can then be written as:

(A15.29)

(A15.30)

z} = 	 z	  ,	 E {K, C}.
z — pz	

(A15.31)

) (VI 5.24) can be rewritten

(A15.25)

Using (A15.31) in (A15.29) we obtain the following expression for

=	
71c

+ ( 1 Pz) 

(A2 — 822) ( 	TIK 

812	 A2 + ( 1 — Pz)) •
(A15.32)

By substituting qc and 11K in (A15.32) we obtain equation (15.87) in the text. We derive
from (A15.31) that:

(A15.26) Z{y/ , —	 Z{iti 1 ± A2)	 (	 z

z — (1 + A.2)	 1 ± X2 PZ) 	 Pz
(A15.33)
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(Note that in the text we combine (A15.35) and (A15.36) into (15.88).) By inverting (A15.34)
we find the solution in the time domain:

gcz =

+(1 (A15.37)
1	 11K 

Tt(pz,1-
 — PZ)) 17C

By simplifying (A15.37) somewhat we find the equation (15.86) in the text.

I
(Note also that 6 127,k = 622 -
of Zt in (A15.40) can be put

I
kPz - (Y21 + 

Sivrck - 622 ( 1 —

I
Once we know the coeffil

row of (A15.39):

= [ 0 (1 Al)t [ 622 + (1 - Pz) -612
CO -621 311 + (1 - Pz)

3 121 0 [ kt+1 	 = 1 + ST i

[k
t

Y21 1 	7rckkt+1 + PZ 7Ta2t 	 0 	 1 + 622 	3rckkt + za2t
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a
in terms of Kt and 2t

from (A15.39) we find:
so that (A15.28) can be rewritten as:

[

z tk, z F ( 622 + ( 1 — Pz) —612
Z{ C, —62i sii+(1—pz)

( 	1 	r/K

	A2 + ( 1 — PZ)) [ TIC 	 (Z Pz)lZ — (1 — X1)1) •

We recognize that 2 -1 {z/(z - a)} = a t and Z -1 {z/[(z - ai)(z - a2)] = Tt (al, a2
is a temporary bell-shaped transition term:

al 	„,t
' 4 1 — — 2

Tt(al, a2) -=, 	 al — a2
tc4-1

with ai 0 0 (see Ogata (1995, p. 30)). This term is the discrete-time counterpart to the single
transition function whose properties are similar to the ones covered in Lemma A15.1 above.
A result we use in the analysis of permanent shocks is that T,(1, a2) = (1 -a2)- 1 At (a2), where
At (a2) 1 - c4 is a discrete-time adjustment term. For purely transitory shocks we have:

0= [1 + 81 1 + 812 7rck - (1

+ [6 12 7ra + OY* - —

We use 7rck to ensure that tt
manipulation we find the

6 127TA + (6 11 — 622)JTck —

where 64 are the elements
622 = -y21612 + 8;2 ). Given sa

I

for al 0 a2

for al = a2,

(A15.34)

, where T r 0

(A15.35)

Tr(0, a2)
0	 for t = 0
a 1 for t = 1, 2, ...2

(A15.36) 7tck =
— (6 1 1 — 622 ) 

Method of undetermined coefficients
In this subsection we show how the unit-elastic RBC model of section 15.5.1 can be solved
using the method of undetermined coefficients. Following Campbell (1994, p. 470), we
conjecture the following trial solution:

= 7rckf(t- + 7rcz2t,
	 (A15.38)

where rrck and gc, are coefficients to be determined. By substituting (A15.38) in the system
(15.77) we obtain:

[ ")/*1) zi OZt,

	 (A15.39)

where 6 are the elements of A* (defined in (15.78)) and we have used the fact that EtCt±i =

7rakt+1 +7rczEt2t± i and Et2t-F1 = pzZt. The system in (A15.39) gives two expressions for kt+1
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kt+1 = YrkkKt 7rkzZt ,

where irkk 1 + 811 + 8127r, a

Computing correlation
In order to judge the empirici
various correlations that ark:
from an analytical viewpoin
literature discussed in Chapt

26 The sign of Trck follows from
can be written as On — 822) 2 + -
that lAl < 0. Hence, the roots ai
Hence, the discriminant is lar.,
root. The positive root must be st
(A15.44) lies between zero and of



in terms of RI- and Zr which must hold for all (Kr , 20 combinations. By eliminating Kt-t-1
from (A15.39) we find:

(A15.40)

—8 12
• + (1 — Pz)

(A15.34)

ail = Tr(ai, a2), where Tt (.)

0 = [1 + all + 812 yrck — +	 ( jrck )1R,-
\ Y21 + Trck

(1 — pz + 822) 7rcz + (gPz]-
+Pigra + 45T*

Y21 + 71-ck	
Z t

(A15.36)

Qc(1.) By inverting (A15.34)
p

(Note also that 6lVrck = 822 — A2.) For this value of 7r ck, the term in square brackets in front
of 2,- in (A15.40) can be put to zero by the appropriate choice of zcs:

— (8 11 — 822) + \/(8 11 — 622)2 + 4812821 
ck = 	 > 0.

2612
(A15.42)
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We use 7rck to ensure that the term in square brackets in front of Kt is zero. After some
manipulation we find the following quadratic function in 7rck:

(A15.35)

8 12 7ra + (8 11 — 822)7rck — 621 = 0, 	 (A15.41)
to counterpart to the single
vizi in Lemma A15.1 above.

= (1 —a2) -1 At (a2), where
,itory shocks we have:

where 3ij are the elements of A (811 = 5 11 , 812 = 8 12, 821 = — Y21 8 11 + 82 1 = — y2 1 (1 +81 1 ), and
822 = — Y21 8 12 + 822 ). Given saddle path stability, we solve (A15.41) for the positive root: 26

ncz = R-pz — (Y21 + lrck )Y* ] > 0.
oivrck — 822 — — Pz)

(A15.43)

(A15.37) 	
Once we know the coefficients 7rck and 7ra , we obtain the solution for kt±i by using either

n the text. 	 row of (A15.39):

kt+1 = 7rkkKt + zrkzZt,
	 (A15.44)

rtion 15.5.1 can be solved
^7)bell (1994, p. 470), we

(A15.38)

(A15.38) in the system

11/4,

Kt + 7rcz2t

(A15.39)

used the fact that EtCt+i =

•wo expressions for Kt-f1

where 7rkk = 1 + 811 + 8 12 7rck and 7rkz 6127a + 0y*. (Note also that mkk = 1 — Al.)

Computing correlations
In order to judge the empirical performance of the unit-elastic RBC model we can compute
various correlations that are implied by the theoretical model. We approach the problem
from an analytical viewpoint in order to stress the link with the rational expectations
literature discussed in Chapter 3. We start by computing the statistical properties of the

26 The sign of 7rck follows from saddle-point stability. First, we note that the discriminant in (A15.42)
can be written as (811 — 622)2 + 46 12 621 = (5 11 + 822)2 — 4 IAI > 0, where the sign follows from the fact
that I 0 I < 0. Hence, the roots are real and distinct. Next we note that 612621 = — Y21 8 i2( 1 + 81 1 ) > 0.
Hence, the discriminant is larger than (Sii — 622) so that (A15.41) has one positive and one negative
root. The positive root must be selected in order to ensure that the steady state is stable, i.e. that 7rkk in
(A15.44) lies between zero and one (see also Campbell, 1994, pp. 471-472).



By substituting (A15.48) a
variance of the capital s:
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capital stock. We derive from (A15.44) that:

(A15.47)

= piVar(Zt-1) 	 2
a 2

Var(Zt) = 	 Z1 — pa

(A15.48)Cov(Zt , 2,1) E2 2t_i = pizVar(2t).

Next we use (A15.44) to write Kt in terms of 4_1 terms:

j=1

Kt = lim 71 krkkt_T + Trkz [2t-1 gick2t-2 nik2t -3 -I- • • •T-> o0

;_i 7-= 71-kz E gkk t-i (A15.49)

where 7ryk . (1)( 1 EL)

to compute the covarianc
from (A15.38) and (A15.5

COV( t, Yt) = 7tck zyk

(A15.50)

= 7rkz E 7rith 1pjz.var(Zt) = pyrkzvar(20E (pzn-koi- i
j=1

pzn-kz

— pvrkk 
Var(2t).

E[Rt±i — Ekt+i ] 2 = mkE[Rt — EiKt ] 2 + 7rizE4 + 27kyr kzE [Kt — Ekt] Zt <

Var(kt+i) = 7riaVar(Rt ) + ITLVar(2t) 27koTkzCov(kt, Zr), 	 (A15.45)

where we have used the fact that Ekt = 0. Since 4 is covariance stationary, 27 the same
holds for Kt (and all other endogenous variables). Hence, Var(Rt+i) = Var(k t ) and equation
(A15.45) can be simplified to:

(1 — 	 )Var (Rt+1) = nlyar(2t) + 27rIckgkzCOV(kt, • 	 (A15.46)

It is straightforward to derive from (15.83) that:

Var(Zt) EZt = E[p321 1 + 2pzzt-iEr + (Er)2]

where QZ is the (constant) variance of the innovation term (i.e. al E(Er) 2 ) and we have
used covariance stationarity of the shock process (so that Var(2t) = Var(Zt_ i )). Similarly,
we find:

where we have used the fact that (A15.44) is a stable difference equation so that n-,.(1;,Rt-T
goes to zero as T becomes large. By using (A15.48) and (A15.49) we find the expression for
Cov(Kt , 2t):

Cov(k t) E [Kt — EK t ] 2t = 7kz E 7r ikk 1 E2t2t-i
j=i

00	 00

27 A stochastic process, PO, is covariance stationary if the mean is independent of time and the
sequence of autocovariance matrices, E(x t+i — Ext+i)(xt — Ex t )T depends only on j but not on t. See
Ljungqvist and Sargent (2000, p. 9) and Patterson (2000, ch. 3).
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(1 + pi 7,
var(kt+i) =	 — p, -

It follows from (A15.44,

Cov(Kt+i,kt) E[kr.

= 7rki Va

Pz
1 —

I
Now that we have expi

covariances of all remain
we derive from (A15.38):

Var( t ) = gAVar

Cov(Ct, Kt) = 7rCk Val ,4

By using (A15.38) in (15.7
and the interest rate in t
for these variables. For oi

Yt = 7Tykkt + 7ry,2t,

Trcz 
I

Similarly, we derive from

Cov(kt, kt) = 7TykVam

Similar expressions for th4
report correlation coefia1/4.A

COV(A.
P(xt, Yr) = Nar(xt)Vai



-]kt 	

(A15.45)

stationary, 27 the same
Var(Rt) and equation

111

(A15.46)

Now that we have expressions for Var(Kt), Var(2t), and Cov(K t , 20, the variances and
covariances of all remaining variables are easily obtained. For consumption, for example,
we derive from (A15.38):

(A15.47)

E(ET) 2) and we have
= Var(2t-i)). Similarly,

(A15.48)

Var(a t) = 76,Var(Rt ) + 7raVar(2t) 27rckn'aCov(kt,2t) , 	 (A15.53)

cov(et,kt) = 7ckvar(kt) + 7racov(kt, Zr). 	 (A15.54)

By using (A15.38) in (15.71)-(15.75) we can write employment, wages, output, investment,
and the interest rate in terms Kt and Z t and derive expressions similar to (A15.53)-(A15.54)
for these variables. For output, for example, we find the following expression:

Cov(x t , yt)
P(xt,Yt) =

[Var(xt)Var(Yt)] 1/2.

(A15.58)
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By substituting (A15.48) and (A15.50) into (A15.46) we obtain the final expression for the
variance of the capital stock:

2

	

(  1 + PVTIck 	7rkz 2 Var(Zt).Var(Kt+i) =
	1 - pvrkk 	 1 - 7rkk

It follows from (A15.44) that:

Cov(Kt -F1, Kt) E[k - E(Kt+i)][kt Akt)]

= 7rkkVar(kt+i) + 7rkzCov(kt, Zr)

(Az + 7rkk 	
2
kz 7 Var(2t).

1 - pvrkk ) (1 - Tria

Yt = 7ryk kt 71-yz kt

(A15.51)

(A15.52)

(A15.55)

where n-yk . 0(1 - EL) - (4) - 1)7rck and Try,	 - (0 - 1)7rcz . Equation (A15.55) is useful
to compute the covariances of the different variables with output. For example, it follows
from (A15.38) and (A15.55) that Cov( t , kt ) is:

COV( 170 = 7cOrykVar(kt) [7cOryz Irczn'yk] Cov(Kt, Zr)

+7cgryzVar(2t)

Similarly, we derive from (A15.55) that Cov(K t , 	 is:

Cov(kr, kr) = TrykVar(kt) + 7ryzCov(kr, Zr).

(A15.49)

I
: ition so that n-lirkt_T
71c1 the expression for

(A15.56)

(A15.57)

Similar expressions for the other variables are easily found. Finally, note that in the text we
report correlation coefficients. These are defined as follows:

(A15.50)

loen dent of time and the
on j but not on t. See

539



16
Intergenerational Economics,

The purpose of this chapter is to achieve the following goals:

1. To introduce a popular continuous-time overlapping-generations (OG) model and
to show its main theoretical properties;

2. To apply this workhorse model to study fiscal policy issues and the role of debt;

3. To extend the continuous-time OG model to the cases of endogenous labour supply,
age-dependent labour productivity, and the small open economy.

16.1 Introduction

In this chapter we study one of the "workhorse" models of modern macroeco-
nomics, namely the Blanchard-Yaari model of overlapping generations. This model
has proved to be quite useful because it is very flexible and contains the Ramsey
model as a special case. The key element which differentiates the Blanchard-Yaari
model from the Ramsey model is that the former distinguishes agents by their
date of birth, whereas the latter assumes a single representative agent. By incorpor-
ating some smart modelling devices, the Blanchard-Yaari model can be solved and
analysed at the aggregate macroeconomic level, despite the fact that individual
households are heterogeneous.

16.2 The Blanchard—Yaari Model of
Overlapping Generations

16.2.1 Yaari's lessons

One of the great certainties in life—apart from taxes—is death. After that things get
fuzzy because nobody knows exactly when the Grim Reaper will make his one and

only call. In all consumptia
has been ignored, however.
consumption-saving mouL
the Ricardian Equivalence
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Ramsey model in which at
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Fortunately, Yaari (19:
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and contains the Ramsey

tes the Blanchard—Yaari
wishes agents by their
lye agent. By incorpor-

model can be solved and
the fact that individual

-, fh. After that things get
er will make his one and

only call. In all consumption models discussed so far in this book, lifetime uncertainty
has been ignored, however. Indeed, in Chapter 6 we introduced the basic two-period
consumption-saving model to illustrate the various reasons for the breakdown of
the Ricardian Equivalence Theorem. But in that model each agent knows exactly
that he/she will only live for two periods. Similarly, in Chapter 14 we explained the
Ramsey model in which an infinitely lived representative consumer makes optimal
consumption and savings decisions. Again there is no lifetime uncertainty because
the agent lives forever in this model.

In a seminal article, Yaari (1965) confronted the issue of lifetime uncertainty in
the context of a dynamic consumption-saving model. In doing so, he provided one
of the key building blocks of the Blanchard (1985) overlapping generations model
which itself has become one of the workhorse models of dynamic macroeconomics.
Yaari (1965, pp. 139-140) clearly identified the two complications that arise in a
model with lifetime uncertainty. First, if the agent's time of death, T, is random then
so is that agent's lifetime utility function. As a result the agent's decision problem
is inherently stochastic and maximizing lifetime utility makes no sense. Rather, the
expected utility hypothesis must be used and expected lifetime utility should be the
objective function. Second, the non-negativity constraint on the agent's wealth at
the time of death is similarly stochastic as it also depends on the random time of
death. In symbols, if A(t) is real assets at time t, then A(T) is stochastic and the
solution procedure should ensure that A(T) > 0 holds with certainty.

Fortunately, Yaari (1965) also proposed appropriate solutions to these two com-
plications. First, though T is a random variable all we need to do to render the
expected utility hypothesis operational is to postulate the probability density func-
tion for T. Indeed, demographic data can be used to obtain quite detailed estimates
of the distribution function for T. Obviously, no one has a negative expected life-
time and there also seems to be a finite upper limit, T, beyond which nobody lives.
So the density function for T is denoted by f (T) and it satisfies:

f (T) > 0, VT 0, 	 f (T) dT =
	 (16.1)

The first property is a general requirement for densities and the second one says
that the random variable T lies in the interval [0, 	 with probability 1 (i.e. Pr{0 <
T <	 = 1).

The consumer's lifetime utility is denoted by A (T) and is defined as follows:

A(T) f U [C(r)] e-  dr,
T

(16.2)

where U [C(r)] is instantaneous utility (or "felicity") at time r, C(r) is private con-
sumption, 1 and p is the pure rate of time preference. Using this notation, the

1 Labour supply is taken to be inelastically supplied. Hence, the consumption-leisure decision is not
part of the consumer's optimization problem. Later on we will relax this.
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expected lifetime utility can be written as: 2

T)dT U [C(r)] e-PT dr

T
EA(T) f f(T)A [T] dT

= T [fr T ffO 
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= f T
[1 — F(r)] U [C(r)] CP' dr, (16.3) =

C(r)	
a [C(r)J[r(7

where 1 – F(r) is the probability that the consumer will still be alive at time r, i.e.

1— F(r) =--- f f(T) dT 	 (16.4)

The crucial thing to note about (16.3) is that the consumer's objective function is
now in a rather standard format. Apart from containing some additional elements

and F(r)) resulting from lifetime uncertainty, the expression in (16.3) is very
similar to the utility function of the representative consumer (namely (14.53) in
Chapter 14).

The second complication identified by Yaari (1965) and discussed above can also
be easily dealt with. Assume that the household budget identity can be written as
follows:

A(r) = r(r)A(r) W(r) – C(r), (16.5)

where A(r) dA(r)/ dr , r(r) is the rate of interest, and W(r) is non-interest income,
all expressed in real terms (units of output). Both r(r) and W(r) are known to the
consumer as lifetime uncertainty is (by assumption) the only stochastic element in
the model. The final wealth constraint, Pr{A(T) > 0} = 1, is then equivalent to: 3

A(T) = 0, C(r)  W(r) whenever A(r) = 0. (16.6)

The consumer maximizes expected lifetime utility (EA(T) in (16.3)) subject to (16.5)
and (16.6), the non-negativity constraint on consumption (C(r) > 0), and given
the initial wealth level (A(0)). The interior solution for this optimization problem
is summarized by the following expressions:

[1 – F(r)] [C(r)] = X(r) (16.7)

i(r)
A.(t)

where A.(r)—the co-state variable associated with (16.5)—represents the expected
marginal utility of wealth. Intuitively, (16.7) says that in the interior solution the

2 In going from the first to the second line in (16.3) we have changed the order of integration.
3 Yaari (1965, pp. 142-143) shows this result as follows. We know for sure that the constraint A(r) > 0

must hold with equality for r = T, i.e. A(T) = 0. For other values of r it follows that A(r) > 0 is
equivalent to A(r) = W(r) — C(r) > 0 if A(r) = 0, i.e. no dissaving is allowed if no wealth remains.
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= p – r(r), 	 (16.8)
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consumer equates the expected marginal utility of consumption to the expected
marginal utility of wealth. Equation (16.8) is the standard expression summarizing
the optimal dynamics.

By combining (16.7) and (16.8) we obtain the household's consumption Euler
equation in the presence of lifetime uncertainty:

	 = a [C(T)] [r(r) - P - Per)]C(r)(16.3)
Cr)( (16.9)

11
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where a [C(r)]	 -U' [C(r)] / [C(T)U" [C(01] > 0 is the intertemporal substitution
elasticity (see Chapter 14) and )6(r) f (r)/ [1 - F(r)] > 0 is the so-called "hazard
rate" or instantaneous probability of death at time T. Compared to the case of an
infinitely lived consumer, the hazard rate is the additional term appearing in the
Euler equation. 4 This is the first lesson from Yaari (1965, p. 143): the uncertainty of
survival leads the household to discount the future more heavily, i.e. the subjective
discount rate in the presence of lifetime uncertainty is p + p(r) rather than just p.

This makes intuitive sense. If there is a positive probability that you will not live
long enough to enjoy a given planned future consumption path, then you tend to
discount the utility stream resulting from it more heavily.

Up to this point we have studied the optimal behaviour of the consumer when
no insurance possibilities are available. But in reality various forms of life insur-
ance exist so a relevant question is how this institutional feature would change the
consumer's behaviour. Yaari (1965, pp. 140-141) suggests a particular kind of life
insurance based on so-called actuarial notes issued by the insurance company. An
actuarial note can be bought or sold by the consumer and is cancelled upon the
consumer's death. The instantaneous rate of interest on such notes is denoted by
r^ (r) and non-zero trade in such notes only occurs if rA (r) exceeds r (O. A consumer
who buys an actuarial note in fact buys an annuity which stipulates payments to
the consumer during life at a rate higher than the rate of interest. Upon the con-
sumer's death the insurance company has no further obligations to the consumer's
estate. Reversely, a consumer who sells an actuarial note is getting a life-insured
loan. During the consumer's life he/she must pay a higher interest rate on the loan
than the market rate of interest, but upon death the consumer's estate is held free
of any obligations, i.e. the principal does not have to be paid back to the insurance
company.

In order to determine the rate of return on actuarial notes, Yaari makes the (sim
plest possible) assumption of actuarial fairness. To derive the expression for rA (r)

implied by this assumption, assume that one dollar's worth of actuarial notes is
bought at time T. These notes are either redeemed with interest at time r +dr (if the
consumer survives) or are cancelled (if the consumer dies between r and r dr).

4 In the standard Ramsey model no lifetime uncertainty exists. See e.g. Chapters 14 and 15.
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I e-PT
f (T) = 0

Actuarial fairness then implies:

rA(r) dti (1 — Feu + dr))
1 — F(t)	

=
1 + r(r) dr, (16.10)

where the equality holds as dr 0. The right-hand side of (16.10) shows the yield if
the dollar is invested in regular market instruments whereas the left-hand side shows
the yield on the actuarial note purchase. The term in round brackets is less than
unity and corrects for the fact that the consumer may pass away between r and t +dr .
By solving for rA (r) and taking the limit as dr —> 0 we obtain the following—rather
intuitive—no-arbitrage equation between the two kinds of financial instruments: 5

rA (r) = r(r) + 13(4

Recall that t is not only the time index but also stands for the age of the consumer
so (16.11) has the sensible implication that rA (r) oo as t —> T. The closer the
consumer gets to the maximum possible age T, the higher will be the instantaneous
probability of death and thus the higher will be the required excess yield on actuarial
notes.

Let us now return to the consumer's choice problem. As Yaari (1965, p. 145) points
out, the consumer will always hold his/her financial assets in the form of actuarial
notes, i.e. he/she will fully insure against the loss of life and the budget identity will
be:

A(r) = rA (r)A(r) + W (r) — C(r). (16.12)

Hence the restriction on the terminal asset position is trivially met as all actuarial
notes are automatically cancelled when the consumer dies. The intuition behind
this full-insurance result is best understood by looking at the two cases. If the con-
sumer has positive net assets at any time then they will be held in the form of
actuarial notes because these yield the highest return (which is all the consumer is
interested in in the absence of a bequest motive). Conversely, if the consumer had
any negative outstanding net assets in other than actuarial notes, he/she would be
violating the constraint on terminal assets mentioned above (i.e. the requirement
that Pr{A(T) > 01 = 1).

We are not out of the forest of complications yet as we also need to ensure that
the consumer is unable to beat the system by engaging in unlimited borrowing
(sales of actuarial notes) and covering the ever increasing interest payments with

5 Equation (16.11) is derived as follows. We note that (16.10) can be rewritten as:

rA(r) 
(  1 — F(r)  )

r(r) + 
[F(r + dr) — F(T)] /dr 

- F(T . + dr) 1 — F(r + dr)

By letting dr	 0, the first term on the right-hand side goes to r(r) and the second approaches /3(r)
f (r)/ [1 — F(r)].
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yet further borrowings. This prompts the consumer's solvency condition (see Yaari,
1965, p. 146 for a detailed derivation):

(1(.10) T
e for (s)ds [w(r) – C(r)] dr = 0.A(0) +
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Intuitively, the condition says that the present value of the consumption stream
must be equal to the sum of initial financial assets plus the present value of current
and future non-interest income (i.e. "human wealth"), using the rate on actuarial
notes for discounting.

The consumer maximizes expected lifetime utility (EA(T) in (16.3)) subject to
the solvency condition (16.13) and the non-negativity constraint on consumption
(C(r) > 0). The interior solution to this problem is characterized by the following
Euler equation:

where we have used (16.11) in going from the first to the second line. The striking
thing to note about (16.14)—and thus Yaari's second lesson—is the fact that the Euler
equation with fully insured lifetime uncertainty is identical to the Euler equation
when no lifetime uncertainty exists! It should be observed, however, that the con-
sumption levels will differ between the two scenarios as the lifetime consumption
possibility frontier will differ between the two cases.

16.2.2 Turning lessons into a workhorse
Yaari's crucial insights lay dormant for twenty years until Blanchard (1985) made
them the core elements of his continuous-time overlapping-generations model
which subsequently became one of the workhorse models of modern macro-
economics. Blanchard simplified the Yaari setup substantially by assuming that the
probability density function for the consumer's time of death is exponential, i.e. f(T)

in (16.1) is specified as:

13e- fi T for T > 0
f(T) =

0	 for T < 0

so that 1 – F(r) f(T)dT = f (r)/ 13 and p(r) f(r)/ [1 – Fer)] = 13. Hence,
instead of assuming an age-dependent instantaneous death probability—as Yaari
did—Blanchard assumes that the hazard rate is constant and independent of the
consumer's age. This approach has several advantages. First and foremost, it leads to
optimal consumption rules that are easy to aggregate across households (see below).
We are thus able to maintain a high level of aggregation in the model despite the fact
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that the underlying population of consumers is heterogeneous by age. Second, it
follows from (16.15) that the expected remaining lifetime of any agent is equal to 1//3.
By setting /3 = 0, the Blanchard model thus coincides with the representative-agent
model studied extensively in Chapters 14 and 15 above. 6

Individual households

The first task at hand is to derive the expressions for consumption and savings for
an individual household at an arbitrary time during its life. Assume that the utility
function at time t of a consumer born at time v t is given by EA (v, t):

EA(v, t	 f [l - F (r — t)] log C(v, r)eP (t- T ) dr

Equation (16.19) is du,
present value of the ho
financial and human

where we have used the property of the exponential distribution in (16.15) to deduce
that 1 — f (r — t) = efi ( t- T ) . Furthermore, in going from (16.3) to (16.16) we have
assumed a logarithmic felicity function (featuring a unit intertemporal substitution
elasticity), and we have added indexes for the agent's date of birth (v) and the time
to which the decision problem refers (t). Consequently, C(v, r) stands for planned
consumption at time r by an agent born at time v. The agent's budget identity is:

)1(v, r) = [r(r) + 13] A(v, r) W (r) — T (r) — C(v, r), (16.17)

where r(r), is the interest rate, W(r) is the wage rate, T (r) is the lump-sum tax
levied by the government, and A(v, r) are real financial assets. Equation (16.17)
incorporates the Yaari notion of actuarially fair life-insurance contracts and is a
straightforward generalization of (16.12) with (16.11) substituted in. Specifically,
during life agents receive /3A (v, r) from the life-insurance company but at the time
of the agent's death the entire estate A(v , r) reverts to that company. To avoid the
agent from running a Ponzi game against the life-insurance company, the following
solvency condition must be obeyed.

lim e -RA(t 'r )A(v , r) = 0, RA (t, r)	 f [r(s) ,8] ds. (16.18)

By combining (16.17) and (16.18) the household's lifetime budget restriction is
obtained:

A(v, t) H(t) = f C(v, r)e -RA (t 'T ) or, (16.19)

6 Of course, the modelling simplification does not come without a price tag. The main disadvantage
of assuming a constant instantaneous death probability is that it leads to a consumption model that—
like the representative-agent model—is at odds with the typical life-cycle consumption pattern observed
in empirical studies. We will return to this issue below. _
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where H(t) is the human wealth of the agents consisting of the present value of
lifetime after-tax wage income using the annuity factor, RA (t, r), for discounting:

H(t) f [W(r) - T(r)]e-RA(tit ) dr.	 (16.20)

Equation (16.19) is the counterpart to (16.13) above. Intuitively, it says that the
present value of the household's consumption plan must be equal to the sum of
financial and human wealth.

Intermezzo

Intuition behind the household's solvency condition. The intuition behind
the household's solvency condition (16.18) can be explained as follows. We
note that (16.17) can be premultiplied by e-RA(t 'T ) and rearranged to:

[A(v, r) 	 fr(r) + 	
A(v,r)] e-RA(t ' T) 	[W( )	 T(r) - C(v, r)] -RA(t ' T)

)e -RA(t tr ) ] = [W(r) - T(r) C(v ,r)} e -RA (t,r)
	

(a)

	

where we have used the fact that dRA (t, r)/dr	 r(r) + 13 (Leibnitz's rule) in
going from the first to the second line. By integrating both sides of (a) over the
interval [t , cc) we obtain:

W(r) - T(r) C(v, r)] e -RA t 'r ) dr

•	 —R (tr)e	 A(v, r) - A(v, t) H(t) f
too

where we have used (16.20) and have noted that e-RA(t,t) = 1. The insurance
companies will ensure that the limit on the left-hand side of (b) (loosely referred
to as "terminal assets") will be non-negative. Similarly, it is not in the best inter-
est of the consumer to plan for positive terminal assets as he/she has no bequest
motive and does not get satiated from consuming goods (as the marginal felicity
of consumption remains strictly positive—see (16.16)). Hence, planned ter-
minal assets will be strictly equal to zero. This yields the solvency condition
(16.18). By using it in (b) the expression for the household's lifetime budget
restriction (16.19) is obtained. See Chiang (1992, pp. 101-103) for a more for-
mal discussion of the transversality condition in an infinite-horizon optimal
control problem.
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( 	1 
	e(P+fi)(t-t)	 A(t)e

-RA(tit ) , t E [t,	 ),C(v, r)) (16.21)

The consumer maximizes expected lifetime utility (16.17) subject to its lifetime
budget restriction (16.19). The first-order conditions are (16.19) and:

where A (t), the Lagrange multiplier associated with the lifetime budget restriction
(16.19), represents the marginal expected lifetime utility of wealth. 7 Intuitively, the
optimality condition (16.21) instructs the consumer to plan consumption at each
time to be such that the appropriately discounted marginal utility of consumption
(left-hand side) and wealth (right-hand side) are equated (see also the discussion
following). By using (16.21) for the planning period (r = t) we see that C(v, t) =
1/A(t). Using this result and (16.19) in (16.21) we can express C(v, t) in terms of
total wealth:

C(v, t)e (P ±"t- r ) df 

[–e (P±M-
r )1  = A(v, t) + H(t)

C(v, t) = (p + 13) [A(v, t) + H(t)]
	

(16.22)

Optimal consumption in the planning period (r = t) is proportional to total wealth,
and the marginal propensity to consume out of total wealth is constant and equal
to the "effective" rate of time preference, p + p.

Aggregate households

Now that we know what the consumption rules for individual households look
like, the next task at hand is to describe the demographic structure of the Blanchard
model. To keep things simple, Blanchard assumes that at each instant in time a large
cohort of new agents is born. The size of this cohort of newborns is P(r, r) = 13P(r),
where P(r) stands for the aggregate population size at time T. These newborn agents
start their lives without any financial assets as they are unlinked to any existing
agents and thus receive no bequests, i.e. A (r , r) = 0. Of course, at each instant in
time a fraction of the existing population dies. Since each individual agent faces
an instantaneous probability of death equal to ,8 and the number of agents P(r) is
large, "frequencies and probabilities coincide" and the number of deaths at each
instant will be equal to fil)(r). Since births and deaths exactly match, the size of the
population is constant and can be normalized to unity (P(r) = 1). 8

7 Note that by differentiating (16.21) with respect to r we obtain the household's Euler equation:

C(v, r)
	  = r(r) — p.
C(v, r)

In the OG model we also need to solve for the consumption level in the planning period.
8 Net population change can easily be incorporated in the Blanchard model by allowing the birth

and death rates to differ—see Buiter (1988).
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Another very useful consequence of the large-cohort assumption is that we can
exactly trace the size of any particular cohort over time. For example, a cohort born
at time v will be of size peo (v-t) at time t > v, because ,6 [1 – e00/-0 ] of the cohort
members will have died in the time interval [v, t]. Since we know the size of each
cohort it is possible to work with aggregate variables. For example, by aggregat-
ing the consumption levels of all existing agents in the economy we obtain the
following expression for aggregate consumption at time t:

C(t)	 f eMv-t) C(v, , t) dv.	 (16.23)

Of course, (16.23) is simply a definition and is not of much use in and of itself. But
because the optimal consumption rule (16.22) features a propensity to consume out
of total wealth which is independent of the generations index v, equation (16.23)
gives rise to a very simple aggregate consumption rule:

C(t)	 f et3(v-t) (p + (3) [A(v, t) + H(t)] dv

t	 t

= + 0)[0 f eS (v-t)A(v, , t) dv + f es (v-t)H(t) dv]

= (p + P) [A(t) + H (t)] , 	 (16.24)

where aggregate financial wealth is defined analogously to aggregate consumption
(given in (16.23)). It cannot be overemphasized that the aggregation property fol-
lows from the assumption that each agent faces a constant instantaneous death
probability (see (16.16)). If instead the hazard rate varies with age—as in the Yaari
(1965) model—then the optimal household consumption rule no longer features a
generation-independent marginal propensity to consume out of total wealth and
exact aggregation is impossible.

What does the aggregate asset accumulation identity look like? By definition
we have that A(t) ,8 f t A(v, t)eo (v- t) dv from which we derive (by application
of Leibnitz's rule):

A(t) = 13,4(t , t) – ,8A(t) + /3 f A(v, t)efi (v-t) dv,	 (16.25)

where the first term on the right-hand side represents assets of newborns (A(t, t) =
0), the second term is the wealth of agents who die, and the third term is the change
in assets of existing agents. By substituting (16.17) into (16.25) and simplifying we
obtain the aggregate asset accumulation identity:

A(t) = – pA(t) + p f [[r(t) + p] A(v, t) + W (t) – T (t) – C(v, Ne13(") dv

= – p A(t) + [r(t) + P] A(t) + W – T (t) – C(t)

= r(t)A(t) + W (t) – T (t) – C(t).	 (16.26)
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Whereas individual wealth attracts the actuarial interest rate, r(t)+ 13, for agents that
stay alive (see 16.17), equation (16.26) shows that aggregate wealth accumulates at
the rate of interest, r(t). The amount ,BA(t) does not represent aggregate wealth
accumulation but is a transfer—via the life-insurance companies—from those who
die to those who remain alive.

In the formal analysis of the` model it is useful to have an expression for the
"aggregate Euler equation". It follows from (16.23) that:

C(0= $C(t, t) — $C(t) + fi f C(v, t)efi (v-t) dv.	 (16.27)

According to (16.22) newborn agents consume a fraction of their human wealth at
birth, i.e. C(t, t) = (p+$)H(t). Equation (16.24) shows that aggregate consumption is
proportional to total (human and financial) wealth, i.e. C(t) = (p + s) [A(t) + H (t)].

Finally, it follows from (16.21) that individual households' consumption growth
satisfies C(v, t)/C(v, t) = r(f') – p for r E [t, oo) (see footnote 7). By using all these
results in (16.27) we obtain the aggregate Euler equation modified for the existence
of overlapping generations of finitely lived agents:

C(t) 	 (Ac(t)))
C(t)

 =rat) P I3(P fi)	
(t 	 (16.28)

C(v, t)	 (C(t) – C(t, t)
=
	 (16.29)
C(v,	 C(t)

Equation (16.28) has the same form as the Euler equation for individual house-
holds except for the correction term due to the distributional effects caused by the
turnover of generations. Optimal consumption growth is the same for all generations
(since they face the same interest rate) but older generations have a higher consump-
tion level than younger generations (since the former generations are wealthier).
Since existing generations are continually being replaced by newborns who hold no
financial wealth, aggregate consumption growth falls short of individual consump-
tion growth. The correction term appearing on the right-hand side of (16.28) thus
represents the difference in average consumption and consumption by newborns,
i.e. (16.28) can be re-expressed as in (16.29).

Firms

The production sector is characterized by a large number of firms that produce an
identical good under perfect competition. Output, Y(t), is produced according to a
linearly homogeneous technology with labour, L(t), and physical capital, K(t), as
homogeneous factor inputs which are rented from households:

Y(t) = F (K(t), L(t)) ,	 (16.30)
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Table 16.1. The Blanchard–Yaari model

C(t) = [r(t) – )9] C(t) – $(p 	 $) [K(t) 	 B(t)]
	

(T1.1)
k(t) 	 F(K(t), L(t)) – C(t) – G(t) – SK(t)

	
(T1.2)

Bs(t) = r(t)B(t) 	 G(t) – T(t)
	

(T1.3)

r(t) + 8 = FK(K(t), L(t))
	

(T1.4)

W(t) = FL(K(t), L(t))
	

(T1.5)

L(t) = 1 	 (T1.6)

Notes: C(t) is consumption, K(t) is the capital stock, B(t) is government debt, W(t) is the wage rate, T(t) is lump-
sum taxes, and r(t) is the interest rate. Capital depreciates at a constant rate 3, p is the birth rate (equals death
rate), and p is the pure rate of time preference.

where F(.) satisfies the usual Inada conditions (see Chapter 14). The stockmarket
value of the representative firm is:

oo
V(t) = f	 f[Yet) – (Wier) – I (01 e—R(t ' r) dr, R(t, r) 	 r(s) ds. (16.31)

The firm chooses labour and capital in order to maximize (16.31) subject to the
production function (16.30) and the capital accumulation constraint:

K(t) I(t) – 3K(t), 	 (16.32)

where I(t) denotes gross investment, and 8 is the constant rate of depreciation of
capital. There are no adjustment costs associated with investment. The first-order
conditions imply that the marginal productivity of labour and capital equal the
producer costs of these factors—see, respectively, equations (T1.4) and (T1.5) in
Table 16.1. Finally, we recall from Chapter 14 that the market value of the firm is
equal to the replacement value of its capital stock, i.e. V(t) = K(t).

The government and market equilibrium

The government budget identity is given in (T1.3) in Table 16.1. The government
consumes G(t) units of the good and levies lump-sum taxes on households T(t).
Government debt is B(t) so that r(t)B(t) is interest payments on outstanding debt.
Like the private sector, the government must remain solvent and obey a no-Ponzi-
game condition like:

ate, r(t)+ 0, for agents that
re wealth accumulates at

epresent aggregate wealth
mpanies—from those who

ave an expression for the

(16.27)

of their human wealth at
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By using (T1.3) and (16.33) the government budget restriction is obtained: (GR) consumption occw
I

B(t) = f [T (r) — G(r)] e—R(t ir) dr. . (16.34) dC(t)
= 0:dK(t) k (0=0

Intuitively, government solvency means that if there is a pre-existing government
debt (positive left-hand side) it must be covered in present-value terms by present
and future primary surpluses (right-hand side).

At each instant of time, factor and goods markets clear instantaneously. In this
closed economy households can only accumulate domestic assets so that, as a result,
financial market equilibtium requires that A(t) = K(t)+B(t). Wage flexibility ensures
that the aggregate supply of labour (L(t) = 1) by households matches labour demand
by firms. Goods market equilibrium is obtained when the supply of goods equals
aggregate demand, which consists of private and public consumption plus invest-
ment: Y(t) = C(t) + I(t) + G(t). For convenience, the key equations of the model
have been gathered in Table 16.1.

The phase diagram
In order to illustrate some of the key properties of the model we now derive the
phase diagram in Figure 16.1. We assume for simplicity that lump-sum taxes,
government consumption, and public debt are all zero in the initial situation
(T(t) = G(t) = B(t) = 0). The K(t) = 0 line represents points for which the capital
stock is in equilibrium. The Inada conditions (see Chapter 14) ensure that it passes
through the origin and is vertical there (see point A l in Figure 16.1). Golden-rule

C(t)

A3

KBY KKR 	 KGR 	 KMax 	 K(t)

Figure 16.1. Phase diagram of the Blanchard—Yaari model

The maximum attainabll
tion is zero and total ou
8). For points above (bell
be consistent with a cap
negative (positive). This

The derivation of the
and slope depend on the
attributable to intergent
the "Keynes-Ramsey"
the exogenously given To
is associated with a zc -
(Fla < 0), KKR lies to tL.
Furthermore, for points
scarce (abundant), anc
preference.

When agents have fini
the turnover of genera t.
tions (16.28) (with A = l<
economy is initially on t
of consumption, say at p
same rate of interest.
[= r — p] , coincides at t„

Expression (16.29) in
depends not only on ind
average consumption ar
C(t, t)]/C(t). Since nev,
absolute difference bet
born household depenc
the two points. Since tl
is at E0), this point feat
newly born consumpt.
C(t) < 0). In order to n
stock must fall (to poi!"
consumption growth 1 - :

aggregate consumption F
capital stock narrows t
erations that pass awa
above (below) the C(t) =

552



  

Chapter 16: Intergenerational Economics, I   

ction is obtained: (GR) consumption occurs at point A2 where the K(t) = 0 line reaches its maximum:

(16.34) cIC(t) 
dK ( t) ) k (o=o

FK (KGR , 1) (16.35)
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The maximum attainable capital stock, KmAx, occurs at point A3, where consump-
tion is zero and total output is used for replacement investment (F (KmAx , 1) /KMAx =
6). For points above (below) the K(t) = 0 line consumption is too high (too low) to
be consistent with a capital stock equilibrium and consequently net investment is
negative (positive). This has been indicated by horizontal arrows in Figure 16.1.

The derivation of the C(t) = 0 line is a little more complex because its position
and slope depend on the interplay between effects due to capital scarcity and those
attributable to intergenerational-distribution effects. Recall from Chapter 14 that
the "Keynes-Ramsey" (KR) capital stock, KKR, is such that the rate of interest equals
the exogenously given rate of time preference, i.e. rKR = FK (KKR , 1) _ p. Since KGR

is associated with a zero interest rate and there are diminishing returns to capital
(FKK < 0), KKR lies to the left of the golden-rule point as is indicated in Figure 16.1.
Furthermore, for points to the left (right) of the dashed line, capital is relatively
scarce (abundant), and the interest rate exceeds (falls short of) the pure rate of time
preference.

When agents have finite lives (,3 > 0) the C = 0 line is upward sloping because of
the turnover of generations. Its slope can be explained by appealing directly to equa-
tions (16.28) (with A = K as we set B = 0), (16.29), and Figure 16.1. Suppose that the
economy is initially on the C = 0 curve, say at point E0. Now consider a lower level
of consumption, say at point B. With the same capital stock, both points feature the
same rate of interest. Accordingly, individual consumption growth, C(v, t)/C(v, t)
[= r — p], coincides at the two points.

Expression (16.29) indicates, however, that aggregate consumption growth
depends not only on individual growth but also the proportional difference between
average consumption and consumption by a newly born generation, i.e. [C(t) —
C(t, t)]/C(t). Since newly born generations start without any financial capital, the
absolute difference between average consumption and consumption of a newly
born household depends on the average capital stock and is thus the same at
the two points. Since the level of aggregate consumption is lower at B (than it
is at E0), this point features a larger proportional difference between average and
newly born consumption, thereby decreasing aggregate consumption growth (i.e.
C(t) < 0). In order to restore zero growth of aggregate consumption, the capital
stock must fall (to point C). The smaller capital stock not only raises individual
consumption growth by increasing the fate of interest but also lowers the drag on
aggregate consumption growth due to the turnover of generations because a smaller
capital stock narrows the gap between average wealth (i.e. the wealth of the gen-
erations that pass away) and wealth of the newly born. In summary, for points
above (below) the C(t) = 0 line, the capital-scarcity effect dominates (is dominated



Figure 14

time of the shock be(
wages (since FLK < '

If the birth rate is
consumer and into-:
tion is one-for-one, t
dynamics. In terms
downward jump in

16.3.2 The non-n1

The previous subsect
tional redistributic
Ricardian equivalei
intergeneration al ly r
can be demonstratL
Chapter 14). The res
of government co r
depends on pre-ex i

(Buiter, 1988, p. 285j

The Foundation of Modern Macroeconomics

by) the intergenerational-redistributional effect and consumption rises (falls) over
time. 9 This is indicated with vertical arrows in Figure 16.1.

In terms of Figure 16.1, steady-state equilibrium is attained at the intersection of
the K(t) = 0 and C(t) = 0 lines at point E 0 . Given the configuration of arrows, it
is clear that this equilibrium is saddle-point stable, and that the saddle path, SP, is
upward sloping and lies between the two equilibrium loci.

16.3 Applications of the Basic Model

16.3.1 The effects of fiscal policy

As a first application of the Blanchard-Yaari model we now consider the effects of
a typical fiscal policy experiment, consisting of an unanticipated and permanent
increase in government consumption. We abstract from debt policy by assuming
that the government balances its budget by means of lump-sum taxes only, i.e.
B(t) = B(t) = 0 and G(t) = T (t) in equation (T1.3). We also assume that the economy
is initially in a steady state and that the time of the shock is normalized to t = 0.

In terms of Figure 16.2, the K(t) = 0 line is shifted downward by the amount of
the shock dG. In the short run the capital stock is predetermined and the economy
jumps from point E0 to A on the new saddle path SPi . Over time the economy
gradually moves from A to the new steady-state equilibrium at E 1 . As is clear from the
figure, there is less than one-for-one crowding out of private by public consumption
in the impact period, i.e. -1 < dC(0)/ dG < 0. In contrast, there is more than
one-for-one crowding out in the long run, i.e. dC(oo)/dG < -1.

The reason for these crowding-out results is that the change in the lump-sum tax
induces an intergenerational redistribution of resources away from future towards
present generations (Bovenberg and Heijdra, forthcoming). At impact, all house-
holds cut back on private consumption because the higher lump-sum tax reduces
the value of their human capital. Since households discount present and future
tax liabilities at the annuity rate (r(r) + /3, see (16.20)) rather than at the interest
rate, existing households at the time of the shock do not feel the full burden of
the additional taxes and therefore do not cut back their consumption by a suffi-
cient amount. As a result, private investment is crowded out at impact (K(t) < 0
at point A) and the capital stock starts to fall. This in turn puts downward pressure
on before-tax wages and upward pressure on the interest rate so that human capital
falls over time. So, future generations are poorer than newborn generations at the

9 Since the economy features positive initial assets (as K > 0), the C = 0 line lies to the left of
the dashed line representing KKR and approaches this line asymptotically as C gets large (and the
intergenerational-redistribution effect gets small). If there is very little capital, the rate of interest is
very high and the C = 0 line is horizontal.

554



Chapter 16: Intergenerational Economics, 1

C (t)

—dG
KKR 	 K (t)

Figure 16.2. Fiscal policy in the Blanchard-Yaari model

time of the shock because they have less capital to work with and thus receive lower
wages (since Fix < 0).

If the birth rate is zero (0 = 0) there is a single infinitely lived representative
consumer and intergenerational redistribution is absent. Crowding out of consump-
tion is one-for-one, there is no effect on the capital stock, and thus no transitional
dynamics. In terms of Figure 16.2, the only effect on the economy consists of a
downward jump in consumption from point B to point C.

16.3.2 The non-neutrality of government debt
The previous subsection has demonstrated that lump-sum taxes cause intergenera-
tional redistribution of resources in the Blanchard-Yaari model. This suggests that
Ricardian equivalence does not hold in this model, i.e. the timing of taxes is not
intergenerationally neutral and debt has real effects. Ricardian non-equivalence
can be demonstrated by means of some simple "bookkeeping" exercises (see also
Chapter 14). The result that must be proved is that, ceteris paribus the time path
of government consumption (G(r) for r E [t, 00)), aggregate consumption (C(t))
depends on pre-existing debt (B(t)) and the time path of taxes (T(r) for r E [t, 00))
(Buller, 1988, p. 285).
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Total consumption is proportional to total wealth (see (16.24)) which can be
written as follows:

A(t) H(t) K(t) B(t) H(t)

= K(t) B(t) + f [W (r) - T(r)] e -RA(t 'r ) dr

K(t) +f [W (r) - G(r)]e -RA(tit ) d	 S2(t),	 (16.36)

where OM is defined as:

S2(t) B(t) -f [T(r) - G(r)]e -RA(t't ) dr. .	 (16.37)

Note that in deriving (16.36), we have used the definition of human wealth (16.20)
to go from the first to the second line and the government budget restriction (16.34)
to get from the second to the third line. In view of (16.37) and (16.34) it follows
that S2(t) vanishes if and only if the birth rate is zero and RA (t, r) = R(t, r). If the
birth rate is positive, S2(t) is non-zero and Ricardian equivalence does not hold.

Recall that in the Blanchard-Yaari model the birth rate of new generations is
equal to the instantaneous death probability facing existing generations. As a result
it is not a priori clear which aspect of the model is responsible for the failure of
Ricardian equivalence. The analysis of Weil (1989b) provides the strong hint that
it is the arrival rate of new generations which destroys Ricardian equivalence (see
Chapter 14 above). This suggestion was formally demonstrated by Buiter (1988) who
integrates and extends the Blanchard-Yaari-Weil models by allowing for differential
birth and death rates (13B and fiD) and Hicks-neutral technical change. In his model
the population grows at an exponential rate n ,6B - f3D. Buiter (1988, p. 285)
demonstrates that a zero birth rate (3B = 0) is indeed necessary and sufficient for
Ricardian equivalence to hold.

16.4 Extensions

In this section we demonstrate the flexibility of the Blanchard—Yaari model—and
thus document its workhorse status—by showing how easily it can be extended in
various directions. These extensions are by no means the only ones possible—some
others are mentioned in the Further Reading section of this chapter.

16.4.1 Endogenous labour supply
As we have seen throughout the book, an endogenous labour supply response
often plays a vital role in the various macroeconomic theories. In Chapter 15, for
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example, it was demonstrated that the intertemporal substitutability of household
leisure forms one of the key mechanisms behind most models in the real business
cycle (RBC) tradition. The aim of this subsection is therefore to extend the basic
Blanchard-Yaari model by allowing for an endogenous labour supply decision of
the households. We follow Heijdra and Ligthart (2000) by introducing various taxes
and assuming simple functional forms for preferences and technology in order to
keep the discussion as simple as possible. We analyse the effects of a consumption
tax in order to demonstrate some of the key properties of the model.

Extending the model

Assume that the utility function used so far (see (16.16)) is replaced by:

E A(v, t) f log [C(v, r)Ec [1 - L(v, e(P-H3)(t-r) dr, (16.38)

with 0 < Ec < 1. Leisure is defined as the consumer's time endowment (which is
normalized to unity) minus labour supply, L(v, r). Note that (16.16) is obtained as
a special case of (16.38) setting Cc = 1. Since labour supply is now endogenous, the
agent's budget identity (16.17) is replaced by:

A(v, , -c) = [r(T) + 13] A(v, + W (T)(1 - tL) + Z(T) - X(v, (16.39)

X(v, r) == + tc)C(v, , r) + W (T)(1 - tL) [1 - L(v, r)] (16.40)

where X(v, r) represents full consumption, i.e. the sum of spending on goods con-
sumption and leisure, tc is a proportional tax on private consumption, t L is a
proportional tax on labour income, and Z(r) are age-independent transfers received
from the government. The household's solvency condition is still given by (16.18).

Following Marini and van der Ploeg (1988) we solve the household's optimization
problem by using two-stage budgeting. We have encountered this technique several
times before in this book, albeit in the context of static models—see for example
Chapters 11 and 13. The procedure is, however, essentially the same in dynamic
models. Intuitively the procedure works as follows. In the first stage we determine
how the consumer chooses an optimal mix of consumption and leisure conditional
upon a given level of full consumption (X(v, r)). Then, in the second stage, we
determine the optimal time path for full consumption itself. The procedure is valid
provided the utility function is intertemporally separable. 1°

In stage 1 the consumer chooses C(v, r) and [1 - L(v, t)] in order to maximize
instantaneous felicity, log [C(v, r)Ec 11 - L(v, r)] 1-EC], given the restriction (16.40)
and conditional upon the level of X(v, r). This optimization problem yields the
familiar first-order condition calling for the equalization of the marginal rate of

1° Preferences are intertemporally separable if the marginal utility of consumption and leisure at
timer only depends on time r dated variables. Intertemporal separability is commonly assumed in the
macro literature and indeed holds for (16.38). See also Deaton and Muellbauer (1980, p. 124).
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(16.42)

(16.43)

(1 + tc)C(v, = ecX(v, r),

W(r)( 1 - 	 [1 - L(v, r)] = (1 - Ec)X(v, r).

E A.(V t) f [10g X(V r) — log Pa (r)] e (P -F M0t- dr , (16.44)

(16.45)Pa(t ) 	

1 + tC YC MOO tL) \ 1

Cc )	 1 EC
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substitution between leisure and consumption and the relative price of leisure and
consumption:

(1 - EC )/ [1 - L(v, r)]1 - tL 	(16.41)
Ec/C(v, -c)	

= W(r) 
(1 + tc ) •

By substituting (16.41) into (16.40), we obtain expressions for consumption and
leisure in terms of full consumption:

Since sub-felicity—the term in square brackets in (16.38)—is Cobb-Douglas and
thus features a unit substitution elasticity, spending shares on consumption and
leisure are constant. To prepare for the second stage we substitute (16.42)-(16.43)
into the lifetime utility functional (16.38) to obtain the following expression:

I
Table 16.2. The extend(

I
. (t)	 ,

= r(t) - p - E
C(t)

k(t) = Y(t) - C(t) -

Z(t) = tL W (t)L(t. ) +

r(t) + 3 = (1 - EL) (-IF

(3)
W(t) [1 - L(t)] =

1-

Y(t) = K(t) 1 WY ,

I

W(t) = EL

Equation (16.46) says that full consumption is proportional to total wealth (the
sum of financial and human wealth) whereas (16.47) shows that optimal full con-
sumption growth depends on the difference between the interest rate and the pure
rate of time preference. Finally, (16.48) is the definition of human wealth. It differs
from (16.20) because labour income is taxed at a proportional rate and because the
household receives transfers.

By aggregating (16.46) and (16.47) across surviving generations and making use of
(16.42)-(16.43), expressions for aggregate consumption growth and labour supply
are obtained—see equations (T2.1) and (T2.6) in Table 16.2. Compared to the basic
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where Pa (r) is a true cost-of-living index relating sub-felicity to full consumption:

In stage 2, the consumer chooses the path of full consumption in order to max-
imize (16.44) subject to the dynamic budget identity (16.39) and the solvency
condition (16.18). This problem is essentially the same as the one that was solved in
Section 16.2.2 above so it should therefore not surprise the reader that the solution
takes the following form:
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Table 16.2. The extended Blanchard-Yaari model

	(t) 	 K(t) 	1
	C(t)	

r(t) - p - c 13(P + 13) [ (1 + tc)C(t)

W (t) = EL

W (0[1 - L(t)] = ( 1 - EC (1 + tc 
C(t), 0 < Ec < 1.

Ec 	 1 - tL

Y(t) = K(t)1-"L(tr, 0 < E L < 1

Notes: C(t) is consumption, K(t) is the capital stock, L(t) is labour supply, Y(t) is aggregate output, W(t) is the wage
rate, Z(t) are lump-sum transfers, and r(t) is the interest rate. There are proportional taxes on consumption (ta)

and on wage income (tL). Capital depreciates at a constant rate 8, is the birth rate (equals death rate), and p is
the pure rate of time preference.

Blanchard-Yaari model we have introduced the following simplifications. First, we
abstract from government spending and debt (G(t) = B(t) = B(t) = 0) and assume
that all tax revenues are rebated to households in a lump-sum fashion. As a result,
the government budget identity is static—see (T2.3) in Table 16.2. Second, we have
simplified the production structure of the extended model somewhat by assuming
a Cobb-Douglas technology—see (T2.7). Using this specification in (T1.2), (T1.4),
and (T1.5) yields the expressions (T2.2), (T2.4), and (T2.5), respectively.

Phase diagram

The phase diagram of the model is drawn in Figure 16.3. The endogeneity of the
labour supply decision considerably complicates the derivation of the phase dia-
gram. For that reason we report the details of this derivation in a mathematical
appendix to this chapter and focus here on a graphical and intuitive discussion.

The capital stock equilibrium locus (CSE) represents the (C, K) combinations for
which net investment is zero (K = 0). Apart from the fact that the model now
includes various tax rates and government consumption is set equal to zero, the
CSE line is identical to the one discussed in detail in Chapter 15. The CSE line is

(t) = Y(t) - C(t) - 8 K (t)

Z(t) = 1-L W(t)L(t) + tcC(t)

r(t) + 8 = (1 - EL) Y(t)

(Y (t))

L(t)

(T2.1)

(T2.2)

(T2.3)

(T2.4)

(T2.5)

(T2.6)

(T2.7)
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Figure 16.3. Phase diagram for the extended
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Blanchard–Yaari model

C(t) = r(t) p – fiC(t)

concave and for points above (below) this line consumption is too high (low) and
net investment is negative (positive). 11

The consumption equilibrium (CE) locus represents the (C, K) combinations for
which aggregate consumption is constant (C = 0). In the representative-agent model
of Chapter 15, aggregate and individual consumption coincide and CE is simply the
locus of points for which the interest rate equals the rate of time preference (r = p)
and the output-capital ratio is constant (see Chapter 15 for details). For convenience,
the CE line for the representative-agent model is included in the figure as the dashed
line connecting points A3 and A4 (see Figure 16.3).

In contrast, in the overlapping-generations model, individual and aggregate con-
sumption do not coincide and as a result, the position and slope of the CE curve are
affected by two conceptually distinct mechanisms, namely the factor scarcity effect
(FS, which explains the slope of the CE curve for the representative-agent model)
and the generational turnover effect (GT). The interplay between these two effects
ensures that CE has the shape of a rather prominent nose. Along the lower branch,
Ai A2, consumption is low, equilibrium employment is close to unity (L 1), and CE
is upward sloping. In contrast, along the upper branch, A2A3, consumption is high,
equilibrium employment is low (L 0), and CE slopes downward. The dynamic

11 We have only drawn the upward-sloping part of the CSE line. Recall from Chapter 15 that CSE
reaches a maximum for the "golden-rule" capital stock, KGR, and then becomes downward sloping.
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forces at work can be studied by writing (T2.1) as follows:

C(t)
C(t)

 = r(t) p	
(C(t) 2,(tC)(t, t))

= r(C(t), K(t)) — p ( 13E c(P 13) 	 K(t) 
	1 + tc	 C(t-)

(16.49)

where r(C, K) is short-hand notation for the dependence of the real interest rate
on consumption and the capital stock. Simple intuitive arguments can be used
to motivate the signs of the partial derivatives of the r(C, K) function, which are
denoted by rc and rK , respectively. Some simple graphs can clarify matters.

Consider Figure 16.4 which depicts the situation in the rental market for capi-
tal and the labour market. In panel (a), the supply of capital is predetermined in
the short run—say at K0 . The demand for capital is downward sloping—due to
diminishing returns to capital—and depends positively on the employment level—
because the two factors are cooperative in production. Panel (b) depicts the situation
in the labour market. There are diminishing returns to labour—so labour demand
slopes downwards—and additional capital boosts labour demand. The labour sup-
ply curve follows from the optimal leisure-consumption choice (T2.6). It slopes
upwards because (T2.6) isolates the pure substitution effect of labour supply. 12

Let us now use Figure 16.4 to deduce the signs of rc and rK . Ceteris paribus the
capital stock, an increase in consumption shifts labour supply to the left so that the
wage rises and employment falls. The reduction in employment shifts the demand
for capital to the left so that—for a given inelastic supply of capital—the real interest

12 Normally, in static models of labour supply, the income and substitution effects work in opposite
directions thus rendering the slope of the labour supply curve ambiguous. Here we do not have this
"problem" because the income effect is incorporated in C. Technically speaking, (T2.6) is a so-called
Frisch demand curve for leisure. See also Judd (1987b).
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rate must fall to equilibrate the rental market for capital, i.e. r c < 0. The thought
experiment compares points E0 and A in the two panels.

An increase in capital supply—ceteris paribus consumption—has a direct effect
which pushes the interest rate down (a movement along the initial capital demand
schedule, KD (r, L0) from E0 to B') and an induced effect operating via the labour
market. The boost in K shifts the labour demand curve to the right, leading to an
increase in wages and employment and thus (in panel (a)) to an outward shift in
the capital demand curve. Although this induced effect pushes the interest rate up
somewhat, the direct effect dominates and rK < 0. 13 The comparison is between
points E0 and B in the two panels of Figure 16.4.

We can now study the dynamical forces acting on aggregate consumption along
the two branches of the CE curve in Figure 16.3. First consider a point on the lower
branch of this curve (for which L ti 1). Holding capital constant, an increase in
aggregate consumption leads to a small decrease in labour supply 14 and thus a small
decrease in the interest rate. At the same time, however, the capital-consumption
ratio falls so that aggregate consumption growth increases, i.e. C/C > 0 for points
above the lower branch of CE:

C— = r(C,K) p — ficC(P I5) ) K )
C	 tc	 C)•

44.4.

lower branch of CE)

Now consider a point on the upper branch of the CE curve (for which L 0). Ceteris
paribus K, a given increase in C has a strong negative effect on labour supply and
thus causes a large reduction in the interest rate which offsets the effect operating
via the capital-consumption ratio, i.e. C/C < 0 for points above the upper branch
of CE:

	C = r(C,K) — p	 tiEC(0 	 K)

11- tc 	 C)•
14

These dynamic effects have been illustrated with vertical arrows in Figure 16.3.

13 This follows directly from the factor price frontier, which is obtained by substituting (T2.4) and
(T2.5) into (T2.7):

r + 3 1-EL W r
1 — EL )	 EL )

The boost in the wage is associated with a higher capital labour ratio and thus relatively more abundant
capital. This translates itself into a lower return to capital.

14 Holding constant the tax rates we can use (T2.6) to derive:

dL (1— L)F clW dC1

L )L1NC j .

Hence, for L ti 1 (L ti 0) the labour supply curve in Figure 16.4 is relatively steep (flat) and a given change
in consumption shifts the curve by a little (a lot). This explains why the parameter toll (1 —L)/L plays
a vital role in the analysis of the loglinearized model below.
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In summary, the CE curve is very similar to the one for the standard Blanchard
model with exogenous labour supply (see Figure 16.1) for values of L close to unity
(the lower branch in Figure 16.3). At the same time, it is very similar to the CE curve
for the representative-agent model with endogenous labour supply for values of L
close to zero (compare the upper branch of CE in Figure 16.3 with the dashed line).
Put differently, on the lower branch of the CE curve the generational turnover effect
dominates whereas on the upper branch the factor scarcity effect dominates.

It follows from the configuration of arrows that the unique equilibrium E0 in
Figure 16.3 is saddle-point stable. Although we have drawn Figure 16.3 such that
the equilibrium occurs on the downward-sloping part of the CE curve (for which the
factor scarcity effect dominates the generational turnover effect), there is nothing to
prevent the opposite occurring, i.e. it is quite possible that the structural parameters
are such that E0 lies on the lower branch of CE.

Raising the consumption tax

We now illustrate how the model can be used for policy analysis. We focus attention
on the effects of an unanticipated and permanent increase in the consumption
tax, tc . Using the methods explained in detail in Chapter 15, the model can be
loglinearized along an initial steady state (such as Eo). The resulting expressions are
collected in Table 16.3.

Table 16.3. The loglinearized extended model

(t) = rift) + (r – p)[C(t) d- tc
 — K(t)]
	

(T3.1)

K(t) = (81(01)[S" (t) — wct(t) — wik (t)]
	

(T3.2)

2(t) = (1 + tc)wc[ic 	 ( 1 ±tc tc ) (t)]+ ELO(t)
	

(T3.3)

rift) = (r + 8)[Y(t) – K(t)]
	

(T3.4)

Ii/(t) = Y(t) – 1(t) 	 (T3.5)

-1(t) = wa[171/(t) 	 – C(t)]
	

(T3.6)

Y(t) = EIT.(t)± (1 – E L )K(t)
	

(T3.7)

Definitions: coc . C/Y: output share of private consumption;	 I/Y: output share of investment, coc+coi = 1,
6/(0/ = y	 + 8)/(1 — EL); (DLL 	 (1 — L)/L: ratio between leisure and labour; i(t) 	 i(t)/x, i(t) 	 log [x(t)/x],
tc	 dtc/(1 	 k), Z(t) 	 dZ(t)/Y.
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Second, we use (16.50) in (T3.2) and impose K(t) = 0 to get the loglinearized CSE
line:
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Solving the loglinearized model is child's play and proceeds along much the same
lines as in Chapter 15. First we use (T3.5)—(T3.7) to compute the "quasi-reduced-
form" expression for output:

Y (t) = 0(1 - EL)K(t) - (0 - 1) [am + (16.50)

where 0 summarizes the intertemporal labour supply effects (see also equation
(15.26) above):

1
11 + wa 

= ±	 _ EL ) < 1 — EL •

(16.51)

The CSE curve is upward sloping (since rK/Y = 1 – EL – wI > 0 and 0 > 1) and an
increase in the consumption tax shifts the curve down—see the shift from CSE0 to
CSE1 in Figures 16.5 and 16.6. For a given capital stock, an increase in t c reduces
labour supply, and thus employment and output. To restore capital stock equilib-
rium, employment and output must return to their former levels, i.e. consumption
must fall.

Finally, we obtain the loglinearized CE line by substituting (16.50) and (T3.4) into
(T3.1) and setting C (t) = 0:

C(t) _ _ (r + 6) [1 – cb(1 – 	+ r – p)
K(t) — tc.

(0 — 1)(r + 6) — (r — p)
(16.53)

As was apparent from our discussion concerning Figure 16.3 above, the slope of the
CE line around the initial steady state is ambiguous and depends on the relative
strength of the factor scarcity and generational turnover effects. These two effects
show up in the denominator of the coefficient for k(t) on the right-hand side as,
respectively, (0 – 1)(r + 6) (for the FS effect) and (r – p) (for the GT effect). There
are thus two cases of interest. First, if (r – p) exceeds (0 – 1)(r + 6) then the GT
effect dominates the FS effect, and the CE line is upward sloping as in Figure 16.5.
Second, if the reverse holds and (0 — 1)(r +6) is larger than (r – p) then the FS effect
dominates the GT effect so that the CE curve is downward sloping as in Figure 16.6.

It turns out that the effect of the consumption tax on the long-run capital stock
depends critically on the relative strength of the GT and FS effects. Indeed, by
solving (16.52) and (16.53) we obtain the following expression for the steady-state
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/. 

If the GT effect is stronger (weaker) than the FS effect, an increase in the consump-
tion tax leads to an increase (decrease) in the long-run capital stock. The intuition
behind these results can be explained with the aid of Figures 16.5 and 16.6.

In Figure 16.5 the GT effect is dominant (r — p > (0 — 1)(r + (S)), the CSE curve
shifts down by less than the CE curve does, and the steady state shifts from E0
to E 1 . At impact the tax shock causes a redistribution from old to young existing
generations. The old generations are wealthy and thus have a high consumption
level, whereas the young generations consume very little and thus face only a small
increase in their tax bill. Since the additional tax revenue is recycled to all genera-
tions in an age-independent lump-sum fashion, older generations are hit harder by
the tax shock than younger generations are and the proportional difference in con-
sumption between the old and young agents falls. In terms of (16.49), r(t) changes
hardly at all (because the FS effect is weak) but the generational turnover term,
[C(t) — C(t, t)1/C(t), falls so that aggregate consumption growth increases at impact,
i.e. C(0) < 0 and C(0) > 0 at point A. The reduction in aggregate consumption out-
weighs the fall in production (which is slight because labour supply changes by very
little), net investment takes place (K(0) > 0 at point A) and the economy gradually
moves from point A to the new steady state in E 1 .

Matters are quite different if the FS effect dominates the GT effect, a situation
which is depicted in Figure 16.6. Now the downward shift in CE dominates the
downward shift in CSE and the new steady state, E 1 , is associated with a lower
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k(0) = 0

Figure 16.6. Consumption taxation with a dominant
FS effect

capital stock. This long-run effect is best understood by noting that with a dominant
FS effect, the long-run capital-labour ratio is more or less unchanged. Since the
consumption tax reduces labour supply this can only occur if the capital stock falls
also. 15 In the impact period the reduction in consumption is dominated by the
fall in output and net investment is negative. At the same time, the reduction in
labour supply reduces the capital-labour ratio at impact so that the interest rate falls
and the aggregate consumption profile becomes downward sloping. In summary,
it follows that both K(0) < 0 and C(0) < 0 at point A. Over time, the economy
gradually moves from point A to the new steady state at E 1 .

Discussion

We have demonstrated that the qualitative effects of a consumption tax in the
extended Blanchard-Yaari model depend critically on the relative importance of
the GT and FS effects. A simple (rough and ready) calibration exercise suggests that
the empirically relevant case is likely to be such that the FS effect is dominant.
Consider for this purpose the parameters used to calibrate the unit-elastic RBC model
discussed in Chapter 15. In that chapter we used r = 0.0159 per quarter (6.5% annual
rate of interest), 3 = 0.0241 (10% per annum), EL = 2/3 so that y = (r 8)1(1- EL) =
0.12 and a)/ = //Y = 3/y = 0.201. Since we abstract from government consumption,
the output share of consumption is we = 1 - wl = 0.799. Just as in Chapter 15, we
assume that 20% of available time is used for working, so that (DLL =---7 (1 - L)/L = 4.

15 If the GT effect is absent altogether (i3 = 0), the steady-state interest rate equals the rate of time
preference (r = p) and the capital-labour ratio does not change at all. See the discussion surrounding
the great ratios in Chapter 15 above.
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It remains to find a plausible value for (r - p) in the overlapping generations
model. This is where we need more detailed information on the variables affecting
the household sector. We assume that the initial tax rates are tc = 0.1 and tL = 0.3.
By using (T2.5)-(T2.6) we get the implied estimate for cc:

[1+ (cLcou) (  — tL)] -1
Cc = we tc = 

0.320. (16.55)

From the steady-state version of (T2.1) we can then derive:

r — = fi(p + 13) ( CC )(K/Y )1+ tc CIY = $(p + )5) x 3.037. (16.56)

This expression still contains two parameters, namely the pure rate of time pref-
erence (p) and the birth rate (,3), neither of which is directly observable. 16 Recall,
however, that in the Blanchard setting 1/fi represents the expected remaining life-
time of all agents. As a result, we do not expect p to be very high. Suppose that
agents have a planning horizon of 200 quarters, so that the implied birth/death
rate is p = 0.005. Plugging this value into (16.56) and recalling that r = 0.0159 we
obtain the implied value for the pure rate of time preference, p = 0.0156, so that:

r - p = 0.000312. (Calibrated GT effect)

Hence, for this value of 8 the FS effect is much stronger than the GT effect. In
Table 16.4 we compute the GT effect for a number of alternative values of p. The
results indicate that the FS effect continues to dominate even for quite high (and
unrealistic) values for the birth rate. For example, even if /3 = 0.04 so that house-
holds' expected remaining lifetime is only 25 quarters, the FS effect still dominates
the GT effect. We conclude that for reasonable parameters the GT effect is quite
weak and is dominated by the FS effect. 17

16.4.2 Age-dependent productivity
In the standard Blanchard-Yaari model labour supply is exogenous and workers of all
ages have the same productivity, i.e. a 60-year old worker produces the same amount

16 Of course the actual birth and mortality rates in an economy can be observed. It is not possible to
directly link actual demographic data to the Blanchard-Yaari model, because in reality (1) the birth and
mortality rates are typically not equal, (2) the death hazard is not age-independent, and (3) immigration
typically explains part of the population increase.

17 The fact that the OG effect is of negligible order for plausible birth rates suggests that the extended
Blanchard-Yaari model has all the properties of an RBC model. Rios-Rull (1994) confirms this result
using a much more complicated OG model which is plausibly calibrated for the US economy.
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Table 16.4. The birth rate and the GT effect

f3 110 p GT effect FS effect

0.005 200 0.0156 0.000312 0.0457
0.01 100 0.0151 0.000762 0.0457
0.02 50 0.0138 0.002054 0.0457
0.04 25 0.0098 0.006051 0.0457
0.07229 13.83 0 0.015868 0.0457

of output in a unit of time as his 25-year old colleague does. We now consider what
happens if worker productivity is age-dependent. To keep things simple, we assume
that agents supply one unit of "raw" labour throughout their lives but that the
productivity of their labour declines exponentially with age.

With age-dependent productivity, the aggregate production function (16.30) is
replaced by:

Y(r) = F(K(r), N(r)),	 (16.57)

where N(r) is the aggregate labour input in efficiency units:

N(r) _=f N(v, r)dv = f E(r - v)L(v, r)dv.	 (16.58)
00	 00

In this equation, E(r - v) represents the efficiency of a worker of generation v at
time r (whose age is thus r - v) and L(v, r) is the total number of raw labour units
supplied by generation-v workers at time r. Since all workers supply one unit of raw
labour during life and generations die at a proportional rate p, it follows that:

L(v, r) = e- I3(')L(v,v) = 13e- fi (r -v) 	(16.59)

We assume that efficiency falls exponentially with the age of the worker:

E(r - v) = ( a + 13 ) e-a (r-v)

13
(16.60)

where a > 0 is the proportional rate at which worker productivity declines with
age (Note that the term in round brackets represents a convenient normalization).
According to (16.60), a 20-year old worker is em" times as productive as a 30-year
old worker. By substituting (16.59)-(16.60) into (16.58) and integrating we derive
that the aggregate supply of labour in efficiency units equals unity:

N(r) = 1.	 (16.61)

The objective function of the representative firm is changed from (16.31) to:

V (t) =f	 (K(r), N(r)) - f W(v, r)L(v, r)dv - I(r)] -R(tir )d ,	 (16.62)
-00
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where N(r) is defined in (16.58) and the capital accumulation constraint is given
in (16.32). The firm hires raw units of labour from all age groups in the economy
(L(v, r)) but pays an age-dependent wage (W(v, r)) because it knows that labour
productivity depends on age. The first-order conditions for an optimum are:

r(r) + = FK(K(r), N(r)), 	 (16.63)

W(v, r) = E(r — v)FN(K(T),N(r)). 	 (16.64)

The first-order condition for capital is the same as before (compare (T1.4) and
(16.63)) but the one for labour is different (compare (T1.5) and (16.64)). Ceteris
paribus the aggregate capital-effective-labour ratio (K(r)/N (r)), the wage rate
declines with the age of the worker. Hence, even in the steady state households
will face a downward-sloping profile of wage income over their lives. Since house-
holds want to consume both when they are young and when they are old, they
formulate their savings decisions during youth taking into account that they will
have little or no labour income later on in life. As Blanchard (1985, p. 235) points
out, a declining path of labour income loosely captures the notion of "saving for
retirement".

To keep things simple, we assume that the household has a logarithmic felicity
function and maximizes lifetime utility (given in (16.16) above) subject to the bud-
get identity (16.17) (with W(r) replaced by W(v, r)) and the solvency condition
(16.18). Abstracting from government taxes and transfers, private consumption in
the planning period is:

C(v, t) = (p + 13) [A(v, + H(v, t)] , 	 (16.65)

where human wealth, H(v, t), is now age-dependent: 18

(16.59)

of the worker:

(16.60)

uctivity declines with
lvenient normalization).
s productive as a 30-year
nd integrating we derive
,, s unity:

H(v, t) f W(v,r)e -RA(t't ) dr

= a'f (a +13 )ea (v- r ) W(r)e -RA(tit ) dr

= ea (v-t)11(t,t),

where H(t, t) is the human wealth of a newborn at time t:

H(t, t) (a + 	f	 fW(r) 	 [r(s) + a + /B] ds1 dr.
t

(16.66)

(16.67)

18 In going from the first to the second line we make use of the fact that W(v, r) can be rewritten as:

W(v, r) = ( a ;  ) ca (r- v) W(r),

where W(r) = FN(., .) is the aggregate wage. To get from the second to the third line we have used the
definition of RA (t, r) as given in (16.18).
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Aggregate human wealth in the economy is given by:

H(t) n t) dv

t

= H(t, f age(a+0)(v- t) dv

H (t , t)

= W(r) exp - 	 [r (s) + a ± ds1 dr. .	 (16.68)f f 

The important lesson to be drawn from (16.68) is that the decline in the labour
income of individual generations results in a higher discounting of future aggregate
labour income in the definition of aggregate human wealth. Not only do current
generations face a risk of dying but they also get a smaller share of aggregate wage
income as they get older.

In summary, the aggregate household model developed in this subsection is given
by:

C(t) = (p + 8) [A(t) + H(t)] , (16.69)

A(t) = r(t)A(t) + W (t) - C(t), (16.70)

H (t) = [r(t) + a + 13] H(t) - W (t). (16.71)

By differentiating (16.69) with respect to t and substituting (16.70)-(16.71) we
obtain the Euler equation for aggregate consumption:

C(t)
=	

(A(0\
C(t) 	r(t) + a P1 (a + I3)(P 13 )	 (16. 72)

C(t)

This expression reduces to the Euler equation for the standard Blanchard-Yaari
model (given in equation (16.28)) if productivity is constant throughout life and
a = 0.

The dynamical system characterizing the economy is:

C(t) = [FK(K(t), 1) + a - (p Mgt) - (a + 13)(P + 1)K(t)
	

(16.73)

K(t) = F(K(t), 1) - C(t) - 6K(t),	 (16.74)

where we assume that government debt and consumption are both zero (B(t) =
G(t) = 0). Equation (16.73) is obtained by substituting A(t) = K(t), (16.61),
and (16.63) into the aggregate Euler equation (16.72). Equation (16.74) is simply
the standard expression for capital accumulation in the absence of government
consumption.

Figure 16.7 shows the phase diagram for the model given in (16.73)-(16.74).
We make the usual Inada-style assumptions regarding the production function.
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KBY KKR KGR 	 K0 K1 	KmAx	 K (t)

Figure 16.7. Dynamic inefficiency and declining
productivity

In Figure 16.7, the K(t) = 0 line and the dashed C(t) = 0 line, labelled "a = 0",
reproduce the equilibrium loci for the standard Blanchard-Yaari model illustrated
in Figure 16.1. Point A is the standard Blanchard-Yaari (BY) equilibrium for which
the steady-state capital stock is KBY. The golden-rule capital stock (KGR, for which
consumption is at its maximum) is defined in (16.35). Since KBY < KGR the standard
Blanchard-Yaari model is dynamically efficient. Now consider the effects of declining
productivity. It is clear from (16.74) that the k(t) = 0 line is not affected by a. It
follows from (16.73), however, that the C (t) = 0 line rotates in a clockwise fashion
around the origin as a is increased. If a is not very large then the relevant C(t) = 0
line will intersect the K(t) = 0 line along the line segment AB and the equilibrium
will still be dynamically efficient. There is nothing, however, preventing the occur-
rence of dynamic inefficiency as depicted in Figure 16.7. 19 The equilibrium at point
C is saddle-point stable but there is overaccumulation of capital. Intuitively, because
labour income is high early on in life, agents save a lot during youth as a result of
which the aggregate capital stock can become too large.

16.4.3 The open economy
As a final extension we now consider how the Blanchard-Yaari approach can be used
to model the open economy. In the interests of space we restrict attention to the

19 In Figure 16.7, K1 is such that r1 	 Fic (Ki , 1) — S = p — a so a necessary condition for dynamic
inefficiency to occur is a > p (so that r1 < 0). Abel et al. (1989) show how to test empirically for dynamic
inefficiency. Their results suggest that the US economy is dynamically efficient.
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case of a small open economy in a single-product world which faces perfect mobility
of financial capital. We use this model, which was developed by Matsuyama (1987),
to investigate the macroeconomic effects of an oil price shock. To keep the model
as simple as possible we follow Heijdra and van der Horst (2000) by assuming sim-
ple functional forms for technology and preferences. To avoid the counterfactual
phenomenon of perfect mobility of physical capital it is assumed that investment is
subject to adjustment costs.

The representative perfectly competitive firm has a Cobb-Douglas production
function, reported in (T5.7), which is linearly homogeneous in the private produc-
tion factors, capital (K(t)), labour (L(t)), and imported energy (e.g. oil, 0(t)), where
Y(t) is gross output and the parameters satisfy 0 < EL, Ex, Eo < 1 and EL + EK + co = 1.
The firm faces convex adjustment costs defined on gross investment. We follow
Uzawa (1969) and Hayashi (1982) by postulating an installation function, 00,
which links gross to net capital accumulation—see equation (T5.1), where /(T) is
gross investment and 8 is the depreciation rate. The firm maximizes the present
value of its cash flow,

V(t) = f [Y (r) - W (r)L(r) - Po(r)0(r) - I(0] er(t— r )d - , (16.75)

subject to the production function (T5.7) and the installation cost function (T5.1),
where Po(r) is the relative price of energy which is determined in world markets and
taken as given by the agents in the small open economy. The resulting optimality
conditions yield expressions for labour demand, (T5.3), energy demand, (T5.4),
investment demand, (T5.6), and the shadow value of installed capital (namely
Tobin's q), (T5.2). Since the installation cost function, 00, is homogeneous of
degree zero in I(T) and K(r) and the production technology is linear-homogeneous
in the factors of production, Tobin's marginal and average q coincide, and the
stockmarket value of the firm equals V(t) = q(t)K(t) (see Hayashi, 1982).

The household sector of the model is as in the standard Blanchard-Yaari model.
Labour supply is exogenous—see equation (T5.5). Individual households consume
according to (16.22) and aggregate household consumption is given by (16.24).
Since the country is small in world financial markets and there is perfect mobility
of financial capital, the interest rate appearing in, respectively, the individual and
aggregate budget equations (namely (16.17) and (16.26)) is taken as given by the
domestic agents. In the remainder we assume that the world rate of interest is also
constant over time, i.e. r(t) = r. For that reason the aggregate consumption Euler
equation (16.28) can be written as follows:

C(t) 	 A(t))
r	 15 09 + 13 )C(t)	 (C(t) ) •

(16.76)

It follows from this expression that for a country populated with relatively patient
(impatient) households, the rate of time preference falls short of (exceeds) the world
interest rate, and steady-state financial wealth (A) is positive (negative). We follow

I
Table 16.5. The small opt

(a)Investment subsystem

K(t) =	 I
	 31.

1(t)

( /770 )
44) = [r + 6 —

W(t) 	 FL (L(t), K(t), 0(t))

Po(t) = Fo (L(t), K(t), 0 , , „

L(t) =-- 1

1= q(t)0' (g)
Y(t) = F(L(t), K(t), 0(t)) 

I
(b)Saving subsystem

H(t) = (r + f3)H(t) — W(t)

A(t) = ( r — p — 	 ( t) —

(c) Net foreign assets

AF (t) = A(t) — q(t)K(t)

Note: EL + EK E0 = 1
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Table 16.5. The small open economy model

(a)Investment subsystem

K(t) = [4, ( KI( t)) ) — dK(t)

q(t) = rr+ 3 	/(t)  \1 
q(t)

	1(t)
FK (L(t), K(t), 0(0)

K(t)	 K(t)

W(t) = Fo (L(t), K(t), 0(t))

Po(t) = Fo (L(t), K(t), 0(t))

L(t) = 1

1 = q(t)b' (Z)

Y(t) = F(L(t), K(t), 0(t)) = L(t)EL K(t)EK OM"

(b)Saving subsystem

1(t) = (r + 13)H(t) — W(t)

A(t) = (r — p — p)A(t) — (p + fi)H(t) + W(t)

(c) Net foreign assets

AF (t) = A(t) — q(t)K(t) 	 (T5.10)

Note: EL + cK + co = 1

Matsuyama (1987, p. 306) by restricting attention to the case of a creditor country
for which r > p and thus A > 0. 20

The government plays no role in the model, i.e. lump-sum taxes, public debt, and
government consumption are all zero (T(t) = B(t) = G(t)). Household can hold their
wealth in the form of shares in domestic firms (V(t) = q(t)K(t)) and in net foreign
assets (AF(t)) so that equilibrium in the asset markets is given by equation (T5.10).
By differentiating this expression with respect to time and using (T5.1)—(T5.7) we
obtain:

(T5.1)

(T5.2)

(T5.3)

(T5.4)

(T5.5)

(T5.6)

(T5.7)

(T5.8)

(T5.9)

Equation (16.77) is the current account of the balance of payments, showing the
evolution of the stock of net foreign assets. The term in square brackets on the

20 See Blanchard (1985, pp. 230-231) for the analysis of both creditor (r > p) and debtor (r < p)

nations in a world without physical capital. Giovannini (1988) considers both cases in a two-commodity
model in which physical capital is perfectly mobile across borders.

AF(t) = rAF(t) [Y(t) — C(t) — 1- (t) — Po(t)0(t)]- 	 (16.77)

573



The Foundation of Modern Macroeconomics

Table 16.6. The loglinearized small open economy model

(a)Investment subsystem

k(o= ovi) [7(0_0 )]

4(t) = rii(t) — 11E11 r Y(t) — k(t)]
L

171/(t) = Y(t)

150(t) = 	 -6(0

q(t) = CSA [1(t) - k(t)]

= EKK(t) €06(t)

(b)Saving subsystem

-.11(t) = (r + /3)14(0- rEL ITV(t)

A(t) = (r — p — fi)A(t) — (p + f)(1(t) + rELITV(t)

(c) Net foreign assets

AF(t) = A(t) — coy [k(t) + (t)] 	 (T6.9)

Definitions: we 	 C/Y: output share of private consumption; co 	 //Y: output share of investment, coc-ko = 1;
rqK/Y: income from shares as a ratio of total output; and WF 	 rAFIY: income from net foreign assests as

a ratio of total output.
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right-hand side of (16.77) is the trade balance consisting of domestic value added
(Y(t) — Po(t)O(t)) minus domestic absorption (C(t) + /(t)).

Since aggregate consumption is given by C(t) = (p + ,B) [A(t) + H (t)] and T (t) = 0,
the aggregate household budget identity (16.26) can be written as in (T5.9). Finally,
the path for human wealth is obtained by differentiating (16.20) with respect to
time, noting that dRA (t, r)/ dr = r(t) + = r + 8, and setting T(t) = 0. The resulting
expression is given in equation (T5.8).

In order to study the effects of an oil price shock we loglinearize the model around
an initial steady state. The resulting expressions are found in Table 16.6, where we
use the following notational conventions. (i) -i(t) log [x(t)/x] and 3t(t) x(t)/x
for x E {C, K, q, Y, I, W, Po}, and (ii) (t) 	 r[x(t) — x]/Y and - (t)	 rx(t)/Y for
x E {A, H,AF}-
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—r
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The key thing to note about the model is that it can be solved recursively, i.e. the
total system can be subdivided into an investment subsystem, describing the dynam-
ics of physical capital and Tobin's q, and a savings subsystem, describing the dynamics
of human and financial wealth (and thus of aggregate household consumption). So
even though the full system contains four dynamic variables (K, q, H, and A), the
dynamics of (K, q) decouples from that of (H, A). 21 In order to find the relevant
expressions for the two subsystems we first summarize the static part of the model
as much as possible. By using (T6.6) and (T6.4) we obtain the quasi-reduced form
expression for aggregate output, the wage rate, and energy usage:

Y (t) = W (0 = EKK(t)
 Eopo(t)

EL + EK

O(t) = €K1<(t)— Po(t) 
•EL +EK 

(16.78)

(16.79)

According to these expressions, an increase in the capital stock (or a decrease in the
energy price) boosts the demand for both labour and energy (because all factors are
cooperative in production) and leads to an increase in output, wages, and energy
usage.

By using the output expression from (16.78) in (T6.2) and (T6.5) in (T6.1) we
obtain a simple representation for the investment subsystem.

I
[ k (0 _

4(t)
0

rELEK

rcor
aitcov 	[K(t) 1+	 rEKE0 	PO(t) •

[
r	 4(t)

(Dv (EL + EK)

0

(16.80)

-are of investment, wc-ko, = 1;
'come from net foreign assests as

WV (EL + EK)

The Jacobian matrix on the right-hand side of (16.80) has the following character-
istic polynomial:

which has distinct roots -V, < 0 (stable) and 4 = r +	 > r (unstable). This
shows that the investment subsystem is saddle-point stable with the capital stock
and Tobin's q acting as, respectively, the predetermined and jumping variables.

21 Some authors prefer to analyse the savings subsystem by expressing it in terms of (C, AF) dynamics
(see e.g. Matsuyama, 1987 and Bovenberg, 1993, 1994). We prefer the approach adopted here because
it stresses the link between, on the one hand, the current account and on the other hand, the behaviour
of domestic savers and investors. This makes the interpretation of the results easier.
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W(0°) 	 0	 K(t)

Figure 16.8. The effect of an oil shock on the investment
subsystem

Similarly, the savings subsystem (T6.7)—(T6.8) can be written in a compact format
as follows:

[ tyt)
A(t)

	[ r +	 0	 [ ii(t) 	 [ 1 	 r 117(0.
-(pt 13) r - (p 0)	 A(t) — —1 	 e

(16.82)

The Jacobian matrix on the right-hand side of (16.82) has the following character-
istic polynomial:

Ps(A) = [A, — (r + /3)] [A, +	 + — r)]	 (16.83)

from which it follows that the savings subsystem has one stable root, —Asi = r — (p
0) < 0, and one unstable root, ?4 = r + /3 > 0. 22 Financial and human wealth act as,
respectively, the predetermined and jumping variables.

Investment dynamics

Let us now consider the macroeconomic effects of an unanticipated and permanent
increase in the world price of energy. We normalize the time at which the shock
occurs at t = 0 and the shock to the system is represented by Po (t) = P0 for t > 0. We

22 The determinant of the Jacobian matrix in (16.82) is: As = —(r + $) [p + fJ — r]. Since tr(As) =
2r — p > 0 it follows that there is at least one positive root. Saddle-point stability requires there to be
one stable and one unstable root, i.e. As! 0 and thus (since r + > 0) that r < p + p. See Blanchard
(1985, p. 230) and Matsuyama (1987, p. 305).
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At impact, the capital stock is predetermined (K(0) = 0) and the economy jumps
from point E0 to point A on the new saddle path SPi . The impact jump in Tobin's

23 Note that equation (T5.1) defines a unique steady-state value for I/K, such that 0(I/K) = S. By
substituting this I/K value in (T5.6) we obtain the unique steady-state value for Tobin's q.
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find the solution as follows. First we solve the response of the investment subsystem
to the shock. Next, by substituting the implied solution path for the wage rate ( -IA7(t))
and the initial condition for financial wealth (i.e. the capital loss term on domestic
shares) into the savings subsystem we obtain the solution paths for human and
financial wealth. Finally, the path of net foreign assets then follows residually from
(T6.9).

In order to explain the intuition behind our results, we use the diagrammatic
apparatus of Figure 16.8, which is the graphical representation of the (loglinearized)
investment system (16.80). The K(t) = 0 locus represents (4, K)-combinations for
which the capital stock is in equilibrium, i.e. for which net investment is zero. It
is horizontal because Tobin's q is constant in the steady state. 23 For points above
(below) the K(t) = 0 line, Tobin's q is larger (smaller) than its steady-state value, and
net investment is positive (negative). This is illustrated with horizontal arrows in
Figure 16.8.

The 4(t) = 0 locus represents (4, k)-combinations for which Tobin's q is constant
over time. It is downward sloping because a higher capital stock leads to a fall in the
marginal product of capital and thus to a lower dividend to the owners of shares.
For points to the right (left) of the line the marginal product of capital is too low
(high) so that part of the return on shares is explained by capital gains (losses).
Hence, 4(t) > 0 (< 0) to the right (left) of the line, as has been shown with vertical
arrows in Figure 16.8. The arrow configuration in Figure 16.8 confirms that the
initial equilibrium at E0 is saddle-point stable.

The increase in the price of energy reduces the marginal product of capital because
energy usage is adjusted downward—see (16.79). To restore the equilibrium value
of Tobin's q, the marginal product of capital must rise, i.e. the capital stock must fall
and the 4(0 = 0 line shifts to the left. The steady-state equilibrium shifts from E0 to
E1 , there is no long-run effect on Tobin's q (see above), q(oo) = 0, and the long-run
effect on the stock of capital is:

root, –A = r – (p +
iman wealth act as,

R(oo) = — (-612)Po < o.
EL

(16.84)

It follows from (16.78) and (16.79) that output and wages fall equi-proportionally
with the capital stock, k(o0) = I;V(oo) = K(oo), and that energy usage falls:
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q is given by:

40) =

	

Gov [EL +	 +) (r 
1)
T	<

	EKEO 	r
(16.86)

where the speed of adjustment, 	 refers to the stable root of the investment sub-
system (16.80) (see above). The increase in the energy price hurts capital owners
at impact. The fall in Tobin's q is caused by the fact that the marginal product of
capital is below its equilibrium level (dictated by the exogenous world rate of inter-
est) during transition. Though the capital stock is predetermined (K(0) = 0), output
and wages fall at impact because domestic firms cut back on the use of energy—see
(16.78) and (16.79). Gross investment collapses, the capital stock starts to fall, and
the economy gradually moves along the saddle path from point A towards E 1 . The
transition path takes the following form:

[
K(t) 	 0_
q(t) 	

[ 
q(0)1+ [1 -e -Ai t][ k0 (°°) 1.

The degree of physical capital mobility, as parameterized by QA 	 -- (i/K)(0 1 /0')
01, is an important determinant of the transition path. Indeed, the lower is aA,
the more mobile is physical capital, the more approximate is the saddle path to
the k(t) = 0 line, and the higher is the adjustment speed A. /.1 . In the limiting case
with crA = 0 (perfect mobility), the saddle path coincides with the k(t) = 0 line,
transition is immediate (),/, = oo), capital is a jumping variable, and Tobin's q is
identically equal to unity precluding any capital gains or losses. 24

Wage dynamics

By using the solution path for K(t) (given in (16.87) above) in the quasi-reduced
form expression (16.78) we obtain the transition path for the wage rate:

1;i7 (t) = e-)ji t CV (0) + 1- e-1 17I7 (oo), 	 (16.88)

where the impact response is W(0) = -E0130 /(EL +EK) < 0 (see (16.78)) and the long-
run effect is .IA7- (oo) = -E0/30/EL < 0 (see the text below (16.84)). At impact, the wage
rate falls because the energy price increase prompts a decrease in the demand for
labour. In the long run the reduction of the capital stock leads to a further decrease
in the demand for labour and thus the wage.

24 See also Bovenberg (1994, p. 122) and Barro and Sala-i-Martin (1995, ch. 3) on this point. See also
our discussion of the Sen and Turnovsky (1990) model in Chapter 14 above. ,,

(16.87)
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Financial and human wealth
We now turn to the savings subsystem in order to determine the effects of the energy
price shock on financial and human wealth. Because the shock term hitting the sav-
ings subsystem, iii(t), is time-varying, a graphical analysis of the (H, A) dynamics,
though feasible, is not very insightful. For that reason we simply state the solution
and focus in the text on the economic intuition behind the results. All technical
derivations are placed in a short appendix to this chapter.

In the long run both human and financial wealth fall as a result of the reduction
in wages:

17-1(oo) = ( r r+ELp 17V (oo) < 0 ,

	r  — p  WEL  ) -WA(00) =	 oo < 0,
	p+/3	 + fr + p

where -1;17- (oo) < 0 (see above). Steady-state human wealth is the perpetuity value of
wage income using the annuity rate of interest, r + 13, for discounting. Since wages
fall and the interest rate is constant, human wealth unambiguously goes down.
The effect on financial wealth is fully explained by the fact that the proportion
of financial and human wealth is constant in the steady state of this model (i.e.
equations (T5.8)-(T5.9) together imply A/H = (r - p)/(p p — r)).

Since the stocks of net foreign assets and physical capital are both predetermined
at impact (A F (0) = K(0) = 0) it follows from (T6.9) that the impact jump in financial
wealth is:

A(0) = wvq(0) < 0, 	 (16.91)

where the sign follows from (16.86). As a result of the energy price shock, owners
of shares in domestic firms suffer a capital loss on their share holdings.

Since human wealth is the present value of the transition path of wage income
(given in (16.88)) it exhibits a discrete jump at impact as well:

cm) (TEL  )[(  r + p 	(
r +18 r+p -FA1

1 

where 1717(oo) < -TA7(0) < 0 (see above). The jump in human wealth is proportional
to a weighted average of the impact and long-run effects on the wage rate with
the weights depending on the speed of adjustment in the investment subsystem
(4) relative to the annuity rate of interest (r /3). If agents are short lived (,3 high)
and/or the adjustment costs of investment are severe (QA high and thus 4 low) then
the weight attached to the impact effect on wages is high. Intuitively, transition in
the capital stock and wages is slow and short-lived agents mainly care about what
happens to the wage rate at impact in the computation of human wealth. The
opposite effect occurs, of course, if the birth rate is low (long-lived agents) and
capital transition is fast (mild adjustment costs of investment).

(16.86)
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The adjustment path for human wealth displays a pattern similar to that of the
wage rate (namely (16.88)):

	H(t) =	 tr-1(0) + [1 — 	 R(oo), 	 (16.93)

where the key thing to note is that the adjustment speed of human capital is gov-
erned by the speed of transition in the investment system () l). Since both the impact
and long-run effects on human wealth are negative it follows that H(t) < 0 for all
t > 0. Furthermore, since wages decline monotonically during transition the same
holds for human wealth, i.e. H(t) < 0 during transition and H(oo) <1:1(0) < 0.

The transition path for financial wealth may be non-monotonic and can be
written as:

A(t) = A(o)e-* + [i - e-Alt]A(oo)

+ (As , AC, t)[r
	 - p +	 [W(0) - v (oo)]]

r+ +
	 (16.94)

where A.51 p 	 r is the transition speed of the savings subsystem (see the text
below (16.83)), and T(A. 51 ,	 t) is a bell-shaped transition term, which is zero at
impact and in the long run and positive during transition. 25 The first two terms
on the right-hand side of (16.94) show that part of the transition in the stock of
financial assets is explained by a weighted average of the impact and long-run effect
on financial wealth. The final term on the right-hand side of (16.94) represents the
transitory effect of the energy price shock on the aggregate accumulation of finan-
cial wealth. As was explained (for a different kind of shock) by Bovenberg (1993),
this transitory effect is due to a temporary, additional macroeconomic incentive to
accumulate financial assets due to intergenerational distributional effects.

We complete the characterization of the macroeconomic effects of an energy price
shock by determining what happens to consumption and net foreign assets. Since
C(t) = (p 13)0(0 + H(t)] we find that:

	P 
rwc	= A(t) + R(t).	 (16.95)

It follows from (16.91)—(16.92) and (16.95) that the impact jump in consumption
is negative (C (0) < 0). All existing generations at the time of the shock cut back
their consumption level. Old agents, for whom financial wealth is the major wealth
component, cut back consumption because they suffer a capital loss on their share
possessions. Young agents, for whom human wealth is the major wealth compo-
nent, cut back consumption because they suffer a capital loss on this wealth type
due to the lower path of wages. By using (16.89)—(16.90) in (16.95) we find that

25 See Lemma A15.1 of the appendix to Chapter 15 for the properties of the transition term.
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Since the path of financial wealth may be non-monotonic (see above) the same
holds for consumption.

The long-run effect on the stock of net foreign assets is obtained by substituting
(16.84) and (16.90) in (T6.9) and noting that q(o0) = 0:

AF(cx)) 	r — p	 (rEL 	covik(00).
p + — r r + p

The long-run effect on net foreign assets may be positive or negative. See Matsuyama
(1997, p. 311-312) for a detailed explanation.

16.5 Punchlines

In this chapter we study one of the key models of modern macroeconomics, namely
the continuous-time overlapping-generations model of Blanchard and Yaari. This
model is important not only because it has proved to be quite flexible and easy to
work with, but also because it nests the Ramsey (growth) model as a special case.

We start the chapter by studying the seminal insights of Yaari who studied optimal
consumption behaviour in the presence of lifetime uncertainty. When an agent's
lifetime (and thus his planning horizon) is uncertain two complications arise. First,
the agent's decision problem becomes inherently stochastic and the expected utility
hypothesis must be employed. Second, the non-negativity constraint on the agent's
wealth position at the time of death is also stochastic and should be ensured to hold
with certainty. Yaari showed that the key implication of uncertain lifetimes is that
the instantaneous probability of death (the so-called "death hazard rate") enters the
consumption Euler equation of the expected-utility maximizing agent. Intuitively,
the uncertainty of survival leads the rational agent to discount the future more
heavily.

Yaari makes the analysis of terminal wealth more tractable by postulating the exis-
tence of a kind of life insurance based on actuarial notes. Such a note can be bought
or sold by the consumer and is cancelled upon the consumer's death. A consumer
who buys an actuarial note in fact buys an annuity which stipulates payments to
the consumer during life at a rate higher than the rate of interest. Upon the con-
sumer's death the insurance company has no further obligations to the consumer's
estate. Reversely, a consumer who sells an actuarial note is getting a life-insured
loan. During the consumer's life he/she must pay a higher interest rate on the loan
than the market rate of interest but upon death the consumer's estate is held free
of any obligations, i.e. the principal does not have to be paid back to the insurance

(16.95)
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company. Under actuarial fairness the rate of return on actuarial notes equals the
rate of interest plus the death hazard. Yaari shows that households have the incen-
tive to fully insure against the loss of life. He thus reaches the striking result that,
with actuarially fair life insurance, the death hazard drops out of the consumption
Euler equation altogether.

Yaari's insights lay dormant for two decades before Blanchard embedded them in
his dynamic general equilibrium model with overlapping generations. In order to
allow for an aggregate treatment, Blanchard made two modelling choices. First, he
assumed that the death hazard is age-independent. This ensures that the optimal
decision rules are "linear in the generations index" and can thus be aggregated. Sec-
ond, he assumed the arrival of large cohorts of newborn agents at each instant.
This ensures that frequencies and probabilities coincide. (To ensure a constant
population the birth and death rates are assumed to be equal.)

The Blanchard—Yaari model has a number of important properties. First, the
standard Ramsey model (based on the notion of an infinitely lived representative
household) is obtained as a special case of the Blanchard—Yaari model by setting
the birth rate equal to zero. Second, the steady-state capital stock is smaller in the
Blanchard—Yaari model than in the Ramsey model. Due to the turnover of genera-
tions, aggregate consumption growth falls short of individual consumption growth.
This means that in the steady state the interest rate exceeds the rate of time pref-
erence. It also means that the equilibrium is dynamically efficient. Third, fiscal
policy, taking the form of a permanent and unanticipated lump-sum tax financed
increase in government consumption, causes less (more) than one-for-one crowding
out of private consumption in the short (long) run. In the short run, households
do not feel the full burden of the additional taxes because they discount present
and future tax liabilities at the annuity rather than the market rate of interest. As
a result they do not cut back consumption by enough so that private investment
is crowded out. In the long run the capital stock and output are smaller, wages are
lower, and the interest rate is higher. Intuitively, the shock redistributes resources
away from future generations towards present generations. Finally, Ricardian equiv-
alence does not hold in the Blanchard—Yaari model. It is the positive birth rate (and
not the agents' finite planning horizon) which causes the rejection of Ricardian
equivalence.

In the second half of the chapter we show three extensions to the Blanchard—Yaari
model. In the first extension we endogenize the household's labour supply decision.
We use the model to study the effects of an increase in the consumption tax. In the
Ramsey version of the extended model, the tax increase unambiguously leads to
a decrease in the long-run capital stock because the household cuts back labour
supply. With finite lives, however, the tax redistributes resources from present to
future generations which tends to increase the capital stock in the long run. The
net effect of the tax shock thus depends on the relative strength of the generational
turnover effect vis-a-vis the factor scarcity effect.
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In the second extension to the Blanchard-Yaari model we assume that a worker's
productivity declines with age. The declining path of labour income mimics the
notion of saving for retirement—even though the agent continues to work the same
number of hours during life, the decline in productivity makes these hours less
valuable over time. If the productivity profile declines steeply then the steady-state
equilibrium may be dynamically inefficient. Because labour income is high during
youth and agents practise consumption smoothing, they save a lot early on in life
and the economy as a whole may oversave.

Finally, in the third extension we study a small open economy version of the
Blanchard-Yaari model. We use the model to study the effects on the macroeconomy
of an oil price shock. An attractive feature of the open-economy Blanchard-Yaari
model is that it can be used to study both creditor nations (populated by patient
citizens) and debtor countries (inhabited by impatient households). (Recall from
Chapter 14 that in the corresponding Ramsey model, the steady-state equilibrium
only exists for a knife-edge case in which the world interest rate equals the rate of
time preference of residents.)

Further Reading

The Blanchard-Yaari model has been applied in a large number of areas. Open economy
models are presented by inter alia Blanchard (1983, 1984), Frenkel and Razin (1986), Buiter
(1987), Matsuyama (1987), Giovannini (1988), and Heijdra and van der Horst (2000). The
closely related Weil (1989b) model is used for the analysis of tax policy by Bovenberg (1993,
1994) and Nielsen and Sorenson (1991) and for the study of current account dynamics by
Obstfeld and Rogoff (1995b, pp. 1759-1764).

Alogoskoufis and van der Ploeg (1990) and Saint-Paul (1992) introduce endogenous
growth into the model. Well (1991) and Marini and van der Ploeg (1988) study monetary
neutrality. Aschauer (1990a) introduces endogenous labour supply in the Blanchard-Yaari
model. On public infrastructure, see Heijdra and Meijdam (forthcoming). Marini and
Scaramozzino (1995) and Bovenberg and Heijdra (1998, forthcoming) study environmental
issues. Nielsen (1994) introduces social security into the model. Gertler (1999) generalizes
the model by assuming that workers move into retirement according to a stochastic Poisson
process. The International Monetary Fund's MULTIMOD model includes insights from the
Blanchard-Yaari framework-see Laxton et al. (1998).

Appendix

Derivation of Figure 16.3
In this appendix we derive the phase diagram for the extended Blanchard-Yaari model
with endogenous labour supply and various tax rates. In doing so, we follow the general
approach discussed in detail in the appendix to Chapter 15.
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Employment as a function of the state variables
By using labour demand (T2.5), labour supply (T2.6), and the production function (T2.7)—
and dropping the time index where no confusion is possible—we obtain an expression
relating (labour-market-clearing) equilibrium employment to the state variables (C and K)
and the exogenous variables:

(r(L) .) 	 - Ly,EL-1 = 	- Ec)(1 + tH) 
CK-(1-EL ) ,

ECEL
(A16.1)

where tH (tc +OM– tL) is the tax wedge directly facing households, and r(L) is a decreas-
ing function in the feasible interval L E [0, 1] with r/(L) = -LEL -2 [(1 - EL)(1 - L) + L] < 0
and r"(L) = (1 - EL )LEL -3 [2 – EL (1 – L)] > 0. In summary, (A16.1) shows that equilibrium
employment depends negatively on consumption and the tax wedge (via labour supply)
and positively on the capital stock (via labour demand).

Capital stock equilibrium
The capital stock equilibrium (CSE) locus represents points in (C, K)-space for which k = 0
and thus 8K = Y – C. We note from (T2.5) and (T2.6) that:

The slope of the CSE
as:

C = g(K)ELK l-EL – 8K,

where L = g(K) is the
(A16.7) we obtain in a ft

1
1 dC

dr‹),.< 	 [1- EL 01=0

where rig (K) is the elastic.

74(K) (Kg' (K) 

g(K)	 g

1 – L	 – €c)(1 + tH) 

L	 ECEL 	 Y

so that along the CSE line we have:

(A16.2)

from which it follows
side of (A16.8) goes to (1 -
is vertical near the origin

6K =[1
– Ec)(1 + tH) ( 1 –L I)]

ECEL 
• (A16.3)

lim
dC	

= +0‘..
aK k=0

We require the term in square brackets on the right-hand side to be non-negative, so that
the lower bound for employment is:

The capital stock dynan
I

ECEL
L > LMIN = 	 , 0 < LMIN < 1.

ECEL + (1 – Ec)(1 + tH)

KEL = ECEL 	L LMIN
 LEL-1

8(1 — 0(1 ± 41))	 LMIN

)	
.

K = g(K)EL	 – 6K -
(A16.4)

For point above (below) tt
is negative (positive). Th._
in Figure 16.3.

(A16.5)

By using (A16.4) and (T2.7) in (A16.3) we can write the CSE curve as follows:

Equation (A16.5) represents an implicit function, L = g(K), over the interval L E [LMIN, 1]
relating K and L. In order to compute the slope of the implicit function we totally
differentiate (A16.5):

KEL dK EC 

K	 – €c)(1 + tH) L
FELL + (L–INEL) 	LEL- (T).LMIN 	a (A16.6)

Since L > LMIN > 0 the term in square brackets on the right-hand side is strictly positive so
that g'(K) > 0. It follows from (A16.5) that K = 0 for L = LMIN, so as L rises from L = LMIN

to L = 1, K rises from K = 0 to K = KK . 8 -1/EL > 0. We now have two zeros for the CSE
line, i.e. both (K, = (0, LMIN) and (K, L) = (KK, 1) solve equation (A16.3). By using (A16.1)
we find the corresponding values for C, i.e. (C, K, L) = (0, 0, LMIN) and (C, K, L) = (0, KK, 1)
are both zeros for the CSE line—see Figure 16.3.
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carve as follows:

K = g(K) EL K1-EL - 6K - C.	 (A16.11)
(A16.4)

For point above (below) the CSE line, consumption is too high (low) and net investment
is negative (positive). These dynamic effects have been illustrated with horizontal arrows
in Figure 16.3.

(A16.5)

( dL)

L
(A16.6)

(A16.12)

(A16.13)

fico fi) = (EL(1 -I EL)(6 1 - tL)) (1 -L)
Y[Y - Y

L EL

"
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to be non-negative, so that

dC\
=	 (1 - 11,g(K))] ( gg(K) 

dK K-0 
	 _ s,'

where 7.4(K) is the elasticity of the g(.) function:

(K) (Kg' (K))  EL (g(K) - LMIN) 

g(K) ELg(K) + (1 - EL)LMIN'

lim (—
dC

) = +00.
K-±0 dK K=0

(A16.8)

(A16.9)

(A16.10)

from which it follows that 74(0) = 0 so that the term in square brackets on the right-hand
side of (A16.8) goes to (1 - EL). But since g(K)/K = +oo it follows that the CSE line
is vertical near the origin (see Figure 16.3):

The capital stock dynamics follows by substituting (T2.7) and L = g(K) into (T2.2):

Consumption flow equilibrium
The consumption equilibrium (CE) locus represents points in (C, K)-space for which the
aggregate flow of consumption is in equilibrium (C = 0). By using (T2.1) in steady state,
(T2.4), (T2.7) and (A16.2) we can write the CE locus as follows:

where y 17/K is the output-capital ratio and y* 	 (p + 6)/(1 - EL). Equations (A16.12)-
(A16.13) define consumption flow equilibrium in (K, L)-space.
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The slope of the CSE line is computed as follows. We note that this line can be written
as:

C = g(K)EL K1-EL -6K,	 (A16.7)

where L = g(K) is the implicit function defined by (A16.5). By taking the derivative of
(A16.7) we obtain in a few steps:
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In the representative-agent model (with /3 = 0) the CE locus represents points for which
y y*. By using this in (A16.13) and (A16.1) we get after a few steps:

c=EcEL 	) (Kr(1 - Ec)(1 + tH)	
( 1— L)

ECEL 	(y.)(EL-1)/EL [ 1 	 v)1/EL Kj
= ( 1 — EC)( 1 tH))

(P OECEL 
RY*) " - (A16.14)

(1 - Ec)(1 - 61)(1 + tH)	
.

Hence, the CE curve for the RA model (CE") is linear and downward sloping—see the
dashed line from A3 to A4 in Figure 16.3.

For the overlapping-generations model the CE line can only be described parametrically, i.e.
by varying L in the feasible interval [0, 1]. We first write (A16.12) in a more convenient
format:

L. 	/3 ) (1 _ ,c) 	( 1 _ L)
Y -	 ,	 (A16.15)

EL(i -EL)(1-0j 	 L

where 0 > 0. Solving (A16.15) for the positive (economically sensible) root yields the
equilibrium output-capital ratio for the overlapping-generations (OG) model as a function
of L:

It is straightforward—t
the origin (where L ti 1 j
intercept (where L ti 0).
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(A16.16)

(A16.17)
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Using (A16.16) in (A16.13) yields an expression for the capital-labour ratio:

1/EL
(K = 	 = 

(Y*)
_11,[1 ± 1 ± 9p 	 _L L )]

2

from which we derive the following limiting results:

lim (--,) = (y*) -11€L , lim (-) = 0.
LL-±0 	 L
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The labour market equilibrium condition (A16.1) yields an expression for consumption:

ECEL
	 K\3-€L

€c)(1 + tH) )	 ) 	 (1 - L),	 (A16.19)

from which we derive the following limiting results:

Ecer, 	(K)1'
L->o	 - Ec)(1 + tH )

C—
 (

(1

lim C = lim -

By substituting the Lap,,, ,
Hence, the CE line for the OG model has the same vertical intercept as CE as L 0 and 	 (16.92), where we have us
goes through the origin as L	 1. 	 The transition path for r-.
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; , resents points for which
steps: 

It is straightforward—though somewhat tedious—to prove that CEO LG is horizontal near
the origin (where L ti 1) and downward sloping and steeper than CERA near the vertical
intercept (where L ti 0).

Uniqueness

(A16.14)

The uniqueness of the equilibrium
we rewrite (A16.17) as:

can be established most easily in the (K, L) plane. First

!nwnward sloping—see the KEL h(L) 	 LEL
1	 1	 L )1 (A16.22)=

Y*
-
2 

+ 	
4 + (y*)2 	 1 - L

described parametrically, i.e.
1.I2 I in a more convenient It is not difficult to show that h(0) = limL_,1 h(L) = 0, h' (L) = +oo and h' (L) =

-oo. These properties ensure that the CSE curve (equation (A16.5)) and the CE curve
(equation (A16.22)) cross only once thus determining unique equilibrium values (K*, L*).
Equilibrium consumption, C*, then follows from (A16.1), and equilibrium output, Y*,
follows from the production function (T2.7). All other variables are determined uniquely
also.

Savings dynamics in the open economy

In this appendix we solve the savings subsystem (16.82) given that wages evolve according
to (16.88). We use the Laplace transform technique that is discussed in detail in the Mathe-
matical Appendix and was also used in the appendix to Chapter 15. By imposing the steady
state in (16.82) Moo) = -Moo) = 0) we find (16.89)-(16.90). To compute the impact and
transitional effects we note that the savings system is itself recursive and can be solved in
two steps. In the first step we solve for the dynamics of human wealth which is described
by the first line of (16.82). In the second step we substitute the solution path for human
wealth into the second line of (16.82) and solve the dynamics for financial wealth..

Taking the Laplace transform of the first line of (16.82) and noting that £{1:1, s} =
sG{rl , s} - (0) we obtain:

1(0) - 	 , s}, = 	
s - (r + 13)

(A16.23)

where r1(0) is the impact jump in human wealth. The only way to avoid the instability
arising from the instable root 04 = r + p) is to ensure that the numerator on the right-hand
side of (A16.23) is zero when s = r + p. This implies that the impact jump in human capital
is:

11(0) = r€LL{1217,r + (A16.24)

By substituting the Laplace transform of the transition path for wages (16.88) we obtain
(16.92), where we have used the fact that 4 = r + p, ,C{e-at, s} = 1/(s + a), and G{1, s} = 1/s.
The transition path for human wealth is obtained as follows. First we substitute (A16.24)

I
(A16.15)

',- sensible) root yields the
OG) model as a function

(A16.16)

,hour ratio:

(A16.17)

(A16.18)

- -.sion for consumption:

(A16.19)

(A16.20)

(A16.21)

-t as CERA as L 0 and
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where we have used (16.92) and (16.89) in going from the second to the third line.
By taking the Laplace transform of the second line of (16.82), noting that L{A, s}

s.C{A, s} - ;1(0) and substituting (A16.23)-(A16.24) we obtain:

(s + AsoL{A, s};= A.(0) + rELL{V-17 ,s}

-
(p + 13)r€LL{W ,r + )6} - G{T -47 ,s}

s (r + ,8)

where we recall that -?4 r - (p + 0) < 0 is the stable root of the savings subsystem. By
using the path of wages in (A16.27) we obtain (16.94) after some manipulations.

(A16.27)

into (A16.23) and invert the Laplace transform:

fl(t)= rELL-1{L{17V,r ± PI — L{tiv,s}
s— (r + p) 	 • (A16.25)

By substituting (the Laplace transform of) (16.88) into (A16.25) we obtain the desired
expression in a few steps:

	1 	1

fl(t)= rELL -1 {07 V (0) - I / i 7 (00))["-13+111 s+All  + vV(„) [  ±-13 — 1  ] I
	s 	 - (r + 1 3)	 s - (r ± 0)

,.

I 1% V (0) - W(00) + W (00 )

(r + ,8 + A.Ii )(s + Ali )	 (r + ,8)s

= e -Ai t i:1(0) + (1 - e -Ai t ) fl(oo),

=rELL-1

(A16.26)
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— (r ,8) Intergenerational Economics, II   

The purpose of this chapter is to achieve the following goals:

1. To introduce and study a popular discrete-time overlapping-generations (0G) model
and to show its main theoretical properties;

2. To apply the discrete-time model to study things like (funded or unfunded) pensions
and the macroeconomic effects of ageing;

3. To extend the model to account for (private versus public) human capital
accumulation and public investment;

4. To illustrate the method of intergenerational accounting.

17.1 The Diamond—Samuelson Model

As the previous chapter has demonstrated, the continuous-time Blanchard—Yaari
framework is quite flexible and convenient and therefore fully deserves its current
workhorse status. It yields useful and intuitive macroeconomic results and does
so in a simple fashion. This is not to say that the framework has no shortcom-
ings. Indeed, as Blanchard himself points out, the main drawback of the perpetual
youth approach is that, though it captures the finite-horizon aspect of life, it fails to
account for life-cycle aspects of consumption (1985, p. 224). Indeed, in the standard
Blanchard model, a household's age affects the level and composition of its wealth
(first aspect) but not its propensity to consume out of wealth (life-cycle aspect). In
the absence of a bequest motive and with truly finite lives, one would expect an old
agent to have a much higher propensity to consume out of wealth than a young
agent, simply because the old agent has a shorter planning horizon (a higher death
hazard) than the young agent has.

A simple model which captures both the finite-horizon and life-cycle aspects of
household behaviour was formulated by Diamond (1965) using the earlier insights

(A16.26)

id to the third line..
i.82), noting that L{:zi, s} =

(A16.27)

the savings subsystem. By
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of Samuelson (1958). 1 The Diamond-Samuelson model is formulated in discrete
time and has been the workhorse model in various fields of economics for almost
four decades. In the remainder of this section we describe (a simplified version of)
the Diamond (1965) model in detail.

17.1.1 Households
Individual agents live for two periods. During the first period (their "youth") they
work and in their second period (their "old age") they are retired from the labour
force. Since they want to consume in both periods, agents save during youth and
dissave during old age. We abstract from bequests and assume that the population
grows at a constant rate n.

A representative young agent at time t has the following lifetime utility function:

u(ci) + ( 1 +1 p ) u (C°± 1 ), 	 .(17.1)

where the subscript identifies the time period and the superscript the period of
life the agent is in, with "Y" and "0" standing for, respectively, youth and old
age. Hence, Cr and C°±1 denote consumption by an agent born in period t during
youth and old age, respectively, and At is lifetime utility of a young agent from the
perspective of his birth. As usual, p > 0 captures the notion of pure time preference
and we assume that the felicity function, U(.), satisfies Inada-style conditions (U' >
0 > U", lim o U'(x) = +00, and U'(x) = 0).

During the first period the agent inelastically supplies one unit of labour and
receives a wage Wt which is spent on consumption, cr, and savings, St . In the
second period, the agent does not work but receives interest income on his savings,
rt+ iSt . Principal plus interest are spent on consumption during old age, C°±1 . The
household thus faces the following budget identities:

Cr -Est =	 (17.2)

c?+1 = (1 + rt±ost•
	 (17.3)

By substituting (17.3) into (17.2) we obtain the consolidated (or lifetime) budget
constraint:

Wr = ±  q+1 
•1 + rt±i 

The young agent chooses Cr and C°±1 to maximize (17.1) subject to (17.4). The
first-order conditions for consumption in the two periods can be combined after

1 An even earlier overlapping-generations model was developed by Allais (1947). Unfortunately, due
to the non-trivial language barrier, it was not assimilated into the Anglo-Saxon literature.
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which we obtain the familiar consumption Euler equation:

U ' + 	 1 + p 

U' (Cr) - 1 + rt-o •

(17.5)

Together, (17.4)-(17.5) determine implicit functions relating Cr and C t°±1 (and thus
St ) to the variables that are exogenously given to the agents, i.e. Wt and rt+ 1. The
key expression is the savings equation:

St = S(Wort+i),

which has the following partial derivatives:

as 	 e [Cr] 	o < sw 	 = awt e [ct+1] /St + e [Cr] icr

	as 	 1— [c?+1 ]Sr = 	 =art±i  	 + rt+i) [0)+1 ] /St + 9 [Ci] /Cr]

	

where 0 [x] 	 -U"(x)x/U'(x) is the elasticity of marginal utility (which is positive,
given the assumption made regarding U(.) above). Recall from Chapter 14 that the
inverse of 0 [x] is the intertemporal substitution elasticity, denoted by a [x] 1 1 0 [x] .
According to (17.7), an increase in the wage rate increases savings. It follows from
(17.2) and (17.3) that both consumption goods are normal, i.e. aCria Wt = 1 —
asowt > 0 and act°±1 /awt = (1 + rt±oast /awt > 0. The response of savings with
respect to the interest rate is ambiguous as the income and substitution effects work
in opposite directions (see Chapter 6). On the one hand an increase in rt+ i reduces
the relative price of future goods which prompts the agent to substitute future for
present consumption and to increase savings. On the other hand, the increase in rt-Fi
expands the budget available for present and future consumption which prompts
the agent to increase both present and future consumption and to decrease savings.
Equation (17.8) shows that, on balance, if the intertemporal substitution elasticity
exceeds (falls short of) unity then the substitution (income) effect dominates and
savings depend positively (negatively) on the interest rate:
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production function is linearly homogeneous:

Yr = 	 (17.10)

and profit maximization ensures that the production factors receive their respective
marginal physical products (and that pure profits are zero):

Wt = 11(1(0 14),

rt + 3 = FK(Kt,

where 0 < 8 < 1 is the depreciation rate of capital. 2 The crucial thing to note
about (17.12) is its timing: capital that was accumulated by the currently old, Kt,
commands the rental rate rt + 8. It follows that the rate of interest upon which the
currently young agents base their savings decisions (i.e. r t± i in (17.3) and (17.6))
depends on the future capital stock and labour force:

rt± i + 3 = FK(Kt+i, Lt+i)• 	 (17.13)

Since the labour force grows at a constant rate and we ultimately wish to study
an economy which possesses a well-defined steady-state equilibrium, it is useful to
rewrite (17.9)-(17.10) and (17.13) in per capita form (see Chapter 14 for details):

Yr = f (kt),

Wt = f (kr) - ktf (kr),

rt+i + 3 = f'(kt+i),

where yt Yt/Lt, kt Kt/Lt, and f (kt) F(k t ,1).

17.1.3 Market equilibrium
The resource constraint for the economy as a whole can be written as follows:

Yt + (1 - 8)Kt = Kt+1 + C , 	 (17.17)

where Ct represents aggregate consumption in period t. Equation (17.17) says that
output plus the undepreciated part of the capital stock (left-hand side) can be either
consumed or carried over to the next period in the form of capital (right-hand side).
Alternatively, (17.17) can be written as Yt = Ct +It with It AKt+1 +3Kt representing
gross investment.

2 Most authors follow Diamond (1965, p. 1127) by assuming that capital does not depreciate at all
(8 = 0). Since the model divides human life into two periods, each period is quite long (in historical
time) and it is thus defensible to assume that capital fully depreciates with the period (6 = 1). Blanchard
and Fischer (1989, p. 93) circumvent the choice of 6 by assuming that (17.10) is a net production
function, with depreciation already deducted. In their formulation, 6 vanishes from the capital demand
equation (17.12).
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Aggregate consumption is the sum of consumption by the young and the old
agents in period t:

(17.18)

Since the old, as a group, own the capital stock, their total consumption in period t
is the sum of the undepreciated part of the capital stock plus the rental payments
received from the firms, i.e. Lt_i = (rt + 8)1<t- + (1 — 8)Kt. For each young agent
consumption satisfies (17.2) so that total consumption by the young amounts to:
L tcr = WtLt — StL t . By substituting these two results into (17.18), we obtain:

Ct = (rt + 8)Kt + (1 — 8)Kt + WrLr — StLt

= Yt + (1 — 8)Kt — StL t ,	 (17.19)

where we have used the fact that Yt = (rt + 8)Kt + WtL t in going from the first to the
second line. Output is fully exhausted by factor payments and pure profits are zero.

Finally, by combining (17.17) and (17.19) we obtain the expression linking this
period's savings decisions by the young to next period's capital stock:

StL t = Kr+1. 	 (17.20)

The population is assumed to grow at a constant rate,

L t = Lo(1 + n) t, n > —1, 	 (17.21)

so that (17.20), in combination with (17.6), can be rewritten in per capita form as:

S(Wt,rt+ i) = + n)kt± i•	 (17.22)

The capital market is represented by the demand for capital by entrepreneurs
(equation (17.16)) and the supply of capital by households (equation (17.22)).

17.1.4 Dynamics and stability

The dynamical behaviour of the economy can be studied by substituting the expres-
sions for Wt and rt+i (given in, respectively, (17.15) and (17.16)) into the capital
supply equation (17.22):

(1 + n)kt±i = S[f(k t ) — ktr (kr), f' (kt+i) — 8] • 	 (17.23)

This expression relates the future to the present capital stock per worker and is thus
suitable to study the stability of the model. By totally differentiating (17.23) we
obtain:
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where Sw and Sr are given, respectively, in (17.7) and (17.8). We recall from
Chapter 2 that local stability requires that the deviations from a steady state must be
dampened (and not amplified) over time. Mathematically this means that a steady
state is locally stable if Idkr±i jar I < 1. It is clear from (17.24) that we are not going
to obtain clearcut results on the basis of the most general version of our model.
Although we know that the numerator of (17.24) is positive (because Sw > 0 and
f" < 0), the sign of the denominator is indeterminate (because S r is ambiguous).

Referring the interested reader to Galor and Ryder (1989) for a rigorous analysis
of the general case, we take the practical way out by illustrating the existence and
stability issues with the unit-elastic model. Specifically, we assume that technology
is Cobb-Douglas, so that yr = kti ', and that the felicity function is logarithmic,
so that U(x) = log x and 0-(x) = 1/0(x) = 1. With these simplifications imposed the
savings function collapses to Sr = Wt/(2 + p), the wage rate is 147r- = ELkti-EL , and
(17.23) becomes:

EL 	)ktl-ELkt+.1 = g(kt) Gi n)(2 + P) (17.25)

Equation (17.25) has been drawn in Figure 17.1. Since limk_,0 g'(k) = oc and
limk_,,„, gi(k) = 0, the steady state, satisfying k* = g(k*), is unique and stable. The
diagram illustrates one stable trajectory from /co. The tangent of g(.) passing through
the steady-state equilibrium point E0 is the dashed line AB. It follows from the dia-
gram (and indeed from (17.25)) that the unit-elastic Diamond-Samuelson model
satisfies the stability condition with a positive slope for g(.), i.e. 0 < gi(k*) < 1.
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17.1.5 Efficiency

It is clear from the discussion surrounding Figure 17.1 that there is a perfectly rea-
sonable setting in which the Diamond-Samuelson model possesses a stable and
unique steady-state equilibrium. We now assume for convenience that our most
general model also has this property and proceed to study'its welfare properties. To
keep things simple, and to prepare for the discussion of social security issues below,
we restrict attention to a steady-state analysis. Indeed, following Diamond (1965)
we compare the market solution to the so-called optimal golden-age path.

A golden-age path is such that the capital-labour ratio is constant over time, i.e.
kt+1 = kt = k. Such a path is called optimal if (i) each individual agent has the
highest possible utility, and (ii) all agents have the same utility level (Diamond,
1965, p. 1128). Formally, the optimal golden-age path maximizes the lifetime utility
of a "representative" individual,
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f (k) - (n + (3)k = CY + 
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Note that we have dropped the time subscripts in (17.26)-(17.27) in order to stress
the fact that we are looking at a steady-state situation only. 3 An important thing to
note about this formulation is the following. In (17.26) CY and C° refer, respectively,
to consumption during youth and retirement of a particular individual. In contrast, in
(17.27) C Y and C° refer to consumption levels of young and old agents, respectively,
at a particular moment in time. This does, of course, not mean that we are comparing
apples and oranges—for the purposes of selecting an optimal golden-age path we
can ignore these differences because all individuals are treated symmetrically.

The first-order conditions for the optimal golden-age path consist of the steady-
state resource constraint and:

1 = kt

B
kt+i g (k)

IT (0) 1 + p
U' (CY) = 1 + n'

f (k) = n + 8.

(17.28)

(17.29)

Samuelson (1968a) calls these conditions, respectively, the biological-interest-rate
consumption golden rule and the production golden rule. Comparing (17.28)-
(17.29) with their respective market counterparts (17.5) and (17.16) reveals that

3 The steady-state resource constraint (17.27) is obtained as follows. First, (17.18) is substituted in
(17.17) and the resulting expression is divided by L t . Then (17.14) is inserted, the steady state is imposed
(kt± i = kr = k), and all time indexes are dropped.

I
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they coincide if the market rate of interest equals the rate of population growth:

r= f'(k) - 3 = 11 (golden rule)

As is stressed by Samuelson (1968a, p. 87) the two conditions (17.28)-(17.29) are
analytically independent: even if k is held constant at some suboptimal level, so
that production is inefficient as f'(k) n + 8, the optimum consumption pattern
must still satisfy (17.28). Similarly, if the division of output among generations
is suboptimal (e.g. due to a badly designed pension system), condition (17.28) no
longer holds but the optimal k still follows from the production golden rule (17.29).

If the steady-state interest rate is less than the rate of population growth (r <
then there is overaccumulation of capital, k is too high, and the economy is dynam-
ically inefficient. A quick inspection of our unit-elastic model reveals that such a
situation is quite possible for reasonable parameter values. Indeed, by computing
the steady-state capital-labour ratio from (17.25) and using the result in (17.16) we
find that the steady-state interest rate for the unit-elastic model is:

(1 - EL )(2 + p)(1 + n)
r = 	  8.	 (17.30)

EL

Blanchard and Fischer (1989, p. 147) suggest the following numbers. Each period of
life is 30 years and the labour share is EL = 3/4. Population grows at 1% per annum
so n = 1.01 3° -1 = 0.348. Capital depreciates at 5% per annum so 8 =1- (0.95) 3° =
0.785. With relatively impatient agents, the pure discount rate is 3% per annum, so
p = (1.03) 3° -1 = 1.427 and (17.30) shows that r = 0.754 which exceeds n by quite
a margin. With more patient agents, whose pure discount rate is 1% per annum,
p = (1.01) 3° - 1 = 0.348 and r = 0.269 which is less than n.

17.2 Applications of the Basic Model

In this section we show how the standard Diamond-Samuelson model can be used
to study the macroeconomic and welfare effects of old-age pensions. A system of
social security was introduced in Germany during the 1880s by Otto von Bismarck,
purportedly to stop the increasingly radical working class from overthrowing his
conservative regime. It did not help poor Otto—he was forced to resign from office
in 1890—but the system he helped create stayed. Especially following the Second
World War, most developed countries have similarly adopted social security systems.
Typically such a system provides benefit payments to the elderly which continue
until the recipient dies.

In the first subsection we show how the method of financing old-age pensions
critically determines the effects of such pensions on resource allocation and welfare.
In the second subsection we study the effects of a demographic shock, such as an
ageing population, on the macroeconomy.
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17.2.1 Pensions
In order to study the effects of public pensions we must introduce the government
into the Diamond-Samuelson model. Assume that, at time t, the government pro-
vides lump-sum transfers, Zt , to old agents and levies lump-sum taxes, Tt , on the
young. It follows that the budget identities of a young household at time t are
changed from (17.2) and (17.3) to:

cr +st Wt-Tt,

cto±i = (1 + rt±ost

so that the consolidated lifetime budget constraint of such a household is now:

The left-hand side of (17.33) shows that lifetime wealth consists of after-tax wages
during youth plus the present value of pension receipts during old age.

Depending on the way in which the government finances its transfer scheme, we
can distinguish two prototypical social security schemes. In a fully funded system the
government invests the contributions of the young and returns them with interest
in the next period in the form of transfers to the then old agents. In such a system
we have:

Zr± i = (1 + rt+ i)Tt. 	 (17.34)

In contrast, in an unfunded or pay-as-you-go (PAYG) system, the transfers to the old
are covered by the taxes of the young in the same period. Since, at time t, there are
14_1 old agents (each receiving Zt in transfers) and Lt young agents (each paying
Tt in taxes) a PAYG system satisfies Lt_iZt = L t Tt which can be rewritten by noting
(17.21) to:

Zt = (1 + n)Tt .	 (17.35)

Fully funded pensions

A striking property of a fully funded social security system is its neutrality. With
this we mean that an economy with a fully funded system is identical in all relevant
aspects to an economy without such a system. This important neutrality result can
be demonstrated as follows.

First, we note that, by substituting (17.34) into (17.33), the fiscal variables, Tt and
Zt+ i, disappear from the lifetime budget constraint of the household. Consequently,
these variables also do not affect the household's optimal life-cycle consumption
plan, i.e. ci and C°±1 are exactly as in the pension-less economy described in
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(golden rule)

•:fIns (17.28)-(17.29) are
me suboptimal level, so

consumption pattern
.it among generations

ml), condition (17.28) no
'n golden rule (17.29).

population growth (r < n)
the economy is dynam-

model reveals that such a
es. Indeed, by computing

• _: the result in (17.16) we
model is:

(17.30)

numbers. Each period of
n grows at 1% per annum
num so 8 = 1- (0.95) 3° =
rate is 3% per annum, so
which exceeds n by quite
• rate is 1% per annum,

n.

icon model can be used
- pensions. A system of

Os by Otto von Bismarck,
s from overthrowing his
- yd to resign from office
Ily following the Second
42I social security systems.
elderly which continue

-icing old-age pensions
:e allocation and welfare.
- is shock, such as an

(17.31)

(17.32)

597



The Foundation of Modern Macroeconomics

n

section 17.1.1 above. It follows, by a comparison of (17.2) and (17.31), that with a
fully funded pension system saving plus tax payments are set according to:

St + Tt S(Wt, rt+i), 	 (17.36)

where S(Wt , rt+i ) is the same function as the one appearing in (17.6).
As a second preliminary step we must derive an expression linking savings of the

young to next period's stock of productive capital. The key aspect of a fully funded
system is that the government puts the tax receipts from the young to productive use
by renting them out in the form of capital goods to firms. Hence, the economy-wide
capital stock, Kt , is:

Kt =	 (17.37)

	

where Kr and 	 Lt_1Tt_i denote capital owned by households and the govern-
ment, respectively. The economy-wide resource constraint is still as given in (17.17)
but the expression for total consumption is changed from (17.19) to: 4

Ct = Yt +( 1 — (5 )Kt Lt(St + TO-
	 (17.38)

Finally, by using (17.17), (17.38), and (17.36) we find that the capital market
equilibrium condition is identical to (17.22). Since the factor prices, (17.15)—(17.16),
are also unaffected by the existence of the social security system, economies with
and without such a system are essentially the same. Intuitively, with a fully funded
system the household knows that its contributions, Tt , attract the same rate of
return as its own private savings, St . As a result, the household only worries about
its total saving, St + Tt , and does not care that some of this saving is actually carried
out on its behalf by the government. 5

4 Equation (17.38) is derived as follows. Consumption by the old agents is L t_,C° = 	 + cS)Kit-,
( 1 - 1)K' + Lt_izt. For young agents we have L t Cr =_Lt [Wt - St - Tr] so that aggregate consumption
is:

Ct = (rt + 3)Kitl + (1 - 6)Kitl + Lt-iZt + Lt [ 147 - St -

	

= Yt + (1 -	 - (rt + 5)K, + Lt_iZt - Lt(St + Tt)

= Yt + (1 - cS)Kt - Lt(St Tt) [Lt-iZt - (1 + rt)K il •

This final expression collapses to (17.38) because the term in square brackets on the right-hand side
vanishes:

14_1 Zt - (1 + rt)K = Lt_i [Zt - (1 + rt)Tt_i] = 0.

5 An important proviso for the neutrality result to hold is that the social security system should not
be too severe, i.e. it should not force the household to save more than it would in the absence of social
security. In terms of the model we must have that Tt < (1 + n)k t+ i (see Blanchard and Fischer, 1989,
p. 111).
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Pay-as-you-go pensions

Under a PAYG system there is a transfer from young to old in each period according
to (17.35). Assuming that the contribution rate per person is held constant over
time (so that Tr± i = Tr = (17.35) implies that Z t+1 = (1 + n)T so that consoli-
dation of (17.31)—(17.32) yields the following lifetime budget constraint of a young
household:

rr+i — n)C°
117Vt Wt — 	  T — Cr 	 t+,	 ±

rr±i	t	 1 + rr+i •
(17.39)

This expression is useful because it shows that, ceteris paribus the factor prices, the
existence of a PAYG system contracts (expands) the consumption possibility frontier
for young agents if the interest rate exceeds (falls short of) the growth rate of the
population. Put differently, if rt+i > n (rt±i < n) the contribution rate is seen as a
lump-sum tax (subsidy) by the young household.

The household maximizes lifetime utility (17.1) subject to its lifetime budget con-
straint (17.39). Since the rate of return on household saving is rr+i , the consumption
Euler equation is still given by (17.5). To keep matters as simple as possible we now
restrict attention to the simple unit-elastic model for which utility is logarithmic
(and technology is Cobb—Douglas). In that case, the optimal consumption plan
satisfies Cr = (1 + p)Wt /(2 + p) and C'')+1 = (1 + rt+i )T/Vt /(2 + p) and the savings
function is:

Sr = — T —

-T — 1+p 
(2+p)[Wt ( It+ —nrt+i)

It is easy to verify that the partial derivatives of the savings function satisfy 0 <
SW < 1, Sr > 0, —1 < ST < 0 (if rt+i > n), and 5T < —1 (if rt+ i < n).

Since the PAYG pension is a pure transfer from co-existing young to old gen-
erations it does not itself lead to the formation of capital in the economy. Since
only private saving augments the capital stock, equation (17.20) is still relevant. 6

By combining (17.20) with (17.40) we obtain the expression linking the future

6 Consumption by the old agents is L t, q.) = (rt +	 + (1 - 8)Kt + L t_iZt . For young agents we
have LtCr = Lt [Wt — St — Tt ] so that aggregate consumption is:

Ct = (rt + 8)Kt + (1 - 8)Kt + Lt-iZt + L t [Wt - St - Tr]

= Yt + (1 - 8)Kt + [L t_iZt - L t Tt ] - L tSt .

This final expression collapses to (17.19) because the term in square brackets on the right-hand side
vanishes under the PAYG scheme. Combining (17.17) and (17.19) yields (17.20).
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kMN
	 k"(7) 	 k*

Figure 17.2. PAYG pensions in the unit-elastic model

capital stock to current saving plans:

S(Wt, rt+i, 	 = (1 +
	

(17.41)

With Cobb-Douglas technology (yt 14') equations (17.15) and (17.16) reduce
to, respectively, Wt W (kt) = ELkti-EL and rt+i r(kt+i) = ( 1 - EL)kr13 - 8. By using
these expressions in (17.41) we obtain the fundamental difference equation (in
implicit form) characterizing the economy under a PAYG system, k r±i = g(kt ,T).
The partial derivatives of this function are:

ag	 Sw147' (kt) 
gk = ak, = 1+ n - Srrqkt-o)

ST

gT aT = 1+ n - Sr r'(kt+ i)

where Sw and Sr are obtained from (17.40). We illustrate the fundamental difference
equation in Figure 17.2. 7

7 The fundamental difference equation can be written as:

W(kt )— T ( 1+ p\  (1 + n)T 
(1+ n)kt-Fi = 2 + p	 2 + p ) 1 + r(kt+i) •

The second term on the right-hand side vanishes as k t±i 	0 (since r(k t+ i)	 +00 in that case). Hence,
W(kMIN) = T. For kt < kmiN the wage rate is too low (W(kt ) < T) and the PAYG scheme is not feasible.
By differentiating the fundamental difference equation we obtain:

dkt+, 	 vip (kr) 	—r'(kt+i)
> 0, Okt+i) = 	dk t 	(1 + [2 + p + (1+ p)TV, (kt+i)] 	 [1+ r(kt+ i)J2.

> 0, 	 (17.42)

< 0,	 (17.43)
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In Figure 17.2, the dashed line, labelled "kt+1 = g(kt , 0)" characterizes the standard
unit-elastic Diamond-Samuelson model without social security, i.e. it reproduces
Figure 17.1 and point B is the steady state to which the economy converges in the
absence of social security. Suppose now that the PAYG system is introduced at time
t = 0 when the economy has an initial (non-steady-state) capital-labour ratio of ko.
Members of the old generation at time t = 0 cannot believe their luck. They have
not contributed anything to the PAYG system but nevertheless receive a pension of
Z = (1 + n)T (see equation (17.35)). Since the old do not save this windfall gain is
spent entirely on additional consumption. Consumption by each old household at
time t = 0 is now:

C8 = + R1 + r(ko))ko + T],	 (17.44)   

and, since ko is predetermined, so is the interest rate and dC (0) / dT = (1 + n).
In contrast, members of the young generation at time t = 0 are affected by the

introduction of the PAYG system in a number of different ways. On the one hand,
they must pay T in the current period in exchange for which they receive a pension
(1 + n)T in the next period. Since the wage rate at time t = 0, W(ko), is predeter-
mined, the net effect of these two transactions is to change the value of lifetime
resources (Wo defined in (17.39)) according to:

kr

del

(17.41)

' 7.15) and (17.16) reduce
= ( 1 - EL)kt13 - 8. By using
al difference equation (in

system, kt+1 = g(kr, T).

.)	 +oo in that case). Hence,
ue PAYG scheme is not feasible.

Wo 	r(ki) - n

+ r(ki)) > 0
(17.45)

where the sign is ambiguous because r(k i ) may exceed or fall short of the population
growth rate n. Furthermore, (17.45) is only a partial effect because the interest rate
depends on the capital stock in the next period (k 1 ), which is itself determined by
the savings behaviour of the young in period t = 0. It follows from (17.41) and
(17.43), however, that the total effect of the introduction of the PAYG system is
to reduce saving by the young and thus to reduce next period's capital stock, i.e.
dki / dT = g7- < 0. This adverse effect on the capital stock is represented in Figure 17.2
by the vertical difference between points A and C.

As a result of the policy shock, the economy now follows the convergent path
from C to the ultimate steady state E 0 . It follows from Figure 17.2 that kt is less than
it would have been without the PAYG pension, both during transition and in the
new steady state (i.e. the path from C to E0 lies below the path from A to B). Hence,
since W'(x) > 0 and r'(x) < 0, the steady-state wage is lower and the interest rate is
higher than it would have been. The long-run effect on the capital-labour ratio is

It is straightforward to show that ,k(k t+i ) +oo for k t+ , -± 0, Vi(k t, i ) 0 for kt+1 oo, W' (k t) 0
for kt oo, and 14P(kmiN) > 0. It follows that g(k t , T) is horizontal in kt = kMIN, is upward sloping for
larger values of kt , and becomes horizontal as kt gets very large. Provided T is not too large there exist
two intersections with the kr +1 = kt line.

(17.42)

(17.43)

he fundamental difference



obtained by using (17.41) and imposing the steady state (kt + 1 = kr):

dk	 gT 
dT 1—gk 

< 0, (17.46)

where 0 < gk < 1 follows from the stability condition.
The upshot of the discussion so far is that, unlike a fully funded pension system,

a PAYG system is not neutral but leads to crowding out of capital, a lower wage rate,
and a higher interest rate in the long run. Is that good or bad for households? To
answer that question we now study the welfare effect on a steady-state generation
of a change in the contribution rate, T. As in our discussion of dynamic efficiency
above we thus continue to ignore transitional dynamics for the time being by only
looking at the steady state.

To conduct the welfare analysis we need to utilize two helpful tools, i.e. the indirect
utility function and the factor price frontier. The indirect utility function is defined in
formal terms by:

A Y (W,r,T) m- max A Y (C Y , C°) subject to 1217 = CY + 	icY,09} 	 1 + r (17.47)

where A Y (C Y , C°) is the direct utility function (i.e. (17.1)). The lack of subscripts
indicates steady-state values and VAV represents lifetime household resources under
the PAYG system:

W=W— (r rz T.

+r) (17.48)

For example, for the logarithmic felicity function (employed regularly in this
chapter) the indirect utility function takes the following form:

A Y = wo + ( 2 1 log Vi7+  1( 	  log +r),1 + p	 1+ p (17.49)

where wo is a constant. 8

8 The explicit functional form of the indirect utility is obtained by plugging the optimal consumption
levels, as chosen by the household, back into the direct utility function (17.1). The reader should verify
the properties stated in (17.50)-(17.52).
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The indirect utility function (17.47) has a number of properties which will prove
to be very useful below: 9

aAY_ aAY
aw acY >
aAY 	 S	 anY

= kr) :

p
Ily funded pension system,
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7- bad for households? To
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(17.50)

(17.51)

(17.52)

1 + r

r rt anY >
1 + r acY <

ar
anY
aT

According to (17.50)—(17.51), steady-state welfare depends positively on both the
wage rate and the interest rate. Since we saw above that the wage falls (dW I dT =
W' (k)dk dT < 0) but the interest rate rises (dr I dT = r' (k)dk I dT > 0) in the long
run, the effects of factor prices on welfare work in opposite directions even in the
absence of a PAYG system (if T = 0).

But both W and r depend on the capital-labour ratio (as in the standard neo-
classical model) and are thus not independent of each other. By exploiting this
dependency we obtain the factor price frontier, Wt = 0(0, which has a very useful
property:

C°
1 + r

(17.47)
Wr = 0	

dWt
(rt), 	  = (rt) = — kr.drt

(17.53)

The slope of the factor price frontier is obtained as follows. In general, by differen-
tiating (17.15) and (17.16) (for rt) we get drt = f"(k t )dk t and dWt = —k tf"(kt )dk t so
that dWt ldrt = —k r . From this it follows that d2 Wt Idil = —dk t ldrt = — (ko.io

9 These properties are derived as follows. We start with the identity AY (W, r, T)
A Y [CY(W, r, T), C° (W , r, T)1, where OW , r, T) are the optimal consumption levels during the two
periods of life. By using this identity, partially differentiating (17.1), and using (17.5) we obtain:

aAY 	 aAY  	  (  11 	 8c°1
aw acY aw 	 + r aw

It follows from the constraint in (17.47) that the term in square brackets is equal to unity. Using the
same steps we obtain for 8A Y/ar:

aAY anY [acY (  1  \ aco] anY (co —(i+n)T\
ar	 acY 	 ar	 1 + r) ar	 acY	 (1 + r) 2	) •

Using C° - (1 + n)T = (1 + r)S we obtain (17.51). Finally, we obtain for a/1- Y/8 T:

alkY anYrcY (  1 	.ac°1	 anY 
aT	 aT 	 1 + r) aT 	 ]

	

1 + r) acY '
where the final result follows from the constraint in (17.47).

10 The factor price frontier for the Cobb-Douglas technology is given by:

0--,) /EL
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where the reader should verify the property stated in (17.53).
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We now have all the necessary ingredients to perform our welfare analysis. By
differentiating the indirect utility function with respect to T we obtain in a few steps:

dAY aAY dW 8AY dr aAY
	dT aw dT + 	 dT aT
	= anY dW 	 S  \ dr ( r —

acY dT 	 + r dT 	 1 + r
Yr— (an

sgn(n — r),	 (17.54)1 + r acY 
1+ k d

	)[	 dT
r
)]

where we have used (17.48) and (17.50)—(17.52) in going from the first to the sec-
ond line and (17.53) as well as S = (1 + n)k in going from the second to the third
line. The term in square brackets on the right-hand side of (17.54) shows the two
channels by which the PAYG pension affects welfare. The first term is the par-
tial equilibrium effect of T on lifetime resources and the second term captures the
general equilibrium effects that operate via factor prices.

The expression in (17.54) is important because it illustrates in a transparent fash-
ion the intimate link that exists between, on the one hand, the steady-state welfare
effect of a PAYG pension and, on the other hand, the dynamic (in)efficiency of the
initial steady-state equilibrium. If the economy happens to be in the golden-rule
equilibrium (so that r = n) then it follows from (17.54) that a marginal change in
the PAYG contribution rate has no effect on steady-state welfare (i.e. dA Y /dT = 0
in that case). Since the yield on private saving and the PAYG pension are the same
in that case, a small change in T does not produce a first-order welfare effect on
steady-state generations despite the fact that it causes crowding out of capital (see
(17.46)) and thus an increase in the interest rate (since r'(k) < 0).

Matters are different if the economy is initially not in the golden-rule equilibrium
(so that r n) because the capital crowding out does produce a first-order welfare
effect in that case. For example, if the economy is initially dynamically inefficient
(r < n), then an increase in the PAYG contribution rate actually raises steady-state
welfare! The intuition behind this result, which was first demonstrated in the pen-
sions context and with a partial equilibrium model by Aaron (1966), is as follows. In
a dynamically inefficient economy there is oversaving by the young generations as a
result of which the market rate of interest is low. By raising T the young partially sub-
stitute private saving for saving via the PAYG pension. The latter has a higher yield
than the former because the biological interest rate, n, exceeds the market interest
rate, r. The reduction in the capital stock lowers the wage but this adverse effect
on welfare is offset by the increase in the interest rate in a dynamically inefficient
economy. To put it bluntly, capital crowding out is good in such an economy.

Equivalence PAYG and deficit financing government debt

As was shown by Auerbach and Kotlikoff, a PAYG social security scheme can also be
reinterpreted as a particular kind of government debt policy (1987, pp. 149-150).
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In order to demonstrate this equivalency result, we now introduce government
debt into the model. This model extension also allows us to further clarify the link
between the pension insights of Aaron (1966) and the macroeconomic effects of
debt as set out by Diamond (1965).

Assume that the government taxes the young generations, provides transfers to
the old generations, and issues one-period (indexed) debt which yields the same rate
of interest as capital. Ignoring government consumption, the government budget
identity is now:

Bt± i - Bt = rrBr + Lt--4Zt -Lt-Tt, 	 (17.55)

where Bt is the stock of public debt at the beginning of period t. Interest payments
on existing debt (rtBt) plus transfers to the old are covered by the revenues from the
tax on the young and/or additional debt issues (Bt-± i - Be).

Because government debt and private capital attract the same rate of return, the
household is indifferent about the composition of its savings over these two assets.
Consequently, the young choose consumption in the two periods and total saving
in order to maximize lifetime utility (17.1) subject to the budget identities (17.31)
and (17.32). The savings function that results takes the following form:

St = S(*t,rt+1.), 	 (17.56)

where ii7t is given by the left-hand side of (17.33) which is reproduced here for
convenience:

t = Wr - Tt + 1 + rt+1.
Zt+i 	 (17.57)

It remains to derive the expression linking private savings plans and aggregate
capital formation. There are L t young agents who each save S r so that aggregate
saving is StL t . Saving can be in the form of private capital or public debt. Hence the
capital market equilibrium condition is now: 11

Lt-St =13t+i + Kt-14. 	 (17.58)

We are now in the position to present an important equivalence result which
was proved inter alia by Wallace (1981), Sargent (1987a), and Calvo and Obstfeld
(1988). Buiter and Kletzer state the equivalence result as follows: "... any equi-
librium with government debt and deficits can be replicated by an economy in

11 Consumption by old agents is L t_i 	 = (rt +8)Kt + (1 — 8)Kt + (1+ rt )B t + L t_iZt . For young agents
we have Ltd = Lt [Wt — Tt — S t ] so that aggregate consumption is:

Ct = (rt + 8)Kt + (1 — 8)Kt + (1 + rt)Bt + Lt-iZt + Lt [Wt Tt St]

= Yr + (1 — 8)Kt + [(1 + rt)Bt + Lt-iZt —ItTt] — LtSt

= Yt + (1 - 3)Kt + Bt-Fi — LtSt •

By combining the final expression with the resource constraint (17.17) we obtain (17.58).
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which the government budget is balanced period-by-period (and the stock of debt
is zero) by appropriate age-specific lump-sum taxes and transfers" (1992, pp. 27-
28). A corollary of the result is that if the policy maker has access to unrestricted
age-specific taxes and transfers then public debt is redundant in the sense that it
does not permit additional equilibria to be supported (1992, p. 28).

The model developed in this subsection is fully characterized (for t > 0) by the
following equations:

CG = (1 + r(kt))( 1 + n)(kt + bt) + Zt
ncr) = 1 + r(kt+i)) ncto+i)

1 + p

W (k t) - Tt - Cr = (1 + n) [kt+i + bt-o]

Zt 
(1 + n)bt4-1 = (1 + r(kt))bt +T t,

1 + n

(17.59)

(17.60)

(17.61)

(17.62)

where bt B t /L t is per capita government debt and where k0 and A) are both given.
Equation (17.59) is consumption of an old household, (17.60) is the consumption
Euler equation for a young household (see also (17.5)), (17.61) is (17.31) combined
with (17.58), and (17.62) is the government budget identity (17.55) expressed in
per capita form. Finally, we have substituted the rental expressions W t = W(k t) and
rt = r(kt ) in the various equations (see (17.15) and (17.16) above).

The first thing we note is that the fiscal variables only show up in two places in
the dynamical system. In (17.59) there is a resource transfer from the government
to each old household (Fr) consisting of debt service and transfers:

(1 + r(kt))(1 + n)bt + Zt. (government to old)

Similarly, in (17.61) there is a resource transfer from each young household to the
government (FIG) in the form of purchases of government debt plus taxes:

r t  (1 + n)bt+i + Tt. (young to government)

Since there are L t_i old and L t young households, the net resource transfer to the
government is L t = 0, where the equality follows from the government
budget constraint (17.62). Hence, in the absence of government consumption, what
the government takes from the young it must give to the old. Once you know
FIG you also know r tG° (1 + n)r tYG and the individual components appearing
in the government budget identity (such as b t+i , bt , Zt , and Tt) are irrelevant for
the determination of the paths of consumption and the capital stock (Buiter and
Kletzer, 1992, p. 17).

The equivalence result is demonstrated by considering two paths of the econ-
omy which, though associated with different paths for bonds, taxes, and transfers,
nevertheless give rise to the same paths for the real variables, namely the capi-
tal stock and consumption by the young and the old. For the reference path, the
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sequence ibt,2t,ttrt 0 gives rise to a sequence for the real variables denoted by
{4, 'at° , ktrt given ko and bo. We can then show that for any other debt sequence
{kr,. we can always find sequences for taxes and transfers {Z r , tt } tx) 0 such that the
resulting sequences for the real variables are the same as in the reference path, i.e.
{ 'tY }tc'to = {s t°};to = {°171o, and fkrI tcto = Iktl;to-

The key ingredient of the proof is to construct the alternative path such that the
resource transfers from the young to the government (riG) and from the govern-
ment to the old (Fr) are the same for the two paths. These requirements give rise
to the following expressions:

Zr — Zr = (1+ n) [( 1 + r(kr))bt — (1 + r(kr))bt], (17.63)

bt+i — bt+i = ( 1 +1 n)[tt — tr]. (17.64)

By using (17.63) in (17.59) and (17.64) in (17.61) we find that these equations solve
for the same real variables. As a result, the Euler equation (17.60) is the same for both
paths. Obviously the government budget identity still holds. Finally, if the reference
path satisfies the government solvency condition then so will the alternative path.

As a special case of the equivalence result we can take as the reference path the
PAYG system (studied above), which has bt = 0, Tr = T, and Zr = + n)T for all t.
One (of many) alternative paths is the deficit path in which there are only taxes on
the young generations, i.e. Zr = 0, b r = 77(1+0, and Tr = T — (1 + n)bt±i for all t.

From PAYG to a funded system

In the previous subsettion we have established the equivalence between traditional
deficit financing and a PAYG social security system. As a by-product of the analysis
there we showed how public debt affects the equilibrium path of the economy. In
this section we continue our analysis of the welfare effects of a PAYG system, first
without and then with bond policy.

Up to this point we have only unearthed the welfare effect of a PAYG system on
steady-state generations (see (17.54)) and we have ignored the initial conditions
facing the economy, i.e. we have not yet taken into account the costs associated
with the transition from the initial growth path to the golden-rule path. As both
Diamond (1965, pp. 1128-1129) and Samuelson (1975b, p. 543) stress, ignoring
transitional welfare effects is not a very good idea.

As we argued above, the introduction of a PAYG system (or the expansion of a
pre-existing one) affects different generations differently. The welfare of old gener-
ations at the time of the shock unambiguously rises because of the windfall gain
the shock confers on them. From the perspective of their last period of life, they
gain utility to the tune of LT (C?)dq? /dT = MT) > 0 (see (17.44)). The welfare
effect on generations born in the new steady state is ambiguous as it depends on
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whether or not the economy is dynamically efficient (see (17.54)). In a dynamically
inefficient economy, r < n, all generations, including those born in the new steady
state, gain from the pension shock. Intuitively, the PAYG system acts like a "chain
letter" system which ensures that each new generation passes resources to the gen-
eration immediately preceding it. In such a situation a PAYG system which moves
the economy in the direction of the golden-rule growth path is surely "desirable"
for society as a whole.

As Abel et al. (1989) suggest, however, actual economies are not likely to be
dynamically inefficient. If the economy is dynamically efficient, so that r > n, then
it follows from, respectively, (17.44) and (17.54) that whilst an increase in T still
makes the old initial generation better off, it leaves steady-state generations worse
off than they would have been in the absence of the shock. Since some generations
gain and other lose out, it is no longer obvious whether a pension-induced move
in the direction of the golden-rule growth path is "socially desirable" at all.

There are two ways in which the concept of social desirability, which we have
deliberately kept vague up to now, can be made operational. The first approach,
which was pioneered by Bergson (1938) and Samuelson (1947), makes use of a
so-called social welfare function. In this approach, a functional form is typically
postulated which relates an indicator for social welfare (SW) to the welfare lev-
els experienced by the different generations. Using our notation, an example of a
social welfare function would be:

SW, = w (Ar 1, (17.65)

Once a particular form for the social welfare function is adopted, the social desir-
ability of different policies can be ranked. If policy A is such that it yields a higher
indicator of social welfare than policy B, then it follows that policy A is socially
preferred to policy B (i.e. SWA, > SWB). Note that, depending on the form of
the social welfare function w(.), it may very well be the case that some genera-
tions are worse off under policy A than under policy B despite the fact that A is
socially preferred to B. What the social welfare function does is establish marginal
rates of substitution between lifetime utility levels of different generations (i.e.
(aw/aAi 1 )/(0w/ant), etc.). 12

The second approach to putting into operation the concept of social desirability
makes use of the concept of Pareto-efficiency. Recall that an allocation of resources in
the economy is called Pareto-optimal (or Pareto-efficient) if there is no other feasible
allocation which (i) makes no individual in the economy worse off and (ii) makes
at least one individual strictly better off than he/she was. Similarly, a policy is called
Pareto-improving vis-a-vis the initial situation if it improves welfare for at least one
agent and leaves all other agents equally well off as in the status quo.

Recently, a number of authors have applied the Pareto-criterion to the question
of pension reform. Specifically, Breyer (1989) and Verbon (1989) ask themselves

12 An application of the social welfare function approach is given in the next subsection.
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the question whether it is possible to abolish a pre-existing PAYG system (in favour
of a fully funded system) in a Pareto-improving fashion in a dynamically efficient
economy. This is a relevant question because in such an economy, steady-state
generations gain if the PAYG system is abolished or reduced (since r > n it follows
from equation (17.54) that dAY /dT < 0 in that case) but the old generation at the
time of the policy shock loses out (see (17.44)). This generation paid into the PAYG
system when it was young in the expectation that it would receive back 1 + n times
its contribution during old age. Taken in isolation, the policy shock is clearly not
Pareto-improving.

Of course bond policy constitutes a mechanism by which the welfare gains and
losses of the different generations can be redistributed. This is the case because
it breaks the link between the contributions of the young (L t Tt) and the pension
receipts by the old in the same period (1, t_iZt)—compare (17.35) and (17.55). The
key issue is thus whether it is possible to find a bond path such that the reduction
in the PAYG contribution is Pareto-improving. As it turns out, no such path can be
found. It is thus not possible to compensate the old generation at the time of the
shock without making at least one future generation worse off (Breyer, 1989, p. 655).

17.2.2 PAYG pensions and endogenous retirement
In a very influential article, Feldstein (1974) argued that a PAYG system not only
affects a household's savings decisions (as is the case in the model studied up to
this point) but also its decision to retire from the labour force. We now augment
the model in order to demonstrate the implications for allocation and welfare of
endogenous retirement. Following the literature, we capture the notion of retire-
ment by assuming that labour supply during the first period of life is endogenous. To
keep the model as simple as possible, we continue to assume that households do not
work at all during the second period of life. To bring the model closer to reality, we
assume furthermore that the contribution to the PAYG system is levied in the form
of a proportional tax on labour income and that the pension is intragenerationally

fair, i.e. an agent who works a lot during youth gets a higher pension during old age
than an agent who has been lazy during youth. Within the augmented model it is
possible that the PAYG system distorts the labour supply decisions by households.

Households

The lifetime utility function of a young agent i who is born at time t is given in
general form by:

'e next subsection. A Y = A Y (C"1 – 10,t+i ,
(17.66)
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where 1\4 is labour supply (1 - N: is leisure) and A Y () satisfies the usual Inada-style
conditions. The agent faces the following budget identities:

	+ S it = WtN:- 	 (17.67)

Ct°111 = (1+ rt+i)S it + 4+1 , 	(17.68)

where Tt and Z it±i are defined as follows:

Tii = ti,WtN:,	 (17.69)

	

/4, 	 Ni
Zti +1 = hWt-Fi E Ntl, 	 ,L, t	NT/ ) '

(

	j=1	 Z-dj=1 ''t	

(17.70)

where 0 < tL < 1. According (17.69), the individual agent's contribution to the PAYG
system is equal to a proportion of his labour income, where the proportional tax,
tL , is assumed to be the same for all individuals and constant over time. Equation
(17.70) shows that the pension is intragenerationally fair (as in Breyer and Straub,
1993, p. 81). The first term on the right-hand side of (17.70) is the total tax revenue
that is available for pension payments in the next period. Agent i gets a share of this
revenue that depends on his relative labour supply effort during youth (the second
term on the right-hand side). 13

Household i is fully aware of the features of the pension system (as formalized in
(17.69)-(17.70)) so that the consolidated lifetime budget constraint, upon which
the household bases its decisions, is given by:

Nti - ti, 1- 
 Wt+i

( 	v1=1
dt+i

 Nt+i
i

L-
t 	 t

W	

roi
Wt 	

O + rt+i)E I: t Ni WtNi = C" + 1 -t11
j i t	 i. + ri-±i

(17.71)

The key thing to note about (17.71) is that in the current setting the household's
pension depends not only on future wages but also on the aggregate supply of
labour by future young agents. To solve its optimization problem, the household
must thus form expectations regarding these variables and, as usual, by suppressing
the expectations operator we have implicitly assumed in (17.71) that the agent is
blessed with perfect foresight.

13 Since we assume that all agents are identical below, all agents of the same generation will supply
the same amount of labour (N: = N,) and (17.69)-(17.70) will be simplified to:

Tr = Tt = tLWtNt , Zt+ 1 = Zt-Fi = (1 + n)ti.147t -F1Nt+1• 	 (a)

Working directly with (a) would obscure the fact that the pension is intragenerationally fair.
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Assuming an interior optimum, the first-order conditions for consumption during
the two periods and labour supply are:

anY = 	1  ) an Y 

actTi	1+ rt+i

[ anY a A Y
aNit	a(1 —
	  = (1 tr t )Wt	 .)

n A Y 

	[1 ( Wvt 	E	t+  1 ) (Et 
Ni

	1 	v 	)1
	j t 1 1\4	 1+ rt+1

i 

Equation (17.72) is the familiar consumption Euler equation in general func-
tional form. The optimal labour supply decision is characterized by (17.73)—(17.74).
Equation (17.73) is the usual condition calling for an equalization of the after-tax
wage rate and the marginal rate of substitution between leisure and consumption
during youth. Equation (17.74) shows to what extent the PAYG system has the
potential to distort the labour supply decision. It is not the statutory tax rate, tL,
which determines whether or not the labour supply decison is distorted but rather
the effective tax rate, q t . By paying the PAYG premium during youth one obtains
the right to a pension. Ceteris paribus labour supply, the effective tax rate may actu-
ally be negative, i.e. it may in fact be an employment subsidy (Breyer and Straub,
1993, p. 82).

Since all agents of a particular generation are identical in all aspects we can now
drop the index i. In such a symmetric equilibrium we have M: = Nt and with a
constant growth rate of the population (L e+1 = (1 + n)L t) (17.74) simplifies to:

( Wt-fl  ) (Nt+1  ) (  1 + n  II

	

Wr	 Nt	 1 + rt+i ) i •

Holding constant labour supply we find that the pension system acts like an employ-
ment subsidy (and if t < 0) if the so-called Aaron condition holds, i.e. if the growth
of the population and wages exceeds the rate of interest (Aaron, 1966).

In the symmetric equilibrium, equations (17.71)—(17.73) define the optimal values
of cr, c , '+1 , and Nt as a function of the variables that are exogenous to the repre-
sentative agent (We , rt+i, and tL WeWe write these solutions as ci = c , ( wpT,rt+i),
c?+1 = co(wp, , rt+ i), and Nt = N(V; \I , rt+i ), where Vt7pT -- WO — /I t). The (partial-
equilibrium) effect of a change in the statutory tax rate, tL , on the household's
labour supply decision can thus be written in elasticity format as:

(ti, aNt = EN 	tt,t 	,N	 wN aN
	1,i7N	 N awN'=Nt ati,	 wN 1— tEL,t 	 '

where E NwN is the uncompensated elasticity of labour supply. It follows from (17.76)
that the effect of the contribution rate on labour supply is ambiguous for two rea-
sons. First, it depends on whether the Aaron-condition is satisfied (q t < 0) or

the usual Inada-style

tiEJ

(17.72)

(17.73)

(17.74)

tf, t 	ti,[1 — (17.75)

(17.76)
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violated (if t > 0). Second, it also depends on the sign of E NwN . We recall that c lvw, > 0
(<0) if the substitution effect in labour supply dominates (is dominated by) the
income effect. If the labour supply is upward sloping and the Aaron condition is
satisfied then, for given factor prices, an increase in the statutory tax rate decreases
labour supply.

The macroeconomy

We must now complete the description of the model and derive the fundamental
difference equation for the economic system. We follow the approach of Ihori (1996,
pp. 36-37). With endogenous labour supply, the number of agents (L i) no longer
coincides with the amount of labour used in production (LiNi). By redefining the
capital-labour ratio as ki Kt atNt), however, the expressions for the wage and the
interest rate are still as in (17.15)-(17.16) and the factor price frontier is still as given
in (17.53). Current savings leads to the formation of capital in the next period, i.e.
L iSi = Kt± i. In terms of the redefined capital-labour ratio we get:

Si = (1 + n)Nt+ikt+i• 	 (17.77)

To characterize this fundamental difference equation we note that the labour
supply and savings equations can be written in general functional form as:

The steady state
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By using these expressions in (17.77) we obtain the following expression:

The effect of a marginal
now easily computed:

dAY aAY dW
dtL — aw dtL

anY [
N (1 -= a 0'

Nt = N(Wt( 1 tit), rt+i)

C° (Wt(1 - tb),rt+i) - (1 + n)tLIVt+iNt+i

s[wt(i-trt),rt+i,hwt±iNt+d=u+romwt+1(1-tb+i), rt+2,1(t+1. (17.80)

Clearly, since Wt = W(kt) and rt = r(kt), this expression contains the terms kt, kr+i,
and kr+2 so one is tempted to conclude that it is a second-order difference equation
in the capital stock. As Breyer and Straub (1993, p. 82) point out, however, the
presence of future pensions introduces an infinite regress into the model, i.e. since
ti t depends on Nt±i (see (17.75)), it follows that if t+1 depends on Nt+2 which itself
depends on kt+2, ki+3, and ti, t+2 . As a result, (17.80) depends on the entire sequence
of present and future capital stocks, fk i+,1", so that, even though we assume perfect
foresight, the model has a continuum of equilibria." Since we assume that the
population growth rate is constant, however, we can skip over the indeterminacy
issue by first studying the steady state.

14 Indeterminacy and multiple equilibria are quite common phenomena in overlapping-generations
models of the Diamond-Samuelson type. Azariadis (1993) gives a general discussion and Reichlin (1986)
deals specifically with the case of endogenous labour supply.
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The steady state

We study two pertinent aspects of the steady state. First, we show how the endo-
geneity of labour supply affects the welfare effect of the PAYG pension. Second, we
show that in the unit-elastic model the pension crowds out capital in the long run.
As before, the long-run welfare analysis makes use of the indirect utility function
which is defined as follows:

AY (W , r, 	 max A Y (CY , C° , 1 — N)
{cY ,c0 ,N)

subject to: WN [1—tL( 1. 11 )]= C` +
1 + r 	 1 + r

. (17.81)

Retracing our earlier derivation we can derive the following properties of the indirect
utility function:

aAY N (an') [
1	

r — n

aw	 i+r)]
aAY 	S	 a AY
ar 	 1 + r	 aCY) '

anY	 WN (r — n  (anY
atL
= 

1 + r 	 aCY ) •
The effect of a marginal change in the statutory tax rate on steady-state welfare is
now easily computed:

dA Y aAY dW a -AY dr aAY
dtL	a w	 ar

	= aa A
CY	

1	
r — 	 dW	 S	 dr

Y 
[N ( 	

1 + r) ) dtL	1+r dtL	+ r
\ 	 ( r —  WN]

_N r — n a AY
	+ r 	 acY) [147 + (1 — tL )k ( 7itdrA 	 (17.85)

where we have used (17.82)—(17.84) in going from the first to the second line and
(17.53) and (17.77) in going from the second to the third line. There are two note-
worthy conclusions that can be drawn on the basis of (17.85). First, if the economy
is initially in the golden-rule equilibrium (r = n), then a marginal change in tL does
not produce a first-order welfare effect on steady-state generations. Intuitively, the
labour supply decision is not distorted because the effective tax on labour is zero in
that case (tt = tL (r — n) (1 + r) = 0). Second, if the economy is not in the golden-
rule equilibrium (r n), then the sign of the welfare effect is determined by the
sign of the term in square brackets on the right-hand side of (17.85). Just as for the
case with lump-sum contributions (see (17.54)), the PAYG pension affects welfare
through lifetime resources (first term in brackets) and via the capital-labour ratio
(second term). It turns out, however, that with endogenous labour supply the sign
of dr I dt-L (and thus the sign of dAY/c/h ) is ambiguous (Ihori, 1996, p. 237).

. We recall that E N,„, > 0
- es (is dominated by) the
i the Aaron condition is

statutory tax rate decreases

(17.82)

(17.83)

(17.84)
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Matters are simplified quite a lot if Cobb-Douglas preferences are assumed, i.e. if
(17.66) is specialized to:

implicit function, kr-Fi =
we obtain:

At log Cr + A, log[1 - Aid +
1

	log C°,,1 p
(17.86)

akt+i 
gk -= akt 1 +

where p is the rate of time preference and Ac (>0) regulates the strength of the labour
supply effect. The following solutions for the decision variables are then obtained
by maximizing (17.86) subject to (17.71):

where WtN Wt(1 - t t) is the effective after-tax wage. In the unit-elastic model,
consumption during youth and old age are both normal goods and labour supply
is constant because income and substitution effects cancel out. Since the current
workers know that future workers will also supply a fixed amount of labour (Nt+i =
Nt N), the expression for the after-tax wage simplifies to:

wpi.wt(i_tr,t) ..-147t[i_t-LO_(wt+i)(  1+n  ))1

Wt 1 + rt+i )) 
(17.90)

Note furthermore that in (17.87) the presence of pension payments during old age
ensures that consumption during youth depends negatively on the interest rate—
via the effective tax rate—despite the fact that logarithmic preferences are used.
According to (17.88) old-age consumption depends positively on the interest rate
and negatively (positively) on the tax rate if the Aaron condition is violated (holds)
tr t > 0 (tt t < 0). Finally, in (17.89) the standard model is recovered by setting
Xc = 0, in which case labour supply is exogenous and equal to unity.

We can now determine the extent to which capital is crowded out by the PAYG
system. In view of (17.88) and (17.90), the fundamental difference equation for the
model (17.80) can be written as follows:

(1 + n)kt+i = 2+p 2d-,9) 1 + rt-Ei I
-  (  1+p (1 + n)Wt+i) (17.91)

Since Wt = W(kt ) and rt = r(k t ), equation (17.91) constitutes a first-order difference
equation in the capital-labour ratio. Hence, in the unit-elastic model the indeter-
minacy of the transition path (that was mentioned above) disappears because the
uncompensated labour supply elasticity is zero.

The stability condition and the long-run effect of the PAYG system on the capital-
labour ratio are derived in the usual manner by finding the partial derivatives of the
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4
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crences are assumed, i.e. if implicit function, kt+ 1 = Or, h), around the steady state. After some manipulation
we obtain:

(1 – OW' 
1 + n)(2 + p) [1 +tL(W,) (1+7+; 

W [1 r + (1 + p)(1 + n)]
	  <0.
(1 + r)(1 + n)(2 + p) [1 + tL (Wp) 04-r( 1 + ; )--2 wr , ]

(17.86)

"- e strength of the labour
.:- iables are then obtained

0, (17.92)

(17.93)

Since gk is positive (as W' > 0 > r'), stability requires it to be less than unity (0 <
gk < 1). As a result, the long-run effect on the capital-labour ratio is unambiguously
negative in the unit-elastic model:

dk	 gt
	  < 0.– gk (17.94)

Welfare effects

We are now in a position to compare and contrast the key results of this subsection
to those that hold when labour supply is exogenous and the pension contribution
is levied in a lump-sum fashion (see subsection 17.2.1). At first view, the assump-
tion of a distorting pension contribution does not seem to change the principal
conclusions very much—at least in the unit-elastic model. In both cases, the PAYG
contribution leads to long-run crowding out of the capital-labour ratio (compare
(17.46) and (17.94)) and a reduction (increase) in steady-state welfare for a dynami-
cally efficient (inefficient) economy (compare (17.54) and (17.85)). Intuitively, this
similarity is only moderately surprising in view of the fact that in the unit-elastic
model (optimally chosen) labour supply is constant (see (17.89)).

There is a very important difference between the two cases, however, because
the pension contribution, tL , causes a distortion of the labour supply decision of
households which is absent if the contribution is levied in a lump-sum fashion. The
resulting loss to the economy of using a distorting rather than a non-distorting tax
is often referred to as the deadweight loss (or burden) of the distorting tax (Diamond
and McFadden, 1974, p. 5). Following Diamond and McFadden we define the dead-
weight loss (DWL) associated with tL as the difference between, on the one hand,
the income one must give a young household to restore it to its pre-tax indifference
curve and, on the other hand, the tax revenue collected from it (1974, p. 5).

In Figure 17.3 we illustrate the DWL of the pension contribution for a steady-state
generation in the unit-elastic model. We hold factor prices (W and r) constant and
assume that the economy is dynamically efficient (r > n). We follow the approach
of Belan and Pestieau (1999) by solving the model in two stages. In the first stage
we define lifetime income as:

I
\YG system on the capital-

s' he partial derivatives of the X WN [1–ti( 1. 	 111 WN (1 –
1 + r

(17.95)
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(  1 + r
+p (17.97)

A --= 	 log X + Xc log[l — Nt] + log l+p 	 1 +r

X = WN(1 —

± p)
1 + p k2+p)(2+p)

1/(1+P)()
(17.98)

(17.99)

TE

—N

Figure 17.3. Deadweight loss of taxation

and let the household choose current and future consumption in order to maximize:

log CY ( 1 +1 p ) log C° , 	 (17.96)

subject to the constraint C Y + C°/(1 + r) = X. This yields the following expressions:

(  1 + p
X

+p)

In the right-hand panel of Figure 17.3 the line EE relates old-age consumption to life-
time income. In that panel the value of consumption during youth can be deduced
from the fact that it is proportional to lifetime income.

By substituting the expressions (17.97) into, respectively, the utility function
(17.86) and the budget constraint (given in (17.81)) we obtain:

In the second stage, the household chooses its labour supply and lifetime income
in order to maximize (17.98) subject to (17.99). The solution to this second-stage
problem is, of course, that N takes the value indicated in (17.89) and X follows from
the constraint. The second-stage optimization problem is shown in the left-hand
panel of Figure 17.3. In that panel, TE represents the budget line (17.99) in the
absence of taxation (t r, = 0). It is upward sloping because we measure minus N on
the horizontal axis. The indifference curve which is tangent to the pre-tax budget
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line is given by IC and the initial equilibrium is at E 0 . In the right-hand panel E0 on
the EE line gives the corresponding optimal value for old-age consumption.

Now consider what happens if a positive effective tax is levied (if > 0). Nothing
happens in the right-hand panel but in the left-hand panel the budget line rotates in
a counter-clockwise fashion. The new budget line is given by the dashed line from
the origin. We know that in the unit-elastic model income and substitution effects
in labour supply cancel out so that labour supply does not change (see (17.89)).
Hence, the new equilibrium is at E1 in the two panels. By shifting the new budget
line in a parallel fashion and finding a tangency along the pre-tax indifference
curve we find that the pure substitution effect of the tax change is given by the
shift from E0 to E2 (the income effect is thus the shift from E2 to E1). Hence, the
vertical distance OB represents the income one would have to give the household
to restore it to its pre-tax indifference curve. We call this hypothetical transfer Zo.
What is the tax revenue which is collected from the agent? To answer that question
we draw a line, that is parallel to the pre-tax budget line, through the compensated
point E2. This line has an intercept with the vertical axis at point A. We now have
two expressions for lines that both pass through the compensated point E2, namely
X + W (1— tt)( — N) = Z0 and X + W(—N) = Zo — T, where T is the vertical distance
AB in Figure 17.3. By deducting the two lines we find that T = tEWN so that AB
represents the tax revenue collected from the agent. Since the required transfer is
OB the DWL of the tax is given by the distance OA.

Reform
As a number of authors have recently pointed out, the distorting nature of the
pension system has important implications for the possibility of designing Pareto-
improving reform (see e.g. Homburg, 1990, Breyer and Straub, 1993, and the
references to more recent literature in Belan and Pestieau, 1999). Recall from the
discussion at the end of section 17.2.1 that a Pareto-improving transition from
PAYG to a fully funded system is not possible in the standard model because the
resources cannot be found to compensate the old generations at the time of the
reform without making some future generation worse off. Matters are different if
the PAYG system represents a distorting system. In that case, as Breyer and Straub
(1993) point out, provided lump-sum (non-distorting) contributions can be used
during the transition phase, a gradual move from a PAYG to a fully funded system
can be achieved in a Pareto-improving manner. Intuitively, by moving from a dis-
tortionary to a non-distortionary scheme, additional resources are freed up which
can be used to compensate the various generations (Belan and Pestieau, 1999). 15

15 The distortive nature of the PAYG scheme does not have to result from endogenous labour supply.
Demmel and Keuschnigg (1999), for example, assume that union wage-setting causes unemployment
which is exacerbated by the pension contribution. Efficiency gains then materialize because pen-
sion reform reduces unemployment. In a similar vein, Belan et al. (1998) use a Romer-style (1986,
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Table 17.1. Age composition of
the population

1950 1990 2025

World
0-19 44.1 41.7 32.8

20-65 50.8 52.1 57.5

65+ 5.1 6.2 9.7

OECD
0-19 35.0 27.2 24.8

20-64 56.7 59.9 56.6

65+ 8.3 12.8 18.6

US
0-19 33.9 28.9 26.8

20-65 57.9 58.9 56.0

65+ 8.1 12.2 17.2

17.2.3 The macroeconomic effects of ageing
Up to this point we have assumed that the rate of population growth is constant
and equal to n (see equation (17.21) above). This simplifying assumption of course
means that the age composition of the population is constant also. A useful mea-
sure to characterize the economic impact of demography is the so-called (old-age)
dependency ratio, which is defined as the number of retired people divided by the
working-age population. In our highly stylized two-period overlapping-generations
model the number of old and young people at time t are, respectively, L t_ 1 and
L t = (1 + n)Lt_i so that the dependency ratio is 1/(1 + n).

Of course, as all members of the baby-boom generation will surely know, the
assumption of a constant population composition, though convenient, is not a
particularly realistic one. Table 17.1, which is taken from Weil (1997, p. 970), shows
that significant demographic changes have taken place between 1950 and 1990 and
are expected to take place between 1990 and 2025.

The figures in Table 17.1 graphically illustrate that throughout the world, and
particularly in the group of OECD countries and in the US, the proportion of young
people (0-20 years of age) is on the decline whilst the fraction of old people (65 and
over) steadily increases. Both of these phenomena are tell-tale signs of an ageing
population.

1989) endogenous growth model and show that reform may be Pareto-improving because it helps to
internalize a positive externality in production. See also Corneo and Marquardt (2000).
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In this subsection we show how the macroeconomic effects of demographic com-
position changes can be analysed with the aid of a simple overlapping-generations
model. We only stress some of the key results, especially those relating to the inter-
action between demography and the public pension system. The interested reader
is referred to Weil (1997) for an excellent survey of the literature on the economics
of ageing.

In the absence of immigration from abroad, population ageing can result from two
distinct sources, namely a decrease in fertility and a decrease in mortality. In the two-
period overlapping-generations model used so far the length of life is exogenously
fixed but we can nevertheless capture the notion of ageing by reducing the rate of
population growth, n. In order to study the effects on allocation and welfare of such
a demographic shock we first reformulate the model of subsection 17.2.1 in terms
of a variable growth rate of the population, n t . Hence, instead of (17.21) we use:

L t = (1 + (17.100)

Assuming a constant contribution rate per person (Tt = T), the pension at time t
equals Zt = (1 + n t)T . Redoing the derivations presented in subsection 17.2.1 yields
the following fundamental difference equation of the model:

S(Wort-o,nt+i,T) = (1 + nt+i)kt+i,
	 (17.101)

. , roving because it helps to
Auardt (2000).

where the savings function is the same as in (17.40) but with nt+i replacing n.

Ceteris paribus, saving by the young depends negatively on the (expected) rate of
population growth, n t+i , because the pension they receive when old depends on it
(as Zt+1 = (1 + nt+i )T). An anticipated reduction in fertility reduces the expected
pension and lifetime income, and causes the agent to cut back on both present and
future consumption and to increase saving. Hence, S i, aS/an t± i < 0. The right-
hand side of (17.101) shows that a decrease in the population growth rate makes
it possible to support a higher capital-labour ratio for a given amount of per capita
saving.

Following the solution method discussed in subsection 17.2.1, we can derive that
(17.101) defines an implicit function, k t+1 = g(k t , nt+i ), with partial derivatives
0 < gk < 1 (see equation (17.42)) and gn < 0:

ag	 Sn — kr+1
gn 	 < 0.

ant+i 	 1 + nt+i — Srr'(kt+i)
(17.102)

It follows that a permanent reduction in the population growth rate, say from n o to
n1, gives rise to an increase in the long-run capital stock, i.e. dk/dn = gn /(1 gk) < 0.
The transition path of the economy to the steady state is illustrated in Figure 17.4.
In that figure, the dashed line labelled "kt +1 = g(kt , no)" reproduces the initial transi-
tion path with social security in Figure 17.2. The reduction in fertility boosts saving
at impact so that, if the economy starts out with a capital stock ko, the new transi-
tion path is the dotted line from B to the new equilibrium at E 1 . During transition
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Figure 17.4. The effects of ageing

the wage rate gradually rises and the interest rate falls. The intuition behind the
long-run increase in the capital-labour ratio is straightforward. As a result of the
demographic shock there are fewer young households, who own no assets, and
more old households, who own a lot of assets which they need to provide income
for their retirement years (Auerbach and Kotlikoff, 1987, p. 163).

The effect of a permanent reduction in fertility on steady-state welfare can be
computed by differentiating the indirect utility function (17.47) with respect to n,
using (17.50)-(17.51) and (17.54), and noting that 0A /0n = T (anY iacY) /(1 + r):

an ,' dW anY dr aAY= 	 + 	aw dn 	 ar dn + an
anY [dw (  S  dr ± T= 

+acY dn	 1 + r ) dn 1 + r
(49A 17 1- k ir-n(dr 	 T 1= 	 .acl 7 )1_ 	 -Fr)dn) + 1 -kr j > 0 . (17.103)

In a dynamically efficient economy (for which r > n holds) there are two effects
which operate in opposite directions. The first term in square brackets on the right-
hand side of (17.103) represents the effect of fertility on the long-run interest rate.
Since dr /dn = r'dk/dn > 0, a fall in fertility raises long-run welfare on that account.
The second term in square brackets on the right-hand side of (17.103) is the PAYG-
yield effect. If fertility falls so does the rate of return on the PAYG contribution.
Since the yield effect works in the opposite direction to the interest rate effect, the
overall effect of a fertility change is ambiguous. If the PAYG contribution is very
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k,
f

k,+1= g (kt, n i )

kt+i = g (kt, n0)

small (T ti 0) and the economy is not close to the golden-rule point (r >> n), then
a drop in fertility raises long-run welfare.

Although our results are based on a highly stylized (and perhaps oversimpli-
fied) model, they nevertheless seem to bear some relationship to reality. Indeed,
Auerbach and Kotlikoff (1987, ch. 11) simulate a highly detailed computable gen-
eral equilibrium model for the US economy and find qualitatively very similar
results: wages rise, the interest rate falls, and long-run welfare increases strongly
(see their Table 11.3). In their model, households live for 75 years, labour supply
is endogenous, productivity is age-dependent, households' retirement behaviour is
endogenous, taxes are distorting, and demography is extremely detailed.   

e intuition behind the
)(ward. As a result of the
who own no assets, and
v need to provide income

163).
1 \ --state welfare can be

( 17.47) with respect to n,
= T (anY/acY) 	 + r):

17.3 Extensions

17.3.1 Human capital accumulation

Human capital and growth

Following the early contributions by Arrow (1962) and Uzawa (1965), a number of
authors have drawn attention to the importance of human capital accumulation
for the theory of economic growth. The key papers that prompted the renewed
interest in human capital in the 1980s are Romer (1996) and Lucas (1988). In this
subsection we show how the Diamond-Samuelson overlapping-generations model
can be extended by including the purposeful accumulation of human capital by
households. We show how this overlapping-generations version of the celebrated
Lucas (1988) model can give rise to endogenous growth in the economy (see also
Chapter 14 above).

As in the standard model, we continue to assume that households live for two
periods, but we deviate from the standard model by assuming that the household
works full-time during the second period of life and divides its time between working
and training during youth. Following Lucas (1988) human capital is equated to the
worker's level of skill at producing goods. We denote the human capital of worker i
at time t by H: and assume that producers can observe each worker's skill level and
will thus pay a skill-dependent wage (just as in the continuous-time model discussed
in Chapter 14 above).

The lifetime utility function of a young agent who is born at time t is given in
general terms by:

A t AY(CY'i t+i (17.104)

This expression incorporates the notion that the household does not value leisure
and attaches no utility value to training per se. The household is thus only interested
in improving its skills because it will improve its income later on in life. The budget

k,

(17.103)
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G'(0) < Wt(1+ rt+i)
Wt+ 1
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identities facing the agent are:

Ct" + S it = WtH:N:,
ro,i = (1 + rt+ i)Sit +-t+i

(17.105)

(17.106) 

I
An internal solut:

d4/dE it = 0. After some
format:

where Wt denotes the going wage rate for an efficiency unit of labour at time t, and
N: is the amount of time spent working (rather than training) during youth. Since
the agent has one unit of time available in each period we have by assumption that
Nti+ , = 1 (there is no third period of life so no point in training during the second
period). The amount of training during youth is denoted by Et and equals:

E it = 1- N: > 0. 	 (17.107)

To complete the description of the young household's decision problem we must
specify how training augments the agent's skills. As a first example of a training
technology we consider the following specification:

H:+1 = G(Et )HI, 	 (17.108)

where G' > 0 > G" and G(0) = 1. This specification captures the notion that there
are positive but non-increasing returns to training in the production of human
capital and that zero training means that the agent keeps his initial skill level.

The household chooses CY ' i , Ct°+' il , St , Nti , and Et in order to maximize lifetime
utility A Y'` (given in (17.104)) subject to the constraints (17.105)-(17.107), and
given the training technology (17.108), the expected path of wages Wt, and its own
initial skill level The optimization problem can be solved in two steps. In the first
step the household chooses its training level, Et, in order to maximize its lifetime
income, 4, i.e. the present value of wage income:

4(E it)	 [wta - Eit ) ± Wt+1G(E it)] .

1 + rt+ i

The first-order condition for this optimal human capital investment problem, taking
explicit account of the inequality constraint (17.107), is:

dI i Wt-kiC (4)1= 	 +
dEit 	1 + rt+i

This expression shows that it may very well be in the best interest of the agent not to
pursue any training at all during youth. Indeed, this no-training solution will hold
if the first inequality in (17.110) is strict. Since there are non-increasing returns to
training (so that G'(0) > G'(E it ) for Et > 0) we derive the following implication from
(17.110):

Et = 0.0.	 (17.111)

If the training technology is not very productive (G'(0) low) then the corner solution
will be selected.

(17.109)

d/i
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dEit
(17.110)
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An internal solution with a strictly positive level of training is such that
= 0. After some rewriting we obtain the investment equation in arbitrage

format:

E i > 0	 1 + rt+i = Wt+i. G , (E it).
Wt

(17.112)

This expression shows that in the interior optimum the agent accumulates physical
and human capital such that their respective yields are equalized. By investing in
physical capital during youth the agent receives a yield of 1 + r t±i during old age
(left-hand side of (17.112)). By working a little less and training a little more during
youth, the agent upgrades his human capital and gains Wt± iC(E it ) during old age.
Expressed in terms of the initial investment (foregone wages in the first period) we
get the yield on human capital (right-hand side of (17.112)).

In the second step of the optimization problem the household chooses consump-
tion for the two periods and its level of savings in order to maximize lifetime utility
(17.104) subject to its lifetime budget constraint:

C = It, (17.113)

where 1 is now maximized lifetime income. The savings function which results
from this stage of the optimization problem can be written in general form as:

S it = S(rt+i, ( 1 - E it)Wt1-11, Wt± iH:+1). (17.114)

In order to complete the description of the decision problem of household i we
must specify its initial level of human capital at birth, i.e. H: in the training technol-
ogy (17.108). Following Azariadis and Drazen (1990, p. 510) we assume that each
household born in period t "inherits" (is born with) the average stock of currently
available knowledge at that time, i.e. Ht = Ht on the right-hand side of (17.108).
With this final assumption it follows that all individuals in the model face the same
interest rate and learning technology so that they will choose the same consump-
tion, saving, and investment plans. We can thus drop the individual index i from
here on and study the symmetric equilibrium.

We assume that there is no population growth and normalize the size of the young
and old populations to unity (14_ 1 = Lt = 1). Total labour supply in efficiency units
is defined as the sum of efficiency units supplied by the young and the old, i.e.
Nt = (1 - Et)Ht + Ht. For convenience we summarize the key expressions of the

1 + rt±i
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(simplified) Azariadis-Drazen model below.

Nt .fikt± i = S(rt+i, (1 - Et)WtHt,Wt-Fillt+i) (17.115)

rt± i + 3 = f'(kt+i) (17.116)

Wt = f (kr) - ktf ' (kt) (17.117)

Nt = (2 - Et)Ht (17.118)

Wt+i
	 G' (Et )1 (17.119)+ rt±i =

Wt
()

Ht+1 = G(Er)Hr, (17.120)

Equation (17.115) relates saving by the representative young household to next
period's stock of physical capital. Note that the capital-labour ratio is defined in
terms of efficiency units of labour, i.e. kt Kt /Nt. With this definition, the expres-
sions for the wage rate and the interest rate are, respectively (17.116) and (17.117).
Equation (17.118) is labour supply in efficiency units, (17.119) is the investment
equation for human capital (assuming an internal solution), and (17.120) is the
accumulation for aggregate human capital in the symmetric equilibrium.

It is not difficult to show that the model allows for endogenous growth in the
steady state. In the steady-state growth path the capital-labour ratio, the wage rate,
the interest rate, and the proportion of time spent training during youth, are all
constant over time (i.e. kr = k, Wt = W, rt = r, and Et = E). The remaining
variables grow at a common growth rate y G(E) - 1. Referring the reader for a
general proof to Azariadis (1993, p. 231), we demonstrate the existence of a unique
steady-state growth path for the unit-elastic model for which technology is Cobb-
Douglas (yt = 4') and the utility function (17.104) is log-linear (Al = log Cr +
(1/(1 + p)) log C°±1 ). For the unit-elastic case the savings function can be written as:

1	 (1 + p Wt+iG(Et) 
St =[(2 p ) (1 - Et)Wt

2+p) l+rt+i

By using (17.121), (17.118), and (17.120) in (17.115) and imposing the steady state
we get an implicit relationship between E and k for which savings equals investment:

(2 + p) 	kw(k) = ( 2 1 E [  1G- -(
G(E)	1

 1+4-r
r(k)

(17.122)k ) 

Similarly, by using (17.116) and (17.118) in the steady-state we get a second expres-
sion, again relating E and k, for which the rates of return on human and physical
capital are equalized:

[1 + r (k) =1 G' (E) = f' (k) + 1 - 8.	 (17.123)

The joint determination of E and k in the steady-state growth path is illustrated
in the upper panel of Figure 17.5. The portfolio-balance (PB) line is upward slop-
ing because both the production technology and the training technology exhibit

H. 	 (17.121)

k
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Figure 17.5. Endogenous growth due to
human capital formation

diminishing returns (f" (k) < 0 and G"(E) < 0). The savings-investment (SI) line is
downward sloping with Cobb-Douglas technology. The right-hand side of (17.122)
is downward sloping in both k and E. With Cobb-Douglas technology we have that
k/W(k) = (1/EL )kEL which ensures that the left-hand side of (17.122) is increasing
in k. Together these result imply that SI slopes down. In the upper panel the steady
state is at E0. In the bottom panel we relate the equilibrium growth rate to the level
of training.

The engine of growth in the Azariadis-Drazen model is clearly the training tech-
nology (17.120) which ensures that a given steady-state level of training allows for
a steady-state rate of growth in the stock of human capital. Knowledge and techni-
cal skills are disembodied, i.e. they do not die with the individual agents but rather
they are passed on in an automatic fashion to the newborns. The newborns can
then add to the stock of knowledge by engaging in training. It should be clear that
endogenous growth would disappear from the model if skills were embodied in the
agents themselves. In that case young agents would have to start all over again and
"re-invent the wheel" the moment they are born.
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Human capital and education

Whilst it is undoubtedly true that informal social interactions can give rise to the
transmission of knowledge and skills (as in the Azariadis—Drazen (1990) model)
most developed countries have had formal educational systems for a number of
centuries. A striking aspect of these systems is that they are compulsory, i.e. children
up to a certain age are forced by law to undergo a certain period of basic training.
This prompts the question why the adoption of compulsory education has been so
widespread, even in countries which otherwise strongly value their citizens' right
to choose.

Eckstein and Zilcha (1994) have recently provided an ingenious answer to this
question which stresses the role of parents in the transmission of human capital to
their offspring. They use an extended version of the Azariadis—Drazen model and
show that compulsory education may well be welfare-enhancing to the children if
the parents do not value the education of their offspring to a sufficient extent. The
key insight of Eckstein and Zilcha (1994) is thus that there may exist a significant
intra-family external effect which causes parents to underinvest in their children's
human capital. Note that such an effect is not present in the Azariadis—Drazen model
because in that model the agent himself bears the cost of training during youth and
reaps the benefits during old age.

We now develop a simplified version of the Eckstein—Zilcha model to demonstrate
their important underinvestment result. We assume that all agents are identical.
The representative parent consumes goods during youth and old age (Cr and C t°+1 ,
respectively), enjoys leisure during youth (Zt), is retired during old age, and has 1+ n
children during the first period of life. Fertility is exogenous so that the number of
children is exogenously given (n > 0). The lifetime utility function of the young
agent at time t is given in general form as:

Al .AY(ci,Cto+1,zt,ot+i), (17.124)

where Ot± i ------ (1 + n)Ht± i represents the total human capital of the agent's offspring.
Since the agent has 1 n kids, each child gets Ht± i in human capital (knowledge)
from its parent. There is no formal schooling system so the parent cannot pur-
chase education services for its offspring in the market. Instead, the parent must
spend (part of its) leisure time during youth to educate its children and the training
function is given by:

Ht+i = G(Et)Hr, , (17.125)

where Et is the educational effort per child, G(.) is the training curve (satisfying
0 < G(0) < 1, G(1) > 1, G' > 0 > G") and 0 < /3 < 1. Equation (17.125) is similar
in format to (17.120) but its interpretation is different. In (17.120) lit+ i and Et are
chosen by and affect the same agent. In contrast, in (17.125) the parent chooses
Ht+ i and Et and the consequences of this choice are felt by both the parent and
his/her offspring.
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The agent has two units of time available during youth, one of which is supplied
inelastically to the labour market (Eckstein and Zilcha, 1994, p. 343), and the other
of which is spent on leisure and educational activities:

Zt + (1 + n)Et = 1.	 (17.126)

The household's consolidated budget constraint is of a standard form:

coci +  t+1 =1 + rt+i

where the left-hand side represents the present value of consumption and the right-
hand side is labour income. Competitive firms hire capital, Kt , and efficiency units
of labour, Nt LtHt, from the households, and the aggregate production function is
Yr = F(KoNt). The wage and interest rate then satisfy, respectively, Wt = FAKt,Nt)
and rt +8 = FK(Kt, Nt).

The representative parent chooses Cr, q+1 , Zt , Et , and Ht± i in order to maxi-
mize lifetime utility (17.124) subject to the training technology (17.125), the time
constraint (17.126), and the consolidated budget constraint (17.127). By substitut-
ing the constraints into the objective function and optimizing with respect to the
remaining choice variables (Cr, c?+1 , and Et) we obtain the following first-order
conditions:

anY/aci
= 1 + rt+i

aAY/aq+1

aAY 
G'(Et)le 

aAY
	  < u 	 Et = 0ao,	 t	 azt

aAY 
G'(Et)H13 

aAY _
0 4- Et > 0aot 	 t	 azt 	

Equation (17.128) is the standard consumption Euler equation, which we encoun-
tered time and again, and (17.129)-(17.130) characterizes the optimal educational
activities of the parent. The left-hand side appearing in (17.129)-(17.130) represents
the net marginal benefit of child education. If the (marginal) costs outweigh the
benefits this term is negative and the parent chooses not to engage in educational
activities at all (see (17.129)). Conversely, a strictly positive (interior) choice of Et

implies that the net marginal benefit of child education is zero. In the remainder we
assume that conditions are such that Et > 0 is chosen by the representative parent.

A notable feature of the parent's optimal child education rule (17.130) is that it
only contains the costs and benefits as they accrue to the parent. But if a child
receives a higher level of human capital from its parents, then it will have a higher
labour income and will thus be richer and enjoy a higher level of welfare. By assump-
tion, however, the parent only cares about the level of education it passes on to its
children and therefore disregards any welfare effects that operate directly on its
offspring. This is the first hint of the under-investment problem. Loosely put, by
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disregarding some of the positive welfare effects its own educational activities have
on its children, the parent does not provide "enough" education.

As was explained above, in our discussion regarding pension reform, there are
several ways in which we can tackle the efficiency issue of under-investment in
a more formal manner. One way would be to look for Pareto-improving policy
interventions. For example, in the present context one could investigate whether
a system of financial transfers to parents could be devised which (a) would induce
parents to raise their child-educational activities and (b) would make no present
or future generation worse off and at least one strictly better off. If such a transfer
system can be found we can conclude that the status quo is inefficient and there is
underinvestment.

An alternative approach, one which we pursue here, makes use of a social welfare
function. Following Eckstein and Zilcha (1994, pp. 344-345) we postulate a specific
form for the social welfare function (17.65) which is linear in the lifetime utilities
of present and future agents:

00 	 00

swo E AtAr = Ex 	 t°,tAY(cr, c,zt, ot+i
t=0 	 t=0

(17.131)

where SW0 is social welfare in the planning period (t = 0) and fA t ytx), is a positive
monotonically decreasing sequence of weights attached to the different generations
which satisfieso tX < 00. In the social optimum, the social planner chooses
sequences for consumption ({Cirt 0 and {Ct°±1 }r 0), the stocks of human and phys-

rtical capital ({Kt+1 0 and filt+1 rt-o), and the educational effort (lE trt 0) in order to
maximize (17.131) subject to the training technology (17.125), the time constraint
(17.126), and the following resource constraint:

v	03'
+1 + n + (1 + n)k t± i = F (k t , Ht) + (1 - 8 )kt,

where k t Kt /L t is capital per worker.
The Lagrangian associated with the social optimization problem is given by:

Lo E XtA (Ci 0)+1, Zt, (1 + n)Ht+i)
t=0

(17.132)

00

—EAT [Zt + + n)Et - 1] - 	 14-1 [Ht±i — G(Et )H1t3 ] , 	 (17.133)
t=o 	 t=o

where µR, pi, and Alt-1 are the Lagrange multipliers associated with, respectively, the
resource constraint, the time constraint, and the training technology.
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After some manipulation we find the following first-order conditions for the social
optimum for t = 0, , 00:
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(17.134)

(17.135)

(17.136)

(17.137)

(17.138)

8.9ift+0  =	
,tt + 4+1 [FK(kr+1, 11t+i) + ( 1 - 3)] = 0.	 (17.139)

By combining (17.134)-(17.135) and (17.139) we obtain the socially optimal
consumption Euler equation:

AR 	aA Y (54)/acY (1 + 	  =	 t = FK(kt+1, 11 t+1) + (1 — 8) [E-:- 1 +	 (17.140)
/'t+1 0 A Y (t)1.9c(i)+ 1

where xt 	 [Cr, ot)+1, zt, ot±i], hats (—) denote socially optimal values, and rt+i
thus represents the socially optimal interest rate. Similarly, by using (17.134) for
period t + 1 and (17.135) we obtain an expression determining the socially optimal
division of consumption between old and young agents living at the same time:

A t+i anYci tvac°±1
	= (1 + n) 	

At	 anY(xt+1)/acr±i

This expression shows that, by adopting a particular sequence of generational
weights {X t }t'c o , the social planner in fact chooses the generational consumption
profile between the young and the old (see Calvo and Obstfeld, 1988, p. 417).

(17.141)

Chapter 17: Intergenerational Economics, II

educational activities have
ducation.
pension reform, there are

of under-investment in
KPareto-improving policy
LouId investigate whether

ecl which (a) would induce
5) would make no present
letter off. If such a transfer
o is inefficient and there is

• 1<es use of a social welfare
345) we postulate a specific

it in the lifetime utilities

(17.131)

0► and {MN is a positive
the different generations

social planner chooses
itocks of human and phys-
' "qrt ({EdN) in order to
- .125), the time constraint

(17.132)

• problem is given by:

1 - 8)k t]

t '
	 (17.133)

! with, respectively, the
g technology.

Intermezzo

Dynamic Consistency. There are some subtle issues that must be confronted
when using a social welfare function like (17.131). If we are to attach any
importance to the social planning exercise we must assume that either one of
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the following two situations holds:

Commitment the policy maker only performs the social planning exercise once
and can credibly commit never to re-optimize. Economic policy is a one-shot
event and no further restrictions on the generational weights are needed.

Consistency the policy maker can re-optimize at any time but the generational
weights are such that the socially optimal plan is dynamically consistent, i.e.
the mere evolution of time itself does not make the planner change his mind.

This intermezzo shows how dynamic consistency can be guaranteed in the
absence of credible commitment. We study dynamic consistency in the context
of the standard Diamond-Samuelson model. The social welfare function in the
planning period 0 is given in general terms by:

SW
	

A (CY	Ao,r A 17 (C,Y , Cr°_4_1), 	 (a)
t-0

where A0,, is the weight that the planner in time 0 attaches to the lifetime utility
of the generation born in period r (for T -1, 0, 1, 2, ...). The social planner
chooses sequences for consumption during youth and old age ({C'}°° 0 and
{qr.', 0 ) and the capital stock (fk r+i lc', 0) in order to maximize social welfare (a)
subject to the resource constraint:

C + 	  + (1 + n)k, 	 f (kr +1) + (1 - 8)k, ,1 + n
Cr° 	 (b)

and taking the initial capital stock, ko, as given. Obviously, since past things
cannot be undone, consumption during youth of the initially old generation
(CY , ) is also taken as given. After some straightforward computations we find
the following first-order conditions characterizing the social optimum:

aAY(i r )/acY
	  = fi(kr+i) +1 —anYci tyac t°±1

aAY(ir )lacl: 	+n)a.0,-1
aAY(sc r _ i vac,0 	 AO,r

where xr [Cr, Cr°4_ 1 1 and hats denote socially optimal values.
Now consider a planner who performs the social planning exercise at some

later planning period t 0. The social welfare function in planning period t is:

SW 	 (CI 1 , 034 ) +

where 1,t,, is the weight that the planner in time t attaches to the lifetime utility
of the generation born in period r (for r = t - 1, t, t + 1, t + 2, . ..). The social

0, 1,

(c)
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planner chooses sequences for consumption during youth and old age ({Crry t

and {C°.}°° d and the capital stock (1kr-1-11,°'t) in order to maximize social welfare
(e) subject to the resource constraint (b) The (interesting) first-order conditions
consist of (c) and:

aAYciolacrY (1 + n)Xt,r_i
anYcir_ivac r°

The crucial thing to note is that conditions (d) and (f) overlap for the time
rostr-=-1, and 

fkr+i}U arejinterval r = t, t ctc 61, t + 2, .... The sequences {cli 
chosen by the planner at time 0 but taken as given ("water under the bridge")
by the planner at time t. But the sequences {C W°, t , {qr., t , and {kr-El t are
chosen by both planners. Unless the planner at time 0 can commit to his plan
(and thus can stop any future planner from re-optimizing the then relevant
social welfare function), the sequences chosen by the planners at time 0 and
at time t will not necessarily be the same. If they are not the same we call the
social plan dynamically inconsistent (see Chapter 10).

Following the insights of Strotz (1956), Burness (1976) has derived conditions
on the admissible pattern of generational weights, 4,, that ensure that the
optimal social plan is dynamically consistent. Comparing (d) and (f) reveals
that dynamic consistency requires the following condition to hold for any
planning period t:

At,r-1 = AO,r-1

At,r AO,r

Condition (g) means that X t,, must be multiplicatively separable in time (r)
and the planning date (t), i.e. it must be possible to write X t,, g(t)A.„ where
g is some function of t. A simple example of such a multiplicatively separable
function is:

(At ' Z =' 	 1+XX

where X 0 is the planner's constant discount rate. By using (h) we normalize
the weight attached to the young in the planning period to unity (X t , t = 1). It
follows necessarily, that in order to preserve dynamic consistency, there must
be reverse discounting applied to the old generation in the planning period.
Indeed, the dynamic consistency requirement (g) combined with (h) implies

1 + X so that Xt,t_i = (1 + X)Xt,t = 1 + X. Calvo and Obstfeld (1988)
apply this notion of reverse discounting in the context of the Blanchard-Yaari
model of overlapping generations.
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Finally, by using (17.135)—(17.137), and (17.141) in (17.138) we can derive the
following expression:

aAY(k) G , (Eofir[(0A::)
azt 	

)

(

8AY(It) ) FN(kt+i,ilt+i)aq+1

/3(1+n)fit+2 (BA Y (t) ( an Y (It+i)/azt+i 
an Y (Sct+i)/acifiOtt+i)flt1±±ifi \ a Ot+

In the social optimum the marginal social cost of educational activities (left-hand
side of (17.142)) should be equated to the marginal social benefits of these activi-
ties (right-hand side of (17.142)). The marginal social costs are just the value of
leisure time of the parent, but the marginal social benefits consist of three terms.
All three terms on the right-hand side of (17.142) contain the expression Ott)f-rt6-
which represents the marginal product of time spent on educational activities in
the production of human capital (see (17.125)). The first line on the right-hand side
of (17.142) is the "own" effect of educational activities on the parent's utility. This
term also features in the first-order condition for the privately optimal (internal)
child-education decision, namely (17.130). The second and third lines show the
additional effects that the social planner takes into account in determining the
optimal level of child education. The second line represents the effect of the parent's
decision on the children's earnings: by endowing each child with more human
capital they will have a higher skill level and thus command a higher wage. The third
line represents the impact of the parent's investment on the children's incentives
to provide education for their own children (i.e. the parent's grandchildren).

Eckstein and Zilcha are able to prove that (a) the competitive allocation is subopti-
mal, and (b) that under certain reasonable assumptions regarding the lifetime utility
function there is underinvestment of human capital. Intuitively, this result obtains
because the parents ignore some of the benefits of educating their children (1994,
pp. 345-346). To internalize the externality in the human capital investment pro-
cess, the policy maker would need to construct a rule such that the parent's decision
regarding educational activities would take account of the effect on the children's
wages and education efforts. As Eckstein and Zilcha argue, it is not likely that such a
complex rule can actually be instituted in the real world. For that reason, the insti-
tution of compulsory education, which is practicable, may well achieve a welfare
improvement over the competitive allocation because it imposes a minimal level of
educational activities on parents (1994, pp. 341, 346).
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At least since the seminal work by Arrow and Kurz (1970), macroeconomists have
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the productive capacity of an economy. Somewhat surprisingly, however, the pub-
lic capital stock has played only a relatively minor role in the literature up until
recently. This unfortunate state of affairs changed dramatically a decade ago when
the pathbreaking and provocative empirical research of Aschauer (1989, 1990b)
triggered a veritable boom in the econometric literature on public investment (see
Gramlich, 1994 for an excellent survey of this literature). Aschauer (1989) showed
that public capital exerts a strong positive effect on the productivity of private
capital and argued that the slowdown in productivity growth in the US since the
early 1970s is due to a shortage of investment in public infrastructure. Indeed,
his estimates suggest implicit rates of return on government capital of 100% or
more, values which are seen as highly implausible by many commentators (see e.g.
Gramlich, 1994, p. 1186). Although Aschauer's results were controversial and many
subsequent studies have questioned their robustness, it is nevertheless fair to con-
clude that economists generally support the notion that public capital is indeed
productive.

In this subsection we show how productive public capital can be introduced into
the Diamond—Samuelson model. We show how the dynamic behaviour of the econ-
omy is affected if the government adopts a constant infrastructural investment
policy. Finally, we study how the socially optimal capital stock can be determined.
To keep things simple we assume that labour supply is exogenous, and that the gov-
ernment has access to lump-sum taxes. We base our discussion in part on Azariadis
(1993, pp. 336-340).

Prototypical examples of government capital are things likes roads, bridges, air-
ports, hospitals, etc., which all have the stock dimension. Just as with the private
capital stock, the public capital stock is gradually built up by means of infrastructural
investment and gradually wears down because depreciation takes place. Denoting
the stock of government capital by Gt we have:

Gt+i — Gt = It -3GGt, (17.143)

where ./t9 is infrastructural investment and 0 < SG < 1 is the depreciation rate of
public capital. Assuming that the population grows at a constant rate as in (17.21),
per capita public capital evolves according to:

(1 + n)gt+i = it + (1 — SG)gt, (17.144)

where gt G t /L t and it It /Lt.
We assume that public capital enters the production function of the private sector,

i.e. instead of (17.10) we have:

1 (17.138) we can derive the

Yr = F(Kt, Lr, gt), 	 (17.145)

where we assume that F() is linearly homogeneous in the private production factors,

if)), macroeconomists have
	 Kt and L. This means that we can express per capita output (yt Yt/Lt) as follows:

'portant factor determining 	 Yr = f(kr,gt),
	 (17.146)
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fk	 of > o, f	 of > o,
—	 akt 	g agt

8 2f 	82f

fkk =	 <0, fgg 	< 0,

f gt) = f (kt,0) = 0,
8 2f

rkg — 	 >aktagt 

fg - kfkg > 0.

0 ,

(P1)

(P2)

(P3)

(P4)

(P5)

where kt	Kt /L t and f(kogt) 	 F(KtILt,l,gt). We make the following set of
assumptions regarding technology: ,

Private and public capital both feature positive (property (P1)) but diminishing
marginal productivity (property (P2)). Both types of capital are essential in pro-
duction, i.e. output is zero if either input is zero (property (P3)). Finally, properties
(P4)-(P5) ensure that public capital is complementary with both private capital and
labour. This last implication can be seen by noting that perfectly competitive firms
hire capital and labour according to the usual rental expressions rt + 8 = FK (Kt, gt)
and Wt = FL(Kt, L t , gt). These can be expressed in per capita form as:

	r t = r(kt,gt) fk(kogt) - s,	 (17.147)

Wt = W(kt ,gt) f(kt,gt) - ktfk(kogt), (17.148)

where 0 < 6 < 1 is the depreciation rate of the private capital stock. We can deduce
from Properties (P4)-(P5) that rk - arIak t < 0 and Wk aw lak t > 0 (as in the
standard model) and rg ar/agt > 0 and Wg awiagt > 0 (public capital positively
affects both the interest rate and the wage rate). To illustrate the key properties of the
model we shall employ a simple Cobb-Douglas production function below of the
form Yt = K LEtl s't1 , with 0 < < EL . This function satisfies properties (P1)-(P5)
and implies W(kt,gt) = ELk ti-eL4 and r(kt, gt) = (1 - EL)kt g 7t1 - 8 '

To keep things simple, we assume that the representative young agent has the
following lifetime utility function:

nY = log cr + 	 ) log q+1 .	 (17.149)1 + p

The budget identities facing the household are:

Ct + St = Wt - Tr , 	 (17.150)

Ot3+1 = (1 + rt+ i)St - Tt°±1, (17.151)

where TI and TtPF1 are lump-sum taxes paid by the agent during youth and old age
respectively. The consolidated budget constraint is:

To 	 CoA. 	_ ,-,y ,
1 + r td-i 	

t+i 	(17.152)liTt =---- Wt - TI 	 -it- -r 1 ± rt±i ,
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from which we conclude that for points above (below) the GE line, gt > g g) and
the public capital stock falls (rises) over time, gt+i < gt (> gt) . This (stable) dynamic
pattern has been illustrated with vertical arrows in Figure 17.6.(17.152)
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make the following set of where Wt is after-tax non-interest lifetime income. The optimal household choices
are Cr = c '1A7t and C t°, 1 /(1. + rt+i) = ( 1 — c)Ti7t, where c (1 + /9 ) 1 (2 + p) . The savings
function can then be written as follows:

(P1)

(P2)
St S(Wt,rt+ i,	 Tt°±1 ) = (1 — (Wt — Tr) + 

ro
rt±

t+,
1+i

(17.153)

It follows that, ceteris paribus, lump-sum taxes during youth reduce private saving
whilst taxes during old age increase saving. As before, private saving by the young
is next period's stock of private capital, i.e. LtSt = Kt± i. In per capita form we have:

St = (1 + n)kt-Fi. (17.154)

The government budget constraint is very simple and states that government
infrastructural investment (Is) is financed by tax receipts from the young and the
old, i.e. It = Lt TI + L t_i T° which can be written in per capita form as:

IG = TY Tt°
it t 1 + n •

We now have a complete description of the economy. The key expressions are the
accumulation identity for the public capital stock (17.144), the government budget
constraint (17.155), and the accumulation expression for private capital. The latter
can be written in the following format by using (17.147), (17.148), and (17.153) in
(17.154):

cTP
(1 + n)k t± i = (1 — c)[W(kt, gt) — Tr I + 

1 + r(k 

+1

t+i, gt+i) .

Once a path for public investment and a particular financing method are chosen,
(17.144) and (17.156) describe the dynamical evolution of the public and private
capital stocks. We derive the phase diagram for the case of Cobb—Douglas technology
and a constant public investment policy (so that it = iG for all t) financed by
taxes on only the young generations (so that 77 = iG and T° = 0 for all t). The
consequences of alternative assumptions regarding financing are left as an exercise
for the reader.

The phase diagram has been drawn in Figure 17.6. The GE line is the graphical
representation of (17.144) for the constant public investment policy
along the line we have gt+ i = gt . The GE line is horizontal and defines a unique
steady-state equilibrium value for the stock of public capital equal to g = iG I (n + 8G).

The dynamics for public capital are derived from the rewritten version of (17.144):

gt+i — Sr = 
iG (n + 6G)gt (n + 8G)

1 + n 1 + n [gt — gl 	 (17.157)
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Figure 17.6. Public and private capital

The KE line in Figure 17.6 is the graphical representation of (17.156), with the
constant investment policy and the financing assumption both substituted in and
imposing the steady state, k t+1 = kt . For the Cobb-Douglas technology, the KE line
has the following form:

1 - F n 	 1 / 5

EL 	 c)gt = 	 [
k

t
€L + ( 

1 — c
	 V L-1 

-11/11

--En) t
(17.158)

from which we derive that limk t _,0 gt = 	 gt = oo and that gt reaches its
minimum value along the KE curve for kt = k*, where k* is defined as:

(1-c(1- EL)

n)	 EL ) •

Hence, the KE line is as drawn in Figure 17.6. There are two steady-state equilibria
(at A and E0, respectively). The dynamics of the private capital stock are obtained
by rewriting (17.156) as:

kt+ 1 - kt = (1 +0 V114-EL4 iG)

1 - c\

and noting that a[kt+ i—kt]/agt > 0. Hence, since the wage rate increases with public
capital and future consumption is a normal good, private saving increases with gt .
Hence, the capital stock is increasing (decreasing) over time for points above (below)
the KE line. These dynamic forces have been illustrated with horizontal arrows in
Figure 17.6.
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It follows from the configuration of arrows (and from a formal local stability
analysis of the linearized model) that the low-private-capital equilibrium at A is a
saddle point whereas the high-private-capital equilibrium at E0 is a stable node. For
the latter equilibrium it holds that, regardless of the initial stocks of private and
public capital, provided the economy is close enough to E0 it will automatically
return to E0.

What about the steady-state equilibrium at A? Is it stable or unstable? In the
typical encounters that we have had throughout this book with two-dimensional
saddle-point equilibria, we called such equilibria stable because there always was
one predetermined and one non-predetermined variable. By letting the non-
predetermined variable jump onto the saddle path, stability was ensured. For
example, in Chapter 4 we studied Tobin's q theory of private investment and showed
that K and q are, respectively, the predetermined and jumping variables. In the
present application, however, both K and G are predetermined variables so neither
can jump. Only if the initial stocks of private and public capital by pure coincidence
happen to lie on the saddle path (SP in Figure 17.6), will the equilibrium at A eventu-
ally be reached given the constant investment policy employed by the government.
Appealing to the Samuelsonian correspondence principle we focus attention in the
remainder of this subsection on the truly stable equilibrium at Eo

Now consider what happens if the government increases its public investment. It
follows from, respectively (17.15 7) and (17.158), that both the GE and KE lines shift
up. Clearly, the higher public investment level will lead to a higher long-run stock
of public capital, i.e. dg 1 cliG = 1/(n + SG) > 0. The long-run effect on the private
capital stock is ambiguous and depends on the relative scarcity of public capital. By
imposing the steady state in (17.160) and differentiating we obtain:

I
-\- and that gt reaches its

' is defined as:
[ 1 (  ±-- nc wkl( diG ) = ( 11 ±— n)[wg ( digG ) _ 1 1 , (17.161)

(17.159)
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'h horizontal arrows in

where the term in square brackets on the left-hand side is positive because the model
is outright stable around the initial steady-state equilibrium E0 . 16 The first term in
square brackets on the right-hand side represents the positive effect on the pre-tax
wage of the young households whilst the second term is the negative tax effect.
Since Wg = riW 1g , W = ELY, and g = iG + 8G), it follows from (17.161) that the
steady-state private capital stock rises (falls) as a result of the shock if iG ly < riEL
(> r)eL), i.e. if public capital is initially relatively scarce (abundant).

16 Recall that for a constant level of public capital, the model is stable provided the following stability
condition is satisfied around the initial steady state, Eo:
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Modified golden rules

Now that we have established the macroeconomic effects of public capital, we can
confront the equally important question regarding the socially optimal amount of
public infrastructure. Just as in the previous subsection on education, we study this
issue by computing the public investment plan that a social planner would choose.
Following Calvo and Obstfeld (1988, p. 414) and Diamond (1973, p. 219) we assume
that the social welfare function takes the following Benthamite form: 17

—1 	 oc

t

sw 0 
	1

+n 
)) AY (C171' q())) +I( 1 ± n 

A Y (Cr, C°±1
+ pG t=o 1 + PG

(17.162)

where we assume that pG > n. Equation (17.162) is a special case of (17.131) with
the generational weight set equal to X t [(1 + n)/(1 + pG )] t . This means that the
social planner discounts the lifetime utility of generations at a constant rate pG
which may or may not be equal to the rate employed by the agents to discount
their own periodic utility (namely p). The social planner chooses sequences for
consumption for young and old ({Cr} t. 0 and {CN° 0), the per capita stocks of public
and private capital (Igt+11;t 0 and Ikt+ 1 }710), in order to maximize (17.162) subject
to the following resource constraint:

y

+	
(1. n)[kt+i + gt+i] = f (kt, gt) + (1 — 8)kt + (1 — 6G)gt, 	 (17.163)

Ct  1 + n

and taking as given ko and go. The Lagrangean associated with the social optimiza-
tion problem is given by:

t
1 ± n 

(1 + 	 AY (CY-1' Co) 	 (11:pnG) A Y (Cr C° 1)
t=0

where bet is the Lagrange multiplier associated with the resource constraint.

17 This name for the social welfare function derives from the classical economist Jeremy Bentham
(1748-1832) who argued that "it is the greatest happiness of the greatest number that is the measure of
right and wrong" (quoted by Harrison, 1987, p. 226). This explains why the rate of population growth
enters (17.162).
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(17.162)
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(17.164)

where x t 	{Cr, c?+1] . By combining (17.165)-(17.168) to eliminate the Lagrange
multipliers we find some intuitive expressions characterizing the social optimum:

anY(50/aci 
a/0'04)00+ i

anY(SO/aci 
awk_olac°

where hatted variables once again denote socially optimal values. The first equal-
ity in (17.169) is the socially optimal consumption Euler equation calling for an
equalization of, on the one hand, the marginal rate of substitution between present
and future consumption and, on the other hand, the socially optimal gross inter-
est factor, 1 + rt+1, where rt±i fk(kt-pi,kt+i) - S. The second equality in (17.169)
says that the socially optimal stock of public capital per worker should be such
that the yields on private and public capital are equalized, i.e. gt± i should be set
in such a way that r tG+i = rt+ i, where rtG+1 fg(kt+i,k+i) - 5G. Finally, equation
(17.170) determines the socially optimal intratemporal division of consumption.
Its intuitive meaning, and especially the interplay between the agent's and the
planner's discount rate, can best be understood by considering the case of intertem-
porally separable preferences (which has been used throughout this chapter). By
using Ai (x t) U(CI) + (1 p) -1 U(Ct°±1 ) we can rewrite (17.170) in terms of the
agent's felicity function (U(.)) and the pure rate of time preference (p):

=fiAt+i,gt+i)+1— s = fg(kt+i, gt+i) + 1 -

= 1 + PG,

G,

resource constraint.
Er (4) 1 + PG 
U'CO — 1 + p •

(17.171)

gal economist Jeremy Bentham
,t number that is the measure of
v the rate of population growth

It follows from (17.171) that if the planner's discount rate exceeds (falls short of) the
agent's rate of time preference, PG > p (< p), then the social planner ensures that
U'(4) exceeds (falls short of) U'(a t°), and thus (since U" < 0) that Ct falls short of
(exceeds) IfIf pG = p, the planner chooses the egalitarian solution ( = Cr ) .
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where U"(Cr ) is the (indirect) social felicity function. The first-order condition
associated with this optimization problem is:

(C ) _ 1 + PG 

LP (Or) ) — 1 + p
(d)
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Intermezzo

Calvo-Obstfeld two-step procedure. Calvo and Obstfeld (1988) have shown
that with intertemporally separable preferences, the social planning problem
can be solved in two stages. In the first stage, the planner solves a static problem
and in the second stage a dynamic problem is solved. Their procedure works as
follows. Aggregate consumption at time r, expressed per worker, is defined as:

CrY (  1  )C-t
\1 + n (a)

With intertemporally separable preferences (and ignoring a constant like
U(CY )) the social welfare function in period t can be rewritten as:

(

1 + PG 	u (co)
(1 + n)(1 + p)	 t

(  1+ n 	Fu (cr)
1 + pGT =t

l+n\T t [-TT (Cr) + 
(1 

1+ PG 	)U C o(r  ,1+ pG	 +,0(i+p)

where the term in square brackets in (b) now contains the weighted felicity
levels of old and young agents living in the same time period. The special
treatment of period-t felicity of the old is to preserve dynamic consistency (see
the Intermezzo above). We can now demonstrate the two-step procedure.

In the first step, the social planner solves the static problem of dividing a
given level of aggregate consumption, C r , over the generations that are alive
at that time:

IT (C£ ) --.--- max U (Cr) ( 1 + pG 	U (C(?)	 s.t. (a),	 (c)] ,
fcr,c(?)	 \ (1 + n)(1 + p)

which is the same as (17.171). Furthermore, by differentiating (c) and using
(a) and (d) we find the familiar envelope property:
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U (Crci] , 	 (b) where we have used (a) in (17.163) to get (h). Letting pR denote the Lagrange
multiplier for the resource constraint in period t we obtain the following first-
order conditions:
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For the special case of logarithmic preferences, for example, individual felicity
is U(x) log x and the social felicity function would take the following form:

U(Cr) = I 
8 (1+ n)(1 + p) + 1 + PG

+ 0 1 + ,o)C,

( 1 + PG 	to [ (1 + n)(1 + pG)Ct 
(1 + n)(1 + p)/	 (1 + n)(1 + p) + 1 + pG
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((1 + n)(1 + p) + 1 + PG)

	

(f)(I + n)(1 + p)	
log Cr . .

In the second step the social planner chooses sequences of aggregate consump-
tion and the two types of capital in order to maximize social welfare:

SW
1 + n  y 

U(	 (C,),
1 +	

(g)
r

subject to the initial conditions (k t and gt given) and the resource constraint:

Cr + (1 + n) [kr+i + gr+i] f(k, , gr ) + (1 -- B)Ict + - SG) g
	 (h)

By using (j) for period t + 1 and noting (d) and (e) we find that (i) coincides
with (17.169).

We now return to the general first-order conditions (17.169)-(17.170) and study
the steady state. In the steady state we have cr = cY, = C°, k t = k, gt = g, and
x t = x for all t so that (17.169)-(17.170) simplify to:

a AY (so acY
anY waco = + pG 	

(17.172)
( 

-=-16(k, g) — b = PG = fg(k, g) — 	 •	 (17.173)

Equation (17.172) calls for an optimal division of consumption over the young and
the old. The first equality in (17.173) is the modified golden rule (MGR) equating the
steady-state yield on the private capital stock (the steady-state rate of interest) to
the rate of time preference of the social planner. There is an important difference

I ,	 s.t. (a), 	 (c)

e first-order condition

(d)

- -tiating (c) and using

(e)
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between this version of the MGR and the one encountered in Chapter 14 in the
context of the Ramsey representative-agent model. In the OLG setting, the pran-
ner's rate of time preference features in the MGR whereas in the Ramsey model
the representative agent's own rate of time preference is relevant (compare (17.173)
with (14.78)).

The second equality in (17.173) is a modified golden rule for public capital that
was initially derived by Pestieau (1974). It calls for an equalization of the public rate
of return and the planner's rate of time preference. The two equalities in (17.173)
together determine the optimal per worker stocks of public and private capital. For
example, for Cobb-Douglas technology we have yt = g't1 (with /7 < EL ) so that
k/y = (1 - EL )/(PG + 1), g/y = 171(PG + SG). It follows from these results that output
per worker is:

1/(EL-0
=[( k)	 g

Y

)	 =
qi1/(EL-7/)i-EL1 - EL 

[(PG + 3 ) 	 PG + SG
(17.174)

Now that we have characterized the necessary conditions for the steady-state
social optimum, a relevant question concerns the decentralization of this optimum.
Can the policy maker devise a set of policy tools in such a way that the private
sector choices concerning consumption and private capital accumulation coincide
exactly with their respective values in the social optimum? The answer is affirmative
provided the policy maker has access to the right kind of policy instruments. In the
present context, for example, the first-best social optimum can be mimicked in the
market place if (i) the level of public investment (and thus the public capital stock)
is chosen to be consistent with (17.173), and (ii) there are age-specific lump-sum
taxes available (see Pestieau, 1974 and Ihori, 1996, p. 114). The latter instrument is
needed to ensure that the market replicates the socially optimal mix of consumption
by the young and the old (cf. (17.172)).

17.3.3 Intergenerational accounting
One of the most hotly debated concepts in macroeconomic policy circles has
been the correct definition and measurements of the government budget deficit.
Throughout the book we have encountered several examples pointing at a funda-
mental ambiguity in the concept of the deficit. For example, in Chapter 6 we saw
that government investment which yields the market rate of return represents no
net liability of the government. Yet, depending on the way in which these expendi-
tures are treated by the government's accountants, they either do or do not feature
in the government budget deficit (in the standard accounting approach they are
typically treated as government consumption and thus feature in the deficit).

Haveman (1994, p. 95) gives an impressive list of further items for which pro-
posals have been made to change the way in which these items are treated in the
government's accounting system. They include things like federal credit and loan

1
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programmes, future commitments of programmes like medicare and social security,
changes in the value of government assets, government retirement liabilities, etc.
It is fair to say that there is no consensus as to how to measure the deficit.

Auerbach, Gokhale, and Kotlikoff (1991, p. 57) give the most radical statement
of the problem to date by arguing that "... every dollar the government takes in
or pays out is labeled in a manner that is economically arbitrary". They suggest
doing away with the concept of the government deficit altogether and to focus
instead on what they label the generational accounts. The background to their pro-
posal is the notion that "[title conceptual issue associated with the word 'deficit'
is the intergenerational distribution of welfare". Auerbach et al. (1991, p. 57) and
that the intertemporal budget constraint of the government should be the focus of
attention. In words, this constraint says that "the government's current net wealth
plus the present value of the government's net receipts from all current and future
generations (the generational accounts) must be sufficient to pay for the present
value of the government's current and future consumption" (1991, p. 58).

Auerbach et al. (1991, 1994) claim a number of advantages that a system of
generational accounts has over the traditional government budget deficit: (i) gener-
ational accounts are invariant to changes in accounting labels, (ii) they bring out the
zero-sum feature of the intertemporal government budget constraint (what some
generation gets will have to be paid for by some other generation), and (iii) they
can be used to study the fiscal and intergenerational consequences of alternative
policies.

In this subsection we follow Buiter (1997) by illustrating the system of genera-
tional accounts in a simple version of the Diamond—Samuelson model. Assuming
that the population is constant (so that 14_1 = Lt = 1), the government (flow)
budget identity is given by:
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(17.175)

where T° and Ti are the taxes paid by the old and young respectively, and G t9
and GI are pure public consumption goods that the government provides free of
charge to, respectively, the old and the young. Following Buiter (1997, p. 607) we
assume that these public goods are non-rival and non-excludable. Iterating (17.175)
forwards in time yields the following expression:

(1 +r,-,․ ) [ i t+T	
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By letting T cc in (17.176) we find that the government NPG condition is:
I

equation (17.179) can be

lira Rt_1,TBt+T+1 = 0,
Too

(17.178)

so that the government budget constraint is:
00

Bt =	 [iv+, TtY+, -
	 Y 	 (17.179)

r=o

If there is government debt outstanding at time t (B t > 0 on the left-hand side
of (17.179)), then the solvent government must ultimately run primary surpluses.
Note that (17.178) does not require the government to pay off its debt eventually.
All that solvency requires is that government debt must not grow faster in the long
run than the rate of interest.

The household sector is standard. Households consume during youth and old
age (Cl and Ct°+1 , respectively), practise consumption smoothing by saving (St )
which can be in the form of physical capital or government bonds. The relevant
expressions characterizing the household sector are:

Ct + St = Wt - TtY (17.180)

C,17+1 = (1 ± rt+i)St - V+1 ,
Sr = Bt±i + Kt-Fi.

(17.181)

(17.182)

Equations (17.180)-(17.182) are the same as (17.150)-(17.151) and (17.182) is the
same as (17.58) but with the size of the (young) population set equal to unity
(L t = 1). The consolidated budget constraint facing households is obtained in the
usual manner by combining (17.180) and (17.181):

Cl 
	t-Fi  = Wt - Tt,t,
1 + rt-Fi

where Tt,t is the present value of (lump-sum) taxes that a generation born in period t
(second subscript) must pay over the course of its life seen from the perspective of
period t (first subscript):

T°
Ttt 	+	 t+1 

1 + rt+i
We can now develop the generational accounts for existing and future generations

by decomposing the government budget constraint (17.179). Because it is very easy
indeed to get tangled up in the different subscripts identifying time and generations
we show some of the details of the derivation. 18 First we note that by using (17.177)

18 A more direct derivation makes use of the fact that the discount factor in (17.169) satisfies the
following property:

1
	, (1 + rt+T+i) 	 ' r •

Rt-iT+1 = 	  R

Using this property in (17.179) yields (17.186) in a single step.
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In the first line of (17.186) we find the remaining taxes to be paid by the old at time t
and the lifetime taxes, Tt,t, of the young at time t. Both these terms are, however,
expressed in present-value terms, i.e. they are discounted back to the end of period
t-1. The same holds for all the other terms pertaining to future generations (namely
the second and third lines in (17.186)). The reason for this discounting is that B t
is debt at the beginning of period t (which was accumulated at the end of period
t — 1), over which interest must be paid at the beginning of period t.

Equation (17.186) gives the generational accounts for the different generations.
The first line contains the accounts for the two existing generations at time t,
whilst lines two and three contain the generational accounts for future generations.
Kotlikoff and co-authors often write the generational accounts in a more compact
format as:

(17.183)

Bt
T=0

G (t)+, Y
t+T E Tt-1,k,

k=t-1
(17.187)
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where the Tt_i,k terms are defined as follows:

1 To,-

	

Tt_i,t-i = 1 ± rt ) L 	 (existing old)

°1 	
Tt
	1  ) Lty 	T

1 + t+i ] '
t+ri 

	Tt_i,t ----= ( 1 + rt	 t = G 	 i + 	 (existing young)
1. + rt i

T°
Ti-1,k ==- Rt-1,k-lTk,k = Rt-1,k-t Tir +[ k+1 

1 ± rk+11' 	
(future generations)

where k = t + 1, t + 2, .... Equation (17.187) says that the sum of outstanding gov-
ernment debt plus the present value of government consumption (left-hand side)
must equal the sum of the generational accounts of existing and future generations
(right-hand side).

Having completed our description of the generational accounting system in the
context of the Diamond-Samuelson model we can now turn to an actual empirical
implementation of the method. Auerbach et al. (1991, pp. 65-75) explain in detail
how the method of generational accounting can be applied to actual economies.
Table 17.2 contains the 1991 generational accounts for US males. (This table is an
abbreviated version of Table 1 of Auerbach et al., 1994, p. 80.) Of course, for the
method to have any practical use, an actual implementation must contain much
more detail than is contained in our stylized model. Table 17.2 therefore distin-
guishes ten (rather than just two) existing generations and gives the accounts for
males only because females are different in labour force participation, family struc-
ture, and mortality. (Auerbach et al., 1994, give figures for nineteen five-year cohorts

Table 17.2. Male generational accounts

Generation's Net 	 Tax 	 Transfer

age in 1991 payments payments receipts

x $1000 41000 	 x $1000
0 78.9 99.3 20.4

10 125.0 155.3 30.3
20 187.1 229.6 42.5
30 205.5 258.5 53.0
40 180.1 250.0 69.9
50 97.2 193.8 96.6
60 -23.0 112.1 135.1
70 -80.7 56.3 137.0
80 -61.1 30.2 91.3
90 -3.5 8.8 12.3
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and also present generational accounts for females.) Furthermore, Auerbach et al.
allow for transfers, distorting taxes etc. that were abstracted from in the stylized
model.

In Table 17.2 the first column gives the age of the particular generation of US
males in 1991, e.g. the row marked '0' pertains to agents born in 1991 whereas the
row marked '40' gives the data for agents who were 40 years of age in 1991 (who
were thus born in 1951). The second column gives the net generational accounts
for the different generations whilst the third and fourth columns distinguishes,
respectively, the underlying tax payments and transfer receipts. A positive entry in
the second column means that the particular generation will pay more in present
value to the government than it will receive. For example, for a 40-year old male in
1991, the present value of taxes to be paid during his remaining lifetime amount to
$250,000 whilst the present value of transfers is $69,900. In contrast, a 70-year old
in 1991 has a negative generational account of $80,700 because the present value of
transfers (on disability, health, and welfare transfers) far exceeds the present value
of taxes.

The final row labelled 'Future' in Table 17.2 gives the generational account for the
typical future generation. For future generations, the generational account mea-
sures the present value of net payments over their entire lives. Since the same
holds for newborns in 1991, the figures for newborns and future generations can
be meaningfully compared. As Auerbach et al. (1994, p. 82) point out, there is a
striking generational imbalance in US fiscal policy in the sense that future newborns
have a generational account of $166,500, which is a whopping $87,600 more than
newborns in 1991 have to pay.

(existing old)

(existing young)

(future generations)

sum of outstanding gov-
umption (left-hand side)

and future generations

Accounting system in the
71 to an actual empirical

1. 65-75) explain in detail
lied to actual economies.
rS males. (This table is an
p. 80.) Of course, for the
• )n must contain much
ble 17.2 therefore distin-
- ! gives the accounts for
articipation, family struc-
- neteen five-year cohorts

Discussion

Buiter (1997) agrees with the proponents of the generational accounting method
that the traditional measure of the government deficit is a meaningless indicator
for the effects of fiscal policy not only on aggregate demand and private saving
but also on the intergenerational distribution of resources. He is nevertheless quite
critical of the method of generational accounting. Buiter's objections centre on the
following three issues. First, the usefulness of generational accounts "lives or dies
with the validity of the life-cycle model" (1997, p. 606), of which the Diamond
model is a simple representation. The validity of the life-cycle model depends crit-
ically on the following assumptions (which must all hold): (i) households have
finite lives, (ii) generations are not linked via operative bequests, and (iii) markets
are complete (no borrowing constraints). If condition (ii) is violated and Ricardian
equivalence is valid (see Chapter 6), then the generational accounts are completely
uninformative about the effect of the government budget on both the intergene-
rational distribution of resources and on saving (see Buiter, 1997, p. 612 and Bohn,
1992). A similar conclusion follows if condition (iii) is violated and households face
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binding liquidity constraints because in that case the timing of tax payments over
the life cycle matters (in addition to the present value of these taxes).

Second, even if the strict life-cycle model is valid, generational accounts should
be interpreted quite carefully. Indeed, existing applications of the generational
accounting method say nothing about the intergenerational distribution of ben-
efits from government spending on public goods. Take, for example, the case of
a government abatement programme aimed at cleaning up the natural environ-
ment. If the environment improves only slowly over time, future generations may
be the principal beneficiaries of the policy measure even though the current gener-
ations have paid for it. In generational accounts, the tax payments associated with
the programme feature prominently but the benefits to future generations are not
included.

Third, the method of generational accounting does not take into account the
general equilibrium repercussions of alternative budgetary policies. In particular, the
method ignores (i) the endogeneity of the various tax (and subsidy) bases and (ii) the
endogeneity of pre-tax factor prices and incomes. Buiter gives several examples
for which the general equilibrium effects turn out to be quite important (1997,
pp. 616-622). 19

In principle all the issues raised above can be studied with the aid of a computable
dynamic general equilibrium model although the construction of such a model is
clearly not a trivial task. On the one hand, such models can readily deal with the
general equilibrium repercussions of alternative budgetary policies (see Auerbach
and Kotlikoff, 1987) and can be extended to include all kinds of market imperfec-
tions and alternative intergenerational linkages. On the other hand, there are huge
practical difficulties in quantifying the (intergenerational) welfare effects of pub-
lic spending. In this context, the method of generational accounting is valuable
because its data can provide some of the inputs needed for a realistic simulation
model.

17.4 Punchlines

In this chapter we study the discrete-time overlapping-generations model that was
developed by Diamond and Samuelson. Just as in the Blanchard-Yaari model (stud-
ied in the previous chapter), the demographic structure of the population plays
a central role in the Diamond-Samuelson model. One of the attractive features
of the model is its ability to capture the life-cycle aspects of economic behaviour
in an analytically tractable fashion. Because of its flexibility and simplicity, the
model has played a central role during the last four decades in such diverse fields as

19 Fehr and Kotlikoff (1995), on the other hand, present a number of general equilibrium examples
where the generational accounting method appears to work quite well.
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I

macroeconomics, monetary theory, public finance, international economics, and
environmental economics.

We start this chapter by formulating a simplified version of the Diamond—
Samuelson model featuring time-separable preferences. In this model households
live for two periods, called "youth" and "old age" respectively. They consume during
both periods of life but they work only during youth, when they inelastically sup-
ply one unit of labour. Young households save part of their labour income in order
to finance their consumption during old age (life-cycle saving). In the basic model
there is no public debt and household saving takes the form of capital formation.
This means that saving by the young in one period equals the capital stock available
for production in the next period. Perfectly competitive firms use capital and labour
to produce the homogeneous good. The model has a well-defined steady state pro-
vided the relevant stability condition is satisfied. There is a distinct possibility of
oversaving occurring. Indeed, if the households are relatively patient, and thus have
a low rate of time preference, they may well save too much for retirement and thus
accumulate too much capital and render the steady state dynamically inefficient.

We next apply the basic model to study the macroeconomic and welfare effects of
old-age pensions. Two prototypical pension systems are distinguished, namely the
fully funded system and the pay-as-you-go (PAYG) system. In a fully funded system
the government taxes the young, invests the tax receipts in the capital market, and
returns principal plus interest to the old in the form of a pension in the next period.
The fully funded system is neutral and does not affect consumption, capital, factor
prices, or welfare. Intuitively, the household knows that its pension contributions
during youth attract the same rate of return as its own private savings. The house-
hold therefore does not care that some of its saving is actually carried out on its
behalf by the government.

Matters are different under a PAYG system. In such a system the taxes levied
on the young are used to finance the pension payments to the old living in the
same period. The yield that the household earns on its pension contributions is
not the market rate of interest (as in the fully funded system) but rather the rate
of population growth. The PAYG system is not neutral. Indeed, the introduction of
such a system (or the expansion of an existing one) crowds out capital, lowers the
wage rate, and increases the interest rate. Steady-state welfare decreases (increases)
if the economy is dynamically efficient (inefficient), i.e. if the interest rate exceeds
(falls short of) the rate of population growth. Intuitively, in a dynamically efficient
(inefficient) economy, crowding out of capital reduces (increases) the welfare of the
generations born in the new steady-state generations.

Two further aspects of the PAYG system are discussed. First, a PAYG system can
be reinterpreted as a particular kind of debt policy. Second, in a dynamically effi-
cient economy it is impossible to abolish a pre-existing PAYG system (in favour of
a fully funded system) in a Pareto-improving fashion. Intuitively, it is not possible
in the standard model to compensate the old generation at the time of the policy
initiative without making at least one other (present or future) generation worse
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off. (Pareto-improving reform may be possible, however, if the reform reduces a
pre-existing distortion in the economy. We consider the particular example where
labour supply is endogenous and the pension contribution is distorting.)

The basic model can also be used to study the macroeconomic effects of popula-
tion ageing. A useful measure to characterize the economic impact of demography
is the dependency ratio, which is defined as the number of retired people divided
by the working-age population. A reduction in the growth rate of the population
leads to an increase in the dependency ratio. Under a PAYG system an anticipated
reduction in fertility reduces expected pensions and lifetime income, and causes
households to increase saving. As a result, the long-run capital-labour ratio rises.

In the second half of the chapter we consider a number of extensions and further
applications of the Diamond-Samuelson model. In the first extension we introduce
human capital into the model and study the implications for economic growth.
Young agents are born with the average stock of currently available knowledge and
can spend time during youth engaged in training. Provided the training technology
is sufficiently productive, the young choose to accumulate human capital. In the
aggregate this mechanism provides the engine of growth for the economy.

In the second extension we augment the human capital model by assuming that
the parent must choose the level of training of its offspring. If the parent derives
utility from the human capital of its offspring then it is quite possible that the
parent will not devote the socially optimal amount of time on training its children.
Intuitively, the underinvestment result follows from the fact that the parent fails
to take into account all welfare effects (on its children and grandchildren) of its
training efforts. In such a situation it may well be socially optimal to have a system
of mandatory public education.

In the third extension we show how public infrastructure can be introduced into
the overlapping generations model. We show how public investment affects the
macroeconomy and derive simple modified-golden-rule expressions calling for an
equalization of the rate of return on public and private capital and the social plan-
ner's rate of time preference. In the final extension we illustrate and evaluate the
pros and cons of the method of generational accounting in the context of a simple
Diamond-Samuelson model.

Further reading

Classic papers on pensions are Samuelson (1975a, b) and Feldstein (1974, 1976, 1985,
1987). In recent years a large literature has been developed on the issue of pension system
reform. See Diamond (1997, 1999), Feldstein (1997, 1998), and Sinn (2000). For a recent
survey on the economic effects of ageing, see Bosworth and Burtless (1998).

The Diamond—Samuelson model has been generalized in a number of directions. Barro
(1974) studies intergenerational linkages. Jones and Manuelli (1992) consider the growth
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effects of finite lives. Tirole (1985) and O'Connell and Zeldes (1988) consider the possibility
of asset bubbles. Grandmont (1985) presents a model exhibiting endogenous business
cycles. Michel and de la Croix (2000) study the model properties under both myopic
foresight and perfect foresight. Bierwag, Grove, and Khang (1969) show that a full set
of age-specific taxes renders debt policy redundant. Abel (1986) and Zilcha (1990, 1991)
introduce uncertainty into the model. On intergenerational risk sharing, see Gordon and
Varian (1988). Barro and Becker (1989) present a model of endogenous fertility. For appli-
cations of endogenous fertility models, see Wildasin (1990), Zhang (1995), Robinson and
Srinivasan (1997), and Nerlove and Raut (1997). Galor (1992) and Nourry (2001) study a
two-sector version of the Diamond-Samuelson model.

The Diamond-Samuelson model has been applied in a large number of fields. For pub-
lic finance applications, see Auerbach (1979a), Kotlikoff and Summers (1979), and Ihori
(1996). On the economics of education, see Loury (1981), Glomm and Ravikumar (1992),
Zhang (1996), Buiter and Kletzer (1993), and Kaganovich and Zilcha (1999). Environmental
policy applications include Howarth (1991, 1998), Howarth and Norgaard (1990, 1992),
John and Pecchenino (1994), John et al. (1995), and Mourmouras (1993).

There is a large literature on generational accounting. Some key references are Auerbach,
Gokhale, and Kotlikoff (1991, 1994), Kotlikoff (1993a, b), and Fehr and Kotlikoff (1995).
For critical papers on the topic, see Bohn (1992), Haveman (1994), and Buiter (1997).
International applications of the method are collected in Auerbach, Kotlikoff, and Leibfritz
(1999).
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The field of macroeconomics has certainly changed a lot over the past twenty five
years. When we took our first courses in macroeconomics in the mid-1970s, the
leading textbooks were Branson (1972) at the intermediate level and Turnovsky
(1977) at the graduate end of the spectrum. Both of these books contain extensive
treatments of the IS-LM model and all its variations and extensions. In contrast,
at the beginning of the new millennium, though the IS-LM model is still treated
in most intermediate texts, it has vanished almost completely from the advanced
texts. 1

A comparison between the past and the present thus reveals that the once domi-
nant IS—LM model, with its emphasis on the demand side of the economy, has fallen
on hard times in recent years. There is no doubt that the rational expectations revo-
lution of the 1970s has a lot to do with the reduced role of the IS-LM model. In part
as a result of this revolution, macroeconomists started to develop dynamic models
which are based on explicit microeconomic foundations and give more attention
to the supply side of the economy. Modern graduate textbooks therefore contain
extensive discussions of dynamically optimizing representative agents (households,
firms, the government) endowed with perfect foresight (or rational expectations). 2

To outsiders it may appear that macroeconomics is a field in disarray, with pro-
ponents of two competing approaches battling it out to achieve the position once
held by the IS-LM model. According to this view, current macroeconomics is some-
what like a boxing match. In the blue corner of the boxing ring, we find the "new
classicals" who stress flexible prices and wages and emphasize market clearing. In
the red corner we find the "new Keynesians" who like to work with models incorpo-
rating sticky prices and wages and are willing to assume various degrees of market
imperfection.

I Most intermediate texts still make use of the IS-LM model. See e.g. Mankiw (2000a) and Blanchard
(2000a). Most graduate texts barely mention the IS-LM model. See Romer (2001), Turnovsky (1997,
2000), and Ljungqvist and Sargent (2000).

2 Intermediate texts incorporating the optimization approach are Barro (1997) and Auerbach and
Kotlikoff (1998).
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Even though this picture of macroeconomics as a boxing match may bear some
similarity with the reality of the late 1970s through to the early 1990s, we agree with
Goodfriend and King (1997) who argue that the subject has been moving towards
a new synthesis over the last decade or so. Goodfriend and King (1997, p. 255)
identify the key aspects of, what they call, the New Neoclassical Synthesis (NNS):

• The NNS takes from the new classicals the notion that macroeconomic models
should be explicitly dynamic, and should incorporate rational expectations and
intertemporal optimization.

• The NNS takes from the new Keynesians the assumptions of imperfect compe-
tition and costly price adjustment.

• The NNS takes from the RBC approach the insistence on quantitative models
of economic fluctuations.

Just like the old neoclassical synthesis (see Chapter 1), the NNS thus contains ele-
ments from new classicals and new Keynesians alike. Instead of as a boxing match,
it appears as if the current intellectual debate in macroeconomics is more aptly
characterized as a tango. In one sense this is true. For example, there is not much
debate about the usefulness of the rational expectations hypothesis any more. Simi-
larly, economists of all signatures routinely construct models based on dynamically
optimizing behaviour of the economic agents. In another sense the metaphor of
macroeconomics as a tango is somewhat flawed.

In his comment on Goodfriend and King (1997), Blanchard (1997) agrees that
macroeconomists need to use three ingredients to study economic fluctuations,
namely intertemporal optimization, nominal rigidities, and imperfect competition.
He argues that putting together these ingredients and understanding their interac-
tion constitutes the core business of all macroeconomists. 3 He goes on to argue
that what distinguishes us macroeconomists is the relative weight one places on
the different ingredients and the short-cuts one is willing to make.

Blanchard suggests that a useful way to think about these ingredients (and their
interaction) is by means of a triangle, like in Figure E.1. In the top corner one could
place the approach of Prescott (1986) with its emphasis on dynamically optimizing
behaviour. In the bottom left corner one could place the approaches of Fischer
(1977) and Taylor (1980) which emphasize nominal wage or price stickiness. Finally,
in the bottom right corner one could think of Blanchard and Kiyotaki (1987) and
Akerlof and Yellen (1985a) who focus on imperfections in the goods and labour
markets.

Blanchard argues that most economists are located somewhere in the triangle, but
he finds it an overstatement to infer from this phenomenon that a synthesis has

3 Blanchard (1997, p. 290) argues that this is exactly what the "old" neoclassical synthesis was all
about: "In rather schizophrenic fashion, intertemporal optimization was at the core of the formalization
of consumption and investment, imperfect competition the underlying rationale for markup pricing,
and nominal rigidities used as a general justification for the Phillips curve. Since then, we have tried to
improve on the shortcomings. But the goal is the same".
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Intertemporal
optimization

Nominal
	

Imperfect
rigidities 	 competition

Figure E.1. Aspects of macro models

been achieved. The triangle is not a small one and diverse views can be accommo-
dated within its boundaries. In particular, economists with classical leanings would
probably locate themselves in the top half of the triangle whereas their Keynes-
inspired colleagues would be more comfortably located in the bottom half of the
triangle. To the extent that there is a synthesis, it mainly refers to methods and not
to particular applications of these methods.

Threads

Blanchard's triangle is quite useful for showing how the topics in this book fit
together. To prepare students for the explicitly dynamic framework adopted in the
later chapters of the book we start in Chapter 2 by studying the intrinsic dynam-
ics that exist in IS-LM type models. The choice of the IS-LM model as a vehicle of
exposition is a natural one in view of the fact that this model is still used widely
in the intermediate textbooks (see above). Chapter 2 also presents a first view of
the dynamic optimization approach in the form of Tobin's q theory of investment
which is based on the notion of adjustment costs of investment. This investment
theory is extended in Chapter 4 and applied in Chapters 14, 16, and 17.

Chapter 3 follows logically from Chapter 2 and shows some of the key implica-
tions of the rational expectations hypothesis (REH) within the context of (loglinear)
IS-LM models. This chapter and the next also alert students to the crucial difference
that exists between backward-looking and forward-looking stability. Both types of
stability are encountered in the later chapters of the book within the context of
dynamically optimizing models.

In Chapter 5 the student has a first encounter with nominal rigidities and
with micro-based macroeconomics. The IS-LM model is no longer used and the
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behavioural equations of households and firms are based on maximizing behaviour.
Some of the insights from the quantity rationing literature are further developed in
Chapter 13, where we show how the assumption of imperfect competition in the
goods market can, in combination with price adjustment costs, provide a rationale
for price stickiness.

In Chapter 6 we present the student with a first view of intertemporal con-
sumption theory. This chapter allows us to familiarize the student with important
notions such as the Ricardian Equivalence Theorem and the neoclassical theory
of tax smoothing within a relatively simple model. In addition, the student has
a first encounter with the notion of intertemporal substitution of consumption.
The intertemporal household model is further extended in the later chapters of the
book.

In Chapters 7-9 we present the various theories concerning the aggregate labour
market. We first show how the competitive model can be used to interpret various
features of the labour market. Next we show how imperfect competition (in the form
of trade unions) and other kinds of imperfections (such as informational frictions)
impinge on this market.

Chapter 10 introduces the notion of dynamic inconsistency, especially as it
applies to economic policy. This chapter is a logical sequel to Chapter 3, and shows
yet another implication of the REH, namely that economic policy may not be cred-
ible to the economic agents affected by it. Note that the credibility problem did
not arise in the pre-REH literature because there agents were typically assumed to
form expectations adaptively, i.e. not taking into account the structure of the eco-
nomic environment. In this chapter we also show how an intertemporal reputation
mechanism can potentially resolve the problem of dynamic inconsistency.

In Chapter 11 we tie up some loose ends held over from the first ten chapters. First
we extend the analysis from Chapter 1 by showing how the standard IS-LM can be
opened up for trade in goods and financial assets. Next we study the transmission
of monetary and fiscal policy in a two-country world experiencing various kinds
of labour market rigidities (i.e. real or nominal wage rigidity). Finally, we show the
main implications for prices, output, and exchange rate fluctuations of introduc-
ing rational expectations (or, rather, perfect foresight) in the open economy IS-LM
model.

In Chapter 12 we discuss a number of micro-founded models of money based on
intertemporal optimization by households. This chapter also allows us to introduce
the student to a simple model of money demand based on uncertainty. Finally,
we study the optimal quantity of money (and Friedman's famous "full liquidity
rule") within the context of a simple dynamic model. Together with Chapter 6, this
chapter forms the stepping stone for the multi-period dynamic analyses which are
found in Chapter 14-17.

In Chapter 13 we discuss some of the recent literature on new Keynesian eco-
nomics. As was pointed out above, new Keynesians can be placed somewhere in the
bottom half of the Blanchard triangle so it is not surprising that the chapter features
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an extensive discussion of imperfect competition and price stickiness. We show
how the assumption of monopolistic competition in the goods market can provide
the micro-foundations for the multiplier. We also demonstrate with the aid of an
explicitly forward-looking theory of firm behaviour how price adjustment costs can
provide the microeconomic foundations behind short-term price stickiness.

In Chapter 14 we present a brief overview of the main theories of economic growth
that have been developed over the last forty-five years. We start with the classic
analysis of Solow and Swan which is based on a Keynesian savings function. Next
we replace the ad hoc savings function by explicitly modelling the consumption-
savings decisions of an infinitely lived representative household. (This chapter
thus completes our discussion of the forward-looking theory of consumption com-
menced in Chapter 6.) The growth properties of the model are not much affected by
this switch to a micro-based savings theory. Once the theory with forward-looking
consumers has been developed, it is relatively straightforward to show how endoge-
nous human capital accumulation or the accumulation of patents (and new product
varieties) can give rise to so-called endogenous growth.

In Chapter 15 we give a brief overview of the recent RBC literature. Especially the
early proponents to this approach are firmly located in the top half of the Blanchard
triangle. More recently RBC practitioners have started to explore the interior parts
of the triangle. We start this chapter by extending the dynamic consumption theory
(of the previous chapter) to include a joint decision regarding the consumption of
goods and leisure. In the extended model the household substitutes leisure across
time, i.e. there is an intertemporal substitution effect in the supply of labour. We
demonstrate the macroeconomic implications of this intertemporal labour supply
effect both for deterministic shocks in government consumption (fiscal policy) and
for stochastic technology shocks.

In Chapters 16-17 we study the macroeconomic and welfare-theoretic implica-
tions of abandoning the representative-agent framework on the household side.
In both chapters we assume that individual households have finite lives and
that they are not linked with each other via operative bequests. The resulting
overlapping-generations structure implies another kind of imperfection, namely
the incompleteness of markets. At any point in time, only the currently living
generations are active in the market place but their economic behaviour affects
the conditions facing future generations. This property of overlapping-generations
models implies that virtually all policy measures affect both efficiency and the
intergenerational distribution of resources.

Views

To the astute observer it is clear from our choice of topics where we ourselves are
located within the Blanchard triangle—somewhere in the middle. We conclude this
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Epilogue

book with some final observations on what in our view constitutes macroeconomics
and what we expect to be major themes in the years to come.

We find it a bad idea to scrap models merely because their micro-foundations are
unavailable or incomplete. Although we acknowledge that a micro-based model is
aesthetically pleasing, a weakly founded model may better capture pertinent aspects
of the world we happen to live in than a model with the wrong micro-foundations.
There is, for example, ample evidence suggesting that nominal prices and/or wages
are rigid (see e.g. Blinder, 1994 and Bewley, 1999), that current income is a strong
determinant of consumption (Mankiw, 2000b), and that agents do "suffer" from
money illusion (Shafir et al., 1997). Furthermore, as is demonstrated by Gall (1992),
the ad hoc IS-LM-AS model does quite a decent job at matching postwar US data. It
seems to us that a good macro model should pay attention to this kind of evidence.

Another reason for tolerating weakly founded models is that it may well be pos-
sible eventually to come up with credible microeconomic foundations for such
models. In this context one can think of the remarkable comeback (like Phoenix
from its ashes) of the IS-LM model initiated by McCallum and Nelson (1999). We
suspect that large advances will be made in the coming years on the link between
the microeconometric evidence and their macroeconomic implications (cf. the plea
in this direction by Browning et al., 1999). With the ongoing technological advance
in computing hardware and software, it will be feasible to strengthen the empiri-
cal content of computable equilibrium models by paying more attention to agent
heterogeneity, market imperfections, and nominal rigidities.

In our view, good macroeconomics is not designed from the armchair and blindly
following some simple methodological prescriptions will not lead to good policy
advice. Macroeconomics is not only a science but also an art form. This book focuses
merely on one of the necessary skills that any good macroeconomist should pos-
sess, namely a firm grasp of the technical tools of the trade. The other skills that
are needed are a good understanding of the empirical evidence, of actual institu-
tions, and of history. Some of the best macro theoreticians have also made their
mark in applied macroeconomics and in policy circles. Names that spring to mind
in this context are John Maynard Keynes (him again), Robert Mundell, Stanley
Fischer, Rudiger Dornbusch, Larry Summers, Michael Bruno, and Joe Stiglitz. A
good macroeconomist should not be blind to the real world and periodicals such as
The Economist, the Brookings Papers on Economic Activity, and Economic Policy should
feature prominently in the macro curriculum. By reading the works of the great
macroeconomic artists, the tools discussed in this book should come to life.
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Mathematical Appendix

A.1 Introduction

In this mathematical appendix we give a brief overview of the main techniques
that are used in this book. In order to preserve space, for most cases we simply state
the results and refer the interested reader to various sources—of differing levels of
sophistication—where the mathematical background for these results is explained
in more detail. The transform methods used in sections A.6.1 and A. 7.2 are explained
in more detail because they are somewhat unfamiliar to most economists. Klein
(1998) and Pemberton and Rau (2001) are both good single sources for the mathe-
matical techniques employed in this book, both in terms of coverage and the level of
sophistication. SydsEeter et al. (2000) is a very convenient reference book describing
most of the tricks used by economists.

A.2 Matrix Algebra

A.2.1 General
A matrix is a rectangular array of numbers aij where i = 1, 2, . . . , m is the row index
and j = 1, 2, , n is the column index. A matrix of dimension m by n thus has m
rows and n columns:

an a12 •
a21 a22 •

Am x n

If m = n = 1 then A is a scalar, if m = 1 and n > 1 it is row vector, and if n = 1
and m > 1 it is a column vector. If m = n then the matrix A is square and we call the
diagonal containing the elements all, a22, • • • , a nn the principal diagonal. There are a
number of special matrices. The zero matrix contains only elements equal to zero

_am]. am2 •

• am
' a2n

(A.1)

amn _

A.2.2 Addition, subt
Two matrices A and B c
A has elements [ad and
by adding correspond

I
B = C, withc

for i = 1, 2, . , m and j

A – B = D, with d

for i = 1, 2, , m and j
Matrices can be mu: •

by that scalar, i.e. B k
rules and properties foil

kA = Ak
k(A + B)=kA
(k + 1)A = kA -

(k1)A =
( – 1)A = –A

A+(– 1)B=A-1

Two matrices can be
matrix product AB is d
(matrix A) is the same
matrix). If A is m by r a

AB = C,	 ci =

for i = 1, 2, , m and
Even if BA is defined i
(yielding AB) does not
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(aii = 0 for i = 1, 2, . . . , m and j = 1, 2, . . . , n). The identity matrix, I, is a square n by
n matrix with ones on the principal diagonal and zeros elsewhere.

A.2.2 Addition, subtraction, multiplication

Two matrices A and B can be added if and only if they have the same dimension. If
A has elements [aii] and B has elements [b ii] then the matrix A + B is obtained
by adding corresponding elements:

A + B = C, with cif = aij +
	 (A.2)

for i = 1, 2, . . . , m and j = 1, 2, . , n. Subtracting matrices works the same way:

A – B = D, with dij = aij – bo,	 (A.3)

for i = 1, 2, . . . , m and j = 1, 2, . . . , n.
Matrices can be multiplied by a scalar, k, by multiplying all elements of the matrix

by that scalar, i.e. B kA then bij kau for i = 1, 2, . , m and j = 1, 2, . . . , n. Some
rules and properties follow immediately (k and 1 are both scalars):

kA=Ak
k(A + B)=kA + kB
(k + 1)A = kA + lA

(kl)A = k(1A)
	 (A.4)

( – 1)A = –A
A + (-1)B=A –B.

Two matrices can be multiplied if they are conformable for that operation. The
matrix product AB is defined if the column dimension of the matrix on the left
(matrix A) is the same as the row dimension of the matrix on the right (the B
matrix). If A is m by r and B is r by n then by this rule AB is defined as follows:

AB = C, 	 Cij = Eaikbki ,
	 (A.5)

k=1

for i = 1, 2, . , m and j = 1, 2, . , n. Unless m = n the product BA is not defined.
Even if BA is defined it is not equal to AB in general. So premultiplying B by A
(yielding AB) does not give the same matrix in general as premultiplying A by B (an
operation yielding BA). Some properties of matrix multiplication are the following
(A, B, and C are conformable matrices, 0 is the zero matrix, and k is a scalar):

A(B + C) = AB + AC
(A + B)C =AC + AB

A(BC) = (AB)C
k(AB) =A(kB)

A0=0A = 0
AI=IA=A

al Appendix

(A.6)
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For a three-by-three

A
a21 a22

a23

a33

IAI	 atia22 — a12a21•

matrix the determinant can be computed as follows:

a13

A.10)       

= all
a22 a23

a32 a33
— al2

a21 a23

a31 a33
a13 

an a22

a31 a32              
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A.2.3 Transposition
The transpose of matrix A is denoted by A T (or sometimes by A'). It is obtained by
interchanging the rows and columns of matrix A. Hence, if A is m by n and B AT

then B is n by m and bij aii. Some properties of transposes are:

(A T ) T =A
(kA)T = kAT

(A + B) T =A T + BT

(AB)TB= T AT

A.2.4 Square matrices
In this subsection we gather the key results pertaining to square matrices (for which
the row and column dimensions are the same). The trace of the n by n matrix A,
denoted by tr(A), is the sum of the elements on its principal diagonal:

tr(A) Ea ii .
i=i

The following properties can be derived:

tr(/n)= n
tr(0) = 0

tr(A T ) = tr(A)
tr(AA T ) = tr(A TA) = 	 E7--1 cqi

tr(kA) = ktr(A)
tr (AB) = tr (BA)

The determinant of a square matrix A, denoted by IAI (sometimes by det(A))
is a unique scalar associated with that matrix. For a two-by-two matrix the
determinant is:

all a12
a21 a22

a31 a32

= an [a22a33 a23a32J a12 [a2la33 — a23a31] + a13 [a21a32 — a22a31]

= alla22a33 — ana23a32 — ai2a2033 + ai2a23a31 + anan a32 a13a22a31.
(A.11)

We have computed IAI by going along the first row and seeking two-by-two deter-
minants associated with each element on that first row. For element an we find the

associated two-by-two d
is located. The resultir.,
In a similar fashion, the
umn 2 from the original
row 1 and column 3 1—
ment aij by IM111 we can
A cofactor is a minor v
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IAI ICiil + a12 ICI_
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for j = 1, 2, 3). It is not di

same value for 1A1.
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The Laplace expansion c

I
fl

The determinant has a r

III = 1

101=0
IAI =IAT I
IAI = ( — 1)"

IABI = IBA)
I

• If any row (colum
(columns) of A then

• If B results from A b
• If B results from A 131
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IAI unchanged.

• The addition (sub,
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(A.7)

(A.8)

(A.9)
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associated two-by-two determinant by deleting the row and column in which an
is located. The resulting two-by-two determinant is called the minor of element an .
In a similar fashion, the minor of element a12 is found by deleting row 1 and col-
umn 2 from the original determinant, and the minor of a13 is obtained by deleting
row 1 and column 3 from the original determinant. Denoting the minor of ele-
ment ao by IMI1 we can define the cofactor of that element by 1Ciil = ( — 1) i±i IM111.
A cofactor is a minor with a sign in front of it. The sign is determined as fol-
lows: if the sum of the row and column indices (i + j) is even, then the sign is
positive and the cofactor is equal to the minor. Conversely, if i + j is uneven,
then the cofactor is minus the minor. Using these definitions we can now see
that the determinant of the three-by-three matrix in (A.11) can be written as:
IAI an 1C111 + a12 IC121 + a13 IC131 = 	 a11 ICl/1. Of course, we could have com-
puted 1A1 by going along row 2 (IAI = E j3._ 1 a21 1 C21 ) or row 3 (IAI = 	 1 a3i I C3j I) or
by going along any of the columns of the original determinant (IAI = 	 ag !Cif'
for j = 1, 2, 3). It is not difficult to verify that in each case we would have found the
same value for 1A1.

The procedure we have just followed to compute IAI is called a Laplace expansion.
The Laplace expansion of an n by n matrix is given by:

-e matrices (for which
of the n by n matrix A,

al di -tonal:

(A.8)

(A.9)

	IAI = Eaii I Clf I , for j = 1,	 n (column expansion	 (A.12)
i=i

=E all I Cj I , for i = 1,	 n (row expansion), 	 (A.13)
i=i

	

(cnrnetimes by det(A))
	 The determinant has a number of useful properties (k is scalar):

o-by-two matrix the
111=1

1 0 1= 0

	

A.10)
	 1A1= IAT I 	 (A.14)

1A1 =(— 1 )n
	= -n IkA

as follows: 	 IABI = IBAI

a21 a22
a31 a32

332 — a22a31]

a32 — a13a22a31.
(A.11)

king two-by-two deter-
' ment al l we find the

• If any row (column) is a non-trivial linear combination of all the other rows
(columns) of A then IAI = 0.

• If B results from A by interchanging two rows (or columns) then 1B1 = — 1A1.
• If B results from A by multiplying one row (or one column) by k then IBI = k Al.l
• The addition (subtraction) of a multiple of any row to (from) another row leaves

Al1 unchanged.
• The addition (subtraction) of a multiple of any column to (from) another

column leaves 1A1 unchanged.

a 13
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The adjoint matrix of matrix A is denoted by adj A. It is defined as the transposed
matrix of cofactors:

_T
1C111 	 1C121 	 • 	 • 	 1C1n1
1C211 	 1 0221 	 •	 1C2n1

adj A -=

If IAI 0 0 then the matrix A is non-singular and possesses a unique inverse, denoted
by A -1 :

,
= 

1
—adj A.
IA I (A.16)

If the matrix A has an inverse it follows that A -1A = AA -1 = I.

Intermezzo

Matrix inversion. For example, let A be:

then we find by applying the rules that IA I = 4 - 6 -2 (non-singular matrix)
so that the inverse matrix exists and is equal to:

(A.15)

_ I Cni I	 I Cn2 I	 • • •	 - • •	 ICnn I _

A
	 1 2

3 4

Assuming that the ind
non-singular), we find th

I-1 =1
(A -1 ) -1 =A
(AT)-1 = (A -1 )T
(AB) - 1 = B-1 A - 1

IA -1 1 =

I
A.2.5 Cramer's Rule
Suppose we have a lined:

I
anxi + a12x2 + " -
azixi + a22x2 + - - -4

anixi + an2x2 + - -

where aij are the coet
endogenous variables. V
equation as:

Ax = b ,

1
-2

4 -2
--3 

-2 1 where A is an n by n mat          

To check that we have not made any mistakes we compute AA -1 and A -1A
(both should equal the identity matrix).

all ai2 -
a22

A =-

AA -1 =
1 2	 -2 1
3 4	 3	 1

2	 2—

_ ani ant 

Provided the coefficient
the matrix equation is:-2 + 2(4) 1 + 2 (--1.)

-6+ 4(D 3+ 2 (-1)  

A - A = [ -2 1	 1 2
3	 1	 3 4

x = A- 1 b.

Instead of inverting the
variables by means of c.

IA/
ox- 

IAI
	f r j = 1,
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(A.17)

I-1 =1
(A -1 ) -1 =A

(A T)-1 = (A -1 ) T
(AB) -1 =B-1A -1

1 14-1 1=1A1 -1

(A.15)

It.
unique inverse, denoted  
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efined as the transposed Assuming that the indicated inverses exist (and the matrices A and B are thus
non-singular), we find the following properties:

(A.16)
	 A.2.5 Cramer's Rule

Suppose we have a linear system of n equations in n unknowns:
= I.

anxi + a12x2 + " • + ainxn =
anxi + a22X2 + • • • + a2nxn = b2

(A.18)

non-singular matrix)

pute AA -1 and A -1 A

anixi + a n2x2 + • • • + annxn =

where au are the coefficients, bi are the exogenous variables, and x i are the
endogenous variables. We can write this system in the form of a single matrix
equation as:

Ax = b, 	 (A.19)

where A is an n by n matrix, and x and b are n by 1 (column) vectors:

a ll 	 a12 	 • 	 ain
a21 	 a22 	 •	 •	 a2n

—

X1

X2

bi
b2

A - , 	 X , 	 b (A.20)

an d 	 an2	 •	 •	 ann _ xn _ bn

Provided the coefficient matrix A is non-singular (so that IA l 0 0) the solution of
the matrix equation is:

x = 	 (A.21)

Instead of inverting the entire matrix A we can find the solutions for individual
variables by means of Cramer's Rule (which only involves determinants):

x . _— IA I  , for j = 1, 2, 	 , n (A.22)
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where tr(A) and IA l are. I
Hence, for such a matro
possesses two roots:

tr(A) 	 8/[tr(.:i
A1,2 — 	 2 1

These roots are distinct
real (rather than comply
IA < 0). For an n by n
with n roots, A 1 , A2,
characteristic roots are:

Xi = tr(A)
117_ 1 A i = IA

Associated with each chan
is unique up to a const
(A.26). If a matrix has
follows:

P-1AP = A <#. A

where P is the matrix \\
diagonal matrix with chui
tion is useful in the conte
and below.

Intermezzo

Eigenvalues, eigenvt.‘
defined as:

6 10
—2 —3

The characteristic eq,
characteristic roots ar.
with Al is obtained b\

A

—410 [

where 1A 1 1 is the determinant of the matrix A 1 which is obtained by replacing column
j of A by the vector of exogenous variables, for example A 1 is:

b1 a12 a13 • • 	 • a in

b2 a22 a23 • a2n
Al (A.23)

_ bn ant an3 ••	 • ann _
If the vector b consists entirely of zeros we call the system homogeneous. If IA I 0 0

then the unique solution to the matrix equation is the trivial one: x = A -1 b = 0. The
only way to get a non-trivial solution to a homogeneous system is if the coefficient
matrix is singular, i.e. if IA I = 0. In that case Cramer's Rule cannot be used. An
infinite number of solutions nevertheless exist (including the trivial one) in that
case. Take, for example, the following homogeneous system:

1 2 	 xi 	 0
[Z 4 [ x2 = [ 0

Clearly, AlI= 4 — 4 = 0 so the system is singular (row 2 is two times row 1).
Nevertheless, both the trivial solution (x 1 = x2 = 0) and an infinite number of non-
trivial solutions (any combination for which x 1 + 2x2 = 0) exist. Intuitively, we have
infinitely many solutions because we have a single equation but two unknowns.

A.2.6 Characteristic roots and vectors

A characteristic vector of an n by n matrix A is a non-zero vector x which, when
premultiplied by A yields a multiple of the same vector:

Ax = Ax,	 (A.25)

where A is called the characteristic root (or eigenvalue) of A. By rewriting equation
(A.25) we find:

(Al — A)x = 0, 	 (A.26)

which constitutes a homogeneous system of equations which has non-trivial
solutions provided the determinant of its coefficient matrix, AI — A, is zero:

IA I —Al --= 0 	 (A.27)

This expression is called the characteristic equation of A. For a 2 by 2 matrix the
characteristic equation can be written as:

IA — =[

= A2 — (an + a22)), + a11a22 — a12a21
= A2 tr(A)A + AlI= 0, 	 (A.28)

(A.24)

A — an 	 a12
a21 	 A — a22

= — ail) (A. — a22) — ai2a2i
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where tr(A) and IA 1 are, respectively, the trace and the determinant of matrix A.
Hence, for such a matrix the characteristic equation is quadratic in A and thus
possesses two roots:

(A.29)

These roots are distinct if the discriminant, [tr(A)] 2 - 41A1, is non-zero. They are
real (rather than complex) if the discriminant is positive (this is certainly the case if
1A 1 < 0). For an n by n matrix the characteristic equation is an n-th order polynomial
with n roots, —1, —2, • • • , An which may not all be distinct or real. Some properties of
characteristic roots are: -

Eri' 1 Ai = tr(A)
r17-1 Ai = 1A1

Associated with each characteristic root is a chara eristic ve o or (or eigenvector), which
is unique up to a constant. The characteristic vector x ( i) associated with X i solves
(A.26). If a matrix has distinct characteristic roots then it can be diagonalized as
follows:

P-1AP = A <4. A = PAP -1, (A.31)

where P is the matrix with the characteristic vectors, x (i) , as columns and A is the
diagonal matrix with characteristic roots, X i , on the principal diagonal. Diagonaliza-
tion is useful in the context of difference and differential equations—see Chapter 2
and below.

Intermezzo

Eigenvalues, eigenvectors, and matrix diagonalization. Suppose that A is
defined as:

(A.30)

"Pd by replacing column

(A.23)

homogeneous. If IA 1 0 0
I one: x = A-lb = 0. The
c'em is if the coefficient

cannot be used. An
the trivial one) in that

1.

(A.24)

2 is two times row 1).
finite number of non-

cist. Intuitively, we have
n but two unknowns.

vector x which, when

(A.25)
I

By rewriting equation

•

(A.26)

-hich has non-trivial
c, 	 - A, is zero:

(A.27)

r a 2 by 2 matrix the

The characteristic equation is 2, 2 — 3A + 2 = 	 - 1)(A -- 2) = 0 so that the
characteristic roots are A-= 1 and 2,2 = 2. The characteristic vector associated
with Al is obtained by noting from (A.26) that:

(A 11-A)x = 0

A = 6 10
-2 -3

-a21
([ 01 01 	[ 62 103 1) [

(A.28)
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Any solution for which 2x1 + 4x2 	 0 will do. Hence, by setting x1 = c (a
non-zero constant) we find that x2 = -c/2 so that the characteristic vector
associated with Xi is:

x ( )[ 	 C-c/2 •

-4 -10
2	 5

Any combination for which 2x1 + 5x2 = 0 will do. Hence, the characteristic
vector associated with A2 is:

X (2)

In the example matrix we have:

Assume that (a) F has co

aF/axi for j = 1,2, ... ,n
(A.32). Then according -
neighbourhood of [x ) ]
variables:

Y = f (Xl, X2, • • • Xrr:'

I
The implicit function is c

t= f = - L, .
ax,	 F

1 0 -2c/5 -c As an example, consider
0 2

I
c/2 c that ay/ax = -Fx /Fy = -

1 1
-1/2 -2/5

1 2
-1/2 -4/5

11 0	 -2/5 -
0 2_ 1/2

-2/5 - 1 = 101/2 	 1 
3/5	 1 =- A
-1/5 -3/10

A.3.2 System of equa
Next we consider the sysi

I
F l (yi, y2,	 yn; xi,.

F2 (yi, y2, • • • , yn;

Fn (yi, y2, • • Yn; xl

I
We assume that (a) th.
respect to all yi and xi ai

=10

= 10

0 10 •
[ Xi

X2

-2c/5

chs. 6-7), and Strang (19
(1985), and Ortega (19b

I
A.3 Implicit Funct

2 0 6 10
0 2 -2 -3

A.3.1 Single equation
Suppose we have the fi
interest, y, to one or mor

F(y, xi,	 .. xm) =

A 1 0 by fj af /axe, which c.

0 2
ay

from which we verify the result:

[10 	c	 c
PAP-1 .---

c2 -c / 2 -2c/5

It works!

A.2.7 Literature
Basic: Klein (1998, chs. 4-5), Chiang (1984, chs. 4-5), Sydsxter and Hammond
(1995, chs. 12-14). Intermediate: Intriligator (1971, appendix B), Kreyszig (1999,

x1

X21)

Similarly, for A2 = 2 we find:

(A.21 A)x -= 0
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v setting xi 	 c (a
characteristic vector

chs. 6-7), and Strang (1988). Advanced: Ayres (1974), Lancaster and Tismenetsky
(1985), and Ortega (1987).

A.3 Implicit Function Theorem

A.3.1 Single equation

Suppose we have the following equation relating the endogenous variable of
interest, y, to one or more/exogenous variables, xi:

F(y, x1, x2, • • • , Xm) = 0. (A.32)

ce, the characteristic

Assume that (a) F has continuous partial derivatives (denoted by Fy aF /ay, Fi
aF /axi for j = 1, 2, , m) and (b) Fy 0 0 around a point [y°, x?] which satisfies
(A.32). Then according to the implicit function theorem, there exists an m-dimensional
neighbourhood of [x (1] in which y is an implicitly defined function of the exogenous
variables:

(A.33)

The implicit function is continuous and has continuous partial derivatives, denoted
by fi	 f/axi, which can be computed as follows:

ay 
= "

c
	' 	 for i —

a 	 = F	 ' 1 	 I • • • I tn • (A.34)

As an example, consider F(y, x) = y2 + x2 - 9. We find that Fy = 2y and FX = 2x, so
that ay/ax = -Fx /Fy = -x/y provided y 0.

1

A.3.2 System of equations
3/5 1 = A Next we consider the system of n equations in n endogenous variables (Y1,1, y2, • • • , Yn):-1/5 -3/10

F 1 (Y1, Y2, • • • , 	 xl, x2, • . Xm ) = 0

F2 (yi, y2, • • • Yn; xl, X2, • . , Xm ) = 0	

(A.35)

Fn (yi, Y2,•• • I Yn; Xi, X2, • . Xm) = 0

iydsxter and Hammond
,lix B), Kreyszig (1999,

We assume that (a) the functions F' all have continuous partial derivatives with
respect to all yi and xi and (b) at a point [4; x (1] the following determinant (of the
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A.3.3 Literature

Jacobian matrix) is non-zero:

aF l /ay2
aF2 /ayi aF2 /0y2

I/1

aFn/ayi Un/ay2 • •	 •

aFl/ayn
aF2 /ayn

with respect to Go v∎ L

1 - Cy_T(1 -O. (A.36)
Ly

aFn/ayn The Jacobian determin
Then, according to the generalized implicit function theorem there exists an m-
dimensional neighbourhood of [4] in which the variables yi are implicitly defined
functions of the exogenous variables:

yi= fl (X1, x2, . 	 x.)
y2 = f2 (xi , x2, 	 x.)

(A.37)
: =

yn = fn(xi, x2,	 x.)

These implicit functions are continuous and have continuous partial derivatives,
denoted by 	 afiiaxi , which can be computed as follows:

aY! 	— 
I/1

!1
Iax; 	 for i = 1, 2, • • • , n,

= fi

where J! is the matrix obtained by replacing column i of matrix J by the following
vector of partial derivatives:

--8F 1 /axi -
-0F2 /ax;

-81'n/ax1 -

(A.38)

(A.39)

Ill Lr [1 - CY-7

where the sign folios%
depend negatively on ti
sity to consume and th
0 < Cy_T(1 -- Ty) <
(Ly > 0). By Cramer's F

aY	 1
aGo

1 -I,
0 I

ar	 1
aGo 	I/1

1 -

These expressions, o: _

Basic: Klein (1998, pp. 2 a
(1995, pp. 591-593). Adv

Intermezzo

Generalized implicit function theorem. As a example, consider the IS-LM
model:

Y = C(Y - T(Y)) + .1(r) + Go

Mo L(r, Y),

where Y is output, C is consumption, I is investment, r is the interest rate,
T is taxes. The endogenous variables are r and Y and the exogenous variables
are government consumption Go and the money supply Mo. By differentiating

A.4 Static Optimiz

A.4.1 Unconstrained i

Suppose we wish to fn.
function:

Y = f (X),

where we assume that th
tives. The necessary con
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a Y 	 1
8G0 

ar	 1
aG0 	Ill 

These expressions, of course, accord with intuition (see Chapter 1).
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(A.36)

with respect to Go we get:

Cy-T(1 - Ty)
Ly	Lr

The Jacobian determinant is:
qz there exists an m-

v are implicitly defined Lr [1 - CY-T(1 - TY)} + IrL < 0,

(A.37)

where the sign follows from the fact that both money demand and investment
depend negatively on the interest rate (Lr < 0 and Ir < 0), the marginal propen-
sity to consume and the marginal tax rate are between zero and unity (so that
0 < Cy_T(1 -- Ty) < 1), and money demand depends positively on output
(Ly > 0). By Cramer's Rule we get the partial derivatives:

ous partial derivatives,

(A.38)

• i x I by the following

(A.39) 	 A.3.3 Literature
Basic: Klein (1998, pp. 239-245), Chiang (1984, ch. 8), and Sydsxter and Hammond
(1995, pp. 591-593). Advanced: De la Fuente (2000, ch. 5).

the interest rate,
xogenous variables

differentiating

A.4 Static Optimization

A.4.1 Unconstrained optimization
Suppose we wish to find an optimum (minimum or maximum) of the following
function:

= f (A),
	 (A.40)

where we assume that this function is continuous and possesses continuous deriva-
tives. The necessary condition for a (relative) extremum of the function at point

sider the IS-LM
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X = X0 is

f (xo) = 0.
	 (A.41)

To test whether f(x) attains a relative maximum or a relative minimum at x = xo
we compute the second derivative. The second-order sufficient condition is:

if f"(xo)
	

0, f (x0) is a relative { maximum

	

minimum
	 (A.42)

Now suppose that the function depends on n arguments (choice variables):

y = f(xl, x2, . , xn), (A.43)

where f(.) is continuous and possesses continuous derivatives. The first-order
necessary conditions for a relative extremum are:

— 0, i = 1, 2, • • • , n, 	 (A.44)

where f 	 f/axi are the partial derivatives of f 0 with respect to Xi. To study
the second-order sufficient conditions we define the Hessian matrix of second-order
derivatives, H:

A.4.2 Equality constra

We focus on the case ‘..
straint. As in the unconst
constraint is given by:

g(Xlt X2, • • • , Xn) 	 C,

where c is a constant. \\ L
derivatives. The Lagran,

f(xl,x2, 	 , xn) 4

where A is the Lagran0 _
extremum are: 	 11

Li = 0, i = 1, 2, .
LA = 0,

where Li -= aLlaxi and
respect to xi and A, respec
a so-called bordered Hes\ 

fll f12

f21 f22   

o

gi

g2 

• fin

• • • •	 f2n  
Hn.n  (A.45) H(n+1)x(n+1)      

_ fni fn2 • • • • • • fnn _

where fii	 0 2084' and fii	 a 2f/axiaxi are second-order partial derivatives. By
Young's theorem we know that fii = fii so the Hessian matrix is symmetric. We
define the following set of principal minors of H:

_ gn

The bordered Hessian co
up of the derivatives o:
principal minors of H :   

fll fi2	 fin

f21 f22 •	 • • • f2n       
1 1111	 11,	 H2I= fu f12

f21 f22
• •, 	 111,1 0 gl S2

f
g2 f2i   fnl fn2 • • • 	 fnn       

(A.46)

Then, provided the first-order conditions hold at a point [x7, x°, .., x°], the second-
order sufficient condition for f (4) to be a relative maximum is:

lib I < 0, I H2 I > 0, . 	 (—	 IHnl > 0, 	 (A.47)

whilst for a relative minimum the condition is:

1 1121,
	 1 11, 1 > 0
	

(A.48)

See Chiang (1984, pp. 337-353) for the relation between concavity—convexity of
f 0 and the second-order conditions.

Then provided the fi rst-t
order sufficient conditini

( — 1)k 111k1 > 0, k=

whilst for the condition!

1Hkl < 0, k = 2, . 
I

If there are multiple co
the Lagrangian (one pc
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(A.46)
A . o	 o. x,, xn], the second-

is:

(A.47)

(A.48)

7nncavity—convexity of
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A.4.2 Equality constraints

We focus on the case with multiple choice variables and a single equality con-
straint. As in the unconstrained case, the objective function is given by (A.43). The
constraint is given by:

g(xi, x2,	 , xn) = c,	 (A.49)

where c is a constant. We assume that g(.) is continuous and possesses continuous
derivatives. The Lagrangian is defined as follows:

(A.41)

minimum at x xo
,-gt condition is:

(A.42)

(choice variables): 	
L f(xl,x2, . , xn) + [c — g(xi, x2, . , xn)]

	 (A.50)

I
	 (A.43) 	

where A is the Lagrange multiplier. The first-order necessary conditions for an

	

tives. The first-order 	 extremum are:

	

(A.44)
	 LA = 0,

	 (A.51)

respect to xi. To study
t matrix of second-order

where A aL/ax i and LA aL/ax are the partial derivatives of the Lagrangean with
respect to x i and A, respectively. To study the second-order conditions we formulate
a so-called bordered Hessian matrix, denoted by H:

(A.45) An+1)x (n+1) ==."'

o

gl
g2

gi g2 	 •• • gn
fi2 	 • 	 • fin

f21 f22 • • 	 • " f2n (A.52)       

partial derivatives. By
-frix is symmetric. We

_ gn fnl fn2 " • • • • fnn _

The bordered Hessian consists of the ordinary Hessian but with the borders made
up of the derivatives of the constraint function (gi). We define the following set of
principal minors of H:

' • fin

" f2n

fnn         

0 gl g2
f12 "

g2 f2i f22 • •

• • •
	 gn

• ' •	 fi n

• • f2n H2

gl g2
gl fn f12

g2 f2i f22

IHn I .	 (A.53)              

gn fn 1 fn2 •	 • • • fnn

Then provided the first-order conditions hold at a point [x?,	 , x°„] the second-
order sufficient conditions for f (x?) to be a relative constrained maximum are:

( — 1) k Ifik I > 0, k = 2, ... , n,	 (A.54)

whilst for the conditions for a relative constrained minimum are:

I fik <	 k = 2, ... , n.	 (A.55)

If there are multiple constraints then additional Lagrange multipliers are added to
the Lagrangian (one per constraint) and the first-order condition for each Lagrange
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feasible region. In panel

f'(xo) =-- 0 and I

Finally, in panel (c) we al
f (x) continues to rise
have:

f' (xo) 0 and
I

These three conditions,
solutions, can be combi

I
f' (x0) 	 0, xo

There are two key things
A.1, we can safely ex, _
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multiplier, Al , takes the form LAi aLiaa. ; = 0. See Chiang (1984, pp. 385-386) for
the appropriately defined bordered Hessian for the multi-constraint case.

Interpretation of the Lagrange multiplier

We now return to the single constraint case in order to demonstrate the interpreta-
tion of the Lagrange multiplier in the optimum. Using the superscript "0" to denote
optimized values, we can write the optimized value of the Lagrangian as:

LO 	 -C I 0 0	 0‘ 	 , 0

	

X2 ,	 , Xn ) + A [C. — g(x7, x(2), ..,x)].

Next, we ask the question what happens if the constraint is changed marginally.
Obviously, both A, 13 and x? are expected to change if c does. Differentiating (A.56)
we get:

dr°	 n 
L

dx9 
+	

d)°	 xo (dc) = )1/4,0,
dc	 dc

i 	 1 )
i=1	 dc	 dc

where we have used the necessary conditions for an optimum (C A = L i = 0 for
i = 1, 2, , n) to get from the first to the second equality. Recall that the constraint
holds with equality (c = g(.)) so that A° measures the effect of a small change in c
on the optimized value of the objective function f (.). For example, if the objective
function is utility and c is income, then A° is the marginal utility of income.

A.4.3 Inequality constraints
We now briefly study some key results from non-linear programming. We first look
at the simplest case with non-negativity constraints on the choice variables. Then
we take up the more challenging case of general inequalities. We focus on first-order
conditions and ignore some of the subtleties involved (like constraint qualifications
and second-order conditions).

Non -negativity constraints

Suppose that the issue is to maximize a function y = f (x) subject only to the non-
negativity constraint x > 0. There are three situations which can arise. These have
been illustrated in Figure A.1 which is taken from Chiang (1984, p. 723).

Panel (a) shows the case we have studied in detail above. The function attains a
maximum for a strictly positive value of x. We call this an interior solution because
the solution lies entirely within the feasible region (and not on a boundary). The
constraint x > 0 is non-binding and the first-order condition is as before:

f'(xo) = 0. (interior solution)

Panels (b) and (c) deal with two types of boundary solutions. In panel (b) the function
happens to attain a maximum for x = xo = 0, i.e. exactly on the boundary of the

(A.56)

(A.57)
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(boundary solution)f' (xo) = 0 and xo = 0.
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1984, pp. 385-386) for
- nstraint case.
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. We focus on first-order
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as before:

(interior solution)

r nel (b) the function
on the boundary of the

xo x

Figure A.1. Non-negativity
constraints

feasible region. In panel (b) we thus have:

f'(xo) < 0 and xo 0. 	 (boundary solution)

These three conditions, covering the interior solution and both types of boundary
solutions, can be combined in a single statement:

673

x

x

Finally, in panel (c) we also have a boundary solution but one for which the function
f(x) continues to rise for negative (infeasible) values of x. Hence, at that point we

have:

f'(xo) 0, xo > 0, xo f' 	 = 0.

There are two key things to note about this statement. First, as is evident from Figure
A.1, we can safely exclude the case of r (xo) > 0 from consideration. If f'(xo) > 0

(A.58)
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even for xo = 0 then this can never be a maximum as raising x by a little would
also raise the objective function (see point D in panel (a)). The second key result
concerns the third condition in (A.58), saying that at least one of xo or r(x0) must
be zero.

When there are n choice variables the problem becomes one of choosing xi
(i = 1, 2, , n) in order to maximize f (xi, x2, ...,xn) subject to the non-negativity
constraints Xi > 0 (i = 1, 2, ... , n). The first-order conditions associated with this
problem are straightforward generalizations of (A.58):

< 0, xi	 0, 	 = 0, i = 1, 2, ... , n.	 (A.59)

General inequality constraints

Suppose that the objective function is given by (A.43) and the set of non-linear
constraints is given by:

1
A.4.4 Literature I
Basic: Klein (1998, chs 9-
mond (1995, chs 17-18).
chs 2-4). Advanced: de

A.5 Single Differe

In this section we show 1
equations. We follow stag
Newtonian 'dot' notatio
dy(t)/ dt and y(t) d2)

gl (xi, x2, • , xn) < Cl,
	 A.5.1 First-order (con

g2 (xi, x2, • • • xn) < C2,
(A.60)
	 Homogeneous

gm (xi , x2 , ..., xn) < Cm,
	 Suppose we have the fol

where ci are constants and the gi 0 functions are continuous and possess continuous
derivatives (j = 1, 2, , m). The Lagrangian associated with the problem is:

L	 f(xi, X2, . • . ,	 E	 [c1 - sr/ (xi,x2, • • • , Xn)] 1

j=1
(A.61)

where Ai is the Lagrange multiplier associated with the inequality constraint
ci > gq.). The first-order conditions for a constrained maximum are:

(t) ay(t) 	 0,

where a is a constant.
the constant on the rigl
a path for y(t), such
f/(t)/y(t) = -a. Since 6.,
the exponential type:

y(t) = Aea t ,

Li < 0 xi > 0 xiLi = 0 i = 1, 2, 	 , n,
.CAI > 0 Aj > 0 	 = 0 j = 1, 2, ... , m, (A.62) where A 0 0 and a are

solve (A.64). This implit

where A aLlax i and 4,
For a minimization problem, the Lagrangian is the same as before but the first-

order conditions are:

Li> 0 xi> 0 xiLi =0 i = 1, 2, ... , n,
Lxi <0 A.1> 0 A141 = 0 j = 1, 2, ... , M.

(A.63)

We refer the reader to Chiang (1984, pp. 731-755) for a detailed discussion of
second-order conditions and the restrictions that the constraint functions must
satisfy (the so-called constraint qualification proviso).

aAea t aAe(t = 0

(a + a) Aea t = 0

where the result folk
an initial value for y(t ),
solution, y(t) = Ae -at

solution of the homo �,,.

y(t) = yoe-at.
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(A.59)

aAea t + aAea t = 0

(a + a) Aea t = 0	 a = -a,
as before but the first-

111
(A.66)

detailed discussion of
ctraint functions must

(A.63)
where the result follows from the fact that Aea t 0 0. Suppose we are also given
an initial value for y(t), say y(0) = yo (a constant). Then it follows from our trial
solution, y(t) = Ae-at that y(0) = A = yo (since e' = 1 for t = 0) so that the full
solution of the homogeneous differential equation is:
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A.4.4 Literature

Basic: Klein (1998, chs 9-11), Chiang (1984, chs 9-12, 21), and Sydsazter and Ham-
mond (1995, chs 17-18). Intermediate: Dixit (1990, chs 2-8) and Intriligator (1971,
chs 2-4). Advanced: de la Fuente (2000, chs 7-8).

A.5 Single Differential Equations

In this section we show how to solve the most commonly encountered differential
equations. We follow standard procedure in the economics literature by using the
Newtonian 'dot' notation to indicate derivatives with respect to time, i.e. y(t)

dy(t)/dt and j'/(t) d2y(t)/dt2 etc.

A.5.1 First-order (constant coefficients)

Homogeneous

Suppose we have the following differential equation in y(t):

5/(t) + ay(t) = 0,	 (A.64)

where a is a constant. This is called a homogeneous differential equation because
the constant on the right-hand side is zero. To solve this equation, we must find
a path for y(t), such that the exponential rate of growth in y(t) is constant, i.e.
y(t)/y(t) = -a. Since growth must be exponential it is logical to try a solution of
the exponential type:

y(t) = Aea t , 	 (A.65)

where A 0 0 and a are constants to be determined. Clearly the trial solution must
solve (A.64). This implies that:

y(t) = yoc at (A.67)
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Non-homogeneous

Now suppose that the differential equation is non-homogeneous:

Y(t) + ay(t) = b, 	 (A.68)

where b 0. We look for the solution in two steps. First we find the complementary
function, yc(t), which is the path for y(t) which solves the homogeneous part of the
differential equation. Next, we find the so-called particular solution, yp(t), to the gen-
eral equation. By adding the complementary function and the particular solution
we obtain the general solution. In case we want to impose the initial condition this
can be done after the general solution is found.

Since the complementary function solves the homogeneous part of the differen-
tial equation it makes sense to try yc(t) = Ae -at. The particular integral is found by
trial and error starting with the simplest possible case. Try yp(t) = k (a constant) and
substitute it in the differential equation:

51p(t) + ayp(t) = b

0 + ak = b 	 k= -
b 

(for a � 0)
a
	 (A.69)

Hence, provided a 0 0, our simplest trial solution works and the general solution is
given by:

y(t) [= 	 + yp(t)] = Ae -a t + -
a 

(for a 0 0). 	 (A.70)

If we have the initial condition y(0) = yo (as before) then we find that A = y o - b/a.
What if a = 0? In that case the complementary function is HO = Ae-°t = A,

a constant, so it makes no sense to assume that the particular solution is also a
constant. Instead we guess that yp(t) = kt (a time trend). Substituting it in the
differential equation (A.64) (with a = 0 imposed) we obtain:

A.5.2 First-order (vari

Assume that the differc.,

y (t) + a(t)y(t) = b( t
4

where a and b are now bo
constant coefficients it is
time derivative y(t). Ti .
forward. We first solve t
that a(t) is continuous w

dy(t) I dt = -a(t),
y(t)

from which we conclude

log ly(t)I = A -

where we have used the 1
of integration. Assum . c
we find that the general

y(t) = Ae— f a(t) at

The non-homogeneo
possesses an integratin,

F(t) f a(t) dt.

First we note the follu►.,

[eF(t) v(0 1 = eF
dt	 '

where we have used -
(A.74) by the integratii4

[eF(t)y(t) ]
=

Finally, by integrating t

eF(t)y(t) = A + f i.)■4

At) e—F(t)

yp(t) + ayp(t) = b 	 k=b  (for a = 0).	 (A.71)

Hence, the trial works and the general solution is:

y(t) = A + bt, (for a = 0).	 (A.72)

(Imposing the initial condition y(0) = yo we obtain that A = yo .) The thing to note
about the general solution is that we could have obtained it by straightforward
integration. Indeed, by rewriting (A.68) and setting a = 0 we get dy(t) = bdt which
can be integrated:

f dy(t) = f bdt 	 y(t) = A + bt, 	 (A.73)

where A is the constant of integration. Of course, equations (A.72) and (A.73) are
the same but in the derivation of the latter no inspired guessing is needed. 	 where A is again the
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A.5.2 First-order (variable coefficients)

Assume that the differential equation has the following form:

Y(t) + a(t)y(t) = b(t), 	 (A.74)

where a and b are now both functions of time. Though the expression does not have
constant coefficients it is nevertheless linear in the unknown function y(t) and its
time derivative y(t). This linearity property makes the solution relatively straight-
forward. We first solve the homogeneous equation for which b(t) 0. Assuming
that a(t) is continuous we can rewrite equation (A.74) as:

dy(t)/dt
—a(t), 	 (A.75)

Y(t)

from which we conclude that:

log I y(t)I = A — f a(t) dt, 	 (A.76)

where we have used the fact that f dy(t)/y(t) = logly(t)I and where A is the constant
of integration. Assuming that y(t) > 0, as is often the case in economic applications,
we find that the general solution for y(t) is:

Y(t) = Ae- f a(t) dt 	 (A.77)

The non-homogeneous equation (A.74) can also be solved readily because it
possesses an integrating factor, eF(t) , where F(t) is given by:

F(t) f a(t) dt. 	 (A.78)

First we note the following result:

dt [
e F(t)y(t)] = eF(t)y(t) + y(t)eF(t)E(t) = eF(t) [5/(0 a(t)y(t)] , 	 (A.79)

where we have used the fact that F(t) = a(t). Next, by multiplying both sides of
(A.74) by the integrating factor eF(t) and using (A.79) we obtain:

d [ F(t)
dt e Y(0] = b(OeF (t) .

Finally, by integrating both sides of (A.80) we obtain:

eF(t)y(t) = A + f b(t)eF(t) dt

y(t) = e-F(t) [A + f b(t)eF(t) dt],

where A is again the constant of integration.

(A.80)

(A.81)
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A.5.3 Leibnitz's rule
In the text we occasionally make use of Leibnitz's rule for differentiation under the
integral sign (Spiegel, 1974, p. 163). Suppose that the function f (x) is defined as
follows:

u2(x)
f (x) f 	 g(t , x) dt, a <x < b.

i (x)
(A.82)

Then, if (i)g(t, x) and ag/ax are continuous in both t and x (in some region including
ui < t < u2 and a < x < b) and (ii) u1(x) and u2(x) are continuous and have
continuous derivatives (for a < x < b), then df I dx is given by:

(x) = fu,(x) ag (t , x) due du2 du,
x + g (u2, x) —

dx 
- g(ui, x)

dxdx i(x) 

Often u1 and/or u2 are constants so that one or both of the last two terms on
the right-hand side of (A.83) vanish. See also Sydsaater and Hammond (1995, pp.
547-549) for examples of Leibnitz's rule.

A.5.4 Literature
Basic: Klein (1998, ch. 14), Chiang (1984, chs. 13-15), Sydsxter and Hammond
(1995, ch. 21). Intermediate: Apostol (1967, ch. 8), Kreyszig (1999, chs. 1-5), Boyce
and DiPrima (1992), and de la Fuente (2000, chs. 9-11).

A.6 Systems of Differential Equations

The main purpose of this section is to demonstrate how useful Laplace transform
techniques can be to (macro) economists. Whilst the technique is not much more
difficult than the method of comparative statics—that most students are famil-
iar with—it enables one to study thoroughly (the properties of) low-dimensional'
dynamic models in an analytical fashion.

A.6.1 The Laplace transform
The Laplace transform is a tool used extensively in engineering contexts and a
very good source is the engineering mathematics textbook by Kreyszig (1999). The

1 By "low dimensional" we mean that the characteristic polynomial of the Jacobian matrix of the
system must be of order four or less. For such polynomials closed-form solutions for the roots are
available. For higher-order polynomials Abel's Theorem proves that finite algebraic formulae do not
exist for the roots. See the amusing historical overview of this issue in Turnbull (1988, pp. 114-115).
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Laplace transform is extremely useful for solving (systems of) differential equations.
Intuitively, the method works in three steps: (i) the difficult problem is transformed
into a simple problem, (ii) we use (matrix) algebra to solve the simple problem,
and (iii) we transform back the solution obtained in step (ii) to obtain the ultimate
solution of our hard problem. Instead of having to work with difficult operations in
calculus (in step (i)) we work with algebraic operations on transforms. This is why
the Laplace transform technique is called operational calculus.

The major advantage of the Laplace transform technique lies in the ease with
which time-varying shocks can be studied. In economic terms this makes it very
easy to identify the propagation mechanism that is contained in the economic
model. As we demonstrate in Chapter 15 this is important, for example, in models
in the real business cycle (RBC) tradition.

Suppose that f (t) is a function defined for t > 0. Then we can define the Laplace
transform of that function as follows: 2

Eft , s} f e-stf (t) dt.	 (A.84)

In economic terms L{f , s} is the discounted present value of the function f (t), from
present to the indefinite future, using s as the discount rate. Clearly, provided the
integral on the right-hand side of (A.84) exists, £{ f , 51 is well-defined and can be
seen as a function of s.

Here are some simple examples. Suppose that f (t) = 1 for t > 0. What is {f, s}?
We use the definition in (A.84) to get:

( 	 1
Lff, , = ,C{1, s} =f	

S
1 x e -St dt = - -e-S t

ID

for s > 0. We have found our first Laplace transform, i.e. r{1, s} 	 1/s. Despite
the ease with which it was derived, the transform of unity, .C{1, s), is an extremely
useful one to remember. Let us now try to find a more challenging one. Suppose
that f (t) = eat for t > 0. What is L{f , s}? We once again use the definition in (A.84)
and get:

r{f, , s} = L{ea t , s} =f eat e-st dt = f e-o-a)t dt

1
	e-(s-a)t
s - a

00 1
= 

s - a
,   

neering contexts and a
by Kreyszig (1999). The

pf the Jacobian matrix of the
r solutions for the roots are

algebraic formulae do not
411'111 (1988, pp. 114-115).

provided s > a (otherwise the integral does not exist and the Laplace transform is
not defined).

2 Some authors prefer to use the notation F(s) for the Laplace transform of f (t). Yet others use
notation similar to ours but suppress the s argument and write G{ f) for the Laplace transform of f (t).
We adopt our elaborate notation since we shall need to evaluate the transforms for particular values of
s below.

679



a — b

14(t — a)	 I

(s — a)(s — b)
0 for 0 < t < a	 e-a5

1 for t > a

teat
to -1 eat

a — b 	 (s — a)(s — b)
aeat — bebt 	 1

s > a

n = 1,2,...; s > a

s > a, s > b, alb

s > a, s > b, alb

(n — 1)!
eat — ebt

s — a
1

(s 	 a)2
1

(s — a)n
1

Mathematical Appendix        

Table A.1. Commonly used Laplace transforms  Now we apply (P1) to     

f (t) Ltf , 	 valid for:
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s > 0
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So now we have found our second Laplace transform and in fact we already possess
the two transforms used most often in economic contexts. Of course there are very
many functions for which the technical work has been done already by others and
the Laplace transforms are known. In Table A.1 we show a list of commonly used
transforms. Such a table is certainly quite valuable but even more useful are the
general properties of Laplace transforms which allow us to work with them in an
algebraic fashion. Let us look at some of the main properties.

Property 1 Linearity. The Laplace transform is a linear operator. Hence, if the Laplace
transforms of f (t) and g(t) both exist, then we have for any constants a and b that

L{af + bg, s} = aL{f , s} + bL{g, s}. 	 (P1)

The proof is too obvious to worry about.

The usefulness of (P1) is easily demonstrated: it allows us to deduce more complex
transforms from simple transforms. Suppose that we are given a Laplace transform
and want to figure out the function in the time domain which is associated with it.
Assume that L{r , s} = 1/((s — a)(s — b)), a 0 b. What is f (t)? We use the method of
partial fractions to split up the Laplace transform:

(s—a)(s—b) a—bLs—a s—bj •

1	 = 1 	 1	 1 	 (A.85)
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Now we apply (P1) to equation (A.85)-which is in a format we know—and derive:

1 
L{r , s} = 1 1 1 	 1 	 = 	 [L tea, s) - L{ebt , s}],	 (A.86)

a-bts-a s-b] a-b

where we have used Table A.1 to get to the final expression. But (A.86) can now be
inverted to get our answer:

.; s > 0 eat _ ebt
f (t) = 	

a - b
(A.87)

S > a

> b, alb
I
> b, alb

This entry is also found in Table A.1.
But we have now performed an operation (inverting a Laplace transform) for

which we have not yet established the formal validity. Clearly, going from (A.87)
to (A.86) is valid but is it also allowed to go from (A.86) to (A.87), i.e. is the Laplace
transform unique? The answer is "no" in general but "yes" for all cases of interest.
Kreyszig (1999, p. 256) states the following sufficient condition for existence.

Property 2 Existence. Let f(t) be a function that is piecewise continuous on every finite
interval in the range t > 0 and satisfies:

If	 .< Me ) t ,

for all t > 0 and for some constants y and M. Then the Laplace transform exists for all
s > y.

With "piecewise continuous" we mean that, on a finite interval a < t < b, f(t)
is defined on that interval and is such that the interval can be subdivided into
finitely many sub-intervals in each of which f (t) is continuous and has finite limits
(Kreyszig, 1999, p. 255). Figure A.2 gives an example of a piecewise continuous
function. The requirement mentioned in the property statement is that f(t) is of
exponential order y as t ----> oo. Functions of exponential order cannot grow in
absolute value more rapidly than Met as t gets large. But since M and y can be as
large as desired the requirement is not much of a restriction (Spiegel, 1965, p. 2).

Armed with these results we derive the next properties. The first one says that
discounting very heavily will wipe out the integral (and thus the Laplace transform)
of any function of exponential order. The second one settles the uniqueness issue.

Property 3 If L{r s} is the Laplace transform of f (t), then:

lim L{f , s} = 0
S-,00

(P3)

Property 4 Unique inversion [Lerch's theorem]. If we restrict ourselves to functions f(t)
which are piecewise continuous in every finite interval 0 < t < N and of exponential order
for t > N, then the inverse Laplace transform of Lff , 51, denoted by L -1 [C{ f , s}} = f(t),
is unique.

I 
fact we already possess
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(A.85) Let us now push on and study some more properties that will prove useful later on.
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1(t)      

Figure A.2. Piecewise continuous function

Property 5 Transform of a derivative. If f (t) is continuous for 0 < t < N and of
exponential order y for t > N and f' (t) is piecewise continuous for 0 < t < N then:

L{ f , s) = sLif , s} — f (0), 	 (P5)

for s > y .

PROOF: Note that we state and prove the property for the simple case with f (t)
continuous for t > 0. Then we have by definition: 3

Lit , s) =f e -srf (t)dt

00

= e-srfr o+ s	 e - s tf (t)dt

= urn e -srf (t) — f (0) + sLif , 51.
t-÷0.

But for s > y the discounting by s dominates the exponential order of f (t) so that
lim t_> „„ e-srf (t) = 0 and the result follows.

Of course, we can use (P5) repeatedly. For second- and third-order time derivatives
of f (t) we obtain:

5} = s ft. , s) — f (0) = s [s	 , s) — f (0)] — f (0)

Lft . , s) = s3 Lff , s) — s2 f (0) — st. (0) —
	 (P6)

We can now illustrate the usefulness of the properties deduced so far and introduce
the three-step procedure mentioned above (on page 679) by means of the following
prototypical example.

3 We use integration by parts, i.e. f udv = uv f vdu, and set u = e-st and v = f (t).
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A.6.2 Simple applications
Suppose we have the following differential equation:

1/(t) + 4j/(t) + 3y(t) = 0, 	 (A.88)

which must be solved subject to the initial conditions:

y(0) = 3, 5,(0) = 1.	 (A.89)

Here goes the three-step procedure:
Step 1: Set up the subsidiary equation. By taking the Laplace transform of (A.88)

and noting (P6) we get:

L{y, s} +	 + 3.C{y, s} = 0 <=>-

[s2L{y, s} — sy(0) Y(0)] + 4 [sEly, , s) — y(0)] + 3Lty, 51 = 0 <#.

[s2 + 4s + 3] £{y, s} = (s + 4)y(0) + f/(0). 	 (A.90)

By substituting (A.89) in (A.90) we obtain the subsidiary equation of the differential
equation including its initial conditions.

[s2 + 4s + 3] ED/ , sl = 3s+ 13.	 (A.91)

Step 2: Solve the subsidiary equation. We now do the easy stuff of algebraically
manipulating the expression (A.91) in s-space. We notice that the quadratic on the
left-hand side of (A.91) can be written as s2 + 4s + 3 = (s + 1)(s + 3) so we can solve
for L{y, s} quite easily: 4

3s + 133(s + 1) + 10
D/E , s} = 	(s + 1)(s + 3) = (s + 1)(s + 3)

3 	 10
▪ s + 3 

• 

(s + 1 )(s+ 3 )

3	 10 	1	 1
s+ 3 

• 

3 — 1 s+1 s+ 3
5	 2

(A.92)
s + 1 s + 3 .

Step 3: Invert the transform to get the solution of the given problem. We have
now written the (Laplace transform of the) solution in terms of known transforms.
Inversion of (A.92) is thus straightforward and results in:

b 	 t

for 0 < t < N and of
rc, r. 0 < t < N then:

(PS)

'31 order of f (t) so that

-order time derivatives

(P6) y(t) = 	 {E{y, s)} = 5E -1
1  I	 , 	1  I = 5e-t — 2e-3t. 	 (A.93)s + 1 	 s + 3

Iced so far and introduce
means of the following

Ind v = f(t).

Of course we could have obtained this solution quite easily using the standard
techniques so for this simple example the Laplace transform technique is not that

4 We show the trivial steps leading to the final result in order to demonstrate that the algebra involved
in s-space is indeed trivial. In general, the work involved in step 2 of the procedure is always easier than
tackling the problem directly in t-space.



[ SK(t)
gQ (t)

(A.96)

[

sLiK , - K(0)
sL{Q, s} - Q(0)

LW, s)A(s) [
L{Q,s}

= A [ ,C{K,s}
L{Q,s}

[Ligio
L{gQ, s)

(A.97)[ K(0) + Ligios}
Q(0) + LigQ, s}l'
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useful. It has some value added but not a lot. The thing to note, however, is that
the method is essentially unchanged for much more complex problems. We now
study two such cases.

Assume that the differential equation (A.88) is replaced by:

y(t) + 4y(t) + 3y(t) = g(t),	 (A.94)

where g(t) is some (piecewise continuous) forcing function which is time-dependent
and has a unique Laplace transform L{g , s}. The initial conditions continue to be as
given in (A.89). Using the same procedure as before we derive the solution of the
subsidiary equation in terms of the Laplace transforms:

C{)/, sl = 
	3s+ 13	 L{g , s}
(s + 1)(s + 3) (s + 1)(s + 3)

	 A.95)
output

initial conditions 	 input

The first term on the right-hand side is the same as before (see (A.92)) and results
from the initial conditions of the problem. The second term on the right-hand
side represents the influence of the time-varying forcing term. Two further things
must be noted about equation (A.95). First, the expression is perfectly general. A
whole class of shock terms can be used in (A.95) to solve for y(t) after inversion.
Second, it should be noted that all of the model's dynamic properties are contained
in the quadratic function appearing in the denominator. In fact, H(s) (s+1)(s+3) is
often referred to as the transfer function in the engineering literature since it transfers
the shock (the "input") to the variable of interest (the "output")—see for example
Boyce and DiPrima (1992, p. 312). The inverse of H(s), denoted by h(t) L -1 {H(s)},
is called the impulse response function of the system.

A.6.3 Systems of differential equations

The transform method is equally valuable for systems of differential equations.
Suppose that the dynamic model is given in matrix form by:

[k(t)	 A[K(t)
Q(t)

where A is the two-by-two Jacobian matrix with typical element 84, and gi(t) are
(potentially time-varying) shock terms. Note that a system like (A.96) occurs quite
regularly in analytical low-dimensional macro models.

By taking the Laplace transform of (A.96), and noting property (P5) we get:

where A (s) s/ -- A is a t
know from matrix 	 _

1	 .A(s) -1 = 	 ac'
IA(s)I

where adjA(s) is the adj
the determinant of A

s - (5 -1-adjA(s) 	 [ 1521

and:

A (s) I = (s - 311)k,

— S2 —	 —

= S
2 — s

I
where tr(A) and 1 Al al,
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I
IA(s)I = (s - A.1 J o
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(A.85)

where A(s) s/- A is a two-by-two matrix depending on s and the elements of A. We
know from matrix algebra that the inverse of this matrix, A(s) -1 , can be written as:

A (s) -1 - 	1	adj A (s),	 (A.98)
1A(s)1

where adjA(s) is the adjoint matrix (see above in section A.2.4) of A(s) and I A(s)1 is
the determinant of A(s). For the simple two-by-two model adjA(s) and 1 A (s)1 are:

S — 822 	 812

821 	

,
S — 811

and:

MS) = — 811)(S — 822) — 8 12 821

= S2 — (811 + 822)S + 8 11 822 — 8 12 821

= S2 — str(A) +1A1,

where tr(A) andl Al are, respectively, the trace and the determinant of the matrix A.
The quadratic equation in (A.100) can be factored as follows:

IA(s)1 = (s - A1)(s - A2), 	 (A.101)

where A.1 and A.2 are the characteristic roots of the matrix A:

X1,2 = 	 2
tr(A) \/[tr(A)] 2 - 41A1

Before going on we note—by comparing (A.100) and (A.101)—that for the two-by-
two case we have:

tr(A) = Al + X2, I A l = X1A2, 	 (A.103)

i.e. the sum of the characteristic roots equals the trace of the Jacobian matrix A
and the product of these roots equals the determinant of this matrix. This property
is often very useful for deducing the signs of these roots. It is not difficult to see
why this is so by looking at (A.102). We note that the roots are real (imaginary) if
[tr(A)] 2 > < ) 41A1 and that they are distinct provided [tr(A)] 2 41A1. Also, if
tr(A) > 0 there must be at least one positive root. Finally, if Al1 < 0 there is exactly
one positive (unstable) and one negative (stable) real characteristic root. 5

Let us now consider the two cases encountered most often in the economics
'literature for which the roots are real and distinct, i.e. [tr(A)] 2 > 41A1.

5 These characteristic roots are going to show up in exponential functions, eA i t , in the solution of
the (system of) differential equation(s). If the root is positive (negative) eA i t	oo	 0) as t 	 oo so
positive (negative) roots are unstable (stable). The knife-edge case of a zero root is also stable as 	 = 1

for all t. See section A.6.4 below.
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Both roots negative (Aq, A2 < 0)

We can use (A.97), (A.98), and (A.101) to derive the following expression in Laplace
transforms:

adj A(s) [ K(0) + LIgk, s}

[

,C{K ,  Q(0) + L{gQ, s)

,C{Q, s} — A.1)(S — A2)
(A.104)

which is in the same format as (A.95), with H(s) adj A(s)/[(s — Ai)(s — A2)] acting
as the transfer function. To solve the model for particular shocks it is useful to re-
express the transfer function. We note that for the two-by-two case adjA(s) has the
following properties:

adj A(s) = adj A(Xi) + (s — Xi)I , (i = 1, 2

/ = adj A(A.1) — adj A0,2) 
A l — A2

(A.105)

where the second result follows from the first. We can now perform a partial
fractions expansion of the transfer matrix:

(A.106)

(A.108)

adj A(s) 	adj A(s)	 1 	1
(s —A1)(s—A2) — Al — A2 Ls — 	 s— A2

Al 	
]1 	[ adj A(s)	 adj A(s)

	A2 s—A1	 s— A2

1 	I +[	 adj A(A.1) 	 adj A(,2) 
ai A2 	s —	 s — A2

1	 r ad j A (Ai) adj A0,2)1
),2	 s — 	 s — A2 	 •

[

L{K , ]=  B  + I — B  1[K(0)
L{Q, s} Ls — s — A2 j Q(0)

B  —Ai  ) I — B —A2  )1[81K
	L 	 — Ai) 	 )1/4.2 	 s — 	 gQ

where B adjA(A1)/(kt
The expression is no
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[K(t) ]_ [Be).,t _
Q(t) I

B
A,
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By using (A.106) in (A.104) we obtain the following general expression in terms of
the Laplace transforms:

	[L{K, s)	 1 	 Fadj A(A.1) 	 adj A(A.2)1 K(0) + LIP< , s) .	 (A.107)

	

L{Q,s} 	 Al — A2 L —	 — A2 	 Q(0) + LigQ,

Suppose that the shocks are step functions and satisfy gi(t) = gi for i = K, Q and
t > 0. The Laplace transform for such step functions is Ligi, ․) = gils which can be
substituted in (A.107). After some manipulation we obtain the following result:
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where B adj A (A MA - A2) and I -B -adj A(X2)/(X1 — A2) are weighting matrices. 6

The expression is now in terms of known Laplace transforms so that inversion is
child's play:

K(t)
Bexit + (I - B)ex2t][

K(0)

[ Q(t)	 Q(0)

1-7-B (1 - eA l t )
L Ai 	

- B (1 eA2t,gK 1 .

A2	 gQ

(A.109)

Equation (A.109) constitutes the full solution of the problem. It yields impact,
transition, and long-run results of the shock. To check that we have done things
correctly we verify that we can recover from (A.109) the initial conditions by setting
t = 0 and the long-run steady state by letting t -+ oo. The first result is obvious:
for t = 0 we have that exit = 1 so that K(t) = K(0) and Q(t) = Q(0). Similarly, for
t oo , -> 0 (since both roots are stable) and we get from (A.109):

[

K(oo) _ F B ± I_B i [ gK i = -adj A(0) [ gic
Q(00) - Al A2 gQ gQ

adjA [ six -1 [ gK= —A
— I gQ 	 gQ

which is the same solution we would have obtained by substituting the permanent
shock in (A.96) and imposing the steady state. So at least the initial and ultimate
effects check out!

We could have checked our results also by working directly with the solution in
terms of Laplace transforms (i.e. (A.107) in general and (A.108) for the particular
shocks). We need the following two properties to do so.

Property 6 If the indicated limits exist then the initial-value theorem says:

lim f (t) = lim s 	 , s)-.

(A.110)

(P7)

C{gQ, s}
	 (A.107)

(t) = gi for i = K, Q and
s} = gds which can be

the following result:

(A.108)

gK

gQ

and the final-value theorem says:

t-.00	 s-.0
urn f (t) = urn sLif, 51

PROOF: See Spiegel (1965, p. 20).

6 These weighting matrices also satisfy:

BI — B adjA(0) adjA =
AV- A2 - -A1A2 	 AlA2

1)n- ladjThese results are used below. Note that we have used the fact that adjA(0) = adj(—A) = (—
where n is the order of A (n = 2 here). See Lancaster and Tismenetsky (1985, p. 43).

(P8)
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Applying Property (P7) directly to (A.108) we obtain:

s-÷. [ s ,C(Q, s}
lim sL{K, s} B lim (

	

s 
	+(I B) lim 	s

	

s--+. s - 	Xi 
	 )

- X2

	

=1 	 =1

K(0)
Q(0)  

lims->o[ s.C{Q, s}
s.C{K, s}

Blim
(

s 
	+(I B) lim 	s

s_,o s - Xi 
	 )

- A2

[ K(0)
Q(0)   

=0	 =0

— lim ,B	 -Xis 
 +
) I - B 

lim , -X2s
s(s - A1)	 X2 s---0) s(s - A2))

,•••■■•■■,.■■■■S 	 ,■■■•■,,■1

=1 	 =1

[ ggKQ
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(

-Xis  ) I - B 
lim 	- X2s	 gic

00 s(s - Ai) A2 	 00 s(s - A2) ) 	 gQ
=0	 =o

= [B + I - B] KM
Q(0) 

1= [K(0)

Q(0)

. 	 adj A (,2 )

All except one
such that (A.1
in one unkn
since A(A.2) is
to compute Q

[ 00

Q(0) =

We next use

Similarly, applying Property (P8) to (A.108) we get:

=J gQ

r B I - Bi [gK 	[K(oo) 1 .
Q(00)

Roots alternate in sign (t,1 < 0 < A2)

A situation which occurs quite regularly in dynamic macro models is one in which
the Jacobian matrix A in (A.96) has one negative (stable) root and one positive
(unstable) root. The way to check for such saddle-point stability is either by means
of (A.102) or (A.103). From (A.102) we observe that if I A I < 0 then we have distinct
and real roots for sure since .1(trA) 2 - 4IA I > 0. Also, since I A l < Xi < 0 it must
be the case that A. 1 < 0 < A2. Of course we also see this directly from (A.103).

The beauty of the Laplace transform technique is now that (A.104) is still appro-
priate and just needs to be solved differently. Let us motivate the alternative solution
method heuristically by writing (A.104) as follows:

(s -
[

G{K,s}
,C{Q, s} 

adj A(s) 
[ K(0) + £{gK, 5}

Q(0) + L{gQ, s}
(A.111)

7 Of course, e
In general, i

dent and the rar
A of rank n — 1S — A2
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(A.112)= [
130

.	 adj A (A2)
Q(0) + LtgQ, A2)

[ K(0) + Ligto A.21

All except one of the variables appearing in (A.112) are determined so Q(0) must be
such that (A.112) holds. At first view it appears as if (A.112) represents two equations
in one unknown but that is not the case. A theorem from matrix algebra says that,
since A(A2) is of rank 1 so is adjA(A 2 ). 8 So, in fact, we can use either row of (A.112)
to compute Q(0):

[ K(0)
Q(0)

I ).2S
S — A-2)    

[gx

gQ          

[LIK,
L{Q, s}

adjA(A2)
(s — A S — A2

Q(0) + {go, s}	 [K(0)

=[
K(0) + L{p< , s}
Q(0) + L[gQ, adj A 0,2) L{gQ , ss} 2{ge,A2}

S — A2

K(0) + 	 s}
L

Q(0) + LIgQ,

L{sk, s} — L{gx, A2} 

(A.115)

Of course, economic theory suggests which variables are predetermined and which ones are not.
8 In general, if the n-square matrix A has distinct eigenvalues its eigenvectors are linearly indepen-

dent and the rank of A(Xi) A.;/ — S is n — 1 (Ayres, 1974, p. 150). Furthermore, for any n-square matrix
A of rank n — 1 we have that adjA is of rank 1 (Ayres, 1974, p. 50).
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In a two-by-two saddle-point stable system there is one predetermined and one
non-predetermined (or "jumping") variable so we need to supply only one initial
condition (and not two as before). Let us assume that K is the predetermined variable
(the value of which is determined in the past, e.g. a stock of human or physical
capital, assets, etc.) so that K(0) is given. But then Q is the non-predetermined
variable (e.g. a (shadow) price) so we must somehow figure out its initial condition. ?

It is clear from (A.111) how we should do this.
Note that the instability originates from the unstable root A2. For s = A2 we have

that the denominator on the right-hand side of (A.111) is zero. The only way we
can still obtain bounded (and thus economically sensible) solutions for L{K, s} and
L{Q, s} is if the numerator on the right-hand side of (A.111) is also zero for s = A2,
i.e. if: 

K(0)
Q(0)    

—A2S

"5 — A2)             

[

0 = [ A2 — 822 812 [ K(0) 4 - L{gi A2)
0 821 A.2 — 811 Q(0) + LtgQ, A21

Q(0) = —rfgQ, A21 — ( Az — 822) [
	812 	

K(0) + Ligx, A211

=	 A.2) — 821 	 [K(0) + £{gK, A2)1
A.2 — 8 11

We next use (A.105), (A.111), and (A.112) to get:
• models is one in which

root and one positive
bility is either by means
0 then we have distinct

e < XiX2 < 0 it must
ctly from (A.103).
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where we have used (A.112) in the last step. Note that in (A.115) all effects of
the unstable root have been incorporated and only the stable dynamics remains
(represented by the term involving s — Xi).

Suppose again that the shocks satisfy gi(t) = gi for i = K, Q and t > 0 so that
s} = s and:

s} — LIgi, A.21 — I s — I A.2 = gi
s — A2 s— A2 SA2

By using these results in (A.115) we obtain the full solution of the saddle-point
stable model:

[Ao
[

LIK, sl [K(0) 1
— —

1 
[adj 01/4.2) — X2i] 

[ gi< 11
.C(Q, s) 	 Q(0) 	 A2 	 gQ s

L{K, s} 1 = [ K(0) (  1  \ adj A(0) [ A (  —X1 
L{Q, s} 	 Q(0) 	 s — Xi ) 	 —X1X2 	 gQ 	 — Ai))

	

= K(0) 	 1  ) [ K(oo) (—A1(A.116

	

Q(0) 	 — 	 )
Q(00) — Xi))

where we have used (A.105) and the result in footnote 6, and where Q(0) is obtained
by substituting the shock terms in either (A.113) or (A.114). By inverting (A.116)
we obtain the solution in the time dimension.

[

K(t) ] = [K(0)
Q(t) Q(0)

The key point to note is that the stable root determines the speed of transition
between the respective impact and long-run results.

A.6.4 Hysteretic models
We now consider a special class of models that have the hysteresis property. With
hysteresis we mean a system whose steady state is not given, but can wander
about and depends on the past path of the economy. Mathematically, this prop-
erty implies that the Jacobian matrix of a continuous-time system has, apart from
some "regular" (non-zero) eigenvalues, a zero eigenvalue. 9 Hysteretic systems are
important in macroeconomics because they allow us to depart from the rigid frame-
work of equilibrium, ahistorical, economics. Put differently: history matters in such
systems.

9 Note that in a discrete-time setting a model displays hysteresis if it contains a unit root. Amable et al.
(1994) argue that it is inappropriate to equate zero-root (or unit-root) dynamics with "true" hysteresis.
Strong hysteresis is a much more general concept in their view and they suggest that zero-root dynamics
at best captures some aspects of this concept.

In the remainder
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literature, namely tv
negative, respecth
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Suppose that the ma
so that the system Ii
Clearly, since 1.6.1 =
the lon - ults

. owever, the
for A2 = 0, i.e. the gi

[ L{K ,
L{Q, s)

where B adj A
assume that there i!
t > O. Ina non-hy
as the system will el
determined by the 1

In stark contrast.
effects. In order to d
(A.118):

[

L{K, s} 	 r
L{Q, s}

Equation (A.119) a
determined) initial
we derive from (A.l

s-÷o[ sL{Q, s}
sL{K, s}

lim

where we have
second line. Equati

[ KQ([°00)) (1 — eA l t )
	

(A.117)

= [
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gQ: 1

(A.116)

gx	 -A1 
SQ 	 s (s - x i))

( 	
s(s - A.1))

(A.119)
[

L{K, s)
L{Q, s}

the speed of transition
[

B  I -B  [K(0) + grd(s + ].
s - Al s Q(0) + gQ/(s + 4.(2)

lim
s->o [ s.C{Q, s}

sL{K, Blim 	 s ) +(I - B) lim (-s )

	

s->o(s - 	 s-0 S

	=0 	 =1
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In the remainder of this section we show that the Laplace transform methods
studied above can easily be applied in low-dimensional hysteretic models also. We
restrict attention to the two cases encountered most frequently in the economics
literature, namely two-dimensional models with both roots non-positive and non-
negative, respectively.

Non-positive roots (A1 < 0 = A2)

Suppose that the matrix A in (A.96) satisfies lAl = X1X2 = 0 and tr(A) = A l + A2 < 0

so that the system has a zero root and is hysteretic, i.e. Al = tr(A) < 0 and A2 = 0.
Clearly, since I A l = 0, the inverse matrix A -1 does not exist and we cannot compute
the long-run results of a shock by imposing the steady state in (A.96) and inverting
A. However, the derivations leading from (A.104) to (A.107) are all still valid even
for A2 = 0, i.e. the general solution in Laplace transforms is:

[

L{K, s} =r  B I -B  [ K(0) +
L{Q, s} Ls - Al s Q(0) + L{s-Q, s}

where B adj A(A4)/A1 and I - B -adj A(0)/A1 are weighting matrices. Now
assume that there is a temporary shock, i.e. gi(t) = gie-W for i = K, Q, > 0, and
t > 0. In a non-hysteretic model such a temporary shock has no effect in the long run
as the system will eventually just return to its initial steady state which is uniquely
determined by the long-run values of the shock terms.

In stark contrast, in a hysteretic model, a temporary shock does have permanent
effects. In order to demonstrate this result we first substitute L{gi, s) = gi/(s + into
(A.118):

`'-)n of the saddle-point

(A.117)

(A.118)

Equation (A.119) constitutes the full solution for K(t) and Q(t) once the (history-
determined) initial conditions are plugged in. Using the final-value theorem (P8)
we derive from (A.119):

[

K(0) + (gK/(s + K))

Q(0) + lim,o (p2/(s + (2))

adj O [ K(0) + = [ K(oo)

where we have used the fact that adj A(0) = -adj A in going from the first to the
second line. Equation (A.120) shows that the hysteretic system does not return to

I
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west that zero-root dynamics

x

Al	 Q(0) + gQgQ Q(00)
(A.120)
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Lfdp,
Cfdy, s}

1—11(77D) 	 (
s

Current account di
of a small open eca

[ 0

its initial state following the temporary shock. It is not unstable, however, because
it does settle down in a new "steady state" (for which K(oo) = ( * (00) = 0) but the
position of this new steady state depends on the entire path of the shock terms, i.e.
in our example on K andQ. The ultimate steady state is thus "path dependent"
which explains why another term for hysteresis is path dependency.

Non -negative roots O.]

We now assume that .
that A l = 0 and ;4,2 =
A.6.3 is relevant. The
Al = 0 in (A.115):

Intermezzo [L{K, s) ]_[
L{Q, s} 

Pegging the, nominal interest rate. Giavazzi and Wyplosz (1985, p. 355)
give a simple example of a hysteretic system. Consider the following simple
macroeconomic model:

m(t) p(t) ay(t) bio 	 (LM)

io = r(t)
	

(Fisher)

y(t)	 y (t)	 qr(t)
	

(IS)

P(t) = e [j/- 0 – y(t)]
	

(AS)

where m, y, y, and p are, respectively, the money supply, actual output, full
employment output, and the price level (all in logarithms), r and i are the real
and nominal interest rate, respectively, and y represents the exogenous ele-
ments of aggregate demand. The monetary authority uses monetary policy to
peg the nominal interest rate (at i(t) io) so the LM curve residually deter-
mines the money supply. By combining the Fisher relation with the IS curve
we obtain km = wo[y(t) (t)] + io. By differentiating this expression and
the AS curve—keeping the other exogenous variables constant—we obtain the
system in the required format:

Let us once again assu
Ligi, sl =	 (s +	 t,

LIgi, s) – .C{g„ A-
s– X2

Equation (A.121) can I

d

s
	,C{K, s}

L{Q, s}

where Q(0) follows fro
(P8) in (A.123) we cIL

[L{K , s} I
.!Tim) s L{Q, s}

dp(t)
dy(t)

0 1/q
0 –0

dp(t)
dy(t) 

–(1177)dyP,(t)
0     

where the Jacobian matrix has characteristic roots A i = –0 and X2 = 0
and it is assumed that both p and y are predetermined variables (so that
dp(0) dy(0) = 0). Now consider the effects of a temporary boost in aggregate
demand, i.e. dy(t) e-4Dt for 0 and t > 0. Using the methods developed
in this subsection we derive:

As in the outright stab
the ultimate long-rui 

Intermezzo  

Despite the fact that the shock is purely transitory it has a permanent effect on
the price level. 	 1° In going from the fir ,

adj A(0), and recall that a
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Non-negative roots (A1 = 0 < A.2)

We now assume that A in (A.96) satisfies I A I = A l A2 = 0 and tr(A) = A l + A2 > 0 so
that Al = 0 and A2 = tr(A) > 0. For this hysteretic case the analysis in subsection
A.6.3 is relevant. The general solution in Laplace transforms is obtained by setting
Al = 0 in (A.115):

L{pos} - Ligio A.21 
[s ,C{K,	 K(0) + 	 s} ]+ adj A (A2) LigQ , ss} - A2£{Q, s} 	 {gQ, A-2} 

[
Q(0) + LigQ

,

s - A.2

(A.121)

Let us once again assume that the shock is temporary and has a Laplace transform
Ligi, 51 = I (s	 for i = K, Q so that:

- L{gi, A.2) = 	 gi
s - A2	 01/4.2 ± 0(S + 0 •

Equation (A.121) can then be rewritten as:

	[L{K, s}	 [K(0) + sk 1(s + 1<)	
gK 

 adj A0,2) (A2 ±4./05 + 1()
	L{Q, s}	 Q(0) +g(2/(s + Q)

(A2 +(2)(S 	 (2)
(A.123)

where Q(0) follows from either (A.113) or (A.114). By using the final-value theorem
(P8) in (A.123) we derive the hysteretic result:' °

	

[ 	gK 

	

[LW, sl	 [K(0) +	 WA-2 + K)lim s	 - adj A(A-2)
s—>0 	 ,C{Q, s}	 Q(0) + g(2/4•Q 	 gQ 

(2(x2 + Q)

A2 	 Q(0) +g(z/(2 	 Q(oo)
adj O [ K(0) +,gic/K 	 [ K(oo) (A.124)

As in the outright stable case (see (A.120)) parameters of the shock path determine
the ultimate long-run result.

Intermezzo

Current account dynamics. Consider the simple representative-agent model
of a small open economy suggested by Blanchard (1985, p. 230). There is no

1° In going from the first to the second line we use (A.112), note that (A.105) implies A.21 = adj A (A2) —
adj A(0), and recall that adj A(0) = —adj A.

= -0 and A2 = 0
-A variables (so that
ry boost in aggregate
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permanent effect on

(A.122)
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capital and labour supply is exogenously fixed (at unity) so that output, Y, and
the wage rate, W = Y, are exogenous. The model is:

C(t) [r(t) - a} C(t)

F(t) r(t)F(t) + TAT (t) C(t),

where F is net foreign assets, and C and r are, respectively, consumption and
the exogenous interest rate. As is well known, a steady state only exists in this
model if the steady-state interest rate equals the rate of time preference, i.e. if
r(t) = a. After loglinearizing the model around an initial steady state we obtain:

]a -a(1 + (0F)
0 	 0

where wF aF/Y = C/Y - 1 is the initial share of foreign asset income in
national output, F(t) adFIY, and F(t) a dF/Y. The Jacobian matrix on the
right-hand side has characteristic roots Al = 0 and X2 = a and it is assumed that
F is the predetermined variable and C is the jumping variable. Now consider a
temporary change in the world interest rate, 1.(t) = e- R t for R > 0 and t > 0.
By using (A.113) and making the obvious substitutions we obtain the jump in
consumption:

a
(ot + R)(1- + (0F) 

	 <0.

In a similar fashion, the long-run results can be obtained by using (A.124):

0
o

1 + (0F
1

[a(0F16
Q0) +

( a ta (0F(cY + R)1 
R(ce + 	 + (0F) )

In the impact period the household cuts back consumption to boost its savings.
In the long run both consumption and net foreign assets are higher than in
the initial steady state (provided wF --a I (a + R) in the initial steady state).

A.6.5 Literature
The most accessible intermediate sources to the Laplace transform method are to be
found in the engineering literature. Kreyszig (1999, ch. 5) and Boyce and DiPrima
(1992, ch. 6) are particularly illuminating. An advanced and encyclopedic source
on Laplace transforms is Spiegel (1965). Judd (1982, 1985, 1987a, 1987b) was the
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first to apply the method to saddle-point stable perfect foresight models, and to
note the close link with welfare evaluations along the transition path.

A.7 Difference Equations

Although continuous-time models are quite convenient to work with, economists
often work with models formulated in discrete time. Most RBC models fall under
this category as does the class of overlapping-generations models in the Samuelson.
(1958)-Diamond (1965) tradition. In this section we briefly introduce the z-
transform method. This method plays the same role in discrete-time models that
the Laplace transform method performs in continuous-time models. In order to
avoid unnecessary duplication, only the basic elements of the z-transform are intro-
duced. The student should be able to "translate" the insights obtained above to the
discrete-time setting after reading this section. Extremely lucid expositions of the
z-transform method are Ogata (1995) and Elaydi (1996). Meijdam and Verhoeven
(1998) apply the techniques in an economic setting.

A.7.1 Basic methods
The basic first-order linear difference equation takes the following form:

Yr+i + ayt = b, 	 (A.125)

where a and b are constant parameters. If b = 0 (0 0) the equation is homogeneous
(non-homogeneous). Equation (A.125) can be seen as the discrete-time counterpart
to (A.64). Just as for the continuous case we can solve the difference equation in
two steps. In step 1 we solve the complementary function, yF, which solves the
homogeneous part of (A.125). In step 2 we then look for the particular solution, yr.
The general solution is then given by Yr = yt +

To solve the homogeneous part of the difference equation we are looking for a
function for which yr± i lyt = -a which suggests that a good trial solution is yt = Aat.
Substituting this trial in (A.125) and setting b = 0 we obtain Aa t [a + a] = 0 or
a = - a . Hence, the complementary function is:

yF = A( - a) t 	(A.126)

To find the particular solution we first try the simplest possible guess, yr = k (a
constant). Substituting this trial solution into (A.125) we find (1 + a)k = b which
can be solved for k provided a 0 -1: k = b/(1 + a) . The general solution of the
difference equation is thus:

yr = A( - a) t + 1 ±b a (for a 0 -1). 	 (A.127)

This expression is the discrete time counterpart to (A.70).

so that output, Y, and
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= R.lim
oo

ft+i

ft

Whereas a zero coefficient necessitates a different trial for the particular solution
in the continuous time case, the same holds for the discrete-time case when the
coefficient is minus unity. If a = -1 we use the trial solution yr = kt, after which
we find that k = b so that the general solution is:

Yr = A + bt (for a = -1). 	 (A.128)

Table A.2. G

ft

I fort = 0
0 for t = 1,2
1

Initial conditions can be imposed just as for the continuous-time case. Suppose
that yo is some given constant. Then we obtain from (A.127) that A = yo - b/(1 + a)	 at

and from (A.128) that A = yo.
at-,

Just as in the continuous-time case, there exists a very convenient transforma-
tion method for solving difference equations. We now briefly explain how this 	 tat-,
z-transform method works. 	 at -

a - b

A.7.2 The z-transform
Suppose we have a discrete-time function, ft , which satisfies ft = 0 for t = -1, -2, .
The (one-sided) z-transform of the function is then defined as follows: 11

Here are some exai
otherwise). Then Zt:

I
00

Z{ ft, z} Eftz-t.
t=o

(A.129) Z{ ft , 	 z{l,z}

1

Provided the sum on the right-hand side converges, Z{ ft , z} exists and can be seen
as a function of z. The region of convergence is determined as follows. Suppose that
ft satisfies:

(A.130)

Then the infinite sum in (A.129) converges provided:

ft_F iz-(t+1)
ftz- t

and diverges if the inequality is reversed. Together, (A.130) and (A.131) imply that
(A.129) converges—and Z{ ft , z} exists—in the region VI > R ("heavy discounting").
In the region Izi < R , on the other hand, discounting is "light" and Z{ft , z} does
not exist. R is referred to as the radius of convergence of Z{ ft , z}.

By comparing (A.84) and (A.129) we cannot help but notice the close relation that exists between
the Laplace transform and the z-transform. Indeed, assuming that f (t) in (A.84) is continuous we obtain
by discretizing Gff , sl = Ecttc, e-st ft . By setting z = es we obtain (A.129). See also Elaydi (1996, p. 254).

1 - 1 _
" a

provided Izi > 1. Nu.,
(and ft = 0 otherwise)

1

Z{ft , z}	 Z(ar ,

1
1 - a/ z

I
provided VI > lat.

In Table A.2 we II,
verify that both the fc
are correct.

The z-transform ha
calculations with the
that in each case
t = -1, -2, . . .

Property 7 Multipli.

aZ{f , z}.

lim
t—>oo

< 1, 	 (A.131)
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(A.128)

1
0

for t = 0
for t = 1,2,...

1
z

1
z-1

^uous-time case. Suppose
) that A = yo — b/(1 + a) a t

(z — 1)2

a — b	 (z — a)(z —

lz I > 1

1z1 > 1

1z1 > 101

IZI > 101

IZI > 101

1z1 > lal ,1z1 > Ibl , a � b

ft = 0 for t = —1, —
ed as follows: 11

(A.129)

z) exists and can be seen
d as follows. Suppose that

(A.130)

(A.131)

and (A.131) imply that
R ("heavy discounting").
"I'crht" and Z{ft ,z} does

z ,z).

I
se relation that exists between

%..84) is continuous we obtain
ce also Elaydi (1996, p. 254).

Here are some examples. Suppose that ft = 1 for t = 0, 1„ ... (and ft = 0
otherwise). Then 2{ ft , z) is:

00

z{rt,z}	 = E 1 x z-t = 1+ (i /z) (1 /z)2 ...
t=0

1
1 — 1/z z — 1'

provided VI > 1. Now a slightly harder one: Suppose that ft = a t for t = 0, 1, 2, ...
(and ft = 0 otherwise). Then Z{ ft , z} is:

2{ ft, z} 2{a t , z} = Eatz-t = 1 + (a/ z) + (a/ z) 2 + .. .
t=o

1
1 — a/ z z — a

provided Izi > lal.
In Table A.2 we have gathered some often-used z-transforms. The student should

verify that both the form of each transform and its associated radius of convergence
are correct.

The z-transform has a number of properties which allow us to perform algebraic
calculations with them. The most important of these are the following. Notice
that in each case we assume that ft possesses a z-transform and that ft = 0 for
t = —1, —2, ...

Property 7 Multiplication by a constant. If 2{f , s) is the z-trans form of ft then Z{af , z} =
aZ{f,z}.

z — a
1

Z —
z
a

(z — a)2
z

ft

for the particular solution
- to-time case when the
ion yr kt, after which

Table A.2. Commonly used z-transforms

.2{f , z}	 valid for:
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Property 8 If ft and gt both have a z-trans form then we have for any constants a and b
that:

Z{af + bg,z} = aZ{f ,z} + bZ{g,z} 	 (P9)

Property 9 Left-shifting.

Z{ft+i, z} = zZ{ft, z} – zfo 	 (P10)

Zift+2,z1 =- zZift-Fi,z1 – z fi = z2Z(ft,z}– z2fo – zfi 	 (P11)

• • •

A.7.4 The saddle-patt
We now consider the fol
(A.96)):

Kt±i -Kt

L	 -Qt
=

where gK, t and gQ, t are Si
element S ii . Taking the z-

z {ft+k,z} = zkz{ft ,
k-1_ Ezk-rfr (P12)

A (z – 1
[

Z{Kt , z}
ZtQl , zi

r=0

Property 10 Initial-value and final-value theorems:

Um Zito z} = fo
IzI—oo (P13)

lim (z – 1)Z(ft , z) = oo ftz-÷1

A.7.3 Simple application
Suppose we wish to solve the following difference equation:

Xt+2 3Xt4-1 2xt = 0, xo = 0, x 1 = 1.	 (A.132)

By using properties (P10) and (P11) we obtain the subsidiary equation in a few steps:

0 = [z2 Z{x t , z} – z2x0 – zxi] + 3 [zZ{x t , z} – zxo] + 2Z{x t , z}

(z2 + 3z + 2) Z{x t , z} = z2x0 + zx1 + 3zxo = z
z	 = z	 z

Zixt, zi = 	 (A.133)(z + 1)(z + 2) z+ 1 z + 2 .

Inverting (A.133) yields the solution in the time domain:

xt = (– 1) t – (– 2) t ,	 (A.134)

for t = 0, 1, 2, ...
This example is—of course—rather unexciting apart from the fact that it gives us

a hint as to the stability properties of difference equations. Asymptotic stability of
(a system of) difference equations is obtained if the roots lie inside the unit circle,
i.e. terms like --Ea are (un) stable if la < 1 (la' > 1).

(P14)

where A(z –1) (z – 1)1
real and that –1 < A1 <
(so that Ko is given) whim
Since A(z –1) -1 = adj .•

[z – (1 – AO] [ ZiKi
Zio%

To ensure saddle-point si
side of (A.137) must bcil.
for Qo:

adj A(A2) (1 +
[(1 + Az :

By rewriting (A.138) we

Qo = 	 1 + A2
Zig.(2, t , 1 +

1 + A2

Z{gQ, t , 1 +

12 We write the system in a
also re-express (A.135) as: g

[

Kt+1 A.

Qt+1

where A* / + A. The ch:.-
(1993, p. 65) gives the condi
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(P9)

(P10)

(P11)

(P13)

(A.135)
[

Kt+i — Kt ___ A
Qt+i — Qt

[Kt 1 + [ gK,t 1 ,

Qt	 g(2,1-

(A.132)

A.7.4 The saddle-path model
We now consider the following system of difference equations (by analogy with
(A.96)):

where gK, t and gQ, t are shock terms (possessing a z-transform) and A has typical
element 84. Taking the z-transform of (A.135) yields:

[

Z{Kt , z} 1 = [zKo + Z{gk,t, z)
Z{Qt, zQo + Z {g-Qt , z}

where A(z — 1) (z — 1)/ — A. We assume that the characteristic roots of A are both
real and that —1 < Al < 0 and A2 > 0. 12 As before, Kt is deemed to be predetermined
(so that K0 is given) whilst Q t is a non-predetermined variable (so that Qo can jump).
Since A (z —1) -1 = adj A(z —1)/[(z — (1— A 1 ))(z — (1 + A2 ))1 we can rewrite (A.136) as:

A A.136)

(A.137)

To ensure saddle-point stability the denominator and numerator on the right-hand
side of (A.137) must both go to zero as z goes to 1+ A.2. This furnishes the expression
for Qo:

nuation in a few steps:
adj A(A2) [ (1 + A2)Ko + 	 1 + A2) [ 0

(1 + A2)Qo + 	 1 + A2) 0
, z}

By rewriting (A.138) we finally obtain:

(A.138)

(A.133)

A.134)

c fact that it gives us
bymptotic stability of
inside the unit circle,

Z{gQ,t, ± A21 

1 + A2

Z{g(2,t, 1 +
1 + A2

(A2_822 )1-1(0+ ZIA, t , 1 + A 2 1

812	 L	 1 + A2

( 821 	 FK0 ZIA, t , 1 ± A,2 1

A2 — 8 11	 1+ X2

Qo

(1993, p. 65) gives the conditions for saddle-point stability.

(A.139)

(A.140)
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[z — ( — Ai)] [ 

Z{Kt , z}
Z{Qt , z)	 z — (1 + A2)

zQo Z{gQ,t, z}
[ zKo 	 z )

br any constants a and b

(P12)

(P14)

12 We write the system in a form which emphasizes the close analogy with (A.96). Of course, we can
also re-express (A.135) as:

[

Kt+1

Qt+i
= A* Kt

Qt

]+[ gK,t
gQ,t

,

where A* 	 / + A. The characteristic roots of A* and A are related according to A.; = 1 + A,. Azariadis



[ Z{Qt ,
[z - (1 + AO]

[

ZIK0 Z tgl< , t , Z
Z Qo Z IgQ ,t- , Z

x(t) = f [x(t), u(t), t] .

The state equation thus d
initial condition for the 5

(A.141)
Z{Kt, z}

x(0) = xo,

where xo is a given co:.
objective is to find a time
the objective function
the initial condition (A..

To solve this probler
following form:

F [x(t), u(t), t]

where A(t) is the co-st..
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au(t)
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ax(t)
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The first condition sa - .
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Similarly, the general expression for the solution can be written as: state equation:

[

Z{gx,r, z} — G*) Zigx,r, 1 + A21

Z {g-Q t , z) (1+A2) zig-Qt, 1 + A21
z - (1 + Az)

where the analogy with (A.115) should be obvious. In the appendix to Chapter 15
equations (A.139)-(A.141) are used to solve the impulse-response functions for the
unit-elastic RBC model with technology shocks.

A.7.5 Literature

Basic: Klein (1998, ch. 13), Chiang (1984, chs. 16-17), Sydsxter and Hammond
(1995, ch. 20). Intermediate: de la Fuente (2000, chs. 9-11). Advanced: Azariadis
(1993), Elaydi (1996), and Ogata (1995).

A.8 Dynamic Optimization

In this section we present the key results from optimal control theory as they are
used in this book. We focus on infinite-horizon maximization problems in con-
tinuous time and gloss over second-order conditions. Discrete-time problems are
solved in the text by making use of the Lagrangian methods discussed above in this
appendix. Intriligator (1971, pp. 346-348) shows the link between the method of
Lagrange multipliers and optimal control theory.

A.8.1 Unconstrained

The proto-typical optimal control problem encountered in economics takes the
following form. The objective function is defined as:

y(0) = f F [x(t), u(t), t] e- P t dt ,	 (A.142)

where x(t) is the state variable, u(t) is the control variable, e- Pt is the discount factor,
and t is time. The state and control variable are related according to the following

adj A(X2)
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_ tten as: 	 state equation:

(t) = f [x(t), u(t), t] . 	 (A.143)

(A.141)

{SIK,t, 1 + A2}

ZIggt, + A21
%.2)

-,endix to Chapter 15
.sponse functions for the

;vdsxter and Hammond
► . Advanced: Azariadis

Introl theory as they are
fion problems in con-
- ete-time problems are

s discussed above in this
between the method of

in economics takes the

(A.142)

is the discount factor,
ording to the following

The state equation thus describes the equation of motion for the state variable. The
initial condition for the state variable is given by:

x(0) = xo, 	 (A.144)

where xo is a given constant (e.g. the accumulated stock of some resource). The
objective is to find a time path for the control variable, u(t) for t E [0, 00], such that
the objective function (A.142) is maximized given the state equation (A.143) and
the initial condition (A.144).

To solve this problem one formulates a so-called Hamiltonian which takes the
following form:

1-I 	 F [x(t), u(t), t] e- Pt + X(t)f [x(t), u(t), t] ,	 (A.145)

where )1/4.(t) is the co-state variable which plays the role similar to the Lagrange
multiplier encountered in static optimization problems. The Maximum Principle
furnishes the following conditions (for t E [0, 00]):

a'11
au(t) 

= 0
'	

(A.146)

x(t) = ax(t) ,	 (A.147)

i(t) =  	 (A.148)
ax(t) •

The first condition says that the control variable should be chosen such that the
Hamiltonian is maximized, the second condition gives the equation of motion for
the state variable, whilst the third equation gives the equation of motion for the
co-state variable.

An equivalent way of solving the same problem is to work with the current-value
Hamiltonian, which is defined as follows:

l-Ic 	 7-tePt] = F [x(t), u(t), t] + ,u(t)f [x(t), u(t), t] , 	 (A.149)

where ,u(t)	 A(t)eP t is the redefined co-state variable. The first-order conditions
expressed in terms of the current-value Hamiltonian are:

(A.150)

(A.151)

	

it(t) — PAM = 
87-1c
ax(t) •
	 (A.152)

If there are n state variables and m controls then the same methods carry over

	

except, of course, that x(t)	 [x i (t),	 , xn (t)] and u(t)	 [u i (t),	 , um (t)] must be

aRc = o,au (t)

*(t) = 
axc
a it(t)

,
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interpreted as vectors and the set of conditions is suitable expanded: 	 A.8.4 Literature
axe
	  = 0,	 (A.153)aui(t)

* i (t) = 	 (A.154)ap,i(t)'

µi(t) - Piti(t) 
= - 07-1c

ax(t)'	
(A.155)

where ) 1 (t) is the co-state variable corresponding to the state variable x i (t), j =
1, 	 m, and i = 1, 	 , n.

Basic: Klein (1998, ch. 15
Intriligator (1971, chs 11
chs 12-13). Advanced: t,
and Chow (1997).

A.8.2 (In)equality constraints
Suppose the problem is as in (A.142)-(A.144) but that there is an additional
constraint in the form of:

g [x(t), u(t), t] < c, 	 (A.156)

where c is some constant. Suppose furthermore that there is a non-negativity con-
straint on the control variable, i.e. u(t) > 0 is required. The way to deal with these
inequalities is to form the following current-value Lagrangian:

= F [x(t), u(t), t] + ,u(t)f [x(t), u(t), t] + 0 (t)[c - g [x(t), u(t), t]], 	 (A.157)

where 9 (t) is the Lagrange multiplier associated with the inequality constraint
(A.156). The first-order conditions are now:

aLc
au(t)

< 0, u(t) > 0,

.9 ,Cc > 0, I 9 (t) > 0,ao(t)

X(t)t) =  aLc 
a ii(t)'

it(t) — pti,(t) = - aGcax(t) •

aLc 0, (A.158)u(t)
au(t) 

=

aLc9(t)	 0,= (A.159)a9(t)

(A.160)

(A.161)

Equation (A.158) gives the Kuhn-Tucker conditions taking care of the non-
negativity constraint on the control variable. The second equation gives the
Kuhn-Tucker conditions for the inequality constraint (A.156). Finally, (A.160) and
(A.161) give the laws of motion of, respectively, the state variable and the co-state
variable.

A.8.3 Second-order conditions
The second-order sufficient conditions are given by Chiang (1992, p. 290).
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A.8.4 Literature
Basic: Klein (1998, ch. 15) and Chiang (1992). Intermediate: Dixit (1990, chs 10-11),
Intriligator (1971, chs 11-14), Leonard and Long (1992), and de la Fuente (2000,
chs 12-13). Advanced: Kamien and Schwartz (1991), Seierstad and Sydsxter (1987),
and Chow (1997).
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I
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(A.159)

(A.160)

(A.161)
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(A.153)
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(A.155)

state variable x; (t), j =
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