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Preface

‘Electrical Circuit Theory and Technology, Revised second Edition’
provides coverage for a wide range of courses that contain electrical
principles, circuit theory and technology in their syllabuses, from
introductory to degree level. The chapter ‘Transients and Laplace
transforms’, which had been removed from the second edition due to page
restraints, has been included in this edition in response to popular demand.
The text is set out in four parts as follows:

PART 1, involving chapters1 to 12, contains ‘Basic Electrical
Engineering Principles which any student wishing to progress in
electrical engineering would need to know. An introduction to electrical
circuits, resistance variation, chemical effects of electricity, series
and parallel circuits, capacitors and capacitance, magnetic circuits,
electromagnetism, electromagnetic induction, electrical measuring
instruments and measurements, semiconductor diodes and transistors are
al included in this section.

PART 2, involving chapters 13 to 22, contains ‘Electrical Principles
and Technology' suitable for Advanced GNVQ, Nationa Certificate,
National Diploma and City and Guilds coursesin electrical and electronic
engineering. D.c. circuit theory, aternating voltages and currents,
single-phase series and paralel circuits, d.c. transients, operational
amplifiers, three-phase systems, transformers, d.c. machines and three-
phase induction motors are all included in this section.

PART 3, involving chapters 23 to 45, contains ‘Advanced Circuit
Theory and Technology’ suitable for Degree, Higher National
Certificate/Diploma and City and Guilds courses in electrical and
€l ectroni c/telecommunications engineering. Thetwo earlier sections of the
book will provide a valuable reference/revision for students at this level.

Complex numbers and their application to series and parallel networks,
power in ac. circuits, a.c. bridges, series and parallel resonance and
Q-factor, network analysis involving Kirchhoff’'s laws, mesh and nodal
analysis, the superposition theorem, Thévenin's and Norton's theorems,
delta-star and star-delta transforms, maximum power transfer theorems
and impedance matching, complex waveforms, harmonic analysis,
magnetic materias, dielectrics and dielectric loss, field theory, attenuators,
filter networks, magnetically coupled circuits, transmission line theory and
transients and Laplace transforms are all included in this section.

PART 4 provides a short, ‘General Reference’ for standard electrical
guantities—their symbols and units, the Greek alphabet, common
prefixes and resistor colour coding and ohmic values.

At the beginning of each of the 45 chapters learning objectives
are listed.

At the end of each of thefirst three parts of the text is ahandy reference
of the main formulae used.
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It is not possible to acquire a thorough understanding of electrical
principles, circuit theory and technology without working through a large
number of numerical problems. It is for this reason that ‘Electrical Circuit
Theory and Technology, Revised second Editionhtains some 740
detailed worked problems, together with over 1100 further problems,
al with answers in brackets immediately following each question. Over
1100 line diagrams further enhance the understanding of the theory.

Fourteen Assignments have been included, interspersed within the
text every few chapters. For example, Assignment 1 tests understanding
of chapters 1 to 4, Assignment 2 tests understanding of chapters 5 to 7,
Assignment 3 tests understanding of chapters 8 to 12, and so on. These
Assignments do not have answers given since it is envisaged that lecturers
could set the Assignments for students to attempt as part of their course
structure. Lecturers may obtain a complimentary set of solutions of the
Assignments in an Instructor’s Manual available from the publishers
via the internet— see below.

‘Learning by Example’ is at the heart of ‘Electrical Circuit Theory
and Technology, Revised second Edition’.

JOHN BIRD
University of Portsmouth



Free web downloads

Instructor’s Manual

Full worked solutions and mark scheme for all the Assignmentsin
this book.

This material is available to lecturers only. To obtain a password
please e-mail j.Blackfond@Elsevier.com with the following
details: course title, number of students, your job title and work
postal address.

To download the Instructor’s Manual visit
http://www.newnespress.com

and enter the book title in the search box, or use the following
direct URL:

http://www.bh.com/manual 0750657847/

For up-to-date information on al Newnes textbooks visit our
websites:

WWW.Newnespress.com

www.bh.com/engineering

Register as a user to receive regular e-mail bulletins.

If you have any suggestions for how we could improve this book
in future editions, corrections, or ideas for our future publishing
programme please e-mail Newnes at:

newnes@Elsevier.com




Part 1 Basic Electrical
Engineering
Principles




1.1 Sl units

1 Units associated with
basic electrical quantities

At the end of this chapter you should be able to:

e dtate the basic Sl units
e recognize derived Sl units
e understand prefixes denoting multiplication and division

e state the units of charge, force, work and power and perform
simple calculations involving these units
e dtate the units of electrical potentia, em.f., resistance,

conductance, power and energy and perform simple
calculations involving these units

The system of units used in engineering and science is the Systéme Inter-
nationale d’ Unités (International system of units), usually abbreviated to
Sl units, and is based on the metric system. This was introduced in 1960
and is now adopted by the majority of countries as the official system of
measurement.

The basic units in the Sl system are listed with their symbols, in
Table 1.1.

TABLE 1.1 Basic 9 Units

Quantity Unit

length metre, m
mass kilogram, kg
time second, s
electric current ampere, A
thermodynamic temperature kelvin, K
luminous intensity candela, cd
amount of substance mole, mol

Derived Sl units use combinations of basic units and there are many of
them. Two examples are:

e Velocity — metres per second (m/s)
e Acceleration— metres per second squared (m/s?)
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1.2 Charge

1.3 Force

Sl units may be made larger or smaller by using prefixes which denote
multiplication or division by a particular amount. The six most common
multiples, with their meaning, are listed in Table 1.2.

TABLE 1.2

Prefix Name Meaning
M mega multiply by 1000000 (i.e. x10)
k kilo multiply by 1000 (i.e. x10%)
m milli divide by 1000 (i.e. x1073)
m micro divide by 1000000 (i.e. x107°)
n nano divide by 1000000000 (i.e. x1079)
p pico divide by 1000000000000 (i.e. x107%2)

The unit of charge is the coulomb (C) where one coulomb is one ampere
second. (1 coulomb = 6.24 x 10 electrons). The coulomb is defined as
the quantity of electricity which flows past a given point in an electric
circuit when a current of one ampere is maintained for one second. Thus,

charge, in coulombs| Q = It

where I is the current in amperes and ¢ is the time in seconds.

Problem 1. If acurrent of 5 A flows for 2 minutes, find the quan-
tity of electricity transferred.

Quantity of electricity Q = It coulombs
I=5A,1r=2x60=120s
Hence Q =5 x 120 =600 C

The unit of force is the newton (N) where one newton is one kilogram
metre per second squared. The newton is defined as the force which, when
applied to a mass of one kilogram, gives it an acceleration of one metre
per second squared. Thus,

force, in newtons| F = ma

where m is the mass in kilograms and a is the acceleration in metres
per second squared. Gravitational force, or weight, is mg, where g =
9.81 m/s?
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1.4 Work

1.5 Power

Problem 2. A mass of 5000 g is accelerated at 2 m/s? by a force.
Determine the force needed.

Force = mass x acceleration

:5kgx2m/52:10kg?m:10N

Problem 3. Find the force acting vertically downwards on a mass
of 200 g attached to a wire.

Mass = 200 g = 0.2 kg and acceleration due to gravity, g = 9.81 m/s’
Force acting downwards = weight = mass x acceleration

= 0.2 kg x 9.81 m/s®

=1.962 N

The unit of work or energy isthe joule (J) where one jouleis one newton
metre. The joule is defined as the work done or energy transferred when
a force of one newton is exerted through a distance of one metre in the
direction of the force. Thus

work done on a body, in joules| W = Fs

where F is the force in newtons and s is the distance in metres moved
by the body in the direction of the force. Energy is the capacity for
doing work.

The unit of power is the watt (W) where one watt is one joule per second.
Power is defined as the rate of doing work or transferring energy. Thus,

power in watts, | P = ¥

where W is the work done or energy transferred in joules and ¢ is the
time in seconds. Thus

energy, in joules, | W = Pt
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1.6 Electrical potential
and e.m.f.

1.7 Resistance and
conductance

Problem 4. A portable machine requires aforce of 200 N to move
it. How much work is done if the machine is moved 20 m and what
average power is utilized if the movement takes 25 s?

Work done = force x distance = 200 N x 20 m = 4000 Nm or 4 kJ

work done . 4000 J

Power = =
time taken 25s

=160 J/s= 160 W

Problem 5. A mass of 1000 kg is raised through a height of 10 m
in 20 s. What is (&) the work done and (b) the power developed?

(& Work done = force x distance and force = mass x acceleration

Hence, work done = (1000 kg x 9.81 m/s?) x (10 m)
= 98100 Nm = 98.1 kNm or 98.1 kJ

work done _ 98100 J

= = = 4905 J/
time taken 20s S

(b) Power
= 4905 W or 4.905 kW

The unit of electric potential is the volt (V) where one volt is one joule
per coulomb. One volt is defined as the difference in potential between
two points in a conductor which, when carrying a current of one ampere,
dissipates a power of one watt, i.e.

watts  joules/second joules joules

amperes amperes  ampere seconds  coulombs

A change in electric potential between two points in an electric circuit is
caled a potential difference. The electromotive force (e.m.f.)provided
by a source of energy such as a battery or agenerator is measured in volts.

The unit of electric resistanceis the ohm () where one ohm is one
volt per ampere. It is defined as the resistance between two points in a
conductor when a constant electric potential of one volt applied at the
two points produces a current flow of one ampere in the conductor. Thus,

resistance, in onms| R = \Ii
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1.8 Electrical power and
energy

where V is the potential difference across the two pointsin voltsand 7 is
the current flowing between the two points in amperes.

The reciprocal of resistance is called conductanceand is measured in
siemens (S). Thus,

conductance, in siemens| G =

Pl

where R is the resistance in ohms.

Problem 6. Find the conductance of a conductor of resistance
(@ 10 2, (b) 5 k2 and (c) 100 m2

(8 Conductance G = 1_1 semen=0.1s
R 10 o

1 1
— T =~ S=02x103%S=0.2
() G= =g o5 S=02x10°5=02mS
1 1 108
= - — = — :1
© 6= ¢ =Toox103 > 100> 0%

When a direct current of I amperes is flowing in an electric circuit and
the voltage across the circuit is V volts, then

power, in watts| P = VI

Electrical energy = Power x time
= VIt Joules

Although the unit of energy is the joule, when dealing with large amounts
of energy, the unit used is the kilowatt hour (kwh) where

1 kWh = 1000 watt hour
= 1000 x 3600 watt seconds or joules
= 3600000 J

Problem 7. A source em.f. of 5V supplies a current of 3 A for
10 minutes. How much energy is provided in this time?

Energy = power x time and power = voltage x current. Hence
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1.9 Summary of terms,
units and their symbols

Energy = VIt = 5 x 3 x (10 x 60) = 9000 Ws or J

=9kJ

Problem 8. An €electric heater consumes 1.8 MJ when connected
to a 250 V supply for 30 minutes. Find the power rating of the

heater and the current taken from the supply.

i.e. Power rating of heater= 1 kW

P 1000
PowerP:VI,thusI:V:—:4A

Hence the current taken from the supply is 4 A

Quantity Quantity Unit Unit symbol
Symbol
Length l metre m
Mass m kilogram kg
Time t second s
Velocity v metres per second m/sor ms!
Acceleration a metres per
second squared  m/s? or ms?

Force F newton N
Electrical charge coulomb C

or quantity 0
Electric current I ampere A
Resistance R ohm Q
Conductance G siemen S
Electromotive volt \%

force E
Potential volt Y

difference Vv
Work w joule J
Energy E (or W)  joule J
Power P watt W

As progress is made through Electrical Circuit Theory and Technology
many more terms will be met. A full list of electrical quantities, together
with their symbols and units are given in Part 4, page 968.
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1.10 Further problems
on units associated with
basic electrical quantities
(Take g = 9.81 m/s?> where

appropriate)

1 What force is required to give a mass of 20 kg an acceleration of
30 m/s?? [600 N]

Find the accelerating force when a car having a mass of 1.7 Mg
increases its speed with a constant acceleration of 3 m/s?> [5.1 kN]

A force of 40 N accelerates a mass at 5 m/s?. Determine the mass.

[8 kal

4 Determine the force acting downwards on a mass of 1500 g
suspended on a string. [14.72 N]

5 A force of 4 N moves an object 200 cm in the direction of the force.
What amount of work is done? [8J

6 A force of 2.5 kN isrequired to lift aload. How much work is done
if the load is lifted through 500 cm? [12.5 k]|

7 An eectromagnet exerts a force of 12 N and moves a soft iron
armature through a distance of 1.5 cm in 40 ms. Find the power
consumed. [45 W]

8 A mass of 500 kg is raised to a height of 6 min 30 s. Find (a) the
work done and (b) the power developed.
[(a) 29.43 kNm (b) 981 W]

B 3 W ifkaivemioti fy rof reliridityel chargedsby itérsed®?! electrons?
[1000 C]

10 Inwhat time would acurrent of 1 A transfer a charge of 30 C?[30 g
11 A current o

N

[900 C]
12 How long must a current of 0.1 A flow so as to transfer a charge of
30 C? [5 minutes]
13 Find the conductance of a resistor of resistance (a) 102 (b) 2 kQ
(c) 2 me [(® 0.1 S (b) 0.5 mS (c) 500 S

14 A conductor has a conductance of 50 pS. What is its resistance?
[20 k2]

15 Anem.f. of 250 V is connected across a resistance and the current
flowing through the resistance is4 A. What is the power developed?

[1 kw]

16 450 Jof energy are converted into heat in 1 minute. What power is
dissipated? [7.5W]

17 A current of 10 A flows through a conductor and 10 W is dissipated.
What p.d. exists across the ends of the conductor? [1V]

18 A battery of em.f. 12 V supplies a current of 5 A for 2 minutes.
How much energy is supplied in this time? [7.2 kJ]

19 A dc electric motor consumes 36 MJ when connected to a 250 V
supply for 1 hour. Find the power rating of the motor and the current
taken from the supply. [10 kw, 40 A]



2 An introduction to
electric circuits

At the end of this chapter you should be able to:

e recognize common electrical circuit diagram symbols

e understand that electric current is the rate of movement of
charge and is measured in amperes

e appreciate that the unit of charge is the coulomb
e calculate charge or quantity of electricity Q from Q = It

e understand that a potentia difference between two pointsin a
circuit is required for current to flow

e appreciate that the unit of p.d. is the volt

e understand that resistance opposes current flow and is
measured in ohms

e appreciate what an ammeter, a voltmeter, an ohmmeter, a
multimeter and a C.R.O. measure
e distinguish between linear and non-linear devices
v v
. stateOhm'sIaM/asV:IRorI:EorR:7

e use Ohm’s law in calculations, including multiples and
sub-multiples of units

e describe a conductor and an insulator, giving examples of each
e appreciate that electrical power P is given by
V2
P=VI=I?R=— walts
R
e calculate electrical power
o define electrical energy and state its unit
e calculate electrical energy

o state the three main effects of an electric current, giving
practical examples of each

e explain the importance of fuses in electrical circuits

2.1 Standard symbols for Symbols are used for components in electrical circuit diagrams and some
electrical components of the more common ones are shown in Figure 2.1.
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2.2 Electric current and
guantity of electricity

——

Conductor
Two conductors Two conductors
crossing but not joined together
joined
Fixed resistor

Alternative symbol

for fixed resistor Variable resistor

|} il ll? il— -- <l}
Cell Battery of 3 cells Alternative symbol
for battery
__/_ @__' —
Switch :
Filament lamp Fuse

©

Voltmeter

—O><O—

Alternative fuse
symbol

®

Ammeter

Figure 2.1

All atomsconsist of protons, neutronsand electrons The protons, which
have positive electrical charges, and the neutrons, which have no electrical
charge, are contained within the nucleus Removed from the nucleus are
minute negatively charged particles called electrons. Atoms of different
materials differ from one another by having different numbers of protons,
neutrons and electrons. An equal number of protons and electrons exist
within an atom and it is said to be electrically balanced, as the positive
and negative charges cancel each other out. When there are more than
two electrons in an atom the electrons are arranged into shellsat various
distances from the nucleus.

All atoms are bound together by powerful forces of attraction existing
between the nucleus and its electrons. Electrons in the outer shell of an
atom, however, are attracted to their nucleus less powerfully than are
electrons whose shells are nearer the nucleus.
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It is possible for an atom to lose an electron; the atom, which is now
caled an ion, is not now electrically balanced, but is positively charged
and isthus able to attract an electron to itself from another atom. Electrons
that move from one atom to another are called free electrons and such
random motion can continue indefinitely. However, if an electric pressure
or voltageis applied across any material there is a tendency for electrons
to move in a particular direction. This movement of free electrons, known
as drift , congtitutes an electric current flow. Thus current is the rate of
movement of charge

Conductors are materials that contain electrons that are loosely
connected to the nucleus and can easily move through the material from
one atom to another.

Insulators are materials whose electrons are held firmly to their
nucleus.

The unit used to measure the quantity of electrical charge Qiscalled
the coulomb C (where 1 coulomb = 6.24 x 10 electrons)

If the drift of electrons in a conductor takes place at the rate of one
coulomb per second the resulting current is said to be a current of one
ampere.

Thus, 1 ampere = 1 coulomb per second or 1 A =1 C/s

Hence, 1 coulomb = 1 ampere second or 1 C =1 As

Generaly, if I isthe current in amperes and ¢ the time in seconds during
which the current flows, then 7 x ¢ represents the quantity of electrical
charge in coulombs, i.e.

quantity of electrical charge transferred, | Q =1 x t coulombs

Problem 1. What current must flow if 0.24 coulombs is to be
transferred in 15 ms?

Since the quantity of electricity, Q = It, then

3
_Q: 0.24 :O.24><1O:@:16A
t 15 x 103 15 15

Problem 2. If a current of 10 A flows for four minutes, find the
quantity of electricity transferred.

Quantity of electricity, Q = It coulombs
I=10A;t=4x60=240s
Hence Q = 10 x 240 = 2400 C

Further problems on Q = I x t may be found in Section 2.12, problems 1
to 3, page 21.
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2.3 Potential difference
and resistance

v ®
Current

flow

Figure 2.2

2.4 ‘Bas_ic electrical
measuring instruments

Figure 2.3

2.5 Linear and
non-linear devices

For a continuous current to flow between two points in a circuit a poten-
tial difference (p.d.) or voltage, V, is required between them; a complete
conducting path is necessary to and from the source of electrical energy.
The unit of p.d. is the volt, V

Figure 2.2 shows a cell connected across a filament lamp. Current flow,
by convention, is considered as flowing from the positive terminal of the
cell, around the circuit to the negative terminal.

The flow of electric current is subject to friction. This friction, or oppo-
sition, is called resistanceR and is the property of a conductor that limits
current. The unit of resistance is the ohm; 1 ohm is defined as the resis-
tance which will have a current of 1 ampere flowing through it when
1 volt is connected across it, i.e.

potential difference
current

resistanceR =

An ammeter is an instrument used to measure current and must be
connected in series with the circuit. Figure 2.2 shows an ammeter
connected in series with the lamp to measure the current flowing through
it. Since al the current in the circuit passes through the ammeter it must
have a very low resistance

A voltmeter is an instrument used to measure p.d. and must be
connected in parallel with the part of the circuit whose p.d. isrequired. In
Figure 2.2, a voltmeter is connected in parallel with the lamp to measure
the p.d. across it. To avoid a significant current flowing through it a
voltmeter must have a very high resistance

An ohmmeter is an instrument for measuring resistance.

A multimeter, or universal instrument, may be used to measure
voltage, current and resistance. An ‘Avometer’ is a typical example.

The cathode ray oscilloscope (CRO)nay be used to observe wave-
forms and to measure voltages and currents. The display of a CRO
involves a spot of light moving across a screen. The amount by which
the spot is deflected from its initial position depends on the p.d. applied
to the terminals of the CRO and the range selected. The displacement is
calibrated in ‘volts per cm’. For example, if the spot is deflected 3 cm
and the volts’cm switch is on 10 V/cm then the magnitude of the p.d. is
3cm x 10 V/cm, i.e. 30 V (See Chapter 10 for more detail about elec-
trical measuring instruments and measurements.)

Figure 2.3 shows a circuit in which current I can be varied by the variable
resistor R,. For various settings of R, the current flowing in resistor
R;, displayed on the ammeter, and the p.d. across R1, displayed on the
voltmeter, are noted and a graph is plotted of p.d. against current. The
result is shown in Figure 2.4(a) where the straight line graph passing
through the origin indicates that current is directly proportional to the p.d.
Since the gradient i.e. (p.d./current) is constant, resistance R; is constant.
A resistor is thus an example of a linear device
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2.6 Ohm’'s law

2.7 Multiples and
sub-multiples

p.d. p.d.

Figure 2.4

If the resistor Ry in Figure 2.3 is replaced by a component such as a
lamp then the graph shown in Figure 2.4(b) results when values of p.d.
are noted for various current readings. Since the gradient is changing, the
lamp is an example of a non-linear device

Ohm’s law states that the current 7 flowing in a circuit is directly propor-
tional to the applied voltage V and inversely proportional to the resistance
R, provided the temperature remains constant. Thus,

\Y \Y
| = —~oV=IRooR=—
R |

Problem 3. The current flowing through a resistor is 0.8 A when
ap.d. of 20 V is applied. Determine the value of the resistance.

From Ohm’s law, resistance R = K = Q = @ =25Q
I 08 8

Currents, voltages and resistances can often be very large or very small.
Thus multiples and sub-multiples of units are often used, as stated in
chapter 1. The most common ones, with an example of each, are listed
in Table 2.1

TABLE 2.1
Prefix Name Meaning Example
M mega multiply by 1000000 2 MQ = 2000000 ohms
(i.e, x10°)
k kilo multiply by 1000 10 kV = 10000 volts
(i.e, x10%
2
m milli divide by 1000 25 mA = 1—5 A
(e, x10°9) 000
= 0.025 amperes
micro divide by 1000000 50 uVv 0 \%
H WV = ————""
(e, x10°9) 1000000

= 0.00005 volts
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A more extensive list of common prefixes are given on page 972.

Problem 4. Determine the p.d. which must be applied to a 2 k2
resistor in order that a current of 10 mA may flow.

Resistance R = 2 kQ = 2 x 10° = 2000 Q
10 10
Current ] =10mA =10x103Aor — or —— A=001A
x 10° ' 1000

From Ohm’s law, potential difference, V = IR = (0.01)(2000) = 20 V

Problem 5. A coil hasacurrent of 50 mA flowing through it when
the applied voltage is 12 V. What is the resistance of the coil?

. \% 12 12 x 10° 12000
Resistance, R = — = =

= = =240Q
I 50x10-3 50 50

Problem 6. A 100V battery is connected across a resistor and
causes a current of 5 mA to flow. Determine the resistance of the
resistor. If the voltage is now reduced to 25 V, what will be the
new value of the current flowing?

1% 100 100 x 10°
Resistance R = — = — — 20 x 10° = 20 k@
esistance T = 52107 5 0 x 10° =20

Current when voltage is reduced to 25 V,

14 25 25

v =TT %10 =125 mA
R 20x108 20 m

I =

Problem 7. What is the resistance of a coil which draws a current
of (@) 50 mA and (b) 200 pA from a 120 V supply?

. Vv 120

(8 ResistanceR= —=——
I 50x 103
120 12000

=—=——=2400Q or 2.4 kQ
0.05 5
120 120
b) Resistance R = =
(b) 200 x 106  0.0002

1200000

> = 6000002 or 600 k or 0.6 MQ

Further problems on Ohm's law may be found in Section 2.12, problems 4
to 7, page 21.
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2.8 Conductors and A conductor is a material having a low resistance which allows electric

insulators

2.9 Electrical power and
energy

current to flow in it. All metals are conductors and some examples include
copper, aluminium, brass, platinum, silver, gold and carbon.

An insulator is a material having a high resistance which does not
allow dectric current to flow in it. Some examples of insulators include
plastic, rubber, glass, porcelain, air, paper, cork, mica, ceramics and
certain ails.

Electrical power

Power P in an electrical circuit is given by the product of potential
difference V and current I, as stated in Chapter 1. The unit of power is
the watt, W. Hence

P =V x| watts (2.1)

From Ohm’'s law, V = IR
Substituting for V in equation (2.1) gives:

P=(UR)x1I

ie P = | 2R watts

Also, from Ohm's law, [ =
Substituting for 7 in equatio

=<

=}

(2.1) gives:

\%
P=V x —
R

2

i.e P—V watts
e = &

There are thus three possible formulae which may be used for calculating
power.

Problem 8. A 100 W electric light bulb is connected to a 250 V
supply. Determine (a) the current flowing in the bulb, and (b) the
resistance of the bulb.

. P
Power P =V x I, from which, current I = v

100 _10

2
250 ~ 25— 5~ 04A

. V. 250 2500
(b) ResistanceR = T504° 4 =625Q

(@ Current =
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25
<20 [ T 7 lResistora
515— |
c
210 |
>
o
5fH— —_— Resistor B
|
0 4 8 12 16 20
Voltage / V
Figure 2.5

Problem 9. Calculate the power dissipated when a current of
4 mA flows through a resistance of 5 k2

Power P = I°R = (4 x 1073)?(5 x 10%)
=16x 106 x5x 10° =80 x 1073
= 0.08 W or 80 mW

Alternatively, since/ = 4 x 1073 and R = 5 x 102 then from Ohm’s law,
voltage V =IR=4x10"3x5x103=20V
Hence, power P =V x I =20 x 4 x 1073 = 80 mW

Problem 10. An €lectric kettle has a resistance of 30 Q2. What
current will flow when it is connected to a 240 V supply? Find
also the power rating of the kettle.

Current, [ = 4 = 240—
"R 30

Power, P = VI = 240 x 8 = 1920 W = 1.92 kW

8A

= power rating of kettle

Problem 11. A current of 5 A flows in the winding of an electric
motor, the resistance of the winding being 100 Q2. Determine (a) the
p.d. across the winding, and (b) the power dissipated by the coil.

(8 Potential difference across winding, V. =IR =5 x 100 = 500 V
(o) Power dissipated by coil, P = I?R = 5% x 100
= 2500 W or 2.5 kW

(Alternatively, P = V x I = 500 x 5 = 2500 W or 2.5 kW)

Problem 12.  The current/voltage relationship for two resistors A
and B is as shown in Figure 2.5. Determine the value of the resis-
tance of each resistor.

20 A 20 —@zloooﬂorlkﬂ

T20mA 002 2

. \%4
For resistor A, R = 7
\% 16 V 16 16000
1

For resistor B, R = — = =3200% or

5mA  0.005 5 32 kQ
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Problem 13. The hot resistance of a 240 V filament lamp is
960 2. Find the current taken by the lamp and its power rating.

, vV 240 24 1
From Ohm’s law, current I = R- %6096 "2 Aor0.25A
. 1
Power rating P = VI = (240) (Z) =60 W

Electrical energy

Electrical energy = power x time

If the power is measured in watts and the time in seconds then the unit of
energy iswatt-seconds or joules. If the power is measured in kilowatts and
the time in hours then the unit of energy is kilowatt-hours, often called
the ‘unit of electricity’'. The ‘electricity meter’ in the home records the
number of kilowatt-hours used and is thus an energy meter.

Problem 14. A 12V battery is connected across a load having a
resistance of 40 Q. Determine the current flowing in the load, the
power consumed and the energy dissipated in 2 minutes.

Vv 12
C t/=—-="-=03A
urren R~
Power consumed, P = VI = (12)(0.3) = 3.6 W
Energy dissipated = power x time = (3.6 W)(2 x 60 s) =432 J
(since1J=1WSs)

Problem 15. A source of em.f. of 15V supplies acurrent of 2 A
for six minutes. How much energy is provided in this time?

Energy = power x time, and power = voltage x current
Hence energy = VIr = 15 x 2 x (6 x 60) = 10800 Ws or J= 10.8 kJ

Problem 16. Electrical equipment in an office takes a current of
13 A from a 240 V supply. Estimate the cost per week of electricity
if the equipment is used for 30 hours each week and 1 kWh of
energy costs 7p

Power = VI watts = 240 x 13 = 3120 W = 3.12 kW
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Energy used per week = power x time = (3.12 kW) x (30 h)

= 93.6 kWh
Cost at 7p per kWh = 93.6 x 7 = 655.2 p

Hence weekly cost of electricity = £6.55

Problem 17. An electric heater consumes 3.6 MJ when connected
to a 250 V supply for 40 minutes. Find the power rating of the
heater and the current taken from the supply.

ener 3.6 x 10°
Power = & _ X

J
= —(or W) =1 w
time 40 x 60 s(o ) 500

i.e. Power rating of heater = 1.5 kW

P 1500
Po P=VI,thusI= -=—— =6A
Wer USI=v = 250

Hence the current taken from the supply is 6 A

Problem 18. Determine the power dissipated by the element of
an electric fire of resistance 20  when a current of 10 A flows
through it. If the fire is on for 6 hours determine the energy used
and the cost if 1 unit of electricity costs 7p.

PowerP = IR = 107 x 20 = 100 x 20 = 2000 W or 2 kW
(Alternatively, from Ohm's law, V =IR =10 x 20 =200V, hence
power P =V x I =200 x 10 = 2000 W = 2 kW)

Energy used in 6 hours = power x time= 2 kW x 6 h=12 kWh

1 unit of electricity = 1 kWh
Hence the number of units used is 12
Cost of energy = 12 x 7 = 84p

Problem 19. A business uses two 3 kW fires for an average of
20 hours each per week, and six 150 W lights for 30 hours each
per week. If the cost of electricity is 7p per unit, determine the
weekly cost of electricity to the business.

Energy = power x time
Energy used by one 3 kW fire in 20 hours = 3 kW x 20 h = 60 kWh
Hence weekly energy used by two 3 kW fires = 2 x 60 = 120 kWh

Energy used by one 150 W light for 30 hours = 150 W x 30 h

= 4500 Wh = 4.5 kWh

Hence weekly energy used by six 150 W lamps = 6 x 4.5 = 27 kWh
Tota energy used per week = 120 4 27 = 147 kWh
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2.10 Main effects of
electric current

2.11 Fuses

1 unit of electricity = 1 kWh of energy
Thus weekly cost of energy at 7p per kWh = 7 x 147 = 1029p

= £1029

Further problems on power and energy may be found in Section 2.12,
problems 8 to 17, page 21.

The three main effects of an electric current are:

(@ magnetic effect
(b) chemical effect
() heating effect

Some practical applications of the effects of an electric current include:

Magnetic effect: bells, relays, motors, generators, transformers,
telephones, car-ignition and lifting magnets

Chemical effect: primary and secondary cells and electroplating

Heating effect:  cookers, water heaters, electric fires, irons, furnaces,
kettles and soldering irons

A fuseisused to prevent overloading of electrical circuits. Thefuse, which
is made of material having alow melting point, utilizes the heating effect
of an electric current. A fuse is placed in an electrical circuit and if the
current becomes too large the fuse wire melts and so breaks the circuit. A
circuit diagram symbol for a fuse is shown in Figure 2.1, on page 11.

Problem 20. If 5A, 10 A and 13 A fuses are available, state
which is most appropriate for the following appliances which are
both connected to a 240 V supply (a) Electric toaster having a
power rating of 1 kW (b) Electric fire having a power rating of
3 kw

. P
Power P = VI, from which, current I = v
(a8 For the toaster, current I = P _ 1000 _ 100
' V240 24
Hence a5 A fuseis most appropriate
P 3000 300 1
For the fire, current I = — = —— = =
(b) For the fire, curren v 240 2 >
Hence a 13 A fuseis most appropriate

N
ol -
>
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Current / mA

10F

A further problem on fuses may be found in Section 2.12 following,
problem 18, page 22.

2.12 Further problems Q=1 xt

ba Ahioind fod LCtionutes. W

electric circuits

1 1
0 4 8 12 16 20 24

Voltage /pV

Figure 2.6

hat charge is transferred?
fﬁ Ihn \ﬁﬁéltt ttl me would a current of 10 A transfer a charge of 50 C?

(5]

2 A current o
[3600 C]
3 How long must a current of 100 mA flow so as to transfer a charge
of 80 C? [13 min 20 g

Ohm’s law

4 The current flowing through a heating element is5 A when a p.d. of
35V is applied across it. Find the resistance of the element. [7 Q]

5 A 60 W electric light bulb is connected to a240 V supply. Determine
(a) the current flowing in the bulb and (b) the resistance of the bulb.
[(& 0.25 A (b) 960 ]

6 Graphsof current against voltage for two resistors P and Q are shown
in Figure 2.6. Determine the value of each resistor.
[2 m2, 5 mQ]

7 Determine the p.d. which must be applied to a 5 k2 resistor such
that a current of 6 mA may flow. [30 V]

Power and energy

8 The hot resistance of a 250 V filament lamp is 625 Q2. Determine
the current taken by the lamp and its power rating.
[0.4 A, 100 W]

9 Determine the resistance of a coil connected to a 150 V supply when
a current of (a) 75 mA (b) 300 pA flows through it.
[(® 2 k2 (b) 0.5 MQ]

10 Determine the resistance of an electric fire which takes a current of
12 A from a 240 V supply. Find aso the power rating of the fire
and the energy used in 20 h. [20 2, 2.88 kW, 57.6 kWh]

11 Determine the power dissipated when a current of 10 mA flows
through an appliance having a resistance of 8 k2. [0.8 W]

12 85.5 Jof energy are converted into heat in nine seconds. What power
is dissipated? [9.5 W]

13 A current of 4 A flows through a conductor and 10 W is dissipated.
What p.d. exists across the ends of the conductor? [25 V]
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14

15

16

17

Find the power dissipated when:

(@ acurrent of 5 mA flows through a resistance of 20 kQ2

(b) avoltage of 400 V is applied across a 120 k2 resistor

(c) avoltage applied to aresistor is 10 kV and the current flow is
4 mA. [( 0.5 W (b) 13 W (c) 40 W]

A battery of em.f. 15V supplies a current of 2 A for 5 min. How
much energy is supplied in this time? [9 kJ]

In a household during a particular week three 2 kW fires are used on
average 25 h each and eight 100 W light bulbs are used on average
35 h each. Determine the cost of electricity for the week if 1 unit of
electricity costs 7p. [E12.46]

Calculate the power dissipated by the element of an electric fire of
resistance 30 €2 when a current of 10 A flows in it. If the fire is on
for 30 hours in a week determine the energy used. Determine also
the weekly cost of energy if electricity costs 7.2p per unit.

[3 kW, 90 kWh, £6.48]

Fuses
18 A television set having a power rating of 120 W and electric lawn-

mower of power rating 1 kW are both connected to a 240 V supply.
If 3A, 5A and 10 A fuses are available state which is the most
appropriate for each appliance. [3A,5A]



3.1 Resistance and
resistivity

3 Registance variation

At the end of this chapter you should be able to:
e appreciate that electrical resistance depends on four factors

. . [ : e
e appreciate that resistance R = p—, where p is the resistivity
a

e recognize typical values of resistivity and its unit

. . [
e perform calculations using R = o
a

o define the temperature coefficient of resistance, «
e recognize typical values for «
e perform calculations using Ry = Ro(1 + wb)

The resistance of an electrical conductor depends on 4 factors, these
being: (a) the length of the conductor, (b) the cross-sectional area of the
conductor, (c) the type of material and (d) the temperature of the material.

Resistance, R, is directly proportional to length, /, of a conductor, i.e.
R o 1. Thus, for example, if the length of a piece of wire is doubled, then
the resistance is doubled.

Resistance, R, is inversely proportional to cross-sectional area, a, of a
conductor, i.e. R o« 1/a. Thus, for example, if the cross-sectional area of
a piece of wire is doubled then the resistance is halved.

Since Rx [ and R & 1/a then R «[/a. By inserting a constant of
proportionality into this relationship the type of material used may be
taken into account. The constant of proportionality is known as the resis-
tivity of the material and is given the symbol p (Greek rho). Thus,

. |
resistance| R = L ohms
a

p is measured in ohm metres (2m)

The value of the resistivity is that resistance of a unit cube of the
material measured between opposite faces of the cube.

Resistivity varies with temperature and some typical values of resistiv-
ities measured at about room temperature are given below:
Copper 1.7 x 1078 Q@m (or 0.017 pm)
Aluminium 2.6 x 10~ @m (or 0.026 u2m)

Carbon (graphite) 10 x 1078 @m (or 0.10 pQm)
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Glass 1 x 10'° @m (or 10* uQm)
Mica 1 x 10 @m (or 107 u2m)

Note that good conductors of electricity have a low value of resistivity
and good insulators have a high value of resistivity.

Problem 1. The resistance of a 5 m length of wire is 600 €.
Determine () the resistance of an 8 m length of the same wire,
and (b) the length of the same wire when the resistance is 420 <.

(@ Resistance, R, is directly proportional to length, Z, i.e. R o</

Hence, 600 2 o« 5 m or 600 = (k)(5), where k is the coefficient of
proportionality. Hence,

600
k=— =120
5

When the length [ is 8 m, then resistance
R = ki = (120)(8) = 960 ©

(b) When the resistance is 420 2, 420 = kI, from which,

420 420

Problem 2. A piece of wire of cross-sectional area 2 mm? has a
resistance of 300 Q. Find (@) the resistance of a wire of the same
length and material if the cross-sectional area is 5 mm?, (b) the
cross-sectional area of a wire of the same length and material of
resistance 750 Q2

. . . . . 1
Resistance R isinversely proportional to cross-sectional area, a, i.e. R o« —
a

1 1
from which, the coefficient of proportionality, k = 300 x 2 = 600

(@ When the cross-sectiona area a = 5 mm? then R = (k) (%)

— (600) (%) —120Q

(Note that resistance has decreased as the cross-sectiona is
increased.)
(b) When the resistance is 750 2 then 750 = (k) (1/a), from which

600

—_— = —— = 2
750 ~ 750 — 08 Mm

cross-sectional area, a =
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Problem 3. A wire of length 8 m and cross-sectional area 3 mm?
has a resistance of 0.16 Q. If the wire is drawn out until its cross-
sectiona areais 1 mm?, determine the resistance of the wire.

Resistance R isdirectly proportional to length /, and inversely proportional
to the cross-sectional ares, a, i.e,

: l l : - R
i.e,Rx-0orR=k (—) where k is the coefficient of proportionality.
a a

Since R = 0.16, / = 8 and a = 3, then 0.16 = (k) (§), from which
k=0.16 x 3 = 0.06

If the cross-sectional area is reduced to % of its original area then the
length must be tripled to 3 x 8, i.e, 24 m

New resistance R =k (£> = 0.06 (2{1) =144Q

a

Problem 4. Calculate the resistance of a 2km length of
aluminium overhead power cable if the cross-sectional area of
the cable is 100 mm?. Take the resistivity of aluminium to be
0.03 x 1075 @m

Length I = 2 km = 2000 m; area, a = 100 mm? = 100 x 10-%m?; resis-
tivity p = 0.03 x 1076 Qm

. ol (0.03x 10°° @m)(2000 m) _ 0.03 x 2000
ReSstance k= =" @oox10°m)  — 100

=06Q

Problem 5. Calculate the cross-sectional area, in mm?, of a piece
of copper wire, 40 m in length and having a resistance of 0.25 .
Take the resistivity of copper as 0.02 x 107% @m

. [ . )
Resistance R = i hence cross-sectional area a = %
a

_(0.02 x 10°° Qm)(40 m)
N 0.25Q
= (3.2 x 1078) x 108 mm? = 3.2 mm?

=32x10°%m?

Problem 6. The resistance of 1.5 km of wire of cross-sectional
area 0.17 mn? is 150 2. Determine the resistivity of the wire.
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. [
Resistance, R = Pl
a

e reiaivity o Ko _ (150 2)(0.17 x 106 m?)
’ yo=7= (1500 m)

=0.017 x 10 @m or 0.017 pQm

Problem 7. Determine the resistance of 1200 m of copper cable
having a diameter of 12 mm if the resistivity of copper is
1.7 x 1078 Qm

2
Cross-sectional area of cable, a = nr2 =7 (%)

= 367 mm? = 36z x 10°% m?
pl (17 x 10® Qm) (1200 m)
a (367 x 10-6 m?)
_ 17x1200x10° 17 12Q

Q=
108 x 367 36
=0.180 @

Resistance R =

Further problems on resistance and resistivity may be found in Section 3.3,
problems 1 to 7, page 29.

3.2 Temperature In generd, as the temperature of a material increases, most conductors
coefficient of resistance increase in resistance, insulators decrease in resistance, whilst the resis-
tance of some special alloys remain almost constant.

The temper atur e coefficient of resistance of a materid is the increase
in the resistance of a 1 Q resistor of that material when it is subjected
to a rise of temperature of 1°C. The symbol used for the temperature
coefficient of resistance is « (Greek alpha). Thus, if some copper wire of
resistance 1 Q2 is heated through 1°C and its resistance is then measured
as 1.0043 Q2 then o = 0.0043 ©/2°C for copper. The units are usually
expressed only as ‘per °C', i.e, o = 0.0043/°C for copper. If the 1
resistor of copper is heated through 100°C then the resistance at 100°C
would be 1+ 100 x 0.0043 = 1.43Q2

Some typical values of temperature coefficient of resistance measured
at 0°C are given below:

Copper 0.0043/°C Aluminium 0.0038/°C
Nickel 0.0062/°C Carbon —0.00048/°C
Constantan 0 Eureka 0.00001/°C

(Note that the negative sign for carbon indicates that its resistance fals
with increase of temperature.)
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If the resistance of a material at 0°C is known the resistance at any
other temperature can be determined from:

Ro = Ro(1 + aof)

where Rg = resistance at 0°C
Ry = resistance at temperature 6°C

ap = temperature coefficient of resistance at 0°C

Problem 8. A coil of copper wire has a resistance of 100 € when
its temperature is 0°C. Determine its resistance at 70°C if the
temperature coefficient of resistance of copper at 0°C is 0.0043/°C

Resistance Ry = Ro(1 + b))

Hence resistance at 70°C, Ry = 100[1 + (0.0043)(70)]
= 100[1 + 0.301] = 100(1.301)
=130.1Q

Problem 9. An auminium cable has a resistance of 27 Q at a
temperature of 35°C. Determine its resistance at 0°C. Take the
temperature coefficient of resistance at 0°C to be 0.0038/°C

Resistance at 6°C, Ry = Ro(1 + agb)

. Ry 27
Hence resistance at 0°C, Ry = =
T 1+ [1+ (0.0038)(35)]
27 27

=2383Q

T 140133 1133

Problem 10. A carbon resistor has a resistance of 1 k2 at 0°C.
Determine its resistance at 80°C. Assume that the temperature coef-
ficient of resistance for carbon at 0°C is —0.0005/°C

Resistance at temperature 6°C, Ry = Ro(1 + ag 6)
i.e., Ry = 1000[1 + (—0.0005)(80)]

= 1000[1 — 0.040] = 1000(0.96) = 960

If the resistance of a materia at room temperature (approximately 20°C),
Ry, and the temperature coefficient of resistance at 20°C, a0, are known
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then the resistance R, at temperature 6°C is given by:

Ry = Roo[1 + ax0(8 — 20)]

Problem 11. A coil of copper wire has a resistance of 10 Q at
20°C. If the temperature coefficient of resistance of copper at 20°C
is 0.004/°C determine the resistance of the coil when the tempera-
ture rises to 100°C

Resistance at 6°C, R = Ry[1 + a20(60 — 20)]

Hence resistance at 100°C, Ry = 10[1 + (0.004)(100 — 20)]
= 10[1 + (0.004)(80)]
= 10[1 + 0.32]
=10(1.32) =132 Q

Problem 12. The resistance of a coil of aluminium wire at 18°C
is 200 Q. The temperature of the wire is increased and the resis-
tance rises to 240 Q. If the temperature coefficient of resistance
of aduminium is 0.0039/°C at 18°C determine the temperature to
which the coil has risen.

Let the temperature rise to 6°
Resistance at 6°C, Ry = Rig[1 + a15(60 — 18)]

ie 240 = 200[1+ (0.0039)(¢ — 18)]
240 = 200 + (200)(0.0039)( — 18)
240 — 200 = 0.78(0 — 18)
40 = 0.78(9 — 18)

40
— =60-18
0.78

51.28 = 6 — 18, from which, 6§ = 51.28 4+ 18 = 69.28°C

Hence the temperature of the coil increases to 69.28°C

If the resistance at 0°C is not known, but is known at some other temper-
ature 6,, then the resistance at any temperature can be found as follows:

R1 = Ro(1+ agb1) and Ry = Ro(1 + aob)
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3.3 Further problems on
resistance variation

Dividing one equation by the other gives:

R _ 1+ agb;
Ry 14 agh

where R, = resistance at temperature 6,

Problem 13.  Some copper wire has a resistance of 200 2 at 20°C.
A current is passed through the wire and the temperature rises to
90°C. Determine the resistance of the wire at 90°C, correct to the
nearest ohm, assuming that the temperature coefficient of resistance
is0.004/°C at 0°C

Rao = 200 Q, ag = 0.004/°C
Ro  [1+4 a0(20)]

Reo  [1+ ao(90)]
Rool1+ 900c] _ 200[1+ 90(0.004)] _ 200[1+ 0.36]

Hence Reo = _ _
Nee R0 = 0] [1+ 20(0.004)] [1+ 0.08]
200(1.36)
_ DD oo g5 0
wog) ~ Or®

i.e., the resistance of the wire at 90°C is 252 Q

Further problems on temperature coefficient of resistance may be found in
Section 3.3, following, problems 8 to 14, page 30.

Resistance and resistivity

1 The resistance of a 2 m length of cable is 2.5 . Determine (@) the

resistance of a 7 m length of the same cable and (b) the length of the
same wire when the resistance is 6.25 Q. [(a) 8.75 2 (b) 5 m]

Some wire of cross-sectional area 1 mm? has a resistance of 20 Q.
Determine (a) the resistance of awire of the same length and material
if the cross-sectional area is 4 mm?, and (b) the cross-sectional area
of awire of the same length and materia if the resistance is 32 Q.
[(@ 5 2 (b) 0.625 mm?]

Some wire of length 5 m and cross-sectional area 2 mm? has a resis-
tance of 0.08 . If the wire is drawn out until its cross-sectional area
is 1 mm?, determine the resistance of the wire. [0.32 Q]

Find the resistance of 800 m of copper cable of cross-sectional area
20 mm?. Take the resistivity of copper as 0.02 um. [0.8 2]
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5

Calculate the cross-sectional area, in mm?, of a piece of aluminium
wire 100 m long and having a resistance of 2 Q2. Take the resistivity
of aluminium as 0.03 x 10~ Qm. [1.5 mm?]

(a) What does the resistivity of a material mean?

(b) The resistance of 500 m of wire of cross-sectional area 2.6 mm?
is 5 Q. Determine the resistivity of the wire in pm.
[0.026 u2m]

Find the resistance of 1 km of copper cable having a diameter of
10 mm if the resistivity of copper is 0.017 x 10-® @m.  [0.216 ]

Temperature coefficient of resistance

8

10

11

12

13

14

A coail of auminium wire has a resistance of 50 2 when its temper-
ature is 0°C. Determine its resistance at 100°C if the temperature
coefficient of resistance of aluminium at 0°C is 0.0038/°C. [69 Q]

A copper cable has a resistance of 30 2 at a temperature of 50°C.
Determine its resistance at 0°C. Take the temperature coefficient of
resistance of copper at 0°C as 0.0043/°C. [24.69 Q]

The temperature coefficient of resistance for carbon at 0°C is
—0.00048/°C. What is the significance of the minus sign? A carbon
resistor has a resistance of 500 2 at 0°C. Determine its resistance
at 50°C. [488 Q2]

A coil of copper wire has a resistance of 20 Q at 18°C. If the
temperature coefficient of resistance of copper at 18°C is 0.004/°C,
determine the resistance of the coil when the temperature rises
t0 98°C [26.4 Q]

The resistance of a coil of nickel wire at 20°C is 100 2. The temper-
ature of the wireisincreased and the resistance rises to 130 Q. If the
temperature coefficient of resistance of nickel is 0.006/°C at 20°C,
determine the temperature to which the coil has risen. [70°C]

Some aluminium wire has a resistance of 50 © at 20°C. The wire
is heated to a temperature of 100°C. Determine the resistance of the
wire at 100°C, assuming that the temperature coefficient of resistance
at 0°C is 0.004/°C [64.8 Q]

A copper cable is 1.2 km long and has a cross-sectional area of
5 mm?. Find its resistance at 80°C if at 20°C the resistivity of copper
is 0.02 x 107® Q@m and its temperature coefficient of resistance is
0.004/°C [6.952 Q]



4.1 Introduction

4.2 Electrolysis

4 Chemical effects of
electricity

At the end of this chapter you should be able to:

e understand €electrolysis and its applications, including
electroplating

e appreciate the purpose and construction of a simple cell

e explain polarization and local action

e explain corrosion and its effects

e define the terms em.f., E, and internal resistance, r, of a cell
e perform caculationsusing V =E — Ir

e determine the total em.f. and total internal resistance for cells
connected in series and in paralel

e distinguish between primary and secondary cells

e explain the construction and practical applications of the
Leclanché, mercury, lead-acid and akaline cells

o list the advantages and disadvantages of alkaline cells over
lead-acid cells

e understand the term ‘cell capacity’ and state its unit

A material must contain charged particlesto be able to conduct elec-
tric current. In solids, the current is carried by electrons Copper, lead,
aluminium, iron and carbon are some examples of solid conductors. In
liquids and gasesthe current is carried by the part of a molecule which
has acquired an electric charge, called ions. These can possess a positive
or negative charge, and examples include hydrogen ion H*, copper ion
Cut* and hydroxyl ion OH~. Distilled water contains no ions and is a
poor conductor of electricity whereas salt water contains ions and is a
fairly good conductor of electricity.

Electrolysis is the decomposition of a liquid compound by the passage
of electric current through it. Practical applications of electrolysisinclude
the electroplating of metals (see Section 4.3), the refining of copper and
the extraction of aluminium from its ore.

An electrolyte is a compound which will undergo electrolysis. Exam-
ples include salt water, copper sulphate and sulphuric acid.
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4.3 Electroplating

4.

i

4 The simple cell

+ _

Copper __—
electrode
(anode)

1 Zinc electrode
(cathode)

-Dilute
sulphuric acid
(electrolyte)

Figure 4.1

The electrodesare the two conductors carrying current to the elec-
trolyte. The positive-connected electrode is called the anode and the
negative-connected electrode the cathode

When two copper wires connected to a battery are placed in a beaker
containing a salt water solution, current will flow through the solution. Air
bubbles appear around the wires as the water is changed into hydrogen
and oxygen by electrolysis.

Electroplating uses the principle of eectrolysis to apply a thin coat of
one metal to another metal. Some practical applications include the tin-
plating of steel, silver-plating of nickel alloys and chromium-plating of
steel. If two copper electrodes connected to a battery are placed in a beaker
containing copper sulphate as the electrolyte it is found that the cathode
(i.e. the electrode connected to the negative terminal of the battery) gains
copper whilst the anode loses copper.

The purpose of an electric cellisto convert chemical energy into electrical
energy.

A simple cell comprises two dissimilar conductors (electrodes) in an
electrolyte. Such acell isshown in Figure 4.1, comprising copper and zinc
electrodes. An electric current is found to flow between the electrodes.
Other possible el ectrode pairs exist, including zinc-lead and zinc-iron. The
electrode potentia (i.e. the p.d. measured between the electrodes) varies
for each pair of metals. By knowing the em.f. of each metal with respect
to some standard electrode the em.f. of any pair of metals may be deter-
mined. The standard used is the hydrogen electrode. The electrochemical
seriesis a way of listing elements in order of electrical potential, and
Table 4.1 shows a number of elements in such a series.

TABLE 4.1 Part of the electrochemical series

Potassium
sodium
aluminium
zinc

iron

lead
hydrogen
copper
silver
carbon

In a simple cell two faults exist— those due to polarization and local
action.
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45 Corrosion

Polarization

If the simple cell shown in Figure 4.1 is left connected for some time,
the current I decreases fairly rapidly. This is because of the formation of
afilm of hydrogen bubbles on the copper anode. This effect is known as
the polarization of the cell. The hydrogen prevents full contact between
the copper electrode and the electrolyte and this increases the interna
resistance of the cell. The effect can be overcome by using a chemical
depolarizing agent or depolarizer, such as potassium dichromate which
removes the hydrogen bubbles as they form. This allows the cell to deliver
a steady current.

Local action

When commercia zinc is placed in dilute sulphuric acid, hydrogen gas
is liberated from it and the zinc dissolves. The reason for this is that
impurities, such as traces of iron, are present in the zinc which set up
small primary cells with the zinc. These small cells are short-circuited
by the electrolyte, with the result that localized currents flow causing
corrosion. This action is known as local action of the cell. This may be
prevented by rubbing a small amount of mercury on the zinc surface,
which forms a protective layer on the surface of the electrode.

When two metals are used in a simple cell the electrochemical series may
be used to predict the behaviour of the cell:

(i) The metal that is higher in the series acts as the negative electrode,
and vice-versa. For example, the zinc electrode in the cell shown in
Figure 4.1 is negative and the copper electrode is positive.

(if) The greater the separation in the series between the two metals the
greater is the em.f. produced by the cell.

The electrochemical series is representative of the order of reactivity of
the metals and their compounds:

(i) The higher metals in the series react more readily with oxygen and
vice-versa.

(i) When two metal electrodes are used in a simple cell the one that is
higher in the series tends to dissolve in the electrolyte.

Corrosion is the gradual destruction of a metal in a damp atmosphere by
means of simple cell action. In addition to the presence of moisture and
air required for rusting, an electrolyte, an anode and a cathode are required
for corrosion. Thus, if metals widely spaced in the electrochemical series,
are used in contact with each other in the presence of an electrolyte,
corrosion will occur. For example, if a brass valve is fitted to a heating
system made of steel, corrosion will occur.

The effects of corrosioninclude the weakening of structures, the reduc-
tion of the life of components and materials, the wastage of materials and
the expense of replacement.
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4.6 E.m.f. and internal
resistance of a cell

E
I= I —
r =
X
\
L SR
R
Figure 4.2

Terminal p.d., v

Figure 4.3

Current, /

Corrosion may be prevented by coating with paint, grease, plastic
coatings and enamels, or by plating with tin or chromium. Also, iron may
be galvanized, i.e., plated with zinc, the layer of zinc helping to prevent
the iron from corroding.

The electromotive force (e.m.f.),E, of a cell is the p.d. between its
terminals when it is not connected to a load (i.e. the cell ison ‘no load’).

The em.f. of a cell is measured by using a high resistance voltmeter
connected in parallel with the cell. The voltmeter must have a high resis-
tance otherwise it will pass current and the cell will not be on no-load.
For example, if the resistance of a cdl is 1 @ and that of a voltmeter
1 MQ then the equivalent resistance of the circuit is 1 MQ + 1€, i.e.
approximately 1 M2, hence no current flows and the cell is not loaded.

The voltage available at the terminas of a cell fals when a load is
connected. This is caused by the internal resistanceof the cell which is
the opposition of the material of the cell to the flow of current. Theinterna
resistance acts in series with other resistances in the circuit. Figure 4.2
shows acell of em.f. E volts and internal resistance, r, and XY represents
the terminals of the cell.

When aload (shown as resistance R) is not connected, no current flows
and thetermina p.d., V = E. When R is connected a current / flowswhich
causes a voltage drop in the cell, given by Ir. The p.d. available at the
cell terminals is less than the em.f. of the cell and is given by:

V=E-Ir

Thus if a battery of em.f. 12 volts and internal resistance 0.01 ©
delivers a current of 100 A, the terminal p.d.,

V = 12 — (100)(0.01)
—12-1=11V

When different values of potential difference V, across a cell or power
supply are measured for different values of current 7, a graph may be
plotted as shown in Figure 4.3. Since the em.f. E of the cell or power
supply is the p.d. across its terminals on no load (i.e. when I = 0), then
E is as shown by the broken line.

Since V = E — Ir then the internal resistance may be calculated from

When a current is flowing in the direction shown in Figure 4.2 the cell
is said to be discharging (E > V)

When a current flows in the opposite direction to that shown in
Figure 4.2 the cell is said to be charging (V > E)



Chemical effects of electricitg5

A battery is a combination of more than one cell. The cellsin a battery
may be connected in series or in parallel.

(i) For cells connected in series:
Total em.f. = sum of cell’'sem.f.'s
Total internal resistance = sum of cell’s internal resistances

(if) For cells connected in parallel:
If each cell has the same em.f. and internal resistance:
Tota em.f. = em.f. of one cell
Total internal resistance of n cells

1 . .
= — x interna resistance of one cell
n

Problem 1. Eight cells, each with an internal resistance of 0.2
and an em.f. of 2.2 V are connected (a) in series, (b) in paralel.
Determine the em.f. and the internal resistance of the batteries so
formed.

(8 When connected in series, total em.f. = sum of cell’s em.f.

=22x8=176V
Tota internal resistance = sum of cell’s internal resistance
=02x8=16%Q
(b) When connected in parallel, total em.f. = em.f. of one cell
=22V

Total internal resistance of 8 cells

x internal resistance of one cell

x 0.2=0.025Q

@Ik i

Problem 2. A cell has an interna resistance of 0.02 @ and an
em.f. of 2.0V. Calculate its termina p.d. if it delivers (a) 5 A,
(b) 50 A

(@ Termina p.d., V=FE —Ir where E =em.f. of cél, I = current
flowing and r = internal resistance of cell

E=20V,I=5Aandr =002 Q
Hence V =2.0-(5)(0.02) =2.0-0.1=19V

(b) When the current is 50 A, termina p.d.,

V =E —Ir =2.0—-50(0.02)
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Load
R=58 Q

:

Figure 4.4

4.7 Primary cells

ie, V=20-10=10V

Thus the terminal p.d. decreases as the current drawn increases.

Problem 3. Thep.d. at the terminals of a battery is 25 V when no
load is connected and 24 V when a load taking 10 A is connected.
Determine the internal resistance of the battery.

When no load is connected the em.f. of the battery, E, is equa to the
terminal pd., V,i.e, E=25V

When current / = 10 A and terminal pd. V=24V, then V=E —Ir
i.e, 24 =25— (10)r

Hence, rearranging, gives 10r = 25 — 24 = 1 and the internal resistance,

r=4£=01Q

Problem 4. Ten 1.5V cells, each having an interna resistance
of 0.2 , are connected in series to a load of 58 Q. Determine
(8 the current flowing in the circuit and (b) the p.d. at the battery
terminals.

(@ For ten cells, battery emf., E=10x 1.5= 15V, and the total
internal resistance, r = 10 x 0.2 = 2 Q When connected to a 58 Q
load the circuit is as shown in Figure 4.4.

e.m_.f. _ 15 _ ES _ 025 A
total resistance 58+2 60

(b) P.d. to battery terminals, V =F — Ir
i.e. V=15-(0.25)(2) = 145V

Current | =

Primary cells cannot be recharged, that is, the conversion of chemical
energy to electrical energy is irreversible and the cell cannot be used
once the chemicals are exhausted. Examples of primary cells include the
Leclanché cell and the mercury cell.

Lechlanché cell

A typical dry Lechlanché cell is shown in Figure 4.5. Such a cell has an
em.f. of about 1.5V when new, but this fals rapidly if in continuous
use due to polarization. The hydrogen film on the carbon electrode forms
faster than can be dissipated by the depolarizer. The Lechlanché cell is
suitable only for intermittent use, applications including torches, transistor
radios, bells, indicator circuits, gas lighters, controlling switch-gear, and
so on. The cdll is the most commonly used of primary cells, is cheap,
requires little maintenance and has a shelf life of about 2 years.
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Steel cap cathode
/(negative terminal}
— Insulating gasket

— Steel case anode
(positive terminal)

Zinc cylinder

Electrolyte
(potassium hydroxide}
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MERCURY CELL

Figure 4.6

4.8 Secondary cells

~Z7} Container
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Figure 4.7

Metal cap
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™ Pitch seal
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on rod surface.
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1 ELECTROLYTE
(sal ammoniac, zinc chloride,
plaster of paris, water)

— ZINC CASE CATHODE
(negative terminal)

DRY LECLANCHE CELL

Figure 4.5

Mercury cell

A typical mercury cell is shown in Figure 4.6. Such a cell has an em.f.
of about 1.3 V which remains constant for a relatively long time. Its
main advantages over the Lechlanché cell is its smaller size and its long
shelf life. Typical practical applicationsinclude hearing aids, medical elec-
tronics, cameras and for guided missiles.

Secondary cellscan be recharged after use, that is, the conversion of
chemical energy to electrical energy is reversible and the cell may be used
many times. Examples of secondary cells include the lead-acid cell and
the alkaline cell. Practical applications of such cells include car batteries,
telephone circuits and for traction purposes— such as milk delivery vans
and fork lift trucks.

Lead-acid cell
A typical lead-acid cell is constructed of:

(i)
(i)

A container made of glass, ebonite or plastic.
Lead plates

(@
(b)

the negative plate (cathode) consists of spongy lead
the positive plate (anode) is formed by pressing lead peroxide
into the lead grid.

The plates are interleaved as shown in the plan view of Figure 4.7 to
increase their effective cross-sectional area and to minimize internal
resistance.

(iii) Separatorsmade of glass, celluloid or wood.
(iv) An electrolyte which is a mixture of sulphuric acid and distilled
water.
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The relative density (or specific gravity) of a lead-acid cell, which may
be measured using a hydrometer, varies between about 1.26 when the cell
is fully charged to about 1.19 when discharged. The terminal p.d. of a
lead-acid cell is about 2 V.

When a cell supplies current to a load it is said to be discharging.
During discharge:

(i) the lead peroxide (positive plate) and the spongy lead (negative
plate) are converted into lead sulphate, and

(ii) the oxygen in the lead peroxide combines with hydrogen in the
electrolyte to form water. The electrolyte is therefore weakened and
the relative density falls.

The terminal p.d. of alead-acid cell when fully discharged is about 1.8 V.
A cel is charged by connecting a d.c. supply to its terminals, the
positive termina of the cell being connected to the positive terminal of
the supply. The charging current flows in the reverse direction to the
discharge current and the chemical action is reversed. During charging:

(i) the lead sulphate on the positive and negative plates is converted
back to lead peroxide and lead respectively, and

(ii) the water content of the electrolyte decreases as the oxygen released
from the electrolyte combines with the lead of the positive plate. The
relative density of the electrolyte thus increases.

The colour of the positive plate when fully charged is dark brown and
when discharged is light brown. The colour of the negative plate when
fully charged is grey and when discharged is light grey.

Alkaline cell

There are two main types of akaline cell —the nickel-iron cell and the
nickel-cadmium cell. In both types the positive plate is made of nickel
hydroxide enclosed in finely perforated steel tubes, the resistance being
reduced by the addition of pure nickel or graphite. The tubes are assem-
bled into nickel-steel plates.

In the nickel-iron cell, (sometimes called the Edison cell or nife cell),
the negative plate is made of iron oxide, with the resistance being reduced
by a little mercuric oxide, the whole being enclosed in perforated steel
tubes and assembled in steel plates. In the nickel-cadmium cell the nega-
tive plate is made of cadmium. The electrolyte in each type of cell isa
solution of potassium hydroxide which does not undergo any chemical
change and thus the quantity can be reduced to a minimum. The plates
are separated by insulating rods and assembled in steel containers which
are then enclosed in a non-metallic crate to insulate the cells from one
another. The average discharge p.d. of an akaline cell is about 1.2 V.

Advantagesof an akaline cell (for example, a nickel-cadmium cell or a
nickel-iron cell) over a lead-acid cell include:
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Figure 4.8

4.10 Further problems

on the chemical effects of

electricity

More robust construction

Capable of withstanding heavy charging and discharging currents
without damage

Has a longer life

For a given capacity is lighter in weight

Can be |€eft indefinitely in any state of charge or discharge without
damage

Is not self-discharging

Q)
(i)

(iii)
(iv)
)

(vi)
Disadvantagesof an alkaline cell over a lead-acid cell include:

Is relatively more expensive
Requires more cells for a given em.f.
Has a higher internal resistance

Must be kept sedled

Has a lower efficiency

()
(i1)
(iii)
(iv)
V)

Alkaline cells may be used in extremes of temperature, in conditions
where vibration is experienced or where duties require long idle periods or
heavy discharge currents. Practical examples include traction and marine
work, lighting in railway carriages, military portable radios and for starting
diesel and petrol engines.

However, the lead-acid cell is the most common one in practical use.

The capacity of acell is measured in ampere-hours (Ah). A fully charged
50 Ah battery rated for 10 h discharge can be discharged at a steady
current of 5 A for 10 h, but if the load current is increased to 10 A
then the battery is discharged in 3-4 h, since the higher the discharge
current, the lower is the effective capacity of the battery. Typical discharge
characteristics for a lead-acid cell are shown in Figure 4.8.

1 Twelvecdls, each with an internal resistance of 0.24 2 and an em.f.
of 1.5V are connected (@) in series, (b) in paralel. Determine the
e.m.f. and internal resistance of the batteries so formed.

[(a) 18V, 2.88 22 (b) 1.5V, 0.02 Q]

2 A cell has an internal resistance of 0.03 2 and an em.f. of 2.2 V.
Calculate its terminal p.d. if it delivers (a) 1 A, (b) 20 A, (c) 50 A
[(@ 217V (b) 1.6V (c) 0.7 V]

3 The p.d. a the terminals of a battery is 16 V when no load is
connected and 14 V when a load taking 8 A is connected. Deter-
mine the internal resistance of the battery. [0.25 @]
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4v 5V 3V
10 20 1Q

—1 10

(b)

Figure 4.9

4 A battery of em.f. 20 V and interna resistance 0.2 Q supplies a

load taking 10 A. Determine the p.d. at the battery terminals and the
resistance of the load. [18 'V, 1.8 Q]

Ten 2.2V cells, each having an internal resistance of 0.1 @ are
connected in series to a load of 21 Q. Determine (a) the current
flowing in the circuit, and (b) the p.d. at the battery terminals.

[(@ 1A (b) 21V]

For the circuits shown in Figure 4.9 the resistors represent the internal
resistance of the batteries. Find, in each case: (@) the total em.f.
across PQ (b) the total equivalent internal resistances of the batteries.
[(@)(i) 6V (ii) 2V (b)(i) 4 € (ii) 0.25 Q]

The voltage at the terminals of a battery is 52 V when no load is
connected and 48.8 V when a load taking 80 A is connected. Find
the internal resistance of the battery. What would be the terminal

voltage when a load taking 20 A is connected?
[0.04 2, 51.2 V]



Assignment 1

This assignment covers the material contained in chapters 1 to
4.

The marks for each question are shown in brackets at the end of
each question.

An electromagnet exerts a force of 15N and moves a soft iron arma-
ture through a distance of 12mm in 50ms. Determine the power
consumed. (5)

A d.c. motor consumes 47.25MJ when connected to a 250V supply
for 1 hour 45 minutes. Determine the power rating of the motor and
the current taken from the supply. (5)

A 100W electric light bulb is connected to a 200V supply. Calculate
(@) the current flowing in the bulb, and (b) the resistance of the bulb.

4
Determine the charge transferred when a current of 5mA flows for
10 minutes. 4

A current of 12 A flows in the element of an electric fire of resistance
25 Q. Determine the power dissipated by the element. If the fire is on
for 5 hours every day, calculate for a one week period (a) the energy
used, and (b) cost of using the fire if electricity cost 7p per unit.

(6)
Calculate the resistance of 1200m of copper cable of cross-sectional
area 15 mm?. Take the resistivity of copper as 0.02 pQm. (5

At a temperature of 40°C, an auminium cable has a resistance of
25Q. If the temperature coefficient of resistance at 0°C is 0.0038/°C,
calculate it's resistance at 0°C. 5)

(a) State six typical applications of primary cells.
(b) State six typica applications of secondary cells. (6)

Four cells, each with an internal resistance of 0.40Q2 and an em.f.
of 25V are connected in series to a load of 38.40Q. (a) Determine
the current flowing in the circuit and the p.d. at the battery terminals.
(b) If the cells are connected in parallel instead of in series, determine
the current flowing and the p.d. at the battery terminals. (10)
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Series and parallel
networks

At the end of this chapter you should be able to:

calculate unknown voltages, current and resistances in a series
circuit
understand voltage division in a series circuit

calculate unknown voltages, currents and resistances in a
paralel network

calculate unknown voltages, currents and resistances in
series-parallel networks

understand current division in a two-branch parallel network

describe the advantages and disadvantages of series and
paralel connection of lamps

5.1 Series circuits Figure 5.1 shows three resistors Ry, R, and R3 connected end to end, i.e.,
in series, with a battery source of V volts. Since the circuit is closed a
current 7 will flow and the p.d. across each resistor may be determined
from the voltmeter readings V1, V, and V3

Figure 5.1

Ina
@
(b)

series circuit

the current I is the same in al parts of the circuit and hence the
same reading is found on each of the two ammeters shown, and
the sum of the voltages V1, V, and V3 is equa to the total applied
voltage, V, i.e.

V =Vi+Vo+ Vs
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Ry Ay HS
—1 ||—| | {
4 A V1 |‘ Vo | V3
A
v
Figure 5.2
R Ay R
—1 — |—|| —
0V av | A
1 4
l—— |
[ 25v |
Figure 5.3

From Ohm’s law:
Vi=1R,,Vo=1Ry, V3 =1R3 and V =1IR

where R is the total circuit resistance.
SinceV=V;+V,+ V3

then IR = IR + IR, + IR3

Dividing throughout by I gives

R=Ri+R+Rs

Thusfor a series circuit, the total resistance is obtained by adding together

the values of the separate resistances.

Problem 1. For the circuit shown in Figure 5.2, determine (a) the
battery voltage V, (b) the total resistance of the circuit, and (c) the
values of resistance of resistors Ry, R, and R3, given that the p.d.’s
across Ry, R, and Rz are 5V, 2V and 6 V respectively.

(@) Battery voltage V =V1+ V,+ V3
=5+24+6=13V

L . vV 13
(b) Tota circuit resistance R = 77" 3.25Q
. Vv 5
(c) Resistance R; = 71 == 125Q
. 2 2
Resistance R, = —=-=05Q
1 4
. 3 6
Resistance Rz = — =-=15Q
I 4

(Check: Ry +R2 + R3 =125+ 054+15=325Q =R)

Problem 2. For the circuit shown in Figure 5.3, determine the p.d.
across resistor R3. If the total resistance of the circuit is 100 €,
determine the current flowing through resistor R;. Find aso the
value of resistor R,

P.d. acrossR3, V3 =25—-10-4=11V

2
Current [ = % = 1(?0 = 0.25 A, which is the current flowing in each
resistor
. Va 4
Resistance R, = T T om= 16 Q
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Figure 5.4

5.2 Potential divider

Figure 5.5
40
{ O
50 V— 6Q
o

Figure 5.6

Problem 3. A 12V battery is connected in a circuit having three
series-connected resistors having resistances of 4 2, 9 Q and 11 Q.
Determine the current flowing through, and the p.d. across the 9 Q
resistor. Find also the power dissipated in the 11 Q resistor.

The circuit diagram is shown in Figure 5.4.
Total resistance R=4+9+11=24 Q

12

\%
Current ] = — =
R 24

P.d. acrossthe 9 Q resistor, Vi =1 x9=05x9=45V

= 0.5 A, which is the current in the 9 Q resistor.

Power dissipated in the 11 Q resistor, P = I°R = 0.5%(11)
— (0.25)(11) = 2.75 W

The voltage distribution for the circuit shown in Figure 5.5(a) is given by:

e

R1 )
Ri+ R

el

R> )
Ri+ R

The circuit shown in Figure 5.5(b) is often referred to as a potential
divider circuit. Such acircuit can consist of a number of similar elements
in series connected across a voltage source, voltages being taken from
connections between the elements. Frequently the divider consists of two
resistors as shown in Figure 5.5(b), where

Vout =

(rr
Ri+ R

) Vin

Problem 4. Determine the value of voltage V shownin Figure 5.6.

Figure 5.6 may be redrawn as shown in Figure 5.7, and voltage

6
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4Q
50 V—
o 1,
o)
Figure 5.7
R=2Q Ay
— L F—1
) Y |
1=3A I — —
[ 2av |
Figure 5.8

5.3 Parallel networks

Figure 5.9

Problem 5. Two resistors are connected in series across a 24 V
supply and a current of 3 A flows in the circuit. If one of the
resistors has a resistance of 2 Q determine (@) the value of the
other resistor, and (b) the p.d. across the 2 Q resistor. If the circuit
is connected for 50 hours, how much energy is used?

The circuit diagram is shown in Figure 5.8

N vV 24
(8 Total circuit resistance R = T=3° 8Q

Vaue of unknown resistance, R, =8—-2=6 Q

(b) P.d.across2 Q resistor, Vi =IR; =3x2=6V
Alternatively, from above,

V—( Ry )v—(2 ymyﬁv
Y= \Ri+R, “\2+6 -

Energy used = power x time
=VxIxt
= (24 x 3 W)(50 h)
= 3600 Wh = 3.6 kWh

Figure 5.9 shows three resistors, Ry, R, and Rz connected across each
other, i.e,, in parallel, across a battery source of V volts.

In a parallel circuit:

(@ the sum of the currents I;, I, and I3 is equal to the total circuit
curent, I,i.e. | =11+ 1,+13, and
(b) the source p.d., V volts, is the same across each of the resistors.

From Ohm'’s law:

I—V I—V I—Vandl—
1=k TR BT R, =

x| <

where R is the total circuit resistance.
Sincel =1, +1,+ 13
\% \% \% 1%

then, — = — + — + —
R R RTR
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Figure 5.10

Figure 5.11

Dividing throughout by V gives:

1 1 1 1

R R TR TR

This eguation must be used when finding the total resistance R of a parallel
circuit. For the special case of two resistors in parallel

1 1 1 _R2+R1

R R R  RiR

Hence

_ RiR (i o pl’oduct)
o R+ Ry T sum

Problem 6. For thecircuit shown in Figure 5.10, determine (a) the
reading on the ammeter, and (b) the value of resistor R,

P.d. across R; is the same as the supply voltage V.

Hence supply voltage, V =8 x 5=40V

vV 40
a) Readingonammeter, /| = — = —-=2A
@ ing Rs — 20
(b) Current flowing through R, =11—-8—-2=1A
vV 40
Hence, Ry = — = — =40Q
I> 1

Problem 7. Two resistors, of resistance 3Q and 6, are
connected in parallel across a battery having a voltage of 12 V.
Determine (a) thetotal circuit resistance and (b) the current flowing
in the 3 Q resistor.

The circuit diagram is shown in Figure 5.11.

(@ The total circuit resistance R is given by

B 1+1_1+1
"R, R, 3 6
241 3

6 6

N XNl X

6
Hence, R=-=2Q
3
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Figure 5.12

10

1

LT

1Q

10

10

— 1+—
— 1+—1

— 1+

(o] (]

Figure 5.13

10 10

10 1Q

Figure 5.14

Figure 5.15

. R1R2 3x6 18
Alternatively, R = = =_=2Q
( y Ri+R, 346 9 )
. . Vv 12
(b) Current in the 3 Q resistance, I; = R =3°= 4 A
1

Problem 8. For thecircuit shownin Figure 5.12, find (a) the value
of the supply voltage V and (b) the value of current 7.

(@ P.d. across 20 2 resistor = I;R; = 3 x 20=60V, hence supply
voltage V = 60 V since the circuit is connected in parallel.

Vv 60
b) C t/1=—=—=6A; [,=3A
(b) urrent I, R~ 10 2

Rz 60

Current I =1,+1,+Isandhence/ =6+3+1=10A
1 1 1 1+3+6 10

1
emalivey, = =% 20 T 10 60 60

Hence total resistance R = (13—8 =6Q

CurrentI:K:@—loA
R 6

Problem 9. Given four 1 Q resistors, state how they must be
connected to give an overall resistance of (a) %Q (b) 12 (0 1% Q
(d) 2% Q, dl four resistors being connected in each case.

(@ All four in parallel (see Figure 5.13),

since1—1+1+1+1—4 i.e R—lﬂ
R 1 1 1 1 1 7 4

(b) Two in series, in parallel with another two in series (see
Figure 5.14), since 1 @ and 1 @ in series gives 2 2, and 2 Q in
2x2 4
arallel with 2 Q gives —— =-=1Q
P S T R
(c) Three in parallel, in series with one (see Figure 5.15), since for
the three in parallél,
1—1+1+1—3 i.e R—lfzandlfzinseries
R 1 1 1 17 3 3

with 1 Q gives 13 Q
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10 (d) Two in parallel, in series with two in series (see Figure 5.16),
1o 10 since for the two in parallel
1x1 1
R=

=-Q andlﬂlﬂandlszinseries iveszlsz
141 20 d9% gves <3

Figure 5.16

Problem 10. Find the equivalent resistance for the circuit shown
in Figure 5.17.

R3, R4 and Rs are connected in parallel and their equivalent resistance R
is given by:

Figure 5.17 1_1,1 1 _6+3+1 10
R 3 6 18 18 18
18
Hence R=—=18Q
10

The circuit is now equivalent to four resistors in series and the equivalent
circuit resistance=1+22+18+4=9Q

5.4 Current division For the circuit shown in Figure 5.18, the total circuit resistance, Ry is

given by:
R1R
Ry = 1 2
Ri+R>
RiR
/ and V=1RT=1<L>
Ri+R»
Figure 5.18 Vv 1 RiR> R,
Currentl:—:—( ):( )I
"R R\Ri+R Ri+ R 0
Similarly,
\% 1 RiR R
current12=—=—< 12):( ! )(I)
R, Ry \Ri1+R> Ri+ R

Summarizing, with reference to Figure 5.18

_ R> _ Ry
= (R1+R2) (| and |12 = <R1+R2) “

Problem 11. For the series-parallel arrangement shown in
Figure 5.19, find (a) the supply current, (b) the current flowing
through each resistor and (c) the p.d. across each resistor.

Figure 5.19
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@

(b)

(©
Ri=25Q Ry=15Q R,=4Q
ViV — Vy
I:25A1
200V
Figure 5.20

The equivalent resistance R, of R, and Rz in parallél is:

R _6x2_12 . o
e+2 8 7

The equivalent resistance Ry of Ry, R, and R, in seriesiis.

Rr=254+154+4=8Q
Vv 200
Supply current I = =8 = 25A

T

The current flowing through R; and R4 is 25 A

. R3 2
The current flowing through R, = I=|——1]25
g gn 12 (Rz + Rs) <6+ 2)

=6.25A

. R 6
The current flowing through R3 = I=(——1]25
. wing van 13 (R2+R3) (6+2)

=1875A

(Note that the currents flowing through R, and Rz must add up to
the total current flowing into the parallel arrangement, i.e. 25 A)

The equivalent circuit of Figure 5.19 is shown in Figure 5.20.
p.d. across Ry, i.e, Vi = IRy = (25)(2.5) =625V

p.d. across R,, i.e, V, = IR, = (25)(1.5) =375V

p.d. across Ry, i.e., V4 =IR4 = (25)(4) = 100 V

Hence the p.d. across R, = p.d. across R3 = 375V

Problem 12.  For the circuit shown in Figure 5.21 calculate (a) the
value of resistor R, such that the total power dissipated in the circuit
is 2.5 kW, and (b) the current flowing in each of the four resistors.

I, Ri=150 1, A3=380
1 il 1
| I | |
—{ R,=10Q Ry <
Iy N
< V1 V2
| Wi
O 250 V

Figure 5.21
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(8 Power dissipated P = VI watts, hence 2500 = (250)(1)

1=2%_10a
250
2
From Ohm’s law, Ry = ; = %O =25 Q, where Ry is the

equivalent circuit resistance.
The equivalent resistance of R; and R, in pardlel is

15x 10 150
15+10 25

6 Q

The equivalent resistance of resistors R3 and R, in parallel is equa
to25Q—-6Q,i.e, 19 Q

There are three methods whereby R, can be determined.

Method 1
The voltage V; = IR, where R is 6 Q, from above,

i.e. V1 = (10)(6) =60 V
Hence Vo, =250V — 60 V =190 V = p.d. across R

= p.d. across R,
Vv 190 .
I3 = "2 _ " _gA. ThusI, =5 A aso, sincel =10 A
R3 38
Vo 190

ThusR, = —~ = — =38¢Q
14 5

Method 2
Since the equivalent resistance of Rz and R, in paralel is 19 €,

38R, ( product

19 = i.e Hence
38+ R, sum )

19(38 + R,) = 38R,
722 + 19R, = 38R,
722 = 38R, — 19R, = 19R,

722
ThusR, = —— =38Q
19

Method 3

When two resistors having the same value are connected in parallel
the equivalent resistance is aways half the value of one of the
resistors. Thus, in this case, since Rr = 19 Q and R3 = 38 €, then
R, = 38 Q could have been deduced on sight.
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R
(b) CurrentI; = <7Z) 1=
Ri+R>

Ri+R>

<
<
omete= ()1 (55
<

From part (a), method 1, I3 =1,=5 A

/ 20 L 140Q Iy

Problem 13. For the arrangement shown in Figure 5.22, find the

17V 90 20 80 current IX
¢ ¢ Commencing at the right-hand side of the arrangement shown in
Figure 5.22 Figure 5.22, the circuit is gradually reduced in stages as shown in

Figure 5.23(a)—(d).

17
From Figure 523(d) I = — =4 A

4.25
From Figure 5.23(b) I1 = ( 9 ) ) = (g) 4 =3A
gure s = \o+3) VT \12)"" 7
;20 140 . 20 ,1
11\’ 90 %:1.6(2 17V 90 []1-;1;1(-)6

(b)
/
9x3
17V =225 Q 17 V 2+2.25
J I:I 9+3 |:|:4.25 Q

Figure 5.23

2 2
From Fi 521, =7——=)U)=(-—=)(B =06A
rom Figure (2+8) (1) (10> 3
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5.5 Wiring lamps in
series and in parallel

Lamp1 Lamp2 Lamp3

I\ S\
NN AN/
!
~ 240V
Figure 5.24
Lamp 1
Lamp 2
Lamp 3
I \ amp
= 240V
Figure 5.25

Series connection

Figure 5.24 shows three lamps, each rated at 240 V, connected in series
across a 240 V supply.

0]

(i)

(iii)

(iv)

240
Each lamp has only 3 V,i.e, 80 V across it and thus each lamp
glows dimly.
If another lamp of similar rating is added in series with the other

240 . .
three lamps then each lamp now has e V, i.e, 60V across it

and each now glows even more dimly.

If alamp is removed from the circuit or if alamp develops a fault
(i.e. an open circuit) or if the switch is opened then the circuit is
broken, no current flows, and the remaining lamps will not light up.

Lesscableisrequired for a series connection than for aparallel one.

The series connection of lamps is usualy limited to decorative lighting
such as for Christmas tree lights.

Parallel connection

Figure 5.25 shows three similar lamps, each rated at 240 V, connected in
paralel across a 240 V supply.

(i)
(ii)
(iii)
(iv)

Each lamp has 240 V across it and thus each will glow brilliantly
at their rated voltage.

If any lamp is removed from the circuit or develops a fault (open
circuit) or a switch is opened, the remaining lamps are unaffected.
The addition of further similar lamps in parallel does not affect the
brightness of the other lamps.

More cable is required for parallel connection than for a series one.

The parallel connection of lamps is the most widely used in electrical
installations.

Problem 14. If three identical lamps are connected in parallel and

the combined resistance is 150 2, find the resistance of one lamp.

Let the resistance of one lamp be R, then,

1 1 1 1

3
— = —+4+ — 4+ — = —, fromwhich, R = 3 x 150 = 450 Q
50 R RTR_R x

Problem 15. Three identical lamps A, B and C are connected in
seriesacross a 150 V supply. State (a) the voltage across each lamp,
and (b) the effect of lamp C failing.
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@

(b)

Since each lamp is identical and they are connected in series there

150
is — V, i.e. 50 V across each.

If lamp C fails, i.e., open circuits, no current will flow and lamps
A and B will not operate.

5.6 Further problems on 1
series and parallel

networks
2
Ry R A3
— |—|< — —
/‘ v, | sv 17 3y
| S
I 1sv I 3
Figure 5.26
50 R, 4
®
-
5
Figure 5.27
6
C 60
3A 50 7
——T 1+—¢
li|
11.5 A4
| R
v 8
Figure 5.28
9
10

The p.d's measured across three resistors connected in series are
5V, 7V and 10 V, and the supply current is 2 A. Determine (a) the
supply voltage, (b) the total circuit resistance and (c) the values of
the three resistors. [(@ 22V (b) 11 2 (c) 252,352, 5 Q]

For the circuit shown in Figure 5.26, determine the value of V. If
the total circuit resistance is 36 Q2 determine the supply current and
the value of resistors R;, R and Rj.

[10V,05A, 20 2,10 2, 6 Q]

When the switch in the circuit in Figure 5.27 is closed the reading
on voltmeter 1 is 30 V and that on voltmeter 2 is 10 V. Determine
the reading on the ammeter and the value of resistor R,

[4 A, 25Q]

Two resistors are connected in series across an 18 V supply and a
current of 5 A flows. If one of the resistors has a value of 2.4 Q
determine (a) the value of the other resistor and (b) the p.d. across
the 2.4 22%#st@.75 A] [(@ 1.2 2 (b) 12 V]

Resistances of 4 @ and 12 Q are connected in parallel across a
9V battery. Determine (@) the equivalent circuit resistance, (b) the
supply current, and (c) the current in each resistor.

[(@ 32 (b)3A(0)

For the circuit shown in Figure 5.28 determine (a) the reading on
the ammeter, and (b) the value of resistor R. [25A, 25 Q]

Find the equivalent resistance when the following resistances are
connected (a) in series, (b) in paralel
(Y3Qand2Q (i) 20 k2 and 40 k2
(iii)42,8Qand 16 2 (iv) 800 €2, 4 k2 and 1500 2
[(@ ()5 (i) 60 k2 (iii) 28 @ (iv) 6.3 k2
(b) (i) 1.2  (ii) 13% k< (iii) 2% Q (iv) 461.5 k]

Find the total resistance between terminals A and B of the circuit
shown in Figure 5.29(a) [8 2]

Find the equivalent resistance between terminals C and D of the
circuit shown in Figure 5.29(b) [27.5 Q]

Resistors of 20 €2, 20 Q and 30 2 are connected in parallel. What
resistance must be added in series with the combination to obtain a
total resistance of 10 Q. If the complete circuit expends a power of
0.36 kW, find the total current flowing. [25 @2, 6 A]
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Figure 5.29

40

Figure 5.30

40

® ]

O

11

12

13

(@ Calculate the current flowing in the 30 Q resistor shown in
Figure 5.30
(b) What additional value of resistance would have to be placed in
paralel with the 20 @ and 30 2 resistors to change the supply
current to 8 A, the supply voltage remaining constant.
[(& 1.6 A (b) 6 Q]

Determine the currents and voltages indicated in the circuit shown
in Figure 5.31.
[[1=5A1,=25A,I3=15A, I,=2 A
Is=3A,Ig=2A,V,=20V,V,=5V,V3=6V]

Find the current I in Figure 5.32. [1.8 A]

31V

30 [ 160 150 20

"—,:—i:l—« T—< |—>l—
(%)
"% 21/ 60 50 39[

| S|

Figure 5.31

14

15

Figure 5.32

If four identical lamps are connected in parallel and the combined
resistance is 100 €2, find the resistance of one lamp. [400 Q]

Three identical filament lamps are connected (a) in series, (b) in
paralel across a 210 V supply. State for each connection the p.d.
across each lamp. [(@ 70V (b) 210 V]



6.1 Electrostatic field

Att+tt+rr+ttt+t+++++

Figure 6.1 Electrostatic field

6 Capacitors and
capacitance

At the end of this chapter you should be able to:

e describe an electrostatic field

o define dectric field strength E and state its unit

e define capacitance and state its unit

e describe a capacitor and draw the circuit diagram symbol

e perform simple calculations involving C = % and Q = It

e define eectric flux density D and state its unit
o define permittivity, distinguishing between ¢q, ¢, and ¢

. . . . \%

e perform simple calculations involving D = % E = D and

D

— = £0&;

E 0
e understand that for a parallel plate capacitor,

gogA(n — 1)
B d

e perform calculations involving capacitors connected in parallel

and in series

o define dielectric strength and state its unit

e state that the energy stored in a capacitor is given by
W =1 CV?joules

e describe practical types of capacitor

e understand the precautions needed when discharging capacitors

Figure 6.1 represents two paralel metal plates, A and B, charged to
different potentials. If an electron that has a negative charge is placed
between the plates, a force will act on the electron tending to push it
away from the negative plate B towards the positive plate, A. Similarly,
a positive charge would be acted on by a force tending to move it toward
the negative plate. Any region such as that shown between the plates
in Figure 1, in which an electric charge experiences a force, is called an
electrostatic field. The direction of the field is defined as that of the force
acting on a positive charge placed in the field. In Figure 6.1, the direction
of the force is from the positive plate to the negative plate.
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(@)

Such a field may be represented in magnitude and direction by lines
of electric force drawn between the charged surfaces. The closeness
of the lines is an indication of the field strength. Whenever a p.d.
is established between two points, an electric field will always exist.
Figure 6.2(a) shows a typica field pattern for an isolated point charge,
and Figure 6.2(b) shows the field pattern for adjacent charges of opposite
polarity. Electric lines of force (often called electric flux lines) are
continuous and start and finish on point charges. Also, the lines cannot
cross each other. When a charged body is placed close to an uncharged
body, an induced charge of opposite sign appears on the surface of the
uncharged body. This is because lines of force from the charged body
terminate on its surface.

1 %
(b)

Figure 6.2 (a) Isolated point charge; (b) adjacent charges of opposite polarity

The concept of field lines or lines of force is used to illustrate the
properties of an electric field. However, it should be remembered that
they are only aids to the imagination.

The force of attraction or repulsion between two electrically charged
bodies is proportional to the magnitude of their charges and inversely
proportional to the square of the distance separating them,

i.e. force « % or | force= k% where constant k ~ 9 x 10° in air

This is known as Coulomb’s law.
Hence the force between two charged spheres in air with their centres
16 mm apart and each carrying a charge of +1.6 uC is given by:

(1.6 x 107%)2
(16 x 10-3)2

q1492

force = k? ~ (9 x 10%) = 90 newtons
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6.2 Electric field strength

>y

Figure 6.3

6.3 Capacitance

6.4 Capacitors

_”_

Fixed capacitor

_/HL

Variable capacitor

Figure 6.4

Figure 6.3 shows two parallel conducting plates separated from each other
by air. They are connected to opposite terminals of a battery of voltage
V volts.

There is therefore an electric field in the space between the plates. If
the plates are close together, the electric lines of force will be straight
and parallel and equally spaced, except near the edge where fringing will
occur (see Figure 6.1). Over the areain which there is negligible fringing,

Vv
Electric field strength, E = q volts/metre

where d is the distance between the plates. Electric field strength is aso
caled potential gradient.

Static electric fields arise from electric charges, electric field lines
beginning and ending on electric charges. Thus the presence of the field
indicates the presence of equal positive and negative electric charges on
the two plates of Figure 6.3. Let the charge be +Q coulombs on one
plate and —Q coulombs on the other. The property of this pair of plates
which determines how much charge corresponds to a given p.d. between
the plates is called their capacitance:

capacitance C = 8

The unit of capacitance is the farad F (or more usuadly pF =
1078 F or pF = 1072 F), which is defined as the capacitance when a
pd of one volt appears across the plates when charged with one coulomb.

Every system of electrical conductors possesses capacitance. For example,
there is capacitance between the conductors of overhead transmission
lines and also between the wires of a telephone cable. In these examples
the capacitance is undesirable but has to be accepted, minimized or
compensated for. There are other situations where capacitance is a
desirable property.

Devices specially constructed to possess capacitance are called capac-
itors (or condensers, as they used to be called). In its smplest form a
capacitor consists of two plates which are separated by an insulating mate-
riadl known as a dielectric. A capacitor has the ability to store a quantity
of static electricity.

The symbols for a fixed capacitor and a variable capacitor used in
electrical circuit diagrams are shown in Figure 6.4.
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The charge Q stored in a capacitor is given by:

Q =1 xt coulombs,

where I is the current in amperes and ¢ the time in seconds.

Problem 1. (a) Determine the p.d. across a 4 uF capacitor when
charged with 5 mC.

(b) Find the charge on a 50 pF capacitor when the voltage applied
toitis2 kV.

(@ C=4uF=4x10°%FQ=5mC=5x%x103C

5x10°% 5x10° 5000
SinceC:%thenV:g— X x

C 4x106 4x108 4
Hence p.d. = 1250 V or 1.25 kV

(b) C =50pF=50x10"2F V =2KkV = 2000V

5x2

Q= CV =50x 10712 x 2000 = 16 =0.1x10°

Hence charge = 0.1 pC

Problem 2. A direct current of 4 A flowsinto a previously unchar-
ged 20 uF capacitor for 3 ms. Determine the pd between the plates.

I=4A;C=20pF=20x10°F,r=3ms=3x1073s
O=It=4x3x103C

0 4x3x10°3 _ 12 x 108
C 20x10% = 20x 103
Hence, the pd between the plates is 600 V

= 0.6 x 10°* = 600 V

Problem 3. A 5 pF capacitor is charged so that the pd between
its plates is 800 V. Caculate how long the capacitor can provide
an average discharge current of 2 mA.

C=5pF=5x10°FV=800V; I=2mA=2x103A
Q=CV=5x10°%%x800=4x103C

0 4x10°°

Also, Q =1It. Thus, t = — = ———
%0, Q = It. Thus, ¢ [ = 2% 103

=2s
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6.5 Electric flux density

6.6 Permittivity

Hence the capacitor can provide an average discharge current of
2mA for 2s

Further problems on charge and capacitance may befound in Section 6.13,
problems 1 to 5, page 70.

Unit flux is defined as emanating from a positive charge of 1 coulomb.
Thus electric flux W is measured in coulombs, and for a charge of
QO coulombs, the flux ¥ = O coulombs.

Electric flux density D is the amount of flux passing through a defined
area A that is perpendicular to the direction of the flux:

dectric flux density, D = % coulombs/metre?

Electric flux density is also called charge density, o

At any point in an electric field, the electric field strength E maintains
the electric flux and produces a particular value of electric flux density D
at that point. For afield established in vacuum (or for practical purposes
in air), the ratio D/E is a constant ¢, i.e.

D
— = &
E 0

where g is called the permittivity of free space or the free space
constant. The value of &g is 8.85 x 10712 F/m.

When an insulating medium, such as mica, paper, plastic or ceramic, is
introduced into the region of an electric field the ratio of D/E is modified:

D
— = &0&r

where ¢,, the relative permittivity of the insulating material, indicates
its insulating power compared with that of vacuum:
flux density in material

relative permittivity e, = ——
P y flux density in vacuum

& has no unit. Typical vaues of ¢, include air, 1.00; polythene, 2.3; mica,
3-7; glass, 5-10; water, 80; ceramics, 6—1000.

The product ggpe, is caled the absolute permittivity, ¢, i.e.,

& = 08,
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The insulating medium separating charged surfaces is called a dielectric.
Compared with conductors, dielectric materials have very high resistivi-
ties. They are therefore used to separate conductors at different potentials,
such as capacitor plates or electric power lines.

Problem 4. Two paralel rectangular plates measuring 20 cm by
40 cm carry an electric charge of 0.2 pC. Caculate the electric
flux density. If the plates are spaced 5 mm apart and the voltage
between them is 0.25 kV determine the electric field strength.

Charge Q0 = 0.2 uC = 0.2 x 10°5¢;
Area A =20 cm x 40 cm = 800 cm? = 800 x 10~* m?

0 02x10° 0.2x 10

Electric flux density D = 2 — _
ectric X density B = = 800 x 104 — 800 x 10°

2000
= 1076 =2 2
800 x 10 5pC/m
Voltage V = 0.25 kV = 250 V; Plate spacing, d =5mm=5x 103 m
14 250
Electric fi hE=—-—=—"-—-=50kV
ectric field strengt 7= 5% 103 50 kV/m

Problem 5. Theflux density between two plates separated by mica
of relative permittivity 5 is 2 uC/m?. Find the voltage gradient
between the plates.

Flux density D = 2 uC/m? = 2 x 107% C/m?;

g0 =8.85x 1072 Fim; ¢, = 5.
D

E0&r

2 % 106
XDy
885x102x5 " "

=452 kV/m

D .
7= go&r, hence voltage gradient E

Problem 6. Two paralel plates having a pd of 200 V between
them are spaced 0.8 mm apart. What is the electric field strength?
Find also the flux density when the dielectric between the plates is
(a) air, and (b) polythene of relative permittivity 2.3

Electric field strength E = % — — 220

5= 5E.1gS = 20kv/m

(@ Forar.e =1

D
— = gg&,. Hence
E
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electric flux density D = Egpe,
= (250 x 10° x 8.85 x 107*? x 1) C/m?
=2.213 pC/m?

(b) For polythene, ¢, = 2.3
Electric flux density D = Eeqe,
= (250 x 10° x 8.85 x 1012 x 2.3) C/m?
= 5.089 pC/m?

Further problemson electric field strength, el ectric flux density and per mit-
tivity may be found in Section 6.13, problems 6 to 10, page 71.

6.7 Theparalld plate For a pardlel-plate capacitor, as shown in Figure 6.5(a), experiments
capacitor  show that capacitance C is proportional to the area A of a plate, inversely
proportional to the plate spacing d (i.e., the dielectric thickness) and

depends on the nature of the dielectric:

go&srA

Capacitance, C = farads

where gy = 8.85 x 1072 F/m (constant)
&, = relative permittivity
A = area of one of the plates, in m?, and
d = thickness of dielectric in m

_d
Area A 4o
o—
dielectric between the plate
of relative permittivity ¢
(@) P yer (b)

Figure 6.5

Another method used to increase the capacitance is to interleave several
plates as shown in Figure 6.5(b). Ten plates are shown, forming nine
capacitors with a capacitance nine times that of one pair of plates.

If such an arrangement has n plates then capacitance C « (n — 1).
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Thus capacitance| C = sosr AN = 1) ads

Problem 7. (a) A ceramic capacitor has an effective plate area of
4 cn? separated by 0.1 mm of ceramic of relative permittivity 100.
Calculate the capacitance of the capacitor in picofarads. (b) If the
capacitor in part (a) is given a charge of 1.2 uC what will be the
pd between the plates?

(@ AreaA=4cm’=4x10"*m% d=01mm=0.1x10"°m;
g0 = 8.85 x 10722 F/m; ¢, = 100

A
Capacitance C = 05 2 farads
_ 885x 107 %100 x 4 x 107* E
B 0.1 x 103
885x 4 8.85 x 4 x 1012
= T 1000 = 1010 pF
_ 3540 pF
1.2 x 107
©) 0=cVithusv = 2 x V=339V

C ~ 3540 x 1012

Problem 8. A waxed paper capacitor has two parallel plates, each
of effective area 800 cm?. If the capacitance of the capacitor is
4425 pF determine the effective thickness of the paper if itsrelative
permittivity is 2.5

A =800 cm? = 800 x 10~4 m? = 0.08 n;
C = 4425 pF = 4425 x 1072 F; g = 8.85 x 107 Fim; &, = 2.5

£0&A £0&-A

Since C = thend =

8.85 x 10712 x 2.5 x 0.08
Hence, d = = 0.0004 m
4475 x 1012

Hence the thickness of the paper is 0.4 mm

Problem 9. A paradlel plate capacitor has nineteen interleaved
plates each 75 mm by 75 mm separated by mica sheets 0.2 mm
thick. Assuming the relative permittivity of the micais 5, calculate
the capacitance of the capacitor.
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6.8 Capacitors connected
in parallel and series

n=19 n—1=18 A =75 x 75 = 5625 mm? = 5625 x 1076 m?;
& =5 =88 x10L2Fm; d=02mm=02x103m

. A —1
Capacitance C = %
_ 8.85x 10712 x 5 x 5625 x 1076 x 18 F
B 0.2 x 103

= 0.0224 pF or 22.4 nF

Further problems on paralld plate capacitors may be found in
Section 6.13, problems 11 to 17, page 71.

(a) Capacitors connected in parallel

Figure 6.6 shows three capacitors, C1, C, and C3, connected in paralel
with a supply voltage V applied across the arrangement.

V—o
Total charge, Q7=Q4+ Qo+ Q3

Figure 6.6

When the charging current I reaches point A it divides, some flowing
into C1, some flowing into C, and some into C3. Hence the total charge
Or(=1 x 1) is divided between the three capacitors. The capacitors each
store a charge and these are shown as Q1, O, and Q3 respectively. Hence

Or=01+02+03

But QT = CV, Ql = C1V, Qz = CzV and Q3 = C3V
Therefore CV = C1V + C2V + C3V where C is the total equivalent
circuit capacitance,

ie. C=Ci+Cr+C3
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It follows that for n parallel-connected capacitors,

C=C+C+GC3...+GC,,

i.e. the equivaent capacitance of a group of parallel-connected capacitors
is the sum of the capacitances of the individual capacitors. (Note that this
formula is similar to that used for resistors connected in series)

(b) Capacitors connected in series

Figure 6.7 shows three capacitors, C,, C, and C3, connected in series
across a supply voltage V. Let the p.d. across the individual capacitors
be V4, V, and V3 respectively as shown.

C1 Cg CB
+Q) |_—O +Q| |fO +Q| 1=Q
a''p g ol It

Y — V3

o v O

Charge on each capacitor= Q
Figure 6.7

Let the charge on plate ‘a of capacitor C1 be +Q coulombs. This
induces an equal but opposite charge of —Q coulombs on plate ‘b’. The
conductor between plates ‘b’ and ‘c’ is electrically isolated from the rest
of the circuit so that an equal but opposite charge of +Q coulombs must
appear on plate ‘c’, which, in turn, induces an equal and opposite charge
of —Q coulombs on plate ‘d’, and so on.

Hence when capacitors are connected in series the charge on each is
the same.

Inaseriescircuit: V=V,+Vy+ V3

SinceV:gthengzg g.,.ﬁ
C C Ci1 Cz2 Cs

where C is the total equivalent circuit capacitance,

1 1 1 1

e =+ +
ccctote

It follows that for n series-connected capacitors:
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i.e. for series-connected capacitors, the reciprocal of the equivalent capac-
itanceis equal to the sum of the reciprocals of the individual capacitances.
(Note that this formula is similar to that used for resistors connected in
parallel)

For the special case of two capacitorsin series:

1 1,1 C+C

= _— 4+ - =
C C, C» C1C,

Hence GG, <i.e. product)

- Ci+C, sum

Problem 10. Calculate the equivaent capacitance of two capaci-
tors of 6 uF and 4 uF connected (@) in parallel and (b) in series

(@ In pardlel, equivalent capacitance C = C1+ C, =6 uF+ 4 pF =
10 pF

C.C
(b) In series, equivaent capacitance C is given by: C = 12
Ci1+C;
This formulais used for the special case of two capacitorsin series.
6x4 24
Thus C = =—=24uF
e =814~ 10 W

Problem 11. What capacitance must be connected in series with
a 30 pF capacitor for the equivalent capacitance to be 12 uF?

Let C = 12 pyF (the equivaent capacitance), C; = 30 puF and C, be the

unknown capacitance.
1 1

1 G
1 1 1 C1—
Hence Lt 1. _a-c¢
Cs c C CC1
cc 12x 30 360
and C, = Lo SexXY

Ci—C 30-12 18

For two capacitors in series c =

=20 pF

Problem 12. Capacitances of 1 pF, 3 uF, 5uF and 6 pF are
connected in parallel to adirect voltage supply of 100 V. Determine
(a) the equivalent circuit capacitance, (b) the total charge and
(c) the charge on each capacitor.

(& The equivalent capacitance C for four capacitors in parald is
given by:
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C1=3HF Cp=6UF C3=12 LF

Vi Vo Yy
V=350 V——

Figure 6.8

(©

C=C14+Cr+C3+Cy
iee C=14+34+54+6=15uF

(b) Total charge Oy = CV where C is the equivalent circuit capacitance

ie. Qr=15x10%%x100=15x%x10"2C =15mC

The charge on the 1 pF capacitor Q; = C1V = 1 x 107® x 100
=0.1mC

The charge on the 3 pF capacitor Q, = C,V = 3 x 1076 x 100
=0.3mC

The charge on the 5 pF capacitor Qz = C3V = 5 x 107¢ x 100
=0.5mC

The charge on the 6 pF capacitor Q, = C4V = 6 x 107° x 100
=0.6mC

[Check: In a parallel circuit Or = Q14+ Q2+ O3+ 04
014+ Q2+ 03+ 04 =01+4+03+05+0.6 =1.5mC = Q]

Problem 13. Capacitances of 3 uF, 6 pF and 12 uF are connected
in series across a 350 V supply. Calculate (a) the equivalent circuit
capacitance, (b) the charge on each capacitor and (c) the pd across
each capacitor.

The circuit diagram is shown in Figure 6.8.

@

(b)

(©

The equivalent circuit capacitance C for three capacitorsin seriesis
given by:

1 1 1 1

cTa GG
e Lt_1, 1 1 _4+2+1 7

cC 3 6 12 12 12
Hence the equivalent circuit capacitance C= g = 1; wF
Total charge Or = CV,
hence Or = % x 1076 x 350 = 600 pC or 0.6 mC

Since the capacitor s are connected in series 0.6 mC isthe charge
on each of them.
Q0 06x107°

The voltage across the 3 pyF capacitor, Vi = — = ————
a0 W cap 1=, T 3x10°6

=200V
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. 0 06x10°3
The volt the 6 pF tor, Vo = = = — 0=
€ Vollage across the o pk- capacitor 2 C2 6 x 10-6
— 100V
0 06x10°3

The voltage across the 12 pF capacitor,Vy = — = ———
X W cap 3= Cs 12x10°6

=50V

[Check: In a seriescircuit V. =V, + V, + V3
Vi+ V,+ V3 =200+ 100 + 50 = 350 V = supply voltage.]

In practice, capacitors are rarely connected in series unless they are of
the same capacitance. The reason for this can be seen from the above
problem where the lowest valued capacitor (i.e. 3 uF) has the highest
pd across it (i.e. 200 V) which means that if al the capacitors have an
identical construction they must all be rated at the highest voltage.

Further problems on capacitors in parallel and series may be found in
Section 6.13, problems 18 to 25, page 72.

6.9 Dielectric strength  The maximum amount of field strength that a dielectric can withstand is
called the dielectric strength of the material.

Dielectric strength, | E,, =

Problem 14. A capacitor is to be constructed so that its capaci-
tance is 0.2 uF and to take a p.d. of 1.25 kV across its terminals.
The dielectric is to be mica which, after allowing a safety factor of
2, has a didlectric strength of 50 MV/m. Find (a) the thickness of
the mica needed, and (b) the area of a plate assuming a two-plate
construction. (Assume ¢, for mica to be 6)

1% Vv 1.25x 10°
a) Didectric strength, E = —, ieed=—==————m
@ g d E =~ 50x 109
= 0.025 mm
A
(b) Capacitance, C = £o8 , hence area

_ Cd _02x10°x00%5x10°
T oeosr 8.85x 10-12 x 6
= 0.09416 m? = 941.6 cm?

A
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6.10 Energy stored The energy, W, stored by a capacitor is given by

W = 1 CVZ2joules

Problem 15. (&) Determine the energy stored in a 3 pF capacitor
when charged to 400 V. (b) Find also the average power developed
if this energy is dissipated in atime of 10 us

(@ Energy stored W = 1 C V2 joules

NI NI

x 3 x 1078 x 4002 = g x 16 x 1072
=024

Energy ~ 0.24

= W = 24 kW
time 10 x 10-¢

(b) Power =

Problem 16. A 12 pF capacitor is required to store 4 J of energy.
Find the pd to which the capacitor must be charged.

1 2w
Energy stored W = 5 CV? hence V2 = <

wav= () = (ams) = (257 ~swsv

Problem 17. A capacitor is charged with 10 mC. If the energy
stored is 1.2 Jfind (a) the voltage and (b) the capacitance.

1
EnergystoredW=§CV2andC=%
1/0\ , 1
Hence W==-|=] V== 0V
Z(V) 2Q
2w

fromwhich V= —

Q

Q0=10mc=10x103Cand W =121

oW 2x12
@ Voltage v = 5 = ﬁ — 0.24KV or 240V
0 10x10° _  10x10°

b) Capacitance C = = F= F=41.67 pF
(b)  Capaci % 240 240 = 10° " w
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6.11 Practical types of
capacitor

Figure 6.9

Mica sheets

(lead or aluminium)

Figure 6.10

Metal end cap for
connection to

metal foil \b/
N

foil Paper
Figure 6.11
Connection Connection
s,
AZ 2
. Conductin

Ceramic T coating 9

tube (e.g silver)

Figure 6.12

Further problems on energy stored may be found in Section 6.13, problems
26 to 30, page 73.

Practical types of capacitor are characterized by the material used for
their dielectric. The main typesinclude: variable air, mica, paper, ceramic,
plastic, titanium oxide and electrolytic.

1 Variable air capacitors. These usually consist of two sets of metal
plates (such as aluminium) one fixed, the other variable. The set
of moving plates rotate on a spindle as shown by the end view of
Figure 6.9.

As the moving plates are rotated through half a revolution, the
meshing, and therefore the capacitance, varies from a minimum to
a maximum value. Variable air capacitors are used in radio and
electronic circuits where very low losses are required, or where a
variable capacitance is needed. The maximum value of such capacitors
is between 500 pF and 1000 pF.

2 Mica capacitors. A typical older type construction is shown in
Figure 6.10.
Usually the whole capacitor is impregnated with wax and placed in
a bakelite case. Micais easily obtained in thin sheets and is a good
insulator. However, mica is expensive and is not used in capacitors
above about 0.2 uF. A modified form of mica capacitor is the silvered
micatype. The micais coated on both sides with athin layer of silver
which forms the plates. Capacitance is stable and less likely to change
with age. Such capacitors have a constant capacitance with change of
temperature, a high working voltage rating and a long service life and
are used in high frequency circuits with fixed values of capacitance
up to about 1000 pF.

3 Paper capacitors. A typical paper capacitor is shown in Figure 6.11
where the length of the roll corresponds to the capacitance required.
The whole is usually impregnated with oil or wax to exclude mois-
ture, and then placed in aplastic or aluminium container for protection.
Paper capacitors are made in various working voltages up to about
150 kV and are used where loss is not very important. The maximum
value of this type of capacitor is between 500 pF and 10 uF. Disad-
vantages of paper capacitors include variation in capacitance with
temperature change and a shorter service life than most other types
of capacitor.

4 Ceramic capacitors. These are made in various forms, each type of
construction depending on the value of capacitance required. For high
values, atube of ceramic material is used as shown in the cross section
of Figure 6.12. For smaller values the cup construction is used as
shown in Figure 6.13, and for still smaller values the disc construction
shown in Figure 6.14 is used. Certain ceramic materials have a very
high permittivity and this enables capacitors of high capacitance to be
made which are of small physical size with a high working voltage
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Ceramic cup

Connection

Conducting
coating

Figure 6.13

Ceramic
disc)

Conducting
coatings

Figure 6.14

6.12 Discharging
capacitors

6.13 Further problems
on capacitors and
capacitance

(Where appropriate take gg as
8.85 x 1072 F/m)

rating. Ceramic capacitors are available in the range 1 pF to 0.1 pF
and may be used in high frequency electronic circuits subject to a
wide range of temperatures.

Plastic capacitors. Some plastic materials such as polystyrene and
Teflon can be used as dielectrics. Construction is similar to the paper
capacitor but using a plastic film instead of paper. Plastic capacitors
operate well under conditions of high temperature, provide a precise
value of capacitance, a very long service life and high reliability.

Titanium oxide capacitor s have a very high capacitance with a small
physical size when used at a low temperature.

Electrolytic capacitors. Construction is similar to the paper capac-
itor with aluminium foil used for the plates and with a thick absorbent
material, such as paper, impregnated with an electrolyte (ammonium
borate), separating the plates. The finished capacitor is usually assem-
bled in an aluminium container and hermetically sealed. Its operation
depends on the formation of a thin auminium oxide layer on the
positive plate by electrolytic action when a suitable direct potential is
maintained between the plates. This oxide layer is very thin and forms
the dielectric. (The absorbent paper between the plates is a conductor
and does not act as a dielectric.) Such capacitors must always be
used on dc and must be connected with the correct polarity; if this
is not done the capacitor will be destroyed since the oxide layer will
be destroyed. Electrolytic capacitors are manufactured with working
voltage from 6 V to 600 V, although accuracy is generally not very
high. These capacitors possess a much larger capacitance than other
types of capacitors of similar dimensions due to the oxide film being
only a few microns thick. The fact that they can be used only on dc
supplies limit their usefulness.

When a capacitor has been disconnected from the supply it may still be
charged and it may retain this charge for some considerable time. Thus
precautions must be taken to ensure that the capacitor is automatically
discharged after the supply is switched off. This is done by connecting a
high value resistor across the capacitor terminals.

Charge and capacitance

1

Find the charge on a 10 pF capacitor when the applied voltage is
250 V. [25 mC]

Determine the voltage across a 1000 pF capacitor to charge it with
2 uC. [2 kV]

The charge on the plates of a capacitor is 6 mC when the potential
between them is 2.4 kV. Determine the capacitance of the capacitor.

[2.5 pF]
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4

5

For how long must a charging current of 2 A be fed to a 5 pF
capacitor to raise the pd between its plates by 500 V. [1.25 mg]

A steady current of 10 A flows into a previously uncharged capac-
itor for 1.5 ms when the pd between the plates is 2 kV. Find the
capacitance of the capacitor. [7.5 pF]

Electric field strength, electric flux density and per mittivity

6

10

A capacitor uses a dielectric 0.04 mm thick and operates at 30 V.
What isthe electric field strength across the dielectric at this voltage?
[750 kV/m]

A two-plate capacitor has a charge of 25 C. If the effective area of
each plate is 5 cm? find the electric flux density of the electric field.
[50 kC/m?]

A charge of 1.5 uC is carried on two parallel rectangular plates each
measuring 60 mm by 80 mm. Calculate the electric flux density. If
the plates are spaced 10 mm apart and the voltage between them is
0.5 kV determine the electric field strength.

[312.5 uC/m?, 50 kV/m]

The electric flux density between two plates separated by polystyrene
of relative permittivity 2.5 is 5 uC/m?. Find the voltage gradient
between the plates. [226 kV/m]

Two parallel plates having a pd of 250 V between them are spaced
1 mm apart. Determine the electric field strength. Find also the
electric flux density when the dielectric between the plates is (a) air
and (b) mica of relative permittivity 5.

[250 kV/m (@) 2.213 uC/m? (b) 11.063 uC/m?]

Parallel plate capacitor

11

12

13

14

A capacitor consists of two paralel plates each of area 0.01 m?,
spaced 0.1 mm in air. Calculate the capacitance in picofarads.

(885 pF]

A waxed paper capacitor has two paralel plates, each of effective
area 0.2 m?. If the capacitance is 4000 pF determine the effective
thickness of the paper if its relative permittivity is 2. [0.885 mm]

Calculate the capacitance of a parallel plate capacitor having 5 plates,
each 30 mm by 20 mm and separated by a dielectric 0.75 mm thick
having a relative permittivity of 2.3 [65.14 pF]

How many plates has a parallel plate capacitor having a capacitance
of 5nF, if each plate is 40 mm by 40 mm and each dielectric is
0.102 mm thick with a relative permittivity of 6. [7
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4.5uF 45uF 4 5uF
1

1UF

10F

(|

3UF

Figure 6.15

500V

15

16

17

A parallel plate capacitor is made from 25 plates, each 70 mm by
120 mm interleaved with mica of relative permittivity 5. If the capac-
itance of the capacitor is 3000 pF determine the thickness of the mica
Sheet. [2.97 mm]

The capacitance of a parallel plate capacitor is 1000 pF. It has 19
plates, each 50 mm by 30 mm separated by a dielectric of thickness
0.40 mm. Determine the relative permittivity of the dielectric. [1.67]

A capacitor is to be constructed so that its capacitance is 4250 pF
and to operate at a pd of 100 V across its terminals. The dielectric
is to be polythene (¢, = 2.3) which, after allowing a safety factor,
has a dielectric strength of 20 MV/m. Find (&) the thickness of the
polythene needed, and (b) the area of a plate.

[(a) 0.005 mm (b) 10.44 cm?]

Capacitorsin paralle and series

18

19

20

21

22

24

Capacitors of 2 uF and 6 uF are connected (a) in parallel and (b) in
series. Determine the equivalent capacitance in each case.

[(@ 8 uF (b) 1.5 uF]

Find the capacitance to be connected in series with a 10 puF capacitor
for the equivalent capacitance to be 6 uF [15 uF]

Two 6 pF capacitors are connected in series with one having a capac-
itance of 12 pF. Find the total equivalent circuit capacitance. What
capacitance must be added in seriesto obtain acapacitance of 1.2 pF?
[2.4 uF, 2.4 uF]

Determine the equivalent capacitance when the following capacitors
are connected (&) in parallel and (b) in series:
(i) 2uF, 4 yF and 8 pF

(i) 0.02 pF, 0.05 puF and 0.10 uF

(iii) 50 pF and 450 pF

(iv) 0.01 uF and 200 pF
[(@) (i) 14 uF (ii) 0.17 uF (iii) 500 pF (iv) 0.0102 uF
(b) (i) 1% uF (i) 0.0125 pF (iii) 45 pF (iv) 196.1 pF]

For the arrangement shown in Figure 6.15 find (@) the equivalent
circuit capacitance and (b) the voltage across a 4.5 uF capacitor.
[(@) 1.2 pF (b) 100 V]

Three 12 uF capacitors are connected in series across a 750 V
supply. Calculate (a) the equivalent capacitance, (b) the charge on
each capacitor and (c) the pd across each capacitor.

[(& 4 uF (b) 3 MC (c) 250 V]

If two capacitors having capacitances of 3 uF and 5 pF respectively
are connected in series across a 240 V supply, determine (a) the p.d.
across each capacitor and (b) the charge on each capacitor.

[(a) 150 V, 90 V (b) 0.45 mC on each]
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2uF _"_
1 s

(o | |
P Q R

Figure 6.16

25

In Figure 6.16 capacitors P, Q and R are identical and the total
equivalent capacitance of the circuit is 3 uF. Determine the values
of P, Qand R [4.2 uF each]

Energy stored

26

27

28

29

30

When a capacitor is connected across a 200 V supply the charge is
4 uC. Find (a) the capacitance and (b) the energy stored.
[(& 0.02 pF (b) 0.4 mJ]

Find the energy stored in a 10 pF capacitor when charged to 2 kV.

(20
A 3300 pF capacitor is required to store 0.5 mJ of energy. Find the
pd to which the capacitor must be charged. [550 V]

A capacitor, consisting of two metal plates each of area 50 cm? and
spaced 0.2 mm apart in air, is connected across a 120 V supply.
Calculate (a) the energy stored, (b) the electric flux density and
(c) the potential gradient

[(@ 1.593 uJ (b) 5.31 uC/m? (c) 600 kV/m]

A bakelite capacitor is to be constructed to have a capacitance of
0.04 uF and to have a steady working potential of 1 kV maximum.
Allowing a safe value of field stress of 25 MV/m find (a) the thick-
ness of bakelite required, (b) the area of plate required if the rela-
tive permittivity of bakelite is 5, () the maximum energy stored by
the capacitor and (d) the average power developed if this energy is
dissipated in a time of 20 ps.

[(3) 0.04 mm (b) 361.6 cm? (c) 0.02 J (d) 1 kW]



7.1 Magnetic fields

7 Magnetic circuits

At the end of this chapter you should be able to:

e describe the magnetic field around a permanent magnet
e state the laws of magnetic attraction and repulsion for two
magnets in close proximity

o define magnetic flux, ®, and magnetic flux density, B, and
state their units

. o _ P
e perform simple calculations involving B = n

o define magnetomotive force, F,,, and magnetic field strength,
H, and state their units

. . . . NI
e perform simple calculations involving F,, = NI and H = T

o define permeability, distinguishing between o, 1, and u
e understand the B—H curves for different magnetic materials
e appreciate typical values of .,
e perform calculations involving B = pou,H
e define reluctance, S, and state its units

Lo . mmf l
e perform calculations involving S = —— =

% HoktrA

e perform calculations on composite series magnetic circuits
e compare electrical and magnetic quantities

e appreciate how a hysteresis loop is obtained and that
hysteresis loss is proportiona to its area

A permanent magnet is a piece of ferromagnetic material (such asiron,
nickel or cobalt) which has properties of attracting other pieces of these
materials. A permanent magnet will position itself in a north and south
direction when freely suspended. The north-seeking end of the magnet is
called the north pole, N, and the south-seeking end the south pole, S.

The area around a magnet is called the magnetic field and it is in
this area that the effects of the magnetic force produced by the magnet
can be detected. A magnetic field cannot be seen, felt, smelt or heard
and therefore is difficult to represent. Michael Faraday suggested that the
magnetic field could be represented pictorialy, by imagining the field
to consist of lines of magnetic flux, which enables investigation of the
distribution and density of the field to be carried out.

The distribution of a magnetic field can be investigated by using some
iron filings. A bar magnet is placed on a flat surface covered by, say,
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Lines of N
magnetic N N

flux N\

Figure 7.1

cardboard, upon which is sprinkled some iron filings. If the cardboard
is gently tapped the filings will assume a pattern similar to that shown
in Figure 7.1. If a number of magnets of different strength are used, it
is found that the stronger the field the closer are the lines of magnetic
flux and vice versa. Thus a magnetic field has the property of exerting a
force, demonstrated in this case by causing the iron filings to move into
the pattern shown. The strength of the magnetic field decreases as we
move away from the magnet. It should be reslized, of course, that the
magnetic field is three dimensional in its effect, and not acting in one
plane as appears to be the case in this experiment.

If a compass is placed in the magnetic field in various positions, the
direction of the lines of flux may be determined by noting the direction of
the compass pointer. The direction of amagnetic field at any point istaken
as that in which the north-seeking pole of a compass needle points when
suspended in the field. The direction of a line of flux is from the north
pole to the south pole on the outside of the magnet and is then assumed to
continue through the magnet back to the point at which it emerged at the
north pole. Thus such lines of flux always form complete closed loops or
paths, they never intersect and always have a definite direction. The laws
of magnetic attraction and repulsion can be demonstrated by using two
bar magnets. In Figure 7.2(a), with unlike poles adjacent, attraction
takes place. Lines of flux are imagined to contract and the magnets try to
pull together. The magnetic field is strongest in between the two magnets,
shown by the lines of flux being close together. In Figure 7.2(b), with
similar poles adjacent (i.e. two north poles), repulsion occurs, i.e. the
two north poles try to push each other apart, since magnetic flux lines
running side by side in the same direction repel.

Figure 7.2

7.2 Magnetic flux and
flux density

Magnetic flux is the amount of magnetic field (or the number of lines of
force) produced by a magnetic source. The symbol for magnetic flux is
® (Greek letter *phi’). The unit of magnetic flux is the weber, Wb

Magnetic flux density is the amount of flux passing through a defined
area that is perpendicular to the direction of the flux:

magnetic flux

Magnetic flux density = p—

The symbol for magnetic flux density is B. The unit of magnetic flux
density is the teda, T, where 1 T = 1 Wh/m? Hence
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B = — teda |, where A(m?) is the area

Problem 1. A magnetic pole face has a rectangular section having
dimensions 200 mm by 100 mm. If the total flux emerging from
the pole is 150 uWh, calculate the flux density.

Flux ® = 150 pWb = 150 x 107® Wb

Cross sectional area A = 200 x 100 = 20000 mm?
= 20000 x 1078 m?

Flux density B = & — 0 x 107
Y B = = 20000 x 106

=0007/5T or 7.5 mT

Problem 2. The maximum working flux density of a lifting elec-
tromagnet is 1.8 T and the effective area of a pole face is circular
in cross-section. If the total magnetic flux produced is 353 mWh,
determine the radius of the pole face.

Flux density B = 1.8 T; flux ® = 353 mWb = 353 x 10~ Wb

: ® , ® 353x107°
Since B= —, cross-sectional aecaA = — = ———m
A B 18

= 0.1961 m?

The pole face is circular, hence area = w1, where r is the radius.
Hence 7r? = 0.1961

. 0.1961 i 0.1961
from which 2 = ——— and radius r = \/( ) =0.250 m
T T

i.e. the radius of the pole face is 250 mm

7.3 Magnetomotive force Magnetomotive force (mmf) is the cause of the existence of a magnetic
and magnetic field  flux in a magnetic circuit,
strength

mmf, F, = NI amperes

where N is the number of conductors (or turns) and I is the current
in amperes. The unit of mmf is sometimes expressed as ‘ampere-turns'.
However since ‘turns have no dimensions, the Sl unit of mmf is the
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7.4 Permeability and
B—-H curves

ampere. Magnetic field strength (or magnetizing force),

H = NI /I ampere per metre,

where [ is the mean length of the flux path in metres.
Thus mmf = NI = HI amperes.

Problem 3. A magnetizing force of 8000 A/m is applied to a
circular magnetic circuit of mean diameter 30 cm by passing a
current through a coil wound on the circuit. If the coil is uniformly
wound around the circuit and has 750 turns, find the current in
the caoil.

H =8000 A/m; | =nd =7 x 30 x 1072 m; N = 750 turns

. NI HI 8000 x 7 x 30 x 102
SinceH = — then, I = — =
l N 750

Thus, current | = 10.05 A

For air, or any non-magnetic medium, the ratio of magnetic flux density
to magnetizing force is a constant, i.e. B/H = a constant. This constant is
wo, the permeability of free space (or the magnetic space constant) and
is equal to 47 x 10~7 H/m, i.e, for air, or any non-magnetic medium,

theratio| B/H = uo | (Although all non-magnetic materials, including
air, exhibit slight magnetic properties, these can effectively be neglected.)

For all media other than free space, | B/H = uou,

where u, is the relative permeability, and is defined as

_ flux density in material
BT = flux density in a vacuum

wu, varies with the type of magnetic material and, since it is a ratio of
flux densities, it has no unit. From its definition, w, for a vacuum is 1.
wopr = u, called the absolute permeability

By plotting measured values of flux density B against magnetic field
strength H, amagnetization curve (or B—H curve) is produced. For non-
magnetic materials thisis a straight line. Typical curves for four magnetic
materials are shown in Figure 7.3.

The relative permeability of a ferromagnetic material is proportional
to the slope of the B—H curve and thus varies with the magnetic field
strength. The approximate range of values of relative permeability w, for
some common magnetic materials are:
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Figure 7.3 B-H curves for four materials

Cast iron u, = 100-250 Mild steel ., = 200—800
Silicon iron  ©, = 1000-5000 Cast stedd 1, = 300—900
Mumetal u, = 200—-5000 Stalloy u, = 500—6000

Problem 4. A flux density of 1.2 T is produced in a piece of
cast steel by a magnetizing force of 1250 A/m. Find the relative
permeability of the steel under these conditions.

For a magnetic material:

B = pop, H
B 12

e u = = = 764
"T w0 H  (4r x 1077)(1250)

Problem 5.  Determine the magnetic field strength and the mmf
required to produce a flux density of 0.25 T in an air gap of length
12 mm.
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For air: B = o H (since u, = 1)

B 025
wo 4w x 107
mmf = HI = 198 940 x 12 x 103 = 2387 A

Magnetic field strength H = =198 940 A/m

Problem 6. A coil of 300 turns is wound uniformly on a ring
of non-magnetic material. The ring has a mean circumference of
40 cm and a uniform cross sectional area of 4 cm?. If the current
in the coil is5 A, caculate (a) the magnetic field strength, (b) the
flux density and (c) the total magnetic flux in the ring.

NI 300x5

I 40x 102

(b) For a non-magnetic material w, = 1, thus flux density B = uoH
i.e. B=47 x1077" x 3750 = 4712 mT

(©) Flux ® = BA = (4712 x 1073)(4 x 10~%) = 1.885 pWhb

(& Magnetic field strength H = = 3750 A/m

Problem 7. An iron ring of mean diameter 10 cm is uniformly
wound with 2000 turns of wire. When a current of 0.25 A is passed
through the coil a flux density of 0.4 T is set up in the iron. Find
(a) the magnetizing force and (b) the relative permeability of the
iron under these conditions.

l=nd =nx10cm=m x 10 x 1072 m; N = 2000 turns;, I = 0.25 A;
B=04T

1 2 .2
@ H:Nfz 000 x 0.25 5000

| Tax10x102 " g T 92Am

B 0.4
= = 200
woH (4 x 10-7)(1592)

(b) B = pou-H, hence u; =

Problem 8. A uniform ring of cast iron has a cross-sectional area
of 10 cm? and a mean circumference of 20 cm. Determine the mmf
necessary to produce a flux of 0.3 mWhb in the ring. The magneti-
zation curve for cast iron is shown on page 78.

A=10cm?*=10x10*m% [ =20cm=02m; ® =0.3x 103 Wh
®  03x10°
A~ 10x 104

From the magnetization curve for cast iron on page 78, when B=0.3 T,
H = 1000 A/m, hence mmf = H/ = 1000 x 0.2 =200 A

Flux density B = =03T
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7.5 Reductance

A tabular method could have been used in this problem. Such a solution
is shown below.

Part of Materid & (Wb) A (m?) B= @ (M) Hfrom [ (m) mmf=
circuit graph HI (A)

Ring Castiron 0.3x 10~3 10 x 10~ 03 1000 02 200

Reluctance S (or Ry) is the ‘magnetic resistance’ of a magnetic circuit
to the presence of magnetic flux.

F NI HI 1 |
Reluctance S= 24 = — = — — -
®  © BA_ (B/HA  momA

The unit of reluctance is /H (or H™1) or A/Wb

Ferromagnetic materials have a low reluctance and can be used as
magnetic screens to prevent magnetic fields affecting materials within
the screen.

Problem 9. Determine the reluctance of a piece of mumetal of
length 150 mm and cross-sectional area 1800 mm? when the rela-
tive permeability is 4000. Find also the absolute permeability of
the mumetal.

I 150 x 1073
poryA (4 x 10-7)(4000)(1800 x 10-6)
= 16 580/H

Reluctance S =

Absolute permeability, u = pou, = (4 x 1077)(4000)
= 5.027 x 1073 H/m

Problem 10. A mild steel ring has a radius of 50 mm and a cross-
sectional areaof 400 mm?. A current of 0.5 A flowsin acoil wound
uniformly around the ring and the flux produced is 0.1 mWh. If
the relative permeability at this value of current is 200 find (a) the
reluctance of the mild steel and (b) the number of turns on the coil.

I=2mr=2x7x50x103m; A=400x 108 m% I =05 A;
® =0.1x 1073 Wh; u, = 200

I 2x 7w x50 x 1073
wotyA (4 x 10-7)(200)(400 x 10-6)

= 3.125 x 10%/H

(& Reluctance S=
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f
(b) S:%i.e mmf = S

sothat NI =S® and

S® 3.125x 10 x 0.1x 1073
henceN:Tz X 0>£<5 x = 625 turns

Further problems on magnetic circuit quantities may be found in
Section 7.9, problems 1 to 14, page 85.

7.6 Composite series For a series magnetic circuit having n parts, the total reluctance S is
magnetic circuits  given by:

S=5+S+...+&

(This is similar to resistors connected in series in an electrical circuit.)

Problem 11. A closed magnetic circuit of cast steel contains a
6 cm long path of cross-sectional area 1 cm? and a 2 cm path of
cross-sectional area 0.5 cm?. A coil of 200 turns is wound around
the 6 cm length of the circuit and a current of 0.4 A flows. Deter-
mine the flux density in the 2 cm path, if the relative permesability
of the cast stedl is 750.

For the 6 cm long path:
i 6 x 1072
porrAr (A x 10-7)(750)(1 x 10-4)
= 6.366 x 10°/H

Reluctance S1 =

For the 2 cm long path:

Reluctance S, = . _ 2x 1072
27 oAs (A1 x 10-7)(750)(0.5 x 10-4)
= 4.244 x 10°/H

Total circuit reluctance S = S1 + S» = (6.366 + 4.244) x 10°
— 10.61 x 105/H

mmf _ NI 200 x 0.4

- = T _754x10°° Wb
S~ 5 106lx10° %

mmf
S=——,1e o=
()

o 7.54 x 1075

S =R 1BLT
A~ 05x104

Flux density in the 2 cm path, B =
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Cast steel

7

Figure 7.4

Mild steel

Problem 12. A silicon iron ring of cross-sectional area’5 cm? has
aradial air gap of 2 mm cut into it. If the mean length of the silicon
iron path is 40 cm, calculate the magnetomotive force to produce
a flux of 0.7 mWhb. The magnetization curve for silicon is shown
on page 78.

There are two parts to the circuit—the silicon iron and the air gap. The
total mmf will be the sum of the mmf’s of each part.

¢ 0.7x 103
A 5x104
From the B—H curve for silicon iron on page 78, when B=14T,
H = 1650 At/m.

Hence the mmf for the iron path = H/ = 1650 x 0.4 = 660 A

For the air gap:

The flux density will be the same in the air gap asiin theiron, i.e. 1.4 T.
(This assumes no leakage or fringing occurring.)

For the silicon iron: B = =14T

For air, H = > — L4
T ue 4w x 107
= 1114000 A/m

Hence the mmf for the air gap = H/ = 1114000 x 2 x 1073

= 2228 A
Total mmf to produce a flux of 0.7 mWb = 660 + 2228
= 2888 A

A tabular method could have been used as shown below.

Part of Material @& (Wb) A (m?) B (T) H (A/m) [ (m) mmf =

circuit HI (A)
Ring  Silicon 07x10% 5x10* 14 1650 0.4 660
iron (from graph)
1.4
Air-gap Air 07x10% 5x10% 14 ———— 2x10°3 2228
4 x 107
= 1114000
Total: 2888 A

Problem 13. Figure 7.4 shows a ring formed with two different
materials— cast steel and mild steel. The dimensions are:

mean length cross-sectional area
Mild steel 400 mm 500 mm?
Cast stedl 300 mm 3125 mm?
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Find the total mmf required to cause a flux of 500 pWhb in the
magnetic circuit. Determine also the total circuit reluctance.

A tabular solution is shown below.

Part of Material d (Wh) A (M) B (T) H (A/m) I (m) mmf= H1
circuit (=o/A) (from (A)
graphs p 78)
A Mild steel 500 x 10°® 500 x 10~° 1.0 1400 400 x 1073 560
B Cast steel 500 x 10°® 3125 x 1076 1.6 4800 300 x 1073 1440
Total: 2000 A
mmf 2000
Total circuit reluct = =
otal circuit reluctance S S 00 < 106
= 4 x 10°/H

25 cm

—o

35000
=g turns

TIrr

Ar_ |
gap [

)L

O

|

Figure 7.5

Problem 14. A section through a magnetic circuit of uniform
cross-sectional area 2 cm? is shown in Figure 7.5. The cast steel
core has a mean length of 25 cm. The air gap is 1 mm wide and
the coil has 5000 turns. The B—H curve for cast steel is shown on
page 78. Determine the current in the coil to produce a flux density
of 0.80 T in the air gap, assuming that all the flux passes through
both parts of the magnetic circuit.

For the cast steel core, when B = 0.80 T, H = 750 A/m (from page 78)

Reluctance of core S; =

and since B = uou,H,

MOMrAl
B I I1:H (25 x 1072)(750)
then r=—,ThSS - = = —
Hr= ol S B ( B )A BA _ (0.8)(2x 109
woH
= 1172000/H

L, b
poirAz oAz
(since u, = 1 for air)
1x 1073
T (4r x107)(2 x 104
= 3979000/H
Tota circuit reluctance S = S; + S, = 1172000 + 3979000

= 5151000/H

For the air gap: Reluctance, S, =
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Flux d=BA=080x2x10*=16x 10* Wb
mmf
S = . thus mmf = S®

Hence NI =S5

SO 5151000)(1.6 x 10~
and current [ = — = ( V(1.6 x ) =0.165 A
N 5000

Further problems on composite series magnetic circuits may be found in
Section 7.9, problems 15 to 19, page 86.

7.7 Comparison between

electrical and magnetic Electrical circuit Magnetic circuit
quantities emf. E V) mmf F,, (A)
curent/  (A) flux @ (Whb)
resistance R () reluctance S (H™)
E mmf
I = — = —
R S
r=" s= !
A HoprA

7.8 Hysteresisand Hysteresis is the ‘lagging’ effect of flux density B whenever there are
hysteresis loss  changesin the magnetic field strength /. When an initially unmagnetized
ferromagnetic material is subjected to a varying magnetic field strength H,
the flux density B produced in the material varies as shown in Figure 7.6,
, the arrows indicating the direction of the cycle. Figure 7.6 is known as a
' hysteresis loop.
=P’ From Figure 7.6, distance OX indicates the residual flux density or
-H'Y +H remanence, OY indicates the coercive force, and PP is the saturation
/ flux density.

Hysteresis results in a dissipation of energy which appears as a heating
of the magnetic material. The energy loss associated with hysteresisis
_ proportional to the area of the hysteresis loop.

Figure 7.6 The production of the hysteresis loop and hysteresis loss are explained
in greater detail in Chapter 38, Section 3, page 692.

The area of a hysteresis loop varies with the type of material. The area,
and thus the energy loss, is much greater for hard materials than for soft
materials.

For AC-excited devices the hysteresis loop is repeated every cycle of
alternating current. Thus a hysteresis loop with alarge area (as with hard
steel) is often unsuitable since the energy loss would be considerable.
Silicon stedl has a narrow hysteresis loop, and thus small hysteresis loss,
and is suitable for transformer cores and rotating machine armatures.

N
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7.9 Further problems on
magnetic circuits

(Where appropriate, assume

o = 4 x 10~" H/m)

Magnetic circuit quantities

1

10

11

12

13

What is the flux density in a magnetic field of cross-sectional area
20 cm? having a flux of 3 mwb? [L5T]

Determine the total flux emerging from a magnetic pole face having
dimensions 5 cm by 6 cm, if the flux density is0.9 T. [2.7 mWDb]

The maximum working flux density of a lifting electromagnet is
1.9 T and the effective area of apole faceis circular in cross-section.
If the total magnetic flux produced is 611 mWhb determine the radius
of the pole face. [32 cm]

Find the magnetic field strength and the magnetomotive force needed
to produce a flux density of 0.33 T in an air-gap of length 15 mm.
[(a) 262600 A/m (b) 3939 A]

An air-gap between two pole piecesis 20 mm in length and the area
of the flux path across the gap is 5 cm?. If the flux required in the
air-gap is 0.75 mwWh find the mmf necessary. [23870 A]

Find the magnetic field strength applied to a magnetic circuit of
mean length 50 cm when a coil of 400 turnsis applied to it carrying
acurrent of 1.2 A. [960 A/m]

A solenoid 20 cm long is wound with 500 turns of wire. Find the
current required to establish a magnetizing force of 2500 A/m inside
the solenoid. [1A]

A magnetic field strength of 5000 A/m is applied to a circular
magnetic circuit of mean diameter 250 mm. If the coil has 500 turns
find the current in the coil. [7.85 A]

Find the relative permeability of a piece of silicon iron if a flux
density of 1.3 T is produced by a magnetic field strength of 700 A/m
[1478]

Part of a magnetic circuit is made from steel of length 120 mm,
cross-sectional area 15 cm? and relative permeability 800. Calculate
(a) the reluctance and (b) the absolute permeability of the steel.

[(&) 79580 /H (b) 1 mH/m]

A stedl ring of mean diameter 120 mm is uniformly wound with
1500 turns of wire. When a current of 0.30 A is passed through the
coil a flux density of 1.5 T is set up in the steel. Find the relative
permeability of the steel under these conditions. [1000]

A mild steel closed magnetic circuit has a mean length of 75 mm
and a cross-sectional area of 320.2 mm?. A current of 0.40 A flows
in a coil wound uniformly around the circuit and the flux produced
is 200 uWh. If the relative permeability of the steel at this value
of current is 400 find (&) the reluctance of the material and (b) the
number of turns of the coil. [(a) 466 000/H (b) 233]

A uniform ring of cast steel has a cross-sectional area of 5 cm? and
a mean circumference of 15 cm. Find the current required in a coil
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14

of 1200 turns wound on the ring to produce a flux of 0.8 mWh. (Use
the magnetization curve for cast steel shown on page 78.) [0.60 A]

(& A uniform mild steel ring has a diameter of 50 mm and a
cross-sectional area of 1 cm?. Determine the mmf necessary
to produce a flux of 50 uWhb in the ring. (Use the B—H curve
for mild steel shown on page 78.)

(b) If acoil of 440 turns is wound uniformly around the ring in
part (a) what current would be required to produce the flux?
[(a) 110 A (b) 0.25 A]

Composite series magnetic circuits

15

16

17

18

19

A magnetic circuit of cross-sectional area 0.4 cm? consists of one
part 3 cm long, of material having relative permeability 1200, and a
second part 2 cm long of material having relative permeability 750.
With a 100 turn coil carrying 2 A, find the value of flux existing in
the circuit. [0.195 mWh]

(8 A cast steel ring has a cross-sectional area of 600 mm? and a
radius of 25 mm. Determine the mmf necessary to establish a
flux of 0.8 mWhb in the ring. Use the B—H curve for cast steel
shown on page 78.

(b) If aradia air gap 1.5 mm wide is cut in the ring of part (&) find
the mmf now necessary to maintain the same flux in the ring.

[(&) 270 A (b) 1860 A]

For the magnetic circuit shown in Figure 7.7 find the current | in
the coil needed to produce a flux of 0.45 mWhb in the air-gap. The
silicon iron magnetic circuit has a uniform cross-sectional area of
3 cm? and its magnetization curve is as shown on page 78.

[0.83 A]

A ring forming a magnetic circuit is made from two materials; one
part is mild steel of mean length 25 cm and cross-sectional area
4 cm?, and the remainder is cast iron of mean length 20 cm and
cross-sectional area 7.5 cm?. Use a tabular approach to determine
the total mmf required to cause a flux of 0.30 mWhb in the magnetic
circuit. Find aso the total reluctance of the circuit. Use the magne-
tization curves shown on page 78. [550 A, 18.3 x 10%/H]

Figure 7.8 shows the magnetic circuit of a relay. When each of the
air gaps are 1.5 mm wide find the mmf required to produce a flux
density of 0.75 T in the air gaps. Use the B—H curves shown on
page 78. [2970 A]



Assignment 2

This assignment covers the material contained in chapters 5
to 7.

The marks for each question are shown in brackets at the end of
each question

Resistance’s of &, 72, and 82 are connected in series. If a 10V
supply voltage is connected across the arrangement determine the
current flowing through and the p.d. across the iesistor. Calculate

also the power dissipated in theBresistor. (6)

For the series-parallel network shown in Figure A2.1, find (a) the
supply current, (b) the current flowing through each resistor, (c) the
p.d. across each resistor, (d) the total power dissipated in the circuit,
(e) the cost of energy if the circuit is connected for 80 hours. Assume

A

Figure A2.1

electrical energy costs 7.2 p per unit. (15)
Ra = 2 Q
Ry =24Q R,=5Q 1 Rs=11Q
1 1
I— I—
| p— |
| S |
R,=8Q
100 V

The charge on the plates of a capacitor is 8 mC when the potential
between them is 4 kV. Determine the capacitance of the capacitor.

)

Two parallel rectangular plates measuring 80 mm by 120 mm are sepa-
rated by 4 mm of mica and carry an electric charge @8QC. The
voltage between the plates is 500V. Calculate (a) the electric flux
density (b) the electric field strength, and (c) the capacitance of the
capacitor, in picofarads, if the relative permittivity of mica is 5.

()

A 4uF capacitor is connected in parallel with aufs capacitor. This
arrangement is then connected in series with aFl@apacitor. A
supply p.d. of 250V is connected across the circuit. Find (a) the
equivalent capacitance of the circuit, (b) the voltage across tipe 10
capacitor, and (c) the charge on each capacitor. (7
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6 A coil of 600 turns is wound uniformly on a ring of non-magnetic
material. The ring has a uniform cross-sectional area of 208 and
a mean circumference of 500 mm. If the current in the coil is 4 A,
determine (a) the magnetic field strength, (b) the flux density, and
(c) the total magnetic flux in the ring. (5)

7 A mild steel ring of cross-sectional area 4chas a radial air-gap of
3mm cut into it. If the mean length of the mild steel path is 300 mm,
calculate the magnetomotive force to produce a flux of 0.48 mWh.
(Use the B-H curve on page 78) (8)



8.1 Magnetic field due to
an electric current

8 Electromagnetism

At the end of this chapter you should be able to:

e understand that magnetic fields are produced by electric
currents

e apply the screw rule to determine direction of magnetic field

e recognize that the magnetic field around a solenoid is similar
to a magnet

e apply the screw rule or grip rule to a solenoid to determine
magnetic field direction

e recognize and describe practical applications of an
electromagnet, i.e. electric bell, relay, lifting magnet,
telephone receiver

e appreciate factors upon which the force F on a
current-carrying conductor depends

e perform calculations using F = BIl and F = BIl sinf

e recognize that a loudspeaker is a practical application of
force F

e use Fleming's left-hand rule to pre-determine direction of
force in a current-carrying conductor

e describe the principle of operation of a simple d.c. motor

e describe the principle of operation and construction of a
moving coil instrument

e appreciate the force F on a charge in a magnetic field is given
by F = QuB
e perform calculations using F = QuB

Magnetic fields can be set up not only by permanent magnets, as shown
in Chapter 7, but also by electric currents.

Let a piece of wire be arranged to pass verticaly through a horizontal
sheet of cardboard, on which is placed some iron filings, as shown in
Figure 8.1(a).

If a current is now passed through the wire, then the iron filings will
form a definite circular field pattern with the wire at the centre, when the
cardboard is gently tapped. By placing acompass in different positions the
lines of flux are seen to have adefinite direction as shown in Figure 8.1(b).
If the current direction is reversed, the direction of the lines of flux is
aso reversed. The effect on both the iron filings and the compass needle
disappears when the current is switched off. The magnetic field is thus
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produced by the electric current. The magnetic flux produced has the same
properties as the flux produced by a permanent magnet. If the current is
increased the strength of the field increases and, as for the permanent
magnet, the field strength decreases as we move away from the current-
carrying conductor.

In Figure 8.1, the effect of only a small part of the magnetic field is
shown.

If the whole length of the conductor is similarly investigated it is found
that the magnetic field around a straight conductor is in the form of
concentric cylinders as shown in Figure 8.2, the field direction depending
on the direction of the current flow.

When dealing with magnetic fields formed by electric current it is usual
to portray the effect as shown in Figure 8.3. The convention adopted is:

(i) Current flowing away from the viewer, i.e. into the paper, is indi-
cated by @. This may be thought of as the feathered end of the shaft
of an arrow. See Figure 8.3(a).

(i) Current flowing towards the viewer, i.e. out of the paper, is indi-
cated by ©. This may be thought of as the point of an arrow. See
Figure 8.3(b).

The direction of the magnetic lines of flux is best remembered by the
screw rule. This states that:

‘If a normal right-hand thread screw is screwed along the conductor in
the direction of the current, the direction of rotation of the screw isin the
direction of the magnetic field.’

For example, with current flowing away from the viewer (Figure 8.3(a))
aright-hand thread screw driven into the paper hasto be rotated clockwise.
Hence the direction of the magnetic field is clockwise.

A magnetic field set up by a long coail, or solenoid, is shown in
Figure 8.4(a) and is seen to be similar to that of a bar magnet. If the
solenoid is wound on an iron bar, as shown in Figure 8.4(b), an even
stronger magnetic field is produced, the iron becoming magnetized and
behaving like a permanent magnet.

The direction of the magnetic field produced by the current 7 in the
solenoid may be found by either of two methods, i.e. the screw rule or
the grip rule.

(@ The screw rule states that if a normal right-hand thread screw is
placed along the axis of the solenoid and is screwed in the direction
of the current it moves in the direction of the magnetic field inside
the solenoid. The direction of the magnetic field inside the solenoid
is from south to north. Thus in Figures 8.4(a) and (b) the north pole
is to the right.

(b) The grip rule states that if the coil is gripped with the right hand,
with the fingers pointing in the direction of the current, then the
thumb, outstretched parallel to the axis of the solenoid, pointsin the
direction of the magnetic field inside the solenoid.
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Figure 8.4

Problem 1. Figure 8.5 shows acoil of wire wound on an iron core
connected to a battery. Sketch the magnetic field pattern associated
with the current carrying coil and determine the polarity of thefield.

The magnetic field associated with the solenoid in Figure 8.5 is similar
to the field associated with a bar magnet and is as shown in Figure 8.6.
The polarity of the field is determined either by the screw rule or by
the grip rule. Thus the north pole is at the bottom and the south pole at
the top.

The solenoid is very important in electromagnetic theory since the
magnetic field inside the solenoid is practically uniform for a particular
current, and is also versatile, inasmuch that a variation of the current
can alter the strength of the magnetic field. An electromagnet, based on
the solenoid, provides the basis of many items of electrical equipment,
examples of which include eectric bdls, relays, lifting magnets and
telephone receivers.

(i) Electric bell

There are various types of electric bell, including the single-stroke bell, the
trembler bell, the buzzer and a continuously ringing bell, but all depend
on the attraction exerted by an electromagnet on a soft iron armature. A
typical single stroke bell circuit is shown in Figure 8.7. When the push
button is operated a current passes through the coil. Since the iron-cored
coil is energized the soft iron armature is attracted to the electromagnet.
The armature also carries a striker which hits the gong. When the circuit
is broken the coil becomes demagnetized and the spring steel strip pulls
the armature back to its original position. The striker will only operate
when the push is operated.
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(i) Relay

A relay is similar to an electric bell except that contacts are opened or
closed by operation instead of a gong being struck. A typical simple relay
is shown in Figure 8.8, which consists of a coil wound on a soft iron core.
When the cail is energized the hinged soft iron armature is attracted to
the electromagnet and pushes against two fixed contacts so that they are
connected together, thus closing some other electrical circuit.

(iii) Lifting magnet

Lifting magnets, incorporating large electromagnets, are used in iron and
steel worksfor lifting scrap metal. A typical robust lifting magnet, capable
of exerting large attractive forces, is shown in the elevation and plan view
of Figure 8.9 where acoil, C, iswound round a central core, P, of theiron
casting. Over the face of the electromagnet is placed a protective non-
magnetic sheet of material, R. The load, Q, which must be of magnetic
material is lifted when the coils are energized, the magnetic flux paths,
M, being shown by the broken lines.

(iv) Telephone receiver

Whereas a transmitter or microphone changes sound waves into corre-
sponding electrical signals, a telephone receiver converts the electrical
waves back into sound waves. A typical telephone receiver is shown in
Figure 8.10 and consists of a permanent magnet with coils wound on its
poles. A thin, flexible diaphragm of magnetic material is held in position
near to the magnetic poles but not touching them. Variation in current
from the transmitter varies the magnetic field and the diaphragm conse-
quently vibrates. The vibration produces sound variations corresponding
to those transmitted.

Diaphragm Bagg\l/iécﬁ
N \\ i zA | [so.s. 7
N

/ coil —| B0 N

Q { C C Q & = =MIN
N / N )
N ) S

\ : 7 e g ees g
Permanent magnet
Non-magnetic
Plan view case

Figure 8.10

If a current-carrying conductor is placed in a magnetic field produced by
permanent magnets, then the fields due to the current-carrying conductor
and the permanent magnets interact and cause a force to be exerted on
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the conductor. The force on the current-carrying conductor in a magnetic
field depends upon:

(& the flux density of the field, B tedas

(b) the strength of the current, I amperes,

(c) the length of the conductor perpendicular to the magnetic field,
[ metres, and

(d) the directions of the field and the current.

When the magnetic field, the current and the conductor are mutually at
right angles then:

Force F = BIl newtons

When the conductor and the field are at an angle 6° to each other then:

Force F = BIl sin newtons

Since when the magnetic field, current and conductor are mutually at
right angles, F = BI!, the magnetic flux density B may be defined by
B = F/Il, i.e. the flux density is 1 T if the force exerted on 1 m of a
conductor when the conductor carries a current of 1 A is1 N.

L oudspeaker

A simple application of the above force is the moving coil loudspeaker.
The loudspeaker is used to convert electrical signals into sound waves.

Figure 8.11 shows a typical loudspeaker having a magnetic circuit
comprising a permanent magnet and soft iron pole pieces so that a strong
magnetic field is available in the short cylindrical airgap. A moving coil,
caled the voice or speech cail, is suspended from the end of a paper
or plastic cone so that it lies in the gap. When an electric current flows
through the cail it produces a force which tends to move the cone back-
wards and forwards according to the direction of the current. The cone acts
as a piston, transferring this force to the air, and producing the required
sound waves.

Problem 2. A conductor carries a current of 20 A and is at right-
angles to a magnetic field having a flux density of 0.9 T. If the
length of the conductor in the field is 30 cm, calculate the force
acting on the conductor.

Determine aso the value of the force if the conductor is inclined
at an angle of 30° to the direction of the field.

B=09T;I=20A;1=30cm=0.30m

Force F = BIl = (0.9)(20)(0.30) newtons when the conductor is at right-
angles to the field, as shown in Figure 8.12(a), i.e. F = 54 N
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When the conductor is inclined a 30° to the field, as shown in
Figure 8.12(b), then force F = BIl siné

— (0.9)(20)(0.30)Sin 30°
ie F=27N

If the current-carrying conductor shown in Figure 8.3(a) is placed in the
magnetic field shown in Figure 8.13(a), then the two fields interact and
cause a force to be exerted on the conductor as shown in Figure 8.13(b).
The field is strengthened above the conductor and weakened below, thus
tending to move the conductor downwards. This is the basic principle
of operation of the electric motor (see Section 8.4) and the moving-coil
instrument (see Section 8.5).

The direction of the force exerted on a conductor can be pre-
determined by using Fleming's left-hand rule (often called the motor
rule) which states:

Let the thumb, first finger and second finger of the left hand be extended
such that they are all at right-angles to each other, (as shown in
Figure 8.14). If thefirst finger pointsin the direction of the magnetic field,
the second finger points in the direction of the current, then the thumb will
point in the direction of the motion of the conductor.

Summarizing:

First finger - Field

SeCond finger - Current

ThuMb - Motion

Problem 3. Determine the current required in a400 mm length of
conductor of an electric motor, when the conductor is situated at
right-angles to a magnetic field of flux density 1.2 T, if a force of
1.92 N isto be exerted on the conductor. If the conductor isvertical,
the current flowing downwards and the direction of the magnetic
field is from left to right, what is the direction of the force?

Force=192N; [ =40mMmm=040m; B=12T
Since F = BIl, then I = E
Bl

hence current 1 = 1792 =4A
(1.2)(0.4)

If the current flows downwards, the direction of its magnetic field due
to the current alone will be clockwise when viewed from above. The
lines of flux will reinforce (i.e. strengthen) the main magnetic field at the
back of the conductor and will be in opposition in the front (i.e. weaken
the field).

Hence the force on the conductor will be from back to front (i.e.
toward the viewer). This direction may also have been deduced using
Fleming's left-hand rule.
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Problem 4. A conductor 350 mm long carries a current of 10 A
and is at right-angles to a magnetic field lying between two circular
pole faces each of radius 60 mm. If the total flux between the pole
faces is 0.5 mWh, calculate the magnitude of the force exerted on
the conductor.

[=350mm=0.35m;/ =10 A;

Area of pole face A = 7r? = 7(0.06)*> m?;
® =05mWb=0.5x 103 Wb

0]
Force F = BIl, and B = 1

0]
hence force F = (—) Il =

(0.5x 1073)
A 7(0.06)?

i.e. force= 0.155 N

(10)(0.35) newtons

Problem 5.  With reference to Figure 8.15 determine (a) the direc-
tion of the force on the conductor in Figure 8.15(a), (b) the direc-
tion of the force on the conductor in Figure 8.15(b), (c) the direc-
tion of the current in Figure 8.15(c), (d) the polarity of the magnetic
system in Figure 8.15(d).

@

(b)
(©

(d)

The direction of the main magnetic field is from north to south, i.e.
left to right. The current is flowing towards the viewer, and using the
screw rule, the direction of the field is anticlockwise. Hence either
by Fleming’s left-hand rule, or by sketching the interacting magnetic
field as shown in Figure 8.16(a), the direction of the force on the
conductor is seen to be upward.

Using a similar method to part (8) it is seen that the force on the
conductor is to the right— see Figure 8.16(b).

Using Fleming' s left-hand rule, or by sketching asin Figure 8.16(c),
it is seen that the current is toward the viewer, i.e. out of the paper.

Similar to part (c), the polarity of the magnetic system is as shown
in Figure 8.16(d).

Problem 6. A coil is wound on a rectangular former of width
24 mm and length 30 mm. The former is pivoted about an axis
passing through the middle of the two shorter sides and is placed
in a uniform magnetic field of flux density 0.8 T, the axis being
perpendicular to the field. If the coil carries a current of 50 mA,
determine the force on each coil side (a) for a single-turn cail,
(b) for a coil wound with 300 turns.
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8.4 Principle of
operation of a simple d.c.
motor

(8 Flux density B = 0.8T; length of conductor lying at right-angles to
field/ =30 mm =30 x 10~3 m; current/ = 50 mA =50 x 1072 A

For a single-turn coil, force on each coil side
F=BIl =08x50x 1072 x30x 1073
=12x 102N, or 0.0012 N

(b) When there are 300 turns on the coil there are effectively 300 parallel
conductors each carrying a current of 50 mA. Thus the total force
produced by the current is 300 timesthat for asingle-turn coil. Hence
force on coil side F = 300 B/l = 300 x 0.0012 = 0.36 N

Further problems on the force on a current-carrying conductor may be
found in Section 8.7, problems 1 to 6, page 98.

A rectangular coil whichisfreeto rotate about afixed axisis shown placed
inside a magnetic field produced by permanent magnets in Figure 8.17.
A direct current is fed into the cail via carbon brushes bearing on a
commutator, which consists of a metal ring split into two halves separated
by insulation.

" Axis of
B / rotation
C

Figure 8.17

When current flows in the coil a magnetic field is set up around the
coil which interacts with the magnetic field produced by the magnets. This
causes a force F to be exerted on the current-carrying conductor which,
by Fleming’s left-hand rule, is downwards between points A and B and
upward between C and D for the current direction shown. This causes a
torque and the coil rotates anticlockwise. When the coil has turned through
90° from the position shown in Figure 8.17 the brushes connected to the
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positive and negative terminals of the supply make contact with different
halves of the commutator ring, thus reversing the direction of the current
flow in the conductor. If the current is not reversed and the coil rotates
past this position the forces acting on it change direction and it rotates
in the opposite direction thus never making more than half a revolution.
The current direction is reversed every time the coil swings through the
vertical position and thus the coil rotates anti-clockwise for as long as the
current flows. This is the principle of operation of a d.c. motor which is
thus a device that takesin electrical energy and convertsit into mechanical
energy.

8.5 Principleof A moving-coil instrument operates on the motor principle. When a
operation of a moving coil  conductor carrying current is placed in a magnetic field, a force F is
instrument  exerted on the conductor, given by F = BIL. If the flux density B is made
constant (by using permanent magnets) and the conductor is afixed length
(say, a coil) then the force will depend only on the current flowing in the
conductor.
In amoving-coil instrument acoil is placed centrally in the gap between
shaped pole pieces as shown by the front elevation in Figure 8.18(a).
(The airgap is kept as small as possible, athough for clarity it is shown
exaggerated in Figure 8.18). The coil is supported by steel pivots, resting
in jewel bearings, on a cylindrical iron core. Current is led into and out
of the coil by two phosphor bronze spiral hairsprings which are wound
in opposite directions to minimize the effect of temperature change and
to limit the coil swing (i.e. to control the movement) and return the
movement to zero position when no current flows. Current flowing in the
coil produces forces as shownin Fig 8.18(b), the directions being obtained
by Fleming’s left-hand rule. The two forces, F4 and Fz, produce a torque
which will move the coil in a clockwise direction, i.e. move the pointer
from left to right. Since force is proportional to current the scaleis linear.

Point
__—Pointer
Light aluminium pointer fa Fixed iron core
Non-magnetic plate to Moving coil
support and fix in position /
the cylindrical iron core ? B
A
Pad
/,/, Airgap, containing radial flux Torque
Terminals from phosphor Current Fg
bronze hairsprings input

(@) (b)

Figure 8.18
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8.6 Forceon acharge

8.7 Further problemson
electromagnetism

When the aluminium frame, on which the coil is wound, is rotated
between the poles of the magnet, small currents (called eddy currents)
are induced into the frame, and this provides automatically the necessary
damping of the system due to the reluctance of the former to move within
the magnetic field. The moving-coil instrument will measure only direct
current or voltage and the terminals are marked positive and negative to
ensure that the current passes through the coil in the correct direction to
deflect the pointer ‘up the scale'.

The range of this sensitive instrument is extended by using shunts and
multipliers (see Chapter 10).

When a charge of Q coulombs is moving at a velocity of v m/s in a
magnetic field of flux density B tedas, the charge moving perpendicular
to the field, then the magnitude of the force F' exerted on the charge is
given by:

F = QuB newtons

Problem 17. An éectron in a television tube has a charge of
1.6 x 10~ coulombs and travels at 3 x 107 m/s perpendicular to
afield of flux density 18.5 uT. Determine the force exerted on the
electron in the field.

From above, force F = QuB newtons, where
0 = charge in coulombs = 1.6 x 10~%° C;

v = velocity of charge = 3 x 10" m/s;

and B = flux density = 185 x 1076 T

Hence force on electron F = 1.6 x 10719 x 3 x 107 x 18.5 x 10~
=16x3x185x 10718
=888x 101 =883x%x 10 N

Further problems on the force on a charge may be found in Section 8.7
following, problems 7 and 8, page 99.

Force on a current-carrying conductor

1 A conductor carries a current of 70 A at right-angles to a magnetic
field having a flux density of 1.5 T. If the length of the conductor in
the field is 200 mm calculate the force acting on the conductor. What
is the force when the conductor and field are at an angle of 45°?

[21.0 N, 14.8 N]
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Calculate the current required in a 240 mm length of conductor of
a d.c. motor when the conductor is situated at right-angles to the
magnetic field of flux density 1.25 T, if a force of 1.20 N is to be
exerted on the conductor. [4.0 A]

A conductor 30 cm long is situated at right-angles to a magnetic field.
Calculate the strength of the magnetic field if a current of 15 A in the
conductor produces a force on it of 3.6 N. [0.80 T]

A conductor 300 mm long carries a current of 13 A and is at right-
angles to a magnetic field between two circular pole faces, each of
diameter 80 mm. If the total flux between the pole facesis 0.75 mWb
calculate the force exerted on the conductor. [0.582 N]

(@ A 400 mm length of conductor carrying a current of 25 A is
situated at right-angles to a magnetic field between two poles
of an electric motor. The poles have a circular cross-section. If
the force exerted on the conductor is 80 N and the total flux
between the pole faces is 1.27 mWhb, determine the diameter of
a pole face.

(b) If the conductor in part (a) is vertical, the current flowing down-
wards and the direction of the magnetic field is from left to right,
what is the direction of the 80 N force?

[(@) 14.2 mm (b) towards the viewer]

A coil is wound uniformly on a former having a width of 18 mm
and a length of 25 mm. The former is pivoted about an axis passing
through the middle of the two shorter sides and is placed in a uniform
magnetic field of flux density 0.75 T, the axis being perpendicular
to the field. If the coil carries a current of 120 mA, determine the
force exerted on each coil side, (a) for a single-turn coil, (b) for a
coil wound with 400 turns. [(@ 2.25 x 102 N (b) 0.9 N]

Force on a charge

7 Calculate the force exerted on a charge of 2 x 1078 C travelling at

2 x 108 m/s perpendicular to afield of density 2 x 10~7 T.
[8 x 10729 N]

8 Determine the speed of a 107° C charge travelling perpendicular to

afield of flux density 107 T, if the force on the charge is 10~% N.
[10° m/g]



9.1 Introduction to
electromagnetic induction

O Electromagnetic
Induction

At the end of this chapter you should be able to:

e understand how an e.m.f. may be induced in a conductor
e state Faraday’s laws of electromagnetic induction

e state Lenz’s law

e use Fleming’s right-hand rule for relative directions

e appreciate that the induced e.mH&.= Blv or E = Blvsing

e calculate induced e.m.f. giveR, /, v andd and determine
relative directions

e define inductancé& and state its unit

o define mutual inductance

. dod dl
e appreciate thatemt =-N—=—-L—
dt dt
e calculate induced e.m.f. giveM, ¢, L, change of flux or
change of current
e appreciate factors which affect the inductance of an inductor
e draw the circuit diagram symbols for inductors

e calculate the energy stored in an inductor using
W = 1LI? joules

. . N®
e calculate inductancé of a coil, givenL = e

. . di,
e calculate mutual inductance usii} = _Mﬁ

When a conductor is moved across a magnetic field so as to cut through
the lines of force (or flux), an electromotive force (e.m.f.) is produced
in the conductor. If the conductor forms part of a closed circuit then
the e.m.f. produced causes an electric current to flow round the circuit.
Hence an e.m.f. (and thus current) is ‘induced’ in the conductor as a
result of its movement across the magnetic field. This effect is known as
‘electromagnetic induction’.

Figure 9.1(a) shows a coil of wire connected to a centre-zero
galvanometer, which is a sensitive ammeter with the zero-current position
in the centre of the scale.
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When the magnet is moved at constant speed towards the coil
(Figure 9.1(a)), a deflection is noted on the galvanometer showing
that a current has been produced in the coil.

When the magnet is moved at the same speed as in (a) but away
from the coil the same deflection is noted but is in the opposite
direction (see Figure 9.1(b))

When the magnet is held stationary, even within the coil, no deflec-
tion is recorded.

When the coil is moved at the same speed as in (a) and the magnet
held stationary the same galvanometer deflection is noted.

When the relative speed is, say, doubled, the galvanometer deflection
is doubled.

When a stronger magnet is used, a greater galvanometer deflection
is noted.

When the number of turns of wire of the coil is increased, a greater
galvanometer deflection is noted.

Figure 9.1(c) shows the magnetic field associated with the magnet. As the
magnet is moved towards the coil, the magnetic flux of the magnet moves
across, or cuts, the collt isthe relative movement of the magnetic flux

and the coil that causes an em.f. and thus current, to be induced in

the coil. This effect is known as electromagnetic induction. The laws of
electromagnetic induction stated in Section 9.2 evolved from experiments
such as those described above.

Faraday’s laws of electromagnetic induction state:

(i) ‘Aninduced emdf. is set up whenever the magnetic field linking that
circuit changes.’
(ii) ‘The magnitude of the induced e m.f. in any circuit is proportional to

the rate of change of the magnetic flux linking the circuit.’

LenZ's law states:

‘The direction of an induced em.f. is always such that it tends to set up a
current opposing the motion or the change of flux responsible for inducing
that emf.’.

An alternative method to Lenz’s law of determining relative directions

is given byFleming's Right-hand rule (often called the gerRator rule)
which states:

Let the thumb, first finger and second finger of the right hand be extended
such that they areall at right anglesto each other (asshownin Figure 9.2).

If the first finger points in the direction of the magnetic field, the thumb
points in the direction of motion of the conductor relative to the magnetic
field, then the second finger will point in the direction of the induced e m.f.
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Summarizing:

First finger—FReld
ThuMb — Motion
SEcond finger —Em.f.

In a generator, conductors forming an electric circuit are made to move
through a magnetic field. By Faraday’s law an e.m.f. is induced in the
conductors and thus a source of e.m.f. is created. A generator converts
mechanical energy into electrical energy. (The action of a simple a.c.
generator is described in Chapter 14.) The induced e.m.f. E set up between
the ends of the conductor shown in Figure 9.3 is given by:

E = Blwv volts,

whereB, the flux density, is measured in teslasthe length of conductor
in the magnetic field, is measured in metres, anithe conductor velocity,
is measured in metres per second.

;\I/Iagnetic Conductor
ux
density B 2 /

—

Figure 9.3

If the conductor moves at an angléto the magnetic field (instead of at
90" as assumed above) then

E = Blvsin# volts

Problem 1. A conductor 300 mm long moves at a uniform spegd
of 4 m/s at right-angles to a uniform magnetic field of flux density
1.25 T. Determine the current flowing in the conductor when (a) its
ends are open-circuited, (b) its ends are connected to a load@f 20
resistance.

When a conductor moves in a magnetic field it will have an e.m.f. induced
in it but this e.m.f. can only produce a current if there is a closed circuit.

300
| MfE=Blv=(125(—] @4 =15V
nduced e.m lv = (1.25) (1000) (@) 5
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(a) If the ends of the conductor are open circuited no current will flow
even though 1.5 V has been induced.
15

E
(b) From Ohm’s law/ = R=720" 0.075 A or 75 mA

Problem 2. At what velocity must a conductor 75 mm long cut
a magnetic field of flux density 0.6 T if an em.f. of 9 Visto b
induced in it? Assume the conductor, the field and the direction |of
motion are mutually perpendicular.

. E
Induced e.m.fE = Blv, hence velocityy = B

9 9 x 10°
Hence/ — = = 200 m/s
Y= 0.6)(75x 103) 0.6 x 75 /

Problem 3. A conductor moves with a velocity of 15 m/s at an
angle of (a) 90, (b) 60 and (c) 30 to a magnetic field produced
between two square-faced poles of side length 2 cm. If the flux
leaving a pole face is EWb, find the magnitude of the induced
e.m.f. in each case.

v = 15 m/s; length of conductor in magnetic field= 2 cm= 0.02 m;
A=2x2cnmf=4x10*m? &=5x10° Wb

(5 x 1079)
(4x 1074
=375 mV

(&) Ego=Blvsin90 = (%) lvsin90 = (0.02)(15)(1)

(b) Eeo= Blvsin60 = Egpsin60 = 3.75sin60 = 3.25 mV
(c) E3p=Blvsin30 = Egsin30 = 3.75sin30 = 1.875 mV

Problem 4. The wing span of a metal aeroplane is 36 m. |If
the aeroplane is flying at 400 km/h, determine the e.m.f. induced
between its wing tips. Assume the vertical component of the earth’s
magnetic field is 4QuT

Induced e.m.f. across wing tipg,= Blv
B=40pT =40x 10®T;/ =36 m
km m 1h (400(1000
= 400— x 1000— =
v h “"km ~ 60x 60 s 3600
4000
T 36

m/s
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Figure 9.4
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(a)
(b)
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Eh
.

©

9.3

Inductance

4
HenceE = Blv = (40 x 1076)(36) (%))

=016V

Problem 5. The diagram shown in Figure 9.4 represents the
generation of e.m.f's. Determine (i) the direction in which th
conductor has to be moved in Figure 9.4(a), (ii) the direction p
the induced e.m.f. in Figure 9.4(b), (iii) the polarity of the magnet
system in Figure 9.4(c).

O_h(l.)

The direction of the e.m.f., and thus the current due to the e.m.f. may
be obtained by either Lenz's law or Fleming'sigRt-hand rule (i.e.
GeneRitor rule).

(i) Using Lenz’s law: The field due to the magnet and the field due
to the current-carrying conductor are shown in Figure 9.5(a) and
are seen to reinforce to the left of the conductor. Hence the force
on the conductor is to the right. However Lenz’'s law states that
the direction of the induced e.m.f. is always such as to oppose the
effect producing it.Thus the conductor will have to be moved to
the left.

(i) Using Fleming’s right-hand rule:

First finger—FReld, i.e.N — S, or right to left;
ThuMb — Motion, i.e. upwards;

SEcond finger—Em.f., i.e. towards the viewer or out of the
paper, as shown in Figure 9.5(b)

(i) The polarity of the magnetic system of Figure 9.4(c) is shown in
Figure 9.5(c) and is obtained using Fleming’s right-hand rule.

Further problems on induced emf.’s may be found in Section 9.8,
problems 1 to 5, page 109.

Inductance is the name given to the property of a circuit whereby there is
an e.m.f. induced into the circuit by the change of flux linkages produced
by a current change.

When the e.m.f. is induced in the same circuit as that in which the
current is changing, the property is callsdf inductance, L

When the e.m.f. is induced in a circuit by a change of flux due to
current changing in an adjacent circuit, the property is caftadual
inductance, M.

The unit of inductance is theenry, H.

‘A circuit has an inductance of one henry when an em.f. of one volt is
induced in it by a current changing at the rate of one ampere per second.’
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"

Induced e.m.f. in a coil oN turns,

(]
E =-—N d— volts,
dt

whered® is the change in flux in Webers, anld is the time taken for
the flux to change in seconds(i.é$/dt is the rate of change of flux).

Induced e.m.f. in a coil of inductande henrys,

dl
E =—L— volt
at VO

wheredlI is the change in current in amperes ahdis the time taken

for the current to change in seconds(i€l/dr is the rate of change of
current). The minus sign in each of the above two equations remind us
of its direction (given by Lenz’s law).

Problem 6. Determine the e.m.f. induced in a coil of 200 turfs
when there is a change of flux of 25 mWb linking with it in 50 m$

25x 1073

d®
nduced e.m th ( 00)(50chH

) = —100 volts

Problem 7. A flux of 40QuWb passing through a 150-turn coil is|
reversed in 40 ms. Find the average e.m.f. induced.

Since the flux reverses, the flux changes fre#00 uWb to —400 uWhb,
a total change of flux of 80QWb

do 800x 10°°

_ 150 x 800x 10°
- 40 x 108

Hencethe average em.f. induced E = —3 volts

Problem 8. Calculate the e.m.f. induced in a coil of inductance
12 H by a current changing at the rate of 4 Als

dil
Induced e.m.fE = _LE = —(12)(4) = —48 volts
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Problem 9. An e.m.f. of 1.5 kV is induced in a coil when
current o
inductance of the coil.

Change in currenyl = (4—-0)=4 A; dt =8 ms=8x 103 s;
di 4 4000
—=———=——=500A/s;E=1.5kV=1500V
dr _ 8x10° 8 S

|[E| 1500
(dI/dt) — 500
(Note that|E| means the ‘magnitude df’, which disregards the minus
sign)

. dry .
Since|E| =L (E) inductancelL = 3H

Further problems on inductance may be found in Section 9.8, problems 6
to 9, page 110.

A component called an inductor is used when the property of inductance
is required in a circuit. The basic form of an inductor is simply a coil of
wire.

Factors which affect the inductance of an inductor include:

(i) the number of turns of wire—the more turns the higher the
inductance

(i) the cross-sectional area of the coil of wire —the greater the cross-
sectional area the higher the inductance

(iii) the presence of a magnetic core—when the coil is wound on an
iron core the same current sets up a more concentrated magnetic
field and the inductance is increased

(iv) the way the turns are arranged—a short thick coil of wire has a
higher inductance than a long thin one.

Two examples of practical inductors are shown in Figure 9.6, and the
standard electrical circuit diagram symbols for air-cored and iron-cored
inductors are shown in Figure 9.7.

An iron-cored inductor is often calledchoke since, when used in a.c.
circuits, it has a choking effect, limiting the current flowing through it.
Inductance is often undesirable in a circuit. To reduce inductance to a
minimum the wire may be bent back on itself, as shown in Figure 9.8,
so that the magnetizing effect of one conductor is neutralized by that
of the adjacent conductor. The wire may be coiled around an insulator,
as shown, without increasing the inductance. Standard resistors may be
non-inductively wound in this manner.
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9.6

9.5 Energy stored An inductor possesses an ability to store energy. The energy s#ted,
in the magnetic field of an inductor is given by:

W = ZLI 2 joules

Problem 10. An 8 H inductor has a current of 3 A flowing
through it. How much energy is stored in the magnetic field ¢
the inductor?

=

Energy stored = LI = 1(8)(3)? = 36 joules

Further problems on energy stored may be found in Section 9.8,
problems 10 and 11, page 110.

Inductance of a coil If a current changing from 0 tb amperes, produces a flux change from 0
to ® Webers, therll =1 andd® = ®. Then, from Section 9.3, induced
emf.E=N®/t = LI/t, from which

inductance of cail,| L = N|_<I> henrys

Problem 11. Calculate the coil inductance when a current of 4|A
in a coil of 800 turns produces a flux of 5 mWb linking with the
coil.

N®  (800(5x107%)

For a coil, inductancé& = - ) 1H

Problem 12. A flux of 25 mWhb links with a 1500 turn coil when a
current of 3 A passes through the coil. Calculate (a) the inductance
of the coil, (b) the energy stored in the magnetic field, and (c) the
average e.m.f. induced if the current falls to zero in 150 ms.

) 1 25x 1073
(& Inductance, L = NT = (1500 :X )

(b) Energy stored, W = 1112 = 1(125)(32 = 56.25 J

=125H

dl ( 3-0

| mf,E=—-L—=—-(12 —— | =-250V
(c) Induced em.f., 7 (12.5) 150 % 10_3) 50
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150x 103

dt

P 25x 1073
(Alternatively, E = —N (d—> = —(1500 ( >x 19 )

= —-250 V
since if the current falls to zero so does the flux)

Problem 13. A 750 turn coil of inductance 3 H carries a current
of 2 A. Calculate the flux linking the coil and the e.m.f. induced in
the coil when the current collapses to zero in 20 ms

N LI
Coil inductancelL = e from which, flux ® = N
2
=7(3)( ) =8x102%=8mWh
750
dl 2-0
| MmfE=-L|—)|=-3(—— ) =-300V
nduced e.m.fE (dt) 3 <20 » 1&3) 300
. dd 8x 103
(Alternatively, E = —Nz = —(750) (W) = —-300V)

Further problems on the inductance of a coil may be found in Section 9.8,
problems 12 to 18, page 110.

9.7 Mutual inductance Mutually induced e.m.f. in the second caoil,

dl;
E, = —M — volt
2 at S,

where M is the mutual inductance between two coils, in henrys, and
dI1/dr is the rate of change of current in the first coil.

The phenomenon of mutual inductance is usedtiansformers
(see Chapter 20, page 315). Mutual inductance is developed further in
Chapter 43 on magnetically coupled circuits (see page 841).

Problem 14. Calculate the mutual inductance between two cails
when a current changing at 200 A/s in one coil induces an e.m.f.
of 1.5 V in the other.

dl
Induced e.m.flE5| = Md_tl' i.e., 15 = M (200)

1.
Thusmutual inductance, M = 2—0?) =0.0075H or 7.5 mH
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9.8 Further problems on
electromagnetic induction

I

Problem 15. The mutual inductance between two coils is 18 mH.
Calculate the steady rate of change of current in one coil to indyce
an e.m.f. of 0.72 V in the other.

dl
Induced e.m.f.]JE;| = Md_tl
dlq |E2| 0.72
Hence rate of change of current,~ = =_———=40A/s
¢ dr — M 0018 /

Problem 16. Two coils have a mutual inductance of 0.2 H. If th
current in one coil is changed from 10 Ato 4 Ain 10 ms, calcula
(a) the average induced e.m.f. in the second cail, (b) the change of
flux linked with the second coil if it is wound with 500 turns.

D o

dl 10-4
| MmfEy=-M—=—-02)( ——— | =—-120V
(& Induced e.m.fE, o () )(10>< 10_3) 0
do E,|d
(b) Induced e.m.fl[E;| = N—, henced® = |Ezld1
dt N
3
Thus the change of flud® = —120(10 x 107 =24 mWhb

500

Further problems on mutual inductance may be found in Section 9.8
following, problems 19 to 22, page 111.

Induced e.m.f.

1 A conductor of length 15 cm is moved at 750 mm/s at right-angles
to a uniform flux density of 1.2 T. Determine the e.m.f. induced in
the conductor. [0.135 V]

2 Find the speed that a conductor of length 120 mm must be moved
at right angles to a magnetic field of flux density 0.6 T to induce in
it an e.m.f. of 1.8 V. [25 m/s]

3 A 25 cm long conductor moves at a uniform speed of 8 m/s through
a uniform magnetic field of flux density 1.2 T. Determine the current
flowing in the conductor when (@) its ends are open-circuited, (b) its
ends are connected to a load of 15 ohms resistance.

[(@) O (b) 0.16 A]

4 A caris travelling at 80 km/h. Assuming the back axle of the car is
1.76 m in length and the vertical component of the earth’s magnetic
field is 40uT, find the e.m.f. generated in the axle due to motion.

[1.56 mV]
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5

A conductor moves with a velocity of 20 m/s at an angle of (&) 90
(b) 45 (c) 30, to a magnetic field produced between two square-
faced poles of side length 2.5 cm. If the flux on the pole face is
60 mWh, find the magnitude of the induced e.m.f. in each case.
[(@) 48 V (b) 33.9 V (c) 24 V]

Inductance

6

Find the e.m.f. induced in a coil of 200 turns when there is a change
of flux of 30 mWhb linking with it in 40 ms. £150 V]

An e.m.f. of 25 V is induced in a coil of 300 turns when the flux
linking with it changes by 12 mWhb. Find the time, in milliseconds,
in which the flux makes the change. [144 ms]

An ignition coil having 10000 turns has an e.m.f. of 8 kV induced
in it. What rate of change of flux is required for this to happen?
[0.8 Wh/s]

A flux of 0.35 mWhb passing through a 125-turn coil is reversed in
25 ms. Find the magnitude of the average e.m.f. induced. [3.5 V]

Energy stored

10

11

Calculate the value of the energy stored when a current of 30 mA is
flowing in a coil of inductance 400 mH. [0.18 mJ]

The energy stored in the magnetic field of an inductor is 80 J when
the current flowing in the inductor is 2 A. Calculate the inductance
of the coil. [40 H]

Inductance of a cail

12

13

14

15

A flux of 30 mWhb links with a 1200 turn coil when a current of
5 A is passing through the coil. Calculate (a) the inductance of the
coil, (b) the energy stored in the magnetic field, and (c) the average
e.m.f. induced if the current is reduced to zero in 0.20 s.

[(@) 7.2 H (b) 90 J (c) 180 V]

An e.m.f. of 2 kV is induced in a coil when a current of 5 A collapses
uniformly to zero in 10 ms. Determine the inductance of the coil.
[4 H]

An average e.m.f. of 60 V is induced in a coil of inductance 160 mH
when a current of 7.5 A is reversed. Calculate the time taken for the
current to reverse. [40 ms]

A coil of 2500 turns has a flux of 10 mWhb linking with it when

carrying a current of 2 A. Calculate the coil inductance and the e.m.f.

induced in the coil when the current collapses to zero in 20 ms.
[12.5 H, 1.25 kV]
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16

17

18

A coil is wound with 600 turns and has a self inductance of 2.5 H.
What current must flow to set up a flux of 20 mWb?
[4.8 A]

When a current of 2 A flows in a coil, the flux linking with the coil
is 80 uWhb. If the coil inductance is 0.5 H, calculate the number of
turns of the coil. [12500]

A steady current of 5 A when flowing in a coil of 1000 turns
produces a magnetic flux of 5QWhb. Calculate the inductance of
the coil. The current of 5 A is then reversed in 12.5 ms. Calculate
the e.m.f. induced in the cail. [0.1 H, 80 V]

Mutual inductance

19

20

21

22

The mutual inductance between two coils is 150 mH. Find the magni-
tude of the e.m.f. induced in one coil when the current in the other
is increasing at a rate of 30 A/s. [4.5 V]

Determine the mutual inductance between two coils when a current
changing at 50 A/s in one coil induces an e.m.f. of 80 mV in the
other. [1.6 mH]

Two coils have a mutual inductance of 0.75 H. Calculate the magni-
tude of the e.m.f. induced in one coil when a current of 2.5 A in the
other coil is reversed in 15 ms. [250 V]

The mutual inductance between two coils is 240 mH. If the current
in one coil changes from 15 A to 6 A in 12 ms, calculate (a) the
average e.m.f. induced in the other coil, (b) the change of flux linked
with the other coil if it is wound with 400 turns.

[(@) —180 V (b) 5.4 mWhb]



10 Electrical measuring

Instruments and
measur ements

At the end of this chapter you should be able to:

recognize the importance of testing and measurements in
electric circuits

appreciate the essential devices comprising an analogue
instrument

explain the operation of an attraction and a repulsion type of
moving-iron instrument

explain the operation of a moving coil rectifier instrument

compare moving coil, moving iron and moving coil rectifier
instruments

calculate values of shunts for ammeters and multipliers for
voltmeters

understand the advantages of electronic instruments
understand the operation of an ohmmeter/megger
appreciate the operation of multimeters’/Avometers
understand the operation of a wattmeter

appreciate instrument ‘loading’ effect

understand the operation of a C.R.O. for d.c. and a.c.
measurements

calculate periodic time, frequency, peak to peak values from
waveforms on a C.R.O.

recognize harmonics present in complex waveforms
determine ratios of powers, currents and voltages in decibels

understand null methods of measurement for a Wheatstone
bridge and d.c. potentiometer

understand the operation of a.c. bridges

understand the operation of a Q-meter

appreciate the most likely source of errors in measurements
appreciate calibration accuracy of instruments
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10.1 Introduction

10.2 Analogue
instruments

N 0
Y %
(@

v R 8

Q/\\fb
A
(b)

Figure 10.1

10.3 Moving-iron
instrument

Tests and measurements are important in designing, evaluating, main-
taining and servicing electrical circuits and equipment. In order to detect
electrical quantities such as current, voltage, resistance or power, it is
necessary to transform an electrical quantity or condition into a visible
indication. This is done with the aid of instruments (or meters) that indi-
cate the magnitude of quantities either by the position of a pointer moving
over a graduated scale (called an analogue instrument) or in the form of
a decimal number (called a digital instrument).

All analogue electrical indicating instruments require three essential
devices:

(& A deflecting or operating device. A mechanical force is produced
by the current or voltage which causes the pointer to deflect from
its zero position.

(b) A controlling device. The controlling force acts in opposition to the
deflecting force and ensures that the deflection shown on the meter is
aways the same for a given measured quantity. It also prevents the
pointer always going to the maximum deflection. There are two main
types of controlling device— spring control and gravity control.

(c) A damping device. The damping force ensures that the pointer
comes to rest in its final position quickly and without undue oscil-
lation. There are three main types of damping used — eddy-current
damping, air-friction damping and fluid-friction damping.

There are basically two types of scale—linear and non-linear.

A linear scale is shown in Figure 10.1(a), where the divisions or grad-
uations are evenly spaced. The voltmeter shown has a range 0—100 V,
i.e. afull-scale deflection (f.s.d.) of 100 V. A non-linear scale is shown
in Figure 10.1(b). The scale is cramped at the beginning and the gradu-
ations are uneven throughout the range. The ammeter shown has a f.s.d.
of 10 A.

(& An attraction type of moving-iron instrument is shown diagram-
matically in Figure 10.2(a). When current flows in the solenoid, a
pivoted soft-iron disc is attracted towards the solenoid and the move-
ment causes a pointer to move across a scale.

(b) In the repulsion type moving-iron instrument shown diagrammat-
icaly in Figure 10.2(b), two pieces of iron are placed inside the
solenoid, one being fixed, and the other attached to the spindle
carrying the pointer. When current passes through the solenoid, the
two pieces of iron are magnetized in the same direction and there-
fore repel each other. The pointer thus moves across the scale. The
force moving the pointer is, in each type, proportional to /2. Because
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Scale Scale
Pointer
T
——Solenoid

/ Pivot and controlling . .
spring Pivot aggri(;]%ntrollmg
~— Air-piston damping Pointer Fixed piece of iron

Softiron ; ;
Solenoid Hise Moveable piece of iron

(@) ATTRACTION TYPE (b) REPULSION TYPE
Figure 10.2

of this the direction of current does not matter and the moving-iron
instrument can be used on d.c. or ac. The scale, however, is non-
linear.

10.4 The moving-coil A moving-coil instrument, which measures only d.c., may be used

rectifier instrument in conjunction with a bridge rectifier circuit as shown in Figure 10.3
to provide an indication of alternating currents and voltages (see
Chapter 14). The average value of the full wave rectified current is
/M)m& Average 0.637 I,,. However, a meter being used to measure a.c. is usualy
° T

-value

—oex7i,  calibrated in r.m.s. values. For sinusoidal quantities the indication
is (0.7071,)/(0.637 1,,) i.e 111 times the mean vaue. Rectifier
instruments have scales calibrated in r.m.s. quantities and it is assumed
by the manufacturer that the a.c. is sinusoidal.

Figure 10.3
105 Comparison of  Type of Moving-coil Moving-iron Moving-coil
moving-coil, moving-iron  instrument rectifier

and moving-coil rectifier
Instruments  Suitable for  Direct current  Direct and alternating Alternating current

measuring and voltage currents and voltage and voltage (reads
(reading in rms value) average value but

scale is adjusted
to give rms vaue
for sinusoidal
waveforms)

Scale Linear Non-linear Linear

Method Hairsprings Hairsprings Hairsprings

of control

Method of  Eddy current Air Eddy current

damping
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10.6 Shuntsand

' P I Q |/
/J %

multipliers

R

1__}
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{shunt)

(@)

S

{multiplier)
R

Figure 10.4

Type of Moving-coil Moving-iron Moving-coil
instrument rectifier
Freguency — 20-200 Hz 20-100 kHz
limits
Advantages 1 Linear scde 1 Robust 1 Linear scae
2 High construction 2 High sensitivity
sensitivity 2 Relatively cheap 3 Well shielded
3 Well shilded 3 Measures from stray
from stray dc and ac magnetic fields
magnetic 4 |In frequency range 4 Low power
fields 20-100 Hz reads consumption
4 Lower power rms correctly 5 Good frequency
consumption regardless of range
supply wave-form
Disadvantages 1 Only suitable 1 Non-linear scale 1 More expensive
for dc 2 Affected by stray than moving
2 More magnetic fields iron type
expensive 3 Hysteresis errors 2 Errors caused
than moving in dc circuits when supply is
iron type 4 Liable to non-sinusoidal
3 Easily temperature errors
damaged 5 Due to the

inductance of the
solenoid, readings
can be affected
by variation

of frequency

(For the principle of operation of a moving-coil instrument, see Chapter 8,
page 97).

An ammeter, which measures current, has alow resistance (ideally zero)
and must be connected in series with the circuit.

A voltmeter, which measures p.d., has a high resistance (ideally infi-
nite) and must be connected in parallel with the part of the circuit whose
p.d. is required.

There is no difference between the basic instrument used to measure
current and voltage since both use a milliammeter as their basic part.
Thisis a sensitive instrument which gives f.s.d. for currents of only afew
milliamperes. When an ammeter is required to measure currents of larger
maghitude, a proportion of the current is diverted through a low-value
resistance connected in parallel with the meter. Such a diverting resistor
is called a shunt.

From Figure 10.4(a), Vpo = Vgs. Hence I,r, = IsRs

lala

Thus the value of the shunt, | Rg ohms

l's
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Figure 10.6

The milliammeter is converted into a voltmeter by connecting a high
value resistance (called a multiplier) in series with it as shown in
Figure 10.4(b). From Figure 10.4(b), V=V, + Vy =1Ir, + IRy

Thus the value of the multiplier, | Ry = @ ohms

Problem 1. A moving-coil instrument gives a f.s.d. when the
current is 40 mA and its resistance is 25 Q. Calculate the value
of the shunt to be connected in parallel with the meter to enable it
to be used as an ammeter for measuring currents up to 50 A.

The circuit diagram is shown in Figure 10.5,
where r, = resistance of instrument = 25 Q,
R, = resistance of shunt,
I, = maximum permissible current flowing in instrument
=40 mA =0.04 A,
I, = current flowing in shunt,

I = total circuit current required to give f.s.d. = 50 A

Sincel =1,+1;thenl;=1—1,=50—0.04=49.96 A

V=1l =R,
Lr,  (0.04)(25)
Hence R, = ~¢ — B9 4 o000 0 = 2002 ma
ence I, 29.96 m

Thus for the moving-coil instrument to be used as an ammeter with a
range 0-50 A, a resistance of value 20.02 mQ2 needs to be connected in

parallel with the instrument.

Problem 2. A moving-coil instrument having a resistance of
10 @, gives af.s.d. when the current is 8 mA. Calculate the value
of the multiplier to be connected in series with the instrument so
that it can be used as a voltmeter for measuring p.d.s. up to 100 V.

The circuit diagram is shown in Figure 10.6,
where r, = resistance of instrument = 10 ,

Ry = resistance of multiplier,
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10.7 Electronic
instruments

10.8 The ohmmeter

I = total permissible instrument current = 8 mA = 0.008 A,
V = totd p.d. required to give f.s.d. = 100 V
V= Va+VM =Ira +1RM

i.e. 100 = (0.008)(10) + (0.008) Ry, or 100 — 0.08 = 0.008 Ry,
99.92
0.008

Hence for the moving-coil instrument to be used as a voltmeter with a
range 0—100 V, a resistance of value 12.49 k2 needs to be connected in
series with the instrument.

thus Ry, = = 12490 @ = 12.49 kQ

Further problems on shunts and multipliers may be found in Section 10.20,
problems 1 to 4, page 133.

Electronic measuring instruments have advantages over instruments such
as the moving-iron or moving-coil meters, in that they have a much higher
input resistance (some as high as 1000 M) and can handle a much wider
range of frequency (from d.c. up to MHz).

The digital voltmeter (DVM) is one which provides a digital display of
the voltage being measured. Advantages of a DVM over analogue instru-
ments include higher accuracy and resolution, no observational or parallex
errors (see Section 10.20) and a very high input resistance, constant on
all ranges.

A digital multimeter is a DVM with additional circuitry which makes
it capable of measuring a.c. voltage, d.c. and a.c. current and resistance.

Instruments for a.c. measurements are generally calibrated with a sinu-
soidal aternating waveform to indicate r.m.s. values when a sinusoidal
signal is applied to the instrument. Some instruments, such as the moving-
iron and electro-dynamic instruments, give a true r.m.s. indication. With
other instruments the indication is either scaled up from the mean value
(such as with the rectifier moving-coil instrument) or scaled down from
the peak value.

Sometimes quantities to be measured have complex waveforms (see
Section 10.13), and whenever a quantity is non-sinusoidal, errors in
instrument readings can occur if the instrument has been calibrated for
sine waves only.

Such waveform errors can be largely eliminated by using electronic
instruments.

An ohmmeter is an instrument for measuring electrical resistance.
A simple ohmmeter circuit is shown in Figure 10.7(a). Unlike the
ammeter or voltmeter, the ohmmeter circuit does not receive the energy
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Figure 10.7

10.9 Multimeters

10.10 Wattmeters

Current
coil

SUi’PLY r]LOAD

Figure 10.8
10.11 Instrument
‘loading’ effect

necessary for its operation from the circuit under test. In the ohmmeter
this energy is supplied by a self-contained source of voltage, such as a
battery. Initially, terminals XX are short-circuited and R adjusted to give
f.s.d. on the milliammeter. If current I is at a maximum value and voltage
E is constant, then resistance R = E/I is a a minimum value. Thus f.s.d.
on the milliammeter is made zero on the resistance scale. When termi-
nals XX are open circuited no current flows and R(= E/O) isinfinity, co

The milliammeter can thus be calibrated directly in ohms. A
cramped (non-linear) scale results and is ‘back to front’, as shown in
Figure 10.7(b). When calibrated, an unknown resistance is placed between
terminals XX and its value determined from the position of the pointer on
the scale. An ohmmeter designed for measuring low values of resistance
is caled a continuity tester. An ohmmeter designed for measuring high
values of resistance (i.e. megohms) is called an insulation resistance
tester (e.g. ‘Megger’).

Instruments are manufactured that combine a moving-coil meter with
a number of shunts and series multipliers, to provide a range of
readings on a single scale graduated to read current and voltage.
If a battery is incorporated then resistance can also be measured.
Such instruments are called multimeters or universal instruments
or multirange instruments. An ‘Avometer’ is a typical example. A
particular range may be selected either by the use of separate terminals or
by a selector switch. Only one measurement can be performed at a time.
Often such instruments can be used in a.c. as well as d.c. circuits when
a rectifier is incorporated in the instrument.

A wattmeter is an instrument for measuring electrical power in a circuit.
Figure 10.8 shows typical connections of a wattmeter used for measuring
power supplied to a load. The instrument has two coils:

(i) acurrent coil, which is connected in series with the load, like an
ammeter, and

(if) avoltage coil, which is connected in parallel with the load, like a
voltmeter.

Some measuring instruments depend for their operation on power taken
from the circuit in which measurements are being made. Depending on
the ‘loading’ effect of the instrument (i.e. the current taken to enable it
to operate), the prevailing circuit conditions may change.

The resistance of voltmeters may be calculated since each have a stated
sensitivity (or ‘figure of merit’), often stated in ‘k2 per volt’ of f.s.d. A
voltmeter should have as high aresistance as possible (— ideally infinite).
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In a.c. circuits the impedance of the instrument varies with frequency and
thus the loading effect of the instrument can change.

f

R 100 V
0-200V

Problem 3. Calculate the power dissipated by the voltmeter and
by resistor R in Figure 10.9 when (8) R = 250 @ (b) R = 2 MQ.
Assume that the voltmeter sensitivity (sometimes called figure of
merit) is 10 kQ/V.

Figure 10.9
@

(b)

Resistance of voltmeter, R, = sensitivity x f.s.d.

Hence, R, = (10 k2/V) x (200 V) = 2000 k2 = 2 M
v._ 100
R, 2x10°
Power dissipated by voltmeter = VI, = (100)(50 x 107%) = 5 mW

Current flowing in voltmeter, I, = =50 x 1076A

Power dissipated in load resistor R = VI = (100)(0.4) = 40 W

Thus the power dissipated in the voltmeter isinsignificant in compar-
ison with the power dissipated in the load.

100
T 2x 106
=50 x 107 %A

. . Vv
When R =2 M, current in resistor, I = %

Power dissipated in load resistor R = VIz = 100 x 50 x 10°°
=5mW

In this case the higher load resistance reduced the power dissipated
such that the voltmeter is using as much power as the load.

Problem 4. An ammeter has a f.s.d. of 100 mA and a resistance
of 50 Q. The ammeter is used to measure the current in a load of
resistance 500 2 when the supply voltage is 10 V. Calculate (a) the
ammeter reading expected (neglecting its resistance), (b) the actual
current in the circuit, (c) the power dissipated in the ammeter, and
(d) the power dissipated in the load.

0-100 mA
(n)

=50 Q From Figure 10.10,

R=500 Q 10V

(b) Actua ammeter reading =

Figure 10.10

l (8 expected ammeter reading =

= 10 =20 mA
500

14
R
% 10
+

= = 18.18 mA
r, 5004 50

R
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A 40kQ B 60 kQ

V4

Thus the ammeter itself has caused the circuit conditions to change
from 20 mA to 18.18 mA

() Power dissipated in the ammeter = 1%r, = (18.18 x 1073)2(50)

= 16.53 mW

(d) Power dissipated in the load resistor = IR = (18.18 x 10~3)%(500)

= 165.3 mW

100V

Figure 10.11

A 40kQ g 60 kQ

160 kQ

Problem 5. A voltmeter having a f.sd. of 100V and a sensi-
tivity of 1.6 k2/V is used to measure voltage V1 in the circuit of
Figure 10.11. Determine (a) the value of voltage V; with the volt-
meter not connected, and (b) the voltage indicated by the voltmeter
when connected between A and B.

100 V
(@)

A 32K B 60 kO

Vi

100 V

(o)

Figure 10.12

Figure 10.13

40
40+ 60
(b) The resistance of a voltmeter having a 100 V f.s.d. and sensitivity

1.6 kQ/V is100 V x 1.6 kQ2/V = 160 kL.

When the voltmeter is connected across the 40 k2 resistor the circuit
is as shown in Figure 10.12(a) and the equivalent resistance of the
parallel network is given by

40 x 160 . 40 x 160

(8 By voltage division, V1 = < ) 100 =40V

The circuit is now effectively as shown in Figure 10.12(b).
Thus the voltage indicated on the voltmeter is

32
— 100V =34.78 V
(32+60) 00 34.78

A considerable error is thus caused by the loading effect of the voltmeter
on the circuit. The error is reduced by using a voltmeter with a higher
sensitivity.

Problem 6. (a) A current of 20 A flows through a load having
a resistance of 2 Q. Determine the power dissipated in the load.
(b) A wattmeter, whose current coil has a resistance of 0.01 Q
is connected as shown in Figure 10.13. Determine the wattmeter
reading.

(@ Power dissipated in the load, P = I?R = (20)?(2) = 800 W

(b) With the wattmeter connected in the circuit the total resistance
Rris2+40.01=201Q
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10.12 The cathode ray
oscilloscope

Final position

Initial position

Peak-to-peak
y, value
/
105
5\2\ 1702
10-
20
30 7 -
Periodic time 4055
(b) 5ms | 100 ps
50 ms \,
‘ 4 \\
28
Figure 10.14

The wattmeter reading is thus IRy = (20)?(2.01) = 804 W

Further problems on instrument ‘loading’ effects may be found in
Section 10.20, problems 5 to 7, page 134.

The cathode ray oscilloscope (c.r.0.) may be used in the observation of
waveforms and for the measurement of voltage, current, frequency, phase
and periodic time. For examining periodic waveforms the electron beam
is deflected horizontally (i.e. in the X direction) by a sawtooth generator
acting as a timebase. The signal to be examined is applied to the vertical
deflection system (Y direction) usually after amplification.

Oscilloscopes normally have a transparent grid of 10 mm by 10 mm
squares in front of the screen, called a graticule. Among the timebase
controls is a ‘variable' switch which gives the sweep speed as time per
centimetre. This may be in s‘cm, ms/cm or ps/cm, a large number of
switch positions being available. Also on the front panel of acr.o. isa
Y amplifier switch marked in volts per centimetre, with a large number
of available switch positions.

(i) With direct voltage measurements, only the Y amplifier ‘volts’cm’
switch on the c.r.o. is used. With no voltage applied to the Y plates
the position of the spot trace on the screen is noted. When a direct
voltage is applied to the Y plates the new position of the spot trace
is an indication of the magnitude of the voltage. For example, in
Figure 10.14(a), with no voltage applied to the Y plates, the spot
trace is in the centre of the screen (initial position) and then the
spot trace moves 2.5 cm to the final position shown, on application
of a d.c. voltage. With the ‘voltscm’ switch on 10 volts/cm
the magnitude of the direct voltage is 2.5 cm x 10 volts/cm, i.e.

25 volts. } ) )
(if) With alternating voltage measurements, let a sinusoidal waveform

be displayed on a c.r.o. screen as shown in Figure 10.14(b). If the
time/cm switch is on, say, 5 ms/cm then the periodic time T of the
sinewave is5 ms/cm x 4 cm, i.e. 20 msor 0.02 s

! 1 1
Since frequency f = T frequency = 00 = 50 Hz

If the ‘volts/cm’ switch ison, say, 20 volts/cm then the amplitude or
peak value of the sinewave shown is 20 volts/lcm x 2 cm, i.e. 40 V.

peak voltage
V2

40
r.m.s. voltage = — = 28.28 volts

NZ

Since r.m.s. Voltage = , (see Chapter 14),




122 Electrical Circuit Theory and Technology

Figure 10.15

Double beam oscilloscopes are useful whenever two signals are to be
compared simultaneously.

The c.r.0. demands reasonable skill in adjustment and use. However its
greatest advantage is in observing the shape of a waveform— a feature
not possessed by other measuring instruments.

Problem 7. Describe how a smple cr.o. is adjusted to give
(a) a spot trace, (b) a continuous horizontal trace on the screen,
explaining the functions of the various controls.

@

(b)

To obtain a spot trace on a typical c.r.o. screen:
(i) Switch on the c.r.o.

(if) Switch the timebase control to off. This control is calibrated in
time per centimetres—for example, 5 msg/cm or 100 ps/cm.
Turning it to zero ensures no signal is applied to the X-plates.
The Y-plate input is left open-circuited.

(iii) Set the intensity, X-shift and Y-shift controls to about the
mid-range positions.

(iv) A spot trace should now be observed on the screen. If not,
adjust either or both of the X and Y-shift controls. The X-
shift control varies the position of the spot trace in a horizontal
direction whilst the Y-shift control varies its vertical position.

(v) Usethe X and Y-shift controls to bring the spot to the centre
of the screen and use the focus control to focus the electron
beam into a small circular spot.

To obtain a continuous horizontal trace on the screen the same
procedure as in (@) is initially adopted. Then the timebase control
is switched to a suitable position, initially the millisecond timebase
range, to ensure that the repetition rate of the sawtooth is sufficient
for the persistence of the vision time of the screen phosphor to hold
a given trace.

Problem 8. For the c.r.o. sguare voltage waveform shown in
Figure 10.15 determine (a) the periodic time, (b) the frequency and
(c) the peak-to-peak voltage. The ‘time/cm’ (or timebase control)
switch is on 100 ps/cm and the ‘volts/ecm’ (or signal amplitude
control) switch is on 20 V/cm.

(In Figures 10.15 to 10.18 assume that the sguares shown are 1 cm by
lcm)

@

The width of one complete cycle is 5.2 cm
Hence the periodictime, 7 = 5.2 cm x 100 x 10~% s'em = 0.52 ms
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(b)
(©

1
Frequency, f = — =192 kHz

T~ 052x 102

The peak-to-peak height of the display is 3.6 cm, hence the peak-
to-peak voltage=3.6cmx 20 Vicm=72V

Problem 9. For the c.r.o. display of a pulse waveform shown
in Figure 10.16 the ‘time/cm’ switch is on 50 msgcm and the
‘volts’em’ switch is on 0.2 V/cm. Determine (@) the periodic time,
(b) the frequency, (c) the magnitude of the pulse voltage.

@

(b)
(©

The width of one complete cycle is 3.5 cm
Hence the periodic time, T = 3.5 cm x 50 mg/cm = 175 ms

1 1
Fi =—=——=571H
requency, f 7= 015 5 z
The height of a pulse is 3.4 cm hence the magnitude of the

pulse voltage = 3.4 cm x 0.2 V/cm = 0.68 V

Problem 10. A sinusoidal voltage trace displayed by a c.r.o. is
shown in Figure 10.17. If the ‘time/cm’ switch is on 500 ps/cm
and the ‘voltslem’ switch is on 5 V/cm, find, for the waveform,
(a) the frequency, (b) the peak-to-peak voltage, (c) the amplitude,
(d) the r.m.s. value.

@

(b)

(©
(d)

The width of one complete cycle is 4 cm. Hence the periodic time,

T is4 cm x 500 ps/cm, i.e. 2 ms

Frequency, f = 1 1
ey, =1 = 2103

The peak-to-peak height of the waveform is 5 cm. Hence the peak-

to-pesk voltage=5cm x 5V/icm=25V

Amplitude 2 x 25 V =125V

=500 Hz

The peak value of voltage is the amplitude, i.e. 125 V.
peak voltage 12.5
rmsvoltage= —— = —— =884V
o V2 V2

Problem 11. For the double-beam oscilloscope displays shown in
Figure 10.18 determine (@) their frequency, (b) their r.m.s. values,
(c) their phase difference. The ‘time/cm’ switch is on 100 ps/cm
and the ‘volts/em’ switch on 2 V/cm.

@

The width of each complete cycle is 5 cm for both waveforms.
Hence the periodic time, T, of each waveformis5 cm x 100 us/cm,
i.e. 0.5 ms.
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10.13 Waveform
harmonics

(b)

(©

. 1
T 05x103

The peak value of waveform Ais2cm x 2V/icm =4V,

Frequency of each waveform, f = =2kHz

4
hence the r.m.s. value of waveform A = — =2.83V

V2
The peak value of waveform B is25cm x 2V/iecm=5V,

hence the r.m.s. value of waveform B = i =354V

V2

Since 5 cm represents 1 cycle, then 5 cm represents 360°,
. 360
i.e. 1 cm represents =5 = 72°.

The phase angle ¢ = 0.5 cm = 0.5 cm x 72°/cm = 36°
Hence waveform A leads waveform B by 36°

Further problems on the c.r.o. may be found in Section 10.20, problems 8
to 10, page 134.

0]

(i)

(iii)

Let an instantaneous voltage v be represented by
v=V,sn2xftvolts. This is a waveform which varies
sinusoidally with time 7, has a frequency f, and a maximum
value V,,. Alternating voltages are usually assumed to have wave-
shapes which are sinusoidal where only one frequency is present.
If the waveform is not sinusoidal it is called a complex wave,
and, whatever its shape, it may be split up mathematically into
components called the fundamental and a number of harmonics.
This process is called harmonic analysis. The fundamental (or first
harmonic) is sinusoidal and has the supply frequency, f; the other
harmonics are a so sine waves having frequencies which are integer
multiplesof f. Thus, if the supply frequency is50 Hz, then the third
harmonic frequency is 150 Hz, the fifth 250 Hz, and so on.

A complex waveform comprising the sum of the fundamental and
a third harmonic of about half the amplitude of the fundamental is
shown in Figure 10.19(a), both waveforms being initially in phase
with each other. If further odd harmonic waveforms of the appro-
priate amplitudes are added, a good approximation to a square wave
results. In Figure 10.19(b), the third harmonic is shown having an
initial phase displacement from the fundamental. The positive and
negative half cycles of each of the complex waveforms shown in
Figures 10.19(a) and (b) are identical in shape, and thisis a feature
of waveforms containing the fundamental and only odd harmonics.

A complex waveform comprising the sum of the fundamental and a
second harmonic of about half the amplitude of the fundamental is
shown in Figure 10.19(c), each waveform being initialy in phase
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(iv)
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_ waveform waveform
v/ Fundamental 1%
N A ,~— Third
| J /1 harmonic /
0 I T O+
! A t / ) t
o/ / N >
< 7
LY
- harmonic
(a) (b)
Complex Complex
&~ waveform waveform
“\~ Fundamental Fundamental
v // v\/ Second v Second
Y \ /7%, harmonic = harmonic
0 \\ \/ AY /
0 [ / A / ot
/ A )/ /
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(d)
Complex Complex
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y v /Fundamen’tal
0 o]
harmonic

Figure 10.19

with each other. If further even harmonics of appropriate amplitudes
are added a good approximation to a triangular wave results. In
Figure 10.19(c) the negative cycle appears as a mirror image of
the positive cycle about point A. In Figure 10.19(d) the second
harmonic is shown with an initial phase displacement from the
fundamental and the positive and negative half cycles are dissimilar.

A complex waveform comprising the sum of the fundamental, a
second harmonic and a third harmonic is shown in Figure 10.19(e),
each waveform being initialy ‘in-phase’. The negative half cycle
appears as a mirror image of the positive cycle about point B. In
Figure 10.19(f), a complex waveform comprising the sum of the
fundamental, a second harmonic and a third harmonic are shown
with initial phase displacement. The positive and negative half
cycles are seen to be dissimilar.

The features mentioned relative to Figures 10.19(a) to (f) make it
possible to recognize the harmonics present in a complex waveform
displayed on a CRO.

More on complex waveforms may be found in Chapter 36, page 631.




126 Electrical Circuit Theory and Technology

10.14 Logarithmic ratios

In electronic systems, the ratio of two similar quantities measured at
different points in the system, are often expressed in logarithmic units.
By definition, if the ratio of two powers P, and P, is to be expressed in
decibel (dB) units then the number of decibels, X, is given by:

X=10 Ig (%) dB (10.1)
1

P
Thus, when the power ratio, P—Z = 1 then the decibel power ratio
1

=101g1l=0

. P . .
when the power ratio, ITZ = 100 then the decibel power ratio
1

=10 1g100 = +20
(i.e. a power gain),

P 1
and when the power ratio, —2 = _— then the decibel power ratio
Py 100
1

=10Ilg-— =-20
9100
(i.e. a power loss or attenuation).

Logarithmic units may also be used for voltage and current ratios.
Power, P, isgiven by P = I°R or P = V?/R
Substituting in equation (10.1) gives:

IZR VZ/R
x=101g(2%) a8 orx=101g( " 2/%2) 4B
3R, V3/Ry

13 v
IfRi=RxthenX=101Ig( 5| dBorX=101Ig| —5 | dB
Il Vl

i.e.| X=20Ig (:—2) dB |or| X=20Ig (%) dB
1 1

(from the laws of logarithms).

From equation (10.1), X decibels is a logarithmic ratio of two similar
quantities and is not an absolute unit of measurement. It is therefore
necessary to state areference level to measure a number of decibels above
or below that reference. The most widely used reference level for power is
1 mW, and when power levels are expressed in decibels, above or below
the 1 mW reference level, the unit given to the new power level is dBm.

A voltmeter can be re-scaled to indicate the power level directly in
decibels. The scale is generaly calibrated by taking a reference level
of 0 dB when a power of 1 mW is dissipated in a 600 Q resistor (this
being the natural impedance of a simple transmission line). The reference
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voltage V is then obtained from

2 2

P= V— ielx103= V- from which, V = 0.775 volts.
R 600

In general, the number of dBm, X = 20 Ig (ﬁ)

Volts 0.20
0504 05 06 Thus V = 0.20 V corresponds to 20 Ig (ﬁ) = —11.77 dBm and

0.2 7 Q@
A 4
O\V/—A\\i{" V =0.90 V corresponds to 20 | (ﬂ> = +1.3 dBm, and so on
A0 -5 o =P 9\o75) = ’ '

o

o _ e
(d%‘ﬁ'zg'gm © A typical decibelmeter, or dB meter, scale is shown in Figure 10.20.
Errors are introduced with dB meters when the circuit impedance is
Figure 10.20 not 600 2.

Problem 12. Theratio of two powersis(a) 3 (b) 20 (c) 400 (d) 2—10
Determine the decibel power ratio in each case.

From above, the power ratio in decibels, X, isgiven by: X = 10 Ig (%)
(@ When 1% =3, X = 10 Ig(3) = 10(0.477) = 4.77 dB
(b) When % = 20, X = 10 Ig(20) = 10(1.30) = 13.0 dB
() When 1% = 400, X = 10 Ig(400) = 10(2.60) = 26.0 dB
2

P 1
(d When —- = — =0.05X =10 1g(0.05) = 10(—1.30)
Py 20

= —13.0dB

(@), (b) and (c) represent power gains and (d) represents a power 10ss or
attenuation.

Problem 13. Thecurrent input to asystemis5 mA and the current
output is 20 mA. Find the decibel current ratio assuming the input
and load resistances of the system are equal.

1 20
From above, the decibel current ratio is 20 Ig (1—2) =20 1g (3)
1
=20 lg4
= 20(0.60)

=12 dB gain
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Problem 14. 6% of the power supplied to a cable appears at the
output terminals. Determine the power loss in decibels.

. P, 6
If P, = input d P, = output then =2 = — = 0.06
;1 = input power and P, = output power then P, = 100
P
Decibel power ratio = 10 Ig (;) = 10 1g(0.06) = 10(—1.222)
1
— —12.22dB

Hence the decibel power loss, or attenuation, is 12.22 dB

Problem 15. An amplifier has a gain of 14 dB. Its input power is
8 mW. Find its output power.

. . P _
Decibel power ratio = 10 Ig (sz) where P1 = input power = 8 mW,
1
and P, = output power

P>
Hence 14 =10 Ig <—)
Py
P>
l4=Ig( =
g (Pl)

P
and 10*4 = FZ from the definition of a logarithm
1

i.e. 25.12 = E
Py

Output power, P, = 25.12P; = (25.12)(8) = 201 mW or 0.201 W

Problem 16. The output voltage from an amplifier is 4 V. If the
voltage gain is 27 dB, calculate the value of the input voltage
assuming that the amplifier input resistance and load resistance are

equal.

Voltage gain in decibels = 27 = 20 Ig (E) =20 Ig (Vi)

Vi 1
27 4
Hence _——-=1Ig (—)

20 Vi
4
135=Ig| —
J (Vl)
4 . 4 4
10+® = _ from which V; = = ——=0179V

Vi 1013 2239



Electrical measuring instruments and measurements 129

10.15 Null method of

10.16 Wheatstone bridge

A

measurement

Figure 10.21

Figure 10.22

Hence the input voltage V; is 0.179 V

Further problems on logarithmic ratios may be found in Section 10.20,
problems 11 to 17, page 134.

A null method of measurement is a simple, accurate and widely used
method which depends on an instrument reading being adjusted to read
zero current only. The method assumes:

(i) if there is any deflection at all, then some current is flowing;
(if) if thereis no deflection, then no current flows (i.e. a null condition).

Hence it is unnecessary for a meter sensing current flow to be calibrated
when used in this way. A sensitive milliammeter or microammeter with
centre zero position setting is called a galvanometer. Examples where
the method is used are in the Wheatstone bridge (see Section 10.16),
in the d.c. potentiometer (see Section 10.17) and with a.c. bridges (see
Section 10.18).

Figure 10.21 shows a Wheatstone bridge circuit which compares an
unknown resistance R, with others of known values, i.e. Ry and R,
which have fixed values, and Rz, which is variable. R3 is varied until
zero deflection is obtained on the galvanometer G. No current then flows
through the meter, V4 = V3, and the bridge is said to be ‘balanced’.

_ ReRs
= h

At balance, R1R, = RoR3, i.e.| Ry ohms

Problem 17. In a Wheatstone bridge ABCD, a galvanometer is
connected between A and C, and a battery between B and D. A
resistor of unknown value is connected between A and B. When
the bridge is balanced, the resistance between B and C is 100 €,
that between C and D is 10 © and that between D and A is 400 .
Calculate the value of the unknown resistance.

The Wheststone bridge is shown in Figure 10.22 where R, isthe unknown
resistance. At balance, equating the products of opposite ratio arms, gives:

(R,)(10) = (100)(400)

5, - L0000 _

Hence the unknown resistance, Ry = 4 kQ
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10.17 D.c. potentiometer

Supply source

In
19
L’ﬂ J
S-\‘
L‘ \ Slide wire
of uniform
£, G

cross-section
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(a)
v
In
—

|

S
£ G

2

1

(b)
Figure 10.23

10.18 A.c. bridges
P

z 3
NWPZ

Figure 10.24

The d.c. potentiometer is a null-balance instrument used for determining
values of em.f.’s and p.d.s. by comparison with a known em.f. or p.d. In
Figure 10.23(a), using a standard cell of known em.f. E;, the dlider S is
moved along the slide wire until balance is obtained (i.e. the galvanometer
deflection is zero), shown as length /;.

The standard cell is now replaced by a cell of unknown em.f. E, (see
Figure 10.23(b)) and again balance is obtained (shown as [,).

. E [ I
Since E1xl, and E,al, then 1 and E:=E; (—2> volts
E2 12 |1

A potentiometer may be arranged as a resistive two-element potential
divider in which the division ratio is adjustable to give a simple variable
d.c. supply. Such devices may be constructed in the form of a resistive
element carrying a diding contact which is adjusted by a rotary or linear
movement of the control knob.

Problem 18. In a d.c. potentiometer, balance is obtained at a
length of 400 mm when using a standard cell of 1.0186 volts.
Determine the em.f. of a dry cell if balance is obtained with a
length of 650 mm

E; =10186V, 1 =400 mm, [; = 650 mm

E l
With reference to Figure 10.23, -1
Ez 12

l 650
from which, E, = E; (—2) = (1.0186) (—) = 1.655 volts
I1 400

Further problems on the Wheatstone bridge and d.c. potentiometer may
be found in Section 10.20, problems 18 to 20, page 135.

A Wheatstone bridge type circuit, shown in Figure 10.24, may be used in
a.c. circuits to determine unknown values of inductance and capacitance,
as well as resistance.

When the potentia differences across Z3 and Z, (or across Z; and Z5)
are equa in magnitude and phase, then the current flowing through the
galvanometer, G, is zero.

_ Zy73 o

At balance, Z1Z, = Z,Z3, from which,| Zy >
1

There are many forms of a.c. bridge, and these include: the Maxwell, Hay,
Owen and Heaviside bridges for measuring inductance, and the De Sauty,
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10.19 Measurement
erors

Schering and Wien bridges for measuring capacitance. A commer cial
or universal bridge is one which can be used to measure resistance,
inductance or capacitance.

A.c. bridges require a knowledge of complex numbers, as explained in
Chapter 23 and such bridges are discussed in detail in Chapter 27.

Errors are aways introduced when using instruments to measure electrical
guantities. The errors most likely to occur in measurements are those
due to:

(i) the limitations of the instrument
(ii) the operator
(iii) the instrument disturbing the circuit

(i) Errorsin the limitations of the instrument
The calibration accuracy of an instrument depends on the preci-
sion with which it is constructed. Every instrument has a margin
of error which is expressed as a percentage of the instruments full
scale deflection.

For example, industrial grade instruments have an accuracy of
+2% of f.s.d. Thusif a voltmeter has af.s.d. of 100 V and it indi-
cates 40 V say, then the actual voltage may be anywhere between
40 4 (2% of 100), or 40+ 2, i.e. between 38 V and 42 V.

When an instrument is calibrated, it is compared against a stan-
dard instrument and a graph is drawn of ‘error’ against ‘meter
deflection’.

Upper limit
20/0 _.______.___.__.__-_._—pp__—

1% t
Error .
5 7 v a s Deflection
1% F.8.D F.S.D F.S.D

N Rl i
of error

Figure 10.25

A typica graph is shown in Figure 10.25 where it is seen that
the accuracy varies over the scale length. Thus a meter with a 2%
f.s.d. accuracy would tend to have an accuracy which is much better
than +£2% f.s.d. over much of the range.

(ii) Errors by the operator
It is easy for an operator to misread an instrument. With linear scales
the values of the sub-divisions are reasonably easy to determine;
non-linear scale graduations are more difficult to estimate. Also,
scales differ from instrument to instrument and some meters have
more than one scale (as with multimeters) and mistakes in reading
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indications are easily made. When reading a meter scale it should
be viewed from an angle perpendicular to the surface of the scale
a the location of the pointer; a meter scale should not be viewed
) T ‘at an angle’.
Ia

(iii) Errorsdue to theinstrument disturbing the circuit
Any instrument connected into a circuit will affect that circuit to
some extent. Meters require some power to operate, but provided
this power is small compared with the power in the measured
circuit, then little error will result. Incorrect positioning of instru-
ments in a circuit can be a source of errors. For example, let aresis-
tance be measured by the voltmeter-ammeter method as shown in
Figure 10.26. Assuming ‘ perfect instruments, the resistance should
be given by the voltmeter reading divided by the ammeter reading
(i.,e. R=V/I).
However, in Figure 10.26(a), V/I=R+r, and in Figure
10.26(b) the current through the ammeter is that through the resistor
(b) plus that through the voltmeter. Hence the voltmeter reading divided
by the ammeter reading will not give the true value of the resistance
Figure 10.26 R for either method of connection.

S

—
—

@ [ =
|

Problem 19. The current flowing through a resistor of 5 kQ +
0.4% is measured as 2.5 mA with an accuracy of measurement
of £0.5%. Determine the nomina value of the voltage across the
resistor and its accuracy.

Voltage, V = IR = (25 x 1073)(5 x 10°) = 125 V.

The maximum possible error is 0.4% + 0.5% = 0.9%

Hence the voltage, V =125V +0.9% of 125V = 0.9/100 x 12.5 =
0.1125 V = 0.11 V correct to 2 significant figures. Hence the voltage V

may also be expressed as 12.5 + 0.11 valts (i.e. a voltage lying between
12.39 V and 12.61 V).

Problem 20. The current | flowing in a resistor R is measured
by a 0—-10 A ammeter which gives an indication of 6.25 A. The
voltage V across the resistor is measured by a 0—50 V voltmeter,
which gives an indication of 36.5 V. Determine the resistance of
the resistor, and its accuracy of measurement if both instruments
have a limit of error of 2% of f.s.d. Neglect any loading effects of
the instruments.

Resistance, R = v._ 365
T 1T 6.25

Voltage error is 2% of 50 V = +1.0 V and expressed as a percentage

=584 Q

+1
of the voltmeter reading gives %65 x 100% = +2.74%
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Figure 10.27

10.20 Further problems
on electrical measuring
instruments and

measur ements

Current error is £2% of 10 A = £0.2 A and expressed as a percentage
of the ammeter reading gives ﬂgizsz x 100% = +3.2%

Maximum relative error = sum of errors = 2.74% + 3.2% = £5.94%,
5.94% of 5.84 Q@ = 0.347 Q2

Hence the resistance of the resistor may be expressed as:
5.84 Q £ 5.94%, or 5.84 £+ 0.35 @ (rounding off)

Problem 21. The arms of a Wheatstone bridge ABCD have
the following resistances. AB: R; = 1000 Q 4+ 1.0%; BC: R, =
100 € 4 0.5%; CD: unknown resistance R,; DA: R3 = 4325 Q +
0.2%. Determine the value of the unknown resistance and its
accuracy of measurement.

The Wheatstone bridge network is shown in Figure 10.27 and at balance:

RoR;  (100)(432.5)

= =4325Q
Ry 1000

R1R, = RoR3, i.e R, =

The maximum relative error of R, is given by the sum of the three indi-
vidual errors, i.e. 1.0% + 0.5% + 0.2% = 1.7%

Hence Ryk=4325Q + 1.7%
1.7% of 43.25 @ = 0.74 Q (rounding off).
Thus R, may aso be expressed as Ry = 43.25 4+ 0.74 Q

Further problems on measurement errors may be found in Section 10.20
following, problems 21 to 23, page 135.

Shunts and multipliers

1 A moving-coil instrument gives f.s.d. for a current of 10 mA.
Neglecting the resistance of the instrument, calculate the approximate
value of series resistance needed to enable the instrument to measure
upto (a) 20 V (b) 100 V (c) 250 V.

[(@) 2 k2 (b) 10 k2 (c) 25 k2]

2 A meter of resistance 50 2 has af.s.d. of 4 mA. Determine the value
of shunt resistance required in order that f.s.d. should be (@) 15 mA
(b) 20 A (c) 100 A.

[(d) 18.18 2 (b) 10.00 M (c) 2.00 m]

3 A moving-coil instrument having a resistance of 20 2, gives a f.s.d.
when the current is 5 mA. Calculate the value of the multiplier to be
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connected in series with the instrument so that it can be used as a
voltmeter for measuring p.d.s up to 200 V. [39.98 k2]

A moving-coil instrument has a f.s.d. of 20 mA and a resistance of
25 Q. Calculate the values of resistance required to enable the instru-
ment to be used (@) as a 0-10 A ammeter, and (b) as a 0—-100 V
voltmeter. State the mode of resistance connection in each case.

[(a) 50.10 mS2 in paralld (b) 4.975 k2 in serieg]

Instrument ‘loading’ effects

5

A 0-1 A ammeter having a resistance of 50  is used to measure
the current flowing in a 1 kQ2 resistor when the supply voltage is
250 V. Caculate: (a) the approximate value of current (neglecting
the ammeter resistance), (b) the actua current in the circuit, (c) the
power dissipated in the ammeter, (d) the power dissipated in the 1 kQ
resistor. [(a) 0.250 A (b) 0.238 A (c) 2.832 W (d) 56.64 W]

(@ A current of 15 A flows through a load having a resistance of
4 Q. Determine the power dissipated in the load. (b) A wattmeter,
whose current coil has a resistance of 0.02 €2 is connected (as shown
in Figure 10.13) to measure the power in the load. Determine the
wattmeter reading assuming the current in the load is till 15 A.

[(a) 900 W (b) 904.5 W]

A voltage of 240V is applied to a circuit consisting of an 800 Q
resistor in series with a 1.6 kQ resistor. What is the voltage across
the 1.6 k2 resistor? The p.d. across the 1.6 k2 resistor is measured
by a voltmeter of f.s.d. 250 V and sensitivity 100 ©/V. Determine the
voltage indicated. [160 V; 156.7 V]

Cathode ray oscilloscope

8

10

For the square voltage waveform displayed on a c.r.o. shown in
Figure 10.28, find (a) its frequency, (b) its peak-to-peak voltage.
[(@) 41.7 Hz (b) 176 V]

For the pulse waveform shown in Figure 10.29, find (a) itsfreguency,
(b) the magnitude of the pulse voltage. [(d) 0.56 Hz (b) 8.4 V]

For the sinusoidal waveform shown in Figure 10.30, determine (a) its
frequency, (b) the peak-to-peak voltage, (c) the r.m.s. voltage.
[(@) 7.14 Hz (b) 220 V (c) 77.78 V]

Logarithmic ratios

11

12

The ratio of two powersis (a) 3 (b) 10 (c) 20 (d) 10000. Determine
the decibel power ratio for each.
[(@) 4.77 dB (b) 10 dB (c) 13 dB (d) 40 dB]

The ratio of two powersis (8) 15 (b) 2 (©) 5 (d) 1%
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13

14

15

16

17

Determine the decibel power ratio for each.
[(@ —10 dB (b) —4.77 dB (c) —16.02 dB (d) —20 dB]

The input and output currents of a system are 2 mA and 10 mA
respectively. Determine the decibel current ratio of output to input
current assuming input and output resistances of the system are equal.

[13.98 dB]
5% of the power supplied to a cable appears at the output terminals.
Determine the power loss in decibels. [13 dB]

An amplifier has a gain of 24 dB. Its input power is 10 mW. Find
its output power. [2.51 W]

The output voltage from an amplifier is 7 mV. If the voltage gain
is 25 dB calculate the value of the input voltage assuming that the
amplifier input resistance and load resistance are equal. [0.39 mV]

The scale of a voltmeter has a decibel scale added to it, which is
calibrated by taking areference level of O dB when apower of 1 mW
is dissipated in a 600 2 resistor. Determine the voltage at (a) O dB
(b) 1.5 dB and (c) —15 dB (d) What decibel reading corresponds to
05V? [(@ 0.775 V (b) 0.921 V (c) 0.138 V (d) —3.807 dB]

Wheatstone bridge and d.c. potentiometer

18

19

20

In a Wheatstone bridge PQRS, a galvanometer is connected between
Q and S and a voltage source between P and R. An unknown resistor
R, is connected between P and Q. When the bridge is balanced, the
resistance between Q and R is 200 €2, that between R and Sis 10 Q
and that between Sand P is 150 Q. Calculate the value of Ry [3 k2]

Balance is obtained in a d.c. potentiometer at a length of 31.2 cm
when using a standard cell of 1.0186 volts. Calculate the em.f. of a
dry cell if balance is obtained with a length of 46.7 cm. [1.525 V]

A Wheatstone bridge PQRS has the following arm resistances:

PQ, 1 k2 + 2%; QR, 100 2 + 0.5%; RS, unknown resistance; SP,
273.6 © 4+ 0.1%. Determine the value of the unknown resistance,
and its accuracy of measurement.

[27.36 2 +2.6% or 27.36 2 + 0.71 Q]

Measurement errors

21

22

The p.d. across a resistor is measured as 37.5 V with an accuracy

of £0.5%. The value of the resistor is 6 k2 & 0.8%. Determine the

current flowing in the resistor and its accuracy of measurement.
[6.25 mA £1.3% or 6.25+ 0.08 mA]

The voltage across a resistor is measured by a 75 V f.s.d. voltmeter
which gives an indication of 52 V. The current flowing in the resistor
is measured by a 20 A f.s.d. ammeter which gives an indication of
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12.5 A. Determine the resistance of the resistor and its accuracy if
both instruments have an accuracy of +2% of f.s.d.
[4.16 © 4+ 6.08% or 4.16 & 0.25 Q]

23 A 240V supply is connected across a load resistance R. Also
connected across R isavoltmeter having af.s.d. of 300 V and afigure
of merit (i.e. sensitivity) of 8 k2/V. Calculate the power dissipated
by the voltmeter and by the load resistance if (&) R = 100  (b) R =
1 MQ. Comment on the results obtained.

[(&) 24 mW, 576 W (b) 24 mW, 57.6 mW]



11.1 Types of materials

11 Semiconductor diodes

At the end of this chapter you should be able to:

e classify materials as conductors, semiconductors or insulators
e appreciate the importance of silicon and germanium

e understand n-type and p-type materials

e understand the p-n junction

e appreciate forward and reverse bias of p-n junctions

e draw the circuit diagram symbol for a semiconductor diode

Materials may be classified as conductor s, semiconductor s or insulators.
The classification depends on the value of resistivity of the material. Good
conductors are usualy metals and have resigtivities in the order of 107
to 1078 @m, semiconductors have resistivities in the order of 1073 to
3 x 10°Qm and the resistivities of insulators are in the order of 10* to
10 Q@m. Some typical approximate values at normal room temperatures
are:

Conductors:

Aluminium 2.7 x 1078 Qm
Brass (70 Cu/30 Zn) 8 x 10~ Qm

Copper (pure annealed) 1.7 x 108 Qm
Steel (mild) 15 x 108 Qm

Semiconductors:

Silicon 2.3 x 10°Qm } a 27°C
Germanium 0.45Qm

Insulators:

Glass > 109 Qm
Mica > 10" Qm
PVC > 108 Om
Rubber (pure) 10*? to 10 Qm

In genera, over a limited range of temperatures, the resistance of a
conductor increases with temperature increase, the resistance of insula
tors remains approximately constant with variation of temperature and
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Figure 11.1

11.2 Silicon and

germanium

11.3 n-type and p-type

materials

Figure 11.2

Figure 11.3

Free electron

the resistance of semiconductor materials decreases as the temperature
increases. For a specimen of each of these materials, having the same
resistance (and thus completely different dimensions), at say, 15°C, the
variation for a small increase in temperature to t °C is as shown in
Figure 11.1.

The most important semiconductors used in the electronics industry are
silicon and germanium. As the temperature of these materials is raised
above room temperature, the resistivity is reduced and ultimately a point
is reached where they effectively become conductors. For this reason,
silicon should not operate at a working temperature in excess of 150°C to
200°C, depending on its purity, and germanium should not operate at a
working temperature in excess of 75°C to 90°C, depending on its purity.
As the temperature of a semiconductor is reduced below norma room
temperature, the resistivity increases until, at very low temperatures the
semiconductor becomes an insulator.

Adding extremely small amounts of impuritiesto pure semiconductorsin a
controlled manner is called doping. Antimony, arsenic and phosphorus are
called n-type impurities and form an n-type material when any of these
impurities are added to silicon or germanium. The amount of impurity
added usually varies from 1 part impurity in 10° parts semiconductor
material to 1 part impurity to 10® parts semiconductor material, depending
on the resistivity required. Indium, aluminium and boron are called p-type
impurities and form a p-type material when any of these impurities are
added to a semiconductor.

In semiconductor materials, there are very few charge carriers per unit
volume free to conduct. This is because the ‘four electron structure’ in
the outer shell of the atoms (called valency electrons), form strong cova-
lent bonds with neighbouring atoms, resulting in a tetrahedral structure
with the electrons held fairly rigidly in place. A two-dimensional diagram
depicting this is shown for germanium in Figure 11.2.

Arsenic, antimony and phosphorus have five valency eectrons and
when a semiconductor is doped with one of these substances, some impu-
rity atoms are incorporated in the tetrahedral structure. The ‘fifth’ valency
electron is not rigidly bonded and is free to conduct, the impurity atom
donating a charge carrier. A two-dimensional diagram depicting this is
shown in Figure 11.3, in which a phosphorus atom has replaced one of
the germanium atoms. The resulting material is caled n-type material,
and contains free electrons.

Indium, aluminium and boron have three valency electrons and when a
semiconductor is doped with one of these substances, some of the semi-
conductor atoms are replaced by impurity atoms. One of the four bonds
associated with the semiconductor material is deficient by one electron
and this deficiency is called a hole. Holes give rise to conduction when
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11.4 The p-n junction

a potential difference exists across the semiconductor material due to
movement of electrons from one hole to another, as shown in Figure 11.4.
In this figure, an electron moves from A to B, giving the appearance that
the hole moves from B to A. Then electron C moves to A, giving the
appearance that the hole moves to C, and so on. The resulting material is
p-type materia containing holes.

Hole
(missing .
electron) Possible
movements
© of electrons
Figure 11.4

A p-n junction is piece of semiconductor material in which part of the
material is p-type and part is n-type. In order to examine the charge
situation, assume that separate blocks of p-type and n-type materials are
pushed together. Also assume that a hole is a positive charge carrier and
that an electron is a negative charge carrier.

At the junction, the donated electrons in the n-type material, called
majority carriers, diffuse into the p-type material (diffusion is from an

p-type n-type

material material
Holes R T S
mobie ] OO OO © O .ven
carriers) T+ + o+

~ (mobile

+ 4 - -
@ @ @ @ @ @ carriers)
0 0 oflo 0.0
0.0 QlQ.0 ©
AN \

Impurity atoms
(fixed)

Figure 11.5
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11.6 Semiconductor
diodes

area of high density to an area of lower density) and the acceptor holes
in the p-type material diffuse into the n-type material as shown by the
arrows in Figure 11.5. Because the n-type material has lost electrons,
it acquires a positive potential with respect to the p-type material and
thus tends to prevent further movement of electrons. The p-type mate-
rial has gained electrons and becomes negatively charged with respect to
the n-type material and hence tends to retain holes. Thus after a short
while, the movement of electrons and holes stops due to the potential
difference across the junction, called the contact potential. The area in
the region of the junction becomes depleted of holes and electrons due to
electron-hole recombinations, and is called a depletion layer, as shown
in Figure 11.6.

When an external voltage is applied to a p-n junction making the p-
type material positive with respect to the n-type material, as shown in
Figure 11.7, the p-n junction is forward biased. The applied voltage
opposes the contact potential, and, in effect, closes the depletion layer.
Holes and electrons can now cross the junction and a current flows.

An increase in the applied voltage above that required to narrow the
depletion layer (about 0.2V for germanium and 0.6V for silicon), results
in a rapid rise in the current flow. Graphs depicting the current-voltage
relationship for forward biased p-n junctions, for both germanium and
silicon, called the forward characteristics, are shown in Figure 11.8.

When an external voltage is applied to a p-n junction making the
p-type material negative with respect to the n-type material as in shown
in Figure 11.9, the p-n junction is reverse biased. The applied voltage
is now in the same sense as the contact potential and opposes the move-
ment of holes and electrons due to opening up the depletion layer. Thus,
in theory, no current flows. However at normal room temperature certain
electrons in the covalent bond lattice acquire sufficient energy from the
heat available to leave the lattice, generating maobile electrons and holes.
This process is called electron-hole generation by thermal excitation.

The electrons in the p-type material and holes in the n-type material
caused by thermal excitation, are called minority carriers and these will
be attracted by the applied voltage. Thus, in practice, a small current
of a few microamperes for germanium and less than one microampere
for silicon, at normal room temperature, flows under reverse bias condi-
tions. Typical reverse characteristics are shown in Figure 11.10 for both
germanium and silicon.

A semiconductor diode is a device having a p-n junction mounted in a
container, suitable for conducting and dissipating the heat generated in
operation, and having connecting leads. Its operating characteristics are as
shown in Figures 11.8 and 11.10. Two circuit diagram symbols for semi-
conductor diodes are in common use and are as shown in Figure 11.11.
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Sometimes the symbols are encircled as shown in Figures 14.14—-14.16

on

pages 208 and 2009.

Problem 1. Explain briefly the terms given below when they are
associated with a p-n junction: (a) conduction in intrinsic semicon-
ductors (b) mgjority and minority carriers, and (c) diffusion

@

(b)

(©

Silicon or germanium with no doping atoms added are called intrinsic
semiconductors. At room temperature, some of the electrons acquire
sufficient energy for them to break the covalent bond between atoms
and become free mobile electrons. This is called thermal generation
of electron-hole pairs. Electrons generated thermally create a gap in
the crystal structure called a hole, the atom associated with the hole
being positively charged, since it has lost an electron. This posi-
tive charge may attract another electron released from another atom,
creating a hole elsewhere.

When a potential is applied across the semiconductor material, holes
drift towards the negative terminal (unlike charges attract), and elec-
trons towards the positive terminal, and hence a small current flows.

When additional mobile electrons are introduced by doping a
semiconductor material with pentavalent atoms (atoms having five
valency electrons), these mobile electrons are caled maority
carriers. The relatively few holes in the n-type material produced
by intrinsic action are called minority carriers.

For p-type materials, the additional holes are introduced by doping
with trivalent atoms (atoms having three valency electrons). The
holes are apparently positive mobile charges and are majority carriers
in the p-type material. The relatively few mobile electrons in the
p-type material produced by intrinsic action are called minority
carriers.

Mobile holes and electrons wander freely within the crystal lattice
of a semiconductor material. There are more free electrons in n-type
material than holes and more holes in p-type material than electrons.
Thus, in their random wanderings, on average, holes pass into the
n-type material and electrons into the p-type material. This process
is called diffusion.

Problem 2. Explain briefly why a junction between p-type and
n-type materials creates a contact potential.

Intrinsic semiconductors have resistive properties, in that when an applied
voltage across the material is reversed in polarity, a current of the same
magnitude flows in the opposite direction. When a p-n junction is formed,
the resistive property is replaced by a rectifying property, that is, current
passes more easily in one direction than the other.
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An n-type material can be considered to be a stationary crystal matrix
of fixed positive charges together with a number of mobile negative
charge carriers (electrons). The total number of positive and negative
charges are equal. A p-type material can be considered to be a number of
stationary negative charges together with mobile positive charge carriers
(holes).

Again, the total number of positive and negative charges are equal
and the material is neither positively nor negatively charged. When the
materials are brought together, some of the mobile electrons in the n-type
material diffuse into the p-type material. Also, some of the mobile holes
in the p-type materia diffuse into the n-type material.

Many of the majority carriers in the region of the junction combine
with the opposite carriers to complete covalent bonds and create a region
on either side of the junction with very few carriers. This region, called
the depletion layer, acts as an insulator and is in the order of 0.5um
thick. Since the n-type material has lost electrons, it becomes positively
charged. Also, the p-type material has lost holes and becomes negatively
charged, creating a potential across the junction, called the barrier or
contact potential.

Problem 3. Sketch the forward and reverse characteristics of a
silicon p-n junction diode and describe the shapes of the character-
istics drawn.

A typical characteristic for a silicon p-n junction having aforward bias is
shown in Figure 11.8 and having areverse biasin Figure 11.10. When the
positive terminal of the battery is connected to the p-type material and the
negative termina to the n-type material, the diode is forward biased. Due
to like charges repelling, the holes in the p-type material drift towards
the junction. Similarly the electrons in the n-type materia are repelled by
the negative bias voltage and aso drift towards the junction. The width
of the depletion layer and size of the contact potential are reduced. For
applied voltages from 0 to about 0.6V, very little current flows. At about
0.6V, majority carriers begin to cross the junction in large numbers and
current starts to flow. As the applied voltage is raised above 0.6V, the
current increases exponentially (see Figure 11.8).

When the negative termina of the battery is connected to the p-type
material and the positive termina to the n-type material the diode is
reverse biased. The holes in the p-type materia are attracted towards the
negative terminal and the electrons in the n-type material are attracted
towards the positive termina (unlike charges attract). This drift increases
the magnitude of both the contact potential and the thickness of the deple-
tion layer, so that only very few mgjority carriers have sufficient energy
to surmount the junction.

The thermally excited minority carriers, however, can cross the junc-
tion since it is, in effect, forward biased for these carriers. The move-
ment of minority carriers results in a small constant current flowing.
As the magnitude of the reverse voltage is increased a point will be
reached where a large current suddenly starts to flow. The voltage at
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11.7 Rectification

11.8 Further problems
on semiconductor diodes

which this occurs is called the breakdown voltage. This current is due to
two effects:

(i) the zener effect, resulting from the applied voltage being sufficient
to break some of the covalent bonds, and

(if) the avalanche effect, resulting from the charge carriers moving at
sufficient speed to break covalent bonds by collision.

A zener diodeis used for voltage reference purposes or for voltage stabil-
isation. Two common circuit diagram symbols for azener diode are shown
in Figure 11.12.

The process of obtaining unidirectional currents and voltages from alter-
nating currents and voltages is called rectification. Automatic switching
in circuits is carried out by diodes. For methods of half-wave and full-
wave rectification, see Section 14.7, page 208.

1. Explain what you understand by the term intrinsic semiconductor
and how an intrinsic semiconductor is turned into either a p-type or
an n-type material.

2. Explain what is meant by minority and majority carriersin an n-type
material and state whether the numbers of each of these carriers are
affected by temperature.

3. A piece of pure silicon is doped with (a) pentavalent impurity and
(b) trivalent impurity. Explain the effect these impurities have on
the form of conduction in silicon.

4. With the aid of simple sketches, explain how pure germanium can
be treated in such a way that conduction is predominantly due to
(a) electrons and (b) holes.

5. Explain the terms given below when used in semiconductor
terminology: (&) covalent bond (b) trivalent impurity (c) pentavalent
impurity (d) electron-hole pair generation.

6. Explain briefly why athough both p-type and n-type materials have
resistive properties when separate, they have rectifying properties
when a junction between them exists.

7. The application of an external voltage to ajunction diode can influ-
ence the drift of holes and electrons. With the aid of diagrams
explain this statement and also how the direction and magnitude
of the applied voltage affects the depletion layer.

8. State briefly what you understand by the terms:

(a) reverse bias (b) forward bias (c) contact potential (d) diffusion
(e) minority carrier conduction.
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9.

10.

Explain briefly the action of a p-n junction diode:

(a) on open-circuit, (b) when provided with a forward bias, and
(c) when provided with a reverse hias. Sketch the characteristic
curves for both forward and reverse bias conditions.

Draw a diagram illustrating the charge situation for an unbiased p-n
junction. Explain the change in the charge situation when compared
with that in isolated p-type and n-type materials. Mark on the
diagram the depletion layer and the majority carriersin each region.



12.1 The bipolar
junction transistor

12 Trangstors

At the end of this chapter you should be able to:

e understand the structure of a bipolar junction transistor
e understand transistor action for p-n-p and n-p-n types

e draw the circuit diagram symbols for p-n-p and n-p-n
transistors

e appreciate common-base, common-emitter and
common-collector transistor connections

e interpret transistor characteristics
e appreciate how the transistor is used as an amplifier
e determine the load line on transistor characteristics

e edtimate current, voltage and power gains from transistor
characteristics

e understand thermal runaway in a transistor

The bipolar junction transistor consists of three regions of semiconductor
material. One type is called a p-n-p transistor, in which two regions of
p-type material sandwich a very thin layer of n-type material. A second
type is called an n-p-n transistor, in which two regions of n-type material
sandwich a very thin layer of p-type material. Both of these types of tran-
sistors consist of two p-n junctions placed very close to one another in
a back-to-back arrangement on a single piece of semiconductor mate-
rial. Diagrams depicting these two types of transistors are shown in
Figure 12.1.

The two p-type materia regions of the p-n-p transistor are caled the
emitter and collector and the n-type material is called the base. Similarly,
the two n-type material regions of the n-p-n transistor are called the
emitter and collector and the p-type material region is called the base, as
shown in Figure 12.1.

Transistors have three connecting leads and in operation an electrical
input to one pair of connections, say the emitter and base connections
can control the output from another pair, say the collector and emitter
connections. This type of operation is achieved by appropriately biasing
the two internal p-n junctions. When batteries and resistors are connected
to ap-n-p transistor, as shown in Figure 12.2(a), the base-emitter junction
is forward biased and the base-collector junction is rever se biased.

Similarly, an n-p-n transistor has its base-emitter junction forward
biased and its base-collector junction reverse biased when the batteries
are connected as shown in Figure 12.2(b).
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Figure 12.1

For a silicon p-n-p transistor, biased as shown in Figure 12.2(a), if the
base-emitter junction is considered on its own, it is forward biased and
a current flows. This is depicted in Figure 12.3(a). For example, if Rg
is 1000 2, the battery is 4.5V and the voltage drop across the junction
is taken as 0.7V, the current flowing is given by (4.5— 0.7)/1000 =

3.8mA.
Emitter Base Collector Emitter Base Collector
p n p n p n
4 - — -
Emitter Load Emitter Load ]
resistor resistor resistor resistor (.
—+||'T"‘-—+l - - 'I — ﬂk,
(a) p-n-p transistor (b) n-p-n transistor
Figure 12.2

When the base-collector junction is considered on its own, as shown in
Figure 12.3(b), it is reverse biased and the collector current is something
less than 1 pA.

However, when both external circuits are connected to the transistor,
most of the 3.8mA of current flowing in the emitter, which previously
flowed from the base connection, now flows out through the collector
connection due to transistor action.
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12.2 Transistor action

Emitter Base Collector
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Figure 12.4
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Figure 12.3

In a p-n-p transistor, connected as shown in Figure 12.2(a), transistor
action is accounted for as follows:

@
(b)
(©

(d)

()

The majority carriers in the emitter p-type materia are holes

The base-emitter junction is forward biased to the majority carriers
and the holes cross the junction and appear in the base region

The base region is very thin and is only lightly doped with electrons
so athough some electron-hole pairs are formed, many holes are left
in the base region

The base-collector junction is reverse biased to electrons in the base
region and holes in the collector region, but forward biased to holes
in the base region; these holes are attracted by the negative potential
at the collector terminal

A large proportion of the holes in the base region cross the base-
collector junction into the collector region, creating a collector cur-
rent; conventional current flow isin the direction of hole movement.

The transistor action is shown diagrammatically in Figure 12.4. For tran-
sistors having very thin base regions, up to 99.5% of the holes leaving
the emitter cross the base collector junction.

In an n-p-n transistor, connected as shown in Figure 12.2(b), transistor
action is accounted for as follows:

@
(b)

(©

(d)

The majority carriers in the n-type emitter material are electrons
The base-emitter junction is forward biased to these majority carriers
and electrons cross the junction and appear in the base region

The base region is very thin and only lightly doped with holes, so
some recombination with holes occurs but many electrons are left
in the base region

The base-collector junction is reverse biased to holes in the base
region and electrons in the collector region, but is forward biased
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Figure 12.5

to electrons in the base region; these electrons are attracted by the
positive potential at the collector terminal

(e) A large proportion of the electrons in the base region cross the
base collector junction into the collector region, creating a collector
current.

The transistor action is shown diagrammatically in Figure 12.5. As stated

in Section 12.1, conventional current flow is taken to be in the direction

of hole flow, that is, in the opposite direction to electron flow, hence the

directions of the conventional current flow are as shown in Figure 12.5.

For a p-n-p transistor, the base-collector junction is reverse biased for
majority carriers. However, a small leakage current, Icpo flows from
the base to the collector due to thermally generated minority carriers

(electrons in the collector and holes in the base), being present.

The base-collector junction is forward biased to these minority carriers.

If a proportion, «, (having a value of up to 0.995 in modern transistors),

of the holes passing into the base from the emitter, pass through the base-

collector junction, then the various currents flowing in a p-n-p transistor

are as shown in Figure 12.6(a).

Emitter Base Collector Emitter Base Collector
n n
P Bl e P el e

> P Y
o A Tezo -0

N //IC-BO

T’B '}‘ ls

@ (b)

Figure 12.6

Similarly, for an n-p-n transistor, the base-collector junction is reversed
biased for mgjority carriers, but a small leakage current, /3o flows from
the collector to the base due to thermally generated minority carriers
(holes in the collector and electrons in the base), being present. The
base-collector junction is forward biased to these minority carriers. If a
proportion, «, of the electrons passing through the base-emitter junction
also pass through the base-collector junction then the currents flowing in
an n-p-n transistor are as shown in Figure 12.6(b).

Problem 1. With reference to a p-n-p transistor, explain briefly
what is meant by the term transistor action and why a bipolar
junction transistor is so named.

For the transistor as depicted in Figure 12.4, the emitter is relatively
heavily doped with acceptor atoms (holes). When the emitter terminal
is made sufficiently positive with respect to the base, the base-emitter
junction is forward biased to the magjority carriers. The majority carriers
are holes in the emitter and these drift from the emitter to the base. The
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12.3 Transistor symbols

12.4 Transistor
connections

base region is relatively lightly doped with donor atoms (electrons) and
although some electron-hole recombination’s take place, perhaps 0.5%,
most of the holes entering the base, do not combine with electrons.

The base-collector junction is reverse biased to electrons in the base
region, but forward biased to holes in the base region. Since the base is
very thin and now is packed with holes, these holes pass the base-emitter
junction towards the negative potential of the collector terminal. The
control of current from emitter to collector is largely independent of the
collector-base voltage and almost wholly governed by the emitter-base
voltage. The essence of transistor action is this current control by means
of the base-emitter voltage.

In a p-n-p transistor, holes in the emitter and collector regions are
majority carriers, but are minority carriers when in the base region. Also
thermally generated electrons in the emitter and collector regions are
minority carriers as are holes the base region. However, both majority
and minority carriers contribute towards the total current flow (see
Figure 12.6(a)). It is because a transistor makes use of both types of
charge carriers (holes and electrons) that they are called bipolar. The
transistor also comprises two p-n junctions and for this reason it is a
junction transistor. Hence the name— bipolar junction transistor.

Symbols are used to represent p-n-p and n-p-n transistors in circuit dia-
grams and are as shown in Figure 12.7. The arrowhead drawn on the
emitter of the symboal is in the direction of conventional emitter current
(hole flow). The potentials marked at the collector, base and emitter are
typical values for a silicon transistor having a potential difference of 6V
between its collector and its emitter.

The voltage of 0.6V across the base and emitter is that required to
reduce the potential barrier and if it is raised dlightly to, say, 0.62V, it is
likely that the collector current will double to about 2mA. Thus a small
change of voltage between the emitter and the base can give a relatively
large change of current in the emitter circuit; because of this, transistors
can be used as amplifiers.

There are three ways of connecting a transistor, depending on the use
to which it is being put. The ways are classified by the electrode that is
common to both the input and the output. They are called:

(8 common-base configuration, shown in Figure 12.8(a)
(b) common-emitter configuration, shown in Figure 12.8(b)
(c) common-collector configuration, shown in Figure 12.8(c)

These configurations are for an n-p-n transistor. The current flows shown
are all reversed for a p-n-p transistor.
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Problem 2. The basic construction of an n-p-n transistor makes it
appear that the emitter and collector can be interchanged. Explain
why this is not usually done.

In principle, abipolar junction transistor will work equally well with either
the emitter or collector acting as the emitter. However, the conventional
emitter current largely flows from the collector through the base to the
emitter, hence the emitter region is far more heavily doped with donor
atoms (electrons) than the base is with acceptor atoms (holes). Also, the
base-collector junction is normally reverse biased and in general, doping
density increases the electric field in the junction and so lowers the break-
down voltage. Thus, to achieve a high breakdown voltage, the collector
region is relatively lightly doped.

In addition, in most transistors, the method of production is to diffuse
acceptor and donor atoms onto the n-type semiconductor material, one
after the other, so that one overrides the other. When this is done, the
doping density in the base region is not uniform but decreases from emitter
to collector. This results in increasing the effectiveness of the transistor.
Thus, because of the doping densities in the three regions and the non-
uniform density in the base, the collector and emitter terminals of a tran-
sistor should not be interchanged when making transistor connections.

The effect of changing one or more of the various voltages and currents
associated with a transistor circuit can be shown graphically and these
graphs are called the characteristics of the transistor. As there are five
variables (collector, base and emitter currents and voltages across the
collector and base and emitter and base) and also three configurations,
many characteristics are possible. Some of the possible characteristics are
given below.

(a) Common-base configuration

() Input characteristic. With reference to Figure 12.8(a), the input to
a common-base transistor is the emitter current, 7z, and can be varied
by altering the base emitter voltage Vgp. The base-emitter junction is
essentially aforward biased junction diode, so as V3 isvaried, the current
flowing is similar to that for a junction diode, as shown in Figure 12.9
for a silicon transistor. Figure 12.9 is called the input characteristic for
an n-p-n transistor having common-base configuration. The variation of
the collector-base voltage V5 has little effect on the characteristic. A
similar characteristic can be obtained for a p-n-p transistor, these having
reversed polarities.

(il) Output characteristics. The value of the collector current I is very
largely determined by the emitter current, 1. For a given value of I
the collector-base voltage, V¢, can be varied and has little effect on the
value of I¢. If Vg is made dlightly negative, the collector no longer
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attracts the majority carriers leaving the emitter and /. falls rapidly to
zero. A family of curves for various values of I are possible and some
of these are shown in Figure 12.10. Figure 12.10 is caled the output
characteristics for an n-p-n transistor having common-base configuration.
Similar characteristics can be obtained for a p-n-p transistor, these having
reversed polarities.

(b) Common-emitter configuration

(i) Input characteristic. In a common-emitter configuration (see
Figure 12.8(b)), the base current is now the input current. As Vgg is
varied, the characteristic obtained is similar in shape to the input char-
acteristic for a common-base configuration shown in Figure 12.9, but the
values of current are far less. With reference to Figure 12.6(a), as long
as the junctions are biased as described, the three currents Iz, I¢ and I
keep the ratio 1: o : (1 — ), whichever configuration is adopted. Thus
the base current changes are much smaller than the corresponding emitter
current changes and the input characteristic for an n-p-n transistor is as
shown in Figure 12.11. A similar characteristic can be obtained for a
p-n-p transistor, these having reversed polarities.

(i) Output characteristics. A family of curves can be obtained, depen-
ding on the value of base current Iz and some of these for an n-p-n
transistor are shown in Figure 12.12. A similar set of characteristics can
be obtained for a p-n-p transistor, these having reversed polarities. These
characteristics differ from the common base output characteristics in two
ways:
the collector current reduces to zero without having to reverse the
collector voltage, and

the characteristics slope upwards indicating alower output resistance
(usually kilohms for a common-emitter configuration compared with
megohms for a common-base configuration).

Problem 3. With the aid of a circuit diagram, explain how the
input and output characteristics of an n-p-n transistor having a
common-base configuration can be obtained.

A circuit diagram for obtaining the input and output characteristics
for an n-p-n transistor connected in common-base configuration is shown
in Figure 12.13. The input characteristic can be obtained by varying R,
which varies Vg, and noting the corresponding values of I.. This is
repeated for various values of Vp. It will be found that the input char-
acteristic is aimost independent of V¢ and it is usua to give only one
characteristic, as shown in Figure 12.9.

To obtain the output characteristics, as shown in Figure 12.10, /g is
set to a suitable value by adjusting R,. For various values of V¢, set by
adjusting Ry, I¢ is noted. This procedure is repeated for various values of
Iz. To obtain the full characteristics, the polarity of battery V, has to be
reversed to reduce I to zero. This must be done very carefully or else
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12.6 Thetransistor as an
amplifier

Figure 12.14
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values of 1. will rapidly increase in the reverse direction and burn out
the transistor.

The amplifying properties of atransistor depend upon the fact that current
flowing in alow-resistance circuit is transferred to a high-resistance circuit
with negligible change in magnitude. If the current then flows through a
load resistance, a voltage is developed. This voltage can be many times
greater than the input voltage which caused the original current flow.

(a) Common-base amplifier

The basic circuit for a transistor is shown in Figure 12.14 where an n-
p-n transistor is biased with batteries b; and b,. A sinusoidal alternating
input signal, v., is placed in series with the input bias voltage, and aload
resistor, R, is placed in series with the collector bias voltage. The input
signal is therefore the sinusoidal current i, resulting from the applica-
tion of the sinusoidal voltage v, superimposed on the direct current /¢
established by the base-emitter voltage V.

Let the signal voltage v, be 100mV and the base-emitter circuit resis-
tance be 50 2. Then the emitter signal current will be 100/50 = 2mA.
Let theload resistance R;, = 2.5k$2. About 0.99 of the emitter current will
flow in R,. Hence the collector signa current will be about 0.99 x 2 =
1.98mA and the signal voltage across the load will be 2500 x 1.98 x
10~3 = 4.95V. Thus asignal voltage of 100mV at the emitter has produ-
ced a voltage of 4950mV across the load. The voltage amplification or
gain is therefore 4950/100 = 49.5 times. This example illustrates the
action of a common-base amplifier where the input signa is applied
between emitter and base and the output is taken from between collector
and base.

(b) Common-emitter amplifier

The basic circuit arrangement of a common-emitter amplifier is shown
in Figure 12.15. Although two batteries are shown, it is more usua to
employ only one to supply al the necessary bias. The input signa is
applied between base and emitter, and the load resistor R; is connected
between collector and emitter. Let the base bias battery provide a voltage
which causes a base current Iz of 0.1mA to flow. This value of base
current determines the mean d.c. level upon which the a.c. input signal
will be superimposed. This is the d.c. base current operating point.
Let the static current gain of the transistor, «x, be 50. Since 0.1 mA
is the steady base current, the collector current I will be ag x Iz =
50 x 0.1 =5mA. This current will flow through the load resistor R;
(= 1k), and there will be a steady voltage drop across R; given by
IcR;, =5 x 1072 x 1000 = 5V. The voltage at the collector, Vg, will
thereforebe Vee — IcR, = 12 — 5= 7V. Thisvalue of V- isthe mean
(or quiescent) level about which the output signal voltage will swing alter-
nately positive and negative. This is the collector voltage d.c. operating
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Figure 12.16
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point. Both of these d.c. operating points can be pin-pointed on the
input and output characteristics of the transistor. Figure 12.16 shows
the I3/ Vg characteristic with the operating point X positioned at 7z =

Figure 12.17 showsthe I /V ¢ characteristics, with the operating point
Y positioned at Ic = 5mA, Vg = 7V. Itisusua to choose the operating
point Y somewhere near the centre of the graph.

It is possible to remove the bias battery Vg and obtain base bias from
the collector supply battery V¢ instead. The simplest way to do thisis
to connect a bias resistor Rz between the positive terminal of the V¢
supply and the base as shown in Figure 12.18. The resistor must be of
such a value that it allows 100 pA to flow in the base-emitter diode.

For a silicon transistor, the voltage drop across the junction for forward
bias conditions is about 0.6V. The voltage across Rz must then be 12 —
0.6 = 11.4V. Hence, the value of Ry must be suchthat Iz x Rp = 11.4V,
i.e

114 114

= = 114k
Iy~ 100 x 105

With the inclusion of the 1k load resistor, R;, a steady 5mA collector
current, and a collector-emitter voltage of 7V, the d.c. conditions are
established.

An aternating input signal (v;) can now be applied. In order not to
disturb the bias condition established at the base, the input must be fed to
the base by way of a capacitor C1. This will permit the alternating signal
to pass to the base but will prevent the passage of direct current. The
reactance of this capacitor must be such that it is very small compared
with the input resistance of the transistor. The circuit of the amplifier is
now as shown in Figure 12.19. The a.c. conditions can now be determined.

When an aternating signal voltage v, is applied to the base via capacitor
C, the base current i), varies. When the input signal swings positive, the
base current increases; when the signal swings negative, the base current
decreases. The base current consists of two components: 7, the static base
bias established by Rp, and i), the signal current. The current variation
i, will in turn vary the collector current, i.. The relationship between i,
and i, is given by i, = a.ip, Where «, is the dynamic current gain of
the transistor and is not quite the same as the static current gain «y; the
difference is usualy small enough to be insignificant.

The current through the load resistor R, also consists of two compo-
nents. /¢, the static collector current, and i, the signa current. As i,
increases, so does i and so does the voltage drop across R,. Hence, from
the circuit:

Vee =Vee — Uc +ic)Ry

The d.c. components of this equation, though necessary for the amplifier
to operate at al, need not be considered when the a.c. signal conditions
are being examined. Hence, the signal voltage variation relationship is:

Vee = —®e X Ip X Rp = iRy,
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12.7 Theload line

the negative sign being added because v., decreases when i, increases and
vice versa. The signal output and input voltages are of opposite polarity,
i.e. a phase shift of 180° has occurred. So that the collector d.c. potential
is not passed on to the following stage, a second capacitor, C», is added
as shown in Figure 12.19. This removes the direct component but permits
the signal voltage v, = i.R;, to pass to the output terminals.

The relationship between the collector-emitter voltage (V ) and collector
current (I¢) is given by the equation: Vg = Ve — IcRy in terms of the
d.c. conditions. Since V¢ and R, are constant in any given circuit, this
represents the equation of a straight line which can be written in the
y = mx + ¢ form. Transposing Vg = Ve — IcRy for I¢ gives:

Vee =V % \% 1 %
le = cc ce _ Vee CE:_(_)VCE+ cc
RL RL RL RL RL
. 1 Vee
e Ic=—-—|— |V e
c (RL) cet+ R,

which is of the straight line form y = mx + ¢; hence if 1. is plotted
vertically and Vg horizontally, then the gradient is given by —(1/R;)
and the vertical axis intercept is Ve /R;.

A family of collector static characteristics drawn on such axes is shown
in Figure 12.12 on page 151, and so the line may be superimposed on
these as shown in Figure 12.20.
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©
o
0 > 4 6 8 |10 VeE
Collector-emitter voltage (V)
VCC
Figure 12.20

The reason why this line is necessary is because the static curves relate
Ic to Vg for a series of fixed values of 7. When a signal is applied to
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12.8 Current and voltage
gains

the base of the transistor, the base current varies and can instantaneously
take any of the values between the extremes shown. Only two points
are necessary to draw the line and these can be found conveniently by
considering extreme conditions. From the equation:

Vee=Vee —IcRL
() whenIc =0,Vcp = Vee (i) when Veg =0,1c = Vee /R

Thus the points A and B respectively are located on the axes of the
Ic/V cr characteristics. Thislineiscalled theload lineand it is dependent
for its position upon the value of V¢ and for its gradient upon R;. As
the gradient is given by —(1/R;), the slope of the line is negative.

For every value assigned to R; in a particular circuit there will be a
corresponding (and different) load line. If V¢ is maintained constant, all
the possible lines will start at the same point (B) but will cut the I axis
a different points A. Increasing R, will reduce the gradient of the line
and vice-versa. Quite clearly the collector voltage can never exceed V¢
(point B) and equally the collector current can never be greater than that
value which would make Vg zero (point A).

Using the circuit example of Figure 12.15, we have

Vee=Vee = 12V, when Ic = 0

Vee 12
— = -——=12mA, when V¢ =0
R, _ 1000 cE

Ic =
Theload line is drawn on the characteristics shown in Figure 12.21, which
we assume are characteristics for the transistor used in the circuit of
Figure 12.15 earlier. Notice that the load line passes through the oper-
ating point X, as it should, since every position on the line represents a
relationship between V< and I for the particular values of V¢ and R,
given. Suppose that the base current is caused to vary £0.1 mA about the
d.c. base bias of 0.1mA. The result is I changes from OmA to 0.2mA
and back again to OmA during the course of each input cycle. Hence the
operating point moves up and down the load line in phase with the input
current and hence the input voltage. A sinusoidal input cycle is shown on
Figure 12.21.

The output signal voltage (v..) and current (i) can be obtained by project-
ing vertically from theload lineonto V- and I~ axes respectively. When
the input current i, varies sinusoidally as shown in Figure 12.21, then v,
varies sinusoidally if the points E and F at the extremities of the input
variations are equally spaced on either side of X.

The peak to peak output voltage is seen to be 8.5V, giving an r.m.s.
value of 3V (i.e. 0.707 x 8.5/2). The peak to peak output current is
8.75mA, giving an r.m.s. value of 3.1 mA. From these figures the voltage
and current amplifications can be obtained.
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The dynamic current gain A; (= a. as opposed to the static gain o),
is given by:

~_ changein collector current
'~ changein base current

This always leads to a different figure from that obtained by the direct
division of I-/Ip which assumes that the collector load resistor is zero.
From Figure 12.21 the peak input current is 0.1 mA and the peak output
current is 4.375mA. Hence

_ 4.375x 1073

A = =43.75
' 0.1 x 10-3

The voltage gain A, is given by:

_ change in collector voltage
Y changein base voltage

This cannot be calculated from the data available, but if we assume that
the base current flows in the input resistance, then the base voltage can
be determined. The input resistance can be determined from an input
characteristic such as was shown earlier.

change in V
Then R, = M and v, = ipRc and v, = iR,
changein I
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i.R R
and A, = L _ ag—L
ILR; R;

For a resistive load, power gain, A, is given by

Ap = A, X A

Problem 4. An n-p-n transistor has the following characteristics,
which may be assumed to be linear between the values of collector
voltage stated.

Base current Collector current (mA) for
(nA) collector voltages of

1V 5V

30 14 1.6

50 3.0 35

70 4.6 52

The transistor is used as a common-emitter amplifier with load
resistor R, = 1.2k and a collector supply of 7V. The signal input
resistance is 1kQ2. Estimate the voltage gain A,, the current gain A;
and the power gain A, when an input current of 20 pA peak varies
sinusoidally about a mean bias of 50 yA.

The characteristics are drawn in Figure 12.22. The load line equation is
Vee = Vee — IcR, which enables the extreme points of the line to be
calculated.

When Ic=0,Veg =V =70V
and when V —0|I|—VCC— ! = 5.83mA
cEmSEAT R, T 1200 T

The load line is shown superimposed on the characteristic curves with
the operating point marked X at the intersection of the line and the 50 pA
characteristic.

From the diagram, the output voltage swing is 3.6V peak to peak. The
input voltage swing is i,R; where i, is the base current swing and R; is
the input resistance.

Therefore v; = (70 — 30) x 107® x 1 x 10° = 40mV peak to pesk

output volts 3.6

= =90
input volts 40 x 103

Hence, voltage gain, A, =

Note that peak to peak values are taken at both input and output. There
is no need to convert to r.m.s. as only ratios are involved.
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12.9 Thermal runaway

Figure 12.22

From the diagram, the output current swing is 3.0mA peak to peak.
The input base current swing is 40 uA peak to peak.

output current 3 x 1073

- = =75
input current 40 x 106

Hence, current gain, Aj =

For aresistive load R, the power gain, A, is given by:

A, = voltage gain x current gain = Ay x Aj = 90 x 75 = 6750

When a transistor is used as an amplifier it is necessary to ensure that it
does not overheat. Overheating can arise from causes outside of the tran-
sistor itself, such as the proximity of radiators or hot resistors, or within
the transistor as the result of dissipation by the passage of current through
it. Power dissipated within the transistor, which is given approximately by
the product IV g, is wasted power; it contributes nothing to the signal
output power and merely raises the temperature of the transistor. Such
overheating can lead to very undesirable results.

The increase in the temperature of a transistor will give rise to the
production of hole electron pairs, hence an increase in leakage current
represented by the additional minority carriers. In turn, thisleakage current
leads to an increase in collector current and this increases the product
IcVce. The whole effect thus becomes self-perpetuating and results in
thermal runaway. This rapidly leads to the destruction of the transistor.

Problem 5. Explain how thermal runaway might be prevented in
atransistor.
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+Vce

Figure 12.23

Figure 12.24

="} THICK ALUMINIUM

OR COPPER PLATE
‘ POWER TRANSISTOR
BOLTED TO THE PLATE
—]

Figure 12.25

12.10 Further problems
on transistors

Two basic methods are available and either or both may be used in a
particular application.

Method 1 is in the circuit design itself. The use of a single biasing
resistor Rz as shown earlier in Figure 12.18 is not particularly good prac-
tice. If the temperature of the transistor increases, the leakage current
also increases. The collector current, collector voltage and base current
are thereby changed, the base current decreasing as /- increases. An alter-
native is shown in Figure 12.23. Here the resistor Ry is returned, not to
the V¢ line, but to the collector itself.

If the collector current increases for any reason, the collector voltage
Ve will fall. Therefore, the d.c. base current I will fal, since Iz =
V ce/Rp. Hence the collector current I = aglp will aso fall and compen-
sate for the original increase.

A commonly used bias arrangement is shown in Figure 12.24. If the
total resistance value of resistors R; and R; is such that the current flowing
through the divider is large compared with the d.c. bias current 75, then
the base voltage V3 will remain substantially constant regardless of vari-
ations in collector current. The emitter resistor Rx in turn determines the
value of emitter current which flows for a given base voltage at the junc-
tion of R; and R,. Any increase in I produces an increase in Iy and
a corresponding increase in the voltage drop across Rg. This reduces
the forward bias voltage Vjpr and leads to a compensating reduction
inic.

Method 2 concerns some means of keeping the transistor temperature
down by external cooling. For this purpose, a heat sink is employed, as
shown in Figure 12.25. If the transistor is clipped or bolted to a large
conducting area of aluminium or copper plate (which may have cooling
fins), cooling is achieved by convection and radiation.

Heat sinks are usually blackened to assist radiation and are normally
used where large power dissipation’s are involved. With small transistors,
heat sinks are unnecessary. Silicon transistors particularly have such small
leakage currents that thermal problems rarely arise.

=

Explain with the aid of sketches, the operation of an n-p-n transistor
and also explain why the collector current is very nearly equa to the
emitter current.

2 Explain what is meant by the term ‘transistor action’.

3 Describe the basic principle of operation of a bipolar junction tran-
sistor including why majority carriers crossing into the base from the
emitter pass to the collector and why the collector current is almost
unaffected by the collector potential.

4 For atransistor connected in common-emitter configuration, sketch
the output characteristics relating collector current and the collector-
emitter voltage, for various values of base current. Explain the shape
of the characteristics.
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5

10

11

12

Sketch the input characteristic relating emitter current and the emit-
ter-base voltage for a transistor connected in common-base configu-
ration, and explain its shape.

With the aid of a circuit diagram, explain how the output character-
istics of an n-p-n transistor having common-base configuration may
be obtained and any specia precautions which should be taken.

Draw sketches to show the direction of the flow of leakage current
in both n-p-n and p-n-p transistors. Explain the effect of leakage
current on a transistor connected in common-base configuration.

Using the circuit symbols for transistors show how (a) common-base,
and (b) common-emitter configuration can be achieved. Mark on the
symbols the inputs, the outputs, polarities under normal operating
conditions to give correct biasing and current directions.

Draw a diagram showing how a transistor can be used in common
emitter configuration. Mark on the sketch the input and output polar-
ities under normal operating conditions, and current directions.

Sketch the circuit symbols for (a) a p-n-p and (b) an n-p-n transistor.
Mark on the emitter electrodes the direction of conventional current
flow and explain why the current flows in the direction indicated.

State whether the following statements are true or false:

(& The purpose of atransistor amplifier isto increase the frequency
of an input signa

(b) The gain of an amplifier is the ratio of the output signal ampli-
tude to the input signal amplitude

(c) The output characteristics of a transistor relate the collector
current to the base voltage.
(d) The equation of the load lineis Vcg = Vee — IcRy
(e) If the load resistor value is increased the load line gradient is
reduced
(f) In a common-emitter amplifier, the output voltage is shifted
through 180° with reference to the input voltage
(9) In a common-emitter amplifier, the input and output currents
are in phase
(h) If the temperature of a transistor increases, Vg, I¢c and o al
increase
(i) A heat sink operates by artificially increasing the surface area
of atransistor
(i) The dynamic current gain of a transistor is always greater than
the static current.
[(a) false (b) true (c) false (d) true (e) true (f) true
(g) true (h) false (Vg decreases) (i) true (j) true]
An amplifier has A; = 40 and A, = 30. What is the power gain ?
[1200]
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13

14

15

16

What will be the gradient of a load line for a load resistor of value
4kQ? What unit is the gradient measured in?  [—1/4000 siemen]

A transistor amplifier, supplied from a9V battery, requiresad.c. bias
current of 100 uA. What value of bias resistor would be connected
from base to the V¢ line (a) if Vg isignored (b) if Vg is0.6V?

[(a) 90kS2 (b) 84kS2]

The output characteristics of a transistor in common-emitter config-
uration can be regarded as straight lines connecting the following
points

Iz =20pA  50pA 80 pA

Ver (V) 10 80 10 80 10 80
Ic (MA) 12 14 34 42 61 81

Plot the characteristics and superimpose the load line for a1 k<2 load,
given that the supply voltage is 9V and the d.c. base bias is 50 yA.
The signal input resistance is 8002 . When a peak input current
of 30pA varies sinusoidally about a mean bias of 50pA, determine
(a) the quiescent collector current (b) the current gain (c) the voltage
gain (d) the power gain

[(& 4mA (b) 104 (c) 83 (d) 8632]

Explain briefly what is meant by ‘thermal runaway’.



Figure A3.1

Assignment 3

This assignment covers the material contained in chapters 8
to 12.

The marks for each question are shown in brackets at the end of
each question.

1

10

A conductor, 25cm long, is situated at right angles to a magnetic
field. Determine the strength of the magnetic field if a current of
12 A in the conductor produces a force on it of 4.5N. (©)]

An electron in a television tube has a charge of 1.5 x 10~ C and
travels at 3 x 107 m/s perpendicular to a field of flux density 20puT.
Calculate the force exerted on the electron in the field. 3

A lorry is travelling at 100km/h. Assuming the vertical component
of the earth’s magnetic field is 40 uT and the back axle of the lorry
is 1.98m, find the em.f. generated in the axle due to motion.  (5)

An em.f. of 25kV is induced in a coil when a current of 2A
collapses to zero in 5ms. Calculate the inductance of the coil.  (4)

Two coils, P and Q, have amutual inductance of 100 mH. If a current
of 3A in coil Pisreversed in 20ms, determine (@) the average em.f.
induced in coil Q, and (b) the flux change linked with coil Q if it
wound with 200 turns. (5)

A moving coil instrument gives af.s.d. when the current is50mA and
has a resistance of 40 Q2. Determine the vaue of resistance required
to enable the instrument to be used (a) as a 0-5A ammeter, and
(b) as a 0—-200V voltmeter. State the mode of connection in each
case. (6)

An amplifier has a gain of 20dB. It'sinput power is5mW. Calculate
it's output power. 3

A sinusoidal voltage trace displayed on a c.r.o. is shown in
Figure A3.1; the ‘time/cm’ switch is on 50ms and the ‘volts/cm’
switch is on 2V/cm. Determine for the waveform (a) the frequency
(b) the peak-to-pesak voltage (c) the amplitude (d) the r.m.s. value.

O
With reference to a p-n junction, briefly explain the terms:
(a) majority carriers (b) contact potential (c) depletion layer
(d) forward bias (e) reverse hias. (5)

The output characteristics of a common-emitter transistor amplifier
are given below. Assume that the characteristics are linear between
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the values of collector voltage stated.

Ig = 10pA  40pA 70pA

Vee(V) 10 70 10 70 10 70
Ic(MA) 06 07 25 29 46 535

Plot the characteristics and superimpose the load line for a 1.5k
load resistor and collector supply voltage of 8V. The signa input
resistance is 1.2k2. Determine (&) the voltage gain, (b) the current
gain, and (c) the power gain when an input current of 30 pA peak
varies sinusoidally about a mean bias of 40 uA 9
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13.1 Introduction

13.2 Kirchhoff's laws

Figure 13.1

13 D.c. circuit theory

At the end of this chapter you should be able to:

e state and use Kirchhoff's laws to determine unknown currents
and voltages in d.c. circuits

e understand the superposition theorem and apply it to find
currents in d.c. circuits

e understand general d.c. circuit theory

e understand Tévenin's theorem and apply a procedure to
determine unknown currents in d.c. circuits

e recognize the circuit diagram symbols for ideal voltage and
current sources

e understand Norton’s theorem and apply a procedure to
determine unknown currents in d.c. circuits

e appreciate and use the equivalence of thévEmin and
Norton equivalent networks

e state the maximum power transfer theorem and use it to
determine maximum power in a d.c. circuit

The laws which determine the currents and voltage drops in d.c.
networks are: (a) Ohm'’s law (see Chapter 2), (b) the laws for resistors
in series and in parallel (see Chapter 5), and (c) Kirchhoff's laws (see
Section 13.2 following). In addition, there are a number of circuit
theorems which have been developed for solving problems in electrical
networks. These include:

(i) the superposition theorem (see Section 13.3),
(i) Thévenin's theorem (see Section 13.5),
(i) Norton's theorem (see Section 13.7), and
(iv) the maximum power transfer theorem (see Section 13.8).

Kirchhoff's laws state:

(@) Current Law. At any junction in an electric circuit the total current
flowing towards that junction is equal to the total current flowing
away from the junction, i.e. I = 0
Thus, referring to Figure 13.1:

Ii+I=13+14+1s or I1+1—13—14—15s=0

(b) Voltage Law. In any closed loop in a network, the algebraic sum
of the voltage drops (i.e. products of current and resistance) taken
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Ei o around the loop is egual to the resultant em.f. acting in that loop.
—l<l| - Thus, referring to Figure 13.; — E; = IRy + IRy + IR3
(Note that if current flows away from the positive terminal of a
source, that source is considered by convention to be positive. Thus
moving anticlockwise around the loop of Figure 132,is positive
andE; is negative.)

Problem 1. (a) Find the unknown currents marked in Figufe
13.3(a). (b) Determine the value of e.m&f.in Figure 13.3(b).

(&) Applying Kirchhoff’s current law:
For junction B: 50= 20+ I;. Hencel; = 30 A
For junction C: 20+ 15=1,. Hencel, =35 A
For junction D: I, =13+ 120
i.e. 30=13+ 120 Hencelz; = —90 A
(i.e. in the opposite direction to that shown in Figure 13.3(a))
For junction E: I,+13=15
i.e. I4=15-(—-90). Hencel, = 105 A
For junction F: 120= Is5 + 40. Hencels = 80 A

(b) Applying Kirchhoff's voltage law and moving clockwise around the

Figure 13.3 loop of Figure 13.3(b) starting at point A:
E__I_ 3+6+E—-4=0)2)+ )25 + ()(A5) + (H(Q)
= Fo=2V —I12+25+15+1)
[]H:4Q i.e. 54+ E =2(7), sincel =2 A
r-20 10 Hence E=14-5=9V
Problem 2. Use Kirchhoff's laws to determine the currents

flowing in each branch of the network shown in Figure 13.4.

Figure 13.4
) 1’2 Procedure
E= . N -
ﬂ__1 4V (Iy+1p) JiEgzzv 1 Use Kirchhoff's current law and label current directions on the original
- (oo (o0 - circuit diagram. The directions chosen are arbitrary, but it is usual, as a
1 []H:m 2 starting point, to assume that current flows from the positive terminals
=20 \ =10 of the batteries. This is shown in Figure 13.5 where the three branch
! 2 currents are expressed in termsl/gfand I, only, since the current
throughR is I1 + I>.

2 Divide the circuit into two loops and apply Kirchhoff's voltage law to
Figure 13.5 each. From loop 1 of Figure 13.5, and moving in a clockwise direction
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as indicated (the direction chosen does not matter), gives

E{=1ir1+ (11 —|—12)R, ie. 4= 211 +4(11 +12),
ie. 6 +4l,=4 1)
From loop 2 of Figure 13.5, and moving in an anticlockwise direction
as indicated (once again, the choice of direction does not matter; it

does not have to be in the same direction as that chosen for the
first loop), gives:

E; =Ioro+ (I1+12)R, i.e. 2=14+ 41+ 1),
i.e. 41 +51,=2 2
3 Solve equations (1) and (2) féx and /.
2x (1) gives: 12,+8I,=38 3)
3x(2) gives: 12;+ 15, =6 (@)
2
(3) — (4) gives: —7I, = 2 hencel;, = == —0.286 A
(i.e. I is flowing in the opposite direction to that shown in
Figure 13.5.)

From (1) 61 + 4(—0.286) = 4
6l, =4+ 1.144

5.144
Hence I;= 5 =0.857 A

Current flowing through resistandeis
I1+ 1, =0.857+ (—0.286) = 0.571 A

Note that a third loop is possible, as shown in Figure 13.6, giving a third
equation which can be used as a check:

El—Ezzlll’l—Igl’g
4-2=211—-1,
2=2I, -1,

[Check: 21 — I, = 2(0.857) — (—0.286) = 2]

Jps-s<

L Problem 3. Determine, using Kirchhoff's laws, each branch
£ *4\7|- Ro=2Q current for the network shown in Figure 13.7.
\=

1 Currents, and their directions are shown labelled in Figure 13.8
Figure 13.7 following Kirchhoff's current law. It is usual, although not essential,
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to follow conventional current flow with current flowing from the

.]..52 Y positive terminal of the source.
(?é‘Q 2 The network is divided into two loops as shown in Figure 13.8.
2_29 Fa=50 Applying Kirchhoff's voltage law gives:
E1—4V ._oop \iy For loop 1:
E1+E; =1hR1 + 3R,
Figure 13.8 i.e. 16=0.5I; + 21, Q)
For loop 2:
E; =12Ry — (I1 — 12)R3
Note that since loop 2 is in the opposite direction to curdgnt(/,),
the volt drop acros®; (i.e. (1 — I2)(R3) is by convention negative).
Thus 12= 2[, — 51— 1) i.e. 12= -5, + 71, (2)
3 Solving equations (1) and (2) to find and/;:
10 x (1) gives 160= 5/, + 20I, 3)
172
(2) + (3) gives 172= 27I, hencel, = 57 = 6.37 A
From (1): 16= 0.5/1 + 2(6.37)
16— 2(6.37)
=——=652A
1=8A ! 05
2Q 140 Current flowingin Rz3=1; — I, =652—6.37=0.15 A
54V Problem 4. For the bridge network shown in Figure 13.9 deter-
110 30 mine the currents in each of the resistors.
Figure 13.9 Let the current in the 22 resistor bel 1, then by Kirchhoff's current law,

the current in the 142 resistor is [ — ;). Let the current in the 3%
resistor bel, as shown in Figure 13.10. Then the current in the11
resistor is {1 — I2) and that in the 32 resistor is [ — I1 + I). Applying
Kirchhoff's voltage law to loop 1 and moving in a clockwise direction as
shown in Figure 13.10 gives:

54V 54 =211 + 1111 — I)

ie. 13, — 11, =54 1)

Applying Kirchhoff's voltage law to loop 2 and moving in an anticlock-

Figure 13.10
g wise direction as shown in Figure 13.10 gives:

0=21; + 32, — 141 — I)
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However [ =8A

Hence 0=2/,+32[, — 148 —1,)

i.e. 16/, + 32/, = 112 2
Equations (1) and (2) are simultaneous equations with two unknowns,
I, and 1.

16 x (1) gives: 208, — 176/, = 864 3)

13 x (2) gives: 208; + 416, = 1456 4)

(4) — (3) gives: 592, = 592

Inh=1A

Substituting for/, in (1) gives:

131, —11=54
65
ILh=-—-=5A
1= 13770
Hence,

the current flowing in the 22 resistor =1; =5 A

the current flowing in the 14 resistor=7/—-1;, =8—-5=3 A

the current flowing in the 32 resistor=1, =1 A

the current flowing in the 112 resistor=1; — I, =5—1=4 A and

the current flowing in the R resistor =1 —I1; +1, =8—-5+1
=4 A

Further problems on Kirchhoff’ slaws may be found in Section 13.10, prob-
lems 1 to 6, page 189.

13.3 The superposition The superposition theoremstates:

theorem _ _ .
In any network made up of linear resistances and containing more than

one source of em.f., the resultant current flowing in any branch is the
J_ E—av J_ £,_oy  algebraic sumof the currents that would flow in that branch if each source
= 2 was considered separately, all other sources being replaced at that time
[] R40 by their respective internal resistances.’

=20 =10
Problem 5. Figure 13.11 shows a circuit containing two sources
of e.m.f., each with their internal resistance. Determine the current
in each branch of the network by using the superposition theorgm.

Figure 13.11
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I I Procedure:

Eav Io 1 Redraw the original circuit with sourcg, removed, being replaced
LRA— by r, only, as shown in Figure 13.12(a).
R=40Q || =10
[] [] ’ 2 Label the currents in each branch and their directions as shown in

e Figure 13.12(a) and determine their values. (Note that the choice of
current directions depends on the battery polarity, which, by conven-
(@) tion is taken as flowing from the positive battery terminal as shown.)
/ R in parallel withr, gives an equivalent resistance of:
:
4x1
E=av = i1 =08Q
oo N
20 From the equivalent circuit of Figure 13.12(b)
Eq 4
I = = =1429 A
(b) YT +08 2408
Figure 13.12 From Figure 13.12(a)

1 1
Ih=|—|1I1==(1.429 =0.2 A
, (4+1) 1= (1429 = 0286

and

4 4 L
I3 = (m) I, = 5(1.429) = 1.143 A by current division

3 Redraw the original circuit with source; removed, being replaced
by r1 only, as shown in Figure 13.13(a).
4 Label the currents in each branch and their directions as shown in

Figure 13.13(a) and determine their values.
r1 in parallel withR gives an equivalent resistance of:
1.333 QL]
2x4 8
=10 =—-=1333Q
2 214 6
) From the equivalent circuit of Figure 13.13(b)
. E; 2
Figure 13.13 Iy = = =0.857 A
g / / 4= 1333+, 1333+1
6 4

| B

'-—-<——T———<‘j

;
[ P
) 5 Superimpose Figure 13.13(a) on to Figure 13.12(a) as shown in
Figure 13.14 Figure 13.14.

From Figure 13.13(a)

2 2
Ie=——)1,=—-(0.857) =0.286 A
5 (2+4> 4 6( 7)

P Rl SNV S

*--~-
)
| S
fi
L
¥

|
|
1
L

4 4
ls=(-——)1,=-(0.857) = 0571 A
6 (2+4) 4= (0857 =05

f PP
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6 Determine the algebraic sum of the currents flowing in each branch.
Resultant current flowing through source 1, i.e.

I —Ig=1429- 0571
= 0.858 A (discharging)

0.858A ~ 0.286A Resultant current flowing through source 2, i.e.

0572A |[E,=2v I4—13=0.857—1.143

R=40 = —0.286 A (charging)
[=2Q =10 Resultant current flowing through resist®y i.e.

I, + 15 = 0.286+ 0.286

m
1
=
1

Figure 13.15 =0.572 A

The resultant currents with their directions are shown in Figure 13.15.

fFo=3V Problem 6. For the circuit shown in Figure 13.16, find, using the
E=8V superposition theorem, (a) the current flowing in and the pd acrgss
18Q[] the 18 resistor, (b) the current in the 8 V battery and (c) thg
30 50 current in the 3 V battery.

1 Removing sourc&, gives the circuit of Figure 13.17(a).

Figure 13.16 2 The current directions are labelled as shown in Figure 13.17{a),
flowing from the positive terminal of;.

l
—— E 8
E-av| L From Figure 13.17(b)1 = ——+ — — — 1667 A

[] 3+18 438
18 Q
18 18
20 From Figure 13.17(a), = (7> Iy = --(1.667) = 1.500 A
30 g ( )12 2+18 1 20( 7)
' and 1—( 2 >1—2(1667)—0167A
(@) *7\2¢18) 20 T T
" 3 Removing sourc&; gives the circuit of Figure 13.18(a) (which is the
E1:8V| same as Figure 13.18(b)).
[ %:1_39 4 The current directions are labelled as shown in Figures 13.18(a) and
o 13.18(b),14 flowing from the positive terminal of;
3
From Figure 13.18(c),/s = 2 _ 3 _oes6a
g SO T 242571 4571

Y From Figure 13.18(b),/s = ( 18 )I = 18(0 656) = 0.562 A
Figure 13.17 TS T A3y T 21 Y T
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]

[

[]18(2

utl
Is
Figure 13.18

13.4 Gene

(h+15)

]18!2

3x18

3x 18:2.571 Q

(©

ral d.c. circuit
theory

(I3~ 1g)

j-(l2+ Iy)
Ei-8 J_V E=3V

[]18(2

30 20
Figure 13.19
20
e A
A1 :
10\7|'

Figure 13.20

3 3

5 Superimposing Figure 13.18(a) on to Figure 13.17(a) gives the circuit
in Figure 13.19.

6 (a) Resultant current in the 1B resistor= I3 — I
=0.167— 0.094
=0.073 A
P.d. across the 18 resistor= 6.873 bdiBery1.314 V

=1+ Is = 1667 ¥ b&6y
= 2.229 A (discharging)
=1+ I, = 1500+ 0.656
= 2.156 A (discharging)

(b) Resultant current in th

(c) Resultant current in th

Further problems on the superposition theorem may be found in
Section 13.10, problems 7 to 10, page 190.

The following points involving d.c. circuit analysis need to be appre-
ciated before proceeding with problems usingg¥énin’s and Norton’s
theorems:

(i) The open-circuit voltageE, across terminals AB in Figure 13.20
is equal to 10 V, since no current flows through th& Zesistor
and hence no voltage drop occurs.

(i) The open-circuit voltage,E, across terminals AB in Figure
13.21(a) is the same as the voltage across tkerésistor.
The circuit may be redrawn as shown in Figure 13.21(b).

6
E= (m) 0

by voltage division in a series circuit, i.& = 30 V
(iii) For the circuit shown in Figure 13.22(a) representing a prac-
tical source supplying energy, = E — Ir, whereE is the battery
e.m.f.,V is the battery terminal voltage amds the internal resis-
tance of the battery (as shown in Section 4.6). For the circuit
shown in Figure 13.22(b)}Y = E — (—Dr,i.e.V=E +1Ir

The resistance ‘looking-in" at terminals AB in Figure 13.23(a)
is obtained by reducing the circuit in stages as shown in
Figures 13.23(b) to (d). Hence the equivalent resistance across
ABis 7 Q

(iv)
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Figure 13.22

v)

(vi)

(Vi)

(viii)

(ix)

For the circuit shown in Figure 13.24(a), thetBresistor carries
no current and the p.d. across theQ@esistor is 10 V. Redrawing
the circuit gives Figure 13.24(b), from which

E:(i) x10=4V
4+6

If the 10 V battery in Figure 13.24(a) is removed and replaced by
a short-circuit, as shown in Figure 13.24(c), then th&2fesistor
may be removed. The reason for this is that a short-circuit has zero
resistance, and 22 in parallel with zero ohms gives an equivalent
resistance of:(20 x 0/20+ 0), i.e. 0. The circuit is then as
shown in Figure 13.24(d), which is redrawn in Figure 13.24(e).
From Figure 13.24(e), the equivalent resistance across AB,

_6x4
- 6+4

To find the voltage across AB in Figure 13.25:
Since the 20 V supply is across thefband 15 resistors in
series then, by voltage division, the voltage drop across AC,

+3=24+3=54Q

r

5
Vie=[—-) 20 =5V
Ac (5+15)( )

Similarly, Vep = ( (200 =16 V.

243)
V¢ is at a potential of+20 V.
Va=Vec—Vic=4+20—5=15V and
Vg=Vc—Vpc=420—-16=4V.

Hence the voltage between ABVs, — Vp =15—4 =11V and
current would flow from A to B since A has a higher potential
than B.

In Figure 13.26(a), to find the equivalent resistance across AB
the circuit may be redrawn as in Figures 13.26(b) and (c). From
Figure 13.26(c), the equivalent resistance across

_ 5x15 N 12x 3

5415 12+3

In the worked problems in Sections 13.5 and 13.7 following, it
may be considered that &henin’s and Norton’s theorems have

=3754+24=6.15Q

180 30 30
80 A A A A
2Q+18Q ' 20x5 30+40
EE e -~ 20+574Q T
B -oB ©oB B
(a) (b) (c) ()

Figure 13.23



176 Electrical Circuit Theory and Technology

60 30 6Q 30
A A
200 (4 10 L
OB —O0B
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20V H
Figure 13.26
Figure 13.25

13.5 Thevenin’'s theorem

no obvious advantages compared with, say, Kirchhoff's laws.
However, these theorems can be used to analyse part of a circuit
and in much more complicated networks the principle of replacing
the supply by a constant voltage source in series with a resistance
(or impedance) is very useful.

Thévenin's theoremstates:

‘The current in any branch of a network is that which would result if an
e.m.f. equal to the p.d. across a break made in the branch, were introduced
into the branch, all other em.f.’s being removed and represented by the
internal resistances of the sources.’

The procedure adopted when usingéVhnin's theorem is summarized
below. To determine the current in any branch of an active network (i.e.
one containing a source of e.m.f.):

(i) remove the resistance from that branch,
(i) determine the open-circuit voltag€, across the break,
(iii) remove each source of e.m.f. and replace them by their internal
resistances and then determine the resistancmoking-in’ at the
break,

(iv) determine the value of the current from the equivalent circuit shown

in Figure 13.27, i.el =
R+r

Problem 7. Use Tévenin’s theorem to find the current flowing
in the 10 resistor for the circuit shown in Figure 13.28(a).

Following the above procedure:

(i) The 10 resistance is removed from the circuit as shown in
Figure 13.28(b)
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(ii)

-

— L

I
uy]

Figure 13.27 (iii)

There is no current flowing in the ® resistor and current; is
given by:

10 10

[, = = — =
'“"Ri+R, 2+8

1A

P.d. acros®;, =I1R, =1x8=8V

Hence p.d. across AB, i.e. the open-circuit voltage across the break,
E=8V.

Removing the source of e.m.f. gives the circuit of Figure 13.28(c).

RiR 2x8
142 :5+L

Ri+R> 2+8

=5+16=66Q

Resistancer = R3 +

The equivalent TBvenin’s circuit is shown in Figure 13.28(d).

8 8 =0.482 A

Current/ = = =
R+r 10466 166

Hence the current flowing in the 19 resistor of Figure 28(a) is
0.482 A

Problem 8. For the network shown in Figure 13.29(a) determipe
the current in the 0.82 resistor using Tévenin’s theorem.

Ri=2 O R>=8 Q - (I)
B
© (ii)
1
A
E=8V
6.6 O R=10 Q
B (iii)
(d)
Figure 13.28
(iv)

Following the procedure:

The 0.8Q2 resistor is removed from the circuit as shown in
Figure 13.29(b).
12 12 5
11514 10 2A°
P.d. across 42 resistor=4/1 = (4)(1.2) =48 V
Hence p.d. across AB, i.e. the open-circuit voltage across AB,

E=48V

Current], =

Removing the source of e.m.f. gives the circuit shown in
Figure 13.29(c). The equivalent circuit of Figure 13.29(c) is shown
in Figure 13.29(d), from which,

4
x6_24 540
416 10

resistance =

The equivalent Thvenin’s circuit is shown in Figure 13.29(e), from
which,
E 4.8 4.8

current/ = = -
r+R 24408 * 3.2
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5Q
12V 40 R=08Q
1Q
(a)
Figure 13.29

E=22y A
R=402
r=40
B
(d
Figure 13.30

I =1.5 A = current in the 0.8 Q resistor

Problem 9. Use Tévenin's theorem to determine the currdnt
flowing in the 4Q resistor shown in Figure 13.30(a). Find also th
power dissipated in the & resistor.

4%

Following the procedure:

(i) The 4 resistor is removed from the circuit as shown in

Figure 13.30(b).

. Ei—E, 4-2 2
ii) Current/i = — = ==-A
( ) ! r1+r2 2+1 3
P.d. across ABE = E; — I1r = (%) (2)=2%V

(see Section 13.4(iii))
(Alternatively, p.d. across ABE = E; — 111

=2——(§>(1)=2§ V)

(i) Removing the sources of e.m.f. gives the circuit shown in

Figure 13.30(c), from which resistance

T 2+1° 3

_2x1 2
Q

(iv) The equivalent Thvenin’s circuit is shown in Figure 13.30(d), from

which,

E 22 8/3 8
current,] = =3 = =— =0571A
r+R  2+4 14/3 14

= current in the 4 Q resistor

Power dissipated in & resistor,P = I’R = (0.571)%(4) = 1.304 W

Problem 10. Use Téwvenin's theorem to determine the current

flowing in the 3Q resistance of the network shown in
Figure 13.31(a). The voltage source has negligible intern
resistance.




D.c. circuit theory 179

1§S2 50
3ql| 100f] 200 ()Tzw
(a)
A o s0
E 100} 24v ZOQC)T
24V
° )}
(b)
0 59
A
,
— 10|l 20
Bo— &

A
R=3Q
B
Figure 13.31

(Note the symbol for an ideal voltage source in Figure 13.31(a) which
may be used as an alternative to the battery symbol.)

Following the procedure

(i) The 3Q resistance is removed from the circuit as shown in
Figure 13.31(b).

(i) The 1%9 resistance now carries no current.

. 10
P.d. across 1@ resistor= <—) 29
10+5

= 16 V (see Section 13.4(v)).
Hence p.d. across AB; = 16 V

(i) Removing the source of e.m.f. and replacing it by its internal
resistance means that the 2resistance is short-circuited as shown
in Figure 13.31(c) since its internal resistance is zero. Th&20
resistance may thus be removed as shown in Figure 13.31(d) (see
Section 13.4 (vi)).

10x 5
10+ 5

2 50
:1* 7:59
3+15

2
From Figure 13.31(d), resistance= l§ +

(iv) The equivalent Thvenin’s circuit is shown in Figure 13.31(e), from
which

16 16
r+R 345 8

= current in the 3 Q resistance

current, I =

Problem 11. A Wheatstone Bridge network is shown in
Figure 13.32(a). Calculate the current flowing in the$32esistor,
and its direction, using Tévenin’s theorem. Assume the source gf
e.m.f. to have negligible resistance.

Following the procedure:

(i) The 32%Q resistor is removed from the circuit as shown in
Figure 13.32(b)

N R. )
ii) The p.d. between A and O/ 4c = E
(i) Thep A ( ) ®
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C
2 Q 14 O
A B
11Q 3Q
D
(©
/
r=4.1630Q A
T 32 Q
D E=
11 Q 3 Q 11Q 3Q 3616 W]

(d) (e) )

Figure 13.32

R>
The p.d. between B and @3- = < ) E
p BC Rt Rs (E)

14
= <14+ 3) (54) = 4447V
Hence the p.d. between A and-B44.47 — 8.31 = 36.16 V

Point C is at a potential of+ 54 V. Between C and A is a
voltage drop of 8.31 V. Hence the voltage at point A is58.31 =
45.69 V. Between C and B is a voltage drop of 44.47 V. Hence the
voltage at point B is 54- 44.47 = 9.53 V. Since the voltage at A

is greater than at B, current must flow in the direction A to B. (See
Section 13.4 (vii)).

(i) Replacing the source of e.m.f. with a short-circuit (i.e. zero internal
resistance) gives the circuit shown in Figure 13.32(c). The circuit is
redrawn and simplified as shown in Figure 13.32(d) and (e), from
which the resistance between terminals A and B,

2x11 14x3 22 42
_ St %t 16924 2471= 41638
T ointmrs 13T +

(iv) The equivalent ThAvenin’s circuit is shown in Figure 13.32(f), from
which,

E 36.16

current/ = = =
r+Rs 41634 32

Hence the current in the 32Q resistor of Figure 13.32(a) is 1 A,
flowing from A to B
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13.6 Constant-current
source

Isc

Figure 13.33

13.7 Norton's theorem

50

r~{:}—

10V
8Q ] 10 Q
20

(a)

1 A
10V
8 O Iso
20
l B
(b)

Figure 13.34

Further problems on Thévenin's theorem may be found in Section 13.10,
problems 11 to 15, page 190.

A source of electrical energy can be represented by a source of e.m.f. in
series with a resistance. In Section 13.5, thé&viénin constant-voltage
source consisted of a constant e.nkfin series with an internal resis-
tancer. However this is not the only form of representation. A source of
electrical energy can also be represented by a constant-current source in
parallel with a resistance. It may be shown that the two forms are equiv-
alent. Anideal constant-voltage generatoris one with zero internal
resistance so that it supplies the same voltage to all loadsidéal
constant-current generator is one with infinite internal resistance so
that it supplies the same current to all loads.

Note the symbol for an ideal current source (BS 3939, 1985), shown
in Figure 13.33.

Norton’s theorem states:

‘The current that flowsin any branch of a network is the same asthat which
would flow in the branch if it were connected across a source of electrical
energy, the short-circuit current of which is equal to the current that would
flow in a short-circuit across the branch, and the internal resistance of
which is equal to the resistance which appears across the open-circuited
branch terminals.’

The procedure adopted when using Norton’s theorem is summa-
rized below.

To determine the current flowing in a resistart®f a branch AB of
an active network:

(i) short-circuit branch AB

(i) determine the short-circuit curremtc flowing in the branch

(i) remove all sources of e.m.f. and replace them by their internal
resistance (or, if a current source exists, replace with an open-
circuit), then determine the resistanctiooking-in’ at a break made
between A and B

(iv) determine the current flowing in resistanceR from the Norton
equivalent network shown in Figure 13.33, i.e.

r
| = |
(r+R) s¢

Problem 12. Use Norton's theorem to determine the currgnt
flowing in the 109 resistance for the circuit shown in
Figure 13.34(a).
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10V
Isc
20
(c)

/
5 A
Isc=5A
sc 50
6 r=1.6 Q
10Q
. B
(d)

Figure 13.34 continued

Figure 13.35

Following the above procedure:

@0

(ii)

(iii)

(iv)

The branch containing the 1Q resistance is short-circuited as
shown in Figure 13.34(b).

Figure 13.34(c) is equivalent to Figure 13.34(b). Hence
Isc=0=5A

If the 10 V source of e.m.f. is removed from Figure 13.34(b) the
resistance ‘looking-in’ at a break made between A and B is given by:

_2x8
T 2+8

r =16Q

From the Norton equivalent network shown in Figure 13.34(d) the
current in the 102 resistance, by current division, is given by:

16
I=|————-)5)=0482 A
(1.6+5+10)()

as obtained previously in problem 7 usingéMenin’s theorem.

Problem 13. Use Norton’s theorem to determine the curfent
flowing in the 4 resistance shown in Figure 13.35(a).

Following the procedure:

0]
(if)
(i)

(iv)

The 4 Q branch is short-circuited as shown in Figure 13.35(b).
From Figure 13.35(b)[sc =1+ =3+ 2=4A

If the sources of e.m.f. are removed the resistance ‘looking-in’ at a
break made between A and B is given by:

2x1 2

r = = —
2+1 3
From the Norton equivalent network shown in Figure 13.35(c) the
current in the 4 resistance is given by:
[— { 2/3
- L@/3)+4

as obtained previously in problems 2, 5 and 9 using Kirchhoff's
laws and the theorems of superposition ané@vénin.

} (4) = 0571 A

Problem 14. Use Norton's theorem to determine the currgnt

flowing in the 3Q resistance of the network shown in
Figure 13.36(a). The voltage source has negligible internal
resistance.
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Figure 13.36

Following the procedure:

(i) The branch containing the @ resistance is short-circuited
as shown in Figure 13.36(b).

24

(i) From the equivalent circuit shown in Figure 13.36(c),
Isc = 5= 48 A

(iiiy If the 24 V source of e.m.f. is removed the resistance ‘looking-in’

at a break made between A and B is obtained from Figure 13.36(d)

and its equivalent circuit shown in Figure 13.36(e) and is given by:
10x5 50 1

10+5 15

3

(iv) From the Norton equivalent network shown in Figure 13.36(f) the
current in the 32 resistance is given by:

1
_ 3
- 1 2

3141243

(4.8) =2 A,

as obtained previously in problem 10 usingéVknin’s theorem

Problem 15. Determine the current flowing in the&22resistance
in the network shown in Figure 13.37(a).

Following the procedure:

(i) The 2 resistance branch
Figure 13.37(b).

is short-circuited as shown in
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8Q 40 A 80 40

Figure 13.37

13.8 Thévenin and
Norton equivalent

networks
A —0 A
5 r ISC []
0B 0B
@ )

Figure 13.38

(i) Figure 13.37(c) is equivalent to Figure 13.37(b).

6 .
Hencelgc = (m) (15) = 9 A by current division.

(iii) If the 15 A current source is replaced by an open-circuit then from
Figure 13.37(d) the resistance ‘looking-in’ at a break made between
A and B is given by (6+ 4) @ in parallel with (8+ 7) €, i.e.
_ (1015 150
"T10+15 25

(iv) From the Norton equivalent network shown in Figure 13.37(e) the
current in the 22 resistance is given by:

6 Q

6

The Thevenin and Norton networks shown in Figure 13.38 are equivalent
to each other. The resistance ‘looking-in’ at terminals AB is the same in
each of the networks, i.e.

If terminals AB in Figure 13.38(a) are short-circuited, the short-circuit
current is given byE/r. If terminals AB in Figure 13.38(b) are short-
circuited, the short-circuit current iggc. For the circuit shown in
Figure 13.38(a) to be equivalent to the circuit in Figure 13.38(b) the same
short-circuit current must flow. Thugc = E/r.

Figure 13.39 shows a source of e.nkfin series with a resistance
feeding a load resistand

E E E
From Figure 13.39] = = /r = ( 4 ) =
r+R (r+R)/r r+R/) r

. r
ie.l=——)1I
(r+R) 5¢
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Figure 13.43

Figure 13.44

From Figure 13.40 it can be seen that, when viewed from the load, the
source appears as a source of curigptwhich is divided between and
R connected in parallel.

Thus the two representations shown in Figure 13.38 are equivalent.

Problem 16. Convert the circuit shown in Figure 13.41 to gn
equivalent Norton network.

If terminals AB in Figure 13.41 are short-circuited, the short-circuit

current/sc = 2 =5 A

The resistance ‘looking-in’ at terminals AB isQ. Hence the equiva-
lent Norton network is as shown in Figure 13.42.

Problem 17. Convert the network shown in Figure 13.43 to an
equivalent Tlvenin circuit.

The open-circuit voltageE across terminals AB in Figure 13.43 is
given by:E = (Is¢)(r) = (4)(3) = 12 V.

The resistance ‘looking-in’ at terminals AB isQ. Hence the equiva-
lent Thevenin circuit is as shown in Figure 13.44.

Problem 18. (a) Convert the circuit to the left of terminals AB
in Figure 13.45(a) to an equivalent &Venin circuit by initially
converting to a Norton equivalent circuit. (b) Determine the current
flowing in the 1.8% resistor.

(8) For the branch containing the 12 V source, converting to a Norton
equivalent circuit givedsc = 12/3=4 A and r; = 3Q. For the
branch containing the 24 V source, converting to a Norton equivalent
circuit giveslgco, = 24/2 =12 A andr, = 2 Q.
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Figure 13.45
Thus Figure 13.45(b) shows a network equivalent to Figure 13.45(a).
From Figure 13.45(b) the total short-circuit currentis 42 =16 A
3x2
and the total resistance is given bg—: =12Q
g +2
Thus Figure 13.45(b) simplifies to Figure 13.45(c).
The open-circuit voltage across AB of Figure 13.45(c),
E = (16)(1.2) = 19.2 V, and the resistance ‘looking-in" at AB is
1.2 Q. Hence the Thavenin equivalent circuit is as shown in
Figure 13.45(d).
(b) When the 1.82 resistance is connected between terminals A and B
of Figure 13.45(d) the currertflowing is given by:
19.2
=-———=64A
12+18

Problem 19. Determine by successive conversions between

Thévenin and Norton equivalent networks aé&lknin equivalent

circuit for terminals AB of Figure 13.46(a). Hence determine the

current flowing in the 20®2 resistance.

1mA
A
600 Q
1OVT GVT
2kQ 3 kQ2

Figure 13.46
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Figure 13.47

13.9 Maximum power
transfer theorem

For the branch containing the 10 V source, converting to a Norton equiv-
alent network gives

_ %(O% \L %oH]r’&eé ggglvgrténg Sé[o a Norton equiv-

For the branch containing th
alent network gives

Isc

Isc =2 mA andr, = 3 kQ.

~ 3000
Thus the network of Figure 13.46(a) converts to Figure 13.46(b).

Combining the 5 mA and 2 mA current sources gives the equivalent
network of Figure 13.46(c) where the short-circuit current for the original
two branches considered is 7 mA and the resistance is

2x3
243

Both of the Norton equivalent networks shown in Figure 13.46(c) may
be converted to Tévenin equivalent circuits. The open-circuit voltage
across CD is (& 1073)(1.2 x 10°) = 8.4 V and the resistance ‘looking-
in" at CD is 12 k.

The open-circuit voltage acrogs is (1 x 107%)(600) = 0.6 V and the
resistance ‘looking-in’ aEF is 0.6 k2. Thus Figure 13.46(c) converts to
Figure 13.46(d). Combining the two &henin circuits gives

=12 kQ.

E =84—-0.6= 7.8V and the resistance

Thus the Tlvenin equivalent circuit for terminals AB of Figure 13.46(a)
is as shown in Figure 13.46(e).

Hence the current flowing in a 2002 resistance connected between A
and B is given by:
7.8 7.8

_ _ —39mA
1800+ 200 _ 2000 m

Further problems on Norton's theorem may be found in Section 13.10,
problems 16 to 21, page 191.

The maximum power transfer theorem states:

‘The power transferred from a supply source to a load is at its maximum
when the resistance of the load is equal to the internal resistance of the
source.’

Hence, in Figure 13.47, wheth= r the power transferred from the source
to the load is a maximum.
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g

r=25Q

Figure 13.48

Figure 13.49

E=30 V]

r=15Q

Figure 13.50

Problem 20. The circuit diagram of Figure 13.48 shows dry cells
of source e.m.f. 6 V, and internal resistancg¢2 If the load resis-
tancer, is varied from 0 to 52 in 0.5 2 steps, calculate the power
dissipated by the load in each case. Plot a grapR;othorizon-
tally) against power (vertically) and determine the maximum power
dissipated.

_6
F+RL - 25
iNR,,P=1%R;,i.e.P =(24)2%0)=0W

WhenR; = 0, current/ = = 2.4 A and power dissipated

6
r+R,  254+05

WhenR; = 0.5 @, current! = 2A

and P=1%R, = (2?05 =2W

WhenR; = 1.0, current/ = =1714 A

6
25+ 1.0
and P = (1.714%(1.0)=2.94 W

With similar calculations the following table is produced:

R (R2) 0 05 10 15 20 25 3.0 35 4.0 4.5 5.0
E
r+ R,

P=1I°R (W) 0 200 294 3.38 356 3.60 3.57 3.50 3.41 3.31 3.20

I= 24 20 1714 15 1333 1.2 1.091 1.0 0.923 0.857 0.8

A graph ofR, againstP is shown in Figure 13.49The maximum value
of power is 3.60 W which occurs wherng, is 2.5, i.e. maximum
power occurs whenR; = r, which is what the maximum power transfer
theorem states.

Problem 21. A d.c. source has an open-circuit voltage of 30 V and
an internal resistance of 1G3. State the value of load resistance
that gives maximum power dissipation and determine the value| of
this power.

The circuit diagram is shown in Figure 13.50. From the maximum
power transfer theorem, for maximum power dissipation,
RL=r=15Q
30

E
r+R, 15415

From Figure 13.50, currert=

PowerP = I°R; = (10)*(1.5) = 150 W = maximum power dissipated
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Problem 22. Find the value of the load resis®r shown in

Figure 13.51(a) that gives maximum power dissipation and deter-
mine the value of this power.

Using the procedure for Hvenin’'s theorem:

() Resistance R, is removed from the circuit as shown in
Figure 13.51(b).

E=12V

r=240

(d
Figure 13.51

(i) The p.d. across AB is the same as the p.d. across the i&sistor.
12

HenceE =
(12 +3

) a5 =12V
(i) Removing the source of e.m.f. gives the circuit of Figure 13.51(c),
12x3 36
=—=24Q
1243 15
(iv) The equivalent Thvenin’s circuit supplying terminals AB is shown
in Figure 13.51(d), from which, current,= E/(r + R.)

For maximum powerR; = r = 2.4 Q. Thus current,

from which resistance; =

12

] 24124

Power, P, dissipated in loadk;, P = I°R; = (2.5)2(2.4) =15 W

Further problems on the maximum power transfer theorem may be found
in Section 13.10 following, problems 22 and 23, page 192.

Figure 13.52

13.10 Further problems Kirchhoff's laws

on d.c. circuit theory 1 Find currentds, I4 andlg in Figure 13.52

[13=2A;I4=—1A;15=3A]
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Figure 13.55

For the networks shown in Figure 13.53, find the values of the currents
marked.
[(a)Il =4AI,=-1AI3=13A
(b)I: =40A I, =60 A I3=120 A
I, =100 A Is = —80 A]

Use Kirchhoff's laws to find the current flowing in the<® resistor
of Figure 13.54 and the power dissipated in th 4esistor.

[2.162 A, 42.07 W]

Find the current flowing in the & resistor for the network shown in
Figure 13.55(a). Find also the p.d. across theZl@nd 22 resistors.

[2.715 A, 7.410 V, 3.948 V]

For the networks shown in Figure 13.55(b) find: (a) the current in the
battery, (b) the current in the 30Q resistor, (c) the current in the
90  resistor, and (d) the power dissipated in the Ib0esistor.

[(a) 6038 mA(b) 1510 mA
(c) 4528 mA(d) 3420 mWw]

For the bridge network shown in Figure 13.55(c), find the currénts
to Is.
[[1=126 A 1,=074 A I35=016 A
I,=142 A, Is=0.59 A]

Superposition theorem

Use the superposition theorem to find currehts I, and I3 of
Figure 13.56(a). I =2A1,=3A I3=5A]

Use the superposition theorem to find the current in tis& r@sistor
of Figure 13.56(b). [0.385 A]

Use the superposition theorem to find the current in each branch of
the network shown in Figure 13.56(c).

[10 V battery discharges at 1.429 A
4V battery charges at 0.857 A
Current through 1@ resistor is 0.572 A]

Use the superposition theorem to determine the current in each
branch of the arrangement shown in Figure 13.56(d).
[24 V battery charges at 1.664 A

52 V battery discharges at 3.280 A
Current in 20<2 resistor is 1.616 A]

Thévenin's theorem

Use THevenin's theorem to find the current flowing in the @4
resistor of the network shown in Figure 13.57. Find also the power
dissipated in the 142 resistor. [0.434 A, 2.64 W]
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Use Tlevenin's theorem to find the current flowing in the$%
resistor shown in Figure 13.58 and the power dissipated in tfe 4
resistor. [2.162 A, 42.07 W]

Repeat problems 7—10 usingéMenin’s theorem.

In the network shown in Figure 13.59, the battery has negligible
internal resistance. Find, using &Venin’s theorem, the current
flowing in the 4 resistor. [0.918 A]

For the bridge network shown in Figure 13.60, find the current in
the 5Q resistor, and its direction, by using &venin’s theorem.

[0.153 A from B to A]

Norton’s theorem

16
17

18

19

Repeat problems 7—-12, 14 and 15 using Norton’s theorem.

Determine the current flowing in the® resistance of the network
shown in Figure 13.61 by using Norton’s theorem. [2.5 mA]

Convert the circuits shown in Figure 13.62 to Norton equivalent

networks.
[(a)lsc=25A,}’=29
(b)[sczz mA,I’ZSQ]

Convert the networks shown in Figure 13.63 t@&Vénin equivalent

circuits.
[@E=20V,r=4Q
(B)E=12mV,r =3 Q]
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5A
4Q
(@)
Figure 13.63
24V
20

Figure 13.66

Figure 13.64 Figure 13.65

20 (a) Convertthe network to the left of terminals AB in Figure 13.64
to an equivalent Tévenin circuit by initially converting to a
Norton equivalent network.
(b) Determine the current flowing in the 18 resistance connected
between A and B in Figure 13.64.

[(Q)E=18V,r =12 (b) 6 A]

21 Determine, by successive conversions betwedvdiin and Norton
equivalent networks, a Hvenin equivalent circuit for terminals
AB of Figure 13.65. Hence determine the current flowing in 2 6
resistor connected between A and B.
[E=91V,r=1Q 11 A]

Maximum power transfer theorem

22 A d.c. source has an open-circuit voltage of 20 V and an internal
resistance of X2. Determine the value of the load resistance that
gives maximum power dissipation. Find the value of this power.

[2 2, 50 W]

23 Determine the value of the load resistaRgeshown in Figure 13.66
that gives maximum power dissipation and find the value of the
power. R.=16Q, P=576 W]



14.1 Introduction

14.2 The a.c. generator

14 Alternating voltages
and currents

At the end of this chapter you should be able to:

e appreciate why a.c. is used in preference to d.c.

o describe the principle of operation of an a.c. generator

e distinguish between unidirectional and alternating waveforms

e define cycle, period or periodic time T and frequency f of a
waveform

I . 1
e perform calculations involving T = ?

o define instantaneous, peak, mean and rms values, and form
and peak factors for a sine wave

e calculate mean and rms values and form and peak factors for
given waveforms

e understand and perform calculations on the genera sinusoidal
equation v = V,,, Sin(wt + ¢)

e understand lagging and leading angles
e combine two sinusoidal waveforms (&) by plotting graphically,
(b) by drawing phasors to scale and (c) by calculation

e understand rectification, and describe methods of obtaining
half-wave and full-wave rectification

Electricity is produced by generators at power stations and then distributed
by a vast network of transmission lines (called the National Grid system)
to industry and for domestic use. It is easier and cheaper to generate
aternating current (a.c.) than direct current (d.c.) and a.c. is more conve-
niently distributed than d.c. since its voltage can be readily altered using
transformers. Whenever d.c. is needed in preference to a.c., devices called
rectifiers are used for conversion (see Section 14.7).

Let asingleturn coil be free to rotate at constant angular velocity symmet-
rically between the poles of a magnet system as shown in Figure 14.1.
An em.f. is generated in the coil (from Faraday’s Laws) which varies
in magnitude and reverses its direction at regular intervals. The reason for
this is shown in Figure 14.2. In positions (&), (e) and (i) the conductors
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Figure 14.1

14.3 Waveforms
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Figure 14.2

of the loop are effectively moving along the magnetic field, no flux is cut
and hence no em.f. is induced. In position (¢) maximum flux is cut and
hence maximum e.m.f. is induced. In position (g), maximum flux is cut
and hence maximum e.m.f. is again induced. However, using Fleming's
right-hand rule, the induced em.f. is in the opposite direction to that in
position (c) and is thus shown as —E. In positions (b), (d), (f) and (h)
some flux is cut and hence some em.f. is induced. If al such positions
of the coil are considered, in one revolution of the coil, one cycle of
alternating em.f. is produced as shown. This is the principle of operation
of the ac generator (i.e. the aternator).

If values of quantities which vary with time ¢ are plotted to a base of
time, the resulting graph is called a waveform. Some typical waveforms
are shown in Figure 14.3. Waveforms (a) and (b) are unidirectional
waveforms, for, although they vary considerably with time, they flow
in one direction only (i.e. they do not cross the time axis and become
negative). Waveforms (c) to (g) are called alternating waveforms since
their quantities are continually changing in direction (i.e. alternately posi-
tive and negative).

A waveform of the type shown in Figure 14.3(g) is called a sine wave.
It is the shape of the waveform of em.f. produced by an alternator and
thus the mains electricity supply is of ‘sinusoidal’ form.

One complete series of values is called a cycle (i.e. from O to P in
Figure 14.3(g)).

The time taken for an aternating quantity to complete one cycle is
caled the period or the periodic time, T, of the waveform.

The number of cycles completed in one second is called the frequency,
f, of the supply and is measured in hertz, Hz. The standard frequency of
the electricity supply in Great Britain is 50 Hz.

+ + +

v ! v

0 ; 0 7 i

_ _ Rectzlangular - -] Sawtooth
(a P o) wave: © e @

+
E Peak-to—peak
e.m.f e lm e_m_fp /\
0 | f2

t "
1 e P Vlme

ol ine wave
Triangular S

wave (e)

Periodic
time, T @

Figure 14.3
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1
T="of=_"
fOI’

Problem 1. Determine the periodic time for frequencies of
(8 50 Hz and (b) 20 kHz

1 1
(@ PeriodictimeT = ? == 0.02 sor 20 ms

1
b) Periodictime T = — = ——— = 0.000 05 50
(b) iodic time 7 = 20000 sor 50 ps

Problem 2. Determine the frequencies for periodic times of
(@ 4 ms, (b) 4 us

1 1000

1
1 1 1000000
F = — = =
(b)  Frequency f =7 = 75706 z
= 250 000 Hz or 250 kHz or 0.25 MHz

Problem 3. An aternating current completes 5 cycles in 8 ms.
What is its frequency?

i 8 e
Time for 1 cycle= c ms = 1.6 ms = periodic time T

1 1 1000 10000
equeny f = 7 = 16x 103~ 16 16~ o»Hz

Further problems on frequency and periodic time may be found in
Section 14.8, problems 1 to 3, page 209.

144 A.c. values Instantaneous values are the values of the aternating quantities at any
instant of time. They are represented by small letters, i, v, e etc., (see
Figures 14.3(f) and (g)).
The largest value reached in a half cycleis called the peak value or the
maximum value or the crest value or the amplitude of the waveform.
Such values are represented by V,,, I,,, etc. (see Figures 14.3(f) and (g)).
A peak-to-peak value of em.f. is shown in Figure 14.3(g) and is the
difference between the maximum and minimum values in a cycle.
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i |
Rl G

Current

Figure 14.4

Time

The average or mean value of a symmetrical aternating quantity,
(such as a sine wave), is the average value measured over a half cycle,
(since over a complete cycle the average value is zero).

area under the curve
length of base

Average or mean value =

The area under the curve is found by approximate methods such as the
trapezoidal rule, the mid-ordinate rule or Simpson’s rule. Average values
are represented by Vuy, 14y, €.

For a sine wave, average value = 0.637 x maximum value
(i.e. 2/ x maximum value)

The effective value of an aternating current is that current which will
produce the same heating effect as an equivalent direct current. The effec-
tive value is called the root mean square (rms) value and whenever
an aternating quantity is given, it is assumed to be the rms value. For
example, the domestic mains supply in Great Britain is 240V and is
assumed to mean ‘240 V rms'. The symbols used for rms values are I,
V, E, etc. For a non-sinusoidal waveform as shown in Figure 14.4 the
rms value is given by:

[_\/<i§+i§+...+i5>
n

where n is the number of intervals used.

For a sine wave, rms value = 0.707 x maximum value
(i.e. 1/4/2 x maximum value)

rms value .
Form factor = ————— For a sine wave,

average value form factor = 1.11

maximum value .
Peak factor = ———— For a sine wave,

rms value peak factor = 1.41

The values of form and peak factors give an indication of the shape of
waveforms.

Problem 4. For the periodic waveforms shown in Figure 14.5
determine for each: (i) frequency (ii) average value over haf a
cycle (iii) rms value (iv) form factor and (v) peak factor
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(@) (b)

(@ Triangular waveform (Figure 14.5(a))
(i) Time for 1 complete cycle = 20 ms = periodic time, T

1 1 1000

T~ 20x103 20 ~0H?

Hence frequency f =

(if) Area under the triangular waveform for a half cycle

=1 x base x height =} x (10 x 107%) x 200

=1 volt second

Average value of waveform

_aea under curve 1 volt second 1000

= = =100V
length of base 10 x 103 second 10

(iii) InFigure 14.5(a), thefirst 1/4 cycleis divided into 4 intervals.

22 2 2 2
Thus rms value = ¢ <w>

B ¢ (252 +75% + 1252 4 1752>
B 4

=1146V

(Note that the greater the number of intervals chosen, the greater the
accuracy of the result. For example, if twice the number of ordinates
as that chosen above are used, the rms vaue is found to be 115.6 V)
rmsvalue  114.6
average value 100

(iv) Form factor = =115
maximum value 200

rmsvalue 1146 175

(v) Peak factor =
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(b) Rectangular waveform (Figure 14.5(b))

(i) Time for 1 complete cycle = 16 ms = periodic time, T

1 1000

1
Hence frequency, f = = = -
equenty, S =+ = 6% 103~ 16

=625Hz

area under curve

i) A a half le=
(i) Average value over acycle length of base

_ 10x (8x107%)
~ 8x10°3

-2 -2 -2
(iii) Therms value=\/<ll+l2+"'+l"> =10A

=10A

n

however many intervals are chosen, since the waveform is
rectangular.

rms value 10

iv) Formfactor= ——M = — =
(iv) average value 10

maximum value . 10 _

Peak factor = =_ =
V) actor rms value 10

Problem 5. The following table gives the corresponding values of
current and time for a half cycle of alternating current.

timesr (ms) 0 05 10 15 20 25 30 35 40 45 50
curenti (A) 0 7 14 23 40 56 68 76 60 5 O

Assuming the negative half cycleisidentical in shape to the positive
half cycle, plot the waveform and find (@) the frequency of the
supply, (b) the instantaneous values of current after 1.25 ms and
3.8 ms, (c) the pesk or maximum value, (d) the mean or average
value, and (e) the rms value of the waveform.

The half cycle of aternating current is shown plotted in Figure 14.6

(@ Time for a half cycle =5 ms. Hence the time for 1 cycle, i.e. the
periodic time, 7 =10 msor 0.01 s

1
Frequency, f = -, = 100 Hz

T~ 001

(b) Instantaneous value of current after 1.25ms is 19 A, from
Figure 14.6

Instantaneous value of current after 3.8 msis 70 A, from Figure 14.6
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(c) Peak or maximum value = 76 A

(d) Mean or average value =

C

area under curve
length of base

Using the mid-ordinate rule with 10 intervals, each of width 0.5 ms
gives:

area under curve = (0.5 x 10~%)[3 + 10 + 19+ 30 + 49 + 63
+ 73+ 72+ 30+ 2] (see Figure 14.6)
= (0.5 x 103)(351)

0.5 x 1073)(351
Hence mean or average value = ©.5x )(351) =351A
5x 10-3

rms value

_\/(32+102+192+302+492+632+732+722+302+22)

10
- (19_157) — 438 A
10
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Problem 6. Caculate the rms value of a sinusoidal current of
maximum value 20 A

For a sine wave, rms value = 0.707 x maximum value

=0.707x 20= 1414 A

Problem 7. Determine the peak and mean values for a 240 V
mains supply.

For a sine wave, rms value of voltage V = 0.707 x V,,
A 240 V mains supply means that 240 V is the rms value, hence

Vv 240

Vm=m=ﬁ=339.5vzpeakvalue

Mean value V,, = 0.637V,, = 0.637 x 339.5 = 216.3V

Problem 8. A supply voltage has a mean value of 150 V. Deter-
mine its maximum value and its rms value

For a sine wave, mean value = 0.637 x maximum value

mean value 150
0637 0637

rms value = 0.707 x maximum value = 0.707 x 235.5 = 166.5 V

Hence maximum value = =2355V

Further problems on a.c. values of waveforms may be found in
Section 14.8, problems 4 to 10, page 209.

145 The equation of a In Fig 14.7, OA represents a vector that is free to rotate anticlockwise
sinusoidal waveform  about O at an angular velocity of o rad/s. A rotating vector is known as
a phasor.

mrads/s
B_\__y ]
ot to90° 180° 270°  360°
ot I n 3n 21 Angle

Figure 14.7
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Figure 14.8

After time ¢ seconds the vector OA has turned through an angle wt. If
the line BC is constructed perpendicular to OA as shown, then

. BC . .
Snwt = OB i.e. BC= 0B shwt

If al such vertical components are projected on to a graph of y against
angle wr (in radians), a sine curve results of maximum value OA. Any
quantity which varies sinusoidally can thus be represented as a phasor.

A sine curve may not always start at 0°. To show this a periodic func-
tion is represented by y = sin(wt & ¢), where ¢ is the phase (or angle)
difference compared with y = sinwt. In Figure 14.8(a), y, = Sin(wt + ¢)
starts ¢ radians earlier than y; = sinwt and is thus said to lead y; by
¢ radians. Phasors y; and y, are shown in Figure 14.8(b) at the time
when ¢t = 0.

In Figure 14.8(c), y4 = Sin(wt — ¢) starts ¢ radians later than y3 =
sinwt and is thus said to lag y; by ¢ radians. Phasors y; and y, are
shown in Figure 14.8(d) at the time when r = 0.

Given the general sinusoidal voltage, v = Vi, sin(et &+ ¢), then

(i) Amplitude or maximum value =V,,
(il) Peak to peak value =2V,
(iii) Angular velocity = w rad/s
(iv) Periodictime, T = 27/w seconds
(v) Frequency, f = w/27 Hz (since w = 27 f)
(vi) ¢ = angle of lag or lead (compared with v = V,, sinwr)

Problem 9. An alternating voltage is given by v = 282.8sin314¢
volts. Find (a) the rms voltage, (b) the frequency and (c) the
instantaneous value of voltage when t = 4 ms

(@ The general expression for an alternating voltage is
v ="V, sN(wt *+ ¢).
Comparing v = 282.8sin 314t with this general expression gives the
peak voltage as 282.8 V
Hence the rms voltage = 0.707 x maximum value
= 0.707 x 282.8 =200 V

(b) Angular velocity, w = 314 rad/s, i.e. 2nf = 314
314
Hence frequency, f = o = 50 Hz
JT
() Whent=4ms, v=2828sin(314 x 4 x 1073)
= 282.8sin(1.256) = 268.9 V
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. 18071°
(Note that 1.256 radians = {1.256 X —} = 71.96° = 71°58
b

Hence v = 282.8sin71°58' = 268.9 V)

Problem 10. An alternating voltage is given by
v = 758in(200rt — 0.25) volts.

Find (a) the amplitude, (b) the peak-to-peak value, (c) the rms
value, (d) the periodic time, () the frequency, and (f) the phase
angle (in degrees and minutes) relative to 75sin 200t

Comparing v = 75sin(200xt — 0.25) with the general expression
v =V, SiN(wf £ ¢) gives.

@
(b)
(©
(d)

()
(f)

Amplitude, or peak value = 75 V
Peak-to-peak value = 2 x 75 = 150 V
The rms value = 0.707 x maximum value = 0.707 x 75 =53 V
Angular velocity, @ = 2007 rad/s
2 2 1

H tm,T:—=—=—=1 r 10 m
ence periodic time » 200 — 100 0.01 sor 10 ms

1 1
Freguency, f = =00l 100 Hz
Phase angle, ¢ = 0.25 radians lagging 75 sin 2007t

0.25 rads = (0.25 X @> =14.32° = 14’19
b4

Hence phase angle = 14°19 lagging

Problem 11. An alternating voltage, v, has a periodic time of
0.01 s and a peak value of 40 V. When timer is zero, v = —20 V.
Express the instantaneous voltage in the form v = V,, sin(wt &+ ¢)

Amplitude, V,, =40V

2
Periodic time T = il hence angular velocity,
w

2 2
:—:—:2 r
T 0.0L 007 rad/s

v =V, Sin(wt + ¢) thus becomes v = 40sin(200xt + ¢) V
When timer=0,v=-20V
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i.e

—20 = 40sin¢

Hence ¢ = arcsin(—0.5) = —30° = (—30 X L) rads = —% rads

180

Thus v= 40sin (ZOOnt — %) Vv

Problem 12. The current in an a.c. circuit at any time ¢ seconds
is given by: i = 120sin(1007x¢ + 0.36) amperes. Find:

(a8 the peak value, the periodic time, the frequency and phase
angle relative to 120sin 1007t

(b) the value of the current when ¢t =0

(c) the vaue of the current when t = 8 ms

(d) the time when the current first reaches 60 A, and

(e) the time when the current is first a maximum

@

(b)
(©

(d)

Peak value= 120 A

Periodic time T = E = i (since w = 100m)
w 1007

1
= —=002sor 20 ms
50

1 1
F === H
reguency, f 7= 002 50 Hz

180\° , :

Phase angle = 0.36 rads = (0.36 X —) = 20°38' leading
T

When ¢ =0, i = 120sin(0 + 0.36) = 120sin20°38 = 49.3 A

When t =8 ms, i = 120sin {10071 (%) + 0.36}

= 120sin2.8733(= 120sin164°38') = 31.8 A
When i = 60 A, 60 = 120sin(100xz 4 0.36)

60
thus — = sin(1l )
us 120 sin(100zt + 0.36)

so that (1007t + 0.36) = arcsin0.5 = 30° = % rads = 0.5236 rads

0.5236 — 0.36
Hencetime, t = ————— = 0.521 ms
100
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14.6 Combination of
waveforms

(8) When the current is a maximum, i = 120 A
Thus 120 = 120sin(100xt + 0.36)
1 = sin(100xz 4 0.36)

(1007t + 0.36) = arcsinl = 90° = % rads = 1.5708 rads

1.5708 — 0.
Hence time, t = 75 08 - 0.36 = 3.85ms
1007

Further problems orw = V,, sin(wt & ¢) may be found in Section 14.8,
problems 11 to 15, page 210.

The resultant of the addition (or subtraction) of two sinusoidal quantities
may be determined either:

(@ by plotting the periodic functions graphically (see worked Prob-
lems 13 and 16), or

(b) by resolution of phasors by drawing or calculation (see worked Prob-
lems 14 and 15).

Problem 13. The instantaneous values of two alternating currents
are given by i; = 20sinwt amperes and i, = 10sin(wt + 7/3)
amperes. By plotting i; and i, on the same axes, using the same
scale, over one cycle, and adding ordinates at intervals, obtain a
sinusoidal expression for iy + iz

iy = 20sinwt and i; = 10sin <a)t + %) are shown plotted in Figure 14.9

Ordinates of i; and i, are added at, say, 15° intervals (a pair of dividers
are useful for this).

For example,
a 30°,i;+i,=104+10=20A
a 60°,i1+i,=87+17.3=26A
at 150°, iy +i» =10+ (-5) =5 A, and so on.

The resultant waveform for i; + i is shown by the broken line in
Figure 14.9. It has the same period, and hence frequency, as i; and i».
The amplitude or pesk value is 26.5 A.

The resultant waveform leads the curve i; = 20sinwr by 19°

. T
i.e (19 X ﬁ)) rads = 0.332 rads
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\
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A’ 90™ |\ 180° 270° Aso"

1 [ 2n angle wt

Figure 14.9

Hence the sinusoidal expression for the resultant i; + i, is given by:
iR = i1+, = 26.5sin(wt + 0.332) A

Problem 14. Two alternating voltages are represented by v =
50sinwt volts and v, = 100sin(wt — 7/6) V. Draw the phasor
diagram and find, by calculation, a sinusoidal expression to
represent vy + v2

Phasors are usually drawn at the instant when time r = 0. Thus v; is
drawn horizontally 50 units long and v, is drawn 100 units long lagging
vy by /6 rads, i.e. 30°. This is shown in Figure 14.10(a) where O is the
point of rotation of the phasors.

Procedure to draw phasor diagram to represent vy + vy:

(i) Draw vy horizontal 50 units long, i.e. oa of Figure 14.10(b)

(i) Join v, to the end of v, a the appropriate angle, i.e. ab of
Figure 14.10(b)

(ili) The resultant vg = v1 + v, is given by the length ob and its phase
angle may be measured with respect to vy

Alternatively, when two phasors are being added the resultant is always
the diagonal of the parallelogram, as shown in Figure 14.10(c).

From the drawing, by measurement, vy = 145V and angle ¢ = 20°
lagging v;.

A more accurate solution is obtained by calculation, using the cosine
and sine rules. Using the cosine rule on triangle oab of Figure 14.10(b)
gives:
v3 = v2 4 v5 — 2v1v; COS150°

— 502 + 100% — 2(50)(100) cos 150°
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Scale:

-
0 5 10 15 20 25
Amperes

Figure 14.11

— 2500 + 10000 — (—8660)
vg = /(21160) = 145.5 V

Using the sine rule, 100 _ 1455
9 ' Sng  Sin150°
. . 100sin150°
from which sing = el 0.3436
145.5

and ¢ = arcsin0.3436 = 20°6’ = 0.35 radians, and lags v;
Hence vg = v1 + v, = 145.5sin(wt — 0.35) V

Problem 15. Find a sinusoidal expression for (iy +ip) of
Problem 13, (&) by drawing phasors, (b) by calculation.

(@ Theredative positions of i; and i, at time = 0 are shown as phasors
in Figure 14.11(a). The phasor diagram in Figure 14.11(b) showsthe
resultant i, and i is measured as 26 A and angle ¢ as 19° or 0.33
rads leading i;.

Hence, by drawing, ir = 26sin(et + 0.33) A
(b) From Figure 14.11(b), by the cosine rule:

i2 = 207 + 107 — 2(20)(10)(cos 120°)

from which ip = 26.46 A

By the sine rule: 10 _ 2646
y "Sng _ Sni2o

from which ¢ = 19.10° (i.e. 0.333 rads)

Hence, by calculation ir = 26.46sin(wt + 0.333) A

Problem 16. Two alternating voltages are given by v =
120sinwt volts and v, = 200sin(wt — 7r/4) volts. Obtain sinu-
soidal expressionsfor v; — v, () by plotting waveforms, and (b) by
resolution of phasors.

(@ v =120sinwr and v, = 200sin(wt — 7/4) are shown plotted in
Figure 14.12. Care must be taken when subtracting values of
ordinates especialy when at least one of the ordinates is negative.
For example
a 30°, vy —v,=60—(-52)=112V
a 60°, vy —v,=104—-52=52V
at 150°, v; — v, = 60 — 193 = —133 V and so on
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Scale:

0 50 100 150
Volts

Figure 14.13
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\
~_
~150¢
-200t
Figure 14.12

The resultant waveform, vg = v — vy, isshown by the broken linein
Figure 14.12. The maximum value of vg is 143 V and the waveform
is seen to lead v, by 99° (i.e. 1.73 radians)

Hence, by drawing, vg = v; — v, = 143sin(wt + 1.73) volts

The relative positions of v; and v, are shown at time s = 0 as phasors
in Figure 14.13(a). Since the resultant of v; — vy isrequired, —v; is
drawn in the opposite direction to +u, and is shown by the broken
line in Figure 14.13(a). The phasor diagram with the resultant is
shown in Figure 14.13(b) where —wv; is added phasorially to v,

By resolution:

Sum of horizontal components of v; and v,
= 120cos0° 4+ 200c0s135° = —21.42

Sum of vertical components of v; and v,
=120sin0° + 200sin135° = 141.4
From Figure 14.13(c), resultant

vr = V[(=21.42)2 + (141.4)]] = 143.0,

¢’ = arctan6.6013 = 81°23" and
¢ = 98°37 or 1.721 radians
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Hence, by resolution of phasors,

VR = v1 — vy = 143.0sin(wt + 1.721) volts

Further problems on the combination of periodic functions may be found
in Section 14.8, problems 16 to 19, page 211.

14.7 Rectification The process of obtaining unidirectional currents and voltages from
aternating currents and voltages is called rectification. Automatic
switching in circuits is carried out by devices called diodes.

Using asingle diode, as shown in Figure 14.14, half-wave rectification
is obtained. When P is sufficiently positive with respect to Q, diode D
is switched on and current i flows. When P is negative with respect to
Q, diode D is switched off. Transformer T isolates the equipment from
direct connection with the mains supply and enables the mains voltage to
be changed.

Two diodes may be used as shown in Figure 14.15 to obtain full wave
rectification. A centre-tapped transformer T is used. When P is suffi-
ciently positive with respect to Q, diode D; conducts and current flows
(shown by the broken line in Figure 14.15). When S is positive with
respect to Q, diode D, conducts and current flows (shown by the contin-
uous line in Figure 14.15). The current flowing in R is in the same direc-
tion for both half cycles of the input. The output waveform is thus as
shown in Figure 14.15.

\@/J———- OUTPUT

_

’/ \\ +
INPUT T R Yﬂmﬁﬁr
a 9

D .
P ! +
OUTPUT ‘4{0(7&- ===
INPUT T s 9 t

v R v
0 t 0 t
- - 45D

. N\’

Q D,

Figure 14.14 Figure 14.15

Four diodes may be used in a bridge rectifier circuit, as shown in
Figure 14.16 to obtain full wave rectification. As for the rectifier shown
in Figure 14.15, the current flowing in R is in the same direction for both
half cycles of the input giving the output waveform shown.

To smooth the output of the rectifiers described above, capacitors
having a large capacitance may be connected across the load resistor
R. The effect of thisis shown on the output in Figure 14.17.
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————— Current flow when P
is positive w.r.t. Q
Current flow when Q

r is positive w.r.t. P
INPUT 1
+ o
-
gV €| OUTPUT
] R
2 v O O
[ LT 0 1 nANPUT 4 OUTPUT
L - Rectifier 4 L iy
a | I mvam S bt B TC }
e ——_——— o O= g _ -0
Figure 14.16 Figure 14.17

14.8 Further problems Frequency and periodic time

on alternating voltages . L . .
ané] curre?lts 1 Determine the periodic time for the following frequencies:

(& 25Hz (b) 100 Hz (c) 40 kHz
[(8 0.4 s (b) 10 ms (c) 25 us]

2 Calculate the frequency for the following periodic times:
(@ 5ms (b)50pus (c)0.2s
[(@) 0.2 kHz (b) 20 kHz (c) 5 HZ]

3 An dternating current completes 4 cycles in 5 ms. What is its
frequency? [800 HZ]

A.c. values of non-sinusoidal waveforms
4 An dternating current varies with time over half a cycle as follows:

Current (A) 0 07 20 42 84 82 25 10 04 02 0
time(m O 1 2 3 4 5 6 7 8 9 10

The negative half cycle is similar. Plot the curve and determine:
(a) the frequency (b) the instantaneous values at 3.4 ms and 5.8 ms
(c) its mean value and (d) its rms value

[(@) 50 Hz (b) 55 A, 3.4 A (c) 28 A (d) 4.0 A]

5 For the waveforms shown in Figure 14.18 determine for each (i) the
frequency (ii) the average value over haf a cycle (iii) the rms value
(iv) the form factor (v) the peak factor.

[(@ (i) 100 Hz (ii) 2.50 A (iii) 2.88 A (iv) 1.15 (v) 1.74
(b) (i) 250 Hz (ii) 20 V (iii) 20 V (iv) 1.0 (v) 1.0

(o) (i) 125 Hz (ii) 18 A (iii) 19.56 A (iv) 1.09 (v) 1.23
(d) (i) 250 Hz (ii) 25 V (iii) 50 V (iv) 2.0 (v) 2.0]
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6

10

An alternating voltage is triangular in shape, rising at a constant
rate to a maximum of 300 V in 8 ms and then falling to zero at a
constant rate in 4 ms. The negative half cycle is identical in shape
to the positive half cycle. Calculate (a) the mean voltage over half a
cycle, and (b) the rms voltage [(@) 150 V (b) 170 V]

. values of sinusoidal waveforms

Cadculate the rms value of a sinusoidal curve of maximum value
300 V [212.1 V]

Find the peak and mean values for a 200 V mains supply
[282.9 V, 180.2 V]

A sinusoidal voltage has a maximum value of 120 V. Calculate its

rms and average values. [84.8V, 76.4 V]
A sinusoidal current has a mean value of 15.0 A. Determine its
maximum and rms values. [23.55 A, 16.65 A]

v = Vp Sin(wt + ¢)

11

12

13

14

15

An alternating voltage is represented by v = 20sin157.1 ¢ volts.
Find (a) the maximum value (b) the frequency (c) the periodic time.
(d) What isthe angular velocity of the phasor representing this wave-
form? [(@) 20 V (b) 25 Hz (c) 0.04 s (d) 157.1 radd/s)

Find the peak value, the rms value, the periodic time, the frequency
and the phase angle (in degrees and minutes) of the following alter-
nating quantities:

(@ v =90sin400x volts
[90 V, 63.63 V, 5 ms, 200 Hz, 0°]

(b) i =50sin(100xz + 0.30) amperes
[50 A, 35.35 A, 0.02 s, 50 Hz, 17°11' lead]

(c) e=200sin(628.4r — 0.41) volts
[200 V, 141.4 V, 0.01 s, 100 Hz, 23°29 lag]

A sinusoidal current has a peak value of 30 A and a frequency of
60 Hz. At time t = O, the current is zero. Express the instantaneous
current i in the formi =1, Sinwt [i = 30sin12071]

An alternating voltage v has a periodic time of 20 ms and a maximum
value of 200 V. When time r = 0, v = —75 volts. Deduce a sinu-
soidal expression for v and sketch one cycle of the voltage showing
important points. [v = 200sin(1007t — 0.384)]

The instantaneous value of voltage in an a.c. circuit at any time ¢
seconds is given by v = 100sin(507t — 0.523) V. Find:

(a) the peak-to-peak voltage, the periodic time, the frequency and
the phase angle
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(b) the voltage whenr =0

(c) thevoltage whent =8 ms

(d) thetimesin the first cycle when the voltage is 60 V

(e) thetimesin the first cycle when the voltage is —40 V, and
(f) the first time when the voltage is a maximum.

Sketch the curve for one cycle showing relevant points.
[(8) 200 V, 0.04 s, 25 Hz, 29°58 lagging
(b) —49.95 V (c) 66.96 V (d) 7.426 ms, 19.23 ms
(e) 25.95 ms, 40.71 ms (f) 13.33 mg]

Combination of periodic functions

16

17
18

19

The instantaneous values of two alternating voltages are given by
vy = 58nwt and v, = 8sin(wt — /6). By plotting v; and v, on the
same axes, using the same scale, over one cycle, obtain expressions
for (a) vy + v2 and (b) v1 — vz
[(@) vy + v, = 12.58sin(wt — 0.325) V
(b) v1 — vz = 4.44sin(wt + 2.02) V]

Repeat Problem 16 by resolution of phasors.

Construct a phasor diagram to represent i; + i» where iy = 12sinwr
and i, = 15sin(wt + 7/3). By measurement, or by calculation, find
a sinusoidal expression to represent iy + iz

[(23.43sin(wt + 0.588)]

Determine, either by plotting graphs and adding ordinates at inter-
vals, or by calculation, the following periodic functions in the form
v ="V, sSN(wt £ ¢)

(@ 10sinwt +4sin(wt + 7/4) [13.14 sin(wt + 0.217)]
(b) 80sin(wt 4+ 7/3) + 50sin(wt — 7/6)

[94.34 sin(wt + 0.489)]
(©) 100sin(wt — 70sin(wt — 7/3) [88.88sin(wt + 0.751)]



Assignment 4

This assignment covers the material contained in chapters 13
and 14.

The marks for each question are shown in brackets at the end of
each question.

Find the current flowing in the 5 Q resistor of the circuit shown
in Figure A4.1 using (a) Kirchhoff's laws, (b) the Superposition
theorem, (c) Thévenin's theorem, (d) Norton's theorem. Demonstrate
that the same answer results from each method. Find aso the current

flowing in each of the other two branches of the circuit. 27)
v 3V
50
20 1Q
Figure A4.1

2

3

A d.c. voltage source has an internal resistance of 2  and an open
circuit voltage of 24 V. State the value of load resistance that gives
maximum power dissipation and determine the value of this power.

®)
A sinusoidal voltage has a mean value of 3.0 A. Determine it's
maximum and r.m.s. values. 4

The instantaneous value of current in an ac. circuit at any time ¢
seconds is given by: i = 50sin(1007r — 0.45) mA. Determine

(@) the peak to peak current, the periodic time, the frequency and
the phase angle (in degrees and minutes)

(b) the current whent =10

(c) thecurrent whent =8 ms

(d) the first time when the current is a maximum.

Sketch the current for one cycle showing relevant points. (14
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15 Single-phase series a.c.

clrcuits

At the end of this chapter you should be able to:

draw phasor diagrams and current and voltage waveforms f
(a) purely resistive (b) purely inductive and (c) purely
capacitive a.c. circuits

erform calculations involvin =2rfL andX; = ——
p X, =2nf c 22/ C

draw circuit diagrams, phasor diagrams and voltage and
impedance triangles faR—L, R—C andR—-L—C series a.c.
circuits and perform calculations using Pythagoras’ theorem

. . . Vv
trigonometric ratios and = 7

understand resonance

derive the formula for resonant frequency and use it in
calculations

understand Q-factor and perform calculations using
ViorVe) o

w,L 1 1 (L )
r or or —/| =
14 R o,CR R C

understand bandwidth and half-power points
fr

perform calculations involvingf, — f1) = —

Q

understand selectivity and typical values of Q-factor

appreciate that powe? in an a.c. circuit is given by
P = VIcose or I2R and perform calculations using these
formulae

understand true, apparent and reactive power and power fa
and perform calculations involving these quantities

DI

ctor

15.1 Purely resistive a.c. In a purely resistive a.c. circuit, the currdiptand applied voltag# ; are

circuit

in phase. See Figure 15.1.
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15.2 Purely inductive a.c.
circuit

L v,
£ L
v, I

I, lagsV, by 90°

CIRCUIT PHASOR
DIAGRAM DIAGRAM

CURRENT AND VOLTAGE
WAVEFORMS

Figure 15.2
XL

Q)

0 f (Hz)

Figure 15.3

15.3 Purely capacitive
a.c. circuit

In a purely inductive a.c. circuit, the curreht lags the applied voltage
V. by 90 (i.e. 7/2 rads). See Figure 15.2.
In a purely inductive circuit the opposition to the flow of alternating

current is called thénductive reactance, X,

V
XL:I—L:anLSZ
L

where f is the supply frequency, in hertz, arddis the inductance, in
henry’s.X; is proportional tof as shown in Figure 15.3.

Problem 1. (@) Calculate the reactance of a coil of inductance
0.32 H when it is connected to a 50 Hz supply. (b) A coil has|a
reactance of 124 in a circuit with a supply of frequency 5 kHz.
Determine the inductance of the coil.

(@) Inductive reactance&; = 27 fL = 27(50)(0.32) = 1005 Q
X 124

AL 2% 395 mH
27f — 27(5000 m

(b) SinceX; = 27 fL, inductancd. =

Problem 2. A coil has an inductance of 40 mH and negligible
resistance. Calculate its inductive reactance and the resulting curfent
if connected to (a) a 240 V, 50 Hz supply, and (b) a 100 V, 1 kHz

supply.

(@) Inductive reactanc&; = 2r fL = 2n(50)(40 x 10°%) = 1257 Q
% 240

C t]=—=——=1909 A
urentt =, T 1257
(b) Inductive reactancef; = 27(1000)(40 x 107%) = 2513 @
\% 100
Current,/ = — = —— =0.398 A
. X, _ 2513

In a purely capacitive a.c. circuit, the currdigtleadsthe applied voltage
Ve by 90 (i.e. 7/2 rads). See Figure 15.4.
In a purely capacitive circuit the opposition to the flow of alternating

current is called theapacitive reactance X¢

xe=Ye_ 1 g
€T e ~ 2nfC

whereC is the capacitance in farads.
X varies with frequencyf as shown in Figure 15.5.
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c
Problem 3. Determine the capacitive reactance of a capacitor
of 10 uF when connected to a circuit of frequency (a) 50 Hg
e (b) 20 kHz
Ve

1
27fC _ 27(50)(10 x 10-5)

10°

[Jv: ~ 27(50)(10)

le
Y =3183Q
Ve + )
ic ‘o 1 1 106
I/ \3< 7 nfC ~ 27m(20 x 10)(10 x 10-6) ~ 27(20 x 10%)(10)
- =0.796 Q

Hence as the frequency is increased from 50 Hz to 20 Kidzdecreases

(a) Capacitive reactancé; =

Figure 15.4 from 318.3Q to 0.796%2 (see Figure 15.5).
X Problem 4. A capacitor has a reactance of(3@vhen operated
(fo on a 50 Hz supply. Determine the value of its capacitance.
SinceX¢ = 1 capacitanceC = 1 1 F
€= onrc P = 27fXc . 27(50)(40)
0 10°
f(Hz) =-——— pF=7958pF
27(50)(40) " ¥
Figure 15.5

Problem 5. Calculate the current taken by au#E3capacitor when
connected to a 240 V, 50 Hz supply.

Vv Vv
Current/ = — =

" (are)

Further problems on purely inductive and capacitive a.c. circuits may be
found in Section 15.12, problems 1 to 8, page 234.

=27 fCV = 21(50)(23 x 1076)(240)

=173 A

15.4 R-L series a.c. In an a.c. circuit containing inductande and resistanc®, the applied
circuit voltageV is the phasor sum o¥; and V, (see Figure 15.6), and thus

the current’ lags the applied voltag€ by an angle lying betweer’ @nd

90" (depending on the values &f; and V), shown as anglé. In any



216 Electrical Circuit Theory and Technology

CIRCUIT PHASOR
DIAGRAM DIAGRAM
v, %
R L Lgm—--
Vs Vi
I
v Va
VOLTAGE IMPEDANCE
TRIANGLE TRIANGLE
V(=IZ) 4, (=1X,) ZaX,
A [J ) [
Va(=IR) R

Figure 15.6

a.c. series circuit the current is common to each component and is thus
taken as the reference phasor.

From the phasor diagram of Figure 15.6, thaltage triangle’ is derived.

For theR-L circuit: V = \/(V,% + V2) (by Pythagoras’ theorem)
and tanp = % (by trigonometric ratios)
R

oo . applied voltageV . :
In an a.c. circuit, the ratie PP g is called theimpedanceZ,
current/

i.e.

V

If each side of the voltage triangle in Figure 15.6 is divided by curfent
then the‘impedance triangle’ is derived.

For theR—L circuit: Z = \/(R2 + X2

tang = XL sing = XL and cosp = R
R’ -z S Z
Problem 6. In a serieR—L circuit the p.d. across the resistance

R is 12 V and the p.d. across the inductardcés 5 V. Find the
supply voltage and the phase angle between current and voltag

o

From the voltage triangle of Figure 15.6,
supply voltageV = /(122 + 5%) i.e.V = 13V

(Note that in a.c. circuits, the supply voltagenist the arithmetic sum of
the p.d’'s across components. It is, in fact, gfesor sum)

Vi 5 . 5
tang = Ve~ 12 from which ¢ = arctan(l—z) = 2262
= 22°37 lagging

(‘Lagging’ infers that the current is ‘behind’ the voltage, since phasors
revolve anticlockwise.)

Problem 7. A coil has a resistance off4 and an inductance
of 9.55 mH. Calculate (a) the reactance, (b) the impedance, and
(c) the current taken from a 240 V, 50 Hz supply. Determine also
the phase angle between the supply voltage and current.

R=4Q;L=955mH=955x 103 H; f =50 Hz;V =240 V

(@) Inductive reactance(; = 2n fL = 27(50)(9.55x 103) =3 Q
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(b) ImpedanceZ = \/(R2 +XH)=V(#+3)=5Q

240
(c) Currentl = K =_""_48A
Z 5

The circuit and phasor diagrams and the voltage and impedance triangles
are as shown in Figure 15.6.

X X 3
Sincetarp = ?L ¢ = arctanFL = arctan21 = 36.87

= 36°52 lagging

Problem 8. A coil takes a current of 2 A from a 12 V d.c. supply.
When connected to a 240 V, 50 Hz supply the current is 20 A.
Calculate the resistance, impedance, inductive reactance and ingluc-
tance of the coil.

d.c. voltage 12
d.c.current 2
a.c. voltage 240

ImpedancZ = ————— = — =12Q
P a.c. current 20

Resistanc&k = 6 Q

SinceZ = \/(R2 + X2), inductive reactance¥; = v/(Z% — R?)

=12 -6)
=10.39 @
. . XL 10.39
S X, = 2nfL, inductancel = — = ——— =331 mH
inceX;, 7 f L, inductanc 2nf ~ 272(50) m

This problem indicates a simple method for finding the inductance of a
coil, i.e. firstly to measure the current when the coil is connected to a
d.c. supply of known voltage, and then to repeat the process with an a.c.
supply.

Problem 9. A coil of inductance 318.3 mH and negligible resis
tance is connected in series with a 2QQ-esistor to a 240 V, 50 Hz
supply. Calculate (a) the inductive reactance of the coil, (b) the
impedance of the circuit, (c) the current in the circuit, (d) the p.
across each component, and (e) the circuit phase angle.

=N

L=3183 mH=0.3183 H;R=2009; V=240V, f =50 Hz

The circuit diagram is as shown in Figure 15.6.
(@) Inductive reactanck; = 27 fL = 27(50)(0.3183 = 100 Q

(b) ImpedanceZ = \/(R? + X?) = v/[(200? + (100?] = 2236 @
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A=30Q L=1.273 mH

Figure 15.7

1% 240
(c) Currentl = 7 = 2236 1073 A

(d) The p.d. across the col,;, = IX; = 1.073x 100= 1073 V
The p.d. across the resistdfy = IR = 1.073x 200= 2146 V

[Check: \/(V,% +V2) = /[(2146)? + (107.3))] =240 V, the supply
voltage]

. . X 100
(e) From the impedance triangle, angle= arctan?L = arctan(ﬂ))

Hence the phase anglg = 26.57 = 26°34' lagging

Problem 10. A coil consists of a resistance of ¥®0and an
inductance of 200 mH. If an alternating voltage,given byv =
2005sin 500 volts is applied across the colil, calculate (a) the circuit
impedance, (b) the current flowing, (c) the p.d. across the resis-

tance, (d) the p.d. across the inductance and (e) the phase angle
between voltage and current.

Sincev = 200sin 500 volts thenV,, = 200 V andw = 27 f
= 500 rad/s

Hence rms voltagd = 0.707 x 200= 1414 V
Inductive reactanceX; = 27 fL = wL = 500x 200x 1073 = 100 Q

() Impedanc = /(R + X2) = /(100 + 100%) = 1414 Q

V1414
rment/l = — = ——— =
(b) Currentl = 7 = 7712

(c) p.d. across the resistantg =I/R =1 x 100= 100 V
p.d. across the inductandg = IX; = 1 x 100= 100 V

1A

L X
(e) Phase angle between voltage and current is given by tar(f)

from which, ¢ = arctar{100/100), henceg = 45’ or %rads

Problem 11. A pure inductance of 1.273 mH is connected |in
series with a pure resistance of 80 If the frequency of the
sinusoidal supply is 5 kHz and the p.d. across thef3@esistor
is 6 V, determine the value of the supply voltage and the voltage
across the 1.273 mH inductance. Draw the phasor diagram.

The circuit is shown in Figure 15.7(a).
Supply voltageV =17
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. Coil __
Ac=20Q | R=600O
1 L=159.2 mH,
/ VCOIL VH
240V, 50 Hz

(@)
R=80Q L =159.2 mH

240 V, 50 Hz
(b)
Figure 15.8

Voo =137.0 V

=172V V=240 V

/
32° [/ 1=2544 A
VRoo=50.88 V Vg =152.6 V

Figure 15.9

Vg 6
C t/l=—=__-=020A
urren R = 30

Inductive reactanc&; = 27 fL = 27(5 x 10°)(1.273x 1073)
=40Q

ImpedanceZ = \/(R2 +X2) = /(B30 +40%) =50 Q

Supply voltageV = IZ = (0.20)(50) = 10 V

\oltage across the 1.273 mH inductan®e,= IX; = (0.2)(40) =8 V
The phasor diagram is shown in Figure 15.7(b).

(Note that in a.c. circuits, the supply voltagenist the arithmetic sum of
the p.d.’s across components but fiteasor sum)

Problem 12. A coil of inductance 159.2 mH and resistanc&20
is connected in series with a @D resistor to a 240 V, 50 Hz supply.
Determine (a) the impedance of the circuit, (b) the current in the
circuit, (c) the circuit phase angle, (d) the p.d. across the260
resistor and (e) the p.d. across the coil. (f) Draw the circuit phasor
diagram showing all voltages.

The circuit diagram is shown in Figure 15.8(a). When impedances are
connected in series the individual resistances may be added to give
the total circuit resistance. The equivalent circuit is thus shown in

Figure 15.8(b).

Inductive reactanc&; = 27 fL = 27(50)(1592 x 10°3) =50 Q

(a) Circuit impedanceZ = \/(R% +X2) = /(807 + 50%) = 94.34 Q

Vv 240
ircuit current/ = — = —— = 2544 A
(b) Circuit current ~ = 9434 5

(c) Circuit phase anglé = arctan(%) = arctan(50/80)
= 32 lagging
From Figure 15.8(a):
(d) Vg =IR= (2544 (60) = 1526 V
() Vcow =IZcow, whereZcoL = \/(R% +X2) = /(20 + 50%)
= 5385 Q
HenceVcon = (2.544)(53.85) = 137.0 V
(f) For the phasor diagram, shown in Figure 15.9,

V= IX; = (2.544)(50) = 1272 V
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Vr coiL = IRc = (2.544)(20) = 50.88 V
The 240 V supply voltage is the phasor sumVfo,. and Vg

Further problems onR-L a.c. series circuits may be found in
Section 15.12, problems 9 to 13, page 234.

15.5 R-C series a.c. In an a.c. series circuit containing capacitan¢eand resistance®, the
circuit applied voltageV is the phasor sum oV, and V. (see Figure 15.10)
and thus the current leads the applied voltag€ by an angle lying
between 0 and 90 (depending on the values &f; and V), shown as
angleca.
From the phasor diagram of Figure 15.10, theltage triangle’ is

R C v, . I
—i = F_I derived. For thek—C circuit;
VH—[""VC :
! ' V= \/(V2 + V2) (by Pythagoras’ theorem)
v |
- v . . .
Ve v and tarw = V—C (by trigonometric ratios)
R
=IR) . . . . .
As stated in Section 15.4, in an a.c. circuit, the ratio
. . . . \%4
Q “ (applied voltageV)/(currentl) is called theimpedanceZ, i.e.Z = 7 Q
Ve(=IXE)
vz If each side of the voltage triangle in Figure 15.10 is divided by current
Figure 15.10 I then the‘impedance triangle’ is derived.

For theR—C circuit: Z = \/(R2+X )

X . X R
tana = —C, sine = =< and cosr = —
R V4 Z

Problem 13. A resistor of 28 is connected in series with a
capacitor of 45uF. Calculate (a) the impedance, and (b) the current
taken from a 240 V, 50 Hz supply. Find also the phase angle
between the supply voltage and the current.

R=25Q; C=45pyF=45x 10°%F; V=240V, f =50 Hz
The circuit diagram is as shown in Figure 15.10
1

1
Capacitive reactance . = = =7074Q
P &= o fC — 27(50)(45 x 10°5)

() Impedanc = \/(R? + X2) = V/[(25)° + (70.74)’] = 7503 @

1% 240
(b) Currentl = 7= 7503° 320 A
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V=90V

Phasor diagram

Figure 15.11

15.6 R-L—-C series a.c.

circuit

X
Phase angle between the supply voltage and curmtarctan(%)

hencex = arctan(7
o 25

4
) = 7054 = 70°32 leading

(‘Leading’ infers that the current is ‘ahead’ of the voltage, since phasors
revolve anticlockwise.)

Problem 14. A capacitoC is connected in series with a 4D
resistor across a supply of frequency 60 Hz. A current of 3 A
flows and the circuit impedance is 3. Calculate: (a) the value of
capacitance(, (b) the supply voltage, (c) the phase angle between
the supply voltage and current, (d) the p.d. across the resistor, and
(e) the p.d. across the capacitor. Draw the phasor diagram.

(@) Impedanc& = \/(RZ + X2)
HenceX¢ = v/(Z? — R?) = /(502 — 40?) = 30 Q
1
©T 2nfC enceC = o Xc 27(60)30
= 8842 uF

(b) Sincez = ; thenV =1Z = (3)(50) = 150 V

X 30
(c) Phase angley = arctan?C = arctan(%) = 3687
= 36°52 leading

(d) P.d. across resistov,z = IR = (3)(40) = 120 V

(e) P.d. across capacitofc = IX¢ = (3)(30) =90 V

The phasor diagram is shown in Figure 15.11, where the supply voltage
V is the phasor sum of; and V.

Further problems onR—C a.c. circuits may be found in Section 15.12,
problems 14 to 17, page 235.

In an a.c. series circuit containing resistarenductance L and capac-
itance C, the applied voltage/ is the phasor sum oV, V, and V¢

(see Figure 15.12)/; andV . are anti-phase, i.e. displaced by i8and

there are three phasor diagrams possible — each depending on the relative
values ofV, andV¢

When X > X¢ (Figure 15.12(b): Z = V[R? + (X, — X¢)?]
XL —Xc)

and tanp = R
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R L c
—(:)-—L-NW\—L—{H V%
A VR Az
v /
(a) )
R
ZN¥(Xs - X,)
IMPEDANCE TRIANGLE IMPEDANCE TRIANGLE
Vo=V
e —
(d
Wc(:/xc)
Figure 15.12
When X¢ > X, (Figure 15.12(c): Z = V[R? + (X¢ — X1)?]
Xe—X
and tanx = Ke —X1)
When X, = Xc¢ (Figure 15.12(d)), the applied voltageand the current
I are in phase. This effect is callesgries resonancésee Section 15.7)
Coll ___ Problem 15. A coil of resistance & and inductance 120 mH in
"H-5 O L-120 mH, C=100pF series with a 10QF capacitor, is connected to a 300 V, 50 Hz
. ' supply. Calculate (a) the current flowing, (b) the phase difference
L ket -~ between the supply voltage and current, (c) the voltage across |the
/ Veoil Ve coil and (d) the voltage across the capacitor.
.L_V: 300V, 50 Hz
Figure 15.13 The circuit diagram is shown in Figure 15.13

X, =27fL = 27(50)(120x 107%) = 37.70 Q
1 1
27fC  2m(50)(100x 10-6)

Xo = =3183Q

SinceX; is greater tharX ¢ the circuit is inductive.
X; —Xc=3770-31.83=587Q
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VeoiL =1480 V ImpedanceZ = /[R? + (X — X¢)?3] = V[(5)? + (5.87)%] = 7.71 Q
\% 300
/=—=—=3891A
(@) Curren 7 =771 389

X, —X 5.87
(b) Phase angle = arctan(LTc) = arctan? = 4958
82027 = 4935

¢ = 49°35 _
~ (c) Impedance of coiZco = \/(R2 +X2) = V[(5)? + (37.70)

= 3803 Q2
Voltage across coiVcoi = IZco = (38.91)(38.03) = 1480 V

_ X 0
) Phase angle of coi: arctan?L = arctan( ) = 8245
= 82°27 lagging

Yo=1239V (d) Voltage across capacitdfc = IX¢ = (3891)(3183) = 1239 V

Figure 15.14 The phasor diagram is shown in Figure 15.14. The supply voliage
the phasor sum oV co. and V¢

Series connected impedances

For series-connected impedances the total circuit impedance can be repre-
sented as a single—C—R circuit by combining all values of resistance
together, all values of inductance together and all values of capacitance
together,

: . 1 1 1
(remembering that for series connected capaciors — + — +...).
C C1 C;

Impedance 1 Impedance 2 Impedance 3
4

(R+Ry*Ry) (Ly+Lo) C

Figure 15.15

For example, the circuit of Figure 15.15(a) showing three impedances has
an equivalent circuit of Figure 15.15(b).
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Z Z3
r-—-1 r-=-=-- 1
i 80t | 50 130 uH|

——————

7100 0.25 uFi

/i Vi [ s
@ 40V, 20 kHz
23 130 pH (.25 uF
—
I
(0) 40V, 20 kHz
Figure 15.16
Z Z2
_______ . ol
I 4Qo0286mH | 801273 uF
1 [ i
e e — J L e - )

Figure 15.17

Problem 16. The following three impedances are connected
series across a 40 V, 20 kHz supply: (i) a resistance ©f, §ii) a
coil of inductance 13QH and 5Q resistance, and (iii) a 1€
resistor in series with a 0.25~ capacitor. Calculate (a) the circuit|
current, (b) the circuit phase angle and (c) the voltage drop acr
each impedance.

in

PSS

The circuit diagram is shown in Figure 15.16(a). Since the total circuit
resistance is & 5+ 10, i.e. 23Q2, an equivalent circuit diagram may be
drawn as shown in Figure 15.16(b)

Inductive reactanceX; = 27 fL = 27(20 x 10°)(130x 1079)

=16.34Q
Capacitive reactancé&. = = 1
P €= 27fC ~ 27(20 x 10%(0.25 x 10°9)
= 3183 QR

Since X¢ > X, the circuit is capacitive (see phasor diagram in
Figure 15.12(c))X¢ — X; = 31.83— 16.34= 1549 Q

(@)

(b)

Circuit impedanceZ = V[R? + (X¢ — X1)?] = V[23? + 1549
=2773Q
N Vv 40
Circuit current,/ =—=-——=1442 A
zZ 2773

. . Xe—X
From Figure 15.12(c), circuit phase angle= arctan(%)

ie, ¢ = arctan( 154
AR 23

9) = 33.96" = 3358 leading

From Figure 15.16(a)y1 = IR; = (1.442)(8) = 11.54 V
Vo=1Z, =1/(5? + 16.34%) = (1.442)(17.09) = 24.64 V
Va3 =1Z3=1/(10% + 31.83) = (1.442(33.36) = 4811 V
The 40 V supply voltage is the phasor sumof, V, and V3

Problem 17. Determine the p.d¥5 andV for the circuit shown
in Figure 15.17 if the frequency of the supply is 5 kHz. Draw th
phasor diagram and hence determine the supply voltagad the
circuit phase angle.

[¢)
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V=1312V

Figure 15.18

15.7 Series resonance

For impedance;:

Ri=4Q andX; = 27fL = 27(5 x 10°)(0.286 x 107%) = 8.985 Q
Vi=12y=1\/(R2 + X}) = 5/(# + 8.985) = 4918 V

Phase angle; = arctan(%) = arctan( 5) = 66°0" lagging

For impedance,:

1 1

= =250 Q
2nfC  2mn(5 x 10°)(1.273 x 10°5)

R, =8QandX. =

Vo=17Z,= I\/(R2 +X2) =5\/(8 + 250?) = 1312 V

X 25.0
Phase angle; = arctan(%) = arctan(T) = 7215 leading

The phasor diagram is shown in Figure 15.18.

The phasor sum of ; andV;, gives the supply voltag& of 100V at a
phase angle 33’8’ leading. These values may be determined by drawing
or by calculation — either by resolving into horizontal and vertical compo-
nents or by the cosine and sine rules.

Further problems orR—L—C a.c. circuits may be found in Section 15.12,
problems 18 to 20, page 235.

As stated in Section 15.6, for aR—L—C series circuit, wherX; = X¢
(Figure 15.12(d)), the applied voltageand the current are in phase.
This effect is calledseries resonanceAt resonance:

() Ve=Ve¢
(i) Z =R (i.e. the minimum circuit impedance possible inarC—R
circuit)

@iy 1= % (i.e. the maximum current possible in &aC—R circuit)

1
iv) SinceX; =X, then & f,L =
(iv) L=Xc f 22f,C
from which, f? = S
T @2m)2LCe

1

~ 27/(LC) Hz,

and,| f;

where f, is the resonant frequency.
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(v) The series resonant circuit is often described aaa®ptor circuit

imoedance, 7 ! X since it has its minimum impedance, and thus maximum current, at
P Curtont 1 the resonant frequency.
S (vi) Typical graphs of current and impedancg against frequency are
A shown in Figure 15.19.
0 e e Frequency

Problem 18. A coil having a resistance of @and an inductance
of 125 mH is connected in series with a @B capacitor across a
Figure 15.19 120V supply. At what frequency does resonance occur? Find the
current flowing at the resonant frequency.

1

Resonant frequency,, = m Hz
= ! Hz
||(5%) (1)
”\/ 10°) \ 106
. 1 _ 1
B . [(125x6 B 5, VI(125(6)]
& ( 108 ) 104
10
=_——  _=05812H
27 /[(125(6)] ‘

At resonanceX; = X¢ and impedanc€ = R

vV 120
Hence currentl = — = — =12 A
u R 10

Problem 19. The current at resonance in a sdrie§—R circuit is
100 uA. If the applied voltage is 2 mV at a frequency of 200 kHz,
and the circuit inductance is 5H, find (a) the circuit resistance,
and (b) the circuit capacitance.

(@ I=100pA=100x10CA; V=2mV=2x103V

At resonance, impedancée= resistanceR
V. 20x10° @ 2x10°
I 100x 10% 100x 103
(b) Atresonanc&; = X¢

1
27fC

HencerR = =20Q

ie. 2rfL =
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1

Hence capacitanc€ = ————
P @nf )L

~ (27 x 200 x 103)2(50 x 10—6)':
_ avae)
= (42101050 "

=0.0127wF or 12.7 nF

15.8 Q-factor At resonance, ifR is small compared wittx; andXc, it is possible for
V. and V¢ to have voltages many times greater than the supply voltage
(see Figure 15.12(d)).

voltage acrossL (or C)

Voltage magnification at resonance=
supply voltageV

This ratio is a measure of the quality of a circuit (as a resonator or tuning
device) and is called th®-factor.

% IX X 2nf L
Hence Q-factor —% = & — 2L _ 2T

\% IR R R

. Ve IXe Xc 1
Alternatively, Q-factor= — = — = — =
¥ Q Vv IR R 2afCR
At resonancef, = 1 ie. 2rf, = !
"2ny/ae) T Yo

_2nhL oLy _ 1L
HenceQ-factor = R = JLO) <R)_R¢(C)

(Q-factor is explained more fully in Chapter 28, page 495)

Problem 20. A caoil of inductance 80 mH and negligible resis
tance is connected in series with a capacitance of pR2and a

resistor of resistance 12® across a 100 V, variable frequency
supply. Determine (a) the resonant frequency, and (b) the current
at resonance. How many times greater than the supply voltage is
the voltage across the reactances at resonance?

(&) Resonant frequengy
1 1

[(33) )] =[%%2)



228 Electrical Circuit Theory and Technology

1
- 27y/2
= 11254 Hz = 1.1254 kHz
Vv 100
—_ — = — = A
(b) Current at resonande= R = 125 8

\oltage across inductance, at resonance,

Vi =I1X, ={)2rfL)
= (8)(27)(11254)(80 x 107%)
= 45255 V

(Also, voltage across capacitor,

I 8
Ve =1Xc = - — 45255V
¢ €T 2rfC ~ 27(11254)(0.25 x 10-6) )
\oltage magnification at resonaneeVL or Ve _ 45235
9 g % vV 100
— 45255V

i.e. at resonance, the voltage across the reactances are 45.255 times
greater than the supply voltage. Hence Q-factor of circuit is 45.255.

Problem 21. A series circuit comprises a coil of resistance 2
and inductance 60 mH, and a 8B capacitor. Determine the Q-
factor of the circuit at resonance.

At resonance, Q-factoe 1 (L) _1 60 107
’ R c) 2 30x 106

_1 60 x 10°
“ 2V \30x1c®

- %wzooq = 2236

Problem 22. A coil of negligible resistance and inductange
100 mH is connected in series with a capacitance @fF2and
a resistance of 1@ across a 50 V, variable frequency supplyl
Determine (a) the resonant frequency, (b) the current at resonance,
(c) the voltages across the coil and the capacitor at resonance, |and
(d) the Q-factor of the circuit.
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(@) Resonant frequengy, = 1 = !
T 2n/C) o {(100) ( 2 )}
10 ) \108
3 1 T
B X 20\ (274/20\ 27420
d (ﬁ) 10°
= 3559 Hz
vV 50

(b) Current at resonande= R-10" 5A

(c) Voltage across coil at resonance,

Ve =1X, =12rf,L)
= (5)(2r x 3559 x 100x 10°%)
=1118 V

\oltage across capacitance at resonance,

~ 27(3559)(2 x 10-5)
— 1118 V
Ve

. e . vV
(d) Q-factor (i.e. voltage magnification at resonanee% or v

1118

= —— =2236
50

1

2nf,CR
or ;\/(é)

Further problems on series resonance and Q-factor may be found in
Section 15.12, problems 21 to 25, page 236.

. 7 f L
Q-factor may also have been determlnedgeyRL or

15.9 Bandwidth and Figure 15.20 shows how current | varies with frequency inRaf.—C
selectivity  series circuit. At the resonant frequengy, current is a maximum value,
shown ad,. Also shown are the points A and B where the currentis 0.707
of the maximum value at frequencigg and f». The power delivered to
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Current
1]

0.707 /,

R V——,

i
I
I
|
‘-
I Band width |
i
b
I
I
|
]

|
|
'
|
|
1
1

R A

7

Bandwidth and half- power points f and f,

b Frequency

Figure 15.20

15.10 Power in a.c.
circuits

the circuit isf?R. At I = 0.707,, the power ig0.707/,)?R = 0.5IR, i.e.,
half the power that occurs at frequengy. The points corresponding to
f1 and f, are called théhalf-power points. The distance between these
points, i.e. {2 — f1), is called thebandwidth.

It may be shown that

f, fr
= fo —f) = —
— or| (f —f1) )

=

Q

(This formula is proved in Chapter 28, page 495)

Problem 23. A filter in the form of a series—R—C circuit is
designed to operate at a resonant frequency of 5 kHz. Included
within the filter is a 20 mH inductance and IDresistance. Deter-
mine the bandwidth of the filter.

Q-factor at resonance is given by

oL (2r5000)(20 x 107%)

0= R 10 = 6283
SinceQ, = f,/(f2 — f1)

. _ fr _ 5000 _
bandwidth, (f, — f1) = 0, 5283~ 79.6 Hz

Selectivity is the ability of a circuit to respond more readily to signals of

a particular frequency to which it is tuned than to signals of other frequen-
cies. The response becomes progressively weaker as the frequency departs
from the resonant frequency. The higher the Q-factor, the narrower the
bandwidth and the more selective is the circuit. Circuits having high Q-
factors (say, in the order of 100 to 300) are therefore useful in communica-
tions engineering. A high Q-factor in a series power circuit has disadvan-
tages in that it can lead to dangerously high voltages across the insulation
and may result in electrical breakdown.

(For more on bandwidth and selectivity see Chapter 28, page 504)

In Figures 15.21(a)—(c), the value of power at any instant is given by the
product of the voltage and current at that instant, i.e. the instantaneous
power, p = vi, as shown by the broken lines.

(a) For a purely resistive a.c. circuit, the average power dissip&ted,
is given by:

2
P=VI =I°R= R watts (V and/ being rms values).

See Figure 15.21(a).
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Average
power

PURE RESISTANCE-AVERAGE
POWER =VI

POWER=0

PURE CAPACITANCE-AVERAGE
POWER =0

(c)

Figure 15.21

Figure 15.22

(b) For a purely inductive a.c. circuit, the average power is zero. See
Figure 15.21(b).

(c) For a purely capacitive a.c. circuit, the average power is zero. See
Figure 15.21(c).

Figure 15.22 shows current and voltage waveforms forRa. circuit
where the current lags the voltage by angleThe waveform for power
(where p = vi) is shown by the broken line, and its shape, and hence
average power, depends on the value of aggle

For anR—L, R—C or R—L—-C series a.c. circuit, the average power
is given by:

P = VI cos¢ watts

or

P = | 2R watts | (V and being rms values)

The formulae for power are proved in Chapter 26, page 459.

Problem 24. An instantaneous current= 250 sinot mA flows
through a pure resistance of 52kFind the power dissipated in the
resistor.

Power dissipated? = /%R where! is the rms value of current.

If i = 250sinwt MA, thenl,, = 0.250 A and rms current,
I = (0.707 x 0.250) A

Hence powerP = (0.707 x 0.2502(5000 = 156.2 watts

Problem 25. A series circuit of resistance ®0and inductance
75 mH is connected to a 110 V, 60 Hz supply. Calculate the power
dissipated.

Inductive reactanceX; = 27 fL = 2r(60)(75 x 1073) = 28.27 Q

ImpedanceZ = \/(R? + X2) = \/[(60 + (28.27)%] = 6633 Q

Vv 110
Current,] = 7 = 6633 =1.658 A

To calculate power dissipation in an a.c. circuit two formulae may be
used:

(i) P =1I°R=(1.658?260) =165 W

or (i) P = VIcosp where co = R_ 90
- " Z 6633

Hence P = (110)(1.658)(0.9046) = 165 W

= 0.9046
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15.11 Power triangle and Figure 15.23(a) shows a phasor diagram in which the curréags the

power factor

(a) PHASOR DIAGRAM

S=VI 2 Q=Vising

P=Vicosg
(b) POWER TRIANGLE

Figure 15.23

applied voltageV by angle¢. The horizontal component df is V cos¢
and the vertical component &f is V sing. If each of the voltage phasors
is multiplied by/, Figure 15.23(b) is obtained and is known as‘fiwver
triangle’.

Apparent power, S = VI voltamperes (VA)
True or active power, P = VI cos¢ watts (W)
Reactive power Q = VI sin¢ reactive

voltamperes (var)

True power P

Power factor =
Apparent power S

VI cose

, i.e.
VI

. . P
For sinusoidal voltages and currents, power faetog =

p.f. = cos¢ = ; (from Figure 15.6)

The relationships stated above are also true when curfetgads
voltage V. More on the power triangle and power factor is contained
in Chapter 26, page 464.

Problem 26. A pure inductance is connected to a 150 V, 50 Hz
supply, and the apparent power of the circuit is 300 VA. Find the
value of the inductance.

Apparent powelS = VI

S 300
Hence currenf = — = — =2 A
vV 150
vV 150
Inductive reactanc&; = 7= 3 = 75 Q
. . X 75
SinceX; = 27 fL, inductancel = —— = ——— =0.239 H
L=2anf 2nf . 27(50)

Problem 27. A transformer has a rated output of 200 kVA at|a
power factor of 0.8. Determine the rated power output and the
corresponding reactive power.

VI = 200 kVA = 200 x 10%; p.f. = 0.8 = cos¢
Power outputP = VI cosp = (200 x 10°)(0.8) = 160 kW
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Reactive powerQ = VIsing

If cos¢ = 0.8, theng = arccos B = 36.87 = 36’52
Hence sinp = sin 3687 = 0.6

Hence reactive powe = (200 x 10%)(0.6) = 120 kvar

Problem 28. The power taken by an inductive circuit when
connected to a 120 V, 50 Hz supply is 400 W and the current
is 8 A. Calculate (a) the resistance, (b) the impedance, (c) the
reactance, (d) the power factor, and (e) the phase angle between
voltage and current.

P 400
(a) Power ence 2~ @2
v 120
(b) ImpedanceZ = 7= 8§ = 15Q

(c) SinceZ = \/(R2 +X2), thenX, = \/(Z%> — R?)
= V[(15? — (6.25)7]
= 1364 Q

true power ~ VIicosp 400

= = = 0.4167
apparent power VI (120)(8)

(d) Power factoe=

(e) p.f.=cosyp = 0.4167.Hence phase angle = arccos 04167
= 65.37
= 65°22 lagging

Problem 29. A circuit consisting of a resistor in series with
capacitor takes 100 watts at a power factor of 0.5 from a 100
60 Hz supply. Find (a) the current flowing, (b) the phase ang
(c) the resistance, (d) the impedance, and (e) the capacitance.

TL®

true power

apparent power

= ﬂ Hencel = & =
(100)(1) (0.5)(100

(b) Power factoe= 0.5 = cos¢. Hence phase anglg = arccos (6

(&) Power factoe

i.e. 05 2A

= 60" leading

. P 100
(c) PowerP =I°R. Hence resistancR = — = — =258
12 (2)2

(d) ImpedanceZ = ; == 50 Q
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15.12 Further problems
on single-phase series a.c.
circuits

(e) Capacitive reactanc& = v/(Z2 — R?) = \/(5(% — 25?)

=4330Q
Xc= 1 hence capacitancé = = - F
€= omfC P = 27fX. _ 27(60)(4330)
=61.26 pF

Further problems on power in a.c. circuits may be found in Section 15.12
following, problems 26 to 36, page 237.

A.c. circuits containing pure inductance and pure capacitance

Calculate the reactance of a coil of inductance 0.2 H when it is
connected to (a) a 50 Hz, (b) a 600 Hz and (c) a 40 kHz supply.
[(a) 62.83%2 (b) 754 (c) 50.27 k2]

2 A coil has a reactance of 120 in a circuit with a supply frequency
of 4 kHz. Calculate the inductance of the coil. [4.77 mH]

3 Asupply of 240 V, 50 Hz is connected across a pure inductance and
the resulting current is 1.2 A. Calculate the inductance of the coil.
[0.637 H]

4  An e.m.f. of 200 V at a frequency of 2 kHz is applied to a coil of
pure inductance 50 mH. Determine (a) the reactance of the coil, and
(b) the current flowing in the coil. [(a) 6282 (b) 0.318 A]

5 Calculate the capacitive reactance of a capacitor ofiRGvhen
connected to an a.c. circuit of frequency (a) 20 Hz, (b) 500 Hz,
(c) 4 kHz [(@) 397.922 (b) 15.92% (c) 1.989Q]

6 A capacitor has a reactance of 80when connected to a 50 Hz
supply. Calculate the value of its capacitance. [BuFP

7 A capacitor has a capacitive reactance of #0&hen connected to
a 100 V, 25 Hz supply. Determine its capacitance and the current
taken from the supply. [15.92F, 0.25 A]

8 Two similar capacitors are connected in parallel to a 200 V, 1 kHz
supply. Find the value of each capacitor if the circuit current is
0.628 A. [0.25uF]

R-L a.c. circuits

9 Determine the impedance of a coil which has a resistance &t 12
and a reactance of 14 [20 ]

10 A coil of inductance 80 mH and resistance ®0is connected to
a 200 V, 100 Hz supply. Calculate the circuit impedance and the



Single-phase series a.c. circuis35

11

12

13

current taken from the supply. Find also the phase angle between
the current and the supply voltage.
[78.27 2, 2.555 A, 3957 lagging]

An alternating voltage given by = 100 sin 240 volts is applied
across a coil of resistance 32 and inductance 100 mH. Determine
(a) the circuit impedance, (b) the current flowing, (c) the p.d. across
the resistance, and (d) the p.d. across the inductance.

[(@) 40 (b) 1.77 A (c) 56.64 V (d) 42.48 V]

A coil takes a current of 5 A from a 20V d.c. supply. When
connected to a 200 V, 50 Hz a.c. supply the current is 25 A.
Calculate the (a) resistance, (b) impedance and (c) inductance of
the coil. [(@) 42 (b) 8 22 (c) 22.05 mH]

A colil of inductance 636.6 mH and negligible resistance is connected
in series with a 102 resistor to a 250 V, 50 Hz supply. Calcu-

late (a) the inductive reactance of the cail, (b) the impedance of the
circuit, (c) the current in the circuit, (d) the p.d. across each compo-

nent, and (e) the circuit phase angle.
[(a) 200 (b) 2236 ©2 (c)1118 A

(d) 2236 V, 1118 V (e) 6326 lagging]

R-C a.c. circuits

14

15

16

17

A voltage of 35V is applied across @R series circuit. If the
voltage across the resistor is 21V, find the voltage across the
capacitor. [28 V]

A resistance of 5@ is connected in series with a capacitance of
20 uF. If a supply of 200 V, 100 Hz is connected across the arrange-
ment find (a) the circuit impedance, (b) the current flowing, and
(c) the phase angle between voltage and current.

[(a) 93.98% (b) 2.128 A (c) 5757 leading]

An alternating voltages = 250sin 800 t volts is applied across a
series circuit containing a 3Q resistor and 5QF capacitor. Calcu-

late (a) the circuit impedance, (b) the current flowing, (c) the p.d.
across the resistor, (d) the p.d. across the capacitor, and (e) the phase

angle between voltage and current
[(a) 3905 Q (b) 4527 A (c) 1358 V
(d) 1132 V (e) 3948]

A 400 resistor is connected in series with a 2358 pF capacitor
across a 12 V a.c. supply. Determine the supply frequency if the
current flowing in the circuit is 24 mA. [225 kHz]

R—-L-C a.c. circuits

18

A 40 uF capacitor in series with a coil of resistanc&28and induc-
tance 80 mH is connected to a 200 V, 100 Hz supply. Calculate
(a) the circuit impedance, (b) the current flowing, (c) the phase angle
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between voltage and current, (d) the voltage across the coil, and

(e) the voltage across the capacitor.
[(a) 1318 © (b) 1517 A (c) 5238
(d) 7721 V (e) 6036 V]

19 Three impedances are connected in series across a 100 V, 2 kHz
supply. The impedances comprise:

(i) an inductance of 0.45 mH andQ resistance,
(i) an inductance of 57@H and 5% resistance, and
(i) a capacitor of capacitance 1{F and resistance .

Assuming no mutual inductive effects between the two inductances
calculate (a) the circuit impedance, (b) the circuit current, (c) the
circuit phase angle and (d) the voltage across each impedance. Draw
the phasor diagram.

[(@) 1112 © (b) 899 A (c) 2555 lagging

(d) 5392 V, 7853 V, 76.46 V]

20 For the circuit shown in Figure 15.24 determine the voltdgeand

Mo rormi o aderamd V, if the supply frequency is 1 kHz. Draw the phasor diagram and

hence determine the supply voltageand the circuit phase angle.
[Vi=260V,V,=67.05V,
s V =50V, 538 leading]

Figure 15.24 Series resonance and Q-factor

21 Find the resonant frequency of a series a.c. circuit consisting of a coil
of resistance 1@ and inductance 50 mH and capacitance Qb5
Find also the current flowing at resonance if the supply voltage is
100 V. [3.183 kHz, 10 A]

22 The current at resonance in a setiesC —R circuit is 0.2 mA. If the
applied voltage is 250 mV at a frequency of 100 kHz and the circuit
capacitance is 0.0dF, find the circuit resistance and inductance.

[1.25 k2, 63.3uH]

23 A coil of resistance 2% and inductance 100 mH is connected
in series with a capacitance of 0.4E across a 200 V, variable
frequency supply. Calculate (a) the resonant frequency, (b) the
current at resonance and (c) the factor by which the voltage across
the reactance is greater than the supply voltage.

[(@) 1.453 kHz (b) 8 A (c) 36.52]

24 Calculate the inductance which must be connected in series with a
1000 pF capacitor to give a resonant frequency of 400 kHz.
[0.158 mH]

25 A series circuit comprises a coil of resistanceS2@&nd inductance
2 mH and a 500 pF capacitor. Determine the Q-factor of the circuit at
resonance. If the supply voltage is 1.5 V, what is the voltage across
the capacitor? [100, 150 V]
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Power in a.c. circuits

26

27

28

29

30

31

32

33

34

35

36

A voltagev = 200 sinwt volts is applied across a pure resistance of
1.5 k. Find the power dissipated in the resistor.
[13.33 W]

A 50 pF capacitor is connected to a 100 V, 200 Hz supply. Deter-
mine the true power and the apparent power.
[0, 628.3 VA]

A motor takes a current of 10 A when supplied from a 250 V a.c.
supply. Assuming a power factor of 0.75 lagging find the power
consumed. Find also the cost of running the motor for 1 week contin-
uously if 1 kWh of electricity costs 7.20 p.

[1875 W, £22.68]

A motor takes a current of 12 A when supplied from a 240 V a.c.
supply. Assuming a power factor of 0.75 lagging, find the power

consumed. [2.16 kW]
A substation is supplying 200 kVA and 150 kvar. Calculate the corre-
sponding power and power factor. [132 kW, 0.66]

A load takes 50 kW at a power factor of 0.8 lagging. Calculate the
apparent power and the reactive power.
[62.5 kVA, 37.5 kvar]

A coil of resistance 402 and inductance 0.20 H is connected to a
75 V, 400 Hz supply. Calculate the power dissipated in the coil.
[5.452 W]

An 80 ¢ resistor and a GF capacitor are connected in series across
a 150 V, 200 Hz supply. Calculate (a) the circuit impedance, (b) the
current flowing and (c) the power dissipated in the circuit.

[(@) 154.9 (b) 0.968 A (c) 75 W]

The power taken by a series circuit containing resistance and
inductance is 240 W when connected to a 200 V, 50 Hz supply.
If the current flowing is 2 A find the values of the resistance and

inductance. [602, 255 mH]

A circuit consisting of a resistor in series with an inductance takes
210 W at a power factor of 0.6 from a 50 V, 100 Hz supply. Find
(a) the current flowing, (b) the circuit phase angle, (c) the resistance,
(d) the impedance and (e) the inductance.

[(@) 7 A (b) 538 lagging (c) 4286 Q

(d) 7.143 Q2 (e) 9095 mH]

A 200 V, 60 Hz supply is applied to a capacitive circuit. The current
flowing is 2 A and the power dissipated is 150 W. Calculate the
values of the resistance and capacitance.

[37.5Q, 28.61uF]



16.1 Introduction

CIRCUIT DIAGRAM

[

Figure 16.1

16.2 R-L parallel a.c.

circuit

16 Single-phase parallel
a.c. circuits

At the end of this chapter you should be able to:

e calculate unknown currents, impedances and circuit phase
angle from phasor diagrams for (R}-L (b) R—C (c) L-C
(d) LR—C parallel a.c. circuits

e state the condition for parallel resonance inlatC circuit

e derive the resonant frequency equation forl&+C parallel
a.c. circuit

e determine the current and dynamic resistance at resonance (in
an LR—C parallel circuit

e understand and calculate Q-factor in BR—C parallel circuit
e understand how power factor may be improved

In parallel circuits, such as those shown in Figures 16.1 and 16.2, the
voltage is common to each branch of the network and is thus taken as
the reference phasor when drawing phasor diagrams.

For any parallel a.c. circuit:

True or active powerP = VI cos¢ watts (W)
or P = Ix?R watts
Apparent powerS = VI voltamperes (VA)
Reactive powerQ = VIsing¢ reactive voltamperes (var)

true power P

Power factol= ——— =
apparent power S

= COS¢

(These formulae are the same as for series a.c. circuits as used in
Chapter 15.)

In the two branch parallel circuit containing resistaicand inductancé
shown in Figure 16.1, the current flowing in the resistatggis in-phase
with the supply voltage/ and the current flowing in the inductande,
lags the supply voltage by 90The supply current is the phasor sum of
Iz andI; and thus the current lags the applied voltag¥ by an angle
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lying between 0 and 90 (depending on the values 6§ andl;), shown
as anglep in the phasor diagram.

From the phasor diagram:

I= \/(I,"; +1%), (by Pythagoras’ theorem)

% \%
where Ix = — andl; = —
R XL
I

tang =
¢ In

. I 1 . . .
,Sing = 7L and cogp = 7R (by trigonometric ratios

L Vv
Circuit impedanceZ = i

Problem 1. A 202 resistor is connected in parallel with an induct
tance of 2.387 mH across a 60 V, 1 kHz supply. Calculate (a) the
current in each branch, (b) the supply current, (c) the circuit phgse
angle, (d) the circuit impedance, and (e) the power consumed.

The circuit and phasor diagrams are as shown in Figure 16.1.

60

t flowing in th ist Ir=—=—=3A
(&) Current flowing in the resistor I =20 3
Current flowing in the inductanch = vV__V
g =X, " 2n/L
_ 60
~ 27(1000)(2.387 x 10-3)
=4 A
(b) From the phasor diagram, supply currehnt \/(IR2 +1%)
=V@E+4#
=5A

I 4
(c) Circuit phase anglep = arctarIHL = arctan(é) =5313%
R

= 538 lagging
vV 60
(d) Circuit impedanceZ = 75 = 12Q

(e) Power consumeft = VI cosgp = (60)(5)(cos538) =180 W
(Alternatively, power consumeH = Iz?R = (3)?(20) = 180 W)

Further problems onR-L parallel a.c. circuits may be found in
Section 16.8, problems 1 and 2, page 256.
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16.3 R-C parallel a.c.
circuit

Figure 16.2

In the two branch parallel circuit containing resistaiand capacitance
C shown in Figure 16.2l is in-phase with the supply voltagé and the
current flowing in the capacitoi, leadsV by 90. The supply current
I is the phasor sum df; and/c and thus the currentleads the applied
voltageV by an angle lying betweert @nd 90 (depending on the values
of Iz and/¢), shown as angle in the phasor diagram.

From the phasor diagram:

I= \/(I,% +12), (by Pythagoras’ theorem)

|4 |4
where Ip = — andl¢c = —
R Xc

1 . I I . . .
tana = I—C sine = TC and cosx = TR (by trigonometric ratios)
R

S 1%
Circuit impedanc&Z = 7

Problem 2. A 30uF capacitor is connected in parallel with ar]
80 Q resistor across a 240 V, 50 Hz supply. Calculate (a) the
current in each branch, (b) the supply current, (c) the circuit phgse
angle, (d) the circuit impedance, (e) the power dissipated, and
(f) the apparent power.

The circuit and phasor diagrams are as shown in Figure 16.2.

. . vV 240
C t t =—=—=3A
(@) Current in resistor R )
Current in capacitor]c = Vo _ v
p CcC — Xc - ( 1 )
2t fC
= 27fCV
= 21(50)(30 x 10°)(240)
=2.262 A

(b) Supply current] = \/(IR2 +1c%) = /(3% +2.262)
=3757 A

. I 2.262
(c) Circuit phase angley = arctanl—c = arctan( 3 )
R

= 371 leading

L 14 240
(d) Circuit impedanceZ = 7 =3757= 63.88 Q
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(b) lg V=120V

Figure 16.3

16.4 L-C parallel a.c.

circuit

(e) True or active power dissipatedl,= VI cosa
= 240(3.757)cos 371
=720 W
(Alternatively, true powe? = Iz R = (3)(80) = 720 W)
(f) Apparent powerS = VI = (240)(3.757) = 9017 VA

Problem 3. A capacitor C is connected in parallel with a resistor
R across a 120 V, 200 Hz supply. The supply current is 2 A at a
power factor of 0.6 leading. Determine the values of C and R.

The circuit diagram is shown in Figure 16.3(a).

Power factor= cos¢ = 0.6 leading, hence ¢ = arccos( = 5313
leading.

From the phasor diagram shown in Figure 16.3(b),
Ir =1c0s5313 = (2)(0.6)

=12A
and I =1sin5313 = (2)(0.8)

=16A
(Alternatively, Iy and I can be measured from the scaled phasor
diagram.)
From the circuit diagram,

Vv . vV 120
Ig = — fromwhichR= — = — =100Q
R Ir 1.2
% . Ic
and/c = — =27 fCV, from which,C =

XC 27TfV
_ 16
© 27(200)(120)
=10.61 pF

Further problems onR-C parallel a.c. circuits may be found in
Section 16.8, problems 3 and 4, page 256.

In the two branch parallel circuit containing inductance L and capacitance
C shown in Figure 16.4; lagsV by 90 and/. leadsV by 9C.

Theoretically there are three phasor diagrams possible —each depend-
ing on the relative values df, and/:
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I=l~ig

!

=le=l

>l
I
IC
(iiy Io>l,
L‘
)
I
Figure 16.4

(i) 1. > Ic¢ (giving a supply current] =1, — I¢ laggingV by 90)
@iy Ic > I (giving a supply current] = I — I, leadingV by 90)

(i) 1. =1I¢ (giving a supply current, | = 0).

The latter condition is not possible in practice due to circuit resistance
inevitably being present (as in the circuit described in Section 16.5).

- % Vv
For theL—C parallel circuit,/; = —,Ic = —
X Xc

. \%
I = phasor difference betwedn and/¢, andZ = 7

power consumed.

Problem 4. A pure inductance of 120 mH is connected in paral
with a 25uF capacitor and the network is connected to a 100 V,
50 Hz supply. Determine (a) the branch currents, (b) the supply
current and its phase angle, (c) the circuit impedance, and (d)

el

the

The circuit and phasor diagrams are as shown in Figure 16.4.

(@) Inductive reactance,X; = 27 fL = 2x(50)(120 x 10°3)

=3770Q
Capacitive reactancé& . = = 1
P €= 2%fC ~ 27(50)(25 x 10°6)
=1273 Q
Vv 100
Current flowing in inductancd; = — = —— = 2.653 A
. wing inihdu L= X, T 3770
Vv 100
C t flowing i itor,/[c = — = ———- =0786 A
urrent flowing in capacitor, I Xe = 1273

(b) 1, andI. are anti-phase. Hence supply current,

| =1, — I =2.653-0.786=1.867 A and the current lags the

supply voltageV by 90° (see Figure 16.4(i))

S 14 100
= - = — = . Q
(c) Circuit impedanceZ 7 = 1867 53.56

(d) Power consumed? = VI cos¢ = (100)(1.867)(cos 90)
=0W

frequency is changed to 150 Hz.

Problem 5. Repeat Problem 4 for the condition when the
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16.5 LR-C parallel a.c.
circuit

(@) Inductive reactance; = 27(150)(120x 107%) = 1131 Q

1

Capacitive reactancec = =4244 Q
P B 27(150)(25 x 10-6)
\% 100

C t flowing in inductancd; = — = —— = 0.884 A
urrent rlowing In indauctanc XL 1131
\% 100

Current flowing in capacitor =—=——=2356A
! wing In capacitotle = 3= = 514

(b) Supply current] = I — I, = 2.356— 0.884= 1.472 A leadingV
by 90 (see Figure 4(ii))
100

L 1%
(c) Circuit impedanceZ 7 = 1473 67.93

(d) Power consumed} = VIcosyp = 0 W (since¢ = 90°)

From Problems 4 and 5:

(i) WhenX; < Xc¢ thenI; > I andI lagsV by 90
(i) WhenX; > Xc thenI; < I and! leadsV by 9C

(iii) In a parallel circuit containing no resistance the power consumed
is zero

Further problems onL-C parallel a.c. circuits may be found in
Section 16.8, problems 5 and 6, page 256.

In the two branch circuit containing capacitarn€en parallel with induc-
tanceL and resistance in series (such as a coil) shown in Figure 16.5(a),
the phasor diagram for the LR branch alone is shown in Figure 16.5(b)
and the phasor diagram for tidebranch is shown alone in Figure 16.5(c).
Rotating each and superimposing on one another gives the complete
phasor diagram shown in Figure 16.5(d).

The currentl;; of Figure 16.5(d) may be resolved into horizontal and
vertical components. The horizontal component, shown as Hp 0S¢
and the vertical component, shown gg is Iz Sing;. There are three
possible conditions for this circuit:

(i) Ic > Igsing; (giving a supply current leading V by angle
¢—as shown in Figure 16.5(e))

(i) Irsings > Ic (giving I lagging V by angle ¢ —as shown in
Figure 16.5(f))

(i) Ic =Irsing; (thisis called parallel resonance, see Section 16.6).

There are two methods of finding the phasor sum of curréntsand
I¢ in Figures 16.5(e) and (f). These are: (i) by a scaled phasor diagram,
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lp R L
>
1
A /
| VH 7 | VL ————'V c
" le c ‘L 61 J
o v ~ Va hr Wy
(@) (b) (c)
le
o
7
Figure 16.5

or (ii) by resolving each current into theiin-phase€ (i.e. horizontal) and
‘quadrature’ (i.e. vertical) components,as demonstrated in problems 6
and 7. With reference to the phasor diagrams of Figure 16.5:

Impedance of LR brancl?z = v/(R? + X,2)

\% \%
Current, Iig = —andlc = —
Zir Xc

Supply currentf = phasor sum of ;x and/. (by drawing)
= \/{(ILR cosp1)? + (I 1z Sing1 ~ 1)} (by calculation)

where~ means ‘the difference between'.

s 1%
Circuit impedanceZ = 7

\%4 X . X
tang; = ML —L, sing, = 2L and CO%py = —
Vr R Zir Zir
Irrsingy ~ 1 Iz CO
tang = rSINgy ~ I and cosp — LR COS¢1
I1r COSP1 I

Problem 6. A coil of inductance 159.2 mH and resistanc&248

connected in parallel with a 3@F capacitor across a 240 V, 50 Hz
supply. Calculate (a) the current in the coil and its phase angle,
(b) the current in the capacitor and its phase angle, (c) the supply
current and its phase angle,(d) the circuit impedance, (e) the poywer
consumed, (f) the apparent power, and (g) the reactive power. Dijaw
the phasor diagram.
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Z; The circuit diagram is shown in Figure 16.6(a).

—_——f—
R=40Q L =159.2 mH o )
(a) For the coil, inductive reactanég = 27 fL

— 27(50)(1592 x 10°3)
—50Q
ImpedanceZy = /(R + X2) = \/(40% + 50%) = 64.03 2

Vv 240
Currentincoil,/;p = — = ——— =3.748 A
K= 7, ~ 6403

X 50
Branch phase anglg; = arctanFL = arctan(ﬂ)) = arctan 125

= 5134 = 51°20 lagging
(see phasor diagram in Figure 16.6(b))

1 1
b) Capacitive reactanc&,c = =
Figure 16.6 (b) Cap €= 2%fC ~ 27(50)(30 x 10°6)
=1061Q
Current in capacitor]c = v._ 240
pacitonie = ¥~ = 1061

= 2.262 A leading the supply
voltage by 90
(see phasor diagram of Figure 16.6(b)).

(c) The supply current | is the phasor sumilgf and/- This may be
obtained by drawing the phasor diagram to scale and measuring the
current/ and its phase angle relative 0. (Current/ will always
be the diagonal of the parallelogram formed as in Figure 16.6(b)).

Alternatively the current;z and/- may be resolved into their hori-
zontal (or ‘in-phase’) and vertical (or ‘quadrant’) components. The
horizontal component aof; is

I;rc0g51°20) = 3.748 cos 5120 = 2.342 A

The horizontal component df is I cos90 =0

Thus the total horizontal componeid; = 2.342 A

The vertical component af z = —1I, sin(51°20)
= —3.748sin 5120
=—-2926 A

The vertical component dfe = I sin90
= 2.262sin90 = 2.262 A
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ly=2.342 A

\”‘\;L
I, =-0.664 A

/

Figure 16.7

R=3kQ L=012H

V =40V, 5kHz
Ic=25.13 mA

Scales
o
024681012 mA

—
0 10 20V

V=40V
ILH =8.30 mA

Figure 16.8

Thus the total vertical component, = —2.926+ 2.262
= —0.664 A
Iy andly are shown in Figure 16.7, from which,

I=1/[(23422 + (—0.664?2] = 2.434 A

4
Angle ¢ = arctan( ) = 1583 = 15’50 lagging

2.342
Hence the supply currentl = 2.434 A laggingV by 15°50'.
1% 240
i iti = == — = X Q
(d) Circuit impedanceZ 7 = 2434 98.60

(e) Power consumed, = VIcos¢ = (240)(2.434) cos 1550
=562 W
(Alternatively, P = Iz?R = I z°R (in this case)
= (3.7482(40) = 562 W)
(f) Apparent powerS = VI = (240)(2.434) = 584.2 VA

(g) Reactive powerQ = VI sing = (240)(2.434)(sin 1550)
= 1594 var

Problem 7. A coil of inductance 0.12 H and resistances3i&

connected in parallel with a 0.Q& capacitor and is supplied at
40 V at a frequency of 5 kHz. Determine (a) the current in the co
and (b) the current in the capacitor. (c) Draw to scale the pha
diagram and measure the supply current and its phase angle; ct
the answer by calculation. Determine (d) the circuit impedance a
(e) the power consumed.

The circuit diagram is shown in Figure 16.8(a).
(@) Inductive reactanc&; = 27 fL = 27(5000(0.12) = 37702

Impedance of cailZy = /(R2 + X,2) = v/[(3000? + (37707

= 4818Q
Vv 40
C ti il [jgp = — = -—-=830mMA
urrent in coil, I 7. = 2818 m

X 3770
Branch ph nglke = arctan— = arctan——
anch phase angl¢ acaR acasoo0

= 515 lagging

neck
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1 1
27fC — 27(5000(0.02 x 10-6)

(b) Capacitive reactancé,c =

=1592Q
Capacitor current] = Vo _ 40
P €= X.~ 1592

= 25.13 mA leadingV by 9C°

() Currents I;x and I are shown in the phasor diagram of
Figure 16.8(b). The parallelogram is completed as shown and the
supply current is given by the diagonal of the parallelogram. The
current/ is measured a$9.3 mA leading voltageV by 74.5

By calculation, = /[(I.z 0S515°)2 + (I¢ — I Sin 515°)?]

=1934 mA
IC — IR sin515°
d¢ = arctanl ———————— | = 7450
and¢ = arc an( I, cos515° )
L 14 40
(d) Circuit impedanceZ = — = 2.068 kQ

I~ 1934x 103
(e) Power consumed, = VIcosg = (40)(19.34 x 10-3)(cos 7450°)
= 2067 mW

(Alternatively, P = Iz?R = Iz°R = (8.30 x 1073)?(3000
= 2067 mW)

Further problems on thed.lR—C parallel a.c. circuit may be found in
Section 16.8, problems 7 and 8, page 256.

16.6 Parallel resonance Parallel resonance

and Q-factor Resonanceoccurs in the two branch network containing capacitafice

parallel with inductancé. and resistanc® in series (see Figure 16.5(a))
when the quadrature (i.e. vertical) component of curidgptis equal to
Ic. At this condition the supply current is in-phase with the supply
voltage V.

Resonant frequency

When the quadrature component/gf is equal tal ¢ then:Ic = I,z Singy
(see Figure 16.9)
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Figure 16.9

Ir (= I, gcos ¢y)

iR

I psing,

X
HencexL = ( v > <—L) (from Section 16.5)

C Tm LR
L
rom which, Z,z cXp = @2nf,L) 27 f.C c ( )
L L
Hence [\/(R2 +X.2)% = c andR? + X% = c
2 L 2 L 5
Thus (277er) :E—R and ZTf,L: E—R

and f 1 (L R2>_1 L R
" 2nL\ \c 2r\[\L2C L2

, 1 1 R?
i.e. parallel resonant frequengyf, = e 1z Hz
/2

(WhenR is negligible, thenf, = which is the same as for

series resonance.)

1
27 /(LC)’

Current at resonance

Current at resonancé, = I,z cos¢; (from Figure 16.9)

Vv R .
= (—) (—) (from Section 16.5)
Zir) \Zir
_ VR
- Zk
. , L
However from equation (16.1%7, = c
VR VRC
C

The current is at aminimum at resonance.

Dynamic resistance

Since the current at resonance is in-phase with the voltage the impedance
of the circuit acts as a resistance. This resistance is known aytizenic
resistance,Rp (or sometimes, the dynamic impedance).
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. . 1% \% L
From equation (16.2), impedance at resonaac% = (VRT) = 2C
L

. . . L
i.e. dynamic resistance,Rp = R ohms

Rejector circuit

The parallel resonant circuit is often described asjactor circuit since
it presents its maximum impedance at the resonant frequency and the
resultant current is a minimum.

Q-factor

Currents higher than the supply current can circulate within the parallel
branches of a parallel resonant circuit, the current leaving the capacitor
and establishing the magnetic field of the inductor, this then collapsing and
recharging the capacitor, and so on. T@dactor of a parallel resonant
circuit is the ratio of the current circulating in the parallel branches of the
circuit to the supply current, i.e. the current magnification.

circulating current

supply current
Ic  Iigsingy
I, I,
I;r Sing sing,
ILrCOS$1  COSy

XL

Q-factor at resonance current magnification=

2nf, L
R

i.e.| Q-factor at resonance=

(which is the same as for a series circuit)

Note that in aparallel circuit the Q-factor is a measure ofirrent
magnification, whereas in aseries circuit it is a measure of/oltage
magnification.

At mains frequencies the Q-factor of a parallel circuit is usually low,
typically less than 10, but in radio-frequency circuits the Q-factor can be
very high.

Problem 8. A pure inductance of 150 mH is connected in parallel
with a 40uF capacitor across a 50 V, variable frequency supply.
Determine (@) the resonant frequency of the circuit and (b) the
current circulating in the capacitor and inductance at resonance!.
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L=150mH The circuit diagram is shown in Figure 16.10.
S

(@) Parallel resonant frequency, = 1 < ! Rz)
o] - a "Tor\\LCc 12

c-iour However, resistanc® = 0. Hence,
T sov ° P! ( 1 ) 1 \/{ 1 }
r— A — = — 3 6
Figure 16.10 20\ \LC/) 27\ [ (150x 10-3)(40x 10-°)
1 < 10 )
— 27\ \(15)
10 [/1
=-—4/| z ) =6497 Hz
()

(b) Current circulating inL and C at resonance,

LoV v
2nf,C

Hencelcire = 27(64.97)(40 x 10-6)(50) = 0.816 A

=2nf,CV

(Alternatively, e = - = — = 50
YileRe = X = 2nfiL ~ 27(64.97)(0.15)
= 0.817 A)

Problem 9. A coil of inductance 0.20 H and resistance(6Gs

connected in parallel with a 20F capacitor across a 20 V, vari-
able frequency supply. Calculate (a) the resonant frequency, (b) the
dynamic resistance, (c) the current at resonance and (d) the circuit
Q-factor at resonance.

(a) Parallel resonant frequency,

f_1 1 R
" om LC 12

1 1 (60
T2 (0.20)(20 x 10-6)  (0.2)?

1
Z\/(ZSO 000- 90000

1 1
Z\/(lﬁoo 000 = 5(400)

63.66 Hz
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0.20
b) Dynamic resistanc&p = — = —————— = 1667 Q
(b) Dy %= ke = 60)20x 10°9)
(c) Current at resonance, = _ 20 0.12 A
" Rp 1667
- 2rf.L  2n(63.66)(0.2
(d) Circuit Q-factor at resonance n]]; = i 60)( ): 1.33

Alternatively, Q-factor at resonanee current magnification (for a
parallel circuit)=1./1,

\%4 \%
I. = =7 1 \° 2nf.CV = 2n(63.66)(20 x 1076)(20)
(zw7)
=0.16A4
I. 016 .
Hence Q-factoe= o= 1.33, as obtained above

Problem 10. A coil of inductance 100 mH and resistance €00
is connected in parallel with a variable capacitor across a 12|V,
5 kHz supply. Determine for the condition when the supply current
is a minimum: (a) the capacitance of the capacitor, (b) the dynamic
resistance, (c) the supply current, and (d) the Q-factor.

(@) The supply current is a minimum when the parallel circuit is at

resonance.
Resonant frequency.,, = ! ! i
q "W 27_[ LC L2
Transposing for C giveg2r f )2 1 K
Tf)) = ———
p g g IC 12
R? 1
2nf )+ 5 ==
@+ 7= e
1
C = R2

WhenL = 100 mH,R = 8002 and f, = 5000 Hz,
1

C =

80C°
(100x 10-3)2

100x 10-3 {zn(soocy‘ +
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1
= 01[x210° + (064107

B 10°
T 0.1(1051 x 108)

uF = 0.009515pF or 9.515 nF

L 100x 1073
CR  (9.515x 10-9)(800)

(b) Dynamic resistance&®p =

= 1314 kR

_ 12
Rp 1314 x 1C®

27f,L  27(5000(100x 1073
(d) Q-factor at resonance _711]; = i Cb:aoo : ):

. 1 V/X 2nf,CV
Alternatively, Q-factor at resonanee - = /X = f

(c) Supply current at resonande,= =0.913 mA

3.93

I, I, I,
_ 27(5000(9.515x 10-°)(12)
- 0.913x 103
=393

Further problems on parallel resonance and Q-factor may be found in
Section 16.8, problems 9 to 12, page 257.

16.7 Power factor For a particular power supplied, a high power factor reduces the current
improvement flowing in a supply system and therefore reduces the cost of cables,

switch-gear, transformers and generators. Supply authorities use tariffs
which encourage electricity consumers to operate at a reasonably high
power factor. Industrial loads such as a.c. motors are essentially induc-
tive (R—L) and may have a low power factor. One method of improving
(or correcting) the power factor of an inductive load is to connect a
static capacitorC in parallel with the load (see Figure 16.11(a)). The
supply current is reduced fromy; to I, the phasor sum of; and
Ic, and the circuit power factor improves from ehsto cosp, (see
Figure 16.11(b)).

Problem 11. A single-phase motor takes 50 A at a power factor|of
0.6 lagging from a 240 V, 50 Hz supply. Determine (a) the current
taken by a capacitor connected in parallel with the motor to correct
the power factor to unity, and (b) the value of the supply current
after power factor correction.




Single-phase parallel a.c. circuitg@53

Inductive load The circuit diagram is shown in Figure 16.12(a).

(@) A power factor of 0.6 lagging means that ¢os: 0.6
i.e. ¢ = arccos 6 = 538

Hencely, lagsV by 538 as shown in Figure 16.12(b).

If the power factor is to be improved to unity then the phase differ-
ence between supply curreheind voltageV is 07, i.e.l is in phase
with V as shown in Figure 16.12(c). For this to be gg, must
equal the length ab, such that the phasor suni,pfand I is I.

ab = I, sin538 = 50(0.8) = 40 A

Hence the capacitor currentl; must be 40 A for the power factor
to be unity.

(b) Supply current = I, cos 538 = 50(0.6) = 30 A

Problem 12. A motor has an output of 4.8 kW, an efficiency of
80% and a power factor of 0.625 lagging when operated from a
240 V, 50 Hz supply. It is required to improve the power factor t
0.95 lagging by connecting a capacitor in parallel with the motar.
Determine (a) the current taken by the motor, (b) the supply curant

[@]

after power factor correction, (c) the current taken by the capacit

(d) the capacitance of the capacitor, and (e) the kvar rating of the
capacitor.
V=(2‘)‘0 v, 50 Hz (@) Efficiency — power output 80 4800

power input 100 power input
V=240V 0

480
53°8' Power input= —— = 6000 W
0.8
Hence, 600G= VI, cos¢p = (240)(1,,)(0.625),

/M =50A
. since cog = p.f. = 0.625
6000

us current taken by the motdiy = -5 6 625

The circuit diagram is shown in Figure 16.13(a).
The phase angle betweép andV is given by:

¢ = arccos 1625= 51.32° = 51°19, hence the phasor diagram is as
shown in Figure 16.13(b).

(b) When a capacitof is connected in parallel with the motor a current
Figure 16.12 I ¢ flows which leads/ by 90°. The phasor sum dfy, and/. gives
the supply currenf, and has to be such as to change the circuit
power factor to 0.95 lagging, i.e. a phase angle of arcc% Or
1812 lagging, as shown in Figure 16.13(c).
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The horizontal component df,; (shown as oajy ), cos5219

= 40cos 5119
/
s $ =25A
V=240V, 50 Hz , :
() The horizontal component df (also given by oaj= 7 cos 1812
S1g’ CV=240V =095171

Equating the horizontal components gives:=29.95 |

: 25
Iy =40 A Hence the supply current after p.f. correctiénrs 095 = 26.32 A
(b)
(c) The vertical component dfy, (shown as ab} 1), sin5119

= 40sin5%19
=3122A

The vertical component af (shown as ac) = /sin1812
= 26.32sin1812
=822A

Figure 16.13 The magnitude of the capacitor curreft (shown as bc) is given
by ab — ac, i.e. 3122—-8.22=23 A
Vv \%4
2 fC
I 23
from which,c = —< F=305uF

T 27fV ~ 27(50)(240)

VI, (240)(23)
1000 1000

(e) kvar rating of the capacites = 5,52 kvar

In this problem the supply current has been reduced from 40 A to
26.32 A without altering the current or power taken by the motor. This
means that the size of generating plant and the cross-sectional area of
conductors supplying both the factory and the motor can be less — with
an obvious saving in cost.

Problem 13. A 250V, 50 Hz single-phase supply feeds the
following loads (i) incandescent lamps taking a current of 10 A
at unity power factor, (ii) fluorescent lamps taking 8 A at a power
factor of 0.7 lagging, (iii) a 3 kVA motor operating at full load and
at a power factor of 0.8 lagging and (iv) a static capacitor. Detq
mine, for the lamps and motor, (a) the total current, (b) the overall
power factor and (c) the total power. (d) Find the value of the static
capacitor to improve the overall power factor to 0.975 lagging.

=
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36.87° 10A V=250 A phasor diagram is constructed as shown in Figure 16.14(a), where
< — > 8 A is lagging voltageV by arccos (7, i.e. 45.57, and the motor current
45.57 is 3000/250, i.e. 12 A lagging by arccos (8, i.e. 36.87
(@) The horizontal component of the currents
8A 3 =10cos0+ 12 cos 387 + 8cos 4557
@ —10+96+56=2524
252 A
1] The vertical component of the currents
=10sin0 — 12sin 3687 — 8sin 4557
12.91 A
I ° =0-72-5713=-1291 A
(b) .
From Figure 1614(b) total currentl; = /[(25.2)% + (12.91)]
Figure 16.14 — 2831 A
1291\ . .
at a phase angle of = arctan( > ) i.e. 2713 lagging
(b) Power factoe= cosg = cos 2713 = 0.890 lagging
(c) Total power,P = VI; cos¢ = (250)(28.31)(0.890) = 6.3 kW
lo (d) To improve the power factor, a capacitor is connected in parallel
[‘\ - with the loads. The capacitor takes a currensuch that the supply
0 > a V=250 current falls from 28.31 A tol, lagging V by arccos ®75, i.e.
0715 N Lfc 12.84. The phasor diagram is shown in Figure 16.15.
12 0a= 28.31c0s 2713 = I cos 1284°
b
1,=28.31A 2831 2
] Hencel = % — 2584 A
Figure 16.15 cos

Currentl¢c = bc = (ab — ac)

= 28.31sin2713 — 25.84 sin 1284°
=1291-5.742
=7.168 A

_y__ v
" (ar)

Hence capacitanc€ =

= 27fCV

I. 7168
27fV  2m(50)(250)

— 9127 pF

Thus to improve the power factor from 0.890 to 0.975 lagging a
91.27uF capacitor is connected in parallel with the loads.
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16.8 Further problems
on single-phase parallel
a.c. circuits

Further problems on power factor improvement may be found in
Section 16.8 following, problems 13 to 16, page 257.

R-L parallel a.c. circuit

1 A 30 resistor is connected in parallel with a pure inductance of

3 mH across a 110 V, 2 kHz supply. Calculate (a) the current in each
branch, (b) the circuit current, (c) the circuit phase angle, (d) the
circuit impedance, (e) the power consumed, and (f) the circuit power
factor.
[@)Ir =3.67 A, I, =292 A (b) 4.69 A (c) 3830
lagging (d) 23.452 (e) 404 W (f) 0.783 lagging]

A 40 Q resistance is connected in parallel with a coil of inductance

L and negligible resistance across a 200 V, 50 Hz supply and the
supply current is found to be 8 A. Draw a phasor diagram to scale
and determine the inductance of the coil. [102 mH]

R—-C parallel a.c. circuit

3 A 1500 nF capacitor is connected in parallel with a<Gesistor

across a 10V, 10 kHz supply. Calculate (a) the current in each
branch, (b) the supply current, (c) the circuit phase angle, (d) the
circuit impedance, (e) the power consumed, (f) the apparent power,
and (g) the circuit power factor. Draw the phasor diagram.
[@) I =0.625 A, I =0.943 A (b) 1.13 A (c) 5628 leading
(d) 885 (e) 6.25 W (f) 11.3 VA (g) 0.55 leading]

A capacitorC is connected in parallel with a resistangeacross a
60 V, 100 Hz supply. The supply current is 0.6 A at a power factor
of 0.8 leading. Calculate the value 8fandC.

[R =125Q, C = 9.55 uF]

L—C parallel a.c. circuit

5 An inductance of 80 mH is connected in parallel with a capacitance

of 10 uF across a 60 V, 100 Hz supply. Determine (a) the branch
currents, (b) the supply current, (c) the circuit phase angle, (d) the
circuit impedance and (e) the power consumed.
[@)Ic=0.377 A, I, =1.194 A (b) 0.817 A
(c) 90 lagging (d) 7344 2 (e) 0 W]

6 Repeat problem 5 for a supply frequency of 200 Hz.

[(@) Ic =0.754 A,I; = 0.597 A (b) 0.157 A
(c) 90 leading (d) 382 2 (e) 0 W]

LR—C parallel a.c. circuit

7 A coil of resistance 62 and inductance 318.4 mH is connected

in parallel with a 15uF capacitor across a 200 V, 50 Hz supply.
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Calculate (a) the current in the coil, (b) the current in the capacitor,
(c) the supply current and its phase angle, (d) the circuit impedance,
(e) the power consumed, (f) the apparent power and (g) the reactive
power. Draw the phasor diagram.
[(@) 1.715 A (b) 0.943 A (c) 1.028 A at 384 lagging
(d) 1946 © (e) 176.5 W (f) 205.6 VA (g) 105.6 var]

A 25 nF capacitor is connected in parallel with a coil of resis-
tance 2 K2 and inductance 0.20 H across a 100 V, 4 kHz supply.
Determine (a) the current in the coil, (b) the current in the capac-
itor, (c) the supply current and its phase angle (by drawing a phasor
diagram to scale, and also by calculation), (d) the circuit impedance,
and (e) the power consumed.

[(@) 18.48 mA (b) 62.83 mA (c) 46.17 mA at 819

leading (d) 2.166 & (e) 0.683 W]

Parallel resonance and Q-factor

9

10

11

12

A 0.15uF capacitor and a pure inductance of 0.01 H are connected in
parallel across a 10 V, variable frequency supply. Determine (a) the
resonant frequency of the circuit, and (b) the current circulating in
the capacitor and inductance.

[(@) 4.11 kHz (b) 38.73 mA]

A 30 uF capacitor is connected in parallel with a coil of inductance
50 mH and unknown resistandeacross a 120 V, 50 Hz supply. If
the circuit has an overall power factor of 1 find (a) the valugrpf
(b) the current in the coil, and (c) the supply current.

[(@) 37.7 2 (b) 2.94 A (c) 2.714 A]

A coil of resistance 2% and inductance 150 mH is connected in
parallel with a 10uF capacitor across a 60 V, variable frequency
supply. Calculate (a) the resonant frequency, (b) the dynamic resis-

tance, (c) the current at resonance and (d) the Q-factor at resonance.
[(@) 1272 Hz (b) 6002

() 010 A (d) 480]

A colil of resistance .5 k2 and 0.25 H inductance is connected in

parallel with a variable capacitance across a 10 V, 8 kHz supply.

Calculate (a) the capacitance of the capacitor when the supply current

is a minimum, (b) the dynamic resistance, and (c) the supply current.
[(a) 1561 pF (b) 108 k2 (c) 93.66uA]

Power factor improvement

13

14

A 415 V alternator is supplying a load of 55 kW at a power factor
of 0.65 lagging. Calculate (a) the kVA loading and (b) the current
taken from the alternator. (c) If the power factor is now raised to
unity find the new kVA loading.

[(a) 84.6 kVA (b) 203.9 A (c) 84.6 kVA]

A single phase motor takes 30 A at a power factor of 0.65 lagging
from a 240 V, 50 Hz supply. Determine (a) the current taken by the
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15

16

capacitor connected in parallel to correct the power factor to unity,
and (b) the value of the supply current after power factor correction.
[(a) 22.80 A (b) 19.5 A]

A motor has an output of 6 kW, an efficiency of 75% and a power

factor of 0.64 lagging when operated from a 250 V, 60 Hz supply. It

is required to raise the power factor to 0.925 lagging by connecting a
capacitor in parallel with the motor. Determine (a) the current taken
by the motor, (b) the supply current after power factor correction,

(c) the current taken by the capacitor, (d) the capacitance of the
capacitor and (e) the kvar rating of the capacitor.

[(@) 50 A (b) 34.59 A (c) 25.28 A (d) 268.gF (e) 6.32 kvar]

A 200V, 50 Hz single-phase supply feeds the following loads:

(i) fluorescent lamps taking a current of 8 A at a power factor of

0.9 leading, (ii) incandescent lamps taking a current of 6 A at unity
power factor, (iii) a motor taking a current of 12 A at a power factor

of 0.65 lagging. Determine the total current taken from the supply
and the overall power factor. Find also the value of a static capacitor
connected in parallel with the loads to improve the overall power
factor to 0.98 lagging. [21.74 A, 0.966 lagging, 21,89



17.1

Introduction

17 D.c. transients

At the end of this chapter you should be able to:

e understand the term ‘transient’

e describe the transient response of capacitor and resistor
voltages, and current in a seri€s-R d.c. circuit

e define the term ‘time constant’
e calculate time constant in @—R circuit
e draw transient growth and decay curves fof aR circuit

e use equationsc = V(1 —e™/7), vg = Ve /" andi = Ie™"/*
for a CR circuit

e describe the transient response when discharging a capacitq

=

e describe the transient response of inductor and resistor
voltages, and current in a series-R d.c. circuit

e calculate time constant in ab—R circuit
e draw transient growth and decay curves forlahcircuit

e use equations; = Ve /7, vp = V(1 —e7/7) and

i=I1—e"7)
e describe the transient response for current decay ibRan
circuit

e understand the switching of inductive circuits

e describe the effects of time constant on a rectangular
waveform via integrator and differentiator circuits

When a d.c. voltage is applied to a capacifhrand resistoR connected

in series, there is a short period of time immediately after the voltage is
connected, during which the current flowing in the circuit and voltages
acrossC andR are changing.

Similarly, when a d.c. voltage is connected to a circuit having induc-
tanceL connected in series with resistankethere is a short period of
time immediately after the voltage is connected, during which the current
flowing in the circuit and the voltages acrassaindR are changing.

These changing values are callednsients.
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17.2 Charging a (a) The circuit diagram for a series connect€e-R circuit is shown

capacitor
C R
———
Ve Va
Ai
S |
—_—
v
Figure 17.1
e
JEs

Capacitor voltage (V)

Time (s) —_—f
(a) Capacitor voltage transient

—’JJ<

V7=IR

Resistor voltage (V)

Time (s) —{
(b) Resistor voltage transient

— .

_y
-5

Current (A)

Time (s) et
(c) Current transient

Figure 17.2

17.3 Time constant for a
C —R circuit

(b)

(©)

(d)

(e)

(f)

in Figure 17.1. When switch S is closed then by Kirchhoff's
voltage law:

V= Ve + Vg (171)

The battery voltag&’ is constant. The capacitor voltage is given

by ¢/C, wheregq is the charge on the capacitor. The voltage drop
acrossR is given byiR, wherei is the current flowing in the circuit.
Hence at all times:

V= % +iR 17.2)

At the instant of closing S, (initial circuit condition), assuming there
is no initial charge on the capacitajg is zero, hencec, is zero.
Thus from equation (17.1¥ = 0+ vRo, i.€. vro = V. This shows
that the resistance to current is solely du&t@nd the initial current
flowing, i, =1 = V/R.

A short time later at time, seconds after closing S, the capacitor
is partly charged to, sayy; coulombs because current has been
flowing. The voltagevc; is now ¢;/C volts. If the current flowing

is iy amperes, then the voltage drop acr@ssas fallen tai;R volts.
Thus, equation (17.2) is noW = (g1/C) + i1R.

A short time later still, say at time seconds after closing the switch,
the charge has increasedgocoulombs and¢ has increased tg,/C
volts. SinceV =wvc +wvg and V is a constant, themy decreases
to i2R, Thusuc is increasing and and v; are decreasing as time
increases.

Ultimately, a few seconds after closing S, (i.e. at the finadteady
state condition), the capacitor is fully charged to, s@y,coulombs,
current no longer flows, i.é.= 0, and hence, = iR = 0. It follows
from equation (17.1) thatc = V.

Curves showing the changes g, vg andi with time are shown in
Figure 17.2.

The curve showing the variation afc with time is called an
exponential growth curve and the graph is called the ‘capacitor
voltage/time’ characteristic. The curves showing the variationgof
and: with time are callecexponential decay curvesand the graphs
are called ‘resistor voltage/time’ and ‘current/time’ characteristics
respectively. (The name ‘exponential’ shows that the shape can be
expressed mathematically by an exponential mathematical equation,
as shown in Section 17.4).

(@)

If a constant d.c. voltage is applied to a series conneCted
circuit, a transient curve of capacitor voltage is as shown in
Figure 17.2(a).
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(V)

Time
constant
T

Figure 17.3

17.4 Transient curves for
a C—R circuit

(b)

(©)

(d)

(e)

With reference to Figure 17.3, let the constant voltage supply be
replaced by a variable voltage supply at timeseconds. Let the
voltage be varied so that theurrent flowing in the circuit is
constant

Since the current flowing is a constant, the curve will follow a
tangent, AB, drawn to the curve at point A.

Let the capacitor voltagec reach its final value ol at timer,
seconds.

The time corresponding t¢r, — 1) seconds is called théme
constant of the circuit, denoted by the Greek letter ‘tau’, The
value of the time constant i6R seconds, i.e., for a series connected
C—R circuit,

time constant r = CR seconds

Since the variable voltage mentioned in para (b) above can be
applied to any instant during the transient change, it may be applied
atr =0, i.e., at the instant of connecting the circuit to the supply. If

this is done, then the time constant of the circuit may be defined as:

‘the time taken for a transient to reach its final stateif theinitial rate
of change is maintained'.

There are two main methods of drawing transient curves graphically, these
being:

(@)

(b)

the tangent method— this method is shown in Problem 1 below
and

the initial slope and three point method which is shown in
Problem 2, and is based on the following properties of a transient
exponential curve:

(i) for a growth curve, the value of a transient at a time equal to
one time constant is 0.632 of its steady state value (usually
taken as 63% of the steady state value), at a time equal to
two and a half time constants is 0.918 if its steady state value
(usually taken as 92% of its steady state value) and at a time
equal to five time constants is equal to its steady state value,

(i) for a decay curve, the value of a transient at a time equal to
one time constant is 0.368 of its initial value (usually taken as
37% of its initial value), at a time equal to two and a half time
constants is 0.082 of its initial value (usually taken as 8% of
its initial value) and at a time equal to five time constants is
equal to zero.
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Figure 17.4

[0

3
Time (s)

The transient curves shown in Figure 17.2 have mathematical equations,
obtained by solving the differential equations representing the circuit. The
equations of the curves are:

growth of capacitor voltage;c = V(1 — e /%) = V(1 — ¢7/7)
decay of resistor voltage, vz = Ve /R = Ve™/* and
decay of current flowing, i=1Ie /R =]¢7"/"

These equations are derived analytically in Chapter 45.

Problem 1. A 15uF uncharged capacitor is connected in serigs
with a 47 K2 resistor across a 120 V, d.c. supply. Use the tangentjal
graphical method to draw the capacitor voltage/time characteristic
of the circuit. From the characteristic, determine the capacitor
voltage at a time equal to one time constant after being connected
to the supply, and also two seconds after being connected to the
supply. Also, find the time for the capacitor voltage to reach one
half of its steady state value.

To construct an exponential curve, the time constant of the circuit and
steady state value need to be determined.

Time constant= CR = 15 pF x 47 kQ = 15 x 10°% x 47 x 1C¢°
=0.705 s
Steady state value afr =V, i.e.vc =120 V.

With reference to Figure 17.4, the scale of the horizontal axis is drawn
so that it spans at least five time constants, i.ex 705 or about
3.5 seconds. The scale of the vertical axis spans the change in the
capacitor voltage, that is, from 0 to 120 V. A broken line AB is drawn
corresponding to the final value of.

Point C is measured along AB so that AC is equal to ile., AC=
0.705 s. Straight line OC is drawn. Assuming that about five intermediate
points are needed to draw the curve accurately, a point D is selected on
OC corresponding to & value of about 20 V. DE is drawn vertically. EF
is made to correspond torli.e. EF= 0.705 s. A straight line is drawn
joining DF. This procedure of

(a) drawing a vertical line through point selected,

(b) at the steady-state value, drawing a horizontal line corresponding to
1z, and

(c) joining the first and last points,

is repeated fowc values of 40, 60, 80 and 100 V, giving points G, H, |
and J.

The capacitor voltage effectively reaches its steady-state value of 120 V
after a time equal to five time constants, shown as point K. Drawing a
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smooth curve through points O, D, G, H, |, J and K gives the exponential
growth curve of capacitor voltage.

From the graph, the value of capacitor voltage at a time equal to
the time constant is about5 V. It is a characteristic of all exponen-
tial growth curves, that after a time equal to one time constant, the
value of the transient is 0.632 of its steady-state value. In this problem,
0.632x 120= 75.84 V. Also from the graph, when is two seconds,
vc is about115 Volts [This value may be checked using the equation
ve(l—e™/7), whereV =120 V, t = 0.705 s andt = 2 s. This calcula-
tion givesve = 11297 V.]

The time foruvc to rise to one half of its final value, i.e. 60 V, can be
determined from the graph and is abOub s [This value may be checked
usingve = V(1 — e~ /*) whereV = 120 V,v¢c = 60 V andr = 0.705 s,
giving r = 0.489 s.]

Problem 2. A 4uF capacitor is charged to 24 V and ther
discharged through a 22Q% resistor. Use the ‘initial slope
and three point’ method to draw: (a) the capacitor voltage/time
characteristic, (b) the resistor voltage/time characteristic and (c) the
current/time characteristic, for the transients which occur. Frgm

the characteristics determine the value of capacitor voltage, resistor
voltage and current one and a half seconds after discharge |has
started.

To draw the transient curves, the time constant of the circuit and steady
state values are needed.

Time constanty = CR =4 x 10 x 220x 10 = 0.88 s

Vv 24
Initially, capacitor voltage)c =g =24 V,i= — = —————
Y cap 9% = ok "TRT 220x 108
= 0.109 mA
Finally, vc = v =i=0

(8) The exponential decay of capacitor voltage is from 24V to 0 V
in a time equal to five time constants, i.e.x®.88 = 4.4 s. With
reference to Figure 17.5, to construct the decay curve:

(i) the horizontal scale is made so that it spans at least five time
constants, i.e. 4.4 s,

(i) the vertical scale is made to span the change in capacitor
voltage, i.e.,, 0to 24 V,

(i) point A corresponds to the initial capacitor voltage, i.e, 24 V,

(iv) OB is made equal to one time constant and line AB is drawn.
This gives the initial slope of the transient,

(v) the value of the transient after a time equal to one time
constant is 0.368 of the initial value, i.e.388x 24=
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8.83 V; a vertical line is drawn through B and distance BC
is made equal to 8.83 V,

(vi) the value of the transient after a time equal to two and a half
time constants is 0.082 of the initial value, i.e.082x 24 =
1.97 V, shown as point D in Figure 17.5,

Capacitor voltage (V)

0.368 V

Figure 17.5

(b)

(©)

(vii) the transient effectively dies away to zero after a time equal
to five time constants, i.e., 4.4 s, giving point E.

The smooth curve drawn through points A, C, D and E represents
the decay transient. At%ls after decay has started; ~ 4.4 V.

[This may be checked usingc = Ve™"/", whereV =24, t = 13
andt = 0.88, givingvc = 4.36 V]

The voltage drop across the resistor is equal to the capacitor voltage
when a capacitor is discharging through a resistor, thus the resistor
voltage/time characteristic is identical to that shown in Figure 17.5.

Sincevg = v¢, then at % seconds after decay has started,
vg &~ 4.4 V (see (vii) above).

The current/time characteristic is constructed in the same way as
the capacitor voltage/time characteristic, shown in part (a) of this
problem, and is as shown in Figure 17.6. The values are:

point A: initial value of current= 0.109 mA
point C: at I, i = 0.368 x 0.109= 0.040 mA
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Figure 17.6

point D: at 25z, i = 0.082x 0.109= 0.009 mA
pointE: at%,i=0

Hence the current transient is as shown. At a time@fs&conds, the
value of current, from the characteristicGs02 mA [This may be
checked using = 7¢~"/? where/ = 0.109, r = 15 and r = 0.88,
giving i = 0.0198 mA or 19.8A]

Problem 3. A 2QuF capacitor is connected in series with a 50 k
resistor and the circuit is connected to a 20 V, d.c. supply. Detg
mine

=
1

() the initial value of the current flowing,
(b) the time constant of the circuit,
(c) the value of the current one second after connection,

(d) the value of the capacitor voltage two seconds after connec-
tion, and

(e) the time after connection when the resistor voltage is 15 V|

Parts (c), (d) and (e) may be determined graphically, as shown in Prob-
lems 1 and 2 or by calculation as shown below.

V=20V,C=20yF=20x10°%F, R=50kQ =50x 10° V
(@) The initial value of the current flowing is

v . 20

L e —  _04mA
R " 50x10 °

I =

(b) From Section 17.3 the time constant,

T=CR=20x10% x (50x 10®) =1s
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(c) Current,i=1Ie™/"

Working in mA units,i = 0.4e"Y/* = 0.4 x 0.368= 0.147 mA
(d) Capacitor voltageye = V(1 — e7/7) = 20(1 — e=%1)

—20(1 — 0.135 = 20 x 0.865= 17.3 V

(e) Resistor voltageyz = Ve ™/

Thus 15=20c", L =¢"' i e == 13

Taking natural logarithms of each side of the equation gives

t=1In4=1n1.3333
i.e, time,t =0.288 s

Problem 4. A circuit consists of a resistor connected in series wjth
a 0.5uF capacitor and has a time constant of 12 ms. Determipe
(a) the value of the resistor, and (b) the capacitor voltage 7 ms
after connecting the circuit to a 10 V supply

(@) The time constant = CR, henceR = %

_ 12x10°3
~ 05x10°

(b) The equation for the growth of capacitor voltage is:

i.e.R =24x10° =24 kQ

ve=V(@A—e7)
Sincetr =12 ms=12x 102%s,V =10V and

t =7ms=7x1073s,

7x10°3
then Ve = 10 |:1 — g_ 12><l(r§:| — 10(1 _ 670'583)

— 10(1 — 0.558) = 4.42 V

Alternatively, the value ofoc whent is 7 ms may be determined
using the growth characteristic as shown in Problem 1.

17.5 Discharging a When a capacitor is charged (i.e. with the switch in position A in
capacitor Figure 17.7), and the switch is then moved to position B, the electrons
stored in the capacitor keep the current flowing for a short time. Initially,
at the instant of moving from A to B, the current flow is such that the
capacitor voltage. is balanced by an equal and opposite voltage- iR.
Since initially vc = vg =V, theni=1=V/R. During the transient
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Capacitor and resistor
voltage (V)
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(a) Capacitor and resistor
voltage transient

Current (A)

Times (s) t

(b) Current transient

Figure 17.8

decay, by applying Kirchhoff's voltage law to Figure 1745 = vg.
Finally the transients decay exponentially to zero, 4€= vg = 0. The
transient curves representing the voltages and current are as shown in
Figure 17.8.

The equations representing the transient curves during the discharge
period of a series connect&d-R circuit are:

decay of voltageye = vg = Ve =R = ye=1/7

decay of current, i = I¢~"/® = [(~1/D

When a capacitor has been disconnected from the supply it may still be
charged and it may retain this charge for some considerable time. Thus
precautions must be taken to ensure that the capacitor is automatically
discharged after the supply is switched off. This is done by connecting a
high value resistor across the capacitor terminals.

Problem 5. A capacitor is charged to 100 V and then discharged
through a 50 R resistor. If the time constant of the circuit is 0.8 s,
determine: (a) the value of the capacitor, (b) the time for the capacitor
voltage to fall to 20 V, (c) the current flowing when the capacitd
has been discharging for 0.5 s, and (d) the voltage drop across|the
resistor when the capacitor has been discharging for one secongd.

=

Parts (b), (c) and (d) of this problem may be solved graphically as shown
in Problems 1 and 2 or by calculation as shown below.

V =100V,7=0.8s,R=50kQ =50x 10° Q

(@ Since time constant,= CR, C = t/R
0.8

e.C=—°
! 50 x 10°

=16 pF

(0) ve = Ve /T
20=100:7/08, j.e. L = ¢71/08
Thuse'/°8 = 5 and taking natural logarithms of each side, gives

t .
—— =1Inb5, i.e.,t =0.8In5

0.8
Hencet =1.29 s
() i=Ie "
— : 1% 100
The initial current flowing/ = R 50<10 = 2 mA

Working in mA units,i = Ie™"/* = 2¢(705/08) = 2,-0.625
=2x0535=1.07 mA
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17.6 Current growth in
an L-R circuit

L R
—_— eyl
VL VH
i
S
v

Figure 17.9

(d) vg=vc=Ve "
— 10(k71/0.8 — 10w71.25
=100x 0.287=28.7 V

Problem 6. A 0.1uF capacitor is charged to 200 V before being
connected across a 42cesistor. Determine (a) the initial discharge

current, (b) the time constant of the circuit, and (c) the minimum
time required for the voltage across the capacitor to fall to less
than 2 V

- Vv 200
() Initial discharge current,= — = 0.05 A or 50 mA

R~ 4x10°
(b) Time constant = CR = 0.1 x 1078 x 4 x 10°
= 0.0004 s or 0.4 ms

(c) The minimum time for the capacitor voltage to fall to less than 2 V,
i.e., less than 05%) or 1% of the initial value is given by

5:=5x04=2ms

In a d.c. circuit, a capacitor blocks the current except during the
times that there are changes in the supply voltage.

Further problems on transients in series connected C-R circuits may be
found in Section 17.12, problems 1 to 8, page 276.

(&) The circuit diagram for a series connectedR circuit is shown
in Figure 17.9. When switch S is closed, then by Kirchhoff's
voltage law:
V= Ur + VR (173)

(b) The battery voltag® is constant. The voltage across the inductance
is the induced voltage, i.e.

change of current  di

U= change of time ~ ~ dr

The voltage drop acros®, vg is given byiR. Hence, at all times:

V = L(di/dt) + iR (17.4)
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(a) Induced voltage transient
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Resistor Voltage (V).
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(b) Resistor voltage transient

Current (A)

Time (8) — 1t
(c) Current transient

(c) At the instant of closing the switch, the rate of change of current is
such that it induces an e.m.f. in the inductance which is equal and
opposite toV, henceV = v, + 0, i.e.v, = V. From equation (17.3),
because, =V, thenvg =0 andi =0

(d) A short time later at time; seconds after closing S, currefitis
flowing, since there is a rate of change of current initially, resulting
in a voltage drop ofi;R across the resistor. Sindé (constant)=
v + vg the induced e.m.f. is reduced, and equation (17.4) becomes:

dip |
V=L—+ llR
dl‘]_

(e) A short time later still, say at time, seconds after closing the
switch, the current flowing ig,, and the voltage drop across the
resistor increases @R. Sincevg increasesy; decreases.

(f) Ultimately, a few seconds after closing S, the current flow is entirely
limited by R, the rate of change of current is zero and henge
is zero. ThusV = iR. Under these conditions, steady state current
flows, usually signified by. Thus,I = V/R, vg = IR andv, =0
at steady state conditions.

(g) Curves showing the changesip, vg andi with time are shown
in Figure 17.10 and indicate that is a maximum value initially
(i.e equal toV), decaying exponentially to zero, wheregsand i
grow exponentially from zero to their steady state value¥ afnd
I = V /R respectively.

Figure 17.10

17.7 Time constant for With reference to Section 17.3, the time constant of a series connected
an L—R circuit L-R circuit is defined in the same way as the time constant for a series
connected”—R circuit. Its value is given by:

time constant, = L /R seconds

17.8 Transient curves for Transient curves representing the induced voltage/time, resistor
an L—R circuit  voltage/time and current/time characteristics may be drawn graphically, as
outlined in Section 17.4. A method of construction is shown in Problem 7.
Each of the transient curves shown in Figure 17.10 have mathematical
equations, and these are:

decay of induced voltagey, = Ve "f/D = v~/

growth of resistor voltageyy = V(1 — e ®/L) = V(1 —e7/7)
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growth of current flow,i =I(1— e /Ly =11 —¢7'/7)

These equations are derived analytically in Chapter 45.
The application of these equations is shown in Problem 9.

Problem 7. A-relay has an inductance of 100 mH and a resistance
of 20 Q. It is connected to a 60 V, d.c. supply. Use the ‘initial slope
and three point’ method to draw the current/time characteristic and
hence determine the value of current flowing at a time equal to tyo
time constants and the time for the current to grow to 1.5 A

Before the current/time characteristic can be drawn, the time constant and
steady-state value of the current have to be calculated.

. L 100x 1073
Time constanty = — = ——— =5ms
R 20
vV 60
Final value of current/ = — = — =3 A
" R 20
The method used to construct the characteristic is the same as that used

in Problem 2.

(&) The scales should span at least five time constants (horizontally),
i.e. 25 ms, and 3 A (vertically).

(b) With reference to Figure 17.11, the initial slope is obtained by
making AB equal to 1 time constant, (5 ms), and joining OB.

i(A)
H
31‘6\— - _——— ;7__
sl I
D |
- — |
i |
1t I |
! |
l |
1 € | E ] -t
0 5 10 15 20 25 1ms)
Figure 17.11

(c) At a time of 1time constant, CD is.@82x [ =0.632x 3=
1.896 A

At a time of 2.5 time constants, EF is918x I =0.918x 3 =
2.754 A

At a time of 5 time constants, GH is=3 A
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(d) A smooth curve is drawn through points O, D, F and H and this
curve is the current/time characteristic.

From the characteristic, when= 2z, i ~ 2.6 A. [This may be checked
by calculation usingi = I(1 — ¢~"/7), wherel =3 andt = 2t, giving
i = 2.59 A]. Also, when the current is 1.5 A, the corresponding time is
about3.6 ms [This may be checked by calculation, using 7(1 — ¢~"/%)
wherei = 15,7 = 3 andr =5 ms, givingr = 3.466 ms.]

Problem 8. A coil of inductance 0.04 H and resistanceCés
connected to a 120 V, d.c. supply. Determine (a) the final value
current, (b) the time constant of the circuit, (c) the value of curre|
after a time equal to the time constant from the instant the sup
voltage is connected, (d) the expected time for the current to r
to within 1% of its final value.

V120

(@) Final steady current, = R-10 - 12 A

(b) Time constant of the circuit, = 2=

10

L 0.04

10
=0.004 sor4 ms

of

nt
Dly

se

(c) Inthe timer s the current rises to 63.2% of its final value of 12 A,
i.e. in 4 ms the current rises to6B82x 12=7.58 A

(d) The expected time for the current to rise to within 1% of its final
value is given by 5 s, i.e. 5x 4 =20 ms

(@)
(b)
(©)
(d)
(e)

Problem 9. The winding of an electromagnet has an inductarj
of 3 H and a resistance of 18. When it is connected to a 120 V,
d.c. supply, calculate:

the steady state value of current flowing in the winding,
the time constant of the circuit,

the value of the induced e.m.f. after 0.1 s,

the time for the current to rise to 85% of its final value, ang
the value of the current after 0.3 s

ce

]

(a) The steady state value of currenfis V/R, i.e.] =120/15=8 A

(b) The time constant of the circuit,= L/R = 3/15=0.2 s

Parts (c), (d) and (e) of this problem may be determined by drawing
the transients graphically, as shown in Problem 7 or by calculation
as shown below.
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17.9 Current decay in an
L—R circuit

Figure 17.12

(c) The induced e.m.fy; is given byv, = Ve~"/*. The d.c. voltage V
is 120 V,ris 0.1 s and is 0.2 s, hence

vy = 1207002 = 120705 = 120 x 0.6065
i.e.vy =72.78V
(d) When the current is 85% of its final value= 0.85/.
Also, i = I(1— e "/7), thus Q85 = I(1 — ¢~/7)
0.85 =1—e¢7/* andr = 0.2, hence
085 =1—¢1/02
/02 =1-0.85=0.15
1

/0.2 _ & 6.6
¢ 115

Taking natural logarithms of each side of this equation gives:
Ine’%% = In6.6, and by the laws of logarithms

t .
02 Ine =In6.6. But Ine = 1, hence

t=0.2In66ie.r=0.379s

(e) The current at any instant is given by I(1 — e~"/%)
When/ =8,t = 0.3 andzr = 0.2, then
i =8(1— ¢~03/02) — g(1 _ ~15)
=8(1-0.223) =8x 0.7769 i.e.,i = 6.215 A

When a series connectdd-R circuit is connected to a d.c. supply as
shown with S in position A of Figure 17.12, a curreht V /R flows

after a short time, creating a magnetic fi€ll o« I) associated with the
inductor. When S is moved to position B, the current value decreases,
causing a decrease in the strength of the magnetic field. Flux linkages
occur, generating a voltagg,, equal toL(di/d¢). By Lenz's law, this
voltage keeps curreritflowing in the circuit, its value being limited by

R. Thusv, = vg. The current decays exponentially to zero and sinces
proportional to the current flowingy decays exponentially to zero. Since

v, = vg, v, also decays exponentially to zero. The curves representing
these transients are similar to those shown in Figure 17.8.

The equations representing the decay transient curves are:

decay of voltagesy;, = vg = Ve =R/D = ye=1/9

decay of currentj = Ief/L) = [t/
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Problem 10. The field winding of a 110 V, d.c. motor has a resis-
tance of 15Q and a time constant of 2 s. Determine the inductange

and use the tangential method to draw the current/time characteristic
when the supply is removed and replaced by a shorting link. From

the characteristic determine (a) the current flowing in the winding
3 s after being shorted-out and (b) the time for the current to degay
to 5 A.

, L=Rt

= |~

Since the time constant,=
i.e. inductancd. = 15x2=30 H

The current/time characteristic is constructed in a similar way to that used
in Problem 1.

o (i) The scales should span at least five time constants horizontally, i.e.

7 10 s, and = V/R = 110/15= 7.3 A vertically.
6
5 (i) With reference to Figure 17.13, the initial slope is obtained by
at| W making OB equal to 1 time constant, (2 s), and joining AB.
2 s (i) At, say, i =6 A, let C be the point on AB corresponding to a
) H current of 6 A. Make DE equal to 1 time constant, (2 s), and join
e CE.
0| D LB;“F . Tl 6 8 0 . . .
L;ﬂ - (iv) Repeat the procedure given in (iii) for current values of, say, 4 A,
1 2 A and 1 A, giving points F, G and H.
Figure 17.13 (v) Point Jis at five time constants, when the value of current is zero.

(vi) Join points A, C, F, G, H and J with a smooth curve. This curve is
the current/time characteristic.

(@) From the current/time characteristic, whea 3 s,i = 1.5 A. [This
may be checked by calculation usirig= Ie~"/*, wherel = 7.3,
t =3 andr = 2, givingi = 1.64 A.] The discrepancy between the
two results is due to relatively few values, such as C, F, G and H,
being taken.

(b) From the characteristic, when=5 A, t = 0.70s. [This may be
checked by calculation using= Ie~"/, wherei =5,1 = 7.3, 7 =
2, givingt = 0.766 s.] Again, the discrepancy between the graph-
ical and calculated values is due to relatively few values such as C,
F, G and H being taken.

Problem 11. A coil having an inductance of 6 H and a resistance
of R Q is connected in series with a resistor of @0to a 120 V,
d.c. supply. The time constant of the circuit is 300 ms. When
steady-state conditions have been reached, the supply is replaced
instantaneously by a short-circuit. Determine: (a) the resistancel of

the coil,(b) the current flowing in the circuit one second after the
shorting link has been placed in the circuit, and (c) the time taken
for the current to fall to 10% of its initial value.
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. circuit inductance L
(& The time constant, = — . =
total circuit resistance R + 10
L 6
Thus R=--10=—-10=10Q
T 0.3

Parts (b) and (c) may be determined graphically as shown in Prob-
lems 7 and 10 or by calculation as shown below.

1% 120
b) The steady-state curredft= — = =
() y R~ 10+ 10

The transient current after 1 secorids Ie™"/* = 6e=1/03
Thusi = 6e33 = 6 x 0.03567= 0.214 A

(c) 10% of the initial value of the current (40/100) x 6, i.e. 0.6 A

Using the equation i = Ie™"/" gives

0.6 = 6¢~/%3
; 0.6 —1/0.3 1/0.3 6
l.e 6 e ore 06

Taking natural logarithms of each side of this equation gives:

t

=1In10
0.

- W

=0.3In10=0.691 s

Problem 12. An inductor has a negligible resistance and an induc-
tance of 200 mH and is connected in series with a2 rlesistor
to a 24 V, d.c. supply. Determine the time constant of the circuit
and the steady-state value of the current flowing in the circuit. Find
(a) the current flowing in the circuit at a time equal to one time
constant, (b) the voltage drop across the inductor at a time equal
to two time constants and (c) the voltage drop across the resistor
after a time equal to three time constants.

L 02
The ti tanty = — = —— =0.2
e time constanty = - = -0 ms

|4
The steady-state curreft= — =24 mA

R~ 1000

(@) The transient current,=I(1 —e¢™"/%) andt = 1t

Working in mA units givesj = 24(1 — e~ /) = 24(1 — %)
— 24(1 — 0.368) = 15.17 mA
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17.10 Switching

inductive circuits

Inductor

O -

D.C. supply

Figure 17.14

17.11 The effects of time
constant on a rectangular

waveform

R
INPUT | OUTPUT

=

TC (to C.R.0.)
. 2e]

(e,

Figure 17.15

(b) The voltage drop across the inductoy,= Ve™/*
Whent = 21, v, = 24277 = 24¢~2
=3.248 V
(c) The voltage drop across the resistgr,= V(1 — e7/7)
Whent = 37, vg = 24(1 — ¢~377) = 24(1 — ¢~3)
=2281V

Further problems on transients in series L—R circuits may be found in
Section 17.12, problems 9 to 12, page 277.

Energy stored in the magnetic field of an inductor exists because a current
provides the magnetic field. When the d.c. supply is switched off the
current falls rapidly, the magnetic field collapses causing a large induced
e.m.f. which will either cause an arc across the switch contacts or will
break down the insulation between adjacent turns of the coil. The high
induced e.m.f. acts in a direction which tends to keep the current flowing,
i.e. in the same direction as the applied voltage. The energy from the
magnetic field will thus be aided by the supply voltage in maintaining
an arc, which could cause severe damage to the switch. To reduce the
induced e.m.f. when the supply switch is opened, a discharge reRjstor

is connected in parallel with the inductor as shown in Figure 17.14. The
magnetic field energy is dissipated as heakjnandR and arcing at the
switch contacts is avoided.

Integrator circuit

By varying the value of eithe€ or R in a series connected—R circuit,

the time constanit = CR), of a circuit can be varied. If a rectan-
gular waveform varying from+E to —F is applied to aC—R circuit as
shown in Figure 17.15, output waveforms of the capacitor voltage have
various shapes, depending on the valueRoiWhenR is small,t = CR

is small and an output waveform such as that shown in Figure 17.16(a)
is obtained. As the value dt is increased, the waveform changes to that
shown in Figure 17.16(b). WheR is large, the waveform is as shown in
Figure 17.16(c), the circuit then being described amgagrator circuit .

Differentiator circuit

If a rectangular waveform varying fromE to —F is applied to a series
connectedC —R circuit and the waveform of the voltage drop across the
resistor is observed, as shown in Figure 17.17, the output waveform alters
asR is varied due to the time constari; = CR), altering. WhenR is
small, the waveform is as shown in Figure 17.18(a), the voltage being
generated across R by the capacitor discharging fairly quickly. Since the
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C
—
INPUT OUTPUT
= R (toCRO)
O = ©
Figure 17.17

17.12 Further problems
on d.c. transients

Figure 17.18

change in capacitor voltage is fromE to —E, the change in discharge
current is Z/R, resulting in a change in voltage across the resistor of
2E. This circuit is called aifferentiator circuit . WhenR is large, the
waveform is as shown in Figure 17.18(b).

Transients in series connectedC —R circuits

1 An uncharged capacitor of OF is connected to a 100 V, d.c.

supply through a resistor of 10@% Determine, either graphically
or by calculation the capacitor voltage 10 ms after the voltage has
been applied. [39.35 V]

A circuit consists of an uncharged capacitor connected in series with
a 50 k2 resistor and has a time constant of 15 ms. Determine either
graphically or by calculation (a) the capacitance of the capacitor and
(b) the voltage drop across the resistor 5 ms after connecting the
circuit to a 20 V, d.c. supply. [(@) 0.8F, (b) 14.33 V]

A 10 uF capacitor is charged to 120 V and then discharged through a
1.5 MQ resistor. Determine either graphically or by calculation the
capacitor voltage 2 s after discharging has commenced. Also find
how long it takes for the voltage to fall to 25 V.

[105.0 V, 23.53 ]

A capacitor is connected in series with a voltmeter of resistance
750 k2 and a battery. When the voltmeter reading is steady the
battery is replaced with a shorting link. If it takes 17 s for the
voltmeter reading to fall to two-thirds of its original value, deter-
mine the capacitance of the capacitor. [5pH
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When a 3uF charged capacitor is connected to a resistor, the voltage
falls by 70% in 3.9 s. Determine the value of the resistor.
[1.08 MQ]

A 50 puF uncharged capacitor is connected in series with &1 k
resistor and the circuit is switched to a 100 V, d.c. supply. Determine:

() the initial current flowing in the circuit,
(b) the time constant,
(c) the value of current whenis 50 ms and

(d) the voltage across the resistor 60 ms after closing the switch.
[(@) 0.1 A (b) 50 ms (c) 36.8 mA (d) 30.1 V]

An uncharged uF capacitor is connected in series with a 30 k
resistor across a 110 V, d.c. supply. Determine the time constant of
the circuit and the initial charging current. Use a graphical method
to draw the current/time characteristic of the circuit and hence deter-
mine the current flowing 120 ms after connecting to the supply.
[150 ms, 3.67 mA, 1.65 mA]

An uncharged 8@F capacitor is connected in series with a @ k
resistor and is switched across a 110 V supply. Determine the time
constant of the circuit and the initial value of current flowing. Derive
graphically the current/time characteristic for the transient condition
and hence determine the value of current flowing after (a) 40 ms and
(b) 80 ms. [80 ms, 0.11 A (a) 66.7 mA (b) 40.5 mA]

Transients in series connected.—R circuits

9

10

11

12

A coil has an inductance of 1.2 H and a resistance of248nd is
connected to a 200 V, d.c. supply. Draw the current/time charac-
teristic and hence determine the approximate value of the current
flowing 60 ms after connecting the coil to the supply. [4.3 A]

A 25 V d.c. supply is connected to a coil of inductance 1 H and resis-
tance 5Q. Use a graphical method to draw the exponential growth
curve of current and hence determine the approximate value of the
current flowing 100 ms after being connected to the supply. [2 A]

An inductor has a resistance of 20and an inductance of 4 H.
It is connected to a 50 V d.c. supply. By drawing the appropriate
characteristic find (a) the approximate value of current flowing after
0.1 s and (b) the time for the current to grow to 1.5 A.

[@) 1 A (b) 0.18 5]

The field winding of a 200 V d.c. machine has a resistance a 20
and an inductance of 500 mH. Calculate:
(a) the time constant of the field winding,

(b) the value of current flow one time constant after being
connected to the supply, and

(c) the current flowing 50 ms after the supply has been switched
on. [(®) 25 ms (b) 6.32 A (c) 8.65 A]



18.1 Introduction to
oper ational amplifiers

18 Operational amplifiers

At the end of this chapter you should be able to:

recognise the main properties of an operational amplifier
e understand op amp parameters input bias current and offset
current and voltage
e define and calculate common-mode rejection ratio
e appreciate sew rate
e explain the principle of operation, draw the circuit diagram
symbol and calculate gain for the following operational
amplifiers:
inverter
non-inverter
voltage follower (or buffer)
summing
voltage comparator
integrator
differentiator
e understand digital to analogue conversion
e understand analogue to digital conversion

Operational Amplifiers (usually called ‘op amps') were originaly made
from discrete components, being designed to solve mathematical equa-
tions electronically, by performing operations such as addition and divi-
sion in analogue computers. Now produced in integrated-circuit (1C) form,
op amps have many uses, with one of the most important being as a high-
gain d.c. and a.c. voltage amplifier.

The main properties of an op amp include:

(i) avery high open-loop voltage gain A, of around 10° for d.c. and
low freguency a.c., which decreases with frequency increase
(if) avery high input impedance, typically 106 Q to 10* Q, such that
current drawn from the device, or the circuit supplying it, is very
small and theinput voltage is passed on to the op amp with little loss
(iii) avery low output impedance, around 100 2, such that its output
voltage is transferred efficiently to any load greater than a few
kiloohms

The circuit diagram symbol for an op amp is shown in Figure 18.1. It
has one output, V,, and two inputs; the inverting input, V3, is marked—,
and the non-inverting input, Vs, is marked +.
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Figure 18.2
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Inverting
Input
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o

= Vs (Supply -)

Figure 18.1

The operation of an op amp is most convenient from a dual balanced
d.c. power supply £ Vg (i.e. +Vs, 0, —Vy); the centre point of the supply,
i.e. 0V, is common to the input and output circuits and is taken as their
voltage reference level. The power supply connections are not usually
shown in a circuit diagram.

An op amp is basically a differential voltage amplifier, i.e. it amplifies
the difference between input voltages V; and V,. Three situations are
possible:

(i) if Vo > V4, V, is positive

(i) if Vo < V4, V, is negative

(iii) if Vo =V4, V, iszero

V-V

In generadl, Vo = Ag (V2 — V) o | A 8

where A, is the open-loop voltage gain

Problem 1. A differential amplifier has an open-loop voltage gain
of 120. The input signals are 245V and 2.35 V. Calculate the
output voltage of the amplifier.

From equation (1), output voltage,
Vo =A,(Vy— V1) =120(2.45 — 2.35)
= (120)(0.1) =12V

Transfer characteristic

A typical voltage characteristic showing how the output V, varies with
the input (V, — V3) is shown in Figure 18.2.

It is seen from Figure 18.2 that only within the very small input range
POQ is the output directly proportional to the input; it is in this range
that the op amp behaves linearly and there is minimum distortion of the
amplifier output. Inputs outside the linear range cause saturation and the
output is then close to the maximum value, i.e. +V s or —V. The limited
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Figure 18.3

18.2 Some op amp
parameters

linear behaviour is due to the very high open-loop gain A,, and the higher
it is the greater is the limitation.

Negative feedback

Operationa amplifiers nearly aways use negative feedback, obtained by
feeding back some, or al, of the output to the inverting (—) input (as
shown in Figure 18.5 later). The feedback produces an output voltage
that opposes the one from which it is taken. This reduces the new output
of the amplifier and the resulting closed-loop gain A is then less than the
open-loop gain A,. However, as a result, a wider range of voltages can
be applied to the input for amplification. As long as A, > A, negative
feedback gives:

(i) a constant and predictable voltage gain A, (ii) reduced distortion of
the output, and (iii) better frequency response.

The advantages of using negative feedback outweigh the accompanying
loss of gain whichis easily increased by using two or more op amp stages.

Bandwidth

The open-loop voltage gain of an op amp is not constant at al frequencies;
because of capacitive effectsit falls at high frequencies. Figure 18.3 shows
the gain/bandwidth characteristic of a 741 op amp. At frequencies below
10 Hz the gain is constant, but at higher frequencies the gain fals at a
constant rate of 6 dB/octave (equivaent to a rate of 20 dB per decade)
to 0 dB.

The gain-bandwidth product for any amplifier is the linear voltage gain
multiplied by the bandwidth at that gain. The value of frequency at which
the open-loop gain hasfallen to unity is called the transition frequency fr.

fr = closed-loop voltage gain x bandwidth (2

In Figure 18.3, f = 10° Hz or 1 MHz; again of 20 dB (i.e. 20l0g,, 10)
gives a 100 kHz bandwidth, whilst a gain of 80 dB (i.e. 20log,, 10%)
restricts the bandwidth to 100 Hz.

Input bias current

Theinput bias current, I, is the average of the currentsinto the two input
terminals with the output at zero volts, which is typically around 80 nA
(i.e. 80 x 10~° A) for a 741 op amp. The input bias current causes a volt
drop across the equivalent source impedance seen by the op amp input.

Input offset current

The input offset current, 7,,, of an op amp is the difference between the
two input currents with the output at zero volts. In a 741 op amp, I, is
typically 20 nA.
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Input offset voltage

In the ideal op amp, with both inputs at zero there should be zero output.
Due to imbalances within the amplifier this is not always the case and
a small output voltage results. The effect can be nullified by applying
a small offset voltage, V,,, to the amplifier. In a 741 op amp, V,; is
typicaly 1 mV.

Common-mode rejection ratio

The output voltage of an op amp is proportional to the difference between
the voltages applied to its two input terminals. Ideally, when the two
voltages are equal, the output voltages should be zero. A signa applied
to both input terminals is called a common-mode signal and it is usualy
an unwanted noise voltage. The ability of an op amp to suppress common-
mode signals is expressed in terms of its common-mode rejection ratio
(CMRR), which is defined by:

differential voltage gain)

common mode gain ®)

CMRR = 20 logo (

In a 741 op amp, the CMRR is typically 90 dB.
The common-mode gain, Agom, IS defined as:

Vo
Vcom

4

Acom =

where Vo is the common input signal

Problem 2. Determine the common-mode gain of an op amp that
has a differential voltage gain of 150 x 10° and a CMRR of 90 dB.

From equation (3),

CMRR = 20l0g,, (dlfferennal voltage gam) 4B

common mode gain

150 x 10°
Hence 90 = 20l0g,, ( . . )
common mode gain
: 150 x 10°
from which 4.5 = log,g < x . >
common mode gain
1 108
w0
common mode gain

150 x 10°

Hence, common-mode gain =



282 Electrical Circuit Theory and Technology
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Figure 18.4

18.3 Op amp inverting
amplifier

Figure 18.5

Problem 3. A differential amplifier has an open-loop voltage gain
of 120 and a common input signal of 3.0 V to both terminals. An
output signal of 24 mV results. Calculate the common-mode gain
and the CMRR.

From equation (4), the common-mode gain,

Vo 24 x 1073

= =8 x 103 = 0.008
Veom 3.0 x

Acom =

From equation (3), the

CMRR = 20logy, (dlfferentlal voltage gam)

common mode gain

—) = 20log,, 15000 = 83.520dB

Slew rate

The slew rate of an op amp is the maximum rate of change of output
voltage following a step input voltage. Figure 18.4 shows the effects of
slewing; it causes the output voltage to change at a slower rate that the
input, such that the output waveform is a distortion of the input waveform.
0.5 V/usis atypical value for the slew rate.

The basic circuit for an inverting amplifier is shown in Figure 18.5 where
the input voltage V; (a.c. or d.c.) to be amplified is applied via resistor
R; to the inverting (—) terminal; the output voltage V, is therefore in
anti-phase with the input. The non-inverting (+) terminal isheld at 0 V.
Negative feedback is provided by the feedback resistor, R, feeding back
a certain fraction of the output voltage to the inverting terminal.

Amplifier gain
In an ideal op amp two assumptions are made, these being that:

(i) eachinput draws zero current from the signal source, i.e. their input
impedance’s are infinite, and

(ii) the inputs are both at the same potential if the op amp is not satu-
rated, i.e. V4, = Vp in Figure 18.5.

In Figure 185, Vg =0, hence V4, = 0 and point X is caled a virtual

earth. V0o 0V
Thus, I;1 = ' — andlp= — —°
Ri R,
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R,=1MQ

Figure 18.6

However, I; = I, from assumption (i) above.

Vi Vr}
Hence —=-——,
R; Ry
the negative sign showing that V, is negative when V; is positive, and
vice versa
The closed-loop gain A is given by:

A= Yo _ —R

=V~ R ®)

This shows that the gain of the amplifier depends only on the two resistors,
which can be made with precise values, and not on the characteristics of
the op amp, which may vary from sample to sample.

For example, if R; = 10 k2 and R, = 100 k<2, then the closed-loop gain,

a_ Ry -200x10°
R; 10 x 103

Thus an input of 100 mV will cause an output change of 1 V.

Input impedance

Since point X is avirtua earth (i.e. at 0 V), R, may be considered to be
connected between the inverting (—) input terminal and 0 V. The input
impedance of the circuit is therefore R; in paralel with the much greater
input impedance of the op amp, i.e. effectively R;. The circuit input impe-
dance can thus be controlled by simply changing the value of R;.

Problem 4. In the inverting amplifier of Figure 18.5, R; = 1 kQ
and R; = 2 kQ. Determine the output voltage when the input
voltage is: (8) +0.4V (b) —1.2V

: —Ry
From equation (5), V, = ( R / ) Vi

i

—2000
(8 WhenV,=+04V,V, = (W) (4+0.4) = —0.8V

—2000

> (-1.2) = +2.4V

Problem 5. The op amp shown in Figure 18.6 has an input bias
current of 100 nA at 20°C. Calculate (a) the voltage gain, and
(b) the output offset voltage due to the input bias current. (c) How
can the effect of input bias current be minimised?
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Comparing Figure 18.6 with Figure 18.5, gives R; = 10 k2 and R; =

1MQ
(@ From equation (5), voltage gain,
—Rf —1x 106
A=—= = —100
R,‘ 10 x 103

(b)

(©

The input bias current, 7, causes a volt drop across the equivalent
source impedance seen by the op amp input, in this case, R; and Ry
in parallel. Hence, the offset voltage, V,,, a the input due to the
100 nA input bias current, I, is given by:

10 x 10° x 1 x 108
= (100 x 10~°
Rf> (100 )((10 x 10%) + (1 x 106)>

= (1077)(9.9 x 10°) = 9.9 x 1074 = 0.99 mV

RiR;
Vos =1
0s B <Rl+

The effect of input bias current can be minimised by ensuring that
both inputs ‘see’ the same driving resistance. This means that a
resistance of value of 9.9 kQ (from part (b)) should be placed
between the non-inverting (+) terminal and earth in Figure 18.6.

Problem 6. Design an inverting amplifier to have a voltage gain
of 40 dB, aclosed-loop bandwidth of 5 kHz and an input resistance
of 10 k2

The voltage gain of an op amp, in decibels, is given by:

gain in decibels = 20log,, (voltage gain) from chapter 10

Hence 40 = 20logp A
from which, 2 =logy,A
and A =10? = 100

With reference to Figure 18.5, and from equation (5),

R
A=|-2L
R;
: Ry
e 100 = —1—
! 10 x 10°
Hence R;=100x10x 10°=1MQ

From eguation (2), Section 18.1,

frequency = gain x bandwidth = 100 x 5 x 10°

=05MHz or 500 kHz
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184 Op amp
non-inverting amplifier

Figure 18.7

Further problems on the introduction to operational amplifiers may be
found in Section 18.12, problems 1 to 6, page 294.

The basic circuit for a non-inverting amplifier is shown in Figure 18.7
where the input voltage V; (a.c. or d.c.) is applied to the non-inverting
(+) terminal of the op amp. This produces an output V, that is in phase
with the input. Negative feedback is obtained by feeding back to the
inverting (—) terminal, the fraction of V, developed across R; in the
voltage divider formed by Ry and R; across V,,

Amplifier gain
In Figure 18.7, let the feedback factor,

R;

P=R+R

It may be shown that for an amplifier with open-loop gain A,, the closed-
loop voltage gain A is given by:
A,
A=
1+ A,

For atypical op amp, A, = 10°, thus BA, is large compared with 1, and
the above expression approximates to:

A, 1
A= = (6)
pA, B
Vo R +R: Ry
Hence A= — = = il 7
Vi Ri + Ri @)

For example, if R; = 10 kQ and Ry = 100 k<2,

100 x 103
th A=1+—_—=1+10=11
" + 10 x 10° +10
Again, the gain depends only on the values of R; and Ry and is indepen-
dent of the open-loop gain A,

Input impedance

Since there is no virtual earth at the non-inverting (+) terminal, the input
impedance is much higher (typically 50 M) than that of the inverting
amplifier. Also, it is unaffected if the gain is atered by changing Ry
and/or R;. This non-inverting amplifier circuit gives good matching when
the input is supplied by a high impedance source.
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18.6 Op amp summing
amplifier

Figure 18.10

Problem 7. For the op amp shown in Figure 18.8, R; = 4.7 kQ
and R, = 10 kQ. If the input voltage is —0.4 V, determine (a) the
voltage gain (b) the output voltage

The op amp shown in Figure 18.8 is a non-inverting amplifier, similar to
Figure 18.7.
(& From equation (7), voltage gain,

Ry 10 x 103

Ry
A=1+—==1 =1+ ———
+R- + +4.7><103

; Ry
=1+213=313
(b) Also from equation (7), output voltage,

R
Vo=(14+—]V;
° (+R1)

= (3.13)(-0.4) = —1.25V

The voltage-follower is a special case of the non-inverting amplifier
in which 100% negative feedback is obtained by connecting the output
directly to the inverting (—) terminal, as shown in Figure 18.9. Thus Ry
in Figure 18.7 is zero and R; is infinite.

From equation (6), A = 1/8 (when A, is very large). Since al of the
output is fed back, 8 =1 and A ~ 1. Thus the voltage gain is nearly 1
and V, = V; to within a few millivolts.

The circuit of Figure 18.9 is called a voltage-follower since, as with its
transistor emitter-follower equivalent, vV, follows V;. It has an extremely
high input impedance and a low output impedance. Its main use is as a
buffer amplifier, giving current amplification, to match a high impedance
source to a low impedance load. For example, it is used as the input stage
of an analogue voltmeter where the highest possible input impedance is
required so as not to disturb the circuit under test; the output voltage is
measured by a relatively low impedance moving-coil meter.

Because of the existence of the virtual earth point, an op amp can be used
to add a number of voltages (d.c. or a.c.) when connected as a multi-input
inverting amplifier. This, in turn, is a consequence of the high value of
the open-loop voltage gain A,. Such circuits may be used as ‘mixers’ in
audio systems to combine the outputs of microphones, electric guitars,
pick-ups, etc. They are also used to perform the mathematical process of
addition in analogue computing.

The circuit of an op amp summing amplifier having three input voltages
Vi, Vo and V3 applied via input resistors Ry, R, and R3 is shown in
Figure 18.10. If it is assumed that the inverting (—) terminal of the op
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amp draws no input current, al of it passing through R, then:
I=11+1+13
Since X isavirtua earth (i.e. a 0V), it follows that:
Vo _Vi Vo Va
R  Ri R R3
Hence

Rf Rf R Vl V2 VS
Vo=—| =V —V V3| = —Rs | ==
o (Rl 1+R2 2+R 3) f<R1+R2+R3)

6))
The three input voltages are thus added and amplified if R, is greater
than each of the input resistors; ‘weighted’ summation is said to have
occurred.
Alternatively, the input voltages are added and attenuated if R, is less
than each input resistor.

Ry R
For example, |f—_4 _3and—f:1andV1:V2:V3:
Ry Rz R3
+1V, then

Vo — ( Vi+ —V2+ —Vg) =—(@4+3+1)=-8V
R R3

If Ry =R, =R3=R;, the input voltages are amplified or attenuated

equally, and

Ry

Vo = _F(Vl +V2+Vs)

If, aso, R, = R_f then Vo=—=(V1+ Vo4 V3)

The virtual earth is aso called the summing point of the amplifier. It
isolates the inputs from one another so that each behaves as if none of
the others existed and none feeds any of the other inputs even though all
the resistors are connected at the inverting (—) input.

Problem 8. For the summing op amp shown in Figure 18.11, de-
termine the output voltage, V,

From equation (8),

Vi Vo Vs
V, = —R AL
f<R1+R2+R3>
05 0.8 12
= —(50 x 10°
(50 x >(10><103+20x103+30x103)

=—(50x 10®)(5x 102+ 4 x 1075+ 4 x 107%)
= —(50 x 10%)(13 x 107%) =—6.5V
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18.7 Op amp voltage
comparator
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Figure 18.13

18.8 Op amp integrator

Figure 18.14

If both inputs of the op amp shown in Figure 18.12 are used simultane-
ously, then from equation (1), page 279, the output voltage is given by:

Vo = AO(V2 - Vl)

When V;, > V; then V, is positive, its maximum value being the positive
supply voltage + V, which it haswhen (V, — V1) > V/A,. The op amp
isthen saturated. For example, if V, = +9V and A, = 10°, then saturation
occurs when (V, — V1) > 9/10° i.e. when V, exceeds V; by 90pV and
V,~9V.

When vV, > V5, then V,, is negative and saturation occurs if V; exceeds
V, by V/A, i.e. around 90uV in the above example; in this case, V, ~
-V, =-9V.

A small change in (V, — V) therefore causes V,, to switch between
near +V; and near to —V and enables the op amp to indicate when V, is
greater or lessthan V4, i.e. to act as a differential amplifier and compare
two voltages. It does this in an electronic digital voltmeter.

Problem 9. Devise alight-operated alarm circuit using an op amp,
aLDR, aLED and a £15V supply

A typical light-operated alarm circuit is shown in Figure 18.13.

Resistor R and the light dependent resistor (LDR) form avoltage divider
across the +15/0/—15V supply. The op amp compares the voltage V;
at the voltage divider junction, i.e. at the inverting (—) input, with that
at the non-inverting (+) input, i.e. with V,, which is OV. In the dark
the resistance of the LDR is much greater than that of R, so more of the
30V across the voltage divider is dropped across the LDR, causing V'
to fall below OV. Now V, > V; and the output voltage V, switches
from near —15V to near +15V and the light emitting diode (LED)
lights.

The circuit for the op amp integrator shown in Figure 18.14 is the same
as for the op amp inverting amplifier shown in Figure 18.5, but feedback
occurs via a capacitor C, rather than via a resistor.

The output voltage is given by:

1

Vo =

Since the inverting (—) input is used in Figure 18.15, V, is negative if
V; is positive, and vice versa, hence the negative sign in equation (9).
Since X isavirtual earth in Figure 18.14, i.e. at 0V, the voltage across
R is V; and that across C is V,. Assuming again that none of the input
current I enters the op amp inverting (—) input, then all of current I flows
through C and charges it up. If V; is constant, / will be a constant value
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18.9 Op amp differential
amplifier

given by I = V;/R. Capacitor C therefore charges at a constant rate and
the potential of the output side of C (= V,, since its input side is zero)
charges so that the feedback path absorbs I. If Q is the charge on C at
time t and the p.d. across it (i.e. the output voltage) changes from O to
V, in that time then:

o=-vV,C=1It
(from Chapter 6)

. Vi
e -V,C = —t
R

|e Vo - —aV,t

1
This result is the same as would be obtained from vV, = —a/vidt if

V., is a constant value.
For example, if the input voltage V; = —2V and, say, CR = 1s, then

Vo= —(-2)t =2

A graph of V,/t will be a ramp function as shown in Figure 18.15
(V, = 2t is of the straight line form y = mx + ¢; inthiscase y = V,, and
x = t, gradient, m = 2 and vertical axisintercept ¢ = 0). V,, rises steadily
by +2V/s in Figure 18.15, and if the power supply is, say, £9V, then
V, reaches +9V after 4.5s when the op amp saturates.

Problem 10. A steady voltage of —0.75V is applied to an op amp
integrator having component values of R = 200k2 and C = 2.5pF.
Assuming that the initial capacitor charge is zero, determine the
value of the output voltage 100 ms after application of the input.

From equation (9), output voltage,

1 1
o= T 5 i = =07
v CR/V 4 =~ 25 x 10500 x 109 | (O
1
== /(—O.?S)dt = —2[-0.75] = +15¢

When time ¢+ = 100ms, output voltage,

V, = (1.5)(100 x 10~%) = 0.15V

The circuit for an op amp differential amplifier is shown in Figure 18.16
where voltages V; and V', are applied to its two input terminals and the
difference between these voltages is amplified.

(i) Let V; volts be applied to terminal 1 and 0V be applied to terminal
2. The difference in the potentials at the inverting (—) and non-inverting
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v, C ! =
v, 2 +
R, R, Vv,
o o 0V
777
Figure 18.16

(+) op amp inputs is practicaly zero and hence the inverting terminal
must be at zero potential. Then I; = V1/R;. Since the op amp input
resistance is high, this current flows through the feedback resistor R;.
The volt drop across Ry, which is the output voltage V, = (V1/R1)Ry;
hence, the closed loop voltage gain A is given by:

Vv, Ry

A:—:——
V3 R1

(10)

(ii) By similar reasoning, if V, is applied to terminal 2 and OV to
terminal 1, then the voltage appearing at the non-inverting terminal will
be (R3/(R2 + R3))V, volts. This voltage will also appear at the inverting
(—) terminal and thus the voltage across Ry isequal to —(R3/(R2 + R3))V 2
valts.

Now the output voltage,

Vo= (o) ot | (mym) Vel (&)
*“\Ry+Rs) 2 Ro+Rs) I\ Ry

and the voltage gain,

= % - <R21j—3R3) - {_ (RZI—T-SRg)} (_%)

7= (mrm) (1+7)
=2 = 1+ — 1
Vs R+ Rs Ry (h

(iii) Finaly, if the voltages applied to terminals 1 and 2 are V; and
V, respectively, then the difference between the two voltages will be

A

i.e A

amplified.
If Vi > V>, then:
R
Vo= (Vi = Vo) (- ) 12)
1
If Vo > Vq, then:
ve) (1R
Vo= (Vo —V 14+ - 13
(V2 1) <R2+R3 Ry (13)
Problem 11. In the differential amplifier shown in Figure 18.16,

mine the output voltage V, if:
@Vi=bmVandV,=0
(b) Vi=0and Vo, =5mV
(¢) Vi=50 mV and V, = 25mV
(d V=25 mV and V, = 50mV
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18.10 Digital to analogue
(D/A) conversion

(a) From equation (10),

Ry <100>< 10°

Vo= Ny 22X
° ! 10 x 103

) (5)mV = —50mV
Ry

(b) From equation (11),
%) (%)
V, = 1+—)V
<R2 +R3 R 2

= (@) (1+ £0) (B5) mV = +50mV

110 10
(c) V1 > V3 hence from equation (12),

R
Vo= (V1 —V2) (—R—’l‘)

100
= (50 - 25) (_E) mvV = —-250mV

(d) V, > V3 hence from equation (13),

Vo= (V V)( Rs )(1+Rf)
o= 2 1 R2+R3 Ry

100 100

100
— (25) (1—10) (11) = 4250 mV

Further problems on operational amplifier calculations may be found in
Section 18.12, problems 7 to 11, page 295.

There are anumber of situations when digital signals have to be converted
to analogue ones. For example, a digital computer often needs to produce
a graphical display on the screen; this involves using a D/A converter
to change the two-level digital output voltage from the computer, into a
continuously varying analogue voltage for the input to the cathode ray
tube, so that it can deflect the electron beam to produce screen graphics.

A binary weighted resistor D/A converter is shown in Figure 18.17
for a four-bit input. The values of the resistors, R, 2R, 4R, 8R increase
according to the binary scale— hence the name of the converter. The
circuit uses an op amp as a summing amplifier (see section 18.6) with a
feedback resistor R;. Digitally controlled electronic switches are shown
as S; to S4. Each switch connects the resistor in series with it to a fixed
reference voltage V& When the input bit controlling itisa1 and to ground
(0V) when it is a 0. The input voltages V1 to V4 applied to the op amp
by the four-bit input via the resistors therefore have one of two values,
i.e. either Vg or OV.
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Figure 18.17

From equation (8), page 287, the analogue output voltage V, is
given by:

V, = (Rfv LRy Ry +Rfv)
= \R YT 2R"PT4aR P8R

Let Ry = R = 1k, then:

Vo= (V+1V+1V+1V)
o= 1 SVet Vst gha

With a four-bit input of 0001 (i.e. decimal 1), S4 connects 8R t0 V¢,
i.e. V4= Vg, and S1, S and S3 connect R, 2R and 4R to 0V, making
Vi=V,=V3=0. Let Vg = —8V, then output voltage,

1
Vo = — (0+0+0+§(—8)) =+1V

With a four-bit input of 0101 (i.e. decimal 5), S, and S4 connects 2R
and 4R t0 Vg, i.e. Vo = V4 = Vi, and S1 and S3 connect R and 4R to
0V, making V1 = V3 = 0. Again, if V& = —8V, then output voltage,

Vo= (0+3(-8)+0+ 5(-8)) = +5V

If the input is 0111 (i.e. decimal 7), the output voltage will be 7V, and
so on. From these examples, it is seen that the analogue output voltage,
V,, is directly proportional to the digital input.

V, has a ‘stepped’ waveform, the waveform shape depending on the
binary input. A typical waveform is shown in Figure 18.18.
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Figure 18.18

18.11 Analogue to digital In adigital voltmeter, its input is in analogue form and the reading is
(A/D) conversion displayed digitally. This is an example where an analogue to digital

converter is needed.

A block diagram for a four-bit counter type A/D conversion circuit is
shown in Figure 18.19. An op amp is again used, in this case as a voltage
comparator (see Section 18.7). The analogue input voltage V,, shown
in Figure 18.20(a) as a steady d.c. voltage, is applied to the non-inverting
(+) input, whilst a sawtooth voltage V; supplies the inverting (—) input.

Vi -

V, o0——————1¢

Analogue input
voltage

Figure 18.19

Ramp -~~~ ~"~—"~—"—————-—-—-—- - -~ —-—-—7
generator | _ _ _ _ _ _ _ _ _ _ _ _ _ _ ______
(D/IA convertor)- —————————————— —— — — —

|
|
|
AND L'—O—O m-s-b}4-bit

N

Binar 1 +e—O
y digital

gate counter t ! 3 l.s.b
Voltage output

comparator i

Pulse
generator
(clock)

Reset

The output from the comparator is applied to one input of an AND
gate and isa 1 (i.e. ‘high’) until V; equals or exceeds V,, when it then
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18.12 Further problems
on operational amplifiers

R,=12MQ

Figure 18.21

goesto O (i.e. ‘low’) as shown in Figure 18.20(b). The other input of the
AND ogate is fed by a steady train of pulses from a pulse generator, as
shown in Figure 18.20(c). When both inputs to the AND gate are ‘high’,
the gate ‘opens and gives a ‘high’ output, i.e. a pulse, as shown in
Figure 18.20(d). The time taken by V; to reach V, is proportiona to the
analogue voltage if the ramp is linear. The output pulses from the AND
gate are recorded by a binary counter and, as shown in Figure 18.20(e),
arethe digital equivalent of the analogue input voltage V,. In practise, the
ramp generator is a D/A converter which takes its digital input from the
binary counter, shown by the broken linesin Figure 18.19. As the counter
advances through its normal binary sequence, a staircase waveform with
equa steps (i.e. aramp) is built up at the output of the D/A converter (as
shown by the first few steps in Figure 18.18.

Vo

@) Vi

1
(b) Comparator
output 0

(c) Pulse OO0
generator

(d) AND
gate
output
(e) Binary g9d
output SS9

T

]

1

]

1

1

]
el

Figure 18.20

Introduction to operational amplifiers

1. A differential amplifier has an open-loop voltage gain of 150 when
the input signals are 3.55V and 3.40V. Determine the output voltage

of the amplifier. [ 225V ]
2. Cdculate the differential voltage gain of an op amp that has a com-
mon-mode gain of 6.0 and a CMRR of 80dB. [6 x 104

3. A differential amplifier has an open-loop voltage gain of 150 and a
common input signal of 4.0V to both terminals. An output signal of
15mV results. Determine the common-mode gain and the CMRR.

[3.75 x 1073, 92.04dB]
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e S—
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Figure 18.22
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Figure 18.23
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0.5V
0.8V
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777
Figure 18.24
120 kQ
8 kQ
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V2 2 +
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120 kQ Vo
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Figure 18.25

In the inverting amplifier of Figure 18.5 (on page 282), R; = 1.5k
and Ry = 2.5k<2. Determine the output voltage when the input voltage
is: (@) +0.6V (b) —0.9V [(@ —1.0V (b) +1.5V ]

The op amp shown in Figure 18.21 has an input bias current of
90nA at 20°C. Calculate (a) the voltage gain, and (b) the output offset
voltage due to the input bias current. [ (& 80 (b) 1.33mV ]

Determine (@) the value of the feedback resistor, and (b) the freque-
ncy for an inverting amplifier to have a voltage gain of 45dB, a
closed-loop bandwidth of 10kHz and an input resistance of 20k2.

[(@) 3.56 M (b) 1.78MHZ]

Further operational amplifier calculations

7.

10.

11

If the input voltage for the op amp shown in Figure 18.22, is —0.5V,
determine (&) the voltage gain (b) the output voltage

[(@) 3.21 (b) —1.60V ]

In the circuit of Figure 18.23, determine the value of the output
voltage, V,,when (@ V, = +1VandV, = +3V (b) V; = +1V and
V, = -3V [(8 —10V (b) +5V ]

For the summing op amp shown in Figure 18.24, determine the output
voltage, V,. [ -39V]

A steady voltage of —1.25V isapplied to an op amp integrator having
component values of R = 125k2 and C = 4.0pF. Calculate the value
of the output voltage 120 ms after applying the input, assuming that
the initial capacitor charge is zero. [03V]

In the differential amplifier shown in Figure 18.25, determine the
output voltage, V,, if: (8 Vi =4mV and V, =0 (b) V, =0 and
Vo=6mV (c) V; =40mV and V, =30mV (d) V; =25mV and
Vo= 40mVv

[(@ —60mV (b) +90mV (c) —150mV (d) +225mV]
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Assignment 5

This assignment covers the material contained in chapters 15
to 18.

The marks for each question are shown in brackets at the end of
each question.

The power taken by a series inductive circuit when connected to a
100V, 100 Hz supply is 250 W and the current is5A. Calculate (a) the
resistance, (b) the impedance, (c) the reactance, (d) the power factor,
and (e) the phase angle between voltage and current. 9

A coil of resistance 202 and inductance 200mH is connected in
parallel with a4 uF capacitor acrossa50V, variable frequency supply.
Calculate (a) the resonant frequency, (b) the dynamic resistance,
(c) the current at resonance, and (d) the Q-factor at resonance. (10)

A series circuit comprises a coil of resistance 302 and inductance
50mH, and a 2500 pF capacitor. Determine the Q-factor of the circuit
at resonance. 4

The winding of an electromagnet has an inductance of 110mH and
a resistance of 5.5Q. When it is connected to a 110V, d.c. supply,
calculate (a) the steady state value of current flowing in the winding,
(b) the time constant of the circuit, (c) the value of the induced e.m.f.
after 0.1s, (d) the timefor the current to rise to 75% of it’sfinal value,
and (e) the value of the current after 0.02s. 1y

A single-phase motor takes 30A at a power factor of 0.65 lagging
froma 300V, 50 Hz supply. Calculate (a) the current taken by a capac-
itor connected in parallel with the motor to correct the power factor
to unity, and (b) the value of the supply current after power factor
correction. @)

For the summing operational amplifier shown in Figure A5.1, deter-
mine the value of the output voltage, V,,. 3)

In the differential amplifier shown in Figure A5.2, determine the
output voltage, V, when: (a) Vi =4mV and V, =0 (b) V; =0 and
Vo=5mV (c) V;=20mV and V, = 10mV. (6)
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Figure 19.1

19.2 Three-phase supply

19 Three phase systems

At the end of this chapter you should be able to:

e describe a single-phase supply

e describe a three-phase supply

e understand a star connection, and recognize that 7, =1, and
Vi, =43V,

e draw a complete phasor diagram for a balanced, star
connected load

e understand a delta connection, and recognize that V, =V,
and I, =3I,

e draw a phasor diagram for a balanced, delta connected load

e calculate power in three-phase systems using
P = /3V.I, cos¢

e appreciate how power is measured in a three-phase system, by
the one, two and three-wattmeter methods

e compare star and delta connections

e appreciate the advantages of three-phase systems

Generation, transmission and distribution of electricity via the National
Grid system is accomplished by three-phase alternating currents.

The voltage induced by a single coil when rotated in a uniform magnetic
field is shown in Figure 19.1 and is known as a single-phase voltage
Most consumers are fed by means of a single-phase a.c. supply. Two
wires are used, one called the live conductor (usually coloured red) and
the other is called the neutral conductor (usually coloured black). The
neutral is usualy connected via protective gear to earth, the earth wire
being coloured green. The standard voltage for a single-phase a.c. supply
is 240 V. The mgjority of single-phase supplies are obtained by connec-
tion to a three-phase supply (see Figure 19.5, page 299).

A three-phase supplyis generated when three coils are placed 120°
apart and the whole rotated in a uniform magnetic field as shown in
Figure 19.2(a). The result is three independent supplies of equa volt-
ages which are each displaced by 120° from each other as shown in
Figure 19.2(b).

(i) The convention adopted to identify each of the phase voltages is:
R-red, Y-yellow, and B-blue, as shown in Figure 19.2.
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Figure 19.2

19.3 Star connection

Figure 19.4

(ii) The phase-sequences given by the sequence in which the conduc-
tors pass the point initially taken by the red conductor. The national
standard phase sequence isR, Y, B.

A three-phase a.c. supply is carried by three conductors, called ‘lines’
which are coloured red, yellow and blue. The currents in these conductors
are known as line currents (1;) and the p.d.’s between them are known
as line voltages (V). A fourth conductor, called the neutral (coloured
black, and connected through protective devices to earth) is often used
with a three-phase supply.

If the three-phase windings shown in Figure 19.2 are kept independent

then six wires are needed to connect a supply source (such as a generator)
to a load (such as motor). To reduce the number of wires it is usua to
interconnect the three phases. There are two ways in which this can be
done, these being:
(a) a star connection and (b) a delta, or mesh, connection Sources
of three-phase supplies, i.e. aternators, are usually connected in star,
whereas three-phase transformer windings, motors and other loads may
be connected either in star or delta.

(i) A star-connected loads shownin Figure 19.3 where the threeline
conductors are each connected to a load and the outlets from the
loads are joined together at N to form what is termed the neutral
point or the star point.

(i) The voltages, Vg, Vy and Vj are caled phase voltagesor line to
neutral voltages. Phase voltages are generally denoted by V,

(iii) The voltages, Vgy, Vyp and Vg are called line voltages

(iv) From Figure 19.3 it can be seen that the phase currents (generally
denoted by I,,) are equal to their respective line currents I, Iy and
Ip, i.e. for a star connection:

IL=1p

(v) For abaanced system: Iz =1y =13, Ve=Vy=Vp

Vey =Vyp=Vpr, Zr=Zy =17Zp
and the current in the neutral conductor, Iy =0
When a star connected system is balanced, then the neutral
conductor is unnecessary and is often omitted.

(vi) The line voltage, Vgy, shown in Figure 19.4(a) is given by
Vry = VR — Vy (Vy is negative since it is in the opposite
direction to Vzy). In the phasor diagram of Figure 19.4(b), phasor
Vy is reversed (shown by the broken line) and then added
phasorially to Vi (i.e. Vry = Vr + (—Vy)). By trigonometry, or
by measurement, Vzy = +/3V, i.e. for a balanced star connection:

Vi =3V,
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(vii)

LINES

NEUTRAL BLACK

(See problem 3 following for a complete phasor diagram of a star-
connected system.)

The star connection of the three phases of a supply, together with
a neutral conductor, allows the use of two voltages— the phase
voltage and the line voltage. A 4-wire system is also used when the
load is not balanced. The standard electricity supply to consumers
in Great Britain is 415/240 V, 50 Hz, 3-phase, 4-wire aternating
current, and a diagram of connections is shown in Figure 19.5.

RED In

-

YELLOW /Y

BLUE s

T

PROTECTIVE \ y H_\-VJ/ ——
GEAR 3-phase Three separate  qi o haco
1 415V, 3-wire single-phase 240 v /TS P88
Earth supply supplies supply
(For motors and (For lighting, heating
small industrial and domestic
consumers) consumers)

Figure 19.5

Problem 1. Three loads, each of resistance 30 2, are connected
in star to a415 V, 3-phase supply. Determine (@) the system phase
voltage, (b) the phase current and (c) the line current.

A 415V, 3-phase supply’ means that 415 V is the line voltage, V[

@

(b)
(©

For a star connection, V, = +/3V,,

Vv 415
Hence phase voltage, V, = 7L3 = % =239.6 Vor240V
correct to 3 significant figures
Vv 240
Phase current, I, = " = —— =8 A
R, 30

For a star connection, 7, =1,
Hence the line current, I; = 8 A

Problem 2. A star-connected load consists of three identical coils
each of resistance 30 2 and inductance 127.3 mH. If the line
current is 5.08 A, calculate the line voltage if the supply frequency
is50 Hz
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Inductive reactance X, = 2nfL = 27(50)(127.3 x 1073) = 40 Q
Impedance of each phase Z, = /(R? + X;?) = /(307 4+ 40%) = 50 Q

. vV,
For a star connection IL=1,=_"
ZP
Hence phase voltage V,=1,Z, = (508)(50) = 254 V
Line voltage Vi =3V, =/3(254) = 440 V

Problem 3. A balanced, three-wire, star-connected, 3-phase load
has a phase voltage of 240 V, aline current of 5 A and a lagging
power factor of 0.966. Draw the complete phasor diagram.

The phasor diagram is shown in Figure 19.6.

VRY:415 \

Scales:

- 012345 Current (A)
< 0 50100150 200

voltage (V)
Figure 19.6

Procedure to construct the phasor diagram:

(i) Draw Vrp=Vy =V =240V and spaced 120° apart. (Note that
Vr is shown vertically upwards— this however isimmaterial for it
may be drawn in any direction.)

(ii) Power factor = cos¢ = 0.966 lagging. Hence the load phase angle
is given by arccos 0.966, i.e. 15° lagging. Hence I = Iy =1 =
5 A, lagging Vg, Vy and Vp respectively by 15°
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R
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QY
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415V
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Figure 19.7
Ir=100 A
Ig=50A
ly=75A
Figure 19.8

Figure 19.9

(ili) Vgy = Vg —Vy (phasorialy). Hence Vy is reversed and added
phasorially to V. By measurement, Vzy = 415V (i.e. \/3(240))
and leads Vi by 30°. Similarly, Vygp = Vy — Vp and
Ver =Vp — Vi

Problem 4. A 415V, 3-phase, 4 wire, star-connected system
supplies three resistive loads as shown in Figure 19.7. Determine
(@) the current in each line and (b) the current in the neutral
conductor.

(@) For a star-connected system V, = +/3V,
V., 415

Hence Vp=—-=—- =240V
V3 V3
Power P
Since current I = ———— for aresistive load
Voltage V
Pr 24000
th Ir=—=——=100 A
en K= ve = 240 00
Iy:&=—18000=75A
Vy 240
Pp 12000
I = — = — = A
and B~ v, T 240 50

(b) The three line currents are shown in the phasor diagram of
Figure 19.8. Since each load is resistive the currents are in phase
with the phase voltages and are hence mutually displaced by 120°.
The current in the neutral conductor is given by:

Iy = Ig + Iy + I phasorially.

Figure 19.9 shows the three line currents added phasorially. oa represents
Iz in magnitude and direction. From the nose of oa, ab is drawn
representing 7y in magnitude and direction. From the nose of ab, bc
is drawn representing 7z in magnitude and direction. oc represents the
resultant, .

By measurement, In= 43 A
Alternatively, by calculation, considering Iz at 90°, I3 at 210° and Iy at
330°:
Tota horizontal component = 100 cos90° + 75cos330° + 50 cos210°
= 21.65
Tota vertical component = 100sin90° + 75sin330° + 50sin 210°

= 37.50
Hence magnitude of 7y = v/(21.652 + 37.50?) = 433 A
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19.4 Delta connection (i) A delta (or mesh) connected loads shown in Figure 19.10 where
the end of one load is connected to the start of the next load.
(ii) From Figure 19.10, it can be seen that the line voltages Vgy, Vys

In and Vpr are the respective phase voltages, i.e. for a delta
connection:
Vv Vs V=V,
Iy
s Vg (iii) Using Kirchhoff's current law in Figure 19.10, Ix = Igy — Ipg =

Iry + (—Igg). From the phasor diagram shown in Figure 19.11,
by trigonometry or by measurement, Iz = +/3lzy, i.e. for a delta

Figure 19.10 .
connection:

Isr

IL=+/3lp

Problem 5. Three identical coils each of resistance 30 2 and
inductance 127.3 mH are connected in delta to a 440 V, 50 Hz,
3-phase supply. Determine (@) the phase current, and (b) the line
current.

Phase impedance, Z, =50 Q (from problem2) and for a delta

Figure 19.11 connection, V, =V,

\% % 440
(8) Phase current, [,=-L=_t=_""-88A
Z, Z, 50

(b) For adelta connection, I, = +/3I, = /3(8.8) = 15.24 A

Thus when the load is connected in delta, three times the line current is
taken from the supply than is taken if connected in star.

Problem 6. Three identical capacitors are connected in deltato a
415 V, 50 Hz, 3-phase supply. If theline current is 15 A, determine
the capacitance of each of the capacitors.

For a delta connection I, = +/3I,,

1 15
Hence phase current 1, = — = — =8.66 A
P "TV3 V3
- \% \4 .
Capacitive reactance per phase, X¢ = I—" =-L (since for a deta
connection V, =V,) ! !
415
H = —— =47.
ence X¢ 8.66 47.92 Q
Xc = 1 from which capacitance, C = = 1 F
€= omfC » = 2 fXe T 27(50)(A7.92)

= 6643 pF
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Problem 7. Three coils each having resistance 3 Q and inductive
reactance 4 Q2 are connected (i) in star and (ii) in deltato a415 V,
3-phase supply. Calculate for each connection (a) the line and phase
voltages and (b) the phase and line currents.

(i) For a star connection: I, =1, and V, =/3V,,
(@ A 415V, 3-phase supply means that the
line voltage, V; = 415V

Vi 415
Phase voltage, V, = — = — =240 V
=BT
(b) Impedance per phase, Z, = \/(R* + X,2) = /(3 + 4)
=5Q
24
Phasecurrent,lp:&:70:48A
zZ, 5

Line current, I, =1, =48 A
(i) For a delta connection: V.=V, and I, = JSIP
(& Linevoltage, V, =415V
Phase voltage, V, = V, = 415V

\% 415
(b) Phasecurrent, /, = -2 =— =83A
Z, 5

Line current, I;, = /31, = +/3(83) = 144 A

Further problems on star and delta connections may be found in
Section 19.9, problems 1 to 7, page 312.

19.5 Power in The power dissipated in a three-phase load is given by the sum of the
three-phase systems power dissipated in each phase. If aload is balanced then the total power
P is given by: P = 3 x power consumed by one phase.

The power consumed in one phase = 1,°R,, or VI, cos¢ (where ¢ is
the phase angle between vV, and 1))

. |14
For a star connection, V,, = 7; and 7, =1, hence
Vi
P=3 75 I, cos¢ = +/3V I, cos¢

. 1
For a delta connection, V, =V, and I, = ~~ hence

V3
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I
P=3V (—) cos¢ = +/3V 1, cos
L /3 ¢ 11 cos¢
Hence for either a star or a delta balanced connection the total power P

is given by:

P = /3V_I_ cosg watts |or | P = 3I,°R, watts.

Total volt-amperes, | S = /3V_I_ volt-amperes

Problem 8. Three 12 Q resistors are connected in star to a
415V, 3-phase supply. Determine the total power dissipated by
the resistors.

Power dissipated, P = +/3V I, cos¢ or P =3[ ,°R,

. 415
Line voltage, V;, = 415 V and phase voltage V , = 73 =240V

(since the resistors are star-connected)

Vo, V 240
Phase current, 1, = =% = —£ = —20A
Z, R, 12

For a star connection I;, =1, =20 A
For a purely resistive load, the power factor = cos¢ = 1

Hence power P = +/3V I, cos¢ = +/3(415)(20)(1) = 14.4 kW
or power P = 31 ,°R, = 3(20)*(12) = 14.4 kW

Problem 9. The input power to a 3-phase a.c. motor is measured
as 5 kW. If the voltage and current to the motor are 400 V and
8.6 A respectively, determine the power factor of the system.

Power, P = 5000 W; Line voltage V;, = 400 V; Linecurrent, I, = 8.6 A

Power, P = +/3V I, cos¢
P 500
V3V, /3(400)(8.6)

Hence power factor = cos¢ = 839

Problem 10. Three identical coils, each of resistance 10  and
inductance 42 mH are connected (@) in star and (b) in delta to a
415 V, 50 Hz, 3-phase supply. Determine the total power dissipated
in each case.
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(8 Star connection
Inductive reactance X; = 2 fL = 27(50)(42 x 1073%)

— 1319 Q
Phase impedance Z,, = \/(R? + X3) = v/(10? + 13.19?)
— 1655 Q

Line voltage V, =415V and
V. 415

hase voltage, V, = — = — =240V
g = BT

Vv 240
Phase current, 1, = Z—” = 1655 = 14.50 A
» .

Line current, I, =1, =1450 A
R 10

Power factor = cos¢ = =% = —— = 0.6042 laggin
W $=7, ~ 1655 againg

Power dissipated,P = +/3V I, cos¢ = +/3(415)(14.50)(0.6042)
= 6.3 kW
(Alternatively, P = 31 ,%R, = 3(14.50)%(10) = 6.3 kW)
(b) Delta connection
Vp=V,=415V,Z,=1655Q,

cos¢ = 0.6042 lagging (from above).
Vv 415
Z,I: = 1655 = 25.08 A

Line current, I;, = +/31, = +/3(25.08) = 43.44 A

Phase current, I, =

Power dissipated,P = +/3V I, cos¢ = +/3(415)(43.44)(0.6042)
= 1887 kW
(Alternatively, P = 31 ,%R, = 3(25.08)%(10) = 18.87 kW)

Hence loads connected in delta dissipate three times the power than when
connected in star, and also take a line current three times greater.

Problem 11. A 415V, 3-phase a.c. motor has a power output of
12.75 kW and operates at a power factor of 0.77 lagging and with
an efficiency of 85%. If the motor is delta-connected, determine
(a) the power input, (b) the line current and (c) the phase current.

- ower output 85 12750
(8) Efficiency = u hence — = ——
power input 100  power input
i . 12750 x 100
from which, power input = ki 15000 W or 15 kW

85
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(b)

(©

Power, P = +/3V 1, cos¢, hence

P 15000
J3V,cos¢  +/3(415)(0.77)
For a delta connection, I, = +/31,,

I 27.10
hence phase current I, = LT _1565A

V3 V3

line current, I; = 0A

19.6 Measurement of Power in three-phase loads may be measured by the following methods:

power in three-phase
systems (i)

Current coil

(i)

V+

(e,

Figure 19.12

(iii)

Wattmeter 1

One-wattmeter method for a balanced load
Wattmeter connections for both star and delta are shown in
Figure 19.12.

Total power = 3 x wattmeter reading

Two-wattmeter method for balanced or unbalanced loads

A connection diagram for this method is shown in Figure 19.13
for a star-connected load. Similar connections are made for a delta-
connected load.

Total power = sum of wattmeter readings= P; + P,

The power factor may be determined from:

P —P
tan¢=«/3( ! 2) (see Problems 12 and 15 to 18)
P1+ P2

Itis possible, depending on the load power factor, for one wattmeter
to have to be ‘reversed’ to obtain a reading. In this case it is taken
as a negative reading (see Problem 17).

Three-wattmeter method for a three-phase, 4-wire system for
balanced and unbalanced loads(see Figure 19.14).

Total power = P; + P, + P3

Wattmeter 2

Figure 19.13

Problem 12. (&) Show that the total power in a 3-phase, 3-wire

system using the two-wattmeter method of measurement is given
by the sum of the wattmeter readings. Draw a connection diagram.
(b) Draw a phasor diagram for the two-wattmeter method for a
balanced load. (c) Use the phasor diagram of part (b) to derive a
formula from which the power factor of a 3-phase system may be
determined using only the wattmeter readings.
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Watimeter 1

M A
3 N
Wattmeter 2

V+
M L B Y

Wattmeter 3
V+,

A

Figure 19.14

Watimeter 1

wattmeter 2

Figure 19.15

wattmeter Vig (= Vo -V
V{ s =V V)
e

|
I
|
|
I
!

/s
7
’

Vi (=Vy V)

v;
8 ‘wattmeter
2

Figure 19.16

@

(from compound angle formulae, see ‘Higher Engineering Mathematicp

A connection diagram for the two-wattmeter method of a power
measurement is shown in Figure 19.15 for a star-connected load.
Total instantaneous power, p = egig + eyiy + egip and in any 3
phase system i + iy + iy = 0. Hence iz = —ig — iy

Thus, p = erig + eyiy + ep(—ig —iy)
= (er — ep)ir + (ey — ep)iy
However, (eg — ep) is the p.d. across wattmeter 1 in Figure 19.15
and (ey — ep) is the p.d. across wattmeter 2.
Hence total instantaneous power,

p = (wattmeter 1 reading) + (wattmeter 2 reading) = p; + p»

The moving systems of the wattmeters are unable to follow the
variations which take place at normal frequencies and they indicate
the mean power taken over a cycle. Hence the tota power,
P = P1 + P, for baanced or unbalanced loads.

The phasor diagram for the two-wattmeter method for a balanced
load having a lagging current is shown in Figure 19.16, where
Vie=Vr—Vgand Vyg =Vy — Vp (pha&)rla”y)

Wattmeter 1 reads Vgplr cos(30° — ¢p) = Py
Wattmeter 2 reads Vyzly cos(30° + ¢) = P,

Py Vel g c0S(30° — ¢) _ cos(30° — ¢)

P, h Vysly cos(30° + ¢) N cos(30° + ¢)

since Ir = Iy and Vg = Vyp for a balanced load.

P cos30° cos¢ +sin30°sing

Hence — = - -
P, c0s30°cos¢p —sin30°sing

Dividing throughout by cos30° cos¢ gives:

1
Pr_l¥tan30iang o Jatan¢ (since sin¢ = tan¢)
Pz_l—tanSO"tamz)_1 1 ¢ ' cos¢p
- an¢
V3
Cross-multiplying gives: P Pa tang = Py + Fa tan¢
plying gives. 1 73 =P, /3
tan¢
Hence P1 — Py = (P1+ Py)——
1—Pa= (P 2) NG
. P —P
from which tan :JS( )
¢ P1+ P2

¢, cos¢ and thus power factor can be determined from this formula.
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Problem 13. A 400 V, 3-phase star connected aternator supplies
a delta-connected load, each phase of which has a resistance
of 30 @ and inductive reactance 40 Q2. Calculate () the current
supplied by the alternator and (b) the output power and the kVA of
the aternator, neglecting losses in the line between the aternator

ALTERNATOR and |0ad
Figure 19.17
A circuit diagram of the alternator and load is shown in Figure 19.17.
\%
(@ Considering the load: Phase current, I, = Z_p

p
V, =V, for adelta connection. Hence V, = 400 V
Phase impedance, Z, = \/(R,” + X?) = /(30 + 40%) = 50 ©
1% 400
Hencel,= L =_—"=8A
Pz, 50
For adelta-connection, line current, I, = /31, = /3(8) = 13.86 A
Hence 13.86 A is the current supplied by the alternator.

(b) Alternator output power is equal to the power dissipated by the load.
R 30
i.e. P =+/3V.I, cos¢, wherecosgp = —£ = — = 0.6
Z, 50
Hence P = +/3(400)(13.86)(0.6) = 5.76 kW
Alternator output kVA, S = +/3V .1, = +/3(400)(13.86)

= 9.60 kVA

Problem 14. Each phase of a delta-connected load comprises a
resistance of 30 Q and an 80 uF capacitor in series. The load is
connected to a 400 V, 50 Hz, 3-phase supply. Calculate (a) the
phase current, (b) the line current, (c) thetotal power dissipated and
(d) the kVA rating of the load. Draw the complete phasor diagram

for the load.
() Capacitive reactance, X = = =
P ' CT 2nfC T 27(50)(80 x 10-6)
=39.79 Q
Phase impedance, Z, = \/(R,,Z + X(2) = /(302 + 39.79)
=49.83 Q
R 30
Power factor = cos¢p = =2 = —— = 0.602
$=7,~ n83

Hence ¢ = arccos 0.602 = 52°59' |eading.

Vv .
Phase current, 1, = Z—” and vV, =V, for a delta connection.
p
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400

(b) Line current I, = +/3I,, for a delta-connection
Hence I, = +/3(8.027) = 1390 A
(c) Total power dissipated, P = +/3V I, cos¢
= 4/3(400)(13.90)(0.602) = 5.797 kW

(d) Total kVA, S = /3V, I, = +/3(400)(13.90) = 9.630 kVA
The phasor diagram for the load is shown in Figure 19.18

,=13.90 A

rd

V.= Vp=400 V

,=8.027A

Figure 19.18

Problem 15. Two wattmeters are connected to measure the input
power to a balanced 3-phase load by the two-wattmeter method.
If the instrument readings are 8 kW and 4 kW, determine (a) the
total power input and (b) the load power factor.

(8 Totd input power, P = P14+ P, =8+ 4 =12 kW

(b) tang =3 (2;2) =3 (:%2)

()= )%
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1
Hence ¢ = arctan — = 30°

V3
Power factor = cos¢ = cos30° = 0.866

Problem 16. Two wattmeters connected to a 3-phase motor
indicate the total power input to be 12 kW. The power factor is
0.6. Determine the readings of each wattmeter.

If the two wattmeters indicate P, and P, respectively
then Py + P> = 12 kW (@H)]

P1— Py
tan :«/3(
¢ P+ P

Angle ¢ = arccos0.6 = 53.13° and tan53.13° = 1.3333

Hence 1.3333 = %, from which, Py — Py — %

e, Pi— Py =9.237 kW (2)

) and power factor = 0.6 = cos¢

Adding equations (1) and (2) gives: 2P, = 21.237,

. 21.237

Hence wattmeter 1 reads 10.62 kW
From equation (1), wattmeter 2 reads (12 — 10.62) = 1.38 kW

Problem 17. Two wattmeters indicate 10 kW and 3 kW respec-
tively when connected to measure the input power to a 3-phase
balanced load, the reverse switch being operated on the meter indi-
cating the 3 kW reading. Determine (@) the input power and (b) the
load power factor.

Since the reversing switch on the wattmeter had to be operated the 3 kW
reading is taken as —3 kW.

(@ Total input power, P = Py + P, = 104 (=3) = 7 kW

_Ja(Pim P _ (9=
(®) ta"¢_‘/3<Pl+P2) _‘/3<1o+(—3))

1
— V3 (73) —3.2167

Angle ¢ = arctan3.2167 = 72.73°
Power factor = cos¢ = cos72.73° = 0.297
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Problem 18. Three similar coils, each having a resistance of 8 Q2
and an inductive reactance of 8 Q2 are connected (@) in star and
(b) in delta, across a 415 V, 3-phase supply. Calculate for each
connection the readings on each of two wattmeters connected to
measure the power by the two-wattmeter method.

@

(b)

Star connection: V, =+/3V, and I, =1,
VL 415

N

phase impedance, Z, = \/(sz +X:?

=/(8+8)=1131Q

14 415/+/3
Hence phase current, 1, = Z—” = 11/31
» .

Total power, P = 31 ,°R, = 3(21.18)%(8) = 10766 W
If wattmeter readings are P, and P, then P; + P, = 10766 (@D}

Since R, =8 @ and X, =8 ©, then phase angle ¢ =45 (from
impedance triangle)

tanqb:\/S(

Phase voltage, V, = d

=21.18 A

Py —P;
P+ P>

V3(P1 — P3)
10766

), hence tan45° =
10766(1)
V3
Adding equations (1) and (2) gives: 2P; = 10766 + 6216

=16982 W
Hence P, =8491W

From equation (1), P, = 10766 — 8491 = 2275 W

from which P, — P, = =626 W 2

When the coils are star-connected the wattmeter readings are
thus 8.491 kW and 2.275 kW.

Delta connection:V, =V, and I, = v/3I,

Vv 415
Phase current, I, = Z—" = 1131 = 3069A
» .

Total power, P = 31 ,2R, = 3(36.69)%(8) = 32310 W
Hence  Py+ P, =32310W ©)

tang — /3 (Pl — P2 V3(P1— P2)

Pi+P;

thus 1 =

) us 32310
32310

from which, Py — P, = 7 = 18650 W 4
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Adding equations (3) and (4) gives:
2P = 50960, from which Py = 25480 W

From equation (3), P, = 32310 — 25480 = 6830 W

When the coils are delta-connected the wattmeter readings are
thus 25.48 kW and 6.83 kW.

Further problems on power in 3-phase circuits may be found in
Section 19.9, problems 8 to 19, page 313.

19.7 Comparison of star (i) Loads connected in delta dissipate three times more power than
and delta connections when connected in star to the same supply.

(ii) For the same power, the phase currents must be the same for both
delta and star connections (since power = 37 ,%R,,), hence the line
current in the delta-connected system is greater than the line current
in the corresponding star-connected system. To achieve the same
phase current in a star-connected system as in a delta-connected
system, the line voltage in the star system is +/3 times the line
voltage in the delta system.

Thus for a given power transfer, a delta system is associated with
larger line currents (and thus larger conductor cross-sectional area)
and a star system is associated with a larger line voltage (and thus
greater insulation).

19.8 Advantages of Advantages of three-phase systemsver single-phase supplies include:

three-phase systems . .
(i) For a given amount of power transmitted through a system,

the three-phase system requires conductors with a smaller cross-
sectional area. This means a saving of copper (or auminium) and
thus the original installation costs are less.

(ii) Two voltages are available (see Section 19.3(vii)).

(iii) Three-phase motors are very robust, relatively cheap, generally
smaller, have self-starting properties, provide a steadier output and
require little maintenance compared with single-phase motors.

19.9 Further problems Star and delta connections

on three-phase systems 1 Three loads, each of resistance 50 2 are connected in star to a

400 V, 3-phase supply. Determine (a) the phase voltage, (b) the
phase current and (c) the line current.
[(@) 231V (b) 4.62 A (c) 4.62 A]
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N

If the loads in question 1 are connected in delta to the same supply
determine (a) the phase voltage, (b) the phase current and (c) the
line current. [(a 400 V (b) 8 A (c) 13.86 A]

A star-connected |oad consists of three identical coils, each of induc-
tance 159.2 mH and resistance 50 . If the supply frequency is
50 Hz and the line current is 3 A determine (a) the phase voltage
and (b) the line voltage. [(a) 212 V (b) 367 V]

Three identical capacitors are connected (a) in star, (b) in deltato a
400 V, 50 Hz, 3-phase supply. If the line current is 12 A determine
in each case the capacitance of each of the capacitors.

[(a) 165.4 pF (b) 55.13 pF]

Three coils each having resistance 6 2 and inductance L H are
connected (a) in star and (b) in delta, to a 415 V, 50 Hz, 3-phase
supply. If the line current is 30 A, find for each connection the value
of L. [(@) 16.78 mH (b) 73.84 mH]

A 400 V, 3-phase, 4 wire, star-connected system supplies three resis-
tive loads of 15 kW, 20 kW and 25 kW in the red, yellow and blue
phases respectively. Determine the current flowing in each of the

four conductors.
[Ir =64.95 A, 1y = 86.60 A

Iy = 108.25 A, Iy = 37.50 A]

A 3-phase, star-connected alternator deliversaline current of 65 A to
abalanced delta-connected load at a line voltage of 380 V. Calculate
(a) the phase voltage of the alternator, (b) the alternator phase current
and (c) the load phase current.

[(a) 219.4 V (b) 65 A (c) 37.53 A]

Power in 3-phase circuits

8

10

11

12

Determine the total power dissipated by three 20 Q resistors when
connected (a) in star and (b) in delta to a 440 V, 3-phase supply.
[(3) 9.68 kW (b) 29.04 kW]

Determine the power dissipated in the circuit of problem 3.
[1.35 kW]

A balanced delta-connected load has a line voltage of 400 V, aline
current of 8 A and a lagging power factor of 0.94. Draw a complete
phasor diagram of the load. What is the total power dissipated by
the load? [5.21 kW]

Three inductive loads, each of resistance 4 Q and reactance 9 Q are
connected in delta. When connected to a 3-phase supply the loads
consume 1.2 kW. Calculate (a) the power factor of the load, (b) the
phase current, (c) the line current and (d) the supply voltage.

[(a) 0.406 (b) 10 A (c) 17.32 A (d) 98.49 V]

The input voltage, current and power to a motor is measured as
415V, 16.4 A and 6 kW respectively. Determine the power factor
of the system. [0.509]
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13

14

15

16

17

18

19

A 440V, 3-phase a.c. motor has a power output of 11.25 kW and
operates at a power factor of 0.8 lagging and with an efficiency of
84%. If the motor is delta connected determine (a) the power input,
(b) the line current and (c) the phase current.

[(a) 13.39 kW (b) 21.96 A (c) 12.68 A]

Two wattmeters are connected to measure the input power to a
balanced 3-phase load. If the wattmeter readings are 9.3 kW and
5.4 KW determine (a) the total output power, and (b) the load power
factor. [(a) 14.7 kW (b) 0.909]

8 kW is found by the two-wattmeter method to be the power input
to a 3-phase motor. Determine the reading of each wattmeter if the
power factor of the system is 0.85. [5.431 kW, 2.569 kW]

Three similar coils, each having a resistance of 4.0  and an induc-
tive reactance of 3.46 Q are connected (@) in star and (b) in delta
across a 400 V, 3-phase supply. Calculate for each connection the
readings on each of two wattmeters connected to measure the power
by the two-wattmeter method.

[(@) 17.15 kW, 5.73 kW (b) 51.46 kW, 17.18 kW]

A 3-phase, star-connected alternator supplies a delta connected load,
each phase of which has aresistance of 15 Q and inductive reactance
20 Q. If the line voltage is 400 V, calculate (a) the current supplied
by the alternator and (b) the output power and kVA rating of the
aternator, neglecting any losses in the line between the aternator
and the load. [(@) 27.71 A (b) 11.52 kW, 19.2 kVA]

Each phase of a delta-connected load comprises a resistance of 40 Q
and a 40 pF capacitor in series. Determine, when connected to a
415V, 50 Hz, 3-phase supply (@) the phase current, (b) the line
current, (c) the total power dissipated, and (d) the kVA rating of
the load. [(a) 4.66 A (b) 8.07 A (c) 2.605 kW (d) 5.80 kVA]

Three 24 uF capacitors are connected in star across a 400 V, 50 Hz,
3-phase supply. What value of capacitance must be connected in
deltain order to take the same line current?

[8 uF]



20.1

Introduction

20 Transformers

At the end of this chapter you should be able to:

e understand the principle of operation of a transformer
e understand the term ‘rating’ of a transformer

Vi N1 Iy, .
e use— = — = = in calculations on transformers

Vo No I3

e construct a transformer no-load phasor diagram and calcula
magnetizing and core loss components of the no-load curren

~ @D

e state the e.m.f. equation for a transfornies 4.44f ®,,N and
use it in calculations

e construct a transformer on-load phasor diagram for an
inductive circuit assuming the volt drop in the windings is
negligible

e describe transformer construction

e derive the equivalent resistance, reactance and impedance
referred to the primary of a transformer

e understand voltage regulation
e describe losses in transformers and calculate efficiency

e appreciate the concept of resistance matching and how it may
be achieved

. . N1\?
e perform calculations using; = . Ry
2

e describe an auto transformer, its advantages/disadvantages|and
uses

e describe an isolating transformer, stating uses
e describe a three-phase transformer
e describe current and voltage transformers

A transformer is a device which uses the phenomenon of mutual induction
(see Chapter 9) to change the values of alternating voltages and currents.
In fact, one of the main advantages of a.c. transmission and distribution is
the ease with which an alternating voltage can be increased or decreased
by transformers.

Losses in transformers are generally low and thus efficiency is high.
Being static they have a long life and are very stable.
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Transformers range in size from the miniature units used in electronic
applications to the large power transformers used in power stations. The
principle of operation is the same for each.

A transformer is represented in Figure 20.1(a) as consisting of two elec-
trical circuits linked by a common ferromagnetic core. One coil is termed
the primary winding which is connected to the supply of electricity, and
the other thesecondary winding which may be connected to a load. A
circuit diagram symbol for a transformer is shown in Figure 20.1(b).

Flux ¢«

JNSRNEE N J

h I ! 2
O——1—p q >
. Primary Secondary q-—r—’ )

€y | P winding winding "T‘> A i Load
supply Ny turns Nz tums {1 D te
i <"JT"———o— -
e - = - — — - —
(b)

Ferromagnetic core
(a)

Figure 20.1

20.2 Transformer When the secondary is an open-circuit and an alternating voltage
principle of operation is applied to the primary winding, a small current—called the no-load
current/q—flows, which sets up a magnetic flux in the core. This alter-
nating flux links with both primary and secondary coils and induces in
them e.m.f.’s ofE; andE, respectively by mutual induction.
The induced e.m.fE in a coil of N turns is given by

do
E = —N— volts,
dr

whered®/d: is the rate of change of flux. In an ideal transformer, the
rate of change of flux is the same for both primary and secondary and
thusEq1/N1 = E3/N,, i.e. the induced e.m.f. per turn is constant

Assuming no lossesy; = V; andE, = V, Hence

E:Eorﬁ_& (20.1)
N1 Nz Va2 N
V1/V, is called the voltage ratio and, /N, the turns ratio, or th&rans-
formation ratio’ of the transformer. IV, is less thanv; thenV, is less
than vV, and the device is termed step-down transformer. If N, is
greater thenv, then V, is greater tharV; and the device is termed a
step-up transformer.

When a load is connected across the secondary winding, a cdgrent
flows. In an ideal transformer losses are neglected and a transformer is
considered to be 100% efficient.
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Hence input poweg output power, orVil; = VI, i.e., in an ideal
transformer, theprimary and secondary volt-amperes are equal
Vv 1
Thus -~ =2 (20.2)
Vo I

Combining equations (20.1) and (20.2) gives:

Vi_Ni_ 2 (20.3)
Vo2 N Iy -

The rating of a transformer is stated in terms of the volt-amperes that
it can transform without overheating. With reference to Figure 20.1(a),
the transformer rating is eithér/; or V,I,, wherel, is the full-load
secondary current.

Problem 1. A transformer has 500 primary turns and 3000
secondary turns. If the primary voltage is 240 V, determine the
secondary voltage, assuming an ideal transformer.

For an ideal transformer, voltage ratioturns ratio i.e.,

Vi_ Ny 240 500
Vo Ny’ V, 3000
(3000)(240)

Thus secondary voltaggé, = = 1440 V or 1.44 kV

(500)

Problem 2. An ideal transformer with a turns ratio of 2:7 is fed
from a 240 V supply. Determine its output voltage.

A turns ratio of 2:7 means that the transformer has 2 turns on the primary
for every 7 turns on the secondary (i.e. a step-up transformer). Thus,

N, _2
N, 7
2 24
For an ideal transforme& = E; hence- = —0
N, Vs, 7V,
240)(%)3 A when it is supplied at 240 V. Calculate the
Thus the secondary voltagé, = (240@) = 8\%09\7 PP

@

Problem 3. An ideal transformer has a turns ratio of 8:1 and the
primary current i
secondary voltage and current.
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. N, 8 .
A turns ratio of 8:1 mean% =71 i.e. a step-down transformer.
2

Ny Vi <N2) (1)
— = —, or secondary voltag&, =V, | — | = 240( =
No Vs, y ge’s 1 N 8

= 30 volts
N1

1 N
Also, — = —2; hence secondary curreft = I (—1)
N, I1 N>

=3<§>=24A
1

and the current taken from the supply.

Problem 4. An ideal transformer, connected to a 240 V mains,
supplies a 12 V, 150 W lamp. Calculate the transformer turns ratio

P 150
Vi=240V,V, =12V, [, = — = —=125A

Vs 12
. N \% 240
Turns ratio= 't =

N, V, 12

Vv I \% 12
L — 22 from which,I; = I» (—2) =125 (—)
Vo I 4

20

1 1 240

125
Hence current taken from the supply,= 0 = 0.625 A

which can be connected across the secondary winding to give
load kVA, (c) the primary current at full load kVA.

Problem 5. A5 kVA single-phase transformer has a turns ratio |of
10:1 and is fed from a 2.5 kV supply. Neglecting losses, determipe
(a) the full-load secondary current, (b) the minimum load resistance

ull

Ny 10
(@ —'=""andV;=25KkV =2500V
N, 1

. N \%4 N
Since -t = secondary voltag&', = V1 (—2)
N> Vo N1

1
=2500( — | =250V
(10)

The transformer rating in volt-amperesV,/, (at full load),
i.e., 5000= 250/,
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20.3 Transformer
no-load phasor diagram

%
L b 2
[ J
ExY=V
v
E (a)
%
4
4y ,
0
e >
T
EN -V
=

(b)

Figure 20.2

(b)

(©)

5000
Hence full load secondary curreht = 250 = 20 A
- . 1% 250
Minimum value of load resistanc®&; = T2t _ 1250
1> 20
N 1 N
L —2, from which primary currenf; = I, (—2)
N, I N,

1
=20(—=)=2A
0(10)

Further problems on the transformer principle of operation may be found
in Section 20.16, problems 1 to 9, page 344.

@

(ii)

The core flux is common to both primary and secondary windings in
a transformer and is thus taken as the reference phasor in a phasor
diagram. On no-load the primary winding takes a small no-load
current/o and since, with losses neglected, the primary winding is
a pure inductor, this current lags the applied voltageby 9C. In

the phasor diagram assuming no losses, shown in Figure 20.2(a),
currently produces the flux and is drawn in phase with the flux.
The primary induced e.m.f£; is in phase opposition td&/; (by
Lenz’s law) and is shown 18®ut of phase withV; and equal in
magnitude. The secondary induced e.m.f. is shown for a 2:1 turns
ratio transformer.

A no-load phasor diagram for a practical transformer is shown in
Figure 20.2(b). If current flows then losses will occur. When losses
are considered then the no-load curréptis the phasor sum of
two components— (i}, the magnetizing component in phase
with the flux, and (ii)lc, the core loss componen{supplying the
hysteresis and eddy current losses). From Figure 20.2(b):

No-load current), = \/(I,ﬁ +12), wherely = lgsingo and

lc = |0COS¢0

1
Power factor on no-loag cosgg = TC
0

The total core losses (i.e. iron losses)V 11y COS¢g

Problem 6. A 2400 V/400 V single-phase transformer takes a no-

load current of 0.5 A and the core loss is 400 W. Determine t
values of the magnetizing and core loss components of the
load current. Draw to scale the no-load phasor diagram for
transformer.

he
no-
he
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V1 =2400V,V, =400 V,Io =05 A

W= 2400 V
Core loss (i.e. iron lossy 400= V 1/ COS¢pg
i.e. 400= (2400(0.5) cosgg
400
Hence cogy = ——— = 0.3333
%0 = 2200(05)
ek - h=05A
A — —
;" /2/‘7, ¢o = arccos B333= 7053
M ® The no-load phasor diagram is shown in Figure 20.3.
Ep=400V
? Magnetizing component,; = IoSingg = 0.5sin 7053’ = 0.471 A
Scales  Voltage Core loss componeni = IoCos@o = 0.5cos 7063 = 0.167 A
0 400 800 1200
0 025 050 075
Current Problem 7. A transformer takes a current of 0.8 A when ifs
primary is connected to a 240 volt, 50 Hz supply, the secondary
Ep=2400V being on open circuit. If the power absorbed is 72 watts, determine
) (a) the iron loss current, (b) the power factor on no-load, and (c) the
Figure 20.3 magnetizing current.

Io=08A, V=240V

(a) Power absorbeg total core loss= 72 = V113 COS¢g
Hence 72= 2401, cosgg

. 72
and iron loss currenfl, = Iocosgy = —— = 0.30 A

240
1 0.30
b) Power factor at no load, cgg = - = —— = 0.375
() 9% I, 080

(c) From the right-angled triangle in Figure 20.2(b) and using
Pythagoras’ theoremi3 = 12 4 I2,
from which, magnetizing current,, = \/(15 —1?)
= 1/(0.80% — 0.30%)
=074 A

Further problems on the no-load phasor diagram may be found in
Section 20.16, problems 10 to 12, page 344.

20.4 E.m.f. equation of a The magnetic fluxd set up in the core of a transformer when an alter-
transformer  nating voltage is applied to its primary winding is also alternating and is
sinusoidal.
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Let ®@,, be the maximum value of the flux and f be the frequency of
the supply. The time for 1 cycle of the alternating flux is the periodic
time T, whereT = 1/f seconds

The flux rises sinusoidally from zero to its maximum value}linycle,
and the time for} cycle is J/4f seconds.

D,

Hence the average rate of change of ﬂtlx(l/Tf) =4f®,, Whs,
and since 1 Wb/s= 1 volt, the average e.m.f. induced in each turn
=4f®,, volts.

As the flux @ varies sinusoidally, then a sinusoidal e.m.f. will be
induced in each turn of both primary and secondary windings.

rms value
=1.11 (see Chapter 14)

For a sine wave, form facteg ———————
average value

Hence rms value- form factorx average value

= 1.11 x average value

Thus rms e.m.f. induced in each tugnl.11 x 41 ®,, volts
= 4.44f ®,, volts

Therefore, rms value of e.m.f. induced in primary,

E; = 4.44f ®&,,N; volts (20.4)
and rms value of e.m.f. induced in secondary,

E, = 4.44f &N, volts (20.5)

Dividing equation (20.4) by equation (20.5) gives:

E N . . . .
—1 =1 as previously obtained in Section 20.2.
E, N

Problem 8. A 100 kVA, 4000 V/200 V, 50 Hz single-phase trans
former has 100 secondary turns. Determine (a) the primary dnd
secondary current, (b) the number of primary turns, and (c) the
maximum value of the flux.

V1 =4000V,V,=200V, f =50 Hz, N, = 100 turns

(@) Transformer rating= V1I; = VoI, = 100000 VA

100000 100000
Vi 4000

100000 100000
Vo, 200

Hence primary current; = =25A

and secondary current; = =500 A
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(b) From equation (20.3)& _M
2 N2
. . Vi 4000
f hich, t =|—=)W)=|—==)10
rom which, primary turnsjy, <Vz) (N2) ( 200> (100

i.e., Ny = 2000 turns

(c) From equation (20.5f, = 4.44f®,,N,
E; 200
4.44fN, _ 4.44(50)(100)
(assumingt,; = V)
=9.01x 10~ Wb or 9.01 mWb
[Alternatively, equation (20.4) could have been used,

from which, maximum flux®,, =

whereE; = 4.44f ®,,N,

Eq 4000

from which, ®,, — _
rom whic 444fN; _ 4.44(50)(2000)

(assumingt; = Vq)

= 9.01 mWh, as above]

Problem 9. A single-phase, 50 Hz transformer has 25 primary

turns and 300 secondary turns. The cross-sectional area of the ¢ore
is 300 crd. When the primary winding is connected to a 250
supply, determine (a) the maximum value of the flux density in the
core, and (b) the voltage induced in the secondary winding.

(@) From equation (20.4), e mE,; = 4.44f®, N1 volts i.e.,
250= 4.44(50)®,,(25)

2
20w
(4.44)(50)(25)
= 0.04505 Wb

from which, maximum flux densityp,, =

However,®,, = B,, x A, whereB,, = maximum flux density in the
core andA = cross-sectional area of the core (see Chapter 7)

HenceB,, x 300x 104 = 0.04505

0.04505
f hich, i flux density, By = =—————~— =150T
rom which, maximum flux density, Bn, 300 10-4
\% N . N
(b) M —1, from which,V, = V4 <—2>
Vo N3 Ny

i.e., voltage induced in the secondary winding,
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Vo = (250) (32—050> = 3000 V or 3 kV

Problem 10. A single-phase 500 V/100 V, 50 Hz transformer has
a maximum core flux density of 1.5 T and an effective core crogs-
sectional area of 50 ¢ Determine the number of primary and
secondary turns.

The e.m.f. equation for a transformerfs= 4.44f ®,,N

and maximum flux®,, = B x A = (1.5)(50 x 10~%) = 75 x 10~* Wb
SinceE; = 4.44f ®,,N,

then primary turnsy, = B _ 500
P Y YT 44470, — 4.44(50)(75 x 10-4)
= 300 turns
SinceE; = 4.4f®,,N,
then secondary turng/, = Ea  _ 100
Y 2T 24f9,  4.44(50)(75x 104
= 60 turns

Problem 11. A 4500 V/225 V, 50 Hz single-phase transformer jis
to have an approximate e.m.f. per turn of 15 V and operate with a
maximum flux of 1.4 T. Calculate (a) the number of primary an
secondary turns and (b) the cross-sectional area of the core.

o

E E
(&) E.m.f. per turn= L_Z2_15
N1 Ny
. E 4500
Hence primary turnsy; = T 300
15 15
E, 225
and secondary turng/, = 5= 15 15

(b) EmfE; =4.44fd,Ny

Eq 4500
4.44fN, — 4.44(50)(300)
Now flux ®,, = B,, x A, whereA is the cross-sectional area of the
core, hence
o, 0.0676

——— =0.0483 nt or 483 cn?
B, 14

from which, ®,, = = 0.0676 Wb

areaA =
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20.5 Transformer
on-load phasor diagram

Ey By, Vo

Figure 20.4

1,=100 A

Figure 20.5

Further problems on the em.f. equation may be found in Section 20.16,
problems 13 to 16, page 345.

If the voltage drop in the windings of a transformer are assumed negli-
gible, then the terminal voltage, is the same as the induced e.nkf.in
the secondary. Similarly¥; = E1. Assuming an equal number of turns
on primary and secondary windings, thEn= E,, and let the load have
a lagging phase anglg,.

In the phasor diagram of Figure 20.4, curréntags V, by anglegs.
When a load is connected across the secondary winding a cusrioivs
in the secondary winding. The resulting secondary e.m.f. acts so as to tend
to reduce the core flux. However this does not happen since reduction of
the core flux reduceg;, hence a reflected increase in primary curgnt
occurs which provides a restoring mmf. Hence at all loads, primary and
secondary mmf's are equal, but in opposition, and the core flux remains
constantl} is sometimes called the ‘balancing’ current and is equal, but
in the opposite direction, to curreft as shown in Figure 20.4¢, shown
at a phase angleg to V1, is the no-load current of the transformer (see
Section 20.3).

The phasor sum af; and/, gives the supply currery and the phase
angle betweervV; and/; is shown asp;.

Problem 12. A single-phase transformer has 2000 turns on the
primary and 800 turns on the secondary. Its no-load current is § A
at a power factor of 0.20 lagging. Assuming the volt drop in th
windings is negligible, determine the primary current and power
factor when the secondary current is 100 A at a power factor |of
0.85 lagging.

@

Let 7} be the component of the primary current which provides the
restoring mmf. Then

I'N1 = I)N;
i.e., (2000 = (100)(800)
. (100)(800
f hich,/i = —————=40A
rom which, I 2000 0

If the power factor of the secondary is 0.85

then cosp, = 0.85, from which, ¢» = arccos 85 = 31.8°
If the power factor on no-load is 0.20,

then cogpy = 0.2 and¢y = arccos @ = 785°

In the phasor diagram shown in Figure 20l5~= 100 A is shown at an
angle of¢, = 31.8° to V, and/; = 40 A is shown in anti-phase t&.
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20.6 Transformer
construction

s - L.V, winding
«~——H.V. winding

L.V, winding
H.V. winding

(a) Core type

Laminated
core

H.V. winding
(b) Shell type

Figure 20.6

The no-load currenty = 5 A is shown at an angle @fy = 78.5° to V3.
Current!, is the phasor sum of; and/y and by drawing to scale,
I, =44 A and anglep; = 37

By calculation, I; cos¢; = oa + ob
= I COS¢yg + I’ COS2
= (5)(0.2) + (40)(0.85)
=350A

and I, sing; = oc + od

= IgSingo + 17 Sings
= (5)sin 785° 4 (40)sin 31.8°
=2598 A

Hence the magnitude df = /(35.0° 4+ 25.98%) = 4359 A

2598
35.0

Hence the power factor of the primasycos¢; = cos 3659° = 0.80

. 25.98
) , from which, ¢, = arctan( 350

and tanp, = ( ) = 36.59

A further problem on the transformer on-load may be found in
Section 20.16, problem 17, page 345.

(i) There are broadly two types of single-phase double-wound trans-
former constructions —theore type and theshell type as shown
in Figure 20.6. The low and high voltage windings are wound as
shown to reduce leakage flux.

(i) For power transformers, rated possibly at several MVA and
operating at a frequency of 50 Hz in Great Britain, the core material
used is usually laminated silicon steel or stalloy, the laminations
reducing eddy currents and the silicon steel keeping hysteresis loss
to a minimum.

Large power transformers are used in the main distribution
system and in industrial supply circuits. Small power transformers
have many applications, examples including welding and rectifier
supplies, domestic bell circuits, imported washing machines, and
S0 on.

(i) For audio frequency (a.f.) transformers rated from a few mVA
to no more than 20 VA, and operating at frequencies up to about
15 kHz, the small core is also made of laminated silicon steel.
A typical application of a.f. transformers is in an audio amplifier
system.



326 Electrical Circuit Theory and Technology

20.7 Equivalent circuit
of a transformer

(iv) Radio frequency (r.f.) transformers, operating in the MHz
frequency region have either an air core, a ferrite core or a dust
core. Ferrite is a ceramic material having magnetic properties
similar to silicon steel, but having a high resistivity. Dust cores
consist of fine particles of carbonyl iron or permalloy (i.e. nickel
and iron), each particle of which is insulated from its neighbour.
Applications of r.f. transformers are found in radio and television
receivers.

(v) Transformerwindings are usually of enamel-insulated copper or
aluminium.

(vi) Cooling is achieved by air in small transformers and oil in large
transformers.

Figure 20.7 shows an equivalent circuit of a transformRgrandR; repre-

sent the resistances of the primary and secondary windings{arahd

X, represent the reactances of the primary and secondary windings, due
to leakage flux.

Z1 Zg
— ——
_____ -
i i X it r ' i X, I

o—{ J}—r : —{ 0
|
Iy lo : !
7 |
m | |

|

v A X | =3 v
I |
| |
| !
| i

O + + —0
[E, _

Ideal
transformer
Figure 20.7

The core losses due to hysteresis and eddy currents are allowed for by
resistanceR which takes a current., the core loss component of the
primary current. Reactance takes the magnetizing compondit.

In a simplified equivalent circuit shown in Figure 208,and X are
omitted since the no-load currefy is normally only about 3—5% of the
full load primary current.

It is often convenient to assume that all of the resistance and reactance
as being on one side of the transformer.

ResistanceR; in Figure 20.8 can be replaced by inserting an addi-
tional resistance), in the primary circuit such that the power absorbed
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Ry X

o0——

Figure 20.8

in R, when carrying the primary current is equal to thattindue to the
secondary current, i.el2R, = I3R;

I5\? Vi\?
from which, R, = R, (—2) =Ry (—1)
Iy Vo

Then the total equivalent resistance in the primary cir@itis equal
to the primary and secondary resistances of the actual transformer.
Hence

. V12
R,=Ri+R,, i€, RR=R +R, (V_l) (20.6)
2

By similar reasoning, the equivalent reactance in the primary circuit is
given by

, . V)2
X, =X1+ X5, i, Xo= X1+ Xy (\71) (20.7)
2

The equivalent impedancg, of the primary and secondary windings
referred to the primary is given by

Z, = \/ (R + X?) (20.8)

If ¢. is the phase angle betweénand the volt drog;Z, then

COS¢pe = — (20.9)

The simplified equivalent circuit of a transformer is shown in Figure 20.9.
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Ze
—————
h l
O—I l—’"" —0O
H@ Xe
Y Ez=|Y,
O -0

Figure 20.9

Problem 13. A transformer has 600 primary turns and 1%0
secondary turns. The primary and secondary resistances ar€0.25
and 0.012 respectively and the corresponding leakage reactances
are 1.02 and 0.04Q2 respectively. Determine (a) the equivalent
resistance referred to the primary winding, (b) the equivalent
reactance referred to the primary winding, (c) the equivalent
impedance referred to the primary winding, and (d) the phase angle
of the impedance.

, : . Vi\?
(@) From equation (20.6), equivalent resistaRgce= R, + R> (Vl)

(b)

(©)

(d)

2

. 600\2
i.e.,,Re =0.25+ 0.01 (ﬁ)) since — = —

=041Q

, . Vi\?

From equation (20.7), equivalent reactange= X; + X> (V—l)
2
e, X, = 10+004(600)2— 1.64Q
e, X, =1 ) 150) =T

From equation (20.8), equivalent impedanfg= \/(Rf +X2)
= 1/(0.412 + 1.64)
=169Q
R, 041
From tion (20.9), ==
om equation (20.9), cgs Z. =~ 169

0.41
H e = —— | =7596
enceg, arccos( 16 9)
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A further problem on the equivalent circuit of a transformer may be found
in Section 20.16, problem 18, page 346.

20.8 Regulation of a When the secondary of a transformer is loaded, the secondary terminal
transformer  voltage, V,, falls. As the power factor decreases, this voltage drop
increases. This is called thegulation of the transformer and it is
usually expressed as a percentage of the secondary no-load vdltage,
For full-load conditions:

Ex — V2

2

Regulation = ( ) x 100% (20.10)

The fall in voltage,(E; — V>), is caused by the resistance and reactance
of the windings.

Typical values of voltage regulation are about 3% in small transformers
and about 1% in large transformers.

Problem 14. A 5 kVA, 200 V/400 V, single-phase transforme
has a secondary terminal voltage of 387.6 volts when loaded.
Determine the regulation of the transformer.

=

From equation (20.10):

(No-load secondary voltage
— terminal voltage on load

no-load secondary voltage
_ {400— 3876
B 400

regulation= 100%

} x 100%

124
== % — 3.19
(400> x 100%= 3.1%

Problem 15. The open circuit voltage of a transformer is 240 V.
A tap changing device is set to operate when the percentage regu-
lation drops below 2.5%. Determine the load voltage at which the
mechanism operates.

(no load voltage- terminal load voltage)
x 100%
no load voltage

Regulation=

240—-V;

Hen =
ence 25 { 240

} 100%
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20.9 Transformer losses
and efficiency

Therefore

i.e,

(2.5)(240)

—240—V
100 2

6=240-V;

from which, load voltage V, = 240— 6 = 234 volts

Further problems on regulation may be found in Section 20.16, prob-
lems 19 and 20, page 346.

There are broadly two sources lofsses in transformerson load, these
being copper losses and iron losses.

(@) Copper lossesare variable and result in a heating of the conductors,
due to the fact that they possess resistance; lfind R, are the
primary and secondary winding resistances then the total copper
loss isIZRy + 3R,

(b) Iron lossesare constant for a given value of frequency and flux
density and are of two types — hysteresis loss and eddy current loss.

(i)

(ii)

Transformer efficiency, n =

Hysteresis lossis the heating of the core as a result of
the internal molecular structure reversals which occur as the
magnetic flux alternates. The loss is proportional to the area of
the hysteresis loop and thus low loss nickel iron alloys are used
for the core since their hysteresis loops have small areas.(See
Chapters 7 and 38)

Eddy current loss is the heating of the core due to e.m.f.’s
being induced not only in the transformer windings but also

in the core. These induced e.m.f.’s set up circulating currents,
called eddy currents. Owing to the low resistance of the core,
eddy currents can be quite considerable and can cause a large
power loss and excessive heating of the core. Eddy current
losses can be reduced by increasing the resistivity of the core
material or, more usually, by laminating the core (i.e., splitting

it into layers or leaves) when very thin layers of insulating
material can be inserted between each pair of laminations. This
increases the resistance of the eddy current path, and reduces
the value of the eddy current.

output power  input power —losses
input power input power

n:

losses

1— (20.11)

input power
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and is usually expressed as a percentage. It is not uncommon for power
transformers to have efficiencies of between 95% and 98%.

Output power= V[, C0S¢2,

total losses= copper losst iron losses,

and input powek= output power- losses

Problem 16. A 200 kVA rated transformer has a full-load copper
loss of 1.5 kW and an iron loss of 1 kW. Determine the transformer
efficiency at full load and 0.85 power factor.

output power input power —losses
input power input power

Efficiencyn =
losses
input power
Full-load output powee= VI cosg = (200)(0.85) = 170 kW
Total losses= 1.5+ 1.0 = 2.5 kW

Input power= output power- losses= 170+ 2.5 = 1725 kW

- 25
Hence efficiency= (1 — TZS) =1-—0.01449= 0.9855 0r98.55%

Problem 17. Determine the efficiency of the transformer in
Problem 16 at half full-load and 0.85 power factor.

Half full-load power output= %(200)(0.85) = 85 kW

Copper loss (0f2R loss) is proportional to current squared.
2

Hence the copper loss at half full-load Q%) (1500 =375 W

Iron loss= 1000 W (constant)
Total losses= 375+ 1000= 1375 W or 1.375 kW

Input power at half full-load= output power at half full-load+ losses

= 85+ 1.375=86.375 kW

losses 1.375
Hence efficienc 1-—— ) =(1- ——
. ( input power) ( 86.375>

=1-0.01592= 0.9841 0r98.41%
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Problem 18. A 400 kVA transformer has a primary winding resis
tance of 0.5 and a secondary winding resistance of 0.@R1The
iron loss is 2.5 kW and the primary and secondary voltages are
5 kV and 320 V respectively. If the power factor of the load is
0.85, determine the efficiency of the transformer (a) on full load,
and (b) on half load.

(@)

(b)

Rating: 400 kVA = Vi, =Vl
400x 1C° _400x 10°

Hence primary current,; = = =80 A
primary currenta V1 5000
400x 10° 400x 10°
and secondary current; = x = x = 1250 A
Vo 320

Total copper loss= I2R; + I3R,,
(whereR; = 0.5 Q© andR, = 0.001 )
= (80)%(0.5) + (1250?2(0.001)
= 3200+ 15625 = 47625 watts
On full load, total loss= copper losst iron loss

= 47625+ 2500
= 72625 W = 7.2625 kW

Total output power on full loag= Val, coSg,
= (400 x 10°)(0.85)
= 340 kW

Input power= output power+ losses= 340 kW+ 7.2625 kW

= 347.2625 kW
I
Efficiency, n = {l — .OﬂJ x 100%
input powe
= { ﬂ} x 100%= 97.91%
= |77 3472625 P ELEER

Since the copper loss varies as the square of the current, then total

2
copper loss on half loag 47625 x (%) =1190625 W

Hence total loss on half loagd 1190625+ 2500
= 3690625 W or 3691 kW
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Output power on half full loag= 1(340) = 170 kW

Input power on half full load= output power+ losses
=170 kW+ 3.691 kW
= 173691 kW

Hence efficiency at half full load,

losses
n= {1— 74 x 100%
input powe
3.691
=1- — 100%= 97.87%
{ 173691} x 100%= 97.87%

Maximum efficiency

It may be shown that the efficiency of a transformer is a maximum when

the variable copper loss (i.€2R; + I3Ry) is equal to the constant iron
losses.

Problem 19. A 500 kVA transformer has a full load copper loss of
4 KW and an iron loss of 2.5 kW. Determine (a) the output kVA at
which the efficiency of the transformer is a maximum, and (b) the
maximum efficiency, assuming the power factor of the load is 0.75.

(@) Letx be the fraction of full load kVA at which the efficiency is a
maximum.

The corresponding total copper loss(4 kW)(x?)
At maximum efficiency, copper loss iron loss Hence
4% =25
25 25
from whichx? = == andx = (—) =0.791
4 4
Hencethe output kVA at maximum efficiency = 0.791 x 500
= 3955 kVA
(b) Total loss at maximum efficiency 2 x 2.5 =5 kW
Output power= 3955 kVA x p.f. = 3955 x 0.75 = 296,625 kW
Input power= output power+ losses

= 296625+ 5 = 301625 kW
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. - losses
Maximum efficiency, n = {1 — 7J x 100%
input powe
= {1 — L} x 100%= 98.34%
301625

Further problems on losses and efficiency may be found in Section 20.16,
problems 21 to 26, page 346.

20.10 Resistance Varying a load resistance to be equal, or almost equal, to the source
matching internal resistance is calledatching. Examples where resistance match-

ing is important include coupling an aerial to a transmitter or receiver, or

in coupling a loudspeaker to an amplifier, where coupling transformers

| may be used to give maximum power transfer.

o >1 > With d.c. generators or secondary cells, the internal resistance is usually

very small. In such cases, if an attempt is made to make the load resis-

tance as small as the source internal resistance, overloading of the source

EL_.. [j R, results.
vl wn N A A method of achieving maximum power transfer between a source and
! k 2 a load (see Section 13.9, page 187), is to adjust the value of the load

o resistance to ‘match’ the source internal resistance. A transformer may be
used as aesistance matching devicdy connecting it between the load
Figure 20.10 and the source.

The reason why a transformer can be used for this is shown below.
With reference to Figure 20.10:

V2 Vl
R; = — andR, = —
L 1 1 I

. N N
For an ideal transforme#/; = (71) Vo andl, = (J) I
N2 N1

Thus the equivalent input resistange of the transformer is given by:

e 0 (2

I (&)1 RV I, N
Ni) 2

Hence by varying the value of the turns ratio, the equivalent input resis-
tance of a transformer can be ‘matched’ to the internal resistance of a
load to achieve maximum power transfer.
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Problem 20. A transformer having a turns ratio of 4:1 supplies a
load of resistance 102. Determine the equivalent input resistance
of the transformer.

From above, the equivalent input resistance,

2 2
ko= (29 &= (4)' 200 = 16000

N>

_An_wpﬂfie_r _ Matching
: -{-o—tanstomer Problem 21. The output stage of an amplifier has an output resis-
p=t120) ' tance of 1122. Calculate the optimum turns ratio of a transformer
f i N |gere which would match a load resistance of2/to the output resistance
- : of the amplifier.
Loooo "l
Figure 20.11 The circuit is shown in Figure 20.11.

The equivalent input resistand®, of the transformer needs to be 1£2
for maximum power transfer.

N1\?
Ri=(—/1| R,
N>

Ni\? Ry 112
Hence (—1) —1_"""_16
N> R, 7

N B
ey — J/(16) =4

Hence the optimum turns ratio is 4:1

Problem 22. Determine the optimum value of load resistance for
maximum power transfer if the load is connected to an amplifier
of output resistance 15Q through a transformer with a turns ratio
of 5:1.

The equivalent input resistan@& of the transformer needs to be 150
for maximum power transfer.

Nl 2 ) NZ)Z (1)2
Ri=(—] Rz, fromwhich,R; =R, (— ) =150( =] =6
' (Nz) t t 1(1\’1 5

Problem 23. A single-phase, 220 V/1760 V ideal transformer |is
supplied from a 220 V source through a cable of resistange &

the load across the secondary winding is 1.28determine (a) the
primary current flowing and (b) the power dissipated in the load
resistor.
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Figure 20.12

A.c.source /
B! 1

Figure 20.13

A=
1280 Q2

The circuit diagram is shown in Figure 20.12.

Vi1 220 1

. N1
a) Turnsratio— = — = —— = —
(@) N, V, 1760 8

Equivalent input resistance of the transformer,
Ry = (Nl)zR
1= N2 L
1 2
= <§) (1.28x 10 =20Q

Total input resistanceRiy =R+ R1 =2+20=22Q

. V1 220
Primary current/; = — = — =10 A
y =g =722

. Vv 1 . 1%
(b) For an ideal transformer> = —2, from whichl, =1, (—1)
Vo I Vo

220
= 10(?60) =125A

Power dissipated in load resistgf, P = I%RL
= (1.25)%(1.28 x 10°)

= 2000 watts or 2 kW

Problem 24. An a.c. source of 24 V and internal resistance15
is matched to a load by a 25:1 ideal transformer. Determine (a)
value of the load resistance and (b) the power dissipated in
load.

The circuit diagram is shown in Figure 20.13.

(@) For maximum power transf®; needs to be equal to 15X

N1\2 . :
Ri= (171) R;, from which load resistance,
2

N\ 2
R, =R [ ==
N

1 2
— (15000 (2_5) —24Q

he
he
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20.11 Auto transformers

Figure 20.14

—

Figure 20.15

(b) The total input resistance when the source is connected to the
matching transformer iR + Ry, i.e., 15 K2 + 15 k2 = 30 k2

\% 24
Primar rrent/; = —— = ————=0.8 mA
Imary current/s = 25660~ 30000 0
N 1 . N 25
21 _ "2 from whichl, = I, (—1) = (0.8 x 107%) (—)
N2 11 N2 1

=20x 10°% A

Power dissipated in the loak, P = I5R; = (20 x 103)2(24)
=9600x 106 W = 9.6 mW

Further problems on resistance matching may be found in Section 20.16,
problems 27 to 31, page 347.

An auto transformer is a transformer which has part of its winding
common to the primary and secondary circuits. Figure 20.14(a) shows
the circuit for a double-wound transformer and Figure 20.14(b) that for
an auto transformer. The latter shows that the secondary is actually
part of the primary, the current in the secondary beidg (/7).
Since the current is less in this section, the cross-sectional area of
the winding can be reduced, which reduces the amount of material
necessary.

Figure 20.15 shows the circuit diagram symbol for an auto transformer.

Problem 25. A single-phase auto transformer has a voltage ratio
320 V:250 V and supplies a load of 20 kVA at 250 V. Assuming
an ideal transformer, determine the current in each section of the
winding.

Rating: 20 kVA = Vi, =Vl
20x 10° 20 10°

Hence primary currentl; = =625A
primary 1=y, 320
20x 100  20x 1C°
and secondary current; = x = x =80 A
Vo 250

Hence current in common part of the windirg80 — 625 =175 A

The current flowing in each section of the transformer is shown in
Figure 20.16.
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62.5 A Saving of copper in an auto transformer

For the same output and voltage ratio, the auto transformer requires less
copper than an ordinary double-wound transformer. This is explained
below.

The volume, and hence weight, of copper required in a winding is
proportional to the number of turns and to the cross-sectional area of the
wire. In turn this is proportional to the current to be carried, i.e., volume
of copper is proportional to/1.

320V

Figure 20.16 Volume of copper in an auto transform&r(N; — No)I1 + No(Io — I71)
see Figure 20.14(b)
& NIy — Nol1 + Nolp — Noly
X Nil1+ Nal, — 2Nl
x 2N1I1 — 2NoI4
(sinceNyl, = Nilq)
Volume of copper in a double-wound transformew /1 + N2l>

X 2N111
(again, sinceVol, = N1l,)

volume of copper in an auto transformer

Hence .
volume of copper in a double-wound transformer
_ 2N1[1 — 2N211
- 2Nl
_2Naly  2Noly
T 2NiIy  2Nil
N
—1--2
N1
N
If =2 = x then

1

(volume of copper in an auto transformer)
= (1 — x) (volume of copper in a double-wound transformer)(20.12)
If, say,x = ¢ then

(volume of copper in auto transformer)

(1 - g) (volume of copper in a double-wound transformer

z(volume in double-wound transformer
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i.e., a saving of 80%
Similarly, if x = ;11, the saving is 25%, and so on.

The closerN; is to Ny, the greater the saving in copper.

Problem 26. Determine the saving in the volume of copper used
in an auto transformer compared with a double-wound transformer
for (a) a 200 V:150 V transformer, and (b) a 500 V:100 V trang
former.

VvV, 150
F 200 V:150 V' t f == =
(@) Fora ransformer v, = 200

Hence from equation (20.12), (volume of copper in auto transformer)

0.75

= (1 - 0.75) (volume of copper in double-wound transformer)
= (0.25) (volume of copper in double-wound transformer)

= 25% of copper in a double-wound transformer

Hence the saving is 75%

VvV, 100
b) F 500 V:100 V transf =—=—=02
(b) Fora ransformex, v, = 500

Hence (volume of copper in auto transformer)

= (1 - 0.2) (volume of copper in double-wound transformer)
= (0.8) (volume in double-wound transformer)

= 80% of copper in a double-wound transformer

Hence the saving is 20%

Further problems on the auto-transformer may be found in Section 20.16,
problems 32 and 33, page 347.

Advantages of auto transformers

The advantages of auto transformers over double-wound transformers
include:

1 a saving in cost since less copper is heeded (see above)

2 less volume, hence less weight

3 a higher efficiency, resulting from lowéfR losses

4 acontinuously variable output voltage is achievable if a sliding contact
is used

a smaller percentage voltage regulation.

(3]
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20.12 Isolating
transformers

20.13 Three-phase
transformers

Disadvantages of auto transformers

The primary and secondary windings are not electrically separate, hence
if an open-circuit occurs in the secondary winding the full primary voltage
appears across the secondary.

Uses of auto transformers

Auto transformers are used for reducing the voltage when starting induc-
tion motors (see Chapter 22) and for interconnecting systems that are
operating at approximately the same voltage.

Transformers not only enable current or voltage to be transformed to
some different magnitude but provide a means of isolating electrically
one part of a circuit from another when there is no electrical connection
between primary and secondary windings. i8alating transformer is a

1:1 ratio transformer with several important applications, including bath-
room shaver-sockets, portable electric tools, model railways, and so on.

Three-phase double-wound transformers are mainly used in power
transmission and are usually of the core type. They basically consist of
three pairs of single-phase windings mounted on one core, as shown in
Figure 20.17, which gives a considerable saving in the amount of iron
used. The primary and secondary windings in Figure 20.17 are wound on
top of each other in the form of concentric cylinders, similar to that shown
in Figure 20.6(a). The windings may be with the primary delta-connected
and the secondary star-connected, or star-delta, star-star or delta-delta,
depending on its use.

A delta-connection is shown in Figure 20.18(a) and a star-connection
in Figure 20.18(b).

Problem 27. A three-phase transformer has 500 primary tufns
and 50 secondary turns. If the supply voltage is 2.4 kV find the
secondary line voltage on no-load when the windings are connedted
(a) star-delta, (b) delta-star.

(@) For a star-connectior,, = +/3V, (see Chapter 19)

. % 2400
Primary phase voltagé; ,;, = \/—L; = % = 138564 volts
For a delta-connectiori/, =V,

N \% .
. —1, from which,
No Vs,
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Primary windings
o o o

Secondary windings

o) ? Q

Laminated
-t
core

Figure 20.17

Line

q Line
l Line lLine l Line —O Line

(a) Delta connection

Line Line Line

O Line
o
Line
% O Neutral
Neutral )
-O Line

(b) Star connection

Figure 20.18
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20.14 Current
transformers

I2
Secondary

-—1\'— Laminated

iron ore

Primary [

h
Load Supply

Figure 20.19

N>
secondary phase voltagg,, = V1 N,
1

50

) = 1386 volts

(b) For a delta-connectiort), =V,
hence primary phase voltagé,, = 2.4 KV = 2400 volts

N 50
Secondary phase voltagg,, = V 1 (Nl) (2400 (500)

= 240 volts

For a star-connectiory/, = +/3V,,
hence the secondary line voltagey/3(240) = 416 volts

A further problem on the three-phase transformer may be found in
Section 20.16, problem 34, page 347.

For measuring currents in excess of about 100 A a current transformer
is normally used. With a d.c. moving-coil ammeter the current required
to give full scale deflection is very small —typically a few milliamperes.
When larger currents are to be measured a shunt resistor is added to the
circuit (see Chapter 10). However, even with shunt resistors added it is
not possible to measure very large currents. When a.c. is being measured
a shunt cannot be used since the proportion of the current which flows in
the meter will depend on its impedance, which varies with frequency.

1 N
In a double-wound transformer: = —2
1> N1

] N
from which, secondary currentl, = I (N—l)
2

In current transformers the primary usually consists of one or two turns
whilst the secondary can have several hundred turns. A typical arrange-
ment is shown in Figure 20.19.

If, for example, the primary has 2 turns and the secondary 200 turns,
then if the primary current is 500 A,

Ni 2
d fp=I{—]|]=05B00(—)=5A
secondary currenfy = I (Nz) (500 (200)

Current transformers isolate the ammeter from the main circuit and allow
the use of a standard range of ammeters giving full-scale deflections of
1A 2Ao0r5A.
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Figure 20.20

20.15 \Voltage
transformers

—

supply

High
voltage

o—
Primary

Figure 20.21

Secondary

For very large currents the transformer core can be mounted around
the conductor or bus-bar. Thus the primary then has just one turn. It is
very important to short-circuit the secondary winding before removing the
ammeter. This is because if current is flowing in the primary, dangerously
high voltages could be induced in the secondary should it be open-
circuited.

Current transformer circuit diagram symbols are shown in Figure 20.20.

Problem 28. A current transformer has a single turn on the
primary winding and a secondary winding of 60 turns. The
secondary winding is connected to an ammeter with a resistance of
0.15Q. The resistance of the secondary winding is (¢239f the
current in the primary winding is 300 A, determine (a) the reading
on the ammeter, (b) the potential difference across the ammeter and
(c) the total load (in VA) on the secondary.

) N 1
(@) Reading on the ammetdp, = I (—1> = 300(—) =5A
N> 60

(b) P.d. across the ammeter/,R,, whereR, is the ammeter
resistance

= (5)(0.15) = 0.75 volts

(c) Total resistance of secondary circtit0.15+ 0.25=0.40 Q
Induced e.m.f. in secondagy (5)(0.40) =20V
Total load on secondarg (2.0)(5) = 10 VA

A further problem on the current transformer may be found in
Section 20.16, problem 35, page 348.

For measuring voltages in excess of about 500 V it is often safer to use
a voltage transformer. These are normal double-wound transformers with
a large number of turns on the primary, which is connected to a high
voltage supply, and a small number of turns on the secondary. A typical
arrangement is shown in Figure 20.21.

. Vi N1
Since — = —
Vo N>

N
the secondary voltageV, = V; (N_Z)
1

Thus if the arrangement in Figure 20.21 has 4000 primary turns and 20
secondary turns then for a voltage of 22 kV on the primary, the voltage
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on the secondary,

2
4000

N 20
Vo=V (N—) =22 000(—) = 110 volts

1

20.16 Further problems Principle of operation

on transformers

1 A transformer has 600 primary turns connected to a 1.5 kV supply.

Determine the number of secondary turns for a 240 V output voltage,
assuming no losses. [96]

An ideal transformer with a turns ratio of 2:9 is fed from a 220 V
supply. Determine its output voltage. [990 V]

A transformer has 800 primary turns and 2000 secondary turns. If the
primary voltage is 160 V, determine the secondary voltage assuming
an ideal transformer. [400 V]

An ideal transformer has a turns ratio of 12:1 and is supplied at
§ R A/ dealculate ttee pravang ayrasitafleglect any losses.  [16 V]

An ideal transformer has a turns ratio of 12:1 and is supplied at
180 V when the primary current is 4 A. Calculate the secondary
voltage and current. [15V, 48 A]

A step-down transformer having a turns ratio of 20:1 has a primary
voltage of 4 kV and a load of 10 kW. Neglecting losses, calculate
the value of the secondary current. [50 A]

A transformer has a primary to secondary turns ratio of 1:15. Calcu-
late the primary voltage necessary to supply a 240 V load. If the load
current i

[16 V, 45 A]

A 10 kVA, single-phase transformer has a turns ratio of 12:1 and is
supplied from a 2.4 kV supply. Neglecting losses, determine (a) the
full load secondary current, (b) the minimum value of load resistance
which can be connected across the secondary winding without the
kVA rating being exceeded, and (c) the primary current.

[(@) 50 A (b) 42 (c) 4.17 A]

A 20 Q resistance is connected across the secondary winding of a
single-phase power transformer whose secondary voltage is 150 V.
Calculate the primary voltage and the turns ratio if the supply current
is 5 A, neglecting losses. [225 V, 3:2]

No-load phasor diagram

10 (a) Draw the phasor diagram for an ideal transformer on no-load.
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(b) A 500 V/100 V, single-phase transformer takes a full load
primary current of 4 A. Neglecting losses, determine (a) the full
load secondary current, and (b) the rating of the transformer.

[(a) 20 A (b) 2 kVA]

11 A 3300 V/440 V, single-phase transformer takes a no-load current
of 0.8 A and the iron loss is 500 W. Draw the no-load phasor
diagram and determine the values of the magnetizing and core loss
components of the no-load current. [0.786 A, 0.152 A]

12 A transformer takes a current o
to a 300V, 50 Hz supply, the secondary being on open-circuit.
If the power absorbed is 120 watts, calculate (a) the iron loss
current,(b) the power factor on no-load, and (c) the magnetizing
current. [(@) 0.4 A (b) 0.4 (c) 0.92 A]

E.m.f equation

13 A 60 kVA, 1600 V/100 V, 50 Hz, single-phase transformer has 50
secondary windings. Calculate (a) the primary and secondary current,
(b) the number of primary turns, and (c) the maximum value of the
flux. [(@) 37.5 A, 600 A (b) 800 (c) 9.0 mWh]

14 A single-phase, 50 Hz transformer has 40 primary turns and 520
secondary turns. The cross-sectional area of the core is 270 cm
When the primary winding is connected to a 300 volt supply, deter-
mine (a) the maximum value of flux density in the core, and (b) the
voltage induced in the secondary winding.

[(@) 1.25 T (b) 3.90 kV]

15 A single-phase 800 V/100 V, 50 Hz transformer has a maximum
core flux density of 1.294 T and an effective cross-sectional area of
60 cn¥. Calculate the number of turns on the primary and secondary
windings. [464, 8]

16 A 3.3 kV/110V, 50 Hz, single-phase transformer is to have an
approximate e.m.f. per turn of 22 V and operate with a maximum
flux of 1.25 T. Calculate (a) the number of primary and secondary
turns, and (b) the cross-sectional area of the core.

[(a) 150, 5 (b) 792.8 cA}

Transformer on-load

17 A single-phase transformer has 2400 turns on the primary and
600 turns on the secondary. Its no-load current is 4 A at a power
factor of 0.25 lagging. Assuming the volt drop in the windings is
negligible, calculate the primary current and power factor when the
secondary current is 80 A at a power factor of 0.8 lagging.

[23.26 A, 0.73]
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Equivalent circuit of a transformer

18

A transformer has 1200 primary turns and 200 secondary turns. The
primary and secondary resistances are®.2nd 0.022 respectively

and the corresponding leakage reactances arelahd 0.052
respectively. Calculate (a) the equivalent resistance, reactance and
impedance referred to the primary winding, and (b) the phase angle
of the impedance. [(@) 0.92, 3.0, 3.14Q (b) 72.95]

Regulation

19

20

A 6 kVA, 100 V/500 V, single-phase transformer has a secondary
terminal voltage of 487.5 volts when loaded. Determine the regula-
tion of the transformer. [2.5%]

A transformer has an open circuit voltage of 110 volts. A tap-

changing device operates when the regulation falls below 3%.

Calculate the load voltage at which the tap-changer operates.
[106.7 volts]

Losses and efficiency

21

22

23

24

25

A single-phase transformer has a voltage ratio of 6:1 and the h.v.
winding is supplied at 540 V. The secondary winding provides a full
load current of 30 A at a power factor of 0.8 lagging. Neglecting
losses, find (a) the rating of the transformer, (b) the power supplied
to the load, (c) the primary current.

[(@) 2.7 kVA, (b) 2.16 kW, (c) 5 A]

A single-phase transformer is rated at 40 kVA. The transformer has
full-load copper losses of 800 W and iron losses of 500 W. Deter-
mine the transformer efficiency at full load and 0.8 power factor.

[96.10%)]
Determine the efficiency of the transformer in problem 22 at half
full-load and 0.8 power factor. [95.81%)]

A 100 kVA, 2000 V/400 V, 50 Hz, single-phase transformer has an
iron loss of 600 W and a full-load copper loss of 1600 W. Calculate
its efficiency for a load of 60 kW at 0.8 power factor. [97.56%]

(@) What are eddy currents? State how their effect is reduced in
transformers.
(b) Determine the efficiency of a 15 kVA transformer for the
following conditions:
(i) full-load, unity power factor
(i) 0.8 full-load, unity power factor
(iii) half full-load, 0.8 power factor.
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Assume that iron losses are 200 W and the full-load copper loss is
300 W. [(@) 96.77% (ii) 96.84% (iii) 95.62%]

26 A 250 kVA transformer has a full load copper loss of 3 kW and
an iron loss of 2 kW. Calculate (a) the output kVA at which the
efficiency of the transformer is a maximum, and (b) the maximum
efficiency, assuming the power factor of the load is 0.80.

[(@) 204.1 kVA (b) 97.61%]

Resistance matching

27 A transformer having a turns ratio of 8:1 supplies a load of resistance
50 Q. Determine the equivalent input resistance of the transformer.

[3.2 k2]
28 What ratio of transformer is required to make a load of resistance
30 2 appear to have a resistance of X220 [3:1]

29 A single-phase, 240 V/2880 V ideal transformer is supplied from a
240 V source through a cable of resistanc® 3If the load across
the secondary winding is 72Q determine (a) the primary current
flowing and (b) the power dissipated in the load resistance.

[(@) 30 A (b) 4.5 kW]

30 A load of resistance 768 is to be matched to an amplifier which
has an effective output resistance of €2 Determine the turns ratio
of the coupling transformer. [1:8]

31 An a.c. source of 20 V and internal resistance 20i& matched to
a load by a 16:1 single-phase transformer. Determine (a) the value
of the load resistance and (b) the power dissipated in the load.
[(@) 78.13%2 (b) 5 mW]

Auto-transformer

32 A single-phase auto transformer has a voltage ratio of 480 V:300 V
and supplies a load of 30 kVA at 300 V. Assuming an ideal trans-
former, calculate the current in each section of the winding.

[[. =625A, I, =100A4, (I, — I1) = 37.5 A]

33 Calculate the saving in the volume of copper used in an auto
transformer compared with a double-wound transformer for (a) a
300 V:240 V transformer, and (b) a 400 V:100 V transformer.

[(a) 80% (b) 25%]

Three-phase transformer

34 A three-phase transformer has 600 primary turns and 150 secondary
turns. If the supply voltage is 1.5 kV determine the secondary line
voltage on no-load when the windings are connected (a) delta-star,
(b) star-delta. [(d) 649.5 V (b) 216.5 V]
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Current transformer

35 A current transformer has two turns on the primary winding and a
secondary winding of 260 turns. The secondary winding is connected
to an ammeter with a resistance of @2 The resistance of the
secondary winding is 0.8. If the current in the primary winding is
650 A, determine (a) the reading on the ammeter, (b) the potential
difference across the ammeter, and (c) the total load in VA on the

secondary. [(a



Assignment 6

This assignment covers the material contained in chapters 19
and 20.

The marks for each question are shown in brackets at the end of
each question.

Three identical coils each of resistance 40 Q2 and inductive reactance
30 2 are connected (i) in star, and (ii) in deltato a400 V, three-phase
supply. Calculate for each connection (a) the line and phase voltages,
(b) the phase and line currents, and (c) the total power dissipated.
(12)

Two wattmeters are connected to measure the input power to a
balanced three-phase load by the two-wattmeter method. If the
instrument readings are 10 kW and 6 kW, determine (a) the total
power input, and (b) the load power factor. (5)

An ideal transformer connected to a 250 V mains, supplies a 25V,
200 W lamp. Calculate the transformer turns ratio and the current
taken from the supply. (5)

A 200 kVA, 8000 V/320 V, 50 Hz single phase transformer has 120
secondary turns. Determine (a) the primary and secondary currents,
(b) the number of primary turns, and (c) the maximum value of flux.

©)

Determine the percentage regulation of an 8 kVA, 100 V/200 V,
single phase transformer when it's secondary termina voltage is
194 V when |oaded. 3)

A 500 kVA rated transformer has a full-load copper loss of 4 kW and
an iron loss of 3 kW. Determine the transformer efficiency (a) at full
load and 0.80 power factor, and (b) at half full load and 0.80 power
factor. (20)

Determine the optimum value of load resistance for maximum power
transfer if the load is connected to an amplifier of output resistance
288 Q through a transformer with a turns ratio 6:1. 3

A single-phase auto transformer has a voltage ratio of 250 V:200 V
and supplies a load of 15 kVA at 200 V. Assuming an ideal trans-
former, determine the current in each section of the winding. 3
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I ntroduction

21 D.c. machines

At the end of this chapter you should be able to:

e distinguish between the function of a motor and a generator
e describe the action of a commutator

e describe the construction of a d.c. machine

e distinguish between wave and lap windings

e understand shunt, series and compound windings of d.c.
machines

e understand armature reaction
e calculate generated em.f. in an armature winding using
2pdnZ
C
e describe types of d.c. generator and their characteristics
e calculate generated em.f. for a generator using E = V + IR,
e state typical applications of d.c. generators
o list d.c. machine losses and calculate efficiency
e caculate back em.f. for ad.c. motor using E =V — I,R,

E =

. E
e calculate the torque of a d.c. motor using 7 = > “ and
JT
oZI,
7="2
c

e describe types of d.c. motor and their characteristics
e state typical applications of d.c. motors

e describe a d.c. motor starter

e describe methods of speed control of d.c. motors

e list types of enclosure for d.c. motors

When the input to an electrical machine is electrical energy, (seen as
applying a voltage to the electrical terminals of the machine), and the
output is mechanical energy, (seen as a rotating shaft), the machine is
called an electric motor. Thus an electric motor converts electrical energy
into mechanical energy.

The principle of operation of a motor is explained in Section 8.4,
page 96.

When the input to an electrical machine is mechanical energy, (seen as,
say, a diesel motor, coupled to the machine by a shaft), and the output is
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21.2 The action of a

Figure 21.1

commutator

Axis of
rotation

electrical energy, (seen as a voltage appearing at the electrical terminals
of the machine), the machine is called a generator. Thus, a generator
converts mechanical energy to electrical energy.

The principle of operation of a generator is explained in
Section 9.2, page 101.

In an electric motor, conductors rotate in a uniform magnetic field. A
single-loop conductor mounted between permanent magnets is shown in
Figure 21.1. A voltage is applied at points A and B in Figure 21.1(a).

BY “a
Axis of
rotation

A force, F, acts on the loop due to the interaction of the magnetic
field of the permanent magnets and the magnetic field created by the
current flowing in the loop. This force is proportiona to the flux density,
B, the current flowing, I, and the effective length of the conductor, 1,
i.e. F =BIl. The force is made up of two parts, one acting vertically
downwards due to the current flowing from C to D and the other acting
vertically upwards due to the current flowing from E to F (from Fleming’'s
left hand rule). If the loop is free to rotate, then when it has rotated
through 180°, the conductors are as shown in Figure 21.1(b). For rotation
to continue in the same direction, it is necessary for the current flow
to be as shown in Figure 21.1(b), i.e. from D to C and from F to E.
This apparent reversal in the direction of current flow is achieved by a
process called commutation. With reference to Figure 21.2(a), when a
direct voltage is applied at A and B, then as the single-loop conductor
rotates, current flow will always be away from the commutator for the
part of the conductor adjacent to the N-pole and towards the commutator
for the part of the conductor adjacent to the S-pole. Thus the forces act to
give continuous rotation in an anti-clockwise direction. The arrangement
shown in Figure 21.2(a) is caled a ‘two-segment’ commutator and the
voltage is applied to the rotating segments by stationary brushes, (usually
carbon blocks), which slide on the commutator material, (usually copper),
when rotation takes place.

In practice, there are many conductors on the rotating part of a
d.c. machine and these are attached to many commutator segments.
A schematic diagram of a multi-segment commutator is shown in
Figure 21.2(b).
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N

Commutator
segment
N / S Single or
; multi-loop
conductor
B ~~—Two-segment Permanent
A% commutator ~ magnet
Brush ‘__———-—Brush

Figure 21.2

21.3 D.c. machine
construction

Teeth on armature
Commutator
Armature
conductors
Field
winding
Brush

Laminated
armature

Figure 21.3

Poor commutation resultsin sparking at the trailing edge of the brushes.
This can be improved by using inter poles (situated between each pair of
main poles), high resistance brushes, or using brushes spanning several
commutator segments.

The basic parts of any d.c. machine are shown in Figure 21.3, and
comprise:

() adtationary part called the stator having,
(i) asteed ring called the yoke, to which are attached
(if) the magnetic poles, around which are the

(iii) field windings, i.e. many turns of a conductor wound round
the pole core; current passing through this conductor creates
an electromagnet, (rather than the permanent magnets shown
in Figures 21.1 and 21.2),

(b) arotating part called the armature mounted in bearings housed in
the stator and having,

(iv) alaminated cylinder of iron or steel called the core, on which
teeth are cut to house the

(v) armature winding, i.e. a single or multi-loop conductor
system and

(vi) the commutator, (see Section 21.2).

Armature windings can be divided into two groups, depending on how
the wires are joined to the commutator. These are called wave windings
and lap windings.

(@ Inwave windings there are two paths in parallel irrespective of the
number of poles, each path supplying half the total current output.
Wave wound generators produce high voltage, low current outputs.

(b) Inlap windings there are as many paths in parallel as the machine
has poles. The total current output divides equally between them.
Lap wound generators produce high current, low voltage output.
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21.4 Shunt, series and
compound windings

Field
winding
Armature

(a) Shunt-wound machine

]

Field _ |
winding

Armature

(b) Series-wound machine

Figure 21.4

215 E.m.f. generated in
an armature winding

When the field winding of a d.c. machine is connected in parallel with
the armature, as shown in Figure 21.4(a), the machine is said to be shunt
wound. If the field winding is connected in series with the armature, as
shown in Figure 21.4(b), then the machine is said to be series wound.
A compound wound machine has a combination of series and shunt
windings.

Depending on whether the electrical machine is series wound, shunt
wound or compound wound, it behaves differently when aload is applied.
The behaviour of a d.c. machine under various conditions is shown by
means of graphs, called characteristic curves or just characteristics. The
characteristics shown in the following sections are theoretical, since they
neglect the effects of armature reaction.

Armature reaction is the effect that the magnetic field produced by the
armature current has on the magnetic field produced by the field system.
In a generator, armature reaction results in a reduced output voltage, and
in a motor, armature reaction results in increased speed.

A way of overcoming the effect of armature reaction is to fit compen-
sating windings, located in dots in the pole face.

Let Z = number of armature conductors,

@ = useful flux per pole, in webers

p = number of pairs of poles
and n = armature speed in rev/s
The em.f. generated by the armature is equal to the em.f. generated by
one of the parallel paths. Each conductor passes 2p poles per revolution
and thus cuts 2p® webers of magnetic flux per revolution. Hence flux cut

by one conductor per second = 2p®n Wb and so the average em.f. E
generated per conductor is given by:

E =2p®dn volts (since 1 volt = 1 Weber per second)

Let ¢ = number of parallel paths through the winding between positive
and negative brushes

c= 2 for a wave winding

c= 2p for alap winding
The number of conductors in series in each path = z
The total em.f. between brushes ‘

= (average e.m.f./conductor)(number of conductors in series per path)

VA
=2pdn—
¢
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. 2ponZ
I.e, | generated em.f, E = P c volts (21.1)

Since Z, p and ¢ are constant for a given machine, then E o« ®n.
However 2rn is the angular velocity w in radians per second, hence the
generated em.f. is proportional to ® and w, i.e.,

generated em.f., E o« ®w (21.2)

Problem 1. An 8-pole, wave-connected armature has 600 conduc-
tors and is driven at 625 rev/min. If the flux per pole is 20 mWh,
determine the generated e.m.f.

Z =600, ¢ = 2 (for awave winding), p = 4 pairs

625
n= g rev/s, ® = 20 x 102 Wb

2pdnZ
Generated emf., E = pen
C

" gs)
) 2(4)(20 x 10°3) ( 5 ) (690
2

= 500 volts

Problem 2. A 4-pole generator has a lap-wound armature with
50 slots with 16 conductors per slot. The useful flux per pole is
30 mWh. Determine the speed at which the machine must be driven
to generate an em.f. of 240 V.

E =240V, ¢ = 2p (for alap winding), Z = 50 x 16 = 800,

® =30 x 102 Wh.

2pPnZ  2pPnZ
c T 2p

= dnZ

Generated em.f. E =

Rearranging gives, speed _F_ 240
ging QIVES, Speed, = 57 = (30 x 10-3)(800)

= 10rev/s or 600 rev/min

Problem 3.  An 8-pole, lap-wound armature has 1200 conductors
and a flux per pole of 0.03 Wb. Determine the em.f. generated
when running at 500 rev/min.
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2pdnZ  2pdnZ

Generated em.f., E =
c 2p

, for alap-wound machine, i.e.,

500
E = ®nZ = (0.03) (E) (1200) = 300 volts

Problem 4. Determine the generated em.f. in problem 3 if the
armature is wave-wound.

2pdnZ  2pPnZ
c N 2
= pdnZ = (4)(Pn2)

Generated em.f. E = (since ¢ =2 for wave-wound)

= (4)(300) from problem 3,

= 1200 volts

Problem 5. A d.c. shunt-wound generator running at constant
speed generates a voltage of 150V at a certain value of field
current. Determine the change in the generated voltage when the
field current is reduced by 20%, assuming the flux is proportional
to the field current.

The generated em.f. E of agenerator is proportional to ®w, i.e. is propor-
tional to ®n, where ® isthe flux and » is the speed of rotation.

It follows that E = k®n, where k is a constant.
At speed ny and flux @, E1 = k®ny.

At speed n, and flux ®@;, E; = k®ono.

Thus, by division:

Ej_ _ k<I>1n1 _ <I>1n1
Ez a k<I>2n2 a <I>2n2

The initia conditions are E; = 150V, ® = ®; and n = n1. When the
flux is reduced by 20%, the new value of flux is 80/100 or 0.8 of the
initial value, i.e. ®, = 0.8®;. Since the generator is running at constant
Speed, ny =nj.

El o d>1n1 . q)j_}’lj_

Thus

Ez o d>2n2 o 0.8@1711 08
thatis, £, =150 x 0.8 =120V

Thus, a reduction of 20% in the value of the flux reduces the generated
voltage to 120 V at constant speed.
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216 D.c. generators

21.7 Typesof d.c.
generator and their
characteristics

Problem 6. A d.c. generator running at 30 rev/s generates an
e.m.f. of 200 V. Determine the percentage increase in the flux per
pole required to generate 250 V at 20 rev/s.

From eguation (21.2), generated em.f., E o« ®w and since w = 27n,
E « ®n.

Let £1 =200 V, ny = 30 rev/s and flux per pole at this speed be @,
Let E; = 250 V, ny = 20 rev/s and flux per pole at this speed be @,

Since E o« ®n then E = G
E,  ®on
200  ®4(30)

Hence — =
250 ~ @,(20)

. ®1(30)(250)
from which, by=—"—"-=1875O
27 (20)(200) '

Hence the increase in flux per pole needs to be 87.5%

Further problems on generated e.m.f. may be found in Section 21.17, prob-
lems 1 to 5, page 381.

D.c. generators are classified according to the method of their field exci-
tation. These groupings are:

(i) Separately-excited generators, where the field winding is
connected to a source of supply other than the armature of its own
machine.

(if) Self-excited generators, where the field winding receives its supply
from the armature of its own machine, and which are sub-divided
into (&) shunt, (b) series, and (¢) compound wound generators.

(a) Separately-excited generator

A typical separately-excited generator circuit is shown in Figure 21.5.

When aload is connected across the armature terminals, aload current 1,
will flow. The terminal voltage V will fall from its open-circuit em.f. £
due to a volt drop caused by current flowing through the armature resis-
tance, shown as R, i.e.,

terminal voltage, V = E — IR,
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—0
1,:_ 2 Field
. winding
Terminal External
vol‘t/age d.c. supply
Ra
———0
Figure 21.5
or | generated em.f.,E =V +15R, (21.3)

Problem 7. Determine the terminal voltage of a generator which
develops an em.f. of 200 V and has an armature current of 30 A
on load. Assume the armature resistance is 0.30

With reference to Figure 21.5, termina voltage,

V =E — IR, = 200 — (30)(0.30) = 200 — 9 = 191 volts

Problem 8. A generator is connected to a60 2 load and a current
of 8 A flows. If the armature resistance is 1 Q determine (@) the
terminal voltage, and (b) the generated e.m.f.

(@ Termina voltage, V = I,R; = (8)(60) = 480 volts
(b) Generated em.f., E =V +I,R, from equation (21.3)
= 480 + (8)(1) = 480 + 8 = 488 volts

Problem 9. A separately-excited generator develops a no-load
em.f. of 150 V at an armature speed of 20 rev/s and a flux per
pole of 0.10 Wh. Determine the generated e.m.f. when (a) the speed
increases to 25 rev/s and the pole flux remains unchanged, (b) the
speed remains at 20 rev/s and the pole flux is decreased to 0.08 Wh,
and (c) the speed increasesto 24 rev/s and the poleflux is decreased
to 0.07 Wh.

(8 From Section 21.5, generated em.f. E « ®n

Diny

. E
from which, .
Ez CI>2n2
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Generated
voltage
E

0 Field current

(@)

Terminal T
voltage
v

0 Load current /,

(b)

Figure 21.6

I
le

Ry Field
winding

Ra

O

Figure 21.7

150  (0.10)(20)

Hence . = (0.10)(25)
. _ (150)(0.10)(25)
from which, E, = W = 187.5 volts
b 150  (0.10)(20)
(®) Es  (0.08)(20)
. _ (150)(0.08)(20)
from which, em.f., E3 = W = 120 volts
© @ _(0.10)(20)
E;  (0.07)(24)
. _ (150)(0.07)(24)
from which, em.f. E4 = W = 126 volts

Characteristics

The two principal generator characteristics are the generated voltage/field
current characteristics, called the open-circuit characteristic and
the termina voltage/load current characteristic, called the load
characteristic. A typical separately-excited generator open-circuit
characteristic is shown in Figure21.6(@Q) and a typica load
characteristic is shown in Figure 21.6(b).

A separately-excited generator is used only in special cases, such as
when awide variation in terminal p.d. is required, or when exact control of
the field current is necessary. Its disadvantage lies in requiring a separate
source of direct current.

(b) Shunt-wound generator

In a shunt wound generator the field winding is connected in parallel with
the armature as shown in Figure 21.7. The field winding has a relatively
high resistance and therefore the current carried is only a fraction of the
armature current.

For the circuit shown in Figure 21.7,
terminal voltage V = E — IR,

or generated em.f., E =V + I R,

I, =17+ 1, from Kirchhoff’s current law,

where I, = armature current

I, = field current (: 1)
Ry

and I = load current
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Problem 10. A shunt generator supplies a 20 kW load at 200 V
through cables of resistance, R = 100 mQ. If the field winding
resistance, Ry = 50 Q and the armature resistance, R, = 40 mg,
determine (&) the terminal voltage, and (b) the em.f. generated in
the armature.

(& The circuit is as shown in Figure 21.8.

| R =100 mQ

LOAD
20 kw

Figure 21.8
2
Load current, I = M =100 A
200 volts
Volt drop in the cables to the load = IR = (100)(100 x 10~3%)

=10V
Hence terminal voltage, V = 200 + 10 = 210 volts

(b) Armature current [, =1, +1

' Vv 210
Field current, I, = T 4.2 A
f

Hencel, =1;+1=4.2+4100= 1042 A
Generated em.f. E =V +I,R,
= 210 + (104.2)(40 x 1079)
=210+ 4.168
= 214.17 volts

Characteristics

The generated em.f., E, is proportional to ®w, (see Section 21.5), hence
at constant speed, since w = 2rn, E o« ®. Also the flux @ is proportional
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Generated
e.m.f.
E

Terminal

Field current

Iy
(a)

vol‘t/age W

Figure 21.9

O

Load current
la

(b)

Figure 21.10

Terminal
voltage
174

Figure 21.11

Load current
/

to field current 7, until magnetic saturation of the iron circuit of the
generator occurs. Hence the open circuit characteristic is as shown in
Figure 21.9(a).

As the load current on a generator having constant field current
and running at constant speed increases, the value of armature current
increases, hence the armature volt drop, 1, R, increases. The generated
voltage E is larger than the terminal voltage V and the voltage equation
for the armature circuitisV = E — I ,R,. Since E is constant, V decreases
with increasing load. The load characteristic is as shown in Figure 21.9(b).
In practice, the fall in voltage is about 10% between no-load and full-load
for many d.c. shunt-wound generators.

The shunt-wound generator is the type most used in practice, but the
load current must be limited to a value that is well below the maximum
value. Thisthen avoids excessive variation of the terminal voltage. Typical
applications are with battery charging and motor car generators.

(c) Seriesswound generator

In the seriesswound generator the field winding is connected in series
with the armature as shown in Figure 21.10.

Characteristic

The load characteristic is the terminal voltage/current characteristic. The
generated em.f. E, is proportional to ®w and at constant speed w (=
27n) is a constant. Thus E is proportional to ®. For vaues of current
below magnetic saturation of the yoke, poles, air gaps and armature core,
the flux @ is proportional to the current, hence E o I. For values of
current above those required for magnetic saturation, the generated em.f.
is approximately constant. The values of field resistance and armature
resistance in a series wound machine are small, hence the terminal voltage
V is very nearly equal to E. A typica load characteristic for a series
generator is shown in Figure 21.11.

In a seriesswound generator, the field winding is in series with the
armature and it is not possible to have a value of field current when the
terminals are open circuited, thus it is not possible to obtain an open-
circuit characteristic.

Series-wound generators are rarely used in practise, but can be used as
a ‘booster’ on d.c. transmission lines.

(d) Compound-wound generator

In the compound-wound generator two methods of connection are used,
both having a mixture of shunt and series windings, designed to combine
the advantages of each. Figure 21.12(a) shows what is termed a long-
shunt compound generator, and Figure 21.12(b) shows a short-shunt
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Series compound generator. The latter is the most generally used form of d.c.
/ winding generator.

Iy

v 3 Field Problem 11. A short-shunt compound generator supplies 80 A at
winding 200 V. If the field resistance, Ry =40 2, the series resistance,

Rse = 0.02 © and the armature resistance, R, = 0.04 2, determine
! the em.f. generated.
(@)
Series The circuit is shown in Figure 21.13.
winding / I3

If Rse=0.02 O /=80 A Ia

y % Field <> Y L |
winding |

f
E
© V=200V v R;=40 Q *
(b) R,=0.04 Q
Figure 21.12
o}
Figure 21.13

Volt drop in series winding = /Rs, = (80)(0.02) = 1.6 V

P.d. across the field winding = p.d. across armature
=V;=200+16=2016V

. Vi 2016
Field current I, = R—l = =504A
f

Armature current, I, =1+1; =80+ 5.04 = 85.04 A

Generated em.f., E =V, +1I,R,
= 201.6 + (85.04)(0.04)
= 201.6 + 3.4016
= 205 volts

Characteristics

In cumulative-compound machines the magnetic flux produced by
the series and shunt fields are additive. Included in this group
are over-compounded, level-compounded and under-compounded
machines—the degree of compounding obtained depending on the
number of turns of wire on the series winding.
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21.8 D.c. machine losses

A large number of series winding turns results in an over-compounded
characteristic, as shown in Figure 21.14, in which the full-load terminal
voltage exceeds the no-load voltage. A level-compound machine gives a
full-load terminal voltage which is equal to the no-load voltage, as shown
in Figure 21.14.

An under-compounded machine gives a full-load termina voltage
which isless than the no-load voltage, as shown in Figure 21.14. However
even this latter characteristic is a little better than that for a shunt
generator alone.

A Over-compounded
Terminal —— —_—

voltage Level-compounded
14

Under-compounded

O >
Load current /

Figure 21.14

Compound-wound generators are used in electric arc welding, with
lighting sets and with marine equipment.

Further problems on the d.c. generator may be found in Section 21.17,
problems 6 to 11, page 382.

As stated in Section 21.1, agenerator is amachine for converting mechan-
ical energy into electrical energy and a motor is a machine for converting
electrical energy into mechanical energy. When such conversions take
place, certain losses occur which are dissipated in the form of heat.

The principal losses of machines are:

(i) Copper loss, due to I°R heat losses in the armature and field
windings.

(@ii) Iron (or core) loss, due to hysteresis and eddy-current losses in the
armature. This loss can be reduced by constructing the armature of
silicon steel laminations having a high resistivity and low hysteresis
loss. At constant speed, the iron loss is assumed constant.

(iii) Friction and windage losses, due to bearing and brush contact

friction and losses due to air resistance against moving parts

(called windage). At constant speed, these losses are assumed to

be constant.
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21.9 Efficiency of a d.c.

gener ator

V=250V

o

It

A=1250

Ry=0.75 Q

Figure 21.15

(iv) Brush contact loss between the brushes and commutator. This loss
is approximately proportional to the load current.

The total losses of a machine can be quite significant and operating effi-
ciencies of between 80% and 90% are common.

The efficiency of an electrical machine is the ratio of the output power to
the input power and is usually expressed as a percentage. The Greek |etter,
‘n’ (eta) is used to signify efficiency and since the units are power /power,
then efficiency has no units. Thus

output power

efficiency,n = ( input power

) x 100%

If the total resistance of the armature circuit (including brush contact
resistance) is R,, then the total loss in the armature circuit is IaZFza

If the terminal voltage is V and the current in the shunt circuit is 7,
then the loss in the shunt circuit is I3 V

If the sum of the iron, friction and windage losses is C then the total
losses is given by:

2R+ 1tV +C (I?R,+ 1,V is, in fact, the ‘ copper loss)

If the output current is I, then the output power is VI

Total input power = VI +I2R, + 1,V + C. Hence

input VI +12Ra +1:V +C

tput Vi
efficiency, 5 = P _ ( > % 100%

(21.4)
The efficiency of a generator is a maximum when the load is such that:
2Ry =VIf +C

i.e, when the variable loss = the constant loss

Problem 12. A 10 kW shunt generator having an armature circuit
resistance of 0.75 Q and a field resistance of 125 2, generates a
terminal voltage of 250 V at full load. Determine the efficiency of
the generator at full load, assuming the iron, friction and windage
losses amount to 600 W.

The circuit is shown in Figure 21.15.
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21.10 D.c. motors

Output power = 10000 W = VI

from which, load current I = 710 000 = 710 000 =40 A
Vv 250
. % 250
Fieldcurrent, I, = — = — =2A
R, 125

Armature current, I, =1, +1=24+40=42 A

VI
VI+12Ry+1,V +C
B ( 10000

~ 10000 + (42)2(0.75) + (2)(250) + 600

_ 10000
T 12423

Efficiency, n = < ) x 100%

) x 100%

x 100% = 80.50%

A further problem on the efficiency of a d.c. generator may be found in
Section 21.17, problem 12, page 382.

The construction of a d.c. motor is the same as a d.c. generator. The only
difference is that in a generator the generated em.f. is greater than the
terminal voltage, whereas in a motor the generated em.f. is less than the
terminal voltage.

D.c. motors are often used in power stations to drive emergency stand-
by pump systemswhich come into operation to protect essential equipment
and plant should the normal a.c. supplies or pumps fail.

Back em.f.

When ad.c. motor rotates, an em.f. isinduced in the armature conductors.
By Lenz's law this induced em.f. E opposes the supply voltage V and is
called a back em.f., and the supply voltage, V is given by:

V=E+I4Ry | or |E=V —I,Rs (21.5)

Problem 13. A d.c. motor operates from a 240 V supply. The
armature resistance is 0.2 . Determine the back em.f. when the
armature current is 50 A.

For amotor, V = E + I,R,

hence back em.f., E=V — IR,
= 240 — (50)(0.2) = 240 — 10 = 230 volts
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2111 Torque of a d.c.
machine

Problem 14. The armature of a d.c. machine has a resistance of
0.25 @ and is connected to a 300 V supply. Calculate the em.f.
generated when it is running: (a) as a generator giving 100 A, and
(b) as a motor taking 80 A.

(@ Asagenerator, generated em.f.,

E =V +I,R,, from equation (21.3),
= 300 + (100)(0.25)
= 300 + 25 = 325 volts

(b) Asamotor, generated em.f. (or back em.f.),

E =V —I,R,, from equation (21.5),
= 300 — (80)(0.25) = 280 volts

Further problems on back em.f. may be found in Section 21.17, prob-
lems 13 to 15, page 383.

From equation (21.5), for a d.c. motor, the supply voltage V is given by
V=E4+I,R,

Multiplying each term by current /,, gives:
VI, = El, +I°R,

The term VI, is the total electrical power supplied to the armature,
the term szRa is the loss due to armature resistance,
and the term El, is the mechanical power developed by the armature

If T isthe torque, in newton metres, then the mechanical power devel-
oped is given by Tw watts (see ‘ Science for Engineering’).

Hence Tw = 2nnT = EI, from which,

El
torque T = —2 newton metres (21.6)
2an

From Section 21.5, equation (21.1), the em.f. E generated is given by
E— 2pdnZ

c

2pdnZ
Hence 27'mT:EIu=( il )Ia

c
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(ZpCDnZ) I
and torque T = ¢
2nn
. oZI|
ie, [T=P R 2 newton metres (21.7)
14

For a given machine, Z, ¢ and p are fixed values

Hence torque, | T o @l 4 (21.8)

Problem 15. An 8-pole d.c. motor has a wave-wound armature
with 900 conductors. The useful flux per pole is 25 mWhb. Deter-
mine the torque exerted when a current of 30 A flows in each
armature conductor.

p =4, c =2 for awave winding, ® = 25 x 10~2 Wb, Z = 900,

I,=30A
YA
From equation (21.7), torque T = P
Jc
_ (4)(25 x 107*)(900)(30)
B 7(2)
= 429.7 Nm

Problem 16. Determine the torque developed by a 350 V d.c.
motor having an armature resistance of 0.5 @ and running at
15 rev/s. The armature current is 60 A.

V=30V,R, =059, n=15rev/s, I, =60 A
Back emf. E=V —1, R, = 350 — (60)(0.5) = 320 V

El,  (320)(60)
2ntn 27(15)

From eguation (21.6), torque 7' = = 203.7 Nm

Problem 17. A six-pole lap-wound motor is connected to a 250 V
d.c. supply. The armature has 500 conductors and a resistance of
1 Q. The flux per pole is 20 mWhb. Calculate (a) the speed and
(b) the torque developed when the armature current is 40 A

V=250V,Z=500,R,=1Q, ®=20x10°Wb, I,=40A,
¢ = 2p for alap winding

(& Backemf.E=V —I,R, =250—- (40)(1) =210V
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2pdnZ
Emf. E = 27"
C
-3
i e 210 — 2p(20 x 10°)n(500)
2p
210
Hencespeedn = ———————— =2l rev/s

(20 x 10-3)(500)
or (21 x 60) = 1260 rev/min

EI, _ (210)(40)

= = 63.66 N
2nn 21(21) m

(b) TorqueT =

Problem 18. The shaft torque of a diesel motor driving a 100 V
d.c. shunt-wound generator is 25 Nm. The armature current of the
generator is 16 A at this value of torque. If the shunt field regulator
is adjusted so that the flux is reduced by 15%, the torque increases
to 35 Nm. Determine the armature current at this new value of
torque.

From equation (21.8), the shaft torque T of a generator is proportional to
®1,, where @ isthe flux and 1, is the armature current. Thus, T = k®1,,
where k is a constant.

The torque at flux ®; and armature current 1,7 is T1 = kP11 ;.
S|m||a]’|y, Ty, =k,

L T k®q1 b4/
By division —& = —~ 4 -~
T, k®ol,, Dol

25 P; x 16

Hence _— =
3~ 0.850; x I,
16 x 35
[p= —222 26357
€ 2= 085 x25

That is, the armature current at the new value of torque is 26.35 A

Problem 19. A 100 V d.c. generator supplies a current of 15 A
when running at 1500 rev/min. If the torque on the shaft driving the
generator is 12 Nm, determine (@) the efficiency of the generator
and (b) the power loss in the generator.

(@ From Section 21.9, the efficiency of a

__output power

generator = - x 100%
input power
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21.12 Types of d.c. motor
and their characteristics

Supply
voltage V Ry

o——

Figure 21.16

Field
winding
Ay

Generated
em.f.
E

Armature
volt drop
fafla

(b)

The output power is the electrical output, i.e. VI watts. The input
power to a generator is the mechanical power in the shaft driving
the generator, i.e. Tw or T(2n) watts, where T is the torque in Nm
and n is speed of rotation in rev/s. Hence, for a generator

efficiency, n= T@m) x 100%
. (100)(15)(100)
(12)(27) (W)

i.e. efficiency = 79.6%
The input power = output power + |0sses
Hence, T(2nn) = VI + losses

i.e losses = T(2nn) — VI

1500

_ {(12)(271) (E)} — [(100)(15)]

i.e. power loss= 1885 — 1500 = 385 W

Further problems on losses, efficiency, and torque may be found in

Section 21.17, problems 16 to 21, page 383.

(@)

Shunt-wound motor

In the shunt wound motor the field winding isin parallel with the armature

across the supply as shown in Figure 21.16.

For the circuit shown in Figure 21.16,

Supply voltage, V = E + I ,R,

or generated em.f., E=V — IR,

Supply current, I =1, + 1, from Kirchhoff’s current law.

Problem 20. A 240 V shunt motor takes a total current of 30 A.
If the field winding resistance Ry = 150 @ and the armature resis-
tance R, = 0.4 Q determine (@) the current in the armature, and
(b) the back em.f.
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Torque
T

Figure 21.17

Armature current
Ia

Speed —*—\—‘—<
n

Figure 21.18

Armature current
la

@

(b)

24
Field current I, = v 0 16A

Ry 150
Supply current I =1, + 1
Hence armature current, I, =1 —1; =30—- 1.6 =284 A
Back emf. E =V —I,R,

= 240 — (28.4)(0.4) = 228.64 volts

Characteristics

The two principal characteristics are the torque/armature current and
speed/armature current relationships. From these, the torque/speed rela-
tionship can be derived.

0]

(i)

The theoretical torque/armature current characteristic can be derived
from the expression T o ®I,, (see Section 21.11). For a shunt-
wound motor, the field winding is connected in parallel with the
armature circuit and thus the applied voltage gives a constant field
current, i.e. a shunt-wound motor is a constant flux machine. Since
® is constant, it follows that T « I,, and the characteristic is as
shown in Figure 21.17.

The armature circuit of a d.c. motor has resistance due to the arma-
ture winding and brushes, R, ohms, and when armature current
1, is flowing through it, there is a voltage drop of I,R, valts. In
Figure 21.16 the armature resistance is shown as a Sseparate resistor
in the armature circuit to help understanding. Also, even though the
machine is a motor, because conductors are rotating in a magnetic
field, avoltage, E « ®w, is generated by the armature conductors.
From equation (21.5) V=E+I,R, or E=V — [,R,

However, from Section 21.5, E o« ®n, hencen «x E/®, i.e.

. E V —I,R,
speed of rotation, n r e 5 (21.9)

For a shunt motor, V, & and R, are constants, hence as armature
current 7, increases, I,R, increases and V — I,R, decreases, and
the speed is proportional to a quantity which is decreasing and is
as shown in Figure 21.18. As the load on the shaft of the motor
increases, 1, increases and the speed drops dightly. In practice,
the speed falls by about 10% between no-load and full-load on
many d.c. shunt-wound motors. Due to this relatively small drop
in speed, the d.c. shunt-wound motor is taken as basically being a
constant-speed machine and may be used for driving lathes, lines of
shafts, fans, conveyor belts, pumps, compressors, drilling machines
and so on.
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Speedlmee — — — — — — —
. \

0

Figure 21.19

Torque T

(iii) Sincetorqueis proportional to armature current, (see (i) above), the
theoretical speed/torque characteristic is as shown in Figure 21.19.

Problem 21. A 200V, d.c. shunt-wound motor has an armature
resistance of 0.4 Q and at a certain load has an armature current of
30 A and runs at 1350 rev/min. If the load on the shaft of the motor
is increased so that the armature current increases to 45 A, deter-
mine the speed of the motor, assuming the flux remains constant.

The relationship E o« ®n applies to both generators and motors. For a
motor,

E=V —1I,R,, (seeequation 21.5)
Hence E; =200 - 30 x 0.4 =188 V,
and E,=200-45x04=182V.

E O]
The relationship, E—l —

2 Dony
applies to both generators and motors. Since the flux is constant, ®; = @,

& x <1350>
188 ! . 22.5x 182
Hence - = €0 e, ny= £E0 X 208

— 0, .e,
182 <I>1 X np 188

Thus the speed of the motor when the armature current is 45 A is
21.78 x 60 rev/min, i.e. 1307 rev/min

= 21.78 rev/s

Problem22. A 220V, d.c. shunt-wound motor runs at
800 rev/min and the armature current is 30 A. The armature circuit
resistance is 0.4 Q. Determine (&) the maximum value of armature
current if the flux is suddenly reduced by 10% and (b) the steady
state value of the armature current at the new value of flux,
assuming the shaft torque of the motor remains constant.

(@ For ad.c. shunt-wound motor, E =V — I,R,. Hence initial gener-
ated em.f., E; =220 — 30 x 0.4 =208 V. The generated em.f. is
also suchthat E o« ®n, so at theinstant the flux is reduced, the speed
has not had time to change, and £ = 208 x 90/100 = 187.2 V.

Hence, the voltage drop due to the armature resistance is 220 —
187.2, i.e, 32.8 V. The instantaneous value of the current is
32.8/04, i.e, 82 A. This increase in current is about three times
the initial value and causes an increase in torque, (7 o« ®1,). The
motor accelerates because of the larger torque value until steady
state conditions are reached.

(b) T x @I, and since the torque is constant,
®11,1 = Pol,p. The flux @ is reduced by 10%, hence
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Generated
e.m.f.

4 Ay wli:rilzli?]g £
o] s
1R,
O
Figure 21.20
Torque
T
Tocl
Tec/?
0 Current /
Figure 21.21
Speed
n n o 17
0 Current /

Figure 21.22

®, = 0.9P;.

ThUS, ®q x 30 = 09@1 X laz

. 30 1
i.e. the steady state value of armature current, I, = 095 = 33§ A

(b)

Series-wound motor

In the series-wound motor the field winding is in series with the armature
across the supply as shown in Figure 21.20.

For the series motor shown in Figure 21.20,

Supply voltage V = E +1(R, + Ry)
or generated em.f. E=V — I(R, + Ry)

Characteristics

In a series motor, the armature current flows in the field winding and is
equa to the supply current, 1.

0]

(i)

(iii)

The torque/current characteristic

It is shown in Section 21.11 that torque T o ®I,. Since the arma-
ture and field currents are the same current, I, in a series machine,
then T o« ®I over alimited range, before magnetic saturation of the
magnetic circuit of the motor is reached, (i.e., the linear portion of
the B—H curve for the yoke, poles, air gap, brushes and arma
ture in series). Thus ® oc 7 and T o I2. After magnetic satura-
tion, ® amost becomes a constant and T' « 1. Thus the theoretical
torque/current characteristic is as shown in Figure 21.21.

The speed/current characteristic

It is shown in equation (21.9) that n o (V — I,R,)/®. In a series
motor, I, = I and below the magnetic saturation level, ® o I. Thus
n o« (V —IR)/I where R is the combined resistance of the series
field and armature circuit. Since IR is small compared with V, then
an approximate relationship for the speed is n o« V/I o« 1/1 since
V is constant. Hence the theoretical speed/current characteristic is
as shown in Figure 21.22. The high speed at small values of current
indicate that this type of motor must not be run on very light loads
and invariably, such motors are permanently coupled to their loads.

The theoretical speed/torque characteristic may be derived from
(i) and (ii) above by obtaining the torque and speed for various
values of current and plotting the co-ordinates on the speed/torque
characteristics. A typical speed/torque characteristic is shown in
Figure 21.23.
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A d.c. series motor takes a large current on starting and the
characteristic shown in Figure 21.21 shows that the series-wound
motor has a large torque when the current is large. Hence these
motors are used for traction (such as trains, milk delivery vehicles,
etc.), driving fans and for cranes and hoists, where a large initial
torque is required.

Speed
n
0 Torque T
Figure 21.23
Series
/ winding
oO——
Field
v %winding
O
(a)
Series
; winding
I A
Field
v gwinding >
o

Figure 21.24

(b)

Problem 23. A series motor has an armature resistance of 0.2 Q
and a series field resistance of 0.3 Q. It is connected to a 240 V
supply and at a particular load runs at 24 rev/s when drawing 15 A
from the supply.

(@) Determine the generated em.f. at this load.

(b) Caculate the speed of the motor when the load is changed
such that the current is increased to 30 A. Assume that this
causes a doubling of the flux.

@

(b)

With reference to Figure 21.20, generated em.f., E, at initial load,
is given by

E1=V —I1,R, +Ry)
= 240 — (15)(0.2+ 0.3) = 240 — 7.5 = 232.5 volts

When the current is increased to 30 A, the generated em.f. is
given by:
Ey =V —1,(R,+Ry)
= 240 — (30)(0.2+ 0.3) = 240 — 15 = 225 volts

Now em.f. E o< ®n
El <I>1n1

thus — =
Ez (132112

225 @l
225 (291)(n2)

since ®, = 29,

(24)(225)
(232.5)(2)
As the current has been increased from 15 A to 30 A, the speed has

decreased from 24 rev/sto 11.6 rev/s. Its speed/current characteristic
is similar to Figure 21.22.

Hence speed of motor, n, = =116 rev/s

(©

Compound-wound motor

There are two types of compound wound motor:

(i) Cumulative compound, in which the serieswinding is so connected

that the field due to it assists that due to the shunt winding.
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Figure 21.25

21.13 The efficiency of a

la

d.c. motor

(ii) Differential compound, in which the serieswinding is so connected
that the field due to it opposes that due to the shunt winding.

Figure 21.24(a) shows along-shunt compound motor and Figure 21.24(b)
a short-shunt compound motor.

Characteristics

A compound-wound motor has both a series and a shunt field winding,
(i.e. one winding in series and one in parallel with the armature), and is
usually wound to have a characteristic similar in shape to a series wound
motor (see Figures 21.21-21.23). A limited amount of shunt winding
is present to restrict the no-load speed to a safe value. However, by
varying the number of turns on the series and shunt windings and the
directions of the magnetic fields produced by these windings (assisting
or opposing), families of characteristics may be obtained to suit almost
all applications. Generally, compound-wound motors are used for heavy
duties, particularly in applications where sudden heavy load may occur
such as for driving plunger pumps, presses, geared lifts, conveyors, hoists
and so on.

Typical compound motor torque and speed characteristics are shown in
Figure 21.25.

It was stated in Section 21.9, that the efficiency of a d.c. machine is
given by:

__output power

efficiency, n = - 100%
Y. 1 input power % °

Also, the total losses = 2R, + 1V + C (for a shunt motor) where C is
the sum of the iron, friction and windage losses.

For a motor, the input power = VI
and the output power = VI — losses
=VI-I?R,—1;V-C

VI —12Ry — I{V = C
Vi

Hence | efficiency n = ( ) x 100% | (21.10)

The efficiency of a motor is a maximum when the load is such that:

2R, =1tV +C
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Problem 24. A 320 V shunt motor takes a total current of 80 A
and runs at 1000 rev/min. If the iron, friction and windage losses
amount to 1.5 kW, the shunt field resistance is 40 © and the arma-
ture resistance is 0.2 2, determine the overal efficiency of the
motor.

The circuit is shown in Figure 21.26.

/=80A a
o - o
Iy
V=320V Rp=400 <:>
R,=020
o .
Figure 21.26
) vV 320
Field current, /; = — = — =8A
Ry 40

Armature current [, =1 —1; =80—-8=72A

C = iron, friction and windage losses = 1500 W

VI—I?R,—1;V—C
VI

Efficiency, n = < ) x 100%

<(320)(80) — (72)%(0.2) — (8)(320) — 1500

(320)(80) ) x 100%

(25 600 — 1036.8 — 2560 — 1500

0,
25 600 ) x 100%

B (20 503.2

ittt 0p — 0
25 600 ) x 100% = 80.1%

Problem 25. A 250 V series motor draws a current of 40 A. The
armature resistance is 0.15 @ and the field resistance is 0.05 Q.
Determine the maximum efficiency of the motor.

The circuit is as shown in Figure 21.27.
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/=40 A

V=250V

O

Figure 21.27

From eguation (21.10), efficiency,

_(VI-I?R,—1;V—-C
= VI

) x 100%
However for a series motor, I, = 0 and the I2R, l0ss needs to be
I*(R, + Ry)

VI —1?(R,+Ry)— C
VI

Hence efficiency, n = ( ) x 100%

For maximum efficiency I?(R, + R;) = C

VI —2I1%(R, + Ry)
VI

Hence efficiency, n = ( ) x 100%

_( (250)(40) — 2(40)*(0.15 + 0.05)
- (250)(40)

B <1o 000 — 640
- 10000

B ( 9360
~ \ 10000

) x 100%

>><100%

) x 100% = 93.6%

Problem 26. A 200V d.c. motor develops a shaft torque of
15 Nm at 1200 rev/min. If the efficiency is 80%, determine the
current supplied to the motor.

output power

- x 100%
input power

The efficiency of a motor =

The output power of a motor is the power available to do work at its shaft
and is given by Tw or T(27n) watts, where T is the torque in Nm and n



376 Electrical Circuit Theory and Technology

21.14 D.c. motor starter

is the speed of rotation in rev/s. The input power is the electrical power
in wetts supplied to the motor, i.e. VI watts.

Thus for a motor, efficiency, n = T(2nn) x 100%
. (15)(277)(1200/60)
e, 80 = 100
eomn P
. (15)(27)(20)(100)
Thus the current supplied, I = (200)(80) =11.8A

Problem 27. A d.c. seriesmotor drivesaload at 30 rev/s and takes
a current of 10 A when the supply voltage is 400 V. If the total
resistance of the motor is 2 Q and the iron, friction and windage
losses amount to 300 W, determine the efficiency of the motor.

VI—I?R—-C

Efficiency, n = ( Vi

) x 100%

((400)(10) — (10)2(2) — 300

(400)(10) > x 100%

_ (4000 — 200 — 300

100%
4000 )X 00%

3500
Y g 04 — 0,
= (4000) x 100% = 87.5%

Further problems on d.c. motors may be found in Section 21.17,
problems 22 to 30, page 384.

If a d.c. motor whose armature is stationary is switched directly to its
supply voltage, it is likely that the fuses protecting the motor will burn
out. Thisis because the armature resistance is small, frequently being less
than one ohm. Thus, additional resistance must be added to the armature
circuit at the instant of closing the switch to start the motor.

Asthe speed of the motor increases, the armature conductors are cutting
flux and a generated voltage, acting in opposition to the applied voltage,
is produced, which limits the flow of armature current. Thus the value of
the additional armature resistance can then be reduced.

When at norma running speed, the generated em.f. is such that no
additional resistance is required in the armature circuit. To achieve this
varying resistance in the armature circuit on starting, a d.c. motor starter
is used, as shown in Figure 21.28.
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21.15 Speed control of
d.c. motors

F—————— === 3
Resistor j.—— Starter
! Sliding
I' contact
: | Prad
Starting
handle |

Figure 21.28

The starting handle is moved slowly in a clockwise direction to start the
motor. For a shunt-wound motor, the field winding is connected to stud
1 or to L via a dliding contact on the starting handle, to give maximum
field current, hence maximum flux, hence maximum torque on starting,
since T «x ®I,.

A similar arrangement without the field connection is used for series
motors.

Shunt-wound motors

The speed of a shunt-wound d.c. motor, #, is proportional to (V—1,R,)/®
(see equation (21.9)). The speed is varied either by varying the value
of flux, ®, or by varying the value of R,. The former is achieved by
using a variable resistor in series with the field winding, as shown in
Figure 21.29(a) and such a resistor is called the shunt field regulator.
As the value of resistance of the shunt field regulator is increased, the
value of the field current, I, is decreased.

Thisresults in a decrease in the value of flux, ®, and hence an increase
in the speed, since n o« 1/®. Thus only speeds above that given without a
shunt field regulator can be obtained by this method. Speeds below those
given by (V —I4R,)/® are obtained by increasing the resistance in the
armature circuit, as shown in Figure 21.29(b), where

V —1.(R;+R)
nx«X —/——
P

Since resistor R is in series with the armature, it carries the full arma-
ture current and results in a large power loss in large motors where a
considerable speed reduction is required for long periods.

These methods of speed control are demonstrated in the following
worked problem.
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Shunt
field
regulator

Problem 28. A 500 V shunt motor runs at its normal speed of
10 rev/s when the armature current is 120 A. The armature resis-
tance is 0.2 Q.

(8 Determine the speed when the current is60 A and aresistance
of 0.5 @ is connected in series with the armature, the shunt
field remaining constant.

(b) Determine the speed when the current is 60 A and the shunt
field is reduced to 80% of its norma value by increasing
resistance in the field circuit.

@

Figure 21.29

(b)

With reference to Figure 21.29(b),
back em.f. at 120 A, E; =V — I,R, = 500 — (120)(0.2)
= 500 — 24 = 476 volts
When I, = 60 A, E; = 500 — (60)(0.2 + 0.5)
= 500 — (60)(0.7)
= 500 — 42 = 458 volts

E]_ CD]_I’I]_
Now — =
Ez <I>2n2
i.e 476 _ $.(10) since &, =
458 Dy(np) 2o
. (10)(458)
f hich, speed n, = —~—- = 9.62 rev/
rom which, speed n; (476) rev/s
Back em.f. when I, =60 A, E, = 500 — (60)(0.2)
= 500 — 12 = 488 volts
E
Now —% = Pama
E; Donz
. 476 (®1)(10) .
e, — =" ®, =0.89
"€ 288 T (08d1)(ng)’ P2 1
. (10)(488)
f hich, speed n3 = —————- =12.82 rev/
rom which, speed n3 (0.8)(476) rev/s

Series-wound motors

The speed control of series-wound motorsis achieved using either (a) field

resistance, or (b) armature resistance techniques.

@

The speed of a d.c. seriesswound motor is given by:

(V—IR)
n==%k
0]
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Figure 21.30

(b)

where k is a constant, V is the terminal voltage, R is the combined
resistance of the armature and series field and @ is the flux.

Thus, a reduction in flux results in an increase in speed. This is
achieved by putting a variable resistance in parallel with the field-
winding and reducing the field current, and hence flux, for a given
value of supply current. A circuit diagram of this arrangement is
shown in Figure 21.30(a). A variable resistor connected in parallel
with the seriess'wound field to control speed is called a diverter.
Speeds above those given with no diverter are obtained by this
method. Problem 29 below demonstrates this method.

Speeds below normal are obtained by connecting a variable resistor
in series with the field winding and armature circuit, as shown in
Figure 21.30(b). This effectively increases the value of R in the
equation

— IR
n=k ()
O

and thus reduces the speed. Since the additional resistor carries the
full supply current, alarge power lossis associated with large motors
in which a considerable speed reduction is required for long periods.
This method is demonstrated in problem 30.

Problem 29. On full-load a 300 V series motor takes 90 A and
runs at 15 rev/s. The armature resistance is 0.1 Q and the series
winding resistance is 50 mg2. Determine the speed when developing
full load torque but with a 0.2 2 diverter in parallel with the field
winding. (Assume that the flux is proportiona to the field current.)

the equivalent resistance, R =

At 300V, emf. E; =V — IR

=V —I(Rs + Ree)

= 300 — (90)(0.1 4 0.05)

= 300 — (90)(0.15)

= 300 — 13.5 = 286.5 volts

With the 0.2 @ diverter in parallel with Rs (see Figure 21.30(a)),

(0.2)(0.05) _ (0.2)(0.05) _

(0.2) +(0.05)  (0.25) 04

- - 0.2
By current division, current /; (in Figure 21.30(a)) = (7) I

0.2+ 0.05
= 0.8/

Torque, T o 1,® and for full load torque, 1,1®; = 1,,P;
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Since flux is proportional to field current ®; o< 1,7 and @, o 0.8/,
then (90)(90) = (1,2)(0.81,2)
(90)? 90

dlp=— =100.62 A
0.8 2~ /0.8

from which, 12, =

Henceem.f. E; =V — (R, + R)
= 300 — (100.62)(0.1 + 0.04)
= 300 — (100.62)(0.14)
= 300 — 14.087 = 285.9 valts

. E () 1,
Now em.f., E o ®n from which, Gk R L 171
E2 <I>2n2 0.8]02112

(2865)  (90)(15)
Hence 5.9 = (0.8)(100.62)n,

(28599015
and new speed, n, = (286.5)(0.8)(100.62) — 16.74 revis

Thus the speed of the motor has increased from 15 rev/s (i.e,
900 rev/min) to 16.74 rev/s (i.e., 1004 rev/min) by inserting a 0.2
diverter resistance in paralel with the series winding.

Problem 30. A series motor runs at 800 rev/min when the voltage
is400 V and the current is 25 A. The armature resistance is 0.4 Q
and the series field resistance is 0.2 Q. Determine the resistance to
be connected in series to reduce the speed to 600 rev/min with the
same current.

With reference to Figure 21.30(b), at 800 rev/min,

emf., Ey =V — (R, + Rs) = 400 — (25)(0.4 + 0.2)
— 400 — (25)(0.6)
— 400 — 15 = 385 volts

At 600 rev/min, since the current is unchanged, the flux is unchanged.

E
Thus E o« dn, or E o n, and == = &
E2 ny
Hence @ = @
E, ~ 600
. (385)(600)
f hich, E; = ————~ = 288.75 volt
rom whic 2 (800) volts

and E; =V —I(R, + Re+R)
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21.16 Motor cooling

21.17 Further problems
on d.c. machines

Hence 288.75= 400 — 25(0.4+ 0.2+ R)

. . 400 — 288.75
Rearranging gives. 0.6 + R = — s = 4.45

from which, extra series resistance, R = 4.45 — 0.6
ie, R=38Q

Thus the addition of a series resistance of 3.85 2 has reduced the speed
from 800 rev/min to 600 rev/min

Further problems on the speed control of d.c. motors may be found in
Section 21.17, problems 31 to 33, page 384.

Motors are often classified according to the type of enclosure used, the
type depending on the conditions under which the motor is used and the
degree of ventilation required.

The most common type of protection is the screen-protected type,
where ventilation is achieved by fitting a fan internally, with the openings
at the end of the motor fitted with wire mesh.

A drip-proof type is similar to the screen-protected type but has a
cover over the screen to prevent drips of water entering the machine.

A flame-proof typeisusually cooled by the conduction of heat through
the motor casing.

With a pipe-ventilated type, air is piped into the motor from a dust-free
area, and an internaly fitted fan ensures the circulation of this cool air.

Generated em.f.

1 A 4-pole, wave-connected armature of a d.c. machine has 750
conductors and is driven at 720 rev/min. If the useful flux per poleis
15 mWh, determine the generated e.m.f. [270 volts]

2 A 6-pole generator has a lap-wound armature with 40 slots with 20
conductors per slot. The flux per poleis 25 mWhb. Calculate the speed

at which the machine must be driven to generate an em.f. of 300 V.
[15 rev/s or 900 rev/min]

3 A 4-pole armature of a d.c. machine has 1000 conductors and a flux
per pole of 20 mWh. Determine the em.f. generated when running at
600 rev/min when the armature is (a) wave-wound, (b) lap-wound.

[(&) 400 volts (b) 200 volts]

4 A d.c. generator running at 25 rev/s generates an em.f. of 150 V.
Determine the percentage increase in the flux per pole required to
generate 180 V at 20 rev/s. [50%)]
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5

Determine the terminal voltage of agenerator which develops an e.m.f.
of 240 V and has an armature current of 50 A on load. Assume the
armature resistance is 40 mS. [238 voltg]

D.c. generator

6

10

11

A generator is connected to a 50 2 load and a current of 10 A
flows. If the armature resistance is 0.5 2, determine (@) the terminal
voltage, and (b) the generated em.f.  [(&) 500 volts (b) 505 volts]

A separately excited generator develops a no-load em.f. of 180 V
at an armature speed of 15 rev/s and a flux per pole of 0.20 Wh.
Calculate the generated em.f. when

() the speed increases to 20 rev/s and the flux per pole remaining
unchanged,

(b) the speed remains at 15 rev/s and the pole flux is decreased to
0.125 Wb, and

(c) the speed increases to 25 rev/s and the pole flux is decreased
to 0.18 Wh. [(a) 240 valts (b) 112.5 valts (c) 270 volts]

A shunt generator supplies a 50 kW load at 400 V through cables
of resistance 0.2 Q. If the field winding resistance is 50 2 and the
armature resistance is 0.05 2, determine (a) the terminal voltage,
(b) the em.f. generated in the armature.

[(a) 425 volts (b) 431.68 volts]

A short-shunt compound generator supplies 50 A at 300 V. If the
field resistanceis 30 2, the series resistance 0.03 Q2 and the armature
resistance 0.05 €2, determine the em.f. generated. [304.5 voltg]

A d.c. generator has a generated em.f. of 210 V when running at
700 rev/min and the flux per pole is 120 mWhb. Determine the gener-
ated em.f. (@) at 1050 rev/min, assuming the flux remains constant,
(b) if the flux is reduced by one-sixth at constant speed, and (c) at a
speed of 1155 rev/min and a flux of 132 mWh.

[(8 315V (b) 175V (c) 381.2 V]

A 250V d.c. shunt-wound generator has an armature resistance

of 0.1 Q. Determine the generated em.f. when the generator is

supplying 50 kW, neglecting the field current of the generator.
[270 V]

Efficiency of d.c. generator

12

A 15 kW shunt generator having an armature circuit resistance of
0.4 © and afield resistance of 100 2, generates a termina voltage
of 240 V at full load. Determine the efficiency of the generator at
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full load, assuming the iron, friction and windage losses amount
to 1 kw. [82.14%)]

Back em.f.

13

14

15

A d.c. motor operates from a 350 V supply. If the armature resistance
is0.4 Q determine the back e.m.f. when the armature current is60 A.
[326 voltg]

The armature of a d.c. machine has a resistance of 0.5 Q and is
connected to a 200 V supply. Calculate the em.f. generated when
it is running (a) as a motor taking 50 A and (b) as a generator
giving 70 A. [(a) 175 valts (b) 235 volts]

Determine the generated em.f. of a d.c. machine if the armature
resistance is 0.1 Q and it (@) is running as a motor connected to a
230 V supply, the armature current being 60 A, and (b) is running
as a generator with aterminal voltage of 230 V, the armature current
being 80 A. [(&) 224 V (b) 238 V]

L osses, efficiency and torque

16

17

18

19

20

21

The shaft torque required to drive a d.c. generator is 18.7 Nm when
it is running at 1250 rev/min. If its efficiency is 87% under these
conditions and the armature current is 17.3 A, determine the voltage
at the terminals of the generator. [123.1 V]

A 220V, d.c. generator supplies a load of 37.5 A and runs at
1550 rev/min. Determine the shaft torque of the diesel motor driving
the generator, if the generator efficiency is 78%. [65.2 Nm]

A 4-pole d.c. motor has awave-wound armature with 800 conductors.
The useful flux per pole is 20 mWhb. Calculate the torque exerted
when a current of 40 A flows in each armature conductor.

[203.7 Nm]

Calculate the torque developed by a 240 V d.c. motor whose arma-
ture current is 50 A, armature resistance is 0.6 €2 and is running at
10 rev/s. [167.1 Nm]

An 8-pole lap-wound d.c. motor has a 200 V supply. The armature
has 800 conductors and a resistance of 0.8 Q2. If the useful flux per
pole is 40 mWb and the armature current is 30 A, calculate (a) the
speed and (b) the torque developed.

[(@) 5.5 rev/s or 330 rev/min (b) 152.8 Nm]

A 150V d.c. generator supplies a current of 25 A when running
at 1200 rev/min. If the torque on the shaft driving the generator is
35.8 Nm, determine (@) the efficiency of the generator, and (b) the
power loss in the generator. [(a) 83.4% (b) 748.8 W]
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22

23

24

25

26

27

28

29

30

A 240V shunt motor takes a total current of 80 A. If the field

winding resistance is 120  and the armature resistance is 0.4 ,

determine (8) the current in the armature, and (b) the back em.f.
[(a) 78 A (b) 208.8 V]

A d.c. motor has a speed of 900 rev/min when connected to a 460 V
supply. Find the approximate value of the speed of the motor when
connected to a 200 V supply, assuming the flux decreases by 30%
and neglecting the armature volt drop. [559 rev/min]

A series motor having a series field resistance of 0.25 @ and an
armature resistance of 0.15 €2, is connected to a 220 V supply and
at a particular load runs at 20 rev/s when drawing 20 A from the
supply. Calculate the em.f. generated at this load. Determine aso
the speed of the motor when the load is changed such that the current
increases to 25 A. Assume the flux increases by 25%.

[212 Vv, 15.85 rev/s]

A 500V shunt motor takes a total current of 100 A and runs at
1200 rev/min. If the shunt field resistance is 50 €2, the armature
resistance is 0.25 Q and the iron, friction and windage |osses amount
to 2 kW, determine the overall efficiency of the motor.  [81.95%)]

A 250 V, seriesswound motor is running at 500 rev/min and its shaft
torqueis 130 Nm. If its efficiency at thisload is 88%, find the current
taken from the supply. [30.94 A]

In atest on a d.c. motor, the following data was obtained.

Supply voltage: 500 V. Current taken from the supply: 42.4 A

Speed: 850 rev/min. Shaft torque: 187 Nm

Determine the efficiency of the motor correct to the nearest 0.5%.
[78.5%)]

A 300 V series motor draws a current of 50 A. The field resistance
is 40 m and the armature resistance is 0.2 Q. Determine the
maximum efficiency of the motor. [92%]

A series motor drives a load at 1500 rev/min and takes a current of
20 A when the supply voltage is 250 V. If the total resistance of the
motor is 1.5 © and the iron, friction and windage losses amount to
400 W, determine the efficiency of the motor. [80%]

A seriesswound motor is connected to a d.c. supply and develops
full-load torque when the current is 30 A and speed is 1000 rev/min.
If the flux per pole is proportional to the current flowing, find the
current and speed at half full-load torque, when connected to the
same supply. [21.2 A, 1415 rev/min]

Speed control

31

A 350 V shunt motor runs at its normal speed of 12 rev/s when the
armature current is 90 A. The resistance of the armature is 0.3 Q.
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32

33

(a) Find the speed when the current is 45 A and aresistance of 0.4 Q
is connected in series with the armature, the shunt field remaining
constant. (b) Find the speed when the current is 45 A and the shunt
field is reduced to 75% of its normal value by increasing resistance
in the field circuit. [(a) 11.83 rev/s (b) 16.67 rev/s]

A series motor runs at 900 rev/min when the voltage is 420 V and
the current is 40 A. The armature resistance is 0.3  and the series
field resistance is 0.2 2. Calculate the resistance to be connected in
series to reduce the speed to 720 rev/min with the same current.

(2 €]

A 320 V series motor takes 80 A and runs at 1080 rev/min at full
load. The armature resistance is 0.2 @ and the series winding resis-
tanceis0.05 Q. Assuming the flux is proportional to the field current,
caculate the speed when developing full-load torque, but with a
0.15 Q diverter in parallel with the field winding.  [1239 rev/min]



22.1

I ntroduction

22 Three-phase induction
motors

At the end of this chapter you should be able to:

e appreciate the merits of three-phase induction motors
e understand how a rotating magnetic field is produced

e state the synchronous speed, n;, = (f/p) and use in
calculations

e describe the principle of operation of a three-phase induction
motor

o distinguish between squirrel-cage and wound-rotor types of
motor

e understand how a torque is produced causing rotor movement
e understand and calculate dlip

e derive expressions for rotor em.f., frequency, resistance,
reactance, impedance, current and copper loss, and use them
in calculations

e dtate the losses in an induction motor and calculate efficiency

e derive the torque equation for an induction motor, state the
condition for maximum torque, and use in calculations

e describe torque-speed and torque-slip characteristics for an
induction motor

e state and describe methods of starting induction motors

e dtate advantages of cage rotor and wound rotor types of
induction motor

e describe the double cage induction motor
e state typical applications of three-phase induction motors

Ind.c. motors, introduced in Chapter 21, conductors on arotating armature
pass through a stationary magnetic field. In a three-phase induction
motor, the magnetic field rotates and this has the advantage that no
external electrical connections to the rotor need be made. Its name is
derived from the fact that the current in the rotor is induced by the
magnetic field instead of being supplied through electrical connections to
the supply. The result is a motor which: (i) is cheap and robust, (ii) is
explosion proof, due to the absence of a commutator or slip-rings and
brushes with their associated sparking, (iii) requires little or no skilled
maintenance, and (iv) has self-starting properties when switched to a
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22.2 Production of a
rotating magnetic field

Current

R
+ /':

Iy

Magnetic R

flux

Figure 22.1

()

supply with no additional expenditure on auxiliary equipment. The prin-
cipal disadvantage of athree-phase induction motor isthat its speed cannot
be readily adjusted.

When athree-phase supply is connected to symmetrical three-phase wind-
ings, the currents flowing in the windings produce a magnetic field. This
magnetic field is constant in magnitude and rotates at constant speed as
shown below, and is called the synchronous speed.

With reference to Figure 22.1, the windings are represented by three
single-loop conductors, one for each phase, marked RsRr, YsYFr and
BsBr, the S and F signifying start and finish. In practice, each phase
winding comprises many turns and is distributed around the stator; the
single-loop approach is for clarity only.

When the stator windings are connected to a three-phase supply, the
current flowing in each winding varies with time and is as shown in
Figure 22.1(a). If the value of current in awinding is positive, the assump-
tion is made that it flows from start to finish of the winding, i.e,, if it is
the red phase, current flows from R to Ry, i.e. away from the viewer in
Rs and towards the viewer in Rr. When the value of current is negative,
the assumption is made that it flows from finish to start, i.e. towards the
viewer in an ‘'S winding and away from the viewer in an ‘F winding.
At time, say t1, shown in Figure 22.1(a), the current flowing in the red
phase is a maximum positive value. At the same time, 1, the currents
flowing in the yellow and blue phases are both 0.5 times the maximum
value and are negative.

The current distribution in the stator windings is therefore as shown
in Figure 22.1(b), in which current flows away from the viewer, (shown
as ®) in Rs since it is positive, but towards the viewer (shown as © )
in Ys and By, since these are negative. The resulting magnetic field is as
shown, due to the ‘solenoid’ action and application of the corkscrew rule.

A short time later at time r,, the current flowing in the red phase has
fallen to about 0.87 times its maximum value and is positive, the current
in the yellow phase is zero and the current in the blue phase is about
0.87 times its maximum value and is negative. Hence the currents and
resultant magnetic field are as shown in Figure 22.1(c). At time r3, the
currentsin the red and yellow phases are 0.5 of their maximum values and
the current in the blue phase is a maximum negative value. The currents
and resultant magnetic field are as shown in Figure 22.1(d).

Similar diagrams to Figure 22.1(b), (c) and (d) can be produced for al
time values and these would show that the magnetic field travels through
one revolution for each cycle of the supply voltage applied to the stator
windings. By considering the flux values rather than the current values,
it is shown below that the rotating magnetic field has a constant value of
flux. The three coils shown in Figure 22.2(a), are connected in star to a
three-phase supply. Let the positive directions of the fluxes produced by
currents flowing in the coils, be ¢4, ¢5 and ¢¢ respectively. The directions
of ¢4, ¢p and ¢ do not ater, but their magnitudes are proportional to
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Figure 22.2

22.3 Synchronous speed

the currents flowing in the coils at any particular time. At time 71, shown
in Figure 22.2(b), the currents flowing in the coils are:

ig, @ maximum positive value, i.e., the flux is towards point P;

iy and ic, half the maximum value and negative, i.e., the flux is away
from point P.

These currents give rise to the magnetic fluxes ¢4, ¢p and ¢c, whose
magnitudes and directions are as shown in Figure 22.2(c). The resultant
flux is the phasor sum of ¢4, ¢ and ¢¢, shown as ® in Figure 22.2(c).
At time 1,, the currents flowing are:

ig, 0.866 x maximum positive value, ic, zero, and
is, 0.866 x maximum negative value.

The magnetic fluxes and the resultant magnetic flux are as shown in
Figure 22.2(d).

At time 13, ip is 0.5 x maximum value and is positive
is IS @ maximum negative value, and
ic is 0.5 x maximum value and is positive.

The magnetic fluxes and the resultant magnetic flux are as shown in
Figure 22.2(e).

Inspection of Figures 22.2(c), (d) and (€) shows that the magnitude
of the resultant magnetic flux, &, in each case is constant and is 1% X
the maximum value of ¢4, ¢p Or ¢¢, but that its direction is changing.
The process of determining the resultant flux may be repeated for all
values of time and shows that the magnitude of the resultant flux is
constant for all values of time and also that it rotates at constant speed,
making one revolution for each cycle of the supply voltage.

The rotating magnetic field produced by three phase windings could have
been produced by rotating a permanent magnet’s north and south pole at
synchronous speed, (shown as N and S at the ends of the flux phasors in
Figures 22.1(b), (c) and (d)). For this reason, it is called a 2-pole system
and an induction motor using three phase windings only is called a 2-pole
induction motor.

If six windings displaced from one another by 60° are used, as shown
in Figure 22.3(a), by drawing the current and resultant magnetic field
diagrams at various time values, it may be shown that one cycle of the
supply current to the stator windings causes the magnetic field to move
through half a revolution. The current distribution in the stator windings
are shown in Figure 22.3(a), for the time t shown in Figure 22.3(b).

It can be seen that for six windings on the stator, the magnetic flux
produced is the same as that produced by rotating two permanent magnet
north poles and two permanent magnet south poles at synchronous speed.
This is called a 4-pole system and an induction motor using six phase
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Figure 22.3

Current

windings is called a 4-pole induction motor. By increasing the number of
phase windings the number of poles can be increased to any even number.

In general, if f is the frequency of the currents in the stator windings
and the stator is wound to be equivalent to p pairs of poles, the speed of
revolution of the rotating magnetic field, i.e., the synchronous speed, n;
is given by:

f
ng = — rev/s
p

Problem 1. A three-phase two-pole induction motor is connected
to a 50 Hz supply. Determine the synchronous speed of the motor
in rev/imin.

From above, n; = f/p revis, where n; is the synchronous speed, f is
the frequency in hertz of the supply to the stator and p is the number of
pairs of poles. Since the motor is connected to a 50 hertz supply, f = 50.
The motor has a two-pole system, hence p, the number of pairs of poles
is one.

50 )
Thus, synchronous speed, n; = 1= 50 rev/s = 50 x 60 rev/min
= 3000 rev/min

Problem 2. A stator winding supplied from a three-phase 60 Hz
system is required to produce a magnetic flux rotating at
900 rev/min. Determine the number of poles.

. 900
Synchronous speed, n, = 900 rev/min = 0 rev/is = 15 rev/s
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224 Construction of a
three-phase induction
motor

Figure 22.4

22.5 Principle of
operation of a three-phase
induction motor

Sincenszithenp:i:@:4
)4 ng 15

Hence the number of pole pairsis 4 and thus the number of polesis 8.

Problem 3. A three-phase 2-pole motor is to have a synchronous
speed of 6000 rev/min. Calculate the frequency of the supply
voltage.

Since n, = i then frequency, f = (ny)(p)
D
6000 2
= (W) (E) = 100 Hz

Further problems on synchronous speed may be found in Section 22.18,
problems 1 to 3, page 406.

The stator of a three-phase induction motor is the stationary part corre-
sponding to the yoke of a d.c. machine. It is wound to give a 2-pole, 4-
pole, 6-pole, ...... rotating magnetic field, depending on the rotor speed
required. The rotor, corresponding to the armature of a d.c. machine, is
built up of laminated iron, to reduce eddy currents.

In the type most widely used, known as a squirrel-cage rotor, copper
or aluminium bars are placed in slots cut in the laminated iron, the ends
of the bars being welded or brazed into a heavy conducting ring, (see
Figure 22.4(a)). A cross-sectional view of a three-phase induction motor
is shown in Figure 22.4(b).

The conductors are placed in dots in the laminated iron rotor core. If
the slots are skewed, better starting and quieter running is achieved. This
type of rotor has no external connections which means that slip rings and
brushes are not needed. The squirrel-cage motor is cheap, reliable and
efficient.

Another type of rotor is the wound rotor. With this type there are
phase windings in slots, similar to those in the stator. The windings may
be connected in star or delta and the connections made to three slip rings.
The dlip rings are used to add external resistance to the rotor circuit,
particularly for starting (see Section 22.13), but for norma running the
dlip rings are short circuited.

The principle of operation is the same for both the squirrel cage and
the wound rotor machines.

When a three-phase supply is connected to the stator windings, a rotating
magnetic field is produced. As the magnetic flux cuts abar on the rotor, an
em.f.isinduced init and sinceit isjoined, viathe end conducting rings, to
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226 Slip

another bar one pole pitch away, a current flows in the bars. The magnetic
field associated with this current flowing in the bars interacts with the
rotating magnetic field and a force is produced, tending to turn the rotor
in the same direction as the rotating magnetic field, (see Figure 22.5).
Similar forces are applied to al the conductors on the rotor, so that a
torque is produced causing the rotor to rotate.

The force exerted by the rotor bars causes the rotor to turn in the direc-
tion of the rotating magnetic field. As the rotor speed increases, the rate
at which the rotating magnetic field cuts the rotor bars is less and the
frequency of the induced em.f.’sin the rotor barsisless. If the rotor runs
at the same speed as the rotating magnetic field, no em.f.’s are induced
in the rotor, hence there is no force on them and no torque on the rotor.
Thus the rotor slows down. For this reason the rotor can never run at
synchronous speed.

When there is no load on the rotor, the resistive forces due to
windage and bearing friction are small and the rotor runs very nearly
at synchronous speed. As the rotor is loaded, the speed falls and this
causes an increase in the frequency of the induced em.f.’s in the rotor
bars and hence the rotor current, force and torque increase. The difference
between the rotor speed, n,, and the synchronous speed, n;, is called the
slip speed, i.e.

dip speed = ns — n; rev/s

Theratio (ny; — n,)/n; is caled the fractional dip or just the dlip, s, and
is usually expressed as a percentage. Thus

Ns — Ny

dip, s= ( > X 100%

Ns

Typical values of dip between no load and full load are about 4 to 5%
for small motors and 1.5 to 2% for large motors.

Problem 4. The stator of a 3-phase, 4-pole induction motor is
connected to a 50 Hz supply. The rotor runs at 1455 rev/min at
full load. Determine (@) the synchronous speed and (b) the dip at
full load.

(& The number of pairs of poles, p =4/2=2
The supply frequency f = 50 Hz

50
The synchronous speed, ng = U =5 = 25rev/s
p

14
(b) The rotor speed, n, = 67(5)5 = 24.25 rev/s
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The dip, s = (n“_n’> x 100%
ng
- (25_272425) x 100% = 3%

Problem 5. A 3-phase, 60 Hz induction motor has 2 poles. If the
dlip is 2% at a certain load, determine (a) the synchronous speed,
(b) the speed of the rotor and (c) the frequency of the induced
e.m.f.’s in the rotor.

@

(b)

(©

2
f 60
Hence synchronous speed, ny, = — = 1= 60 rev/s
or 60 x 60 = 3600 rev/min
Since dlip, s = (ns — n’) x 100%
s
60 — n,
= ( " ) x 100
2 x 60
H = —_ r
ence 100 60 —n
. 2 x 60
i.e n, = 60— 00 = 58.8 rev/s

i.e. the rotor runs at 58.8 x 60 = 3528 rev/min

Since the synchronous speed is 60 rev/s and that of the rotor
is 58.8 rev/s, the rotating magnetic field cuts the rotor bars at
(60 — 58.8), i.e. 1.2 rev/s.

Thus the freguency of the em.f.’s induced in the rotor bars is
1.2 Hz

Problem 6. A three-phase induction motor is supplied from a
50 Hz supply and runs at 1200 rev/min when the dip is 4%. Deter-
mine the synchronous speed.

Slip, s = (" — ”) x 100%
s
1200
Rotor speed, n, = 0 — 20revls,and s = 4
s — 2
Hence 4= (” 0) x 100%
g
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22.7 Rotor em.f. and
frequency

£
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Figure 22.6

Roter

s — 2
or 0.04 = " 0
ng
from which, n,(0.04) = n, — 20
and 20=n; —0.04 ny, = ny,(1 —0.04)
Hence synchronous speed, ng = ( 20 ) = 20.83 rev/s
W Sp 1 s — 1 _ 004 - .

= (20.83 x 60) rev/min = 1250 rev/min

Further problems on slip may be found in Section 22.18, problems 4 to 7,
page 406.

Rotor em.f.

When an induction motor is stationary, the stator and rotor windings form
the equivalent of a transformer as shown in Figure 22.6.

T N
The rotor em.f. at standstill is given by E, = (N—2> E; (22.1)
1

where E is the supply voltage per phase to the stator.

When an induction motor is running, the induced em.f. in the rotor
is less since the relative movement between conductors and the rotating
field is less. The induced em.f. is proportional to this movement, hence
it must be proportiona to the dlip, s.

Hence when running, rotor em.f. per phase = E, = sE>

N
= (N—i) E; (22.2)

Rotor frequency

The rotor em.f. is induced by an alternating flux and the rate at which
the flux passes the conductors is the slip speed. Thus the frequency of the
rotor em.f. is given by:

fr = (ny — nr)p = w(’%p)

s

ng —n,

However ( ) is the dip s and nyp is the supply frequency f,

ng

hence

fp = sf (22.3)
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22.8 Rotor impedance

R

and current

E = sE,

Figure 22.7

Problem 7. The frequency of the supply to the stator of an 8-
pole induction motor is 50 Hz and the rotor frequency is 3 Hz.
Determine (a) the dlip, and (b) the rotor speed.

(@ From equation (22.3), f,=s f

Hence 3= (5)(50)
3
from which, dip, s = 0= 0.06 or 6%
f 50
(b) Synchronous speed, ny, = — = 7= 12.5 rev/s
p
or (12.5 x 60) = 750 rev/min
ng—n 125—n
ip,s=(——"1),h 6= (— "
Slip, s ( - ) ence 0.06 ( 125 )

(0.06)(12.5) = 125 —n,
and rotor speed, n, = 12.5 — (0.06)(12.5)
=11.75rev/s or 705 rev/min

Further problems on rotor frequency may be found in Section 22.18, prob-
lems 8 and 9, page 407.

Rotor resistance

The rotor resistance R, is unaffected by frequency or slip, and hence
remains constant.

Rotor reactance
Rotor reactance varies with the frequency of the rotor current.

At standstill, reactance per phase, X, =2nfL

When running, reactance per phase, X, = 2nf,L
= 27(s f)L from equation (22.3)
= s(2nfL)

ie Xr =8 X (22.4)

Figure 22.7 represents the rotor circuit when running.

Rotor impedance

Rotor impedance per phase, Z, = v/[R2% + (sX2)?] (22.5)
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22.9 Rotor copper loss

22.10 Induction motor
losses and efficiency

At standstill, dlip s = 1, then Z, = /R,2 + X57]

Rotor current

From Figures 22.6 and 22.7,

at standstill, starting current,

and when running, current,

I2

C Zr VIRE+ X

N>
— | E
(Nl) '

Ir

N>
s{—)E
<Nl) '

~z VIR + (sX2)?]

(22.6)

(22.7)

(22.8)

Power P = 2znT, where T is the torque in newton metres, hence torque

T =P/(2rn)

If P, isthe power input to the rotor from the rotating field, and P,, is
the mechanical power output (including friction losses)

P2 Pm
then = =
2rtng  27n,
P, P, P, n
from which, -2 = 27 or L2 = Ir
ng ny Py ng
Py, n,
Hencel— — =1-— —
P n

PZ_Pm _ns_nr

P;

P, — P,, isthe electrical or copper loss in the rotor, i.e. P, — P,, = I,°R,

Hence

or power input to the rotor, | p,

dip,s

__rotor copper loss  |%R;

rotor input

P>

I,2R,
T s

(22.9)

(22.10)

Figure 22.8 summarizes losses in induction motors.

Motor efficiency, | n =

output power
input power

P’n
= — x 100%
Py
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Input power
——— Stator

P,

Useful mechanical

Stator
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Figure 22.8

—— Rotor power from
F B rotor shaft
Friction
Rotor and
copper windage
losses losses
P,= P,— Stator losses P = P,- Rotor P, = P - Friction
copper and
losses windage

losses

Problem 8. The power supplied to a three-phase induction motor
is 32 kW and the stator losses are 1200 W. If the dlip is 5%,
determine (a) the rotor copper loss, (b) the total mechanical power
developed by the rotor, (c) the output power of the motor if friction
and windage losses are 750 W, and (d) the efficiency of the motor,
neglecting rotor iron loss.

@

(b)

(©

(d)

Input power to rotor = stator input power — stator losses
= 32 kW — 1.2 kW = 30.8 kW

rotor copper loss

From equation (22.9), dlip = rotor input

5 rotor copper loss

100 30.8

from which, rotor copper loss = (0.05)(30.8) = 1.54 kW
Total mechanical power developed by the rotor

i.e,

= rotor input power — rotor losses
= 30.8 — 1.54 = 29.26 kW

Output power of motor
= power developed by the rotor — friction and windage losses
= 29.26 — 0.75 = 28.51 kW

output power
input power

_ (%) « 100% — 89.10%

Efficiency of induction motor, n = ( ) x 100%




Three-phase induction motors 397

22.11 Torque equation
for an induction motor

Problem 9. The speed of the induction motor of Problem 8 is
reduced to 35% of its synchronous speed by using external rotor
resistance. If the torque and stator losses are unchanged, determine
(a) the rotor copper loss, and (b) the efficiency of the motor.

(@ Slip, s= (" _”’) x 100% = (ﬂ> x 100%

s s
= (0.65)(100) = 65%
Input power to rotor = 30.8 kW (from Problem 8)
rotor copper loss
~ rotor input
then rotor copper loss = (s)(rotor input)

Since s

65
=| == .8) = 20.02 kW
(100)(308) 0.0:

(b) Power developed by rotor
= input power to rotor — rotor copper loss
= 30.8 — 20.02 = 10.78 kW

Output power of motor
= power developed by rotor — friction and windage |osses
= 10.78 — 0.75 = 10.03 kW

Efficiency, n = StPut POWET) s — (%) x 100%
input power 32

= 31.34%

Further problems on losses and efficiency may be found in Section 22.18,
problems 10 and 11, page 407.

P 1 I,°R ,
Torque T = Z — ( ) 2 (from equation (22.10)
2nng 2nng K

_ _ SN By
From equation (22.8), I, = VIR2? + (s X2)?]

5?(N2/N1)?E1?
Ry% + (sX2)?

1
Hence torque per phase, T = ( )
27

i.e T—<1>
o  \ 2nn,

(%)

s

s(N2/N1)?E1°R;
R2% + (sX2)?
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If there are m phases then

torueT—( m)
que. = 27n,

s(N2/N1)’E1°R;
Ry? + (sX2)?

m(N2/N;)?2 E?R
e, | T=|MN/N SER? (22.11)
27ns R22 + (sX)?
SE12R2 .
=k v | where k is a constant for
R2% + (sX2) a particular machine,
. sE2R
e, torque T 21722 (22.12)
Ro% + (sX2)

Under normal conditions, the supply voltage is usually constant, hence
equation (22.12) becomes:

SR2 Rz

“ R+ (X2 R

S.

2 72 X2
S

The torque will be a maximum when the denominator is a minimum and
this occurs when Ro?/s = sX,°

R
i.e., when s = )72 or Ry = sX, = X, from equation (22.4)
2

Thus 