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Prolegomena

Nature is full of symmetries...and of symmetry breakings! The word sym-
metry has a Greek origin: syn “with” and metron “measure”, and means
regularity and harmony. The notion of symmetry is important in physics be-
cause it relates to the idea of invariance, and therefore of conservation laws
and also of selection rules. Indeed, if the notion of symmetry has become
so popular today, it is in large part due to the existence of the particularly
powerful tool which is group theory.

Group theory has played such a fundamental role in different domains of
physics in the twentieth century that it is interesting to consider why the no-
tion was not introduced much earlier. The answer looks simple. The first (or
one of the first) general definition of a group, as we know it today, was given
at the end of the last century by Weber in his Traité d’Algébre Supérieure
(1898). But why did the notion of group come so late in the history of
mathematics, while complex numbers were already known in the sixteenth
century? Why did not the Greeks, who used numbers and geometry, con-
ceive the idea of group structure? An insight into these questions is given
by the mathematician Dieudonné (La Genése de la Théorie des Groupes,
La Recherche, 103 (1979) 866; see also Pour I’Honneur de I’Esprit Humain,
Hachette, Paris (1988)). Based on the fact that the Greeks did not have the
notion of negative numbers, Dieudonné explains that they could not imag-
ine the group structure for real numbers with addition as a composition law.
And though the Greeks were familiar with the multiplication of positive real
numbers, as well as with the notion of fraction, this was the only example
of group structure they had. It is clearly difficult to generalize a concept
with only one example to hand! The Greeks were also experts in geometry,
but they were only studying “static” properties of figures. They lacked the
idea of a group of “transformations”, or of a group “acting” on a set, which
is always the case when group theory is applied to physics. Still following
Dieudonné, it seems that mathematicians were led to introduce the notion
of group from two sources, both intrinsically related. The first one concerns
the composition of applications. Such an idea started slowly around 1770
with the work of Lagrange, among others, dealing with the resolution of
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n-th order equations. The study of the variation of an n variable function
f(z1,z2,...,2,) when the order in the variables is changed, or “permuted”,
forced mathematicians of that time to overcome the “static” vision of their
science, and led to the discovery of the group of permutations, which was
first described in the memoirs of Cauchy (1813) and Galois (1830). Note
that the name “group” was introduced by Galois, but owing to his dramatic
death in 1832 at the age of twenty-one, his work only came to the attention
of the mathematical community in 1846. The second source relates to the
notion of equivalence class. Lagrange was probably the first to notice that
an equivalence relation may be determined among the integer z, y solutions
of the binary quadratic forms Q(z,y) = ax® + bxy + cy®> = n with a,b,c
integers. But it was Gauss in his Disquisitiones arithmeticae (1800) who
gave a precise definition of an equivalent class, and wrote explicitly the com-
position of two classes. If one adds that it was only in 1872 that the general
definition of an application from one set to another was given for the first
time by Dedekind, who also dared to talk in 1877 about a group structure for
the classes of binary quadratic forms, it is easier to understand how difficult
and convoluted was the introduction of the mathematical object that we
now commonly call a group. This short historical introduction may allow an
appreciation of the distance covered by group theory during the twentieth
century, after its slow and arduous discovery in the nineteenth century. It
is interesting to remark that the notion of transformation group was at the
origin of the concept of group. This same notion, so fundamental in physics,
also led to the development of group theory, giving rise in particular to the
theory of group representations.

A second essential notion concerning symmetries in physics should be
added. The physicist is faced with two kinds of symmetries: exact symme-
tries, for which no kind of violation has been observed, and approached or
broken symmetries. In this latter case, one could distinguish between ex-
plicit or spontaneous breakings. A typical example of explicit breaking is
provided by the so-called Zeeman effect in quantum mechanics in which the
introduction of a magnetic field near to an atom leads to the adjunction of
a supplementary term in the Hamiltonian H, which breaks the symmetry of
H and splits the degenerate energy states. The left-over degeneracy of the
energy levels can be understood and classified in terms of the residual sym-
metry, still present after the introduction of the symmetry breaking term.
Examples of spontaneous breakings are found in gauge theory. Here, the
Lagrangian is not perturbed when the symmetry of the minima of energy
states, or vacua, is broken: one talks about spontaneous symmetry breaking,
and this gives rise to the Higgs phenomenon. In both cases it is abolutely
necessary to have a deep understanding of the subgroups of a group (and/or
of the Lie subalgebras of a Lie algebra), as well as of the decompositions
of the group (and/or algebra) representations with respect to the residual
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subgroup (subalgebra).

It is usually agreed that invariance is of two types: geometrical or dy-
namical. Geometrical invariance is fundamental in the description of physical
systems such as objects in three-dimensional space, or in four-dimensional
space-time. For example, for molecules and crystals, it is as important to
determine their symmetries to classify them as it is to study their vibratory
modes or their electronic properties. And it is hard to think about relativity
without referring to the Poincaré group. One of the best examples of dy-
namical invariance is found in gauge theories in elementary particle physics.
The most famous illustration is the Glashow—Weinberg—Salam electroweak
theory, which allows us to “classify” members of a same family of quarks and
leptons while simultaneously “fixing” their electromagnetic and weak inter-
actions. These gauge symmetries allow us to conceptualize with a unique
model two a priori different interactions. Including the strong interaction,
together with gravitation, in order to obtain a unified theory of the four
(known today) fundamental interactions, is of course the next big question!
Here, symmetry has led to the notion of unification.

In these examples, two kinds of groups are used: finite groups or more
generally discrete groups, and continuous groups or more specifically Lie
groups. Both are essential in the study of mathematical physics. Even
though Lie groups and Lie algebras are nowadays of greater importance, one
cannot avoid the use of finite (discrete) groups to investigate their properties,
as for example using the Weyl group to study simple Lie algebras. It should
be noted that although Lie algebras have been extensively used through-
out the twentieth century, some major developments only occurred in the
last twenty years due to the blossoming of supersymmetry and supergravity.
Two-dimensional conformal field theories, while federating string theories,
models of statistical mechanics and more generally integrable systems, have
also strongly contributed to the development of infinite dimensional Lie alge-
bras, in particular Kac—-Moody and Virasoro, W algebras and superalgebras.
One should not forget the deformations of the universal enveloping algebras
known as quantum groups. Other promising structures that are currently
studied include hyperbolic algebras, and Yangian and elliptic algebras.

In this book, we will only be concerned with finite dimensional Lie al-
gebras and superalgebras, and consequently efforts will be concentrated on
semi-simple algebras and superalgebras. Our aim is to provide the reader
with an elementary and easy to use handbook on continuous symmetries and
unlike the traditional presentation, this volume is organized as a short dictio-
nary. The main definitions and properties of Lie algebras and superalgebras
are given in alphabetical order. Our hope is that in this way the beginner will
be able to discover easily the main concepts on algebras and superalgebras,
while a more experienced theorist will find quickly the necessary tools and
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information for any specific use. It follows that the potential readers are
researchers working in mathematical and/or theoretical physics, PhD stu-
dents who need to learn the main elements on symmetries, or experimental
physicists looking for formal tools while studying theoretical papers.

It should be noted that Lie algebras and Lie superalgebras are treated
on an equal footing in Part I and Part II of the volume. This is done for
two main reasons. The first is that superalgebras are becoming increasingly
used in theoretical physics. The second is linked to the natural extension
of the theory of simple Lie algebras to superalgebras, in spite, of course,
of some specific differences, such as, for example, the existence for super-
algebras of atypical representations or the indecomposability of products of
representations.

We would also like to emphasize two simple and natural guidelines we
have followed in the elaboration of this volume. They have been introduced
above and concern on the one hand the notion of a group of transforma-
tions, or a group acting on a set, and on the other hand the notion of
symmetry breaking. In this spirit we have presented a detailed description
of the structure of Lie algebras and superalgebras, particularly of the sim-
ple and semi-simple ones, and an extensive study of their finite dimensional
representation theory.

Since we earnestly desire this book to be of practical use, we have in-
cluded a large number of tables, which constitute its third part. Such explicit
computations often serve to illustrate methods and techniques which are de-
veloped in the first two parts and which have never before been considered
in text books. As examples, the reader will find in Part I methods, involving
generalized Young tableaux, for the decomposition into irreducible repre-
sentations of the Kronecker product of representations for the orthogonal,
symplectic and also G2 exceptional algebras; techniques for the computation
of branching rules of Lie algebras; and the Dynkin method for the classifi-
cation of sl(2) subalgebras of a simple Lie algebra. In Part II, the special
feature of a simple superalgebra of rank larger than one to admit more than
one Dynkin diagram and the method for determining osp(1]2) and sl(1]2)
sub-superalgebras of a simple superalgebra are developed. Among other
results explicit realizations of all simple Lie algebras and superalgebras in
terms of bosonic and/or fermionic oscillators are provided.

The discussion of concepts and techniques for supersymmetry would itself
require a book. Here again, we have tried to be pragmatic while introducing
the supersymmetry algebra, the basic ingredients on superspace and super-
fields, and spinors in the Lorentz group. We believe that the elementary
particle physicist will find here the necessary tools for further computations
and developments.

We are aware that this work is far from exhaustive: priority has been
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given to clarity and to subjects which seem to us of potential interest today
as well as for direct applications for the study of more elaborated structures,
such as infinite dimensional algebras or quantum groups. The list of ref-
erences should be viewed as a selection of books and articles in which the
reader can find proofs and developments of the presented items, as well as a
more detailed bibliography.

Finally, we wish to thank sincerely many colleagues! and friends for
providing us with useful suggestions and unceasing encouragement.

Annecy and Napoli Luc, NiNo and PAUL
November 1999

!Special thanks are due to Michel Duflo for his detailed and constructive remarks on
the superalgebra section.
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Part 1

Lie Algebras

Unless otherwise stated, all Lie algebras considered here
are complex and finite dimensional.



2 Lie Algebras

1.1 Action of a group

Groups are never considered abstractly in physics, but by their action on
some set S: they are called groups of transformations.

Definition
Let G be a group and S a set. An action of G on S is an application from
G x S into S such that for all g € G and s € S the image is g(s) with the

properties

9(d'(s)) = (g+g)(s), Vg,d€G VseS
e(s) =s where e is the identity in G

Finally, the group G and its action on the set S need to be “represented”
(— 1.72 Representation of a group and 1.48 Lie group of transformations).

1.2 Adjoint representation

Theorem
The structure constants of a Lie algebra G (— 1.85) provide a matrix

representation (— 1.73) for the algebra. This representation is called the
adjoint or regular representation.

In general, this representation is not faithful (that is one to one).

Construction of the adjoint representation

Let X, (1 =1,...,n) be a basis of the Lie algebra G and C),,” the structure
constants:

[X”,X,,} —C,,°X,
Let us associate to each X, a n x n matrix M, such that

(Mu)g =—C,."

po

One can easily check that 7 : X, = M, is a homomorphism from G into the
group of n X n matrices, and therefore defines a representation. Indeed:

B
X Xo| = QX o [ M M| = (ML)~ (M)L(M,)]
— g B

= CuC" =G0,y

— B

= —C,"C,,

= C 7(M’y)6

Nz o
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where the Jacobi identity (— 1.46) has been used.

Example
The Lie algebra su(3) of the group SU(3) admits as a basis the eight 3 x 3
hermitian matrices A; (i = 1,...,8) also called the Gell-Mann matrices

(— 1.90) which satisfy (¢,j,k=1,...,8)

} :ifijkﬁ

73] i3

272
The matrices m(\;/2) in the adjoint representation are therefore 8 x 8 ma-
trices the entries of which are, up to the coefficient i, the structure con-

stants f;;5. More simply, we can say that to the element \;/2 of su(3) will
be associated by action of the generator \;/2 the element ), fiirAr/2.

We will write \ N \
I T A I I S
ad””(z) [2’ 2] i figk

Remark on the adjoint representation

In the case of an Abelian algebra, the adjoint representation is trivial and
therefore useless since any structure constant is zero.

In the case of a simple Lie algebra, the adjoint representation is a faithful
representation.

Using the notation adx (V) = [X,Y] if X,Y € G, we deduce

adax+5y =« adx +/B ady
ad|xy] = [adx, ady]

(a, B € K where K is the field on which G is defined).

The last relation is easy to obtain using the Jacobi identity; let Z € G:

adxy| (%) = [[X, Y],Z} [X, v, Z]] _ [Y, X, Z]]
= adyx ady (Z) —ady adx (Z)
= {adX,ady}(Z)

Note that we express here in other words what is presented above for the
construction of the adjoint representation.
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1.3 Algebra

Definition

An algebra A over a field K (usually R or C, fields of real or complex
numbers) is a linear vector space with internal law + (addition) endowed
with a second internal law * (multiplication), which is right and left dis-
tributive with respect to the addition; that is for all X,Y,Z € A

(X+V)*Z=X+Z+Y %2
X«Y+2)=X*xY+XxZ

The algebra is said to be associative if for all X,Y,Z € A
(XxY)«Z=Xx(YxZ)
and commutative or Abelian if for all X, Y € A
XxY =YX

1.4 Automorphisms

Group automorphisms

Definition
Let G be a group. An automorphism of G is a bijective endomorphism
of G, that is a bijective homomorphism of G on itself (— 1.38).

Property
The set of automorphisms of a group G forms a group denoted Aut(G).
Its internal law is the natural composition of applications. The identity
is the identity operator (associating to each element g € G the element g
itself). The inverse of an automorphism of G is the inverse application.

Example
Let gp be an element of G. The application

Ady:g€Ggoggy €G

is an automorphism. Such an automorphism is called an inner automor-
phism or a conjugation. Moreover the elements g and ¢’ = gog g, b will
be said to be conjugate with respect to gg. O

Property
The set of the inner automorphisms of a group G forms a group denoted
Int(G) (which is of course a subgroup of Aut(G)).
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It is easy to understand the importance of inner automorphisms. For ex-
ample, consider the rotation group in three dimensions — orthogonal group
O(3) — acting on the three-dimensional space R?>. Then any rotation R(6,7)
of angle 0 around a fixed axis 7 is conjugate to the rotation R(0,n1) of same
angle 6 around the axis 7. Let us call R’ the rotation in the plane (7, m)
such that m = R'1; then we will have

R'R(9,7)R~" = R(9, R'fi)
Such a conjugation reduces to an orthogonal change of frame.

Property
The inner automorphism group of a group G is isomorphic to the quotient

of G by its center Z(G):
Int(G) ~ G/ Z(G)

This property is obvious since any element in the center of G (— 1.10) acts
trivially as a conjugation on any element of G. We have in particular the

property
2(G) = ker(Ad) = {g0 € G‘ Ady, =T}

Remember also that Z(G) is an invariant subgroup of G.

But any automorphism of a group is not in general an inner one.

Definition
An automorphism of a group G which is not inner is called outer auto-
morphism.

The set of outer automorphisms is not a group in general. But one has:

Theorem
The application Ad : g € G — Ad, € Aut(G) is a homorphism and
Int(G) is a normal (or invariant) subgroup of G. It follows that the
quotient Aut(G)/Int(G) is a group. Moreover, if the group G is simple
(— 1.82), the quotient group Aut(G)/Int(G) is finite.

Example
Consider the Euclidean group (— 1.29) in three dimensions E(3). One

can check that the center of F(3) contains only the identity element

Z(E(3)) = {(0,I)} and therefore Int(G) ~ G, but that there exist outer
automorphisms, actually dilatations
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Da(@, R) = (@, R)

a being a real number, argument of the dilatation.

These dilatations form a one parameter group D(1) which can be seen
as the quotient Aut(E(3))/E(3). The dilatation group commutes with
the rotation part, and therefore Aut(E(3)) can be seen as the semi-direct
product of E(3) by D(1) or of T'(3) by SO(3) x D(1) if we denote E(3)
as the semi-direct product 7'(3) x SO(3). O

Lie algebra automorphisms
Definition
Let G be a Lie algebra. An automorphism of G is a bijective homomor-

phism of G on itself. The set of automorphisms of a Lie algebra G forms
a group denoted Aut(G).

The group of inner automorphisms of G, denoted Int(G), is the group gener-
ated by the automorphisms of the form X — gXg~! with g = expY where
X, Y eg.

Property
Let G be a simple Lie algebra with root system A with respect to a

Cartan subalgebra H of G. Let Aut(A) be the group of automorphisms
and W (A) the Weyl group of A. One has the following isomorphism:

Aut(G) Aut(A)
Int(G) — W(A) = F(9)

F(G) is called the factor group; it is isomorphic to Out(G) if we define
Out(G) as the group of G-automorphisms up to an element of Int(G), itself
isomorphic to G since G is simple. F(G) is also isomorphic to the group of
symmetry of the Dynkin diagram (— 1.27) of G, since an element of W(A)
can be lifted to an inner automorphism of G and a symmetry of the Dynkin
diagram is then associated to an outer automorphism of G.

Let us add that one has also
Aut(A) = W(A)» F(G)

where W(A) is a normal subgroup of Aut(A).

Table 1.1 lists the outer automorphisms of the simple Lie algebras.



Lie Algebras 7

Table 1.1: Outer automorphisms of the simple Lie algebras.
simple Lie algebra G | Out(G) || simple Lie algebra G | Out(G)
An_1, DN, FEg Zo Ay, By, Cn I

Dy GE! E7, Eg, Fy, Go I

1.5 Branching rules

Definition

Let G be a (semi-)simple Lie algebra and K a subalgebra of G. An irre-
ducible representation R(G) of G is obviously a representation, in general
reducible, R(K) of K. So the following formula holds

:@miR K

where R;(K) is an irreducible representation of K and m; € Zsq is
the number of times (degeneracy) the representation R;(K) appears in
R(G). The determination of the above decomposition for any Rg gives
the branching rules of G with respect to K.

One has clearly
dim R(G) =) m; dim R;(K)

In some cases general procedure to determine the branching rules exist, but
in most cases one has to work out the result case by case. In the following,
we give general procedure for the cases

su(p + q) D su(p) ® su(q) ® U(1)
SU(pq) 2 su(p) ® su(q)

s0(2n) D su(n)

2n) D su(n)
n+1) D so(2n)
n) D so(2n — 1)

.@.Q“t“.“!\"'._‘
U)
AAA

and we report in tables a few results concerning the branching rules for the
exceptional Lie algebras with respect to the maximal regular subalgebras and
with respect to (singular) subalgebras containing the exceptional Lie algebras
(see Tables 3.31-3.37). In refs. [59, 87, 98, 100] tables with branching rules
can be found.
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Branching rules for su(p + q) D su(p) ® su(q) ® U(1)

To any irreducible representation of su(p), su(q) we can associate two Young
tableaux (— 1.96), say [A] and [p]. Then an irreducible representation of
su(p + q) specified by the Young tableaux [p] contains the representation
([A], []) if the “outer” product of the Young tableaux [A] and [u] contains
the Young tableaux [p], with the multiplicity given by the times the Young
tableaux [p] appears in [A] ® [u] (see ref. [44]). The “outer” product of
two Young tableaux is performed using the rules given in — 1.96, without
imposing any limit on the number of rows. Once the product has been
performed, the terms containing Young tableaux with more than p + g rows
have to be neglected. As to any Young tableaux of su(n) we can add k
columns of n rows, it follows that the same representation ([A], [u]) appears
in the representation of su(p+ q) with kp+lq extra boxes for [p] (k,l € Z;.).
In general a representation of ([A],[u]) appears in the representation [p] of
su(p + q) if (ny being the number of boxes of the Young tableau [«])

kp+lg+ny+n,=n,

The value of the charge Y of U(1) can be computed, up to a multiplicative
numerical factor which depends on the normalization, by

Y =qny—pn,

the one-dimensional trivial representation being represented by a Young
tableau with zero box.

Remarks:

1. in order to apply the above formula, one has to count the number
of boxes of the Young tableaux [A] and [u] before taking away the
columms with, respectively, p and g rows.

2. the sum of the values of the charge Y over all the states of the ir-
reducible representations of su(p), su(q), taken with the appropriate
multiplicity, appearing in an irreducible representation of su(p + ¢q) is
zZero.

Example
The decomposition of the Young tableaux corresponding to the irreducible

representation [2,1,1, 1] of dimension 504 of su(8) is

: |Z<i |’°>®<— ’D>®< ’D>@<_ H) (L1
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® (@ , Dj) @ (@ , H) @ terms interchanging the Y.T. (1.2)

Let us consider the branching rules for su(8) D su(3) ® su(5) ® U(1). In
this case, we have to neglect the Young tableau with more than three

rows in the first term. Using the table of dimensions, we have, writing
the dimension of su(3) and su(5) and the value of the charge Y of U(1):

504 = (3,5;17) & (8,10;9) @ (1,15;9) @ (1,10;9) & (6,10;1)
@(?h 40; 1) S2) (37 10; 1) ©® (37 45; _7) ©® (3a 5; _7) ©® (la 24; _15)

Let us consider the branching rule for su(8) D su(4) @ su(4) ® U(1). In
this case, all the Young tableaux have to be taken into account and we

find

504 = (4,1;20) @ (15,4;12) & (1,4;12) & (20, 6;4) @ (4, 10;4)
®(4,6;4) & (6,4; —4) & (10,4; —4) & (6,20, —4) & (4,1; —12)
B (4,15; —12) @ (1, 4; —20)

Branching rules for su(pq) D su(p) ® su(q)

An irreducible representation of su(pq) labelled by the Young tableau [A]
with ny boxes contains only the irreducible representations of (su(p), su(q))
labelled by Young tableaux containing resp. ny — kp and ny — lq, boxes with
k,l € Z=¢ (see ref. [44]). In order to determine which irreducible represen-
tations of (su(p),su(q)) are contained in the irreducible representation [)],
we have to compute all the possible irreducible representations of su(q) and
su(p), with ny boxes, such that the “inner” product of such Young tableaux,
considered as irreducible representations of the symmetric group &,,, con-
tains the Young tableau [A], with the appropriate multiplicity. Rules for
performing such “inner” product have been given by several authors, see ref.
[38] where references to the original papers can be found. In the following
we report some general special formulae and the table of the inner products
of G, for n = 2,3,4 (see Table 3.30). Tables for n < 8 can be found in ref.
[44].

m—1,1®n-1,1 = n]ldn-1,1]®dNn-2,2]®[n—-2,1,1]
n-—1,11®n—-22] = n—1,1]®[n—-2,2]®[n—-2,1,1] P [n — 3, 3]
®[n — 3,2,1]
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m-—1,1]®n-21,1 = n—-1L1]®dNn—-2,2]®[n—-2,1,1]
®n—3,21e[n-311,1]
m—2,2]®@[n—2,2] = [n]®dn-—11®2n—-2,2]®[n—2,1,1]

®ln—3,3|®2[n—3,2,1]®[n—231,1,1]
®n—-—4,4®[n—-4,3,11®[n—4,2,2]

The terms in the r.h.s. which do not correspond to meaningful Young
tableaux or to Young tableaux with more than p, resp. ¢, rows have to
be neglected.

e[ ="

where [A]7 is the Young tableau obtained by [\] interchanging rows with
columns.

Example
Let us consider the branching rule for the irreducible representation [2, 2]

of sl(6) C sl(2) @ sl(3). From the table of dimensions, neglecting the
Young tableaux with more than two (resp. three) rows in the first term
(resp. second term), we find

- (e ) (@B o)

(B0 (B2 )

that is in terms of the dimensions

105 = (5,6) @ (1,21) ® (3,15) @ (3,3)

Branching rules for so(2n) D su(n)

The Young tableaux associated to the irreducible representations of su(n)
appearing in the decomposition of a vector irreducible representation of
so(2n) associated to a generalized Young tableau (GYT) [A] (— 1.64) can
be found by the following two-step procedure:

1. Find the set of generalized Young tableaux {[u;]} given by (0 < j <
ny), na being the number of boxes of [A])

{lwil} = (L7} @ [N)a



Lie Algebras 11

where L% are completely negative Young tableaux with n rows of the
form

Lij({al}) = [ ..y, —@2,—az, —a, _al]

where {a;} is a set of non-negative integers satisfying a; > a;+1 and
> .;a; =j. For n =5 we have e.g.

Lg = [0, 0, 0, _17 _1]7 Lg = [07_1, _17 _17 _1], [070707 _27 _2],

The GYTs LY are a generalization of the GYT denoted with the same
symbol introduced in — 1.64.

The lower label A means that we have to keep only the GYT’s satisfying
the following conditions:

(a) Denoting by p; the number of boxes in the ith row of a generic
GYT in the Lh.s, Y, |ui| < ny and |p| < Aq.

(b) If some |u;| is equal to A; (which may be either ;i or u,), then
any other label must be not larger than Ay and so on.

(c) A GYT appearing more than once in the product with L2 ({a;}),
for the same set {a;}, has to be considered only once.

(d) A GYT appearing twice in the product with L ({a;}), for differ-
ent sets {a;}, has to be considered twice only if

n
Yol <ma—2( - 1)

)

For more complicated multiplicity, which however may appear
only with large GYT [)\], care has to be applied in order to deter-
mine how many times the GY'T in the 1.h.s. has to be counted, the
root of the difficulty being the same as the determination of the
multiplicity of a state in an irreducible representation of so(2n).

2. Subsequently we have to replace a GYT [u] with negative boxes by the
complementary Young tableau [m] (with positive boxes) obtained from
[] by replacing a column with ¢; negative boxes by a column with n—¢;
positive boxes. E.g. in so(8), the complementary Young tableau of the
GYT [2,0,—1,—2] is [4,2,1,0]. As a consequence of the definition, the
complementary Young tableau satisfies always my = 1 + ||, mn, =0
and the number of the boxes of [m] is the (algebraic) sum of the boxes

of [u] plus n|upy|.
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Example 1
From example 1 of — 1.64, the irreducible representation [12] of s0(10)
decomposes with respect to su(5) as

[1%] [1%] @ [1,0,0,0,—1] & [0] @ [0,0,0,—1,—1]

ﬁ
- [le 2111 @ [0] e 17
Using the table of dimensions, we get

45=10424 1 ¢ 10

O

Example 2
As a second example, we discuss the decomposition of the irreducible
representation [2,1] of so(10) with respect to su(5). We get

3
S (¥ @2 1)a =

Jj=0

|

[ ]
@
@
@
@
@
®

A

1] ]
|@D@ ® ® ) ® ) &
o H ] |

which leads to

[ ] |
_‘@D@: ea_ @7'@ @E@H@

Using the table of dimensions, we have

330=45 5@ 70 ©45 D45 70 5 @ 10 ® 40

Note that the GYT [1,0,0,—1, —1] for example appears in the product
twice (in [2,1] ® [0,—1,—1,—1,—1] and [2,1] ® [0,0,0,—2, —2] respec-
tively), but we keep it only once due to rule (c) of step 1. O
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Branching rules for sp(2n) D su(n)

The Young tableaux associated to the irreducible representations of su(n)
appearing in the decomposition of an irreducible representation of sp(2n)
associated to a generalized Young tableaux [\] (— 1.66) can be found by the
following two-step procedure:

1. Find the set of generalized Young tableaux {[u;]} given by (0 < j < ny)

{lwl} = (P} @ [N)a

where P are completely negative Young tableaux with n rows of the
form

P ({b}) =1[...,—bs, —ba, —b1]

where {b;} is a set of non-negative even integers satisfying b; > b1
and ) . b; =2j. For n = 4 we have e.g.

1342 = [070707 _2]a sz = [0707 _27_2]7 [anaoa _4]

The GYT P are a generalization of the GYT denoted with the same
symbol introduced in — 1.66.

The lower label A means that we have to keep only the GYT’s satisfying
the following conditions:

(a) Denoting by p; the number of boxes in the ith row of a generic
GYT in the Lh.s, Y, |5 < ny and |p| < Aq.

(b) If a |u;| is equal to A; (which may be either p; or p,), then any
other label must be not larger than A; and so on.

(c) A GYT appearing more than once in the product with P2 ({b;}),
for the same set {b;}, has to be considered only once.

(d) Care has to be applied to determine how many times a GYT
appearing more than once has to be counted, the root of the
difficulty being the same as the determination of the multiplicity
of a state in an irreducible representation of sp(2n). However this
happens only for large GYT [)].

2. Subsequently we have to replace a GYT [u] with negative boxes by the
complementary Young tableau [m] (see previous subsection).
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Example 1
From example 1 of — 1.66, the irreducible representation [12] of sp(10)

decomposes with respect to su(5) as

1] — [13 @ [1,0,0,0,—1] @ [0,0,0, -1, —1]
- [1¥ @ [2,1,1,1] @ [19]

Using the table of dimensions, we get
44=10 @ 24 © 10

O

Example 2
As a second example, we discuss the decomposition of the irreducible

representation [2, 1] of sp(10) with respect to su(5). We have

3
Z (P¥ ®(2,1])a

J=0

:< & ® ® ® >® |}
[TT] (] 4
(1] ]

—He e @ @ @ & |®

- [ [T |

which leads to

N | |
|@D@— D @ @ D @

Using the table of dimensions, we have

320=40 5 H 70 & 45 70 & 45 b 5 P 40

Branching rules for so(2n + 1) D so(2n)

The generalized Young tableaux {[ux]} associated to the irreducible represen-
tations of so(2n) appearing in the decomposition of an irreducible representa-
tion of so(2n+1) associated to a generalized Young tableau [A] = [A1,..., Ay]
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(— 1.65) are given by (0 < k < Aj)

{lmdy = ({85} © ) )

where Sﬁ are completely negative Young tableaux with n rows of the form

SF=10,...,0,—k] k=0,1,2,...

n

and the lower label (+) means that we have to keep only the completely
positive GYTs.

Moreover if the GYT [A] has n non-vanishing rows or in the case of spinor
irreducible representations, the conjugate irreducible representations has to
be added.

Example
We consider the branching of the irreducible representation [2,1,1, 1] of
s0(9) with respect to so(8). We have

S{®[2,1,1,1] =[2,1,1,1]
St®[2,1,1,1] = [1,1,1,1] @ [2,1,1]
S?®[2,1,1,1] = [1,1,1]

So finally we have [2,1,1,1] = [2,1,1,1] & [2,1,1,-1] & [1,1,1,1] &
[1,1,1,-1]® [2,1,1] & [1,1, 1], that is in terms of the dimensions

924 =224 @ 224 § 35 D 35 P 350 ® 56

Branching rules for so(2n) D so(2n — 1)

The generalized Young tableaux {[ux]} associated to the irreducible repre-
sentations of so(2n — 1) appearing in the decomposition of an irreducible
representation of so(2n) associated to a generalized Young tableau [A] (with
An > 0) (— 1.64) are given by

{lml} = {83} @ W)+

where the meaning of S and of the lower label (+) is the same as in the
branching rules for so(2n + 1) D so(2n). Moreover one has to keep only the
GYTs with at most n — 1 rows. It follows that we have the equality:

dim[p"] =dim[p" ']  (p€Zy)
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The branching rules for the irreducible representation [A] (with A, < 0) is
the same as the complex conjugate irreducible representation, i.e. the one
obtained changing the sign of A,,.

Example
We consider the branching of the spinor irreducible representation [3]" of

s0(10) with respect to so(9). We have
SseB'=pB"  SeB'=
SfeB'=1 SieB =0
So the final result is [3]' = [3]' @ [2] ® [1) @ [0]', that is in terms of the

dimensions
2640 = 1920 @ 576 H 128 P 16

1.6 Cartan—Weyl basis, Cartan subalgebra

Properties of simple Lie algebras, in particular their classification and their
representations, are consequences of the structure of the Cartan basis asso-
ciated to these algebras. In order to better understand the meaning of the
Cartan basis, and to keep in mind its properties, we give below the main
steps leading to this decomposition.

Cartan’s problem

Let G be a simple Lie algebra of dimension n over R and {Xi,...,X,} a
basis of generators of G such that

X, X,] = ¢,/ X
Let A € G. The Cartan’s problem is to find the X € G such that
ady (X) = [A,X} — pX

that is, if A =a’X; and X = ijj,

ik ok
a'z? Ci;  =pz

This is a system of n linear equations, the solution of which is non-trivial if
and only if

det(aiCijk — p5]’?) =0
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We have here an nth order equation in p, which will admit n solutions (xl) p
and then n operators X, as soon as one complexifies G, that is one considers
G defined on the complex field C (remember that an n degree polynomial
equation has n solutions on the field of complex numbers C but not on R:
R is not algebraically closed).

The solution to this problem has been given by Cartan:

Theorem (Cartan)
Let G be a simple Lie algebra. If A is chosen such that the equation

det(aiCijk — péf) = 0 has a maximal number of different roots, then

1. the root p = 0 is r times degenerate and there are r linearly inde-
pendent elements Hy,. .., H, such that (i,5=1,...,r)

[A,Hl} — [HHJ} —0

2. the other n — r roots are not degenerate. Denoting E, the eigen-
vectors with eigenvalue «, one has

[A, Ea} — oE,

The r elements H; and the n — r elements F, are linearly independent
and therefore constitute a basis of G, which is called the Cartan basis.

Consequences of Cartan’s theorem

Let us note
[ ]) = [ ] ]+ [ .2 = )
Since « is a non-degenerate eigenvalue, [Hi, Ea} is proportional to Fy:
[HEQ} — o'E,
Moreover, consider

A (B B ]| = [ A Bol B ] + B, [4,55]] = (e 31 [, 5
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We have now three possibilities:

1. a-+ (3 is not a root: [Ea,Eﬁ} =0
2. a+pB#0 |:Ea, EB:| = Naﬂ Ea+ﬂ
3. a+8=0 [Ea, Eﬁ} - [Ea, E,a} =S aiH,

Actually, one has the following property:

Theorem
|| If « is a root, then —a is a root.

As a consequence, the number of roots is even and is equal to n — r. We
have also to note that:

Property '
adp, can be chosen hermitian. Therefore the eigenvalues o' are real.

Let us summarize the above discussion with the two definitions:

Cartan—Weyl basis, Cartan subalgebra

Definition

Let G be a simple complex Lie algebra of dimension n. The Cartan—
Weyl basis of G will be constituted by the r generators H; and the n — r
generators F, satisfying the commutation relations:

HH]} —0 [HEQ} — o'E,

E,, E,a} =Y a'H,
B i=1

_Ea, Eg} = Nog Eq4p if a4+ B is a non-zero root

The r-dimensional vector a = (al,...,a") of R" is said to be root associated

to the root generator E,. The coefficients N,z satisfy for any pair of roots
a and
N2z = 3k(k' +1)0?

where k and k' are integers such that a+k8 and a—k’(3 are roots. Moreover,
one has

Nop = —Npa = —N_a-p



Lie Algebras 19

where the roots are normalized such that

Zaiaj:5ij:>2a2:r

a#0 a#0
in accordance with the Killing form (— 1.44)
01 0
10
9ij =
0 01
10
—— ~ -
T n—r=2p

Definition
The set H generated by the generators (Hy,..., H,) is called the Cartan
subalgebra of G. The dimension of the Cartan subalgebra is the rank of
the Lie algebra G:
rank G = dim H

Property
The Cartan subalgebra H is unique up to conjugation of G. It is maximal
as Abelian subalgebra of G, that is any Abelian subalgebra of G is in H
(up to a conjugation). Because of its uniqueness, one can say that H is
“the” maximal Abelian subalgebra of G.

Property
Any element of a semi-simple algebra G is conjugate to an element of the

Cartan subalgebra H once given a basis for G and H (i.e. for any X € G,
one can choose H such that X € #).

For any element H = _\_, £&'H; € H, one can write
[H, Ea} = a(H) E,
where « is a linear functional on H, that is an element of the dual H* of H,

such that a(H) = >!_, £al.

Since there exists a unique (up to a multiplicative factor) non-degenerate
symmetric bilinear form B (— 1.44) on the Cartan subalgebra H, one can
associate to any functional o € H* an element H, € H, such that

B(H,H,)=a(H)
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Now, one can define the scalar product of two roots o and 3 by
a-f3 = B(Ha, Hg)
that is a- 8 = a(Hg) = B(Ha).

Example 1
Consider the Lie algebra su(2) of SU(2), group for 2 X 2 unitary matrices

with determinant equal to one. A basis of generators is Ji, Jo, J3 such
that
[Ji, Jj} =&k Jk

€;jk s the completely antisymmetric rank three tensor with 123 = 1. One
chooses (su(2) is of rank 1)

H=UJ3 and Ey =Jy=J1+14ds

then
{Jg,Ji] —4+J, and [J+,J,} — 2
O
Example 2
Consider the Lie algebra su(3) of SU(3), group for 3 X 3 unitary matrices

with determinant equal to one. A basis of generators is given by the
Gell-Mann matrices A; (— 1.90). Choosing (su(3) is of rank 2)

Hi = )3 and Hy = )g
the roots can be taken as
Ein =AM £i)g, Eig= XA £iks, Eiy =X L1M7

The three operators A3, A\; & i\y form a Cartan basis of an su(2) subal-
gebra; so do the three operators A3 + v/3\g, A4 £ iX5 or the three others
A3 — V/3)g, A¢ & i\7: we have constructed the so-called I, U and V spin
algebras. ]

1.7 Cartan classification of simple Lie algebras

From Levi’s theorem (— 1.47), one knows that any Lie algebra can be seen
as the semi-direct sum of a solvable Lie algebra by a semi-simple one. Let
us remember that a semi-simple Lie algebra is a direct sum of simple Lie
algebras. Owing to the work of Cartan one knows that any simple finite
dimensional Lie algebra is one of the following types:
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e An_q or su(N), where N > 2 is an integer, is the Lie algebra of the
group of unitary N x N matrices of determinant 1. Its rank is NV — 1
and its dimension is N2 — 1.

e By or so(2N + 1), where N > 1 is an integer, is the Lie algebra of the
group of orthogonal (2N + 1) x (2N + 1) matrices of determinant 1.
Its rank is N and its dimension is N (2N + 1).

e Cy or sp(2N), where N > 1 is an integer, is the Lie algebra of the
group of symplectic 2N x 2N matrices of determinant 1. Its rank is N
and its dimension is N(2N + 1).

e Dy or so(2N), where N > 3 is an integer, is the Lie algebra of the
group of orthogonal 2N x 2N matrices of determinant 1. Its rank is
N and its dimension is N(2N — 1). For N = 2, one finds so(4) which
is not simple but semi-simple: so(4) = so(3) @ so(3).

To these four series of Lie algebras have to be added five *

Lie algebras:

‘isolated” simple

e G, Fy, Eg, E7, Eg, Lie algebras of five exceptional Lie groups of rank
2,4, 6, 7, 8 and dimension 14, 52, 78, 133, 248 respectively.

For any of these algebras, there exists a positive integer N such that the
algebra under consideration is a subalgebra of gl(N,C), the Lie algebra of
the group GL(N,C) of N x N invertible complex matrices.

Based on algebra, this classification can be illustrated geometrically (— 1.77
Roots, root system).

— 1.30 Exceptional Lie algebras, 1.58 Orthogonal groups and algebras, 1.89
Symplectic groups and algebras, 1.90 Unitary groups and algebras.

1.8 Cartan matrix

Definition

Let G be a simple Lie algebra with Cartan subalgebra H and simple root
system A = (aq,...,a,). The Cartan matriv A = (A;;) of the simple
Lie algebra G is the r X r matrix defined by

Q; - Qg .o
Aij=2—]=aiv-ozj 1<4,57<r
Q; -

where o = 2a;/(a; - a;) is the coroot (— 1.83) associated to the root ;.

This matrix plays a fundamental role in the theory of the simple Lie algebras:
in particular, it is the basic ingredient for the description of the Lie algebra
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in the so-called Serre-Chevalley basis (— 1.81); this matrix is also encoded
in the Dynkin diagram (— 1.27) of the Lie algebra.

The Cartan matrix satisfies the following properties:

Aij €7

Aii =2 and Aij S 0 (’L 75 j)

Aij =0 = Aji =0

AijAji € {Oa 1,2, 3} (l # .7)

det A #0 (the Cartan matrix is non-degenerate)

In fact, only the following possibilities occur for the simple Lie algebras:
AijAji =1 for all pairs ] 7é ] AN, DN, Eg, E7, ES-
A;jAj; = 1 or 2 for all pairs i # j: By, Cn, Fy.
A;jAj; =1 or 3 for all pairs ¢ # j: Gs.

The Cartan matrices of the simple Lie algebras are listed in Tables 3.1-3.9.

Generalized Cartan matrix

Let G be a simple Lie algebra with Cartan subalgebra H and simple root

system AY = (a1,...,a,). One defines the extended simple root system by
A% = A%U {ag} where —aq is the highest root with respect to A°. The

~

generalized Cartan matric A = (A;;) of the simple Lie algebra G is the
(r+1) x (r + 1) matrix defined by

N s
Ajj=2—- 0<i,j<r
oy - O

Obviously one has gij = A;; for 1 <4,5 <r and 200 = 2, while the 0-th
row and 0-th column have the following coefficients (1 < i < r):

r '
~ —~ y
Ajpp=— g Aijaj and Apgi = — g aj Aji
Jj=1 Jj=1

where a; and a) are the marks and the comarks (— 1.83), and the roots are
normalized such that the longest root has length squared equal to two.

1.9 Casimir invariants
Given a representation 7 of a semi-simple Lie group G with representation

space V, one can form, in the set of polynomials defined on V, quantities
which are invariant — or scalar — under G. For each representation 7 of
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G, there exist a finite number of functionally and algebraically independent
invariants. As an example, let us consider the three-dimensional represen-
tation of the orthogonal group SO(3) and ¢ a three-dimensional vector in
the representation space V. Then the quantity ¢ = ¢.7 is invariant under
SO(3), that is R7.R¥ = 0.v for all R € SO(3). ¥? is the only independent
invariant of the representation, in the sense that any function of ¢’ invariant
under SO(3) is actually a function of 2.

Specially important invariants are those which can be built in the adjoint
representation of G. At the Lie algebra level, one has to find the polynomials
in the generators which are invariant under the action of the algebra. A semi-
simple Lie algebra G of rank r has r fundamental invariants (that is any of
these invariants cannot be written as the function of other invariants, and
any invariant is either one of these r invariants or a function of them). In
particular, G contains one fundamental invariant of degree 2:

Cy = g*F X X5

where ¢®P is the inverse of the Killing form 9op = Cap” Cﬁyu corresponding
to the basis {X,} of G satisfying [Xa, X3] = iC,57 X,. Co and the other
fundamental invariants of G are called the Casimir invariants of G.

Table 1.2 gives the degrees of the Casimir invariants of the simple Lie al-
gebras. The degrees of the Casimir invariants minus one are called the
exponents of the simple Lie algebra.

Table 1.2: Casimir invariants of the simple Lie algebras.

g degrees of the Casimirs g degrees of the Casimirs
An-1 | 2,3,..., N FEs 2,5,6,8,9, 12
By |2,4,...,2N E, 2,6, 8,10, 12, 14, 18
Cy |2,4,...,2N Es | 2,8,12, 14, 18, 20, 24, 30
Dy |2,4,...,2N—-2, N Fy 2,6,8,12
G2 2,6

Since a Casimir operator C built in the algebra of polynomials of G, or
enveloping algebra of G (— 1.91), is G-invariant, one has

[C,X} —0, VXeg

It follows, using Schur’s theorem, that C' is a multiple of the identity in any
irreducible representation of G and one has the property:

Property
Let G be a simple Lie algebra of rank r. The eigenvalues of the r Casimir

invariants on an irreducible representation w of G completely characterize
this representation.
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Let G be a simple Lie algebra of rank r. In the Cartan—Weyl basis (— 1.6)
of G, the second order Casimir invariant reads

,
Q-
Cy=Y) HiHi+ ), ~—— (BaBE o+ E_oFa)
1=1

acAt

where AT is the positive root system, H; are the Cartan generators and E,
the root generators of G.

If 7 is an irreducible representation of G with highest weight A, the evaluation
of Cs on the corresponding weight vector |A) is given by

Os|A) = <A-A+ 3 a-A>|A):A-(A+2p)|A)

aEAT

where p is the Weyl vector (half-sum of the positive roots) (— 1.94).

Since C'> commutes with all the generators of G, it follows that Cs has the
same eigenvalue on all states of the representation m of highest weight A
(as indicated in the above property). It has also the same eigenvalue on all
states of the conjugate representation 7* of highest weight A*.

Examples
The Lie algebra sl(2) is of rank one. If {Ji, Jj} =iecijrJi (,5,k =1,2,3),
the only Casimir operator is

3
Co=T"=)_J}
=1

Its eigenvalue for the representation D; of dimension (25 + 1) is j(j + 1).

The Lie algebra sl(3) is of rank two. Using the Gell-Mann matrices A; (i =
1,...,8) satisfying [)\Z', )\j} = 21 fijr A\ and {)\i, )\j} = %5” I+ 2d;;, Ak

(— 1.2), the two Casimir operators can be written as

8 8
Co=>» X and  Cz= Y  dijr i\
i=1 i,5,k=1

and their eigenvalues in the representation D(j1, j2) (whose corresponding
Young tableau (— 1.96) has j1 + j2 boxes in the first row and j2 boxes in
the second row) are:
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1,0 .. o
Cy = 9 [(]12 + jije + 75) + 301 + 12)]
Cs = 16(j1 — ja) [%(jl +42) + side + g1+ G+ 1
O

A complete study of the eigenvalues of the Casimir operators for the compact
Lie algebras Ay, By, Cn, Dy and G2 can be found in ref. [68].

1.10 Center (of a group, of an algebra)

Definition
Let G be a group; then the center of G is the set of elements of G which
commute with any element in G. We will denote it Z(G):

2(G) = {96 G‘g*g’zg'*g, Vg e G}
Z(G) is a normal Abelian subgroup of G.
Definition

Let G be a Lie algebra; then the center Z(G) of G is the set of elements
of G which commute with any element of G:

Z(G) = {X € g‘ [X,Y] —0,VYe g}
Z(G) is an (Abelian) ideal of G.

Property
The center of a simple Lie algebra is empty.

1.11 Centralizer (of a group, of an algebra)

Definition
Let G be a group, S a subset of elements in G. The centralizer Cg(S) is
the subset of G given by

Cg(S):{geG‘g*s:s*g, VSGS}

The centralizer Cg(S) is a subgroup of G.
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Definition
Let G be a Lie algebra, S a subset of elements in G. The centralizer Cg (8 )
is the subset of G given by

Cg(S):{XEQ‘ [X,Y] —0, VYGS}

The centralizer Cg(S) is a subalgebra of G.

1.12 Characters

This very important notion is used in many places. It is involved in the de-
termination of dimensions of representations, as well as of partition functions
for statistical mechanics models and string theory. Below, and also in the
rest of this book, only finite dimensional representations of finite dimensional
groups are considered.

Definition
Let G be a group and 7 a finite dimensional representation of G. The
character of 7 is the function x from G to R (or C) defined by

x(g) = tr[r(g9)]  forany g€ G

It is obvious that x(g) = x(¢’) if g and ¢’ in G are conjugated, that is 3 gy €
G such that g = gog'gy 1 We note also that two equivalent representations
m and 7’ of G (— 1.72) have the same character.

Since any element x in a simple Lie algebra G of rank r is conjugated to an
element h in a Cartan subalgebra H of G by a element g € G, z = ghg™!
with h = 22:1 @’ h;, the character of a G representation will be a function

of the 7 variables ¢',...,¢".

Example
As an example, let us look at the SU(2) group. Any element in its

Lie algebra can be seen as the conjugate of a Cartan element h = ¢.J3,
referring to traditional notations. It follows that the corresponding G
element is written in the (2j + 1) dimensional D; representation as

cidd
cili=1)é
Dj(¢) =
eii(jfl)qﬁ
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Therefore, the character x; of D; depends only of the angle ¢ as follows:

_ i Jimo _ S0 + 3)9
X sin 1¢
m=—j 2

O

Theorem (Weyl formula)
Considering a (semi-)simple Lie algebra G, the character of its irreducible

representation m(A), determined by its highest weight A, is given by the
Weyl formula:
Z e(w) e®A+r)

Z e(w) ev(p)

weW

where the sum is over all the elements w of the Weyl group W of G, £(w)
is the parity of the element w (— 1.93) and p is the Weyl vector, half-sum
of the positive roots.

The character function y(A) acts on the Cartan element h € H via the
root applications defined on its dual a € H*, that is

T

a(h) = iaj(zﬂ' if h="> ¢'h;
j=1

i=1

1.13 Classical Lie groups and Lie algebras

Classical Lie groups

The classical Lie groups can be described as subgroups of the general linear
group GL(n,C) (resp. GL(n,R)) of order n of invertible n x n complex
(resp. real) matrices.

One sets, if I,, denotes the n X n unit matrix,

I 0 0 I
we(52) o me(2%)

One defines the classical Lie groups as follows (* denotes the complex con-
jugation, ! the transposition and ' the transconjugation, i.e. transposition
and complex conjugation):
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Linear groups:

— The special linear group SL(n,C) (resp. SL(n,R)) is the group of complex
matrices M € GL(n,C) (resp. real matrices M € GL(n,R)) with determi-
nant 1.

— The unitary group U(n) is the group of complex matrices M € GL(n,C)
such that MTM = I,,. The special unitary group SU(n) is the subgroup of
matrices of U(n) with determinant 1.

— The unitary group U(p, q) with signature (p,q) is the group of complex
matrices M € GL(p + q,C) such that MT]Ip,qM = I, 4. The special unitary
group SU(p,q) with signature (p,q) is the subgroup of matrices of U(p, q)
with determinant 1.

— The special star unitary group SU*(2n) is the group of complex matrices

M € SL(2n,C) such that Jo, M* = MJsa,.

Orthogonal groups:

— The orthogonal group O(n,C) is the group of complex matrices M €
GL(n,C) such that M*M = T,. The special orthogonal group SO(n,C) is
the subgroup of matrices of O(n,C) with determinant 1.

— The orthogonal group O(n) is the group of real matrices M € GL(n,R)
such that M*M = T,. The special orthogonal group SO(n) is the subgroup
of matrices of O(n) with determinant 1.

— The orthogonal group O(p, ¢) with signature (p, g) is the group of real ma-
trices M € GL(p + ¢, R) such that M*I, ,M =1, ,. The special orthogonal
group SO(p, q) with signature (p,q) is the subgroup of matrices of O(p,q)
with determinant 1.

— The special star orthogonal group SO*(2n) is the group of complex ma-
trices M € SO(2n,C) such that M'Jy, M* = Ja,.

Symplectic groups:

— The symplectic group Sp(2n,C) (resp. Sp(2n,R)) is the group of complex
matrices M € GL(2n,C) (resp. real matrices M € GL(2n,R)) such that
MtJQnM — JQn.

— The symplectic group Sp(2n) is the group of complex matrices M € U(2n)
such that MtJo, M = Jop,.

— The symplectic group Sp(2p, 2q) with signature (p, q) is the group of com-
plex matrices M € Sp(2p + 2¢,C) such that M, ® Ip oM =12®1,,.

Classical Lie algebras

Since the Lie algebra gl(n, C) of the general linear group GL(n,C) is the Lie
algebra of all n x n complex matrices with the Lie bracket as Lie product
(— 1.46), the corresponding classical Lie algebras are described in terms of
suitable subalgebras of gl(n,C) as follows:
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Linear and unitary algebras:

— The special linear algebra sl(n, C) (resp. sl(n,R) is the set of nxn complex
(resp. real) traceless matrices.

— The unitary algebra u(n) is the set of nxn complex antihermitian matrices:
m! = —m. The special unitary Lie algebra su(n) is the subset of u(n) of
traceless matrices: tr(m) = 0.

— The unitary algebra u(p, ¢) with signature (p, q) is the set of (p+q) x (p+q)
complex matrices such that mT]ng = —ml, 4. The special unitary Lie algebra
su(p, q) is the subset of u(p, q) of traceless matrices: tr(m) = 0.

— The special star unitary algebra su*(2n) is the set of 2n x 2n complex
traceless matrices such that Jo,m* = mJo,,.

Orthogonal algebras:

— The special orthogonal algebra so(n, C) is the set of n x n antisymmetric
complex matrices: m! = —m.

— The special orthogonal algebra so(n) is the set of n X n antisymmetric real
matrices: m! = —m.

— The special orthogonal algebra so(p,q) with signature (p,q) is the set of
(p+ q) x (p+ q) real matrices such that m'l, , = —I, ;m.

— The special star orthogonal algebra so*(2n) is the set of 2n x 2n complex
antisymmetric matrices such that mfJo, = —Jo,m.

Symplectic algebras:
— The symplectic algebra sp(2n,C) (resp. sp(2n,R)) is the set of 2n x 2n

complex (resp. real) matrices such that m!Js, = —Jo,m.

— The symplectic algebra sp(2n) is the set of 2n x 2n complex antihermitian
matrices (mf = —m) such that mtJs, = —Jo,m.

— The symplectic algebra sp(2p,2q) with signature (p,q) is the group of
matrices of sp(2p + 2q,C) such that m'Js, = —Jo,m and mil, ® I, =
—]12 (4 ]Ipqu.

1.14 Clebsch-Gordan coefficients

The direct product of two irreducible representations D(j;) and D(j2) of the
rotation group SO(3) decomposes into a direct sum of irreducible represen-
tations: o

Jit+g2

D)@ D(j)= P D)
J=|j1—jz|

Let |j1m1> with —j1 S miq S j1 and |j2m2> with —j2 S mo S j2 be the
canonical bases of the Hilbert spaces H(D(j1)) and H(D(j2)) of the irre-

ducible representations D(j;) and D(j2). The product space H(D(j1)) ®
H(D(j2)) decomposes into a direct sum of invariant spaces H(D(J)) which
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transform according to the irreducible representation D(J). Let |JM) with
—J < M < J denote the canonical basis of the space H(D(J)). We have

|JM) = Z (J1jemima|J M) [jim1) ® |joama)
mi+mao=M

The numerical coefficients (j1jamima|JM) are called Clebsch-Gordan coef-
ficients.

To complete the definition of the Clebsch-Gordan coefficients, once fixed the
transformation properties of the canonical basis with respect to the infinites-
imal generators, one needs to fix a phase. In general it is required

(j1j2mima|JM) >0

Since the Clebsch-Gordan coefficients relate two orthonormal bases, they can
be considered as matrix elements of an unitary matrix, that is

Z<j1j2m1m2|JM><j1j2m1m2|J'M/> =077 8mm

m1

The Clebsch-Gordan coefficients have many symmetry and orthogonality
relations and can be computed in different ways. For the properties and the
explicit calculation of Clebsch-Gordan coefficients, see for example ref. [60].
The concept of Clebsch-Gordan coeflicients can be generalized to any direct
product of two irreducible representations w1 and 7o of any Lie group. In the
general definition, Clebsch-Gordan coefficients are the numerical coefficients
relating the canonical basis of any irreducible representation 7 appearing in
the direct product to the bases of w1 and ms. For the groups of relevant
interest for physics they have been explicitly computed: for SU(3) see ref.
[15], for SU(4) see ref. [37], for SU(6) see ref. [88].

1.15 Compacity

Definition
A Lie group G of dimension n is compact if the domain of variation of its
n essential parameters ay,...,a, is compact.

As an example, the rotation group in N dimensions SO(N) is compact since
the domain of variation of each of its N(N — 1)/2 parameters is the closed
and bounded subset [0, 27| of R.

The Poincaré group P(3,1) is not compact, but contains as a subgroup the
rotation group SO(3) which is compact. Actually, SO(3) is maximal as
a compact subgroup of P(3,1), any compact subgroup of P(3,1) being a
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subgroup of SO(3), up to a conjugation. More generally, any Lie group G
admits a maximal compact subgroup (which may be the unit element).

The Lorentz group is not compact. Actually, it is isomorphic to O(3,1),
which is a non-compact form of O(4). The Lie algebra of O(3,1) can be
easily deduced from the Lie algebra of O(4): let M;; (¢,5 =0,1,2,3) be the
generators of SO(4) (— 1.58), multiply by ¢ € C the three generators My
(7 =1,2,3), that is define M(’)j = 1Mj;, and keep unchanged the three other
generators M;; (i,j = 1,2,3). The three generators M;; (i,5 = 1,2,3) form
again the algebra of the rotation group SO(3) while the three generators Méj
(7 = 1,2, 3) generate the three “boosts” in the Minkowski space, or “complex
rotations” in the plane tx, ty, tz if the four axis are denoted ¢, z, y, z.

This method of constructing the non-compact forms from a compact Lie
algebra is general, and can be illustrated on the SO(N) Lie algebras as
follows:

My | My ) ( My | iMo )
M = € SO(p+q) - M = 8 € SO(p,
< — M}y | Moo b+ —iMly | Mo (,2)

The SO(p + q) group leaves invariant the scalar product .y = Zfilq ;Y

with Z, 7 € RPT4 while the SO(p, q) group leaves invariant the product #.7 =
S wy — Z?:p-kl z;y; (— 1.13 Classical Lie groups and Lie algebras).

More on the general structure of non-compact semi-simple Lie algebra can
be found in — 1.44 Killing form.

1.16 Complex structures

Definition
A complex structure on a vector space V over R of finite dimension is an
R-linear endomorphism J of V such that J> = —I, I being the identity

mapping of V.

A real vector space V with a complex structure J can be transformed into a
complex vector space Vo by setting ¢ X = JX for any X € V. One remarks
that dimg Vo = %dim RV, which implies that ¥V must be even-dimensional.

Definition
A complex structure on a real Lie algebra G is a complex structure J on
its G vector space which satisfies in addition

[X,JY] = JX,Y] forall X,Y € G

Referring to the real forms of the simple Lie algebras (— 1.71), one de-
duces that the real Lie algebra Gp, called the realification of the complex
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Lie algebra G, possesses a canonical complex structure J derived from the
multiplication by the complex number ¢ on G.

1.17 Conformal group

In d dimensions, the conformal group is the group of general coordinate
transformations which leave the metric invariant, up to a scale factor. Let
R? be the Euclidean space with the metric g"” of signature (p,q) where
d = p + q. Then the conformal transformations can be written as

ozt oz¥

" _
= 5.7 am,ﬁg

zh — ' such that g =g B = Q(z)g"

The conformal transformations in d dimensions (d > 3) contain:

— the d translations z# — z* + a*,
— the d(d — 1)/2 rotations z# — Qyz” with Q) € SO(p, q),
— the dilatation z# — Azt
xh — bHa?
b2x2 — 2br +1°
The corresponding conformal algebra is actually isomorphic to so(p+1,g+1)
of dimension (d + 1)(d + 2).

— the d special conformal transformations z* +—

In the Minkowski space R* of signature (3,1), the conformal algebra, iso-
morphic to so(4,2) is 15-dimensional. Choosing as a basis the matrices
M,3 = —Mp, satisfying (o, 8,7,8 = 0,0',1,2,3,4)

[Maﬁa M’yé} = i(—g85s Mo~ + 98y Mas + gasMay — garyMgs)
with goo = goroy = —g11 = —g22 = —g33 = —gaa = 1, the generators M,
and P, = My, + My, with u,v = 0,1,2,3 span the Poincaré algebra, the
generators of the special conformal transformations appear as K, = M, —

My, while D = My, is the generator of the dilatations. One can check
that:

My, MPU} = i(—gvo Mup + gvpMpuc + Juo Mvp — gupMyo)
_Muw Pp} = i(9vpPu — GupP)
_M/wa KP} = 1(gup Ky — gupKv)

DMy =0 |D,P]==iP, |D,K,|=iK,

P, Pl,} -0 [KM,KV} -0 [PH,K,,} = 2i(g, D — M)
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The three Casimir invariants are:
Cy= MyzM* O3 = MzW Oy = WosWoP
where W35 = saﬁ75p0M75Mpa.

Since {D, Pz} = —2iP?, only massless discrete states may exist in a scale

invariant theory.

Free electromagnetic theory and wave equation for massless particles ex-
hibit a symmetry for a larger group than the Poincaré group, namely the
conformal group O(4, 2).

For more details, see refs. [6, 20].

1.18 Connexity

These topological notions are important for at least two reasons. First, they
allow us to understand that two Lie groups with the same Lie algebra can
differ (example: SO(3) is doubly connected and SU(2) simply connected
and as Lie groups are related as follows: SO(3) ~ SU(2)/Z3). Second, such
properties are directly related to the existence of monopoles in gauge theories
(see for example ref. [33]).

Definition

‘ A space is said to be connected if any two points in the space can be
joined by a line, and all the points of the line lie in the space.

Example

Consider the two-dimensional Lie group of transformations G acting on

R such that

r—ax+b a,beG,xeR

G can actually be defined as the manifold in R?:
G= {(a,b) ‘ a,beRa#0 and (a',b)* (a,b) = (aa’,b+b’)}

We realize that G is not connected: the segment joining the two points
(—1,0) and (1,0) on the a-axis does not belong to G, since (0,0) ¢ G. O

Definition
A connected space is said to be simply connected if a curve connecting
any two points in the space can be continuously deformed into every other
curve connecting the same two points.
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Example
The torus is not simply connected since there does not exist a continuous
mapping of the major circle onto the minor circle. O

The SO(3) — SU(2) case

The two groups SO(3) and SU(2) have isomorphic Lie algebras. Indeed,
a basis of the Lie algebra su(2) is provided by the 2 x 2 hermitian Pauli
matrices o; (¢ = 1,2, 3) which satisfy

|:O'i, aj] = 2ig;jp Ok

or defining the antihermitian matrices X; = i0;/2 such that [XZ-,X]'] =
—€ijk Xk, while a basis of the Lie algebra so(3) is obtained with the 3 x 3
antisymmetric real matrices M; (i = 1,2,3) such that (M;);, = €;;, which
also satisfy

[Mz', Mj} = —¢ijr My,

The most general elements of SU(2) and SO(3) can be written respectively
as

, 0 ~ 0
exp(0'X;) = s cos 5t i(0° o;) sin 3

and

exp(0°M;) =T+ (6" M;) sin6 + (6" M;)*(1 — cos6)
where I and I3 denote the 2 x 2 and 3 x 3 unit matrices, the parameters
' (i = 1,2,3) determine the angle of rotation § = /(61)2 + (62)2 + (63)3

around the unit vector @ of components g = o /0. Now, we can see from
the above expressions that the two groups are not the same since

for SU(2)  (0,0) = —(8,60 +27) = (6,0 + 4r)
while
for SO(3) (0,0) = (6,6 + 2m)

If we associate, in the three-dimensional space R3, to each element (5, 0)
the end point of the vector of origin O and length € in the direction 0 =
(51, 52, 53), then the SU(2) group will be represented by a sphere of radius 27
with all the points on its surface identified with —I, while the SO(3) group
will be represented by a sphere of radius 7 with antipodal points (that is a

pair of points on the surface on the sphere symmetric with respect to the
origin O) identified.
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2w T
SU(2) SO(3)

Zor —7

Consider C' a closed path AOB cutting the surface of the SO(3) parameter
sphere “once”, A and B being antipodal points and therefore identified. The
closed path C' cannot be continuously deformed to the point O. Indeed as
soon as one antipodal point is moved one way, the other must move the
other way in order to remain antipodal. In fact, it appears that there are
two classes of closed paths in SO(3): the class of all paths that cut the
surface an even number of times (any path of this kind can be deformed
up to the identity), and the class of paths which cut the surface an odd
number of times. Considering in SO(3) all the closed paths with a common
point, O for instance, one can separate the paths which cut the surface an
even number of times from those which cut the surface an odd number of
times: the two classes of paths thus obtained are such that two paths can
be deformed one into the other if and only if they belong to the same class.
One will say that the homotopy group of SO(3) contains two elements, or
that SO(3) is doubly connected.

An analogous analysis for SU(2) would show that SU(2) is simply connected,
or that its homotopy group reduces to the identity. Moreover, it appears that
SU(2) has one and only one (if we exclude the identity) invariant discrete
subgroup Zz = {—I, I} and that the quotient group SU(2)/Z> is isomorphic
to SO(3).

Actually, this relationship between homotopy groups and discrete invariant
subgroups (or between algebra and topology) in the theory of Lie groups is
more general and allows to relate the different Lie groups with the same Lie
algebra.

Theorem

Let G be a Lie group with homotopy group Hg and Lie algebra G. Then
there exists exactly one simply connected Lie group G with Lie algebra
G. Moreover

G/D~G

D being one of the discrete subgroup of G (actually Hg ~ D). G is called
the universal covering group of G. The Lie group G is said to be multiply
connected when D contains more than one element.

Thus the enumeration of all possible Lie groups with the same Lie algebra G
reduces to the problem of finding all possible discrete invariant subgroups of
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the simply connected group G possessing G as Lie algebra. Such a program

can be achieved as follows as soon as G is known: determine the center Z(G)
of G then select in Z(G) the set of all discrete operations. This set forms a
group D. Any subgroup of D is a discrete invariant subgroup of G and all
discrete invariant subgroups of G are subgroups of D.

1.19 Contraction

Let G be a Lie algebra of dimension n generated by X; with commutation
relations [X;, X;] = Ciijk where 7,5,k = 1,...,n, and let us define a basis
in G depending on an arbitrary parameter € such that X; = Xi(g). Then

X0, %] = ¢,k ) %,
If for any triplet ¢, j, k, the following limit makes sense:

lim C;;"(e) = C};"(c0)

£—00 E

one can define a new Lie algebra G of dimension n, called the contraction of
G with the commutation relations

[5555]} = C. *(00) Xy

ij
As an example, consider the Lie algebra so(3):
X0, %] = 21 Xi
and define ~ ~ ~
X, =eX), Xo—=eXo, X3=Xs
TNhen [)?1,)?2] — X3 — 0 when & — 0, while [)}3,)?1] = X5 and [)?3,)2'2] =

X1. We therefore obtain the Lie algebra of the Euclidean group E(2) in two
dimensions (one rotation and two translations).

Other examples are given with the Galilei group (— 1.33) and the De Sitter
group (— 1.24).

1.20 Coxeter number

Let G be a simple Lie algebra, A its Cartan matrix and A its generalized

~ ~

Cartan matrix (— 1.8). One has A = (4;;) with 0 <i¢,5 <r and A = (4;;)
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with 1 < 7,7 < r. Then there is an unique vector @ with positive inte-
ger components (ag, a1, ..., a,) that are relatively prime (i.e. their greatest
common divisor is one), such that

n o~
ZAZ']‘ aj =0
7=0

The components of @ labelled by 7 # 0 are just the components of the
highest root of the Lie algebra G, that is the marks or Kac labels (— 1.83)
associated to the Dynkin diagram corresponding to the matrix A. Let us
introduce the transposed matrix A” and the corresponding Dynkin diagram,
which is obtained from the previous one by interchanging the direction of
the arrows, and the dual vector @ ", whose 0-th component is equal to one.

Definition
The Cozeter number h and the dual Cozeter number hY of a simple Lie
algebra G are defined by:

h=zn:ai and h\/:zn:a;/
=0 1=0

The Coxeter and dual Coxeter numbers of the simple Lie algebras are the
following (h" = h for the simply-laced Lie algebras):

G | An By Cn Dy Gy Fy Es Er Eg
h | N+1 2N 2N 2N -2 6 12 12 18 30
RY | N+1 2N-1 N+1 2N-2 4 9 12 18 30

The maximal exponent (— 1.9) of a simple Lie algebra is equal to h — 1.

1.21 Decompositions w.r.t. s/(2) subalgebras

The method for finding the decompositions of the fundamental and the ad-
joint representations of the classical Lie algebras with respect to their differ-
ent sl(2) subalgebras is the following:

1. One considers a sl(2) embedding in a classical Lie algebra G, deter-
mined by a certain subalgebra K in G (— 1.28), which is expressed as
a direct sum of simple components: K = @; ;.

2. To each couple (G, K;) one associates sl(2) representations given in
Table 3.40. Let us recall that the sl(2) representations are labelled by
a non-negative integer or half-integer j and denoted by D;.
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3. The decomposition of the fundamental representation of G with respect

to the si(2) subalgebra under consideration is then given by a direct
sum of sl(2) representations.

Starting from a decomposition of the fundamental representation of G
of the form

fundx G = ®iDji
the decomposition of the adjoint representation adx G is given in the
unitary series by

ad G = <@i Dji) ® <@i qu-,> — Do
in the symplectic series by
adg G = <69¢ Dj,-) ® (@i Dji) 5
and in the orthogonal series by

adg G = <@i Dﬁ) ® <@i Dj,-) ‘A

The following formulae, giving the symmetrized (S) and antisymmetrized
(A) products of sl(2) representations, are especially convenient:

and

(Dj ® Dj)a = Daj—1® D2j_3& Daj_5D...
(Dj ® Dj)s = Daj @ D2j2® D2j-4& ...

(DJGB@D]) X (D]@@D])

—_—— —_— 1A
m times m times
m(m + 1) m(m — 1)
= f(DJ(gD])A@#(DJ@D])S
m(m —1
= m(Dj®Dj)A®%(Dj®Dj)
(Dj@...@Dj) X (Dj@...@Dj) s
N— — N —
m times m times
m(m+1) m(m —1)
= — 5 (Dj®Dj)s® ———(D; ®Dj)a
m(m —1
= m(DJ'@Dj)S@%(Dj@Dj)

Tables 3.40 and 3.41 give the different decompositions of the fundamental

and

adjoint representations of the classical Lie algebras with respect to the

different si(2) embeddings.



Lie Algebras 39

1.22 Derivation of a Lie algebra

Let G be a Lie algebra and ¢ an automorphism (— 1.4) of G. Then one has
forall X,Y € G and all o, € C:

$(aX + BY) = ad(X) + Bo(Y)
P([X,Y]) = [¢(X), (V)]

If ¢ is a continuous automorphism, one can consider its infinitesimal part:

¢ =1+ d+ ... One has then
A, Y]) = [d(X), Y] + [x,d(v)]

d is called a derivation of G. The set of derivations of the Lie algebra G has
the structure of a Lie algebra. Indeed, one can check that if d and d’ are
derivations of G, then for all X,Y € G:

(dd — d'd)([X,Y]) = [(dd’ — d'd)(X), Y} + [X, (dd — d'd)(Y)

and denoting Aut(G) the group of automorphisms of G, its Lie algebra is
actually the algebra of the derivations of G which will be denoted Der G.

In particular,
ady : Y > adx (V) = [X, Y}

is a derivation of G. These derivations are called inner derivations of G. They
form an ideal Inder G of DerG. The algebra Inder G can be identified with
the algebra of the group Int(G), which is also the algebra of the group Int(G)
of inner automorphisms of GG, where G is a Lie group whose Lie algebra is
g.

Finally, in the same way that Int(G) ~ G/Z(G), we can write Inder G ~
G/Z2(G).

1.23 Derivative of a Lie algebra — Nilpotent and
solvable algebras

Definition

Let G be a Lie algebra. The set of all the elements obtained by commuting

elements of G forms an ideal of G which is called the derivative of G and
denoted G':

g = {XEQ‘HA,BGQ such that X — [A,B]}

and one writes G’ = [Q, g].
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Property
If G is Abelian, then G’ = {0}.
If G is a simple Lie algebra, then G’ = G.

Definition
The Lie algebra G is said to be solvable if, considering the series
[g’ g} =g {g(l), g(l)] =¢® ..., (gt gl-D| =g

then there exists an integer n such that G = {0}.
Notice that the Q(i) are ideals of G.

Definition
The Lie algebra G is said to be nilpotent if, considering the series

[Q,Q} =gl | [Q,gh]} g {g’g[z‘q]] _ gl

then there exists an integer n such that GI"l = {0}.
Notice that the Gl are ideals of G.

Property
Let G be a Lie algebra.
— @G is solvable if and only if the derivative G’ is nilpotent.
— If G is nilpotent, then G is solvable (but a solvable Lie algebra is not
necessary nilpotent: as an example, one can consider the two-dimensional
Lie algebra generated by a and b such that [a,b] = b).
— If G is solvable (resp. nilpotent), then any subalgebra H of G is a
solvable (resp. nilpotent) Lie algebra.

Definition
Let G be a Lie algebra. The maximal solvable ideal of G is called the
radical of G.

1.24 De Sitter group

In a non-flat space—time, the group of invariance of physical laws would no
longer be the Poincaré group, but the group of invariance of the space. In a
constant curvature space, the De Sitter space, the metric can be written as
(1,v=0,1,2,3)

ds* = ¢ (z%)g" dx, dx,,

where ¢(z?) = (1 + 2?/47R?) 71, 2? = g"z,z, and g% = —g!! = —¢** =
—¢3 = 1. R is a dimensional parameter, the radius of curvature of the
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space. The z, can be seen as stereographic projection coordinates of a five-
dimensional pseudo-hypersphere

R? = g°P¢ &5

where a, 8 = 0,1,2,3,4 and g** = —1 (we are considering only the case of
constant positive curvature). If g** = 1, we have the so-called anti-De Sitter
space.

The set of linear transformations which map the hypersphere into itself form
the De Sitter group O(4, 1) (in the case of the anti-De Sitter space O(3,2))
and these transformations leave invariant the metric
ds® = go‘ﬁdfadfg = ¢2(m2)g“"dmydmy
The element of the group is defined by A with
€, =A%¢s  suchthat  gugASA] =g

The action of the De Sitter group on the Minkowski space is not linear. The
relation between the £, and the z, is

gu = ¢($2)$u &4 = R¢($2)(1 - 332/47TR2)71
_ 2 p2_ L= &/R
2y

The De Sitter group is a 10-parameter group and its infinitesimal generators
M3 with o, = 0,1,2,3,4 satisfy the commutation relations (both for
SO(4,1) and SO(3,2) depending on the choice of the metric tensor)

|:Maﬁa M'y5:| = _i(g,BzFMoz'y + goryMﬁé - ga5M,H'y - gﬂ'yMDzJ)

Defining
= My, /R uw=0,1,2,3

we have the commutation relations
{M/wa MPU} = i((=gvoMpp + gvpMuo + guoMvp = gupMyo)
|:M}u/a "Tp] = i(gupﬂ'u - gupﬂ'u)

|:7TN, 7I'V:| = iMN,,/R2
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where p,v,p,0 =0,1,2,3 and the M, generate the Lorentz algebra.

When R — +o00, the above commutation relations give the commutation
relations of the Poincaré algebra. The Poincaré algebra is a contraction (—
1.19) of the De Sitter algebra in the limit of infinite radius of curvature of
space—time.

The two Casimir operators are

1 1
Co= s MosgM*P = 7 mt + oz MM

and

Cy = W,W* = W, WH + W}
where W, = ﬁsnamgMaﬁMV&.
Taking the limit R — +o00, one recovers the two Casimir invariants of the
Poincaré group (the square of the mass and the square of the Pauli-Lubanski
vector). Note that in a curved space-time, the linear momentum and the
angular momentum are mixed together. In the limit R — +oo, they become
independent and the mass and the spin become good quantum numbers (see

refs. [6, 36]).
1.25 Direct and semi-direct products of groups
Definition
A group G is the direct product of its subgroups H and K, and we note
G=HXxK,if

1. hxk=kxh Vhe H Vke K

2. Yg € G, the decomposition g = h * k where h € H,k € K is unique

Theorem
A group G is the direct product of its subgroups H and K if and only if

1. G=H+ K

2. HNK = {e}

3. H, K are normal subgroups

Construction: Let A and B be two groups. Defining the groups H and K by
the isomorphisms a € A — (a,€e”) € Hand b € B+ (€¢/,b) € K where ¢’ and
e’ are the identity elements in A and B respectively, the group G = H x K
can be identified by the set of couples (a,b) with the group law

(a,b) * (a’, V') = (ad’, bb)
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Example
The translation group 7'(2) in the two-dimensional Euclidean plane can

be seen as the direct product T, x T}, of the translation group along the -
axis by the translation group along the y-axis. T'(2) is a two-dimensional
non-compact Lie group. ]

Definition
A group G is the semi-direct product of a subgroup H by a subgroup K,
and we note G = H x K, if

1. G=H+xK

2. HNK = {e}

3. H is a normal subgroup

Then for all g € G, the decomposition g = h * k with h € H,k € K is
unique.

Construction: Let A and B be two groups. Defining the groups H and
K by the isomorphisms a € A +— (a,e¢”) € H and b € B + (€/,b) €
K where €’ and €’ are the identity elements in A and B respectively and
choosing a homomorphism v : B — Aut(A), where Aut(A) is the group of
automorphisms of A, then we can identify the group G, semi-direct product
of H by K, associated with the homomorphism 1, with the set of couples
(a,b) with the group law

(a,b) x (a’, V') = (a.yp(a’), bb)
and we note G = H x, K.

Example
Let us take the case of the Euclidean group F(3). Any element can be

written as (@, R) (translation, rotation) and we have the group law
(@,R)*(a',R") = (@+ Ra',RR)
(]

In this example, the homomorphism v which is involved associates to each
element R of the rotation group SO(3) the rotation R itself acting on the
translation group as an automorphism: Rd’' = a@”. We check immediately
from the group law that the translation part 7°(3) is an invariant subgroup
of E(3), indeed:

(@, R)(do, 1)(d@, R)~" = (@+ Rdo, R)(—R '@, R™") = (Rdp,I)
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We note E(3) =T(3) x SO(3) omitting in general to specify the homomor-
phism v which is given by the group law.
Let us conclude this section by noting that the direct product G = H x K,

in which H and K are normal, can be seen as a limit case of the semi-direct
product G’ = H x K where only H is normal.

1.26 Direct and semi-direct sums of algebras

Definition
If G is a Lie group, and the direct product of its subgroups H and K, its
Lie algebra G will be the direct sum of the Lie algebra H and K associated
to H and K respectively:

G=HaeK

that is any X € G can be written in a unique way X =Y +Z with Y € H
and Z € K and any element of H commute with any element of X:

[H, ic} —0
Example
The Lie algebra so(4) of the group SO(4) is the direct sum of two so(3)
algebras: so(4) = so(3) @ so(3) (— 1.58). O

To the semi-direct Lie group G = H x K will correspond the algebra G,
semi-direct sum G = H3 K. The subgroup H of G being a normal subgroup,
its Lie algebra H will be an ideal in G. It therefore follows:

[ic,/c} —K [IC’H} — [’H’H} —

We recall that following Levi’s theorem (— 1.47) an arbitrary Lie algebra
G has a semi-direct sum structure G = S& R with R solvable and S semi-
simple.

1.27 Dynkin diagrams

The main properties of the root diagram (— 1.77) and therefore of the
Cartan matrix (— 1.8) of a semi-simple Lie algebra G of dimension n and of
rank r are summarized in the Dynkin diagram of G.

The Dynkin diagram associated to a simple Lie algebra G is constructed as
follows. A simple root (— 1.83) will be represented by a circle. Moreover
two simple roots a and (8 will be connected by 0, 1, 2 or 3 lines depending
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on whether the angle 6,3 between them is 90°, 120°, 135° or 150° (— 1.77).
Finally, when two roots o and (3 are connected by more than one line, one
puts an arrow from the longest root towards the shorter one. Then the
correspondence simple Lie algebra <> Dynkin diagram is unique. The table
of Dynkin diagrams associated to the simple Lie algebras can be drawn once
one knows for each simple Lie algebra G the set A® of the r simple roots
which can be computed from its root space (— 1.77).

We give below the list of the Dynkin diagrams of the simple Lie alge-
bras. The numbers on the diagrams are the marks or Kac labels (— 1.83).

1 1 1 1 2 2 2
AN OO0 O—O-C30 By
2 2 2 1 12 2 1
oy O—0-0ZL0 O—O-- Dy
1

1

2 3 2 2 3 4
EﬁOOiOOOOiu

2 2
> 4 6 5 4 3 2
B O—O0—0O0——0—0—0—-0
13

B O—C>0—0 O=0 G»

Remarks on Dynkin diagrams

1. The Dynkin diagrams of Ay, B; and Cy are identical, therefore A1, B
and C are isomorphic.

2. The Dynkin diagrams of By and C5 are identical, therefore By and Cs
are isomorphic.

Q;OBQ O:éo Ch

3. The Dynkin diagrams of As and D3 are identical, therefore As and D3
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are isomorphic.

o—C0—0 D3
As

4. There is a particular symmetry in the Dynkin diagram of D4 = so(8).
This property is called “triality”.

Dy

As a consequence, there are three different representations of dimension
8 (one is called a vector representation 8y, the others spinor ones 8¢
and 8Y) that satisfy, when reducing the Kronecker product of two of
them: 8y ® 85 =85 @...,85®R83 =8y @ ..., 8, @8y =83P... (see
ref. [35] for more details).

5. From the form of the Dynkin diagrams of the exceptional algebras FEg,
E;, Eg, one might call F5 the Lie algebra D5 and E4 the Lie algebra
Ay

Extended Dynkin diagram

Let A? = {a1,...,a,} be the simple root system of a simple Lie algebra G
of rank r. Let —ag be the highest root with respect to A°, that is the unique
root of maximal height (— 1.83). One defines the extended Dynkin diagram
by adding to the Dynkin diagram of G a dot associated to the root +ag.
This diagram is especially important; in particular it allows us to determine
all regular subalgebras of G (— 1.87). Moreover, it is the Dynkin diagram

of the so-called affinization é of the Lie algebra G. For the extended Dynkin
diagrams of the simple Lie algebras, see Tables 3.1-3.9.

1.28 Embeddings of si/(2)

The problem of the determination of the possible sl(2) subalgebras of a
simple Lie algebra G has been solved by Dynkin (see ref. [17]). The solution
uses the notion of principal embedding.

Definition
Let G be a simple Lie algebra of rank r with simple root system A? =
{a1,...,a;} and corresponding simple root generators eii in the Serre—
Chevalley basis (— 1.81).
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The generators of the sl(2) principal embedding in G are defined by

E+=Zei+, E_zzr:i:Aije;

i—1 i=1 j=1

A;; being the Cartan matrix of G and AY = (A™1),;.

Theorem
1. Any sl(2) embedding in a simple Lie algebra G can be considered
as the principal sl(2) subalgebra of a regular subalgebra K of G.

2. For G = so(2N) with N > 4, besides the sl(2) principal embeddings
of item 1, there exist [Ngz] sl(2) subalgebras associated to the
singular embeddings so(2k + 1) @ so(2N — 2k — 1) C so(2N) with

1<k<N-1.

3. For G = Fg, E7, Eg, besides the sl(2) principal embeddings of item
1, there exist sl(2) subalgebras associated to singular embeddings
(one for Eg, two for E; and FEg, see ref. [17] for more details).

The defining vector of the embedding si(2) C G corresponding to a principal
sl(2) subalgebra of a regular subalgebra K C G is given by the following
rules when K is simple:

Aoy CAN : f=(2p,2p—2,...,2,0,...,0,—-2,...,2 —2p, —2p)
——
N+1-2p
Aypr1 CANy - f=2p+1,2p-1,...,1,0,...,0,—-1,...,1 —2p,—1 —2p)
——
N—-1-2p
BpCBN,Dp+1CDN,Dp+1CBN : f=(2p,2p—2,...,2,0,...,0)
A, C Dy, A9y C By, A3, C O
f=2p,2p,2p—2,2p—2,...,2,2,0,...,0)
Aspi1 C Dy, Ay C BN,Ang CCn :
f=2p+1,2p+1,2p-1,2p—1,...,1,1,0,...,0)
C,CCn: f=(2p—-1,2p—3,...,1,0,...,0)
A?C By : f=(2,0,...,0)
Al cCy: f=(1,0,...,0)
When K is the sum of simple Lie algebras, X = @;K;, the resulting defin-

ing vector f is obtained by merging the different defining vectors f; corre-
sponding to /C;, in such a way that the number of zeros is minimized and
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the entries of the defining vector f are put in decreasing order. For ex-
ample, to the embedding A3z & Ay C Ag with defining vectors fa,c4, =
(3,1,0,0,0,—1,-3) and fa,ca, = (2,0,0,0,0,0,—2) corresponds the defin-
ing vector f = (3,2,1,0,—1,—-2,—-3).

— 1.41 Index of an embedding — Defining vector.

1.29 Euclidean group

The Euclidean group E(n) in n dimensions is the group of transformations in
the Euclidean space R™ such that, denoting (@, R) its most general element
where @ € R” and R € SO(n), we have

#'=(@R7#=Ri+d, Vieck
E(n) is the semi-direct product of the n-dimensional translation group 7'(n)

by the rotation group SO(n), denoted T'(n) x SO(n). Its product law is as
follows:

(@ R)(@', R) = (@+ Rd', RR)
E(n) will often be taken as an example to illustrate several concepts.
The Euclidean group is a group with %n(n + 1) parameters. Its Lie algebra

is generated by the rotation generators M;; and the translation generators
P;, which satisfy the following commutation relations (7,7 = 1,...,n):

{Mm’, Mkl] = i(8; My + 0y Mjp, — 6. My — 81 M;y,)
[Mij, Pk] =65 P — 6 P;)
{Pi,Pj] —0

An explicit realization of the algebra of the Euclidean group E(n) in terms
of differential operators is given by (1 < k #1 < n):

0
for the translation generators P, =1 —
oxy,
. . 0 0
for the rotation generators My, = z(xk— — a:l—>
ox; oxy,
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1.30 Exceptional Lie algebras

Looking at the Cartan classification of simple Lie algebras of finite dimension
(— 1.7), one notes that to the four infinite families denoted Ay, By, Cn, Dy,
are added five and only five Lie algebras which are called Fg, F7, Fs, F), and
G2 (any attempt to add another simple root to the Dynkin diagram of an
exceptional Lie algebra will lead in the best case to an infinite dimensional
algebra).

The peculiarity of these algebras, namely their link with octonions (— 1.56),
their structure — more precisely the type of subalgebras they contain — and
of course their property to be only five, have led physicists to think that
the exceptional Lie algebras must play a fundamental role in physics (for
example Grand Unified models, String theory).

The exceptional Lie algebra F}

The Lie algebra Fj of rank 4 has dimension 52. In terms of the orthonormal
vectors €1, €2, €3, €4, the root system is given by A = {£e;+¢;, *e;, %(:I:elzt
gogtegteq)} (1 <iz#j<4). The simple root system is Ag = {a; = &9 —
€3, Qg = €3 —E4, Q3 = €4, Q4 = %(51 — g9 —e3 —&4)} and the corresponding
Dynkin diagram and Cartan matrix are

aq a2 a3 Qy

The algebra F} is singularily embedded into so(26). To describe this embed-
ding, it is convenient to use a so(26) basis constructed as follows. Consider
the elementary 26 x 26 matrices m;; such that (m;;)i = d;xd;. Then the
matrices M;; = m;; — moy—;o7—; where 1 < i # j < 13 generate so(26): the
Cartan subalgebra of so(26) is generated by the matrices M;;, the ; — ¢;
root generators are given by M;;, the ¢; +¢; (resp. —&; — ej) root generators
by M;o7—; (resp. Ma7—; ;) with i < j. In terms of the M;;, the generators
of Fy in the Cartan—Weyl basis are given by (with obvious notations)

— for the Cartan generators:

Hy =M1+ % (Maa+ Mss+ Mya+ Mss+ Mgg + Ms s+ Mio,i0 + Mi2,12)
Hy = My77+ % (Mas+ Mz + Mys+ Mss — Mgg — Mss — Mio,10 — Mi2,12)
Hz = My g + % (Mao 4+ M3 3 — My 4 — Ms 5 + Mgg + Mg g — Mig,10 — M12,12)
Hy = M1+ % (Map — M3 3+ Mya — Ms s + Mg — Mss + Moo — Miz,12)
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— for the positive long root so(9) generators:

E. e, = My7— Msg,15 + Mg 17 Ee te, = Mi20 — M3 oo + M3 o3
Eo s =—Myg— M5+ Ms 7 Eo teqs = Mij18 — Mg 19 + M3 21
E. ey, =M1+ Ms 15 — Ms o E. ie, = —Mij6+ M7 — Myo21
Eey_cy = Myg+ Msg+ Mrg Eepyey = Mo 10+ M3 12 — My 13
Ee,_cy = —Mse+ Ms 10+ M7 11 Eepyey, = Mog — My 10+ M7 16
Eey_cy = M3 4+ Mg 10+ Mg 11 Eeyyey = —Mss — Mg 12+ My 16

— for the positive short root so(9) generators:

E., = %(M113*M114+M215+M317*M419*M521)
E., = % (Mag — M3g — My 10 + Ms 12 + M7 13 — My 14)

E., = % (=Maa+ Mss — Mg 10 + Ms12 + Mo 13 — Mo 14)
E., = % (M3 + My s+ Mg g + Mio,12 + Mi1,13 — M11,14)

— for the positive weights so(9) spinor operators (j = %7/3):

= (M112+]M213+M418—] M214_M316_M620)
(M2,11 + jM3 14 + Ms 18 + M719 — Mi10 — M3,13)
(M2,9 +j*Mays — Myg — jMaga — Ms 15 — My 17)
(JM5,13 + Mrz15 — j>Mays — Myg — Msg — My 1)
(M1,5 + j?Me 13 — Moz — jMe 14 — Mg 16 — Mo 17)
(M4 + M7+ jMs 13 + Mg 15 — Mg 11 — j>Ms 14)
L (My7 4+ Moy + jMios + Mi11s — M,z — j°Mio,a)
(M1,2 + Ms 7 + Mg + Mio11 + jMi214 — j°Mi213)

E% (e1+e2+e3+es)

E% (e1+e2+e3—¢€4)

E% (e1+e2—e3+eq)

E% (e1+e2—e3—¢4)

Sk i 5 5F sh - ok o

E% (e1—ea+e3+e4)
E

1
5(e1—eate3—eyq)

E% (e1—e2—e3+e4)

E% (61—62—63—64

The negative root generators are given by £, = (Ea)T.
The generators in the Serre—Chevalley basis are related to those of the
Cartan—Weyl basis by:
hlengg h2:H37H4 h3:2H4 h4:H17H27H37H4
e1=FE¢ o e2 = FEey—c, €3 = \/§E€4 €4 = \/EE%(&‘1762763764)
fl = E752+€3 f2 = E7€3+E4 f3 = \/§E7€4 f4 = \/EE%(*€1+52+63+€4)

An irreducible representation of Fj is characterized by its Dynkin labels
(a1,a2,a3,a4) which are non-negative integers. The dimension of the Fj
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irreducible representation with heighest weight A(a1, ag,as,a4) is given by

N = Ng by by b3 by (b1 + b2)(ba + b3) (b3 + bs) (b1 + b + b3) (b1 + 2b2 + b3)
(2b1 + 2b2 + b3)(2b2 + b3)(ba + b3 + ba)(2ba + b3 + by)(2b1 + 2bg + b3 + by)
(2bg 4 2b3 + ba) (b1 + ba + bg + ba) (b + 2ba + b3 + ba) (b1 + 2b2 + 2b3 + by)
(b1 + 3bo + 2b3 + ba)(2b1 + 2bo + 2b3 + ba)(2b1 + 3ba + 2b3 + bs)

(21 + 4by + 2bs + bs)(2by + by + 3bs + by) (2by + 4bs + 3bs + 2by)

where b; = a; + 1 and 1/Ny = 2% 3754 72 11.

The representations of Fy are all real (— 1.92). The fundamental simple rep-
resentation (0,0,0,1) is of dimension 26. The adjoint representation (1,0,0,0)
is of dimension 52. See Table 3.8 for the complete list of fundamental weights

of Fy. The irreducible representations of dimension up to 108 are listed in
Table 3.21.

F4 contains as maximal regular subalgebras so(9), sp(6) @ sl(2) and sl(3) &
sl(3) and as maximal singular subalgebras G2 @ s(2)® and s1(2)%6 (— 1.87)
where the superscripts are the Dynkin indices (— 1.41).

The exceptional Lie algebra G5

The Lie algebra G5 of rank 2 has dimension 14. In terms of the orthonormal
vectors €1,e9,e€3 such that 1 + €9 + €3 = 0, the root system is given by
A={e —¢j, gi+e;— 2} (1 <i#j#k<3). The simple root system
is Ag = {a1 = e9 +¢e3 — 21, ag = €1 — g2} and the corresponding Dynkin
diagram and Cartan matrix are

ag as 9 _3
=0 I
In order to write the commutation relations of G, it is convenient to use
a so(7) basis. Consider the so(7) generators M,, = —M,, where 1 < p #

q < 7. The singular embedding G2 C so(7) is obtained by imposing on the
generators M, the constraints

&ijkMi; =0

where the tensor &;; is completely antisymmetric and whose non-vanishing
components are

§123 = &145 = &176 = 246 = o57 = &347 = E365 = 1
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The commutation relations of G9 then read as:
|:MpQ7 Mrs:| = 5qrMps + 5pqur - 5p7‘qu - 5qup7‘ + %quufrvauv

In terms of the M,,,, the generators of G are given by

Ey = i(My7 — Moy) E} = iV/3(My7 + Mayg)

Ey = i(Mp1 — Myy) EbY = —iv/3(May 4+ Myy)

E3 = i(M7o — Mia) E} = iv/3(Myy + M) = —Fj
By = i(Mys — M) E} = iv/3(Myz + M)

E5 = i(M31 — Mye) E} = iV/3(Ms1 + Mug)

E¢ = i(Mea — Mr3) E} = iv/3(Mgy + Mz3)

Er7 = i(Msy — Mg7) EL = iv/3(Msy + Mey)

The generators E, with a = 1,...,8 generate sl(3) and satisfy the commu-

tation relations

[Eaa Eb} = 2ifabcEc

where f.;. are the usual totally antisymmetric Gell-Mann structure constants
(— 1.90). The commutation relations between the Gy generators E, and E!
(t=1,2,4,5,6,7) are

[Ea,EZ{} = icy;; B
[E;, E;} — 2i(casj Ba + ¢ E})

where the structure constants c,i; (antisymmetric in the indices ¢, j) and ¢ n

(totally antisymmetric) are

Cl47 = C156 = C257 = C345 = C367 = C417 = C725 = 1/2

€246 = €426 = C516 = C527 = C615 = C624 = C714 = —1/2
csas = cs76 = —1/2V3 g1 = —1/V/3

/ / / /
chay = Chgs = chyg = chyr = —1/V/3

The generators E3 and FEg constitute a Cartan basis of the G2 algebra. One
can also take a basis Hi, Ho, Hs such that Hy + Ho + Hs = 0 given by

Hy = %(Eg + @Eg), Hy; = %(—Eg + ?Eg), H; = —@Eg. The generators
in the Cartan—Weyl basis are given by (with obvious notations):
Hy = L(Bs + 2 Ey) Hy=L(~E3+LE) Hy=-LEs
E:I:(al—ag) = F{ £1FEy E:t(52—53) = Fg +1F7 Ei(51_53) = F4+1FE;5
E:I:el = E’/7 + ZEé Ej:EQ = EZIL F lEE/') E:I:E3 = Ei F ZEé
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An irreducible representation of Gg is characterized by its Dynkin labels
(a1, a2) which are non-negative integers. The dimension of the G3 irreducible
representation with heighest weight A(aq,a2) is given by

N = 1—%0 (a1+1)(a2+1)(a1+a2+2)(2a1+a2+3)(3a1+a2+4)(3a1+2a2+5)

The representations of Go are all real (— 1.92). The fundamental simple
representation (0,1) is of dimension 7. The adjoint representation (1,0) is of
dimension 14. See Table 3.9 for the complete list of fundamental weights of
Go. The irreducible representations of dimension up to 20000 are listed in
Table 3.20.

G2 contains as maximal regular subalgebras su(3) and su(2) @ su(2) and as
maximal singular subalgebra s1(2)?® (— 1.87) where the superscripts are the
Dynkin indices (— 1.41).

The exceptional Lie algebra Fj

The Lie algebra FEjg of rank 6 has dimension 78. The root system of Fg can
be described in two different ways.

Consider the eight-dimensional vector space R® with an orthonormal basis
{e1,...,e3}. Let Vg be the hyperplane in R® orthogonal to the vectors 743
and g + €7 + 2eg. The root system of Fjg is then given by A(Fg) = A(Eg) N
Ve = {£eitej, :i:%(:bsl:l:. ..tes—eg—erteg)} (1 <i#j<5). Thesimple
root system is Ag = {a1 = %(51 + eg — 2]7-:2 €j)y Q@2 = €2 — €1, ..., Q5 =
€5 — €4, Qg = €1 + 52}.

The root system of Eg can be also described in terms of the orthonormal
basis {e1,...,£6} in a six-dimensional space. The root system of Eg is then

given by A = {&e; £, S(fe1 ... es £ V3 e6)} where 1 <i#j <5
and the total number of minus sign in %(:I:el + ...+ e54 /3 ¢eg) is even.

The corresponding Dynkin diagram and Cartan matrix are given in Table
3.5.

An irreducible representation of Fg is characterized by its Dynkin labels
(a1, a2,as,a4,as,a¢) which are non-negative integers. The representations
such that a; = a5 and ag = a4 are real, the other ones are complex (— 1.92).
The fundamental simple representation (1,0,0,0,0,0) is of dimension 27. The
adjoint representation (0,0,0,0,0,1) is of dimension 78. See Table 3.5 for the
complete list of fundamental weights of Eg. The irreducible representations
of dimension up to 10% are listed in Table 3.24.

Eg contains as maximal regular subalgebras sl(6)®sl(2), sl(3)® slg?)) ®sl(3)
and s0(10) @ U(1) and as maximal singular subalgebras F}}, G3, G5 @ sl(3)?,
sp(8)! and sl(3)? (— 1.87) where the superscripts are the Dynkin indices
(— 1.41).
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The exceptional Lie algebra FE;

The Lie algebra E7 of rank 7 has dimension 133. The root system of E7; can
be described in two different ways.

Consider the eight-dimensional vector space R® with an orthonormal basis
{e1,...,es}. Let V; be the hyperplane in R® orthogonal to the vector e7+¢s.
The root system of E7 is then given by A(E7) = A(Es) N V; = {xe; +
gj, *(es —e7), £3(der . j:56 —e7+¢eg)} where 1 < i # j <6 and the
total number of minus signs in 5 (:i:sl +...+teg—e7+eg) is even. The simple
root system is Ag = {a1 = 5(51 4 eg — 2]7-:26]), Qg = €3 — €1, ..., Q5 =
€5 — €4, O = €6 — €5, Q7 = €1 + £2}.

The root system of E; can be also described in terms of the orthonormal
basis {e1,...,e7} in a seven-dimensional space. The root system of E is then
given by A = {de; +£ej, £v2e7, H(Fer£.. . £egEV2e7)} (1 <i#5<6)
where the number of minus signs in %(:I:el + ...+ ¢e6+£/2¢7) in the first 6
vectors is even.

The corresponding Dynkin diagram and Cartan matrix are given in Table
3.6.

An irreducible representation of E7; is characterized by its Dynkin labels
(a1,as,a3,aq,as,a6,a7) which are non-negative integers. The representa-
tions of E7 are real if a4 + ag + a7 is even and pseudo-real if a4 + ag + a7
is odd (— 1.92). The fundamental simple representation (0,0,0,0,0,1,0) is
of dimension 56. The adjoint representation (1,0,0,0,0,0,0) is of dimension
133. See Table 3.6 for the complete list of fundamental weights of E7. The
irreducible representations of dimension up to 10° are listed in Table 3.25.

E; contains as maximal regular subalgebras so(12)@sl(2), si( 2®Sl ), sl( 87)
and Fg®U(1) and as maximal singular subalgebras F} @ sl(2)3, G3® sl

G @ sp(6)L, sl(2)* @ s1(2)'5, s1(3)%L, s1(2)?3! and sl(2)3%° (—> 1. 87) Where
the superscripts are the Dynkin indices (— 1.41).

The exceptional Lie algebra Fjs

The Lie algebra Fg of rank 8 has dimension 248. In terms of the orthonormal
basis {e1,...,e3} of R®, the root system of Fg is given by A = {4e; £+
gj, 3(Fe1£...£eg)} where 1 <i# j <8 and the total number of minus
signs in %(:I:al + ...+ eg) is even. The simple root system is Ay = {a; =
%(61 +e8 — 2]7-:253'), ay =€y —€1, ..., ap = €7 — ¢, ag =1 +e2}. The
corresponding Dynkin diagram and Cartan matrix are given in Table 3.7.

An irreducible representation of Eg is characterized by its Dynkin labels

(a1, as,as,aq,as,a6,a7,ag) which are non-negative integers. The represen-
tations of Fg are all real (— 1.92). The fundamental simple representation
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is the adjoint representation (0,0,0,0,0,0,1,0) of dimension 248. See Table
3.7 for the complete list of fundamental weights of Fg. The irreducible rep-
resentations of dimension up to 107 are listed in Table 3.26.

Es contains as maximal regular subalgebras so(16), E; @ sl(2) Eg @ sl(3),
sl(5)@sl(5) and sl(9) and as singular maximal subalgebras so(5)'?, GI® F},
s1(3)8 @ s1(2)16, s1(2)1249, 51(2)760 and s1(2)°?° (— 1.87) where the super-
scripts are the Dynkin indices (— 1.41).

1.31 Folding

— 1.87 Subalgebras: regular and singular subalgebras.

1.32 Fundamental representation

— 1.92 Weights of a representation.

1.33 Galilei group

The Galilei group plays a fundamental role in classical physics since both
classical mechanics and non-relativistic quantum mechanics have to satisfy
covariance under transformations of the Galilei group.

The Galilei group is the set of linear transformations in Newtonian space—
time which leave invariant the time interval between events and the space
distance of simultaneous events. Its elements g = (7,d, v, R), where R is a
3 x 3 orthogonal matrix, ' and d@ are arbitrary real vectors and 7 an arbitrary
real number, are defined as follows:

«' = (r,d,5,R)x where z=(t7), «'=(,7") (tE€R and 77" €R’)

with
t=t+r and 7' = RF+vt+a

The composition law is
(r,a,v,R)(7",a',¢'",R)=(r+71,d+ Ra' + 19,5+ Rv', RR)
and the inverse element is given by
(r,d,7,R) ' = (-7, R Y@ - 10),-R '&,R 1)

The Galilei group is a 10-parameter group. The infinitesimal generators sat-
isfy the Galilei algebra whose commutation relations are given below, where
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Py is the time translation, P; are the space translations, J; the rotations and
K; the pure Galilean transformations (i = 1,2, 3):

i | =i de Ko K| = K B =0
[Ji,K,} = iy, Ky [PZ»,P]} - [Pi,PO] - [Ji,PO] —0

i B =i by |Ki B =P,
The two Casimir operators are

P? = PP

N? = (K x P)?2 = N;N' = ¢;;, K’ P*¢""™ K, P,
The Galilei algebra can be obtained as a contraction from the Poincaré
algebra. To see this, one rewrites the Poincaré algebra in terms of the
infinitesimal generators J! = J;, K| = K;/c, P/ = P;, P} = cPy where c is a
parameter to be identified in physics with the speed of light, and apply the
limit ¢ — co: one obtains the Galilei algebra [54].

The Galilei algebra admits a non-trivial central extension M such that
[KZ-,P]} —i6; M
1] = ][] =[] o

the generator M being interpreted as a mass, and the algebra generated by
the K;, P; (i =1,2,3) and M constituting the Heisenberg algebra 3.

1.34 Gelfand—Zetlin basis for su(n)

An irreducible representation of su(n) can be characterized by a set of

n — 1 non-negative integers (min,...,Mp—1,) such that m;y, > mip1,.
[Min, ..., Mp—1y] corresponds to the Young tableaux (— 1.96) notation.
Property

The Gelfand—Zetlin basis of the representation space V(min, ..., My 1)

is constituted by orthonormal states (m) represented by the triangular
patterns
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Mmin M2n < Mp—1n 0
min—-1MmM2n-1 --- Mp-1n-1
(m) =
mi2 M22
mi1

where the m;; satisfy the condition
mijt1 = M5 2> Migq i1 > 0

Example
Gelfand—Zetlin basis in su(3): The vectors of the Gelfand—Zetlin basis in

su(3) take the general form

mi3 mog 0
(m)=| m2 ma where m13 > mia > my1, ma3 > maz > 0
mi1

The fundamental representation of dimension 3 is spanned by the vectors

210 2 1 0 2 10 21 0
2 1 2 1 11 2 0
2 1 1 2
210 2 1 0 2 1 0 21 0
2 0 2 0 1 0 1 0
1 0 1 0

Introducing the standard generators e;; of gl(n) which satisfy the commu-
tation relations

{eij, ekl} = djk €l — O ek

where 4,7, k,l = 1,...,n, the generators e;; are diagonal in the Gelfand—
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Zetlin basis

eil(m)) =D (miyy —mij1)|(m))
1<j
while the generators e; ;11 and e;41; act as raising and lowering operators
respectively. One has

eiit1|(m)) =Y af|mz — my + 1)

=1

(2
eirral(m)) = 3 aglme > mi — 1)

=1
where
i+1 i1 11/2
H(ms,i+1 —Msr; — S + 7') H(ms,ifl —Mr; — S + 7 — 1)
aj = (_1)i5:1 i s=1
H (msi—mqr;—s+7) (mg; —mqs; —s+7—1)
L s=1,s#T i
and
i+1 i1 q11/2
H(ms,iﬂ —mr;—s+7+1) H(ms,ifl — My —S+T)
@ = [ =
H (ms,i —Mms; —s+ 7+ 1) (ms,i —Mmr; — S+ 7')
L s=1,s#T ]

In this framework, it is specially easy to decompose a su(n) representation

m(Min, ..., Mp_1,) into irreducible representations of su(n — 1):
T(Min,...,Mp—1y) =
@ 71-("nl,n—l — Mpn—1n—1y-++yMp-2n-1— mn—l,n—l)

Min Zmi,n—l Zmi+1,n

the basis vectors of the su(n — 1) representation m(mip—1 — Mp—1n—1,.- -
Mp_2p—1— mn—l,n—l) being obtained from the above vectors in which the
first row has been discarded. Iterating this reduction, one sees that the
construction of the Gelfand—Zetlin basis for an irreducible representation 7
of su(n) stands on the reduction of m with respect to the following chain of
embeddings:

su(n) D su(n—1) D su(n—2) D ... D su(2) D U(1)
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1.35 Gelfand—Zetlin basis for so(n)

An irreducible representation of so(n) with n = 2p or n = 2p + 1 is charac-
terized by a set of p integers or p half-integers (my,...,my) such that

fOI‘Tl:2p, lemZZ---Zmp712|mp|
form=2p+1, mi>mo>...>2my_1>my >0

In the case of so(2p + 2), the Gelfand—Zetlin tableaux are of the form

mi mo . . my My
miop M22p e mp—-1,2p Mp2p
mi2p—1 MM22p—-1 s Mp—1,2p—1 Mp2p—1
miop—2 . .- mp—1,2p—2
mi2p—3 N mp—1,2p—3
(m) =
mi14 M24
mi3z  MmM23
mi2
mii

where the numbers m;; are simultaneously all integers or all half-integers,
and satisfy the conditions

mi > migp > Mo > Mooy > ... > My > My op > [Mpi|
My 2041 = M2t > Mif12641 (1<i<t<p-1)
M2t > Miot—1 > Myy12t (1<i<t—-1<p-—-1)

with the particular conditions on the right boundary

M2t > | Myt 2e41] and My at—1 = —My ot

In the case of so(2p + 1), the Gelfand—Zetlin tableaux are of the form

mq mo . mp—1 mp
miop—-1 M22p—1 .- Mmp—-1,2p—1 Mk 2p—1
mi,2p—2 cee mp—1,2p—2
mi2p—3 e mp—-1,2p—-3
(m) =
mig4 M24
mi13 MmMa23
mi2
mi1
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satisfying the conditions

mip 2> miop—1 2 M2 2 M22p—12 ... 2 My = Mpop1 = —My
MG 2441 > M2t > M1 2t4+1 (1<i<t<p-1)
M2t > Mit—1 > Myt (1<i<t—1<p-1)

and on the right boundary

Mgt > | Myt 2e41] and Myat—1 = —My ot

As in the su(n) case (— 1.34), the Gelfand—Zetlin basis for so(n) makes
transparent the canonical decomposition so(n) D so(n — 1) D so(n —
2) O ... Indeed, if the first line my,...,my11 of the Gelfand-Zetlin pat-
tern for so(2p+2) determines an irreducible representation w(my, ..., mp41)
of so(2p+2), then the second lines allowed by the above conditions label the
so(2p + 1) representations contained in mw(my,...,mpy1). So does the third
row for the representations of so(2p), and so on, up to the last lines in which
mi2 and mq; characterize the so(3) and so(2) representations respectively.
It is because the rank of so(2p) and so(2p + 1) are the same, and equal to
p, that the number of m;;’s in a row decreases by one every other two lines.

The action of the so(n) generators on the vectors in the Gelfand—Zetlin
basis is much more involved than in the su(n) case. Let us introduce the
standard generators M;; of so(n) which satisfy the commutation relations
(where 4,75,k,l=1,...,n

|:sz, Mkl} = 041 My, + 651 My — 61 My — 051 My,

The generator M; ;1 acting on a Gelfand—Zetlin basis vector will change
only the line (7 — 1) and will leave the other rows unchanged. Denoting by
|m ) the vector obtained from the vector |(m)) by m;; — m;; £ 1, one gets

t
Mapy1,2e|(m)) = ZA mjae-1)Imly 1) =Y Almja1 —1)mjy )
7=1

7=1
t
Mot i290i41|(m)) = ZB mjat |m] 2t ZB mjat—1— 1)|mj_,2t>
7=1 7=1
+iCot|(m))

where the expressions of A, B, C are given by, setting l;9;—1 = mr 21+t —7
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and Iy 9t = myop +t — 7+ 1t

, 1/2
H rot—2— o1 — 1) (lror—o+1li2t—1)
Almjz 1) = |
H(lzth - 192',2t71)(l3,2t71 — (Ljoe1+1)%)
T#£]
; 1/2
X H(l'r,2t —liot—1—1)(Ir2t + lj2e—1)
T=1
t t+1 1/2
H(ZT 2%—1— 192,215) H(lT 241 — 1]2',2t)
B(mj,2t) — =1 =1
o420, — 1) [T (Bor — Bo) ((lrae — 1)* = 125,
-
41
H lrot—1 H 72641
Coy =

H l’r,2t(l7',2t -1
=1

Note that the Gelfand—Zetlin basis vectors are not eigenvectors of the p
commuting generators Mis, M3y, ..., Mop_19,, but only of the first one
M12.

For more details, see refs. [27, 29].

1.36 Generalized Young tableaux

It is useful to introduce generalized Young tableaux for performing the prod-
uct of representations for orthogonal, symplectic and even exceptional groups
(— 1.64, 1.65, 1.66 and 1.63).

So, following ref. [30], we define in the context of a rank n simple Lie
group G, in particular with G = SO(2n), SO(2n + 1), Sp(2n) or Gs, a
generalized Young tableau (GYT) as a tableau associated with the ordered
set of positive, null and negative numbers [aq, ..., a,] satisfying a; > ... >
oy, the considered tableau being constituted by |a;| boxes in the zth row,
these boxes being arranged on the right hand side (resp. left hand side) of a
virtual vertical axis following a; > 0 (resp. «; < 0). For example, the GYT
[1,0,—1,—2] will be drawn as follows:
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One can add that the introduction of such tableaux is related to the study
of the different weights in an irreducible representation of G.

Finally, we point out that a GYT relative to a rank n Lie group G cannot
have more than n rows.

Let us define the rules for the product of two GYTs.

If the product we have to consider concerns two GY'Ts with only positive
rows (standard Young tableaux), then the product has to be performed
according to the product law of SU(n) Young tableaux, the only difference
being that a GYT with n positive rows [myq, ..., my] is not equivalent to the
simplified GYT [m1 — my,...,mu_1 — my,0].

Otherwise the multiplication law we define is a direct generalization of the

product of SU(n) Young tableaux, and it is convenient to consider three
kinds of products:

1. A completely arbitrary GYT [a] with a3 > ... > «a,, multiplying a
positive GYT [p] with gy > ... > py, > 0.

Call the boxes in the first line a, those of the second line b and so on

up to the n-th line of the GYT [u]. Add to the GYT [a] one box [2]
of [u] using all different ways so that one always gets a GYT. A box
added to a negative row of [a] will cancel the negative box furthest left

in this row. Then add a second box [2] to the obtained tableaux and
so on using the usual SU(n) prescriptions.

As an illustration, let us consider the following product relative to

SO(6):
l—\ alala] ala]a] ala] ala] a
H ® [blb = b @ Ablv] @ Ab @ £lalb
<] c c
[1a _]-7 _1] ® [3a 2a 1] = [4a 1a 0] D [37 25 0] D [37 ]-7 1] D [2a 2a 1]

Notice that the tableau

ala]

b
c

does not exist since, before adding the b boxes, we would get the
tableau [3, —1, 0], which is not a GYT.
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2. A completely arbitrary GYT [a] multiplying a negative GYT [u] with
0> p12... 2 ln.

Call the boxes in the last line a, those of the line just above b and so on
up to the first line of GYT [1]. Add to the GYT [a] one box [2] of [1]
in all the possible ways giving always a GYT. A negative box added
to a positive row of [a] will cancel the positive box furthest right in
the row. Then add a second box [¢] and so on using the usual SU(n)
prescriptions, but reading from left to right and from bottom to top,
to satisfy n;(a) > n;(b) > ... (instead of counting from right to left
and from top to bottom).

As an example:

| |
m ey
] ? = Yo g
[2717_1]®[07_1a_1] = [2707_2] @ [1717_2] @ [1707_1]

3. Finally, the product of two arbitrary GYTs can be done by combining
the rules of cases 1 and 2 and the following recurrence formula:

[ @[] = (o] @[u-) @[kl © [o] ®{[p]}

[iu’]*:[0""707uk+17"'7un] and [N]Jr:[ula"'aukaoa"'vo]

with p1,..., 0k > 0, pgs1,---,4n < 0 and {[u]} denotes the set of
GYTs obtained from [u] cancelling in all the possible ways one or more
negative boxes with one or more positive boxes (“contraction”) with
the following prescription: one labels by a the boxes on the first positive
row, b on the second row and so on; in the contracted diagram, denot-
ing n;(a) the number of boxes labelled by a in the i-th first columns
starting from the right and n/(a) the number of boxes labelled by a in
the i-th first rows starting from the top, and identical definitions for
the other labels b, c, . . ., one must have n;(a) > n;(b) > n;(c) > ... and
ni(a) > ni(b) > nl(c) > ...

As an example:
{[2727_1a_2]} = [271707 _2] @ [2717_17_1] D [171707_1]
®[1,0,0,0] @ [2,0,0,—1]

Each element of {[u]} has again to be decomposed into a positive and
a negative part. It is clear that the decomposition of [a] ® [u] will be
obtained by repeating the formula a finite number of times.
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Remark:

A procedure to perform the product of two GYTs, say [A]®[u], just bringing
it back to the product of two standard Young tableaux, is to add to each
row of a GYT [)A] (resp. [p]) |\n| boxes (resp. |un| boxes). In this way
we get two standard Young tableaux with no boxes in the last row. We
perform the product according to the Young tableaux rules (— 1.67) and we
subtract from each row of the obtained Young tableaux |A,| + |un| boxes.
This procedure justifies the above set of rules.

1.37 Group — Subgroup

Definition
A group G is a set of elements together with a composition law (denoted
here multiplicatively) such that

1. Vg, €G, gxg e€G internal law

2. Vg,9,9"€G, (gxg)xg"=gx* (g *xg") associativity

3. dJeeG suchthat Vge G, gxe=exg identity element
4. YVge G, g1 €G suchthat gxgl=e inverse

A group is said to be finite if it contains a finite number of elements, this
number being called the order of the group.

A group is said to be commutative or Abelian if g x ¢ = ¢’ * g for all
/
9,9 €G.

One can prove the following theorem:

Theorem
Let G be a group. Then

1. Vge@G, glxg=e

2. Vged@,exg=g

1

3. e is unique, and for any g € G, g~ is unique

Definition

A subgroup of a group G is a non-empty part H C G which is a group
with the composition law induced by G. H is a proper subgroup of G if
H # G and H # {e}.

Theorem
The non-empty part H C G of a group G is a subgroup of G if and only

ifrxy '€ Hforalzyc H.




Lie Algebras 65

Definition
Let G be a group and H a subgroup of G. H is called a normal or
tnwariant subgroup of G if it is globally invariant by conjugation of any
element g € G, that is

gHg '=H, Vge G

Example
Consider the Euclidean group FE(3) in three dimensions (— 1.29). Its

three-dimensional translation subgroup 7'(3) = {(a,1)} is a normal sub-
group of E(3). O

The importance of the notion of normal subgroup is developed in — 1.68
Quotient group and — 1.25 Direct and semi-direct products of groups.

1.38 Group morphisms

Let G and G’ be two groups with internal laws * and x respectively. A
homomorphism ® of the group G on the group G’ is an application from G
to G’ which respects the group laws, that is

P(gxg)=D(9)xP(g), Vg, g€

e An isomorphism is a bijective homomorphism.
e An endomorphism is a homomorphism of the group G on itself. An impor-
tant example of endomorphism is given by the conjugation by an element gg

=1
of G: ®g,(g) =go*g*gy -
e An automorphism is a bijective endomorphism.

1.39 Group parameter

— 1.48 Lie group and 1.49 Lie group of transformations.

1.40 Ideal

— 1.51 Lie subalgebra — Ideal.
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1.41 Index of an embedding — Defining vector

Definition _

Let G be a simple Lie algebra of rank » and G a subalgebra of G of rank
¢. Denoting by H = {Hy,...,H,} and H = {ﬁl,...,f[g} the Cartan
subalgebras of G and § respectively, the embedding 5 C G is completely
defined by the mapping f from H to H:

f(fIi)ZZfinj 1<i<Y
j=1

The matrix (f;;) is called the defining matriz of the embedding G Cg.
When G = sl(2), this matrix becomes a vector (fi,..., fr) called the
defining vector of the embedding sl(2) C G.

Definition _
Let G be a simple Lie algebra of rank » and G a subalgebra of G of ranli
¢ with the defining matrix (f;;) (1 <i</fand 1< j <r). If K and K

denote the Killing forms (— 1.44) on G and G, one has

K(f(X),f(Y))=j;K(X,Y) X, YeG

The number j¢, which is independent of X , }7, is called the Dynkin index
of the embedding G C G.

Theorem _
|| The index j; of an embedding G C G is an integer.

Property N
Let f1,..., fn be embeddings of a simple Lie algebra G into the simple
Lie algebra G, such that

[f(X),f;(Y)]=0 i#jand X,Y €G

Then f = fi1 4+ ...+ fy is also an embedding and j; = j;, + ...+ j¢,.

Property
Let G1, G2, G3 be simple Lie algebras such that G; C Go C G3. Then

JG1CGs = JG1CGa JG2CGs
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Property
Let G be a simple Lie algebra of rank r and (f1, ..., f-) the defining vector

of an embedding sl(2) C G. Then the index of the embedding is given by

r

. 1 2

Jr = §Zfi
i=1

The case of the embedding sl(2) C G is treated in detail in — 1.28 Embed-
dings of sl(2).

1.42 Index of a representation

Definition
Let G be a simple Lie algebra and 7 a representation of G. The bilinear
form associated to 7 is defined by B,(X,Y) = tr(n(X)n(Y)) and the
Killing form by K(X,Y) = tr(adx ady) where X,Y € G (— 1.44). One
has

BW(X7Y) =Jn K(X’ Y)

where 7. is independent of the elements X and Y of G. The number j,
is called the index of the representation .

Property
Let G be a simple Lie algebra and 7 a representation of G of dimension

N and highest weight A. The value of the index j, is given by

N
= Co(A
I* = Gmg W

where C2(A) is the value of the second order Casimir in the representation
m, properly normalized (i.e. Co2 = 1 in the adjoint representation).

1.43 Iwasawa decomposition

Let G a semi-simple real Lie algebra. One knows (— 1.44) that G satisfies
the Cartan decomposition

G=CopP
where C is compact.

Through the complex extension G of G, one can consider to each root a of
Gc the root subspace

Go = {a: € Go ‘ [h,x} =a(h)z, h € 7—[}
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where H is a Cartan subalgebra of G.
¢ being the involution defined on G (— 1.44) such that

p(X)=X for XeC
p(X)=-X for XeP

it can be shown that the application o? defined from o by
a®(h) = a(ph) VheH

is also a root for the algebra G¢.
Then defining

N = @ga where P+:{a€7{*

acPy

a€A, a#a¢}

and

NozgﬂN

one has the following theorem:

Theorem (lwasawa)
The semi-simple real Lie algebra G admits the direct vector space decom-

position

G=COHpDdDNy
where C is compact, Ny = GNAN is as defined above and Hp is a maximal
Abelian subalgebra of P.

The spaces N and A are nilpotent Lie algebras and Sy = Hp ® N is a
solvable algebra (— 1.23).

1.44 Killing form

The importance of the Killing form stands in its properties of providing
criteria for the semi-simplicity of a Lie algebra and for the compacity of
semi-simple groups.

Definition

Let G be a Lie algebra. One defines the bilinear form B, associated to a
representation m of G as a bilinear form from G x G into the field of real
numbers R such that

BA(X,Y) = tr(r(X)n(Y)), VX, Yeg

m(X) are the matrices of the generators X € G in the representation .
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Definition
The bilinear form associated to the adjoint representation of G is called
the Killing form on G and is denoted K (X,Y):

K(X,Y) =tr(adx ady), VX, Ye@g

We recall that ady (V) = [X, Y] and (adx, )s = —Cua” (= 1.2) where Cpi”
are the structure constants for the basis {X,} of G (1 =1,...,dimG). We
can therefore write

K(XIM XV) = Cyaﬁcyﬁa = 9w

Cartan'’s criterion
|| G is semi-simple if and only if K is non-degenerate, that is det g # 0.

Theorem
G is semi-simple if and only if G is a direct sum of ideals which are simple
as Lie algebras.

Theorem (Weyl)
Let G be a semi-simple connected Lie group. Then G is compact if and

only if the Killing form on its Lie algebra G is negative definite, that is
VXeg,K(X,X)<O0.

We remark that in this last case, — K defines a scalar product on G.

Finally, for a general semi-simple Lie algebra, we have the following result:

Theorem (Cartan)
Any semi-simple Lie algebra G over R can be seen as the direct sum of

two vector spaces:

G=CoP
where:
1. C is a compact subalgebra of G, that is [C,C] c C.
ad¢ leaves P invariant, that is [C, 73} C P and ['P,P} cC.

2. The Killing form K of G restricted to C is negative definite, while
that restricted to P is positive definite. Furthermore, any subalge-
bra C’ of G such that the Killing form of G restricted to C’ is negative
definite is conjugate under G to a subalgebra of C.

The coset space G/C' is called a symmetric space (— 1.71).
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The subalgebra C is called a symmetric subalgebra because of the existence
of the automorphism ¢ of G defined as follows:

p(X)=X for XeC
p(X)=—X for XeP

Compactification of G: from above, one can note that G can be “com-
pactified” by replacing any element X € P by iX. Then K(iX,iX) =
-K(X,X)<0.

1.45 Lattices

Definition

Let V be an N-dimensional vector space on R with basis (¢1,...,en). V
is endowed with a symmetric bilinear form (inner product), denoted u - v
for u,v € V. A lattice £ is defined as a set of points in V such that

N
/Q/:{Z’I’Liai, TLZ'GZ}
i=1

In the following, we assume V = RP'? where p+q = N, with pseudo-Euclidean
inner product of signature (p,q). In the case p = N, q = 0, the lattice £ is
said to be Euclidean. In the case p = N — 1,q = 1, the lattice £ is said to
be Lorentzian.

Definition
The dual lattice £* of an n-dimensional lattice £ is defined by

£*={yEV‘y-m€Z, vaES}

A basis of £* is given by the dual basis (¢7,...,&%) to the basis (e1,...,en),
that is €7 - ; = d;5.

Definition
A lattice £ is called:

— unimodular if it has one point per unit volume, that is vol(£) =
V/|det g| =1 where g;; =¢; - ¢;.

— antegral if x -y € 7Z for all x,y € £. One has then £ C £*. Furthermore
an integral lattice is called even if all lattice vectors have even squared
length: 22 € 27 for all € £. It is called odd otherwise.

— self-dual if £ = £*.
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Property
A lattice £ is self-dual if and only if it is unimodular and integral.

Among the lattices related to the simple Lie algebras, the root lattice @,
the coroot lattice Q¥ and the weight lattice P are particularly relevant. For
a given Lie algebra G of rank r, they are defined as follows: {ai,...,a,}
being the simple root system, {ay,...,,} the simple coroot system where
a) =2a;/(ai-a;) and {A1,..., A} the fundamental weight system, one has:

Q = {iniai,niEZ}
1=1

QV = {zr:nial\-/,niEZ}
1=1
{iniAianiEZ}

=1

P =

Ai-aj

From the relation 2 =N\ -a}/ = 05, it follows that the weight lattice P

aj - oy
is dual to the coroot lattice QV. The integer numbers specifying the position
of a point in P are the eigenvalues of the Cartan—Chevalley generators h;.
The effects on P of the other generators is to shift the point in the lattice
by an element of Q. Since the roots are the weights (— 1.92) of the adjoint
representation, one has the inclusion @ C P. In particular for the algebras
Eg, Fy and Go, the lattices Q and P coincide. The quotient P/Q is a finite
group whose order | P/Q)| is equal to the determinant of the Cartan matrix of
the algebra. This finite group is isomorphic to the center Z(G) of the group
G corresponding to the algebra G. The elements of P/Q define the conjugacy
or congruence classes. Of course, the weight of an irreducible representation
of G belongs to exactly one conjugacy class. For instance, for the algebra
sl(n) there are n conjugacy classes which are defined by

n—1
> iA; mod P/Q
i=1
For any simple Lie algebra G the conjugacy classes are defined by
T
X-C=>"CiA; mod P/Q and mod Z/27Z for Doy

=1

where C is the so-called conjugacy or congruence vector.
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For a simple Lie algebra G, one has

vol(Q) = y/det(Ai;) = v/Ne

where (A;;) is the Cartan matrix (— 1.8) and N, is the number of conjugacy
classes of G.

Table 1.3 gives for the simple Lie algebras the root lattice @, the coroot
lattice QV, the weight lattice P, the discrete factor group P/Q and the
conjugacy vectors (for non-simply-laced algebras: P # Q). In this table,
Ly is the cubic lattice ZV with basis (e1,...,ey). The lattice £y is the
sublattice of £y constituted by the points x = Zfil x;e; such that ) . x; €
27. One defines also the lattices £y = £x U wZ and £, = £ UwZ where
w = %Z?; ei. Clearly £x/8N ~ Z/2Z and £y/LNn ~ Z/2Z. Vy is the
hyperplane in RN orthogonal to @ and A; = &1 — % w is the first fundamental
weight of Ay_1; V7 is the hyperplane in R® orthogonal to the fundamental
weight Ag of Eg and A} = g6 + % (eg — e7) is the last fundamental weight
of E7; Vg is the hyperplane in R® orthogonal to the fundamental weights Ag
and Ay of Eg and A{ =e5+ % (eg — €7 — €¢) is the last fundamental weight
of Fg; 8[612,613L is the lattice with basis €19 = €1 — €2,613 = €1 — €3 in the
hyperplane of R® orthogonal to €1 + &3 + €3.

For more details, see also Tables 3.1-3.9.

Table 1.3: Root and weight lattices of the simple Lie algebras.

algebra Q P P/Q conjugacy vectors
Av.1 | ExNVy | QUAZ Z/NZ 1,2,...,N—1,N
By &N £n 7,27, 0,0,...,0,1
Cy oy on 7)27 1,2,...,N—1,N
Doy - Son | ZJ2L X TJ2Z | 2,4,...,2N —2,N
Dont1 N1 Lont1 ALY/ 0,0,...,1,1
o Vs | &y UALZ 7,37 1,2,0,1,2,0
E; | £ynVr | SyUNZ 727 0,0,0,1,0,1, 1
Es e, e, i
Fy o L I
Go £le12, €13 Q I
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Self-dual lattices play a particular role in certain theories, for example in
string theory. Very few self-dual lattices exist for small dimensions. For
Euclidean lattices, the first examples are the root lattice of the Lie algebra
Eg (in dimension 8) which is even, and the weight lattice of the Lie algebra
Dis (in dimension 12) which is odd. Even self-dual Euclidean lattices only
occur in dimension 8k with k positive integer; there are two in dimension 16
(the root lattice of Eg x Eg and the weight lattice of SO(32)/Z), and 24 in
dimension 24, in which appears the Leech lattice whose minimum non-zero
squared length is 4. For Lorentzian lattices, there is exactly one odd self-
dual lattice in each dimension, which is Z¥~1!. Even self-dual Lorentzian
lattices only occur in dimension 8k + 2 with k positive integer; they are
denoted by IV -1l = {2 ¢ ZV-L1 or 2 € ZV "V + w | 2 - w € Z} where

w:(%,...,%).

1.46 Lie algebra: definition

Definition
G is a Lie algebra over a field K of characteristic zero (usually K = R
or C) if G is an algebra over K with its second internal law * satisfying

VX,Y,Z€G:

X*xY=-YxX
Xx(Y*2)+Y*x(ZxX)+Z+x(X*xY)=0

The first equation means that the product * is antisymmetric and the second
equation is called the Jacobi identity.

An associative algebra A over the field K (with product *) acquires the
structure of a Lie algebra by taking for the product the Lie bracket |, ]
(also called commutator):

[XJ}zX*Y—Y*X

for two elements X,Y € A.
It is the case for example of Lie algebras of linear operators (or matrices).

Example 1
Consider the Lie algebras of dimension 2 over C, generated by two ele-

ments a and b. There exist only two such Lie algebras: the Abelian Lie
algebra with commutation relation [a,b] = 0 and the non-Abelian one
with commutation relation [a, b] = b. O
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Example 2
Consider the Lie algebras of dimension 3 over C, generated by three
elements a, b and c. Let us denote the derivative (— 1.23) of the Lie
algebra G by G’ and the center (— 1.10) of G by Z(G). The Lie algebras of
dimension 3 over C are defined by one of the following sets of commutation
relations (o, B € C\{0}):

[a,b] = [b,c] =[c,a] =0 (dim G’ = 0,G is Abelian)
[a,b] = ¢, [c,a] = [c,b] =0 (dimG =1and G’ C Z(G))
[a,b] = b,[c,a] = [c,b] =0 (dimG =1and G ¢ Z(G))
[a,b] = 0,[c,a] = a,[c,b] = ab (dim G’ = 2)

[a,b] = 0,[c,al = a+ Bb,[c,b] =b (dim G’ = 2)

[a,b] = ¢, [c,a] = aa,[c,b] = Bb (dim G’ = 3)

1.47 Lie algebra: general decomposition

Theorem (Levi)
An arbitrary Lie algebra G has a semi-direct sum structure G = S& R
with R solvable Lie algebra (called the radical of the Lie algebra), ideal
of G and S semi-simple Lie algebra. It follows

[R,R}cn, [R,s]cn, [s,s]cs

Theorem (Malcev)

Any semi-simple subalgebra of G is conjugate (by an inner automorphism)
to a subalgebra of S, that is S is unique. S is called the Levi’s factor of
the Lie algebra G.

Lie Algebras (L.A.)
Abelian L.A.
Nilpotent L.A.
Solvable L.A.
Simple L.A.
Semi-simple L.A.

[ 2|3 4] |6 5

SO W N
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Example
Consider the Lie algebra of the Euclidean group E(3). E(3) is the semi-

direct product of the three-dimensional Abelian translation group 7'(3) by
the rotation group in three dimensions SO(3). Its Lie algebra is therefore
the semi-direct sum ¢(3)3 so(3), with the generators J; and P; (i = 1,2, 3)
of s0(3) and t(3) respectively satisfying:

|:Ji,Jj:| :if‘:iijk; |:Ji,Pj:| :igijkpka |:Pian:| =0

The subalgebra generated by {.J, J, + P,, J, — Py} is isomorphic to so(3).
From Malcev’s theorem, it must be conjugated to the algebra generated
by {Jz, Jy, J.}. By action of the element exp(FP;), we obtain:

exp(P.)Jy exp(—P.) = Jy + | Py o | = Jo + P,
exp(P.)Jyexp(~P.) = J, + |Poy Jy| = J, = P,

exp(P)J, exp(—P,) = J,

1.48 Lie group

Definition
Let G be a group. G is a Lie group of dimension n if it is an n-dimensional
analytic manifold, that is:

1. For all g € G, the element = can be parametrized, at least locally,
with the help of n parameters ay,...,a, € R (or C).

2. For allg,g’ c Gsuchthatgzg(al,...,an) andg':g’(a’l,...,a%),
n ' =g(a,...,a,) are such

the elements g.¢' = ¢”(af,...,al’) and g~
that the functions a/(ai,...,an,a},...,a),) and @;(ay,...,a,) are

analytic functions of the arguments.

1.49 Lie group of transformations

Let G be a Lie group of dimension n. G is a Lie group of transformations on
the m-dimensional manifold M if there exists an application f : GXM — M,
that is . .

2 = fizt, .. 2™ ay,. .., ap) i1=1,...,m

which is analytic in its (n + m) arguments and in addition satisfies
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1. For all ' = f(x;a) and 2" = f(2';d’), there exists a” = a”(a,ad’)
analytic in a and o' with 2" = f(z;d").

2. For all a, there exists a unique @ such that 2’ = f(z;a) = =z = f(2';a).

3. There exists ag such that z = f(z;ap) for all z € G.

Example of a Lie group of transformation

Consider the rotation group O(3) in three dimensions. Let g be the element
which rotates the frame (Oz, Oy, Oz) into the new frame (Oz’, Oy', 02').
Such a rotation will be completely determined once one knows for example
the Euler angles 1,0, ¢. We can represent g = g(¢,0, ¢) by the matrix

‘cos ) cos ¢ — cos@sin1sing | — cossin g — cosfsinyp cos¢p| sinsinb
sin 1) cos ¢ + cos 6 cos ) sin ¢ | — sin ) sin ¢ + cos O cos ) cos ¢ | — cos P sin O
sin ¢ sin 0 cos ¢ sin 6 cos 6

where 0 < ¢, < 27 and 0 < 8 < 7. One can remark that

9(,0,6) = 94 99 9y

that is g(1,0,¢) can be decomposed as the product of three rotations: a
rotation gy, around the axis Oz, followed by a rotation gy around the axis
OL (which determines the intersection of the two planes zOy and z'Oy’),
and finally a rotation g, around the axis Oz’. Moreover, the inverse of g can

be written g(¢,0,¢) " = g(r — ¢,0,7 — ).
Let us emphasize that:

1. this group contains three essential parameters (a fourth parameter
would be redundant and it is impossible to describe any rotation of
the three-dimensional space R? with only two parameters).

2. one has g(¢,0,¢) - ¢'(¥',0',¢") = ¢"(¢",0",¢") for any g(¢,0,¢) and
g, 0,¢"), where ", " ¢ are continuous functions in 1), 6, ¢, ¢,

0, ¢'.
3. the domain of variation of each parameter is compact (since it is a
closed set of the real axis: 0 < ¢,1 < 27 and 0 < 0 < 7).

It follows that the group O(3) is a continuous three-dimensional group:
it is a three-dimensional Lie group of transformations. Moreover, it is
compact since the domain of variation of each parameter of O(3) is com-
pact. Topologically, O(3) is a manifold: indeed there is a one-to-one corre-

spondence between the elements of O(3) and the elements in the subspace
S={0<,p<2m 0<6<m}of R3:

geOoB) — ((,0,0)eS

in which concepts and methods in R? are valid (S is locally Euclidean).
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1.50 Lie group of transformation generator

From the above definition of a Lie group of transformations, one has zt =
f'(x;0) for any = € M. Considering an infinitesimal transformation z —
x + dx of parameters da = (da',... da"), one obtains = + dr = f(x;da),
thus

Of'(z;a)

dz' = .
v oa’

do’ = Zu ) da? (t=1,...,m and j=1,...,n)
a=0
Let F be a form from M into K =R or (C Then
dF——dm—Zu —da] > (dd?X;) F
J

The n operators

X Z u 3371

are called the generators of the L1e group of transformations G.

Example
Let G be the three-dimensional rotation group SO(3). Then z/ =

f(z;a) = Az, where A is a 3 x 3 orthogonal matrix (that is AA? = T
or infinitesimally dA = —dA?), thus:

0 da® —da?
dA = —da’ 0 dat
da? —da! 0

Then

dz' = 2%da® — 23da®
dz? = 23da' — 2'da®

dz® = 2'da® — 2%da’

and since do’ = 37| u;(m) da’, we deduce the representation of the three
generators of SO(3):

0 0

2 3
Xi=w 81‘3_'7; Oz2
0 0
X, — 3 v 1+
2 xawl Ox3
%) 0
X3 =al— — 22—
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and we can check the commutation relations
{XlaXz} =—X3, {X2,X3] =-Xi, [Xg,X1] =—-Xs

Let us also consider the functions F* (k = 1,2,3) which associate to any
vector Z € R3 its components z* € R, F7 : & + 2. Then

dFk Zda3< i' 8@4)3: —Zdaj k

that is
di= (> ddX; | &
j

But since dz’ = dA;- 27 and due to the form of the matrix dA, we get the
representation of X; by 3 x 3 matrices:

0 0 O 00 1
Xi=10 0 1 Xo=10 0 0 X3=1] -1 0
0 0 10 0

o O O

1.51 Lie subalgebra — Ideal

Definition

Let G be a Lie algebra over the field K (K = R or C). A subset H of G
is called a subalgebra of G if H is a vector subspace of G which is itself
a Lie algebra. A subalgebra H of G such that H # G is called a proper
subalgebra of G.

Definition
Let G be a Lie algebra and 7 a subalgebra of G. 7 is called an ideal of G
if [g,z] C T, that is

XeGYel = [X,Y} €T

An ideal 7 of G such that Z # G is called a proper ideal of G.

If H is a normal subgroup of the Lie group G, then its Lie algebra H is an
ideal of the Lie algebra G of G.
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Property
Let G be a Lie algebra and Z, 7’ two ideals of G. Then [I, I’} ,ZNZ" and
Z UT" are ideals of G.

1.52 Lie theorems

Let G be an n-dimensional Lie group of transformations on the m-dimensio-
nal manifold M.

Theorem
Let x € M. In an infinitesimal transformation of the G-parameters, one

has dz’ = > u; (r)da’ (= 1.50). Then the functions u; are analytic.

Theorem
If X, (0w =1,...,n) are the generators of an n-dimensional Lie group G,

then the coefficients C’W)‘ given by
A
[XM, XV} = X, X, - X, X, = C,, ) X»
are constants and called the structure constants of G (note that they

do not depend on the representation chosen for G: they are intrinsic
quantities of G once given a basis of generators of G).

Theorem
The structure constants satisfy:

c,=-c,>
C)\MUC lla + C(,ul/(r J/\a + Cu/\gca,ua =0

o

The first property comes from the antisymmetry of the Lie bracket and the
last one can be easily deduced from the Jacobi identity

[+ [ o] i 0] o
for any triplet Xy, X, X;, of generators.

Property
The infinitesimal generators of an n-dimensional Lie group generate an

n-dimensional Lie algebra (— 1.46).
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Example
Consider the Lie algebra su(3) of SU(3) and the basis constituted by the

matrices \; (i =1,...,8) (— 1.90)
[Ai, A]} = NN — Ay =20 £ P

In this basis, the structure constants f; jk are not only antisymmetric in

the indices 7, j (f”k = — jik) but completely antisymmetric in the three
indices i, j, k, that is

k_
fij" = figk = —Fjik = —frji = —fikj = Fini = Frij

that last property being obviously not the case in any basis of su(3).

Converse of the Lie theorems

We have just seen that to each Lie group can be associated one and only
one Lie algebra. Is the converse true? The answer is no. More precisely,
in general it is not the case that only one Lie group corresponds to a Lie
algebra. Let us state the “converse of the Lie theorem”:

Theorem
Let G be an abstract Lie algebra of dimension n over the field R of real

numbers. Then there is a simply connected Lie group G of dimension n
(— 1.18) whose Lie algebra is isomorphic to G. The group G is uniquely
determined by G up to a local analytic isomorphism. G is called the
universal covering group.

Let us emphasize that there is not a one-to-one correspondence between Lie
algebras and Lie groups, since several Lie groups may have the same Lie
algebra.

The above theorem leads to the following questions: How to construct a Lie
group from a Lie algebra? How to get all Lie groups with the same Lie alge-
bra? The answer to the last question has been given in — 1.18 (Connexity).
The answer to the first question is given by the Taylor’s theorem:

Theorem (Taylor)
The Lie group operation corresponding to the Lie algebra element o X,

is
a'X, +—  exp(afX,)
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Example
Let us consider in R? a rotation of angle  around the Oz axis:

cosf sinf O
—sinf cos@ O

0 0 1

+ (0=0)
1-362+...  O0+... 0
—0+... 1-%2+... 0
0 0 1

where the lower matrix is obtained from the upper matrix by a Taylor
expansion. We realize that Rp.(f) can be rewritten as an exponential of
the generator X3 already introduced in the previous paragraph, that is

Ro.(0) =exp(0X3) — I[4+6X35+...

O

Taylor’s theorem does not insure that we can obtain any Lie group element
by taking the exponential of some element in the Lie algebra. Considering
for example the Euclidean group in three dimensions (— 1.29). It appears
that the most general element can only be written as the product of two
exponentials exp(8'P;) exp(a'J;) if P; and J; are respectively the translation
and the rotation generators (i = 1,2, 3), but not as a single exponential of a
Lie algebra element. However, we have the following property:

Property
Every element of a compact Lie group G lies on a one-dimensional Abelian

subgroup of G and can be obtained by exponentiating some element in
the Lie algebra.

1.53 Lorentz group

The Lorentz invariance of physical laws implies that physical equations have
to be covariant under transformations of the Lorentz group.

The Lorentz group L or O(3,1) is the set of linear transformations which
leave invariant the scalar product of two four-vectors in the Minkowski space
(v =0,1,2,3):

ry = g"r,x, with g = 26H0§V0 — sHv
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Its elements are defined by a:L = A"z, where the 4 X 4 matrices A satisfy
gm,Aa“AﬂV = Gap or AlgA = g with det A = +1

The Lorentz group is a 6-parameter group. Its infinitesimal generators

M,, = —M,,, satisfy the commutation relations (Lorentz algebra):

[M;wa Mpa] = i(_gyaMup + gupMya + g;wMup - gupMya)
In the 4 x 4 matrix representation they can be written as (¢,j = 1,2, 3)

(Mij)ap = —i(dia 05 — dip 6ja)
(Moi)ap = 1(00a 0ig + 003 ia)
where the row and column indices o and 3 run from 0 to 3.

If we define
J; = %Eijijk and K; = My,

we have

|:J’i7‘]j:| = i€ijk Jk » [JiaKj} =gk Ki, [KiaK]':| = —igijp Jp

The Casimir operators are given by

Cr=iM"M, =J?-K?
Co=Lepp MW MP? =2] - K

where €,,,,, is the complete antisymmetric tensor such that eg123 = +1.

The finite (not unitary) irreducible representations of the proper Lorentz
group SO(3,1) (det A = 1), or more correctly of its covering group SL(2,C),
are labelled by two non-negative integers (tensor representations) or half-
integers (spinor representations) (j1, j2) and have dimension (2j;41)(2j2+1).
The unitary irreducible representations, infinite dimensional, are labelled by
two numbers (¢, M) where i) ¢ is an arbitrary imaginary number and M an
arbitrary non-negative integer or half-integer (principal series) or ii) c is a
real number so that 0 < ¢ < 1 and M = 0 (complementary series).

For references, see ref. [66].

1.54 Module of a Lie algebra

— 1.73 Representation of a Lie algebra.
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1.55 Normalizer (of a group, of an algebra)
Definition

Let G be a group, S a subset of elements in G. The normalizer Ng(S) is
the subset of G given by

Ng(S):{gEG‘g*s*g_les, vses}

It is a subgroup of G.

Definition
Let G be a Lie algebra, S a subset of elements in G. The normalizer

Ng(S8) is the subset of G given by

Co(S) = {XGQ‘ [x,v] es, vy e s}

It is a subalgebra of G.
Notice that if S is an ideal of G, then Ng(S) = G.

1.56 Octonions — Quaternions

Definition

Let A be an unital algebra (that is with an identity element).
A is a composition algebra if it has a norm N such that

N(z)N(y) = N(z xy), Vr,yec A

A is a division algebra if

zxy=0 = =0 or y=0, Ve,ye A

According to Hurwitz theorem, there are only four different algebras which
are division and composition algebras: these are the real numbers R, the
complex numbers C, the quaternions H and the octonions Q.

In the same way any complex number is written z = a + ¢b with a,b real
numbers and i satisfies i° = —1,7 = —i, a quaternion ¢ is obtained by
defining a secondary imaginary unit 7 such that

i2=-1, 7=-j, ij+ji=0, iy=n=—ij

It follows that a quaternion can be written in terms of the real numbers
a,b,c,d as
g=a+ib+ je+ijd = (a+ je) +i(b+ jd)
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The norm for complex numbers is defined as N2(z) = 2z = a® 4 b>. The
norm for quaternions will be defined as

N%(q) = qg = a® + b + & + d?

The algebra H is not a commutative algebra, but it is still an associative one.
Setting e; =i, e2 = j and e3 = 15, the multiplication table for quaternionic
units can be summarized as (o, 3,7 = 1,2, 3):

€a* €3 = —Oap + Eapy €y

We note the isomorphism between these units and the Pauli matrices via
the identification e, = t0,, o = 1,2, 3.

The octonion algebra O can be defined by adding to the quaternion algebra
another imaginary unit k£ such that

k> =1, ik+ki=jk+kji=0, (ij)k+ (Gi)k=1i(jk)+ j(ik)

We obtain now seven octonionic units and any element of O will be written
as

7
w=aqg + Z aq€q
a=1

where ag, ..., a7 are real numbers and
elzj, eQEk, egEjk, 64Eij, €5Eik, eGEi(jk), €7Ei,
the e, satisfying the multiplication law

eq * e = 0o +sign(fapy) ey

fapy being the su(3) structure constants in the so-called Gell-Mann basis
(— 1.90).

Notice that with the octonion algebra O, one loses also the associativity.
The norm in O is defined by

The norm is left invariant under an SO(8) transformation. A subgroup of
SO(8) is the automorphism group of the octonions algebra (that is the group
of transformations leaving the above multiplication table invariant): it is the
exceptional group Go.

For more details on the structure of octonions and the embeddings Go C

SO(7) and SO(7) C SO(8), see ref. [35].
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1.57 Orbit and stratum

Let G be a group and 7 a representation of G with representation space V.

Definition
The orbit of m € V is the set of elements m’ € V one can reach by action
of G on m, that is

G(m) = {m' = g(m) ‘g € G}

denoting g(m) = w(g(m)).

Definition
The little group or stabilizer of m € V is the set

sz{gEG‘g(m)zm}

G, is a subgroup of G.

Property
If m and m’ are on the same orbit, their little groups are conjugate. More

precisely, if m' = gm then G,y = ¢Gg~".

Now, two points m and m’ need not be on the same orbit to have conjugate
little groups; by definition they are on the same stratum.

Definition
H The stratum S(m) is the union of all orbits such that the little groups of
their points are all conjugate.

Property
The orbits form a partition of V. The strata also form a partition of V
(that is the union of the orbits (resp. strata) is V and the intersection of
two different orbits (resp. strata) is zero).

Therefore the decomposition of V into orbits and strata is equivalent to the
classification of little groups for the considered representation. When G is
compact, the number of little groups is finite and several nice properties can
be proved (see refs. [30, 61, 62]).
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1.58 Orthogonal groups and algebras

The orthogonal group in the n-dimensional real space R™ is the group of
n X n real matrices O leaving invariant the scalar product

n
Fj=> zy; =03 0§, VijeR
=1

This group is denoted O(n). One can also define it as the group of n x n real
orthogonal matrices: O' = O~!. Note that any matrix O € O(n) satisfies
det O = +1. The set of n x n orthogonal matrices such that detO = 1
forms a subgroup of O(n) denoted SO(n) or special orthogonal group in n
dimensions.

The group O(n) with n > 2 is compact and its Lie algebra so(n) is simple
for n > 2,n # 4. Any element O € O(n) can be written

0 =eM with M antisymmetric: M = —M

There exist n(n—1)/2 independent n X n antisymmetric matrices. Therefore
the Lie algebra of O(n) has in(n — 1) generators. Note that the Lie algebra

of SO(n) has the same number of generators as that of O(n) (contrary to
the case of the U(n) and SU(n) groups).

As a basis of so(n), one can choose the set of matrices M;; with all entries
equal to 0 zero except the i-th row and j-th column equal to 1 and the j-th
row and i-th column equal to —1 (i,j = 1,...,n). The matrices M;; are
antisymmetric, M;; = —Mj;, and the commutation relations are

{Mija Mkl] = 0 My + 6y Mg — 6ix Mji — 651 M
In the particular case of so(3), we have

0 1 0 0 0 O 0 0 -1
Mpa=1| -1 0 0 Moys=| 0 0 1 Ms;=|( 0 0 O
0 0O 0 -1 0 1 0 O

The algebra so(4) is not simple, but is the direct sum of two so(3) Lie
algebras. One can easily convince oneself of this property by building from
the six generators M;; (i,j = 1,2,3,4) the two subsets { M2 + M34, Mos +
My, M3y + Moy} and { Mo — Mzy, Myg — Myy, M3y — Moy}, each of them
constituting a basis of so(3) and any generator of the first set commuting
with the three generators of the other. As Lie groups, we have

SU(2) x SU(2)
Zo

SO(4) ~
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Note also that SO(3) ~ SU(2)/Z3 and SO(6) ~ SU(4)/Z> (— 1.18): SU(2)
is the covering group of SO(3) and SU(4) is the covering group of SO(6)).

Let us also note that if M is antisymmetric real, then +iM is hermitian.
Therefore, we can write any element O € O(n) as

O =¢eN  with N hermitian: NT = N

Considering again the so(3) Lie algebra, we can choose as a basis the three
hermitian matrices

01 0 0 —i 0 1 0 0
Ji=v2|l 10 1 Jo=v2| i 0 —i Js=10 0 0
01 0 0 i 0 00 —1

which satisfy (i,j,k =1,2,3)

[Ji, Jj] =1k Jk

An irreducible representation of SO(n) with n = 2p or n = 2p + 1 is either
characterized by the Dynkin labels (a1,...,a,) where a; are positive or null
integers, or by a set of p integers or p half-integers (my,...,m;) such that

fOI"I’L:2p, lemZZ---Zmp712|mp|
forn=2p+1, my>mo > ... 2> my_1 >my >0

In the case of a representation of SO(2p) the last index can be negative.
Actually the representations (m1,...,mp—1,mp) and (mi,...,my_1, —my)
are conjugate representations.

The SO(n) representations (my,...,mp) with my,...,m, integers (resp.
half-integers) are called vector (resp. spinor) representations; in SO(3)
for example, the spinor representations are the representations D; with
j=1/2,3/2,...

The correspondence between the two labellings is the following:

ai=m;—miy1 (1<i<p-1)

f =2
orn D ay = my_1 +m,

e o <i<p_
form=2p+1 a;=m; —miy; (1<i<p-—1)
szzmp
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The dimension of the SO(n) irreducible representation m(mq,...,m,) is
given by

I G-1)t+y)

1<i<j<p

I G-m@E+m)

1<i<j<p

e II @G-1)@+1)

1<:i<p 1<z<]<p

H T H — 75)(15 + 75)

1<i<p  1<i<j<p

for n = 2p, N(my,...,mp) =

forn=2p+1, N(my,...,mp) =

where [; = m; + 7; with 7, = p — ¢ in the case n = 2p and 7; :p—i-l—% in
the case n = 2p + 1, that is:

for SO(2p)

N = H mi —mj+j—i H mi+m;+2p—1i—j

1<i<j<p J—t 2p—i=J

and for SO(2p+1)

1<i<j<p

N = H 2m; +2p— 21+ 1 H m; —mj+7J—1

1Sy PT2AL It
o H m;+m;+2p—1—7+1
1<i<j<p p—i=j+1

1.59 Oscillator realizations: classical Lie algebras

Let us consider a set of 2N bosonic oscillators b, and bj with commutation

relations:
bty | = b =0 and (b6 =4

1777 177 ]

and a set of 2V fermionic oscillators a; and ai with anticommutation rela-

tions:
{a;,a;} = {aj, ;r} =0 and {a;, a; } = 0;j

the two sets commuting each other:

o] = [ora] = [or 5] = [ ] =0
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Oscillator realization of Ayx_;

Let A = { ¢; — ¢; } be the root system of Ay_; expressed in terms of the
orthonormal vectors €1, ...,ex. The Lie algebra Ay_1 admits two different
natural oscillator realizations, a bosonic one and a fermionic one. A bosonic
oscillator realization of the generators of Ay_1 in the Cartan—Weyl basis is
given by

H; =bb; —bf b7, (1<i<N-1)
E., o, =bjb;
and a fermionic oscillator realization by

H;, =a f—a;ila;rl (1<i<N-1)

(2

~

Oscillator realization of By

Let A = { +e;+¢;, +e; } be the root system of By expressed in terms of the
orthonormal vectors €1,...,en. An oscillator realization of the generators
of By in the Cartan—Weyl basis is given by

Hi=afa; —ajja;,; (1<i<N-1), Hy =2ajay — 1

i
+ +
EiEiiEj =a; a;

By, =+(-1)Naf

)

where N =37 | afa, .

Oscillator realization of Cy

Let A = { d+¢; ¢, £2¢; } be the root system of Cy expressed in terms of
the orthonormal vectors €1,...,en. An oscillator realization of the genera-
tors of C'y in the Cartan—Weyl basis is given by

Hiy=bb; —bf b, (1<i<N-1), Hy=2bLby+1
E:I:Eiﬂ:t’:‘j = blibj:

Eioe, = (bii)2

Oscillator realization of Dy

Let A = { +e; £ ¢, } be the root system of Dy expressed in terms of the
orthonormal vectors €1,...,en. An oscillator realization of the generators
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of Dy in the Cartan—Weyl basis is given by

H;, = aja

o+ - + -
Hy =ay jay 4 +ayay —1
+ o+

Eisiisj = ai a’j

P —alay, (1<i<N-1)

1.60 Oscillator realizations: exceptional Lie alge-
bras

Oscillator realization of Ejg

The realization of Eg in terms of fermionic oscillators [82] is based on the
following two key points:

1. The embedding
Es D s0(8) & s0'(8)

with the corresponding decomposition of the adjoint of Fjg
248 = (28,1") @ (1,28') @ (8,,8,) @ (85,8,) & (8,8.)

where we have denoted with 28, 8,, 8, and 8, respectively the adjoint,
the vector, the spinor and the complex conjugate spinor representations
of s0(8) and with a prime the corresponding representations of so’(8).

2. The definition of fermionic operators which transform respectively as
8y, 8s and 8. and the triality property.

Let us consider

1. A set of 8 fermionic oscillators a;-" and a; transforming as 8, (i =
1,2,3,4) with standard anticommutation relations.

2. A set of 16 fermionic oscillators labelled by a quadruple of numbers
li, lo, I3, Lo, (Li € {—-1/2,41/2}, i = 1,2,3,4). We introduce an
hermitian conjugation (h.c.), denoted by “4”, which changes the signs
of I;. We divide this set in two 8-dimensional subsets, denoted by «
and 3, transforming respectively as 85 and 8.. We denote each element
by lower labels ranging between 1 and 4 , written in increasing order
and identifying the labels I; = +1/2. It is convenient to introduce the
notation (no sum over repeated labels)

1238 = ()t Bi = €ijkl ﬁ;-;z
C— e + + +
Qij = €5kl Oy Bk = n/BP(ijk)

a;; = _a;.t. (i < j) (n = parity of permutation P)
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The sets satisfy the following anticommutation relations:

foa} = (o707} = 8) = 5787} =0

{041234,041234} =1 {a”,akl} = 0idji {ﬁi’ﬁ;‘r} = 0jj

Due to the triality property we can realize the algebra so(8) by using one of
the three sets introduced above. So we identify

and

+ 4+ _ o+ A+ gt gt
a; Q5 = Qo34 O = Dy Py (k<)
a; a; = oy oy = ﬂ+ﬁ (1< j, k<l

and (with h; = a] a;)

a1z =5 ) ki, o aw—2<h +hi— > hk>, B Bi=hi—=Y Mk

i=1 kti,j I#i

From consistency relations we require the three sets to satisfy the following
commutation relations:

—au a1234} Bj :aj, ﬂﬁl} = O‘:l :aia a;rk} = ij 61—: — djk /B;F
-aj,af%d =0 :a;r, ;?cz} = Qijkl :a:r’ +] /Gz]k

:/3]', 0é1234] = aj :ﬁf, a1234} =0 :ﬁi; Oé;rk} = bijay —dipa;
of Bf|=af |70k =amar |af, 8] = 0ot

and the ones obtained by hermitian conjugation.

In the following we denote the sets of fermionic operators relative to so’(8)
by a four-units shift in the labels.

We can now write the explicit realization of Eg in terms of bilinears in the
previous fermionic operators:

/ + o+ + + _ o+
(28,1 aa’, a;a;, a' aj, aa;, h;=aa;,

J J
!
(1,28") atal, aman, aban, afan, hn=alan,
!
(8,,8.) a;" at, aiam, a;’ am, ajat,
/ + + + + + o+
(85, 85) Qo34 X s O O56T8 s O34 Qg7g s (o34 56785 Qyj Qi s

+ +
Q1234 Omp 5, Q45 Oggrg, (1234 O5678 , (11234 Olggrg

(80; 8::) /37,]]6 ﬁfr—;np I /31]19 /37-7"71 I /6+ /anp I ﬁj /37-7"71
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where 1 <1< j<k<4and5<m<n<p<8

Each line corresponds to a term in the decomposition of the adjoint of Eg
with respect to so(8) @ so(8). The simple positive generators are, with
reference to the labelling of Table 3.7,

ef:ﬂfﬁ;, e+:aﬂ'ar,1 (r=2,.,7), egzafa;,

T

the simple negative ones e; are obtained by hermitian conjugation and the
corresponding Cartan generators are

7
Hl:%<h1+h8_zhk>a Hg =hi+hao—1, H,=h,—h—1
k=2

The negative generators are obtained from the positive ones by hermitian
conjugation. Let us remark that the generators bilinear in the set {a} corre-
spond to the roots of the form +¢; £¢; (i.e. the roots of so(16) C Eg), while
the generators bilinear in the sets {a} and {3} correspond to the remaining
roots (i.e. to the 128-dimensional spinor representation of so(16)).

Oscillator realization of E;

From the embedding Eg D E7 @ su(2) with the corresponding decomposition
of the adjoint representation of Eg, 248 = (133,1) @ (1, 3) ® (56, 2), we obtain

+ o+ + +
aa;, aja;, aa;, aja;, h;,

+ + + + + +
as ag , asag, ag ag, agas, arag, agary, hy—hg,

+t . + + 4.
al ay, QQm, Q Gnp, a,a, hpy,

+ + + + +

Qo34 Ump s 1234 Oy s Oy Oy
+ ot + o+ + n+ + a+
ijk ﬂ56p’ ijk /Bp ’ /Bz ﬂ56p’ ﬂz ﬁp

where 1 <1< j<k<4, m=56and p=7,8.

The simple generators are the same as Eg omitting the value r = 7.

Oscillator realization of Ej

From the embedding E7 O Eg ® U(1) with the corresponding decomposition
of the adjoint representation of E7, 133 = (78,0) & (1,0) & (27, —1) & (27, 1),
we obtain (where 1 <1i < j <k <4)

+ o+ + +
a; a;, aiaj, a; aj, a;a;, h;,

+ o+ + +
aas , a;as, a; as, asa;, hs,2he+ h7— hg,

+ + + + + + + + + +
Qo34 Qg7 (1234 Qg7 , Q4 Qgr,  Qyogg Qiggy (1234 Qgg, Ol Qigg

+ g+ + gt + g+ + g+
Bijk Bsers  BijiBs »  Bi Bsers B By
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The simple generators are the same as Eg omitting the values » = 6 and

r="17.

Oscillator realization of F)

From the embedding Fg D Fj with the corresponding decomposition of the
adjoint representation of Fg, 78 = 52 ¢ 26, we obtain, for the simple positive
generators

+_ o+ o+ + _ o + _ o+ + + _ptat o
e =ajay, ey =asax, e =asar+ay a3z, e =0 B3 +ag as

and for the Cartan generators

Hy=hi+hy, Hy=hs—hy, H3z=hs+hs—h;—h3

7
Hy = %(hl + hg + 2hs — 2hy —th)
k=2
the remaining twenty positive generators are given by:
agaj , ajar, agag — B3 By, avag =By B, asad + B3 B
afaf, afal, of of — BB, af af - Bhaf, of ot +Bh st
afy gy, afsody, onasaogy, ogzagyt+afjody, az a3 +ag af

+ + + o+ + + + + + + +
Qgy Qsg, Qigy Qg Qiyp3y Qlsg, A7 A2 + Q3 g, A3 A1 — Gy A2

Oscillator realization of G,

From the embedding so(8) D G2 with the corresponding decomposition of
the adjoint representation of so(8), 28 = 14 @ 7 @ 7, we obtain for the simple

generators

61:a2+a3, egzafag—i-a;“a;;—i—a;rai

and for the Cartan generators
Hiy = ho — h3, Hy = hy — ho +2hg — 1
The remaining four positive generators are
ai"ag —a?m—aé"ai’, aj’a;;—}—afaz—{—a;a;, afa;, afa;

Another realization, using only six fermionic operators, can be obtained
from the embedding G2 D su(3) with the corresponding decomposition of
the adjoint representation of Ga, 14 = 8 @ 3 @ 3. We obtain for the simple
generators

el :ai"ag, (D) :a;—i—a;jal
and for the Cartan generators

Hy=hy —hy, Hy=2hy—hy+h3—1
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1.61 Pauli matrices

— 1.90 Unitary groups and algebras.

1.62 Poincaré group

The relativistic quantum theory has to satisfy Poincaré invariance, which
implies that the Hilbert space of physical states is a representation space of
the Poincaré group.

The Poincaré group P — or inhomogeneous Lorentz group — is the set of
linear transformations which leave invariant the interval (z — y)? with 2 =
(xg = ct,x1,x2,23) in the Minkowski space. The general element of the
Poincaré group will be denoted (a, A) with

I AV
mN—AM:cl,—}—aM

where A is an element of the Lorentz group L and a is a four-vector in the
Minkowski space.

The Poincaré group appears as the semi-direct product of the four-dimen-
sional translation group 7'(4) in the Minkowski space by the Lorentz group
L: P=T(4) x L. The composition law is

(a,A)(d',\) = (a+ Ad’, AN)
and the inverse of an element is
(a,A)™" = (=A""a, A7)

The Poincaré group is a 10-parameter group. Its Lie algebra, the Poincaré
algebra, is generated by M, (Lorentz generators) and P, (translation gen-
erators), which satisfy the following commutation relations:

{M/wa MPU} = i((=gvoMpp + gvpMuo + guoMvp — gupMyo)
[Muw Pp} = i(gupPu — gupPr)
[P P] =0

where the metric tensor g"” is given by gt = 26060 — §Hv,

An explicit realization of the Poincaré algebra in terms of differential oper-
ators is given by (u,v =0,1,2,3):

for the translation generators P, =10,

for the Lorentz generators M, = i(xu,0, — x,0,)
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0 0
where 0, = pyie g’”a—x,,'

The Casimir operators are

p? = p, P+
W?=w,W*  with W= 1P, M,

where
(WP =0 and  W,Pr=0
(W W, | = i, W, W,

[M;u/a Wp} = i(guqu - gule/)

The unitary irreducible representations of the proper Poincaré group (that
is det A = 1), or more correctly of its covering group 7'(4) x SL(2,C), can
be essentially classified into three classes:

1. P2 > 0. The unitary irreducible representations are characterized
by a real positive number m (the mass) and by an integer or half-
integer non-negative number s (the spin). To each spin s there are
(2s + 1) states. These representations describe physical particles of
non-vanishing mass.

2. P? < 0 (representations of imaginary mass). The unitary irreducible
representations are characterized by a continuous spectrum corres-
ponding to the unitary irreducible representations of the three-dimen-
sional Lorentz group SU(1,1) (— 1.13).

3. P2 = 0 (and P, # 0). The unitary irreducible representations are
characterized by m = 0 and by:
(a) if W2 = 0, an arbitrary integer or half-integer number A called the
helicity;
(b) if W? < 0, a continuous spectrum corresponding to the unitary
irreducible representations of the three-dimensional Euclidean group

E(2).

These representations describe physical particles of zero mass.

For references, see ref. [97].
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1.63 Products of G, representations

Rules for performing the Kronecker product of two irreducible representa-
tions of G2 have been given by R.C. King in ref. [51]. Here we present a
method, see ref. [85], which allows us to perform the product of any irre-
ducible representation with a fundamental one. Despite its apparent limita-
tion, the repeated application of this method allows us to perform any pair
of G2 irreducible representations, since any irreducible representation can
be constructed by Kronecker products of the fundamental ones. The advan-
tage of the following method is its simplicity; in fact the rules to perform the
Kronecker product of two G2 irreducible representations are brought back to
the rules of the Kronecker product of two SU (3) irreducible representations.

We specify a G5 irreducible representation characterized by the Dynkin la-
bels (a1,a2), where the label a; corresponds to the long root, by a two-row
Young tableau [A] = [A1, A2] with

A1 = 3a1 + 2as Ao = ao

Note that the most common definition of a G2 Young tableau [u] = [u1, 2]
is different from ours:

M1 =a1 + a2 M2 = a1

As the Dynkin labels a1,as are non-negative integers, it follows from the
inverse relations
al = % (A — 2X2) as =\

that the meaningful Young tableaux [A1, A2] have to satisfy the following
constraints:

A+ =3n wheren € N and A1 > 29 (%)

The two fundamental Gy irreducible representations (a; = 1,a2 = 0) and
(a1 = 0,a2 = 1) of respective dimensions 7 and 14 can therefore be rep-
resented by the [A] Young tableaux [2,1] and [3,0]. Note that the 14-
dimensional representation [3, 0] is also the adjoint G representation.

So, let us consider separately the product of any Gy representation [A] by
the representation [2,1] and by the representation [3,0].

Case 1: The rules specifying the irreducible representations which appear
in the decomposition of the Kronecker product [A1, A2] ® [2,1] are specially
simple:

— act as in the SU(3) case (with the tableau [1%] corresponding to the trivial
G2 representation) and draw away any tableau not satisfying the constraints
(*).

— subtract from the sum one tableau [A1, A2].
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Case 2: The rules specifying the irreducible representations which appear in
the decomposition of the Kronecker product [A1, A2] ®[3, 0] are the following:
— act as in the SU(3) case (with the tableau [13] corresponding to the trivial
G2 representation) and draw away any tableau not satisfying the constraints
).

—if Ay = 0, take away the tableau [A\; + 2, 1].

—if Ay = 2X9 and A9 > 3, add the tableau [\, Ao — 3].

—if Ay > 2X9, add the following tableaux if meaningful: [A1, Ao], [A1 43, Ao+
3], [)\1 -3, + 3] and [)\1 -3, AQ].

— finally, for the special case \; = 2, A2 = 1, we have to use the conditions
given in case 1.

Let us illustrate the method on the following example. We consider the ten-
sor product of the irreducible representation [6, 0] (of dimension 77) with the
representation [4,2] (of dimension 27). First we remark that [4,2] appears
in the tensor product of the representation [2, 1] by itself:

2,1] ® [2,1] =[4,2] @ [3,0] ® [2,1] & [0]
It follows that:
[6,0] ® [4,2] = ([6,0] ® [2,1]) ® [2,1] © ([6,0] ® [3,0]) & ([6,0] ® [2,1]) © [6, 0]

which necessitates decomposition, using the rules given above, of the follow-
ing products:

6,0] ® [2,1] =[8,1] & [7,2] & [5,1]
8,1] ® [2,1] =[10,2] & [9,3] & [9,0] @ [8,1] & [7,2] & [6,0]
[7, 2] & [2,1] [9,3] &) [8,4] S5} [8, 1] @ [7, 2] @ [6,3] @ [6,0] &) [5, 1]
5,1] @ [2,1] =[7,2] & [6,3] & [6,0] & [5,1] & [4,2] & [3,0]
[6,0] ® [3,0] =1[9,0] & [9,3] & [7,2] & [6,3] & [6,0] & [3,0]
Finally, we get
6,0] ® [4,2] = [10,2] & [9,3] & [8,4] & [8,1] & [7,2]
@[6,3] @ [6,0] & [5,1] & [4,2]

that is, in terms of the dimensions:

T7T @ 27T="729 @ 448 © 182 @ 286 ¢ 189 & 77 & 77 @ 64 @ 27

A list of dimensions and explicit products of G5 representations is also avail-
able in the table section (see Tables 3.20 and 3.22).

For more details, see ref. [85].
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1.64 Products of SO(2n) representations

We present here a simplified version of the method introduced in ref. [31]
for performing the Kronecker product of two irreducible representations of
the orthogonal group SO(2n) (n > 3) by means of product of generalized
Young tableaux or GYT (— 1.36). We identify an irreducible representation
of SO(2n) by n integer (half-integer) numbers m;, respectively for vector (V)
and spinor (S) irreducible representations, such that m; > ... > |my,| > 0,
so the last one m,, can also be negative. The correspondence between the set
of non-negative integers (ay, . . ., a, ) identifying an irreducible representation
D(ay,...,a,) (Dynkin labels) and the n-uple (m1,...,m,) is

aj=mj—mjy; forj=1,...,n—1

an = Mp_1+ My
It may be useful to point out that:

e the n-th label m,, can be not vanishing only if the first n — 1 labels are
all not vanishing; m,, is always non-zero for spinor irreducible repre-
sentations.

e two irreducible representations which differ by the sign of m,, are con-
jugate to one another.

e the irreducible representations of SO(4q + 2) with mg.y; # 0 are
complex representations, while the irreducible representations with
mag+1 = 0 as well as all the irreducible representations of SO(4q)
are real. We recall that an irreducible representation is real (complex)
if in the Kronecker product with itself (resp. its conjugate) the identity
representation appears.

To such an n-uple (m1,...,m,), we associate a GYT [u| made of u; = |m;]
boxes if m; € Z and by p; = |m; — %| boxes if m; € Z + %, in the i-th row,
all these rows being on the right hand side of a vertical axis, except the
n-th one which will stand on the left hand side when m,, < 0. Note that
this prescription leads to association to the fundamental spinor irreducible
representation m; = ... = m,, = %, the null GYT, and to the complex
conjugate one my = ... = m,_1 = —my, = 5, the GYT [u] = [0,...,0,—1].
Let us add that associating the GYT [0] to the trivial vector representation
(0,...,0) as well as to the fundamental spinor one (%, el %) will not bring
any confusion in our product computation if we keep in mind that simple
rule, (V') and (S) denoting vector and spinor representations respectively:

Ve@)=W), Me®)=(S), ©E)ed)=([V)

However in the following the GYT's associated to the spinor representations
will be denoted by a prime in order to avoid any misunderstanding.
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Below, we present the method which allows us to achieve the product of
any irreducible representation, denoted by the GYT [u], with any SO(2n)
fundamental representation labelled by the Dynkin labels a; = 1 and a; =0
for 5 # k. The GYT associated to such a fundamental representation will
be [1*], (k = 1,...,n — 2) in the vector case and [n] = [0] or [0"~1, —1]
in the spinor case. Indeed any irreducible representation can be obtained
by performing repeated products of the fundamental irreducible representa-
tions: we will illustrate this property by an example at the end of this entry.
A list of dimensions and explicit products of SO(2n) representations is also
available in the table section (see Tables 3.14, 3.16 and 3.18).

We successively consider the products [u] ® [1*] and [u] ® [1] where [u] is a
vector or a spinor representation.

Case 1: The GYTs specifying the irreducible representations which appear
in the decomposition of the Kronecker product [u] ® [1*] with [u] associated
to a vector representation are given by

k k
Wel =) LWelNaek o Y ELiokva® LYe1M)a
J=0 i=1,7=0
itj<k

where:

— the symbol L% denotes a negative GYT of the following type:

L727,] = [07 C) 07 _gqa _gqa sy _627 _527 _gla _é_l]

where ¢ = [[n/2]] (integer part of n/2), & € {0, 1, 2} satisfying £ —¢; € {0,1}
with i < j and ), & = 2j. Explicitly, one has

((0,...,0,—1,...,—1 ifo<j<n
—_——
2j on—2;j 2j

Lo = Y (51,0, 21,22,...,—9) ifn<j<2n for SO(4n)
\ 4nt2j 2j1r2n
( (0,0,...,0,-1,...,—1 if0<j<n

——
2j _ on—2;j 2j
Loniv = 4 (0,-1,...,-1,-2,...,—9) ifn<j<on ©or90UN+2)

\ 4nt2j 2j1r2n

— the suffix A means that in the product of the two GYTs we have to keep
only the “allowed” GYTs [)\], which satisfy the two conditions |);| < 1 for
all i and ), || < E.

— the suffix VA means that in the product of the two GYTs we have to keep
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only the (not allowed) GYTs [(] such that Y . |(;| > >, |uil-

— in the r.h.s. of the above equation, after performing the product one has to
keep only the GYTs [A] with at most one negative row, the last one satisfying
Ap—1 > |/\n|

— a GYT appearing only in the subtracting part of [u] ® [1¥] has to be
omitted.

— in the subtracting part of [] ® [1¥], if the same GYT appears for different
values of ¢ and j with ¢ + j fixed, it has to be taken into account only once.

Finally, let us add that in case of the product [17] ® [1¥] (p # k), it is more
convenient to choose for [u] the longer tableau.

In the general formula for [u] ® [1¥], the second term of the r.h.s. in most
cases reduces to Z?:l (LY @[u])va ® [1*]. In fact, the j > 1 contributions

may appear only for £ > 3 and n > 4.

Case 2: The GYTs specifying the irreducible representations which appear
in the decomposition of the Kronecker product of [u] with [1¥] with [u]
associated to a spinor representation are given as follows. The labels u; are
related to the (myq, ..., m,) by the relations p; = m; — % Then, one proceeds
as in Case 1, with the following modifications:

— the suffix N A is relative to a GYT [(] such that Y, [ + 3 > 3, | + 3.
—in the final result, one has to keep only the GYTs [A] such that, after adding
% to each label \;, at most the last row is negative and satisfies \,,—1 > |Ay|.

Case 3: The GYTs specifying the irreducible representations which appear in
the decomposition of the Kronecker product of [u] with [n] with [u] associated
to a vector representation are given by

Let us recall that [n] is of the form [0"] or [0"~!,—1]. The L¥’s are a

subset of the L2/’s, the ¢ labels being now restricted to the values {0,1}.
Explicitly, one has (with 0 < j < 2n)

Ly = (0,...,0,-1,...,—1)  for SO(4n)
—_—— ————
2n—2j 25
zggbkl = (0,0,...,0,—1,...,—1 for SO(4’I’L—|—2)
2n—2j 2j

As in Case 2, one has to keep in the final result only the GYTs [A] such that,

after adding % to each label )\;, at most the last row is negative and satisfies
)\n—l Z |An|
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Case 4: To obtain the GYTs specifying the irreducible representations which
appear in the decomposition of the Kronecker product of [u] with [n] with
[u] associated to a spinor representation, one proceeds as in Case 3, and then
one has to add 1 to all the rows of the obtained GYTs [A], which must now
satisfy A\,—1 > |An| > 0. Again, let us recall that the product of two spinor
representations produces only vector representations.

Finally, we have to consider the product [p]® [v] where neither [u] nor [v] is a
fundamental SO(2n) irreducible representation. Then it is always possible to
rewrite [v] with the help of products involving fundamental representations,
and to use the above described formulae. As a illustration, let us consider
the product [5]®[3]. One can use the decomposition [2]®[1] = [3]B[2, 1]B[1]
and [12]® [1] = [2,1] ® [1%] @ [1] to rewrite [5] @ [3] as ([5] @ [2] ® [1]) © ([5] ®
12 @ (1)) & 2(5] & [1)) © (5] ® [17]).

Note: The Kronecker product is of course commutative, notwithstanding the
fact that the above formula deals with the two irrreducible representations
on a different basis.

Example 1
As a first example of the above formulae, let us discuss the Kronecker

product of the representations [22] and [1%] in SO(8). Using the simplified
formula given in Case 1:

2
Z(L?ﬂ@[l%@[f]:{(-@ = )@H} ®
A

(5@5@.@@@
(FBFFP=H) -
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leading to

22 @ 1] = [3% @ [3,2,1] @ [3,1] @ [2,2,1,1]
®2,2,1,-1] @ [2,2] @ [2,1,1] @ [1?]

that is, making the dimensions of these SO(8) representations explicit:
300 ® 28 = 1925 @ 4096 & 567 @® 567 @ 567" @ 300 & 350 @ 28

The product [22] ® [1?] in SO(2n) with n > 4 is obtained by simply dis-
garding in the r.h.s. of the above decomposition the tableau [2,2,1, —1],
which obviously does not correspond to a representation in SO(2n) when
n # 4. O

Example 2
Now, consider the case of the product [2,1] ® [13] in SO(8) for which it

is needed to apply the full general formula of Case 1.
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and
3 |
S ok e Follu- 1 e @@
i=1,j=0 \:
i+j<3
-(F =) » (D)
leading to

[27 1] ® [13] = [3a2a 1] &) [3717171] D [3a1a1a_]—] @ [3a 1]
®[2,2,1,1] & [2,2,1,-1] & [2,2] & 3[2,1,1] & [2]
®[1,1,1,1] & [1,1,1,-1] & [17
that is, making the dimensions explicit:

160 ® 56 = 4096 @ 840 @ 840* @ 567 & 567 @ 567" @ 300
@350 @ 350 © 350 @ 35 @ 35" @ 35" @ 28

O

Example 3
Finally, consider in SO(2n) the product of the spinor fundamental repre-

sentation (%, e, %) = [0]’ by itself. Using the appropriate formula:

k
Y @Fe0) @ [0 = ed | ...l ®0}) @ [0

J=0

Since we started from two spinor representations, we have to add one box
to each row of the obtained GYTs, that is finally:

OO =1o1" o™ e...0I
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where k = 0 or 1 depending on whether n is even or odd, that is also in
the m; notation:

GHeGEH=0Me 1 Ne 1" Ne. ..ok
with again k = 0 for n even and x = 1 for n odd.
In particular, for SO(8) we get 85 ® 85 =35 & 28 & 1. O

More generally, some compact formulae can be obtained for product of repre-
sentations with special symmetry. Using the m; notation in order to consider
simultaneously vector and spinor representations, we can write:

— in the SO(4q) case:

m,...,m] ® [m/,...,m] =
@[m—i—m/—kl,m—i-m'—kl,...,m—i-m/—kq,m—i-m'—kq]
{ki}

m,....,m] ® [m,...,m —m/] =
@[m—}—m’,m—{—m'—kl,m—i—m'—kl,...,m—i—m'—kq_l,
{ki}

m+m' — kg_1,m —m']
where the k; € Z satisfy 0 < ky < ... < kg1 < 2n.
— in the SO(4q + 2) case:

@[m—{—m',m—l—m'—kl,m—l—m'—kl,...,m—l—m'—kq,m—i—m'—kq]
{k:}

m,...,m] ® [m/,...,m,—m/] =
@[m—i—m'—kl,m—i-m'—kl,...,m—i-m'—kq,m—i-m/—kq,m—m']
{ki}

where the k; € Z satisfy 0 < k1 < ... <k, < 2n.

Finally for the product of two completely SO(2n) symmetric representation
we get:

m' m’

[m,o,...,o]®[m’,0,...,o]:EB [m+m' —k—2Lk,...,0
=0 k=

—

[en]

with m >m/ ,m+m’ — 20 > 2k > 0.

For more details, see ref. [31].



Lie Algebras 105

1.65 Products of SO(2n + 1) representations

We present here a simplified version of the method introduced in ref. [31] for
performing the Kronecker product of two irreducible representations of the
orthogonal group SO(2n+1) (n > 1) by means of the product of generalized
Young tableaux or GYTs (— 1.36). We identify an irreducible representation
of SO(2n+1) by n integer (half-integer) numbers m;, respectively for vector
(V) and spinor (S) irreducible representations, such that m; > ... > m,, > 0.

The correspondence between the set of non-negative integers (aq,...,a,)
identifying an irreducible representation D(ay,...,a,) (Dynkin labels) and
the n-uple (m1,...,m,) is

aj=m;—mjy; forj=1,...,n—-1

an = 2my,
To such an n-uple (mq,...,m,), we associate a GYT [u] made of u; = m;

boxes if m; € Z and by pu; = m; — % boxes if m; € Z+ %, in the i-th row. The
rules for the product of two GYTs have been given in — 1.36 Generalized
Young tableaux.

Below, we present the method which allows us to achieve the product of
a general irreducible representation, denoted by the GYT [u], with any
SO(2n+1) fundamental representation labelled by the Dynkin labels a; =1
and a; = 0 for j # k, denoted by [1*],(k = 1,...,n — 2) for the vector rep-
resentation and by [n] = [0]' for the spinor one (the GYT [0] denotes the
trivial vector representation). Indeed any irreducible representation can be
obtained by products of the fundamental irreducible representations by re-
peated applications of the rules given below. For examples, see more details
in — 1.64.

A list of dimensions and explicit products of SO(2n + 1) representations is
also available in the table section (see Tables 3.15, 3.17 and 3.19).

We have to introduce a class of completely negative GYTs made of two
columns with ¢ boxes in the first column to the left of the vertical axis and
j boxes in the second one with i > j. We denote such a tableau by L/ .
Explicitly, one has

LY = 0,...,0,=1,...,=1,-2,...,-2

n s -

n—i isj j
For necessity, we complete this set of GYTs with the trivial one LY.

As in SO(2n), we discuss separately the product of a general irreducible
representation [u] by a vector fundamental one, and the product of [u] by a
spinor fundamental one, taking in both cases [u] either as a vector or as a
spinor representation.
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Case 1: The GYTs specifying the irreducible representations which appear in
the decomposition of the Kronecker product of [u] with [1*] (k = 1,...,n—1)
are given by

i,j=k i,j=k
Welf= Y @Weiha e e Y LI®u)va e 17
1,7=0,5<e 1,5=0, 5<i

where:

— the suffix A means that in the product of the two GYTs we have to keep
only the “allowed” GYTs [A], which satisfy the two conditions |\;| < 1 for
all i and ), |N| < k.

— if the same GYT appears in the product with two different L;/, it has to
be taken into account only once.

— the suffix N A means that in the product of the two GYT's we have to keep
only the (not allowed) GYTs [¢] such that ). [(;| > >, |w| if [i] corresponds
to a vector representation and Y, |¢; + 5| > 3, | + 3| if [u] corresponds to
a spinor one.

— in the r.h.s. of the above equation, after performing the product one has
to keep only the GYTs [A] with positive rows.

— a GYT appearing only in the subtracting part of [i] ® [1¥] has to be
omitted.

—if [u] is a GYT of the form [17], one has to assume p < k.

— in the case where [u] is spinor, do not forget to add % to each row of each
obtained tableau after computation.

Case 2: The GYTs specifying the irreducible representations which appear
in the decomposition of the Kronecker product of [p] with the fundamental
spinor representation [0]" are given by

n

oo =) (LYo 0]) ® [4

1=0

with the same prescriptions as above, and adding either % or 1 to each row
of the obtained tableaux depending on whether [u] is relative to a vector or
a spinor representation.

As for the SO(2n) case, in order to perform the product [u] ® [v] when
neither [p] nor [v] corresponds to a fundamental representation, one has first
to rewrite the smaller of these two GYTs as a sum of products involving the
fundamental representations and operate as above.

Note: The Kronecker product is of course commutative, notwithstanding the
fact that the above formula deals with the two irrreducible representations
on a different basis.
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Example

As an example of the above formulae, we discuss the Kronecker product

of [2] with [12] for SO(9). Let us summarize the different steps of the
computation:

(o Jode o e -

and
1,j=2
(L ®[2))va ® [17]
1,7=0, j<i
{<.@J®é® ® ® )@D]} ®H
L] | NA
] ] [] ]
= < @ ® ® @ ®
1] | [ E
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=<D:D®|>@(Dj)ea(D)

that is, after subtraction:
2o =31 [211] 61’2

that is also, making the dimensions of these SO(9) representations ex-
plicit:
44 ® 36 =910 @ 594 @ 36 © 44
O

Finally, we can give compact formulae for the product of two completely
symmetric or antisymmetric GYT's:

v vl

[14,0,...,0] @ [1,0,...,0] =Y > [u+v—k—2Lk,....00 (n>v)
=0 k=0
u—v p—v—=ki p—v—ki—..—kpn_1
[u,...,u]@[l/,...,y]zz Z Z
k1=0 ko=0 k=0
w+v—ki,p+v—Fk —koy...,u+v—ki—...—ky

1.66 Products of Sp(2n) representations

We present here a simplified version of the method introduced in ref. [32] for
performing the Kronecker product of two irreducible representations of the
symplectic group Sp(2n) by means of product of generalized Young tableaux
or GYT (— 1.36). An irreducible representation of Sp(2n) is either labelled
by D(ay,...,an) where the positive or null integers a; are the Dynkin labels,
or by the set of n non-negative integers (mj1,...,my,) such that m; > m;1,
the correspondence between the two notations being given by:

aj=mj—mjy; forj=1,...,n—1
Qp = Mp
To such an n-uple (mq,...,m,), we associate a GYT [u] made of yu; = m;

boxes in the i-th row, that is a tableau which is drawn as a standard Young
tableau [u1, ..., uy]. However, in order to perform the product of two Sp(2n)
irreducible representations, negative GYTs have to be introduced and the
product of a negative GYT with a positive GYT is considered (— 1.36).

First we present the method to perform the product of any irreducible rep-
resentation, denoted by the GYT [u], with a fundamental representation
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denoted by the GYT [1*], that is a GYT with k rows of one box or one
column with & boxes (k < n), or equivalently, by the Dynkin labels a = 1
and a; =0 for j # k.

The GYTs specifying the irreducible representations which appear in the
decomposition of the Kronecker product of [u] with [1*] are given by

k
Z P2 @1M)a @ [y
7=0

where:

—the symbol P,%j denotes a negative GYT with n rows [—ax, ..., —ay], where
the a; € {0,2} are constrained by the condition ), o; = 2j. Explicitly, one

has (with 0 < j <n)
P =10,...,0,-2,...,—2]
n—j J

— the suffix A means that in the product of the two GYTs we have to keep
only the “allowed” GYTs [A] which satisfy the two conditions |);| < 1 for
all ¢ and ), || < k.

Note that at each level j, the product (P2 ®[1¥]) 4 provides only one tableau.

Let us illustrate this procedure with the example [22] ® [1%] in Sp(2n) with
n > 3. Then:

2% (17 = {<.+|| ® >®H}A®
_ (H@j@g

that is
e 2] = B3 eB21e 2211
[1707---,0,_1] ® [22] = [3, 1] ® [272] ® [27171]
[0,...,0,—1,—1] ® [22] = [12]
and finally

22l @13 =[3,3]®[3,2,1] @ [3,1] ®[2,2,1,1] @ [2,2] @ [2,1,1] @ [17]
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We note that the representation [2,2,1,1] does not exist for Sp(6). More
generally, a tableau with more than n rows has to be rejected as soon as it
is the group Sp(2n) which is considered.

— in the r.h.s. of the above equation, after performing the product, one has
to keep only positive GYTs.
—if [u] is a GY'T of the form [17], one has to assume p > k.

Now, in order to perform the Kronecker product of any two Sp(2n) irre-
ducible representations [u] ® [v], we need to apply the above considered
formula several times, using the property of any irreducible represention [v]
to arise from the product of fundamental irreducible ones. For example, con-
sidering the product [5] ®[2], one will first compute [1]® [1] = [2] ® [1%]®[0],
where [0] denotes the (one-dimensional) trivial Sp(2n) irreducible repre-
sentation, and one rewrites [5] ® [2] = ([5] ® [1]) ® [1] © ([5] ® [1?]) ©
[6]. As a second example, if [¥] = [3,1], one could proceed as follows:
2,0e 1] =31]e2%e 2L1]e2e [1%), 1’| @ [1] = [2,1] @ [1°] @ [1]
and then 412] ® 1% = |2 L@ 2,1,1] @ [1] @ [2] ® [1%] @ [0], providing
3,1] = (F]e @) e (o) (e l]) e (1% @ 1%) & 1] @ [0]. Tt
is this last expression for [3, 1], written as a sum of products of fundamental
[1¥] representations, that we will put into our canonical formula.

Note: The Kronecker product is of course commutative, notwithstanding the
fact that the above formula deals with the two irrreducible representations
on a different basis.

We refer to Tables 3.12 and 3.13 for the dimensions and the explicit compu-
tation of Sp(2n) representation products.

Finally we can give compact formulae for the product of two completely
symmetric or antisymmetric GYT's:

v v-—l

[1,0,...,01 @ [11,0,...,0] =YY [u+v—k—2Lk...,0] (n>v)
1=0 k=0
[ty s p] @ [vy. .., v] = Z [w+v—2ki,...,pu+v—2k,]

0<ky<ko<...<knp

For more details, see ref. [32].

1.67 Products of SU(n) representations

Let G be a Lie group, and 7 and 7’ be two representations of G. Then the
tensor product m @ 7’ is also a representation of G (— 1.75). But if 7= and
7’ are irreducible, the representation m ® 7’ will be in general a reducible
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representation of G. When G is compact, it can be decomposed into a direct
sum of irreducible representations as follows:

/
TR =@ni7ri
%

We provide below the decomposition method based on the use of Young
tableaux (— 1.96) in the case where G = SU(n).

Method
Let 7 and 7’ be the Young tableaux associated to the representations

and 7’ respectively.

1. Choose the simpler tableau, say 7, and call a each box in the first
row, b those of the second row, and so on.

ala]

L | —

[x]e]=]=

2. Add to T one box marked with a of 7’ using all possible ways such that
one always gets a Young tableau. Then add to the obtained tableau a
second box marked with a with the prescription that two boxes marked
with @ must not be in the same column.

3. When all the boxes marked with a are used, add the boxes marked
with b, then the boxes marked with ¢, and so on in the same way, but
with the conditions:

— two boxes with the same label must not be in the same column,

— denoting n;(a) the number of boxes labelled by a in the i-th first
columns starting from the right and n}(a) the number of boxes labelled
by a in the i-th first rows starting from the top, and identical definitions

for the other labels b, c, ..., one must have
— N,
Y @) > ) > w(e) >
: L nlla) > nl(b) > nie) >

4. Any obtained tableau with more than n rows will be suppressed. More-
over, any tableau with n rows will be replaced by the corresponding
tableau in which the n box columns are suppressed.

For example, in the case of SU(5), [3,2,2,1,1] does not exist and
[3,2,2,1] has to be replaced by [2,1,1,0].



112 Lie Algebras

5. The same dummy (that is without the labels a,b,c,...) tableau may
appear several times. Suppose it appears twice:

— if the distribution of a, b, ¢, ... in the tableaux is the same, then one
of the tableaux must be suppressed.

— if the distribution of a, b, ¢, . . . in the tableaux is different, then the ir-
reducible representation associated with the dummy tableaux appears
twice.

Examples

D@@zﬂﬂ@g

B@@:_M@E

[a]a]

b a |a]
e |9 @ k] @ LB

]
0]

@ LY 2]

In this last example, following prescription (5), the representation asso-
ciated to the Young tableau [3,2,1] appears twice since the distribution
of the labels a,b in the two corresponding tableaux is different. If we
consider SU (3), the two tableaux with four rows have to be thrown away

and the four tableaux with three rows have to be simplified. We will
finally get in SU(3):

| | ] | |
L] o L = e LILT] @ e Ll o l] @ e

that is
8 ® 8 = 27 @ 10 ® 10 ® 8 @ 8 @ 1

O

A list of dimensions and explicit products of SU(n) representations is also
available in the table section (see Tables 3.10 and 3.11).
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The reduction of the product of two representations of the orthogonal groups
and of the symplectic groups can be done using generalized Young tableaux
[31, 32].

1.68 Quotient group

Let G be a group and H a subgroup of G. One can define the equivalence
relation

t~y & o lye H, Vr,ye G

(indeed this relation is reflexive: x ~ z, Vz € G, symmetric: z ~y = y ~
x, Va,y € G, transitive: c~yandy~z=z~z, Vz,y,z € G).

The set of elements in G which are equivalent to the element x € G will be
called the left coset (modulo H ) associated to x and denoted

t=zH={yeG|z~y}t={zh|he H}

Such a class can be defined by any of its elements (indeed if x ~ y then
y = xh or * = yh~! and therefore & = ¢). The set of left cosets (modulo
H) G/H is a partition of G (that is it covers all G and the intersection of
two different classes is empty). In the same way, one can define a second
equivalence relation by

t~y & xy teH, Vz,ye G
and therefore the right coset (modulo H ) associated to x:
f=Hzx={yeG|xz~y}={hx|he H}

and the set of right cosets H \ G.

When do the partitions in G/H and H \ G coincide? One must have zH =
Hzx ,Vz € G, that means that H must be an invariant subgroup of G (—
1.37). In this last case, G/H (H \ G) has canonically a group structure:
indeed, given that £ H and yH are two elements of G/H, one can define the
product (zH) % (yH) = zyH (this product being uniquely defined since if
z € yH, that is z = yh with h € H, one has (zH)(yH) = zzH = zyH).
The identity element is e = H and the inverse of zH is (xH) ' = 2~ H.
Actually, one has a canonical homomorphism

m:G—G/H, zw— zH

G/H is called the quotient group of G by H.
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Example
From the Euclidean group in n dimensions E(n) = T'(n) x SO(n), one

can construct the quotient group E(n)/T'(n) since the translation group
T'(n) is an invariant group of E(n). Such a quotient group is isomorphic
to the rotation group SO(n). O

More generally, for any group which is the semi-direct product A x B of two
groups A and B with A invariant subgroup, one can form the quotient group
(Ax B)/A ~ B.

1.69 Quotient Lie algebra

We can use the concepts above discussed (— 1.68) to define a quotient
algebra.

Theorem
Let G be a Lie algebra and ‘H an ideal of G, that is [g, 'H} C H. Then the

quotient space G/H made of elements x+H ={y € G | y=x+h, h e H}
is a Lie algebra with the composition laws:

(x+H)+(y+H)=(x+y)H
z+ Hyy+ H| = [z,y|H

1.70 Racah coefficients

The tensor product of three irreducible representations D(j1), D(j2) and
D(yj3) of the rotation group SO(3) decomposes into a direct sum of irre-
ducible representations:

Jitj2+Js
D(ji)®D(j2)®@D(s)= € D)
J=|j1Ej2+£53]

The following two different coupling schemes allow two different decompo-
sition of the space H(D(j1)) ® H(D(j2)) ® H(D(j3)) into irreducible spaces
H(D(J)) (from the associativity of the tensor product):

D(j1) ® D(j2) ® D(js) = @) D(J12) ® D(js) = @D Do (7
Ji2 J127

D(j1) ® D(j2) ® D(j3) = @) D(j1) ® D(Ja3) = @D Djy s (7
Jas Jag,J
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Let |jim;) with —j; < m; < j; and ¢ = 1,2,3 be the canonical bases of the
Hilbert spaces H(D(j;)) of the irreducible representations D(j;). We have
(— 1.14):

|J1243; JM) = Z (J1jemame|J1aMi2) (Ji2j3Migms|J M)

mi,m2,ms3

|71m1) ® |jame) ® |jams)
and

1oz IM) = > (jajamams|JagMag) (j1Jagma Mag|J M)

mi1,m2,m3

|71m1) ® |jama) ® |jzams)

It is possible to go from one basis to the other one by means of unitary
transformation. The Wigner coefficients (or 6j-symbols) are defined in terms
of the coefficients of this unitary transformation and one has

|J12j3; JM> = Z \/(2J12 + 1)(2]23 + 1) (_1)j1+j2+j3+J
Jag
g '
{ j; JJZ JZ } |j1J23; J M)
The Racah coefficients are defined in terms of the 6j-symbols

. . — (_1\htietJit+J2 gz Js
W (j1jeJ1J2; j3J3) = (1) {Jl Jo Jg}

The Wigner and Racah coefficients are related to the Clebsch-Gordan co-
efficients (— 1.14) and satisfy several symmetry relations (see ref. [60] for
references). They are used in physics when one has to couple three angular
momenta j1, j2, J3.

1.71 Real forms

Let us recall that a Lie algebra is in particular a vector space defined on a
field K: the Lie algebra is called real when K is the field of real numbers R
and complex when K is the field of complex numbers C. Although real Lie
algebras (and real Lie groups) are intensively used, the notion of complex
Lie algebra is fundamental: for example, the Cartan theory of simple Lie
algebras could not be obtained by restricting to real Lie algebras, because
the field of real numbers is not algebraically closed (— 1.7).
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Starting from the real Lie algebra G, one defines the Lie algebra Go as the
complezification of G by applying on G a sort of “analytic continuation”
process, i.e.

Go={z=X+iY|X,y g} =gaig

Note that Go can be considered as a real Lie algebra of twice the real di-
mension of G (X and iX being considered as two independent elements),
although it is also a complex Lie algebra of the same dimension as the real
Lie algebra G. If {e1,...,e,} denotes a basis of Go of dimension n, the
Lie algebra over R with basis {e1,..., ey, ie1,...,ie,} will be called the re-
alification Gr of Go and will be of dimension 2n. One may note that the
real Lie algebra Gr possesses a complex structure J (— 1.16) derived from
multiplication by the complex number ¢ on G.

Example
Let us consider the real Lie algebra gl(n,R), generated by the elementary

n X n matrices e;; such that (e;;)i = 6;19;. Its complex extension is
gl(n,C) with matrices M = a"e;j, the a”’ being complex numbers.

Consider now the Lie algebra u(n, C). It is constituted by n X n matrices

M with complex entries satisfying the condition Mt = —M, that is, if
M = a"e;j, such that (a”)* = —a’’. The complexification of the real
algebra u(n, C) provides the algebra gl(n,C). O

We now come to the definition of a real form:

Definition
‘ Let Go be a complex Lie algebra and Gp, its realification. A real subalge-

bra S of Gp is called a real form of G if S¢ = Ge.
The two following theorems are of special importance:

Theorem

Let G be a simple real Lie algebra. Then G is either isomorphic to the
realification of a simple complex Lie algebra, or G is isomorphic to a real
form of a simple complex Lie algebra.

Theorem
Every realification of a simple complex Lie algebra is a simple real Lie
algebra.

As an example, let us think at the real simple algebra s/(2,R). Its complex-
ification is si(2,C). The realification of si(2,C) is a six-dimensional algebra
isomorphic to so(3,1) (— 1.53 Lorentz group).
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It is also important to recall the Cartan’s theorem (— 1.44) ensuring that any
(semi)simple Lie algebra G has a vector space decomposition G = C @ P such

that C is a compact subalgebra and P satisfies {C, P} C P and [77, P} cC.

From the property of the Killing form to be negative on a compact simple Lie
algebra, the possibility of transforming G into a compact algebra by acting
on the P generators by multiplication by ¢ appears rather clearly in this
framework: K(X,X) > 0= K(iX,iX) < 0 for any X € P. Therefore, one
can state:

Theorem
|| Every (semi)simple complex Lie algebra G has a compact real form.

Morevover, the existence of an involutive automorphism ¢ (i.e. ¢ =1) of G
acting as 1 on C elements and as —1 on P elements is obvious. Actually, all
the real forms of a semi(simple) complex Lie algebra G will be obtained by
determining all the involutive automorphisms of its compact form.

The real forms of the simple Lie algebras are given in Table 3.38. One usually
defines the character of a real form of a complex semi-simple Lie algebra G
as the difference between the number of non-compact generators and the
number of compact ones. This explains the index written in parentheses
after each real form of the exceptional Lie algebras appearing in Table 3.38.
For example, the compact Eg algebra of dimension 78 is denoted by Eg(_7g)
(zero non-compact generators and 78 compact ones), while the Fg real form
with F; as maximal compact subalgebra is denoted Eg(_26) (26 non-compact
generators and 52 compact ones).

Let us add that the involutive automorphisms involved in the determination
of the real forms are inner except for the five following cases: sl(N,R),
su*(2N), so(2N — 2p — 1,2p + 1), Eg_s6) and Eg(, ), which are related to
outer automorphisms (see ref. [13] for more details).

Finally, we must add that the spaces G/C, where G is a connected Lie
group whose Lie algebra is a real form of a simple Lie algebra over G and C
a maximal compact subgroup of GG, determine symmetric spaces: a detailed
study is offered in ref. [39].

1.72 Representation of a group

We know the explicit action of a group of transformations G on a set S if we
know the representation of G on S. Actually, S will be in general a linear
vector space on the field of real R or complex C numbers (sometimes on
the quaternions H or octonions @) and we will be interested in the “linear
representations” of G.
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Definition

Let G be a group and V a linear vector space on the field K (usually
K =R or C). A linear representation of G in V is a homomorphism 7 of
G into the group of the linear and invertible operators of V, that is

m(g)n(g") =7(99"), Vg,9 €G

In particular, 7(e) = I, where e is the identity element of G and m(g~!) =
m(g)~"

The vector space V is the representation space. The dimension of the
representation 7 is the dimension of the vector space V.

Consider for example the orthogonal group in 3 dimensions. The three-
dimensional representation of O(3) is immediately given by the definition
itself of O(3) (group of 3 x 3 orthogonal matrices). But one can imagine that
there exist representations of O(3) on vector spaces of a different dimension:
actually any irreducible representation of O(3) is labelled by an integer j
and is of dimension 2j+ 1 (— 1.92), for the explicit form of the infinitesimal
matrices of the representation j of O(3)).

Definition
The representation 7 of G on V is said to be:
— faithful if Vg € G, 7(g) # Iy (identity on V).
— trivial if Vg € G, 7(g) = Iy.

One can define an equivalence relation among representations as follows:

Definition
Let 7:V — V and ' : V' — V' be two linear representations of G in the
linear vector space V and V' respectively. m and 7’ are called equivalent
representations if there exists a one-to-one linear mapping 4 : V — V'
such that
An(g)A™' =7'(9), Vgedq

If V and V' are Hilbert spaces and A unitary then 7 and 7’ will be called
unitarily equivalent representations.
Let 7 be a linear representation of a Lie group G. One defines (Vg € G):

— the complex conjugate representation 7 by 7*(g) = [7(g)]*,
— the transposed representation 7! by 7t(g) = [7(9)]’,
— the hermitian conjugate representation ' by 7f(g) = [7(9)]" = [7*(g)]".

One can check that 7*, 7t and 7' are indeed representations.
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Property

1.

The representations m, 7%, w! and 7' are simultaneously irreducible
or reducible (— 1.74).

. If the representation  is unitary, so are 7*, 7t and =f.

The representation 7 is real if and only if 7 = 7*.

If the representation 7 is real, then the character (— 1.12) x(g) is
real.

If x(g) is real, then 7 and 7* are equivalent (there exists a matrix
A such that 7* = AmA~!). The representations 7 and 7* are then
called self-conjugated. Moreover, if the representation 7 is unitary,
the matrix A is either symmetric or antisymmetric.

Finally, let us note that a representation may be of finite or infinite dimen-
sion. However:

Theorem (Peter-Weyl)
‘ Any unitary irreducible representation of a compact group is finite di-

mensional.

1.73

Representation of a Lie algebra

Definition

Let G be a Lie algebra over the field K (usually K = R or C). Let V be
a vector space on K and consider the algebra EndV of endomorphisms
of V. A linear representation 7 of G in V is a homomorphism of G into
End V, that is for all X, Y € G, a € K| and [, | denoting the Lie bracket

m(aX) = ar(X)
T(X+Y)=n(X)+7Y)
m([X, Y]) = [x(X), 7(Y)]

The vector space V is the representation space. The dimension of the
representation 7 is the dimension of the vector space V.

As an example, — 1.2 Adjoint representation.

Definition
Let G be a Lie algebra over the field K and V a vector space on K. V
is called a G-module if there exists an action of G on V such that, for all
X, YegG a,feKand d,weV:
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Let w be a representation of the Lie algebra G with representation space V.
Then the vector space V has the structure of a G-module by X (¢) = = (X).

Theorem (Ado)
‘ Every finite dimensional Lie algebra G over the field K = C or R has a

faithful finite dimensional representation.
1.74 Representation: reducibility

Definition
Let G be a Lie group and 7 a representation of G in the vector space V.
The part V' C V is an invariant subspace of V under 7 if Vg € G

[r(9)](V)) V'
Let V be a finite dimensional representation space of G. Then V = V' @ V",

V" being a complementary subspace of V' in V, and the invariance of V'
under 7 implies Vg € G:

} dim V'
} dim V"

() | x12(g)
0 | ()

7(g) = acting on vectors —_—

It follows that the restriction (1) of 7 to V' as well as the restriction 7(2) of

7 to a complementary subspace of ' in V are themselves representations of
G.

Definition

The representation 7 of G in V is called irreducible if there are no invariant
subspaces except trivial ones. Otherwise the representation 7 is said
reducible.

Definition

The representation m of G in V is called completely reducible if for any
invariant subspace, there exists a complementary subspace which is it-
self invariant. A representation which is reducible but not completely
reducible is called indecomposable.
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In this case, the representation m can be decomposed as follows:

7 (g) 0
m(g) = .
0 7®)(g)

the representations 7, ..., 7 of G, acting on VU, ..., V*) with V =
VD @ ... @ VH) being irreducible.

Definition
The same definitions hold for the representations of Lie algebras. More-
over, if a representation 7 of a Lie algebra G with representation space
V is irreducible (resp. completely reducible), the G-module V is called a
simple (resp. semi-simple) module.

Now we have the following important theorem:

Theorem
Any unitary representation U of G in a Hilbert space H is completely

reducible.

Let V be a H subspace invariant by the unitary representation U, and V+
the supplementary subspace. Then for all z € V, y € V', g € G, one has
(U(g)x,y) = 0= (z,U(g")y), that is [U(g)]V*+ c V* for all g € G.

Corollary
Any representation 7 of a compact group G in a linear vector space V is

completely reducible.

Two important cases for the reduction of the representation of a compact
group G in physics are the following:

1. Let 7 be an irreducible representation of G and S a subgroup of G. w
is therefore a representation of S but in general reducible under S.

2. Let 7 and 7’ be two irreducible representations of G. Then the tensor
product m ® 7’ is a representation of G which is in general reducible

under G.

Let us conclude this entry by emphasizing the properties of a linear represen-
tation of a compact group: there always exists a scalar product making the
representation unitary. This unitary representation is completely reducible
and finite dimensional (— 1.72). Note that these properties are valid for
finite groups which can be seen as particular cases of compact groups. Actu-
ally, it appears that most of the properties on representations of finite groups
are valid for compact Lie groups.
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1.75 Representation: sums and products

Sum and products: general definitions

Let us first recall that if V and V' are two linear vector spaces on the field
K = R or C of respective dimensions n and n’ with {€1,...,¢é,} basis of V
and {€,41,...,€Enin } basis of V', the direct sum of V and V' is the linear
vector space V @ V' of dimension n + n/ such that any v € V @& V' can be
written as 7 = Z?;"/ v'é€; where v' € K, and the tensor product of V and V'
is the linear vector space V ® V' of dimension nn’ such that any v € V ® V'

! .. ..
can be written as 7' = >I"!_; v €&; ® € where v € K.
G=

We can then give the definitions:

Definition

Let m and 7’ be two representations of G with representation spaces } and
V'. One defines the direct sum representation m @ m’ with representation

space V @ V', the action of which on V @ V' being given by, for g € G,
7€V and v’ €V

(ron)(g)vod =n(9)7 ® 7'(g9)0

that is
ceme(£) » (9 0)(5)-(388)
Definition

Let m and 7’ be two representations of G with representation spaces
Y and V. One defines the tensor product representation m ® «’ with
representation space V ® V', the action of which on V ® V' being given
by, for g€ G, v €V and ¢’ € V"

!/

(r@r)(g)ted =7(9)d ® 7'(g9)7

The tensor product of representations is associative. It follows that if w, 7/
and 7" are three representations of the Lie group G, the tensor products
(r@7)@7"” and 7 ® (7' @ 7”’) are isomorphic. For fixed bases in each of the
representations mw, 7/, 7", the entries of the invertible matrix which relates
the two products (7 ® ') @ 7 and 7 ® (7' @ ©”) are called the Wigner
coefficients or 6j-symbols (— 1.70).

The same definitions hold for the representations of Lie algebras.

If 7(g) = eX and 7'(g) = eX’ with X and X' representing the same element
in the Lie algebra G of G for the two representations m and 7/, then for all
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veVand 7' €V

<y
&
<y
—
Q]
>
N
&
—~~
Q]
g
<y
—
I

(I+X+.. )0 [I+X +...)7]
= [HV@HV/—{—(X@HVI—I—HV@X,)—I—]U@U,

from which we deduce that
(r@7')(9) = exp(X @Iy + Ty ® X')

More generally:

Definition

Let G = H x K be the direct product of the groups H and K, and =)
and 75) be representations of H and K in Vg and Vi respectively. The
Kronecker product ) @ 7(&) of the representations 7)) and 7(%) is
the representation such that for h € H and k € K:

(W(H) ® W(K))(h, k) = W(H)(h) ® W(K)(k)

One can check that the applications 7 @ 7/, 7 @ «’ and 7##) @ 7(5) defined
above are representations.

The same definition holds for Lie algebras, replacing the direct product of
groups by direct sums of algebras.

Example
Let G be the group SU(3) x SU(2) and let us call (u,d,s) a basis of

the three-dimensional fundamental representation space V of SU(3) and
(1,]) a basis of the two-dimensional fundamental representation space 1’
of SU(2). The direct product V ® V' contains three quarks u,d, s with
their spin states (1,1): u',d", s, ut, d*, s*. The generators of SU(3) and
SU(2) being denoted by A; (i =1,...,8) and 0; (j = 1,2, 3) respectively,
we can define the tensor product of representations # @ 7’ Vg € G by

(r@7')(9)g®s = exp(ia’\i)q® exp(ifo))s
— exp(i(az)\i QI+ ]13 X ﬁJO'j))q X s

Actually, one can embed SU(3) x SU(2) into the group SU(6) by adding
to the eleven generators \; ® I and I3 ® o; the 24 generators \; ® 0.
Notice that this 6-dimensional representation of SU(6) will reduce with
respect to this subgroup SU(3) x SU(2) as 6 = (3,2). O
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Symmetric and antisymmetric products

Very often it is useful to know the symmetric and antisymmetric spaces
contained in the tensor product of k irreducible representations 7 of a com-
pact Lie group G. A useful tool to solve the problem is the knowledge of
the formula which connects the character (— 1.12), denoted by Xk, of the
(generally reducible) symmetric representation mg (resp. antisymmetric m4)
(mg,ma C ®k7r), in terms of the character x of the irreducible representation
7 of the compact Lie group G. These formulae can be obtained from the
character theory of the symmetric group &y [57]. The general formulae are
(9 € G):

— for the symmetric representation:

x®(g") x®(g"?) - - - x% (g"7)
-2 a!'pl' @'pY ... q;!p}
where the sum is over all possible different partitions of k
k=aqp1 + @p2 + ...+ ¢;p;

— for the antisymmetric representation:

(g) = Z (_1)q1+q2...+quk X% (gp1) qu (gP2) ... x% (g")
a!'pf" ¢! pY ... q;!p]

In particular for £ = 2, 3,4 we obtain:

— for the symmetric representation:

X2(9) 1x(0) + 5 x%(9)
X3(9) = 3x(6%) +3x(87)x(9) + 5 x°(9)
Xa(9) = 1x(g")+3x(6*)x(9) + X0 + 1 X% (9)x(%) + 5 X (9)

— for the antisymmetric representation:

X2(9) = 3x%(9) — 3 x(d%)
X3(9) = 3x(°) — 3 x(6P)x(g )+%x (9)
Xa(9) = —Ix(@)+3x(®)x@) + :X°(@°) — 17 (@9)x(6) + % x*(9)

Choosing as element g € G the identity e, the above formulae give the dimen-
sion of the symmetric representation mg, resp. antisymmetric representation
w4, contained in the k-fold tensor product of w. This knowledge is useful
to obtain the decomposition of the symmetric, resp. antisymmetric, space
into its irreducible subspaces. Recall that the highest irreducible represen-
tation contained in the tensor product, i.e. the irreducible representation
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labelled by the Dynkin labels sum of k£ times the Dynkin labels of =, is
always symmetric.

Example
Find the symmetric irreducible representation contained in the square

product of the irreducible representation [2,1] of dimension 8 of SU(3).
Using the rules to perform the Kronecker product of two irreducible rep-
resentations of SU(n) (— 1.67) we obtain

2,1]®[2,1] =[4,2]®[3,3] ®2[2,1] & [3] & [0]

Using the above formula for k = 2, we find: dim ([2,1] ® [2,1])s = 3 8% +
18 = 36. As the highest irreducible representation [4, 2] has dimension
27, it is immediately possible to conclude that

1.76 Representation: unitarity

Definition
Let H be a Hilbert space. A unitary representation of a group G in H is
a homomorphism U of G in the group of unitary operators of H.

In particular, U(e) = Iy and for all g € G, U(g~!) = U(g)~! =
the definition of a unitary operator in H: (U(g)x, U(g)y) = (=
z,y € H where (., .) is the scalar product in H.

U(g)! from
, y) for all

Theorem
For any linear representation 7 of a compact Lie group on V), there exists

a scalar product making the representation unitary.

Indeed, if (., .) is a scalar product in V, then the hermitian form h such
that, for all v, v’ € V,

W@, ") = /G (n(g)7, 7(9)7" ) duu(g)

where p is the Haar measure, defines a new scalar product on V which is
invariant with respect to 7 (that is h(¥,0") = h(n(g)0n(g)v”) for all g € G).
Therefore 7 is unitary with the scalar product defined by h.

See for example ref. [73].
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1.77 Roots, root system

Definition

Let G be a simple Lie algebra of dimension n and rank r. Let H be
a Cartan subalgebra of G with basis of generators {Hj, ..., H,}. From
Cartan’s theorem, one can complete the Cartan basis of G with n — r
generators F, that are simultaneous eigenvectors of H; with eigenvalues
o’

[HEQ} — o'E,

The r-dimensional vector a = (al,...,a") is called the root (vector)
associated to the root generator F,,.

Hence the algebra G can be decomposed as follows:
g - @ ga
(0%
where
G, = {m € g‘ [h,x] =a(h)z, h e 7-[}

The set
A= {a cH*

Go #0}

is by definition the root system of G.

Property
The roots have the following properties:

1. aeé A = kae Aifand only if k= —1,0,1.

2. If @ and (3 are roots, then 2 B

is an integer.
o«

3. If o and (8 are roots, then v = (3 — 2 % « is a root.
Two roots o and 3 being given, « is the symmetric of 8 with respect to the
hyperplane orthogonal to a. Such a geometrical transformation, transform-
ing the root 8 into the root =, is called a Weyl reflection (— 1.93). The
Weyl reflections are particularly important to construct the root diagram of
a Lie algebra G.

As a consequence of the above properties, one can deduce the following
result:
a-f

m
E%Z = a-f=—a«
a-« 2
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Q.o 2
where m,n are integers. It follows that
9 (- B)? mn a-a n
cos“Opp = ———F— = — and —=—
P (a-a)(B-5) 4 68 m

Choosing the angle 0,3 between the roots o and 3 to be such that 0 < 0,5 <
90° (for O,3 > 90° change a and/or § in —a and/or —3) we can draw the
following tableau where all the possibilities are present:

cos? O, 1 3/4 1/2 1/4 0
Oup 0° 30° 45° 60° 90°
a?/3? 1 3 2 1 undetermined

A simple Lie algebra for which all roots have the same length is called simply-
laced.

Root diagram — Root space

The vector space spanned by all the possible roots is called the root space.
It is the dual H* of the Cartan subalgebra #H as vector space. Owing to the
above geometrical properties of the roots, the set of n — r roots of the Lie
algebra G of dimension n and rank r can be represented without difficulty —
at least for small values of » — in the r-dimensional Euclidean space: such a
representation will constitute the root diagram of G. The different types of
simple Lie algebras could then be selected and classified, that completes the
Cartan classification already discussed above.

Examples
Case r = 1: The only possibility is sl(2) = A;. The root space is one-

dimensional and the Weyl hyperplane is an axis orthogonal to this axis.

Case r = 2: There are three possibilities corresponding to the Lie algebras
sl(3) = Aag, so(5) = By ~ sp(4) = Co and G2 (the corresponding root
systems are drawn below). Let o and (3 be two roots.

Consider first the situation where 6,3 = 60°. Then a’ = 3%, By a Weyl
reflection with respect to the axis orthogonal to «, we get the root ~.
Then we construct the opposite roots —a, —3, —y. By Weyl reflections,
no new root is obtained. We therefore get six roots, hence six root gen-

erators, which with the two Cartan generators form an eight-dimensional
Lie algebra, the Lie algebra si(3).
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-3 a
- Y
—a
Consider then the situation where 6,3 = 45°. Then one can choose

a?/3? = 2 for instance. By a Weyl reflection with respect to the axis
orthogonal to «, we get the root v. Then by a Weyl reflection with
respect to the axis orthogonal to 3, we get the root §. Then we construct
the opposite roots —a, —3, —y, —6. By Weyl reflections, no new root is
obtained. We therefore get eight roots, hence eight root generators, which
with the two Cartan generators form a ten-dimensional Lie algebra, the
Lie algebra so(5) ~ sp(4).

—« I6] )
—5 -8 o
Consider now the situation where ,5 = 30° and one takes a?/3? = 3.
By a Weyl reflection with respect to the axis orthogonal to «, we get the
root . Then by a Weyl reflection with respect to the axis orthogonal to
B, we get the root §. Repeating the Weyl reflection with respect to the
axis orthogonal to «, we get the root € and finally the Weyl reflection
with respect to the axis orthogonal to v leads to the root . Then we
construct the opposite roots —a,, — 3, —v, =8, —e, —n. By Weyl reflections,
no new root is obtained. We therefore get twelve roots, hence twelve
root generators, which with the two Cartan generators form a fourteen-

dimensional Lie algebra, the Lie algebra Gs.

(0%

g
=1 gl
—£ 9
- U
—p
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Finally, the case 6,3 = 90° leads to the semi-simple algebra so(4) =
A1 @ A and the case 0,3 = 0° is a special case: since o and (3 are
proportional, we will not find there a (semi)simple Lie algebra. ]

General case: In the same way one can construct the two-dimensional root
spaces from the one-dimensional one, one can build the (r 4+ 1)-dimensional
root spaces A, from the r-dimensional ones A, by:

— adding to each space A, an additional vector such that it coincides with

a .

none of the vectors in A, and the condition 2 —ﬁ € Z is satisfied.
a-a

— completing then the space by Weyl reflections.

a-f

—if all vectors resulting from the completion still obey the condition 2 — e
7, then we have obtained a new root space; if not, it is not. “e
Table 1.4: Root systems of the simple Lie algebras.
algebra G root system A dim A
An_1 €i — € N(N -1)
By te; + e, te; 2N?
Cn +e; +ej, £2¢; 2N?
Dy te; ¢ 2N(N —-1)
Eg te; dej, £5(fe1 £ ... Les—e6—er+es) 72
o te; tej, £(eg —e7), 196
i%(i&li...i€6—57+€8)

Es te; tej, 3(ter ... Les) 240
Fy te; tej, ey, %(:l:al +egteztey) 48
Go ei —¢€j, (i +¢5) F 2, 12

For the algebras An_1, Bn, Cn, Dy, the indices ¢ # j run from 1 to N.
For the algebras Fg, E7, Eg, Fy, Go, the indices ¢ # j run from 1 to 5, 6,
8, 4, 3 respectively, with in the case of Ga, the condition €; + €3 +¢e3 =0
and 1, j,k is a permutation of (1,2,3). The total number of + signs (or —
signs) is even in %(:I:sl +...%eg) for Eg, %(:I:el +...+e¢—e7+eg) for Er,
%(:I:slzt...:l:% —e¢ — €7 + eg) for Eg.

The description of the root space can be simplified owing to Dynkin dia-
grams. We have then to introduce the notions of positive and simple roots
(— 1.27, 1.83).
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1.78 Schrodinger algebra

The Schrédinger equation [67] in 3+1 dimensions is left invariant under a
group of space—time transformations which is bigger than the Galilei group
(— 1.33). These extra transformations are a dilatation

7' =exp(\)7 and t =exp(2\)t
and a conformal transformation
7 t

7= and t' =
1—at 1—at

where A and « are arbitrary real parameters.

A basis of the Schrédinger algebra is therefore obtained by adding to the
Galilei algebra two extra generators D and C satisfying the following non-
zero commutation relations:

DB =iP [D.K;|=ik; |D,R|=-2iR
[0, PJ} =i K, [C, PO} — D [C, D} — _2%(C

It has to be noted that the three generators Py, D, C form the si(2, R) algebra
and naturally commute with the rotation algebra generated by the J; (i =
1,2,3).

The Schrédinger algebra acting on the 3+1 dimensional space-time is there-
fore twelve dimensional. It admits, as the Galilei algebra, a central ex-
tension. The extended Schrodinger algebra is obtained by adding to the
eleven-dimensional extended Galilei algebra the two generators D and C.

It is of physical interest to remark [11] that the conformal algebra (— 1.17)
associated with 341 dimensional space-time contains as a subalgebra not
only the Galilei algebra in 2+1 dimensions, but also the Schrodinger algebra
in 241 dimensions. Using the notations of section 1.17, one has the following
correspondence:

Py = 3 (Moo + Mao — Mys — Myz) = % (po — p3)
Pj=Myj+ My =p;j,  Kj=—-Moj—Ms  (j=12)
M = Moo + Mo + My3 + Maz = po + p3

C = 3 (Moo — Mao + Mys — Maz) = 3 (ko + ks)

D = Myy — Mos, J3 = Mo

where the M,z (o, 8 = 0,0',1,2,3,4) are the generators of the so(4,2) al-
gebra and we have denoted by p, = My, + My, and k, = My, — My, the
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translations and special conformal transformations of section 1.17. One has
as expected the following non-zero commutation relations (j, k = 1, 2):

s B =i P [ K| = iesn K

Py K| = —i P, (K, Pi| =i

1.79 Schur function

Schur functions (S-functions) are special functions of the roots of the matri-
ces characterizing the classical groups, which allow the study of the weights
of the irreducible representations of this class of groups. Before introducing
the S-functions we need the following definitions:

Definition
A set () of | integer numbers \; ordered from greatest to smallest is
called an ordered partition of order ! of the integer number N = Zi Aie
A Young tableau (— 1.96) can be associated to any ordered partition.

Definition
A symmetric function of n variables x; is a function left unchanged by
any permutation of the variables x;.

Definition

Given a partition (\) of NV, the associated Schur function, denoted usually
by {A}, is a symmetric function of n variables (N < n) defined as the
ratio of two determinants:

det |zt

) =

det

n—i
€T -
J

where (m?ii) (k > n) is an n x n matrix whose ij-entry is mf “and \; =0
for ¢ > 1.

Note that the determinant in the denominator of the above equation is just
the Vandermonde determinant which can also be written as

= [ @i—=)

1<i<j<n

n—i
det T
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To give an alternative expression of the Schur function, we introduce the
definition of a symmetric monomial function which is associated to any par-
tition {\} by the formula

Soy = Z :cglll :c,);{l
P({m;})

where the sum is over the different permutations of z; and m; € {1,2,...,n},
j=12,...,1L

A homogeneous polynomial symmetric function of degree N, denoted py,
is the sum of all the symmetric monomial functions associated with the

partitions of N
PN =) S
{2}
where the sum is over all the partitions of V.

For example, for n = 4, we have one monomial symmetric function for N = 1
5(1) = T+ T2+x3+ 24
for N = 2 there are two monomial symmetric functions
Sy = m1mo +x123 + 104 + 23 + T2y + 2324
Se) = asf—i-x%—i-xg—kxi
and for N = 3 one finds three monomial symmetric functions
Sa11) = T1T2T3 + T1T2T4 + T1T3T4 + T2T3T4
Sy = @iz +aiws + aizy + w3z + w323 + T3T4
—i—:L‘%:L‘l + x%a:g + :1:%:1:4 + 1321331 + 1321332 + :I:iazg
5(3) = a:‘i’—i—x%—kx%%—xi
The Schur function can be rewritten in the form
{A} = det |px,—i+]

where ¢, j are respectively the row and column indices and it is assumed that
po =1 and p; = 0 for ¢ < 0. So the order of the matrix is given by the order
[ of the partition. For instance, the S-function associated to the partition
{221} is

b2 DpP3 D4
{221y = p1 p2 p3 | =pip3+ pipa — PIP3 — Pop3
P-1 Po P1
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One can show that
{N,O,...,O} = PN and {1,1,...,1} =T1r2... TN — 511_._1

Littlewood has shown that there is a complete equivalence between the above
defined S-function and a function which can be defined on the symmetric
group &y and which characterizes the irreducible representation of &y.
From the connection between Sy and GL(N), many properties of the clas-
sical Lie groups can be expressed in terms of the S-function. It is possible
to define inner and outer multiplication and division of S-function. Then
characters (— 1.12), Kronecker products of representations (— 1.96), and
branching rules (— 1.5) of classical groups can be expressed by use of S-
functions. We refer to refs. [55, 98, 99] for detailed discussion and for
reference to the original works.

Example
As an illustration we derive a formula for the dimension of the irreducible

representations of sl(NN) labelled by the Young tableau [A] or highest
weight A. The Weyl character formula (— 1.12) reads

Z e(w) eW(A+p)
X(A) = &

Z e(w) e ()

weW

where the sum is over all the elements w of the Weyl group W (— 1.93),
e(w) is the parity of w, and p is the Weyl vector, half-sum of the positive
roots. Writing the roots of s/(NN) in the orthogonal basis {€;} (— Table
3.1), the Weyl group becomes the permutation group &y acting on &;.
Introducing the formal variables

N
z; = e with Ha:z =1

)

using the following expression for the determinant

= e(P) =t
P i=1

where the sum is over all the permutations and the set {e1,...,e,} is
obtained from {1,2,...,n} by action of the permutation P of parity £(P),
the Weyl character formula can be written in the form of a Schur function
(as in the definition above).

k—1
det T
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Performing the limit z; — 1 in the formula we finally get

N A i
1<i<j<n )
the A; being the components of the Young tableau [A]. O

1.80 Schur’s Lemma

Lemma (Schur)
Let 7 be an irreducible representation of a group G in a complex linear

vector space V. Let

() = {¢:V—>V‘ [W(g),qﬁ} —0, vgeG}

where ¢ € End V. Then C(r) is a multiple of the identity operator I.
This lemma is specially important. In particular it allows us to deduce:

Properties
1. Any irreducible complex representation of an Abelian group G is

unidimensional.
[the proof is straightforward: for a given gyo € G, [7(g),7(g0)] = 0
Vg € G since G is Abelian and therefore m(gg) = Mg I, Ay, € C, if
m is irreducible.]

2. Let m be an irreducible complex representation of a Lie group G.
Then all Casimir invariants (— 1.9) are multiple of the identity (or
even zero).

Finally, the Schur’s Lemma has a converse theorem which gives a criterion
for the irreducibility of an unitary representation.

Theorem (converse of the Schur’s Lemma)
Let U be an unitary representation of the group G in a complex vector

space V. If for any operator ¢ such that Vg € G, [U(g),(b} =0, ¢ is

proportional to the identity operator, then U is irreducible.

Let us recall that for any linear representation of a compact Lie group on a
vector space, there exists a scalar product making the representation unitary
(— 1.76).
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1.81 Serre—Chevalley basis

The Serre—Chevalley presentation of a Lie algebra consists to describe the
algebra in terms of simple root and Cartan generators, the only parameters
being the entries of the Cartan matrix of the algebra.

Let G be a Lie algebra of rank r with Cartan subalgebra H = {hi,...,h,}
and simple root system A® = {a, ..., o, } and denote by e (1 < i <) the
corresponding simple root generators. Let A = (A;;) be the Cartan matrix
of G. The Serre—Chevalley basis of G is the basis in which the commutation
relations take the form

[hi,h]} —0 [hi,ei] = A et

J J

[e?’, ej_] = ;5 h;

The remaining commutation relations are given by the so-called Serre rela-
tions:

lfAij
+\1-4s; + +\1-A;;—n +/ =+
(ad ) ™4 ek = 3 (c1)n () A e () = 0
n=0
Example
Consider the Lie algebra sl(3) with simple root system {a1, a2} and sim-

ple root generators e%, eét. The Serre relations read as

[eit, [eli,eziﬂ =0 and [eét, [ezi,eliﬂ =0

It follows that +(ay + ag) are roots of height 2 (since [ef, 3] # 0) but
+(2a1 + a2) and +£(a1 + 2a9) are not roots. Thus, the root system of
sl(3) is given by A = {f+a1, a9, £(a1 + a2)} (for the notion of height
— 1.77). O

Relation between the Serre—Chevalley and the Cartan—Weyl bases

Let A be the root system of G. The commutation relations among the
generators of G in the Cartan—Weyl basis read as

_Hi,Hj} =0

', Ea] — o'E,

_Ea,E,a} =Y aim,

) =1

E,, E/g:| = Nog Eqqp if a4+ 3 is a non-zero root
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Restricting oneself to the simple roots {aq,...,a,} of G, one gets
|Hi, Hj| =0
[H Eaj] = o' E,,
[Eai,E,aj] = oj - Hdj;

The relation between the two bases is then given by

T

2 2 2 ;
61:-‘:: _2E:|:ozi and hZ:—2a1H:—22afH]
o ok o =

1.82 Simple and semi-simple Lie groups and Lie
algebras
Definition
The group G is a simple group if it does not contain any invariant sub-
groups other than the group G itself and the identity element {e}.
Definition

The group G is a semi-simple group if it does not contain any Abelian
invariant subgroups except the identity element {e}.

As an example, the group SO(3) is simple and the group SO(4) is semi-
simple. The group SU(3) is not simple since its center is Z3 — group with
three elements, the three cubic roots of unity — but SU(3)/Z3 is simple.

Since to an invariant Lie subgroup H of a group G there corresponds in the
Lie algebra G an ideal (or invariant subalgebra) #, one can state:

Definition
The Lie algebra G is a simple algebra if it does not contain any ideal other
than G itself and {0}.

Definition
The Lie algebra G is a semi-simple algebra if it does not contain any
Abelian ideal except {0}.

An important property is the following;:

Theorem
The Lie algebra G is a semi-simple Lie algebra if and only if it is a direct

sum of ideals that are simple as Lie algebras.




Lie Algebras 137

1.83 Simple root systems

Definition
Let G be a simple Lie algebra with Cartan subalgebra H. Then G admits
subalgebras N'* and N/~ such that {H,Nﬂ C N and ['H,Nf} CN~

with dim N " = dim A/~. The decomposition G = N TGS H SN~ is called
a Borel decomposition. The subalgebras B = H & N'* are called Borel
subalgebras of G (that is maximal solvable subalgebras of G).

Example
Consider the Lie algebra sl(3). A basis of generators is given by the Gell-

Mann matrices \; with ¢ =1,...,8 (— 1.90). A Cartan subalgebra H is
generated by A3 and \g. The subalgebras N'© and A/~ can be chosen as
NT = {)\1—|-Z.A2, A+iAs, )\6+i)\7} and N~ = {)\1 —1X9, Ay —1iAs5, )\G—Z.A7}.
O
Definition
Let G be a simple Lie algebra of rank r with Cartan subalgebra H and
root system A. Denote by G = N @& H ® N~ a Borel decomposition of
G. The root decomposition of G is

aEA

A root « is called positive if G, "N # 0 and negative if G, "N~ # 0.
A root is called simple if it cannot be decomposed into a sum of positive
roots. The set of all simple roots is called a simple root system of G and
is denoted here by A®. The number of simple roots of G is equal to the
rank r.

Example
Consider the Lie algebra sl(3). A Cartan subalgebra H being generated

by A3 and g, the root generators can be taken as
Eiy =) ti), Eig =X £ids, Eiy=Xeti)y

The set of positive roots is AT = {a, 3,7}. A system of simple roots is
given by A? = {a, 8} and v = a + 3. O

Let us remark that the choice of the Borel decomposition is far from being
unique. However, in the case of the simple Lie algebras, all Borel subalgebras
are conjugate and hence all simple root systems are equivalent. More pre-
cisely, one can get a simple root system A’ from another one A° by means
of Weyl transformations on the simple roots of A°.
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A% = {ay,...,a,} being a simple root system of G, each root o € A can be
decomposed uniquely in terms of the simple roots «;:

.
i
a:E a’a;
=1

where all the o are positive (resp. negative) integers if o is a positive (resp.
negative) root. The quantity hy, = Y .;_; o' is called the height of the root
a (obviously, the roots of height 1 are the simple roots).

When the Lie algebra G is not simply-laced (— 1.77), it is useful to define
the simple coroots ) as follows:

o) =20 /(0 - )

A% = {aY,...,a)} is called the simple coroot system.

When the Lie algebra is simply-laced, choosing the normalization of the
roots such that their squared length is equal to 2, the roots and the coroots
coincide so that A% = A9,

Among the roots, there is a unique root of maximal height: it is called the
highest root. Denoting the highest root by —ag, one has

T T
—op = E a;0; = E a o)
i=1 i=1

The numbers a; and a) are called respectively the marks or Kac labels and
the comarks or dual Kac labels. There are usually written on the Dynkin
diagram of G (— 1.27).

Note that the sum of the marks of a simple Lie algebra, that is the height of
its highest root, is equal to the maximal exponent (— 1.9) of the algebra.

Example
In the Lie algebra so(5), the eight non-zero roots are +e; & ¢; and +e;

(1,7 = 1,2, i # j) where (€1, £2) forms an orthonormal basis in the vector
space R% and 1 < 1,7 < 2. The simple roots are a; = €1 and as = g9 —€7.
The positive roots are a; and as of height 1, a3 + ag = &9 of height 2,
2a1 + ag = &1 + €9 of height 3, which is the highest root. O

Table 1.5 provides a list of the simple root systems of the simple Lie algebras
in terms of the orthonormal vectors ¢;.
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Table 1.5: Simple root systems of the simple Lie algebras.

algebra G simple root system A
An_1 €1 —€9,...,EN_1 — EN
By €1 —€2,...,EN_1 — EN,EN
Cn €1 —€9,...,EN_1 — EN, 2N
Dy €1 —€9,...,EN_1 —EN,EN_1 T EN
Eg %(514‘68—2;:26]‘),81+€2,€2—€1,...,€5—€4
Ey %(614—68—2;:26]‘),81+€2,€2—€1,...,€6—€5
Eg %(€1+€g—zj7.:2€j),51—1—62,62—51,...,57—56
Fy €2 —€3,63 — 4,64, 3(1 — €2 — €3 — £4)
Go €1 —€92,€2 + €3 — 2¢1

1.84 Spinors

The representation j = 1/2 of the group SU(2) is called a spinor representa-
tion and the elements of the two-dimensional representation space are called
spinors under SU(2). By extension, any representation j = (2p 4+ 1)/2 is
called a spinor representation of SU(2). Moreover, any representation of an
algebra so(2n) or so(2n + 1), the components of the highest weight of which
are n half-integers, is also called a spinor representation. We recall that the
representations j = (2p + 1)/2 of the algebra so(3) are not representations
of the group SO(3) but of its covering group SU(2) (— 1.18). In the same
way, the spinor representations of so(n) (— 1.58) are not representations of
the group SO(n) but of its covering group called Spin(n) for n > 7.

Now, let us consider the case of the Lorentz group. Its Lie algebra is also
the Lie algebra of the group SO(3,1), non-compact form of SO(4), and also
of the SL(2,C) group, group of 2 X 2 complex matrices of determinant 1,
generated by the six matrices o0j,i0; where the o; are the Pauli matrices.
There are two fundamental representations, each of dimension 2, of SL(2, C),
denoted D(1/2,0) and D(0,1/2). The Dirac representation corresponds to
the representation D(1/2,0)@® D(0,1/2). From the four basic Dirac matrices
Yu (e =0,1,2,3) satisfying the Clifford algebra (— 2.10), one can form the
spinor representation of the Lie algebra of the Lorentz group:

1
O-Mz/ = Z |:PYH,7 PYlli|

The elements in the four-dimensional representation space are the Dirac
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spinors. Using the projectors %(]I + v5) where 5 = ivpy17273 one decom-
poses a four-component Dirac spinor into two two-component Weyl spinors
on the subspaces of D(1/2,0) and D(0,1/2) respectively. Finally, if the
matrices are chosen real, one obtains a Majorana representation in which
the Majorana spinors are real. See for example ref. [94].

The spinors in the Lorentz group are treated in detail in section 2.47.

1.85 Structure constants

— 1.52 Lie theorems.

1.86 Subalgebra — Subgroup

Definition
A subalgebra A’ of an algebra A is a non-empty subset A" C A which is
an algebra with the two composition laws induced by A.

A’ will be called a proper subalgebra of A if A" # A and A’ # {0}.

Theorem
The part A’ of the real Lie algebra A is a Lie subalgebra of A if and only

if

aA+BBe A and [A,B}GA’ Va,B€R, VA, Be A

Definition
A subgroup G’ of a group G is a non-empty subset G’ C G which is a
group with the composition law induced by G.

G’ will be called a proper subgroup of G if G’ # G and G’ # {e} where
{e} is the identity element of G.

Theorem
The non-empty subset G’ C G of a group G is a subgroup of G if and

only if, for all z,y € G, zy~' € G'.

One is often faced with the problem of symmetry breaking in physics: ex-
plicit symmetry breaking (for example the Zeeman effect) or spontaneous
symmetry breaking (Higgs mechanism). Then the knowledge of the sub-
groups of a group is sometimes useful. If one is interested only in the Lie
subgroups of a Lie group, the following theorem is specially important.
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Theorem
Let G be a connected Lie group. Then:

1. If H is a Lie subgroup of G, its Lie algebra H is a subalgebra of the
Lie algebra G of G.

2. Each subalgebra of G is the Lie algebra of exactly one connected
Lie subgroup of G.

Consequence: Classifying all the subalgebras H of G is equivalent to classi-
fying all the connected subgroups of the connected group G.

Of course, one is interested in the classification of the subgroups of a group
up to a conjugation, or inner automorphism (— 1.4). One can add:

Property
The classification of the connected subgroups of the connected Lie group

G up to a conjugation of G is equivalent to the classification of the Lie
subalgebras of G up to an inner automorphism of G.

General theorems on the classification of the simple Lie algebras have been
given in ref. [17] (— 1.87). An explicit classification of the semi-simple
Lie subalgebras of the simple Lie algebras is given for algebras up to rank
6 in ref. [56]. Tables of branching rules (that is reduction with respect to
subalgebras) for representations of simple Lie algebras can be found in ref.
[59].

1.87 Subalgebras: regular and singular subalge-
bras

Regular subalgebras

Definition
Let G be a simple Lie algebra, and consider its canonical root decompo-
sition

acA
where H is the Cartan subalgebra G and A its corresponding root system.
A subalgebra G’ of G is called regular if G’ has the root decomposition

¢ =Heo P Gy

a’eA!

where H' C H and A C A.
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Property
Let G’ be a regular subalgebra of G. Then G’ is semi-simple if and only if

a€e A’ = —ae A’ and H' is the linear closure of A’.

The method for finding the regular semi-simple subalgebras of a given simple
Lie algebra G is based on the use of the extended Dynkin diagram of G (—
1.27). A simple root system A® of G and its associated Dynkin diagram
being given, one defines the corresponding extended simple root system by
A0 = A0y {ap} where —ay is the highest root with respect to AY, to which
is associated the extended Dynkin diagram.

Deleting arbitrarily some dot(s) of the extended diagram will yield to some
connected Dynkin diagram or a set of disjointed Dynkin diagrams corre-
sponding to a regular semi-simple subalgebra of G. Indeed, taking away one
or more roots from 30, one is left with a set of independent roots which
constitute the simple root system of a regular semi-simple subalgebra of G.
Then repeating the same operation on the obtained Dynkin diagrams — that
is adjunction of a dot associated to the lowest root of a simple part and
cancellation of one arbitrary dot (or two in the unitary case) — as many time
as necessary, one obtains all the Dynkin diagrams associated with regular
semi-simple subalgebras. One gets the maximal regular semi-simple subal-
gebras of the same rank r of G by carrying out only the first step. The other
possible maximal regular subalgebras of G if they exist will be obtained by
deleting only one dot in the non-extended Dynkin diagram of G and will be
therefore of rank r — 1.

Let us emphasize that for the exceptional Lie algebras, deleting one dot of the
extended Dynkin diagram may not lead to a maximal regular subalgebra: in
that case, the obtained algebra is contained in a maximal regular subalgebra
reached by the deletion of another dot from the same extended Dynkin
diagram. Denoting by G /a; the subalgebra of G obtained by deleting the
simple root «;, one has

F\4/Oz3CF\4/Oz4 E7/O¢3CE\7/041
Eg/OzQCEg/Cw Eg/OégCEg/Clﬁ Eg/Oz5CEg/Ozl

The regular semi-simple subalgebras of the simple Lie algebras An—_1, By,
Cn and Dy are of the following type:

algebra regular subalgebra dimension
P
An_1 Ak1 @...@Akp Z(kz+1) =N
P = q
A, ®...0 A, &
B ! v kEi+1)+>» mi+r=N
N Dy ®...® Dy, © B, ;( ) ;
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algebra | regular subalgebra dimension
A ©...0A, 0 | & 1
C ! » ki+1 =N
A ®... 8 AL | v :
D ! v Ei+1)+ )Y mi=N

where k1 > ... >k, 20,11 > ... 21, >0,m; >...>mp>1and r > 0.

Table 1.6 presents the list of the maximal regular semi-simple subalgebras
of the simple Lie algebras.

Table 1.6: Maximal regular subalgebras of the simple Lie algebras

algebras subalgebras
An-—1 | Aic1 ® AN—i—1
By B, ® DN Bn_1
Cn Ci® Cn_; AN-1
Dy D, ®Dn_; Dy 1 AN
Eg Ay Ay Ay DsoU(l) Asd A
Er D¢ ® Ay As@ Ay EgpU(l) Ay
Eg E; @ Ay Es ® As Ay ® Ay Dg Ag
Fy C3® Ay Az @ A By
Go A1 @ Ay Ay

Singular subalgebras

Definition
Let G be a simple Lie algebra. A subalgebra G’ of G is called singular if
it is not regular.

The folding method allows us to obtain some singular subalgebras of the
simple Lie algebras. Let G be a simple Lie algebra, with non-trivial outer
automorphism, that is Out(G) does not reduce to the identity. Then, the
Dynkin diagram of G has a symmetry 7 of order N (7VV 1) given by
Out(G). This symmetry induces a direct construction of the subalgebra G’
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invariant under the G outer automorphism associated to 7: if the simple
root «; is transformed into 7(a;), then o; + 7(;) + ... + 7V () is 7-
invariant since 7V = 1, and appears as a simple root of G’ associated to
the generator Eo; + E;(4,) + .. + E;n-1(4,), Where E i, is the generator
corresponding to the root 7%(a;) (k =0,...,N —1). A Dynkin diagram of
G’ will therefore be obtained by folding the Zy-symmetric Dynkin diagram
of G, that is by transforming each N-uple (a;,7(),..., 7V (a;)) into the
root a; + 7(a;) + ...+ 7V 1(a;) of G'. One obtains the following invariant
subalgebras, which are singular by construction:

dova QOO T OO O

Dy O — OO0 By

Moreover, suppose that a Lie algebra G has an N-dimensional representation
m with highest weight A and invariant bilinear form B, (— 1.44). Then G
can be embedded in so(N) (resp. sp(IN)) if and only if the bilinear form B
is symmetric (resp. antisymmetric). If the representation m does not admit
an invariant bilinear form, then G can be embedded into sl/(N). A necessary
condition for a representation to admit an invariant form is to be real or self-
conjugate (— 1.92). An invariant form is symmetric (resp. antisymmetric)
if

A-L=0 (resp. 1) mod?2
where L is the level vector (— 1.92) of G (see Tables 3.1-3.9).

For more details, see ref. [17].

1.88 Symmetric spaces

— 1.71 Real forms.
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1.89 Symplectic groups and algebras

The symplectic group Sp(2n) in the 2n-dimensional real space R2" is the
group of 2n X 2n real matrices S leaving invariant the scalar product

Z-g==%gy=S%-S7, VZ, 7 e R™”

with the metric g defined as follows

The group Sp(2n) is compact and its Lie algebra simple. Any element S of
Sp(2n) satisfies
StgS=g

and can be written
S = el with K such that K'g=—gK
We will rewrite K in the form
K
K= ( 1 Ko >
Ko1 Ka
where the four n x n K;; submatrices satisfy
K11 = =Ko Kz = Ki2 Ky = Ko
where I?ij means the matrix obtained from K;; by transposing its elements

with respect to the minor diagonal.

It follows that the number of independent K matrices and therefore the
dimension of the Lie algebra sp(2n) is

2n(2n +1)

2 2

Note that Sp(2) ~ SU(2) and Sp(4)/Z; ~ SO(5).

With respect to the basis (&,,...,€1,€-1,...,€—y,), the sp(2n) algebra can
be seen as generated by the matrices

-1
n2+2<n+n—> =n(2n+1) =

(2n)
A

My = EC — 6(i)o(j)E
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where o(i) = i/|i| = sign(i) and i,j7 = +1,...,4n, i # j. The matrices

Egn) are the 2n X 2n elementary matrices with entry 1 in the ¢-th row and

j-th column, and zeros elsewhere. We have then commutation relations
|:Mz]a Mkl} = sign(jk) (Mudp; + M ;05 + M; 30 51+ M ;6 ;)

and the property
M;; = —sign(ij) M_j _;

Relabelling the generators M;; as follows

i =2 (i’ >0)

M — M, ith ) . :
3 i {122(—2’)—1 (i’ < 0)

the n generators H; = Mo;2; (1 =1,...,n) span the Cartan subalgebra.

An irreducible representation of Sp(2n) is either characterized by the Dynkin

labels (a1, ...,a,) where a; are positive or null integers, or by the set of n
non-negative integers (mq,...,m;) such that m; > m;;1, with a; = m; —
m;qq1 fori=1,...,n—1 and a, = m,.

The dimension of the Sp(2n) irreducible representation 7(mi,...,my,) is
given by

IIu I G-+t

1<i<n  1<i<j<n

H T H (13 — 15) (15 + 75)

1<i<n 1<i<j<n

where 7, =n — i+ 1 and [; = m; + 7, that is

N — H m;+n—1+1 H m; —mj+j—i

1<i<n n-t+l 1<i<j<n J—t
« H mi+';nj+.2n_'i;j+2
1<i<j<n n—t—j+

1.90 Unitary groups and algebras

The unitary group in the n-dimensional complex space C™ is the group of
n X n complex matrices U leaving invariant the scalar product

n
Fj=> zjy=UZ-Uj, VijeC
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This group is denoted U(n). One can also define it as the group of n x
n complex unitary matrices U such that UT = U~!. Imposing on U the
condition detU = 1, we obtain the subgroup SU(n) of U(n) or special
unitary group in n dimensions. The group U(n) is compact and its Lie
algebra su(n) is simple. Any element U of U(n) can be written

U=¢eM  with M hermitian: MT = M
or
U=¢V with N antihermitian: NT = —N

One can form n? independent m x n hermitian matrices. Therefore the
number of generators of U(n) is n?. Imposing the condition detU = 1
implies, since det U = exp(tr(InU)), that tr(M) = 0, and therefore SU(n)

has n? — 1 generators.

An irreducible representation of SU(n) is either characterized by the Dynkin

labels (a1, ...,an,—1) where a; are positive or null integers, or by the set
of n — 1 non-negative integers (mi, ..., my—_1) such that m; > m;;1, with
a; = m; —myq fori = 1,...,n—2 and a,—1 = mp_1. [M1,...,mpy_1]
corresponds to the Young tableaux (— 1.96) notation.

The dimension of the SU(n) irreducible representation m(mi,...,m,_1) is
given by

I -1
1<i<j<n—1 l;

N(mi,...,mp_1) = H i
H (Ti = 7j) 1<i<n—1 T

1<i<j<n—1

where 7, =n — i and [; = m; + 7;, that is

N = H mi—r'nj—{.—j—i H mi—l—n.—i
1<i<j<n—1 J= 1<i<n—1 70
In terms of the Dynkin labels a1, ..., a,—1, it can be written as
n—1 n—2
[T+ ]](e+ai+2)...(a1+... +an14+n—1)
N = =1 =1

120 . (n—1)!

In particular, the completely symmetric representations are characterized by

mi = m and m; = 0 for ¢ # 1 (the Young tableau reduces to one row of m
boxes). The dimension of the representation m(m,0,...,0) is given by

n+m-—1 (n+m—1)!

N(m,0,...,0) = ==

m m! (n —1)!
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The completely antisymmetric representations are characterized by m; = 1
for 1 <i<j<n-1and m; =0 fori> j (the Young tableau reduces to

one column of j boxes). The dimension of the representation (17,0, ...,0)
is given by
N(1%,0,...,0) = (”) __n
R J Jjl(n—4)!

The Lie algebra su(2)

For the su(2) Lie algebra, one can choose as a basis the well-known Pauli
matrices:

(01 (0 —i (1 0
1=\1 0 2=\ o = \o -1

satisfying
[Ui; O'j] =2 €ijk Ok

1

Adding to them the identity matrix oo = 0 1

the Lie algebra u(2) = su(2) ® u(1) of U(2).

) one obtains a basis for

The Lie algebra su(3)

A Dbasis of the Lie algebra su(3) is given by the Gell-Mann matrices \;
(t=1,...,8)

010 0 —i 0 1 00
M=|100 Xo=1| 4 00 A3=|0 -1 0

00 0 0 00 0 00

001 00 —i 000
M=|000 Xs=100 0 XM=| 001

100 i 0 0 010

00 0 10 0
M=|00 —i d=1/vV/31 0 1 0

0 i 0 00 —2

Adding the generator A\g = 1/2/3 I3 (I3 is the 3 x 3 unit matrix) we obtain
a basis for the Lie algebra u(3) = su(3) @ u(1) of U(3). Note that the
generators \; are normalized such that (i, =0,1,...,8)

tI‘(Ai)\j) = 25@'
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The communtation relations among the Gell-Mann matrices read
[Ai, AJ} = \idj — AN = 2i fiin A

where the structure constants f;;, are completely antisymmetric in the three
indices 1, j, k. Their non-vanishing values are

fi23 = 1, fass = fors = V3/2
frar = fies = foae = fos7 = faas = farg =1/2

In the same way, one can define completely symmetric coefficients for the
Lie algebra su(3), since

{)\i, Aj} = Ai)\j + Ai)\j = % 51']' I+2 dijk Ak
with d;;, completely symmetric in its three indices, and such that
di1g = dasg = d3zs = —dsgs = 1/V3
dia7 = dis7 = —doar = dose = d344 = d3ss = —d3ee = —d3r7 = 1/2
dass = dsss = degs = dyrs = —1/2V/3

Such completely symmetric and antisymmetric quantities can be defined only
for any su(n) Lie algebra (see ref. [62]).

1.91 Universal enveloping algebra

Definition

Let G be a Lie algebra of dimension n. G® being the tensor algebra over
G, and 7 the ideal of G® generated by [X,Y] — (X ® Y — Y ® X) where
X,Y € G, the universal enveloping algebra U(G) is the quotient G¥/Z.

Theorem (Poincaré—Birkhoff-Witt)
Let bq,...,b, be a basis of G. Then the elements

Bl by with g0, >0

form a basis of the universal enveloping algebra U(G).

The universal enveloping algebra U(G) is endowed with a natural coproduct
A defined by

AUG) - UG)DUG)
g = Alg)=g®1+1®gyg

Together with the antipode S : U(G) — U(G), g — S(g) = —g such that
S(g192) = S(g92)S(g1) and the counit € : U(G) — C, g — e(g) = 0, the
universal enveloping algebra U(G) acquires the structure of a Hopf algebra.
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1.92 Weights of a representation

Notion of weight — Basic properties

Let G be a semi-simple Lie algebra of dimension n and rank r. Denote by
H; (i =1,...,r) the Cartan generators of G, which can be taken to be her-
mitian. Let 7 be a representation of G: one can choose a system of common
eigenvectors for the H; which will provide a basis of the representation space
V. If we denote |A) such a vector, we have

Hi|A) = A'|A)
where the H; appear as N x N matrices if dim) = N.
Definition
The r-dimensional vector A = (Al,..., A") associated to |A) such that
H;|A) = A?|A) is called the weight of |A) in 7.

The number of eigenvectors |A) with the same weight A is called the
multiplicity of A. A weight is said to be simple if its multiplicity is one.

Property
The knowledge of the weight diagram of a representation completely char-

acterizes the representation, that is it allows us to obtain explicitly the
matrices H; and FE,.

Example
Considering the Cartan’s basis of G such that [Hi, Ea} = a'E,, the root
diagram of G is the weight diagram of the adjoint representation of G. [
Definition
Two weights A and A’ are said to be equivalent if they are related by an
element of the Weyl reflection group.

Properties
1. If 7 is a representation of G with representation space V of dimension

N, then there exist at most N weights (indeed the eigenvectors
corresponding to the different weights are linearly independent and
there are at most N independent vectors in V).

2. Let |A) be an eigenvector with weight A, then E,|A) is either zero
or is an eigenvector with weight A + .

3. Let a be a root and A be a weight. Then 2

A
N=A-22%0isa weight with the same multiplicity as A.
a-o

is an integer and
a-a
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Highest weights — Fundamental weights

D

T

efinition
— A weight A is said higher than the weight A’ if the vector A — A’ is
positive, that is its first non-zero component is strictly positive.
— The highest weight of a set of equivalent weights is said to be dominant.

heorem
In any irreducible representation of a simple Lie algebra G, there is a

highest weight. This highest weight is simple. Moreover, two irreducible
representations of G are equivalent if and only if they have the same

It

highest weight.

follows from this theorem that the highest weight of an irreducible repre-

sentation of a semi-simple Lie algebra fully characterizes this representation.

Example

Let us take the simplest non-trivial case, that is the representations of
the SO(3) group. The rank being one, each weight in a given represen-
tation is a one-dimensional vector. Using the basis Jy, Jo, J3 (— 1.58)
the weights in the three-dimensional or adjoint representation are the
eigenvalues of J3, that is 1,0, —1 associated to the eigenvectors (1,0, 0),
(0,1,0), (0,0,1) in the three-dimensional representation space. Then 1
is the highest weight and one obtains the other weights by action of the
ladder operator J_ = J; — ¢Jo. The adjoint representation is denoted
j=1

More generally, in the representation j of dimension 25 + 1, the highest
weight is 7 and the others weights 7 — 1,5 —2,...,—j 4+ 1,—j. It will be
possible to choose J3 diagonal with eigenvalues 7, ..., —7 and to construct
J1 and Jy from the relations

JIA) = (= i) [A) = G+ NG —A+1D) A1)
JelA) = (4 i) [A) = VG- NG+ A+ 1) [A+1)

For any representation of SO(3) there is no degeneracy of the states. The
situation is more complicated for representations of groups of rank r» > 1
(see ref. [78] for example).

Moreover, the representations of the Lie algebra so(3) ~ su(2) are la-
belled by j integer or half-integer. At the group level, SO(3) admits only
representations with j integer while SU(2) admits also j half-integer or
spin representations (— 1.18 and 1.84). O
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The classification of the irreducible representations of a simple Lie algebra
is made possible by a theorem due to Cartan:

Theorem (Cartan)
For every simple Lie algebra of rank 7, there are r dominant weights

called fundamental dominant weights A; (i = 1,...,r) such that any
other dominant weight A is

A= Z%’Ai =A(a1,...,a,)
i=1

where the a; are non-negative integers. The numbers a; are called the
Dynkin labels.

Furthermore, there exist r so-called fundamental irreducible representa-
tions which have the r fundamental dominant weights as their highest
weights.

Finally, to any dominant weight A(ai,...,a,) there corresponds one
and only one (up to an equivalence) irreducible representation with
A(ai,...,a,) as its highest weight: this representation will be denoted
by D(ai,...,a).

The r fundamental representations of a simple Lie algebra of rank r are
denoted D) = D(0,...,1,...,0) (the 1 being at the ith place) while the

representation D(0,...,0) will be the trivial representation.
The fundamental weights are determined as follows: let A? = {ay,..., .}
be the simple root system of G and A? = {ay,...,a)} the corresponding

simple coroot system (— 1.83). The fundamental dominant weights A; are
dual to the simple coroots:

A+ s
27] Z:Aj-aivz&-j
oy - O
The Dynkin labels (ay,...,a,) corresponding to a dominant weight A are
given by
A-q
a;=A-of =2 :
;-

It follows that the Dynkin labels are in a one-to-one correspondence with the
dots of the Dynkin diagram of the Lie algebra G. The fundamental represen-
tations for which the non-zero Dynkin label corresponds to an endpoint of
the Dynkin diagram are called the simple fundamental representations. All
other finite dimensional irreducible representations of G can be constructed
by tensor products of the simple fundamental ones.
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The fundamental weights of the simple Lie algebras are displayed in Tables

3.

1-3.9.

Examples

Consider the Lie algebra sl(2) of rank 1. From the root diagram and the
above relation, we deduce

Ai=A=ila

By Weyl reflection with respect to the axis orthogonal to a at the origin,
we get the other weight —A and thus the two-dimensional fundamental
representation of sl(2).

Consider now the Lie algebra sl(3) of rank two. The two simple roots
being o and 3, we deduce A; and As using again the above relation:

Ay =3(2a+8) and Ay = i(a+2p)

By Weyl reflections, we deduce from A; the first fundamental si(3) rep-
resentation D(1,0) and from Ag the second fundamental representation
D(0,1), both of dimension 3.

Moreover, in terms of the Dynkin labels A1 and A9, the dominant weights
take the form A(A1,A2) = 1(2A1 + A2)a + $(A1 + 2X2) 3.

3 o
A1 Al

- i
Ao As

Complex, real and pseudo-real representations

D

D

efinition
Let G be a simple Lie algebra and 7 be an irreducible representation of G
of highest weight A. The level of a weight of the representation 7 is the
number of simple roots one has to substract from A to obtain this weight.

efinition
Let G be a simple Lie algebra of rank r and 7w be an irreducible represen-

tation of G of highest weight A with Dynkin labels (ay,...,a,).
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The highest level of the irreducible representation = is called the height
of the representation. It is given by

=1

where L = (L1, ..., L,) is the level vector or height vector of G (see Tables
3.1-3.9).

Let 7 be a highest weight irreducible representations (HWIR) of a simple Lie
algebra G with representation space V. The HWIRs of a simple Lie algebra
G fall into one of two classes:

1. The complex representations: the weights at level £ are not the negative
of those at level h(A) — ¢. This case occurs when the Dynkin diagram
of G has a non-trivial symmetry (Ay, Dy, Eg), see below.

2. The self-conjugate representations: the weights at level £ are the neg-
ative of those at level h(A) — £. In that case, there exists a bilinear
form B on V such that

B(Lz,y) = B(z,Ly) Lemn(G), z,yeV
One has then to distinguish according to the parity of h(A).

(a) the real representations: if h(A) is even, one can set the entries
of the representation matrices to real values. The bilinear form
on V is then symmetric: (z,y) = (y, z).

(b) the pseudo-real representations: if A(A) is odd, one cannot set the
entries of the representation matrices to real values. The bilinear
form on V is then antisymmetric: (z,y) = —(y, x).

For example, the representations D; of su(2) with j integer are real,
while the representations D; with j half-integer are pseudo-real.

The classification of the HWIR of the simple Lie algebras is the following;:

— For Ay, the representation D(ay,...,ay) is:
complex if (ay,...,an) # (an,...,a1),
otherwise
e when N # 4q + 1: real if (a1,...,an) = (an,...,a1).
o when N = 4q + 1: real if (ay,...,ay) = (an,...,a1) and a(y41)/2 is
even, pseudo-real if (a1,...,an) = (an,...,a1) and a(y11)/2 is odd.

— For By, the representation D(ay,...,ay) is:
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e when N = 4q + 1 or 4¢q + 2: real if ay is even, pseudo-real if a is odd.
e when N = 4q or 4¢q + 3: always real.

— For Cy, the representation D(ai,...,ay) is:
real if a1 + ag 4+ a5 + ... is even, pseudo-real if a; + ag + a5 + ... is odd.

— For Dy, the representation D(aq,...,ay) is:

e« when N = 4q: always real.
e when N = 4q + 2:

real if agq1 + asqq2 is even, pseudo-real if asq41 + asqy2 is odd.
e when N =4q+ 1 or 4q + 3:

complex if (a1,...,an_2,an-1,an) # (a1,...,aN—2,aN,aN_1),
real if (a1,...,an—2,an-1,aN) = (a1,...,any—2,aN,aN_1).
— For Eg, the representation D(aq,...,ay) is:

Complex if (ah az,as, a4, as, a6) 7é (a’57 a4,0a3,0a2,ay, aﬁ)a
real if (ala az, a3, a4, as, G’G) = (a57 a4,03,0a2,0a1, CLG).
— For E7, the representation D(aq,...,ay) is:
real if a4 + ag + a7 is even, pseudo-real if a4 + ag + a7 is odd.

— The exceptional Lie algebras Fg, Fy and G5 have only real representations
(without any conditions on the Dynkin labels).

Weyl formula

Theorem (Weyl dimension formula)
Let G be a simple Lie algebra of rank r, A™ the set of positive roots of

G and p the Weyl vector (half-sum of the positive roots). The dimension
of an irreducible representation of highest weight A is given by the Weyl
formula: (A+p)
+p)-a
N(A) = H —

aEAt pra

Expressing the highest weight A in terms of the Dynkin labels (aq,...,a,)
and decomposing the positive roots in the simple coroot system AV, that is
a=>"_,ava), the Weyl formula takes the following form:

>i—i(ai +1)a’
Ny = [T Zesdet
acAt Zi:l o

Example
Consider the Lie algebra sl(3) with positive roots aj, as and a; + as.
The representation D(a1, a2) has dimension

N(al,ag) = % (a1 + 1)(&2 + 1)((11 + as + 2)
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Freudenthal recursion formula

When the dimension of an irreducible representation is sufficiently large, the
multiplicities of the weight are not so easy to determine and the construction
of the weight diagram can be cumbersome. The problem is solved by the
Freudenthal recursion formula that allows us to determine the multiplicity
of a weight A from the multiplicities of the weights of lower level.

Theorem (Freudenthal recursion formula)
Let G be a simple Lie algebra, m an irreducible representation of highest

weight A and p the Weyl vector. Denoting by mults(A) the multiplicity
of a weight \ of the representation 7, one has:

[(A+p)-(A+p) = (A+p)- (A4 p)] mults(N) =
2 Z Z()\+ka)-amu1tA(A+ka)

acAt+ k>0

the sums over a € A" and k > 0 being such that A + ko is still a weight.

Example
Let us illustrate the previous notions on the adjoint representation of

sl(3). Denote by A’ = {«, 3} the simple root system of sl(3). The
highest weight of the adjoint representation is the highest root o+ 3. The
non-zero weights of the representations are the roots of the Lie algebra,
with multiplicity one. The zero weight appears with multiplicity equal to
the rank of the algebra, as can be checked by the Freudenthal formula.
Finally, the descending scheme and the weight diagram are the following;:

Lo 1)
/ \
(—1,2) (2,-1)
_/B\ —«
_ﬂ (070) —
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Symmetric quadratic form

Any weight w of an irreducible representation can be written as a linear
combination of the simple (co)roots (— 1.83) as

v 2
w = E w; o = E w; Q;
- - Q; - Qg
K3 K3

The Dynkin labels for any weight w are defined as

w - Qo

aizw-a;/=2

;- O

If w is the highest weight A we find the (non-negative) integers which label
the irreducible representation. For a generic weight the Dynkin labels can
be negative. One can define the scalar product of two weights by

2 2
wl-w2:E w} aiwjziajzg agGija?
— Q- oy Q-
1/’]

(]

where (Gjj) is called the symmetric metric tensor or symmetric quadratic
form and is given by
@i -

2

where (A;;) is the Cartan matrix (— 1.8) and the roots are normalized such
that the longest root has length squared equal to two.

Gij = (A7)

Introducing a basis 7; in the weight space as n, = >, (A™1)ji a;j the sym-
metric metric tensor can be written as

Gij = ni - nj
For the explicit form of (Gj;) for the simple Lie algebras, see Tables 3.1-3.9.

1.93 Weyl group

Definition

Let G be a simple Lie algebra of rank r with root system A and coroot
system AV. For any root o € A there is a transformation w,, in the weight
space (therefore, in particular, in the root space), called Weyl reflection,
such that if X is a weight:

The set of Weyl reflections with respect to all the roots of G forms a finite
group W called the Weyl group of G.
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The Weyl reflection w,, leaves fixed any vector in the hyperplane orthogonal
to a and transforms a into —a. The Weyl group is generated by the r
reflections w,, with respect to the simple positive roots a; (1 < i < r)
and by the identity. The length l[(w) of w € W is the minimun number of
reflections wq,; such that w = [[; wa,. The parity e(w) of w is defined as
e(w) = (=1)'™).

W is a normal subgroup (— 1.37) of the automorphism group (— 1.4) of
A. Tt is often interesting to know the conjugacy class of W as conjugate
automorphisms correspond to a different choice of the simple root systems.
A complete list of the conjugacy classes can be found in ref. [12].

Definition

Denote by {ai,...,a,} the simple root system of G. The element

C=Wq ... Wy

r

of W is called the Cozeter element of W. Its order is equal to the Coxeter
number h of G. It is the element of the Weyl group of maximal length.

Table 1.7: Weyl group of the simple Lie algebras.

simple Lie algebra G Weyl group W dim W
AN_1 Sy N!

By Sy x (Z/27)N 2N NI
Cn Sy x (Z/272)N 2V NI
Dy Sy x (Z/2Z)N-1 2N-1N1
Eg 27.315
E; 210 34 5.7
Es 214.35.52.7
Fy 63 x (64 x (Z/27)?) 27.32
G dihedral group 12

1.94 Weyl vector

Definition
Let G be a simple Lie algebra, A the root system and A the coroot
system of G. The vectors

p:%Za and pv:%ZaV

acAt acAt

are called respectively the Weyl vector and the dual Weyl vector of G.
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Properties
1. The Weyl vector of a simple Lie algebra G is equal to the sum of

the fundamental weights (— 1.92) of G (r is the rank of G):
p= Z A;
i=1

2. The dual Weyl vector p" and the level vector L (— 1.92) of G are
related by p¥ = 1 L.

3. Let AY = {a1,...,a,;} and A" = {ay,...,a)} be the simple root
and simple coroot systems of G. The Weyl vector and the dual Weyl
vector satisfy

p-a) =1 and p’ra; =1

Theorem (strange formula)
Let G be a simple Lie algebra, p is the Weyl vector, —aq is the highest
root, h"Y is the dual Coxeter number. Then the following formula, called
the strange formula, holds:

pp
an -

— L hVdimg

1.95 Wigner-Eckart theorem

A family of operators A, is called an irreducible A-tensor operator family
under a compact group G, if each operator of the family transforms under
the action of the group as follows:

w(9) Axm Hg) =Y mhw(g) Ax
N

where ﬂf\\N (g9) are the matrix elements of the unitary irreducible represen-
tation 7 with highest weight A of G. Note that A and A\, \ are short hand
notations for the set of labels which specify the unitary irreducible represen-
tation and its space states.

The matrix element of an operator A) between the states of the unitary irre-
ducible representations of G satisfies the following identity, due to Wigner-
Eckart:

<A,)\/|A)\|A”/\”> — Z<A/HA>\HA”><A”)‘”A/\|A/)‘/>

where (A’||Ay||A”) is called the reduced matrix element and (A”A"AXA'X)
are the Clebsch-Gordan coeflicients.
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1.96 Young tableaux: SU(N) representations

The Young tableau technique is a powerful tool for the study of the irre-
ducible representations of the groups GL(N,C) (— 1.13) and of its sub-
groups, in particular SU(N). Hereafter we will be concerned only with the
case of the SU(N) group.

Any representation of SU(N) can be obtained from the tensor product of
its fundamental representation D(1,0,...,0) — using the notation of weights
(— 1.92) — by itself a certain number of times. The elements in the represen-
tation space of the tensor representation thus obtained are tensors satisfying
symmetry properties under the permutation group Sy. These properties are
contained in the Young tableau formalism which allows us to obtain explicit
forms for the vectors in a representation space and also gives a method for
the reduction into irreducible representations of the product of two SU(N)
representations.

Let us first define a Young tableau:

Definition
A Young tableau is constituted by a certain number of “boxes” set on
one or more rows such that, if the rows are numbered from the top to
the bottom, the number of boxes in the i-th row is bigger or equal to the
number of boxes in the (i + 1)-th row.

[ ]
For example, the Young tableau [4,2,1] is given by .

To the irreducible representation D(Aq1,...,An_1) of SU(N) will be associ-
ated the (N — 1) row Young tableau [min, moN,...,mN_2,N,mN—_1,N] With
miN =AM+ ...+ An-1
moN =X+ ...+ AN_1

MN_2 N = AN—2 + AN_1
MN_1,N = AN-1

that is

D()\l,...,)\Nfl) — I:[i]:‘

Then the fundamental representation D(1,0,...,0) of SU(N) of dimension
N will be represented by
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Let us remark that if to a given representation D(Aq,...,An_1) of SU(N)
there corresponds one and only one Young tableau, the converse is not
true, since to the tableau [m1,...,my_1] will correspond the representations
D(m1 —ma,... ,mel) of SU(N), D(m1 —ma,... ,mel,O) of SU(N+ 1),
D(my — ma,...,mn_1,0,0) of SU(N + 2), and so on. In order to avoid
mistakes, one has just to keep in mind that any irreducible representation of
SU(N) will be represented by a Young tableau with at most N rows. If the
Young tableau has more than N rows, it will correspond to the representa-
tion 0 of SU(N). If T has exactly N rows, [m1,...,my]| will be replaced by
[m1 —mp,...,my_1 — my], since the my columns of length N are in fact
related to the U(1) generator commuting with SU(N) in the U(N) group.
Therefore the trivial representation (of dimension 1) D(0,...,0) of SU(N)
will be represented by no box, or one or several columns of IV boxes.

As an example, the trivial representation D(0,0) of the group SU(3) will
|

admit as Young tableau e or | |or etc., while the representation

will be considered the same as .

The two representations D(Ay,...,Ay—1) and D(An_1,...,A1) will be rep-
resented by two Young tableaux [min,...,my-1,n] and [m}y,...,my | yl
such that miy = mllN = moN + mlel,N = mgnN + mﬁvle = ... =
m;N + m?\ul—i,N = mny_1,nv + mhy. That is [m)y,.. "mQ\f—l,N] can be
seen as the upside down complementary subspace of [miy,...,mn_1 ] in a
rectangle of N.mqy boxes with mqy boxes in each row and N boxes in each
column.

Two such representations D(Ag,...,Ay_1) and D = D(Ay_1,...,)\1) are
called contragredient representations and can be obtained one from the other
as follows:

D(9)=D(g7"), Vge@G

that is, if D = U unitary, U(g) = U(g)". We can deduce that if U = U (that
is mjy =m)y for i =1,..., N — 1) then the representation is real.
As an example, let us consider the group SU(3).

— The two_fundamental representations D(1,0) or (] also denoted 3, and
D(0,1) or — also denoted 3, are contragredient.

— The 8-dimensional (adjoint) representation | is equal to its contragre-
dient and is real. L

Now let us define the Young operator associated to an irreducible SU(N)
representation.
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Definition
Let us consider the Young tableau 7 = [my,...,my_1] and let us label
1,...,m1 the boxes in the first row from left to right, mi1+1,...,m1+ms

the boxes in the second row, and so on up to the last box of the last row.
Then denoting o7 (resp. 77) any permutation leaving the rows (resp.
the columns) globally invariant, the operator ) = QP with P = Y o
and Q = > e(77)7r where e(77) is the parity of the permutation 77 will
be called the Young operator associated with 7 while P and Q will be
called respectively the symmetrizer and antisymmetrizer of 7.

Example
Let us consider the following 3-box diagrams [3], [1,1,1] and [2,1]. Using

the permutation group S3 we will have:
[(T1T1 —

Here, Q is the identity while P is the sum of all permutations of 1,2,3. It
follows that Y = e + (1,2) + (2,3) + (3,1) + (1,2,3) + (1, 3, 2).

—

Here, P is the identity while Q is the sum of all graded permutations of
1,2,3. It follows that Y = e —(1,2) — (2,3) — (3,1) + (1,2,3) + (1, 3,2).

| 1]2]
L — 3]

Here, P = e+(1,2), Q@ = e—(1, 3) and therefore ) = [e+(1, 2)][e— (1, 3)]
e+(1,2) - (1,3) — (1,2,3).

Ol

Property
The knowledge of the operator ) associated to the Young tableau T

allows the construction of all the states of the SU(n) representation D
whose Young tableau is 7. All the states of D are simply obtained by
action of ) on the most general vector of the tensor vector space V&F
where V), is the fundamental representation space of SU(n) and k the
number of boxes in T .

Example
Consider the group SU (3). Its fundamental representation is of dimension

3: let us denote a, b, c an orthonormal basis in Vs.
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The 10-dimensional representation space of D(3,0) or [T T Jwill be gen-
erated by the vectors aaa, bbb, ccc, Sym(aab) = aab+aba+baa, Sym(aac),
Sym(abb), Sym(acc), Sym(bbe), Sym(bec), Sym(abc). O






Part 2

Lie Superalgebras

Unless otherwise stated, all Lie superalgebras considered here
are complex and finite dimensional.
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2.1 Automorphisms

Let G = G5 ® Gy be a simple Lie superalgebra. An automorphism & of
G is a bijective homomorphism from G into itself which respects the Zo-
gradation, that is ®(G;) C Gz and ®(G7) C G;. The automorphisms of G
form a group denoted by Aut(G). The group Int(G) of inner automorphisms
of G is the group generated by the automorphisms of the form X — gXg~!
with g = expY where X € G and Y € G;. Every inner automorphism of G
can be extended to an inner automorphism of G. The automorphisms of G
which are not inner are called outer automorphisms.

In the case of a simple Lie algebra A, the quotient of the automorphism
group by the inner automorphism group Aut(.A)/Int(.A) — called the factor
group F(A) — is finite and isomorphic to the group of symmetries of the
Dynkin diagram of A (— 1.4).

The situation is slightly different for the superalgebras: the result is as
follows. In most of the cases, the outer automorphisms of a basic Lie super-
algebra G can be studied from the Dynkin diagrams of G. More precisely,
defining Out(G) = Aut(G)/Int(G), it is possible to reconstruct Out(G) by
looking at the symmetries of the Dynkin diagrams of G. Two exceptions
have to be mentioned:

— Such a diagrammatic approach does not hold for A(2m,2n) with m # n
or m=n.

— For A(n,n), in addition to the discrete set of outer automorphisms Zs x
Zo, which in particular acts non-trivially on the Gg part, has to be added
a continuous one-parameter set of automorphisms {d) |\ € R} acting as
follows on the general element M € A(n,n) (— 2.25):

MZ(é g) - 5A(M):<)\£C Ag)

One recognizes the generator of this transformation in the diagonal (2n x
2n) matrix diag(ll,,, —I,), and notices that the automorphism 4, acts as
a dilatation on the fermionic part G; while it leaves each element of Gj
invariant.

As a conclusion, Out(G) is a finite group for any basic superalgebra G except
for A(n,n) where a continuous part has to be added: these discrete groups,
which in particular will allow us to construct the twisted affine simple Lie
superalgebras, are given in Table 2.1.

For more details, see refs. [19, 23, 86].

— 2.15 Dynkin diagram, 2.42 Roots, root systems, 2.63 Weyl group.
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Table 2.1: Discrete outer automorphisms of the basic Lie superalgebras.

basic superalgebra G | Out(G) basic superalgebra G Out(9)
A(m,n) (m #n #0) 7o C(n+1) 7o
A(1,1) Zo D(m,n) Zo
A(0,2n — 1) Zy D(2,1;e%7/3) Z3
A(n,n) (n#0,1) | Zo x Zy || D(2,1;«) for generic « I
A(0,2n) Zy F(4),G(3) I
B(m,n) I

2.2 Cartan matrix
Let G be a basic Lie superalgebra with Cartan subalgebra H and simple root
system A0 = (a1, ..., ). The following commutation relations hold:
[H Hj} —0
[HZ-, EMJ} — al Eig,
[y B =05 - 1
For any root o € A, one can write

[H, Eia} — +a(H) Fia

where « is a linear functional on H, that is an element of the dual H* of H,
such that a(H;) = o' (a' being the i-th component of the root «).

For all basic Lie superalgebras, there exists a supersymmetric bilinear form
B, which is non-degenerate on the Cartan subalgebra H, and which coin-
cides (up to a multiplicative factor) with the Killing form (— 2.23) except
for A(n,n), D(n+ 1,n) and D(2,1; ) for which the Killing form vanishes.
Therefore, one can associate to any functional o € H* an element H, € H,
such that

B(H, Hy) = a(H)

Now, one can define the scalar product of two roots o and 3 by
a-f3 = B(Ha, Hg)

that is a- 8 = a(Hg) = B(Ha).
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Rescaling the generators H;, one defines

2
h; = H; if a;-a; #0
(aia ai)
1

(e, a;)

hl‘: Hl ifOLi-OLiZO

where o] € {a}.} such that a; - @}, # 0 and o; - o} has the smallest value.
Then, one can write

[hi, Eiaj] = +Aij Eio;

where one defines the Cartan matriz of G as:

;- Oy .

Aij:2 lfOéi-Oéi;éO
Q; - O
;- g .

Ay = 3 if aj-a;=0
Q; - QO

(2

If a; - a; # 0, then A;; = 2. If o; - a; = 0, then A;; = 0 and it may happen
that some off-diagonal entries of the i-th row of the matrix take non-integer
values. In this case, one has to rescale the corresponding row such that all
the entries assume the smallest integer values.

Definition

For each basic Lie superalgebra, there exists a particular simple root
system for which the number of odd roots is equal to one. Such a simple
root system is called a distinguished simple root system (— 2.45). All
equivalent distinguished simple root systems lead to the same Cartan
matrix as defined above. Such a Cartan matrix is called the distinguished
Cartan matriz.

The distinguished Cartan matrices of the basic Lie superalgebras can be
found in Tables 3.52-3.60.

One can also use symmetric Cartan matrices, which is equivalent to rescaling
the Cartan generators h;. The symmetric Cartan matrices are computed as
follows. One considers a distinguished simple root system A? = (a1, ..., a;)
such that «; - a; € Z and min |o; - oj| = 1 if a; - aj # 0. This can always be
done since the scalar product on the root space is defined up to a multiplica-
tive factor. Then, for any simple root system, one defines the symmetric
Cartan matriz A’ with integer entries as:

Agj = ;- Q;j
If one defines the matrix D;; = d;d;; where the rational coefficients d; satisfy

d;A;; = d;Aj;, the distinguished symmetric Cartan matrix is given from the
distinguished Cartan matrix A by A’ = DA, where



Lie Superalgebras 169

di=(1,...,1,—-1,...,-1) for A(m,n),
—_—— —— ——
m+1 n
di=(1,...,1,—-1,...,—1,—-1/2) for B(m,n),
—_—— ————
n m—1
di=(1,...,1,1/2) for B(0,n),
1
e
di=(1,-1,...,—1,-2) for C(n+1),
1
ne
di=(1,...,1,—-1,...,—1) for D(m,n),
——— N

d; = (1,-1,-2,-2) for F(4),
d; = (1,—-1,-3) for G(3).

Such a diagonal matrix D;; can be defined for any simple root system.

Example
The distinguished Cartan matrix A and the distinguished symmetric Car-

tan matrix A’ for F'(4) are given by

0 1 0 0 0 1 0 0

1 2 -2 0 ) 1 =2 2 0

A 0 -1 2 —1 and A= o o 4
0 0 -1 2 0 0 2 -4

associated to the distinguished simple root system A? = {a; = %(5 —e1—
€9 —€3), a0 = €3,a3 = €3 — €3,4 = £1 — €2} (— 2.18) with the scalar
product €; - €; = —20;;, § - 6 = 6, ¢; - § = 0 (which should be compared
with the scalar product used in section 2.18).

— 2.23 Killing form, 2.45 Simple root systems.

2.3 Cartan subalgebras

Let G = G5 @ G7 be a classical Lie superalgebra. A Cartan subalgebra H of
G is defined as the maximal nilpotent (— 2.26) subalgebra of G coinciding
with its own normalizer, that is

‘H nilpotent and {X € g‘ [X,'H} C 'H} =H
In most cases (for basic Lie superalgebras e.g.), a Cartan subalgebra H

reduces to the Cartan subalgebra of the even part G; (then the Cartan
subalgebras of a Lie superalgebra are conjugate since the Cartan subalgebras
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of a Lie algebra are conjugate and any inner automorphism of the even part
Gg can be extended to an inner automorphism of g).

In the case of the strange superalgebra Q(n), the Cartan subalgebra H does
not coincide with the Cartan subalgebra of the even part si(n), but admits
also an odd part: H NGy # 0. Since the odd generators of H change the
gradation of the generators on which they act, it is rather convenient to give
the root decomposition of Q(n) with respect to Hy = H N G instead of H.

From what precedes, all Cartan subalgebras of a classical superalgebra G
have the same dimension. By definition, the dimension of a Cartan subalge-
bra H is the rank of G:

rank G = dimH

2.4 Cartan type superalgebras

The Cartan type Lie superalgebras are the simple Lie superalgebras in which
the representation of the even subalgebra on the odd part is not completely
reducible (— 2.9). The Cartan type simple Lie superalgebras are classi-
fied into four infinite families called W(n) with n > 2, S(n) with n > 3,
S(n) and H(n) with n > 4. S(n) and S(n) are called special Cartan type
Lie superalgebras and H(n) Hamiltonian Cartan type Lie superalgebras.
Strictly speaking, W (2), S(3) and H(4) are not Cartan type superalgebras
since they are isomorphic to classical ones (see below).

Cartan type superalgebras W (n)

Consider I'(n) the Grassmann algebra (— 2.22) of order n with generators
01,...,0, and relations 0;0; = —0;0;. The Zy-gradation is induced by setting
degf; = 1. Let W(n) be the derivation superalgebra of I'(n): W(n) =
DerI'(n). Any derivation D € W (n) is written as

where P; € I'(n) and the action of the #-derivative is defined by

00,
00,

— 5i:

The Zy-gradation of I'(n) induces a consistent Z-gradation of W (n) by

"9
W(n)k:{ZPi%, P € T(n), degB:k+1} (~1<k<n—1)
i=1 v
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One has
n—1
= D Wi
k=-—1
where
[w e W), ]| € wnys,
The superalgebra W (n) has the following properties:

e W(n) has dimension n2", the number of even generators being equal
to the number of odd generators.

e The superalgebra W(n) is simple for n > 2.
e The semi-simple part of W (n)g is isomorphic to gl(n).
e The superalgebra W(2) is isomorphic to A(1,0).

e Every automorphism of W (n) with n > 3 is induced by an automor-
phism of I'(n).

e The superalgebra W (n) is transitive.

e W(n) is universal as a Z-graded Lie superalgebra. More precisely, if
G = ®;>_1G; is a transitive Z-graded superalgebra with dimG_; = n,
then there is an embedding of G in W (n) preserving the Z-gradation.

e The representations of sl(n) in the subspace W (n); (i = —1,0,...,n—
1) are in Young tableaux notation [2/t11727] @ [1¢] where the second
representation appears only for i > 0 and [1°] has to be read as the
singlet. For example we have (the subscripts stand for the Z-gradation
indices 1):

J-1®@01)od (60
)1 @ (15@ 1)@ (20
1@ (24@1) @ (15

for W(3) (3

for W(4) (4

for W(5) (5)—_1
®(5)a

3)1 0 (3)2

3
@ (10D 6)2 ® (4)3
@® (40 ® 10)2 & (15 ® 10)3

1

® 4
®5)1

Cartan type superalgebras S(n) and S(n)

The Cartan type Lie superalgebras S(n) and S (n), called special Lie super-
algebras, are constructed as follows. Consider O(n) the associative super-
algebra over I'(n) with generators denoted by £61,...,£0, and relations
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£0; NEO; = —£0; N EB;. A Zy-gradation is induced by setting deg&f; = 1.
Any element of ©(n) is written as

W= Y i, 00 AL AE;

11<...<i

where a;,..;, € I'(n).

One then defines the volume form superalgebra S(w) as a W (n) subsuper-
algebra by

Sw)={DPewm) ‘ D(w) =0}
where w = a(b1,...,0,) 61 A ... ANEO, and a € T'(n)g, a(0) # 0.
Any element of S(w) has the form

n

0 _ "~ 0(aP;)
;P’t?_& with Z 06, =0

One sets also
S("):5<W:§91A---A§0n>:{DGW(n)‘D<$01/\.../\$0n):0}
and for 1 even

Stn) = S(w:(1+01...9n)§91/\.../\§9n>

_ {DEW(n)‘D((1+01...0n)§01/\.../\gen) =0}

Elements of S(n) are thus divergenceless derivations of W (n):

sto) = {32 gy €W | 32 7 =)
i=1 ¢ i=1 "

The Lie superalgebras S(n) and S (n) have the following properties:

e S(n) and S(n) have dimension (n — 1)2" + 1, the number of even
generators being less (resp. greater) by 1 than the number of odd
generators for n even (resp. odd).

e The superalgebra S(n) is simple for n > 3 and S(n) is simple for n > 4.
e The semi-simple part of S(n)y and S(n)o is isomorphic to si(n).

e The superalgebra S(3) is isomorphic to P(3).
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e the Z-graded Lie superalgebra S(n) is transitive.

e Every automorphism of S(n) with n > 3 and S(n) with n > 4 is
induced by an automorphism of I'(n).

e Every superalgebra S(w) is isomorphic either to S(n) or S(n).
e The representation of sl(n) in the subspace S(n); (i = —1,0,...,n—2)

is in Young tableaux notation [2:711"=2~%]. For example we have (the
subscripts stand for the Z-gradation indices 7):

for 5(4) (Z)_l D (15)0 D (%)1 D (10)2
for S(5) (5)-1 @ (24)0 @ (45)1 @ (40)2 @ (15)3
for S(6) (6)-1@ (35)0 @ (84)1 ® (105)2 @ (70)3 @ (21)4

Cartan type superalgebras H(n)

The Cartan type Lie superalgebras H(n) and H(n), called Hamiltonian Lie
superalgebras, are constructed as follows. Consider (n) the associative
superalgebra over I'(n) with generators denoted by dfy, . . ., df,, and relations
db; o df; = dbj o df;. The Zs-gradation is induced by setting degdf; = 0.
Any element of Q(n) is written as

WE = Z Ay .. iy dan 0...0 d@lk

1< <ig,

where a;,.;, € ['(n).

Among them are the Hamiltonian forms defined by
n
w= Z a;j db; o db;
ij=1

where a;; € I'(n), a;; = a;; and det(a;;(0)) # 0. One then defines for each

Hamiltonian form w the Hamiltonian form superalgebra H(w) as a W(n)
subsuperalgebra by

H(w)={Dew(n) ‘ D(w) =0}

and
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Any element of H(w) has the form

p 2 ith -2 S 0P+ -2 S ayP, =0
; a0, 26, ;‘” t T 39, ;“Jt '

One sets also

The Lie superalgebra H(n) has the following properties:
e H(n) has dimension 2" — 2, the number of even generators being equal
(resp. less by 2) to (than) the number of odd generators for n odd

(resp. even).

e The superalgebra H(n) is simple for n > 4.

e The semi-simple part of H(n)g is isomorphic to so(n).

e The superalgebra H(4) is isomorphic to A(1,1).

e The Z-graded Lie superalgebras H(n) and H(n) are transitive.

e Every automorphism of H(n) with n > 4 and of H(n) with n > 3 is
induced by an automorphism of I'(n).

e The representation of so(n) in the subspace H(n); (i = —1,0,...,n—3)
is given by the antisymmetric tensor of rank ¢ 4+ 2. For example we
have (the subscripts stand for the Z-gradation indices 7):

for H(4) (4 (6)o ® (4)1
for H(5) (5 (10)p @ (10)1 & (5)2

for H(10) (10)_1 & (45)p @ (120)1 @ (210)2 & (252)3 @ (210)4
®(45)6 @ (10)7 @ (120)5

)—1®
)—1®

For more details, see refs. [46, 47, 48].
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2.5 Casimir invariants

The study of Casimir invariants plays a great role in the representation the-
ory of simple Lie algebras since their eigenvalues on a finite dimensional
highest weight irreducible representation completely characterize this rep-
resentation. In the case of Lie superalgebras, the situation is different. In
fact, the eigenvalues of the Casimir invariants do not always characterize the
finite dimensional highest weight irreducible representations of a Lie super-
algebra. More precisely, their eigenvalues on a typical representation com-
pletely characterize this representation while they are identically vanishing
on an atypical representation (— 2.40).

Definition

Let G = Gy ® Gy be a classical Lie superalgebra and U(G) its univer-
sal enveloping superalgebra (— 2.62). An element C' € U(G) such that
[C,X] =0forall X € U(G) is called a Casimir element of G ([ , ] denotes
the Zs-graded commutator). The algebra of the Casimir elements of G is
the Zy-center of U(G), denoted by Z4(G). It is a (Zz-graded) subalgebra

of U(G).

Standard sequences of Casimir elements of the basic Lie superalgebras can
be constructed as follows. Let G = sl(m|n) with m # n or osp(m|n) be a
basic Lie superalgebra with non-degenerate bilinear form. Let {E7;} be a
matrix basis of generators of G where I,J = 1,...,m + n with degl = 0
for 1 < I <manddegl =1form+1 <1 < m+n. Then defining

(EO)U =77 and (EPH)U = (—l)degKE]K(Ep)KJ, a standard sequence of
Casimir operators is given by
C, = str(E’) = (~1)¥*I(E");
= B (1) By, (-1 B
Consider the (m + n)? elementary matrices er; of order m + n satisfying
(ers)kL = 018K
In the case of sl(m|n) with m # n, a basis {E1;} is given by the matrices

g=m

1
Eij =€ij — —bij ) eqq
m
g=1
=m-+n
1 q
Ey = ey — Eékl § €qq
q=m+1

1 q=m g=m+n
Y:—m_n(nZeqq—i—m Z eqq>

qg=1 qg=m+1
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for the even part and E;, = e, Ej; = ey; for the odd part, where 1 <4,5 <
m and m + 1 < k,l <m + n. One finds for example C7; = 0 and

m m-+n m  m4n m n
— Ny
Co=> EijEji— Y EuBEx+Y Y (EnEis—EgEy)- p—
1,j=1 kJl=m+1 =1 k=m+1

In the case of osp(m|n), a basis {E1;} is given by the matrices
Ery = Grxery + (—1)! T8 DUHBN G peepy

where the matrix G; is defined in — 2.27. One finds for example C; = 0
and

m m+n m  m+n
Cy = Z EijEji — Z /E i+ Z Z El By — BBy z)
i,j=1 i j'=m+1 =1 ¢=m+1

where 1 <i,j<mand m+1<17,5 <m+n.

One has to stress that unlike the algebraic case, the center Zy(G) for the
classical Lie superalgebras is in general not finitely generated. More precisely,
the only classical Lie superalgebras for which the center Z,(G) is finitely
generated are osp(1]|2n). In that case, Z,(G) is generated by n Casimirs
invariants of degree 2,4,...,2n.

Example 1
Consider the superalgebra sl(1|2) with generators H, Z, E*, E~, F*,

F, F+, F (— 2.53). Then one can prove that a generating system of
the center Z(G) is given by, for p e Nand Hy = H + Z:

Cpyo = H{H ZP+ E"EY(Z— )P
+F F(H, 27 = (H. +1)(Z + b))
—_5+ 1
+FF ((H,+1)(Z—§ - )
HEFFY4+F FEY) (Zp _(Z- %)P)
VF FF Rt ((Z +hr 4z - Ly - zzp)

In that case, the Casimir elements C), satisfy the polynomial relations
C,Cq = C,.Cs for p+ g =r + s where p,q,r,5 > 2. O
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Example 2
Consider the superalgebra osp(1|2) with generators H, E*, F* (— 2.52).

In that case, the center Zy(G) is finitely generated by
Co=H’+YE E"+E'E")—(F'F —F F")

Moreover, there exists in the universal enveloping superalgebra U of
0sp(1]2) an even operator S which is a square root of the Casimir op-
erator Cy that commutes with the even generators and anticommutes
with the odd ones, given by

S=2FtF" —F Ff)+1

More precisely, it satisfies S? = Cy + %. Such an operator exists for any
superalgebra of the type osp(1|2n) [1]). O

Harish—Chandra homomorphism

Consider a Borel decomposition G = NT O H DN~ of G (— 2.45) where H
is a Cartan subalgebra of G and set p = pg — p1 where pg is the half-sum of
positive even roots and p; the half-sum of positive odd roots. The universal
enveloping superalgebra U(G) can be decomposed as follows:

UG) =UMH)d (N UG) +UGINT)

Then any element of the center Z;,(G) can be written as z = zy + 2’ where
20 € U(H)and 2’ € N U(G)+U(G)NT. Let S(H) C U(H) be the symmetric
algebra over H. Consider the projection h : Zy(G) — S(H), z — z
and v the automorphism of S(#) such that for all H € H and A\ € H*,
Y(H(X\)) = H(A — p). The mapping

h=~oh: Z4(G) = S(H), 2~ v(2)
is called the Harish—Chandra homomorphism [49, 50].

Property
Let S(H)" be the subset of elements of S(H) invariant under the Weyl

group of G (— 2.63). Then the image of Z;,(G) by the Harish-Chandra
homomorphism is a subset of S(H)W.

Example
Consider the Casimir elements C), of s/(1]2) given above. In the fermionic

basis of sl(1|2) (— 2.45), the positive (resp. negative) root generators are
Et F+ F" (resp. E-,F,F )and p=0.



178 Lie Superalgebras

It follows that the image of C, by the Harish-Chandra homomorphism is
given by
h(Cp+2) = H+H,Zp = 2_pH+H,(H+ - H,)p

which is obviously invariant under the action of the Weyl group H; <
—H_. O

For more details, see refs. [34, 45, 77, 80].

2.6 Centralizer, center, normalizer of a Lie super-
algebra

The definitions of the centralizer, the center, the normalizer of a Lie super-
algebra follow those of a Lie algebra.

Definition
Let G be a Lie superalgebra and S a subset of elements in G.
— The centralizer Cg(S) is the subset of G given by

Co(S) = {X c g‘ [[X,Y]] —0, VY € s}

— The center Z(G) of G is the set of elements of G which commute with
any element of G (in other words, it is the centralizer of G in g):

Z(g):{XGQ‘ [[X,Y]] —0, VYGQ}

— The normalizer Ng(S) is the subset of G given by

Ng(S) = {Xeg‘ [x.v] es vves}

2.7 Characters and supercharacters
Let G be a basic Lie superalgebra with Cartan subalgebra 7. Consider V(A)

a highest weight representation (— 2.35) of G with highest weight A, the
weight decomposition of V with respect to H is

V() =@ W where Vy={7eV ‘ h(#) = M(h)7, h € H}
A

Let e be the formal exponential, function on H* (dual of H) such that
e* () = 8y, for two elements ), u € H*, which satisfies e*et = e*H+.
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The character and supercharacter of V(A) are defined by

chV(A) =Y (dimVy)et
A

schV(A) =) (=1)%%(dim Vy)e
A

Let W(G) be the Weyl group (— 2.63) of G, A the root system of G, Ag

the set of positive even roots, A%’ the set of positive odd roots, Zg the
subset of roots o € A%‘ such that /2 ¢ A%‘. We set for an element w €
W(G), e(w) = (-1 ™ and &'(w) = (—=1)®) where £(w) is the number
of reflections in the expression of w € W(G) and ¢'(w) is the number of

reflections with respect to the roots of Z%— in the expression of w € W(G).
We denote by pp and p; the half-sums of positive even roots and positive
odd roots, and p = pp — p1. The characters and supercharacters of the
typical finite dimensional representations V(A) (— 2.40) of the basic Lie
superalgebras are given by

ch V(A -1 Z w(A+p)

schV(A) =L ! Z w(A+p)
where
HD&GA%— (ea/2 - eia/2) J L’ HaGAg (ea/2 - eia/2)
= al: =
HaeA'{(ea/Q +e—a/2) HaEA%'(ea/2 _e—a/Q)

In the case of the superalgebra B(0,n) all the representations are typical.
One finds then explicitly

>y e(w)e )

/ w(A+p)
S e sehv(4) = Ze =)
wé‘ w)e

ch V(A) = Zw al(w)ew(p)

In the case of the superalgebra A(m,n), the character of the typical repre-
sentation V(A) is given by

ch V(A :Li;s et H (14e77)

ﬂeAT+
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and the character of the singly atypical representation by (see ref. [93])

chV(A) = Li Za(w)w et H (1+e79)
O BEAT (AtolB)£0

where Lg is defined as

H (ea/2 o efa/Z)

+
aeAa

In the case of the superalgebra C(n+1), the highest weight irreducible repre-
sentations are either typical or singly atypical. It follows that the character
formulae of the typical and atypical representations of C(n+ 1) are the same
as for A(m,n) above (with the symbols being those of C'(n + 1)).

— 2.35 Representations: highest weight representations, 2.36 Representa-
tions: induced modules, 2.40 Representations: typicality and atypicality.

For more details, see refs. [49, 93].

2.8 Classical Lie superalgebras

Definition

A simple Lie superalgebra G = G5 ® Gy is called classical if the repre-
sentation of the even subalgebra G; on the odd part G; is completely
reducible.

Theorem
A simple Lie superalgebra G is classical if and only if its even part Gg is
a reductive Lie algebra.

Let G = G5 ® Gy be a classical Lie superalgebra. Then the representation of
Gy on Gy is either:

1. irreducible; the superalgebra is said to be of type II.
or

2. the direct sum of two irreducible representations of Gj; the super-
algebra is said to be of type I. In that case, one has G; = G_1 © G1
with

{971,91} =G5 and {91,91} = {g,l,g,l} =0
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Table 2.2 resumes the classification, while Table 2.3 gives the Zs-gradation
(95 and Gy structure) of the classical Lie superalgebras G. In Table 2.3, the
parentheses denote the dimension of the representations of the non-Abelian
part of G; and the value of the U(1), and the brackets [ | are a Young
tableau notation (— 1.96).

Table 2.2: Classical Lie superalgebras.

type I type I1
BASIC A(m,n) m>n>0| B(m,n) m>0,n>1
(non-degenerate | C(n+1) n>1 D(m,n) { Z i ia:b_ 12 1
Killing form) F(4)
G(3)
BASIC A(n,n) n>1 D(n+1,n) n>1
(zero Killing form) D(2,1;a) a¢{0,—1}

STRANGE P(n) n>2 Q(n) n>2

Table 2.3: Zs-gradation of the classical Lie superalgebras.

superalgebra G even part Gg odd part G
A(m,n) Ap @ Ap®U(1) | (m,n,1)® (Mm,n,—1)
A(n,n) An, @ Ay (n,m) @ (W, n)
C(n+1) C,®U(1) (2n,1) ® (2n,—1)
B(m,n) B, ®C, (2m + 1,2n)
D(m,n) D,, & C, (2m, 2n)

F(4) AL @ B3 (2, 8)
G(3) A1 & Gy (2,7)
D(2,1;a) A1 D AL Ay (2,2,2)
P(n) 4, 2o 1]
Q(n) Ay, ad(A4,)
Definition

A classical Lie superalgebra G is called basic if there exists a non-
degenerate invariant bilinear form on G (— 2.23). The classical Lie super-
algebras which are not basic are called strange.

Theorem

Let G = G5 ® Gy be a classical basic Lie superalgebra. Then there exists a
consistent Z-gradation (— 2.24) G = ®;cz G; of G, called the distinguished
Z-gradation, such that
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— for superalgebras of type I, G; = 0 for |i| > 1 and G5 = Gy, G = G_1DG.

— for superalgebras of type II, G; = 0 for |i| > 2 and G5 = G_2 ® Gy ® Go,
Gr=6G-190G1.

Table 2.4 gives the Z-gradation structure of the classical basic Lie super-
algebras (same notations as for Table 2.3).

Table 2.4: Z-gradation of the classical basic Lie superalgebras.

g Go G1®G1 Go® G2
A(m,n) An®A, @ U(1) (m,n) ® (M, n) 0
Afnn) An & Ay (n,7) ® (m,n) 0
C(n+1) C,oU(1) (2n)4 & (2n)_ 0
B(m,n) | Bn®Apn—1®U(1) | 2m+1,n) & (2m+1,7) | [2]® [2"7}]
D(m,n) | Dy ® A, 1 ®U(1) (2m,n) & (2m,n) [2] ® [27 1]
F(4) Bz U(1) 8, ®8_ 1, @1_
G(3) Go@U(1) TLDT- 1y @1
D(2, 1; Oé) A1 DAL D U(l) (2, 2)+ D (2, 2)_ 1_|_ D1_

— 2.18-2.20 Exceptional Lie superalgebras, 2.27 Orthosymplectic super-
algebras, 2.48-2.49 Strange superalgebras, 2.61 Unitary superalgebras.

For more details, see refs. [46, 47, 48, 79].

2.9 Classification of simple Lie superalgebras

Among Lie superalgebras appearing in the classification of simple Lie super-
algebras, one distinguishes two general families: the classical Lie super-
algebras in which the representation of the even subalgebra on the odd part
is completely reducible, and the Cartan type superalgebras in which such a
property is no longer valid. Among the classical superalgebras (— 2.8), one
naturally separates the basic series from the strange ones.

The basic (or contragredient) Lie superalgebras split into four infinite fami-
lies denoted by A(m,n) or sl(m+ 1|n + 1) for m # n and A(n,n) or sl(n +
1ln+1)/Z = psl(n+1|n+1) where Z is a one-dimensional center for m = n
(unitary series), B(m,n) or osp(2m + 1|2n), C(n) or osp(2|2n), D(m,n)
or 0sp(2m|2n) (orthosymplectic series) and three exceptional superalgebras
F(4), G(3) and D(2,1; «), the last one being actually a one-parameter family
of superalgebras. Two infinite families denoted by P(n) and Q(n) constitute
the strange (or non-contragredient) superalgebras.

The Cartan type superalgebras (— 2.4) are classified into four infinite fam-
ilies, W (n), S(n), S(n) and H(n).
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The following scheme resumes this classification:

Simple Lie
superalgebras
e hN
Classical Lie Cartan type
superalgebras superalgebras
V4 N W(n), S(n)
Basic Lie Strange S(n), H(n)
superalgebras superalgebras
A(m,n), B(m,n) P(n),Q(n)

C(n+1),D(m,n)
F(4),G(3),D(2,1; )

— 2.4 Cartan type superalgebras, 2.8 Classical Lie superalgebras.
For more details, see refs. [46, 47, 48, 64, 69].

2.10 Clifford algebra

Let {7} (i =1,...,n) be a set of square matrices such that
{%-, 7]-} =YY + i = 20451

where T is the unit matrix. The algebra spanned by the n matrices ~; is
called the Clifford algebra. These relations can be satisfied by matrices of
order 2P when n = 2p or n = 2p + 1.

Consider the 2 x 2 Pauli matrices o1, 03, 03:

(01 (0 —i (1 0
1= 1 0 2= o 3=\ o0 -1

Then the matrices 7; can be expressed in terms of a p-fold tensor product of
the Pauli matrices.

Property
There exists a representation such that

1. if n is even, the matrices +; are hermitian, half of them being sym-
metric, half of them being antisymmetric.

2. if n is odd, the matrices ; with ¢ = 1,...,2p are hermitian, half of
them being symmetric, half of them being antisymmetric and the
matrix 7ygp41 is diagonal.
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In this representation, the matrices v can be written as (¢ =1,...,p — 1)
Yy = U§1)®...®J§p)
v = oM@ 0P Vel Tl it)g . oI®
yir1 = 00®.. @ @el T Ir-t g . R I®
v = 0P e1@g.. . oI®
o1 = o) 01P® ... 01"
One can check that with this representation, one has (i = 1,...,p)
’Y§¢ = and ’Y§i+1 = 72i+1 ,’Y§p+1 = V2p+1
Definition

The matrix C' = [[?_; v2;—1 forn =2p and C = Hf:ll Yoi—1 for n = 2p+1
is called the charge conjugation matrix.

Property
The charge conjugation matrix satisfies
e C'C =1
e forn=2p

C forp=0,1 (mod 4)
—-C  forp=2,3 (mod 4)

Cyi=(-1)P"yiC (i=1,...,2p)
eforn=2p+1

Ct = (—1)Prt/20 = {

Ct = (1P 120 = {

C for p=10,3 (mod 4)
—C  forp=1,2 (mod 4)

Cri = (—1)PyfC (i=1,...,2p+1)

2.11 Decompositions w.r.t. osp(1|2) subalgebras

The method for finding the decompositions of the fundamental and the ad-
joint representations of the basic Lie superalgebras with respect to their
different osp(1]|2) subsuperalgebras is the following:

1. One considers an osp(1]2) embedding in a basic Lie superalgebra G =
Gy ® Gy, determined by a certain subsuperalgebra K in G (— 2.16),
which is expressed as a direct sum of simple components: K = @; ;.
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2. To each couple (G, K;) one associates osp(1]|2) representations given in
Table 3.76; the notations R and R” are explained below.

3. The decomposition of the fundamental representation of G with respect
to the osp(1]2) subalgebra under consideration is then given by a direct
sum of osp(1]2) representations.

4. Starting from a decomposition of the fundamental representation of G
of the form

fundx G = <?Rl> ® <?ng>

the decomposition of the adjoint representation adx G is given in the
unitary series by

adg G = <69R'i @'R;-’k) ® (@Rﬁ @R;-’k) —Ro for sl(m|n),m#n
i k i k
adg G = <G?RZ %ng) ® (61973]1 GISR;I’“) — 2Ry for psl(n|n)
and in the orthosymplectic series by
®2 " ®2 n
w6 = (97,0 (972) 7,0 (9m0) o (5R2)
) A k S 7 k

The symmetrized and antisymmetrized products of osp(1|2) representations
R; are expressed, by analogy with the Lie algebra case, by (in the following
formulae j and ¢ are integer)
J
R; ® Rj‘A = @ <R2q—1 & R2q1/2>

q=1
i1
R; ® Rj‘s =P <”qu @ R2q+1/2) ® Ra;
q=0
7—1
Rj-1/2© Rj—l/Z‘A - <R2q ® R2q+1/2>
q=0
j—1
Rj-1/2@ Rj71/2‘s =D <R2q—1 ® R2q1/2> ®Raj—1
q=1

together with (for j, k integer or half-integer)

(Rj@Rk)®2‘A = <Rj®Rj)‘A @ <Rk®Rk>‘A ) (Rj @Rk)

(Rj@Rk)®2‘S = <Rj®Rj)‘S &) <Rk®Rk)‘S @ (R; ®Ry)
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and (n integer)

n(n+1 nn—1
(nRj®n'R,j)‘A = %(Rj@Rj)‘A D ¥(Rj®nj)‘s

n(n+1 nn—1
(nT\’,j@nRj)‘S = %(R]@Rj)‘s D %(R’Q@Rﬂ')‘fx

The same formulae also hold for the R” representations.

Let us stress that one has to introduce here two different notations for the
0sp(1]2) representations which enter into the decomposition of the funda-
mental representation of G, depending on the origin of the two factors D;
and D;_; o of a representation R; (we recall that an osp(1|2) representation
R decomposes under the sl(2) part as Rj = D; @ D;_y3). For G = sl(m|n)
(resp. G = osp(m|n)), an osp(1|2) representation is denoted R; if the rep-
resentation D; comes from the decomposition of the fundamental of sl(m)
(resp. so(m)), and R if the representation D; comes from the decomposi-

tion of the fundamental of sl(n) (resp. sp(n)).

In the same way, considering the tensor products of R and R” represen-
tations given above, one has to distinguish the osp(1|2) representations in
the decomposition of the adjoint representations: the R; representations are
such that the D; comes from the decomposition of the even part Gz for j
integer or of the odd part Gy for j half-integer and the R;- representations
are such that D; comes from the decomposition of the even part Gy for j
half-integer or of the odd part Gy for j integer.

Finally, the products between unprimed and primed representations obey
the following rules

DR, if j1 + 72 is integer

Rj, @ Rj, = { @R;_3 if j1 + jo is half-integer

7 "o DR, if j1 + jo is integer

Rjy @Ry, = { SR, if 71 + jo is half-integer
OR, if j1 + jo is integer

R. RI! = 73

it @ 7, { ®R; if 71 + jo is half-integer
Tables 3.76-3.85 give the different decompositions of the fundamental and
adjoint representations of the basic Lie superalgebras with respect to the
different osp(1]|2) embeddings. For more details, see ref. [22].

2.12 Decompositions w.r.t. s/(1|2) subalgebras

The method for finding the decompositions of the fundamental and the ad-
joint representations of the basic Lie superalgebras with respect to their
different si(1]|2) subsuperalgebras is the following:
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1. One considers a sl(1]2) embedding in a basic Lie superalgebra G =

Gy ® Gy, determined by a certain subsuperalgebra K in G (— 2.17),
which is expressed as a direct sum of simple components: K = ®; ;.

. To each pair (G, ;) one associates (atypical) sl(1|2) representations
7(£5i, ji) = 7+ (ji) or osp(2|2) representations 7(0,3) (— 2.53) given
in the following table:

g K fundg G
sli(m[n) | sl(p+1]p) ™ (5)
sl(plp+1) ™ (5)
osp(m|2n) | sl(p+ 1|p) | 74 (5) @ 7_(5)
sliplp+1) | 74 (5) @ (%)
osp(22) | 7(0,1)

(The notation 7 or 7" is just to distinguish between the superalgebras
sl(p + 1|p) or sl(p|p + 1) they come from. This will be used below).

" representations as

well, leading to different but equivalent decompositions of the adjoint
representation of G. This fact is related to the existence of non-trivial
outer automorphisms for s/(1|2).

In the case of sl(m|n), one could also use 7_ and 7’

. The decomposition of the fundamental representation of G with respect
to the sl(1|2) subalgebra under consideration is then given by a direct
sum of sl(1|2) representations of the above type, eventually completed
by trivial representations.

. Starting from a decomposition of the fundamental representation of G
of the form

fundx G = <@i Wi(ji)) @ < Dk Wl(]k))

the decomposition of the adjoint representation adx G is given in the
unitary series by

®2

adic G = (@i ma(is) @x7i(Gx)) —7(0,0)  for si(mln),m £n
®2

adg G = <69¢ w1 (Ji) Ok ﬂl(]@) —27(0,0) for psi(n|n)

and in the orthosymplectic series by

adx G = (@iﬁi(jm’))@‘A@ (@cﬂl(jk))m‘s@ (G%Wi(ji)@iﬁl(jk))
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The symmetrized and antisymmetrized products of atypical sl(1|2) repre-
sentations are given by

(e om®m)”|, = (mO)en®)| o (@=Hon®)|,
@ () @ T2 (k))
(rsems®)”|, = (@) on®)| o (r®enm)

S S
& (s ) © T (k)

and (n integer)

(rmey@nma)|, = "D (ma) o m)|,
® @(Wi(j) ®7Ti(j))‘s
(e ornma)|, = 22D (n() @ ma)|

S
M (i o ma),

where (in the following formulae j and ¢ are integer)

D

) 1\ ®2 2j j o )
(erm) |, = & 0.9 & m@i+}2-3)
i .
& m(—2j—1,2¢— 1)
q=1
) L\ ®2 2j j—1 - )
(em@) |, = & 0. 8 =(i+52+)

J . . .
G m(=2j — 5,29+ 3) ® 7 (2) ® 7_(2)

. 1 . 1 ®2 2j+1 J . 3 1
(Gt herG+d) |, = 8 700 & r(2+32+})
J ,
& m(-2j - 3,29+ 3)
q=0
. . ®2 27+1 7 .
(G DerG+y) || = B 700 & ©(2i+320-3)

J )
<) W(—Z]—%,Zq—%)
q=1

Ory(2j+1)@n_(25+1)
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Finally, in the case of 0sp(2|2) embeddings, the product of the 7(0, %) repre-

sentation by itself is not fully reducible but gives rise to the indecomposable
s1(1]2) representation of the type m(0; —3, 3;0) (— 2.53).

Considering the tensor products of m and 7" representations given above,
one has to distinguish the sl(1|2) representations in the decomposition of
the adjoint representations. Let us recall that a sl(1|2) representation 7 (b, )
decomposes under the sl(2)®U (1) part as w(b, j) = D;j(b)®D;_12(b—1/2)®
w(b, j) representations are such that the D; comes from the decomposition
of the even part G; for j integer or of the odd part G; for j half-integer and
the 7/(b, j) representations are such that D; comes from the decomposition
of the even part Gy for j half-integer or of the odd part Gy for j integer.
Finally, the products between unprimed and primed representations obey
the following rules

(b1, j1) ® w(ba, j2) { m(bs, js) if j1 4 jo is integer

@’ (b3, j3) if 71 + jo is half-integer

" ; " ; _ ©(bs, j3) if 71 + 72 is integer
s (blajl) X (b27.72) - { @,n_l(bs’jg) if jl + jQ is half—integer

. " N o' (b3, j3) if j1 + jo is integer
W(blajl) X (bZa ]2) - { 6971'(63,]'3) if j1 + j2 is half_integer

Tables 3.86-3.89 give the different decompositions of the fundamental and
adjoint representations of the basic Lie superalgebras with respect to the
different si(1]|2) embeddings.

For more details, see ref. [74].

2.13 Derivation of a Lie superalgebra

Definition
Let G = G5 ® Gy be a Lie superalgebra. A derivation D of degree deg D €
Zo of the superalgebra G is an endomorphism of G such that

p[x,v] = [D(x),v] + (-1)teer@=X [ X, D(v) |

If deg D = 0, the derivation is even, otherwise deg D = 1 and the deriva-
tion is odd.

The space of all the derivations of G is denoted by Der G = Dery G ® Der; G.
If D and D' are two derivations of G, then HD,D’H € DerG, that is the

space Der G closes under the Lie superbracket.
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The space Der G is called the superalgebra of derivations of G. In particular,
ady : Y s adx(Y) = [[X, Y]]

is a derivation of G. These derivations are called inner derivations of G. They
form an ideal Inder G of Der G. Every derivation of a simple Lie superalgebra
with non-degenerate Killing form is inner.

2.14 Dirac matrices

— 2.10 Clifford algebra, 2.47 Spinors (in the Lorentz group), 2.59 Super-
symmetry algebra: definition, 2.54 Superconformal algebra.

2.15 Dynkin diagrams

Let G be a basic Lie superalgebra of rank r and dimension n with Cartan
subalgebra H. Let A = (aj,...,a,) be a simple root system (— 2.45) of
G, A be the associated Cartan matrix and A’ = (A;j) be the corresponding

symmetric Cartan matrix (— 2.2), defined by Agj = ;- .
One can associate to A? a Dynkin diagram according to the following rules.
1. Using the Cartan matrix A:

(a) Onme associates to each simple even root a white dot, to each
simple odd root of non-zero length (A4;; # 0) a black dot and to

each simple odd root of zero length (A4;; = 0) a grey dot.
white dot black dot grey dot

O ® X

(b) The i-th and j-th dots will be joined by 7;; lines where
7ij = max <|Aij|; IAji|>

(c) We add an arrow on the lines connecting the i-th and j-th dots
when n;; > 1 and |A;;| # |Aji|, pointing from j to ¢ if |A;;| > 1.

(d) For D(?, 1; a), Nij = 1if Aij ;é 0 and Nij = 0 if Aij = 0. No arrow
is put on the Dynkin diagram.

2. Using the symmetric Cartan matrix A’:

(a) One associates to each simple even root a white dot, to each
simple odd root of non-zero length (A}, # 0) a black dot and to
each simple odd root of zero length (A, = 0) a grey dot (see
pictures above).
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(b) The i-th and j-th dots will be joined by 7;; lines where

!
Mij = — 21451 if ALLAL 40
min(A7], (A7)
ﬁij:M 1fA;Z7é0andA’:0
mln(|Aii|72) 7
Nij = |A§j| if Aj; = A;’j =0

(c) We add an arrow on the lines connecting the i-th and j-th dots
when 7;; > 1, pointing from i to j if A};.A}; # 0 and |A};| > |A};
or if A}, = 0, A}, # 0, |A};| < 2, and pointing from j to i if
Al =0, AL #0, [A%;] > 2.

(d) For D(2,1;a), mi; = 1 if A}; # 0 and n;; = 0 if A}, = 0. No arrow
is put on the Dynkin diagram.

Although the rules seem more complicated when using the symmetric Car-
tan matrix A’, note that the computation of the Cartan matrix A is more
involved than the symmetric Cartan matrix A’.

Since a basic Lie superalgebra possesses many inequivalent simple root sys-
tems (— 2.45), for a basic Lie superalgebra there will be many inequivalent
Dynkin diagrams. For each basic Lie superalgebra, there is a particular
Dynkin diagram which can be considered as canonical. Its characteristic
is that it contains exactly one odd root. Such a Dynkin diagram is called
distinguished.

Definition

The distinguished Dynkin diagram is the Dynkin diagram associated to
a distinguished simple root system (— 2.45) (note that the Dynkin dia-
grams corresponding to equivalent simple root systems are the same). It
is constructed as follows. Consider the distinguished Z-gradation of G (—
2.8 and Table 2.4): G = @®;cz G;. The even dots are given by the Dynkin
diagram of Gy (it may be not connected) and the odd dot corresponds to
the lowest weight of the representation G; of Gg.

Lists of the distinguished Dynkin diagrams of the basic Lie superalgebras
are given in Tables 3.52-3.60), while in Table 3.61 are displayed all Dynkin
diagrams of the basic Lie superalgebras of rank r < 4.

— 2.2 Cartan matrix, 2.45 Simple root systems.

For more details, see refs. [23, 47, 48].
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2.16 Embeddings of osp(1]2)

The determination of the possible osp(1]|2) subsuperalgebras of a basic Lie
superalgebra G can be seen as the supersymmetric version of the Dynkin
classification of sl(2) subalgebras in a simple Lie algebra. Interest for this
problem appears in the framework of supersymmetric integrable models (for
instance super-Toda theories) and super-W algebras [22, 52]. As in the alge-
braic case, it uses the notion of principal (here superprincipal) embedding.

Definition

Let G be a basic Lie superalgebra of rank r with simple root system A" =
{a1,...,a;} and corresponding simple root generators eii in the Serre—
Chevalley basis (— 2.44). The generators of the osp(1|2) superprincipal
embedding in G are defined by

r

Ft = e;L, F_:izr:Aije;

i—1 i=1 j=1

A;; being the Cartan matrix of G and A% = (A71);;. The even generators
of the superprincipal osp(1|2) are given by anticommutation of the odd
generators '™ and F~:

H = 2{F+,F*} Et = 2{F+,F+} E = —2{F*,F*}

Not all the basic Lie superalgebras admit an osp(1]|2) superprincipal em-
bedding. It is clear from the expression of the osp(1]|2) generators that a
superprincipal embedding can be defined only if the superalgebra under con-
sideration admits a completely odd simple root system (which corresponds
to a Dynkin diagram with no white dot). This condition is however necessary
but not sufficient (the superalgebra A(n|n) does not admit a superprincipal
embedding although it has a completely odd simple root system). The basic
Lie superalgebras admitting a superprincipal osp(1|2) are the following:

sl(n £ 1|n), osp(2n+£1|2n), osp(2n|2n),
osp(2n+2|2n), D(2,1;a) (a#0,£1)

The classification of the osp(1|2) embeddings of a basic Lie superalgebra G
is given by the following theorem.

Theorem
1. Any osp(1]2) embedding in a basic Lie superalgebra G can be con-

sidered as the superprincipal osp(1|2) subsuperalgebra of a regular
subsuperalgebra C of G.
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2. For G = osp(2n + 2|2n) with n > 2, besides the osp(1|2) super-
principal embeddings of item 1, there exist osp(1|2) embeddings

associated to the singular embeddings osp(2k + 1|2k) & osp(2n —
2k £ 1|2n — 2k) C osp(2n £ 2|2n) with 1 < k < [27L].

3. For G = 0sp(2n|2n) with n > 2, besides the osp(1|2) superprincipal
embeddings of item 1, there exist osp(1|2) embeddings associated to
the singular embeddings osp(2k +1|2k) @ osp(2n —2k F1|2n—2k) C
osp(2n|2n) with 1 < k < [252].

2.17 Embeddings of si(2|1)

In the same way one can consider osp(1|2) embeddings of a basic Lie super-
algebra, it is possible to determine the sl(2|1) subsuperalgebras of a basic
Lie superalgebra G. This problem was recently considered for an exhaustive
classification and characterization of all extended N = 2 superconformal
algebras and all string theories obtained by gauging N = 2 Wess—Zumino—
Witten models [74]. Let us consider the basic Lie superalgebra sl(n + 1|n)
with completely odd simple root system A0:

0
A :{61—(51, 01— €9, €2 —09, ..., Op_1—En, En — Op, 5n—€n+1}

Denoting by E(.;_s,), Fi(s,—c;,,) (1 <@ < n) the simple root generators in
the Serre—Chevalley basis (— 2.44), the sl(2|1) superprincipal embedding in
sl(n + 1|n) is defined as follows. The odd part of the superprincipal sl(2|1)

is generated by F4, and F 3 where

n n 2n
2
Fio = Z E&,’*EH-I F_o = Z Z Al ZEf§i+si+1
i=1 i=1 j=1
n n 2n
21
Fip= ZEEi—5i F_p= Z ZAJ " E gt
i=1 i=1 j=1

A;; being the Cartan matrix of sl(n+ 1|n), AY = (A™1);; and A;; is chosen
as

= o
O =
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The even generators of the superprincipal s/(2|1) are given by anticommu-
tation of the odd generators F, and F} 3:

{F+a,F,a} —H, +H_ {Fw,F_ﬁ} —H, - H_

{Fj:aaF:ta} = {FiﬁaFiﬁ} =0 {Fj:aaFiﬂ} = Ej:

One obtains finally

Ei,Fia] — _Ei,Fiﬁ} —0
_Ei,sza] FFip :EiaF:Fﬁ} = Flia
:Hi,FM} = +1lF, :Hi,F,a] = FiF,
Hi Fig| = 3P Hi F g =—3F
-H+,Ei] — +E. 'H_,Ei} —0

where
n  2n
He =3 (a?®Hy+a"* 'Hy 1)
i=1 j=1
This sl(2|1) superprincipal embedding contains as maximal subsuperalgebra
the superprincipal osp(1|2) with generators H,, E4 and Fy = Fyo + Fig.

The classification of the sl(2|1) embeddings of a basic Lie superalgebra G is
given by the following theorem.

Theorem
Let G be a basic Lie superalgebra. Any sl(2|1) embedding into G can
be seen as the principal embedding of a (sum of) regular sl(n|n £ 1)
subsuperalgebra of G, except in the case of osp(m|n) (m > 1), F(4) and
D(2,1; ) where the (sum of) regular osp(2]2) has also to be considered.

2.18 Exceptional Lie superalgebra F(4)

The Lie superalgebra F'(4) of rank 4 has dimension 40. The even part (of
dimension 24) is a non-compact form of sl(2) @ so(7) and the odd part (of
dimension 16) is the spinor representation (2,8) of si(2) & so(7). In terms
of the vectors €1,¢e2,e3 and ¢ such that ;-e; = d;5, -6 = =3, ;-0 = 0, the
root system A = Ay U Ay is given by

Aaz{ +6, te; £¢j, :I:ai} and AT:{%(:E(S:EE]_:E&‘Q:EE?,)}
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The different simple root systems of F'(4) with the corresponding Dynkin
diagrams and Cartan matrices are the following:

e Simple root system A? = {a1 = %(5 — €1 — €9 — €3),q2 = €3,a3 =

€2 —€3,4 = &1 —52}

0 1 0 0
o1 o9 a3 o 1 9 —2 @
R—O=0—0 0 -1 2 -1
0 0o —1 2
e Simple root system A? = {al = %(—54-61 +eatez),an = %(5—61 —eo+

53),(13 = €2 —€3,04 =€&1 — 62}

0 1 0 0
a1 a9 Qa3 (a7} 1 0 -2 0
R—R==0—0 0 -1 2 -1

0 0 -1 2

e Simple root system A? = {al = €1 —e9,a9 = %(5 —€] +e9 —e3),a3 =

(—0+e1+er—e3),aq = 83}

a1 (5] a3
2 -1 0 0
2 0 -2 1
0 -2 01
o 0 -1 —1 2

e Simple root system A? = {al = %(5 +e1—e2—e3),a0 = %(5 —&1+eo+

€3),a3 = %(—5+ €1 —e2+¢€3),04 =2 — 63}

ay 0 3 —2 0
&3 o4 3 0 —1 0

2 —1 0 2

a9 0 0 —1 2

e Simple root system A" = {al =d,ap = %(—5+61 —e9—€3),3 = €3,04 =

€2 — 53}
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2 -1 0 0
a7 a9 a3 (6 %] _3 0 1 0
C=R—0O==0 0 -1 2 -2
0 0 -1 2

e Simple root system A? = {al = d,ap = %(—(5 — €1+ &2 +e3),a3 =

€1 — €2,Q4 = €2 —63}

a3 Qy

oq a9
O X=—O——CO 0 -1 2 -1

The superalgebra F'(4) is of type II. Denoting by # the distinguished Cartan
subalgebra, the distinguished Z-gradation (— 2.8) has the following struc-
ture:

G§G=G 200G 1DG DG & G2
where (1 <i < j<3)

Go=H U {Eic4c;, Bic,} G2 = {Es} G o ={E_s}

Gi1 = {Eé(éiali@ﬂg)} G1= {E%(éiEliEziEg,)}

Denoting by T; where i = 1,2, 3 the generators of sl(2), by My, = —M,,
where 1 < p # ¢ < 7 the generators of so(7) and by F,, where a = +,—
and 1 < u < 8 the generators of the odd part, the commutation relations of
F(4) read as:

(T, T5] = e | Th, Myq| =0

[M M, } = Sqr Mg + 8ps Myr — S Mys — 8qs My

[ } UﬁaFBu [Mpq’F } = %(VP'Vq)VuFaV
i 2
{Fa#’ Fﬂ”} - 2CI(W)(C(2)U JapTi + % Cc(xﬂ)(c(g)'VPVq)uvMpq

where 0!, 02, 6% are the Pauli matrices and C®) (= i0?) is the 2 x 2 charge
conjugation matrix. The 8-dimensional matrices <y, form a Clifford algebra

{Vp, Vq} = 20pq and C®) is the 8 x 8 charge conjugation matrix. They can
be chosen, I being the 2 X 2 unit matrix, as (— 2.10):

Mm=0cl®c*I, =0l @oc3, v3=0l®@cl @ol
w=0’QlaI, =0 Qc’Ql, =0 Qo @
yr=0*@I®l
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The generators in the Cartan—Weyl basis are given by (with obvious nota-
tions):

Eiel = %(Mﬂ + iM47) EiEQ = %(Mg7 + iM57)

By, = “=(Ms7 £ iMgy) Eis =T, +iTy

V2
Ey(e)tey) = %(M12 + iMyo + Msy £+ i M;5)
Ei(ei—ey) = %(M12 + iMyo — M5y F i M;5)
Ei(cyiey) = 5(Mag % iMs3 + Mes & iMog)
Ey(cycy) = 5(Mog £ iMs3 — Mgs F iMae)
Ei(eytey) = 5(Mg & iMyg + Mgy & iMyg)
Ei(e1—es) = %(M13 + iMy3 — Mgy F iMig)

E%(ﬂ:&:{:e1:{:52:{:53) = Fou

where in the last equation the index « and the sign in +§ are in one-to-one
correspondence and the correspondence between the index p and the signs
in +e1 &9 + 3 is given by (1,2,3,4,5,6,7,8) = (+++,+——,— —+,— +
- —++,——— -+ ++ ).

For more details, see refs. [16, 47, 64].

2.19 Exceptional Lie superalgebra G(3)

The Lie superalgebra G(3) of rank 3 has dimension 31. The even part (of
dimension 17) is a non-compact form of sl(2) @ G2 and the odd part (of
dimension 14) is the representation (2,7) of sl(2) ® G2. In terms of the
vectors €1,€2,e3 with €1 4+ €2 +e3 = 0 and ¢ such that ¢; - ¢; = 1 — 34,
0-0=2,¢; -0 =0, the root system A = AjU Ay is given by

Ay = { +20, ¢; — g5, L& } and Aj= { +e 6, £6 }
The different simple root systems of G(3) with the corresponding Dynkin
diagrams and Cartan matrices are the following;:

e Simple root system AY = {al =0+e3,ar =€e1,a3 =€y — 81}

a1 e asg 0 1 0



198 Lie Superalgebras
e Simple root system AY = {al =—§—¢e3, a0 =0 —€9,a3 = €9 — 81}
g Qg a3 0
0 -1 2

e Simple root system AY = {al =0,a0 = -0 +e1,03 =69 — 61}

aq (%) as 2 -2 0
‘ Qi\ 7/ 2 0 -3
3 0 -1 2

e Simple root system AY = {al =d—¢e1,a0=—0+¢2,03 = 61}

a1 as 0 3 —2
3 0 -1
-2 -1 2
Qa2

The superalgebra G(3) is of type II. Denoting by # the distinguished Cartan
subalgebra, the distinguished Z-gradation (— 2.8) has the following struc-
ture:

G=G2DG-19G0DG1 DG
where (1 <i# 75 <3)
Go=H U{E:; «;, Eic,} Go = {Eas} G 2 ={E_2}

G = {EJiei, E(;} G_1= {Ef(sieia E,g}
In order to write the commutation relations of G(3), it is convenient to use
a so(7) basis. Consider the so(7) generators M,, = —M,, where 1 < p #

g < 7. The singular embedding G2 C so(7) is obtained by imposing to the
generators My, the constraints (— 1.30)

&iinM;j =0

where the symbol ;1 is completely antisymmetric and whose non-vanishing
components are

§123 = &145 = &176 = 246 = Eo57 = &347 = E365 = 1
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Denoting by T; where i = 1,2,3 the generators of si(2), by Fi,, where a =
+,—and 1 < p < 7 the generators of the odd part, the commutation relations
of G(3) read as:

T T] =iepT [T M| =0
[Mpqa Mrs} = 5qrMps ‘I’ 5pqur - 6p7"qu - 6qupT + %Spqugrvauv
[Tia Fap} = %UiﬂFﬁp

{ Faps Fta } = 20(Co")asTs + § CasMyg

|:Mpqa Far:| = géquap - géeraq + %(pqrsFas

where the symbol (4,5 is completely antisymmetric and whose non-vanishing
components are

Cr247 = C1265 = C1364 = C1375 = (2345 = (2376 = (4576 = 1

It can be written as

7
Cpqrs = 5ps(sqr - 5pr5qs + Z quugrsu

u=1

The o' are the Pauli matrices and C' (= i0?) is the 2 x 2 charge conjugation
matrix.

In terms of the My, the generators of Ga, denoted by E; and E! where
1 < ¢ <7, are given in section 1.30. The generators E, with a = 1,...,8
(Es = Ej%) generate sl(3) while the generators E} with 1 < i < 7, ¢ # 3
transform as the 3 and 3 representations of sl(3). The generators E3 and
Ejy constitute a Cartan basis of the G algebra. One can also take a basis
Hy, Hy, Hy such that Hy + Hy + Hz = 0 given by Hy = 1(E3 + 2 Ey),

Hy = 1(—E3+ ?Eg), Hs = —?Eg. The generators of G(3) in the Cartan—
Weyl basis are then given by (with obvious notations):

Hy = L(B3 + 2 By)
Ei(gl,@) =F1 Lt i1FEs
Ei., = E/7 F zEé
Eisie, = Fo1 +iF4a
Eis—cy = F11 —1Fy
Hy =15

Hy = L(~ B3 + L Eg)
Ey(cye5) = Ee £ iEy
E.., = E, FiE.
Eiste, = Foar+iFyo
Eis—cy = Fi7r—1Fpo
Eio5 =T £14T5

For more details, see refs. [16, 47, 64].

By ey) = EatiEs
Ei., = E, FiE}
Eisiey = Fiz+ilbie
Eis—cy = Fi3 —1Fy
Eis=Fis
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2.20 Exceptional Lie superalgebras D(2, 1;«)

The Lie superalgebras D(2,1; ) with a # 0,—1,00 form a one-parameter
family of superalgebras of rank 3 and dimension 17. The even part (of
dimension 9) is a non-compact form of sl(2) @ sl(2) @ sl(2) and the odd part
(of dimension 8) is the spinor representation (2,2,2) of the even part. In
terms of the vectors e1, €9, €3 such that €2 = —(1+a)/2, €3 = 1/2, &3 = a/2
and ¢; - = 0 if 7 # j, the root system A = AgU A7 is given by

A= {:I:Qsi} and A7 = {islj:ez:tsg}
D(2,1; ) is actually a deformation of the superalgebra D(2,1) which corre-

sponds to the case a = 1.

The different simple root systems of D(2,1; ) with the corresponding Dyn-
kin diagrams and Cartan matrices are the following;:

e Simple root system AY = {al =g — €9 —€3,9 = 269,03 = 253}

a2 01 «a
aq -1 2 0
-1 0 2
@ as
e Simple root system A0 = {al = 2e9,a0 = —€1 — €9 + €3, a3 = 261}
1+« as 2 -1 0
Q9 1 0 1+«
0 -1 2
a1
e Simple root system A% = {a1 = 2e3,0 = 21,3 = —€1 + €9 — 53}
1+a a2 2 0 -1
as 0 2 —1
—a 14+« 0
(67 a].
e Simple root system AV = {al = —€1+€e2+e€3,a90 = €1+ 62 —€3,a3 =
e1—e2+ 63}
0 1 «
as 1 0 —-1—a

a —-1—« 0
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(the labels on the links are equal to the absolute values of the scalar products
of the simple roots which are linked.)

The superalgebra D(2,1;«) is of type II. Denoting by #H the distinguished
Cartan subalgebra, the distinguished Z-gradation (— 2.8) has the following
structure:

G=G 280G 180G DG PG

where
Go =H U {Ei2,, Eia.,} Go = {Fa,} G_o={F_2,}
g1 = {E63:|:61:i262} G_1= {E—e;;:tel:tag}

Denoting by Ti(a) where ¢ = 1,2,3 and a = 1, 2, 3 the generators of the three
sl(2) and by Fpp g where 3,3, 8" = +, —, the generators of the odd part,
the commutation relations of D(2,1; ) read as:

a b . a 1
70,17 | = ibasein T 10, Fapran| = 3ol 5o
T Fappn| = Lot F, T Fagpn| = Lot o0 F,
i Fwer| = 9055 Foys i Foper| = 3050 Fpgrar
. 1 i 2
{Fﬂb”ﬁ”’ FW’V”} = SICB’V’Cﬂ”W”(Caz)Bvﬂ( ) + 320,@”7”067(0‘71),3’7’12( )

+ 83 Cﬁ’ngI,y/ (CO’i)ﬁu,Yuz;(g)

where s; 4 s9 + s3 = 0 is imposed by the generalized Jacobi identity. The o'
are the Pauli matrices and C (= io?) is the 2 x 2 charge conjugation matrix.
Since the superalgebras defined by the triplets Asi, As2, Asg (A € C) are

isomorphic, one can set s3/s; = « and s3/s1 = —1 — a (the normalization
of the roots given above corresponds to the choice s; = 1, s = «a and
s3 = —1 — a). One can deduce after some simple calculation that:
Property

The superalgebras defined by the parameters a*!, —(1 4+ a)*! and

— +1

<1 +oz ) are isomorphic. Moreover, for the values 1, —2 and —1/2
@

of the parameter «, the superalgebra D(2,1; ) is isomorphic to D(2,1).

In the Cartan—Weyl basis, the generators are given by:
=1 Hy =T Hy =T,
Eige, =TV 14TV EBip, =TP £iT?  Eig, =T® +i70

3)

Ei61i62:|263 = Fﬁﬁ’ﬂ”

where in the last equation the signs in the indices +e; 4 €5 4 €3 and the
indices 33’3 are in one-to-one correspondence.

For more details, see refs. [47, 64].
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2.21 Gelfand—Zetlin basis

Let us recall that the finite dimensional representations of the basic Lie
superalgebras are either irreducible representations or indecomposable ones
or direct sums of these. The irreducible representations are called atypical
when there exists a weight vector, different from the highest one, that is
annihilated by all the positive root generators. Otherwise, the representation
is called typical. The atypical representations therefore can be seen as the
building blocks for the indecomposable ones, and will not be considered in
this section.

Definition
Consider the gl(m|n) basic Lie superalgebra with the chain of embeddings

gl(m|n) D gl(mln—1) D ... D gl(m|k) D ... D gl(m|1) D gl(m)

Let 7 be a finite dimensional typical irreducible representation of gl(m|n)
and consider the reduction of m with respect to the previous chain of
subalgebras. The representation 7 is called essentially typical if there is
no atypical gl(m|k)-module for any k in the above chain.

From the concept of Gelfand—Zetlin basis, it follows that one can construct
such a basis if and only if the representation is essentially typical. Note
that if the representation is not essentially typical, some gl(m|k)-module is
atypical. In that case, the highest weight is not sufficient to cope with this
fact and one needs additional labels. However it has not been clear up to
now how to introduce them.

We give in the following some ideas in the case of the Lie superalgebras
gl(n|m) and in particular gl(n|1), and we refer the reader to the bibliography
for more details, see refs. [70, 71].

Gelfand-Zetlin basis for gl(n|m) Lie superalgebras

Let e;; be the standard generators of gl(n|m) which satisfy the commutation
relations (1 <4,j,k,l <r=n+m)

[6@‘, eklﬂ = §ip eq — (_1)[deg(i)+deg(j)][deg(k)-l-deg(l)] Sit ek,
where deg(i) =0fori=1,...,nand deg(i) =1fori=n+1,...,n+m. A
basis of the Cartan subalgebra is provided by the generators (e11,...,ep).

A highest weight finite dimensional irreducible representation 7 of gl(n|m)
is determined by the components mi,..., m,. of the highest weight A in
the basis dual to the basis (e11,..., e ), such that m; — m;1, € Z for
i=1,...,7 and ¢ # n.



Lie Superalgebras 203

Property
The representation 7(miy, ..., my) of gl(n|m) is typical if and only if the
numbers

i = (~1)%50m;, + |0 — i + 1 - deg(i)  (i=1,...,r)

are all different.

Property
The representation m(mi,, ..., m,,) of gl(n|m) is essentially typical if and
only if

lir & {ln+177a, ln+1,r +1, ln+1,r +2,..., lrr} (Z =1,... ,T‘)

Property
A Gelfand—Zetlin basis of the essentially typical gl(n|m) representation
w(miy,...,my) can be chosen as follows (with r = n 4+ m):
mi M2 ... Mp_1p Mpp
mir—1 M2p—1 --- Mp—1r-1
(m) =
mi2  Mma2
mi1

where the numbers m;; are constrained by the following conditions:

mjr —mjr—1 € {0,1}

Mk — Mjt1k € Z+

M j+1 — Mij € Ly

mij — Miy1,j+1 € Ly

withl <i<j<r—land1<k<r-—1.
The gl(n)-generators e;; (1 < i < n) are diagonal in the Gelfand—Zetlin
basis:
eil(m)) = (mji —mj;1)|(m))
Jj<i

while the gl(n)-generators e; ;1 and e;11; act as raising and lowering oper-
ators respectively:

eii+1|(m)) = Za;; |mj; — my; + 1)
Jj<t
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where

and

71
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eit1,il(m)) = Zaj_i [mji — mji — 1)

7<i
i1 i—1 1/2
H(lk,i+1 — ;i) H(lk,ifl — 1l — 1)
k=1 k=1
IT i—t) =1 =1)
k=1,k#j
it 1 i1 11/2
H(lk,i—H —lji+1) H(lk,i—l — i)
k=1 k=1
T ki =L+ 1) (ki — 1)
k=1,k4j i

the coefficients I;; being given by I;; = (—1)%80m,; + |n —i| + 1 — deg(i)
forany 1<:<j5<r.

Gelfand—Zetlin basis for gi(n|1) Lie superalgebras

Property

Every finite dimensional typical representation of gl(n|l) is essentially
typical. More precisely, any finite dimensional typical representation of
gl(n|1) decomposes as a direct sum of gl(n) representations with multi-
plicity one. It follows that any finite dimensional typical representation
of gl(n|1) admits a Gelfand—Zetlin basis.

The vectors of the Gelfand—Zetlin basis are obtained from the expression
given for gl(n|m) with m = 1. The action of the even generators of gl(n|1)
is determined by the above equations while the action of the odd generators

is given by

enns1(m)) =Y al, [mjn = mjn + 1)
i<n

entinl(m)) = a,, Imjn — mjn — 1)
i<n
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where
[ n-1 11/2
S | L=
+0kn -
al = (-1 | A
H (lk,nJrl - lj,n+1)
| k=1.k#j i
and
n—1 1/2
izl H(lkz,nfl - l]n)
. 5 (1465.) ]
a’jn = (1 - ej )(_1)k:1 Jn+1 — ln+1,n+1)

— |

(k1 = Limt1)
—

For more details on the Gelfand—Zetlin basis for Lie superalgebras, see refs.
[70, 71] and references therein.

2.22 Grassmann algebras

Definition

The real (resp. complex) Grassmann algebra I'(n) of order n is the algebra
over R (resp. C) generated from the unit element 1 and the n quantities 6;
(called Grassmann variables) which satisfy the anticommutation relations

{ai,oj} —0

This algebra has 2" generators 1, 0;, 0,0;, 0,0;0, ..., 01...0,.

Putting deg 0; = 1, the algebra I'(n) acquires the structure of a superalgebra:
I'(n) =T(n)g@®T'(n)7, where I'(n)g is generated by the monomials in ; with
an even number of 0; (even generators) and I'(n); by the monomials in 6; with
an odd number of 6; (odd generators). Since dimT'(n)5 = dimT'(n); = 2" 1,
the superalgebra I'(n) is supersymmetric. The Grassmann superalgebra is
associative and commutative (in the sense of the superbracket).

It is possible to define the complex conjugation on the Grassmann variables.
However, there are two possibilities for doing so. If ¢ is a complex number
and c* its complex conjugate, 0;,6; being Grassmann variables, the star
operation, denoted by *, is defined by
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and the superstar operation, denoted by #, is defined by

(0)F =0, 6FF =—6,,  (0.0,)* = oFo*

7

Let us mention that the derivation superalgebra (— 2.13) DerI'(n) of I'(n)
is the Cartan type (— 2.4) simple Lie superalgebra W (n).

2.23 Killing form

Definition

Let G be a Lie superalgebra. One defines the bilinear form B, associated
to a representation m of G as a bilinear form from G x G into the field of
real numbers R such that

B:(X,Y) =str(n(X)n(Y)), VX, Yeg

m(X) are the matrices of the generators X € G in the representation =
and str denotes the supertrace (— 2.57).

If {X;} is the basis of generators of G (i = 1,...,dimG), one has therefore
Br(Xi,Yj) = str(n(Xi) m(Y})) = g7

Definition
A bilinear form B on G = G5 @ Gy is called
— consistent if B(X,Y) =0 for all X € Gy and all Y € G.
— supersymmetric if B(X,Y) = (—1)d8X-dee¥Y B(y| X)), for all X,V € G.
— invariant if B([X,Y], Z) = B(X,[Y, Z]), for all X,Y, Z € G.

Property
An invariant form on a simple Lie superalgebra G is either non-degenerate

(that is its kernel is zero) or identically zero, and two invariant forms on
G are proportional.

Definition
A Dbilinear form on G is called an inner product on G if it is consistent,
supersymmetric and invariant.

Definition
The bilinear form associated to the adjoint representation of G is called
the Killing form on G and is denoted K (X,Y):

K(X,Y) =str(ad(X) ad(Y)), VX,Yeg
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)

k
We recall that ad(X)Z = [X, Z] and (ad(Xi)) = —C,;" where C;;* are

the structure constants for the basis {X;} of generators of G. We can there-
fore write

K(Xi, X)) = (<)% C,,"C," = gy

nj

Property
The Killing form K of a Lie superalgebra G is consistent, supersymmetric

and invariant (in other words, it is an inner product).

Property
The Killing form K of a Lie superalgebra G satisfies

K(o(X),¢(Y)) = K(X,Y)

for all ¢ € Aut(G) and X,Y € G.

The following theorems give the fundamental results concerning the Killing
form of the (simple) Lie superalgebras:

Theorem

1. A Lie superalgebra G with a non-degenerate Killing form is a di-
rect sum of simple Lie superalgebras each having a non-degenerate
Killing form.

2. A simple finite dimensional Lie superalgebra G with a non-dege-
nerate Killing form is of the type A(m,n) where m # n, B(m,n),
C(n+1), D(m,n) where m #n + 1, F(4) or G(3).

3. A simple finite dimensional Lie superalgebra G with a zero Killing
form is of the type A(n,n), D(n+ 1,n), D(2,1;a), P(n) or Q(n).

For more details, see refs. [47, 48].

2.24 Lie superalgebra, subalgebra, ideal

Definition
A Lie superalgebra G over a field K of characteristic zero (usually K = R
or C) is a Zs-graded algebra, that is a vector space, direct sum of two
vector spaces Gy and Gy, in which a product [, | is defined as follows:



208 Lie Superalgebras

e 7s-gradation:
[[gi,gjﬂ C Giyj (4,7 € Z/27)
e graded-antisymmetry:
|:|:Xi,Xj]:| — (—1)degXideg X; |:|:Xj,Xi]:|
where deg X; is the degree of the vector space. Gj is called the even

space and Gy the odd space. If deg X;. deg X; = 0, the bracket [, |
defines the usual commutator, otherwise it is an anticommutator.

e generalized Jacobi identity:

(_1)degXi.deng |:|:X“ |:|:X],Xk:|:|:|:| 4 (_l)deng-degXi |:|:X]’ |:|:Xk7X7,:|:|:|:|

Hetpee e [, [, ] =0

Notice that Gj is a Lie algebra — called the even or bosonic part of G — while
G7 — called the odd or fermionic part of G — is not an algebra.

An associative superalgebra G = G5 ® Gy over the field K acquires the struc-
ture of a Lie superalgebra by taking for the product [, ] the Lie superbracket
or supercommutator (also called generalized or graded commutator)

[[X, Yﬂ — XY — (—1)degXdegVy x
for two elements X,Y € G.

Definition

Let G = Gy® Gy be a Lie superalgebra. G is a Z-graded Lie superalgebra if
it can be written as a direct sum of finite dimensional Zy-graded subspaces
G; such that

g = @ Gi where [[Qi, Qjﬂ C Gitj
i€Z
The Z-gradation is said to be consistent with the Zy-gradation if

Go= Gai and  Gr=) Gaipl

1E€EZ 1€Z
It follows that Gg is a Lie subalgebra and that each G; (i # 0) is a
Go-module.
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Definition
A Z-graded Lie superalgebra G = & G; is called transitive if for a € G;>¢
1EZ -
Ha,g,lﬂ =0 = a=0
Definition

Let G = G5 ® G be a Lie superalgebra.

— A subalgebra K = K5® K7 of G is a subset of elements of G which forms

a vector subspace of G that is closed with respect to the Lie product of
G such that K C G5 and Ky C G7. A subalgebra K of G such that K # G
is called a proper subalgebra of G.

~ An ideal T of G is a subalgebra of G such that [g,z]] C 7, that is

XegYel = [[Xyﬂ €T

An ideal Z of G such that Z # G is called a proper ideal of G.

Property
Let G be a Lie superalgebra and Z, 7’ two ideals of G. Then HI, I’ﬂ is
an ideal of G.

2.25 Matrix realizations of the classical Lie super-
algebras

The classical Lie superalgebras can be described as matrix superalgebras as
follows. Consider the Zs-graded vector space V = Vy @ V; with dim V; = m

and dim V; = n. Then the algebra EndV acquires naturally a superalgebra
structure by

EndV = EndgV & Endp) where  End;V = {6 € End V| 6(;) € Viy, }

The Lie superalgebra gl(m|n) is defined as the superalgebra End V supplied
with the Lie superbracket (— 2.24). gl(m|n) is spanned by matrices of the

form
A B
u=(¢»)

where A and D are gl(m) and gl(n) matrices, B and C' are m X n and n x m
rectangular matrices.

One defines on gl(m|n) the supertrace function denoted by str:

str(M) = tr(A) — tr(D)
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The unitary superalgebra A(m — 1,n — 1) = sl(m|n) is defined as the
superalgebra of matrices M € gl(m|n) satisfying the supertrace condition
str(M) = 0. In the case m = n, sl(n|n) contains a one-dimensional ideal Z
generated by I, and one sets A(n — 1,n — 1) = sl(n|n)/Z = psl(n|n).

The orthosymplectic superalgebra osp(m|2n) is defined as the superalgebra
of matrices M € gl(m|n) satisfying the conditions

At =—A, D!'G = -GD, B = C'G

where ! denotes the usual sign of transposition and the matrix G is given by

0o I,
S EA
The strange superalgebra P(n) is defined as the superalgebra of matrices
M € gl(n|n) satisfying the conditions

A'=-D, B'=B, Cct'=-C, tr(A) =0

The strange superalgebra @(n) is defined as the superalgebra of matrices
M € gl(n|n) satisfying the conditions

A=D, B=C, t(B)=0

The superalgebra @(n) has a one-dimensional center Z. The simple super-
algebra Q(n) is given by Q(n) = Q(n)/Z.

— 2.27 Orthosymplectic superalgebras, 2.48-2.49 Strange superalgebras,
2.61 Unitary superalgebras.

For more details, see refs. [48, 75].

2.26 Nilpotent and solvable Lie superalgebras

Definition
Let G = G5 @ G; be a Lie superalgebra. G is said to be nilpotent if,
considering the series

[o.6] =g, [o.cu]=g®, ..., [o.g¢ ] =gt

then there exists an integer n such that GI" = {0}.
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Definition
g is said to be solvable if, considering the series
Hg’gﬂ =g Hg(l),g(l)]] =¢® ... Hg(i—l),g(i—l)ﬂ =g

then there exists an integer n such that G") = {0}.

Theorem
|| The Lie superalgebra G is solvable if and only if Gj is solvable.

Property
Let G = G5 ® G7 be a solvable Lie superalgebra. Then the irreducible

representations of G are one-dimensional if and only if {QT, QT} C [ga, ga}

(let us recall that in the case of a solvable Lie algebra, the irreducible finite
dimensional representations are one-dimensional).

Property
Let G = Gy ® Gy be a solvable Lie superalgebra and let V = V; @ V; be

the space of irreducible finite dimensional representations. Then either
dim Vj = dim V; and dimV = 2° with 1 < s < dim G, or dimV = 1.

2.27 Orthosymplectic superalgebras

The orthosymplectic superalgebras form three infinite families of basic Lie
superalgebras. The superalgebra B(m,n) or osp(2m + 1|2n) defined for
m > 0,n > 1 has as even part the Lie algebra so(2m + 1) & sp(2n) and as
odd part the (2m + 1,2n) representation of the even part; it has rank m +n
and dimension 2(m +n)? 4+ m + 3n. The superalgebra C(n -+ 1) or osp(2|2n)
where n > 1 has as even part the Lie algebra so(2) @ sp(2n) and the odd part
is twice the fundamental representation (2n) of sp(2n); it has rank n+1 and
dimension 2n2 + 5n + 1. The superalgebra D(m,n) or osp(2m|2n) defined
for m > 2,n > 1 has as even part the Lie algebra so(2m) @ sp(2n) and its
odd part is the (2m, 2n) representation of the even part; it has rank m +n
and dimension 2(m + n)? — m + n.

The root systems can be expressed in terms of the orthogonal vectors e1,
..., &m and d1, ..., 6, as follows.

— for B(m,n) with m # 0:
Ag={ eitej, e, +6,40;, £26 | and Ap={ e+, +9; |,
— for B(0,n):

Aaz{ + 6+, izéi} and AT:{ +§; }
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— for C(n+1):
Ag={ #6i+d;, £26 } and Ar={ £ex; ],
~ for D(m, n):
Aaz{ tete;, +6;+0;, j:25i} and AT:{ tei+4; }

The Dynkin diagrams (— 2.15) of the orthosymplectic superalgebras are of
the following types:

— for the superalgebra B(m,n)

2 2 2 2 2 1 2 2 2 2
1 2 2 2 2 2 2 2 2 2
K=1 K=0

1 1
1 2 2 2 2 2 2 2
1 1
1 2 2 2 2 2 2 2 2 2
K = K=0

\()1 \01
1 1

1 2 2 2 2 2 2 2
1 1
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In these diagrams, the labels are the Kac labels which give the decomposi-
tion of the highest root in terms of the simple roots. The small black dots
represent either white dots (associated to even roots) or grey dots (associ-
ated to odd roots of zero length), and K is the parity of the number of grey
dots. The Dynkin diagrams of the orthosymplectic Lie superalgebras up to
rank 4 are given in Table 3.61.

The superalgebras B(m,n) and D(m,n) are of type II while the super-
algebras C(n + 1) are of type I (— 2.8). Denoting by A the distinguished
Cartan subalgebra, the distinguished Z-gradation (— 2.8) of the type II
orthosymplectic superalgebras has the following structure:

G=G 200G 199G ®G1 D G2

where:
— for the superalgebras B(m,n) (with 1 <i<j<m,1<k<l<n)

Gh=H U {Eieiiqa Eiz—:“ E5k—5l}

g2 = {E5k+5la E25k} g72 = {E_(Sk_gl, E_Q(gk}
G1 = {EiEiJr&ka Eék} G 1= {Eigiﬂ;k, E,(gk}

— for the superalgebras D(m,n) (with 1 <i<j<m,1<k<l<n)

Go =H U {Ficixe;, Fs, 5}
g2 = {E§k+5la E25k} g—2 = {Eftgkf(;l, E725k}
G1 = {Eiéi+5k} g-1= {Eifi_(sk}

The orthosymplectic superalgebras osp(M|N) (with M = 2m or 2m + 1 and
N = 2n) can be generated as matrix superalgebras by taking a basis of (M +
N)? elementary matrices ey of order M + N satisfying (ers)xr = d15.07K
(I,J,K,L=1,...,M + N). One defines the following graded matrices

o I,
Gry= m if M =2m
0 0 I,
-1, O
o I, O
I, 0 O 0
G]J: 0 0 1 1fM:2m—|—1
0 ‘0 I,
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where I,, and T,, are the m x m and n x n identity matrices respectively.

Dividing the capital indices I, J, ... into small unprimed indices ¢, 7, ... run-
ning from 1 to M and small primed indices 4, 7/, ... running from M + 1 to
M + N, the generators of osp(M|N) are given by

Eij = Gikerj — Gjker
Ei’j' = Gilklekl‘]‘l —|— Gjlkleklil
Eij’ = E]’z = Gikek]‘/

Then the Ej;; (antisymmetric in the indices i, j) generate the so(M) part,
the E;; (symmetric in the indices 7/, j') generate the sp(IN) part and the
E;j transform as the (M, N) representation of osp(M|N). They satisfy the
following (super)commutation relations:

E;j, Ekl} =Gy + GuEj, — Gy Ej — G B
Eiljl’ Eklll] = _GjlklEilll —_ GilllEjlkl —_ GjlllEilkl —_ GilklEjlll
Eij,Ek’l’} =0

E;;, Ekl’} =GBy — GieEjp

Eij, Ekl’] = =G Eyj — Gy Egyr

{Eij’a Ekl’} = GiyEjy — G E;

In the case of the superalgebra osp(1|N), the commutation relations greatly
simplify. One obtains

[Ei’j/a Ek’l’] = —Gj/klEi/ll — Gi/l/Ej/k’ — Gj’l’E’i/k’ - Gi’k}’Ej’l’
[Ei’j’a Ek’] =—=GipEj — Gy By
{Ei’an’} = By

where E; denote the odd generators.

2.28 Oscillator realizations: Cartan type super-
algebras

Oscillator realizations of the Cartan type superalgebras can be obtained as
follows. Take a set of 2n fermionic oscillators a, and a;r with standard
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anticommutation relations

{a;,a;} = {aj,a;r} =0 and {aj,a;} = ;5
In the case of the W (n) superalgebra, one defines the following subspaces:
G 1= {a;O} and Go = {a;;ai:}
G = {afoaf;a;} io # i1

On-1= {a;;a;'; . ..aiila;} WWFEF ... F o1
the superalgebra W (n) is given by
n—1
w(n) =& G
i=—1
with Z-gradation [gi,gj} C Gitjr
In the case of S(n) and S(n), defining the following subspaces:
g_lz{ai_o} and Q'flz{(l—i-af...a:{)ai_o}
Go = {afa; — a;-t)a;o (i # 1), al‘-ga; (i1 # io)}
g1 = {aZ(afal_ — a;-;ai_o) (11 #1ig # 1),
af (a3 a3 —agay) (io # 1,2),
a;;ajlafo (ig #+i1 # Zo)}
Go = {a;’;az(ai"al_ — a;;ai_o) (t2 # 11 #ip # 1),
aj;af(a;az_ — al‘.;ai_o) (i1 #ig # 1,2),
afa;(ag'ag — a;;ai_o) (10 #1,2,3),

afatatan (s # i # i1 # o)}
the superalgebra S(n) is given by

n—2
Stn)=EPG:ieG6
1=0
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and the superalgebra S (n) by
» n—2
Sm) = Gied.,
=0

Finally, in the case of H(n) one defines the following subspaces:

_f - I (SR
g1 = {aio} Go = {aioai1 — ailaio}
N (T e e g
G1 = {a’ioaila’ig — @, ;,0; — ; G; 0, + G Qa0+ A apa; — aigailaio}

The superalgebra H(n) is given by

n—3
Hn)= P G

i=—1

For more details, see ref. [75].

2.29 Oscillator realizations: exceptional Lie super-
algebras

In terms of the 24 fermionic oscillators denoted by a, @ and 3 (— 1.60 for
the notations), but imposing now that

{a,a}={a, B} ={8,a} =0

and of six bosonic oscillators bj, b;, which commute with the operators a,
a and (B, we can write oscillator realizations of the exceptional Lie super-
algebras. See ref. [14] for more details.

Oscillator realization of F'(4)

With reference to the Dynkin diagram in the distinguished basis (— 2.18),
we can write the generators corresponding to the simple positive roots as

B = \/g( 1 b1+ a1234by)

By = ag) oy + fygy azy + B3 Ba+ b1 B
B3 = ay; agy + 5 P

Ey = afyaf, + 6] B
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The generators corresponding to the simple negative roots are obtained by
hermitian conjugation. The Cartan generators are

3/ + + + +
Hy = 35 (ajy3, 01234 — B Ba + b b1 + by bo)
Hy = ajjasi + agyass + afys, @131 + ag, asg

+85 B3 — B Ba — B b1 — B3 B2
Hy = a3 a0 +ag, a0+ B3 o — B3 B
Hy = afyous+afjau+ 67 B — B3 B
The remaining generators are obtained by the supercommutators of the sim-

ple generators. The Cartan generator of the s/(2) hidden by the fermionic
root ay is given by

K =} (2Hy — 3H, — 4H3 — 2Hy)

Note that we have made use of only 16 fermionic (o, ) and four bosonic
oscillators.

Oscillator realization of G(3)

With reference to the Dynkin diagram in the distinguished basis (— 2.19),
we can write the generators corresponding to the simple positive roots as

E1 = V2(Bf b + 1234 b + a1 b3)
By = af ax +a5 as + a5 of +afyof; + a5 agy +ajyy 0,
+81 Bo + B3 Ba+ B B2

B3 = af a3 + a3, af, + 85 B3

The generators corresponding to the simple negative roots are obtained by
hermitian conjugation. The Cartan generators are

H = 2 (ail_ al + 041534 1234 — /62_,64 + bi_ b1 + b;_ bo + b;_ bs + 1)
Hy = ai" a; — a%‘ as + 2 aé" as + 2041*'3 a3 + ag'4 asgy + ai*'234 1234
—285 B2 + B B3 — B Ba
Hs = af a1 —aj as + a3y a9 + agya + By B — By Bs
while the Cartan generator of the sl(2) hidden by the fermionic root oy is

given by
K = I (Hy — 2H> — 3H3)
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Oscillator realization of D(2,1;«)

With reference to the Dynkin diagram in the distinguished basis (— 2.20),
we can write the generators corresponding to the simple positive roots as

Ei=1b]boby Eo=-3(b3)* Ey=—3(b3)*

Note that we have made use only of the six bosonic oscillators. The gen-
erators corresponding to negative simple roots are obtained by hermitian
conjugation. Moreover as we have written the fermionic generator F; as a
trilinear in the bosonic operators, we cannot obtain the Cartan generators
FE1 by means of the usual anticommutator of E; with Fj, which, indeed,
would give for H; an expression as a quadrilinear in the bosonic oscillators.
So we define the following symmetric composition rule

bf bQ b3 <& b1 b;_ bél_ = 01 {b+,b1} [bg,b;] [bg,b;]

+ 02 {by, ba} [by, ba] [bs, by]
+ o3 {bg_a b3} [bi‘ra bl] [b27 b;_]
where [, ] and {, } are the usual commutator and anticommutator and o;

are three complex numbers satisfying the constraint, required by the Jacobi
identity,
o1+02+03=0

Choosing (o1,092,03) = (1 + a, —1, —a), we get
Hy = {(1+a)K + Hy + aHs}

where (5 = 2, 3)
Hj =3 [(67)% (6)") = 5 {b],b;}  and K =3{bf b1}
K is the Cartan generator of the sl(2) hidden by the fermionic root a;.

Notice that for &« = 1 (resp. o = —1) we get a new realization of D(2,1)
(resp. A(1,1)) in terms that are bilinear and trilinear in bosonic operators.

2.30 Oscillator realizations: orthosymplectic and
unitary series

Let us consider a set of 2n bosonic oscillators b;" and bj with commutation
relations:

-] o ma o],

177 177 177

and a set of 2m fermionic oscillators a; and a;“ with anticommutation rela-

tions:
- =\ _ [+ +1 _ - atl_5.
{ai,aj}—{ai,aj}—O and {ai,aj}—él]
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the two sets commuting each other:

bivay | = [b,a] = [bf,a; | = [bf,af] =0

In the case of B(m,n), one needs also a supplementary real fermionic oscil-
lator e such that e = 1 with (anti)commutation relations

{azi e} =0 and [bgt,e] =0

7

Oscillator realization of A(m —1,n —1)

Let
A={€i—€j, Ok — 01, € — O, _5i+5k}

be the root system of A(m — 1,n — 1) expressed in terms of the orthogonal
vectors €1,...,&n and d1,...,0,. An oscillator realization of the simple
generators in the distinguished basis is given by (where 1 < ¢ <m — 1 and
1<k<n-1)

R R 4+ -
Hj=a;a, ;11841 Eei—ei1r = 4} ;1 Eeipy—c, = a; 114,

Hyn = afyar, + b0, Eeps=aibi  Bse, =bia;

~

_ pt— o _ gt _ 1+ -
Hppyr = bk bk - bk+1bk+1 Eék—6k+1 = bk bk+1 E6k+1_5k = bk+1bk

By commutation relation, one finds the realization of the whole set of root
generators (1 <i,j <mand 1 < k,l <n):

Eei ey = aj_a-_ s Ess = bz_bl_ o B, = a;’_b; S O b;:ai_

Oscillator realization of B(m,n)

Let
A:{ te; e, dei, 20, 0y, £20r, +ei+ Oy, +0 }

be the root system of B(m,n) expressed in terms of the orthogonal vectors
€1,...,Em and d1,...,d,. An oscillator realization of the simple generators
in the distinguished basis is given by (where 1 <i<m—-land1 <k <n-1)

_ ot + g ot T
Hy, = bk bk - bk+1bk+1 Eék—6k+1 = bk bk+1 E‘Sk+1_6k = bk+1bk
_ - + - _ - R -

Hy, = brtbn +aja Es, <, = bﬁr% E. s, =ajb,
e ata— —at - ot ot
Hyii=aja; — Q10541 Eei—eiyy =0 a4 Eeiy—e; = a0,

Hyim =2ata, —1 Ef =ate EZ = ea,
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By commutation relation, one finds the realization of the whole set of root
generators (1 <i,j <mand 1 < k,l <n):

+ + +3+ —
Eisii&?]‘ =a; aj ; Eie,-iék =a; bk ; E&?i = CL;-FE ) E*Ei = eaq,
+,+ +1\2 -
Eis 45 = b b, Eios, = (b,)° E5, =bfe, E_5 =eb;

Oscillator realization of B(0,n)

The case B(0,n) requires special attention. The root system of B(0,n) can
be expressed in terms of the orthogonal vectors d1,...,d, and reduces to

A= { 4 5y 8y, 205, 61 }
An oscillator realization of the generators of B(0,n) can be obtained only

with the help of bosonic oscillators. It is given for the simple generators by
(where 1 <k <mn-—1)

_ ot + - _ ot 1t -
Hy, = bk bk - bk-i—lbk-i-l Eérék“ = bk bk+1 E5k+rék = bk+1bk
H, =0b'b, + % Es, = % bt E_ s = % b,

By commutation relation, one finds the realization of the whole set of root
generators (1 < k,l < n):

Exsts = bfbli o Paos, = (bf)2 y  BEig = % bki
Oscillator realization of C(n + 1)
Let

Az{ 4 8y £ 8y, £26), +e + by }

be the root system of C'(n + 1) expressed in terms of the orthogonal vec-
tors €,01,...,0,. An oscillator realization of the simple generators in the
distinguished basis is given by (where 2 < k < n)

H = afaf + bfbf E._5 = afbf Es _.= bfaf
Hy, = beE - b/c++1b1;+1 E5k—5k+1 = be;ZH E5k+1—5k = bk++1blz

Hy1 = —=btb, —1/2 Ess, = %(brf)2 E_ 55, = %(55)2

By commutation relation, one finds the realization of the whole set of root
generators (1 < k,l < n):

gt 142 gt ot -
Eis 45, = b b, Eigs, =5(b,)°, FEexs, =alb , E_.is5 =bla;
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Oscillator realization of D(m,n)

Let
A:{ te; ke, £0 £ 8, £205, j:aijzék}

be the root system of D(m,n) expressed in terms of the orthogonal vectors
€1,.--,Em and d1,...,d,. An oscillator realization of the simple generators
in the distinguished basis is given by (where 1 <i<m—-land1 <k <n-1)

Hy, = b+b7 bk+1blz+1 E5k—5k+1 by b/;.|_1 E5k+1—5k = bz+1blz
H, =blb, +aja; Es,—, =blay E. s, =alb,
Hpyi = ajai - a:rﬂaill Eei—eivn = aja;rl Beipr-e; = aala;
Hyim=a' _ja- | +ata, —1
Esm—l‘i‘am = a;_la;% Ecperiy = G0y,

By commutation relation, one finds the realization of the whole set of root
generators (1 <i,7 <mand 1 <k,l <n):

N F_— 412
v Eicas, =a;by, Eisoa5 =b b, FEios = (b))

For more details, see ref. [5]. In ref. [5] oscillator realizations were used to
analyze supersymmetric structure in the spectra of complex nuclei; the first
reference to this interesting approach is [43].

2.31 Oscillator realizations: strange series

Let us consider a set of 2n bosonic oscillators b;” and bj with commutation
relations:
bty | = bt =0 and [b7,br | =4

1777 177 ]

and a set of 2n fermionic oscillators a; and a;L with anticommutation rela-

tions:
{ai_,aj_} = {aj', j‘} =0 and {aZ 0 } = 0;j

the two sets commuting each other:

== == 0t = bt o=1 = [p+ oF| =
o] = i) = i = o] =
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Oscillator realization of P(n)

An oscillator realization of the generators of P(n) is obtained as follows:

— the generators of the even sl(n) part are given by

Hi=afa; —aja; +b/b7 —bf b7, with 1<i<n-1
E =afa; +b/b; with 1<i<j<n

— the generators of the odd symmetric part Gg of P(n) by

F;j”:bja;-"—i-bja;" with 1<i#j<n
Ff=bb with 1<i<n

— the generators of the odd antisymmetric part G4 of P(n) by
Fl; :b;a;—i—b;a; with 1<i#j5<n

Oscillator realization of Q)(n)

An oscillator realization of the generators of @Q(n) is obtained as follows:

— the generators of the even sl(n) part are given by

- - Yot
Hi=a;a; —a; 0, ,+bb, —b b,

E;; = a;“a; + b;“b;
— the generator of the U(1) part by
Z = ia?a; + bjb;
=1
— the generators of the odd sl(n) part by
Ki=alb; —af by +bla; —bf a0,

b 4 bta
Fij =a; bj +b; a;

For more details, see ref. [24].
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2.32 Real forms

Definition

Let G be a classical Lie superalgebra over C. A semi-morphism ¢ of G is
a semi-linear transformation of G which preserves the gradation, that is
such that

$p(aX + BY) = a”¢(X) + f7¢(Y)
[6(X), 6(Y)] = o([X, YT)

for all X,Y € G and «, 8 € C (a* denotes the complex conjugate of «).

If ¢ is an involutive semi-morphism of G, the superalgebra G? = {X +
#(X) | X € G} is a real classical Lie superalgebra. Moreover, two involutive
semi-morphisms ¢ and ¢ of G being given, the real forms G¢ and G¢ are
isomorphic if and only if ¢ and ¢’ are conjugate by an automorphism (—

2.1) of G.

It follows that the real classical Lie superalgebras are either the complex clas-
sical Lie superalgebras regarded as real superalgebras or the real forms ob-
tained as subsuperalgebras of fixed points of the involutive semi-morphisms
of a complex classical Lie superalgebra. The real forms of a complex classical
Lie superalgebra G are thus classified by the involutive semi-morphisms of
G in the automorphism group of G. One can prove that the real forms of
the complex classical Lie superalgebras are uniquely determined by the real

forms gg of the even part Gz of G. These are displayed in Table 3.75.
The integers m, n have to be even for sl(m|n, H), psl(n|n,H) and HQ(n). We

recall that su*(2n) is the set of 2n x 2n matrices of the form _);f* ;;Tfk )
n n

such that X,,,Y,, are matrices of order n and and tr(X,) + tr(X}) = 0 and

50*(2n) is the set of 2n x 2n matrices of the form ( _)gf* ;?i ) such that

X, and Y,, are antisymmetric and hermitian complex matrices of order n
respectively.

For more details, see refs. [47, 72].

2.33 Representations: basic definitions

Definition
Let G = G5 @ G be a classical Lie superalgebra. Let V = V5@ Vy be a
Zo-graded vector space and consider the superalgebra End V = EndjV ©
End;V of endomorphisms of V.
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A linear representation w of G is a homomorphism of G into End V, that
is, [, ] denoting the superbracket,

m(aX +B8Y) =an(X)+ Br(Y)

m([X,Y]) = [=(X), 7(Y)]
m(Gy) C EndgV and w(G7) C EndpV

forall X,Y € G and o, € C.

The vector space V is the representation space. The vector space V has the
structure of a G-module by X () = 7(X)¢ for X € G and 7 € V.

The dimension (resp. superdimension) of the representation 7 is the dimen-
sion (resp. graded dimension) of the vector space V:

dim 7 = dim Vj 4 dim V;
sdim 7 = dim V5 — dim Vg

Definition
The representation 7 is said to be

— faithful if 7(X) # 0 for all X € G.
— trivial if 7(X) =0 for all X € G.

Every classical Lie superalgebra has a finite dimensional faithful representa-
tion. In particular, the representation ad : G — End G (G being considered
as a Zg-graded vector space) such that ad(X)Y = [X, Y] is called the adjoint
representation of G.

2.34 Representations: exceptional superalgebras

Representations of F(4)

A highest weight irreducible representation of F'(4) is characterized by its
Dynkin labels (— 2.35) drawn on the distinguished Dynkin diagram:

aq as as a4

R—CO==0—"0

where ao, a3, a4 are positive or null integers.

For the so(7) part, ag is the shorter root. The si(2) representation label is
hidden by the odd root and its value is given by b = %(2{11 —3ag —4a3 —2ay).
Since b has to be a non-negative integer, this relation implies a; to be a
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positive integer or half-integer. Finally, a F'(4) representation with b < 4
has to satisfy a consistency condition, that is

b=0 ait=as=az3=a4 =0
b=1 not possible
b=2 as=a4 =0
b=3 as = 2a4 + 1

The eight atypicality conditions for the F'(4) representations are the follow-
ing:

a1 =0 or b=0

ap =as+1 or b=%(2—a2—4a3—2a4)

a1 = as + 2a3+3 or b=%(6—a2—2a4)

a] =as + 2a3 + 2a4 +5 or bzé(lO—a2+2a4)

a] = 2as + 2a3 + 4 or b:%(8+a2—2a4)

a1 = 2as + 2a3 + 2a4 + 6 or b:%(12+a2+2a4)

a1 = 2as + 4as + 2a4 + 8 or b:%(16+a2+4a3+2a4)
a1 = 3as + 4as +2a4 + 9 or b:%(18+3a2+4a3+2a4)

Moreover, a necessary (but not sufficient) condition for a representation to
be typical is that b > 4.

The dimension of a typical representation with highest weight A = (a1, ag,
as,a4) is given by

dimV(A) = %(a2 +1)(as + 1)(as + 1)(as + as + 2)(ag + aa + 2)

(ag + 2a3 + 3)((12 + a3z +aq + 3)((12 + 2a3 + 2a4 + 5)
(ag + 2a3 + a4 + 4)(2@1 — 3as — 4a3z — 2a4 — 9)

Moreover, the reader will find in Table 3.73 dimensions of representations
for the exceptional Lie superalgebra F'(4). See page 364 for explanations.

For more details, see refs. [50, 84].

Representations of G(3)

A highest weight irreducible representation of G(3) is characterized by its
Dynkin labels (— 2.35) drawn on the distinguished Dynkin diagram:
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ai az as

R—C==0

where a9, a3 are positive or null integers.

For the G(2) part, ag is the shorter root. The si(2) representation label is
hidden by the odd root and its value is given by b = (a1 — 2as — 3as).
Since b has to be a non-negative integer, this relation 1mphes a1 to be a
positive integer. Finally, a G(3) representation with b < 3 has to satisfy a
consistency condition, that is

b=0 ap=az =a3 =0
b=1 not possible
b=2 as =20

The six atypicality conditions for the G(3) representations are the following:

a1 =0 or b=20

a1 =as+1 or b:%(l—ag—?)ag)
a; = as + 3az + 4 or b=1(4—a)

a1 = 3as + 3a3 + 6 or b= %(6—1-0,2)

a1 = 3as + 6az + 9 or b= %(4+a2+3a3)
a1 = 4ay + 6a3 + 10 or b= 1(10 + 2as + 3a3)

Let us remark that the first condition corresponds to the trivial representa-
tion and the second one is never satisfied.

Moreover, a necessary (but not sufficient) condition for a representation to
be typical is that b > 3.

The dimension of a typical representation with highest weight A= (a1, a2, a3)

is given by

8
dimV(A) = B — (a2 + 1)(as + 1)(a2 + a3 + 2)(a2 + 3az + 4)

(a2 + 2a3 + 3)(2a2 + 3a3 + 5)(a1 — 2a2 — 3ag — 5)

Moreover, the reader will find in Table 3.74 dimensions of representations
for the exceptional Lie superalgebra G(3). See page 364 for explanations.

For more details, see refs. [50, 85].
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Representations of D(2,1;«a)

A highest weight irreducible representation of D(2, 1;«) is characterized by
its Dynkin labels (— 2.35) drawn on the distinguished Dynkin diagram:

az a as

where as, ag are positive or null integers.

The sl(2) representation label is hidden by the odd root and its value is
given by b = H%(Qal — ag — aag), which has to be a non-negative integer.
Finally, a D(2,1;«) representation with b < 2 has to satisfy a consistency
condition, that is

b=0 ay=az=a3=0
b=1 alaz+1) = £(ag +1)

The four atypicality conditions for the D(2,1;«a) representations are the
following;:

a1 =0 or b=0

a1 =as+1 or b:p%a(Z—i-Qag—aag)

a1 = alaz +1) or b= H%Qa—ag—aag)

a1 =ay+oaz+1+a or b:h%a(Z—i-Zoz—}—ag—{—aag)

The dimension of a typical representation with highest weight A= (a1, a2, a3)
is given by
16

dimV(A) = =

(a2 +1)(a3 + 1)(2a1 — a2 —aag — 1 — a)
For more details, see refs. [50, 91].

2.35 Representations: highest weight representa-
tions

Let G = G5 Gy be a basic Lie superalgebra with Cartan subalgebra H and H*
be the dual of . We assume that G # A(n,n) but the following results still
hold for sl(n+1|n+1). Let G = NT®HGN~ be a Borel decomposition (—
2.45) of G where Nt (resp. N ™) is spanned by the positive (resp. negative)
root generators of G (— 2.45).
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Definition

A representation m : G — End )V with representation space V is called a
highest weight representation with highest weight A € H* if there exists
a non-zero vector U4 € Y such that

NToy =0
h(a) = A(R)vn  (h€H)

The G-module V is called a highest weight module, denoted by V(A), and
the vector U5 € V a highest weight vector.

From now on, H is the distinguished Cartan subalgebra (— 2.3) of G with
basis of generators (Hq, ..., H,) where r = rank G and H, denotes the Cartan
generator associated to the odd simple root. The Dynkin labels are defined
by

Aoy

Q; - Oy

a; =2 for i £ s and as = A - ag

A weight A € H* is called a dominant weight if a; > 0 for all ¢ # s, integral
if a; € Z for all i # s, and integral dominant if a; € N for all ¢ # s.

Property
A necessary condition for the highest weight representation of G with

highest weight A to be finite dimensional is that A be an integral dominant
weight.

Following V.G. Kac (see ref. [50]), one defines the Kac’s module:

Definition

Let G be a basic Lie superalgebra with the distinguished Z-gradation
G = ®iczGi (— 2.8). Let A € H* be an integral dominant weight and
Vo(A) be the Gp-module with highest weight A € H*. Consider the G-
subalgebra K = Gy & N'* where N'* = @®,~0G;. The Go-module Vy(A) is
extended to a K-module by setting N'*Vy(A) = 0. The Kac module V(A)
is defined as follows:

1. if the superalgebra G is of type I (the odd part is the direct sum of
two irreducible representations of the even part), the Kac module
is the induced module (— 2.36)

V(A) = Ind{ Vo(A)
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2. if the superalgebra G is of type II (the odd part is an irreducible rep-
resentation of the even part), the induced module Ind,gC Vo(A) con-
tains a submodule M(A) = U(Q)QEZIVO(A) where 1) is the longest
simple root of Gy which is hidden behind the odd simple root (that
is the longest simple root of sp(2n) in the case of osp(m|2n) and
the simple root of sl(2) in the case of F(4), G(3) and D(2,1;«))
and b = 2A -9 /1 - ¢ is the component of A with respect to ¢ (—
2.34 and 2.37 for explicit expressions of b). The Kac module is then
defined as the quotient of the induced module Ind% Vo(A) by the
submodule M(A):

V(A) = Indf Vo(A)/U(G)GZVo(A)

In the case where the Kac module is not simple, it contains a maximal
submodule Z(A) and the quotient module V(A) = V(A)/Z(A) is a simple

module.

The fundamental result concerning the representations of basic Lie super-
algebras is the following:

Theorem
e Any finite dimensional irreducible representation of G is of the form
V(A) = V(A)/Z(A) where A is an integral dominant weight.

e Any finite dimensional simple G-module is uniquely characterized
by its integral dominant weight A: two G-modules V(A) and V(A')
are isomorphic if and only if A = A’.

e The finite dimensional simple G-module V(A) = V(A)/Z(A) has the

weight decomposition

V) =@V, with W={ieV ‘ h(#) = A(h)7, h € H}
A<A

2.36 Representations: induced modules

The method of induced representations is an elegant and powerful way to
construct the highest weight representations (— 2.35) of the basic Lie super-
algebras. This section is quite formal compared to the rest of the text but
is fundamental for the representation theory of the Lie superalgebras.

Let G be a basic Lie superalgebra and IC be a subalgebra of G. Denote by
U(G) and U(K) the corresponding universal enveloping superalgebras (—
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2.62). From a K-module V (— 2.33), it is possible to construct a G-module
in the following way. The vector space V is naturally extended to a U(K)-
module. One considers the factor space U(G) @) V consisting of elements

of U(G) ® V such that the elements h ® ¥ and 1 ® h(¢) have been identified
for h € K and v € V. This space acquires the structure of a G-module by
setting g(u ® ¥) = gu ® v for u e U(G), g € G and v € V.

Definition
The G-module U(G) @y iy V is called the induced module from the K-
module V and denoted by Ind,gc V.

Theorem
Let K" and K" be subalgebras of G such that K" c K’ Cc G. If V is a
K"-module, then

Il'ld]gc, (Ind%/ V) = Ind%u 1%

Theorem
Let G be a basic Lie superalgebra, KC be a subalgebra of G such that G; C K
and V a K-module. If {f1,..., f4} denotes a basis of odd generators of
G/K, then

mdf v= & fi.. fiV

1<ir<...<ip<d

is a direct sum of subspaces and dim Ind,gc Y =2%dim V.

Example
Consider a basic Lie superalgebra G of type I (the odd part is the di-

rect sum of two irreducible representations of the even part, that is
G = sl(m|n) or osp(2|2n)) with Z-gradation G =G_1 ® Gy ® G (— 2.8).
Take for K the subalgebra Go®G1. Let Vy(A) be a Gp-module with highest
weight A, which is extended to a K-module by setting G1Vp(A) = 0. Since

{g_l, g_l} = 0, only the completely antisymmetric combinations of the
generators of G_; can apply on Vy(A). In other words, the G-module V(A)
is obtained by

V=/A\G-1) @V ~U(G_1) @V

where
dimG_1

NG = D A (G-1)

k=0

is the exterior algebra over G_1 of dimension 24 if d = dim G_1. It follows
that V(A) is built from Vy(A) by induction of the generators of G/K:
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V= u(g—l) ® Vo = U(Q) ®U(go®g1) Vo = Indgo®g1 Vo

Since dim A*(G_;) = (g), the dimension of V is given by

d

dimV(A) =) (Z) dim Vo(A) = 29 dim Vo(A)
k=0

while its superdimension (— 2.33) is identically zero

d
sdimV(A) =) (=1)* (Z) dim Vo(A) = 0

k=0

Let us stress that such a G-module is not always an irreducible one.

For more details, see refs. [49, 50, 93].
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2.37 Representations: orthosymplectic superalge-

bras

A highest weight irreducible representation of osp(M|N) is characterized by
its Dynkin labels (— 2.35) drawn on the distinguished Dynkin diagram. The

different diagrams are the following:
e osp(2m + 1|2n) with A = (a1,...,am+n)

ai an-1 (079 On+1  Am4n—1 Omin

e 0sp(2|2n) with A = (ai,...,an+1)

On+m
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The superalgebra osp(2|2n) is of type I, while the superalgebras osp(2m +
112n) and osp(2m|2n) are of type II: in the first case, the odd part is the
direct sum of two irreducible representations of the even part, in the second
case it is an irreducible representation of the even part. The numbers a; are
constrained to satisfy the following conditions:

ay, is integer or half-integer for osp(2m + 1|2n) and osp(2m|2n),

ap is an arbitrary complex number for osp(2|2n).
The coordinates of A in the root space characterize a so(M) @ sp(2n) rep-
resentation (M = 2m or M = 2m + 1). The so(M) representation can
be directly read on the Kac—Dynkin diagram, but the longest simple root
of sp(2n) is hidden behind the odd simple roots. From the knowledge of
(@ny- -y Qmin), it is possible to deduce the component b that A would have
with respect to the longest simple root:

in the osp(2m + 1|2n) case
b=ap—api1— ... — QGpin-1— %am—l—n
in the osp(2m|2n) case
b=an,—api1— ... — Gpin-2 — %(am—l—n—l + am+n)
The number b has to be a non-negative integer.

The highest weight of a finite representation of osp(M|2n) belongs therefore
to a so(M) @ sp(2n) representation and thus one must have the following
consistency conditions:

b>0
for osp(2m +1|2n), apipr1=-... = aptm =0 f b<m—1
for osp(2m|2n), apipr1=...=apym =0 if b<m —2

and apym-1 = apym if b=m —1

We give below the atypicality conditions of the representations for the super-
algebras of the orthosymplectic series. If at least one of these conditions is
satisfied, the representation is an atypical one. Otherwise, the representation
is typical, the dimension of which is given by the number dim V(A).

The reader will find in Part 3 tables of dimensions of representations for
the orthosymplectic superalgebras of small rank (see Tables 3.62-3.68). See
page 364 for explanations.

Lie superalgebras osp(2m + 1|2n)

The atypicality conditions are

n J
dag— Y ag+2n—i—j=0
q=1

q=n+1
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n m+n—1
Zaq— Zaq—2 Z g — Amin —2m—1+5+1=0
q=i g=n—+1 q=j+1

with 1<i<n<j<m+n-1

The dimensions of the typical representations are given by

an+1 Ant+m—1 An4m
i ( Q- O @O OO ) 2
n—1 b— m—% n+1 Ant+m—1 An4m
(OO ) x (OG0 )

that is
dimV(A) = 2@m+in

J J
dagtji—i+1 Yagtj—i+1

< 11 q:lj—i—i—l 11 q:Zj—z'—i—l

1gi§jgn71 n+1<i<j<nt+m-—1

n+m—1
(24—22 -2 Y Jag—Gpim+2n—2m—i—j+1

q=1 q=J g=n+1
X
H 2n—1—35+4+2

1<i<j<n
m—+n—1
Zaq+2 Z g+ Qmin +2m—i—j+1
| —
n+1<i<j<n+m 2m —1—J+l

Lie superalgebras osp(2|2n)
The atypicality conditions are

i
al—Zaq—i-i-l:O
n+1

a; — Zaq—Q Z ag—2n+:—-1=0

q=1+1

with 1<i<n

The dimensions of the typical representations are given by

i [ @ OO ) -2 ¢ am (OO )
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that is

j
Yagtj—i+l
dimVv(A) = 227 [ &

s<idjen ) TUT
j—1 n+l
D ag+2Y ag+2n—i—j+4
q=1 q=J
< ]I —
2<i<j<n+1 2n—i—j+4

Lie superalgebras osp(2m|2n)

The atypicality conditions are

n J
Zaq— Z ag+2n—1—353=0 with 1<i<n<j<m+n-1

q=n+1
m+n—2
Zaq— Z g — Qmyn+n—m—1+1=0 with 1<i<n
j q*n+1
m-+n—2
Zaq Z ag — 2 Z g — Qmin—1—Amin —2m—1+j+2=0
qg=n+1 q=j+1

Wlth 1<i<n<j<m+n-—2

The dimensions of the typical representations are given by

an an+1 Am4n—2 Antm—1
| O O—@—O -
Ant+m
An4+m—1
ai an-1 b—m Gn+41 Ani4m—2
< O OEQ ) * (O )
An+m
that is
dimV(A) = 2°™"
j . . j . .
>ag+tj—i+1 Y agtj—i+1

q=1 q=1
Sl it 1 11 it

1<i<j<n—1 n+1<i<j<ntm—1
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7—1 n+m—2
Z_aq-|—2 Z ag+ apym—1+ Gpym +2m+2n —i—j
v H q=i q=j

n+1<i<j<n+m—2

2m+2n—1— 3

n n+m—2

j—1
(Z+22_2 Z )aq_anerfl_an+m_2m+2n_7:_j+1

q=i q=j g=n+1
< 11

1<i<j<n

I —i—j+2

n+m—2
Y. ag+Gpngm+m—i

q=i
< 11

n+1<i<n4+m-—1

m—1

Lie superalgebras osp(1|2n)

The superalgebras osp(1]2n) carry the property of having only typical repre-
sentation (the Dynkin diagram of osp(1|2n) does not contain any grey dot).
One has

j—1 n—1
Yagt2) agtap+2n—j—i+2
dim V(A) = (SR
im V(A) H M —j— i+ 2
1<i<j<n
j—1 n—1
Yoag+j—i 2Y agtap+2n—-2i+1
q=1 q=1
X -
H j—1 H 2n —2i+1
1<i<j<n 1<i<n

Moreover, the representations of osp(1]2n) can be put in a one-to-one corre-
spondence with those of so(2n + 1) [77]. More precisely, one has

drn(QO#. ) :dim(g_f@%&g )

as well as
ai Qn—1 an 1 ai ap—2 an-1
stin ( O Cr@ ) = im (O
an—1-+
an+1

(let us recall that dimV = dim Vj+ dim V while sdim V = dim V; —dim V).
For more details, see refs. [40, 41, 50, 63, 77].
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2.38 Representations: reducibility

Definition

Let G be a classical Lie superalgebra. A representation 7 : G — EndV is
called irreducible if the G-module V has no G-submodules except trivial
ones. The G-module V is then called a simple module.

Otherwise the representation m is said to be reducible. In that case, one
has V = V' @ V", V" being a complementary subspace of V' in V and
the G-submodule V' is an invariant subspace under . If the subspace
V" is also an invariant subspace under , the representation  is said to
be completely reducible. The G-module V is then called a semi-simple
module.

A representation which is reducible but not completely reducible is called
indecomposable.

Definition

Two representations m and 7’ of G being given, with representation spaces
V and V', one defines the direct sum 7@ 7’ with representation space V®V'
and the direct (or tensor) product m® 7’ with representation space V@)V’
of the two representations. The action of the representations = @ «’ and

7 @ 7' on the corresponding representation spaces is given by, for X € G,
7€V and 0/ € V"

The representations m and 7’ of G being irreducible, the tensor product 7@’
is a representation which is in general reducible. Notice however that, con-
trary to the Lie algebra case, in the Lie superalgebra case the tensor product
of two irreducible representations is not necessarily completely reducible. In
fact, one has the following theorem:

Theorem (Djokovic—Hochschild)
The only Lie superalgebras for which all finite dimensional representa-

tions are completely reducible are the direct products of osp(1|2n) super-
algebras and semi-simple Lie algebras.

2.39 Representations: star and superstar repre-
sentations

The star and superstar representations of a classical Lie superalgebra are the
generalization of the hermitian representations of a simple Lie algebra. The
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importance of the hermitian representations for simple Lie algebras comes
from the fact that the finite dimensional representations of a compact simple
Lie algebra are equivalent to hermitian representations.

Let G = G;® G7 be a classical Lie superalgebra. One can define two different
adjoint operations as follows.

Definition
An adjoint operation in G, denoted by T, is a mapping from G into G such
that:

e XcG = Xteg fori=0,1,

o (aX +pY) =a*XT 4 p*YT,

. [X, YﬂT - HYT,XT]],

o (XN =X,
where X,Y € G, a, 8 € C and a*, §* are the complex conjugate of «, 3.
Definition
A superadjoint operation in G, denoted by 1, is a mapping from G into G
such that:

e XcG = Xteg fori=0,1,

o (aX +BY)t =a* Xt +pYH

o [[X, Yﬂi = (—1)deg X degY [[Yi,Xiﬂ,

o (X1)i = (-1ytee¥x,

where X,Y € G and o, 3 € C.
The definitions of the star and superstar representations follow immediately.

Definition
Let G be a classical Lie superalgebra and 7 a representation of G acting
in a Zo-graded vector space V. Then 7 is a star representation of G if
7(XT) = m(X)' and a superstar representation of G if 7(X*) = 7(X)* for
all X € G.

The following properties hold:
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Property
1. Any star representation 7 of G in a graded Hilbert space V is com-

pletely reducible.

2. Any superstar representation m of G in a graded Hilbert space V is
completely reducible.

3. The tensor product m ® 7’ of two star representations (resp. to
superstar representations) 7 and 7’ is a star representation (resp. a
superstar representation).

4. The tensor product ™ ® 7’ of two star representations m and 7’ is
completely reducible.

Let us emphasize that the last property does not hold for superstar rep-
resentations (that is the tensor product of two superstar representations
is in general not completely reducible).

The classes of star and superstar representations of the classical Lie super-
algebras are the following:

— the superalgebra A(m,n) has two classes of star representations and two
classes of superstar representations.

— the superalgebras B(m,n) and D(m,n) have two classes of superstar rep-
resentations.

— the superalgebra C(n + 1) has either two classes of star representations
and two classes of superstar representations, or one class of superstar rep-
resentations, depending on the definition of the adjoint operation in the Lie
algebra part.

— the superalgebras F'(4) and G(3) have two classes of superstar representa-
tions.

— the superalgebra P(n) has neither star nor superstar representations.

— the superalgebra Q(n) has two classes of star representations.

For more details, see ref. [65].

2.40 Representations: typicality and atypicality

Any representation of a basic Lie superalgebra G = G5 ® g7 can be decom-
posed into a direct sum of irreducible representations of the even subalgebra
Gg. The generators associated to the odd roots will transform a vector basis
belonging to a certain representation of Gy into a vector in another repre-
sentation of G; (or into the null vector), while the generators associated to
the even roots will operate inside an irreducible representation of Gj.
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The presence of odd roots will have another important consequence in the
representation theory of superalgebras. Indeed, one might find that in cer-
tain representations weight vectors, different from the highest one specifying
the representation, are annihilated by all the generators corresponding to
positive roots. Such vector have, of course, to be decoupled from the repre-
sentation. Representations of this kind are called atypical, while the other
irreducible representations not suffering this pathology are called typical.

More precisely, let G = Gz Gy be a basic Lie superalgebra with distinguished
Cartan subalgebra H. Let A € H* be an integral dominant weight. Denote
the root system of G by A = AzUA7. One defines Aj as the subset of roots

a € Ag such that o/2 ¢ A1 and At as the subset of roots a € At such that
2a ¢ Ay. Let py be the half-sum of the roots of Ag, Po the half-sum of the

roots of Zg, p1 the half-sum of the roots of A%, and p = pg — p1.

Definition
The representation m with highest weight A is called typical if

(A+p)-a#0 foraullaex%r

The highest weight A is then called typical.

If there exists some o € Zi_ such that (A 4 p) - @ = 0, the representation
7w and the hlghest weight A are called atypical. The number of distinct
elements a € A for which A is atypical is the degree of atyplcahty of
the representation 7. If there exists one and only one a € Al such that
(A + p) - a = 0, the representation 7 and the highest weight A are called
singly atypical.

Denoting as before V(A) the Kac module (— 2.35) corresponding to the
integral dominant weight A, one has the following theorem:

Theorem o
H The Kac module V(A) is a simple G-module if and only if the highest

weight A is typical.

Properties
1. All the finite dimensional representations of B(0,n) are typical.

2. All the finite dimensional representations of C'(n+1) are either typical
or singly atypical.

Let V be a typical finite dimensional representation of G. Then the dimension
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of V(A) is given by

dim V(A) = 2547 T (Atp)a
L. PO
a€AY

and

dimV5(A) —dim Vy(A) =0 if G # B(0,n)
(A+p) -

= if G=DB(0,n)
Po- &

dim V5(A) — dimVr(A) = ]

aely

The fundamental representations of the basic Lie superalgebras sl(m|n) and
osp(m|n) (of dimension m + n) are atypical ones as well as the adjoint
representations of the basic Lie superalgebras G # sl(n + 1|n), osp(2n +

112n), osp(2n|2n), osp(2n + 2|2n), osp(1|2n) (of dimension dimG) (since
dim Vj — dim V} # 0).

For more details, see refs. [49, 50].

2.41 Representations: unitary superalgebras

A highest weight irreducible representation of sl(m|n) is characterized by its
Dynkin labels (— 2.35) drawn on the distinguished Dynkin diagram. The
different diagrams are the following:

ai an—1 G, n+1  Am4n—1
The numbers a; are constrained: a; are non-negative integer for: =1,...,n—
1,n+1,...,m+n—1, and a, is an arbitrary real number.

For the atypical representations, the numbers a; have to satisfy one of the
following atypicality conditions (where 1 <i<n<j<m+n—1):

n—1 i
Zak— Zak+an+2n—i—j:0
k=1 k=n-+1

Otherwise, the representation under consideration is a typical one. Then its
dimension is given by

q=J o q=J o
>agti—i+l Y agtj—i+l1
q=1 q=1

dimV(A) =2 ]

1<i<j<n—1

I

joitl ni<i<j<min_1 J Tl
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The reader will find in Part 3 tables of dimensions of representations for the
unitary superalgebras of small rank (see Tables 3.69-3.72). See page 364 for
explanations.

For more details, see refs. [40, 42, 50].

2.42 Roots, root systems

Let G = G5 ® G7 be a classical Lie superalgebra of dimension n. Let H be a
Cartan subalgebra of G. The superalgebra G can be decomposed as follows:

G=EP G
where
Ga = {xeg‘ {h,x} = a(h)x, hE’H}

The set
A= {a eH*

ga;éo}

is by definition the root system of G. A root « is called even (resp. odd) if
Ga NGy # 0 (resp. Go NGy # 0). The set of even roots is denoted by Ay : it
is the root system of the even part G of G. The set of odd roots is denoted
by Ag : it is the weight system of the representation of G5 in G;. One has
A = Ag U A7. Notice that a root can be both even and odd (however this
only occurs in the case of the superalgebra Q(n)). The vector space spanned
by all the possible roots is called the root space. It is the dual H* of the
Cartan subalgebra H as vector space.

Except for A(1,1), P(n) and Q(n), using the invariant bilinear form defined
on the superalgebra G, one can define a bilinear form on the root space H*
by (o, a;) = (H;, H;) where the H; form a basis of # (— 2.2 and 2.23).
One has the following properties.

Properties
1. g(azo) = H except for Q(n).
2. dim G, = 1 when a # 0 except for A(1,1), P(2), P(3) and Q(n).
3. Except for A(1,1), P(n) and Q(n), one has

° Hga,ggﬂ #0if and only if o, B,a+ B € A

¢ (Go,Gg)=0fora+p3#0
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o if € A (resp. Ag, A7), then —a € A (resp. Ag, A7)
e acA=2acAifandonlyifa€e Ayand a-a#0
e Ay and Ay are invariant under the action of the Weyl group of G;

The roots of a basic Lie superalgebra do not satisfy many properties of the
roots of a simple Lie algebra. In particular, the bilinear form on H* has
in general pseudo-Euclidean signature (except in the case of B(0,n)). The
roots of a basic Lie superalgebra can be classified into three classes:

— roots « such that o - @ # 0 and 2« is not a root. Such roots will be called
even or bosonic roots.

— roots a such that a - a # 0 and 2« is still a root (of bosonic type). Such
roots will be called odd or fermionic roots of non-zero length.

— roots a such that o - @ = 0. Such roots will be called odd or fermionic
roots of zero length (or also isotropic odd roots).

The root systems of the basic Lie superalgebras are given in Table 2.5.

Table 2.5: Root systems of the basic Lie superalgebras.

superalgebra G even root system Ag odd root system Ag
Am—-1,n—1) g —¢€j, 0; —0; +(e; — 6;)
B(m,n) te; £, te;, £0; £, £26; te; £, +0;
B(0,n) +6; £ 65, £26; +4;
C(n+1) +6; £ 05, £26; +e 46
D(m,n) +e; £ej, +£6; £§;, £26; +e; £+ 0;
F(4) 46, +e; +¢j, e T(Ee1 £ ex kg +0)
G(3) +26, +e;, € — ¢ +0, de; 6
D(2,1;a) +2¢; te1 £eptes

For the superalgebras A(m — 1,n — 1), B(m,n), D(m,n), the indices i # j
run from 1 to m for the vectors € and from 1 to n for the vectors §. For the
superalgebras C(n + 1), the indices i # j run from 1 to n for the vectors §.
For the superalgebras F'(4), G(3), D(2,1;«), the indices ¢ # j run from 1 to
3 for the vectors e, with the condition €1 + €2 + 3 = 0 in the case of G(3)
(see Tables 3.52-3.60 for more details). For the superalgebras A(n,n), one
has to add the condition """ ;& =" | &.

— 2.2 Cartan matrix, 2.23 Killing form, 2.45 Simple root systems.

For more details, see refs. [47, 48].
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2.43 Schur’s Lemma

The Schur’s Lemma is of special importance. Let us stress however that in
the superalgebra case it takes a slightly different form than in the algebra
case [48].

Lemma
Let G = G5 ® Gy be a basic Lie superalgebra and m be an irreducible
representation of G in a complex linear vector space V. Let

C(m) = {¢:V—>V‘ [(x),6] =0, vx g}

where ¢ € End V. Then either

e C(m) is a multiple of the identity operator I.
or
e If dim G5 = dim Gy, C(m) = {]I, a} where ¢ is a non-singular operator

in G permuting G and Gj.

2.44 Serre—Chevalley basis

The Serre presentation of a Lie algebra consists in describing the algebra in
terms of simple generators and relations, the only parameters being the en-
tries of the Cartan matrix of the algebra. For the basic Lie superalgebras, the
presentation is quite similar to the Lie algebra case but with some subtleties.

Let G be a basic Lie superalgebra of rank r with Cartan subalgebra H =
{hl, ..., h.} and simple root system A = {a3,...,a,} and denote by eii
< r) the corresponding simple root generators. If 7 is a subset of

i
{ } the Zs-gradation is defined by deg 67*L =0ifi ¢ 7 and
+

dege =1 1f i € 7. The defining (super)commutation relations are
[hi,hj} —0 {hl,e]} +A;j et
[[ej,e;ﬂ = h; (5@' {eli, li} 0 if A;=0
and the Serre relations read as
£\1-4y &+
(ad e; ) Te; =0

where the matrix A = (Zij) is deduced from the Cartan matrix A = (4;;)
of G by replacing all its positive off-diagonal entries by —1. Here ad denotes
the adjoint action:

(ad X)Y = XY — (—1)desX-dee¥y x
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In the case of superalgebras however, the description given by these Serre
relations leads in general to a bigger superalgebra than the superalgebra un-
der consideration. It is necessary to write supplementary relations involving
more than two generators, in order to quotient the bigger superalgebra and
recover the original one. As one can imagine, these supplementary conditions
appear when one deals with odd roots of zero length (that is A;; = 0).

The supplementary conditions depend on the different kinds of vertices which
appear in the Dynkin diagrams. For the superalgebras A(m,n) withm,n > 1
and B(m,n), C(n+ 1), D(m,n), the vertices can be of the following type:

m—1 m m+1 m—1 m m 41
® X ° 0—®$:Q
type 1 type Ila
m
m—1 m m+1 m—1 @
o—®$:. m+ 1
type IIb type 111
m—1 m m+ 1 m—2 m-—1 m m+1
R—R=0 —O0—®=<0
type IV type V

where the small black dots represent either white dots associated to even
roots or grey dots associated to isotropic odd roots.

The supplementary conditions take the following form:

- for the type I, ITa and IIb vertices:
(adep,)(ad ey y) (ad ey e,y = (ad e) (ad ey )(ad e e, g =

m—1 "

- for the type III vertex:
(adeZ)(ad e, ek, — (ade, ) (aded)ek_, =

m—1 —

- for the type IV vertex:
(adey) ([(adef, ) (ad ey, (adef)ed 1]) =0

- for the type V vertex:

(adey,)(ad e, ) (ader,)(ad ey, ) (ad ep,)(ad ey )e 5 =0
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For A(m,n) with m = 0 or n = 0, F(4) and G(3), it is not necessary to
impose supplementary conditions.

For more details, see refs. [21, 53, 81, 101].

2.45 Simple root systems

Let G = G5 ® G7 be a basic Lie superalgebra with Cartan subalgebra H
and root system A = Ay U Aj. Then G admits a Borel decomposition G =

NTOHON ™ where N and N~ are subalgebras such that {H,N‘q CNT
and {’H,N‘_} C N~ with dim N = dim N ™.

Ifg=H @a G, is the root decomposition of G, a root « is called positive
if Go NN # (0 and negative if G, NN~ # 0. A root is called simple if it
cannot be decomposed into a sum of positive roots. The set of all simple
roots is called a simple root system of G and is denoted here by AY.

Let pg be the half-sum of the positive even roots, p; the half-sum of the
positive odd roots and p = pg — p1. Then one has for a simple root «;,
pray = %ai - ;. In particular, one has p-a; =0 if ; € A% with a; -a; = 0.

We will call B = H & Nt a Borel subalgebra of G. Notice that such a
Borel subalgebra is solvable but not maximal solvable. Indeed, adding to
such a Borel subalgebra B a negative simple isotropic root generator (that
is a generator associated to an odd root of zero length, — 2.42), the ob-
tained subalgebra is still solvable since the superalgebra sl(1]1) is solvable.
However, B contains a maximal solvable subalgebra B of the even part Gj.

In general, for a basic Lie superalgebra G, there are many inequivalent classes
of conjugacy of Borel subalgebras (while for the simple Lie algebras, all Borel
subalgebras are conjugate). To each class of conjugacy of Borel subalgebras
of G is associated a simple root system A?. Hence, contrary to the Lie algebra
case, to a given basic Lie superalgebra G will be associated in general many
inequivalent simple root systems, up to a transformation of the Weyl group
W (G) of G (under a transformation of W(G), a simple root system will be
transformed into an equivalent one with the same Dynkin diagram).

The generalization of the Weyl group (— 2.63) for a basic Lie superalgebra
G gives a method for constructing all the simple root systems of G and hence
all the inequivalent Dynkin diagrams (— 2.15) of G. A simple root system
A being given, from any root a € A such that (o, @) = 0, one constructs
the simple root system wa(AO) where w,, is the generalized Weyl reflection
with respect to a and one repeats the procedure on the obtained system
until no new basis arises.
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In the set of all inequivalent simple root systems of a basic Lie superalgebra,
there is one simple root system that plays a particular role: the distinguished
simple root system.

Definition

For each basic Lie superalgebra, there exists a particular simple root
system for which the number of odd roots is equal to one. It is constructed
as follows. Consider the distinguished Z-gradation of G (— 2.8): G =
@icz Gi- The even simple roots are given by the simple root system of
the Lie subalgebra Gy and the odd simple root is the lowest weight of the
representation Gj of Gg. Such a simple root system is called a distinguished
simple root system. Two different distinguished simple root systems are
related by means of Weyl reflections (— 1.93) with respect to the even
roots; hence all distinguished simple root systems are equivalent.

Table 2.6: Distinguished simple root systems of the basic Lie superalgebras.

superalgebra G distinguished simple root system A°
Am—1,n—1)| 81 —02,...,0n—-1 — Ony0n — €1,E1 — €2, -+ ,Em—1 — Em
B(m,n) 01 —02,...,0p—1 — O, 0y, — €1,
€1 — €2+ yEm—1 — Em,Em
B(0,n) 01 —d2,...,0p—1 — Opn, 0p,
C(n) €—201,00 —d2,...,0n-1 — 0,26,
D(m,n) 01— 02,...,0p_1— 0,0, — €1,
€1 — €2, yEm—-1—EmyEm—1 T Em
F(4) 3(6 —e1—ea —e3),83,60 — £3,61 — &2
G(3) 6 +es,61,82 — €1
D(2,1; ) €1 — €9 — €3, 2¢9, 2e3
Example

Consider the basic Lie superalgebra sl(2|1) with Cartan generators
H,Z and root generators E*, F*, F~. The root system is given by
A = {£(e1 — e2),x(e1 — §),£(e2 — §)}. Onme can find two inequiv-
alent Borel subalgebras, namely B’ = {H, Z, E*,F+,F_} and B" =
{H, Z, E+,F+,F+}, with positive root systems A’T = {e1 — €2,61 —
8,69 — 6} and A" = {e; — 9,61 — 8, —e2 + 8} respectively.
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The corresponding simple root systems are A’’ = {e1—€2,62 — 0} (called
distinguished simple root system) and A"’ = {e; — §, —e2 + 6} (called
fermionic simple root system). The fermionic simple root system A’ 0
is obtained from the distinguished one A’ 0 by the Weyl transformation
associated to the odd root eg —d: w.,_s5(e2—9) = —eo+ 6 and w.,_s5(e1 —
g9) = €1 — 0. O

Table 2.6 lists the distinguished simple root systems of the basic Lie super-
algebras in terms of the orthogonal vectors ¢; and §;. For more details,
see ref. [47]. See also Tables 3.52-3.60 for the corresponding distinguished
Dynkin diagrams and Table 3.61 for the list of Dynkin diagrams of the basic
Lie superalgebras of rank r < 4.

2.46 Simple and semi-simple Lie superalgebras

Definition
Let G = Gz® U7 be a non-Abelian Lie superalgebra. The Lie superalgebra
G is called simple if it does not contain any non-trivial ideal. The Lie
superalgebra G is called semi-simple if it does not contain any non-trivial
solvable ideal.

A necessary condition for a Lie superalgebra G = G5® Gy (with O1 # 0) to be
simple is that the representation of G5 on Gy is faithful and {QT, QT} = Gg.

If the representation of G on Gy is irreducible, then G is simple.

Recall that if A is a semi-simple Lie algebra, then it can be written as the
direct sum of simple Lie algebras A;: A = ®;.A4;. This is not the case for
superalgebras. However, the following properties hold.

Properties
1. If G is a Lie superalgebra and 7 is the maximal solvable ideal, then

the quotient G/Z is a semi-simple Lie superalgebra. However, unlike
the case of Lie algebras, one cannot write here G = G& T where G
is a direct sum of simple Lie superalgebras.

2. If G is a Lie superalgebra with a non-singular Killing form, then G is
a direct sum of simple Lie superalgebras with non-singular Killing
form.

3. If G is a Lie superalgebra, all of whose finite dimensional represen-
tations are completely reducible, then G is a direct sum of simple
Lie algebras and osp(1|n) simple superalgebras.
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4. Let G = G5 ® G7 be a Lie superalgebra such that its even part Gj is
a semi-simple Lie algebra. Then G is an elementary extension of a
direct sum of Lie algebras or one of the Lie superalgebras A(n,n),
B(m,n), D(m,n), D(2,1;«a), F(4), G(3), P(n), Q(n), Der Q(n) or
G(S1,...,Sr; L). (For the definition of G(Si,...,Sy; L), see ref.
7).

The elementary extension of a Lie superalgebra G = Gg ® Gy is

defined as G& 7 where 7 is an odd commutative ideal and {QT, A } =
0.

For more details, see refs. [47, 75].

2.47 Spinors (in the Lorentz group)

The algebra of the Lorentz group is o(1,3) whose generators M, = —M,,,
satisfy the commutation relations (u,v = 0,1, 2, 3)

[M;wa Mpa] = i(_gyaMup + gupMya + g;wMup - gupMya)

where the metric is g"* = 26"96"0 — §* = diag(1,—1,—1,—1) and g"°g,, =
5.

If we define J; = %ijMjk and K; = My;, we have
[Jz', J]} = i€k Jk [JiaKj} =ik Ki, [Ki,K]} = —i&ijk Ji

where 7,5,k = 1,2,3 and ¢;j;, is the completely antisymmetric rank three
tensor, €123 = 1.

Defining M; = % (Ji +iK;) and N; = % (J; —iK;), the Lorentz algebra can
be rewritten as:

[Mi,Mj} :isijk My, , [Nz;N]} :igijkaa |:M“N]i| =0

The finite dimensional irreducible representations of the Lorentz group are
labelled by a pair of integers or half-integers (m, n); the representation (m, n)
is of dimension (2m+1)(2n+1). These representations are non-unitary since
the generators M; and N; can be represented by finite dimensional hermi-

tian matrices, hence J; is hermitian (J;r = J;) while K; is antihermitian
(K: = —K;). Because of the relation J; = M; + Nj;, the combination m +n

is the spin of the representation. Representations with half-integer spin
(resp. integer spin) are called spinor (resp. tensor) representations. The
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two representations (1/2,0) and (0,1/2) are the fundamental spinor repre-
sentations: all the spinor and tensor representations of the Lorentz group
can be obtained by tensorization and symmetrization of these.

The o° being the Pauli matrices, one has in the representation (1/2,0)
Mi:%ai and N; =0 that is Ji:%Ui and Ki:—%ai
and in the representation (0,1/2)

M;=0 and N;=10¢' thatis Ji=10¢' and K;=30

The vectors of the representation spaces of the spinor representations are
called (Weyl) spinors under the Lorentz group. Define o# = (I,0") and
ot = (I, —0").

Under a Lorentz transformation A}, a covariant undotted spinor 1, (resp.
contravariant undotted spinor %) transforms as

Yo S Y and Yt o gf(STH,"
where the matrix S is related to the matrix A} by
At = 1 tr(So, STo")

The spinors 1, (or ¥®) transform as the (1/2,0) representation of the
Lorentz group.
The generators of the Lorentz group in the spinor representations (1/2,0)

are given by

Lo =1 (otov — 0¥Tp)

oM is a self-dual rank two tensor:

pr _ 1 _pvpo
o = 29;¢ Opo

where €, is the completely antisymmetric rank four tensor with p123 = 1
and e"P? = —,, 5.

Under a Lorentz transformation AL, a covariant dotted spinor v, (resp.

contravariant dotted spinor @a) transforms as

To oo BN, and B (sTHT

where the matrix S is related to the matrix A} by

Al = Ler((ST)tF,8 oM
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The spinors ¢, (or Ea) transform as the (0,1/2) representation of the
Lorentz group.

The generators of the Lorentz group in the spinor representations (0,1/2)
are given by

1o =L (tov — 5 op)

oM is an antiself-dual rank two tensor:

v _ 1 urpo—=
0" = 79;€ " Opo

The relation between covariant and contravariant spinors is given by means
of the two-dimensional Levi-Civita undotted tensors 5a5,50‘ﬁ and dotted

tensors € sdg such that €,5 = P = —€45 = —6‘3‘6 and €19 = 1:

— & _ o — _B
=y, Yo =v"epa, V=93, Yy=e,5%
Notice that Ed = (*)* and 1, = (bo)* where the star denotes the complex
conjugation, and also £, = —(cap)".

Finally, the rule for contracting undotted and dotted spinor indices is the
following;:

Y= = —aC®  and  PC =Pl = —0Ch

Under a Lorentz transformation A}, a covariant vector v, (resp. contravari-
ant vector ¢H) transforms as

Yy ¢VAVM and Yh s AR Y

The relation between covariant and contravariant vectors is given by means
of the metric tensor gh”: ¢Y* = gt1), and ¥, = g ”.

From the relations o# = A*,So¥St and * = A*,(ST)~'3”S~!, one can
assign to the matrices o and o* two spinor indices, one dotted and one
undotted, as follows: o* g and oH,

There is a one-to-one correspondence between a vector ¥* and a bispinor
wda ad.
or Y™
Qo — aa _ 1 j0a _p
P =9tz and Yt =Syt

. . 1 .
waa — w,u Uuaa and ¢N — 5 waa O,Mda

The vectors v, (or 1*) transform as the (1/2,1/2) representation.
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The space inversion leaves the rotation generators J; invariant but changes
the sign of the boost generators K;. It follows that under the space inversion,
the undotted Weyl spinors are transformed into dotted ones and vice versa.
On the (reducible) representation (1/2,0) @ (0,1/2), the space inversion acts
in a well-defined way. The corresponding vectors in the representation space
are called Dirac spinors. In the Weyl representation, the Dirac spinors are

given by
Ya )
v, — ( v
XCM
Under a Lorentz transformation AY, a Dirac spinor ¥p transforms as

Up L\I:D:<S(A5) 0 )(f3>:( S(AL) ta )

0 S(Alyﬂ')fl X S(Alyﬂ')flyd

The generators of the Lorentz group in the (1/2,0) @ (0, 1/2) representation
are given by

o 0 . [ olov —o¥ou 0 ;
p — i N P
> ( 0 G ) 2 < 0 Thav — 5o ) 2 [7 7 }

where the matrices v*, called the Dirac matrices, are given by (in the Weyl
representation)
0 o
n—
(8 7)
They satisfy the Clifford algebra (— 2.10) in four dimensions:
{7“,7”} =y + At = 29"
One defines also the 45 matrix by v5 = iv%y'y24? such that {75,7“} =0,
752 =TI and 'yg = 5.
The adjoint spinor ¥ and the charge conjugate spinors ¥¢ and U° of a
Dirac spinor ¥ = ( gg ) are defined by ¥ = (XO‘ Ed), e = ( %Z )

and U° = (¥*X,). The spinors ¥ and ¥¢ are related through the charge

conjugation matrix C by ¥¢ = CT'. The six matrices C,y*~5C,vsC are
antisymmetric and the ten matrices v*C, X*”C are symmetric. They form
a set of 16 linearly independent matrices.

The charge conjugation matrix C' satisfies the following relations:
c?’=-1, cct=ctc=1,
CHC ==,  OwCl=(p'  Cwy"C ' = (")
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A Majorana spinor is a Dirac spinor such that ¥ = W€, For such a spinor,
there is a relation between the two Weyl components: a Majorana spinor

¥ has the form ¥ = < gﬁﬁ ) In the Majorana representation of the -y

matrices, the components of a Majorana spinor are all real and the v matrices
are all purely imaginary.

The ~ matrices are given, in the Weyl representation, by

o_( 0 o° i 0 o (I 0 C— —ioc? 0
T\ e 0 )77 o 0) P70 -1 - 0 o2

Another used representation of the v matrices is the Dirac representation:

[ oo O i 0 ot 5 (0 1 _ 0 —io?
7°<0 —oo>7<—ai 0>7<]1 0) “= > o0

Finally, in the Majorana representation, one has:
1 _ iUS 0 2 0 _0'2 3 _ —ial 0
T=0 o0 i) T T2 o0 =0 0 —iet
0 o? o2 0 0 —io?
0_ _ _
'7_<02 0> 75_(0 —02> C‘(—W 0

The ~ matrices satisfy the following relations (independent of the chosen
representation):

AOyty0 = T q0msn 0 = gt A0y 0 = ()T

There exist also very nice contraction and trace formulae that are extremely
useful for example in the calculation of Feynman graphs:

)\_4 A — 9k AV — 4otV AU VP — —ONPAY AL
Y =4, Y= =29, YAV = 49", AP = =290y
and

tr(y#) = tr(vs) = tr(ys7") = tr(y57H97) =0

r(y#4") = 4g"”

tr(v"'yyP7) = 4(g" 9" — g"° 9" + "7 9"")
(

tr(v57y"y"y%) = —4ieh?”

—+



Lie Superalgebras 253

2.48 Strange superalgebras P(n)

We consider the superalgebra A(n — 1,n — 1) and P(n — 1) the subalgebra
of A(n — 1,n — 1) generated by the 2n x 2n matrices of the form

A S

A =)
where \ are sl(n) matrices, S and A are n X n symmetric and antisymmetric
complex matrices which can be seen as elements of the twofold symmetric
representation ([2] in Young tableau notation) of dimension n(n + 1)/2 and
of the (n — 2)-fold antisymmetric representation ([1" 2] in Young tableau
notation) of dimension n(n — 1)/2 respectively. The Z-gradation of the
superalgebra P(n—1) being G = G_1®Gy®G; where Gy = sl(n), G1 = [2] and
G 1 = [1"72], the subspaces G; satisfy the following commutation relations

[go,go} C Go [QO,gil} C G+
{gl,gl} = {9—1,9—1} =0 {91,9—1} C Go

The Z-gradation is consistent: G5 = Gp and G = G_1 @ G1.

Defining the Cartan subalgebra H as the Cartan subalgebra of the even part,
the root system A = Az U Ag of P(n — 1) can be expressed in terms of the
orthogonal vectors €1, ...,¢, as

Aﬁz{aij:&:i—ej}
and

2 < 2y
AT:{ iﬁij:i<€i+€j_ﬁzgk>’wzzsi_ﬁzsk}

k=1 k=1

Denoting by H; the Cartan generators, by F, the even root generators and
by Egs, E. the odd root generators of P(n — 1), the commutation relations
in the Cartan—Weyl basis are the following:

Hk7 Eociji| = (6’Lk - 6]]6 - 5i,k+1 + 5',k+1)Eaij
Hy, Eﬂij] = (0ik + 0jk — Siks1 — Gjkt1) By
Hy, E—mj} = —(Gik + 0jk — Oijps1 — Oj k1) E_p,;

Hy, E%} = 2(5ik - 5i,k+1)E7i
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EaijaEakl] = jkEail - 5ilEakj

7—1
— ZHk
k=i

Eocij ) E—Oc,‘j

[E—

[Fay Bay| :{ OBy + 05Fay if (i,5) # (k,1)
o E,, if (i,7) = (k,1)

B, E_ } ={ —OinEp, + 0uBE_g, if (i,5) # (k1)

- 0 if (,7) = (k,1)

_Eaij’E’Yk} = Orbip,,

{E,gij,E%} = _5ikEakj + 6jkEaki

_5ikEajl + 5ilEajk - 5jkEail + 6leaik
if (i,7) # (k,1)

{E/BiﬁE*ﬁkl} = i1
> Hy if (i,5) = (k,1)
k=i

{EﬁijvEﬁkz} = {E—,@ij’E—ﬂkz} = {Eﬁij’E‘Yk} =0

Let us emphasize that P(n) is a non-contragredient simple Lie superalgebra,
that is the number of positive roots and the number of negative roots are
not equal. Moreover, since every bilinear form is identically vanishing in
P(n), it is impossible to define a non-degenerate scalar product on the root
space. It follows that the notions of Cartan matrix and Dynkin diagram
are not defined for P(n). However, using an extension of P(n) by suitable
diagonal matrices, one can construct a non-vanishing bilinear form on the
Cartan subalgebra of this extension and therefore one can generalize to this
case the notions of Cartan matrix and Dynkin diagram.

— 2.31 Oscillator realization: strange series.

For more details, see ref. [24].

2.49 Strange superalgebras Q(n)

We consider the superalgebra sl(n|n) and Q(n — 1) the subalgebra of sl(n|n)
generated by the 2n x 2n matrices of the form

(5 1)
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where A and B are sl(n) matrices. The even part of the superalgebra Q(n—1)
is the Lie algebra G5 = sl(n) ® U(1) of dimension n? and the odd part
is the adjoint representation G of sl(n) of dimension n? — 1. The even
generators of Gy are divided into the si(n) Cartan generators H; with 1 <
i <n —1, the U(1) generator Z and the n(n — 1) root generators E;; with
1 <i# j <nof si(n). The odd root generators of Gy are also divided
into two parts, F;; with 1 < ¢ # j < n and K; with 1 <¢ < n — 1. This
superalgebra Q(n — 1) is not a simple superalgebra: in order to obtain a
simple superalgebra, one should factor out the one-dimensional center, as in
the case of the sl(n|n) superalgebra. We will denote by Q(n — 1) the simple

superalgebra Q(n — 1)/U(1).
Following the definition of the Cartan subalgebra (— 2.3), the strange super-
algebra Q(n — 1) has the property that the Cartan subalgebra H does not

coincide with the Cartan subalgebra of the even part sl(n), but admits also
an odd part: H N Gy # 0. More precisely, one has

H =My ® Hy

where #;5 is spanned by the H; generators and Hy by the K; generators (1 <
i < n —1). However, since the K; generators are odd, the root generators
E;; and F;j are not eigenvectors of Hy. It is convenient in this case to give
the root decomposition with respect to Hy = H N Gy instead of H. The root
system A of Q(n — 1) coincide then with the root system of sl(n). One has

G =G5® G =Hs® () Ga) with dimGios) =2 and dimG_q) =7
aEA

Moreover, since dim G, N G5 # @ and dim G, N O1 # () for any non-zero root
«, the non-zero roots of Q(n — 1) are both even and odd.

Denoting by H; the Cartan generators, by F;; the even root generators and
by Fj; the odd root generators of Q(n), the commutation relations in the
Cartan—Weyl basis are the following:

H,, Hy| = i, K| =0

(s = 2 (20— g1 — 6 1) ( Zm)

n—1
+2(5U 7]-1—1 ZHk+2 ij 1] 1 Z Hk
k=1 k=i+1

[Hk:a Eij} = (it — Ojk — Oi k1 + S5 ut1) B
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[Hk, Fij} = (8ik — 0k — Oi k1 + 65 p41) Fij
[Kka Ei]} = (Oik — Ojk — Oij1 + 05 kt1) Fij
{Kk, Fij} = (i + Ojx — Oi k1 — 65 pt1) Eij
Eij, Ey| = 6juEy — 6uEr;  (4,7) # (k,1)
_ i J—1

Eij, Eji| = ZHk

) ) k=i

Eij, Fo| = 6jFy — 0y Fy; (i, 7) # (k,1)

- 9 Jil

Eij,Fj‘ = ZK]C

- - k=i

{FijaFkl} = 0B + 6uby;  (i,5) # (k,1)

2 n—2 ! — =
{Fz’j,Fj»}:ﬁZqL 2;ka—n;Hk—n;Hk
=23 =1 =7

n

— 2.3 Cartan subalgebras, 2.31 Oscillator realization: strange series.

2.50 Subsuperalgebras: regular and singular sub-
superalgebras

Regular subsuperalgebras
Definition
Let G be a basic Lie superalgebra. Consider its canonical root decompo-
sition, where H is a Cartan subalgebra of G and A its corresponding root
system (— 2.42):

G=H& D G

aEA

A subsuperalgebra G’ of G is called regular (by analogy with the algebra

case) if it has the root decomposition

g=1ao P .
a’e A’
where H' € H and A C A’. The semi-simplicity of G’ will be insured if
to each o € A’ then —a/ € A’ and H' is the linear closure of A’.
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The method for finding the regular semi-simple sub(super)algebras of a given
basic Lie superalgebra G is completely analogous to the usual one for Lie
algebras by means of extended Dynkin diagrams. However, one has now to
consider all the Dynkin diagrams associated to the inequivalent simple root
systems. For a given simple root system A® of G, one considers the associated
Dynkin diagram. The corresponding extended simple root system is A0 =
A°U{¥} where ¥ is the lowest root with respect to A°, to which is associated
the extended Dynkin diagram. Now, if one deletes arbitrarily some dot(s)
of the extended diagram, one obtains some connected Dynkin diagram or
a set of disjointed Dynkin diagrams corresponding to a regular semi-simple
sub(super)algebra of G. Indeed, taking away one or more roots from A°,
one is left with a set of independent roots which constitute the simple root
system of a regular semi-simple subsuperalgebra of G. Then repeating the
same operation on the obtained Dynkin diagrams — that is adjunction of a
dot associated to the lowest root of a simple part and cancellation of one
arbitrary dot (or two in the unitary case) — as many time as necessary, one
obtains all the Dynkin diagrams associated with regular semi-simple basic
Lie sub(super)algebras. In order to get the maximal regular semi-simple
sub(super)algebras of the same rank r of G, only the first step has to be
achieved. The other possible maximal regular subsuperalgebras of G, if they
exist, will be obtained by deleting only one dot in the non-extended Dynkin
diagram of G and will be therefore of rank r — 1.

Table 2.7 lists the maximal regular semi-simple sub(super)algebras for the
basic Lie superalgebras.

Singular subsuperalgebras

Definition
Let G be a basic Lie superalgebra. A subsuperalgebra G’ of G is called
singular if it is not regular.

Some of the singular subsuperalgebras of the basic Lie superalgebras can be
found by the folding technique. Let G be a basic Lie superalgebra, with non-
trivial outer automorphism (Out(G) does not reduce to the identity). Then,
there exists at least one Dynkin diagram of G which has the symmetry given
by Out(G). It can be seen that each symmetry 7 exhibited by the Dynkin
diagram induces a direct construction of the subsuperalgebra G’ invariant
under the G outer automorphism associated to 7. Indeed, if the simple root
a is transformed into 7(a), then i(a + 7(a)) is 7-invariant since 72 = 1,
and appears as a simple root of G’ associated to the generators E,, + E; (),
the generator E, (resp. E.(,) corresponding to the root a (resp. 7(a)). A
Dynkin diagram of G’ will therefore be obtained by folding the Zs-symmetric
Dynkin diagram of G, that is by transforming each couple (o, 7(«)) into the
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Table 2.7: Maximal regular sub(super)algebras of the basic Lie super-

algebras.
superalgebras subsuperalgebras
A(m,n) A, j)® AW, ") (i+d=m—-1and j+5 =n-1)
Ap @ An
B(m,n) | B(i.j)® D(,j) (i+7=m and j+j =n)
B, & C,
D(m,n)
C(n+1) CieCn—i+1) Am—1,n—-1) C,
Dm,n) | D(i,j)© D7) (i+7=m and j+j =n)
Dy, & Cy,
Fy A1 D Bs As @A(O, 1) Ay @D(?,l;?)
A(0,3) C(3)
Go AL @ Go AIGSB(I,I) AQ@B(O, 1)
A(0,2) D(2,1;3)
D(2,1; ) A1 © AL @ Ay A(0,1)

root 1(a+7(a)) of G’. One obtains the following invariant subsuperalgebras

(which are singular):

superalgebra G

singular subsuperalgebra G’

sl(2m + 1|2n)
sl(2m|2n)
osp(2m|2n)
osp(2]2n)

osp(2m + 1|2n)
osp(2m|2n)
osp(2m — 1|2n)
osp(1]2n)

— 2.3 Cartan subalgebras, 2.15 Dynkin diagrams, 2.42 Roots, root systems,
2.46 Simple and semi-simple Lie superalgebras.

For more details, see ref. [92].

2.51 Swuperalgebra, subsuperalgebra

Definition

Let A be an algebra over a field K of characteristic zero (usually K = R or
C) with internal laws + and *. One sets Zy = Z/27 = {0,1}. A is called
a superalgebra or Zs-graded algebra if A can be written into a direct sum
of two spaces A = Ay @ Ag, such that
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A@*A@C.Aﬁ, Aﬁ*.ATC.AT, 'AT*'ATC‘A6

Elements X € Aj are called even or of degree deg X = 0 while elements
X € Ay are called odd or of degree deg X = 1.

One defines the Lie superbracket or supercommutator of two elements X and
Y by

[[X, Yﬂ = XxY — (_1)degX.dngY « X

A superalgebra A is called associative if (X *Y)* Z = X % (Y * Z) for all
elements X,Y, Z € A.

A superalgebra A is called commutative if X * Y =Y % X for all elements
X, Y e A

Definition
A (graded) subalgebra K = Kj @ K7 of a superalgebra A = Az ® A7 is a
non-empty set X C A which is a superalgebra with the two composition

laws induced by A such that K5 C Ay and K7 C Aj.

Definition

A homomorphism ® from a superalgebra A into a superalgebra A’ is a
linear application from A into A’ which respects the Zy-gradation, that
is ®(Ag) C A5 and ®(Ag) C AL

Let A and A’ be two superalgebras. One defines the tensor product A ® A’
of the two superalgebras by

(X1 ® X1)(X2 ® Xp) = (—1)ds X e X1 (X, ¥, @ X]X3)
if X1, X, € Aand X|, X} € A

— 2.24 Lie superalgebra, superalgebra, ideal.

2.52 Superalgebra osp(1[2)

The superalgebra osp(1]2) is the simplest one and can be viewed as the super-
symmetric version of s/(2). It contains three bosonic generators E*, E~, H
which form the Lie algebra sl(2) and two fermionic generators F'*', F~, whose
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non-vanishing commutation relations in the Cartan—Weyl basis read as

[H, Eﬂ — 4+E* [E+,E—} —2H
H,F*| = +1F* {Fr.F}=1in
[Ei,Fﬂ — _F* {Fi,Fi} S

The three-dimensional matrix representation (fundamental representation)
is given by

$ 0 0 010 000
H=|0 -} 0 Ef=1000 E-=[100
0 0 0 000 000
00 3 00 0
Fr=100 0 F-=l00 -3
03 0 30 0

The quadratic Casimir operator is

Co=H*+LEYE +E E")—(F'F —F F")

The superalgebra osp(1|2) reveals many features which make it very close
to the Lie algebras. In particular, one has the following results for the
representation theory:

1. All finite dimensional representations of osp(1]|2) are completely re-
ducible.

2. Any irreducible representation of osp(1|2) is typical.

3. An irreducible representation R of osp(1|2) is characterized by a non-
negative integer or half-integer j = 0,1/2,1,3/2,... and decomposes
under the even part sl(2) into two multiplets R; = D;® D;_y, for j #
0, the case 7 = 0 reducing to the trivial one-dimensional representation.
The dimension of an irreducible representation R; of osp(1|2) is 45+ 1.
The eigenvalue of the quadratic Casimir C> in the representation R;

is j(j + 3).
4. The product of two irreducible osp(1|2) representations decomposes as
follows: S
J=J1+72
Rj @Rj, = @ R;
j=lj1—J2|

j taking integer and half-integer values.



Lie Superalgebras 261

— 2.5 Casimir invariants, 2.11 Decomposition w.r.t. osp(1|2) subalgebras,
2.16 Embeddings of osp(1]2).

For more details, see refs. [9, 65].

2.53 Superalgebra si(1/2)

The superalgebra sl(1|2) ~ sl(2|1) is the N = 2 extended supersymmetric
version of sl(2) and contains four bosonic generators £+, E~, H, Z which
form the Lie algebra si(2) @ U(1) and four fermionic generators F*, F~,

F+, F |, whose commutation relations in the Cartan-Weyl basis read as

, Eﬂ =+B* [H Fi] =+iF* [Hfﬂ = +1F"
z.1]=[z.65|=0  [zFf|=iFt  [2F]=-F

Bt FE| = [Ei,Fi] —0 [Ei,Fﬂ — _F* [Ei,ﬁ] _F*

_E+,E—] — 2H {Fi,ﬁ}:z:FH {Fi,Fi}:Ei
{Fi,Fi — {Fi,Fi} —0 {F%F?} - {Fi,ﬁ} —0

The three-dimensional matrix representation (fundamental representation)
is given by

$ 0 0 $ 00
H=|10 -1 o0 Z=|(0 % 0
0 0 0 0 0 1
010 000 B 0 0 1
Et=|00 0 Ftr=(0 0 0 Fr=(00 0
000 010 000
000 000 000
E-=|l100 F-=| 0 0 0 F =100 1
000 100 000

The quadratic and cubic Casimir operators are
Co=H>-Z2+E Et+F F -F F*
Cy=(H>-Z)Z+E EY(Z-1)—1F F (H-3Z+1)
~1F FY(H+3Z+ 1)+ E F F*+1F F E'
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The irreducible representations of sl(1|2) are characterized by the pair of
labels (b,j) where j is a non-negative integer or half-integer and b an arbi-
trary complex number. The representations 7 (b, ) with b # +j are typical
and have dimension 8;. The representations m(+j, j) are atypical and have
dimension 45+ 1. In the typical representation 7 (b, j), the Casimir operators
Cy and C3 have the eigenvalues Cy = j2 — b? and C3 = b(j? — b?) while they
are identically zero in the atypical representations (%7, 7).

The typical representation (b, j) of sl(1|2) decomposes under the even part
sl(2)®U(1) for j > 1 as

m(b,j) = D;(b) ® Dj_1/2(b—1/2) ® Dj_12(b+1/2) @ D;_1(b)
the case j = 5 reducmg to
(b, 5) = D12(b) ® Do(b— 1/2) ® Do(b+ 1/2)

where D;(b) denotes the representation of sl(2) @ U(1) with isospin j and
hypercharge b.

The irreducible atypical representations 74 (j) = m(%j,J) of si(1|2) decom-
pose under the even part sl(2) ® U(1) as

m(3) = Dj(3) ® Dj1/2(j +1/2)
7(j) = Dj(—=4) ® D;_1)2(—j — 1/2)

The not completely reducible atypical representations of sl(1]2) decompose
as semi-direct sums of sl(1]|2) irreducible (atypical) representations. More
precisely, they are of the following types:

(35— 1/2) = m+(j)D 7 (j — 1/2)
T4(j —1/2;5) =74(j — 1/2)2 72(5)
Tl —1/2,5 +1/2%5) = me(f —1/2)2 me(j)€ m(5 +1/2)
T (j57 —1/2,5+1/2) =7(j — 1/2)€ me(f)D e (j + 1/2)
(JJil JE1/2;5+3/2)
=me(f)dme(fE1/2)E 7 (£ 1)D T (j £3/2)

. . . N Pre(f—1/2)® .
m+(9;7 —1/2, 1/2;9)=n . T
(17 = 12,5+ 1/29) = me() 5 274 1)9) ™)
where the semi-direct sum symbol $ (resp. € ) means that the representa-
tion space on the left (resp. on the right) is an invariant subspace of the
whole representation space.

It is also possible to decompose the sl(1]|2) representations under the super-
principal osp(1|2) subsuperalgebra of si(1|2) (— 2.16). One obtains for the
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typical representations (b, j) = R; ® Rj_4 /2 and for the irreducible atyp-
ical representations 74 (j) = R; Where R denotes an irreducible osp(1|2)
representation.

We give now the formulae of the tensor products of two sl(1|2) representa-
tions (b1, 71) and 7 (b2, j2). In what follows, we set b = by + ba, 7 = j1 + J2
and 7 = |j1 — j2|- Moreover, the product of two irreducible representations
will be called non-degenerate if it decomposes into a direct sum of irreducible
representations; otherwise it is called degenerate.

Product of two typical representations

The product of two typical representations (b, j1) and 7(ba,j2) is non-
degenerate when b # £(j —n) for n =0,1,...,2min(ji, j2). It is then given
by

2min(j1,j2)f5j1,j2 2min(j1,j2)—1
w(bi,j1) @ w(ba, jo) = b cbi-n P wbi-n
n=0 n=1

2min(j1,j2)—1
@ Tr(b-i_%v]_%_n)697‘-(6_%7]_%_”)

n=0
m(b1,j1) @ m(bo, 3) = w(bj1i+3) & 7(bj1—3) & w(b+1,51)
D ﬂ-(b - %7]‘1)

m(b, 2) @by 3) = 7w(b1) @ wb+1,3) @ 7w(b-1,1)
When the product is degenerate, one has

1 ifb=+j:
ﬂ-(baj)@ﬂ-(b:':l/2a]_ 1/2) is replaced by ﬂ-i(.j_ 1/27.7_ ]-a]a.]_ 1/2)

2. if b = +7 # 0:
m(b,7) ®m(b+t1/2,74 1/2) is replaced by 74 (7;7—1/2,7+ 1/2;7)

3. ifb=73=0:
m(1/2,1/2) @ w(—1/2,1/2) is replaced by 7(0; —1/2,1/2;0)

4. ifb=+(j —n) for n =1,...,2min(ji, j2):
w(b+1/2,j4+1/2— n)@w(by n)@n(b,j—n)dn(bF1/2,j—1/2—n)
isreplaced by m1(j —1/2—n;j—1—n,j—n;j—1/2—n)® 7e(j —
n;j—1/2—n,j+1/2—n;j—n)
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Product of a typical with an atypical representation

The non-degenerate product of a typical representation 7(b1,j1) with an
atypical one 74 (j2) (b2 = £j2) is given by

if j1 <o
2min(j1,j2)—1
m(b,j1) @ wi(ja) = w(b,j—n) ® w(b+5,j—5—n)
n=0
if 1 > jo
2min(j1,j2)—1
(b1, j1) @ T+ (j2) = m(b,j —n)

n=0
erbEg,j—5-—n) & 7(bli—jl)
When the product 7 (b1, j1) ® 74 (j2) is degenerate, one has

l.ifb=—(j—n) forn=0,1,...,2min(ji, j2) — 1
w(b,j—n)®w(b+1/2,57—1/2—n) is replaced by 7+(j —1/2 —n;j —
1= n,j—nij—1/2-n)

2. ifb=j—nforn=1,...,2min(j1, j2):
w(b,j—n)®m(b+1/2,57+1/2—n) is replaced by . (j —n;j—1/2—
n,j+1/2—=mn;j—n)

The case of the degenerate product (b1, j1) ® m_(j2) is similar.

Product of two atypical representations

The product of two atypical representations 7 (j1) and w4 (j2) is always
non-degenerate. It is given by

2 min(j1,j2)—1
() @) =)@ P wEG+E).i-5-n)

n=0
w(j1,J1) @ w(—Jo, J2) = w(j1 — j2, 5 — )

m(j1 — J2. 1 — J2) if j1 > jo
© { w1 —J2, 52— 1) if j1 <2
(0) if j1=7J2
— 2.5 Casimir invariants, 2.12 Decomposition w.r.t. sl(1]|2) subalgebras,
2.17 Embeddings of si(1|2).

For more details, see refs. [58, 65].
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2.54 Superconformal algebra

For massless theory the concept of Fermi-Bose symmetry or supersymmetry
requires the extension of the conformal Lie algebra including the generators
of the supersymmetry transformations @, S, which transform bosonic fields
into fermionic ones and vice versa. The conformal algebra in four space—
time dimensions is spanned by the 15 generators M, P,, K, and D (with
the Greek labels running from 0 to 3). The generators M w and P, span
the Poincaré algebra and their commutation relations are given in —> 2.59
(Supersymmetry algebra: definition), while K, and D are respectively the
generators of the conformal transformations and of the dilatation (— 1.17).
The commutation relations of the N = 1 superconformal algebra read as
(the metric is g, = diag(1,—-1,-1,-1)):

[M;un M } (_gVO'M;,Lp + gl/pM}LO' + gMU‘Mle - gule/o')

My By) = ilopPu = 9upPs) [P Pu| =0

My, K| = ilgupKy = 9upk) K Ko | =

Py K| = 29D~ Mu) D, M| =0

D,P| =-iP, D,K,| = iK,
M, Qo] = =3l @  [Mus Sa] = =3 )S,
Py Qa] =0 Py Sa] = ~().°Q
K Qa| = =(0)"Ss Ky, 5] =

D,Qu] = —$iQu D,5,| = 4is.

Y,Qa| = i(35),Qu Y, 8] = —i(15).5s
:Y,MW}=[Y,D}=0 _YP}—[YK}—O
{@us @b} = 2(3,C)ar P {805} = 200, C)as ¥

{Qaa Sb} (Em/c) ab MM 4+ 2iC oy, D + 3i(75C)apY

where the Dirac indices a,b run from 1 to 4, v* are the Dirac matrices in
Majorana representation, C' is the charge conjugation matrix, the X*¥ are
the generators of the Lorentz group in the representation (1/2,0) & (0,1/2):
MV = L(yHy¥ — 4¥4") (— 2.47) and Y is the generator of the (chiral)
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U(1). The transformations of Q, and S, under M,,, show that the Q, and
S, are spinors. The superconformal algebra contains the super-Poincaré as

subsuperalgebra, however in the conformal case the are no central charges
for N > 1.

Let us emphasize that the superconformal algebra is isomorphic to the simple
Lie superalgebra su(2,2|N), real form of sl(4|N).

— 2.47 Spinors (in the Lorentz group), 2.59 Supersymmetry algebra: defi-
nition.

For more details, see refs. [89, 96].

2.55 Supergroups

In order to construct the supergroup or group with Grassmann structure
associated to a (simple) superalgebra A = Ay @ Az, one starts from the
complex Grassmann algebra (— 2.22) I'(n) of order n with n generators 1,

01,...,0, satisfying {91-, Gj} = 0. The element

n= Z Z Miy.oim iy - - Oiry

m>0 i1<...<im

is called even (resp. odd) if each complex coefficient n;, ; in the above
expression of 7 corresponds to an even (resp. odd) value of m. As a vector
space, one decomposes I'(n) as I'(n) = I'(n)y @ I'(n)7 with I'(n)j (resp.
I'(n)7) made of homogeneous even (resp. odd) elements.

The Grassmann envelope A(I") of A consists of formal linear combinations
>, mia; where {a;} is a basis of A and 7; € I'(n) such that for a fixed index
i, the elements a; and 7; are both even or odd. The commutator between
two arbitrary elements X = 37, ma; and Y = 3, n;a; is naturally defined

by [X,Y] = > . nin;lai,a;] where [a;,a;] means the supercommutator in
A. This commutator confers to the Grassmann envelope A(T") of A a Lie
algebra structure.

The relation between a supergroup and its superalgebra is analogous to the
Lie algebra case: the supergroup A associated to the superalgebra A is
the exponential mapping of the Grassmann envelope A(I") of A, the even
generators of the superalgebra A corresponding to even parameters (that is
even elements of the Grassmann algebra) and the odd generators of A to
odd parameters (that is odd elements of the Grassmann algebra).

The above approach is due to Berezin. In particular, the case of osp(1|2)
is worked out explicitly in ref. [9]. On classical supergroups, see also refs.
[47, 48, 76].

— 2.22 Grassmann algebras.
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2.56 Supergroups of linear transformations

Let I' =Ty @ I'; be a Grassmann algebra (— 2.22) over a field K=R or C
and consider the set of (m 4+ n) X (m + n) even supermatrices (— 2.57) of

the form
A B
u=(¢»)

where A, B, C, D are m Xxm, m Xn, n Xxm and n X n submatrices respectively,
with even entries in I'j for A, D and odd entries in I'y for B, C.

The general linear supergroup G L(m|n;K) is the supergroup of even invert-
ible supermatrices M, the product law being the usual matrix multiplication.

The transposition and adjoint operations allow us to define the classical
subsupergroups of GL(m/|n;K) corresponding to the classical superalgebras.

The special linear supergroup SL(m|n;K) is the subsupergroup of superma-
trices M € GL(m|n;K) such that sdet M = 1.

The unitary and superunitary supergroups U(m|n) and sU(m|n) are the
subsupergroups of supermatrices M € GL(m|n;C) such that MM’ =1 and
MM?* = 1 respectively (for the notations t and {, — 2.57).

The orthosymplectic supergroup OSP(m|n;K) is the subsupergroup of su-
permatrices M € GL(m|n;K) such that M$*HM = H where (n = 2p)

[ In O _ 0 I
H_<0 J2p> and J2p_<_ﬂp 0)

The compact forms are USL(m|n) and sOSP(m|n), subsupergroups of su-
permatrices M € G L(m/|n;C) such that sdet M = 1, MM' =1 and M**HM
= H, MM?* = 1 respectively.

Finally the strange supergroups are defined as follows. The supergroup P(n)
is the subsupergroup of supermatrices M € GL(n|n;K) such that sdet M = 1
and MJo, M5t = Jo, with Jo,, defined above. The supergroup Q(n) is the
subsupergroup of supermatrices M € GL(n|n;K) with A = D and B =C
such that trin((A — B)"1(4 + B)) = 0.

For more details, see ref. [75].

2.57 Supermatrices

Definition
A matrix M is called a complex (resp. real) supermatriz if its entries
have values in a complex (resp. real) Grassmann algebra I' = '@ 't (—
2.22). More precisely, consider the set of (m +n) x (p+ q) supermatrices
M of the form
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A B
v=(2 )
where A, B,C, D are m Xp, nXp, m X q and n X g submatrices respectively.
The supermatrix M is called even (or of degree 0) if A,D € I'y and

B,C € T'g, while it is called odd (or of degree 1) if A,D € I'y and
B,C €Ty

The product of supermatrices is defined as the product of matrices: if M
and M’ are two (m+n) x (p+ q) and (p+ q) x (r + s) supermatrices, then
the entries of the (m + n) x (r + s) supermatrix MM’ are given by

pt+q

(MM')i; = MyMj;

k=1
Since the Grassmann algebra I' is associative, the product of supermatrices
is also associative.
From now on, we will consider only square supermatrices, that is such that
m = p and n = q. The set of (m +n) x (m + n) complex (resp. real) square
supermatrices is denoted by M (m|n;C) (resp. M(m|n;R)).
A square supermatrix M is said to be invertible if there exists a square
supermatrix M’ such that MM’ = M'M = I where I is the unit supermatrix

(even supermatrix with zero off-diagonal entries and diagonal entries equal
to the unit 1 of the Grassmann algebra I').

Definition
The general linear supergroup GL(m|n;C) (resp. GL(m|n;R)) is the
supergroup of even invertible complex (resp. real) supermatrices, the
group law being the product of supermatrices.

The usual operations of transposition, determinant, trace, adjoint are defined
as follows in the case of supermatrices.

Let M € M(m|n;C) be a complex square supermatrix of the form

A B
w-(63)
The transpose and supertranspose of M are defined by:
t ot
Mt = ( gt gt ) transpose

t __1\deg M 1t
Mt = < _(_1)AdegMBt ( 1)Dt ¢ ) supertranspose
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Explicitly, one finds

t t
Mt = ( _A ¢ ) if M is even
) if M is odd

It follows that

o =( e )
() tyyty = M

(MN)st — (_1)deg M. degNNstMst
but (MN)! # NtM?.
The supertrace of M is defined by

tr(A) —tr(D) if M is even

str(M) = tr(4) = (1) tx(D) = { tr(A) + tr(D) if M is odd

One has the following properties for the supertrace:
str(M + N) = str(M) 4 str(N) if degM = deg N
str(MN) = (—1)de8 M- des Nt (A1)str(NV)
str(M*") = str(M)

If M is even invertible, one defines the superdeterminant (or Berezinian) of
M by
det(A — BD™'C det(A
sdet(M) = et ): et(4)
det(D) det(D — CA-1B)
Notice that M being an even invertible matrix, the inverse matrices A~
and D! exist.

One has the following properties for the superdeterminant:
sdet(M N) = sdet(M) sdet(N)
sdet(M*") = sdet(M)
sdet(exp(M)) = exp(str(M))

The adjoint operations on the supermatrix M are defined by

Mt = (M%)*  adjoint
Mt = (MSt)# superadjoint
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One has

(MHT =M  and (MY)i=M

sdet MT = sdet M = (sdet M)*
where the bar denotes the usual complex conjugation and the star the Grass-
mann complex conjugation (— 2.22).
— 2.56 Supergroups of linear transformations.

For more details, see refs. [4, 75].

2.58 Superspace and superfields

It is fruitful to consider the supergroup associated to the supersymmetry
algebra, the super-Poincaré group. A group element g is then given by
the exponential of the supersymmetry algebra generators. However, since
Qo and Qg are fermionic, the corresponding parameters have to be anti-
commuting (— 2.22). More precisely, a group element g with parameters

zh Wt 6> 6% is given by
g(zt, W, Ha,gd) = expi(z'P, + %WWMW +0%Qq + @dgd)

One defines the superspace as the coset space of the super-Poincaré group
by the Lorentz group, parametrized by the coordinates z*, 6,0 subject to

the condition #” = (#*)*. The multiplication of group elements is induced
by the supersymmetry algebra:

g(z",6%,8%) g(y*, ¢, C) = g(a* + y* + i60 T — iC"8,0 + ¢, 0+ C)

If group element multiplication is considered as a left action, one can write
infinitesimally

g(y”a <—a’ Za) g(m”a 00[7 506) = [1 - 7:yMID,LL - iCaQa - Z.Zdaa g(mﬂ, 004’ ga)
where the differential operators

_ — 0
Qo =iz,- — (070)ad and Q4= —i—5 + (00")a0,
00 K 90 K

are the supersymmetry generators of the supersymmetry algebra (— 2.59).
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If group element multiplication is considered as a right action, one has in-
finitesimally

g(a",0%,8%) g(y",¢*,C") = L= iy" P, — i Da — iC; D" | g(a*,0°,0")
where the differential operators

.0 - - .0
D, = Gy + (60) a0y and Dy = _Zﬁ — (00")a0y

satisfy the following algebra
{Da,D;} = —2i0" 0,
{Da,Dg} - {Dd,DB} —0

and anticommute with the Q, and Q, generators.

Unlike the @ generators, the D generators behave like covariant derivatives
under the super-Poincaré group.

One defines a superfield F as a function of the superspace. Since the param-

eters 9“,5’1 are Grassmann variables, a Taylor expansion of F in 6,0 has a
finite number of terms:

F(x,0,0) = f(z)+0é(z)+ EYE) + 00m(z) + 00n(z)

+05"0A, () + 000X (z) + 000N (z) + 0060d(x)

Notice the very important property that the product of two superfields is
again a superfield.

Under a superspace transformation, the variation of the superfield F is given
by the action of the supersymmetry generators @), and Q,:

The superfield F forms a representation of the supersymmetry algebra. How-
ever, this representation is not irreducible. Irreducible representations can
be obtained by imposing constraints on the superfields. The two main ex-
amples are the scalar (chiral or antichiral) and the vector superfields.

— The chiral superfield F is defined by the covariant constraint DgF = 0.
It follows that the chiral superfield 7 can be expressed, in terms of y* =
o — ifo"0 and 6, as

F = Aly) + 209 (y) + 00F (y)
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The transformation law for the chiral superfield is therefore

0A =2y
o0 = —ia’f@uA + (F
§F = 2i0,p0"C
— In the same way, the antichiral superfield F is defined by the covariant

constraint D,F = 0. The antichiral superfield F can be expressed, in terms
of (y")I = M 4 ifc*0 and 0, as

F = A*(y) + 200 (y") + 00F* (y1)
and the transformation law for the antichiral superfield is

SAY = 2¢C
8 = iCatd, AT + FT¢
SF' = —2iCa"d,

— The vector superfield F is defined by the reality constraint Ft=F. In
terms of z, 0, 6, it takes the form (with standard notations)

F(2,0,0) = C(z)+ifx(x) — ibx(z) + 00 <M(x) + iN(a:))

100(M(2) — iN(2)) — 00" A, (x) + 660 (X(x) + 55" Dux(x))

960 <)\(a:) + %0”3uy(x)> + %ee@(p(x) + %DC(Q:))

where C, M, N, D are real scalar fields, A, is a real vector field and x, A are
spinor fields.

— 2.22 Grassmann algebras, 2.47 Spinors (in the Lorentz group), 2.59-2.60
Supersymmetry algebra: definition, representations.

For more details, see refs. [3, 89, 96].

2.59 Supersymmetry algebra: definition

The concept of Fermi-Bose symmetry or supersymmetry requires the exten-
sion of the Poincaré Lie algebra including the generators of the supersymme-
try transformations Q, and Q,, which are fermionic, that is they transform
bosonic fields into fermionic ones and vice versa. The supersymmetry gener-
ators Q, and @, behave like (1/2,0) and (0,1/2) spinors under the Lorentz
group (— 2.47).
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The metric being g, = diag(l,—1,—1,—1), the N = 1 supersymmetry
algebra takes the following form in two spinor notation (the indices u, v, ... =

0,1,2,3 are space—time indices while the indices o, 8 = 1,2 and a,ﬁ =1,2
are spinor ones):

M, Mp”} i(=gvo Myup + gupMuo + guoMup — gupMyo)

|
[M,W,Pp} (9P — 9o P)
|

W,Qa} %(Uuu)aﬁQ,e [M,0,Qs] = 3@,

| :
|

oot (s (-

1:0
@
3
Q|
| &
Il
(an]

where the o? are the Pauli matrices gl=—c'fori=1,2,3and 6* =3° =I.
The matrices ;a“” and 1 5 01" are the generators of the Lorentz group in

the two fundamental splnor representations: o/ = % (o#g” — 0¥g") and
o = g (ato” — " ot).

In four-spinor notation, the N = 1 supersymmetry algebra reads as:

[M,uana} = —%(Euu)abe
[P”,Qa] —0
{Qa,Qb} = 2(7.C)ap P*

where Q, = %Z ) is a Majorana spinor (a = 1,2,3,4), v* are the Dirac

matrices in the Majorana representation, C' is the charge conjugation matrix
and the ¥#¥ are the generators of the Lorentz group in the representation
(1/2,0) & (0,1/2): Z* = 5 (¥9" — y"+*) (= 2.47).

It is also useful to write the full supersymmetry algebra in two-spinor nota-
tion including the Poincaré generators. One has
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or

The Poincaré algebra then reads
o T3] =
[Jaﬁa P’yt;:| = —i(eayBps + ey Fy)
[Jaﬁ, Jﬂ = (605 + 6)J3 + 85.T) + 6597)

The remaining commutation relations of the supersymmetry algebra can be
written in the form

[Jaﬁ, Qv} = 1(e1aQp + £44Q0a)
Poin @] = [Ta @] =0
{QaaQﬁ} =0 {QaaQ/@} :Pag'

There is an extended version of this algebra if one considers many super-

—A . .
symmetry generators Qé, Q; with A =1,..., N transforming under some
symmetry group. The extended N-supersymmetry algebra then becomes in
two-spinor notation:

[M,0,Q2] = ~3(0w)a"Q}  [Mw.Qh] = ~3T5 )",

(e}

[P.@i] =0 P @4 =
{Qé,QﬂB} = 26,3248 {Qa,Qﬂ} ~2e,5(Z4B)1
{Qd.Qf} =20" Puoas

[E,T] if,; T [Ti,MW} - [I;,P,J —0
7., Q4] = ()52 T,Qx| = -Q2(¢)p"
[

ZAB anythmg} =0
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where ZAB are central charges, €qp and g ; are (un)dotted tensors given in
section 2.47.

In four-spinor notation it takes the form (for the relations involving the
supersymmetry generators):

M, Q2] = =350 Q)

PuQi] =0

[@4,QF} = 2010 Pud"® + CalU*P + (35C) VAP
T, Q4] = (€)"5QF + (i6) 5 (5), QF

-U AB ,anything} = [VAB ,anything} =0

UAB and VAP being central charges and the matrices &;, ¢; having to satisfy
(€ +1iGi) + (& +i¢)T = 0.

In fact, the number of central charges UAB = —UBA and VAB = —y B4
present in the algebra imposes constraints on the symmetry group of the

matrices & and (;. If there is no central charge this symmetry group is
U(N), otherwise it is USp(2N), compact form of Sp(2N).

For more details, see refs. [3, 18, 25, 89, 96].

2.60 Supersymmetry algebra: representations

We will only consider the finite dimensional representations of the N-super-
symmetry algebra (— 2.59). Since the translation generators P* commute

with the supersymmetry generators Qé and @é, the representations of the
N-supersymmetry algebra are labelled by the mass M if M? is the eigenvalue
of the Casimir operator P? = PEP,.

If N is the fermion number operator, the states | B) such that (—1)VF|B) =
| B) are bosonic states while the states |F) such that (—1)V7|F) = —|F) are
fermionic ones. In a finite dimensional representation, one has tr(—1)N* =
0, from which it follows that the finite dimensional representations of the
supersymmetry algebra contain an equal number of bosonic and fermionic
states.

For the massive representations (M # 0), the supersymmetry algebra in the
rest frame, where P* = (M, 0,0,0), takes the form (with vanishing central
charges)

{Qfa @?} =2M6, 5048
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{@d.0f} = {@i.ai} =0
with A,B=1,...,N.

The rescaled operators a’ = Q4 /v/2M and (a/)t = Qé/\/ 2M satisfy the
Clifford algebra (— 2.10) in 2N dimensions. The states of a representation
can be arranged into spin multiplets of some ground state — or vacuum —
|Q) of given spin s, annihilated by the aZ operators. The other states of the
representation are given by
A Ap\ _ (A Ap
|aoz11 e aozn> - (aall)T e (aan )T|Q>

When the ground state |2) has spin s, the maximal spin state has spin s+ %N
and the minimal spin state has spin 0 if s < %N or s — %N if s > %N.

When the ground state |€2) has spin zero, the total number of states is equal
to 22V with 22V~ fermionic states (constructed with an odd number of (a2)f
operators) and 22V~! bosonic states (constructed with an even number of
(a2)T operators). The maximal spin is N and the minimal spin is 0.

In the case N = 1, when the ground state |Q2) has spin j, the states of the

multiplet have spins (j,j + %,j — %,j) When the ground state |2) has spin
0, the multiplet has two states of spin 0 and one state of spin %
The following table gives the dimensions of the massive representations with

ground states Q (of spin s) for N =1,2,3,4.

spin | Qo9 Qi Q1 Q39 spin | Qg
0 1 0 42
1 1
5 1 2 1 5 48
_ 2 2 =
N=1 1 1 2 1 1 27 N=4
3 3
3 12 3 18
2 1 2 1
spin QO Ql 2 Ql spin QO Q1/2
0 5 4 1 0 14 14
1 1
5 4 6 4 5 14 20
_ 2 2 —
N=2 1 1 4 6 1 6 15 N=3
3 3
5 1 4 5 1 6
2 1 2 1

We consider now the massless representations corresponding to P? = 0. In a
reference frame where P* = (E, 0,0, E), the supersymmetry algebra become

{Qﬁ@?} = 4B54P5 5 13
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{ot.ef} ={a@5.af} =0

The rescaled operators a? = Q{!/v4E and (a?)! = @f/ VAE satisfy the
Clifford algebra in N dimensions while the operators a4 = Q‘24 /VAE and
(a"Mt = @f /V4E mutually anticommute and act as zero on the represen-
tation states. A representation of the supersymmetry algebra is therefore
characterized by a Clifford ground state |2) labelled by the energy E and

the helicity A and annihilated by the a® operators. The other states of the
representation are given by

lat .. a) = (a™)T ... (a™)T|Q)

The number of states with helicity A + n with 0 < n < %N is (é\;) The

total number of states is therefore 2V with 2V~1 bosonic states and 2V~1
fermionic states.

For more details on the supersymmetry representations (in particular when
the central charges are not zero), see refs. [3, 18, 89, 96].

2.61 Unitary superalgebras

The superalgebras A(m —1,n — 1) with m #n

The unitary superalgebra A(m —1,n—1) or sl(m|n) with m # n defined for
m > n > 0 has as even part the Lie algebra si(m) @ sl(n) ® U(1) and as odd
part the (2, n) + (m, n) representation of the even part; it has rank m+n—1
and dimension (m 4+ n)? — 1. One has A(m — 1,n — 1) ~ A(n — 1,m — 1).

The root system A = AgU Az of A(m —1,n— 1) can be expressed in terms

of the orthogonal vectors e1,...,&, and d1,...,d, such that 6% = 1 and
(51-2 =—1as

Aﬁz{gi—ej, 5¢—5j} and AT:{Ei—(sj, —5i+5j}

The Dynkin diagrams of the unitary superalgebras A(m — 1,n — 1) are of
the following types:

where the small black dots represent either white dots (associated to even
roots) or grey dots (associated to odd roots of zero length). The diagrams are
drawn with their Dynkin labels which give the decomposition of the highest
root in terms of the simple ones. The Dynkin diagrams of the unitary Lie
superalgebras up to rank 4 are given in Table 3.61.
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The superalgebra A(m —1,n —1) can be generated as a matrix superalgebra
by taking matrices of the form

X T,
M= mm mn
< Towm  Xnn >

where X,,,, and X,,,, are gl(m) and gl(n) matrices, Ty,, and T}, are m X n
and n X m matrices respectively, with the supertrace condition

str(X) = tr(Xpm) — tr(Xpn) =0

A basis of matrices can be constructed as follows. Consider (m+n)? elemen-
tary matrices ery of order m + n such that (ery)xr = dr1.05x (I,J, K, L =
1,...,m+n) and define the (m + n)? — 1 generators

1 m m+n
Eij = eij — 7504 ( > ket €kt D g —m1 ek’k’) Eij = e
1 m m-+n
Eijr = ey + 5 0ijr ( D ket €kk T D kSt ek’k’) Eij = ey

1 m m+n
Y=-25 (n Dk=1 Chk T 0 ek'k'>

where the indices ¢, j, ... run from 1 to m and ¢/, 5/, ... from m+1 to m+n.
Then the generator Y generates the U(1) part, the generators E;; — %(5in
generate the sl(m) part and the generators Eyj + 26, Y generate the si(n)
part, while E;; and Ejr; transform as the (7, n) and (m,7) representations
of sl(m) @ sl(n) with U(1) values +1 and —1 respectively. In all these
expressions, summation over repeated indices is understood.

The generators in the Cartan—Weyl basis are given by:
e for the Cartan subalgebra
H; =FEj — Eiy1;41 with 1<i<m -1
Hy =Epy —Epi141 with m+1<¢ <m+n-1
H,, = Epm + Epgi1mt1
e for the raising operators
E;; with ¢ < j for sl(m)
Eyy with ¢ < j' for sl(n)
E;; for the odd part
e for the lowering operators
Ej; with i < j for sl(m)
Ejiy with ¢ < j' for sl(n)
E;; for the odd part
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The commutation relations in the Cartan—Weyl basis read as:
H H J] —0
Hp, EIJ} =01k Exy — 01k 1Ex 11,0 — Ok JEK + 0Kk 11,70E1 K11

H,, EIJ] = 0imEms + 01 m+1Ems1,0 — OmaErm — dma1,0Erm+1

E1s, EKL} — 85 ErL —81.Exy for Ery and Exp, even (IJ # LK)

B, EKL} — 6;xErL — 611 Exy for Ery even and Ey, odd

{E[J,EKL} =0k ErL + 01 FExy for Ery and Ekp odd (IJ # LK)

j—1 j'—1
[Eijan} =Y H [Ei’j’an’i’} = Y Hw
k=1 k'=m+1
m j'—1
{EZ]E“} =N m- Y Hy
k=1 k'=m+1

The superalgebras A(n —1,n — 1) with n > 1

The unitary superalgebra A(n — 1,n — 1) or psl(n|n) defined for n > 1 has
as even part the Lie algebra sl(n) @ sl(n) and as odd part the (7, n) + (n, )
representation of the even part; it has rank 2n — 2 and dimension 4n® — 2.
Note that the superalgebra A(0,0) is not simple.

The root system A = AU Az of A(n —1,n — 1) can be expressed in terms
of the orthogonal vectors €1,...,e, and d1,...,d, such that 5% =1, 5? =-1

and Y ;e =) ;0 as
Ay = { € —€j, 0; — 9 } and A= { g —0j, —€; +9; }

The Dynkin diagrams of the unitary superalgebras A(n—1,n— 1) are of the
same type as those of the A(m — 1,n — 1) case.

The superalgebra A(n —1,n — 1) can be generated as a matrix superalgebra
by taking matrices of sl(n|n). However, sl(n|n) contains a one-dimensional
ideal 7 generated by I2, and one sets A(n—1,n—1) = sl(n|n)/Z = psl(n|n),
hence the rank and dimension of A(n —1,n —1).

It should be stressed that the rank of the superalgebra is 2n — 2 although

the Dynkin diagram has 2n — 1 dots: the 2n — 1 associated simple roots are
not linearly independent in that case.
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Moreover, in the case of A(1,1), one has the relations e; 4+ g2 = &1 + 2
from which it follows that there are only four distinct odd roots a such that
dim G, = 2 and each odd root is both positive and negative.

2.62 Universal enveloping superalgebra

Definition

Let G = G @ G7 be a Lie superalgebra over a field K = R or C. The
definition of the universal enveloping superalgebra U(G) is similar to the
definition in the algebraic case. If G® is the tensor algebra over G with
Zo-graded tensor product (— 2.51) and Z the ideal of G generated by
[X,Y] - (X @Y — (—1)deX-deeVy & X) where X,Y € G, the universal
enveloping superalgebra U(G) is the quotient G®/Z.

Theorem (Poincaré—Birkhoff-Witt)
Let b1,...,bp (B = dimGg) be a basis of the even part G and f1,..., fr
(F' = dim Gy) be a basis of the odd part G;y. Then the elements

B BB fIF with dp,...,ig >0 and ji,...,jF € {0,1}

form a basis of the universal enveloping superalgebra U(G), called the
Poincaré-Birkhoff-Witt (PBW) basis.

The universal enveloping superalgebra U/(G) contains in general zero divisors
(let us recall that U(Gg) never contains zero divisors). In fact, if F € Gy is a
generator associated to an isotropic root, one has F? = {F, F'} = 0 in U(G).
More precisely, one has the following property:

Property
The universal enveloping superalgebra U(G) does not contain any zero

divisors if and only if G = ops(1|2n). In that case, U(G) is said to be
entire.
Filtration of G: U(G) can be naturally filtered as follows. Let U, be the
subspace of U(G) generated by the PBW-basis monomials of degree < n
(e.g. Uy = K and Uy = K+ G). Then one has the following filtration, with
U; Uj C ui_;,_j:

Uy C U C...C U, C...C U@ =|Jth

Defining the quotient subspaces Uy = Uy and U; = U;/U;—y for i > 1, one
can associate to U(G) the following graded algebra Gr(U(G)):

Gr(U@G) =Uy U1 @ ... D U, © ...
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Then, one can show that

Gr(u(g)) = K[bla . '7bB] & A(fla' . '7fF)
where K[by, ..., bp] is the ring of polynomials in the indeterminates b1, . ..,bp
with coefficients in K and A(f1,..., fr) is the exterior algebra over G.

For more details, see ref. [47].

2.63 Weyl group

Let G = G5®Gy be a classical Lie superalgebra with root system A = AgUA7.
Ay is the set of even roots and Ay the set of odd roots. The Weyl group
W(G) of G is generated by the Weyl reflections w with respect to the even
roots:

W(B)=p-—2—"F
wa(f)=0-2 20
where o € Ay and 8 € A.

The properties of the Weyl group are the following.

Properties o
1. The Weyl group W (G) leaves A, Ay, Ag, Ag, A7 invariant, where
A, Ay, Ay are defined above, Zﬁ is the subset of roots a € Ay such
that a/2 ¢ Ag and Ay is the subset of roots @ € Ay such that
2 ¢ AG'

2. Let e be the formal exponential, function on H* such that e*(u) =
Oy, for two elements A, u € H*, which satisfies etet = erMH. One
defines

HaeAg (ea/2 . 6—a/2)

HaeAi (ea/z - e_a/z)

— 0

— HaeAi- (ea/Z + 670/2)
1

d L =
" [Loat (2> —e o72)
1

where AT and AZ are the sets of positive even roots and positive
odd roots respectively. Then one has

w(L) =e(w)L and w(L')=¢(w)L' where w € W(G)

with e(w) = (—1)“®) and &'(w) = (—1)¥ ™) where £(w) is the num-
ber of reflections in the expression of w € W(G) and ¢'(w) is the

number of reflections with respect to the roots of Z%r in the expres-

sion of w € W(G).
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For the basic Lie superalgebras, one can extend the Weyl group W (G) to
a larger group by adding the following transformations (called generalized
Weyl transformations) associated to the odd roots of G [23, 52]. For o € Ay,
one defines:

wa(ﬁ):ﬂ—2ﬁa if a-a#0

a-a
we(B) =0+« if ara=0 and a-B8#0
wa(B) =0 if ara=0and a-8=0
wao(a) = —«a

Notice that the transformation associated to an odd root « of zero length
cannot be lifted to an automorphism of the superalgebra since w,, transforms
even roots into odd ones, and vice versa, and the Zs-gradation would not be
respected.

For more details, see ref. [47].
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Tables on Lie algebras

Table 3.1: The simple Lie algebra Ax_1 = sl(N).

Rank: N — 1, dimension: N2 — 1.
Root system (1 <i# j < N):

A ={ei —¢;}
Simple root system:
o] =€1—€2, ..., AN_] =EN—_1 —EN
Positive roots (1 <i < j < N):
g —gj=o0o;+ - +oj1

Sum of positive roots:

N N-1
20 = » (N=2i+1)e; = Y i(N—i)oy
=1 =1

Dynkin diagram:

Cartan matrix A:

2 -1 0 0
~1

A= 0 0

L

0 0 -1 2

Fundamental weights (1 <7< N —1):

i N 1N71
A = 51+...+5i_ﬁjz_;gj = min(é, j) min(N — i, N — j) o

J=1

(continued)
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Table 3.1 (continued)

Level vector: L = (N,2(N —1),3(N —2),...,(N —1)2,N)
Weyl group: W = Gy (permutation group), dim W = N!.
Root lattice @, weight lattice P:

N
Q=) me; where » z;,=0, P=QUMZ, P/Q~T7/NZ
=1 7

Highest root: —ag = a1+ -+ ay = €1 —en.
Coxeter number h = N, dual Coxeter number A = N.
Quadratic matrix form G:

1.UN—=1) 1.(N—=2) 1.(N—=3) .- 1.2 1.1
1.(UN=2) 2(N—-2) 2(N—-3) .- 2.2 2.1
oo | 1.(N-3) 2(N-3) 3.(N-=3) .- 3.2 3.1
"N : : : . : :
1.2 2.2 3.2 .- (N=2).2 (N-2).1
1.1 2.1 3.1 o (N=2)2 (N—-1).1

Extended Dynkin diagram:

a0
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Table 3.2: The simple Lie algebra By = so(2N + 1).

Rank: N, dimension: N(2N + 1).
Root system (1 <i# j < N):

A = {:i:si + Ej, :i:si}, AL = {:l:&i + 8]‘}, AS = {:i:sl}

dim A = 2N?% dim Ay = 2N(N — 1), dimAg = 2N.
Simple root system:

Q1 =¢€1 —€2y ..., QN1 =EN-1 —EN, AN =EN

Positive roots (1 <i < j < N):

€i—¢€ = o +--+aoj1
gite; = o+ Faj1+2(aj+- -+ an)
& = o +--+on

Sum of positive roots:

N
20 = » (2N =2i+1)g; = » i(2N —i)a
i=1 i=1
Dynkin diagram:
ag Q2 AN-2 aN-—1 aN

Cartan matrix A:

2 -1 0 0
-1 2
A= 0
2 -1 0
-1 2 -1
0 0 -2 2

(continued)
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Table 3.2 (continued)
Fundamental weights:

N
Ai = e1t-+e = Y min(i,j)a; (1<i<N-1)
j=1
N
Ay = %(61+"'+€N) = %Zjaj
7=1

Level vector: L = (2N,2(2N—1),3(2N—2),...,(N—1)(N+2),1 N(N+1))
Weyl group: W = Gy x (Z/2Z)N, dim W = 2NN
Root lattice @, weight lattice P:

N
Q= Z z;&; where all z; € Z
i=1

N

P= Z-Tifi where all x; € Z or all z; € Z + %
i=1

P/Q ~7/27

Highest root: —ag = a1 +2as+ -+ 2ay = &1 +éo.
Coxeter number A = 2N, dual Coxeter number A" = 2N — 1.
Quadratic matrix form G:

2 2 2 .- 2 1
2 4 4 4 2
1|2 46 6 3
G=-1| . . .
20 : :
2 4 6 2N —-1) N-1
12 3 N-1 N2
Extended Dynkin diagram:
o a2 aN-—2 QN-1  ay Qg ai a2
OO0 00
a1
N >3 N=2

Factor group Out(G) = Aut(G)/Int(G) = L.
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Table 3.3: The simple Lie algebra Cy = sp(2N).

Rank: N, dimension: N(2N + 1).
Root system (1 <i# j < N):

A = {£e; £, £2¢;}, Ap = {£2¢;}, Ag = {+£e; &5}

dim A = 2N2, dim Ay = 2N, dimAg = 2N(N — 1).
Simple root system:

a1 =€1 — €2, ..., AN-1 =EN-1 —EN, QN = 26N

Positive roots (1 <i < j < N):

€ —€& = o+ -+ ajg
gitej = oi+-Faj1+2ej+--+an_1)+an (j#N)
git+teny = o;+---+tan

2e;, = 2(0(1'+---+OzN,1)+OzN (Z#N)

2ey = apn

Sum of positive roots:

N N-1
20 = > (2N =2i+2)e; = » i(2N —i+1)a;i+ sN(N + ay
i=1 i=1

Dynkin diagram:

Cartan matrix A:

2 -1 0 0
-1 2
A= 0
2 -1 0
-1 2 =2
0 0 -1 2

(continued)
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Table 3.3 (continued)
Fundamental weights (1 <7 < N):

Ai =+ +e = a1+---+(i—l)ai—1+i(ai+---+OéN—1+%OéN)

Level vector: L = (2N — 1,2(2N —2),3(2N —3),...,(N — 1)(N + 1), N?)
Weyl group: W = &y x (Z/2Z)N, dim W = 2NN,
Root lattice @, weight lattice P:

N

Q= insi where ) . x; € 27
i=1
N

P = inei where all xz; € Z
=1

P/Q ~17/27

Highest root: —ag = 2a1 +---+2any_1+ay = 2&;1.
Coxeter number h = 2N, dual Coxeter number hY = N + 1.
Quadratic matrix form G:

1 1 1 1 1
1 2 2 2
11123 3 3
G=- i )
2 : :
1 2 3 - N—-1 N-1
1 2 3 - N—-1 N

Extended Dynkin diagram:

ap a1 aN—1 an

Factor group Out(G) = Aut(G)/Int(G) = L.
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Table 3.4: The simple Lie algebra Dy = so(2N).

Rank: N, dimension: N(2N —1).
Root system (1 <i# j < N):

A = {+e; £¢;}
Simple root system:
Q] =€1 —€2, ..., AN_1 =EN-1 —EN, AN =EN-1 T EN
Positive roots (1 <i < j < N):
€ —€j =05+ g
gitej=a;+ - +aj_1+2ej+--+any_2)+an_1+ay (j<N-2)

giten-1=a;+--t+an-1
git+en=qa;+- -+ an

Sum of positive roots:

N -2
20 = > (2N —2i)e; = i(N —i—1)a; + AN(N — 1)(ay_1 + ay)
i=1 i=1

Dynkin diagram:

a1 a

Cartan matrix A:

2 -1 0 0
-1 2
A= 0 0 0
2 -1 -1
: 0 -1 2 0
o --- 0 -1 0 2

(continued)
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Table 3.4 (continued)

Fundamental weights:

Ai = e+ +g

N—2
= Z min(i, j) o + 3i(an—1 +an) (1<i< N -—2)
j=1

An-1 = 3(e14-+env-1—en)
N-2
= 1Y joj+iNay_1+ HN - 2)ay
j=1
Ay = Y+ +eno1ten)
N—-2
= ) joj+ 3N —2ay1+ iNay
j=1

291

Level vector: L = (2N —2,2(2N —3),3(2N —4),...,(N—2)(N+1),3 N(N —

1),5 N(N — 1))
Weyl group: W = Gy x (Z/2Z)N 1, dim W = 2N-1NL.
Root lattice @, weight lattice P:

N
Q= insi where ) . x; € 2Z

=1

N

P = inei where all x; € Z or all x; € Z + %
i=1

P/O ~ ZJ/AZ for N odd

~ | Z/2Z x Z/27Z for N even

Highest root: —ag = a1 +2as+---+2any_9+an_1+any = &1+ 9.

Coxeter number h = 2N — 2, dual Coxeter number hY = 2N — 2.
Quadratic matrix form G:

2 2 2 .- 2 1 1
2 4 4 4
) 2 4 6 --- 6 3 3
ng oo ‘. : : :
4 6 --- 2(N—2) N —2 N —2
1 2 3 N —2 N/2 (N—2)/2
1 2 3 .- N —2 (N—2)/2 N/2

(continued)
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Table 3.4 (continued)
Extended Dynkin diagram:

ap aAN-1

aq anN

Factor group Out(G) = Aut(G)/Int(G) :

| 63 for N =4
OUt(g)_{ Zy for N> 5
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Table 3.5: The simple Lie algebra Eg.

Rank: 6, dimension: 78.
Root system (1 <i# j <5):

A={te;+tej, ti(ter+...te5—e6—e7+es)}

The total number of + signs (or — signs) is even in 1 (te; +... £ e5 — g6 —

€7+ 68).
Simple root system:

7
1
0‘125(51"'58—2 €j), iy =€ — €1, ..., Q5 = €5 — €4, O = €1 + €2
j=2

Positive roots (1 < j < i < 5):

5
1
€ —¢€j, €& +tE¢gj;, 5(68—67—66-1— E :l:Ej)
Jj=1

Sum of positive roots:

2p = 2e9+4e3+ 6eq+ 85+ 8(eg —e7 — €6)
= 16aj + 30as + 42a3 + 304 + 16 + 2204
Dynkin diagram:

a1 a2 as e %1 as
O—O0—CO—CO—=0

ag
Cartan matrix A:

2 -1 0 0 0 0

-1 2 -1 0 0 0

0 —1 2 —1 0o —1

A= 0 0 -1 2 -1 0

0 0 0 -1 2 0

0 0 -1 0 0 2

(continued)
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Table 3.5 (continued)
Fundamental weights:

Ay = 3(es—e7—c6)
%(4(11 + 5ag + 6ag + 4oy + 2a5 + 3ap)
A2 %(—61+€2+63+€4+€5)+%(68—57—66)
= £(5on + 1002 + 1203 + 8ay + 4as + 6ag)

A3 = es+estes+es—er—eg
2001 + 4o + 63 + dag + 2a5 + 3ag

Ay = €4+€5+%(€8—€7—66)
(401 + 8a + 1003 + 12014 + 5o + 6ag)
As = 65—{—%(68—67—66)
= %(2@1+4a2+6a3—|—5a4—|—4a5—|—3a6)
A¢ = 3(eitertestestes+es—er—eg)

o1 + 20 + 3ag + 204 + a5 + 206

Level vector: L = (16,30, 42, 30, 16, 22)
Weyl group: dim W = 27.3%.5 = 51 840.
Root lattice @, weight lattice P:

Q=Q(Es)NVs
(Vs hyperplane in R® orthogonal to €7 + g and ¢ + €7 + 2e3g)
P = Q(Eg) U (55 =+ % (68 — €7 — 66)) 7
P/Q ~7/37
Highest root:
—ag = a1+ 2az+ 3a3 + 204 + a5 + 2a4
= %(61+€2+€3+64+€5—66—€7+68)

Coxeter number h = 12, dual Coxeter number hY = 12.
Quadratic matrix form G:

4 5 6 4 2 3

5 10 12 8 4 6

a— 116 12 18 12 6 9
31 4 8 12 10 5 6

2 4 6 5 4 3

3 6 9 6 3 6

(continued)
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Table 3.5 (continued)
Extended Dynkin diagram:

a1 a2 as e %1 as
O—O—CO—CO—=0

a6

Qo

Factor group Out(G) = Aut(G)/Int(G) = L.
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Table 3.6: The simple Lie algebra Ex.

Rank: 7, dimension: 133.
Root system (1 < i # j < 6):

A ={te; tej, t(eg—e7), a(ter+...teg—er+es)}
The total number of + signs (or — signs) is even in $(&e1£...2eg—e7+es).
Simple root system:

7

1
ap = 5(e1 +eg — E €j), Qg =€2—€1, ..., Qg = € — €5, A7 = €1 + £2
j=2

Positive roots (1 < j < ¢ < 6):

6
1
€ —¢€j, & +t¢€;j, €g—¢€r, 5(88—674- E :l:Ej)
Jj=1

Sum of positive roots:

2p = 2e9+4e3+ 6eq4+ 85+ 10e6 + 17(eg — €7)
= 34aq + 66as + 96a3 + T5ay + H2as + 27ag + 49a7

Dynkin diagram:

al a9 a3 (a7 Qs e73)
O M) M) M) M) O
/ / /
ar
Cartan matrix A:

2 -1 0 0 0 0 0

-1 2 -1 0 0 0 0

0 —1 2 —1 0 0 —1

A= 0 0 -1 2 -1 0 0

0 0 0 -1 2 -1 0

0 0 0 0 -1 2 0

0 0 -1 0 0 0 2

(continued)
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Table 3.6 (continued)
Fundamental weights:

AN = eg—e7
= 2a1 + 3ag + 4az + 3a4 + 205 + ag + 2a7
Ay = %(—€1+62+€3+€4+€5+66)+%(68—67)

3aq + 6as + 8az + 64 + 4das + 3ag + dary

g3 +eq+es+e6+2(es —er)

4aq + 8ag + 12ai3 4+ 94 + 65 + 3ag + 6ay

Ay = estestegt S(es—er)

(601 + 1200 + 18a3 + 154 + 105 + 56 + 9oy

A3

As = es+egt+es—er

= 201 + 400 + 6a3 + bay + das + 2a6 + 3ary
A6 = &6+ %(58 — 67)

= %(2(11 + dag + 6as + bas + 4as + 3ag + 3ar)
A = %(61+62+€3+€4+€5+66)+68—67

= %(4041 + 8aa + 12ai3 + g + 65 + 36 + Tarr)

Level vector: L = (34,66,96,75,52,27,49)
Weyl group: dim W = 219.34.5.7 = 2903 040.
Root lattice @, weight lattice P:

Q = Q(FEs)NVz, Vr hyperplane in R® orthogonal to e7 + &g
P=Q(Es)U (s6+ 5 (es — 7)) Z
P/Q ~7/27
Highest root:
—ap = 2a1 + 3ag + 4ag + 3oy + 205 + ag + 27 = eg — €7

Coxeter number h = 18, dual Coxeter number A" = 18.
Quadratic matrix form G:

4 6 8 6 4 2 4

6 12 16 12 8 4 8

1 8§ 16 24 18 12 6 12
G=-1]16 12 18 15 10 5 9
2 4 8 12 10 8 4 6

2 4 6 5 4 3 3

4 8 12 9 6 3 7

(continued)
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Table 3.6 (continued)
Extended Dynkin diagram:

Qg o1 (6] asg (o7 a5 Qg
O () () M () () O
-/ -/ -/ -/

ar

Factor group Out(G) = Aut(G)/Int(G) = L.
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Table 3.7: The simple Lie algebra Eg.

Rank: 8, dimension: 248.
Root system (1 <i # j < 8):

A={te Lej, S(fe1 ... Les)}

The total number of + signs (or — signs) is even in J(&e1 & ... L e5).
Simple root system:

7
1
a1:§(51+58_§ €j), iy =€ — €1, ..., Q7 = €7 — €6, 8 = 1 + £2
Jj=2

Positive roots (1 < j < ¢ < 8):
7
€ —€&j, €& +E¢&j, %(ES—FZ:EE]')
j=1

Sum of positive roots:

20 = 2e9+4+3e3+3e4+¢e€5—cg—€7+e¢s
= apt+astazt+ags+as+as+ ar+asg
Dynkin diagram:

a1

O

a3 aq as (e 75 ar
() ) ) O
/ / /

Qs
)

asg
Cartan matrix A:

2 -1 O 0o o o0 0 O

-1 2 -1 o o0 O 0 o0

0 -1 2 -1 0O 0 o0 -1

A 0 0 -1 2 -1 0O 0 O

0O 0 0 -1 2 -1 0 O

O 0 o0 0 -1 2 -1 0

o 0o o0 0 0 -1 2 0

0 0 -1 o o o0 0 2

(continued)
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Table 3.7 (continued)
Fundamental weights:

A = 2eg = 4oaq + Tag + 10a3 + 8ay + 6as + 4ag + 2a7 + bag
Ay = 3(—e1+extezt+estesteet+er+Tes)

Taq + 1das 4+ 20a3 + 1604 + 12a5 + 8ag + 4y + 10ag
€3+ e€a+e5+eg+e7+ deg

101 + 200 + 303 + 2404 + 18as + 12a6 + 67 + 1508
Ay = e4+es+eg+er+deg

8a1 4+ 169 + 24a3 + 2004 + 15a5 + 10ag + S5a7 + 12ag
€5+ €6 + €7+ 3eg

6aq + 12a9 4+ 183z + 154 + 12a5 + 8ag + 4y + 9ag

Ae = es+er+ 23

4aq + 8aig + 12a3 + 10aq + 8ay + 6 + 3ay + bag

A3

As

A7 = e7+eg
= 2a1 +4ao + 6as + bay + 4as + 3ag + 2a7 + 3ag
As = %(e1+e2+e3+e4+e5+e6+er+ bes)

5a1 + 10as + 15as3 + 12a4 + 9a5 + 6ag + 3ar + 8as

Level vector: L = (92,182,270, 220, 168,114, 58, 136)
Weyl group: dim W = 214.3%.52.7 = 696 729 600.
Root lattice @, weight lattice P:

N
Q=P= inei where 2z, € Z,x; —xj € Z,Zmi € 27.
=1 %
Highest root:
—ap = 2a1 +4as + 6ag + bay + 4das + 3ag + 2a7 +3ag = eg+ €7

Coxeter number h = 30, dual Coxeter number A" = 30.
Quadratic matrix form G:

4 7 10 8 6 4 2 5

7T 14 20 16 12 8 4 10

10 20 30 24 18 12 6 15

= 8 16 24 20 15 10 5 12
N 6 12 18 15 12 8 4 9

4 8 12 10 8 6 3 6

2 4 6 5 4 3 2 3

5 10 15 12 9 6 3 8

(continued)
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Table 3.7 (continued)
Extended Dynkin diagram:

a1

a9 a3 Q4 Qg Qg ar
O Y ) 'R\ Y ) ()
/ / / / /

ag

Factor group Out(G) = Aut(G)/Int(G) = L.

@

301
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Table 3.8: The simple Lie algebra Fj.

Rank: 4, dimension: 52.
Root system (1 <i # j <4):

A = {+e; £ ¢j, tey, %(:i:sl teoteztey)}
Ap ={£e; t¢;}, Ag = {*e;, $(£e1 Lea ez teq)}

dim A =48, dim Ay =24, dim Ag = 24.
Simple root system:

a1 =gy — €3, g =E3— €4, A3 = ¢4, ay = 5(e1 — €2 — 3 —€4)
Positive roots (1 <i < j <4):
€i—¢€j, &+ej, &, %(51:|:52:i:63:|:54)
Sum of positive roots:
2p = 1le; +5e9 4+ 3e3+e4 = 16a; + 302 + 42a3 + 2204
Dynkin diagram:

al a2 a3 QY

O—C==0—"0

2 -1 0 0

Cartan matrix A:

A=1 o 2 2 4
0 0 -1 2
Fundamental weights:
A = e1+e = 200 + 32 + 4a3 + 204
Ay = 2e1+er+e3 = 3oy + 6 + 8az + 4ay
A3 = %(351 +eatest+es) = 200 + 4o + 6z + 3as
Ay = &1 = a1 + 209 + 3ag + 2ay4

Level vector: L = (22,42,30,16)
Weyl group: W = &3 x (84 x (Z/27)%), dim W = 27.32 = 1152.
Root lattice @, weight lattice P:

N
Q:P:inei where all z; € Z or all x; EZ-I—%
i=1

(continued)
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Table 3.8 (continued)
Highest root:

—ap = 201+ 3as+4az3+ 204 = 1+ €9

Coxeter number h = 12, dual Coxeter number A" = 9.
Quadratic matrix form G:

2 3 2 1
36 4 2
=124 3 3
3
12 3 1
Extended Dynkin diagram:
(%) (e 71 a9 as 6 7]

O—O—C0O—>0—"0

Factor group Out(G) = Aut(G)/Int(G) = L.
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Table 3.9: The simple Lie algebra Go.

Rank: 2, dimension: 14.
Root system (1 <i# j #k <3):
AZ{Ei—Ej, 5i+5j_25k}, ALZ{Ei—Ej}, AS={5i+€j—25k}

dimA =12, dim Ay =6, dim Ag = 6.
Simple root system:

a] =€o+€3— 21, ar =€1 — €2

Positive roots:

g2 +e3—2e1 =, €1 —€2 =03, €3 — €] = Q] + 2,

€3 — 2 = a1 + 209, €1+ €3 — 2690 = a1 + 3ao,

—&1 — &9 + 283 = 2a1 + 3o
Sum of positive roots:

2p = —2e1 —4eg +6e3 = 6a; + 10as
Dynkin diagram:
aq a9

=0

Cartan matrix A and Quadratic matric form G:

(2 (63
=5 ) (s

Fundamental weights:
A = —e1—e9+23 = 2071 + 39
Ay = e3—¢e3 = a1+ 2a9

Level vector: L = (10,6)
Weyl group: W is the dihedral group, dim W = 12.
Root lattice @, weight lattice P:

Q=P = Ale1 — 2,61 — &3]

Highest root: —ag = 2a; +3as = —e1 — &9 + 2¢3
Coxeter number h = 6, dual Coxeter number h" = 4.
Extended Dynkin diagram:

a0 a1 a3

O—C==0

Factor group Out(G) = Aut(G)/Int(G) = L.
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Table 3.10: Dimensions of SU(n) irreducible representations.
)

[ YT [ SU(@) SU@M) SU() SU(®) SUB) [ YT | SU(B) SU4) |
1] 3 4 5 6 8 [ 8,3] 120 1100
[2] 6 10 15 21 36 || [8,4] 125 1375
[2,1] 8 20 40 70 168 || [9,2] 132 1056
[3] 10 20 35 56 120 || [9,3] 154 1540
3,1] 15 45 105 210 630 || [9,4] 165 1980
[4] 15 35 70 126 330 || [10,2] 162 1404
[4,1] 24 84 224 504 1848 || [10,3] 192 2080
[4,2] 27 126 420 1134 5544 | [11,2] 195 1820
[5] 21 56 126 252 792 || [12,1] 168 1260
[5,1] 35 140 420 1050 4620 || [13,1] 195 1560
[5,2] 42 224 840 2520 14784 | [17] 171 1140
[6] 28 84 210 462 1716 || [18] 190 1330
[6,1] 48 216 720 1980 10296
[6,2] 60 360 1500 4950 34320 || YT SU(6) SU(8)
[6,3 64 480 2400 9240 82368 || [17] 20 56
[7] 36 120 330 792 3432 | [2,1%] 35 420
[7, 63 315 1155 3465 21021 || [2,2,1,1] 189 1512
[7, ] 81 540 2475 8910 72072 || [2,2,2] 175 1176
[8] 45 165 495 1287 6435 | [3,1%] 120 1800
[8,1] 80 440 1760 5720 40040
[9] 55 220 715 2002 11440
[9,1] 99 594 2574 9009 72072

| YT [ SU(3) SU(4) SU(B) SU®B) [ YT [SUB) SUM4) SUG) |

[10] 66 286 1001 3003 || [7,3] 90 750 4125
[11] 78 364 1365 4368 || [8,2] 105 770 3850
[12] 91 455 1820 6188 || [10,1] 120 780 3640
[13] 105 560 2380 8568 || [11,1] 143 1001 5005
[14] 120 680 3060 11628 || [15] 136 816 3876
[16] 153 969 4845

(continued)
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Table 3.10 (continued)

YT [SUM#) SU(B) SU®B) SU®) YT | SU(5) SU(6) SU(@3) |
[1,1] 6 10 15 28 [ [2,1,1,1] 24 84 504
[2,1,1] 15 45 105 378 || [2,2,1] 75 210 1008
2,2] 20 50 105 336 || [3,1,1,1] 70 280 2100
[3,1,1] 36 126 336 1512 || [3,2,1,1] 175 840 8400
3,2] 60 175 420 1680 || [3,2,2] 210 840 7056
[3,2,1] 64 280 896 5376 || [3,3,1] 315 1176 9072
3, 3] 50 175 490 2520 || [4,1,1,1] 160 720 6600
[4,1,1] 70 280 840 4620 || [4,2,1,1] 450 2430 29700
[4,2,1] 140 700 2520 18480 || [4,2,2,1] 480 3240 55440
[4,2,2] 84 560 2520 25872 || [4,2,2,2] 200 1800 46200
[4,3] 140 560 1764 11088 || [4,3,1,1] 720 4536 71280
[4,3,1] 175 1050 4410 41580 || [4,3,2,1] 1024 8064 177408
[4,4] 105 490 1764 13860 || [4,3,2] 1120 5880 77616
[5,1,1] 120 540 1800 11880 || [4,3,3] 700 4410 77616
[5,2,1] 256 1440 5760 50688 || [4,4,1] 980 4704 55440
[5,2,2] 160 1200 6000 73920 || [5,1,1,1] 315 1575 17325
[5,3] 280 1260 4410 33264 || [5,2,1,1] 945 5670 83160
5,4] 280 1470 5880 55440 || [5,2,2,1] 1050 7875 161700
5,5 196 1176 5292 60984 || [5,2,2,2] 450 4500 138600
[6,1,1] 189 945 3465 27027 || [6,1,1,1] 560 3080 40040
[7,1,1] 280 1540 6160 56056 || [6,2,2,2] 875 9625 350350

[7,1,1,1] 924 5544 84084

[ YT | SU(4) SU() [ YT | SU(4) SU(B) [ YT | SU(5) SU(6) |

[5,3,1] 360 2430 [ [7,2,2] 420 3850 [ [3,2,2,2] 560 11760
[5,3,2] 300 2700 || [7,3,1] 1000 8250 || [3,3,3] 980 14112
[5,4,1] 384 3024 || [7,3,2] 875 9625 || [4,1%] 315 5775
[6,2,1] 420 2625 || [7,3,3] 500 6875 || [4,4,2] 1176 7056
[6,2,2] 270 2250 || [7,4] 900 5775 || [5,3,2,2] 1215 14175
[6,3,1] 630 4725 || [7,5] 945 6930
[6,3,2] 540 5400 || [7,6] 840 6930
[6,3,3] 300 3750 || [7,7] 540 4950
[6,4] 540 3150 || [8,1,1] 396 2376
[6,4,1] 756 6615 || [9,1,1] 540 3510
6,4, 2] 729 8505 || [8,2,1] 924 6930
6, 5] 504 3360 || [8,2,2] 616 6160
[6,5,1] 735 7350 || [9,2,2] 864 9360
[6,6] 336 2520 || [10,1,1] 715 5005
[7,2,1] 640 4400 || [11,1,1] 924 6930
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Table 3.11: Products of SU(n) irreducible representations.

pl ® 1] =[p+ 1,1 & [p,1"]

k
[17] @ [1%] = ED [2k 1pTh=2i) (p > k)
=0

=281 e VLI e L (2,177 @ [17HH]

k
Pl @ Kl=Pp+k—ii (p>k)

:f;Jr kKl @ p+k—-1,1] @ ... d [p+1,k—1] @ [p,k]

p,1] ® IF]=p+1,2,1¥2 @ [p+1,1% @ [p,2,1*1] @ [p,1*]

p,1] ® [k] = B p+k-iit1]

0<i¢<min(k,p—1)

4 p+k—i—1,i+1,1]

0<i¢<min(k—1,p—1)

Pl ® k1= @ (p+k—i+Li+tl@p+k—ii+1,1)
0<i<min(k,p—1)
@ (p+k—-ii+1,1]@®p+k—i—-1,i+1,1,1])
0<:<min(k—1,p—1)
P  ptk-iit2 P p+k—i—1,i+2,1]
0<:<min(k,p—2) 0<i¢<min(k—1,p—2)

&b p+k—i—1,i+1,2]
1<¢<min(k—1,p—1)

N.B. One has to avoid in the r.h.s. tableaux with a number of rows larger
than the rank n of the algebra under consideration.
Moreover, any tableau with n rows will be replaced by the corresponding
tableau in which the n box columns are suppressed.
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Table 3.12: Dimensions of Sp(2n) irreducible representations.

Young Tabl. | Sp(6) Sp(8) Sp(10) Sp(12)
[ml, cey mn]

[0] 1 1 1 1
[1] (fond.) 6 8 10 12
[12] 14 27 44 65
[13] 14 48 110 208
[14] - 42 165 429
[15] - - 132 572
[2] (adjoint) 21 36 55 78
2,1] 64 160 320 560
(2,1,1] 70 315 891 2002
(2,1,1,1] - 288 1408 4368
2,2] 90 308 780 1650
2,2,1] 126 792 2860 7800
2,2,2] 84 825 4004 13650
3] 56 120 220 364
(3,1] 189 594 1430 2925
(3,1,1] 216 1232 4212 11088
3,2] 350 1512 4620 11440
3,2,1] 512 4096 17920 57344
3,2,2] 378 4752 28028 112320
(3, 3] 385 2184 8250 24310
[3,3,1] 616 6552 35640 136136
3,3,2] 594 10010 73710 353430
3,3,3] 330 8008 76440 448800
4] 126 330 715 1365
[4,1] 448 1728 4928 11648
[4,1,1] 525 3696 15015 45760
[4,2] 924 4914 17820 51051
5] 252 792 2002 4368
(5, 1] 924 4290 14300 38675
[6] 462 1716 5005 12376
[7] 792 3432 11440 31824
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Table 3.13: Products of Sp(2n) irreducible representations (n > 3).

k k
Pl okl =@PPr+tk-m—Im-1 (p>k)
=0 m=l
pl @ [1] = [p+1] @ [p,1] ® [p—1]
p] ® 1*] = p+1,1" 1 @ [p,1¥] & [p,1¥ 2 @ [p—1,1%71]
[p,k] @ [1] = [p+ Lk & [pk+1] @ [pk,1] © [p,k—1]
®p—1k (p=k)
p,1] ® [1¥] = [p+1,2,1¥ 2 @ [p+1,1%] @ [p+1,1%2]

o [p,2, 1" @ [p,2,1"7%] @ [p,1¥1] @ [p,1"7]
@ [p, 151" @ [p,1F% @ [p—1,2,1"2
op-1,1% @ p-1,1F%  (p,k>2)

p,2] @ [1F] = [p+1,3,1F2] @ [p+1,2,1F ] @ [p+1,2,1¥7
®p+1,1%1 @ [p,3,1%1] @ [p,3,1F3]
@ [p,2,1%] @ [p,2,15F7?] @ [p,2,1%"] ® [p, 1577
®p-1,3,1"2 0 p-1,2,1" @ p-1,2,159
@ [p— 1,171 (p,k>2)

k k
e 1 = @@t 2k

=0 m=l
where the GYTs such that p + k — m > n do not appear for Sp(2n)

Aol = {D+} o {A-}

N.B. One has to avoid in the r.h.s. tableaux with a number of rows larger
than the rank n of the algebra under consideration or any non-meaningful
GYT. The * representations do not appear for Sp(2k).

In the last product, [A] is any GYT, {[A]+} (respectively {[A]_}) is the set of
GYTs obtained by adding (respectively subtracting) a box in any meaningful
way to any row of [A].
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Table 3.14: Dimensions of SO(2n) irreducible vector representations.

Young Tabl. | SO(8) SO(10) SO(12) SO(14) SO(16) SO(24) SO(32) |
1 ] 8 10 12 14 16 24 32
[12] 28 45 66 91 120 276 496
[ ] 56 120 220 364 560 2024 4960
[1 ] 35 210 495 1001 1820 10626 35960
[19] - 126 792 2002 4368 42504 201376
[19] - - 462 3003 8008 134596 906192
[2] 35 54 7 104 135 299 527
[2,1] 160 320 560 896 1344 4576 10880
[2,1,1] 350 945 2079 4004 7020 37674 122264
[2,1,1,1] 224 1728 4928 11648 24192 210496 944384
[2,1,1,1,1] - 1050 8085 24024 60060 874874 5501880
[2,2] 300 770 1638 3080 5304 27300 86768
[2,2,1] 840 2970 8008 18200 36720 299000 1298528
[2,2,2] 840 4125 14014 38220 89760 1136200 6678144
3] 112 210 352 546 800 2576 5952
[3,1] 567 1386 2860 5265 8925 44275 138105
[3,1,1] 1296 4312 11232 24948 49504 388080 1653696
3,2] 1400 4410 11088 24024 46800 351624 1467168
3,3] 1925 7644 23100 58344 129675 1450449 8023575
[4] 294 660 1287 2275 3740 17250 51832
[4,1] 1568 4608 11088 23296 44352 315744 1281664
[5] 672 1782 4004 8008 14688 95680 371008
[5,1 3696 12870 35750 85085 180800 1821600 9548000
6] 1386 4290 11011 24752 50388 457470 2272424
| Young Tabl. [ SO(8) SO(10) SO(12) SO(14) SO(16) SO(24) |

[2,2,1,1] 567 5940 21021 58968 141372 1874730

[2,2,1,1,1] - 3696 36036 128128 371280 8288280

[2,2,2,1] 672 10560 48048 163072 456960 9472320

[2,2,2,2] 294 8910 55055 231868 771120

[3,1,1,1] 840 8085 27456 75075 176800 2254000

[3,1,1,1,1] - 4950 45760 157950 448800 9614000

13,2,1] 4096 17920 57344 150528 344064 4100096

[3,2,1,1] 2800 36750 155232 504504 1372800

[3,2,2] 4536 27720 112112 353808 942480

3,3,1] 6160 34398 133056 408408 1067040

[4,1,1] 3675 14784 45045 114400 255255 2877875

[4,1,1,1] 2400 28160 112320 352000 933504

[4,2] 4312 16380 48114 119119 260832 2816856

[4,3] 7840 37632 133056 384384 960960

[5,1,1] 8800 42120 148500 427856 1067040

[7] 2640 9438 27456 68952 155040 1937520

8] 4719 19305 63206 176358 436050 7413705

[9] 8008 37180 136136 419900 1136960
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Table 3.15: Dimensions of SO(2n + 1) irreducible vector representations.

Young Tabl. | SO(5) SO(7) S50(9) SO(11) S50(13) SO(15)
1] 5 7 9 11 13 15
[17] 10 21 36 55 78 105
[1%] 35 84 165 286 455
(14 - - 126 330 715 1365
[1°] - - - 462 1287 3003
2] 14 27 44 65 90 119
2,1] 35 105 231 429 715 1105
[2,1,1] - 189 594 1430 2925 5355
2,1,1,1] - - 924 3003 7722 17017
2,2] 35 168 495 1144 2275 4080
2,2,1] - 378 1650 5005 12285 26180
2,2,1,1] - — 2772 11583 36036 92820
2,2,2] - 294 1980 7865 23660 59500
2,2,2,1] - — 4158 23595 91091 278460
2,2,2,2] - — 2772 23595 117117 433160
3] 30 s 156 275 442 665
[3,1] 81 330 910 2025 3927 6916
3,1,1] - 616 2457 7128 17017 35568
3,1,1,1] - — 3900 15400 46410 117040
3,2] 105 693 2574 7150 16575 33915
3,2,1] — 1617 9009 33033 94809 230945
3,2,1,1] - — 15444 78650 287300 847875
3,2,2] — 1386 12012 57915 204204 587860
3,3] 84 825 4004 13650 37400 88179
3,3,1] — 2079 15444 70070 238680 671517
[4] 55 182 450 935 1729 2940
[4,1] 154 819 2772 7293 16302 32487
[4,1,1] — 1560 7700 26520 73150 173264
[4,1,1,1] - — 12375 58344 203775 583440
4,2] 220 1911 8748 28798 77064 178605
[4,2,1] — 4550 31500 137445 456456 1261260
[4,3] 231 3003 18018 72930 230945 617253
[4,4] 165 3003 22932 112200 415701 1270815
5] 91 378 1122 2717 5733 10948
[5,1] 260 1750 7140 21945 56056 125580
[5,1,1] — 3375 20196 81510 257400 686205
[5,2] 390 4312 23868 91960 281554 734160
6] 140 714 2508 7007 16744 35700
[6,1] 405 3366 16302 57915 167739 419900
[7] 204 1254 5148 16445 44200 104652
[7,1] 595 5985 33957 138138 450450 1253070
8] 285 2079 9867 35750 107406 281010
9] 385 3280 17875 72930 243542 700910
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Table 3.16: Dimensions of SO(2n) irreducible spinor representations.

Young Tabl. | SO(8) SO(10) SO(12) SO(14) SO(16) SO(24) SO(32) |

[oy 8 16 32 64 128 2048 32768
[y 56 144 352 832 1920 47104 1015808
12y 160 560 1728 4928 13312 516096

(1% 224 1200 4928 17472 56320 3579904

[y 112 1440 8800 40768 161280

[1°) - 672 9504 64064 326144

[15) - - 4224 64064 465920

[2]' 224 720 2112 5824 15360 565248

[2,1] 840 3696 13728 45760 141440 8243200

[2,1,1) 1296 8800 43680 181440 670208

[2,1,1,1) 672 11088 82368 448448 2036736

[2,2] 1400 8064 36960 146432 524160

3] 672 2640 9152 29120 87040 4710400

[3,1] 2800 15120 66528 256256 898560

[4]' 1680 7920 32032 116480 391680

Table 3.17: Dimensions of SO(2n + 1) irreducible spinor representations.

| Young Tabl. [ SO(5) SO(7) SO(9) SO(11) SO(13) S50O(15) |

o]’ 4 8 16 32 64 128
(1)’ 16 48 128 320 768 1792
[1%) 20 112 432 1408 4160 11520
(1% - 112 768 3520 13312 44800
(14 - - 672 5280 27456 116480
[2)' 40 168 576 1760 4992 13440
[2,1] 64 512 2560 10240 35840 114688
[2,1,1) - 560 5040 28512 128128 499200
2,2’ 56 720 4928 24960 105600 396032
2,2,1) — 1008 12672 91520 499200 2284800
[2,2,2] - 672 13200 128128 873600 4787200
[3)' 80 448 1920 7040 23296 71680
3,1 140 1512 9504 45760 187200 685440
3,2 160 2800 24192 147840 732160 3144960
[3,3]' 120 3080 34944 264000 1555840 7745920
4] 140 1008 5280 22880 87360 304640
[ !

] 224 2016 12672 64064 279552 1096704
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Table 3.18: Products of SO(2n) irreducible representations (n > 4).

p p—l
[p] ® [p] = PP+ -k-2,k (p>p)
=0 k=0
[p] ® [1] = [p+1] & [p,1] ® [p—1]
1] ® 1] = [p+1,1] ® [p,2] © [p,1,1] © [p] © [p—1,1]
[p,2] ® [1] p+1,2] @ [p,3] ® [p,2,1] @ [p,1] ® [p—1,2]

p,1,1] @ 1] = [p+1,1,1] & [p,2,1] & [p,1,1,1] & [p,1,1,—1]*
®[p,1] & [p—1,1,1]

p,2,1 @ [1] = [p+1,2,1] & [p,3,1] & [p,2,2] & [p,2,1,1]
® [p,2,1,-1]* & [p,2] & [p,1,1] & [p—1,2,1]

[p] ® [17] = p+1,1] @ p,1,1] ® [p] @ [p—1,1]

1] ® [17] = p+1,20 @ p+1,1,1] @ [p+1] © [p,2,1]
®p,1,1,1] & [p,1,1,-1]* & 2[p,1] & [p—1,2]
op-1L1] & [p—-1 (p>2)

12 ® [12] = [2,2] @ [2,1,1] @ [2] @ [1Y] @ [13,—-1]* @ [1%]
® [0]
13 ® [12] = [2,2,1] @ [2,1,1,1] @ [2,1] @ [1%] @ [1]
[2,1,1,—1] @ [13] forn =4
©q [1°] @ [1% 1] forn =5
[15] forn>6
1% ® [13] = [2,2,2] @ [2,2,1,1] @ [2,2] @ [2,1,1] @ [2]

o 1Y & [12] @ [0]

2,2,1,-1] @ [2,1,1] @ [13,-1] @ [1?] forn=4
2,1,1,1,1] & [2,1,1,1,—1] @ [1%] forn =5
[2,1,1,1,1] ® [19 & [1°,—1] for n =6
[2,1,1,1,1] @ [19] forn > 7
3,1,1] @ [2,1,1,1] @ [2,1,1,-1]* @ [2,1] & [1]

@

2] ® [1°]

(continued)
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Table 3.18 (continued)

p] @ [0 = [p" ® [p—1]"
[1k] ® [0]/ — [1k]/ D [11971]// D [1k72]/ D [1k73]// D ...
[0] for k even
@ { [0]" for k odd

el =2 0% e[ o)

1Pl e 1) = 21 © 1% @ 2" © [1*]" ® 2[1) & [0)"

13l @ 1) = [2,,1] @ [2,1)" @ 2] @ [1Y) & 1% & 21
@ 2[1)" @ [o]

of @ 0 = 1" e 1"’ e ..o 31— (1"

o @ [0 = 1" @& 1" & ... & 51+ (-1)")

0 ® 1)) = 21" @ 21"3] & ... @ [2,3(1 4+ (-1)")]
oI e 1" @ ... & [1,5(1— (—1)")]

0" ® [1] = 21" @ 21" & ... & [2,53(1 - (-1)")]
s e 1" e ...6 1301+ (1))

2l e 1 =B o 2,1 a2 e 1% o 1) @ [0

N.B. One has to avoid in the r.h.s. tableaux with a number of rows larger

than the rank n of the algebra under consideration or any non-meaningful
GYT. The GYTs with * exist only for SO(8).
The notation [...,... ,...)" means [...,...,...,0n7 P71 1]

P P
The spinor representations [u,v,w,...]" and [u,v,w,...]” have the same

dimension (they are conjugate to each other).

One has also the general formula

A e [1={A+} @ {N-}

where [A] is any GYT, {[A]+} (respectively {[A]_}) is the set of GYTs ob-
tained by adding (respectively subtracting) a box in any meaningful way to
any row of [A].
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Table 3.19: Products of SO(2n + 1) irreducible representations (n > 3).

pl ® 1] = [p+1] & [p,1] ® [p—1]
1Pl o [1] = [2,1] & 1] & [1]
1% ® 2] = [3,1] @ [2,1,1] & [2] @ [1?]
2l ® 2] = M4 & [38,1] & [2,2] & [2] & [1] & [0]
2,2] @ [2,1,1] @ [1°] @ [2] ® [1%] & [0]
forn =3
1] ® [17] = { 22 0 251 e 14 o 2 @ 12 & [0]
forn >4
[2,1,1] @ [1%] @ [1?] forn=3
e = { 2,1,1] ® [14 @ [12] forn >4
(([2,2,1] @ [2,1,1] @ [2,1] & [1°] @ [1?] @ [1]
forn=3
19 © 2] = 2,2,1] & [2,1,1,1] & [2,1] & [1Y] & [1:(;]r Sz[li
2,2,1] @ [2,1,1,1] @ [2,1] @ [1°] @ [13] @ [1]
forn >5

\

2,1,1,1] @ [1*] @ [13] forn =4

11 e 1] = { 2,1,1,1] @ [1°] @ [13] forn>5

3 forn=3

S
&
5
|
—N

3,1,1] & [2,1,1] & [2,1] &
] ]

[1
3,1,1] @ [2,1,1,1] @ [2,1] ® [13] forn >4

forn=14
3,1,1,1] & [2,1,1,1,1] & [2,1,1] & [14

{ 3,1,1,1] & [2,1,1,1] & [2,1,1] & [1%]
forn>5

(continued)
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Table 3.19 (continued)

[pl @ [0 = [p]' © [p—1]
1*] @ [0 =

[ [

e =p2e [’ e) ol

Pl e 1) = 2,0 0 2] o [I*] ® 1% ® 2[1) o [0

1% @ [ = 2,,1) @ [2,1] @ [2] @ 1Y & [13] & 2[1?)
@ 2[1] @ [o]

2le 1) = @B'e[210 o2 e ell] el

0 [0 = [1" e 1" e ..l

[0 ® 1

I = 21" @ [21”—2] ® ... D [2
@[ @ 1] @ @ [0]

N.B. One has to avoid in the r.h.s. tableaux with a number of rows larger
than the rank n of the algebra under consideration or any non-meaningful

GYT.

One has also the general formula

{A+ @ {IA-} if A, =0
A © [1]= :
{4} @ {A-} @ P if A, #0
where [A] is any GYT, {[A]+} (respectively {[A]_}) is the set of GYTs ob-

tained by adding (respectively subtracting) a box in any meaningful way to
any row of [A].
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Table 3.20: Dimensions of (9 irreducible representations.

| Dynkin dim. ‘ Dynkin  dim. | Dynkin dim. | Dynkin dim. ‘
01 7 4 0 748 3 3 4096 | 0 12 10556
10 14 3 1 896 4 2 4914 8 0 11571
0 2 27 1 4 924 5 1 4928 19 11648
11 64 07 1254 17 4928'| 3 5 12096
20 7 2 3 1547 | 0 10 5005 27 13090
0 3 Tl 15 1728 2 5 5103 | 0 13 14756
0 4 182 50 1729 70 6630 4 4 15625
1 2 189 3 2 2079 3 4 7293 | 1 10 17017
30 273 0 8 2079’ 0 11 7371 71 17472
21 286 41 2261 1 8 7722 5 3 18304
05 378 2 4 2926 2 6 8372 36 19019
13 448 16 3003 4 3 9177 9 0 19096
06 714 09 3289 6 1 9660 6 2 19278
2 2 729 6 0 3542 5 2 10206 2 8 19683

Table 3.21: Dimensions of Fj irreducible representations.

‘]Dynkhl dhnenﬂon,|])ynkh1 dhnenﬂon,|])ynkh1 dimension
0001 2001 17901 3001 184756
1000 0101 19278 0021 205751
0010 273 0020 19448 0013 212992
0002 324 1100 29172 0200 226746
1001 1053 0012 34749 2100 340119
2000 1053 1003 76076 0006 342056
0100 1274 0005 81081 1101 379848
0003 2652 4000 100776 1004 412776
0011 4096 1011 106496 1020 420147
1010 8424 0110 107406 5000 627912
1002 10829 2010 119119 0030 629356
3000 12376 0102 160056 1012 787644
0004 16302 2002 160056 0103 952952

317
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Table 3.22: Products of G4 irreducible representations.

T®T = 1@27), ® (7T® 14),

T® 14 = 7@ 27 @64

HUeld4 = 121 T ® (14 @ 77),
T®27 = T 1l4210 640 7T
14027 = 7@ 14®27@ 64 @77 O 189

2T®2T = (1©21327T® 64 © 77 ® 182),
®(7T® 14064 @77 B 189),

7® 64 = 4p2T064 P 77T @77 H 189

14064 = 7TH2T@ 64 D64 77 & 182 @ 189 P 286

2TR64 = 742727 D64 D64 DTTRTT @77 & 182 & 189
D189 @ 286 @ 448

6464 = 10714 4P2TD22TH64DADTTI DT & TT
T B BT D 182 @ 182 @ 189 @ 189 @ 189 @ 273 @ 286
D378 D 448 ® 448 @ 729

TR 77 = 64 & 189 ® 286

1477 = 1477377 & 189 @ 273 @ 448

2TQT77 = 21064 D77 O 77 @ 182 @ 189 @ 286 @ 448 ¢ 729

TRV = 21064077 @ 182 & 189

477 = 1402106477 @77 & 182 @ 189 @ 448

2TRT77 = T4 P24 D64ADTTDTT T @ 182 P 189
@189 ¢ 286 @ 378 P 448

TR®182 = 77 @ 182 @ 189 @ 378 @ 448

140182 = 64 ® 77" & 182 @ 189 d 286 ¢ 378 P 448 & 924

T®189 = 64 P77 DT @ 182 @ 189 P 286 P 448

14189 = 27 ® 64 @ 77 @ 77 © 182 @ 189 @ 189 @ 286 @ 378 @ 448
@729

T®273 = 286 @ 729 @ 896

14 ® 273 77 & 273 @ 448 & 729 @ 748 © 1547
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Table 3.23: Products of Fj irreducible representations.

6226 = (1626 324), @ (52 ® 273),

2% ® 52 = 26 273 ® 1053

5252 = (1®324 @ 1053), & (52 @ 1274),

2 © 273 = 26 @ 52 ® 273 @ 324 @ 1053 & 1274 @ 4096
52 ® 273 = 26 @ 273 @ 324 ® 1053 @ 4096 ® 8424

2713 ® 273 = (1 @ 26 @ 324 © 324 © 1053 ® 1053’ @ 2652 & 4096
® 8424 ® 19448), @ (52 @ 273 @ 273 & 1053 @ 1274
®4096 @ 10829 @ 19278),

26 ® 324 = 26 @ 273 ® 324 @ 1053 @& 2652 & 4096
52 ® 324 = 52 @ 273 @ 324 @ 1274 ¢ 4096 © 10829

273 ® 324 = 26 ® 52 @ 273 @ 273 ® 324 © 1053 P 1053 @ 1274 ¢ 2652
4096 @ 4096 @ 8424 @ 10829 @ 19278 ¢ 34749

324 ® 324 = (1@ 26 @ 324 ® 324 © 1053' @ 2652 @ 4096 O 8424
® 16302 @ 19448), @ (52 @ 273 & 1053 @ 1274 @ 4096
@ 10829 @ 34749),
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Table 3.24: Dimensions of Ejg irreducible representations.

Dynkin label  dimension |])ynkh11abe1 dimension |]Dynkh11abel dimension

100000 27 000003 43758 R 011000 386100
000001 78 R 100002 46332 000102 393822
000100 351 101000 51975 000210 412776
000020 351 210000 54054 600000 442442
100010 650 R 100030 61425 200002 459459
100001 1728 010100 70070 R 001020 494208
000002 2430 R 010020 78975 000004 537966 R
001000 2925 R 200020 85293 R 010030 579150
300000 3003 500000 100386 020010 600600
000110 5824 001001 105600 R 200030 638820
010010 7371 100110 112320 000013 741312
200010 7722 300001 146432 100012 812175 R
000101 17550 000111 252252 101010 852930 R
000021 19305 100101 314496 000041 853281
400000 19305’ 000130 359424 010110 967680
020000 34398 200011 359424 100120 972972
100011 34749 R 100040 371800

The real representations are labelled by (R).

Table 3.25: Dimensions of E7 irreducible representations.

| Dynkin label  dimension ‘ Dynkin label dimension | Dynkin label  dimension

0000010 56 0001000 27664 200010 320112
1000000 133 0000011 40755 0100010 362880
0000001 912 0000110 51072 0010000 365750
0000020 1463 1000001 86184 1100000 573440
0000100 1539 1000020 150822 0000200 617253
1000010 6480 1000100 152152 0000101 861840
2000000 7371 3000000 238602 0000021 885248
0100000 8645 0000002 253935 0000120 915705
0000030 24320 0000040 293930 0001010 980343

Table 3.26: Dimensions of Ejg irreducible representations.

Dynkin label  dimension ‘]Dynkhllabel dimension |])ynkh11abe1 dimension

00000010 248 00001000 2450240 00000040 79143000
10000000 3875 00000110 4096000 00010000 146325270
00000020 27000 20000000 4881384 00000200 203205000
00000100 30380 01000000 6696000 00000120 281545875
00000001 147250 00000011 26411008 10000001 301694976
10000010 779247 10000020 70680000 00001010 344452500
00000030 1763125 10000100 76271625 20000010 820260000
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Table 3.27: Products of Eg irreducible representations.

321

27 ® 27
27 @ 27
27 ® 78
78 ® T8
27 @ 351
27 ® 351
27 © 351
27 ® 351
78 ® 351
78 ® 351
351 ® 351

351 ® 351

351" @ 351
351 ® 351
351 @ 351/
351 ® 351
27 ® 650
78 ® 650
27 @ 1728
27 ® 1728
78 ® 1728

650 ® 650

(27 @ 351), & 351,

1& 78 & 650

27 @ 351 @ 1728

(1 ® 650 ® 2430), @ (78 & 2925),

78 @ 650 @ 2925 ¢ 5824

27 @ 351 @ 1728 @ 7371

650 @ 3003 @ 5824

27 @ 1728 @ 7722

27 @ 351 @ 351’ ® 1728 ® 7371 @ 17550
351 @ 351" ® 7371 @ 19305

1@ 78 & 650 @ 650 & 2430 @ 2925 § 5824 @ 5824
@ 34749 @ 70070

(27 @ 351" @ 1728 @ 7722 ® 17550 & 34398);
@ (351 @ 1728 @ 7371 @ 51975),

1678 ® 650 @ 2430 & 34749 & 85293
(351’ @ 7722 @ 19305 @ 34398), @ (7371 ® 54054),
78 @ 650 @ 2925 @ 5824 @ 34749 @ 78975

351 @ 1728 @ 7371 @ 7722 & 51975 & 54054

27 @ 351 @ 351’ ® 1728 @ 7371 & 7722

78 @ 650 @ 650 B 2925 @ 5824 @ 5824 @ 34749

78 @ 650 @ 2430 @ 2925 @ 5824 © 34749

351 @ 351" @ 1728 @ 7371 @ 17550 & 19305

27 @© 351 @ 1728 @ 1728 @ 7371 @ 7722 @ 17550 & 46332

@ 51975
(1 ® 78 @ 650 @ 650 ® 2430 @ 3003 @& 3003 & 5824

@ 5824 @ 34749 @ 70070 & 85293)s; @ (78 @ 650 B 2925

®2925 @ 5824 @ 5824 @ 34749 @ 78975 @ 78975),
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Table 3.28: Products of E7 irreducible representations.

56 @ 56 = (133 @ 1463), @ (1 ® 1539),
56 ® 133 = 56 @ 912 & 6480
133 @133 = (1@ 1539 @ 7371), ® (133 & 8645),
56 ® 912 = 133 @ 1539 @ 8645 @ 40755
133 ® 912 = 56 @ 912 @ 6480 & 27664 © 86184
912 ® 912 = (133 @ 1463 @ 8645 @ 152152 & 253935),
@ (1 ® 1539 & 7371 & 40755 & 365750),
56 ® 1463 = 56 @ 6480 @ 24320 @ 51072
133 ® 1463 = 1463 @ 1539 ® 40755 @ 150822
912 @ 1463 = 912 ¢ 6480 @ 27664 @ 51072 & 362880 @ 885248

1463 ® 1463 = (1 @ 1539 @ 7371 @ 150822 @ 293930 @© 617253),
@ (133 @ 1463 @ 152152 @ 915705),

56 ® 1539 = 56 © 912 @ 6480 & 27664 ¢ 51072
133 ® 1539 = 133 @ 1463 @ 1539 & 8645 © 40755 G 152152
912 ® 1539 = 56 © 912 @ 6480 @ 6480 @ 27664 @ 51072 © 86184

@ 362880 @ 861840

1463 ® 1539 = 133 @ 1463 @ 1539 @ 8645 @ 40755 @ 150822 @ 152152
@ 915705 @ 980343

1539 ® 1539 = (133 @ 1463 @ 8645 @ 40755 & 152152 & 980343), &
(1 @ 1539 ® 1539 @ 7371 ® 40755 @ 150822 @ 365750
@ 617253),
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Table 3.29: Products of Fg irreducible representations.

248 @ 248 = (1 @ 3875 @ 27000), @ (248 & 30380),
248 ® 3875 = 248 @ 3875 @ 30380 ® 147250 @ 779247

3875 ® 3875 = (1 @ 3875 @ 27000 & 147250 & 2450240 ¢ 4881384),
@ (248 @ 30380 @ 779247 @ 6696000),

248 @ 27000 @ 30380 @ 779247 & 1763125 & 4096000

248 @ 3875 @ 27000 ® 30380 ® 147250 @ 779247
@ 2450240 @ 4096000

248 ® 27000
248 ® 30380

Table 3.30: Inner products for the symmetric groups.

Inner products for the symmetric group Sa
2] ® [2] = [2] (1] & [17] = [2]
[1%] @ [2] = [17]

Inner products for the symmetric group G3

[3] @ [3] = [3] (1] ® [1%] = [3]
[B]®[2,1] =[2,1] [1°]® [2,1] = [2,1]
2,0®2,1]=Be21]e?] [Be’]=]

Inner products for the symmetric group &4

[4] ® [4] = [4] (1 [11 = [4]

[4] ® [3,1] = [3,1] 1 ®[2,1%] = [3,1]

[4] ® [2%] = [27] (11 ® [2%] = [27]

3,11 ® [2%] = [3,1] @ [2,17] 2,17 @[22 = [3,1] @ [2,17]
(1 ®[3,1] = [3,1] [4] ® [2,1%] = [3,1]

22 © [27] = [4] @ [2*] @ [1"] [4] @ 11 = [11]
3,1]®[3,1] = [4] @ [3,1] @ [22] @ [2, 1?]

2,12]®[2,12] = [4]® [3,1] @ [22] @ [2,1?]

3,11 ®[2,1%] = [3,1] @ [2Y] @ [2,1%] @ [1*]
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Table 3.31: Branching rules for Fy.

Branching rules for Fy D so(9)

26
92
273
324
1053
1053
1274
2652
4096

8424

10916

16 © 36

9 16 D 36 D 84 @ 128

169D 1644 D 126 d 128

16 © 36 © 84 @ 126 © 128 G 231 P 432

126 @ 432 ® 495

36 ®84® 128D 432 ® 594

1®9d16B 44 P 126 B 128 B 156 @ 576 B 672 P 924

9D 16D 36 D44 D 84D 126 @ 128 P 128 P 231 P 432 B 576
®594 @ 768 © 924

84 @126 © 128 © 231 $ 432 @ 432 G 495 © 594 @ 768 & 924
@©1650 @ 2560

Branching rules for Fy D sl(3) @ sl(3)

26
52
273

324

(8,1)® (3,3) ® (3,3)

(8,1)® (1,8) @& (6,3) & (6,3)

(LD (8,1)®(3,3) @ (3,3) @ (10,1) ® (10,1) @ (6,3) @ (6,3)
®(3,6) @ (3,6) @ (15,3) @ (15,3) @ (8,8)

(L) e (8,1)®(1,8)®(3,3) @ (3,3) @ (27,1) @ (6,3) @ (6, 3)
®(6,6) @ (6,6) ® (15,3) @ (15,3) @ (8,8)

Branching rules for Fy D sl(2) @ sp(6)

26
92

(2,6) & (1,14)
(3,1) @ (1,21) & (2, 14)

Branching rules for Fy D sl(2) @ G2

26
92

(5,1) @ (3,7)
(3,1)® (1,14) @ (5,7)
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Table 3.32: Branching rules for so(26) D Fj.

325

26
325
350

2600
3250
5824
14950
23400
37674

92325

60750

26

273 @ 52

324 @ 26

1274 @© 1053 @ 273

2652 @324 273 1

4096 1053 © 324 B 273 B 52 P 26

8424 @ 4096 @ 1053 ¢ 1053’ @ 324

16302 @ 4096 @ 2652 ® 324 © 26

19448 @ 8424 @ 4096 @ 2652 @ 1053 @ 1053’ @ 324 P 324 P 273
@261

19278 @ 10829 @ 8424 @ 2 (4096 @ 1274 ¢ 1053 & 273) @ 324
52 ® 26

34749 ® 10829 @ 2652 @ 1274 @ 2 (4096 @ 1053 B 273) @ 324
D52 @ 26

Table 3.33: Branching rules for so(7) D Ga.

7T =7
21 = 7014
2T = 27

3 = 197027
48 = Tpldd27

o= 77
105 = 14¢27® 64
168 = 27® 6477
182 = 182
189 = 7®14027T0640 77
330 = 6477 D189
3718 = TOl4D2TD64D 7T @ 189

616 = 27TD64DT7THTT B 182 @ 189
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Table 3.34: Branching rules for Fg.

Branching rules for Eg D Fy

27
78
351
351
650
1728
2430
2925

21p 1

92 ® 26

273 @ 52 D 26

3240261
324273026026 1

1053 ® 324 @© 273 © 52 26
1053 @ 1053’ @ 324

1274 © 1053 @ 273 © 273 @ 52

Branching rules for Eg O s0(10)

27
78
351
351
650
1728

2430
2925

1601031
4591601601

144 ® 1200 45D 16 © 16 @ 10

1440126054 916 10D 1

210 144 @144 54 @450 16016100 10 1

560 @ 320 © 210 @ 144 ¢ 144 © 126 © 120 © 45 D 16 © 16 © 16
@10a1

770 560 @ 560 210 126 D 126 450 16 B 16 B 1

945 ® 560 ® 560 © 210 @ 144 ® 144 D 120 ® 120 © 45 B 45 @ 16 © 16

Branching rules for Eg D si(6) @ si(2)

27
78
351
351
650
1728

2430

2925

15,1) @ (6,2)

35,1) @ (20,2) @ (1,3)

105,1) @ (84,2) @ (21,1) @ (15,3) & (6, 2)

105',1) @ (84,2) @ (21,3) @ (15,1)

189,1) @ (70,2) @ (70,2) & (35,3) @ (35,1) @ (20,2) @ (1,1)

384,1) @ (210, 2) @ (120, 2) @ (105,3) & (105,1) @ (84,2) @ (15, 3)
®(15,1) @ (6,4) @ (6,2)

(540,2) @ (405,1) @ (189,1) @ (175, 3) @ (35,3) @ (20,4) B (20,2)

®(1,5) @ (1,1)

(540,2) @ (280,1) ® (280, 1) ® (189,3) & (175,1) @ (70,2) @ (70,2)

®(35,3) @ (35,1) @ (20 )@ (20,2) @ (1,3)

(
(
(
(
(
(

(continued)
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Branching rules for Eg D sl(3) @ sl(3) @ sl(3)
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Table 3.34 (continued)

—~ —
0 _0]
o) — o=
~ — 3 — = e
2 B Gs w5
- g — S~ o~
R N A I e ALY
~— .~ = 7_6 mw -~ o (@ ~ -
© Mo | — D lo I
@ P S S @\l/ A
),3 @,3 O | \l/l_ﬂ.O/n,O_n,O
5( ~— @1(( 507 7((
1@,\&/@_®_37@@ — =™ O D
3 ~ S~ ~ S am —~
P oo I = M AR e
— s ~ S A (o] S s
— XL oBRN ThmeN
PRl gl Sz
—~ —~ by

~—~~ o~~~ o~~~ > - - — —
RGO IO SN 0 2|8 € ol —
00— o = S $— oSS
\. - — 78 - - _3@( - - -
—1S 18 = D o3 — 1S o3 —
PP — g o=

—~ 7\)—0“5))) "
ool N A= 5= o ™o
TGS T M S A T 0 S
a - S— - - N - - - N - - -
L g S gins g glln =
Soge oo Pocoa e
\5}) 7)\1} ,)))\O\IU/ -~ o~ NN N
oo Tmomm Mo o im —
—ledieded S odied 17 T o6 1S oF o6
fO0 o _r— ol S s e

(8, 1)@ (1,14) @ (8,7)

6,1) @ 3,7)
146 64

27

27
78
27

Branching rules for Eg D sl(2) ® G
78

Branching rules for Eg D G2
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Table 3.35: Branching rules for Fr.

Branching rules for E; D Eg
56 = 27T®27Td 11
133 8BATH2TD 1
912 = 351®351DT78DT8D 27T B 27
1463 = 650 ®351' ®3FL 2T 2B W d 1o 11
1539 = 650D 351 P3BLHT8®2TD2TH2TH2TD 1

Branching rules for E; D sl(8)

56 = 2828

133 = 70®63

912 = 420® 420 ® 36 ® 36
1463 = 7200336 D336 D70 1

1539 = 720 ® 378 ® 378 ® 63

56 = (20,1)@® (6,3) @ (6,3)

133 = (35,1) @ (15,3) @ (15,3) @ (1,8)

912 = (84,3) ® (84,3) @ (70,1) @ (70,1) @ (20,8) @ (6,6) & (6,6)
®(6,3) @ (6,3)

1463 = (175,1) @ (105,3) @ (105, 3) @ (35,8) @ (35,1) & (21,6) @ (
®(15,3) @ (15,3) @ (1,1)

1539 = (189,1) @ (105,3) @ (105,3) @ (35,8) @ (35, 1) @ (21, 3) @ (21,3)
®(15,6) @ (15,6) @ (15,3) @ (15,3) & (1,8) @ (1,1)

Branching rules for E7 O so(12) & sl(2)
56 = (32,1)@ (12,2)
133 = (66,1) @ (32,2) @ (1,3)
912 = (352,1) @ (220,2) @ (32,3) @ (12,2)
1463 = (462,1) @ (352',2) @ (77,3) @ (66, 1)
1539 = (495,1) @ (352,2) @ (77,1) @ (66,3) & (32, 2) & (1, 1)
Branching rules for F; D G2 @ sp(6)

56 = (1,14)) @ (7,6)
133 = (14,1) @ (1,21) @ (7, 14)
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Table 3.36: Branching rules for Eg.

Branching rules Es D s0(16)
248 128 ® 120
3875 = 1920 ¢ 1820 @ 135

Branching rules Eg O si(9)
248 = 84®84®80
3875 = 1215 @ 1050 @ 1050 @ 240 @ 240 & 80

Branching rules Es D E7 @ sl(2)
248 = (133,1) @ (56,2) @ (1,3)
3875 = (1530,1)@ (912,2) @ (133,3) @ (56,2) @ (1, 1)

Branching rules Es D Eg @ sl(3)

218 = (78,1) @ (27,3) @ (7,
(35

3875 = (650,1) (351,3) @
®(27,3) @ (L,8) @ (1

)
Branching rules Eg O si(5) @ sl( )

248 = (1,24) @ (24,1) @ (5,10) @ (5, 10) @ (10,5) @ (10,5)
3875 = (1,24) @ (24,1) @ (5,10) @ (5,10) @ (10,5) @ (10,5) @ (1,1) @ (5, 15)
®(5,15) @ (15,5) @ (15,5) @ (1,75) @ (75,1) @ (5,40) @ (5, 40)
®(40,5) @ (40,5) @ (45,10) @ (45,10) @ (10, 45) & (10,45) @ (24, 24)
Branching rules Eg D Gy @ Fy

248 = (14,1) @ (1,52) @ (7,26)
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Table 3.37: Branching rules for Gs.

Branching rules for G2 D sl(3)

331

7
14
27
64
7

SP3P3

SP6D6P3D3D1

5015080806060 303D1

2P1501508®6D6

240215001570 0100100806060 3D3D1

182

189 = 27T®2402402(1501508) D100 10B 66D 3D 3

640420420270 24D24P 15015010 10

273
286

2042020270150 15)C24024010010D8D6 D6

Branching rules for G2 D sl(2) @ sl(2)

(2,2) @ (1,3)

7
14
27

(3,1)® (2,4) @ (1,3)

B:3)@ 2422156 (1,1)

(5,1) & (4,4) B (3,7) ® (3,3) ® (2,6) @ (2,4) & (1,5) @ (1,1)
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Table 3.38: Real forms of the simple Lie algebras.

g Compact Associated Maximal
form non-compact form | compact subalgebra
AN—1 su(N) sl(N,R) so(N)
su(2N) su*(2N) sp(2N)
su(p+ q) su(p, q) su(p) ® su(q) & U(1)
By | so(p+aq) so(p, q) so(p) @ so(q)
Cn sp(2N) sp(2N, R) su(N) e U(1)
sp(2p + 2q) sp(2p, 2q) sp(2p) @ sp(2q)
Dy | so(p+aq) so(p, q) so(p) @ so(q)
so(2N) s0*(2N) su(N) e U(1)
Eg Eg(-78) Eg(—26) Fy
Eg(7s) Eg(—14) Ds ®R
Eg(7s) Eg(12) As © Ay
Eg(—7s) Eg(+6) Cy
Er Er(133) Er(_25) Es®R
Er(133) Er7 5 D¢ & Ay
Er(133) Err) Az
Eg Eg(—24s) FEg(—24) Er @ Ay
Eg(—248) Eg(18) Ds
Fy Fy(—s59) Fy(—20) By
Fy(—52) Fy(1a Cs & Ay
Go Ga(—14) Ga(12) A1® A

331



332

Tables on Lie Algebras

Table 3.39: Singular subalgebras of the exceptional simple Lie algebras.

]

A

A56 G3 + A A
——
Es
G3 cl | \A|g | G} + A3 | Fl |
| AP+ A3 | | G;JrAﬁ | A}
i
A ar) F
A3 Gi+ch | [ap] [apt| | Fl+ad | | G3+A] |
| GL+AP | AF+ | |G+ AS+ A} [APS+ 7] | AP 44T |
AR 4 AP | A+ AT+ A3 A}59
-
Eg
A A (A e | [aear] (5]
AP+ G+ A A§8|+F41 | [Gl+ AP

Gi+ Gh + A3

A%S 4 A%56

A3 + A38 4 A}
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Table 3.40: si(2) decompositions of the fundamental representations of the
classical Lie algebras.

g K fundG /K
sly Slp D(pfl)/2 ) (N - p)Do
sp(2NN) sp(2p) Dy 172® (2N —2p+1)Dy
sl(p) 2D, 1y/2® (2N = 2p) Do
Sl(2)2 2D1/2 D (2N — 4)D0
sl(2)1 D1/2 ® (2N — 2)Dy
so(2p+1) o
so(N) so(2p+2) D,® (N —2p—1)Dy
sl(p) (p#2) 2D, 1y/2@® (N —2p)Dy
sl(2)1 2D1/2 @ (N —4)Dyo
25l(2) 4Dy, ® (N —8)Dy
28[(2)/ D1 &) (N — 3)D0
SO(2N —+ 1) Sl(2)2 D1 D (2N — 2)D0
so(2k + 1)@
s0(2N) so(2N — 2k — 1) Dy & DN k1
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Table 3.41: sl(2) decompositions of the adjoint representations of the clas-
sical Lie algebras.

g i adG /K
p—1
sy Slp 4@1 Dj 2] 2(N - p)D(pfl)/2 ©® (N - p)2D0
i
"s D; @ (2N — 2p+ 1)D
wp(2V) sp(2p) jGZBO i@ (2N —2p+1)Dp_y /9
®(N — p)(2N — 2p+ 1) Do
[p/2]
2 & Dp2; & 202N —2p) D _1))2
sl(p) =1

p—1
@ Dj & (N —p)2N —2p—1)Do
]:

s1(2)2 3D1 @ (4N = 8)Dq o ® (2N? — 7N + 7) Dy

sl(2)1 D1 @ (2N =2)Dy )o@ (N —1)(2N — 1) Dy
P
so(2p+ 1) 2@ Dyj1® (N—-2p—1)D,
so(N) so(2p + 2) =

®L (N —2p—1)(N —2p—2)Dp
[pe/;]D @pélD@2(N 2)D

SZ(p) (p # 2) 7=1 p=2j =0 J P (p—1)/2
@3 (N —2p)(N —2p—1)Dg

Dy 2(N — 4)D1/2

sl(2); BB+ 3 (N —4)(N —5))Dg
6D1 © 4(N —8)D

28[(2) @(10 +1% (N — 8)(N —1/92))D0

2sl(2)’ (N =2)D1 @ 5 (N = 3)(N ~ 4)Do

so2N +1) | sl(2)s (2N —1)Dy & (N — 1)(2N — 3)Dy
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Table 3.42: sl(2) decompositions of the Ay Lie algebras up to rank 4.

G | Subalgebra | Decomposition of the Decomposition of the
in g fundamental of G adjoint of G
Ay Ay D19 D,
Az Ay D15 ® Do D1 ®2Dy5® Do
Ay D, Dy ® Dy
Asg Aq D1/2 @ 2Dg D@ 4D1/2 @ 4Dg
2A1 2D1/2 4D1 ©® 3D0
A2 D1 D DO D2 D 3D1 D Do
Az D3 /o D3 ® Dy @ Dy
Ay Ay D5 @ 3Dg D1 ®6Dy/2 ® 9Dy
2A1 2D1/2 @ Dy 4D & 4D1/2 @ 4Dg
Ao Dy & 2Dy Dy ® 5D @ 4D
Dy ®2D3,5 ® 2Dy
Ay d A D& D
2@ 4 1872 ®2D1; ® Do
A3z Dy/5 ® Do D3 @ Do @ 2D35 @ D1 @ Do
Ay Do Dy ® D3® D2 ® Dy
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Table 3.43: sl(2) decompositions of the Dy Lie algebras up to rank 4.

Tables on Lie Algebras

G | Subalgebra | Decomposition of the | Decomposition of the
ing fundamental of G adjoint of G
D3 Aq 2D1/2 @ 2Dg D@ 4D1/2 @ 4Dy
2A1 D, ® 3D 4D ® 3Dy
Ao 2D, Dy ® 3D @ Dy
D3 Dy ® Dy D3 @ Dy @ Dy
Dy Ay 2Dy © 4Dy D1 ® 8Dy /5 ® 9Dy
241 Dy & 5Dy 6D1 ® 10D,
(2A1)I 4D1/2 6D1 ) 10D0
2D3 /5 & 3D
341 D1 ®2Dy/5® Do @45{3269350
Ao, 4A 2D ® 2Dg Do ®7D1 @ 2D
As 2D3/o D3 & 3Dy @ D1 @ 3Dg
Ds Dy @ 3D D3 ® 3Dy ® D1 3Dy
By @ By D> & Dy 2D3 @ D2 ® 3D
Dy D3 @ Dy D5 ®2D3 ® Dy
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Table 3.44: sl(2) decompositions of the By Lie algebras up to rank 4.

g Subalgebra | Decomposition of the Decomposition of the
inG fundamental of G adjoint of G
B> Aq 2D1/2 ® Dy D1 @ 2D1/2 @ 3Dg
A% , 241 Dy 62Dy 3D ¢ Dy
By D, D3 ® Dy
Bs Ay 2Dy /2 ® 3Dy D1 ®6Dq/2 ® 6D
A% , 241 Dy & 4Dy 5D1 & 6Dg
AL ® A% D1 @ 2D1/2 2D3/2 ®2D; D 2D1/2 ) 3D0
Ag
Az, B Dy ® 2Dy D3 ® 2Dy @ D1 @ Dy
B3 D3 D5 @ D3 & D1
By A 2D1/2 @® 5D D1 @ 10D1/2 ® 13Dy
A% , 2A1 D1 ® 6D 7D1 & 15Dg
(2A1), 4D1/2 @ Dy 6D @ 4D1/2 @ 10D
A& A?
1?31 1 } Dy ®2Dy )5 ® 2Dy | 2Dy, @ 4Dy @ 6Dy 5 & 4D
Ao
4A4 2D1 @ 3Dy Dy ® 9D ® 4D
241 @ A%
Ay @ Al 3D, 3Dy ® 6D, @ 3Dy
D3 ® 3Dy & 2D3/2
A 2D D
3 372D Do @Dy & 3Dy
A3 R B2 D2 D 4D0 D3 D 4D2 &) D1 &) 6D0
D3 @ 2D5/5 ® 2D35
BQ@Al D2@2D1/2 @2D1@3D0
By ¢ 2A
1423@14%1 } D2®D1®D0 2D3@2D2@4D1
Bs, Dy D3 @ 2Dg Ds & 3D3s® D1 & Dy
By Dy D7® D5 ® D3 & Dy
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Table 3.45: sl(2) decompositions of the C'y Lie algebras up to rank 4.

g Subalgebra | Decomposition of the Decomposition of the
ing fundamental of G adjoint of G
Co Ay Dyo ®2Dg D1 @ 2Dy, ® 3Dy
A% , 2A4 2D1/2 3D1 ® Dy
Co D3y D3 @ Dy
Cs Ay D1/2 @ 4Dy D, & 4D1/2 @ 10Dg
A2 24, 2Dy 5 ® 2Dy 3Dy @ 4Dy ), ® 4Dg
A3 2D, 3Dy ® Dy & 3Dy
Cs D35 @ 2Dy D3 ®2D3/5 ® D1 ® 3Dy
A @ A2
13 4, L } 3Dy 6D, & 3Dy
Co @ Ay D3/2 ©® D1/2 D3 ® D> ® 3Dy
Cs Dy o Ds & D3 & Dy
Cy Ay D)5 ® 6Dy D1 ® 6Dy ® 21Dy
A2 24, 2Dy 5 ® 4Dy 3D1 @ 8Dy, @ 11Dy
A @ A?
13A1 1 } 3D1/2 @ 2Dg 6D & 6D1/2 @ 6Dg
2A2 44
2A1 ® A% 4D1/2 10D1 ) 6D0
A% 2D @ 2Dy 3Dy & 5D1 @ 6D
3Dy ®2D5,9 ® 2D
2 3/2 1
AQ D Al 2D1 ) D1/2 ®2D1/2 @ 3D0
C2 D32 @ 4Dg D3 @ 4D35 & Dy & 10D
D3 ©® D2 &) 2D3/2 ) 31)1
Cod A D D 2D
2 @ A1 32 Dy2®© 200 ©2D, 5 & 3D,
Cy® A%
Cy @ 24, D3/2 @2D1/2 D3 ® 2Dy ®6D1 D Dy
Ag R 2C 2D3/2 3D3® Dy & 3D1 ¢ Dy
03 D5/2€B2D0 D5®D3®2D5/2@D1@3D0
C3 @ Ay D52 ® Dy o D5 ®2D3 ® Dy @ 2D,
04 D7/2 D7@D5@D3@Dl




Tables on Lie Algebras

339

Table 3.46: sl(2) decompositions of the exceptional Lie algebras G2 and Fy

(fundamental representation).

g Subalgebra Decomposition of the
in G fundamental of G
Go Ay 2Dy @ 3Dg
A7 D1 ®2D o
AL @ A2 2Dy @ Dy
G2 D3
Fy Ay 6D1/2 @ 14D
A% , 244 D@ 8D1/2 @ 7Dy
2
Al?lel } 3Dy & 6Dy 5 ® 5Dy
4A4
2A1 @ A% 6D d 8Dg
Ao
A% Dy & 7D,
A2 &) A% Dy @ 2D3/2 ®3D1 D 2D1/2
Ay @ A3 2D3/5 ®3D1 ®© 4Dy /5 ® Do
A3 @ Ay
A3 &) Al 3D2 (&) 3D1 &) 2D0
By © 24
B2 , A3 D2 (&) 4D3/2 (&) 5D0
B2 @Al 2D2 @2D3/2 @Dl @2D1/2 @DO
Bs, Dy 3D3 & 5D
By D5 ® Dy ® Do @ Dy
Cs Dy ®2D5/5 ® Do
Cs @ Ay Dy ® D3 & 2Do
F4 DS @ D4
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Table 3.47: sl(2) decompositions of the exceptional Lie algebras G2 and Fy

(adjoint representation).

Tables on Lie Algebras

g Subalgebra Decomposition of the
ing adjoint of G
Go Ay D 4D1/2 @ 3Dy
A% 2D3/2 @ D1 & 3Dy
A1 D A% Dy @& 3D
Ga D5 & Dy
Fy Ay D1 14D1/2 @ 21Dg
A2 24, 7D; ® 10D; /5 ® 15Dy
AL A% oD D
34, } 3/2 D6 1@10D1/2®6D0
4A,
2A1 ® A% Do ® 13D1 ® 8Dy
Az
A% 7Dy ® Dy @ 14D
Ay D A% 2D3 ® 3Dy P 6D B 2D1/2 @ Do
Ay @ A2 3Dy @ 2Ds3/, ® 6D1 & 4D1 )5 & 3Dy
A3 ® Ay
A3 &b Al 2D3 (&) 4D2 &) 6D1
By @24,
By, As D3 ® 4Dy @ 4D3/5 ® D1 @ 6Dy
BQ@Al D3®2D5/2®D2@4D3/2®3D1 EB3D0
Bs, Dy Ds ®5Ds @ D1 @ 3D
By D7 @® 2D5 ® D3 ® Dy @ Dy
03 D5 &) 2D9/2 &) D3 b 2D3/2 b D1 &) 3D0
Csd Ay 2D5® Dy ® D3 @ Dy ® 3Dq

D11 & D7 & Ds & Dy
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Table 3.48: Classification of the simple Lie superalgebras.

Simple Lie
superalgebras
Ve hY
Classical Lie Cartan type
superalgebras superalgebras
e hN W (n), S(n)
Basic Lie Strange S(n), H(n)
superalgebras superalgebras
A(m,n), B(m,n) P(n),Q(n)

C(n+1),D(m,n)
F(4),G(3),D(2,1;a)

Table 3.49: Classical Lie superalgebras.

type I type I1
BASIC A(m,n) m>n>0 | B(m,n) m>0,n>1
(non-degenerate | C(n+1) n>1 D(m,n) { Z i iai 12 1
Killing form) F(4)
G(3)
BASIC A(n,n) n>1 D(n+1,n) n>1
(zero Killing form) D(2,1;a) o ¢ {0,—1}

STRANGE P(n) n>2 Q(n) n>2
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Table 3.50: Zo-gradation of the classical Lie superalgebras.
superalgebra G even part Gg odd part Gy
A(m,n) An®A, ®@UQ) | (m,n) ® (Mm,n)
A(n,n) A, ® A, (n,m) ® (7, n)
C(n+1) Cn,®U(1) (2n) @ (2n)
B(m,n) B, & C, (2m + 1,2n)
D(m,n) D, ®C, (2m, 2n)
F(4) A1 ® B3 (2,8)
G(3) A1 ® Go (2,7)
D(2,1;a) A1 @ AL A (2,2,2)
P(n) 4, P
Q(n) An ad(An)

Table 3.51: Z-gradation of the classical basic Lie superalgebras.

g 9o G179 Go DG o
A(m,n) An®A, @ U(1) (m,m) ® (m,n) 0
Aln,n) An® Ay (n,7) © (7, n) 0
C(n+1) C,aU(1) (2n)+®(2 )— 0
B(m,n) | Bn® A, 10U(1) | 2m+1,n)® (2m+1,7n) | 2] ® 2"}
D(m,n) | Dp@® A1 ®U(1) (2m,n) ® (2m,n) [2] @ [2771]

F(4) B3 U(1) 84+ @8- 1, @1
G(3) Go o U(1) T+ DT7_ 1,1
D(2,1;) Ao A dUQD) (2,2)+ d(2,2)- 1, @1
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Table 3.52: The basic Lie superalgebra A(m — 1,n — 1) = sl(m|n).

Structure: Gy = sl(m) @ sl(n) ® U(1) and G; = (M, n,1) ® (m,7w,—1),

type L.
Rank: m + n — 1, dimension: (m +n)% — 1.
Root system (1 <i#j<mand1<k#1l<n):

A ={e; —¢€j, 0 — b1, €i — Ok, O — &}
A6:Z6:{€i—6]', 5k—5l}, AT:ZT:{Ei—(sk, (5k—EZ}

dim Ag = dimza =m?+n?®—m—n+1and dim A7 = dim A7 = 2mn.
Distinguished simple root system:

a1:61_527 ) an—1:6n—1_5n7 O‘n:én_gla

Apt1 =€1 = €25 -+ Omin—-1=Em—1 " Em

Distinguished positive roots (1 <i < j<mand 1<k <l <n):

p—0 = op+--+ao_y
€i—€ = Qpiit -t Qnyj-1
Oh—¢& = Qp+-+anppi1

Sums of even/odd distinguished positive roots:

200 = (m—1e1+(m—3)ea+---—(m—3)em_1—(m—1epy,
+(n—1)51+(n— )52—}----—(n—3)5n_1—(n—1)5n

- Z(n—Qz—l— 5+Z m —2j +1)

=1

2p1 = n(61+---+am)— m(d1 + -+ -+ 0n)

Distinguished Dynkin diagram:

(continued)
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Table 3.52 (continued)

Distinguished Cartan matrix:

2 -1 0 --- 0 --e)|--- e 0
-1
0o . 0
-1
0 0o -1 2|-1
-1 0| 1
-1 2 -1 0 0
—1
0 0
. . R
0 --- cei| el 0 -0 =1 2

Highest distinguished root:
—apg =1+ -+ Omgn—1 :61_€m

Distinguished extended Dynkin diagram:

Factor group Out(G) = Aut(G)/Int(G):

Out(G) = Zy for A(m,n) with m #n #0 and A(0,2n —1)
Out(G) = Zy4 for A(0,2n)
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Table 3.53: The basic Lie superalgebra A(n — 1,n — 1) = psi(n|n) (n > 1).

Structure: Gy = sl(n) @ sl(n) and Gy = (7, n) @ (n,n), type L.
Rank: 2n — 2, dimension: 4n? — 2.
Root system (1 <i# j < n):

AZ{Ei—Ej, 51'_5]', 61'—5]‘, 5]'—61‘}
Aazzﬁz{si—&?]’, 5i—5j}, AT:ZT:{EZ'—(S]' 5j_€i}

where Y ;& = > " 4.
dim Az = dim Kﬁ = 2n? — 2n and dim A7 = dim KT = 2n>.
Distinguished simple root system:

a1:51_527 ceey an—1:5n—1_5na an:5n_51a

Qptl1 = €1 — €2, ..., Q2n—1 =En—-1 —&n

Number of simple roots = 2n — 1 (# rank); the simple roots are not inde-
pendent:

ar+2a2+ -+ noy+ (n—1appr + -+ 20,2+ aop—1 =0

Distinguished positive roots (1 <i < j < n):

0p—0 = op+-+o
€ —€&f = OQnpyit - -t anyj-1
h—ei = ap+-- 4 optiot

Sums of even/odd distinguished positive roots:

200 = (n—1e1+(n—3)ea+--—(n—3)ep—1— (n—1)e,
+(n—15+(n—-3)b+ —(n—3)—1— (n—1)d,

n
= (’I’L—Qi—i— 1)(51“"51')
i=1
201 = 0
Distinguished Dynkin diagram:

Olp—1 Qp Op41 Anpt+m

O - O——O -0

(continued)
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Table 3.53 (continued)

Distinguished Cartan matrix:

2 -1 0 --- 0 --e)|--- e 0
-1
0o . 0
-1
0 0o -1 2|-1
-1 0| 1
-1 2 -1 0 0
—1
0 0
. . R
0 --- cei| el 0 -0 =1 2

Highest distinguished root:
—ap=ai1+--+agm-1=0—¢,

Distinguished extended Dynkin diagram:

Factor group Out(G) = Aut(G)/Int(G):

Out(G) D Zy x Z for A(n,n) with n#1
Out(G) D Zy for A(1,1)

(see section 2.1 for more details.)
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Table 3.54: The basic Lie superalgebra B(m,n) = osp(2m + 1|2n).

Structure: Gy = so(2m + 1) ® sp(2n) and Gy = (2m + 1, 2n), type IL.
Rank: m + n, dimension: 2(m + n)? +m + 3n.
Root system (1 <i#j<mand1<k#[<n):
A = {te; tej, £e;, £0 £ 01, £265, te; £ 05, £65}
Ay = {*e; £¢j, L&, £0, £, £20}, Ay={*e; £, £}
A= {Fe; £ ej, Fei, £0p £8}, A= {xe 6}

dim A = 2m? + 2n?, dim A7y = 4mn + 2n, dimZa = 2m? + 2n® — 2n,
dimZT = 4mn.
Distinguished simple root system:
aq :51_527 e | :5n71_5na anzén—{:‘l,
On41 = €1 —€2y +vvy Onim—1=Em—-1 —Em,y Onim = Em
Distinguished positive roots (1 <i < j<mand 1 <k <l <n):
=0 = ap+-+ao
Ok + 1 ap - ta 20+ A+ 20m0m

25k 2 + - - + 2an_|_m
€i—€j = Qpiit+ -+ Qnyj1

gite; = Quyit ot oanyji-1+20n4+ 0+ 20n4m
€ = Quiyit -+ Qnim

p—ei = ap+---+apgio1

pte = ap+-+anti-1+20n4i+ 0+ 20n4m
Sk = o4t Onim

Sums of even/odd distinguished positive roots:

2p0 = (2m — 1)61 —+ (2m — 3)62 + -+ 3€m—1 +éem
+2nd1 + (2n — 2)d2 + - -+ + 40,1 + 20,
m n
= > (2m—2i+ e+ (2n—2i+2)d;
=1 k=1

n+m m

n—1
= Zk(2n— E+ 1o +n(n+1) Z ak—i-Zi(Qm—i)ai
k=1 k=n i=1

(continued)
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Table 3.54 (continued)

201 = (2m4+1)(01+---+ )
= (2m+1) Z ko +n(2m + 1) Z Qnpj
k=1 i=1

Distinguished Dynkin diagram:

Qp—1 Op Ant+1 Opgm—1 CQnim

O O—@ OO0

Distinguished Cartan matrix:

2 -1 0 --- 0---1--. )
-1
0o . 0
-1
0 0 -1 2| -1
-1 0] 1
—1 2 -1 0 0
-1
0 -1 0
-1 2 -1
0 --- B | Y | R )

Highest distinguished root:
—ap =201 + -+ 20n4m = 201

Distinguished extended Dynkin diagram:

o aql Qn—1 (079 An+1 Opgm—1 COnim

Factor group Out(G) = Aut(G)/Int(G) = L.
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Table 3.55: The basic Lie superalgebra B(0,n) = osp(1|2n).

Structure: Gy = sp(2n) and G; = (2n), type 1L
Rank: n, dimension: 2n® + 3n.
Root system (1 <k #1<n):

A = {£6 £ 0, 26y, +0}
Ag = {£6 £ 0, £26,}, A= {£d;}
Zﬁz{iékiél}, ZTZQ)
dim Ag = 2n?, dim A7 = 2n, dim Az = 2n? — 2n, dim A7 = 0.
Simple root system:
a1 =01 =02, ..., On—1 =0p—1—0n, Qn =0p
Positive roots (1 < k <1 < n):
oh—0 = op+--+a
Sp+6 = opt+--ta1+ 2+ + 2004m
20, = 20+ +20m4m
0 = g+ + anim
Sums of even/odd positive roots:

n

200 = 2nd1+ (2n—2)02+ -+ 46,1 + 26 :Z(Zn—2i+2)5k
k=1
201 = 814+ by

Dynkin diagram:

aq Qp 1 Qp

Cartan matrix:

2 -1 0 0
-1 2
0
2 -1 0
-1 2 -1
0 0 -2 2

(continued)
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Table 3.55 (continued)

Highest root:
—apg =2a1 + -+ 20, = 261

Extended Dynkin diagram:

Qg a1 Qp—1 Qnp

Factor group Out(G) = Aut(G)/Int(G) = L.
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Table 3.56: The basic Lie superalgebra C'(n + 1) = osp(2|2n).

Structure: Gy = s0(2) @ sp(2n) and Gy = (2n) ® (2n), type L.
Rank: n + 1, dimension: 2n? + 5n + 1.
Root system (1 <k #1<n):

A= {:I:(Sk + 51, :l:25k, +e+ 5k}

Ag= A5 = {6, £ &, £26;}, A= Ar={Fe+}

dim Ay = dim Ag = 2n? and dim A7 = dim ZT = 4n.
Distinguished simple root system:

a; =¢—01, ag =01 —02, ..., Qp =01 — On, QAnt1 = 20p

Distinguished positive roots (1 < k <l < n):

=0 = app1ttaq
o+ = g+ F+a+20p+ -+ 20, +an ([<n)
Ok +0n = Qg1+ -+ opg1
20, = 20441+ -+ 200 + a1 (k <n)
2511 = Op41
5—5k = a1+t oag

e+, = o1+ -+ ap + 20841 + -+ 20 + apg (k<n)
e+, = a1+ +opy1
Sums of even/odd distinguished positive roots:

n

200 = 2n01+ (2n—2)82 -+ 40, 1+ 20, = Y (20— 2i+2)%
k=1
2p1 = 2ne

Distinguished Dynkin diagram:

a1 Qi

(7% Op41

(continued)
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Table 3.56 (continued)

Distinguished Cartan matrix:

ol 1 0o -+ --- 0
-1} 2 -1 0 0
0] -1

0 o . . -1 0
: =1 2 =2
ol -~ 0 =1 2

Highest distinguished root:
—ag=a1+ 209+ -+ 2ap41 +an =€+ 01
Distinguished extended Dynkin diagram:

Q
0 a2 Qp Qn 1

aq

Factor group Out(G) = Aut(G)/Int(G) = Zo.
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Table 3.57: The basic Lie superalgebra D(m,n) = osp(2m|2n).

Structure: Gy = so(2m) @ sp(2n) and Gy = (2m, 2n), type II.
Rank: m + n, dimension: 2(m + n)? — m +n.
Root system (1 <i#j<mand 1<k#I[<n):

A= {:I:&i + €4, :E5k + 51, :|:25k, :|:€i + 5k}
A6:Z5: {:I:&izl:&?j, :E5k:b51, :|:25k}, AT:ZT: {:I:Z—:i:l:ék}

dim Ag = dim Zﬁ = 2m? + 2n? — 2m and dim A7 = dim ZT = 4mn.
Distinguished simple root system:

061:5]_—52, ey an*].:énfl_(sna O[n:(sn—&‘l,
Qpil = €1 — €2 -++y Anim—1 =Em—1—Em, Antm = Em—1 1+ Em

Distinguished positive roots (1 <i<j<mand 1<k <l <n):

=6 = oap+---+oq
o+ = ap+-+o1+2+ -+ 20 0m—2 + Wtm—1+ Qgm
20, = 20+ -+ 20m4m-2 + Utm—1+ Onim
Ei—E&j = OQpyit+ -t onpyia
gitej = Oppit ot ongjo1+ 20mg5 + o+ 200 4m-2
+antm—1+ ntm (J <m—1)
EitEm—1 = Optit - -+ nim—2+ Onitm—1+ Onim
Eitem = Qptit o+ Onim—2+ Onim
O0p—€ = ap+- 4 anpi1
op+e = ap+- 4 anpic1 + 204 + -+ 200 4m—2
+antm-1+ Qpim (1 <m—1)
Ok +em1 = ap+-+ im2+ Antm1+ Ontm
Ok +em = ap+ -+ Quim 2+ nim

Sums of even/odd distinguished positive roots:

200 = (2m—2)e1+ (2m —4)ea+ -+ + 2em1
+2nd1 + (2n — 2)d2 + - - - + 46,—1 + 26,
= > (2m—2i)ei+ ) (20— 2k +2)5
=1 k=1
2p1 = 2m(é1+ - +dn)

(continued)
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Table 3.57 (continued)
Distinguished Dynkin diagram:

a1 Qp—1 an Qptl  Qpuim—2 ®ntm-—1
O O—®—O -
Qn+m
Distinguished Cartan matrix:
2 -1 0 --- 0] ---]--- )
-1
0o . .0
-1
0 0 -1 2|-1
-1 0 1
-1, 2 -1 0 0
-1
o . . =1 -1
-1 2 0
0o --- el il 0 - =1 0 2

Highest distinguished root:
—ag =201+ -+ 20n1m-2 + Anpm-1 + Qnpm = 241
Distinguished extended Dynkin diagram:

Q _
Qp—1 Opn Qnt1  Opim—2 ntm—1

Qg ai B ‘

An+m

Factor group Out(G) = Aut(G)/Int(G) = Zs.
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Table 3.58: The basic Lie superalgebra F'(4).

Structure: Gy = sl(2) @ so(7) and G; = (2, 8), type I
Rank: 4, dimension: 40.
Root system (1 <7 # j < 3):

A = {£5, +e; +¢j, tei, (1 ertez+0)}

Ag=Ag={£5, Le;tej, 2o}, Ar=Ar={i(teiLesLe3£0)}
dim Ag = dimxa =20 and dim Ay = dimZT = 16.
Distinguished simple root system:

a1 =3(6—e1—e2—€3), apy =¢3, a3 =3 — €3, QU = E1 — &2

Distinguished positive roots (1 <i < j < 3):

€ —€&j = a3, 04, a3+ oy
€ +€; 200 + a3, 2a0 + a3 + oy, 2000 + 203 + oy
Ei a2, o+ a3, as +as3+ oy
d = 2c1 + 3a9 + 23 + a4
$(6Eteitertes) = a1, a1+, a1 t+az+oas, a1+ as+ o3+ ag,
a1 + 2ag + ag, ay + 2as + a3z + ay,
ai + 2az + 203 + a4, a; +3az +2a3 + oy

Sums of even/odd distinguished positive roots:

2p0 =be1+3ea+e3+ 06
2p1 = 40
Distinguished Dynkin diagram:

al a2 as ay

Distinguished Cartan matrix:

0 1 0 O
-1 2 -2 0
0o -1 2 -1
0 0 -1 2
Highest distinguished root:
—Qp :2a1+3a2+2a3+a4:5

(continued)
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Table 3.58 (continued)
Distinguished extended Dynkin diagram:

ao aq a2 as a4

C=R—0O0=<0—0

Factor group Out(G) = Aut(G)/Int(G) = L.
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Table 3.59: The basic Lie superalgebra G(3).

Structure: Gy = sl(2) ® G2 and Gy = (2, 7), type IL.

Rank: 3, dimension: 31.

Root system (1 <i # j < 3):
A= {:|:25, :|:€Z', € — &5, :|:5, :l:f‘:i + 5}
Ag = {£26, *ei, ei—¢cj}, Ap={£d, Le; £}
Ag={*e;, ei — ¢}, Ap={*e;*+d}

where €1 + €9 +e3 = 0. o o

Distinguished simple root system:

a1 =0+e3, ag=c¢1, ag=¢cz — €1
Distinguished positive roots:

even roots: ag, as, as + az, 2as + a3z, 3az + as, 3az + 2as3,
2a1 + 4o + 203
odd roots: a1, a; + az, a1 + as + az, a1 + 2as + as,
a1 + 3ag + as, ay + 3as + 2a3, a; + 4das + 2ag

Sums of even/odd distinguished positive roots:

2p0 = 2e1 + 4eo — 223+ 26
201 =170

Distinguished Dynkin diagram:

aq a2 a3

Distinguished Cartan matrix:

0 1 0
-1 2 -3
-1 2

Highest distinguished root:
—ap = 201 + 4o + 203 = 26

(continued)
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Table 3.59 (continued)
Distinguished extended Dynkin diagram:

@ aq a2 a3

C==R—C==0

Factor group Out(G) = Aut(G)/Int(G) = L.
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Table 3.60: The basic Lie superalgebra D(2, 1; a).

Structure: Gy = sl(2) @ sl(2) @ sl(2) and Gy = (2, 2,2), type II.
Rank: 3, dimension: 17.
Root system (1 <i < 3):

A= {:i:QEi, :f:€1 + £9 + 53}
Aaz {i2€i}; AT: {:|:€1 :|:62 :|:€3}

dim Ag = dimza =6 and dim A7 = dim A7 = 8.
Distinguished simple root system:

Q] = €1 — €9 — €3,Q9 = 269, a3 = 2¢€3
Distinguished positive roots (1 < j < 3):

even roots: ao, asz, 201 + as + ag

odd roots: ai, a1 + a9, a1 + ag, a; +as + ag
Sums of even/odd distinguished positive roots:

2p0 = 2e1 + 2e9 + 2¢3
2p1 = 4ey

Distinguished Dynkin diagram:

Q2
aq
ag
Distinguished Cartan matrix:
0 1 «
-1 2 0
-1 0 2

Highest distinguished root:
—ag =201 + a9 + a3 = 2¢;

(continued)
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Table 3.60 (continued)

Distinguished extended Dynkin diagram:

ag aj 2

as

Factor group Out(G) = Aut(G)/Int(G):

Out(G) =1 for generic o
Out(G) =7y for a=1,-2,-1/2
)

=73 for a = e2z7r/3,e4z7r/3
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Table 3.61: Dynkin diagrams of the basic Lie superalgebras of rank < 4.

psl(1]1) sl(1]2) 0sp(2]2)
1 1 1 1 1 1 1 2 1
® 0 —® &0
osp(1]2) osp(1|4) 0sp(3|2)

2 2 2 2 2 2 2
® C>® &0 &0
sl(1]3) osp(1(6)

1 1 1 1 1 1 2 2 2
®—0—0 &0 O—C>e

psl(22)

1 1 1 1 1 1 1 1 1
O—R—10O BV 0O~
osp(2]4) 1

1 2 1 2 2 1 2
1
osp(34)

2 2 2 1 2 2 2 2 2

osp(4)2)
1 ) @é E

osp (5]2)

(continued)
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Table 3.61 (continued)

osp(1/8)

w11 @—O—Or® ®—R—C>@

O—R—R>0 O—O0—®>0

(continued)
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Table 3.61 (continued)

1 2 2 1 1 2 2 1
i) @ —Q—@=<0 O—Q—C<0
2 2 2 1 2 2 gl
1

0sp(5]4) O—@—o#o ®—®—®#@
®—O—®#O ®—®—®#¢
O—R—C>0 00— @

1 2 2 1 1 2 1
6 OO @O
1

osn12) o—o—&a#o o—®—®¢o
@O0 & —O—C=0
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Tables 3.62-3.74 provide dimensions of representations for the basic super-
algebras of small rank: osp(1]|4), osp(1]6), osp(3|2), osp(4]2), osp(5]2) and
0sp(2|4) for the orthosymplectic series, sl(1]3), sl(2|2), si(1|4) and sl(2|3)
for the unitary series, F'(4) and G(3). For the superalgebras sl(1]|2) and
osp(1]2), see sections 2.52 and 2.53. For each representation these tables
provide the Dynkin labels, the type of representation (typical or atypical, in
the latter case the number of the atypicality condition is given), the dimen-
sion of the representation space V = V; @ Vi, the dimension of the bosonic
part Vj, the dimension of the fermionic part V; and the decomposition under
the bosonic subalgebra Gg. The superscript £ appearing in the terms of the
decomposition indicates whether the corresponding representation belongs
to the bosonic space Vj (+) or the fermionic one Vy (—).
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Table 3.62: Dimensions of osp(1]4) irreducible representations.

labels | dimR | dim Ry | dim Ry | decomposition under sp(4)
0;0 1 1 1 1+
0;1 5 4 1 4t /1™
1;0 10 6 4 5t /47 /1"
0;2 14 10 4 10t /4-
0;3 30 20 10 20" /10~
1;1 35 20 15 167 /107 5 /4%
2:0 35 19 16 141 /16~ / 5T
0;4 55 35 20 357 /20
1;2 81 45 36 35% /20 16~ /10"
3;0 84 44 40 30" /407 /147"
0;5 91 56 35 56 /35
2;1 105 56 49 40" /357 14 /167
0;6 140 84 56 84% / 56~
1;3 154 84 70 647 /357 357 /207
4;0 165 85 80 557 /80~ /30T
2;2 220 116 104 | 811 /64~ 40~ /357
3;1 231 120 111 | 80" /817 30" /407
1;4 260 140 120 | 105" /64~ 56~ /357

Table 3.63: Dimensions of osp(1|6) irreducible representations.

labels | dimR | dim Ry | dim Ry | decomposition under sp(6)

0;0,0 1 1 0 1T

00,1 7 6 1 6t /1

0;1,0 21 15 6 14T /67 /17T

0;0,2 27 21 6 217 /6

1;0,0 35 20 15 14% /14- /61 /17

0;0,3 7 56 21 56T /21~

0;1,1 | 105 70 35 64% /21 14~ /6T

0;2,0 | 168 104 64 90" /64~ /147

0;0,4 | 182 126 56 126" / 56~

1;0,1 | 189 105 84 70T /647 14 /211 14T /6~
2;0,0 | 294 154 140 | 841 /126 /70" /14~

0;1,2 | 330 210 120 | 189 /64~ 56~ /21T

1;1,0 | 378 204 174 | 1267 /90~ 70~ / 64F 14T /14~
1;0,2 | 616 336 280 | 216" /189~ 70~ /64% 56T /21~
0;2,1 | 693 414 279 | 350" /1897 90~ / 647

0;1,3 | 819 504 315 | 448" /189~ 126~ /567

0;3,0 | 825 475 350 | 385" /350" /90t
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Table 3.64: Dimensions of osp(2|4) irreducible representations.
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decomposition under sp(2) @ so(3)
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Table 3.65: Dimensions of 0sp(3|2) irreducible representations.
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Table 3.66: Dimensions of osp(4|2) tensor irreducible representations.

decomp. under sl(2) @ sl(2) & sl(2)
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The decompositions under sl(2) @ sl(2) @ sl(2) of the representations labelled
by (k;l,m) and (k;m,l) are obtained by interchanging the last two si(2)

representations.
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Table 3.67: Dimensions of osp(4|2) spinor irreducible representations.

decomposition under si(2) @ sl(2) & sl(2)
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Their decompositions under sl(2)®sl(2)@®sl(2) are obtained by interchanging

The spinor representations (k; 1, m) and (k;m, 1) are conjugate to each other.
the last two sl(2) representations.
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Table 3.68: Dimensions of osp(5|2) irreducible representations.

labels | type |dimR | dim Ry | dim Ry | decomposition under sp(2) & so(5)

0;0,0 | atp-1 1 1 0 1,nF

1;0,0 | atp-2 7 2 5 (2, /(1,5)"

2;0,0 | atp-3 | 23 13 10 (3, 1)* /(2,5)T (1,10)

1;1,0 | atp-2 | 25 10 15 (2,5)" / (1,14)~ (1,1)~

3;0,0 | atp-4 | 49 24 25 (4,1)* /(3,5)" / (2,10)* / (1,10)"

1;2,0 | atp-2 | 63 28 35 (2,14) / (1,30)~ (1,5)~

2:0,1 | typ 64 32 32 (3,97 /(2,16)~ /(1 20)

4;0,0 | typ 80 40 40 (5,1)* / (4,5)" / (3,10)" / (2,10)" /
(1,5)*

2:1,0 | atp-3 | 105 55 50 (3,5)" / (2,14)7 (2,10)~ (2,1)7 /
(1,35)* (1,5)*

5:0,0 | typ 112 56 56 (6,1)" / (5,5)" / (4,10)" / (3,10)" /
(2,5)% / (1,1)~

1;3,0 | atp-2 | 129 60 69 (2,30)" / (1,55)" (1, 14)*

6;0,0 | typ 144 72 72 (7,1)* /(6,5) / (5,10)" / (4,10)" /
(3,5)" / (2,1)”

2:0,2 | typ 160 80 80 (3,10) / (2,35)” (2,5)" / (1,35)T
(1,14)* (1,1)*

3;0,1 | typ 192 96 96 (4,4)" / (3,16)” (3,4) / (2,20)"
(2,16)" (2,4)* / (1,20)~ (1,16)~

1;4,0 | atp-2 | 231 110 121 | (2,55)" / (1,91)7 (1,30)~

3;1,0 | typ 240 120 120 | (4,5)% /(3,14)” (3,10)” (3,1)" /
(2,35)% (2,10) (2,5)" / (1,35)" (1,10)"

2:1,1 | typ 256 128 128 | (3,16)" / (2,40)7 (2,20)” (2,4)” /
(1,64)" (1,16)*

2:2,0 | atp-3 | 287 147 140 | (3,14)" / (2,35)” (2,30)" (2,5) /
(1,81)" (1,14)* (1,10)"

2:0,3 | typ 320 160 160 | (3,20)% / (2,64)" (2,16) / (1,56)"
(1,40)% (1,4)*

4;0,1 | typ 320 160 160 | (5,4)T / (4,16)™ (4,4)~ / (3,20)"
(3,16)™ (3,4)* / (2,20)" (2,16)"
(2,4)" /(1,16)7 (1,4)"

3;0,2 | atp-3 | 350 180 170 | (4,10)" / (3,35)7 (3,10)~ / (2,35)
(2,35)" / (1,35)"

41,0 | atp-4 | 350 174 176 | (5,5)" / (4,14)" (4,10)" / (3,35)"
(3,100% /(2,35)7 (2,5)” / (1,14)F

1;5,0 | atp-2 | 377 182 195 | (2,91)" / (1,140)~ (1,55)"

50,1 | typ 448 224 224 | (6,4)T / (5,16)" (5,4)" / (4,20)"
(4,16)" (4,4)% / (3,20) (3,16)~
(3,4)" /(2,16 2,4)* / (1,4)"
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Table 3.69: Dimensions of sl(1|3) irreducible representations.

labels | type | dimR | dim Ry | dim Ry | decomposition under sl(3) ® U(1)

0;0,0 | atp-1 1 1 0 (1,0)"
3/2;0,0 | atp-2 4 1 3 (1,3/2)% / (3,1/2)"

—1/2;0,1 | atp-1 4 3 1 (3,-1/2)T / (1,-3/2)~

3;0,0 | atp-3 7 4 3 (1,3 /(3,2 /@, 0t
—1;1,0 | atp-1 7 4 3 3,-)*T/@3,-27/0,-3)"

k0,0 | typ 8 4 4 (LEYT/(3k—1)" /(3 k—2)"/

(1,k—3)~
—1;0,2 | atp-1 9 6 3 (6,-1)* /(3,-2)"
2;1,0 | atp-2 9 3 6 (3,2)" /(6,1)”
1;0,1 | atp-2 | 15 6 9 | @.1DT/6,0)7 (1,07 /G -1F
—-3/2;0,3 | atp-1 | 16 10 6 (10',-3/2)* / (6',—5/2)
5/2;2,0 | atp-2 | 16 6 10 (6,5/2)% / (10,3/2)~
4;0,1 | atp-3 | 17 9 8 (3',4)" /(8,3)" / (6',2)"
—2;2,0 | atp-1 | 17 9 8 (6,-2)T /(8,-3)" / (3,-4)"
7/2;1,0 | atp-3 | 20 11 9 (3,7/2)% / (6,5/2)~ (3,5/2)" /
(8,3/2)*
—3/2;1,1 | atp-1 | 20 9 11 (8,-3/2)* / (6',—5/2)" (3,-5/2)~
/ (3, —7/2)*
k0,1 | typ 24 12 12 3,k 8 k-1 (1,k—1)"/
(6" k —2)" (3,k—2)" / (3,k~3)~
k1,0 | typ 24 12 12 (3,k)T / (6,k—1)" (8, k—1)"/
(Sak - 2)+ (lak - )+
—2;0,4 | atp-1 | 25 15 10 (15, -2)* / (10', -3)~
3;3,0 | atp-2 | 25 10 15 (10,3) / (15,2)"
5:0,2 | atp-3 | 31 16 15 (6',5)" / (15',4)~ / (10',3)*
—3;3,0 | atp-1 | 31 16 15 (10,=3)* / (15,—4)" / (6,=5)"
1/2;0,2 | atp-2 | 32 14 18 6,1/2)* / (15',-1/2)~ (3, -1/2)~
/ (8,-3/2)*

3/2;1,1 | atp-2 | 32 14 18 (8, 3/2)+ / (15,1/2)7 (3,1/2)~ /
(6,-1/2)

7/2;4,0 | atp-2 | 36 15 21 (15,7/2)" / (21,5/2)"

—2;1,2 | atp-1 | 39 21 18 (15',-2)% / (10',=3) (8,-3)~ /
( /7 74)+

4;2,0 | atp-3 | 39 21 18 (6,4)" / (10,3)~ (8,3)" / (15,2)*

9/2;1,1 | atp-3 | 44 23 21 (8,9/2)* /(15,7/2)— (6',7/2) /
(15',5/2)*
—5/2;2,1 | atp-1 | 44 23 21 (15,—5/2)" / (15',=17/2)" (6,=7/2)"
/ (8,~9/2)*
k0,2 | typ 48 24 24 (6, k)" / (15’ E—1)" (3, k—1)"/
(10", k —2)* (8,k—2)* / 6,k —3)~
k2,0 | typ 48 24 24 (6,k)T / (10 k—1)" (8,k—-1)"/
(15, kfz) (3,k—2)" /(6,k—3)"

6;0,3 | atp-3 | 49 25 24 (10',6)* / (24',5)” / (15, 4)*"

—4;4,0 | atp-1 | 49 25 24 (15,—4)" / (24,-5)" / (10,—-6)"
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decomposition under si(2) @ sl(2)
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Table 3.70: Dimensions of psl(2|2) irreducible representations.
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Table 3.71: Dimensions of sl(1|4) irreducible representations.

labels | type | dimR | dim Ry | dim Ry | decomposition under si(4) ® U(1)
0;0,0,0 | atp-1 1 1 0 (1,0)F
4/3;0,0,0 | atp-2 5 1 4 (1 4/3)% /(471/3)—
—1/3;0,0,1 | atp-1 5 4 1 (4, 1/3) / (1,—4/3)~
8/3;0,0,0 | atp-3 | 11 7 4 (1,8/3)*" /(4,5/3)*/(6,2/3)+
-2/3;0,1,0 | atp-1 | 11 7 4 (6,—2/3)" / (4',-5/3)" /
(1,-8/3)~
—2/3;0,0,2 | atp-1 | 14 10 4 (10',—2/3)% / (4',—5/3)"
5/3;1,0,0 | atp-2 | 14 4 10 (4,5/3)T / (10,2/3)~
4;0,0,0 | atp-4 | 15 7 8 (1,4)" / (4,3)" / (6,2)" / (4',1)”
—1;1,0,0 | atp-1 | 15 8 T 4,-D)T/(6,-2)7 / (4, =-3)F/
(17_4)
k;0,0,0 | typ 16 8 8 (LEYY ) (4, k—1)" ] (6,k—2)T /
/(@ k=3)" ) (1,k—4a)*
1;0,0,1 | atp-2 | 24 8 16 (4, 1)* / (15,0)~ (1,0)~ / (4,—-1)*
2:2,0,0 | atp-2 | 30 10 20 (10,2)* / (20,1)
—-1;0,1,1 | atp-1 | 40 24 16 (20', —1)* / (10',-2)" (6,—2)" /
(4’7 _3)+
3;1,0,0 | atp-3 | 40 24 16 (4,3)" / (10,2)~ (6,2)~ / (20,1)*
10/3;0,1,0 | atp-3 | 46 26 20 (6,10/3)* / (20 7/3) / (20,4/3)*
—4/3;0,2,0 | atp-1 | 46 26 20 (20, 4/3)+/(20 =7/3)"/
(6,710/3)+
5;0,0,1 | atp-4 | 49 24 25 (4',5)" / (15,4)~ / (20',3)T /
(10', 2)—
—2;2,0,0 | atp-1 | 49 25 24 (10,—2)* / (20,-3)~ / (15, —4)*
(4,-5)"
7/3;0,0,1 | atp-3 | 50 28 22 ( ’ ,7/3)T /(15,4/3)— (1,4/3)" /
(20, 13" (4,1/3) / (6,-2/3)"
2/3;0,1,0 | atp-2 | 50 22 28 (6,2/3)" /(20,—1/3)* (4',-1/3)" /
(15, ~4/3)* (1, =4/3)" / (4,~7/3)"
13/3;1,0,0 | atp-4 | 59 28 31 (4,13/3)F /(10,10/3) (6,10/3)~
/(20,7/3)% (4',7/3)* / (15,4/3)"
—4/3;1,0,1 | atp-1 | 59 31 28 (15,—4/3)* / (20", —7/3)~
(4,-7/3)" /(10’,710/3)+
(6,—10/3) / (4,-13/3)"
k;0,0,1 | typ 64 32 32 (4, k)T /(15 E-1)" (1,k—1)"/
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Table 3.72: Dimensions of sl(2|3) irreducible representations.
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Table 3.73: Dimensions of F'(4) irreducible representations.
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decomposition under sl(2) ® G(2)
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Table 3.74: Dimensions of G(3) irreducible representations.
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Table 3.74 (continued)
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Table 3.77: o0sp(1|2) decompositions of the adjoint representations of the
basic Lie superalgebras (regular cases).

ad sl(m|n)
sl(p+1|p)
®2(n —p)Rpj2 © 2(m —p—1)Ry
@[(m—p-1)>+ (n—p)’|Ro ® 2(m —p—1)(n—p)Ry

=Rp b Rp—l/? D Rpfl b ... D Rl/?

ad sl(m|n)

——— =R R Ry— ..BR

silplp+1) 7 Y 2 © e @
®2(m —p)Ry;2 ® 2(n—p— 1R, 5

®[(m—p)*+(n—p—1)"IRg @ 2(m —p)(n —p— )R

ad psl(n|n)

sl(p+1|p)
©2(n—p)Rpp2 © 2(n—p— 1)73;/2
@2(n—p—1)(n—p)Ro @ 2(n —p—1)(n—p)Ry

=Rp b Rp—l/? D Rpfl b ... D Rl/?

ad psl(n|n)

sl(plp+1)
®2n—p—1)Ryp @ 2(n—p)R
@2(n—p—1)(n—p)Ro ® 2(n —p—1)(n —p)R},

:Rp @ Rp—l/? @ Rp,]_ @ @ Rl/?

ad osp(2m|2n)
osp(2k|2k)
ORy/2 @ R1 @ (2m =2k +1)Ry 172 ® 2(n — k)R,
®2(2m — 2k + 1)(n — k)Ry
@[(2m -2k +1)(m —k) + (2n — 2k + 1)(n — k)] Ro

= Rok—1 ® Rop-5/2 D Ror—3 ® Rop 92 @ ...

(continued)
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Table 3.77 (continued)

ad osp(2m|2n)

osp(2k + 2|2k)
©R32 @ R1 @& (2m —2k—1)Ry, @ 2(n — k)R},
®2(2m — 2k — 1)(n — k)R
®[2m—-2k-1)(m—k—-1)+ (2n —2k+ 1)(n — k)|Ro

=Rok-1/2 D Rok-1 ® Rop 52 D Rog—3 D ...

ad osp(2m|2n)

sl(2k + 1|2k)
©3Rok-1/2 ® Rog-3/2 ® 3Rog-5/2 @ ... ® 3R3/2 ® Rypo
®4(m —2k — DRy, @ 4(n —2k)R), & 4(m — 2k — 1)(n — 2k)R},
®[(2m — 4k — 3)(m — 2k — 1) + (2n — 4k + 1)(n — 2k)]Rq

=TRor ® 3Rok—1 ® Rar—2® ... ® R2 ® 3R1 & Ro

ad osp(2m|2n)
S1(2k — 1]2k)
©Ro & Rog—3/2 ® 3Rog—5/2 ® Rog—7/2 ©® ... ® 3R3/2 ® Ryy2
@4(m — 2k + )Ry 172 ® 4(n - 2k)R)_; 5
& 4(m — 2k + 1)(n — 2k)R}
@ [(2m — 4k + 1)(m — 2k + 1) + (2n — 4k + 1)(n — 2k)]Ro

=3Rok_1 D Rop—o ® 3Rop_3 ® ... D Ro d 3Ry

ad osp(2m|2n)

SI(2k[2k + 1)
©3Ro ® Rop—1/2 D 3Rar-3/2 D Rop—5/2 ® ... ® Rz & 3R1)2
®4(m —2k)R), @ 4(n -2k — )Ry @ 4(m — 2k)(n — 2k — 1)R},
®[(2m — 4k — 1)(m — 2k) + (2n — 4k — 1)(n — 2k — 1) Ry

=3Ror ® Rop—1 ® 3Rop_o D ... D 3Rs & Ry

ad osp(2m|2n)
SI(2k|2k — 1)
®3Ro ® 3Rog—3/2 D Ror-s5/2 ® 3Rop7/2 @ ... ® R3n
©3Rij2 @ 4(m —2k)Ry 1 )p ® 4(n—2k+1)Ry_12
@ 4(m — 2k)(n — 2k + 1)R),
®[(2m — 4k —1)(m — 2k) + (2n — 4k + 3)(n — 2k + 1) Ry

=Ror_1 D 3Rog_92 ® Rop—3 ® ... & 3R2 D Ry

(continued)
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Table 3.77 (continued)

adosp(2m + 1|2n)  adosp(2m + 1|2n)
osp(2k|2k) - osp(2k — 1|2k) -
Rok—1 ® Rop_5/2 ® Rok—3 ® Rop_g/2 ® ... & R3/0 & Ry
©2(m—k+1)Ry_1/2 © 2(n — k) 271/2 @ 4(m—k+1)(n— k)R,
d[2m—-2k+1)(m—k+1)+ (2n -2k +1)(n — k)|Ro

ad osp(2m + 1|2n)  adosp(2m + 1|2n)
osp(2k + 2|2k) - osp(2k + 1|2k) -
Rok-172 ® Ror—1 ® Rog-5/2 ® Rok—3 @ ... ® R3p0 & Ry
®2(n —k)R}, @ 2(m — k)R & 4(m —k)(n— k)R
& [(2m — 2k — 1)(m — k) + (2n — 2k + 1)(n — k)]Ro

adosp(2[2n) , 9
(2n — 2)Ry

ad osp(2|2n
% =3R1 @& Ry ® (4n — 8)7%’1/2 ® (2n% — Tn + 7)Ro
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Table 3.78: o0sp(1|2) decompositions of the adjoint representations of the
basic Lie superalgebras (singular cases).

ad osp(2n + 2|2n)
0sp(2k + 1|2k) & osp(2n — 2k + 1|2n — 2k
©Ron-—2k-3 D ... D R1 ® Ropop-—1/2 D Rop_2p-3/2D ...
©Rz2 © Rok—1 ® Rop—3 @ ... ® R1 ® Rop 172 ® Rop 32
©...0OR3 ORp ©®Rp1@ ... D Ryap
ORp—1/2 ® Rp3/2 @ .. ® Ry_opr1/2

) = Ropn—2k—1

ad osp(2n — 2[2n)
osp(2k — 1|2k) & osp(2n — 2k — 1|2n — 2k)
®Ron—2k-3 © ... ® R1 ® Rop_2k—5/2 ® Rop—2k-7/2 D ...
©R32 © Rop1® Rop-3 @ ... D R1 & Rop_s/2 ® Rop—7/2
D... D R3/2 D Rpc1 D Ruo @ ... D Ry_ok
ORy_3/2® Ry_s5/2@ ... ® Ry_ory1/2

= Rop—2k—1

ad osp(2n|2n)
osp(2k + 1|2k) & osp(2n — 2k — 1|2n — 2k
©®Ron—2k—3 D ... D R1 ® Rop 252D Rop2k-7/2D ...
©R3/2 ® Rog—1 © Rop—3 © ... & R1 ® Rop_1/2 ® Rop—3)2
D... D R3/2 O Rn1DRno®... D Ru_ok
ORy 12 ® Ry3/2® .- ® Ry_2p-1/2

] = Ron—2k—1

ad osp(2n|2n)
osp(2k — 1|2k) & osp(2n — 2k + 1|2n — 2k
©Ran—2k-3 D ... D R1 ® Ropop-1/2 D Rop 232D ...
©R3/2 ® Rop—1 © Rop—3 @ ... ® R1 © Rop_s5/2 ® Rop_7/2
... 0 R32®Rpn1D®Rn2® ... 0 Ryopp1
ORp—1/2 ® Rpy3/2 @ ... ® Ry_opr1/2

] = Rop—2k—1
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Table 3.83: osp(1]|2) decompositions of the superalgebra F'(4).

Tables on Lie Superalgebras

SSA Decomposition of the
ing adjoint of G
A(1,0) R1 7R1/2 @ 14Ry
A0,1) | R1®3Ry2 ®6R] ) ®6Ro ® 2Ry
C(2) 5R1® 3R/ ®6Ro
D(Z, 1; 2) R3/2 b 27?,2,)/2 @ 2R P 27%’1/2 @ 3Ry

Table 3.84: osp(1]2) decompositions of the superalgebra G(3).

SSA Decomposition of the
in G adjoint of G
A(L,0) | R1®3Ri)p @ 472'1/2 @ 3R @ 2Ry,
A(1,0) 2R3 ;5 @ R1 © 3R1/2 ® 3R
B(0,1) R1® 6R1/2 @8Ry
B(1,1) R3/2@2Rg/2@R1@3R0@2R6
D(2,1;3) R2® Rg2 @ 3R1

Table 3.85: 0sp(1|2) decompositions of the superalgebra D(2,1; «).

SSA | Decomposition of the | Decomposition of the

in g fundamental of G adjoint of G
D(2,1) R1®Ro R3/2 ® 2R

0(2) Rlll/2 @ 3Ry Rid 3R1/2 @ 3R
A(1,0) 2R1/2 R1 @ 3R1/2 @ 3Ro




(0‘0)L0T @ (S0), 17 @ (T 0)x (0°0),27 @ (£°0) 2 (2)D
(0‘0)ry ® (2 ¢F) xz @ (1 1F)L @ (1°0) (00),e® (5%F),r [0y | (1o
(0‘0)e @ (£¢0), Lz @ (T°0)x (0‘0), 2z @ (£¢0),x (@)D
(0‘0)r® (T1F) L ® (1°0)x (&¢8),n (‘v | (£)o
(0°0)1¥ & (£ CF)rz @ (1°0)x (00),22 ® (2 €)x (0‘1)V
00),22® (0‘0) ke ® (3 ¢F)rd(¢Cr)rad (1'0)x | (00),£ @ (00)r® (5°8),x | (T'0)V
(1°0)L ® (z‘0)x (T°7),2 1V | (v
(0°0)2¥ @ (§4F),2z @ (1°0)2 (0°0) 2z ® (848),x (T'ov | (g'0)V
(¢ CF)re (1°)x (0‘0)r @ (£:¢),u (1o | (T'Dv
(0‘o)re (¢ix)re(1'0)L (0°0), L ® (5C),x (t'o)v | (2'0)v
(1°0)x (8<%),x (10)v | (10)v
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Table 3.87: sl(1|2) decompositions of the B(m,n) superalgebras up to rank 4.
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Tables on Lie Superalgebras

Table 3.89: sl(1|2) decompositions of the exceptional superalgebras.

g SSA Decomposition of the
in g adjoint of G
F(4) | A(1,0) (0,1) ® 3m(%, %) ® 3n(—%, 3) ® 87(0,0)
A(0,1) m(0. 1) @7l 3) & r(~1,7) @ 4m(0,0)
69277- (575) 2 (_575)6327‘- (075)
C(2) m(0,1) ®2m(1,1) ® 2m(—1,1)
@77(%7 %) S 77(_%7 %) S 477( ,0)
W(Ov 1) S 77(%7 %) D W(_gv %) S ﬂl(%ﬂ %)
GE AL vt herd he sk b e 0,0
li W(O,l)@ﬂ'(%,%)@ﬂ'(—%,%)
AL0) or'(3,3) @ (-5, © (0,0
C(2) 7(0,1) & 2n (5, 3) @ 2n(—1,3) B w(0,3)
D(2a1;a) A(]_,O) ﬂ'(O, 1)@71'(0(—}— %7%)@7{-(_0‘_ %)7%)@71-(070)
A0y w0, )@} (52), hen-1(52).5 er0,0
C2) | n(0,)en(3(22), D) en(—3(E2), 1) an(0,0)

Let us remark that for D(2,1;a) from any sl(1]2) decomposition one gets

the two others by replacing a by one of the values a™!, —1 —

—Q

This

aQ, .
1+«

corresponds to isomorphic versions of the exceptional superalgebra D(2, 1; @)
(— 2.20). One can check this triality-like property, which certainly deserves
some developments, by the studying the completely odd Dynkin diagram of

D(2,1;a).
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Symbols
A(0,1), see sl(1]|2)
A(m,n), 277, 343
A(n,n), 279, 345
0sp(1|2) decompositions, 384
sl(1]2) decompositions, 389
oscillator realization, 219
representations, 240
Ay, 146, 284
sl(2) decompositions, 335
su(n), 29
su*(2n), 29
definition, 21, 29
oscillator realization, 89
representations, 110, 147
dimensions, 305
products, 307
B(0,1), see osp(1]2)
B(m,n), 211, 347
B(0,n), 349
oscillator realization, 220
representations, 235
0sp(1|2) decompositions, 385
s1(1]2) decompositions, 390
oscillator realization, 219
representations, 232
structure, 213
By, 86, 286
sl(2) decompositions, 337

definition, 21, 29
oscillator realization, 89
representations, 87, 105
dimensions, 311, 312
products, 315, 316
C(n+1), 211, 351
0sp(1]2) decompositions, 384
sl(1]2) decompositions, 389
oscillator realization, 220
representations, 233
Cn, 145, 288
sl(2) decompositions, 338
definition, 21, 29
oscillator realization, 89
representations, 108, 146
dimensions, 308
products, 309
D(2,1; @), 200, 359
0sp(1]2) decompositions, 388
sl(1]2) decompositions, 392
oscillator realization, 218
representations, 227
structure, 201
D(m,n), 211, 353
0sp(1]2) decompositions, 387
sl(1]2) decompositions, 391
oscillator realization, 221
representations, 234
structure, 213
Dy, 86, 290
sl(2) decompositions, 336
s0*(2n), 29
definition, 21, 29
oscillator realization, 89
representations, 87, 98
dimensions, 310, 312
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products, 313, 314
Eg, 53, 293
branching rules, 326
maximal subalgebras, 53
oscillator realization, 92
representations, 53
dimensions, 320
products, 321
E7, 54, 296
branching rules, 328
maximal subalgebras, 54
oscillator realization, 92
representations, 54
dimensions, 320
products, 322
Eg, 54, 299
branching rules, 329
maximal subalgebras, 55
oscillator realization, 90
representations, 55
dimensions, 320
products, 323
F(4), 194, 355
0sp(1|2) decompositions, 388
s1(1/2) decompositions, 392
oscillator realization, 216
representations, 224
structure, 196
Fy, 49, 302
sl(2) decompositions, 339, 340
branching rules, 324, 325
maximal subalgebras, 51
oscillator realization, 93
representations, 51
dimensions, 317
products, 319
G(3), 197, 357
0sp(1|2) decompositions, 388
s1(1/2) decompositions, 392
oscillator realization, 217
representations, 225
structure, 198
G4, 51, 304
sl(2) decompositions, 339, 340
branching rules, 325, 330

Index

maximal subalgebras, 53
oscillator realization, 93
representations, 53, 96
dimensions, 317
products, 318
H(n), 173
definition, 173
oscillator realization, 216
P(n)
definition, 253
oscillator realization, 222
Qn)
definition, 254
oscillator realization, 222
S(n), 171
definition, 171
_oscillator realization, 215
S(n), 171
definition, 171
oscillator realization, 215
W(n), 170
definition, 170
oscillator realization, 215
Z-gradation
consistent, 208
dijr, 149
fijx, 3, 80, 149
osp(1]2), 259
Casimir invariants, 260
decompositions
adjoint repres., 380, 383
fundamental repres., 379
representations, 260
antisymmetrized products, 186
symmetrized products, 186
tensor products, 260
superprincipal embedding, 192
osp(1]2n), see B(0,n)
osp(2m + 1]2n), see B(m,n)
osp(2m|2n), see D(m,n)
osp(2|2n), see C(n+ 1)
sl(1]2), 261
Casimir invariants, 261
representations, 262
antisymmetrized products, 189



Index

symmetrized products, 189
tensor products, 263
superprincipal embedding, 194
sl(2) decomposition
adjoint representations, 334
fundamental representations, 333
sl(2) representations
antisymmetrized products, 38
symmetrized products, 38
sl(m|n), see A(m,n)
sl(n), see An

s0(2 n), see Dy
so(2n+ 1), see By
sp(Qn), see Cy
su(2), 20, 148
su(3), 3 20 148
A

Action of a group, 2
Adjoint, see Representation
Adjoint operation, 237
Ado’s Theorem, 120
Algebra, 4
Abelian, 4
associative, 4
Clifford, 183
commutative, 4
composition, 83
conformal, 32
De Sitter, 41
division, 83
Euclidean, 48
Galilei, 56
Grassmann, 205
Lie, see Lie algebra
Lorentz, 82, 248
orthogonal, 29, 86
Poincaré, 94
Schrédinger, 130
special linear, 29
spin, 20
superconformal, 265
supersymmetry, 272
symplectic, 29, 145
unitary, 29, 146
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Anti De Sitter group, 40
Atypicality conditions

A(m,n), 240
B(m,n), 232
C(n+1), 233
D(2,1; ), 227
D(m,n), 234
F(4 ) 225
G(3), 226
Automorphism, 4, 65, 166
group, 4
inner, 4, 6, 166
of a group, 4

of a Lie algebra, 6
of a Lie superalgebra, 166
outer, 5, 6, 166

B
Bilinear form, 68, 206
consistent, 206
invariant, 206
supersymmetric, 206
Borel decomposition, 137, 245
Borel subalgebra, 137, 245
Branching rules, 7
so(2n), 10, 15
so(2n+1), 14
sp(2n), 13
su(n), 8,9
exceptional Lie algebras, 7

C
Cartan basis, 17
Cartan matrix, 21
definition, 21
distinguished, 168
generalized, 22
Lie algebra, 21
Lie superalgebra, 167
symmetric, 169
Cartan subalgebra, 16, 19, 169
Cartan type superalgebra, 170, 182
H(n), 173
S(n), 171
S(n), 171
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W(n), 170

oscillator realization, 214
Cartan’s problem, 16
Cartan’s Theorems, 17, 69, 152
Cartan—Weyl basis, 16, 18, 135
Casimir invariants, 22, 134, 175

osp(1]2), 177, 260

osp(m|n), 176

sl(1]2), 176, 261

sl(2), 24

sl(3), 24

sl(m|n), 176

adjoint representation, 24

atypical representation, 175

conformal algebra, 33

Galilei algebra, 56

Lorentz algebra, 82

Poincaré algebra, 95

second order, 24

simple Lie algebras, 23

typical representation, 175
Center, 25, 178

of a group, 5, 25

of a Lie algebra, 25

of a Lie superalgebra, 176, 178
Centralizer, 25, 178

of a group, 25

of a Lie algebra, 26

of a Lie superalgebra, 178
Characters, 26, 178

A(m,n) representations, 180

B(0,n) representations, 179

C(n + 1) representations, 180

sl(2) representations, 26

definition, 26

singly typical representation, 180

superalgebras, 178

typical representations, 179

Weyl formula, 27
Charge conjugation, 184, 251
Classical Lie algebras, 28
Classical Lie groups, 27
Classical Lie superalgebras, 180

Z-gradation, 182, 342

Zs-gradation, 181, 342

definition, 180

matrix realization, 209
Clebsch-Gordan coefficients, 29
Clifford algebra, 183, 251
Comarks, 22
Compacity, 30
Compactification, 70
Complex structure, 31
Complexification, 116
Composition algebra, 83
Conformal algebra, 32
Conformal group, 32
Conjugacy class, 71, 158
Conjugacy vector, 71
Conjugation, 4
Connected space, 33
Connexity, 33

SO(3) — SU(2) case, 34
Contraction, 36
Coproduct, 149
Coroot, 138
Coset space, 113
Coxeter

dual number, 37

element, 158

number, 37, 158

D
De Sitter algebra, 41
De Sitter group, 40
Decompositions
0sp(1]2) subalgebras, 184
sl(1]2) subalgebras, 186
sl(2) subalgebras, 37
Defining matrix, 66
Defining vector, 47, 66
Derivation
inner, 39
of a Lie algebra, 39
of a Lie superalgebra, 189
Derivation superalgebra, 170
Derivative of a Lie algebra, 39
Dirac matrices, 190, 251
Dirac spinors, 251
Direct product, 42
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Direct sum, 44 Folding, 55, 144
Division algebra, 83 Freudenthal formula, 156
Djokovic-Hochschild Theorem, 236
Dual Coxeter number, 37 G
Dual Weyl vector, 158 Galilei algebra, 56
Dynkin diagram, 44 central extension, 56
distinguished, 191 Galilei group, 55
extended, 46 Gamma matrices, 184
of a basic Lie superalgebra, 190 Gelfand—Zetlin basis, 56, 202
of a simple Lie algebra, 45 gl(n|1), 204
Dynkin index, 66 gl(n|m), 202
Dynkin label, 152 so(2n), 59
so(2n + 1), 59
E su(n), 56
Embedding Gell-Mann matrices, 3, 20, 148
osp(1]2), 192 Generalized Jacobi identity, 208
sl(1)2), 193 Generalized Young tableaux, see also
sl(2), 46, 47 Young tableaux, 61
principal, 47 Graded antisymmetry, 208
superprincipal, 192, 194 Grassmann algebra, 170, 205, 266
Endomorphism, 65 Group, 64
Enveloping algebra, 149 Abelian, 64
Enveloping superalgebra, 177, 280 Anti De Sitter, 40
entire, 280 commutative, 64
filtration, 280 compact, 30
zero divisors, 280 conformal, 32
Euclidean algebra, 36, 48 De Sitter, 40
differential realization, 48 definition, 64
Euclidean group, 5, 43, 48, 75 direct product, 42
Exceptional Lie algebras, 21, 49 Euclidean, 43
Eg, 53, 293 finite, 64
Er, 54, 296 Galilei, 55
Es, 54, 299 Lie, see Lie group
Fy, 49, 302 linear, 28
Gs, 51, 304 Lorentz, 81
oscillator realization, 90 morphism, 65
Exceptional Lie superalgebras, 194 non-compact, 31
D(2,1;a), 200 orthogonal, 28, 86
F(4), 194 semi-direct product, 43
G(3), 197 semi-simple, 136
oscillator realization, 216 simple, 136
Exponents, 23, 37, 138 subgroup, see Subgroup
supergroup, 266
F symplectic, 28, 145

Factor group, 6, 166 unitary, 28, 146
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universal covering, 80 Levi’s Theorem, 74
Lie algebra

H

Height vector, see Level vector

Homomorphism, 65
Harish—Chandra, 177
Homotopy group, 35
Hopf algebra, 149
Hurwitz Theorem, 83

1
Ideal, 78, 207, 209
Index, 66, 67
of a representation, 67
of an embedding, 66
Induced module, 230
Inner derivation, 190
Inner product, 206
Isomorphism, 65
Iwasawa decomposition, 67
Iwasawa’s Theorem, 68

J
Jacobi identity, 79
generalized, 208

K

Kac labels, 37, 45, 138
Kac’s module, 228, 239
Killing form, 68, 181, 206

L

Lattice, 70
definition, 70
dual, 70

Euclidean, 70
integral, 70
Leech, 73
Lorentzian, 70
root, 71
self-dual, 70
self-dual Euclidean, 73
self-dual Lorentzian, 73
unimodular, 70
weight, 71
Level vector, 144, 154

Abelian, 74

classical, 28
complexification, 116
definition, 73

direct sum, 44

general decomposition, 74
nilpotent, 40, 74

real form, 115
realification, 116
representation, see Representation
semi-direct sum, 44
semi-simple, 74, 136
simple, 74, 136
simply-laced, 37, 127
solvable, 40, 74

Lie group

classical, 27

compact, 30
definition, 75
generator, 77

of transformations, 75
representations, 118
universal covering, 35

Lie subalgebra, 78
Lie superalgebra, 207

A(m,n), 277

B(m,n), 211

C(n+1),211

D(m,n), 211

gl(m|n), 209

osp(1]2), see osp(1]2)

osp(m|n), 211

psl(n|n), 279

sl(1]2), see sl(1]2)

sl(mln), 277

basic, 181, 182
Z-gradation, 182

Cartan type, 170

classical, 180, 182
Z gradation, 182, 342
Zs gradation, 181, 342
definition, 180

classification, 182
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definition, 207
Hamiltonian, 173
nilpotent, 210
real form, 223
semi-simple, 247
simple, 247
solvable, 211
strange, 181, 182
transitive, 171-174, 209
type I, 180
type 11, 180
Lie superalgebras
D(2,1;a), 200
F(4), 194
G(3), 197
Lie superbracket, 208, 259
Lie supercommutator, 208
Lie Theorems, 79
Little group, 85
Lorentz algebra, 82, 248
Lorentz group, 81
compacity, 31
representations, 82, 249
spinors, 248

M
Malcev’s Theorem, 74
Marks, 22, 37, 138
Module, 119
highest weight, 228
induced, 229, 230
Kac, 228
semi-simple, 121
simple, 121, 229

N
Nilpotent Lie algebra, 40

Nilpotent Lie superalgebra, 210

Normalizer
of a group, 83
of a Lie algebra, 83

of a Lie superalgebra, 178

(0]
Octonions, 83

Orbit, 85

Orthogonal algebras, 21, 29, 86

Orthogonal groups, 86
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Orthosymplectic superalgebras, 211

definition, 211
oscillator realization, 218
representations, 231
Oscillator realization
A(m,n), 219
An, 89
B(0,n), 220
B(m,n), 219
By, 89
C(n+1),220
Cn, 89
D(2,1; ), 218
D(m,n), 221
Dy, 89
FEg, 92
Er, 92
Eg, 90
F(4), 216
Fy, 93
G(3), 217
G2, 93
H(n), 216
P(n), 222
Q(n), 222
S(n), 215
S(n), 215
W(n), 215
Outer automorphism, 5, 167

P

Partition, 131

Pauli matrices, 94, 148, 183
Peter—Weyl Theorem, 119

Poincaré-Birkhoff-Witt Theorem, 149,

280
Poincaré algebra, 94
Casimir invariants, 95

differential realization, 95

Poincaré group, 94
representations, 95
compacity, 31
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Q

Quaternions, 83
Quotient group, 113
Quotient Lie algebra, 114

R
Racah coefficients, 114
Radical, 40, 74
Rank, 19, 170
Real form

Lie algebra, 115, 331

Lie superalgebra, 223, 378
Regular subalgebra, see Subalgebra
Representation

A(m,n), 240

An, 155

B(0,n), 235

B(m,n), 232

Bn, 155

C(n+1), 233

Chn, 155

D(2,1;a), 227

D(m,n), 234

Dy, 155

FEg, 53, 155

E7, 54, 155

Eg, 55, 155

F(4), 224, 375

Fy, 51, 155

G(3), 225, 376

Ga, 53, 96, 155

osp(1]2), 260

osp(1[4), 365

osp(1]6), 365
osp(2[4), 366
0sp(3|2), 367
osp(42), 368, 369
osp(52), 370
psl(2]2), 372
sl
sl

sp(2n), 108
su(n), 110
adjoint, 2, 224

atypical, 238, 239

Index

completely reducible, 120, 236

complex, 154

dimension, 119, 224

direct sum, 122
equivalent, 118

essentially typical, 202
faithful, 118, 224
Freudenthal formula, 156
fundamental, 152

group, 117
height, 154

highest weight, 151, 228
indecomposable, 120, 236
induced module, 229
irreducible, 120, 236
Kronecker product, 123

Lie algebra, 119

Lie superalgebra, 223

linear, 119

Lorentz group, 82

orthosymplectic superalgebras, 231

Poincaré group, 95

product, 122
pseudo-real, 154
real, 154

reducible, 120, 236

regular, 2

self-conjugate, 154
singly atypical, 239

spinor, 249
star, 237
sum, 122, 236

superdimension, 224

superstar, 237

supersymmetry algebra, 275
tensor product, 122, 236

trivial, 118, 224

typical, 238, 239
unitarily equivalent, 118

unitarity, 125

unitary superalgebras, 240
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Weyl dimension formula, 155
Root, 18, 126, 241
coroot, 138
definition, 18, 126
diagram, 127
even, 241
height, 138
highest, 46, 138
lattice, 71
odd, 241
positive, 137, 245
simple, 137, 245
space, 127, 241
system, 126, 241
Lie algebras, 129
Lie superalgebras, 242

S
Scasimir, 177
Schrédinger algebra, 130
Schur function, 131
Schur’s Lemma, 134, 243
Semi-direct product, 43
Semi-direct sum, 44
Semi-morphism, 223
Serre relations, 135, 243, 244
Serre—Chevalley basis, 47, 135, 243
Simple Lie algebras, 20
Simple root system, 137, 245
distinguished, 168, 246
extended, 22
simple Lie algebras, 139
simple Lie superalgebras, 246
Simply connected space, 33
Singular subalgebra, see Subalgebra
Solvable Lie algebra, 40
Solvable Lie superalgebra, 210
Spin algebras, 20
Spinors, 139, 248
adjoint, 251
charge conjugate, 251
Dirac, 251
dotted, 250
Lorentz group, 248
Majorana, 252

undotted, 249

Weyl, 249
Stabilizer, 85
Star operation, 206
Strange formula, 159
Strange superalgebras

P(n), 253

Q(n), 254

Cartan subalgebra, 170

oscillator realization, 221
Stratum, 85
Structure constants, 2, 79

for su(3), 149
Subalgebra, 140, 209, 256

folding, 258

regular, 141, 256

singular, 143, 257, 332
Subgroup, 64, 140

invariant, 65

normal, 65

proper, 64
Subsuperalgebra, see Superalgebra
Superadjoint operation, 237
Superalgebra, 258

associative, 259

commutative, 259

definition, 258

homomorphism, 259

Lie, see Lie superalgebra

subsuperalgebra, 259

tensor product, 259
Supercharacters, 178

typical representations, 179
Superconformal algebra, 265
Superdeterminant, 269
Superdimension, 224
Superfield, 270

antichiral, 272

chiral, 271

definition, 271

vector, 272
Supergroup, 266

definition, 266

of linear transformations, 267
Supermatrices, 267
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even, 268

odd, 268

superdeterminant, 269

supertrace, 269

transposition, 269
Superspace, 270
Superstar operation, 206
Supersymmetry, 270
Supersymmetry algebra, 272

definition, 272

extended, 274

representations, 275
Supertrace, 269
Symmetric function, 131
Symmetric group

inner product, 9, 323
Symmetric metric tensor, 157
Symmetric quadratic form, 157
Symmetric space, 69, 144
Symplectic algebras, 21, 29, 145
Symplectic groups, 145

T
Taylor’s Theorem, 80

U
Unitary algebras, 21, 29, 146
Unitary groups, 146
Unitary superalgebras, 277
oscillator realization, 218
representations, 240
Universal
covering group, 35, 80
enveloping algebra, 149
enveloping superalgebra, 280
entire, 280
filtration, 280
zero divisors, 280

w

Weight, 150
definition, 150
dominant, 151, 228
equivalent, 150
fundamental, 152

Index

highest, 151
integral, 228
integral dominant, 228
lattice, 71
level, 153
multiplicity, 150
simple, 150
Weyl
character formula, 27, 134
dimension formula, 155
dual vector, 158
group, 6, 157, 281
reflection, 157, 282
length, 158
Lie superalgebras, 245, 282
parity, 158
spinors, 249
theorem, 69
vector, 158, 245
Wigner coefficients, 115
Wigner-Eckart Theorem, 159

Y

Young tableaux, 160
Go, 96
sl(n), 160

definition, 160

generalized, 61
so(2n), 10, 98
so(2n + 1), 15, 105
sp(2n), 13, 108
definition, 61
products, 62

inner product, 9

outer product, 8



