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Chapter 3 

Linear Programming: 
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Chapter 4 

Linear Programming: Duality and Sensitivity Analysis 

E~ry br.ur p<o~m In 1M <1n.1b1ti ", •. ( •. .. •••• Iwa.i ... " .... ued .. ,,11 tllnOlh<. line .. P'''SDm 
in.1M: ' 'mlbln W" ~·l • . .• '. ( .h<~ .. !llh1: nwnbc:r 01 ronm.ml~ on IIII' mialllil P'OC"Iml ~ no ... n 
u ,Is J",,[ TIIr Of..,nal P'.,.n.1ft. calII'd 1M ";,,wI, rompkld) .'mn'IM'lIM r.:,.m ollIS dual 

S\'M~IETItIC DUALS 

The 6 ... 1 of. IprutI.lJl hnur pl'OIrlm in ,he rnon"'Mlni) ml,"~ form 
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",b,KI Ie>; ", ' \\ s C ( l .l) 

.,',," W 2: a 
Ccm ......... ,y. ,Il00 dUll 01 prI>IRm (l _ll .. pro."", ( J I) (s..- Problnn. ~ I ;and ~. !.l 

P'C!lDIftII ' I} and (' 211r~ I)'mnltlnal ,n , .... , boll! ,,,.<)1,'0 _ ... pll'''' '~nable1.nd '''"'III.I]IIY 
ronOIt.""" rhq .f. l ...... 'n ti I"" ''--''''' J .. "" 01 uell oth .. Tho "WI' ,,,","!!In ., •• '.. . , ,,'. '''' 
M)CIItU""'" I;IIIItd ~ fOSl~ 

OUAL SOWUO,,"S 

TLt ......... , (Owoll,,. n, ......... j: If ... opt ...... ) ""1>10"" nn" 10 .",.," 'M pnnul .,r I}mm<rn.: dUI' 
"....m. lhon 1M OI Mr propam .JJO IIIl> an DS'ltmll >011111001 .nd 1M , .. '0 ob)cct,,-. 
fullCt>Om .... " 1M ........ Opll.,w .~I ... 

10 oucb ~11lI1100t.. 'M opumal""lu,1OfI '0 'M prmulldlWll n fOllnil ,n ,II< bll ro .. of ,he final .,mplu 
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4"1~ 50_ III< JGlUIIOfI. 10 boIh prol"''''" .,~ obIa,,1Od b) WI."", ",111<, """''' ""')" bo r:ofOII"'t.ollOnally 
ad'UlllfO\IJ 10 KII."~ • prDII".m", dllli nlher IU" 'ho: prol'~m llid" (5« !"roOkm "' ~ 1 

TlwOO' ''I "U le_flt .... 'Ir) S1K ~_ ...... fIt ~ O""m ,h;i,,11< P~Mot!)mmtlm:d\l;ll> h.a'"~Dpt"".1 
Klllln"",- ,hca ,f ,II< 4,b oom, .. ,,,, of one 'r""m bold • •• An ",",!oWIl,.-i ~~ 'M au«i&lcd 
.... ck D. -"'rpilli .. ""~ I. poiJu~t 'M hh Nmpi.lOml of 1M DplunaJ Jo/ulioll of;1$ 
'}m .... ,,'" dill ... " " 0 
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of 'Y"''''''''''' U""h ( .... I' rot>km 4.81. 
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IV" ' . C'" ' • • 
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X' .. .1.' 8" 
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n.. ""1'< or Ii"" •• I"'OIra"'m'nJ ,toe. ""t .nd . , find ,n , 'M <>PIi ... 1 ooI.,.Wn '0 1M I..,.., ~I 
~~ ~ n:al· lir. p<ohkm, Scmi",'") . ... I)·.is '" Ii""" , P"'V •• "min, <QrIlio .... .. il" I"" opti .... 1 <01u,ioo.o 
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I ,J ClI;tn, ... in pt<>li,.'uni' Or "",' 'u nit (ro<t\"><i"'''J or .1", ooja:1i .. lu .... i<l<l, 
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.. 0lil Co"","" p,_,,, . I~ U" .... ft ';'i>"i., .~ .. ,., Bad ,10< 0'"' ...... ",I.,,,,,, ~" """h o('he ""..,.."', .... 
~"S _ lox ,he "' ... ""'.,,, 
'.1 C6. :!OJ'. (., eXl. I!)'; C~. I 6.1)' 

4.1') CoO<ookr "'_ ... . I J. U~.I """''''"'1 '~"rw. ~tICI II>< .... i .. ~ .. sol.,;.", I<.- .... h of \11< ""Io~ ;ft' lO<>' 

""1 ........... "_,, 
(_I U. :!O)'. 16J !$. 10,'. 1(1 CJ.. ! )'. 

...... C_, h.mpi< 4.2, U"'" .... "'1.") .".1,..;>. IiftIl ,II< opuru .... ><>I ", .... lox <><h 01 n., l"n_'~J ..... 
RHS '"""''''' Iur , ... .,.,..,"""~ 
(.) no. WI'; cel (-IO.J6)'. C(I C' iW,'. 

~I Co_ ~_m • I~ U"'.I ...... ,,' ") ..... Iys;s. fiod , ... """ .. "", 001.1_ "" <acto of ,he f_ .. , 
""".11"'" m I«hoolopc.>l <uc!Il<ionI. of .. n.bieo In <on."'in'~ 
(4) """''' in _., f'"", I ro _ I. 
I~ 'I <hO"1< ito 4 " It"", 1'0 S; 
1<1 ell,.", .. _" f,,,,,, J '" U. 

~t Co ..... p,,,,,,,,,, 'll if ,he I«h,.o,,,,,,:.1 _I!k>t" .. "'.,.r< ","opI lmm (I.lI' to lJ.. O~I'. ~"" tlo< 
1O<W ",",,"um _"'"' ,h,o.Jh _imy ... I,-.it. 

o.5J Co ........ P,o~k,a '" Sa_ 'k ","f ... o" of " in IhI ...... ".i ... 0 .. <IIonlcd from (J.. J)' '0(,.1)', 
f .... ,he: "" ... »PI;'""'" ""'"' ''''" Ih""'''' .... "';.;,y ... h .... 

.... '" Co,..;,x. ProIIkm 4.13. l~ ,"" «>a<''',o, _onto 10< ,"" ... ,ulok " .... ,"""~ "."", I - I. II' ro( t. )1' 
U .... ,he ....... ,,'''y ... 1)", .~"'oI>t"" ,he".... ",""".'" ",I",,,,,, 
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•• 1.>11<> ••• 
(~I r,. ' _". :' ~u· :, 
(~j" . .. ..... 1 ... ,.. 2-
1)""1 _"" } .... 11_ IIa.! ,II< .. '" ""' ....... 00l0>I;0,, lot ...:II of ,II< ohtr« """ _ 

..,.. C_ "''''''- 0.11 " ...... ·.nobk .' , io i .. ""' ..... i • ...."ru .. h".elloo. ... _ ...... _ .... --" (. , <, . 1. ... . I.~" _ 1. 
(OJ ' • • J. 0 .. . 1. .... . I 
F ...... of,.., ...... '.fiaua.looI tilt .... _ .... OCII"_ '_po ....... " •. ,,'....q ... 

.u7 C_ p, .. 0.1f U ............... , MI>Iy"'''''' ,II< _ ""'_ """.-Iot _" .... aI_al,.., 
_ ... _, ....... ...,.0<Ir. 
(_11..>," " " " " 
1;'1 ', • ~,;>, 1. 

-011 C.......!a "'obInn .. lJ . .... -.dI.oIUAI ... ~odu.....,. 0( _. 0( tilt _ ... ..-nuo ... IiIMl ,II< ""' 

""""'"'" OCII ..... tII-.., ...... ".·" 1 ..... ,_ 
(_) lA, .lo. , ~ • • " 16. 
(M.,.,. ;!O J. 
« 12., +1<, + .,- (1. 



Chapter 5 

Linear Programming: Extensions 

THI: u :n SH ) SL\I PU ;X l'U:rIlOI) 

C"" .;.xr ,be MIa .. ;n, Ii, .... , p.o.r.mming problem in .ilar.o,t.,d mal,,,, fQm" 

.ub]<a 10: AX _ 8 

.. u~: X ;!: • 

... "" ... X .. , he "'~""'n _"" '" un~M .. n', ind<Olini all >lad, .",piu .. and ~rl ili",,\ ,'.",,!in; C ' ;. 

.n. row ~'" '" rorml">r.dinl <0>' " ... .. ,I>< _ !licitnt ",al';. '" ,h. <""", .. inl "'I""1on>; ond B " 
,"" <:<4""," '-","0' ol ,~< ri.b,.""nd ..... or ,I>< """'''';., .~",,,;"n. TlIty . ... "1'''''''''''''' " f"llu .. ~· 

, . '. '. 0 "" '" " .. 
" '. '. 0 «" "" a,. x . . C . •• • •• • ... 

.. 
'. '. ... " .. '., " 

leI X, _.he column '-OC'O' of N...., ,-.",,!>Ie>. C; _ ,"" mw '-..:101' or "",t. rotreop, .... hng 10 X, • • I>lI 
S _ 'Il< b<I!<. malnx .or .... rond'nIH. X._ 

STH' I r,NTrll l NQ " r ("TOR P, 
For .><ry non\lo';" . ... ~or "" ""1",,La,< lilt codflCl<nl 
:, - </_ WP,_ ',i",u,m;""ion 1""Iram~ "" 
',-:, _ <, - W"" mi"'''''''lioo prosnm~ wilt ... W _ CIS 
Tn. oon .... soo ,'ea", 1', .. ilk the """', "'pti, .. ,.".ft\cim, bectl ..... lhe ~n,"nnl ,,«lOr , .: \'.~ 

" If "'01'< thon u"" c:andid;". lor E.V. u ;M<-'"""," 01'1<. 

Srt.J'1. OIo PARTING VECTOR p., 
(al C.I<uI.1I~ the cu'ml l bo,i. X.: X, ~ S ' 8 
Ibl Cotm;por.d,"g '0 ,he c",elin, .Cd"" 1'" calcula" ,"" wn",.'.' <:atI!;''iet!" I,: 

I.~ S - ' P, 

j~ 1 calcll13tc ,..., r ... o 9; 

• . {1 )t,I, oJ " ' _ nun , '. '" . ' . ,_ ... . m . '. 
1 .... ""l"'rI!n¥ vee'o. \ I) .V.~ I: . i< ,lie _ , .... " "",..ties ,I>< abo~< eoo<I""'a. 
/'IOTE: It . D I~ S (I. t~ I~ "" N>un<\<d ooIu,i"" lot ,he ,~ obIe",. SlOP. 

" 
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(CHAP' 

.N;! ... it. ClOlumn '''''''' "jt~ I 'n'ho lib ........... , and 0 in (be ""-her ( .. _ I) .1011_ .... 

S<1 S-, _ S.;.!. and rcpoa' "'po I ,h'""Jh J. un.' ,he foIlo ,,-; •• ",,'~lil1 "" ... H,;"" .... ,iiIied. 

" _ <, " 0 h" ..... " .... , .. l'",hIom). '" 

c,- ' , ~ 0 (m01" ...... "'" ~ml 

,....., lbe opbmal soIutioa " •• 1'0110"", 

x." 5 -' 11: :. el x, 

lARMAMUII 'S .uCOIUTItM 

The rim, ... method 0/ H .... , P"OVOmm",. find. the <>PI;"'''' wiaUotI ~y .,an'IlI .1 the ori.,,, 
and mo';,.. ,Ioftll'" odj,loornl """"" ""'" .. 0/ , .. r ... ihi< ooI.,;"".poog:. ""1100II", lbit I«:hD"IU< .... 
bf<n 'u .. ,I in sol";,.. L P ptObItnu 0/ .. rioo. Wn. tho "umbcr 01 ~.t.,ioIu 5 "'" prombo",-. 
lor ........ ku" pr<>bltms. Th" iI .0 UpoIICDlial ~ .... . Iaomh ... 

0.. tho "'hrr .... ad. K • .....,t.r" ... .mo. _ , LP . J..,..,hm it. poI~ ..... ",j.1 ""'" ... ""ilh ... n.;. 
new .pproK!l fu>do the opllmum 101."<>11 by JUni"'.1 • ,rW sol",,,,", and ......... ., ,hmf,Jh tho: iOl<11Or 
01 ,he fQ~bIo .... ution <pkC. AI"""'&" 1M. po o,,""" "!Jorilkm 1liiy be: 114 ..... 'q." .. in ooIvia, 'tfJI 
La ... tP pr<>bIrtnI. i, btCQUiCS Oft)' ....... be,...,.., rOf "", __ La,p: ptobloms. In rhl< OOCC"'", .. e ,.,11 
ill .... ,.. ,. K.rm.n.r'. """"'G'" Ihrouth tome ... aII p<_ 

Co",",", ,he 10110.,,,. form oI.he I....,., "'''''''''''''''1 ."" ..... ,,,., 
m,n,m= : _ e' x 
... b}oct I(>; ,l.X _ 0 

IX _ I 

X ~ D 

... ....." 11 f<. fflUmft "...,,,,, "r .;,., .. C f< on in" .. , column VKto, 0/ m. '" I ;" • und ,'"., ... :' Of 0/ 
""'''; ,1. ; ... ;'''0Ft .... lrl. 0/ .... (_ ~ .J;. ~ 1. 

I~ odd,,1on. "'u""" "'" f<>ll>"';D,'''''' COfIdilion>: 

r. X. _ W .. ... . II" ) it. kuib!e OO/U,,,,,,,, 
l. ""nim~ .. , _ 0 

SUMM,l.RV Of' UR:o.I,I.U,l.R 'S IT[II,l.TII'[ ,'ROCEU UU : 

I , h<" I ,51", , . . 
X. _ (1.. . 1/01' 

' . ' ·J ... - II 

' - (' - ' )JJo 
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l , If ........ t : 

1'1 D</i"" , ... 10l10001,,,, 
(,I \ ',_ X, 

(i,1 Il, .. d .. , lx" I, ... b ...... , ... dis_I ... ,ri . ... _ 1Iia", ... 1 """'"" 0"'" dtnocn .. of I,. 

0.) p .. e~·) 
~'I ~ _ C ' D, 

(~I C_puo< ''''IoIIoooi,,&' 
Col C,_(I _ " (P1" I" Pj l ' 

NOk: II Co .. n, Ofty .. ...:1* .......... I ... ! o. '1"iIIIal ",I.tioft. Soap. 

,., \' _V,_ '" c, 
_. IC, ' 

~io) X." " (I), \ '_ . I/\ID, \ '_. 1 
~,) , . C'X, . , 
1_) t ~l. 1 

I';) R, I"'" , .... !lOA l · "'I~ 1M oI>Jt<,j .. lu""",," (:) ... 1 .. io 10M olw • • p«>aibed """ ........ 

TR" i'o:SrOIt~lI :-':(; " UI"F.AR P ROGRA"""l11'>G P ROBlF.M INTO IAIiMA RKAR"S 
$P[CIAL roR..'\1 

Considtr 1M IoIlowinllinea. pr<>po.llO'~ 11>0: ... ,ri. room: 

m,,,lmae; : _ C' X 

. ubjo<;' '0< AX 2. B 

"'Ih: II; il: • 

T"" ,'mpl'l\cd '~P" of <OII .... n;"I , be . 00', problrn! inlo Klnn.,b, ', spcciI! Ionn an: at foIIOtI's: 

51_ t .. .., primal lint •• I'fotnm in ,be ..,.riable< ~, . ~,., .. . x, h,. usod,ued witb it . d""lli_, 
I""'l'om III lhe •• riable< "' " . ',. , , '. "'. (whtrc .. is 1M number or COfIII",;nl. iu 1M on"",,) 
I"'",,~m~ ,,-ril. ,"" dual of 1M Ii .... n primal prob!om ao .ho"" bel""" 

m",lmt..: , .. B ' W 

ou*",,,,, A' W ,;: C 

wi,h; W il: 0 

2. (.) Inlmducc slac:k .r>d ,.,plu. ,·ari.bI .. 101M prj ..... t I nd dual problems. 
(i) ComlMne pnmalaM dual p.obltms, 

1 (0' Inlrod""". bound in. con"",inl 

r ~,+[ ... ,,;: " 
IK .hould b: .. l!iaenlly 1 •• 1" 10 ,Ddude aU leasiblt SOI"lions 0( lhe 00" ... 1 probklll.) 

(.) In'rod,,,,,, a ,lack vari.bIe J in.he bour>d, ... """,l'.'n • • 11<1 obta,n 'be fotlo"';"l "'I ..... 60n: 

E,<,+[ ... ,+, - IC 
4. (01 lo,rod"cca dummy •• ""bIt J ( .. to,o:. 10 ",,. COIIdilion ~ _ 1) 10 Jo.omottni2c: III< COIUI, . ;"I .. 

f') Rq>!""" lbe o<julion. 

Ex, + L~" + . .. " 
ar>dJ _ l 



tlNF.A R P ROGIAMMINC~ f'~~Tf.NSIO>;J; 

"',' h li>c 1<>110",", ~UI "~k", ~"",iom: 

["+[",, ... - 1:4 .. 0 

.lId LX," [w, .. . .. J ... ,I( + I) 

) . I.trod .... li>c f<lII~ ... nl ".n4o"""",,,, '" as 10 " bla in 0 .... <>II ,he RHS all he wi )eq~",io."" 

•• 

.. ,-II: .. !)y,.)-I .... .. .. .. .. . 

w, _(I: I !)l~'.'J" J ~ I.:!. . . . .. I • 

I 

I 
l .,rod""" an .".ticlo! v.riobk ,,~. , • • , (10 be: minlmiud) iu oil , .. <quo""", "'1' ,b, ,he ...... 
'" ,he """!I"lcia!,, ill c"'~ ho"".""ncout <q"'''''" '' ttm.1kl til< _lIIncn, 01 ,be a"fI<Lll uriobi< 
1. ,.,. "'"' "1,",1100" 09<. 

Soh'eeI Problems 

.... ;nI;"'" ' _ IO. ,~ II " 

JUb;rcI'<" <," 4, ,, 1$0 

h, 1- 4 .• ,,,::00 
6.<,+ <,,.,n 

""h: ., .nd .• ,"" ........ ',,·. 
no. _""'" PO' ill , .. ..,..., "'"" b) ;"""",,,inl d,c oIod ...... bIa. ~ , . . ..... ~ 

... , ... "": '~lIb, _lI".n.,+Ih ... Ih, 

6.." " . ,, _ {1~ 

S.,' ...... '.I· I. S '·U , , 
• 



LlI'l£AR I'MO(iRA~MING: EXTENSIONS 

/,~ .~' .. /: 
Tbt """loa", __ .'" P, • .-.1 P, 

'oll aC!S ·a(o.o.O) l a/o' o. OI 

" . _ r •. :, _ <,) a " '1 1' •. 1',) _ I<, .t,) a (o.o.O(! ;) -/10. II) a 1- 10. - II) 

x, _ S -' B _ IB _ 8 _(::.::) 

'" 
" - S - 'P, - II', - 1', - ( D 

. J ISO 200 m} 
'- '"'"IT'4'-'- -" 

SiI><>o ,II< "'''''''' .... ",,,~, '0 1' •• " ""' ..... ,11< Oo<part>ft. "",,or (O.V.~ 

, -

-r" 

' .. 
'" - r" 

' .. 
s.:.!. • .;s-' - [I - t: - G 

/,..- .0;.., J: 
No. ,"" ~ ""'<>n ... 1', • .-..1 1', 

-Ill 0) 
1/' 0 - (0. 11/ .. 01 

_ I/~ I 

So_ ,,," ""'" _b.-. .'O<'IIIci.", _~ '0 1',.)' ~" .. ,II< <tI'oM, """"" (E.V.~ 

" 



LINEAR PROO UMIIIING: IlXTENS IONS [CIIAP. J 

l'~ S · ' · ~G - 'n :)(~j -(,8 ". 
_II' 

",~G -'n ')W ("j I, • S 'I' &J_)" 
_ II' I II I 

{ " '"J , - .,.;" -. 1/" 1' /' - JOGIl' 

_ "'" ........... ,>I" Wh .;omb 'o ,~ ~ ""'_ "'" ckpon ........ '" (o.v.). 

1'1 Nno' _ 

-I .. -'n 
' .. 11 /. 

-( -~') - I .. 'I' [ ·(. ' . . ... 0) .- -' .. ll{ ' 

'"' , , 
' .. lit, 

~ . u· ,·G • ''')(' - 'n :H: - 1I1l1 >/") , _ 1(1 0 'I' '" -'n 
• ' Ill 0 -,,. - 1/21 'n' 

h« ..... ,V .. ); 
No>. "'" _____ .re ' . MIl p • . 

te) EoIerIDC V""or 

W . CIS" . (0, II.IO{: >/") - 1(1 _10. '!l lil) 

'n' 

Siftoo oIIll1c Of · " .re _P"""_ .too ... *" Ii ... ,II< ",,"",,*, _ Tlw: ",,"".'" .oJ .... '" tIo: 
v.n.ioko 0114 "'" ~ .. 1IUI<tioo ore aslc>lowt: 

_ II'll 

'.' -I 'll 
'"')('") (''''''') _' /"I IIIXI . In" 
' Ill m JOG,1ll 



CU M' S} lINEA~ PROG RAMMING; EXTENSIONS 

~l U .. lhe .... i oed . imple. melhod IO....Jv. lhe rollo .. in. problem. 

m!~im!""" , .. h, + h , ... 4x, ... 6.<, 

.ubJOO<l '''' X, '" h, + .' •• x, O!: 1!KQ 

2:<, ... ~, ... 3x, ... 7x. ~ 1~ 

.. 111" a ll variablc$ """""Ja,i •• 

" 

n.;. P"T"m it f'\'l ,n ... ndard ""'".., i ....... ,.,; .. 1M .... "' . ...... I>I<o • •• nd,, ~ ."" ,t.. .. ,.r,.;.,1 
.... ,law.. ' . ar>d " . 

" ........ • '1 .. /, 

mi."".... , _ .I.<, + 1.<, + 4., ... 6."<, + 0 . .... ~" ~ 0., ... .\fx, 

... ."...'" .,.b, • . <, + .... _ ., .... 

:';0 ," x, ~.I.<, .. I., 

'. -(;J ., -G) ., -(:J •. -(:J .,-(-:) e,_(:) 
e, - C) " -(:) . -c:) 

Tbo """boo...- WC<O«.ro p,. P,. P,. '~ P~ 1U!d '~ 

/_) ""'m"" V ..... or: 

W _ CIS " - 1 ..... /01 )1 _( ..... 101) 

I'", - :,J, - ' .. ' , - : ~ ' . - ::.,. (, - ',. <, - :.) .. It ,. <~ <,. <, . <,. <,I - W(P,. P,. P,. p •• P,. r .1 , , , , -, • 
_ ( _)/01.1 - HI .. ::. _ 4.\.1 .. 4. _ ~.'f .. ~ /oI, M) 

so- lhe """'I "'P'''' _ ..... , ""'"""""""" '" .... iI _ ,. tn""", '«'Of (I:. V.l 

1"1 o.r-""" V ..... <K" 

, .. "'011000. tSOO/l j .. UOO(1 

Si..ooo ,110 .. ,Ill"".", t., ,,, "'t""~ '" p •• io .... _ ,110 <i<po"'" , ........ (D.\·.~ 

-(::")-(-"~ . • I lO/" 

'-
s:.:._ rs '- !:I _E_G 
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If.., .... ,.., 1: 
Now lhe __ we __ .'" 1'" p •• P" P" P" _lid P, 

\11' .. cls -' .. (M. ,<~ - :~ .. ,.W. ,,7 - ,1l, 7) 

-I).;I. .&" .'1, 0.0) - ( .'1/, 6 1 - Mm 

(' , , , , 0 , ., 
o 

(CHAP. , 

.. ( _ '.\1/1 ... 9". _ 11M (I • 1,7 • • • . 1.1/7 .. 10 "I, 

.... , f! .. 6n .. w. - ,t.I!7 ... ''7) 

C-'" .. " .... Vet'I<Ir. 

X, .. $-'. " (~ - :~X::) .. (1000 .. noon. IjO()fl) -1'jO() 7, uoom 

'. - s ·' ''.- (~ . 'i1V') _ (U") 
1/7AI 1(1' 

, ,, ",,,,{~, '~"l __ {"oo. 1)001 .. 'JOO 
UJ7If7f 1 fl 

so- tilt .... 111 ...... ralia ...... ..".,... 10 Po. iI t C ~ ... ,lot ckp.ol1i", _ot ( 0 .\'.), 

If ........ ,., ... J, 

- -
'.. U(I 7/ 1) (')(') ,- -' .... ,. 1(7 -(-I/Il} 
' .. Ilf7 

S· ' .. £5+'.( 7IU 
M O -IIU OX' , ° 

x.. .. ,,, .. ... ).: 

. ' '')_( 7/1l 
1{7 - 1/11 

Now 11k _111_ -.on ... , " .... .... P" ' , • • 1Id P, 

-IIIl) 
"U 

W_C's" _Il,d ' I ll - !~,',')_("11IOIJ) • V\_ I/ IJ .. 
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Ir, - :,.~. - ' .. " - ',. '. - : •. '. - :~ ,. - hi - ir,. ' .. < .. ' .. r .. ,,)- WI' ,. p •• p •. p •. p,. P,) 

_ (l, .II, 4, M.II. 0) - (I/ll. 10/ 1J) 

I 0 - 1 ., . (' , , 
_ 11/ 11, -liIl" /.I , 14M, - 10/ 1) .. ",. 

' /Il. loi m 

" 

SoN:< 011 .11< _'r .... n ..... ",,~M. ll>o ._ Il<J> Ji- til< optunoI boo';'. Tlo< optuno.! _ 01 "'" 
..... bb oed ,10< <>bjoo<to •. , 1Io""'.,..t< •• __ 

(,:)- ,-., -( '''' 
• _1 / 11 

- I/IlX'~) _ (S~I IJ) 
l / ll I ~ 2(0011) 

", .. imino ,_ 2.<, .. b ," 4" . 

Jub,...,co: ~,t ~.t ",S I 

Jr, t I ,+1>-,_ 2 

3.,+1>-,+ ",2: ~ 

wiCIlo aII ..... rilbb noM<"p1.Jv< 

n.., p«osnm io p<" i .... nd.oO"d ..... II)" .. ,,0<1_ •• 11< .......... \rIo ' .. ,II< .. ,p" •• ria\rlo •· .. . ocI 
,II< . " ilioco.1 ... ri>bk> ,<, • ..d .~ 

""o.i_ ,_ b, + J", ~ Ox, .. 0.. _ Mo," 0 •• _ Mx , 

oubjoco '''' x , t x, t " .. " 

J , t .,+ h, 
)., "b," '. 

" . 
..mto: ,n .. ri_ """ ..... " .. 

-, 
-, 

- . ... Jr ... . 

'. -(J e. -m e. -m e. -We. -m '. -(J ,·-m 
,-(j 

cr -KJ, - I>'. - I>'~ 

h_N..1: 
Tho..,.,b.ui< \'eeI .... r< P,. P" P" 0Ad PO' 
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~. ~ C:S ,_ (0; _ M . _ M )I _ II). - 1<4 . - .. ) 

1<, - c,. <, - '~ <, - '~<, - c"l- W!I',. P, . PJ • ' . ) _ 1<,.''' ' '' <.t - 10. _ M . _ M { ~ 
- (l. J."ot 

_ 1- 4.11 - t - ).'-1 - l - l Y - "..II ) 

s;.,..,," _ "P"'~ ......tk_~' 10 P,. ,I '" OJ , ... '''''<"1<",,& """'" ( t;.\ • .) 

(~) Oq:oon, .. \'"",,,,, 

.10,_5 '._lh8_(!)= 

50_ '''" .. i""".m fO.io _TUpOncb '" ' • • it ., __ • lhc 01<".",... _ (D.V.~ 

1<1 1" ..... "'" 

.-

s ...... " 0( 1", .. " ." 1" ... I 

/I ........ N • • I , 

'., 
_r" 
' .. 
-'" 
' .. 

~ 'Ik .-IM"", _ .... ' • • P, . P, • ....t p • . 

101 h ,erlo, V"", ... 

~. _ CIS-' _ (t - M. - "' { - : -, 

cl-IZ.-.\I.- .... , 

• 0) 
I 0 _(l. " ' . _ Al._ Al) . , 

P. - . .. ', - .,. <, - <~<. - ',1_ ""(1" .. ' , . r,. '.) - (_ <. <~< ... 

, , 

(CHA ~ S 

, 

_ [1 . 4.\I._ o\I._ "' {~ : ~ . , :) -((\. ). .. 01 -, 
_lUI . 10 M .. I. M - 1. .... 1 

so.... .n I,," ot,,,, .. ,, ...... _ ....... , ... ''''' ."" .. ..." II_ '''' opoinIo1 boo ... n.. op<-.I , .. I ... of 1100 
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~ III< "1'1"" ........ Ul"'" W:lw.. .ru&iol """ _ '" oM " ... _I ... -.1 .... (A, . I. At . I ~ ,iI«< 
.. "" b,;t>/t >01", .. .. 

mnim;"" = _ l.>, ..... , 

Jui>j<aIO: ' ,'" ,.sJ 
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Chapter 6 

Inleger Programming: Branch-and-Bound Algorithm 

frR!.T APPItOX\.\IATlON 

An inlt,.. prosram 1>. II ... ., "'OInm ."b , .... odd<d ""IU" ....... , ,"","U ".",,1*0 boo ,n't..". 
r_ Clut.p'''' I~ n.,mo«,. )i'" "P,....,.,..,""'" to 'M ooIu,_ '" lOY in .... ' prosnom .... y boo "",""nod 
b, i,n<)rlOllbt "'''go, roqU1mr><tI' IIId JQI,i~ ,he ... "',,". ,i""ar PfOIII'aJII by 0 ... or II>< I«kn"l .... 
_'rudy ~n't<I. If ,be Dpi,m:d ><>luI"", 10 II>< I ...... , pr",,~m ""_ 10 boo inltl'd lbon lhtl ooIullOfl 
OJ abo Lt.. OI'I,mal so/uuoa 10 tht orip ... r in' ..... p..,....'" ( ... Probk," 6J~ OOh< ... i ........ od ,lid iI 
tM ... "'" .,Uullon-onc ""'1 roulld ,I>< compo"''''' 0( III< 61'SI app""'ml'_ to III< ........ , IeuIbto 
,.tote" Ind "" .. in. --J "p,...~_ ..... Th" prootdun: io oIIen earn«! ""'. ~'lly ,,·heft ,lie fil'Sl 
.pp<o.i .... 1ion iDYO"-a 1& ... " .. mben. b.n it <;1/\ be ...-uno" wl>rn lbe numbora . .. , .... 1,_ P,iJbklll ." 
HAANCIUNG 

If ,''' fiN' .ppro.i .... '''''' ""n,.i" •••• tioblo ,1,," ;. not .n,.pal, .. y xi. , ..... I, < Ij < I,. wile .. 
I, ,lid I, Irc <!O<\KC\I,;'c. ............ ';.., "'1< ....... T_ncw In ..... p<O ........ Ire ,...., ttUI..J by ... .........u'" 
lhe O"lirllOl in'"." p<0panI with oi,II<, ,I>< com"',,' '/" I, ." ,ho """'''nt'''' ~J 2: I,. nm 1"_ 
callod 1It"",1It1~ .... ,II< <11«' 0( dtrinhn, tho: _ibk rqiort ,n • " " Y ,Iu, ohm",., .. fn>m fun .... 
conwd<nlioo ,he CUmnl nonin,op ",Iulioo lor ~I bu, "ilL pre><fVa.1I pouiNo inl<ll'll toIuuo ... '0 
,"" ..... ,031 ~obkat (Sa Ptoblatt U .) 

£ ....... ' .1 ", ..... ppn> ...... ,ioIt '" , .. in ...... ~fIl 

............. ' ~ IO' , + ~, 

.. b]<o:t '00 h,' j .• ,:S; 11 

.."It: ~ , .Itd~, .......... " ... ool",..., .. 

16 I) 

'" _ ",. '1IO<U...t ~ ... , JWOIf- oII<oiaocIlty deiettnl ,ho .. , ..... "'1"""""'< By .......... ,ho """'_ 
i. ru<liIy bond I. be ' 1 • is. 11 • 0. wilb , • • 'SO Since I 0( 11 0( 6, "'-11>01 .... , .. I. ",g ..... 'l1li:111 ---

n'II,on'IU:C ' ~ In. , .. ' • 
• ....,..., 10: ,l.., I b,:s; 11 

~, "j 
(6.1) 

""h' >,.Itd~ , ",_,,,,, .0.1 .. " .... 1 

.... """'" ,. In., ... , 
0.11...",,,, .!o,'h,:S;11 

0 , "' ~ 
..... b: >,''''' "_'''' . 0<1 ......... 

f or lhe 'wo inl.", prOJl1llI!1$ <Waled by ,be bntJl(h,nl ~ocna. fif"!.l . pprO.,ml/liont.re obI .. r.aI 
by 'p,n iporio, lilt: ,n"an "'Iuiremm,S lind """'" 1M ralllliqlinur proararns. It .,,"", fif"!.l 

'N 



CH"P oj 

'111',,, .. m.l,,," 1\.til1 "O"lnl<1,...I, lilt" lhe ' ~["K<t ~f'03l1im ",hieh sa'''' _ 10 thM Iirs1 ~pfH'O).lmabOn 
ba:omn a oandocla,e fo, fun"", bra"chi .... 

f· "'P ," IU u,,". p.[>IIioat....o.od>, .... lind ,ha, ~m 1&_11 .... ,,,. Ii.-.. 'pproum.olion ' : .. So .<1_ o.:!. 
,,'n": ' .. 50.2. .hi\o rr", .. m I~J) Iw no 1rlo~!tIo: 0<)/.,,,, •. Th.,- """"'''' 16,11 ... <a"""''' r", fum.... br:o""honJ. 
Sion 1) < 'I < I . ... 'UPIIOn' 16 . .') .. ,," ." .... ~, S 1) '" " , or ' . ,nd obe.,,, 'M , .. .., ..... IIf'OIW'I> 

"'""" .. "" zoo )(1 .. , ... ~, 

... b)eo1 '''' lor, - ~.,,, II 

' . , , 
t, S; 0 

m&UIIW< = .. Id<, "'''' , 

.ub7«1 ,,, ~" ~ ~_"'s 11 

'. , , 
'. , 

.. i,1I; A,."" ', __ ;.~.nd i ........ 1 

16.41 

Wi'" dl< .. , .... "'I .. ...,....... ipo<N. ,,,. 001.,_ ,,, p.ovom (6 ~I io ,r .. So.r .. 0. .. "h , ' .. ~ .. hil< ,II< 
"ll_,,,,. ,o P'''I'_ [lUI OJ.j .. J.. . f .. I. _n" ,' .. JI So_ boI~._ &no- ....,.." .... ,"' ....... . n .. Jr>l ... 
fun!><. bronchn" it reoq""..J 

8QUNDl1'iG 

A"lIme ,Ila, ,be <>I>.I«1i« r.btU"" i> [<> be "",-( ... 110'<1, Sr1lnchlllllXln[imll<> until ~n InltJr1ll Rr>t 
appro" ""I"'" ( .. hICk is ,hUl OIl "'''V.1 solution) is obtlined. The vII ... or 1M objn:lh" for this fin! 
.n'.JrlII sol"t;"" bt<;<Jm<$1 kI"-er bound lor lhe problom. lnd.ll proJrllrns .'h_ fiOl 'PI'. o""""io"1-. 
int ...... 1 /)f not. )idJ ',,1 .... or the obj«Iw. runet;"" ,molie. tlla. tile 10 .... bound ... dilotl.ded. 

f .. _ U I'r""",,, 16.1) I""""""" on in,,,,,I..,..';"" .. i." ,' .. ~ """'" !O _., . 10 ..... """od "" ,II< 
prot.I< ... 1'r<>Jnm (6.$) 1Iao • ..,I",m .. ,lit , ' .. J I Suo<-<)I .. t..os ,)un ,""!own """"" 50. pro .... '" (~Jl .. 
<1 ...... 0«1 r ..... 'ul1"'" _to<I<n._'" MouIt/ ..... _ .. _ .............. (&.jn, ",_,_ ..... o.J """ 

"""" .. .".." 

M.,,,,,hinl ronli " ",,, from th""" pro"""" hi_in, II<Ininl<",,1 fi .. , aplII'o"mation •• hlt ,I< .. ""lues 
or ,"" ot;.<h'·~ /~nction I'ntCf Illan t"" kl...-t. OOufld. If. in lhe p_ a"" .. ' iotfl."'l soI~tion IS 
.""",.,«1 hi"". " ... Jut 0( th~ obj<ni.., /"!><lion 1='" Ihan ,II< nrr=' 10 ..... bound, , Ioet! ,bi, val ... 
011"" objt<1,,",, r."",ion IIr<:omc:< lhe ..... ""' ... bound. TIw: pro.,.", Ihat yielded [he: o ld lowct bound 
jl .I;"'i ... ~ II I ... "U P"'I""'" .. ,It.Mt fi"l .pp"'. Tma,ion' &,>C .-..1 .... 0/ ,1>0 o","""i ... 1,,""10"" .... all., 
,!un ,II< ..... 10 .... ' bound, TIw: brandtin, pr""""lXIn~nueo ~"I~ ,he ... Ir. no pl"Sramo .. ith DOfli"lqral 
(,'" "J'IIro' ''''''t'''''' ",,,,,,in."8 undt< ron, ilk r.uiotL A, Ib .. pOin~ the (u,,<n' Io .. cr-bound ootution i> 
IIIe oplHml JOI"'"", to ,'''' ori"",,1 tfll~r fH'o,ram. 

If ,I\< obJOCl"" rm,.,uon i> 10 M ,.i..u.iuJ. ,lit: ~~'" ",m:un, ,lit: 10<_ .""",1 ,/tal ~1'JIl'T bound. 
an: oood. Th .... ,lit: ,-.1"" af ,he ~l'"Il ;"1<,1111 ""'"lion btc"not' an "J'I'Ci" bc>und for lhe problem. I nd 
pro."'" In: e/i",j""lod "'hm .bel, 5 .... 'PPO"';"'.'" , -val.,.. .r •• roa'., thon lhe ,",,""" upper bound. 
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CO-'"l I'UTATIONAL CONSIOERATIONS 

On •• 1 .... )'> I:>nndlc. hom lho' P<OIram . -hid! .ppn. ......... , .. ~ ... ) opl;""" ~J " lho~ II'< • 
"u",bo. of U""idol""" further br&nc!Ii"" ..... ,-'111&1 hoy,., Lbo: 10, .... ,"0&11><, 'be objett ... 
Iwn<lJOn " to be m .. im,,",,- or Lllat b.YIII, tho """,!les, ,-.-..1110. If I!o< o~i ... fu Lio" Ii to be 
minil!\L&l. 

Add"ion.1 """,,,oint< arc.dd<d 0'" a' • "me_ If I ~'" .ppr" ...... rion ,nYohu ~ lila" ()OoO 

n<>runt<vaI ... ""bIe. ,he ..... rorm .. int, are ,mpoood "" tlul' urilble """"'" ilL lurthe<,!lrnm bel .. In 
,nt0Jer. ix. rhat virilble ... _ klCtionoJ 1"''' ;. dOf<S< '0 hl In .... of I tit, , be 001.-••• ,bit .. rily 
eII_ On< 01 ,h. nriobkl. 

Fmllly. " ;,. p<»>IbIe 10, I . in ...... pra.,.", or On • ..ocia.od ti_, r<otnm '0 hf'-. ""' .. , lLan 
_ <>pi .... , ooi",1oD. 10 Mlh .. _ ou odbon: ' 0 ,h. <OtI"""tion adopL<d lit Cbap<d I, arb" ... rily 
~ItOS ..... of tbe «>I"tiom .. tile: ",,""01 0'" lnod diuqatdiol tho In\, f 

Soh'i1d Problems 

," . ,., 
• 

, " • ,.,.1 •• 
• 

••• 'J ~ I 

~' .. 

..... ...... 1 TOton.; .. , ...... I"'IlIJI ..... _ I' I~ .. """"",,,,, by- .<imooI l ,"'" .1("' .... _ .... 
I ....... 'b ........ btonchirll ...... pOll ;. n,. ",<I<. of.1Ietr , .... ion b, <itdo4 .-1 ......... n.-. 
1"0....- (&~I lbro ..... (6,1\ ........... 10<1 ~) ""d,d I .......... !. ~ .. , . TOt fno .pp«I ...... .. >01._ '0 _ 1"_ • _ by- Ib< _ ........ , ... ,ho prop-•• l!.do '"""" (",-"P_ ' " d .... 
"",,_by. liM 10 ,Iwo, oi,d. (pr..,am) ..-h" h _ .. led .... 'M .". ... b' .. ,.- lbj; "' ............ , 
Lb., rl<fioocl ,ho bt ... ~ io "'" ..... IIO", ,ho ~ ..... "",11,-, • u.-.. «_ io ........ lb~ ...... Ii ... 
_mp;>r>!'1II ~ to.. '""" <1< ......... Ir_ flo""", ......w...doro. 1--.. 110-.04 jj .~ d ...... o.l 
bon ... h ........ ""'~~ brudl ) ........... "'" b) _ ....... 10 Eo ... "," U . 5.1..&. ,110m ... DO 
.-...... 01 __ tr:fI LO _. u.. _"" ...... __ ... ,loa' I"OV .... ! \o.><>If'" ""'AI · !. 
..-, * o..rod ,. _ 50 

mDimi<E : _ 1..-, .. 4..-, 
,ubjrcctto: u,_ <. ,,6 

~,,"l.~.:s;9 

"",II; ..-,.n<I ., nonnr:pll.<.nd ,n'.rn<! 
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""~,o Ptop_'."."'tMqtf ~ ___ ,,~ .... j .. L.J '" !...-.do:" '" 11 s.....t ... 
• .. -uvol """"- : .. II bo1 __ •• I0I0<< bo.-I "" t~ p .......... , poOlf'" )otIcI/oot • : •• ~ 
--"" , .... II ..... Ioo..-b')' lor ' ..... TIw .... "I'JWO'_'- w l"IoMo •• 1 .. \ r _o.. ! -.1. "''IIIh 
, " .. l1SiK11 ...... ....,nI .... _ .. IlIII:-.~p_' .... 'ht __ ""'n"'-l.: . I:.... • 
... _ IaoMr 1Ioo.ed. .. tIw Ploti' .... WI ,""",,led tW ,.. .... ft "'-d. Ptott- .... ,t \CIIII1r_ 
~ ~f"_" 10 Pi ....... 1. to ........ : _ ~ .... k-"« IofI lei COOl I. otlon ..... ,. 
_ "", . F 1 I 10 dot """"'" Iooon bouII C~_I)_ , .... II .......... ~ ..... .,...... """"_ 10 
,""",_' •• _0. .• ! _.!. ",,",, : · .1! 

0.""""", 1110< ;"0Ift ..... ~II·.-..h (rum "' .... " .. '" 01 p,oNtm 19 . ... "" .. tho _OIed ~ ..... r 
"' ....... ft ....... ftnd(_ P,obImo U~ \j " !, ' I . 11. • • • 0. ' 1 ":0,. : -0. ':.'-''''I~: " - ~ , 
n.ia n .IM In. 'pp', .. .-,Ioa ~ 1\ .. bu .. ".L hooo~,.,. II k ako IIw ilpImul ""~t_ I., lilt on ...... 
;'It., propaIIL 

!o,.I Sohc Probkm 1.6. 

' ........ ,ht IIIIqft .cqoou....u .. PI'''IfMO I" III 1"111' 1 .. .... otq ... j " . ~ .. 0 .; .. I-.." 
. : .. ~ .. ,Ill:' .. SHOl, at ,110 6nI.ppro ... _ .so.. . j .. _ .. ..,..01, ... ho .... " In , .. " .... 

.,....-._ """cudl .. ,'.'I10 .' .... _.-. .. _al. n.. ........... ~ .. ~ .,. .. ll't....
J i ........ .01 t ,_ .. ,. •• : "-'M ~ •• " , ... ,110 : .• ~ III I't"" ... : Cr., quail) . .. , 
ct ' .~.......-! 1fIIilCUpl'IIo !:OIu,_ '0 Prots-.l .. ,110 ...-,.1 __ .r .. I , 'I .. 0. '; .. I~T . 

• : .. ""'. " '''' , ' .. SnOOD. 

z · ·50_ • 

•• .., 1~1 

" .. ... '-
..s Dltcuu: \he ' rTOf$ ... ~oIwd '" , oulldollf lioc ""' al'Pf0um;JlJ:/,),u ,0 lilt I>nllll<tl JIfOI.am. ,n 

Probkm. 6..llnd 6." 10 inl.~Q. and .ho:n IIL.ft,.hew aru. .. ~,. '" ' M o"urN'1 ones. 
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Tlot ~'" or,,",'''''''''''''' i. ,",,,Mel"~.l .... ,t &!25. - I & u. II', .. ioll to """'" '0 ,1>< ~ 
;" .. ,.... p<I<" 10 ,~J...,;bI. """",. So ... of 'h< lou, it" ... POOOU OII<fO.odio!, tb< 6r., .ppn>, .... ioct. on/)' 
lHOC. 11. I ~ .. io>IIftd '0 I .... 'h< ...... bIt ... _ lb .. ..., Lot. . t • 1. ., _ I. "lib . ""' .... pondI ... , . _ 10. 
a< 'M 1If0fl""'«l """mal ><lu,,,,,, 11K 'no< """""I ool~,"" ...... _~, " _ ! 2: Ib"'lh< , .... oo.\od ...tu'''''' 
.... .. t ... rm .. to. ,,"" "",",""'I»" OlIO« ,""~ 16 p<r«tl'. 

Tlo< ~ .. ,.PI'f.,.""" .... '" P'cble", U "'" Tt .. '1 .. 0. '1" 1666." .~: .. ~ R""ndo'n, . 1 ""~ .. 
'u """ .... ft ... bIt . ... ""'_ • r .. ' ; & 0. 'I .. 1661>. ' : _ SOOO ............ 'od """"d, ... , .. of ,100 01''' .... 1 
"""',;;'" Tho ..........,...l .. ,., .h ... S~_ dn""" Ir_ ,II< " .. ""' ........ , " .. nsooo. by 10M ,1w1 
0.001 prn<m. 

mi.imize: : _ x, +%, 

l" .. lI<, ~ 5 

l!x , " $%, s: :;o 
''''~: .' , aDd x, ""ntl<pli~ lind i""Aral 

A 6", 'P!'<0", ... 1100 II> ,b" I'f"lfa'" " ,. t .. 1.5 . .. : & \\, ..,,~ " & U . Roull([inl . , up. ,I>o!tby _.,n,., b .. bIt. ..., IIa'~ ,,: .. 1.~ 1 _ 0. ,.;,~ " _ l .... n .. UJnot, of tb< """oW ooI. lKJa '0 .... """u.! 
1"011" .... Oi>l<'n<. ............ ,IIa' kt, in,..,ol ... h ... of ..... :anobloo. ,II< ... ". rw.n- m"" ~ocIf be 
, ... ",,1 Tho :-.. 1 .. "" ,t. 1\r.O, .PI'''', ...... ,;O''. " .. 1.S. provid« • """" tooot><l fa< ,I>< "po.'.w ... '''' 
"""9<qll<l'tl,-. ,l\c ",", .... 1 ~.~ .,..,,, ... >! to: .",.u... tN. 1. S ....... ""," a ... ,i"",,, ",!ri<Io o'to'., 110< 
,'0\, .. .\ , ... ' ........... ' lot ""',,,..[: i~~ ' : .. l. ,1 _ 0, .. "b , ' .. l 

6.1 Sol .. ,"" l""",....~ protJ.,. r"""ul.o,«I in Problem 1.11 , 
Tit< gmpk. "",hod <OIIId be ~ ,. fiod ,he';", ___ ,ion b- ""'".. .. IJ) of 1'1_ U . A 

".,.. <IIio<-o, 1"'<>.--..1 .... the 10110..,"" 
111< o;ri ... -:ot rx,,,, '" _ ......... hcth<T •• "em .. ,.k .. d _ iu ,,''';Pt OJ ,0\ ... pcr .. bu, ,Ile 

,.,io (lit"" ,.'<\ " .. 0\"" r« P"O'M. ~'. _ ,iii! fOClor .. "' ...... bI • • "')0lIl d to 'h< ~ .... nd """"""" 
Tobie I> I . .,!\en: ,Ile i,"", ... ~.«d '" oroler or ,l""fu.m, okIinobi'~y To ""' .. II ,Ile ","mW JOIc'''''' ,. 
,It< kft1r»<" proNmt _,,\ ,I>< lOt""" ""'."~.,, """"" . .. ~ .m.piy .... c .. ", ... h of cac!t , .... I. pooo.ibl< 
1_"_ ~-=cI"" 'h< to:I-Ib _&ht bmuJ. bq:t ....... iI~ .... ""'" ..... "'H.<. I, loll" ..... f", ... T.bIt '"' ,11&, 
,t.. tit" 'PI"" 'Ona'''''' ...... ,. .. ,n of " ... ll,be ""'" ""*"bI< _J. 0/1 01;"'" S I' be .... 1 _, ~,.bI< "em. a..a JOI~d " .... ) , ' 1 ~ o. ., _ l.~! ~ JO-lS. ' : _ \\, '; " I . • i,':· _ Ill. 

T .W. .. , 

,,- w ...... ~1I> , .. o..ir.bility. 
Qj .. 1~ 

, 
" • !~I , , 

" '" , 
" ro "" , 
" '00 191 

• " " '00 

50 ..... (h1l lint OPI"""""'_ ;. """'Otqrol. .... ~DCh b) ' .P'<"o.. ,lie "" .... 01 <01>1, .. 1 ..... ~h 
<1,11« " $ 11 Of . ,;,: I 1i<I'"", doin, '" ho"" ......... _. ,11.0, ';110< " . it reQUI,ed '0 I>< _ .. u .... ,he 
....... t'&lII' ' ,": 0 ",II b< ",~"-..I '"'' _ O;.od ""'" .. ...,., _ ot.., ..... "'~I b< ,.l ..... !>e .-" . .. " 
";;:: I "'. It< ,,.h .. D«l ,. 'J .. I Thi>" jnoj.,,,,,, io ,he 'm: diopam.'" .. . 

Oroppi •• ,ft. jn,,,,,, reQ";""""'~"c ",.<mIIn< ,It< "",I,..., "'"",""" to !101ft !'TOSTO"": OII<I} In 
~-... 6-"'. 1Di"l lob", 1>0 1 00 find ,II< lin, .. , __ .,tIt tile «>mI, ...... r ", Ptup .... 1. ... "", ... 
'1 - JO ','" '1 .. t.~! _!I. ,' : .. !I.~! _ I .• kb " _ lJ2.6'9 .• oollor "' .... "" l. ,' : _ 0. '1 .. I. ,' I _ I, 
': -0. _'1_ lfI, .uh , . _ l~,a 
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c_ ......... ' ... bn ... h ..... ·_ ~I.~:.~_:::~,,': .. ........ no .... mo.ar .......... ;, ........ 
.. ........... ,,";'h " ~ ')0. " ................ _*';. otoo., .... in,.",... .. '0. .". , ' . 'JO $1_,..-
I«ODd , ........ 1u .... 1lu .... & ....... _ ..... _ .... _ .. P,_'ur.lll I"fOI'_" 
~. _ .... , ....... _ .. , ,Iwr .... , ........ , -.. _ ....... , ... , ........... tor_. ,... it. TIrro 

.... k, ... "'ocr ... ,! .... , ............... " .. n ,,0. ................ I) io .. Ie,' ! I ..... rlwy ..... OJ< 

.... ino re.l. w. ","";0 "". ""'I """' .... ,0. "",rfrr,.. ii, """,;",,-uLe .... y _ 2 oDd), lor ....... 

• 01 .. of l»-io '''' opI ..... "" ...... 
M .... of '''' ....... ·"""·_rod pr_ ".p, ... '" \Iorn • ..- W •• _ .. od.·_ , ... , oir ..... 

.. ," 0 Of', _ I u. ..... _I _,ioro. II.,,, 0. , .............. 2""-"';rlo , ... otiJi .... "'_ 
.001 .... "vol .. 1l!1i9 oIrWftod ................ "'I ........... "'" dt"f'I'<"Ilrlo<ft<by "' .......... , ... _~ 
.. _I ............. , ........ Idol ........ '''', ......... """"' .... Slr»i ... '1. il o, _ 1 . ... _1 __ ....... .. 
J '!roI'", ...... opI ......... _ ... _ ,)to.2&. "''10'''''''' .. , ............ rc ....... rloo, , .. ,nrc __ 
;" .... rlo .. I IS. 8 .... lor ....... 01 .... _ of , ... __ bIco.. : ;, inqnrl. In III«, " ;, • ", .. <q>It of " _ ..... 
.-of .... __ ... ,".ltrploo of So Thrud", ...... II. _om .... _ llO. N ...... r".~ ... tho II.-
.................. - .. /'rotf ... J .,.'."'T" 0.'1- l.oJ" I .• : " 0.'1 _0. ...... ; . - '''~-dJ, 
, ................. opUrnoI. 

TIre 100_ ...... lor __ 6.l .". ,Ire '''~Ff .... i, ....... ", ... a1 .. , ... ........, _.n .... 
"':I(.~ .... _tile _ lor _ 6.l .. Ii ...... '''' '" of all ....... _ .. , .... , ..... ,..;, • ..-) 
1IoIorqi.,. 10 ,he .............. TIre fin, IPP'O'''''"'_ .. ,he cirdod c" ...... -. '" I _, of _h.., , ... ""'tile ........ lor P'r0&m« 2. .~b , ... ___ nrln .. ...-aI. ;, 
. ..... r .. FlI- .. ~.~ ........ ~_ " .. , .. _ fipf< " .. _no. , ... __ ...... . '" ......... J 
."" , .......... toq .... "" ............. ~ ,110, • .po... I .Dd n _ .... _""" ........... tIIe 
........ """''' of F ..... ",.~ _ .. ,1_ ...... ' _ ... II """, if'''' q .... io ..... ~ .... .. 
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01"1" ... 1 """'_ {o. ;, d_ i. , ........ ~ ,1\0, "".'oon .. m II< opIimaI ro. D110 of ,he ' '''' ..... inl< .... 
~ .... C,",,-cnoI~. t , .. ,_ ,.,... ;,' ...... ,...,..... ,..... ~I-' _,-. .... " , ....... __ (,11<_ 
.. ~~ ,II< 1«11'"' N'_. r. ,/w ,.~ of. -./ooj",,/ofo F ...... .. ) .;/1 H .,._p ,II< orijIfMI ... .,... _
no. .. );,;I"f of 111< """,,0,100. 1<<1",;'1 .... 10110 ... ""'" ,he po, .. ,lwIical ,."..,~ j"" ..... 

•• 

." 

. " 

Supplementary Problems 

...."""'" ,. A, .. h, +" 
,,,/It''·IIO: z.,,"b, .. h,SIl 

.,,10: .011 ... .. bWo __ 'n~ ond l .. tj:raI 

.... ,"""" '_'," b. + h,+~, 

"'IIfotI 'G! lo, + 10, + ~,+ 4~. $ 10 
s.., .. J.o,>-b .... h . S' 

. ,,10: "" ou;.bWo oo,n, ... li .. ond iOl<vaI 

... ,i"",,*, : .. h, >- 10., + ' • 

.. """, II.' 10, .. 2., .. %,S" 

::", .. %,"h,SN 

.. , .. h,*b,S2' 

o i,to. .U ,-oriobIeo """ ..... " ... nd '."vaI 



'" 

." 

... U I'rotl & 1.lIl, 

, ...... ;., ; _ !o., ~ h ,. II" 

,~bjod .... 1.,. ' ., • . " _ . 
'-,,+-b, _ h. _17 

wilk; .u .. ""bioi .... ". .. Ii ....... iatqnol 

[OlAl' ~ 

..... Sol .. _ ... , by opply. .. d •• "'_ 1 ................ ""' ... fOC!l) ' 0 _0) 01"._.& 1.1 .... 
-.,.of< Iklo....,....l ... wilh ,M.-" tal". i. p" t ' '-, 



Chapter 7 

Integer Programming: Cut Algorithms 

AI Clch . ... p' 01 b ... ...,hiGI in 11>< bf.""b"'nd-bcund . IJorilhm ,h ..... 'ren' feasible ",&ion (f", .IM: 
...... ret" p<QJ.oen ""Ih ;nleser feOuicllon. i"",mtl is ..... into ''''0 ...... Ik. "'Ii""" (one 01 them moy be 
om pC ~J by 'h" im""""",,, '" '*0 nnr «, ... ,,,,101. den....! from tho 6~ .ppro.i .... 'iofo 10 ,he cu" ... , 
pro, ... "" Th .. opIiums i • • uch ,b., .he oplimaJ solution ' 0 the 00"",,,,' 1""1'0'" ", u,1 . how up .. ,1M: 
"""m.1 00111';"" to " ... or ,II< '\00''' """' p,,,,,a,,,, (Problem 6.3~ "The .... , .ltorithms of.he pre>en' 
< ..... pI • • o perate ",,,,.'iaJl~ I. ~h fw.ion. ,he only dilfcml« beio, ,ha,. ,;n"" new COII"""n, is a<lded 
. , n th " a,., ... hereby.1te feasi ble re,;on II dIminIShed ";1110"1 boln, .pllt 

T il E GO:'>IOIIV ALGORITHM 

Tk". ... ""'SI •• in" Ire <l<lorm,1I«I by ,tit follo";n"hru."ep praccdu"," (Sec PTobirm 7.' .) 

STEP / - In the current IiMI simpl .. lablt . ..... ltc, " ... lony "".1 of 11>0 """",,",",I v.,i.bIa I nd. 

f ... ..,..? . 
M-il""'" tmig"i>IfI :~ro «l/w, '0 ,,... """"k r~'i~blfS. comid<r the "'''''ral," equI ,ion 
.. ".......,,«1 by ,II< "'"' oI.he 1<100:,«1 variable. 

Tho " mpk . .. bIo •• 

" " '. " '. 

" ~ '" • , ~'n '" "n '. " • ~ , ". 
, • • '" "' 

P'" ,II< op"''''' <01\0""" Ii •• ,'" cu ...... , 1m! .ppmi .... ';.,n) a %f . 11/2. 'l - I. willi ..... 01 '''' """"""" 
... no,*" ~! . ,: . • n4 .• : ... "1 .. 1 to "'0. TM IIONn ..... ", ., .,""' b .'1 came _ ,Ii< lint ,,'" 01 'k tolllu .. 
_fl;"h ~n .. ,I>< """ .. ,oin' 

_ !<, •• , _ ! ••• !."RY (1./J 

STEP 1.- Rcwri •• octo rTU1io",,1 _"""itnl .nd ""nl1.nl ,n lhe "",,"nin' oq .... ion obt.ined fT()m Slqi 
I as lhe .... m of an in, ... ,.nd. ".,..j.jot frartion bo<ween 0 ond 1. "noea rrNrilc Ih. oq"'lion 
.., , ... , ,Ii< 1di·loand , id< ron",,,, only lerm. wilh r,IIdional coef!lo:;"'t> r.iKI • fractil)1U.l 
""""'an'). whill: .be ripl·band .ock """ .. in. ,,"Iy ,erm, wilh in~sraJ coclficirn •• (and On 
In"".' "" ...... n.-'-

&_pOii 1.2 F-'I""""" a.1I be ....... 

1_ . + II-< , . .. , . I - l + h ... + 10 .1).<, - S"'I 
• 

17 .') 

S1"£1' 1. Mequi .. ,be Idi·h~nd side of ,II( "",,'Ie. c:q ... tion 10 be IIOfIncga,j,· .. The resullin, il>cqualily 
IS 'ht ...... ",, " ..... inl. 

'" 



'" INTEOU Pl.OORAM MING, CUT AI.OOIITH !ot S (CHAP 1 

j.·. +i', ·I •• -I~ O • 
.. II>< _ ..,...""",. 

c o;., PUT ATIO ;>!,,- ' . CONS' Of:"" nONS 

Comput;", u ........ ,'«I by .ppo!ldi.a.he ..... "'1111111;,11 "'"'I",li,y obI.,;",..,j fro<n SlOP JIO.he 
""",Ir';n, oq,.,ui<>no dacribtd in ,he .,.~, fiml oimplu ,abkaw .. ,he. ,ban 10 .ho ot,rl> .. icalb' 
"'"1',.10., <011"1'0;.11 F .... in .h. ()rillllo! pro.ram. (S<e I'lobkm 7 I,) 

Tho GomOl'y elI\ ",OI'l1hm m&y IlOl ""'~f1PO; ,"', ... aft int<anl JOiuliOII may nO! he obuwlcd 
repnI .... of ,II< ...... ton d il'''''iom. GenenDy. howe •• r. if ,he .Ijo<llhm""" toM'U", II <0"_,.. 
rQWfIably qu"~ly. F...- I/u< rQloOIO. an "PfICr h",,, OCI ,II< """,he. of ~ ••• ""'" WI "" au_pk<I .. ""' .. 
OIabli>llcd bekI .. , ... <OOIlpu~tlOn IS ,ntI .. ,<d. If 1M intqnollOlu,;o. .. IlOl oblalllOd ..;, ... II ... bound, 
lho .'",nlhm is lba"""'-'d. 

The ... rt 110 Ihtorelal fUfOfI. ro. .l1000;,,, bt1W«11 III< Gomory and bl'lnch·.""·booInd 
. ""ri'h ..... n.. bnn<h ... nd·boIInd ol.,nlhm .. ,he ...... f of ,"" h<o 1'fOOfd_ and .ppu .. to be 
f •• oml oIip"ly &II'II>rI1 prKI;,i<lll<tll. 

Soh"oo Problems 

", .. imiu:; : _ It, +" 
;ubFlID! !.I, + h, S 11 

3~I+hJ S IO 

.. ,,'" ., lrId A, """""P"'" II><! In.oval 
", 

'..-.... ,II< ''''.... ......... .,, .011 oppl)'lll' ,lot oampit' _ WI ,he """""'" _, _ 
.... obo ... Tobia" I .. ,ho GpO"'" .. bIa".tIn ..... ;"'-',iooo, 

" ~ I ,I . " " " " '. " 

" • WJ , ..' Jl l) .. • • , ." ". IT,I;! 

" '" • '" 10 ') " 
, • • • '" 

, .. • , • '" .," '" • '" • '" ." • • • l'._, " ,. "" T ...... l 

Tho lin! ."""' ..... , .... 10 PfOItOm In ,ho,do, .. io ~t _ 11\'1 _, _ JI/l '1 - ~ : - (L ." •• t ...... , 
.'" _"'<pol. ........ nly......,.,... t . •• -. ilI<.....,. ... , ...... "oed II)' !be _ ...... "fl '.bb. 
I. ,ho row """""I r.. _I). 

. , .. I',~II . · Y 

II'n' ... ..n.Ir..,_ •• ,II< ..... oh. , ......... tId . ",,";0. "" __ 0 a ... I. _ ho .. 

• 



CH AP 7] IN'TE(; U PROO~AMMIr-;G: cm Al.(i()lIllI MS '" 
.. ,I>< .... """"'., .... R .... n" .. ,"" """"~"', of tho oriJlOW "'OJ"'" 01 in tl>< rom.. "'N"''''' b)' 
Tobl< •• I .. " od<!'''J ,II< """ "",.., .. i ...... ,..,......" ,10< ...... "'_ 

., .. I .. ;,e: , _ h , ... .. , + 0., + 0.. • 

.. ."..~ "" 'j_,. A, - ~, •• lf 
.\ •. -'! 

!>, + .<. :!! I 

.... ,10: .11 ",';'bIt< .""_" ... ...1 i.,OVOi 

'" 

A ... "" .. '~ .... N<. ... . ...1 o. arlolia .... nibl<. ' •. are i"' ..... ,~ iat .. ,II< ;""q ...... t) ""."n.l1Il of 41). 
• ...1 "'" tbe '_ph>" 111<1_ .. oppliod, _it~ ',. _ ... nd " .. , ... i.oiol ... ofbasi< 'lIri.bId, Tbe "",,","I 
hl>lau 1 i. obI"!Kd .fin- only',,'" ' .... ,;.", Tho fin. 'r>r<'~";"" Ie> P«>Jr.I'" 1.'1 " ,h .. -r _ 1. 
<! .. 1 'Z. , t .. 1712. ,.t .. . J .. 0. Clooo<i ... ! "" ",..mil<- tl""" .. <O"" .... ~ .... obIoin "'_ ,!It ,1OIt6 "'" 
01 T.I>k". l 

• 
n.... """,b" ...... 'uh ,!It rono,t .. ,."..r """' ... 11, m ,II< "'"'" ....... ,td b)' 'hbl ... Z. ...... ,II< ...... 
'"'<lII'f PfOJl>'" 

.... "";..- ,_1" .. I, -+ 0,. + 0". + 0" . 

"1>1«< to: " - I •. . V .... \' 

'. • \'. -, 
" 

, \'" - I·, .. I "' 
' .. ,0, :z: 

... ,10: .U ~.,io'*' ."" ......... -.l ''''voI 
II",'''''' ,!oc: ,n""" ." .. ,rai.t ,<>I 'f'I'I"TIl ,he ,...,..pIq ...... ,""" '" ~",.m \.I ). . 'ith • ,. '" ' ... ...1 I , ""i"'''', ., ,II< , .. IJ.ol 110"" ..... .. obt:.iu> ,II< cptimol T oblco. J . 

" " " '. >, >. 

" 0 0 -lJ,'1 0 ". "' 
" 0 0 ." 0 " " " 0 0 , -II. 
" 

, 0 , ., 
, , , .. , " 19, , 

T_. , 
A ..... ;, ... ,;""..r th< 1"""'"' I, ... ,,«1 (1 ..... t _ ") I. T.hka. i nu. , ...... in • J"'Otf>ID . to.-

o.>Iu, .... II i"'<t.-.l ~i'h A 1 .. i A; ~ 0. ..... " _ 6. 1 ..... "",uOOG .. ,beD Lho """"",I """""" to i ...... , 
1" ....... (I) 

f.tI .. R). ,ho 10 ... 1>1< "_ """"In ... u poi~" ,n .... fi1>L qlM<l",~' 1" .. i"1 lOi<l"" <o<><d ....... ,hi, .,,.,, 
•• h , .. :":,S I\! 

............. ,ho poi." l<W~td by < ....... to f,.. l· i( .. l. 
Til< ""'''IJ~j", _.0 ,II< oriJll'L'I P""c,,,, Ill ... h, _ ~ . ~ 1: i, Iodo ,n 1""1"''' (1~ Soh i". lbe 



,~ INTEGER I'kOOkAMM ISG, CUT A\.OOI. ITHMS (OIAP 7 

" 

x 2.0, ..... . " x 

x x 

/ '. 
.... 7-, • 

• ' r " J 

TIlt d'O<1 or .. _ •• Or ,,) .. iAdia,O<I '" ". ... '· Itbt ....... poo<O _ ....... ok <w' ... , lin< 
. "",,, ..... Iiao;. _ 011""'''''''',..;0.. No iotq<> poiM.loo ........ ;, .... 

7J Soh. r rtlblarl I.U. 

Th< ...... ppto . .... , ... 10 , ........... __ 1_ PI t, m • .lO ,.Kb.1I< >Vio __ ""loll) io 
'I, _ 1'IJ.l. ~:, _ $(I(). ' 1. _ 1000; . 1, _ _ I. _ _ I. _ 0. .,tII ," _ 21 600l s.- ,"" ..... """""."""_ .. 
'.ICIJfl'L" io .... "'" ""' .... ,_,_ I. ,he ....... """"' ... U ....... 'hoo _I oclooWlor 100 boo.-'II 
to. Wpped ''''''' 10<1.,., I 10 ....... 1. SOO bv ... from 10<1"" I "' ....... ), ... 1000 ...... _ loco...,. 
loa -"Ie< I Tbo 'ow .... pPnJ 0001 .. ~10. 

7A Soh~ Problem U. 

""'It .... (4)" p, " U. _"" ;", ............ _ io 

mil"';"'; , _:00.., + lb, .. 11.<, + 0... ~ 0.-, .. 0... + 0.., .. (h, + /II., .. "" " 
....... 10: " , ~ ", + >, m" " , •• 

'. , " , 
'" " " , 

" ", 

I...,...", th< ............. _ UId 001."" ''''' ........... ", .. I_~ ",,":'II .... '*-T ....... I 



CHAP 7J INTf.(;Ek PtOOR ~MM IN(i: CUT ~LVOR I TtI !.I S '" 

" " " '. " '. " '. 
" 

, • • -OJ . '" • - 1_6 • '" .. • • , OJ - OJ • •• , , 
' . • • • OJ -~ , , .• , W 

" 
, , • • • • , , , 

'. , • • - OJ OJ • -~ , , 
, • • " a • ,. , -,. 

T._, 
N.,...,h .. 1iru ' II!'N''''' .. "''' .... Y be ,oondod '0 ,I>< /oa"bI< .. , ............... x, ~ 1.',. 7. A •• 5. 

""": . 2&1. II ~ •.• ,,,,,,,II< <lnir«l rnirilio .... can~ .,,,..., 2:&-1. 0. .... 0Ibe< ""lid. ....... "".'0 ,110 
<Pri&> .. 1 rmlTo'" I') '" P,obIem 1.5. "" _ ,,,,,,10< ;.....,..1 ,01_ <I ,!\< ........ bIt<, .............. .,..: 
h<rocc. ift n..,-d ,II< Io.~, ..... rod " ~ nil pro.-..led by ,be fir .. '"p, .. iM'"",- ,be ",;,.; ... 1: ",an'" be .... ,ba. 1110. Tho ........ ,II< .. i ..... I, 01" oroIy be llO. lB.!. or 18-1 •• 0.0:1 ....... , ....... reed ,ba, ,II< tn"Ol" 

,,,,,,,,,,,tni •• " ki.,.l.!. 7. Si' or lhe: "",;,...I 0010';0., ... , w"'" 
28-1_ :uo 

210 a' ·n. 
iSl"''''1 1,_ TaN<.u 1.0'" 8r><b oil"," • • "oro_ '" ,. G_, o'-'>ri'hm ,ho, (l. 7. !)' "' in '"" 

,be "",,,,,01 ooI",ioo\.) 

705 De,,",,,,, ,II< ' ''''''''I} ~ alll'lri'hm. 

C~ III< opum&i 1.11Il00. ,"'" .... I\> 1l0III ."pI)'", III< _pi<> ~ '0 On in,..' PI ........ 
.. joh lhe: il>l<F' ..... uimnc." ,pOnd..nd ..... _ ,hoi On< d I"" booM: varioble$. " . "' _1<paL Tho """" .. i., _lion ....... pondirq 10 ,be ,.t>Ioo • ..,... lho, 6c!,,,,,i,,,,,, '. mil" U .. , '''' "'"" 

.. ·!y.-",- I. ,n 
........ ,110 ..... "' ... , oil_lor", , .. ""bioi. Tho 1'"'"'''' ... ,be ,_,. .... , ...... 0.0:1 ,110 _,,,, .... _OC 
;" ,II< Lobk.o ...... ol<t<rmi ........ Si_ " .. 0_ r""" r I) bl "",i" ,I>< __ .. ""lola OIl"'" '" 
=->. II r..uo •• ,!\o, I. il .... """i.'<sBI. 

Wh~ ""'h r""'" it II!" ,11<."", ",.0 I ........ "". _pu .. fro<tiDoo .... rIIo. I · 

.~ ,.-;. +1. 
_ <>I ,,,. I, _~ ..... ro, '"", I. io ........ """ to>'" "";'100. Ilq ... ,_ \11 __ 

' •• [(I, + 1,).,-10+ I • 

• 

If _~ ,,·.·ari.bk;. rt>qoumllO boo ml<JI'lIl'hm ,be ldI·uod >t<I< d(lj II iok,ra!. ~.idlloro:o "" ,i""""",,, .... """ ,I> I>< ",<-,nd. H .... """'" ""'" I, .rtd " ;, _o<puv<; ... _ lot r. "JI~ TIt< ..... ·I>ond 
<idt of (11111at • u ,,,,,,,.nbd i< .... 1In- , .... 0 ~ her"", .... ,but I: IIl&I ... 0 """pooiti .... , ...... 

1.- [ 1,.,,,0 or [1i " -r.~ 0 

n, .. to ,II< ..... """", .. ,.., '" ,lot Gont.oI) oIfor"b",. 

1.1i 0. ... "'" 'D",I> .. co' 011"<"""'. 

Com"', (/) ... "'oIt .... 7.1. If .... """Ituo< ,oriabIc Jr, lot L<"Itl. • ..., " -I.;' ..,.,i"'" .... If ., it 
,., """- 'nl< ...... I_. """''' 1< ... _..t.1I< """ItooO<' j ,""" be....so d,II<....,,!tom sro_ so..:. otf 



". (CHAP 1 

...... bin '" '"I ...... 10 "" _,I ........ !<Jtol d 10li0.;, ,11.0, . 11<&.1 _..,.,....., , .... 1Ik .... II< 
_ """' .. II ... '" "" .... '" t TJoI. .. lute impboo nul .......... <If ... LIoo _"-< ..... __ ... 
...... " ...... ",.. ",equaI'<> I 11 .... a>ndrtioo .. _ ... 1Ie .......... .... , '" be ... joiDo/d 10 ,lIt ...... MI 
I_' pnIIn ... " . ~ .. <.!Ie "'" oIto<;,b .. flo, .. _ .... to,. I ... ... 

"' ... ,m ..... ,_ l .II -+ "'_, 
.ubjo:c1l<r h, 4 " ,,6 

;:" . _ h ,,;;9 

""" h' ~ , .nd~, I>On...,,,",-. and ,n"I,.! 

,,,,rod..,,,, >lad ...,.We< I • .,., " .... ,hnI 001"", ,II< ... oIu .. ..- .,,~ ,be , ...... 

"'I ........... " ,.,."...t. '" ,11< .. ,.,p.. mnhod. .., obIam To""". I 

" . , " '. . , , 0 0" _IL~ 2.2S '. 0 0> " " 
0 0 lI.l S I .~ Il)j 

1.W ... I 

III< ~'M _0" ...... ' """ ",'I>e,"'-- oJ _ ::':J.. , _ 1..I . • W<to ~ ..,. .. "" ... 1. Tior _~ ,.,u.bIco ... 
I, ,.., ' ., '" ,too new «IU''';.' •• , ' " :. I "'fII><"d .... ,~ ,~ •• "' ....... T._. t. """I ... ;." ............ 
d .otpI •• , .... 1>1< _I, , -.I .. ,;&. ... , .. , ..... .. ~ . ............ doe mo'''''1 p ......... ..,. .... " __ 
• • ..,.....,. T.Nto. l. 

" " 
'. 0 

'. 0 

" 0 0 

• • 

" '. 

0 -, 
0 

• 
T.w.o.) 

" 

'" -0> - , 
o.!~ 

" , 

IllS 

II JoIkro. &<on Table,. 1 I) ... 'I • ,,,. '1 • l ' I • I , .", " """ " ~ s~ ,." ><>I., .... 
.. _ .. 1tJnI. we .. b • • ".<,'" I ... ,II< ... CO<><I, .. ,n A<\)oioin, I .... """,'nmI I. T'FU 1. oft ... II ... 
""00""'''''' ..... ,'*', .... ,;.,"" ' • ....! .ni!;cu.l .. ,..bIc ." ood ,.,..i .. ,he ... ""~ S"' .. by .... 
,...,..~ ................ FOCf1It< T.~. j 

'. '. '. '. " , 
. , , • • -1 .7} • '" '" 
" • , 0 

" • - 0> II 

" • • , , • -, , 
'. • " 0 , , -, , 

• • • OJl • OJ~ 11.13 
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from T.bIN~ 1. , ... culm" "1"'.-1 ..... , .... ;,. ..... , .... "",,;,b __ ..... _ " .11<1 ,' . ' TI>o 

..... _""'.' .. , ''''' " .. ~, '" 1 .wjoi~; .. ~ .. T."",,~ l . 0>01 ool" .. n ...... m .. _om .. "'" 
, • .,."", ....... hod. ~ .• "","ift . t • 0..1 _ l . .. ~b " _ I!. Si"", ,bi, 001.,,,,,, io i.«araJ,. ~ i •• 1>< """ .... 1 
;01.' .... '0 ''''' "';,; .... ;",,"" PI"""" 

Supplementary Problems 

1.1 U .. ,II< Gonooq' oIlOIilbm 10 

""';"'17<" : _', • ~ .. ,,~, 
... ."... ,0: A," %Jr, + h , S 9 

J,, ~ h,,:!>, " 1 5 

. ,Ib: oil ,·.tia~ _ ...... '1'" Ind in_"I 

7.9 Sol .. I~"t.ltlll U b) ,he G<><nor, . I"";'u" 

7." SoIv. I'rotritm (o,9 ~)' ''''' Gomor)' .I""" bm 



ChaRter 8 

Integer Programming: The Transportation Algp rithm 

~'-A;o.;DA R(l FOR M 

It """',.,..,. ... " .. ,,01>1 .... in''''''' .. "'''''a.. <lOch 0( ..-II;.!, IIu .,,,iIobio '" (I .. l. 2.1 . OI) u"''' 01 
• OOmOlJ<f'I«lU' prud .... 1 •• nd " ok.lI ..... ioIo .. • adl of ",hid! ",!",m h, U _ 1.2. • "", .. of ,Ius 
ptOOUCI, Tl>< "umbon", .M h,'" podlt>e i.I1"!!< ... TIl< _I e'l of .,oruportm. """ i, ol prodl><'! 
fro", ,"" JIll >OUt", 10 ,he J lk de;'i .... 1kNI It !Ii """ 100 _II I lOd J. '!bt abj«" '" .. '"~ .k>40p ~. la togn! 
' ... ",pona,;"n schedule It'" prodOCl ma)' DOl be f...ru<>nali>.o:d) 'hal ... "m aI do"",ndi f.o", "'\>,reo, 
1.'<ntOf)"" mlnmum 1<>101 . hippo", _ , • 

It ....... m<d ,II., 10.&1 "'l'I'ly . nd 101&1 demand . n: «/",,1: Ihot i<. 

- -Lu.- r", ," .1 1 ,., '" , 
Eq ..... 'lon 18 n 1$ I"",.ntced by ctratr"1 d'M ... fie,,,,,,,,. doJIina,"'" ..-illl • ""_nd «I .... In tho ,u"" ... 
if ''''., dnnlond .. Ie:<>: ''''0 1<>1"1 ,uwlY. ," • ticlill"'" lIOu"," ... ,," • suPJlly «/ ... 1'0 ,100 ~ if lOla! 
....... nd uc:ccd. ,,,,.1 ,ul'fllt (we Probkm & 1). 

lei ~'I n:prnclll ,he funk"""",) ""mlln '" ..,.;" 10 II< ""P'(l<'<I r",m ..... "'" 1,<> do,In."" .. j Then 
,100 ... nd>.rd ma,l><matiaol model lor ,hi. I~ "'*"' ;" 

- , 
m,nimi"" , .. r r C" ",, ,., ,., 

'UbJtCl ".: I "'I- ~' II - I .... .. ) ,- , -r .,, -., U - I .... . 1 ,- , 

'I'In : l ·U NsPOltl· ... nO:-1 ",U;OIt)TllM 

The h" ."1'<0,;"",;"" '" 'J"ICITI (S.J) D I h",,),< i~'<JlllI (_ 1''-'" lJ~ aod ,he~",. U oJ .... ,. 
,he O>PIi"",) ... ,,"""" R.t!><, ,hio n """"",ninl llIi. m •• Ippro"""""'" by 1 ."«:l '~'''''' "'.he 
SImple . mtlhod . .... fitld " !flO" dIk.oenl '" ... ",k "';,h T.bkau Sol. ... 11 .ntria ore idI~""'''''''''Y. " 'i!h 
,he ""'PIlOfl of the ",m. ~r a Dd .,. O/~ic:~ ""ill be .. pI;o,ncd .110<111. The " ........... Ull.>oo .j,IQo Ii t!>< 
"mple>. melM<l 'reciali1c4 h, tilt "'.m" of l'abloa~ 1-1: .. ", ... 1. i, ,",'01 ... 

(,) ""d,n, an ,n,,,.t i>aoi< k"iN< ", ... tion: 
hi) ' .. lUll the: .... ""011 for optlmaJi,y: 

In'l ,mrr.".inl 'be ","' Nm ... ben i1 i> no! 0l"';m.t.nd 
j'" rq"all"1 '''pO (oil . <I<I lii., on,il ,b. <>JI' ,m.1 ooI ... " <>n i. obl .. O<d 

'" 



CH" P ~J '" 

, , , · . ° SUpply , 
, <" I <" I <" I <" I 

0 " 0" 0 " 
... ' .. 0, " 

, " J r" I '" '. 1 

' " 0" '" · 0 " " " 
! . . . . · . , ... .. . .. .... 
• , 

'· 1 ." 1 ' .. '- 1 
• 

'" ' .. '" ' - , '. ,-- 0, 0, 0, ... 0, 

" " " " '. 

T ......... ' 

A -.: INITIAl. BASIC S<J1.l1TI{)"I 

N"", .. ,,, '''''''' •• /;. lIq:innin, .. ilh llle: ( I. I) ""II ;0 Tlb .... u B-1 lib< anrlh"""l "","/IC'~ "lIo"'ll~ 
'0 ' " a. m~ny urul< a. posoi ble ,.i,,,,,,,, 'lOiolinl ,he ronstr~;nl" This "iM be lbe smallt' or _, and b, . 
Th<f .. f~,. WIllin ... by ...,.·i" ......... II to lhe ,.;.n~ d ~ oup"'y ........ in .. or. if 1>01. 01lC .. 1I do1o". 
AI ~""h !i l ~p. alio(:" < ., mll<h •• Jl(>WbIc 10 t!le r;clI ( .. ';'1>10) unde, CC>n$!dcr.,ioo! "';,hOul ,-H"Io1iol 
,lit ,o, .. ".in": ,I>< .pm or ,he IIh·,o'" allocolil>nj Qnn,~ .. ....,<1 ~,. III< 'uft, 01" lhe jlh-rolumn oIIOCll I'o,,, 
""nn'" uc-l " 1- and IW .11o<:I1;"D """ "" ""pli~. 111 •• Ilocauo" mal bo UfO. Soc P'obln%t 1.1. 

1'."..1". _,INN/. For ad 'o~· and <.eh colunUl "","'" 'lOII'I< "'!'I'l)' or lIOn .. demand rcm.oininl
<.ol<u\o," it> oIi6"""'" .. !kh .. , I>< .... """p.i.·. ~,"""'""" 1;><,,..,,,," ,IK , .. " .",olks, >hippn,"""" "~ 
USIIciaIN wllh UftOWJIIN nria!>le:! in that row <I< column, Co"';de, ,'''' '0'" Of column ha''inl ''''' 
Io'g<$1 di"'.rrncc; In "" .. "'. I~ a,b"",rily ~'- O/IC, In lhi, ro'" 0' «>lum", Ioca .. fha' unl"ilnN 
,·, ... bIt (<<il ) h .. 'ing ,'''' .man .. , ..,il , hi""in, , .... and allocal. 10 i. I I ''''"1 uniu • • poJoib!e .. i,hou' 
>Oolo';n, lilt ron,lr>in'L Rca""'Io .. lbe n<'O' diller<",," and rq>C.irl ,ho: alto'" P' <>eN ure un,il aU 
<lemond. are .. tidied, s... P,obknu '.5 ~nd 1.6. 

V~""I>l .. I""t . ... " .,;,nN ""I .... by <111"" or>< 0( li'ln< <l&rI,O, pr.:.r><du<cs 1><00"", ,II< boo"" 
,· .. iabkJ '0 ,be mili.I "".'IOIL The una"'j!1ICd '''''rt:l.blcs ••• oonba<IC . Dd. III<refore. ""n>. W. adop! 
,II( comcnll(or) 01 1>01 <1I\.".,nll ,ho: """bot';'; ..... !>Ie:! in T.l*.u S-I ,hoy ,,,, undc' $I00</ \0 be' 
",a-ond "',rod"","n. bloi<· .. ri.1;>Ie . ,,"""';"'" ,n ItoIdfao:l)"I'O. 

'n..: nonh'nl corne, nll< is I"" "mp'" 01 ,he 'wo nll .. 10 l!'I'ly. /I<lWC'er, \ '"",r. mcIhod. ... hich 
,. ~ •• '"'0 ","""'nl lbe u";, .hip,"", '0 .... u,ulily mu ll> in I ~'.I O>Of'1,mo l OI.n,n, ..... "IOOn /> ... 
I""bkm 1lJ'~ 

T £!"r .' 011 O PTIMALnV 

AWl" nil<' (any 0'"'' 0I1h< • • 0\" "I i. Tablo •• 6-1 'h< ",lu<- ''''0 ,nd ",bl.,. ''''' ... ,"o,nio, • • 
and e.'" I ~al In, <'I. h __ '''''.M. u, .. "," ~". Thrn, ro. each ..-btI.i< ....,wbl •. <.kuJ..,., , ho: quanli'y 



(CII,I,P I 

<" - ~, - ", If 011 'IK><' ""c, q ..... "'~ "'" """""'&"'"'' ,"" '~'mr' ooIu,,,,,, ., 01'""",1; 0' ....... " ... ,II<: 
"" ,,,,n' "'I~,,,,,, i. no< "1", .... 1. Soo P __ I,~ .1Id 5,1. 

U IPIIOI',,·C Tll f. SOLUTION 

lkIW';",,: " '-', ~. >i<q"'_ 0( <XlI> 'n T. bI ... S.I .""" 'Mt (.l eull pII" 01' COII",",u"Io1: .. 1k 
I .. 'a ",h'" ,he IoOme """ 01' ,110 .. """ col.""" (iI) DO ,,, .... COIl"""'''~ ceIh 50 ,n ,ho .. me 
'ow or col"",,,, 1m) ,be linl and "ot .. 1 .. 01' ,be 1ICtl ....... I;' in 1I .... me 'trw Of col"",,,, 
('v) DO .. II 'I'JIO'~ more 'Ma ""'" 'n ,110 '"'I ........ 

E ...... U 11>< ""IUI'ft<eo Ii'. !~ II. ~), /1. ~~ It H I' ~), " ! )) .1Id ((I . }), (I. ~~ O. ~), iJ. I~ ,2. I)' IU)' 
10,1), , .. o~ (!. 4)' (.!, II) ~,,,,,,.L«I .. rip. 1-, ILlNl 1-2, ~<l1' ............ _ ,100, • ",. .. .-1 .... .0 •• 110 .. 
...,... , .... '~o""" '" ,II< Ioofo l" ,II< -...I , ... of F ... 1-:. "", ... _ ,),u 'WO "'. II< 00,_ .. , ... 

, , , , , • , , , , , • 
, • .--. , , 

, , , • • .. - • , , , -l-• • , , 

, .-- -- • • -:-, , , • ~ • • , 
, , , , , , 
, , , , , • -.- -- , - -- • , , , • , • , , , , , .--- --. -- -. , • -- • 

. 

Con ... l", ,II< """bI'" ,,,,,,,bit <Ot1Opt>ndi •• • o ,II< ..-, "'''''i", of ,t.. " .... " •• ~" - ~, - .J 
.. 1N1.,cd ,n ,110 , .. , fOf Of>I;mali'y. i, ;, madt ,he ;"""""in, ,viablt. C""""'" I loop c:ontdii", 
.. ol~ ... elr or ,11<0 ","'.,,,", .'.""bIt (cell) ......... , ... , ... .oio: ,.,,"1>10 (cdl.), TlI<n ....... '0 lhe 
'''''''''''''' <XiI., """r uIII .... poujblt .""b 'h1~ all, •• pprop""" Idj"'lr><fttt loa,'c ""'"' InALl< '0 tIM 
o</oc:. cclh In ,he loop. ,be: '"Wly Ind dcmlJld """" ... Ino I n: no< .1oIa1<d, .11 In,.:at;"", rcm>.J. 
non ..... ".· ... nd on< '" ,ho Old bo"" .oriobk< " .. bc= rtduerd to ",ro ( •• hom>pOB ~ "'1n'0 ho 
bo>i<), Soo P,obicm 8A 

[)[G[SU"C\' 

, n ...... of cO<Hl,,_ (8 . 1~ O<Ilr ~ t .. - I '" 'M coo .... ,n' til""''''''' ,n ')~''''' (8.2) . .. indt,,",..xnL 
The", by Problem. 2.19.nd LlO. ~ ......... buickuiblc: ooIu,j"" .. ';n Ix ..... _toric<l by poti!i .. 
•• 1 .... fo< '.,""'Iy ••• _ I boo ... "Irioblcl. If.ho pr""" 01' 1m",,,,·;,,, the "'''' ... , """" 00I1>1iooo 
"","I,. in .W<l 0. IrIOn: ,' ,lIkII' boo"" ... riobl .. hoi", ,a!"""" '0 tl:ro .. multo_y. only 0 .... " .. II_cd 
to 1>«01'" DOnb&<ic (001",(. ohOiO<. oJ'bouJ-b ,110 .anoblt" lib ,1M: 11'1"" WI;' shiP!"'" """ if; ",""rn:d~ 
111< ... he, '-"""bIti.' ",m;un. (""",,'"I ....... 1>0, ",;,h • "".0 111"".,,,,,,- 'ton-ctor m>d<nnJ t ho ""'" ...... 
ooiu,,,,,, "",,,,,,'e. 

The ...",,,,, ... , <Of ... , rule olwa)"l ......... , .. In '111".1 baooc ooIuu"" (ProbItm .,!~ bu, " 11111 tl~ 
' 0 I"o"do • t .. _ 1 ,...I'''''' , ....... (P,Obkm U~ 'h"" yield;", • dol<"<'." ><)iy,,,,,,,- If v ..... r. medInd 
i. uoai. a nd do<; not ).;.Jd ,h ........ numho, '" pooi" •• •• 1 ...... d.l",onol ," riololo .. ·"h ..., Illoabom 
"' ... , ho &.."",Itd .. bo"", ile< Pfobkm 1.6), n.. .ho ... ;. I.,,"'BlY. LOI. pt>,nt 1Nsk .......... t_ 
i""" I"",....nd p<d<<<""'" .....ally .i .... '0 ,-.rillloIo ,,"h ,he 1o .. ""'....,.,."LOd .hippo .. """~ 



CItAP. '1 '" 
Impro.ini ~ <k~<I><!1ltO !.OI~tlUl1 .... y mull In r<pb<ir4! one twk ",liable h •• in! ~ ze,... .~I~ by 

• ...,,1><, ... ,h. (This """"'" ~I III< fi"" imp''''''''''. 1 In P,oblel>t S .•. ) Allhou,," III< ,.,<> dqcn<l1l1< 
wI.u"" •• '" d!".<livd~ li>e ... .....-....nly the do$I~"'I"'" 0( rho ba.iI: •• Ii.bln ha. dlanJ<d. 1>01 Ihen 
•• lues_ IM a4d11l"".I,lo .. llOn .. 1><0 .... '1 rn' lhe 1"''''p''n~lion .IJOnlhm 10 procud. 

Sohed Problems 

IL l ,., <:lit ",nlal com",n)· iI raced ,,'j lh an .1lo<.""~1ioo probkn, =lIJti~1 ftom ftntll .~ .. lbal 
allow COl" 10 be rclUtr.<d 10 k>alion. OIher lhan lhooc I I ",·hid! lhe)' " ... o"tinally rcmed. AI 
the preoen' lIme. Ihc-ro .,.. I~ Iocol""" \..,...I0I:0) "With I~ and I J .... q>ius ""T1., mpt<1j.el~,.nd 

lou. I"""t;"", (desM""'''') roquirinl 9. 6. 7 .• nd 9 "" ... mpt<1,,'d y. Un;1 lranlponotion cosl. 
(in <loll . .. ) I>or .... «" 'ho I""",,,,,,,.,,, .. ro!~~: 

~ "'" ~, ~ , , , • 
SIw .... I " " " » 
s"",« 2 " " " " 

ScI up tl>t ;"11 .. 1 "'"UJIOIlation tabku rr.bl<au 11-1110' the ",inlnlum~t sdK<luk 

Sin« ,10: lot.1 demood I' • 6 • J • 9 • J IJ ~ ,10: '0111 "wi, (U ~ I) .. !II~ • du""", """'" 
.. ... "''''' I""'inl .,uI'PY "'1 .. 1 to ,II< )'u~i' ,II<>N,.. In « . loIy. >Iu!>m<"b I", .. 1II;.lI<1i ..... "'''''''.ro 
...... ...-, "" ,II< ...00 .. «1 ... ,"""1 __ ... , .10 ... _..- p",.., ... 1I<>ao ....... ,,,,.. III;' _"'" 10' 

d<t>;,..,,,,. _n, c." , .... , """_ I>< ckU..,."j ~uc 10 • ""on ... of WPP): ''''''' "'" .hon_ . 
oIc>" ... """ ~UI «per;,n<c uoder "" opIIIn&l "'il'l"" ><IIo:.Iul<. 

f", ,"" probIo:no. nbltou l-I b<o.:OM<> T.bIeou 1"- n.. . u . ... o.nd OJ "'" "'" •• .....,.....,. ,bo".,. 
."~_"., ,be _.~ 

, , , • ","" " 
" I "I " I »1 , " 
" I "I " I "I , " j . 'I ' I ' I , I 

(du'""'1) l , 

-- • • , • 
" 



,~ {CIIAt' i 

1-2 F", "n "," ~ tr.n'I>'I<""lIn ,.bl<:lll, .~_ 111>1 l/It """h .... ' ",me, ",Ie .,.""", ...... 
of ,"" • • "~bI<>. 

oo..m.: ,I>.>, .hn '_'''I l/It II . horll, ,1>< ..... " "rs" ..... W __ Ill ... t.p-. , ...... 
"""b ..... , < ....... ,,," ..... ,11« , • .., .. ".. II, 11 ... 1 '" ,"" oriJI ... 1 1. II «1I. SoPP'"" ,,,.. 1 ... ""m"",,1 
'.-.10<1 .... 11/1.0' .... """" _foot """ """'''''''II, ~biclo iI .,,"" .. > ,I ~ 1) .. I .. - I) • ~ I ... ,he . ...... 
" + .. - ; • .,;aWo. . .. ....... ,«1 ...... _ . _ .... ,0., 

'··· -!I·'·· ... - I 
,-,,,,,1>1« Or< .. -.1< .. ,«1 ,n ,iIo tiNt .. Si ...... IO< .... 1I o~ ,.,..., ~IO<JI ... .. .. I. ,II< roO<lIly 
, .... ""'''''' i .... mplo!<. 

w< "", .. ~,,~ >" _ ....... ' ........... '" r<~, .. Il _., ,, . Thw."" .. ~ ... ~ " • .....p .. 
....... ' .... fi"' ......... _ W ............. _<dI'O' ... .,pl .... _." - ~ Tha<'wo .. kf"'.,. ...... ... 
<~_ .. ,lot '.J'rIr" ,. , .. _,00. '" I . ..... ' ... "" don .~j _wd<> 'u· 0I00rT'1' "" .... ,., .. , 
1100 _ ..... ,he _ ............................ _ IIy .... '" ol...,.oM>o Si_ .. , "'"_ <106 .... 
Woj""""" .. " lQ' .i.""" """""'-" _!>II. ".""'" ...... . ".0 .... ,II< _ .. _ orII Ie>'. 
"JIll C"'~""''''' , .......... , .. """' .. , ............. """' .... 1_' ... ". · J I " ~,....;" ... '_I 
~ io r.bIto. 16 

, , , , ~ .. , ., 
" I "I 11 I -I , 

" , • 
" I "I "I "I , 

" • , • 
• 1 • 1 ' 1 • 1 

(do ..... ') J , , ,-- • , , • ., 
, ....... ", 

IU Soh . , ... 1riIo,,,,,"",,,,,, ",obIem dn<ril:o<d In I'roblotl1 1.1 

TG <Ictcnn'D< ~ """'" II .. i ....... 11<><>.'- I .. »J '" T.tok>. 1 B IS "","""L """ ~'" "",","1< II ........ 
~, .... OJ .. ~) <0.'1"'<' '0 ,lit "',*,·.~,l>bIc «I~ a/ ,I>< .. bIeo .... ,1""""1 <1>0- " " ._ ftj_::,:, _ 
", .. """ ..... """ "."'" , ..... ~ ,lo.oo '~l ..... , "'" ... «>I ....... ,Ioio<1ooo<c "'''...,fllil} , , ..... ~ 
.. < ~"" 

(:.,10:& _,+<, _ e". 0+ . , _ 11. • ', _ I' 
f!' 'I otlt _,·<,·r". 0",_1". • " _ 19 

1:" 1 «II .,. '. _t". 0·",. _)1. - ' . _11 
(I.l! ",'l .,", · r". .,.1'_11. -.,. -I 

11. 11 ",IL '. ",_r". _ I+.,_ ~S • f, _ 010 

fl. ' ) «I~ ., _r. _'". _,>-J( _ o, • ' ,. -J( 
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n..... ... 10..., . '" IJoo'o'n;ft 1 . bI ... 
,.';, hI< «II of T~bI<." I R. 

, 

, 

(dulIIIlI,) I 

~-

" 

(UH"II 
(I. " ,,", 
(:!. 1\ ",U-
0 . I, oeII. 
,I.!) 0<11. 
.J. )Htll 

, 
" I 

• 
" 

_n) -+ 

- 1 
(-I i i , 
~ 

<,, - 0,- ',· ~ J - 1- 1) - I~.) 
<" - . , -' . M JI) -(- li - l l _ 1I 
<" - a,-<, a 14 -0- .0; . -II 
<" _., _', . 0_ ( _l l)_06 _ _ U 

<,,· 0, _ ', _ O_ , _lll_"_1) 
<,,- 0,- ., _ 0 -' - ) 1) - ,~ . II 

, , • -, 
" I " I »1 

" • ,., ., 
" ..I " I 

" • , • 
-I - 1 -I , 

Ill) IIlI , 
• , , 
" " " 
T ...... , C 

" 

-, 

" 

-" 

,os 

So_ ....... _ of ,iI<.< ;,.u - 0, - <, ~,-.I ...... """" "", ,I>< _"' .... ' .... "' ... n _ of"l .... l ~ .... 
1><1."" "".,,"" <.In to< w. ...... b}' ioauIi", ,II< 01""",.", '0 ,i>< ,~riAbk 1",111 tt.,,"1 Ill< .. ,..,., ""PI;" 
<tIUy . ...... ,he Il, I) ,dl a(T.bIu. IC, W. 110"" ~~ ... bokIf_ ph .. .;.,.1_1,,,. .. ;"',<4"', III 
,II< 12. I. <'<'I1 .w id.,.,d,., . loop OO<I''''n~ beud«'~ <><Il. ..... , _·.~rialllo odIL Stodl. loop io 
>ho~'nl>1'II<""'~1 ..... inT ....... It' 11' ........ ~Ib<o.Iku'_,O ,11<,2. U",Uo> .,tdI"r-b~ 
';",.10:" .. ""..,. ..,J ....... , ... cd .. , ..... 11"","- .. ,Or ""'~ .., • • .." '" oioI ... , .... "~} . ....... nd. '" 
...,., ..... u,~)· con"' .. n'~ "n, ,....."" 0110<0,.,., ,,, 'M i2. I ' cell W1/1II<l """" ' " '" ~ ..... "'·L 1 0 
.,..,.,. , ..... bII, "iH "'.~. "" baric. ~ .... ,.,. ~".O . ... .......,.. _II r""" ""' ... of ""'"' •• riableo Tho 
...,,, _ ""","' ... ....., ............. " " .... i. T ..... 10. 

w ........ ,"""~ ~I><'''''' ,~" oo!.""" ""J'I,..al, 11' .. ' ;" dinonlr QO Tab",". 10, w< fir<' "" .... It". ,he ..,w ., _ <, ...... =po<I , .. 'lI< ...... boo"" .,,';"1oIn. "'" 'h<n """PI"< <" _ .. _ " .... ""'" """....,,,, • 
• """bk«ll. ".,.i. _ """,,,.riI, ,b ...... ,. n. ~ ''''' _",.. """,.,., ""'"' beoio; •• riobla. ,h,n 
A. ) 0' .... to'" "" ;;oN"", Tbo« ..... 1" ... ,bown ;0 !""'''' ...... ;. T.b!to. 1£ ~ ,-." ... , ....... 
_"". 'lI< ... ""'" ~.,;"" lo ... , opI, .... I,.tid. ""'" ~"' .... " ... .KIi.m..> b}' .... ,.... .. " 1 ,,,,,. .IIo<II,ion 
til ,I>< (I.'. oxIl. Tho Ioor ...... <by ,~ ~ .. _pIidood iI ;""j"" ... t.,. 1>< .. , I .. in T._. I E: ~ conti". 
01' , ... " '11, 11 . '~ I z.' ~ ,1. 'u'" t I. n "nJ .""",n< ..-. II> """ I I .•• "''''' "". .... ~"._, .. """"'«I 
,...",. ",/10 ,I , I I ' <w;!I:!. . ) """ '''''A _Mod to oxIl , :' I~ -'" • • ..." '"~ ""1< ''''' ,.ppI, -d .... ,,,,d .........,.;" , .. 
TII<_ ..., _ .. II", . N' ...... <On bo. _ '" ",11 /".) w;,""", !«clo. ~,. ""p'l~ C""""I""",I" ~. 
""""pt ',. ~ ...... 1. ''''' --"'I< odJII"'"""" ,. II" loop. .tid ......,.. " . ... bu.t< .-. ... ItIc. Tho 
...... """"" ...... a'. bo.,. ... I.,ion .. """". in T .bIelO. If. 



,~ Ivrr,GER n(lc;R,, »IM1 NG; lllf. UH'SPOHATIOS AI.GO~mIM ICIIA!' I 

, , , • ""', • 
, "I "I " I - I 

" • • 
" I " I "I " I , " • , • 
'I ' I ' I ' I 

(d..",.y) ) , , _. • • , • 
" 

, , , • ..... '. 

" " " • , • H" ,~~) " " • • 
" " " " , (J1) , 

" 
, 

• • 
'I ' I 

, , 
101""""11 ) , ." 

"" "" till , _. • • , • 
" " . " " " 

T.w... II: 
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[CHAP I 

11.1 flI1d ,1M: ."'ymnIC""" dual ,,, .y"em 16.1) ";'h II .. iD'eJ'" <eqUi<=><nlt 11""'«1. 

The pn ... I"""." ..... ""'1 be ""'"." .. ,be I. +~) ~ _ " .... 

~" + .. ' " - ', 
." + " . - ', 

'., .. ... ""- -... 
-', '" ' " .. " . '., 

' " .. Xu • X., " , 

' ,. '" .'- -., 
II io _" II"" ,0<11 ~_" '" ,ho ~, ""n. A _oi ........ Iy ,_ r" opoeiticoll,.. 001""", 
11 - I). t J ..... " , io .. ,. I .""" I .. _ . ... ). The", ,ho (11 - I). + Or!. __ , .. ' ...... F_ '" 
(J.l l i • • oh'eo ..... ,. ,ho ~h ood ( .. + j)r~ d ...... ...;.b .... ~DI "" dlOOl ....... bkI by 0"0,, .... .... ,. 
f,. .~ .. lIu. _ro;o<;, .... pIy 

.... . ,Sf'_ '~·1 ( - '~I 

. .... "" <OB\plet<""'" 1"""_ io <.\p<ftO,bIo .. 

• • 
...... mil<: ,·r ...... r.,., ,. , /-, 
wb!o<1'", . , + 0,5'. II - I,.!. , ""I_I . .!. . ,1 

p"'l! .... (!lllas .... uu Iomr (4.~) "'itlr 

' .[., . . ... 6 ••. 6. 1' 

.Dd W _ [V '. V']' 

c.r', •. <, ... · .<,..<," ,f .... , . ,.· .. . ' _1 

U U .. lho ~"I' or P",l:km 1,1 In .. lid.,. ,"" "I>Irmllny '<.01 m lho ",INp>f1'UQn . I","thln. 

", 

I.e< X _ ['II' x, ... ,. ' ,. . .. x.,. . ' _ I' ho o~1 Ieowbl< ><Ii"t;"", '0 ,"" P""'" ~ 18.2~ 
ood W "" •• ,1eUbI< ~"';"", ,,, ''''' d ..... _ .... I]} of Prcbl ... U ill ","''''' """'- II _. Il_ 
f'n>bOooo 0' ,~ .. 

• i: i: ...... 2: i: "', + t ././ ", ,-".. ,-, /-, 
..... ~ "_y" "'- ( ...... po" Pt_ .,.», .... if(I) _ ~"_oq""') ' x ..... w ........ _ 00>I .. ~ 
to ,lin, ...."...;,.. PI"' .. .... 

N<>w •• "~ ,Oo, lh< ',""""",oriooo olpritlr .. lrao p<oducer:l" .. JrIoo. "'" 0'_ .... _ '," _ 0i 
<u ho "","potocl ~h"h u .. rho _in, p«>p<nieo: (.j roo-~ <ell 1. 11 ",,,,"",, .. " \1>0 ........ w. ,~ 
I.""',," ...... ; .. or =<>l. .; • "r _ <II" (.) ro. _h coli (i.j) 001II"""'" _bao< .. rirrblt. ,~. 0. 
_; • "i 5',," Th<o XO ~. IeUbI< "'(",iooo 10 ''''' """'" PfOI'''' "'" W· io. _ ........ "' .... 
duol PI<JSI"O'Il. !<ION<> .... ""'" ''''' primolJ .......... n' tq .. ,~, ... b .. 

. . C') .. r ... ·t - r r '~· r - rr'I.~ 
• • , .. , -, .. , I" 

. . (. ) . . r.,-i · r r·:;,; .. rr ·"o 
,-, I" .. , "'I" 

• • • . . 
r ... ;· [6,·; - r EI.; H1)'~- t r <" '~ "' ,_, ,'1 .. ,,_, •• II' , 

''''' I .. , "'loalny _"" .. I .. "" pf'OfI<n'" (<<I ud (bl ,bo.<. Bu' (1)";'. il) lor x ' "'" W".1roIdioa 
..... h ....... y It-.. X" • ...,. .... 1 "" 'Ik ' ........... ,_ Pf,bl" " 1.<><1 .... .. opt ..... Ie< ""'dll&l ""'tis ,~ 
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Chapter 9 

Integer Programming: Scheduling Models 

I'ROIl UCTIO I" I' IIOBU :MS 

I'....J",,,"'" p><>N"'" ,nool.'o a 0;0&1<" prodl>C1 whICh iI,o be manul •• ,ured n .. ,. numbe, ol l"~i .... 
Om~ po:1i<>ds t" mec1 prespccilied demalld!..Onoomanufx. umi. unit. oflhe prod"", con bc <it"", ,hipprd 
<H " "lTd. Both prod ...... "," <m" 100 >I""'e< """ .'" known . The obje<li.., i. 10 dC1.".,'1It • produ.ci1Oll 
..,hedulc ,",'hich . 'ill n>ecI oU lu,"", do ..... od •• , minimum I"ul «><I !,,'hic:h .. IOU] p.oduCl;"'" ro&' pi ... 
,,,,31.I<'1'lI.1< 00>1,.' toUlI ""'PrIng <OSI;" p .... umed f .. ed~ (Set. Problom 9.1.) 

I'rt><,lIICIion probknu moy he _.wed ,n,o Il'lI.n$p<ll'I.'ion problc:m, bytons.od< ..... II", ur"" ",,,,,,d. 
dunnl! wj"ch prod"""OfI can lake pia"" as 1OII","",..,d the ,i me perio.I. in which ",ut, "'~I be , hipped 
. s <1<>110 .. 10 .... T /x: prod ...... "'" c'~l>O> a .. !.O k." 10 be ,1>0 '''ppiies. Therefore. Y" d<n<H .. ,he numbt. 
0( un i" ,,> bt prodoo:d durinl tIme period 1 lor .hiprnml dUM, , ..... period j. and ~" if; ,he uni. 
prod"Clion _t du,inl.im<: "",iod i pi ... tho roo' 0( OIonnl a unit of proo:joo from lime period I "nl~ 
time poriod J SifICC unil> o<nnu' be 'hipped p<ior I" brin, produced.~" io ma .... proll;blltvdy I.'¥" f"r 
/ > J '" fu r"" , he e<>n <op<)<Idin; " " l<> "" ",," , 

TAA N"SSHII'M F.NT I'RQDI.EMS 

(I. ,,,,,, .. Iti,,..,...., pro/>/t ... ~ k •• ,ranspona"on problem. involv .. ""',.".,.. ha>'in; , uppl.es. and 
.... "n.';onl. hall"' d<mand~ In .&,1""",- howev<T .• , _100 ;" vol.u jIrttrrioou. th",uJh ... hieh good. an 
be ,b ippo<!. S\IclI )"11<1 '0'1< m01 be d,,,,,.,, Irom ..,..,eu and Ikot,nal;om. or ...... ,..,. or d .. li .... lIoo 
moy.ko fUII,:lioo •• 0 ,. 1'I<.io<r. Uni. oIrif'l'l", ...,.". ro livt .. b<r .. ""," :all di,~ly ~bIe Ion,;....,. 
and ,ho object". is ' <I dc~1op I "" " ' 1"0''101;'''' tclI¢d "1c dill " 'iU m«1 . 11 d.mand, II minimum ,otal 
<<)<1. (Sa: P,<>bItm. 9.2 and 9.1.) 

T .. " .. hipmcnll'lObltm.II1"Y be oon ... I«I ,1110 Ir~ ... po<l.li"n p'oblems by rnakm' ....... y juoc' ioft 
OOIh " "",,1<>< and • <k<,I"",ie" •. A, i" ,he 'roospon.;I! ioo .I,onlh"" 1<>111 ... Pflly is presumed «I"allo 
.otal demand: of lhi. i,!IOt , .... tn1lially.' 1i<1,1lO1.d 10""'" '" d<$li"".iQn is odQ<:d. Thus.. I"" 100ai numbe, 
01 uni .. ,n 'h< lyoJ"'" .. JI""" . ;tho, by lho wm or lho , .ppli .. 0' by lhe ,urn 0I1h< demand" Each 
/.,11<1 ,,,,, is .ni""'" • <lOWly «1",,1 10 ~. o n,;",,1 &IIpply (or :uro. if lb. jun<lioft d id !lOt 00"",,11, 
"'; nciJc ,,'i,h. """'"'-") ph .. lhe lOIal R"",,be, or Unil' in lbe .)~,em;.nd i, i, ''''rn<d • demlnd «1".1 
", il' o,i,,,,,,1 dom.:I.nd ( .... ""0. if,be jUDC'l'OIl dt<;! ""I onpnoUy COt""ld< ", i,h • dOI,i"",,.,,,) pi ... llit 
,<>Ial ~"mb<r or ul'U"'n.1It . yotc"", 1'IIeoe lMig.II, .. nlO . 110 .. lor llit p<mibilily ,Iu, aU ""ill ""')' I'I'SO 
Ihro"gIl • " ...... Junction The COil o f transporl inl I unil r,,,,,, 0 junc!IOfI (considered .. ...... =110 
i,..lr (o;onskIered ••• <:\e< .. ""tion);" ....... ThOot "n ilS ,h., do 1'1<>1 1""$ ,hroup • ju",,""" "Ddt, ,he 
opl 'mll oclledul< ... ill ........ , ... U""~"",,, r""" ,ho junc!"'" 10 " .. If. 

ASSIG~MENT I' MO BLEM S 

A»4I __ " p«Jbr ..... i.ool, .. ""lIedulin, ....,' k ... ,oj<.>'" on. ",....,,,....... buis (mo .. F ""wl)", ,''", 
in"," ..... ' .. "'~Ii<»u of. oc, of objet",. l1Ic number 0/ wo, k ... i, pruumed <qual 10 , he number '" 
.io>bs ...... (o)ndi,..,., ,"", can be , ... ",n'ctoJ by < ..... tinS ";,bo, fklitio ... wo rke .. .... jobo, "" n«:ded-
"nd lbe Ilme ' /i I'nju,rod b)' lhe lIh " 'o>fk" ' oJ ro""pl<t. ,lit j lh JOb (or. the val .. 0/ ,ho IIh objo<a 
in ,lit J ib po!.ilion l is lnown. l1Ic ot.,c.:\i.·. is 10 ..:bcdul< . ,tty w()"' .. ' 0 ~ j<.>b '" 'hOI . 11 jo'" . r< 

'" 



,. IN"Tl.GI:R PI.OOI AM MI NO, SCIl~I)UUNO MOO[LS (CIIAP , 

.:omplttN in ,II< mil\lmum 101.1 lime (Of, to find ,he J'l"rtliUIIUOII Ilia, ..... Ibt ifU'" I<Illll .. ah .. ,. 
(s..- Pr<>bicm H .) 

""'ID<IIeD' prohltnlJ """ be _ .. nod miD n_lISpOn.uon ",obIo .... by «)as)dmn, lhe ~"rlers as 
souren o"" ,I>< JObs II de~I"'I""n .... ..., •• U SIIl'pha and ...... and> an: «IuaL lolA 001 ... "", ",<><»<1= 
,.""~~, ,h •• , ........... 1 '"n<f">'1";"" . I,.,ri'~m i< ,..., II~~ _,I00>I, _'~"'" ..... ""Iy tho 
cosl .... In • . Tobit .. 9-1 . .. in"" , There ... I"", "'I''' 

-, , • 

<" '" .. , ',. , , < .. < .. < .. < .. 

1 , < .. ' .. <" < • 
...... -... 

• <., <., <., <-

r.w.- ... , 

.~T(" i In ~""~ ,,,w of T. bltau 9·1. Io<a~ II ...... 011<>' ....... n' ond .ullt .... III""" ""11 ..... ,_, 
In lh., """. R'JUt th .. p,-,.", fD< oath «>Iumo (tho ",Iumo minim ..... dtl......,-.t 
.n •• II>< row ."bI"""ioru.~ Tho ",.'oocd "'" "'"Iri, .. ,II h,,, .. "' leU! ..... ""'" in ~"r row 
."., column. 

sn:r! ' 0.. ... " .... 'dIC,he. ,be", • .om. Ia<.bIt ... ,,,,,,,e'l! ,.,00",nl Oftlr ... ," eo<liI In Ihe_JKd 
""" ma.';. In <>I"'" ""nit. find if ,he rn-IO<d ""m ha$" •• ,," mlrio. 110 ,_ ofw""'" an: 
in ,be ... "", ro .... Of <:<>i"mn. If .""h aD ...... mon •• ,;" .. " • Opti .... L If no . udI ....... .., 
IQ St<JI l . 

STIlI' J Co.n 011 ",0> in th< 1''''_ roo.t ..... Im ,.'lIb .. kw iIonmoLOl ilDIl .... 1'''''''1 linn ... poooollk'. 
£arb boriJ<)ol;ol ~"" mu" ~ Ibr""", 10 <0"" ,_. earn .... nltiO! Ii"" mUll P&!$ lluwth 
ad <nil ... ""Iuntft; ,he 10101 ou",bor 01 ~I><> '0 Ib" RI,rumol ""oai", .iD bo ...... 1 .... lhIIn~. 
1.01;:01< ,he "",,11<>1 numbor in lho ro<I maIm aot ro~ by. tillC'. Subl"" ,'-> D~mbc:T 
Irom ... ry .10 .... 01 "'" """"~ by. h"" 01>\1 odd II '0 .'~f)' 01,,,, .. ,,, ""~ by lWO b .... 

STH'l R<1"1"Il1O SlOP 2. 

s.... P.obIoIll9.1. A«XtIdll'110 a ~ rfl<Ilt in .... pb Ibc:orJ. lhe " umbn '" b ......... u,1'OIl in Str:p} "'ill 
bo P' ....... y oqu.ol '0 lhe 10r&«1 numbn "'_ in ,he .... -...d "o'ri~ ,,,,b lho, DO 1"'0 '" I .......... In 
,lit .. "", 1'_ or column. 

Thts p.obItm 'n'oI~ on 'rldi'iduol ,.'110 mull ~ •• • boo< Ioc. "on, .;';1 • - , othn 100:0"",," I_h 
"""" o • .d only onct~.nd IIwn ",'UI"IlIO lhe but. TIw rosl '" U"dinl! bo'.oco a<b 1*" "'''"'''100 .... 
~.,. is .. "'" . 'll b . u "'" n=ourily oq .... 1 lO r. n.. oII:!octiY< i. 10 ",htduk. m"';", . .. ...... , ;""'"""1. 
Since .""1 ", import.D' ;. ,he <;""wl. octU,cd bl 'h< ~-.. il is """dy I ",&I, .. 01 """ ...... """ 
,.'hid> or ,bo. I""",i""" i, .s.,; .... 'cd Ill< bue. 

All .,.In ...... 1 P'obOun may bo .......... tod ... ilh .oct. 1I1I''c1 ...... ~ P'<>birn>. .. 1oUo ... 
"'''''r.ily labol lhe IocIlion. ,n'oI .. " in lho 'r.'.I",. !.aI<i!><'1Wn probInrI .'i'b lho "'I.'" l. ~ __ , It. 
(0_' a'" 01. · ,.·ork ... • oDd ... , "' •• job<.. n.. COIl oI.n .......... n~ r u' .. 'h<..,.1 dlfl>'ftinl! 
d'f'<CIly from Ioo:o'>on I '0 Ioo:otio<. j I, i< cit .. 'hal ."e<)' ",."IIk' """""" '0 lilt 'fI,·dtnl w..po""'" 
P'0bim ".,..,.."pood. ,,, a "'uible "",",ion '0 .Ite: aooocia,<d .... .,.--.., probIe .... H""""",,. I'" 
... i"' ..... ' problom .m poooo .. ,,,",,Il10 ",lUI""," (<Ofmpondi .. lO """"'Ydic: po""u ......... I ... hod! 60 



I'HAP ' J INTEf'ifR PROOR~MMrNG' SCIl f.I>UUNG Monn.s '" 
"'" '''1''e ••• ,'' • ~ibl< ..,Micn cf llIe " . , .. liDI ~1<OPenCOI problem, 'r ile orli .... 1 S<>!UI"", cl II>< 
"owcill~ ."'I",menl prvbl<m ...... as lfi'" ap", .. ;O;;_,"'~ 10 II>< SQlul;"n allbe Ifl"erin, .. lnpenoo 
pr<>bIetro. We 'r>I'Ir .be I I "npn.n ..... hood " , ,be <<>lI "' •• ,;> .... ,II< _";,n",.." p<obl.m ',"' hi<h io II>< 
_ II Ille IIIIltU of ,II< ,",I~pcflon rrookm~ and if IDe m~11 corra-pooI!! h) I kllliblc IliDCflry, Ihll 
", .... a.y ""." be "p"m.:tl II ""1,,, ,'.lIU' 01 lit< b .. r><:h·.nd·bouOO ..... hod (Chapte. 6) moy be "led 
'I) c",ale ,wo) "" .. ' ... iBnmtn, Pfot>lcms wMcn be,,,'''''''' 111m:! con, . in ,II< Of'Iimal 001",;"" of lhe , ra_erin, 
.. ~ p,l)bicm, 

Bt:l ... h,o" , oo ,he "",,';. ok",.", ~ .... • 'bt,." _ q .. lOY""" al ,It< "'''&l\menu." lhe """"'" 
~'" lpp1o,ima'ion ( •• hier.. by h)~he<I" don nOl r<I\ocI. f •• oitk " i""ra.)· ~ 0... ""' """I ""'1m. .. 
obtained b, '""Plodnl ~ ... by. p,,"'i\ri.ively la". numbe.: III< Olhrt ""'" rna"" io obtai..,.;! by ",p~nl 
Co. [. 1Ie Iran>pOSCd elemenl) ....... 11 .. all t'lcm ... " in lbe p.b to'" Oi' ~Ih ""lumn .... pt ~ .. illd( by I 
pro~ibt.hely b.~ num~. 

St:l.nd,·aoo -bout>d pl'\>Ct<lUI<' an: rompuullcnally impractocal rOf "''''' probIemo ",,,,,I"i,,, hundreds 
or ""'-lion .. .., • number .... • ... u ·opl'im.l " al',,"lhm' "' ... boom dt"iood ror .t>dI ".,,-.ions. (Soc 
PtQbItm V .I The ob,...iOfl'O ""or-(lptlmal pro.:ed" .... i. IhI~ .lIhou .... lilt)· an: quitelJOOd 1ItfIOt:llly. 
tllty ... n, in I"'nicu'" '~>lan«s. ..... .,. ... "e" pOD< 'ppro" mat>Qn. 10 lilt I)ptim3.l JOiurion. (Sec Problem 
>HI 

Soh'eeI Probknls 

9.1 Ad ,oou"rial firm mllSl pion 1M _ h '" It..: roo, seaOC>'" ow. lhe ... " Y"". The OOftlP""i' 
prod""'ion tlil>ll<i'~ and lhe ~Xpe<:!ed dmut nds (all m un;lI) .1< a. loll""", 

' ... ~-, Foil Winl'" 

1-.. .... "" ,. '00 .. ~ 

~'i"Ia' 
QpOciIy ~ m ,. .. 

0.' ........ 
o.po<_y ' 00 • '00 

,. 
R •• u!;" prodllChoQ ,,">t. r",'f>< finn ~'" 51.00 p<T uni,. lhe unl' ..,.. or ove n imc ... n.. otUD""u,. 
be'nl Sl,OO in .prin, _tid ",U, S9.00 in sum"'.r , and Slo.oo in .... ;DI.r. 

11>< nompo. , h:t. 200 unUl 0( 1. """lory on Jona",y I. buI, •• il pbttll 10 disconli. u< lho: 
prod .... ~. III< u ti <>f" the )'ta •. ~ "',,,,1; DO in,.n,o.} I ll .. 'be "';nlOf ... 5011. Uni" 1"00-.1 Oft 

re,ular ,hln. In: "'" "''a!labi< fo, .hipmenl d urml tho:.....,., <If p,od....-uon; eeo<",llr. lher In: 
ooId durinl'M follo"" ,n, !o<a>O<\, Tht>sc I",,' lin: no< . ... lIdded to in"<Dloty.OO carried r"",· .. d 
a. I «'S' "I SO,70 ... r unit .... ... ><>n, In ro""U'- units produced "" ovef!tmc "'ift. m .... be 
')"pped in .h ... me ... ~«>n •• prod.....:), O<I<nn;I><' p<odt><lioo "'I\cduk llul """", . 11 ckmon<b 
II mI nim um lotal ,'0". 

T;"'" pc,.,.!' <lun", ~~n J.'fod ... ""II<>n .... n !O l . pbcc .......... 0.""',.... ,bll> 10< .iIe foot, _."" 
' Ir< "lull •• hit'l, I", I'" A". Ih, ..... ""'"- ~""h g( I ........... period> _ .... """'."" .. , ,r.... ... 
odt! on "'P'. _ ..... i .... ;or m ••• I"') . ...... ~ IO<! ... "Pf'lr __ n.. ,<nat '"Wl1 i< IIX. u ..... r_ 
I"'tiod . ... " 'hid! p-od_ "i! It< "",,u)"'" ... ,"" """ ... _ .Ime '*- ,10< <I<>.i""""",- .-ilh I ",,01 
Ikrn-lOO ,,f I !XI ."''', 5;"", 'Qlal "'I'IIIr "'''''''''' ,otol_nd.. kt~i.", ,;.,. iooolioor ...... be = .. orI. ..,.~ 
• Ikrn-lllll "'1 .. 1 'Q ,II< 200-""" .. "". 



,. I:'T(OU PlOOkAMMIS(l SCItEOULINO ~OD(I.S {CIIM' , 

Pool~ ... ,....".;.,... 1""" • ..-.., '" ,. Iict" ............ '''''',.~ _,. '100' .... 14 ... 1"0<1_ 
"" II .. _Il00, "II "'" b<. 1>0<>_ 'Ioq ... "'" -W, SO ... oil U'"" i. i ........... 11><) _,,,,,,, 
/woo pn><I....!, • ..,...,'" _,.,. f"""I",W"_r IO'M """"'1 m ...... , .ooded, Th ... _)y 
...... ' ... """"boI ,"d) , ..... 80m"" 1~IOO)lI ....... . ....,.,!o>o<\ ... , """- All 01 .... OlIO" ___ .... ~ 
, .. d ... my ""' ...... 0/. .. I "" W ... ...... 

Oil, .. oIIoa .... ", .. hl<h '"U,. II< ".- at< .10<1 .... po<! proIobrt,,,.!, \0 •• -... n- itd .... 
• hl~'" ""'" ......... "'oft. 10 ,be CUlm" _ '" ... "' .... "'._ .............. n .. _ "' .. , .... >hit> 
10 . nr bill ,he CUlm" -. C ...... .....,..1-.1 . ,,," , ....... ,.! .. ......,., Of< foil." ""IYJ .... «»I> 001). 
""'" p""" ....... <0>01. ud '"'" aonytlll <1\.0,.,. ... '" 01-.1, ........... ,..! .<>d con"'" br _ ..... 1'11< 
l'mI&,n'RI ....... , ........... , tho prod ... .,.. ';0'" pi .................. , ..... 

"!IfI)'.J ,be , ..... p>n.o'''''' ....... 1Im I. ,""11<01>, ................ To_. 1 ....... "", .... 1 ......... II 
"""",., IN' III< 'P'I"o& demand .. ill II< mel II}' ...... 01,100 "",,. fmm "'''',,,,y .1Od 511.,.., "'"" ...... _ 
prod<oruoo ,. ,lit ......... TIl< ___ <IrnwMI n .... I,.,. .11< r<f"'" "'"'" *dI. n.. loll .........., ...... 
II) .100 ..... ~_ .............. , __ ,l1li pi ... 100 u .... from ""''''''''' "'001 ........ in II .. foL no. .;""" 
_ ir. _..tied II) _ 100 ... " ~ i. , .. """""". f<S\Ilor '*'''' and .. -. pi .. WI ... " ""'" 
,II< ..... br lad prod ... ""' .... jO .. ~, prod_ ill ''''' ~n"" "" .. ...mIDI< .l1li . 

- ,- ,-. "';-. -, ..... , 
"" •• 

'" ,. , 

"" 
, 

'00 " 
• " 

~~ 
(Fall) '00 ,. 
~ 
(Wi", .. ) """ I"'UO) ""'"' • '* ,oo " 

'" 
,. .. .. "" -, -,. -.. , -" 

T._' 

9.2 Jo _""n hon mOil '''''''pon 70 un, .. of. por"""'" frt>m , ..... ,_ I to Io<:;o,,,, ... ! ond J.;' .Iot 
."""""u of 4J and 2J uri,,,, , .. J><"" .... y. An [m,'" <1\;0,,,,,, <" (In <lolI~ .. ~ uQll) be •• ' .... 
1ooo'1OII$;enal by ,ho.1f ""m".R I"'m;" To"" 9- 1 . • '11<", ""ued IJ ......... ly IIIa I ........, 



("HAP 9] '" 

-" 

1,;\ , , , • ! 

-. -" 
, · . " • • , 

" . . " ... , • " ... " • • . . " , , -. .. 

i. "'" . >all.bIo. oa«r",'" ~ ,hippies ",lIed ult 1"'" .1 ..... ":. II>< ~u; rt.J number of fOOd. 10 .".,,~ 
"""1Il, .. io. " • minim um ,,,,"1 rni"', <Ott. Nt) ""ptll<.t no<'d be 1Io,,'q d i_ d ). U.lpmol'U 
,h(oo!l'I In'<tmcoJi ... poi"".re . 0u .. '«I. 

",., proI>km ... ,aI " ...... t><ally b)' Fis. 9·,. ""rnn ,uppUeo "" Ind.,.1aI by """"'o..nd 
<l<nwldo by "'PUI~ .um . .... No<.,. '''''~ <1<01"" ,II< JY1!IIII<If) 0( h bl< ~·I. tltt fr.,pc, .. I<:<.~ "'" 
1""..,...,!on.>1 til d", ... <. l<><a,,,,,, a ... 1"'" j.t""_' "'1(:;1'""" l .... ) ....... &0 bulb O<.'i .. '-. .... 
J~~ I,J<><>do <:0. bt: 'hlwN )ro", loca'n I ,. Io<:otiooo ) 'hroop Ktcat"'" 1. .IOCI f,om I to 1 Ih , ... ", 
J. _bile 1<1<>,"", I .... ' .... Itoo • • . ..,.«<.06. to""""" SO"",;' _ ....... II< "fIIim0l ... ,I"r"""" 
from loca,,,,,, I.nd ""oe: ,hcon mol'll at ......... ,...- 'nne. "" I, t. II< oItipptd.,." . pi .... ,I>< rrobl<m """ bo: 
.... plfio«Iby "'" oIlowi., ,hi_I> M 1<1<>""" I. '''''''bJ ",' "",in, il In b<toJ 00I<I, . ""'0<1<. 

F"" . "",;", ,,,,, 01 'lI< , ..... """,lJ<>ft . 1I<>ri ........ 0 " ,ftCt<O, .. IlIo "rpl, .nd (\<on."" " .. ...., 
ju",""", kteohO'" 1. J. ."" ~ by , .. ''''' ' ..... be< " .. i" .. , ..... »1 .... 71) ..,;, .. Aoo. .... <l<fiD: 
r .. _ .. " . 513 (1(1(\ '0 Ion:< 7<'11> tbittme<ttt 00'<1' "" "" ... . ...... , ""' ... ~ _ ...... _ 1. .... <l<6Jt,: 
c" ... " _ .... . 0 Tlto II • ...,...' ..... ~11uo ",001""". 1M "", ..... T . ..... 1. n. ... . 5 ."' .. will '" 
.... ,wod I,,,,,, ..,., .. i"" I 61 ..... 1) '" 10><0 , ... 1. .. '~i .. ~. _ . "", ~'bik ,II< moWoi,..:S "OJ .. .in ... 

, , • ~"', , .- ~) f:; , • • 

I 
, ~ -'i}" ~) • _u 

p,;;, , ~ UT,!, • _ >J 

• ~ ~ • -. 
~. '" " • 
" • " • 



(C1 IA P , 

~ r .... Io<a,_ I '" Io<ab". " • __ 'iI<} .nil '"' r.,... ..... '" Io<a ..... J. ~_ ,boo 
'I, . '1, _10. ,,,",,, ... ,b, Id) 10 .... , .void ,,, .. ,, ................ ___ ~" ".: • • ., 
...... ,i .. , ... , ., of "" 11) ... " • •• _ <I>tprod 'h .... h k><o,_ • 

'..1 "or ,he: da .. 01 h,. ,"1. <I<'mDr"" , h'l'J'UIl """"dul< 'lui .,.." ,I) ............. , • m,n,mum 
"" al cos', 

-. 

• 

-. 
... .. z 

lh<::> ....... I .od l .... """"'"" .1Ii'" K>ca,,...,.O<! ............ ,;".., ....... ,;"" J ~ boIh 0_'" 
ad .,~ • · ......... Ioco_ . .. " .. _ ... _, ... ,-.1Id "iu_ ........ ''''_PIlI, .. ,til 
"""" ""' .... 01 ..... 1Id ~ <>00" 1M ...... Io<auoo. 7 " . .......... d ..... , _ .......... ....... •• • .. 01 
1._ 1M _ 71 ..... , s,,,,,,.-, i_ .. '- boIh • .-no< 0IIII0 cIcou ........ bjr ~ 110 ..... III 
boIh ", "'PIII, ond "' ....... od. .. 11~"'" Loblo,.. . ;U '0 ............ <0 I, 1. J. .. ond <1«1 ... ...... 
J, .. 1. 6. 7 -. ,he: _ .. p. .... '''' 9·1. .~ .... . ~ ICIO .. ,be .... ,,"'" '1-' ''''' lao 01<>00""1 '0.>4 
, ••• <loIi .... IOOI~ 1<10" ,"' ..". _ 001 IOU= '0 tho: d ..... , • ....! ... """''' .-.on' (1100001 .. 
''''' ..". 0'" ""1 _, ....... , ij.~ I.· ... I - ~t 

Tobluu J .. ,he: opLuDoJ '''''''''''''I00I , ........ Lna,_ J RCci ... !O ..... ""'" kn,_ I ud 111 
..... "-' Io<a""":!, . 110.....,. (, """"'("", .................... . im ... 0 . ......... ,uptlll, 01 U .... '" 
loa"""' '' '.'0Il 6. All .. 01.-- ..... '-" .. ,,,,,,,,- loco,;"" I . <11 __ .. "" J~ u ..... iodioaL<>J 

, , 
, I • I , I • I (du .... ") I $ufll'lr I ... 

, ,,~ • ,,~ • , • , ... , '" (""') " " 
, 

, , ,,~ ,,~ • , • '" .... , """ '" • , 
• , • • • , • » » • '" '" 

, 
,,~ • """ 

, • • ( WOOl) ,. " .. ., '" '" 
,. -. 

~ ,. '" • " " 
'. • • • • -. 



'" 
.. T.IIi<>.. ) b) '''' oI"",._rr_ 1oaI"" I 'Q'~ d"", .. ) . TlI< .110.>:0..;...., ,~, _ 9O.!>d . :. _ 1110 Of< 
tooo~ ... , ..... ~""r1i"l II>< .unb<n ct un", lbo, do ..... 1' .... ,h""'lhJ"K1JOftI J ..... 4. -,,,..ty 

T.l>!< H 01. ProbleM I I) .. "~ 'Q ... k. 'h< ""m .... of <'<'01. ""..01 '0 ,I>< " ... b« of •• -imm<n; 
,100 reo"" ~ Talll<,. ~A A> ..... 1 ....... llim<» DtOcio,e:I ...;." II>< d • ....m... <><nll S.>Id 6., .f< .. , '" 10 
'" """ The ,._Ie kr." ,110\ <,<"" j ."" ~ &I _ eo ...... ~ <on tie ..... 1«1 ,n , .... '''''''' 
, ... .."".,.., .lOitood to ,"" .. mnU wi) II< ,II< "-~ ...... <01 i. ,1><1<>0, .. " .. _ rd>.~. 

'n.: U ..... n.n """hod io ilOIlo,,,,, II) Wt.''''''"1 0 Ir"," "cry rO~ oI'T.b'u . . ... ,.-.! ,toea ... b!rKt'f\I 
61/11. ,j.'1 0. .... G from «>1_ I dltoop 6, ... 1'"<' .... ,., to. Flier .... T.bIo,. 411. .s;..c. .... ""'" .. 
dot> ..... "",III . .... _ i<o>ibl< ><>lo,"",- .... <'''~ ,II< ..... "'" ""' ... 1»' .. "'" bori_U1 .... ..,t;C.J 
~"'" ., poMIbk. On< ""'" "",erinl" ,Iu, ........ i. nbl ... aD .• ..,,""' ...... II},.,....., i> "b<lUn<4 II) 
rq>l»l:inl II", ~ ... ,h"",JIo ro. J by . 1m< 'b'''''tIb ...... ,"' •• n.. -..11:0, .~ <lo:n>Cfl' II I, .~ 
In ,I>< I!. 11 poojl><>n. S.btra<"", I from .. "'Y .,>0<,.,,,,, <0:mcft0 i . T,bIeo. 00 and oddillf I 10 "'"I 
........ , <o,-,r«! b) '''XI b....-.b< (I. h r 1 . 1i~ Il j~ U •• ~ ( '. , ..... ,j, 6J _IS-..... m,', .t T,bkiI. 

" hl>lo, • .$(' all<> <Iod "'" ron",i •• kuiblr """""",...w._ R<I><""'" s..p 1 d ,II< lI u" .. "." 
.... -. .. ~ .... """ ... n"" I •• '" ,II< .....a... """".~ .I<m<nl. SuI>/ .......... " _ --" unrowrocl 
"",'..,U ' '''' .ru!.",. i, IB"'~" ......... OQ\'tMl by ,.'0 I ...... ,.. 0 ...... T.bIn" . o. .. hdl d_ "',,, .... 
", •• i..., otf<I.<o<l ..... nonrn .... on<Iia,o;1 b} ,II< " .. mI.o' no. T'bu. o. <>p<...w 01""",;.", io ... im""" I 
1< . ..... n' I (bo<:hlln"' ••• """"" : 10 ., .... J (lI\I'ltrlIn .... '''' .... 1 , ...... ' • (f<tm) ..... nd .111;". .... ' j 
'0 .. _ 2 ("",."~",h~ ." .. ""' .. ~.nd 6 .... _ .... mI ,n ,II< mafI<). Tho ",;""""m '0<01 ''''''' ( ... 
""",,",) ;. ak-ulot<d """" T ...... u . ..... 

r .... do'.", ....... ~ ..... ;. """ ,II< ""'" "",;.".1 1m<- An ... ""~, opo; ... 1 ... """""" <>n II< obi .. "'" If_ 
T.ltho.1> . .. ," . .. 'm ....... , "' ..... )oM , .. ,,"""" 2 ,. __ , I , .... ""1 ,II< "'lit< ~""""" uD<luO,J<Ol. 
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,~,'.'.' __ "' .. " .. ,. ,...-lI« ..... ,.. " ~L' ,..~~ ..... """* ,"""""",,_ 1""""' •• $1<1> I of ,. 110 ... .,. ........ bad __ 01, .. 'lie "fill'" '.co .~ ..... _ply ..... ' • 
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Chapter 10 

Nonlinear Programming: Single-Variable Opllmlzallon 

TH E PROBLEM 

A _"",bit. "" l tt~ _Iiaol.l' plOJi ..... tw the lorm 

OP'im~ : _ I(:r) (/O./) 

whim !(A) it. I_It ...... ) fll/llttion ot the ...... riabk.l, ud 1M _rdI lOr lbe opImUlr1l (1IIUlmlim 
or ,I.IJJIUIUlnI) if, eoad..:ted O>'n the IftIlaik ialm'ai ( - .:e, ao). If !be WlItdi • mtric:ted 10 I hik 
I"b.nlfrvll ( .... ).Ihen 1M probkm bco»rncs 

LOCAl. AND Gl.OBA.L o mM" 

op(imizr. : - JIll) 
... bJ«t 1« • .$.:s /I (10.1) 

An ob:I«tl w.: funct ion fIll) lias • Iotol lot ,...1,11;"") ,.",,s_ II ..... if thim u iW. • (maU) .nlcrw.i 
CC1IIUCId I ' ~ IlKh ' M 1 /(x):t f(~) for .. 11: in Ibis in~.1 II wbJeh lhe fllllnlOft iI dtfined. If 
/Ia):t II .. , rot 1IM:r II whalM funnooa is dcfinrd. 111m the mllilmllm II .. It ' tkt brilll local) IS 
• ~ (ot ~,,) "';1I;lIIlIm. Lculllld poo.,l .... Jlma an dcl'h .. d .. mi .. rty. ill ImN ol lhc rc"ftlCld 
iMqllablY· 

", .' , .. , n.""'*_ .... plwd ...... IO'I.4dI dDliJ_( ... l h .... od.ou .. ' .. "1 ..... _ ... 
....... 'O'C •• • ie. ", .. ,. A ... 1111 11: . "'*'" M,. _ _ ., .II .. ud JIobU . " ;-'.'''' .ad to. 

• 

" " • • 
na. .... 

Propam IJO 1).iC'eb. a\Obll 0PUftlUIll, PfOIIIIII (10.1) 60a too, imor.I, III """'1 Ibc bm of 1M 
IocII Opll"" o"rr (II, It} II II pouibk 1MI the ob;tctIw function •• 1I1IIft C'f'tll bnlcr .... Iues ouWck 
[II, II]. but lbac Irc IW)l ollllkruL 

". 
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NI;SULTS I'NOM CAIoCL LLS 

11o ........ IG.I : I f /t"" n)IIhn_~ OIII~ (kNd.1Id bo\IlIIkd '"'m~ [ .. ,,~.t>m If.d hat ~I 
opt, ..... (bolb a nqMmlim and:o m,nll!lulII/ 01111'1" mtt"''''. 

TI'rorfIU 10.l: If It \ 111;0. ~ loa! Op!!lIIlIm:01 ' . and i' 11 <)Il d,Ik,mt .. bIo on • <mall ,n'f" ~I «n, .. m! 
., ... IIIm/lt.I_a. 

11rN.". IO.J: II II d K I .. ~dkrmu.bk on I SlNlII ,nln''al «IItcmi al ' " and ~ I {t. l- 0 and 
/"t ' . 1> 0. tlltn !t,.III,u. local nurumum II ' " It ,n=ao:i J \ , . 1 - 0 and '-(.1. 1 < 0. 
thtft /1 '11I:Is II local mUIIIII/III 11" .. 

II iullo"'1 from the- ftr.t '.0 Ihtoff"" INI II II" II roallllUOU. on r II. /I). IMII loa. and IIobiII opI'= 
"" l"'''Inm, III ! I ,"',II ~II' arll<)nt JIOInli .. Mrt Fl.' doeI noI fOr«. or Imon, pm"" ... '''''',,,If') • 0 
'JI'lIC'1lIllyallN ,,<11/,_, Of .. rlrl(~ paill/.1. or ~motIllbc I'I\\IPQln" • _ " and , _ /0 IS« Probkm~ 
to.lth'QlIJh IOJ) 

StIlR' POII-'" c/O lIlt DOl rftIncttd let . ""-'.I a.d boundnl ",'nul, I~'~!WI nodpc'llnlt 10 
(IO,,,.\cr I Q>lc~ IM'~ ollbt ~\ .. fUnr11011 al!llot ."'IIOM', potnl) and &, pol"" . 'hrrc ' i" 
~ 1>01 c,.~ lin: comp;utd 10 the ~mlhn •• ~11In of It., lIJ " _ !::o: II ..... ). ~ lluo'IKIIM. bmu u~~ 
(conllOKt It-~) _ \In .) HilI II cn~ I,mll dllC:S ClI" and "'t lKnpl ::." I» I ~ Imlll ~ MR and )1tkb 
lhe bot '11111<: g( It~) tIM '~rrc>1 roo I m:ulmlallGn proar.am o. 1M , ..... lb, for, ",,,u,,,,al"'l1 
JNOV~"'~ tMII" ,~I opt,mll'" fOI 'I') don not n~' If 1M bn, ';0111( o«\I~ " 11M g( lhe finltr 
","nllolhen Ib~ bot \1111(" lbe' Jlob;lI opIllnllm. IS« Probinn IO ~ I 

St:QUE:-"'-,.U,s1' Ite lt n :CH:-..IQU:S 

III pr...n"",. Ioc-~lIn, opl''''' b) ok\!IUi I~ itldom (nll1(lI) ~1,," 1M ~I'f (1I!K11011 .. 1101 ~_'n 

"'!IlIt) !loll), )O 11\;!'lhIYrn:nt\;l11011 IS Impm.,.hk. or lht \I~III)n;jf)' l"inl\ onll(M hc obllintd alttbr:aicllUy 
(S« Problem lOll In ~u.:h o~ lIulnC'ncailMliIo<k all' IUI:d 10 appro~ 'rn;J'r lilt !nau",n of 1_) 
kIeIl opl ..... '0 "",b'n 1In ~abk lok.ilnn'. 

s.-yw.kII-_t l! r«1wri.tws 011<1 "',Ib a fi ... ~ ifill'''''' III _llIeh the ot,ca .. t f"nnooa OJ pR$ulIICd 
... , .. ""11: ,'''', "'" 1M 1II1n'1I1 .. praumcd 10 mu« IIM.nd onl) _I"'nl.' ",hir>b It.ll hi, I kx'Il 
...... ;mllm Of _""" .... n.. ,,,,,h""lllO ,bm .)"nnallClllly .hnn~ 1M Inltf\lIl.rOllI!d the I0o:1I ",,",mllm 
\lntll IIot op!lm\lm " confined 10 ,,,,bIn Xttpultk It""u; Ihl~ lhnnl.,n, '. rtr«lN b)' itqllC:nllllly 
~1Ihr.;oI,n, 1M Ob;r«"'( (1Il1Cnoll ,I ... 1«1«1 point. and then lI"n, 1M IIn.modal PfOfl"rt) 10 (h""nllt 
portion. of tIM: nllRnt r.nlC'fnl 

1: . ...... 11.2 I'll1ft I~: nlubtt. lilt ... 1 .... 01 lht ~"c "'''''_., doc f"*I' ' I '" ' r If. \0.:;&1. _ 
.. l_. '" bt doc """ "'11tftIIUII .. [ .. ~). , .... tIo.. .. _ bt ". Iht 1m 01 ' ,. lot / ,.) ..... bot .. I .. 
_ .. b) ...... , ,-... .nd. II) ,. '.1 I'I(!fICOI) . _, ........ .., '" -...~ ... 1<1 tloc "flit d IL H-, UIIC 
... bw>tcn"lll I' .. ~l til" tot dllQIIIN. 

• 

1 . .. /1 , .1\ _ • 

• , I I 

• " " • 
• • -- ......... . I/rw_ ... ,... 

""'--, .. -
I1&. ' 1-1 



(.IIA(' 10J no 

If. I«M ..... _ .. ,100 "* ""'"'_ .. , .... ). ,btft " _ ht Ior;ottd 'II ,lor "Jhi 01 ' ,. and 
,lor ... bI .......... , .. ' , I c •• lit .s«.t<kd 

SptC,1k W\jUC1lI.a' ~f"<"hD ate' con<odcR'd In lhe IIIIft _,tom INri (01,,", 

TltRI:r.-p()t ... ,. .... ' ·I:R\ AI. SEARCII 

.",., inlt"'" ,,1Mkf ronwdcr~11Olft Ii d"otkd InlO qu.on~n and lhe objc('tnc rulIC1_ 1r>.I,,;lIetl &, 
the Ihr~ f\I~lIy ~ 'n ..... o' potnli. The IIUt..- potnl ",dd,n, lhe: ~ •• ,,1 .... oI.he obj«h'C Ii 
dtlfm"",", (on I:II~ or a 'If. ~,bill1lri'y choQoc one ,..".nl ~ and .M .ublnltn'" cnllfmI al 'h" Jl"'nl "nd 
m;,de up of 11"0 qwr,lcn of lhe cunml Inltn'al ICplxn lhe (U'mtl 1n\C'T'1I1 Inrh"'llna lin. lhe~ an: 
10 1"'>I>,,!)k Wlllplln, p;tllcrM; one oIthelll .. ,llu~lflunl in F'I- I~J. IS« PnHoImol 10.6 and 10.1) 

The Ihla..polln ,nl",'&1 K;1lCh " lhe _ clftc:k'nl l'IfI'd'h' ~prN~ )ta~1I prorrdliR In lem" 01 
1a(1I1f'lIIIl pr~~ lokn.~ . '1111. minlm .. m "um"", of (unct_1 c,·~I ... ''''n .. It .. a' ... IJfIC or lilt 
ClI!t.Inl 'l'qllC'flhll KlIrcl'K<! 10 cock (01 the romputcl 

FIIMl"ACCI Sf. IICI! 

The F.~M'('j H'\I" c_ , . : F,. : _ : I . I . !. 1. S ... 11.21. ~. Ss. ,:. ""m. lhot 1M ... or lhot .-. elr" .. ,,1 
~utnl.aI-~.,n;1I I«lInoqut ExII "umht. in lhe wq .... ncc: It obtlionnl by MId",. lOIdhn 1M ,.'0 
l!Ml!d.fti numbtn: c_cetMlOI'lS I~ IIIf fifit I"''''' ftumbt,,, I . IlId f •. ... IItd1 arc: both I 

Thc h~ WOllcll .. ;n"ilIWed b) dtlcrm'Oln, ,he <IUIk!.. F,boN«> numbrr I .... ' <lI1'.Jic. 
r,( it It - II. "'hfn: ( .. a pr(KnbN toklltlltt and ,".ltl ;.. the onplIIl i""",,1 or ,nlcmot Stl 
' _ lit III f. The liN ,wo porn" In lhe w-.. rch aR """"IN f. _Ic · IIn .. _ III (rom ,he mdlX"nl\ 01 
III, Ill • • hen: ' ,, _ I iJ ,he Fiboll:lta n"IIIM preadln. I , S~)I>'e pollnl, in lhe jell'clt art' ronudtlN 
"... lit I I,....w: and 1Irt' paoli"'",", f ,c ' U" ~ - 2. N ). • 2'"nn~ 'n r,OfT! lhe _ -.. .., nldpo,nl oIlbr 
currt'nl ;ntcnlll. (S« l'lobkm 10.l.) 0bKr~ IlIIt •• ,b IIw fibonKd pro«durt' wc Cln "Ite in IIIh"lln« 
lhe nWlllhH or Ilinction:lllr>Ol!lIiIllOCI!! 1 .... 1 "'il br il'qu,R'\l 10 1dut''C ~ «n.lln acao'xr. Il10 • .,,>,,,. 1 .... 1 
a ..... ber., tndepmdtnl of The po"lCUb. unll!lOlld~1 fuftnMla. 

GOl.m :'''' .;\ It'.A ' SEA ROI 

"",,~m. .... rty I. dfiacnl:H the F,boc\xa _rd! .. bucd OII.he aumbcT Iv S - I) '2 - 0.6180 
L.".,f\ as the,oU", _ The Ii .... , .. '0 poont. oflhe !it.Kh ~R !ocaIN (0.61110)(1t - "' IIntI' .. r,Oll! 
lhe. endpoont. 01 1M IfIm~1 iII ltnlll [ ... It). SIICUW.e!'OlllE> Irt' romwkrcd DoW.I a h....w: and ..... """,ooocd 0.61801, un'u III rrom ,he _.~.., cndp(Nnl or lhe CUrRni ,n\C'TvaL .Mlt ~ dtMlCi lhe Im"h 
of 'II", InICI\U (5« Problelll 10.9) 

CON\ 't:X FUNO'IONS 

.salth prCl«dul'Ci Irc .lIIInn'....! 10 apprOA.ma'O &IoN1 UP"""" on. _.-cit ,ntcOlll onl, .hOI .he 
ott,tcI ''l' funclion .. unlmocbl thcTr. In prxift. onr ",uall), ~ not lnow ",lIdher a portocul.lf 
obJ«i"'" fllnc:l1lHl " "nlllloci.1 ","c. a >tXC>fw:d .nlc"lIl WhOI .!It;Im. prOCl:durc It a"",on! In oudt. 
"'ualoon. Ihc.rc;' 110 .lIWmft il .,11 II_'n tM tim! ~I opIlIIIlIlII. is<< l'Iobk'lI 10J I.) 
r.a:pIIOM .ndllllt """,,,III' I ..... hi" COfI'b or _>t ofl:Ica"'" lullC1-. 

" (Unc:lion 1(.1)" N_n OII.n mltn--.l.l (lintlc Of llllintle) if lOr Iny 1_ poonlJ" I ..wi ."a.l 
~PdIOr .. QO S ~ S I . 

(l0J1 

If' III.JI hoIJs ... 11 .he Inr:qu.o.!dY rroClVli ,hOI If I) IS '--'urt Tltu,,'he fltPI"'" of • mn>'cl funcilOn 
.. ","".,-eo Ind con\C~ly The ,,-.. ,,,, or I rotI>u function it .tKw.-n In F II- 1().4 •• \kfiflllll J<OmC:lrKlll 
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PfOpt'rt)' il llIat the C\lr~ bd on or .bo", In)' of III t.an~nu. COII,'U /ulI(1lO11t.nd _.~ (1II1CilOM 

In: .. nl~1 

T\t«_ lOA: 11 fill is ,"',CC"lhtk,nll ilblo:: on .I. 1IInI Iv) is eon'CI on.f If.nd only if rex) 2: 0 
for all x In J . II il COIICIYC If .l1li otl), " r(,l) S 0 fo, .U l in .J 

TIotoc_ 10.5: If 1I.t} .. COII\'t}. on J. Ilvn 1111 local mllUrnum on .J "a ~J minimum on .I .. If 
/(.1) is COIIaIY'C on./, .ben Inrl ....... 1 lnU'mum ..... .1 1$' sIoballM~lmum on.J 

, 
,t' ,1 

I 
",{~.) . (1 - .Ift.od - r·\~~ 

I ,"'.,·U-.... II -.
I 
I 
I 
I 
I I 

/1'" -T--t------
I I 
I I 

I , .,, '11 - .)0., 

... ..... 
.. , 

If (/OJ) h<tIdl willi Itncl tMquahl)' ucq'It .111 .. 0 and z _ I. the fUIKllon 11 )1'1("1 tOllru S~b 
I fllnnion liaS • "001, polll;'-': _fId dtnYII,,"e. aDd a.a)' local land IIK-.cforc pobal) minimum " 
llniquc. AIIolIoIO'" ",",Iu hokllor "'/(1/,. .............. funclions. 

Sohed Problems 

10.1 Mn,ml(c. : _ ;o{'" - xl on [0. 20). 

lleft I(~)" -"lS. " ' I " _,;,,_ a..d It. ) .. ~ .. h . With tho dtn>'IU"C dtftn<d " 'C'f) ... lwrc. tho 
pobaI ", • .lim"",,,., (o.:OOJ OCCV" 1,1" mdpotlll .... 001 . .. ::0.01' Ie I lUe~., poilu . .. hctt rIA) " a. 
...... ftNI . .. 1IC/l a. ehe OIIly Wluono'1 "",ae I. (a.](I). E ...... Cla. u.. O~'" fOUlCl_ Ie ado 01 ehcso 
,.... ....... ~ • .n. ,''' ,_!ok 



('II"'" 10) NON LlNU.1I f' II OOIAM MINO. SING I.f..VA.IA81!! OI'TIM II..ATION 

/ •• 1- 1. ' - - { ;'--.. ~ 
" -. 

{ " f' " - - !.o 

" 

'$ - ,Ii 
-J'is . $./i 
.... $ ~ 

I7J 

Tlc ...... "'~ .... _u" ••• ,_ !;, ............... , •• Il" ..... r-o_.[ -~.I E ...... ,,"If 
,Iw obr«~h~ ,. ..... _ a. _ .... ' ................. ...,., IIw ,ndl_ •• ;1".&."~ ","Ie I. tohIr 

1t.'1 • o. o. 
&_ .. luch .~~"""'" ._pawl .... ,,,., ....... ( - .&.-'J" " -I. thido ......... 01.' 1110 lhfOl: poonll 
A' " 1\l.ii0i .. ' _0. 

III Muumuc : _/(.<) on (0. 11. ,,·hut 

I{~)'" t , . 0 
0< .. $ I 

n ....... 10.1 oI<IeI _ Im"'1w (...a.. is ~;_ ... 1110 .. ,,,....,.1 '" inl<1ftl, ... ~ • 11m!. 
1~ r..... .......... "" P>bool ".; ....... m .......... ,b ...... -. .. _ ,be f..-..... _ • ......... ~y ...... 
,..... .. ~ •.• tw. but _ tIw •• 1 ... .om), 

, ... 
11~1 .. ' - ··-~,- ·· -, "(1 - 1.,', 

"hoctIli oIt6iwol ball .. uoI . Ioodo ~ .... , ., • _ ;t I .,f1. so-- .. ;. _nclN, • .-..1_ d 

............. .,.....moe """'~'" pcMu. 

11;t1l.!:I-!;~ t "'_ .10.4..'9 ./, 
_ ........ porod 10 II .. _m."""" af II .. ' .... _ 2;01;, " Ild .... boUro 0 i. \110 .. -. 11.--. ~ -. 

II') 0 -0.41' Ul'P 0 

..., _ , .... 1. a:Io»al-. __ pi ......... .. I/jj""" is " _ OAN 

IG.$ M.n,mloC : ... , Jln·1l on to. J) 

tl«e f1..-) - _"", ~ , .• _-', • .-IIdo .. *"""" "''CrJ'Obeft.. ""'" ~ ... _ b ,Iw w.-,.,-.. 
_·h ••• _ • .•• 0 

o;aMM ... .u-I ~ .... WI ..., """ -t* I"<QcI, 10 -..;I, ...... II.......,. ,.,..... .. [0, J) 
II~"" ••• ~ "'-Po ~_ Iile .............. pili dc:iI cu be ...... I11III flo<. • I0Il" p:opt 
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~~ .. If).$t II .. -" ,b •• t. """""''> poIa" all"""l~ "lIh 1M ImIOO of II .1 (R ... •• 1........",,~ .. 1Nch IK 1M 
W'vo of Wf\ 4. n... potul 1II' ..... UIll '" /(>1 on [0. 1) "' ... , Ix ~IY......t ... ,"" .ubw" ... .J (1 __ 11.. JJ, .... 

:!. 15 ,s: " :s; J 

!!teo_WI .,. ,tpOOI ,n .. hICh.M ..... ".~ ... 11ICt of ... 4, ..... ~hJf'ihnl b) ,"" I>lf"! ",""i .~ .,,11 ... 
of, ~b~""ltw ~lh ... IIO". 

" li'.MI- 1-11_ - !.lS • 
/t ,h_l .. nH . - 1&1 

.. ~ --''''''' ,luI tht JIobooI1lllnomu"' .... u.'ncd .' I_~ k!al .... 'mulll of "' ~ IU.".. _ ~ ,. 7a .. 
Ind "'" ."be mel"",.., ~ .. J 

, , , 
• • , - I , 

, , , , , , , , 
, , , • 

10.6 UM: lbe 111=-1'0:11111 mlt,...1 sun:h 10 approl'1II31C 1M 1o..·;UKK1 of 11K: gIobiIl m,n,mum 01 
{Id •• \ .. n ~.,- I'll [a. J] II> . 'ith," • ,. 0.0 . 

, ...... 101, of ,110 ,nphial :uW)'" ....... '" ProbImo 10.5. WI, ~nn 111'"'_ '0 ."" "'''''''ff.,,1 
p. "31 T1w Ik>OaI m,Mllum """' .. ill I"" ... 1o,,"en,,1 .1Id ,II< ru",:uofl .. unUDOd.iI tI>n. 

nm If ...... ' 1>0".11111 (1. I. J J 11'0 ..... re ..... _ u~ • . ', .. :!-1111. " .. !.S'.j.I .1\Ii " .. !'In~ a. ,_ 
.hfft .." ...... poIllh."" nolnll. k 

Ih,) .. . , ... 4. , _2.1 117 .... .1(2..11171. - 17!J.I 
' 1.,1 • ,', ... ~" - 2..7-", .. n <1(%..7""'1 _ . 2.$197 

/t'J). " iii! ~, ... !.'HZIIII <1119HZ)- - 11 ~~ 

Ilore, " ... he ."..- polIO' )idol,,,, the ...wlo.t .,.1 ... ofl"'~ 10 ..., IO l~ .he .uhon' ..... 1 <:nil<"'" I. ',_ 
........ ). (1- l.J7.uJ, •• ,he ..... ,nle<'''' of m ........ . 

s.r.JiI ......... · O .. od'ft, p. 1.1.I'I.w] 1t\4<l ..... " ..... .. ~ .... ,~ " _ !-7301. . , .. !.JIlt ...... , .. !s.tJO 
DIll< IIltft 'nl~"'" "", .. 1\ ol.h ........ .., .... -.1. TlIu. 

II~.I- , . .... ~ . . .. 2.7IOJ .. " "I2.noJl - - 2.7"... 
/1 .• ,1 __ :!.7~ ( •• bdolft) 

/I ~.I" -'. " .. ~ " .. 2.toIJO ... oI(:!.&.IlO) .. - ! MJ9 

Of ,hc;c .,,1tnOf "",.,<. t , )odd. II ....... 1 ..... ul ... oIlh~ 10 ... ~ ,.~ . ,II< .ubtn' ....... 1 cm,rtft al .L 
p. :!.I I 17J. ,...he ...... ' nl ... ·.1 ol ...... nI 



OIAP 10] NONU!ln!AR PROOUMMING. SINGLE-VARIABLE OPTI MI7.ATION '" 
7liI'"I .II".' ..... ~ ""'* [711,'l. UII1] .. IO .... ton, ..... ~. -1.76ot6,~ • • 1.7IOl,.ad~ , _ 1.1960 ti 
die Ikra: iIIlmOf ~ Tllra 

{i.A..} - x ..... ~~. -1.76016 ... 01(1.16010 •• -1.7". 

/CIt. ) - - 1.7S101 I .. befon) 
/(A,I_It, lIa ~~ , _ 1.7960 ... oI(U960) _ - 1.7~' 

II-.~. io II ... iNmDr 1"*'1 ,....w ... 1ie .....n..t wallie '" ,. ~>c fu~ to •• _ .""'~ '" 
8IcnOI io .. _ cmlCftd •• It. ........,. {7.;1. l.71OJ) 

, _, if" . . ..... e.,; .... [7o,,'l.1.'7tOl) .. 10 """'1m. _~ .. , ,,, 1.15n ',_ 1.7 ..... Md A, _1.m~ 
... IIIru _ iMmcM ~ Now 

/t •• I- '" ......... - 1. J"7 ... 01(1.1567) __ 1.1llo1 

fW - - 1.7", ,_ bdotr) 

/1 _,1 - _, si" .', ... 1. nl~ ti. 0I(1.1nt) ... - 1.1602 

Sira "it 'M iIIlerior 1'0'111 ""~ llot tIII.lIeoI ..... '" /(~~.., u ke 'M MIobia1erO-.I """ .. red "' .... 1WIIdy 
(l.1 .... 1.1IOJ). .. , .... ,," • .o1n,,", oI""erat. n.e _pouIl "' ..... in,""" l1000_.'' ......... ,he poaM:xd 
1OImI-. ~ ... dOl , 01 ...... -. ~1'.1hc . 1(tV .. , .C ..... '.cupId .. 1M Ioaol_ 01 tIIo ... _ ...... 

no" 
, ' _/1 ... 1_ - l.'16OZ 

,t., UK .he Ihree_pOIlII tllltrnl IOKh 10 Ipprcumsaee dllt kM:auon of lllt muiln",m of Ilx)- ;c(s. - X) 
on [0. 20] to within c_1 

SO_ /"(ltl _ - 2 < 0 """Y"hrrc, IIIo1k>ws r.(IaI,."..,. ... 10... 'II.>' /(A) 10 __ .... ""- " .. rmod.~ 
011[0.;10). TtotI .... ,he Ihrw-poi",lII1erYOIourc.b io .UlU .... 10 __ • 10 .. ~ ......... -. 

I1NI ir ... • • o..odiq (0.») boc .. ""' ......... _ l1li ... It, _ 5. •• '" 10. _ A, _ I' ...... ;,.· ... 
pI1MI. Thudooe 

I~,) - ~1(S. - "') - 5(S. - 5) ... Sl.5ot 
1(;0,1 - It,(b: .. It,) - 10(' . .. 101- "01 
/("') - s,(s. - It,) _ 15('. - U) ... 10.62 

so- It, it._ "'1<'- poilN ....... , ........ .,..._ ..... '" ,lie otJ,oo:I .... f~..:I-' .... ull u.. ... , ....... 
[tIS). 0ItI1md 11.1" U lhe __ inl«nl d iIItmst. 

$«Wilt.... ......di ..... [So I') .. 1Oqvart«l, ..... ~~ , _ 7.$,It, _ 10. "'" A, ... Il .. Su ,1M: Wft._ .... ~ .. 
Jl..<,) 4' •• U. - It') ... fU)lSI: _ 7oJ) _ '1.56 

/(>.1 - S7J11 (III before) 

/(0,) - ~,(Sa - ~,I - (l lJNSI: - 11.J) ... <10.10 

AIIt,.""1niof pomI,....wiq 11M: !up nlw d 11,.0;),.., tne!lle.o!trIal [So 101omlered", ~ .. 
u.._ .......... "'.-. 

...... ";.-.dc (5. 10)1"'0 qooarwn. ... 1lI It," 6.u," _ M, ud., .... " 11,100 _ inlniof 

/I,.o;,,) - 16..lJ)("" US) - ".11 
/t.J - 61.56 (a "'"'-l 
1t_ .. I_ (l..1S)I!a - ""1_ 60.11 

At.,,.... tIIo ~ '"'- '" /t.),.., uU 11M ilMCn'lll [us, "H). Cdlered., _ .. 110'" _lMcn ... 

'" .""at. 
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F __ • it"......, 0. .... 111. [6.15, US] ",10 qlWlOn....., I"nn-.,e _'." 6J71 ." .. 7.5. and .I." &. IIS •• 
1100 .... , ,au.- f"llII'1o. Th~. 

/1 ', ' ·i6.t7SJ('~ .. '.1m .. i!O.U 
Ir •• )·~I.$6 (,o.bdor-t) 

I(~.l .. (I. l~!( ,. - • lUI" 61'" 

SO'" .~ ... Ih< III' ""'" poilI. yWdi" 11III1a,.,m QI ... of lhe ob,tao,-. luna_to _ lake 1M MIlIolllnnl 
omlnt<l "' II ........... 11 Cl.1 8.1$). •• lilt _ IIIIft>'W lor CO JickmM*. n.. "''''poonl of ,h ... nltn-ol, 
lIo .. ' ... -... ...... tItm IIIe prctft.boId '.0,,", ." I. 011 ........ poon,. III 1M ",'tn-..L hmcc .. .., Iak • 

.I ' ' '','' U!, .. ,," : " - /1.,)" 61.61 

IOJ! R~ Problttn 10.7 IIl1l1,'hc fo,boll3CC1 >(';mb. 

IrJtI.J ,.. ... " tIw 6m Fobonom ."",bo, ,!IdI,"-, ".(1) ~ ~ .. 0 II F ... !l w. WI ..: .. 1 • 

. _ - . ~ - O •• ,' ._ .. ..;:.l 

1', 11 

ad I,,", poWlIDIIlht ftnl '.'0 poIn ... n.he ..,.",,, 

,~ ..... I.I(USU) .. I tlI unltO 

. ," O. 1!J3 -1:'31 

/1 0,1- (I:.JIII:!I . .. /:1..)11 _ ~ I ~ 

Ito,)" 0 .61)(' . .. 761) .. 61 6.1 

.. ""'" ... F'IoIICd I. F", 11).6( .. ~ U .. III lhe uni~t Pl'OfIC'rI) . ... ~lo6t llul ,110 .......... am ,",uOl """. 
10 lht IdI ol l!.J& .• "" ". ""''''''' ,II< ialCn'al of 1 •• (fftI 10 [0. I!JI} 

rrtl II",... nw " •. u · ..... · .. roN .; ft~mbc< !I' .... lho lui ..... ulofdl .. r •• S. 00 It:.: ""~I potIIl 
ill lho Ion",h .. poulioowd 

r,. "'IIO.'~' I ... 7.61 ..... " 

III , ....... lhe _ .. , mciPOOIII. UJ3 TIl ... 

', '" I~JI - 7619 ... ~ 761 

le"I-I' lMk~~ - ~ 1011 .. !:!.I' 

Addlft. , .... paonllo lho ttt .. naI poniotl 01 F,a. lo-6(.~.c IC'W",~.-... ICJ.6(II~ "0lI'l .. bd .c C'OIOduok 
llial lho ..,.d", .. m 'Ulol --.a' '" It:.: _ In,.","" oIl1'1ltmt ( ' 161 . 12.JjJ 

~ iI~__ nw "".1 ·10 ... ril!oucri a"",~ _ .. r, ... $. TlI~ • 

. '. "" 7~1 ~ f.~ ... ~ 1.1 • s<o.95~' I" 9~ll 
11 • .l- /9.S2llts. - 0 ':J) .. sa 90 

Add.a,IIIIi paonllO lho rft&mld port_ cI F.,. lo.6tlll .. ~ obcam h I Io.t(t ~ f.om .. hdt ... attdlOdt: 
Ihil lhe ne'O' Inl...-al 01 ml<rnt " (' 161. UH) 

T""" iI~"'" n.. lK'I .Iow. .. Fibouca aumbrr _ .. r, .. J H....., 

" .. Ull - ~(a5"1 .. .. 666 
It~Il- (&.!166M!. - 6.666\. 6O.l1 

Add.", 1M poinl 10 lho tti.l1 ...... portioo 01 fIa.. II)..6C<l"~ obQmrd ~-I" lG.6i"l ..... " roa.,..,', 1.0lI'l lb< 
~"'-"I ptOfIOnf Ih.1 tJw __ lalnva! 01 ial""' Ii (6.666. 9~lll 
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• , • 10 

• • • • 
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• • • , , , 

• • • • 
t, t I 

" " .. .. , , 
, , 

, ... a II .... ' > TIw .,,·Iowa fil : 'm _.-bcf _10 T ... 2. 1'

~." 6,666 ... l(O..fJU) .. U1I 
I(~.)" (U71)(h -1J711_ 61.17 

• d . ,. 

Alldilll ..... pOiR lO .he maI.aI pon_ fII F' .. lo.6(~). _otIc, ' I F ... 100t(.). ___ toOdI" __ 
Ilt.M (U66. &$7IJ.Iloc .... ;" ....... oh,lCmL not.os.-. 01,.. ~ 110." .. , It .,IWII f .. I ria 
r.a..'ItWIo .. _Cl"!~J fII e-r .... ,... fII \lie lalanl {TMoonucalI, • • 1Ie 'j ... oMW6 ~e- .. 
.,dI .... 1hc .....aa..,..- d ., II")' ~"".a t# ) Vo', '''I'~ '1OCOIfII.o , .. 1lIc ..... _fII ..... _, u... 

.. • ... ,_7.6: ... "-/(.0.,' .. .. ~ 

, 
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10.' Redo Problem 10.111"", elw plkka.man ... al'th. 

,....,...., -r.~ ~, ... -wioHcfql is I., .. :lQ, ..... 6nt ."'opollli> •• bt~ ...... ~ 

iOtlIllWlOI _ I!Je,_ • 

.. rr_ .... ...tpDw.. n. .. 
••• O~Il~ .. I1.J6 '1"::O - I~_7_'" 

fl< ,1- ( I Utj(s. .. 1!Je,) .. ~I .l& 

JI .,1 .. i1"'~S . .. 7.11." .. 6' 601 
llor pooftt'I~" /(.. ,11 and t.,. 1'.,11.,,, Wf) dow I., t'" poonu """"'-n _ RI IGott.~ h ~ ...... ,'" 
~ ......... I P'''I'"tr tIul IIIe "",,,mlllll mlill 0C'lW 10 Iht Irft ~ 1 ~)6; ""'" . -, ~il'" [0. I D6] •• llor .... 
Mlltnat 01111_. 

", .. If .. ...., n.. ......... 1«.701 "".nstlo L ... 11.)6.00 , ... III ... , p.>rtIt ill Ihr .. ua iii pc>Ut-.!061I11L, 
_I> .. tr_ lho _01....tpoon1 Tlw,doo ... 

I," 1U6 -to.tllIOl(ll.Jo&' .. .. 7~ 
/1.") _I ' 1nlls. .. il 7UI_ $I." 

IA,.... "'" _ P*' .. ....w.d. fla, I~l applift. .lIId _f dcI_ {il "'.1. 1!J61 .. IIw .... ..,... ... aI 
_'e •. 
SN.J il .. ..-: L ... 1!J6 .. " Polo. ''If.1Ha 

K.. .. ' lll • \0.""'1\"""_ ' ,"4l 
/'.J" i' .... ')1· . .. ,.ull .. "" 

No. Iho Pllra ... III" of ~ ... lG-6(d. fr __ lII.;h 'ot tawP .... that 1'.n2.9 " 2) ill IIw _ ;,uetn! 01 
inwtnl 

r»I II....... L." 9 .... 1 .. " no! .. " 1:lQ, th ... 

'I .. 9 .... 2 .. (O,61JOk' 7:0, .. iJ.!' 
/t.,I- IU;!$)(' . .. .. 'U) .. JOI': 

Sa.!1or pilLa. ill e ... e '" F .... lo.6(oIL ....... !Iido .~ --""" e"'l ["~ll. '''''11 ill elll .... Wwm-II '" 
...... 1 

1'_. 10" . .... L ........ 2-U25 ... 1.917.""'"' 
., ... ",:1 • 10"110)1.1.9111- Ull 

JIA.} - (U!llI" - um- 61 .• 

.... ,,' , ....... ..-.. ......... tIIor t-11mO '" fit. I~t~ aM a.d t"ns. 1.)21) It ,lot .... ..... ~ "'_ 
:o..c.c_ e ... e ,,," ................. 0/ en,c' '""" I .... l . _ !. bot! w, elot I 1 1 .. ...po ..,... '" it _ 
_ ,,'"'. "' .. """" p!Ii&u ill II ........... TlM,ob ... _11ft lI ... e_ 1\ rrq .. mL 

r".. it .. .-..: ". .. UlI - Ull .. I.IOJ. ,Iiorfdon 

. . .. 1.111 _ ((It.llOlIl.I'O)l .. '.lI ~ 
It •• ' .. (111 . )(5 _ _ 1.lI',_ 61.211 

, ..... ""' """" ...,." .. , ... [ ... ' -ol ... (7.11<1, Ulll" eho .... , .. kn'ai '" mlnDl. S ..... . ..... C\'ft', elM II\IOnOf 
""",e ' -,'" 161 M"Jthlll . ... I "'011 Olbn ,,-11. elM "' .... -.L ...... u.l.1I *.tloo 10<:0,-0/"" _ ........ 
"" .. 

, · .. " ... H .. , 

IG.lO ComfNi« , ... dllcKlf,CId 011'" thm. .a«h mctho,h in IanUDJ ,"" mn""um of <IS. - x, 011 
[o.~J 

Eodo awtIIo(\ .......tal. "WO ..... "" ,,,,,- I«a_ "' .... ___ A ' .. ,.~ ... 7_'''', 1O..,u.-
• _ I, " rrq_.d.. TlM ' ·it! ,j......u .... u .. _ dIIconI, ... Pcobllna l(tn ......... ..., lice iIIaoml 
"''''''1tI:'/ u~ ,., "*"""" ",·.1 ... _ . no. iltnoc·pooeo ..... ..1 ""fdI (-. Pc~ lUI .rId elot 
........ _ •• 1Or.rdI ( .... I'T~ 10.9) rrqlliml .... w\fII'''''''-.t .. .,.Iu_ i't>9M"d) 
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10.1 1 Redo Problem 10. .. "~Iboul tin! \XNI~rial'" 1M ;nlotmll (0.3] 10. MlbullCO"Il on .. tum 1M 

'''''';1100 .. wumodaL 1>rK\i" 1M mull. 
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(o.n. IS] 0.9)7$ 1 m UIJ _cunl _ 1100 - llzt 
(I Ill. I"') 1.210 1.JIl , .. - UOJ - Ille _ OMII 
{I 125. I.JIl) lin loll' "u. - 1 171 - I.lOJ - II" 
[ I m . I.!661 " .. 102 .. 1.2oiJ - IItJ - I .:!OJ - I:!OI 
[1.1"- I.!oIJ] '''' l.llt '''' , - I'" - 1.ll"71 - UOJJ.' 
[10219. U . JI nll lEI ''''' - 1.lOHO - UOJs. - I lOll 
lUll. lEn 

h .11'fI&IftI' rn. r ... 10.' WI the ttIIdIjWond_ .... _>CTPI 10 lilt 100:IIl1li ..... _1 .. :1. 
.no! IlOl 10 tho"" ._ .... 011 [0. 1], ... , n. ""' .... III "'oIokl. 10-6. A ... ,,1.0. ~t WOOIId ....... 
omo.rtd Nod "",.pphtd lhe ~~bc ,I 0iQI." '" ""*" ........ .."."'h 10 the ~I ... ia1f.vallo. J] 
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, .. fC'IIAP 10 

If 11 ... 1.0 .. "',",at UMr COOI .... "'_,1, _, .. hI bf ... 1.0, ... " . po-.I!k }11 """'~'" ~a ~""","""'I"'" 
,,,. IoIaJ opI'm~m 1-.1 to "liNn . . ....... tho:: ",~'~h ~nll InN I<> ........ r.uc 1~ .. lnttf\AIIftII<I b< pOSo,-, 
a. ,too"" I» tho .,,""'. en '-'J. 10.1( .. , TIlt .. odp,ll"t {of ,h .......... , ... ",lor (""" ~rl'r.,." .. "_ ~"'" I, , 
.. lid obQlIICIll""" ~ I ...... 'nl<"~l I, ,.. b) riI ....... ,_ • .,f A 1"<"1, .... '" lilt 1.0 .... m''''AL kotd .... 
d.., ... "" ••• bl rr"l'<"') 1'0 ,,,,pi) ~ .. rcp, .. ,~" .. ",10, ."",. _..t~ _,~ ... " : ........... lhe 
.)m'-i',.;,oI "'"" .. "'''liN OIl n .. 1B.7'''L "lit .. AI"''' ,'" .".,.. .• ond.;..u •• 1It k>.:.I, ...... rJ \C"~"'1I pIlOn" 
'" ....J1"'IfI, .. lf tho:: ""fI ... 1 ""flul f ""'" ,11< 1<fI ..... n.I _ _ ,hlrd." 1_ ",hr· ......... _ ·,1Iard 0( t". to.7, M 
.. ", ....... 1<'11 ". ,otI.I f " to. Jr", I "WI. lo.7'''~ "","c'", .. , ..... tlw '''Ill' .lI ...w.a, ......... ,,' J'<'O'Il. 
IkfI>n, , ..... fl<JlIII U' ..was..I, , m .. >1 Iu,. IDoJ III< , .... ." h,. 10.- 1< I .... lul ..,r FI, to. ;,.h 

I "boor po1»IbilIl) "" I, , " obI;o,...., ( ..... W,., m .... ,,.t. I_ ,_ b) "' ......... ,"'" {of ~ 1'<"1_ '" 'hI> t...,.... In,<'" . .. t .... >N .... rht ... "",>40.1 rr"!'<'fl' To ,,,,pi) f ... 11"'10'1 or I(PIJ~ I • • Iud h' h,,,. 
,ho:: 10< .. c.htbncd .. f ,. 100"lti LII"" I"" 1th·IuDd "'''''' ...... 1 '" , ho ... 111 · .... l1li ... biII,orn'" <If n,. 
10-7C~1 .. tlffII .... 1nI 10 ,. ..... ~,~ " , I ,,"" I(I.·I~~ 11ooto~ .... ... 1It ,<"\Oh ,", ..w ... , ..... o(~l'I:b I"*Il 
""'" ,II .. "",II' u.:oiIJN, " , m ......... ~ II;>.J , ............ of hI- 1~11 11"'" ,Iu, of I 'I. 1(1. 'CoI' 

(,_,"",n, 'n d." .......... ,,"" """"'III, , ... k1IJlh <If I , b~ I.,. _c fi"" l\wl I. , ,_ !. I . , _ I.e 
I. ,_ So . I., ,_lI< t, ,_ 1:10 . • "" ""011 s.no.,IIt .""""".,.~,c 1"" ofll1r hb.",,",'a~"'C. 

>of "'"'c 
I , .. I, " L, _I",. '" 

lJu, , ........... 11 _~ ''''I r.. • ~ ~. TlIn<f<>rr. L, .. lhe ,,,,,,,01 m"""~L ~"" ". Iu •• rmn-~'nI !til ...... .., 
O!dnllho ........ " ,,," h~ _,.11 

1 "'"" CI. 01 PIOt""m 10 11. I , .. I " ~1Id I I • r. I ' T'-. 01 , " ... ,.. r.vtoIt ... 10 J& FI'f> 

'., 
" 

I. ' .. Ina I, ' . O~IJ(l I, '+. ', 
.0 111.01 I. , ,{\,blllOl I 1dn!, ... ~1 , ... """'", ......... , IhL 1"'".1Ilnl \ " In,. ........ p, ,,,".;a,,,,, arrr" ........ ""'" 
" ,~lo" "" ~") I"" _'I" 'n" ... ~I, ,n 1110 I "",-" ..... "- ,<. I , ~ 0.611101, ., .. "" ..... ,,," dell ... ", 
f'I .... ",,"1or II .. ,.,...... ..... ~" .. ",o;fl 

S uppl('m(,lIl a r~' Probl('ms 

11.15 I '1Id . 1I ....... I.nd JIoI'raI opI'nY k>r II" • • ' - ~,' • h ' ~ , _ 1 .... , .. I [it. JI'~IIQ.!). I. 1 [0. ,,~ 

' ' ' ' 0 hili! ~II "","01 ~1111 fIab,Il (JfII'1Q;I lor /1 \' t. " ,'II '~I III • l''''1 ~, Ol Irl " , 10) l/fllll 111 p.;om 
'~I''''' '''~ , .. 0 .. Jo;.ndlnl b\ <;1/I ",1In"~ cnoI",,~n' , 

1 .. 17 $ho" """"'I-'· - ~''' '·h ,' .......... h~ ... ~ .. "nl ":' .. "" .. ,1('11)..,,, .. ' .... '1. 00; 1 

11,11 ""' ......... "" .. ,,",, ..... h",~ /1" _ •• ~ , ' .... """"' .............. 

1 .. 19 U ... 1110 I"Il'('-r->' In,(" . ' ""~"'"1<) .P\'M'O" .... ,~ 10 ,,,,h,n < _ 0.1 1 "" ....,.~I ..... of ,"" JIoNI "''''' ............ 
to. ~11lf 1M '".1 • .-1 ..... .,( I'''''''''''' 10" l/fow """"""" '" " lilt ,n1f.uJ .. _In, =1 , 



ettAP. 10) NONUNEAII: PII:OOU toOU:-ro. SINOLE-VAII:IAI LII OPTIMIZAn ON '" 
I'" Approo; ... " 1M b:au.. of Iloo ~ _.- ... [o..J 01 Iv.) .... ' .......... ' ..... pom ..... 11 01 

tilt ",,~rined inlftVat ,.;,11 fI~ ,.. ..... _·1 ~vaI .... Uo. (lt~ 8 .. ~ poo.a"" H_ Iood io IbtI 
appOJ."""u...t 

lU I II:""'P"tl lo.If .. ldI.f"It, n...rdl. 

II.U _ ..... ... I' IfUO .. nh I fi~ ~ to -m..(Hw A IOCII 01 1M KatdI,..... ... _IUI '1M '"' ,_ 
... pI.-.I ,,.' " ,"*!I" _poo." of ,l1li ori&IMI "' .......... n. N _ 6 '" ...... Mia ... . 't' 

IUJ It ..... Prow.. 10..9 wtlh ............ _Ida. 

tloU -..soP, e't 10.3) .. 111 •••• '., __ ....... 

.. '.s, (~. -.. .. -- . -, . .. . 
• •• T. 1 



Chapter 11 

Nonlinear Programming: Multlvarlable 
Optimization without Constraints 

TIlt rf'<:OM' cha", •• "i ll 'flY )a.ply coa ... ' in a 1< ..... 1,£>100<1 of,,,. """'" of a..pter 1010 II .. 
.,. .. 01 """. ,han""" ...... bIe.. Ho....,.~'. unly lho 0 ... 10110 (10 I ~ 

~'''''''"' : _ [(.'t ) ... ·he.. " _ {-" ... ,. ,.x.]' (/11 ) 

,, ;1) be ,,,.!<d .• nd no' ,be """los '" \10._'). M,,""',.r . .... 1IaI1 .hur' .uppooo ,be ~"""""_ .. 
(II I) 10 be . ..... im .... oo'" all , .... 11> " ,II oP!>ly 10, ntWmLl.ll,_ !""'IOm iI I (X)" ",piked by - J(l(~ 
Soe Problrn>. 11.2.11d 11.J. 

LOCAL AS II C LOIIAI. ~UX I~' A 

iNjillioo.: An " II<'ahbofhood ( . .. 0) .,,,,,1Id i ... 1or "" "'aU '-"'<lf$ X <u<h ,ho t 

(X - X,' IX - Xl _(.<, - ~ ,)' ~ (" _1,)' .. +1>. - I.,' ".' 
In 1""""'ncaJ tc ............... iJllbomood 1l",,1Id .t ;. the: ,ft«riot ODd bowIdary of an ~-d" .. m_1 
<fII><n: 01 ..... 'u, < ",n, .. cd ., .t 

An oI>joc1,.. lunc:lion JlXJ tw . 1iH-8/ ..ox"''''''' i il l~ c .... " an (· ....... borhoocl atOIIod i 
""'" ,1>11, /IX) " fiX 1 lor .11 X In ,II" ,."""hbortlood "' " 'hic!o ,he fun<l;"n .. ddincd. Ir ,II< _ioa 
i • ..,., fOf .. cry pOliti"'" (no mati.,. ho ... 10". .. ' ...., [IX) II ... . ~kJbaI _.1_., :Ii 

c lt",nn:i\, I'I:crOIl ANO IIt:'~ I ,' N MAT II I X 

Tbt .",.Jit .. '"'",.. VI .""""",(11 .IIIb • IU""""'n I I <,. ' .. . <.1 h""n. ~<j' pari:ll c!<m:llh'" 
i. cI<IlD«l by 

'f. [/<f.~/ .... ~/ l' 
' " h, ,1 .. . 

Tbt ""'~""" VII i SWI,ri« ,"" ,,,,I ... <>f'1I< pod;"', . , X. Fo . ...... U d~ ..... " tr .... i ", .. """" 
d"-...",,,," .h. d""U".IGfI 0/ mUlmum Innea .. in I (X) ...... ",,,,,,ion Q( 11 .. "<d", V II ~. (S« p,o/JknI 
It ,7 I 

Lo ...... .. . . 

T1I< ......... , (t .l. 'l'. , .... r"",,_ ........... """" .000000, ill ,II< dino<tiooI '" ('l. _ ,'"- _ 'OIl' 

l'~ 



CH~P III '>i ULT1\1~ R IA R LE OPTI MI:t.AnON wrrHOUT CON~'T R~1NTS '" 
1M "",Ill;'", H, i . iJ'llt.c. III< .... h'" at III< H_" maIn, 01 X. In !'Iepara'''''' ror Th«>rem. 11..; and 
I I .~ !)do .... we sltall netd It.. Joll.,..ln" 

fh/Utiri",, : An "~" symmetrlo maln, A lone .!>Cb lhal ~ _ A') 10 N:Q<JliCl<' ikfi"'" l"'9oli", 
"'.,;../'fi~i,,>;f X'AX IS .,.p"" ("'mpOll;r;.~) lor e,~ry ....dimen'lOnll veclor X .... 

' ''''''0''' 11.1: , .... A _ (." J be an n ~ ".yrnme<ric m,,,rl<. 1M define It.. delermnu.nu 

,I , . ~I '" 
'" '''1 ' " 

'" 
'" 
'" 

"1 ,. , 
,,;, ,1 , _ ' ~ I )" ' <k\ A 

Thc:n A .. nopl ;" < definllc i' ~M onl)' if ,I I' ,I , • ••• • ,1 , are a ll neplive; A " """live 
.. mi-deroni1e il" IId ont~ if A ,. A ,. .. . A, V < II) ..... 1I ..... "ve Ind ,lie ....... ainin~ .. I'> 
.,. all _0, 

E,o_pIo 11.2 F .. Iht rio ........ 0/ I;'umpl< II I. 

It FS IlLTS FIt OM CA LCUI.US 

• 
-" 
- ,~ 

TIl $lUll 11.2: II f lXI i< WOI;n""", on , dooed and boultded '"Ilion. lhen f {X ) has a alob,) mui",,,m 
(alld also I "0""1 minimum ) on Ih., ~n. 

·n_.,.m 1 U : II f IX) hIS • 1"",,1 maoim"'" (0' I I~I minimum) a ' X' . 1Id if Vf e".u oQ wmc= 
<' '''''lhlKlrlo<>Od .,,,,,nd X'. lhen vJ\ , • • 0, 

'1""-.... 11.4: 11 f l X) ho. oecond pani.J den •• ci,,,,, on on """'ahborlKlOd around X'., nd if \' f l •• _ 8 
. nd H ) I~. is nc,"". deft"" .. IhCII I(X) hi! , Iocol muimum" X' . 

II 1oIIo~ .. rrom Theo ...... I U and I U lhal a ronlinuo .. I( X) a .. wmes j" rJobal ma.imum ./lIOnJ 
lhow pom" at ,.'hid, V I doe. nol ui<1 0 ' o.monl t"""" pOin" at which VI" 0 ,"Qllo"""1 pt>i" 's}-uNm 
lhe 'unct;"" ao' Ym<I e"en lalge' val..,. IS X' X _ ox, . In lhe laue, ca ... no I laml muilllum e,j .... (See 
P,uI.*m 11. 1.) 

An:.J,liaJ ""Iuli ..... booed Oft <l leul .. . r< .,'en h ...... to obI.in lor mullh' .. ,i.ble progra"" than 
for 1in .... ·V3ri:rblc p"'JfDm .. and "". once I!. in. nwneri<:.ol ""'I !>odS are usod to appro,imlt< l to..:all 
m .. 1ma 10 wn hin p'<'l<1ibed 1<>Ier~1Itn 

TIn; ~n:TIIOD OF ST~r.P i;ST ASCFJ\T 

C~oo.e In In,,"1 "«'0, X .. m. kin& \IlC of any prio, inJ'QI'ma,io_ .boLo, "tI«. ,be ..... red iJobol 
...... 'mum mi,ht he lound Then de1ermi ... V<C1,1r> X I' X,. X,. ' .. by lhe jlcnli<e relaljOfl 

X", _ X. + J: \'(j • • (lUI 

He", 1, 1'1 • p<»llnc oc:oia, .. 'b il:h ..... >1m""" j(X, + 1 V fl •. ): Ihis ~ "ile-, .. riablc pro" .. m .. ""h'ed by 
lbe mel1>od!. 01' Chaple' 10. II is llesl 'f 1: ""PfC'iC1l1i .. I!lotW mUlmum; 110 ... "",. a loa! malimwn 
" ill do. Tho: ;' cr.u i¥< p_ lerminal" ;r and _ lhe d,~ bet .. orn ,he " .1"", or thl: n*"tl¥< 
f"" <lion" 1 .. '0 ....,.,..,i •• X·.'«'on i. JmlIller ' han' J'l'*ribcd loItnn<>;. TIle laot.comp<ttod X"O::IO< 
IM>comc> III< hal "1'1'",_"wulion to X·. (s..: I'lObI< .... 11.4.nd 11 .' .1 



,. 
M ULTIY~ M'AB1.f QI'rlM IlAT10N WrTliOIIf CONSTaMNT$ [ellAI'II 

c::t>oo;..., an ,n'I1.1 ''<CIOt. a. in {/Ie """hod 01 .... pc:<1 asccDl. V ..... N "' ,. X .. :t,. _ .h<f1 .... 
dc1.....,ntd ;tcnll ... ly by 

(I J.J) 

Tho: ""ppine ,We oJ lhe .. "", IS lor ,I>< mclhood 01 OICCI'<"! ..... nL (s... rr""l01l~ II .S ood 11 .9.) 
Tbc N~·IOJI-RaIl'I .. "" .... 'bod ";11 COOl'''''' to a 1oca11l\"I/I'I~m if II, it ..... "vc cWiRitc ""_ 

.·...,&bborflood ."",nd ,he muimum and if X~ Iic:I In l/lal ,."';&hborllood 

II ..... '~ I: 11 11, d ..... u .. dotlnl«. lIi' <""Ii and" n<JI'''''' dclin"._ 
If X . .. "'" """""' ~Ir. lbe mt1bod .... r ""M~IIC to • local ... ..-.. ' .. 100< Pr<lblon 11 I(JI Or it 
""'1 nol =""'10 ., all (..., P,obIo:m 11.9). In ri,bc,.,.,., II>< ;,on,i." pr __ • io term' ... , ... _1Id 
tile" lie ... " a ..... ";,h. lie,,", ,N".I .pp'o. i .... ,i"". 

TI lE .' LL"TCIII: I _I"OW£Ll, ~IL"I IOI) 

Thi. ",."bod, an CI'~I.'1<'fI ollOfl,h ... " b<,un bJ d\oOIi", an ;""",1 _ X and I'fft<'ribul •• 
,01<",...,. co.nd by ~1I,al .n n ....... ,ri. G cq ... I 'o ,he """my mlln •. ~h I a .... G .,. con,,1tII&II)' 
"1"1>'''' unlil ","',.,,,,,,. ... 11. ... 0( , he ~ .. c f.not ..... dilkr b)' .... ,bon .. __ pon ,lie loll .. I ... 
of :i: .. Ill ..... X· 

sn;,. I 

S1"£1' 1 

STfiP J 
STEP ~ 

57'f./' j 
sn;P6 

En'""IC ~ _ fli ) ... ~ H _ V/l i 
D<t<rmllIC;," >UdI.b. /11. + !.GI ) .. m .. imu.:d ,.·MIo l _ ;.' , Sel l) _ I.'CII. 

0..;",0" i ... I) .,.ho ~pd;o.Nl val ... nf X 
C~I.,II _ /I X)lonho upja, •• h ol...snf i . 1I ~ - ~ < .. ,."oSwp5:ifnoqo 'oS1ep6. 
SeI X' _ X. fIX·, - ,. and "lIP-

E ... I .... '. C _ Vfh. lor ,ho updo,Nl....,,'" i. ond .. \. _ 11 _ C. 

STep 1 Cokw.,. , ho" ~ "m",,,,,,,, 

c_( , )00' O f , . 

STep ~_ nc.'J11OW G ... L ... M ., lho Updaled .... hll: 01 G . xl • eq ..... 10 lbe ... , ..... , ....... "". I 
eq .... 1 10 I .... OUrTClli ..... '" C. and ""1U1I 10 Slep l. 

Hoon....rr..:\'rs· PATIUN S~IICH 

Th" ","hod ... dlm:t·"",,,,h ol,,,,ubm ' .... , .. Iili .... .... pIor".""), _~ " 'hlth <ktemunc ... 
• pproprial. ~,""'io ... and ""'"ft ..,. ...... hlth _rot. 11>< .... rth. Tho """hod '. 1>0:1"" by .hoooI~1 
~n Inl,,~1 ''0<:101. II _ [~,.b, ... .. b.l' .• nd II.p Jile. It. 

ST£P' £. ... ".-.1"'1 mo . .. around /I on: m.><k I»' pn'",IIi.1 ''''' component. 01 11. ;" ,",,_I»' 
± ~ un;,", II oi!b<, I"'n~"""ioII m.p<O_ (t ... ,1'I<tU ... j ''''' ....... ".. ''''' Db;':';" 'u""';"" 
"")'<>I'd ''''' <urn,," .·.1 .... l ho ;";u:rJ .'111 ... ""'''I fiB). lho J'Cf' .. ,ba1 ....... of ,,-, com...-, 
Il "'''',ned. 01"""'''' ,he ongi .... 1 ...... of ,he """,,")nU' u ~<JIl- Alia " a<;b <Ompo"'.U Imt 
bem teo .... ;" IUra. lhe ,....)lm. V«1o, .. dmoI<d by C. If C _ II. JO to SI.,! olhe",;' 
I" '0 SlOp 1. 

sn;p } I II ''''' 10<:0,,,,,, of ,he mall",.m '0 "';lbu. a , ....... _ of ~ !!it"'" ~ .. ~.-l and SIC'p 1 
....... ,td, '" , ...... arch", '.,m, ... ,«1 .. ilh X' _ II. 

STEP J Make a patt<rn IDOl.'" a w"'p'r>.'Y """0' T _ l C _ It [T .. ruoh<d by ""'''''I f, .... II 
'0 C and """'i""IlI, for.n "'I ..... (fu,.on hi '''''IOn>< d,m,,,,,,,., 



CHAP Itl 

Copyrlght.d Mat.na' 

MUlTIVAl lAlLE OPTI MIZATION Yl'ITIlOlTt COSSTUll'o'TS '" 
STH,. 4 ~lIb Uplonilor)' "",.u around T Slllllbr to lbe aGeS alOllnd 8 descnbed ID SCfP I. Call 

tbe n:wlt"', "relal' S. Ir S _ T. CO 10 Step 5. OCMtwIlC 10 to SCep 6. 

STH,. J : Sct 8 _ C and Iftllm to SCep I. 

SrEP6: Sct B _C.C_S,.ndMllmtoSCcp) 

A MOI> ... IEI> PATIERN SEARO I 

Hoole.Jen.es· pllltt!! ~rdI I-.nlltcs..-hta 110 pntllrbl.tioft 01&11)' __ f"OMIIt 01 B luGs to 
IIIlIIIpnI'mICIII III the ot,en..~ fWlC1IOft. C)ccp--a, Ih" tamination IS pmIIIItlll'C, in that pt11l11b1.tiocIt 
oIt..-'o Of more oIlbr componmU ,,"'lIh._d, lBIyind to III imprc»unoonl in tho~" 1\1lII0II0Il 
Su!llIh._ pt11\1tNlions Cln be indulkd in !he method b)' modil}in, Slep 2 as follows: 
STEP}' Cond[l(l &II ullaulti" tearcb ~r the wrfaol oIlhe hYPl'rNbe ocnlcrcd II B by COIItidmn • 

• U poMibk prllurblltions 0I1hc: componmll 01 It by U limit.. ... hir", k _ - 1.0. 1. For a 
I'«'IOf 01 " compoac:nll, there an l" - I prr1\1tbf,tions tn "",ru:iockr. A, _ ti an .... pro~_, it rulucd. ICllllilUllC !he uhlu.Mi .. fCarch. let lhe IIIIprOYed '«lor fqllll 10 
EI. aDd ",,11111 10 Sttp l. II DO .... prOVo:rrotllt it tc.IllZed. B IIlbr Ioaolioa ollho 1ft&1irnllm to 
witiml a IOimIIIC'C 01 .. Either II it rcdUlled Ind SCrp I lqIQtal Of lhe ICU'dI itt lalIIilUllCd 
.,111 X' _ B. 

CH O let Of' AN INITIAL APPROXIMAn ON 

Each ~lIlI'II:ml method 'Will with I fili i lpp'oJimll ,ion 10 Ibf dc.i1C'd IIobIT "'Ulmllm. AI limes. 
IUCh .11 app'01imalioo Is IppIIRllt from ph)'liall Of FOIllttric:al uprctt 01 1M problem. (Sec Problem 
11.12..) I .. other C&tc$, a t'I.AdoaI IIlIlIIbn ICIltBIOf it mod 10 proriOc d,1kmI1 vatua lOr X. Then I(X) 
iteakulalN J«cadI BII6oml)' chotn X. aDd tbal X ..-'hid! yWIcb ,he be$1 vatlle oltlll ot;rctm: III~ 
• u.k .... as lbe Initial IP\'II'O.o.imaIioll. E"=I tIioif rudonI ..... pIa ... proecd"rc IfIIpIietr 18 """aI pea of 
,be Ioao.- oltbc IllUllllllm. III lbat lbe n..ndom IIwnbel1 milt! be IIOImIIiad 10 as 10 lie ill 10IIII( fiJed 
in.cnU (Sec Prllblaa I I .... ) 

CONCAVE '""UNCTIONS 

llwre it DO .... '.1I1ft tbat • lIumcrui method ""U lll1OOVC:f I cIob&I "'lIJimll .... It ma, coa"flJC 
10 merd)' aloaol muim"m Of . ... one)'fl. ma, IlOl COIIVUJIe II aU. E.u>rpliotu indtldc P'0IfI1ftS ban.., 
COIICIVC: objeniwoe i'lIoaioGJ,. 

A [,,lII0I_ I(X) It _..t 011 • COlI". R,;oa lit (1ft Chapter 2) if" lOt a .. )' 1_ '«loti X. aacI Xl 
ill •• 1Id IOf all O.s 1I.s I. 

(11.1) 

[comparc (10.1)). A lulllOlioa iI ~_ 011 ill if' aad onI)' if' iU "" .. tive: it COIIYe.\ 011 lit. Tbc COIlVCJ 
rcPon M till, be futile: Of infinile. 

nc ... tlII 11.5: If ICX) bal ICCOnd paniaI drriViliva 011 lit. IMII I (X) Is conca" 011 !it it aad 041)' it 
its Hcm...a 1Il.lIm H, i$ tlCJllli\Ie tnIli.odlni\e rot all X III !It. 

nn,..n 11.6: If fI X) It _woe OG /I, ttw. 18)' IoaoIlIIolJiIII_ 011 /I ... p:.o..I m.uimllm oe JJt. 

n.c..: 'wo ,bcon:: .... impl)' ''''t, if" H, illlCpti" tolna dcfllllte "CI)..-MI'(. tbra .a), IocI.I IIWJlllurn 
)'irirh a toIulion to ptOJIlIm (11.1). If HI is tICJIIlnll cldlnik Cnl) II here. IbnI/(X) " Jlrltllr t-.. 
(C"'l""Mrc). aDd lhe toilinG!! 10 Pfl'IIIIII (11.1).1111"1_ 



II. MULTIVA RI,,8 LE OPTI MIl'.-\TI01\ WITIIOUT C'OSSTRAISTS [CHAP I I 

Soh-cd Problems 

11 .1 MUIITl~; :" ~ I( '~l- II+ ... ~~J - )), 

II .... It-, •. ' ,.. '.1" ',I." - 11 • . ,,1.1-)~ TIll' piOdoml ,_. \'/_ [' I _ I. I " ).1 - )]'. ul<l, 

"<1,"""" ~~ Il .. h:> on', AI 

X, .. (0. I . I)' .... X,,, [0.1 , -I)' 

w ..... c '(X, '" -1 all<! /1 "- ,."::' 8", /( . ,. ' " ',I 1'0< w •• ~,boIT~nl, La.,. .' " (10< .....-1 ~ 
to; """"" DO lIoN! ...... 111 ..... '''''''l, TIl< ,..,.." X, II _ " ... ,"" <I\< 01 . 100-.01 ..... ""'IIID; ,.,IIn. ~ 10. 
,."uv".. . .. II X, 

11.2 M,nimile! :-t"I_,S)I.,.t 'fl- ~)'+10 

M~It'fllI"" Ihn ot,.cu •• fwonKIII by - I, '" obulll ,he "'I\II.~1m1 ......... 11.'_ prorr_ 

...... UII"" : _ _ (., _ ,H'_t.,_~r_ l0 

"'" .. Iur/I \ ' : .. - l(" - " s. '. - .)' n ... , ......... 10 wDJlc ",to"""", pwli. " .. , s. " .. " al .. Iu<:h 
: .. _ 10. s_, ., .r - .0'1- x. : be..." ... , ~,bO!r.rilr ...wl <O<n«!"",,1t, . : " .. _ 10 II tho JI<>b.oI 
ma.om ....... IId:" .. ... 10 ;' ,be potNIl """'"' ..... for , ... .".... .... , "',"'''',,,.,''''' pr".,.' '''' no. """'m~ ...... 
III <'OIIf~. ~bo ..... mod .... : .. , S " :!.ll61. '; ... " J I ~ I' 

t 1.3 M ,nlma«. : .. son .11,.1, - COl ,.f, - t,l 

Mwupl) ,a, 1M obf«un IwllCOlOa by _ I . .. " Dbl..ua the "I""""'" ...... I"""~I"'" ... ..". ..... 

..... -. : __ JOft • • , , *coo.o • • , ' 

line 110, . • ". - "" '.', - _I. •• - ., ,1 ~~ 

- ~, _ " "'- ". (" - " I - II 
- 'I _.""~ "' ('. - _,1_" '" 

".'''''''III'~' "oM_ t(J .)'1In'II/J .... - he obI.I ...... '1frlM~ICOU) . ,I .. pi>Ulbit ' 0) 8~ a pom ... 
WIIy,lOa w, wIIIca ,." ,he 1'f"'Xft' "''''' ...... at..m ... 6", of .n IhiL r ... ~a 'I ~IIOI • ,. 

l/h •• • ,~s:1>o •• ", *ko>, \.- .,.SI*I-~ 

tina. II ..... 'IOloOU')' fI<>UII C<oa he ro.. .... ~I .. Il00:10 I" I. ',I _ ::. '!wI p>la' " ................ ) ,he .,It of ~ 
p.bitI ........... w .... Now. II .. cI .... 'hI, ( /j.~. be ... ".tiN d ..... • , . , ....... Ift I I , _ "I .. p.oulC'l) ..... h.,.,... of 

.• , " "(l.~)& ... " .,,,~~ 

.. lin. l.~ ~ ..... , ..... Tf)"'I t .. I a~ II .. 0. .. , ~nd ,Iu, 

(j" ") " I l '.J ! .. _ .... ~_ ..... O .. ~ 

a~ ow . .... tII ft o.n The oripIIII '''' ......... ;''I00I ",opa ... Ihm 11.0.. ,he "",,wuo,, : ' .. _ ::. .,wned ., 
.t ... J- " b llud dw"~1 



CUAP II] toI ULTIVAIIAIILI! OPTIMllAno~ ..... mlOVT CQSSn.AI l'tT$ 'I' 

II" U-c the mc1110d 01 "1IC:pQ1 _I 10 

" 
'. 
• 

IIII1l;mU!l" : .. (!f , - JS)' ... (!f, - .)' ... 10 

.. ......., :- - I.,-J'j'l - to. - o)' - IO ,n 
..., mt"'" • ot&rUq fll'0It ...... ~hOL ... htCh .. ., obwn by • rlodom .... pIi'" d tho otr;ca.~ i'IInc:tMa 
_ lho ...... - 10 ~ .• , .... $ 10. nc ...... poi,ou Mel _ ..... 1 '.4 ... , .... .,., 1l1000. ill lile IUIc 
~ n. .. .- loftUJ II _~ _ .... "' .. (09J,1.I9I]' . ... Itid! .... tale ...... utklaI 
appo. __ .. X ' n..,..... oI'.~~ "" ,........(/). 

_Lm --." . U., .'" 
-"". -.- _ U!-l ,~ 

" _ [-2(" -,",Sl] 
_ !(Jr. _ .) 

"" ~" 

"" _uu 
~ _un _Ult 

-, .. _ UI ' ". 
- 1 .. ,11 _ '''l -to,. -.~ -~ _ :1". _l lLl - 1061,) _ IIU 

,." ..... ' 
• '" _['''''] •• [_It'''''_ '/Jl]_['-''J _U1U] I&. .il9I - 1(1.191 _ _ , U91 _ ",.99, 

f ( + 1 " /1 &. )'" -(091_ I.nu -.,fi)' - (S"'I _ UW1 - .)' _ 10 

... -IOILl,{' . 106.)1-:1'-'* 

_L'" 
_o.m., 
-..... 

Uti .. IIIe ..... 'uaoI_tbodo dati " J oa~ ...... 10, .... Jcta.iM 1""'1 W. ", • .,_011_ rut '(JIoIoaI) 
...... Int"'" ., 11 .. o.s.. Tho. 

["'" -'".<0] [W'] X, _ X.· """/I&._ utl-S-4ft(O.S) .. 3.14: 

";tIt fiX,) .. _ 10.00. Si_ llor ddltiO,,", hot_ fOY" -l6.JI Mel 1(11.,1- - 10.00 io "I ."' .... _ 
_ .in .. h ..... ;.,.. 

X, . n Ih, -[!.I~]. {-_~-_~)}.[~~:=:] 
fiX, .1 " It .. ,)" - tUl6. 0.1:0)1' -.,fiy - (3.142 - o.OOOU .. ot' - 10 

.. _(ooo.a' _ UW + 100110" 

u-" ...... JUQI_t) .,,1 ibcdlltClt.tf*i'lo, ...... tloM ... r..:-d' .... (pobaI)_, i-_ 
111t-U909 Ttl.., 

X,,, X, .1:V/( .,-[~:=n .. [~:~] 
Si",", X, .. X,t .. Iowoipibtol tit .... ), "*'"91 X' - (UJ6, .I..I .1]', ...,~" _ _ 10.00. ... ho ...... ~ 
10 ~ tH TlIIC ...... _ .. the....... rI,_ proar .. io lion X' _(1.2)6.11 41)'. wrlil 
: . .. .. IQ.OO, O-ptt~ ..... _ii' •• """"" otol.l;. ,d iot " " II~ 



'" .... ULTIVAIII ... l lE OPTI MIZA"nON WITHOUT C'ONSTIlAINTS 

mullDllC : .. - "':01" + cot (.0', -Jr,) 

IIiJ • .,tfuD I lokflllKC 0/' 0.0s. 

'''" ' I [_"COlo ' ,'I - "' (" - ,,)] - - """"" " '~"( " - ") 

(CHAI' II 

f ...... ....s- .. -1m .. ,do '" tIoo ...... - I S ' t. " S ' •• JfI 
/1 -lUllS. 

_[ _Ol S4,(UJOJ)'. "' ... 

nn. ;,w ___ 

'n _ [mOJJOl _ [( - O,JS43)(O.SJCUlJ - _(_D 7~ - 05)0)1] _ [ UfII] 
~ o.lSot'_U _ o.1S4t)tO .. HOJI]· ... ( - (I,1S(S - IU,JO)J - o,:...! 

.~. _.I, "II .. . [mO.1S4t].,[ 0.711]_ [_0.7 5-11 .. om "] 
OJ.IOJ - 0 ~J D.nO) - 0.101) .1 

/IX • • .I \'/I~ - - o. (l - 1I.1S4t ... om t.l MOJlOJ - o..""Jl.ll 

.. _H - o.lS41 .. 0..7111) - tUJOJ - o_~mJ 

... - _1_ 0.0100) .. 0 ,,")1 - 0-12"1', .. COJ t - 1:Ij • OlJJ..IJ ) 

Ut.oq Ik ........... -.u 010 (0.')' ... ~ ~ til .. '-- or ~ bo ~ ... _ at ... .. I 7 - '.- .. .l4 " /I _ [_OoIS'S ... 0' 1111111]_ [ .... "] 
(UJOJ - 1U6(~ I 7, 008099 

SKMJiu. -" 

' I _ [-0._"_ [(O.OoIt07)(O.OIIO" IJ - _IO~OJ -0.010 9'11] 
I. . -~OJ_ [fClOol6 OT1(o.oIO"t'] • _100..601 _ 0.*911) 

-[-...... ] 
_ 0010,. 

,. _ J. "I' _ [0(W60J -~OU] 
, " 1UlIO'19 - ooeo9U 

I (X , .. .I, VII, ,'. -_ (10)>160.7 - O,OoI6ot.l]Co.OI099 - OOlO"m 

• _(fCU)I607 - O.~OI.II _IO_'" - o.<*I""'J 
.. - ... 10.(0) 1)1 - o.OOJ "Il,U • OJ)OJ7JU ' )· aJoIl - OO).l'l • 0.0).1«1.1.1 

V .... • 1w ....... ·_.w.doOll (0.1)."" dtwnN .... 11.0 •• b" 'urw;t_ 0I,....,~ .... , ....... .o. ~i • 1 TIl..,. 

)I; _ )I; ~ J'\'n _[o.I)6(lOJ - o.0&601(O] _[_] 
, , , , . , 1l0lMl'N - 0.0Ii0~ 1) 0JXl00 

.... b /()(. ,I_ 1.000. s..a 
/1.11: ,) -/. )1; ,1 .. 1000 - O'Mn .. Ooo.U < nos 

... toh )l; ' .. X, .... : ' .. UO), 

1 U I • • he mUlmum found III Problem 11,j. aJobt! _"mum' 



(;HM' 'II M\.a.ll l 'AMI AhLE ()I'1IMI1.Al'IOr-: WITIIOUT roNIT~AIr-:TS 

1' .. ,II< ""jecoi .. 1.""1><'" II',. <,I _ - .... ,', ~ """ I ' , - ~,~ lilt II .......... ,,;' io ..,. _,i .. 
"""..om .. ,. "~'l"~ 1"-' 

,"f " .. ,. " ... " •• - .... 1'. - ") 
" 

0IId ,I>< nJII'· ... "" _ ;, pooiu ... (Ot >, _ ~, _ .' ,. t no .. f (~, .• ,) to _ """"' ...... ~ry ... lI<'f<. a .... Ih< 
q""'"", mnoUIS <>pm. R~ .o I'n>bkm 11.1, o. __ 'Oa' , .. ...,.,., "' ......... ..,,,,,ar ;': ' _ 1. '" 
tOo, , " _ I ,OOOm~" II< ""I) • local .... . ... "'" 

1 1.1 I>.:ri ... 11", method '" "~I 00«II', 

r", . ny Ii...r ...".~ .~ ,<WI •• y .,,' ","or U. tk JI .... __ J";,.uu ... 

t\fl ~ l. " f t ·U 

J<_ ,I\< c . .. " <!\JId" off, ~ ).' i 'n ,10< ~''''' '''" of U Sine< 

\ 'f' U -1\'fIlUI "'" ~ - IV J 1_ ~ 

,1I<.mo',,' 1 ... ,.-- in fi X,,,,,,,,,, . .... , _ 0. i.e • • ·hm U .. . n 'M ..... ......... m.' 'Vf "Th<rri<>f<. oar 
( ..... n' ..... w.<""" I""" S: 'n 'be Ji....,Oon of ~ fl , .. iD. ;ni'i.on) . ......... 11,. ruod"," .,.... f(~ 1 •• r:op;dl) 
.. j'>O<IObio. Tnt • ..:\0< .I 'V 11 . ......... " • d" 1" '0"" of ..... k ..... TI .. "'" ...... of ~ ~ ,II< _ 11.,,, 
"..,,'""'" h i + .. f II~ ~ ,10< .01 ... of , .. f",""ion .rk, tM d .. plw ,",to' 

11.8 UK ,he N,,,'to.· R' r/I"'n _,I>od '''' 
", .. i",,~ :_ I"~ i s)' I~ , - ~l' - IO 

H, wi,h." a toler.nce '" o.os. 
r""" P,obkm I U 0" ... . . ,1>< ",,,,"I .P!""~'''''';'''' X, _ (6$1, 1>i'11)', witJo !ilt.l- - J./iJ" Tbo: 

~nl •. ~. ''''''''Oft .... 'n .. ami 'n'~"" H ................ J.,>, ,1m """", ... ronco;"" ~ "'1>«1""'" 
,,_[-lh, -J!)) 

-~" - ') . 

f II .. -" [ - ~~.""J - .;!)1- [ _ 1111] 
- .!t!.I!ll _ 'I _,..<101 

X, _ X. (11, 1 ... )' " f l, _ 

[""1 r-'" • 1-''") [""I • UIII - 0 _ lLI -s,oo;,. - l l U . 

~ "~ /IX ,. __ lllro. Si_ 

I(X , ' - I\X.) ~ 10(1) I " .S8I _ l.J.I ,. om; 

VII, .• [-l(2.ll6 -';;11_ [-00001] 
_ :1014:1 _ " (UIfI)I 

It , _ X, _(Ii,I , . , ' VII., 

_ [~;~] _ [-:s -:Jt:':~J-[~~] 



·\ I U L II\"AR IA~l( O I'TI!>I I.!AllO'l .... mlOll l OOSSrUrSTS (UI", 1 1 

. ,", 1< X ,1- ,0000.!I;"", f,X,J I\~ ,I _ G • 0.0.. _ .... , X- _ '" ' _ {l.I.IO. , .-4l1' • • ,,~ " _ 
f ,\ ,I · ~ JO.oo 

11.9 l)", ,I>< N<."OCI. R.rh_ ...... ooo '" 
.... IIm""" : _~'"""'.""'(" ~ ' II 

'" ~"h'n ~ "'''ro.nco: 0( o.OS. 
110< ... _ '''''''f.-.I II ..... ~ ".."i. roo ,l<. """",,~ 1'''''00II If< 

\'1 .. [~., "'" ~,x, ~ ... r., ~ ")1 
- ',""'.',+.''' , .,) 

-..,. ','J - "" "" . , AI ~ ~ .. . ~ .... ,.,-""".,- .. , 

1( , .. x.· 111,.1 ... .. ' V() ... 

_ [-o.lj.OSj _ [ ". 
(Uj()} _ 11.) , 

-'llil ~.'lI J] _ [- IIl.lr I ] un_ _ \ll6oIJ o .• ~ 

". 1 D II 

," 

(Jt>oco.'. ,lo,o, ;I , ~ __ " , x .. . hdo ... g<><. L,*, ,II< n .. .rn.o.' "' ....... _ """...,rio, I. ,tu. ...... 
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,nc N,"I<>n·lIaph""" """hod (C""pl" , I I 10 "Pllfo~,ma!e ltl< -riJ/ll- exln:mum 01 L(:t. ~ ,bal to. ,be 
om ,h., «>rnspOfI<.b to lhe opt 'ma! dUll"" 01 (11, n The " .. ~,; •• form ula "Pfllicabl ....... if, 

(n",) 

,s.. I',o bicm ID. I 
Tb .. "pp",,,,,h ~ of b"tll,.,J .. ,'"" bc<:au><, as on ('''h.plor II. II il "e,y dHlk"" 10 «lermin. ad 

ade<tua,. ~ ~"r ~o ,,,,,,,,,«I ZO' ,I>< Nn.,,,,,_II'ph,,,,,, m<' ho>d may d",<"t~'" may ,,,oYet!\< '0 , lor: 
- .. """, - . "'emum oIIAZ ~ II i. also polo<ihle ( .... Problem. I:U , nod 1 L4 ) for I,," m'lbod In ronv.r~ 
• .-hen no opllm.1 "" ... ,;"" . , ,,",, 

• 
lnuimOlC ' ! - /I X) - r p,~.'(JC) (IV) ,. , 



MULTIVAJl IABl£ Opn~U2.ATlON "''lT1t CONsnAI~S (CItAP I~ 

,"'II< .. p, > 0 ,,'" """.tall" (."U to br <"-,,, calk<J ",..,n'1 ~"". The """,rioll to PfOIII¥m (11.1) U 
,ho wI~'"," ' 0 ",ovam (1].1) .. !KIt m1t MAX) - 0, rill" iliac _1I11n III' lhe ", lhc Mllattion 10 (12.7) 
",II hue cao:h ffA.Ii: ) ..... .... , 10 ovood " dl'el" oIka. on ,ho obtta, .. '""""0" fro", 'M Ie ..... P<I,;'(ll~ 
.nd •• eaocb p, _ ..... oaclt ~,(X) _ O. Is." Problem 126,) 

'n pra<1k:e, 'h" Pl'OOO" anllOl be """"",p/,.t.:d .naI)1""'U~ •• <q>t ,n ",re a .... I ... <ad. pn>tnm 
(I] 1) ;. "",>'Cd "'p<A,cdly by tho m<>d,fiod poll •• n _,oh deoaibod '" Chopk. II , _b Ii"", ..-ill. <itlt<' 
• nevi "" of '''''''''''''''' prn;aI't •· ... btl 0" t\e< .... "<d >l<P 1iK. ~h pa" .. " .... "'h .. ,,' M .p«:Ifiod .... 
0/ "" ... 1,,. ".IIh" Ind .. r;i..m "<1'''''' '' one ph . .. aI """ 001"",," "'tKTtlu .... Tb< ..,.",'" '·""Of /or • P"I'''."'''' pita .... ,It.< 6",,1 "Mor f,,,,,, ,he ph ... ,mmod .. ,.ly prtOe<i,nl'L "" ... lty .. ·elJ/tll /or """ 
fi .. , pM ....... mo.." ..... IL ofI<rt I I~ _ o.O:!. ,he fin< "'r WOO ...... llIy i. ,at ... as t. 

CO""".....,. of 'hI< p<>emu", I< ""..",«l b)' ,lot ,a, ... , .. hidt ,It.< pen:l.ky wrilhu. on: ,n<ra«d 
ond , It< "<1' .. ,.. .. tk<: .... JC<lIl«:wo ... .,~inl lbo>e "" ...... more • l1\li, .... 0( a" "'an III' .. ,"'ICC. 
(So< 1',obI<m 12.71 

To ..,1,'0 pt"0IJlUIl (llJ). 6 .... ", ... me ,he """""I'''''''y cond".,I1 ••• - ~ ,;S;o. - o,So. 
.' ' . -x. :s 0. '" tllat ,he con<!n'o ..... i. "'.,. ~ ,n<q .... ~,y "'lu'''''''''''' eacIt .. "h. t... ,ltan or ""..ais 
"IB< N • • I add .bd ,,,n.o.bIn .!. , .• ;. ~ _ . .-J •• _. «'J'rttnc-ty. ' 0 tit< Idt·ltand >«l<l 01'1"" """i"·.U~ 
,It<reby roft,...."n •• """ ""'Iualit)' in'., .n ""ua"'y. H.,.. lit< Jla<k ",,,,,,1>1<0 I r< oddcd ..... UU<d 1< ..... 
10 .uallln'" 1""" """ ..... t"'11. n.... "'"" ,It< Lavon" ... rw"<U<),, . . ., 

L _ j(XI _ r .l,UrA XI '" .;.,) - r .. r - ~, ... . :.,] (IlA) ,-, .-_., 

" ., (J. I.!. . ~ .... I (U.,) 
~~, 

'" " 
., ii - I.!. . " • "I \11./0) 

-<, <1: 0 Ii - I.!. ."''''') OJ II) 

F.qu"ioru '11.9) ,hrnu,h (/J.//) <""",,",. tl>< /(.1".· T .... h,. ........ " ..... roo- .....,..-.m I 'l.]) Of (ll.J~ 
Tb< fi", , ... ",...., (11.9) ond (U /O ~ ,_ d;rutly rr"", La,,..,, .. mwit,pIic, lh«<r; .... (Illl)" 
k"""'Q.' ,I>< " .... "" ... "",,~Jit'QJ;"'" A ..... "J ,he lOIut;o,.. '0 ,It< ", .""_TlId<f _It ........ ill ~ ,ho 
ooIu'''''' '" pr"l""m (I] JI ,I f< X) und .",,11 ,AX) b .. uOfttin""". fin, ""n;at "'n"I;~ is<< P,oItIM' 
1!.10.) 

Mt.T IIO I) 0.' n :.o.s' RU: I)lIn:C11U .... S 

T11l~ ~ a fi'~ep :tIaorilhm 10. JOI\lIllI'fOJr;lm (1M), The mctbod I • • PJ'lIICIbk: ooIy . 'hen lilt 
f""'bIt <qJ<Hl b, .. . n iftW'IOt. and 'I><n i, ... iII C<><t'~ ' 0 .he ,Iobol muunum O<IIy if ,he ;",,;'1 
.pptoo' .... "on i. - .... t- the "".,"'" (_ Probkm. l2.lll"" 1l.l4~ Tb< k ... bI< ~ 111m bo .. 110 
,n'",ot iI'IIIO 0/ ,he ill«{Wlh'~ ...... "" 'n .. 1\&", .ri .... " .... the """" ......... of on «1""'1 co ........ ' 
I_ J' toblcm nll~ 

s r"I' I Oo'.no'lI< ... i",,".l rr ... ibl< "pptoAim,",," to the ... I",ion. desip"" II R. 
ST,.I' I Sol •• tit< 101 ...... ,n, hnu. prop.m fOf' ,hot ",,,"bIn J,. J~ . .. . iI,. ,_ 



IoI UlT1\'ARIAlilf. Ol'l,,,,IZATfON WITII CONSTRAINTS 
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I,. , .so , 

"'I ""I "'I ' J,. d,+ ··· ... d ... ~,I •• ,.so «, . ~~ , . ,t, . 
(1!.J1) 
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STEP 1. 
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If " •• , .. O. ,iI<n X· .. II: if not. 1" '''' Sl<p ~ 

Set I) .. (d ,. J, • .. .• ".l'. o.tmnlllt , ""nneg;oti ... >alll< fix i. '"\at ........ imiJ:es liB .. ;.D ) 
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m'",m,,,,: : ... t, • X," X, 
"'*'" ,u: .~: .. x, .. 1 
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""'. ;"" , .. ,; .: - .. n 1.>;, .', ; • ,) •, ....... I.", tu...-. ,,,, -',.'I T',', -
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CH~I' I1J \f ULn\,~RMRI .E 0I'11MI7.AnON WITH CO,,",'STRAI STS 

N 
, _ ""'I"" + " )_U , . ~< , _ O 
'" 
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tnd;.." ,"",'" .nd " """'" .... ,ri. or ,I>< I...,. ... ",," fo .... ;". ,,' 

- .1 ... ",>,_.,1 lo, .! I 1 1 
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11141, ) - 1.4" "" ,~ _ o. U69 
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('1 1 ,1~ 12J MULTII' '''RI'''bLl OPTIMIVol lO:o! WITH CO:o!nR"'I"'TS '" 
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..-.. II-I 

H) <>pu>oIOf ' ... ,<0<110<) I~"""" J ' I . Ion<, .... ~~ <tidy .... nil" I~ Ib" 1"" ..... 10, .... ,II< 
" ... ,on-hpl! ....... 1hOO 1Ia, ...... '«I0Il ~~. I<x:o l ... . 1 .... "'. 

Rcf<1 IU t ... I !· I Tho ",<>bIcm .. '" ... " ",; ... f""",,,,,, f(·' , .• , .•• J . ..... ,100 _ <",_', in ..... 
II,. t." ""I."" 

1,( ' 1" ,. , ,1_ 0 1,1'1" ,. ',) _ 0 

1., ....... , . l<I P be tho poInl of ..... b,,~ lbe ... >.i .. "", i< .. l.Iin«l. from Problem I I '. " .• ~"""' IIw\ <lie 
,...o<\kfII <)f f ..... "" .. I «to I"Q)t<ti<oo .... tho I." .. ftl '" ~ .. I':; .. ~ • ..".II ,j~1 11""1 
It.< ,,,,,,, .. ovl\t p ...... _." ...... 1>,,.., 1""",""'1 .-.I .... Th .. \'J I . ..... , I .. 1ft II>< """"'" fila""" lhe 
.~"" .. P h i ,10m ,"" ...... ",. .. .,~, ..... ~l< .. . hnco, """'_,_ Ii ,'''' I,,'Q .wI_ normI-'.' f'. "\I ~,I. 
0IId I',,!,: 'Iu, to. 

\' I.\, - t P' 
,,""" I •• I '", - .,g, 

Tho t~"'" ,.,.", "'I"'''''''' 'Of"O'"'N "r (/) .... ,t.< f .... ,b ... u""",,,n "IWI\ioru (I]" ~ lilt 
"' ... ifto ... ''''0 L..",. ",i ........ ,"'m .... m) .""". ,ho ""I",,-..n' ,b>, ,. 0<100II) lit "" '" 

11.. U'" ,II< pcn.h f 1"nr1ion .pJ't"O><h '0 

II,,,, 0/:.1) !otc.>nIC> 

_'''''''"' , _ - . - loll -,<,)'-41 - <,I' 

;ui)}1'<Ilo: h, .. ~, _ S 

.... ,""u." 1 _ _ ~ _ JO _"1' _ 11 _ x,)' - •. 0. , ~', _ St' 

n l. """""""oro ma,imiT~ '"", "'''''.", .. tho , ........ ""lob >,.fId ,<,;, .. ilinmd) <imp\< that ~ DII) 
II< "",0<1 ."')' ",,D~. Sr."., \ '1 _ t. w. ""' .. n 

J~" , • 11 • "Jo, _ I t'r, 
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Sol" .. , ..... ~ ... '''''''' Ior;<,"'" . , in 1<'.,. <J ". '"'_ 

S".,. ,ho II ......... ,,,' 

i ...... d~ tkftlll,d"t ..... 1 _i" ,~h .. """ : ... """'" "' ..... r. ... ,1on, and ,,,''''' ''''''''''1 _, 
...... ho a ....... 1 ........... T1o«d' .... "',io,J " _ ~'" ". olio ... tho ""_ ..... ,_ '" ,lot Dri.,.., -- ,,-! •. r , x,_ . 'f • 
• ilh," . a - Jjl - ,fj' - (I -,'l) ' __ ' .;'.! 

11.7 U.., I"" ~y fut><l;"" 01'1'«'1"" to 
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A,bolool) wI<cuq [0. 0. 0]' .. OIl! in ..... _'or. ,I'd •• ,,'"'. ~ .. 1 .... appl) til< IIIOI!il\od PO''''''' _ 
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10'''''''''''- PO_ 
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Chapter 13 

Network Analysis 

".:rw()lt (s 
A ." ...... l .. a "" of point .. ctllod Il0<l ... and a '"' 01 <un ... .,.110<1 "'~""Iw'I'" ......... I ... L~ , .... , 

roo""" «"'lin paU$ 0( IIoCl<In Only''''''''' 1><\"""", . -ill be roru.dcrtd "..." ,II "Iud! • ,,~ pall of 
Il<>dts ",IO<...t by al m .......... b .. nch. W~ dt"",e!lOdoo by uppomo .. Iollon aoo 1m".,.,. by lbe !lOdes 
Ihty oon""" 

£0_ '~, I ,,. ... ,,J. I .. . ..... .,.l --" .. oI~""';"" Iobd<d" , ....... 1l.."<1 ... __ do/lood 
bj , ... <un" Alt. "C. dIJ. I/C. CD • ..wI Illi. 

A b"""," .. """ .. '" if it ha, .. d,r«u"", .. ..,. .... 'cd " ,, " IL Stl'o<n\a,;.;..JI). d""",., .. IlK "" .. ,,,,0<1 
by an· ...... TII<"rrow OIl btan<" All in h~ IJ-I ~1"1tk; """ UUI br;o",,"" d'_led I ....... 10 8 . ADy 
"",0'."".,11 .100. Ih" branclo muO! on,."", •• , A and '.mun.1e at /J; Il10\'0.,,..,' from IJ 10 " b fIOl 
I""nnlliod. 

T"" br.,.,,,", .,~ ,_'"',..;r ''''', ....... ,~'"" ...... , ....... I" Fit- 1)- ' . bo ...... """..w •• oJ A(' ... 

00'\1.",'<'11. ~I bo".""hn A B .nd CD on: no1 t:<>II-..c1 II 1"". i ...... """"" of """ ....... cd bn""",", .""" 
, .... , ill 'bc .I« m;o,~ cI......,..nd """",h,,, "" I><l<I< .. repe>.od. It "", .. ·Otl .. ~_ ... il'lul .od> 
1"" 01 nod« ,n the ... ' ...... k ,he,.. .. " ... . , Ic:~" .... !,"Ih join, .. ,"" pi" If tbe pol" .... ~..., "" each 
""i f ol_ tho """"",,,,,I I>C1..-orl i. ""l IN •• ,.... ~q "i •• kn~y • • If ..... """"",",«I .'''",'''~ ""''''I 
""" """"..00. Ihan bnndl. 

t,._.f.> I . ~'" 1.H.1U). o~, MIl ;" fIOllI. t.. ,lit >«1_ 0( coo .. ,,"" In .. "", Ie,. All. oe, ("_ I 
" ..... flO'" .. .- (" _ .... '" " '''''''" no: "" • .,.l .. _ ...... -..,j. """ ...... , ... __ ..... it Itt_"""", VA 
.nd AIf . .. klned II. Ito_ .... , Ill: ...... 1I<Incd. ,lit """'<Ill ,, __ h< ..,-.cd."_ """,, ... __ It< 
• ",,'h Iortl, .. fI_·"~ r 1Ita~ .. O.nd C o ... ,..""''''' ''''''' "",In, ........ _ l ;. ..... ' .... 

Ill. 1),1 

'" 



CUM' III 

'" m.n,muon·,pan probkm In""h" ~ ><. <>f ItO<l<'> and. 11<' 01 p"'p«<J br~n.l>n. n<>n< 01 ,hem 
ori<n'~ EaclI ",<>p<>"Cd bnollCh ha •• """fIC'P"'" ""'" ...... ",,«1 ,,"h i, , .... ot>,e.."i.~" I<> """"""" 
"oonneaed nelwork ,'''', oonl3i"" .II,h< nod..; and,. IUI'h ,h .. ,"" ,"m '" ,""..,." _':Olcd "',h 
,""'" b,.""b", "",",lIy ,,!oed i,,, ",in,m,,",. W •• "",1 'uri"". 'h" Ihcfc,.,~ ."""1It prnpoocd b<>"d><1 
It, ......... ,"" .. ""1<1"'" "r. ""'"I""," 

II IS no' h.rd '0 .... 'h., 3 minimum"pan p,,,blem .. ".":1)'0 soI ,'cd b) "'rcc.llr , .. '0 nodo:$ ,n a 
coon«,al ne''''o", no ptnnl b) ''''0 palh>, 0 ... <>f lhese P;!!'" nlu,1 ronl;II" a brandl ... t.osc: " .. "" • .,1 
doe\ Il<)l d~I1C'(:' lhl- ~"'or~ Nc.m .... in& loch ~ br~nch tIIn onl}' I~n IhI- 10t.1l COM.) A mlnllllJl 
spann,nl If.., "",,)' t.. r""nd by ;nih.I'~ "'~'n~ onyor\< nod< and <l<lcrm,,,,nJ ... I>"'h bra""" ,...w.., 
on ,"" .. k..~cd node h3. ,ho "",II ... , ""'" Thi' Momh ;.. """"1"«1 ., 1'"''' '" ,ho ~ ... t nrl"-'''~. Th< 
"". ,..ock;" lhm rumpl .... «1 '''''''i'<ly. A, .""h "'II" nf ,h. "o<.,i .. pr_ ,,"m,;"' . ;' ~",u!oed on ,ho<e 
r.ooJn. .Ir.ad) Ion'cd '''l!''Iho:, All bl~""'''' l"ll,in~ ,hese ,to<k< ." """"""..",«l IWdc< ... <:On,t(k.«l. 
und ,I>< d'-<a1"Ql "".h b",...:h oknl>roed. Tic>~ ... !>rohn .,hi''''''')" Th,. bno...:h i. '''' ."I:JI!cd •• part 01 
''''' r.,,~1 neI .... "'I. . The n"r-."v. P'''c<''' ,umin.,,,, wll<n .. U "'ode. ""\~ boon link.". (Sao Problem, I l. 1 
and IH .I 

Ir ,ho: COSt' a ... 11 d;"i"" (,h;,. can . 1 .... 1' bot: b.",usbt ~bQu' by ;nfini, .. im~1 <han",,). il CIln II< 
p,,,.cd ,b", ,I>< "".im.l 'l"'"n,"I ''''' i. unitju. "nd" pr"'I~C<'d by ,II< .bu~c .'."nlhm /0. U)' d,,,,,,,, 
oI,h< ''''''"8 node. 

!>IIQ IITF_',-T · RO tIn ; I'ItOIlI .E.\ IS 

A ,ho" .. ,·",,,,. prublom '"'01>'"" """"",,.-.1 ne' .. '<>r k h .. ,"~. """""P"'·. M,' ">$0<;1:1,,,,, w"h 
""ch br."ltb. 0 ... ",>d< i! <k<i~".'cd a. I .... ,,,, .. ,.... and allo>l"", ...,.....;, d.."no,ed., III< ,illl< ( rr.e.., 
'0<"" do "'" 1>< ... ,ml'iY n orint'31"'. ,,( lhe b1":l1l<"",, of .he no'o.-,,", ; Ih<y ...... ,Y ,un'" ,I>< d,,,,,,,iOll 
'n ~'b;"b ,he O<jl~' '''n allori,bm .. ill to< .. PJlIi«l., Th< obj«Ii,. " 10 <I<'o.m,,,. I p:t,h i<JIn,,,. ,I>c loOU"'" 

""" ,be .. "~ ouch ,ha, (he ' urn "r I"" """ . , """, .. ,«1 " 'i'lt ,I>< tw-• ..rn.o. in ,ho ro,h " • m'n,mum, 
CIIc.o~I .",,'h p.ubkm, "r~ ..... ,. "'" b)' II>< fullu.;n8 .I~"'hm. ,n ,II< a~""""'" of .. hlOlt a ll I\OS 

an:.o II< btolc. a. bo.<Ilnly. 

S I"I-.P I Con"""'1 " m."., In, h) I.Obul."", und<. <;ath nook. in a~""',"~ unkt of _~ ,"" brJnc,,", 
."".....nt <l<\ It. F~h brooch un"", " ~"'cn ...,..., i. ~,,,".n ... "h tha' node .. i" 6,., .......... 
Omit rfilm ,t.:: li" .n) I>rdo<:k h, .... " I''''' ",""".,!I, "'.:.m~ ........ OIlta"i"~ ,"" >tn . aj;1i 
flI \I "ode. 

sn:l'] St • • ,he ",,,n:. ond a .. ,,," ,j ,h. ,.,.1 ... 0, t. ... ~!r . 1>< 'h<-> p.. .. , M"""b ind,J •• , Oft ,"" 'ou"'" 
.nJ d rd. il SI., ,ho --"00 nod<.J ,~it bnno:b an.! , .. "!" ,hi, """" •• '.1"" cq ... llo ,"" 
.",' 01 .11<- brn...-... Dcl<,. f,.,.. 'he "''''~r I .. , ~II ",ho, M ... " ...... ,"". ha .. ''''' ....... ' 1~ \I""ro 
........., a. """~,,,d .to<k. 

STF.I' J If ,h. n .... ·ly ',~<ml nod<- il ,I>< "nt. i" '0 S,<p 5, If ...... ,., '0 Stcp 4. 

S1'I.1' 4. Co,,»<kr .JlI'~".J nOdn h\"1tJI u...-irtlod b<o'IO""" ul>lkr ,/km iQ ,I>< curm\l 'naS"r 1;'1. 
For caeh ,,,to. ~dJ ,"" "alno ai',,,,.d ." ,"" t>odc t.;) ,I>< cos, 011"" <""a~ u ..... rded bno",," 
"""'r it. 0"""". ,be ."",11<>1 of IIoeot 'u,,,, OJ I I • .• nJ "'ITk ,h., ",...""h " 'h",,, _n'" t<>ntrihu,ro 
'n .11 S,., ,"" «<on<! nod~ nf ,h;" bnoocb and a"';gn " ,he ",ltIC M . Dc lttc rrom ,ho: m"'er 
~ ... U 01 11<:1 b",,,..-I, .. h"'ins In .. ""''''') ., ....... node: •• _onJ no<k. Go 10 S,<1' 1. 

STf:P J. ! " 1> ,hi: ,'~h ... a",JII'-'l'o II>< "; nL. A minimum.....", pa,h is o~incd IT'NtIi,'d)'. be'; .. ni., 
" 'ith ,I>< .. " k. by ;,,;:Iooi"8 ,n ,ho I",h ca.h ..,<rk-d ",.,.ndt who.»< """', ..... node helonp '0 
'he pa'h. 

is.. I'robkm. I J.l .nd 114.1 f rom ,ho """ro''''''' uf SI<:p 4. ~'c can ,.., ,h., ,IN: kI 01.",,1«1 bUltChn 
flI""tK>:d by ,"" a~thm ron"i'"'<$ a ,.bI"" oIlhe <>ripn.l ncI,,·orl.. h"""1 ,he flI"I"''') ,bo' II>< 
uni" ... d .. ,3nce (COS" i" ,I>< .ubl; .... ""~ttft II>< "',If"" .nd . nOl"", no<k ;. equ>! ' 0 ,he ,h",,<>t 
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dilL."", b<:t.'C<B tho .. I .... _;ft the: ori.,...1 "",work. h. JCfI<r.U. ""-",-cr, Ih< .~bt"", .. ill not_ 
,he ... , .. ·ot~ , 

The """";'" 1ft • rowo"""I·1knv ,~obIoi" .. I" de ... ktp •• h'ppo.a ~le ,h., ... Ilm ..... lhe 
~m""n' 01 .... ' ..... 1....,' bot_om '''-It poi~l~ Tbt point of OI'Ilin is alkd,,,,, _r. the <I<o,,, .. ,ion it 
""lltd 11>< .... 1:. V ........ .h'PPlnl Ill ........ , ,,'lUctIl,n~ ,he: _= ... d .. n~ d"OC'II, '" "iI IIIt<rmati.1< 
mU"'" "11<d ......... 1""'~ II " ..... mnI INI I"""''''''' OIInnOl .. on: ml,<nat ,"", ... on, .... ,rrlaI arnOld. 
a,. jUr>e:liurI;' >!lipped immcdo.1,dy 'o _ ..... IiJcatK>.l.. 

A """,,"""'.11<> .. problem """ b< modd"d by a ...... ork. l llc "'.'1%. oink, aDd J"""'_ .rc 
rq>~lru by nodes. ,,-b ,1< .be Dr:or><hn rqlrn<'IIl ,II< condlli ... b ..... p .. h",h .... ,.".J I. "" ... port<d. 
A,.ocu,,'" "."" ndI node: N and ad! _ N,II ...... ""un, (rom N is • """ ..... u .. "umba. ot 
c~_j'l. KJ'rcornt>n1 ,"" ma.im"m .moun' of malenal ,Iu, """ b<: "'.ppod thr.,..Jh N /1/ f.om I. 

f ........ lU h,u", 1),1 .. . ncI""'~ ko .... , ,1 .. 'h< >ow<%, II .. Ill< OInl....1Id I and C .. ~ n. 
.,.~( ... of.- Inodo 10< ........ 11< '..-0 ............... .,. IIMhnted .... , 1lI<...:I. 0( , .. _II. _ .... , 7 ....... 
1311 '" .... 1'J'<'l from" '" C' ....... ,1e b,,, 0 .""'an bo: ,laflllO'l" Lbo _'~I"'-'-; , .... "'''-1)-' 
".. r/ .... a+.h, 10 _ •• .,.;.",,,"'" of A(' I. <OIO'~ _ .• ...",. IIC <Oft ...... In .,,1In ...... _ .... h • 
.. "..", of ! .,",><,tba U) 

snJ> J 

STf.P! 
Sfl.J> 1 

sn ;p 4 

Sn"J> , 

• • • , 
b". ~. 

• 
, • c 

n •. l.J.l 

rind. p",h I,om _= '" "Ill; ,1\:0, ca" .a:OIIIrn<><b~. "",''" .. ""'" or ",...,naL II..,.,. 
o~'>I .. 110 '0 S'Op 1. 
[k~nn' ... , .. m .. imwn ftO'" ,Iu, ClO" be oh'rI .. d olon, 'hit ",IIh.ad dcnl)'~" b, k.. 

D«tu .. ,t.. d,,""t npo<:>', (i .... ,t.. npKlly ,",t.. d ... """<1 01110 ... <II "'" ~ ~111") oI_h 
bnnch oI,h" J>',h by ~ and ........... ,he ""~ .... "'P".II1 by 1.. Add k "DOl, '0 ,he .""""'" 
dchl'et'Od '0 ,lit ... l . 

G" '0 Stop \ 
TIM: lD .. i .. aJ ""'" It ,t.. ~"""'n' 01 ..... '., .. 1 dd'>Cfcd IU "'" ""' .... Tt.. opurnal .h,PI""' 
""hod.'" '" drIt,mi""d b, rom"",,", ,he ori"n.a\ nr:''' ·u,~ .. i,h It.. final 1CI .. ·or~. An, 
mlU<"l''''' in <"~p;orilf """Ilcs. >h'l'I"<n'. 

(s..- Pmbkm, 'J6.nd '3.7 .• 
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HNUINC A t'OSITI \ 'E-I"LOW " Ani 

".,. d,fl'\cuk lOP«( cllhc ","uomal.flow aI ..... lh"' .. Skp I ..... dyoq I path rroM __ 10"'k 
w.lh pMlll'~ IIow QpK1I)' To ddClO''ef WI:h I palh, lin! con..et 10 tk _~ all IIoOOft; 111.1 Qft tor 
~a(hrd b)" ...nile bn.IIdc haHnl po:!oIU''C !\ow Q~I)' .n lhe Ionvard dircalOft (11x direction QUI 01 
lhe iOWtt). Conn«! I~ II(ldQ 10 aIL ..... nodn lhal call lit I'('&d\ed b)' si"p: bnodla "'.'''1 pGSIu.~ 
fotwIo •• (:Ipatl!!e>. Conll"lIC I"" prOQ:» ""U( c:nlle, lhe illIk ftrud!cd- iA ",'hich allII a" approprlal( 
pillh hu Mn IIknlificd-or 110 _ noJa (:I" lit ruct\ed (rom uillin,OllC:l aDd (he sink Iwu no. ." 
RXhN .11 "'hldl calli 110 'WOOl'h"'lC: "",III UI$II. (5cc: l"TobIc: ... 11-'-) 

Soh-eel Probk-ms 

11.1 501.( lhe m"" ... um"" .... " problm (or the 1I(1",'ork ci.~ ill f'i .. 1 ) .l, 'The: n"mlltn on (he blandon 
Irprl'ttIII the ~IJ 01 hloCludlnlllle b!alldld III tilt 1illlllWtwoIl. 

, • , 
0 " , • , 

C , 

"< 'W 
w. alfIolIIriIJ' me.- A .. "'" IUltIq iOOdo: NOd eo! I , til iIoraIIdIcl ' I • 011 iI: llocy an A£. ..... 

.cO • • Dd "'C • ..;u. _ 10.:' I, and .. ~ Siftoo AD ill"" dnpat. ... odd llus IorlJldlto 1110 
IOIUI ...... u ~ ... ill Fla. I~.). NocIc:t A Ind D an _---s. 

w. ..... I j ... lor.ftC .... ioa6oII. 001 ci!lwr A or D WI eo. I 10 otIwr IOOCIa.. S",IIL bruclooo 
on "L "' .. "C, Da, 011. DI', OG. -' PC, .. iIII -. 10.1. .. I, 7, 10. T. ud .. .....-; ... 1 so.... Da .. 
II. dora,,"", 10 ....t ............ illO 1",.. I~.) .., ... F"" ... 1).,1('). no. a.I aodeo an_ 
......... D. 

w. oal , .. ......,.". .. 1 ill! 011 "' . .. '" D IIoa! n 10 01 ........... no- an At, AC, 
D£. Df. DG. ... DC, .M~ ...... IQ .. J, 10. 1 . ..... n. ct..,..,. ..... 01 __ .. cotIILor AC .. DC. 
w • ..t.I.ariI, -'en DC aDd .. M 10 .... I~) 10" 1",.. l).<I(c). 

COIIUfI""'I" 1h .... • . . ....... ""I' h.IIy .... lM/iI) WOOl'" j)~ .-..... 1M(j) 
_."'nlhllLo ..... hnootM;' a .! 'F'e _"'orL n. ..... __ b '0 " .. 1100 Mlwork .. 

, ' _ I -+I+.+l+.1+5_17 

III 'The: N.uouI rlfl!; SenD plllru 10 dc>'rlop . .. iIdometa Ir .. lOr 1OU.mm. FOIIr 10(111_ i" 1M 
lrea II'(' ~Icd ror e"!OInObJe .......... '1llcK $11ft. end 1M d;,ltl!OL'1 (in man) bc:iWfta 1M .... 
II'(' bMecI ill Tible 13-1 TIlIllIIict 1 .... 1eaJI bana 00 the (IIVI,on_,the: Park knic!I: ... ntt 10 
IllllUmw the: ",Ib 01 rGold..,,)' /'OQlllrcd 10 provllk 1M da:i,ed· "bibl)', Dc:kTmi.., bow fOa/b 
~ be buill 10 Kf\o(~ Ih .. obJca.~ 
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• 

, 

." , , 
.... 1-,", 

T .... b • 1IIIIIIIIIWIII' 'f\Ift ",obImI. Tht IIoOIlei 'n ........... Ioc:o.ion> 10 too de\-dOrN .. 01 .... p;lt\ 

."It ........ h ...... ~ .. "",heo IlK .... ~Ilk ......J.'I)'I ....... ..., .hollo .... n.."""h In ......... ,.. 
n ........ rkW ....... "'\ '" """-11 iii f ' .. I~S. ...... e _~ .. '" io ....... M<OI by tht "'" 101 .... q/ ... _ 

...... o.rbttntnl) odca 1'1.\ ["'.&11« a ..... "",iolllOdt Tht _. of ....... odIn iotridc •• DOl .Ian ...... 
IlK ....... , ... I ... lOW q/'.Ilk I~I s.... .1Ic1ownc ...... " 1I • • c odd ,he lind to. I'.,l hlruar 
10 .... -... "aIh 10 , ....... "'k 

" ..... cu •• , .. ltulld ... ,.,......nther 1'..,' h ...... or Wold . ... "'. _ "IL n.e. aoc tIot 
~m... r.tl ..... ~ ... M ...... Iod,s-.n "-...tTht M ...................... "..,. "-lid 
h. 10 tloo: _ I~m ..... 01' ...... II .. dto. ............ " , ...... fruao W" ....... ," Mlptot I.od; ,., 

»od,.,.. •• " ............ . 
W. ""-" tIn flo. aII ... iI<bo> 10 rillttr Soo""" r-Of'_ M..oo.. ,I'OaI CI,"'" P •• L 111,.",,"- .... ,k! 

.'.nr., Of MIjftIk I <xL. 01' IhtM, ,he bn .. ~ ft_ M.p,,,, !Iud ' " no.. M.lHI<Iw ~u ,he ..... 1InI toll; to 

1\ lOll II a6ckd 10 ,"" ....... Ofl 

A, ' .... 14 ....... i<~.~~ ""r ",her .... It tbc _ 
........ 'I_of 

: ' .1_1 .. 1.1. i.l' ... 1_ JoJI_ 
1.l.J All indi.ldUllI.ho 1 .. "Ct 111 Ridp*ood, No:w Hrx),.1lIId ""orh in Whippln1. Ne-w HAC)'.-"~ 

• (lit roul~ lh.at .11t onllllll'li:.ec the onol'lUAl dri~,,,. 11!TIC. n .. p:non has ,C<OIdcd d"~in. ,11DCS 
(," ",.nlllC1o) 110", ma./of 11I&It"'." bcl"'ua dilktml inlf.mtdilltc ~,ta: I .... da" .rr >I\ooo-n in 
Tibir 1),1.10 bbn. clllr, "l'IiIic:lIM' no nt.Ijor h.~ .... )' d"':c:tl1 [;nkf, ,he ronnpond.", poIntJ. 
IXluoninc lhe bnt wmmulI". route $or Ihii indloidllloL 

1001 ... _ ""'- "'- Ttvt Itilll 1'11'1'1''''')' - ...".., 

loo ..... ood " " 
Oil'l"" " " 

, 
0. .... " " " 
T,.".lliL " " " • " 
P-I'r'd) • " 
..... Iwppu) " " " 
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Tbn .. , .... I0Il ""') tor 1IIO<Iritd., ..... tnt·"'.II. problt ... TIw -w. a,. d .......... ,Iw brMdon . .. 
• be _IICCIUI, lup"'a)t.."", Ih< «loI' a_1ft! ..... ~ .Ior hr."" .... ~ •• th< "".d ......... no.- _ ...... 
Ro4Jt'o'ood, and .M Wft~ 0; \Io'lul'fl'ft) 

STU' I no. aw....-1o .. It Moooon III F ... U· 7(~~ . ';th _II n,) ttfII~,td II) .Ior ftnt Irs .... 1ft;I\ ........ 

a.a",,1on C~ .1111 nl ••• • btcm III>dcf e and r. rnr«uld) . ,,.... ~P!'G' •• , ~(" &.lid RT. ~1Idr:1 
,lot ......... "'"'1 Simi" ,I). 110) 1If.""hr< ... h" <'CI .. ,,~ .Ior .. nl n ~nI IIOIIc. 

$rE,. J W. w. 'lor..,.. .... -.. If. .. d ....... " ,110' ,,01 ... 0. n. ,bnpt)l 1If~""h It.,'..., ~ ;,. ~C to 
... ;, • • C aDd ~ ...... H ' Iot , 101 ... I" tlot C'<>OI '" lie w. o:m* •• 1Orio R(" ond iI.n, Iiokl. Ira. 
t il- 1l-1t.j.U 01 .... lIf.odon .. b<w ~ ~ .. e. ~~ OC.1Id TCIloe ..... _1", i> 
r 'l- 1l-7,., 

• c o , 
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e llAP Il] m 

STE' f no ................. n II .1Id C' no. _ qt o.ICfat ... 0 • J! - 31 ..... Jl. ..... ~ '" IOddioIII 
I ........... '" 1110 1"'_ ellIT. ..... I' • 11_ JO .... C. oIM ..... 1I)"..w..c1M ..... ofC 
10 llot _ eI ('0 $0_ JO • I ......... _ .... 0Idr CO. lOW O ...... 0 tile: ~"ue )0. ud 
doIow "- r .. 1).11.., ... ad ... brucllon "",,'" 0 .. caIOId ............ TO n.c ........ fi .. 
1J.7((~ 

STE' f no. .I.IIMIo(JOk:t ... II. C. alld O. TIle _ '" ImICIQI.n o. n. n ~l'odc. II. I' +21 _ ~ 
~IIdc, Co and .10 • n - . , ...... 0 n.c...ulloot ....... )2; IIonQ .... (Old. liT. ow T..""", 
Til .. .... 1 ... Jot .!WI dtieIC froao FIJ- 1).14t) all otho< In""",", ....... ...,.;C>6II rtO<Ic T TIle ,ewII 
.. F",.. 1).7(01}. 

STEt'1 n.. 0.1, _ ................. .w In",*," .... ,11m ia tao. CWTatI _n IDt. F,.. 
1).7(4 1ft 0 .... T ~ 1II1 .... ..,.". ..... _ of_Ul .... .XI. Jl_l.Z.., n ... . _ ~ 
"",*"wI, TIle",,,,, .... cwdr r" _, ....... '1 ...... J6..11d ddnc .. "' .... "uKlln 
.. 1llI ......:IIId -so , . qt 001I0dI tlIorr .... _ . TIw ..... _1Uf list .. ~ ... I), 7(~). 

STE'1 TIle 001) _rod ... /10, ........ drd "'.""IIon~"" lban .. 1Iw ..... _In i00i .... O. T. 
and , no. ... _ of inln ........ ~.d). JO • 12 _ tl,ll ... 11 _ .... .... J6 .. II _ . , SuIa 
' 7 n 1Iw:...wItM, •• (Om. PW. >Ill H' II ........ k~ ...... H'11ie .oJ ... " , .1Id ddoIc from F ... 
I). 71t) an "'hr' brandlfl u.1q N' a. 0f0>IId IICIdc. The ,,,...,. .. ~'" 1).14/1 

ST(' J Tho: _te_ .. n""" 1_ "- kid .... 10 w,,"ppuy;' , ' .. . ; """ To ~ II ......... 
... ' ........ _Idt I"... 1).7(11 lor • art'k.;I ............... W .. ...... IIIMk ~ .. ,w 
Su, _...n for. QfdcoIIn ........... , .. ...-d aodc" io r, nw. _ ...... r"" • 
Ofdcd tnadto "" ..... T as __ aodc;. it .. II r ~ II ....... -u. .... dn.mI ... , " .. 
IU . Tt'. 'N'/ 

IJA A _o~IKlY.in. _.n Iu. btf,n • ...,dtd • roolnet 10 prodllClr aKIn ... TM ron,txI is for 
" mrs.nd" 1$ not ~'p«1td 10 Ix A:ne'fI'tfi. The prodllCfion proom rcqllim. tp«LIh>:ed IIIl1d1lnc 
• hklt ,Ite _"' d<xt 1101 ha.'e, The COIKlmI atn bu~ 1M mKhlnc. IlIIIlnl.wl II to. 1M 4 ye.n of 
lito! conlract. Ind 111m tr:n "for Kf1IP valllC or 1\ An n:pIKC ,he matltinc.1 lhe C1WJ ol.ny..,O'CtI 
ro:"" by I DeW modd. ~ moddI rcq"'lfC Ia.s ml;nltMntt lhan 04dc:, O~ U" .... ltd IIC'I 

OJw:flli", (WI (pun:haK: pnc::e plus IIIII,D\aWItt mil • .., ,BdHo) lor buyia, • m.acfIin", in the 
bC'''M .... ol year • IJId Ifldm, it on II lhe tqwu", of ye.' J IS " ..... ID T.bk IJ..J. w,th .D 
fipm ujHcwd 10 It.ou:.and4olb .. uruu.. 

1,;\ , , , • , 
, 

" " » fi , ... " U ~ , .. " " • . .. " 
lktwnlnr:. rcpIIOtmcnl poIq llul . 'iII nunimilc 1M tou.1 opcrllin, OOSI for the m.ach;tw: g 'ff 
the Ilk oltbe contlKl. 

T1In pr~ QUI lot ""''OIl '" cI)'UfIIC ..... _ ~ .lInuu>d)'. II can be' ... I .... 
.a....-._ .. ~' 01> .. ww.url1III.or\ Wt Itt IIOdn r,o • Y. .... ' llIe: brpo ...... 01,,,,, )Un 

qt,,,,, .... ,.-. .... r. dol ... • of 1Iw 1ifI~)CM A .......... lor.odI .. _ r, 10 r,... ' • poorcItI.tr: 
qt. --.. all"" loiS • of)'Clt I UiI ............ PP"I of the....o- I' I .... 101. N"l oI)'UI' 
I "'" COOl __ , .. ortIh ..... Ior;oldl ...... l1li Dptf1I"" -. TIle ... . ... l ........... 1" .. 1).1 
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CHAr l)) m 

11>< "':", ... ~" IOf ,h .. .....,,1<'<1 ..... 00 ;. " ...... ,n FI, 1:;'91~~ ApriymJ II>< d .... I'<" .I""" .1",noM! 
,. iI. ... ""' .. ~ " '<'<'.";' ,",)' ~ ", Il-",~, Ib"",p I l-"'<~ From F;" I J·fI.~ 

rl>< "",, ... , p"'h .. I".tno,I a, l r, I '. I; 1',1. no.. p"'" "'P<""'<n" , .. l"'Iiq ot bo)I", ... om, ... , ,'''' 
rq,n., .. ot )CO.' I . If"Od, .. " ,. ' oe . ..... modIi". .. ,I>< tqp.n,nl c4)'".' J,.nd &..all) >en"",", ,"" 
J.j"U"oO;J .....,h,,,,,., ,1><1qo,,",,'I ot)O' l 

• • " ", , 
" • • 

• , 
, , , 

, , 
, 

W, Iq,n ~"h , ... "",m: and 1ind . 1I -'<'0 ,b. , "". '" ",,,,,hod d,,...,,,y k_ " """'I bco""bt!; .u",..;". 
J""'''' ........... , 01 ~ 1...., aJ< 8. ~.oJ f ... ;oJ"",,'" in .... !l"I(Q). No" ~< _. , ...... '"'''''_ 
nNe< ''''''''''''''<1} 

f<><>o"nl"" fI n",. ~~ ...... "fr 01/ -. ......... '" r!J. IJ· II (o) ,h .. ",n "" r<><bN ("'''' 8 ""''' 
........, ..... 01\0.',"_ poo,'M"'''' "'" c4 8 n.. .............. ""h . F"...., ... "" E, ... _,~.' .t. fI, and C u. 
t.: "'''''''''' .""" .... ""bt!; 011 ..... ,., P""".·, ........ 0.' ot 1:; bul ~".,.. , ' ,nd B .Iready OI'f"C'" ;n Fi, l l-l l '_l 
<>nI) C;, oddod . I' ,,,,,, f , ......... A.nd /) <oon "" tndo«I ........ bo_ at"""Io, pooiti" -. tw, .. _ 
, .I,<:MI)· "pp<ar' ,n r ... I)·II(.~ .. ~ add ""'>" ...x o. Tho ~I ... ri:J. U·II'~l 

W, """,' ..,. ..... , """" C.owl () ..... ""Iwlt ~-"" ... o. on C 4N. ~~ dort.fItI ..... , .. , A. fI, ~,.nd I) 

.U CloO be .. ",fwd d,f«,lIy f ...... C ....... ............ ,," ~" ........ .... , ot C Si,,,,, ,><II <of ,...., """"" 

. " •• dy _PI''''' on F,~ U I ,,~~ • • "",l<.., 0<1)""""",,, '0" on<! "",.01<0 n",' ""'" O . • -""" Il. _, n<I 

... ..", ,1.11<1 Co oklo, "",,,,ton .. l<>ooirl. ~"" 110. Son .. mi, G ...... , .. ~ ... ","" '" ~-!f,. 1l-1L~iI~ 
""'""'."'1 Flt. ( l- Ill'~ It """'~, 1,0" ,bl> u,'IIoI .. " tIw !A f . fD. IlGI ... "" ... rru... _m: w .... l ,,.., 
caft __ ",,"'., •• """,1>< fk>o,.. (of I "oil ) 

I ~~ D<,crmH'" ,.,. _ .. m~1 ~""" oj{ ..... "<isl Ihl' an ... ><"' Irom ><>~'ct A 10 . ,nk tl,hrough , II< 
ne'work """~n >n FiIJ. 1l-2 

On< p",n f""" "",,""'~ ilM, .. ''''l>I.r.dI AD I",.,", ,iI<>< I". "'-'<Ie> d,"""I). It <.In """"",modal. 
~ "."-. sn'P'P"I11oi< ._~ . ', _."" ~ ". "; ,p I). <1«..-... ,b. ca~l,. ot.1I1 lor i. _...."... .. 'I>< 
co"....')' of Il~ b~ l. TI>< ,,,.1,;"11 "", ... ",l" ,100 .. ." ,. F,t. Il- 'Z<. ) 
A_~ palb ""'" "'""" 1<, .... 11u, <lin """,mmod.,.. po»ili .. "". ;, ; AC C~. 8f)~_ n.o M"j",,, .. 

""",.", of .... ...,1 'Iu. co" t.. ..-., "''''1' llu .... '" " ~ ".it" ,I>< ",poril) of ~O. ).t.k"'l .""h . ............. 
,.., ,_~,. lbe .. ppI~ ~I 0 ~ 4 .01" ", ' , , . 11. Som~I"""""~r, .......... _ , be ",porn;.. d AC. CII, 
" oJ HI)..,.' "no".'" '''''''' ... b) ,hn ...... ,..,.." ,II< <".,.., .... ot CA, 1Il: ..... Oil. Fip" l l- l!1.) 
,11M _ r .. 1l-11I~1 
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Plo,h IAc.cn: in ." 1J.11!&' "'" .....,,"""'<1 ... )""'" _ A '0 I) M.~i"1 'h~ '''rm<>''. "" 
, ......... ,behPl'iyJ' I) by 1 ~" ... '" '1 . 1_ IJ. and """<a .. ,11<"'''''''1<1 <1/ AC ..... rll b} 1. We"", 
....... _ b) J . ,"" ,II< <>1""";'''' of C , _04 rK.". ",. "" ..... ·"'l • F,," I J.1ll<) 

P"h lA8. //c. CIlI" fi .. 1J.'Z(c)"""""""""""'''' 7~""._ ........,.,,,";"1. 10/:.\ ",. , ...... ,_~ 
... ,,",<.& .. ,II< .. pplr" 11 '0 IS • 1.!! ~"" .. ~ .... ~ ,be "'1"<"'" <1/ AH. He.."" CD bl J W< 
""'" ' ......... toy) .nt!. 'h, "",",,'''' 0( HA. rR, "oI DC The ..... ,' ~ Fi," 1J..1UI~ 

n.... ;, "" I"',h f, .... """'" '" ~<ll in r ... U·lllJ) ,h..o, "" .. ," pOtit;'~ 10 • . 1100:-. n" 
.... I"'''''' . ""'''''' of ".,,, ...... , .Iu, "". I>< .... I."", A I. D ;, ~ ""'''" T . ......... i.., '''' <IP'" .... 
.to 'PI""I ,,"IIc.l"1<. .. , """'I"'''' h£. I j·I!(I) • "h hl I J.;:. \10' , ROt< ,II< I<>! ..... i., ,<doai<om ,n """""')' 
J ""i" It"", A ,I> II. ,,, .. ,. 6"", A '" D. ''''''l> I,,,,,, A '0 C. ~ "oil> lrom II '0 D. 1 "oil> II.,,,, .! '" C. 
."" 10 "n., I""" (" '0 I) TheIl< h;d"",koro .. co.,;d<t<d ... >It,_", .. ronill,"" ,I>< 01"1"",1 <luPfl ... 
",/oN.k. 

1.l..7 E~phln lite Slgn,f"",,,,,,,, 01 "'<1eas,., ,tt. , .......... capaCllios. a. lI'pul>.,ed In 51." 1 of lhe 
m. >1m . I·ft",,· ,IE,m, hm. 

1"",u .. "J '""'" ""p.rn .... lIow. r;.". n""" ,n ,be fCYrnt< <II"",.,,,, ., • 10", ..... to '''' 
.oI""",1ua. 5""" "",,,,,,01 Ro-$'" ......... 'Y '0 __ • """;.,..,Iy "",.".,<oj 1Io.· ... hodt I"".-eo I. boo 
-~, 

An ... mpl< ;, ... , .... I>! I'robItm U.6. In ,I>< """,nd ;, ... ,_ " ., •• dctc""m<d ,ho, fIO,b 
1 ,e. CII. 8D ) "",III """"",oood.t< . "'''"'' """" of' .... ,~ u" •• ,~ .. ~,1t.Ito .... · ... .. ,.,. 6pt,""'l;' ... . 
Io> • ..t ''''' ,I>< opolou! .,,,,,101. ""I" l ... ", III,.., /I It, r .O<I ""''''''' I,,,,,, .- ,~ II. "" .... "'1<>.>. ""I'i"'" 
.... " I,,,," .- '" II """ 'b<n ''''' ..... ,"' 'k .... 1'"<"). '""" /I '" (' l>,- •• ", ... 11". «1 '"" '0 _''''' ,~" 
.,.,<l< !.t,,," ,n ,II< • .., ... ,,1tnI ,...-. ,II< a.. >I<p" ,be ,1<"\""_"" iOI • .- <.11e<J lor •• bopotl<.' of 1 ""," olen, { ..lB. 8 (". CO: 80<1 Ih .. .th,!"""n' rouitl .... , ...... bo<ft .. OIl< b>d 'k cal""") of IlC "'" b<rn '"""...-d 
In .. ~ • ...,;",1 , . t", of S 1:/kaII<l).,!U> l-u" 1Io~ lfOnI B '" C """" .... ''''' 1<"<"_' "" .... ,,""'.11'00 .. 
,>f ' ""'" (""" (" '0 B. k.,,,,~. _110. of , .. ," ........ K ,n Ihtdlf«'_ <1/ C. 

Supplemenl3ry rrobl l.'ms 

,. , , 
, , 
, , 0 

, • 
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'''''Hl 



~ETWORK ANALVSIS [OI AP I) 

'J.. .... .. , ....... _u .. _ .. _"" ,ho .. ,~ ...... _ .... I ... IJ-I' 

. -.. 1). 1. 

u.tI rood , ..... _ .. ___ ",'0 ""'_"". A ,Oil L '" , ...... """~ "' .... I J· I' 

IJ. I ' D<1 ..... , ... , ...... "'"~ ... ...,..", "' ......... ,!>ao <on bo'howod I,un" to A Ill,,,,,,,, ,t. .... _ 1 _ .. 
i • • -... 1).ll. _.,1», , ... "_ben ... Ill< bn"' .... It, ..... " , ......... ~ ... ,. Ioooh di«o:t.-. 

11.11 D<I..,.., .. ,lot ........ UL"t .""",", '" IlLaWUI ,N., <lin II< Wprod rn ... A to " lIL,.,.,.tt tho ....... "'1 _. 
;" . -" 1).14.. .... ml""I», , ... """,bon ... 1L< br ....... ~"' , ... eo,. <apoo<n ... 1. loooh "-«-. 

IloU S"h~.he .... ;"w.II<t~ pro_lor ,he ..... "'1 _" i ..... I).IJ of A .. ,..., -.:. .... J ,.,11< ..... 

" " • " • • 
• 

" • • 

f" I)'I! 



("HAP II I 

I.\ U 11."",,'< PI,,,,,,,,, ,.\I , I . ,n ...... ,,"'. '" II. """" fI .. . •• " .. '" 

' .1. 1' A ~"~ ""~"".' m ......... '. !i,hM' "' ......... .... It"", I.<>< AnI''''' "" 1'1 ... ' V ...... T. bI< H·4 1"'" ""n,,,,,,,.'.", «,," rIO <lull", pc.- ".i" b<I ....... ' lI< ..,..,,,,,_,. . .. ,,,,,,,, <Iq>.>I~ bl.<"~ '"", .... 'k <obi< 
.i ... ly ,h., ... i ...... ,", <0."", k....do di, .... ly bot., .... ",......pondi ... oI<p.:>o .. ~irod 'lI< < ..... Il0'l o.billl'i ... 
.. I>«Iuk Sal", fi", •• • _ ..... "'''''' "'<>Ilk .... ,"' ...... _. ~, .... ,<o . ,..,if""<'" pro~ 

ToW. 1.4 

, .. 5>. ,. ,~ ,- ..... "'''''' _., 
' .. r."'" 

~, ~~ , .. 
,""",,-AnJ<\e> , • . " . .. " 
So" . ... Il<$00 

, 
" " • " 

1'11"'"1., • " " " " . . 

!.ar.mo< " " " " 
So. , ... ..., " " " " • 
Cbi<. ... .> " " " " 
N<~ \ ... ,~ " " • " 

t .\tl A "",,,,,,,,:0.,,, 6nn .... ""''''''cd >1;,. "" d"",~ '''''''''- •• ,,,,,",," in Tal>!< t}oj (JoILo, ......... ". 

ToW. IJ.~ 

AJ< ,n Y, .,. 

• , , , 
" '" " 101".,,,,,._ c .... - ,~ .~ = -

lo>< ~".....,"" ~ 
!,.,~'" r. ... ,., ... '''' 

.., " .. 
\ .... ,. 1'.-1 Tr..Jc·I. 
\ '. 1", ,,- - - ,~ ,,., 

" " domr ,,,od ;. 1.'1" ""',... ,ho. ' Y"'~ 1)<1""" .... ~,poIi<) "' . ~""'P ,.- "' ..... 1)· 1 
Y"" o>Id. ,I\;r, ~i. ",i .. "" ... , be IOU! "",","" " f _, 0><' " .. "',,' 9 ,... ... A_me du, .... ,rod. «><I 
Sl l OO(l . od <>nIr or. ,rud . . .. J'I""' .... wd .. .. ~ .... "' •. 5<>1>-. fin •• , • <IoorusI·roor" (>f<JI>iern. ,hc-n 
d •• d )0.' """rloo ~;,b d~ .. ic """"'.,,"' ... I II",, · r .b t . .. ,'" tqi.ni • • of tl .. 1'<...-..1. That Y, 
' ''''''''fh I' .r< ,I.: t..,i""i.., '" ,'" ""' • )n" ond V ,..,.."""" ,II< d'1 ,II< ...."."' , '111<~ WH """hntd. 
)' , .. "'" n«<lrd.l 

U .17 " ,,. t~, ... p. "",~ori, "".i.,.. """"".nd •• in~ .. "'f "" oI"orim'«Ibr._ ,h .. ", ... i .. ",.." 
""" br.f><It ~"'" "'<t) I""h r""" ...... '''''~ <ott.!.. 111< , oo .-..I ... " '''' ..... <II.n. _ ... ~,.." in ,It< 
,poci/\<d ,Ji"':1"'''' 01 ,II< "'""""" """~"';ns ,II< ... " r ... ,II< .... ""'~ or H&. 1). ,6, ahi<b 01 ,II< ,h ... 
,"",,,,,,,aI "'" '" tw.,.,,,,,,.r< , .. ,o..o.l "' ... , .r. '''' ",I( ,'0'_ 
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1.1. 11 Tho _.,.... ..... " .. ,......,.,. ... 1 .. ,.." for"'J .. ,~-"" ~itk . ....... _fIX .,.. ............. ,II< .......... 
_ , ........ ~ ,1>< ... _ 001 ..... ,I>< ........ "'" .~h", .. 1lI< ... ~-... ~ \J...., "" , __ ,1><_ 
of P"~;" 1'.17 ........... , ...... _ bou"" "" 'I><I'-- Iht-" ,II< .., ~-... \ of flf- Il-I'-

1.1." ~-Hld . "" thrOll,tl h I- 1).10 ,hOI"'" .-01 .. I u.. .. ,II< ...... _ . ..... "'" , ............ d ,II< ""oIt of 
... obItoo 1 J-1_t.o.I< ,,,>, ,I>< ma, ..... _ lIo'OIIP ,I\< , .. ,,''''\ it. I ..... 



Chapter 14 

Project Planning Using PERT I CPM 

I'[IIT/ CI'M 

A 1''''1'''' ' " •• ," 01"", ,, ,, ... '" b< r<tfom><J In ~ 'r<'-,r", ><qu<n<t 10 oompl<tmn. An "''''-''J ''' 
lao\.; I" be ~>~",.,.t ",inM ,1 m< and ~"r<:c>_ Toc <>bJ«'''''' 01 P<"p.~ man.~rnc.\ .. H' m,n,mu.: ,he 
' '''''( P«>Jo<>.' ' '''IC ;ob,ltt' lil ,I>< m.oo= """,'rd,"'L 111< ''''0 '''''hn''l ....... I/Jch II!>C\J in vrof<ct 
"';"''',t<1II<nl .t. CI' \I ,Crill • • 1 I '~lh 101<1 ".,<11 and l't:R r ("""-""" l l'f'OI.'am " ""llIa.lon and ReI;"" 
T..,hn"l""~ AI,hou.; ,1>0 , ... ., '<rm' PERT .01.1 ("I'M aT< US<1l on,.","a"pbly 100a)', hm""",,,!!y 
("PM "'a' t.....-.! on dcl<fIn""Oi '" urn .. whil< PERT "'" ba..:d on pn>t>obili)li< .imes, In ,hi, <'"'!'lor. 
projrc. «i't<du1inl ' h"'"ih P[ltT ('I'M ... cli"'I/"<d in ,be fon",,'m. o,de" C .... ,'ue';.,n '" the N., .... ",\: 
,AtrOWI D,.g,.m: (' nhcal 1'"" C""'pu"Uon! ror CI'M. Cri,ic'" Palh Campul.,ionl rur PERT: . 00 
1" Qj<C1 TIme " 1',,,)-.1 C"' .. 

CO:"STMIJCTIO.'" DF TIn; " 1(1'W01Il( V.RIIOW} O L\ G IIA.\I 

TI>< ,.,.",,,rk di'lro,m ... """""''' • 1''''1«'' In 1h., " dlO'" ,he ",,,,;,,docnox rclal;o.,,~;ps of ,he 
.<1,,',10<> 0I1he proJCI.1 I lonl wuh IW,';'Y !'m« . Th ""il'lll"" ,,'hie" ronlu mo ' iroc and '"""ftt>. a~ 
""'.......,' .. 1 hy -~"'''n - T ... rr"'~ .d''''''''~ '1'' of , Iv, ><, .. ~;... .... ,nd"""orl 'h""'Jh -",,,,,,,
lllO<kt~ E~<n" arc jut "",,,1< on ,imo, t<prfl<nl<J by <'ltd.: .. Tbc:y do "'" rom"" .. . 01 tC><>"n."C>; they 
.i!"ily Ih< hc:pno;n~ 01 """'" ;o.cl"'I;'" and ,be .ndi~ .,r """" "'hor ,,,,",';IIQ. 

Con"da 11>< I"'~""lnl JI~, ... m in "h",h on "",wily 1!,J) " it b durJ' ''''' 0" is "'I'rc!laIt<d by I n 
ono ... "",,,'<eft '1010 c\.nt, '" nod ... I (1,,1) .nd j (hc:r d), U,ualiy lbe K11>'tieo .'" no",.d try It1ten (.tlCh 
.. ,.. II. "C.~ ... hik ' "" <,<n" ' r< <1<00 100,1 b)' numb<n I''''''' ... I. l .'Co). 

8-;1-,:.,-, --0 
Somol ....... in • "'1"'Or~ dj.~m " ;. n"" ...... ". u> ...,., dummy ~<li," .... ...-h",h """""'" "" , i"", or 
RWUn::c .. 1<1""""'100,1 hy daltod .em ..... 

rhe PU'"",", 01 1110. J un>my acI" it) ''''', he .,..,. 01 lit<" foli""nng. 

• 

1Ioo~ .......... " -r ~ ... " .. , ...... .,. 
• ...-II . ~I 

::'.11 

, 

"",,_,A ....... " . 'I 
""'~.,. B -"-11. l\ 
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PltOJrCT PI.ANroIl~ USING Pf':IT/CPM 

CRmCAL PATIt COMPUTATIONS FOR CPM 

Throuah oompullliollJ prrfonncd on tk MlwClrk (arrow) d"'I"I1II (chin ), CPM prooide:r. the -", 
lIt IUIn and compklioe lima ror C'xtI C'I"flII 

(/I) crilJCal and IIOIIC'fllaJ KlI';IICS 

(t't IOIal ftoe,I I nd rree 1\0.. lilllCl Jot aclt';tb. 

Ito II '''' SooPJlC* lhe 1I"IIfKI. f .. " 1 ... 1 ..... Ihe Io'lh ... acth-tty ...... -, T_lDo7l) 

, , 
• • 
C , 
D • , , 
, • 
0 • 

~l r ... Ilot I;'f1UC:II po~ 
•• ) WUt iI I. ptIIjoa _...- uo.r! 
(f) CoooIpIit Ilot 10UI _II ( ........ ) ud hellooolt fDr !he 1CIi ...... 

TIle: (nto) path computatlonl ate ptrfonncd In 1_ po ..... (orward and bKt.wvcL In the forward 
.,.".. MIonin, with. 1;_ of 0 (or the 11111 Cl'tl\\., the compulltions Pff;lClrlOd rrom Id\ 11'1 riabl liP tl'llk 
filUll CYeIIL 11M (1)f'II'lrd pall compullfil'lns provide. Ik carliat Min (ES) limet lOr the CYUlII. "ThcK 
_ In' cnwaJ ill ..q ... m In .he im......tille wkinitXs oflllc cormpI'lQdm, C'\'t1II1. 

For IA)' ..:Ii.,l)' (/,f). 1c1 £S, dcIII'llC the caf1IcM JW1 1m. of C'\'t1II /, 

Thc:a £$1 - £s, + D..J 
In E>.a.mpk 14.2, ounsiIkt Kti.it)' A ( I, 2). 

[$, _ £5,+D. ,, _ 0+4 _ 4 



'" PROJECT f'1.AN!<INO USISO I'EU CI'M 

1:5,,, ma. !f5, + 0.. ,1. rot aU I cnlenn, ,"10 J , 
1111> '" ~\I>C .'"' .. , 'WI eannot win IInlil 1M ml~nnl ~C1"" loet Irt rompku,d. 

(CIIA" 14 

In Eumpk I~ 1. roni06<r e"tnl 1 The 1"'-0 cnlo:Tl", Kt,,'i,1ej lnlO .. 'cnl 3 art A (I. 31 and Dummy 
IlJ~ 

.. 1Illt\ 1£05, ... o,,~ El, ... Il, .1 

.. IIU.' jO +). ,j + 0l- ,j 

Prott .. '!hn, In I ilmilar fuhlOlI. 1M arhat ~larl Hma for .11 .. '..,hlS an" rompulrd .~ ~ .. n bo:lo,,

£S, .. (S, + ilL> _ " ... 6 . 10 

fS, .. mu l£S, ... D~ ,I. 1_). 4 , 
.. mu ICS, + D".> rs, ... D •.• I_ mIU I" + 5.10 ... 7! .. T1 

(S;. - ~l l fS,+ D.,.I.f .. 4.5 

.. I\U.. I£.s, ... 0 . ... £S, ... 0, .1_ mu 110 ... 9. 17 ... 11 .. 25 
Th,s cnds 1M Io", .. rd pwi rompuh'lOt\S. I",n,1 prOj«! o;ompkllon lime m H cby,. 

In 1M bKh~ld p;!."- .'>lal1ln, . "lIb 1M Ii .... ] noo;k. 11K rompulanonl Pf<'OCftd f.om n,hl 10 Itfl up 
10 1M ~Ilnm", "mt. Thc Nch.ud IIU' compuUhons pro~ide lho: bInI compkUC'IIILC) lImn for 
1M C'\"cnl .. ~ limo an: enle.ed in _I/;In:kf, In I"" ,mmo:dlll,r nannlCS of 11M: (orrnpond,ns "tn!$. 

FOI' IIny ~o;I"U)' (i./). lei Le, denote- 1M "'C$I rompkllon 1In~ of ~'l"'" i 

LC, .. Le! - D...! 
To 1<'1 tuned, 1M bl~' compkllOll ume of,he final ~l"II' In lhe b:ld,,"ud Ph' If lI»\l1llC"d 10 Ix 1M 
Urlll'SI lIan lime: of lhat nenl ,n 1M for"llIrd pan. 

In E.o.ample t ~ !. oonl-llkr :0('" u)' F (5. 6). 

I.e • .. 'oS." 2! 

I.C. "I.C. - DM "25 - ' .. 17 

@' 

• 



PROJF.cr PL\.SNING USING PF.U/CPM 

Le, .. mon l l.C, - 0.., 1, rar oll /It •• ina r,om I. , 
T~;. will .... ~.., pso~ ,n WM<t;ft! , be p"'jc;.~ """'pl.,;"." ,; ..... 

m 

In fu..ampk I~.l. """.;.&, " .. n, 4. Ttl< , ... ., k ... inl otli,·i,ic. r,,,,,, .. '<n' 4 an: E 1~. 5) ond G ( •. 61. 

LC'_"'j" Il.C, _D •. ,). , .. !..6 

.. m;n ( I.C, - D •.•. l.C. - D •.• l 
_ ",ifl I 17 _ 7.2j _ 91_ IO 

P,OCtt<iin, in I .imilor r.JlI;';"" I .... "t~ roItIl'khon Ii""" r"".n Oven!> '", .... mpk'od u :oIIo.·n-' 

l.e, '" l.C. - D;. .• _ 17 - j _ 12 

l.C, _ mi~ l l.(j _D"I . / .. l. 4 , 
.. m'n il.C. - Du. LC, - D,-,1 

.mi.p2_ 0.10_6I · · 

I.C, _ min ILC,-D, .,I. , -23 , 
.. m'" l L(, - D .. ,. LC, - D, .• 1 
.. mm {4 - 4.ll - J I _ O 

11oi • .,..d. ,I>. ~cI-_ .... d ...... DOml""1';""" ""n,l.m ;nl ,ho p''';'':' . ... " , i .... <>l 0-
Af .. , """'pIct'"! the on,ic-al p.>,h (fM-ov.,d pao. aDd N<:~,,'.rd 1"' .. ) """'1'.131>0 ..... ,he """,pI<l< 

l'ICl...-",k dlop.m appuli ... in r ia- 1-1-1. Thlt <.ubi .. \1$ 10 d.'m"ine lhe cri"a. actioi,"" of the pr<>p:t 
An """ .... , (I,j ) i,.a.J In he Cfl'ic>J. if and ""I, ifi, " Uk aU ,he conditi"". P"." bolo .. , 

I F.s. .. l.C, 
1 (S-! _a:, 
l. £S, £S, " I.C, - LC," Dq 

•• , ffi u 

, , 

• • 

@l 11 17." 
, , 

ffi • 
" • • • • •• • 

@j IU 
" 



Appliellioft '" ,he . _ • .,.,...jj,,,,,,, ' <1 E ..... pIe 14.2 itldica ... the /oIIo_i ... lCI,vil;'" '0 be critical 
II. D. E. ."" f , . Othe, .. o,d<. .... hil ... 8 . D. E.."" f "'rm lhe triucol pllh, 1ft I ........ '" ..... ts. 
1· 2 ...... U i. lhe "",;,.,a) palh. The p<ojo<t compiellOll lun< .. 2' ""JS. It m .... be ""lOd IMI • trilocal 
patll is I conllnuow p;ilh ",,"itt, >11th lho: fiDl .... land meli.., _illl ,ho: Ia<l C'o'c1\~ /I is shown 'n bold 
lone. "Iso. 1ft some co .... il IS pog;bIe 10 ha,,, ", .. tuple ~nricol /'IO.hs. Now . .... con defiIoe lho ....... 0 ' 
'01.01 tIoal "" aD ..,,,vi,, (Lj l .. loIiows: 

SlacI: ,. TOlal FIoa, . TF,, " U:, - U , - 1\., 
The 100al !loa. 10, U at:llm y is ,110 d~mICt' bt\ .. «a IU ma.t imum I .... ibble time (LC, - ES,) aDd II< 
d" .... ' '''" (D" ,~ II " pUfin ,he h ..... 1>y .,bld> I n ICI'V"y COlO be <leIo)'Cd ,..,,_ dell),,,, lhe project. A 
.. co oIacl 10, In ICllVlly ,ndates ,hat" coMOl be dellyal ,,,,houI dellyml lhe p<o;cct I I'd ""'"'" il 
II coiled . trilocaJlCllvlIy. On , he OIher hand. • t-<li>'1: Jlacl "".0 lCIi.i.y mean. lbo' '. con be ddo)'Cd 
by ' be IcoJlh ..r ,he dad wi,,,,,,,, del.yin,lhe P'o;.n."" ~ i," ClIIed . non<nl;"'1 ""'..,IY 

In E>.ample IU. <:OtI>ida the '0Ia! """ .. for lCIiyj,;", C (l. S) \UId 0 (2. 4): 

ArI,vilye; TF •.• • Le. _ 0, - 0, .• _ 17 - 4 - , .. S 

.o..:" V", C Il.u I pooitl" >la<:k Indallna " "oonaihc.oI. 

" ."'''1 D: n ' ... _ Le. _ !:S, - D,. _ 10 _ 4 - , _ 0 

" . ' ivi'1 D ........ , <1 .lad mdico,;"''' '' "riuaJ. 
Similarly ,he 101.01 110.1 •• rOO' all.ho OIher "",vlIies ;n Eumple 14.2 can be compllltd. 
The", .. )'<'1 1""1"'" 1Ioa. Clli«l rz .. ao. •. wblCh " ...rul 1ft <ono.de,.",. ~ II ... .. proJ<C1 COOl. 

f ,.,. 1\00. lor an art .. "y (0) IS ,he dlll"emloe bt\ .. -een III " "lHabie ti ..... (basal OD <.II .... SI.In _ I 
100 its dU ' " lion. II ;, ..... .. follows: 

H;,," £S, - £S, - D" , 
10 E .... mple 1'-2. DDIlIide •• he fr .. lIoo .. 10. 1CIl.";,,. A ( l,l) .1Id I! (4. ~~ 

Ac1" 'ly A! Pt',. , _ ES, _ £S, _ D, .• • 4 _ 0 - 1_ I 

Act,." y '" n~ . _ liS. - £S. - D •.• _ 11 - 10 - 1 _ 0 

S,mllafly ,1>< ,= tk>.o .. for .011 the (llho, """";'" in f .. mplo !' .2 c.n I>< """"10,011. 
The .bo ... calculi""'''' arc , ,,,,,muized ;n Table 14- 1 

T.W. 14-. Crilkol .... aInoIo,'" loci r I ... " 

Monty Do<o'"", T, .. , Boo, (Slon l ~ .... f'''', 
(l }l -, ., « , '" Tf .. _ 1.1:, - U, - D.., '" .. 1'1'., - &:I, - U. - D,., 

, (I . J ) , • " • 1! _ O_ J _ 9 - . _0 _ 3 _ 1 

• I I. 21 • • • • ' - 0 - · _ 0 , . 4 · 0 - 4 _ 0 

C I t jl • • " " 11 _ ' _ $ _ 1 - 11 _ < _ $ _ ' 

o (1. . 1 • • " " 10 _ ' _ 6 _ 0 ,. 10_ 4 _ ' . 0 

, !'" !\ , 
" " " 17 - 10-1 _ 0 ,. 11 _ 10 _ 1 _ 0 

, (1 'I • " " " lj _ I7 _ I . O ,. lJ _ I7 _ I _ O 

G !'" 61 • " " " lj _ l0 _ ' _ 6 - 2J_l0 _ , _ & 



PROJECT PLANN'),'O USII<j(; ~HT/CP'" HI 

r'lIIITl CA I. PATII CO.'II'UTATIOI'_S FOR PUT 

Tile fIe1 ... 'o,l d'~ .. m, 10' PERT and CPM u. icknlital ""co:pr IOf lhe ""I,<'i'y t,ma. The um: 
"",rna,,, lor t' PM OJ. d.l.nn,n;j, ic. ",hilt ' hOI< I'Qr PERT arc probabih<!ic. In PERT, each octh';,y 
h .. lhe 1011.".irJl Ihm: ,i..,.. ~'JlI.'~ 

• _ OpI,m~'ic linlt" cs,hnalt ~r,ck,r tbc bnt of «>ad;t"' ... 
h _ p<S>lmi<!K: I;me ""imalt ~r,ck,r ,II< ... ·0 .. ' " I condaion, 
.. .. """' 11\ 011 (probable) Um. H,imK'o undcf nonna! «>"",,;0"1 

The p<<:>babihllic ""ure or ,h. O<'IV.,), urn". i> <l<i<'ribni b)' II>c be", dl>lnbullon " 'hOl< me"" .. lid 
_ar ... ..." a", !" ... below: 

"<1''''f 

• 
• , 
0 

, 
, 
G 

F.(D,,)" ( g.j. b.j. 4m )/6 

~~J" [tb - ~ 116] : 

Op\1I'''''>< I., ),I"" l.iI;.'1 ,oi, 

• , 
, • 
• , 
, , 
, • 
, , 
• • 

"""111,010; (~) 
, 
, 
• , 
" 
'" 
'" 

I.j O<t .. mlll< III< •• p<a«! """'pIt! .... , .... . "<I ,.tio_ I.,.. .... ~oit<' 
1M W,,", ",II< ",_"'h,) II, .. , ,II< proF' ..... I>< ''''''pi<,<>1 .. "h,~ 3) ... ,..~:tS ~ .y>! 

A<l''''Y 11. /) E.op«I«l T .... (ADo,.) Vo""",,, «I., 

A " . )) 
, .~ 

R (I. !, • 0.1111 

(" (1. S) , G,)!!! 

O(Z.~) , .-
~ , .. S) , .. = 
f (S. ~) , .. "" 
0, .. " • •. -



rlO!f<:T PUr-oNINO USING PUT C" M [CH"P .. 

ffi .. 
ffi , , " , " I . , • @ , 

• , 
• M 

• , ffi ,., 
c~,,,,,,, po'.;' II. D. E. .. 

10) f-,~~ fll'O!«I """pIn __ .. £~ n .. t.H.) + ~T.I .. "' To ) ~ £1 r. ) .. '4 S ... 7 • 7 .. ~J 

"''''''' , .. ,...- ... ' .... ~ •• , • • , • .o' _ IL"" • (I. ..... . , nn • , .. )JU~ 
I~) PrnII.Il>ib' j 01,., 01 ... """"'~ """pin_ ...... r " :!Il <1>)"1' 

I.: .. :!Il 

f ln .1) 

•• ,;nm - ,.aJ 
~ .. II: -I.ln .. lO-:!l .. _ I ... · '" 1'1 r" :!Ill .. I'll " C, .. I'll :s - 1.1>01) .. o.~ 1_ """""' .... ' nboolioo ,. I>l00) 

I'Tobol:Mlil, , ... , ,100 _ """,pin_ '''''' T " ~ do,.., 

£~n _ ll 

.. .. 1.tJ 

~ I.: - t~n :S _ :!l M 
L _ .. _ I. ... 

• 1,11) 
PI r" ~ , • I'll " C) _ I'll :s _ 1.091 _ o.S.,H II • .,. """""' cboIn""'_ ..... ~ 

I'R OJt:Cl' 11.' '': " S I'ROJt:CT C~'" 

Th< - "",mal - 1'tII< rOf In "'1""1~ ca. bo '<d.-ll>~ ~ .. nl J",,~~ocd ............ ",. 11m" boyond 
I" hl<ll In a.:t my I,,,,,, 0.0"'" be Jhonctkd ;J '<""_'n .. tho ' <rDh l,m't' .... D Ind C rrprcsmt tho 
""nnol ""'" (dun' ian, IUId normal ".,... to. In &<:I;' ''~ . ... ,k D' aDd c- "'_< , 1M: ""' ... ,Ur.: 
,du"""",' .nd ~tII root IQr ,IM: .. _ &<:I;';ty. n..n ,''' ·c .... ~ 1;"",- fOf all oco;",~ .. ,bo d,"""_ 
""'_«11 ," oo<mai IIm<.nd 'I> < ... , h ""... 

C."" I. .... " .. D - D' 

" ,,"m,nl I '''.'IM ,,,.,. CU<l Ilu""ian .... ,"""""1'0 
SI<>P' '' (C' - C) (D - D' ) .. C .. III """ p'" ."" ,,, .... 



CII~1' 14) 

i 
J 

PlOJH1' PLl~~IN<J 1JS1~G PERTICPM 

--

" 
, 

The P'o,e<1 compl."on u .... can be <Cd"""" by .odl>cin. lhe IIOmlai limos of crilK:al KI;. ilies. 
Jl:od "";nlllhe m lical ... ~'.ny "';th lhe min,mum <os1-.dwcation >lop< " 'iU )itld the minimum ""' .. Th is 
<';1;",1 I .,illly Cln be r<d~ up I" lhe "mull ~nul." 

Th. d<>c> 001 aU."'OI .. Ihol the ~rojo<t I,,,,,, ... m ol$o be mioced by lhe ...... ImKIb. sin'" the 
_bo,'o oWu,",;"" .... y h.~ I<d IU ~ "" .. <riljal p;lth. T" find .. helhe •• new rnticaJ path ""'1 """". 
<h«l .. he. he •• 1""'1Ii •• ric< "oat "' ... y ",,"-criti<:lol aa";' y boooma "".0. By mludnllthe d""'lioll 
or Ih' mini acll.ily by 1m< timo u"". "",mpule the new f= !Ioat. of the "",,«illeal Ktivilics; cII<ck 
,,'hieb one< h ... ,eduood lh<t. old pOlJ"" ,"'" ftO;ilS by 1m< "ni~ 0' I~ ,be: .",. ... il h the smalb, 
old pO$I" ot he n..., ai"t'S , he pOSili,, ' ree ft"", limi t. Th"" fo • • crilj<al ad;v;.y. 

,eduetlOn I;m;t _ min (aMh limit. pawli.., r • ..,!Ioa1 Umit! 

Cootinue 10 p<'{IC'«d III the 000" !JUlion unlil an mtrc:al .., .. itics in 1J\t lolO$t c:rilical l*lh an: " ' their 
" '''h hm,\,< • 

... "F" ,u C ... ddn <he 1oIl<> .. ~ . n .... d ........ Yri.b OOIl"tt ,_ ...... ,. dot" 

, , .. , 

Ani,tty NomW fi_ IDo~) ('. Of. r""" (Do~) N~ Coo, (S) C ..... C"" (5) 

, • , ~ .. , 
• • , ,~ '" , • , ~ , .. 
0 " • , .. ,. 



" R01~CT ~U~N I~G USlSG PERT CPl>I 

'oj had , ... "",ocaI ",de 
") hnd ,he IIf<'I'O<I """,pI<!_ , ..... nd ,he ~nd, ... <OM. 

,.-, )f ,,< •• ft' ,~_pl<t. ''''' 1"""'" on II d.,.. ~ ... ,ho ....., •• aII ,l!. • .-.1 """_ 

, 
" 

(01 C""""I PO'~" ', C, (l 
1/11 l'fOJ"'I __ rI<o_ ,_ . z.< (\.0,. 

f'.-OJ<C'- C<»I.ID. 'IIO.!OO. l~ 0 U'O 

«I F""" tlo< .,;'<. d ..... ~"Ud I ... 10Iloo '. « .... " ... -cooI ..... 

C~ Coo, 00.1 
,,",I'll> 'oil C, .. ~ I.Ioolt ID _ 0 I ,C'- ClUl-D) 

A (' , ,, 

B 11,1) 

ca. JI 

II U. OJ I 

A<1,,,', (e / ) 

Cn,O<ai 

~-]. ) 

, _ ool 

. - S· J 

10 - . _ 4 

M ).l) 

f lU .-1<>0, IFf) III 

II'" -1I01I~ - JI_ !S 

mo - IIIO){O - ~). J) 

(l~ - l\XIlll - S ) _C,I I 
I (jXl - J~WO - 6)_ ~S I 

811.:1 ,. DU. OJ 

~ 

so- II>< ,ntiad """"' I B "- 1100 ..,.. ... -,fMII .,,.. p<I' doJ".- ~ .t ,.,., _ ,II< , .... a..sidol< for « .... _ TIl< ..... ~ 

'" .hodl R "'" he .-..I,.,.,. " r""nd .. fol io. " 

.-..IUd"'" Ii.rM _ ".j«'''' 'otnII. "",,11'-' fr hm"! _ """ I!. 10) - ! 



PJ.OJECt '!.ANNINO USINO PHJ.T/CPM '" 

, 

ffi 
t '_ lhe mucal 1*111 caInoliliont, ... I\.o~ die ·,Ia • .., iIIb " ' 

CnIDI pllk • Mil .. C. 0 
I"rqooa _pltt_ 1 _ _ U dII". 

....... __ 110. (l'J(Jj) _ SUO 

A (1 ,1) 

$iooor eM _~ .... 1 lor criUcaI KU"'IY IJ it _ .... ~ " mcOlll<tJuly C WIlIo I'" ... 01 .......... "tt .... _ 

pc. Illy" lor o:mII.. 1110 1I11f1. by .. bId! C _ be redll*i h ""'"" .. 10li0_ 

reduaioro .... _ ..... \hull ... 1. poo;tiw tT ...... ) _ ._\3. ')_ ) 

Haooe, ..... KIo.,., C by J 410,... 

.. 
ffi 

f..- Ibt mtICIOI pith QboIIt-. ..... MW die Irla . .. W:ionutlool: 

CnciaII ",Ill it d .. C. 0 
~ ,11 ___ "111,.. 

Pto;.a: _ - AD. 0)("" - $1000 

Ani'll, (I.JI " l U) .(I.n CU.,) ,.. ... C"""' 
fmf'bt(ffl S 



P~OJECT PUNNIN<l USING Putl/CPM 

$1_ ,II< , ... ~~,.;, "" rnlKal oa'';'1 C .. .-:hod. ...... ""iao] ~"'t D ... b ,t>< .... ,..,"" -"'''''' <VOl 

PI' oI.oy- Io>r cn>.b. no: 1n1l.1>7"_ Duo "" rod""" io Io>wMI .. I~...., 

""""'''''' h",,' • moo luath ~""~ pooiu .. Fl' Iio\o,) _ ";_1" l ) _ ~ 

""ho"ti> .... OlD ""_ D .,.. d.t)'t, ~ io ae.iY""""" to rod_ ~ !If I doy ". ",..,10 .. , 1"""'" coal"i"""" 
... , af II day, IN"",,, tho "",,",,' """'pioI>Do"" If"'" u.. ptt"""" 0flti00I r-" "."",10,_ ... b cIa)'l.l 

r ...... ' ... ....,"'.1 ,.,h <>blal_ ......... ,,,. !oIIowi .. ;,.r"""",..,. 

'" 

CrI1Ql polll ... Ill II. C. D 
""""" .... ~ , .... _ I I """ 
i'1Qi«' «>I'. 1000" (I~,}l_ 11(11$ 

Soh'ed Problems 
The ABC M!Ulubc:lunn. Company is "",,.,&rift. ,he """',,""'''''' .,r a .... · fa<:1oJ build,,,&- The 
I'oIIowin, lill "' ..... ,he projocl U1ivi,ieo. pm:edrn<z ma,""'''', .... a Dd ti .... wi""""", 

Im....,d ... '" 
"<li"" Oeocriplion P~\.) r_ 
, PfOblem dcfin~i"" , 
, P~I"'\l"'f)" "tidy of costJ.nd ""fIIlflli,,,, , , , 
, """'yoio.,r problnru , ....... 'iro, buildin, , , 
0 Incorporation.,r re<!ui.<menll i. no'" buildin, C , 
, O<u.ilcd d ...... 'np of ... ,,' buildm. H • , C ... "'nirtor buildi •• a ","O[('t)'l'O D' , 
a C ... ' ~naJ1'" , , 
" E""""",,, re"O' ...... i"~ fusibility 0 , 
, C"", ...... o. b",ldin,'ho fKlo.y 0.' , 
, 1I";ldin, in.""",ion ,. " • 
K Fi •• ] plan' lay",,, , • 



PIOJIXT Pl.A:-M NG USING PflTICf'M 

(0) ~. CrM M\ .. ,orl lor tlwi prOj«t. 

(Ito) !dr:nufy IIIe t ilton] ~th. 

It ) Compute tbe 10111 , lid rree Il0l11 ror lhe K!;IlIICS. 

'" 
ffi .. ®~H 

" 
@""H 
" • ,@ 

ffi 
, 

• ' . , , 
• , , 
u ~J" 

, , 
• , , , • 

"ffi @] " ffiJ " 
II. I : " . )1 ,,, COOc:oI ~th •• t A. B. Eo t-. I. J. " .... A. C. E. F. 1. J. It 

,., 
A ....... ,. ... - Toul F1cNt (s.d.! 
(t/) ~"' '" I.CJ lS, TF~I·I.C.- a. - L\., enla! 

A 11. 2) , • J J ) _ 0 _ )_0 '". 
B 11. }) J J • • ' _ ) _ )_0 '". 
C (1. . ) J J • • ' - J - J_O ,. 
o , ... fI;J , • .. .. 11 - ' · ' ... ' 
E(Ul • • .. .. Il - ' - '.O '" . 
t- ., Ij • .. " " 11 _ 12 _ i_0 , . 
o ,i, 7) , 

" " " l l - I ~ - '_ ~ -
II (1. 9) J .. " " ~ - n - J-' 

I ,t. 9) , 
" " " ~ _ 21_'_0 ,. 

I .".101 • " " " J2 - ~-6_0 ,. 
.. ' 10.11) • U " " 36 - )1 - 4 ... 0 '" . 

@] • @ 
, 
• 

~-.... n ... , 
FF .... U,-' .5. - D... 

J - O- ' . O 

' - J - J .. o 

'-J - J . O 

U - ' · '_I 

Il - i - i_O 

l l - ll - t .. O 

I1 - U - 5 ... 0 

~ _ n_l.' 

~_ll _'_O 

)1 - 26 - 6 . 0 

36 - U - 4 _0 



1 ... 1 An ,nolu.uuJ ,,,OJ<<! "'"" ,,," 10li0''''''1 dOlL 

"'''i,';'y Immedia'e Pa d."""oor{.) 

• , 
C , 
0 '.C , ..c , '.C 
G , 
" 

, 
, , 
, ' 0 , f . O. H , 

" 
" J. k . L 

I ~nd M ore ,It< '<m'IItW aobm tn or,J\c: projocl. 

(QI ll< .. lop 0 ne,,,"',,,' d>apllm...J &nd ,Itt <n'lCOi PO'" 
(h) Comf""~ ,It< loud and fl"« IIoots f(lf ,1M: ""'VI' n ,., 

.. 
• 
• 

Cn'",,' ro,h .. II. C. f.. I. 

[CUM' ,4 

Dttnt.,,,,,, (W •• "') , 
, 
, 
, 
, 
, 
, 
, 
" • , 
, 
, 



n"'.I· 1 ~ 1 1·ItQlFCT PLAl\NINO US I"!O PUT CI'M 

.. , 
AcI .. ~) IM.,_ ToW ~,."., ISbc~ l 1_ ~kIat 
I~JI 4 , L, ,e, u, TI~,. I.C:,- 1:1, "" C"Io .... H .... U ,- 0; - 1\ . 

AU. J) , • , , , o-, .. ! 1 - 0 - 5 _ Z 

IHI . 21 , • , , , 0 , .. VQ , 0 - , .. 0 

C I!. J) , , , , , -, 2 .. 0 VQ ,-, 2 _0 

DIU, , , " .. 12 -7- Z_ 3 .. , 1 - 1 

1'1 ). "1 ) , .. .. 10 _ 7 ) .. VQ 10 _1 ) .. 
I 0. 7) , , 

" " IA - 7 - 1 _ 6 " 7 _ I .. A 

(j 12. 7) , , " " 14 - 5 2 .1 1~ - j - l_5 

11 12. 6) , , " " IJ - S lo' 12 _ 5 . , .. 
I (A. ' ) " .. " " 2l - 10 IJ . O VQ 2l - 10 - 1l_0 

J 15. II • .. " " 1' _ 10 _ 6 ... 2 - 17 _ 10 .. , 
I( (7. I, • " .. " II-11 _ A_2 " 12 - ~ _ 1 

L 16. 8) , 
" 

II " 18 - 12 - 5 .. 1 17 - 11 , .. 
M (8.. 9) , " " " 2J - 11 · 5- 1 " " ,. , 

I..., I)nl" a PERT 1I(1'6'Or~ dialBllI lot ~ ronMl'\IIl'IlOII prOJl'l'l '6111ltM 1K'l1"' ), .nIIIrm;a.1UfI ,..en 
bcIvw 

0101111I0Il tW«bl 

IIlIIIINUIiC 
Ac:tlu,)' Pmkoon;\Of{l) Opt,mlJIM: 'OIl Mo.. l lLel)' 'OIl' Pcw. .... tM~ ,It, 

A , .. " • A • " " 
C A .. .. " 
0 • , " " 
f. ~ C " " )) 

F H " " )) 

0 O. E • , 
" 

" F. O " " " , H. C " " " 
J I, II 7 " " 



'" [CtIA" I ~ 

luI Idnwf} tho: niliaol p.olil. 

,I>, 0.1(""'111' 1M (lfo>b;thlhl)' CIi rompk!ln' 1M 1"""Fi In , .... } )C;'" I tOJ .... «lsL 

'" 
""'''·~r IlJI [.""",nI Tonw EUI, ,I ,. , 

~ .... , .. -" 
" 0. :1 ,.., 11.:$ 

II ,lol) ,U I~_!$ 

CI!. ~ I ;;:; .W 

0 11. 5) " " 
E \~. 51 !Illl 1111 

FI1.61 !J.)J , ~ 

CH~. 6) U II.:~ 

II , .. 11 " 
,. 

I (.l, " " .. 
J 17.') " 

, 

("ntnl I"lh .. A. C £. 0 , II . J 
I~I f>rob>.boIot) ,1\&, tbt prod •• " _plrl __ r S 1001 .. «1. .. 

K _ UN 



I'ROJF.Cf PLANNING USING PUT CPM 

• - J I'l.9t1 • "'8 
C _ " - ( ( n _ II)' -_9'J-l.I w n,,,, · ." 

!'IT ~ JJ) _ PI, :s; ('I _ ~ , " 0.401) _ 0.17 (fr_ 00,,"01 d'mib .. llo" lalMal 

1,(,4 The P"'jc<1 of """'I""'"DI' """,II b<idgc;, Wilmi" IIOfI, Prn.",)h"nia """"''' or In major 
aclllllies. lnfoml4lio>a p=<lai" iollO lbe proJOCl;' Ii".n bolo .. , 

ACI,." y Opllm rllio 1111 M"" lil cly f .. ) P"Frm;IIJO; (b ) 

, , 
, • 
C • 
D • , , 
, , 
G • , • 

10) Develop a PERT nel,.,.".. k for ,IIi, pro;.c.. 
Ib) Find ,lor: "111;<:0.1 palh. 

, 
, 
, 
" , 
• , 
• 

(,.) Comru1e lhe proballilily of rom j!l<lin, , tIe!"")OCt in 29 .. ..,h. 

,., 
"""'''''Y I~jl b p«,<4 T""" tH\,1 Varlo""" .1., 

" 11. 11 
, , 

~ l1.l) , , 
CI2.~ 1 • '" 
1)(1$) " ,." 
E (4, 6) , OM 

f (4. J) • , 
GU.1l • 1.1'1 

11(6. 71 0 OM 

• 
" 
" 
M , 
, 
" 
" 



". PIOJecr PLANNING USISG PUT CPM (eMA' I~ 

", 
@ " @J " ~~ 

Uffi , , 

ffi " 

ffi , • , 
:->.l1 

, 
• , • 

n , M @ @J " " 
enrical pAl~" A. • • D. G. 

(,' f>lob.biltlt 'hoI !be PfOJ"C'I-~- ....... T,,)6 .. ..., .... 

• - J'.l! .. ' .001 

K-(m )6-19 c_ _ _ _Ul . ,.. 

145 Fusion EnJlllfCri", hx, is dc:siplinl. new prodU(1 lor "'fldin,,"'"O d"I'crmt IUO)"S, The cOftlp.lny 
lias hmltfCi ume .nd ._roes to CIOIIIpkl~ 1M pro;r.:t. Thr (0110-.-'01 ani"lIy 'NormltlOll iJ 
.nibble. 



• 'I IA P 14) r~OjF.r.:r PI.JINN1N(l U~N() PUT/CPM 

Normol 
Immtdia« Time: 1'10"...1 CIlI.h 

"el;';ty P~rI') (Day.) COot (S) Co.l/o.~ (S) 

, 
~ 

, , 
C , 
0 , 
, C 

, II. f. 

(~ 1 On"" 'he ptojm. ... '~·or k . 

Ib) Fir>d lhe eri'"",1 pllh. 

, 
'"' , .., 

• ,~ 

, .. , ZSS 

• .. 
(rl Fil>d ,1>0 pro;..c' «,mpl""", Ii .... """ ,be C<llT<'$poodi~. 00 ... 
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Chapter 15 

Inventory Models 

IN\ ' [,','OM" 

In''C'IItory ,$ In idle SIOl'k 01 n~m! "" f .. , .. re U'llt. The '''iO key i:s&un in ul~cnlory ~ .. art the 
qualllll)' (t.o.' muc:h) and the tlmln, ( .. 'hm) of tile orlkn.. The ob)«f;"c is 10 minimllC the Inlal ln"cnIOf')' 
roil rotH'sl,n, of Qn)TnI (ltoIdin,) f.lI)tl ,lid otdtrin, COlo!. 

All '11''''Uo.), modd may bee of Ullkpe:lI\kn\ o;Ictn;ond or ckpcndm. demand. In In uloIkpc1Mknt 
dcm3nd mockl, the Ik=nd for an ;Inn IS uMkpmdml oflhe dmtalllb for OIbn item, [n '"'flitOf)'. In 
• ""pclMkIlL darulnd model the do",""nd lor an n~m II. ckpcndent upotllhc dcnllll .. h fur OIM, IImn," 
'McntOl)' lJIvaUy cnd·JIfO'.IucU (finllhN JOOdjll~ cnmpks of in<kptlllknt dC1tl~nd In,'mlorlc$ " '!II1e 
-.nbl)'41mpoMnll arc u.ml'~ of <kpmdm\ dm>iond in~ ... uoria. In III;' ch.pI .... "T ' .... 11 de •• ..itl! 
ilMkpclllknl drnIand 111"",101')' .)'!Imu.. 

FIXED ORDER QU" ... 'Tn' MODr.LS 

In Ihil I)l'f 01 mockllhe quantIty (how mucll) 0( the order" hcd ,,-hile: lhe liming (when) of the 
0 . 0;1<:. v.a~ 

lk .......... '_ of Ih ... oo4tr ...... ";'IK 

We ,""II romido:r OfHimal ordc. quantitie!. ~no"'n I, «onorrI1C nnk. quanlllits (EOQ~ for liM: 
fqJ!owin, Ihrtt elisa.: 

til EOQ for jNrdlum, 

(Ii) EOQ for ",odlM>l1Oll 

(m) EOQ for ql'llnlll), diflOOllnlJ 

t., F.(-->c IW~ IIfI'l"/lr, (£"OQI /« I'MUIt.JJ/,., 
In Illn modd, w,1II ..-1 /"''f'IIIMY COP fTC) is \klcnnincd Ii 

,,". 
TC _ .~nu;al arrY'fIi COloI" annll&l o nkrillJ. ~ _ (Q/2)C + (DIQ)S 

I) _ an~\IIJ dtm:ood (unitt per yea r) 

Q _ qll&n!lIy ordered IUlUU .... ' o,dr" 

C _ uni! carryin, OCK! per )nr 

_ hoIdi"1I nile (R) x unil acquhillon COloI 01 unit pritt (P) 

S _ onknn, (OXI (dollll'$ J'C1' ORkr) 

TC _ I OI~l annlllll in"fn!Of)' too (dollars pcr )Ur) 

'" 
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To finO EOQ . .., ,I>< don,¥,ivc 01 TC ~ ,'h ... pea ' 0 Q. "'I"") '0 rtt. on<! ""'~ fot Q: 

WQ .. Q' .. .j(2DS) 'C 

Numbn 01 otUtn I'<')'ar ( r1'«j ...... , ' of <>rdcnp,) .. I' _ D, Q' 

Q" - ,,1!!,ISI 'C - ,(( ~'IlIl<'5JI/ ' ) _ jO 1II ...... 

F . !,I 'Q" _ 4111 ~'1 _ 07 

1~1 (,,= .. Mk, ~""",I', (t:OQ) "" pmJ,.,.,_ 
In ,nis ... <><i<L ,lie ___ I , ... ..J u..-~"'_I"-. ok'."""" ..... 

TC .. Inn ... 1 OIIrfll.' COil' + onnu.] l<'Iup """ .. IQt2)((, _ J) rjC + ID/Q)S 
"..... J .. "",,, • • d .... (unit> 1"" tunc p:riod ) 

,. .. prod,.,,,,,,, .... tUM' pet , ..... ptriod) 

S _ octup _, IS) 

\Q 21L1,. - Jil l j ... ,' ...... in'''''lory 1«'" ( .... '1.) 

T" del."",,,,, EOQ. 'lei ,10< dem'ali •• oITC .i,h ... pea ,. Q, eq.ol ", .. 10 and ..,h. for Q 

UJQ .. Q' .. J((!DS ) Cl[, '( ,. .. J)] 

'" 

( . ,;1 11.2 O"'<!I ...... , dan"" 11_.roM .. "" daily""","""'" .... ,. _ '110";", ....,. ..... , ... 

J .. JO".,,~ '''''1iP "'"' S .. "lit """ hoIiI, .. """ .... )'fO' C _ :!O'. of..,;, ... no/O<I."", a.- .... rur SoIJXt 
find £00. 

' " j'1.I:j,. -~ I. _I,_J)· - . , " 
.h<f< Q ,. _ 1m.,. of prod""'"", norr or prod""'"", "'" , ..... 

no.. ..... 1 to<itl """'0<)' COOl .. de_ .. 

rc_I·C.DS 
1 Q' 

llii) r.-.-...ok ..nn _tit, (r OQ) "" ~"" .. It, ~IM""" .. 
I. ,10< 1'«'''''' '. '0""" ,ho: .... " PUn:/tu'''I_' 0.- ,10< .nll prod""",," _, (1' ) '" ""","n' ond 

_ i. "'" ~. " """""",. If q"lJIt"~ d"""",,,, Of pric< tm:t~. ore oIkrnd Ic>, iarF orOo' 
q ... nIU..s. J> .. iU <kpc:nd oP"l or<kr q ..... uly. Thu, in ,"" IIl<ldd. t'loIIOuld 01><> 10< C<lIl~ lit ,lie 
100al """ «t ... ,- .. 10110 .. ", 

TC .. . nn .... ca'!)'"I_t ~ .nnWl! 0 ....... 1 C'DtI .. on ..... "<qw"''''''' .... 
f Of i ..... n .. ...., •• <kIi"<f)". TC ;' i!>~" b)' 

IT ~ IQIlK + ID Q IS + (DJP 

.nd ,10< EOQ i. dc1omriDOd b, fomrula ( I~ 
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~ or JDd_t !kll,-cry. TC OJ 1I''m by 

TC .. (QI1)ftr 01) rJC +(D'Q)S + (0) 1' 

li nd lbe EOQ IS IkImnulCd by fonnub (!~ 
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TtIc po« rrd...:tooru. II\: u ... lI), ol5md In I _ 01 Dn.,. .. illUStraled .n lbe po« t~ oIlhf 
rono. • .., CQlllr'c. 

Onttr "l1li_, Ptoco pet _ 0') 

110 "' 
~2 

1))10 I~ " , ~ . .. 
11Ic rouo-IIIJ.~ IS n:wmmendcd In IkIcnftlnmJ lhe orokr "UUIII)' " ',Ih lhe lo-uIannuaJ lotal -, 
STF.P I 
STep} 

STep J 
ST£#'4 

STep J 

Compule lhe "00 uwn, c.adI ollhe unn pnca. 
Ddf:rnuM .. bid! EOQo oISlrp IIIf: ka»,*-

The Irtiiblc EOQ COJTd.f!ClIId'IIIIO lhe 1000'61 WIll po« 01 ,Ix admMibk EQQ. 

ComplOlr TCa (Of IIx idntmlblc EOQ Ind lor quanl"'" II to"'ff unn pri« bulh. 
The quanlll)' .. ilh lhe Io .. -at TC 01 lhe oplllnurn. 

DrIft • • ' 1_ ....... ,...... ,01', 

The lbo,,, EOQ modc(, cit.11 .. i lb one ~e)' Ir;wc: ol '1I"enlllf)' ,noddJ.. _I), - bow muell - 10 onkr 
The PlIItr ""'" ol-.. 'hen- 10 onk ... 111 bc llandkd by lhe Of' modds. II il lime 10 QrCk ... 11m 1M 
'""""01')' levd rlllliO O P . ... 'hlC'h lI!klermlned b)' 

OP .. EODLT + SS ..... 
EODL T .. CJporlnllkmand dun", kid hmt 

l.cad lime .. lIi1lC bcl"'Ca! poonlt 0( oNe\".nd R«ipt 

SS .. Sakt)' Stock .. 8ulJer .u,.;k 10 JR''CtI1 ~od<ouu. _11m ..:tual demand Ucccdi c.lpco;ttd ........ 
SII," ;1 II d,tI'inoll 10 ,."llIIle 1M JlgckOUI oo.t.. ... c ... -iII ~ the onk. pOUIl .1 _lopCQficd C\l>1_. 
JeT"" In"l ... hlc:h llihe tH'obabolol), lhal. ilockoul ... i ll lll>l ocaor. 

TIIttc Irt 1 .... 0 I)-pes of dcr!II.nd durin,leMIliRJ( (DOL n dmriblliionl: I dlKrtle DI)L T dblfibilliocl 
for . ..... lIlIumbc1 01 un,1I aIId I conlinuovs DDLT d~nbuuon lOr • blJC numbc1 ol lin,"" $oI."Cd 
Flobicm I~ II urmpl4a 1M ~mpk m<thod 01 findallllbr Otder potat .Dd ..sr.)' ""oct lOr • dltr:rclf: 
I>DL T dHUlbulion. btiod Of! Mlllkwni PUI dI. ... Abo.. p~ diM"buloo. ..... )' be lMUoncd '0 doxrtbe 
• dlKl'tlt DOLT d",ribullOll. .. IfluSl ... tc:d in lhe Soh'td Prot!km I 5. 12-

On lhe otbet h~nd. flJ1 ~ ooru lnUOll.\ DDLT random ",,~bIc. ... ·r ~"UIllC' . IIOlmll di.lnb\lllon. The 
oo<kf JIOInl '" ,,\lCn b)' 

OP _ [DI>LT ... 7 .... 
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F1)DlT .. me .. " or dcm.llld dun". Ie ..... u,,", 

l. .. lIumbn of itlmoJ.d Ik>"moot frOOl 1M mcilll 

"II .. _'anoia.d 0.."0;0110" of o..rrullld <lun"f low In .... 

[CHAr 11 

In tk"dopInl O J> moddlo,. ,"'C "",me lhe kild 111M 10 be- "uNr ,",lhuLI, MrlSlJ<Uli p;llIUlIl. 111m: Ill' 
Ih_ ~ .. hoch COfIlnbure 10 '".riilb,ht)' of tkmand dunnl k~ m, .... an:rblc tkmilnd ( .. ,III ",n)lanl 
leild llme~ 'llflolbic lead rUM , .. -"h romlanl periodIC' <kmand~ ,,,,-gblc' doc-m;rnd ~nd >;trlil!lk lead "'nc. 

or . ~I .z.,.~ 1 .... , 
J .. ...... '" rmodK' ......... ..,J 

1 .. It,od ,,_ ~Irr; .. "'" 

~. ~ I _"" ""'" II .. ''''lId.otd .... ,_ nI do!mlo"" d ...................... 1000 "'I""'" ."''' ,II .. ;, / . "Ioot_ .. ,1000 ..... <II 
( T'tf'O\lK' dftILIIId .~ 

OP-J) u.., 
i .. •• ·~ .... 1nJ , ..... 

• , .. .... 1Hi.1n1 6<.",,_ </If rllt Ir.od , .... 

~ .. p<11OCI .. dotraud 

I •• """,,, <iIor'.~ 

SIn« !oIIona~ COlo' IS • ru~1OII of lhe lhofll~ lmoun,. " , .. II«nQ,) [0 \ !I<l'" lhe 11' triI~ n"mher 
or "nll~ ,horl "' ... ume ,hoI,'1ot d<morod dunn& kao lime hoi, 4 !Kllmal dl\lnt-UUOII Then. 

."'" 
IA.' - 1:IL \". 

1:(11' " .,(t:lfC' n"mbt. of "nn. ~lIon dunn, k~ I,mt 

f.IZI _ $tarwbrd,~ ""mher of unlll -hIM! (from unll n()nrull b. fUlI(\oon ,~bks) 

"., _ .tiiln(b .... dc".-I;!IIOII or dnn.ond dUIIlI1 lead lime. 

FIXED ONO£R I'EMIOD MOOEI.5 

So f.f .. .., o.."h ,,"11 hed o,ck, q"""trI)' 1IK'tklJ; b.1f<:d on J:OQ and 01' rorKTpI ... til" , II. II) D'do, 
lhe amounl of EOQ ... -hell tho: ill« n[Of), k>''''' hiu.he am!l\lnl of o r I" ~IKII mockllo,. lhe Oflkr qualllll)' 
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;~ ~.t<l whilo tht <>r<kT ,nl<nal .ann. II .... · ..... '. llIe fi l ed o,<It, ,,",Io<! moOtl. deal ,,"k ord<rinl •• ned 
""'"un"~' f"ed iOI ...... I. uf rime. Coruidt, lhe "" ..... he", demand is ".';'blt arid I .. d ri ... " is <on<lanl. 
", ,,,,mt Ihal IIIe demand follow. ~ ",,"=1 d!>lrihu,;"n. 'Th<" ,lie ,,,,It. ,,""nlily i< Ji .... o by 

SI~GU: I'U IOO MOOn..s 

Q" - ,i(T+ I) .. ZI1.J T +1 - I 

". _ ".nd.ud de ... I;"n 0( demand 

T _ fi.od .. rOo, p<ri<>d 

, .. lUll Ii .... dwr.l;"n 

I _ ""'QUO\ 0( in"~o',,~' on h:and 

Tho abo •• I\.ud II,d,,, 'I .... olily rno<kls "net ti).«1 ordc:r ","nod rno<kh; Ire .. ""wi .. het. tho rem.inlni 
,n,' •• ,M)' "r \IlIl" ","dc' qd. con bot fo' .... rded '" lhe ...,., ordtr '-"Y'*- H"",."., •. "' .... II ...... oocIo .. 
(><rislt.hI< ",'mmodi, in ~nd dotod mal<ri.ob ",,"""I he f" ...... rdcd 10 ,bot .. ,;<1 ","d .. cyck or r .... I p"n.ahy 
fur ar!)o, ... The: OOja.1"" of .tIc .in"" po:r>OO ",od<:l os 10 minim"" IIIe <"»" 01 o~<nl""k ond 
und''''ock. Th" l> ""hie"ed "'hen lhe: 0',,"," quonl;II' 1/11O$fin 1110 foll"""'ng optimu"" ",,,.,,,,, 1t,'.1 

~" .. "'." 
s."K>: Ie,-.i _ C~ I(C .. t Col 

Cb - uode,..t""" root _ .... ·" ... /" 0;1 - =t/ 1l1U1 

Co _ « ...... "'ct ."" '"' «>M/ unll ... .-,onyin, oost/ un,l - '.1.h'lll" , .. h •• uni, 

Soh-cd Problems 

15.1 Con"""'. un In''''n'O<)" I)'S''''' ... IIk lhe r"IIo_-; ... d~ta; .nnUlil .kmand for. po11iculo, il"m ;, 
1500 uni,<: " " 'yin ...... or on< "";, ;. so.l S; 1)(I.\t,,". 000' i. su. Otle,mine; ( .. ) OC'Of)Omk ocde, 
q", .. \i'r: t bl n"m"'r " r o,der> pc. year; 4<. 100al ,,,_lory COIf. pcr yca,. 

G.,en; D _ !m S _ ~ U; .n.! C _ SIl, ,-

10, En>no_ oro.. q ... n';' r-

Q" _ (fI)s _" SOO!U _ S0111 " ..... 
..J C (US 

, . _ I)!Q' _ I lOCI SOUl _ !7~ 

Q" II SOl 11 IjI.)I,J 
TC _ C .. S_ 1l1J + t' _ ~I.08 _ " .0I! _ S!l!.I6 

l Q" 1 S01,n 
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(1 0 D l.Il9f; 10Wl rr: _ 1 C> Qo S- 1 6.:1·151'lt1O .. l"I(I--IIi·19O.~ "' $I !III' 

I!l..l A~h<m Co'I'O""",n w ppl>H W .. , F. .. I' ...... ingCompony "" Ik. <~ ~I q.. .... of ~~ 
harm. pu d~1 ...,d • prioe of S 19 10 per I.>arrri. West En" .... .;" ....... 1100 ''''''''PI ~I ,he raI< 
'" 2:100 ...... ....... doy .n~ SSO OOO bum. per )l<lf "!"lIe Ofdt"; ... ~ io Sl tlO rt)'<u • ...tlhe 
""Idint _I II lS'"{, of lhe prioo< pel boorn:1 ..... )'Uf. FifHI: M EOQ: (bl Tq 0' fOQ: ('I 
IIu mb« of ",00 ... ';"" da)"l pe' o,der, (J ) m .... 'mum ."'.111< "'1""" 1 roo- ,he che,ic:ol 

0. ...., I) .. S5Il0l."Q S ... Slt». C .. lo.l.I)(19,IO~ , _ 'XIII. ~ .. 1100. 
(u) E<", .. _. ~ "'."'r 

Ibl ... . .... 1..,... ..... "'''') WIt: 

Tr_QOp-~c .. D s 
1, QO 

_ lSll" ; (lSOl - nOO) (IUI.r9.10r .. 1JU00l 12j(j 
1 SSOl J1J~n 

.. 5Il6O!lO. 5Il1lOl..1(l _ 1I012O'-liO 

1<1 Nom .... d ........ L>Ctloro do)'o po. ord<r. Q"I~ ... OJ 1l4.H lill.!OO1 _ 16.1 40)'0 

1"1 101"'""'111 "0.-'" col*"'-

I. a I, _ IKQ ' " 6 IS", - Zw;lJlJ) ):fU 'mOOI_ !I 1"'~ 

I~~ LII,col~ EItcUOD"", prod""'" XlIlI ... n.,,,on ptr ""' y • .. -hich JO "1~ '''>altory. ~ ... pplioeo 110 
''''''''''0,," pt, day '" M "",by ~odloo _ The: lIInLJOJ "" .... r>d ~ 11 soo. no. '"''C"II'OI)' bold,,,. _ 
~ SQ.21 PO' I ... """"" ptr yeo. and lh. Jet"P _1 p<f p.od""!",,, run ill 5200. FJnd: (~I EOQ: 
(bl prod""! ..... Nn ItllJlb; Id numbn 01 procl ...cl;"n Nn. "" jar. {.I I mal im"," >4~nlory lewd 

("~ ..... P . 11SOO~ p .. )/){l; I . I~ s. ~ (" . so.n. 
1 .. 1 [ """"""" prod""",", q .. nu", 

{l0 . {fiif7 _/17 5OOl ;!oo 300 _ 109I-U '","u .J (" ,_I o.n (.loOO _ IS01 

(b) !tUft 1eG",,- (1 "/, _ IO~SU~'JOO _ 16_~1 40)'0 
(, 1 N ........ 01 "'.';"'- "'...- rw.r .. )1»:11109'-1.41 _ Ul 



CHAP I'] IS\'EN'TOIV MODEt..s 

~S' - J PUHoodiioHlOO - UOI "n" 1_ .. -,. ... _ 
• C, " D.:H )(II 

15.5 PNcu.ion Toolti Inc. Ittts pGIM' 10 ~ "-lOCO! Co. • pet IoIlowin, poa: lui-

O!du q\aHl~r Pm pn_ 1'1 

,-'" WO 
J004.' DO 
om. "" 

11Ic Innllil dmund it. nlirnaled 10 be 1'000 pltOlll per )'G" The curyin, cotlS arc 2rl. ollhe 
uml prior ..,d the orden", COIU Irc SUO. *-,u_ ,mtlrlla_lkh.ery F"tlId: (0) EOQ: (~) 
opumlllll TC Ie) UIDC bet .. 'en!I orden. 

Govea. D _ 15000. s .. Je.JO; C . (O.lS}(P'). 
TlIo [00 n DDftIpu .... 10< ad! "";t .,.--

,,, ..... .;utS .. 'SOl..-- (i r 'oiWol 

(.) n.".... ... EOQ • 62'.jQ. _po..s. ... to * IooonI ..,;\ prioo. 52.00. 111110 MIl_10k Eoo. 
s.- Wn .... 1000 .... """ I'fIC'" ..... k. tJoo .... q ..... tily n 61OQ. 

1'1 n.~1 ' .... _TC.IouDCI.UI • ., 

o· • TC . _ C+ _ S.(D)I' , .. 
~ UOOO 

1'('" .. - -,fO.llXl.OD) + iiiJijOO + (UOOO)l.OO .. UUIW 

«I n- loft ............. .. Q' {D _62'.,, 1'000_ a.DU6,.,. UdI,... 

1S.6 ,. PrmottOll SoIIp COIIlPUr bo." 9Oooo00aWJlrn tadI)'CIt fromlhc TmllOQ Can Compl."r. 
,. onkriq _ '- $90. ,. catr)'UIl- per COIIWnn pet ,.... .. Ulumed 10 be !O". 01 !he 
III1iI priI;c. The ditoou", pria: ~ult • as f\1lo • ., 

OrOnq ....... , Pmpel' ... ('1 

110 10000 SO." 
10000 to 10000 .,. 
m ... OJ. 
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10/1 100 ... )l00) 
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15.7 TM '" ",.rd (' ompu, .... I...,. purr~ $000 "".11 IIm~ f't' )r~r , ....... '" ." C!."IIpul ...... I.JIo.iI 
on.kr (I!O.I) S7'O.OO no., II1\tnIOf} lIokl.n, nK4 It:r. of lilt IIml ",In' TIlt- "'l"fIIon 11;" I""'oJn! 
.M roIlooo'lIf pnn' 1m. 

Or*t .. _II) I'r .. ..,,... _ 11"1 

1'0_ ,~ .. 
j(O '" '"'" 

.... . ~. "HO 

""UIII'II, In,'anW_' ckl"'CTy. lind lOll opllmal OI'IX' 'IlIan.,'}; '''' "p',m.1 TC 

"" ... I) ... m), S ... S7O.lXt (' ... lo.:JM"~ 
11 ... t.oo .. _poo'''' "" qdr, _ IIf1Dr; 

"" I :"'«J011'O ... ..::!JO.fI.I """.1""""*, (" .. IO.lj.'4l.OOI 

•
• .D$ .. -- -, r 
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"" ~ Fe", ... - l (W~~5) , ~ ro • {~~~ ll - m:s )lZ-1O 

'/('", ... _ 6~ (0 !!M ' l!(J1 • :: 10 ~ t~K'15Ol _ S11,..091.!9 
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900 I" 1./9\1 
,~. 
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Slj.1O 
1 • . 00 ". 

f.l llliOO)110 
~.'" ,., - " (fllll(1 ),.'JB) - ,.. UI(lnlu.>o .... j 

Tl>< k<J q"'on",><> 1~ ... .oi ... ,< 9118l.nd l~" ..... pri<rJ; '"'SI • . 00 ..... SIL'O. 
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(.j F.OQ _ ):,000" " 
{~I Of!IiIoal TC _ $I~Sl l .a 
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(h) M,,,,,,,,,,,, TC _ S9S-IO)j,OJ 



Ctt~P lSI ". 

, ~ w . 1 ..... 6l PU. jl /)S'_~ r: ~OOO)SjO lMII - J~) , 

- C, \ (!I.~(19 . .\II1 ~ 

TI>< ., .... TC" tJl6O$JXl ""r~r.f to I" unrr p<ic:< ol$IUS. 
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bole ... 
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~d.1I DOLT F .... _ 

61 _}O • 71-to , 
,,~ " 91 100 , 
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I~U The IkmIIIId dunn. ad 11 .... {DOL n r ..... u!omobi" beIInop a! lhe .M odI"'" M .. .r.<111ri1l& 
Compo..ny IoIk ... -, •• I'oiuoft dillribll!ioo. .. "h . .... n olll Fiod II .. onIt. po; lII 10 •• ..,....ia: 

""01 ol99' r 
F", .. _ dulhboo'_"-, u.. «HII .... b .. p«>bol>hl'" lOr .... ~ of l.2 on ...... _ ... 

o~, I 
• , , , • , • , • , 

" 
M_ 

U .. , 0.111 ,~ ,., on, ,., 0.' 1' ,., ~ .m '00 

1'- U Ilo>e<J un 1'0" C'P<I~ the .... ""11'"""'., uI St., Sp\H1> Slod,um """ lbe ...... , ... 1 """ibol ..... 
(mean _ 100: " andan! ....... ,ior\ _ 20) ' 0 dcoo:ribe ,he _~i .... demud for I _ bra"" of 
""" ... ~ .. ball .... Find lhe order po;nl 10, ... ,...,.,. ..... or 90'; ... 
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.. 
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t1s, IS,Z 

01" .. fDDLT. l • ., .. 100. l.lI(lO) .. l16boulD (J", I'-l) 

'" 

15.14 llIc daily ckr!I.aIId lor ~r II lhe Brow" Bot tle Pub l<iii0 ..... I IIOnIUII d.,tnbutiooJ WIth I mA.II 

0( 50 !lIen _lid .... ndaId de-olllUoa al lS bien. Thr Iud lime .. 10 III,.,. For I lkitml ~'ioe 

ko'd 01',. .. find. C"l ordfr poIIIt: ,.) Wet)' ~«k 



11l INVEl'o'TORI MODELS 

OP .. ~ -<- Z .... I .. 150.'01 • II Mill'. , 101_ '~H,,~ Ir-,. I"~' 

S$_z •• , i_ 7L~~ 

•• 

[eIlAP 15 

I~ I ! 'T'IIe 41.1)' ckmand lor I phlmbon. ~111oUooo, I -.mil dlt'nbuUOII .nft. _,,, of:O IIn.u.nd 
• oI.lIdard 1k.1,J.'- of S 1l1UI .. I( the ~ urrc;'. eoASlalil I .. ,.,.l ud 1110. OP n 1110 11111110. 
find I"'" J!OC.OII1 probabltil) dunll,lcad 11m1. 

O"aI 01' .. 100. ~ .. :n. _," ~, .. JM,. 
III' .... p ohlr ........ ~ .. ""noble ...... load 1_ io _ ...... 

.... 
• UI 

. ,.. 15-01 

Su .... 0!\l11ItJ. 160 _I !01I7, . IZ.5)(, 7~ .. '. ~ Z .. I.S. 
I ..,. .. "" -.....1 omlribooll()fl tobin. tho otnQ II'CI .. o..t.\-l5 "" 7. .. 1-'1 I ro, 1 So$ ) 

II tf\(1t, lho MarlO." p<oN"'l", dun,.. It.d tNW" I - o.nu .. o.O&!~ 

I ll. .. TM Ibil) dttnlond fot ra .... mllla",1 lor .n .. IOINIIII: .....:hllll: ... c>')1bI;aIlL $0 linn ... Thf Iud 
IIII'C 1011;1 ... . /IOmwol d~nbullOll .. 'nh I mt<ln ofl 41,.. and 3 sl;alMbrd !k,>;I11OCI 0( 1 dol) ... 
Fuld lhe O P tOf ~ ttn .... Io:>rI 019,·. 
Goo,""" .. ~; .. "., .. 2, MIIIZ _ UH ... _ .... datO'." ........ ""-..aIdtluokl_ ..... 1 
I. IlNt. ploNc!a." .... " ..... ·.01 .......... '- .. 'V\lbk. 

Ol' .M ,ZM, 

.. ».11. 1 '"30I~''''' ..... I~-If- I~'I 
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1!ol7 The <.tUI~ d!:m~"" for d.ec..burger> ., BUlgei' liarD loll" .... l n<)mlaJ d" l"buoon ... ·IIb ~ "'<On 
oIIOOO.rId .... ndard de,.,.""" 01 100, The Io<od tim<;. ..... dc>o.,,\x:d b~. ,,,,,",,.1 dil.lribul'''ft 
... i,h. rn,,,'~ rlS do},>.nd. standard denalton of!~)'J. f ind ,ho: O P fOf' """"", It.d 0196· .. 

Gi,en; ~. 100I);~. _ 100; 1. l: Ot _ l: l _ I ,' for. ",,"in: 1<,-.1 of09!llfmm "nn '"""""" d",ril>u,i<>II 

"1>1«1. 
I. I";' PI~ b<>,h <km>od . nod k ... ri_.r< ,--.nabir . 

... , 

1:'\.111 TIl< un ... 1 & ...... nd for.., '.'I>II"Iobilt 'PO'" pon I< ISOIl unm and the ordef quon,i,y i. 1~ 
IIn,'~ Tl\( Ic:Id lime d~lI\lInd lull" .. ,. a n,,",,~1 dimibuliun ";l~ • ".",brd d •• i.lion of:!ll "nil~, 
U ,I>< d<>iml "" .. itt I<vcl i,lIO'" .. fll"!: la) Ihe .'peeled "umbe, of unll, .hotl per <rd<: (b) tI>< 
•• petled "ombe, 01 un,l.< , hon pe' )C~'. 

E(l) _ iW4i for Z _ '.U l(r"", oM ~ boo I"""""" .. 1>1<>, (Soc 1 . 1>1< I l- l l 

,0 , l:(.I.('ll .... _IO'O<I~~I _ O.~ 
,b) t, .' ") _ l:(.~O QI • 0.91\0 1500, 1j(J, _ U "",,. 

I S. I9 'The 11'1 ond T.II Awa,e' Sh"p <>,i .... ,'" ,"" annulI d<IJQnd "'r 0"" of it> "" .... br..nd jcalU '" 
be ISOI). The orde r ""''''''Y it lOO;c""".r • lim .. The I""d lome demand i. described by • "''''''''' 
di,'ribu,jon .,. j,h • ",.dord de .. ;'.;"n oIl!jeaM. The .. peeled "",,,be, of je-o .. ' hon per ye.' 
i, 18, Find tl><!<ad ,in>< .,,,,.;';' 1<>"<I,nd ti>c yfe,y .. "d .. _iOlN ... ith thio ,horlol/C-

a .... ,,: D • I!II'O: I? - 100. /:1.'1: ) - III; 0 .. . I;! 
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IS .. (Id 11100 IOO~ u ""'~'" [.~ I .. I 
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""~ l E(l) "'. ,., .... .. '" " . nom OMs.. 

'" o.ol~ •• m , ... 0.01 41 .... , 
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,.00 .... O.'~911 

u .. ., "lUI IIIlf1U1 "- I.neu,", ubln. ,." f ILl _ 0.081 ta. ""1<"<" Inc! " ll"U. Of i.I U· .. Tht 
Nfrnpoaod.", Z • • b ...... """"",,al> I_ alllllloo. 01 ,,~"""'" dt· .... IOOIh b<-t • .-..... ,,,," OP :uo.1 ,_ ....... 01,_ 
kad II .... 6na.and dl>lnlNl __ n 1.00 , (."'" I_ <am< 'abln~ Is"., T ~hIt 1'· 1 • 

s.dcI)' .. <>d .. Z ... _ 10011:1 _ 1: , ...... 

LUO The: McDonald D~II) Fann he:lle-a ,"" dal'~ drnund ~r 11$ m,l l rolkto<.,. lIor""" dll1nbo.illUfl 
,ulh II mun 01100 ",11om .1Id II Jlandard \k'lOlllOn 0110 pllonfo. lr lilt kld hIM IS II romlanl 
I daYlnd I"" "n"N lCniKe "" .. I .. OS· .. find I") lllllet)" ~ocl. IMo,;kr p!)In\; It) ne,,.,. amo<lnl 
01 O1I~lo.l. I" I proNbihl) 01 a tu).,loul 

0,,_ J .. un .. , .. 11.\ I .. I do, 
I" tb .. IM"'*"'. """II4" u".Ibir;tAil k.od ...... " ~""""nl 

•• 
'" 

c~, SS - Z ... ~ I • .. Ion_ Z _ I./o!l If ...... ~DII _ I d .... "bo;" .... ,~bIr».,.,.~IDJ 10 ,be tCrIlCC inri 
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i'iO) _ tll-,~ ... t:'l)~" lifo< oon"u' _ ,,,, .. ) 

~'h<t< (i') a O.l)~1 "...,. ."" _ ..... r""'b'" 1.0_ «<r<>p>n<ti", l<> ,II< .... 0« Ie, .. 
01 11.91 or l at LM .. (So: T.bi< 1>1.) 

11""1 Lt., _ (OJ\l I .lO~ji) _ o.ll~_ 

' S.II The da,ly "'""gr;: of "'IHI""')" II III< fI<ln~ <A Tnll<cl. [oU..".., • not"",1 d!JI,ibu,ion wilh . ..... n 
<A S bo . ... I n<! a lIaDlbrd <k.ia",," of j 1>0.<11, Tile: ban~ pla<>:s "'(\< ... , b ed time in«,,'." '" 
8 ""I' ~nh" Ie. d lim< oil d.y~ If III< in ... nlo,y 'fl harKl i. IS bolO •• rKllho: deorred ", .. icc 
,",'.1 is 99" r firKl: (~) ",<I<, Quanlily- (~) ",Iely " ...... 

(;.~ J _ ,:~. _ J: T . il:f. l.1 _ IS; l _ 1.JJ 11><. «n'OOO Ie.-.I at l19'J (It"", on" """mol d .. lriba.ion , .... , 
TIll< " • ~ .... ,n .. MII .,..,. I"obiom 

I~I Onk, q"."'r 
II" _.ii.r ... 1). z~., T. I - I _ II{S . ;H l,nm.jil.l - IS _ 91\,1$ ..." ... 

~ 

i'~" T . 1_ !lll bro. ... 

IUl The d.,ly """,urn"" "" of . , .... nd bed at tile 8u,,., Pal""" rHI rood reltau .. nl for ill bu'se'" 
f",low, a normal d,mi""tion " ''' h a mea. "'!SO pourod. Ind I ... t>d~rd d .. i .. i"" "" 20 pound .. 
The ru.au",.1 pbI~, orde " "" 2IlOO pOun.h for ""lind bed 0' fi.ed inl.,,'.I, of 7 do, . ... "h • 
Iud lim< of 1 day. 1f . 1I< amount OIl lland i. J }$ rwnd .. find the ""d"ut proba bitllY. 

(;"'"', i _;t.«); •• _ 2I!.1I_ ~ I _ J$S. r _1: I. 2-
no.. .. 0 B .... 1 ...... 1 Ofde1 ",oWe", 

II · ~ «,T + 1) • ~ • .,ff'+( - I 

JXIO a l~7. ~I + 7.(;>(1 1./1 .. : - m 
l ~ 1.1$ 

t """ .. " _....u d ... nbll,"", "bIoo. r... l _ I.n. ,II< .... "" 1<,01 a 119& II,,,,,,. 'l<>o:k"", 1""""b/liIY _ 
I - n.w. _ 1100\, 

15.2.) A ",,~II N",I .. or. buy. frachl}' oroadc ..,.,~ic$ ., • (""t of S!.H pc< j'l<JUrKl and ",II" t""" 01. 
p"'" 01 54 .. 00 roe< PilurKl. The "Dsold t:O<>ti« a ,c sal'aaa! a' S 1.00 P"f pauod. 11K: doil}' <kmand 
/,)II..".., • """""I d rslnb\tt.,q ,,;t h a meaD 0195 _"'" *00 • tt""'.nJ dc,'iation of IS poun<l .. 
If t ho: .... "", .. pI~ 0_ . d.y. find ,II< .... dc. q""nti.y. 1 ~.,,,,< ,he """1mJ 00 .... 

~ _9S; •• _ rs 
("~ _ ........ "" -CO<! _ Sl.oo - $2 1, a H1) I'<'~,.j 

Cn • <Oil - .. 1 • • 1" ,alut _ IUS - S!.IXI _ S t 7$ pot" poof>C1 

Snnx 1<wI. C.,!fC" .. <;'1- 1.1.1/11.1)· I I). _ fHI<i(, 
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15.U TM 1b.1) dc-mou'ld fof A 'J1«UII)' no"tf 1:oou<!""1 .1 • n.I<1>' •• J"tn h> lilt rKq~ d .. lnb\lloon 

"'~. 

""'"" 
, , • , , , • , 

F.cqll<lIQ • " " " 
.. ,~ I . • -

TM •• ,,'('n ... ~nd «1>' P" unH n., 51U.00 liM 55.00 ..... !Wlnd) 'I'ht 'Jn~onl~' 3nd >;1'''''11'' 
• ."lllt P" unn art S4U$ and 5-1.00 rt<.p«t"cl}' Fmd lilt d:ul} •• "d.n' .... d 

r . ... , ........ ~ CU>I • 10.011 _ s.oo .. u.oo 
e". roo! ~ .. ....., •• , , ... , - o;&l\1IF .", ... .. '00 • 0..: .- - JOO .. $1 ~ 
Sn' .... k ... _C'. Ir, ' · ("ol_HIO,'.OO .. I.!$\ .. 1UIO 

''''''' .. , , , , , 
".,....., • " " " 

.. --
1' ... h; ... I~) ,. 110.1 11) :;~I II~ lID, ,,!.I 1 Uh I:: 1101 

OO}:T 0. 11 ! 0,17!7 1I:1~: 0: 

Call1 .... '''C' 
protu,bohl) 0.0.':1 , "'" ,- ')~I~ 0"118 , 

• 

" 
,1~ 1101 
OI.1f>l 

O~I~! 

• , 
, • 

l' 1101 ,: 1 HlI 

"", Mit! 

o.~lii , .. 
I. 0fIkr I<> ".Ul' ~ __ ,.,.. Ir>d "'!III'" _ I"'" J.oil} .. Qt;~ "J ........ Iot ~ - '''lido "'0 lUI ;10.., ... 1 >C'\".w !tool 
IIf'U ~!"'. I 

15.25 II sm:>11 _ Ind t»P ftillunanl Ik""", a d;nl} "",., 0« It. d 0( 80". for Ii> "uh. If lilt IkmInd 
.... nn ..... lI<I I,,,,,,, IDO'.n r<l •• ""~. (,>lin .. " ~ I' ....... .,., d,>ln .... ' ..... ",Ih • rnc:Ih of find ,he: 

onkr pmnt. 

c" ... .srI' .... Ir,t! _ 110". 
I rom "- d, .. " .... '_ ubID. , ... """,lOU"', fI''''''' ......... '-" • In<"~n '" 11 ~, ... , ... 1od<Po-
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-~ 
• 1 , , • , • , • • '" " " 

Moon 

• .~ . 00' '" ~, .1 • ,191 ,JIl '" ~, .717 '" •• •• 
r 

In 0*' to ... Uf< .... ,.,.I.,,'d III 10' ~ ,he ",lit. ,....n' lI,eI.r.o..w be 10 ( .. I>iclo y"",.n .. t<>ai O<f>'ioo: 
"11./1' .~ 

Supplementary Problems 

1,""" I ... h • ...". .. »or ... ,mot<. , .. on ......... , ...... "" '" (A ""',-co.. I" "';M ..... """1"f ..,., pot 
toik< ~ lll) ro. • 1'" no. -.;., """ .. SKI /><' <ml<' O<IQr"Il"', r_) F.OQ; (~l .".>001 (ON" ... .otNj 

"' ....... ..... " rtf ..-b0:7 of ....... flO ' "' ... 

1~ no. _",>.I liq"", s,_ h ........ uaI_"" III 10000 """" I<or R<\I Sw- bo:<t, A ...... 1lI.,.., <MI. ,'''' 

.,,'" I~.oo. Ilk _.m, <OIl .. 5Z1OO pc. ""'" ..... 1Ie 0.I<)'I1II <MI II lII". '" "'" ..... Ill ..... oamnrn< 
,II< 1>Il<>00,,,,, I~j 000_ 0";" q .... joy: (bl number III ",dm I"" )'Ur, 1<1 anoual,ou! moJ. 

15.:1 .4 dnu;b.n", III offi« eq .. " ..... " h .. bo<1o ..... Eoo ~ for ;,,; ...... TIl< "',,)"i,. <001 for .... Ill;" 
, ..... tuu bee_ l~. "'n, -' _ III< _...,.....ri .. EOO .. 100. 1f.1I< «")'",,_, in<....., , .. X1'. III 
~ . <QOO. fi"" ,he ... ~ roo 

15.19 n.o-.. F.ka<ic <""''''"1 p,O<,I""", !>50 >o<k." "'" do) ... I>kh II'> ;"'G ;"""' 0<) TIl< _rod 10< ,"" 
""'~"" .vaa", lOCI -.. .. pr:. doy lnd .b<Mn 'iOOOO .... -leu pr:< )'U" no. .... p """ for prorillCllooo" 
S;t! " '" ,II< _'"I 00<l p"r JUl for .. rn <OCt ... iI ~1.7~, Find: I~j =""",1.< [><OIIoctioo lot "'" fbI TC 
. , F.OO 1<1 ".nrba' rI ".<><I..or .... tum p<' ynr: (II nrn '''''"" 

15.JII n.. Mid ... "" Ti .. ManuF""" ... i ... C .... I". y jl<od .... I lOCI , ..... pO< ,I>y. ~,., ;"'0 ;" .... ''"'~ Tho 
..... '" doily lit"",,",, io .100 ,i"" ..-.I til< o .. ual _0001 ... ""'" 100000 ,i ... , n.: ... ~ ..... of pr<:d"""'" 
.. 5111. ,he COrryUol .... ' it l"!. rJl ,'''' PI"'i""'''''' «'or .o.l ,I>< ""up ..... io ilOO,OO. Fi.J' (.) """" ... 1.< 
"""""',_ 101 ""': (bl TC., EOO: 1<\ n.mb« " prOI/tI<Iioo ..... pr:< rr:'~ (. \ produtlion .u ,im<; 
jr) .... i ..... ;,., ... ,.,., r....r. 

lUI for I'robkm )DO. ~"" ,be "p"mal prod ... ~ioo lor""" "'" """"p.>ndi", , ... OJ ""'" for ,"" I"""~,,,, 
dod) produnion rat ... (ol !lOO: (hj 1600. 

ls..Jl n.. r..., ... 1 "' ""h;" C_l"oy prod ..... <oId_, I( "" ._ . ... do . ...... ,~< .. " 0( 1000 ...... rrr 
<u.). Th, "'''11' d,.oil, ODd.,..,,..} .Jetnanlb ... IlOO 011<1 lIXIOOO ..... ~ti .. lr n.. """ pr:r"'" io 
!I.(1t; u,..uJ o.' tJ';.., ..... io XI:. 1lI ,r,. i,= .... ,. pn>d~ ...... _, .. 1150.00. o.u.", ... tl>< 1oi1o..",1' 
('1 oprimal prod ........ 10, rile: Ibl ""mba' rJl pro.lunioo '''''' P" l"or: {<I ...... b III prod,,",,;' .. "'II; 
(011 ... . ....... io .... .,., r..t!; (.\ ... .al ,oW COOl-

15.).1 The 1)0,,,, ', C,_tJ' S,,,,,, bY", \100 ~ .. " or. ~iou."" ~= In,,. ,I>< G"I" ,b', WhPlaalo C"""porI" n.. 
"'.l<:H>, ......... 1'2.00.0<1 ,he <OfT)'i,,""".f< If:; "'."" "ni, pnot. 11>0 d_"' p"" ",un . ... ~ 
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Onln q ..... "'1 I'noo p<t .... ( '1 

I '0 99 • . 00 
1(lI,,, m ,~ 

~ . ' 00 

15..l!! TIlt Eo,'. Go Pa.o .. """ . ....... ... , .... l ZOO """'.> 0( .... ,iOfd pc>' lear Tbr onIcn,. "'" IS SlIIL Tbr 
<>")' .... "'" p<t pood..,. p« ~'" ;, !S·. 01,,,,, "'"' J><*. Th< d_m pnt< II P'= _ 

Onlo< q .... ,~~ Priot p<t .... 11') 

1 10 100 ." 101 '0 )OIl .~ 

JIll '0 JXI 000 
1'1+ IT.XI 

15..16 f .. __ t U _ .,..t.", ""h~ I.<t ,100 <boIIy po1><I ....... """ -.."" "'. be .IIXI..., XI 
""'I"""'-<i) ... loj EOQ. (6) "I"ioI'" TC. 

l!Ul r Ot I'toIII<fo 1'-~ ... _ plld,,", <lrij'<fJ_ I.<t ,lie: doil)- 1If",h,c'''''' . nd "" " ........ II< )COlo • .IX! 
tnptcw.d)_ .",., (oj ~oo. (~I ""' ...... TO \<1 """' .... at ......... pel' )'<"" , 0') , .... boI ...... _ 
I_I _""' ........ , .. , It>ci 

1!Jti r", ProbImo l iJo1 ........ In<I ... I dd" .. , I.e, ,ho do~, IIfOO.,,, ... ...J t • .,j ''-' bo 10 ood • 
tnpm"<!1-."'" ' 01 ~oo: Ibl "",om • • TC, 

1'-1!!I For l'To_ IS.I ........ M JIIodual _'-..y I~ , '''' do") lIfod"",_ """ ....... "" ,.". to: 210 _ 10 
"'po<IIm, .-nwI (0) EOQ: (~) """"' ... TC, 

,.". 1. "";"- '" ... "ty M ................... _ ,100 "' ''"''''''''' "'.""' ........... C_ponYIlf"""""'od """". 
_, ABC 111< ................ _"" ............. MOI p<t doy i> IJO ....... . __ 1If'-"-
1<0<1 , ...... S do,,,, . "" ,110- fNct.....". .,."""",;0,, of ..... "" DOl. T b p .... ___ 

At;, .. IDOI.T ,~ 

... ·m • @m " "" .. " @~ " "" m " '" .. • ~~ , 
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IM I Tho d<maDil d.ri"~ ~ II ... (l)Ol n lot •• ,""""" .. .. uIIIoM .. ,II< S.p«i<or .-u'a Xrp.o>r SIIo!>;, da<:n00l 
b) • P<)rnoll d;'lnbou",,, .. nb ...... 01 1 J ~~""' ,o. ord<r """', for • ".,. • .,. \e,tI or 95" •. 

1!A1 8 ..... "" .... ' d .... ,II< 1I.ol, ........ iIr>I'lina Co .• «0 ,o. """""-\I iIi"rib""rnr ( .... n .. ~ ... ...t.rd 
... " ... ,1<1. ~ 5(0) '0 do:ocf;o.. ,o. .. "", ..... _"" Ii>< ~ • .......J,.", "'" """q< boI ,i« Firod ,I>< Ofdcf 1""'" 
~ ......... "" "' .. I O(<<I'~ 

l!Al Tbc d. lI) tknt • .J b eho«>l.o .. "", <r<Om .. ,ho s... ... '" (;"... Sw,. Ir.o • • o.omuoI d .. 'nbu'lM .. ;, b • mun 
of liO pilon> 0Ad • ".nd&nI de, ... , .... 01 10 p1k>"'- Tbc"""" .... on or 0( 400 pDocu. A,, """OJ' 
""",,, •• , I<>.d ""'" or, d.) .. bd tho m l; of. "odtoo' d wi ... tca.I ... w. 

ISM< Tl>< do", -...-.1 rot .,.._dIdl di ......... ot«I bo, lor ,Ite 1.1.""",," """""'" Shop ... """''" ., !5U f<tt , 
Tho ",ad lim< I.>Ikt~, • .....".,. d"I.;m,ion "ilb ...... or 10 do", . rod . lI>odml tIr,.,,,,,,,, of 1 do) •. 
F,Dil ,1>''''1'<1<, 11<'0"' I ........... ,.,. Ic,~ or 9(t" ~ 

1M< l10t daH,' ...... Dil "" Ii.''''' .. To", """ _~. ""'_ d'''ributi .. .. i,h. """'. of 000 .1><1 .... <>d.," 
...... , ..", of.j(). n.. "' ... tI ..... 10" 10>11<, • .-•• normal .o;";rill."..", .,m ....... of '0 do),< .r.! • ".nd.,,, 
01<".,"" (fl H .0'1" ~-0>0:1 ,ho ","'r p""" Ior . ..... ioc 10>-<1 of IS' •. 

ISA"I lite an ... 1 6<"".,.,. b . '·"""ttI < ........ """'poo<.,,, 5OO ...... r>! lit, oroler q ... o,,1> ~ ""', .. 1bc 
bd till" <I<rlut>d " <I<><"b<.! .,. • """"aI .o;";m...,,,,,, ... i,h .... <>donl do"""'" of I .... il<. If ,II< ok>,rOO 
'""",.. .. ,<I .. ~" .. fin¢ I~) th«>p«l<d "umm of WI'" olton per ~k:; Ib) , be n.,..,....t . ... ber of "nu, 
,,,.,,., I'<' )ar. 

1 MIl n.. 'f~R R ... " nu,.., 1>0 • • " ."" ... 1 <km.<>d nl l'IOO ,mot< 10< ~. H""" T ..... " .. Otokt. . .. plO«>! fo, 
1)1) "M' .T 1 , ..... nw .. "",.~ number 0{ .0Il> ,lion I'<' J'O'I' is -10. A"u"" ,I>< Iud " .... dctnlnd " 
",.rn"", to,. """". 1 4i"ti b .. ,," ,,;,h .... t!d>u-d <In .. , .... '" 10. Fi .... , (,1 1<00;1 , ......... ;..It .. ~ (.11be 
.,ltlr "od. 

I....... 1 110 hill' I", (",urn en .......... 'h, d.d)' d""' . ... (0< .lI< ,"";0.. Ib_ ~. ~ diolhlt<>' ... .. ,lit 
• m"n 0{1\) ,.11""' ........ _rd 's.,,", .... Of I ~ II' .... IQd II"", .. " ..,.,....", I d.), .nd ,iI< 
""".-«I "''';.. 1t.~1 i, ..". p (00. (~) .. f<t}' .... " (~I ""''''' """ .. : «I ., ....... mo •• ' of .. "d ",," 
(~I proI>ot. I"r {flo _ .. , 

I,.... It """II I"'lIIulo". """'~'1'i""'" O<d<r> for I .. prin'.,. in~ in h e.! in" ... ~b or 6 cia}'. 110:: d"'IT 
""""'"IlI'.m or iftl Iollo.~ • _I 4 ... "buI,,,"" .. ,,~ • mnlO or '" pilon ...... . . _nI ,1<" ... ,.,. '" l 
pi''''''' TIl< cu, .... , ,. ,"",wy" h.nd IS J .. 11ott~ The 1<>11 ''''''' ;, 3d.),,- If ,ho D<oir«! mk '" ~ "ock .. , 
,. , . ~ r..t ,., nrdoo, .. "" ,M ... Iory """. 

' ~L TOe ~ II 1>1< ...... 'I"f"" """'f'"1 pIo<n.",s." for \>I,.. 'n" ., fi."" r .... In' ..... " '" ~ d:<) ... "b • ~ 
';m< of J d.:r)'. n.. cbil, """""mpl"'" /oII<>w" "",,,,,I d;" ribvr ..... i,h • me_. of 10 . ... ...... od.,~ 
.sc,i."o" of 5 1>1"" i"~ """. 11' .... If ,I>< _·hond in'~''''l ;, :It; con'.i ..... nd 'ht 6eoi"'" .... "" b<1 " 
~r-. find, 1"1_ Q ... "'")~ !II »f<'~ """l 

1 ~1 rn l'to.,.. .. rHO. fitkL 'iI< rut. "'. """ . ..... ~ ,II< ,"'."'U') '"' "-L ., ,II< 11m< {fl ... IIt, it 2 OJ>II Ib< 
... d<t" ....... !u. 

I!UJ In Probkm ".5, .• """'" ,I>< mI<T q""."'~ .nd "" .... .., "''''''''''' '"" IlO . oO lO ""'''',11<"1. r<>p«I"d, . 
• ,"" ,lot """".,.,, prob>"~11 

'M·' Tho F_k ~.~.!iI!op .... k ........ " . ""', ..... cf 56 " ,Ix """" _ or .... ~_....t _ ,,-,, ... 
• ru' ""'" '" Sl! d."". ,o. ~"'". no. .nooid t;d ..... .. I .. .,d .. 5: I'<' .,," .. tb< mel '" ,110 ..... ~. Tho 
_'" 4<,,, .. od to d<o<_ by . _I 01;<,'; .. " , ," ... "h ...... ~ oil!! ..... ",,,,,,,.,L """""" 0{ 16. 
VO>o:I , iI< _ ~ ... "'n~. i"''''''J Ih< nrryin, ....... 



[CUAP IS 

15.55 llIt ~ .... u ro. ,he d..ody ........ r1C1 for bo .n of &alii) IUd< dlcla>l.alf dlip coo'.la a, ,he Ik<oc.l, 
lI:.day IlK •• I01Iooo... 

Dnn.nd ( ...... ) , , , , , • 
"....., , , , • • , 

llIt ulldtnlDd. IIId .. ,~ ... ~L _" IlK ~ aad S. FCSI'"'.,,,'d)' po. 110,,, 
F""",.10< ope, ..... d.o.Ily .. ~k ' ... ".d 

, • • " , l , , 

150M Co. ,d .. probkm ,1.,1. If ,he """'up and o~ (0011 .... S6 .ad S! • ...,....".<1) pt. bo.\,. /I"., ,.,. optm>al 
dad)' .. ~L i ... 1n'(I_ 

1J.J7 The.u.J) dmoaad ro. ornolfd A'- ~111o< klal d<If .. II'-m b)I,he 11""1"'''''' dtltribulion W\o • • 

...... '" , , , J , , • , • 
I·"I~Y , • " " " " 

, • J 

The m ... "'."., ..... per ~1lI1 .... S.:o al\6 S.O lfiJ'KU,cly llIo "''l'.' mOI.nd ul"'~ ,.11 .. per u"" 
are 5OjO."., 17 .... rn:t"ely fiM. (I) ,n,," ... d: 1M .t..~) JI~Ln., ... eI 

1!ISiI The Sc-a Ddo prrp&"" rfftlo ~. n ·..., .uy •• • "M tool of SUj and .. u. ,hem ., • ~a" pr"'" of ~ 7'. 
Foh)' ptTCml of 1M ul\iOld ~. a.c 1oal~[Il>J ~I .. IoQlrauu.aa' I« S!.jO a!lil IIv; rmwnm. _ . ,C 
.. ~.ppcd TIl< "''') .... "It"'''' 5O.U per wW llIt froq""",,> oiJJIribIIlion of d.&~) dmt.o!lil t:I II'~ b<~ 

I :: I ,: I M I ~ I ,: I ,; I ~ I ~ I ~ I 
I~ AUtI.",. 1M """" ""~n", .114 _. door ... ,n ... .,..", I~ n r,ad It.. 4001) .. <!d, ... In'eI for _"" 

AIrfroA. if demand .. .x.cnbtd II) 'M roo ...... dt<l"tN,_ .",h ....... n of ,.0 pou""" per do) 

1!At The Moua' 51 ,,""" SkI 5100c loa. , "", .. ~; lot mi'.' Thc probobobl) dntntNh'" 01 daily denI ..... 
.. II'n Iot .... -

I :: 1 ,: 1 "I ,: I ,: I; I ,: 1 ~ 1 ~ 1 ,: I .~ 1 
n... ~rr«nIacL <VOl .. s.ao f ind ,t.. uppn .nd I<><on """'ad. of ,Ire "'""Iacl. rool b- lire prnml ... ftI'",,
Inel II> lot OfM'm~1II. 



Chapter 16 

Forecasting 

.""""""in!; .. preJ>c,in, or ~,'im'linl ,"" Nt~~ ""I"" of •• ,.riablt. Quant i!.r;'", Iom:u,illl 
t«hnj~~"""'ch '" «1,<00_ me"""", on<J .moo,hi.,. ,,,,,,Il00 ..... 11 b< disl:u.""" ID .hi. ,'hop''' 

Rt:C IIESSIO :>l Mr.TII O OS 

R..,rcWon me,""" • .,..1 ",i lh .. ,.bI»hiol • malh< ..... ' .... ' ,d .. ,ion",11I bel"' ..... indo",ndo:.! .nd 
d<pendenl .. riIoboks. Tho ,..';.loll: ,hal 11 10 be OSl'III.ed ;. called 11K dtp<ndtn •• 'wblc .. Me the: 
v.nab!< ,h., "d[>l in lho: .. 1< ..... ';..,0 i. ",11«1,,,,, Indo""nd<n' yariab\c. Simple: ~n <l<ab wilh • 
~ .... a, rcla,ioo,hip he, ...... """ doprn<l<ol and 001< ind<p<1>i.knl VJti.oble. M "",pie .. goo;"n dtal . wLlh 
,,, •• dcp<rulrnl ,-.nable.nd 'w<> o. more ilkle""nd<nl ... riobloo. 

Sl~I I'Lf: U NU M IIr.C RESSIO:-" 

c"".I<k, II>< b .... 'Off"""'" <qu,o,,,," r _ u + ~X . .... ben: r .. ,"" deptnde"! .'.ri.b ... X ... ho 
m.kptnd<n' VlInabk, ~;S tilt '''local .... "'10=1'1. , nod b .. the slopc 0( tile ~lnI;g111 Ii ..... Tb< "alu<s 
01 con"anl< ~.IKI h ... obt. i""" a. 10/..".", 

~ ... '" ~;I ,II< indopt"""n! , .. ,iable: d"&. 1 . II>< dercnd<nl ... i.bl< d ...... nd. j, ,he ,""', n.mbe< cI 
"Me".,",n .. U.mg <~ ob<l,c .. ,,,.,. "'" ~od I> in lilt linc., ,.yer.<ion «I .... 'ion I' _ " • u:. r tan b< 
e"'mlll c;l r" •• r"'Urr ... 1"" "r X TIl .. ,;mplo lin<~' "I, ... ion H oJ.., called ... "" line", teva>'<>1l. 

If .he <hI> ate I Ii .... ",Ies.. lilt ,ndependenl ,·.,iabIe is 'M 111M pmoo aDd lite ""pel>ll<o, ... ri>.bk 
"It ..... """.. '0 be ro...:a<t<d .• uch , .. ... 1<:0. Su<h . n l .. k' .... h,p. ~"""'n'" " ..... no. Ii,..,., r<g.re,..;.,n 
0' «tnd I,ne, K '''pres."",, as )" _ .... b T. where T '" lilt Inne period. 

CQU·flCIE"TS Qt. CORlln~T ION " NO OI:.'Tt:RIII lN"nON 

The coc!tt;"n, '" em .. I.,,,," (, );, I ,el .. i"" .......... cI,he telOlion"',1' bt, .. un ,lie dependent 
.·.noble y Ind til< independent .·~n..blo: >to It .. eompolcd., r""o,"", 

"I: X1- I:"I:J" 
<-

Jr. r I ' - a: ~)' J!" 1:7 - (r f) ll 

.. 'I">c .. - I !: , !: .. 1. A pe.(":1 I'tla<jon$lllp • • is ... ,"'hen,. ± I. 
,I>< rocll.".", '" <IeIermm.M" .. ,I>< ",,,,,r. '" II>C <>.:>efflc>enl ol ro ...... ,,"". Th" ,,~ IIIO'oI"''' cI 

lilt J'f"""""'" of ...... r.cc in ,lit dependen, unable "ha, en be upl.i!lCd br ,he ,ndopeodcttl . a ri.able 
.•. Nore ,ho' () s" S I. 1'0' .uml'lo. it " • 0.9. ,lie iad<ptn<laI, .. liable .. plain. 90'1. of lilt ..... ,IOft 
'n ,he dcpell<kn' ,.n.bIo 

'" 



[("IM P I~ 

S IA'I,.\Im UkOk O f. t!iTI'I,nE 

Tht ",~",lll" ~." l<k .. lu .... ' III N''''''''' .r..m.'~", " • IDI:~)II'~ _" ,lit U"J""'- Of "all ... 01 ,lit 
p"" d.:It, arC>llIld ,lit ,mid {rctrcwonl ... 

II ....... 1\ b} ,"" """I!II tqOlil"'". 

, .' 5, - ,,-
• • 

T"" lop", hm;,,: u' nponc:nn,,1 nw!<kl, •• ~ II~ (m d~l~ <k""".n, 1'_' h .. uh 1'1\'1 "pi I)/' \it • .:lrn, 
otI' ' _)1111.,..", rlln.,,,lfI' 01,,,,, UJIOMllllaJ moddi an 1M: Ir~n.rormc.l .nlu hll('"~t rlln..1K>1h a.lull" .. ~ 

III It _ IH ' 
Tal'iII ....... _ k.>pnthm ..... bo,),h ~ Iof II • lot ~ ~ I..." 8 , \ 
Sub.to1l1l1n, I _,,-., I1 , .. _ Iot".~nd/l_""B. I _ .. ~ It \ 

I~l II ,.. . .. 

r ,,\ on, .... 'ur~IIop"lh_ on bIl!h ~ Ioc. " - I" -+ It \ I lot,. .. . .. - I- \ 
!.1Ib>hM.n, ) • "-.... II , ) _ II _ /10.\ 

Min IklellnonLQ, .. ~nd /10 on ,lit 1I.1U1 I!IQnllC'f ,1M: ",,'~_Ief> ~ ;arW 8 ~~n be li.'\Lno! 1ILrlMlih 
~nl.luJ;rtUhm_ 

\lLL·'W).I. In'GIU' ~ IO' 

('" ,,,lIkr , .... mlllllplr .., .... lOn "'1 .... 1_ I /10 • • /I, \ , • /I, \ , -
dot",lkknt '~rt.lbk, \ " \ ,. \ j. •• \ . IIIC , ..... fIIkrc'n.kn. Urt.lNt.. ~n.l 
mdllo:"ml .. 

~ /I. \ . . .. "" .. I .. ,lit 

" .• " " " ,, . I-,~" ,"" 

OM •• ) <lr 1\'fnO"1I, r.ndom .... "'liOn. In ~ II_ .... ,~ " w ..... "',iL " r .. o ~I) .. ~ 
_hi", ..... hod. ~rr .......... ~,CtlIF" ~nd e'''''II<1III,'' ""'OiJIhon,. 

"'0\ I'G \ \ ' ,:W"GI;S 

llK- ttl,,' ,nl :I'.:r~1't method filllb ,II< rorf\-~., (m .. ",," .. 111:1/ lime I'C'ttOO b) .' cr.,.n, ,II< dal~ 
,.1_ ,.( ,II< "",.., nunl ~ p:n'Mh '" .111: It .... ~~ " ., hnn.!1,,~lh , .... """ on, ~'flll~ " .~kul.lnl 
~, 1uI~ .... 

MAi .. ) .. 1: 11.I1n.t • d.(~ ,.I~I 

• 

',,-.1(;11111) \10\ "G \\' [R.\ GtS 

l lk ...... Ined l1li.>"'" ~'rnJC'O rnrIhod ...... d.Ifo:n'1I1 ..... J.h., furlbc mUM " ... ~, ~ wu ,~Iun.. 
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F.X PON[;o.'·IAL S.\ IOOTlIlNG 

E.tpODcnli;ol . mQOlhi", find. lhe new f.)rc.;.aSl by lakin, til< ...... 'hlot! a.·eng< d I"" immedialely 
p.-.....dln •• ,,, ... 1.,,,, fom:a .. >1IJ ..... The 1» .. " •• ponenl ... J model n IS folk> .. ., 

F, - • .1,., 1" (I -,.11:. , 

.,he.. ,; .. !" .. cas' vah .. kI' p<nod • 
I:. , ,, k>reca$1 ""J"" /Q, p<ri\>d . - I 
A,. , " l<t~.J , .. J"" "'" p<nod 1 - 1 

~ .. ,","""h <"<>fl .... nl (O:t . s I ) 

EX PONENTIAL 5.\1001·II I,,"G WITH TItl""ND 
(TRF.ND·A DJ IISTEIl r~"PO"IE.'T1.\L S~I00THI"'G) 

T",nd.odJ~'ted •• "".....,"aJ ...",..,.h'"11 m. ~ .. ..... of both ~ ••• ponent"Uy iJflOOlhod componenl 
IS,) .nd I ".nd t omponml \ T,)' The n .... lorcca..' is " bllmed Ih'OUlih lhe IoII"";nll equ>li"".: 

S. .. . A,t!1 - .~5o . , 1"T, ,I 

T, " ~S, - 50 ., ) 1" 0 - /flT,. , 

.. ·he", S, i. ,he ,",,,,,,hod Io~.t ' "41"" ,. p<,;tK! •. 1; ;' ,he ,,,,lid .. "mal. , .. I ... in p<"""'. A," the 
aClu~ 1 .·.Jt..t in ptrioJ I .• is lhe ~~(>OfItn".J _hill, oorullnl (O :!> " 5 !~, IS lhe llta(! t'MOl~i". 
COftl l.>lnl (() S fl S I ~ 1;. , ~ t ho /u.ceul . 1lue in period , 1" I. ond 1; •• I. lhe fo"""'l .-a)"" in pcriOO 
,_ L 

Sir><:< , ... ""kul., iOfl of , ... fiBl .. "m". of lrend T, -.I. t ... fiBI 1"·0 a<1ull ",'-' ,1'1< rom· 
pUl."" natl'l<><>:<iu<e ."n ... ·ilk, .. 2 (no, .. -i,k, .. I) • • foLlow-.: 

S, 2 .,1,'" (l - ,.:'S, + T,) 

T, .. /I1S. ~ S,) .,. (I - /Il T, 

s, .. ,:zA, 1" (I - .)(S, , 1" T, , I 

T,- ~s.- S, , )+11-1)1; , 

Tbo .hree """, rommonl) "!o<d ""'.,U .... " r r<;>rea" OCCU"'Y • ..., ,"" "'un aboor"1e <Iovi •• "," 
r MAD~ lh. Jum 01 Jq""t<d .,mrs (SSEl,lJ>d the III<In oq ... rrd nror (MSE), Tl'Icx are ddt""" .. 1,,110" -': 

MAD _ l: IA, ~ F,I , 

SSF. .. t ( A, ~ F, )' 

MSE _t(A, _ I; J'I. 

who", A, .. u." oct .... l .'lJue oItime, aDd f; Ii lbe ron.:.st .atllt at l>m. I . 1"11. d,lkru~ bel"". lnu.) 
.alue and fo~SI YO)", U, - f; 1 " called I<><tcu, en", 
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n.. "odnlyi", da,. pau."" <Jl a ,i_ ..n.. """,i .. <Jl trrnd. <Jdi<:o~ I<aoona!, and random 
oom~, .. A ,fC1Id c,hibiU ,he Iooi·r'~" "p"'ant o • .so..'" ..... nJ direel"", ffllhe 10 .......... da ... II 
cycle J.h<>ws. "",,·Imn ..... ..,Iike dal. pallmllhll rq>e>" n.ell", Scuoot.lily 10. shorl .. erm rq'dll'" 
da •• "",inn. The .. ndom oompotlOn. &<coon" !D. lhe ir~wlI dI.n .... due 10 "'""1 ".!!emI. r.t:lon 
.hli C&IIn.ot he "'pI;Iir>ed. 

n.. moll iplb.".., rnocl<l h "'CIt brli>w: 

1,- T,~C,~s,~R, 

J, - "", .. I ,i_ .. r\et ... 1 ... 

T, .. , .. nd """"p<) ..... , 

C, _ cydlcall;Omp<>n<1l1 

S, - 11010 ... 1 """poncnl 

II, _ r.lndom ro<t>p<) ..... , 

I'.oa:du .. 10 1k •• 1op lim< ....... ",""""' rOf dall . -IIk ", ....... II,y: 

Compul< .. """,01 indica., '0 mealu« ,he dt! .... or dilfe«""" """1lJ .. lOIOru, IIJ rollow .. 

(Qj loolIol< ,,,,, "'<nd-<yd. of the d.l. b)' <:tIlC\lla'irri """"'I •• Cla ... ",lin. no,.br. 01 period> 
"'I"''' "umbr. or .... 10 .... The ...... 1'; ... "",",og .,' •• ap. ""lIh no ........... 1 and 01_ IHI 
.. """'" nna ,1Ofll, or ... 1oI~ 

MA, _T,_ C, 

(bl Calcul,'" ''''' ""i<> <Jllhe Iim<..n.. 10 ''''' ....,.i ............ . , br~> .... 
y, T,_C, _S,_II, , _ .. ~ II, 

MA, T, ~ C, 

(e) C.IC\II.,. ,I>< • .....,. of ,to. abo.., ,>u;'" f<>f ... h .. alOn. .,luck it; a _'" d ....., ... 1 
dil"'",,,,,", ""h .Imo" no ,._ nna.", .... 

iJl Adju" ,he abo.., • .., ........... 10 obuola _"" ... 1 indices (Sl~ ",1>< .. 110< . ..... tuSOftaJ mde> 
to I. F",. ClIlmplt. for q ... ....,rly dala. mlLlliply eKIt .....,...., indCll II)' • llUm of lhot: Ur>a<ijllSltd 
_01 ,nd"""~ 

,vOfr. Ir lhe ,,_ ...... ron'.,n, no dJ$I;<mibl< c)'Cheal oomp<tn<n •. ,... rq.n:won analy ... , .... cad 
'" rna .. n, ........ to IIq> (.j, 

The mwlipl;"'li", model ... "h"", lhe cyclical COItlporotttl II U JoIIooro: 

1,- T,~S,~II, 

Since Ii .... , .. """,Oft I've> ,hot: , .. nd '" ,hed.,a. ""lculal.,hr: nt';" '" ,he ""'" O<n« ' o ,he ....... ioo 
Ii ... a. 1oIk> ... , 

COftlln ..... iltt lI<po,<) and (~), 

2. U'" the .,taso,..1 if\d"", , .. <IeO<a""",u... lhe doll, T1ur.1 i .. fftDO'" ,I>< .1Ioc:t 0( __ from ,I>< ,i"", 
.. riet..try di •• :1>81 .... h 'If'''' ....... _01 ... bY11Ie cor ... pond'n ..... ..,..., ".du. 

l . Obla,n a hrltll .. pnst01t "'I"""'" <Jllhe [Ofm T, _ . + (ro lor ,he d,~ al(lOorJ~ dolO , 111 ..... ,11 
.. prnml'hr: , .. nd """'p<)ncnr o/,he mulliplica"", rnodd, 
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~. U .. II>e .t><><e uend «1 ..... 1""' .0 pndi£l rUlu~ lfOnd ..-1 ..... 

5 ~tll.ll;pI~ III<: abo:"" l",nd ,·&1 ..... by III< cUIl .. pondlng .. """,oJ ""'iDes '0 obla.n lhe Io."","lj &1 
1~1kn<" 

p,.T,~S I, 

" ... ", 10 . 1>0 multipiial;'" m<><iel. "'lim.l,n, trend and ... osonality C<lmpcmcnl. JI05<S no proolr:tno. 
Ho ....... , OSlim;";nl ,he q","",] tt)ftljIQ""nl is a judgmenl ,,"II. 0;""" j( is based 011 ,he 
""''''''''''' ar ind.,,')" :K"Ii"I)' 10,<"1 

Sol ~t'd PrublclIls 
1'-1 The: r"II".·i "1 d.,a fepl"l"SCa' ,he frl •• ;on,hip be,,,,, ... " 11>0 depcndcnl .. a";abl< Soles R."en"" in 

milli"... of <Jolla" I ,'j and ,lit indep<lI<kn' "."ables ,,"umbo. of Soles R"p"""ftl'I;'~ ~., ) .. I<I 
P,od"". I'rl..'t S 1-',): 

Soles Revcn ... ,,"umbe. of Sal .. 1" 0.10, ... p"", 
Ve., (S million.) Rq"ncnl""n (>, 

, U B "OJ , 
" ~ 0.91 , 1.0 ~ Q.92 

• " 
~ ". , 

" ~ ""' , ,., U 0.8l 

(0) If III< Comp!Ony InlenJ. '0 i"""" ... 111< number of .. 1eo .epr<:S<n,.'i>"" 1~ Xl. uo< ""u .. lli",, .. 
""m""n 10 fo.«a" "",I ru'·' ",Ies .. ,enuc. lhJ If ,be: Compan)' pI;o ... ", d«,u .. ,he prod"", 
P""" ,,, SOJIl ,.,,,' ) ..... r<><=<l a,,,' yur .... In re.""" \H,"" eauoaJ Ii""", .... , .. ,,"". 
Ie) C""'p.lr< lIIe , .. "I,. of ",'10 (") ond Ib) u';"" "'" codranl of tIeIcnui""UOR. 

s.",ber ofSoIto S. .... R".nU< I ') 

~.pmo< ... ".C\ ~ ". (oniI' .... of <1<>11.0". ., 
" '., 

" " '" ' M ~. 

" 
,., 6~j lotI '" " ,. '" '00 W. 

• " ." 12 ,~ '" • .. , ~ ,6.1, t'U 

" , .• ~ U ,~ .,. '" 11.9 ~ 1I9 ~" 
~, 



" x _ JO, .. _ ~ IS.J I69 + 1.00015IlO) _ n .!!!! mill .... , 

/'rod"" .....,. SAle. ........ '1) 
t I . ,1 IlOi_of_", ., r '" 
~ " ,W' ,# 1.1.0(1 
~, " - !!S I.)'IS ... '" .~ '00 ,~ 

•• U ~, I U' ,,~ 

." .. , ,,~ lUI ,., 

." ,. (l.7ID ,,~ .. ~ 
~. 1 ' ! 17.9 • IiOl: ~" IUl2 

I' ••• OX . oJ 1112 _ " .j)l1X 

" 

', . ~""J _ I S1117.tJ _ Ult~ 
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Next year's sales forecast (Y;): 

Y7 = -0.147 + 0.894(7) = $6.111 millions 

(b) Coefficient of determination: 

'( n L, xy - L .'< L. y 
r~ = ./[n:[.'l:2 a:::x)~][nLy2 

r! = ( 6(78.3) - 21(17.9) )2 = 0.952 

)[6(91) - 21]'[6(68.11) - 17"] 

[CHAP 

16.5 The following afC the data from the Predicasts Basebook on computer services employment II 

thousands): 

Year I 2 3 4 5 6 7 8 9 10 11 12 13 

Employ 27 1 304 33 7 365 4 16 476 542 589 631 676 740 775 792 

(a) Find the ti me series linear regression equation and the forecast for next year's compd::' 
services employment. (0) Compute the coefficient of correlation and the coefficient of dete~ 
lion. (c) Fi nq a 95% confidence interval estimate for next year's forecast. 

(a) Time series linear regression: 

x' 
, 

x r y- ·>.:r 

I 271 I 73441 271 
2 304 4 92146 608 
3 337 9 113 569 J Oll 
4 365 16 133225 1460 
5 416 25 173056 2080 
6 476 36 226576 2856 
7 542 49 293764 3794 
8 58' 64 346921 4 712 
9 63 1 81 398161 5679 

10 676 100 456976 6760 
11 740 121 547600 8140 
12 775 144 600 625 9300 
13 792 169 627 264 10296 

S,m ' I 6914 821 4083596 56967 

L Xl L Y - L x L (x)') 819(69 14) - 91(56 967) 
a = = = 202.269 

I1LX2 CE X)2 13(11 19) 91~ 

b = ~ X}' - L x L J' = 13(56967) - 91(6914) = 47.0824 
/I L Xl - a:: x)! 13(819) 911 

Y = 11 + hX = 202.269 + 47.0824X 

Yn<" = Yu = 202.269 + 47.0824(1 4) = 861.423 (in thousands) 

(b) Coefficient or correlation (r ) and coefficient of determination (r2): 

fi~;;;;;1~3~(5;i;6T96,,7;c) -';";iI ('f6'"1~4)~~",,, = 0.99 __ 
J[!3(819) - 91 2J[13(4083 594) + 69142] 

rl .., (0.993)2 = 0.986 
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(e) Confidence in terval: 

where 

FOR ECASTlNG 

interval estimate e: Yn •• l ± t(51;), 

Y ... u - Y14 = 861.423 

291 

From tables, for 11 (n - 2) degrees offreedom and 95% confidence interval (5% significance level), l = 2.201. 

202.269(6914) 47.0824(5696 7) _ 16.418 

13 - 2 

interval estimate = Yne.u ± I(SE) = 861.423 ± 2.201(16.418) ... 825.287, 897.559 thousands 

16.6 Find next year's forecast using time series linear regression for the following data on yearly arri vals 
by foreigners (in millions) from the Predicasts Basebook: 

I 2 3 4 5 6 7 8 9 

9.94 11.25 11.98 10.9 1 8.83 10.40 8.90 10.26 11 .64 

Time Arrivals by 
(x) Foreigners (y) x ' y' 

1 9.94 1 98.8036 
2 11.25 4 1265625 
3 11 .98 • 143.5204 
4 10.91 16 119.0281 
5 8.83 25 77.9689 
6 10.40 36 108.1600 
7 8.90 4' 79.21 00 
8 10.26 64 105.2676 

• 11.64 81 135.4896 
10 13.80 100 190.4400 
11 15. 10 121 228.0100 

Som 66 123.0\ 506 1412.4607 

a = L Xl L Y - E X E (xy) = 506(123.01 ) - 66(771.81) = 9 342 
/I E Xl a:: X)l 11(506) 66 l . 

I1 Lxy- E x L Y 11(771.81)-66(123.01 ) 
b~ - -= =0.307 

Il E x 2 (E X) 2 11(506) 662 

Y = a + bX = 9.342 + 0.307X 

Sex! year's forecast (Yd: YI2 = 9.342 + 0.307(12) = 13.026 (in miJlions) 

10 II 

13.80 15.10 

x)' 

9.94 
22.50 
35.94 
43.64 
44.15 
62.40 
62.30 
82.08 

104.76 
138.00 
166.1 

771.8 1 

16.7 (a) Find the time series log-linear regression equation for the following data in the fo rm: 
In( Y) = Q + bX. (b) Find the coefficient of correlation. (c) Find the next period's fo recast. 

Period (x) I 2 3 4 5 6 

Demand in $ thousands (y) 45 48 50 53 57 62 
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where Y is cost in thousands of dollars per period and X is production in thousands of units p:: 
period. Find the total cost, if the production plan is 15000 units for the next period. 

Y = (5 + 1.2X + O.4X l 

If X - 15000, y= 15 + l.2(15) + O.4(1W = $123 thousands 

16.12 Company XYZ's multiple regression model is as follows: 

S, ~ 35.864 - 34.943p, + 0.195t 

where 51 is annual sales revenue in millions of dollars, P, is the price of the product, and t is tinr 
in years. Forecast the sales revenue for the seventh year (5,), if P, = $0.82. 

S, = 35.864 - 34.943p, + O.195t 

If P, - SO.81 and [= 7, 57 = 35.864 - 34.943(0.82) + 0.195(7) = $8.576 millions 

16.13 Consider the data of Problem 16.1. A firm has formulated a new regression model to estimate 
sales revenue. The new model has a I -year lag between sales revenue and the number of sab 
representatives, as follows: 

S, = -5.708 + O.24R,_! + 0.737t 

where 5, is annual sales revenue in millions of dollars, R, _ ! is the number of sales representati\el 
at I - 1 time period, and t is time in years. Forecast sales revenue at t = 7. 

SI = - 5.708 + O.24R,~ I + 0.7371 

57 = - 5.708 + 0.24(28) + 0.737(7} :::: $6.171 millions 

16.14 Consider the data of Problem 16.1. Find the 95% confidence interval estimates for next year's 
sales revenue based on (a) number of sales representatives; (b) product price. 

(a) Confidence interval for sales revenue based on number of sales representatives: 

From tahJe~, for 4 (n - 2) degrees of freedom and 95% confidence interval (5% significance level), r = 2T6.. 

where L)! = 17.9, L y2 = 68. 1l, L XI)! "'" 480.1 , a = -25.3 169, b = 1.0815 

Sf = {6sT1+ 25.3169(17.9) 1.0815(480.1) "" 0.717 
y- 6-2 

From Part (a) of Problem 16.1, we have 

y .... , = Y1 = 7.128 

interval estimate = Yneu ± leSE} = 7.129 ± 2.776(1.717) '" 15.139, 19.119 millions 

(b) Confidence interval for sales revenue based on product price: 

interval estimate = Yoe .. , ± c{Sd 

From tables, for 4 (n - 2) degrees offreedom and 95% confidence interval (5% significance level), t = 2776 
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h"od 

1 , 
J , , 

S~m 

(a) 

Forecasts (1-;) 
Sales 

Period (A,) 11=0.1 ;t. = 0.3 ~ = 0.5 ;t. = 0.7 II "" 0.9 

1 360 

2 327 360.00 360.00 360.00 360.00 360.00 
3 375 356.70 350. to 343.50 336.90 330.30 
4 405 358.53 357.57 359.25 363.57 370.53 
5 396 363.18 371.80 382.13 392.57 401.55 

" 366.46 379.06 389.07 394.97 396.56 

Forecasts for the sixth period : 

Given;t. ",,0.1: F6 "" F5 +O.I(A , - F,) = 363.18 + 0.1 (396- 363.18) = 366.46 

Given 'J. - 0.3: Ff> = F, T O.3(A , - F,) = 371.80 + 0.3(396 - 37L80} = 379.()6 

Given '1 "" 0.5: F~ "" F, + O.5(A, - F,) = 382.13 + 0.5(396 - 382.13) "" 389.07 

Given II = 0. 7: r",; = F, + 0.7(A, - F,) = 392.57 + 0.7(396 - 392.57):::: 394.97 

Given x::: 0.9: F6 = F, + 0.9(A, - F,) = 401.55 + 0.9(396 - 401.55) = 3%.56 

(6) 

2 = 0.1 . .. 0.3 2 _ 0.5 2 _0.7 

Absolu\e Absolute Ab$olule Absolu\e 
Sale, F, Error ,; 

". 
327 360.00 33.00 360.00 
m 356.70 IS.30 350.10 

"" 35 ~ .53 46.47 357.57 
3% 363.18 32 .. 82 371.80 

130.:59 

MAD(l:;: 0.1) = 130.59/4 = 32.65 

MAD(l: = 0.5) = 124.12/4 = 31.03 

MAD('l = 0.9) = 117.72/4 = 29.43 

Error 

33.00 
24.90 

47.43 
24.20 

129.53 

F, Error F, 

360.00 33.00 "'.00 
343.50 J 1.5() 336.90 
3$9.25 .15.75 363.57 

lS2.13 l3.87 392.57 

12.1.12 

MAD(:z "" 0.3) = 129.53/4 = 32.38 

MAD(:x = 0.7) = 115.96/4 = 18.99 

The CI value of 0.7 has the lowest mean absolute deviation (MAD = 28.99). 

Erm. " 
33.00 360.00 
38.1(1 330.30 
41.43 370 53 

1.43 -Wl.55 

115.96 

299 

2 _ 0.9 

Absolule 
[rror 

33.00 
44.70 
34.47 

S.5 'i 

111.72 

16.24 Refer to the data of Problem l6.18. (a) Compute the exponential smoothing values for ti me series 
A and Busi ng .:t = 0.1 and 0.9; and find the respective fo recasts for the eleventh period. (b) Which 
C( provides the most accurate rorecasts for each time series? (Usc MSE.) 
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Time Series B: 

x = 0.1 'J = 0.9 
Actual 

Period Value Forecast Error (Error)2 forecast Error (Error)l 

1 15 
2 13 15.00 - 2.00 4.00 15.00 - 2.00 4.00 
3 15 14.80 0.20 0.04 13.20 1.80 3.24 
4 16 14.82 16.00 1.39 14.82 U8 1.39 
5 16 14.94 1.06 1.12 15.88 0.12 0.01 
6 14 15.05 -1 .05 1.10 15.99 -1.99 3.96 
7 16 14.95 1.05 1.10 14.20 1.80 3.24 
8 15 15.06 -0.06 0.00 15.82 - 0.82 0.67 
9 17 15.05 1.95 3.80 15.08 1.92 3.69 

10 16 15.25 0.75 0.56 16.S 1 - 0.81 0.66 

Sum 13.11 20.86 

MSE(x = 0.1) = 13.1 1/9 = 1.46; MSE(tX = 0.9) = 20.86/9 = 2.32 

Sincc the MSE for a = 0.1 is smaller than the MSE for IX zz 0.9, (1 = 0.1 provides better forecasts than 
(1 = 0.9 for time series B. 

16.25 Company PQR has accumulated the following historical sales data with some missing information, 
as shown below: 

Dec. Jan. Feb. Mar. Apr. May Jun. 

Actual (in thousands) 320 360 350 
Forecast (in thousands) 380 350 340 

Usc exponential smoothing with (1 = 0.5 for answering the following questions. (0) Find the sales 
forecasts for March and June. (b) Find the actual values for March and April. (c) It has been 
found that the actual sales in December was wrongly entered as 320 instead of the correct 384. 
Find the forecast for J une. 

(a) If forecast in December is F, and actual value in December is AI' 

F. .. larch = F .. = FJ + :x(AJ - Fl) + 380 + 0.5(360 - 380) = $370 thousands 

£jun. = F, = F6 + ~(A6 - F6) = 340 + 0.5(350 - 340) "" $345 thousands 

(b) The actual value in March (A~) can be determined as rollows: 

(or) 

(or) 

1-5 = F .. + ~(A4 - F .. ) "" F .. + xA .. - ~F .. = xA .. + (l - ~) F .. 

aA .. =- F, - ( I - (1)F .. 

A .. = [ F5 - (1 - a)F .. J/CI::: [ 350 - 0.5(370)J/0.5 = $330 thousands 

Similarly. actual value in April (A,) is given by: 

A, = [F6 - (1 - ~)F5]/X = [340 - 0.5(350)]10.5 = $330 thousands 
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(e) The exponential smoothing model is given by 

F.-I = F, + o:(A, - F,) = !tA, + (I - ,x)F, 

Substituting t + I = 7 for June, 

and so on. As a result, 

= :t:A 6 + (1 - !I;)[:t:A, + (1 - a)F,] 

= :lAb + :x(I - 'l)A, + (1 - :x)~ F, 

= l:Ab + (l(1 - a:)A, + (I - a)l[:zA4 + (1 - (I)F .. J 

= o:A6 + 0:(1 - «)A, + :x(1 - _:x)2 A4 + (1 - ~VF4 

[CHAP. 1. 

F7 = :t:A 6 + :x(1-:x)A~ +:x(1-oYA4 +et(l - :x)JAJ +tl:(l - ettA2 +0:(1 -o:)'A t +Cl:(1 _rx)6F! 

Using the data from the table (with actual sales in December = 320), sales forecast for June: 

£, = 0.5(350) + OY(330) + 0.53(330) + 0.5"(360) + 0.55 Al + 0.56(320) + 0.56 Fl 

Using the data from the table (with actual sales in December = 384), corrected sales forecast for Junr::: 

F ; _ 0.5(350) + 0.52(330) + 0.5'(330) + 0.54(360) + 0.5' Al + 0.56(384) + 0.56 F\ 

F ; - F7 = 0.56(384) - 0.56(320) = O.5~(384 - 320) = 1 

From Part (a), F7 = $345 

Thus, F; = 345 + I - $346 thousands 

16.26 Refer to Problem 16,25. Su ppose the company uses a 5-month moving average technique U! 

forecast sales, What is the new forecast for June? 

The 5-mon!h moving average for May (F~): 

F" = (A, + Al +A] + A.j. + As)/5 

where Al = 320, A] = 360, and F6 = 340 

340 = (320 + A2 + 360 + A.j. + A~)/5 

(or) Al + 360 + A.j. + A, = 5(340) - 320 = 1380 

Thus, A2 + AJ + A .. + A , = 1380 
The 5-month moving average for June (F,): 

F, = (Al + A ] + A ... + As + A,,)/5 

where A2 + A.I + A ... + A, = 1380 and A" = 350 

F, = (1380 + 350)/5 - $346 thousands 

16.27 Refer to the data of Problem 16.6. (a) Compare a 3-point moving average forecast and ar=. 
exponential smoothing forecast with IX = 0.7. Usi ng MSE over the past 8 periods, find wh ich one 
provides better forecasts. (b) What is the forecast for next year? 
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Moving Average Exponential Smoothing 
AP = 3 :t = D.7 

Actual 
Value Forccast Squared Forecast 

Time CA,) CF,) Error Error CF,) Error 

1 9.94 
2 1 [.25 9.940 
3 11.98 10.857 
4 IO.9 [ 11.057 0.147 0.022 11.643 0.733 
5 8.83 11.380 2.550 6.503 11.130 2.300 
6 lOAD 10.573 0.173 0.030 9.520 0.880 
7 8.90 10.047 1.147 1.316 10.136 1.236 
8 10.26 9.377 0.883 0.780 9.271 0.989 
9 11.64 9.853 1.787 1193 9.963 1.677 

10 13.80 10.267 3_533 12.482 11.137 2.663 
11 15.10 11 .900 3.100 9.160 13.001 2.099 

Sum of squared errors (SSE) 31936 
Mean squared errors (MSE = SSE/8) 4.242 

Exponential ~moothing (00: = 0.7) provides bener forecasts because it has the least MSE. 

(b) fll = fl l +;%(AII -F11) = 13.001 + O.7( \5.1 - 13JJOi ) = 14.47millions 

Squared 
Error 

0.537 
5.290 
0. 774 
1.528 
0.978 
2.812 
7.092 
4.406 

23.417 
2.927 

303 

K.18 Refer to thc da ta of Problem 16.23. Usc the cxponcn tiui smoothing with trend model with C( = 0.7 
and P = 0.3 to forecast sales for thc next three periods. (Start the a nalysis from period 2 and 
assume S2 = 327 and T2 = - 33.) 

Actual Value S, T, 
Period CA,) (00: '"'" 0.7) Cft ~ 0.3) F, 

1 360 
2 327 327,00(1) - 33.00(2) 

J 375 350.70(31 -15.99(6) 294.00(' ) 
4 405 383,9 1 - 1.23 334.71 
5 396 392.00 1.57 382.68 

(1): S, = A~ .. 327 
(2): T, - A 2 - AI = 327 - 360 = -33 
(3): 5, = 0.7 AJ + (1 - 0.7)(5, + T,) = 0.7(375) + 0.3(327 - 33) -= 350.7 
(4): T, = O.3(SJ - 5~) - (1 - 0.3)T, .. 0.3(350.7 - 327) + 0.7( - 33) = -15.99 
(5): fj = 51 + T1 = 327 - 33 = 294 

F6 = S~ + T5 = 392 + 1.57 = 393.57 

F1 = S~ + 2(T5 ) = 392 + 2(1.57) = 395.14 

fa = S~ + 3(T, ) = 392 + 3(1.57) = 396.71 

16.29 Refer to Problem 16.28. (a) Repeat the procedure with a = 0.3 and P = 0.7. (b) Compare the 
resu lts with those of Problem 16.28, with respect to forecast errors (mean absolute deviations). 
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(,) 

(b) 

Period 

I 
2 
3 
4 
5 

FORECASTING 

Actual Value S, T, 
Period (A,) (a ;; 0.3) (P ~ 0.7) F , 

1 360 
2 327 327.00'1 1 -33.0<p l 
3 J75 31S.JOt l ) -15.99''''1 294.00(5 ) 

4 405 333.12 5.58 302.31 
5 396 355.89 17.61 338.70 

(I): 51 - A, - 321 
(2): T, - A 1 - A, = 317 - 360 = -33 
(3): SJ - O.lA J + (I - O.3K5, - T, ) = 0.3(375) + 0.1(321 - B ) - 318.3 
(4); 1j '"' O.7{S.l- S,) - (I - D.7 )T, =0.7(318.3 - 327) - O.3{-33) "" -15.99 
(5): f)- 5, ";' Tz '" 321 - 33 = 294 

Actual Value 
(A,) 

360 
J27 
J75 
405 
396 

F6 "" S, + T.I = 355.89 + 17.61 = 393.57 
F7 = S5 + l(T,) = 355.89 + 2(17.61) = 395.14 
F~ = 55 + J(Ts) = 392 + 3(1.57) = 396.71 

F, Absolute F, 
(oX = 0.7, P = OJ) Error (x = 0.3, P = 0.7) 

- - -
- - -

294.00 81.00 294.00 
334.71 70.29 302.31 
382.68 13.32 33R. 70 

Mean Absolute Devialion (MAD), given x = 0.7 and P = 0.3: 

(81 + 70.29 + 13.32)/3 _ 54.87 

Mean Absolute Deviation (MAD), given:.: = 0.3 and fJ = 0.7: 

(81 + 102.69 + 57.3)/3 = SO.33 

[C HAP. It; 

Absolu t<" 
Error 

-
81.00 

102.69 
57.30 

Thus the model with 'X = 0.7 and fJ = 0.3 provides better forecasts than the model with Il - 0.3 and fJ = 0.7. 

16.30 Refer to the data of Problem 16.7. Use exponential smoothing with trend to forecast next mon th-s 
demand for!7. = 0.1 and (1 = 0.1 and 0.5. (Start the analysis from period 2 and assume S2 = .-t : 
and Tl = Al - AI') What role does f3 play? 

Demand S, f, 
Month (A t) (:\: = 0. 1) (P ~ 0.1 ) ,. , 

1 45 
2 48 48.()()!1I 3.00(2) 

3 50 5O.9<1J ) 2.9914) 51.0(Y~) 

4 53 53.80 2.98 53.89 
5 57 56.80 2.98 56.78 
6 62 60.00 100 59.78 

(I): S~ - Al .. 48 
(2): T~-A~- A, = 3 
(3): 5l - O. IAl + (I - 0.1)(5, + 1i) " 0.1 (50) + 0.9(48 + 3) = 50.9 
(4): Tl .. 0.1 (5J - 51) + (1 - O.I ) T, .,. 0.1 (50.9 - 48) ... 0-9(3) = 2_99 
(5): fJ - S, .... T, =48+J = 51 



CHAP. , &] FORECArrlN(; 

-- , , 
MooI~ (A, ' ( • • 0. 11 t!·OI\ , 
, 

" , • -!S.W''' J.oo" , • ,,~. :t9S'" ~I .OO , 
" n.77 :'9' 5U~" , 
" '''' '" ... 

• " "" ' .M "" I'·S, _A,." 
O~ ',_A, _A,.) 
I'~ $,.0 lA, _ It - o.,~s" r,)_ Q I(!O)· 0>1('" ·ll_ 10' 
lor r, OKI. - S,)_,' o.}, r, _ o..~~'_",·IIJ<)I _ ~~1 
(Jr'. S,. 1; _ ~. _ Ul R ' ) 

f , _ s. .. r, . "'.IS • HIS _ J61.t.) tbou .. "". 

"" 

1.0'F .,,1 ....... , I've"..,.. ~"'p' '" """"', <!>a_( ............... , ..... "'" .. ·rip, '" PO" '''.1<' no ... -.. "., 
in ,,,,0.1 

tUI The folto .. in~ ,abk .~_. tloo ""..,.,.ILI b)" 'h"", mudd. fo. the dlta 0/ Probkm J6.1}, W~;"h 
model. ,"'ould yw pr.r., b;o,...j Oft SSE."" MAIr. 

Fortea:l ' Value! 

Ac' .... 1 Val ... MOOd ' Moon 2 Modol) 

'" m ~, '" 117 no ,~ ~, 

m '" '" m 
." '" '" ." 
. % '" ." ." 

M ~!) _ fllW - JSl('" tJ27 lJ JI _ 137S - :1691-+ I"OS _ YlS( • 1)% _ 19 1 1 1 '~ _ U 

ss£ .. oro JSJt' .. 1311 - Jm' • (J7S_.I69)' . ,oIOS - J'llt' • ()O(, - 191,' .. 1:' 

SSE . 11' • J ' >' 4~' • 4' . T' .. «III 



306 FORECASTING [CHAP 

CClmiilcr Model 3: 

MAD = (1 360 - 3571 + 1327 - 3451 + 1375 - 3791 + 1405 - 4071 + 1396 - 4011}i5 = 6 

We would prefer Model l based on SSE and Model 3 based on MAD. 

16.32 Consider the following time series data on quarterly sales for a corporation from the Valuetilt; 
Publication: 

Quarterly Sales (in million" of dollars) 

Year Q, Q, Q, Q. 

I 25.8 33.4 38.6 34.1 
2 25.1 40.6 43. [ 42.6 
3 37.7 54.5 56. [ 472 

(a) Find the 4-quarter centered moving average values for the above data. (b) Calculate seaso 
indexes for the 4 quarters. 

(oj 

Time Period Sales (5 millions) 

[ Q , 25.8 
[ Q, 33.4 

I Q, 38.6 

[ Q. 34.l 

2 Q, 25.1 

2 Q2 40.6 

2 QJ 43.1 

2 Q. 42.6 

3 Q, 37.7 

3 Q, 54.5 

3 Q, 56.1 
3 Q. 47.2 

(I): {:Z~.g + J H + 38.6 + 34.1 )/4 '" 32.97' 
(2): (32.9;5 + 32.8)/2 = 32888 

4-Quartcr 
4-Quaner MOI-jng Centered Moving 

Average Avcf<lge 

32.975(1) 
32.888121 

32.800 
33.700 

34.600 
35.163 

35.725 
36.7!l8 

37.850 
39.425 

41 .000 
42.738 

44.475 
4{i.l00 

47.725 
48.300 

48.875 



CHA P. 16) "" 
'" 

TI"", "'Qu.on .. Ccn .. rtd - , SUoo b l 101". .. _ A ....... ( \tA ) f . :lolA 

'0, , !H 
, 0 , , 

'" , 0, , 
'" l!.8U 1.17j 

, 0, , .. ,,~ "m 
!Q, , !s.t }~,'6J o.7 1~ 

l Q, • ~. ~,. "m 
'0, , 

'" 19.4J' ,m, 
to, 0 ~H U BI 0."111 
, 0, • ,n ~,oo Olll 
' 0, '" "' ..", LllI 
, 0, " ., 
, Q, " 01 

'0' Qu.on« 1 Qu.n« 1 .... ~ , Qu.o,l<,' T_I 

, 1.1 U , 0': , 07,. ,,~ " O!I) "~, , OJ II , 11' 
Qu.orl<rlr ........ "" , " . , illS ,~, 

'" 
50"",,,.' 

lode"SI, "71011' " 1.11110' I. 'm .- , 

'6..lJ Rd., h, Probkm '6.n . ( .. ) U, inl ,"" ... """.1 ,nd", ... comp~t. ,110 \kK."""a!i<C<! , .. I"". rOT 
)'001 111.) II lhe n<1\<l tin< 1.), d<S<'50," I~ ""W; ""tin;. To . 27.672 f- 1.1121. fiDd. 'I0or,nl,. 
lor"""" Cot .... , y<ar b>«d 011 'M lrc~d. «<I "',"um"'ll"" d"a ... ha> 1\0 _)'.:tical 1"'''«''' ... ' h~' 
ut'ho 10=a0" 10 , roar 41 hi) If ,110 <rdica1 val...., fDl )'t"' 4 arc ..... maI 1<> be 1.0 1!. 0.984. 
091'9. arid 0 ,", I mfiCdh'Oly . ... 1101 . .. ,lit f.,...,.." f()f )'tI. 4'1 

l~) ,,....""""""" V.t .. _ 1\<,ua1 V"' .. is<...,...I,fWIo. _ 1,S' . 

r"", P<nod Soln "1 " I><o<~ \ ."'''"' f .iSI I 

' 0 , ,n o.?621 .jIjM I .... ill;" ...... "",Lonl 
' 0, "' "1(10 .j<l", (;.. .. ,100M 01 <I<>Il.o,,) 

' 0, , .. , lr79 .jIj.,. (ia millio ...... cIoII.o"l 

' 0, n ,! .~, 41.11 (", mill", ...... 01,,11 ... , 

I~) ~""i><oIT~ F_ r,- la?l..-' 11)1 

4 0 ,' f,. _ l' 611 _ I 11'2\1 JI _ 52.11 (," ",~bt 0/ doIb1'lj 

• O r" f , • • n,672 4 1.172(1 4) _ 5.lJlI I'" "'~*"" of doll."" 
~ OJ: f " _ ,un .. ' .17~ 1$1 _ ~75 I'. ""'~ 0/ <I<rUuIf _ Q., f, • • l7.6n ~ U7;!j161 . SUl (io ",ill." ... or<l<>l1oo"1 



" O~ f.CoSTI NG 

1<1 II "" 'y<ijal p",_ .. <O<; ' <>te<:I" _ ~ T ...... f OO'OCb' • SU ..... lodu 

• Q , F" _ !lOI • Q 7~! • ,lit"" ( .. ""1"",, of IIoIIanI 
• V , t .. . )J" • I lit>< .~"" I " .... ,.,... .. _ ..... , 
• Q~ f " • 'H' , I 1179 _ 41a ( .. ""'""" of <101 ..... , 
• Q . F,. _ !7.61 , o.ms _ $7.!' I;. .... .,.., ofllol .... '" 

I~I " """",,, _ T ....... s....,.... "." • C,...".. '''''t .. 
• Q, f " _ SUI • Q76.U , 1.(112 _ a l! II .......... of doILot" 
• Q J F" _ !J.II • L 11114 • Q", _ _ I ....... ' ofdolLo"1 
4 Q, I; , _!J.~ • Ill1'I • 0.919 _ .. .!40 1' • ....tIion< of doIIo,,) 
4 Q, r,. _ SJ,e • elW'!! • 0.'J.I1 • M. IJ Ii. -. of doILo .. , 

[C~ ,V 16 

I ...... Tho AtIC Vdou SIO", """' .. !II /om; .. , I .. oumbt, of ,-..leo .. n'aIs ...,h ~'Y. b.u<d "" ,he 
pn:""'~. ,h",,-w .. k <ll.LI "v.., bela"" 

D" Wcd. I Wed 2 Wed J 

~~, M" m '" "-, '" IJ~ '" , ..... , '" ,~ ,~ 

W<dnndo,y ,. 
'" '" Tbundloy ,. M> ,. 

f"r\da)" "' m '" s., urd~y ~n ." '" 
(~) It,1>< ijn .. , ".no.! lI ... I,om "' ..... "'" ... Iy,;' for 1 .. . bI>..., <11.11 II r _ 19~1.! + l 07U. 
CO<I1I'1'" ,I>< ... ",,,,,1 indue>. [~) A .. "",,,. the J ill .. 1 hal "" erdal pall ...... IotuuI the 
Bumbt, 01 dally ,""Ill. "" ,''' "'" J tIa)'l. ( U .. '" abl>..., "'.""';.,.. ~,1O!t "" 110< 
__ l>t<d In:nd rotcea>l) 

'" N ... lIo<of V ..... 
0" • ·<lUlsIII 

,- M" 
M_ '" .- 111 ,. ,W 
~ ". 
'" 

., ., 411 , ,- W 
M_ '" ,- '" ,. 

'" ~ ~ 
~n ., ., ." , ,- .m 

"- '" . - , . 
w. '" •• .. 
'" '" k ., 

",IUJI.hl.01S1lt · ltUt m lJOI"'-'9 . U oJ 

I.~" 
UH 
o.~! .. , 
o."! I .,1 
,~ ,. 
U" 
U" 
~, . ., 
l,lo<l 
1.711 
'.m 

"" MlS ., . 
• m 
l .ll~ 
I.m 



CH>lP I~l 

W",l ,. M," 
, L$6J o.S21 , 

'* 
,,, , ,.." 0., 71 

W .. lI~ ... , ... IM J' '' '" •. ~ 
1D<k.lSlI l.4Il''' W 

I )~ I I :!lJ • I bJ .. l.))ll'l ,. I ~J 
l ·ll '''·I7~WmJl _ I''l 

fORECASTING 

,- . '. 
"" 0.6l ! 

"" """ o.Sl! ". 
(I.SS1 ,~ 

"" -
F, _ ~ lI9UI '~ t ,UlU;!lJ) • I IMll _ '''.'' 
.~._ '" r 19U141 ... lOl~ll)j ~ (O.HOI '" I ~UQ 

f~. _ _ r 19UI"1 + j.m~l' ll • IOSSJI _ 1>49.~ 

Th • "" . , • • 
~" I ~ 11 ,-
"'" U 41 L7l1 
(1m 1.219 LSSI 

,~ 1m 17' 5 1.001) 

~ ,~, 1.7+4 , 

Iio..lS 'fIIe d...,..>OfIahlCd ~.., br=<l. Ii. Ihoo.a Dd, of ~.m) IDd lhe .ea_al i""" .. lor lhe 4 
~ ... n ... of Ih . .. ell year I.., U 1,,110 .. ·.: 

t>e.<-.$(>""Iittd Soles 
Sa""""l lndu 

'i>, .. n,.~ . 
I'y, _ l .l l-1 • 
I~, _ Ul! . 

' ''' _ Mil· 

Q, 

"' 0.842 

Q, 

W, 
1.1)..1 

Q, Q. 

"" '" nil (UD 

IIt.J6 Rdtr 10 Probl<m 16.H. If C)d ocal r..,roo uil.!. ond ,heir ,.,.Iues ( ..... lhe n .. 1 4 q""" .... I re (1.982, 
O.W~, 0.9!!9. lind 1.01 S • ..... poc'i.rly, iO<K"" " """ ,.~ .. '. q"a" • • iy ... ..... 

f~, _ n ... : , O,%~ , 191 .. 6~ (i. , ......... 1> 0{ ... ,,, . 

Fq , .. I.I ,W • o.'l'Il • 101 _ 9I1M7 (i. ' 110 ......... at ... ,b. 
' ;', .. UII • ()~,.. 1% . m.J51 Ii. , ... ,."",&1. at """01 
'<" .. UlJ • 1 Ol ! • 117 .. 6f9.4m Ii. ,""-ado. of U~'''I 



'" FO~Fr-AST!NO [(,HAP if. 

Suppiemenlary Problems 
10.J7 _<fer 10 II,. dol>. 0/ Proble", 16.7. Tbo "".lot"", "' .... 0/ til< rom,,",,~ fuI<It, II .. >d\'.~'''''''''' 

10 bt dootl) r<l&Lal 10 lilt dtlNftJ. Th< ........ """1 up' .......... kOk.>w>' 

~~ , , , , , • 
Ad .. tti>l."~ ['1"""> " " " " " • 
I!~' ofll 

(0' .. .,.... ... , """ prri<>d\ ......... _. <iml'l< h<>«OJ '<II''''''''' In •• <omPOIIJ' "'00': to ,~ ~, 
"" ... " ...... "1'<0'" ,~SIOOOI lit" pcrio.l I~I I "'" I,," _;.", 0/ ""'" ......... >IO<J ....... 111<_, 0/ 
"""",,mo'ion. 

l ft..J1 Mck, '" ,IIo.!.lI>. 0/ p,oto .... 16.1.!OI ~-"'" III< , .......... I.n<At ...... """ ud ,ho r~., r,.. .. " ~i<J. 
110 ... "" ,., c_" .10< .... 111<., ......... ,..; .. , .... 

R<i<, 10 ,"" d ... of I'roto/<", 16 II (., ....... til< .1lI&< ...... ,,,,, ...... ' ' oe ...... , ...... ,.u... ..... p<no<I 
""- r ... _ ...... ",nn A.04 I. (.)~ .. "'" ......... 0/ "'''<PI"",;"" lot okb ri ... _ 

,0.4, N<i< •• 0 It.. d.o .. 0/ I"fi>I>I<m 16.)1. ~" It. tmw _ b...... .... 'oe "1 .. ,_ ..... til, '+"""" I.>t .. " 
~ ~<!>t1< ... ' .. t... 

,6.4-< In Probi<m 'M' , 1001. 99". <>D<>lidcto:e ,."".oJ ............. ,,,' _ ..... t. ulat.. 

, .. OS F .... ,10: dot .. of "'oblrao I~t do:>oIop 'lI< , ..... .me. 101,11 ... , ""' " .. "" .. ,_ .. III< ""'" 
'" n - ~ , bX.r.! fi .... ,lie _Ilk",., 0/ ""'_'","" 

, .. .., ~o, ,/I< ~it. of p.-.., 16.1, IUod II>< , ........... ..,.-10 ... " "'I' 'I;" «1"'- .. ,lor r""" \"I Y _ .. , bit 
_Dol ~nd'!>c _ ... , o/<l<I<'nn, .. ,_ WhO! .. ,II< ..,. ... " fu< ....... , p<n.M'1 

I...... R<I<, '" ,II< ~ .... of PlUM,. , 16.' The ~wod"''''",~ _II<>< 'f>< d"' .... f<PI""t 
Y _ 3J15J • 4(.9.T , OIH" 

,~ , 

",",,, r" ,lor «NIlput" .. ,,_ ... pk»_~' 1ft ,1'1" .. "",<1, .0<1 T" ,II< lIlD< .. )'Qt. P~ ... " ,..,', 

"""'1'<"" "'''''''''' ""'pIoY""'~~ 
R<kt to ......... " <if I'k>t>IoIn 16.11\. C __ • 1"11<'''''' !Do""., '''''''F lor...,.., ..nili" •. ...-."'" 
_....., ,.".". .. ~"h • _ 0.9. 1)""1 "'At>, ~nd _hXII OOIIC ",0'''''' _" 1oNca .... W i> Ill< Io«><alt 

Io)t "' . , "'"""'" 

c,.",,\rr th< on .. ul ""'_ I~. ,_) C"",J'Al" ,o. ""' .... , . ,.... fORCa'" lor 1M 10 d.) ...... ,. 

."'''"''' peroo.l. ul J.. , . """ 7 "'"" W~ldt .... 0( 1110 ."""", " ... ,''''....,.., """"'" b> ..... MAO" 
(~) ~~,_< ,lor 0"",1>« 0( ,......, ,..".1> lot ,lit ... ,' cia), """11'110 O<ff_ ~ ".,.. " ... (.f 

C-.- the- .... t. of !'<o_ IU.I (01 ~ tht .. ...-'w ,,"_b'"I ro...:.w.lo< 
"""'. _ 0.1. ().J...rod Oq 1.11_ ,1Ioe I<mr::oot b W«In<><by 0( """" , 10'" 11'I.1 ""'~ 
Il>t ..... )I! ~O ""'. ,to< 10" 10 .... y.t , 01 1'""'; ,II< fo..aol 10, ''''' "''' <Loy, _"I .... 

" " 104&,.... 
• val ... 11''''' 

from p.., leI 



CH AP. 16] FORECASTING 311 

11..32 Compare the results of Problem 16.50 with those of Problem 16.51. Which method would you choose? Why? 

16..5.3 Refer to the data of Problem 16.17. Compare the exponential smoothing forecasts for ~ = 0.2, 0.4, and 0.6. 
Which ~ has thc lowest MAD? 

Il..S4 Refer to the data of Problem 16.17. Compute a 3-period weighted moving averages forecast fo r ne;>;t week, 
if the chronological weighting factors are 1/6, 2/6, and 3/6. 

16.55 Refer to the data of Problem 16.30. Use e;>;ponential smoothing with trend 10 forecast nex t month's demand 
for ~ = 0.1 and {3 = 0.3. 

Ii..56 Compare the demand forecasts of Problems 16.30 and 16.55, with respect to MSE (Mean Squared Error). 

1i..57 For Problem 16.41 , calculate the seasonal indexes, using the regression equation. 



Chapter 17 

Game Theory 

GA.\ lt:S 

A ,...v It a Nmpc1I11\" IIIu.&hua amon, ,\ ' pcnom Of 1l'000j'It. elllrd pI",~ Ih.a, n toGch.:1eiI 
uftdet. ror-nbed WI 01 tub "lit! \_" ptyo/h.. 1M .... 1b ddil'llt the: demC'ntaf) KI"lIon. Of -n. 
oflhc: pmc: o;fln'tnl pU)ffi mIIybf.1lowN ollkrml 1IIO>d. "". QCh pb)'." kllO ... t IIw mo,n 1'1Ill.1bk 
IC) tho: OIhrr pI.}~n. 
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S'nI,,1"t:CII:S 
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rounlnlllO"n he: .. ilI nuh "urU!,J. romplc\<: pmc-. In I _ltI~ pmc:, tHhcr pb)tl h,a •• linut Kt of 
.... rr .uat'l_ Illi'l(tUah 1,,",,1 nUlQbfr rnay "" ~ 1'1a)'fl' I (11 ) 1_', pb)'t. W. w,) ..... bul 
lit don IWM ~_ 10. lUte "'"kll tltmtll' of ,ho: KI II (I) h.:aJ pdf'll at ,he rommcn«nltlu of a I"n! 
pbr of the: pm('. n llll ... rompktt (!laTKIrrQ,luon of tho: 1'11'1'1<' " p ..... df'll by j" 1"I1',oIr_,n" Tabk 
11_ 1 . .. 1I",h Ii"" 1M amount II .. .. on by pIa)~r I from pb)'C1' lI .. hen I pia). h .. Jill PUR' ~mllfC. A, • 
• nd II JIb)' Itu)ttl PUR' i,,,,'tty. B, (~ ..... m~ 01 ~~oIf. 10 (lU)t. 11 ,. lhe: MPI",~ 0I11w ,bo,'" 
..... lfI .• I 

T.W. n_t 1.W. 17_l 

.... ) .. 11 "",) .. II 

" " 
, , , 

" ... ... ." , ., , -, " ,,, , .. •• , • - • •• , •• - l l • , •• • ' - ,-, ,~ ,-

1..0 ...... U .l C_ oio, ,Ilt,._. ahido 'aO pt.a)ff" .. "' ..... -.., ~C:aI I, !. Of J Il00 ...... net.. 1ft ....... f1I 
II ... ~t.kot""""'" "'ft. pLo) ft II PO)' to ,u)n I ,Ilt _ 1ft 4011.0 ... rid ........ Md, plal" t PO) ' 10 pI.yn 

II I"'_'"~ 
.. '" ,h .. '''J"''''fIk ,ao-ptnOIO. .m ......... pnw. ,''' pIIft " •• , ...... ""n be "',ahtd .. nh lhi! "",",'iII ... 1 """'"" 

11\0< _iii MI be: "- kII. WI , ''''\ tllC\tOC-lII''hicII • "",Ie pilI' "'~It1~ .... ,h, rca. - If IIf _,..Ii"" to tho 
_Iff, I o.iI ...,.'t to , ... ~ppo-r "p,' I11"" OCM"": rllIf , .... lBO'" Ie' ,'" """tf ".to'·bad _ . I ... 1 .... 
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1IU1IIMOPPOOCII' '" 11II000000Ind ... ,8 malt II1tdbJCIII NUII,nmcncs. Coa.eqllftl.I) . rI_ pb)C ala,,)",; 
c1oooIo tile _ pure Mnlt&)' .., ~ pure Mr.tlttla In I fiud DIlkT, hit opponent "lliia 'lint 
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rtrufIIlZt II ... ""ttem .nd " 'ill move to defeot it. if p<:><.<ibk. Gt ... ",1I1. therrlotc:. ,he """,t rffec!ivc "ratogy 
os a "'inJ 1Jl'0I~9J. de/;1IOd b~ • J"IO"ol>tbibty d .. trib~tion 0"" tt.: set of pUr< "ratepes For the II .... 
or T.bIe 17·1. " mi.«I ..... ,<lY I,,, ",.)'<1" I will he ,poafi«l b~. pfob:ob"i'~ ve<t .... 

. '( • [x,. -" , •... x.JT 

who .. ~ , (i ... 1. .. .... ) ;. ' be proportion of time (i ..... !he .. \.ltiy. frequency Of prQbobilit~) tbot A, i, 
clio .. " Sunllarly. a m,.ed ."rattn ro. pl.}· .. II wiU be <k<i5"ated by 

,· ·[,.'.f,.···.y.J' 
... "",. J" (j _ .. .. .. n) i, .he probability tbt 8, i. c ...... n. A. pwhobili • ..,. tho ~ •• nd 11 art """"'1"';'" 

"'''" - -r", ... r" ... l ,_ , .J.' 

to ...... 11 ..1: t" ,110: ,",me 0( E .. ",pi< 11.1. if pb) .. t "U)~ "'0 .. , 1 1i,,1" .... pby« II <an <I<fc .. ,h •• P'''' 
"""«1" b~ ., ... , _ _ ..... J 2 fi .... n. It pl. } .. I ooJ"" .. ,I>< .. , ""'l""""" <I PO'" """IP<I l. J. 2. J. J. 2.1. l. 2. 

pI.o,." II ""n ddoal i. wilh ''''' ""'''''_ 2. 2. J..!..!. l.!. 2. J. .•. 
Ilpta)'<' I odopI •• 1>< .",«1 "'"Iq)' X _ {116. Ill . I 'l1'.111m pl.j"t"f I pI.n, 10 ,1\0. In .... ""Ni>1h '~ lhe 

''''''.! fin .. " ....... Ihmt oitho I ...... nd J hl"f' ...... I!J~ oitlor Urn. To ... pI......,1 llor Sl'"lon. pl., .. I cooloJ 
,01 _ iii< beI"", ... h pb.}'. If , .. do< ..... _ a I Ih .. "i ... probabib'~ I 6\ he . "",,1<1 ._ I ~ • ...-. 11 ,1>0:.,.. 
""' .. «I • ~ or 1 01.'"", lI"oNbi(;o y 2.6 ... I j~ "" ...... Id ....... 2. .. ,..,. if the dO. ,...,.""" o. !. ... ~ (I"' ''!If 
"..,.,.bilil, ) 6 ... I{ll to: _ IOJ u- } 6" .... . 

sr.un.}; GA,\l ES 

Sul'l""" thO! 1M pl.y«. of the , ...... dtfil'>«l by Table 17·1 Ire mttict«l 10 ,.".! pure """'gO:>. 
W,"" 

... , • mUr","m ... 1"" of II>< mtni",um iI"'" 10 pla)U I 

• ""'''n'~ ... Im,oimum 19~ II (11.1) 
'_' .• _ ,d .' 
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• min,mum (""",mum l Q~ )l (/7./1 /-. ... ,., .-
If play .. I pI~)'S ,I>< '0'" ,ha' )"iekl< 'he ma . .... om in f/7.1~11>< _~I",i • .... ... ~~)'-I>< .. _om! of 
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un.kf ,It< ma"min s" ."U. plit)"ff IIo!In - "', (If ~..,..u") A"ak>gou""y. if pll)~r 11 pla)'S the taI"mn 
Ih.1 yield. lhe mini",um in (17.ll-lho .. 1.1 .... ,< """'1Iy-hlO .~,om! k>n (which i. r . pin) ";11 br mOl 

~, ~""" .... w. ,haU 0:11 lhol I ...... 1"'0 ""le&iel"I'sfy lit< ",1.i .. ,IX <Tit"""," 
No .... by ,I>tt. dofln"ion .. 

.. , $ .. " {lUI 

r", Illy """m pme. II .. , • "'" . ,Itett pb),<" I wtOuld only .. """" hOI. "",,';on by dc(l"rtin, If"'" .It< 
m''''m, ..... 1<11. Ind playe, II ,,"ooki orIIy ",'Ofsen hi. """"""" by deport",! r. <lm tho minim". "' .. , .. ~_ 
Such. ",me .. ",~III •. and lit< 11[1leJIH prtSCribtd by lit< minima> cril",,"" Ire o,r;..,c fo. lit< Iwo 
players. f·"nhc,",,,,,. b01h pl.}~," eln • ....., II t .. ..,h, a pl.y allbe p.,. ;. ""rth (to pLtl"'f I); namely. 

C" . "', M" .. 
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The numbtr Co ' i. "" lIal lh. ,.,Ii", o(,h. proo: II" ,he .lIIOIInl paid II)' pIa~., II I. pI.~t f "Mo boIh pili,"' ha •• u ..... lilt" opll""1 .,ro leg"", 
I. lummao; E",'l' 'I>bk .. ",.. i'>al a unoq ... ,~J"' .• nd on "1"'''''. (1"'~1 "'"1C1Y ~ tilhor pU)'<1 

IN"" . hal ,he <>P"""") 'tr01cp,. nord 001 t.. un:" .. I 

II;\STARLE C;A'\l f.'i L 
When ,he lM\I""Ii'~ h<>ld. if! (l7J~ 11M: goo<: ... • ~,,<iII( • • ood lfte pu,. U""'JI<> ,.,<>1 by''''' 

mmi m .. ~ril<riln ore III> Ionecr o",im:d. T1w: f~r.d> ..... nl.1 """II on the 'brory <>l ""'jpme:o k tIta~ 
~""' M Unl " 11'"ie:s or< odmillN. U""",bIr .0'- ...... h;ioc. 001" ' '''"-;. ... opl .... 1 'ale ..... nd • 
•• 1.. p<""id04 III., lhe flMom P01<'~ ;' .. ,,1I0«>Il b~ ,I. <:%t>«'.~ ,,,I ..... 

Under m;"d ""<q"" (tlcfincd by ,lit probobili.y '",'on X foT plo),er I and \ ' play .. II. ,100 
,,"y"" /""" II '" I .. . .. """ ... , ',,,,,1>16 ba" ; mM ,,_-uJ ,,.)"" 

• • 
f.rx. n . r r 9y · .1, 

,. , 1-' 

AIUI"""", ,<> 01./) and (l1.l~ • n'" 

'\/, .. ",uimum •• 1 ... '" min,mum "rc<1cd pim ,,. pla,..-, 

• ",u,m,n £I.'\:. \'I) , . 
. \1" • '.'rumpm ,,,,ut or ""'"",um <A~1<d los> ", ~ J I 

.. mm , ... ~, £ (X . V )) , , 

(11, f ) 

(lUI 

In . -h""' :Ii and Y lun 'hIOtlJ,h all OM;!lmrnll"".I and.U ...dirncnv<>nal ,,",b.obi~,y ... ,"+ rcsp«'i,cI~ 
Til<" .... h.,,, ,,," 

£( X' , \" ) ... \1, .. MOl ~ G' 

In ",-,,", ",,«I •. on, 'tll"ri ... me hao a .'alll<. O~< ,1Ia. ilablt: pme! on: . ho """'~,,!;. tile: lIlIojm .. 
,,",,,mil. ~mc • • pu", >1 ..... 10 IS U ,po<'ial m"ed Ol'OI.1Y thai I>u • .tiaaJ< . """"0""," , (equal ,0 I ~ 

SO' .UTIO N (fI' UStAll "IIOGIIAMM ING 

Th< ol"'imil mat."", , ... ".tonl by .he mi,,"' .... 1,,"0"'''' .•• ,"'.U a. Ih<. val ... ol~h' P ..... <a. 
bo .~l<u1o\«l ... II ..... ' provo ... ming Tbo oplinlll """ .V ro, playe' II IS it>COfP<O'aU'''' IIIe: 001"'I0Il 
of.he follo. ·tnl li""". p'''Il",m, 

mui",,,,,, .. _ - ro' , 
. uhjo;:no: M,,)', " Q,l1, ~ 

~"r, ' ~"-,,. 
.. Q,.)'. " " ,,, 0 
"9~),. r •• ,S O 

117.7) 



lOll"" 11) (j",,' E TIH:OIV 

/I(fC' C' _ r :" and \ '. - [yj,,;,, .. "':J' 8y ,n,hally Inclwnaeadl ' li by ,lIua_ fIO'I""" a_n, 
(III" 101ft IInchallp:.i .he M'"1'f ol,he PII'K'). .. '~ can 10m: , ,/ ~ 0. l'1>m .he up:cted p,n ,0 Jlby." 
I .. :oh.o IIOIIncpU'-C. SlIK'C ,1111 q~nu'111 ",A_nud II)' Y •• , in ~m (17, ~,' ~'J .ha' all 
nnabk, an Il1O ~lYInl '0 nonncph.e nlUC'> II""," ,odI dmirmlaJK'n. Eq ... r.:oktnI1. r •• , an Il1O 
,~ by 'M d,tJ.,n:!K'C ol ''''0. new. nonncp.lyC' ... riabln. The opfimal llla\q1 fOI pb)'(f 1 it ,Il10 
prolubih,) ''«101 ... 111* oomponcnlu,e'M :IOIII.lOn.O'IIo. dud ofprosnm tl7.~(~ Probkm 119,) 

Wht~"(f • pb)'C1 .... onl1 .,,'0 pure ),nllqia. ,he opflllllll lIra,CJY for ,ha, pIa)'l1 (;In Il1O 
dti<'fm,ned "aphGlly (Sec ProbItm 111(1.. If belIlI pIa,ft'l 1I ... e ~xtJy'_ PUI'f lIra.c,.,.. .Mn ,he 
.,_I-Mra.fJICS arc 

lS« Problem 11.7.1 

OO~I I"ANC[ 

~~ -',,+1/,,-1/,,-," 

n  'n ,,, 
Il" + II" - II" -'" 

1I - "" -,,, 
'" . "" -'" -", . "" - ,,, " -"'+"" - '11 - '" 

c· _ ,,,',, -,,,,,,, 
", ' ·'u -." -'" 

(174) 

(11,111 

(17,/0) 

A puR tlra.clY p" ~_i"","" by I JIlIn: Jml1C1)1 Q if. fOf cad! pun: llrlllq)l of lhe OfIJIOIIfnl'.t.,he 
jlllyofI'~lcd " ',,11 P i. no hcn<'f ,han .he payocrlJilOCUud ","11 Q. SiDell:. Ooon, .... ,cd pure w"clY 
(;In 1lC\C'1 be pilli ollUl opI,nWlIralqy. 1110: ~i ... 10\01 or ~ of ,he pme ma.ra may Il1O 
ddCled II "ioft. 

Soh-eel Problems 

n .1 CMUrwN" P",-q§ _.ri .. f.w .11( foI,.,..·/tof fIiJM# EKh ai.\OIO lUPCm'lal~C' c .... un plopoliC3 10 
build I "orr .... ruraJ "'poll ,u, it KfVCICI by ,hm: 'O"'IIJ. The diuallCltl' bet,,"«'1\ 10'1"", arc 
~-n in Rio 11· 1. ApprOAlmlldy ·tj pucall 01 • ..., rtpooI', popub.IJon Ii..., auf '0,,'11 A. JS 
PCI"Cl:1l' h,'e ....., ._." 8 , _lid 20 pcroml Ii..., ncar , .... 'JI C IkcaIlK dlain I " Io.rllff .1Id .... 
","eloped. betla R'pUlll)oa ,!wi eM;1I II. dwII I .'ilI (:OIItrOI • ""'JOIn, c( ,he bulolllCSS 
. 'hmn'tt u.nr .. t~ltOGl In: _fM-rabic. Botll dlaillll Ire ..... I'f 01 the othcr', irI'erftl 'II tho: 

,-• 
• .,y " .... 

,- ..... -. 
A C 

.... n ·1 
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"'P<>n and boIh 1Ilo,-. <Qmpl<1<'d "",.t .. , ...... m:)~ ,bo'I"-' identical ~"""" lfbolh clo.a, .. 
loco", In ,he oam< 10"0 Of «I~od"'anl r""" • ',,",'n. <flam I will conlfol M 1'<"""" of , he bu .... 
in 11u., '''''''' If ..... i:o I It doot, to. ,""." ,ha" dI" n II. ,IIo;Q I ';11 ..... "01 90 po..,.." 01 ,hal 
I ........ ', b",i-.. It d •• in I it [anile. from" IO.i Q thon <Iu.o" 11. it " 'il l >,ill d"". 40 1'<"""" 01. 
Ih.il lown', 00"_. 1b< mni'DJD, bid;"" .. ulKkt all tircumMl1laS ,"';U go 10 Ch.llll II. 
t unb<m>(lr<. booh ohai ... l """, l hal " i. the polo<)' of Ohlin r 001 10 """' .. in 10"',", [bat .... 
100 ~IL and 10wn C r.ll. Inlo ' hIS <ate..,,,. 

TIw«.", ,-.. pIo.~ <J(,IIio p .......... I ...! <1>0 .. II . 1'I')'<f I h .. '''''' P"'" "e....- ..I. (Ja.:.o .. 
;,. _. 1t,.ooI.t, 1_" ",.~ B), ..... )'« II ..... Lb ... p<>« ",._ I, I ....... ioo to .... A )' I, (Ioao" 
;" I .... B~ .. ,iI B, (loco .. 10 _. CJ- We tol . ,I\< "",.- 10 , ,,*,,, I .., t. ,II< __ 01 
_"... i. , ... ' ..... , ... , .. iII WJ to d ..... I. _ .... 10 ,10. ... ,~ ...... ~ so_ ........ ..-. ... 
""'., , ....... .. """'- pmom" ... Ok.' .... ' <Ie<rea>< '" 18<ft-. feI!I<""""'f. II>< . .... II ......... . 
,w"'r<'i'>' ..",. ..... __ 

U bo>tb -. Iocak .. tIoo ...... _ .. ,he. player I ... dj ...,., ... l$ _, oIlhe ...... ftoca ,10< 
m" .. ,qIoa. Tho. ,,, _ ~" _ 61 If ,1Wn I local<> ............ _,1Wa 1l1oat., ......... II, , ..... pia,... 
I .. dota to ..... " A ""'" pb;,... II. b.Il pla,... II .. .-. '0 boI~ '_a< B.ad Cd •• • pb;)"tf I. C_ .... ,i)'. 
pUo1<' I "ill Oiplu~ 

100\IO>(0.~l) ~ (1l.<IO)(tl.ll) • (lJ..lO)(Il..'U) • 0.615 

Of ill,...-' 01" ,1\0 _., \101 ........ Th<f<Ior<. ,,,. ,...,. If ...... I 10<> ..... to"n a.'Id _ II 
Io<>oa on ....... C. ,boo rio,... I It ~ , . '_DO II . !WI 8. " .", .. pili,... " ;. _ ,. , ...... C, (:~"O«I-'''. 
pllY<' I .... ".'" 

Of 10 ".."""1 01" ,I>< _., • .. T1>tMo ... ,,, • II!. s;",;Lo,'y. " • • to."" flo .. 6U T __ • 
• '" ""'_ .. T.1oI< 17·~ .. ..,.,;. ,II< ... '011 .... '''' "" lh .. l' .... 

T.W. 17·) 

Mo, .. " 

" " " 
• <, " e, • 
i <, ." " • 

17.2 c .......... , u ".~ .... ,ri,' "" 'M foIIo .. I .. _ II bol~1 """"i ... oq .... numbon of ...d . Dd 
ll"octI .... 'bieo . .... Y"I I ,.nd<><nly Idea. 0""' ",. ,bIt.1Id 11l<p«1. i110f tOIOI" ... ~houl ."""ina 
il In pIoyer n . If ,lie ..... Il10 it re<I.. pIol'" I .. ,..." , ha,.. ............... " ..... doo ..... Qd. $, r._ 
..... )"ef II. lillie "",.bIe .. IfC"1\. .11 ..... ploy •• I .. yo. "The ..... bIt .. ~ ....... ".1Id p,o,' pbyo. II 
5 I . 01 pIlIy« I biui'!. t.,. "YI"," "n.. ma. bI. " .... .- and ......... 1Id. 51 from pIoyer IL Wile" .... 
pI.;o)ft I de ..... ", .. 51. pI.yer II .It"". can pay Of <:1&11 ... olletose pi;ll'" I·, claim lis, IJ>e "''''''cd 
m.arNt ....... Or><:< ""a11e1lpl, pIo)'<'f I mUll """W .he ..... bIe 111 pII~' 11 . If il " indeed red. 
ployer II 1'"1"' pI.yer I U; rf It .. "'" ...d. player I po,.. pIo)'I" II $l. 

1'1.0,... I ... ""', I.·~ ...... ,,"'..,.. _I). 

~. To'lmol ...... bit· ..... .... _ 

A, To ... ,rnl ...... 'bit ..... " .... btr .. n" " ........ 
(No\< ,''', , •• ru" .In ....... t< _ ..... ,aI _h h .. _ ...... _ ... (I) , .............. Mod (0) '" do .. 
1Pft"-1 .... , .. " ......... 1001 ,..., ....... "._ ,_ .t< 

I . To -.. '"'1<' I 

I, ; To bdie>~ iI" , .......... "",n .ft!! to ............ iI" 1M do,,, .. "'"-



G~ME THF.O~\ '" 
s."",.atiI 1"''''''' .... ''' .,"", ,I>< "'I><r ....... IIIif. ir. , ~'o-pt.-.;mo.""" pm<. 

In ,~. pme, , .... M<>II', aooo<i>,<d ~' ''h It..,.." .... ,,&ie<.r< ... ndoa! .. nabln: ..... ptaoo ,hen! by 

,t..;, "fI«'<d , .. I .... n. .... I" .. ,I\< "1"'<'«1 po. to pio)'O! I ;1 JQ)'<>' I o;W"" <h< " ... 00""'" ,,", ....... 
.... fbIr • ...t f'!o)'Ot II \0<1;..-... 5in<t ""lilt.. ...... ,"" m .. bI< .. ...., aJOd IoU' 'M ,,_ M .. _n. 

",, - Im +\(-I) - O 

TIoc po)<>II f,, " ,II< .. pta,", poi. ,<> pb)' .. I ....... pI'l« 1 "' ...... ,II< If ... COlo< "" ,II< ", .. hI< .. !l! ..... "" 
II d ... ll<nrn of '<01 .. , Iaun<d S ...... u.. _bk Iu.. 1""'b>1!iIi,) III "" b<in, .. ,lit, o><>Ior, boll,h< ti ..... 1><r< 
..... h< "" <h.aII< • ..".1>11 h.1H.II< ...... pb}'<f II will ,holl< • ..,.nd ..... TIoc,d-. 

r,,-!I - lI·tm - ! 

,,, _k_ll ·~2)_O 

T.".. 17~ 

I'b, ... II 

'. " 
' . • '" " 

, , 

11.3 o.',rmm< wh<'hor on)' "",. .'r"<1ico in tilt pm< ""T.bk 17·) can be diiCllrded Ik'''''lIh 
"""'inaDO<. 

!'to)' .. , _ "",,",rl A, (loco';.,,,, , ....... A~ .,,_ 'M ""rotr. r""" ' bf<lIW'1l ar< .,~~ ) . .... ,,,-,, 
Of ""I"" '0 'h<<Of''''J'OI''Iin, ""yoIh frorw A, . 1'1'),<1 II "'. d; .... n! bo,k I, and ~,,, ;.f<rio< '0 11', 1_ 
Ih.a, ,I>c POfofl.u piI)'ft II ""' t~"'I'''''' of II.",. 1'''" U\ r .!oI< 17·1 "" pill" II, With IlK fir" m~ ~nd 
,110 III .. . ...t ,to..d <¢10m •• <l<1cI<d. ,'" I'"')b~ """'" -"'> "'. '!nll< ""If). TIt", A , aM 8 , .r< ""';""" 
" .. " .... ' ILt>1k ;ul"'lIIlO,k .. <I,.;,., obould 10.:'. ,,", .O~. II. C"',. 1 .,ilI..,." .... &5 ""''''''' d ,II< rtp<.>fl·' 
_ ..... .. uk ,bt: ran,un .. )S 1'<''''.' i<""lI ,,, ,y;., II . 

17..<1 1..<, G o.k.Qt. ,1'1< pzn< ",.,n. oblair>«! from m,,,ri~ G by ehm,uh", dom;n.ttd 10.,.lId 
coIum .... Silo ... that G .. otable ,f.1I<I Oflly if (;' ;1 .:.oblt. 

It ",t!Ioo>.o ",ft>id« 'M ""'" i •• kick ,I\< fi", ..,.. ofC" d.mun"oIIl»' ,'" _ ,.,... II ~" aod 
_ .. "'" 'M ,." """ '"'~ ..... ~'.oo.,od I»i CIrri<> to<lo .... 

[... . .. ,,, ,,, .. 
. . .. 

@ 
f" ...... . e. '''J . .. 

~ .. " ." 
- r~. ' ....... ,b, ''''' ", .. Imun> 01'110 ...... Il'loi ... Itt Co ................ ,'" ....... "'" of ,lit ",... .... 1"",;' 
G'. ;~ ... , a 'O j 

r""h< •• of", .. 1 ""', ...... roI.",. ", .. ,ro"", of G---..f. I .. -~ IoIJo .... r""" dom, ... _ ,~ .. , ,, _ flo 

;..Iw. rol""," IOU''''"'''' Coot"""""U). '''' lfllD"".'" 01 '"" <01""'0 """""" .. C .. lbr ........ ,It< 
";"un"", '" ,Il< «.h,,,,. m . ...... I. C'. '.e...,, " _j, . W. _""" ,k., 

.. ; --" 



>0, GAM!! TlIF.O~Y [CItA!' 11 

no! IjlbepmeofTlbk 1'·1 ... ble1 

v ... ", P,d' "" Il .. hodlH 

17.4 I,IM P"'" <>I' T.t>Io 17-4I1.bk1 

It .... .. , • 0 0< 112 .. "". "'" .. _ 10 ...... bIoo. 

11.1 ~lnd ,he O1'Ilmal ""I<~ lor both play ... of ,he lOme of Tablt 17-4. 

, , 

A, <I<I<rm>aO<I ,. 1'Nt1o .. 17.6. ,11< ..... io ...... bIt ..... ""- _ ....... bIo "' ...... " .. , ...... s;-
tI, .. p_ in""~ ~xdl' ,..., "" ............ lot _~ JlUl""' . .... ""' .. aI' .. " ... I .. ' ...... .,. P_ ..,. 
(l141 otll,l I11 " .. 

O ~ I 1 ,' .. -
'1 O+ O- (l!ll - l J 

O- Un! I 
1'1' .. -0 + 0 -(1/21- 1 J 

... _,.,.t,. JIIoyu II _ lid.... plo1"l' I _ ·Ibm! of ,1>0 ' ..... ~bj\o"' __ ploof<'" I 'ho ... .... 
,_,b~. or , II< ,_ l pI.ol"'" I <Ioi ....... _ . PIa,.. I ....., ...... "'" """ _ of ,'''' _rblo 
'_lIIinU <>Ilht '- .U. lIIuIII .. ,lit "' .... ,JunI of tho _ ~ '''" _ ;, ....... n.. 0<1 ..-II .. ~I 
b<. '" (17 1OL .... "...,0<1_ of 

c. _ (GIIOI - II /2)! 1) .. 1 c!oIw 
O' C! - W2)- 1 J 

... pI.o)'<'f ' """b liMo .......... io Il10)'<01 Tlw npococ.l po,..,.. '" ""']<'I' II .. , II< _ow" ",,_c 

l·.~ 11.5 

1'10,.... 11 

I " " " •• , " , 
" 

, 
" • -. -, • • '. , -, • • 
" -, , -, , -. , 

i ' " 
, -, -, , -, ' . -, , -, -. 

'. • -, -, -, 
'. • -, -, -, -, 

"" .. "'"1C'fl' II ... _",,'Oil b)' II , (.nd ..,. II,~ ",,, OIl. II< di ... e ..... On<o" .... ,boft A , .. _""«1 
by " " -., .. , ..... co. ""..,,-. 11>< .... ~...., "'yoII .... " .... Tobie 11"", Iot .. _ 

.. , .. _l<_ ' .. .. " 

'" ,,"" pm< i< _ ItlIIIo. ,100 """,,,al >tn1_ lor boIlo pia,... .... "",od ......... ~r_ ,... ..... '" 
"'" 0<11"_ 01. "'_ ( / 1.1\. rot ,II< ",,)'<Ilk ;" Tabk 11.., '~ir. __ , , ... 

...... "" z._" 
'"~ "" ll,-~',- ." t~'. - ',SO 

- ' 1, ___ 1,, _ I .- ' f,- ., S O 

-1,,-1/ .- I,-I' SO '" I, • I.' I . ' T. • I 

_os., , •. 1~1~ ''''' /' _'''''' 
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Si .... ,. i, """"""""", ." •• ", •• ,. _,~ .. "ho.o hnth, •• nd T. '''' """_,;,,, ..;._ I_Ct. ...... 
Z). TIl< ioiutl ..... pI<>. ,ot>itu is T.bIe>" I . ,..;,.~""" ,,,i,,*,, .. I, .. ,<><I " ,. orwllJ\i!ieW ..... bk ,,,. 
Fi>, ..... ,.,." of ,II< ,1"'rM<' . JI"';,hm ,;.Jd T.Oko .... It r_". ,ba, ,II< o", .. ,,~ ~I'''U 10, pb~ II 
I."" r! ~ ~ boo .... 8 . .. _ 1IOOd);, 

yo • b l . 11. II. J:. )1)' • [ll. 1,'00. l ' lll; 0. 111«1)' 

The "1'''''''' .... "I} 10, pb~ I ( .. ~~ >1 ~ 0 b«:>_ A, il _ .....:II;' ; .... i. ,,,,,,,,a( ,II< duo! "'~,iooo 

lie< CII""" ~l .. 

,~" io. ('Ia)'"' I a. 91"'"' to 10.. 29/ 11 unil> ,. pb)<1" It at <><h ('Ial . p'o';d<d botb pbyon IU< ,1Irit 
"1",,,,,,1 """ ...... 
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" ,,, • , -, -, -, -, , , , , , , 
." -oW , , , , , • • , • , , 
"J-<'~ 

, • • , , -, , • • , , 
-, -, -, -, , • , , • , -, 

T.W. .. I 
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", 112 , , , , , Il lS -'''' - ,,., Il l6/) 
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, , 
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, , - I/S 1' 10 )/10 '" 

I "' " " 
, 
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, 

'" " H/U 12911 

T.W. .. . 

17.9 (aJ Dc", •• linear pros ... m lot lhe api,m.) '''"'eg)" /", player I in I'" mOH;, P"'" dttincd b, 
Tobit ))., Ib) Sho.· lhallh" prosrlm is , ... )mTn<lncduI I 0) 1/7.7). lbe rr"l ... m (IX pl,ye. 
II·, or';"''' " •• ,c~. 

(oj , .... )\. *"" .. ,I>< .... I .. lml)l ,n IOJ). Tbno (11_<1 ;, "'IU;""""o ,I>< 10110_ .. '''0 '_i' ....... 

(.) If ' • • , > M,. Ihet< ;, "" rrotoobiJj" """'" X ,h., .. ,.Iia 
r~x. \12: ' • • , 
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Condition (i) says that player I is guaranteed an expected return of at least M/ if he plays X*; cundition 
(ii) says that no other strategy gives player I a larger minimum expected return, From (i) and (ii ). it 
follows that the program 

maximize: : = x .. , 1 

subjectto: E(X, Y) ;;,: X .. _ 1 (Y arbitrary) 

in Ihe variables x l' .••• x .. ' x .. + ! has the solution [xT, . _ . , x!, M j f. However, 

If and only if 

. 
L gijXj 2! x .. + 1 
i.l 

(j= 1,2, ... , 11) 

]I, 

,: 

Indeed, relation (2) is just the com'cx combination (Chapter 2), with weights f j' of relations (3, 
Consequently, program (1) may be rewritten as 

minimize: : = -X .. _ 1 

sUbject to: B\\XI + 921.'1:2+ . . . +0 .. IX,.-X .. _ 1 ~O 

gllxl + 1122.'1:2 + ... + g"1X" - x .. _ 1 ~ 0 
(4 

with: x" X2,"" .t .. nonnegative 

where we have changed the maximization to a minimization and have included the restrictions on the 
probabilities Xi' 

(b) Tn program (4) above, replace X .. + 1 by .t .. _ 1 - .'( ..... z. where the ncw .'(._1 and .': .... z are nonnegative 
variablc:s. Also, replace the equality constraint by 

XI + Xz + . . . + x,. 2: 

Make the analogous replacements in program (17.7). Then program (4) falls into form (4.1) and program 
(17.7) falls into form (4.2), wherein 

x == [XI' Xl" .. ,x .. _I,X" ' Z]T W.=: [YI'Y!" · ·' Y._l,r._z]T 

g" g" g., -I +1 0 0 

g" g" g., - I +1 0 0 

A ,= g,- 91. ,- - I +1 
B== 

0 
C '= 

0 
-I -I - I 0 0 - I -I 
+1 +1 + 1 0 0 +1 + 1 

17.10 Use a graphical method to determine an optimal strategy for player J in the game defined b~ 
Table 17-7. 
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Tlotn , .. *'-P'''''1 0( <," ...... ~'ood by"'!1l'ri .. 

" ,1:1 

[CItA' 17 

"' SIoIlo",." .. VI ......... _", ......... ,...... t/)...."..... tl>< ... _ .. u.~, _,'- .. ~, by ,,,. ..... 
_, ... , (I). ..... _. <r<W '" • _ . ..... .,_ PI_ .. _ .. , 

ma""","" ,_ <. 

IOt,o<o ,<> b, - 0, II ~ 
- b, - .• ,~I 
h, " 0,'; I 

" ,; I 
..... h' . ,110 
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Supplemenlar,' Problems 
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,.... J l Solve Problem 17.1 if chain I controls 70 percen! of a town's business whenever both chains locate in the 
same town or are equidistant from a town. 

'-...JJ Solve Problem 17.1 if the region is served by four towns situated along a straight highway as shown in Fig. 
17-3. Appro;o.:imate1y 15 percent of the population liYe near to .... <fl A, 30 percent near town B, 20 percen! near 
town C, and 35 percent near town D: each town is large enough for both chains to consider locating in it, 

Town }-<~_5 ___ mcilC"'-"";>1 
A 

Town 
B 

3 miles 

Fig. 17-3 

Town 
C 

~_U DC\'ise a method for implementing ~trategy X· of Problem 17.8. 

7 miles T~, 

o 

r .l5 Army A wishes to truck supplies to a border outpost which is expecting an atlaek by army B within hours. 
The nearest supply depot is connected to the outpost by two separate roads, one running through forests 
and the other over flatlands. A supply convoy moves faster over the flatlands route but enjoys beller 
camouflage on the forest rOUle. The convoy muSt take one route or the other. 

Army B anticipates a supply effort along one of the routes. and plans to hinder it with air strikes. It 
has available a single squadron of airplanes. which ca nnot be divided. If army B sends its airplanes above 
the forest route and finds army A there, army B will have time for four strikes against the convoy. If army 
R sends its planes above the flatlands ronte and army A is using that route, army B will have time for three 
strikes. If army H sends its planes over the wrong route. valuable time is losl. Once it realizes its error and 
locates the convoy on the other route. army B will have time fo r two strikes on the flatlands route, but time 
for only one strike on the forest route (because of thc added difficulty in finding the convoy through the 
trees). Determine the optimal strategies of the two armies. 

1~.16 A Blue Army and a Red Army are contesting two airfields, valued at 20 and 8 million donars, which are 
both under the control of the Red Army. The Blue Army is ebarged with attacking either or both airfields 
and inflicting maximum damage (measured in dollars) to the facilities. It is the task of the Red Army to 
minimize this damage. To achieve their respective objectives. each army can assign iL~ full force to one of 
the two airfields or it can di"ide its force in half and eovcr both airfields with reduced capacity. 

A facility will experience 25 percent damage if it is attacked and defended at full force. but only 10 
percent damagc if it is attacked and defended at half force . If a facility is attacked at fnB force but defended 
at half force, it will experience 50 percent damage. Any facility attacked either at half force or full force but 
not defended will experience complete destruction. A facility that is not attacked, or one that is attacked at 
half force but defended al full force, will e)[perience no damage. Determine optimal strategies for both armies. 

li.17 Two ranche!1i have brought a dispute Mer a 6-yard-wide strip of land that separates their properties to a 
rcfercc. Both claim the strip as entirely their own, Both ranchers are aware that the referee will ask each 
party to ~ubmit a confidential proposal for settling the dispute fairly and wil1 then accept that proposal 
which gives the most. If both proposals give equally or not at all, the referee will split the difference, setting 
the boundary in the middle of the 6-yard width. Determine the ranchers's best proposals. if proposals are 
restricted to integral amounts. 

li.18 Cigarette bootleggers lise two routes for moving cigarettes out of North Carolina, Interstate 95 or back 
roads. Roth routes are known to the police, but because of personnel limitations they can patrol only one 
of these fOUles sufficiently at anyone time - a fact well known to the bootleggcrs. 

Police estimate that the a\'erage load of contraband traveling on I nter~tale 95 is worth SIOOO to the 
bootlegger if it reaches New York. The back roads limit the size of vehicles somewhat. so the average load 
of contraband traveling this route is worth only S800 if it reaches its destination. Any contraband discovered 
by the police is confiscated and the bootlegger is fined. For cigarettes traveling 1-95. the loss to the bootlegger 
averages $700: the loss on cargo traveling the back roads averages S600. Furthermore, the police estimate 
that they intercept only 40 percent of the contraband traffic traveling 1-95 when they arc patrolling 
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Chapter 18 

Decision Theory 

DECISION PROCESSES 

A decision process is a process req uiring either a single or sequential set of decisions for its completion. 
Each allowable decision has a gain or loss associated with it which is codetermined by external 
circumstances surrounding the process, a feature which distinguishes these processes from the proces<;;es 
treated in Chapter 19. The set of possible circumstances, known as the states a/nature, and a probability 
distribution governi ng the occurrence of each slate arc presumed known. Both the set of allowable 
decisions and the set of states of nature will be assumed finite (an assumption not made in the more 
elaborate theory). 

We denote the allowable decisions by D1, D2, •.. , D",; the Slates of nature by 5 1> 52" ' " S. : and the 
return associated with decision Di and state Sj by gij (i = 1,2, ... , m:j = 1, 2, .. . , /I). A process requiring 
the implementation of just one decision is defined completely by Table 18-1. This payoff table is known 
as a gaill matrix whenever the entries glj are in terms of gains to the decision maker. Losses are then 
represented as negative gains. 

Table 18-1 Table 18-2 

Slates of Nature State<; of Nature 

s, s, S. S, S: 

D, g" g" . . g .. D, 60 660 
D, g:1 gn .. . g2 • D, - 100 2000 
.. . . . . .. . .. . . . . .... . .. . . . . 

D. g., g., .q.,. 

Example 18.1 A major energy company offers a landowner 560000 for the exploration rights to natural gas on a 
cenain site and the option for future dc\'elopment. The option. if exercised, is worth an additional $600000 to the 
landowner, but this will occur on ly if natural gas is discovered during the exploration phase. The landowner, believing 
that the energy company's interest is a good indication that gas is present, is tempted to develop the field herself. 
To do so, she must contract wilh local outfits with expertise in exploration and development. Thc initial cost is 
$100000, which is lost ir no gas is found. If gas is discovered, however. the landowner estimates a net profit of 2 
million dollars. 

Thc decisions for the landowner are D\ (to accept the energy com pany's offer) and D2 (to explore and develop 
on her own). The states of nature arc 51 (lhcre is no gas on the land) and S2 (there is gas on the land). The gains 
(in thousands of dollars) to the landowner for each combination of events are given in Table 18-2. 

It remains to specify or estimate the probabilities al(ached to the two states of nature. P(SJ ) and P(Sl)· 

Although Table 18- 1 is identical in form to Table 17-1, there are SIgnificant dj!T~rcllces between 
decision processes and matrix games. In a decision process. only the decision maker is capable of making 
rational decisions: nature is not. The actual state of nature in existence at any givcn time is a random 
event, but the underlying probability distribution can not be considered a "mixed strategy," designed to 
inflict losses on the decision maker. Furthermore, we generally rule out any randomness in the decision 

325 
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A common utility is monetary worth, whereby each payoff (e.g., a new house) is replaced in the gain 
matrix by its dollar value. Monetary worth, however, is not always appropriate. A payoff of 2 million 
dollars is twice that of I million dollars, yet the former may not be worth twice the latter to a decision 
maker. The first million may be more valuable than the second million. In cases where dollars do not 
reflect the true worth of onc payoff relative to another payoff, or where dollars are not a convenient 
quantification unit, other utilities must be used. 

LOTIERIES 

A lottery 9'(A, B; p) is a random event having two outcomes, A and E, occurring with probabilities 
p and 1 - p, respectively. 

VON ~""EUMANN UTILITIES 

The following four -step procedure is used to detcnnine von Neumann ulilities for a finite number of 
payoffs. 

STEP I: List the payoffs in decreasing order of desirability: e l , el , ••. , ep . Here, e, is at least as desirable 
aseJ ifi<I 

STEP 2: Arbitrarily assign finite numerical values u(e,) and u(e,,) to payoffs e, and e", respectively, 
such that u(et ) > u(ep ). 

STEP 3: For each payoff ej ranked between e l and ep in desirability, detennine an equivalence 
probability Pi having the property that the decision maker is indifferent between obtaining ej 

with certainty and participating in the lottery 5!'(e" e,,; Pj). 

STEP 4: Let u(e) == Pju(e, ) + (l - pj )u(el') be the utility of payoff ej . 

Step 3 is highly subjective. The value or Pj for each payoff ej (j = 2, 3, . .. ,p - J) is an individual 
dctcnnination that may change drastically from one person to another or even for the same person at 
two different times. The resulting utilities, therefore, quantify (he relative worths of payoffs to a particular 
decision maker at a panicular moment. However, for a rational individual, it may always be expected 
that the order of the p's, and thcrefore of the u's, will be the same as the order of the e's. (See Problems 
18.10 and 18.12.) 

A utility is normalized if u(e,) = I and u(ep ) = 0, making the utilities identical to tbe equivalence 
probabilities. 

Solved Problems 

18.1 Determine recommended decisions under each naive criterion for (be process described in Example 
18.1. 

The gain matrix for this process is Table 18-2. The minimum gain for decision D) is 60, while that for 
D: is - 100. Since max {60, - IOO} = 60 is the gain associated with D), D) is the recommended decision 
under the minimax criterion. 

The largest entry in the matrix is 2000, the gain associated with D2• Therefore Dz is the recommended 
decision under the optimistic criterion. 

The averages of the maximum and minimum gains for D, and D: are, respectively, 

660 + 60 
- - =360 

2 
2000 + ( -100) = 950 

2 
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Figure 18-3 is the decision tree for this process. The probabili ty that the soundings indicate no gas, 
P(8d. is unity, since the result of the experiment is known. 

18.7 Solve Problem 18.6 if the soundings had indicated that gas was present. 

Designate the event that sou ndings indicate gas by 82 • From the data of Problem 18.6. 

P(9, 15, ) = 0.10 

The initial probabilities a re P(SI ) == 0.4, P(Sz) = 0.6: therefore. the updated probability distribution is 

p(Sl le
l

) = ___ P(91 IS1)P(SI) __ ~ _ _ _ (0.[0)(0.4) == 0.087 
P(OlISI)P(SI) + P(02 I S2)P(S~) (0.10)(0.4) + (0.70)(0.6) 

P(Sl I92) = 1 - P(S,181) = 0.913 

Again each entry in the original gain matrix, T able 18-2, must be reduced by 30 (thousand dollars) to 
reflect the cost of the test. Then the expected gains (in thousands of dollars) for decisions DI and D2 with 
respect to the la test probabili ty d istribution are 

f iG, 10,) 5 (60 - 30)(0.087) + (660 - 30)(0.913) ~ 577.8 

E(GzI82) = ( - 100 - 30)(0.087)":" (2000 - 30)(0.913) = 1787.3 

Sinee the maximum expected gain is associated with D1, Dl is the recommended decision under the a posreriori 
criterion. 

f igure [8--4 is the decision tTee for this process. The probability that the soundings indicate gas is 
present, P(fJ l ), is unity, since the result of the experiment is known. 

18.8 What is the recommended decision if the soundings discussed in Problems 18.6 and \8 .7 havc 
not been taken but arc only being con~idercd. 

This is now a two-stage decision procesS. Firsl the landowner muSI decide whether 10 conduct soundings, 
and then she mu.st decide whether to accept the energy company's offer. Write 

D[ =: Ihe decision to conduct soundings 

DJI =:. the decision not 10 conduct soundings 

0, =: the event that soundings indicate no gas 

8 2 =: the event that soundings indicate gas 
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The initial probability dimibution for the states has peS!) ", 0.25, 1'(52 ) = 0.30, and P(53 ) = 0.45. 
If the pilot program is not conducted, the initial probability distribUlion is not updated, and the CXpec:il!il

gains for D\ and D1 are, respectively, 

E(C,) ~ (1000)(0.25) + (0)(0.30) + ( -450)(0.45) ~ 47.5 

E(G1) = (0)(0.25) + (0)(0.30) + (0)(0.45) = 0 

Since the maximum expected gain is associated with D\. D\ is the recommended decision under the a,.,.. 
criterion. 

If the pilot program is conducted, all enlries in the gain matrix must be reduced by 50 10 reflect 
cost of the test. It follows from Table 18-4 thai 

P(OdS)) = 0.6 

P(OlIS,) = 0.3 

P(8l IS) = 0.1 

P(IlIIS]) -= 0.4 

P(82 151 ) = 0.4 
P(03IS2) = 0.2 

Using Bayes' theorem, (4) of Problem 18.5, we obtain 

P(O\IS3) = 0.1 

P(8 2 IS) = 0.5 

P(83 153 ) = 0.4 

peS 10 ) ~ _ _ (0.6)(0.25) _ ~ 0.4762 
I I (0.6)(0.25) + (0.4)(0.30) + (0.1)(0.45) 

pes 18) = (0.4)(0.30) = 0.3810 
1 I (0.6)(0.2 5) + (0.4)(0.30) + (0.1)(0.45) 

pes 19) '" (0.1)(0.45) = 0.1429 
3 1 (0.6)(0.25) + (0.4)(0.30) + (0.1)(0.45) 

(0.3)(025) 
P(Sd9 2) == ==~;c -- = 0.1786 

(0.3)(0.25) + (0.4)(0.30) + (0.5)(0.45) 

pes 10 ) = _ (0.4)(0.30) _ = 0.2857 
1 2 (0.3) (0.25) + (0.4)(0.30) + (0.5)(0.45) 

pes Ie ) ~ (0.5)(0.45) __ ~ 0.5357 
J 2 (0.3)(0.25) + (0.4)(0.30) + (0.5)(0.45) 

peS 10) = (0.1)(0.25) = 00943 
" (0.1)(0.25) + (0.2)(0.30) + (0.4)(0.45) . 

P(SzIO) = (0.2)(0.30) _ _ = 0.2264 
(0.1)(0.25) + (0.2)(0.30) + (0.4)(0.45) 

P(S3 10l) = _ _ (0.4)(0.45) = 0.6792 
(0.1)(0.25) + (0.2)(0.30) + (0.4)(0.45) 

To within roundoff errors., each set of three probabilities sums 10 I. 
If the result or the pilot program is 01• the updated probabilities arc given by (1) through (3), and ... 

expected gains for decisions D\ and D2 are, respectively, 

E(G,IO, ) = (950)(0.4762) + ( - 50)(0.3810) + (-500)(0.1429) '" 361.9 

The recommended decision under the a posteriori criterion is DI • 

If the result of the pilot program is 82, the updated prObabilities arc given by (4) through (6), and:::Jllt" 
expected gains for decisions D\ and Dl are, respectively, 

E(G1 IOz) = (950)(O.1786) + (-SO){O.2857) + (-500)(0.S357) _ -112.5 E(C, 10,) - -50 

The recommended decision under the a posteriori criterion is D2• 
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equivalents as determined in Problem 18.14, we find that 

R1 ","" 15500- 33000 := -$17500 

R2 "" 21 750 - 24000:= -$2250 

RJ == 22500-32000== -S95OO 

R. "" 20250 - 36000:= -SIS 750 

Supplementary P roblems 

339 

18.16 Determine recommended decisions under each /IQil:e crileri()njQr the jol/oll'ing decision process. Tn the fall, a 
farmer is offered S50000 for his orange crop, which will be harvested in the beginning of the following year. 
H the farmer accepts the olfer. the money is his, regardless of the quality or quantity of the harvest. If the 
farmer does not accept the offer, he must sell his oranges on the open market afler they are harvested. 
Under normal growing conditions, the farmer can anticipate receiving $70000 on the open market for his 
harvest. If he experiences a frost , however, then much of his han'est will be ruined, and he can antiCipate 
receiving only 515000 on the open market. 

18.17 A manufacturtr must decide whether to extend credit to a retailer wishing to open an account with the firm. 
Past experience with new accounts shows that 50 percent arc poor risks, 30 percent are average risks, and 
20 percent are good risks. If credit is cxtended, the manufacturer can cxpect to lose 530000 with a poor 
risk. make 525000 with an average risk, and make $50000 with a good risk. If credit is not extended. thc 
manufacturer neither makes nor loses money. since no business is transacted with the retailer. Determine 
the recommended decision under the a priori criterion. 

18.18 A corporation is considering a new production proces~ that, if efficient, will save the corporation $350000 
a year for the next 5 years. If it is not efficient, the amount of lost sales plus the expense of con\'crting to 
the new process and thcn reconverting to thc old will come to 5925 000. Determine the recommended decision 
under the a priori criterion if the company feels that the new process has an 80 percent chance of being 
efficient. 

18.19 Determine the recommended decision under the a priori criterion for the process of Problem 18.16 if, in the 
past, the farmer has lost much of his harvest to frost one out of every 7 years. 

18.20 Assume that prior to making a decision, the manufacturer described in Problem 18.17 pays $1000 for a 
credit rating report on the retailer. The report rates the retailer as a poor risk, but the manufacturer knows 
that the rating procedure is not totally reliable. The credit bureau concedes that it wi!! rate an average risk 
as a poor risk 30 percent of the timc. and it will rate a good risk as a poor risk 5 percent of the time. It 
win rate a poor risk correctly 90 percent of the time. Based on these data.. determine the recommended 
decision for the manufacturer under the a posteriori criterion. 

18.21 The corporation of Problcm 18.18 has a third option available to it; namely, to integrate one stand·alone 
phase of the new process into its current process and test its efficiency before deciding whether to convert. 
The cost oftcsting the stand-alone phase is $125000. of which $75000 is recoverable if the new process is 
adopted. H the stand·alone phase is not efficient. then an additional $25000 in sales is lost during the test. 

If the entire new process is efficient. then the stand-alone phase should operate efficiently with probabilily 
0.99. If the cntire new proccss is not efficient, the stand-alone phase could stil1 operate efficicntly, and the 
company estimates this would happen with probability 0.6. Construct a decision tree for the cntire decision 
process and determine the recommended actions. 
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system (19.1), the values of 1Il"(li) for II = 0, 1, ... , b are given by the formula 

I/ln(ll) = optimum {f..(x)} 
osss .. 

The recursion formula is (see Problem 19.1) 

mj(u} = optimum {Jj(x) + mj.q(u - x)} 
os;<Su 

[CHAP. 19 

(/9.1 1 

(19.3 , 

for j = n - I, n - 2, ... , I. In (19.2), the decision variable x [which is denoted x~ in (/9./)] runs through 
integral values, as docs x ( ""x j ) in (19.3). That value of x which yields the optimum in (19.2) is taken 
as dn(u), and that value of x which yields the optimum in (/9.3) is taken as dJ(u), If more than one value 
of x yields either optimum, arbitrarily choose one as the optimal decision. The optimal solution 10 

program (19.1) is:" = ml(b), the optimal return from completing the process beginning al stage 1 with 
b units available for allocation. With z· determined, the optimal decisions xj, x! •. .. ,x: are fo und 
sequentially from 

xf = d1(h) 

xi = ti2(b - xj) 

x1 ;: dJ(b - xj - xi) (/9.4 1 

DYNAMIC PROGRAMMI"G WITH DlSCOU1'<,ING 

If money carns interest at the rate i per period, an amount Pen) due n periods in the future has th.: 
preselll (or discoltllled) t'allie 

prO) = ,"P(u) where 
I 

:):E--

1 + i 
(/9.5 ' 

Discountillg, the replacement of all dollar sums in the future by their present values. is oft.:n 
incorporated in those multistage decision processes in which the stages represent time periods and thl!' 
objective is to optimize a monetary quantity. In the solution by dynamic programming, the recurrence 
formula for III/II), the best return beginning in stage j and state 11, involves terms of the form Inj+/Y ). 
the best return beginning in stage j + c (c time periods after stage j) and state y. [See, for example. 
(19.3).] If IIIj+'(p) is multiplied by «c, where a is the above·defined discount factor, then ntj+c(Y) is 
discounted to its presem value at the begi nning of stage j. It follows that 1II 1(II} will be discoumed to 
the beginning of stagc I, which is the stan of the process. (See Problem 19.10.) 

STOCHASTIC MUL TIST AGE DECISION PROCESSES 

A multistage decision process is stochasric if the return associa ted with at least one decision in the 
process is random. This randomness generally enters in one of two ways: either the states are uniquc\~ 
determined by the decisions but the returns associated with one or more states are uncertain (see Problem 
19.11) or the returns are uniquely determined by the states but the states arising from one or more 
decisions are uncertain (sec Problem 19.12). 

If the probability distributions govcrning the random events are known and if (he number of stages 
and the number of states are finite, then the dynamic programming approach introduced earlier in the 
chapter is useful for optimizing a stochastic multistage decision process. The general procedure is to 



CHAP. 19] DYNAMIC PROGRAMMI NG 345 

optimize the expected value of the return. (For an exception, see Problem 19.13.) In those cases where 
the randomness occurs exclusively in the returns associated with the states and not in the states arising 
from the decisions, this procedu re has the effect of transforming a stochastic process into a deterministic 
one. 

POLICY TABLES 

For p rocesses in which randomness exists in the states associated with the decisions, a policy- in 
particular, an optimal policy-may be exhibited as a policy lable, similar to Table 19-2. Here, d/uk ) 

Ij = 1,2, . . . , n; k = 1, 2, ... , r) denotes the decision at stage j if the process finds itsclf in state u~. (See 
Problem 19.13.) 

Table 19-2 

States 

a, a, .. a, 

I d,(a/) dJ(az) ... d1(a/) 
2 d2(a 1) dial) .. dz(a,) 
... ....... . ... . ... . ... .. . ..... .. .... 

" d~(al) d~(a2) ... d.(a,) 

Solved Problems 

19.1 D etermine an optimal policy for Problem 1.15 (see Example 19.1). 

We begin by considering the last stage of the process. stagc 3. under the assumption that all previous 
stages, stagcs 1 and 2. have been completed. That is , allocations to investments I and 2 have been made 
(although. at this time, we do not know what they are), and we are to complete the process by allocating 
units of money to investment 3. Since we do not know how many units were allocated to the first two 
investments. we do not know how many units are available for investment 3; we must therefore consider 
all possibilities. There will be either 0,1,2,3, or 4 units available. 

No matter how many units of money arc available at stage 3, it is clear from the definition of f3(X) in 
Table 1·2 that the best way to complete the process is to allocate all the available units to investment 3. 
The same conclusion follows from applying (19.2). Thus, 

= ma,;: {O, 1,4,5,8} =8 with 

m)(3) = max {fl(O), /1(1) /3(2), fJ(3)} 

= max {O. 1. 4, 5} = 5 with 

m.l(2) = max {fJ(O), H I}, f](2)} 

= max {O, 1,4} = 4 with 

with 

These results give us the first two rows in the tabular solution, Table 19-). 
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Table 19-6 

I~ 0 1 2 3 4 5 6 7 8 9 

g,(y) 0 4 8 II 14 17 19 21 22 23 

gl(Y) 0 2 4 6 8 10 12 14 16 18 

g3(Y) 0 1 2 3 6 II 15 20 26 26 

g.(y) 0 1 7 9 14 16 21 23 25 27 

Mimicking the approach used in Problem 19.3. we think of Y; as be number o/i/ems o/product j to be 
shipped in a certain truck. Table [9-6 then rcpresents a schedule of shipping fees, while the linear constraint 
models the limitation on the total volume that can be accommodated, 9 units. The coefficient of Yj in this 
constraint is imerpreted as the volume occupied by one item of produ~t j (see Table [9-7). 

Table 19·7 

Product 1 2 3 4 

Volume/ Item 2 1 6 J 

We now designate new variables .'tJ (j = 1,2,3,4) as the lJumber 0/ ullits of ~'olume of product j to be 
shipped. Program (1) is equivdent to the followi ng program of thl' form (19.1): 

subject to: X, + Xl + x) + x ... :$ 9 (2) 

with: al! \'ariablcs nonnegative and integral 

where fjx} dcnotes the return from allocating xJ units of \·olume to product j. These functions are derived 
from Tables 19-6 and 19-7: for example, 

li7) = return from Shipping i units of volume of product 4 

= return from shipping 2 items of product 4, since each item of product 4 requires 3 units of volume 

= tI ... (2) = i 

Continuing In this fashion, we complete Table 19-8. 

Table 19-8 

x 0 1 2 3 4 5 6 7 8 9 

fl{X) 0 0 4 4 8 8 II 11 14 14 

fl(x) 0 2 4 6 8 10 12 14 16 18 

/,(x) 0 0 0 0 0 0 1 1 I 1 

/.(x) 0 0 0 1 1 1 7 7 7 9 
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19.5 Establish a recursion furmula Qllalogous to (19.3) for the following problem. A small finn can 
manufacture up to four computers weekly. and has agreed to deliver in each of the next 4 weeks 
three, two, four. and two computers, respectively. Production costs are a function of the number 
of computers manufactured, and are given (in thousands of dollars) as follows: 

Uni!~ Produced. x 0 I 2 3 4 

Cos!. J(x) 4 Il 19 2J 32 

Computers can be delivered to customers at the end of the same week in which they are 
manufactured, or they can be stored for future delivery at a cost of S4OClO per week. Because of 
limited warehouse facilities, the company can store no more than three computers at a time 
Current inventory is zero, and the firm desires no inventory at the end of week 4. Ho~ 
many computers should the firm manufacture in each of the next 4 weeks to meet all demands 
at a minimum tOlal cost? 

As shown in Chapter 9, production problems of this SOri arc modeled as transportation problems. Such 
models do not have the form (19.1); hence (19.3) is not applicable. Production problems arc, howc'-er. 
multistage decision processes that can be soh'ed by dynamic programming. 

The present production problem is a four-stage process. with stage j representing the jth weel 
(j "" 1,2,3,4). The state 1/ at stage j is the number of computers in inventory al the bcginning of y,eek j. l eI 

111/11) == the minimum COSt of completing the production schedule beginning at stage j in ~tate II 

diu) == the production schedule for stage j that achieves IIIj(ll) 

Dj == the demand in stage j 

fill) == the inventory cost charged against stage j when the state is u 

flr;) == the cost of producing x computers in stage j 

Consider the case where the company enters stage j with u computers in inventory. The company m:!! 
produce any number of computers up to its capacity during this stage, provided the sum of its productioii 
level and its in1ientory level is at least as large as the demand Dj . Any amount in excess of I)} is stored no 
inventory for the next stage. In particular, if _~ computers arc produced in stage j, a production cost f,t:r. 
is im.:urn:d. The u units in stock generate a storage cost of fJ,u), for a total cost in period j of h{x) + fJ~w 
This leaves II + X - D, units in inventory for stage j + 1. and the minimum cost for complcting the procesI 
at that point is nlj+l(U + x - Dj ). Hence the total COM for completing the process beginning at stage j \\1L:. 

a production schedule of x units is jj(x ) + ffll) + lI1i ' 1(11 + X - D). The best decision for stage j with ~ 
units in stock is to produce that amount x which minimizes this cost. Accordingly. for j "" 1,2.3, 

mlu) = min (fjx) + 1111) + mj + ,(u ... x - D)} , 

= Ifu) + min (fjx ) + mJ ~' (u + x - Dj )} , 

wherein x runs through [he values 0, 1,2. 3, 4. To guurantee thut 

o .:S: u + x - DJ :s; 3 (storage capacity) 

we ~et /l]j , I(U) equal to a prohibiti,'ely large penalty CO~t, A'f, whenever u < 0 or (I > 3. 
For the problem at hand, both the inventory costs and the production costs are independent of i.% 

stage, and are given respectively by Ifu) = 4u (thousand-dollar units) and h{x) ::::; f(x) , as defned in LY 

production cost table. The demands are Dl = 3, Dl - 2. DJ "" 4. and D" = 2_ Relation (/) simplifies to 

mju) = 411 + min {lex) + mj -+-,{u + or; - D}} 
x - O. l.l . '." 
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19.6 Solve the problem formulaLed in Problem 19.5. 

There are either zero, one, two, or three comp uters in stock at the beginning of week 4. Since: no 
inventory is de~ired at the end of week 4, the optimal decision at stage 4 is to produce only that portion of 
thc fourth week's demand, Dol. = 2, that cannot be met from invcntory. Difficulty arises only if the incoming 
inventory is three compulers. which excecds the demand. To prevent this situation in the final policy, we 
assign it a very high penalty cost to completion, 1000 (thousand-dollar units). Thc cost to completion for 
all OIher states is the holding cost of the current inventory plus the production cost of the shortfall between 
demand and im cntory. Thus, 

m4(3) = 1000 

1n4 (2) = storage cost of two computers and production cost of zero computers 

= 4(2)+4= 12 with 

mil ) = storage cost of one computer and production cost of one computer 

=4(1)+ 13 - 17 with 

m4 (O) = storage cost of zero computers and production cost of two computers 

=4(0)"1"" 19= 19 with 

Collecting these results.., we have the first two rows of Table 19-9. The remaining entries arc obtained by 
stepwi~e application of (2) of Problem 19.5, for j ;;; 3,2, 1. Again, M ::: [000 is used to rule out impo~sible 
inventory statcs. 

Table 19-9 

" 
0 1 2 3 

111 .. (11 ) 19 17 12 1000 

d~(u) 2 1 0 . . 

mj (lI) 51 50 46 44 

d j (ll ) 4 3 2 1 

1111(11) 70 68 63 66 

diu) 2 1 0 0 

/tI1(U) 97 . . .. . ... 

d I(U) J . .. 

It follows from Table 19-9 that the minimum production cost for completing the entire process beginning 
at ~tage I with 0 units in inventory is 

InI(O) "" $97000 

To achieve this, thc company must produce dl(O) = 3 computers in the first week, all of which are shipped 
immediately to cuslOmers. Thc company then enters week: 1 with an in\'entory of zero, and must produce 
d!(O) = 1 computers. which again just meets demand. The optimal production le\·el fo r stage 3 with zero 
computers in inventory is d 3(O) = 4, thereby cxactly meeting demand: and thc optimal production level for 
stage 4 with 7ero computcrs in storage is d .. (O) = 2. Thus. thc optimal poliey is to produce exactly the 
number of computers needed to satisfy thc demand and never to have any in inventory. 
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This equipment repla<.:emenl problem is a fo ur-stage process, with ea<.:h Siage representing a year in the 
time period under <.:onsideration. The states at a given stage arc the possible ages of the machine entering: 
that stage. i.e .. u = 1, . .. ,5. At each stagc. the decision variablc has only 11','0 values, whi<.:h may be denoted 
KeEP (retain the current machine) and m ) Y (replace the current machine with a ncw machine). Dcfinc 

mj.u) E the maximum profit to be achieved beginning at stage j in state u 

dJ{u) =: the decision at stage j that achieves miu) 

and let the functions 1('1), M(u), and R(~I) be dcfined by Table 19-13. If the company enters stage j with a 
u-year·old machinc and decides to KEEP the machine, it will cost the firm M(u) to maintain the machine. 
for a yearly profit of /(u) - M(u). The firm will then enter the next stage with a (u + 1)·year·Old machine. 
and the best profit it can aehie\'c with it (and its possible successors) is mJ .. ,(u + I). Thus. the overall profit 
to completion is 

I(u) - ,H (u) + mj+,(u + I) 

If instead the company decides to sell the II-year-old machine at stage j and to BUY a new machine, it incurs 
a replacement cost of R(u). The new machinc is 0 years old. so it will generate income 1(0) and Cost ;\f(0) 

to maintain. The yearly profit would be 1(0) - M(O) - R(u). The firm lhen enters the next stage with a 
I-year-old machine. and the best suhsequent pr()fit it can achieve is mj_l(l). Tn this case. the overall profit 
to completion is 

I {O) - M{O) - R(u) + mj<, ( I) 

The optimal decision at stage j produces the larger of the quantities (1) and (1); that is, 

miu) = max {I(II) - 1\1(u) + mj . 1(U + 1), /(0) - Al(O) - X(14) + mj ~ I(1)} (31 

19.9 Solve the problem fonnulated in Problem 19.8. 

We observe that. beginning stage 1 with a 2·year·old machine. it is impossible to enter stage J 

(j = I, ... , 4) with a machine older than j + 1 or of age j . Therefore, we will set mlu) = -!vi, a very large 
negative return. whenever II > j + I or u = j. 

Stage 4 Formula (3) of Problem 14.8 also holds for j = 4 if we define m5(u) == O. Thus, 

m,,(5) = max { /(5) - M(5), 1(0) - M(O) - R(S)} 

= max {6100 - 3300,10000 - 100 - 5900} = 4000 

m4(4) = - .~I 

m4(3) = max {I(3) - M(3), 1(0) - M(O) - R(3)} 

= max {8500 - 2000, 10000 - 100 - 4900} = 6500 

,"4(2) = max { I(2) - M(2 ), 1(0) - M(O) - R(2) } 

= max {9200 - 800, 10000 - 100 - 4200} = 84()() 

m4 (1) = max {l(I) - M ( I), / (0) - 1\1(0) - R( I )} 

= max {9500 - 400. 10000 - 100- 3500} = 9100 

These results constitute the first two rows of Table 19-14. 

with d4 (5) = Bt:Y 

wi th d .. (3) = KEEP 

with 

with d4(l) "" KEEl' 

The remaining entries in Table 19-14 are obtained by sequential application of the recursion formu la 
for j ... j, 2. I, with returns from impossible states penalized as previously stipulated. It follows from Table 
19·14 that the company can achieve a maximum total profit of S30900 over the next 4 yean. beginning 
with a 2.year·old machine. To do so, it should keep the currcnt machine for one more yeaL then buy a ney, 
machine and keep it for the remainder of thc time period. 

19.10 Solve thc problem described in Problem 19.8 if the objectivc is to maximize the total diSC(I[mted 
profit over lhe nex t 4 yea rs under an effective interest rate of 10 percent per annum. 
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19.11 Eight bushels of oranges are to be distributed among three stores. The demand for oranges at 
each store is random, according to the probability distribUlions shown in Table 19-16. The profi t 
per sold bushel at stores 1,2, and 3 is S18, $20, and S21, respectively. Determine the number of 
bushels (constrained to be an integer) that should be allocated to each store to maximize expect~ 
total profit. 

Table 19-16 

Demand Probabilities 

Bushels Store 1 Store 2 Store 3 

0 0.1 0 0.1 

1 0.2 0.2 0.3 
2 0.3 0.6 0.2 
J 0.2 0 0.2 
4 0.1 0.2 0 
5 0.1 0 0.2 

This is a three-stage del:i~ion process, wi th stage j representing a delivery of oranges to store j . The 
states for each stage are II = 0, I , ... , fl , representing the numbers of bushels availahle for delivery to a store.. 
There is no randomness in the state resulting from any decision- if 2 bushels arc allocated to z 
store, then that store will stock 2 bushels-but there is randomness in the return from any state. With ::: 
bushels in stock, a store may sell either 0, 1, or 2 bushels, with eal:h possibility generating a different profiL 
Consequently, we maximize expected total profit rather thnn total profit. Vole denne 

jj(x) == the expected profi t from allocating x bushels to store j 

m/lI) == the maximum expected total profit beginning at stage j in state II 

diu) == the decision taken at stage j that achieves mj(u) 

The values of the payoff functions (in dollars) are exhibited in Table 19-17. A lypical calculation- say, tha: 
of fl(3}-follows: With 3 bushels allocated to it, store 1 makes a profit of $0 if 0 bushels are sold; $18 if 1~ 
$36 if 2; $54 if 3. The respective probabilities of the first three of these events are, from Table 19·16,0. 1. 0.2. 
and 0.3. The probability of the fourth event is the probability that lhe demand will equal or exceed 3 bushel!.. 
0.2 + 0.1 + 0.1 = 0.4. Thus, 

f l (3) = (0)(0.1) + (18)(0.2) + (36)(0.3) + (54)(0.4) = 36 

In terms of these jj(x), we have a formally deterministic problem that is covered by the model (1 9. 1 
Applying the dynamic programming technique, we generate Table 19·18. The optimal policy is to al1oca~ 
3 bushels of oranges to store L 2 bushels to store 2, and 3 bushels to store 3, for an expected total prom 
of $111.90. 

Table 19-17 

1'>\ 0 1 2 J 4 5 6 7 8 

flex) 0 16.20 28.80 36.00 39.60 41.40 41.40 41.40 41.40 

f2(X) 0 20.00 36.00 40.00 44.00 44.00 44.00 44.00 44.00 

f:j(X) 0 18.90 31.50 39.90 44.10 48.30 48.30 48.30 
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yea r, and is limited by company policy to a maximum of I shuttle. Determine a productioo 
schedule for the next 3 years that will minimize expected tolal cost, if the (;urrent inventory 15 
zero shuttles. 

We view this as a four-stage process, with stages 1,2. and 3 rcpre~enting the next 3 years in the planning 
horizon, respectively, and stage 4 representing the delayed production of those shuttles ordered in year .3 
but not delivered. The Slates aTC the possible inventories at the beginning of a stage: they range from a lo~ 
of -2 (signifying two shuttles ordered but not delivered) to a high of L We set 

II == the number of shuttles in inventory (u = -2. - 1,0, 1) 

mlu) == the minimum expected COSI for completing the process beginning at s tage j in state u 

diu) == the production in stage j that achieves mju) 

D == the yearly demand [P(D = I) = 0.6, P(D ,.. 2) = 0.4] 

f(x) == the cost of producing x ~huules in 1 year 

If thc finn enters stage j (j = 1,2,3) with II = 0, I shuttles in invcntory and decides to produce .x 
addi tional shuttles (x = 0, 1,2) in that stage. it incurs a carrying charge of 1.1u on its inventory and a 
production cost [(x) for the new shunlcs, for a yearly expenditure of 

I(x) + 1.111 

T he total number of shullies available for delivery at thc end of the year is u + x, which leaves u + x - D 
shuttles in invcnlory for the following stage. The minimum cost of completing the process from that poin: 
is IIIj + 1(11 + X - D). Since D = 1 with probability 0.6 and D = 2 with probability 0.4, the minimum eXpIX"ted 
COS! to completion beginning with stage j + I is 

" 
Therefore. the minimum expected cost to completion from stage j is the minimum, with respect to ;0:, of toe 
sum of (I) and (2): 

miu) = tlu + min [f(x) + 0.6mj ~1(11 + x - I) + O.4mj+I(1I + x - 2)] <-' 
x:O.l.l 

for u = 0, I and j = 1, 2.3. Here we agree that m
J
{3) =: + M for all j . 

If the firm enters stage j with u = - 2 or II = - I, then it had a shortfall of -u shuttles from the 
predous stage and is subject to a penalty cost of - l.5u. A decision to produce x shuttles, where x must be 
at least as great as -u to satisfy the previous shortfall, results in a production cost of /(x). The resulting 
cost to the company in stage j is 

f(x) - 1.511 <" 
Continuing thc analysis as in the case u = 0, I , we obtain the recursion formula 

mju) = - 1.5u + min [[(x) + O.6m/_I(u + x - I) + O.4mj _ l (u + x - 2)] (5. 
,,- - •. .•.• 2 

for II = - 2. - I and j "'" 1, 2, 1 We can replace (J) and (5) by the single relation 

m/II) = g(lI) + min [f(x) + 0.6mj _l(1I + x - I) + O.4mj _ l (u + x - 2)] (6, 
,, = " .... 2 

for II = - 2 ....• 1 and j _ 1,2,3, provided we define 

{ 
1.111 

9(U) = -1.5u and f(-I) ==+ M 

T he stepwise solution of (6). extended to j = 4 wilh the end condition m~(u) =: O. is given in Tab!e 
19-20. T he minimum expected cost is 42.24 million dollars, achie\'ed by the optimal policy shown in Table 
19-21. 
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Table 19-20 Table 19-21 

" 
-2 - I 0 1 

-2 -I 0 1 

1n 4 (u) 22 11.5 0 1.1 1 .. . .. . 2 . .. 
2 2 2 2 0 

d~ (II) 2 1 0 0 J 2 2 1 0 
4 2 1 0 0 

1113(U) 37.7 25.1 14.6 5.7 

diu) 2 2 1 0 

m2(u) 52. [4 39.3 28.26 19.9 

d2(u) 2 2 2 0 

ml(u) .. . 42.24 .. . 

d,{u) . . 2 

19.15 A Presidential nominee has reduced the field of possible Vice Presidential running mates to three 
people. Each of these candidates has been rated on a scale from I (lowest) to 10 (highest): person 
! received 10 points. person 2 received 8 points, and person 3 received 5 points. The probability 
of person i (i = 1. 2, 3) accepting the j th (j = 1, 2, 3) offer to run for Vice President (assuming 
the first j - 1 offers, to other people, were declined) is denoted by Pii' where 

PII = 0.5 P12 = 0.2 PI) = 0 

P21 = O.9 P22 = 0.5 P23 = 0.2 

P31 = 1 P32 = 0.8 P33 = 0.4 

[n what order should the three potential running mates be alTered {hc Vice Presiden tial nomination 
if the Presidential nominee wants to maximize {he expected number of points? 

It is assumed Ihal no person is asked more than once, and that each time a candidate declines, another is 
asked, until either one candidate accepts or all have declined. We then have a three-stage process, with stage 
j representing the jth position in the asking order. Wc take the slates to be the sets of people )liI/ ul1a~ked. 

$ulge 1 then has the single state 

U,, ={1.2,3} 

stage 2 has the three states 

till::: {l, 2} U2J = {2, 3) 

and stage 3 has the three states 

V.n = {2) 

We set 

II1 jUjk ) "" the maximum expected number of points achievable starting at stage j in state Vil , given 
that there was no acceptance in pre'vious stages 

djUjt) "" the person to ask in stage j in order to achieve mj(Ujd 

~ ;o the point-value of person i 
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Chapter 20 

Finite Markoy Chains 

MANKO" I' ROCESSI:S 

II Mur*« "'.,....., ~.;,b of a SCI oJ{ <>!o;<as aDd • jOtt 01 su, ... """ 'hI' 

(if ., any ,i.-m time c""h objecl m~'1 t... in ~ ~AI. (d ill",., objocl! need ~ be in di.un<:'l ,,"'es): 

, ill tbe "".m.biri'~ ,hal ~n obj<." m • .n~ l.om <>II<' "a" tQ .... ,,11<, .. ". (which m.oy bo ,he .. "'" . , 
tbe r.", "~l<) ia " "" ""'" period <kpc:<kb ""'Y OIII~'" ''"' .. "",0. 

Th< ,nlql1d "umbon of Ii .... ".:rJ<>ds 1"'" tho: mo"",," ... I>m ,he "'~ .. <11,,<><1 n:p<="' ,be: ""r<" 
<JIlt... pr~ *luch m' r b< finite", ioflftHO. II the nu.mbe, of ""'" i. finite Of ro.omably Infinlte, III< 
Markov ~ is ~ M~,l,,,, <,,"In. A finIte "'.rk". cllaiQ;' 0flC ""'vi", . 6nil. number oI"alu, 

W. 11<.01< III< probabillly oI'mo"nl from lIal< 1 ' 0 >ta,cjin o .... 'i ..... pmod by P.,. For an ....... ,.,. 
Markov ch.," I.· ...... IJ ... fiM<! posi. j •• in"I"~ III< V • • , ' m.,ri~ P _ [p,,] if.1I< .. "..h ... u;" 01 
tru/UI,1I>n "","'~ .""",alC'd omh lhe p. ocno. Nec:noarily. the • .,menll 01 each row of f' ""m to unlly, 
FUrll\o1m<ll'<, 

TIoro ...... ~. I : I;.·cry ' I<><:ba"i. "",ui, rn. . I ., on .;!"n.alue (p<>";bly rnul';piet .1Id ,"",. of ,"" 
.,~ .. I ....... <'«d. I in absolu,. value-

~ s... I'robl<rn. :!OJ4.11d 20.11) 1Icclo" .. 0/ ,"" "" 1 P II defined. i, pro."eO """ •• n .... ' in 'hio cbapte. '0 
'M""''' .v .,J,n .. n.""",,1 .... ,0« ., ''''' .• r<l"~ . 'i.b m,o..rkn "1"".';.' "" , to.", II"'" .". ri.h~ "<w,dio. 
'0 Theorem :!O.I, .he •• '''$1,. , '«'10. X ~ lI _h ,hiI, 

Eo ...... 211.1 C ............ d,oid< -..looIdJ in'o ~y ... bI<.nd "",,,,,,,,,,,,,Ii,. okprc>d J'OI>I'Io, ....... 
Q\1T. II)-)'U. prn<><Ilb< proi>obilll) <i I ~ hoIIwbold ......... """ Illbic. 0,91 • • lilt ,he rrWotnlrty of I IIIbk 
"""~ r..."""ft. de,. . .... is n~. The f"<'b;ollilioy<>f. do, ...... "'-<""kI I>o<ornin, ... bI< it Ml, .bil< 'II< 
",oto>b<1O,y of. """'"""" """"'''''''' ..... :Urn". <I<~ i. o.'n. 

u ....... ,"'.,. """,omoc: ... biI~) "' ..... 1 10<1 ..,."..,..,,, <l<prfttioo .. " ... 1 ,t.c.o ... <n .......... 'hio p<<KUI 

.. lib . '.'0'''''' ).I.,l"., < .... i1t. !o.o,';", H .. ' .... i'_ ... r.i, 

, _ [0.91 (1.1:.] 
lUll 0.91 

POWERS O~· ST<X:II M,T IC M"l' II. I C~ 

!)cOOl<: 1M "til PO",·C. 0( a m~tli.\ r by P" . [Iij' ). If P is 51od.'ljl;';' lhell t,j' Itpro;Stn ll lh. 
p.obabo!il}· Ih., an objec, tnO'"eO r. om .lo1'. 110 ""<1 in ~ lime I"'riods. (See Problem 2U.Il) It CoIkwI" 
,ha, ... it also ... "",",,, .. ",a,ri •. 

l ):n<>1< ,he ",opon;"" pf nlljoecls in ~I '" i., ,he md 01 ,he nIh lime p<ri<!d by tt" .• "" dni£l"l" 

X"' . ( ....... x';' •...• ~J 
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x'", - [.<'I" .• 't '. . AT] 

"'1' ....... 1' 1M pWpo<Iion of 0",",,1. In ad! ".,e II til< bti"''''''1 "'''''' fWOO<$3. x ,~ 1$ rdoted '" X'" 

br lhe: <'I""""" 
X'" _ )('..... (XI./I 

ISec Pr~bl<nI> 10.6 Ind 1Ul.) In .. nuoS (ZI) . I~ ..... Imphcilly """"Iy lhe prob;obih', p~ .. nh III< 
,..."""",110" of ob}tCIJ ,n mi. I ,,,,,, mah lhe lrall,"ion (0 Mat< ) In OIl< ''''''' prnIld. 

t:R(;OI>lC ~IATR IO;S 

A "OC"""'" """n> I' OS "pit- if lim P"' . .. ,," th.1 It. if .. <h 1.;' bu • I ..... ' .. ~ _.0. w. <It""", ... 
X"' .. :': '"'1. ( }II.!) 

. ... the 1'8~llog ",'" J41rlhoJ/;"" •• nd ,eprncnt lho "PPf" .. m1le ",oportion. '" obJt<IJ in ,hor ' -ario ... 
_(al .. of. ~tor~o,' chal" an.,. l:IflIC n~mbe, 0( lome ~ (S« Problem. 2O.r.. 1111. Ind 20.9.) 

I ...... m 10.:: ">loch."", ""'Iri. i. "codl< if and onl) jllll< only ... ,.",'&1110 ,,<II' ma&ni11ide I ;, I 
~!ldl.nd. if ... I has m"ltipl;':;ly l'I'I<'" .... , llu>carly indqadnll (Id\:) CIF'IVCCIOIJ 
"""",",ed "'lib thIS ......... 1 .... 

ISet " robkm 20.5 ) 

"-.m l(\J: If ..... ' ....... '.,., ... "'. O\IIlri. t· y .. Id." ..... <ly .0<1<1'<"""01 (Irit) ",,,,"'«19" in "u_, 
«I .... , '" j" mutllpl,d,y. I""n ,""~ ... "'" • """.onIUW ",.lri. M. ~ b""" r"... • • '" left 
<'F""'«''''' of 1' .• ""h ,1Ia, I) . MI'M ' i,. doaJ<>ml mo", • . Tilt d iaaoo.al .It",.,,,, 
of u .~ ,lit ."'.''alues of 1'. rep<aled . ",,<>nI'''I'o mulupi><"1 

,s..- I'robIcm :!O 31.1 W. adop! !1It root"""'''''' of ",,",uonin, lilt .' .... """'0" "",,",pondi ... 10 • _ 1 
~bo'-o ~II 01"'" "F"""""'" '" M. Thtn, lor. di • ..,...,li ... bIe. .rpi<:.,\' • ". ",o,ri. r ""h .; _ 1 of 
m.luplooly t. ,"" I,on,' maIn. 1 . .... , boo <ak ..... ted ... 

IMJ) 
L _ M"' lbm l>'lM - M ... , 

, 
n", <1 ........ 1 mo, no "" ,lit .JII' hal l 1', ond (N - ~) 0'0 "" ,lit m, .. " d,".ortal. (s..: !,,,,bltm 20".) 

IU:C.lJI.AM MA"I'NIC t:S 

A """ ..... '" ""'to. io ""oiL.- iI """ or II< """,'on """'.n,, only """,,>I. d"m< . .. , (Sec !'rob"'m. 
~l ond 20.4.1 
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individuals never reenter the training program and that supervisors remain supervisors, then the \ransiuc.. 
probabilities arc given by the stochastic matrix 

[
1 0 0 OJ 

0.4 0 0.6 0 
p = 0.2 0 0.1 0.7 

o 0 0 I 

There are 45 + 21 = 66 people in the training program currently, so the initial probability vector is 

X(OI = [0, 45/66, 21}66, 0] 

20.3 Is the stochastic matrix 

p _ [0.88 
0.1 5 

regular? ergodic? Calculate L = lim p M, if it exists . . -. 

0.12J 
0.85 

Since each enlry of the first power of P (P ilsel£) is posiiive, P is regular aJ'Jd, therefore, ergodic_ He-....: 
the limit exists. The left eigenvector corresponding to ;. = I is given by 

0.12xl - O.15x 2 = 0 

Adjoining the condition Xl + Xl = I and solving, we obtain 

It follows that 

L = lim P" = [5/9 4/9J 
.- '" 5/ 9 4/9 

20.4 Is the stochastic matrix 

p_[O 1 J 
0.4 0.6 

regula r? ergodic? Calculate L = lim p~, jf it exists. 
~~ '" 

Since each entry or 

p2 ::: [OAO 0.60J 
0.24 0.76 

is positive. P itself is regular and, therefore. ergodic; hence L exists. Solving 

together with X l + x! = 1, we find E, = [2/7. 5/7] and 

[
2/7 

L -
2{1 

0' 

5/7J 
5/7 
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(b) It follows from the results of Problem 20.3 that P is ergodic, with limit matrix L. Hence, 

X("') = X,O)L = [0.60 OAO] [5/9 4/9J ~ [5~ 4; 9] ~ E 
, 5/94/9 " 1 

Over the long run. Hi-Glo's share of the market "'ill stabilize at 5/9, O~ approximately 55.56 percent. 

20.7 Solve the problem formulated in Problem 20.1, if Hi-Glo currently controls 90 percent of the 
market. 

(,) X( I) = X(O)pl = [0.90 O.IOJ[Oo6477 0,3523J = [0.6270 0.3730J 
, 0.4404 0.5596 ' 

After 5 years, Hi-Glo will control approximately 63 percent of the market. 

(b) Since P is regular, the limiting distribution remains the left eigenvector of P associated with ;. = l, 

x'''') = EI = [5/9, 4/9] 

20.8 Solve the problem Cannulated in Problem 20.2. 

Using (20.2) and the remIts of Problems 20,2 and 20.5, we have 

[ 

1 

X("') = X(OlL = [0 45166 21166 0] 8/15 
, '.' 2/9 

o 

o 
o 
o 
o 

o 
o 
o 
o 

o ] 7/ 15 _ 
7/9 = [0.4343,0,0,0.56::.7] 

1 

Therefore, eventually, 43.43 percent of those currently in training (or about 29 people) will be dropped from 
the program, and 56.57 perrent (or about 37 people) will become supervisors. 

20.9 Solve the problem formulated in Problem 20.2, if all 66 people are currently in the classroom 
phase of the training program. 

Now X iO) = [0, 1, 0, 0], and so 

[ 

1 

X(<>ol = X(OlL = [0 1 ° 0] 8/ 15 
, , . 2/9 

o 

o 0 
o 0 
o 0 
o 0 

o ] 7'15 ;/9 = [8/15,0,0,7/1 51 

1 

Therefore, 8/ 15 of the 66 people in training (or about 35 people) will ultimately be dropped from the program. 
with the remaining 31 people eventually becoming ~upervisors. Comparing this result with the result d 
Problem 19.8, we see that the limiting distributions are inRuenced by the initial distributions, the U5U:L 

situation whenever a stochastic matrix is ergodic but not regular. 

20.10 Construct the state-transition diagram for the Markov chain of Problem 20.2. 

A state- transition diagram is an oriented network (see Chapter 13) in which the nodes represent sta tes 
and the arcs represent possib~e transitions. Labeling the states as in Problem 20.2, we have the state-transitio:. 
diagram shown in Fig. 20-1. The number on each arc is the probability of the transition. 
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0.4 0.' 0.1 

, OJ 4 

0.2 

Fig. 20-1 

20.11 A sewing machine operator works solely on one phase of the production process for a particular 
design of cloth ing. This phase requires exactly half an hour per garment to complete. Every 30 min 
a messenger arrives at the operator's table to collect all garments the operator has completed and 
to deliver new garments for the operator to sew. The number of new garments that the messenger 
carries is uncertain: 30 percent of the time the messenger has no garmen ts for the operator; 50 
percent of the time the messenger has only one garment to leave; 20 percent of the time the 
messenger has two garments for the operator. H owever, the messenger is instructed never to leave 
the operator with more than three unfinished garments altogether. (Unfinished garments that 
ca nno t be left wit h the operator, as a result of this policy, are taken 10 another operator for 
processing.) Determine the percentage of time that the operator is idle, assuming that any 
unfinished garments on the operator"s table at the end of a work shift remain there for processing 
by the operator on the next business day. 

We can model this process as a three-state Markov chain by !cHing the states be the number of unfinished 
garments on the operator·s table jusr before 'he messenger arrives. We designate the states as 1. 2, and 3, 
respectively, representing 0, 1, and 2 unfinished garments: the stages are the half-hour interarrival intervals. 

If the operator has one unfinished garment at the beginning of a stage (just before the messenger arrives) 
and if the messenger leaves one garment (with probability 0.5), then one garment will be completed by the 
beginning of the next stage, leaving the operator again with one unfinished garment: hence, Pll = 0.5. If the 
operator has two unfinished garments at the beginni ng of a stage and if the messenger arrives with either 
I or 2 new garmentS (with probability 0.5 + 0.2 = 0.7), then the messenger will leave only one garment. and 
at the beginning of the next period the operator will have two unfinished gannents remaining, since one will 
have been processed during the period. Therefore, PH = 0.7. Considering all other possibilities in the same 
fashion, we generate the stochastic matrix 

0.2 

0.5 

0.3 
0°'] 0.1 

All the elements of p 2 are positive, so P is regular. The left eigenvector associated with .0., = 1 and 
having component-sum unity is found to be 

[9 , 4J 
E,,= "19'19']9 

Since P is regular, this vector is also X (w1• Over the long run, the operator starts a stage in state 1 (no 
\lnfini~hed gannents remaining) 9/ 19 of the time. The messenger then arr ives and, with probability OJ, lea\'es 
no new gannents for processing, thereby rendering the operator idle. Thus the operator is idle 

or approximately 14 percent of the time. 

..2.. (0.3) = 0.1421 
19 
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Now, P being regular, all such eigenvectors are scalar multiples of a single vector. On the other hand, 
L being stochastic. each of its rows sums to unity. It follows that all rows are identical. 

20.14 Prove that if j, is an eigenvalue of a stochastic matrix P, then P.I $ 1. 

Let E =: [el' 1'2, ... , e.~,y be a right eigenvector belonging to A. Then PE = iE, and considering the jth 
component of both sides of this equality, we conclude that 

, 
L PjI,1?1; = ;.ej (1) 

1;=1 

Let 1', be that component of E having the greatest magnitude; i.e., 

(2) 

By definition, E # 0, so that leil > O. It follows from (/), withj set equal to i, and (2) that 

1).1 Ie; I = p.e;! = I ± Pitet 1 :<::: ± p;t lek l:<::: led £ P;~ = Ie; I 
1; ~ 1 I; ~ I 1; - 1 

and the result ]/.1 :::; 1 follows immediately. 

Supplementary Problems 

In Problems 20.15 through 20.21, determine whether the given matrices are stochastic. If so, determine whether 
they arc regular or ergodic, or neither. Calculate their limiting values, if these exist. 

[O.~1 0.~9J [ 0:' 

0 

0~2 ] [ O~I 0 

o~J 20.15 20.18 03 20.21 0.79 

0 0.17 0.35 

T] [~ 
0 0 

0:5] 
[05 

0.3 
OS 0 

20.16 0.5 0.5 20.19 
0 

0 0 
03 0 07 

[~ 
0 

-~] [ 01 
0.8 

01] 20.17 - I 20.20 0.9 0 0.1 

0 0.2 0.2 0.6 

20.22 Find the proportion of households thaI ultimately are classified as economically stable, if the data in Example 
20.1 remain vaHd over the long run. 

20.23 A recently completed survey of subscribers to a travel magazine shows that 65 percent of them have at least 
one airline credit card. When compared with a similar survey taken 5 years ago, the data indicate that 40 
percent of those individuals who did not have an airline credit card subsequently obtained one, while 10 
percent of those who carried such cards 5 years ago no longer do so. Assuming that these trends continue 
into {he future, determine {he proportion of subscribers who will own airline credit cards (a) in 10 years, 
and (b) oyer the long run. 
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Chapter 21 

Markovian Blrth·Death Processes 
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o [_ > N(O)J 
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The e.""",od .. ", of ,be """"!"ion.t timet i . 

,Set P,oblem 2U) 

U ., ' .;,I M M,I III\OV' AN 8 IRl l ' _UL\TlI I'Rocr.ss r.s 

... ,iI>< ..... "h,loviaol !);t,h..J<.,h pr<>«> ... I M.,k",;'o bi,tII-dca,h proca.> in .... hich. fot .11 '. 
' . _ ,.;. In<! ,.. _ "j<. "The ><>Iuuon 10 (ll.h fo, an ,niual popillll'oO of 0fI<: mom"",. II 

, 
[
[I riljJ[' - JI'lJ)[,,(I»)" , 

r. 'I - ." 
~r .. '-·· - I) *j . ' .LI_, • ..,.. -~ 

,,., 

I' - 1.2 . ... ) 
I. _ 0' 

TIK <>"""td "Ie or ,be I"'I"'Io""n ., tim< , " ~;[ '''' (Il) _ '" - . ' . U ,/Ie 1"'1'01." ..... ;., ini,ialitod " "'(0) 
""'mhe<'$. ,hen ," • • poctrd 'U:o " "m< I;" 

qNIIIJ _ .\'(0)," .. 1!1 'I 

(Set l'.oIrkm 21 .5. , 

II i, dt~' ,b, , .... It"" .. binh-d""h """"Wi ,ndtoJ ... lite Ii""" l>iuh proa .. Ind ,"" I, ..... ' de:I,h 
1'l<'CeSS a. ,lit special.,., .. ~ ~ U ~nd 1 _ 0. ,espcc1ivcly. ,,,,,,,he. ,",pan,.' proptny . ..-h",b " ,uW"<C 
by 111. 7). .. oonta,Dtd ,n ,he full.) ... ·jDi rt",,,,~ r~ Problem 2 1.911-1 ) 

1I ...... l : ,I I,,,,, •• M",~on"n b,,, h-de.,h ",,,ce<. ",,,h p;oramc:te .. A and ~ and an ,nilral popula'IM 
"(0) i. ~u, .. lcn' ,. , .... ,,'m or .... (0) <on"",,,n' bu, indeptndtlll 1" ............ tach .. ,"" 
pa •• ",.,." " . nd I< ODd . n jni,;.1 popill.';on I 

Eo • ..,..:tool n od ,"" " . '. probobihl'" ,,;'\·'1 10.- ,"" Ii..,.. M .... "";.,3 kith 1"""'" """""'1If ","h "1I<>r"1o,;"n . , 
'n.. ' .. 0 ,nd<t><nd<", ... bpo ... ",.. <ad! hoY< ,II< ... 1< prot>ohl', ... p'.'" by (U':~ TIl< ......... 1"<>«0> ",II 

... , ....... ,f tht fin' "'''''''''''"' ~ ,n " ... U .nod ,II< ><00<><1 itt in ....... or ,hhe Ii", itt • " , " I . ... ,"" _"cj 
~ I .. '~'t ~ - I. '" Th ... 

'
" l'O - Ilil - . • ,, - Q 

l'UISSO:-" JII NTIl rROCESSI:S 

(. ~lJ .. ,,1 

, • • (1, 11 

1\ PQ/>Jo. '""'1''',,"<11 ;''. \l ., ~o"';"" pun: ltinb P'occv< in d;<h ,lit pwbabih,y of a binh in any 
"",011 "m< inl<,,,1 .. i"dq,rntk,,,..r ,II< >ll<" of ,he popula,""'. Tho, if. r.,.. all~,.t" _ X ~""'" _ 0. In 
,,,,,b. P""""", 1>< .. . ",,·ah 10 'he popul.,I"" a n: r>QI crct.,rd by lOY.,,", mcmb<rl: ""be., ,beyen'« 
,he popul .. i"" f'''''' lIoi,M", ••• dtJ ,lit rumpi<IM appiu:alioru In hamplo: 21 .1. N.""",emllt,,, can 
rntt< lhe po!>"101;"" ......... ·Ilcn ,I>< "'rTI'"' "ale .. 0. a """ ked d'lftrenu f.om , .... li ..... , M~,k av;.n 
blnh !-i, ... ",,", 
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The solution to (21 .1), for fin initial population of O. is 

() 
(/.ft -ll 

P , ~ -, . , ". 
("~O,I, 2, .. . ) 

If the population is initialized at NCO) members, the solution to (21.1) is 

{ 

(;.rt- i\':O)e -~, 
("" N(O)] 

P.(I) ~ 0(" - N(O)]! 
[n < N(O)] 

The expected size of the population at time t is 

E[N(t)] - N(O) + ;.1 

(See Problem 21.2.) 

[CHAP. 21 

(21 .9) 

(21.10) 

(2/. 111 

Definition: A discrete random variable N has a Poisson distribution, with parameter :t 2: 0, if 

.' peN = n) = -e-~ 
II! 

(" ~ 0, 1,2, ... ) (21. 1~ 

The expected value of N is E(N) = C/. 

Definition: A continuous random variable T has an exponenrial distribillion, with parameter fJ 2 O. if 

P(T S ;)= 1 _ 1' - 11' (r ;;:: 0) (21. 11 

The expected value of T is f(T) = l IP. 

We may summarize (21.9) and (21.10) by saying that, in a Poisson birth process with birth rate i_ 
N(t) - N(O) has a Poisson distribution, with parameter ;.t. Furthermore, in such a process. the inrerarrin:/ 
time, which is the time between successive births, has aD exponential distribution, with expected value 
II;" (See Problem 21.8.) Conversely, 

Theorem 2t.t: If the interarrival time is exponentially distributed, with expected value l iP, then t1r 
number of arrivals is a Poisson birth process, with birth rate I. = p. 

POISSON DEATH PRO<':.t::SSI:::S 

A PoissolJ death proce.~.~ is a Markovian pure death process in which the probability of a death 
any small tirr.e interval is independent of the size of the population. That is, for all n, i.n = 0 and Iln = IL 
The solution to (21 .1), for an initial population N(O), is 

0 (n> N(O)] 

(pt)i\"IOI-·e - ... , 
( I "n" N(O)] 

P.(') ~ (N(O) - n]! (2 J .J~ 
,,"(OJ 

1 - L ".(r) (II = 0) .. , 
(See Problem 2 1.4.) 
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Soh·cd Problt ms 
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,.,m · o 
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,"' 1 1_ (1 _ ~-')" ' . 0.111 

, ... 11 .. ,. - . 'I" ' _ 6. 11)1 

1 _ (0. /I Ill ... 0 111_ 6.1111 ) _ O~7 

Tho .. po<I<d ~'" III thel"'r"'i"_" ,IIa, ,i.., to ,;, . ..,~) p l .. II " 

!["·( IJ] . I"'''' . 1.)'-" _ ..... 

ll.l Solve Problem 21.1 if the p:~ IS .. p"",,,,,, binh prO<elill. 

" ,,11 1 • • '_ lI.ll! , 
" ~,(I I_ ; ! ' ' _ OVI 

l U "~ .... r M"~O';"D "".,. rr""'" in ;r;" li~ ., '0 "",,,,he .. .. "",;.,..,.. "n """'F ,.""kly <in, • 
... 1<" I' * 0.1>. [)c.erm,ne.1>< prohab'~ly '" Nt ..... I popula,;"" of til lout .. "" membtr. aIIcr ) 
d.)". ~nd the .. ~ed . ing(, ... p<>p\Il.>'ion at ,h., 'i ..... 
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d .... ndo in ,h. ,.u ,urt .. IId 10 <"'~ lime. 0. ,lie "''''Je. ~b .. ,."" prod • n .... """" 
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• 

1':1>'1') _ . .. 1...:1 , ..... an I ton" , ... 0 "'.tJu, ... (', , + ~J I 

• 
1'; ,\ ')1) _ • • r...od ,"""" ." 0 to"", .... 1 

dat]"aU.I -.1Ill 

• 
1'1. 0QIIl "''''''''' 01' ...... ,., .. "' ... , 

"""" 'han I to~h '" .. _ ,h'n I de .. " 
'.('." &Ill 

n'· "') .. . · b •• • J •• 

" .. 1'1 .... 11 ' .. . j ~ '':0 bi,,,,, .1><1 (h""'" i • .1I t.~ 11) _ oj 

'" 

8)' \1 •• ",_,;01_11'"", .. ,11< probobil" ! of '""0 bin ...... II1II< illOm'ol 01' ~h oI.r ... 1<, ""Iu. 
~ru~ I """"' ,II< """",tol,,! III <>.01 .. 1)' __ ~ "'eII ........ ,n.. ""p.m., 01' n,. ill,,,,,,,, , .... Lou., 
"'-""") ""aolr .. 01., • 0IA1). 11<<><<. ,II< )'I_bOIi,) '" "'0 to""" ~ 

1 .. "' 01. •• o(AI " 

,«I, ..... ,II< .. m< NfIol,,~_ ,n.. ,...,b.tolily <-4 >eru ok. n .. i, 

1 .. .... '\1 • 0(.111 

R" p.I,)' [I .. _. ,., .. ... M lt l .. ,...\1 .... All) 
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Reasoning in similar fashion, we obtain 

and (I) becomes 

h = o(A(1 

C = P. - l(t)V.- lllr) + 0(601) 

d = P._ l (t)(P.+ll1t) + O(t.t) 

e = O(t.(1 

[CHAP. 1! 

Transposing P.(t) to the left-hand side: of (2), dividing through by 61, and letting 6.t ---> 0, we obtain th~ 
Kolmogorov equations for n = 1,2,_ 

The case n = 0 requires separate consideration, since no deaths are possible in state D. Carrying out 
(he analysis as above, we readily obtain the remaining Kolmogorov equation. 

21.7 (a) Derive (21.6) and (b) generalize to the case of an arbitrary initial population NCO). 

(a) With i.. = IIi, and /.I. = n/<, the Kolmogoroy equations, (2U ), become 

for /l = 1,2, ... ,and 

dp,,(r) _ 
= - 11(J. + II)pil) + (/1 + 1)/lP. , !(t) + (n - I )lp. _l(t) 

d, 

dpQ(t) 
-- = IIp,(t) 

d, 

Ii ' 

One way of solving these equations is by replacing them with a single partial differential eqmllinn 
for the probabilitr ge/h>raring function 

, 
F{z , t ) == L P.(t);' 13 

. =0 

The procedure is as follows. Multiply (f) b)· ;", sum over all II (11 = 1,2, ... J, and add the result 
10 (2), giving, after rearrangement, 

" dp (t) ,"~, ~ 
L -"- z" = - (i. + It ) I IIP.(ll:' + J1 L (n + l)Pn_I(t)Z" + i. I (11 - l )p, _ ,(t)=" 

, r O dt . - 1 , ~ O "- I 

But, from differentiation of (3). 

Hence, (4) becomes 

f dp.(t);;" = aF(:, t) 

"- 0 dt tl 

" iJF(z. t) L np,(r)z" = ; - -, -" -
, - 1 ()z 

of(:, t) _ [ ( " " )_ .• 2] of(z, t) 
--,- - - 1.TJ1~+J1 + I.. . -

ot ()Z 

(5 
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Supplementary Problems 
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I U 7 A 1_, Mo,h .. , ..... 'h p_ .. ;.;,',,"' .. !h . ...... 1Ion •• jI<1ioooooo ... ...... Udy doo,h .. ,. ~ _ 0.1. 
1)0:,..-;"" ,be p<Obobilily of Il10 .... Je..... ,lion 'h"", _to "' "'" p<)IIUIo'"", on .... ~. Ililllot io tlo< 
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SYSTEM CAPACiTY 

Tht .)j5Ielll c(lpacity is the maximum numher of customers, both those in service and those in the 
queue(s), permitted in the service facility at the same time. Whenever a customer arrives at a facility 
that is full, the arriving customer is denied entrance to the facility. Such a customer is not allowed to 
wait outside the facility (since that effectively increases the capacity) but is forced to leave without 
receiving service. A system that has no limit on the number of customers pennincd inside the facility 
has infiniTe capaciI)"; a system with a limit has finife capacit)'. 

QUEUE DlSC[PUl\ES 

The quellc discipline is the order in which customers arc served. This can be on a first-in, first-out 
IflFO) basis (i.e., service in order of arrival). a last-in, fin;t -out (LIFO) basis (i.e., the customer who 
a rrives last is the next served), a random basis, or a priority basis. 

KE!\"DALL.'S NOTATION 

Kendall's noratiUIi for specifying u queue's characteriSTics is v/w/x/y/z, where v indicates the arrival 
pattern, w denotes the service pattern, x signifies the number of avai lab!e servers, y represents the system's 
capacity. and z designates the queue discipline. Various notations used for three of the components are 
listed in Ta ble 22-1. If y or z is not specified, it is taken to be Xi or FIFO, respectively. 

Example 22.1 An M/D/2 5/L1FO system ha~ exponentially distributed interarrival times, deterministic service 
time .... IWO sen'ers, and a limit of five customers allowed into the service facility at anyone time, with the last 
customer to arrive being the next customer to go into service. A DID/ I system has both deterministic interarrival 
times and deterministic service times., and only one server. Since system capacity and queue discipline arc not 
specified, they are assumed to be infinite and FIFO, respectively. 

Table 22-1 

Queue Characteristic Symbol Meaning 

/nterarri\"al time D Deterministic 

0 ' M I:::xponentially dislriln.llcd 

Service time E. Erlang-typc.1.; (I.; = 1,2, .. . ) distributed 

a Any other di.~tribution 

FIFO First in, first out 

LIFO Last in, first out 

Queue discipline SIRO Service in random order 

PR' Priority ordering 

aD Any other specialized ordering 

Solved Problems 

22.1 Identify the customers, the servers, and those queue charactclistics that are apparent, in <I 

single-!ane, automatic car wash establishment. 
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Customers are the cars entering the establishment for the purpose of being washed. A sener is the 
machinery thaI does the cleaning, and the single lane indicates one or more servers in series. 

Generally. car washes operate on a first-comc, fi rst-served basis; so the queue discipline is FIfO. The 
system capacity is the number of cars that can be safely handled on car wash grounds. If additional cars are 
allowed to wait on public streets for eventual ent rance into the car wash grounds, then the system capacilY 
is infini te. 

22.2 Identify the customers, the servers, and those queue characteristics that arc apparent, in the billing 
department of a large store. 

Customers are the 'charges made by patrons of the store, after these charges arc rccci,'cd by the billing 
department but before they are completely processed. The servers are the individuals in the billing department 
who do the processing. 

Invoice processing often follows a UFO queue discipline in that the last charge received by the billing 
department is placed on the top of the unprocessed pile and is then the first charge taken for processing by 
an idle server. Generally, there is no limit to the number of charges that can be forwarded to the billing 
department; hence the system capacity is infinite. 

22.3 A new television set arrives for inspection every 3 min and is taken by a quality control engineer 
on a first -come, first-served basis. There is only one engineer on duty, and it takes exactly 4 min 
to inspect each new set. Delennine the average number of sets waiting to be inspected over the 
first half-hour of a shift, if there are no sets awaiting inspection at the beginning of the shift. 

This is a 0/0 /1 system, with television sets as customers and the engineer as the single sen·cr. The 
interarrival time is ellactly 3 min, while the service time is exactly 4 min. 

Table 22·2 chans the history of the system over the first half-hour of operation. Only those instants at 
which a change occurs in the state of (he system (through a customer arrival or a serive completion) are 
surveyed. Observe that there are no customers in the queue from time 0 to 6, 7 to 9, and 11 to 12. for a 
total of 9 min. There is one customer in the queue from time 6 to 7. 9 to 11 . 12 to 18, 19 to 21, and 23 to 
24, for a total of 12 min. Similarly. there aTe two customers in the queue from time 18 to 19, 21 to 23. 

Table 22-2 

Simulated Clock. Customer in 
mm Service Queue 

0 
3 #1 
6 #1 #2 
7 #2 ... 
9 #2 .3 

11 #3 .. . 
12 #l .4 
15 #4 #5 
18 #4 #5, #6 
19 #5 #6 
21 #5 #6, #7 
23 #6 #7 
24 #6 #7, #8 
27 #7 #8, #9 
30 #7 #8, #9, # 10 
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.... -... ,i ... ... 

T m ; M ... IIKO\ ' I ,!. '" MotU: 1. 

An MIM, . 'y".m os I Poi""" boMh.&:alb prOl%S< ("'" Chap''' 1I ~ Ttl< proboIbohly, P.(I~ thai .he 
.t"Ctn Iw ulottly. O,"' <>tt><'r1.. ";!be, .... i" .. fa< "' ....... or In .. "' ...... " .i .... , .. n.fin the KoIm<>tOf"I'" 
"'Ia"ion$. «ll.l ~ "uh .t.. _" and "" - 1<0 lor 011 .. The """pier. 0010''''. ollhe:!c <qjIll1On .. "h ile 
,""",hie, .. b,.,.,Jy un~ry. M ,n Cbipler 19." .. lhe hm~ 'n. <Ii"n""no" ,hoI" of ~.l"'" iDltn:tl. 

STltAl)wrr.nE SO I.UTlOSS 

P • • lim , ,1 '1 ,- " 

'f ,ho: bnu .. <. >OL!'Of on M/M I .yll<m. n dofi ... lho: ",jll:~'''''''''Of (Of ""Ii, looI ..... j·) II 

• , . 
• 

(1)1) 

(IU) 

i.e. p" lhe •• p •• "r,j number of.,n",l. per .... an ""VI« lime. Ir p < I.lh ... (P,o""'" 23.7) .... dy .... .., 
probo.bob" .. "'>I . r><! _ Ii.en by 

If p'" I. 1M ."i .... O<>IM.' a 10"., ra,. ,loan ,1M __ an _",<><1 ..... ,1M ur-o«l " ...... ..,..u. 
i",ruses . ',Ihoull,mll and ... «tdy JIll. Joe; no, """', A .. milar ';1 ... I>0I'l pK •.• iI< ... bon p . I 

M~:ASUIES OF EFFECTIVENESS 

FOf. qlKUCtnl 'Y'lI:m in ".ady 'Ur '" ,he n>Ul!Jrn of FaItS' ,n'er'" . rc: 

L • II, . . ..... F number of ",,' ........ in II" .y ...... 
I .. . ,lor a"''''F I<n"n of ,he .. "" .... 



Ot" p m .'1 :.l 1 SYSTEMS 

11' . III< ~'~'.!I< ,ini<" ~>lOmo:t ~p:nd. in ,'H: tl"lC01 
II; . III< ~ .. r"il< Um<. """'10 .... ' 'r><ndi 1<1< ...... , 'n ,II< q"""" 

" 1'1 II III< prob.ll>lli,y ,h.>, ~ ... ,,""'<. 'pc"'" oK>k lhao , un.!. of lirne in ,II< '1'""'" 
11 ,111. ,be prob:.ol>llny Ihal a <uSlomt, .pendi oK>k l!un, uni .. of 'un. in III< q""" 

Til< ~'" luur ,>I II><>< .... """ ... oro ret .. "" in m>ny ~"" .. inJ 'y"""" by 

~"" b) Ii,,''''/'''''''''''' (I',obkm 2H O) 

L .!W 
I., . ; II; 

" 
(1HI 

aJ.6) 

rho ,,·.jun~.I""" Jonnula. 11J, ~ ). /wId< ", lI<t""" la l in an MIM/ I If"om) ,he ...... a 'U1J1< CApc<1ed 
;or>'itt 111".. I ,., (Of . 11 .... Ion ..... Lilli.', (",mula. ore , .. lid (Of qui'" ,.11<",1 ,)ltmli, P'oVJdc,J Ihal 
:. ""no,,,, , II< ~''t''i< un,'.1 .. ,~ of "u>l"rno" .. ,,, lh< ~~ fll(ili.y. 

~ ". an M Mi l ')'Iem.; ... . nd lhe <i, ni<~.u~ are O\plicilly, 

,. , 
H 

" " . , " 

II' _ ~ 

• I' - .\ 

If l'J " ~··· (.::!:O, 
I. :.!: 0) 

(]1.1) 

(lJ.!1) 

(ll. HI) 

(11 III 

(21.m 

Oboo..-" f,om C])' lo') lha, 311housh Ih. It ..... pen' ,n lit. ')~Itm h .. ,he '~pon<fltial dis",bullo" (1J,11 k 
.nd ,I\< lime <(\<tI' in .. "itt is • .", •• [)OfItntilt lly d~tril>uled. lhe d i"" ....... of I,,"," ''''0 limn, .. 'h>eh 
;. ,he , 'me >P<" < ,n <lie q ......... ,,'" c,,,,,,..n,,.lIy d~'nbuled. 

Soln'd Problems 

a t SIkI ... ,ba ' -m"" "'- ,I\< ,,,1...,. 0( on npo ....... lly d" ,rib'"N ",n<lom .,,,u bl<: "t .... >.ll« ,ru. m 
,b ..... ~n •• 1 .... 

II T lin .n <0,..,...", .. 1 cli .. rib.n ...... _n o por>m<t.:r ,.. ,,,,, mc.rn y ..... of T to I,", F,om 1l1,/11. 

1'\ ' ~ 1 ".1 _ •• ~o.6Jl 

I'IT" 1 2" . 1 _ ,-" ~ 11.)'1) 

n.... .. m'~~' .. ). ,,,", 6) p<Icent of '" .. , .... or< """II« ,h ... ,b< Int . .. _ of ,_ •. "' ..... ..,.... b.l 
f"1<'I"', . .... ,,,,11« ,h;o~ 11;01 1 n .. ......... 

: .1.2 Di><1I" ,II< ,,,,,,hcolion . '" to,,, In, I>o"h ,h • ..... occ 'i ..... and III< in' ••• ''' • • lli ...... ~.pon<n' ,. I1 ~ 
d",rib.,<oJ . 
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Q) ... _ :J.'. np>n<n, .. lIy",o"",n! """"" I .... , .. ply ... <,ooook.,,,,,,, 0( ""-,.,h.o ............ 
....,ocitop. """"" ...... "h. /tYo ............. TIIoo ........ II< 'M .. , .. _ "" .... 1DfII<. .. bub .. _ • 
........ "y of "",omen ... ~ , "",pic ol<pooou ""'_ 'O'Cf)" li,,1e 1<11« .............. Iu.~ ..... OOOIIpIico'od ,,.""""_ ,ho, ,,_,,_. "" of , ...... Sooch d, ... ;",,_ 010 _ ooooId """,,",,",y "'''~ ........ 11, • 
... """ .......... r ..... 'o;aIlor...:lo ............... i •• ·Ot t _ ........ bI) , .... 

",-", .. Ill 4iI,rit>o, ... "'<t2.",~, ,;""";"pIy' pJ\"po<Idtf-o_ of in,,,,,,,,,,01 ' .... 1100' ... _ 
,100" (i,. ,,_ .'"h • "". II .... n: \o<t) ""''' "Ill< ... ....., .. ,loot ..... bof of .... ,,"' ,,, 0",,,, ... 
""'" r<no>d." ~_ ,~ ...... " ... _ qurw. "hdo i< ""_ O<ll'-..y ..,. , """ i., ..... d.,,", ... bod! 
... ,,",' ",," ....... . m ..... ,'I0000,,,. , ...... '.,. "' .... _ ,1>< .... ""'" q ....... 

,\., u. "'-... p,ot,,,, ILt. .. ...,....IioI ... "boI_.1oo roo- , ... M.tku,,,,,, ,Ot _", ... ) 

~"'" I'I.r " • • hi T ~ ., . /'IT " . ) 

110 ...... r _ ........ 1C<. m ."ol ......... ,he ... pbao'"",,, Ilta, .... ,,_ '" ,he "',,' . rri,:oJ '" ...... ' I ,." 
, ........ >III« dot laot .m .... F ... ..me. ........ tho .. pbo:a_ .. 111:01 ,t.. ...... ""1_ '0 GoIIIpIc\< ..... _ 

... '''''''''''"' ""_ ... fRdi<t«l "" l .... ' ... r ..... ;,; ;~ of) ,"" ,_ ,"" ""'_ h .... oed)-
...... i ............ 

W The ......... <lq>o.ru ... n, .". Ia,.. ",o",...,pIoro.,.., ... 110< I .. < ............ fi,unp_"" numba cI 
ru,'''''''''' ""I"""" fill,np .ppea .. '0 10110 ... · a Po,,",,,, d'OInbu,1OII ... ~h ...... a "no.1 "' .. lot 
f"C' bOIl, C."omC"f<.n: fi,,'" o n . fi .. ,_ fi", ... c"'-od bo .... and ,hey.", ol""'Y' .. )I~ ... '0 
.... " r", 'IK- !Oil .. ', .....-'". ~." .. aI,<",,,,,,,. an: 1= 111< " .... ;1 'al a 10 1M . ",,*mL"f 'I'P<O" 
'0 ". .. """"", .. lIy d,"'ibulcd .... "h ...... n of 2 In .... i~J Wba, Ii Ibe .... .,... ~"mbn of 
ru.u" ..... in 'IK- fi"",~ ''''''''? lb) U .... mIlCh u .... ,"""uliJ a ( .... "" .. , •• ~ '0 "I'Ond 'm ,boo 
Bill,.. room? ie l Wllal po .... n ... 1I" "' ,"" lime 11 , 1>< ... ;10, idle? (~l Wl\;I, i.,I>< probabili'~ ,hat 
a ..... ''''''''' ,,';11 .... " mo,~ 'baa 10 ""n I...-,t.. ... ,, 10"$ .. ,,--.. 

,..,.,,~ .. M M ,.) ........ I,_ • • l'h ' . 

".., P . l ' ](I . o.~ 

,~, . .... ' l J -". 

• • J .... ' _ :lOh ' 

., 
I.. _ .............. 

'- OJ 

I" Tboo ... iloo lo ",Ie if """ 0001,"1 ........ "" """_ .. ,II< i'''''1 --. TIo< ,...t.obillly of oJu. ..... 
"' ~,<. b) (! J .J) .. 

,.- ,0"41 ~ ,)- III - (Ull · II,~ 

n.. ... i"" .. idle )J ,,,,,., .... ." II>< " .... 

,I, Froro OJ /1j, ."ht . ,Om,a _ lb _ M. 

II~ I) _1(Ul1e ,_ 0.!9013 

U 4 Fa. II>< 'y, .. m '" f>robIcm !lJ. ik,.,m, ... tal ,he ••. .".,.. ...... , f<tr 'IK- 10110" .. " "'" uf"C,,,, ... cd 
by oil N'I"""' .... I~) 'M .'"ra"" ... ,\ fo. ,I>< 'oi""', ...... iQ: .... ,>C, .......... II)' ,,,- ""' .. , .... ". "..., 
h:&," .0 ... ~" ., oIl. 
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, , 0.1 '. " __ • _ _ _ __ 0.13) h W I .... n 
, _ .. XI :4 

Ib, n.-< ,1>< ..... ff\l .. ~ _t . , or, no. "''''''''''_ of "rm" ... ('IQIom«> ,Iu, No ... .., 
..... is 1 - P !,hl< "';". til< probobili')' 'N' , ... """"' aool_ "-d. ,to< ')'lI,M"'(IIY ___ I'n>/IImI 
13.)1<11. H ...... ,1>< ''''''1< ,,~; , O"'"~ .m' ...... .. ,""""";.,;..... b) 

II w ': l> w _ ' _ _ " ' w IOmin 
• p • ~ - . 

l~ II @O<'rm<1 <kli<:., .... n .. " pot.",d by""" """",n. , Iw " "-""' . The om",,1 pat!.,~ of aul"",.". 
"n s.,wol:o}" oppo~" 'v fvll., .... Pomon """ibu,,,,,. .,j,b. "",on ~ni> .. J rate of 10 """pi< poor 
1\01;,. C .... o .... ,. .,. .. ,,-104 "" a 1'1 FO basis, _lid bcao"", of IIIe r<pulOlion 0/ lhe ....... 111<)' a,. 
wiJ~n. 10 ... ·1;1 r...r ""'KlO"~ IlI<y . rri , ... The I;me;, " l eo 10 .. " .. a """'<>me, .. .,.;m.led 1<> 
1>< """""nl ;"11)' d i"rib"led, .' ilh on a,"",. o.Inja I~ of. m,n. Oc'enni"" I~I ' '''' I"ol>;&bili,y 
Ih.t ,,,",,. i •• """ .... (~) Ih ••• ora,. >i'" <II III< ""'U'. (r) III< "pccloo lit .... Iho' I ClIO"""'" 
m"" " .. il in III< q"""". ~"" II) 11>< probobJi'y llutl • <:WI"""'" will ..,.nd I<os ,Il.an n m'" in 

III< """. 
TIl,. ;,". M .\4 I .1 . .......... ,~ 

,. , 
- " " " ,~ J 

(0 ' no. """",bO)IIY vi ha, ;,.. 0 ~ ... '" it ''''' 1"""""'''') ,,. "".in, I . .. ~, """" ""_" ,. Ito< ' )" ' ''' 
R)' W _.Il. 

~>r .. 1M pm ..... I,,} d "",'''',. ~"' .... 

I ! • ,, _1 __ w , . , 
« I r ..... (Hlo '. 

(~) F,,,,,,UJ JI~ ... (.u Il~ 
11" . '+0 . 12 .. ,. 

H.' Si ",uLtle III< proc:c<$ """nbcd '" Pro blem lH, 

Two ...,. of ~'~';'lU) diolnbu"" "ndoa ."",b<n,. on< ""vi", poi"""'" 1/6 ( .... " ...... 1 , ...... ) 
wd ,"' ..... 0-.1 h.,,", 1'""''''''''' I ,' \>e<>i<c I ...... ~ ... 1 ........ Tob!< H-r. ~,,~.n val ... """,'..,cd"'o 
""""eo .0-.1 JO<Oodt. " , •• """cd 10, ",_,io! dito,,.bu' .......... " d .. I ... III .......... \ 10 ou' d 
II>. .. ~.:.) p<,e""1 .'" "".m ... I~'" III< '_I>:at ....... 6 m .. k>< ,I>< "" .... m ... 1 ,j ...... or>;! .. . "" for 
IM ..... lc:c ,j .... 1'1I<..."pl< ....... ,.. f« lit< ,;_ .... ~ n;. f ..... :lJ.1 'or-.- ~ """ 10,Ior I I><''''''' ",,-ol 
li .. '.IId . ..... n. 50, ,I>< __ ,_ 
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Table 23-1 

Interarrival Service 
Times Times 

3:30 0:16 
3:30 0:01 
6:36 2:37 

11:45 10:19 
5:32 11:53 
4:27 2:57 
8:17 1:02 

15:24 4:03 
3:29 0:59 
3:12 0:09 
2:01 9:57 

13:37 3:44 
0:40 7:12 
0:12 0:10 
2:42 11:51 

13:43 0:04 

Table 23-2 

Simulated Customer in 
Clock Service Queue 

00:00 
3:30 #1 (0:16) 
3:46 
7:00 #2(0:01) . . 
7:01 . . ... 

13:36 # 3 (2:37) 
16:13 ... 
25:21 #4 (10:19) 
30:53 #4 (4:47) #5 (11:53) 
35:20 #4 (0:20) #5 (11:53), #6 (2:57) 
35:40 #5 (11:53) #6 (2:57) 
43:37 # 5 (3:56) # 6 (2:57), # 7 (1:02) 
47:33 #6 (2:57) #7 (LOl) 
50:30 # 7 (L02) 
51:32 .. . 

59:01 #8 (4:03) 
62:30 #8 (0:34) #9 (0:59) 
63:04 #9 (0.59) 
64:03 .. . .. 
65:42 # 10 (0.09) ... 
65:51 .. . . . . 
67:43 # 11 (9:57) 
77:40 
81:20 # 12 (3:44) . . 
82:00 # 12 (104) #13 (7:12) 
82:12 # 12 (2:52) #13 (7:12), #14 (0:10) 
84:54 # 12(0:10) #13 (7:12), #14 (0;10), #15 (1 1:51) 
85:04 # 13 (7:12) #14 (O:lO), #15(11.15) 
92:16 # 14 (O:lO) # 15 (11:51 ) 
92:26 # 15 (11:51) 
98:37 # 15 (5:40) # 16 (0:O4) 
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..... " .. ~". the liN ", ..... ,.,.; ... 1 " ... . ..., ,he fin' .... "" " 'no< '0 <>I ....... ~ I. ,he"""""" ,o<en.nival 
,i,.. .nJ ,,,. I«"DIId J<f"ox" ' '''''' '0 """ ......... " 1..DOI '" 0 .. Th< qur"';". ,..O<etF " ,ben <:bo,ted in l.b!< 
!).;r. .. !too<r ''''' " .... 10 • .., <IQo:k ,_ "".., ... ,_ .. _""'~ ....... "''''''''''' Of. """'''' """"'""'t" 
«>mrl<t<i1 _.IOS tI<r>,,~ Tt.: , ........ piUm'~ In: ''''' _~" 0( ocroic< '''''' .. ~I ",,!uita! t., 
,he <O<R>pOnd •• , <II"""""". 

0""",< _ d,. ~_l>ui141 .. "" •• 10"" _ ,i ... ;. ",,'0"'" ""oil • • ~ 0( ,bon j"' .... 'n.,. 
,; ........ ,..,.. i1 <1>1>0 _""n • '''''1 ito", .. ,.,.;,.,., ''''''' 01\<>., ,t.: _ ' 0 __ " 001>,"""'" ",,,,''',,, 
.. ,II< .,.Iao.. n. .. ebb.M 1\0-0 at ~_ .... ;. chllfKl<n<.". at M!M" .,,, ..... w .... '". ..... n ....... 
,i_ .. </\ot,., ,boo , I>< """"" ;", ... ,,.; .. , ..... . 

Eq .. '''''' (111) . .. "h JrJfi . 0 (. ,ud) ... ,.~,.. .. ... rod l •• i.lx:wo ... the _< ._ .... 
( ... I. %.. 

,," Ho 
'" UJ 

£.,.,.""" (.~ .... " .. 'mru 01,... , nd" ",Oct " •• d)· ...... ,..ubobo~,,,,, "'" ' I""". ........... in 
,."". d r. bJ .oh~ (II ,,,,,,, .... l,. .. " 

1 . 1: .. , 
,," I,. I)" - P~." (~ I I ~P,.) - p,.. .. p'P. 

P. · ,~-+ I)p, ~" ./~ + I_P'9"- "'P"J·~'''' 

,. "I~ + II" - ~r, . (~ + Ij(p' p". - ".,,',., . p' " 

, .• "'P. 
St_ ''''' .., .. 0( , hc ,.._bih" ....... , "l"'" .RII) .nd 0 < t>" I. 

I . I" .. ,.. [p'-,. . . ( , ) 
,.. . " I _ ~ 

llll Otri ... (2J.1). 

'" 

UoiOI ,be dd" .. """ ol" .. """,ed .-.I .... IMI,'" .... uIu 01" Problt .. 1).1 . .... «1<. ... 1 ... ' '''' "'s>«'«:1 ...... b« 
01"""""",, in ... M M r l .p, .... .. 

.. . 
1.- L ',," r . ' - ~)p' " '''' -PI L .... ,., ... , .. 

ll.~ 0",,,. (!J./~ 

Iloao>I< ,"" 1;_ • ,,,,,..-. '1"""'1* ;" ,hc .,."", by T. ' '''' " ... '1'<"' ;" ,he ~ ...... It) T, •• Dd ,.., , ..... ""'., bdn,_"" bt· r,. All 'h .... "'" ' .. _ ,~, .. bb. .. "h 

T _ T. t r, 

'" 
Tho .,,....._ ...... "" ,i_ .. £( T. ) w 1l~ W, . ,. <1<""'''''1 fl n It) 11' .Dd f.( T,I '" W;. '" II, """""'"" 
W~" (!J<I 
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ll lO DnI""" Unk'.Ionn.1ti ,,"w"'cl~ 

I)., ... ,'" ........ _'," , .... ;" .... OJ ....... W, .............. n .m.. .................. .... 
... ho.1'>d of K'1Im< ."''' l W_ ... _n m<>pO<l«I"'ho .,11< .... Tho, 10, .. ,ho onaIUl ..... _ 
~ ... ,'" .J ....... , ... , ,.,"_ "' ••• pta..,_ -I II "' ... ......,...... ................ .,._, s;.. ,100 
._ .. ",,*, ... """""""""', "" ....... 'ft , .... ""M) "., .. , I. _ I w ...... )'0 

Eq""1ooo pJ.6) ~ <1«1--' ~~). It) ~ w. I...-t ,o. .. "'" •• ,., .... I» " •• I.,. """ ,100 
. ·or<! .q"' .... : _"d) ... ,100· I'""",H .. ,..JI"". 

ll il fo, "" M M I 'r>"'m.d""" L. - L - I' 

~ 

.. - , t._ L 1'- 1),,- L lo-Il, • . " " , 

L - t, _ r,,-I -,.-, ,., 

U ll Sh""'11Ia1 So. . T, + T, + .. + 7o.11Ie ...... of l mUhally illCk""ndm~ opononually dl>lnblll<d 
I'llndon\ .anabln, c..,h "'Ih p"r1In'I<1e< ",Ioa •• he: ,;,Ia"J 'y". t. or ~==. dJ<,ril!uh"". 

I'"" OJ 11J IJ) 

In,,,,,,", ,he: T· ,·.n ........ ho fin. t , ... ,.,m·oI , ..... '" ............ borrh """""" bo" •• i ... <01 
1"'J'UIo,,,,,, .. ro. Thrft til< popuiro""" ....... , • l or ~ I ud aI)- • s, " t; ,bo, ", 

1'Is, ~ 'I" """,tj ;,lj_ ± '''',r ~ -
, , ' 0 , '" 

._ ......... tnad< .... of ill 9~ _"h A ... pIoo;<d bl " 

0.. .. ~y ,,, ""' .. til< oq."""" of (I) and 11J III q '0 ........ tho. th<J Ioo,~ .ho ...... filii 
.",,,,, ... (til< pr,*"bOIi,) -"'y ~ "" S,1.1d ,II< um< .. ,"" u, .. 0 I ....... '''''1_"""", do~ 
0>11< ..... 1 .. ' ... I.U IJI. 

.'t' , 
fJ./f- • '" 

I~-Ili 

0.11« .. , .. , ... (/l 

• , 'f' ' 
- r ' .. ,(0 -1)' 

, ,... ',' 
"' - I: .-

.'. . 1 

~',' , - , -(I _ ()I 

llil Ikm-. (~J.I:~ 

TG "",.on ,II< obwibo' .... c/ r,. ,II< I<m<. "" .. .-.. '1""" '" ,'" q ...... c/ •• M 111 I .J', ......... 
OOt'dI,iotIoj "' ..... bdir ... (Probiml IB~ II .. Im. .............. find, lilt .) ... '" i. >10" 0. I .... r, _ O. ~ 
,II< N>l ...... _ ,ho .) ..... ;. >10" l (I _ I!. . ~ _ """' .... c/ tho __ I .... ",opcrt) t_ 
lH~ of tho ....... , .. n ·"" ...... 1; _ s, < __ 2l.1l~ C~ .... 'I,. lao ';' 0. 
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Supplementary Problems 

ll l ~ TIl< ......... "",,,, ... , .~ >« .;rnm porlo< ......... """ 1:0:1_ ."...w",- Cult".,.... ..... ,'. """"~ ,<> a p.,.._ .,._~ ... mc.~ """ .. ,Ol. of JO """ 1>0 .. Tl><y ....... '«1 "". FIFO ............ 1>0..-.. •• 0( 

,II< ~-..l")' of ,t.: ... <=l". 'lI<} "'" ,,;ali,. ,o ... n if,,",,,"',y Tt.: "'''''" '''''' t'<T <11>1""",. 'pjlal" Ig 
". """"",'i.oIl, d'''ri'''''toi. ~i'h ...... of 'I ...... , Ilt,.,.",,,,. ,.,,1>< ' ......... "., of, ............... IIi ... 
I« .... 'i<e, (b,'h< ''''''''fI' <J ,_. <»<1_ ",,,,,t.,t " r«' ,. "' .. , "" ."...,. (0 , ... probability ,11:0" 
CO"""", .i. k • • -.10 '1'<ocI m<"c ,boo, S moo ,. "'" q ........ ocI \JI ,be .,.obo;';~'y ,Ito, ,100 "''''''''' idI<. 

ll lS A Iwb<t 'u ... O"""WI .h<>p. II, doc> "'" .... I.e o.pp.>'.''''''.'' "", ", .. d> N>l"""''' .... r.nc..:ome.. 
"",-«,Ye<! "' .... lion ... of II .. ba,bot', f<'I"',O!IM. <*KI".,.... .... "'~''''' I~ "." 10< .... ''" ...... lboy "",,, .m.,,, 1oIIo~ • p"""", ... " ..... .. "h • ...... n ...... vol "" .01",'0. I""~' TIl< bit,,,.,,, .... ox ,,"" 
,1'fI< .... ,. '" "f'>""O,...uy dl~"twl<d, .;Ih ........ 01" :'0 .. "" 0......., ... (.) ,lot "P«'N .... ".. 01" 
."""""'" '" ,be .Oop. Ikl ,be .. pcaed •• ",bet <If CIl"'-'"' .... ; ... lot ....;"". "' ..... ~ ,,_ • 
"",'ome"~ ,. ,II< """" ond (J, th< prubobili') tLt, • cw""", . iD 'f""'"d ~ ,Iron , .... ~ 
."""'" <"II ,_ ,n II>< ""'" 

ll it n., '''''''1''11<''' of "''' ..... "11<."'" ~, ....... .. '_ .... . bon • • ~ WI bo • """"""" "'_ ~"Io 
. ....... n ... of ..... I"" !lUnu". s..v.:c , ...... by ,"" 1.1.Iet "PP"" ,,, I>< ",_'IOU} d .. ",b<I'aI. ... "h. 
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Chapter 24 

Other Systems with Poisson-Type Input and 
Exponential-Type Service Times 
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Steady-state probabilities exist for all values of p == )./s#, and are given by (24.1) as 

Po = 

and 

[S'p~T 1(1 - pK-,) '(SP)~]-' 
~ + L ~ (PeF 1) 

s!(1 - p) ~ .. o n! 

[
SO , S"]-' (K - s) + 2: -
s! n"O n! 

p~ = 

(Sp)" 
~r- P' 
n. 

s'pn 
-p, 

s! 

(11=1,2, ... ,5) 

(11=5+ I •. .. , K) 

(p ~ 1) 

o (n ~ K + 1, K + 2, ... ) 

(24.13) 

(24.14) 

The measures of effectiveness are 

(24.15) 

with ~v,;, W, and L obtained from (23.6), (23.4), and (23.5), respectively; 1 is again given by (24.12). (See 
Problem 24.8.) An M/M/ I/K system is a special M/M/s/ K system with s = I (see Problem 24.28). 

Solved Problems 

24.1 A grocery store has a single checkout counter attended by a cashier who also functions as the 
bagger when the store is not too busy. Customer arrive at the checkout counter according to a 
Poisson process, at a mean rate of 30 per hour. The time required fo r the cashier to total a 
customer's purchases, bag the groceries, and make change is exponemially distributed, with a mean 
of 2 min. Whenever there are three or more customers at the counter (including the customer in 
service), a second employee of the store is instructed to assist the cashier as a bagger. When the 
two employees work together, the service time for a customer remains exponentially distributed. 
but with a mean of 1 min. Determine (a) the average number of customers at the checkout counter 
at the same time, (b) the length oftime a customer should expect to spend at the checkout counter. 
and (e) the length of time a customer should expect to wait on line before having his or her 
purchases totaled. 

Throughout the process the arrival rate remains state-independent at }.~ = i. = 30 h - I. The service times.. 
however, are state-dependent. When there are fewer than three !':ustomcrs at the counter, the mean service 
time is 2 min; hence the mean service rate is 30 n - I. When there are three or more customers at the courller. 
the mean service time is I min; hence the mean service rate increases to 60 h -1. Thus 

(n= 1,2) 

(/I '"" 3,4, ... ) 

Note that, when a new arrival changes the state of the system from 2 to 3, the customer in service is instantly 
subject to the new exponential distribution (the "memoryless" propenyl. 

It follows from (24./) that 

1'0 30 
PI "" - Po =- Po = Po 

PI 30 

21 30 
Pl "" - P2 = - (Po) = !Po 

p, 60 
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As compared with the situation in Problem 24.1, customcrs wait an averagc of 0.5 min less for service 
and spend an avcrag<: ur 0.5 lIlill lIahe ilJ 5c[vice. Probably they would favor such a tradeoff. 

24.3 Derive (24.1). 

Setting dp.,dl = 0 (s teady-state conditions) in the Kolmogorov equations for a generalized Markovian 
binh-dCJth process, (21.1), we obtain. after rcarrdngement, 

i. + P. ;'._1 
= - - P.- - P.-I (/I = 1.2 .... ) (I ) 

11.+\ )).._1 

!., 
PI = - Po (2) 

•• 
Equation (1) gives PI in terms of Po. Soh'ing (1) iteratively, we also find 

;.) + p) }.o )·1 + 111 (i.o ) ;'0 ;'1)'0 
P~ = - - PI - Po= - - -Po - - Po -=--" 

)).2 112 II. III fl.. f. l ll1l 

and, in general, 

0' 
).. 1 

P,= -- P' - I 
•• 

24.4 The owner of a small but busy newspaper and tobacco store serves customers on an average of 
onc evcry 30 s, the actual distribution being exponential. Cus{Qmers arrive according to a Poisson 
process, al a mcar: rate of three per minute, and they can wait for service if the owner is busy 
with another customer. A number of customers choose not CO wait and take their business 
elsewhcrc. The probability that an arriving customer balks is n/3, where 1/ is the number of 
customers already in the s!Ore. How much profit must tbe shop owner expect to lose from 
customers who take their business elsewhere, if Ihe average profit per customer is 30¢? 

Since the probability of balking is I when there arc: three customers in the slore. the store: nc: \c:r 
experiences more than three customers at thc same time, and the only feasible states arc 0, t, 2, and 3. We 
takc the balking function to be 

J /1/3 
b( .. ) -11 (11=0,1,2,3) 

(11=4,5, ... ) 

The mean arrival rate of customers 10 the store is i. _ 3, whence, by (14.3). the: mean rates into the store are 

i·o = (l-¥)(3)=3 i. j =(1 -1)(3) = 2 ;.1 = (1 - iX3) = t 

and i~" = (1 - 1)(3) = 0 when /I = 3. 4, . ... The :ervice rate is state-independent, with /1.. '" II = 2 customCri 
per minute. From (24.1), 
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(a) From (24,11), 

I S(1!3)s 
L = - - - _ _ _ ;;: 0.4793 car 

2 I - (1 /3)~ 

(b) To obtain IV.. we use (23,4). after first detcrmining P4. l., and W from (24. 10). (24.12). and (23.5), 
respectively. Here, 

Hence:' ;;: 10(1 - 0.008264) ;;: 9.91 7 h -I , which rcpresents the mean rate at which cars actually enter 
the station. Then 

0.4793 
W ~ -- "'" 0.04833 h 

9.917 

I 
,~ ;;: 0,04833 - - = 0.015 h = 54 s 

30 

(c) Cars are denied entrance to the station at the mean rate 

;. -1 = 10 - 9.917 = 0.083 h- I 

so that the mean rate of re\'cnue loss is (15XO.083) = $}.25 per hour. 

24.8 A self-service car wash has four stalls in which customers can clean and wax their automobiles 
and room to accommodate a maximum of threc additional cars when all stalls are full. Customers 
arrive at the car wash according to a Poisson process, at a mean rate of 15 per hour. If there is 
no room for them on the grounds of (he car wash, arriving customers must go elsewhere. The 
lime requ ired to service a car appears to be exponentially distributed, with a mean of 12 min . 
Determine (a) the average number of cars at the car wash at any given lime, and (b) the expected 
rate at which ca rs are denied entrance to the car wash. 

This is an M/M/4j7 system, with 

(a) To determine L we use (23.5). after first calculating Po, L~, p" 1, 'V.' and W sequentially. From (24.13), 

Po "" [W)(3/4)5[1 - (3/4)3] + t )-J--
4!(1/4) _"U n! 

By (24.15), 

[
2997 )0 )\ ) 1 )3 )"'J- -_ - + - + - + - + - +- =(22.2285) 
512 O! I! 2! 31 41 

1 := 0.04499 

L , = (4" )(3/4 )5 [ I _ (3/4)l _ (l/4X3)(3j4)l](0.04499) = 0.4768 car 
4 !(1 /4)1 

Using (24.14), we find that 

and, from (24.12), 

p, = (4)4(3/4)~ (0.04499) = 0.06406 

4' 

:. ;;: 15(1 - 0.06406) = 14.04 h - I 
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24.10 

(b) We use (23.6) to determine ~v., after first calculating;' and L~ . By (24.2). 

and (s. = 1) 

Therefore, 

_ . 1 
). = L ;.~p. "" - (1 - p~) = 0.06199 min - I 

."0 [2 

, 
L, = L (n - I)p. "" (1)(0.1230) + (2)(0.1230) + (3)(0.1537) + (4)(0.2561) 

= 1.8545 customers 

1.8545 
U~=- -- =3003 1 min 

0.06119 

(c) The barber is idle when there aTe no customers in the shop. T his occurs with probability Po = 0.1967, or 
just under 20 percent of the time. 

The service station described in Problem 24.7 is popular because it sells gas at a slightly lower 
price than its competitors. The price, however, is not sufficiently low to compensate for a long 
wait in line; so customers tend to renege according to the reneging function 

{
o h- ' 

r(n) = e"IZ h- I 
(n_O,I ) 

(n - 2,3,4) 

Determine (a) the average number of cars in the station at any time, and (b) the expected number 
of cars that renege each hou r. 

This system is an M/M/ I/4 system with reneging. Alternatively, it can be viewed as an M/M/ I system 
with reneging, and with forced balking whenever tbe state of the system reaches 4. In this latter approach, 
the balking function is 

(n=0, I, 2.3) 

(11 = 4,5, ... ) 

Either way, thc mean arrival rate to the station is i. = 10 h - 1 and the mean rate of attending to customers 
is J.l = 30 h - I, as in Problem 24.7. It follows that the mean arri\'al rates of customers inro the station are 

; = {IOh · 1 
(n .= 0,1, 2, 3) 

.~ Oh - I (11=4,5, ... ) 

The mean rates for processing customen; lil rough the system, either by serving them or having them renege, 
m 

J.l1':: 11 + r(1) "" 30 + 0 = 30 

J.ll = 11 + r(2) = 30 + 2.71 8 = 32.718 

J-IJ .:: P. + r(3) = 30 + 4.482 = 34.482 

11 .. 0= 11 + r(4) = 30 + 70389 = 37.389 

We usc (24. J) to determine the steady-state probabilities, and, from them, calculate the required measures 
of efficiency directly. Note that (24./0) through (24.12), which presume exponential service times for all 
customers, do Dot apply to the present process. 

;'0 10 
PI "" - Po = - Po = (003333)po 

}il 30 

)'1 10 
Pl = -- PI = - - - (0.3333)po = (0.1019)po 

112 32.718 

;., 10 
P3"" -..:. Pl = - - (O. 101 9)po = (O.02955) po 

11J 34.482 

A.3 10 
P .. = - P3 = - - (O.02955)po = (O.(X>7903)po 

11.. 37.389 
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and p. = 0 for n = 5,6,. __ Normalizing, 

• 
1 = L Pn = (1.473)po oc Po = 0.6789 

n=O 

Consequent ly, p! = 0.2263, Pl = 0.0692, P3 = 0.0201, and P ... = 0.0054. 

, 
L = L np. = 1(0.2263) + 2(0.0692) + 3(0.0201) + 4(0.0054) = 0.4466 car .-, 

(b) The expected reneging rate, in cars per hour, as a function of the slate of the system is r(n). Therefore, 
the expected number of cars. N, that renege each hour is 

, 
N = L r(n)p. = (0)(0.6789) + (0)(0.2263) + (2.718)(0.0692) + (4.482)(0.0201) + (7.389)(0.0054) .-, 

= 0.3181 car per hour 

Supplementary Problems 

24.11 A bakery is staffed by two clerks, each of them capable of handling an average of 30 customers an hour, 
with the actual service limes exponentiaHy distributed. Customers arrive al the bakery according 10 a Poi~~on 
process, at a mean rate of 40 per hour. Determine (al the fra ction of time a given clcrk is idle, and (b) the 
probability that there are more than two customers awaiting service at any given time. 

24.12 A suburban train station has five public telephones. During afternoon rush hours, individuals wanting 10 
place calls arrive at the te lephone booths according 10 a Poisson process, at the rat e of 100 per hour. The 
average duration of a call is 2 min. thc actual duration being exponentially distributcd. Dctermine (a) the 
expected amount of time an individual must wait for a telephone once having arrived at the booths. 
(b) the probability that this wait will exceed 1 min, and (e) the number of people expected to be using or 
waiting for a telephone. 

24.13 A small bank has twO tellers, one for deposits and onc for withdrawals. Thc scrvice timc for cach tcllcr is 
exponentially di~tributed, with a mean of 1 min. Customers arriving at the bank according to a Poisson 
process, with mean rate 40 per hour: it is assumed (see Problem 21.26) that dcpositors and withdrawcrs 
constitute separate Poisson processes, each with mean rate 20 per hour, and that no customcr is both a 
depositor and a withdrawer. The bank is thinking of changing the current arrangement to allow each teller 
to handle both deposits and withdrawals. The bank would expect that each teller's mean service time would 
increase to 1.2 min, but it hopes that the new arrangement would prevent long lines in front of one teller 
while the other teller is idle, a situation that occurs from time 10 time under the current setup. Analyze the 
two arrangements with respect to the average idle limc of a tellcr and the expected number of customers in 
the bank at any given time. 

24.14 A tree surgeon hires an answering service to handle incoming telephone calls. Thc answering scrvicc is 
attended by one operator and has the ability to keep two callers on hold if the operator is busy with another 
caller. If all three lines are busy (one for the operator and two for keeping customers on hold), a caller 
receives a busy signal. Calls arc made to the tree surgeon according to a Poisson process, at the mean rate 
20 per hour. Once a connection is made with the opcrator, the duration of a call is exponentially distributed, 
with mean length I min. Determine (a) the probability that a caller will receive a busy signal, (b) the 
probability that a caller will be placed on hold, and (e) the probability that a callcr will speak with the 
operator immediately upon placing a call. 

24.15 A takeout Chinese restaurant has space 10 accommodate at most five customers. During the winter months. 
it is noticed that when customers arrive and the restaurant is full , virtually no one waits outside in the 
subfreezing weather but goes to another establishmcnt. Customers arrivc at thc rcstaurant according to a 
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ANSWERS TO SUPPLEMENTARY PROBLEMS 4)1 

1 2 3 (dummy) 4 Supply " 

I 
92 1 89 1 90

1 ~ 320 000 88 
(7) (1) 321J000 (3) 

2 
91 I 91 I 95 I ~ 270000 91 

(3) 120000 (2) ISIIOOO 

3 
87 1 90

1 92 1 ~ 190000 90 
100000 60000 30000 (1) 

Demand 100000 180000 )50000 150000 

"J -3 0 2 - 91 

Vender 1 to deliver 320000 gal to airport 3; vendor 2 to deliver 120000 gal to airport 2 and will remain 
with 150000 gal; vendor 3 to deliver 100000 gal, 60000 gal, and 30000 gal. respecti"ely, to airports 1,2, and 3. 

8.12 Maximizing profit is equh'alcnt to minimizing negative profit. 

I 2 3 4 Supply " 
-10 1 - 6 

1 - 6 1 - 4 1 
A 2500 0 

1800 700 (1) (2) 

B 
-2 J - 6 J - 7 I -6 I 

2100 0 
(8) (0) 5S11 15S<I 

(dummy) C ~ ~ ~ ~ 1800 6 
(4) 1600 (1) 200 

Demand 1800 2300 550 1750 

"J -10 -6 - 7 - 6 

Plant A to supply chains 1 and 2 wi th 1800 and 700 loaves, respectively; plant B to supply chains 3 and 4 
with 550 and 1550 loaves.. respectively. 
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CH.4.PTER II 

11.15 ,x! = 2.5, x! = 3, x! = 0.4; z* "" O. 

11.16 :* = 1 occurs at many points, one being x! = x! = o. 

ILl7 There is a local minimum al XI = 12, .'(2 = 24, with: = -OJ)OI 157, but there is no global minimum 
(the function approaches - x as x, and Xl approach zero through negative values), 

JI.I8 z* = -0.6495 OCCllrs a t many pOints, one being x! = 1[/ 3, x! "" 71:./ 3. 

11.19 x! = O,-,,! = ±l; z* =0.7358. 

11.20 xf = x! = 1.496, x! = 1; z* = -1. 

11.21 xf = 2, x~ = 3; ZOO = -10.076. 

11.22 x! = x!=!;z*=O. 

J1.2J A = 1.47 X 10- 3°, m = 0.04. In 1980, N = 36597. 

11.24 H f = 2A. 

CHAPTER 12 

12.16 

12.17 

12.18 

12.19 

12.20 

subject to; 2xi + xi - 10 = 0 

maximize: ;; = -(x, - l)l - xi 
subject to; .-: i + xf - 4 = 0 

maximize: ;;::: 6x, - 2XI + 2XLX2 - 2xi 

sU bject 10: XI + Xl - 2 s 0 

with: aU variables nonnegative 

maximize: z:o -24xf - 14xi - 46x; + 28x 1X 2 + 24x~Xl - 34x2 x3 

subject to: - 1 Lx) - 9x~ - 12x3 + 1000:::; 0 

x 2 + X3 - 40 :::;0 

X 2 - X3+ 40 :::;0 

with: all variables nonnegative 

subject to: xi+ xi-4S0 

-x~ - x~ + 4s0 

X Lx3 - 3s:0 

- XLX] + 3 S O 

with: all variables nonnegati \'c 

12.21 xr =2,x! = O::' = !. 
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ANSWERS TO SUPPLEM ENTARY PROBLEMS 

Activity A B C 

TF 0 15 27 

FF 0 0 0 

14.11 (a) Critical path is A, C, G, H; 25 days. 
(b) 0.415. 

14.12 (a) 

Activity A B C 

E (Time) 3 2 6 

Variance 0.44 0.1 , 2.78 

(b) Critical path is A. D. F, H, J, K . 
(e) 39. 

D E F G H 

27 15 16 0 16 

12 0 0 0 16 

D E F G H 

7 3 5 8 12 

I 0.11 4 1.78 1.78 

T J 

15 0 

15 0 

T J 

6 I 

1.78 0 

(d) 0.1581; yes. since the probability of completing thc project by February 5 is low. 

14.13 (a) Critical path is A, C. E, G. 
(h) 26 days: 53105. 

(e) 
Step Crash Activity 

I A by 2 days 

2 C by 1 day 

J E by 1 day 

14.14 (a) Critical path is A, B, C, F, G. 
(b) 45 weeks; $580000. 

(e) 
Step Crash Activity 

I B by I week 

2 A by 2 weeks 
B by I week 
D by 1 week 

Critical Path Project Time Project Cost 

A,C, E, G 24 days 53155 

A, C, E,G 23 days 53830 

A,C, E,G 22 days $3955 

Critical Path Project Time Project Cost 

A, B,C. F,G 44 weeks 5595000 
A, 0 , E. F, G 

A, B, C, F, G 41 weeks $660000 
A, D, E, F, G 

439 

K 

0 

0 

K 

II 

1.78 
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15.53 0.124 . 

• 5.54 12,). 

1555 7. 

1556 6. 

15.57 (a) 0.74; (b) 5. 

15.58 3. 

15.59 6. 

'5.60 .537.73,5\1.1 4. 

CHAPTER 16 

16J7 (u) Y = 1.0:18 .... 2.1?OX; Y7 _ 66.734. 
(b) , = 0.989; ,1 = 0.979. 

16.38 (a) Y = 41 + 3.286X; Y, "" 64.000. 
(b) ,l "" 0.976. 

16.39 The log-linear mode! of Problem 16.7 has the highest coefficient of determination. 

16.40 (a) Time Series A: Y = 6.800 + 1.582X; YII = 14.200. 
Time Series B: Y = 14.133 + 0.212X; Y' I = 16.467. 

(b) Time Series A: ,1 = 0.752; Time Series B: ,l = 0.307. 

16.41 (a) Y = 25.718 + 2.182X: Y,J = 54.082; Ylo( = 56.264; Y,~ = 58.445; YL& = 60.627. 

16.42 (63.933, 69.536). 

16.43 (61.032, 66.968). 

16.44 (34.899, 73.265). 

16.45 Y = e,·'56 ·o.o~u; ,~ = 0.980. 

16.46 The time series linear regression model (Problem 16.5) has the highest coefficient of determination. 

16.47 Y = IOI.OH(lOo.onx) or Y = 41.976(lOo.021X):,2 = 0.988; Y, lIZ: 64.9. 

16.48 Y!4 = 866.65. 

16.49 The exponential smoothing model (a: = 0.9) has the least MAD; Fo = 12.881. 

16.50 (a) The MA(7) has the least MAD (MAD = 94.5); (b) F, .... u .Suo = 219.9. 

16.5] (a) Alpha value of 0.9 gives the least MAD (MAD = 89.33); (b) F ..... t4.SWO '" 392.77. 

16.52 The exponential smoothing model with ::l = 0.9 has the least MAD. 

16.53 Alpha value of 0.6. 

441 
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18.31 

s, s, S, 

D, - 130 -15 0 
D, -90 - 15 -45 
D, -20 0 - 11 0 
D. 0 -5 -125 

18.32 With a regret table, choose D1 under minimax, either DI or D2 under optimistic, and D2 under 
middle-of- t he-road. 

CHAPTER 19 

19.16 : - = $100; xt = 3 days, x! = 0, x! = 2 days. 

19.17 z- = $615; xt = 2 days, x; = 1 day; x! = 2 days; or xt = 3 days; x! = 1 day, x! = 1 day. 

19.18 : * = S15O; xt = x! = 0, x! = 2. x: = 1. 

19.19 : - = S398; xt = 12, x! = 2. 

19.20 z- = 51; x1 = 3, x! = 0, x! = 2. 

19.21 :* = 130; xt = 0, x! = 1, x! = I, x: = 0, x~ = 0. 

19.22 x! = 3, x! = 1. x! = 2. 

19.23 Using the notation of Problem 19.8, we have, for j = 4, 3, 2, 1, 

m/tt) = max { / (x) - M (x) - R(tt) + R(x) + mj~ I(X + I)} 
Os xS"u 

with m~ == 0 and R(O) = O. Then z· "" $33600, either by purchasing a I-year-old machine each year or by 
purchasing a I-year-old machine each year for the first 3 years and keeping the last of these machines for 
the fou rth year. 

19.24 The state variable for stage: j has the values u = 1,2, ... ,j, which are the: possible ages of the truck in use 
at the beginning of year j. Let 

It(u) :; anticipated income from a u-year-old machine, purchased in stage k 

R*(u) :; cost of replacing a u-year.old machine purchased in stage k with a new model 

)\.'1 .. (14) :; cost of maintaining a u-year-old machine purchased in stage k 

and set Ij(3) = -,\1 (a large negative number). Then. fo r j = 5, 4, 3, 2, I, with m6(u) == O. 

mj(u) = max {lj-.(u) - M)_ .(u) + mj+l(u + 1), lj(O) - MJ(O) - RJ _.(u) + m)+ l(t)} 

The solution is;* = S26000, with xt = KEEP, x; = BUY, x1 = KEEP, x! = BUY, xt = KIiEP. 

19.25 Let each job correspond to a stage, and specify the sta te of stage j by the triplet (al> Q2, all, where Qj 

(j = 1,2.3) is 1 or 0 according as worker i is or is not available for assignment to job j. Then, 

z* = min {el l + min {ell + cH' Cl2 + C23}, ell + min {e 12 + el3, e32 + C13}, e31 + min {ell + '23' en + cn}} 

The Hungarian method is far preferable for larger assignment problems. 
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19.3-' The state u is thc number of computcrs in im·cntory. Then 111 , (0) >= 5127110. under the policy 

>z -5 -. -3 - 2 -I 0 I 2 3 • 5 6 

dl(u) . . .. . . . . 3 .. . .. . .. . . . ... . . . 

dl(u) .. . • • 4 3 3 0 0 0 .. . .. . . .. 
dJ(u) 4 4 3 3 2 0 0 0 0 0 0 0 
d4 (u) • • 3 2 I 0 0 0 0 0 0 0 
d,(u) .. . . . .. . ... I 0 0 0 0 0 0 0 

19.35 Maximum reliability of 0.351, from 3 physical units of component I. 2 units of componcnt 2. and 1 unit of 
component 3. 

19.36 Subcontra!;lors 1, 2. and 3 assigned components 2, Land 3. respectively. 

1937 Sct 

u == antibody units still required 10 make up a total of 6 (from 0 to 6. in tenths) 

I11J(U) == minimum expected number of workdays lost beginning at stage (day) j in state U 

x == number of pills { .. ken in a da y (from 0 to 5; \\"I,y'!) 

/ (x) :=:: units of antibody absorbed from x pilts 

p(x) == prohability of missing work the next day (which is equivalent to the expected number of 

da)s missed from work) if x pills are taken 

Then. for j = 1. 2. 3_ 4. 

.~ - O" .. ,5 

with II1j(I') for II < 0 (j = 2, 3) and 

19.38 Set 

111,(11) .:: { 0 
10000 

u == number of \Iork units needed to complete projecl I (from 0 1016, in tenths) 

/. == number of work units needed to complete project 1 (from 0 10 23. in tenths) 

m/ rl . d == minim um cxpecled cost 10 complete both projects beginning at stage (day) j in state (u , ~.) 

[,(;;) == number of work units completed by ;; crews on project i (i - I. 2) 

Xi == number of contractor's own crews assigned to project i (i = I. 2) 

ri == number of suhcontracted crcws assigned to project i (j = 1. 2) 

Then, for j = I, ... ,5, 

/Ilk', r) = (0.9)(5000) + (0.1)(4000) + min [1500(.1'1 + )' l) + /IIj. ,(rr - q,(x
" 

)"1)' I! - gl,'l: l. Yz»)) 

wberc 

and the minimum is taken ovcr all nonnegath·c integral value~ of -"" -"2, .1"1' y! such that 
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The end condition is 

19.39 Set 

u~o and v :5:0 

u>O or 0>0 

It == number of money units remaining for a llocation 

v == number of votes already won 

mj(u, v) == maximum probability of gaining at least 100 votes starting at stage (primary) j in state (u, v) 

~ == number of votes at stake in stage j 

pJx) == probability of winning V; if x money units are spent in stage j 

Then 

mAu, v) = maximum {pj(x)mj+1(u - x, v + J-j) + [1 - pj(x)]mj+l(u - x, v)} 
O";.,,;;min{u,7} 

for) = 1, ... ,5, with 

v < 100 

v ~ 100 

The possible values for v are 0 for stage 1; 0 and 89 for stage 2; 0, 69, 89, and 158 for stage 3; and so on. 

CHAPTER 20 

20.15 Stochastic, not regular, egodic; L = [: ~J. 

20.16 Not slOchastic. 

20.17 Not stochastic. 

20.18 Stochastic, not regular, not ergodic. 

20.19 Stochastic, not regular, ergodic; 

20.20 Stochastic, regular, ergodic; 

20.21 Stochastic, not regular, ergodic; 

20.22 3/1 1. 

20.23 (a) 0.7625, (b) 0.8. 

o 
3/8 

o 
3/8 

[

19 
L = ~ 19 

45 19 

o 
o 
o 

o 
o 
1 

o 

17 

17 

17 

5~8J 
5/8 

~] 
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20.24 4/ 13, o r approximately 31 per('"ent of the time. 

20.25 0.2. 0.14, 0.154, 0. 151 , and 0.15162. 

20.26 (a) Approximately 34 discharged, 31 ambulatory, 18 bedridden, and 17 dClld. (b) Approximately 65 dischargcd 
and 35 dead. 

20.27 7/ 12 in good condition, 5/ 12 in a\'eragc condition. 

20.28 (a) I , (b) none, (e) I and 3, (d ) 1. 

20.29 Designate one of the absorbing states as state 1. Then P ha~ a 1 in thc (I, I)-position and zeros in the rest 
of the firs! row. Any power of P .",ill have this same first row. 

20.32 Because;. = I is an eigenvalue of p T, it is also an eigenvalue of P (the two matrices have the same 
charactcristic equation). 

20.33 First prove, by induction, thai eigenvectors belonging to distinct eigenvalues of P are linearly independen t. 
Then construct M out of N linearly independent eigenvectors. 

20.34 See Problem 20.15. 

CHAPTER 21 

21.10 0.52(}4, 8. 166, 81.66. 

21.11 0.9272, 66.69, 666.9. 

21.12 0.0621 , 3.1. 12.1. 

21.13 20.25. 

21.14 132 805 cars. 

21.15 7 days. 

21.16 0.029. 

21.1 7 0.5064, 2.48. 

21.18 0.9000,1.23. 

21.19 0.0341,4.30. 

21 .20 J.I '= (2j3)min- J; I - Po(12) = 0.4530. 

21.21 0.1034. 

21.22 O.IR15. 

21.23 ;. = 1/4, f1 = 2/7, 48.95 members. 
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21.25 (ll) n/i., (n) yes. 

CHAPTER 22 

22.6 (a) individuals seeking food; (b) rood dispensers and cashier; (e) single queue, multiple scrvcrs in series. FIFO. 
infinite capacity if ",,·aiting is allowed outside the careteria. 

22.7 (a) individuals sccking barbcr service: (b) barbers: (el two servers, FIFO, finite capacity of seven. 

22.8 (a) indi,iduals seeking gasoline; (h) customers at the pumps; (e ) three servers, FIFO. finitc capacity if no 
waiting is permiLled outside the station. 

22.9 (a) airplanes waiting to land: (h) runways; (r) generally one server, priority to planes requiring emergem.:y 
landings (otherwise FIFO), infini te capacity. 

22.10 (a) automobiles: (n) toll collectors; (e) as many servers as collectors, FIFO, infinite capacity. 

22. 11 Ca) jobs to be typed: (b) typists: (e) as many servers as typists, queue discipline may be FI FO or PRI (with 
priority given to jobs submitted by top management or with rush designations), infinite capacity, 

22.12 (a) troops; (b) individual spaces on troop carriers; (e) as many servers as there are spaces. PRI by rank, 
infinite capacity. 

22. l3 (a) cases; (h) judge: (el single server. usually FIFO. infinite capacity. 

22.14 (a) 9:30,10:18; (n) 1.033: (el 2.533. 

22.15 (a) 4. (b) 16 (not including the threc jobs that arrive at the moment the shift ends). 

22.16 20 min. 

22.17 Five (not including the customer denied entrance at the 6O·min mark), 

CHAPTER 23 

23.14 (a) 2.25, (b) 4.5 min, (e ) 0.062. (d) 0.25. 

23.15 (a) 2, (n) 1.33, (e) 1 h, (d) 0.368. 

23.16 (a) 2.25, (b) 2.25 min, (e) 3 min. (d) 0.17S. 

23.17 (a) 0.9. (b) 1.5, (e) 0.7364, (d) 0.07776. 

23.18 (a) 0.528, (b) 0.2, (c) 0.632. 

23.19 $16.80. 

23.20 Yes, with expected dai ly savings of S105. 
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23.22 None on L or I.,; IV is reduCf!d by 1f2. 

23.23 p" - ~(1 - p). 

23.26 The expccted rate of t ransitions into state /I is i.P._l .... J1P~+ 1 (or lip, . if 1l = 0); the e.\ pected ratc of transitions 
out of . tale II is ;.P. + !IP. (or i,po, if n = 0). Equating these and dividing through by /1 gives (I) and (1) of 
Problem 23.7. 

=, ~-~ 
1 - p: 

23.28 By Theorem 21,!. the departure stream is a Poisson process wltile till! server is husy. This is the case a fraction 
p of the time; hent-e, the e~peetcd number of departures in 3 unit time interval is 

PII + ( 1 - p)(O) =). 

CH APTER 24 

24.11 (a) 1/1 (b) 16/45. 

24.12 (a) 23.5 s. (b) 0.1420. (e) 3.987. 

24.13 With the new system, each teller's idle time drops from 66.67 to 60 percent and L decreases from 2(!) = I 
to 0.9524. 

24.14 (a) 0.025, (b) 0.3. (e) 0.675. 

24.15 (a) 2.5, (b) 8 min, (e) $25 per hour. 

24.16 (a) 13 h 4 min, (h) $495.48 per day. 

24.17 No. New cost would he 5213.33 from returning unscrviced buses, plus $300 for new crew. 

24.18 (a) 53 percent. (h) 1.32 per day. 

24.19 (a) 2.90. (b) 46.4 s. (c) 50.4 h - I. 

24.20 (a) 2.089, (b) 6 min 48 s. 

24.21 «(I) 2.77, (b) 2.94 min. 

24.22 

24.23 (a) 1.53. (b) 4.72 min. 

1 - 0.8p 
Po = - -

1 + 0.2p 

24.24 (a) 1.51, (b) J min 14 s, (e) 53.72 per hour_ 

(11 = I. 2 .... ) 

24.25 According to (24.1). the !.:riterion for a steady ~tate (sec Problem 23.26) is satisfied if merely steps up into 
~tatc /I and steps df)\\'11 from slate 11 occur at the same expectcd ratc. 

24..30 Po = 0'<)450, PI = 0.1350. P2 = P!> = 0.2024. P4 = 0.1518. p~ = 0.1139, PI) = 0.0854, p, "" 0.064 \. 



452 ANSWERS TO SUPPLEMENTARY PROBLEMS 

24.31 L = p, W = Ljl. = 1/,u, Wq = 0, Lq = O. 

24.32 (a) 350, (b) 0.368. 

24.33 [""".'" ,(,~) J-' Po= --, - L '0 ' IP. - (. +I) +L 0 (.~py 
S . . - ,+1 (No - n). .-0 n 

P. ~ {Co)e,p),po 
No! s'p' 
-~ Po 

(No - n)! s1 

(n = ] , . .. , 5) 

(II = S+ l,s+ 2, .. . ,1""o) 

,,~ ,Vo ---;. ::c , these expressions go over into (24.5) and (24.6), provided p < 1. 

24.35 (a) 5.87, (b) 16 percent. 

24.36 Let S. be the number of customers in service when the state is 11 (n = 1,2, .. ,). 

~ = W - W. = ~ (L - Lq) = ~ [f np. - I (n - s.)P.J 
fi. /. I . • - 1 . - 1 

1'" 1 ., P. 
=" L S.p.=,,(l - po) L S. --= (I - po)S ',. -1 A .=1 I-po 
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