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“ For active fixed-income investors, this book has always been the holy 
writ, where it all began. Leibowitz’s revisions make certain that the book 
will continue in that role. But for all investors, of any stripe, Inside the Yield 
Book is the essential work for understanding what the entire investment 
process is all about.”

— PETER L. BERNSTEIN

Author of Against the Gods and Capital Ideas
President, Peter L. Bernstein, Inc.

“ It’s pure pleasure to revisit this innovative and authoritative bedrock 
of modern bond analysis. The new edition demonstrates how the authors’ 
pioneering approach can be applied broadly. You can ignore the analysis 
if you’d like; however, the description of Wall Street’s original ‘rocket 
scientist’ encountering Salomon Brothers’ trading floor is worth the price 
of admission.”

— JOHN LIPSKY

Chief Economist, JPMorgan Securities Inc.

“ This book transformed the markets’ understanding of bonds. The new 
material in this expanded edition extends those insights to equities and 
other investments—and the investment world is indebted anew to Sidney 
Homer and Martin Leibowitz.”

— FRANK J. FABOZZI, PH.D., CFA
Editor of the Journal of Portfolio Management
Frederick Frank Adjunct Professor of Finance at Yale University’s 
   School of Management



“ Inside the Yield Book may not be where it all began, but it certainly is where 
it all began to be understood. The clarity and elegance of language and 
thought is startling. The new material will not disappoint. This book will 
live forever!”

— JACK R. MEYER

President and CEO, Harvard Management Company

“ As someone who’s been in the business for forty-eight years and still makes 
good use of the original edition, I’m very pleased to see Inside the Yield 
Book back in print with the very helpful addition on present value.”

— GEDALE HOROWITZ

Senior Managing Director, Citigroup Global Markets Inc.

“ In the 1970s and 1980s, we built strong fixed-income franchises both at the 
Harris Bank and Lincoln Capital based on Marty’s work contained in Inside 
the Yield Book. Few, if any, mathematical studies have had the impact on an 
industry that this book has. More than thirty years later, it still should be 
must reading for every investment professional.”

— KENNETH R. MEYER

Chairman, Lincoln Capital Management Company
A Lehman Company

“ Inside the Yield Book brought bond trading out of the Dark Ages and 
the investment world’s brightest stars into bond trading. Its enduring 
popularity reflects the authors’ rare ability to provide sound solutions to 
practical concerns in clear, economical prose.”

— MARTIN FRIDSON

Publisher of Leverage World
Member of the Fixed Income Analysts Society Hall of Fame



“ The new edition gives us the best of both worlds: the complete classic that 
helped launch a golden age for fixed-income investing, and completely new 
sections that show how relevant and essential its wisdom remains today.”

— LEWIS S. RANIERI

Chairman, Hyperion Partners

“ When I was a young mortgage security trader in the mid 1970s, I found 
Inside the Yield Book to be an absolutely essential reference tool. Today, as 
fixed-income markets grow even more complex and global risk manage-
ment becomes mandatory, every participant in the fixed-income market 
needs to read and then reread this authoritative work.”

— LAURENCE FINK

Chairman and CEO, BlackRock

“ There have been many developments in fixed-income analysis, and 
they all benefit from the seminal publication Inside the Yield Book. The 
foundation that was established supports and inspires the work which 
has followed. Marty’s additional material adds to the legacy of his path-
breaking efforts.”

— H. GIFFORD FONG

President, Gifford Fong Associates

“ Just as thousands of years ago, the Greeks measured the diameter of the 
earth quite accurately; and just as the Chinese circumnavigated the globe 
long before Columbus and Magellan; so Sidney Homer charted the constel-
lation of bond mathematics long before modern computers. Since bonds 
finance human activity, this book is full of fascinating history, and it is not 
only Sidney’s. Marty Leibowitz’s fingerprints are all over it, too. Sidney 
was the historian, and Marty is the poet, of the most important financial 
market on earth: bonds.”

— ANDREW M. (ANDY) CARTER

Vice Chairman, Hyperion Capital Management, Inc.



“ This expanded version of the classic study continues to make a significant 
contribution to our understanding of interest rates and debt pricing. 
It should be required reading for both practitioners and academics. 
Marty has the ability to explain complex relationships in the debt markets in 
a logical and often intuitive way, and to then back the intuition with rigorous 
mathematics.”

— MARTIN J. GRUBER

Nomura Professor of Finance, Stern School of Business
New York University

“ Inside the Yield Book is the fixed income classic, and it has been updated 
with a fascinating chapter of bond market history. Some books get better 
with age, and this is one of them.”

— BRIAN S. O’NEIL

Chief Investment Officer, Robert Wood Johnson Foundation

“ When my son earned his MBA, I gave him an engraved wristwatch and a 
dog-eared copy of Inside the Yield Book. The watch will help him get to 
work on time, but the book was the real gift. You cannot succeed as an 
investor without understanding the concepts Inside the Yield Book 
teaches. Marty Leibowitz has done a great service to all investors by 
bringing back this classic.”

— BRIAN F. WRUBLE, CFA
General Partner, Odyssey Partners, L.P.
Past Chairman, Institute of Chartered Financial Analysts

“ With the global nature of today’s investment management process and the 
increasing complexity of financial instruments, we seem far removed from 
the bond markets that Sidney Homer and Marty Leibowitz first wrote about 
in 1972. However, Sidney’s intuition and Marty’s mathematical rigor gave 
all of us the foundation from which all of today’s analytical approaches ema-
nate. Their work was innovative at the time but, if anything, may be even 
more relevant today.”

— THOMAS E. KLAFFKY

Managing Director and Head of the Yield Book Group, Citigroup
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To the memory of my coauthor, Sidney Homer, 
who first introduced me to the financial marketplace 

with its intriguing challenges, its colorful personalities, 
and its many fascinating problems that I am still 

struggling to more fully understand. 

Martin L. Leibowitz
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ix

I STILL RECALL when in 1969 Sidney Homer asked me to meet with Martin 
Leibowitz in order to ascertain how he might fit into our research effort at 
Salomon Brothers. Sidney Homer had joined Salomon in 1960 to set up a 
bond market research department. He had hired me a year later. My role 
eventually expanded to assuming overall research responsibilities. By the 
time Marty arrived, Sidney had already published his monumental book, 
A History of Interest Rates, followed by a number of papers on the behav-
ior of interest rates from a portfolio management perspective. However, 
Sidney and I concluded that the time was now ripe for a more quantitative 
approach to evaluating the opportunities and pitfalls in the bond market. 
With a doctorate in mathematics, Marty was well prepared to join with us 
in this new pursuit.

I should explain the title Inside the Yield Book. Market veterans will 
understand the title, but newcomers generally will not. Back in those 
days, the “yield book” was a compilation of numerical tables of prices 
and yields for a wide range of bond maturities. Traders and investors 
would agree on the yield basis for a trade and then laboriously plow into 
these tables to determine the corresponding price. 

There were two problems that became increasingly troublesome as 
the bond market began to experience enormous growth in the size and 
breadth of new issues. The first problem was that, with the increasing 
range of interest rates during the 1960s and 1970s, these volumes be-
came thicker and thicker, resulting in an ever longer time required to 
find the interpolated price and then negotiate a given trade. Today, the 
computer has basically solved this problem. The second problem was 
that bond market participants—portfolio managers as well as broker/
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dealers—had come to rely upon these yield books as gospel, with all 
too little understanding of the underlying mathematical and financial 
concepts. Sidney Homer had long been urging market participants to 
move toward a more total-return orientation that would be consistent 
with modern financial theory.

When Sidney’s insight and experience were combined with Marty’s 
ability to probe beyond the rigid tabulations of the yield book, they were 
able to coauthor a series of studies that opened a wider and more compel-
ling vista into this new world of bond analysis. These studies soon came 
to have a profound impact on the bond community, and it was that recep-
tion that led to the publication of this book’s first edition in 1972.

The insights and observations in Inside the Yield Book are as true today 
as they were then. Virtually every one of the fifteen chapters, starting with 
the first part that deals with “Bond Yields, Bond Prices, and Bond Invest-
ment” and concluding with the chapters on “The Mathematics of Bond 
Yields,” have stood the test of time. In particular, the chapters on present 
value, interest on interest, and the different rates of return have often been 
cited as among the clearest exposition of these key concepts, which are 
fundamental to understanding the analysis of cash flows not only in the 
bond world but in any area of finance. 

Following the publication of Inside the Yield Book, Marty’s career 
blossomed. He became the head of an important division (in research) 
known as the Bond Portfolio Analysis Group. After I left Salomon Broth-
ers in 1988, Marty became director of global research, responsible for all 
of the firm’s research activities in equities as well as fixed income. Marty 
attracted a number of highly competent quantitative analysts, many with 
Ph.D. degrees, not just in economics, but in mathematics, engineering, 
and even astronomy. Their work became vital to the firm’s trading desk 
and was responsible for many client transactions. Many of these analysts 
went on to achieve wide recognition on their own.

Marty led the research effort by example. Over the course of the years, 
there was an outpouring of writings. Many were published in book form 
in Investing: The Collected Works of Martin L. Leibowitz (1991), Fran-
chise Value and the Price/Earnings Ratio (1994), and Return Targets 
and Shortfall Risks (1996). The range of subjects covered in these pages 
is truly breathtaking. Throughout their combined 2,000 pages, Marty’s 
great intellect and broad range of knowledge is ever present. 

x FOREWORD



In 1995, Marty joined one of the largest retirement funds in the world, 
TIAA-CREF, as chief investment officer. In this capacity, he was able to 
put many of his investment ideas and theories into practice.

Marty’s career has been characterized by the persistent search for a 
deeper understanding of the most basic investment concepts, an approach 
that first came to light in his work on Inside the Yield Book.

FOREWORD xi
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xiii

WHEN FIRST PUBLISHED IN 1972, Inside the Yield Book made a big splash in 
a very shallow pond. From today’s vantage point, fixed-income activities 
back in those days can seem somewhat naïve, and perhaps even rather 
dull. But when I first found myself on the bond trading floor at Salomon 
Brothers and Hutzler (SB & H), it was anything but. In fact, it had some 
asylum characteristics, with traders and partners shouting and screaming, 
banging phones down in frustration, arguing bitterly with traders across 
the aisle, sometimes holding their heads in despair or, when a dynamite 
trade was consummated, giving everyone “high fives” and even occasion-
ally jumping on the desk for a victory dance. 

Perhaps the most striking feature was the trays of half-eaten lunches, 
several days old, that could be stacked three and four high on the trading 
desks. The traders always ate at their desks and rarely had time to clear 
away their uneaten sandwiches. As a freshly minted Ph.D. in mathemat-
ics, this was not exactly my expectation of high finance. Especially not 
after riding up in the oak-paneled elevator, entering the elegantly oak-
paneled foyer, and stealing a yearning glimpse into the elegantly oak-
paneled Partner’s Dining Room, with its—yes, elegant oak-paneled table. 
Nor was this what I was expecting after learning about Salomon Brothers 
and Hutzler from Sidney Homer.

Sidney Homer was remarkable on many counts. First of all, he was my 
wife’s uncle, which is how I first met him. In fact, when my wife, Sarah, 
and I were married in 1966, it was Sidney who accompanied her down the 
aisle in lieu of her father who had passed away years earlier. Sidney was a 
man with a patrician presence. He was very intelligent, finishing an edu-
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cation in classics at Harvard in three years, and was an embarrassingly 
gifted writer (at least, he embarrassed me on repeated occasions with his 
uncanny knack for turning an initially awkward phrase into an eloquent 
statement). His parents were both musicians of the first rank. His father, 
also named Sidney Homer, was a composer of superb classical art songs, 
and his mother, Madame Louise Homer, was a renowned mezzo-soprano 
with a long career at the Metropolitan Opera, singing with the greats 
such as Enrico Caruso. Sidney’s parents were so exalted in their artistic 
sphere and so broadly revered that they mingled with the upper crust of 
New York society. Alas, as is almost always the case with the arts, talent 
and funding follow separate paths: Sidney may have had an aristocratic 
upbringing, but his family was far from wealthy. So when Sidney fell in 
love and married at a very young age, he had to go to work. And the only 
work that he could find at the time was to join a Wall Street bond firm—
a crass descent into commercialism by his family’s standards.

But quality shines through. Sidney became a highly skilled bond man-
ager, spending the larger part of his career at Scudder, Stevens and Clark. 
Along the way, his inquiring mind led him not just to participate in the 
bond market, but to study it deeply and write about his findings. Sidney’s 
literary skills were exceptional by financial market standards, and his 
bond market studies gained a wide following. He soon became known 
as the “bard of the bond market”—an honorary title that no one else has 
ever held since (or perhaps ever aspired to). He wrote several books that 
became classics in their day. One of his books, The Bond Buyer’s Primer,1  
was a tongue-in-cheek story describing how a bond salesman should go 
about selling bonds, and how a bond buyer should go about resisting him. 
It is now out of print but highly prized by those who have a copy.

One of Sidney’s enduring works is his monumental study, The His-
tory of Interest Rates.2 Most financial writers would have been content 
with covering the last two centuries, but Sidney’s classical training and 
avocational interest led him to extend his history back to pre-Biblical 
times. He managed to take a potentially tedious subject and make it into 
a fascinating story relating cyclical sweeps in interest rates to grand soci-
etal changes. The book has been through several editions, with the latest 
updated by Henry Kaufman and Richard Sylla, an eminent financial his-
torian from New York University. The publication of The History added 
a touch of class to the bond market, and every serious participant had a 
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copy. Its most thorough reader was undoubtedly the young Dr. Henry 
Kaufman who, after being hired by Sidney at SB & H, actually “volun-
teered” to proofread all 472 pages.

In the early 1960s, SB & H was the premier bond trading firm, but it 
was basically just that—a bond trading firm. One of the senior partners, 
Charles Simon, realized that for the firm to flourish, it needed to provide 
services beyond the best price to its customers. He hit upon the idea of 
creating a bond market research department—the first on Wall Street—
and he enticed Sidney to head it up.

Back in those days, bond trading was an arcane backwater. I had 
literally never heard of SB & H, nor had a lot of other generally well-in-
formed people. My wife and I had visited Sidney’s Gramercy Park home 
on numerous occasions, but we never discussed Wall Street until one 
evening when Sidney learned that I would soon complete my doctorate in 
mathematics. He pulled me aside and dug out a file that contained about 
fifty handwritten pages of a never-finished book entitled The Mathemat-
ics of Bonds. He explained that this project was begun many years before, 
but it had foundered into filedom. He had started the book by setting forth 
a number of principles that he (and virtually every other bond market 
participant) was sure were true. One of these principles was that longer-
maturity bonds have greater price volatility than shorter bonds. However, 
as he developed numerical examples, he found that they contradicted his 
“rock certain” principles. After years of letting his manuscript collect 
dust, he now wondered if I would take a look at it to see if my mathemat-
ical background could help untangle the paradox.

I must confess that, at that point, my knowledge of bonds was non-
existent. But I gamely took the pages home and worked up the (relatively 
straightforward) algebra that defined yield-to-maturity and related it to a 
bond price. When I presented my findings, he was duly appreciative and 
gracious, as he always was. However, at this point neither Sidney nor I 
was particularly excited by my explanations. They might be illuminating, 
but neither of us saw how they could prove really useful. Out of curiosity, 
I asked Sidney why he hadn’t taken the problem to the “house mathemati-
cian” at SB & H. He found great humor in my question, because no one at 
SB & H came close to fitting that description. That surprised me. I would 
have thought that the premier bond firm, trading instruments that had so 
many mathematical facets, would surely have some in-house expertise 

PREFACE TO THE 2004 EDITION xv



of that sort. As I pondered his response, it dawned upon me that maybe I 
could become that “house mathematician.”

My route into SB & H was more circuitous than one might imagine. 
At first, Sidney was not encouraging. His research department was very 
compact at that point, and he certainly did not have room for someone not 
steeped in the financial markets. But persistence pays off (sometimes), 
and one day Sidney heard that two of his associates, Morris Offit and 
Harry Peterson, were looking for someone to develop computer-based 
analyses that could facilitate various trading activities. One thing led to 
another and I eventually found myself manning the single, time-shared 
computer terminal on the trading floor at 60 Wall Street (the one with the 
stacks of old lunch trays). 

My first two weeks at SB & H were spent going through their rudi-
mentary training program. This consisted of sitting next to various traders, 
plugging into their phone lines, and listening to their dialogues. Because 
trade talk is almost always highly compressed, clipped, super-fast, and 
replete with market jargon (and other specialty words), this was an ardu-
ous learning experience. Coincidentally, on my very first day, I was as-
signed to sit next to a young but clearly up-and-coming equity trader by 
the name of Mike Bloomberg.

Work on the trading floor was hectic, but it gave me a great education 
about the financial markets and the transaction process. The traders and 
salesmen were generally kind to me. They became even kinder when 
I was able to develop a package of computer programs that facilitated 
a number of trades. Also, with my little time-sharing terminal, I could 
determine the yield for any given price with great speed and accuracy. 
However, the traders were themselves very adept at using the look-up 
tables—their so-called “yield books”—to find the yield values required 
to complete their trades. So, at first, my “high-tech” yield calculator was 
just a curiosity. But in 1970, when interest rates moved higher than the 
levels available in any of the traders’ yield book tables, I became the 
only game in town. Senior partners lined up in front of my terminal, 
desperate for the number that could confirm their latest trade. Needless 
to say, this boosted my standing on the floor, although it put me in a 
harrowing position in which any mistake could prove fatal. In a curious 
sense, one might say that I benefited from interest rates moving “out-
side” the yield book.
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It is said that need is the mother of invention. In the financial world, 
the gestation period can be very compressed. It was not many weeks 
before computer terminals and clunky special-purpose hand-held yield 
calculators sprouted up all over the trading floor. My reign as the sole 
“yield keeper” came to an abrupt end, allowing me to return to develop-
ing models for analyzing portfolio improvements involving corporate 
bonds and convertibles.

The broad-based use of computers to replace the yield book tables 
did nothing to further the general understanding of what a bond yield 
was all about. In fact, the great facility of the computer may have been 
a step backward. Traders could punch in a few numbers and the desired 
yield value would pop up. There was no need to ponder what it all 
meant, or what would happen if you changed the coupon or the matu-
rity. At least the old yield book procedure required a table look-up and 
an interpolation that forced the trader to move a finger up and down the 
yield rows and across the maturity columns. So, in a sense, the advent 
of the computer capability actually reduced the need for an apprecia-
tion of what a yield really meant. This may be a general problem of our 
computer age. The computer can be an effective facilitator in all sorts 
of areas, but its use on a rote basis also dulls the desire to seek a deeper 
understanding.

At that time, most bond portfolios were long-term oriented, and our 
analytical models typically focused on the long-term benefits of holding 
one type of bond versus another. The alternative bonds were usually of the 
same credit quality but differed in coupon, maturity, sinking fund, and/or 
call features, thereby creating different patterns of cash flow over time. In 
order to make fair comparisons, we had to assume that cash receipts were 
reinvested at a common set of hypothetical interest rates. We soon began 
to notice that the return from a given bond investment depended criti-
cally on the assumption of a common reinvestment opportunity and on 
the choice of that reinvestment rate. This finding greatly surprised many 
of the bond veterans.

Basically, their confusion stemmed from the widespread belief that a 
bond’s yield described the accumulation of wealth that would be gener-
ated over its life. From my earlier discussions with Sidney, I knew that 
this was not the case. Now the computer models validated the idea that 
reinvested rates played a critical role in the wealth buildup. Moreover, the 
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computer output made this finding visible through numerical examples 
that would be hard to argue with, although that didn’t stop many of my 
trading floor neighbors from trying. A number of paths converged when 
I realized that (1) the reinvestment effect was theoretically important, (2) 
this effect was also practically important (i.e., it could affect investment 
decisions), (3) virtually every bond trader, salesperson, and portfolio 
manager was woefully unaware of this fact, and (4) perhaps most im-
portant, my computer could provide a compelling demonstration of this 
result. This realization signaled opportunity, and I went to visit Sidney in 
his off-the-floor office (oak-paneled, naturally). 

Sidney was very interested. When I expressed my surprise at how 
little known this reinvestment effect seemed to be within the bond market 
(after all, this was not “rocket science”), Sidney observed that there are 
many myths and half-truths (some of them useful) embedded in daily 
practice. Sidney’s vast experience gave him a unique vantage point: He 
knew what was “known” and what was “not known.” It was this meeting 
that really gave birth to Inside the Yield Book, although I didn’t know that 
at the time.

A week later, while I was on vacation in Florida, Sidney tracked me 
down to tell me that he had been ruminating on my reinvestment results. 
He had already put together a draft “Memorandum to Portfolio Managers,” 
as he termed his research reports. He said that we would be coauthors of 
the finished product. 

The first memorandum in the series, entitled “Interest on Interest,” was 
published on October 5, 1970. It was viewed by many readers as an attack 
on the sanctity of the standard yield measure. There was considerable out-
rage among many of the crustier members of the bond community (and 
there were a lot of crusty members!). Sidney received many indignant 
calls and letters from valued friends and even more valued customers. 
All of these communications were turned over to me, and Sidney charged 
me with the job of responding to—and convincing—each and every 
complainant. The bad news was that undercutting the long-held views 
of our best customers did not exactly endear me to the firm’s senior part-
ners. This hardly seemed like the ideal way to launch a fledging financial 
career. The good news was that as I methodically chewed through the cor-
respondence that Sidney piled on my desk, I found myself coming into 
contact with the pillars of the bond community.
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Some were soothed by my written explanations, but many were not, 
which resulted in some pretty nervous grumbling within SB & H about 
potential damage to the firm’s standing. Sidney was steadfast in his sup-
port. Moreover, he put his prestige on the line by personally making ap-
pointments for us to visit the offices of the remaining recalcitrant custom-
ers. With my mathematical arguments, thankfully reinforced by Sidney’s 
credibility, we were finally able to attain a level of acceptance sufficient 
to keep SB & H’s reputation intact.

The next two memoranda, on price volatility, received a more gra-
cious reception, even though they surprised many readers by pointing out 
that low-coupon bonds could be more volatile than par bonds with much 
longer maturities.

There is one paragraph in Chapter 2 that was based on two questions 
Sidney posed to me. First, if a Roman centurion at the time of Christ 
had invested one drachma and allowed it to compound at just 4 percent 
through the centuries, what would be the accumulated amount? I was 
able to perform this calculation and it turned out to be a huge number of 
drachmas, which, at virtually any exchange rate, would exceed all the 
capital wealth now visible in the world’s financial markets. His second 
question I found not so easy to answer: What happened to all that poten-
tial wealth? Sidney had a way with the Big Ideas and answered this suc-
cinctly, if not wholly satisfactorily, on page 32 of Inside the Yield Book: 
“Aside from the destructive effects of wars, revolutions and inflations, 
and the incidence of taxes, there is a very human propensity to consume.” 
This question is still well worth the pondering, notwithstanding its rather 
depressing implications.

Subsequent memoranda dealt with a variety of subjects—zero-coupon 
bonds (long before zero-coupon bonds actually existed), callable bonds, 
and the total-return concept for bonds of different maturities and coupons. 
These new efforts were readily digested by a growing readership.

It was the last memorandum that had the greatest impact on the actual 
practice of bond portfolio management. At the time, virtually every trade 
that involved selling one bond and buying another was called a swap. The 
failure to differentiate among different types of swaps often led to serious 
confusion among market participants. The final memorandum proposed 
a classification system that segregated these trades into four distinct cat-
egories: (1) yield pick-up swaps, (2) substitution swaps, (3) sector swaps, 
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and (4) rate-anticipation swaps. This terminology proved useful as a way 
of distinguishing one activity from another and rapidly worked its way 
into the standard vocabulary of the bond market.

As they gained broader acceptance, the five memoranda were widely 
redistributed both in the United States and internationally (they were 
quickly translated into Japanese and German). They also found their way 
into investment training programs, not only at SB & H but at many other 
Wall Street firms, sometimes in photocopied form with the SB & H ban-
ner removed. It was not long before the New York Institute of Finance 
and Prentice-Hall urged us to expand the memoranda into a book. 

We added a few more chapters and a technical appendix that described 
the basic mathematics involved in calculating present values, yields, and 
rates of return. Such appendices are usually backwaters rarely dipped 
into, so we were surprised to hear many readers comment that our simple, 
step-by-step mathematical development in the appendix helped them to 
understand the present value concept for the first time. 

THE RESULTING VOLUME was published in 1972 under the title Inside the Yield 
Book. It subsequently went through more than twenty-five reprintings.

The occasion of this new edition is an opportunity for some additional 
acknowledgments. As we proceeded from one memorandum to the next, 
we came into contact with market participants as well as scholars who 
had given deep thought to the fundamental nature of the bond market. 
We learned from all these individuals things that enlightened us and 
enriched our endeavors. Among many who helped to move us forward, 
there were several who, for one reason or another, played a particularly 
special role.

First of all, it turned out that the London gilt firms were far ahead 
of the U.S. market in terms of their sophistication and even in their use 
of computer tools. Unlike U.S. firms, those in the United Kingdom had 
many senior staff members who were broadly trained actuaries with 
powerful mathematical backgrounds. Through his network in the United 
Kingdom, Sidney Homer was able to send me to London with introduc-
tions to key bond people at firms such as Greenwell and Co., Phillips and 
Drew, and Grieveson Grant. Our British friends were not used to such 
visits, but they received me with great warmth. (The three-hour luncheon 
meetings were unlike any I ever experienced—before or since. I think 
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they may now be ancient history in London.) Everyone in these firms 
was extraordinarily forthcoming about their analytic approaches to the 
market. Although most of their techniques would not have worked in the 
United States without considerable reworking, we went to great lengths 
to incorporate what we could of their thinking into our analytical tools, 
and some of their ideas surely improved our later memoranda. 

I mentioned earlier that Sidney Homer had spent the bulk of his long 
career as a bond manager at the firm of Scudder, Stevens, and Clark. 
One of his intellectual soul mates there was Herman Liss, a brilliant and 
creative student of the bond and convertible markets. At an early point, 
Sidney Homer sent me to meet with Herman for a series of lunches. Her-
man spoke so quickly and sparkled with so many intriguing ideas that he 
was hard to follow. I soon learned that I had to excuse myself from the 
lunch table for a few minutes and sneak off to some corner to quickly 
scribble down notes on his many outpourings. I hesitate to conjecture as 
to how Herman interpreted those interruptions; needless to say, many of 
his thoughts found their way into our work.

In the academic sphere, there was at that time relatively little interest 
in bonds, although there were some notable studies by Peter Williamson 
at Dartmouth 3 and by Larry Fisher and Roman Weil at the University of 
Chicago.4 The classic work of Frederick Macaulay5 was, of course, in-
valuable. And many of us came amicably to terms with the Treasury yield 
curve through a wonderful book by Princeton’s Burton Malkiel, The Term 
Structure of Interest Rates.6

Finally, it would be unfair not to recognize that many SB & H customers 
were well ahead of the pack. We were fortunate to be able to benefit from 
our dialogue with these thought leaders who helped to shape our work. 

To sum it up in the language of the bond world, we all owe many more 
debts of intellectual gratitude than we can ever redeem. 
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xxv

THE CONCEPT OF present value (PV ) is basically a simple one that plays a 
key role in virtually every area of finance. Yet some surprising points of 
confusion and gaps in understanding remain, even among experienced 
financial analysts. In Inside the Yield Book, we addressed some of these 
issues within the bond domain. The original appendix represented a de-
liberate attempt to move beyond the simple mathematics of present value 
and provide a more comprehensive feeling for the underlying motivations 
and assumptions. In particular, we tried to relate PV to the more intui-
tive concept of a basic compounding process that generates future value 
(FV ) over time. The following discussion explores a number of topics 
regarding the PV concept and how it interacts with a cash flow’s future 
value over a prescribed time horizon. For completeness, the equations are 
developed in the Technical Appendix.

In the final section of this chapter, we go beyond the fixed-income 
realm and suggest some generalizations of the PV concept that can be 
useful in thinking about the value of equities or virtually any other types 
of investment. (Some readers may wish to first move to these generaliza-
tions and then later back into the more mathematical treatment of the 
fixed-income topics.)

The Basic Concept of Present Value

Every investment is an exchange of current resources for some future 
flow of payments. In the broadest sense, the concept of PV is a gauge of 
the value of those future payments in current terms. One could argue that 
the PV concept is at work (at least implicitly) in every investment deci-
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sion, both in the primary and the secondary market. The PV idea is a very 
old concept, and every investor has some intuitive sense of how it works. 
In fact, it is such a basic tool, and so widely used and taught, that its ap-
plication has become all too second nature. The problem with this is that 
use of common yardsticks (as we saw in Inside the Yield Book) can easily 
become rote, that is, used routinely without any thoughtful application of 
their roots—or limitations.

The fundamental element in the PV calculation is the discount rate—
the rate of interest that relates what an investor is willing to pay currently 
to receive a future payment at some specified point in time. This subject 
of discount rates can quickly become very complicated. Discount rates 
can vary due to a variety of factors: the time to each cash payment, the 
risk associated with the payments, the volatility of the discount rate itself, 
and so forth. For clarity of exposition, we shall keep it simple and assume 
throughout that the market applies the single, flat discount rate of 8% to 
all investments.

With this heroic assumption, any flow of payments can be discounted 
at this 8% rate to determine a PV that should exactly correspond to its 
fair market price. In a very real sense, a market discount rate is a mea-
sure of society’s time value of money, and more generally, the time value 
of scarce resources in general. (And one could obviously go on at great 
length about the relationship of inflation, growth prospects, resource scar-
city, consumption patterns, etc.)

Seen another way, the discount rate is equivalent to the basic market 
return on a fair value investment. This returns view of the discount rate 
(just the other face of the same coin) leads to a slightly different inter-
pretation of the PV: The PV is the dollar amount that, if invested and 
compounded at the discount rate, could produce the exact same pattern 
of future flows as the original investment. It should be noted that both of 
the above interpretations of the PV—as a time exchange of current for 
future dollars, and as an invested amount that would mimic the original 
investment’s flow—make no reference to what happens to those future 
flows once they are received. The future payment may be spent, rein-
vested, or just given away. Whatever the fate of the future payments, the 
PV would be the same.

As an example, throughout this discussion, we will consider the sim-
plest possible cash flow: a 10-year annuity consisting of 10 annual pay-
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ments of $10 each, subject to our discount rate of 8%. We will use this 
same cash flow example to illustrate a number of analytic points, most of 
which apply quite generally to any cash flow. In Table 1, the third column 
labeled PV(H,H ) shows the PV of the payment received in year H. (More 
precise definitions and more complete development of the mathematical 
concepts are presented in the Technical Appendix.) Thus, the first $10 
payment at the end of year 1 has a PV(1,1) of $9.26 in current dollar 
terms. We could also turn this around and note that a $9.26 deposit would 
have grown to $10 when invested for one year at an 8% rate of interest:

$9.26 × 1.08 = $10.
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TABLE 1

Cumulative Present Value

10 Annual Payments of $10
8% Discount Rate

    Present Value of        Cumulative
    Each Payment, Present Value,
 Horizon, H Payments PV (H,H ) PV (1,H )
 0 $0 $0.00 $0.00
 1 10 9.26 9.26
 2 10 8.57 17.83
 3 10 7.94 25.77
 4 10 7.35 33.12
 5 10 6.81 39.93
   
 6 10 6.30 46.23
 7 10 5.83 52.06
 8 10 5.40 57.47
 9 10 5.00 62.47
 10 10 4.63 67.10
   
 11 0 0.00 67.10
 12 0 0.00 67.10
 13 0 0.00 67.10
 14 0 0.00 67.10
 15 0 0.00 67.10



The second $10 payment has a PV(2,2) of $8.57, and so on up until the 
last payment in the 10th year which has a PV(10,10) of only $4.63. The next 
column, labeled PV(1,H ), is the accumulation of all payments from the first 
year up to and including the one in year H. Thus, the PV(1,2) for the first 
two $10 payments is $9.26 + $8.57 = $17.83. The PV(1,5) of the flow’s first 
5 years is $39.93, and the PV(1,10) for the entire cash flow is $67.10.

The Reinvested Future Value

However, it is very useful to move beyond this strictly “discounting” 
framework to think in terms of a generalized future value (FV ) of an in-
vestment. As with most things, it’s easy to fall into an overly complicated 
discussion. So, keeping it simple, we can define a reinvested future value 
RFV(1,H ) at some horizon H as the total funds that would have accumu-
lated if all of an investment’s payments from year 1 to H were reinvested 
(and compounded) at a given reinvestment rate. For the moment, assume 
that time horizon H coincides with the last payment from the original in-
vestment. Returning to our basic annuity example, Table 2 illustrates the 
reinvestment process for the 10-year $10 annuity. The first $10 payment 
is received at the end of year 1 and is immediately reinvested at the as-
sumed 8% rate. This reinvestment generates an additional $0.80 interest, 
so that together with the second $10 payment, the accumulated reinvested 
value RFV(1,2) = $20.80. The reinvestment process then continues year 
by year until the end of the 10th year, at which point the RFV(1,10) = 
$144.87. Note that this sum implies the investor will receive $44.87 in in-
terest in addition to the underlying $100 from the original 10 payments. 

The RFV concept paves the way to a particularly simple (and useful) 
interpretation of an investment’s PV. Consider the total RFV(1,H ) that 
would be built up as of the H th year. When this RFV(1,H ) amount is dis-
counted back to the present, it will always just equal the PV(1,H ) of the 
original investment. Turning this idea around, any investment’s PV(1,H ) 
reflects the magnitude of the required investment that would grow on a 
fully compounded basis to the given RFV(1,H ), again assuming that a 
single market interest rate is used for both discounting and reinvestments. 
(See the Technical Appendix following this section.)

For the simplest possible example, consider the RFV(1,1) = $10 for 
the first payment. When discounted back to the present 8%, the PV(1,1) 
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= $9.26 is obtained. And as in the preceding section, this PV(1,1) = $9.26 
grows to exactly the RFV(1,1) = $10 when invested at 8%. Similarly, 
for H = 7, Table 2 shows that the RFV(1,7) = $89.23. From Table 1, this 
7-year flow has a cumulative PV(1,7) = $52.06. A simple computation 
shows that

$52.06 × (1.08)7 = $89.23.

More generally, as demonstrated in the Technical Appendix,
 

PV(1,H ) × (1.08)H = RFV(1,H ).
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TABLE 2

Reinvested Future Value

10 Annual Payments of $10
8% Discount Rate

      Reinvested
   Carryforward  Future Value,
 Horizon, H Payments  Amount New Interest RFV(1,H )
 0 $0 $0.00 $0.00 $0.00
 1 10 0.00 0.00 10.00
 2 10 10.00 0.80 20.80
 3 10 20.80 1.66 32.46
 4 10 32.46 2.60 45.06
 5 10 45.06 3.60 58.67
    
 6 10 58.67 4.69 73.36
 7 10 73.36 5.87 89.23
 8 10 89.23 7.14 106.37
 9 10 106.37 8.51 124.88
 10 10 124.88 9.99 144.87
    
 11 0 144.87 11.59 156.45
 12 0 156.45 12.52 168.97
 13 0 168.97 13.52 182.49
 14 0 182.49 14.60 197.09
 15 0 197.09 15.77 212.86



Like the PV, the FV has the appeal of great simplicity. Rather than 
think through a complex pattern of payments, we can just observe that 
all investments with the same last payment date will have the same 
RFV(1,H ) for each dollar of PV(1,H ):

RFV(1,H ) = (1.08)H

 PV(1,H ) 

In other words, any investment’s RFV(1,H ) can be reproduced by 
simply deploying its PV amount into a savings account that is then com-
pounded forward at the given rate.

In the preceding, the RFV ’s horizon was defined to coincide with the 
last payment date. Suppose that is not the case, that is, suppose we want to 
consider a 15-year horizon but the investment’s payments only cover 10 
years? There is an easy fix. After the last payment in the 10th year, the ac-
cumulated value RFV(1,H ) would simply be reinvested and compounded 
forward at the market rate until the 15th-year horizon, thereby growing to 
the RFV(1,15) = $212.86 as shown in Table 2.

The Horizon Present Value ( HPV  )

In the preceding discussion, when the horizon H matches or exceeds 
the investment’s life, there is no further cash flow beyond the horizon. 
However, a somewhat more complex situation arises when the horizon 
date falls before the cash flow’s last payment. For example, consider a 
7-year horizon that falls in the midst of our 10-year cash flow. In the 7th 

year, there will remain a 3-year “tail” consisting of the three $10 pay-
ments in years 8, 9, and 10. Now, the most natural way to put a number on 
this tail is to again use the PV approach. Thus, at the time of the 7th-year 
horizon, the tail is treated as a new 3-year investment and the remaining 
flows are discounted back to a PV, which we may call the horizon PV, 
with the symbol HPV(8,10).

In general terms, for an investment having its last (maturity) payment 
in year M, we can express the horizon PV of the next (M-H ) payments 
as HPV(H+1, M ), representing the PV as of time H (i.e., just after the 
H th payment).

For the basic case of a level-pay annuity, the HPV is a pretty simple 
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calculation. At the outset, H = 0 and the entire 10-year annuity remains 
ahead of us, so that the HPV(1,10) is just the same as the PV(1,10) 
for the entire annuity. In Table 1, PV(1,10) = $67.10, and in Table 3, 
HPV(1,10) is also $67.10. However, at the end of the first year, for H 
=1, there are only 9 remaining payments. In other words, Table 3’s 
HPV(2,10) = $62.47 is the same as Table 1’s PV(1,9), that is, the PV 
for a level flow with 9 annual payments. We can continue in this fash-
ion until we reach a horizon H = 9, at which point there is only the one 
remaining $10 payment to be received. Thus, Table 3’s HPV(10,10) = 
$9.26 is just the discounted value of a $10 payment one year forward, 
PV(1,1), which we could have read from the third column of Table 1.
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TABLE 3

Horizon Present Value

10 Annual Payments of $10
8% Discount Rate

    Present Cumulative Horizon
   Value of Each Present Value Present Value,
 Horizon, H Payments Payment, (H,H ) PV (1,H ) HPV (H+1,10)
 0 $0 $0.00 $0.00 $67.10
 1 10 9.26 9.26 62.47
 2 10 8.57 17.83 57.47
 3 10 7.94 25.77 52.06
 4 10 7.35 33.12 46.23
 5 10 6.81 39.93 39.93
    
 6 10 6.30 46.23 33.12
 7 10 5.83 52.06 25.77
 8 10 5.40 57.47 17.83
 9 10 5.00 62.47 9.26
 10 10 4.63 67.10 0.00
    
 11 0 0.00 67.10 0.00
 12 0 0.00 67.10 0.00
 13 0 0.00 67.10 0.00
 14 0 0.00 67.10 0.00
 15 0 0.00 67.10 0.00



The exceptionally simple relationship between Tables 1 and 3 holds 
only for level cash flows. For more complex cash flows, the HPV(H+1, M ) 
must be adjusted to reflect the PV of the cash flow’s remaining payments 
from year (H + 1) to the maturity year M.

The Total Future Value TFV ( H )

To find the total future value at a given horizon TFV(H), we must add 
the going-forward HPV(H+1, M ) of the tail flows to the accumulated 
RFV(1,H ) from the reinvestment process. Note that two concepts are 
combined here: (1) reinvesting (and compounding) the payments from 
the first H years, that is, RFV(1,H ), and (2) discounting the tail payments 
for the next (M-H ) years, that is, the HPV(H+1, M ). However, with both 
reinvesting and discounting taking place at the same market rate, we will 
obtain a consistent TFV(H ) for any investment stretching over any span 
of years:

TFV(H ) = RFV (1,H ) + HPV(H +1,  M )

The numerical illustration of the TFV concept (Table 4) requires com-
bining the reinvested value RFV(H+1, M ) from Table 2 with the going-
forward HPV(H+1, M ) values from Table 3. At the outset, when H = 0, 
there will have been no payments as yet and hence, no RFV (0,0) = 0, and 
the TFV(0) is simply the PV(1, M ). Similarly, at the 10th-year horizon, 
there are no further payments, so that HPV(11,10) = 0, and the TFV(10) 
consists solely of the accumulated reinvestment RFV(1,10) = $144.87. 
At the intermediate horizon H = 3, there is a reinvested accumulated 
RFV(1,3) = $32.46 and an HPV(4,10) = $52.06, so that TFV(3) = $32.46 
+ $52.06 = $84.53.

The Technical Appendix following this section demonstrates that, 
when both discounting and reinvestment take place at the same rate, the 
TFV(H ) can be directly determined from the PV(1, M ) for the entire cash 
flow:

TFV(H ) = (1.08)H PV(1, M )
or 
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  TFV(H )
 PV(1, M ) 

= (1.08)H

With the preceding assumptions and the definition of TFV(H ), we 
have achieved the ultimate in oversimplification: Per dollar invested, 
every investment will produce the exact same TFV(H ) at any specified 
horizon date H! And just as any investment will have the same FV per 
dollar invested today, so at a given horizon, any investment will have the 
same PV per dollar of FV. This hypothetical world—with a common fixed 
discount rate that suits every market participant and fits all investments—
is a very dull one indeed. At any future point in time (including today), a 
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TABLE 4

Total Future Value

10 Annual Payments of $10
8% Discount Rate

    Reinvested Horizon Total
   Future Value Present Value Future Value
 Horizon, H Payments RFV(1,H ) HPV(H+1,10) TFV(H )
 0 $0 $0.00 $67.10 $67.10
 1 10 10.00 62.47 72.47
 2 10 20.80 57.47 78.27
 3 10 32.46 52.06 84.53
 4 10 45.06 46.23 91.29
 5 10 58.67 39.93 98.59
    
 6 10 73.36 33.12 106.48
 7 10 89.23 25.77 115.00
 8 10 106.37 17.83 124.20
 9 10 124.88 9.26 134.13
 10 10 144.87 0.00 144.87
    
 11 0 156.45 0.00 156.45
 12 0 168.97 0.00 168.97
 13 0 182.49 0.00 182.49
 14 0 197.09 0.00 197.09
 15 0 212.86 0.00 212.86



dollar invested in any vehicle will always generate the same TFV. Thus, 
every investment outcome could be replicated by the most trivial action 
of simply deploying the comparable PV into a savings account that then 
compounds at the specified discount rate.

In such a market, there would be basically no point in choosing one 
investment over another, and hence no real incentive to trade. It would be 
the financial equivalent of an ultimate state of entropy, where informed 
judgment counted for naught—like a bleak, flat desert without any dis-
tinguishing features. (Some might argue that it would be the ultimate in 
efficient markets, but most of us would want to be spared any such dead-
ening form of efficiency!)

Given this finding, one might wonder about the utility of the RFV and 
HPV measures. However, the RFV and HPV are very general concepts 
that can apply to general cash flows subject to different (and possibly 
more complex) discounting and reinvestment rates. In these more general 
cases, the appropriately defined RFV(1,H ) and the HPV(H+1, M ) will 
still sum to the TFV(H ), even when the compounding relationship, 

TFV(H ) = (1.08)H PV(1, M ),

may fail to hold.

The FV versus the PV

In some ways, the FV is more intuitively appealing than the PV. How-
ever, the FV does have the disadvantage that it must be pinned to a spe-
cific point in time, whereas the PV is always uniquely defined in current 
dollar terms. At the same time, it could be argued that the FV is the more 
general concept, with the PV just being a special case of the FV with the 
current time specified as the reference date.

One question that arises is what happens to the FV concept when fu-
ture payments are consumed rather than reinvested? The theoretician’s 
answer would be to look back to the fundamental idea of a discount rate 
as the exchange between a current dollar (which could be invested or 
consumed today) and a future payment (where consumption would have 
been deferred). To the extent that a payment is consumed, the investor is 
making a trade-off implying that the consumption is worth the “sacrifice” 
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of that many FV dollars at a future date. With this generalized notion of 
value combining literal dollars with psychic reward, the PV (or FV ) of 
any investment will always be the same, whether the payments are rein-
vested or just consumed.

Bond Prices and Yields

The reader will notice that we’ve gotten to this point without specifi-
cally addressing the subject of a bond’s yield—that which Inside the Yield 
Book is presumably all about. A bond’s yield-to-maturity (YTM ) is that 
discount rate which generates a PV equal to the bond’s price. In our flat 
world of a single market discount rate, the bond’s price would always be 
set by that discount rate, so the YTM would always just be this discount 
rate itself.

One of a bond’s basic attributes is its par value, which (roughly) cor-
responds to the initial funds received by the issuer. In the most idealized 
bond with neither call features nor sinking funds, the final “principal 
payment” at maturity will also be generally equal to this par value. The 
par value is typically set at $1,000, with the bond’s price and coupon pay-
ment then expressed as a percentage of this $1,000 standard. Thus, for a 
coupon rate that coincides with our fixed market discount rate of 8%, the 
PV of $1,000 would just match the par value, the price ratio would just 
be 100% and the bond would be called—not surprisingly—a “par bond.” 
For coupon rates higher than the discount rate (generally, for bonds that 
had been issued earlier during a higher rate environment), the PV would 
exceed the par value, so the price ratio would be greater than 100%, and 
such a bond would be called a “premium bond.” Similarly, lower coupon 
rates and lower PVs would give rise to price ratios below 100%—hence, 
“discount bonds.”

Now, all this is pretty old hat. Why go through this entire discussion 
of a flat discount world only to come to these standard descriptions of 
the three bond types? The point is that these characterizations are really 
somewhat misleading. All these bonds are fairly priced in the sense that 
their PV corresponds to their market price. A “discount bond” is not a bar-
gain, nor is a “premium bond” really worth more than a par bond. Only 
when some differentiating features are incorporated into the analysis does 
any investment look cheap or dear to a specific investor.
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To really understand the YTM, our flat-world assumption must be 
replaced by the more realistic situation where bond prices are based on 
a host of differentiating factors such as credit quality, maturity, coupon 
level, sinking funds, call features, market liquidity, and so forth. In this 
environment, one can argue about whether the bond’s price or the YTM 
is the primary determinant of value. The basic fact is that a bond’s price, 
and its YTM, are defined in a circular fashion.7 Thus, for any given bond, 
the YTM is the specific discount rate that generates a PV equal to the 
bond’s market price. Different pricing effects can then also be expressed 
as different YTMs. Over the years, this YTM approach has proven to be a 
very convenient comparative yardstick. For example, it has now become 
commonplace to characterize the incremental return of corporate bonds 
in terms of their YTM “spread” over the U.S. Treasury bond curve. 

PV  Volatility 

A central issue in virtually all PV analysis is the level of the PV ’s 
sensitivity to changes in the basic discount rate. In the bond world, such 
PV changes in response to changing interest rates are the primary source 
of price volatility in high-grade bonds. Naturally, this question has major 
significance for bond market investors and traders.

Let us first examine PV volatility in the simple case of the 10-year 
level-pay annuity. Table 5 departs from the standard assumption of a fixed 
discount rate to show, in the third and fourth column, the PV of each pay-
ment first under our standard 8%, and then a 9% discount rate. The next 
column contains the percentage change in the PV derived from moving 
from the 8% to the 9% rate.

Table 5 illustrates two key points about the PV volatility of single 
lump-sum payments. First of all, at the higher 9% discount rate, it takes 
fewer PV dollars to grow to a magnitude that matches any given future 
payments. Thus, the PV always declines with higher rates. Moreover, 
moving out towards later payments, these percentage declines become 
even greater.

The next two columns show the accumulated PV(1,H) for the pay-
ments from the first to the H th year, first calculated at the standard 8% 
and then at the new rate of 9%. As might be expected, with the move to 
9%, the PV(1,H ) value declines for every horizon H, with greater per-

xxxvi SOME TOPICS THAT DIDN’T MAKE IT INTO THE 1972 EDITION



centage declines associated with the longer horizons. Thus, PV volatility 
increases with the length of the time to the annuity’s last payment. This 
result is true for level annuities, but it does not hold when comparing any 
two cash flows. As an illustration that longer flows are not always more 
volatile, the single payment in the 7th year shows a far greater percentage 
PV change of –6.25% (shown in the fifth column of Table 5) than the full 
10-year annuity’s percentage PV change of –4.36%.

Table 6 has exactly the same format as Table 5, except that the lower 
rate levels of 4% and 5% have been substituted for the beginning and 
ending discount rates. By comparing the entries for the percentage price 
decline in the two tables, one can immediately see that a lower-rate envi-
ronment engenders somewhat greater PV volatility.

These annuity examples provide a clear basis for understanding the 
basic principles that determine PV volatility in more complex cash flows 
such as bonds. There are a number of surprises in this area. For example, 
as an extension of the point made previously, bonds with longer maturi-
ties are not always more volatile than bonds with shorter maturities. A 
typical bond has a stream of coupon payments stretching out to its ul-
timate maturity payment. If these interim coupon payments loom large 
relative to the longer maturity payment (as in a premium bond), then 
the net effect will be some reduction in the bond’s volatility. On the 
other hand, if the coupon flows are small (as in discount bonds), then the 
larger maturity payment with its greater PV volatility will be dominant. 
At the limit where all coupon payments vanish, one has a highly vola-
tile, pure zero-coupon discount bond that consists solely of a lump-sum 
payment at maturity. The PV price volatility of these zero-coupon bonds 
will increase with each extension in the maturity date. Moreover, the PV 
volatility of zero-coupon bonds will always exceed that of comparable-
maturity “normal” bonds with positive coupon flows. It was shown in 
Inside the Yield Book that long enough zero-coupon or discount bonds 
can have rate sensitivities that exceed that of the longest par bonds. Be-
cause the very longest bonds are the so-called “perpetuals” that provide 
the same coupon flow forever (in theory), this finding came as quite a 
shock in some parts of the bond world (although not in the United King-
dom, where perpetual government bonds have been a market staple for 
many years).
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The Macaulay Duration

One of the concepts just discussed is that a bond’s maturity date—or 
more generally, the date of any cash flow’s last payment—is a poor gauge 
of the flow’s “life.” As one might suspect, the problem of finding a good 
measure of a flow’s life is closely related to the problem of determining 
its PV volatility. One natural way is to simply compute an “average life” 
by just determining the time to each payment, weighted by the size of the 
payment. However, a little experimentation quickly reveals a number of 
problems with this approach. For example, a perpetual bond has an infi-
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 TABLE 5

 Percentage PV Change under +1% Rate Move

 10 Annual Payments of $10
 8% Starting Discount Rate

   Present Value Present Value  Cumulative Cumulative Percentage
   of Each of Each  Present Value, Present Value, Change in
   Payment @ Payment @ Percentage PV(1,H ) @ PV(1,H ) @ Cumulative
 Horizon, H Payments 8% 9% PV Change 8% 9% Present Value
 0 $0 $0.00 $0.00 0.00% $0.00 $0.00 0.00%
 1 10 9.26 9.17 –0.92 9.26 9.17 –0.92
 2 10 8.57 8.42 –1.83 17.83 17.59 –1.35
 3 10 7.94 7.72 –2.73 25.77 25.13 –1.78
 4 10 7.35 7.08 –3.62 33.12 32.40 –2.19
 5 10 6.81 6.50 –4.50 39.93 38.90 –2.58
       
 6 10 6.30 5.96 –5.38 46.23 44.86 –2.96
 7 10 5.83 5.47 –6.25 52.06 50.33 –3.33
 8 10 5.40 5.02 –7.11 57.47 55.35 –3.69
 9 10 5.00 4.60 –7.96 62.47 59.95 –4.03
 10 10 4.63 4.22 –8.80 67.10 64.18 –4.36
       
 11 0 0.00 0.00 0 67.10 64.18 –4.36
 12 0 0.00 0.00 0 67.10 64.18 –4.36
 13 0 0.00 0.00 0 67.10 64.18 –4.36
 14 0 0.00 0.00 0 67.10 64.18 –4.36
 15 0 0.00 0.00 0  67.10 64.18 –4.36



nite maturity and an infinite average life as well on this payment-weighted 
basis. But, as noted above, the perpetual’s PV volatility is generally lower 
than that of a 15-year zero-coupon bond.

A somewhat more sophisticated approach entails again finding 
the average time to the flow’s payments, but now weighted by the 
PV of each payment. This approach was first suggested by Frederick 
Macaulay in 1938.8 In his treatise (which covered a broad range of topics), 
Macaulay addressed the problem of finding a useful “half-life” measure for 
railroad bonds, where the cash flows were complicated by the presence of 
strong mandatory sinking funds. He finally decided on PV-weighted aver-
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 TABLE 5

 Percentage PV Change under +1% Rate Move

 10 Annual Payments of $10
 8% Starting Discount Rate

   Present Value Present Value  Cumulative Cumulative Percentage
   of Each of Each  Present Value, Present Value, Change in
   Payment @ Payment @ Percentage PV(1,H ) @ PV(1,H ) @ Cumulative
 Horizon, H Payments 8% 9% PV Change 8% 9% Present Value
 0 $0 $0.00 $0.00 0.00% $0.00 $0.00 0.00%
 1 10 9.26 9.17 –0.92 9.26 9.17 –0.92
 2 10 8.57 8.42 –1.83 17.83 17.59 –1.35
 3 10 7.94 7.72 –2.73 25.77 25.13 –1.78
 4 10 7.35 7.08 –3.62 33.12 32.40 –2.19
 5 10 6.81 6.50 –4.50 39.93 38.90 –2.58
       
 6 10 6.30 5.96 –5.38 46.23 44.86 –2.96
 7 10 5.83 5.47 –6.25 52.06 50.33 –3.33
 8 10 5.40 5.02 –7.11 57.47 55.35 –3.69
 9 10 5.00 4.60 –7.96 62.47 59.95 –4.03
 10 10 4.63 4.22 –8.80 67.10 64.18 –4.36
       
 11 0 0.00 0.00 0 67.10 64.18 –4.36
 12 0 0.00 0.00 0 67.10 64.18 –4.36
 13 0 0.00 0.00 0 67.10 64.18 –4.36
 14 0 0.00 0.00 0 67.10 64.18 –4.36
 15 0 0.00 0.00 0  67.10 64.18 –4.36



age life as the best yardstick. It has since become known as the “Macaulay 
Duration,” and it has proven to be an extremely useful concept.

The Macaulay Duration D(1,H ) is determined by weighting the time 
to each payment by that payment’s percentage of the flow’s overall PV. 
In Table 7, this calculation is carried out by first multiplying the time to 
each payment (the first column) by the payment’s PV (the third column), 
to obtain a product (the fifth column), which is then accumulated over 
the horizon period (the sixth column). The Duration D(1,H) (the seventh 
column) is then found by dividing this accumulated value by the flow’s 
PV(1,H ) to that horizon (the fourth column).

xl SOME TOPICS THAT DIDN’T MAKE IT INTO THE 1972 EDITION

 TABLE 6

 Percentage PV Change under +1% Rate Move

 10 Annual Payments of $10
 4% Starting Discount Rate

   Present Value Present Value  Cumulative Cumulative Percentage
   of Each of Each  Present Value, Present Value, Change in
   Payment @ Payment @ Percentage PV(1,H ) @ PV(1,H ) @ Cumulative
 Horizon, H Payments 4% 5% PV Change 4% 5% Present Value
 0 $0 $0.00 $0.00 0.00% $0.00 $0.00 0.00%
 1 10 9.62 9.52 –0.95 9.62 9.52 –0.95
 2 10 9.25 9.07 –1.90 18.86 18.59 –1.41
 3 10 8.89 8.64 –2.83 27.75 27.23 –1.87
 4 10 8.55 8.23 –3.76 36.30 35.46 –2.31
 5 10 8.22 7.84 –4.67 44.52 43.29 –2.75
       
 6 10 7.90 7.46 –5.58 52.42 50.76 –3.18
 7 10 7.60 7.11 –6.48 60.02 57.86 –3.59
 8 10 7.31 6.77 –7.37 67.33 64.63 –4.00
 9 10 7.03 6.45 –8.25 74.35 71.08 –4.40
 10 10 6.76 6.14 –9.13 81.11 77.22 –4.80
        
 11 0 0.00 0.00 0.00 81.11 77.22 –4.80
 12 0 0.00 0.00 0.00 81.11 77.22 –4.80
 13 0 0.00 0.00 0.00 81.11 77.22 –4.80
 14 0 0.00 0.00 0.00 81.11 77.22 –4.80
 15 0 0.00 0.00 0.00 81.11 77.22 –4.80



Thus, the Duration D(1,1) of the first year’s payment is just D(1,1) = 
(1 × 9.26) ÷ 9.26 = 1. The Duration D(1,2) of the 2-year flow is found by 
adding 1 × 9.26 to the product of 2 times the $8.57 PV of the second year 
payment, to obtain (1 × 9.26) + (2 × 8.57) = 26.41, and then dividing by 
PV(1,2) = $17.83. In this case, the result D(1,2) = 26.41 ÷ 17.83 = 1.48 
is close to the 2-year flow’s simple unweighted average life of

 1 × 10 + 2 × 10
  (10 + 10)       

= 1.50.
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 TABLE 6

 Percentage PV Change under +1% Rate Move

 10 Annual Payments of $10
 4% Starting Discount Rate

   Present Value Present Value  Cumulative Cumulative Percentage
   of Each of Each  Present Value, Present Value, Change in
   Payment @ Payment @ Percentage PV(1,H ) @ PV(1,H ) @ Cumulative
 Horizon, H Payments 4% 5% PV Change 4% 5% Present Value
 0 $0 $0.00 $0.00 0.00% $0.00 $0.00 0.00%
 1 10 9.62 9.52 –0.95 9.62 9.52 –0.95
 2 10 9.25 9.07 –1.90 18.86 18.59 –1.41
 3 10 8.89 8.64 –2.83 27.75 27.23 –1.87
 4 10 8.55 8.23 –3.76 36.30 35.46 –2.31
 5 10 8.22 7.84 –4.67 44.52 43.29 –2.75
       
 6 10 7.90 7.46 –5.58 52.42 50.76 –3.18
 7 10 7.60 7.11 –6.48 60.02 57.86 –3.59
 8 10 7.31 6.77 –7.37 67.33 64.63 –4.00
 9 10 7.03 6.45 –8.25 74.35 71.08 –4.40
 10 10 6.76 6.14 –9.13 81.11 77.22 –4.80
        
 11 0 0.00 0.00 0.00 81.11 77.22 –4.80
 12 0 0.00 0.00 0.00 81.11 77.22 –4.80
 13 0 0.00 0.00 0.00 81.11 77.22 –4.80
 14 0 0.00 0.00 0.00 81.11 77.22 –4.80
 15 0 0.00 0.00 0.00 81.11 77.22 –4.80



However, as the time is extended, the gap between the weighted 
Macaulay Duration and the simple average life becomes more pro-
nounced. For the full 10-year flow, the Duration D(1,10) = 4.87 is con-
siderably less than the flow’s 5.5-year payment-weighted average life. 
Generally, the longer the annuity, the larger this gap will grow as the 
more distant payments are discounted ever more severely. In the extreme 
limit, the infinite annuity has an infinite average life, but it can be shown 
to have a duration of 13.5 years.

The annuity is a stream of fixed annual payments over some span of 
time. Without a large, bond-like principal payment at maturity, the annu-
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 TABLE 7

 The Macaulay Duration

 10 Annual Payments of $10
 8% Discount Rate

     Time to Payment  Macaulay
   Present Value  Multiplied by  Duration D(1,H)
   of Each Cumulative PV of Each  Cumulative Cum. PV-Weighted
   Payment, Present Value, Payment PV-Weighted Life as % of Cum. PV Volatility
 Horizon, H Payments PV(H,H ) PV(1,H ) H × PV(H,H ) Life PV(1,H ) PV-VOL (1,H ) = –D (1,H )/(1+y )
 0 $0 $0.00 $0.00 $0.00 $0.00 0.00% 0.00%
 1 10 9.26 9.26 9.26 9.26 1.00 –0.93
 2 10 8.57 17.83 17.15 26.41 1.48 –1.37
 3 10 7.94 25.77 23.81 50.22 1.95 –1.80
 4 10 7.35 33.12 29.40 79.62 2.40 –2.23
 5 10 6.81 39.93 34.03 113.65 2.85 –2.64
       
 6 10 6.30 46.23 37.81 151.46 3.28 –3.03
 7 10 5.83 52.06 40.84 192.31 3.69 –3.42
 8 10 5.40 57.47 43.22 235.53 4.10 –3.79
 9 10 5.00 62.47 45.02 280.55 4.49 –4.16
 10 10 4.63 67.10 46.32 326.87 4.87 –4.51
       
 11 0 0.00 67.10 0.00 326.87 4.87 –4.51
 12 0 0.00 67.10 0.00 326.87 4.87 –4.51
 13 0 0.00 67.10 0.00 326.87 4.87 –4.51
 14 0 0.00 67.10 0.00 326.87 4.87 –4.51
 15 0 0.00 67.10 0.00 326.87 4.87 –4.51



ity would always have a Macaulay Duration that is shorter than its pay-
ment-based half-life. This annuity example provides a clear illustration 
of the original Macaulay insight. All the payments of an annuity have the 
same dollar value (by definition). However, when the PV-weighted aver-
age of each payment is considered, the earlier payments naturally loom 
larger. Consequently, the annuity’s Macaulay Duration will always be 
shorter than the midpoint of its equal-dollar cash flow. (For general cash 
flows, all that can be said is that the duration will never be longer than the 
time to the last payment.)

The annuity example also provides a good intuitive illustration of how 
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 TABLE 7

 The Macaulay Duration

 10 Annual Payments of $10
 8% Discount Rate

     Time to Payment  Macaulay
   Present Value  Multiplied by  Duration D(1,H)
   of Each Cumulative PV of Each  Cumulative Cum. PV-Weighted
   Payment, Present Value, Payment PV-Weighted Life as % of Cum. PV Volatility
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 3 10 7.94 25.77 23.81 50.22 1.95 –1.80
 4 10 7.35 33.12 29.40 79.62 2.40 –2.23
 5 10 6.81 39.93 34.03 113.65 2.85 –2.64
       
 6 10 6.30 46.23 37.81 151.46 3.28 –3.03
 7 10 5.83 52.06 40.84 192.31 3.69 –3.42
 8 10 5.40 57.47 43.22 235.53 4.10 –3.79
 9 10 5.00 62.47 45.02 280.55 4.49 –4.16
 10 10 4.63 67.10 46.32 326.87 4.87 –4.51
       
 11 0 0.00 67.10 0.00 326.87 4.87 –4.51
 12 0 0.00 67.10 0.00 326.87 4.87 –4.51
 13 0 0.00 67.10 0.00 326.87 4.87 –4.51
 14 0 0.00 67.10 0.00 326.87 4.87 –4.51
 15 0 0.00 67.10 0.00 326.87 4.87 –4.51



duration itself depends on the level of discount rates. At very low interest 
rates approaching zero, the PV of a single payment converges on its raw 
dollar value. Thus, at ever-lower discount rates, the Macaulay Duration 
ultimately does coincide with the literal half-life. In contrast, at higher in-
terest rates, the later payments are discounted more severely and the stream 
of PVs is more “front-loaded,” resulting in generally shorter durations.

As noted earlier, this result holds quite generally: The Macaulay 
Duration of any cash flow becomes larger as interest rates fall. One might 
be tempted to conclude from this observation that very low interest rate 
environments can be very treacherous. When rates can only go up, and 
when the price sensitivity of any given cash flow is near its maximum, 
it’s a pretty toxic combination.

PV Volatility and the Modified Duration

Macaulay was quite happy with his half-life interpretation of the dura-
tion measure. (Indeed, he only devoted a few pages to its derivation before 
moving to other matters in a 591-page book.) However, it was subsequent-
ly discovered that with a slight adjustment factor, the Macaulay Duration 
could act as a gauge of the PV volatility for a general cash flow. 

Table 7 illustrates how the duration D(1,H ) can be used to approximate 
the percentage price sensitivity. Dividing D(1,H ) by (1+y) where y is the 
discount rate results in a value that is often referred to as the “modified 
Duration.” Thus for our 8% discount rate, the 10-year Macaulay Duration 
D(1,10) = 4.87 is reduced to a modified Duration,

 4.87
1.08 

= 4.51.

It is worth noting that this adjustment results in a 4.51 value that is 
another step smaller than the annuity’s simple average life of 5.5 years. 
It can be shown (see the Technical Appendix following this section) 
that this value of 4.51 corresponds to the derivative of the percent-
age change in the PV. In Table 5, the PV(1,10) drops from $67.10 at 
the original 8% discount rate to $64.18 at 9%. This percentage loss 
of –4.36% is closely approximated by the negative of the modified 
Duration value of 4.51. Thus, the modified Duration can be seen to be 
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a reasonable approximation for the magnitude of the percentage price 
loss resulting from a +1% move in the discount rate.

With smaller and smaller moves in the discount rate, the percentage 
PV change per unit rate move converges (in absolute value) to the nega-
tive of the modified Duration value (see the Technical Appendix). For this 
reason, we can refer to the negative value of the modified Duration as the 
PV volatility, PV-VOL (1,H ). 

In many ways, it was remarkable that Macaulay failed to see the 
broader use of his discovery as a volatility measure. It is even more re-
markable that more than forty years elapsed before this measure came 
into common usage in the U.S. bond market. In fact, this double level of 
discovery forms a fascinating case study in how theoretical findings can 
take a circuitous path before ultimately finding their way into practice.9, 10

Reinvestment Volatility

When we move from the PV, which declines with higher discount 
rates, to the RFV, which increases with higher reinvestment rates, an-
other “volatility” measure becomes important. The reinvestment volatil-
ity (RFV-VOL) is rarely characterized in the same quantitative way as 
the Duration concept, but doing so leads to some interesting results that 
should be more widely appreciated and that may be particularly useful for 
long-term holders of fixed-income exposures such as insurance compa-
nies and pension funds.

The first step in such a discussion is to focus on some prescribed 
future date as the RFV horizon. For bonds, as discussed in Inside the 
Yield Book, the reference RFV horizon H is almost always the bond’s 
maturity date. We noted earlier how premium bonds with their higher 
coupon flows are more reinvestment-sensitive than discount bonds. In 
contrast, the zero-coupon bond is the ultimate in terms of reinvestment 
insensitivity: When its maturity is taken as the reference point, it will 
always have its maturity payment as the RFV regardless of the level of 
intervening interest rates. In other words, it has absolutely no sensitiv-
ity to changing reinvestment rates. (Incidentally, for all bonds having 
the same maturity date, the zero-coupon has the highest PV sensitivity 
to discount rate changes, but the lowest RFV sensitivity to reinvestment 
rates changes.)
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It turns out that the percentage volatility RFV-VOL(1,H ) bears a very 
simple relation to the Duration value. For a cash flow stretching out to 
a given horizon H, the RFV volatility can be shown to be just the gap 
between the horizon and the flow’s Macaulay Duration, adjusted by one 
plus the interest rate: 

RFV-VOL(1,H ) =
 [H – D(1,H )]

                 (1 + y)
 

= 
    H      + PV-VOL(1,H )

   1 + y  
 
This result is developed in the Technical Appendix. As one might ex-

pect from the earlier discussion of the duration measure, this RFV-VOL 
finding is essentially derivative-based, that is, it acts as a better approxi-
mation for ever-smaller rate moves.

At the outset, it can be seen that for H = 0, before any payment what-
soever, there is no cash flow, and so the Duration D(1,0) has the trivial 
value of zero. Similarly, there is no reinvestment volatility: 

RFV-VOL(1,10) =
 [H – D(1,H )]

                              (1 + y)
  

=   
(0–0)

    (1.08)
 = 0.

Moreover, for the single lump-sum payment at the horizon, the Dura-
tion D(1,H ) just equals the horizon H:

D(1,H ) = D(H,H )
 = H,

 and again there is no reinvestment sensitivity because

RFV-VOL(H,H) =
 [H – D(1,H )]

        (1 + y)
 

=
 [H – H ]

    (1 + y)
 = 0.

          
          



However, moving from single lump-sum payments toward more general 
cash flows stretching out over time, the reinvestment volatility grows with 
longer horizons. Thus in Table 8, the annuity develops a significant exposure 
to changing reinvestment rates as the horizon lengthens. Taking the 7-year 
horizon as an example, Table 8 provides a value of D(1,7) = 3.69, so that 

RFV-VOL(1,7) =
 [H – D(1,H )]

        (1 + y)
 

=
 7 – 3.69

      1.08
 

=
 3.31

    1.08
 = 3.06.

To see how well this measure approximates an actual shift in reinvest-
ment rates, refer to Table 2, which shows that RFV(1,7) = $89.23 at the 
8% rate. If the reinvestment rate is raised to 9%, the RFV(1,7) becomes 
$92.10, a 3.22 percentage increase, which is reasonably approximated by 
the derivative-based value of 3.06.

Turning the above finding around, note that in general, when a flow’s 
maturity M is taken as the FV horizon, the Duration and the RFV-
VOL(1, M ) volatility add up to the flow’s life,

M = D (1, M ) + (1+y) × [RFV-VOL(1, M )].

Thus, for the annuity with M = 10, Table 8 provides values of D(1,10) 
= 4.87 and RFV-VOL(1,10 ) = 4.75, so that

M = D (1,10) + (1 + y) × [RFV-VOL(1,10)]
 = 4.87 + 1.08 × 4.75
 = 10.

It turns out that this relationship holds for any cash flow. For the 
10-year annuity, the Duration and reinvestment volatility turn out to be 
nearly equal. However, this will not be true for more general cash flows, 
even though their sum will always equal the time to the last payment.
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The Total Future Value Volatility at Longer Horizons

The preceding development of an RFV-VOL(1,H ) volatility also pro-
vides an answer to the question of the volatility TFV-VOL(H ) of a cash 
flow’s TFV(H ) with a horizon H that coincides with the flow’s last pay-
ment M, that is, where H = M. With horizons that match the flow’s last 
payment, there are by definition no tail flows and so the total future value, 
TFV, consists of just the reinvestment-driven RFV(1,H ). Because the re-
investment effect is always positive, 
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TABLE 8

Reinvestment Volatility

10 Annual Payments of $10
8% Discount Rate

     Reinvestment
  Reinvested Macaulay Horizon-to-  Volatility
  Future Value Duration Duration Gap RFV-VOL(1,H ) =
 Horizon, H RFV(1,H )  D(1,H ) H – D(1,H ) [H – D(1,H ) / (1+y )]
 0 $0 0.00 0.00 0.00%
 1 10.00 1.00 0.00 0.00
 2 20.80 1.48 0.52 0.48
 3 32.46 1.95 1.05 0.97
 4 45.06 2.40 1.60 1.48
 5 58.67 2.85 2.15 1.99
    
 6 73.36 3.28 2.72 2.52
 7 89.23 3.69 3.31 3.06
 8 106.37 4.10 3.90 3.61
 9 124.88 4.49 4.51 4.17
 10 144.87 4.87 5.13 4.75
    
 11 156.45 4.87 6.13 5.67
 12 168.97 4.87 7.13 6.60
 13 182.49 4.87 8.13 7.53
 14 197.09 4.87 9.13 8.45
 15 212.86 4.87 10.13 9.38
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TFV-VOL(M ) = RFV-VOL(1, M )
 

=
 [M – D(1, M )] ,

          (1 + y)

higher rates will always lead to higher TFVs (except for the case of a 
single lump-sum payments in the M th year).

Even when the FV horizon is extended beyond the last payment date, 
this relationship continues to hold. The Duration value remains stable, 
but the horizon gap increases by the exact length of the extension. For 
example, if we look at a 12-year horizon with the 10-year annuity, the 
Duration D(1,12) = D(1,10) remains unchanged at 4.87, but the RFV-
VOL(1,12) volatility now increases to 6.60: 

RFV(1,12) =
 [H – D(1, M )]

         (1 + y)

 
=    

12 – 4.87
        1.08
 = 6.60

as shown in Table 8 for H = 12.
Moreover, this TFV volatility result will hold for any horizon longer 

than the last payment date: 

 TFV-VOL(H) =     1 [H – D(1, M)]
  1 + y   

for any H ≥ M.

Horizon Duration and the Generalized TFV   Volatility

As noted earlier, one can also have horizon H dates that precede the 
last payment date, that is, H  <  M. Recall that in such cases, the total 
TFV(H ) will be the sum of the reinvested flows to that date RFV(1,H), 
together with the going-forward HPV(H+1, M ) of the remaining flows. 
These two terms react in opposite ways to rate changes, so that the TFV 

          
          



sensitivity will depend on the balance between the two volatility terms. 
As might be expected, for relatively short horizons, the TFV is dominated 
by the Duration effect (i.e., a negative response to positive interest rate 
changes), whereas relatively long horizon TFVs are more subject to posi-
tive rate sensitivity from the reinvestment effect.

In the preceding sections, we developed volatility concepts for the re-
investment effect RFV. However, to provide for a complete understanding 
of the total volatility of the TFV at intermediate horizons H < M, we must 
also develop a measure for the rate sensitivity of the HPV(H+1, M ) for 
the cash flows beyond the horizon. This measure of HPV volatility can be 
readily formed as a straightforward extension of the basic PV volatility 
and Duration concepts.11

The HPV(H+1, M ) is basically the PV at H of the remaining cash flow 
beyond a given horizon point H, and its volatility HPV-VOL(H+1, M ) 
reflects the investment’s continuing volatility at the end of a specified 
investment period. As one can imagine, this measure is an important tool 
in many fixed-income analyses. In our particularly simple case of a level 
10-year annuity, this Horizon Duration HD(H+1,10) just corresponds to 
the duration of the remaining (10–H ) payments. Thus, as shown in Table 
9, for a horizon H = 6, there remain 4 annual payments, and the Horizon 
Duration HD(7,10) = 2.40 can basically be read from the earlier Duration 
value for D(1,4).

This easy “reversal” of the Duration holds only for level annuities, 
where the tail years have the same level cash flow pattern as the early 
years. In the case of a general cash flow, the Horizon Duration can be 
calculated as the PV-weighted average life, as of the horizon H of the tail 
flows remaining after the horizon (see the Technical Appendix).

In these cases where the horizon falls within the span of the flow, both 
the reinvestment rate and the future estimated discount rate are part of the 
analytic process. In analyzing scenarios that entail changing both of these 
rates, one sometimes assumes that both rates are equal, and that they re-
main in lockstep under the changing rate scenario. Moreover, the greatest 
simplicity is achieved under the further assumption that the rate change 
occurs at the outset.

In the previous sections, it is shown that, for horizons equal to or lon-
ger than the last payment, the TFV volatility could be approximated by a 
simple “horizon-to-Duration gap” formula. Now, with this assumption of 
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TABLE 9

Horizon Duration and Horizon Volatility

10 Annual Payments
8% Discount Rate

  Horizon Macaulay Horizon  Horizon Volatility
  Present Value Duration Duration HPV-VOL(H+1,M  ) =
 Horizon, H HPV(H+1,10)  D(1,H ) HD(H+1,M ) –HD(H+1,M ) / (1+y )
 0 $67.10 0.00 4.87 –4.51%
 1 62.42 1.00 4.49 –4.16
 2 57.47 1.48 4.10 –3.79
 3 52.06 1.95 3.69 –3.42
 4 46.23 2.40 3.28 –3.03
 5 39.93 2.85 2.85 –2.64
    
 6 33.12 3.28 2.40 –2.23
 7 25.77 3.69 1.95 –1.80
 8 17.83 4.10 1.48 –1.37
 9 9.26 4.49 1.00 –0.93
 10 0.00 4.87 0.00 0.00
    
 11 0.00 4.87 0.00 0.00
 12 0.00 4.87 0.00 0.00
 13 0.00 4.87 0.00 0.00
 14 0.00 4.87 0.00 0.00
 15 0.00 4.87 0.00 0.00

lockstep rate changes, it can be shown that the “horizon-to-Duration gap” 
relationship holds not only for longer horizons, but indeed for any FV 
horizon regardless of its placement relative to the investment’s span of 
flows (see the Technical Appendix). More precisely, for any FV horizon 
H, the percentage volatility in the TFV(H ) can be approximated by the 
extent that the horizon H exceeds the Macaulay Duration D(1, M ) of the 
entire flow; that is, for any H, 

 TFV-VOL(H ) =     1 [H –D (1, M )].
     1 + y   

          
          



This formulation (sometimes known as the “Babcock rule”12) can be 
used to ascertain the TFV sensitivity for any horizon point, regardless of 
whether it falls within or after the span of the cash flow. This finding is 
quite general, holding for any cash flow (i.e., not just level annuities). 
However, staying with our basic example of the 10-year annuity, Table 
10 shows how the TFV-VOL changes from an initially negative value for 
short horizons to positive values for longer horizons. For example, con-
sider the 10-year annuity with a Duration of 4.87. With a horizon of zero, 
that is, where the TFV(10) equals the HPV(1,10), the adjusted horizon 
gap is,

TFV-VOL(0) =    1     [H – D(1, M )]
   1 + y   

 =    1     [0 – D(1,10)]
    (1.08)
 
 =    1     (0 – 4.87)
    (1.08)
 = –   4.51

When the horizon is extended to 3 years, the gap becomes 3 – 4.87 = 
–1.87, and

TFV-VOL(3) =   1    (–1.87)
   1.08 

 = –1.73,

so that TFV(3) is still more sensitive to price moves from the remaining 
7-year flows than to the reinvestment effects from the first three years. In 
other words, a +1% rate move would create about – 1.73% change in TFV. 
In contrast, when the FV horizon is extended to 7 years, the gap becomes 
7 – 4.87 = +2.13, and

TFV-VOL(7) =  2.13   
    1.08 

 = +1.97,
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and the reinvestment effect now dominates. And, of course, at the flow’s 
10-year maturity, the TFV-VOL(10) sensitivity just corresponds to re-
investment volatility RFV-VOL(1,10), and has the + 4.75 value noted 
earlier.

Now consider a horizon H = 4.87 years, which exactly corresponds to 
the Duration. The horizon-to-Duration gap vanishes, and the TFV sensi-
tivity becomes negligible. At this point, the positive reinvestment from 
the first 4.87 years’ flow is just offset by the negative rate response in the 
PV for the flow from the next 5.13 years. In other words, with a horizon 
matching the flow’s Duration, a stable TFV can essentially be achieved 
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TABLE 10

The Total Future Value Volatility

10 Annual Payments of $10
8% Discount Rate

  Reinvested  Total Horizon-to- Total Future 
  Future Horizon Future Duration Gap Value Volatility
 Horizon, Value, Present Value, Value, H – D  (1,10) = TFV-VOL(H ) =
 H RFV (1,H )  HPV(H+1,10) TFV(H ) H–4.87 [H–D (1,10)] / (1.08)
 0 $0.00 $67.10 $67.10 –4.87 –4.51%
 1 10.00 62.47 72.47 –3.87 –3.58
 2 20.80 57.47 78.27 –2.87 –2.66
 3 32.46 52.06 84.53 –1.87 –1.73
 4 45.06 46.23 91.29 –0.87 –0.81
 5 58.67 39.93 98.59 0.13 0.12
     
 6 73.36 33.12 106.48 1.13 1.05
 7 89.23 25.77 115.00 2.13 1.97
 8 106.37 17.83 124.20 3.13 2.90
 9 124.88 9.26 134.13 4.13 3.82
 10 144.87 0.00 144.87 5.13 4.75
     
 11 156.45 0.00 156.45 6.13 5.67
 12 168.97 0.00 168.97 7.13 6.60
 13 182.49 0.00 182.49 8.13 7.53
 14 197.09 0.00 197.09 9.13 8.45
 15 212.86 0.00 212.86 10.13 9.36



in the face of interest rate movements—up or down! (Of course, there 
are many caveats that should surround this overly strong statement, espe-
cially the ones that restrict rate movement to our assumption of a small 
lockstep move that occurs at the outset.) 

The above result suggests that the TFV(H ) at a given horizon can be 
stabilized by investing in a fixed-income portfolio having a Duration that 
matches the horizon date. This observation leads to a discussion of the 
subject of “immunization.”

Immunization

A common investment problem is to provide a given dollar payment at 
a specified future point in time. Obviously, with zero-coupon bonds, this 
problem has a simple solution: Just use a zero-coupon bond that matures 
at the specified horizon. However, back when Inside the Yield Book was 
written, the zero-coupon bond was only a hypothetical construct (although 
Sidney Homer and I made considerable use of the zero-coupon concept as 
an analytic tool in several of the Inside the Yield Book chapters).

At that time, without the availability of zero-coupon bonds, the lump-
sum payment problem could be solved only by finding a portfolio of 
coupon-bearing bonds that would provide the desired TFV, even in the 
face of upward or downward moves in the interest rate. Because this prob-
lem involved creating a portfolio whose outcome was protected against 
the “disease” of changing rates, it came to be called the immunization 
problem.

Although now there are many zero-coupon bonds of all maturities, they 
are primarily U.S. government bonds (or their components). Accordingly, 
they may have the highest credit quality, but they also have the disadvan-
tage of providing the most conservative yields available. Thus, even today, 
when the problem arises of achieving a stable lump-sum payment with 
higher yielding bonds, the immunization process remains relevant.

In 1952, the basic immunization problem was solved by a U.K. actu-
ary named F. M. Redington.13 Essentially, his finding was a generalization 
of the above result that the TFV sensitivity vanishes at the cash flow’s 
Duration. Turning this around, the immunization problem can be solved by 
constructing a bond portfolio with a Duration that continuously matches 
the specified time at which the lump-sum payment is needed. In essence, 

liv SOME TOPICS THAT DIDN’T MAKE IT INTO THE 1972 EDITION



SOME TOPICS THAT DIDN’T MAKE IT INTO THE 1972 EDITION lv

with such a portfolio, the reinvestment boost from a higher rate shock is 
offset by the lower price of the tail flows, and vice versa for lower rates. 

As time passes and with each interest rate movement, the Duration 
of an immunized portfolio will generally shift away from its initially 
“matched” position. Thus a continual rebalancing back to a matched 
Duration posture is an intrinsic feature of the immunization process.

Because of this requirement for continuous rebalancing, the immu-
nization concept can be recast in strictly PV terms. Recall that with a 
uniform interest rate assumption, the PV and TFV are connected via the 
relationship,

TFV(H ) = (1 + y)H × PV(1, M ).

Thus, as long as the PVs of the assets and the liabilities are matched at 
the outset, and can stay matched under various interest rate movements, 
they will both compound forward to approximately the same TFV(H). 
The key to maintaining this match is (1) to have the PVs be equal at the 
outset, and (2) to have the PV volatility of the assets match that of the li-
abilities. With these two basic conditions (and some other secondary con-
ditions that need not be delved into here), the PVs will move in lockstep, 
and hence both TFVs will always evolve along a common path.

A more generalized form goes beyond the problems of a single pay-
ment at a point in time to the immunization of a stream of liabilities 
that stretch out over time. Many pension liabilities have this form.14, 15 
An analogous approach to the zero-coupon bond solution is to find a 
“cash-match” portfolio that provides a cash flow that coincides with the 
specified liability schedule.16 However, this cash-matching technique is a 
rather restrictive approach. A more general and more optimal solution is 
to achieve an immunization where changing interest rates affect both the 
fixed-income portfolio and the liability flows in approximately the same 
way (see Technical Appendix). Redington addressed this more general 
immunization problem and found that the same basic technique worked 
once again: Construct a fixed-income portfolio so that its Duration 
matches the Duration of the liability stream.17, 18, 19 (As always, although 
this is the basic idea, there are second-order conditions and complica-
tions that arise, especially when more complex forms of rate movements 
are allowed.20) 
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Horizon Analysis

The preceding discussion assumed that the reinvestment rate and the 
discount rate are always equal and always move in a lockstep fashion. 
However, there is an important form of total return analysis for fixed-
income portfolios where these assumptions break down. As demonstrated 
earlier, the total value TFV(H ) of a cash flow at any given horizon H 
consists of the RFV(1,H ) plus the HPV(H+1, M ). Viewing the TFV(H ) 
in terms of these two basic components has the advantage of allowing for 
reinvestment rates over an initial period that may differ from the discount 
rate that applies at the end of that period. 

Of course, in this more general case where the reinvestment and dis-
count rates may take different paths, the Babcock formula cited earlier 
fails to hold, and the TFV(H ) (and its volatility) have to be estimated us-
ing more appropriately tailored measures for the RFV and the HPV. More 
specifically, in this “horizon analysis” approach, the current rate structure 
is often assumed to persist throughout the initial horizon period, thereby 
largely determining the reinvestment effect.21 The impact of future rate 
changes is then focused on the going-forward discount rate that applies as 
of the horizon point. In such scenarios, the RFV remains stable, whereas 
the HPV volatility bears the brunt of the overall volatility in TFV (see the 
Technical Appendix). 

One alternative approach is to assume that the reinvestment rate moves 
uniformly up or down to reach the rate level assumed at the horizon. For 
horizons that are short relative to the length of the investment’s overall 
cash flow, both these horizon analysis approaches enable the analyst to 
focus on the future rate levels at the horizon as the primary source of 
return variability.

A similar technique can be used when a yield curve is assumed to 
maintain its shape, resulting in a bond having a “rolling yield” as it cap-
tures the capital gain (or loss) from moving to the yield curve position at 
the horizon.22

In a sense, this horizon analysis approach attempts to separate the 
nearer-term probable results from the more hypothetical future outcomes. 
This two-phase structure can be seen in many areas of investment analysis 
(e.g., two-stage DDM models, horizon-matching immunizations, etc.).
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For example, consider an investor who plans to hold an investment for 
3 years. The RFV over that short period will be relatively insensitive to re-
investment rate changes. For our basic 10-year annuity example, the RFV-
VOL(1,3) volatility will only be about +0.97%, as can be seen in Table 8. 
The primary source of risk will then be the HPV volatility, which in Table 
9 is quite significant at HPV-VOL(4,10) = –3.42%. At the same time, it is 
worth noting that this HPV volatility of –3.42% is more moderate than the 
cash flow’s original PV volatility of PV-VOL(1,10) = –4.51% (Table 7). In 
essence, by settling in advance on a 3-year holding period, the investor has 
reduced the price volatility risk to this lower level that applies at the 3-year 
horizon. These two observations illustrate how the horizon analysis enables 
the investor to incorporate his planned holding period into his assessment of 
the probable return and relevant risks associated with a given investment.

Generalizing the PV Model to Equities

The YTM is a well-defined measure because the coupon flows over 
the maturity of high-grade noncallable bonds are well defined. Therefore, 
for a given market price, there is only one uniform rate that can discount 
these fixed flows back to the given price. However, turning to invest-
ments with less well-defined flows, such as equities or callable bonds, the 
problem becomes more complex on a number of counts. At the outset, 
there needs to be some process for estimating the flows themselves. Such 
estimates, even when they presume a single scenario without risk consid-
erations, are essentially subjective estimates. 

One basic model for estimating the fair value of an equity invest-
ment is the so-called dividend discount model (DDM ). Basically, the 
DDM assigns a uniform growth rate to the stock’s dividend, thereby 
producing a growing stream of payouts. In a fairly standard version, 
this growth is assumed to continue indefinitely, with an appropri-
ate market discount rate then translating the growth flows into a fair 
price—or “intrinsic value” as it is sometimes called.23, 24 In its basic 
form, the DDM treats dividend growth as organic (or magical, depend-
ing on one’s viewpoint). However, the DDM can also be formulated as 
an “earnings model,” in which the firm earns a given return on its asset 
base, distributes some portion as dividends, but then retains the re-
mainder as reinvested capital. It is the compounding of these additional 
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reinvested funds that then generates the further growth in earnings, and 
hence the growth in dividends as well.

In a sense, the earnings model treats the stock with its cash flows as if it 
were a bond, albeit a rather complex one. Many variants of these cash flow 
models are applied in equity valuation. However, there is one particular 
approach—the “franchise value”—that gives rise to some rather different 
applications of the PV concept.25 These applications are worth mention-
ing because they can be useful in addressing a wide variety of financial 
problems.

In the franchise value approach to modeling equity cash flows, the 
earnings are notionally segregated into two different streams. The first is 
the current sustainable earnings stream that would continue without any 
further investment by the firm. (Hypothetically, if the firm were to forgo 
all investment-driven growth, these earnings could be fully distributed as 
dividends.) The second earnings stream arises from the firm’s ability to 
find investments that provide “franchise” level returns, that is, returns in 
excess of the cost of capital.

Spread Flows and Opportunity PV s

The opportunity for such franchise investments exists because of the 
firm’s presumed special presence in the marketplace, its various cost effi-
ciencies, patents and knowledge base, distribution network, and so forth. 
The earnings from these new investments produce a stream of “net-net” 
profits above and beyond the cost of capital, and it is the present value of 
this net-net profit flow that leads to the firm’s franchise value. The firm’s 
total present value—or intrinsic value—is the sum of the tangible value 
from the base level of sustainable earnings together with the net-net fran-
chise value derived from these new investments. 

By further deconstructing the franchise value, one finds two additional 
PV concepts that can prove both interesting and useful. The first is the 
idea of a flow of net-net profits above and beyond cost of funding. In 
essence, this flow is based on a spread between the return on new invest-
ments and the cost of financing those investments. In some form, this no-
tion of the availability of a positive “spread flow” can be found in many 
financial analyses. But the spread flow itself can be further decomposed 
into two PV components: (1) the normalized PV per dollar invested in the 
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spread flow, and (2) the “opportunity PV ” reflecting the total stream of 
dollars that can be invested at this advantageous spread. The product of 
these two PVs corresponds to the franchise value.

Because advantageous spread flows are, well, advantageous, an investor 
would be well-advised to invest in them as fully as possible. Hence, by their 
very nature, these opportunities are intrinsically limited in magnitude. For 
example, in the standard DDM models, the new advantageous investments 
are implicitly limited to some fraction of the earnings at each point in time.

One can find many forms of spread flow opportunities in today’s capital 
markets. Basically, a spread flow potential is present in any opportunity 
where a special edge—large or small—can lead to a stream of profits that 
exceed the cost of capital. In essence, this world of potential franchise 
spreads might be viewed as comprising an invisible meta-market that exists 
side-by-side with the more visible capital markets. When brought to fruition, 
these franchise spread opportunities presumably provide some social and/or 
economic value. From this vantage point, one could argue that the ultimate 
mission of a modern financial market is to steer capital to truly worthwhile 
franchise opportunities so that their potential value can be realized.

The PV as a Hypothetical Ratio

The PV concept can be generalized to a very simple ratio form that 
is helpful in thinking about the valuation of financial securities. The 
numerator in this ratio basically reflects the cash flows from a given 
investment. Obviously, these flows can be quite complex. However, a 
“perpetualization” technique can be used to represent any given cash flow 
as a PV–equivalent annuity with infinite life. (Note that the other charac-
teristics—such as the Duration—of the original cash flow will generally 
be lost in this transformation.) 

Now, the PV of a perpetual annuity is the simplest of all PV formu-
las—it is just the ratio of the annual payment to the discount rate. With 
this formulation, the PV of any financial instrument can be cast in terms 
of a ratio with a numerator reflecting the cash flow and a denominator 
consisting of the appropriate (risk-adjusted) discount rate.

Movements in the investment value can then be viewed as the net result 
of changes in the estimated flows in the numerator and changes in the dis-
count rates. Any changes in the numerator would generally reflect altered 
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estimates of the investment’s cash flows, whereas discount rate changes 
would correspond to movements in the market structure of interest rates. 
However, although the discount rate has been designated as a single flat 
number for illustrative purposes, it should be recognized that the appropri-
ate discount rate for a given investment will really be an amalgam of many 
factors—the placement of the investment’s flow along the yield curve, its 
credit risk, its optionality, and so forth. As a result, when there is a shift in 
the estimated value or riskiness of an investment’s flows, it shouldn’t come 
as a surprise to see changes in the appropriate discounting process as well. 

Nonetheless, it can be very useful to retain this mental framework of 
the PV as a basic ratio. It can then be helpful to try to identify whether the 
initial stimulus for PV movements arises primarily from the revised flows 
in the numerator or from a changing discount rate in the denominator 
(even when both ultimately adjust to a new equilibrium).

This ratio model applies to equities as well as to bond investments. 
Indeed, it could be argued that the ratio model provides useful insights 
into the structure of the franchise value approach. By combining the 
sustainable current earnings together with the opportunity-weighted 
franchise spread, one obtains a hypothetical perpetual annuity for the 
numerator. When discounted by the cost of capital in the denominator, 
the result is the estimated intrinsic value of the firm.

Market-Based versus Subjective Estimates 

The hypothetical PV ratio can also serve as a framework for distin-
guishing between market-based versus personal estimates for the numer-
ator or the denominator. First, consider a financial market that is totally, 
deadeningly efficient with all information shared and agreed upon by all 
participants. With total consensus both on flows in the numerator and in 
the discount rates in the numerator, all investments would presumably 
sell at their uniquely determined PV. There would be no bargains, no rip-
offs, no disagreements about valuation, and probably very little trading. 
However, investors are not homogenous in either their needs or their pref-
erences. In addition, they may have different estimates of the probable 
flows from any given investment. From all these sources of heterogeneity, 
one can see how different investors may generate some very distinct PV 
values for identical investments:
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1.  a market/market PV based on market-estimated flows in the nu-
merator and market-based discount rates in the denominator,

2.  a personal/market PV based on subjective estimates of the invest-
ment flows, but still using market-based discount rates, 

3.  a market/personal PV that makes use of the market’s flow estimates 
but uses a personal discount rate that reflects the special predilec-
tions and circumstances of the investor, and

4.  a personal/personal PV that uses both subjective flow estimates and 
personal discount rates.

These four combinations are displayed in Table 11.
The first—the market/market PV—should generally coincide with the 

market-determined cost of the investment. In contrast, the personal/market 
PV is based on a presumed special insight into the investment flows and 
could be the source of relatively short-term gains—if the market comes to 
agree with the subjectively estimated flows. The market/personal PV situ-
ation is one where there is no quarrel with the market-based estimates of 
the flows, but where the investment fits the investor’s specific needs more 
effectively than those of the market in general. The benefit to the inves-
tor here tends to be longer term in nature. Finally, the personal/personal 
PV case incorporates both the subjective cash flow estimates and the 
investor’s individual discounting preferences. Thus, to the extent that this 
personal/personal PV exceeds the market price, the investor believes that 
a gain in present value can be captured. (In a sense, this personal/personal 
PV could also serve as the most general case, with each of the preceding 
decision factors viewed as special cases.)

Of course, the increments from a market-based PV to one of the three 
personalized PVs could be negative as well as positive, and one could 
argue that many transactions consist of holders with low personal PVs 
selling to buyers with high personal PVs. However, it is probably more 
convenient to think of the great market/market PV marketplace as act-
ing as an intermediary in all transactions. Then, all transactions could be 
thought of as taking place at a price set by the “market” with buyers and 
sellers both deriving some personal PV benefit.

If one accepts this framework, then it’s surely advisable for any mar-
ket participant to try to understand how “Mr. Market” sets the price on 
any given investment, that is, to appreciate the market estimate of the 



flows and to have a sense of the discount rate that the market applies to 
these flows. With this knowledge, thoughtful investors can then begin 
to see where their personal estimates and discount rates differ from the 
market’s, and then assess whether their view incorporates all the consid-
erations embedded in the market price. These investors will then have a 
much more comprehensive basis for feeling that their departures from the 
market view are truly justified.

A Final Note

Even though this new “chapter” has gone far beyond its original intent, 
there are many important topics left totally untouched (e.g., option-adjusted 
duration, statistical duration, yield curve analysis, and tax effects, to name 
but a few). The key take-away should be an appreciation of the many ways 
that present value concepts can be used in the analysis of financial cash 
flows. For it is my belief, just as it was Sidney Homer’s belief as we wrote 
the original Inside the Yield Book, that a deep understanding of the many 
facets of present and future value represents an essential analytic founda-
tion for any disciplined investment process.
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TABLE 11

A Classification of Present Value Concepts

   FLOW ESTIMATE
  Market  Personal

  Market/Market  Personal/Market
  Generally same as  Value-based on 
 

 cost (when broadly special insights into
  market-priced) investment flows

  Market/Personal  Personal/Personal
  Fair investment Value-based on
 

 providing special value special insights and
  to investor special needs
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Present Value (PV ) 

C
i
 = cash flow at end of  year

y = discount rate
M  = years to flow’s maturity (i.e., time to last payment)
PV (1, H )    =  present value of flows received from first through the 

H   th year (the “present” value is taken here as of the 
beginning of the first year, or equivalently, as of the 
end of the 0  th year).    
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Reinvested Future Value (RFV ) at Horizon H

RFV (1, H ) ≡ accumulated reinvested value from payments in years 1 
through year H (after the H th year payment has been received).
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The last equality is intended to relate the RFV back to the earlier PV 
concepts. We shall try to show these “throwback” relationships whenever 
possible. Also, for the special case of a level annuity, 
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Horizon Present Value (HPV ) of “Tail” Cash Flow at Horizon H

HPV (H+1, M ) ≡ PV of flows in years H+1 to M with discounting to 
end of H th year (after H th year payment). 
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where PV (H+1, M) = the PV of flows received in years (H+1) through M 
evaluated as of the beginning of the first year.
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For the special case of a level annuity,
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Total Future Value (TFV ) at Horizon H

In general, when the pre-H reinvestment rate y
1
 and the post-H dis-

count rate y
2
 differ, 
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Macaulay Duration D  (1, H  )
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Reinvestment Volatility RFV-VOL (1, H )

The assumption here is that a single immediate rate move impacts all 
reinvestment throughout the horizon period.     
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For H ≥ M,  there are no future payments and so HPV and HD both 
have a value of zero.

When the same discount/reinvestment rate applies from year 1 through 
year M, the Horizon Duration can be expressed as a “throwback” to the 
earlier Duration expressions, but the resulting general formula is some-
what more complicated:
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The above formulation holds for all forms of cash flow. However, for 
the special case of a level annuity,
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and one obtains the following far simpler but narrower result,  
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Total Future Value Volatility TFV-VOL(H )

The assumption here is a simple immediate rate move that impacts 
reinvestment throughout the horizon period and also affects the tail pric-
ing at the horizon.         
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This result could also be obtained using the earlier expressions for 
HD(H+1, M  ) and RFV-VOL(1, H ) under the same assumption of a single 
rate movement,   
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The Babcock Rule

Under the earlier assumption that interest rates move from y
1
 to y

2
 at the 

very outset, with rates remaining stable thereafter, the total TFV volatility 
is needed.

TFV H TFV H TFV VOL H y yy y( ) ≅ ( ) + ( ) −( ) 1 1
1 2 1-  x 
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Immunization

Under the same assumption as the Babcock rule, immunization is 
said to occur when TFV remains stable under an immediate interest 
rate shift from y

1
 to y

2
, i.e.,     
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TFV H TFV Hy y2 1
( ) ≅ ( )

or from the Babcock rule, 

TFV VOL Hy-
1

0( ) =

                    
=

+








 − ( ) 

1

1
1

y
H D M, .

In other words, immunization occurs when

D (1, M ) = H
 
If the liabilities consist of a stream of payouts, then the asset portfolio 

will immunize the liability flow when 

D (1, M ) of Assets = D (1, M ) of Liabilities.

The above are first-order conditions. There are various second-order 
conditions that must be applied under a broader range of assumptions 
regarding the structure of rate movements.

 Horizon Analysis

In one form of horizon analysis, the pre-horizon rate y
1
 is typically as-

sumed to be stable, and the movement to a second rate y
2
 is assumed to be 

concentrated at the horizon. Thus, the only volatility term involved is HPV.

TFV H RFV H HPV H M HPV VOL H M y yy y y( ) ≅ ( ) + +( ) + +( ) −( )
1 1 1

1 1 1 1 2 1, , ,-  x  

TFV H RFV H HPV H M HPV VOL H M y yy y y( ) ≅ ( ) + +( ) + +( ) −( )
1 1 1

1 1 1 1 2 1, , ,-  x  

              

≈ ( ) + +( ) +( ) −( )TFV H HPV H M HPV VOL H M y yy y y1 1 1
1 1 2 1, , x  x -

≈ ( ) + +( ) +( ) −( )TFV H HPV H M HPV VOL H M y yy y y1 1 1
1 1 2 1, , x -  x 
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