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ANHA Series Preface

The Applied and Numerical Harmonic Analysis (ANHA) book
series aims to provide the engineering, mathematical, and scientific
communities with significant developments in harmonic analysis,
ranging from abstract harmonic analysis to basic applications.
The title of the series reflects the importance of applications and
numerical implementation, but richness and relevance of applica-
tions and implementation depend fundamentally on the structure
and depth of theoretical underpinnings. Thus, from our point of
view, the interleaving of theory and applications and their creative
symbiotic evolution is axiomatic.

Harmonic analysis is a wellspring of ideas and applicability
that has flourished, developed, and deepened over time within
many disciplines and by means of creative cross-fertilization with
diverse areas. The intricate and fundamental relationship between
harmonic analysis and fields such as signal processing, partial
differential equations (PDEs), and image processing is reflected
in our state-of-the-art ANHA series.

Our vision of modern harmonic analysis includes mathematical
areas such as wavelet theory, Banach algebras, classical Fourier
analysis, time-frequency analysis, and fractal geometry, as well as
the diverse topics that impinge on them.

For example, wavelet theory can be considered an appropriate
tool to deal with some basic problems in digital signal process-
ing, speech and image processing, geophysics, pattern recognition,
biomedical engineering, and turbulence. These areas implement
the latest technology from sampling methods on surfaces to fast
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algorithms and computer vision methods. The underlying mathe-
matics of wavelet theory depends not only on classical Fourier
analysis, but also on ideas from abstract harmonic analysis,
including von Neumann algebras and the affine group. This leads
to a study of the Heisenberg group and its relationship to Gabor
systems, and of the metaplectic group for a meaningful interaction
of signal decomposition methods. The unifying influence of wavelet
theory in the aforementioned topics illustrates the justification for
providing a means for centralizing and disseminating information
from the broader, but still focused, area of harmonic analysis. This
will be a key role of ANHA. We intend to publish with the scope
and interaction that such a host of issues demands.

Along with our commitment to publish mathematically
significant works at the frontiers of harmonic analysis, we have
a comparably strong commitment to publish major advances in
the following applicable topics in which harmonic analysis plays a
substantial role:

Antenna theory Prediction theory
Biomedical signal processing Radar applications
Digital signal processing Sampling theory
Fast algorithms Spectral estimation
Gabor theory and applications Speech processing
Image processing Time-frequency and
Numerical partial differential equations time-scale analysis

Wawvelet theory

The above point of view for the ANHA book series is inspired
by the history of Fourier analysis itself, whose tentacles reach into
so many fields.

In the last two centuries Fourier analysis has had a major
impact on the development of mathematics, on the understanding
of many engineering and scientific phenomena, and on the solution
of some of the most important problems in mathematics and the
sciences. Historically, Fourier series were developed in the analysis
of some of the classical PDEs of mathematical physics; these series
were used to solve such equations. In order to understand Fourier
series and the kinds of solutions they could represent, some of the
most basic notions of analysis were defined, e.g., the concept of
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“function.” Since the coefficients of Fourier series are integrals, it
is no surprise that Riemann integrals were conceived to deal with
uniqueness properties of trigonometric series. Cantor’s set theory
was also developed because of such uniqueness questions.

A basic problem in Fourier analysis is to show how compli-
cated phenomena, such as sound waves, can be described in terms
of elementary harmonics. There are two aspects of this problem:
first, to find, or even define properly, the harmonics or spectrum
of a given phenomenon, e.g., the spectroscopy problem in optics;
second, to determine which phenomena can be constructed from
given classes of harmonics, as done, for example, by the mechanical
synthesizers in tidal analysis.

Fourier analysis is also the natural setting for many other prob-
lems in engineering, mathematics, and the sciences. For example,
Wiener’s Tauberian theorem in Fourier analysis not only char-
acterizes the behavior of the prime numbers, but also provides
the proper notion of spectrum for phenomena such as white light;
this latter process leads to the Fourier analysis associated with
correlation functions in filtering and prediction problems, and
these problems, in turn, deal naturally with Hardy spaces in the
theory of complex variables.

Nowadays, some of the theory of PDEs has given way to the
study of Fourier integral operators. Problems in antenna theory are
studied in terms of unimodular trigonometric polynomials. Appli-
cations of Fourier analysis abound in signal processing, whether
with the fast Fourier transform (FFT), or filter design, or the
adaptive modeling inherent in time-frequency-scale methods such
as wavelet theory. The coherent states of mathematical physics
are translated and modulated Fourier transforms, and these are
used, in conjunction with the uncertainty principle, for dealing
with signal reconstruction in communications theory. We are back
to the raison d’étre of the ANHA series!

John J. Benedetto
Series Editor

University of Maryland
College Park



Preface

My main reason for writing this book was to present the theory of
the Fourier transform (FT) in a clear manner that requires mini-
mal mathematical knowledge without compromising mathematical
rigor, so that it would be useful to students, mathematicians, scien-
tists, and engineers.

The path along which I chose to develop the theory is not
best, but it is elementary and within reach of many well-prepared
undergraduate students. One can give better proofs of many
results presented in this book; however, I feel the proofs given are
elementary and easy to follow and that they require only minimal
mathematical background.

The FT on finite Abelian groups has applications in many
different areas of science, such as quantum information, quan-
tum computation, image processing, signal analysis, cryptography,
crypt-analytics, pattern recognition, and physics. With that said,
my focus is on the theoretical aspect. I have designed this book to
serve students in these areas and in other sciences, who have com-
pleted a semester of linear algebra and have some knowledge of
abstract algebra. Typically, these would be second- or third-year
students at American universities. Consequently, this monograph
can be used as a one-semester undergraduate textbook in many
different disciplines of mathematics and science. The book is self-
contained and concise, and I have made an effort to make it easy
to read. I hope that it will help students and professionals have a
better understanding of the theory of the FT.
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I would like to thank Franz Delahan, Robert Kibler, Tristan
Nguyen, Glenn Shell, and Anita Woodley for their helpful com-
ments, suggestions, and corrections concerning this book.

Bao Luong
April 2009



Overview

In general, the FT of a function defined on a group is a function
defined on the dual group. For finite Abelian groups, the dual of
a group is isomorphic to the group itself; this result allows us to
define the FT as a linear operator on a finite-dimensional inner
product space of scalar-valued functions defined on the group.
This approach is clear and it gives much insight into the theory of
the FT, since the theory of linear operators on finite-dimensional
vector spaces is well understood.

We associate a group G with the inner product space of
complex-valued functions defined on G and show that, under
this association, spaces associated with isomorphic groups are iso-
metric. Further, spaces associated with direct products of groups
equal the tensor product of spaces associated with each factor
group. Rather than define an inner product for a tensor product
of inner product spaces to be the product of the inner products
on factor spaces as is usually done, we obtain this “definition”
as a consequence of the tensor decomposition of the FT. We also
show that the convolution operator characterizes linear operators
commuting with translations, and the tensor decomposition of the
FT enables us to reduce the theory of the FT on finite Abelian
groups to the transform on cyclic groups Z,, the integers modulo
n. A related topic, quadratic Gaussian sums, is introduced and
studied. We show that some quadratic Gaussian sums (evaluated
at a point) are eigenvalues of the FT. This result, along with other
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properties of Gaussian sums, provides the means to find general
formulas for these sums in terms of their parameters.

We note that the exercises in this book are numbered sequen-
tially.



1

Foundation Material

In this chapter, we recall some results from elementary group
theory, number theory, and approximation theory. In doing so, we
also establish notation that will be used consistently throughout
the rest of the text.

The symbol |S]| denotes the size of S. For example, if S is a
finite set, then | S| is the number of elements in S; if z is a complex
number, then |z| is the modulus (or absolute value) of z; and if
[ is a complex-valued function defined on a set S, then |f| is the
function (defined on the same set) whose value at a point s € S is
).

Suppose S and S are nonempty sets and f: S — S’. We say
that f is injective if it is one-to-one; surjective if it is onto; bijective
if it is both injective and surjective. If S = 5" and f is bijective,
we say that f is a permutation of S (or in 5).

Throughout this book the symbol ¢ denotes the principal square
root of —1.

1.1 Results from Group Theory

We present some results from group theory that we will use in
Chapter 3 to establish the theory of characters of finite Abelian
groups. Since most of the material in this section can be found in
either [6] or [14], no proofs are given.

Let Z be the set of integers and, for a positive integer n, let
Zy = {0,...,n — 1} be the set of integers modulo n. The sets Z

B. Luong, Fourier Analysis on Finite Abelian Groups, Applied and 1
Numerical Harmonic Analysis, DOI 10.1007/978-0-8176-4916-6 1,
© Birkhiduser Boston, a part of Springer Science + Business Media, LLC 2009



2 1 Foundation Material

and Z,, form groups under the operation of addition and addition
modulo n, respectively. The binary operations on these two groups
are written additively. The identity elements of Z and Z,, are both
denoted by 0, and the inverse of k € Z or k € 7Z,, is denoted by —k.
If an integer k£ has a multiplicative inverse in Z,, that is, if there
is # € Z such that kz = 1 (mod n), then we use k! to denote .
An element of Z,, for which a multiplicative inverse exists is called
a unit; the units of 7Z, are precisely the nonzero elements of 7Z,
that are coprime (or relatively prime) with n.

In general, we use the product notation for the binary operation
of an arbitrary group; that is, if G is a group and a and b are
elements of G, then ab denotes the product of a and b, which
is defined with respect to the given binary operation in G. The
identity of G is denoted by 1 and the inverse of g € GG is denoted
by g~ L.

In any group G, the equation zg = xg’ is equivalent to g = ¢’;
roughly speaking, the cancellation law holds in G. This simple
property leads to the following theorem.

Theorem 1.1.1. Suppose that G is a finite group and x is an
element of G. The function f,: G — G defined by f.(g) = xg is a
permutation of G.

We use this theorem twice. (1) In a proof of a result about
the sum of a character over a subgroup; i.e., Theorem 3.2.1 in
Section 3.2. (2) In an evaluation of the quadratic Gaussian sum of
order n at 1; i.e., Theorem 9.1.1 of the last chapter.

Though it is not needed in our work, we point out the fact that
the map x +— f, is injective. This follows from the definition of f,
and the cancellation law in G. This result is a prelude to Cayley’s
theorem, which states that every group is isomorphic to a subgroup
of a group of permutations (of some set). (We will define the term
isomorphic in the next paragraph.) We outline a proof of Cayley’s
theorem in Exercise 1.

Let G7 and G5 be groups. A map h: G; — G5 is called a
homomorphism if h(ab) = h(a)h(b) for every a, b € G;. Here, ab is
a product of elements in G, whereas h(a)h(b) is a product of ele-
ments in G5. A bijective homomorphism is called an isomorphism.
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We use the expression GG; = (G5 to indicate that two groups G,
and Go are isomorphic. There are, up to isomorphism, only one
infinite cyclic group and one finite cyclic group of order n, namely,
7 and Z.,,, respectively.

Theorem 1.1.2. Suppose that G is a cyclic group. Then

(i) G = Z if G is infinite,
(i) G = Z, if G is finite and n = |G)|.

If Gq,...,G,, are groups and
G:GIXXGm:{(gla7gm)|g]€Gj}7

then G is a group with respect to the binary operation defined
component-wise by

(91, 9m) (91 -+ Gm) = (9191, - - GmGin)

where g;g; is the product defined in G; for j = 1,...,m. The
identity for this operation is (1,...,1), an m-tuple of all 1’s,
which is simply denoted by 1. The inverse of (g1, ..., gm), denoted
by (g1, .-, 9m) ", is given by (g7, ..., g.'). With respect to the
defined binary operation, G is called the external direct product
(or, briefly, direct product) of Gy, ...,G,,. If G; = A for every j,
then we write G = A™. If for each j, either G; = Z or G = Z,,
then the binary operation of G is component-wise addition or
addition modulo n; that is,

939 g; + g; (modn) if G; = Z,.

The identity of G, i.e., the m-tuple of zeros (0, ...,0), is denoted
simply by 0. We also call the identity of G the zero.

Theorem 1.1.3 (The fundamental theorem of finite Abelian
groups). IfG is a nontrivial finite Abelian group (i.e., G has more
than one element), then there are unique positive integers s and
ni,...,Ns, where eachn; > 2, such thatn;|njy forj=1,...,5—1
and

G=Zp, X+ X Ly,



4 1 Foundation Material

The number s is the torsion-rank of G, and nq,...,n, are the
wnwvariants of G.

There is an equivalent version of this theorem in which the
order of each cyclic group in the factorization of GG is a power of a
prime. We state this equivalent version next.

Theorem 1.1.4. If G is a nontrivial finite Abelian group, then
G =72y X+ XLy, where qi,...,q are (not necessarily distinct)
powers of primes. Also, the numbers q1,...,q; are uniquely deter-
mined (up to order).

The prime powers are the elementary divisors of G.

The two versions of the fundamental theorem stated above are
equivalent because of the Chinese remainder theorem which we
outline in Exercises 2 and 3. A proof of the equivalent of the two
versions of the fundamental theorem is outlined in Exercise 4. The
fundamental theorem implies that every finite Abelian group is
isomorphic to a direct product of cyclic groups, and this statement
is the only implication that we will use.

Let n be an integer greater than 2. The dihedral group D, is
defined to be the set of all formal symbols a®b*, where s = 0, 1 and

t=0,...,n—1, such that the following relations are satisfied:
(i) a*bt = a*'b" if and only if s = s and t = ¢/,
(i) a® = b" = 1,

(iii) ab = b ta.

These relations imply that D,, is a non-Abelian group of order
2n. We use D,, in Section 6.4 to indicate one of the difficulties in
any attempt to generalize the theory of the FT on finite Abelian
groups to finite non-Abelian groups.

Exercises.

1. Let G be a group and let Sg be the set of permutations of G.
Let f, be as in Theorem 1.1. Then f, € S for each x € G.
Define the product in S to be the composition of maps.

(i) Show that, with the defined product, Si is a group and
that f,, = f.f,. Conclude that the map = — f, is an
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injective homomorphism (which is also called a monomor-
phism), hence Cayley’s theorem follows. The group Sg is
also called the symmetric group on G.

(ii) Consider g € G with g # 1 (this implicitly assumes that
G has at least two elements). Define the map f: G — G
by f(1) =g, f(g) = 1, and f leaves other elements of G
fixed. Show that f € Sg.

(iii) Suppose G has more than two elements. Prove that there
isno x € G such that f, = f. Conclude that {f, | z € G}
is a proper subgroup of Sg. In general, the size of G is
much smaller than that of Sg. An obvious example to
illustrate this point is to consider the group G = Z,, with
n > 2. Then |G| = n and |S,| = n!. (Note: tradition-
ally we use S, to denote the group of permutations on n
elements. )

For further elementary and clear treatment of Cayley’s theo-
rem see [6]. Roughly speaking, Cayley’s theorem states that
every group is a subgroup of a group of permutations of some
set W. By choosing an appropriate set W, one can show the
existence of a certain type of group, e.g., the existence of the
external free product of groups (for more details see Theo-
rem 68.2 and its proof given in [16], and the explanations
followed on pp. 417-418).

The Chinese remainder theorem (CRT): Suppose that my, . . .,
m, are pairwise coprime positive integers; that is, mg and my
are coprime if s # t. Let m = H?:1 mj. For any integers

ai,...,ay, the system of congruences
r = a; (mod m;), 1<j<n (1.1)

has a unique solution x € Z modulo m. The uniqueness of
the solution means that if 2’ is another solution, then = =
2’ (mod m). Replace a; by a; + k;m; for some integer k; if
necessary, we may assume that 0 < a; < m; for each j. Prove
this theorem by following the outline below.

(i) Let a be an integer and consider m; (for any fixed j).
Prove that if o and m; are coprime, then there is an
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integer y such that ay = 1 (mod m;). The number y is
unique if we impose the condition 0 < y < m;. (Hint:
there are integers y and y’ such that ay +m,y’ = 1.)

(i) Set a; = m/m;. Show that a; and m; are coprime. Con-
clude that there is an integer y; such that ajy; = 1
(mod m;).

(ili) Show that z = > 7| ajy;a; is a solution of the system
of equations (1.1).

(iv) Show that if x and 2’ are two distinct solutions of (1.1),
then x = 2/ (mod m;) for every j. That is, every m;
divides x — /. Since m, and m; are coprime if s # t,
deduce that m | (x — ') or, equivalently, = = 2’
(mod m).

The CRT can be generalized to the case that does not require
the moduli m; are pairwise coprime (see either p. 59 of [9],
p. 29 of [11], or p. 69 of [15], also a good illustration is given
in Chapter VIII of [5]). Note that the CRT also holds in rings
that are more general than the ring Z of integers; for example,
it holds in principle idea rings (pp. 76 and 329 of [12], also
p. 8 of [17]).

Theorem: If mq, ..., m, are pairwise coprime positive integers
andm = [[7_, m;, then Zy, = Ly, X+ - - X ZLyy,,. Prove that this
theorem is equivalent to the CRT. For simplicity we outline
a proof for the case n = 2; the same outline (but with more
variables involved) would also produce a proof for the general
case. In the outline below we set p = m; and g = ms.

e CRT = Theorem.

Define the map h: Z, xZ, — Z,, as follows: for any (a,b) €
Zy, x Zg, the CRT implies that there is a unique x € Z,,
such that

r=a (mod p) and z=0b (mod q).

Set h(a,b) = x. The uniqueness of = guarantees that h is a
well-defined injective map. Since the domain and codomain
of h have the same finite cardinality, h is also surjective.
Prove that h is a group homomorphism, i.e.,
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hia+ad,b+b") = h(a,b) + h(d',b).

(A slightly different proof is given in [7], p. 35.)

Observe that the commutativity of the ordinary product of
two integers, i.e., pg = ¢p, implies that Z,, = Z, x Z,. Since
the composition of isomorphisms is also an isomorphism (or,
equivalently, the isomorphic relation is transitive), we have
Ly X Lqg = ZLg X Zy,. However, the implication

PG = qp = Ly X Ly = Lig X Ly,

via the CRT is unintended. There is an obvious proof which
shows that Z, x Z; = Z; x Z for any positive integers s and
t regardless whether s and ¢ are coprime. Can you find this
“obvious” proof? Stated differently, if p and ¢ are coprime,
the conclusions of the theorem are

(a) the group Z, x Z, is cyclic (hence, by Theorem 1.1.2, it
is isomorphic with Z,,);
(b) the group Z,, can be decomposed as Z, X Z,.

e Theorem = CRT.

(i) Suppose that there is a group isomorphism h:
Ly X Ly — ZLypg. 1t follows that h(a,b) = ah(1,0) +
bh(0,1). What can we say about h(1,0) and h(0,1)?
Consider h(1,0). Show that (1,0) and h(1,0) have the
same order p.

(ii) Show that elements of Z,, which have order p are of
the form zq, where z is coprime with p and 0 < z < p.
Conclude that

(1) ~(1,0) =0 (mod q);

(2) there is a unique integer s with 0 < s < p such
that sh(1,0) =1 (mod p) (hint: h(1,0) and p are
coprime).

(iii) By symmetry, conclude that

(1) h(0,1) =0 (mod p);
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(2') there is a unique integer ¢t with 0 < t < ¢ such
that th(0,1) =1 (mod q).
(iv) Given (a,b) € Z, x Z,. Let x = h(as,bt) = ash(1,0)+
bth(0,1). Note that s and ¢ do not depend on a and b.
Prove that x is the unique element of Z,, such that

r=a (mod p) and z=0b (mod q).

(Hint: for the uniqueness see (iv) of the previous exer-
cise.)

A particular case of the theorem: if n = p{'ps*...p* is the
prime decomposition of n, where all the primes p; are distinct,
then

Ly &= Liger X -+ X Ly (1.2)

Prove that the two stated versions of the fundamental theo-
rem for finite Abelian groups are equivalent. Below is an out-
line (which requires some knowledge of quotient groups).

e Theorem 1.1.3 = Theorem 1.1.4.

Decompose each n; into a product of powers of distinct
primes, then use (1.2). To prove the uniqueness of the g;,
we use the fact that the direct product of finite cyclic
groups is commutative (which we mentioned in the pre-
vious exercise). Suppose also that G' = Zy X -+ X Zg.
Let p be a prime that divides the product H§:1 q;, which
equals H;:1 q;- Relabeling the subscripts if necessary, we
may assume that

(1) ¢1 = p° is the largest power of p in {q1,...,q¢};
(2) ¢, = p’ is the largest power of p in {q},...,q}.

Suppose ¢; > ¢;. Show that the group Z,, X --- x Z,, has
an element of order g, whereas the group Zy X -+ X Zy
does not. Conclude that these two groups are not isomor-
phic, which is a contradiction. Similarly, the inequality
¢1 < ¢y cannot hold. Hence, we have ¢; = q;. Next, by
considering the quotient group G/Z,,, we may assume that
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Lgy X+ X Lgy = Ly X+ - - X Lg . Consider this isomorphism
and, as before, conclude that ¢, = ¢5. Conclude that r = ¢
and g; = ¢} for j =1,... 1.

Theorem 1.1.4 = Theorem 1.1.3.

Set Ao = {q1,...,q} and construct the sets N; as follows:

(a) Choose the largest number ¢;, € Ay (if there are two
equal numbers, choose either one), then choose the
largest number ¢;, € Ag—{g;, } that is coprime with ¢;,,
then choose the largest number ¢;, € Ao—{q;,, gj, } that
is coprime with ¢;, and g;,, and continue the process.
Let Ny denote the set of numbers chosen.

(b) Set Ay = Ay — Ny. If A; # ), then by construction
every number in A; divides some number in Nj.

(c) If Ay # 0, we construct Ny from A; by the same method
as in the construction of Ny from Ay. That is, choose
the largest number gx, € Aj, then choose the largest
number g, € A; — {qx, } that is coprime with gy,, then
choose the largest number g, € A1 — {qx,, qx, } that is
coprime with g, and g,, and so on. Let N; denote the
set of numbers chosen (from A;). Conclude from (b)
that every number in Ny divides some number in Nj.

(d) Repeat steps (b) and (c) to define A; and to construct
Nj, respectively, for j > 2.

Since Aj is a finite set and Ag 2 A; 2 Ay D -+, there
is a smallest positive integer s such that A, = (). Thus,
As 1 = Ny # 0. For j =0,1,...,s — 1, let n,_; be the
product of all numbers in the set N;. Show that each n; > 2
and ng | ngyq for k=1,...,s— 1. Since the direct product
of finite cyclic groups is commutative, use the theorem in
the previous exercise to conclude that G = Z,,, X - - - X Z,,

and n; | n;41 for j=1,..., s — 1. To prove the uniqueness
of s and the n;, assume that there are positive integers t
and myq,...,my with m; | m;4y for j = 1,...,t — 1 such
that

Lipy X =+ X Loy = Lipyy X -+ + X L. (1.3)



10 1 Foundation Material

Prove the following;:

(e) nsg =0 for every g € Zp, X -+ X Zy,.

(f) Conclude from (1.3) and (e) that nyg’ = 0 for every
g € Ly, X -+ X Ly, In particular, considered as an
element of Z,,,, ns = 0. So ny is a nonzero multiple of
my, which implies that m; < n,. By symmetry, we also
have m; > ng; thus m; = ng.

(g) By considering the quotient group G/Z,,, we may
assume that

Ly X o X Mgy = Ly X oo X gy,

Conclude from (b) that m;_; = ns_;.
(h) Repeat step (g) and conclude that s =t and m; = n;
for every j.

1.2 Quadratic Congruences

We present some results from elementary number theory, which
we will use later in our construction of some particular eigenvalues
and eigenvectors of the F'T. Then we will use these eigenvalues and
eigenvectors in our evaluation of quadratic Gaussian sums. Except
for the material from Theorem 1.2.3 and thereafter, most of the
other results stated here can be found in many introductory books
on number theory, in particular [2].

Suppose that a and n are nonzero integers and that n is posi-
tive. If there is an integer x such that 22 = a (modn), then a is
called a quadratic residue modulo n. The Legendre symbol (a/p),
where p is an odd prime and p t a (i.e., p does not divide a), is
defined by

(a/p) 1 if a is a quadratic residue modulo p, and
a =
P —1 if a is not a quadratic residue modulo p.

In the symbol (a/p) we may assume that 0 < a < p, since

r? = a(modp) if and only if 22 = (a + kp) (modp) for any

integer k.
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Example 1.2.1. 1t is easy to verify that the congruence equation

2? = a(mod 11) has solutions for a = 1, 3, 4, 5, 9 and no solutions

for a =2, 6, 7, 8, 10. That is,
(1/11) = (3/11) = (4/11) = (5/11) = (9/11) = 1
and
(2/11) = (6/11) = (7/11) = (8/11) = (10/11) = —1.
We may conclude from this example that
(6/11)(8/11) = (4/11), (5/11)(9/11) = (1/11),
(5/11)(7/11) = (2/11), (2/11)(4/11) = (8/11).

These equations of product of Legendre’s symbol have the form
(a/p)(b/p) = (ab/p), which is guaranteed to be true in general by
the following theorem.

Theorem 1.2.1. Suppose that p is an odd prime and a and b are
integers.

(i) Ifpta and ptb, then (ab/p) = (a/p)(b/p).
(ii) If a has a multiplicative inverse modulo p, i.e., if there is an
integer & such that ax = 1 (mod p), then (a/p) = (a™'/p).

Recall that in the symbol (a/p) we assumed that 0 < a < p. For
the same reason, in the equation #? = a (mod p) we may assume
that 0 < = < p. With this assumption we can show that if the
equation r? = a (modp) has a solution, then it has exactly two

solutions.

Theorem 1.2.2. Suppose that p is an odd prime. If a € Z, and
a # 0, then the equation > = a(modp) has either ezactly two
solutions or no solutions in Z,. Furthermore, if x is a solution,
then the other solution is p — .

Proof. Fix a nonzero element a € Z, and suppose that there is an
element x € Z, such that 22 = a (mod p). It is clear that we also
have (p — x)* = a (mod p). To show there are no solutions other



12 1 Foundation Material

than z and p — z, we assume that y?> = a (mod p) and show that
either y=x ory =p — .

Since 2 = a (modp) and y* = a(modp), by the transitivity
property of the congruence modulo p, we have 22 = y* (mod p).
It follows that (x — y)(x + y) = 0(@modp) or, equivalently,
p | (x —y)(z+y). Thus, either p | (x —y) or p | (z +y).

If p | (x —y), then, since |z — y| < p, we have x —y = 0 or

=ux. Ifp| (z+vy), then, since 0 < z+y < 2p, we have x +y = p
ory=p-—u.

Example 1.2.2.1f k € Zy7 and k # 0, then the following table

k

6 7 8 910 11 12 13 14 15 16
k* (mod 17) 2

123 45
1491682151313 15 2 816 9 4 1

shows that the equation #? = a (mod 17) has solutions in Z;; for
a=1,2,4,8,9, 13, 15, 16 and has no solutions for a = 3, 5, 6, 7,

10, 11, 12, 14.

The example illustrates that half of the nonzero members of
the group Z,; are quadratic residues modulo 17 and the other
half of the nonzero members are not. In general, Theorem 1.2.2
implies that the equation 2? = a (mod p) has two solutions in Z,
for (p—1)/2 values of a and no solutions for the remaining (p—1)/2
values of a. Thus, if the range of (a/p) is extended to include zero
by allowing p divides a, that is,

1 if a is a quadratic residue modulo p,
(a/p) = 0 ifp|a, and
—1 if a is not a quadratic residue modulo p,

then

" (afp) = 0. (14)

a€Zp

Part (i) of Theorem 1.2.1 may be stated in terms of the
extended definition of the Legendre symbol as follows:

(ab/p) = (a/p)(b/p). (1.5)
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Since 72 = (p — x)* (modp), the entries in a table similar to

that given in Example 1.2.2 are symmetric about p/2 and the same
quadratic residues modulo p appear in each half. Hence, if (); is the
subset of Z, consisting of quadratic residues, then |Q| = (p—1)/2
and, as k runs through Z,, the set {k? (modp)} produces 0 and
two copies of (). It follows that for any integer a,

1423 e 7= N e e (1.6)

ke k€Zy
We will use this result in the proof of the next theorem.

Note. The set )y is a group with respect to multiplication mod-
ulo p.

Theorem 1.2.3. If p is an odd prime and a is an integer that is
not divisible by p, then

S e k) = Y e v

k€Zyp kEZy

Proof. If () is the subset of Z, that consists of quadratic non-
residues, then the sets {0}, Qy, and @)y are pairwise disjoint and
their union is Z,. Thus, since (0/p) = 0, we have

S e T M k/p)

k€Zy

Z 727Tiak Z 727Tiak
= e r — e »r

ke Q1 k€ Qo
271 271 27
:1_'_226pak_<1+zepak+zep&k>
ke ke k€ Qo
27i 27
=142 e p Ty e
keQu kez,

It follows from (1.6) that

Z e_ggi“k(k/p) = Z e_ggi“k2 — Z e_2giak.

k €Ly k€ Ly k€,
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To complete the proof we show that Zkezp e 5 ™ — 0. For this
21ria

we set 7 = e »“ Then r # 1 (since p t a), by the geometric
progression formula we have

p—1
T =
1—r
k=0
or
p—1 —2mia
27 27 1—e
§ : —“Trak —“Ta\k __ _
e r - (6 P ) - _2mi, - O'
keZy k=0 l—e »

In Section 7.2, we rephrase the result of Theorem 1.2.3 in terms
of the FT and Gaussian sums and show that sums of the type given
in the theorem are eigenvalues of the FT.

Finally, we derive a result that we will use in a later section.
Set p = 2 and let v be an integer greater than one. We will show
that the set {k* (mod 2) | k € Zy»} contains two copies of the set
{k? (mod2") | k € Zg-1}. The following example illustrates the
case v = 4.

Example 1.2.3. Let v = 4 and consider the following table of values
of k? when k takes its values in Zo.

k
k* (mod 16)

012345678910 1112 13 14 15
0149094101 4 9 0 9 4 1
Since the first eight elements of the first row are members of Zsg,
it is clear from the table that the set {k? (mod16) | k € Zs}

contains two copies of the set {k? (mod 16) | k € Zg}.

In general, since

(i) the first half of Zyv (i.e., the set {0,1,...,2""1 —1}) is Zyo—
and

(ii) 2% = (z —2"71)? (mod 2¥) for every z in the second half of Zav
(e, z>2""1 —1),

it follows that the two halves of the second row in a table similar
to that given in Example 1.2.3 are identical. That is, as k runs
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through Zov the set {k* (mod 2")} produces two copies of the set
{k* (mod 2") | k € Zy-1}. Hence, for any integer a we have

Z e_%’ﬁk2 =2 Z e_%gng. (1.7)

keZQV k‘eZQu—l

We use equation (1.7) in Section 9.2 of the last chapter to evalu-
ate Gaussian sums of degree 2.

1.3 Chebyshev Systems of Functions

Consider the functions f; for j = 0,...,n—1, where these functions
are defined on the set of real numbers by fo(z) =1 and f;(x) = 27
if 7 > 0. By the fundamental theorem of algebra,' the equation

cofo(®) + -+ enrfoa(x) = o+ 1z + -+ ezt =0,

where the coefficients ¢y, ..., ¢, 1 are real numbers and ¢, 1 # 0,
has at most n — 1 real roots. In other words, a linear combination
of n continuous functions f; has at most n — 1 distinct real zeros.
(A real zero of a function f is a real number r such that f(r) =
0.) We generalize this notion for arbitrary real-valued continuous
functions on an interval.

Definition 1.3.1. Suppose that ¢4, . .., ¢, are real-valued continu-
ous functions defined on an interval I, where I can be either closed,
open, half-closed, or half-open, and of finite or infinite length. The
set {¢p | k= 1,...,n} is called a Chebyshev system (or, briefly,
C-system) if for every set {cx | k=1,...,n} of real numbers, not
all zero, the equation c1¢(x)+- - -+ cppn(z) = 0 has at most n—1
distinct (real) roots.

Since the equation ¢;¢1(x)+- - -+ cpdn(x) = 0 has at most n—1
roots, the function ¢1¢1(x) + - -+ + ¢, ¢, (x) changes sign at most
n — 1 times.

The following theorem is an immediate consequence of the
definition.

! An equivalent statement of the fundamental theorem of algebra: every noncon-

stant polynomial of positive degree n, whose coefficients are complex numbers,
has exactly n complex roots, counting multiplicity.
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Theorem 1.3.1. If the set {¢y | k = 1,...,n} is a C-system on
an interval I, then the set {aydr | k =1,...,n} is also a C-system
on I for any nonzero constants aq, ..., ay,.

Ezample 1.53.1. The set {1,z,...,2"} forms a C-system on any
interval.

C-systems are studied in the theories of approximation and
methods of interpolation, (e.g., [10] and [19]). Our goals in this
section are

(a) to show that the sets {cos(kz)}p_, and {sin(kz)}}_, are
C-systems (on appropriate intervals), and

(b) if the functions ¢y, ..., ¢, form a C-system on an interval I,
then, for every n distinct points zy,...,x, in I, the n xn
matrix (¢s(x;)), where s, t = 1,...,n, is nonsingular.

These results are used in Section 7.3 to determine the multiplicity

of the eigenvalues of the FT.

Theorem 1.3.2. For each positive integer n, the sets {cos(kxz)}}_,
and {sin(kx)}_; are C-systems on the intervals [0, 7] and [0, ),
respectively.

Proof. First, we show that the set {cos(kx)}}_, is a C-system on
the interval [0, 7]. Suppose that aq, . . ., a, are real numbers, not all
zero, and that @ is a real-valued function defined on the interval
[0, 7] by

&(x) = Z ar cos(kx).
k=0

Since cos(kz) = (e** + e7*) /2 we can express @ in terms of the
exponential function as
1 - ikx —ikx
&(x) = Zak(e + e

2
k=0

k=—n
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where
ag if k>0,
b =< 2aq if k=0,
a_p if k<0,
and ¢, = bg_,.

The equation @(x) = 0 is equivalent to the equation H(z) o
iio cxz® = 0, where z = €™ is a point on the unit circle S' =
{e® | —m < z < w}. Since the coefficients ¢y, ..., cs, are real
numbers, it follows that if 2 = €™ is a root of H, then z = ¢=™@
is also a root of H. Equivalently, considered as a function of x,
H(z) = 0 if and only if H(—z) = 0. Consequently, the intervals
[—7,0] and [0, 7] contain the same number of roots of H. Since H
is a polynomial of degree at most 2n, it has at most 2n roots in
the complex plane; hence the unit circle S*, being a subset of the
complex plane, contains no more than 2n roots of H. Therefore,
the interval [0, 7| contains at most n roots of H. Since H and ¢
have the same roots in the interval [0, 7], the function @ has at
most n distinct roots. This proves that the set {cos(kz)}}_, is a
C-system on the interval [0, 7].

To prove that the set {sin(kz)}}_, is a C-system on the interval
[0, 7), we assume that ay, . .., a, are real numbers, not all zero, and
that @ is a real-valued function defined on the interval [0, 7) by

n

&(r) = Z ay sin(kx).

k=1

Since sin(kz) = (e** — e7*)/(2i), we can express @ in terms of

the exponential function as
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ikr efzkx)
ikx

1 n

&(z) = Y Zak(e
k=1
1 n

= 9 kz_ bke

1 O :
_ . b i(k+n)x
Digina kz_n ke

2n
1 .
ik
= gjeins 20
k=0

where
a, if k>0,
b, = 0 if k=0,
—a_y if k<0,

and ¢ = bg_y,.

The equation @(x) = 0 is equivalent to the equation H(z) =
o cx?® =0, where z = € is a point on the unit circle S =
{e" | —m < x < 7}. The same arguments given before (in the case
for cosine) show that the interval [0, 7] contains at most n roots
of H. Since H(m) = 0 and since H and ¢ have the same roots in
the interval [0, 7), the function @ has at most n — 1 distinct roots
in [0, 7). This proves that the set {sin(kz)}}_, is a C-system on
the interval [0, 7).

The following lemma is a basic result from linear algebra, which
we will use in the proof of the next theorem.

Lemma 1.3.1. Consider two matrices

a1 12 e A1n

921 929 e Qon,
A=

an1 An2 Apn

nxn
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and
bii bz ... b
B b21 b22 .. bZn ,
bkt bk oo b/,

where A is nonsingular and B has an arbitrary number of rows.
Suppose that the entries of A and B are real numbers and M is a
(k+n) x n matriz formed by the rows of A and B (in any order).
Then the columns of M form n linearly independent vectors (in
Rn+k>'

Proof. Denote the column vectors of A and M by A;,..., A, and
My, ..., M,, respectively. If ¢y, ..., ¢, are real numbers such that
ciMy + -+ ¢, M, =0, the zero vector, then

ClAl—f—"'—f—CnAn:O.

Since A is nonsingular, its column vectors Ay, ..., A,, are linearly
independent, which implies that ¢; = --- = ¢, = 0. Thus, the
vectors My, ..., M, are linearly independent.

Another proof of the lemma is given as follows: since A is non-
singular, its row vectors are linearly independent, so the row rank
of M is at least n. Since the row rank and column rank of a matrix
are equal and M has only n columns, these column vectors are
linearly independent.

Essentially, the lemma says that after inserting into a non-
singular square matrix any number of arbitrary row vectors, in
any order, the column vectors of the new matrix are linearly
independent.

Example 1.3.2. Consider the nonsingular matrix

1 2
A:( ) |
3 42><2
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By the lemma, the column vectors of each of the following matrices

105

12 T 1
0 5 , , and

3 4 3 4 -5

3x2 14 14/, , 3

—1.3

are linearly independent.

Theorem 1.3.3. Suppose that ¢q,..

—79
27.1
2
6.25
4

71_2

6x2

., On are continuous real-

valued functions defined on an interval I. Then the following state-

ments are true:

(i) The functions ¢y, ..
and only if for every n distinct points x1, . .
(Ds(x1))pxen 8 nonsingular.

(ii) Let by, ...
let 1, ..
functions @1, .

o1(w1)  pa(71)
P1(w2)  P2(w2)

an(l'l) b1
. ¢n($2) by

&1(37%1) G2(Tny1)

15 nonsingular.

Proof. Suppose that ¢q,...
tions defined on the interval I.

., On form a C-system on the interval I if
. Ty, in I the matrix

,bni1 be alternating sign nonzero real numbers and
-, Tng1 be points in I, where x; < xy if j < k. If the
.y O form a C-system on I, then the matriz

(1.8)

- On(Tns1) ug (n+1)x(n+1)

, ¢, are continuous real-valued func-

(i) Assume that the set {¢x}y_; is a C-system on [ and

T, .

..,x, are distinct points in I. Suppose that the matrix

(hs(¢))nxn is singular. Then its transpose is also singular, so the

column vectors of the transposed matrix

¢1(w1)  @alw1) Pn(z1)
¢1(72)  Pa(w2) Pn(T2)
¢1 (In> ¢2(In> an (:)Sn)
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are linearly dependent. Hence there are constants cq,...,c,, not
all zero, such that the equation ¢;¢1(x) + -+ + ¢,dn(x) = 0 has n
distinct roots, namely, x4, ..., x,. This is a contradiction.
Conversely, assume that the matrix (¢s(z))nxn i nonsingular
for every n distinct points x1,...,x, in I. Let vy,..., v, be real
numbers and consider the real-valued function @ defined on I by

@(ZE) - Ulqsl(x) +eet Ungbn(x)'

If the equation @(x) = 0 has more than n — 1 distinct roots in I,
then it has at least n distinct roots in 1. Denote these n roots by
r1,...,7n. We have

Vi1 (r1) + -+ v @n(r) =

0
UIQZSI(TQ) +-- vngbn(TQ) 0

V11 (rn) + -+ + VP () = 0.

This system of equations is equivalent to Mv = 0, where

¢1(r1)  @2(r1) . Balr)
M= ¢1(:7”2) ¢2(7“2) e ¢n(:7”2)
G1(rn)  Pa(rn) oo Bulrn) X
and

By the assumption, the matrix M is nonsingular. It follows that
v = 0, i.e., every v equals zero. Thus, if the numbers vy, ..., v,
are not all zero, then the equation @(x) = 0 has no more than
n — 1 distinct roots in . That is, the functions ¢4, ..., ¢, form a
C-system on the interval I.

(ii) Assume that the functions ¢y, ..., ¢, form a C-system on
the interval I and xy,..., 2z, are distinct points in / such that
x; < xy, if j < k. By (i) the matrix
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¢1(1’1) ¢2(1’1) e ¢n(l’1)

¢1(1’2) ¢2(1’2) e ¢n(l’2)

Oi(m) Ga(wa) ... dalan)),

is nonsingular. By the lemma, the column vectors of the matrix

¢1(1’1) ¢2(331) ¢n(l’1)
: : , 1.9
@) ) . Gl o
¢1(xn+1) P2 (xn—&-l) e ¢n(xn+1) (n+1)xn

which is obtained by inserting the row vector (¢1(zy+1), ¢2(Tns1),

e ¢n(xn+1)) into the previous matrix, are linearly independent.

These vectors are the first n column vectors of the matrix (1.8).

We aim to show that the vector

by

b= :
bn+1

is linearly independent of the column vectors of the matrix (1.9).
Suppose that b is linearly dependent on the column vectors of
the matrix (1.9); i.e., there are constants ci,...,¢,, not all zero,
such that
c191(x;) + -+ + cadn(a;) = b;.
Since none of the numbers by,...,b,,1 is zero and they have
alternating sign, the function c¢;¢1 + - - - + ¢,¢,, has a root in the
open interval (z;, xj11) for every j = 1,...,n. Since there are n of
these open intervals and no two of them have a point in common,
the function ¢1¢1 + - - - + ¢, ¢, has at least n distinct roots. These
roots all lie in I, since each interval (z;, z;41) is a subset of I.
The last sentence contradicts the assumption that the functions
01, ...,0, form a C-system on I or, equivalently, that any linear
combination ¢1¢1 + - - - + ¢, ¢,, with at least one nonzero coefficient
cannot have more than n — 1 distinct roots in I. Thus the vector
b is linearly independent of the column vectors of the matrix (1.9)
or, equivalently, the matrix (1.8) is nonsingular.
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Linear Algebra

The FT is a linear operator defined, for our purposes, on finite-
dimensional inner product spaces. Given a finite Abelian group G,
we will define the FT (in Chapter 4) to be a linear operator on
a finite-dimensional inner product space associated with G. More
generally, in this chapter, we define an association of sets with
inner product spaces. We also define dual bases and a special type
of linear operator, i.e., a type of operator that carries orthonormal
bases to orthonormal bases. These operators are then formulated
in terms of orthonormal bases and the dual of these bases.

The following definition will be used throughout this book: For
any nonempty set S and any complex-valued function f defined
on S, the complex conjugate of f, denoted by f, is defined, for

s €S, by f(s) = f(s).

2.1 Inner Product Spaces

Let V be a complex vector space, i.e., a vector space over the
field of complex numbers C. An inner product in V is a function
(-,-): V. xV — C which is required to satisfy the following pro-
perties: for x, y, z € V and ¢ € C,

(x,y) = (y,x) (conjugate symmetric),
(r,2) >0 ifx#£0 (positive),

(x,2) =0=2=0 (definite),

(cx +y,2) = c(z, 2) + (y, 2) (linear in the first variable).

B. Luong, Fourier Analysis on Finite Abelian Groups, Applied and 23
Numerical Harmonic Analysis, DOI 10.1007/978-0-8176-4916-6 2,
© Birkhiduser Boston, a part of Springer Science + Business Media, LLC 2009
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A vector space in which an inner product is defined is called an
inner product space.

Example 2.1.1. The complex Euclidean vector space C™ is an inner
product space with the inner product defined by

<$7 y) = ijgja
j=1

where x = (21, ...,z,) and y = (y1, ..., y,) are vectors in C".

Suppose that V' is a complex inner product space. The norm
(or length) of a vector x € V', denoted by ||z, is defined to be the
(nonnegative) number \/ (x,x). Two vectors z and y in V' are said
to be orthogonal or perpendicular (in symbols, x L y) if (z,y) = 0.
The linear, positive and definite properties of the inner product
imply that the zero vector is the only vector that is orthogonal
to every vector in V. Consequently, the norm of the zero vector is
equal to zero. A nonzero vector x is called a unit vector if ||z|| = 1.
A subset E of V is called an orthonormal set if every vector in
E is a unit vector and if every vector in E is orthogonal to every
other vector in E. If, in addition to being an orthonormal set, F
is a basis of V| then FE is called an orthonormal basis.

There is a very useful inequality which guarantees that the
absolute value of the inner product of two vectors is never greater
than the product of the norms of the vectors involved. The men-
tioned inequality is known as Schwarz’s inequality. Although we
will use only Schwarz’s inequality (in the remark at the end of
Section 2.2 below, and in Sections 5.2 and 5.3), we also list other
well-known inequalities and identities involving norm of vectors in
the following theorem.

Theorem 2.1.1. Suppose that V is a complex inner product space.
The following inequalities and identities hold: for any x, y € V,
(i) (Bessel’s inequality) if {e; | j = 1,...,k} is an orthonormal

subset of 'V, then
k

> Kz < il

Jj=1

equality holds if and only if © = 2?21@:, e;)e;;
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(ii) (Schwarz’s inequality) |(x,y)| < ||z|||lyll, furthermore, if y #
0, then equality holds if and only if x = cy, where ¢ =
(@ u)/lyl1*

(ili) (Triangle inequality) ||z + y|| < ||z|| + |ly||, furthermore, if
y # 0, then equality holds if and only if * = cy for some
nonnegative constant c;

(iv) (Pythagorean theorem) ||z + y||* = ||z||* + [Jy||* if = L y;

(v) (Parallelogram law) ||z + y||* + [l — y|I* = 2|z [* + 2[|y||*.

Proof. (i) For the Bessel inequality, we note that

k
0< |z =D (@ edes

2

:1k )
- ||:E||2 - Z<xv 63><65,ZE> - Z <I,65><[E, 65>
+ Y (we) (@, e (es ex)

k
= ||l2[I* = > [(z, e.)?
s=1

(ii) The Schwarz inequality holds trivially if y = 0. For y # 0 it
is a special case of the Bessel inequality, in which the orthonormal
set is taken to be the set {y/||y||} consisting of only one vector.

(iii) We use the Schwarz inequality to prove the triangle
inequality. Denote the real part of a complex number z by Rez.
Since

lz +ylI* = [[2]* + lyll* + 2Re(z, ) (2.1)
< |lz|l* + Iyl +2|{z,y)| (by the fact that Rez < |z|)

(2.2)

< |lz|* + [ly|I* + 2l|=|llly]|  (by the Schwarz inequality)

(2.3)

= (llzll + llyI)*,

the triangle inequality follows.
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If y # 0, then ||z +y|| = ||z]| + ||ly| if and only if we have equal-
ity in (2.2) and (2.3) or, equivalently, Re(z,y) = (x,y) = ||z||||y]|-
By the Schwarz inequality, the latter equality is equivalent to
x = cy, where ¢ = (x,y)/||y||* > 0.

The remaining statements (iv) and (v), that is, the Pythagorean
theorem and the parallelogram law, follow from (2.1).

There is a simple geometric interpretation of the Bessel inequal-
ity. Since the sum Zf:1<x, e;)e; is the orthogonal projection of  in
the subspace spanned by the orthonormal vectors e;, j = 1,...,k,
the Bessel inequality states that the norm of any vector x is always
greater than the norm of its orthogonal projection in any finite-
dimensional subspace, unless the subspace in consideration con-
tains x, in which case x and its orthogonal projection are identical.

Remark. We shall use the same notation for inner products in all
inner product spaces; consequently, we shall use the same notation
to denote norms in all inner product spaces.

Let A: V — W be a linear operator, where W is also a complex
inner product space. The operator A is said to be an operator on
Vit W =1V, a linear functional if W = C, and an isometry if it
is one-to-one, onto, and preserves the inner product, i.e.,

{(A(z), Aly)) = (2,9)

for all z, y € V. It is easy to verify that the inverse of an isometry
is also an isometry. Hence, we can speak of an isometry between
two inner product spaces. Two complex inner product spaces V'
and W are said to be isometric (in symbols, V' ~ W) if there is
an isometry between them.

2.2 Linear Functionals and Dual Spaces

Suppose that V' is a complex inner product space (not necessarily
finite-dimensional). The set V* of linear functionals on V is a
complex vector space with respect to the pointwise definition of
addition and scalar multiplication defined as follows: for f, g € V*
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and ¢ € C, the sum of f and g, denoted by f + ¢, and the scalar
multiplication of f by ¢, denoted by cf, are defined by

(f +9)(@) = f(x) +g(z)
cf (x) = c(f(x))

for all x € V. The vector space V* is called the dual space of V.

To exhibit some elements of V*, for each y € V', we define the
function ¢,: V' — C by setting ¢,(z) = (z,y). Since the inner
product is linear in the first variable, ¢, is a linear functional on
V', that is, £, € V*. In fact, every linear functional on V' can be
obtained in this way if V is finite-dimensional. This is the main
content of the next theorem, which is a special case of a famous
theorem known as the Riesz representation theorem.

Theorem 2.2.1. Let V' be a finite-dimensional complex inner
product space. The function ¢:'V — C is a linear functional if
and only if there is a unique vectory in 'V such that {(z) = (z,y)
for all x in V.

Proof. It remains to show only that if ¢ is a linear functional on
V', then there is a unique y € V such that ¢(z) = (z,y) for every
z €V.Let n=dimV and let {b;}7_; be an orthonormal basis for

V. 1f z € V, then x can be written uniquely as
n

T = Z<I, b]>bj

J=1

Since / is linear, we have
n

x) = (b))

j=1

(w,0(b;)b))

- <ZE, iz(bj)bj>

= (z,y),
where y = Z?Zl {(b;)b;. To prove the uniqueness of y, assume
that there is another ¢y’ € V such that {(z) = (z,y’) for all z in
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V. Tt follows that (z,y —y') = 0 for every vector z in V', whence
y—y =0ory=1y.

By Theorem 2.2.1, there is a one-to-one correspondence between
V and V*, which is given by v < £, where {,(z) = (z,v) for all
x € V. Since

ley=20l, and L,y =L, + Ly, (2.4)

for all v, v" € V and ¢ € C, the correspondence v < £,, which is
conjugate linear, induces an inner product in V* defined in terms
of the inner product in V' by the equation

(ly, ly) = (v, 0'). (2.5)

Consequently, the relation ||¢,|| = ||v|| holds for every v € V;
i.e., every linear functional on V has finite norm or, equivalently,
bounded.

For each v € V, the linear functional ¢, called the dual of v, is
often denoted by v*. With this notation, we have

v (x) = (z,v). (2.6)

In general, bases of V' induce bases of V*. Furthermore, ortho-
normal bases induce orthonormal bases. A special case is illus-
trated next. Suppose that n = dimV and E={e; | j =1,...,n}
is an orthonormal basis for V. Since every element of V* is of the

form v* for some
n

v = Z(v,q)ej eV,
j=1

by (2.4) we have

n

vt = Z (v, ;) €].
j=1
It follows that the set E* = {ej | j = 1,...,n} spans the space
V*. Moreover, the relation (2.5) implies that E* is an ortho-
normal set, hence it is an orthonormal basis of V*. Consequently,
we have dim V' = dim V*. The basis E* is called the dual basis
of E.
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Remark. As mentioned, Theorem 2.2.1 is the finite-dimensional
case of the Riesz representation theorem. The main conclusion of
Theorem 2.2.1 is that every linear functional ¢ is given in terms
of the inner product. Consequently, ¢ is bounded. Observe that
any linear functional ¢ defined in terms of the inner product as
((x) = (x,y) for some fixed y is bounded regardless of the dimen-
sion of V. That is, [¢(x)] < |z|/||y|| for all z. This fact follows
from the Schwarz inequality. Thus, to modify the statement of
Theorem 2.2.1 to get a general version of the Riesz theorem for
infinite-dimensional Hilbert spaces we must add the hypothesis
that ¢ is bounded. For a beautiful introduction to the topic of
Hilbert spaces and a nice proof of the Riesz representation theo-
rem see [4].

2.3 A Special Class of Linear Operators

It is simpler to define a general family of operators of which the
FT is a member than to define the F'T itself. This is what we do
in this section.

Let S be any nonempty finite set and let Vs be the set of all
complex-valued functions defined on S. Then Vg is a complex vec-
tor space with respect to the pointwise definition of addition and
scalar multiplication. Furthermore, Vs becomes an inner product
space with an inner product defined by setting

(fr9) =" f(s)g(s):

seS

With this definition, it is simple to construct an orthonormal basis
for V. For each s € S, let §,: S — C be the function defined by

IO S
0 ifs##t.

Then it is obvious that the set Ag = {ds | s € S} is an orthonormal
basis for Vg, called the standard basis. Since S is a finite set, Vg is a
finite-dimensional complex inner product space. In fact, Vg >~ C”,
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where n = |S|. Hence, S can serve as an index set for any basis
of Vs.

Suppose, in addition to Ag, that Bs = {Bs | s € S} is
another orthonormal basis of V. Since every x € Vg can be written

uniquely as
r=Y (v,B)B,=> B.Bi(v),

seSs sesS

the identity operator on Vs can be expressed uniquely in terms of
the basis Bg and its dual B% as

I =) BB (2.7)

ses

In terms of the dual basis Af, we have

B: = (B:.5;)6; => (6, B)6;,

tes tes

whence

I = (6, Bs) B

s, te s

It follows that the image of any x € Vs under any linear operator
A on Vg is given by

Aw) = 3 (6, BYA(B,) ().

s, tes

Hence,
A= " (5, BYA(B,)S;. (2.8)
s, tes
In equation (2.8), for each s € S, A(Bs) can be any vector in V.
Now we single out an operator that maps B, to the unique element
of the basis Ag that is associated with B, in a very natural way:

for a fixed s € S, by (2.7),
B, =) BB;(B)) =Y _6.(t)B. (2.9)
tes tes

The uniqueness of this expression (of B; in the basis Bg) induces
a one-to-one correspondence By <+ dg, which is independent of any
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enumeration (or indexing of elements) of the basis Bg. Through
this correspondence, we define a linear operator F on Vs by setting
F(Bs) = 65 for every s € S.

The next theorem follows from the definition of F and equa-
tion (2.8).

Theorem 2.3.1. Assume the following:

(al) S is a nonempty finite set and Vs is the associated inner
product space of complex-valued functions on S;

(a2) Ag = {05 | s € S} and Bs = {Bs | s € S} are two ortho-
normal bases of Vs, where Ag is the standard basis;

(a3) F is the linear operator on Vg such that F(Bs) = 05 for every
s € S, where &4 is the unique vector in Ag associated with By
by equation (2.9).

Then
(cl) F = sttes@t, By)0s67,

(c2) F is an isometry, and

(e3) Ff(s) = (f,Bs), for any f € Vs. (Here we write Ff for
F(f).)

The complex number (f, By) is called the s-coefficient of f in
the orthonormal basis Bg.

If G is a finite Abelian group, the FT on G is the linear operator
F described in Theorem 2.3.1 with respect to a particular ortho-
normal basis B, which we will define in the next chapter.

Exercises.

5. Let V be a complex vector space, not necessarily finite-
dimensional. Is every non-identically zero linear functional
on V surjective?

6. Let V be a finite-dimensional complex vector space, not
necessarily an inner product space.

(i) Assume that f and g are linear functionals on V' and
that f(z) = 0 whenever g(z) = 0. Show that f = cg for
some constant c.
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(ii) Let {b1,...,b,} be a basis of V and let {cy,...,c,} be
any set of constants. Show that there is a unique linear
functional f on V such that f(b;) =¢; for j=1,...,n.

(iii) Let « be a nonzero vector in V. Prove that there is a
linear functional f on V' such that f(x) = 1.

(iv) Let f be a nonzero linear functional on V. Prove that
there is at least one vector # € V' such that f(z) = 1.

(v) Let fi,..., f, be linear functionals on V, where n <
dim V. Prove that there is a nonzero vector x € V' such
that fj(z) =0forj=1,...,n

Let V' be an inner product space, not necessarily finite-
dimensional, with the underlying field of scalars F, where
either F = R or F = C. Let x and y be two vectors in V/,
prove the following statements:
(i) If F =R and [|z]| = |ly[|, then (z +y) L (z —y).
(ii) f F = R, then z L y if and only if ||z+y||* = ||z||*+y||*.
(iii) If F = C, then = L y if and only if ||z + cy||* = ||z]|* +
lcy||? for every complex number c.

Let F~! denote the inverse of F. For f € Vg, prove that

f=Y (Ff6)B, and F'f = (f5,)

ses ses
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Characters of Finite Groups

There are two goals in this chapter. The first goal is to sufficiently
develop the theory of characters of groups, which will enable us
to reduce the study of characters of finite Abelian groups to the
study of characters of finite cyclic groups. Second, we investigate
the characters of finite cyclic groups. Throughout the rest of the
book, we use the symbol C* to denote the multiplicative group of
nonzero complex numbers.

3.1 Definition and Basic Properties of
Characters

Definition 3.1.1! A character of a group G is a homomorphism
from G into the multiplicative group of nonzero complexr numbers.
That is, a character of G is a function x: G — C* that satisfies
the equation x(ab) = x(a)x(b) for all a, b € G. A character x is
called trivial (or principal) if x(g) =1 for all g € G.

It follows from this definition that: (1) every group has a charac-
ter, namely, the trivial character. The trivial character of a group
is often denoted by xr. (2) Every character maps the identity of
G to 1.

Let x and x’ be characters of G. The pointwise product of x and
X' is the function xx': G — C* defined by xx'(9) = x(9)x'(9).

1 The type of character defined in this definition is also known as Abelian character
or one-dimensional representation of G in C.

B. Luong, Fourier Analysis on Finite Abelian Groups, Applied and 33
Numerical Harmonic Analysis, DOI 10.1007/978-0-8176-4916-6 3,
© Birkhiduser Boston, a part of Springer Science + Business Media, LLC 2009
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Theorem 3.1.1. The characters of an arbitrary group G form an
Abelian group with respect to the pointwise product.

Proof. Suppose that x, x’, and x” are characters of G. We must
verify the following five properties that define an Abelian group:

(i) the pointwise product xx’ is a character of G (closure);
(i) xx' = x'x (commutative);

(i) (x )X =x(x'x") (associative);
(iv) xx, = (existence of the identity);

(v) ~! (necessarily unique) such
= x, (existence of the inverse).

v) for each X, there is a character y

that yy !

Statements (i)-(iv) are trivial. To prove (v) let x™': G — C* be
the function defined, for each g € GG, by

XH9) =x(97").
It is easy to check that x~! is a character of G and yx ' = x,.

The group of characters of GG is denoted by G and is called the
character group or the dual group of G.

Suppose that h: G; — G5 is a homomorphism of groups and
x is a character of Go. The pullback of x by h, denoted h*y, is
defined by h*y = x o h, the composition of x and h. Since the
composition of two homomorphisms is again a homomorphism, it
follows that the pullback of a character of (G5 is a character of Gz;.
Consequently, there is a one-to-one correspondence between the
groups of characters of any two isomorphic groups. In fact, we can
say more.

Theorem 3.1.2. Isomorphic groups have isomorphic character
groups. That is, if G1 and Gy are groups and Gy = Gs, then
Gy = G,.

Proof. Suppose that h: G; — G5 is an isomorphism and y» is a
character of G5. Consider the diagram

G, " a,

A,XQ

C*
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Note that the pullback ys0h of s is a character of GG;. Conversely,
every character y; of Gy is a pullback of some character y, of G
(simply set xo = x1 o h~'). Thus the function h*: Gy — Gy is
surjective. Now we show that h* is an isomorphism in steps (a)
and (b) as follows:

(a) Homomorphism: If y,, x, € G, then, by the pointwise defini-
tion,
h*(x2x2) = (h*x2) (h*x3)-
(b) Kernel(h*)={identity}: For j = 1,2, let x, be the trivial
character of G;. If h*x2 = X, , then x2 0 h(gi) = 1 for every
g1 € G1. The bijectivity of h forces x2 = X, -

Next we define the tensor product of characters and show that
a character of a direct product of groups is the tensor product of
characters of its summands. Suppose that G; and G5 are groups
and y; and y» are characters of G; and G5, respectively. The tensor
product of x1 and s is the function xy; ®xo: G X Gy — C* defined
by
X1 ® X2(91, 92) = X1(91)x2(92)- (3.1)
There are two immediate consequences of this definition:

(i) The tensor product is not commutative. In general, y; ® x2
and yo ® x; have different domains.

(i) It follows from the definition of the binary operation of the
group (G; X GG, the definition of y; ® x2, and the commutativity
of the product of complex numbers that the tensor product
X1® X2 is a character of G; x GG5. Furthermore, every character
of G x G4 is of the form y; ® xo; the truth of this is guaranteed
by the next theorem.

Theorem 3.1.3. Suppose that Gy and G are groups. Then x is a
character of G x Gz if and only if x = x1 ® x2, for some x1 € Gy
and xo € Gs.

Proof. It remains to show that if x is a character of G; x Ga,
then there are characters y; of GGy and xs of G5 such that y =
X1 ® X2. Since the injection 1;: Gy — Gy X Go given by 1;(¢g1) =
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(g1,1) is a homomorphism, the pullback of x by #; is a character
of G;. Similarly, the pullback of x by 1, is a character of Gs. It is
straightforward to check that if y; = jx and x2 = X, then

X = X1 ® Xa-

A consequence of Theorem 3.1.3 is that the dual of a direct
product is the tensor product of the duals. In the following coroll-
ary, G @Gy = xi®x2|x1 € Gy and X2 € G2}

Corollary 3.1.1. If G; and G5 are groups, then
G1/>-<\G(2 = él & GQ.

It is clear that the complex conjugate of a character is also a
character. It turned out that, for finite groups, the complex con-
jugate of a character is exactly its inverse, as we shall see shortly.

Suppose that y is a character of G and g is an element of
G having finite order k. Since x(¢9)* = x(¢*) = x(1) = 1, it
follows that characters send elements of finite order to roots of
unity. In particular, if G is a group and n is the smallest positive
integer such that ¢" = 1 for every g € G, then elements of G
are mapped to nth roots of unity by characters. In this case, the
codomain C* in the definition of characters can be replaced by the
set U, = {8 | &, = e*™/" 0 < k < n} consisting of all nth roots of
unity, which is a cyclic subgroup of C* having &, as a generator.?
Therefore, if ¥ € G, then Ix(g)| = 1 for all g € G. Hence

1

X(9) = x(g9) = (g

)= x(g7") =x""(9),
which gives

Y=x" (3.2)
We emphasize that equation (3.2) is a consequence of the existence
of a positive integer n such that ¢" = 1 for every g € G; the

2 Though it is not needed in our work, we point out the fact that other generators
of U, have the form £¥ where k is relatively prime to n. There are (n) of such.
Here ¢ is the Euler phi function; p(n) is the number of positive integers less
than n that are relatively prime to n and ¢(1) = 1. Note that if n > 1, then
0 < p(n) <n.
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smallest of such integers is known as the exponent of G. This is
the case if G is a finite group.

Since Theorem 1.1.3, Theorem 3.1.2, and Corollary 3.1.1 reduce
the study of characters of finite Abelian groups to the study of
characters of cyclic groups of finite order, we concentrate our inves-
tigation on characters of groups of the latter type in the remainder
of this section.

The characters of U, are easy to find. Suppose that g is a gene-
rator of U, and h: U, — U, is a homomorphism. If h(g) is known,
then, since h(g*) = h(g)*, h(g*) is determined, so h(u) is deter-
mined for all u € U,,. Thus a choice for h(g) determines h uniquely.
Since the group U, has n elements, there are n choices for h(g).
Therefore, the character group U, has n elements, i.e., |Un| =n.
Also, since the identity function on U, is an element of Un of order
n, the dual group U, is cyclic. Thus the groups U,, and its dual, U,.
are both cyclic and have n elements. By Theorems 1.1.2 and 3.1.2,
we can summarize this result as follows.

Theorem 3.1.4. If n is a positive integer, then Z, = L.
Corollary 3.1.2. If G is a finite Abelian group, then G = G.

Proof. Corollary 3.1.2 follows from Theorem 1.1.3, Theorem 3.1.2,
Corollary 3.1.1, and Theorem 3.1.4 (in that order).

Example 3.1.1. Using additive notation for the binary operation
on Z,, a character of Z,, is a function y: Z, — U, such that
x(a+b) = x(a)x(b)

for all a, b € Z,. Since addition modulo n is a binary operation
on Z,, the sum a + b in the previous equation implicitly means
(a+b)(mod n). For each a € Z,, let x4: Z,, — U, be the function
defined by

Xa(b) = & (3.3)
Then for by, by € Z, we have
Xa(by + ba) = 1010 = €016 — X (b1) Xa (ba)-

Thus Y, is a character of Z,.
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Moreover, x, = Xp if and only if a = b. The truth of this
statement can be seen as follows: since it is obvious that if a = b,
then x, = x», we need only to show that if y, = x, then a = b.
The equality x, = xp implies that x,(1) = xu(1) or ¢ = & it
follows that a = b(mod n). Since 0 < a, b < n we have a = b.

We have exhibited n characters of Z,, namely, xo,..., Xn_1-
These are all the characters of Z,, since |Z,| = n. Note that char-
acters of Z,, are symmetric in the sense that x,(b) = xs(a).

Example 3.1.2. Let x be a character of the group G =Z,,, x --- X
Zy,,. By Theorem 3.1.3, there is a point z = (z1,...,2,) € G
such that

X = Xa1 @+ @ Xa, d:efXaca

where Y., is a character of Z,,,. By definition of the tensor product
for characters we have

0) = X () X () = TR (3
for any y € G. Note that the second equality follows from (3.3). It
follows that

Xa(y) = xy(x) and Xu(y) = Xa(—y) = x—2(y), (3.5)

where —y is the inverse of y in G.
27
In particular, if n; = n for every j, then x,(y) = e~ ¥, where
Ty =Ty + -t TmlYm-

Example 3.1.3. A special case of the previous example is the case
n = 2. Since & = e*™/2 = —1, the characters of ZJ* are y, as x
ranges over Z5' and, for each z € Z1,

Xac(y) = (_1)ac~y
for every y € Z7'.

Exercises.

9. Let G and Gy be groups. Prove that the tensor product of
characters has the following properties: for x1, x; € G and

X2, XIZ S G27
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11.
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(X1 ® x2) (X1 ® X3) = X1X1 ® X2X5,
(x1®x2) ' =x1' ®@x5

For a nonempty subset S of a finite Abelian group G, let Gg

be the set of characters of G whose kernels contain .S, that

is, elements of G that map every s € S to 1. Prove that Gs

is a subgroup of G. The group Gy is called the annihilator

of S. Suppose that H and K are subgroups of G, prove the

following:

(i) if H C K, then Gy D G

(i) Gux = Gu N Gx, where HK = {hk | h € H, k € K};

(i) Gung = GuGk;

(iv) the map H — Gy is a bijection between subgroups of
G and G’;

(v) every character of G restricted to H is a character of H;

(vi) if R: G — H is the restriction map defined by R(x) =
X|» Where x|, is the restriction of x to H, prove that

(a) R is a homomorphism;
(b) the kernel of R is Gy;
(c) R is surjective.

Conclude that

N

o .. . .
H ., GE2H®Gy, and Gy =Q,
Gu

where () = fl is the quotient group of G' by H. Note
that H is not a subgroup of G.

(vii) If b € G and h # 1, then there is a character x € G
such that y(h) # 1. Equivalently, if a, b € G and a # b,
there is a character y € G such that x(a) # x(b).

Let G, G5, G3 be finite Abelian groups. The sequence 1 —
G1 — Gy — G3 — 1 is said to be an exact sequence if there
are homomorphisms « and 3, where

G %Gy L G,
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such that « is one-to-one, (3 is onto, and the kernel of [ is
identical to the range of a. Prove that the exact sequence
1 — G1 — G5 — G3 — 1 induces an exact sequence 1 —

G1 — G2 — Gg — 1.
12. Let G be a finite Abelian group. The double dual of G is
defined to be the dual of the dual of G; a natural notation

for the double dual of G is G. By Corollary 3.1.2, we have

G =~ G. This isomorphism depends on the isomorphism given
by the fundamental theorem of finite Abelian groups. Alter-

natively, we can define an isomorphism from G to G that is
independent of the fundamental theorem of finite Abelian

groups: let k: G — G be the map defined by g — kg,
where kg is a character of G given by re(X) = x(g) for every
X € G. Show that the map « is well-defined and is an isomor-
phism. The isoch)rphism k is called the natural isomorphism

between G and G.

3.2 The Orthogonal Relations for Characters

The notion of orthogonality of characters of finite Abelian groups
is indispensable in the development of the F'T. Most importantly
it implies that the characters of a finite Abelian group form an
orthogonal basis for the vector space of complex-valued functions
defined on the group. Based on this basis we define the FT.

Let G be a finite Abelian group and let H be a subgroup G.
We recall from Exercise 10 of the last section that G g 18 the sub-
group of G formed by characters of G which are identically 1
on H.

Theorem 3.2.1. If H is a subgroup of G and x € G, then

Pt 0  otherwise.
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Proof. Let A be the sum in the statement of the theorem. If y €
Gy, then x(h) = 1 for every h € H, so A = |H|. On the other
hand, if y & Gy, then there exists hy € H such that x(ho) # 1.
By Theorem 1.1 we have

A= x( X(ho) D x(h) = x(ho) A,

heH heH
whence A = 0.

In what follows it is convenient to enumerate the elements of GG
as gi, ..., gy, 1.e., we consider G = {gi, ..., g,}. Since, by Coroll-
ary 3.1.2, G and G have the same number of elements, G' can
serve as an index set for G. There are many different ways to
enumerate (or to index the elements of) G. For our purpose it
suffices to choose an enumeration of G such that Xg, 1s the trivial
character of G. For simplicity we write s for g,; that is, we identify
elements of G with their subscripts. Let X = (x;(¢)) be the matrix
whose (s,t) entry is the complex number (). It follows from
Corollary 3.1.2 that X is a square matrix of dimension 7). Further,
it G =272, X XZy,, then (3.4) implies that the characters of
G are symmetric (i.e., xs(t) = x¢(s)), whence X is a symmetric
matrix.

Ezxample 3.2.1. 1f G = Z,, then

11 1 o1
1 &, 5721 & 1
X = 152 3 ---fnnl) ,
n—1 2(n—1) (n—l)(n—l)
1 5 &n n nxn
27ri/n

Note that since &, i 1s an nth root of unity, some

where &, = e
n—1)(n— 1)2511-

entries of X may be simplified, e.g., f

Corollary 3.2.1. The sum of the entries in the first row of X 1is
1 and the sum of the entries in each of the remaining rows is zero.

That 1s,
n .
if s =1,
S {1 00
Py if s # 1.
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Proof. Set H = G in Theorem 3.2.1.

Ezample 3.2.2. Suppose that G = Z,,, X - -+ X Zy, . Then (3.4) and
Corollary 3.2.1 imply that the formula

> xalw) =) (TR ) {nl coeny, ifz =0,

v v 0 if x #0,

holds for any x = (x1,...,2,) € G. It follows that if n; = n for
every j, then we have

Z Q‘II"L'.I.y n™m if xr = O,
e n =
0 ifaz£0,

y Ly
for every x € Z™. In particular, for n = 2, since e™ = —1, the
formula
2m ifx =0
> (1= { N
e 0 ifz#0,

holds for x € Z7'.

If we denote the adjoint (i.e., conjugate transpose) of X by X*,
then the following corollary states that the inverse of (1 / \/n)X is

(1/y/n) X"

Corollary 3.2.2. The matrix (1/\/77)X 1S a unitary matriz; that
15, XX* =nl, where I is the n x n identity matriz.

Proof. Let M = (mg) = X X*. By the definition of matrix multi-
plication, the definition of the product of characters, the fact that
the pointwise product of two characters is again a character, and
the previous theorem we have

ma =3 xs()xak) = (X0 (k) = {” if xoxe = X,

1
el 0 if xsxe # X1-

Recall from (3.2) that y; = x; * and since each character has a
unique inverse, we have y,x; = x1 if and only if s = t.
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Since X is a constant (i.e., \/n) multiple of a unitary matrix
of complex numbers, the rows (and columns) of X are orthogonal
with respect to the standard inner product in C". Also, the length
of each row and column of X is 7. These results are the contents
of the next corollary.

Corollary 3.2.3 (Orthogonal relations).

(i) The rows of X, considered as vectors in C", are orthogonal
and each has length n. That is, if xs and x; are characters of
G, then

0 ifs#t.

(ii) The columns of X, considered as vectors in C", are orthogonal
and each has length n. That is, if xx 1S a character of G, then

- n ifs=t,
;Xk(s)X’“(t>_{o ifs 1.

Corollary 3.2.4 (Row and column sums of X).

(i) The sum of the entries in the (th row of X is

" ) if £=1 (the identity of G),
;Xﬂ(k) = {0 if 0 7& 1.

(ii) The sum of the entries in the (th column of X is
n .
if £=1,
2 xill) = {g f A1
k=1 Zf 7é °

Proof. Set s =1 in the previous corollary.

3 x(k)v(k) = {" yo =1,
k=1

It follows from (i) of Corollary 3.2.3 that the set

1 | i
BGz\/’G‘G:{\/‘G’X‘XeG} (3.6)

is an orthonormal subset of the complex inner product space Vg
associated with G. Since |Bg| = dim Vg, Bg is an orthonormal
basis for Vi;. We record this fact in the following theorem.
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Theorem 3.2.2. The set Bg is an orthonormal basis of V.

In the remainder of this section, we set some notation for the

rest of the exposition, point out the nearly homomorphism pro-
perty of functions in the basis B¢, and list two properties of the
function 4.

1)

Since |G| = |Bg|, the group G can serve as an index set for Bg.
In general, we write G = {x, | g € G} and

Be={B,| g€ G, where B, = (1//|G]) x4 }-

In this notation, every f € Vi can be expressed uniquely as

= Z<f7 Bg>Bg' (3-7>

geG

Because of the scalar multiplication, functions in Bg are not
homomorphisms and hence they are not characters. Never-
theless, we call Bg the character basis for V. Though not
homomorphisms, functions in Bg are “homomorphisms up to
the factor \/]G\ s i.e., for any B, € Bg, we have

By(xy) = /|G| By(2)B,(y)

for all x, y € G. This property of functions in Bg will be used
freely.

Suppose that h: G; — (G5 is an isomorphism of finite Abelian
groups. Then A induces the isomorphism h*: Gy — @1, which
was defined in the proof of Theorem 3.1.2 as the pullback by
h. For x € G5 and x, € éz, we denote the pullback of x, with
respect to h by xp-1(z), 1.€.,

h*X$ - Xh_l(x)- (38)

The isomorphism h* will play an important role in later develop-
ment (in Sections 6.3 and 6.4).

For any g in G, the function d, satisfies the following property:
if f: G — C and S is a nonempty subset of GG, then
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Z 5,1 (x { (9) ifges,
= if g &5,

where 0, f is the pointwise product of two functions. Thus, we
can think of 0, as the discrete Dirac delta function supported
at g.

For those who wish to pursue further into character theory we

recommend [8].

Exercises.

13.

14.

15.

16.

17.

Prove that
Z Xg = ’G‘dlﬁ
geqG

where 1 is the identity of G.

If y € G and n = |G|, then on G \ ker(y) we have

n—1
k _
X =

k=0

For x = (z1,...,2m) € G = Zy, X -++ X Ly, prove that
5x:5x1®®6xm

Let n be an integer greater than 2. Prove that if f; and f,
are elements of Vg, then
1 n—1
(ffo) = ; Ifr + & ol (3.9)

where we recall that &, = 2™/, Equation (3.9) is known as
the polarization identity.

Let f: S — GG be a map from a nonempty finite set S into a
finite Abelian group G. For any fixed g € G, the number of
points in S which are mapped to g by f, i.e., |f~(g)|, can
be expressed by the equation

IO SO

sesxeg
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18.

3 Characters of Finite Groups
Fix a nonzero vector

Ty
r=1\|: | eC

Tn

Define the rotation of x to be the vector

Tn
L1
rot(z) = ,
Tn-
The matrix M, = [z, rot(z), rot*(x), ..., rot" 1 (z)], whose

jth column is the (j—1)th rotation of x, is called the circulant
matrix generated by z. For example, the circulant matrix
generated by a nonzero vector

a
r=1|b|eC®
c
is
a ¢ b
M,=1b a c
c b a

A complex number A is called an eigenvalue of M, if there
is a nonzero vector y such that M,y = Ay. Such a vector y
is called an eigenvector of M, corresponding to the eigen-
value .

(i) Set p,(2) = p+xp 12+ Ty 22+ -+ 212" L., pu(2)
is the polynomial in a single variable z whose coefficients
are the coordinates of x. For j = 1,...,n, show that the
jth column of the matrix X in Example 3.2.1 on page 41
is an eigenvector of M, corresponding to the eigenvalue

E7 (&),
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(ii) Conclude that

n(n—1) n

det My = [T (€7 "po(&7N)) =& * [ wal&7).
=1 =1

(iii) Suppose that n is prime, p,(1) # 0, and not all coordi-
nates of x are equal (i.e., x5 # x; for some s and t).
Show that det M, # 0.

We will see later in Exercise 26 (page 62) that the FT diago-
nalizes M, for all nonzero vectors x € C".
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The Fourier Transform

As alluded to at the beginning of Chapter 2, the FT on a finite
Abelian group G is a linear operator on V5. A more specific
description was given at the end of Section 2.3: the F'T on G is
an operator of the type described in Theorem 2.3.1 with S = G.
In the following chapter, we formally define the FT and describe
some of its properties in the first section.

4.1 Definition and Some Properties

Suppose that G is a finite Abelian group, Vi is the inner product
space associated with G, Ag = {0,|g € G} and B¢ = {B,|g € G}
are standard and character bases for Vg, respectively. By (3.7),
each B, can be written uniquely as

By =Y (By,B)Bs =) 6,(s)B..

seqG seG

It follows from the uniqueness that the one-to-one correspondence
B, « ¢, is independent of the enumeration of vectors in the basis
B¢. Through this correspondent we define the FT.

Definition 4.1.1. The Fourier transform on the group G is the
linear operator on the associated complex inner product space Vg
which maps B, to o4 for every g € G.

The FT is denoted by either F or "; i.e., if f € Vg, we denote
the FT of f by either Ff or f. We will use the two notations

B. Luong, Fourier Analysis on Finite Abelian Groups, Applied and 49
Numerical Harmonic Analysis, DOI 10.1007/978-0-8176-4916-6 4,
© Birkhiduser Boston, a part of Springer Science + Business Media, LLC 2009
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interchangeably. By Theorem 2.3.1, we can express the F'T' in terms
of elements in the bases Ag and By as

F =Y (0 B.)b.o;. (4.1)

s,teG

The following properties hold: Let f, fi, and fs be complex-valued
functions defined on G.

(i) The FT is an isometry, i.c., (fi, fo) = (f1, f2). (This is known
as the Plancherel theorem.) In particular, ||f|| = || f]|.

(ii) f is the complex-valued function defined on G whose value at g
is the g-coefficient of f in the basis B¢, that is, f(g) = (f, By).

Equation (4.1) is the general expression for the FT operator in
terms of the bases Ag, Bg, and their duals. In practice, to find
the F'T of a function f, we often use the linearity of the FT, the
equation Bg = §,, and property (ii) listed above. For instance, if
f € Vi, applying the FT on both sides of equation (3.7) we obtain

f = Z (f, Bg>5g' (4.2)
geqG

Example 4.1.1. Suppose that G = Z,, X --- X Z,,, and [ is a
complex-valued function defined on G'. Then, by (ii), the value of
f at a point x in G is given by

fla) = (f,B,) = \/‘G’fxm wG‘Zf Xo(y

yeG

From (3.4) and the fact that |G| = ny ...n,,, we have

fay=, L e ), )

\/nl...nmyeG

In particular, if n; = n for every j, then

fay= 'S e gy, (4.4)

\/nm yezy
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It follows that if m = n = 1, then f = f forall f € Vz,,ie., the FT
is the identity operator on V7, . Since there is nothing interesting
about the identity operator, hereafter, when the group Z, is under
consideration, we assume that n > 2.

Ezample 4.1.2. Set n =2 in (4.4). Since e™ = —1, we have

fo) = S (currp)

\/2m ye Zgn
for all z € Z3".

There are three immediate consequences of equation (4.3):

1) Fora € G =Zy, X+ -XZLy,,, the translation by a is the operator
7, on Vg defined by f +— 7,f, where 7, f(x) = f(z+a). It follows
from this definition that the translation by a is linear and it is
straightforward to show that

Tl =xaf and  xof =7-uf, (4.5)

where x,f is the pointwise product of x, and f. The values of
the functions 7,f and x,f at a point x € GG are given by

~

Tof () = 2™ X wmi /) fr) and v, f(z) = f(z — a).

For the special case n; = --- =n,, = 2, we have

~

7of (@) = (=1)"" f(x)

for every x € Z3', where a € Z1'.

2) Suppose that u € Z,, is a unit. The dilation by u is the operator
d, on Vz, defined by f +— d,f, where d,f(z) = f(ux). It is
straightforward to show that dilation by w is linear and that

dof = du— 1. (4.6)

Since the only unit in Zs is the multiplicative identity, there is
no dilation on V7, other than the identity operator.
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3) The equation f (z) = f(—x) holds for every complex-valued
function f defined on G = Z,,, X --- X Z,,, where x € G and
—x is the inverse of z in G.

The following theorem, which characterizes nonzero constant
functions in terms of the FT, follows directly from the definition
of the FT. First, some terminology: the support of a function f
defined on G is the set

supp(f) ={g € G| f(g) # 0}.

Theorem 4.1.1. Suppose that G is a finite Abelian group and f is
a complex-valued function defined on G. A necessary and sufficient
condition that f is a nonzero constant is that f 18 supported only
at the identity. Furthermore, if ¢ is a constant (zero or nonzero),
then

¢ =cy/|G]dy.

Proof. By the linearity of the FT and the fact that B, = 1/,/|G],
for any constant ¢, we have

t=cl=c/|C 1@ — o/|G|Br = ey/|G| 6.

So, the FT of a nonzero constant function is supported only at 1.
Conversely, if supp(f) = {1}, then f = ¢/|G|¢&; for some
nonzero constant c. By taking the inverse F'T', we have

f=c/|G|B =ec

It follows from Theorem 4.1.1 that the F'T of the uniform distri-
bution on G, given by p(g) = 1/|G]|, is concentrated at the identity
with weight 1/4/|G].

The characters of the group G = Z,, X --- X Z,,, have some
special properties, namely, properties (3.5). Using these properties
we can derive a simple formula for the second FT of a function
defined on G in terms of itself.

Theorem 4.1.2. If f is a complex-valued function defined on G =
Ly X+ -+ X L,,, then
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for every x € G, where —x 1is the inverse of x in G.

Proof. By the linearity property of the FT, it suffices to prove
the theorem only for members of the basis Bg. For © € G, we
have .

By(x) = (By, Bz) = (09, Ba) = Bz(9).

~

Since, by (3.5), B.(g) = B,(—x), we have Bg(x) = By(—x).

Theorem 4.1.2; the definition of the FT, and (3.5) imply the
following corollary.

Corollary 4.1.1. For every x in G = Zy, X -+ X ZLy,,, we have
0, = B, = B_,, where —x 1is the inverse of x in G.

There are algorithms for computing the FT on Z,,! many of
which are relatively fast and they are known collectively as the
FFT (fast Fourier transform). There are many books on the FFT,
in particular, we refer the readers to [20].

Exercises.

19. Prove the formulas in (4.5) and (4.6).
20. Let f be a complex-valued function defined on G. Prove the
following;:

(i) f is identically zero if and only if f is identically zero.
(ii) The formula

¢|G| 2. 119)

geqG

holds.

! We will see later that, by Theorem 6.4.1, the FT on any finite Abelian group is
determined by the FT on Z,,.
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21. Let n be an integer greater than 2. Prove that if f; and f,
are elements of Vi, then

n—1

o) = SR+ &0+ )€

k=0

where we recall that &, = e2™/™.

22. Let f be a real-valued function defined on G. Consider the
following two statements:

(i) f(g) >0 forall g € G.

(ii) f(g) > 0 for all g € G, and there are at least two points
in G where f is not zero.

If either (i) or (i) holds, then |f(g)| < f(1) for every g € G
and g # 1.

4.2 The Fourier Transform of Periodic

Functions

Let G be either the group Z, or Z. Once G is defined, it is fixed
throughout the following definition: A complex-valued function
defined on G is said to be periodic if there is a positive integer
o € G such that f(x + o) = f(x) for all x € G. The smallest
of such o is called the period of f. If o is the period of f, then
the subset {1,...,0} of G is called the fundamental set of f; f is
determined if its values on the fundamental set are known.

We consider periodic functions on Z, and Z separately.

4.2.1 Periodic functions on Z,,

We begin with a theorem which describes a relationship between
the period of f: Z, — C and n, the number of elements of its
domain.

Theorem 4.2.1. The period of any periodic function defined on
Ly, divides n. Consequently, if p is prime, then the only periodic
functions defined on Z, are constants.



4.2 The Fourier Transform of Periodic Functions 55

Proof. Suppose that o is the period of f. If o { n, then, by the
Euclidean algorithm, n = go + r for a unique pair of integers ¢
and r, where ¢ > 1 and 0 < r < 0. As an element of the group Z,,
go + r =0, thus for any x € Z,, the periodicity of f implies that

flx)=fx+r+qo)=f(z+r).

Since this equation holds for all x in Z,,, by definition of the period
we have o < r, which is impossible.

Assume that f: Z, — Cis a nonconstant periodic function with
period . Since f is nonconstant, ¢ > 1. Also, by Theorem 4.2.1,
n = ko for some positive integer k. The periodicity of f implies
that

n—1

fs)= - Y e

Vn
t=0
k—1 (j+1l)o—1

Z > )

t=jo
k—1 o—1

ZZ t+ja)ft+]a>

] =0 t=0

) o—1 i
]_n Zefaflrlsja- Zei - Stf(t)
1]:—1 o—1 B
_ mstf
(AZE 1) Ee=om).

whence, with the aid of the geometric progression formula, we
obtain

0 if s is not a multiple of k,
f(s) = \\7; S e S mf(t) if s = mk for some integer m,
where 0 <m < o.

Thus, if f, is the function defined on the group Z, by f,(m) =
f(m), then
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0 if s is not a multiple of k,
fs) = VEf,(m) if s = mk for some integer m,

where 0 < m < 0.

Theorem 4.2.2. Suppose that f: 7Z, — C is a nonconstant perio-
dic function with period o. If f,: Z, — C is defined by f,(m) =
f(m), then

0 if s is not a multiple of n/o,
fs) = \/n/afa(m) if s=m(n/o) for some integer m,
0<m<oao,

where f} is the F'T of f, on Z,. Consequently, the number of points
where f # 0 is at most o.

Note that if f and f, are considered as functions defined on
sets Z, and Z,, respectively, then f, is the restriction of f to the
subset Z,. If the group structures on the domains of f and f,
are taken into account, then f, is not the restriction of f to Z,.
With respect to the addition in Z,, the sum of two elements of
Z, is again an element of Z,; on the other hand, the sum of the
same two elements with respect to the addition in Z,, might not be
in Z,.

For a periodic function f with period o, we have 7,f = f,
whence

fla) = 7o f () = 77 f(x) (4.7)
for every x € Z,. If f is nonconstant, then ¢ > 1 and, by Theo-
rem 4.1.1, f(z) # 0 for some nonzero = € Z,. We may con-
clude from (4.7) that /™% = 1 which in turns implies that
ged(z,n) > 1 (i.e., the greatest common divisor of x and n is
greater than 1). This result has a theoretical application to the
factoring problem: given an odd positive integer n, which is not a
prime, find a nontrivial divisor of n, i.e., a divisor that is greater
than 1 and less than n. We outline a three-step algorithm for a
solution to this problem as follows:
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Step 1: Define a nonconstant periodic function f: Z, — C.
Step 2: Find a positive = € Z, such that f(x) # 0.
Step 3: Find d = ged(z, n).

Of the three steps, Step 1 seems to be the most difficult and for
a large value of n Step 2 is also difficult. Once the first two steps
are done, the Euclidean algorithm can be used in Step 3. Because
of the difficulty in Step 1, the given algorithm is not useful in
practice.

4.2.2 Periodic functions on Z

Suppose that f: Z — C is a periodic function with period o.
If f,: Z, — C is the function defined by f,(k) = f(k), then f is
the periodic extension of f, to Z. The F'T of [ is defined by setting
f( ) = fU( ), where k is the projection of k in Z,, i.e., k € Z,
and k = k (mod o). Explicitly, for any j € 7Z,

Since e~ 5k = ¢="5'3% and f(k) = f,(k) for k=0,...,0 — 1, we
can write the previous equation as

B \/10 ST ), (4.8)

Since constant functions have period 1, it follows from (4.8) that
¢ = cforany c € C, that is, the FT of constant functions defined on
7 are supported everywhere. Notice that the result just obtained is
different from that of Theorem 4.1.1; this occurs because there is a
distinction between the definitions of the FT of functions defined
on Z and Z,,.

For each integer a, the translation by a is the linear operator
To: Vg — Vg given by f — 71,f, where 7,f(x) = f(x + a). For a
periodic function f: Z — C with period o, the relations (4.5) still
hold, i.e., - R - X

Tof =Xof and  Xof =74, (49>
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27

where in these equations x,(z) = e’= *. It follows from the second
equation in (4.9) that the FT of any periodic function defined on
7 is again a periodic function with the same period.

4.3 The Inverse Fourier Transform

Being an isometry, the F'T has a unique inverse which is called the
inverse Fourier transform (IFT). The IFT is denoted by either
F~ltor ;ie., for f € Vg, we denote the IFT of f by either F~1f
or f. We will use the two notations interchangeably. Since the
inverse of an isometry is also an isometry, the IFT is an isometry
of V. Consequently,

<f1,f2> = <f1,f2>

for every fi, fo € V. In particular, || f|| = || f|| for every f € Va.

By definition of the inverse, 59 = By for every g € G. This
result enables us to express f in terms of f. Applying the oper-
ator “on both sides of the equation

= Z<f, 5g>5g (4'10)

geG

we obtain

F=> (f,04)B,. (4.11)

geG

(Also, see Exercise 8, page 32.)

Comparing (4.2) and (4.11) we see that these equations for f
and f, respectively, are symmetric in By and 9§, in the sense that
we can obtain one equation from another by interchanging the role
of B, and d,. This symmetry is a reflection of the fact that the FT
maps each B, to d,, so its inverse maps each 6, to By, for every
g € G. Thus, many statements about the FT and the IFT are
symmetric. For instance, statements about the inversion formulas
for the FT (as we will see shortly in the next section) and the IFT
in Exercise 23 are symmetric.
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Example 4.5.1. Let G be the group Z,,, X -+ X Z,,, and let f bq
a complex-valued function defined on G. By (4.11), the value of f
at a point z in G is given by

1
T) = B,(r) = x
) E f(y)B,(z) /|Gl E Fy)xy(x)

yeG yeaG

From (3.4) and the fact that |G| = n; ...ny,, we have

TOENPREND Srau S V[ TR L)

\/nl... moocG

In particular, if n; = n for every j, then

f(z) \/ Z egzlmyf (4.13)

e ZTYL

Comparing (4.3) and (4.12), we can conclude that f( )= f( ) =
f(==).

Ezample 4.3.2. Since ¢™ = —1, by setting n = 2 in equation (4.13),
we have

: 1
Fo)= g 2 0

for all x € Z3". Comparlng this example to Example 4.1.2, we may
conclude that f = f. The converse also holds; that is, if f = f on
Vzm, then n = 2, which is proved later in Theorem 4.7.1. In other

words, the FT on ZJ' is a linear operator of order 2. Also, see
Theorem 4.1.2.

4.4 The Inversion Formula

Our next goal is to find the inversion formula for the F'T, that is,
the formula which expresses f in terms of f and functions in the
character basis. Let GG be a finite Abelian group and let f be a
complex-valued function defined on G. Since
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f: Z<faBg>B

geqG

and (f, By) = (f,0,), we have
= Z<f759>B

This equation is called the inversion formula for the FT. (Compare
to Exercise 8, page 32.)

Example 4.4.1. Suppose that G = Z,, X --- X Z,,, and [ is a
complex-valued function defined on G. For x € GG, by the inversion
formula, we have

= Z f(y)By(I)

yelG

- jG' S Fw)(@)

yeaG

SRID S C )

A ey
In particular, if n; = n for every j, then
271
W= LY e
\/ EZHL

Example 4.4.2. It n = 2, then

1 oA
)= o 2 00)

for all z € Z3".

Exercises.
23. Prove the inversion formula for the IFT: if f € Vg, then

f = Z<f7 Bg>59

gel
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24. Prove that the formula

¢|G| 2. 119)

geqG
holds for every complex-valued function f defined on G.

25. Suppose that f: Z — C is a periodic function with period
o. Prove the inversion formula: for every j € 7Z,

4.5 Matrices of the Fourier Transform

As a linear operator on Vg, the FT has a unique matrix represen-
tation with respect to the standard basis Ag.

Theorem 4.5.1. The matrix of the F'T with respect to the stan-
dard basis is X //|G|, where X is obtained by taking the complex
conjugate of the entries of X (the matrixz defined in Example 3.2.1
on page 41).

Proof. We enumerate G' and write G = {g1,. .., g, }. Also, for sim-
plicity we write d5 for d,, and B, for By,. Then the (s,t) entry of
the FT with respect to the basis Ag is (dy, d5). Since

n

o= (61, B;)o; = z": B;(t)d; = \}7} ZW:XJ (t)9;

j=1

we have

<5t7 5s> - \/7728(0

Hence the matrix of the FT is X /\/|G|.
We identify the FT with its matrix and write F = X /1/|G|.

Since F is the matrix of the F'T and since it is unitary (by Coroll-
ary 3.2.2), it follows that the matrix of the IFT is F~! = F* =
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X'//|G|, where X" is the transpose of X. Therefore, the adjoint
of the FT s the IFT, and conversely the adjoint of the IFT 1is
the FT. Equivalently, if f; and f, are complex-valued functions
defined on G, then

<f17f2> = <f17f2>-
This is expected since the FT is an isometry.

We can express the F'T and IFT in terms of the matrices F and
F~1, respectively, as

ff:f and F7lf = f.

In these equations, f, f, and f are considered as column vectors
whose coordinates consist of their values on G, respectively.

Exercise.

26. Set ¢, = e 2™/" Recall the matrix M, and the polynomial
pz(2) from Exercise 18 (page 46). Show that the FT on Z,
diagonalizes M., that is,

F*M,F = diag[\, ..., A,

where \; = ¢ 1p, (2.

4.6 Iterated Fourier Transforms

Let G =Z,, x--- X Z,,, and let f be a complex-valued function
defined on G. A point = = (z1,...,2,,) in G can also be written as
x = (x1,w), where w = (xg,...,2y,) is a point in Z,, X -+ X Z,, .
If w is fixed, then the equation f,(z1) = f(z1,w) defines the
function f,, on Z,,. The FT of f,,, denoted F; f,,, is given pointwise
by

flfw(xl) fun 1 Z fw yl B yl)

Y1 € an

where B,, is a character of the group Z,,. We can express Fj f,
in terms of f as

xl? Z f Y1, w B yl)

Y1 € an
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or

Flf(x) = Z f(ybx?v"'vxm)Baﬂl(yl)'

Y1 € an

In general, for j = 1,...,m, the FT of f in the jth-coordinate is
defined pointwise by the equation

Fif@) = > f@n gy m) By (),

Yj € Ln,

where B, is a character of the group Z,,;. Since the inner product
is linear in the first argument, the operator F; is linear.

Theorem 4.6.1. Consider the group G = Zy, X - -+ X Ly, and any
complex-valued function f defined on G. For any j, k=1,...,m,
we have

i.e., the operators Fi,...,F, are commutative (with respect to

composition).

Proof. If f is a complex-valued function defined on G, then for
J < k we have

FiFuf(x)

=7 Z f@y, Yk o ) Bey (k)

= Z f.jf(xh s Yk e 7xm)Bxk(yk)

- Z Z f(xh s Yio e Yk e 7:Em>BLE](yJ>BLEk(y/€>

Yk € Ly, Y5 €Ln,

— Z Z f(xl,...,yj,...,yk,...,$m)Bxk(yk)ij(yj)

Yj € an ykEan

— Z fkf(.%l,,yj,,.fm)ij(yj)

Yj € an
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:]:k Z fxlw"vy]?"'v )B$](y])

Yj € Zn
= FuF;f(z).
Thus F; and Fj, commute.

The following theorem states that the F'T of f can be obtained
by applying the operators Fi,...,F,, sequentially, in any order,
to f.

Theorem 4.6.2. Suppose that G = Zy,, X -+ X Ly, and € is a
permutation of the set {1,...,m}. As a linear operator on the
inner product space Vg, the FT, F, satisfies the equation F =
Fe) - Femy, the composition of the linear operators Fi, ..., Fp,.

Proof. By Theorem 4.6.1, it suffices to show that F = Fy---F,,
and we prove this by induction on m. The case m = 1 is trivially
true since F = F;. Suppose that the theorem holds for m =k —1,
where £ > 1, and consider the case m = k. Let f be a complex-
valued function defined on Z,,, x - - - X Z,, . For each y = (v, w,) €
Ly X =+ X Ly, Where §f € Ly, X -+ X Ly, and wy € Zn,, let fy,
be the function on Z,, x - - x Z,, , defined by f,,, (') = (¥, wy).
By the induction hypothesis, we have F f,, = Fi .. -J:k—1fwy; ie.,

Fioo Frorfu,( way

forall 2’ € Z,, x --- X Z
we have

Forw:(a:,wx)Eme---xan,

MNg—1"
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=F ... Fi (Z fwy(x/>sz (wy))
oA (z f(aﬁ’,wy)sz(wy)>

= fl e fk,lfkf(x', ’LUx)
= Fl ce fk_lfkf(d,’)

The proof is complete.

Concerning the inverse operator .7-71, by the equation for the
IFT (i.e., eq. (4.11)) we have

Z foe, oy, am) By, (25).

Yj GZn

From this equation it is clear that the operator .7-71 is linear. Also,
the operators F; ', ..., F.! satisfy Theorems 4.6.1 and 4.6.2, i.e.,
Ll

e(m)*

FlFRA=FIF and Fl=F

J e(1)”

We leave the proof of these facts as an exercise.

For each fixed permutation e, the products F)- -+ Fem) and
.7-"6_(11) x -]-"6_(;1) are called the iterated F'T' and iterated IF'T, respec-
tively.

Exercise.

27. Prove that Theorems 4.6.1 and 4.6.2 hold if we replace each
F; and F;) by their inverses ]—"j_l and ]-"6_(].1), respectively.

4.7 Is the Fourier Transform a Self-Adjoint
Operator?

The FT on a finite Abelian group G is self-adjoint if and only
if (f1, f2) = (f1, f2) for all complex-valued functions f; and f,
defined on G. In terms of the matrix X, the FT is self-adjoint if
and only if X = X' or, equivalently,
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Xe(y) = Xy(7) (4.14)

for all z, y € G. In general, condition (4.14) does not hold, for it
implies that x,(z) is real for all z € G. However, by Example 3.1.3,
we have x,(y) = xy(z) = (=1)*¥ for all z, y € Z5* and hence the
FT is self-adjoint on Vzp.

Next we show that if the F'T is self-adjoint on Vzm, then n = 2.
Assume that Z)" is nontrivial, i.e., n > 1, and the F'T is self-adjoint
on Vzm. Condition (4.14) and Example 3.1.2 imply that

_2mi 27,

(& nx.y:enxy

for all z, y € Z". It follows that 2z-y = 0(modn) for all z,
y € Z'. In particular, we can choose x and y such that z-y =
1 (modn); eg., z =y = (1,0,...,0), an m-tuple. In this case we
have 2 = 0 (mod n), whence n = 2. We have proved the following
theorem.

Theorem 4.7.1. Suppose that Z" is a nontrivial group. The FT
on Z" is self-adjoint if and only if n = 2.

Note that this theorem also follows from the spectral theorem,
as we will see in Section 7.3.

Another proof of the fact that the F'T, in general, is not self-
adjoint, using the complexity of its eigenvalues, is indicated in
Exercise 41 of Section 7.2.
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Convolution, Banach Algebras, and the
Uncertainty Principle

There is a bilinear map on Vg (i.e., a map from Vi x Vi to Vg which
is linear in each variable) which becomes the pointwise product
of functions under the FT. This map is called the convolution
of functions for the FT. The inner product space Vi together
with the convolution form a Banach algebra. The discussion of
convolution and Banach algebras comprises the first two sections
of this chapter. In the final section, we prove that the order of G
does not exceed the product of the cardinalities of the supports
of f and f provided f is nonzero. This result is known as the
uncertainty principle.

5.1 The Convolution Operator

As in the nondiscrete case, there is the notion of convolution which
we now define.

Definition 5.1.1. Suppose that G is a finite Abelian group and f;
and fy are complez-valued functions defined on G. The convolution
of f1 and f5 is the complex-valued function fi * fo defined on G by

fox fol) = ¢|1G| S Aileg ) falo).
geG
We proceed to show that the convolution is a symmetric bilinear
operator on Vi, i.e., a symmetric bilinear transformation from
Vo x Vg to V. This fact will be established by Theorem 5.1.1
after the following lemma.

B. Luong, Fourier Analysis on Finite Abelian Groups, Applied and 67
Numerical Harmonic Analysis, DOI 10.1007/978-0-8176-4916-6_5,
© Birkhéduser Boston, a part of Springer Science + Business Media, LLC 2009
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Lemma 5.1.1. Suppose that G is a finite Abelian group.
(i) For any s, t € G,

B, ifs=
B.xp, =40 Us=1
0 ifs#t.

Consequently, By and B; commute, i.e., By x By = By * B.
(i) (B, * Bs) * By = B, % (Bs % By) foranyr, s, t € G.

Proof. (i) For each z € G,

B, * By(x) = ZBa:g )Bi(g)

- Bs(x) <Bt7 BS>

) By(z) ifs=t,
1o if s #t.

(ii) follows from (i) by noting that

B, ifr=s=t,

B, x B,)*x B, =B, x (Bs* B;) =
( ) ! ( 2 {0 otherwise.

Some properties of the convolution are listed in the following
theorem, most of which are consequences of Lemma 5.1.1.

Theorem 5.1.1. Suppose that G is a finite Abelian group. Set 6 =

deG By and let f, fi, and fo be complex-valued functions defined
on G. Then

(i) f*(cfi+ fo) =c(f = f1) + (f * f2) for any c € C.
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fief2=>_ fil9)f(9) By

geCG

Consequently,
supp(fl) N supp(fg) = & if and only if fi * fo = 0.

(iii) (f1 * fz) = fifa.

(iv) fi* fo= f2 * fi (commutative).
)
) f

i
(V) (f * fi) * fa=f*(fixf2) (associative).
(vi) f*x0 = f furthermore if supp(f) = G, then J is uniquely

determined  (existence of identity).
(vii) If supp(f) = G, then there is a unique complex-valued func-
tion ¢ on G such that ¢« f =&  (existence of inverse).

Proof. (i) is straightforward from the definition. (ii) follows from
the inversion formula, (i), and Lemma 5.1.1 (i). (iii) follows from
(ii). (iv) follows from (i) and Lemma 5.1.1 (i). (v) follows from (i)
and Lemma 5.1.1 (ii). Both (vi) and (vii) follow from (ii).

It follows from (i) and (iv) of Theorem 5.1.1 that the convo-
lution is a symmetric bilinear operator on Vg. Also, by the same
theorem, the set of all functions f: G — C such that supp( f ) =G
form an Abelian group with respect to the operation of convolu-
tion.

Theorem 5.1.1 (i) also implies that, for a fixed & € Vi, the map
Ch: Vg — Vg defined by Cp(f) = hx f is linear, so it is completely
determined once its values on a basis are known.

Definition 5.1.2. Let h be a complex-valued function defined on
G. The convolution operator with respect to h is the linear operator
Ch: Vg — Vg defined on the basis Bg by

Cr(By) = h* By.
By (ii) of Theorem 5.1.1 we have
Ci(By) = h(g)B,. (5.1)

This equation has several consequences, which are listed in the
following theorem.
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Theorem 5.1.2. Suppose that G is a finite Abelian group and h is
a complex-valued function defined on G. Then the following state-
ments are true:

(i) The functions in the character basis Bg are eigenvectors of
Ch; the eigenvector By belongs to the eigenvalue h(g).
(ii) The operator Cy, is normal, that is, Cy commutes with its
adjoint C}.
(iii) The operator C is an isometry for every f € Vg for which
|f| = 1. In particular, Cy is an isometry for every x € G.

Proof. (i) follows from (5.1). To prove (ii) we enumerate G as
G ={g1,...,9y} Then by (5.1) the matrix of C}; with respect to
the character basis is the diagonal matrix

Dy, = diag[h(g1), ... h(gy)].

Hence Dy commutes with its adjoint.
(iii) The matrix of C; with respect to the basis Bg is Df =

diag[f(gl), . .,f(gn)}. Since |f(g;)| = 1for j =1,...,n, it follows
that D};l = D;‘Z or, equivalently, C's is an isometry.

Besides properties listed in Theorem 5.1.2; the linear operator
C} has another property, namely, it commutes with translations.
That is, 7,Cy = Cy1, for all a € G, where 7,C; and Cy7, are
compositions of the operators 7, and Cj. In fact, we will prove
shortly that C is the only type of linear operator on Vg having
this property. Towards this end we recall that, in multiplicative
notation, the translation by a is the operator 7, on Vg defined
by f — 7of, where 7,f(g) = f(ga). It is clear that translations
are linear. In the following example, we consider the translation of
functions in the character basis Bg.

Example 5.1.1. For a fixed a € G, we have 7,B,(x) = By(za) =
V|G| By(a)By(x) for every = in G, whence
TaBy = \/’G‘Bg(a)Bg' (5.2)

Thus functions in the character basis are eigenvectors of the trans-
lation 7,, where, according to the previous equation, the eigenvec-
tor B, belongs to the eigenvalue \/|G|B,(a). It follows that if G is
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enumerated as G = {g1, ..., g, }, then with respect to the character
basis the matrix of 7, is the diagonal matrix

D, = /|G| diag [By,(a),...,B,,(a)] .

Consequently, we have DD, = D, D} = I, which is expected since
translations are obviously isometries.

Theorem 5.1.3. Let T' be a linear operator on V. Then T com-
mutes with translations if and only if T = Cy, for some h € V.

Proof. In what follows the product T'r, (or 7,7") denotes the com-
position of the operators 7, and 7. On the other hand, for f in
the domain of T', we use T'f to denote the image of f under 7.
There should be no confusion in the context. In situations where
confusion may arise T'f is written as T'(f) for clarity.

Assume that 7' commutes with translations. Let B, be an ele-
ment of Bg. If a is a fixed element of G, then, by Example 5.1.1,
7.8, = \/|G|B,(a)B,. By the assumption and the linearity of 7,
we have

7.T(By) = T(7.By) = \/|G|Bg(a)TBg7
which implies that, for all z € G,
TBy(xa) = 7,T(By)(x) = /|G| By(a)T By ().

Since za = ax, by interchanging the role (or position) of a and =
in the expression on the right-hand side of the last equal sign in
the last chain of equations, we also have

TBy(za) = TBy(ax) = \/|G|Bg(x>TBg(a)-
Hence By(a)T By(x) = By(z)T B,(a) or, equivalently,

- [ ]-

for all ¢ € G. Notice, in the last equation, the constant T'By(a)/
By(a) is denoted simply by f,. Observe that p is a complex-valued
function on G whose value at g is j14. The surjection of the FT
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implies that there is some A € Vg such that h= . In terms of A,
we have

TB, = h(g)B,.

Comparing this equation with equation (5.1), we may conclude
that T'= C}, on the basis Bg. But since both T" and C}, are linear,
the equation T' = (', holds on the entire space V4.

For the converse, since C; and translation are linear, it is suf-
ficient to show that C} commutes with translations on the basis
Bg. If a € G and h € Vg, then by (5.1) and (5.2) we have

TaCE(Bg> = Ta (ﬁ(g)Bg) = ﬁ(g)TaBg - Cﬁ(TaBg> = ChTa(Bg)'

This chain of equations shows that Cj commutes with translations.

Exercises.

28. Suppose that f € Vi and g € G. Show that \/\G] dgx f =
Tg—lf.

29. Show that \/\G] 0q * Oy = Ogp for all a, b € G.

30. Prove the following:
(i) For the constant 1, we have 1 x B; = 1. Here B; =
x1/+/|G|, where ¥, is the trivial character of G. (The
1 that appears in the subscripts of B; and y; is the
identity of G.) It follows that ¢ By = ¢ for every ¢ € C.

(ii) 0, = 1/4/|G| = Bu.

(iii) Prove that
> B, = /|G| 4.

geqG

31. Given any a and 3in Vg, thereis an f € Vg such that fxa =
(. Furthermore, f is uniquely determined if supp(&) = G.

~

32. If f € Vg and supp(f) # G, then the solutions of the equa-
tion f*p = 0, in which ¢ is the unknown (or variable), form
a subspace of Vi of dimension |G| — |supp(f)|.

33. For every f, g, h € Vg, show that (f,g*h) = (g, f * h).
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34. For f € Vg, the maximum value of | f]| is denoted by || f||oo,
ie.,

[ flloe = max{|f(9)| : g € G},
and the L'-norm of f, denoted by || |1, is defined by setting

£l = |G| Z’f

geG

Prove the following: R
) [ flloo < 1711 and | flloo < 1711
(i) [ * folloe < min{|lfallsollfells, [1fll1ll folloc } for every
fi, f2 € Va.

(i) [ fr folls < [[f1llllf2llx for every fi, f2 € V.
(iv) For each f € Vi, there is a subset Sy of G such that

the following inequality holds:

MOSFCIEN

SGSf

5.2 Banach Algebra

Let G be a finite Abelian group. As mentioned in Section 2.3,
the inner product space Vi is isometric to the complex Euclidean
space C", where n = |G|. Thus, Vg is a Banach space, that is, a
complete normed linear space. We will show shortly that convolu-
tion provides Vi with a multiplication operator, which turns Vg
into a Banach algebra. In general, a Banach space (2 is called a
Banach algebra if there is a multiplication defined on {2 such that,
for x, y, z € £2 and ¢ € C, the following four statements hold:

(B1) [|zy| < ||z]/||y||, where || - || denotes the norm on (2,
(B2) z(yz) = (xy)z (associative),
(B3) z(y + 2) = 2y + xz, (v +y)z = xz + yz (distributive), and
(B4) (ca)y = w(cy) = c(ay).

Consider {2 = Vi, where a multiplication on Vg is taken to be
the convolution. Then by Theorem 5.1.1 the multiplication defined
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on Vg satisfies properties (B2), (B3), and (B4). To show that con-
volution satisfies (B1), let f; and fo be complex-valued functions
defined on G. By the isometric property of the F'T,

Ifo % foll> = I % Bl = 1Al = 32 1A 1 fa(9)
geG

Since it is obvious that

YA L) < Y 1AW Y 1f9)1

gea gea geaq
= Al I£2?
= Al 117,
we have || f1* fal| < || fillll f2]|- Hence Vi is a commutative Banach

algebra.

Among the linear functionals on Vg, that is, the complex-valued
linear functions on Vg, the most important are Banach algebra
homomorphisms. These are precisely the linear functionals which
also preserve multiplications; that is, the functions v: Vg — C
such that

Y(efi + f2) = cy(fi) +(f2) and y(fi * f2) = v(fi)v(fe)

for all fi, fo € Vg and ¢ € C. The next theorem relates Banach
algebra homomorphisms and the FT.

Theorem 5.2.1. If v is a non-identically zero algebra homomor-
phism on Vg, then there is a unique x € G such that y(f) = f(x)
for every f € Vq. Conversely, for each x € G, the map v: Vg — C
defined by ~v(f) = f(x) 15 a non-identically zero algebra homomor-
phism on Vg.

Proof. By the linearity of ~, it is sufficient to show that there is a
unique x € G such that

Y(By) = Bg(x> = (By: Ba) (5.3)

for all basis elements B,,.

Assume that v is an algebra homomorphism on V¢ that is not
identically zero. We will prove that the following statements hold
for all a, b, g € G:
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(i) There is a unique v, € Vg such that v(B,) = (B, v,).
(il) dup = 8, * &y, Where ¢ = /|G].

(iii) cv,(ab) = cvy(a)cv, (D).

Because (iii) implies that cv, is a character of G, hence v, is in
the basis B, from which v, = B, for a unique x € G. Then (5.3)
follows from (i).

Proof of (i): Since 7 is a linear functional, Theorem 2.2.1 guar-
antees the existence and uniqueness of v, such that v(B,) =
(By,v,) for every g € G.

Proof of (ii): For a, b € G, the equation d,, = cd, * 9, follows
from the definition of convolution and the definition of d,. (Also,
see Exercise 29 of the previous section.)

Proof of (iii): It follows from (i) and the linearity of v that

Y(8g) = (g5 v7) = (v, 04) = v4(9)

for any g € G. Hence,
cvy(ab) = c7(0a) = *7(00 * ) = €7()cT(8) = cv, (a)cv, (b),

where we used (ii) and the assumption that v preserves the multi-
plication.

Thus, we proved that there is a unique = € G such that v(f) =
f(x) for every f € V.

Conversely, for a given z € G, the map v: Vg — C defined
by v(f) = f (x) is obviously linear and not identically zero. Theo-

rem 5.1.1 (iii) implies that + is an algebra homomorphism.

There are two immediate consequences of Theorem 5.2.1; they
are listed in Corollary 5.2.1 below after we reformulate the norm of
linear functionals in terms of their arguments. By Theorem 2.2.1,
to every linear functional + on Vi there associates a unique
vector v, € Vg such that y(f) = (f,v,) for all f € Vg,
furthermore, [|v|| = |/v,]| (see (2.5)). Since, by the Schwarz
inequality,

lvy || = sup{ [(f,v;)] : f € Vg and ||| =1},
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we have

7l = sup{ [v(f)] : f € Vgand|f|=1}. (5-4)

Equivalently, ||| is the smallest number such that the inequality
Y(H)] < [[7IIfll holds for all f € V. Thus, v maps the closed
unit ball, i.e., the set {f € Vi : ||f|| < 1}, into the closed disc in
C center at 0 and radius ||v|| (a closed disc with radius equal to
zero is a point).

Corollary 5.2.1.

(i) There are as many nonzero algebra homomorphisms on Vg as
the number of elements in G.

(ii) The norm of any Banach algebra homomorphism on Vg does
not exceed one.

Proof. (i) For each x € G, let v, be an algebra homomorphism
on Vg defined by v,(f) = f(z). Then by Theorem 5.2.1 the cor-
respondent x <« ~, is a one-to-one correspondent between G and
the set of all nonzero algebra homomorphisms on V.

(ii) Let v be a Banach algebra homomorphism on V. It is clear
from the definition of the norm of 7 that if v = 0, then ||| = 0.
If v # 0, then by Theorem 5.2.1 there is an element x in G such
that v(f) = f(x) for all f € V. It follows from this equation and
(5.4) that

I9ll = sup{ Iy (A = 1Fl =1}
= sup{ |f(z)] : ||f||—1}

=sup{ [(f,Bs)| : |[f=1} (by (c3) of Theorem 2.3.1)
< sup{ | || ||B$|| [[fll=1} (the Schwarz inequality)
=1 (since [|f]| = [[Bel| = 1).

5.3 The Uncertainty Principle

In physics, the Heisenberg uncertainty principle states that it
is impossible to measure a particle’s position and momentum
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simultaneously. An equivalent statement in analysis says that it
is impossible to localize both a function and its Fourier transform
simultaneously. We describe an equivalent version of the uncer-
tainty principle for functions defined on finite Abelian groups.

Recall that the support of a complex-valued function f defined
on (G is the set

supp(f) ={ge€ G : f(g) #0}.

Theorem 5.3.1 (The uncertainty principle). Let G be a finite
Abelian group and let f be a complex-valued function defined on
G. If f is not identically zero, then

|G| < |supp(f)|[supp(f)].

Furthermore, if equality holds, then f is a constant on its support.
Conversely, if f is a constant, then equality holds.

Proof. In this proof, we will have occasion to use the maximum
value of |f|, that is, || f]|c- It is convenient to recall its definition
(given in Exercise 34 at the end of Section 5.1) here:

[1flloc = max{|f(g)] : g€ G}.

Since for each € GG, by the inversion formula,

f(z) =) f(9)By(x),

geG

and since |B,(z)| = 1/4/|G], by the triangle inequality, we have

1 A 1 R
@< g SO = (i)

geqG

~

where 1 5 1s the characteristic function of the set supp(f).
By the Schwarz inequality,

@) < le‘HfH\/lsupp(f)\,



78 5 Convolution, Banach Algebras, and the Uncertainty Principle

whence

Il I bmpil =1 171 e
or, equivalently,

1F1%1G1 < 1f 1P supp(f)]-

Since

LA =D 1F @) < If1I%Isupp(£)],

gel

we have

IFII2IGL < 1£1PIsupp(f)] < [I£1|% [supp(f)|[supp(f)].  (5.5)

If f is not identically zero, then |[[f|. # 0, whence |G|
[supp(f)|[supp(f)]-

If f is a nonzero constant function, then [supp(f)| = |G|.
By Theorem 4.1.1, f is supported only at the identity of G, thus
lsupp(f)| = 1. It is clear that |G| = |supp(f)||supp(f)|. Con-
versely, if |G| = |supp(f)|[supp(f)|, then

(i) [supp(f)| >0, ie., [[flle # 0,
(ii) [supp(f)| > 0, and
(iii) inequalities in (5.5) become equalities.

It follows that ||f||> = || f||% |supp(f)|, whence f is a constant on
its support.

It follows from the uncertainty principle that the supports of f
and f cannot both be small. That is, f and f cannot be localized
to arbitrarily small subsets of G simultaneously.

Ezxample 5.5.1. For g € G, the function ¢, is supported only at g,
i.e., [supp(d,)| = 1. According to the uncertainty principle, the FT
of 0, vanishes nowhere on . On the other hand, if f is a constant
function, then f is zero everywhere except at one point and, by
Theorem 4.1.1, that point is the identity 1
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Corollary 5.3.1. If f: Z,, — C is a periodic function with period
o and f(k) #0 for some k € Z,,, then

supp(f)| > "
g

Proof. The corollary follows from the uncertainty principle and
Theorem 4.2.2.
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A Reduction Theorem

By the Fundamental Theorem of Finite Abelian Groups, every
finite Abelian group is a direct product of cyclic groups. We will
show that the FT on a given finite Abelian group is the ten-
sor product of the FT on the cyclic groups in its direct prod-
uct decomposition. Thus, to understand the FT on finite Abelian
groups, it suffices to investigate the FT on cyclic groups. This
approach to reduction of the FT is to show that a similar reduc-
tion (or decomposition) holds for vector spaces of complex-valued
functions on finite Abelian groups.

6.1 The Tensor Decomposition of Vector Spaces

Suppose that G is a finite Abelian group and Vg is the vector
space associated with G. Then we can decompose Vg as a tensor
product of smaller vector spaces according to the decomposition of
G into smaller groups. To be precise, let A and B be finite Abelian
groups and denote, in general, the characters of A by y and those
of B by u. By Theorem 3.1.3 we have

AxB=A®B={x,@m|acA beB}.

Here we recall from (3.1) that x, ® p, is the complex-valued func-
tion on A x B defined by

Xa @ (2, Y) = Xal(T) 16 (y),

B. Luong, Fourier Analysis on Finite Abelian Groups, Applied and 81
Numerical Harmonic Analysis, DOI 10.1007/978-0-8176-4916-6 6,
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where x € A and y € B. We extend this definition in an obvious
way to include the tensor product of scalar multiples of characters.
That is, if ¢ is a complex number, then the tensor product of ¢y,
and p is the function ey, ® up: A x B — C defined by

Xa @ (T, y) = cXa(T) i (y)- (6.1)

Since cxq(x) = ¢(xa(2)), we have

Xa @ t(2,Y) = cXa(@) i (y) = Xa(T)ctn(y) = Xa @ cun(,y),

whence
c(Xa @ ) = CXa ® Hp = Xa @ Cllp. (6.2)

In particular, when ¢ = 0 we have 0(xo® ) = xa®0 = 0®@pp, = 0.
Recall the definition of the set B4xp from (3.6) that

—

AxB= Xa®Mb|a€A,b€B}.

{ ¢|j||B|

Now, equation (6.2) allows us to write

1
Baixp =
SRV I):]

1 1 1

Xa ® iy = Xa ® iy = By @ By,
V/IAl|B| V1A VB

so that
BAXB:{Ba®Bb’a€A, bEB}:BA®BB

The set B4y ® B is a basis for the vector space which we
will define shortly. In preparation for the mentioned definition, we
introduce the following term: a linear combination of the elements
of A® B is a sum of the form

Z CabXa @ Mo,

a,b

where the sum is taken over all a € A, b € B, and {cy | a €
Aand b € B} is some set of complex constants. The set of all
linear combinations of elements of A @ B over C is a vector space
with respect to the pointwise addition and scalar multiplication
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defined on page 27. This vector space, denoted by V4 ® Vj, is
called the tensor product of V4 and Vz. From this definition we
see that A ® B or, equivalently, B4 ® Bg is a basis for V4 ® V3.

On the other hand, B4 ® Bg = B sxz is a basis for V5. Thus
the vector spaces Vx5 and V4 ® Vi have the same basis; hence
they are equal. We record this result as a theorem.

Theorem 6.1.1. If A and B are finite Abelian groups, then

Warning. B4 ® Bp is a set, not a vector space; an element in
B4 ® Bg equals the tensor product of an element in B4 and an
element in Bg. This is not true, in general, for elements in the
vector space V4®Vg. An element in V,4®Vj is a linear combination
of vectors in the basis B4 ® Bg.

Although none of the sets By, Bg, and B4 ® Bp is a vector
space, we call the set B4 ® Bg the tensor product of By and Bg.
With this terminology, the character basis of a tensor product of
(a finite number of) vector spaces is the tensor product of the
character bases of each factor space. The basis B4 ® Bg is called
the character basis for V, @ Vj.

Finally, it follows from the pointwise definition of addition and
scalar multiplication for functions! that the defining equation (6.1)
implies that the tensor product is a bilinear mapping from V4 x Vj
to V4 ®Vg. To prove this, we note that by (6.2), it suffices to show
that the equations

(By+ By) ® By = B, ® By + B, ® By
B, ® (By+ Bg) = B, ® By + B, ® Bj

hold for all B,, B, € B4 and By, Bs € Bg. Since proofs for these
two equations are similar, we prove only the latter equation by
showing that the functions on both sides of the equality are equal
at an arbitrary point (z,y) € A x B. For (z,y) € A x B, we have

Ba & (Bb + Bﬁ)(I, y) - Ba(x)(Bb + Bﬁ)(y)
= Ba(2)[By(y) + Bs(y)]
= Bu(2)By(y) + Ba(2)Bs(y)

! Defined on page 27.
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- Ba X Bb(ﬂf,y) + Ba X Bﬁ(ﬂf,y)
= (B, ® By + B, ® Bg)(z,y).

Consequently, if f, € V4 and f, € Vg, then f, ® fi(z,y) =
fo(z) fo(y) for all (z,y) € A x B.

We conclude this section by a note on the notation: we recall
that
BAXB:{Ba®Bb ‘ a€ A, bGB}.

It follows also from the notation convention after Theorem 3.2.2
that

BA><B = {B(a,b) | a & .A, be B}
Thus, for each pair (a,b), B, = Ba ® Bg for some a € A and
[ € B. We choose the notation for the indices so that

B(a’ b) = B, ® B,. (63)

In fact, we have used this indexing convention in (a special case)
Example 3.1.2.

6.2 The Tensor Decomposition of the Fourier
Transform

If A and B are finite Abelian groups, then it follows from (6.3)
and the definition of the F'T that the following chain of equations
holds: ) A

(Ba ® By) = Ba,5) = (a,1)-
Since 4,5 = 0,0, (Exercise 36) and B, =4,, we have (Ba®Bb)A =
B, ® Bb; that is, Faxp = F4 ® Fp on the basis B .z, where Fg
is the FT on G and

Fu® Fp(By @ By) = Fa(B,) ® Fs(By) = B, ® By,

The linearity and bilinearity properties of the F'T and the tensor
product, respectively, imply that Fa.p = F4 ® Fp on the entire
space Vaxp-
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Theorem 6.2.1. If A and B are finite Abelian groups, then
Fuxp = Fa @ Fp. Consequently, (f, ® fb) = fa ® fb for every
fa € Vaand f, € Vp.

It follows from this theorem that the inner product in V4 ® Vs
when restricted to the subset {« ® 8 | o € Vy, B € Vg} equals
the product of the inner products on factor spaces. A more precise
statement of this is given in the following corollary.

Corollary 6.2.1. Suppose that A and B are finite Abelian groups.
The following relations hold for any o, o € V4 and 3, ' € Vg:

(i) (a® B, o/ @ ) = {a,a') (B, 0);
(ii) loe @ B[ = [leel[[I8]];
(iii) (a ® B)* = o* ® B*; consequently, by Theorem 6.1.1,

(Vi@ V) =V Vj.

Proof. Tt is clear that (ii) and (iii) are consequences of (i), so we
prove (i) only. Since the inner product and the tensor product are
both bilinear, it suffices to prove the theorem for basis elements
only. Recall that the sets

{Ba|a€A}, {By|beB}, and {B ) = B.®By | a €A, b eB}

are bases of Vy, Vi, and V4 ® Vg, respectively. For a, a’ € A and
b, b’ € B, we have

<B ®Bb,B ’ ®Bb’>

= (Ba @ By, B 1))

= (B, ® Bb)(a V') (by (¢3) of Theorem 2.3.1)
— B, ® By(d, V) (by Theorem 6.2.1)
= Bu(a)By(V))

- <Ba7 Ba’><Bb7 Bb’>'

The proof is complete.
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Another consequence of Theorem 6.2.1 is that the matrix of the
FT can be decomposed into a tensor product of smaller matrices.
This is made precise in the following corollary, the proof of which
is left as an exercise.

Corollary 6.2.2. Let A and B be finite Abelian groups. Assume
that

(i) M 4 is the matriz of the FT on A,
(ii) Mg is the matriz of the F'T on B,
(ill) Maxp is the matriz of the F'T on A x B,

and these matrices are formed with respect to the standard bases for

each of the corresponding vector spaces.? Then we have M x5 =
MA X MB.

Note. If My = (mst)pxy and Mpg has dimension ¢ x ¢/, then
Ma @ Mp = (mgMg)pgxpq- The tensor product of matrices is
also called the Kronecker product.

Ezxample 6.2.1. Consider the group Z,. By Example 3.1.3, it is easy

to verify that
1 /1 1
= gy (141)

Hence, by Corollary 6.2.2, we have Mzy = Mz, @ --- ® Mz, (m
factors).

Theorem 6.2.1 also implies a formula known as the Poisson
summation formula.

Theorem 6.2.2 (The Poisson summation formula). If A and
B are finite Abelian groups and f is a complex-valued function

defined on A x B, then the following formula holds:

NPPRCEE R

acA beBB

% First, enumerate A and B by writing A = {as | s = 1,...,m} and B = {b; |
t=1,...,n}. Next, we write ds for o, and d, 4 for d(,,, s,). The standard bases
for the vector spaces Va, Vi, and Vaxs, respectively, are {ds | s = 1,...,m},
{o: |t =1,...,m}, and {0(5,4) | s = 1,...,m,t = 1,...,m}, where the latter
basis is ordered with the lexicographical ordering.
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Proof. Since Vaxp = V4 @ Vi and the set B4y ® Bg = {B, @ By |
a € A, be B} is a basis for V4 ® Vg, it follows that any f € Vyxp
is a linear combination of elements in B4 ® Bgp; i.e.,

f = Z cstBs ® By
s,

for some set of constants {cy}, where the sum is taken over all
s€ A, t e B. Fora € A, the evaluation of f at (a,1) gives

fla,1) = Z csyBs @ By(a, 1)
s, b
= Z cspBs(a)By(1
s, b
1
= 1y & @
s,b

where b € B. Hence, by Corollary 3.2.1 we have

1
Jla 2=V mMme;M
1
VR

beB

:szz%mmw

beB s,t

= \/|13| Z chtés ® 0¢(1,0)

beB s,t

‘B’ > ) caB.® Bi(1,0)

beB s,t

1b
wzf

beB

If A and B are subgroups of a finite Abelian group G and
G=AB={ab|a € A, b € B} is the internal direct product of .4
and B, and if f € V, then the Poisson formula has the form
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1 1 .
fla) = f(b)
VI ;4 V1Bl beZB
This formula equates a sum over a set A with a sum over a set B,
which may be useful if one of these sets is small and the other is
large.

Exercises.

35. Show that the F'T is not self-adjoint on the space Vi @ Vi,
where n > 2.

36. Suppose that A and B are finite Abelian groups and that
G = A x B. Prove that (5 = 04 ® 0, where a € A and
beB.

37. Prove Corollary 6.2.2.

38. Suppose that A and B are finite Abelian groups. Prove that
the formula

NPPRCEE I RLL

acA beBB

holds for every complex-valued function f defined on A x B.

6.3 The Fourier Transform and Isometries

Suppose that h: G; — G is an isomorphism of finite Abelian
groups. First, we show that Vg, ~ Vg, as follows: By Theo-
rem 3.1.2, G2 >~ (31, moreover, this isomorphism is given by h*,
the pullback by h of complex-valued functions on Gs. Since G is
a basis for Vi, j = 1, 2, the linear extension of h* to Vg,, also
denoted by h*, is a one-to-one mapping from Vg, onto Vi,. To see
that h* preserves the inner product, let f, and f; be elements of
Vi,. We have

(h*fo, ¥ f3) = > W falg1)h* f3 (1)

g1€G1

= Z fa(h _é (h(g1))

g1€G1
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= > fe)fe)

92 € G2
= (fa. f2).

Theorem 6.3.1. Isomorphic finite Abelian groups induce isomet-
ric associated finite-dimensional inner product spaces. Further-
more, if Gy and Gy are finite Abelian groups, then

h B
G =2 Gy = VGQ ~ VGU
where h* s the pullback by h.
Second, we show that the FT and h* commute, that is, the
following diagram is commutative:

h*
VGQ —— VG1

| [ (6.4

h*
Vo, — Vi

Since h* and the FT are linear, it suffices to show that these two

operators commute on the basis B, of the vector space Vg,. If x €
Go, then, by (3.8),

(W*B,) = > _ (h*B,,B,)d,

geiG
= > (Bi-1), By)0y = Op1(s) = 100 = B,
ge Gy

Thus we have proved the following theorem.

Theorem 6.3.2. If Gy and Gy are isomorphic finite Abelian groups,
then the diagram (6.4) is commutative.

6.4 Reduction to Finite Cyclic Groups

Suppose that G is a finite Abelian group. By the Fundamental
Theorem of Finite Abelian Groups, there are positive integers
Ni,...,Ny, and an isomorphism A such that
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h
Dy X - X L, = G.

The vector spaces associated with these groups are related as
follows: .

Ve = Vg, xxtn, = V2, & - Q®Vg, ,
where the isometry h* is given by Theorem 6.3.1 and the equality
is guaranteed by Theorem 6.1.1. By Theorem 6.3.2, the following
diagram is commutative:

Va QNN VZH1®"'®Van

Va M, Ve, ®---@Vg, .

Consequently, ) A
(hf) =hf (6.5)

for all f € V. For a given f € Vi, we have

h*f: Z C(kla"wkm)Blﬁ@'“@Bkm’ (66)

where, for each j =1,...,m, k; runs over Z,, By, is an element of
the character basis for Vz, , and c(ky, . .., kn) is a constant. It fol-
lows from (6.5), (6.6), Theorem 6.2.1, and the identity By, = d,
that

B f = Z c(ki, ... km)op, @ @0, .

Thus
F=30 elhreo kn)()7 (60 © - @6,

where the inverse of 2* is the pullback by h~1, i.e., (R*)~! = (h1)*.
This result is concluded in the following theorem.

Theorem 6.4.1. The FT is completely determined, up to an iso-
metry, by the transforms on Vyz, (for some positive values of n).
Furthermore, the isometry is the pullback by the isomorphism of
groups given by the fundamental theorem of finite Abelian groups.



6.4 Reduction to Finite Cyclic Groups 91

A note about the FT on G, where G is a finite non-Abelian
group: let n be an integer greater than 2 and consider the dihedral
group D,,, which is defined at the end of Section 1.1 of Chapter 1
as

Dn:{asbt\s:o,l, 0<t<mn,a*=0b"=1, ab:b’la}.

Suppose that y is a character of D,,. Then

(1) x(a)* = x(a®) = x(1) = L. Thus, x(a) = +1.
(i) From the relation ab = b~'a we have

x(a)x(b) = x(ab) = x(b~'a) = x(b")x(a) = x(b) "' x(a),

whence x(b)? = 1 or x(b) = 1. Hence, x(b) can have at most
two values, namely, +1.

Since elements of D,, are of the form a*b* and x(a*b") = x(a)5x(b),
the character x is uniquely determined once the values of x(a)
and x(b) are given. From (i) there are two choices for x(a) and
from (ii) there are at most two choices for x(b), thus there are at
most four possible choices for the pairs x(a) and x(b). It follows
that there are at most four possible characters of D,,, therefore
|D,| <4 < |D,|. In particular, if n = 3, then x(b)* = 1, which
implies that x(b) = 1. The smallest non-Abelian group D3 has six
elements whereas its character group Dy has only two elements.
This shows that any generalization of the F'T to finite non-Abelian
groups must be more subtle than that for finite Abelian groups.
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Eigenvalues and Eigenvectors of the
Fourier Transform

Having reduced the general theory of the FT on finite Abelian
groups to the theory of the FT on finite cyclic groups, it suffices
to study the FT of functions defined on the cyclic group Z, for an
arbitrary value of n, where n > 1. Our next goals are the following:

Determine the form of eigenvectors of the FT (Section 7.2).
Find the spectral decomposition of the FT on Z, or, equiva-
lently, the decomposition of the space V7, as a direct sum of its
invariant subspaces (Section 7.3).

e Determine the multiplicity of the eigenvalues of the FT (Sec-
tion 7.5).

We will use symmetric and antisymmetric functions on 7Z, to
achieve these goals.

7.1 Symmetric and Antisymmetric Functions

A function F': Z, — C is called symmetric if F(—z) = F(z) and

antisymmetric if F(—z) = —F(x), where —z is the inverse of x
in Z,. By this definition, it is necessary that F'(0) = 0 for every
antisymmetric function F. Note that since x = —x for z € Zo

every function in V7, is symmetric.

Symmetric and antisymmetric functions defined on Z,, are simi-
lar to even and odd real-valued functions defined on the interval
[—¢, c] (or on R), where ¢ € R and ¢ > 0. For n = 2k + 1, an odd
positive integer, we can consider Z, = {—k,...,0,...,k}. Then

B. Luong, Fourier Analysis on Finite Abelian Groups, Applied and 93
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symmetric functions have equal values when their arguments are
symmetric about zero.

Geometrically, the values of an antisymmetric function defined
on Z, are symmetric about the origin in the complex plane C,
while its nonzero arguments (i.e., © # 0) are “symmetric about
the point n/2.”

A linear combination of a finite number of symmetric functions
is a symmetric function; that is, if fi,..., fi are symmetric func-
tions, then the sum ¢y f1+- - -+ ¢k fr is symmetric for any constants
c1,...,c,. Thus, symmetric functions on 7Z,, form a subspace of the
vector space V7, . Similarly, antisymmetric functions on Z,, form a
subspace of V7, . In general, without indication of the dependency
on n, we denote the vector spaces of symmetric and antisymmetric
functions by V; and V,, respectively.

Suppose that f is a complex-valued function on Z,. We define
two functions f* and f® on Z, in terms of f by setting

fs($) _ f(x)—i—f(—x) and f“(x): f([)?)—f(—l’)
2 2

Then it is clear that f*° is symmetric, f* is antisymmetric, and
f = f*+ f* Thus, we have decomposed f into a sum of sym-
metric and antisymmetric functions. Further, this decomposition
is unique (Exercise 39). It follows that the vector space V7, equals
the direct sum of the vector spaces of symmetric and antisymmet-
ric functions, that is, V,, =V, ® V.

The functions f® and f* are called the symmetric and antisym-
metric parts of f, respectively.

Next, we show that Vi and V, are invariant subspaces of the
FT; that is, V;, C Vi and V, C V,, whereV, = {f | f € V;} and
similarly for ‘7(1.1

Theorem 7.1.1. A function f: Z, — C is symmetric (resp.
antisymmetric) if and only if f is symmetric (resp. antisymmetric).

1 A note on notation: when V' is a vector space of complex-valued functions, we use
the notation V to denote the set {f | f € V'}. This notation is not to be confused
with the character group of V. Being a vector space, V' is not a finite set; on
the other hand, except for the definition of characters, we consider the character
groups only for finite groups. Thus, there should be no confusion.
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Proof. Since

Z Z -

yEZn ZEZn

where z = —y, we have

5 { f(:v) if f is symmetric,

f (x) if f is antisymmetric.

That is, the FT of symmetric (resp. antisymmetric) functions are
symmetric (resp. antisymmetric).

The converse follows from the equation f(x) = f(—x), which
was proved earlier in Theorem 4.1.2.

Since tlrga FT /'1\s anAisometry, we have 173 =V, and ‘7(1 =V
therefore, V; =V, & V.

In the remainder of this section, we show that the dimension
of Vi is |n/2| + 1, where, for a real number x, || denotes the
greatest integer less than or equal to z. Since the dimension of
Vz,, equals n, it follows that the dimension of V, equals [n/2] —1,
where, for a real number z, [x] denotes the least integer greater
than or equal to x. That is,

dimV; = [n/2] + 1,

dimV, = [n/2] — 1. (7.1)

We prove the first equation in (7.1) by constructing an explicit
basis for V. To make preparation for a proof we decompose each
function B; in the character basis By, = {B; | j € Z,} for the
space V7, into a unique sum of symmetric and antisymmetric func-
tions as

Bj(x) + Bj(—x)  Bj(z) — Bj(—x)
2 2 ’

where © € Z,. Since Bj(—=z
becomes

I
Sy
i
—+
=
@
el
=
@
S
o
o
0
o
Qo
o
&
=
o
=
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Similarly, we have

B (z) = Bj(z) + B—j(z) _ Bj(z) — B-(z)
2 2

Notice the functions B; and B_; have the same symmetric parts.
Thus, among the symmetric parts of the functions Bj, for j =
0,...,n—1, there are at most |n/2]+1 distinct functions, namely,
(Bj + B_j)/2 for j = 0,...,[n/2]. In fact, these functions are
pairwise distinct. The truth of the last sentence is settled once we
prove our objective that the set

S:{Bj-l—B_j

, j:o,...,m/zj}

is an orthogonal basis for V; (hence dim V; = |n/2|+1). We prove
this in two steps:

(i) The functions in S are pairwise orthogonal (hence they are
linearly independent); i.e., for each fixed pair of indices j and
k, the number (B; + B_;, B, + B_y) is zero if j # k, and is
nonzero if j = k.

(ii) The set S spans Vj, i.e., every symmetric function on Z, can
be written as a linear combination of functions in S.

The two equations

1 ifp=q,
<Bp7Bq>: .
0 ifp+#gq,

for all p, g € Z,,, and

<Bj + B_;, By + B_y)
= (Bj, Bi) + (Bj, B_x) + (B—j, Br) + (B—j, B_)

imply (i). To prove (ii) we note that any f € V7, can be expressed
uniquely as a linear combination of elements in the basis {B; | j €
Ly} as

f = Z <fa BJ>BJ

J €1Ln
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The decomposition B; = Bj + Bj, where

s  Bj+B

B;— B_;

and BJ‘.‘ = 5

are the symmetric and antisymmetric parts of B;, respectively,

leads to
F= S (fBYB+ > (f. BB

JELn JE€ZLn

If f is symmetric, then the antisymmetric part of f is zero, i.e.,

Z <fa BJ>B]CL - 07

J €1Ln

whence
f= > (BB (7.2)
JE€Ln
Since f is an arbitrary element of V; and, for j > [n/2], B; is one
of the functions in S, equation (7.2) shows that S spans V.
To obtain an orthonormal basis for V,, we normalize the
orthogonal basis S. If

2 ifj=0orifniseven and j =n/2,
€; =
! V2 otherwise,

i.e., €; is the norm of the function B; + B_;, then the set

Bsym:{Bj+Bj ‘ij,...,Ln/Qj} (7.3)

€

obtained from S by scaling its elements, the jth element by the
factor 2/e;, is an orthonormal basis for V5. Thus (7.1) is proved.
Similarly, the set

B;,— B_;
Bantisym - { ! \/2 !

is an orthonormal basis of the vector space V, of antisymmetric
functions on 7Z,, for n > 2.

j:1,...,[n/21—1}
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Since the F'T preserves the norm of vectors and is invariant on
Vs and V,, it follows from the definition of the F'T that the sets

Asym = { 5] + 5_J

€j

j:o,...,mm}

and 5 s
Aantisym:{ J\/2*J j:177[n/2—‘_1}

are also orthonormal bases of the vector spaces V, and V,, of sym-
metric and antisymmetric functions on 7Z,, respectively. We note
that the sets (i.e., bases) Bantisym and Aapisym Mmake sense only
when n > 2, for otherwise, i.e., if n = 2, they are empty since
there are no antisymmetric functions on Zs.

Remark. Since B;(k) = \}nGQZZijk for j, k € Z,,, we have

Bj(k:) + B_j(k) _ 1 o (27rjk>
2 Vn n
and
2 Vn n
Exercises.

39. Suppose that n > 2 and f € V7, . Show that the decomposi-
tion f = f*+ f®is unique.

40. Suppose that n > 2 and f € V3 . Show that f is symmetric
(resp. antisymmetric) if and only if f is symmetric (resp.
antisymmetric).

7.2 Eigenvalues and Eigenvectors

As a linear operator on finite-dimensional vector spaces over the
field of complex numbers, which is algebraically closed, the FT
has eigenvalues and eigenvectors. The purpose of this section is to
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determine the form of its eigenvectors and to show that the set of
eigenvalues of the FT on Z,, is {1} if n = 2, and is Uy = {£1, £},
the set of the 4th roots of unity, if n > 2.

It follows from Theorem 4.1.2 that the F'T composed with itself
four times is the identity operator on V_, that is, F* = FFFF =
I. Thus, if A is an eigenvalue of the F'T and f is a corresponding
eigenvector (hence, f is not identically zero), then f = F4(f) =
A f. Hence, we have \* = 1. Therefore, the set of eigenvalues of
the FT is a subset of the set of 4th roots of unity.

If n =2, then x = —x for every x € Zs,. It follows that the FT
composed with itself once is the identity operator on V7,, that is,
F?=1

Theorem 7.2.1. Suppose that f is a complex-valued function
defined on Z,,. Then

(i) f is symmetric if and only sz = f;

(i) f is antisymmetric if and only if f=—F;

(iii) f is a non-identically zero symmetric function if and only
if f + f is an eigenvector of the FT corresponding to the
eigenvalue +£1, respectively;

(iv) f is a non-identically zero antisymmetric function if and only
if fEif is an eigenvector of the FT corresponding to the
ergenvalue £, respectively.

Proof. Statements (i) and (ii) follow directly from Theorem 4.1.2.
Statements (iii) and (iv) have similar proofs, and as an illustration
we prove only part of (iv). If f is a non-identically zero antisym-
metric function, then by (ii) the function f +4f is an eigenvector
of the FT corresponding to the eigenvalue i. Conversely, if f +if
is an eigenvector of the F'T' corresponding to the eigenvalue 7, then
f is not identically zero (since f + i f is not identically zero) and

i(f+if) = (F+if) = f+if,

whence —f = f. Hence, by (ii), f is antisymmetric.

Corollary 7.2.1. The set of eigenvalues of the FT on Z, 1is
{1,=1} if n =2 and is {1,—1,i, —i} if n > 2.
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In general, if a function defined on 7Z,, is an eigenvector of the
FT, then it is either symmetric or antisymmetric. This fact is a
consequence of the following theorem.

Theorem 7.2.2. Suppose that a complex-valued function f defined
on Ly, is an eigenvector of the F'T corresponding to the eigenvalue
A. Then

(i) f is symmetric if and only if A = £1,
(ii) f is antisymmetric if and only if X = +i.

Proof. Assume that f is an eigenvector of the F'T corresponding
to the eigenvalue A. Then (i) and (ii) follow from the equations

f(=w) = f(2) = X f(x).
The following theorem states that eigenvectors of the FT must

have either the form &4« for some symmetric function « or B +i0
for some antisymmetric function (.

Theorem 7.2.3. Suppose that f is a complex-valued function
defined on Z,,. Then the following statements are true:

(i) f is an eigenvector of the F'T corresponding to the eigenvalue
+1 if and only if f = & + «, respectively, for some non-
wdentically zero symmetric function .

(i) f is an eigenvector of the FT corresponding to the eigenvalue
+i if and only if [ = B + i3, respectively, for some mon-
identically zero antisymmetric function (3.

Proof. Suppose that f is an eigenvector of the FT corresponding
to the eigenvalue .

(i) If A = £1, then, according to Theorem 7.2.2; f is symmetric.
Thus the function « defined by

o2 ita=1,
“TVp2 A=,

is non-identically zero and symmetric. It is clear that

o ad+a ifr=1,
la—a if A= —1.

The converse follows from (iii) of Theorem 7.2.1.
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(ii) Similar to the proof of (i) given above with

. —if/2 ifA=1,
) af/2 it A= —i

Since symmetric and antisymmetric functions on Z,, are easy to
construct, by Theorem 7.2.3, we can construct eigenvectors corres-
ponding to any given eigenvalue A € {£1, +i}. For later purposes,
we present familiar functions in number theory that serve as eigen-
vectors with eigenvalue 1 or —i. First, we define a special kind of
summation.

Definition 7.2.1. For each positive integer n, the quadratic
Gaussian sum of order n s the function G,,: Z — C defined by

the equation
1 —Qﬂixk‘z
Gn(z) = Jn Z e n

k€ Zn
It follows from this definition that

(i) Gi(z) =1 for all z € Z,
(ii) for n > 1, G,(z) = /n if x is a multiple of n, and
(ili) G,(z) = Gp(x+mn) for any integer m. In fact, G,, has period
n (Exercise 45). Thus G,, is completely determined once its
values on the fundamental set {0,1,...,n — 1} are known.

We rephrase Theorem 1.2.3 and equation (1.4) in terms of the
FT as follows: if p is an odd prime and ¢, is the function on Z,
defined in terms of the Legendre symbol by (,(x) = (z/p), then

. {Gp(x) if x #0,

Gl =1, P (7.4)

Theorem 7.2.4. If p is an odd prime, then (Ap = Gp(1)¢,.

Proof. Since fp(O) =0 and ¢(0) = 0, the theorem holds for z = 0.
For a fixed x € Z, and x # 0, we have

R _ 1 72;ixy _ 1 72;”-3674
() /P y;p € Cp(y) /P y;p € (y/p).
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The change of variable # = zy leads to

Ly = 1S ),

\/pGExZ

where ! is the multiplicative inverse of z in Z,. Since zZ, =
{zy (modp) | y € Z,} = Z,, it follows from (1.5), (ii) of Theo-
rem 1.2.1, and equation (7.4) that

~

Gl =p), Zeﬁ”@ (0/p) = GG (1) = G(2)Gy(1).

Picz,

We will show later in Chapter 9 that

144"

D)= 4

From this formula we obtain

(1) = 1 if and only if p = 1 (mod 4),
P2 1 =i if and only if p = 3 (mod 4).

Thus 1 and —¢ are the eigenvalues of the F'T' on Z,, the eigenvalue
is 1 or —i depending on whether p =1 (mod 4) or p = 3 (mod 4),
respectively. By Theorems 7.2.2 and 7.2.4, for an odd prime p, the
function ¢, is symmetric if and only if p is congruent to 1 modulo
4 or, equivalently, ¢, is antisymmetric if and only if p is congruent
to 3 modulo 4. Thus, for any integer a that is not divisible by p,
we have

W) — (—a/p) if and only if p = 1 (mod 4),
(a/p) {—(—a/p) if and only if p = 3 (mod 4).

Consequently, if p = 3 ( mod 4), then (a/p) and (—a/p) have oppo-
site sign. That is, exactly one of the numbers a or —a is a quadratic
residue modulo p. Suppose that a is a quadratic residue modulo p.
In this case, there is a nonzero integer x such that z*> = a (mod p)
and there is no integer y that satisfies y> = —a (mod p). Since a
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is an arbitrary integer that is not divisible by p, one can verify
that, for any nonzero integer k, there is no integer y such that
2% + y* = kp. The same result is obtained if —a is a quadratic
residue. We record this result of number theory (in different word-
ing) as a theorem.

Theorem 7.2.5. If p is a prime congruent to 3 modulo 4, then
no positive integral multiple of p can be written as a sum of two
squares of integers, one of which is relatively prime to p.

Said differently, if a positive integer m is divisible by a prime
p and p = 3(mod4), then there are no integers x and y with
properties that

(i) either ged(x,p) =1 or ged(y, p) = 1, and
(i) 2% +y* =m.

The following corollary is a reformulation of Theorem 7.2.4
according to consequence (iii) of the definition and (7.4).

Corollary 7.2.2. If p is an odd prime and a is an integer that is
not divisible by p, then G,(a) = (a/p)G,(1).

Thus, for an odd prime p, we reduce the evaluation of the
Gaussian sum G,(a) to the determination of the Legendre symbol
(a/p) and the constant G,(1). Since the Legendre symbol (a/p) is
well-understood, it remains only to determine the value of G,(1).
This is one of the crucial points in the direction we take in the
evaluation of general quadratic Gaussian sums (in Chapter 9).

Exercises.

41. Let A be a self-adjoint linear operator on a finite-dimensional
complex inner product space. Show that the eigenvalues of
A are real numbers. Conclude from this result and Corollary
7.2.1 (on page 99) that the FT is not self-adjoint if n > 2.

42. Prove that the trace of the FT on Z, is G,(1).

43. Suppose that py, ..., p are odd primes and G = Z,, X -- - X
Ly, . Prove that if f is a complex-valued function defined on

Gby f = (p,® - -®(,, then f = cf, where ¢ = Hle Gp,(1).
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44. Let ny,...,n; be positive integers greater than 1 and let G =
Lo, X -+ X Ly, . Prove that on the space Vg the eigenvalues
of the FT are £1 if ny = -+ = np = 2, and are £1, +1¢
otherwise.

45. Show that G,, has period n.

7.3 Spectral Theorem

If X\ is an eigenvalue of the FT, then the eigenvectors corresponding
to A are nonzero solutions of the equation (F —AI)x = 0, which are
the nonzero elements of the kernel of the linear operator F — AI.
So, these eigenvectors together with the zero vector form a vector
subspace. This subspace, denoted by FE), is called the eigenspace
corresponding to A. Our goals in this section are: first, to show
that V7, is equal to the direct sum of the eigenspaces; second, to
decompose the FT into a sum of simpler linear operators.

Suppose that f is a non-identically zero, complex-valued, sym-
metric function defined on Z,,. From the identity

_f+r f-t

/ 2 2

(7.5)

we have, by Theorem 7.2.1, that (f + f)/2 is an eigenvector cor-
responding to the eigenvalue 1 and (f — f)/2 is an eigenvector
corresponding to the eigenvalue —1. Thus, every nonzero symmet-
ric function can be decomposed as a sum of two functions, one is an
eigenvector corresponding to the eigenvalue 1 and the other is an
eigenvector corresponding to the eigenvalue —1. Furthermore, this
decomposition is unique (Exercise 46). Consequently, the vector
space of symmetric functions is the direct sum of the eigenspaces
corresponding to the eigenvalues +1, that is, V, = F4 & E_1.
Similarly, if f is a non-identically zero, complex-valued, anti-
symmetric function defined on Z,,, then we have the decomposition

f+if  f-if

F= 2i 2i (7.6)
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where, by Theorem 7.2.1, the functions (f+if)/2i and (f —if)/2i
are eigenvectors corresponding to the eigenvalues ¢ and —i, respec-
tively. Moreover, the decomposition (7.6) is unique (Exercise 46),
soV,=FE;,® FE_;.

We treat the cases n = 2 and n > 2 separately. First, assume
that n > 2. Since V, = V5 @ V,, in view of the results obtained
from the previous two paragraphs, we have

Vo, =FE1®FE 10 E,®&FE_,. (7.7)

Moreover, the eigenspaces E, for A = +1, £i, are pairwise ortho-
gonal, that is, every vector in FE) is orthogonal to every vector
in £y whenever A\ # )X. This fact follows from the Plancherel
theorem; for, if f\ € E\, fv € Eyx, and X\ # X, then

(o Frd = (oo ) = XU, ) = ol )

The inequality (fy, fx) # 0 would imply that A = \. So, we must

have <f>\, f)\/> =0.

The pairwise orthogonality of the eigenspaces E induces ortho-
gonal projection operators defined as follows: by (7.7), every
complex-valued function f on Z, can be expressed uniquely as

f=h+fa+fit+t/ (7.8)

where f\ € E, for A = £1, +i. We define, for each A, the ortho-
gonal projection operator Py on Vz, by setting

Pyf =/ (7.9)

It is obvious that P, is well-defined, linear, and that its range
is the space E). The orthogonal projection operators are pairwise
orthogonal, idempotent, and self-adjoint; that is,

0 HEAAN
PPy = LA # X, (7.10)
Py it A=,

and P\, = P} for A, ' = £1, £i (Exercise 47). We can conclude
from (7.8) and (7.9) that
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I =P +P, + P+ Py,

where the sum of operators is defined in an obvious way (i.e.,
pointwise) and [ denotes the identity operator on V7 . Since
F P\ = AP,, we have

F:f] :fP1+fP_1+FPfL+fP_Z:Pl—P_l—FZPZ—ZP_Z

The analysis for the case n = 2 is similar to that given above for
the case n > 2, except that, since V, = @ (the empty set), there are
no +i, &;, E_;, P;, or P_; involved. Thus, we have V;, = E1®E_4,
]:P1—|—P_1,and]-":P1—P_1.

The expression F = P, — Py whenn=2or F =P — P, +
1P, —iP_; when n > 2 is called the spectral form of F. We have
proved half of the spectral theorem for the FT.

Theorem 7.3.1 (Spectral Theorem). As a linear operator on
the inner product space Vy, , the FT can be expressed uniquely as a
linear combination of the orthogonal projections on the eigenspaces
as follows:

F— Pl—P_l anZQ,
P —P. +iP—iP, ifn>2.

Proof. Tt remains only to prove the uniqueness. Since proofs of the
two cases n = 2 and n > 2 are similar, we give a proof for the case
n > 2 only. Suppose that n > 2 and

F = CIPI + C_1P_1 + CiPi + C—iP—i (711)

for some constants ¢, ¢_1, ¢;, and c_;. What we must show is that
cyx = A for A = £1, +i.

For a fixed A € {£1, i}, since E) # {0}, there is a nonzero
vector fy € E) such that

(a) Pxfa = fx, and
(b) Ffa=Afa.

Also, since the eigenspaces are pairwise orthogonal, we have

(c¢) Pyvfyx =0 whenever \' # \.
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It follows from (7.11), (c), and (a) that

Fhh=cPifa+tcaPafa+caPifa+ciPifx=caPafy = cafo

This result combines with (b) to give (cx —\)fyx = 0. Since f)\ # 0,
we have ¢y, = A.

Remark. Theorem 4.7.1 is a simple consequence of the equation
(1P\)* = —iPy and the spectral theorem.

Exercises.

46.
47.

48.

49.

Prove the uniqueness of the decompositions (7.5) and (7.6).

Prove that the orthogonal projections Py, where A = £1, +1,
satisfy the equations in (7.10) and that P\ = P5.

Recall the space Vz, = Vi @V, and the bases By, and
Bintisym of Vs and V,, respectively, which were defined in
Section 7.1.

(i) Consider the FT restricted to the subspace V;. It is a
linear operator on V,. Show that its matrix with respect
to the orthonormal basis Bgyy, is

4 27 .
cos s ,
€€t/ no ) em

where m = [n/2| +1and s, t=0,...,|n/2].

(ii) Assume that n > 2 (so that V, is nonempty). Con-
sider the FT restricted to the subspace V,. It is a linear
operator on V,. Show that its matrix with respect to the
orthonormal basis Byutisym 18

2, 2w y
—  sin s
\/n n mXm ,

where m = [n/2] — 1l and s, t =1,...,m.

For each A = £1, +1, let M p, be the matrix of the orthogonal
projection Py with respect to the standard basis Az, = {9, |
j=0,...,n—1}. Prove that
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Mp, = i(Bt(s) + B_¢(5) 4+ 0¢(5) + 0-¢(5) Juscm;

Moy == (Bi(s) + B(s) = 05) + 8 o(5) b

Mp, = 1Bus) = B-o(s)] + [6(5) = 6o

Mo, = =, (1Bs) = Bo(s)] = [8:5) = 5-4(5) e
where in each case s, t = 0,...,n — 1 and —¢ is the inverse

of t in the cyclic group Z,. The notation for matrices means,
for example, that the (s,t) entry of the matrix Mp, is

S (Bus) + Bi(s) +0(5) + 5.4(5)),

which, by the remark at the end of Section 7.1, is equal to

o (2 00,

50. Since every element f € Vz = V& V, can be expressed
uniquely as the sum of its symmetric and antisymmetric
parts as f = f°+ f% where f* € V; and f* € V,, the induced
linear operator P defined by Pf = f°, i.e., P projects V7,
onto Vj, is well-defined. P is called the symmetric orthogonal
projection. Show that

(i) P=P+ Py,

(i) PF =FP = PFP, and

(i) PF'=F'P=PF'P,

where, as usual, the product of operators is defined to be
their composition. Analogously, define the antisymmetric
orthogonal projection (only when n > 2) and show that
(ii) and (iii) still hold when P is replaced by the operator
just defined. Prove also that the antisymmetric orthogonal

projection satisfied a similar equation as in (i), where the
sum P; + P_q is replaced by P, + P_;.
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51. Find an orthonormal basis for Vi with respect to which the
matrix of the F'T is diagonal.

52. A nonempty subset S of a complex inner product space V/
is said to be convez if the straight line segment joining any
two points in S lies entirely in S; i.e.,if z, y € S and r is a
real number such that 0 < r < 1, then [(1 — )z +ry] € S.
A point in a convex set S is called an extreme point if it is
not an interior point of any straight line segment in S; i.e.,
e is an extreme point of S if e € S and e # (1 —r)x +ry for
any x, y € S and any r for which 0 < r < 1. Consider the
set S = {(f, f)+ feVy, and ||f]| =1}.Is S a convex set?

If S is convex, determine its extreme points.

53. (This exercise requires sufficient knowledge of linear alge-
bra.) Show that there is a self-adjoint linear operator A on
Vy, such that F = .

7.4 Ergodic Theorem

The spectral theorem for the F'T provides us a convenient way
to illustrate the general theory by considering a very special (but
important) type of convergence problem.

Definition 7.4.1. Let A be a linear operator on a finite-dimen-
stonal complex inner product space V.

(a) A sequence {A,}5°, of linear operators on V' is said to con-
verge to A if, for each fixed x € V,

lim ||A,x — Az|| = 0.

We indicate that {A,} converges to A by the expression
lim,, ., A, = A.

(b) If ¢ is a scalar (i.e., a complex number), then the scalar multi-
ple of A by c is the linear operator cA defined by cAx = ¢(Ax)
forallz e V.
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If {c,} is a sequence of scalars which converges to zero and x
in a vector in V', then, since

lim |c,Az|| = lim ||c,(Az)||
= lim |¢,|||Az| = ||Az| lim |c¢,| =0,
we have
lim ¢, A =0, (7.12)

where the zero operator is also denoted by 0.

The convergence (7.12) will be used shortly in the special case
when A is an orthogonal projection operator. Let V' =V} | where
n > 2. By the spectral theorem it is straightforward to show (by
induction with the aid of (7.10)) that

Fr =P+ (=1)"P_y +i*P, 4 (—i)*P_,

for every positive integer k. It follows that the average of the first
N positive powers of F is

Sy = ]1/2}% =P+ (]1/ Z(_1)k> P,

k=1 k=1

implies that
1 k
z\}linoo N Z r =0

hence, by (7.12),
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For the case n = 2, since there are no 4+, P;, and P_; involved,
we have

N
1
Fk:P1+(—1>kP_1 and SN:P1—|— (N;(—l)k> P_l.

1

Thus, the same conclusion (7.13) holds. We have proved the fol-
lowing theorem.

Theorem 7.4.1. The arithmetic mean of positive integral powers
of the FT on 7, converges to the orthogonal projection on the
ergenspace Ei. In symbols,

|
1\}520 N Zkl =B

For a more general (but still elementary) theorem which
includes this theorem as a special case, see p. 185 of [3].

We conclude this section by pointing out some facts about linear
operators defined on complex inner product spaces (these facts are
not needed in this exposition other than in the exercise at the end
of this section). First, we need a definition: Let A be a linear
operator on a complex inner product space V. We say that A is
bounded if there is a positive constant « such that ||Az|| < a|z||
for all x € V; if A is bounded, the norm of A, denoted by || A||, is
defined to be the infimum of all such values of a. Next, some facts:
every linear operator on finite-dimensional inner product spaces
is bounded. In particular, the projections Py, for A\ = £1, +i, are
bounded, in fact, || Py|| = 1 for every A. By the definition just given,
bounded linear operators are uniformly continuous. The converse
of the latter statement is also true.

Exercise.

54. Let A be a linear operator on a finite-dimensional inner
product space V. Suppose that a sequence {A,,}22 ; of linear
operators on V' converges to A. Prove the following:

(i) lim, o || A, — Af| = 0;
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(ii) lim,, o (A,x,y) = (Az,y) for every fixed pair of vectors
x and y in V;

(iii) Let G be a finite Abelian group. Determine whether
there is a sequence {A,,}>2; of invertible linear opera-
tors on Vg that converges to F.

7.5 Multiplicities of Eigenvalues

Recall from (7.7) that V, = Ey ® E_; & E; & E_; and from Sub-
section 2.3 that dimV7, = n. In this section, we determine the
dimensions of the eigenspaces E) or, equivalently, the multiplici-
ties of the eigenvalues A for A = +1, +¢ by constructing an explicit
basis for each eigenspace F).

We will use some results of Section 1.3 of Chapter 1 to show
that certain finite sets of the form {o;} or {if3;}, where o, and
B; are real-valued functions, are linearly independent over C. For
finite sets of the type described, linearly independent over C is
equivalent to linearly independent over R. This fact will be used
freely in this section, for this reason we state it as a lemma and
leave its proof to the readers.

Lemma 7.5.1. Suppose that for j =1,...,k, a; and 3; are real-
valued functions (defined on some set). Let S denote either one of
the sets {a; | 7 =1,....k} or {if; | 7 =1,...,k}. A necessary
and sufficient condition for S to be linearly independent over C is
that it 1s linearly independent over R.

Also, for convenience we recall from page 97 that the norm of
the function B; + B_; is

2 ifj=0orifniseven and j =n/2,
€; =
! V2  otherwise.

Dimension of Ey and E_;. We consider two cases, n =0 (mod4)
or n=1(mod 4) and n=2 (mod 4) or n=3 (mod 4).
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Case 1. Either n = 0(mod4) or n = 1(mod4), that is, either
n = 4m or n = 4m+1 for some positive integer m. (The integer m
is not necessarily the same in these two subcases.) In either case,
we have [n/2] = 2m. Recall from Section 7.1 that the vector space
V, of symmetric functions has an orthonormal basis

B;+ B_;
Bsym:{ it B j:O,...,Qm}.

€
Since Vi = £y @ E_q, each function (B; + B_;)/€; in By, can be
written uniquely as the sum of a function in £} and a function in
E_4, according to (7.5), as

B:+ B_,
it T =55+,
€5
where
BBy
J 26]' !
J 26]'

By the remark at the end of Section 7.1, s; and s;. can be expressed
in terms of the cosine function as

1 Vn 2m
s = (V50 + 0]+ cos Tk ).
€/ ( 2 ) (7.14)

! = ! v i ~ —cos27r'
50 = (10,0 +80) = os 7k ).

where k € Z,,.

Subcase n = 4m. Recall from (7.1) that dim V; = 2m + 1. Since
E_ 4 and FE; are nontrivial proper subspaces of V,, we have 0 <
dmFE_; <2m+1and 0 <dimFE; < 2m + 1.

The space E_;. Since dim E_; < 2m + 1 and the 2m + 1 functions
S0, - - - Shy, belong to E_q, these functions are linearly dependent
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(over C). We claim that the first m of these functions, i.e.,

S0y -y Sh,_1, are linearly independent. Suppose that for some real
numbers ¢y, ..., ¢,—1 the function S = c¢os; + -+ + 15,1

is identically zero on the group Zi,. Then, in particular,
S'(k) = 0 for k = m,...,2m — 1 or, equivalently, M_;c = 0,
where

T T o T
1 cosj cos 27 ... cos(m—1)7
1 cos™tr cos2™tlmr .. cos(m—1)""r
2m 2m 2m
M, =
1 cos™?r cos2™2x ... cos(m— 1) 27
2m 2m 2m
1 cos?1r cos2?” 1z ... cos(m—1)*""'x
2m 2m 2m mxm

and c¢ is the column vector in R"™ whose coordinates are c,
V21, ... V26 1. For £=0,...,m—1, let

m -+ 0
T

Ty —
2m

and define the real-valued function ¢, on the interval [0,7] by
¢o(x) = coslzx. In terms of these functions M_; = (¢s(z;)), where
s, t=0,...,m—1. By Theorems 1.3.2 and 1.3.3(i), the matrix M_,
is nonsingular. It follows that ¢ = 0, so the functions sj,...,s)
are linearly independent. Since these linearly independent func-
tions are elements of £_1, dim E_; > m.

The space E;. The inequality dim £ < 2m + 1 implies that the
functions sg, ..., Sam, all elements of F;, are linearly dependent
(over C). We claim that s, ..., S;,_1, Som are linearly independent.
To prove this, suppose that for some real numbers cq, . .., Cn_1, Com
the function S = cpsg+ - -+ Cn_1Sm—1 + ComSam 1s identically zero
on Zyy,. Then, in particular, S(k) = 0 for k = m,...,2m or,
equivalently, M;c = 0, where
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1 cos? cos 27 ... cos(m—1)7 (=)™

1 cos ttr cos2 ... cos(m—1)t (= 1)mt!
My = | 1 cos P cos27fEm .. cos(m — 1) 2w (—1)m+2

1 cos ?Ttm cos2®0 -t ... cos(m—1)°7 tw —1

1 cosm cos 27 ... cos(m—1)m 1+2ym

(m—+1)x(m+1)

and c is the column vector in R™*! whose coordinates are cg,
V2¢1, ...\ 2Cm_1, Com. Alternatively, M; can also be constructed
from M_;. First, insert the row vector

(1, cosm,..., cos(m — 1))

into M_; in such a way that it is the last row of the resulting
matrix, call it M egu:. Second, insert the column vector

(=)™
_1)m+1

(=12

—1
14+ 2ym

(m+1)x1

into Myesuit to obtain M;. By Theorems 1.3.2 and 1.3.3, the matrix
M; is nonsingular. It follows that ¢ = 0. Thus the vector space E;
contains m—+ 1 linearly independent vectors; namely, the functions
S0y .- Sm—1,S2m, S0 dim E4 > m + 1.

Subcase n = 4m + 1. For the space E_;, we claim that the func-
tions s, ..., s.,_, are linearly independent. Analogous to the sub-
case n = 4m we have M_;c = 0, where

2 2m 2m

lcos 2™ m cos

P g™ cos(m—1) S
2(m+1) 2(m-+1) 1y 2(mH)
M_,=| Llcos™y /m cos2”) o m ...cos(m—1) Py
2(2m—1) 2(2m—1) 1y 2(2m-1)
Leos “) " mcos 27, ccos(m—1)" " P )
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and c¢ is the column vector in R™ whose coordinates are co,
V2ei, ...\ 2¢m_1. For £=0,...,m—1, let

2(m+€)7r
dm +1

Ty

and define the real-valued function ¢, on the interval [0, 7] by
¢o(x) = coslzx. In terms of these functions M_; = (¢s(z;)), where
s,t=0,...,m—1. By Theorems 1.3.2 and 1.3.3(i), the matrix M,
is nonsingular. It follows that ¢ = 0, so the functions s, ..., s,
are linearly independent. Since these linearly independent func-
tions are elements of £_{, dim EF_; > m.

For the space E;, we claim that sq,...,S,_1,S2, are linearly
independent. Analogous to the subcase n = 4m we have M;c = 0,

where M; is the (m + 1) x (m + 1) matrix

2m m 2m 2m

T cos2 2

Lcos "y a1 ™ oo cos(m—1), " o cos(2m) T
2(m+1) 2(m+1) 1) 2(m+1) 2(m+1)
Leos "yiy/m cos2” ") m ... cos(m—1)7, """ m cos(2m) )
L 2(2m—1) 6 2(2m—1) (1) 2(2m—1) ) 2(2m—1)
Leos " m cos 27, 7w L. cos(m—1) T Y cos(2m) T
. 4m . 4m . _ 4am VAam+1 . 4m
lcos , b7 cos2, ™ m ... cos(m—1), " = 5 t+cos(2m) T

and c¢ is the column vector in R™*! whose coordinates are cg,
\/201, cee \/2cm,1, V/2¢9,,. The cosine terms in the last column of

M are cos(2m) ZLEZI?W for ¢ =0, ..., m. The inequalities

m -+ 7

0<
dm +1

<1/2

and
2(m+10) 1
@m)Mn+1W_(1_4m+1)W%+@W

m +/ -
COS
am+1"

imply that
0
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and

)(m—i—é)ﬂ
m+f
am+1"

m+{
.
dm +1

C4m 41

= [cos(m + {)7] cos
= (=1)"* cos

Thus, the entries in the last column of M; are alternating sign
nonzero real numbers. Alternatively, M; can also be constructed
from M_;. First, insert the row vector

4m 4m dm
1, cos T, Cos 2 T, ..., cos(m—1) T
dm +1 dm +1 dm+1

into M_; in such a way that it is the last row of the resulting
matrix, call it M equ:. Second, insert the column vector

2m
4m—+1

2(m—+1)
Am+1

cos(2m) T

cos(2m) T

2(2m—1)

cos(2m) PR

\/47;+1 + cos(2m) ;:j_lﬁ (1)l
into M,eu; to obtain M. Since the coordinates of this column
vector are alternating sign nonzero real numbers, Theorems 1.3.2
and 1.3.3 imply that the matrix M; is nonsingular. It follows that
¢ =0, whence dim E; > m + 1.

Since 2m + 1 = dim V, = dim E; + dim FE_;, we conclude that

dim £y =m + 1,

dim E_; = m.

The sets {sq,...,Sm_1,S2m} and {sp,..., s, ;} are bases for F;
and E_q, respectively.
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Case 2. Either n=2 (mod 4) or n=3 (mod 4), that is, either n =
4dm+2 or n = 4m+3 for some nonnegative integer m. (The integer
m is not necessarily the same in these two subcases.) In either
case, we have |n/2| = 2m + 1. The vector space V; of symmetric
functions has an orthonormal basis (see (7.3))

B:+ B_;
Bwn:{ it j‘jzowuﬂm+1}

€
={s;+s;1j=0,....2m + 1},
where the functions s; and s are given by equations (7.14).

Subcase n = 4m + 2. Recall from (7.1) that dim V; = 2m+2. Since
E_; and FE; are nontrivial proper subspaces of V,, we have 0 <
dmFE_; <2m+2and 0 < dim E; < 2m + 2.

The space E_;. Since dim E_; < 2m + 2 and the 2m + 2 functions
50 - -+, Shyy1 belong to E_q, they are linearly dependent. We claim

that the first m of these functions, i.e., sp,...,s!, are linearly

independent. Suppose that for some real numbers cy, ..., ¢, the
function S" = ¢ysy + - -+ + ¢ps), is identically zero on the group
Zgm+o. Then, in particular, S’(k) =0 for k=m+1,....2m+ 1

or, equivalently, M_;c = 0, where

m+1 9 m+1 m+1

1 COS y T AT COS2,0 T T L. COSM, T
m—+2 m—+2 m—+2
1 COS o5 'O cosQQmHW .. COSM, O T
M_| = : : .
2m 2m 2m
1 COS oo W T 00822m+17r ..o oSy T
1 cosmw cos 27 ... cosmm

(m41)x (m+1)
and ¢ is the column vector in R™"! whose coordinates are cy,

V21, ... V2, For £ =1,...,m+1, let

m+ L

= o1

and define the real-valued function ¢, on the interval [0, 7] by
¢o(x) = cos(f — 1)x. In terms of these functions M_; = (¢ps(xy)),
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where s, t = 1,...,m + 1. By Theorems 1.3.2 and 1.3.3(i), the
matrix M_; is nonsingular. It follows that ¢ = 0, whence the

/

functions s, ..., s,, are linearly independent. Since these linearly

independent functions are elements of £, dimE_; > m + 1.

The space E;. From the inequality dim £} < 2m + 2 we may
conclude that the functions so,..., Somi1, all elements of Ej, are
linearly dependent. We claim that sq, ..., s,, are linearly indepen-
dent. Suppose that for some real numbers cy, ..., ¢, the function
S = cpsg+ -+ Sy is identically zero on Zy,,. 2. Then, in parti-
cular, S(k) = 0for k = m+1,...,2m+1 or, equivalently, M;c = 0,
where M, = M _; is a nonsingular matrix and c is the column vec-
tor in R™*! whose coordinates are ¢y, v/2¢1, . .., V/2¢m. Since M;
is nonsingular, we have ¢ = 0; i.e., the functions sg,...,s,, are
linearly independent, whence dim Fy > m + 1.

Subcase n = 4m + 3. For the space EF_; we claim that the functions

/

S0, - - -, s, are linearly independent and for the space F; we claim

that sq, ..., s, are linearly independent. Analogous to the subcase
n =4m + 2 we have My = M_; and M_,c = 0, where

m—+1 m—+1 m—+1
1 cos 4m+327r cos 24m+327r . Cosm4m+327r
m+2 m+2 m+2
M_y = 1 cos Aot 3 21 cos 24m+3 2 ... cosm T 2
2m—+1 2m—+41 2m—+1
1 cos i3 21 cos 24m+3 2 ... cosmy s 2 (md1) X (mt1)

and ¢ is the column vector in R™*! whose coordinates are cg,
V2ei, ..o V2, For 6 =1,....m+1, let

m+f

= 27
dm + 3

Ty
and define the real-valued function ¢, on the interval [0, 7] by
¢o(x) = cos(f — 1)x. In terms of these functions M_; = (¢s(xy)),
where s, ¢t = 1,...,m + 1. By Theorems 1.3.2 and 1.3.3(i),
the matrix M_; is nonsingular. It follows that ¢ = 0, whence
dmFE_; >m+1and dim E; > m + 1.
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Since 2m + 2 = dim V, = dim E; + dim F_;, we conclude that

dim £y =m + 1,
dimFE_; =m+ 1.

The sets {sg,...,sm} and {sf,...,s,,} are bases for £y and F_q,
respectively.

Dimension of E; and E_;. We consider three cases, n=0 (mod 4),
n=1(mod4) or n=2(mod4), and n=3 (mod 4).

Case 1.n =0 (mod4), that is, n = 4m for some positive integer
m. In this case we have [n/2] = 2m. Recall from Section 7.1 that
the vector space V,, of antisymmetric functions has an orthonormal

basis 5 _p
Batisym = 4 7 ':1,...,2m—1}.
tisy { \/2 .7
Since V, = E; & E_;, each function (B; — B,j)/\/Q I Baptisym can
be written uniquely as the sum of a function in F; and a function
in E_;, according to (7.6), as

where

By the remark at the end of Section 7.1, a; and a; can be expressed
in terms of the sine function as

(%00 6-500] = sin )

(51500 = o0 +5in 7).

aj(k> \/271

0

V2n

(7.15)
a (k) =

where k € Z,,.
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By (7.1) dimV, = 2m — 1 and since E; is a proper subspace
of V,, we have dim E; < 2m — 1. It follows that the functions
ai, ..., a9,_1, all elements of F;, are linearly dependent. We claim
that the functions a4, ..., a,,_1 are linearly independent. To prove
this claim, suppose that for some real numbers cq,...,¢,,_1 the
function A = cia;+- - ~+¢p_1a,,—1 1s identically zero on Zy,,. Then,
in particular, A(k) = 0 for k = m,...,2m — 2 or, equivalently,
M;c = 0, where

iy T = ™ 23 ™ 3 — ™
sin 7 sin 27 sin37 ... sin(m —1)7
sin ™t sin2™tlr sin37 Ml L sin(m— 1) by
2m 2m 2m 2m
M; = . 42 . +2 . +2 . +2
sin e sin2 T sin3" 7w .. sin(m— 1)
2m 2m 2m 2m
s 2m—2 L3 2m—2 3 2m—2 L2 _ 2m—2
sin “0F sin 270w sin3*) 4w ... osin(m —1)%) 4w (m—1)x(m—1)

and ¢ is the column vector in R™ ! whose coordinates are
Ciy..., Cm_1. Note that in the symbol M;, just as in the symbol
E;, the subscript is the eigenvalue ¢. For £ =1,... ,m — 1, let

m—1+7
T

Ty =
2m

and define the real-valued function ¢, on the interval [0,7) by
¢o(x) = sinlz. In terms of these functions M; = (¢s(x;)), where
s,t=1,...,m—1. By Theorems 1.3.2 and 1.3.3(i), the matrix M;
is nonsingular. It follows that ¢ = 0, so the functions ay, ..., a,_1
are linearly independent. Since these linearly independent func-
tions are elements of E;, dim E; > m — 1.

Similarly, we have dim £_; < 2m — 1. It follows that the func-
tions al,...,a,, ,, all elements of E_;, are linearly dependent.
We claim that a},...,a,, ,,d),_; are linearly independent.
Suppose that for some real numbers cq,...,Cn_1,Com_1 the
function

!/ / / /
Al =cia; + -+ Cp10y,  F Com—10,

is identically zero on Zj,,. Then, in particular, A’(k) = 0 for k =
m,...,2m—1 or, equivalently, M_;c = 0, where M_; is the matrix
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sin 7 sin27 ... sin(m —1)7 sin(2m — 1) 7

sin Pl sin27%t L sin(m — 1) sin(2m — 1)

sin 2P sin27% 2w sin(m — 1) 2w sin(2m — 1) 02w

sin *7 %7 sin2?7 2w ... osin(m —1)*7 271 sin(2m —1)°7 n

" 2m—1 " 2m—1 " _ 2m—1 " _ 2m—1

sin 0 sin2°) U L.Losin(m —1)70 U /m+sin(@m —1)*0 S/

and ¢ is the column vector in R™ whose coordinates are

Cly. -y Cm—1,Cam—1. The sine terms in the last column of M_; are
sin(2m — 1)“21:;87r for £ =0,...,m — 1. The inequalities
14
0< me <1
2m
and
m + /¢ 1
2m — 1 =(1-— 14
(2m )2m7r ( 2m)(m+)7r
imply that
.om+/
sin T >0
2m
and
14 14
sin(2m — 1)m2;; m = —[cos(m + )] sin m2:’; T
+/
(1)L m .
(—1) sin o T

Thus, the entries in the last column of M_; are alternating sign
nonzero real numbers. Alternatively, M_; can also be constructed
from M;. First, insert the row vector

o 2m—1 . 22m—1 . ( 1)Zm—l
in in ....sin(m —
S om, m, S om, m, , sin(m om, T

into M; in such a way that it is the last row of the resulting matrix,
call it Mequt- Second, insert the column vector
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sin(2m —1)7

sin(2m — 1)
1)m+2

2m7T

sin(2m —

sin(2m — 1)*7 27

Vm +sin(2m — 1)y

2m mx1

into M,esu; to obtain M_;. Since the coordinates of this column
vector are alternating sign nonzero real numbers, Theorems 1.3.2
and 1.3.3 imply that the matrix M_; is nonsingular. It follows that
c=0,sodimE_; > m.

Since 2m — 1 = dim V, = dim E; + dim E_;, we conclude that

dim £; =m — 1,
dim E_; = m.
The sets {ay,...,an_1}and {d},... a4, d, |} are bases for E;

and E_;, respectively.

Case 2. Either n = 1(mod4) or n = 2(mod4), that is, either
n = 4m+1 for some positive integer m or n = 4m+2 for some non-
negative integer m. In either case, we have [n/2] = 2m + 1. The
vector space V, of antisymmetric functions has an orthonormal
basis

B; — B_;
Bantisym:{ J\/Q ! ]:1,,2m}

={a;+d;[j=1,...,2m},

where the functions a; and @’; are given by equations (7.15).

Subcase n = 4m + 1. Since Ej; is a proper subspace of V, and, by
(7.1), dimV, = 2m, we have dim E; < 2m. It follows that the
functions aq, ..., as,, all elements of FE;, are linearly dependent.
We claim that aq,...,a, are linearly independent. Suppose that
for some real numbers ¢y, . . ., ¢, the function A = cia1+- - -+c¢pa,
is identically zero on the group Zg, 1. Then, in particular, A(k) =
0 for k=m+1,...,2m or, equivalently, M;c = 0, where
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2(m+1) 2(m+1) 2(m+1) 2(m+1)

sin Amg1 T sin 2 dmi1 T sin 3 Amg1 T sinm Amg1 T
M; = | sin QiZif)ﬁ sin22‘i$if)ﬂ sinSQiZi?Tr sinmi&ﬁi?w
sin 43:117r sin24i’i17r sin343$17r . sinmhi’ilﬁ e
and c is the column vector in R whose coordinates are c¢q, ..., ¢y,.
For ¢ =1,...,m, let
2(m+ )
Ty = ™
dm +1

and define the real-valued function ¢, on the interval [0,7) by
¢o(x) = sinlz. In terms of these functions M; = (¢s(x;)), where
s, t=1,...,m. By Theorems 1.3.2 and 1.3.3(i), the matrix M; is
nonsingular. It follows that ¢ = 0, so the functions aq,...,a,, are
linearly independent. Since these linearly independent functions
are elements of F;, dim E; > m.

For the space E_;, we claim that af, . .., a], are linearly indepen-
dent. Suppose that for some real numbers ¢y, ..., ¢, the function
A" = cya) +- - -+ cpal, is identically zero on Zy, 1. Then, in parti-
cular, A'(k) =0 for k =m+1,...,2m or, equivalently, M_;c =0,
where M_; = M; is nonsingular and c¢ is the column vector in R™
whose coordinates are ci,...,¢,,. Thus, ¢ = 0 and the functions
ay,...,al, are linearly independent, whence dim £_; > m.

Subcase n = 4m + 2. For the space E; we claim that the functions
ai, ..., a,, are linearly independent and for the space E_; we claim
that af, ..., a, are linearly independent. Analogous to the subcase
n =4m + 1 we have M; = M_; and M;c = 0, where

i mA41 : m+1 : m+1 : m+1
s, T 81n22m+17r sm32m+17r co.osinmy T
i o mA42 : m—+2 : m+2 : m—+2
M; = | sing "om sin2, 5w sind, oo sinmgy T
: 2m : 2m : 2m : 2m
sin, "V osin2, W mosin3, W omo L. osinmy, VT m
and c is the column vector in R™ whose coordinates are ¢y, ..., ¢p.

For ¢ =1,...,m, let
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_ om+/L

T omt1"

and define the real-valued function ¢, on the interval [0,7) by

¢¢(x) = sinlz. In terms of these functions M; = (¢s(x;)), where

s, t=1,...,m. By Theorems 1.3.2 and 1.3.3(i), the matrix M; is

nonsingular. Thus ¢ = 0, whence dim £; > m and dim £/_; > m.
Since 2m = dim V, = dim E; + dim E_;, we conclude that

Ty

dim E,L =1m,
dim E,,L'

m.

The sets {ai,...,a,} and {a},...,al } are bases for F; and E_;,
respectively.

Case 3. n=3(mod4), that is, n = 4m + 3 for some nonnegative
integer m. We have [n/2] = 2m + 2. The vector space V, of anti-
symmetric functions has an orthonormal basis

B, —B_;
Bantisym = { ! \/2 !

={aj+a;|j=1,....2m+1},

jzlwnﬂm+1}

where the functions a; and @ are given by equations (7.15).
Analogous to the subcase n = 4m + 1 we have M;c = 0, where

D n2 ) sngir e sinm
M, = | sin 2£Zi§)ﬁ sin22i::i§>7r sin32£21§)7r sinm%&ﬁi?w
o4 I a4 : 4
sin 4m7_7_37r sin2, "o sm34m7_7_37r smm4m7f‘~_37r sim
and c is the column vector in R whose coordinates are c¢q, ..., Cy,.
For { =1,...,m, let
2(m+ )
Ty = ™
dm + 3

and define the real-valued function ¢, on the interval [0,7) by
¢o(x) = sinlz. In terms of these functions M; = (¢s(x;)), where
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s, t=1,...,m. By Theorems 1.3.2 and 1.3.3(i), the matrix M; is
nonsingular, hence ¢ = 0. It follows that dim E; > m.

For the space E_;, we claim that af,...,a],, a5, are linearly
independent. Suppose that for some real numbers ¢y, . .., ¢y, Coma
the function

!/ / / /
A =ciay + -+ cna,, + Comg10g,,

is identically zero on Zy,,3. Then, in particular, A'(k) = 0 for
Ek=m+1,...,2m + 1 or, equivalently, M_;,c = 0, where M_; is
the (m+ 1) x (m + 1) matrix

2(m+1) 2(m+1)

. sinm2mtD sin(2m+1) 2(m+1)

sin %y, g0 sin2% i am+3 T am+3 T
. 2(m+2) . 2(m+2) . 2(m+2) . 2(m+2)
sin “y VS sin27, L sinm Y o sin(2m4-1) T
. 2(2m) ) 2(2m) ) 2(2m) " 2(2m)
sin S aT sin 24m+3 -osinm ST sin(2m+ 1) P
. 2(2m+1) . o2(2m+1) . 2(2m+1) _ Am+3 | 2(2m+1)
sin 7, " w sin 270 L sinm T T 5 sin(2m41) 7

and ¢ is the column vector in R™! whose coordinates are
Cly--+3Cm,Comy1- The sine terms in the last column of M_;

are sin(2m + 1) 24(;:1?” for ¢ =1,...,m + 1. The inequalities
m+ L
0< <1
dm + 3
and 2 0
m—+
2 1 =(1-— 12
(2m + )4m—|—37r ( 4m—|—3)(m+ )
imply that
m+{ >0
sin T
dm + 3
and
2 1 14
sin(2m + 1) i:Z —I—i: 3>7r = —[cos(m + {)7] sin 47;2—:_ 37
m+ L

(_1>m+f+l sin

Am 43"
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Thus, the entries in the last column of M_; are nonzero real
numbers with alternating sign. Alternatively, M_; can also be con-
structed from M;. First, insert the row vector

. 22m+1) . 2(2m+1) . 2(2m+1)
sin m, sin 2 m,...,sinm s
dm + 3 dm + 3 dm + 3

into M; in such a way that it is the last row of the resulting matrix,
call it M equt. Second, insert the column vector

2(m—+1)
4m+3

2(m+2)
4m+3

sin(2m + 1)
sin(2m + 1)

sin(2m + 1)2¢7)
V4am-+3 : 2(2m+1)
57 4 sin(2m + 1) PR /R

™

into M,equt to obtain M_;. Since the coordinates of this column
vector are alternating sign nonzero real numbers, Theorems 1.3.2
and 1.3.3 imply that the matrix M_; is nonsingular. It follows that
c=0,so0dimFE_; >m+1.

Since 2m + 1 = dim V, = dim F; + dim E_;, we conclude that

dim E; =m+ 1,
dim E_; = m.
The sets {ai,...,an} and {a}, ..., al,, a,,, .} are bases for £; and

E_;, respectively.

We summarize the results just proved in the theorem that
follows, which is due to McClellan and Parks [13].

Theorem 7.5.1. Let n be a positive integer and for k = 0, ...,
n/2] let

2 if k=0 orifn is even and k = n/2,
€L =
g V2 otherwise;

i.€., € 18 the norm of the function By + B_y.
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(i) The eigenvalues of the FT on Z,, are £1, +i. Further, if my
denotes the multiplicity of the eigenvalue A, then the values
of mi, m_q, m;, and m_; are given in the following table:

n ma m_q m; m_;
4m m+1m m—1m
dm+1 m+1m m m

dm+2 m+1m+1m m
dm+3 m+1 m+1m m+ 1

(ii) A basis for the eigenspace corresponding to the eigenvalue 1:
If n=4m, 4m + 1, then
{Bj+B_j+5j+5_j
2¢;
is a basis. If n=4m + 2, 4m + 3, then

{Bj+Bj+5j+5j j:O,...,m}
s a basis.

26]'
(iii) A basis for the eigenspace corresponding to the eigenvalue —1:
Ifn=4m, 4m + 1, then

{Bj+Bj_(5j+6j> ‘jzo,,..,m—l}

2€j

is a basis. If n =4m + 2, 4m + 3, then

Bj+B_;—(6; +0_;
{ it J2 (0; + ])‘j:O,”"m}
€

ij,...,m—l,Zm}

15 a basis.
(iv) A basis for the eigenspace corresponding to the eigenvalue i:
If n = 4m, then
{i(Bj—Bj)+(5j—5j) ‘ j:1,...,m—1}
i2v/2
15 a basis. If n=4m + 1, 4m + 2, 4m + 3, then
{i(Bj—B—j)+(5j—5—j) ‘ = 1’.”’m}
i2v/2

1S a basis.
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(v) A basis for the eigenspace corresponding to the eigenvalue —i:
If n = 4m, then

{Z(Bj—Bj)—(f%—M) ‘j:l,...,m—lan_l}
i2v/2

is a basis. If n =4m + 1, 4m + 2, then
{@'(Bj—B_j)—(5j—5—j) ‘J-:L...,m}

i2v/2
is a basis. If n = 4m + 3, then
{Z(Bj—B_'j)—(éjJ—j) ‘j:l,,,.,m,Qm—Fl}
i2v/2
1S a basis.

In the table, for instance, if n = 4m > 0, then the eigenvalues
1, —1, 7, and —¢ have multiplicities m + 1, m, m — 1, and m,
respectively. Also, the theorem says that for a fixed integer n,
where n > 2, all 4th roots of unity are eigenvalues of the F'T on
L.

Corollary 7.5.1. The trace and determinant of the F'T on Z, are
given in the following table:

n tr(F) detF
4m 1—i i(—1)m+t
dm + 1 1 (—1)m
4m + 2 0 (=1)m*t
dm+3  —i i(-1)m
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The Quantum Fourier Transform

The FT has many applications, particularly in the fields of quantum
computation and quantum information. In these fields, the FT is
often called the quantum Fourier transform. Traditionally, nota-
tion used in quantum physics (i.e., the Dirac notation) to denote
vectors is different from that used in mathematics. In this chapter,
we introduce the Dirac notation and describe the FT in terms of
the new notation.

8.1 The Dirac Notation

Let V' be a finite-dimensional complex inner product space. The
Dirac notation is defined for nonzero vectors only; the zero vector
of V' is denoted by 0 (as usual). A nonzero vector x € V' is denoted
by |z), called the ket-vector xz; the bra-vector z, denoted by (x|,
is defined to be the dual of x. In terms of ket and bra vectors, for
x,y € V, the value of the linear functional y* at = (recall (2.6)) is
denoted by (y|z), i.e.,

(ylz) = (,y).
Because of this equation, we call (y|x) the inner product of z
and y.
In particular, if x = (z1,...,2,) and y = (y1,...,y,) are
nonzero vectors in C", then

(yle) = (@) = D"

B. Luong, Fourier Analysis on Finite Abelian Groups, Applied and 131
Numerical Harmonic Analysis, DOI 10.1007/978-0-8176-4916-6_8,
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In practice, the ket-vector z, i.e., |x), is considered to be the
column vector

1 (8.1)

Tn

and the bra-vector y, i.e., (y|, is considered to be the row vector
(U1, .-+, Yn). With that in mind, the inner product (y|z) can be
thought of as multiplication of matrices. That is, if we consider the
row vector (¥i,...,¥s) as a 1 X n matrix and the column vector
(8.1) as an n x 1 matrix, then

(ylz) = (1 -~ Un)

Let G be a finite Abelian group. Recall from Section 2.3 that
the set Ag = {d, | g € G} is the standard orthonormal basis of the
complex vector space Vi associated with G. In terms of the ket-
vector notation, we denote d, simply by |g). With this notation,
equation (4.10) becomes

1) =D (alf) l9).

geaqG

where f is any non-identically zero complex-valued function defined

on G and (g|f) = (f,d,) = f(9).

The purpose of the following example is to emphasize that the
symbol |0) does not denote the zero vector! (Recall that the ket
and bra vector notation are not defined for the zero vector.)

Ezample 8.1.1.1f G = 7Z,, then |0) is a unit vector in the basis
Ay, and (0] is a linear functional on V7, , which is the dual of |0).

In summary, for a finite Abelian group G, the set Ag =
{lg) | g € G} is the standard orthonormal basis® for the inner

L Also called the standard computational basis.
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product space V. The dual of Ag is the set Af = {(g] : g € G},
which is an orthonormal basis of the dual space V.

The character basis Bg = {|B,) : g € G} is sometimes called
the Fourier basis of Vg.

Example 8.1.2. Let V and W be finite-dimensional complex inner
product spaces. If [v) € V and |w) € W, then the symbols |w)(v|
define a linear operator from V to W, which maps a vector |v')
in V' to the vector (v|v')|w) in W. The operator |w)(v| is called
an outer product of |w) and |v), (another outer product of |w)
and |v) is |v)(w]|, a linear operator from W to V). In general, if
{lv1), ..., |va) } and {|wy),. .., |w,)} are finite sets of vectors in V'
and W, respectively, then the equation

L= lwi)(ur] =+ -+ |wn) {on]

defines a linear operator £ from V to W. The image of a vector
|v) € V' is given by the equation

Llv) = (uilv)wr) + - - + (oa|v)[wn),
where L|v) = L(|v)).

A special case of Example 8.1.2: let GG be a finite Abelian group.
For a fixed ¢ € G, the outer product |g)(g| is the orthogonal
projection of Vi onto the one-dimensional subspace spanned by
the unit vector |g). More general, if S is a nonempty subset of G,

then the equation
L= 1)yl
ges

defines the orthogonal projection of V; onto the subspace spanned
by the orthonormal set of vectors {|g) : ¢ € S}. In particular, if
S = @, then L is the identity operator [ on Vg, i.e.,

I =" lg)gl- (82)

gel

Equation (8.2) is known as the completeness relation for the
orthonormal vectors |g), g € G.
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8.2 The Fourier Transform in the Dirac
Notation

For each non-identically zero complex-valued function f defined
on G, ie., |f) € Vg, we denote the FT of |f) by either F|f) or

| f). These notations shall be used interchangeably.
In the Dirac notation for vectors, equation (4.1) becomes

F_ ZG<B;B|?J> z){yl,

where (B,|y) = (0y, B;) = B,(y). Since F is linear, it is uniquely
determined by its action on any basis of V. Often, we determine
F by expressing its values at the vectors in the standard compu-
tational basis Ag; by the orthonormal property of the basis Ag,
the image of |y) € Ag under F is

)= (Buly) |2).

Ezample 8.2.1. Let x = (x1,...,2y) and y = (Y1, .., Ym) be ele-
ments of the group G = Z,,, X -+ X Zy,,. By (3.4), we have

1 T1Y1 +,,,+»’Cmym

Bely) = Vni...n e_%i( B nm )’

whence

—~ 1 o =
) = S ez (i) |y,

\/nl"'nmxec

It follows from this formula (with y = 0) that

Ezample 8.2.2.1f G = 7ZI"", then by the previous example (with
nj =n, for j =1,...,m) we have

5= PR (83)

ezm
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for all y € Z, where -y = z1y1 + -+ - + Y. In particular, if
n = 2, then

— 1 -
)=y 2 (1l (8.4)

ezy

For the group Z, = {j | j = 0,...,n — 1}, we have, by (8.3)
with m = 1, that

I3 = ;n > e TR). (8.5)

k € Zn

Setting n = 2 in equation (8.5) (or setting m = 1 in equation
(8.4)) we obtain

i _ 10y +1[1) 10 =11
|0) = /2 and |1)

which can be combined into one formula as

PERURCIY
="

where £ =0, 1.

Notation conventions. There are notation conventions for the ten-
sor product when the group in consideration (or the underlying
group) is either ZJ' or Zgm. First, if the underlying group is Z5"
and ¥y = (y1,...,Ym) is an element of this group, then by Exer-
cise 15 (at the end of Chapter 3) and Theorem 6.2.1 we have

0y =0, @ ®0,, and §,=0, @ - Q0J,,.

In the ket-vector notation, these equations become

—_ —

) =1y1) @ @|ym) and |y) =|y1) @ - @ [ym),  (8.7)

respectively.
Since there is a natural one-to-one correspondence between the
set Z5' and the set of all bit-strings of length m given by

(yla"'aym) — Y- -Ym,
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we may identify y with the ordered bit-string v, ...y, and write
Y = Y1...Ym. Also, for simplicity we write the tensor product
Y1) @+ @ |yp) simply as |y1) - - - |y;). With this simplification
and the defined identification, equations (8.7) can be written as

—_—

) =1y Ym) = |y1) -+ |ym) and |y) = |y1) .. |ym). (8.8)

Second, since the groups Zsm and Z3' have the same num-
ber of elements, namely, 2, there is a one-to-one correspondence
between them. Moreover, there is a canonical one-to-one corre-
spondence between the two groups, which may be described as
follows: by the Euclidean division algorithm, each y € Zsm can be
expressed uniquely in base 2 as

y=12"" 2" P 4 Y12+ Y

where, for each j = 1,...,m, y; is either 0 or 1. Thus, the function
w: Lom — Z5 defined by

is bijective. The ordered bit-string y; . .. y,, is the binary represen-
tation of y. Through the correspondence w, we identify y with its
binary representation y; ..., and write

Y=Yl Ym.
Remarks.

1) Since w is a one-to-one correspondence between the bases Ay,
and Azy of the inner product spaces Vz,,, and Vzp, respectively,
the linear extension of w to the entire space Vz,,,, also denoted
by w, is an isometry between Vz,, and Vzp.

2) For y € Zgm, we observe from (8.5) with n = 2™ where m > 1,
that some? coefficients of the vector Fly) (in the basis Az, )
are complex numbers (which are not real), whereas by (8.4)
all coefficients of the vector Flw(y)) € Vzy (in the basis Azm)
are real numbers; in fact, they are either 1 or —1. Thus, the
following diagram is not commutative:

2 If m is large, then most of the coefficients are in C and not in R.
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f
Vo —— Vap

3) In the field of quantum computation, often the space Vz,, is
used as a state space (i.e., an underlying space in which all
mathematical representations of a quantum physical system
under consideration take place). To compute the FT of basis
vectors, i.e., to evaluate finite sums such as that in (8.5) with
n = 2™, it is convenient to identify the spaces V7, and Vg
by the identification w. Then, a quantum circuit (i.e., a compo-
sition of a finite number of tensor products of, not necessarily
distinct, linear isometries on V7, ) is used for the computation.
That is, to compute the sum in (i) of Theorem 8.2.1 below, a
quantum circuit is used to compute its identification, the tensor
product. The point here is that the correspondence w necessi-
tates the construction of a quantum algorithm to evaluate the
FT on Zgm. For this reason, the product (or composition) wF
is useful.

Theorem 8.2.1.
(i) For each j € Zom, we have the identity

2m—1 m
Z e~ 7% ) = R)([0) + e~ F|1)).
v=1

(ii) For each y = (y1,...,Ym) € ZY', we have the identity

m

Y 0y = @QI0) + (~1)* 1))

LAY v=1
Notes.
(a) In this theorem the notation () has the following meaning:

m

Q) lz) = |21} - [am).

v=1
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(b) In (i), the sum is an element of the vector space V7,,, while the
tensor product is an element of the space Vzp. The equality
means that they are identified by the correspondence w.

Proof of Theorem 8.2.1. To prove (i), for each k =0,...,2™ — 1,
we express k (in base 2) as

= k2" B2 e k12 + K,

where k, = 0, 1. Upon dividing both sides by 2™, we have

k_kl+k2+ +km71+km
om 9 92 gm—=1 " 9m’

If we write k = ky...k,,, then

om _1 !
S ER ) = Y )
k=0 Fisee km =0

1 m

= 2 QMR

= ® Z e 227'7]"“”|kl,> (bilinearity of ®)

(i) Let y = (y1,- .-, Ym) be an element of the group Z5* and iden-
tify y with the ordered bit-string y; . ..y, i.e., write y = y1 . . . Y-
Since |y) = |y1) - - - |Ym), it follows from (8.8) and (8.6) that

— mo_ 1 =
=@l =, & (10 + (=1*|1)).

v=1

On the other hand, we recall from (8.4) that

— 1 -
)=y 2 (7l

ezy
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The FT plays an important role in the two well-known quantum

algorithms, Shor’s and Grover’s algorithms. For readers who are
interested in quantum computation and, in particular, the two
mentioned quantum algorithms we recommend [18].

Exercise.

55.

In this exercise we assume that V is a finite-dimensional
complex inner product space and every vector belongs to V.
Also, we denote the adjoint of a linear operator A (on V') by
A*. Prove the following:

(i) (|=){y|)* = |y){zx|; in particular, |x){x| is self-adjoint.

(i) [){yllu)(v] = {ylu)|z) (o]

(i) [l2) Cylll = ) )1

(iv) P is a 1-dimensional orthogonal projection (i.e., projec-
tion of rank 1) if and only if P = |z)(x| for some unit
vector |x).

(v) Alz)(y| = [Azx)(y| and [z)(y|A = |z){A"y|. It follows
that if V' =V; and A = F, then we have

FIf)gl = 1)l

for every f and g in V.
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Quadratic Gaussian Sums

Recall that the quadratic Gaussian sum of order n is the complex-
valued function G,, defined on the set of integers by the equation

27i 1,2
k“x
Gula) =, > e
keZn

If n is prime, then one may use the expression on the left of the
equation in Theorem 1.2.3 as a definition for G, (z) (see page 71
of [7]).

9.1 The Number G,(1)

For an odd prime p, we showed that G,(1) is an eigenvalue of the
FT on Z, (Theorem 7.2.4 on page 101). Also, Corollary 7.2.2 on
page 103 reduces the determination of G,(a) to the evaluation of
Gp(1). Presently, we evaluate G,(1). We can do more by giving a
general formula for G,,(1).

Theorem 9.1.1. If n is a positive integer, then
144"

1+id

Proof. Consider the function f: [0,1] — C defined by

Gn(1> -

n—1
1 Z 271'1 k/‘+.7}
n
V=
B. Luong, Fourier Analysis on Finite Abelian Groups, Applied and 141
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Since f(0) = f(1) (by Theorem 1.1 on page 2), we can extend
f periodically (with period 1) to a piecewise smooth continuous
function on R. If we denote this extension also by f, then the
Fourier series of f converges (uniformly) to f at every point € R,
that is,

where
/ f 727rzmx dz. (91)

Since G, (1) = f(0) = > °_ Gy, our aim is to evaluate this
infinite series. First, we express the general term a,, in a form
that can be added without much difficulty. Using the defining sum
of f in the integrand of (9.1) we have

1 [P iy
__ 2T . o
Ay, = / § :6 T (ktx) e 2mwime dx
v Jo P
(k:+:c) +mn:c
E / dzx.

Now the exponent of e in the last integral can be rewritten as
follows:
(k+x)* + mnx

— 2m
n

k+z+ tmn)® — kmn — 'm2n2
__27]_2(( 2 ) 4
n

k Lmn)®
:—2m’<( +x—|—2mn) —km—im%)

n

kE+x+ tmn 2 ;
= -2 ( 2 ) + 2mikm + 7;2 m’n.
n

It follows that

1 2 1 2
ﬂi(k+x)2+mnx _ Tim2n 727ri(k+z+2mn) _m2n 727ri<k+z+2mn)
— e 2 e n =1 e n ,
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whence
. 2n M 1

1
= ) Z/ e’2m<k+z+n%mn)2 dz
= .
n
vn = Jo

The change of variable u = k + x + émn leads to

Z.m2n n—1 k+1+§mn ) 2 Z.m2n n—l—%mn ) 2
Ay, = e ™ n du = e “™n du.
k

\/n k=0 + ; mn \/n L

an
Using the last equation for a,, we have

o n+ mn
Go()= Y an = Vn Z / e 2" dy,
Next, since
5 0 (mod4) if m is even,
m =
1 (mod4) if m is odd,
we have
m2n 1 if m is even,
VA =
™ if m is odd.
Consequently;,
Gn(l)

n+ mn 2 n+émn 2
. _ U
E / ndu—i—zng / e 2™ du
m even

1
m odd ¥ 2™
n
— 1 T+ 727” du
vnoJo

= (1+ i”)2/ e 2 ¢ (t =u/vn).
0
To evaluate the last integral, we observe that

1=Gi(1)=(1+ ¢)2/ e 2 dt,
0
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from which we may conclude that

2 / A= (9.2)
0 1 —+1
Therefore, we have
14
Gy =" """
142

The proof of Theorem 9.1.1 contains the following results
(which is normally seen in advanced calculus):

o0 o0 1
/ cos(z?) do = / sin(2?) dz = \/W.

These equations follow from (9.2) by equating the real and imagi-
nary parts of the two sides.

9.2 Reduction Formulas

After we found a simple formula for G, (1), we concentrate on
evaluating (or simplifying) G, (a) for arbitrary integers a and n
with n > 0. We need the following lemma.

Lemma 9.2.1.

(i) If m and n are relatively prime positive integers, then

Lo = Ny, + mZy, (mod mn)
= {(nz + my) (modmn) | x € Zy, and y € Zy, }.

(i) If j and n are positive integers, then
L =1V 75 + i = {n”‘ja+ﬁ | €Z,; and (3 GZnu_]}
for any integer v > j.

Proof. (i) It is clear that nZ,, + mZ, (modmn) C Z,,. For the
reverse inclusion let k € Z,,,,. If m and n are relatively prime, then
cin+com = 1 for some integers ¢ and ¢y, so k = keyn+kcam. Now



9.2 Reduction Formulas 145

observe that there are integers j and ;' such that x def (jm+kcy) €
Zy, and y def (3'n + kcg) € Zy,. Then we have

k = nx + my (mod mn),

whence Zy, C nZy, + mZ, (mod mn).

(ii) Fix a positive integer j and assume that v > j. Since
0<n'7a+B<n”—1forany o € Z,; and 3 € Z,.—;, we have
N Zi + Lpv—i C Zyv. Conversely, the Euclidean division algo-
rithm implies that every m € Z,» can be written as m = an*~7 +3
for some o € Z,,; and 3 € Zyv—;. Thus Z,» C n" 7, + Lypv—;.

The following theorem enables us to evaluate G, (a).

Theorem 9.2.1. Let a, m, n, and v be integers. Suppose that
m, n >0, pis a prime, and p1{ a.

(i) If m and n are relatively prime, then Gn(a) = Gp(an)
Gn(am).
(i) If k € Z and v > 1, then Gy (kn) = \/n Gv-1(k).
(iii) If either v > 2 and p > 2 orv > 4 and p = 2, then Gy (a) =
Gp—2(a).

Proof. (i) Assume that m and n are relatively prime. We have

Gy (an) Gy Z i Z i

aEZm BGZn

1 3 e oPn? 4 g2m?
= (& mn
vmn

QGZm
BEZLn

— 1 § 6727ria(0m;im)2
vmn

QGZm
BEZLn

Z . 27;%62 (Lemma 9.2.1(1))

\/ mn
k E Z'Vn"l

= Gmnl(a).
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(ii) Assume that v > 1. For a € Z we have

1/—1)2

2miam? 1 _ 2mia(B+an
Gn,, a e nv — e nv
o X i 2 ’

m € Lyv

mn

a€El
B € Znu—l

where the last equality is assured by Lemma 9.2.1(ii) (with j = 1).
It follows from the following equation for the exponent

2mia(B + an’~1)? 2mia 3> , .
— & ) = — & —Amiaa — 2miaa’n’ "2,
nY nY n

that

2riaB? _dmiaa®  —2miaa®n? 2
G (a) = \/n” E e E e n e . (9.3)

BEL,v € Ly

Thus, for a = kn we have e~%™#/* = 1 and equation (9.3) be-
comes

1 ik (2 . b
Gn” (kn) = \/ny Z e 2nuk—ﬁl Z 6—27T'Lka2n 1 )
B

EZny_l o €ln

The assumption v > 1 assures that e 2m*e*n""" — 1 hence
T 2
Gn,,(kn> — n Z e 2nvk—ﬁ1
Ve
ﬁ S Znufl
= VL G (k) = /G (K).
Vi
(iii) First, assume that v > 2 and p is odd. The assumption v > 2

implies that e~27¢*’?""* = 1 thus equation (9.3) (with n = p) is
simplified to

Gola) = 2@” T Y ),

Be Zpufl a e Zp
By the geometric progression formula (in the case p 1 3)

Z 6747riaa§ _ p 1fp | ﬁ?
0 ifptp,

a €y
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whence
27T'Laﬁ 27ia
Gp” E e o= E e P~ 2 p
1/ 2
662 v—1 5EZ v—1
plB plB

Since the subset of Z,.-1 that consists of multiples of p is pZ,.2,
we have

1 727-riak:2
Gpo(a) = d e vt =Gpsa).

v—2
\/p k€Z,,

Next, assume that v > 4 and p = 2. We have

1 2miak?
G vi@) = e v
2 ( ) \/2’/ kEZZQV

2mia(f+az”~2)? (Lemma 9.2.1(ii)
E e 2 o
Wlthj:Qandn:2)

Q€ ZLy2
6EZ2V 2
. 1 Z 27r1a[3 Z 77’l'7,aaﬂ
= e
v
ﬁGZQV 2 a€Z22

It is easy to verify that

Z 6—7riaozﬁ — 2(1 + e—ﬂiaﬁ) _ {3 lf 2 ’ ﬂa

a €7y if 2 'f ﬁv
whence
4 _27r7la[32 2 _ 2mia (5)2
GO= o 2 ¢ = Vo > el
ﬁeZQV—Q 6EZ2U—2
2|8 218

Since the subset of Zgy.-2 that consists of multiples of 2 is 2Zq.-3,

we have 5 ,
_ 2miak
Gov(a) = E e -2,
\/21172
k‘GZQU—S

Finally, equation (1.7) on page 15 implies that

1 27r7lak2
Gov(a) = e 22 = (Ga-2(a).
2 ( ) \/21/_2 keZZQV_Q 2 ( )
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Statement (i) of Theorem 9.2.1 reduces the study of G,,(n) to a
special case G,v(n), where p is a prime. Statement (ii) reduces the
determination of G, (n) to the case G,»(n), where p { n. Statement
(iii) reduces the power v to its smallest permissible value. When
p = 2 and n is odd, the determination of G,»(n) rests on the
evaluation of either G4(n) or Gg(n) depending on whether v is
even or odd, respectively. The evaluations of G4(n) and Gg(n) are
trivial; their values are given in the following corollary.

Corollary 9.2.1. Suppose that k, n, v are integers.

(i)

Go(n) = 0 if n is odd,
2 B V2 if n 1s even.

Ga(n) = 1+ (=)™

Gs(n) = ;2 (1 +(=1)" 4+ 2¢7 1 ) .

(ii) If v > 0, p is an odd prime, and a is an integer that is not
divisible by p, then

R if v is even,
G la) = {(a/p)Gp(l) if v is odd.

(iii) If v > 4 and n is odd, then

G () 11— if v is even,
vin) = nmi
? V2e "1 if v s odd.

(iv) If v > n >0 and k is odd, then Ga (k2") = (V/2)"Gov-n (k).

Ezxample 9.2.1. Suppose that n = 1139062500 and a = 7882875.
This example illustrates the use of various results obtained to
evaluate Gy, (a). First, it is necessary to find the prime power
decomposition of n. We find that n = (22)(3%)(5%). Then by (i)
of Theorem 9.2.1 we have



9.2 Reduction Formulas 149

Gn(a) = G22 (3658a)G3658 (22CL)
= G92(3°5%a) G306 (2°5%a) G (223%0).

Next, we evaluate each term in the product on the right-hand
side of the last equality separately. For that, it is necessary to
find the prime power decomposition of a. We find that a =
(3%)(5)(7%)(11)(13).

Evaluation of Gy2(355%): By (iii) of the previous corollary,
G2 (3%5%) = 1 — i*°%. Since 3%5%a = 3 (mod 4) we have 3°%° =
—1, whence

Go2(3%5%a) = 1 + 1. (9.4)

Evaluation of Gss(225%): By (ii) of Theorem 9.2.1 and (ii) of
the previous corollary, we have

G36(2°5%a) = G6(223%b) = 3Gi31(2%h) = 3, (9.5)

where b = 5'17%(11)(13).

Evaluation of Gss(223%): We have G3s(223%) = Gss(5%¢)
with ¢ = 22387%(11)(13). Part (ii) of Theorem 9.2.1 implies that
G5s(223%) = 5v/5G5s(c). By (ii) of the previous corollary and (i)
of Theorem 1.2.1,

Gss(2°3%) = 5v/5(27/5)(3%/5)(7°/5)(11/5)(13/5)G5(1).
Again, by (i) of Theorem 1.2.1, we have
Gss(2°3%) = 5v/5(2/5)%(3/5)%(7/5)*(11/5)(13/5)G5(1).

Since the value of each of the Legendre symbols (2/5), (3/5), and
(7/5) is either 1 or —1, the square of each has value 1. Also, since
(11/5) =1 and (13/5) = —1, it follows that

Z‘5

1
G'5s(223%a) = —5V/5G5(1) = —5V/5 1+

+1

= —5V5. (9.6

We gather the results from (9.4)-(9.6) and obtain

Gpla) = —15V/5(1 +1).
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As an application of some of the results about Gaussian sums,
we give a short proof of the Quadratic Reciprocity Law for the
Legendre symbol.

Theorem 9.2.2 (Quadratic Reciprocity Law). If p and q are
distinct odd primes, then

(p/q)(q/p) = (=1)

Proof. By Corollary 7.2.2 (on page 103), (i) of Theorem 9.2.1, and
Theorem 9.1.1 we have

GGu) _ Goll) (L #)(1+)
PIWP) = ¢ 1)G,(1) = Go1)G,(1) ~ (14 ) (1 +in)

(p—1)(g—1)
4

It is easy to verify that

(14 P)(1 + 49)

(14 4P9)(1 + 1) 1 if either p =1 (mod4) or ¢ =1 (mod 4),
—1 otherwise,

therefore (p/q)(q/p) = (—1)*~ D@D/,

An equivalent statement of the Quadratic Reciprocity Law: if p
and ¢ are distinct odd primes, then (p/q) = (q/p) unless p = ¢ =
3 (mod 4), in which case (p/q) = —(q/p).

For readers who are interested in learning more about Gauss
sums we recommend [7], which has a good chapter on the subject.
A more comprehensive treatment may be found in [1].

Exercise.

56. (Formulas for Gaussian sums) Suppose that n is an odd
positive integer greater than 1 whose prime decomposition
is given by the equation

k
— Vj
=107,
j=1

where each integral exponent v; is positive. For an integer
a, the Jacobi symbol (a/n) is defined by the equation
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where (a/p;) is the Legendre symbol. Thus, the possible val-
ues of (a/n) are —1, 0, 1, with (a/n) = 0 if and only if a
and n have a common factor greater than one. Prove that if
a and n are relatively prime, then

q) — (a/n) ifn=1(mod4),
nle) {—i(a/n) if n =3 (mod 4).
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