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“For active fixed-income investors, this book has always been the holy
writ, where it all began. Leibowitz’s revisions make certain that the book
will continue in that role. But for all investors, of any stripe, Inside the Yield
Book is the essential work for understanding what the entire investment
process is all about.”

—PETER L. BERNSTEIN
Author of Against the Gods and Capital Ideas
President, Peter L. Bernstein, Inc.

“It’s pure pleasure to revisit this innovative and authoritative bedrock
of modern bond analysis. The new edition demonstrates how the authors’
pioneering approach can be applied broadly. You can ignore the analysis
if you’d like; however, the description of Wall Street’s original ‘rocket
scientist’ encountering Salomon Brothers’ trading floor is worth the price
of admission.”

—JonN Lipsky
Chief Economist, JPMorgan Securities Inc.

“This book transformed the markets’ understanding of bonds. The new
material in this expanded edition extends those insights to equities and
other investments—and the investment world is indebted anew to Sidney
Homer and Martin Leibowitz.”

—FRraNKk J. FaBozzi, Pu.D., CFA
Editor of the Journal of Portfolio Management
Frederick Frank Adjunct Professor of Finance at Yale University’s
School of Management



“Inside the Yield Book may not be where it all began, but it certainly is where
it all began to be understood. The clarity and elegance of language and
thought is startling. The new material will not disappoint. This book will
live forever!”

—Jack R. MEYER
President and CEO, Harvard Management Company

“As someone who’s been in the business for forty-eight years and still makes
good use of the original edition, I’'m very pleased to see Inside the Yield
Book back in print with the very helpful addition on present value.”

—GEDpALE HorowiTZ
Senior Managing Director, Citigroup Global Markets Inc.

“In the 1970s and 1980s, we built strong fixed-income franchises both at the
Harris Bank and Lincoln Capital based on Marty’s work contained in Inside
the Yield Book. Few, if any, mathematical studies have had the impact on an
industry that this book has. More than thirty years later, it still should be
must reading for every investment professional.”

—KENNETH R. MEYER
Chairman, Lincoln Capital Management Company
A Lehman Company

“Inside the Yield Book brought bond trading out of the Dark Ages and
the investment world’s brightest stars into bond trading. Its enduring
popularity reflects the authors’ rare ability to provide sound solutions to
practical concerns in clear, economical prose.”

—MARTIN FrRIDSON

Publisher of Leverage World
Member of the Fixed Income Analysts Society Hall of Fame



“The new edition gives us the best of both worlds: the complete classic that
helped launch a golden age for fixed-income investing, and completely new
sections that show how relevant and essential its wisdom remains today.”

—LEwIs S. RANIERI
Chairman, Hyperion Partners

“When I was a young mortgage security trader in the mid 1970s, I found
Inside the Yield Book to be an absolutely essential reference tool. Today, as
fixed-income markets grow even more complex and global risk manage-
ment becomes mandatory, every participant in the fixed-income market
needs to read and then reread this authoritative work.”

—LAURENCE FINK
Chairman and CEO, BlackRock

“There have been many developments in fixed-income analysis, and
they all benefit from the seminal publication Inside the Yield Book. The
foundation that was established supports and inspires the work which
has followed. Marty’s additional material adds to the legacy of his path-
breaking efforts.”

—H. GirrorD Fong
President, Gifford Fong Associates

“Just as thousands of years ago, the Greeks measured the diameter of the
earth quite accurately; and just as the Chinese circumnavigated the globe
long before Columbus and Magellan; so Sidney Homer charted the constel-
lation of bond mathematics long before modern computers. Since bonds
finance human activity, this book is full of fascinating history, and it is not
only Sidney’s. Marty Leibowitz’s fingerprints are all over it, too. Sidney
was the historian, and Marty is the poet, of the most important financial
market on earth: bonds.”

—ANDREW M. (ANDY) CARTER
Vice Chairman, Hyperion Capital Management, Inc.



“This expanded version of the classic study continues to make a significant
contribution to our understanding of interest rates and debt pricing.
It should be required reading for both practitioners and academics.
Marty has the ability to explain complex relationships in the debt markets in
a logical and often intuitive way, and to then back the intuition with rigorous
mathematics.”

—MARTIN J. GRUBER
Nomura Professor of Finance, Stern School of Business
New York University

“Inside the Yield Book is the fixed income classic, and it has been updated
with a fascinating chapter of bond market history. Some books get better
with age, and this is one of them.”

—BRriaN S. O’NEIL
Chief Investment Officer, Robert Wood Johnson Foundation

“When my son earned his MBA, I gave him an engraved wristwatch and a
dog-eared copy of Inside the Yield Book. The watch will help him get to
work on time, but the book was the real gift. You cannot succeed as an
investor without understanding the concepts Inside the Yield Book
teaches. Marty Leibowitz has done a great service to all investors by
bringing back this classic.”

—Brian F. WruBLE, CFA
General Partner, Odyssey Partners, L.P.
Past Chairman, Institute of Chartered Financial Analysts

“With the global nature of today’s investment management process and the
increasing complexity of financial instruments, we seem far removed from
the bond markets that Sidney Homer and Marty Leibowitz first wrote about
in 1972. However, Sidney’s intuition and Marty’s mathematical rigor gave
all of us the foundation from which all of today’s analytical approaches ema-
nate. Their work was innovative at the time but, if anything, may be even
more relevant today.”

—THomas E. KLAFFKY
Managing Director and Head of the Yield Book Group, Citigroup
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To the memory of my coauthor, Sidney Homer,
who first introduced me to the financial marketplace
with its intriguing challenges, its colorful personalities,
and its many fascinating problems that I am still
struggling to more fully understand.

Martin L. Leibowitz
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Foreword
by Henry Kaufman

I sTiLL RECALL when in 1969 Sidney Homer asked me to meet with Martin
Leibowitz in order to ascertain how he might fit into our research effort at
Salomon Brothers. Sidney Homer had joined Salomon in 1960 to set up a
bond market research department. He had hired me a year later. My role
eventually expanded to assuming overall research responsibilities. By the
time Marty arrived, Sidney had already published his monumental book,
A History of Interest Rates, followed by a number of papers on the behav-
ior of interest rates from a portfolio management perspective. However,
Sidney and I concluded that the time was now ripe for a more quantitative
approach to evaluating the opportunities and pitfalls in the bond market.
With a doctorate in mathematics, Marty was well prepared to join with us
in this new pursuit.

I should explain the title Inside the Yield Book. Market veterans will
understand the title, but newcomers generally will not. Back in those
days, the “yield book™ was a compilation of numerical tables of prices
and yields for a wide range of bond maturities. Traders and investors
would agree on the yield basis for a trade and then laboriously plow into
these tables to determine the corresponding price.

There were two problems that became increasingly troublesome as
the bond market began to experience enormous growth in the size and
breadth of new issues. The first problem was that, with the increasing
range of interest rates during the 1960s and 1970s, these volumes be-
came thicker and thicker, resulting in an ever longer time required to
find the interpolated price and then negotiate a given trade. Today, the
computer has basically solved this problem. The second problem was
that bond market participants—portfolio managers as well as broker/
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dealers—had come to rely upon these yield books as gospel, with all
too little understanding of the underlying mathematical and financial
concepts. Sidney Homer had long been urging market participants to
move toward a more total-return orientation that would be consistent
with modern financial theory.

When Sidney’s insight and experience were combined with Marty’s
ability to probe beyond the rigid tabulations of the yield book, they were
able to coauthor a series of studies that opened a wider and more compel-
ling vista into this new world of bond analysis. These studies soon came
to have a profound impact on the bond community, and it was that recep-
tion that led to the publication of this book’s first edition in 1972.

The insights and observations in Inside the Yield Book are as true today
as they were then. Virtually every one of the fifteen chapters, starting with
the first part that deals with “Bond Yields, Bond Prices, and Bond Invest-
ment” and concluding with the chapters on “The Mathematics of Bond
Yields,” have stood the test of time. In particular, the chapters on present
value, interest on interest, and the different rates of return have often been
cited as among the clearest exposition of these key concepts, which are
fundamental to understanding the analysis of cash flows not only in the
bond world but in any area of finance.

Following the publication of Inside the Yield Book, Marty’s career
blossomed. He became the head of an important division (in research)
known as the Bond Portfolio Analysis Group. After I left Salomon Broth-
ers in 1988, Marty became director of global research, responsible for all
of the firm’s research activities in equities as well as fixed income. Marty
attracted a number of highly competent quantitative analysts, many with
Ph.D. degrees, not just in economics, but in mathematics, engineering,
and even astronomy. Their work became vital to the firm’s trading desk
and was responsible for many client transactions. Many of these analysts
went on to achieve wide recognition on their own.

Marty led the research effort by example. Over the course of the years,
there was an outpouring of writings. Many were published in book form
in Investing: The Collected Works of Martin L. Leibowitz (1991), Fran-
chise Value and the Price/Earnings Ratio (1994), and Return Targets
and Shortfall Risks (1996). The range of subjects covered in these pages
is truly breathtaking. Throughout their combined 2,000 pages, Marty’s
great intellect and broad range of knowledge is ever present.
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In 1995, Marty joined one of the largest retirement funds in the world,
TIAA-CREEF, as chief investment officer. In this capacity, he was able to
put many of his investment ideas and theories into practice.

Marty’s career has been characterized by the persistent search for a
deeper understanding of the most basic investment concepts, an approach
that first came to light in his work on Inside the Yield Book.
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Preface to the 2004 Edition:
A Historical Perspective

by Martin L. Leibowitz

WHEN FIRST PUBLISHED IN 1972, Inside the Yield Book made a big splash in
a very shallow pond. From today’s vantage point, fixed-income activities
back in those days can seem somewhat naive, and perhaps even rather
dull. But when I first found myself on the bond trading floor at Salomon
Brothers and Hutzler (SB & H), it was anything but. In fact, it had some
asylum characteristics, with traders and partners shouting and screaming,
banging phones down in frustration, arguing bitterly with traders across
the aisle, sometimes holding their heads in despair or, when a dynamite
trade was consummated, giving everyone “high fives” and even occasion-
ally jumping on the desk for a victory dance.

Perhaps the most striking feature was the trays of half-eaten lunches,
several days old, that could be stacked three and four high on the trading
desks. The traders always ate at their desks and rarely had time to clear
away their uneaten sandwiches. As a freshly minted Ph.D. in mathemat-
ics, this was not exactly my expectation of high finance. Especially not
after riding up in the oak-paneled elevator, entering the elegantly oak-
paneled foyer, and stealing a yearning glimpse into the elegantly oak-
paneled Partner’s Dining Room, with its—yes, elegant oak-paneled table.
Nor was this what [ was expecting after learning about Salomon Brothers
and Hutzler from Sidney Homer.

Sidney Homer was remarkable on many counts. First of all, he was my
wife’s uncle, which is how I first met him. In fact, when my wife, Sarah,
and I were married in 1966, it was Sidney who accompanied her down the
aisle in lieu of her father who had passed away years earlier. Sidney was a
man with a patrician presence. He was very intelligent, finishing an edu-

Xiii
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cation in classics at Harvard in three years, and was an embarrassingly
gifted writer (at least, he embarrassed me on repeated occasions with his
uncanny knack for turning an initially awkward phrase into an eloquent
statement). His parents were both musicians of the first rank. His father,
also named Sidney Homer, was a composer of superb classical art songs,
and his mother, Madame Louise Homer, was a renowned mezzo-soprano
with a long career at the Metropolitan Opera, singing with the greats
such as Enrico Caruso. Sidney’s parents were so exalted in their artistic
sphere and so broadly revered that they mingled with the upper crust of
New York society. Alas, as is almost always the case with the arts, talent
and funding follow separate paths: Sidney may have had an aristocratic
upbringing, but his family was far from wealthy. So when Sidney fell in
love and married at a very young age, he had to go to work. And the only
work that he could find at the time was to join a Wall Street bond firm—
a crass descent into commercialism by his family’s standards.

But quality shines through. Sidney became a highly skilled bond man-
ager, spending the larger part of his career at Scudder, Stevens and Clark.
Along the way, his inquiring mind led him not just to participate in the
bond market, but to study it deeply and write about his findings. Sidney’s
literary skills were exceptional by financial market standards, and his
bond market studies gained a wide following. He soon became known
as the “bard of the bond market”—an honorary title that no one else has
ever held since (or perhaps ever aspired to). He wrote several books that
became classics in their day. One of his books, The Bond Buyer’s Primer,'
was a tongue-in-cheek story describing how a bond salesman should go
about selling bonds, and how a bond buyer should go about resisting him.
It is now out of print but highly prized by those who have a copy.

One of Sidney’s enduring works is his monumental study, The His-
tory of Interest Rates.> Most financial writers would have been content
with covering the last two centuries, but Sidney’s classical training and
avocational interest led him to extend his history back to pre-Biblical
times. He managed to take a potentially tedious subject and make it into
a fascinating story relating cyclical sweeps in interest rates to grand soci-
etal changes. The book has been through several editions, with the latest
updated by Henry Kaufman and Richard Sylla, an eminent financial his-
torian from New York University. The publication of The History added
a touch of class to the bond market, and every serious participant had a
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copy. Its most thorough reader was undoubtedly the young Dr. Henry
Kaufman who, after being hired by Sidney at SB & H, actually “volun-
teered” to proofread all 472 pages.

In the early 1960s, SB & H was the premier bond trading firm, but it
was basically just that—a bond trading firm. One of the senior partners,
Charles Simon, realized that for the firm to flourish, it needed to provide
services beyond the best price to its customers. He hit upon the idea of
creating a bond market research department—the first on Wall Street—
and he enticed Sidney to head it up.

Back in those days, bond trading was an arcane backwater. I had
literally never heard of SB & H, nor had a lot of other generally well-in-
formed people. My wife and I had visited Sidney’s Gramercy Park home
on numerous occasions, but we never discussed Wall Street until one
evening when Sidney learned that I would soon complete my doctorate in
mathematics. He pulled me aside and dug out a file that contained about
fifty handwritten pages of a never-finished book entitled The Mathemat-
ics of Bonds. He explained that this project was begun many years before,
but it had foundered into filedom. He had started the book by setting forth
a number of principles that he (and virtually every other bond market
participant) was sure were true. One of these principles was that longer-
maturity bonds have greater price volatility than shorter bonds. However,
as he developed numerical examples, he found that they contradicted his
“rock certain” principles. After years of letting his manuscript collect
dust, he now wondered if I would take a look at it to see if my mathemat-
ical background could help untangle the paradox.

I must confess that, at that point, my knowledge of bonds was non-
existent. But I gamely took the pages home and worked up the (relatively
straightforward) algebra that defined yield-to-maturity and related it to a
bond price. When I presented my findings, he was duly appreciative and
gracious, as he always was. However, at this point neither Sidney nor I
was particularly excited by my explanations. They might be illuminating,
but neither of us saw how they could prove really useful. Out of curiosity,
I asked Sidney why he hadn’t taken the problem to the “house mathemati-
cian” at SB & H. He found great humor in my question, because no one at
SB & H came close to fitting that description. That surprised me. I would
have thought that the premier bond firm, trading instruments that had so
many mathematical facets, would surely have some in-house expertise
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of that sort. As I pondered his response, it dawned upon me that maybe I
could become that “house mathematician.”

My route into SB & H was more circuitous than one might imagine.
At first, Sidney was not encouraging. His research department was very
compact at that point, and he certainly did not have room for someone not
steeped in the financial markets. But persistence pays off (sometimes),
and one day Sidney heard that two of his associates, Morris Offit and
Harry Peterson, were looking for someone to develop computer-based
analyses that could facilitate various trading activities. One thing led to
another and I eventually found myself manning the single, time-shared
computer terminal on the trading floor at 60 Wall Street (the one with the
stacks of old lunch trays).

My first two weeks at SB & H were spent going through their rudi-
mentary training program. This consisted of sitting next to various traders,
plugging into their phone lines, and listening to their dialogues. Because
trade talk is almost always highly compressed, clipped, super-fast, and
replete with market jargon (and other specialty words), this was an ardu-
ous learning experience. Coincidentally, on my very first day, I was as-
signed to sit next to a young but clearly up-and-coming equity trader by
the name of Mike Bloomberg.

Work on the trading floor was hectic, but it gave me a great education
about the financial markets and the transaction process. The traders and
salesmen were generally kind to me. They became even kinder when
I was able to develop a package of computer programs that facilitated
a number of trades. Also, with my little time-sharing terminal, I could
determine the yield for any given price with great speed and accuracy.
However, the traders were themselves very adept at using the look-up
tables—their so-called “yield books”—to find the yield values required
to complete their trades. So, at first, my “high-tech” yield calculator was
just a curiosity. But in 1970, when interest rates moved higher than the
levels available in any of the traders’ yield book tables, I became the
only game in town. Senior partners lined up in front of my terminal,
desperate for the number that could confirm their latest trade. Needless
to say, this boosted my standing on the floor, although it put me in a
harrowing position in which any mistake could prove fatal. In a curious
sense, one might say that I benefited from interest rates moving “out-
side” the yield book.
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It is said that need is the mother of invention. In the financial world,
the gestation period can be very compressed. It was not many weeks
before computer terminals and clunky special-purpose hand-held yield
calculators sprouted up all over the trading floor. My reign as the sole
“yield keeper” came to an abrupt end, allowing me to return to develop-
ing models for analyzing portfolio improvements involving corporate
bonds and convertibles.

The broad-based use of computers to replace the yield book tables
did nothing to further the general understanding of what a bond yield
was all about. In fact, the great facility of the computer may have been
a step backward. Traders could punch in a few numbers and the desired
yield value would pop up. There was no need to ponder what it all
meant, or what would happen if you changed the coupon or the matu-
rity. At least the old yield book procedure required a table look-up and
an interpolation that forced the trader to move a finger up and down the
yield rows and across the maturity columns. So, in a sense, the advent
of the computer capability actually reduced the need for an apprecia-
tion of what a yield really meant. This may be a general problem of our
computer age. The computer can be an effective facilitator in all sorts
of areas, but its use on a rote basis also dulls the desire to seek a deeper
understanding.

At that time, most bond portfolios were long-term oriented, and our
analytical models typically focused on the long-term benefits of holding
one type of bond versus another. The alternative bonds were usually of the
same credit quality but differed in coupon, maturity, sinking fund, and/or
call features, thereby creating different patterns of cash flow over time. In
order to make fair comparisons, we had to assume that cash receipts were
reinvested at a common set of hypothetical interest rates. We soon began
to notice that the return from a given bond investment depended criti-
cally on the assumption of a common reinvestment opportunity and on
the choice of that reinvestment rate. This finding greatly surprised many
of the bond veterans.

Basically, their confusion stemmed from the widespread belief that a
bond’s yield described the accumulation of wealth that would be gener-
ated over its life. From my earlier discussions with Sidney, I knew that
this was not the case. Now the computer models validated the idea that
reinvested rates played a critical role in the wealth buildup. Moreover, the
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computer output made this finding visible through numerical examples
that would be hard to argue with, although that didn’t stop many of my
trading floor neighbors from trying. A number of paths converged when
I realized that (1) the reinvestment effect was theoretically important, (2)
this effect was also practically important (i.e., it could affect investment
decisions), (3) virtually every bond trader, salesperson, and portfolio
manager was woefully unaware of this fact, and (4) perhaps most im-
portant, my computer could provide a compelling demonstration of this
result. This realization signaled opportunity, and I went to visit Sidney in
his off-the-floor office (oak-paneled, naturally).

Sidney was very interested. When I expressed my surprise at how
little known this reinvestment effect seemed to be within the bond market
(after all, this was not “rocket science”), Sidney observed that there are
many myths and half-truths (some of them useful) embedded in daily
practice. Sidney’s vast experience gave him a unique vantage point: He
knew what was “known” and what was “not known.” It was this meeting
that really gave birth to Inside the Yield Book, although I didn’t know that
at the time.

A week later, while I was on vacation in Florida, Sidney tracked me
down to tell me that he had been ruminating on my reinvestment results.
He had already put together a draft “Memorandum to Portfolio Managers,”
as he termed his research reports. He said that we would be coauthors of
the finished product.

The first memorandum in the series, entitled “Interest on Interest,” was
published on October 5, 1970. It was viewed by many readers as an attack
on the sanctity of the standard yield measure. There was considerable out-
rage among many of the crustier members of the bond community (and
there were a lot of crusty members!). Sidney received many indignant
calls and letters from valued friends and even more valued customers.
All of these communications were turned over to me, and Sidney charged
me with the job of responding to—and convincing—each and every
complainant. The bad news was that undercutting the long-held views
of our best customers did not exactly endear me to the firm’s senior part-
ners. This hardly seemed like the ideal way to launch a fledging financial
career. The good news was that as I methodically chewed through the cor-
respondence that Sidney piled on my desk, I found myself coming into
contact with the pillars of the bond community.
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Some were soothed by my written explanations, but many were not,
which resulted in some pretty nervous grumbling within SB & H about
potential damage to the firm’s standing. Sidney was steadfast in his sup-
port. Moreover, he put his prestige on the line by personally making ap-
pointments for us to visit the offices of the remaining recalcitrant custom-
ers. With my mathematical arguments, thankfully reinforced by Sidney’s
credibility, we were finally able to attain a level of acceptance sufficient
to keep SB & H’s reputation intact.

The next two memoranda, on price volatility, received a more gra-
cious reception, even though they surprised many readers by pointing out
that low-coupon bonds could be more volatile than par bonds with much
longer maturities.

There is one paragraph in Chapter 2 that was based on two questions
Sidney posed to me. First, if a Roman centurion at the time of Christ
had invested one drachma and allowed it to compound at just 4 percent
through the centuries, what would be the accumulated amount? I was
able to perform this calculation and it turned out to be a huge number of
drachmas, which, at virtually any exchange rate, would exceed all the
capital wealth now visible in the world’s financial markets. His second
question I found not so easy to answer: What happened to all that poten-
tial wealth? Sidney had a way with the Big Ideas and answered this suc-
cinctly, if not wholly satisfactorily, on page 32 of Inside the Yield Book:
“Aside from the destructive effects of wars, revolutions and inflations,
and the incidence of taxes, there is a very human propensity to consume.”
This question is still well worth the pondering, notwithstanding its rather
depressing implications.

Subsequent memoranda dealt with a variety of subjects—zero-coupon
bonds (long before zero-coupon bonds actually existed), callable bonds,
and the total-return concept for bonds of different maturities and coupons.
These new efforts were readily digested by a growing readership.

It was the last memorandum that had the greatest impact on the actual
practice of bond portfolio management. At the time, virtually every trade
that involved selling one bond and buying another was called a swap. The
failure to differentiate among different types of swaps often led to serious
confusion among market participants. The final memorandum proposed
a classification system that segregated these trades into four distinct cat-
egories: (1) yield pick-up swaps, (2) substitution swaps, (3) sector swaps,
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and (4) rate-anticipation swaps. This terminology proved useful as a way
of distinguishing one activity from another and rapidly worked its way
into the standard vocabulary of the bond market.

As they gained broader acceptance, the five memoranda were widely
redistributed both in the United States and internationally (they were
quickly translated into Japanese and German). They also found their way
into investment training programs, not only at SB & H but at many other
Wall Street firms, sometimes in photocopied form with the SB & H ban-
ner removed. It was not long before the New York Institute of Finance
and Prentice-Hall urged us to expand the memoranda into a book.

We added a few more chapters and a technical appendix that described
the basic mathematics involved in calculating present values, yields, and
rates of return. Such appendices are usually backwaters rarely dipped
into, so we were surprised to hear many readers comment that our simple,
step-by-step mathematical development in the appendix helped them to
understand the present value concept for the first time.

THE RESULTING VOLUME was published in 1972 under the title Inside the Yield
Book. It subsequently went through more than twenty-five reprintings.

The occasion of this new edition is an opportunity for some additional
acknowledgments. As we proceeded from one memorandum to the next,
we came into contact with market participants as well as scholars who
had given deep thought to the fundamental nature of the bond market.
We learned from all these individuals things that enlightened us and
enriched our endeavors. Among many who helped to move us forward,
there were several who, for one reason or another, played a particularly
special role.

First of all, it turned out that the London gilt firms were far ahead
of the U.S. market in terms of their sophistication and even in their use
of computer tools. Unlike U.S. firms, those in the United Kingdom had
many senior staff members who were broadly trained actuaries with
powerful mathematical backgrounds. Through his network in the United
Kingdom, Sidney Homer was able to send me to London with introduc-
tions to key bond people at firms such as Greenwell and Co., Phillips and
Drew, and Grieveson Grant. Our British friends were not used to such
visits, but they received me with great warmth. (The three-hour luncheon
meetings were unlike any I ever experienced—before or since. I think
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they may now be ancient history in London.) Everyone in these firms
was extraordinarily forthcoming about their analytic approaches to the
market. Although most of their techniques would not have worked in the
United States without considerable reworking, we went to great lengths
to incorporate what we could of their thinking into our analytical tools,
and some of their ideas surely improved our later memoranda.

I mentioned earlier that Sidney Homer had spent the bulk of his long
career as a bond manager at the firm of Scudder, Stevens, and Clark.
One of his intellectual soul mates there was Herman Liss, a brilliant and
creative student of the bond and convertible markets. At an early point,
Sidney Homer sent me to meet with Herman for a series of lunches. Her-
man spoke so quickly and sparkled with so many intriguing ideas that he
was hard to follow. I soon learned that I had to excuse myself from the
lunch table for a few minutes and sneak off to some corner to quickly
scribble down notes on his many outpourings. I hesitate to conjecture as
to how Herman interpreted those interruptions; needless to say, many of
his thoughts found their way into our work.

In the academic sphere, there was at that time relatively little interest
in bonds, although there were some notable studies by Peter Williamson
at Dartmouth® and by Larry Fisher and Roman Weil at the University of
Chicago.* The classic work of Frederick Macaulay® was, of course, in-
valuable. And many of us came amicably to terms with the Treasury yield
curve through a wonderful book by Princeton’s Burton Malkiel, The Term
Structure of Interest Rates.®

Finally, it would be unfair not to recognize that many SB & H customers
were well ahead of the pack. We were fortunate to be able to benefit from
our dialogue with these thought leaders who helped to shape our work.

To sum it up in the language of the bond world, we all owe many more
debts of intellectual gratitude than we can ever redeem.
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Some Topics That Didn’t Make It
into the 1972 Edition

by Martin L. Leibowitz

THE cONCEPT OF present value (PV) is basically a simple one that plays a
key role in virtually every area of finance. Yet some surprising points of
confusion and gaps in understanding remain, even among experienced
financial analysts. In Inside the Yield Book, we addressed some of these
issues within the bond domain. The original appendix represented a de-
liberate attempt to move beyond the simple mathematics of present value
and provide a more comprehensive feeling for the underlying motivations
and assumptions. In particular, we tried to relate PV to the more intui-
tive concept of a basic compounding process that generates future value
(FV) over time. The following discussion explores a number of topics
regarding the PV concept and how it interacts with a cash flow’s future
value over a prescribed time horizon. For completeness, the equations are
developed in the Technical Appendix.

In the final section of this chapter, we go beyond the fixed-income
realm and suggest some generalizations of the PV concept that can be
useful in thinking about the value of equities or virtually any other types
of investment. (Some readers may wish to first move to these generaliza-
tions and then later back into the more mathematical treatment of the
fixed-income topics.)

The Basic Concept of Present Value
Every investment is an exchange of current resources for some future
flow of payments. In the broadest sense, the concept of PV is a gauge of
the value of those future payments in current terms. One could argue that

the PV concept is at work (at least implicitly) in every investment deci-

XXV



XXVi SoME Torics THAT DIDN’T MAKE IT INTO THE 1972 EDITION

sion, both in the primary and the secondary market. The PV idea is a very
old concept, and every investor has some intuitive sense of how it works.
In fact, it is such a basic tool, and so widely used and taught, that its ap-
plication has become all too second nature. The problem with this is that
use of common yardsticks (as we saw in Inside the Yield Book) can easily
become rote, that is, used routinely without any thoughtful application of
their roots—or limitations.

The fundamental element in the PV calculation is the discount rate—
the rate of interest that relates what an investor is willing to pay currently
to receive a future payment at some specified point in time. This subject
of discount rates can quickly become very complicated. Discount rates
can vary due to a variety of factors: the time to each cash payment, the
risk associated with the payments, the volatility of the discount rate itself,
and so forth. For clarity of exposition, we shall keep it simple and assume
throughout that the market applies the single, flat discount rate of 8% to
all investments.

With this heroic assumption, any flow of payments can be discounted
at this 8% rate to determine a PV that should exactly correspond to its
fair market price. In a very real sense, a market discount rate is a mea-
sure of society’s time value of money, and more generally, the time value
of scarce resources in general. (And one could obviously go on at great
length about the relationship of inflation, growth prospects, resource scar-
city, consumption patterns, etc.)

Seen another way, the discount rate is equivalent to the basic market
return on a fair value investment. This returns view of the discount rate
(just the other face of the same coin) leads to a slightly different inter-
pretation of the PV: The PV is the dollar amount that, if invested and
compounded at the discount rate, could produce the exact same pattern
of future flows as the original investment. It should be noted that both of
the above interpretations of the PV—as a time exchange of current for
future dollars, and as an invested amount that would mimic the original
investment’s flow—make no reference to what happens to those future
flows once they are received. The future payment may be spent, rein-
vested, or just given away. Whatever the fate of the future payments, the
PV would be the same.

As an example, throughout this discussion, we will consider the sim-
plest possible cash flow: a 10-year annuity consisting of 10 annual pay-
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TABLE 1

Cumulative Present Value

10 Annual Payments of $10
8% Discount Rate

Present Value of Cumulative
Each Payment, Present Value,
Horizon, H Payments PV(H,H) PV(1,H)
0 $0 $0.00 $0.00
1 10 9.26 9.26
2 10 8.57 17.83
3 10 7.94 25.77
4 10 7.35 33.12
5 10 6.81 39.93
6 10 6.30 46.23
7 10 5.83 52.06
8 10 5.40 57.47
9 10 5.00 62.47
10 10 4.63 67.10
11 0 0.00 67.10
12 0 0.00 67.10
13 0 0.00 67.10
14 0 0.00 67.10
15 0 0.00 67.10

ments of $10 each, subject to our discount rate of 8%. We will use this
same cash flow example to illustrate a number of analytic points, most of
which apply quite generally to any cash flow. In Table I, the third column
labeled PV(H,H) shows the PV of the payment received in year H. (More
precise definitions and more complete development of the mathematical
concepts are presented in the Technical Appendix.) Thus, the first $10
payment at the end of year 1 has a PV(1,1) of $9.26 in current dollar
terms. We could also turn this around and note that a $9.26 deposit would
have grown to $10 when invested for one year at an 8% rate of interest:

$9.26 x 1.08 = $10.
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The second $10 payment has a PV(2,2) of $8.57, and so on up until the
last payment in the 10th year which has a PV(10,10) of only $4.63. The next
column, labeled PV(1,H), is the accumulation of all payments from the first
year up to and including the one in year H. Thus, the PV(1,2) for the first
two $10 payments is $9.26 + $8.57 = $17.83. The PV(1,5) of the flow’s first
5 years is $39.93, and the PV(1,10) for the entire cash flow is $67.10.

The Reinvested Future Value

However, it is very useful to move beyond this strictly “discounting”
framework to think in terms of a generalized future value (FV) of an in-
vestment. As with most things, it’s easy to fall into an overly complicated
discussion. So, keeping it simple, we can define a reinvested future value
RFV(1,H) at some horizon H as the total funds that would have accumu-
lated if all of an investment’s payments from year 1 to H were reinvested
(and compounded) at a given reinvestment rate. For the moment, assume
that time horizon H coincides with the last payment from the original in-
vestment. Returning to our basic annuity example, Table 2 illustrates the
reinvestment process for the 10-year $10 annuity. The first $10 payment
is received at the end of year 1 and is immediately reinvested at the as-
sumed 8% rate. This reinvestment generates an additional $0.80 interest,
so that together with the second $10 payment, the accumulated reinvested
value RFV(1,2) = $20.80. The reinvestment process then continues year
by year until the end of the 10th year, at which point the RFV(1,10) =
$144.87. Note that this sum implies the investor will receive $44.87 in in-
terest in addition to the underlying $100 from the original 10 payments.

The RFV concept paves the way to a particularly simple (and useful)
interpretation of an investment’s PV. Consider the total RFV(1,H) that
would be built up as of the Hth year. When this RFV(1,H) amount is dis-
counted back to the present, it will always just equal the PV(1,H) of the
original investment. Turning this idea around, any investment’s PV(1,H)
reflects the magnitude of the required investment that would grow on a
fully compounded basis to the given RFV(1,H), again assuming that a
single market interest rate is used for both discounting and reinvestments.
(See the Technical Appendix following this section.)

For the simplest possible example, consider the RFV(1,1) = $10 for
the first payment. When discounted back to the present 8%, the PV(1,1)
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TABLE 2

Reinvested Future Value

10 Annual Payments of $10
8% Discount Rate

Reinvested

Carryforward Future Value,

Horizon, H Payments Amount New Interest RFV(1,H)
0 $0 $0.00 $0.00 $0.00
1 10 0.00 0.00 10.00
2 10 10.00 0.80 20.80
3 10 20.80 1.66 32.46
4 10 32.46 2.60 45.06
5 10 45.06 3.60 58.67
6 10 58.67 4.69 73.36
7 10 73.36 5.87 89.23
8 10 89.23 7.14 106.37
9 10 106.37 8.51 124.88
10 10 124.88 9.99 144.87
11 0 144.87 11.59 156.45
12 0 156.45 12.52 168.97
13 0 168.97 13.52 182.49
14 0 182.49 14.60 197.09
15 0 197.09 15.77 212.86

= $9.26 is obtained. And as in the preceding section, this PV(1,1) = $9.26
grows to exactly the RFV(1,1) = $10 when invested at 8%. Similarly,
for H =7, Table 2 shows that the RFV(1,7) = $89.23. From Table 1, this
7-year flow has a cumulative PV(1,7) = $52.06. A simple computation
shows that

$52.06 x (1.08)" = $89.23.
More generally, as demonstrated in the Technical Appendix,

PV(1,H) x (1.08)" = RFV(1,H).



XXX SoME Torics THAT DIDN’T MAKE IT INTO THE 1972 EDITION

Like the PV, the F'V has the appeal of great simplicity. Rather than
think through a complex pattern of payments, we can just observe that
all investments with the same last payment date will have the same
RFV(1,H) for each dollar of PV(1,H):

REV(LH) _ (| ogyn
PV(LH)

In other words, any investment’s RFV(1,H) can be reproduced by
simply deploying its PV amount into a savings account that is then com-
pounded forward at the given rate.

In the preceding, the RFV’s horizon was defined to coincide with the
last payment date. Suppose that is not the case, that is, suppose we want to
consider a 15-year horizon but the investment’s payments only cover 10
years? There is an easy fix. After the last payment in the 10th year, the ac-
cumulated value RFV(1,H) would simply be reinvested and compounded
forward at the market rate until the 15th-year horizon, thereby growing to
the RFV(1,15) = $212.86 as shown in Table 2.

The Horizon Present Value (HPV)

In the preceding discussion, when the horizon H matches or exceeds
the investment’s life, there is no further cash flow beyond the horizon.
However, a somewhat more complex situation arises when the horizon
date falls before the cash flow’s last payment. For example, consider a
7-year horizon that falls in the midst of our 10-year cash flow. In the 7th
year, there will remain a 3-year “tail” consisting of the three $10 pay-
ments in years 8, 9, and 10. Now, the most natural way to put a number on
this tail is to again use the PV approach. Thus, at the time of the 7th-year
horizon, the tail is treated as a new 3-year investment and the remaining
flows are discounted back to a PV, which we may call the horizon PV,
with the symbol HPV(8,10).

In general terms, for an investment having its last (maturity) payment
in year M, we can express the horizon PV of the next (M-H) payments
as HPV(H+1, M), representing the PV as of time H (i.e., just after the
Hth payment).

For the basic case of a level-pay annuity, the HPV is a pretty simple
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TABLE 3

Horizon Present Value

10 Annual Payments of $10
8% Discount Rate

Present Cumulative Horizon

Value of Each Present Value Present Value,

Horizon, H Payments Payment, (H,H) PV(1,H) HPV(H+1,10)
0 $0 $0.00 $0.00 $67.10
1 10 9.26 9.26 62.47
2 10 8.57 17.83 57.47
3 10 7.94 25.77 52.06
4 10 7.35 33.12 46.23
5 10 6.81 39.93 39.93
6 10 6.30 46.23 33.12
7 10 5.83 52.06 25.77
8 10 5.40 57.47 17.83
9 10 5.00 62.47 9.26
10 10 4.63 67.10 0.00
11 0 0.00 67.10 0.00
12 0 0.00 67.10 0.00
13 0 0.00 67.10 0.00
14 0 0.00 67.10 0.00
15 0 0.00 67.10 0.00

calculation. At the outset, H = 0 and the entire 10-year annuity remains
ahead of us, so that the HPV(1,10) is just the same as the PV(1,10)
for the entire annuity. In Table 1, PV(1,10) = $67.10, and in Table 3,
HPV(1,10) is also $67.10. However, at the end of the first year, for H
=1, there are only 9 remaining payments. In other words, Table 3’s
HPV(2,10) = $62.47 is the same as Table 1’s PV(1,9), that is, the PV
for a level flow with 9 annual payments. We can continue in this fash-
ion until we reach a horizon H =9, at which point there is only the one
remaining $10 payment to be received. Thus, Table 3’s HPV(10,10) =
$9.26 is just the discounted value of a $10 payment one year forward,
PV(1,1), which we could have read from the third column of Table 1.
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The exceptionally simple relationship between Tables 1 and 3 holds
only for level cash flows. For more complex cash flows, the HPV(H+1, M)
must be adjusted to reflect the PV of the cash flow’s remaining payments
from year (H + 1) to the maturity year M.

The Total Future Value TFV(H)

To find the total future value at a given horizon TFV(H), we must add
the going-forward HPV(H+1,M) of the tail flows to the accumulated
RFV(1,H) from the reinvestment process. Note that two concepts are
combined here: (1) reinvesting (and compounding) the payments from
the first H years, thatis, RFV(1,H), and (2) discounting the tail payments
for the next (M-H) years, that is, the HPV(H+1,M ). However, with both
reinvesting and discounting taking place at the same market rate, we will
obtain a consistent TFV(H ) for any investment stretching over any span
of years:

TFV(H) = RFV (1,H) + HPV(H+1, M)

The numerical illustration of the TFV concept (Table 4) requires com-
bining the reinvested value RFV(H+1, M) from Table 2 with the going-
forward HPV(H+1, M) values from Table 3. At the outset, when H = 0,
there will have been no payments as yet and hence, no RF'V (0,0) = 0, and
the TFV(0) is simply the PV(1,M). Similarly, at the 10th-year horizon,
there are no further payments, so that HPV(11,10) = 0, and the TFV(10)
consists solely of the accumulated reinvestment RFV(1,10) = $144.87.
At the intermediate horizon H = 3, there is a reinvested accumulated
RFV(1,3) =$32.46 and an HPV(4,10) = $52.06, so that TFV(3) = $32.46
+ $52.06 = $84.53.

The Technical Appendix following this section demonstrates that,
when both discounting and reinvestment take place at the same rate, the
TFV(H) can be directly determined from the PV(1, M) for the entire cash
flow:

TFV(H) = (1.08)" PV(1,M)
or
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TABLE 4
Total Future Value
10 Annual Payments of $10
8% Discount Rate
Reinvested Horizon Total
Future Value Present Value Future Value
Horizon, H Payments RFV(1,H) HPV(H+1,10) TFV(H)
0 $0 $0.00 $67.10 $67.10
1 10 10.00 62.47 72.47
2 10 20.80 57.47 78.27
3 10 32.46 52.06 84.53
4 10 45.06 46.23 91.29
5 10 58.67 39.93 98.59
6 10 73.36 33.12 106.48
7 10 89.23 25.77 115.00
8 10 106.37 17.83 124.20
9 10 124.88 9.26 134.13
10 10 144.87 0.00 144.87
11 0 156.45 0.00 156.45
12 0 168.97 0.00 168.97
13 0 182.49 0.00 182.49
14 0 197.09 0.00 197.09
15 0 212.86 0.00 212.86
TFV(H
TFV(H) _ (1.08)7
PV(1,M)

With the preceding assumptions and the definition of TFV(H), we
have achieved the ultimate in oversimplification: Per dollar invested,
every investment will produce the exact same TFV(H) at any specified
horizon date H! And just as any investment will have the same FV per
dollar invested today, so at a given horizon, any investment will have the
same PV per dollar of FV. This hypothetical world—with a common fixed
discount rate that suits every market participant and fits all investments—
is a very dull one indeed. At any future point in time (including today), a
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dollar invested in any vehicle will always generate the same TFV. Thus,
every investment outcome could be replicated by the most trivial action
of simply deploying the comparable PV into a savings account that then
compounds at the specified discount rate.

In such a market, there would be basically no point in choosing one
investment over another, and hence no real incentive to trade. It would be
the financial equivalent of an ultimate state of entropy, where informed
judgment counted for naught—Ilike a bleak, flat desert without any dis-
tinguishing features. (Some might argue that it would be the ultimate in
efficient markets, but most of us would want to be spared any such dead-
ening form of efficiency!)

Given this finding, one might wonder about the utility of the RFV and
HPV measures. However, the RFV and HPV are very general concepts
that can apply to general cash flows subject to different (and possibly
more complex) discounting and reinvestment rates. In these more general
cases, the appropriately defined RFV(1,H) and the HPV(H+1, M) will
still sum to the TFV(H ), even when the compounding relationship,

TFV(H) = (1.08)" PV(1,M),
may fail to hold.

The FV versus the PV

In some ways, the FV is more intuitively appealing than the PV. How-
ever, the F'V does have the disadvantage that it must be pinned to a spe-
cific point in time, whereas the PV is always uniquely defined in current
dollar terms. At the same time, it could be argued that the F'V is the more
general concept, with the PV just being a special case of the FV with the
current time specified as the reference date.

One question that arises is what happens to the FV concept when fu-
ture payments are consumed rather than reinvested? The theoretician’s
answer would be to look back to the fundamental idea of a discount rate
as the exchange between a current dollar (which could be invested or
consumed today) and a future payment (where consumption would have
been deferred). To the extent that a payment is consumed, the investor is
making a trade-off implying that the consumption is worth the “sacrifice”
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of that many FV dollars at a future date. With this generalized notion of
value combining literal dollars with psychic reward, the PV (or FV) of
any investment will always be the same, whether the payments are rein-
vested or just consumed.

Bond Prices and Yields

The reader will notice that we’ve gotten to this point without specifi-
cally addressing the subject of a bond’s yield—that which Inside the Yield
Book is presumably all about. A bond’s yield-to-maturity (Y7M) is that
discount rate which generates a PV equal to the bond’s price. In our flat
world of a single market discount rate, the bond’s price would always be
set by that discount rate, so the YTM would always just be this discount
rate itself.

One of a bond’s basic attributes is its par value, which (roughly) cor-
responds to the initial funds received by the issuer. In the most idealized
bond with neither call features nor sinking funds, the final “principal
payment” at maturity will also be generally equal to this par value. The
par value is typically set at $1,000, with the bond’s price and coupon pay-
ment then expressed as a percentage of this $1,000 standard. Thus, for a
coupon rate that coincides with our fixed market discount rate of 8%, the
PV of $1,000 would just match the par value, the price ratio would just
be 100% and the bond would be called—not surprisingly—a “par bond.”
For coupon rates higher than the discount rate (generally, for bonds that
had been issued earlier during a higher rate environment), the PV would
exceed the par value, so the price ratio would be greater than 100%, and
such a bond would be called a “premium bond.” Similarly, lower coupon
rates and lower PVs would give rise to price ratios below 100%—hence,
“discount bonds.”

Now, all this is pretty old hat. Why go through this entire discussion
of a flat discount world only to come to these standard descriptions of
the three bond types? The point is that these characterizations are really
somewhat misleading. All these bonds are fairly priced in the sense that
their PV corresponds to their market price. A “discount bond” is not a bar-
gain, nor is a “premium bond” really worth more than a par bond. Only
when some differentiating features are incorporated into the analysis does
any investment look cheap or dear to a specific investor.
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To really understand the Y7TM, our flat-world assumption must be
replaced by the more realistic situation where bond prices are based on
a host of differentiating factors such as credit quality, maturity, coupon
level, sinking funds, call features, market liquidity, and so forth. In this
environment, one can argue about whether the bond’s price or the YTM
is the primary determinant of value. The basic fact is that a bond’s price,
and its YTM, are defined in a circular fashion.” Thus, for any given bond,
the YTM is the specific discount rate that generates a PV equal to the
bond’s market price. Different pricing effects can then also be expressed
as different YTMs. Over the years, this YTM approach has proven to be a
very convenient comparative yardstick. For example, it has now become
commonplace to characterize the incremental return of corporate bonds
in terms of their YTM “spread” over the U.S. Treasury bond curve.

PV Volatility

A central issue in virtually all PV analysis is the level of the PV’s
sensitivity to changes in the basic discount rate. In the bond world, such
PV changes in response to changing interest rates are the primary source
of price volatility in high-grade bonds. Naturally, this question has major
significance for bond market investors and traders.

Let us first examine PV volatility in the simple case of the 10-year
level-pay annuity. Table 5 departs from the standard assumption of a fixed
discount rate to show, in the third and fourth column, the PV of each pay-
ment first under our standard 8%, and then a 9% discount rate. The next
column contains the percentage change in the PV derived from moving
from the 8% to the 9% rate.

Table 5 illustrates two key points about the PV volatility of single
lump-sum payments. First of all, at the higher 9% discount rate, it takes
fewer PV dollars to grow to a magnitude that matches any given future
payments. Thus, the PV always declines with higher rates. Moreover,
moving out towards later payments, these percentage declines become
even greater.

The next two columns show the accumulated PV(1,H) for the pay-
ments from the first to the Hth year, first calculated at the standard 8%
and then at the new rate of 9%. As might be expected, with the move to
9%, the PV(1,H) value declines for every horizon H, with greater per-
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centage declines associated with the longer horizons. Thus, PV volatility
increases with the length of the time to the annuity’s last payment. This
result is true for level annuities, but it does not hold when comparing any
two cash flows. As an illustration that longer flows are not always more
volatile, the single payment in the 7th year shows a far greater percentage
PV change of —6.25% (shown in the fifth column of Table 5) than the full
10-year annuity’s percentage PV change of —4.36%.

Table 6 has exactly the same format as Table 5, except that the lower
rate levels of 4% and 5% have been substituted for the beginning and
ending discount rates. By comparing the entries for the percentage price
decline in the two tables, one can immediately see that a lower-rate envi-
ronment engenders somewhat greater PV volatility.

These annuity examples provide a clear basis for understanding the
basic principles that determine PV volatility in more complex cash flows
such as bonds. There are a number of surprises in this area. For example,
as an extension of the point made previously, bonds with longer maturi-
ties are not always more volatile than bonds with shorter maturities. A
typical bond has a stream of coupon payments stretching out to its ul-
timate maturity payment. If these interim coupon payments loom large
relative to the longer maturity payment (as in a premium bond), then
the net effect will be some reduction in the bond’s volatility. On the
other hand, if the coupon flows are small (as in discount bonds), then the
larger maturity payment with its greater PV volatility will be dominant.
At the limit where all coupon payments vanish, one has a highly vola-
tile, pure zero-coupon discount bond that consists solely of a lump-sum
payment at maturity. The PV price volatility of these zero-coupon bonds
will increase with each extension in the maturity date. Moreover, the PV
volatility of zero-coupon bonds will always exceed that of comparable-
maturity “normal” bonds with positive coupon flows. It was shown in
Inside the Yield Book that long enough zero-coupon or discount bonds
can have rate sensitivities that exceed that of the longest par bonds. Be-
cause the very longest bonds are the so-called “perpetuals” that provide
the same coupon flow forever (in theory), this finding came as quite a
shock in some parts of the bond world (although not in the United King-
dom, where perpetual government bonds have been a market staple for
many years).
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TABLE 5

Percentage PV Change under +1% Rate Move

10 Annual Payments of $10
8% Starting Discount Rate

Present Value Present Value
of Each of Each

Payment @ Payment @ Percentage

Horizon, H Payments 8% 9% PV Change

0 $0 $0.00 $0.00 0.00%
1 10 9.26 9.17 -0.92
2 10 8.57 8.42 -1.83
3 10 7.94 7.72 -2.73
4 10 7.35 7.08 -3.62
5 10 6.81 6.50 —-4.50
6 10 6.30 5.96 -5.38
7 10 5.83 5.47 —6.25
8 10 5.40 5.02 -7.11
9 10 5.00 4.60 -7.96
10 10 4.63 4.22 -8.80
11 0 0.00 0.00 0
12 0 0.00 0.00 0
13 0 0.00 0.00 0
14 0 0.00 0.00 0
15 0 0.00 0.00 0

The Macaulay Duration

One of the concepts just discussed is that a bond’s maturity date—or
more generally, the date of any cash flow’s last payment—is a poor gauge
of the flow’s “life.” As one might suspect, the problem of finding a good
measure of a flow’s life is closely related to the problem of determining
its PV volatility. One natural way is to simply compute an “average life”
by just determining the time to each payment, weighted by the size of the
payment. However, a little experimentation quickly reveals a number of
problems with this approach. For example, a perpetual bond has an infi-
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Cumulative Cumulative Percentage
Present Value, Present Value, Change in
PV(1,H) @ PV(1,H) @ Cumulative
8% 9% Present Value
$0.00 $0.00 0.00%
9.26 9.17 -0.92
17.83 17.59 —-1.35
25.77 25.13 -1.78
33.12 32.40 -2.19
39.93 38.90 —2.58
46.23 44.86 —2.96
52.06 50.33 —-3.33
57.47 55.35 —3.69
62.47 59.95 —4.03
67.10 64.18 —4.36
67.10 64.18 —4.36
67.10 64.18 —4.36
67.10 64.18 —4.36
67.10 64.18 —4.36
67.10 64.18 —4.36

nite maturity and an infinite average life as well on this payment-weighted
basis. But, as noted above, the perpetual’s PV volatility is generally lower
than that of a 15-year zero-coupon bond.

A somewhat more sophisticated approach entails again finding
the average time to the flow’s payments, but now weighted by the
PV of each payment. This approach was first suggested by Frederick
Macaulay in 1938.% In his treatise (which covered a broad range of topics),
Macaulay addressed the problem of finding a useful “half-life” measure for
railroad bonds, where the cash flows were complicated by the presence of
strong mandatory sinking funds. He finally decided on PV-weighted aver-
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TABLE 6

Percentage PV Change under +1% Rate Move

10 Annual Payments of $10
4% Starting Discount Rate

Present Value Present Value
of Each of Each

Payment @ Payment @ Percentage

Horizon, H Payments 4% 5% PV Change

0 $0 $0.00 $0.00 0.00%
1 10 9.62 9.52 -0.95
2 10 9.25 9.07 -1.90
3 10 8.89 8.64 -2.83
4 10 8.55 8.23 -3.76
5 10 8.22 7.84 -4.67
6 10 7.90 7.46 -5.58
7 10 7.60 7.11 —6.48
8 10 7.31 6.77 -7.37
9 10 7.03 6.45 -8.25
10 10 6.76 6.14 -9.13
11 0 0.00 0.00 0.00
12 0 0.00 0.00 0.00
13 0 0.00 0.00 0.00
14 0 0.00 0.00 0.00
15 0 0.00 0.00 0.00

age life as the best yardstick. It has since become known as the ‘“Macaulay
Duration,” and it has proven to be an extremely useful concept.

The Macaulay Duration D(1,H) is determined by weighting the time
to each payment by that payment’s percentage of the flow’s overall PV.
In Table 7, this calculation is carried out by first multiplying the time to
each payment (the first column) by the payment’s PV (the third column),
to obtain a product (the fifth column), which is then accumulated over
the horizon period (the sixth column). The Duration D(1,H) (the seventh
column) is then found by dividing this accumulated value by the flow’s
PV(1,H) to that horizon (the fourth column).
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Cumulative Cumulative Percentage
Present Value, Present Value, Change in
PV(1,H) @ PV(1,H) @ Cumulative
4% 5% Present Value
$0.00 $0.00 0.00%
9.62 9.52 —0.95
18.86 18.59 -1.41
27.75 27.23 -1.87
36.30 35.46 —-2.31
44.52 43.29 —2.75
52.42 50.76 -3.18
60.02 57.86 -3.59
67.33 64.63 —4.00
74.35 71.08 —4.40
81.11 77.22 —4.80
81.11 77.22 —4.80
81.11 77.22 —4.80
81.11 77.22 —4.80
81.11 77.22 —4.80
81.11 77.22 —4.80

Thus, the Duration D(1,1) of the first year’s payment is just D(1,1) =
(1 x9.26) +9.26 = 1. The Duration D(1,2) of the 2-year flow is found by
adding 1 x 9.26 to the product of 2 times the $8.57 PV of the second year
payment, to obtain (1 X 9.26) + (2 X 8.57) = 26.41, and then dividing by
PV(1,2) = $17.83. In this case, the result D(1,2) =26.41 - 17.83 =1.48
is close to the 2-year flow’s simple unweighted average life of

1x10+2x% 10
SR T LR 2 1.50.
(10 + 10)
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TABLE 7

The Macaulay Duration

10 Annual Payments of $10
8% Discount Rate

Time to Payment

Present Value Multiplied by

of Each Cumulative PV of Each
Payment, Present Value, Payment

Horizon, H Payments PV(H,H) PV(1,H) Hx PV(H,H)
0 $0 $0.00 $0.00 $0.00
1 10 9.26 9.26 9.26
2 10 8.57 17.83 17.15
3 10 7.94 25.77 23.81
4 10 7.35 33.12 29.40
5 10 6.81 39.93 34.03
6 10 6.30 46.23 37.81
7 10 5.83 52.06 40.84
8 10 5.40 57.47 43.22
9 10 5.00 62.47 45.02
10 10 4.63 67.10 46.32
11 0 0.00 67.10 0.00
12 0 0.00 67.10 0.00
13 0 0.00 67.10 0.00
14 0 0.00 67.10 0.00
15 0 0.00 67.10 0.00

However, as the time is extended, the gap between the weighted
Macaulay Duration and the simple average life becomes more pro-
nounced. For the full 10-year flow, the Duration D(1,10) = 4.87 is con-
siderably less than the flow’s 5.5-year payment-weighted average life.
Generally, the longer the annuity, the larger this gap will grow as the
more distant payments are discounted ever more severely. In the extreme
limit, the infinite annuity has an infinite average life, but it can be shown
to have a duration of 13.5 years.

The annuity is a stream of fixed annual payments over some span of
time. Without a large, bond-like principal payment at maturity, the annu-
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Macaulay
Duration D(1,H)
Cumulative Cum. PV-Weighted
PV-Weighted Life as % of Cum. PV Volatility
Life PV(1,H) PV-VOL(1,H) = -D(1,H)/(1+y)
$0.00 0.00% 0.00%
9.26 1.00 -0.93
26.41 1.48 -1.37
50.22 1.95 -1.80
79.62 2.40 —2.23
113.65 2.85 —2.64
151.46 3.28 -3.03
192.31 3.69 —3.42
235.53 4.10 -3.79
280.55 4.49 -4.16
326.87 4.87 —-4.51
326.87 4.87 —-4.51
326.87 4.87 —-4.51
326.87 4.87 —-4.51
326.87 4.87 —-4.51
326.87 4.87 —-4.51

ity would always have a Macaulay Duration that is shorter than its pay-
ment-based half-life. This annuity example provides a clear illustration
of the original Macaulay insight. All the payments of an annuity have the
same dollar value (by definition). However, when the PV-weighted aver-
age of each payment is considered, the earlier payments naturally loom
larger. Consequently, the annuity’s Macaulay Duration will always be
shorter than the midpoint of its equal-dollar cash flow. (For general cash
flows, all that can be said is that the duration will never be longer than the
time to the last payment.)

The annuity example also provides a good intuitive illustration of how
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duration itself depends on the level of discount rates. At very low interest
rates approaching zero, the PV of a single payment converges on its raw
dollar value. Thus, at ever-lower discount rates, the Macaulay Duration
ultimately does coincide with the literal half-life. In contrast, at higher in-
terest rates, the later payments are discounted more severely and the stream
of PVs is more “front-loaded,” resulting in generally shorter durations.

As noted earlier, this result holds quite generally: The Macaulay
Duration of any cash flow becomes larger as interest rates fall. One might
be tempted to conclude from this observation that very low interest rate
environments can be very treacherous. When rates can only go up, and
when the price sensitivity of any given cash flow is near its maximum,
it’s a pretty toxic combination.

PV Volatility and the Modified Duration

Macaulay was quite happy with his half-life interpretation of the dura-
tion measure. (Indeed, he only devoted a few pages to its derivation before
moving to other matters in a 591-page book.) However, it was subsequent-
ly discovered that with a slight adjustment factor, the Macaulay Duration
could act as a gauge of the PV volatility for a general cash flow.

Table 7 illustrates how the duration D(1,H ) can be used to approximate
the percentage price sensitivity. Dividing D(1,H) by (14y) where y is the
discount rate results in a value that is often referred to as the “modified
Duration.” Thus for our 8% discount rate, the 10-year Macaulay Duration
D(1,10) = 4.87 is reduced to a modified Duration,

4.87
——=4.51.
1.08

It is worth noting that this adjustment results in a 4.51 value that is
another step smaller than the annuity’s simple average life of 5.5 years.
It can be shown (see the Technical Appendix following this section)
that this value of 4.51 corresponds to the derivative of the percent-
age change in the PV, In Table 5, the PV(1,10) drops from $67.10 at
the original 8% discount rate to $64.18 at 9%. This percentage loss
of —-4.36% is closely approximated by the negative of the modified
Duration value of 4.51. Thus, the modified Duration can be seen to be
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a reasonable approximation for the magnitude of the percentage price
loss resulting from a +1% move in the discount rate.

With smaller and smaller moves in the discount rate, the percentage
PV change per unit rate move converges (in absolute value) to the nega-
tive of the modified Duration value (see the Technical Appendix). For this
reason, we can refer to the negative value of the modified Duration as the
PV volatility, PV-VOL (1,H).

In many ways, it was remarkable that Macaulay failed to see the
broader use of his discovery as a volatility measure. It is even more re-
markable that more than forty years elapsed before this measure came
into common usage in the U.S. bond market. In fact, this double level of
discovery forms a fascinating case study in how theoretical findings can
take a circuitous path before ultimately finding their way into practice.”!

Reinvestment Volatility

When we move from the PV, which declines with higher discount
rates, to the RFV, which increases with higher reinvestment rates, an-
other “volatility” measure becomes important. The reinvestment volatil-
ity (RFV-VOL) is rarely characterized in the same quantitative way as
the Duration concept, but doing so leads to some interesting results that
should be more widely appreciated and that may be particularly useful for
long-term holders of fixed-income exposures such as insurance compa-
nies and pension funds.

The first step in such a discussion is to focus on some prescribed
future date as the RFV horizon. For bonds, as discussed in Inside the
Yield Book, the reference RFV horizon H is almost always the bond’s
maturity date. We noted earlier how premium bonds with their higher
coupon flows are more reinvestment-sensitive than discount bonds. In
contrast, the zero-coupon bond is the ultimate in terms of reinvestment
insensitivity: When its maturity is taken as the reference point, it will
always have its maturity payment as the RFV regardless of the level of
intervening interest rates. In other words, it has absolutely no sensitiv-
ity to changing reinvestment rates. (Incidentally, for all bonds having
the same maturity date, the zero-coupon has the highest PV sensitivity
to discount rate changes, but the lowest RFV sensitivity to reinvestment
rates changes.)
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It turns out that the percentage volatility RFV-VOL(1,H) bears a very
simple relation to the Duration value. For a cash flow stretching out to
a given horizon H, the RFV volatility can be shown to be just the gap
between the horizon and the flow’s Macaulay Duration, adjusted by one
plus the interest rate:

RFV-vOL(1 H) = L~ DAH)]
(I+y)

=[i + PV-VOL(1,H)
1+y

This result is developed in the Technical Appendix. As one might ex-
pect from the earlier discussion of the duration measure, this RFV-VOL
finding is essentially derivative-based, that is, it acts as a better approxi-
mation for ever-smaller rate moves.

At the outset, it can be seen that for H = 0, before any payment what-
soever, there is no cash flow, and so the Duration D(1,0) has the trivial
value of zero. Similarly, there is no reinvestment volatility:

[H - D(1,H)]
(I'+y)

_ (0-0)

" (1.08)

= 0.

RFV-VOL(1,10) =

Moreover, for the single lump-sum payment at the horizon, the Dura-
tion D(1,H) just equals the horizon H:

D(1,H) = D(H,H)
=H,

and again there is no reinvestment sensitivity because

[H-D(1,H)]
(I+y)

_[H-H]

T (1+y)

=0.

RFV-VOL(H,H) =
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However, moving from single lump-sum payments toward more general
cash flows stretching out over time, the reinvestment volatility grows with
longer horizons. Thus in Table 8, the annuity develops a significant exposure
to changing reinvestment rates as the horizon lengthens. Taking the 7-year
horizon as an example, Table 8 provides a value of D(1,7) = 3.69, so that

[H - D(1,H)]
(I+y)

_7-3.69

- 1.08

331

T1.08

= 3.06.

RFV-VOL(1,7) =

To see how well this measure approximates an actual shift in reinvest-
ment rates, refer to Table 2, which shows that RFV(1,7) = $89.23 at the
8% rate. If the reinvestment rate is raised to 9%, the RFV(1,7) becomes
$92.10, a 3.22 percentage increase, which is reasonably approximated by
the derivative-based value of 3.06.

Turning the above finding around, note that in general, when a flow’s
maturity M is taken as the FV horizon, the Duration and the RFV-
VOL(1, M) volatility add up to the flow’s life,

M=D(,M) + (1+y) X [RFV-VOL(1,M)].

Thus, for the annuity with M = 10, Table 8 provides values of D(/,10)
=4.87 and RFV-VOL(1,10) =4.75, so that

M =D (1,10) + (1 +y) X [REV-VOL(1,10)]
=4.87 + 1.08 x 4.75
=10.

It turns out that this relationship holds for any cash flow. For the
10-year annuity, the Duration and reinvestment volatility turn out to be
nearly equal. However, this will not be true for more general cash flows,
even though their sum will always equal the time to the last payment.
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TABLE 8

Reinvestment Volatility

10 Annual Payments of $10
8% Discount Rate

Reinvestment

Reinvested Macaulay Horizon-to- Volatility
Future Value Duration Duration Gap RFV-VOL(1,H) =
Horizon, H RFV(1,H) D(1,H) H-D(1,H) [H-D@Q,H)/(1+y)]
0 $0 0.00 0.00 0.00%
1 10.00 1.00 0.00 0.00
2 20.80 1.48 0.52 0.48
3 32.46 1.95 1.05 0.97
4 45.06 2.40 1.60 1.48
5 58.67 2.85 2.15 1.99
6 73.36 3.28 2.72 2.52
7 89.23 3.69 3.31 3.06
8 106.37 4.10 3.90 3.61
9 124.88 4.49 4.51 4.17
10 144.87 4.87 5.13 4.75
11 156.45 4.87 6.13 5.67
12 168.97 4.87 7.13 6.60
13 182.49 4.87 8.13 7.53
14 197.09 4.87 9.13 8.45
15 212.86 4.87 10.13 9.38

The Total Future Value Volatility at Longer Horizons

The preceding development of an RFV-VOL(1,H) volatility also pro-
vides an answer to the question of the volatility TFV-VOL(H) of a cash
flow’s TFV(H ) with a horizon H that coincides with the flow’s last pay-
ment M, that is, where H = M. With horizons that match the flow’s last
payment, there are by definition no tail flows and so the total future value,
TFV, consists of just the reinvestment-driven RFV(1,H ). Because the re-
investment effect is always positive,
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TFV-VOL(M) = RFV-VOL(1,M)
_[M-D(1,M)]
T (+y

higher rates will always lead to higher TFVs (except for the case of a
single lump-sum payments in the Mth year).

Even when the FV horizon is extended beyond the last payment date,
this relationship continues to hold. The Duration value remains stable,
but the horizon gap increases by the exact length of the extension. For
example, if we look at a 12-year horizon with the 10-year annuity, the
Duration D(1,12) = D(1,10) remains unchanged at 4.87, but the RFV-
VOL(1,12) volatility now increases to 6.60:

[H-D(1,M)]
RFV(1,12) =——————
(LI2="=0)
12 —4.87
1.08
=6.60

as shown in Table 8 for H = 12.
Moreover, this TFV volatility result will hold for any horizon longer
than the last payment date:

TFV-VOL(H) = [ } [H-D(1,M)]

1
l+y

for any H > M.

Horizon Duration and the Generalized TFV Volatility

As noted earlier, one can also have horizon H dates that precede the
last payment date, that is, H<M. Recall that in such cases, the total
TFV(H) will be the sum of the reinvested flows to that date RFV(1,H),
together with the going-forward HPV(H+1, M) of the remaining flows.
These two terms react in opposite ways to rate changes, so that the TFV
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sensitivity will depend on the balance between the two volatility terms.
As might be expected, for relatively short horizons, the TF'V is dominated
by the Duration effect (i.e., a negative response to positive interest rate
changes), whereas relatively long horizon TFVs are more subject to posi-
tive rate sensitivity from the reinvestment effect.

In the preceding sections, we developed volatility concepts for the re-
investment effect RFV. However, to provide for a complete understanding
of the total volatility of the TFV at intermediate horizons H < M, we must
also develop a measure for the rate sensitivity of the HPV(H+1, M) for
the cash flows beyond the horizon. This measure of HPV volatility can be
readily formed as a straightforward extension of the basic PV volatility
and Duration concepts.'!

The HPV(H+1, M) is basically the PV at H of the remaining cash flow
beyond a given horizon point H, and its volatility HPV-VOL(H+1,M)
reflects the investment’s continuing volatility at the end of a specified
investment period. As one can imagine, this measure is an important tool
in many fixed-income analyses. In our particularly simple case of a level
10-year annuity, this Horizon Duration HD(H+1,10) just corresponds to
the duration of the remaining (10—H) payments. Thus, as shown in Table
9, for a horizon H = 6, there remain 4 annual payments, and the Horizon
Duration HD(7,10) = 2.40 can basically be read from the earlier Duration
value for D(1,4).

This easy “reversal” of the Duration holds only for level annuities,
where the tail years have the same level cash flow pattern as the early
years. In the case of a general cash flow, the Horizon Duration can be
calculated as the PV-weighted average life, as of the horizon H of the tail
flows remaining after the horizon (see the Technical Appendix).

In these cases where the horizon falls within the span of the flow, both
the reinvestment rate and the future estimated discount rate are part of the
analytic process. In analyzing scenarios that entail changing both of these
rates, one sometimes assumes that both rates are equal, and that they re-
main in lockstep under the changing rate scenario. Moreover, the greatest
simplicity is achieved under the further assumption that the rate change
occurs at the outset.

In the previous sections, it is shown that, for horizons equal to or lon-
ger than the last payment, the TFV volatility could be approximated by a
simple “horizon-to-Duration gap” formula. Now, with this assumption of
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TABLE 9

Horizon Duration and Horizon Volatility

10 Annual Payments
8% Discount Rate

Horizon Macaulay Horizon Horizon Volatility
Present Value Duration Duration HPV-VOL(H+1,M) =
Horizon, H HPV(H+1,10) D(1,H) HD(H+1,M) ~HD(H+1,M) /[ (1+y)
0 $67.10 0.00 4.87 —4.51%

1 62.42 1.00 4.49 —-4.16
2 57.47 1.48 4.10 -3.79
3 52.06 1.95 3.69 —3.42
4 46.23 2.40 3.28 -3.03
5 39.93 2.85 2.85 —2.64
6 33.12 3.28 2.40 —2.23
7 25.77 3.69 1.95 —1.80
8 17.83 4.10 1.48 -1.37
9 9.26 4.49 1.00 —0.93
10 0.00 4.87 0.00 0.00
11 0.00 4.87 0.00 0.00
12 0.00 4.87 0.00 0.00
13 0.00 4.87 0.00 0.00
14 0.00 4.87 0.00 0.00
15 0.00 4.87 0.00 0.00

lockstep rate changes, it can be shown that the “horizon-to-Duration gap”
relationship holds not only for longer horizons, but indeed for any FV
horizon regardless of its placement relative to the investment’s span of
flows (see the Technical Appendix). More precisely, for any FV horizon
H, the percentage volatility in the TFV(H') can be approximated by the
extent that the horizon H exceeds the Macaulay Duration D(1, M) of the
entire flow; that is, for any H,

TFV-VOL(H) = [#J [H-D (1,M)].
y
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This formulation (sometimes known as the “Babcock rule”!?) can be
used to ascertain the TFV sensitivity for any horizon point, regardless of
whether it falls within or after the span of the cash flow. This finding is
quite general, holding for any cash flow (i.e., not just level annuities).
However, staying with our basic example of the 10-year annuity, Table
10 shows how the TFV-VOL changes from an initially negative value for
short horizons to positive values for longer horizons. For example, con-
sider the 10-year annuity with a Duration of 4.87. With a horizon of zero,
that is, where the TFV(10) equals the HPV(1,10), the adjusted horizon

gap is,

TFV-VOL(0) = % [H - D(1,M)]
y

1
=—[0-D(1,10
(1.08)[ (1,10)]

1
=— (0-4.87
(1.08)( )

=-4.5I1

When the horizon is extended to 3 years, the gap becomes 3 — 4.87 =
—1.87, and

1
TFV-VOL(3) = —_ (-1.87
() =10 187

=-1.73,

so that TFV(3) is still more sensitive to price moves from the remaining
7-year flows than to the reinvestment effects from the first three years. In
other words, a +1% rate move would create about — 1.73% change in TFV.
In contrast, when the FV horizon is extended to 7 years, the gap becomes
7-4.87=+2.13, and

TFV-VOL(7) = 213
1.08

=+1.97,
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TABLE 10

The Total Future Value Volatility

10 Annual Payments of $10
8% Discount Rate

Reinvested Total Horizon-to- Total Future

Future Horizon Future Duration Gap Value Volatility

Horizon, Value, Present Value, Value, H-D(1,10) = TFV-VOL(H) =

H RFV(1,H)  HPV(H+1,10) TFV(H) H-4.87 [H-D(1,10)]/(1.08)

0 $0.00 $67.10 $67.10 —4.87 —4.51%
1 10.00 62.47 72.47 —3.87 —3.58
2 20.80 57.47 78.27 —2.87 —2.66
3 32.46 52.06 84.53 —-1.87 -1.73
4 45.06 46.23 91.29 —0.87 —0.81
5 58.67 39.93 98.59 0.13 0.12
6 73.36 33.12 106.48 1.13 1.05
7 89.23 25.77 115.00 2.13 1.97
8 106.37 17.83 124.20 3.13 2.90
9 124.88 9.26 134.13 4.13 3.82
10 144.87 0.00 144.87 5.13 4.75
11 156.45 0.00 156.45 6.13 5.67
12 168.97 0.00 168.97 7.13 6.60
13 182.49 0.00 182.49 8.13 7.53
14 197.09 0.00 197.09 9.13 8.45
15 212.86 0.00 212.86 10.13 9.36

and the reinvestment effect now dominates. And, of course, at the flow’s
10-year maturity, the TFV-VOL(10) sensitivity just corresponds to re-
investment volatility RFV-VOL(1,10), and has the +4.75 value noted
earlier.

Now consider a horizon H = 4.87 years, which exactly corresponds to
the Duration. The horizon-to-Duration gap vanishes, and the TFV sensi-
tivity becomes negligible. At this point, the positive reinvestment from
the first 4.87 years’ flow is just offset by the negative rate response in the
PV for the flow from the next 5.13 years. In other words, with a horizon
matching the flow’s Duration, a stable TFV can essentially be achieved
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in the face of interest rate movements—up or down! (Of course, there
are many caveats that should surround this overly strong statement, espe-
cially the ones that restrict rate movement to our assumption of a small
lockstep move that occurs at the outset.)

The above result suggests that the TFV(H) at a given horizon can be
stabilized by investing in a fixed-income portfolio having a Duration that
matches the horizon date. This observation leads to a discussion of the
subject of “immunization.”

Immunization

A common investment problem is to provide a given dollar payment at
a specified future point in time. Obviously, with zero-coupon bonds, this
problem has a simple solution: Just use a zero-coupon bond that matures
at the specified horizon. However, back when Inside the Yield Book was
written, the zero-coupon bond was only a hypothetical construct (although
Sidney Homer and I made considerable use of the zero-coupon concept as
an analytic tool in several of the Inside the Yield Book chapters).

At that time, without the availability of zero-coupon bonds, the lump-
sum payment problem could be solved only by finding a portfolio of
coupon-bearing bonds that would provide the desired 7FV, even in the
face of upward or downward moves in the interest rate. Because this prob-
lem involved creating a portfolio whose outcome was protected against
the “disease” of changing rates, it came to be called the immunization
problem.

Although now there are many zero-coupon bonds of all maturities, they
are primarily U.S. government bonds (or their components). Accordingly,
they may have the highest credit quality, but they also have the disadvan-
tage of providing the most conservative yields available. Thus, even today,
when the problem arises of achieving a stable lump-sum payment with
higher yielding bonds, the immunization process remains relevant.

In 1952, the basic immunization problem was solved by a U.K. actu-
ary named F. M. Redington."* Essentially, his finding was a generalization
of the above result that the TFV sensitivity vanishes at the cash flow’s
Duration. Turning this around, the immunization problem can be solved by
constructing a bond portfolio with a Duration that continuously matches
the specified time at which the lump-sum payment is needed. In essence,
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with such a portfolio, the reinvestment boost from a higher rate shock is
offset by the lower price of the tail flows, and vice versa for lower rates.

As time passes and with each interest rate movement, the Duration
of an immunized portfolio will generally shift away from its initially
“matched” position. Thus a continual rebalancing back to a matched
Duration posture is an intrinsic feature of the immunization process.

Because of this requirement for continuous rebalancing, the immu-
nization concept can be recast in strictly PV terms. Recall that with a
uniform interest rate assumption, the PV and TFV are connected via the
relationship,

TFV(H)=(1+y)"x PV(1,M).

Thus, as long as the PVs of the assets and the liabilities are matched at
the outset, and can stay matched under various interest rate movements,
they will both compound forward to approximately the same TFV(H).
The key to maintaining this match is (1) to have the PVs be equal at the
outset, and (2) to have the PV volatility of the assets match that of the li-
abilities. With these two basic conditions (and some other secondary con-
ditions that need not be delved into here), the PVs will move in lockstep,
and hence both TFVs will always evolve along a common path.

A more generalized form goes beyond the problems of a single pay-
ment at a point in time to the immunization of a stream of liabilities
that stretch out over time. Many pension liabilities have this form.'*!3
An analogous approach to the zero-coupon bond solution is to find a
“cash-match” portfolio that provides a cash flow that coincides with the
specified liability schedule.' However, this cash-matching technique is a
rather restrictive approach. A more general and more optimal solution is
to achieve an immunization where changing interest rates affect both the
fixed-income portfolio and the liability flows in approximately the same
way (see Technical Appendix). Redington addressed this more general
immunization problem and found that the same basic technique worked
once again: Construct a fixed-income portfolio so that its Duration
matches the Duration of the liability stream.!”!®! (As always, although
this is the basic idea, there are second-order conditions and complica-
tions that arise, especially when more complex forms of rate movements
are allowed.?")
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Horizon Analysis

The preceding discussion assumed that the reinvestment rate and the
discount rate are always equal and always move in a lockstep fashion.
However, there is an important form of total return analysis for fixed-
income portfolios where these assumptions break down. As demonstrated
earlier, the total value TFV(H) of a cash flow at any given horizon H
consists of the RFV(1,H) plus the HPV(H+1,M). Viewing the TFV(H)
in terms of these two basic components has the advantage of allowing for
reinvestment rates over an initial period that may differ from the discount
rate that applies at the end of that period.

Of course, in this more general case where the reinvestment and dis-
count rates may take different paths, the Babcock formula cited earlier
fails to hold, and the TFV(H) (and its volatility) have to be estimated us-
ing more appropriately tailored measures for the RF'V and the HPV. More
specifically, in this “horizon analysis” approach, the current rate structure
is often assumed to persist throughout the initial horizon period, thereby
largely determining the reinvestment effect.?’ The impact of future rate
changes is then focused on the going-forward discount rate that applies as
of the horizon point. In such scenarios, the RFV remains stable, whereas
the HPV volatility bears the brunt of the overall volatility in TFV (see the
Technical Appendix).

One alternative approach is to assume that the reinvestment rate moves
uniformly up or down to reach the rate level assumed at the horizon. For
horizons that are short relative to the length of the investment’s overall
cash flow, both these horizon analysis approaches enable the analyst to
focus on the future rate levels at the horizon as the primary source of
return variability.

A similar technique can be used when a yield curve is assumed to
maintain its shape, resulting in a bond having a “rolling yield” as it cap-
tures the capital gain (or loss) from moving to the yield curve position at
the horizon.?

In a sense, this horizon analysis approach attempts to separate the
nearer-term probable results from the more hypothetical future outcomes.
This two-phase structure can be seen in many areas of investment analysis
(e.g., two-stage DDM models, horizon-matching immunizations, etc.).
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For example, consider an investor who plans to hold an investment for
3 years. The RFV over that short period will be relatively insensitive to re-
investment rate changes. For our basic 10-year annuity example, the RFV-
VOL(1,3) volatility will only be about +0.97%, as can be seen in Table 8.
The primary source of risk will then be the HPV volatility, which in Table
9 is quite significant at HPV-VOL(4,10) = =3.42%. At the same time, it is
worth noting that this HPV volatility of —3.42% is more moderate than the
cash flow’s original PV volatility of PV-VOL(1,10) = —4.51% (Table 7). In
essence, by settling in advance on a 3-year holding period, the investor has
reduced the price volatility risk to this lower level that applies at the 3-year
horizon. These two observations illustrate how the horizon analysis enables
the investor to incorporate his planned holding period into his assessment of
the probable return and relevant risks associated with a given investment.

Generalizing the PV Model to Equities

The YTM is a well-defined measure because the coupon flows over
the maturity of high-grade noncallable bonds are well defined. Therefore,
for a given market price, there is only one uniform rate that can discount
these fixed flows back to the given price. However, turning to invest-
ments with less well-defined flows, such as equities or callable bonds, the
problem becomes more complex on a number of counts. At the outset,
there needs to be some process for estimating the flows themselves. Such
estimates, even when they presume a single scenario without risk consid-
erations, are essentially subjective estimates.

One basic model for estimating the fair value of an equity invest-
ment is the so-called dividend discount model (DDM). Basically, the
DDM assigns a uniform growth rate to the stock’s dividend, thereby
producing a growing stream of payouts. In a fairly standard version,
this growth is assumed to continue indefinitely, with an appropri-
ate market discount rate then translating the growth flows into a fair
price—or “intrinsic value” as it is sometimes called.?** In its basic
form, the DDM treats dividend growth as organic (or magical, depend-
ing on one’s viewpoint). However, the DDM can also be formulated as
an “earnings model,” in which the firm earns a given return on its asset
base, distributes some portion as dividends, but then retains the re-
mainder as reinvested capital. It is the compounding of these additional
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reinvested funds that then generates the further growth in earnings, and
hence the growth in dividends as well.

In a sense, the earnings model treats the stock with its cash flows as if it
were a bond, albeit a rather complex one. Many variants of these cash flow
models are applied in equity valuation. However, there is one particular
approach—the “franchise value”—that gives rise to some rather different
applications of the PV concept.” These applications are worth mention-
ing because they can be useful in addressing a wide variety of financial
problems.

In the franchise value approach to modeling equity cash flows, the
earnings are notionally segregated into two different streams. The first is
the current sustainable earnings stream that would continue without any
further investment by the firm. (Hypothetically, if the firm were to forgo
all investment-driven growth, these earnings could be fully distributed as
dividends.) The second earnings stream arises from the firm’s ability to
find investments that provide “franchise” level returns, that is, returns in
excess of the cost of capital.

Spread Flows and Opportunity PVs

The opportunity for such franchise investments exists because of the
firm’s presumed special presence in the marketplace, its various cost effi-
ciencies, patents and knowledge base, distribution network, and so forth.
The earnings from these new investments produce a stream of “net-net”
profits above and beyond the cost of capital, and it is the present value of
this net-net profit flow that leads to the firm’s franchise value. The firm’s
total present value—or intrinsic value—is the sum of the tangible value
from the base level of sustainable earnings together with the net-net fran-
chise value derived from these new investments.

By further deconstructing the franchise value, one finds two additional
PV concepts that can prove both interesting and useful. The first is the
idea of a flow of net-net profits above and beyond cost of funding. In
essence, this flow is based on a spread between the return on new invest-
ments and the cost of financing those investments. In some form, this no-
tion of the availability of a positive “spread flow” can be found in many
financial analyses. But the spread flow itself can be further decomposed
into two PV components: (1) the normalized PV per dollar invested in the
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spread flow, and (2) the “opportunity PV reflecting the total stream of
dollars that can be invested at this advantageous spread. The product of
these two PVs corresponds to the franchise value.

Because advantageous spread flows are, well, advantageous, an investor
would be well-advised to invest in them as fully as possible. Hence, by their
very nature, these opportunities are intrinsically limited in magnitude. For
example, in the standard DDM models, the new advantageous investments
are implicitly limited to some fraction of the earnings at each point in time.

One can find many forms of spread flow opportunities in today’s capital
markets. Basically, a spread flow potential is present in any opportunity
where a special edge—Ilarge or small—can lead to a stream of profits that
exceed the cost of capital. In essence, this world of potential franchise
spreads might be viewed as comprising an invisible meta-market that exists
side-by-side with the more visible capital markets. When brought to fruition,
these franchise spread opportunities presumably provide some social and/or
economic value. From this vantage point, one could argue that the ultimate
mission of a modern financial market is to steer capital to truly worthwhile
franchise opportunities so that their potential value can be realized.

The PV as a Hypothetical Ratio

The PV concept can be generalized to a very simple ratio form that
is helpful in thinking about the valuation of financial securities. The
numerator in this ratio basically reflects the cash flows from a given
investment. Obviously, these flows can be quite complex. However, a
“perpetualization” technique can be used to represent any given cash flow
as a PV—equivalent annuity with infinite life. (Note that the other charac-
teristics—such as the Duration—of the original cash flow will generally
be lost in this transformation.)

Now, the PV of a perpetual annuity is the simplest of all PV formu-
las—it is just the ratio of the annual payment to the discount rate. With
this formulation, the PV of any financial instrument can be cast in terms
of a ratio with a numerator reflecting the cash flow and a denominator
consisting of the appropriate (risk-adjusted) discount rate.

Movements in the investment value can then be viewed as the net result
of changes in the estimated flows in the numerator and changes in the dis-
count rates. Any changes in the numerator would generally reflect altered
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estimates of the investment’s cash flows, whereas discount rate changes
would correspond to movements in the market structure of interest rates.
However, although the discount rate has been designated as a single flat
number for illustrative purposes, it should be recognized that the appropri-
ate discount rate for a given investment will really be an amalgam of many
factors—the placement of the investment’s flow along the yield curve, its
credit risk, its optionality, and so forth. As a result, when there is a shift in
the estimated value or riskiness of an investment’s flows, it shouldn’t come
as a surprise to see changes in the appropriate discounting process as well.

Nonetheless, it can be very useful to retain this mental framework of
the PV as a basic ratio. It can then be helpful to try to identify whether the
initial stimulus for PV movements arises primarily from the revised flows
in the numerator or from a changing discount rate in the denominator
(even when both ultimately adjust to a new equilibrium).

This ratio model applies to equities as well as to bond investments.
Indeed, it could be argued that the ratio model provides useful insights
into the structure of the franchise value approach. By combining the
sustainable current earnings together with the opportunity-weighted
franchise spread, one obtains a hypothetical perpetual annuity for the
numerator. When discounted by the cost of capital in the denominator,
the result is the estimated intrinsic value of the firm.

Market-Based versus Subjective Estimates

The hypothetical PV ratio can also serve as a framework for distin-
guishing between market-based versus personal estimates for the numer-
ator or the denominator. First, consider a financial market that is totally,
deadeningly efficient with all information shared and agreed upon by all
participants. With total consensus both on flows in the numerator and in
the discount rates in the numerator, all investments would presumably
sell at their uniquely determined PV. There would be no bargains, no rip-
offs, no disagreements about valuation, and probably very little trading.
However, investors are not homogenous in either their needs or their pref-
erences. In addition, they may have different estimates of the probable
flows from any given investment. From all these sources of heterogeneity,
one can see how different investors may generate some very distinct PV
values for identical investments:
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1. a market/market PV based on market-estimated flows in the nu-
merator and market-based discount rates in the denominator,

2. a personal/market PV based on subjective estimates of the invest-
ment flows, but still using market-based discount rates,

3. a market/personal PV that makes use of the market’s flow estimates
but uses a personal discount rate that reflects the special predilec-
tions and circumstances of the investor, and

4. a personal/personal PV that uses both subjective flow estimates and
personal discount rates.

These four combinations are displayed in Table 11.

The first—the market/market PV—should generally coincide with the
market-determined cost of the investment. In contrast, the personal/market
PV is based on a presumed special insight into the investment flows and
could be the source of relatively short-term gains—if the market comes to
agree with the subjectively estimated flows. The market/personal PV situ-
ation is one where there is no quarrel with the market-based estimates of
the flows, but where the investment fits the investor’s specific needs more
effectively than those of the market in general. The benefit to the inves-
tor here tends to be longer term in nature. Finally, the personal/personal
PV case incorporates both the subjective cash flow estimates and the
investor’s individual discounting preferences. Thus, to the extent that this
personal/personal PV exceeds the market price, the investor believes that
a gain in present value can be captured. (In a sense, this personal/personal
PV could also serve as the most general case, with each of the preceding
decision factors viewed as special cases.)

Of course, the increments from a market-based PV to one of the three
personalized PVs could be negative as well as positive, and one could
argue that many transactions consist of holders with low personal PVs
selling to buyers with high personal PVs. However, it is probably more
convenient to think of the great market/market PV marketplace as act-
ing as an intermediary in all transactions. Then, all transactions could be
thought of as taking place at a price set by the “market” with buyers and
sellers both deriving some personal PV benefit.

If one accepts this framework, then it’s surely advisable for any mar-
ket participant to try to understand how “Mr. Market” sets the price on
any given investment, that is, to appreciate the market estimate of the
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TABLE 11

A Classification of Present Value Concepts

FLOW ESTIMATE

Market Personal

- Market/Market Personal/Market
W % Generally same as Value-based on
= ] cost (when broadly special insights into
é = market-priced) investment flows
=
=
8 = Market/Personal Personal/Personal
E S Fair investment Value-based on

g providing special value special insights and

o to investor special needs

flows and to have a sense of the discount rate that the market applies to
these flows. With this knowledge, thoughtful investors can then begin
to see where their personal estimates and discount rates differ from the
market’s, and then assess whether their view incorporates all the consid-
erations embedded in the market price. These investors will then have a
much more comprehensive basis for feeling that their departures from the
market view are truly justified.

A Final Note

Even though this new “chapter” has gone far beyond its original intent,
there are many important topics left totally untouched (e.g., option-adjusted
duration, statistical duration, yield curve analysis, and tax effects, to name
but a few). The key take-away should be an appreciation of the many ways
that present value concepts can be used in the analysis of financial cash
flows. For it is my belief, just as it was Sidney Homer’s belief as we wrote
the original Inside the Yield Book, that a deep understanding of the many
facets of present and future value represents an essential analytic founda-
tion for any disciplined investment process.



Technical Appendix
to “Some Topics”

Present Value (PV)
C, = cashflow atend of year
y = discount rate
M = years to flow’s maturity (i.e., time to last payment)

PV(1,H) = present value of flows received from first through the
Hth year (the “present” value is taken here as of the
beginning of the first year, or equivalently, as of the
end of the Oth year).

H .
PV (LH)=XC (1+y)"

For the special case of a level annuity,
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Reinvested Future Value (RFV) at Horizon H

RFV (1, H) = accumulated reinvested value from payments in years 1
through year H (after the Hth year payment has been received).

a H—i
RFV(1,H)= G, (1+7)

H :
=(1+ y)H El C (1+y)"

(1+y)" PV (LH)

The last equality is intended to relate the RFV back to the earlier PV
concepts. We shall try to show these “throwback” relationships whenever
possible. Also, for the special case of a level annuity,

REV (1LH)=(1+ )" {%[1—(1+y)_H]}

:(%J[(l+y)H —1]

Horizon Present Value (HPV) of “Tail” Cash Flow at Horizon H

HPV(H+1,M) = PV of flows in years H+1 to M with discounting to
end of Hth year (after Hth year payment).

M-H

HPV (H+1,M)= X Cyy (1+y)"

1

M-H

=(1+0)" L Gy (142)""

M .
=(1+y)" T ¢ (1+y)"

i=H+1

=(1+y)" PV (H+1,M)

where PV (H+1,M) = the PV of flows received in years (H+1) through M
evaluated as of the beginning of the first year.
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For the special case of a level annuity,
C, = Cfor all i and

M-H -
HPV (H +1,M)= X Coy (i+y)

M-H -

=C El (1+y)

=PV (LM -H)

Total Future Value (TFV) at Horizon H

In general, when the pre-H reinvestment rate y, and the post-H dis-
count rate y, differ,

TFV(H)=RFV, (l,H)+HPV, (H+1,M)

For the case when the reinvestment rate and going-forward discount
rate both equal y,

TFV (H)

(1+y)" PV (LH)+(1+y)" PV (H+1,M)

(1+»)" [PV (LH)+ PV (H+1,M)]

(1+y)" PV (1, M)

For the special case of a level annuity,

TFV (H)=(1+ )" PV (1,M)

=(1+y)" {(%)[l—(l +y)_M]}
:(%J[(l+y)H ~(1+ )" ]
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Ixvi
Macaulay Duration D(1,H)
D(LH)=— Lt Sic(1+y)"
()= iy 5iG 1) Hzl
PV Volatility PV-VOL (1,H)
PV-VOL(1 H)E;i PV (LH)] H2>1
' PV (L,H) dy '

__L_dis¢ (1+y)"
PV(LH)dy| 50

- L Asic sy
Pr(La) AT

B S I S 78 (1+y)"
vy Jprmya v Y

=[_—1JD(1,H)

I+y

Reinvestment Volatility RFV-VOL (1,H)
The assumption here is that a single immediate rate move impacts all

reinvestment throughout the horizon period.

1 d
————|RFV (LH
RFV (LH) dy (L1)] =1

RFV-VOL(L,H)
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d|a H-i
—— | X C (1
RFV (LH) dy|:i—1 (1+5) ]

1 A H . H .
L) () )[Hglc,.(uy)"—glic,.(1+y)"]

- l-iy R(ﬁl*;(yl,)H)[H x PV (LH)=D(1,H) PV (1,H)]

1\ () Py H)

“\1+y )| rREV(LE) }[H_D(l’H)]

1 [ RFV (LH)

= :l[H—D(l,H)]

1+y )| RFV (LH)

=| — [H-D(LH)]

Horizon Duration HD (H+1,M)

M-H .
HD(H +1,M ) [é}[ T iCy (1+y)’] H<M -1

HPV (H+1,M) || =

For H > M, there are no future payments and so HPV and HD both
have a value of zero.

When the same discount/reinvestment rate applies from year 1 through
year M, the Horizon Duration can be expressed as a “throwback” to the
earlier Duration expressions, but the resulting general formula is some-
what more complicated:
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1 M-H

HD(H+LM)=|—————
(H+1.M) | HPV (H +1,M) || =

|
1
™
Q
T
s
—_~
—
+
<
~
L

1
| HPV (H +1,M) || =H+1 !

1
| HPV (H +1,M) ||~

. _1 T30 (14 ) = 2iC (14 y)"
T\ HPV (H+1M) | (1+) |:i=ll (1) =BG (1) ]_

~H x HPV(H+1,M)}

[HPV(;JFLM)}{O”)H [PV (1L.M)x D(1,M)-

—PV(LH)x D(L,H)]|-H x HPV (H +1,M)}

1

:{m]{(lw)ﬁ [PV (LM) =Py (LH)]D(1,M)-

—PV(1,H)[D(1,H)—D(1,M)]] ~H X HPV (H +1,M)}

and since HPV (H +1,M)=(1+y)" [PV (LM)- PV (LH)],
we obtain the following general expression in Duration terms,

HD(H+1,M)={ 1 ):|{HPV(H+1,M)XD(1,M)—

HPV (H +1,M

—RFV (LH)[D(L,H) = D(1,M) ]~ H X HPV (H +1,M)}

=[D(1,M)—H]+[

HPR;(I;[(E-I;I,L)}[D(LM) ~D(1.H)]

The above formulation holds for all forms of cash flow. However, for
the special case of a level annuity,
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C=¢C

1

and one obtains the following far simpler but narrower result,

1 M-H

—i

1 M—H. i
= —M—H - |:C iEI l(1+y) }
_C E] (1+y)
[ 1
|——  \[PrO.M-HYXD(LM-H
hPV(l,M—H):l[ ( )x D( )]
=D(LM —H)

Horizon Present Value Volatility HPV-VOL(H+1,M)

S HPV (H+1,M)] H<M -1
HPV (H +1,M) dy

1 MiH C 1 —i-1
| & i ()

—(1+y)_1 M-H —i
-——— ' __|'zic,,(
HPV (H+1LM)| & o (1+)

HPV-VOL(H +1,M)

=—(1+y)" HD(H +1,M)

Total Future Value Volatility TFV-VOL(H)

The assumption here is a simple immediate rate move that impacts
reinvestment throughout the horizon period and also affects the tail pric-
ing at the horizon.
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TFV-VOL(H)= TFVl(H) j—y[TFV(H)]

iy L) P )]

{ (1+ )™ Pr(1,m)+

TFV

(1+y) |:dy PV (1, M)H}

e 20
()" Pr(m)

(1+y)" PV (1,M) [#-D(1.00)]

or finally,

TFV-VOL(H)= [w}

(1+y)

This result could also be obtained using the earlier expressions for
HD(H+1,M) and RFV-VOL(1, H) under the same assumption of a single
rate movement,

TFV (H) X [TFV-VOL(H)|=RFV (1,H) X [ RFV-VOL (1, H) | +

+HPV (H +1,M) X[ HPV-VOL(H +1,M )]

_RFV(LH)
(1+y
HPV (H +1,M)
O (1+y)

[H D(LH)]-

HD(H +1,M)
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_RFV(LH) B
=~ [H-D(LH)]

RFV (1,H)
HPV (H +1,M)

HPV (H +1,M)
(l+y)

[D(I,M)—D(I,H)]}

{[D(I,M)—H]+

_RFV(LH) ~
=) [H-D(1LH)]

~ RFV (1,H)
(l+y)

_RFV(LH)
g [#-D(1,M)]

HPV (H +1,M)
(1+y)

[D(LM)-H]-

[D(1LM)-D(1,H)]

JrHPV(H+1,M)
(1+y)

H—D(I,M)}

(1+y)

[H-D(1,M)]
:[RFV(I,H)+HPV(H+1,M)]|:

= TFV(H)[H — D(I’M)]

(1+y)

or finally,
H-D(1L,M)
TFV-VOL(H)=| ———-—~

(1 + y)
The Babcock Rule

Under the earlier assumption that interest rates move from y, to y, at the
very outset, with rates remaining stable thereafter, the total TFV volatility
is needed.

TFV (H)=TFV, (H)[1+TFV-VOL, (H) X (y, = »)]

~TFV, (H)x {1+{H_D(1’M)} X (7, —yl)}

(1+y)

Immunization

Under the same assumption as the Babcock rule, immunization is
said to occur when TFV remains stable under an immediate interest
rate shift from y, toy,, i.e.,
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TFV, (H)=TFV, (H)
or from the Babcock rule,

TFV-VOL, (H)=0
1
:(EJ[H -D(1,M)]

In other words, immunization occurs when
D(I,M)=H

If the liabilities consist of a stream of payouts, then the asset portfolio
will immunize the liability flow when

D (1,M) of Assets = D (1, M) of Liabilities.
The above are first-order conditions. There are various second-order

conditions that must be applied under a broader range of assumptions
regarding the structure of rate movements.

Horizon Analysis
In one form of horizon analysis, the pre-horizon rate y, is typically as-
sumed to be stable, and the movement to a second rate y, is assumed to be
concentrated at the horizon. Thus, the only volatility term involved is HPV.
TFV (H)=RFV, (1, H)+HPYV, (H+1,M)[1+HPV-VOL, (H +1,M) X
X (»2 = » )]

=TFV, (H)+HPV, (H +1,M)X HPV-VOL, (H +1,M) X

X (v, =»)
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Preface to the 1972 Edition

The Yield Book can appropriately be called the playing field of
the game of bond investment. Its structure and dimensions and the
basics of price-yield relationships deserve the closest study. Too
often the dollars and cents significance of bond yields is taken for
granted and sometimes even is misunderstood. Our book will attempt
to explore some of the basic but less obvious relationships between
coupon, maturity, price and yield with the aim of aiding the investor
in judging and comparing bond values.

In Part I, which is based on a series of our memoranda previously
published by Salomon Brothers, we will first describe the great
importance of “interest-on-interest,” that is to say, the income
derived by the fully compounding investor from reinvesting his
coupon receipts. For long-term investments, interest-on-interest is
apt to be more than half of total interest receipts. The investor will
achieve a fully compounded yield equal to the bond’s stated
yield-to-maturity at the time of purchase only if he can reinvest all
coupons at his purchase yield.

Furthermore, we will show that bond issues with low coupons are
far less dependent on ‘‘interest-on-interest” than are high coupon
bonds. Therefore, yield-to-maturity is not a complete guide to
relative bond values even where there is no call or credit risk. To
meet this difficulty, we have developed the concept of “realized
compound yield” which provides the total prospective yield from all
components of return from a given bond investment: principal,
interest, and interest-on-interest at various assumed reinvestment
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4 PREFACE

rates (and in some cases capital gain or loss). This concept makes it
much easier to compare the real prospective return from each of a
field of bond issues of widely diverse coupons, maturities, and prices
and yields.

Next we explore the volatility of bond prices. This turns out to be
far from uniform even in the case of prime bond issues with the same
long maturity. Indeed we show why some low coupon medium-term
bonds are more volatile than the longest term high coupon bonds. We
also show why bond prices are far more volatile in high yield periods
than they are for the same yield change in low yield periods. We
explore in detail the causes for these differences in volatility.

As a result of studying these wide differences in volatility and in
realized compound yield and in other structural and mathematical
characteristics, we show how the investor can select his bond
purchases according to his individual preferences, either for maxi-
mum yield in the long run or for maximum immediate yield or for
maximum or minimum volatility or stability. In this connection, we
analyze in detail the different characteristics of seasoned premium
bonds, new issues and seasoned discount bonds—three categories
which frequently perform very differently in the market.

Finally we review the principal types of bond swaps and set up
mathematical standards for judging the merit of each swap and what
its rewards and risks might be. Here again yield-to-maturity can be a
misleading guide while the concept of realized compound yield tells a
more accurate story of comparative values.

These tools for bond portfolio management are all set out in Part
I. However, for those who wish to go further and explore the
mathematics of bond yields and bond prices, that is to say, the
mathematical formulae on which our conclusions are based, we have
provided in Part II a discussion of the mathematics of bond yields,
including the Future Value and the Present Value of a cash flow, the
yield-to-maturity concept, dollar pricing, yield-to-call, and realized
compound yield.

With the aid of Part II and the general formulae in the Appendix,
those with computers can quickly analyze the essential yield and
price advantages and disadvantages of each high-grade bond offering.
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For their careful reading and criticism of early drafts of this book,
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PART 1

Bond Yields, Bond Prices,

and Bond Investment



CHAPTER 1

Interest on Interest

The recent high level of bond yields and the uncertainty whether
yields will be high in the years ahead emphasizes the importance of
interest-on-interest, that is to say, the rate at which receipts from
coupons can be reinvested in the future. An original investment
compounds automatically at the purchase yield only until the funds
are paid back in the form of coupons and finally of principal.
However, some investors mistakenly expect that a bond purchased at
a given yield will always produce that rate as a realized compound
yield over the whole life of the bond. If future reinvestment rates
during the life of the bond are less than the purchase yield, then the
realized compound yield for the whole life of the bond will be less
than the purchase yield; if future rates are higher than the purchase
yield, then the realized compound yield will be more than the
purchase yield.

Long-Term Par Bonds

For most long-term bonds, the interest-on-interest is a surprisingly
important part of the total compounded return to the bondholder:
typically over half.

21
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Table 1 shows that for an 8% 20-year bond bought at 100 to yield
8% the total return over the twenty-year period may vary from
$1,600 per $1,000 invested (4.84%) to $4,832 (9.01%) depending
upon whether the interest-on-interest is 0% (interest spent—in a fi-
nancially non-productive way—as coupons are paid) or 10%. When
the reinvestment rate is also 8%, the coupons over the twenty years
will total $1,600 per $1,000 invested and the interest on this interest
will total $2,201 or 58% of the total return of $3,801. If the rate of
interest-on-interest is 6%, the interest-on-interest will decline to
$1,416, and the total return to $3,016 per $1,000 invested, bringing
the total realized compound yield to the purchaser down from the
original 8% to 7.07%. On the other hand, if the rate of interest-on-
interest rises to 10%, interest-on-interest will rise to $3,232 and total
return to $4,832 per $1,000 invested bringing the total realized com-
pound yield to the purchaser up to 9.01%.

TABLE 1
An 8% Non-Callable 20-Year Bond Bought at 100 to Yield 8%

Interest-on-Interest

Total
Reinvest- % of Realized
ment Total Coupon Total Compound
Rate Return Amount Income Discount Return Yield
0% 0% 3 0 $1,600 0 $1,600 4.84%
5 41 1,096 1,600 0 2,696 6.64
6 47 1,416 1,600 0 3,016 7.07
7 53 1,782 1,600 0 3,382 753
g8’ 58* 2,201* 1,600* 0 3,801* 8.00*
9 63 2,681 1,600 0 4,281 8.50
10 67 3,232 1,600 0 4,832 9.01
*Yield from Yield Book.

It follows that a present purchaser of a long-term 8% non-callable
bond at 100 is by no means assured of a realized yield of 8% for the
life of his investment if by yield is meant interest compounded on
the entire original investment for the entire life of the bond: it
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might turn out to be 6.64% or 9.01% or more or less, depending on
the future trend of bond yields. The uncertainty is entirely confined
to the compounding factor. In terms of simple interest, the investor
is sure to get 8% from this 8% bond, i.e., $80 a year per $1,000 if the
bond is not called or defaulted.

The Yield Book

The Yield Book serves the essential function of providing a
uniform basis for comparing the market values of bonds having
different coupons, maturities, dollar prices and, consequently,
different cash flows over their life. To achieve this uniformity, the
Yield Book in essence refers every dollar of every bond’s cash flow to
the standard of an initial investment allowed to accumulate
compound interest semiannually at the Yield Book rate until it is
paid off in the form of coupon or principal. For example, suppose
one has two 20-year bonds, one with a coupon of 8% and the other
with a 4% coupon, both priced “to yield 8%.” This 8% figure can be
taken to mean that both bonds are equivalent to the standard of an
8% semiannually compounded investment, which would realize a
return of $3,801 per $1,000 invested over the twenty-year period.

It is not so well known that to obtain this objective it is necessary
that the bonds’ coupon income be reinvested so as to gather
“interest-on-interest” at a rate exactly equal to the yield-to-maturity
itself. The two 8% yield-to-maturity bonds in the above example
would realize the standardized 8% return of $3,801 per $1,000
invested only if each and every coupon were itself reinvested at an
exact 8% rate. If the coupons cannot be reinvested at the Yield Book
rate, then the realized compound yield over the bond’s life of the
dollars originally invested may vary widely from the Yield Book
figure. For this reason, when facing future periods involving possible
major swings in yield levels, it becomes vitally important to
distinguish between the yield-to-maturity (as stated in the Yield
Book) and the realized compound yield that will actually be
obtained if the bond is held to maturity.
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Simple Interest vs. Compound Interest

Many investors, like university endowment funds and foundations
and private investors, simply collect and spend their coupons. They
tend to ignore the variability of compound interest. Others, like
pension funds, accumulate interest receipts, merge them with
principal and reinvest them; these are vitally affected by the future
rate of interest and ordinarily cannot, when they invest, obtain any
assurance as to just what their total return will be.*

Maturity

As maturity is reduced, the importance of interest-on-interest
declines sharply. This is illustrated by Table 2 which shows that for a
1-year 8% bond at 100, interest-on-interest will account for only 2%
of total return, while for a 40-year 8% bond it will account for 86%
of total return. The uncertainty can be said to be basic only for
longer maturities.

TABLE 2
Effect of Maturity on the Importance of Interest-on-Interest

{Assuming Reinvestment at Yield Rate)

% of Total Return Represented by Interest-on-Interest

8% Bonds Bought at 100 4% Bonds Bought at 100

Maturity to Yield 8% to Yield 4%

1 Year 2% 1%

B Years 17 9
10 " 33 18
20 " 58 34
30 " 75 47
40 " 86 59

*It would be possible to design a bond issue that would guarantee a rate of
compound interest by paying coupons in debt rather than cash, but it has
rarely if ever been done. Savings bonds do provide guaranteed compound
interest.



INTEREST ON INTEREST 25

It is obvious, however, that shorter maturities, while reducing or
almost eliminating the uncertainty of the rate of interest-on-interest
do not solve the problems of maintaining future income. Indeed, the
uncertainty is larger with shorter term bonds because in the
reinvestment of shorts at maturity the coupon, in addition to the
compounding factor, is uncertain. Thus, the old rule will usually
hold: if future rates are to rise, shorts bought now will be better than
longs; if rates decline, longs will be better than shorts.

Long-Term Discount Bonds

Table 3 shows the same calculation for a deep discount bond, a
20-year 4% bond selling at about 603 to yield 8%. The top panel
shows total return in dollars from one bond, and the bottom panel
translates the same figures on the basis of each $1,000 invested, so
that the returns can be compared with the 20-year 8% bond in Table
1. Here we find that the variation of total return based on changes in
interest-on-interest is also large, but not as large as in the case of the
par bonds. This is because the discount (eventual capital gain) is a
fixed component of total return that does not vary with future
interest rates. When coupon income is a smaller proportion of total
return, interest-on-interest must also be a smaller portion of total
return. The difference, however, between the par bond and the
discount bond is not so large as to provide an absolute guide for
selection. If interest-on-interest varies, between 6% and 10%, the
total realized compound yield of the 8% bond will vary between
7.07% and 9.01%, while that of the 4% bond will vary between
7.25% and 8.85%. At lower future rates, the 4% bond will yield more
than the 8% bond because the fixed discount substitutes for some
variable interest; at higher future rates the 8% bond will yield more
than the 4% bond because interest-on-interest is a larger component
of total return and there is no discount.
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TABLE 3
A 4% 20-Year Bond Bought at 60.414 to Yield 8%
Interest-on-Interest Total
Reinvest- % of Realized
ment  Total Coupon Total Compound
Rate Return Amount Income Discount Return Yield
A:  Per Bond
0% 0% $ 0 ¥ 800 $ 39 $1,195 5.53%
5 31 548 800 39 1,744 6.90
6 37 708 800 396 1,904 7.25
7 43 891 £00 396 2,087 7.61
g* 48* 1,100% 800* 396+ 2,296* 8.00*
9 53 1,341 800 396 2,536 8.41
10 57 1,616 800 39 2,812 8.85
B: Per $1,000 Invested
0 0 0 1,325 655 1,980 5.53
5 3 907 1,325 655 2,877 6.90
6 37 1,172 1,325 655 3,152 7.25
7 43 1,474 1,325 655 3,454 7.61
8> 49k 1,820% 1,325% 655% 3,800% 8.00*
9 53 2,218 1,325 655 4,198 8.M
10 57 2,674 1,325 655 4,654 8.85
*Yield from Yield Book.

Another way of viewing this effect is to compare the different
Yield Book values giving rise to the same realized compound yield
under the same reinvestment assumption. For example, the 8% par
bond (Table 1) with coupons reinvested at 6% results in a realized
compound yield of 7.07%. To obtain this same realized compound
yield of 7.07% under the same reinvestment assumption (6%),the 4%
coupon bond (Table 3) would have to be priced to yield 7.70% by
the Yield Book. In other words, one could “give up” as much as 30
basis points in yield at cost, and the 4% discount bond would still
prove to be as good a buy from the standpoint of realized compound
yield. This comparison would, of course, not be valid in case of
stable or rising interest rates.

Long-Term Bonds at Lower Yields

These considerations show that long-term bonds bought a few
years ago at yields of 4% to 5% are actually permitting the purchasers



INTEREST ON INTEREST 27

to receive a much higher compound yield than the expected rate if
the purchasers have been reinvesting their coupons. This is because
those lower yields at cost assumed future reinvestment rates of 4% to
5%, while their coupons have recently been reinvested at rates as high
as 8% to 9%. Table 4 below is comparable to Table 1 except that the
original investment is in a 4% bond at 100 to yield 4%. Discount
rates are tabulated all the way from 0 to 10%. It will be seen that the
proportion of total return depending on interest-on-interest is
exactly the same as that of the 8% bond in Table 1 if the
reinvestment rates are the same while, of course, the total returns
and yields are very much less.

TABLE 4
A 4% Non-Callable 20-year Bond Bought at 100 to Yield 4%

Interest-on-Interest Total
Relnvest- % of Realized
ment Total Coupon Total Compound
Rate Return  Amount Income Discount Return Yield
(1} 4 $ 0 0 3 800 2.96%
] 9 800 0 883 3.19
2 18 178 800 0 978 3.4
3 26 285 800 0 1,088 3.
4* 34> 408* 800* 0 1,208* 4.00*
5 41 548 800 0 1,348 4.3
6 47 708 800 0 1,508 4.65
7 53 891 800 0 1,691 5.01
8 58 1,101 800 0 1,901 5.40
9 63 1,341 800 0 2,141 5.80
10 67 1,616 800 0 2,416 6.24
*Yield from Yield Book.
Timing of Rate Changes

In all of the above tables, the future rate of interest-on-interest is
stated as one figure which might seem like an average for the
twenty-year period, but it is not: It is an artificially fixed rate of
reinvestment for all coupons from first to last at the indicated rate
assumed by the tables. In real life, rates vary widely from year to
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year, and a simple average would be fallacious because of the time
factor. A low reinvestment rate a year or two after investment
followed by higher rates would bring much bigger total interest-on-
interest than an early period of high rates followed by low rates. This
is because the high reinvestment rate later would earn much more
interest from the larger accumulation of funds being reinvested.
Thus, the maximum income benefit to today’s purchaser would
accrue from a rapid rise in interest rates soon after his purchase and
thereafter sustained high rates. This, of course, is just the opposite to
his profits or losses from principal fluctuations.

Investment Implications

(1) The purchaser of long-term bonds who plans to

) compound his return has not achieved a certainty as to

just what his total compounded realized yield will be

even if the bonds are non-callable. The area of doubt is
perhaps a yield range of 2%.

(2) Conversely, the purchaser of non-callable long-term
bonds who plans to spend his income can count on a
predetermined rate of return provided only that the
bonds remain in good standing.

3) For the compounding investor who expects interest rates
to average lower over a long period of years than at time
of purchase, there is a structural advantage in discount
bonds over par bonds because that part of his return
represented by the discount is fixed and cannot decline
with interest rates. This advantage is supplementary to
other advantages such as superior call protection and (for
taxpayers) a lower tax rate. However, these advantages
are often offset when discount bonds yield substantially
less than high coupon bonds.

4) Conversely, for those who expect high or higher interest
rates in the years ahead but who are constrained to stay
with long-term bonds, there is a structural advantage in
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&)

par or premium bonds because their total return will rise
more rapidly with rising rates. Also, they usually yield
more at time of purchase.

Short-term bonds provide much greater certainty of the
compounded rate of return than do long-term bonds, but
only for limited periods corresponding to the short-term
maturities. Thereafter, because their entire principal
amount must be reinvested at the then prevailing rates,
the area of uncertainty is very much larger than in the
case of long-term bonds.
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CHAPTER 2

The Power of

Compound Interest,
Perpetual Bonds and

Discount Bonds

Compound interest at high rates is one of the most potent growth
forces in our investment markets. The rate of compounding, of
course, is crucial. Capital left at semiannual compound interest of
4% (tax free) will double every 17.5 years, at 6% every 11.7 years, at
8% every 8.8 years and at 10% every 7.1 years.

Compounding occurs not only in fixed income investments, but
also in the compounding of retained earnings by business enterprises.
The key uncertainty in both types of investment is the rate at which
future coupon receipts or future retained earnings can be reinvested.
The business concern has to expand rapidly and profitably in order
to compound large retained earnings at a good rate. The bond
investor, as we have seen in Chapter 1, is to a large extent at the
mercy of future interest rates for the rate at which his investment
will compound over long periods. However, some types of bonds,
such as deep discount bonds, promise to compound at going rates for

31
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a much longer period of years than do other types of bonds such as
high coupon par bonds even for the same maturity.

Table 5 illustrates the dynamic effect of compounding over very
long periods of time.

TABLE S

The Power of Compound Interest

At 8% Compounded Semiannually:

$1,000 will grow to  $2,000+ in 9 years
oo 7,106 in 25 years
mToo" " " 50504 in 50 years
""" " 2550,749 in 100 years

For those interested in the long pull, $1,000 at 8% will grow to
over 42 quadrillion dollars in four hundred years. Evidently the first
hundred years are the hardest.

Why then is our very old world not much richer than it is? Aside
from the destructive effects of wars, revolutions and inflations, and
the incidence of taxes, there is a very human propensity to consume.
Furthermore, a sustained assured 8% compound interest rate has
never been available over long periods of history, and even 6% has
been exceptional.

Types of Investment Funds

For the purposes of this analysis, there are two types of
investment funds: those that can fully compound, and those that
cannot. Typical of those that cannot regularly compound is the
private investor living off of investment income, or the college
endowment fund that is pressed to distribute all its income and is not
growing. Typical of those that can compound are pension and
retirement funds.
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In between these types of funds are those like life insurance
companies and growing endowment funds whose need for current
income requires them to pay out a good part of their investment
income. However, since they are growing, they can and often should
invest as though they were fully compounding since current
non-investment receipts take care of current disbursements.

These chapters will attempt to differentiate between these two
types of bond funds. They will point out the types of bonds which
are best suited to maximize current income and to other types of
bonds which are best suited to maximize the rate of compounding.

Two Eccentric Types of Bonds

For purposes of Yield Book analysis, bonds can be classified along
three scales: maturity (short to medium to long-term), coupon (low
coupon to high coupon) and price (deep discount bonds to par bonds
to premium bonds). At the extremes of these scales are two eccentric.
types of bonds which are rarely met with in real life, but which are
worth examining carefully because they illustrate basic price-yield
relationships which influence all customary types of bonds. These
two extreme types of bonds are: 1) non-callable perpetual bonds
with no maturity (including non-callable preferred stocks), and 2)
pure discount bonds with O coupons (for example, Series E savings
bonds).

Perpetuals

Perpetual bonds are the grandfathers of all modern long-term
bonds. They appeared hundreds of years ago in Europe under the
name ‘“‘perpetual annuities.” They were usually redeemable at par
after a specified future date, but only at the option of the borrower.
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They were not then considered to be loans at interest, which were
condemned as immoral and were often illegal, but rather they were
looked upon as income contracts which could be bought and sold
with complete legality, They were sold by the governments of
nations, states and cities, and by private land owners. They became a
very popular medium of investment and often enjoyed an active
secondary market.

In the 18th century, the English Government’s new funded debt
took this form, i.e., the Consols which are still outstanding. The first
American funded debt was all in the form of perpetuals which our
Government redeemed as soon as it could under the bond contracts.
It was in the course of the 19th century that specific maturities
became popular. Actually many of these late 19th century bond
issues which often had 100-year maturities and were non-callable
were, in effect, longer term loans than the old perpetuals because the
latter usually could be redeemed sooner.

The negligible difference between the Present Value of perpetuals
and of very long-term bonds is illustrated by the following
calculation of the Present Value of a 100-year 8% bond at par:

The Present Value of a stream of $40 semiannual
coupons for 100 years discounted at 8% =$ 999.60
The Present Value of $1,000 payable in 100 years
discounted at 8% 40
$1,000.00

Total Present Value of 8% 100-year bond at 8%

il

The Present Value of a perpetual is, of course, merely the Present
Value of the coupon stream to infinity at the stated yield and the
difference in Present Value between 100 years and infinity is
negligible. Thus, very long-term bonds are much like perpetuals and
should follow almost the same pattern of market fluctuations.

The calculation of the yields or prices of perpetuals does not
require a Yield Book. The yield (in terms of decimals) is simply the
coupon divided by the price. The price (% of par) is simply the
coupon divided by the (decimal) yield. The following scoreboard
shows the prices and yields of perpetuals at all unit coupons between
2% and 8%.
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TABLE 6
Price of Perpetuals
Coupon
2% 3% 4% 5% 8% % 8%
Yield

2% 100 150 200 250 300 350 400

3% 66 2/3 100 133 1/3 166 2/3 200 2331/3 266 2/3
a% 50 75 100 125 150 175 200
% 40 60 80 100 120 140 160

8% 331/3 50 66 2/3 831/3 100 116 2/3 133 1/3
™ 281/2+ 427/8+ 571/8+ 713/8+ 853/4 100 114 1/4 +
8% 25 3r1/2 50 621/2 75 87 1/2 100

The Volatility of Perpetuals

One of the principal objectives of these studies will be to measure
and compare the potential price volatility of many kinds of bond
contracts. Price volatility can be measured in two ways: 1) by
percentage changes in price caused by basis point changes in yield
and 2) by percentage changes in price caused by percentage changes
in yield.

It will be seen that the volatility of perpetuals per 100 basis point
change in yield is not stable but decreases progressively and
proportionately as yields rise. This, of course, means that a 100 basis
point change in a low yield range is a larger percentage yield change
and so leads to a larger percentage price change than a 100 basis
point change in a high yield range. It seems logical to expect that
larger or smaller percentage yield changes will always lead to larger or
smaller percentage bond price changes. However, as we shall see, this
relationship does not apply to many other types of bonds.
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TABLE 7
Volatility of Perpetuals by Basis Point Change in Yield

100 Basis Point

Yield Increases % Yield Change* % Price Change*
2% to 3% +50% -33.33%
3% to 4% +33.33 -25
4% to 5% +25 -20
5% to 6% +20 -16.67
6% to 7% +16.67 ~-14.29
7% to 8% +14.29 -12.50

*NOTE: The reason why these two percentage columns are not identical for
any given yield change is that the prices are declining and hence their
percentage is based on the top of a range while the yields are rising and hence
their percentage is based on the bottom of the related range, This is the same
statistical quirk which sometimes afflicts portfolio managers when they find
that a 50% loss can be offset only by a 100% gain. Throughout this study, the
percentage pluses (yield or price) will, therefore, always be larger than the
equivalent minuses measuring the same absolute change. If the above table
were presented in terms of falling yields and rising prices, the two percentage
columns would simply be reversed, i.e., 3% to 2% = —33.33% yield change =
+50% price change.

TABLE 8
Volatility of Perpetuals by Percentage Change in Yields

33 1/3% Yield

Increases % Yield Change % Price Change
2.25 to 3% +33.33% -25%
3 to 4% +33.33 =25
4 to 5.33+% +33.33 -25
5.33+ to 7.11+% +33.33 -25
7.11+ to 9.48+% +33.33 -25

Table 8 illustrates the fact that for perpetuals a given percent yield
change at any part of the yield scale will cause a constant percentage
price change. This is because the formula for computing the Present
Value of an infinite stream of coupon payments reduces to a very
simple formula:
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Coupon Amount in $

Present Value = - 14 (in decimals)
e.g., Present Value = -ﬁ%% = $1000
$60 _
or 08" $750 etc.

Regardless of the coupon any given percentage change in the
divisor (the yield) at any rate level will give a constant percentage
change in the quotient (the Present Value). However, as we shall see
below, this direct simple relationship between yield change and price
change applies only to perpetuals (and to nearly the same extent to
near perpetuals), but does not apply to most other forms of bond
contracts.

Discount Bonds With 0 Coupons

At another eccentric extreme there are the pure discount bonds
with no coupon payments (e.g., Series E Savings Bonds). In sharp
contrast to other types of bond contracts, these offer fully
compounded interest at the promised rate throughout the life of the
bond, and therefore, no reinvestment of coupons is required.* The
importance and uncertainty of reinvesting coupons was emphasized
in Chapter 1. The entire return of these discount bonds is derived
from the discount, i.e., the difference between the cost price and the
redemption price at maturity. It is useful to analyze such bonds here
(although in real life they rarely exist) because they reveal in extreme
and readily understandable ways certain characteristics of all
conventional low coupon discount bonds.

Because the entire return of 0 coupon discount bonds is derived

*Press reports last year suggested that AT&T was considering this type of
bond. It has obvious advantages both for.compounding institutions and for
certain private investors and it would relieve the company of new cash interest
disbursements for a period of years.
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from the discount, and because the return is fully compounded, the
hypothetical discounts must be very large, much larger than in the
case of any conventional coupon bond with the same maturity and
yield. Thus, as Table 9 below shows, a 20-year maturity would have
to be priced as low as 207% to yield 8% compounded, 37Y to yield
5% and 55Y% to yield 3%.

TABLE 9
The Hypothetical Prices of 0 Coupon Discount Bonds of Various Maturities

Rate 1 Year 10 Years 20 Years 30 Years
2% 98.03 81.95 67.17 55.04
3 97.07 74.25 55.13 40.93
4 96.12 67.30 45,29 30.48
5 95.18 61.03 37.24 22.73
6 94.26 55.37 30.66 16.97
7 93.35 50.z6 25.26 12.69
] 52.4% 45.64 20.33 9.51

These prices are derived entirely from compound interest tables
and are merely the Present Value of a $100 lump sum payable at a
stated future date discounted at a stated rate of interest. The
Present Value of a future principal payment is an ingredient of all
bond price calculations with the sole exception of perpetuals, but it
is usually one of two ingredients, the other being the Present Value
of a coupon stream. With the perpetuals, the price consists only of
the value of the coupon stream. With 0 coupon discount bonds, we
have only to evaluate a future lump sum payment.

The Volatility of 0 Coupon Discount Bonds

0 coupon discount bonds, if they were marketable, would be the
most volatile type of straight high-grade bond. Their volatility would
often considerably exceed that of perpetuals. This is because the
entire income is discounted from a distant date, i.e., maturity, whereas
for coupon bonds including perpetuals a large part of the income is
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discounted from near coupon dates. For example, in the case of any
8% coupon bond at par, payments receivable in the first ten years are
equal to 80% of the original investment.

In a sense, 0 coupon discount bonds are roughly analogous to 0
dividend growth stocks (or low dividend growth stocks) except that
the discount factor is part of the contract in the case of the bond and
in the case of the stock it depends on the future rate of return on
retained earnings. This structural similarity helps in part to explain
why growth stocks are also highlygvolatile. Any reduction or increase
in the expected discount factor can have a very large effect on a price
which fluctuates without the self-correcting mechanism created for
income stocks by the change in current yield.

Table 10 shows that O coupon discount bonds fluctuate in price
almost directly according to basis point changes in yield regardless of
whether yields are high or low, that is to say, almost regardless of the
percentage changes in yield. This is because the entire return is in the
form of an eventual principal payment and each basis point change in
the discount factor has an almost identical percentage effect on the
price. This is just the opposite of the volatility of perpetuals (see
Tables 7 and 8) where the percentage yield change completely
determines the volatility.

TABLE 10

The Volatility of 0 Coupon Discount Bonds
by Basis Point Change in Yield

% Price Change by Maturit
100 Basis Point % Yield 0 Coupon Discount Bonds Any Coupon

Yield Increases Change ear ears ears 30 vears Perpetuals
2 to 3% +50% -.98 -9.40 -17.92 -25.64 -33.33%
3 to 4% +33.33 -.98 -9.36 -17.85 -25,54 -25.00
4 to 5% +25.00 -.97 -9.32 -17.77 -25.43 -20.00
5 to 6% +20.00 -.97 -9.27 -17.69 -25.32 -16.67
6 to 7% +16.67 -.96 -9.23 -17.61 -25.22 -14.29
7 to 8% +14.29 -.96 -9.19 -17.53 -25.1 -12.50

The table above shows the very rapid increase in volatility of
discount bonds as maturity lengthens in a manner almost proportion-
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ate to the increase in maturity. It shows that 30-year discounts are
more volatile even than perpetuals per 100 basis point change in
yield at all yield ranges except the very lowest, and that even 20-year
discounts are more volatile than perpetuals in yield ranges of 5% and
up.

Table 11 below shows, conversely, that 0 coupon discount bonds,
if measured according to percentage changes to yield, become rapidly
more volatile as yields rise. This is because they fluctuate almost
proportionately to basis point changes in yields and there are more
basis points in, for example, a 10% yield change at high yield levels
than at lower yield levels. This again is very different from perpetuals
which fluctuate strictly according to percentage yield changes.

TABLE 11
The Volatility of 0 Coupon Discount Bonds
By Percentage Change in Yield

% Price Change By Maturity

33 1/3% Yield 0 Coupon Discount Bonds Any Coupon
Ingreases 4 Yield Change T Vear 10 Years 20 Years 30 Years
. to 3.

Perpetuals
+33.33% - .74 =74 T13.76 T-19.90 ~25%
3.00 to 4.00% " - .98 -9.36 -17.8 -25.54 -25
4.00 to 5.33+% " -1.29 -12.,22 -22.94 -32.36 -25
5§.33+ to 7.11+% " -1.71 -15.84 -29.16 -40.38 -25
7.11+  to 9.48+% " -2.25 -20.36 -36.57 -49.48 -25

The formula for computing the Present Value of a single lump sum
future payment is as follows (for a more detailed explanation of all
yield formulae, see Part I1.):

Principal amount

(1 plus semiannual yield in decimal) raised to a power
equal to the number of compounding periods.

Present Value =

e.g., for a lump sum payment of $1,000 30 years hence at 6% com-
pounded semiannually,

$1,000 _ $1,000

Present Value = (1.03)% " 5.89

=$169.73
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In this equation, the denominator rises with yield as follows:

Yield Denominator % Growth in
Increases Increases Denominator
2% to 3% 1.821t02.44 +34.5%
3% to 4% 2.44 t0 3.28 34.3
4% to 5% 3.28 t0 4.40 341
5% to 6% 4.40105.89 339

Thus each 100 basis points change in yield creates almost the same
constant percentage change in the denominator and hence also in the
Present Value. However, the changes do decelerate very slightly as
yields rise, as is evident from Table 10.

Table 11 above shows: 1) How rapidly the volatility of the
discount bonds increases with maturity and 2) How rapidly the
volatility of the discount bonds increases with rising yields if the
latter are measured by a fixed percentage yield change. This is
important because percentage yield change is a much more realistic
way to measure actual yield volatility in the market than basis point
yield change. In other words, basis point swings in yields are apt to
be larger at high yield levels than they are at low yield levels. In
combination, these two factors, which increase the volatility of
discount bonds, i.e., longer maturity and higher yield levels, result in
extremely high rates of volatility.

The importance of these somewhat theoretical calculations, as we
shall spell out in later chapters, lies in the fact that most
conventional coupon bonds partake partly of the characteristics of
perpetuals and partly of the characteristics of O coupon discounts in
varying degrees. The next chapter, which will analyze the yields and
prices of conventional coupon bonds, will find some interesting and
useful standards of volatility that are understandable best in terms of
a combination of these two components.
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Investment Implications

All long-term conventional coupon bond issues combine in varying
degrees the volatility characteristics of perpetuals and the very
different and often greater volatility characteristics of 0 coupon
discount bonds. This is because they all have a stream of coupon
payments plus a lump sum payment at maturity. In some bonds,
however, the coupon stream is relatively more important and in
others the lump sum payment is relatively more important. There-
fore, longer maturity and lower quality are by no means the only
causes of greater volatility. Furthermore, as we saw in Chapter 1,
some coupon issues of a given maturity compound the yield at the
predetermined rate over much longer periods than do others of the
same maturity, while conversely some provide much larger current
income than others bought at the same yield.

Subsequent chapters will attempt to analyze these combined
effects on different types of conventional coupon bonds. It will be
seen that specific types of bonds are most suitable to meet specific
types of investment objectives. Some provide maximum volatility for
a given maturity, others provide minimum volatility for the same
maturity at the same yield, others provide maximum current income
for a given yield and maturity, others provide maximum assured long
range total return at the expense of current income. In actual
investment, all of these structural advantages and disadvantages, of
course, have to be weighed against differences in the yields at which
the bonds can be bought.



CHAPTER 3

The Volatility of Bond Prices

It is sometimes erroneously supposed that the volatility of
high-grade bond prices in response to a given change in yield is
entirely a function of maturity. This is only partly true. There are
two other factors which affect volatility importantly: the coupon
rate and the general level of yields. All things else being equal, with
the same percentage change in yield, the volatility of the price of a
bond increases:

(1) As maturity lengthens, (the longer the maturity, the
greater the price volatility).

2) As coupon rate declines, (the lower the coupon, the
greater the price volatility).

A3) As yields rise, (the higher the yield level from which a
yield fluctuation starts, the greater the price volatility).

Since these three determinants of volatility sometimes act in
opposite directions on one issue, we frequently find eccentric
volatilities such as shorter term low coupon bonds which are more
volatile in price than otherwise identical higher coupon longer term
bonds (see Table 12),

Before attempting to explore the structural forces which create
these three determinants of volatility, we will present three empirical
tables which illustrate in summary form the volatility effect of these
three variables: maturity, coupon and the starting level of yields.

43
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Table 12 shows the well known increase in volatility with
maturity. It also shows that this rule does not always hold. It traces
just two coupons, 3’s and 8’s, and it covers a 33!4% yield increase in
a high yield range selected to coincide with data presented in the
tables in Chapter 2. While the volatility almost always increases
progressively with maturity, the incremental increases in volatility
provided by one more year of maturity become steadily less as
maturity lengthens. For example, volatility increases much more
between one year and ten year maturities than it does between
eleven years and twenty years, while the increase in volatility
between twenty years and thirty years is small. The exceptions are
noteworthy: perpetuals are less volatile than low coupon maturities
of over twenty years, and twenty year 3’s are more volatile than
thirty year 8’s.

TABLE 12
Increase in Price Volatility by Increase in Maturity
Yieid Increase 7.11% to 9.48% or by 1/3rd

Price Volatility

Maturity 3% Coupon 8% Coupon
ear - 2.23% - 2.2?7

5 Years -10.00 -9.14
0 * -17.23 -14.79
20 " -25.00 -20.64
30 " -27.20 -23.09
Perpetuals -25.00 -25.00

Table 13 shows the less well known increase in volatility as
coupon declines, The increase in volatility is particularly rapid with
coupons below 3%. In real life coupons below 2% rarely exist except
for a few deep discount municipal issues, some of which have
fractional coupons under 1%; such issues approach the extreme
volatility of theoretical O coupon discount bonds which promise only
one lump sum payment at maturity. The table is confined to only
twenty and thirty-year maturities at the same high yield range
employed in Table 12, i.e., a yield increase of one third from 7.11%
to 9.48%. However, the same increase in volatility occurs when the
coupon rate declines in every ordinary maturity and yield range.
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TABLE 13
Increase in Price Volatility by Decrease in Coupon
Yield Increase 7.11%2 to 9.48% or by 1/3rd

Price Volatility

Coupon 20 Years 30 Years
8 -20.64% -23.09%
7 -21.14 -23.50
6 -21.76 -24.03
5 -22.54 -24.73
4 -23.58 -25.72
3 -25.00 -27.20
2 -27.07 -29.69
i -30.40 -34.61
0 -36.57 -49.48

Finally Table 14 shows that as the general level of yields increases,
volatility, if measured by the same percentage yield change, also
increases. It is sometimes erroneously supposed that all things else
being equal volatility is a function of percentage changes in yield,
i.e., that a 33%% yield increase at low yield levels, such as 3% to 4%,
will produce a similar percentage price decline as a 33%% yield
increase at a high yield level such as 7.11% to 9.48%. This is only
true of perpetuals. The table shows that for a 33!%:% increase in
yields, the volatility increases rapidly as the general level of yields
rises. While the table contains just two coupons, 3’s and 8’s, and just
one maturity, 30 years, this increase in volatility per percentage
change in yield occurs in all ordinary maturities and for all
conventional coupons as yields rise.

TABLE 14
Increase in Price Volatility as Yields Rise
(30 Year Maturity)

Price Volatility of

33 1/3% Yield Increases 3% Coupon 8% Coupon
2.25 to 3% -14.071% -171.78%
3 to 4% -17.38 -14.58
4 to 5.33% -21.00 -17.60
5.33 to 7.11% -24.48 -20.57

7.11 to 9.48% -27.20 -23.09
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The Causes of Volatility

The increase in bond price volatility with increases in maturity
(Table 12 above) needs very little mathematical explanation. The
current yield from the stream of coupon payments is increased by
the amortization of a discount or reduced by the amortization of a
premium and these amortizations are semiannual affairs. Therefore,
the more years to maturity, the larger the premium or discount for a
given yield difference away from the coupon rate, and also the larger
the change in the premium or discount when yields change.

The reason why the increase in volatility becomes progressively
less as maturity lengthens is that the less volatile coupon stream
accounts for more and more of a bond’s Present Value as maturity
lengthens (see Table 16) while the more volatile lump sum payment
at maturity accounts for less and less of a bond’s Present Value.
Eventually in fact, at very long maturities, the overall volatility of a
bond decreases with maturity. The maximum volatility of an 8%
bond is at 109 years maturity and of a 3% coupon is at 34 years
maturity in the yield range 7.11% to 9.41% (see Table 12).

The increase in bond price volatility as the coupon rate declines is
due to the same factors, The lower the coupon (at the same yield and
maturity) the larger part of the total yield is provided by the lump
sum payment of the discount. And since the lump sum payment is
more distant in time than all but one of the coupon payments, its
Present Value is more volatile than that of all but one of the coupon
payments.

Finally, the increase in bond price volatility as yields rise (if
measured by percentage changes in yield) is explained by the fact
that at higher yields there are more basis points in a given percentage
change in yield. Since the Present Value of the lump sum portion of
-the cash flow fluctuates roughly proportionately to basis point yield
change rather than percentage yield change, its Present Value changes
much more rapidly in high yield areas than in low yield areas.
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The Two Eccentric Types of Bonds

In Chapter 2 we tabulated and explained the volatility characteri-
stics of two extreme types of bond contracts, neither of which are
often found in real life: 1) the perpetual bonds with no maturity and
hence no lump sum payment at maturity (like non-callable preferred
stocks); and 2) O coupon discount bonds which offer only one lump
sum payment which includes principal and interest (like savings
bonds). We found that the volatility characteristics of these two
types of bonds were very different, almost opposite, as follows:

(1) The price volatility of perpetuals is exactly proportionate
to percentage changes in yield at any level of yields (see
Table 15 below). Thus, a 33'%4% yield increase, whether it
be from 3% to 4% or from 7.11% to 9.48%, will always
produce a 25% price decline for perpetuals. (It would
follow that if yield change were measured not by
percentages of yield, but by basis points, the volatility of
perpetuals would decline sharply as yields rise.)

2) The volatility of discount bonds with only a lump sum
payment is not proportionate to percentage changes in
yield (see Table 15), but rather more nearly proportion-
ate to basis point changes in yield. Therefore, their
volatility rises sharply as yields rise, if yield fluctuations
are measured in percentages of the starting yields,
because more basis points of change occur at higher
yields.

The effect of these two conflicting standards of volatility, i.e.,
percentage change in yield and basis points change in yield, are
compared as follows:
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TABLE 15
Volatility of Perpetuals and of O Coupon Discount Bonds Compared
. 100 Basis .
Price Change Points Price Change

Yield Change Perpetuals Discount Bondg Yield Parpetuals Discount Bonds
by Percentage Any Coupon 30 Years Change Any Coupon 30 Years
E+33 1/3%)

2.25 to 3% -25% -19.91% 2 to 3% -33.33% -25.64%
3 to 4% -25 -25.54 Jtod -25 -25.54
4 to 5.33% -25 ~32.36 415 -20 -25.43
5.33 to 7.11%5 -25 -40.38 5 tob -16.67 -25.32
7.11+ to 9.48t%  -25 -49.48 6 to 7 -14.29 -25.22

7t 8 -12.50 -25.11

(Derived from Chapter 2, Tables 7, 8, 10 and 11.)

Coupon Bonds in Real Life

In real life almost all bonds are coupon bonds which combine a
stream of coupon payments with a lump sum payment at maturity.
Therefore, their volatility is determined by a combination of the
volatility characteristics of perpetuals and the very different volatil-
ity characteristics of the lump sum payment. In the case of long par
or premium bonds, the coupon stream plays a greater role in
determining the bonds’ Present Value than in the case of discount
bonds and, therefore, their volatility tends more to resemble that of
perpetuals. In the case of deep discount low coupon bonds, the
coupon stream is relatively less and the lump sum payment is
relatively more, and, therefore, the volatility tends somewhat more
to resemble that of the O coupon discount bonds. The relative weight
of these two different standards of volatility is illustrated by the
comparisons in Table 16 which shows Present Value broken down
into coupon stream and lump sum payment.

This table indicates that with all conventional coupon bonds of
reasonably long maturity the Present Value and hence the changes in
the Present Value of the coupon stream outweighs the lump sum
payment at maturity, Also, the longer the maturity, the closer the
bond’s coupon stream approaches the volatility characteristic of a
perpetual. Consequently, in such cases, the volatility of the bond
itself will come closer to that of perpetuals than to that of pure
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TABLE 16
Present Value of Par and Discount Bonds
(Yield 8% Compounded Semiannually)

Coupon Maturity Price Present Value of
8% 10 100 20 $40 Coupons $543.61 54%
$1,000 Principal 456.39 46%
Total N
8% 30 100 60 $40 Coupons $904.94 90%
$1,000 Principal 95.06 10%
Total $7,000.00
5% 30 66.06 60 $25 Coupons $565.59 86%
$1,000 Principal 95.06 143
Total $660.65
3% 30 43.44 60 $15 Coupons $339.35 78%
$1,000 Principal 95.06 22%
Total $434.41

discount bonds. The longer the maturity, the greater the weight of
the coupon stream. Nevertheless, as coupons decline, if yield and
maturity stays the same, the lump sum payment becomes more
important and volatility standards will be modified and will contain a
larger ingredient of the higher volatility characteristics of pure
discount bonds. This also implies increased volatility as yields rise.

The Volatility of Yields

Heretofore we have used and compared two ways of measuring the
volatility of yields: 1) by percentage change (+33Y%%); and 2) by
basis point change (+100 basis points). We have found that the
valuation of a pure coupon stream exactly follows percentage
changes in yield and that the valuation of a pure lump sum payment
loosely follows basis point changes in yield (see Table 15). Which
standard of yield volatility is true to real life?

Common sense says that yields fluctuate according to percentages
of starting yields; that is to say, a yield change from 6% to 8% (or
vice versa) is as likely in a high yield market as a yield change from
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3% to 4% (or vice versa) is in a low yield market, or that a yield
change by 100 basis points between 8% and 9% is less significant and
more common in a high yield market than is a change by 100 basis
points from 3% to 4% in a low yield market. As we are attempting to
estimate price volatility as yields change, it is an essential first step to
determine whether percentage yield changes or basis point yield
changes should provide our standards of volatility.

Common sense is right, Table 17 shows that in the postwar years
in periods of high yields there were usually greater basis points ranges
of yield fluctuations, High or low percentage yield fluctuations
merely reflected dynamic periods and stable periods. Indeed, the
percentage average annual range in the disastrous years of 1966-70
when the total range was 4.87-9.35% was exactly the same as in the
also dynamic years 1956-60 when the range of yields was
3.15-5.15%. The percentage fluctuations certainly did not fall as
yields rose, which they must have done if basis points were the right
standard of fluctuation.

TABLE 17
Yield Fluctuations, New Aa Utility Bonds
Range of Average Annual Yield Avarage Annual

Yields Range in Basis Points Range in %
1951-55 2.80 to 3.78% 41 13
1956-60 3.15 to 5.15 84 19
1961-65 4.19 to 4.80 32 7
1966-70 4.87 to 9.35 129 19

Therefore, from this point on in our analysis we will assume that
in real life percentage yield changes are a sound standard for
measuring yield and price volatility. It is against this standard that we
tabulated the volatility increases that occur as coupons decline and
the volatility increases that occur as yields rise,

In summary, we have seen that volatility of a pure coupon stream
is always proportionate to a percentage yield change, but the
volatility of the lump sum payment at maturity is not only greater
than for the coupon stream but increases rapidly as yields rise.
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Therefore, high coupon bonds are less volatile than are lower coupon
bonds with the same maturity, and, furthermore, the volatility of all
bonds with a reasonable maturity rises rapidly as yields rise, so that,
for example, a 10% yield increase around the 8% yield level creates a
- much larger price fluctuation than a 10% yield increase around the
4% vyield level. The volatility of any conventional high-grade bond
thus results from the interactions of three factors: maturity, coupon
and the starting level of yields. The first two are matters of choice to
the portfolio manager. The third is beyond his control, but he can
take it into account in planning his portfolio.

Summary of Bond Price Volatility

Table 18 below lists the volatility of all bonds with rounded
coupons of 0% to 9% and all the most common maturities from 1
year to perpetuity. These are calculated on two yield assumptions: a
25% decline in yields from 9.48% to 7.11% and a 25% decline in
yields from 7.11% to 5.33%.* All three of the sometimes puzzling
and conflicting trends of volatility which we have discussed are
visible in this table.

All the volatilities in the higher yield range are larger than the
comparable volatilities in the lower yield range except for perpetuals.

All of the volatilities decline as coupon increases if yield change
and maturity is the same, again with the exception of perpetuals.

All of the volatilities increase with maturity if coupon and yield
are the same. Here perpetuals are an exception only in the case of
lower coupons.

The combination of these three volatility factors creates some
unconventional comparisons. For example:

10-year 1’s, 2’s and 3’s are more volatile or almost as
volatile as 15-year 9’s.

*Since all tables heretofore were based on rising yiclds, we thought for
variety’s sake and for reader morale, we should base these summary tables on
comparable falling yields. The 25% decline in yields covers exactly the same
ground as the previously assumed inverse 33 1/3% rise in yields (see discussion
in Chapter 2, page 36). These yield ranges were selected because they were
used in Chapter 2 and thus the tables are comparable.
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15-year 1’s are more volatile than 30-year 9’s, while the
15-year 2’s and 3’s are almost as volatile.

20-year 1’s, 2’s, 3’s and 4’s are more volatile than 30-year
9’s in the highest yield range.

In the highest yield range, 25-year 1’s, 2%, 3’s and 4’s are
more volatile than perpetuals, as are all 30-year coupons

up to 5’s.
TABLE 18
SUMMARY OF BOND PRICE VOLATILITY
Maturity
Coupon T Yr. 2 VYrs. 3 Yrs. 4 Yrs. 5 Yrs, 10 Yrs. 15 Yrs, 20 Yrs. rs. rs. Perpetuals

% Price Increases as Yields Decline by 25% from 9.48% to 7.11%

0 2.30 4.6 7.07 9.53 12.05 25.55 40.68 57.64 76.54 97.92 -

1 2.30 4.62 6.96 9.33 11.70 23.54 34.57 43.67 49.90 52.93 33.33
2 2.29 4.58 6.87 9.14 11.39 22.01 30.83 37.13 40.76 42.19 33.33
3 2.28 4.55 6.78 8.97 11.11 20.81 28.31 33.33 36.15 37.36 33.33
4 2.28 4.51 6.69 8.8 10.86 19.85 26.49 30.85 33.37 34.62 33.33
5 2.27 4.48 6.61 8.66 10.63 19.06 25.12 29.10 31.51 32.86 33.33
6 2.27 445 6.54 8.53 10.42 18.40 24,05 27.81 30.18 31.62 33.33
7 2.26 4.42 6.46 8.40 10.23 17.84 23.19 26.80 29.18 30.71 33.33
8 2.26 4.39 6.40 8.29 10.06 17.36 22.48 26.01 28.40 30.02 33.33
9 2.25 4.3 6.33 8.18 9.90 16.94 21.89 25.36 27.78 29.46 33.33

% Price Increases as Yields Decline by 25% from 7.11% to 5.33%

0 1.74 3.5 5.31 7.14 9.00 18.81 29.51 41.17 53.87 67.73 -

1 1.73 3.48 6.23 6.99 8.76 17.53 25.91 33.41 39.60 44.16 33.33
2 1.73 3.45 5.16 6.8 8.54 16.53 23.54 29.24 33.48 36.32 33.33
3 1.73 3.43 5.10 6.74 8.35 15.74 21.87 26.62 30.08 32.41 33.33
4 1.72 3.40 5.04 6.63 8.17 15.08 20.62 24.84 27.91 30.06 33.33
5 1.72 3.38 4.98 6.52 8.01 14.54 19.65 23.54 26.41 28.49 33.33
6 1.71 3.35 4,93 6.43 7.86 14.08 18.88 22.55 25.31 27.38 33.33
7 1.71 3.33 4.87 6.34 7.73 13.68 18.26 21.77 24.47 2.54 33.33
8 1.71 3.31 4.82 6.25 7.60 13.34 17.74 21.15 23.81 25.89 33.33
9 1.70 3.29 4.78 6.17 7.49 13.04 17.30 20.63 23.27 25.36 33.33

(0 coupon and perpetual bonds are largely theoretical, They are included in
these tables to illustrate the mathematical extremes.)

Finally Table 19 shows the increases in volatility obtained by
lengthening maturity according to the volatilities calculated in Table
18. It uses two coupons, 3% and 8%, for the yield range 9.48% to
7.11%+ and one coupon, 8%, for the yield range 7.11% to 5.33%. It
shows, for example, that an increase in maturity from 1 year to 2
years will about double volatility, while an extension from 1 to 10
years will increase volatility 9.2 times for 3’s and 7.6-7.7 times for
8’s. However, an extension from 10 years to 30 years will increase
volatility by only 1.7 to 1.9 times. It shows that the increase in
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volatility by extending maturity is faster with lower coupons than
with higher coupons. It also shows that in the lower yield range,
although volatility is less than in the higher yield range, the increase in
volatility by an extension of maturity is greater than in the higher
“yield range.

TABLE 19
CHANGE IN RELATIVE VOLATILITY AS MATURITY IS INCREASED

Years
To: 1 2 3 4 5 10 15 20 25 30
3% Coupon
From: Yi2lds Decline by 25% from 9.48% to 7.11%
1 Year 1.0 2.0 3.0 3.9 4.9 9.2 12.4 14.6 15.8 16.4
2 " - 1.0 1.5 2.0 2.5 4.6 6.2 7.3 7.9 8.2
3 - - 1.0 1.3 1.7 3.1 4.2 4.9 5.3 5.5
4 - - - 1.0 1.2 2.3 3.2 3.7 4.0 4.2
5 - - - - 1.0 1.9 2.5 3.0 3.2 3.4
0 " - - - - - 1.0 1.4 1.6 1.7 1.8
15 " - - - - - - 1.0 1.2 1.3 1.3
2 " - - - - - - - 1.0 1.1 1.1
25 ¢ - - - - - - - 1.0 1.0
3 " - - - - - - - - 1.0
8% Coupon
From: Yields Decline by 25% from 9.48% to 7.11%
1 Year 3¥.0 1.9 2.8 3.7 4.5 7.6 9.9 11.5 12.5 13.2
2 " - 1.0 1.5 1.9 2.3 3.9 5.1 6.0 6.5 6.9
3 - - 1.0 1.3 1.6 2.7 3.5 4.1 4.5 4.7
4 " - - - 1.0 1.2 2.1 2.7 3.2 3.4 3.6
5 " - - - - 1.0 1.7 2.2 2.6 2.8 3.0
1 " - - - - - 1.0 1.3 1.5 1.6 1.7
15 * - - - - - - 1.0 1.2 1.3 1.3
20 " - - ~ - - - - 1.0 1.1 1.3
% " - - - - - - - - 1.0 1.1
3 " - - - - - - - - 1.0
8% Coupon
From: Yields Decline by 25% from 7.11% to 5.33%
1 Year 1.0 1.9 2.8 3.7 4.5 7.7 10.2 12.6 13.9 15.1
2 " - 1.0 1.4 1.9 2.3 4.0 5.3 6.5 7.2 7.8
3 " - - 1.0 1.3 1.6 2.7 3.6 4.5 5.0 5.4
4 - - - 1.0 1.2 2.1 2.8 3.4 3.8 4.2
5 - - - - 1.0 1.7 2.3 2.8 3.1 3.4
i " - - - - - 1.0 1.3 1.6 1.8 1.9
15 " - - - - - - 1.0 1.2 1.4 1.4
20 " - - - - - - - 1.0 1.1 1.2
25 " - - - - - - - - 1.0 1.1
3 " - - - - - - - - - 1.0
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Investment Implications

Many of the structural advantages and disadvantages of the
different types of bond contracts revealed by these studies can be
offset by differences in the yields on these different types of bonds
as we stated earlier. Therefore, the purpose of these analyses is
not to provide the portfolio manager with a rounded program of
action, but rather to inform him of some of the technical yield and
price advantages and disadvantages of different types of bond
contracts which he can weigh against price.

Nevertheless, a few partial guides to investment policy can be
derived from this study of bond price volatility. For example:

¢)) Since volatility increases rapidly as yields rise for all
coupons and maturities (except perpetuals), both the
risks and rewards from bond investment were much larger
in recent high yield markets than they ever were in the
lower yield markets which prevailed prior to 1969. Table
14 suggests that the price volatility was nearly 50%
greater in 1971 than it was ten years earlier when yields
were in the 3% to 5% range. This greater risk was, of
course, compensated by a yield which had doubled and
by the greater opportunity for price appreciation. Never-
theless, maturity and coupon selection was far more
important than it was before 1969,

Q) Volatility for all bonds of maturity over 1 or 2 years is
very large in higher yield ranges regardless of coupon. It
is, furthermore, relatively larger for medium maturity
bonds than Table 18 suggests because the yields of
medium and short maturities usually fluctuate much
more than the yields of long maturities. For example, if
the yields of 10-year maturities rise or fall 50% more than
the yields of 30-year maturities, which is not uncommon,
the price volatility of 10-year bonds could approach the
volatility of 20-30-year bonds of the same coupon. It
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€)

4

(5)

(6)

follows that so-called medium maturities, i.e., § to 10
years, are often a poor compromise between long and
short if the investor seeks some measure of price stability
and especially if he expects to sell out before maturity
either to buy long bonds more cheaply or to invest
elsewhere. For portfolio managers seeking to profit by
the cyclical fluctuations of bonds, these tables suggest
that a portfolio mix shifting between very shorts and very
longs is usually better than a compromise consisting of
medium maturities.

Many investors seek to avoid or minimize prospective
volatility because they expect higher yields. If this
preference is very strong, then they should invest in
shorts and plan to reinvest later on in the higher yielding
longs they anticipate. The danger in this policy is, of
course, the high risk of yield loss if yields turn counter to
one’s prediction and move downward.

On the other hand, some investors may expect moder-
ately higher yields, but may not be able to accept either
the long-term yield risks or the lower current yields
entailed in buying short. Such investors can consider high
coupon premium bonds having several years of remaining
call protection. These bonds often provide solid yield
advantages, both to call and to maturity, which together
with their lower volatility makes them a fair price and
yield hedge against moderate yield increases. On the
other hand, if yields drop, the investor will have
purchased a handsome yield over at least the period of
call protection.

Those who expect substantially lower yields over the
long-term should, of course, seek maximum volatility,
and maximum yield protection. For both these reasons,
they should favor long-term low coupon bonds provided
the yield sacrifice is not too large.

If in a bear bond market medium maturities are selling to
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yield more than long maturities, these medium maturities
could enjoy a price recovery just as large as long maturity
bonds with much less downside risk. This is because
mediums are in any event very volatile and the yields of
mediums should eventually decline more than the yields
of longs. In this event, mediums could be attractive for
those expecting a medium-term drop in yields, but also
wishing to avoid high price risk.



CHAPTER 4

The Yields of Premium Bonds,
Par Bonds and Discount Bonds

As a result of the extraordinarily wide two-way fluctuations of
bond yields over the last few years and the heavy volume of new
corporate bond issues that have come out at different levels of the
market, the investor today has available to him a much larger
selection of high-grade seasoned corporate bond issues than ever
before. Coupons range from 2%% up to 9%% for issues of uniform
high quality and long maturity. Offering prices recently ranged
simultaneously from 60 up to 115. Yields of essentially similar
credits ranged from 6.50% up to 8.25%. These differences were
attributable largely to difference in coupons. Therefore, the question
of whether to buy new issues or seasoned issues and whether to buy
high coupon bonds (at premiums), current coupon bonds (at or
around par), or low coupon bonds (at significant discounts), has
become more pressing than ever before.

In order to simplify the problem of selection, we will here attempt
to describe and evaluate the yield and price advantages and
disadvantages of three typical (but theoretical) prime corporate bond
issues priced at the prevailing yields of February 1, 1971. These are
as follows:

57
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Premium Bonds. 8%’s of 2001 selling at 109% to yield 7.94% to
maturity and 7.66% to call at 107 in 1976.

Par Bonds., 7’s of 2001 selling at 100 to yield 7.00% to maturity,
callable at 107 in 1976.

Discount Bonds. 4’s of 2001 selling at 67.18 to yield 6.50% to
maturity.

If the guide to selection were only maximum yield as convention-
ally computed, the choice would be simple: the 8%’s would be much
the best buy; the 4’s would be much the worst buy, and the 7’s
would lie in between. There are, however, many other considerations
beside conventionally computed yields such as: 1) the effect of
potential call on the yield of the 8%’s and 7’s (the 4’s are immune
from call); 2) the differing incidence of “interest-on-interest” (the
rate at which future coupons can be reinvested by those investors
who compound) which affects high coupon bonds more than low
coupon bonds (see Chapter 1); 3) the higher price volatility of low
coupon bonds compared with the lower volatility of high coupon
bonds (see Chapter 3); 4) the effect of call risk on future price
fluctuations; and 5) the combined effect of yield differences and
prospective price changes on overall return.

The Effect of Potential Call on Yield

Let us assume that by the time the 8%’s and the 7’s are callable
the going rate for new corporate issues of the same quality and
maturity is 6%. If so, the 8%’s would certainly be called and the 7’s
might be called. Let us assume that both are called and the proceeds
reinvested in new issues are to yield 6% and to mature in 2001. Table
20 shows the yields at cost of the 83%’s and the 7’s if called and if not
called, and also the yield of the 4’s.
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TABLE 20
A Comparison of Yields

30-Year Yields

8 3/4's of 2001 @ 109 1/4 if not called 7.94%
7's of 20071 @ 100 if not called 7.00
4's of 2001 @ 67.18 6.50
8 3/4's 2001 @ 109 1/4 if called and

reinvested @ 6% 6.23
7's of 2001 @ 100 if called and reinvested

@ 6% 6.31

If not called, these yields for full compounding assume reinvestment of
coupons at purchase yield up to maturity. If called, these yields assume
reinvestment of all coupons and call proceeds at 6% fully compounded (for
method, see Table 22), No sinking funds,

The lower part of this table reveals a very different line-up of
potential yields. If the higher coupon bonds are called and refunded
at 6%, the 4’s promise the highest yield for a full thirty-year period
and the 8%’s promise the lowest yield but the differences are not
great, However, there are other factors which should influence
selection which will be discussed later. First, we will analyze
yield-to-call,

Yield-to-Call and the Minimum Yield

The calculation of yield-to-call has become a standard procedure
for evaluating high premium bonds although, as we shall see, it is
deficient in several respects. For the yield-to-call, the pertinent cash
flow is the coupon stream to the call date ending with the
redemption payment at the bond’s call price. For example, the 8%
30-year bond selling at 109% and callable in five years at 107 has a
yield-to-maturity of 7.94% and a yield-to-call of 7.66%. This means
that the cash flow to maturity discounted at 7.94% and to call
discounted at 7.66% both lead to the same Present Value of 109%.



60 PREMIUM BONDS,PAR BONDS AND DISCOUNT BONDS

Since the option to exercise the call lies with the issuer, the
conservative investor can only count on receiving the smaller of these
two yields. This has led to the common practice of evaluating such
premium bonds in terms of their “minimum yield,” i.e., the smaller
of the yield-to-maturity and the yield-to-call, Thus, the “minimum
yield” on the 8%’s of 2001 at 109% would be 7.66%, based on the
yield-to-call,

As the market price changes, the yield-to-maturity and yield-to-
call will both move in the same direction, but with the yield-to-call
always moving faster.

Because of the need to determine the minimum yield, investors in
premium bonds often find their days further enriched by the job of
performing yield-to-call computations. In the following section, we
present an alternative way to follow the minimum yield of premium
bonds as the market price changes. This method would seem to be
more practical, more informative, and easier than the conventional
procedure.

The Cross-Over Yield

Table 21 shows that high coupon bonds with 5-year call protection
can command sizeable price premiums and still give potentially
reasonable yields-to-call. At high premiums, however, the yield-to-
call, which is the limiting yield, should be well above short or
medium-term market yields to compensate for the risk of non-call.

While at all prices below call price the yield-to-maturity is always
the minimum yield, as the price level rises to and above call price the
yield-to-call drops more rapidly and soon becomes the smaller or
minimum yield. More precisely, when the price of the 8%’s exceeds
107.37 (or 3%ths points above call price) the minimum yield “crosses
over” from the yield-to-maturity to the yield-to-call.

There is a “cross-over price” (to coin a phrase) for all bonds with
deferred call features. Above the cross-over price, the yield-to-call
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TABLE 21

Yield to Call and to Maturity - 8 3/4% - 30-Year Bond Caliable at 107 in
Five Years
Yield to Minimum Yield
Dollar Price Maturity  call Based on

100.00 8.750% 9.866% Maturity
101.00 8.656 9.616 "
102.00 8.564 9.369 "
103.00 8.473 9,125 "
104.00 8.384 8.884 "
105.00 8.296 8.646 "
106.00 8.209 8.410 "
107.00 8.124 8.178 "
107.37 (1) 8.093¢(2) 8.093 Either
108.00 8.040 7.947 Call
109.00 7.958 7.720 "
110.G0 7.876 7.495 "
111.00 7.796 7.272 "
112.00 7.717 7.052 "
113.00 7.640 6.835 "
114.00 7.563 6.619 "
715.00 7.488 6.406 "
120.900 7.126 5.374 "
125.00 6.788 4.393 "

(1) Cross-over price.
(2) Cross-over yield.

will always be the minimum yield. Below the cross-over price, the
yield-to-maturity will always provide the minimum yield. At the
cross-over price, both yields are equal at what might be termed the
“cross-over yield.”

In the example in Table 21 the cross-over price for the 8%’s of
2001 is 107.37 and corresponds to a cross-over yield of 8.09%. In
other words, at 107.37 the yield-to-maturity and the yield-to-call are
both equal to 8.09%. In this example, as always, the cross-over price
exceeds the call price (107) but only by a small amount. For longer
periods to the call date, this premium becomes more substantial. The
cross-over price would be 108 if the 8%’s were not callable for ten
years and then at 107.
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Knowing the cross-over yield can often help the investor. As long
as a bond trades at a yield-to-maturity above its cross-over yield, the
yield-to-maturity will be the minimum yield. Only when the bond’s
yield-to-maturity drops below the cross-over yield, must the investor
bother to compute the yield-to-call which will then provide the
minimum yield. Furthermore, the yield-to-call does not achieve real
significance as a means of evaluation until it drops substantially
below the yield-to-maturity.

One convenient feature of the cross-over yield is that the same
yield figure holds during the entire period up to the call date. The
cross-over price does not quite share this constancy, but will decline
very slightly with time until it reaches the call price on the call date,

The cross-over yield can be determined very easily. One simply
uses the Yield Book to find the yield-to-maturity of the bond selling
at the call price with a maturity shortened by the period to deferred
call. For the 30-year 8%’s of 2001, the term is shortened to 25 years
by subtracting the five years to the first call. For the resulting 8%%,
25-year bond selling at 107 (the call price), the Yield Book then gives
a yield-to-maturity of 8.09%. This figure will be the cross-over yield
for the entire five years.

The cross-over yield has two other interesting interpretations, both
relating to the point where the cash flow determining the bond’s
value at minimum yield “‘crosses over” from the flow to maturity to
the flow to call.

First, the cross-over yield is the “gross cost” to the issuer of calling
the bond, not counting transaction costs in the refunding process. In
other words, if, on the call date, the issuer could refund at a net rate
lower than the cross-over yield, then he would reduce his gross
borrowing costs.

The second interpretation has to do with average reinvestment
rates throughout the bond’s life. Suppose the investor over the years
could reinvest his coupon income plus (if the bond is called) the
principal and call premium at a rate exceeding the cross-over yield.
He will then obtain a better realized compound yield (see Chapter 1)
if the bond is called than if he were able to hold it to maturity.
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Conversely, if his reinvestment rates are below the cross-over yield,
which will usually be the case, he will obtain a better realized
compound yield if the bonds were not called.*

Problems with the Conventionally Computed Minimum Yield

The “minimum yield,” as explained earlier, is the conventional
procedure for allowing for the “threat of call” in evaluating premium
bond investments. Unfortunately, there are several flaws in this
procedure which have serious implications.

The most obvious problem is that the minimum yield figure tends
to obscure the all important question of contract duration. A yield
of 7.66% (minimum yield of the 83%’s) over five years has very
different investment implications from a yield of 7.00% over 30
years (yield-to-maturity) of the 7’s. These two figures are certainly
not directly comparable, nor is it a simple matter to decide just how
they can be made comparable.

A second problem with the minimum yield concept relates to the
question of “interest-on-interest” which was discussed in Chapter 1.
In some ways, the uncertainty is magnified with premium bonds
because the yield-to-maturity and the yield-to-call can imply
two possibly widely different reinvestment rates for the same coupon
dollars.

A third and more subtle problem has to do with investor reaction
to the uncertainty arising out of the call feature, an uncertainty
which is always present but is more poignant in the case of premium
bonds. Thus, a long-term investor tends to view premium bonds with
a certain distaste since he must face the possibility that his bond
might be called after only a few years. This threat is present even

*The cross-over yield can prove useful in yet another context. The call
feature of most bonds is structured in terms of a sequence of declining call
prices, each of which becomes operative at a specified later date, Yield to first
call, i.e., the one immediately following the period of call protection, usually
is the lowest yield-to-call along the entire sequence of step-downs in the call
price. When this is not the case, the cross-over yield approach provides a
simple technique for determining the most stringently limiting call price.
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when the minimum yield is given by the yield-to-maturity. Similarly,
the intermediate-term investor, operating on the yield-to-call as the
minimum yield, must always keep in the back of his mind the
possibility that the call might never materialize. Because of these
uncertainties, the minimum yield (whether based on yield-to-matur-
ity or to call) is always going to be a somewhat suspect figure to at
least one class of investors.

Because of these problems, it is no surprise that the minimum
yield fails on the most fundamental count of all—it does not really
help to explain the actual market price relationship between
premium bonds and par bonds.

In defense of the minimum yield, it should be reiterated that it is
the conventional method for evaluation and the investor would be
well advised, if for no other reason than this, to become thoroughly
versed in its usage and implications.

However, for purposes of analyzing and understanding the
character of premium bonds, we clearly need a more powerful tool
which can overcome the problems cited above. In the next section,
we shall take the concept of total realized compound yield which
was described in Chapter 1 and which assumes that all coupons and
other payments received are reinvested at a variety of assumed
discount rates, and show how this approach can be extended to deal
with premium bonds so as to overcome many of these comparability
problems.

Realized Compound Yields to Maturity

In Chapter 1, the term “realized compound yield” was used to
describe the total effective compound yield obtained from a bond
purchased at a given price when the coupon income is reinvested and
thus compounded at a specified “reinvestment rate” over the entire
life of the bond. Only when the reinvestment rate equals the
yield-to-maturity at purchase, does the realized compound yield
coincide with the Yield Book’s yield-to-maturity. However, for
reinvestment rates differing from the purchase yield-to-maturity, it
was shown that the realized compound yield figures could differ
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widely. Moreover, it was shown that the magnitude of this
uncertainty varied with coupon rates, e.g., deep discount bonds
would be relatively less sensitive to reinvestment rate levels because
the discount does not require reinvestment, while current coupon
and premium bonds, because of their greater interim cash flow,
would be much more sensitive.

In computing realized compound yields, the key question is what
reinvestment rate to use, For purposes of illustration, we use the
current new issue rate of 7% (February 1, 1971). Taking this as a

TABLE 22
Realized Compound Yields to Maturity

30 Year 8 3/4's Priced at 109 1/4 to Yield 7.94% to Maturity and Callable
at 107 in 5 Years

Assumed Reinvestment Rate = 7%
(Semiannual Compounding Throughout)

Not Called Called
Original Investment Per Bond $1,092.50 $1,092.50
First 5 Years
10 Coupons During 5 Years 437.50 437.50
Compound Interest on Coupons @ 7% 75.75 75.75
Coupon Cash Available for Reinvestment at
End of 5th Year 513.25 513.25

Next 25 Years

Compound Interest on Reinvesting This Coupon Cash

e 7% 2,353.20 2,353.20
50 Coupons During 25 Years 2,187.50 1,872.50 (1)
Compound Interest on Reinvesting Coupons

e 7% 3,543.66 3,033.37
Principal Repaid at Maturity 1,000.00 1.070.00
Total $ Accrued $9,597.61 $8,842.32

Effective Yield on Original Investment to
Achieve $ Accrued at Maturity 7.38% 7.09%

11.07 (number of bonds bought with proceeds of call) X $35 (semiannual
coupon on a 7% bond) = $37.45 per coupon.
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standard reinvestment rate, the new 7% par bonds would have a
realized compound yield of 7.00% which equals its present yield-to-
maturity. However, the 83%’s premium bond would have a realized
compound yield of 7.38% (assuming no call) instead of 7.94% as
given in the Yield Book. The 4’s would yield 6.76% against 6.50% in
the Yield Book. The method of computation for the 8%4’s, both
called and not called, is shown in Table 22.

If the 83% bond were called at the end of the fifth year, the coupon
flow and the compound interest over the first five years would be
identical with the ‘“not-called” case. At the end of the fifth year,
however, the call price of $1,070 per bond would suddenly become
available for reinvestment at 7%. As shown in the table, this would
lead to an accrual of $8,842.32 at maturity, corresponding to a
realized compound yield of 7.09%.

Thus, the realized compound yield over the 30 years to maturity
for the 8%’s would be 7.09%, if called, as against 7.38%, if not called.
In other words, the minimum realized compound yield would be
7.09%. This compares with a realized compound yield for new 7’s
over the same period of 7.00%. These yields are remarkably close
together even though we are comparing 8%’s with 7’s,

All the realized compound yield figures cover the same 30-year
period. All are based on the same 7% reinvestment rate. The yield
spread between the premium bond and the new issue shrinks from 66

TABLE 23
Realized Compound Yields Over a 30-Year Period
8 3/4's 7's 4's
Reinvestment Not Not
Rate Called Called Called Called
9% 8.60% 8.20% 7.86%
8 7.98 7.95% 7.58 7.29
7.94 7.94* 7.90 7.55 7.26
7.66 7.77 7.66* 7.38 7.1
7 7.38 7.09 7.00* 7.17% 6.76
6.50 7.09 6.66 6.72 6.74 6.50*
6 6.80 6.23 6.45 6.31 6.25
5 6.26 5.37 5.92 5.45 5.79

*Purchase yields.
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basis points to only 9 basis points in terms of minimum realized
compound yields. This would seem to imply that the minimum
realized compound yield more accurately reflects the price relation-
ships between premium bonds and par bonds as determined in the
marketplace. The realized compound yield figures thus overcome
many of the difficulties inherent in the conventional minimum yield
approach.

Table 23 shows the 30-year realized compound yields for all three
bonds at various reinvestment rate levels. Several interesting results
emerge. First of all, at reinvestment rate levels of 7% of above, the
83%’s guarantee (call or no call) a better realized compound yield than
either the new issue 7’s or the discount 4’s. At 8% or above, the
advantage of the premium bonds is sizeable, at least 37 basis points
over the 7’s and 66 basis points over the 4’s. At the other extreme, at
a 5% reinvestment rate, the 8%’s premium bonds would yield as
much as 42 basis points Jess than the 4’s and 8 basis points less than
the 7’s.

Table 23 also shows that the loss in yield incurred by the call of
the 8%’s is not large unless rates decline substantially; it is less than
29 basis points at reinvestment rates of above 7%.

For the long-term holder, these results indicate that, from the
point of view of yield alone, the premium bonds at these yield
differentials have attractiveness provided the reinvestment rate stays
above 6%. If this proviso holds, the premium bond will at the very
worst cost the investor 8 basis points relative to other assured
opportunities. On the other hand, if the bond is not called and higher
rates prevail, the premium bond may enjoy an advantage of as much
as 40 basis points over the purchase of the 7% new issue and 74 basis
points over the 4’s.
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CHAPTER 5

The Price Volatility of

Premium Bonds, Par Bonds
and Discount Bonds

The yield analysis in Chapter 4 will suffice to guide that very
special investor who feels the need to check his bond market values
only once every few years. However, few investors now cling to this
rigidly long-term orientation. In fact, most bond portfolio managers
pay close attention to interim movements in interest rates and the
corresponding bond price reactions. In the context of this discussion,
this means that the intermediate term price potentials of premium,
par and discount bonds are an integral consideration in selecting the
best instrument for a given portfolio. Since the price potentials of
these three issues are very different, they serve to qualify any
selection based solely on yield.

Premium bonds, because of their high current yield (always greater
than their yield-to-maturity) and potentially short life, are consi-
dered by some short-term investors as high payoff, but risky
alternatives to short instruments. For such investors, the considera-
tion of price volatility may be all important, especially since upward

69
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moves in interest rates could suddenly transform a premium bond
from a soon-to-be-called short into a long-term instrument.

At first blush, premium bonds appear to behave strangely in the
market under changes in interest rates. As prices advance, there often
appears to be a temporary ceiling which for a while obstructs their
price advances in response to generally declining yields. On the other
hand, when yields are rising, the premium bonds seem to take their
own, sometimes rather casual, delayed course towards lower price
levels.

In fact, premium bonds are often referred to as “cushion bonds™
to indicate that they have a built-in safety cushion to soften the pain
of generally falling prices because of their advantageous yield-to-
maturity level, For example, the 8%’s of 2001, priced at 109%, have
a yield-to-maturity of 7.94% or 94 basis points above the new issue
rate of 7.00%. If new issue rates were to move to, say, 8% or 9%, this
94 basis point spread would naturally narrow and this narrowing
would reduce the price decline of the 8%’s as compared with that of
lower coupon issues.

A certain portion of this more stable behavior is also explained by
the purely mathematical properties of high coupon bonds which
make them the least volatile long-term bonds for a given move in
yield (see Chapter 3). However, these purely mathematical proper-
ties do not account for most of the “ceiling and cushion” effects.
These are largely due to the call feature.

Suppose that the new issue rate moves from 7% to 5%, 6%, 7%, 8%,
or 9% over the course of a one-year period. How will these three
issues behave? Because of the much higher current yields on
premium bonds, a fair comparison requires that coupon income be
considered along with and added to the percentage price changes.
The realized compound yield provides an ideal method for doing
this. A sample calculation is shown in Table 24.
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TABLE 24
Sample Computation of Realized Compound Yield Including Price Changes
Over One Year Period

8 3/4's Priced at 109.25 (7.94 YTM) Moving to 104.91 (8.30 YTM)

Original Investment Per Bond $1,092.50
2 Coupons During Year 87.50
Interest on 1 Coupon @ 7% 1.53
Principal Value at End of Year @ 8.30 YTM 1,049.10
Total § Accrued $1,138.13
Total § Gain $45.63

Realized Compound Yield (for 2 Semiannual
Compounding Periods) Required to Obtain
Gain of $.04176 per dollar invested
(45.63 = 1092.50) after 2 periods 4.13%
(From Compound Interest Tables)

Table 25 combines price changes over one year with coupon yield
and interest-on-interest to obtain a total compound yield for one
year if the new issue rate moves from 7% to 5%, 6%, 7%, 8%, or 9%.
It clearly shows the “ceiling and cushion” effects of premium bonds.
If new issue rates rise from 7% to 8% or 9%, the 8%’s far outperform
the 7’s and the 4’s. This is partly due to the cushion. If rates remain
unchanged at the 7% level, then the yield advantage of the 8%’s also
results in the best one year performance. However, if new issue rates
drop, the discount bond enjoys a very big advantage.
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TABLE 25
Total Realized Compound Yields: Interest Plus Price Change Over 1-Year Period

Total

New Issue “Realized
Rate Yield-to- Current Estimates One Year Later Compound

One Year Maturity Yield at Yield To Change in Yield
Later Bond Cost at Cost Cost Maturity Call Price Price % Per Annum
5% 8 3/4s 109 1/4 7.94% 8.01% 6.98% 4.35% 121.89 +11.573% 18.83

7s 100 7.00 7.00 5.90 4.43  115.19 +15.19 21.19

s 67.18 6.50 5.95 4.70 88.98 +32.45 35.37

6% 8 3/4s 109 1/4 7.94 8.01 7.66 6.66  112.62 + 3.08 10,94

7s 100 7.00 7.00 6.50 6.68  106.49 + 6.49 13.18

s 67.18 6.50 5.95 5.50 78.38 +16.67 21.57

7 8 3/4s 109 1/4 7.94 8.01 7.94 7.59  109.13 - N 7.89
7s 100 7.00 -7.00 7.00 100.00 0 7.00

4s 67.18 6.50 5.95 6.50 67.56 + .51 6.51

8 8 3/4s 109 1/4 7.94 8.01 8.30 104.91 - 3.97 4.13
7s 100 7.00 7.00 7.50 94.12 - 5.88 1.24

4s 67.18 6.50 5.95 7.40 59.64 -11.22 -5.24

9% 8 3/4s 109 1/4 7.94 8.01 8.80 99.48 - 8.9 - .80
7s 100 7.00 7.00 8.00 88.79 -11.21 - 4.16

4s 67.18 6.50 5,95 8.00 55.14 -17.92 -12,14

ALITILVTOA 30Tdd
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TABLE 26
Jotal Realized Compound Yields Over a 5-Year Period

Total
New lssue Rate Realized
and Average Yield-to- Current Estimates Five Years Later Compound
Reinvestment Maturity Yield at Yield Change in Yield

Rate Bond Cost at Cost Cost Maturity Price Price % Per_Annum

5% 8 3/4s 109 1/4 7.94% 8.01% Called 107 ~ 2.06% 7.26%

7s 100 7.00 7.00 " 107 + 7.00 7.74

4s 67.18 6.50 5.95 4.70% 89.77 +33.62 10.52

(%4 8 3/4s 109 1/4 7.94 8.01 Called 107 - 2,06 7.41

7s 100 7.00 7.00 6.50 106.14 +6.14 7.75

4s 67.18 6.50 5.95 5.50 79.75 +18.71 8.67

7% 8 3/4s 109 1/4 7.94 8.01 Called 107 - 2.06 7.56

7s 100 7.00 7.00 7.00 100 0 7.00

4s 67.18 6.50 5.95 6.50 69.31 + 3.17 6.56

64 8 3/4s 109 1/4 7.94 8.0 8.30 104.71 -4.16 7.42

7s 100 7.00 7.00 7.50 94,39 - 5,61 6.31

4s 67.18 6.50 5.95 7.40 61.52 - 8.43 4.89

9% 8 3/4s 109 1/4 7.94 8.01 8.80 99,50 - 8.92 6.89

7s 100 7.00 7.00 8.00 89.26 -10.79 5.67

4s 67.18 6.50 5,95 8.00 57.04 -15.09 3.93

ALITILVIOA 90Nid
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Table 25 also shows that the premium bond provides the least
volatile return over the one year period. This would itself be a major
point of interest for certain classes of investors, e.g., those who are
essentially short-term oriented but who would like to take advantage
of high long rates.

In Table 26 the time period is extended over the five years to the
first call date on the premium bond. The accrual of coupon and
compound interest over the longer time span is relatively much
greater; since similar price fluctuations occur over a five-year period,
they have a milder impact on the annual total of realized compound
yields. Also, the imminence of the call suppresses the price
fluctuations of the premium bonds.

Nevertheless, the same general ceiling and cushion pattern
emerges. The premium bonds present an extremely stable return—a
range in realized compound yield of only 67 basis points while the
new issue rates range from 5.00% to 9.00%. The discount bonds give
the highest return if rates decline. The advantages and disadvantages,
which are often very large, are summarized in Table 27.

TABLE 27 :
Basis Point Advantage of Minimum Realized Compound Yield
8 3/4's over 7's

Assumed Future Over a Period of
Reinvestment Rate T Year 5 Years 30 Years
5% - 236 - 48 - 8
6 - 224 - 34 - 8
7 89 56 9
8 289 m 37
9 336 122 40

Basis Point Advantage of Minimum Realized Compound Yield
8 3/4's over 4's

5% -1654 - 326 - 4
6 -1063 - 126 - 2
7 138 100 3
8 937 253 66
9 1134 296 74

(From Tables 23, 25 and 26.)
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Summary and Investment Implications

All of these methods of calculating the rate of return, both with
and without price fluctuations and with and without full compound-
- ing by coupon reinvestment, are summarized on Table 28. Lines 1, 2,
and 3 are simple conventional yield calculations without considering
either potential price changes or changes in the discount rate for
reinvesting coupon income. Lines 5, 8, 11, 14 and 17 ignore price
fluctuations, but modify the standard yield calculations by allowing
for various reinvestment rates from 5% to 9%. The other lines (in
bold type) add in potential price changes corresponding to the
assumed reinvestment rates in either the first year after purchase or
the fifth year.

It is evident that no one issue shows up best under all these
calculations. To wuse such figures constructively, the portfolio
manager must first clarify his objectives. Given the February 1, 1971
yield relationships used in the table, some conclusions may be
summarized as follows:

1 The investor who seeks primarily to maximize immediate
current coupon income and who ignores price changes
should be guided by line 3. He would certainly select the
8%’s first and the 4’s last.

2) The investor who is seeking a high yield medium-term
investment, who believes the 83’s will be called, or at
least will hold up at call price, and who doubts that there
will be a large rise or large fall in yields, would be guided
by lines 3 and 13 and thus would pick the 8%’s.

3) The investor who spends his income and who seeks
maximum assured yield in the conventional sense for a
full thirty-year period and without regard to price
fluctuations, should be guided by lines 1 and 4. Line 4
gives him his probable minimum yield and line 1 gives
him a likely maximum yield. Since the differences in line
4 are small, he would probably be guided by line 1 where
the differences are large, and buy the 8%’s.
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TABLE 28
Summary of Yield Calculations
8%s 2001 7s 2001 4s 2001
at at at
109% 100 67.18

Yield-to-Maturity (1) 794 7.00 6.50
Yield-to-Call (1) 7.66
Current Yield (1) 8.01 7.00 5.95
Yield to Mat, if 8%s + 7s
are called and Reinvested at 6% 6.23 6.31 6.50
9% Reinvestment Rate:
Fully Compounded Yield to Mat. 8.60 8.20 7.86
Principal & Interest 1 year - .80 -4.16 -12.14
Principal & Interest 5 years 6.89 5.67 3.93
8% Reinvestment Rate:
Fully Compounded Yield to Mat. 7.98 7.58 7.29
Principal & Interest 1 year 4.13 1.24 -5.24
Principal & Interest 5 years 7.42 6.31 4.89
7% Reinvestment Rate:
Fully Compounded Yield to Mat. 7.09* 7.00 6.76
Principal & Interest 1 year 7.89 7.00 6.51
Principal & Interest 5 years 7.56* 7.00 6.56
6% Reinvestment Rate:
Fully Compounded Yield to Mat, 6.23* 6.31* 6.25
Principal & Interest 1 year 10.94 13.18 21.57
Principal & Interest 5 years 7.41* 7.75 8.67
5% Reinvestment Rate:
Fully Compounded Yield to Mat, 5.37* 5.45* 5.79
Principal & Interest 1 year 18.83 21.19 35.37
Principal & Interest 5 years 7.26* 7.74* 10.52

* Called and reinvested.
(1) Conventionally calculated.
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4
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(6)

The investor who seeks maximum fully compounded
yield for 30 years, and is relatively indifferent to interim
price fluctuations, would be guided by lines 5, 8, 11, 14
and 17. These show a large advantage for the 83%’s in 9%
and 8% markets, a slight advantage in a 7% market, a
moderate advantage for the 7’s in a 6% market, and an
advantage for the 4’s in a 5% market. This choice
between the 8%’s and the 7’s would not be clearcut but
the 4’s would have little appeal except if very low rates
are anticipated.
The investor who seeks high compounded yield combined
with maximum price stability would be guided by all of
the principal and interest lines. He would select the
83%’s as combining the smallest price range with an
income which is close to the highest or the highest in
most of the markets analyzed.
The investor who seeks maximum performance, i.e.,
principal plus fully compounded interest, would have to
formulate a market projection for one year ahead or for
five years ahead. He would be guided by all the principal
and interest lines and would ignore all other yield
calculations.

a. If he is bearish on bonds for the next year but still
wants the yield of long-term bonds, his first choice
would obviously be the 8%’s and his second choice
would be the 7’s.

b. If he is bullish for the next year, his obvious choice
would be the 4’s,

c. If he is bearish for the next five years but still wants
the yield of long-term bonds, his first choice would
be the 8%’s and his second choice the 7’s, However,
for this five-year period, the differences are much
smaller than in the case of the one year period.
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d. If he is bullish for the next five years, his first choice
would be the 4’s.

It should be noted that yield-to-call calculations play a secondary
role in all of these judgments. If the objective is pure yield over the
long-term, the fully compounded yield to maturity (if called and if
not called) is a much better guide to values than yield-to-call.

All of these calculations are from the point of view of a
non-taxpayer. In the case of taxpayers, the income advantage of the
4’s would, of course, increase because of the capital gain. However,
tax-exempt bonds ordinarily provide better net yields than discount
corporate bonds to full corporate taxpayers.

Finally all of these yield and performance statistics are based on
the yield spreads which prevailed February 1, 1971. Such yield
spreads change dynamically from month to month and from issue to
issue and such changes would naturally alter these calculations and
preferences. Any one group or issue can be overpriced or underpriced
and can thereby change its rank in the schedules. For example, in
these tables the discount 4’s are priced 50 basis points below the 7%
new issue level. This spread in recent years has varied between 100
basis points and 27 basis points for Aa utility bonds. A study of the
history of such yield spreads would help the investor to evaluate the
significance of present yield spreads.



CHAPTER 6

Evaluating Bond Portfolio Swaps

If all bond swaps were éood bond swaps, we would use a more
constructive title for this chapter and call it EVALUATING BOND
PORTFOLIO IMPROVEMENTS. Alas, however, there are as many
bad swaps as good, so we have chosen the conventional and neutral
term “swap.” The purpose of this chapter and the next is to present
a comprehensive method of evaluating several types of swaps. This
method combines in one figure most of the advantages and
disadvantages of each specific swap in a way that permits an overall
measurement of possible loss or gain.

A Classification of Bond Swaps

These chapters will limit their consideration to four important
types of swaps which depend for their validity on correct mathemat-
ical comparisons. These we will call:

I. Substitution Swaps.

II. Intermarket Spread Swaps.
III. Rate Anticipation Swaps.
IV. Pure Yield Pickup Swaps.

The Substitution Swap is the simplest of all. The investor now
holds a particular bond. For conciseness, we shall refer to this bond

79
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as the “H-bond” (H for now held). He is offered a bond for proposed
purchase which we shall refer to as the “P-bond” (P for purchase).
Except for price, the P-bond is essentially identical to the H-bond in
all pertinent characteristics—coupon, maturity, quality, call features,
marketability, sinking fund provisions, etc. In other words, the
P-bond is theoretically a perfect substitute for the H-bond.

As an example, suppose the investor holds a 30-year Aa utility 7%
coupon bond (the H-bond) which is currently priced at par.* He is
offered, on swap, another 30-year Aa utility 7% coupon bond (the
P-bond) at a yield-to-maturity of 7.10%. The proposed swap seems to
provide a pickup of 10 basis points. Transient factors inherent in any
marketplace will always lead to such temporary price discrepancies
between bonds of equal value. When these discrepancies are in the
right direction, i.e., the H-bond priced above the P-bond, then they
constitute a swap opportunity.

The Intermarket Spread Swap is the second category. Here, the
offered P-bond is essentially a different bond from the investor’s
H-bond, and the yield spread between the two bonds is largely
determined by the yield spread between two segments of the bond
market itself. The investor believes that this ‘“intermarket” yield
spread is temporarily out-of-line, and he executes the swap in the
hope of profiting (on a comparative basis) when the discrepancy in
this spread is resolved.

As an example, suppose the H-bond is a 30-year Aa utility with a
7% coupon priced at par. (For purposes of comparability, most of
the bonds in these examples have been selected and priced to
correspond to the three representative bonds discussed in Chapter 4.)
For the P-bond, consider another Aa utility, the discount 30-year 4’s
priced at 67.18 to yield 6.50% to maturity. The present spread
between these two bonds is an adverse 50 basis points. Suppose our
hypothetical investor believes that the present SO basis point spread
is far too low and that the markets should work their way towards a
60 basis point spread or higher. If he executes the swap by selling the
7’s and buying the 4’s and his expectations are realized, then the 4’s

*Prices in all of these examples are typical of the February 1971 market,
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will do substantially better in the market than the 7’s, and he can
reverse the swap with a “pickup’ of 1.35 points in price at the ex-
pense of 50 basis points less yield for a limited period.

The Rate Anticipation Swap is the third category. Here the
investor feels that the overall level of interest rates is going to change,
and he wants to effect a swap which will net him a relative gain if
this happens. Presumably he shortens or lengthens maturity, but
there are other ways to profit by rate expectations within the
long-term market: for example, premium bonds do better than
discount bonds when yields rise and vice versa.

The Pure Yield Pickup Swap is the fourth category. Here there are
no expectations of market changes but a simple attempt to increase
yield. A good example would be the reverse of the swap described
above, out of the 4’s into the 7’s, motivated purely by the higher
yield of the 7’s without expectation of a capital gain due to a shift in
yield spread.

There is a wide variety of other swap situations which are beyond
the scope of this analysis. These include tax swaps, multibond swaps,
swaps for improved liquidity, for improved quality, to increase or
reduce volatility, etc.

The Workout Time

In many of the swap situations described herewith, the investor is
counting on a realignment of values to take place over a period of
time. We shall refer to this period as the “workout time.” For
example, in the Substitution Swap, the investor knows that the
H-bond (the bond now held) and the P-bond (the proposed purchase)
will certainly coincide in price at maturity. This then is the longest
possible “workout time” for the Substitution Swap. If the two bonds
are indeed perfect substitutes in the marketplace, aside from the
momentary aberration which provided the swap opportunity, then
the workout time should be fairly short, perhaps a few months. The
sooner the swap works out, ie., the sooner the momentarily
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underpriced P-bond recovers its anticipated equality with the H-bond
price, the quicker the investor can if he wishes pick up his anticipated
capital gain. This in turn serves to improve his rate of return over the
workout period of the swap.

It should be emphasized, however, that to realize the full
advantage from such swaps there is no need at all of actually
reversing them. Provided only that the discount on the P-bond,
which caused its purchase, has been eliminated, the investor can
retain the full advantage of his gain by simply holding the P-bond or
by swapping it at the end of the workout period into a third issue
which is then underpriced.

Measuring the Value of a Swap

Suppose a swap works out precisely as anticipated. By what
yardstick should its value be measured?

One hears many standards applied to swapping. Some of these
standards capture only one or two of the several facets of total
return. For example, an “improved annual income” is an inadequate
standard because it may be offset by larger capital sacrifice and,
hence, a long run sacrifice in income. A *“pickup in basis points” may
be offset by the H-bond’s better interest-on-interest or capital
performance at the prevailing reinvestment rates (see Chapter 1), A
“take out of dollars” for equal par amounts might be at the expense
of investing those dollars at a lower reinvestment rate. All of these
measures fail to encompass the totality of values in any swap.

A proper swap yardstick must take into account all of the
components of return over the workout period—coupon income,
capital gain, principal amortization and reinvestment of the respec-
tive cash flows at some prevailing rate, In addition, a good yardstick
should be sensitive to the impact of the workout time, accurately
revealing the effect of different workout times.

Actually constructing such a yardstick for swaps is surprisingly
simple. If the swap is executed, then the accumulated dollar return in
the workout period will consist of the P-bond’s coupon income,
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interest-on-interest, and capital gain. The sum total of these elements
divided by the P-bond’s purchase cost will provide a net gain per
invested dollar. One can then find that annual interest rate which,
when compounded semiannually, would realize this same gain per
invested dollar over the workout period. As readers of our earlier
chapters will recognize, this is just what we have referred to as the
“realized compound yield.” Table 24 of Chapter 5 shows the details
of a sample computation of realized compound yield. This yield
figure provides a comprehensive and readily understood measure of
the P-bond’s total return under various assumed workouts and of the
H-bond’s total return under the same workouts if it had been held.

The per annum difference in the realized compound yield of the
P-bond over that of the H-bond provides an ideal measure of the
value or dangers of the swap. It meets all the criteria specified above,
and can also be readily compared with the conventional yield-to-
maturity figures.

The Substitution Swap

The Substitution Swap is simple in concept. Both the H-bond and
the P-bond are equivalent in quality, coupon and maturity. The swap
is executed at a basis point pickup which is expected to be eradicated
by the end of the workout period.

It will prove very revealing to determine the value of a concrete
Substitution Swap in terms of improved realized compound yield.
For this example, take as the H-bond 30-year 7’s priced at par to
yield 7.00%. The P-bonds are, of course, then also 30-year 7’s but
suppose they are priced to yield 7.10% for a modest 10 basis point
pickup. For the purposes of the example, assume that the workout
period is one year. During this period, the prevailing reinvestment
rate for coupons remains unchanged at 7%. At the end of the
workout period, both the H-bond and the P-bond are priced at par to
yield 7.00%.

The realized compound yield of the H-bond is 7.00%, as we would
naturally expect. However, the P-bond has a realized compound yield
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of 8.29% over the one year workout period. The steps in the
computation are shown in Table 29.

In other words, this 10 basis point Substitution Swap with a one
year workout period results in a 129 basis point improvement in
realized compound yield—but only for one year.

TABLE 29

Evaluating a Sample Substitution Swap

H-Bond: 30-Year 7's @ 7.00% P-Bond: 30-Year 7's @ 7.10%
Workout Time: 1 Year
Reinvestment Rate ; 7%

_H-Bond P-Bond

Original Investment Per Bond $1,000.00 $ 987.70

Two Coupons During Year 70.00 70.00
Interest on 1 Coupon @ 7% for One Half Year 1.23 1.23
Principal Value at End of Year @ 7.00 YTM 1,000.00 1,000.00

Total $ Accrued 1,071.23 1,071.23

Total § Gain 71.23 83.53

Gain Per Invested Dollar 07123 .08458
Realized Compound Yield 7.00% 8.29%

Value of Swap 129 Basis Points in One Year

To put these results in a properly qualified perspective, it must be
realized that this gain of 129 basis points in realized compound yield
is achieved only during the single year of the workout period. To
obtain such a realized compound yield over the extended 30-year
period, the investor must continue to swap an average of once a year,
picking up 10 basis points each time or at least averaging such a
pickup on balance.

At the very worst, the swap will not “workout” until both bonds
reach their common maturity, i.e., 30 years hence. In that case, the
realized compound yield gain would be 4.3 basis points. This is even
less than the 10 basis point pickup in yield-to-maturity, (See page 98
below for an explanation of this difference.) However, as the
workout time is reduced, the relative gain in realized compound yield
over the workout period rises dramatically. The following figures
assume that the H-bond’s price remains stable at par—i.e., no overall
change in rate levels is assumed.
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TABLE 30

Effect of Workout Time on Substitution Swap
30-Year 7's Swapped from 7.00% YTM to 7.10% YTM
(7% Reinvestment Rate)

Realized
Workout Time Compound Yield Gain

30 Years 4.3 Basis Points Per Year

20 " 6 .4 n i n "

"O " ]2'9 n ] L] L]

5 " 25 . 7 " L] L] L]

2 " 64. 4 n " [1} n

] " 129.0 n " H "

6 Months 258.8 " " " "

u 527'2 H " [ ] "

Table 30 shows that the gain in realized compound yield is
approximately inversely proportional to the workout time. For
example, if we shorten the workout time from thirty years to one
year, i.e., by a factor of 30, then the annual gain jumps from 4.3 to
129 basis points, i.e., increases by the same 30 factor.

TABLE 31

Effect of Initial YIM Pickup on Substitution Swap
30-Year 7's Swapped from 7.00% YTM
(7% Reinvestment Rate)

Initital Pickup in Basis Point Gain in
YTM Realized Compound Yield
1-Year Workout 30-Year Workout
5 Basis Points 64.6 2.
10 " " 129.0 4.3
15 " “ 193.4 6.4
20 " " 257.9 8.6
25 " " 322.2 10.7
30 " b 386.5 12.8
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Table 31 shows how the gain in effective yield grows with
additional pickups in basis points of yield-to-maturity on the initial
swap. For example, if the P-bond can be picked up at 7.20% rather
than at 7.10%, the resulting gain in realized compound yield in one
year increases from 129 to 258 basis points. In this case, doubling
the initial yield pickup doubles the gain. This rule of proportionality
holds to a very close approximation, as Table 31 demonstrates, for
both the 1-year and the 30-year workout times.

Up to this point, we have been assuming that our Substitution
Swap worked out exactly as anticipated, with the P-bond realigning
itself with the H-bond’s price (assumed constant) at the end of the
workout period. This will often not be the case and there are, of
course, various risks present even in this simple swap category.

The risks arise from four sources: 1) a slower workout time than
anticipated; 2) adverse interim spreads; 3) adverse changes in overall
rates; and 4) the P-bond not being a true substitute.

Major changes in overall market yields will, of course, significantly
affect the price and the reinvestment components of both the
H-bond and the P-bond. The resulting changes in the realized
compound yields will vary greatly depending on the workout period.
Thus, an upward movement in rates may lead to a low total realized
yield (principal plus interest) over the first year because of the
sudden price drop while the same higher rate will result in an
increased yield over life because of the greater reinvestment
component. However, in the Substitution Swap, these effects tend to
run in parallel for both the H-bond and the P-bond. For this reason,
the relative gain from the swap is insensitive to even major rate
changes. In Table 32, a sudden yield move is assumed, and (for
purposes of simplicity) the bonds are priced and the coupons are
reinvested at the same specified new rate. For the 30-year workout
period, the swap provides the same gain of 4.3 basis points for
reinvestment rates ranging from 5% to 9%. Over shorter workout
periods, the P-bond—because of its slight discount—is slightly more
volatile than the H-bond and so performs better than the H-bond as
rates drop. However, even if the yield-to-maturity on both bonds
surged to 9.00% by the end of one year, the investor could still obtain
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a relative gain of 116 basis points by having executed the swap. This
is, of course, a relative gain only, as the table shows. Obviously, on an
absolute basis, the investor with hindsight would have preferred not
to be holding any 30-year bonds at all.

TABLE 32

Effect of Major Rate Changes on the Substitution Swap
[30-Vear 7's Swapped from 7.00% to 7.10%)

Realized Compound Yields-Principal Plus Interest

Reinvestment Rate 1-Year Workout 30-Year Morkout

and YTN at End of B.P. B.P.

Workout Period H-Bond P-Bond Gain H-Bond P-Bond Gain
5% 34.551 36.013 146.2 5.922 5.965 4.3
6 19.791 21,161 137.0 6.445 6.488 4.3
7 7.00 8.29 129.0 7.000 7.043 4.3
8 - 4,117 - 2.,8% 122.1 7.584 7.627 4.3
9 -13.811 -12.651 116.0 8.196 8.239 4.3

The Intermarket Spread Swap

The Intermarket Spread Swap is really a swap from one depart-
ment of the bond market to another. The motivation is the investor’s
belief that the yield spreads between the two market components are
out of line for one reason or another, so that a better value is
afforded by the P-bond. The swap is executed so that the anticipated
realignment will provide a relative capital advantage or a better yield
with at least an equal capital performance.

For clarity, we will at first pin the H-bond to a constant
yield-to-maturity level during the workout period, and assume that
the yield changes are concentrated in the P-bond.

The Intermarket Spread Swap can be executed in two directions.
First, the swap can be made into a P-bond having a greater
yield-to-maturity than the H-bond. This is done either for the extra
yield in the belief that the spread will not widen or in the belief that
the intermarket spread will narrow, resulting in a lower relative
yield-to-maturity for the P-bond and, consequently, a higher relative
price for the P-bond.

The second direction for this type of swap is when the P-bond has
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a lower yield-to-maturity than the H-bond. Here the investor will
profit only if the yield spread enlarges leading to relatively lower
P-bond yields and consequently relatively higher P-bond prices which
would more than offset the yield loss.

As a concrete example in the “yield give-up” direction, suppose
the H-bond is again the 30-year 7’s at par. The P-bond is the 30-year
4’s priced at 67.18 to yield 6.50%. The investor believes that the
present 50 basis point spread is too narrow, and will widen. For
purposes of analysis, we shall first assume that the spread does in fact
enlarge from 50 to 60 basis points by the end of a one-year workout
period. The reinvestment rate for coupons is taken to be 7.00%.
Under the initial assumptions, the value of the swap in terms of
realized compound yield can be computed as shown in Table 33. The
10 basis point spread gain, assumed in the example, is rather small
for this type of swap, but does create a significant gain of 91.4 basis
points for one year.

TABLE 33
The Valua of a Sample Intermarket Spread Swap in Yield Give-Up Direction

H-Bon P-3cnd:
30-Year 7's @ 7.00% 30-Year 4's @ 6.50%

Initial Yield-to-Maturity 7.00% 6.50%
Yield-to-Maturity at Workout 7.00 6.40
Spread Growth 10 basis points fror 50 basis pcints to 60 basis points
Workout Time : 1 Year
Reinvestment Rate: 7%

Original Investment Per Bond $1,000.00 $671.82
Two Coupons During Year 70.00 40.00
In'atggfﬁst on One Coupon @ 7.00% for 6 1.23 .70
Principal Value at End of Year 1,000.00 685.34
Total $ Accrued 1,071.23 726.04
Total § Gain . 71.23 54.22
Gain Per Invested Dollar 0712 .0807
Realized Compound Yield 7.000% 7.914%

Value of Swap 91.4 Basis Points in One Year
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Table 34 demonstrates the effect of various workout times and
spread growths on this swap. One immediately notices that the yield
give-up works against the investor over time. Consequently, when a
swap involves a loss in yield, which many of the best swaps do, there
is a high premium to be placed on a favorable spread change being
achieved within a relatively short workout period. This “workout
time risk” also tends to aggravate the risk of adverse spread moves
since the passage of time does not work in the investor’s favor.

TABLE 34

Effect of Various Spread Realignments and Workout Timas on a "Yield
Give-Up" Intermarket Swap
H-Bond: 30-Year 7's @ 7.00% P-Bond: 30-Year 4's @ 6.50%
Initial Yield Give-Up: 50 Basis Points
Reinvestment Rate: 7%

Basis Point Gain in Realized Compound Yields
(Annual Rate)

Spread

Growth Workout Time
(Basis Points) _6 Months _1 Year 2 Years 5 Years _30 Years

40 1,157.6 625.9 218.8 41.9 -24.5
30 845.7 378.9 150.9 20.1 -24.5
20 540.5 234.0 83.9 - 1.5 -24.5
10* 241.9 91.4+ 17.6 -22.9 -24.5
0 - 49.8 - 49.3 - 47.8 -44.0 ~24.5

-10 -335.3 -187.7 -112.6 -64.9 -24.5

-20 -614.9 -324.1 -176.4 -85.6 -24.5

-30 -888.2 -458.4 -239.7 -106.0 -24.5

-40 -1,155.5 -590.8 -302.1 -126.3 ~24.5

* Assumed in Table 33.
*Assumed in Table 33,

General market moves over the short-term would have little effect
on this swap’s value provided the spread changes as originally
anticipated. However, in the marketplace a major move in rates is
often accompanied by a significant realignment of spread relation-
ships among many market components. The powerful opportunity
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and risk potential of this swap can only be appreciated in the context
of changes in overall rate levels.

Turning to an example of an Intermarket Spread Swap in the
direction of yield pickup, suppose the investor holds the 30-year 4’s
at 6.50% and takes the 30-year 7’s at par as the P-bond. This
investor’s views on the spread are the opposite from that described
above, He feels that the 50 basis points spread is excessive and
anticipates a shrinkage of 10 basis points over the coming year. Once
again keeping the price of the H-bond (the 4’s) constant for purposes
of analysis, the value of this yield pickup swap, if it works out as
expected, turns out to be 169.2 basis points in one year. The
computational procedure is shown in Table 35.

TABLE 35

The Value of a Sample Intermarket Spread Swap in a
Yijeld Pickup Direction

H-Bond: P-Bond:
30-Year 4's @ 6.50%4 30-Year 7's @ 7.00%
Initial Yield-to-Maturity 6.50% 7.00%
Yield-to-Maturity at Workout 6.50 6.90

Spread Narrows 10 basis points from 50 basis points to 40 basis points
Workout Time: 1 Year
Reinvestment Rate: 7%

Original Investment Per Bond $ 671.82 $1,000.00
Two Coupons During Year 40.00 70.00
Interest on One Coupon @ 7% for 6 Months .70 1.23
Principal Value at End of Year 675.55 1,012.46
Total $ Accrued $ 716.25 $1,083.69
Total $ Gain 44.43 83.69
Gain Per Invested Doliar .C661 .0837
Realized Compound Yield 6.508% 8.200%

Value of Swap 169.2 2asis Points in One Year
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This high value reflects the impact of a 10 basis point capital gain
from the decline in spread on top of the 50 basis point advantage
from the initial yield pickup. This yield advantage reduces the
riskiness of the yield pickup swap. Table 36 demonstrates that the
passage of time tends to work in this investor’s favor in the event of
adverse interim spread moves. In fact, by maturity, the investor is
always assured of a gain of 24.5 basis points (not 50) regardless of
how much the spread rises or falls. The figure of 24.5 basis points
represents the initial 50 basis point advantage “deflated” by
reinvestment at the common rate of 7.00%, which is above the yield-
to-maturity of the 4’s and hence increases their total return above
their yield-to-maturity.

TABLE 36

Effect of Various Spread Reali g%nments and Workout Times
on a "Yield Pickup" Intarmarket Swap
H-Bond: 30-Year 4's @ 6.50% P-Bond: 30-Year 7's @ 7.00%
Initial Yield Pickup: 50 Basis Points
Reinvestment Rate: 7%

Basis Point Gain in Realized Compound Yields
(Annual Rate)

Spread Workout Time
(Basizr}z';:lgti 5 6 Months 1 Year 2 Years 5 Years 30 Years

40 1,083.4 539.9 273.0 14.3 24.5
30 817.0 414.6 215.8 9.4 24.5
20 556.2 291.1 159.1 78.8 24.5
10 300.4 169.2+ 103.1 61.3 24.5

0 49.8 49.3 47.8 44.0 24.5
-10 -196.0 - 69.3 - 6.9 26.8 24.5
-20 -437.0 -186.0 - 61.0 9.9 24.5
-30 -673.0 -301.2 14,5 - 6.9 24.5
~40 -904.6 -414.8 -167.4 - 23.4 24.5

*Assumed in Table 35.
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It is, of course, possible at times to combine a “Substitution
Swap” with an “Intermarket Spread Swap.” This would mean that
the investor sells a fully valued or overvalued component of
overvalued ‘“Market A” and buys an undervalued component of
undervalued “Market B.”

The Rate Anticipation Swap

When portfolio managers anticipate an important change in the
level or structure of interest rates they often make swaps designed to
protect or benefit their portfolios. Most commonly these Rate
Anticipation Swaps consist of shortening maturities if higher long
yields are expected or lengthening maturities if lower long yields are
expected.

It should be noted that the decisive factor is the expected long
rate; the change in the long rate will almost always be the chief
determinant of the value of the swap, much more so than changes in
the short rate. Both long and short rates usually move in the same
direction and an expected change in the short rate will usually be
taken as a clue to a change in the long rate. However, a change in
short rates, without a corresponding change in long rates, will
generally have very little effect on the near term value of a maturity
swap.

These maturity swaps are highly speculative. There is often a large
penalty if yields do not rise or fall as expected in a short period of
time. This is especially true because such maturity swaps often
involve an immediate loss of yield. This is due to the cyclical
behavior of the yield curve which is usually positive. It is always so in
periods of low yields so that moving from long to short then involves
a large yield loss. Conversely, the curve is sometimes flat or negative
in periods of very tight money so that moving from short to long
often involves little or no yield pickup and sometimes a yield loss.
Nevertheless, these periods of maximum yield loss are usually the
best times to make maturity swaps in both directions.



EVALUATING BOND PORTFOLIO SWAPS 93

When the swap involves a loss in yield, time works heavily against
the swapper. A prompt realignment of yields in the expected
direction 1s often essential for the swap to work out profitably. If this
occurs, the realized gains are usually very large.

In evaluating maturity swaps, capital gains or losses will be critical
over the first year or so. If extended time periods are involved,
coupon income and interest-on-interest will also be important, all of
which add up to realized compound yield.

Table 37 lists the total realized compound yield from 30-year 7’s
@ 100, 10-year 6%’s @ 100, and 5-year 6’s @ 100, if held for one
year or for five years with a wide variety of terminal yields. It also
compares these total returns with that of 5% one year bills rolled
over at 5%. In all cases, any interim coupons are assumed to be
reinvested at a 7% rate.

The table vividly illustrates the importance of the passage of time.
In the case of the 30-year 7, if the market moves from 7% to 8% in
one year the 7’s provide a total return of minus 4.14% or 914 basis
points less than the bills. If the same yield increase takes 5 years,
the 7’s—in spite of their large price decline—provide a yield of 5.37%
or 37 basis points better total return per year than the bills. Again, if
the market moves in one year from 7% to 6%, the 7’s will provide a
spectacular gain of 1,481 basis points over the bills, but if this same
yield decline takes five years the gain will be reduced to a still
excellent 381 basis points a year, that is to say, an average return of
8.81% vs. 5% from the bills,

The table also shows that if the yield of the 10-year 6'%’s in one
year moves from 6%% to 9% they will yield 1,378 basis points less
than bills, but if the time span is five years they will actually yield a
trifle more than bills.

The five year columns in the table represent a special case: the five
year calculations are based on the assumption that the 5% bills are
rolled over at 5% each year. This implies that the entire yield change
takes place in the fifth year, If the long yields rose or fell gradually
during this period the bill yields would probably also rise or fall
gradually thus reducing the yield advantage of all the bonds as yields
rose and increasing them as yields fell, The one year calculation,
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TABLE 37

Evaluating Maturity Swaps If Yields Change

5, 10 and 30-year Bonds vs. 1 Year-Bills
(FuTly Compounded Interest Plus 5rice-§ﬁange)

One Year Hence Five Years Hence
If Future 2ond Return of Return of
Yields to Matu- Return of  Bonds vs. Return of Bonds vs.
rity Move to Bonds Bills Bonds Bills
30-Year 7's @ 100 and BiTis at 5% Rolled
9% -13.85%  ~-1,885 BP 3.90% - 1o ep
8 - 4,14 - 914 5.37 + 37
7.50 1.24 - 376 6.16 + 116
7.00* 7.00 + 200 7.00 + 200
6.50 13.18 + 818 7.88 + 288
6.00 19.81 +1,48] 8.81 + 381
10-Year 6 1/2's @ 100 and Bills at 5% Rolled
9% - 8,782 -1,378 BP 5.04% + 4 BP
7.50 .15 - 485 5.94 + 94
7.00 3.29 - M 6.25 + 125
6.50* 6.51 + 151 6.57 + 157
6.00 9.81 + 48] 6.88 + 138
5.50 13.20 + 820 7.20 + 220
5-Year 6's @ 100 and Bills at 5% Rolled
9% -~ 3.83% - 883 8P 6.12% + 112 BP
7.25 1.82 - 318 6.12 + N2
6.50 4.32 - 68 6.12 + 112
6.00+ 6.01 + 101 6.12 + 112
5.50 7.73 + 273 6.12 + 112
5.00 9.47 + 447 6.12 + 12

*Purchase yields to maturity.
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however, is realistic since 1-year bills are bought or sold at the switch
date.

This type of calculation provides a good measure of the
opportunity and risk involved in a “maturity swap.” The portfolio
manager who shortens maturity drastically at a loss in yield of 200
basis points must expect a substantial increase in yields within a year
or two because otherwise his yield loss will soon overtake his
superior principal performance. The swapper into longs at a big yield
increase has time in his favor but over the near-term he can fare very
badly if long yields rise further, Finally, the swapper from short to
long at a yield loss also has time against him.

Another way to evaluate a maturity swap is spelled out in Table
38. It also compares 30-year 7°’s at 100 with 5% 1-year bills. The
table shows the terminal breakeven prices and yields-to-maturity of
the 7’s which will equate their total return to that of the 5% bills at
the end of 1 year, 2 years, 3 years, 4 years and 5 years. These
breakeven prices can be viewed as the limits of price decline beyond
which the bills would outperform the bonds.

Thus, if the 7’s in one year decline in price by 2.06 points (o a
price of 97.94 to yield 7.17%) their total realized compound yield if
sold would be exactly equal to that of the bills. Similarly in five
years if the 7°s decline to 86.90 to yield 8.25% points, their total
realized compound yield if sold would be exactly equal that of the
bills if rolled over at 5%. Of course, if bill yields rose to 6% early in
this span the breakeven price of the 7’s would be higher. Conse-
quently, the swapper out of the 7’s into the bills expects a yield rise
in one year of more than 17 basis points,

TABLE 38

Breakeven Prices and Yields of a MaturityReduction Swap
30-Year 77s @ 100 into 5% Bills Rolled at 5%

Time Breakeven Price Future Equating Future Yield to
Period Decline of 7's Price of 7's Maturity of 7's
1 Year Hence 2.06 Points 97.94 7.17%
2 Years Hence 4.36 " 95.64 7.37
3 " 7.00 " 93.00 7.61
4 " " 5.87 " 90.13 7.90
5 * " 13.10 v 86.90 8.25
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From this table it is apparent that a swap out of 7’s into bills will
gain importantly from even a moderaie bond market decline if it
occurs soon but not if it is long deferred. Conversely, the swapper
into the 7’s will lose his entire yield advantage if there is only a small
decline in the bond market in the first year, but his yield advantage
will offset a much larger price decline provided it is spaced over a
longer period of time.

Apart from maturity swaps there are other types of Rate
Anticipation Swaps. Thus, within the long-term market, we have seen
in Chapter 5 that discount bonds are much more volatile than
premium bonds. If lower yields are anticipated, the portfolio
manager can switch from long-term par bonds or premium bonds
into similar long-term discount bonds. Since this usually involves a
yield give-up, the passage of time is against him, but the possible gain
in principal is very large. If higher yields are anticipated, he can swap
into premium bonds which are much less volatile; in the event of a
bond market decline, premium bonds should decline much less than
par bonds and very much less than discount bonds. Furthermore, a
swap into premium bonds usually entails a large yield increase so that
time in this case would work in favor of the premium bonds.



CHAPTER 7

Yield Pickup Swaps
and Realized Losses

The Pure Yield Pickup Swap

Probably a majority of institutional bond swaps are done purely
for the purpose of achieving an immediate gain in return, either in
terms of current coupon income or in terms of yield-to-maturity or
both. These swaps can be made and often are made without
reference to substitutions or to yield spreads, interest rate trends, or
overvaluation or undervaluation of the issues involved. For example,
suppose the investor swaps from the 30-year 4’s at 67.18 to yield
6.50% into the 30-year 7’s at 100 to yield 7.00%, just as in the earlier
example, but this time for the sole purpose of picking up the
additional 105 basis points in current income or the 50 basis points
in yield-to-maturity. He is not motivated by a judgment that the
intermarket spread will shrink or that yields will rise or fall. He has
no explicit concept of a workout period—he intends (at least at this
point) to hold the 7’s to maturity. As far as this investor is
concerned, he is making a “portfolio improvement” leading only to
improved yield in a long-term high-grade investment vehicle. Hence,
the name we have assigned.

97



98 YIELD PICKUP SWAPS AND REALIZED LOSSES

It is not uncommon that this is the only type of swap that pension
fund managers are allowed to consider. Even then, the portfolio
manager’s freedom to evaluate and carry out these swaps is
frequently constrained by rigid, sometimes arbitrary rules, occasion-
ally inconsistent formulae, and often unnecessary inhibitions against
realizing losses (see below).

The evaluation of the benefits of such a seemingly simple swap is
not as simple as it looks and in practice it is sometimes computed
fallaciously. Obviously the increase in the current yield from 5.95%
to 7% vastly overstates the benefit from the swap because it ignores
the guaranteed 48.8% appreciation of the 4’s when they are paid off
at maturity. But even the 50 basis points Yield Book increase in
yield, which takes full account of the prospective appreciation of the
4’s, is an overstatement of the basis point benefits of the swap. We
shall see below that the true guaranteed gain from the swap (if the
7’s are held to maturity and are not called) will not be 50 basis
points but may range between 20 basis points per year (if the
reinvestment rate is 6%) to 29 basis points per year (if the
reinvestment rate is 8%). These gains, however, are very worthwhile.

This narrowing of the yield gain from that suggested by
“yield-to-maturity” occurs over an extended holding period because
the same reinvestment rate will prevail for reinvesting the coupons of
both the H-bond and the P-bond, and this reinvestment rate naturally
benefits the bond with the lower starting vield relative to the bond
with the higher starting yield. Thus, it pulls the total returns
together. The relative benefit of the reinvestment rate to the lower
yielding of two issues will be greater at low future reinvestment rates
and less at high future rates,

A proper evaluation of a swap of this sort, which is based on
holding the P-bond to maturity, must take account of three factors
for both issues (see Table 39): 1) the coupon income; 2) the
interest-on-interest (which varies with the assumed common reinvest-
ment rate); and 3) the amortization to par. A fourth factor, which is
so dominant in many other sorts of swaps, namely, interim market
price changes, may here be ignored. A simple addition of the above
three money flows, divided by the dollars invested, will give a total
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return in dollars which, with the aid of Compound Interest Tables,
will give the total realized compound yield as a percent of each dollar
invested.

In Table 39, this switch from 4’s to 7’s is evaluated in this way. It

TABLE 39
Evaluating a Pure Yield Pickup Swap

Sell: H-bond 30-Year 4's @ 67.182 to Yield 6.50%
Buy: $671.82 par of P-bond 30-Year 7's @ 100 to Yield 7.00%

4's {One Bond)

Coupon Income Over 30 Years $1,200.00
Interest-on-Interest at 7% 2,730.34
Amortization - 328.18

Total Return $ $4,258.52

Realized Compound Yield 6.76%

7's (.67182 of One Bond)

Coupon Income Over 30 Years $1,410.82
Interest-on-Interest @ 7% 3,210.02
Amortization 0

Total Return $ $4,620.84

Realized Compound Yield 7.00%
Gain in § $ 362.32
Sain in Basic Points at 7% Reinvestment Rate 24 Basis PointsPer Annum
Gain @ 6% Reinvestment Rate 20 Basis Points Per Annum
Gain @ 8% Reinvestment Rate 29 Basis Points Per Annum

will be seen that although the principal invested in both issues is only
$671.82 per bond (the price of the H-bond) the switch over a period
of thirty years results in a gain of $210.82 per bond in coupon
income, a much more important gain of $479.68 per bond in
interest-on-interest (at a common assumed reinvestment rate of 7%)
and a loss of the $328.18 per bond in capital gain to maturity which
the H-bond will enjoy while the P-bond will not. These three factors
add up to a net gain from the switch of a large $362.32 per bond
which amounts to 54% of the investment. This is a net gain of 24
basis points per year, i.e., total return rises from 6.76% for the 4’s to
7% for the 7’s.
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The true yield of the 4’s rises above the Yield Book yield of 6.50%
to a fully compounded yield of 6.76% because the assumed
reinvestment rate of 7% is above the 4’s implicit reinvestment rate of
6.50%. For the 7’s, the 7% assumed reinvestment rate is identical to
their yield-to-maturity and hence full compounding does not change
this rate.

Alternatively, as the table shows, at a 6% future reinvestment rate
the advantage of the switch shrinks to 20 basis points per year or
$244.63, while at an 8% reinvestment rate the advantage of the
switch rises to 29 basis point per year or $508.49. It seems evident
that efforts to evaluate such switches without reference to an
assumed reinvestment rate are apt to be misleading.

The table shows that if we ignore interim price changes and the
possibility that the 7°s will be called this is a valuable swap at any
reasonable reinvestment rate. It will be worth something between
$244.63 and $508.49 per bond depending on the reinvestment rate.
Even if the 7’s are called in a 6% market, the switch will be worth at
least $75.24 per bond to maturity.

Why then do such riskless spreads exist in the market and indeed
are often exceeded (doubled!)? Why do not holders of lower yielding
issues who are relatively indifferent to interim price movements
generally switch for yield pick ups even of 10 basis points or 20 basis
points, which are common and often are safe from call risk and from
unfavorable relative market fluctuations?

Realized Losses from Swaps

The answer unfortunately often lies in generally accepted
accounting practices which make an artificial distinction between
realized profits or losses and book profits or losses and between
coupon income and amortized capital gains or losses. The result is
that many funds with large book losses are frozen and are thus
prevented from realizing large risk-free gains in both principal and
interest. It can be estimated that many tax-free funds could be
earning at least 1% more than they are, and from the same type of
investments, if they were free to make even obvious risk-free swaps.
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Any well-considered “yield pickup swap” pays a net gain to the
swapper regardless of the cost of the H-bond. The profit from the
swap is the same whether the H-bond is sold at a profit or at a loss.
The net gains from the swap detailed in Table 39 are over and above
recovery of the whole book loss incurred in selling the H-bond,
whatever that might be. In this case the gains are after subtracting
the $328.18 per bond loss if these H-bonds were purchased at 100.
This book loss is equivalent to the amortization gain which the
holder of the H-bond will automatically receive and the seller
lose—regardless of his cost.

Nevertheless, on the books of this swapper, if conventionally kept,
this swap would show a loss of $328.18 per bond in the year of the
swap and an offsetting income gain of only $7.03 per bond that year.
Some accountants would even charge this realized loss to the fund’s
income account for the year of the swap and this could lead to an
increase in required contribution in spite of the fact that the fund’s
cash flow and ability to pay benefits has increased as a result of the
swap. Indeed if through some market aberration the P-bond were
identical with the H-bond, but priced S points lower (an immediate
clear gain of $50 per bond or 7.4%) the books would show a loss
which might well force the portfolio manager to decline what is in
effect a free and valuable accession of assets. Funds which value at
market are often free to ignore costs and, therefore, to make
profitable portfolio improvements. However, many funds carry their
bonds at amortized cost and as a result are inhibited from making
portfolio improvements if they involve realizing large losses. *

One unsound accounting practice leads to others. For example, it
has become fashionable to evaluate bond swaps by computing the
number of years which will be required for the additional cash flow
from the P-bond to recoup the book loss from the swap.

Even if we are forced by convention to accept this artificial and
unsound “time test” for evaluating swaps, we should consider the
wide differences in the methods by which the loss-recovery period is
computed. Since interest-on-interest is a large component of total

*Note that the authors of this book are, or have been, bond dealers and
hence have a vested interest in encouraging bond market activity,
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return, it should be considered in comparing the cash flows of the
P-bond with the cash flow of the H-bond. Often, however, it is
overlooked.

Returning to our original example of the 30-year 4’s at 6.50% into
the 30-year 7’s at par, let us see how this recovery time may be
computed. For every H-bond sold at 67.182, the dollar amount of
$671.82 is used to purchase the 7’s at 100. The annual coupon
payment from this .67182 fraction of a 7% P-bond is just .67182 of
$70 or $47.03. Subtracting the H-bond annual coupon of $40, we
obtain a net annual coupon gain of $7.03 per H-bond sold.

This cash flow can be reinvested and compounded at some interest
rate. Depending on the assumed average reinvestment rate, the
dollars accrued from the added cash flow, including the interest-
on-interest, grow from year to year as shown in Table 40. When the
extra dollars accumulated reach the point of equalling the book loss,
then it is argued the book loss will have been recouped and the time
to that point will define the recovery time. After the recovery time,
the additional cash flow is considered to be all profit.

As Table 40 demonstrates, the recovery time is critically depen-
dent on the unknown reinvestment rate. At a 6% rate, the recovery
time for this swap is twenty-three years. At an 8.00% rate, it drops to
twenty years. These are long and discouraging time spans for a
transaction which in fact is immediately profitable, and they seem to
illustrate the unsoundness of this guide.

One common error is to compute the recovery time by simply
dividing the book loss by the annual coupon gain. This ignores the all-
important compounding of “interest-on-interest.” In this example,
this method would lead to $328.18 + ($7.03 per year) = 46.68 years,
a dismally excessive time by any standard, indeed exceeding the
30-year life of both bonds. This is equivalent to taking the first year’s
gain of $7.03 as representative of all future gains when in fact due to
compounding it will always be the smallest gain of any future year.
From Table 40, one sees that this method also corresponds to an
implied 0% reinvestment rate.

Many “pure yield swaps” are more complex than the above
example, involving P-bond amortization and differing maturities.
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TABLE 40
Timing of Additional Cash Flow from a Pure Yield Pickup Swap

Sell: 30-Year 4's @ 67.182 to Yield 6.50% Buy: 30-Year 7's @ 100 to Yield 7%

Additional Cash Flow at Various Reinvestment Rates

Elapsed

Years 0% 6.00% 6.50% 7.00% 7.50% 8.00
.5 $ 3.5 $ 3.51 $ 3.5 $ 3.51 $ 3.51 $ 3.
1.0 7.03 7.13 7.14 7.15 7.6 7.
20.0 140.55 264.92 280.45 297.08 314.85 333,88
20.5 w.os 376.39 ggg?g gw.gg 330.17 350.73
21.0 7.58 88.19 . 25, 6.05

21.5 151.09 300.35 319.58 [340.29 |

22.0 154.50 312.87 (C333.82] 355.70

22.5 158.12 325. 347.82

23.0 161.63 [339.05

23.5 165.14 352.73

46.5 326.77

47.0 | 330.29 l

Recovery Time for Book Loss of $328.18 Indicated by[::::::::]

These require some extension of the recovery time computation. The
preceding example did not touch on these factors since it involved a
swap into a P-bond priced at par and having the same maturity as the
H-bond.

As a new example, let us keep the 30-year 4’s as the H-bond
at 67.18 to yield 6.50%, but now consider a swap into a
P-bond consisting of 20-year 5°s priced at 81.418 to yield
6.70%. The book loss per H-bond is, of course, unchanged at
$328.18. For each H-bond sold, the manager could purchase
$671.82+ $814.18 = .8251 of the S’s, i.e., the P-bonds. If so, he
picks up an annual coupon of .8251 X $50 = $41.26, or a coupon
gain of only $1.26 per year over the H-bond coupon. Thus, per
H-bond sold, an additional $.63 becomes available every six months
for reinvestment—until the twentieth year. At that point the P-bond
matures, the principal is redeemed, and the P-bond’s coupon flow
terminates. Thus, the swapper has deliberately incurred an interest
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rate risk for the period beyond the maturity of the P-bond. However,
the principal payment will be reinvested in some manner and,
therefore, contingent calculations are possible. The simplest and
most consistent approach is to assume that at maturity of the P-bond
the $1,000 principal will be used to purchase a par bond having a
coupon equal to the assumed reinvestment rate, maturing ten years
later at the maturity of the H-bond. This is equivalent to letting all
accrued dollars continue to compound at the same reinvestment rate
as before maturity.

For example, assuming a 7.00% reinvestment rate, then twenty
years hence for each .8251 fraction of the matured P-bond, one can
buy .8251 of an annual $70 coupon, or $57.76 per year. This is an
annual coupon gain of $17.76 over the H-bond. Why does the
coupon gain rise from $1.26 per year per H-bond to $17.76 per year?

This brings up the second factor—amortization of the P-bond’s
discount. The P-bond has also accrued a capital gain of $185.82 per
P-bond or .8251 X $185.82 = $153.32 per H-bond sold. This gain in
book value will often be accrued on a straightline basis, so that
1/20th of the overall gain, or $7.67 per H-bond will be added each
year to the investment return of the P-bond. A better technique
which seems to be gaining in favor is the so-called ‘‘scientific
amortization.” This entails treating the bond as maintaining the
purchase yield-to-maturity throughout its life. Whatever amortization
technique is used, the book value gain so achieved by the P-bond
must be included in the computation of the swap’s recovery time.

Table 41 shows the total accumulation from the accrued book
value gain under scientific amortization of both the H-bond and the
P-bond plus accrual of additional reinvested cash flow up to and
beyond the twenty year maturity date. The recovery time for this
swap is 25 years at a 7.00% reinvestment rate, and 28.5 years at a
6.00% rate. At the erroneous 0% reinvestment rate, the manager
would never even come close to recovering the book loss.

Let us repeat at this point that this type of time computation is a
highly artificial product of an accounting system which misstates the
status of a portfolio. In fact, any well-considered swap which
promises a higher overall yield for the life of the H-bond is a net gain
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from the day that the swap is executed. In such swaps, however, care
must be taken to recognize possible losses due to differences in
maturity, call risk, credit rating and sinking funds. Switches involving
such risks can be entirely sound if the risks are fully evaluated, but
such swaps are not pure riskless yield swaps. On the other hand,
differences in coupon are often unimportant, if offset by differences
in principal amortization, because most true tax-free long-term
funds—like pension funds—should be indifferent to the source of
income accruals, whether from coupon or from interest-on-interest
or from capital gain.

Finally many funds are unfortunately limited to swaps where the
P-bond is priced close to the price of the H-bond. This costly
limitation is often motivated by a desire to keep par values (i.e.,
maturity value) intact. This ignores the fact that (in a tax-free fund)
accumulated income is just as valuable a component of future
principal as is capital amortization to maturity and indeed
potentially more valuable since it is received sooner and can be
reinvested.

TABLE 43

Timing of Additional Cash Fluw -and Amortization
From a Pure Yield Pickup Swap

Sell: 30-Year 4's @ 67.182 to Yield 6.50% Buy: 20-Year 5's @ 81.418 to Yield 56.70%

Additional Cash Flow at Various Rein-

Elapsed P-Bond Value vestment Rates Plus Amortjzation of P-Bond
Years @ 6.70% . 7% __
0 81.418 0 0 0
.5 81.646 2.51 2.51 2.51
1.0 81.881 5.07 5.09 5.10
1.5 82.124 7.1 7.78 7.79
19.5 99.178 171.04 181.93 197.27
20.0 100.00 178.45 200.71 205.46

P-Bond Matures and Proceeds Reinvested at Reinvestment Rate

20.5 178.45 206.88 217.20
21.0 178.45 213.25 228.32
24.5 78.45 263.45 217.82 .
25.0 178 45 271.51 I 332.45 ]

28.0 178.45 25,20 431.58
28.5 178.45 335.12 450.30

Recovery Time for Book Loss of $328.18 Indicatad by l l
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Summary and {nvestment Implications

In these chapters we have discussed four important types of bond
swaps: the Substitution Swap, the Intermarket Spread Swap, the
Interest Rate Anticipation Swap and the Pure Yield Pickup Swap.
The Substitution Swap is very elementary. It merely substitutes
an almost identical bond for a pickup in price (a higher
yield-to-maturity). The Intermarket Spread Swap depends on a yield
spread judgment that one department of the market is overpriced
compared with another. The Interest Rate Anticipation Swap seeks
to profit by expected changes in the level of bond yields. The Pure
Yield Pickup Swap ignores relative values and the market outlook
and simply seeks to increase yield-to-maturity.

In practice two or more of these types of swaps can be combined
in one transaction although, if so, the investor would be well advised
to separate out in his own mind the multiple judgments involved. In
fact, it is sometimes not enough to make sure that any one proposed
swap will all by itself be valuable: a relevant question is whether at
the time there may not be a better swap available for the H-bond or
another more overvalued H-bond. It is too much to expect the
portfolio manager to always be selling the one most overvalued item
in his portfolio and to use the proceeds to buy the one best value
available in the market, but this ideal can be kept in mind.

The central purpose of these chapters has been to clarify the
nature of different types of swaps and to discover sound methods for
evaluating each type. Its importance lies in the fact that too often
swaps are evaluated by mathematical formulae which are incomplete.
For example, a swap based on a mere increase in yield-to-maturity
could cost money because it does not take account of the
interest-on-interest, or of interim principal fluctuations, or of
differences in maturity, or of differences in coupon and thus of the
timing and size of the two money flows. A mere increase in coupon
or current yield may be entirely misleading if it does not also take
account of differences in amortization to maturity or in price change
or in interest-on-interest.
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We have proposed that to evaluate every swap the total realized
compound yield of both the H-bond and the P-bond should be
calculated and compared including coupon, interest-on-interest,
amortization and, where pertinent, interim market fluctuations. This
calculation cannot be independent of future reinvestment rates and
hence the results must be stated in a range of probabilities rather
than as one single figure. Furthermore, for most swaps the workout
time will be a crucial consideration greatly enhancing or reducing the
value of the swap.

Substitution Swaps, if true substitution is involved, are almost
foolproof, but is this a suitable criterion for a portfolio manager?
The gains from them are usually significant for only limited periods
and hence they must be repeated at least annually to be really
worthwhile.

Intermarket Spread Swaps require judgments of future market
relationship (yield spreads). Therefore, they can lead to both large
permanent gains or losses depending on the soundness of these
spread judgments. If a yield loss is involved, the crucial question then
becomes how soon the markets will realign as expected.

Rate Anticipation Swaps are highly speculative whether they
involve shortening maturity or lengthening maturity. They depend
primarily on a realignment of yields within a year or so of the date of
the swap and in the anticipated direction.

Pure Yield Pickup Swaps, because they are designed to pay off
over a long period of years, require careful attention to
interest-on-interest, amortization and, of course, to quality and call
protection.

Given this wide variety of swaps (and there are many other kinds
not analyzed in this book), there are at most times a wide variety of
sound swaps available to the manager of any widely diversified
portfolio, including some which involve no speculative risk at all.
These frequent and obvious market discrepancies, some of which are
very large, exist partly because many institutions are inhibited from
realizing book losses. This is particularly true because extreme
market distortions most often occur in bear bond markets and this is
just when many portfolios suffer their largest book losses. For this



108 YIELD PICKUP SWAPS AND REALIZED LOSSES

reason, institutions which are uninhibited by book loss considera-
tions enjoy an important advantage over other institutions.

For many long-term investment funds, like pension funds, which
normally hold some long-term bonds, the norm for judging their
bond performance should not be cash but rather the level (price and
yield) of the long-term bond market itself. A profitable swap gains
against the market whether the latter is advancing or declining. In
summary, for a tax-free fund which, to meet its own liabilities, is
normally invested in some long-term bonds, relative performance in
terms of principal plus fully compounded income is the best norm
for good management.



PART 1I

The Mathematics of Bond Yields
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CHAPTER 8

Simple and Compound Interest

Simple Interest

Suppose $1.00 were loaned today for one year at simple interest
of 7% payable at maturity. One year hence the creditor would
receive the following:

Principal $1.00
Plus Interest @ 7% 07
Total $1.07

The generalized formula for this total repayment is extremely
simple. If P (principal) is invested today at simple interest rate R
(expressed as a decimal, e.g., not 7% but .07), then the payment
received T years hence (number of interest periods which, in this
case, equals the number of years) will be:

P+(TXRXP)
which can be usefully simplified to be
P(1+TR)
or as in the above example,
$1 (1+1X.07)=981(1+.07)=81.07

111



112 SIMPLE AND COMPOUND INTEREST

The annual growth factor at 7% is 1.07 regardless of the principal
amount P,

This calculation can lead to two conclusions:

The value one year hence of $1 loaned today at 7% simple interest
will be $1.07.

A $1.07 payment received in one year has a value today of §1
under a 7% simple interest rate assumption. Or more usefully,
dividing both the value today and the value in one year by 1.07, we
can say that $1 to be received 1 year hence has a value today of
$.93458.

In these examples there is only one interest payment and that
takes place at maturity. If we assume a two-year loan of $1 at 7%,
the above formula P (1+ TR) would tell us that the following
payment will be received at maturity:

$1(1+2X.07)=81(1+.14)
=$1(1.14)=$51.14

This is an accurate simple interest calculation if all of the interest
were payable at maturity, but in real life the first $.07 of interest
would probably be payable at the end of the first year and the
second $.07 of interest would be payable at the end of the second
year. It makes a great deal of difference when the interest on such a
loan is payable because if interest payments are made before
maturity, e.g., monthly or quarterly, semiannually, or annually, then
the creditor has the option of reinvesting them or spending them
when received. The first $.07 received one year hence is worth more
than if it were received two years hence.

Compound Interest

This leads us to compound interest calculations which assume one
or a series of interest payments before maturity and add in the
reinvestment income from these earlier payments on the assumption
that they are reinvested (interest-on-interest) or at least that the
creditor has the option of spending them or reinvesting them.
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Suppose the same $1 were loaned for two years at 7% per annum
compound interest payable at the end of the first and second years,
with the first interest payment reinvested (compounded) at 7%. In
this case the calculation is more complex.

Of course, we do not know at what rates the creditor can actually
invest his interim interest payments, but for purposes of this simple
illustration, we have assumed it to be the same rate that he received
on his original loan contract. Note that the borrower is not
responsible for providing interest-on-interest.

One year hence the creditor receives $.07 as the first year’s
interest payment on $1 at 7%.

Two years hence the creditor, if he has reinvested this first $.07
payment at 7%, will receive the following:

Second year's interest @ 7% on original $1 principal $ .07
Second year’s interest @ 7% on reinvesting first
year’s interest payment of $.07 $ .0049
Total interest earned in second year $ .0749
Plus return of original $1 principal 1.00
Plus return of reinvested first year’s interest payment .07
Total receipts at end of second year $1.1449

At simple interest he would have received $1.14 at the end of two
years. At interest compounded annually, he receives $1.1449. And
although the difference in one year appears small,we saw in Chapter 1
that this bonus, this ‘“‘interest-on-interest,”” accumulates so rapidly
that for a 20-year bond at 8%, interest-on-interest often amounts to
more than the total of all the coupon payments themselves.

The formula for compounding is slightly more complex:

P = Principal =§1

T = Number of interest periods which, in
this case, equals the number of years = 2

R = Interest rate as a decimal per
interest period = .07

At the end of the first year, the $1 invested would have grown to
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$1.07. At the end of the second year, this $1.07 would have grown
further by a multiple of 1.07, i.e.,

$1.07 X 1.07 = $(1.07)* = $1.1449

This gives us the formula for the total receipts from compound
interest at the end of T interest periods:

P(1+R)T
or as in the example,
$1(1+.07)2=$1(1.07)*=$1 (1.1449) = $1.1449

Correspondingly, if there are to be three years of annual
compounding at 7%, the growth factor will be raised to the third
power, (1.07)3; if four years, the growth factor will be (1.07)%, etc.,
etc.

Semiannual Compounding

While the above calculations are all for annual interest payments,
in real life most bond issues pay interest semiannually. Semiannual
interest payments are, of course, worth more than annual interest
payments at level rates of reinvestment because half of the year’s
interest is received six months sooner and hence can be reinvested
sooner and earn more interest-on-interest. Let us assume the same
transaction that we analyzed above, i.e., $§1 invested for 2 years at
7% compound interest, but with interest payable semiannually, that
is, 3%2% of the principal payable as interest to the investor each six
months.

Here we use exactly the same formula used above, ie., total
receipts will be P (1 +R)T (principal times one plus the rate of
interest as a decimal multiplied by itself as many times as there are
interest periods). The principal P stays the same, $1 invested. The
rate R becomes .035 (half of the annual rate of .07) and T becomes 4
for a two year period (4 interest payments at 32% each),

P(1+R)T=$1( +.035)*

=$1(1.035)*
=$1.1475
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Thus, by moving from annual compounding to semiannual
compounding, the total value of $1 invested today rises two years
hence from $1.1449 if compounded annually (see previous example)
to $1.1475 if compounded semiannually. Throughout the rest of this
book we will assume semiannual compounding.

We will discuss first the time value of money, that is to say, the
manner in which it grows at compound interest. This will lead us to
the Future Value of a cash flow (i.e., a flow of coupon payments)
and the effect of reinvestment of this cash flow (interest-on-interest).
We will then consider the Present Value of this cash flow under
various reinvestment assumptions., We will then discuss the Present
Value of a bond, i.e., of the cash flow plus the principal payment. We
will show how a bond’s Present Value relates to its yield-to-maturity
and yield-to-call. We will illustrate the computation of total realized
compound yield. This is the result of regular reinvestment of all
coupons as received at various assumed reinvestment rates and is
often a basic value factor in comparing one bond with another.
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CHAPTER 9

The Time Value of Money

In evaluating any investment where money is paid today in order
to purchase future returns, the impact of time itself on both the
Present Value and the Future Value of expected payments must be
considered. One dollar received today is worth more from either
point of view than one dollar received one year from now. The dollar
received today can be put to work right away. It can be reinvested so
as to return more than one dollar one year from now. Even in the
case of the investor who spends all his income as it is received, the
dollar which can be spent today is still potentially worth more than
the future dollar. In a sense, the spender places an implicit time value
on his money by foregoing the return from potential reinvestment of
his money. The concept of the potential reinvestability of funds lies
at the heart of any effort to measure this time value of money.

The Future Value of $1 Today

Taking the specific example cited at the end of Chapter 8, suppose
income can be reinvested at an annual rate of 7% compounded
semiannually, i.e., at a rate of 3%2% per semiannual period. Then §1
today, as we saw, would become

$1 X (1.035) = $1.035
117
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at the end of six months. Compounding this amount for a second six
month period, one obtains

$1.035 X (1.035)=$1.071
at the end of the first year. This figure is equivalent to
$1.00 X (1.035) X (1.035) = $1.00 X (1.035)?,

i.e., to our original dollar multiplied by the second power of the
“growth factor” of (1.035).

Continuing to compound the investment for a third period, we
would end up with

$1.00 X (1.035)*=$1.109
after 1% years, and
$1.00 X (1.035)*=$1.148

after 2 years (four interest payments). After 3% years (7 semiannual
compounding periods), the initial $1 will have grown to

$1 X (1.035)"=§1.272

This is 27.2% more than our original $1 investment. This amount of
$1.272 is called the “3%-year Future Value of $1 Today” (at 7%
compounded semiannually).

While these examples so far all involve the initial investment of
only $1, the Future Value of any principal sum invested today is, of
course, just that sum multiplied by the corresponding Future Value
of $1 at the assumed terms. For example, $3 million invested for 3%
years at 7% compounded semiannually would have a Future Value of

$3 million X (1.035)" =
= $3 million X 1.272 +
= $3,816,837.79

Using simple algebra, the formula for the Future Value of a
present investment has been generalized in Chapter 8. According to
this formula, the Nth-year Future Value of $1 received or paid
today will just be (1 +R)T,



THE TIME VALUE OF MONEY 119

where T is the number of semiannual interest periods (i.e., T = 2N),
and R is the interest rate per period, expressed as a decimal.

In Compound Interest Tables (see sample Tables 42A, B and C),
the Future Value of $1 today is usually referred to as the “Amount
of 1.” These tables are arranged in terms of the rate per interest
period and the number of compounding interest periods. Thus, as in
our earlier example, for the 3%-year Future Value of $1 at 7%, one
would use the table for 3%% (the rate of interest per semiannual
compounding period), and then look up the value corresponding to 7
half year periods, i.e., 1.272.

TABLE 42A

Compound Interest and Annuity Tables
(Abbreviated Sample)
3 1/2% Per Period
7% Compounded Semiannually

Number of Future Worth Present Worth
Amount of

Compounding  Amount of 1 1 Per Period of $1 Due  of $1 Payable

Years Periods How $1 Will Grow How it Will Grow 1in the Future Periodically
1/2 1 1.035 1.000 .966 .966
1 2 1.0Mm 2.035 .934 1.900
11/2 3 1.109 3.106 .902 2.802
2 4 1.148 4,215 .871 3.673
21/2 5 1.188 5.362 .842 4,515
3 6 1.229 6.550 .814 5.329
3172 7 1.272 7.779 .786 6.115
5 10 1.411 11.73 .709 8.317
7172 15 1.675 19.296 597 11.517
10 20 1.990 28.280 .503 14.212
12 172 25 2.363 38.950 .423 16.482
15 30 2.807 51.623 .356 18.392
20 40 3.959 84.550 .253 21.355
25 50 5.585 130.998 179 23.456
30 60 7.878 196.517 127 24.945

Theee tables are abbreviations and simplifications of standard Compound
Interest Tables euch as those published by the Financial Publishing Co.

of Boston. While their tablee run to 9 decimals, we round the figures to

3 decimale. We use only 15 time periods against their 240 time periods.

We illustrate with only & discount rates, while they provide data on g very
wide range of rates. We omit their calculations on ginking funds.
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TABLE 42B

Compound Interest and Annuity Tables
(Abbreviated Sample)
3 1/4% Per Period

~ 6 1/2% Compounded Semiannually

Number of Future Worth Present Worth
Amount of
Compounding Amount of 1 1 Per Period of $1 Due of $1 Payable
Years Periods How $1 Will Grow How it Will Grow in the Future Periodically
1/2 1 1.033 1.000 .969 .969
1 2 1.066 2.033 .938 1.907
11/2 3 1.101 3.099 .909 2.815
2 4 1.136 4,199 .880 3.695
21/2 5 1.173 5.336 .852 4.547
3 6 1.212 6.509 .825 5.373
3172 7 1.251 1.721 .799 6.172
5 10 1.377 11.597 .726 8.422
7172 15 1.616 18.943 .618 11.725
10 20 1.896 27.564 .527 14.539
12 1/2 25 2.225 37.680 .450 16.938
15 30 2.610 49,550 .383 18.982
20 40 3.594 79.822 .278 22,208
25 50 4,949 121.503 .202 24.552
30 60 6.814 178.893 147 26.254

This Future Value concept can be used to measure the time value
of money. Suppose the 7% reinvestment rate was a certainty over the
next 3% years. Then an investor faced with a choice between $1.00
today or $1.20 3% years hence would have an easy decision. The 3%-
year Future Value of $1 today is $1.27 while the Future Value of
$1.20 paid in 3% years is, of course, just $1.20. The $1.00 paid
today provides the better Future Value if it can be invested at 7%.

Interest on an Interest Payment

Future Value is closely related to and indeed assumes at
least the opportunity of earning interest-on-interest. Suppose the
investor has just received a $20 interest payment from a 4% coupon
bond having 3% years of remaining life. He reinvests this $20 amount



THE TIME VALUE OF MONEY 121

TABLE 42C

Compounded Interest and Annuity Tables
(Abbreviated Sample)
3% Per Period
6% Compounded Semiannually

Number of Future Worth Present Worth
o Amount of
Compounding  Amount of 1 1 Per Period of $1 Due of $1 Payable
Years Periods How $1 Wil1l Grow How it Will Grow in the Future Periodically
1/2 1 1.030 1.000 .971 AN
1 2 1.061 2.030 .943 1.913
1172 3 1.093 3.091 .915 2.829
2 4 1.12¢ 4.184 .888 3.7
2 1/2 5 1.159 5.309 .863 4,580
3 6 1.194 6.468 .837 5.417
31/2 7 1.230 7.662 .813 6.230
5 10 1.344 11.464 .744 8.530
71/2 15 1.558 18.599 .642 11.938
10 20 1.806 26.870 .554 14.877
12 172 25 12,094 36.459 .478 17.413
15 30 2.427 47,575 412 19.600
20 40 3.262 75.401 .307 23.115
25 50 4.384 112.797 .228 25.730
30 60 5.892 163.053 .170 27.676

at a 7% rate. Note that this reinvestment rate can be quite different
from either the coupon rate or the yield-to-mauturity rate. After 3%
years (i.e., 7 semiannual periods), the Future Value of $1 is

$1.272 (See Table 42A),
so that the $20 coupon payment will have grown to
$20 X 1.272=$25.44
Of this amount, interest-on-interest will account for
$5.44,

or all growth beyond the original $20. Note that there is no need to
discuss the bond’s yield-to-maturity in this example. This is no
coincidence. As we shall see more explicitly later, reinvestment rate
and yield-to-maturity are very different concepts.
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Present Value of $1 Received in the Future

So far we have discussed the Future Value of present dollars. The
reverse way of looking at the time value of money is through the
concept of the Present Value of future dollars. Under the
assumptions made above, $1 would grow to $1.272 in 3% years. This
means that since

the sum $.786 invested today would grow in 3% years by a factor of
1.272 to precisely $1.

Thus, $.786 is the Present Value of $1 to be received in 3% years
under the assumption of a 7% interest rate compounded semi-
annually. Stated another way, $.786 paid today on these terms is
equivalent to $1 paid 3% years hence.

If the terms are the same, the Present Value of $1 paid in the
future is the reciprocal of the Future Value of $1 paid today.

More generally, this observation shows that if the T half-year
Future Value of $1 at an interest rate R per period is

a+ R)T, (the standard Future Value formula discussed above)

then the Present Value of $1 to be received in T half-years must just
be the reciprocal,

1 __
(1+R)T

This is the standard Present Value formula.

Generalizing, the Present Value of any amount paid at some future
point is just this amount multiplied by the corresponding Present
Value of $1. Thus, a $20 payment received in 3% years would have a
Present Value under a 7% interest rate assumption of

$20 X .786=$15.72

In Compound Interest Tables, the Present Value of $1 is often
referred to as the “Present Worth of $1 Due in the Future.” Using
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the tables to find the Present Value of $1 to be received in 3% years
under a 7% interest rate, we would first turn to the 3%4% page (Table
42A), and then look up the value corresponding to 7 periods, .786,
i.e., the same value as we computed earlier by taking the reciprocal
of the Future Value of $1 at these terms.

Present Values can also be used to solve the problem of the
investor forced to choose between accepting $1 today versus, say,
$1.20 3% years hence. The Present Value of $1 today is, of course,
just $1, while the Present Value of $1.20 received 3'% years hence is

1 _ 1

$1.20X(———---1 +.035).,—$1.20X 1035y
_ 1
=§1.20X .786
=$ 943

Based on its greater Present Value, the investor should choose the $1
payable today.

The Principle of Evaluation at a Common Point in Time

From working out the preceding example, a $1.20 payment 3%
years hence is seen to have a $.94+ Present Value and, of course, a 3%-
year Future Value of $1.20. Suppose one wanted to know the 2-year
Future Value of this payment? Since we already know its Present
Value is $.94+, and since the 2-year Future Value of $.94 is just

$.94 X (1.035)*=% .94 X (1.148)
=$1.083,

we have the answer at once: $1.20 in 3% years is equivalent to $.94
now which is equivalent to $1.083 in 2 years.

This demonstrates a key point. A payment made at any point in
time can be evaluated as of any other point of time if the rate is
assumed. Moreover, when any two alternative payments are to be
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compared, they must be compared in terms of their values at some
common point in time. It is usual to take the present as this common
time point, and then compare Present Values.

At the same reinvestment rate assumption, a given Present Value
completely determines all Future Values. It is also true that any
given Future Value determines the Present Value and hence all other
Future Values. Whenever one investment has an advantageous
Present Value relative to another investment on the same terms, then
all Future Values will also be larger and the size of the advantage will
grow with time. In subsequent chapters, we shall see that this
important evaluation principle applies to a series of payments as well
as to a single payment.



CHAPTER 10

The Future Value of
a Cash Flow

The Future Value of $1 Per Period

As shown in the preceding chapter, the Future Value of §1
received or paid today, and invested for T semiannual periods at an
interest rate R per period, will be

(1+R)T

For example, as we have seen, assuming a 7% rate, $1 today would
have a Future Value in 3% years of

$1 X (1.035)"=81.272

Now suppose that the payment of $1 were to be made six months
from now. What would be its 3%-year Future Value? This $1 would
then be subject to 3 years or 6 periods of compounded reinvestment.
Consequently, its Future Value 3% years from today would be

$1 X (1.035)%=$1.229

Similarly. a second payment of §1 made after one year would have a
3l-year from now Future Value of

$1 X (1.035)°=$1.188
125
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and the combined 3%-year Future Value of the $1 payment in 6
months and the $1 in one year would be

$1 X [(1.035)%+ (1.035)°] = $1.229 + $1.188
=52.417

Continuing in this fashion with a $§1 payment every subsequent six
months for 7 periods, one would find the 3%;-year from now Future
Value of this cash flow to be §7.779, as shown in Table 43.

TABLE 43

Future Value of $1 Per Period
for 7 Periods

With Each $1 Payment Reinvested

at 3 1/2% Per Semiannual Period

Payment Made Number of Periods Future Value Interest-

After this Number Remaining for Amount Future of Payment on-
of Semiannual Compounding the of Value After 3 1/2 Interest
Periods Reinvested Payment Payment of $1 Years* Component

1 6 $1  x (1.035)6 = $1.229 $.229

2 5 1 x(1.035)5 = 1.188 .188

3 4 1 x(1.035)4 = 1.148 .148

4 3 1 x(1.03)3 = 1,109 .109

5 2 1 x (1.035)2 = 1,071 .07

6 1 1 x (1.035) = 1,035 .035

7 0 1 x 1.000 = 1.000 .000
Totals $7 7.779* $7.779* $.779*

*Totals have been calculated from values with additional decimal places for
accuracy. Consequently, values as presented do not add precisely.

This result of $7.779 is called the 3%-year Future Value of $1 Per
Period at a 7% interest rate compounded semiannually. As Table 43
shows, it is simply the sum of the Future Values of each $§1 payment
reinvested at a rate of 3%4% per semiannual period and compounded
for the number of periods remaining until the end of the 3% years.
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The Future Value of any series of T $1 payments received every
six months and reinvested at any semiannual interest rate R can be
looked up in the Compound Interest Tables or can be computed in a
similar manner. This general result is called the Future Value of $1
Per Period for T periods at the rate R, and its general formula is given
in the Appendix (#3).

In Compound Interest Tables, this figure is usually referred to as
the “Amount of 1 Per Period” (See Table 42A, B and C). To use the
tables for the preceding example, one would first turn to the 3%:%
rate page and then search down the “Amount of 1 Per Period”
column for the value corresponding to 7 interest periods (i.e., 3%
years), and obtain the same value, 7.779, as we found more
laboriously in Table 43.

The Future Value of a Level Cash Flow

Now suppose we again have a series of 7 semiannual payments, but
of $20 each instead of $1 as before. The first $20 payment is
received in six months. It is immediately reinvested at the assumed
7% interest rate, and compounded for the 6 semiannual periods
remaining until the end of the 3% years. The Future Value of this
first $20 payment will be 20 multiplied by the Future Value of $1
after 6 periods of compounding at 3%4% per period, i.e.,

$20 X (1.035)% =$20 X 1.229
=$24.58

In other words, the first $20 payment received six months hence will
accumulate an interest-on-interest of $4.58 from compounded
reinvestment over the remaining 3 years. In a similar fashion, the
second $20 payment will accumulate a Future Value of

$20 X 2%-year Future Value of $1 = $20 X (1.035)°
=$20 X 1.188
= $23.76
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Proceeding in this fashion for all 7 $20 payments, we obtain a total
Future Value of $155.59 at the end of the 7th period. i.e., after
3% years (See Table 44).

'TABLE 44

Future Value of $20 Per Period
for 7 Periods

With Each $20 Payment Reinvested

at 3 1/2% Per Semiannual Period

Future

Number of Periods Value Interest -

Payment Made Remaining for Amount  Future of on-

After This Number Compounding the of Value Payment Interest

of Semiannual Periods Reinvested Payment Payment of $1* After 3% Years Component

1 6 $ 20 x1.229 = §$ 24.58 $ 4.58

2 5 20 x1.188 = 23.76 3.76

3 4 20 x1.148 = 22,96 2.96

4 3 20 x 1.109 = 22,18 2.18

5 2 20 x 1.071 = 21.42 1.42

6 1 20 x 1.035 = 20.70 .70

7 0 20 x1.000= 20.00 .00

$140 7.779% $155.59* $15.59*

*Values presented are taken from Table 42A, but totals have been calculated
using additional decimal places for accuracy.

This $155.59 is a sum of 7 terms, each being the $20 payment
multiplied by the Future Value of $§1 over the number of periods
remaining for compounding that particular payment. This sum of 7
products is in turn equal to the common $20 factor times the sum of
the 7 Future Values of $1 over each of the remaining periods. This
latter sum is just the Future Value of $1 Per Period for the 7 periods,
(See Tables 43 and 44), i.e., 7.779. In other words, the Future Value
of the 7 $20 payments, $155.58, is equal to 20 times the Future
Value of $1 Per Period for 7 Periods,

$20 X 7.779 = $155.59

This method is valid for any series of level payments reinvested at
any constant interest rate. A general formula for the Future Value of
any such level cash flow is provided in the Appendix (#3).
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This method also enables us to use the Compound Interest Tables
to quickly find the Future Value of any series of level payments. One
first finds the Future Value of $1 Per Period for the appropriate rate
and the number of compounding periods, and then multiplies this
number by the amount of each level payment.

The Future Value of a Coupon Flow

Suppose an investor purchased a bond with a 4% coupon rate
exactly 3% years prior to its maturity. In six months, the investor
would receive his first coupon payment of $20, with subsequent
payments every six months until maturity. At maturity in 3% years
(i.e., after 7 semiannual periods), the investor would receive his 7th
coupon payment together with the $1000 redemption payment. This
series of 7 coupon payments of $20 each corresponds precisely to
the level payment cash flow analyzed in Table 44. If we were to
again assume a 7% annual reinvestment rate, then the Future Value
of the coupon stream at maturity would just be the $155.59 figure
computed in Table 44,

In general, any bond purchased for delivery on a date which is an
integral number of semiannual periods before its maturity will
provide a series of coupon payments, starting at the end of six
months, with a payment every six months up to and including the
bond’s maturity date. The coupon rate is quoted as that percentage
of the bond’s redemption value which is to be paid annually in two
semiannual payments. In the usual case where the redemption value
is $1000, a bond will pay an annual dollar amount equal to 10 times
its coupon rate stated as a percentage, e.g., 4%, so that each
semiannual payment will be 5 times the coupon rate. For example, a
4% bond provides a semiannual interest payment of

5X4=520

Therefore, in order to use Compound Interest Tables to find the
Future Value of a Coupon Flow, we must proceed through the
following steps:
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) Translate the bond’s maturity in years into the number of
semiannual interest periods, i.e., multiply the remaining
life in years by 2.

2) Use the Compound Interest Tables to find the Future
Value of $1 Per Period for the number of interest periods
at the desired reinvestment rate per period.

3) Multiply the bond’s coupon rate by 5 to obtain the dollar
amount of each coupon payment.

“) Multiply the coupon payment by the appropriate Future
Value of $1 Per Period to obtain the Future Value of the
coupon stream.

Tables 45A and 45B provide a simpler procedure for computing
the Future Value of a coupon flow for an abbreviated range of
reinvestment rates and maturities. In essence, these tables represent
the Future Value of the coupon stream from a bond with a coupon
rate of 1% per annum. To find the Future Value for any bond with a
specified coupon rate and maturity, one finds in that table a value
corresponding to the appropriate reinvestment rate and maturity,
and then multiplies this value by the bond’s coupon rate. For
example, with reinvestment at 7%, Table 45B tells us that a 3%-year
1% bond has a coupon stream with a Future Value of $38.897.
Multiplying this figure by a factor of 4, we obtain

4 X $38.897 = §155.588

which is the Future Value of the coupon stream from a 3%-year 4%
bond as found in Table 44.

Interest-on-Interest

The Future Value of a bond’s coupon flow consists of (1) the sum
of the coupon payments, and (2) the accumulated interest-on-interest
from the reinvestment of these coupons. For example, our 3% year
4% bond, reinvested at 7%, provides $140 of coupon payments and
$15.59 of interest-on-interest (See Table 44).
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TABLE 45A
FUTURE VALUE FACTORS FOR REINVESTED COUPON FLOW

(Future Value of Coupons from 1% Bond of $1,000 Par
with Semiannual Payments of $5)

Multiply Factor Below by Coupon % Rate to Obtain Accumulated
Dollars Per Bond from Coupons and Interest-on-Interest

Add Principal Value of Bond to this Figure to Obtain
Total Future Value

Number of

Years of Assumed Annual Reinvestment Rate

Coupon
Flow 4% 4 1/2% 5% 5 1/2% 6% 6 1/2%
0.5 5.000 5.000 5.000 5.000 5.000 5.000

10.100 10.112 10.125 10.137 10.150 10.162
15,302 15,340 15.378 15.416 15.454 15.493
20.608 20.685 20.763 20.840 20.918 20.996
26.020 26.151 26.282 26.413 26.546 26.679

31.541 31.739 31.939 32.140 32.342 32.546
37.17N 37.453 37.737 38.024 38.312 38.603
42.915 43.296 43,681 44.069 44,462 44,858
48.773 49.270 49.773 50.281 50.796 51.316
54.749 55.379 56.017 56.664 57.319 57.984

67.060 68.011 68.978 69.961 70.960 71.976
79.870 81.219 82.595 83.999 85.432 86.893
93.196 95.027 96.901 98.820  100.784 102.796
107.062  109.464  111.932 114.467 117.072 119.749
121.487 124,558  127.723  130.987 134,352 137.821
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1 136.495 140.338  144.314  748.428  152.684 157.088
1 162.109 156.837 161.745 166.841 172.132 177.627
1 168. 355 174,087 180.059 186.281 192.765 199.523
1 185.256 192.121 199.299 206.805  214.655  222.865
185 202.840  210.976  219.514  228.473  237.877  247.749
16 221.135 230.690  240.75) 251.349  262.514  274.277
17 240.169  251.300  263.064  275.501 288.651 302.557
18 259,972  272.848  286.507  301.000  316.380 332.705
19 280.575  295.377  311.136 327.920  345.797 364.845
20 302.010  318.931 337.013  356.341 377.006 399.108

324.31 343.557  364.199  386.346  410.116  435.634
347.513  369.303  392.762  418.026  445.242  474.573
371.653  396.221 422.770  451.470  482.507  516.084
396.768  424.364 454,298  486.780  522.042  560.337
422.897  453.788  487.422 524,059  563.984  607.513

450.082  484.55) §22.222 563.416  608.481 657.806
478.365 516.713  558.785  604.967  655.687 711.420
507.791 550.340 597.198  648.835 705.769 768.577
538.406 585.496 637.5657  695.149 758.900  829.508
570.258  622.252  679.958  744.046 815.267  894.465

749.890  832.698  926.421 1032.592 1152.970 1289.568
968.860 1095.588 1241.914 1411.064 1606.815 1833,582
1235.783  1423,991 1645.771 1907.488 2216.745 2582.633
1561.162 1834.233 2162.743 2558.622 3036.439  3613.996
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TABLE 458
FUTURE VALUE FACTORS FOR REINVESTED COUPON FLOW

Multiply Factor Below by Coupon ¥ Rate to Obtain
Accumulated Dollars Per Bond from Coupons and Interest-on-Interest
Add Principal Value of Bond to this Figure to Obtain Total Future Value

Number of
Years of Assumed Annual Reinvestment Rate
Coupon
Flow 7% 7 1/2% 8% 8 1/2% 9% 9 1/2%
0.5 5.000 5.000 5.000 5.000 5.000 5.000
1 10.175 10.187 10.200 10.212 10.225 10.237
1. 15.531 15.570 15.608 15.647 15.685 15.724
2 21.075 21.153 21.232 21.312 21.391 21.47%
2, 26.812 26.947 27.082 27.217 27.354 27.491
3. 32.751 32.957 33.165 33.374 33.584 33.796
3. 38.897 39.193 39.491 39.792 40.096 40.402
4. 45,258 45,663 46.071 46.484 46.900 47.321
4. 51.842 52.375 52.914 53.459 54.011 54.568
5. 58.657 59.339 60.031 60.731 61.441 62.160
6. 73.010 74.061 75.129 76.215 77.320 78.443
7. 88.385 89.907 91.460 93.044 94.661 96.310
8. 104.855 106.964 109.123 111,333 113.597  115.914
9 122.498  125.324 128.227 131.210  134.275  137.425
10. 141.398 145,087 148.890 162.813 156.857  161.028

161.645 166.360 171.240 176.290 181.517 186.927
183,333 189.258 195.413 201.806 208.446  215.344
206.566 213.906 221.559 229.536 237.853  246.525
231.453 240.438 249.838  259.674 269.967  280.739
258.113 268.996 280.425 292.428 305.035 318.280

286.673 299.737 313.507 328.025 343.3% 359.472
317.266 332.826 349.290 366.712 385.151 404.670
350.038 368.443 387.992 408.757 430.820  454.264
385.144 406.782 429.852 454.452 480.691 508.682
422.751 448,051 475.128 504.114 535.152 568.392

463.037 492.472 524.098 558.087 594.624  633.909
506.192 540.287 577.064 616.745 659.569 705.798
552.420 591.756 634.353 680.495 730.491 784,679
601.941 647.157 696.316 749.778 807.940  871.232
654.990 706.792 763.335 825.076 892.515  966.202

711.816 770.983 835.824  906.911 984.874 1070.408
772.680 840.078 914,227 995.849 1085.732 1184.750
837.900 914.453 999,028 1092.507 1195.871 1310.212
907.755 994.510 1090.748 1197.556 1316.146 1447.876
982.584 1080.684 1189.953 1311.724 1447.490 1598.928

1444.689 1620.976 1821.452 2049.586 2309.348 2605.294
2096.534 2401.720  2756.225 3168.342 3647.788  4205.944
3016.025  3529.931 4139.917 4864.618 5726.345 6751.817
4313.058 5160.244 6188.119  7436.535 8954.280 10801.090
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To find the interest-on-interest contribution from the Compound
Interest Tables, one would have to first determine the Future Value
of the coupon flow, and then subtract the sum of all direct coupon
payments.

To simplify this computation, Tables 46A and 46B provide the
interest-on-interest amounts accumulated by a 1% coupon bond.
Thus, for our 3% year 4% bond reinvested at 7%, one first finds the
value in Table 46B corresponding to the 3% year maturity at 7%
reinvestment, $3.897. Then one multiplies this value by 4, the
coupon % rate, to obtain

4 X $3.897 = $15.588,

which is the interest-on-interest.

Tables 46A and 46B also demonstrate the rate at which
interest-on-interest accumulates with longer maturities and with
increasing reinvestment rates.

A general formula for interest-on-interest computations is
provided in the Appendix (#4).

Total Future Value of a Bond

In addition to the coupon payments and the interest-on-interest, a
bond also provides a cash payment equal to its redemption value,
usually $1000, at maturity. If we fix upon the bond’s maturity date
as the time point for assessing Future Value, then the $1000
redemption payment adds the amount of precisely $1000 to the
total Future Value. There is no opportunity for reinvestment of this
redemption payment because the time of evaluation coincides with
its time of receipt, i.e., maturity.

The total Future Value of a bond’s cash flow, evaluated as of its
maturity, thus consists of 3 components: (1) the sum of coupon
payments, (2) interest-on-interest received from reinvestment of
these coupons, and (3) the $1000 redemption payment. For the
above example of the 3% year 4% bond, the total Future Value at
maturity would consist of the following component values:
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Direct Payments of 7 $20 Coupons $ 140.00
Interest-on-Interest from Reinvest-

ment of these Coupons @ 7% 15.59
Redemption Payment 1000.00
Total Future Value at Maturity $1155.59

With the aid of Tables 45A, 45B, 46A and 46B, this analysis can
be carried out for any specified bond and any one of the tabulated
reinvestment rates. A general formula for the Future Value of a bond
at maturity is given in the Appendix (#5).

Notice that in the above discussion, it has not once been necessary
to refer to the Dollar Price or the yield-to-maturity of the bond.

Tables 45A and 45B can also be used to determine the Future
Value of a bond investment at some future point prior to its
maturity if its price is assumed. To illustrate this usage, suppose one
wanted to find the total future investment value of a 30 year 4%
bond after a holding period of 5 years, assuming the bond at that
point will be selling at 80. The computation would proceed as
follows:

B-Year Future Value Factor @ 7% Reinvestment Rate

(Table 45B) $ b58.657

X Coupon Percentage Rate X 4

= B-Year Future Value of Coupon Flow $ 234.628
+ Principal Value of Bond at End of 5 Years + 800.000
= Total 6-Year Future Value of Investment $1034.628

These Future Value figures can be used to evaluate alternative
bond investments. First, one must standardize the Future Value
figures so as to account for today’s cost basis of the bond. This can
be done through the concept of Future Value Per Dollar Invested
Today obtained by simply dividing the Future Value by today’s
price. For example, if the 30 year 4% bond in the above example
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were purchased at a Dollar Price of 67.182, then the cost basis would
be $671.82. Using the 5-year Future Value of $1,034.628 obtained
above, the Future Value Per Dollar Invested Today would simply be

1,034.628

671.82 3154

Any alternative bond investment could be evaluated relative to this
bond by comparing the corresponding figures for Future Value Per
Dollar over equivalent holding periods. In such a comparison, one
would naturally want to use the same reinvestment rate assumption
for both bonds.

To summarize this procedure, the Future Value Per Dollar
Invested Today can be computed as follows:

1) Find the Future Value Factor from Table 45A or 45B
corresponding to the holding period and the assumed
reinvestment rate,

) Multiply this factor by the coupon rate,

(3) Add the bond’s assumed Principal Value at the end of the
holding period,

1) Divide the result by the bond’s cost basis at the start of
the holding period.

Mathematical formulae are presented in the Appendix for Future
Value of a bond prior to its maturity (#6) and for the Future Value
Per Dollar Invested Today (#7).
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TABLE 46A
INTEREST-ON- INTEREST FACTORS

(Interest-on-Interest Amounts from 1% Bond
with Semiannual Payments of $5)

Multiply Factor Below by Coupon % Rate to Obtain
Accumulated Dollars Per Bond of Interest-on-Interest

Number of
Years of Assumed Annua] Reinvestment Rate
Coupon
Flow 4z 41/2% 5% 5 1/2% 6% 6_1/2%
0.5 0.000 0.000 0.000 0.000 0.000 0.000
1.0 0.100 0.112 0.125 0.137 0.150 0.162
1.5 0.302 0.340 0.37% 0.416 0.454 0.493
2.0 0.608 0.685 0.763 0.840 0.918 0.996
2.5 1.020 1.151 1.282 1.413 1.546 1.679
3.0 1.541 1.739 1.939 2.140 2.342 2.546
3.5 2.1 2.453 2.737 3.024 3.312 3.603
4.0 2.915 3.296 3.681 4,069 4.462 4.858
4.5 3.773 4.270 4,773 5.281 5.796 6.316
5.0 4,749 5.379 6.017 6.664 7.319 7.984
6.0 7.060 8.011 8.978 9.961 10.960 11.976
7.0 9.870 11.219 12.595 13.999 15.432 16.893
8.0 13.196 15.027 16.901 18.820 20.784 22.796
9.0 17.062 19.464 21.932 24.467 27.072 29.749
10.0 21.487 24.558 27.723 30.987 34,352 37.821
11.0 26,495 30.338 34.314 38.428 42.684 47.088
12.0 32.109 36.837 41.745 46.841 52.132 57.627
13.0 38.355 44,087 50.059 56.281 62.765 69.523
14.0 45,256 52.121 £9.299 66.805 74.655 82.865
15.0 52.840 60.976 69.514 78.473 87.877 97.749
16.0 61.13% 70.690 80.751 91.349 102.514  114.277
17.0 70.169 81.300 93.064 105.501 118.651 132,557
18.0 79.972 92.848  106.507 121.000  136.380  152.70%
19.0 90.575 105,377 121.136 137.920  155.797  174.845
20.0 102.010 118.931 137.013  156.341 177.006 199.108
21.0 114.311 133.557 154.199 176.346 200.116  225.634
22.0 127.513 149,303 172.762 198.025 225.242  254.573
23.0 141,653 166.221 192.770  221.470  252.507  286.084
24.0 156.768 184.364  214.298  246.780  282.042 320.337
25.0 172.897 203.788  237.422 274.059 313.984  357.513
26.0 190.082  224.551 262.222 303.416 348.481 397.806
27.0 208.365  246.713  288.785 334.967 385.687  441.420
28.0 227.791 270,340 317,198 368.835  425.769  488.577
29.0 248.406  295.496 347.557  405.149  468.900  539.508
30.0 270.258  322.252 379.958 444,046  515.267  594.465
35.0 399.890 - 482.698  576.421 682.592 802.970  939.568
40.0 568.860  695.588  841.914 1011.064 1206.815 1433.582

45.0 785.783 973.991 1195.771 1457.488 1766.745 2132.633
50.0 1061.162 1334.233 1662.743 2058.622 2536.439 3113.996
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TABLE 46B
INTEREST-ON-INTEREST FACTORS
Multiply Factor Below by Coupon % Rate to Obtain
Accumulated Dollars Per Bond of Interest-on-Interest
Assumed Annual Reinvestment Rate
7% 7 1/2% 8% 8 1/2% 9% 9 1/2%
0.000 0.000 0.000 0.000 0.000 0.000
0.175 0.187 0.200 0.212 0.225 0.237
0.531 0.570 0.608 0.647 0.685 0.724
1.075 1.153 1.232 1.312 1.391 1.4N
1.812 1.947 2.082 2.217 2.354 2.491
2.751 2.957 3.165 3.374 3.584 3.796
3.897 4,193 4.49 4,792 5.096 5.402
5.258 5.663 6.071 6.484 6.900 7.3
6.842 7.375 7.914 8.459 9.011 9.568
8.657 9.339 10.031 10.731 11.441 12.160
13.010 14.061 15.129 16.215 17.320 18.443
18.385 19.907 21.460 23.044 24.661 26.310
24.855 26.964 29.123 31.333 33.597 35.914
32.498 35.324 38.227 41.210 44,275 47.425
41.398 45.087 48.890 52.813 56.857 61.028
51.645 56.360 61.240 66.290 71.517 76.927
63.333 63.258 75.413 81.806 88.446 95.344
76.566 83.906 91.559 99,536 107.853 116.525
91.453 100.438 109.838 119.674 129.967 140.739
108.113 118.996 130.425 142.428 155.035 168.280
126.673 139.737 153.507 168.025 183.331 199.472
147.266 162.826 179.290 196.712 215,151 234.670
170.038 188.443 207.992 228.757 250.820 274.264
195.144 216.782 239.852 264,452 290.691 318.682
222.751 248.051 275.128 304.114 335.152 368.392
253.037 282.472 314.098 348.087 384.624 423,909
286.192 320.287 357.064 396.745 439,569 485.798
322.420 361.756 404,353 450.495 500.491 554.679
361.941 407.157 456.316 509.778 567.940 631.232
404,990 456.792 513.335 575.076 642.515 716.202
451.816  510.983 575.824 646.911 724.874 810.408
502.690 570.078 644,227 725.849 815.732 914.750
557.900 634.453 719.028 812,507 915.871  1030.212
617.755 704.510 800.748 907.556 1026.146 1157.876
682.584 780.684 889.953 1011.724 1147.490 1298.928
1094.689 1270.976 1471.452 1699.586 1959.348 2255.294
1696.534  2001.720 2356.225 2768.342 3247.788 3805.944
2566.025 3079.931 3689.917 4414.618 5276.345 6301.817
3813.058 4660.244 5688.119 6936.535 8454.280 10301.090
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CHAPTER 11

The Present Value of
a Cash Flow

The Present Value of $1 Per Period

In Chapter 9, the Present Value of $1 to be received after T
semiannual periods was shown to be equal to
1
(1 +R)T

when the assumed interest rate is R per period. This corresponds to
the fraction of $1 that would have to be invested and compounded
at the rate R in order to accumulate the value of §1 at the end of the
T periods.

Suppose we have a level cash flow consisting of 7 semiannual
payments of $1 each, with payments beginning at the end of the first
semiannual period. How would we compute the Present Value of this
cash flow assuming a 7% interest rate? Each of the 7 $1 payments
has a different Present Value, e.g., the first $1 payment has a Present
Value of

while the $1 payment received after 2 periods has a Present Value of
139
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(see Table 42A),

81 _
035y~ $:934

If the sum of these two Present Value figures,
$.966 + $.934 = $1.900

were to be invested today at an interest rate of 3%% per semiannual
period, then at the end of the first period, the account would have
grown by a factor of 1.035 to

$1.90 X 1.035 = $1.966

After making the scheduled $1 payment, the account balance would
become $.966 at the start of the second period. At the end of the
second period, this $.966 principal amount would have again grown
by a factor of 1.035 to

$.966 X 1.035 = §1

i.e., just to the right amount to make the second $1 payment. We see
that by adding the Present Values of the two future payments, we
obtain that dollar amount which must be invested today at the
specified rate in order to exactly support these two future payments.
In other words, the sum of the two Present Values equals the Present
Value of the cash flow consisting of the two $1 payments.

This principle can of course be generalized for any number of
payments. Applying it to all 7 $1 payments in our example, we
compute that this particular cash flow has a Present Value of $6.115
as shown in Table 47,

This value of $6.115 is called the Present Value of $1 Per Period
for 7 periods at a rate of 3%2% per period. As we have seen above, it is
just the sum of the Present Values of each of the 7 payments.

At a specified interest rate R per period, the Present Value of §1
Per Period for T periods can always be found as the sum of the
Present Values for each of the T payments. A general formula for
this quantity is provided in the Appendix (#8).

The Compound Interest Tables often refer to the Present Value of
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$1 Per Period as the “Present Worth of $1 Payable Periodically.” To
use the Tables for the above example, one would find the value for 7
periods at 314% per period, i.e., 6.115, as given in Table 42A.

In the context of Present Values the term “discount rate” is often
used in preference to the term “reinvestment rate.” Regardless of
terminology, the key concept is that of a standard for measuring the
time value of money.

TABLE 47

Present Value of $1 Per Period
for 7 Periods
At A Discount Rate of
3 1/2% Per Semiannual Period

Present Value of $1 Present

Payment Made Amount To Be Received Value

After This Number of After Indicated of

of Semiannual Periods Payment Number of Periods* Payment
1 $1 x .966 = $ .966

2 1 x .934 = .934

3 1 b .902 = .902

4 1 x .871 = .871

5 1 x .842 = .842

6 1 x .814 = .814

7 1 x . 786 = .786

Totals $7 6.115 $6.115

*From Table 42A.

The Present Value of a Level Cash Flow

Returning to our earlier example of a series of 7 $20 payments
under a 7% discount rate assumption, we can again apply the
principle that the Present Value of a cash flow equals the sum of the
Present Values for each payment. The Present Value of each $20
payment is in turn equal to 20 times the Present Value of $1 to be
received at the time of that payment, e.g., the Present Value of the
4th $20 payment is

$20 X-(—l'%é?)—‘,= $20 X 871

=$17.42
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Taking out the common $20 factor, the cash flow’s Present Value is
seen to be 20 times the sum of the Present Values of $1 at each
payment time. But this sum is what we have just defined to be the
Present Value of 1 Per Period for 7 periods, 6.115 (from Table 47).
Consequently, the Present Value of the 7 $20 payments is

$20 X 6.115=8122.30

Table 48 demonstrates that this result coincides with the sum of the
Present Values of each $20 payment.

TABLE 48

Present Value of $20 Per Period
for 7 Periods
At A Discount Rate of
3 1/2% Per Semiannual Period

bPresent value of $1 Present
Payment Made Amount To Be Received Value
After This Number of After Indicated of
of Semiannual Periods Payment Number of Periods Payment
1 $ 20 x .966 = $ 19.32
2 20 x .934 = 18.68
3 20 x +«902 = 18.04
4 20 x 871 = 17.42
5 20 x .842 = 16.84
6 20 x .814 = 16.28
7 _20 x .786 - 15.72
Totals $140 6.115 $§122.30

With the aid of Compound Interest Tables, this technique can be
used to quickly find the Present Value of any level cash flow. For the
example in Table 48, one would first go to the Compound Interest
Tables (see Table 42A), find the factor corresponding to the Present
Value of 1 Per Period for the 7 payment periods, 6.115, and then
multiply this factor by the amount of each level payment, $20, to
obtain the Present Value of the cash flow, $122.30.

The Present Value of a Bond

The level cash flow of 7 $20 payments corresponds, as we know,
to the coupon stream from a 3% year 4% bond. Following the
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principle that the Present Values of all payments add up to the
Present Value of the entire cash flow, we need only add the Present
Value of the $1000 redemption payment to the $122.30 Present
Value of the bond’s coupon stream (Table 48) to obtain the bond’s
Present Value at a 7% discount rate:

Redemption Payment $1000.00
X Present Value of $1 to Be
Received in 3% years @ 7% X .786-
(from Table 42A)
= Present Value of Redemption
Payment 7856.99*
+ Present Value of 7 $20 Coupons
at 7% (From Table 48) + 122.30*
= Present Value of Bond @ 7% 908.28*
Present Value Expressed as %
of $1000 Redemption Value 90.83

*Multiplication and additions carried out with additional decimal places to
obtain precise final answer.

This Present Value figure can actually be interpreted in several
different ways, all of which are mathematically equivalent. Suppose
the investor deposited an amount of $908.28, equal to the bond’s
Present Value, in a 7% savings account to be compounded semi-
annually. The investor could then withdraw a $20 payment every six
months, leaving the rest of the interest to be compounded, and after
3% years, if the rate stayed at 7%, the savings account would contain
a principal balance exactly equal to $1,000, the redemption value of
the bond. In other words, this interpretation says that the Present
Value corresponds to the deposit amount required for a savings
account to support a schedule of cash payouts identical to that of
the bond itself, including the final principal payment of $1000.

On the other hand, one can equally well view the Present Value of
a cash flow in terms of the Present Value of a single amount, namely,
the total Future Value accrued as of the last payment date (i.e., the
bond’s maturity) when all earlier payments have been reinvested and
compounded at the specified discount rate. As we saw in the
preceding chapter, the Future Value at maturity of a 3% year 4%
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bond at a 7% reinvestment rate is $1,155.59. The Present Value of
this lump sum payment 3% years hence would be, using Table 42A,

Future Value at 3% Year

Maturity @ 7% $1,1565.69
X Present Value of $1 to Be Received

in 3% Years @ 7% X 786
= Present Value of Future Value

at Maturity $ 908.28

which is just the bond’s Present Value. It is interesting to note that
one can also view the Future Value at maturity as the compounded
accrual from a single investment today equal in amount to the bond’s
Present Value. For the above example, the numbers would be as
follows:

Present Value of Bond @ 7% $ 908.28
X Future Value of $1 Invested Today
and Compounded Semiannually X 1.272+
for 3% Years at 7%
= 3%-Year Future Value of Bond’s
Present Value $1,155.59

The Appendix provides formulae for the Present Value of a bond’s
cash flow (#9).

A bond’s Present Value will change inversely with changes in the
assumed discount rate. The higher the discount rate, the lower the
Present Value, and vice versa. As the interest rate increases, a dollar
in hand today grows in terms of its earning power to any future
point in time. On the other hand, a given bond’s cash flow consists of
a fixed schedule of future payments which do not change in dollar
amount with changes in the interest rate. Consequently, this fixed
cash flow of a bond becomes less and less attractive relative to
today’s dollars (i.e., Present Value) as the assumed future earning
power of today’s dollar (i.e., the assumed interest rate) increases.
This inverse relationship is illustrated in Table 49 for the case of a 3%
year 4% bond.
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TABLE 49

Present Values of A 3 1/2 Year 4% Bond
Under Various Discount Rate Assumptions

Total
Present Value Present Value Present Value

Assumed Annual of of of
Discount Rate Coupon Stream  $1000 Redemption Bond

3% . $131.97 $901.02 $1,032.99

3 1/2 130.69 885.64 1,016.33

4 129.44 870.56 1,000.00

4 1/2 128,21 855.76 983.97

5 126.99 841.26 968.25

5 1/2 125.78 827.04 952.82

6 124.60 813.09 937.69

6 1/2 123.44 799.41 922.85

7 122,30 785.99 908.28

7 1/2 121.16 772.82 983.98

8 120.04 759.91 879.95

8 1/2 118.94 747.25 866.19

9 117.86 734.82 852.68

Present Value computations are often used to determine whether
or not a particular investment with a specified future cash flow is a
good investment, i.e., whether it is worth its cost to the investor. For
example, suppose the bond represented in Table 49 were being
offered at a net cost of $922.85. Then any investor who based his
investment on a discount rate of 7% would find that buying the bond
would entail an expenditure of $922.85 in Present Value (cash on
hand) to obtain a cash flow having a Present Value to him of only
$908.28 at his 7% discount rate. This transaction would result in an
expected immediate net loss of $14.57 in Present Value. Conse-
quently, the “7% — discounting” investor would quickly reject the
offered bond. On thé other hand, an investor who had decided upon
a 5% discount rate as being probable would be happy to exhange the
$922.85 cost of the bond for the expected $968.25 Present Value of
its cash flow.

The investor with a 6%% discount rate would be completely
indifferent regarding the bond’s purchase. The bond’s cost would
correspond exactly to his evaluation of the Present Value of the
bond’s cash flow.

As we shall see in the next chapter, this approach of using Present
Value as a basic yardstick for investment decisions lies at the heart of
the yield-to-maturity concept.
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CHAPTER 12

The Concept of
Yield to Maturity

Definition of a Bond's Yield-to-Maturity

There is always one discount rate where the Present Value of a
bond’s cash flow exactly equals its market value. For the particular
example illustrated in Table 49, this “market price matching”
discount rate was 6.50% for a price of $922.85. This is precisely how
a bond’s yield-to-maturity is defined, i.e., it is that discount rate
which makes the Present Value of a bond’s cash flow equal to its
market price.

To further clarify this point, let us review the actual process of
how in the absence of a Yield Book one would find the yield-to-
maturity for this example of a 3}z year 4% bond with a market value
of $922.85. We need to find that discount rate which makes the
Present Value of the bond’s cash flow equal to its market value.
Finding such a special discount rate to match a price always involves
a trial and error process. There is no explicit formula that leads
directly to the exact number. As a starting point for our example, we
know from Chapter 11 that a discount rate of 7% leads to a Present
Value of $908.28 for the bond’s cash flow. This is below the
$922.85 market value. For our next trial, we want to increase the
Present Value which means that we must reduce the discount rate.
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Accordingly, we might next try a 6% discount rate and so obtain a
Present Value of $937.69 (Table 49). This result lies above the
bond’s market value of $922.85, so we have overshot on our choice
of the second trial discount rate. We now know that the yield-to-
maturity must lie somewhere between 6% and 7%. If we were to
compute all intervening discount rates at intervals of 10 basis points,
we would arrive at the tabulation shown in Table 50. This tabulation
indicates that the discount rate of 6.50% leads to a Present Value of
$922.85. Since this is precisely the bond’s market value, it follows
that the bond has a yield-to-maturity of 6.50%.

TABLE 50

Present Values of a 4% Bond Maturing in 3 Years and 6 Months
and Having a Market Value of $922 .85

Annual
Discount Rate Present Values
6.00% $937.69
6.10 934,70
6.20 931.72
6.30 928.75
6.40 925.79
6.50 Yield-to~Maturity 922.85 Market Value
6.60 919.91
6.70 916.98
6.80 914.07
6.90 911.17
7.00 908.28

Table 50 also demonstrates another important aspect of the
yield-to-maturity concept. Suppose we only knew the yield-to-matu-
rity, 6.50%, and we wanted to determine the bond’s market value.
By using the 6.50% as a discount rate to compute the bond’s Present
Value, we would, of course, obtain the original market value figure
of $922.85. The key point is that the computation procedure (see
Table 51) which determines the market value from the 6.50%
yield-to-maturity is identical to the computational procedure for
finding Present Values.
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TABLE 51

Computation of the Market Value at a 6.50% Yield-to-Maturity
of a 4% Bond Maturing in 3 Years and 6 Months

Redemption Payment $1,000.00

X Present Value of $1.00
(Due at End of 7 Semiannual

Periods @ 3.25% Per Period) %x.7994)
= Present Value of Redemption Payment $ 799.417  $799.41
Coupon Payment $20.00
& Present Value of $1.00 Per Period
{For 7 Periods @ 3.25% Per Period) X 6.172
= Present Value of Coupon Payments $123.44 $123.44
Bond's Market Value @ 6.50% Yield-to-Maturity $922.85
TABLE 52

Dollar Prices of a 4% Bond Maturing in 3 Years and 6 Months
at Yields from 6% to 7%

Yield-To-Maturity Dollar Price
6.00% 93.77
6.10 93.47
6.20 93.17
6.30 92.88
6.40 92.58
6.50 92.29
6.60 91.99
6.70 91.70
6.80 91.4}
6.90 91.12
7.00 90.83

(Derived from Table 50.)
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Pursuing this point from a somewhat different angle, Table 50 can
be read as a tabulation of market values corresponding to different
yield-to-maturity values. Moreover, by presenting these market values
as a percentage of the bond’s $1,000 face amount, we obtain the
Dollar Price as a function of the yield-to-maturity. As Table 52
shows, this corresponds exactly to the presentation format of the
standard Yield Book.

Understanding Yield-to-Maturity

This concept of the yield-to-maturity has many implications and
interpretations, all closely related and, in fact, all mathematically
equivalent.

First of all, we see that yield-to-maturity can be viewed as simply
an alternative method for stating a bond’s price. Given the market
price, one can always determine the yield-to-maturity. Given the
yield-to-maturity (to sufficient accuracy), one can always find the
market price.

A second interpretation is that the yield-to-maturity corresponds
to the interest rate on an “equivalent” savings account if the savings
rate stays the same as the bond’s yield-to-maturity. Consider a
semiannually compounded savings account in which the investor
made a deposit equal to the bond’s current market value. As we have
seen, if he proceeded to withdraw and to withhold funds in exact
accordance with the bond’s coupon schedule, then at maturity the
account would contain a balance of precisely $1,000, the bond’s
redemption value. This interpretation is illustrated in Table 53.

This analogy to an equivalent savings account rate leads to the
frequent use of the yield-to-maturity as a convenient basis for
comparison between bonds with different coupons, maturities, and
market prices. After all, if an investor had a choice between one
savings account paying 6% and one paying 6%:%, both insured and
compounding semiannually, he would clearly put his money in the
6%2% account.

For the insured savings account, the interest rate over a compara-
ble compounding period essentially provides the absolute measure of
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investment merit if the rate is maintained. It is very tempting to put
this analogy in reverse gear and say that this demonstrates that the
yield-to-maturity is also the final and absolute measure of investment
value in the bond market. However, as we pointed out in Chapter 1,
- this is not true. In the context of this analogy with a savings bank
account, it must be recognized that there are three key points where
the analogy breaks down. The first point is that the investor can
usually schedule his withdrawals from a saving account as he chooses.
This is not the case with a bond where the investor must purchase a
very specific coupon flow and maturity point. Since the investor will
generally have his own schedule for placing a time value on payments
becoming available at different points in time, it may well be that
two bonds having the identical yield-to-maturity but with different
cash flows may have radically different investment values for a given
investor, The analogy also fails with respect to the continuous
availability of the savings account rate. The investor is usually free to
compound his interest build-up in a savings account, even though he
may not be sure of future rates. However, the coupon flow from a
bond is forced and must be spent or reinvested in another instrument
which need not, and in general will not, pay interest at the identical
yield-to-maturity rate as the bond. Finally, the analogy also fails with
respect to the availability of principal at a time prior to the maturity
date. With the savings account, the amount of available principal is
clearly specified at all times even though interest rates may rise or
fall. On the other hand, as the bond investor knows only too well,
the bond market provides both opportunity and risk with respect to
capital values prior to maturity.

While these problems prevent the yield-to-maturity from being a
final measure of investment value, it nonetheless serves the enor-
mously important role of being a convenient, common yardstick for
relating the cash flows of all bonds to their market prices.

A third interpretation of yield-to-maturity is that of a constant
amortized-capital-plus-income percentage return over each semian-
nual period to maturity. Thus, in each semiannual period, the current
yield is augmented (or reduced) by an amortized capital gain (or
loss), so that a percentage return in book value equal to the
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yield-to-maturity is obtained every six months. This, of course,
implies a hypothetical amortization schedule for the bond’s price so
as to achieve the needed capital gain in each six month period.

This view is closely related to the savings account analogy. In fact,
Table 53 can also serve to illustrate this capital amortization
schedule. If the bond’s cost value were amortized in exact accor-
dance with the balance in the savings account, then coupon income
plus capital return would equal 3.25% in every six month period.

TABLE 53

How a 6 1/2% Savings Account With an Initial Deposit of $922.85
Supports the Same Cash Flow as a

4% Bond Maturing in 3 Years and 6 Months and Costing $922.85 for
a Yield-to-Maturity of 6 1/2%

Bond Savings Account

Semiannual

Period Starting Interest Interest Balance Before Cash
Ending in Balance x _Rate = _Paid  Cash Withdrawal Withdrawal

.5 Years $20.00 $922.85 .0325 $29,99 $ 952.84 $20.00
1.0 * 20.00 932.84 .0325 30.32 963.16 20.00
1.5 * 20.00 943.16 .0325 30.65 973.81 20.00
2.0 " 20.00 953.81 .0325 31.00 984.81 20.00
2.5 " 20.00 964.81 .0325 31.36 996.17 20.00
3.0 * 20.00 976.17 .0325 31.73 1,007.90 20.00
3.5 " 1,020.00 987.90 .0325 32.10 1,020.00 1,020.00

This result is more clearly presented in Table 54. By consulting the
Yield Book, it will be seen that this amortization schedule
corresponds exactly to the 4% bond’s Dollar Price at 3! years, 3, 24,
2, 1’4, 1, and % years, all taken at the 6%2% yield-to-maturity level.
This is the idea behind the so-called “scientific amortization” of a
bond’s book value. By marking up the bond’s price period-by-period
to correspond with the original book yield-to-maturity level, the
coupon plus amortized capital gain will always show a percentage
return equal to this book yield-to-maturity. In this context of
scientific amortization, it is interesting to observe that for bonds
purchased at a discount the current yield component declines and
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TABLE 54

Hypothetical Capital Gain Schedule Required to Insure a
3.25% Total Return Every Six Months (6.50% Annual Return)
from a 4% Bond Maturing in 3 Years and 6 Months and Costing $922.85

Principal Current Yield from

Semiannual Value at Amortized Yield of Amortized

Period Start of Coupon Capital Coupon Capital Total
Ending in Each Period Payment _Gain §$ Payment Gain Return
Purchase $922.85

.5 Years 922.85 $20 $9.99 2.17% 1.08% 3.25%
1.0 932.84 20 10.32 2.4 .1 3.25
1.5 943.16 20 10.65 2.12 1.13 3.25
2.0 953.81 20 11.00 2.10 1.15 3.25
2.5 964.81 20 11.36 2.07 1.18 3.25
3.0 976.17 20 11.73 2.05 1.20 3.25
3.5 987.90 20 12,10 2.02 1.23 3.25

the capital gain component grows with the passage of time. For
bonds purchased at a premium and amortized downward on a
scientific basis, the current yield component grows with time while
the capital loss component also grows. Straight line amortization,
which is popular, has the serious flaw of exaggerating the capital gain
(or loss) in early years and understating it in later years. This is
because it fails to take proper account of the effect of compounding.

Another interesting point with respect to scientific amortization is
that the new book value in six months is readily computed from its
book value today. Under scientific amortization, the total book
return over the next six months must be

(Book Value Today) X (Semiannual Book Yield).

This return must consist of one coupon payment together with the
amortized mark-up of book value, i.e.,

(1 Coupon) + (Gain in Book Value) =
(1 Coupon)
+ (Book Value in 6 Months)
— (Book Value Today)
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Equating this expression with the previous one, we see that the total
book return equals
(Book Value Today) X (Semiannual Book Yield)=
(1 Coupon)
+ (Book Value in 6 Months)
— (Book Value Today)
This equation is easily solved for the new book value under scientific
amortization,
(Book Value in 6 Months) =
(Book Value Today) X (1+ Semiannual Book Yield)
— (1 Coupon)
This result can be illustrated with the bond in Table 54,

(Book Value in 6 Months) = $922.85 X (1.0325) — $20
=$952.84 — $20
=$932.84

A fourth interpretation frequently associated with yield-to-matu-
rity is in terms of the growth rate of the Future Value of a present
investment. It is at this point where many errors are made. As we
have seen in Chapter 1 and in Chapter 10, a key determinant of the
Future Value is the interest rate at which coupon payments can be
reinvested as they become available. Consequently, since yield-to-
maturity fails to include any considered forecast of reinvestment
rate, it cannot (except coincidentally) represent the real growth rate
of fully compounded Future Value. In fact, it truly represents the
growth rate of Future Value only when the reinvestment rate equals
the yield-to-maturity itself,

In this chapter, we have focused on the concept of yield-to-matu-
rity. To keep this focus clear, we have dealt only with special cases of
bonds having a remaining life equal to a simple number of even
semiannual periods, i.e., delivery falls on a coupon date. To develop a
more thorough understanding of the Yield Book, we must treat the
general case of any delivery date.



CHAPTER 13

Accrued Interest

and Dollar Prices

In the preceding chapter, the yield-to-maturity concept was
developed in the context of a bond having a remaining life
corresponding to whole multiples of semiannual interest periods. In
such cases, the bond’s Present Value is well defined and consists
solely of Principal Value free of any Accrued Interest. Such rounded
calculations are adequate for all the theoretical problems discussed in
this book, but it seems desirable here to go a step further.

In this chapter, therefore, we shall enlarge these concepts to cover
a corporate bond having any given term to maturity. Our aim will be
to illustrate the standard methods for computing the Dollar Price of
any bond from its yield-to-maturity. Once we can perform this
computation, the reverse process of finding the yield-to-maturity
given the Dollar Price can be approached on a trial and error basis
with a sequence of discount rates.

When a bond is purchased for delivery on a coupon date, the
coupon payment will be paid in its entirety to the seller, while the
buyer purchases the bond without any fraction of a coupon being
due. However, as the delivery date extends beyond a coupon date,
the seller is increasingly giving up an accrued fraction of the next
coupon payment and becomes entitled to some form of compensa-
tion from the buyer, This compensation is referred to as the bond’s
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Accrued Interest. By convention, the Accrued Interest is computed
as the coupon payment multiplied by a fraction of a semiannual
period corresponding to the time held beyond the last coupon date.

Therefore the Accrued Interest can be calculated by a formula.
Suppose the bond’s remaining life consists of T full semiannual
periods plus M months and D days. Then the next coupon payment
would be due in M months and D days. If C is the coupon rate as a
percentage of the $1000 face value, then the bond will pay 10 X C
coupon dollars per year, so that each semiannual coupon payment
will be 5 X C dollars. For example, for a 4% bond maturing in 3
years, 8 months, and 5 days, we would have C=4, 5 X C= §20,
T=7,M=2, and D=5, and the next coupon would be due in 2
months and 5 days. For corporate bonds, a 30 day month is always
assumed by a marketplace convention.* Consequently, the total
number of such days until the next coupon is

30M+D

By the same convention, there are 180 days in each coupon
period, so that the number of (conventional) days since the last
coupon payment is

180 - (30M + D) =180 — (30 X 2 + 5) = 180 — 65 = 115 days.

Division of this sum by 180 will give us the fraction of a coupon due
as Accrued Interest, i.e.,

180 — (30M + D) _ 115 _
180 " 180 639

To obtain the Accrued Interest in dollars, Al, we must multiply this
fraction by the coupon payment 5C,
(180 - 30M - D) _

Al=5C 130 =20 X .639=512.78

Thus, for the above example of a 4% bond maturing in 3 years, 8
months, and 5 days, we would have an Accrued Interest of $12.78
per bond.

*Municipal bonds and most federal agency bonds are also calculated on the

assumption of a 30 day month. Treasuries are calculated according to the
exact number of days between coupons.
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The Accrued Interest represents the growth in the interest
component of a bond’s value as the date of purchase approaches the
next coupon payment date. This growth in value takes place
independently of any changes in the underlying interest rate
structure or in the value attached to comparable securities. In a
sense, the addition of Accrued Interest prevents the bond’s total
realizable value from being an accurate measure of the bond’s capital
value.

In order to remove this distorting effect of the coupon payment
cycle, market values are usually quoted in terms of Principal Value
alone without Accrued Interest, where the Principal Value is simply
defined to be the gross proceeds from sale less the Accrued Interest.
The Principal Value provides a far better measure of the bond’s
capital value, both with respect to itself at earlier times and to other
bonds. Since the Accrued Interest figure itself is a mechanical
computation for a particular date of sale, the marketplace conven-
tion is to quote specific numbers only for the Principal Value, with
the addition of Accrued Interest being implicitly understood. Only in
the case of default or near default, or uncertainty of interest
payments, are most U.S. bonds quoted “flat”, i.e., with Accrued
Interest as part of the price. Nevertheless, preferred stocks and many
British bond issues are quoted flat. These go ex-dividend or ex-
interest on the dates of record for payment.

Another convention in the bond market is to quote the Principal
Value as a percentage of the bond’s face value. This percentage quote
is called the bond’s “Dollar Price.” In the usual case when the face
value is $1,000 this has the effect of multiplying the Principal Value

0%

10
by the factor, 1000 = .10, i.e., the Dollar Price equals 1/10th of the

Principal Value.

The Dollar Price together with its associated yield-to-maturity
provide the foundation for all quotations used in buying and selling
in the bond market.

In the preceding sections, we saw how a yield-to-maturity figure
can be determined from a bond’s market value and how, by its very
definition, the market value can be reconstructed from the yield-to-
maturity by using the latter as the discount rate in the Present Value
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formula. However, for simplicity’s sake, these earlier calculations
were done for the case of delivery falling on a coupon date, i.e., for a
bond free of Accrued Interest. At this point, we shall proceed to
generalize these results for a delivery date falling anywhere in the
bond’s coupon payment cycle.

First, consider a 4% bond with a 6.50% yield-to-maturity and a
remaining life of 3 years and 8 months, i.e., exactly 2 months before
the next coupon date. The Present Value at 6.50% of this bond’s
cash flow can be analyzed in three steps:

1) Take the Present Value of the principal at the next coupon
date, $922.85 (by the same process as shown in Table 51).

2) Add the $20 coupon payment that will be received by the
purchaser since he is buying the bond before the next coupon date.
This gives us the sum of $942.85.

3) The above sum of $942.85 can be viewed as the bond’s Present
Value as of the next coupon date two months hence. In other words,
today’s buyer can view the bond’s entire cash flow (when discounted
at 6.50%) as being equivalent to a single lump sum of $942.85 paid
at the end of two months. To discount this lump sum payment for
the two month waiting period, one must multiply it by the Present
Value of $1.00 due in two months discounted at 6.50% (i.e., due in
one-third of a semiannual compounding period). This is just the cube
root of the accrual factor for one period at 3%% per period,

1 1
(1.0325)3 7 1.0107

Performing this multiplication, we get the figure .9894 X
$942.85 = $932.85 for today’s Present Value of the bond’s cash
flow discounted at 6.50%. This is the so-called ‘“‘exponential
method” of interpolation between full compounding periods. It is
generally considered to be the most theoretically correct method
since compounding of the fractional-period accrual factors provides
consistent results.

At a 6.50% yield-to-maturity, this 4% 3-year 8-month bond will
have a market value (Principal Value plus Accrued Interest) equal to
this Present Value of $932.85. However, this market value includes a
certain amount of Accrued Interest for the 4-month period since the

= .9894
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last coupon date. Using our formula for a C = 4% bond maturing in
T =7 semiannual periods, M =2 months, and D =0 days, we can
compute this Accrued Interest,

Al=— (180 -30M - D)

_5X4

=80 (180-30X2-0)
20 -
=130 (120)=$13.33

To determine today’s Principal Value, we must subtract this $§13.33
of Accrued Interest from the total market value of $932.85,

$932.85 — $13.33 = §919.52

Expressing this Principal Value as a percentage of the bond’s $1,000
face value, we obtain the Dollar Price of $91.95,

1 -
7 X 919-52=91.952

This Dollar Price corresponds to the figure quoted in the Yield Book
for a 4% 3-year 8-month bond at a 6.50% yield-to-maturity.

The above computation is summarized in Table 55.

By carrying out the same steps for a C% bond with a Y%
yield-to-maturity maturing in T semiannual periods and M montbhs,
we can develop the general formula for a bond’s Dollar Price when
Accrued Interest is due for an integral multiple of full months. This
is given in the Appendix (#13).

With the aid of the method illustrated in Table 55 (and the
formula provided in the Appendix), one can compute all the Dollar
Prices in the Yield Book with the sole exception of those with
maturities which are less than six months.

The method of Table 55 was developed on the assumption of a
delivery date falling between coupon dates, i.e., when M is greater
than zero but less than six. When the delivery does fall on a coupon
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TABLE 55

Computation of the Dollar Price at a 6.50% Yield-to-Maturity of
a 4% Bond Maturing in 3 Years and 8 Months

Present Value @ 6.50% as of Next Coupon Date $ 922.85
(Equals Present Value @ 6.50% of 4% Bond
Maturing in 3 Years and 6 Months - See Table 51)

+ Next Coupon Payable to Today's Buyer 20.00

= Present Value @ 6.50% of Bond's Cash Flow
as of Next Coupon Date 2 Months from Today $ 9u2.85

x  Present Value @ 6.50% of $1.00 Paid in 2 Months
(1/3rd Period at 3.25% Per Period) .9834

= Bond's Total Market Valué (Principal Value Plus Accrued Interest)
Q@ 6.50% Yield-to-Maturity (Present Value @ 6.50% of Bond's Cash

Flow as of Today) $ 932.85
-  Accrued Interest Attached to Bond (2/3rd of Coupon Period

Accrued @ $20 Per Coupon Payment) 13.33
= Bond's Principal Value $ 919.52
x To Express as % of $1,000 Face Value x.10
=  Bond's Dollar Price 91.95

date (i.e., M =0), then the coupon payment of 5C is foregone and
cannot be added to the Present Value computation. At the same
time, there is no Accrued Interest so that the formula amount,

5C _
T35 (180 —30M)=sC

cannot be deducted from the market value, These two alterations
cancel each other’s effect. Consequently, this method can actually be
used for any maturity (over six months) consisting of an integral
multiple of full months.

When the bond’s remaining life contains odd days, i.e., when its
life must be expressed as T semiannual periods, M months, and D
days, then the marketplace convention is to “linearly” interpolate
between the Dollar Prices of bonds having maturities on the
preceding and the following full month. For example, suppose one
has a 4% bond maturing in 3 years, 7 months, and 5 days with a



ACCRUED INTEREST AND DOLLAR PRICES 161

yield-to-maturity of 6.50%. The Dollar Price for the following month
(T=7,M=2),ie., for a bond maturing in T = 7 semiannual periods
and M =2 months, was already computed in Table 55 to be 91.95.
For the preceding month, i.e., for a bond maturing in 3 years and 7
months (T=7, M = 1), the yield formula provides us with a Dollar
Price of 92.12. On the basis of the standard 30-day month, the
delivery date falls (5/30)th of the way towards the following month,
so that the interpolated Dollar Price becomes

92.12 + (%)x<91.95 —92.12) =92.09

A formula for this method of ‘““linear interpolation” is given in the
Appendix (#14). With this interpolation formula and the “integral-
month” Dollar Price formula one can determine the Dollar Price
corresponding to a specified yield-to-maturity for any bond on any
delivery date — except for those maturing in less than six months.

When the maturity is less than six months, then the marketplace
convention is to treat the bond as a pure discount instrument and to
develop the yield-to-maturity as a simple interest figure. For
example, consider a 4% bond maturing in 2 months and having a
6.50% yield-to-maturity. The simple interest rate over the 2-month
period to maturity is just

6%2% X % = 1.083%

Consequently, the bond’s market value today will grow by a factor
of

1.01083

over these 2 months. At maturity, we know that the bond will be
worth its redemption value of $1000 plus the last $20 coupon
payment. Consequently,

1.01083 X (Market Value Today) = $1,020
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or

$1,020
1.01083

= $1,009.07

(Market Value Today) =

The Accrued Interest for 4 months will be
4
EX $20=$13.33,

so that today’s Principal Value must be
$1,009.07 — $13.33 = $995.74

Expressing this Principal Value as a percentage of a $1000 face value,
we obtain 99.57 which is the Yield Book result.

This example demonstrates the simple interest method used for
bonds with maturities of less than six months. A general formula for
this method is developed in the Appendix (#15).

When the bond matures in less than six months and has an odd
number of days, i.e., when the life is not an integral multiple of
months, then as before, one must linearly interpolate the Dollar
Prices for the preceding and the following months,

With these techniques and the corresponding formulae (see the
Appendix), one can reproduce any number in the Yield Book. One
can also directly compute Dollar Prices and Accrued Interest figures
for any remaining life (including odd days), any coupon rate
(including non-multiples of Ys%), and any yield-to-maturity
(including non-mulitiples of 10 basis points).

This entire chapter has been oriented towards finding Dollar Prices
from specified yield-to-maturity values. To proceed in the opposite
direction, i.e., to compute yield-to-maturity values from specified
Dollar Prices, the same techniques are used but one must solve for
the yield-to-maturity through a trial and error search.



CHAPTER 14

The Yield to Call

Definition of the Yield-to-Call

When a bond is callable, i.e., redeemable prior to maturity at the
issuer’s option, the cash flow implicit in the yield-to-maturity figure
is subject to possible early alteration. Most corporate bonds issued
today are callable, but with a certain period of call protection before
the call option can be exercised. At the expiration of this period the
bond may be called at a specified call price which usually involves
some premium over par. This call price may decline in steps towards
par in accordance with a specified time schedule.

To provide some measure of the return in the event that the issuer
were to exercise his call option at some future point, the yield-to-call
is often computed and compared with the yield-to-maturity. This
computation is based on the assumption that the bond’s cash flow is
terminated at the “first call date” with redemption of principal at
the specified call price. For a given discount rate, the Present Value
of this assumed ‘““cash flow to call” can be determined in much the
same fashion as in Chap. 11, The Present Value of a Cash Flow, and the
yield-to-call is then defined as that discount rate which makes this
Present Value figure equal to the bond’s market value.

For example, suppose one has a 30-year 8%% bond priced at 109%
which is callable at 107 starting in 5 years. The cash flow to maturity
consists of 60 semiannual coupon payments of $43.75 each followed
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by a redemption payment of $1,000. The yield-to-maturity turns out
to be 7.94%. The cash flow fo an assumed call in 5 years consists of
10 coupon payments followed by a redemption payment of $1,070.
Using a 7% discount rate, the cash flow to call would lead to a
Present Value of $1,112.39, computed as shown in Table 56. This
figure exceeds the bond’s $1,092.50 market value, so we would
choose a higher rate, say 8%, for our next trial discount rate. At 8%,
the Present Value of the cash flow to call is $1,077.70, i.e., less than
the bond’s market price. Searching with discount rates lying between
7% and 8% as shown in Table 57, one can pinpoint the yield-to-call
as 7.663%.

In the Appendix (#16), we provide a formula relating the
yield-to-call to the assumed call date and call price.

Methods for Computing the Yield-to-Call

Fortunately, there are specialized yield-to-call books which
quickly provide the price or yield for a wide variety of coupons,
yields, call prices and call dates. However, there are two methods
which can be used for computing yield-to-call from the standard
Yield Book.

The first method is based upon a scaling down of the cash flow so
that the scaled-down redemption value is again $1,000. More
precisely, one first obtains the scale-down factor by dividing the
bond’s $1,000 face value by the redemption value at call, 10 X CP,
where CP is the call price:

1000 _ 100
10(CP) CP

The coupon rate C is then multiplied by this scale factor to obtain
the scaled-down coupon,

100

100y,

Cp
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TABLE 56

Computation of the Present Value at a 7% Discount Rate of
an 8 3/4% Bond Called in 5 Years at 107

Redemption Payment $1,070.00

Present Value of $1.00 X .709*
(Due at End of 10 Semiannual Periods
@ 3.5% Discount Rate Per Period)

Present Value of Redemption Payment T$758.54 758.54
Coupon Payment Semiannual 43.75

Present Value of $1.00 Per Period x  8.317*

(for 10 Periods @ 3.5% Discount Rate Per Period)

Present Value of Coupon Payments T$363.85 £ 363.85
Total Present Value of Bond's Cash Flow @ 7% Discount Rate $1,122.39
Present Value as % of $1000 Face Value 1n2.24

*6 Digit Precision Used in Multiplication.

TABLE 57

Present Values of an 8 3/4% Bond
Called in 5 Years at 107
and Having a Markst Value of $1,092.50

Annual Discount Rate Present Value of Cash Flow to Call
7.00% $1,122.39
7.20 1,113.27
7.40 1,104.25
7.60 1,095.31
7.62 1,094.42
7.64 1,093.53
7.66 1,092.65
7.663 Yield-to-Call 1,092.50 Market Value
7.68 1,091.76
7.70 1,090.87

7.80 1,086.46
8.00 1,077.70
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The same procedure is applied to the market value MV to obtain the
scaled-down market value,
(!29) X MV

cp

A bond with this scaled-down coupon, maturing on the call date with
a normal $1,000 redemption value, and priced today at the
scaled-down market value will then have the same cash flow per
invested dollar as the original cash flow to call, i.e., the same coupon
payment per dollar invested today and the same redemption
payment per dollar invested today. Consequently, the
yield-to-maturity (at the call date) of this scaled-down bond, as
determined by the Yield Book, will be identical to the yield-to-call of
the original bond.

As an example of this scale down method, the 8%% bond callable
at 107 in 5 years would lead to a scale factor of

100 _
o7= 935

The corresponding scaled-down bond would then have a coupon rate
of

935 X 8.75% = 8.18%

and a market value of
935 X $1,092.50=$1,021.49

At a market value of $1,021.49, g 5-year 8.18% coupon bond would
have a yield-to-maturity of 7.66%, i.e., exactly the desired
yield-to-call figure.

The second method for using the Yield Book to find yields-to-call
involves segregating the cash flow to call into two components: 1) a
coupon bond terminating at the call date, but with a $1,000
redemption value, and 2) a lump sum payment on the call date of the
call premium. The first component cash flow corresponds to a bond
with the original coupon rate but maturing at the call date.
Consequently, for a given discount rate, the Yield Book immediately
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provides the appropriate Present Value. The second component is
just a future lump sum payment, whose Present Value can be quickly
determined from the 0% coupon section of the Yield Book. Adding
the Present Value figures for these two components, we obtain the
Present Value of the overall cash flow to call at that discount rate.
Continuing with the example used above, at a 7% discount rate, the
Present Value of an 8%% bond maturing in 5 years is computed as
follows (see Table 56),

Present Value of $1,000 Redemption $ 708.92
Present Value of Coupon Payments 363.85
Present Value of First Component Cash Flow $1,072.77

The second component of cash flow, the call premium of $70 in §
years, provides a Present Value of

.70892 X $70 = $49.62

Adding these 2 figures together, we obtain a total Present Value of
$1,122.39 for a 7% discount rate. This corresponds precisely with
the results of the direct computation in Table 56. By trial and error
search at various discount rates, one would eventually find that rate
which gives two Present Value figures adding up to the bond’s
market value. This rate would then be the yield-to-call.

When the assumed call date does not fall on a coupon payment
date, the simplest approach is to: 1) set the call date to the date of
the last coupon payment prior to the call, and 2) then to adjust the
call price, on a Present Value basis, to reflect the later actual
payment of the redemption value plus the Accrued Interest due.

For delivery on a date other than a coupon payment date, the
yield-to-call equation is adjusted in precisely the same fashion as the
yield-to-maturity equation. These interpolation methods are
described in detail in Chapter 13, Accrued Interest and Dollar Prices.
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CHAPTER 15

Total Realized Compound Yield

Realized Compound Yield Over the Bond's Life

In Chapter I, we proposed the concept of total realized compound
yield as an important value measure for investors seeking full
compounding over the life of a long-term bond. It supplements
yield-to-maturity in two ways: by including interest-on-interest for
the full life of the investment at various assumed rates, and by
including, where pertinent, interim price fluctuations. Thus, every
bond offering can be related to four interest rates: 1) the coupon
rate; 2) the yield-to-maturity (which can always be restated as the
price); 3) the assumed reinvestment rate; and 4) the realized
compound yield which is derived from the other three rates. The
realized compound yield is a statement of the total cash flow derived
from an investment, that is to say, the Future Value of the
investment, expressed as an annualized interest rate. First, we will
compute the Future Value in dollars of a bond investment, then the
Future Value Per Dollar Invested and, finally, the interest rate
required to produce just this Future Value. This is the realized
compound yield.

The Future Value of an investment, as defined earlier, consists of
the estimated total cash flow which the investment will generate as
of some specified future point in time. The Future Value for a
compounding investor includes all sources of return--principal,
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interest, and interest-on-interest. When the investment vehicle is a
bond with a fixed schedule of coupon payments up to maturity, then
the Future Value must include the time value ascribed to this coupon
payment schedule. This time value factor is created by an explicit
estimate of the interest rate(s) at which coupon payments can be
reinvested—and compounded.

This estimate could theoretically consist of several reinvestment
rates, each covering a specified future time period. However, in
practice, one almost always works under the simplifying assumption
of a single reinvestment rate. The following analysis will be carried
out within the framework of this assumption of a single reinvestment
rate.

We shall first consider the case when the point in time for assessing
the Future Value corresponds with the bond’s maturity. In this case,
the bond’s future capital value, if it remains in good standing, is
completely predetermined and is usually equal to the $1,000
redemption value.

As an illustration, consider the example of a 30-year 4% bond
priced at $671.82 where the yield-to-maturity (YTM) is 6.50%. To
compute the Future Value at maturity, we must have an estimated
reinvestment rate. In this example, we shall choose 6%. Table 58
presents a detailed schedule of how Future Value accumulates during
the first and last few periods of the bond’s life.

As we see from Table 58, the Future Value computation per se
takes no account whatsoever of the bond’s cost. A particular bond,
at a specified reinvestment rate, provides the same Future Value at
maturity regardless of its market cost today. Consequently, in order
to become useful as a comparative investment measure, even for
bonds having the same maturity, the Future Value figure must be
divided by today’s market cost to obtain a Future Value Per Dollar
Invested Today. The Future Value computation can be carried out
using either Compound Interest Tables or Tables 45 or 46. This
method of computation is illustrated in Table 59. In the Appendix
(#35), the general formula is derived for the Future Value Per Dollar
at the bond’s maturity.
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TABLE 58

Schedule of the Future Value at Maturity of a
30-Year 4% Bond with a Market Cost of $671.82 (VTM = 6,50%)
at an Assumed 6% Reinvestment Rate

Funds Addition
Perid Available for Semiannual Interest- to Funds
Ending Reinvestment at  Reinvestment on- Coupon Principal Available for
After Start of Period Rate Interest Payments Redemption Reinvestment
.5 Years $ 0 x .03 = $ 0 $ 20 $ 0 $ 20.00
1.0 20.00 x .03 = .60 20 0 20.60
1.5 40.60 x .03 = 1.22 20 0 21.22
2.0 61.82 x .03 = 1.85 20 0 21.85
2.5 83.67 x .03 - 2.51 20 0 22.51
3.0 106.18 x .03 = 3.19 20 0 23.19
28.5 2,823.08 x .03 = 84.69 20 0 104.69
29.0 2,927.77 x .03 = 87.83 20 0 107.83
29.5 3,035.60 x .03 = 91.07 20 0 m.o7
30.0 3,146.67 x .03 = 94.40 20 1,000 1,114,40
Following
Bond's

Redemption = $4,261.07
Future Value = $4,261.07

Future Value Per Dollar Invested Today = Future Value = $4,261.07 = $6.343
Market Value 6/1.82

The Future Value Per Dollar is tied to a precise maturity date in
the future. This severely limits its usefulness as a comparative
measure for competitive bond investments which do not have exactly
the same maturity date. For this reason, and in order to approach the
common standard of an annualized measure of investment return, it
is very desirable to express the Future Value Per Dollar in terms of
some average annual growth rate of Future Value, i.e., a rate of
growth of wealth.

To define such a growth rate, we return to the analogy of an
“equivalent™ savings account. We can then define the fully realized
compound yield to be that savings interest rate which, if fully
compounded (semiannually) over the investment period, would
compound a $1.00 initial deposit to a balance equal to the Future
Value Per Dollar. In other words, the realized compound yield is that
savings account rate which would provide the same Future Value as
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TABLE 59

Use of Compound Interest Tables
to Compute the Future Value at Maturity Per Invested Dollar
for Same Example as in Table 58

Coupon Payment $ 20.00

x Future Value of $1 Per Period for 60 Periods
Compounded at 3% Rate Per Period x 163.053
= Future Value of Coupons and Interest-on-Interest® 3,261.07%
+ Future Value of $1,000 Redemption +1,000.00
= Total Future Value at Maturity 4,261.07
- Today's Market Cost + 671.82
= Future Value Per Dollar Invested = 6.343

*This figure could also be obtained from Table 45A by multiplying the 30-
year 6% factor of 815.267 by 4, the bond’s coupon % rate.

TABLE 60

Finding the Realized Compound Yield for a
Future Value Per Dollar After 30-Years
(Same Example as in Table 58)

Future Value of $1.00

Annual for 30 Years (60 Periods)
Interest Rate at Indicated Interest Rate

6.000% $5.892

6.250 6.336

6.253 6.342

6.254 Realized Compound Yield 6.343 Future Value Per Dollar
6.255 6.346

6. 260 6.355

6.300 6.429

6.400 6.619

6.500 6.814

7.000 7.878

the bond itself over the same investment period. Since the Future
Value figure includes the accrual from reinvestment of all available
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cash payments (or the potential accrual figure if these payments are
withdrawn or spent), the “equivalent” savings account must also treat
all interest payments as immediately reinvested. This is why the
equivalent savings account must be fully compounded.

To actually determine the specific realized compound yield for a
given bond, one must search the Compound Interest Tables for that
interest rate giving a Future Value of $1 equal to a bond’s Future
Value Per Dollar Invested. For the example developed in Table 59,
the Future Value Per Dollar was $6.343. From the Compound
Interest Tables (see Tables 42A, B, C), for the 60 compounding
periods corresponding to the bond’s 30-year maturity, interest rates
of 6%, 6%% and 7% give Future Values of $1 equal to 5.892, 6.814,
and 7.878, respectively. From this, we would expect our realized
compound yield figure for $6.343 to fall between 6% and 6%%.
Table 60 shows the Future Value of $1 provided by rates in this
interval, and we see that 6.254% is our figure for the realized
compound yield of a Future Value of $6.343 Per Dollar invested.

The arrangement of the Compound Interest Tables can make this
search a rather tedious process. Table 61 provides a more handy
(although much abbreviated) format for finding the realized
compound yield corresponding to a given amount of Future Value
Per Dollar over a specified time period. Thus, for the above example,
using Table 61, one would first proceed to the 30-year column,
search down this column for the Future Value Per Dollar figure of
6.343, and then read off the resulting realized compound yield as
lying between 6.20% and 6.40%. A standard interpolation would
then provide a close approximation to the exact figure.

However, the realized compound yield (or effective yield, as it is
sometimes called) can also be found from an explicit mathematical
formula, which is provided in the Appendix (#17). With this
formula, one can directly compute the realized compound yield from
the Future Value Per Dollar without the necessity of going through a
trial and error process. Finally, towards the end of this chapter we
outline a short method to determine realized compound yield from
" the Yield Book itself.



TABLE 61

FUTURE VALUE OF $1 FOR SELECTED TIME PERIODS AND INTEREST RATES
Number of Years of Semiannual Compounding

Interest
Rate 1/2 1 11/2 2 3 5 10 15 20 25 30 40

1.00% 1.005 1.010 1.015 1.020 1.030 1.051 1.105 1.161 1.221 1.283 1.349 1.490
2.00 1.010 1.020  1.030 1.041 1.062 1.105 1.220 1.348 1.489 1.645 1.817 2.217
3.00 1.015 1.030 1.046 1.06) 1.093 1.161 1.347 1.563 1.814 2.105 2.443 3.291
1.020 1.040 1.061 1.082 1.126 1.219 1.486 1.811 2.208 2.692 3.281 4.875

1.025 1.051 1.077 1.108 1.160 1.280 1.639 2.098  2.685 3.437 4.400 7.210
1.026 1.053 1.080 1.108  1.166 1.293 1.671 2.160 2.792 3.609 4.665

1.027 1.055 1.083 1.112 1.173 1.305 1.704 2.224 2.903 3.789 .
1.028 1.057 1.086 .17 1.180 1.318 1.737 2.290 3.018 3.978
1.059 1.090 1.a21 1.187 1.33 1.7 2.358 3.138  4.176

4

5

5

1.030 1.061 1.093  1.126 1.194 1.344 .806 2.427 3.262 4.384 5

1.031 1.063 1.096 1.130 1.201 1.357 .842 2.499 3.39 4.602 6

1.032 1.065 1.099 1.134 1.208  1.370 .878  2.573 3.525 4.830 6.
1.033 1.067 1.102 1.139 1.215 1.384 914 2.649 3.664 5.070 ° 7.015 13.428

7

7

8

8

9

9
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1.034 1.069 1.106 1.143 1.222 1.397 1.952 2.727 3.809 5.321
1.035 1.0M 1.109  1.148  1.229 1.4M ;.990 2.807 3.959  5.585

2

2

2

.00 878 15.676
.20 1.036 1.073 1.112 1.152 1.236 1.424 .029 2.889 4.115 5.861 348  16.935
.40 1.037 1.075 1.115 1.156 1.24% 1.438 .068  2.974 4.277 6.151 846 18.294
.60 1.038 1.077 1.118 1.161 1.251 1.452 .108 3.061 4.445 6.455 .372  19.760
.80 1.039 1.080 1.122 1.165 1.258 1.466 .149 3.151 4.620 6.773 .930  21.342
00 1.040  1.082 1.125 1.170 1.265 1.480 2.191 3.243 4.801 7.107 10.520 23.050
20 1.041 1.084 1.128 1.174 1.273 1.495 2.234 3.338  4.989 7.457 11,144 24.892
40 1.042 1.086 1.131 1.179 1.280 1.509 2.277 3.436 5.185 7.823 11.805 26.879
60 1.043 1.088  1.135 1.183 1.287 1.524 2.321 3.536 5.387 8.208 12.504 29.023
80 1.044 1.090 1.138 1.188 1.295 1.638  2.366 3.639 5.598 8.610 13,244 31.336
00 1.045 1.092 1.141 1.193 1.302 1.5653  2.412 3.745 5.816 9.033 14.027 33.830
20 1.046 1.094 1.144 1.197 1.310 1.568  2.458 3.854  6.043 9.475 14.856 36.520
40 1.047 1.096 1.148 1.202 1.317 1.583 2.506 3.966 6.279 9.939 15.733 39.422
60 1.048  1.098 1.151 1.206 1.325 1.598  2.554 4.082 6.523 10.425 16.660 42.550
.80 1.049 1.100 1.154 1.21 1.332 1.613  2.603  4.200 6.777 10.934 17.641 45,924
10.00 1.050 1.102 1.158  1.216 1.340 1.629 2.653 4,322 7.040 11.467 18.679 49.561
11.00 1.055 .13 1.174  1.239 1.379 1.708 2.918 4.984  8.513 14.542 24.840 72.476
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The realized compound yield over a bond’s life is thus seen as an
explicit function of four independent variables: 1) the bond’s life, 2)
its coupon rate, 3) its market value, or equivalently, its current
yield-to-maturity, and 4) the assumed reinvestment rate. Let us now
explore the effect on the realized compound yield as these four
independent variables take on various values.

First, let us fix the coupon rate at 4% and the maturity at 30
years, and explore the effect of varying yields-to-maturity (or
market values) and reinvestment rates. The results are presented in
Table 62.

We are immediately struck by the fact that when the reinvestment
rate equals the yield-to-maturity rate, then and only then does the
realized compound yield coincide with the yield-to-maturity. This is
why the yield-to-maturity can be taken as a measure of the average
growth rate of Future Value ornly if one is willing to assume
reinvestment at this same rate.

Even if we were willing to make this assumption, we would still
not have a consistent basis for comparing 2 bonds with different
yields-to-maturity and hence different reinvestment assumptions.

Table 62 also shows, as we would of course expect, that the
realized compound yield grows with increasing reinvestment rates.
When the reinvestment rate is lower than the yield-to-maturity, then
the realized compound vyield will be pulled below the
yield-to-maturity. On the other hand, when the reinvestment rate is
greater than the yield-to-maturity, the realized compound yield will
be raised above the yield-to-maturity. In fact, it turns out that the
realized compound yield over a bond’s full life always lies somewhere
between the yield-to-maturity and the reinvestment rate.

Next, let us investigate the effect of time by fixing the coupon
rate at 4% and the yield-to-maturity at 6.50%, and letting the
maturity and reinvestment rate vary. This is done in Table 63.

The important lesson here is that while the realized compound
yield coincides with the yield-to-maturity over the first half-year
period, when there is of course no reinvestment at all, as the
maturity period increases, the effect of the compounding grows
increasingly stronger, and drives the realized compound yield away
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from the yield-to-maturity and towards the level of the reinvestment
rate.

TABLE 62

Effect of Various Reinvestment Rates on the Realized Compound Yield for
30-Year 4% Bonds Priced at Various Yields-to-Maturity

Realized Compound Yields Over Bond's Life

Reinvestment Rates

Yield-to-Maturity 3% 4% 5% 6% 6 1/2% 7% 8% 9%

3% 3.00 3.39 3.82 4.28 4.52 4.78 5.31 5.87
3,61 4.00 4.43 4.89 5.14 5.39 5,92 6.49
4.18 4.57 5.00 5.47 5.71 5.97 6.50 7.07
4.71 5.11 5.53 6.00 6.25 6.50 7.04 7.61
4.96 5.36 5.79 6.25 6.50 6.76 7.30 7.86
5.21 5.60 6.03 6.50 6.74 7.00 7.54 8.11
5.66 6.06 6.49 6.96 7.21 7.46 8.00 g.57
6.09 6.48 6.91 7.38 7.63 7.89 8.42 9.00
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TABLE 63
Effect of Various Reinvestment Rates
the Realized ggmpound Yield
4% Bonds Priced to Havef: r‘6.50% Yield-to-Maturity

Realized Compound Yields Over Bond's Life

Reinvestment Rate

Maturity 3% 4% 5% 6% 6.5% 7% 8% 9%
0.50 Years 6.50 6.50 6.50 6.50 6.50 6.50 6.50 6.50
1.00 6.47 6.48 6.49 6.50 6.50 6.50 6.51 6.52
1.50 6.43 6.45 6.47 6.49 6.50 6.51 6.53 6.55
2.00 6.40 6.43 6.46 6.49 6.50 6.51 6.54 6.58
2.50 6.36 6.40 6.44 6.48 6.50 6.52 6.56 6.60
3.00 6.33 6.38 6.43 6.48 6.50 6.52 6.58 6.63
3.50 6.30 6.35 6.41 6.47 6.50 6.53 6.59 6.65
5.00 6.20 6.28 6.37 6.46 6.50 6.55 6.64 6.73
10.00 5.89 6.06 6.23 6.41 6.50 6.59 6.79 7.00
20.00 5,37 5.67 5.98 6.32 6.50 6.68 7.07 7.48
30.00 4,96 5.3 5.79 6.25 6.50 6.76 7.29 7.86
40.00 4,65 5,12 5,64 6.20 6.50 6.81 7.45 8.12

Perpetual 3.00 4.00 5.00 6.00 6.50 7.00 8.00 9.00
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Finally, Table 64 shows the effect of various coupon rates, under a
fixed maturity at 30 years and a yield-to-maturity of 6.50%. The
results demonstrate that larger coupon rates increase the degree to
which the realized compound yield diverges away from the yield-to-
- maturity and moves towards the reinvestment rate. At one extreme,
the 0% coupon bond, there is no divergence whatsoever: the
realized compound yield always equals the yield-to-maturity no
matter what the reinvestment rate may be. This is, of course, due to
the fact that such a 0% coupon bond has no schedule of coupon
payments, and consequently there is no reinvestment problem at all.
At the other extreme, the 9% premium bonds, one sees the greatest
movement towards the reinvestment rate.

To summarize, we have seen that the realized compound yield
calculated over a bond’s life has several advantageous features
compared with the conventional yield-to-maturity. These are:

(1 it properly allows for various possible future reinvestment
rates and thus reflects the inherent uncertainties arising
from different future rates;

) it provides a common yardstick for comparison of
competitive bond investments at any assumed uniform
reinvestment rate;

A3) it measures the growth rate of Future Value from all
sources of return;

(C)] it is commensurate with the yield-to-maturity under the
assumption of reinvestment at the yield-to-maturity rate;

) it can be expressed in terms of an explicit mathematical
formula which can be solved directly (i.e., without a trial
and error search).

In addition, the concept of realized compound yield has a certain
intrinsic flexibility. This flexibility reveals itself in the ease with
which the concept can be extended to cover investment periods
ending prior to or later than the bond’s maturity.
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TABLE 64
Effect of Various Reinvestment Rates and Coupon Rates

on
the Realized Compound Yield
for
30-Year Bonds
A1l Priced to have a 6.50% Yield-to-Maturity

Realized Compound Yield Over Bond's Life

Reinvestment Rate

Coupon Rate 3% 4% 5% 6% 6.5% 7% 8% 9%
0.00% 6.50 6.50 6.50 6.50 6.50 6.50 6.50 6.50
1.00 5.65 5.8 6.09 6.35 6.50 6.66 7.00 7.38
2.00 5.29 5.59 5.93 6.30 6.50 6.71 7.16 7.65
3.00 5.09 5.45 5.84 6.27 6.5 6.74 7,24 7.78
4.00 4,96 5.36 5.79 6.25 6.50 6.76 7.29 7.86
5.00 4,87 5.29 5.75 6.24 6.50 6.77 7.32 7.9
6.00 4,81 5.25 5.72 6.23 6.50 6.77 7.35 7.9
6.50 4,78 5.23 5.71 6.23 6.50 6.78 7.36 7.96
7.00 4,76 5.21 5.70 6.23 6.50 6.78 7.36 7.98
8.00 4,72 65,19 5.69 6.22 6.50 6.79 7.38 8.00
9.00 4,69 5.16 5.68 6.22 6.50 6.79 7.39 8.01

Realized Compound Yield Prior to Maturity

Suppose the investor purchased a 30-year 4% bond at $671.82 to
yield 6.50%, but decided to sell this same bond 2 years later when it
achieved a market value of $730.34. This market value at sale
corresponds to a 6% yield-to-maturity. The consequent Future Value
and the realized compound yield over this two year holding period
are computed as shown in Table 65.

It should be noted that as long as the bond has the indicated
market value at time of sale, the investor has achieved the resultant
realized compound yield whether or not he actually sells the bond.
The point is that this is the dollar sum which could be made available
as of that point in time for a new investment decision, with
continued holding of the same bond representing only one of the
possible outcomes of that decision process. For this reason, in place
of the term “holding period” we prefer to use the expressions
“review period” or “workout period.”
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TABLE 65

Use of Compound Interest Tables to Compute
the Future Value and Realized Compound Yield for a
30-Year 4% Bond Purchased at a Cost of $671.82 (YTM = 6.50%)
with Reinvestment at an Assumed 6% Rate and
Sold Two Years Later at a Market Value of $730.34 (YTM = 6.00%)

Coupon Payment $20
X 2-Year Future Value of $1 Per Period

for 4 Periods (2 Years) at 3% Per Period x 4.184
= 2-Year Future Value of Coupons and Interest-

on-Interest* 83.68
+  2-Year Future Value of Principal (Market Value

2 Years Hence) +730.34
= 2-Year Future Value B14.02
<= Today's Market Cost == 671.82
= 2-Year Future Value Per Dollar = 1.212

Realized Compound Yield (Interest Rate
Providing above Future Value Per Dollar
in 2 Years) = 9.833%

*This figure could also be obtained from Table 45A by multiplying the 2 year,
6% factor of 20.918 by 4, the bond’s coupon % rate.

These calculations are strictly valid only in the context of a tax-free
account. In taxable environments, various mathematical adjustments
would naturally be required, but the basic principles underlying the
development of the realized compound yield would still appear to be
largely applicable.

In the Appendix (#6, #7, and #17), a general formula is provided
for the Future Value Per Dollar and the realized compound yield
over a workout period shorter than the bond’s maturity.

Any capital gain (or loss) will naturally have a significant impact
on the realized compound yield prior to maturity, especially over
shorter review periods. To illustrate this effect, consider a 30-year 4%
bond purchased at a yield-to-maturity of 6.50%, and then sold at
various prices after various review periods. The resulting realized
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compound yields, under a fixed 6% reinvestment assumption, are
shown in Table 66. The row of realized compound yields associated
with a 6.50% yield-to-maturity at the end of each review period
corresponds to the case of zero capital gain (or loss) beyond that due
to amortization of the initial discount.

As the review period lengthens, the realized compound yield for a
given change in yield-to-maturity grows closer and closer to the
values in the “zero capital gain’ row until all values coincide at the
30-year mark. This effect is the result of two factors at work. First,
as the number of years to achieve it increases, a given capital gain (or
loss) has a proportionately reduced impact on an annualized basis.
Second, as the review period increases, the bond’s remaining
time to maturity grows correspondingly shorter, so that a given yield
move gives rise to a decreasing move in capital value.

The above analysis reveals an important aspect of the realized
compound yield. By explicitly incorporating estimates for the
reinvestment rate and the end-of-review-period price, the realized
compound yield relates a bond’s return to the key elements of
market risk and opportunity.

TABLE 66

Effect of Various Review Periods on the Realized Compound Yield
of a 30-Year 4% Bond Purchased at $671.82 (YTH = 6.50%)
Kith Reinvestment at 6% and Verious End-of-Review-Period Market Values

Realized Compound Yield Over Review Period

Yield-to-Maturity
Number of Years in Review Period

at End of Review

Period T Year 2 Years 5 Years 10 Years 20 Vears 30 vears
8.00% -12.26 -~ 2.47 3.51 5.37 6.10 6.25
7.50 - 6.46 .34 4.44 5.69 6.17 6.25
7.00 - .23 3,32 5.4 6.03 6.24 6.25
6.80 2.40 4.56 5.82 6.17 6.27 6.25
6.60 5.1 5.83 6.23 6.31 6.29 6.25
6.50% 6.49%  6.48% 6.44* 6.39% 6.31* 6.25%
6.40 7.90 7.13 6.65 6.46 6.32 6.25
6:20 10.78 8.47 7.08 6.61 6.35 6.25
6.00 13.74 9.83 7.53 6.76 6.38 6.25
5.50 21.55  13.39 8.67 7.15 6.46 6.25
5.00 29.98  17.16 9.87 7.57 6.53 6.25

*Corresponds to scientific amortization.
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Realized Compound Yield Beyond Maturity

We can also extend the realized compound yield concept to a
future point beyond the bond’s maturity.

The bond’s maturity date is, in a sense, a rather artificial
investment horizon. Presumably, an investor has planning periods
which are convenient for his portfolio and his objectives. The
evaluation of any particular investment instrument should be made
within a time framework chosen by the investor, rather than pinned
to an arbitrary characteristic like a bond’s maturity date. By
extending the realized compound yield concept to deal with any
review period—whether shorter, equal, or longer than the bond’s
maturity—one has a theoretical tool for approaching this problem of
fitting the evaluation of a given bond into the context of the
investor’s time plan.

To compute the realized compound yield over a period beyond the
bond’s maturity, one must first decide what assumptions to make
regarding the reinvestment of 1) the Principal Value redeemed at
maturity and 2) the Future Value arising from the compounding of
coupon payments received up to maturity. There are many possible
choices here, including differentiating the rate at which the principal
amount is reinvested from the average rate used for the accumulated
coupon dollars. However, for ease of illustration, we shall once again
follow our earlier decision of selecting the simplest assumption: a
single reinvestment rate for all cash payments throughout the review
period. With this assumption, one can proceed to define first the
Future Value to a point beyond maturity, and then the consequent
realized compound yield.

To illustrate this case, let us return to our example of a 30-year
4% bond purchased at $671.82 to yield 6.50%. Suppose the
investor wishes to evaluate this bond in the context of a 40-year
planning period (perhaps in order to compare its return with that
from a competitive bond investment with a 40-year maturity).
Assuming a 6% reinvestment rate, we know from Table 58 that the
30-year Future Value of the bond will be $4,261.07 including
accumulated coupons, interest-on-interest, and redeemed principal.
For the 10 years remaining to the review point, we follow the
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TABLE 67

Use of Compound Interest Tables to Compute
the Future Value and Realized Compound Yield Over a 40-Year Review Period
of a 30-Year 4% Bond Purchased at a Cost of $871.82 (YTM = 6.50%)
With All Reinvestment at an Assumed 6% Rate

Future Value of Bond (Principal and Interest)
at 30-Year Maturity $4,261.07

x  10-Year Future Value of $1 at 6% x 1.806
= 4( Year Future Value $7,695.49
<+ Today's Market Cost + 671.82
=  Future Value Per Invested Dollar = 11.455
Realized Compound Yield to Achieve This
Future Value Per Dollar over 40-Years = 6.19%

procedure decided upon earlier and reinvest this entire sum at the
same reinvestment rate as before maturity, namely, 6%. From Table
42C, we see that for each $1 invested at 6% compounded semi-
annually, we will accumulate over a 10-year period an amount equal
to the 10-year Future Value of $1, or $1.806. Multiplying this
growth factor by the $4,261.07 invested, we find that the investment
would generate an estimated 40-year Future Value of $7,695.49.
Dividing this figure by the market cost, we determine the Future
Value Per Dollar and then the realized compound yield. The steps in
this computation are summarized in Table 67.

In the time between the redemption date and the end of the
review period, all funds are being compounded at the reinvestment
rate. Consequently, as the length of this time interval beyond
maturity grows, the reinvestment rate assumes increasing importance
and the realized compound yield converges towards the reinvestment
rate. This is illustrated in Table 68.

This “beyond redemption” evaluation also proves useful in
analyzing a callable bond to a review point beyond its assumed call
date. For example, suppose we wished to evaluate over an eight-year
period an 8%% bond purchased at $1,092.50 (YTM = 7.94%,
YTC = 7.663%) and assumed to be called 5 years later at 107 (see
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TABLE 68

Effect of Various Reinvestment Rates on the Realized Compound Yield
for a 30-Year 4% Bond Purchased at $671.82 (YTM = 6.50%)
Over Various Review Periods Beyond the 30-Year Maturity

Realized Compound Yield

Time Raviaw

Period Extends Reinvestment Rate
Beyond 30-Year Review
Maturity Period 3% 4% 542 6% 6.5% 7% 8% 9%
0 Years 30 Yrs., 4.96 5.36 5.79 6.25 6.50 6.76 7.30 7.86
1" 31 " 4,30 5,31 5.76 6.25 6.50 5.76 7.31 7.90
2 " 32 " 4.8 5.27 5.74 6.24 6.50 6.77 7.34 7.93
3 33 " 4,78 5.23 5.72 6,23 6.50 6,78 7.3 7.9
4 " 34 " 4,73 5.20 5.69 6.22 6.50 6,78 7.38 7.99
5 " 35 " 4.68 5.16 5.67 6.22 6.50 6,79 7.3 8.02
i " 40 * 4.47 5.02 5.5 6.19 6.50 6.82 7.47 8.15
20 ¢ 50 " 4,18 4,81 5.47 6.15 6.50 6.8 7.57 8.32
3 " 60 " 3.98 4.68 5.39 6.13 6.50 6.8 7.65 8.43
TABLE 69

Use of Compound Interest Tables to Compute
the Future Value and Realized Compound Yield Over an 8-Year Period
of a 30-Year 8 3/4% Bond Purchased at a Cost of $1,092.50 (YTM = 7,94%)
but Called 5 Years Later at 107 with all Reinvestment at an Assumed 6% Rate

Coupon Payment $43.75

X 5-Year Future Value of $1 Per Period
for 10 Periods at 3% Per Period (Table 42C) x11.464

= 5-Year Future Value of Coupons and Interest-

on-Interest §01.55
+ 5-Year Future Value of Called Principal 41,070.00
= 5-Year Future Value of Called Bond 1,571.55
x  3-Year Future Value of $1 x1.194

(6 Periods at 3% Per Period - Table 42C)
= 8-Year Future Value 1,876.43
+  Today's Market Cost + 1,092.50
= Future Value Per Invested Dollar 1.718

Realized Compound Yield 6.877%
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Table 57). We will assume a 6% reinvestment rate throughout the 8
year period. The computation would then proceed as indicated in
Table 69. :

In all of the preceding discussion of Future Values and realized
compound yields, we have chosen review periods consisting of an
integral number of semiannual periods. To extend this result to
review periods having an odd number of months and/or days, the
interpolation techniques described in Chapter 13 should be used in
order to obtain results consistent with the standard yield-to-maturity
computation.

Realized Compound Yield and the Recovery of Book Loss

The Future Value and realized compound yield can also be useful
in contexts where a book loss must be recovered in order to justify a
Pure Yield Pickup Swap. This general problem of correctly
computing recovery times for such proposed swaps is described in

some detail in Chapter 7. The investor wants to determine the time
required for the improvement in his “book cash flow” from the swap
to accumulate to the point of equaling an initial book loss.

This accumulation of “book cash flow™ consists of 1) coupon
payments, 2) interest-on-interest (which will show up in the income
account, at least indirectly, no matter what the accounting treatment
may be), and 3) gain or loss in book capital value in accordance with
whatever amortization procedure is being used. However, if we
define the capital gain (or loss) over a specified time to correspond
with the book gain (or loss) determined by the amortization
scheme, then the above definition of “accumulation of book
cash flow” just becomes the gain in Future Value. For a given
time period, by subtracting the gain from just holding the H-bond
from the gain achieved from the number of P-bonds that would be
obtained through executing the swap, we can determine the
accumulated book improvement to that future time. Moreover, when
this improvement just equals the initial book loss. then the elapsed
time corresponds to the required recovery time.
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This method can be generalized so that the mathematics and tables
of Future Value can be directly applied to computing accumulated
gains from swaps in a given book value environment. The
mathematical details are given in the Appendix (#19).

The realized compound yield computation can also prove useful
in connection with book loss problems. In fact, the realized
compound yield can provide a quick indication of whether or not a
swap will recover the book loss. If a P-bond has a realized compound
yield equal to or greater than that of the H-bond as of the H-bond’s
maturity, then the swap will recover the book loss by the maturity of
the H-bond. This result holds for any book value amortization
method as long as the P-bond’s book value at the H-bond’s maturity
is used in computing the P-bond’s Future Value Per Dollar and
realized compound yield.

As indicated in Chapter 7, it is the authors’ feeling that the
framework of book value places artificial and irrelevant constraints
on the investment decision-making process. It tends to freeze
portfolios and hold down the rate of return. Nevertheless, there are
many portfolio managers who simply have no choice: they are
required to justify any swap as an improvement. within their
bookkeeping framework,

Using the Yield Book to Find Realized Compound Yields

Throughout this book we have emphasized the concept of realized
compound yield as a comprehensive guide to bond values. It reveals
the fully compounded growth rate of any investment under varying
reinvestment rates and thus permits consistent comparisons between
alternate investments. We have demonstrated how realized
compound yields can be calculated by the use of Compound Interest
Tables.

However, for those who find it more convenient to use only the
Yield Book, there is a straightforward method of deriving realized
compound yields from any standard Yield Book which includes
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“0%” coupon tables, which most do. This is demonstrated in Table
70. The only independent data required are the terms and price of
the bond and assumptions on the future reinvestment rate or rates.

TABLE 70
Method for Finding Realized Compound Yield Over the Life of
a Bond Using Only the Yield Book

A 30-Year 4% Bond Purchased to Yield 6.50% with a
Reinvestment Rate Assumption of 6%

. Value of bond at today's market to yield 6.50% $671.82
Hypothetical Value of bond today at YTM of 6% (Reinvestment Rate) $723.20

Divide (1) above by (2) above 671:82 . L9289

Find price of "0%" coupon 30-year bond at YTM = 6% (Refnvestment Rate) $16.97
Multiply (3) above by (4) above .9289 x 16.97 = $15.76

Find YTM of 30-Year "0%" coupon bond with Dollar Price of (5) above.
This is the realized compound yield. 6.26%

{(Add Accrued Interest, if any, to Principal Value in steps 1 and 2.)

In this case the realized compound yield lies about halfway
between the yield-to-maturity and the reinvestment rate. We have
seen that it always is somewhere between these two rates if the bond
is held to maturity.

The example used in Table 70 is the same one used in Tables 59
and 60 to illustrate the procedure based on the Compound Interest
Tables. The reasons why the Yield Book can be used as in Table 70
to calculate realized compound yield are complex (see
Appendix—#20).

The method outlined in Table 70 applies only where the desired
time period coincides with the life of a bond. If it is desired
for reasons discussed above to measure realized compound yields for
periods beyond the life of a bond, the same method can be used with
a slight adjustment in step 4 and 6 to account for the longer review
period as follows:
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Step 4 (Table 70). Find dollar price for *“0%” coupon bond with a
longer maturity coinciding with the longer review period.

Step 6 (Table 70). Find YTM for “0%” coupon bond with the
same longer maturity coinciding with the review period.

Finally if it is desired to measure realized compound yields for a
period shorter than the life of a bond, the same method may be used
but a preliminary calculation must be made. This is the “scale-down”
technique discussed in Chapter 14. However, this entails a much
more complicated calculation and the use of the Compound Interest
Tables seems preferable in these cases.
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Appendix

(See Glossary of Symbols at the End)

With the aid of the following general formulae, most significant
bond yield calculations can be quickly performed by standard com-

puters.

1. The Future Value of 31 (CH 8)

The T half-year Future Value of $1 @ R = (1 + R)T
n n n " " " " $P@R=P(l +R)T

2. The Present Value of 31 (CH 9)

The Present Value of $1 to be 1
Received in T Half Years @ R =Tl—;R_)f

The Present Value of $P to be p
Received in T Half Years @ R =-(-i-;—R-)-f

3. The Future Value of $1 Per Period (CH 10)
The T Half Years Future Value of $1 Per Period @R =

A+R)T-1
R

For the Future Value of any amount (A) per period, mul-
tiply the above by A.

189
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For the Future Value of a coupon flow, multiply the above
by the amount of the semiannual coupon (5C).

(Note that in all these formulae R, the interest rate, is
assumed to be greater than zero.)

. Interest-on-Interest

From the total Future Value of the compounded coupon
flow (#3 above), subtract the total of coupon payments,
i.e., the amount T X 5C.

. Future Value of a Bond at Maturity

T _
s1.000+ sc (X RI=1T)

if maturity is exactly T semiannual periods from today,
redemption value is $1,000 and each coupon received is
reinvested at R.

. Future Value of a Bond Prior to Maturity

In #5 above, substitute assumed future Principal Value at
end of review period for $1,000, and the number of semi-
annual periods to review (W) for T.

. Future Value Per Dollar Invested Today

Divide #5 or #6 above by today’s market value.

. Present Value of 31 Per Period (CH 11)

Present Value of $1 per period for T periods @ R
11
"ROR+R)T

This is the sum of the Present Values of each payment.

For the Present Value of any amount of level payments, such
as a coupon flow, multiply the above by the amount of each
payment.
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9.

10.

11.

12.

13.

Present Value of A Bond

This is the sum of the Present Value of the redemption
payment and the Present Value of the coupon flow. It is

e, 1 5c
=R +(1+R)T (1,000— R>

This is also the Present Value of a lump sum payment
equal to a bond’s Future Value at maturity at the same
interest rate R.

Market Value of a Bond and its Yield-to-Maturity (CH 12)

Since yield-to-maturity (Y) is defined as that discount rate
(R) which provides a Present Value of a bond equal to its
Market Value (MV),

_5C 1 5C
MV = Y +(1+Y)T (1000— Y)

Accrued Interest (CH 13)

180 -30M—-D
180

This assumes the conventional 30-day months.

AI=SC<

The Principal Value (PR)

The Principal Value is defined as Market Value (MV) less
Accrued Interest. The Dollar Price of a bond (DP) is defined
as its Principal Value expressed as a percentage of its
redemption value.

Dollar Price of a Bond Derived From Yield-to-Maturity

For bonds maturing in an integral number of semiannual
periods, the Dollar Price (DP) equals -L%/, so that using
#10 above,
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_c. 1 C
S AR TES o (100‘ 2Y>

or if maturity is in integral months but not an integral
number of semiannual periods,

-1 _ €. c. 1 _C
D= v ve [2+2Y+(1+Y)T <1°0 2Y>:l
€ (180 — 30M)
360

The above formulae are for bonds having a maturity of 6
months or longer.

14. Interpolation for Dollar Price of a Bond with Odd Days

Where DP (T ,M,D) is the Dollar Price of a bond with a matur-
ity of T = full semiannual time periods to maturity, plus M =
additional months, plus D = additional days,

DP (T ,M,D) = DP (T ,M,0)

+-3-% X [DP (TM+10) — DP (T,M,O):l

15. Dollar Price of a Bond With Maturity Under Six Months

pp=100+C/2_C (180 - 30M
T+MY ~2 \_ 180

16. Yield-To-Call (CH 14)

That discount rate which makes the Present Value of the
bond’s cash flow to call equal to its market value,

_sc .1 5C
MV=yTe "+ yToe [10 P = YTC]

17. Realized Compound Yield (E) (CH 15)

That interest rate at which the semiannually compounded
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Future Value of $1 will equal the “Future Value Per Dollar
Invested Today” of the investment. Thus,

E=(FVPD)WV _ |

18. Future Value of a Bond Over Review Period Beyond Maturity
Future Value Per Dollar Invested Today =

Q+R¥-T (1 +R)T- 1)]
MV X [1,000+5C ( R

19. Time to Recover a Book Loss

This is an artificial concept because there is an immediate
benefit to the portfolio’s cash flow whenever a P-bond
promises a larger realized compound yield than the H-bond
over the H-bond’s life. Nevertheless, the calculation of
“time to recover” is popular. For this calculation to be per-
formed correctly, it is essential to compare the book loss
with the difference in Future Values (P-bond less the H-
bond) including amortized principal, coupons and interest-
on-interest under identical reinvestment rate assumptions.
This last step is often omitted, leading to grossly mislead-
ing results.

To obtain a formula, suppose the net proceeds HMV from
the sale of an H-bond with amortized book value HBV are
invested on a swap in P-bonds, each costing PMV. For any
given review date, let HFV and PFV denote the Future
Values of the H-bond and P-bond, respectively, on a book
cost basis. Then the net book benefit NB from the swap
will be

_ [ (amv
NB = [(WV) PFV] — HFV

as of this review date. Immediately following the swap,
this net gain will be negative, just equalling the book loss
BL,ie.,
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HMV
NB —[<m> PMV] — HBV

= — (HBV — HMV)
=—BL

For a productive Pure Yield Pickup Swap, this net loss will
decline until it reaches and then passes the zero mark. At
this point when the net just equals zero, the book loss is
recovered.

We can express the net gain formula in terms of Future
(book) Values Per (market) Dollar,

oy (29 - (250

At recovery, NB = 0, and we see that
PFV _ HFV

PMV HMV
so that the realized compound yields must also be equal at
this point.
20. Rationale Underlying Yield Book Method for Finding
Realized Compound Yield
The procedure leads to finding a solution E for the equation,

100 _ MV 100
(1+EW ( Present Value of Bond’s (1+R)W

Cash Flow at Discount
Rate R

100 MV
Future Value at Review
of Bond’s Cash Flow with
Reinvestment at R
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100
FVPD

or
(1 +EY =FVPD
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Al
BL

CP

CT

DP

FVPD
H-bond
HBV
HFV

HMV

MV
NB

P-bond

PFV

PMV
PR

APPENDIX

Glossary of Symbols

Amount of a future payment.

Accrued interest.

Book loss.

Coupon rate expressed as a percentage per annum.

Call price.

Number of semiannual periods from today to call date.

Number of days that the bond’s remaining life exceeds
an integral number of months.

Dollar Price of a bond.

Realized compound yield, expressed as a decimal rate
per semiannual period.

Future Value Per Dollar invested today.

In a swap, the bond now #eld and to be sold.

The H-bond’s current amortized book capital value.

The H-bond’s Future Value on a book basis, i.e., the
accumulated book dollars from coupons, interest-on-
interest, and amortized capital value provided by the
H-bond as of some future review point.

The H-bond’s current net sale value.

Number of integral months that the bond’s maturity
exceeds an integral number of semiannual periods.

Market value of a bond.

Net book benefit from swap up to some future review
point.

Principal amount.

The bond proposed for purchase in a swap.

The P-bond’s Future Value on a book basis as of some
review point (see HFV).

The P-bond’s current net cost.

Principal Value.

Reinvestment rate (or discount rate) expressed as a deci-
mal rate per semiannual period.
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T Number of semiannual periods to maturity.

\' Number of semiannual periods until the end of the re-
view period.

Y Yield-to-maturity expressed as a decimal rate per semi-
annual period.

YTM Yield-to-maturity.

YTC Yield-to-call expressed as a decimal rate per semiannual

period.
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A, 189,196
Accrued Interest:

compensation, 155

computation, 156

definition, 155

delivery date in bond’s coupon payment
cycle, 158

distorting effect of coupon payment
cycle, 157

Dollar Prices, 155-162 (see also Dollar
Prices)

formula, 191

fraction of coupon due as, 156

ma:ket values quoted without, 157

mechanical computation for particular
date of sale, 157

none, 160

obtain in dollars, 156

what it represents, 157

long-term discount, 25-26
long-term par, 21-23
maturity, 33
0 coupon discount, 37-41 (see also 0
coupon discount bonds)
perpetuals, 33-37 (see also Perpetuals)
premium, par, discount, 57-67, 69-78
price volatility, 69-78
yield, 57-67
Present Value, 142-145
price, 33, 43-56, 69-78 (see also
Volatility)
quoted “flat,” 157
realized compound yield, 21, 169-186
swaps (see Swaps)
Book loss, recovery, 100-108, 184-185,
193-194
Book Value Today, 152, 153
Break even prices, 95
Break even yields, 95

Al, 156,159,191, 196
Amortization, 102, 104, 105, 107, 152-154 C
Annualized interest rate, 169
C, 156, 158, 159, 160, 196
Call, potential, §8, 59
B Call price, 62
Cash flow:

Future Value, 125-137
bond, 133-138
coupon flow, 129-130
interest-on-interest, 130-133
level, 127-129
$1 per period, 125-127

Present Value, 139-145
bond, 142-145

Basic points, 30
Basic point change in yield, 35
“Beyond redemption” evaluation, 182-184
BL, 193-194, 196
Bonds:
coupon, 33,48-49
“cushion,” 70
long-term at lower yields, 26-28
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level cash flow, 141-142
$1 per period, 139-141
College endowment fund, 32
Compound interest:
add in reinvestment income, 112
at end of T interest periods, formula,
114
compounding, formula, 113
payments before maturity, 112
power, 31-33
semiannual compounding, 114-115
tables, 173
vs. simple interest, 24
Consols, 34
Coupon: :
bond price volatility, 43, 4445, 48-49
bonds, 33, 4849
income, 22
rate, 175,177, 178
CP, 164, 165, 196
Cross-over price, 60
Cross-over yield, 61-63
CT, 196
“Cushion bonds,” 70

D

D, 156, 159, 160, 196
Discount bonds:
0 coupons, 37-41 (see also 0 coupon
discount bonds)
price volatility, 69-78
yields, 57-68 (see also Yield)
Dollar Price:
Accrued Interest (see Accrued Interest)
bond derived from yield-to-maturity,
191-192
bond with maturity under six months,
162,192
bonds quoted “flat,” 157
compensation, 155-156
computing from yield-to-maturity, 155
corporate bond having any given term
to maturity, 155
corresponding to specified yield-to-
maturity, 161
default or near default, 157
definition, 157
delivery date between coupon dates, 159
delivery date beyond coupon date, 155
“exponential method,” 158
formula, 156
foundation for all quotations, 157
function of yield-to-maturity, 150
“integral month” formula, 160

Index

interpolation between full compounding
periods, 158

“linear interpolation,” 160

‘market value, 158

Market Value Today, 162

maturities of less than six months,
161-162

percentage of bond’s face value, 157

Principal Value (see Principal Value)

Principal Value plus Accrued Interest,
158

uncertainty of interest payments, 157

when bond’s remaining life contains odd
days, 160

when it represents growth rate of Future
Value only, 154

DP, 191-192, 196

E, 192,196
“Equivalent” savings account, 171-173
“Exponential” interpolation, 158

F

“Flat,” 157
Funds, investment, 32-33
Future Value:
bond at maturity, 190
bond prior to maturity, 190
cash flow (see Cash flow)
coupon flow, 129-130
Interest-on-Interest, 130-133
level cash flow, 127-129
$1 per period, 125-127, 189-190
$1 today, 117-120
over review period beyond maturity,
193
Per Dollar, 171-173, 179
Per Dollar Invested Today, 134-135,
170, 190
total, bond, 133-138
FVPD, 134, 196

“Gross cost,” 62
Growth rate, 171

H-bond, 80, 196
HBV, 193, 194, 196
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HFV, 193, 194, 196
HMV, 193, 194, 196

1
“Integral month™ Dollar Price formula,
161,191
Interest:

accrued, 155-162 (see also
Dollar Prices)

compound, 24, 31-33, 112-115 (see also
Compound Interest)

interest-on-interest, 21-29, 120-121
(see also Interest-on-interest)

semiannual compounding, 114-115

simple, 24, 111-112

Interest-on-interest:

amount, 22

coupon income, 22

definition, 21

discount, 22

formula, 190

investment implications, 28-29

long-term bonds at lower yields,
26-28

long-term discount bonds, 25-26

long-term par bonds, 21-23

maturity, 24-25

% of total return, 22

realized compound yield, 169

reinvestment rate, 22

simple interest vs. compound interest,
24

table, 22

total realized compound yield, 22

total return, 22

Yield Book, 23

Intermarket Spread Swap:

classification, 80-81

combining with Substitution Swap,
92

executed in two directions,

future market relationship, 107
into P-bond having greater yield-to-
maturity than H-bond, 87
large permanent gains or losses, 107
motivation, 87
“workout time risk,” 89
“yield give-up” direction, 88
*“yield pickup direction, 90
Interpolation:
“exponential,” 158
formula, 192
“linear,” 160
Investment funds, 32-33
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L

“Linear interpolation,” 160
Long-term bonds at lower yields, 26-28
Long-term discount bonds, 25-26
Long-term par bonds, 21-23
Loss, book, 100-108, 184-185
Loss-recovery period, 101
Losses, realized,

100-105

M

M, 156, 159, 160, 196
“Market price matching” discount rate,
147
Market vatue,
formula, 191
Maturity:
bond price volatility, 43, 44, 46
date, 181
interest-on-interest, 24-25
Maturity Swap, 92-96
“Minimum yield,” 60-64
Money, time value, 117-124 (see also
Time value of money)
MV, 165, 196

NB, 196

o

0 coupon discount bonds:
large hypothetical discounts, 37
no reinvestment of coupons required,
7

Present Value of coupon stream, 38

Present Value of future principal pay-
ment, 38

return derived from discount, 37

return fully compounded, 37

volatility, 38-42

Objectives:

bearish for next five years, 77

bearish on bonds for next year, 77

bullish for next five years,
78

high compounded yield combined
with maximum price stability,
11

high yield medium-term investment,
15
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Objectives: (continued) potentially short life, 69
maximum assured yield for full thirty- risky alternatives to short instruments,
year period, 75
maximum fully compounded yield for summary and investment implications,
30 years, 77 75-78
maximum immediate current coupon volatility, 69-78
income, 75 when yields are rising, 70
maximum performance, 17 yields, 57-68 (see also Yield)
principal plus fully compounded interest, Present Value:
77 analyzed in three steps, 158
yield of long-term bonds, bond, 142-145, 191
77 cash flow (see Cash flow)
Odd days, 160-162 level cash flow, 141-142

$1 per period, 139-141
$1 received in future, 122

P single lump sum future payment, 40
Principal Value:
, 113,114,196 definition, 157
gzblolnld,liioi 196 measure of bond’s capital value, 157
P-bond amortization, 102, 104, 105 plus Accrued Interest, 158
Par bonds: specxt'ac numbers quoted, 157
price volatility, 69-78 todgy s, %59
yields, 57-68 (see also Yield) Pure Yield Pickup Swaps
Pension, 32 (see Yield Pickup Swaps)

Percentage change in yield, 35
“Perpetual annuities,” 33-34

Perpetuals:
calculation of yields or prices, 34 R
consols, 34
investment implications, 42 R,111,113,114,118,119, 122,125,127,
“perpetual annuities,” 33-34 139, 196
Present Value, 34 Rate Anticipation Swap:
volatility, 35-37 capital gains or losses, 93
basis point changes, 35 classification, 81
constant percentage change in Present coupon income, 93
Value, 36-37 evaluating maturity swaps, 93, 95
measured two ways, 35 expected long rate, 92
per 100 basis point change, 35 extended time periods, 93
percentage changes, 35 highly speculative, 107
PFV, 193-194, 196 interest on interest, 93
Pickup in basis points, 82 maturity swaps, 92-96
PMV, 193-194, 196 other types, 96
PR, 191-196 prompt realignment of yields, 93
Preferred stock, 157 realignment of yields, 107
Premium bonds: realized compound yield, 93
advantages and disadvantages, 74 table, 95
as prices advance, 70 when, 92
call feature, 70, 74 Realized compound yield:
“ceiling and cushion” effects, 70, 71 beyond maturity, 181-184
changes in interest rates, 70 “beyond redemption” evaluation,
“cushion bonds,” 70 182-184
extremely stable return, 74 compute, 181
five-year period, 74 maturity date, 181
high current yield, 69 over bond’s life, 21, 64-67, 169-177
if new issue rates drop, 71 above yield-to-maturity, 175

one year period, 74 advantages, 177
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annualized interest rate, 169
assumed reinvestment rate, 175

coincides with yield-to-maturity,
175
Compound Interest Tables, 173
coupon rate, 175, 177, 178
Realized compound yield: (over bond’s
life) (continued)
current yield-to-maturity, 175
determine, 173
effect of time, 175
“equivalent” savings account, 171-
173
explicit mathematical formula, 172
function at four independent values,
175
Future Value, 169-170, 172, 175,
177
Future Value Per Dollar, 171-172
Future Value Per Dollar Invested
Today, 170
growth rate, 171
growth with increasing reinvestment
rate, 175, 176
handy form for finding, 173, 174
important value measure, 169
interest-on-interest, 169
interim price fluctuations, 169
intrinsic flexibility, 177
market value, 175
reinvestment rate equal to yield-to-
maturity rate, 175
reinvestment rate greater than yield-
to-maturity, 175
summary, 177
supplements yield-to-maturity,
169
total cash flow derived from invest-
ment, 169
prior to maturity, 178-180
as review period lengthens, 180
capital gain (or loss), 179
Future Value, 178
Future Value Per Dollar, 179
“review period,” 178
“work-out period,” 178
rationale underlying Yield Book Metho:
for finding, 194
recovery of book loss, 184-185
to maturity, 21, 64-67
using Yield Book, 185-186
Realized losses, 100-105
Recovery time, 101-102, 103
Reinvestment rate, 22
Retirement funds, 32
“Review period,” 178
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S

Scientific amortization, 102, 104, 152-154
Semiannual compounding, 114-115
Simple interest, 24, 111-112
Straight line amortization, 102, 104, 152
Substitution Swap:
adverse change in overall rates, 86
adverse interim spreads, 86
almost foolproof, 107
classification, 79-80
combined with Intermarket Spread
Swap, 92
gain in effective yield grows, 86
major changes in overall market yields,
86
P-bond not being true substitute,
86

realized compound yield, 83-84

repeated annually, 107

risks, 86

rule of proportionality, 86

simplest of all, 79, 83

slower workout time than anticipated,
86

10 basis point, one year workout period,
84

upward movement in rates, 86

“workout,” 84

Swaps:

bond portfolio, 79-108

classification, 79-81

Intermarket Spread, 80-81, 87-92 (see
also Intermarket Spread Swap)

measuring value, 82-83

Pure Yield Pickup, 81, 97-108 (see also
Pure Yield Pickup Swap)

Rate Anticipation, 81, 92-96 (see also
Rate Anticipation Swap)

Substitution, 79-80, 83-87 (see also
Substitution Swap)

summary and investment implications,
106-108

“time test,” 101

“workout time,” 81-82

T

T, 111,113,114, 118, 119, 122, 125, 127,
139, 156, 159, 160, 197
Takeout, 82
“Threat of call,” 63
Time:
effect, 175
recover book loss, 101-102, 193-194
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Time: (continued)
“Time test,” 101
Time value of money:
evaluation at common point in time,
123-124
Future Value of §1 today, 117-120
interest on interest payment, 120-121
Present Value of future dollars, 122-123
“3Y% Year-Future Value of $1 today,”
118
Total realized compound yield, 22, 169-186
(see also Realized compound
yield)
Total return,
22

v

Volatility:

bond prices, 43-56
as coupon rate declines, 46
as maturity lengthens, 46
as yields rise, 46
causes, 46
coupon, 43, 4445
coupon bonds in real life,

4849

increases, 43
investment implications, 54-56
maturity, 43, 44
starting level of yields, 43, 45
summary, 51-53
yields, 49-51

0 coupzn discount bonds, 38-41, 42,

7

perpetuals, 35-37, 42, 47
price of premium bonds, par bonds,
discount bonds, 69-78

w

W, 197
“Work-out period,” 178

Y

Y, 197
Yield:
bond price volatility, 43, 45, 49-51
objectives, 75-78 (see also Objectives)
premium bonds, par bonds, discount
bonds, 57-67
conventionally computed minimum
yield, 63-64
cross-over yield, 60-63

Index

effect of potential call, 58-59

realized compound yields to
maturity, 64-67

yield-to-call and “minimum yield,”
59-60

Yield Book, 23, 164, 185-186
Yield Pickup Swaps:

amortization, 107
amortization to par, 98
call protection, 107
coupon income, 98
evaluation of benefits, 98
interest-on-interest, 98, 107
interim market price changes, 98
name, 97
pay off over long period of years, 107
pension fund managers, 98
quality, 107
realized losses, 100-105
accounting practices, 100
accumulated income, 105
common error, 102
complex, 102
compounding of “interest-on-
interest,” 102
computing loss-recovery period, 10]
differing maturities, 102
extension of recovery time compu-
tation, 103
net gain to swapper, 101
P-bond amortization, 102, 104, 105
P-bond priced close to price of H-
bond, 105
recovery time dependent on
unknown reinvestment rate,
102
“scientific amortization,” 104
switches involving risks, 105
tax-free funds, 100
“time test,” 101
switch from 4’s to 7’s, 99, 100, 102

Yield-to-Call:

call date not on coupon payment date,
166

definition, 59, 163-164

methods for computing, 164-167

minimum yield, 59-60

relate to assumed call date and call
price, 164

scaling down cash flow, 164-166

segregate cash flow to call into com-
ponents, 166

specialized books, 164

standard Yield Book, 164

Yield-to-maturity:

absence of Yield Book, 147
all that is known, 148, 150
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analogy to equivalent savings account
rate, 150, 152, 153

bond’s cash flow equal to market price,
147

book value today, 152

capital amortization schedule, 152

comparison between bonds, 150

computational procedure for Present
Values, 148, 149

concept, 23, 150

convenient, common yardstick, 23, 151

defined, 147

determine bond’s market value,
148

discount rate to match price, 147

Dollar Price as function, 150

errors, 153

finding, 150

given Dollar Price, 155

given market price, 150

growth rate of Future Value of present
investment, 153
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implications, 150

interpretations, 150

“market price matching” discount rate,
147

market values corresponding to different
yield-to-maturity values, 150

no considered forecast of reinvestment
rate, 154

not absolute investment measure, 151

percentage return, 151-152

presentation of standard Yield Book,
150

scientific amortization,” 152

stating bond’s price, 150

straight line amortization, 152

3% year 4% bond with market value of
$922.85, 147-148

understanding, 150-154

when representative of growth rate of
Future Value, 154

YTC, 34, 59, 182, 197
YTM, 23, 170, 182, 186, 197
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