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10.5-5. Erdélyi–Kober Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 532

10.6. Equations with Weakly Singular Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 532
10.6-1. Method of Transformation of the Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 532
10.6-2. Kernel with Logarithmic Singularity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 533

10.7. Method of Quadratures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 534
10.7-1. Quadrature Formulas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 534
10.7-2. General Scheme of the Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 535
10.7-3. Algorithm Based on the Trapezoidal Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 536
10.7-4. Algorithm for an Equation with Degenerate Kernel . . . . . . . . . . . . . . . . . . . . . 536

10.8. Equations with Infinite Integration Limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 537
10.8-1. Equation of the First Kind with Variable Lower Limit of Integration . . . . . . . . 537
10.8-2. Reduction to a Wiener–Hopf Equation of the First Kind . . . . . . . . . . . . . . . . . 538

11. Methods for Solving Linear Equations of the Form y(x) –
∫∫

x

a
K(x, t)y(t) dt = f (x) 539

11.1. Volterra Integral Equations of the Second Kind . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 539
11.1-1. Preliminary Remarks. Equations for the Resolvent . . . . . . . . . . . . . . . . . . . . . 539
11.1-2. Relationship Between Solutions of Some Integral Equations . . . . . . . . . . . . . . 540

11.2. Equations with Degenerate Kernel: K(x, t) = g1(x)h1(t) + · · · + gn(x)hn(t) . . . . . . . . . 540
11.2-1. Equations with Kernel of the Form K(x, t) = ϕ(x) + ψ(x)(x – t) . . . . . . . . . . . 540
11.2-2. Equations with Kernel of the Form K(x, t) = ϕ(t) + ψ(t)(t – x) . . . . . . . . . . . . 541
11.2-3. Equations with Kernel of the Form K(x, t) =

∑n
m=1 ϕm(x)(x – t)m–1 . . . . . . . 542

11.2-4. Equations with Kernel of the Form K(x, t) =
∑n

m=1 ϕm(t)(t – x)m–1 . . . . . . . 543
11.2-5. Equations with Degenerate Kernel of the General Form . . . . . . . . . . . . . . . . . . 543

11.3. Equations with Difference Kernel: K(x, t) = K(x – t) . . . . . . . . . . . . . . . . . . . . . . . . . . 544
11.3-1. Solution Method Based on the Laplace Transform . . . . . . . . . . . . . . . . . . . . . . 544
11.3-2. Method Based on the Solution of an Auxiliary Equation . . . . . . . . . . . . . . . . . 546
11.3-3. Reduction to Ordinary Differential Equations . . . . . . . . . . . . . . . . . . . . . . . . . . 547
11.3-4. Reduction to a Wiener–Hopf Equation of the Second Kind . . . . . . . . . . . . . . . 547
11.3-5. Method of Fractional Integration for the Generalized Abel Equation . . . . . . . . 548
11.3-6. Systems of Volterra Integral Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 549



xiv CONTENTS

11.4. Operator Methods for Solving Linear Integral Equations . . . . . . . . . . . . . . . . . . . . . . . . 549
11.4-1. Application of a Solution of a “Truncated” Equation of the First Kind . . . . . . 549
11.4-2. Application of the Auxiliary Equation of the Second Kind . . . . . . . . . . . . . . . . 551
11.4-3. Method for Solving “Quadratic” Operator Equations . . . . . . . . . . . . . . . . . . . . 552
11.4-4. Solution of Operator Equations of Polynomial Form . . . . . . . . . . . . . . . . . . . . 553
11.4-5. Some Generalizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 554

11.5. Construction of Solutions of Integral Equations with Special Right-Hand Side . . . . . . . 555
11.5-1. General Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 555
11.5-2. Generating Function of Exponential Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . 555
11.5-3. Power-Law Generating Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 557
11.5-4. Generating Function Containing Sines and Cosines . . . . . . . . . . . . . . . . . . . . . 558

11.6. Method of Model Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 559
11.6-1. Preliminary Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 559
11.6-2. Description of the Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 560
11.6-3. Model Solution in the Case of an Exponential Right-Hand Side . . . . . . . . . . . 561
11.6-4. Model Solution in the Case of a Power-Law Right-Hand Side . . . . . . . . . . . . . 562
11.6-5. Model Solution in the Case of a Sine-Shaped Right-Hand Side . . . . . . . . . . . . 562
11.6-6. Model Solution in the Case of a Cosine-Shaped Right-Hand Side . . . . . . . . . . 563
11.6-7. Some Generalizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 563

11.7. Method of Differentiation for Integral Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 564
11.7-1. Equations with Kernel Containing a Sum of Exponential Functions . . . . . . . . 564
11.7-2. Equations with Kernel Containing a Sum of Hyperbolic Functions . . . . . . . . . 564
11.7-3. Equations with Kernel Containing a Sum of Trigonometric Functions . . . . . . . 564
11.7-4. Equations Whose Kernels Contain Combinations of Various Functions . . . . . . 565

11.8. Reduction of Volterra Equations of the Second Kind to Volterra Equations of the First
Kind . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 565
11.8-1. First Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 565
11.8-2. Second Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 566

11.9. Successive Approximation Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 566
11.9-1. General Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 566
11.9-2. Formula for the Resolvent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 567

11.10. Method of Quadratures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 568
11.10-1. General Scheme of the Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 568
11.10-2. Application of the Trapezoidal Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 568
11.10-3. Case of a Degenerate Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 569

11.11. Equations with Infinite Integration Limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 569
11.11-1. Equation of the Second Kind with Variable Lower Integration Limit . . . . . . 570
11.11-2. Reduction to a Wiener–Hopf Equation of the Second Kind . . . . . . . . . . . . . 571

12. Methods for Solving Linear Equations of the Form
∫∫

b

a
K(x, t)y(t) dt = f (x) . . . . . 573

12.1. Some Definition and Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 573
12.1-1. Fredholm Integral Equations of the First Kind . . . . . . . . . . . . . . . . . . . . . . . . . 573
12.1-2. Integral Equations of the First Kind with Weak Singularity . . . . . . . . . . . . . . . 574
12.1-3. Integral Equations of Convolution Type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 574
12.1-4. Dual Integral Equations of the First Kind . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 575
12.1-5. Some Problems Leading to Integral Equations of the First Kind . . . . . . . . . . . 575

12.2. Integral Equations of the First Kind with Symmetric Kernel . . . . . . . . . . . . . . . . . . . . . 577
12.2-1. Solution of an Integral Equation in Terms of Series in Eigenfunctions of Its

Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 577
12.2-2. Method of Successive Approximations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 579



CONTENTS xv

12.3. Integral Equations of the First Kind with Nonsymmetric Kernel . . . . . . . . . . . . . . . . . . 580
12.3-1. Representation of a Solution in the Form of Series. General Description . . . . 580
12.3-2. Special Case of a Kernel That is a Generating Function . . . . . . . . . . . . . . . . . . 580
12.3-3. Special Case of the Right-Hand Side Represented in Terms of Orthogonal

Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 582
12.3-4. General Case. Galerkin’s Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 582
12.3-5. Utilization of the Schmidt Kernels for the Construction of Solutions of

Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 582

12.4. Method of Differentiation for Integral Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 583
12.4-1. Equations with Modulus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 583
12.4-2. Other Equations. Some Generalizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 585

12.5. Method of Integral Transforms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 586
12.5-1. Equation with Difference Kernel on the Entire Axis . . . . . . . . . . . . . . . . . . . . . 586
12.5-2. Equations with Kernel K(x, t) = K(x/t) on the Semiaxis . . . . . . . . . . . . . . . . 587
12.5-3. Equation with Kernel K(x, t) = K(xt) and Some Generalizations . . . . . . . . . . 587

12.6. Krein’s Method and Some Other Exact Methods for Integral Equations of Special Types 588
12.6-1. Krein’s Method for an Equation with Difference Kernel with a Weak Singularity 588
12.6-2. Kernel is the Sum of a Nondegenerate Kernel and an Arbitrary Degenerate

Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 589
12.6-3. Reduction of Integral Equations of the First Kind to Equations of the Second

Kind . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 591

12.7. Riemann Problem for the Real Axis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 592
12.7-1. Relationships Between the Fourier Integral and the Cauchy Type Integral . . . . 592
12.7-2. One-Sided Fourier Integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 593
12.7-3. Analytic Continuation Theorem and the Generalized Liouville Theorem . . . . 595
12.7-4. Riemann Boundary Value Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 595
12.7-5. Problems with Rational Coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 601
12.7-6. Exceptional Cases. The Homogeneous Problem . . . . . . . . . . . . . . . . . . . . . . . . 602
12.7-7. Exceptional Cases. The Nonhomogeneous Problem . . . . . . . . . . . . . . . . . . . . . 604

12.8. Carleman Method for Equations of the Convolution Type of the First Kind . . . . . . . . . 606
12.8-1. Wiener–Hopf Equation of the First Kind . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 606
12.8-2. Integral Equations of the First Kind with Two Kernels . . . . . . . . . . . . . . . . . . . 607

12.9. Dual Integral Equations of the First Kind . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 610
12.9-1. Carleman Method for Equations with Difference Kernels . . . . . . . . . . . . . . . . 610
12.9-2. General Scheme of Finding Solutions of Dual Integral Equations . . . . . . . . . . 611
12.9-3. Exact Solutions of Some Dual Equations of the First Kind . . . . . . . . . . . . . . . . 613
12.9-4. Reduction of Dual Equations to a Fredholm Equation . . . . . . . . . . . . . . . . . . . 615

12.10. Asymptotic Methods for Solving Equations with Logarithmic Singularity . . . . . . . . . 618
12.10-1. Preliminary Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 618
12.10-2. Solution for Large λ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 619
12.10-3. Solution for Small λ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 620
12.10-4. Integral Equation of Elasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 621

12.11. Regularization Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 621
12.11-1. Lavrentiev Regularization Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 621
12.11-2. Tikhonov Regularization Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 622

12.12. Fredholm Integral Equation of the First Kind as an Ill-Posed Problem . . . . . . . . . . . . 623
12.12-1. General Notions of Well-Posed and Ill-Posed Problems . . . . . . . . . . . . . . . . 623
12.12-2. Integral Equation of the First Kind is an Ill-Posed Problem . . . . . . . . . . . . . 624



xvi CONTENTS

13. Methods for Solving Linear Equations of the Form y(x) –
∫∫

b

a
K(x, t)y(t) dt = f (x) 625

13.1. Some Definition and Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 625
13.1-1. Fredholm Equations and Equations with Weak Singularity of the Second Kind 625
13.1-2. Structure of the Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 626
13.1-3. Integral Equations of Convolution Type of the Second Kind . . . . . . . . . . . . . . 626
13.1-4. Dual Integral Equations of the Second Kind . . . . . . . . . . . . . . . . . . . . . . . . . . . 627

13.2. Fredholm Equations of the Second Kind with Degenerate Kernel. Some Generalizations 627
13.2-1. Simplest Degenerate Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 627
13.2-2. Degenerate Kernel in the General Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 628
13.2-3. Kernel is the Sum of a Nondegenerate Kernel and an Arbitrary Degenerate

Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 631

13.3. Solution as a Power Series in the Parameter. Method of Successive Approximations . . 632
13.3-1. Iterated Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 632
13.3-2. Method of Successive Approximations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 633
13.3-3. Construction of the Resolvent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 633
13.3-4. Orthogonal Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 634

13.4. Method of Fredholm Determinants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 635
13.4-1. Formula for the Resolvent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 635
13.4-2. Recurrent Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 636

13.5. Fredholm Theorems and the Fredholm Alternative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 637
13.5-1. Fredholm Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 637
13.5-2. Fredholm Alternative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 638

13.6. Fredholm Integral Equations of the Second Kind with Symmetric Kernel . . . . . . . . . . . 639
13.6-1. Characteristic Values and Eigenfunctions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 639
13.6-2. Bilinear Series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 640
13.6-3. Hilbert–Schmidt Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 641
13.6-4. Bilinear Series of Iterated Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 642
13.6-5. Solution of the Nonhomogeneous Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 642
13.6-6. Fredholm Alternative for Symmetric Equations . . . . . . . . . . . . . . . . . . . . . . . . 643
13.6-7. Resolvent of a Symmetric Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 644
13.6-8. Extremal Properties of Characteristic Values and Eigenfunctions . . . . . . . . . . 644
13.6-9. Kellog’s Method for Finding Characteristic Values in the Case of Symmetric

Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 645
13.6-10. Trace Method for the Approximation of Characteristic Values . . . . . . . . . . . . 646
13.6-11. Integral Equations Reducible to Symmetric Equations . . . . . . . . . . . . . . . . . . 647
13.6-12. Skew-Symmetric Integral Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 647
13.6-13. Remark on Nonsymmetric Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 647

13.7. Integral Equations with Nonnegative Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 648
13.7-1. Positive Principal Eigenvalues. Generalized Jentzch Theorem . . . . . . . . . . . . . 648
13.7-2. Positive Solutions of a Nonhomogeneous Integral Equation . . . . . . . . . . . . . . . 649
13.7-3. Estimates for the Spectral Radius . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 649
13.7-4. Basic Definition and Theorems for Oscillating Kernels . . . . . . . . . . . . . . . . . . 651
13.7-5. Stochastic Kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 654

13.8. Operator Method for Solving Integral Equations of the Second Kind . . . . . . . . . . . . . . 655
13.8-1. Simplest Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 655
13.8-2. Solution of Equations of the Second Kind on the Semiaxis . . . . . . . . . . . . . . . 655



CONTENTS xvii

13.9. Methods of Integral Transforms and Model Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . 656
13.9-1. Equation with Difference Kernel on the Entire Axis . . . . . . . . . . . . . . . . . . . . . 656
13.9-2. Equation with the Kernel K(x, t) = t–1Q(x/t) on the Semiaxis . . . . . . . . . . . . 657
13.9-3. Equation with the Kernel K(x, t) = tβQ(xt) on the Semiaxis . . . . . . . . . . . . . 658
13.9-4. Method of Model Solutions for Equations on the Entire Axis . . . . . . . . . . . . . 659

13.10. Carleman Method for Integral Equations of Convolution Type of the Second Kind . . 660
13.10-1. Wiener–Hopf Equation of the Second Kind . . . . . . . . . . . . . . . . . . . . . . . . . 660
13.10-2. Integral Equation of the Second Kind with Two Kernels . . . . . . . . . . . . . . . 664
13.10-3. Equations of Convolution Type with Variable Integration Limit . . . . . . . . . . 668
13.10-4. Dual Equation of Convolution Type of the Second Kind . . . . . . . . . . . . . . . 670

13.11. Wiener–Hopf Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 671
13.11-1. Some Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 671
13.11-2. Homogeneous Wiener–Hopf Equation of the Second Kind . . . . . . . . . . . . . 673
13.11-3. General Scheme of the Method. The Factorization Problem . . . . . . . . . . . . 676
13.11-4. Nonhomogeneous Wiener–Hopf Equation of the Second Kind . . . . . . . . . . 677
13.11-5. Exceptional Case of a Wiener–Hopf Equation of the Second Kind . . . . . . . 678

13.12. Krein’s Method for Wiener–Hopf Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 679
13.12-1. Some Remarks. The Factorization Problem . . . . . . . . . . . . . . . . . . . . . . . . . 679
13.12-2. Solution of the Wiener–Hopf Equations of the Second Kind . . . . . . . . . . . . 681
13.12-3. Hopf–Fock Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 683

13.13. Methods for Solving Equations with Difference Kernels on a Finite Interval . . . . . . . 683
13.13-1. Krein’s Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 683
13.13-2. Kernels with Rational Fourier Transforms . . . . . . . . . . . . . . . . . . . . . . . . . . 685
13.13-3. Reduction to Ordinary Differential Equations . . . . . . . . . . . . . . . . . . . . . . . . 686

13.14. Method of Approximating a Kernel by a Degenerate One . . . . . . . . . . . . . . . . . . . . . . 687
13.14-1. Approximation of the Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 687
13.14-2. Approximate Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 688

13.15. Bateman Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 689
13.15-1. General Scheme of the Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 689
13.15-2. Some Special Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 690

13.16. Collocation Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 692
13.16-1. General Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 692
13.16-2. Approximate Solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 693
13.16-3. Eigenfunctions of the Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 694

13.17. Method of Least Squares . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 695
13.17-1. Description of the Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 695
13.17-2. Construction of Eigenfunctions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 696

13.18. Bubnov–Galerkin Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 697
13.18-1. Description of the Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 697
13.18-2. Characteristic Values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 697

13.19. Quadrature Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 698
13.19-1. General Scheme for Fredholm Equations of the Second Kind . . . . . . . . . . . 698
13.19-2. Construction of the Eigenfunctions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 699
13.19-3. Specific Features of the Application of Quadrature Formulas . . . . . . . . . . . . 700

13.20. Systems of Fredholm Integral Equations of the Second Kind . . . . . . . . . . . . . . . . . . . . 701
13.20-1. Some Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 701
13.20-2. Method of Reducing a System of Equations to a Single Equation . . . . . . . . 701



xviii CONTENTS

13.21. Regularization Method for Equations with Infinite Limits of Integration . . . . . . . . . . . 702
13.21-1. Basic Equation and Fredholm Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 702
13.21-2. Regularizing Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 703
13.21-3. Regularization Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 704

14. Methods for Solving Singular Integral Equations of the First Kind . . . . . . . . . . . . . . 707

14.1. Some Definitions and Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 707
14.1-1. Integral Equations of the First Kind with Cauchy Kernel . . . . . . . . . . . . . . . . . 707
14.1-2. Integral Equations of the First Kind with Hilbert Kernel . . . . . . . . . . . . . . . . . 707

14.2. Cauchy Type Integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 708
14.2-1. Definition of the Cauchy Type Integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 708
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PREFACE TO THE NEW EDITION

Handbook of Integral Equations, Second Edition, a unique reference for engineers and scientists,
contains over 2,500 integral equations with solutions, as well as analytical and numerical methods for
solving linear and nonlinear equations. It considers Volterra, Fredholm, Wiener–Hopf,Hammerstein,
Urysohn, and other equations,which arise in mathematics, physics, engineering sciences, economics,
etc. In total, the number of equations described is an order of magnitude greater than in any other
book available.

The second edition has been substantially updated, revised, and extended. It includes new
chapters on mixed multidimensional equations, methods of integral equations for ODEs and PDEs,
and about 400 new equations with exact solutions. It presents a considerable amount of new
material on Volterra, Fredholm, singular, hypersingular, dual, and nonlinear integral equations,
integral transforms, and special functions. Many examples were added for illustrative purposes.
The new edition has been increased by a total of over 300 pages.

Note that the first part of the book can be used as a database of test problems for numerical and
approximate methods for solving linear and nonlinear integral equations.

We would like to express our deep gratitude to Alexei Zhurov and Vasilii Silvestrov for fruitful
discussions. We also appreciate the help of Grigory Yosifian in translating new sections of this book
and valuable remarks.

The authors hope that the handbookwill prove helpful for a wide audience of researchers, college
and university teachers, engineers, and students in various fields of applied mathematics, mechanics,
physics, chemistry, biology, economics, and engineering sciences.

A. D. Polyanin
A. V. Manzhirov

PREFACE TO THE FIRST EDITION

Integral equations are encountered in various fields of science and numerous applications (in
elasticity, plasticity, heat and mass transfer, oscillation theory, fluid dynamics, filtration theory,
electrostatics, electrodynamics, biomechanics, game theory, control, queuing theory, electrical en-
gineering, economics, medicine, etc.).

Exact (closed-form) solutions of integral equations play an important role in the proper un-
derstanding of qualitative features of many phenomena and processes in various areas of natural
science. Lots of equations of physics, chemistry, and biology contain functions or parameters which
are obtained from experiments and hence are not strictly fixed. Therefore, it is expedient to choose
the structure of these functions so that it would be easier to analyze and solve the equation. As a
possible selection criterion, one may adopt the requirement that the model integral equation admits
a solution in a closed form. Exact solutions can be used to verify the consistency and estimate errors
of various numerical, asymptotic, and approximate methods.

More than 2,100 integral equations and their solutions are given in the first part of the book
(Chapters 1–6). A lot of new exact solutions to linear and nonlinear equations are included. Special
attention is paid to equations of general form, which depend on arbitrary functions. The other
equations contain one or more free parameters (the book actually deals with families of integral
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equations); it is the reader’s option to fix these parameters. In total, the number of equations
described in this handbook is an order of magnitude greater than in any other book currently
available.

The second part of the book (Chapters 7–14) presents exact, approximate analytical, and numer-
ical methods for solving linear and nonlinear integral equations. Apart from the classical methods,
some new methods are also described. When selecting the material, the authors have given a
pronounced preference to practical aspects of the matter; that is, to methods that allow effectively
“constructing” the solution. For the reader’s better understanding of the methods, each section is
supplied with examples of specific equations. Some sections may be used by lecturers of colleges
and universities as a basis for courses on integral equations and mathematical physics equations for
graduate and postgraduate students.

For the convenience of a wide audience with different mathematical backgrounds, the authors
tried to do their best,wherever possible, to avoid special terminology. Therefore, some of the methods
are outlined in a schematic and somewhat simplified manner, with necessary references made to
books where these methods are considered in more detail. For some nonlinear equations, only
solutions of the simplest form are given. The book does not cover two-, three-, and multidimensional
integral equations.

The handbook consists of chapters, sections, and subsections. Equations and formulas are
numbered separately in each section. The equations within a section are arranged in increasing
order of complexity. The extensive table of contents provides rapid access to the desired equations.

For the reader’s convenience, the main material is followed by a number of supplements, where
some properties of elementary and special functions are described, tables of indefinite and definite
integrals are given, as well as tables of Laplace, Mellin, and other transforms, which are used in the
book.

The first and second parts of the book, just as many sections, were written so that they could be
read independently from each other. This allows the reader to quickly get to the heart of the matter.

We would like to express our deep gratitude to Rolf Sulanke and Alexei Zhurov for fruitful
discussions and valuable remarks. We also appreciate the help of Vladimir Nazaikinskii and
Alexander Shtern in translating the second part of this book, and are thankful to Inna Shingareva for
her assistance in preparing the camera-ready copy of the book.

The authors hope that the handbook will prove helpful for a wide audience of researchers,
college and university teachers, engineers, and students in various fields of mathematics, mechanics,
physics, chemistry, biology, economics, and engineering sciences.

A. D. Polyanin
A. V. Manzhirov



SOME REMARKS AND NOTATION

1. In Chapters 1–11, 14, and 18 in the original integral equations, the independent variable is
denoted by x, the integration variable by t, and the unknown function by y = y(x).

2. For a function of one variable f = f (x), we use the following notation for the derivatives:

f ′

x =
df

dx
, f ′′

xx =
d2f

dx2
, f ′′′

xxx =
d3f

dx3
, f ′′′′

xxxx =
d4f

dx4
, and f (n)

x =
dnf

dxn
for n ≥ 5.

Occasionally, we use the similar notation for partial derivatives of a function of two variables,

for example, K ′

x(x, t) =
∂

∂x
K(x, t).

3. In some cases, we use the operator notation
[
f (x)

d

dx

]n
g(x), which is defined recursively by

[
f (x)

d

dx

]n

g(x) = f (x)
d

dx

{[
f (x)

d

dx

]n–1

g(x)

}
.

4. It is indicated in the beginning of Chapters 1–8 that f = f (x), g = g(x), K = K(x), etc. are
arbitrary functions, and A, B, etc. are free parameters. This means that:

(a) f = f (x), g = g(x), K = K(x), etc. are assumed to be continuous real-valued functions of real
arguments;*

(b) if the solution contains derivatives of these functions, then the functions are assumed to be
sufficiently differentiable;**

(c) if the solution contains integrals with these functions (in combination with other functions), then
the integrals are supposed to converge;

(d) the free parameters A, B, etc. may assume any real values for which the expressions occurring

in the equation and the solution make sense (for example, if a solution contains a factor
A

1 – A
,

then it is implied that A ≠ 1; as a rule, this is not specified in the text).

5. The notations Re z and Im z stand, respectively, for the real and the imaginary part of a
complex quantity z.

6. In the first part of the book (Chapters 1–8) when referencing a particular equation, we use a
notation like 2.3.15, which implies equation 15 from Section 2.3.

7. To highlight portions of the text, the following symbols are used in the book:

� indicates important information pertaining to a group of equations (Chapters 1–8);

indicates the literature used in the preparation of the text in specific equations (Chapters 1–8) or
sections (Chapters 9–18).

* Less severe restrictions on these functions are presented in the second part of the book.
** Restrictions (b) and (c) imposed on f = f (x), g = g(x), K = K(x), etc. are not mentioned in the text.
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Exact Solutions of
Integral Equations





Chapter 1

Linear Equations of the First Kind
with Variable Limit of Integration

� Notation: f = f (x), g = g(x), h = h(x), K = K(x), and M = M (x) are arbitrary functions (these
may be composite functions of the argument depending on two variables x and t); A, B, C, D, E,
a, b, c, α, β, γ, λ, and µ are free parameters; and m and n are nonnegative integers.

� Preliminary remarks. For equations of the form∫ x

a

K(x, t)y(t) dt = f (x), a ≤ x ≤ b,

where the functions K(x, t) and f (x) are continuous, the right-hand side must satisfy the following
conditions:

1◦. If K(a, a) ≠ 0, then we must have f (a) = 0 (for example, the right-hand sides of equations 1.1.1
and 1.2.1 must satisfy this condition).

2◦. If K(a, a) = K ′
x(a, a) = · · · = K (n–1)

x (a, a) = 0, 0 <
∣∣K (n)

x (a, a)
∣∣ < ∞, then the right-hand side

of the equation must satisfy the conditions

f (a) = f ′
x(a) = · · · = f (n)

x (a) = 0.

For example, with n = 1, these are constraints for the right-hand side of equation 1.1.2.

3◦. If K(a, a) = K ′
x(a, a) = · · · = K (n–1)

x (a, a) = 0, K (n)
x (a, a) = ∞, then the right-hand side of the

equation must satisfy the conditions

f (a) = f ′
x(a) = · · · = f (n–1)

x (a) = 0.

For example, with n = 1, this is a constraint for the right-hand side of equation 1.1.30.

4◦. For unbounded K(x, t) with integrable power-law or logarithmic singularity at x = t and
continuous f (x), no additional conditions are imposed on the right-hand side of the integral equation
(e.g., see Abel’s equation 1.1.36).

In the case of a difference kernel, K(x, t) = K(x – t), that can be represented as x → t in the
form

K(x – t) = A(x – t)λ + o
(
(x – t)λ

)
(0 < |A| < ∞),

the right-hand side of the integral equation, for λ ≥ 0, must satisfy the conditions

f (a) = f ′
x(a) = · · · = f ([λ])

x (a) = 0,

where [λ] is the integer part of λ. For –1 < λ < 0, there are no additional conditions imposed on the
function f (x).

In Chapter 1, conditions 1◦–3◦ are as a rule not specified.
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4 LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION

1.1. Equations Whose Kernels Contain Power-Law
Functions

1.1-1. Kernels Linear in the Arguments x and t.

1.
∫∫ x

a

y(t) dt = f (x).

Solution: y(x) = f ′
x(x).

2.
∫∫ x

a

(x – t)y(t) dt = f (x).

Solution: y(x) = f ′′
xx(x).

3.
∫∫ x

a

(Ax + Bt + C)y(t) dt = f (x).

This is a special case of equation 1.9.5 with g(x) = x.

1◦. Solution with B ≠ –A:

y(x) =
d

dx

{[
(A + B)x + C

]– A
A+B

∫ x

a

[
(A + B)t + C

]– B
A+B f ′

t(t) dt

}
.

2◦. Solution with B = –A:

y(x) =
1
C

d

dx

[
exp
(

–
A

C
x
) ∫ x

a

exp
(A

C
t
)
f ′

t(t) dt

]
.

1.1-2. Kernels Quadratic in the Arguments x and t.

4.
∫∫ x

a

(x – t)2y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = 0.

Solution: y(x) = 1
2 f ′′′

xxx(x).

5.
∫∫ x

a

(x2 – t2)y(t) dt = f (x), f (a) = f ′
x(a) = 0.

This is a special case of equation 1.9.2 with g(x) = x2.

Solution: y(x) =
1

2x2

[
xf ′′

xx(x) – f ′
x(x)
]
.

6.
∫∫ x

a

((
Ax2 + Bt2))y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = x2. For B = –A, see equation 1.1.5.

Solution: y(x) =
1

A + B

d

dx

[
x– 2A

A+B

∫ x

a

t–
2B

A+B f ′
t(t) dt

]
.

7.
∫∫ x

a

((
Ax2 + Bt2 + C

))
y(t) dt = f (x).

This is a special case of equation 1.9.5 with g(x) = x2.
Solution:

y(x) = sign ϕ(x)
d

dx

{
|ϕ(x)|–

A
A+B

∫ x

a

|ϕ(t)|–
B

A+B f ′
t(t) dt

}
, ϕ(x) = (A + B)x2 + C.
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8.
∫∫ x

a

[[
Ax2 + (B – A)xt – Bt2]]y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Differentiating with respect to x yields an equation of the form 1.1.3:∫ x

a

[2Ax + (B – A)t]y(t) dt = f ′
x(x).

Solution:

y(x) =
1

A + B

d

dx

[
x– 2A

A+B

∫ x

a

t
A–B
A+B f ′′

tt(t) dt

]
.

9.
∫∫ x

a

((
Ax2 + Bt2 + Cx + Dt + E

))
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Ax2 + Cx and h(t) = Bt2 + Dt + E.

10.
∫∫ x

a

((
Axt + Bt2 + Cx + Dt + E

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = x, h1(t) = At + C, g2(x) = 1, and
h2(t) = Bt2 + Dt + E.

11.
∫∫ x

a

((
Ax2 + Bxt + Cx + Dt + E

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Bx+D, h1(t) = t, g2(x) = Ax2 +Cx+E,
and h2(t) = 1.

1.1-3. Kernels Cubic in the Arguments x and t.

12.
∫∫ x

a

(x – t)3y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0.

Solution: y(x) = 1
6 f ′′′′

xxxx(x).

13.
∫∫ x

a

(x3 – t3)y(t) dt = f (x), f (a) = f ′
x(a) = 0.

This is a special case of equation 1.9.2 with g(x) = x3.

Solution: y(x) =
1

3x3

[
xf ′′′

xxx(x) – 2f ′
x(x)
]
.

14.
∫∫ x

a

((
Ax3 + Bt3))y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = x3. For B = –A, see equation 1.1.13.

Solution with 0 ≤ a ≤ x: y(x) =
1

A + B

d

dx

[
x– 3A

A+B

∫ x

a

t–
3B

A+B f ′
t(t) dt

]
.

15.
∫∫ x

a

((
Ax3 + Bt3 + C

))
y(t) dt = f (x).

This is a special case of equation 1.9.5 with g(x) = x3.
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16.
∫∫ x

a

(x2t – xt2)y(t) dt = f (x), f (a) = f ′
x(a) = 0.

This is a special case of equation 1.9.11 with g(x) = x2 and h(x) = x.

Solution: y(x) =
1
x

d2

dx2

[
1
x

f (x)

]
.

17.
∫∫ x

a

(Ax2t + Bxt2)y(t) dt = f (x).

This is a special case of equation 1.9.12 with g(x) = x2 and h(x) = x. For B = –A, see
equation 1.1.16.

Solution:

y(x) =
1

(A + B)x
d

dx

{
x– A

A+B

∫ x

a

t–
B

A+B
d

dt

[
1
t
f (t)

]
dt

}
.

18.
∫∫ x

a

(Ax3 + Bxt2)y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Ax3, h1(t) = 1, g2(x) = Bx, and h2(t) = t2.

19.
∫∫ x

a

(Ax3 + Bx2t)y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Ax3, h1(t) = 1, g2(x) = Bx2, and
h2(t) = t.

20.
∫∫ x

a

(Ax2t + Bt3)y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Ax2, h1(t) = t, g2(x) = B, and h2(t) = t3.

21.
∫∫ x

a

(Axt2 + Bt3)y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Ax, h1(t) = t2, g2(x) = B, and h2(t) = t3.

22.
∫∫ x

a

((
A3x

3 + B3t
3 + A2x

2 + B2t
2 + A1x + B1t + C

))
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A3x
3 + A2x

2 + A1x + C and h(t) =
B3t

3 + B2t
2 + B1t.

1.1-4. Kernels Containing Higher-Order Polynomials in x and t.

23.
∫∫ x

a

(x – t)ny(t) dt = f (x), n = 1, 2, . . .

It is assumed that the right-hand of the equation satisfies the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution: y(x) =
1
n!

f (n+1)
x (x).

Example. For f (x) = Axm, where m is a positive integer, m > n, the solution has the form

y(x) =
Am!

n! (m – n – 1)!
xm–n–1.
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24.
∫∫ x

a

(xn – tn)y(t) dt = f (x), f (a) = f ′
x(a) = 0, n = 1, 2, . . .

Solution: y(x) =
1
n

d

dx

[
f ′

x(x)
xn–1

]
.

25.
∫∫ x

a

((
tnxn+1 – xntn+1))y(t) dt = f (x), n = 2, 3, . . .

This is a special case of equation 1.9.11 with g(x) = xn+1 and h(x) = xn.

Solution: y(x) =
1
xn

d2

dx2

[
f (x)
xn

]
.

1.1-5. Kernels Containing Rational Functions.

26.
∫∫ x

0

y(t) dt

x + t
= f (x).

1◦. For a polynomial right-hand side, f (x) =
N∑

n=0
Anxn, the solution has the form

y(x) =
N∑

n=0

An

Bn
xn, Bn = (–1)n

[
ln 2 +

n∑
k=1

(–1)k

k

]
.

2◦. For f (x) = xλ
N∑

n=0
Anxn, where λ is an arbitrary number (λ > –1), the solution has the

form

y(x) = xλ
N∑

n=0

An

Bn
xn, Bn =

∫ 1

0

tλ+n dt

1 + t
.

3◦. For f (x) = ln x
( N∑

n=0
Anxn

)
, the solution has the form

y(x) = ln x

N∑
n=0

An

Bn
xn +

N∑
n=0

AnIn

B2
n

xn,

Bn = (–1)n
[

ln 2 +
n∑

k=1

(–1)k

k

]
, In = (–1)n

[
π2

12
+

n∑
k=1

(–1)k

k2

]
.

4◦. For f (x) =
N∑

n=0
An

(
ln x)n, the solution of the equation has the form

y(x) =
N∑

n=0

AnYn(x),

where the functions Yn = Yn(x) are given by

Yn(x) =

{
dn

dλn

[
xλ

I(λ)

]}
λ=0

, I(λ) =
∫ 1

0

zλ dz

1 + z
.
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5◦. For f (x) =
N∑

n=1
An cos(λn ln x) +

N∑
n=1

Bn sin(λn ln x), the solution of the equation has the

form

y(x) =
N∑

n=1

Cn cos(λn ln x) +
N∑

n=1

Dn sin(λn ln x),

where the constants Cn and Dn are found by the method of undetermined coefficients.

6◦. For arbitrary f (x), the transformation

x = 1
2 e2z , t = 1

2 e2τ , y(t) = e–τw(τ ), f (x) = e–zg(z)

leads to an integral equation with difference kernel of the form 1.9.27:∫ z

–∞

w(τ ) dτ

cosh(z – τ )
= g(z).

27.
∫∫ x

0

y(t) dt

ax + bt
= f (x), a > 0, a + b > 0.

1◦. For a polynomial right-hand side, f (x) =
N∑

n=0
Anxn, the solution has the form

y(x) =
N∑

n=0

An

Bn
xn, Bn =

∫ 1

0

tn dt

a + bt
.

2◦. For f (x) = xλ
N∑

n=0
Anxn, where λ is an arbitrary number (λ > –1), the solution has the

form

y(x) = xλ
N∑

n=0

An

Bn
xn, Bn =

∫ 1

0

tλ+n dt

a + bt
.

3◦. For f (x) = ln x
( N∑

n=0
Anxn

)
, the solution has the form

y(x) = ln x

N∑
n=0

An

Bn
xn –

N∑
n=0

AnCn

B2
n

xn, Bn =
∫ 1

0

tn dt

a + bt
, Cn =

∫ 1

0

tn ln t

a + bt
dt.

4◦. For some other special forms of the right-hand side (see items 4 and 5, equation 1.1.26),
the solution may be found by the method of undetermined coefficients.

28.
∫∫ x

0

y(t) dt

ax2 + bt2
= f (x), a > 0, a + b > 0.

1◦. For a polynomial right-hand side, f (x) =
N∑

n=0
Anxn, the solution has the form

y(x) =
N∑

n=0

An

Bn
xn+1, Bn =

∫ 1

0

tn+1 dt

a + bt2
.



1.1. EQUATIONS WHOSE KERNELS CONTAIN POWER-LAW FUNCTIONS 9

Example. For a = b = 1 and f (x) = Ax2 + Bx + C, the solution of the integral equation is:

y(x) =
2A

1 – ln 2
x3 +

4B

4 – π
x2 +

2C

ln 2
x.

2◦. For f (x) = xλ
N∑

n=0
Anxn, where λ is an arbitrary number (λ > –1), the solution has the

form

y(x) = xλ
N∑

n=0

An

Bn
xn+1, Bn =

∫ 1

0

tλ+n+1 dt

a + bt2
.

3◦. For f (x) = ln x
( N∑

n=0
Anxn

)
, the solution has the form

y(x) = ln x

N∑
n=0

An

Bn
xn+1 –

N∑
n=0

AnCn

B2
n

xn+1, Bn =
∫ 1

0

tn+1 dt

a + bt2
, Cn =

∫ 1

0

tn+1 ln t

a + bt2
dt.

29.
∫∫ x

0

y(t) dt

axm + btm
= f (x), a > 0, a + b > 0, m = 1, 2, . . .

1◦. For a polynomial right-hand side, f (x) =
N∑

n=0
Anxn, the solution has the form

y(x) =
N∑

n=0

An

Bn
xm+n–1, Bn =

∫ 1

0

tm+n–1 dt

a + btm
.

2◦. For f (x) = xλ
N∑

n=0
Anxn, where λ is an arbitrary number (λ > –1), the solution has the

form

y(x) = xλ
N∑

n=0

An

Bn
xm+n–1, Bn =

∫ 1

0

tλ+m+n–1 dt

a + btm
.

3◦. For f (x) = ln x
( N∑

n=0
Anxn

)
, the solution has the form

y(x) = ln x
N∑

n=0

An

Bn
xm+n–1 –

N∑
n=0

AnCn

B2
n

xm+n–1,

Bn =
∫ 1

0

tm+n–1 dt

a + btm
, Cn =

∫ 1

0

tm+n–1 ln t

a + btm
dt.

1.1-6. Kernels Containing Square Roots.

30.
∫∫ x

a

√
x – t y(t) dt = f (x).

Differentiating with respect to x, we arrive at Abel’s equation 1.1.36:∫ x

a

y(t) dt√
x – t

= 2f ′
x(x).

Solution:

y(x) =
2
π

d2

dx2

∫ x

a

f (t) dt√
x – t

.
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31.
∫∫ x

a

((√
x –

√
t
))
y(t) dt = f (x).

This is a special case of equation 1.1.45 with µ = 1
2 .

Solution: y(x) = 2
d

dx

[√
x f ′

x(x)
]
.

32.
∫∫ x

a

((
A

√
x + B

√
t
))
y(t) dt = f (x).

This is a special case of equation 1.1.46 with µ = 1
2 .

33.
∫∫ x

a

((
1 + b

√
x – t

))
y(t) dt = f (x).

Differentiating with respect to x, we arrive at Abel’s equation of the second kind 2.1.46:

y(x) +
b

2

∫ x

a

y(t) dt√
x – t

= f ′
x(x).

34.
∫∫ x

a

((
t
√

x – x
√

t
))
y(t) dt = f (x).

This is a special case of equation 1.9.11 with g(x) =
√

x and h(x) = x.

35.
∫∫ x

a

((
At

√
x + Bx

√
t
))
y(t) dt = f (x).

This is a special case of equation 1.9.12 with g(x) =
√

x and h(t) = t.

36.
∫∫ x

a

y(t) dt√
x – t

= f (x).

Abel’s equation.
Solution:

y(x) =
1
π

d

dx

∫ x

a

f (t) dt√
x – t

=
f (a)

π
√

x – a
+

1
π

∫ x

a

f ′
t(t) dt√
x – t

.

Reference: E. T. Whittaker and G. N. Watson (1958).

37.
∫∫ x

a

((
b +

1√
x – t

))
y(t) dt = f (x).

Let us rewrite the equation in the form∫ x

a

y(t) dt√
x – t

= f (x) – b

∫ x

a

y(t) dt.

Assuming the right-hand side to be known, we solve this equation as Abel’s equation 1.1.36.
After some manipulations, we arrive at Abel’s equation of the second kind 2.1.46:

y(x) +
b

π

∫ x

a

y(t) dt√
x – t

= F (x), where F (x) =
1
π

d

dx

∫ x

a

f (t) dt√
x – t

.
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38.
∫∫ x

a

((
1√
x

–
1√
t

))
y(t) dt = f (x).

This is a special case of equation 1.1.45 with µ = – 1
2 .

Solution: y(x) = –2
[
x3/2f ′

x(x)
]′
x
, a > 0.

39.
∫∫ x

a

((
A√
x

+
B√

t

))
y(t) dt = f (x).

This is a special case of equation 1.1.46 with µ = – 1
2 .

40.
∫∫ x

–x

√
x – t

x + t
y(t) dt = f (x).

Solution:

y(x) =
sign x

2π

[
d

dx

∫ |x|

0

f (t) – f (–t)√
x2 – t2

dt –
1
x

d

dx

∫ |x|

0

t[f (t) – f (–t)]√
x2 – t2

dt

]
.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992).

41.
∫∫ x

a

y(t) dt√
x2 – t2

= f (x).

Solution: y =
2
π

d

dx

∫ x

a

tf (t) dt√
x2 – t2

.

Reference: P. P. Zabreyko, A. I. Koshelev, et al. (1975).

42.
∫∫ x

0

y(t) dt√
ax2 + bt2

= f (x), a > 0, a + b > 0.

1◦. For a polynomial right-hand side, f (x) =
N∑

n=0
Anxn, the solution has the form

y(x) =
N∑

n=0

An

Bn
xn, Bn =

∫ 1

0

tn dt√
a + bt2

.

2◦. For f (x) = xλ
N∑

n=0
Anxn, where λ is an arbitrary number (λ > –1), the solution has the

form

y(x) = xλ
N∑

n=0

An

Bn
xn, Bn =

∫ 1

0

tλ+n dt√
a + bt2

.

3◦. For f (x) = ln x
( N∑

n=0
Anxn

)
, the solution has the form

y(x) = ln x

N∑
n=0

An

Bn
xn –

N∑
n=0

AnCn

B2
n

xn, Bn =
∫ 1

0

tn dt√
a + bt2

, Cn =
∫ 1

0

tn ln t√
a + bt2

dt.

4◦. For f (x) =
N∑

n=0
An

(
ln x)n, the solution of the equation has the form

y(x) =
N∑

n=0

AnYn(x),
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where the functions Yn = Yn(x) are given by

Yn(x) =

{
dn

dλn

[
xλ

I(λ)

]}
λ=0

, I(λ) =
∫ 1

0

zλ dz√
a + bz2

.

5◦. For f (x) =
N∑

n=1
An cos(λn ln x) +

N∑
n=1

Bn sin(λn ln x), the solution of the equation has the

form

y(x) =
N∑

n=1

Cn cos(λn ln x) +
N∑

n=1

Dn sin(λn ln x),

where the constants Cn and Dn are found by the method of undetermined coefficients.

1.1-7. Kernels Containing Arbitrary Powers.

43.
∫∫ x

a

(x – t)λy(t) dt = f (x), f (a) = 0, 0 < λ < 1.

Differentiating with respect to x, we arrive at the generalized Abel equation 1.1.47:∫ x

a

y(t) dt

(x – t)1–λ
=

1
λ

f ′
x(x).

Solution:

y(x) = k
d2

dx2

∫ x

a

f (t) dt

(x – t)λ
, k =

sin(πλ)
πλ

.

Reference: F. D. Gakhov (1977).

44.
∫∫ x

a

(x – t)µy(t) dt = f (x).

For µ = 0, 1, 2, . . . , see equations 1.1.1, 1.1.2, 1.1.4, 1.1.12, and 1.1.23. For 0 < µ < 1, see
equation 1.1.43.

Set µ = n – λ, where n = 1, 2, . . . and 0 ≤ λ < 1, and f (a) = f ′
x(a) = · · · = f (n–1)

x (a) = 0.
On differentiating the equation n times, we arrive at an equation of the form 1.1.47:∫ x

a

y(t) dτ

(x – t)λ
=

Γ(µ – n + 1)
Γ(µ + 1)

f (n)
x (x),

where Γ(µ) is the gamma function.

Example. Set f (x) = Axβ , where β ≥ 0, and let µ > –1 and µ – β ≠ 0, 1, 2, . . . In this case, the solution has

the form y(x) =
AΓ(β + 1)

Γ(µ + 1) Γ(β – µ)
xβ–µ–1.

Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971).

45.
∫∫ x

a

(xµ – tµ)y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = xµ.

Solution: y(x) =
1
µ

[
x1–µf ′

x(x)
]′
x

.
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46.
∫∫ x

a

((
Axµ + Btµ

))
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = xµ. For B = –A, see equation 1.1.44.

Solution: y(x) =
1

A + B

d

dx

[
x– Aµ

A+B

∫ x

a

t–
Bµ

A+B f ′
t(t) dt

]
.

47.
∫∫ x

a

y(t) dt

(x – t)λ
= f (x), 0 < λ < 1.

The generalized Abel equation.
Solution:

y(x) =
sin(πλ)

π

d

dx

∫ x

a

f (t) dt

(x – t)1–λ
=

sin(πλ)
π

[
f (a)

(x – a)1–λ
+
∫ x

a

f ′
t(t) dt

(x – t)1–λ

]
.

Reference: E. T. Whittaker and G. N. Watson (1958).

48.
∫∫ x

a

[[
b +

1

(x – t)λ

]]
y(t) dt = f (x), 0 < λ < 1.

Rewrite the equation in the form∫ x

a

y(t) dt

(x – t)λ
= f (x) – b

∫ x

a

y(t) dt.

Assuming the right-hand side to be known, we solve this equation as the generalized Abel
equation 1.1.47. After some manipulations, we arrive at Abel’s equation of the second
kind 2.1.60:

y(x) +
b sin(πλ)

π

∫ x

a

y(t) dt

(x – t)1–λ
= F (x), where F (x) =

sin(πλ)
π

d

dx

∫ x

a

f (t) dt

(x – t)1–λ
.

49.
∫∫ x

a

((√
x –

√
t
))λ

y(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) =
k√
x

(√
x

d

dx

)2 ∫ x

a

f (t) dt
√

t
(√

x –
√

t
)λ , k =

sin(πλ)
πλ

.

50.
∫∫ x

a

y(t) dt((√
x –

√
t
))λ = f (x), 0 < λ < 1.

Solution:

y(x) =
sin(πλ)

2π

d

dx

∫ x

a

f (t) dt
√

t
(√

x –
√

t
)1–λ

.

51.
∫∫ x

a

((
Axλ + Btµ

))
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Axλ and h(t) = Btµ.



14 LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION

52.
∫∫ x

a

[[
1 + A(xλtµ – xλ+µ)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.13 with g(x) = Axµ and h(x) = xλ.
Solution:

y(x) =
d

dx

{
xλ

Φ(x)

∫ x

a

[
t–λf (t)

]′
t
Φ(t) dt

}
, Φ(x) = exp

(
–

Aµ

µ + λ
xµ+λ

)
.

53.
∫∫ x

a

((
Axβtγ + Bxδtλ

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axβ , h1(t) = tγ , g2(x) = Bxδ , and
h2(t) = tλ.

54.
∫∫ x

a

[[
Axλ(tµ – xµ) + Bxβ(tγ – xγ)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.47 with g1(x) = Axλ, h1(x) = xµ, g2(x) = Bxβ , and
h2(x) = xγ .

55.
∫∫ x

a

[[
Axλtµ + Bxλ+βtµ–β – (A + B)xλ+γtµ–γ

]]
y(t) dt = f (x).

This is a special case of equation 1.9.49 with g(x) = x.

56.
∫∫ x

a

tσ(xµ – tµ)λy(t) dt = f (x), σ > –1, µ > 0, λ > –1.

The transformation τ = tµ, z = xµ, w(τ ) = tσ–µ+1y(t) leads to an equation of the form 1.1.43:∫ z

A

(z – τ )λw(τ ) dτ = F (z),

where A = aµ and F (z) = µf (z1/µ).
Solution with –1 < λ < 0:

y(x) = –
µ sin(πλ)

πxσ

d

dx

[∫ x

a

tµ–1(xµ – tµ)–1–λf (t) dt

]
.

57.
∫∫ x

0

y(t) dt

(x + t)µ
= f (x).

This is a special case of equation 1.1.58 with λ = 1 and a = b = 1.
The transformation

x = 1
2 e2z , t = 1

2 e2τ , y(t) = e(µ–2)τw(τ ), f (x) = e–µzg(z)

leads to an equation with difference kernel of the form 1.9.27:∫ z

–∞

w(τ ) dτ

coshµ(z – τ )
= g(z).



1.2. EQUATIONS WHOSE KERNELS CONTAIN EXPONENTIAL FUNCTIONS 15

58.
∫∫ x

0

y(t) dt

(axλ + btλ)µ
= f (x), a > 0, a + b > 0.

1◦. The substitution t = xz leads to a special case of equation 3.8.45:∫ 1

0

y(xz) dz

(a + bzλ)µ
= xλµ–1f (x). (1)

2◦. For a polynomial right-hand side, f (x) =
n∑

m=0
Amxm, the solution has the form

y(x) = xλµ–1
n∑

m=0

Am

Im
xm, Im =

∫ 1

0

zm+λµ–1 dz

(a + bzλ)µ
.

The integrals Im are supposed to be convergent.

3◦. The solution structure for some other right-hand sides of the integral equation may be
obtained using (1) and the results presented for the more general equation 3.8.53 (see also
equations 3.8.34–3.8.40).

4◦. For a = b, the equation can be reduced, just as equation 1.1.57, to an integral equation
with difference kernel of the form 1.9.27.

59.
∫∫ x

a

((√
x +

√
x – t

))2λ
+
((√

x –
√

x – t
))2λ

2tλ
√

x – t
y(t) dt = f (x).

The equation can be rewritten in terms of the Gaussian hypergeometric functions in the form∫ x

a

(x – t)γ–1F
(
λ, –λ, γ; 1 –

x

t

)
y(t) dt = f (x), where γ = 1

2 .

See 1.8.135 for the solution of this equation.

1.1-8. Two-Dimensional Equation of the Abel Type.

60.
∫∫∫∫
∆

u(x, y) dx dy√
(y0 – y)2 – (x0 – x)2

= f (x0, y0).

Here ∆ is an isosceles right triangle with apex at the point (x0, y0) and base on the x-axis.
Solution:

u(x0, y0) =
1

2π2

(
∂2g

∂x2
0

–
∂2g

∂y2
0

)
, g(x0, y0) =

∫∫
∆

f (x, y) dx dy√
(y0 – y)2 – (x0 – x)2

.

Reference: P. P. Zabreyko, A. I. Koshelev, et al. (1975).

1.2. Equations Whose Kernels Contain Exponential
Functions

1.2-1. Kernels Containing Exponential Functions.

1.
∫∫ x

a

eλ(x–t)y(t) dt = f (x).

Solution: y(x) = f ′
x(x) – λf (x).

Example. In the special case a = 0 and f (x) = Ax, the solution has the form y(x) = A(1 – λx).
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2.
∫∫ x

a

eλx+βty(t) dt = f (x).

Solution: y(x) = e–(λ+β)x
[
f ′

x(x) – λf (x)
]
.

Example. In the special case a = 0 and f (x) = A sin(γx), the solution has the form y(x) = Ae–(λ+β)x ×
[γ cos(γx) – λ sin(γx)].

3.
∫∫ x

a

[[
eλ(x–t) – 1

]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution: y(x) = 1
λ f ′′

xx(x) – f ′
x(x).

4.
∫∫ x

a

[[
eλ(x–t) + b

]]
y(t) dt = f (x).

For b = –1, see equation 1.2.3. Differentiating with respect to x yields an equation of the
form 2.2.1:

y(x) +
λ

b + 1

∫ x

a

eλ(x–t)y(t) dt =
f ′

x(x)
b + 1

.

Solution:

y(x) =
f ′

x(x)
b + 1

–
λ

(b + 1)2

∫ x

a

exp

[
λb

b + 1
(x – t)

]
f ′

t(t) dt.

5.
∫∫ x

a

((
eλx+βt + b

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = eλx, h1(t) = eβt, g2(x) = 1, and h2(t) = b.
For β = –λ, see equation 1.2.4.

6.
∫∫ x

a

((
eλx – eλt

))
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

This is a special case of equation 1.9.2 with g(x) = eλx.

Solution: y(x) = e–λx

[
1
λ

f ′′
xx(x) – f ′

x(x)

]
.

7.
∫∫ x

a

((
eλx – eλt + b

))
y(t) dt = f (x).

This is a special case of equation 1.9.3 with g(x) = eλx. For b = 0, see equation 1.2.6.
Solution:

y(x) =
1
b
f ′

x(x) –
λ

b2
eλx

∫ x

a

exp

(
eλt – eλx

b

)
f ′

t(t) dt.

8.
∫∫ x

a

((
Aeλx + Beλt

))
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = eλx. For B = –A, see equation 1.2.6.

Solution: y(x) =
1

A + B

d

dx

[
exp
(

–
Aλ

A + B
x
) ∫ x

a

exp
(

–
Bλ

A + B
t
)
f ′

t(t) dt

]
.

9.
∫∫ x

a

((
Aeλx + Beλt + C

))
y(t) dt = f (x).

This is a special case of equation 1.9.5 with g(x) = eλx.
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10.
∫∫ x

a

((
Aeλx + Beµt

))
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Aeλx and h(t) = Beµt. For λ = µ, see
equation 1.2.8.

11.
∫∫ x

a

[[
eλ(x–t) – eµ(x–t)]]y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution:

y(x) =
1

λ – µ

[
f ′′

xx – (λ + µ)f ′
x + λµf

]
, f = f (x).

12.
∫∫ x

a

[[
Aeλ(x–t) + Beµ(x–t)]]y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeλx, h1(t) = e–λt, g2(x) = Beµx, and
h2(t) = e–µt. For B = –A, see equation 1.2.11.

Solution:

y(x) =
eλx

A + B

d

dx

{
e(µ–λ)x

Φ(x)
∫ x

a

[
f (t)
eµt

]′
t

dt

Φ(t)

}
, Φ(x) = exp

[
B(λ – µ)
A + B

x

]
.

13.
∫∫ x

a

[[
Aeλ(x–t) + Beµ(x–t) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.2.14 with β = 0.

14.
∫∫ x

a

[[
Aeλ(x–t) + Beµ(x–t) + Ceβ(x–t)]]y(t) dt = f (x).

Differentiating the equation with respect to x yields

(A + B + C)y(x) +
∫ x

a

[
Aλeλ(x–t) + Bµeµ(x–t) + Cβeβ(x–t)

]
y(t) dt = f ′

x(x).

Eliminating the term with eβ(x–t) with the aid of the original equation, we arrive at an equation
of the form 2.2.10:

(A + B + C)y(x) +
∫ x

a

[
A(λ – β)eλ(x–t) + B(µ – β)eµ(x–t)

]
y(t) dt = f ′

x(x) – βf (x).

In the special case A + B + C = 0, this is an equation of the form 1.2.12.

15.
∫∫ x

a

[[
Aeλ(x–t) + Beµ(x–t) + Ceβ(x–t) – A – B – C

]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Differentiating with respect to x, we arrive at an equation of the form 1.2.14:∫ x

a

[
Aλeλ(x–t) + Bµeµ(x–t) + Cβeβ(x–t)

]
y(t) dt = f ′

x(x).

16.
∫∫ x

a

((
eλx+µt – eµx+λt

))
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

This is a special case of equation 1.9.11 with g(x) = eλx and h(t) = eµt.
Solution:

y(x) =
f ′′

xx – (λ + µ)f ′
x(x) + λµf (x)

(λ – µ) exp[(λ + µ)x]
.
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17.
∫∫ x

a

((
Aeλx+µt + Beµx+λt

))
y(t) dt = f (x).

This is a special case of equation 1.9.12 with g(x) = eλx and h(t) = eµt. For B = –A, see
equation 1.2.16.

Solution:

y(x) =
1

(A + B)eµx

d

dx

{
Φ

A(x)
∫ x

a

Φ
B(t)

d

dt

[
f (t)
eµt

]
dt

}
, Φ(x) = exp

( µ – λ

A + B
x
)

.

18.
∫∫ x

a

((
Aeλx+µt + Beβx+γt

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeλx, h1(t) = eµt, g2(x) = Beβx, and
h2(t) = eγt.

19.
∫∫ x

a

((
Ae2λx + Be2βt + Ceλx + Deβt + E

))
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Ae2λx +Ceλx and h(t) = Be2βt +Deβt +E.

20.
∫∫ x

a

((
Aeλx+βt + Be2βt + Ceλx + Deβt + E

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = eλx, h1(t) = Aeβt + C, and g2(x) = 1,
h2(t) = Be2βt + Deβt + E.

21.
∫∫ x

a

((
Ae2λx + Beλx+βt + Ceλx + Deβt + E

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Beλx + D, h1(t) = eβt, and g2(x) =
Ae2λx + Ceλx + E, h2(t) = 1.

22.
∫∫ x

a

[[
1 + Aeλx(eµt – eµx)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.13 with g(x) = eµx and h(x) = Aeλx.
Solution:

y(x) =
d

dx

{
eλx

Φ(x)
∫ x

a

[
f (t)
eλt

]′
t

dt

Φ(t)

}
, Φ(x) = exp

[
Aµ

λ + µ
e(λ+µ)x

]
.

23.
∫∫ x

a

[[
Aeλx(eµx – eµt) + Beβx(eγx – eγt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.47 with g1(x) = Aeλx, h1(t) = –eµt, g2(x) = Beβx, and
h2(t) = –eγt.

24.
∫∫ x

a

{{
A exp(λx + µt) + B exp[(λ + β)x + (µ – β)t]

– (A + B) exp[(λ + γ)x + (µ – γ)t]
}}
y(t) dt = f (x).

This is a special case of equation 1.9.49 with g1(x) = ex.
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25.
∫∫ x

a

((
eλx – eλt

))n
y(t) dt = f (x), n = 1, 2, . . .

Solution:

y(x) =
1

λnn!
eλx
( 1

eλx

d

dx

)n+1
f (x).

26.
∫∫ x

a

√
eλx – eλt y(t) dt = f (x), λ > 0.

Solution:

y(x) =
2
π

eλx
(
e–λx d

dx

)2
∫ x

a

eλtf (t) dt√
eλx – eλt

.

27.
∫∫ x

a

y(t) dt√
eλx – eλt

= f (x), λ > 0.

Solution:

y(x) =
λ

π

d

dx

∫ x

a

eλtf (t) dt√
eλx – eλt

.

28.
∫∫ x

a

(eλx – eλt)µy(t) dt = f (x), λ > 0, 0 < µ < 1.

Solution:

y(x) = keλx
(
e–λx d

dx

)2
∫ x

a

eλtf (t) dt

(eλx – eλt)µ
, k =

sin(πµ)
πµ

.

29.
∫∫ x

a

y(t) dt

(eλx – eλt)µ
= f (x), λ > 0, 0 < µ < 1.

Solution:

y(x) =
λ sin(πµ)

π

d

dx

∫ x

a

eλtf (t) dt

(eλx – eλt)1–µ
.

1.2-2. Kernels Containing Power-Law and Exponential Functions.

30.
∫∫ x

a

[[
A(x – t) + Beλ(x–t)]]y(t) dt = f (x).

Differentiating with respect to x, we arrive at an equation of the form 2.2.4:

By(x) +
∫ x

a

[
A + Bλeλ(x–t)

]
y(t) dt = f ′

x(x).

31.
∫∫ x

a

(x – t)eλ(x–t)y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Solution: y(x) = f ′′
xx(x) – 2λf ′

x(x) + λ2f (x).

32.
∫∫ x

a

(Ax + Bt + C)eλ(x–t)y(t) dt = f (x).

The substitution u(x) = e–λxy(x) leads to an equation of the form 1.1.3:∫ x

a

(Ax + Bt + C)u(t) dt = e–λxf (x).
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33.
∫∫ x

a

(Axeλt + Bteµx)y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Ax, h1(t) = eλt, and g2(x) = Beµx,
h2(t) = t.

34.
∫∫ x

a

[[
Axeλ(x–t) + Bteµ(x–t)]]y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axeλx, h1(t) = e–λt, g2(x) = Beµx, and
h2(t) = te–µt.

35.
∫∫ x

a

(x – t)2eλ(x–t)y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = 0.

Solution: y(x) = 1
2

[
f ′′′

xxx(x) – 3λf ′′
xx(x) + 3λ2f ′

x(x) – λ3f (x)
]
.

36.
∫∫ x

a

(x – t)neλ(x–t)y(t) dt = f (x), n = 1, 2, . . .

It is assumed that f (a) = f ′
x(a) = · · · = f (n)

x (a) = 0.

Solution: y(x) =
1
n!

eλx dn+1

dxn+1

[
e–λxf (x)

]
.

37.
∫∫ x

a

(Axβ + Beλt)y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Axβ and h(t) = Beλt.

38.
∫∫ x

a

(Aeλx + Btβ)y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Aeλx and h(t) = Btβ .

39.
∫∫ x

a

(Axβeλt + Btγeµx)y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axβ , h1(t) = eλt, g2(x) = Beµx, and
h2(t) = tγ .

40.
∫∫ x

a

eλ(x–t)
√

x – t y(t) dt = f (x).

Solution:

y(x) =
2
π

eλx d2

dx2

∫ x

a

e–λtf (t) dt√
x – t

.

41.
∫∫ x

a

eλ(x–t)

√
x – t

y(t) dt = f (x).

Solution:

y(x) =
1
π

eλx d

dx

∫ x

a

e–λtf (t) dt√
x – t

.
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42.
∫∫ x

a

(x – t)λeµ(x–t)y(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) = keµx d2

dx2

∫ x

a

e–µtf (t) dt

(x – t)λ
, k =

sin(πλ)
πλ

.

43.
∫∫ x

a

eλ(x–t)

(x – t)µ
y(t) dt = f (x), 0 < µ < 1.

Solution:

y(x) =
sin(πµ)

π
eλx d

dx

∫ x

a

e–λtf (t)
(x – t)1–µ

dt.

44.
∫∫ x

a

((√
x –

√
t
))λ

eµ(x–t)y(t) dt = f (x), 0 < λ < 1.

The substitution u(x) = e–µxy(x) leads to an equation of the form 1.1.49:∫ x

a

(√
x –

√
t
)λ

u(t) dt = e–µxf (x).

45.
∫∫ x

a

eµ(x–t)y(t) dt((√
x –

√
t
))λ = f (x), 0 < λ < 1.

The substitution u(x) = e–µxy(x) leads to an equation of the form 1.1.50:∫ x

a

u(t) dt

(
√

x –
√

t)λ
= e–µxf (x).

46.
∫∫ x

a

eλ(x–t)

√
x2 – t2

y(t) dt = f (x).

Solution: y =
2
π

eλx d

dx

∫ x

a

te–λt

√
x2 – t2

f (t) dt.

47.
∫∫ x

a

exp[λ(x2 – t2)]y(t) dt = f (x).

Solution: y(x) = f ′
x(x) – 2λxf (x).

48.
∫∫ x

a

[exp(λx2) – exp(λt2)]y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = exp(λx2).

Solution: y(x) =
1

2λ

d

dx

[
f ′

x(x)
x exp(λx2)

]
.

49.
∫∫ x

a

[[
A exp(λx2) + B exp(λt2) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.5 with g(x) = exp(λx2).

50.
∫∫ x

a

[[
A exp(λx2) + B exp(µt2)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A exp(λx2) and h(t) = B exp(µt2).
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51.
∫∫ x

a

√
x – t exp[λ(x2 – t2)]y(t) dt = f (x).

Solution:

y(x) =
2
π

exp(λx2)
d2

dx2

∫ x

a

exp(–λt2)√
x – t

f (t) dt.

52.
∫∫ x

a

exp[λ(x2 – t2)]√
x – t

y(t) dt = f (x).

Solution:

y(x) =
1
π

exp(λx2)
d

dx

∫ x

a

exp(–λt2)√
x – t

f (t) dt.

53.
∫∫ x

a

(x – t)λ exp[µ(x2 – t2)]y(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) = k exp(µx2)
d2

dx2

∫ x

a

exp(–µt2)
(x – t)λ

f (t) dt, k =
sin(πλ)

πλ
.

54.
∫∫ x

a

exp[λ(xβ – tβ)]y(t) dt = f (x).

Solution: y(x) = f ′
x(x) – λβxβ–1f (x).

55.
∫∫ x

0
(–1)[(x–t)/b]y(t) dt = f (x), f (0) = f ′

x(0) = 0.

Here b = const and [A] stands for the integer part of the number A.
Solution:

y(x) =
1
2

∫ x

0

(
2

[
x – t

b

]
+ 1

)
f ′′

tt(t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 434).

1.3. Equations Whose Kernels Contain Hyperbolic
Functions

1.3-1. Kernels Containing Hyperbolic Cosine.

1.
∫∫ x

a

cosh[λ(x – t)]y(t) dt = f (x).

Solution: y(x) = f ′
x(x) – λ2

∫ x

a

f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 435).

2.
∫∫ x

a

{{
cosh[λ(x – t)] – 1

}}
y(t) dt = f (x), f (a) = f ′

x(a) = f ′′
xx(x) = 0.

Solution: y(x) =
1
λ2

f ′′′
xxx(x) – f ′

x(x).
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3.
∫∫ x

a

{{
cosh[λ(x – t)] + b

}}
y(t) dt = f (x).

For b = 0, see equation 1.3.1. For b = –1, see equation 1.3.2. For λ = 0, see equation 1.1.1.
Differentiating the equation with respect to x, we arrive at an equation of the form 2.3.16:

y(x) +
λ

b + 1

∫ x

a

sinh[λ(x – t)]y(t) dt =
f ′

x(x)
b + 1

.

1◦. Solution with b(b + 1) < 0:

y(x) =
f ′

x(x)
b + 1

–
λ2

k(b + 1)2

∫ x

a

sin[k(x – t)]f ′
t(t) dt, where k = λ

√
–b

b + 1
.

2◦. Solution with b(b + 1) > 0:

y(x) =
f ′

x(x)
b + 1

–
λ2

k(b + 1)2

∫ x

a

sinh[k(x – t)]f ′
t(t) dt, where k = λ

√
b

b + 1
.

4.
∫∫ x

a

cosh(λx + βt)y(t) dt = f (x).

For β = –λ, see equation 1.3.1.
Differentiating the equation with respect to x twice, we obtain

cosh[(λ+β)x]y(x)+λ

∫ x

a

sinh(λx+βt)y(t) dt = f ′
x(x), (1)

{
cosh[(λ+β)x]y(x)

}′
x

+λ sinh[(λ+β)x]y(x)+λ2
∫ x

a

cosh(λx+βt)y(t) dt = f ′′
xx(x). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the first-order linear ordinary differential equation

w′
x + λ tanh[(λ + β)x]w = f ′′

xx(x) – λ2f (x), w = cosh[(λ + β)x]y(x). (3)

Setting x = a in (1) yields the initial condition w(a) = f ′
x(a). On solving equation (3) with this

condition, after some manipulations we obtain the solution of the original integral equation
in the form

y(x) =
1

cosh[(λ + β)x]
f ′

x(x) –
λ sinh[(λ + β)x]

cosh2[(λ + β)x]
f (x)

+
λβ

coshk+1[(λ + β)x]

∫ x

a

f (t) coshk–2[(λ + β)t] dt, k =
λ

λ + β
.

5.
∫∫ x

a

[cosh(λx) – cosh(λt)]y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = cosh(λx).

Solution: y(x) =
1
λ

d

dx

[
f ′

x(x)
sinh(λx)

]
.

6.
∫∫ x

a

[A cosh(λx) + B cosh(λt)]y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = cosh(λx). For B = –A, see equation 1.3.5.

Solution: y(x) =
1

A + B

d

dx

{[
cosh(λx)

]– A
A+B

∫ x

a

[
cosh(λt)

]– B
A+B f ′

t(t) dt

}
.
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7.
∫∫ x

a

[[
A cosh(λx) + B cosh(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cosh(λx) and h(t) = B cosh(µt) + C.

8.
∫∫ x

a

{{
A1 cosh[λ1(x – t)] + A2 cosh[λ2(x – t)]

}}
y(t) dt = f (x).

The equation is equivalent to the equation∫ x

a

{
B1 sinh[λ1(x – t)] + B2 sinh[λ2(x – t)]

}
y(t) dt = F (x),

B1 =
A1

λ1
, B2 =

A2

λ2
, F (x) =

∫ x

a

f (t) dt,

of the form 1.3.49. (Differentiating this equation yields the original equation.)

9.
∫∫ x

a

cosh2[λ(x – t)]y(t) dt = f (x).

Differentiation yields an equation of the form 2.3.16:

y(x) + λ

∫ x

a

sinh[2λ(x – t)]y(t) dt = f ′
x(x).

Solution:

y(x) = f ′
x(x) –

2λ2

k

∫ x

a

sinh[k(x – t)]f ′
t(t) dt, where k = λ

√
2.

10.
∫∫ x

a

[[
cosh2(λx) – cosh2(λt)

]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution: y(x) =
1
λ

d

dx

[
f ′

x(x)
sinh(2λx)

]
.

11.
∫∫ x

a

[[
A cosh2(λx) + B cosh2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = cosh2(λx). For B = –A, see equation 1.3.10.
Solution:

y(x) =
1

A + B

d

dx

{[
cosh(λx)

]– 2A
A+B

∫ x

a

[
cosh(λt)

]– 2B
A+B f ′

t(t) dt

}
.

12.
∫∫ x

a

[[
A cosh2(λx) + B cosh2(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cosh2(λx), and h(t) = B cosh2(µt) + C.

13.
∫∫ x

a

cosh[λ(x – t)] cosh[λ(x + t)]y(t) dt = f (x).

Using the formula

cosh(α – β) cosh(α + β) = 1
2 [cosh(2α) + cosh(2β)], α = λx, β = λt,

we transform the original equation to an equation of the form 1.3.6 with A = B = 1:∫ x

a

[cosh(2λx) + cosh(2λt)]y(t) dt = 2f (x).

Solution:

y(x) =
d

dx

[
1√

cosh(2λx)

∫ x

a

f ′
t(t) dt√

cosh(2λt)

]
.
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14.
∫∫ x

a

[cosh(λx) cosh(µt) + cosh(βx) cosh(γt)]y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = cosh(λx), h1(t) = cosh(µt), g2(x) =
cosh(βx), and h2(t) = cosh(γt).

15.
∫∫ x

a

cosh3[λ(x – t)]y(t) dt = f (x).

Using the formula cosh3 β = 1
4 cosh 3β + 3

4 cosh β, we arrive at an equation of the form 1.3.8:∫ x

a

{
1
4 cosh[3λ(x – t)] + 3

4 cosh[λ(x – t)]
}
y(t) dt = f (x).

16.
∫∫ x

a

[[
cosh3(λx) – cosh3(λt)

]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution: y(x) =
1

3λ

d

dx

[
f ′

x(x)

sinh(λx) cosh2(λx)

]
.

17.
∫∫ x

a

[[
A cosh3(λx) + B cosh3(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = cosh3(λx). For B = –A, see equation 1.3.16.
Solution:

y(x) =
1

A + B

d

dx

{[
cosh(λx)

]– 3A
A+B

∫ x

a

[
cosh(λt)

]– 3B
A+B f ′

t(t) dt

}
.

18.
∫∫ x

a

[[
A cosh2(λx) cosh(µt) + B cosh(βx) cosh2(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = A cosh2(λx), h1(t) = cosh(µt), g2(x) =
B cosh(βx), and h2(t) = cosh2(γt).

19.
∫∫ x

a

cosh4[λ(x – t)]y(t) dt = f (x).

Let us transform the kernel of the integral equation using the formula

cosh4 β = 1
8 cosh 4β + 1

2 cosh 2β + 3
8 , where β = λ(x – t),

and differentiate the resulting equation with respect to x. Then we obtain an equation of the
form 2.3.18:

y(x) + λ

∫ x

a

{
1
2 sinh[4λ(x – t)] + sinh[2λ(x – t)]

}
y(t) dt = f ′

x(x).

20.
∫∫ x

a

[cosh(λx) – cosh(λt)]ny(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution: y(x) =
sinh(λx)

λnn!

[
1

sinh(λx)
d

dx

]n+1

f (x).
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21.
∫∫ x

a

√
cosh x – cosh t y(t) dt = f (x).

Solution:

y(x) =
2
π

sinh x
( 1

sinh x

d

dx

)2
∫ x

a

sinh t f (t) dt√
cosh x – cosh t

.

22.
∫∫ x

a

y(t) dt√
cosh x – cosh t

= f (x).

Solution:

y(x) =
1
π

d

dx

∫ x

a

sinh t f (t) dt√
cosh x – cosh t

.

23.
∫∫ x

a

(cosh x – cosh t)λy(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) = k sinh x
( 1

sinh x

d

dx

)2
∫ x

a

sinh t f (t) dt

(cosh x – cosh t)λ
, k =

sin(πλ)
πλ

.

24.
∫∫ x

a

(coshµ x – coshµ t)y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = coshµ x.

Solution: y(x) =
1
µ

d

dx

[
f ′

x(x)

sinh x coshµ–1 x

]
.

25.
∫∫ x

a

((
A coshµ x + B coshµ t

))
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = coshµ x. For B = –A, see equation 1.3.24.
Solution:

y(x) =
1

A + B

d

dx

{[
cosh(λx)

]– Aµ
A+B

∫ x

a

[
cosh(λt)

]– Bµ
A+B f ′

t(t) dt

}
.

26.
∫∫ x

a

y(t) dt

(cosh x – cosh t)λ
= f (x), 0 < λ < 1.

Solution:

y(x) =
sin(πλ)

π

d

dx

∫ x

a

sinh t f (t) dt

(cosh x – cosh t)1–λ
.

27.
∫∫ x

a

(x – t) cosh[λ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Differentiating the equation twice yields

y(x) + 2λ

∫ x

a

sinh[λ(x – t)]y(t) dt + λ2
∫ x

a

(x – t) cosh[λ(x – t)]y(t) dt = f ′′
xx(x).

Eliminating the third term on the right-hand side with the aid of the original equation, we
arrive at an equation of the form 2.3.16:

y(x) + 2λ

∫ x

a

sinh[λ(x – t)]y(t) dt = f ′′
xx(x) – λ2f (x).
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28.
∫∫ x

a

cosh[λ(x – t)]√
x – t

y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Solution:

y(x) =
2

πλ

∫ x

a

cosh[λ(x – t)]√
x – t

[f ′′
tt(t) – λ2f (t)] dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436).

29.
∫∫ x

a

√
x – t cosh

((
λ

√
x – t

))
y(t) dt = f (x).

Solution:

y(x) =
1
π

∫ x

a

cos
(
λ
√

x – t
)

√
x – t

f ′
t(t) dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

30.
∫∫ x

a

cosh
((
λ

√
x – t

))
√

x – t
y(t) dt = f (x).

Solution:

y(x) =
1
π

d

dx

∫ x

a

cos
(
λ
√

x – t
)

√
x – t

f (t) dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

31.
∫∫ ∞

x

cosh
((
λ

√
t – x

))
√

t – x
y(t) dt = f (x).

Solution:

y(x) = –
1
π

d

dx

∫ ∞

x

cos
(
λ
√

t – x
)

√
t – x

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 439), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

32.
∫∫ x

0

cosh
((
λ

√
x2 – t2

))
√

x2 – t2
y(t) dt = f (x).

Solution:

y(x) =
2
π

d

dx

∫ x

0
t

cos
(
λ
√

x2 – t2
)

√
x2 – t2

f (t) dt.

33.
∫∫ ∞

x

cosh
((
λ

√
t2 – x2

))
√

t2 – x2
y(t) dt = f (x).

Solution:

y(x) = –
2
π

d

dx

∫ ∞

x

t
cos
(
λ
√

t2 – x2
)

√
t2 – x2

f (t) dt.
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34.
∫∫ x

0

cosh
((
λ

√
xt – t2

))
√

x – t
y(t) dt = f (x).

Solution:

y(x) =
1

πx

∫ x

0

cos
(
λ
√

x2 – xt
)

√
x – t

[f (t)/2 + tf ′
t(t)] dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 438), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

35.
∫∫ x

0

cosh
((
λ

√
x2 – xt

))
√

x – t
y(t) dt = f (x).

Solution:

y(x) =

√
x

π

d

dx

[√
x

∫ x

0

cos
(
λ
√

xt – t2
)

√
x – t

f (t) dt
]
.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 438), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

36.
∫∫ x

a

cosh
[[
λ

√
(x – t)(x – t + γ)

]]
√

x – t
y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0.

Solution:

y(x) =
2

πλ2

∫ x

a

sinh
[
λ
√

(x – t)(x – t – γ)
]

√
x – t – γ

∫ t

a

sinh[λ(t – s)]
( d2

ds2
– λ2
)2

f (s) ds dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 438), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

37.
∫∫ x

a

[[
Axβ + B coshγ(λt) + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Axβ and h(t) = B coshγ(λt) + C.

38.
∫∫ x

a

[[
A coshγ(λx) + Btβ + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A coshγ(λx) and h(t) = Btβ + C.

39.
∫∫ x

a

((
Axλ coshµ t + Btβ coshγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = coshµ t, g2(x) = B coshγ x,
and h2(t) = tβ .

1.3-2. Kernels Containing Hyperbolic Sine.

40.
∫∫ x

a

sinh[λ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Solution: y(x) =
1
λ

f ′′
xx(x) – λf (x).

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 435).
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41.
∫∫ x

a

sinh[λ(x – t)]√
x – t

y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Solution:

y(x) =
2

πλ

∫ x

a

sinh[λ(x – t)]√
x – t

[f ′′
tt(t) – λ2f (t)] dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436).

42.
∫∫ x

a

sinh[λ(x – t)]

(x – t)3/2
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution:

y(x) =
2

πλ

∫ x

a

sinh[λ(x – t)]√
x – t

[
f ′′

tt(t) – λ2f (t) +
f ′(t)
x – t

]
dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437).

43.
∫∫ x

a

{{
sinh[λ(x – t)] + b

}}
y(t) dt = f (x).

For b = 0, see equation 1.3.40. Assume that b ≠ 0.
Differentiating the equation with respect to x, we arrive at an equation of the form 2.3.3:

y(x) +
λ

b

∫ x

a

cosh[λ(x – t)]y(t) dt =
1
b
f ′

x(x).

Solution:

y(x) =
1
b
f ′

x(x) +
∫ x

a

R(x – t)f ′
t(t) dt,

R(x) =
λ

b2
exp

(
–

λx

2b

)[
λ

2bk
sinh(kx) – cosh(kx)

]
, k =

λ
√

1 + 4b2

2b
.

44.
∫∫ x

a

sinh(λx + βt)y(t) dt = f (x).

For β = –λ, see equation 1.3.40. Assume that β ≠ –λ.
Differentiating the equation with respect to x twice yields

sinh[(λ + β)x]y(x) + λ

∫ x

a

cosh(λx + βt)y(t) dt = f ′
x(x), (1)

{
sinh[(λ + β)x]y(x)

}′
x

+ λ cosh[(λ + β)x]y(x) + λ2
∫ x

a

sinh(λx + βt)y(t) dt = f ′′
xx(x). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at the
first-order linear ordinary differential equation

w′
x + λ coth[(λ + β)x]w = f ′′

xx(x) – λ2f (x), w = sinh[(λ + β)x]y(x). (3)

Setting x = a in (1) yields the initial condition w(a) = f ′
x(a). On solving equation (3) with this

condition, after some manipulations we obtain the solution of the original integral equation
in the form

y(x) =
1

sinh[(λ + β)x]
f ′

x(x) –
λ cosh[(λ + β)x]

sinh2[(λ + β)x]
f (x)

–
λβ

sinhk+1[(λ + β)x]

∫ x

a

f (t) sinhk–2[(λ + β)t] dt, k =
λ

λ + β
.
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45.
∫∫ x

a

[sinh(λx) – sinh(λt)]y(t) dt = f (x), f (a) = f ′
x(a) = 0.

This is a special case of equation 1.9.2 with g(x) = sinh(λx).

Solution: y(x) =
1
λ

d

dx

[
f ′

x(x)
cosh(λx)

]
.

46.
∫∫ x

a

[A sinh(λx) + B sinh(λt)]y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = sinh(λx). For B = –A, see equation 1.3.45.

Solution: y(x) =
1

A + B

d

dx

{[
sinh(λx)

]– A
A+B

∫ x

a

[
sinh(λt)

]– B
A+B f ′

t(t) dt

}
.

47.
∫∫ x

a

[A sinh(λx) + B sinh(µt)]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sinh(λx) and h(t) = B sinh(µt).

48.
∫∫ x

a

{{
µ sinh[λ(x – t)] – λ sinh[µ(x – t)]

}}
y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0.

Solution:

y(x) =
f ′′′′

xxxx – (λ2 + µ2)f ′′
xx + λ2µ2f

µλ3 – λµ3
, f = f (x).

49.
∫∫ x

a

{{
A1 sinh[λ1(x – t)] + A2 sinh[λ2(x – t)]

}}
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

1◦. Introduce the notation

I1 =
∫ x

a

sinh[λ1(x – t)]y(t) dt, I2 =
∫ x

a

sinh[λ2(x – t)]y(t) dt,

J1 =
∫ x

a

cosh[λ1(x – t)]y(t) dt, J2 =
∫ x

a

cosh[λ2(x – t)]y(t) dt.

Let us successively differentiate the integral equation four times. As a result, we have (the
first line is the original equation):

A1I1 + A2I2 = f , f = f (x), (1)

A1λ1J1 + A2λ2J2 = f ′
x, (2)

(A1λ1 + A2λ2)y + A1λ
2
1I1 + A2λ

2
2I2 = f ′′

xx, (3)

(A1λ1 + A2λ2)y′
x + A1λ

3
1J1 + A2λ

3
2J2 = f ′′′

xxx, (4)

(A1λ1 + A2λ2)y′′
xx + (A1λ

3
1 + A2λ

3
2)y + A1λ

4
1I1 + A2λ

4
2I2 = f ′′′′

xxxx. (5)

Eliminating I1 and I2 from (1), (3), and (5), we arrive at the following second-order linear
ordinary differential equation with constant coefficients:

(A1λ1 + A2λ2)y′′
xx – λ1λ2(A1λ2 + A2λ1)y = f ′′′′

xxxx – (λ2
1 + λ2

2)f ′′
xx + λ2

1λ
2
2f . (6)

The initial conditions can be obtained by substituting x = a into (3) and (4):

(A1λ1 + A2λ2)y(a) = f ′′
xx(a), (A1λ1 + A2λ2)y′

x(a) = f ′′′
xxx(a). (7)

Solving the differential equation (6) under conditions (7) allows us to find the solution of the
integral equation.
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2◦. Denote

∆ = λ1λ2
A1λ2 + A2λ1

A1λ1 + A2λ2
.

2.1. Solution for ∆ > 0:

(A1λ1 + A2λ2)y(x) = f ′′
xx(x) + Bf (x) + C

∫ x

a

sinh[k(x – t)]f (t) dt,

k =
√

∆, B = ∆ – λ2
1 – λ2

2, C =
1√
∆

[
∆

2 – (λ2
1 + λ2

2)∆ + λ2
1λ

2
2

]
.

2.2. Solution for ∆ < 0:

(A1λ1 + A2λ2)y(x) = f ′′
xx(x) + Bf (x) + C

∫ x

a

sin[k(x – t)]f (t) dt,

k =
√

–∆, B = ∆ – λ2
1 – λ2

2, C =
1√
–∆

[
∆

2 – (λ2
1 + λ2

2)∆ + λ2
1λ

2
2

]
.

2.3. Solution for ∆ = 0:

(A1λ1 + A2λ2)y(x) = f ′′
xx(x) – (λ2

1 + λ2
2)f (x) + λ2

1λ
2
2

∫ x

a

(x – t)f (t) dt.

2.4. Solution for ∆ = ∞:

y(x) =
f ′′′′

xxxx – (λ2
1 + λ2

2)f ′′
xx + λ2

1λ
2
2f

A1λ3
1 + A2λ3

2

, f = f (x).

In the last case, the relation A1λ1 + A2λ2 = 0 is valid, and the right-hand side of the
integral equation is assumed to satisfy the conditions f (a) = f ′

x(a) = f ′′
xx(a) = f ′′′

xxx(a) = 0.

50.
∫∫ x

a

{{
A sinh[λ(x – t)] + B sinh[µ(x – t)] + C sinh[β(x – t)]

}}
y(t) dt = f (x).

It assumed that f (a) = f ′
x(a) = 0. Differentiating the integral equation twice yields

(Aλ + Bµ + Cβ)y(x) +
∫ x

a

{
Aλ2 sinh[λ(x – t)] + Bµ2 sinh[µ(x – t)]

}
y(t) dt

+ Cβ2
∫ x

a

sinh[β(x – t)]y(t) dt = f ′′
xx(x).

Eliminating the last integral with the aid of the original equation, we arrive at an equation of
the form 2.3.18:

(Aλ + Bµ + Cβ)y(x)

+
∫ x

a

{
A(λ2 – β2) sinh[λ(x – t)] + B(µ2 – β2) sinh[µ(x – t)]

}
y(t) dt = f ′′

xx(x) – β2f (x).

In the special case Aλ + Bµ + Cβ = 0, this is an equation of the form 1.3.49.

51.
∫∫ x

a

sinh2[λ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = 0.

Differentiating yields an equation of the form 1.3.40:∫ x

a

sinh[2λ(x – t)]y(t) dt =
1
λ

f ′
x(x).

Solution: y(x) = 1
2 λ–2f ′′′

xxx(x) – 2f ′
x(x).
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52.
∫∫ x

a

[[
sinh2(λx) – sinh2(λt)

]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution: y(x) =
1
λ

d

dx

[
f ′

x(x)
sinh(2λx)

]
.

53.
∫∫ x

a

[[
A sinh2(λx) + B sinh2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = sinh2(λx). For B = –A, see equation 1.3.52.
Solution:

y(x) =
1

A + B

d

dx

{[
sinh(λx)

]– 2A
A+B

∫ x

a

[
sinh(λt)

]– 2B
A+B f ′

t(t) dt

}
.

54.
∫∫ x

a

[[
A sinh2(λx) + B sinh2(µt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sinh2(λx) and h(t) = B sinh2(µt).

55.
∫∫ x

a

sinh[λ(x – t)] sinh[λ(x + t)]y(t) dt = f (x).

Using the formula

sinh(α – β) sinh(α + β) = 1
2 [cosh(2α) – cosh(2β)], α = λx, β = λt,

we reduce the original equation to an equation of the form 1.3.5:∫ x

a

[cosh(2λx) – cosh(2λt)]y(t) dt = 2f (x).

Solution: y(x) =
1
λ

d

dx

[
f ′

x(x)
sinh(2λx)

]
.

56.
∫∫ x

a

[[
A sinh(λx) sinh(µt) + B sinh(βx) sinh(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = A sinh(λx), h1(t) = sinh(µt), g2(x) =
B sinh(βx), and h2(t) = sinh(γt).

57.
∫∫ x

a

sinh3[λ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0.

Using the formula sinh3 β = 1
4 sinh 3β – 3

4 sinh β, we arrive at an equation of the form 1.3.49:∫ x

a

{
1
4 sinh[3λ(x – t)] – 3

4 sinh[λ(x – t)]
}
y(t) dt = f (x).

58.
∫∫ x

a

[[
sinh3(λx) – sinh3(λt)

]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

This is a special case of equation 1.9.2 with g(x) = sinh3(λx).
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59.
∫∫ x

a

[[
A sinh3(λx) + B sinh3(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = sinh3(λx).
Solution:

y(x) =
1

A + B

d

dx

{[
sinh(λx)

]– 3A
A+B

∫ x

a

[
sinh(λt)

]– 3B
A+B f ′

t(t) dt

}
.

60.
∫∫ x

a

[[
A sinh2(λx) sinh(µt) + B sinh(βx) sinh2(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = A sinh2(λx), h1(t) = sinh(µt), g2(x) =
B sinh(βx), and h2(t) = sinh2(γt).

61.
∫∫ x

a

sinh4[λ(x – t)]y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = · · · = f ′′′′

xxxx(a) = 0.
Let us transform the kernel of the integral equation using the formula

sinh4 β = 1
8 cosh 4β – 1

2 cosh 2β + 3
8 , where β = λ(x – t),

and differentiate the resulting equation with respect to x. Then we arrive at an equation of
the form 1.3.49:

λ

∫ x

a

{
1
2 sinh[4λ(x – t)] – sinh[2λ(x – t)]

}
y(t) dt = f ′

x(x).

62.
∫∫ x

a

sinhn[λ(x – t)]y(t) dt = f (x), n = 2, 3, . . .

It is assumed that f (a) = f ′
x(a) = · · · = f (n)

x (a) = 0.

1◦. Let us differentiate the equation with respect to x twice and transform the kernel of the
resulting integral equation using the formula cosh2 β = 1 + sinh2 β, where β = λ(x – t). Then
we have

λ2n2
∫ x

a

sinhn[λ(x – t)]y(t) dt + λ2n(n – 1)
∫ x

a

sinhn–2[λ(x – t)]y(t) dt = f ′′
xx(x).

Eliminating the first term on the left-hand side with the aid of the original equation, we obtain∫ x

a

sinhn–2[λ(x – t)]y(t) dt =
1

λ2n(n – 1)

[
f ′′

xx(x) – λ2n2f (x)
]
.

This equation has the same form as the original equation, but the exponent of the kernel has
been reduced by two.

By applying this technique sufficiently many times, we finally arrive at simple integral
equations of the form 1.1.1 (for even n) or 1.3.40 (for odd n).

2◦. Solution:

y(x) =
1

λnn!

(
d

dx
+ nλ

)(
d

dx
+ (n – 2)λ

)
. . .

(
d

dx
– nλ

)
f (x).

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436).
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63.
∫∫ x

a

sinh
((
λ

√
x – t

))
y(t) dt = f (x).

Solution:

y(x) =
2

πλ

d2

dx2

∫ x

a

cos
(
λ
√

x – t
)

√
x – t

f (t) dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

64.
∫∫ ∞

x

sinh
((
λ

√
t – x

))
y(t) dt = f (x).

Solution:

y(x) =
2

πλ

d2

dx2

∫ ∞

x

cos
(
λ
√

t – x
)

√
t – x

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 439), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

65.
∫∫ x

a

√
sinh x – sinh t y(t) dt = f (x).

Solution:

y(x) =
2
π

cosh x
( 1

cosh x

d

dx

)2
∫ x

a

cosh t f (t) dt√
sinh x – sinh t

.

66.
∫∫ x

a

y(t) dt√
sinh x – sinh t

= f (x).

Solution:

y(x) =
1
π

d

dx

∫ x

a

cosh t f (t) dt√
sinh x – sinh t

.

67.
∫∫ x

a

(sinh x – sinh t)λy(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) = k cosh x
( 1

cosh x

d

dx

)2
∫ x

a

cosh t f (t) dt

(sinh x – sinh t)λ
, k =

sin(πλ)
πλ

.

68.
∫∫ x

a

(sinhµ x – sinhµ t)y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = sinhµ x.

Solution: y(x) =
1
µ

d

dx

[ f ′
x(x)

cosh x sinhµ–1 x

]
.

69.
∫∫ x

a

[[
A sinhµ(λx) + B sinhµ(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = sinhµ(λx).
Solution with B ≠ –A:

y(x) =
1

A + B

d

dx

{[
sinh(λx)

]– Aµ
A+B

∫ x

a

[
sinh(λt)

]– Bµ
A+B f ′

t(t) dt

}
.
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70.
∫∫ x

a

y(t) dt

(sinh x – sinh t)λ
= f (x), 0 < λ < 1.

Solution:

y(x) =
sin(πλ)

π

d

dx

∫ x

a

cosh t f (t) dt

(sinh x – sinh t)1–λ
.

71.
∫∫ x

a

(x – t) sinh[λ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = 0.

Double differentiation yields

2λ

∫ x

a

cosh[λ(x – t)]y(t) dt + λ2
∫ x

a

(x – t) sinh[λ(x – t)]y(t) dt = f ′′
xx(x).

Eliminating the second term on the left-hand side with the aid of the original equation, we
arrive at an equation of the form 1.3.1:∫ x

a

cosh[λ(x – t)]y(t) dt =
1

2λ

[
f ′′

xx(x) – λ2f (x)
]
.

Solution:

y(x) =
1

2λ
f ′′′

xxx(x) – λf ′
x(x) + 1

2 λ3
∫ x

a

f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436).

72.
∫∫ x

a

sinh[λ(x – t)]√
x – t

y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Solution:

y(x) =
2

πλ

∫ x

a

sinh[λ(x – t)]√
x – t

[f ′′
tt(t) – λ2f (t)] dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 436).

73.
∫∫ x

a

sinh[λ(x – t)]

(x – t)3/2
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution:

y(x) =
2

πλ

∫ x

a

sinh[λ(x – t)]√
x – t

[
f ′′

tt(t) – λ2f (t) +
f ′(t)
x – t

]
dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 437).

74.
∫∫ x

a

sinh
[[
λ

√
(x – t)(x – t + γ)

]]
√

x – t + γ
y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0.

Solution:

y(x) =
2

πλ2

∫ x

a

cosh
[
λ
√

(x – t)(x – t – γ)
]

√
x – t

∫ t

a

sinh[λ(t – s)]
( d2

ds2
+ λ2
)2

f (s) ds dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 438), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).
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75.
∫∫ x

a

[[
Axβ + B sinhγ(λt) + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Axβ and h(t) = B sinhγ(λt) + C.

76.
∫∫ x

a

[[
A sinhγ(λx) + Btβ + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sinhγ(λx) and h(t) = Btβ + C.

77.
∫∫ x

a

((
Axλ sinhµ t + Btβ sinhγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = sinhµ t, g2(x) = B sinhγ x,
and h2(t) = tβ .

1.3-3. Kernels Containing Hyperbolic Tangent.

78.
∫∫ x

a

[[
tanh(λx) – tanh(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = tanh(λx).

Solution: y(x) =
1
λ

[
cosh2(λx)f ′

x(x)
]′
x

.

79.
∫∫ x

a

[[
A tanh(λx) + B tanh(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = tanh(λx). For B = –A, see equation 1.3.78.

Solution: y(x) =
1

A + B

d

dx

{[
tanh(λx)

]– A
A+B

∫ x

a

[
tanh(λt)

]– B
A+B f ′

t(t) dt

}
.

80.
∫∫ x

a

[[
A tanh(λx) + B tanh(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tanh(λx) and h(t) = B tanh(µt) + C.

81.
∫∫ x

a

[[
tanh2(λx) – tanh2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = tanh2(λx).

Solution: y(x) =
d

dx

[
cosh3(λx)f ′

x(x)
2λ sinh(λx)

]
.

82.
∫∫ x

a

[[
A tanh2(λx) + B tanh2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = tanh2(λx). For B = –A, see equation 1.3.81.

Solution: y(x) =
1

A + B

d

dx

{[
tanh(λx)

]– 2A
A+B

∫ x

a

[
tanh(λt)

]– 2B
A+B f ′

t(t) dt

}
.

83.
∫∫ x

a

[[
A tanh2(λx) + B tanh2(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tanh2(λx) and h(t) = B tanh2(µt) + C.
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84.
∫∫ x

a

[[
tanh(λx) – tanh(λt)

]]n
y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution: y(x) =
1

λnn! cosh2(λx)

[
cosh2(λx)

d

dx

]n+1

f (x).

85.
∫∫ x

a

√
tanh x – tanh t y(t) dt = f (x).

Solution:

y(x) =
2

π cosh2 x

(
cosh2 x

d

dx

)2
∫ x

a

f (t) dt

cosh2 t
√

tanh x – tanh t
.

86.
∫∫ x

a

y(t) dt√
tanh x – tanh t

= f (x).

Solution:

y(x) =
1
π

d

dx

∫ x

a

f (t) dt

cosh2 t
√

tanh x – tanh t
.

87.
∫∫ x

a

(tanh x – tanh t)λy(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) =
sin(πλ)

πλ cosh2 x

(
cosh2 x

d

dx

)2
∫ x

a

f (t) dt

cosh2 t (tanh x – tanh t)λ
.

88.
∫∫ x

a

(tanhµ x – tanhµ t)y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = tanhµ x.

Solution: y(x) =
1
µ

d

dx

[
coshµ+1 xf ′

x(x)

sinhµ–1 x

]
.

89.
∫∫ x

a

((
A tanhµ x + B tanhµ t

))
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = tanhµ x. For B = –A, see equation 1.3.88.
Solution:

y(x) =
1

A + B

d

dx

{[
tanh(λx)

]– Aµ
A+B

∫ x

a

[
tanh(λt)

]– Bµ
A+B f ′

t(t) dt

}
.

90.
∫∫ x

a

y(t) dt

[tanh(λx) – tanh(λt)]µ
= f (x), 0 < µ < 1.

This is a special case of equation 1.9.44 with g(x) = tanh(λx) and h(x) ≡ 1.
Solution:

y(x) =
λ sin(πµ)

π

d

dx

∫ x

a

f (t) dt

cosh2(λt)[tanh(λx) – tanh(λt)]1–µ
.



38 LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION

91.
∫∫ x

a

[[
Axβ + B tanhγ(λt) + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Axβ and h(t) = B tanhγ(λt) + C.

92.
∫∫ x

a

[[
A tanhγ(λx) + Btβ + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tanhγ(λx) and h(t) = Btβ + C.

93.
∫∫ x

a

((
Axλ tanhµ t + Btβ tanhγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = tanhµ t, g2(x) = B tanhγ x,
and h2(t) = tβ .

1.3-4. Kernels Containing Hyperbolic Cotangent.

94.
∫∫ x

a

[[
coth(λx) – coth(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = coth(λx).

Solution: y(x) = –
1
λ

d

dx

[
sinh2(λx)f ′

x(x)
]
.

95.
∫∫ x

a

[[
A coth(λx) + B coth(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = coth(λx). For B = –A, see equation 1.3.94.

Solution: y(x) =
1

A + B

d

dx

{[
tanh(λx)

] A
A+B

∫ x

a

[
tanh(λt)

] B
A+B f ′

t(t) dt

}
.

96.
∫∫ x

a

[[
A coth(λx) + B coth(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A coth(λx) and h(t) = B coth(µt) + C.

97.
∫∫ x

a

[[
coth2(λx) – coth2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = coth2(λx).

Solution: y(x) = –
d

dx

[
sinh3(λx)f ′

x(x)
2λ cosh(λx)

]
.

98.
∫∫ x

a

[[
A coth2(λx) + B coth2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = coth2(λx). For B = –A, see equation 1.3.97.

Solution: y(x) =
1

A + B

d

dx

{[
tanh(λx)

] 2A
A+B

∫ x

a

[
tanh(λt)

] 2B
A+B f ′

t(t) dt

}
.

99.
∫∫ x

a

[[
A coth2(λx) + B coth2(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A coth2(λx) and h(t) = B coth2(µt) + C.
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100.
∫∫ x

a

[[
coth(λx) – coth(λt)

]]n
y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution: y(x) =
(–1)n

λnn! sinh2(λx)

[
sinh2(λx)

d

dx

]n+1

f (x).

101.
∫∫ x

a

(cothµ x – cothµ t)y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = cothµ x.

Solution: y(x) = –
1
µ

d

dx

[
sinhµ+1 xf ′

x(x)

coshµ–1 x

]
.

102.
∫∫ x

a

((
A cothµ x + B cothµ t

))
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = cothµ x. For B = –A, see equation 1.3.101.
Solution:

y(x) =
1

A + B

d

dx

{∣∣tanh x
∣∣ Aµ

A+B

∫ x

a

∣∣tanh t
∣∣ Bµ

A+B f ′
t(t) dt

}
.

103.
∫∫ x

a

[[
Axβ + B cothγ(λt) + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Axβ and h(t) = B cothγ(λt) + C.

104.
∫∫ x

a

[[
A cothγ(λx) + Btβ + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cothγ(λx) and h(t) = Btβ + C.

105.
∫∫ x

a

((
Axλ cothµ t + Btβ cothγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = cothµ t, g2(x) = B cothγ x,
and h2(t) = tβ .

1.3-5. Kernels Containing Combinations of Hyperbolic Functions.

106.
∫∫ x

a

{{
cosh[λ(x – t)] + A sinh[µ(x – t)]

}}
y(t) dt = f (x).

Let us differentiate the equation with respect to x and then eliminate the integral with the
hyperbolic cosine. As a result, we arrive at an equation of the form 2.3.16:

y(x) + (λ – A2µ)
∫ x

a

sinh[µ(x – t)]y(t) dt = f ′
x(x) – Aµf (x).

107.
∫∫ x

a

[[
A cosh(λx) + B sinh(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cosh(λx) and h(t) = B sinh(µt) + C.



40 LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION

108.
∫∫ x

a

[[
A cosh2(λx) + B sinh2(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cosh2(λx) and h(t) = B sinh2(µt) + C.

109.
∫∫ x

a

sinh[λ(x – t)] cosh[λ(x + t)]y(t) dt = f (x).

Using the formula

sinh(α – β) cosh(α + β) = 1
2

[
sinh(2α) – sinh(2β)

]
, α = λx, β = λt,

we reduce the original equation to an equation of the form 1.3.45:∫ x

a

[
sinh(2λx) – sinh(2λt)

]
y(t) dt = 2f (x).

Solution: y(x) =
1
λ

d

dx

[
f ′

x(x)
cosh(2λx)

]
.

110.
∫∫ x

a

cosh[λ(x – t)] sinh[λ(x + t)]y(t) dt = f (x).

Using the formula

cosh(α – β) sinh(α + β) = 1
2

[
sinh(2α) + sinh(2β)

]
, α = λx, β = λt,

we reduce the original equation to an equation of the form 1.3.46 with A = B = 1:∫ x

a

[
sinh(2λx) + sinh(2λt)

]
y(t) dt = 2f (x).

111.
∫∫ x

a

[[
A cosh(λx) sinh(µt) + B cosh(βx) sinh(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = A cosh(λx), h1(t) = sinh(µt), g2(x) =
B cosh(βx), and h2(t) = sinh(γt).

112.
∫∫ x

a

[[
sinh(λx) cosh(µt) + sinh(βx) cosh(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = sinh(λx), h1(t) = cosh(µt), g2(x) =
sinh(βx), and h2(t) = cosh(γt).

113.
∫∫ x

a

[[
cosh(λx) cosh(µt) + sinh(βx) sinh(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = cosh(λx), h1(t) = cosh(µt), g2(x) =
sinh(βx), and h2(t) = sinh(γt).

114.
∫∫ x

a

[[
A coshβ(λx) + B sinhγ(µt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A coshβ(λx) and h(t) = B sinhγ(µt).
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115.
∫∫ x

a

[[
A sinhβ(λx) + B coshγ(µt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sinhβ(λx) and h(t) = B coshγ(µt).

116.
∫∫ x

a

((
Axλ coshµ t + Btβ sinhγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = coshµ t, g2(x) = B sinhγ x,
and h2(t) = tβ .

117.
∫∫ x

a

{{
(x – t) sinh[λ(x – t)] – λ(x – t)2 cosh[λ(x – t)]

}}
y(t) dt = f (x).

Solution:

y(x) =
∫ x

a

g(t) dt,

where

g(t) =

√
π

2λ

1
64λ5

(
d2

dt2
– λ2

)6 ∫ t

a

(t – τ )
5
2 I 5

2
[λ(t – τ )] f (τ ) dτ .

118.
∫∫ x

a

{{
sinh[λ(x – t)]

x – t
– λ cosh[λ(x – t)]

}}
y(t) dt = f (x).

Solution:

y(x) =
1

2λ4

(
d2

dx2
– λ2

)3 ∫ x

a

sinh[λ(x – t)]f (t) dt.

119.
∫∫ x

a

[[
sinh

((
λ

√
x – t

))
– λ

√
x – t cosh

((
λ

√
x – t

))]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution:

y(x) = –
4

πλ3

d3

dx3

∫ x

a

cos
(
λ
√

x – t
)

√
x – t

f (t) dt.

120.
∫∫ x

a

((
Axλ sinhµ t + Btβ coshγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = sinhµ t, g2(x) = B coshγ x,
and h2(t) = tβ .

121.
∫∫ x

a

[[
A tanh(λx) + B coth(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tanh(λx) and h(t) = B coth(µt) + C.

122.
∫∫ x

a

[[
A tanh2(λx) + B coth2(µt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tanh2(λx) and h(t) = B coth2(µt).

123.
∫∫ x

a

[[
tanh(λx) coth(µt) + tanh(βx) coth(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = tanh(λx), h1(t) = coth(µt), g2(x) =
tanh(βx), and h2(t) = coth(γt).
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124.
∫∫ x

a

[[
coth(λx) tanh(µt) + coth(βx) tanh(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = coth(λx), h1(t) = tanh(µt), g2(x) =
coth(βx), and h2(t) = tanh(γt).

125.
∫∫ x

a

[[
tanh(λx) tanh(µt) + coth(βx) coth(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = tanh(λx), h1(t) = tanh(µt), g2(x) =
coth(βx), and h2(t) = coth(γt).

126.
∫∫ x

a

[[
A tanhβ(λx) + B cothγ(µt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tanhβ(λx) and h(t) = B cothγ(µt).

127.
∫∫ x

a

[[
A cothβ(λx) + B tanhγ(µt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cothβ(λx) and h(t) = B tanhγ(µt).

128.
∫∫ x

a

((
Axλ tanhµ t + Btβ cothγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = tanhµ t, g2(x) = B cothγ x,
and h2(t) = tβ .

129.
∫∫ x

a

((
Axλ cothµ t + Btβ tanhγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = cothµ t, g2(x) = B tanhγ x,
and h2(t) = tβ .

1.4. Equations Whose Kernels Contain Logarithmic
Functions

1.4-1. Kernels Containing Logarithmic Functions.

1.
∫∫ x

a

(ln x – ln t)y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = ln x.
Solution: y(x) = xf ′′

xx(x) + f ′
x(x).

2.
∫∫ x

0
ln(x – t)y(t) dt = f (x).

Solution:

y(x) = –
∫ x

0
f ′′

tt(t) dt

∫ ∞

0

(x – t)ze–Cz

Γ(z + 1)
dz – f ′

x(0)
∫ ∞

0

xze–Cz

Γ(z + 1)
dz,

where C = lim
k→∞

(
1 +

1
2

+ · · · +
1

k + 1
– ln k

)
= 0.5772 . . . is the Euler constant and Γ(z) is

the gamma function.

References: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971), A. G. Butkovskii (1979).
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3.
∫∫ x

a

[ln(x – t) + A]y(t) dt = f (x).

Solution:

y(x) = –
d

dx

∫ x

a

νA(x – t)f (t) dt, νA(x) =
d

dx

∫ ∞

0

xze(A–C)z

Γ(z + 1)
dz,

where C = 0.5772 . . . is the Euler constant and Γ(z) is the gamma function.
For a = 0, the solution can be written in the form

y(x) = –
∫ x

0
f ′′

tt(t) dt

∫ ∞

0

(x – t)ze(A–C)z

Γ(z + 1)
dz – f ′

x(0)
∫ ∞

0

xze(A–C)z

Γ(z + 1)
dz.

Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

4.
∫∫ x

a

(A ln x + B ln t)y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = ln x. For B = –A, see equation 1.4.1.
Solution:

y(x) =
sign(ln x)
A + B

d

dx

{∣∣ln x
∣∣– A

A+B

∫ x

a

∣∣ln t
∣∣– B

A+B f ′
t(t) dt

}
.

5.
∫∫ x

a

(A ln x + B ln t + C)y(t) dt = f (x).

This is a special case of equation 1.9.5 with g(x) = x.

6.
∫∫ x

a

[[
ln2(λx) – ln2(λt)

]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution: y(x) =
d

dx

[
xf ′

x(x)
2 ln(λx)

]
.

7.
∫∫ x

a

[[
A ln2(λx) + B ln2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = ln2(λx). For B = –A, see equation 1.4.6.
Solution:

y(x) =
1

A + B

d

dx

{∣∣ln(λx)
∣∣– 2A

A+B

∫ x

a

∣∣ln(λt)
∣∣– 2B

A+B f ′
t(t) dt

}
.

8.
∫∫ x

a

[[
A ln2(λx) + B ln2(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A ln2(λx) and h(t) = B ln2(µt) + C.

9.
∫∫ x

a

[[
ln(x/t)

]]n
y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution: y(x) =
1

n! x

(
x

d

dx

)n+1

f (x).
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10.
∫∫ x

a

((
ln2 x – ln2 t

))n
y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution: y(x) =
ln x

2nn! x

(
x

ln x

d

dx

)n+1

f (x).

11.
∫∫ x

a

ln
((

x + b

t + b

))
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = ln(x + b).
Solution: y(x) = (x + b)f ′′

xx(x) + f ′
x(x).

12.
∫∫ x

a

√
ln(x/t) y(t) dt = f (x).

Solution:

y(x) =
2
πx

(
x

d

dx

)2∫ x

a

f (t) dt

t
√

ln(x/t)
.

13.
∫∫ x

a

y(t) dt√
ln(x/t)

= f (x).

Solution:

y(x) =
1
π

d

dx

∫ x

a

f (t) dt

t
√

ln(x/t)
.

14.
∫∫ x

a

[[
lnµ(λx) – lnµ(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = lnµ(λx).

Solution: y(x) =
1
µ

d

dx

[
x ln1–µ(λx)f ′

x(x)
]
.

15.
∫∫ x

a

[[
A lnβ(λx) + B lnγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A lnβ(λx) and h(t) = B lnγ(µt) + C.

16.
∫∫ x

a

[ln(x/t)]λy(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) =
k

x

(
x

d

dx

)2∫ x

a

f (t) dt

t[ln(x/t)]λ
, k =

sin(πλ)
πλ

.

17.
∫∫ x

a

y(t) dt

[ln(x/t)]λ
= f (x), 0 < λ < 1.

This is a special case of equation 1.9.44 with g(x) = ln x and h(x) ≡ 1.
Solution:

y(x) =
sin(πλ)

π

d

dx

∫ x

a

f (t) dt

t[ln(x/t)]1–λ
.
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18.
∫∫ x

0
ln

√
x +

√
x – t√

x –
√

x – t
y(t) dt = f (x).

Solution:

y(x) =
1
π

d

dx

∫∫ x

0

√
t√

x – t

d

dt
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 451).

19.
∫∫ ∞

x

ln

√
t +

√
t – x√

t –
√

t – x
y(t) dt = f (x).

Solution:

y(x) =
1
π

1√
x

d

dx

∫∫ ∞

x

t√
t – x

d

dt
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 452).

1.4-2. Kernels Containing Power-Law and Logarithmic Functions.

20.
∫∫ x

a

(x – t)
[[
ln(x – t) + A

]]
y(t) dt = f (x).

Solution:

y(x) = –
d2

dx2

∫ x

a

νA(x – t)f (t) dt, νA(x) =
d

dx

∫ ∞

0

xze(A–C)z

Γ(z + 1)
dz,

where C = 0.5772 . . . is the Euler constant and Γ(z) is the gamma function.

Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

21.
∫∫ x

a

ln(x – t) + A

(x – t)λ
y(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) = –
sin(πλ)

π

d

dx

∫ x

a

F (t) dt

(x – t)1–λ
, F (x) =

∫ x

a

νh(x – t)f (t) dt,

νh(x) =
d

dx

∫ ∞

0

xzehz

Γ(z + 1)
dz, h = A + ψ(1 – λ),

where Γ(z) is the gamma function and ψ(z) =
[
Γ(z)

]′
z

is the logarithmic derivative of the
gamma function.

Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

22.
∫∫ x

a

(x – t)α–1

Γ(α)
[ln(x – t) + A]y(t) dt = f (x), α > 0.

Solution:

y(x) = –
1

Γ([α] – α + 1)

(
d

dx

)[α]+1∫∫ x

a

F (t) dt

(x – t)α–[α]
, F (x) =

∫ x

a

νh(x – t)f (t) dt,

νh(x) =
d

dx

∫ ∞

0

xzehz

Γ(z + 1)
dz, h = A + ψ(α),

where Γ(z) is the gamma function and ψ(z) =
[
Γ(z)

]′
z

is the logarithmic derivative of the
gamma function.

Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993, p. 483).
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23.
∫∫ x

a

((
tβ lnλ x – xβ lnλ t)y(t) dt = f (x).

This is a special case of equation 1.9.11 with g(x) = lnλ x and h(t) = tβ .

24.
∫∫ x

a

((
Atβ lnλ x + Bxµ lnγ t)y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = A lnλ x, h1(t) = tβ , g2(x) = Bxµ, and
h2(t) = lnγ t.

25.
∫∫ x

a

ln
((

xµ + b

ctλ + s

))
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = ln(xµ + b) and h(t) = – ln(ctλ + s).

1.5. Equations Whose Kernels Contain Trigonometric
Functions

1.5-1. Kernels Containing Cosine.

1.
∫∫ x

a

cos[λ(x – t)]y(t) dt = f (x).

Solution: y(x) = f ′
x(x) + λ2

∫ x

a

f (x) dx.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 442).

2.
∫∫ x

a

{{
cos[λ(x – t)] – 1

}}
y(t) dt = f (x), f (a) = f ′

x(a) = f ′′
xx(a) = 0.

Solution: y(x) = –
1
λ2

f ′′′
xxx(x) – f ′

x(x).

3.
∫∫ x

a

{{
cos[λ(x – t)] + b

}}
y(t) dt = f (x).

For b = 0, see equation 1.5.1. For b = –1, see equation 1.5.2. For λ = 0, see equation 1.1.1.
Differentiating the equation with respect to x, we arrive at an equation of the form 2.5.16:

y(x) –
λ

b + 1

∫ x

a

sin[λ(x – t)]y(t) dt =
f ′

x(x)
b + 1

.

1◦. Solution with b(b + 1) > 0:

y(x) =
f ′

x(x)
b + 1

+
λ2

k(b + 1)2

∫ x

a

sin[k(x – t)]f ′
t(t) dt, where k = λ

√
b

b + 1
.

2◦. Solution with b(b + 1) < 0:

y(x) =
f ′

x(x)
b + 1

+
λ2

k(b + 1)2

∫ x

a

sinh[k(x – t)]f ′
t(t) dt, where k = λ

√
–b

b + 1
.
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4.
∫∫ x

a

cos(λx + βt)y(t) dt = f (x).

Differentiating the equation with respect to x twice yields

cos[(λ + β)x]y(x) – λ

∫ x

a

sin(λx + βt)y(t) dt = f ′
x(x), (1)

{
cos[(λ + β)x]y(x)

}′
x

– λ sin[(λ + β)x]y(x) – λ2
∫ x

a

cos(λx + βt)y(t) dt = f ′′
xx(x). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the first-order linear ordinary differential equation

w′
x – λ tan[(λ + β)x]w = f ′′

xx(x) + λ2f (x), w = cos[(λ + β)x]y(x). (3)

Setting x = a in (1) yields the initial condition w(a) = f ′
x(a). On solving equation (3) under this

condition, after some transformations we obtain the solution of the original integral equation
in the form

y(x) =
1

cos[(λ + β)x]
f ′

x(x) +
λ sin[(λ + β)x]
cos2[(λ + β)x]

f (x)

–
λβ

cosk+1[(λ + β)x]

∫ x

a

f (t) cosk–2[(λ + β)t] dt, k =
λ

λ + β
.

5.
∫∫ x

a

[[
cos(λx) – cos(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = cos(λx).

Solution: y(x) = –
1
λ

d

dx

[
f ′

x(x)
sin(λx)

]
.

6.
∫∫ x

a

[[
A cos(λx) + B cos(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = cos(λx). For B = –A, see equation 1.5.5.
Solution with B ≠ –A:

y(x) =
sign cos(λx)

A + B

d

dx

{∣∣cos(λx)
∣∣– A

A+B

∫ x

a

∣∣cos(λt)
∣∣– B

A+B f ′
t(t) dt

}
.

7.
∫∫ x

a

[[
A cos(λx) + B cos(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cos(λx) and h(t) = B cos(µt) + C.

8.
∫∫ x

a

{{
A1 cos[λ1(x – t)] + A2 cos[λ2(x – t)]

}}
y(t) dt = f (x).

The equation is equivalent to the equation∫ x

a

{
B1 sin[λ1(x – t)] + B2 sin[λ2(x – t)]

}
y(t) dt = F (x),

B1 =
A1

λ1
, B2 =

A2

λ2
, F (x) =

∫ x

a

f (t) dt,

which has the form 1.5.41. (Differentiation of this equation yields the original integral
equation.)
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9.
∫∫ x

a

cos2[λ(x – t)]y(t) dt = f (x).

Differentiating yields an equation of the form 2.5.16:

y(x) – λ

∫ x

a

sin[2λ(x – t)]y(t) dt = f ′
x(x).

Solution:

y(x) = f ′
x(x) +

2λ2

k

∫ x

a

sin[k(x – t)]f ′
t(t) dt, where k = λ

√
2.

10.
∫∫ x

a

[[
cos2(λx) – cos2(λt)

]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution: y(x) = –
1
λ

d

dx

[
f ′

x(x)
sin(2λx)

]
.

11.
∫∫ x

a

[[
A cos2(λx) + B cos2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = cos2(λx). For B = –A, see equation 1.5.10.
Solution:

y(x) =
1

A + B

d

dx

{[
cos(λx)

]– 2A
A+B

∫ x

a

[
cos(λt)

]– 2B
A+B f ′

t(t) dt

}
.

12.
∫∫ x

a

[[
A cos2(λx) + B cos2(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cos2(λx) and h(t) = B cos2(µt) + C.

13.
∫∫ x

a

cos[λ(x – t)] cos[λ(x + t)]y(t) dt = f (x).

Using the trigonometric formula

cos(α – β) cos(α + β) = 1
2

[
cos(2α) + cos(2β)

]
, α = λx, β = λt,

we reduce the original equation to an equation of the form 1.5.6 with A = B = 1:∫ x

a

[
cos(2λx) + cos(2λt)

]
y(t) dt = 2f (x).

Solution with cos(2λx) > 0:

y(x) =
d

dx

[
1√

cos(2λx)

∫ x

a

f ′
t(t) dt√

cos(2λt)

]
.

14.
∫∫ x

a

cos[λ(x – t)] cos[µ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Solution:

y(x) =
1√

λ2 – µ2

[
d2

dx2
+ (λ + µ)2

][
d2

dx2
+ (λ – µ)2

] ∫ x

a

∫ t

a

sin
[√

λ2 + µ2 (t – s)
]
f (s) ds dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 444).
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15.
∫∫ x

a

[[
A cos(λx) cos(µt) + B cos(βx) cos(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = A cos(λx), h1(t) = cos(µt), g2(x) =
B cos(βx), and h2(t) = cos(γt).

16.
∫∫ x

a

cos3[λ(x – t)]y(t) dt = f (x).

Using the formula cos3 β = 1
4 cos 3β + 3

4 cos β, we arrive at an equation of the form 1.5.8:

∫ x

a

{
1
4 cos[3λ(x – t)] + 3

4 cos[λ(x – t)]
}
y(t) dt = f (x).

17.
∫∫ x

a

[[
cos3(λx) – cos3(λt)

]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution: y(x) = –
1

3λ

d

dx

[
f ′

x(x)
sin(λx) cos2(λx)

]
.

18.
∫∫ x

a

[[
A cos3(λx) + B cos3(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = cos3(λx). For B = –A, see equation 1.5.17.
Solution:

y(x) =
1

A + B

d

dx

{[
cos(λx)

]– 3A
A+B

∫ x

a

[
cos(λt)

]– 3B
A+B f ′

t(t) dt

}
.

19.
∫∫ x

a

[[
cos2(λx) cos(µt) + cos(βx) cos2(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = cos2(λx), h1(t) = cos(µt), g2(x) = cos(βx),
and h2(t) = cos2(γt).

20.
∫∫ x

a

cos4[λ(x – t)]y(t) dt = f (x).

Let us transform the kernel of the integral equation using the trigonometric formula cos4 β =
1
8 cos 4β + 1

2 cos 2β + 3
8 , where β = λ(x – t), and differentiate the resulting equation with

respect to x. Then we arrive at an equation of the form 2.5.18:

y(x) – λ

∫ x

a

{
1
2 sin[4λ(x – t)] + sin[2λ(x – t)]

}
y(t) dt = f ′

x(x).

21.
∫∫ x

a

[[
cos(λx) – cos(λt)

]]n
y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution: y(x) =
(–1)n

λnn!
sin(λx)

[
1

sin(λx)
d

dx

]n+1

f (x).
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22.
∫∫ x

a

√
cos t – cos x y(t) dt = f (x).

This is a special case of equation 1.9.40 with g(x) = 1 – cos x.
Solution:

y(x) =
2
π

sin x
( 1

sin x

d

dx

)2
∫ x

a

sin t f (t) dt√
cos t – cos x

.

23.
∫∫ x

a

y(t) dt√
cos t – cos x

= f (x).

Solution:

y(x) =
1
π

d

dx

∫ x

a

sin t f (t) dt√
cos t – cos x

.

24.
∫∫ x

a

(cos t – cos x)λy(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) = k sin x
( 1

sin x

d

dx

)2
∫ x

a

sin t f (t) dt

(cos t – cos x)λ
, k =

sin(πλ)
πλ

.

25.
∫∫ x

a

(cosµ x – cosµ t)y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = cosµ x.

Solution: y(x) = –
1
µ

d

dx

[
f ′

x(x)
sin x cosµ–1 x

]
.

26.
∫∫ x

a

((
A cosµ x + B cosµ t

))
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = cosµ x. For B = –A, see equation 1.5.25.
Solution:

y(x) =
1

A + B

d

dx

{∣∣cos x
∣∣– Aµ

A+B

∫ x

a

∣∣cos t
∣∣– Bµ

A+B f ′
t(t) dt

}
.

27.
∫∫ x

a

y(t) dt

(cos t – cos x)λ
= f (x), 0 < λ < 1.

Solution:

y(x) =
sin(πλ)

π

d

dx

∫ x

a

sin t f (t) dt

(cos t – cos x)1–λ
.

28.
∫∫ x

a

(x – t) cos[λ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Differentiating the equation twice yields

y(x) – 2λ

∫ x

a

sin[λ(x – t)]y(t) dt – λ2
∫ x

a

(x – t) cos[λ(x – t)]y(t) dt = f ′′
xx(x).

Eliminating the third term on the left-hand side with the aid of the original equation, we arrive
at an equation of the form 2.5.16:

y(x) – 2λ

∫ x

a

sin[λ(x – t)]y(t) dt = f ′′
xx(x) + λ2f (x).
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29.
∫∫ x

a

cos[λ(x – t)]√
x – t

y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Solution:

y(x) =
2

πλ

∫ x

a

sin[λ(x – t)]√
x – t

[f ′′
tt(t) + λ2f (t)] dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 445).

30.
∫∫ x

a

√
x – t cos

((
λ

√
x – t

))
y(t) dt = f (x).

Solution:

y(x) =
1
π

∫ x

a

cosh
(
λ
√

x – t
)

√
x – t

f ′
t(t) dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 445–446), S. G. Samko,
A. A. Kilbas, and O. I. Marichev (1993).

31.
∫∫ x

a

cos
((
λ

√
x – t

))
√

x – t
y(t) dt = f (x).

Solution:

y(x) =
1
π

d

dx

∫ x

a

cosh
(
λ
√

x – t
)

√
x – t

f (t) dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 446), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

32.
∫∫ ∞

x

cos
((
λ

√
t – x

))
√

t – x
y(t) dt = f (x).

Solution:

y(x) = –
1
π

d

dx

∫ ∞

x

cosh
(
λ
√

t – x
)

√
t – x

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 448), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

33.
∫∫ x

0

cos
((
λ

√
x2 – t2

))
√

x2 – t2
y(t) dt = f (x).

Solution:

y(x) =
2
π

d

dx

∫ x

0
t

cosh
(
λ
√

x2 – t2
)

√
x2 – t2

f (t) dt.

34.
∫∫ ∞

x

cos
((
λ

√
t2 – x2

))
√

t2 – x2
y(t) dt = f (x).

Solution:

y(x) = –
2
π

d

dx

∫ ∞

x

t
cosh

(
λ
√

t2 – x2
)

√
t2 – x2

f (t) dt.

35.
∫∫ x

0

cos
((
λ

√
xt – t2

))
√

x – t
y(t) dt = f (x).

Solution:

y(x) =
1

πx

∫ x

0

cosh
(
λ
√

x2 – xt
)

√
x – t

[f (t)/2 + tf ′
t(t)] dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 446).
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36.
∫∫ x

0

cos
((
λ

√
x2 – xt

))
√

x – t
y(t) dt = f (x).

Solution:

y(x) =

√
x

π

d

dx

[√
x

∫ x

0

cosh
(
λ
√

xt – t2
)

√
x – t

f (t) dt

]
.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 446).

37.
∫∫ x

a

cos
[[
λ

√
(x – t)(x – t + γ)

]]
√

x – t
y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0.

Solution:

y(x) =
2

πλ2

∫ x

a

sin
[
λ
√

(x – t)(x – t – γ)
]

√
x – t – γ

∫ t

a

sin[λ(t – s)]

(
d2

ds2
+ λ2

)2

f (s) ds dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 447).

38.
∫∫ x

a

[[
Axβ + B cosγ(λt) + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Axβ and h(t) = B cosγ(λt) + C.

39.
∫∫ x

a

[[
A cosγ(λx) + Btβ + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cosγ(λx) and h(t) = Btβ + C.

40.
∫∫ x

a

((
Axλ cosµ t + Btβ cosγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = cosµ t, g2(x) = B cosγ x,
and h2(t) = tβ .

1.5-2. Kernels Containing Sine.

41.
∫∫ x

a

sin[λ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Solution: y(x) =
1
λ

f ′′
xx(x) + λf (x).

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 442).

42.
∫∫ x

a

{{
sin[λ(x – t)] + b

}}
y(t) dt = f (x).

For b = 0, see equation 1.5.41. Assume that b ≠ 0.
Differentiating the equation with respect to x yields an equation of the form 2.5.3:

y(x) +
λ

b

∫ x

a

cos[λ(x – t)]y(t) dt =
1
b
f ′

x(x).
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43.
∫∫ x

a

sin(λx + βt)y(t) dt = f (x).

For β = –λ, see equation 1.5.41. Assume that β ≠ –λ.
Differentiating the equation with respect to x twice yields

sin[(λ + β)x]y(x) + λ

∫ x

a

cos(λx + βt)y(t) dt = f ′
x(x), (1)

{
sin[(λ + β)x]y(x)

}′
x

+ λ cos[(λ + β)x]y(x) – λ2
∫ x

a

sin(λx + βt)y(t) dt = f ′′
xx(x). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the first-order linear ordinary differential equation

w′
x + λ cot[(λ + β)x]w = f ′′

xx(x) + λ2f (x), w = sin[(λ + β)x]y(x). (3)

Setting x = a in (1) yields the initial condition w(a) = f ′
x(a). On solving equation (3) under this

condition, after some transformation we obtain the solution of the original integral equation
in the form

y(x) =
1

sin[(λ + β)x]
f ′

x(x) –
λ cos[(λ + β)x]
sin2[(λ + β)x]

f (x)

–
λβ

sink+1[(λ + β)x]

∫ x

a

f (t) sink–2[(λ + β)t] dt, k =
λ

λ + β
.

44.
∫∫ x

a

[[
sin(λx) – sin(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = sin(λx).

Solution: y(x) =
1
λ

d

dx

[
f ′

x(x)
cos(λx)

]
.

45.
∫∫ x

a

[[
A sin(λx) + B sin(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = sin(λx). For B = –A, see equation 1.5.44.
Solution with B ≠ –A:

y(x) =
sign sin(λx)

A + B

d

dx

{∣∣sin(λx)
∣∣– A

A+B

∫ x

a

∣∣sin(λt)
∣∣– B

A+B f ′
t(t) dt

}
.

46.
∫∫ x

a

[[
A sin(λx) + B sin(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sin(λx) and h(t) = B sin(µt) + C.

47.
∫∫ x

a

{{
µ sin[λ(x – t)] – λ sin[µ(x – t)]

}}
y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0.

Solution:

y(x) =
f ′′′′

xxxx + (λ2 + µ2)f ′′
xx + λ2µ2f

λµ3 – λ3µ
, f = f (x).
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48.
∫∫ x

a

{{
A1 sin[λ1(x – t)] + A2 sin[λ2(x – t)]

}}
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

This equation can be solved in the same manner as equation 1.3.49, i.e., by reducing it to a
second-order linear ordinary differential equation with constant coefficients.

Let

∆ = –λ1λ2
A1λ2 + A2λ1

A1λ1 + A2λ2
.

1◦. Solution for ∆ > 0:

(A1λ1 + A2λ2)y(x) = f ′′
xx(x) + Bf (x) + C

∫ x

a

sinh[k(x – t)]f (t) dt,

k =
√

∆, B = ∆ + λ2
1 + λ2

2, C =
1√
∆

[
∆

2 + (λ2
1 + λ2

2)∆ + λ2
1λ

2
2

]
.

2◦. Solution for ∆ < 0:

(A1λ1 + A2λ2)y(x) = f ′′
xx(x) + Bf (x) + C

∫ x

a

sin[k(x – t)]f (t) dt,

k =
√

–∆, B = ∆ + λ2
1 + λ2

2, C =
1√
–∆

[
∆

2 + (λ2
1 + λ2

2)∆ + λ2
1λ

2
2

]
.

3◦. Solution for ∆ = 0:

(A1λ1 + A2λ2)y(x) = f ′′
xx(x) + (λ2

1 + λ2
2)f (x) + λ2

1λ
2
2

∫ x

a

(x – t)f (t) dt.

4◦. Solution for ∆ = ∞:

y(x) = –
f ′′′′

xxxx + (λ2
1 + λ2

2)f ′′
xx + λ2

1λ
2
2f

A1λ3
1 + A2λ3

2

, f = f (x).

In the last case, the relation A1λ1 + A2λ2 = 0 holds and the right-hand side of the integral
equation is assumed to satisfy the conditions f (a) = f ′

x(a) = f ′′
xx(a) = f ′′′

xxx(a) = 0.

Remark. The solution can be obtained from the solution of equation 1.3.49 in which the
change of variables λk → iλk, Ak → –iAk, i2 = –1 (k = 1, 2), should be made.

49.
∫∫ x

a

{{
A sin[λ(x – t)] + B sin[µ(x – t)] + C sin[β(x – t)]

}}
y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = 0. Differentiating the integral equation twice yields

(Aλ + Bµ + Cβ)y(x) –
∫ x

a

{
Aλ2 sin[λ(x – t)] + Bµ2 sin[µ(x – t)]

}
y(t) dt

– Cβ2
∫ x

a

sin[β(x – t)]y(t) dt = f ′′
xx(x).

Eliminating the last integral with the aid of the original equation, we arrive at an equation of
the form 2.5.18:

(Aλ + Bµ + Cβ)y(x) +
∫ x

a

{
A(β2 – λ2) sin[λ(x – t)]

+ B(β2 – µ2) sin[µ(x – t)]
}
y(t) dt = f ′′

xx(x) + β2f (x).

In the special case Aλ + Bµ + Cβ = 0, this is an equation of the form 1.5.41.
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50.
∫∫ x

a

sin2[λ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = 0.

Differentiation yields an equation of the form 1.5.41:∫ x

a

sin[2λ(x – t)]y(t) dt =
1
λ

f ′
x(x).

Solution: y(x) = 1
2 λ–2f ′′′

xxx(x) + 2f ′
x(x).

51.
∫∫ x

a

[[
sin2(λx) – sin2(λt)

]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution: y(x) =
1
λ

d

dx

[
f ′

x(x)
sin(2λx)

]
.

52.
∫∫ x

a

[[
A sin2(λx) + B sin2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = sin2(λx). For B = –A, see equation 1.5.51.
Solution:

y(x) =
1

A + B

d

dx

{∣∣sin(λx)
∣∣– 2A

A+B

∫ x

a

∣∣sin(λt)
∣∣– 2B

A+B f ′
t(t) dt

}
.

53.
∫∫ x

a

[[
A sin2(λx) + B sin2(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sin2(λx) and h(t) = B sin2(µt) + C.

54.
∫∫ x

a

sin[λ(x – t)] sin[λ(x + t)]y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Using the trigonometric formula

sin(α – β) sin(α + β) = 1
2

[
cos(2β) – cos(2α)

]
, α = λx, β = λt,

we reduce the original equation to an equation of the form 1.5.5:∫ x

a

[
cos(2λx) – cos(2λt)

]
y(t) dt = –2f (x).

Solution: y(x) =
1
λ

d

dx

[
f ′

x(x)
sin(2λx)

]
.

55.
∫∫ x

a

sin[λ(x – t)] sin[µ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = 0.

Solution:

y(x) =

[
d2

dx2
+ (λ + µ)2

][
d2

dx2
+ (λ – µ)2

]
1

2λµ

∫ x

a

f (t) dt.

Reference A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 443).
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56.
∫∫ x

a

[[
sin(λx) sin(µt) + sin(βx) sin(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = sin(λx), h1(t) = sin(µt), g2(x) = sin(βx),
and h2(t) = sin(γt).

57.
∫∫ x

a

sin3[λ(x – t)]y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0.

Using the formula sin3 β = – 1
4 sin 3β + 3

4 sin β, we arrive at an equation of the form 1.5.48:∫ x

a

{
– 1

4 sin[3λ(x – t)] + 3
4 sin[λ(x – t)]

}
y(t) dt = f (x).

58.
∫∫ x

a

[[
sin3(λx) – sin3(λt)

]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

This is a special case of equation 1.9.2 with g(x) = sin3(λx).

59.
∫∫ x

a

[[
A sin3(λx) + B sin3(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = sin3(λx). For B = –A, see equation 1.5.58.
Solution:

y(x) =
sign sin(λx)

A + B

d

dx

{∣∣sin(λx)
∣∣– 3A

A+B

∫ x

a

∣∣sin(λt)
∣∣– 3B

A+B f ′
t(t) dt

}
.

60.
∫∫ x

a

[[
sin2(λx) sin(µt) + sin(βx) sin2(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = sin2(λx), h1(t) = sin(µt), g2(x) = sin(βx),
and h2(t) = sin2(γt).

61.
∫∫ x

a

sin4[λ(x – t)]y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = · · · = f ′′′′

xxxx(a) = 0.
Let us transform the kernel of the integral equation using the trigonometric formula

sin4 β = 1
8 cos 4β – 1

2 cos 2β + 3
8 , where β = λ(x – t), and differentiate the resulting equation

with respect to x. Then we obtain an equation of the form 1.5.48:

λ

∫ x

a

{
– 1

2 sin[4λ(x – t)] + sin[2λ(x – t)]
}
y(t) dt = f ′

x(x).

62.
∫∫ x

a

sinn[λ(x – t)]y(t) dt = f (x), n = 2, 3, . . .

It is assumed that f (a) = f ′
x(a) = · · · = f (n)

x (a) = 0.

1◦. Let us differentiate the equation with respect to x twice and transform the kernel of the
resulting integral equation using the formula cos2 β = 1 – sin2 β, where β = λ(x – t). We have

–λ2n2
∫ x

a

sinn[λ(x – t)]y(t) dt + λ2n(n – 1)
∫ x

a

sinn–2[λ(x – t)]y(t) dt = f ′′
xx(x).
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Eliminating the first term on the left-hand side with the aid of the original equation, we obtain∫ x

a

sinn–2[λ(x – t)]y(t) dt =
1

λ2n(n – 1)

[
f ′′

xx(x) + λ2n2f (x)
]
.

This equation has the same form as the original equation, but the degree characterizing the
kernel has been reduced by two.

By applying this technique sufficiently many times, we finally arrive at simple integral
equations of the form 1.1.1 (for even n) or 1.5.41 (for odd n).

2◦. Solution:

y(x) =
1

λnn!

(
d

dx

)1–α β∏
k=1

[ d2

dx2
+ (2k + α)λ2

]
f (x),

where α = n – 2[n/2], β = [(n + 1)/2], [A] denotes the integer part of number A.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 443).

63.
∫∫ x

a

(x – t) sin[λ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = 0.

Solution:

y(x) =
1

2λ

(
d2

dx2
+ λ2

)2 ∫ x

a

f (t) dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 444), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

64.
∫∫ x

a

sin
((
λ

√
x – t

))
y(t) dt = f (x).

Solution:

y(x) =
2

πλ

d2

dx2

∫ x

a

cosh
(
λ
√

x – t
)

√
x – t

f (t) dt.

See also Example 2 in Section 10.4.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 445), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

65.
∫∫ ∞

x

sin(λ
√

t – x)y(t) dt = f (x).

Solution:

y(x) =
2
πλ

d2

dx2

∫ ∞

x

cos(λ
√

t – x )√
t – x

f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 447).

66.
∫∫ x

a

sin[λ(x – t)]√
x – t

y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Solution:

y(x) =
2

πλ

∫ x

a

cos[λ(x – t)]√
x – t

[f ′′
tt(t) + λ2f (t)] dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 445), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).
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67.
∫∫ x

a

sin[λ(x – t)]

(x – t)3/2
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution:

y(x) =
2

πλ2

∫ x

a

sin[λ(x – t)]√
x – t

[
f ′′

tt(t) + λ2f (t) +
f ′(t)
x – t

]
dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 445), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

68.
∫∫ x

a

sin
[[
λ

√
(x – t)(x – t + γ)

]]
√

x – t + γ
y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0.

Solution:

y(x) =
2

πλ2

∫ x

a

cos
[
λ
√

(x – t)(x – t – γ)
]

√
x – t

∫ t

a

sin[λ(t – s)]

(
d2

ds2
+ λ2

)2

f (s) ds dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 447).

69.
∫∫ x

a

√
sin x – sin t y(t) dt = f (x).

Solution:

y(x) =
2
π

cos x

(
1

cos x

d

dx

)2 ∫ x

a

cos t f (t) dt√
sin x – sin t

.

70.
∫∫ x

a

y(t) dt√
sin x – sin t

= f (x).

Solution:

y(x) =
1
π

d

dx

∫ x

a

cos t f (t) dt√
sin x – sin t

.

71.
∫∫ x

a

(sin x – sin t)λy(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) = k cos x
( 1

cos x

d

dx

)2
∫ x

a

cos t f (t) dt

(sin x – sin t)λ
, k =

sin(πλ)
πλ

.

72.
∫∫ x

a

(sinµ x – sinµ t)y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = sinµ x.

Solution: y(x) =
1
µ

d

dx

[
f ′

x(x)
cos x sinµ–1 x

]
.

73.
∫∫ x

a

{{
A| sin(λx)|µ + B| sin(λt)|µ

}}
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = | sin(λx)|µ.
Solution:

y(x) =
1

A + B

d

dx

{∣∣sin(λx)
∣∣– Aµ

A+B

∫ x

a

∣∣sin(λt)
∣∣– Bµ

A+B f ′
t(t) dt

}
.
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74.
∫∫ x

a

y(t) dt

[sin(λx) – sin(λt)]µ
= f (x), 0 < µ < 1.

This is a special case of equation 1.9.44 with g(x) = sin(λx) and h(x) ≡ 1.
Solution:

y(x) =
λ sin(πµ)

π

d

dx

∫ x

a

cos(λt)f (t) dt

[sin(λx) – sin(λt)]1–µ
.

75.
∫∫ x

a

(x – t) sin[λ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = 0.

Double differentiation yields

2λ

∫ x

a

cos[λ(x – t)]y(t) dt – λ2
∫ x

a

(x – t) sin[λ(x – t)]y(t) dt = f ′′
xx(x).

Eliminating the second integral on the left-hand side of this equation with the aid of the
original equation, we arrive at an equation of the form 1.5.1:∫ x

a

cos[λ(x – t)]y(t) dt =
1

2λ

[
f ′′

xx(x) + λ2f (x)
]
.

Solution:

y(x) =
1

2λ
f ′′′

xxx(x) + λf ′
x(x) +

1
2
λ3
∫ x

a

f (t) dt.

76.
∫∫ x

a

| sin(λ(x – t))|y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = 0.

Solution:

y(x) =
1
λ

∫ x

a

(–1)[λ(x–t)/π](f ′′′
ttt(t) + λ2f ′

t(t)
)
dt,

where [A] denotes the integer part of number A.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 443).

77.
∫∫ x

a

[[
Axβ + B sinγ(λt) + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Axβ and h(t) = B sinγ(λt) + C.

78.
∫∫ x

a

[[
A sinγ(λx) + Btβ + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sinγ(λx) and h(t) = Btβ + C.

79.
∫∫ x

a

((
Axλ sinµ t + Btβ sinγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = sinµ t, g2(x) = B sinγ x,
and h2(t) = tβ .
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1.5-3. Kernels Containing Tangent.

80.
∫∫ x

a

[[
tan(λx) – tan(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = tan(λx).

Solution: y(x) =
1
λ

d

dx

[
cos2(λx)f ′

x(x)
]
.

81.
∫∫ x

a

[[
A tan(λx) + B tan(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = tan(λx). For B = –A, see equation 1.5.80.

Solution: y(x) =
1

A + B

d

dx

{[
tan(λx)

]– A
A+B

∫ x

a

[
tan(λt)

]– B
A+B f ′

t(t) dt

}
.

82.
∫∫ x

a

[[
A tan(λx) + B tan(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tan(λx) and h(t) = B tan(µt) + C.

83.
∫∫ x

a

[[
tan2(λx) – tan2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = tan2(λx).

Solution: y(x) =
d

dx

[
cos3(λx)f ′

x(x)
2λ sin(λx)

]
.

84.
∫∫ x

a

[[
A tan2(λx) + B tan2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = tan2(λx). For B = –A, see equation 1.5.83.

Solution: y(x) =
1

A + B

d

dx

{∣∣tan(λx)
∣∣– 2A

A+B

∫ x

a

∣∣tan(λt)
∣∣– 2B

A+B f ′
t(t) dt

}
.

85.
∫∫ x

a

[[
A tan2(λx) + B tan2(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tan2(λx) and h(t) = B tan2(µt) + C.

86.
∫∫ x

a

[[
tan(λx) – tan(λt)

]]n
y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution: y(x) =
1

λnn! cos2(λx)

[
cos2(λx)

d

dx

]n+1

f (x).

87.
∫∫ x

a

√
tan x – tan t y(t) dt = f (x).

Solution:

y(x) =
2

π cos2 x

(
cos2 x

d

dx

)2
∫ x

a

f (t) dt

cos2 t
√

tan x – tan t
.
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88.
∫∫ x

a

y(t) dt√
tan x – tan t

= f (x).

Solution:

y(x) =
1
π

d

dx

∫ x

a

f (t) dt

cos2 t
√

tan x – tan t
.

89.
∫∫ x

a

(tan x – tan t)λy(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) =
sin(πλ)

πλ cos2 x

(
cos2 x

d

dx

)2
∫ x

a

f (t) dt

cos2 t(tan x – tan t)λ
.

90.
∫∫ x

a

(tanµ x – tanµ t)y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = tanµ x.

Solution: y(x) =
1
µ

d

dx

[
cosµ+1 xf ′

x(x)
sinµ–1 x

]
.

91.
∫∫ x

a

((
A tanµ x + B tanµ t

))
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = tanµ x. For B = –A, see equation 1.5.90.
Solution:

y(x) =
1

A + B

d

dx

{[
tan(λx)

]– Aµ
A+B

∫ x

a

[
tan(λt)

]– Bµ
A+B f ′

t(t) dt

}
.

92.
∫∫ x

a

y(t) dt

[tan(λx) – tan(λt)]µ
= f (x), 0 < µ < 1.

This is a special case of equation 1.9.44 with g(x) = tan(λx) and h(x) ≡ 1.
Solution:

y(x) =
λ sin(πµ)

π

d

dx

∫ x

a

f (t) dt

cos2(λt)[tan(λx) – tan(λt)]1–µ
.

93.
∫∫ x

a

[[
Axβ + B tanγ(λt) + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Axβ and h(t) = B tanγ(λt) + C.

94.
∫∫ x

a

[[
A tanγ(λx) + Btβ + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tanγ(λx) and h(t) = Btβ + C.

95.
∫∫ x

a

((
Axλ tanµ t + Btβ tanγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = tanµ t, g2(x) = B tanγ x,
and h2(t) = tβ .
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1.5-4. Kernels Containing Cotangent.

96.
∫∫ x

a

[[
cot(λx) – cot(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = cot(λx).

Solution: y(x) = –
1
λ

d

dx

[
sin2(λx)f ′

x(x)
]
.

97.
∫∫ x

a

[[
A cot(λx) + B cot(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = cot(λx). For B = –A, see equation 1.5.96.

Solution: y(x) =
1

A + B

d

dx

{[
tan(λx)

] A
A+B

∫ x

a

[
tan(λt)

] B
A+B f ′

t(t) dt

}
.

98.
∫∫ x

a

[[
A cot(λx) + B cot(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cot(λx) and h(t) = B cot(µt) + C.

99.
∫∫ x

a

[[
cot2(λx) – cot2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = cot2(λx).

Solution: y(x) = –
d

dx

[
sin3(λx)f ′

x(x)
2λ cos(λx)

]
.

100.
∫∫ x

a

[[
A cot2(λx) + B cot2(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = cot2(λx). For B = –A, see equation 1.5.99.

Solution: y(x) =
1

A + B

d

dx

{∣∣tan(λx)
∣∣ 2A

A+B

∫ x

a

∣∣tan(λt)
∣∣ 2B

A+B f ′
t(t) dt

}
.

101.
∫∫ x

a

[[
A cot2(λx) + B cot2(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cot2(λx) and h(t) = B cot2(µt) + C.

102.
∫∫ x

a

[[
cot(λx) – cot(λt)

]]n
y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution: y(x) =
(–1)n

λnn! sin2(λx)

[
sin2(λx)

d

dx

]n+1

f (x).

103.
∫∫ x

a

(cotµ x – cotµ t)y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = cotµ x.

Solution: y(x) = –
1
µ

d

dx

[
sinµ+1 xf ′

x(x)
cosµ–1 x

]
.
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104.
∫∫ x

a

((
A cotµ x + B cotµ t

))
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = cotµ x. For B = –A, see equation 1.5.103.
Solution:

y(x) =
1

A + B

d

dx

{∣∣tan x
∣∣ Aµ

A+B

∫ x

a

∣∣tan t
∣∣ Bµ

A+B f ′
t(t) dt

}
.

105.
∫∫ x

a

[[
Axβ + B cotγ(λt) + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = Axβ and h(t) = B cotγ(λt) + C.

106.
∫∫ x

a

[[
A cotγ(λx) + Btβ + C]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cotγ(λx) and h(t) = Btβ + C.

107.
∫∫ x

a

((
Axλ cotµ t + Btβ cotγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = cotµ t, g2(x) = B cotγ x,
and h2(t) = tβ .

1.5-5. Kernels Containing Combinations of Trigonometric Functions.

108.
∫∫ x

a

{{
cos[λ(x – t)] + A sin[µ(x – t)]

}}
y(t) dt = f (x).

Differentiating the equation with respect to x followed by eliminating the integral with the
cosine yields an equation of the form 2.3.16:

y(x) – (λ + A2µ)
∫ x

a

sin[µ(x – t)] y(t) dt = f ′
x(x) – Aµf (x).

109.
∫∫ x

a

[[
A cos(λx) + B sin(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cos(λx) and h(t) = B sin(µt) + C.

110.
∫∫ x

a

[[
A sin(λx) + B cos(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sin(λx) and h(t) = B cos(µt) + C.

111.
∫∫ x

a

[[
A cos2(λx) + B sin2(µt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cos2(λx) and h(t) = B sin2(µt).
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112.
∫∫ x

a

sin[λ(x – t)] cos[λ(x + t)]y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Using the trigonometric formula

sin(α – β) cos(α + β) = 1
2

[
sin(2α) – sin(2β)

]
, α = λx, β = λt,

we reduce the original equation to an equation of the form 1.5.44:∫ x

a

[
sin(2λx) – sin(2λt)

]
y(t) dt = 2f (x).

Solution: y(x) =
1
λ

d

dx

[
f ′

x(x)
cos(2λx)

]
.

113.
∫∫ x

a

cos[λ(x – t)] sin[λ(x + t)]y(t) dt = f (x).

Using the trigonometric formula

cos(α – β) sin(α + β) = 1
2

[
sin(2α) + sin(2β)

]
, α = λx, β = λt,

we reduce the original equation to an equation of the form 1.5.45 with A = B = 1:∫ x

a

[
sin(2λx) + sin(2λt)

]
y(t) dt = 2f (x).

Solution with sin(2λx) > 0:

y(x) =
d

dx

[
1√

sin(2λx)

∫ x

a

f ′
t(t) dt√
sin(2λt)

]
.

114.
∫∫ x

a

sin[λ(x – t)] cos[µ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = 0.

Solution with µ < λ:

y(x) =
1

λ
√

λ2 – µ2

[
d2

dx2
+ (λ + µ)2

][
d2

dx2
+ (λ – µ)2

] ∫ x

a

sin
[√

λ2 – µ2 (x – t)
]
f (t) dt.

Solution with µ > λ:

y(x) =
1

λ
√

λ2 – µ2

[
d2

dx2
+ (λ + µ)2

][
d2

dx2
+ (λ – µ)2

]∫ x

a

sinh
[√

µ2 – λ2 (x – t)
]
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 444).

115.
∫∫ x

a

[[
A cos(λx) sin(µt) + B cos(βx) sin(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = A cos(λx), h1(t) = sin(µt), g2(x) =
B cos(βx), and h2(t) = sin(γt).
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116.
∫∫ x

a

[[
A sin(λx) cos(µt) + B sin(βx) cos(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = A sin(λx), h1(t) = cos(µt), g2(x) =
B sin(βx), and h2(t) = cos(γt).

117.
∫∫ x

a

[[
A cos(λx) cos(µt) + B sin(βx) sin(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = A cos(λx), h1(t) = cos(µt), g2(x) =
B sin(βx), and h2(t) = sin(γt).

118.
∫∫ x

a

[[
A cosβ(λx) + B sinγ(µt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cosβ(λx) and h(t) = B sinγ(µt).

119.
∫∫ x

a

[[
A sinβ(λx) + B cosγ(µt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sinβ(λx) and h(t) = B cosγ(µt).

120.
∫∫ x

a

((
Axλ cosµ t + Btβ sinγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = cosµ t, g2(x) = B sinγ x,
and h2(t) = tβ .

121.
∫∫ x

a

((
Axλ sinµ t + Btβ cosγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = sinµ t, g2(x) = B cosγ x,
and h2(t) = tβ .

122.
∫∫ x

a

{{
(x – t) sin[λ(x – t)] – λ(x – t)2 cos[λ(x – t)]

}}
y(t) dt = f (x).

Solution:

y(x) =
∫ x

a

g(t) dt,

where

g(t) =

√
π

2λ

1
64λ5

(
d2

dt2
+ λ2

)6 ∫ t

a

(t – τ )5/2J5/2[λ(t – τ )] f (τ ) dτ .

123.
∫∫ x

a

{{
sin[λ(x – t)]

x – t
– λ cos[λ(x – t)]

}}
y(t) dt = f (x).

Solution:

y(x) =
1

2λ4

(
d2

dx2
+ λ2

)3 ∫ x

a

sin[λ(x – t)]f (t) dt.

124.
∫∫ x

a

[[
sin
((
λ

√
x – t

))
– λ

√
x – t cos

((
λ

√
x – t

))]]
y(t) dt = f (x), f (a) = f ′

x(a) = 0.

Solution:

y(x) =
4

πλ3

d3

dx3

∫ x

a

cosh
(
λ
√

x – t
)

√
x – t

f (t) dt.
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125.
∫∫ x

a

[[
A tan(λx) + B cot(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tan(λx) and h(t) = B cot(µt) + C.

126.
∫∫ x

a

[[
A tan2(λx) + B cot2(µt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tan2(λx) and h(t) = B cot2(µt).

127.
∫∫ x

a

[[
tan(λx) cot(µt) + tan(βx) cot(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = tan(λx), h1(t) = cot(µt), g2(x) = tan(βx),
and h2(t) = cot(γt).

128.
∫∫ x

a

[[
cot(λx) tan(µt) + cot(βx) tan(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = cot(λx), h1(t) = tan(µt), g2(x) = cot(βx),
and h2(t) = tan(γt).

129.
∫∫ x

a

[[
tan(λx) tan(µt) + cot(βx) cot(γt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = tan(λx), h1(t) = tan(µt), g2(x) = cot(βx),
and h2(t) = cot(γt).

130.
∫∫ x

a

[[
A tanβ(λx) + B cotγ(µt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tanβ(λx) and h(t) = B cotγ(µt).

131.
∫∫ x

a

[[
A cotβ(λx) + B tanγ(µt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cotβ(λx) and h(t) = B tanγ(µt).

132.
∫∫ x

a

((
Axλ tanµ t + Btβ cotγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = tanµ t, g2(x) = B cotγ x,
and h2(t) = tβ .

133.
∫∫ x

a

((
Axλ cotµ t + Btβ tanγ x

))
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = cotµ t, g2(x) = B tanγ x,
and h2(t) = tβ .

1.6. Equations Whose Kernels Contain Inverse
Trigonometric Functions

1.6-1. Kernels Containing Arccosine.

1.
∫∫ x

a

[[
arccos(λx) – arccos(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = arccos(λx).

Solution: y(x) = –
1
λ

d

dx

[√
1 – λ2x2 f ′

x(x)
]
.
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2.
∫∫ x

a

[[
A arccos(λx) + B arccos(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = arccos(λx). For B = –A, see equation 1.6.1.
Solution:

y(x) =
1

A + B

d

dx

{[
arccos(λx)

]– A
A+B

∫ x

a

[
arccos(λt)

]– B
A+B f ′

t(t) dt

}
.

3.
∫∫ x

a

[[
A arccos(λx) + B arccos(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A arccos(λx) and h(t) = B arccos(µt) + C.

4.
∫∫ x

a

[[
arccos(λx) – arccos(λt)

]]n
y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution:

y(x) =
(–1)n

λnn!
√

1 – λ2x2

(√
1 – λ2x2

d

dx

)n+1

f (x).

5.
∫∫ x

a

√
arccos(λt) – arccos(λx) y(t) dt = f (x).

This is a special case of equation 1.9.40 with g(x) = 1 – arccos(λx).
Solution:

y(x) =
2
π

ϕ(x)

(
1

ϕ(x)
d

dx

)2∫ x

a

ϕ(t)f (t) dt√
arccos(λt) – arccos(λx)

, ϕ(x) =
1√

1 – λ2x2
.

6.
∫∫ x

a

y(t) dt√
arccos(λt) – arccos(λx)

= f (x).

Solution:

y(x) =
λ

π

d

dx

∫ x

a

ϕ(t)f (t) dt√
arccos(λt) – arccos(λx)

, ϕ(x) =
1√

1 – λ2x2
.

7.
∫∫ x

a

[[
arccos(λt) – arccos(λx)

]]µ
y(t) dt = f (x), 0 < µ < 1.

Solution:

y(x) = kϕ(x)

(
1

ϕ(x)
d

dx

)2∫ x

a

ϕ(t)f (t) dt

[arccos(λt) – arccos(λx)]µ
,

ϕ(x) =
1√

1 – λ2x2
, k =

sin(πµ)
πµ

.

8.
∫∫ x

a

[[
arccosµ(λx) – arccosµ(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = arccosµ(λx).

Solution: y(x) = –
1

λµ

d

dx

[
f ′

x(x)
√

1 – λ2x2

arccosµ–1(λx)

]
.
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9.
∫∫ x

a

y(t) dt[[
arccos(λt) – arccos(λx)

]]µ = f (x), 0 < µ < 1.

Solution:

y(x) =
λ sin(πµ)

π

d

dx

∫ x

a

ϕ(t)f (t) dt

[arccos(λt) – arccos(λx)]1–µ
, ϕ(x) =

1√
1 – λ2x2

.

10.
∫∫ x

a

[[
A arccosβ(λx) + B arccosγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A arccosβ(λx) and h(t) = B arccosγ(µt)+C.

1.6-2. Kernels Containing Arcsine.

11.
∫∫ x

a

[[
arcsin(λx) – arcsin(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = arcsin(λx).

Solution: y(x) =
1
λ

d

dx

[√
1 – λ2x2 f ′

x(x)
]
.

12.
∫∫ x

a

[[
A arcsin(λx) + B arcsin(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = arcsin(λx). For B = –A, see equation 1.6.11.
Solution:

y(x) =
sign x

A + B

d

dx

{∣∣arcsin(λx)
∣∣– A

A+B

∫ x

a

∣∣arcsin(λt)
∣∣– B

A+B f ′
t(t) dt

}
.

13.
∫∫ x

a

[[
A arcsin(λx) + B arcsin(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A arcsin(λx) and h(t) = B arcsin(µt) + C.

14.
∫∫ x

a

[[
arcsin(λx) – arcsin(λt)

]]n
y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution:

y(x) =
1

λnn!
√

1 – λ2x2

(√
1 – λ2x2 d

dx

)n+1

f (x).

15.
∫∫ x

a

√
arcsin(λx) – arcsin(λt) y(t) dt = f (x).

Solution:

y(x) =
2
π

ϕ(x)

(
1

ϕ(x)
d

dx

)2∫ x

a

ϕ(t)f (t) dt√
arcsin(λx) – arcsin(λt)

, ϕ(x) =
1√

1 – λ2x2
.
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16.
∫∫ x

a

y(t) dt√
arcsin(λx) – arcsin(λt)

= f (x).

Solution:

y(x) =
λ

π

d

dx

∫ x

a

ϕ(t)f (t) dt√
arcsin(λx) – arcsin(λt)

, ϕ(x) =
1√

1 – λ2x2
.

17.
∫∫ x

a

[[
arcsin(λx) – arcsin(λt)

]]µ
y(t) dt = f (x), 0 < µ < 1.

Solution:

y(x) = kϕ(x)

(
1

ϕ(x)
d

dx

)2∫ x

a

ϕ(t)f (t) dt

[arcsin(λx) – arcsin(λt)]µ
,

ϕ(x) =
1√

1 – λ2x2
, k =

sin(πµ)
πµ

.

18.
∫∫ x

a

[[
arcsinµ(λx) – arcsinµ(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = arcsinµ(λx).

Solution: y(x) =
1

λµ

d

dx

[
f ′

x(x)
√

1 – λ2x2

arcsinµ–1(λx)

]
.

19.
∫∫ x

a

y(t) dt[[
arcsin(λx) – arcsin(λt)

]]µ = f (x), 0 < µ < 1.

Solution:

y(x) =
λ sin(πµ)

π

d

dx

∫ x

a

ϕ(t)f (t) dt

[arcsin(λx) – arcsin(λt)]1–µ
, ϕ(x) =

1√
1 – λ2x2

.

20.
∫∫ x

a

[[
A arcsinβ(λx) + B arcsinγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A arcsinβ(λx) and h(t) = B arcsinγ(µt)+C.

21.
∫∫ x

0
arcsin

√
1 –

t

x
y(t) dt = f (x).

Solution:

y(x) =
2
π

1√
x

d

dx

∫∫ x

0

t√
x – t

d

dt
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 452).

22.
∫∫ ∞

x

arcsin

√
1 –

x

t
y(t) dt = f (x).

Solution:

y(x) =
2
π

d

dx

∫∫ ∞

x

√
t√

t – x

d

dt
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 453).
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1.6-3. Kernels Containing Arctangent.

23.
∫∫ x

a

[[
arctan(λx) – arctan(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = arctan(λx).

Solution: y(x) =
1
λ

d

dx

[
(1 + λ2x2) f ′

x(x)
]
.

24.
∫∫ x

a

[[
A arctan(λx) + B arctan(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = arctan(λx). For B = –A, see equation 1.6.21.
Solution:

y(x) =
sign x

A + B

d

dx

{∣∣arctan(λx)
∣∣– A

A+B

∫ x

a

∣∣arctan(λt)
∣∣– B

A+B f ′
t(t) dt

}
.

25.
∫∫ x

a

[[
A arctan(λx) + B arctan(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A arctan(λx) and h(t) = B arctan(µt) + C.

26.
∫∫ x

a

[[
arctan(λx) – arctan(λt)

]]n
y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution:

y(x) =
1

λnn! (1 + λ2x2)

(
(1 + λ2x2)

d

dx

)n+1

f (x).

27.
∫∫ x

a

√
arctan(λx) – arctan(λt) y(t) dt = f (x).

Solution:

y(x) =
2
π

ϕ(x)

(
1

ϕ(x)
d

dx

)2∫ x

a

ϕ(t)f (t) dt√
arctan(λx) – arctan(λt)

, ϕ(x) =
1

1 + λ2x2
.

28.
∫∫ x

a

y(t) dt√
arctan(λx) – arctan(λt)

= f (x).

Solution:

y(x) =
λ

π

d

dx

∫ x

a

ϕ(t)f (t) dt√
arctan(λx) – arctan(λt)

, ϕ(x) =
1

1 + λ2x2
.

29.
∫∫ x

a

√
t arctan

((√
x – t

t

))
y(t) dt = f (x).

The equation can be rewritten in terms of the Gaussian hypergeometric function in the form∫ x

a

(x – t)γ–1F
(
α, β, γ; 1 –

x

t

)
y(t) dt = f (x), where α = 1

2 , β = 1, γ = 3
2 .

See 1.8.135 for the solution of this equation.
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30.
∫∫ x

a

[[
arctan(λx) – arctan(λt)

]]µ
y(t) dt = f (x), 0 < µ < 1.

Solution:

y(x) = kϕ(x)

(
1

ϕ(x)
d

dx

)2∫ x

a

ϕ(t)f (t) dt

[arctan(λx) – arctan(λt)]µ
,

ϕ(x) =
1

1 + λ2x2
, k =

sin(πµ)
πµ

.

31.
∫∫ x

a

[[
arctanµ(λx) – arctanµ(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = arctanµ(λx).

Solution: y(x) =
1

λµ

d

dx

[
(1 + λ2x2)f ′

x(x)
arctanµ–1(λx)

]
.

32.
∫∫ x

a

y(t) dt[[
arctan(λx) – arctan(λt)

]]µ = f (x), 0 < µ < 1.

Solution:

y(x) =
λ sin(πµ)

π

d

dx

∫ x

a

ϕ(t)f (t) dt

[arctan(λx) – arctan(λt)]1–µ
, ϕ(x) =

1
1 + λ2x2

.

33.
∫∫ x

a

[[
A arctanβ(λx) + B arctanγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A arctanβ(λx) and h(t) = B arctanγ(µt)+C.

1.6-4. Kernels Containing Arccotangent.

34.
∫∫ x

a

[[
arccot(λx) – arccot(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = arccot(λx).

Solution: y(x) = –
1
λ

d

dx

[
(1 + λ2x2) f ′

x(x)
]
.

35.
∫∫ x

a

[[
A arccot(λx) + B arccot(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.4 with g(x) = arccot(λx). For B = –A, see equation 1.6.34.
Solution:

y(x) =
1

A + B

d

dx

{[
arccot(λx)

]– A
A+B

∫ x

a

[
arccot(λt)

]– B
A+B f ′

t(t) dt

}
.

36.
∫∫ x

a

[[
A arccot(λx) + B arccot(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A arccot(λx) and h(t) = B arccot(µt) + C.
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37.
∫∫ x

a

[[
arccot(λx) – arccot(λt)

]]n
y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution:

y(x) =
(–1)n

λnn! (1 + λ2x2)

(
(1 + λ2x2)

d

dx

)n+1

f (x).

38.
∫∫ x

a

√
arccot(λt) – arccot(λx) y(t) dt = f (x).

Solution:

y(x) =
2
π

ϕ(x)

(
1

ϕ(x)
d

dx

)2∫ x

a

ϕ(t)f (t) dt√
arccot(λt) – arccot(λx)

, ϕ(x) =
1

1 + λ2x2
.

39.
∫∫ x

a

y(t) dt√
arccot(λt) – arccot(λx)

= f (x).

Solution:

y(x) =
λ

π

d

dx

∫ x

a

ϕ(t)f (t) dt√
arccot(λt) – arccot(λx)

, ϕ(x) =
1

1 + λ2x2
.

40.
∫∫ x

a

[[
arccot(λt) – arccot(λx)

]]µ
y(t) dt = f (x), 0 < µ < 1.

Solution:

y(x) = kϕ(x)

(
1

ϕ(x)
d

dx

)2∫ x

a

ϕ(t)f (t) dt

[arccot(λt) – arccot(λx)]µ
,

ϕ(x) =
1

1 + λ2x2
, k =

sin(πµ)
πµ

.

41.
∫∫ x

a

[[
arccotµ(λx) – arccotµ(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = arccotµ(λx).

Solution: y(x) = –
1

λµ

d

dx

[
(1 + λ2x2)f ′

x(x)
arccotµ–1(λx)

]
.

42.
∫∫ x

a

y(t) dt[[
arccot(λt) – arccot(λx)

]]µ = f (x), 0 < µ < 1.

Solution:

y(x) =
λ sin(πµ)

π

d

dx

∫ x

a

ϕ(t)f (t) dt

[arccot(λt) – arccot(λx)]1–µ
, ϕ(x) =

1
1 + λ2x2

.

43.
∫∫ x

a

[[
A arccotβ(λx) + B arccotγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A arccotβ(λx) and h(t) = B arccotγ(µt)+C.
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1.7. Equations Whose Kernels Contain Combinations of
Elementary Functions

1.7-1. Kernels Containing Exponential and Hyperbolic Functions.

1.
∫∫ x

a

eµ(x–t){{A1 cosh[λ1(x – t)] + A2 cosh[λ2(x – t)]
}}
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.8:∫ x

a

{
A1 cosh[λ1(x – t)] + A2 cosh[λ2(x – t)]

}
w(t) dt = e–µxf (x).

2.
∫∫ x

a

eµ(x–t) cosh2[λ(x – t)]y(t) dt = f (x).

Solution:

y(x) = ϕ(x) –
2λ2

k

∫ x

a

eµ(x–t) sinh[k(x – t)]ϕ(x) dt, k = λ
√

2, ϕ(x) = f ′
x(x) – µf (x).

3.
∫∫ x

a

eµ(x–t) cosh3[λ(x – t)]y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.15:∫ x

a

cosh3[λ(x – t)]w(t) dt = e–µxf (x).

4.
∫∫ x

a

eµ(x–t) cosh4[λ(x – t)]y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.19:∫ x

a

cosh4[λ(x – t)]w(t) dt = e–µxf (x).

5.
∫∫ x

a

eµ(x–t)[[cosh(λx) – cosh(λt)
]]n

y(t) dt = f (x), n = 1, 2, . . .

Solution:

y(x) =
1

λnn!
eµx sinh(λx)

[
1

sinh(λx)
d

dx

]n+1

Fµ(x), Fµ(x) = e–µxf (x).

6.
∫∫ x

a

eµ(x–t)
√

cosh x – cosh t y(t) dt = f (x), f (a) = 0.

Solution:

y(x) =
2
π

eµx sinh x
( 1

sinh x

d

dx

)2
∫ x

a

e–µt sinh t f (t) dt√
cosh x – cosh t

.

7.
∫∫ x

a

eµ(x–t)y(t) dt√
cosh x – cosh t

= f (x).

Solution:

y(x) =
1
π

eµx d

dx

∫ x

a

e–µt sinh t f (t) dt√
cosh x – cosh t

.
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8.
∫∫ x

a

eµ(x–t)(cosh x – cosh t)λy(t) dt = f (x), 0 < λ < 1.

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.23:∫ x

a

(cosh x – cosh t)λw(t) dt = e–µxf (x).

9.
∫∫ x

a

[[
Aeµ(x–t) + B coshλ x

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B coshλ x,
and h2(t) = 1.

10.
∫∫ x

a

[[
Aeµ(x–t) + B coshλ t

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B, and
h2(t) = coshλ t.

11.
∫∫ x

a

eµ(x–t)(coshλ x – coshλ t)y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.24:∫ x

a

(coshλ x – coshλ t)w(t) dt = e–µxf (x).

12.
∫∫ x

a

eµ(x–t)((A coshλ x + B coshλ t
))
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.25:∫ x

a

(
A coshλ x + B coshλ t

)
w(t) dt = e–µxf (x).

13.
∫∫ x

a

eµ(x–t)y(t) dt

(cosh x – cosh t)λ
= f (x), 0 < λ < 1.

Solution:

y(x) =
sin(πλ)

π
eµx d

dx

∫ x

a

e–µt sinh t f (t) dt

(cosh x – cosh t)1–λ
.

14.
∫∫ x

a

eµ(x–t){{A1 sinh[λ1(x – t)] + A2 sinh[λ2(x – t)]
}}
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.49:∫ x

a

{
A1 sinh[λ1(x – t)] + A2 sinh[λ2(x – t)]

}
w(t) dt = e–µxf (x).

15.
∫∫ x

a

eµ(x–t) sinh2[λ(x – t)]y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.51:∫ x

a

sinh2[λ(x – t)]w(t) dt = e–µxf (x).
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16.
∫∫ x

a

eµ(x–t) sinh3[λ(x – t)]y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.57:∫ x

a

sinh3[λ(x – t)]w(t) dt = e–µxf (x).

17.
∫∫ x

a

eµ(x–t) sinhn[λ(x – t)]y(t) dt = f (x), n = 2, 3, . . .

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.62:∫ x

a

sinhn[λ(x – t)]w(t) dt = e–µxf (x).

18.
∫∫ x

a

eµ(x–t) sinh
((
k
√

x – t
))
y(t) dt = f (x).

Solution:

y(x) =
2
πk

eµx d2

dx2

∫ x

a

e–µt cos
(
k
√

x – t
)

√
x – t

f (t) dt.

19.
∫∫ x

a

eµ(x–t)
√

sinh x – sinh t y(t) dt = f (x).

Solution:

y(x) =
2
π

eµx cosh x
( 1

cosh x

d

dx

)2
∫ x

a

e–µt cosh t f (t) dt√
sinh x – sinh t

.

20.
∫∫ x

a

eµ(x–t)y(t) dt√
sinh x – sinh t

= f (x).

Solution:

y(x) =
1
π

eµx d

dx

∫ x

a

e–µt cosh t f (t) dt√
sinh x – sinh t

.

21.
∫∫ x

a

eµ(x–t)(sinh x – sinh t)λy(t) dt = f (x), 0 < λ < 1.

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.67:∫ x

a

(sinh x – sinh t)λw(t) dt = e–µxf (x).

22.
∫∫ x

a

eµ(x–t)(sinhλ x – sinhλ t)y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.68:∫ x

a

(sinhλ x – sinhλ t)w(t) dt = e–µxf (x).

23.
∫∫ x

a

eµ(x–t)((A sinhλ x + B sinhλ t
))
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.69:∫ x

a

(
A sinhλ x + B sinhλ t

)
w(t) dt = e–µxf (x).



76 LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION

24.
∫∫ x

a

[[
Aeµ(x–t) + B sinhλ x

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B sinhλ x,
and h2(t) = 1.

25.
∫∫ x

a

[[
Aeµ(x–t) + B sinhλ t

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B, and
h2(t) = sinhλ t.

26.
∫∫ x

a

eµ(x–t)y(t) dt

(sinh x – sinh t)λ
= f (x), 0 < λ < 1.

Solution:

y(x) =
sin(πλ)

π
eµx d

dx

∫ x

a

e–µt cosh t f (t) dt

(sinh x – sinh t)1–λ
.

27.
∫∫ x

a

eµ(x–t)((A tanhλ x + B tanhλ t
))
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.89:∫ x

a

(
A tanhλ x + B tanhλ t

)
w(t) dt = e–µxf (x).

28.
∫∫ x

a

eµ(x–t)((A tanhλ x + B tanhβ t + C
))
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.9.6 with g(x) = A tanhλ x,
h(t) = B tanhβ t + C:∫ x

a

(
A tanhλ x + B tanhβ t + C

)
w(t) dt = e–µxf (x).

29.
∫∫ x

a

[[
Aeµ(x–t) + B tanhλ x

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B tanhλ x,
and h2(t) = 1.

30.
∫∫ x

a

[[
Aeµ(x–t) + B tanhλ t

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B, and
h2(t) = tanhλ t.

31.
∫∫ x

a

eµ(x–t)((A cothλ x + B cothλ t
))
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.3.102:∫ x

a

(
A cothλ x + B cothλ t

)
w(t) dt = e–µxf (x).
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32.
∫∫ x

a

eµ(x–t)((A cothλ x + B cothβ t + C
))
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.9.6 with g(x) = A cothλ x,
h(t) = B cothβ t + C:∫ x

a

(
A cothλ x + B cothβ t + C

)
w(t) dt = e–µxf (x).

33.
∫∫ x

a

[[
Aeµ(x–t) + B cothλ x

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B cothλ x,
and h2(t) = 1.

34.
∫∫ x

a

[[
Aeµ(x–t) + B cothλ t

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B, and
h2(t) = cothλ t.

1.7-2. Kernels Containing Exponential and Logarithmic Functions.

35.
∫∫ x

a

eλ(x–t)(ln x – ln t)y(t) dt = f (x).

Solution:
y(x) = eλx

[
xϕ′′

xx(x) + ϕ′
x(x)
]
, ϕ(x) = e–λxf (x).

36.
∫∫ x

0
eλ(x–t) ln(x – t)y(t) dt = f (x).

The substitution w(x) = e–λxy(x) leads to an equation of the form 1.4.2:∫ x

0
ln(x – t)w(t) dt = e–λxf (x).

37.
∫∫ x

a

eλ(x–t)(A ln x + B ln t)y(t) dt = f (x).

The substitution w(x) = e–λxy(x) leads to an equation of the form 1.4.4:∫ x

a

(A ln x + B ln t)w(t) dt = e–λxf (x).

38.
∫∫ x

a

eµ(x–t)[[A ln2(λx) + B ln2(λt)
]]
y(t) dt = f (x).

The substitution w(x) = e–λxy(x) leads to an equation of the form 1.4.7:∫ x

a

[
A ln2(λx) + B ln2(λt)

]
w(t) dt = e–λxf (x).
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39.
∫∫ x

a

eλ(x–t)[[ln(x/t)
]]n

y(t) dt = f (x), n = 1, 2, . . .

Solution:

y(x) =
1

n! x
eλx

(
x

d

dx

)n+1

Fλ(x), Fλ(x) = e–λxf (x).

40.
∫∫ x

a

eλ(x–t)
√

ln(x/t) y(t) dt = f (x).

Solution:

y(x) =
2eλx

πx

(
x

d

dx

)2∫ x

a

e–λtf (t) dt

t
√

ln(x/t)
.

41.
∫∫ x

a

eλ(x–t)√
ln(x/t)

y(t) dt = f (x).

Solution:

y(x) =
1
π

eλx d

dx

∫ x

a

e–λtf (t) dt

t
√

ln(x/t)
.

42.
∫∫ x

a

[[
Aeµ(x–t) + B lnν(λx)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B lnν (λx),
and h2(t) = 1.

43.
∫∫ x

a

[[
Aeµ(x–t) + B lnν(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B, and
h2(t) = lnν (λt).

44.
∫∫ x

a

eµ(x–t)[ln(x/t)]λy(t) dt = f (x), 0 < λ < 1.

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.4.16:∫ x

a

[ln(x/t)]λw(t) dt = e–µxf (x).

45.
∫∫ x

a

eµ(x–t)

[ln(x/t)]λ
y(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) =
sin(πλ)

π
eµx d

dx

∫ x

a

f (t) dt

teµt[ln(x/t)]1–λ
.

1.7-3. Kernels Containing Exponential and Trigonometric Functions.

46.
∫∫ x

a

eµ(x–t) cos[λ(x – t)]y(t) dt = f (x).

Solution: y(x) = f ′
x(x) – µf (x) + λ2

∫ x

a

eµ(x–t)f (t) dt.
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47.
∫∫ x

a

eµ(x–t){{A1 cos[λ1(x – t)] + A2 cos[λ2(x – t)]
}}
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.8:∫ x

a

{
A1 cos[λ1(x – t)] + A2 cos[λ2(x – t)]

}
w(t) dt = e–µxf (x).

48.
∫∫ x

a

eµ(x–t) cos2[λ(x – t)]y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.9.
Solution:

y(x) = ϕ(x) +
2λ2

k

∫ x

a

eµ(x–t) sin[k(x – t)]ϕ(t) dt, k = λ
√

2, ϕ(x) = f ′
x(x) – µf (x).

49.
∫∫ x

a

eµ(x–t) cos3[λ(x – t)]y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.16:∫ x

a

cos3[λ(x – t)]w(t) dt = e–µxf (x).

50.
∫∫ x

a

eµ(x–t) cos4[λ(x – t)]y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.20:∫ x

a

cos4[λ(x – t)]w(t) dt = e–µxf (x).

51.
∫∫ x

a

eµ(x–t)[[cos(λx) – cos(λt)
]]n

y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution:

y(x) =
(–1)n

λnn!
eµx sin(λx)

[
1

sin(λx)
d

dx

]n+1

Fµ(x), Fµ(x) = e–µxf (x).

52.
∫∫ x

a

eµ(x–t)
√

cos t – cos x y(t) dt = f (x).

Solution:

y(x) =
2
π

eµx sin x
( 1

sin x

d

dx

)2
∫ x

a

e–µt sin t f (t) dt√
cos t – cos x

.

53.
∫∫ x

a

eµ(x–t)y(t) dt√
cos t – cos x

= f (x).

Solution:

y(x) =
1
π

eµx d

dx

∫ x

a

e–µt sin t f (t) dt√
cos t – cos x

.
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54.
∫∫ x

a

eµ(x–t)(cos t – cos x)λy(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) = keµx sin x
( 1

sin x

d

dx

)2
∫ x

a

e–µt sin t f (t) dt

(cos t – cos x)λ
, k =

sin(πλ)
πλ

.

55.
∫∫ x

a

eµ(x–t)(cosλ x – cosλ t)y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.25:∫ x

a

(cosλ x – cosλ t)w(t) dt = e–µxf (x).

56.
∫∫ x

a

eµ(x–t)((A cosλ x + B cosλ t
))
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.26:∫ x

a

(
A cosλ x + B cosλ t

)
w(t) dt = e–µxf (x).

57.
∫∫ x

a

eµ(x–t)y(t) dt

(cos t – cos x)λ
= f (x), 0 < λ < 1.

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.27:∫ x

a

w(t) dt

(cos t – cos x)λ
= e–µxf (x).

58.
∫∫ x

a

[[
Aeµ(x–t) + B cosν(λx)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B cosν (λx),
and h2(t) = 1.

59.
∫∫ x

a

[[
Aeµ(x–t) + B cosν(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B, and
h2(t) = cosν (λt).

60.
∫∫ x

a

eµ(x–t) sin[λ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Solution: y(x) = 1
λ

[
f ′′

xx(x) – 2µf ′
x(x) + (λ2 + µ2)f (x)

]
.

61.
∫∫ x

a

eµ(x–t){{A1 sin[λ1(x – t)] + A2 sin[λ2(x – t)]
}}
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.48:∫ x

a

{
A1 sin[λ1(x – t)] + A2 sin[λ2(x – t)]

}
w(t) dt = e–µxf (x).
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62.
∫∫ x

a

eµ(x–t) sin2[λ(x – t)]y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.50:∫ x

a

sin2[λ(x – t)]w(t) dt = e–µxf (x).

63.
∫∫ x

a

eµ(x–t) sin3[λ(x – t)]y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.57:∫ x

a

sin3[λ(x – t)]w(t) dt = e–µxf (x).

64.
∫∫ x

a

eµ(x–t) sinn[λ(x – t)]y(t) dt = f (x), n = 2, 3, . . .

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.62:∫ x

a

sinn[λ(x – t)]w(t) dt = e–µxf (x).

65.
∫∫ x

a

eµ(x–t) sin
((
k
√

x – t
))
y(t) dt = f (x).

Solution:

y(x) =
2
πk

eµx d2

dx2

∫ x

a

e–µt cosh
(
k
√

x – t
)

√
x – t

f (t) dt.

66.
∫∫ x

a

eµ(x–t)
√

sin x – sin t y(t) dt = f (x).

Solution:

y(x) =
2
π

eµx cos x
( 1

cos x

d

dx

)2
∫ x

a

e–µt cos t f (t) dt√
sin x – sin t

.

67.
∫∫ x

a

eµ(x–t)y(t) dt√
sin x – sin t

= f (x).

Solution:

y(x) =
1
π

eµx d

dx

∫ x

a

e–µt cos t f (t) dt√
sin x – sin t

.

68.
∫∫ x

a

eµ(x–t)(sin x – sin t)λy(t) dt = f (x), 0 < λ < 1.

Solution:

y(x) = keµx cos x
( 1

cos x

d

dx

)2
∫ x

a

e–µt cos t f (t) dt

(sin x – sin t)λ
, k =

sin(πλ)
πλ

.

69.
∫∫ x

a

eµ(x–t)(sinλ x – sinλ t)y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.72:∫ x

a

(sinλ x – sinλ t)w(t) dt = e–µxf (x).
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70.
∫∫ x

a

eµ(x–t)((A sinλ x + B sinλ t
))
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.9.4 with g(x) = sinλ x:∫ x

a

(
A sinλ x + B sinλ t

)
w(t) dt = e–µxf (x).

71.
∫∫ x

a

eµ(x–t)y(t) dt

(sin x – sin t)λ
= f (x), 0 < λ < 1.

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.74:∫ x

a

w(t) dt

(sin x – sin t)λ
= e–µxf (x).

72.
∫∫ x

a

[[
Aeµ(x–t) + B sinν(λx)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B sinν (λx),
and h2(t) = 1.

73.
∫∫ x

a

[[
Aeµ(x–t) + B sinν(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B, and
h2(t) = sinν (λt).

74.
∫∫ x

a

eµ(x–t)((A tanλ x + B tanλ t
))
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.91:∫ x

a

(
A tanλ x + B tanλ t

)
w(t) dt = e–µxf (x).

75.
∫∫ x

a

eµ(x–t)((A tanλ x + B tanβ t + C
))
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.9.6:∫ x

a

(
A tanλ x + B tanβ t + C

)
w(t) dt = e–µxf (x).

76.
∫∫ x

a

[[
Aeµ(x–t) + B tanν(λx)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B tanν (λx),
and h2(t) = 1.

77.
∫∫ x

a

[[
Aeµ(x–t) + B tanν(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B, and
h2(t) = tanν(λt).
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78.
∫∫ x

a

eµ(x–t)((A cotλ x + B cotλ t
))
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.5.104:∫ x

a

(
A cotλ x + B cotλ t

)
w(t) dt = e–µxf (x).

79.
∫∫ x

a

eµ(x–t)((A cotλ x + B cotβ t + C
))
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 1.9.6:∫ x

a

(
A cotλ x + B cotβ t + C

)
w(t) dt = e–µxf (x).

80.
∫∫ x

a

[[
Aeµ(x–t) + B cotν(λx)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B cotν (λx),
and h2(t) = 1.

81.
∫∫ x

a

[[
Aeµ(x–t) + B cotν(λt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Aeµx, h1(t) = e–µt, g2(x) = B, and
h2(t) = cotν(λt).

1.7-4. Kernels Containing Hyperbolic and Logarithmic Functions.

82.
∫∫ x

a

[[
A coshβ(λx) + B lnγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A coshβ(λx) and h(t) = B lnγ(µt) + C.

83.
∫∫ x

a

[[
A coshβ(λt) + B lnγ(µx) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = B lnγ(µx) + C and h(t) = A coshβ(λt).

84.
∫∫ x

a

[[
A sinhβ(λx) + B lnγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sinhβ(λx) and h(t) = B lnγ(µt) + C.

85.
∫∫ x

a

[[
A sinhβ(λt) + B lnγ(µx) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = B lnγ(µx) and h(t) = A sinhβ(λt) + C.

86.
∫∫ x

a

[[
A tanhβ(λx) + B lnγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tanhβ(λx) and h(t) = B lnγ(µt) + C.
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87.
∫∫ x

a

[[
A tanhβ(λt) + B lnγ(µx) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = B lnγ(µx) and h(t) = A tanhβ(λt) + C.

88.
∫∫ x

a

[[
A cothβ(λx) + B lnγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cothβ(λx) and h(t) = B lnγ(µt) + C.

89.
∫∫ x

a

[[
A cothβ(λt) + B lnγ(µx) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = B lnγ(µx) and h(t) = A cothβ(λt) + C.

1.7-5. Kernels Containing Hyperbolic and Trigonometric Functions.

90.
∫∫ x

a

[[
A coshβ(λx) + B cosγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A coshβ(λx) and h(t) = B cosγ(µt) + C.

91.
∫∫ x

a

[[
A coshβ(λt) + B sinγ(µx) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = B sinγ(µx) + C and h(t) = A coshβ(λt).

92.
∫∫ x

a

[[
A coshβ(λx) + B tanγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A coshβ(λx) and h(t) = B tanγ(µt) + C.

93.
∫∫ x

a

[[
A sinhβ(λx) + B cosγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sinhβ(λx) and h(t) = B cosγ(µt) + C.

94.
∫∫ x

a

[[
A sinhβ(λt) + B sinγ(µx) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = B sinγ(µx) and h(t) = A sinhβ(λt) + C.

95.
∫∫ x

a

[[
A sinhβ(λx) + B tanγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sinhβ(λx) and h(t) = B tanγ(µt) + C.

96.
∫∫ x

a

[[
A tanhβ(λx) + B cosγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tanhβ(λx) and h(t) = B cosγ(µt) + C.

97.
∫∫ x

a

[[
A tanhβ(λx) + B sinγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A tanhβ(λx) and h(t) = B sinγ(µt) + C.
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98.
∫∫ x

a

sinh[λ(x – t)] – sin[λ(x – t)]y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0.

Solution:

y(x) =
1

2λ3

(
d4

dx4
– λ4

)
f (x).

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 449).

99.
∫∫ x

a

sinh[λ(x – t)] sin[λ(x – t)]y(t) dt = f (x), f (a) = f ′
x(a) = f ′′

xx(a) = 0.

Solution:

y(x) =
1

2λ2

(
d4

dx4
+ 4λ4

)∫ x

a

f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 449).

100.
∫∫ x

a

sinh[λ(x – t)] cos[λ(x – t)]y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0.

Solution:

y(x) =
1√
2λ2

(
d4

dx4
+ 4λ4

)∫ x

a

sinh[
√

2λ(x – t)]f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 449).

101.
∫∫ x

a

cosh[λ(x – t)] sin[λ(x – t)]y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0.

Solution:

y(x) =
1√
2λ2

(
d4

dx4
+ 4λ4

)∫ x

a

sin[
√

2λ(x – t)]f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 450).

102.
∫∫ x

a

cosh[λ(x – t)] cos[λ(x – t)]y(t) dt = f (x), f (a) = 0.

Solution:

y(x) =
1
2

(
d4

dx4
+ 4λ4

)∫ x

a

(x – t)2f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 450).

1.7-6. Kernels Containing Logarithmic and Trigonometric Functions.

103.
∫∫ x

a

[[
A cosβ(λx) + B lnγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A cosβ(λx) and h(t) = B lnγ(µt) + C.
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104.
∫∫ x

a

[[
A cosβ(λt) + B lnγ(µx) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = B lnγ(µx) + C and h(t) = A cosβ(λt).

105.
∫∫ x

a

[[
A sinβ(λx) + B lnγ(µt) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = A sinβ(λx) and h(t) = B lnγ(µt) + C.

106.
∫∫ x

a

[[
A sinβ(λt) + B lnγ(µx) + C

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = B lnγ(µx) and h(t) = A sinβ(λt) + C.

1.8. Equations Whose Kernels Contain Special
Functions∗

1.8-1. Kernels Containing Error Function or Exponential Integral.

1.
∫∫ x

0
erf(λ

√
x – t)y(t) dt = f (x), f (0) = f ′

x(0) = 0.

Here erf z is the error function (see Supplement 11.2-1).
Solution:

y(x) =
1√
πλ

e–λ2x d

dx

∫ x

0

eλ2t

√
x – t

f ′
t(t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 458).

2.
∫∫ ∞

x

erf(λ
√

t – x)y(t) dt = f (x).

Solution:

y(x) =
1√
πλ

eλ2x d

dx

∫ ∞

x

1

eλ2t
√

t – x
f ′

t(t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 459).

3.
∫∫ x

0
Ei(λ(t – x))y(t) dt = f (x), f (0) = f ′

x(0) = 0.

Here Ei(z) is the exponential integral (see Supplement 11.2-2).
Solution:

y(x) = –
1
λ

∫ x

0
eλ(t–x)ν(λ(x – t))

(
d2

dt2
+ λ

d

dt

)
f (t) dt,

where ν(z) =
∫ ∞

0

zξ dξ

Γ(ξ + 1)
.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 455).

* For notation and properties of special functions, see Supplement 11.
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1.8-2. Kernels Containing Sine and Cosine Integrals.

4.
∫∫ x

0
[sin(x – t) Si(x – t) – cos(x – t) ci(x – t)]y(t) dt = f (x), f (0) = f ′

x(0) = 0.

Here Si(z) is the sine integral and ci(z) is the cosine integral (see Supplements 11.3-1
and 11.3-2).

Solution:

y(x) =
∫ x

0
ν(x – t)

(
d2

dt2
+ 1

)
f (t) dt,

where ν(z) =
∫ ∞

0

zξ dξ

Γ(ξ + 1)
.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 458).

5.
∫∫ x

0
[cos(x – t) Si(x – t) – sin(x – t) ci(x – t)]y(t) dt = f (x), f (0) = f ′

x(0) = f ′′
xx(0) = 0.

Solution:

y(x) =
∫ x

0
ν(x – t)

(
d3

dt3
+

d

dt

)
f (t) dt,

where ν(z) =
∫ ∞

0

zξ dξ

Γ(ξ + 1)
.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 458).

1.8-3. Kernels Containing Fresnel Integrals.

6.
∫∫ x

0
S(x – t)y(t) dt = f (x), f (0) = f ′

x(0) = f ′′
xx(0) = f ′′′

xxx(0) = 0.

Here S(z) is the Fresnel sine integral (see Supplement 11.3-3).
Solution:

y(x) = 4
∫ x

0
C(x – t)

(
d4

dt4
+

d2

dt2

)
y(t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 460).

7.
∫∫ x

0
C(x – t)y(t) dt = f (x), f (0) = f ′

x(0) = f ′′
xx(0) = f ′′′

xxx(0) = 0.

Here C(z) is the Fresnel cosine integral (see Supplement 11.3-3).
Solution:

y(x) = 4
∫ x

0
S(x – t)

(
d4

dt4
+

d2

dt2

)
y(t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 460).
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1.8-4. Kernels Containing Incomplete Gamma Functions.

8.
∫∫ x

0
γ(ν, λ(x – t))y(t) dt = f (x).

Here γ(ν, z) is the incomplete gamma function (see Supplement 11.5-1).

1◦. Let Re ν > 0, m = [Re ν] + 1, where [Re ν] denotes the integer part of the number Re ν,
and f (0) = f ′

x(0) = · · · = f (m)
x (0) = 0. Then the solution is

y(x) =
λ–ν

Γ(ν)Γ(m – ν)
e–λx

(
d

dx

)m ∫ x

0

eλt

(x – t)ν–m+1
f ′

t(t) dt.

2◦. Let ν = n/2, where n is a positive integer, and f (0) = f ′(0) = · · · = f (n+1)(0) = 0. Then
the solution is

y(x) =
λ–n

Γ2(n/2)

∫ x

0
γ
(n

2
, λ(x – t)

) d2

dt2

(
d

dt
+ λ

)n

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 461).

9.
∫∫ ∞

x

γ(ν, λ(t – x))y(t) dt = f (x).

Solution:

y(x) = –
λ–ν

Γ(ν)Γ(m – ν)
eλx

(
–

d

dx

)m ∫ ∞

x

e–λt

(t – x)ν–m+1
f ′

t(t) dt,

where Re ν > 0, m = [Re ν] + 1, and [Re ν] denotes the integer part of the number Re ν.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 462).

10.
∫∫ x

0
Γ(ν, λ(x – t))y(t) dt = f (x).

Solution:

y(x) =
e–λx

Γ(ν)

∫ x

0
Eν

(
[λ(x – t)]ν

)( d2

dt2
– λ

d

dt

)(
eλtf (t)

)
dt,

where Re ν > 0 and Eν (z) are the Weber function,

Eν(z) =
1
π

∫ π

0
sin(νt – z sin t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 462).

1.8-5. Kernels Containing Bessel Functions.

11.
∫∫ x

a

J0(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.17 with n = 0 and J0(z) is the Bessel function (see
Supplement 11.6-1). If f (a) = f ′

x(a) = 0 then the solution is

y(x) =
∫ x

a

J0(λ(x – t))

(
d2

dt2
+ λ2

)
f (t) dt.

Example. In the special case λ = 1 and f (x) = A sin x, the solution has the form y(x) = AJ0(x).

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 470).

* For notation and properties of special functions, see Supplement 11.
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12.
∫∫ x

a

[J0(λx) – J0(λt)]y(t) dt = f (x).

Solution: y(x) = –
d

dx

[
f ′

x(x)
λJ1(λx)

]
.

13.
∫∫ x

a

[AJ0(λx) + BJ0(λt)]y(t) dt = f (x).

For B = –A, see equation 1.8.12. We consider the interval [a, x] in which J0(λx) does not
change its sign.

Solution with B ≠ –A:

y(x) = ± 1
A + B

d

dx

{∣∣J0(λx)
∣∣– A

A+B

∫ x

a

∣∣J0(λt)
∣∣– B

A+B f ′
t(t) dt

}
.

Here the sign of J0(λx) should be taken.

14.
∫∫ x

a

(x – t) J0(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.18 with n = 0. If f (a) = f ′
x(a) = f ′′

xx(a) = 0 then the
solution is

y(x) =
∫ x

a

J0(λ(x – t))

(
d2

dt2
+ λ2

)2

F (t) dt, F (t) =
∫ t

a

f (s) ds.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 472).

15.
∫∫ x

a

(x – t)J1(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.17 with n = 1. If f (a) = f ′
x(a) = 0 then the solution is

y(x) =
f ′

x(x)
λ

+
1
λ

∫ x

a

J0(λ(x – t))

(
d2

dt2
+ λ2

)
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 471).

16.
∫∫ x

a

(x – t)2 J1(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.18 with n = 1. If f (a) = f ′
x(a) = · · · = f ′′′′

xxxx(a) = 0 then
the solution is

y(x) =
1

3λ

∫ x

a

J0(λ(x – t))

(
d2

dt2
+ λ2

)3

F (t) dt, F (t) =
∫ t

a

f (s) ds.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 472).

17.
∫∫ x

a

(x – t)n Jn(λ(x – t))y(t) dt = f (x), n = 0, 1, 2, . . .

If f (a) = f ′
x(a) = · · · = f (2n+1)

x (a) = 0 then the solution is

y(x) =
2nn!

(2n)!λn

∫ x

a

J0(λ(x – t))

(
d2

dt2
+ λ2

)n+1

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, pp. 471–472).
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18.
∫∫ x

a

(x – t)n+1Jn(λ(x – t))y(t) dt = f (x), n = 0, 1, 2, . . .

If f (a) = f ′
x(a) = · · · = f (2n+2)

x (a) = 0 then the solution is

y(x) =
2n+1(n + 1)!
(2n + 2)!λn

∫ x

a

J0(λ(x – t))

(
d2

dt2
+ λ2

)n+2

F (t) dt, F (t) =
∫ t

a

f (s) ds.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 472).

19.
∫∫ x

a

(x – t)1/2J1/2(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.23 with n = 1. If f (a) = f ′
x(a) = 0 then the solution is

y(x) =

√
π

2λ

[
f ′′

xx(x) + λ2f (x)
]
.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 471).

20.
∫∫ x

a

(x – t)3/2J1/2(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.24 with n = 1. Let f (a) = f ′
x(a) = f ′′

xx(a) = 0. Then the
solution is

y(x) =

√
π

2
√

2λ

(
d2

dx2
+ λ2

)2 ∫ x

a

f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 472).

21.
∫∫ x

a

(x – t)3/2J3/2(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.23 with n = 2. If f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0

then the solution is

y(x) =

√
π

(2λ)3/2

(
d2

dx2
+ λ2

)2

f (x).

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 471).

22.
∫∫ x

a

(x – t)5/2J3/2(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.24 with n = 2. Let f (a) = f ′
x(a) = · · · = f ′′′′

xxxx(a) = 0.
Then the solution is

y(x) =

√
π

4(2λ)3/2

(
d2

dx2
+ λ2

)3 ∫ x

a

f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 472).

23.
∫ x

a

(x – t)
2n–1

2 J 2n–1
2

(λ(x – t))y(t) dt = f (x), n = 1, 2, 3, . . .

Let f (a) = f ′
x(a) = · · · = f (2n–1)(a) = 0. Then the solution is

y(x) =

√
π

(2λ)
2n–1

2 (n – 1)!

(
d2

dx2
+ λ2

)n

f (x).

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 471).
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24.
∫ x

a

(x – t)
2n+1

2 J 2n–1
2

(λ(x – t))y(t) dt = f (x), n = 1, 2, 3, . . .

Let f (a) = f ′
x(a) = · · · = f (2n)(a) = 0. Then the solution is

y(x) =

√
π

2(2λ)n–1/2n!

(
d2

dx2
+ λ2

)n+1 ∫ x

a

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 472).

25.
∫∫ x

a

[Jν(λx) – Jν(λt)]y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = Jν (λx), where Jν (z) is the Bessel function
(see Supplement 11.6-1).

Solution: y(x) =
d

dx

[
xf ′

x(x)
νJν(λx) – λxJν+1(λx)

]
.

26.
∫∫ x

a

[AJν(λx) + BJν(λt)]y(t) dt = f (x).

For B = –A, see equation 1.8.25. We consider the interval [a, x] in which Jν (λx) does not
change its sign.

Solution with B ≠ –A:

y(x) = ± 1
A + B

d

dx

{∣∣Jν(λx)
∣∣– A

A+B

∫ x

a

∣∣Jν (λt)
∣∣– B

A+B f ′
t(t) dt

}
.

Here the sign of Jν(λx) should be taken.

27.
∫∫ x

a

[AJν(λx) + BJµ(βt)]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = AJν (λx) and h(t) = BJµ(βt).

28.
∫∫ x

a

(x – t)νJν(λ(x – t))y(t) dt = f (x).

1◦. Let Re ν > –1/2 and f (a) = f ′
x(a) = . . . = f (2n–1)

x (a) = 0, where n = [Re ν + 1/2] + 1 and
[A] stands for the integer part of the number A. Then the solution is

y(x) =
π(2λ)1–n

Γ(ν + 1/2)Γ(n – ν – 1/2)

∫ x

a

(x – t)n–ν–1Jn–ν–1(λ(x – t))

(
d2

dt2
+ λ2

)n

f (t) dt.

2◦. For ν = n and ν = n – 1/2 (n is an integer) see equations 1.8.17 and 1.8.23.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 471), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

29.
∫∫ x

a

(x – t)ν+1Jν(λ(x – t))y(t) dt = f (x).

1◦. Let Re ν > –1 and f (a) = f ′
x(a) = · · · = f (2n–2)(a) = 0, where n = [Re ν + 3/2] + 1 and

[A] stands for the integer part of the number A. Then the solution is

y(x) =
21–nλ2–nπ

Γ(ν + 3/2)Γ(n – ν – 3/2)

∫ x

a

(x – t)n–ν–2Jn–ν–2(λ(x – t))

(
d2

dt2
+ λ2

)n

F (t) dt,

where F (t) =
∫ t

a
f (s) ds.

2◦. For ν = n and ν = n – 1/2 (n is an integer) see equations 1.8.18 and 1.8.24.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 472), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).
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30.
∫∫ x

0

Jν (λ(x – t))

x – t
y(t) dt = f (x), Re ν > 0.

1◦. If ν = n is a positive integer number and f (0) = f ′
x(0) = · · · = f (n)

x (0) = 0 then

y(x) =
n

λn

[n/2]∑
k=0

C2k
n

(
d

dx

)n–2k(
d2

dx2
+ λ2

)k

f (x)

+
n

λn

∫ x

0
J0(λ(x – t))

[(n–1)/2]∑
k=0

C2k+1
n

(
d

dt

)n–2k–1(
d2

dt2
+ λ2

)k+1

f (t) dt,

where [A] stands for the integer part of the number A and Ck
n =

n!
k! (n – k)!

are binomial

coefficients (0! = 1).

2◦. If ν is not an integer, [Re ν] + 1 = m > 1, and f (0) = f ′
x(0) = · · · = f (m)

x (0) = 0 then

y(x) =
ν

λm

∫ x

0
Jm–ν(λ(x – t))

[(m–1)/2]∑
k=0

C2k+1
m

(
d

dt

)m–2k–1(
d2

dt2
+ λ2

)k+1

f (t) dt

+
ν(m – ν)

λm

∫ x

0

Jm–ν (λ(x – t))
x – t

[m/2]∑
k=0

C2k
m

(
d

dt

)m–2k(
d2

dt2
+ λ2

)k

f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 470–471).

31.
∫∫ x

a

J0
((
λ

√
x – t

))
y(t) dt = f (x).

This is a special case of equation 1.8.38 with n = 0. If f (a) = f ′
x(a) = 0 then the solution is

y(x) =
d2

dx2

∫ x

a

I0
(
λ
√

x – t
)
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 472).

32.
∫∫ x

a

[[
AJν

((
λ

√
x
))

+ BJν

((
λ

√
t
))]]

y(t) dt = f (x).

We consider the interval [a, x] in which Jν

(
λ
√

x
)

does not change its sign.
Solution with B ≠ –A:

y(x) = ± 1
A + B

d

dx

{∣∣Jν

(
λ
√

x
)∣∣– A

A+B

∫ x

a

∣∣Jν

(
λ
√

t
)∣∣– B

A+B f ′
t(t) dt

}
.

Here the sign Jν

(
λ
√

x
)

should be taken.

33.
∫∫ x

a

[[
AJν

((
λ

√
x
))

+ BJµ

((
β

√
t
))]]

y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = AJν

(
λ
√

x
)

and h(t) = BJµ

(
β
√

t
)
.
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34.
∫∫ x

a

√
x – t J1

((
λ

√
x – t

))
y(t) dt = f (x).

This is a special case of equation 1.8.38 with n = 1. If the conditions f (a) = f ′
x(a) = f ′′

xx(a) = 0
are satisfied, then the solution is

y(x) =
2
λ

d3

dx3

∫ x

a

I0
(
λ
√

x – t
)
f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 472).

35.
∫∫ x

a

(x – t)1/4J1/2
((
λ

√
x – t

))
y(t) dt = f (x).

This is a special case of equation 1.8.39 with n = 1. If the conditions f (a) = f ′
x(a) = 0 are

satisfied, then the solution is

y(x) =

√
2

πλ

d2

dx2

∫ x

a

cosh
(
λ
√

x – t
)

√
x – t

f (t) dt.

36.
∫∫ x

a

(x – t)3/4J3/2
((
λ

√
x – t

))
y(t) dt = f (x).

This is a special case of equation 1.8.39 with n = 2. If the conditions f (a) = f ′
x(a) = f ′′

xx(a) = 0
are satisfied, then the solution is

y(x) =
23/2

√
π λ3/2

d3

dx3

∫ x

a

cosh
(
λ
√

x – t
)

√
x – t

f (t) dt.

37.
∫∫ x

a

(x – t)–1/4J–1/2
((
λ

√
x – t

))
y(t) dt = f (x).

This is a special case of equation 1.8.39 with n = 0. If the condition f (a) = 0 is satisfied, then
the solution is

y(x) =

√
λ

2π

d

dx

∫ x

a

cosh
(
λ
√

x – t
)

√
x – t

f (t) dt.

38.
∫∫ x

a

(x – t)n/2Jn

((
λ

√
x – t

))
y(t) dt = f (x), n = 0, 1, 2, . . .

This is a special case of equation 1.8.40 with ν = n and m = n + 2. If the conditions
f (a) = f ′

x(a) = · · · = f (n+1)
x (a) = 0 are satisfied, then the solution is

y(x) =
( 2

λ

)n dn+2

dxn+2

∫ x

a

I0
(
λ
√

x – t
)
f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 472).

39.
∫ x

a

(x – t)
2n–1

4 J 2n–1
2

((
λ

√
x – t

))
y(t) dt = f (x), n = 0, 1, 2, . . .

This is a special case of equation 1.8.40 with ν = n – 1/2 and m = n + 1. If the conditions
f (a) = f ′

x(a) = · · · = f (n)
x (a) = 0 are satisfied, then the solution is

y(x) =
1√
π

(
2
λ

) 2n–1
2 dn+1

dxn+1

∫ x

a

cosh
(
λ
√

x – t
)

√
x – t

f (t) dt.
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40.
∫∫ x

a

(x – t)ν/2Jν

((
λ

√
x – t

))
y(t) dt = f (x), Re ν > –1.

1◦. Let f (a) = f ′
x(a) = · · · = f (m–1)

x (a) = 0, where m = [Re ν + 1] + 1 and [A] stands for the
integer part of the number A. Then the solution is

y(x) =
( 2

λ

)m–2 dm

dxm

∫ x

a

(
x – t

) m–ν–2
2 Im–ν–2

(
λ
√

x – t
)
f (t) dt.

2◦. For ν = n and ν = n – 1/2 (n is an integer) see equations 1.8.38 and 1.8.39.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 472).

41.
∫∫ ∞

x

(t – x)ν/2Jν

((
λ

√
t – x

))
y(t) dt = f (x), Re ν > –1.

Solution:

y(x) =

(
λ

2

)2–m(
–

d

dx

)m ∫ ∞

x

(t – x)(m–ν)/2–1Im–ν–2
(
λ
√

t – x
)
f (t) dt,

where m = [Re ν + 1] + 1 and [A] stands for the integer part of the number A.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 474), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

42.
∫∫ x

0
(x – t)ν/2Jν

((
λ
√

t(x – t)
))
y(t) dt = f (x).

Solution:

y(x) =
λ

2
x–1/2

∫ x

0
(x – t)–(ν+1)/2J–ν–1

(
λ
√

x(x – t)
)
tν+1 d(t–νf (t)),

where –1 < Re ν < 0.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 473), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

43.
∫∫ x

0
(x – t)ν/2Jν

((
λ
√

x(x – t)
))
y(t) dt = f (x).

Solution:

y(x) =
λ

2
x–ν d

dx

(
xν+1

∫ x

0
tν/2(x – t)–(ν+1)/2I–ν–1

(
λ
√

t(x – t)
)
f (t) dt

)
,

where –1 < Re ν < 0.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 473), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

44.
∫∫ x

0
J0
((
λ

√
x2 – t2

))
y(t) dt = f (x).

Solution:

y(x) = f ′
x(x) + λ

d

dx

∫ x

0

t√
x2 – t2

I1
(
λ
√

x2 – t2
)
f (t) dt.

Reference: S. Fenyö and H. W. Stolle (1984, p. 328).
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45.
∫∫ x

0

((
x2 – t2))–1/4

J–1/2
((
λ

√
x2 – t2

))
y(t) dt = f (x).

Solution:

y(x) =

√
2λ

π

d

dx

∫ x

0
t

cosh
(
λ
√

x2 – t2
)

√
x2 – t2

f (t) dt.

Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

46.
∫∫ ∞

x

((
t2 – x2))–1/4

J–1/2
((
λ

√
t2 – x2

))
y(t) dt = f (x).

Solution:

y(x) = –

√
2λ

π

d

dx

∫ ∞

x

t
cosh

(
λ
√

t2 – x2
)

√
t2 – x2

f (t) dt.

47.
∫∫ x

0

((
x2 – t2))ν/2

Jν

((
λ

√
x2 – t2

))
y(t) dt = f (x), –1 < ν < 0.

Solution:

y(x) = λ
d

dx

∫ x

0
t
(
x2 – t2

)–(ν+1)/2
I–ν–1

(
λ
√

x2 – t2
)
f (t) dt.

Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

48.
∫∫ ∞

x

((
t2 – x2))ν/2

Jν

((
λ

√
t2 – x2

))
y(t) dt = f (x), –1 < ν < 0.

Solution:

y(x) = –λ
d

dx

∫ ∞

x

t
(
t2 – x2

)–(ν+1)/2
I–ν–1

(
λ
√

t2 – x2
)
f (t) dt.

Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

49.
∫∫ x

a

[AtkJν(λx) + BxmJµ(λt)]y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = AJν(λx), h1(t) = tk, g2(x) = Bxm, and
h2(t) = Jµ(λt).

50.
∫∫ x

a

[AJ2
ν (λx) + BJ2

ν (λt)]y(t) dt = f (x).

Solution with B ≠ –A:

y(x) =
1

A + B

d

dx

{∣∣Jν(λx)
∣∣– 2A

A+B

∫ x

a

∣∣Jν(λt)
∣∣– 2B

A+B f ′
t(t) dt

}
.

51.
∫∫ x

a

[[
AJk

ν (λx) + BJm
µ (βt)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = AJk
ν (λx) and h(t) = BJm

µ (βt).
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52.
∫∫ x

0

((
x – t

x – t + γ

))ν/2

Jν(λ
√

(x – t)(x – t + γ))y(t) dt = f (x).

Let –1 < Re ν < m+ 1 < 2n+ 1 (n and m are the minimal integer numbers), and f (0) = f ′
x(0) =

· · · = f (2n+m+1)
x (0) = 0. Then

y(x) =
√

πλ–m

∫ x

0

(
x – t

x – t – γ

)(m–ν)/2

Jm–ν

(
λ
√

(x – t)(x – t – γ)
)

×
∫ t

0

m∑
j=0

Cj
m

Γ(n – j/2)

(
t – s

2λ

)n–(j+1)/2

Jn–(j+1)/2(λ(t–s))

(
d2

ds2
+λ2

)n+1(
d

ds

)m–j

f (s) ds dt,

where Ck
n are binomial coefficients.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 473), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

53.
∫∫ x

a

[Y0(λx) – Y0(λt)]y(t) dt = f (x).

Solution: y(x) = –
d

dx

[
f ′

x(x)
λY1(λx)

]
.

54.
∫∫ x

a

[Yν(λx) – Yν(λt)]y(t) dt = f (x).

Solution: y(x) =
d

dx

[
xf ′

x(x)
νYν (λx) – λxYν+1(λx)

]
.

55.
∫∫ x

a

[AYν(λx) + BYν(λt)]y(t) dt = f (x).

For B = –A, see equation 1.8.54. We consider the interval [a, x] in which Yν (λx) does not
change its sign.

Solution with B ≠ –A:

y(x) = ± 1
A + B

d

dx

{∣∣Yν(λx)
∣∣– A

A+B

∫ x

a

∣∣Yν (λt)
∣∣– B

A+B f ′
t(t) dt

}
.

Here the sign of Yν(λx) should be taken.

56.
∫∫ x

a

[AtkYν(λx) + BxmYµ(λt)]y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = AYν(λx), h1(t) = tk, g2(x) = Bxm, and
h2(t) = Yµ(λt).

57.
∫∫ x

a

[AJν(λx)Yµ(βt) + BJν(λt)Yµ(βx)]y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = AJν (λx), h1(t) = Yµ(βt), g2(x) =
BYµ(βx), and h2(t) = Jν(λt).
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1.8-6. Kernels Containing Modified Bessel Functions.

58.
∫∫ x

a

I0(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.64 with n = 0 and I0(z) is the modified Bessel function
(see Supplement 11.7-1). If f (a) = f ′

x(a) = 0 then the solution is

y(x) =
∫ x

a

I0(λ(x – t))

(
d2

dt2
– λ2

)
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 481).

59.
∫∫ x

a

[I0(λx) – I0(λt)]y(t) dt = f (x), f (a) = f ′
x(a) = 0.

Solution: y(x) =
d

dx

[
f ′

x(x)
λI1(λx)

]
.

60.
∫∫ x

a

[AI0(λx) + BI0(λt)]y(t) dt = f (x).

For B = –A, see equation 1.8.59. Solution with B ≠ –A:

y(x) = ± 1
A + B

d

dx

{∣∣I0(λx)
∣∣– A

A+B

∫ x

a

∣∣I0(λt)
∣∣– B

A+B f ′
t(t) dt

}
.

Here the sign of Iν(λx) should be taken.

61.
∫∫ x

a

(x – t)I0(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.65 with n = 0. If f (a) = f ′
x(a) = f ′′

xx(a) = 0 then the
solution is

y(x) =
∫ x

a

I0(λ(x – t))

(
d2

dt2
– λ2

)2

F (t) dt, F (t) =
∫ t

a

f (s) ds.

62.
∫∫ x

a

(x – t)I1(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.64 with n = 1. If f (a) = f ′
x(a) = 0 then the solution is

y(x) = λ–1f ′
x(x) + λ–1

∫ x

a

I0(λ(x – t))

(
d2

dt2
– λ2

)
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 481).

63.
∫∫ x

a

(x – t)2 I1(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.65 with n = 1. If f (a) = f ′
x(a) = · · · = f ′′′′

xxxx(a) = 0 then
the solution is

y(x) =
1

3λ

∫ x

a

I0(λ(x – t))

(
d2

dt2
– λ2

)3

F (t) dt, F (t) =
∫ t

a

f (s) ds.
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64.
∫∫ x

a

(x – t)nIn(λ(x – t))y(t) dt = f (x), n = 0, 1, 2, . . .

If f (a) = f ′
x(a) = · · · = f (2n+1)

x (a) = 0 then the solution is

y(x) =
2nn!

(2n)!λn

∫ x

a

I0(λ(x – t))

(
d2

dt2
– λ2

)n+1

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 481), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

65.
∫∫ x

a

(x – t)n+1In(λ(x – t))y(t) dt = f (x), n = 0, 1, 2, . . .

This is a special case of equation 1.8.78 with ν = n and m = n + 2. If f (a) = f ′
x(a) = · · · =

f (2n+2)
x (a) = 0 then the solution is

y(x) =
2n+1(n + 1)!
(2n + 2)! λn

∫ x

a

I0(λ(x – t))

(
d2

dt2
– λ2

)n+2

F (t) dt, F (t) =
∫ t

a

f (s) ds.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 482), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

66.
∫∫ x

a

(x – t)1/2I1/2(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.70 with n = 1. If f (a) = f ′
x(a) = 0 then the solution is

y(x) =

√
π

2λ

[
f ′′

xx(x) – λ2f (x)
]
.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 481).

67.
∫∫ x

a

(x – t)3/2I1/2(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.71 with n = 1. If f (a) = f ′
x(a) = f ′′

xx(a) = 0 then the
solution is

y(x) =

√
π

2(2λ)1/2

(
d2

dx2
– λ2

)2 ∫ x

a

f (t) dt.

68.
∫∫ x

a

(x – t)3/2I3/2(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.70 with n = 2. If f (a) = f ′
x(a) = f ′′

xx(a) = f ′′′
xxx(a) = 0

then the solution is

y(x) =

√
π

(2λ)3/2

(
d2

dx2
– λ2

)2

f (x).

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 481).

69.
∫∫ x

a

(x – t)5/2I3/2(λ(x – t))y(t) dt = f (x).

This is a special case of equation 1.8.71 with n = 2. If f (a) = f ′
x(a) = · · · = f ′′′′

xxxx(a) = 0 then
the solution is

y(x) =

√
π

4(2λ)3/2

(
d2

dx2
– λ2

)3 ∫ x

a

f (t) dt.
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70.
∫∫ x

a

(x – t)
2n–1

2 I 2n–1
2

(λ(x – t))y(t) dt = f (x), n = 1, 2, 3, . . .

If f (a) = f ′
x(a) = · · · = f (2n–1)

x (a) = 0 then the solution is

y(x) =
√

π

(2λ)n–1/2(n – 1)!

(
d2

dx2
– λ2

)n

f (x).

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 481), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

71.
∫ x

a

(x – t)
2n+1

2 I 2n–1
2

(λ(x – t))y(t) dt = f (x), n = 0, 1, 2, . . .

If f (a) = f ′
x(a) = · · · = f (2n)(a) = 0 then the solution is

y(x) =

√
π

2(2λ)n–1/2n!

(
d2

dx2
– λ2

)n+1 ∫ x

a

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 482).

72.
∫∫ x

a

[Iν(λx) – Iν(λt)]y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = Iν (λx), where Iν (z) is the modified Bessel
function (see Supplement 11.7-1).

73.
∫∫ x

a

[AIν(λx) + BIν(λt)]y(t) dt = f (x).

Solution with B ≠ –A:

y(x) =
1

A + B

d

dx

{[
Iν (λx)

]– A
A+B

∫ x

a

[
Iν (λt)

]– B
A+B f ′

t(t) dt

}
.

74.
∫∫ x

a

[AIν(λx) + BIµ(βt)]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = AIν (λx) and h(t) = BIµ(βt).

75.
∫∫ x

0
Iν(λ(x – t))y(t) dt = f (x).

1◦. Let –1 < Re ν < 1 and f (0) = f ′
x(0) = 0. Then the solution is

y(x) =
∫ x

0
I–ν (λ(x – t))

(
d2

dt2
– λ2

)
f (t) dt.

2◦. Let ν = n ≥ 0 (n is an integer number) and f (0) = f ′
x(0) = · · · = f (n+1)

x (0) = 0. Then the
solution is

y(x) = λ–n

[(n–1)/2]∑
k=0

C2k+1
n

(
d

dx

)n–2k–1(
d2

dx2
– λ2

)k+1

f (x)

+ λ–n

∫ x

0
I0(λ(x – t))

[n/2]∑
k=0

C2k
n

(
d

dt

)n–2k(
d2

dt2
– λ2

)k+1

f (t) dt,

where [A] stands for the integer part of the number A and Ck
n are binomial coefficients.
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3◦. Let Re ν > –1 and f (0) = f ′
x(0) = · · · = f (m+1)

x (0) = 0, where m = [Re ν + 1]. Then the
solution is

y(x) =
m – ν

λm

∫ x

0

Im–ν(λ(x – t))
x – t

[(m–1)/2]∑
k=0

C2k+1
m

(
d

dt

)m–2k–1(
d2

dt2
– λ2

)k+1

f (t) dt

+ λ–m

∫ x

0
Im–ν (λ(x – t))

[m/2]∑
k=0

C2k
m

(
d

dt

)m–2k(
d2

dt2
– λ2

)k+1

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, pp. 479–480), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

76.
∫∫ x

0
(x – t)–1Iν(λ(x – t))y(t) dt = f (x).

1◦. Let Re ν > 0 and f (0) = f ′
x(0) = · · · = f (m)

x (0) = 0, where m = [Re ν] + 1 and [A] stands
for the integer part of the number A. Then the solution is

y(x) = νλ–m

∫ x

0
Im–ν (λ(x – t))

[(m–1)/2]∑
k=0

C2k+1
m

(
d

dt

)m–2k–1(
d2

dt2
– λ2

)k+1

f (t) dt

+ ν(m – ν)λ–m

∫ x

0
(x – t)–1Im–ν(λ(x – t))

[m/2]∑
k=0

C2k
m

(
d

dt

)m–2k(
d2

dt2
– λ2

)k

f (t) dt,

where Ck
n are binomial coefficients.

2◦. If ν = n > 0 (n is an integer number) and f (0) = f ′
x(0) = · · · = f (n)

x (0) = 0 then

y(x) = nλ–n

[n/2]∑
k=0

C2k
n

(
d

dx

)n–2k(
d2

dx2
– λ2

)k

f (x)

+ nλ–n

∫ x

0
I0(λ(x – t))

[(n–1)/2]∑
k=0

C2k+1
n

(
d

dt

)n–2k–1(
d2

dt2
– λ2

)k+1

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, pp. 480–481).

77.
∫∫ x

a

(x – t)νIν(λ(x – t))y(t) dt = f (x), Re ν > –1/2.

1◦. Let f (a) = f ′
x(a) = · · · = f (2m–1)

x (a) = 0, where m = [Re ν + 1/2] + 1 and [A] stands for
the integer part of the number A. Then the solution is

y(x) =
(2λ)1–mπ

Γ(ν + 1/2)Γ(m – ν – 1/2)

∫ x

a

(x – t)m–ν–1Im–ν–1(λ(x – t))

(
d2

dt2
– λ2

)m

f (t) dt.

2◦. Let f (a) = f ′
x(a) = · · · = f (m–1)

x (a) = 0, where m = [2 Re ν + 1] + 1. Then the solution is

y(x) =

√
π λΓ(–ν – 1)

22ν+1Γ(ν + 1/2)
e–λx dm

dxm

[
eλx

∫ x

a

(x – t)m–ν–1

×
m∑

k=0

(–m)k(–2ν – 2)k
Γ(m + k – 2ν – 1)k!

(k – ν – 1)Ik–ν–1(λ(x – t))f (t) dt

]
,

where (a)k = a(a + 1) . . . (a + k – 1) is the Pochhammer symbol.

3◦. For ν = n and ν = n – 1/2 (n is an integer) see equations 1.8.64 and 1.8.70.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 481), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).
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78.
∫∫ x

a

(x – t)ν+1Iν(λ(x – t))y(t) dt = f (x).

1◦. Let Re ν > –1 and f (a) = f ′
x(a) = · · · = f (2m–2)(a) = 0, where m = [Re ν + 3/2] + 1 and

[A] stands for the integer part of the number A. Then the solution is

y(x) =
21–mλ2–mπ

Γ(ν + 3/2)Γ(m – ν – 3/2)

∫ x

a

(x – t)m–ν–2Im–ν–2(λ(x – t))

(
d2

dt2
– λ2

)m

F (t) dt,

where F (t) =
∫ t

a
f (s) ds.

2◦. For ν = n and ν = n – 1/2 (n is an integer) see equations 1.8.65 and 1.8.71.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 482), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

79.
∫∫ x

a

I0
((
λ

√
x – t

))
y(t) dt = f (x).

This is a special case of equation 1.8.86 with n = 0. If the conditions f (a) = f ′
x(a) = 0 are

satisfied, then the solution is

y(x) =
d2

dx2

∫ x

a

J0
(
λ
√

x – t
)
f (t) dt.

80.
∫∫ x

a

[[
AIν

((
λ

√
x
))

+ BIν

((
λ

√
t
))]]

y(t) dt = f (x).

Solution with B ≠ –A:

y(x) =
1

A + B

d

dx

{[
Iν

(
λ
√

x
)]– A

A+B

∫ x

a

[
Iν

(
λ
√

t
)]– B

A+B f ′
t(t) dt

}
.

81.
∫∫ x

a

[[
AIν

((
λ

√
x
))

+ BIµ

((
β

√
t
))]]

y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = AIν

(
λ
√

x
)

and h(t) = BIµ

(
β
√

t
)
.

82.
∫∫ x

a

√
x – t I1

((
λ

√
x – t

))
y(t) dt = f (x).

This is a special case of equation 1.8.86 with n = 1. If the conditions f (a) = f ′
x(a) = f ′′

xx(a) = 0
are satisfied, then the solution is

y(x) =
2
λ

d3

dx3

∫ x

a

J0
(
λ
√

x – t
)
f (t) dt.

83.
∫∫ x

a

(x – t)1/4I1/2
((
λ

√
x – t

))
y(t) dt = f (x).

This is a special case of equation 1.8.87 with n = 1. If the conditions f (a) = f ′
x(a) = 0 are

satisfied, then the solution is

y(x) =

√
2

πλ

d2

dx2

∫ x

a

cos
(
λ
√

x – t
)

√
x – t

f (t) dt.
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84.
∫∫ x

a

(x – t)3/4I3/2
((
λ

√
x – t

))
y(t) dt = f (x).

This is a special case of equation 1.8.87 with n = 2. If the conditions f (a) = f ′
x(a) = f ′′

xx(a) = 0
are satisfied, then the solution is

y(x) =
23/2

√
π λ3/2

d3

dx3

∫ x

a

cos
(
λ
√

x – t
)

√
x – t

f (t) dt.

85.
∫∫ x

a

(x – t)–1/4I–1/2
((
λ

√
x – t

))
y(t) dt = f (x).

This is a special case of equation 1.8.87 with n = 0. If the condition f (a) = 0 is satisfied, then
the solution is

y(x) =

√
λ

2π

d

dx

∫ x

a

cos
(
λ
√

x – t
)

√
x – t

f (t) dt.

86.
∫∫ x

a

(x – t)n/2In

((
λ

√
x – t

))
y(t) dt = f (x), n = 0, 1, 2, . . .

This is a special case of equation 1.8.88 with ν = n and m = n + 2. If the conditions
f (a) = f ′

x(a) = · · · = f (n+1)
x (a) = 0 are satisfied, then the solution is

y(x) =
( 2

λ

)n dn+2

dxn+2

∫ x

a

J0
(
λ
√

x – t
)
f (t) dt.

87.
∫∫ x

a

((
x – t

)) 2n–1
4 I 2n–1

2

((
λ

√
x – t

))
y(t) dt = f (x), n = 0, 1, 2, . . .

This is a special case of equation 1.8.88 with ν = n – 1/2 and m = n + 1. If the conditions
f (a) = f ′

x(a) = · · · = f (n)
x (a) = 0 are satisfied, then the solution is

y(x) =
1√
π

(
2
λ

) 2n–1
2 dn+1

dxn+1

∫ x

a

cos
(
λ
√

x – t
)

√
x – t

f (t) dt.

88.
∫∫ x

a

(x – t)ν/2Iν

((
λ

√
x – t

))
y(t) dt = f (x), Re ν > –1.

1◦. Let f (a) = f ′
x(a) = · · · = f (m–1)

x (a) = 0, where m = [Re ν + 1] + 1 and [A] stands for the
integer part of the number A. Then the solution is

y(x) =
( 2

λ

)m–2 dm

dxm

∫ x

a

(
x – t

) m–ν–2
2 Jm–ν–2

(
λ
√

x – t
)
f (t) dt.

2◦. For ν = n and ν = n – 1/2 (n is an integer) see equations 1.8.86 and 1.8.87.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 482), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

89.
∫∫ ∞

x

(t – x)ν/2Iν (λ
√

t – x)y(t) dt = f (x), Re ν > –1.

Solution:

y(x) =

(
λ

2

)2–m(
–

d

dx

)m ∫ ∞

x

(t – x)(m–ν)/2–1Jm–ν–2(λ
√

t – x)f (t) dt,

where m = [Re ν + 1] + 1 and [A] stands for the integer part of the number A.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 484), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).
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90.
∫∫ x

0
(x – t)ν/2Iν

((
λ
√

t(x – t)
))
y(t) dt = f (x).

Solution:

y(x) =
λ

2
x–1/2

∫ x

0
(x – t)–(ν+1)/2J–ν–1

(
λ
√

x(x – t)
)
tν+1 d

(
t–νf (t)

)
,

where –1 < Re ν < 0.

References: K. Soni (1968), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 483), S. G. Samko,
A. A. Kilbas, and O. I. Marichev (1993).

91.
∫∫ x

0
(x – t)ν/2Iν

((
λ
√

x(x – t)
))
y(t) dt = f (x).

Solution:

y(x) =
λ

2
x–ν d

dx

[
xν+1

∫ x

0
tν/2(x – t)–(ν+1)/2J–ν–1

(
λ
√

t(x – t)
)
f (t) dt

]
,

where –1 < Re ν < 0.

References: K. Soni (1968), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 483), S. G. Samko,
A. A. Kilbas, and O. I. Marichev (1993).

92.
∫∫ x

0

((
x2 – t2))–1/4

I–1/2
((
λ

√
x2 – t2

))
y(t) dt = f (x).

Solution:

y(x) =

√
2λ

π

d

dx

∫ x

0
t

cos
(
λ
√

x2 – t2
)

√
x2 – t2

f (t) dt.

93.
∫∫ ∞

x

((
t2 – x2))–1/4

I–1/2
((
λ

√
t2 – x2

))
y(t) dt = f (x).

Solution:

y(x) = –

√
2λ

π

d

dx

∫ ∞

x

t
cos
(
λ
√

t2 – x2
)

√
t2 – x2

f (t) dt.

94.
∫∫ x

0

((
x2 – t2))ν/2

Iν

((
λ

√
x2 – t2

))
y(t) dt = f (x), –1 < ν < 0.

Solution:

y(x) = λ
d

dx

∫ x

0
t
(
x2 – t2

)–(ν+1)/2
J–ν–1

(
λ
√

x2 – t2
)
f (t) dt.

Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

95.
∫∫ ∞

x

(t2 – x2)ν/2Iν

((
λ

√
t2 – x2

))
y(t) dt = f (x), –1 < ν < 0.

Solution:

y(x) = –λ
d

dx

∫ ∞

x

t (t2 – x2)–(ν+1)/2J–ν–1
(
λ
√

t2 – x2
)
f (t) dt.

Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).
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96.
∫∫ x

0

((
x – t

x – t + γ

))ν/2

Iν

((
λ
√

(x – t)(x – t + γ)
))
y(t) dt = f (x).

Let –1 < Re ν < m+ 1 < 2n+ 1 (n and m are the minimal integer numbers), and f (0) = f ′
x(0) =

· · · = f (2n+m+1)
x (0) = 0. Then

y(x) =
√

πλ–m

∫ x

0

(
x – t

x – t + γ

)(m–ν)/2

Im–ν

(
λ
√

(x – t)(x – t + γ)
)

×
∫ t

0

m∑
j=0

Cj
m

Γ(n – j/2)

(
t – s

2λ

)n–(j+1)/2

In–(j+1)/2(λ(t–s))

(
d2

ds2
–λ2

)n+1(
d

ds

)m–j

f (s) ds dt,

where Ck
n are binomial coefficients.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 483–484), S. G. Samko, A. A. Kil-
bas, and O. I. Marichev (1993).

97.
∫∫ x

a

[AtkIν(λx) + BxsIµ(λt)]y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = AIν (λx), h1(t) = tk, g2(x) = Bxs , and
h2(t) = Iµ(λt).

98.
∫∫ x

a

[AI2
ν(λx) + BI2

ν(λt)]y(t) dt = f (x).

Solution with B ≠ –A:

y(x) =
1

A + B

d

dx

{∣∣Iν (λx)
∣∣– 2A

A+B

∫ x

a

∣∣Iν (λt)
∣∣– 2B

A+B f ′
t(t) dt

}
.

99.
∫∫ x

a

[AIk
ν (λx) + BIs

µ(βt)]y(t) dt = f (x).

This is a special case of equation 1.9.6 with g(x) = AIk
ν (λx) and h(t) = BIs

µ(βt).

100.
∫∫ x

a

[K0(λx) – K0(λt)]y(t) dt = f (x).

Solution: y(x) = –
d

dx

[
f ′

x(x)
λK1(λx)

]
.

101.
∫∫ x

a

[Kν(λx) – Kν(λt)]y(t) dt = f (x).

This is a special case of equation 1.9.2 with g(x) = Kν(λx).

102.
∫∫ x

a

[AKν(λx) + BKν(λt)]y(t) dt = f (x).

Solution with B ≠ –A:

y(x) =
1

A + B

d

dx

{[
Kν(λx)

]– A
A+B

∫ x

a

[
Kν(λt)

]– B
A+B f ′

t(t) dt

}
.
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103.
∫∫ x

a

[AtkKν(λx) + BxsKµ(λt)]y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = AKν(λx), h1(t) = tk, g2(x) = Bxs , and
h2(t) = Kµ(λt).

104.
∫∫ x

a

[AIν(λx)Kµ(βt) + BIν (λt)Kµ(βx)]y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = AIν (λx), h1(t) = Kµ(βt), g2(x) =
BKµ(βx), and h2(t) = Iν (λt).

1.8-7. Kernels Containing Legendre Polynomials.

105.
∫ x

1
Pn

((
x

t

))
y(t) dt = f (x), f (1) = 0, x ≥ 1.

Here Pn(x) is the Legendre polynomial (see Supplement 11.11-1).
Solution:

y(x) =
xn+1

(n – 1)!

(
1
x

d

dx

)n+1 ∫ x

1
(x – t)n–1f (t) dt,

where n = 1, 2, 3, . . .

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 495–496).

106.
∫ x

1
Pn

((
t

x

))
y(t) dt = f (x), f (1) = f ′

x(1) = 0, x ≥ 1.

Solution:

y(x) =
∫ x

1
t2–nPn–2

(
x

t

)(
1
t

d

dt

)2[
tnf (t)

]
dt,

where n = 2, 3, 4, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 496).

107.
∫ 1

x

Pn

((
x

t

))
y(t) dt = f (x), f (1) = f ′

x(1) = 0, 0 < x ≤ 1.

Solution:

y(x) = x–2
∫ 1

x

tn+2Pn–2

(
t

x

)(
1
t

d

dt

)2[
t2–nf (t)

]
dt,

where n = 2, 3, 4, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 496).

108.
∫ 1

x

Pn

((
t

x

))
y(t) dt = f (x), f (1) = f ′

x(1) = 0, 0 < x ≤ 1.

Solution:

y(x) =
∫ 1

x

t2–nPn–2

(
x

t

)(
1
t

d

dt

)2[
tnf (t)

]
dt,

where n = 2, 3, 4, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 496).
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109.
∫ x

0
Pn

((
2

x

t
– 1
))

y(t) dt = f (x), f (0) = 0, x > 0.

Solution:

y(x) =
xn

(n – 1)!
dn+1

dxn+1

[
x–n

∫ x

0
(x – t)n–1f (t) dt

]
,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 497).

110.
∫ 1

x

Pn

((
2

x

t
– 1
))

y(t) dt = f (x), f (1) = 0, x ≤ 1.

Solution:

y(x) = xn

(
–

d

dx

)n+1[
x–n

∫ 1

x

(t – x)n–1

(n – 1)!
f (t) dt

]
,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 497).

111.
∫ 1

x

Pn

((
2

t

x
– 1
))

y(t) dt = f (x), f (1) = 0, x ≤ 1.

Solution:

y(x) =

(
–

d

dx

)n+1[
xn+1

∫ 1

x

(t – x)n–1

(n – 1)!
t–n–1f (t) dt

]
,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 498).

112.
∫ x

0
Pn(cosh(x – t))y(t) dt = f (x), f (0) = f ′

x(0) = 0.

Solution:

y(x) =

(
d2

dx2
– (n + 1)2

)∫ x

0
Pn+1(cosh(x – t))f (t) dt,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 498).

113.
∫ x

0
Pn(cos(x – t))y(t) dt = f (x), f (0) = f ′

x(0) = 0.

Solution:

y(x) =

(
d2

dx2
+ (n + 1)2

)∫ x

0
Pn+1(cos(x – t))f (t) dt,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 498).
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1.8-8. Kernels Containing Associated Legendre Functions.

114.
∫∫ x

a

(x2 – t2)–µ/2 Pµ
ν

((x

t

))
y(t) dt = f (x), 0 ≤ a < x.

Here Pµ
ν (x) is the modified associated Legendre function (see Supplement 11.11-3).

Let 1 – n < Re µ < 1 (n = 1, 2, . . . ) and f (a) = f ′
x(a) = · · · = f (n–1)

x (a) = 0. Then the
solution is

y(x) = xn+µ–1 dn

dxn

[
x1–µ

∫ x

a

(x2 – t2)
n+µ–2

2 t–n P2–n–µ
ν

(
t

x

)
f (t) dt

]
.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 515), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

115.
∫∫ x

a

(x2 – t2)–µ/2 Pµ
ν

(( t

x

))
y(t) dt = f (x), 0 ≤ a < x.

Let 1 – n < Re µ < 1 (n = 1, 2, . . . ) and f (a) = f ′
x(a) = · · · = f (n–1)

x (a) = 0. Then the solution
is

y(x) =
dn

dxn

∫ x

a

(x2 – t2)
n+µ–2

2 P2–n–µ
ν

( x

t

)
f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 515), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

116.
∫∫ ∞

x

(t2 – x2)–µ/2 Pµ
ν

((x

t

))
y(t) dt = f (x).

Let 1 – n < Re µ < 1 (n = 1, 2, . . . ). Then the solution is

y(x) = (–1)nxn+µ–1 dn

dxn

[
x1–µ

∫ b

x

(t2 – x2)
n+µ–2

2 t–n P2–n–µ
ν

(
t

x

)
f (t) dt

]
.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 516), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

117.
∫∫ ∞

x

(t2 – x2)–µ/2 Pµ
ν

(( t

x

))
y(t) dt = f (x).

Let 1 – n < Re µ < 1 (n = 1, 2, . . . ). Then the solution is

y(x) = (–1)n
dn

dxn

∫ b

x

(t2 – x2)
n+µ–2

2 P2–n–µ
ν

( x

t

)
f (t) dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 516), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

1.8-9. Kernels Containing Confluent Hypergeometric Functions.

118.
∫∫ x

s

(x – t)b–1Φ
((
a, b; λ(x – t)

))
y(t) dt = f (x).

Here Φ(a, b; z) is the Kummer confluent hypergeometric function (see Supplement 11.9-1).
Let 0 < Re b < n (n = 1, 2, . . . ) and f (s) = f ′

x(s) = · · · = f (n–1)
x (s) = 0. Then the solution is

y(x) =
dn

dxn

∫ x

s

(x – t)n–b–1

Γ(b)Γ(n – b)
Φ
(
–a, n – b; λ(x – t)

)
f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 530), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).
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119.
∫∫ ∞

x

(t – x)b–1Φ
((
a, b; λ(x – t)

))
y(t) dt = f (x).

Here Φ(a, b; z) is the Kummer confluent hypergeometric function (see Supplement 11.9-1).
If 0 < Re b < n (n = 1, 2, . . . ) then the solution is

y(x) =
∫ ∞

x

(t – x)n–b–1

Γ(b)Γ(n – b)
Φ
(
–a, n – b; λ(x – t)

)
f (n)

t (t) dt.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 530), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

120.
∫∫ x

0
(x – t)ν–1/2Mµ,ν

((
λ(x – t)

))
y(t) dt = f (x).

Here Mµ,ν(z) is the Whittaker confluent hypergeometric function (see Supplement 11.9-3).
Let –1/2 < Re ν < (n – 1)/2 and f (0) = f ′

x(0) = · · · = f (n–1)
x (0) = 0. Then solution is

y(x) =
λ–n/2

Γ(2ν + 1)
e–λx/2 dn

dxn

[
eλx/2

∫ x

0

(x – t)(ν–3)/2–ν

Γ((ν – 1)/2 – ν)
Mn/2–µ,n/2–ν–1

(
λ(x – t)

)
f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 522).

121.
∫∫ ∞

x

(t – x)ν–1/2Mµ,ν
((
λ(t – x)

))
y(t) dt = f (x).

Here Mµ,ν(z) is the Whittaker confluent hypergeometric function (see Supplement 11.9-3).
Let –1/2 < Re ν < (n – 1)/2. Then solution is

y(x) =
λ–n/2

Γ(2ν + 1)

∫ ∞

x

(t – x)(ν–3)/2–ν

Γ((ν – 1)/2 – ν)
eλt/2Mn/2–µ,n/2–ν–1

(
λ(t – x)

) dn

dtn
[
e–λt/2f (t)

]
dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 522).

1.8-10. Kernels Containing Hermite Polynomials.

122.
∫∫ x

0
(x – t)–1/2H2n

((
λ

√
x – t

))
y(t) dt = f (x), f (0) = 0.

Here Hm(x) is the Hermite polynomial (see Supplement 11.17-3).
Solution:

y(x) =
(–1)nn!√
π (2n)!

(
d

dx

)m ∫ x

0

(x – t)m–3/2

Γ(m – 1/2)
F
(
n, m – 1

2 ; λ2(x – t)
)
f (t) dt,

where m ≥ 1 and F (a, b; x) is the Kummer confluent hypergeometric function (see Supple-
ment 11.9-1).

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 556).

123.
∫∫ x

0
H2n+1

((
λ

√
x – t

))
y(t) dt = f (x), f (0) = f ′

x(0) = 0.

Solution:

y(x) =
(–1)nn!

λ
√

π (2n + 1)!

(
d

dx

)m ∫ x

0

(x – t)m–5/2

Γ(m – 3/2)
F
(
n, m – 3

2 ; λ2(x – t)
)
f (t) dt,

where m ≥ 2 and F (a, b; x) is the Kummer confluent hypergeometric function (see Supple-
ment 11.9-1).

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 556).
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1.8-11. Kernels Containing Chebyshev Polynomials.

124.
∫ x

1
(x2 – t2)–1/2Tn

((
x

t

))
y(t) dt = f (x), f (1) = 0, x ≥ 1.

Here Tn(x) is the Chebyshev polynomials of the first kind (see Supplement 11.17-2).
Solution:

y(x) =
2
π

∫ x

1
tn(x2 – t2)–1/2Tn–1

(
t

x

)
d

dt

[
t1–nf (t)

]
dt,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 499).

125.
∫ x

1
(x2 – t2)–1/2Tn

((
t

x

))
y(t) dt = f (x), f (1) = 0, x ≥ 1.

Solution:

y(x) =
2
π

xn+1 d

dx

[
x–n

∫ x

1
(x2 – t2)–1/2Tn+1

(
x

t

)
f (t) dt

]
,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 499).

126.
∫ 1

x

(t2 – x2)–1/2Tn

((
x

t

))
y(t) dt = f (x), f (1) = 0, 0 < x ≤ 1.

Solution:

y(x) = –
2
π

x–n d

dx

[
xn+1

∫ 1

x

(t2 – x2)–1/2Tn+1

(
t

x

)
f (t) dt

]
,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 499).

127.
∫ 1

x

(t2 – x2)–1/2Tn

((
t

x

))
y(t) dt = f (x), f (1) = 0, 0 < x ≤ 1.

Solution:

y(x) = –
2
π

∫ 1

x

t1–n(t2 – x2)–1/2Tn–1

(
x

t

)
d

dt
[tnf (t)] dt,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 500).

128.
∫ x

0
(x – t)–1/2Tn

((
2

x

t
– 1
))

y(t) dt = f (x), f (0) = 0, x > 0.

Solution:

y(x) =
xn

√
π Γ(n – 1/2)

dn

dxn

[
x–n

∫ x

0
(x – t)n–3/2f (t) dt

]
,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 500).



110 LINEAR EQUATIONS OF THE FIRST KIND WITH VARIABLE LIMIT OF INTEGRATION

129.
∫ 1

x

(t – x)–1/2Tn

((
2

x

t
– 1
))

y(t) dt = f (x), f (1) = 0, x ≤ 1.

Solution:

y(x) =
xn

√
π

(
–

d

dx

)n[
x–n

∫ 1

x

(t – x)n–3/2

Γ(n – 1/2)
f (t) dt

]
,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 501).

130.
∫ 1

x

(t – x)–1/2Tn

((
2

t

x
– 1
))

y(t) dt = f (x), f (1) = 0, x ≤ 1.

Solution:

y(x) =
1√
πx

(
–

d

dx

)n[
xn+1/2

∫ 1

x

(t – x)n–3/2

Γ(n – 1/2)
t–nf (t) dt

]
,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 501).

1.8-12. Kernels Containing Laguerre Polynomials.

131.
∫∫ x

0
Ln(λ(x – t))y(t) dt = f (x), f (0) = f ′

x(0) = 0, x > 0.

Here Ln(x) is the Laguerre polynomial (see Supplement 11.17-1).
Solution:

y(x) = eλx

∫ x

0
Ln–1(λ(t – x))e–λtf ′′

tt(t) dt,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 504).

132.
∫∫ ∞

x

Ln(λ(t – x))y(t) dt = f (x), f (0) = f ′
x(0) = 0, x > 0.

Here Ln(x) is the Laguerre polynomial (see Supplement 11.17-1).
Solution:

y(x) = e–λx

∫ ∞

x

Ln+1(λ(x – t))eλtf ′′
tt(t) dt,

where n = 1, 2, 3, . . .

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 505).

1.8-13. Kernels Containing Jacobi Theta Functions.

133.
∫∫ x

0
ϑ2(0, x – t)y(t) dt = f (x), f (0) = 0.

Here ϑ2(v, q) is the Jacobi theta function (see Supplement 11.15-1).
Solution:

y(x) =
1
π

∫ x

0
ϑ3(0, x – t)f ′

t(t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 551).
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134.
∫∫ x

0
ϑ3(0, x – t)y(t) dt = f (x), f (0) = 0.

Here ϑ3(v, q) is the Jacobi theta function (see Supplement 11.15-1).
Solution:

y(x) =
1
π

∫ x

0
ϑ2(0, x – t)f ′

t(t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 551).

1.8-14. Kernels Containing Other Special Functions.

135.
∫∫ x

s

(x – t)c–1F

((
a, b, c; 1 –

x

t

))
y(t) dt = f (x).

Here Φ(a, b, c; z) is the Gaussian hypergeometric function (see Supplement 11.10-1).
Solution:

y(x) = x–a dn

dxn

{
xa

∫ x

s

(x – t)n–c–1

Γ(c)Γ(n – c)
F
(

–a, n – b, n – c; 1 –
t

x

)
f (t) dt

}
,

where 0 < c < n and n = 1, 2, . . .
If the right-hand side of the equation is differentiable sufficiently many times and the

conditions f (s) = f ′
x(s) = · · · = f (n–1)

x (s) = 0 are satisfied, then the solution of the integral
equation can be written in the form

y(x) =
∫ x

s

(x – t)n–c–1

Γ(c)Γ(n – c)
F
(

–a, –b, n – c; 1 –
t

x

)
f (n)

t (t) dt.

Reference: S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

136.
∫∫ x

0
(x – t)–(ν+1)/2Dν

((
λ

√
x – t

))
y(t) dt = f (x).

Here Dν(z) is the parabolic cylinder function (see Supplement 11.12-1) and –1 < Re ν < 1.
Solution:

y(x) =
1
π

∫ x

0
(x – t)(ν–1)/2eλ2t/4Dν

(
λ
√

t – x
)( d

dt
+

λ2

2

)(
e–λ2t/4f (t)

)
dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 464).

1.9. Equations Whose Kernels Contain Arbitrary
Functions

1.9-1. Equations with Degenerate Kernel: K(x, t) = g1(x)h1(t) + g2(x)h2(t).

1.
∫∫ x

a

g(x)h(t)y(t) dt = f (x).

Solution: y =
1

h(x)
d

dx

[
f (x)
g(x)

]
=

1
g(x)h(x)

f ′
x(x) –

g′x(x)
g2(x)h(x)

f (x).
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2.
∫∫ x

a

[g(x) – g(t)]y(t) dt = f (x).

It is assumed that f (a) = f ′
x(a) = 0 and f ′

x/g′x ≠ const.

Solution: y(x) =
d

dx

[
f ′

x(x)
g′x(x)

]
.

3.
∫∫ x

a

[g(x) – g(t) + b]y(t) dt = f (x).

For b = 0, see equation 1.9.2. Assume that b ≠ 0.
Differentiation with respect to x yields an equation of the form 2.9.2:

y(x) +
1
b
g′x(x)

∫ x

a

y(t) dt =
1
b
f ′

x(x).

Solution:

y(x) =
1
b
f ′

x(x) –
1
b2

g′x(x)
∫ x

a

exp
[ g(t) – g(x)

b

]
f ′

t(t) dt.

4.
∫∫ x

a

[Ag(x) + Bg(t)]y(t) dt = f (x).

For B = –A, see equation 1.9.2. Assume that B ≠ –A.
Solution with B ≠ –A:

y(x) =
sign g(x)
A + B

d

dx

{∣∣g(x)
∣∣– A

A+B

∫ x

a

∣∣g(t)
∣∣– B

A+B f ′
t(t) dt

}
.

5.
∫∫ x

a

[Ag(x) + Bg(t) + C]y(t) dt = f (x).

For B = –A, see equation 1.9.3. Assume that B ≠ –A and (A + B)g(x) + C > 0.
Solution:

y(x) =
d

dx

{∣∣(A + B)g(x) + C
∣∣– A

A+B

∫ x

a

∣∣(A + B)g(t) + C
∣∣– B

A+B f ′
t(t) dt

}
.

6.
∫∫ x

a

[g(x) + h(t)]y(t) dt = f (x).

Solution:

y(x) =
d

dx

[
Φ(x)

g(x) + h(x)

∫ x

a

f ′
t(t) dt

Φ(t)

]
, Φ(x) = exp

[∫ x

a

h′
t(t) dt

g(t) + h(t)

]
.

7.
∫∫ x

a

[[
g(x) + (x – t)h(x)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = g(x) + xh(x), h1(t) = 1, g2(x) = h(x),
and h2(t) = –t.

Solution:

y(x) =
d

dx

{
Φ(x)

h(x)
g(x)

∫ x

a

[
f (t)
h(t)

]′
t

dt

Φ(t)

}
, Φ(t) = exp

[
–
∫ x

a

h(t)
g(t)

dt

]
.
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8.
∫∫ x

a

[[
g(t) + (x – t)h(t)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = x, h1(t) = h(t), g2(x) = 1, and h2(t) =
g(t) – th(t).

9.
∫∫ x

a

[[
g(x) + (Axλ + Btµ)h(x)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = g(x) + Axλh(x), h1(t) = 1, g2(x) = h(x),
and h2(t) = Btµ.

10.
∫∫ x

a

[[
g(t) + (Axλ + Btµ)h(t)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = Axλ, h1(t) = h(t), g2(x) = 1, and
h2(t) = g(t) + Btµh(t).

11.
∫∫ x

a

[g(x)h(t) – h(x)g(t)]y(t) dt = f (x), f (a) = f ′
x(a) = 0.

For g = const or h = const, see equation 1.9.2.
Solution:

y(x) =
1
h

d

dx

[
(f/h)′x
(g/h)′x

]
, where f = f (x), g = g(x), h = h(x).

Here Af + Bg + Ch /≡ 0, with A, B, and C being some constants.

12.
∫∫ x

a

[Ag(x)h(t) + Bg(t)h(x)]y(t) dt = f (x).

For B = –A, see equation 1.9.11.
Solution with B ≠ –A:

y(x) =
1

(A + B)h(x)
d

dx

{[
h(x)
g(x)

] A
A+B

∫ x

a

[
h(t)
g(t)

] B
A+B d

dt

[
f (t)
h(t)

]
dt

}
.

13.
∫∫ x

a

{{
1 + [g(t) – g(x)]h(x)

}}
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = 1 – g(x)h(x), h1(t) = 1, g2(x) = h(x),
and h2(t) = g(t).

Solution:

y(x) =
d

dx

{
h(x)Φ(x)

∫ x

a

[
f (t)
h(t)

]′
t

dt

Φ(t)

}
, Φ(x) = exp

[∫ x

a

g′t(t)h(t) dt

]
.

14.
∫∫ x

a

{{
e–λ(x–t) +

[[
eλxg(t) – eλtg(x)

]]
h(x)

}}
y(t) dt = f (x).

This is a special case of equation 1.9.15 with g1(x) = eλxh(x), h1(t) = g(t), g2(x) = e–λx –
g(x)h(x), and h2(t) = eλt.
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15.
∫∫ x

a

[g1(x)h1(t) + g2(x)h2(t)]y(t) dt = f (x).

For g2/g1 = const or h2/h1 = const, see equation 1.9.1.

1◦. Solution with g1(x)h1(x) + g2(x)h2(x) /≡ 0 and f (x) /≡ const g2(x):

y(x) =
1

h1(x)
d

dx

{
g2(x)h1(x)Φ(x)

g1(x)h1(x) + g2(x)h2(x)

∫ x

a

[
f (t)
g2(t)

]′
t

dt

Φ(t)

}
, (1)

where

Φ(x) = exp

{∫ x

a

[
h2(t)
h1(t)

]′
t

g2(t)h1(t) dt

g1(t)h1(t) + g2(t)h2(t)

}
. (2)

If f (x) ≡ const g2(x), the solution is given by formulas (1) and (2) in which the subscript 1
must be changed by 2 and vice versa.

2◦. Solution with g1(x)h1(x) + g2(x)h2(x) ≡ 0:

y(x) =
1
h1

d

dx

[
(f/g2)′x
(g1/g2)′x

]
= –

1
h1

d

dx

[
(f/g2)′x
(h2/h1)′x

]
,

where f = f (x), g2 = g2(x), h1 = h1(x), and h2 = h2(x).

1.9-2. Equations with Difference Kernel: K(x, t) = K(x – t).

16.
∫∫ x

a

K(x – t)y(t) dt = f (x).

1◦. Let K(0) = 1 and f (a) = 0. Differentiating the equation with respect to x yields a Volterra
equation of the second kind:

y(x) +
∫ x

a

K ′
x(x – t)y(t) dt = f ′

x(x).

The solution of this equation can be represented in the form

y(x) = f ′
x(x) +

∫ x

a

R(x – t)f ′
t(t) dt.

Here the resolvent R(x) is related to the kernel K(x) of the original equation by

R(x) = L–1
[

1

pK̃(p)
– 1

]
, K̃(p) = L

[
K(x)

]
,

where L and L–1 are the operators of the direct and inverse Laplace transforms, respectively.

K̃(p) = L
[
K(x)

]
=
∫ ∞

0
e–pxK(x) dx, R(x) = L–1[R̃(p)

]
=

1
2πi

∫ c+i∞

c–i∞
epxR̃(p) dp.

2◦. Let K(x) have an integrable power-law singularity at x = 0. Denote by w = w(x) the
solution of the simpler auxiliary equation (compared with the original equation) with a = 0
and constant right-hand side f ≡ 1,∫ x

0
K(x – t)w(t) dt = 1. (1)

Then the solution of the original integral equation with arbitrary right-hand side is expressed
in terms of w as follows:

y(x) =
d

dx

∫ x

a

w(x – t)f (t) dt = f (a)w(x – a) +
∫ x

a

w(x – t)f ′
t(t) dt. (2)

Remark. The integral equation and its solution (2) form the Sonine transform pair.

References: E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 426),
S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).
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17.
∫∫ ∞

x

K(x – t)y(t) dt = f (x).

Solution:

y(x) = –
d

dx

∫ ∞

x

H(t – x)f (t) dt,

where ∫ x

0
K(t)H(x – t) dt = 1.

18.
∫∫ x

–∞
K(x – t)y(t) dt = Axn, n = 0, 1, 2, . . .

This is a special case of equation 1.9.20 with λ = 0.

1◦. Solution with n = 0:

y(x) =
A

B
, B =

∫ ∞

0
K(z) dz.

2◦. Solution with n = 1:

y(x) =
A

B
x +

AC

B2
, B =

∫ ∞

0
K(z) dz, C =

∫ ∞

0
zK(z) dz.

3◦. Solution with n = 2:

y2(x) =
A

B
x2 + 2

AC

B2
x + 2

AC2

B3
–

AD

B2
,

B =
∫ ∞

0
K(z) dz, C =

∫ ∞

0
zK(z) dz, D =

∫ ∞

0
z2K(z) dz.

4◦. Solution with n = 3, 4, . . . is given by:

yn(x) = A

{
∂n

∂λn

[ eλx

B(λ)

]}
λ=0

, B(λ) =
∫ ∞

0
K(z)e–λz dz.

19.
∫∫ x

–∞
K(x – t)y(t) dt = Aeλx.

Solution:

y(x) =
A

B
eλx, B =

∫ ∞

0
K(z)e–λz dz = L{K(z), λ}.

20.
∫∫ x

–∞
K(x – t)y(t) dt = Axneλx, n = 1, 2, . . .

1◦. Solution with n = 1:

y1(x) =
A

B
xeλx +

AC

B2
eλx,

B =
∫ ∞

0
K(z)e–λz dz, C =

∫ ∞

0
zK(z)e–λz dz.

It is convenient to calculate the coefficients B and C using tables of Laplace transforms
according to the formulas B = L{K(z), λ} and C = L{zK(z), λ}.
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2◦. Solution with n = 2:

y2(x) =
A

B
x2eλx + 2

AC

B2
xeλx +

(
2

AC2

B3
–

AD

B2

)
eλx,

B =
∫ ∞

0
K(z)e–λz dz, C =

∫ ∞

0
zK(z)e–λz dz, D =

∫ ∞

0
z2K(z)e–λz dz.

3◦. Solution with n = 3, 4, . . . is given by:

yn(x) =
∂

∂λ
yn–1(x) = A

∂n

∂λn

[
eλx

B(λ)

]
, B(λ) =

∫ ∞

0
K(z)e–λz dz.

21.
∫∫ x

–∞
K(x – t)y(t) dt = A cosh(λx).

Solution:

y(x) =
A

2B–
eλx +

A

2B+
e–λx =

1
2

( A

B–
+

A

B+

)
cosh(λx) +

1
2

( A

B–
–

A

B+

)
sinh(λx),

B– =
∫ ∞

0
K(z)e–λz dz, B+ =

∫ ∞

0
K(z)eλz dz.

22.
∫∫ x

–∞
K(x – t)y(t) dt = A sinh(λx).

Solution:

y(x) =
A

2B–
eλx –

A

2B+
e–λx =

1
2

( A

B–
–

A

B+

)
cosh(λx) +

1
2

( A

B–
+

A

B+

)
sinh(λx),

B– =
∫ ∞

0
K(z)e–λz dz, B+ =

∫ ∞

0
K(z)eλz dz.

23.
∫∫ x

–∞
K(x – t)y(t) dt = A cos(λx).

Solution:

y(x) =
A

B2
c + B2

s

[
Bc cos(λx) – Bs sin(λx)

]
,

Bc =
∫ ∞

0
K(z) cos(λz) dz, Bs =

∫ ∞

0
K(z) sin(λz) dz.

24.
∫∫ x

–∞
K(x – t)y(t) dt = A sin(λx).

Solution:

y(x) =
A

B2
c + B2

s

[
Bc sin(λx) + Bs cos(λx)

]
,

Bc =
∫ ∞

0
K(z) cos(λz) dz, Bs =

∫ ∞

0
K(z) sin(λz) dz.
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25.
∫∫ x

–∞
K(x – t)y(t) dt = Aeµx cos(λx).

Solution:

y(x) =
A

B2
c + B2

s
eµx
[
Bc cos(λx) – Bs sin(λx)

]
,

Bc =
∫ ∞

0
K(z)e–µz cos(λz) dz, Bs =

∫ ∞

0
K(z)e–µz sin(λz) dz.

26.
∫∫ x

–∞
K(x – t)y(t) dt = Aeµx sin(λx).

Solution:

y(x) =
A

B2
c + B2

s
eµx
[
Bc sin(λx) + Bs cos(λx)

]
,

Bc =
∫ ∞

0
K(z)e–µz cos(λz) dz, Bs =

∫ ∞

0
K(z)e–µz sin(λz) dz.

27.
∫∫ x

–∞
K(x – t)y(t) dt = f (x).

1◦. For a polynomial right-hand side of the equation, f (x) =
n∑

k=0
Akxk, the solution has the

form

y(x) =
n∑

k=0

Bkxk ,

where the constants Bk are found by the method of undetermined coefficients. The solution
can also be obtained by the formula given in 1.9.18 (item 4◦).

2◦. For f (x) = eλx
n∑

k=0
Akxk, the solution has the form

y(x) = eλx
n∑

k=0

Bkxk ,

where the constants Bk are found by the method of undetermined coefficients. The solution
can also be obtained by the formula given in 1.9.20 (item 3◦).

3◦. For f (x) =
n∑

k=0
Ak exp(λkx), the solution has the form

y(x) =
n∑

k=0

Ak

Bk
exp(λkx), Bk =

∫ ∞

0
K(z) exp(–λkz) dz.

4◦. For f (x) = cos(λx)
n∑

k=0
Akxk, the solution has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck are found by the method of undetermined coefficients.
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5◦. For f (x) = sin(λx)
n∑

k=0
Akxk, the solution has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck are found by the method of undetermined coefficients.

6◦. For f (x) =
n∑

k=0
Ak cos(λkx), the solution has the form

y(x) =
n∑

k=0

Ak

B2
ck + B2

sk

[
Bck cos(λkx) – Bsk sin(λkx)

]
,

Bck =
∫ ∞

0
K(z) cos(λkz) dz, Bsk =

∫ ∞

0
K(z) sin(λkz) dz.

7◦. For f (x) =
n∑

k=0
Ak sin(λkx), the solution has the form

y(x) =
n∑

k=0

Ak

B2
ck + B2

sk

[
Bck sin(λkx) + Bsk cos(λkx)

]
,

Bck =
∫ ∞

0
K(z) cos(λkz) dz, Bsk =

∫ ∞

0
K(z) sin(λkz) dz.

28.
∫∫ ∞

x

K(x – t)y(t) dt = f (x).

Solution:

y(x) = –
d

dx

∫ ∞

x

H(t – x)f (t) dt,

where ∫ x

0
K(t)H(x – t) dt = 1.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 426), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

29.
∫∫ ∞

x

K(x – t)y(t) dt = Axn, n = 0, 1, 2, . . .

This is a special case of equation 1.9.31 with λ = 0.

1◦. Solution with n = 0:

y(x) =
A

B
, B =

∫ ∞

0
K(–z) dz.

2◦. Solution with n = 1:

y(x) =
A

B
x –

AC

B2
, B =

∫ ∞

0
K(–z) dz, C =

∫ ∞

0
zK(–z) dz.

3◦. Solution with n = 2:

y2(x) =
A

B
x2 – 2

AC

B2
x + 2

AC2

B3
–

AD

B2
,

B =
∫ ∞

0
K(–z) dz, C =

∫ ∞

0
zK(–z) dz, D =

∫ ∞

0
z2K(–z) dz.

4◦. Solution with n = 3, 4, . . . is given by

yn(x) = A

{
∂n

∂λn

[
eλx

B(λ)

]}
λ=0

, B(λ) =
∫ ∞

0
K(–z)eλz dz.
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30.
∫∫ ∞

x

K(x – t)y(t) dt = Aeλx.

Solution:

y(x) =
A

B
eλx, B =

∫ ∞

0
K(–z)eλz dz.

The expression for B is the Laplace transform of the function K(–z) with parameter p = –λ and
can be calculated with the aid of tables of Laplace transforms given (e.g., see Supplement 5).

31.
∫∫ ∞

x

K(x – t)y(t) dt = Axneλx, n = 1, 2, . . .

1◦. Solution with n = 1:

y1(x) =
A

B
xeλx –

AC

B2
eλx,

B =
∫ ∞

0
K(–z)eλz dz, C =

∫ ∞

0
zK(–z)eλz dz.

It is convenient to calculate the coefficients B and C using tables of Laplace transforms with
parameter p = –λ.

2◦. Solution with n = 2:

y2(x) =
A

B
x2eλx – 2

AC

B2
xeλx +

(
2

AC2

B3
–

AD

B2

)
eλx,

B =
∫ ∞

0
K(–z)eλz dz, C =

∫ ∞

0
zK(–z)eλz dz, D =

∫ ∞

0
z2K(–z)eλz dz.

3◦. Solution with n = 3, 4, . . . is given by:

yn(x) =
∂

∂λ
yn–1(x) = A

∂n

∂λn

[
eλx

B(λ)

]
, B(λ) =

∫ ∞

0
K(–z)eλz dz.

32.
∫∫ ∞

x

K(x – t)y(t) dt = A cosh(λx).

Solution:

y(x) =
A

2B+
eλx +

A

2B–
e–λx =

1
2

( A

B+
+

A

B–

)
cosh(λx) +

1
2

( A

B+
–

A

B–

)
sinh(λx),

B+ =
∫ ∞

0
K(–z)eλz dz, B– =

∫ ∞

0
K(–z)e–λz dz.

33.
∫∫ ∞

x

K(x – t)y(t) dt = A sinh(λx).

Solution:

y(x) =
A

2B+
eλx –

A

2B–
e–λx =

1
2

( A

B+
–

A

B–

)
cosh(λx) +

1
2

( A

B+
+

A

B–

)
sinh(λx),

B+ =
∫ ∞

0
K(–z)eλz dz, B– =

∫ ∞

0
K(–z)e–λz dz.
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34.
∫∫ ∞

x

K(x – t)y(t) dt = A cos(λx).

Solution:

y(x) =
A

B2
c + B2

s

[
Bc cos(λx) + Bs sin(λx)

]
,

Bc =
∫ ∞

0
K(–z) cos(λz) dz, Bs =

∫ ∞

0
K(–z) sin(λz) dz.

35.
∫∫ ∞

x

K(x – t)y(t) dt = A sin(λx).

Solution:

y(x) =
A

B2
c + B2

s

[
Bc sin(λx) – Bs cos(λx)

]
,

Bc =
∫ ∞

0
K(–z) cos(λz) dz, Bs =

∫ ∞

0
K(–z) sin(λz) dz.

36.
∫∫ ∞

x

K(x – t)y(t) dt = Aeµx cos(λx).

Solution:

y(x) =
A

B2
c + B2

s
eµx
[
Bc cos(λx) + Bs sin(λx)

]
,

Bc =
∫ ∞

0
K(–z)eµz cos(λz) dz, Bs =

∫ ∞

0
K(–z)eµz sin(λz) dz.

37.
∫∫ ∞

x

K(x – t)y(t) dt = Aeµx sin(λx).

Solution:

y(x) =
A

B2
c + B2

s
eµx
[
Bc sin(λx) – Bs cos(λx)

]
,

Bc =
∫ ∞

0
K(–z)eµz cos(λz) dz, Bs =

∫ ∞

0
K(–z)eµz sin(λz) dz.

38.
∫∫ ∞

x

K(x – t)y(t) dt = f (x).

1◦. For a polynomial right-hand side of the equation, f (x) =
n∑

k=0
Akxk, the solution has the

form

y(x) =
n∑

k=0

Bkxk ,

where the constants Bk are found by the method of undetermined coefficients. The solution
can also be obtained by the formula given in 1.9.29 (item 4◦).
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2◦. For f (x) = eλx
n∑

k=0
Akxk, the solution has the form

y(x) = eλx
n∑

k=0

Bkxk ,

where the constants Bk are found by the method of undetermined coefficients. The solution
can also be obtained by the formula given in 1.9.31 (item 3◦).

3◦. For f (x) =
n∑

k=0
Ak exp(λkx), the solution has the form

y(x) =
n∑

k=0

Ak

Bk
exp(λkx), Bk =

∫ ∞

0
K(–z) exp(λkz) dz.

4◦. For f (x) = cos(λx)
n∑

k=0
Akxk, the solution has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck are found by the method of undetermined coefficients.

5◦. For f (x) = sin(λx)
n∑

k=0
Akxk, the solution has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck are found by the method of undetermined coefficients.

6◦. For f (x) =
n∑

k=0
Ak cos(λkx), the solution has the form

y(x) =
n∑

k=0

Ak

B2
ck + B2

sk

[
Bck cos(λkx) + Bsk sin(λkx)

]
,

Bck =
∫ ∞

0
K(–z) cos(λkz) dz, Bsk =

∫ ∞

0
K(–z) sin(λkz) dz.

7◦. For f (x) =
n∑

k=0
Ak sin(λkx), the solution has the form

y(x) =
n∑

k=0

Ak

B2
ck + B2

sk

[
Bck sin(λkx) – Bsk cos(λkx)

]
,

Bck =
∫ ∞

0
K(–z) cos(λkz) dz, Bsk =

∫ ∞

0
K(–z) sin(λkz) dz.

8◦. For arbitrary right-hand side f = f (x), the solution of the integral equation can be
calculated by the formula

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̃ (p)

k̃(–p)
epx dp,

f̃ (p) =
∫ ∞

0
f (x)e–px dx, k̃(–p) =

∫ ∞

0
K(–z)epz dz.

To calculate f̃ (p) and k̃(–p), it is convenient to use tables of Laplace transforms, and to
determine y(x), tables of inverse Laplace transforms.
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1.9-3. Other Equations.

39.
∫∫ x

a

[[
g(x) – g(t)

]]n
y(t) dt = f (x), n = 1, 2, . . .

The right-hand side of the equation is assumed to satisfy the conditions f (a) = f ′
x(a) = · · · =

f (n)
x (a) = 0.

Solution: y(x) =
1
n!

g′x(x)

(
1

g′x(x)
d

dx

)n+1

f (x).

40.
∫∫ x

a

√
g(x) – g(t) y(t) dt = f (x), f (a) = 0.

Solution:

y(x) =
2
π

g′x(x)

(
1

g′x(x)
d

dx

)2∫ x

a

f (t)g′t(t) dt√
g(x) – g(t)

.

41.
∫∫ x

a

y(t) dt√
g(x) – g(t)

= f (x), g′
x > 0.

Solution:

y(x) =
1
π

d

dx

∫ x

a

f (t)g′t(t) dt√
g(x) – g(t)

.

42.
∫∫ x

a

eλ(x–t)y(t) dt√
g(x) – g(t)

= f (x), g′
x > 0.

Solution:

y(x) =
1
π

eλx d

dx

∫ x

a

e–λtf (t)g′t(t)√
g(x) – g(t)

dt.

43.
∫∫ x

a

[g(x) – g(t)]λy(t) dt = f (x), f (a) = 0, 0 < λ < 1.

Solution:

y(x) = kg′
x(x)

(
1

g′x(x)
d

dx

)2∫ x

a

g′t(t)f (t) dt

[g(x) – g(t)]λ
, k =

sin(πλ)
πλ

.

44.
∫∫ x

a

h(t)y(t) dt

[g(x) – g(t)]λ
= f (x), g′

x > 0, 0 < λ < 1.

Solution:

y(x) =
sin(πλ)
πh(x)

d

dx

∫ x

a

f (t)g′t(t) dt

[g(x) – g(t)]1–λ
.

45.
∫∫ x

0
K

((
t

x

))
y(t) dt = Axλ + Bxµ.

Solution:

y(x) =
A

Iλ
xλ–1 +

B

Iµ
xµ–1, Iλ =

∫ 1

0
K(z)zλ–1 dz, Iµ =

∫ 1

0
K(z)zµ–1 dz.
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46.
∫∫ x

0
K

((
t

x

))
y(t) dt = Pn(x), Pn(x) = xλ

n∑
m=0

Amxm.

Solution:

y(x) = xλ
n∑

m=0

Am

Im
xm–1, Im =

∫ 1

0
K(z)zλ+m–1 dz.

The integral I0 is supposed to converge.

47.
∫∫ x

a

{{
g1(x)

[[
h1(t) – h1(x)

]]
+ g2(x)

[[
h2(t) – h2(x)

]]}}
y(t) dt = f (x).

This is a special case of equation 1.9.52 with g3(x) = –g1(x)h1(x) – g2(x)h2(x) and h3(t) = 1.

The substitution Y (x) =
∫ x

a
y(t) dt followed by integration by parts leads to an integral

equation of the form 1.9.15:∫ x

a

{
g1(x)

[
h1(t)

]′
t

+ g2(x)
[
h2(t)

]′
t

}
Y (t) dt = –f (x).

48.
∫∫ x

a

{{
g1(x)

[[
h1(t) – eλ(x–t)h1(x)

]]
+ g2(x)

[[
h2(t) – eλ(x–t)h2(x)

]]}}
y(t) dt = f (x).

This is a special case of equation 1.9.52 with g3(x) = –eλx
[
g1(x)h1(x) + g2(x)h2(x)

]
, and

h3(t) = e–λt.

The substitution Y (x) =
∫ x

a
e–λty(t) dt followed by integration by parts leads to an integral

equation of the form 1.9.15:∫ x

a

{
g1(x)

[
eλth1(t)

]′
t

+ g2(x)
[
eλth2(t)

]′
t

}
Y (t) dt = –f (x).

49.
∫∫ x

a

[[
Agλ(x)gµ(t) + Bgλ+β(x)gµ–β(t) – (A + B)gλ+γ(x)gµ–γ(t)

]]
y(t) dt = f (x).

This is a special case of equation 1.9.52 with g1(x) = Agλ(x), h1(t) = gµ(t), g2(x) = Bgλ+β(x),
h2(t) = gµ–β(t), g3(x) = –(A + B)gλ+γ(x), and h3(t) = gµ–γ(t).

50.
∫∫ x

a

[[
Agλ(x)h(x)gµ(t) + Bgλ+β(x)h(x)gµ–β(t)

– (A + B)gλ+γ(x)gµ–γ(t)h(t)
]]
y(t) dt = f (x).

This is a special case of equation 1.9.52 with g1(x) = Agλ(x)h(x), h1(t) = gµ(t), g2(x) =
Bgλ+β(x)h(x), h2(t) = gµ–β(t), g3(x) = –(A + B)gλ+γ(x), and h3(t) = gµ–γ(t)h(t).

51.
∫∫ x

a

[[
Agλ(x)h(x)gµ(t) + Bgλ+β(x)h(t)gµ–β(t)

– (A + B)gλ+γ(x)gµ–γ(t)h(t)
]]
y(t) dt = f (x).

This is a special case of equation 1.9.52 with g1(x) = Agλ(x)h(x), h1(t) = gµ(t), g2(x) =
Bgλ+β(x), h2(t) = gµ–β(t)h(t), g3(x) = –(A + B)gλ+γ(x), and h3(t) = gµ–γ(t)h(t).
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52.
∫∫ x

a

[[
g1(x)h1(t) + g2(x)h2(t) + g3(x)h3(t)

]]
y(t) dt = f (x),

where g1(x)h1(x) + g2(x)h2(x) + g3(x)h3(x) ≡ 0.

The substitution Y (x) =
∫ x

a
h3(t)y(t) dt followed by integration by parts leads to an integral

equation of the form 1.9.15:∫ x

a

{
g1(x)

[
h1(t)
h3(t)

]′
t

+ g2(x)

[
h2(t)
h3(t)

]′
t

}
Y (t) dt = –f (x).

53.
∫∫ x

–∞
Q(x – t)eαty(ξ) dt = Aepx, ξ = eβtg(x – t).

Solution:

y(ξ) =
A

q
ξ

p–α
β , q =

∫ ∞

0
Q(z)[g(z)]

p–α
β e–pz dz.

1.10. Some Formulas and Transformations
1. Let the solution of the integral equation∫ x

a

K(x, t)y(t) dt = f (x) (1)

have the form
y(x) = F

[
f (x)

]
, (2)

where F is some linear integro-differential operator. Then the solution of the more complicated
integral equation ∫ x

a

K(x, t)g(x)h(t)y(t) dt = f (x) (3)

has the form

y(x) =
1

h(x)
F
[ f (x)

g(x)

]
. (4)

Below are formulas for the solutions of integral equations of the form (3) for some specific
functions g(x) and h(t). In all cases, it is assumed that the solution of equation (1) is known and is
determined by formula (2).

(a) The solution of the equation∫ x

a

K(x, t)(x/t)λy(t) dt = f (x)

has the form
y(x) = xλF

[
x–λf (x)

]
.

(b) The solution of the equation∫ x

a

K(x, t)eλ(x–t)y(t) dt = f (x)

has the form
y(x) = eλxF

[
e–λxf (x)

]
.
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2. Let the solution of the integral equation (1) have the form

y(x) = L1

(
x,

d

dx

)
f (x) + L2

(
x,

d

dx

) ∫ x

a

R(x, t)f (t) dt, (5)

where L1 and L2 are some linear differential operators.
The solution of the more complicated integral equation∫ x

a

K
(
ϕ(x), ϕ(t)

)
y(t) dt = f (x), (6)

where ϕ(x) is an arbitrary monotone function (differentiable sufficiently many times, ϕ′
x > 0), is

determined by the formula

y(x) = ϕ′
x(x)L1

(
ϕ(x),

1
ϕ′

x(x)
d

dx

)
f (x)

+ ϕ′
x(x)L2

(
ϕ(x),

1
ϕ′

x(x)
d

dx

)∫ x

a

R
(
ϕ(x), ϕ(t)

)
ϕ′

t(t)f (t) dt.

(7)

Below are formulas for the solutions of integral equations of the form (6) for some specific
functions ϕ(x). In all cases, it is assumed that the solution of equation (1) is known and is
determined by formula (5).

(a) For ϕ(x) = xλ,

y(x) = λxλ–1L1

(
xλ,

1
λxλ–1

d

dx

)
f (x) + λ2xλ–1L2

(
xλ,

1
λxλ–1

d

dx

)∫ x

a

R
(
xλ, tλ

)
tλ–1f (t) dt.

(b) For ϕ(x) = eλx,

y(x) = λeλxL1

(
eλx,

1
λeλx

d

dx

)
f (x) + λ2eλxL2

(
eλx,

1
λeλx

d

dx

)∫ x

a

R
(
eλx, eλt

)
eλtf (t) dt.

(c) For ϕ(x) = ln(λx),

y(x) =
1
x

L1

(
ln(λx), x

d

dx

)
f (x) +

1
x

L2

(
ln(λx), x

d

dx

)∫ x

a

1
t
R
(
ln(λx), ln(λt)

)
f (t) dt.

(d) For ϕ(x) = cos(λx),

y(x) = –λ sin(λx)L1

(
cos(λx),

–1
λ sin(λx)

d

dx

)
f (x)

+ λ2 sin(λx)L2

(
cos(λx),

–1
λ sin(λx)

d

dx

)∫ x

a

R
(
cos(λx), cos(λt)

)
sin(λt)f (t) dt.

(e) For ϕ(x) = sin(λx),

y(x) = λ cos(λx)L1

(
sin(λx),

1
λ cos(λx)

d

dx

)
f (x)

+ λ2 cos(λx)L2

(
sin(λx),

1
λ cos(λx)

d

dx

)∫ x

a

R
(
sin(λx), sin(λt)

)
cos(λt)f (t) dt.





Chapter 2

Linear Equations of the Second Kind
with Variable Limit of Integration

� Notation: f = f (x), g = g(x), h = h(x), K = K(x), and M = M (x) are arbitrary functions (these
may be composite functions of the argument depending on two variables x and t); A, B, C, D, a,
b, c, α, β, γ, λ, and µ are free parameters; and m and n are nonnegative integers.

2.1. Equations Whose Kernels Contain Power-Law
Functions

2.1-1. Kernels Linear in the Arguments x and t.

1. y(x) – λ

∫∫ x

a

y(t) dt = f (x).

Solution:

y(x) = f (x) + λ

∫ x

a

eλ(x–t)f (t) dt.

2. y(x) + λx

∫∫ x

a

y(t) dt = f (x).

Solution:

y(x) = f (x) – λ

∫ x

a

x exp
[

1
2 λ(t2 – x2)

]
f (t) dt.

3. y(x) + λ

∫∫ x

a

ty(t) dt = f (x).

Solution:

y(x) = f (x) – λ

∫ x

a

t exp
[

1
2 λ(t2 – x2)

]
f (t) dt.

4. y(x) + λ

∫∫ x

a

(x – t)y(t) dt = f (x).

This is a special case of equation 2.1.34 with n = 1.

1◦. Solution with λ > 0:

y(x) = f (x) – k

∫ x

a

sin[k(x – t)]f (t) dt, k =
√

λ.

127
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2◦. Solution with λ < 0:

y(x) = f (x) + k

∫ x

a

sinh[k(x – t)]f (t) dt, k =
√

–λ.

5. y(x) +
∫∫ x

a

[[
A + B(x – t)

]]
y(t) dt = f (x).

1◦. Solution with A2 > 4B:

y(x) = f (x) –
∫ x

a

R(x – t)f (t) dt,

R(x) = exp
(
– 1

2 Ax
)[

A cosh(βx) +
2B – A2

2β
sinh(βx)

]
, β =

√
1
4 A2 – B.

2◦. Solution with A2 < 4B:

y(x) = f (x) –
∫ x

a

R(x – t)f (t) dt,

R(x) = exp
(
– 1

2 Ax
)[

A cos(βx) +
2B – A2

2β
sin(βx)

]
, β =

√
B – 1

4 A2.

3◦. Solution with A2 = 4B:

y(x) = f (x) –
∫ x

a

R(x – t)f (t) dt, R(x) = exp
(
– 1

2 Ax
)(

A – 1
4 A2x

)
.

6. y(x) –
∫∫ x

a

((
Ax + Bt + C

))
y(t) dt = f (x).

This is a special case of equation 2.9.6 with g(x) = –Ax and h(t) = –Bt – C. For B = –A see
equation 2.1.5.

By differentiation followed by the substitution Y (x) =
∫ x

a

y(t) dt, the original equation

can be reduced to the second-order linear ordinary differential equation

Y ′′
xx –

[
(A + B)x + C

]
Y ′

x – AY = f ′
x(x) (1)

under the initial conditions
Y (a) = 0, Y ′

x(a) = f (a). (2)

A fundamental system of solutions of the homogeneous equation (1) with f ≡ 0 has the
form

Y1(x) = Φ
(
α, 1

2 ; kz2
)
, Y2(x) = Ψ

(
α, 1

2 ; kz2
)
,

α =
A

2(A + B)
, k =

A + B

2
, z = x +

C

A + B
,

where Φ
(
α, β; x

)
and Ψ

(
α, β; x

)
are degenerate hypergeometric functions.

Solving the homogeneous equation (1) under conditions (2) for an arbitrary function
f = f (x) and taking into account the relation y(x) = Y ′

x(x), we thus obtain the solution of the
integral equation in the form

y(x) = f (x) –
∫ x

a

R(x, t)f (t) dt,

R(x, t) =
∂2

∂x∂t

[
Y1(x)Y2(t) – Y2(x)Y1(t)

W (t)

]
, W (t) =

2
√

πk

Γ(α)
exp

[
k
(
t +

C

A + B

)2
]

.



2.1. EQUATIONS WHOSE KERNELS CONTAIN POWER-LAW FUNCTIONS 129

2.1-2. Kernels Quadratic in the Arguments x and t.

7. y(x) + A

∫∫ x

a

x2y(t) dt = f (x).

This is a special case of equation 2.1.50 with λ = 2 and µ = 0.
Solution:

y(x) = f (x) – A

∫ x

a

x2 exp
[

1
3 A(t3 – x3)

]
f (t) dt.

8. y(x) + A

∫∫ x

a

xty(t) dt = f (x).

This is a special case of equation 2.1.50 with λ = 1 and µ = 1.
Solution:

y(x) = f (x) – A

∫ x

a

xt exp
[

1
3 A(t3 – x3)

]
f (t) dt.

9. y(x) + A

∫∫ x

a

t2y(t) dt = f (x).

This is a special case of equation 2.1.50 with λ = 0 and µ = 2.
Solution:

y(x) = f (x) – A

∫ x

a

t2 exp
[

1
3 A(t3 – x3)

]
f (t) dt.

10. y(x) + λ

∫∫ x

a

(x – t)2y(t) dt = f (x).

This is a special case of equation 2.1.34 with n = 2.
Solution:

y(x) = f (x) –
∫ x

a

R(x – t)f (t) dt,

R(x) = 2
3 ke–2kx – 2

3 kekx
[
cos
(√

3 kx
)

–
√

3 sin
(√

3 kx
)]

, k =
(

1
4 λ
)1/3

.

11. y(x) + A

∫∫ x

a

(x2 – t2)y(t) dt = f (x).

This is a special case of equation 2.9.5 with g(x) = Ax2.
Solution:

y(x) = f (x) +
1
W

∫ x

a

[
u′

1(x)u′
2(t) – u′

2(x)u′
1(t)
]
f (t) dt,

where the primes denote differentiation with respect to the argument specified in the parenthe-
ses; u1(x), u2(x) is a fundamental system of solutions of the second-order linear homogeneous
ordinary differential equation u′′

xx + 2Axu = 0; and the functions u1(x) and u2(x) are ex-
pressed in terms of Bessel functions or modified Bessel functions, depending on the sign of
the parameter A:

For A > 0,

W = 3/π, u1(x) =
√

xJ1/3

(√
8
9 Ax3/2

)
, u2(x) =

√
xY1/3

(√
8
9 A x3/2

)
.

For A < 0,

W = – 3
2 , u1(x) =

√
x I1/3

(√
8
9 |A| x3/2

)
, u2(x) =

√
xK1/3

(√
8
9 |A| x3/2

)
.
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12. y(x) + A

∫∫ x

a

(xt – t2)y(t) dt = f (x).

This is a special case of equation 2.9.4 with g(t) = At. Solution:

y(x) = f (x) +
A

W

∫ x

a

t
[
y1(x)y2(t) – y2(x)y1(t)

]
f (t) dt,

where y1(x), y2(x) is a fundamental system of solutions of the second-order linear homo-
geneous ordinary differential equation y′′

xx + Axy = 0; the functions y1(x) and y2(x) are
expressed in terms of Bessel functions or modified Bessel functions, depending on the sign
of the parameter A:

For A > 0,

W = 3/π, y1(x) =
√

xJ1/3

(
2
3

√
Ax3/2

)
, y2(x) =

√
xY1/3

(
2
3

√
Ax3/2

)
.

For A < 0,

W = – 3
2 , y1(x) =

√
x I1/3

(
2
3

√
|A| x3/2

)
, y2(x) =

√
xK1/3

(
2
3

√
|A| x3/2

)
.

13. y(x) + A

∫∫ x

a

(x2 – xt)y(t) dt = f (x).

This is a special case of equation 2.9.3 with g(x) = Ax. Solution:

y(x) = f (x) +
A

W

∫ x

a

x
[
y1(x)y2(t) – y2(x)y1(t)

]
f (t) dt,

where y1(x), y2(x) is a fundamental system of solutions of the second-order linear homo-
geneous ordinary differential equation y′′

xx + Axy = 0; the functions y1(x) and y2(x) are
expressed in terms of Bessel functions or modified Bessel functions, depending on the sign
of the parameter A:

For A > 0,

W = 3/π, y1(x) =
√

xJ1/3

(
2
3

√
Ax3/2

)
, y2(x) =

√
xY1/3

(
2
3

√
Ax3/2

)
.

For A < 0,

W = – 3
2 , y1(x) =

√
x I1/3

(
2
3

√
|A| x3/2

)
, y2(x) =

√
xK1/3

(
2
3

√
|A| x3/2

)
.

14. y(x) + A

∫∫ x

a

(t2 – 3x2)y(t) dt = f (x).

This is a special case of equation 2.1.55 with λ = 1 and µ = 2.

15. y(x) + A

∫∫ x

a

(2xt – 3x2)y(t) dt = f (x).

This is a special case of equation 2.1.55 with λ = 2 and µ = 1.

16. y(x) –
∫∫ x

a

(ABxt – ABx2 + Ax + B)y(t) dt = f (x).

This is a special case of equation 2.9.16 with g(x) = Ax and h(x) = B.
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = (Ax + B) exp
[

1
2 A(x2 – t2)

]
+ B2

∫ x

t

exp
[

1
2 A(s2 – t2) + B(x – s)

]
ds.
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17. y(x) +
∫∫ x

a

((
Ax2 – At2 + Bx – Ct + D

))
y(t) dt = f (x).

This is a special case of equation 2.9.6 with g(x) = Ax2 + Bx + D and h(t) = –At2 – Ct.
Solution:

y(x) = f (x) +
∫ x

a

∂2

∂x∂t

[
Y1(x)Y2(t) – Y2(x)Y1(t)

W (t)

]
f (t) dt.

Here Y1(x), Y2(x) is a fundamental system of solutions of the second-order homogeneous
ordinary differential equation Y ′′

xx +
[
(B – C)x + D

]
Y ′

x + (2Ax + B)Y = 0 (see A. D. Polyanin
and V. F. Zaitsev (2003) for details about this equation):

Y1(x) = exp(–kx)Φ
(
α, 1

2 ; 1
2 (C – B)z2

)
, Y2(x) = exp(–kx)Ψ

(
α, 1

2 ; 1
2 (C – B)z2

)
,

W (x) = –

√
2π(C – B)

Γ(α)
exp
[

1
2 (C – B)z2 – 2kx

]
, k =

2A

B – C
,

α = –
4A2 + 2AD(C – B) + B(C – B)2

2(C – B)3
, z = x –

4A + (C – B)D
(C – B)2

,

where Φ
(
α, β; x

)
and Ψ

(
α, β; x

)
are degenerate hypergeometric functions and Γ(α) is the

gamma function.

18. y(x) –
∫∫ x

a

[[
Ax + B + (Cx + D)(x – t)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.11 with g(x) = Ax + B and h(x) = Cx + D.
Solution with A ≠ 0:

y(x) = f (x) +
∫ x

a

[
Y ′′

2 (x)Y1(t) – Y ′′
1 (x)Y2(t)

] f (t)
W (t)

dt.

Here Y1(x), Y2(x) is a fundamental system of solutions of the second-order homogeneous
ordinary differential equation Y ′′

xx – (Ax + B)Y ′
x – (Cx + D)Y = 0 (see A. D. Polyanin and

V. F. Zaitsev (2003) for details about this equation):

Y1(x) = exp(–kx)Φ
(
α, 1

2 ; 1
2 Az2

)
, Y2(x) = exp(–kx)Ψ

(
α, 1

2 ; 1
2 Az2

)
,

W (x) = –
√

2πA
[
Γ(α)

]–1
exp
(

1
2 Az2 – 2kx

)
, k = C/A,

α = 1
2 (A2D – ABC – C2)A–3, z = x + (AB + 2C)A–2,

where Φ
(
α, β; x

)
and Ψ

(
α, β; x

)
are degenerate hypergeometric functions,Γ(α) is the gamma

function.

19. y(x) +
∫∫ x

a

[[
At + B + (Ct + D)(t – x)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.12 with g(t) = –At – B and h(t) = –Ct – D.
Solution with A ≠ 0:

y(x) = f (x) –
∫ x

a

[
Y1(x)Y ′′

2 (t) – Y ′′
1 (t)Y2(x)

] f (t)
W (x)

dt.

Here Y1(x), Y2(x) is a fundamental system of solutions of the second-order homogeneous
ordinary differential equation Y ′′

xx – (Ax + B)Y ′
x – (Cx + D)Y = 0 (see A. D. Polyanin and

V. F. Zaitsev (2003) for details about this equation):

Y1(x) = exp(–kx)Φ
(
α, 1

2 ; 1
2 Az2), Y2(x) = exp(–kx)Ψ

(
α, 1

2 ; 1
2 Az2),

W (x) = –
√

2πA
[
Γ(α)

]–1
exp
(

1
2 Az2 – 2kx

)
, k = C/A,

α = 1
2 (A2D – ABC – C2)A–3, z = x + (AB + 2C)A–2,

where Φ
(
α, β; x

)
and Ψ

(
α, β; x

)
are degenerate hypergeometric functions and Γ(α) is the

gamma function.
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2.1-3. Kernels Cubic in the Arguments x and t.

20. y(x) + A

∫∫ x

a

x3y(t) dt = f (x).

Solution:

y(x) = f (x) – A

∫ x

a

x3 exp
[

1
4 A(t4 – x4)

]
f (t) dt.

21. y(x) + A

∫∫ x

a

x2ty(t) dt = f (x).

Solution:

y(x) = f (x) – A

∫ x

a

x2t exp
[

1
4 A(t4 – x4)

]
f (t) dt.

22. y(x) + A

∫∫ x

a

xt2y(t) dt = f (x).

Solution:

y(x) = f (x) – A

∫ x

a

xt2 exp
[

1
4 A(t4 – x4)

]
f (t) dt.

23. y(x) + A

∫∫ x

a

t3y(t) dt = f (x).

Solution:

y(x) = f (x) – A

∫ x

a

t3 exp
[

1
4 A(t4 – x4)

]
f (t) dt.

24. y(x) + λ

∫∫ x

a

(x – t)3y(t) dt = f (x).

This is a special case of equation 2.1.34 with n = 3.
Solution:

y(x) = f (x) –
∫ x

a

R(x – t)f (t) dt,

where

R(x) =

{
k
[
cosh(kx) sin(kx) – sinh(kx) cos(kx)

]
, k =

(
3
2 λ
)1/4

for λ > 0,
1
2 s
[
sin(sx) – sinh(sx)

]
, s = (–6λ)1/4 for λ < 0.

25. y(x) + A

∫∫ x

a

(x3 – t3)y(t) dt = f (x).

This is a special case of equation 2.1.52 with λ = 3.

26. y(x) – A

∫∫ x

a

((
4x3 – t3))y(t) dt = f (x).

This is a special case of equation 2.1.55 with λ = 1 and µ = 3.

27. y(x) + A

∫∫ x

a

(xt2 – t3)y(t) dt = f (x).

This is a special case of equation 2.1.49 with λ = 2.
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28. y(x) + A

∫∫ x

a

((
x2t – t3))y(t) dt = f (x).

The transformation z = x2, τ = t2, y(x) = w(z) leads to an equation of the form 2.1.4:

w(z) + 1
2 A

∫ z

a2

(z – τ )w(τ ) dτ = F (z), F (z) = f (x).

29. y(x) +
∫∫ x

a

((
Ax2t + Bt3))y(t) dt = f (x).

The transformation z = x2, τ = t2, y(x) = w(z) leads to an equation of the form 2.1.6:

w(z) +
∫ z

a2

(
1
2 Az + 1

2 Bτ
)
w(τ ) dτ = F (z), F (z) = f (x).

30. y(x) + B

∫∫ x

a

((
2x3 – xt2))y(t) dt = f (x).

This is a special case of equation 2.1.55 with λ = 2, µ = 2, and B = –2A.

31. y(x) – A

∫∫ x

a

((
4x3 – 3x2t

))
y(t) dt = f (x).

This is a special case of equation 2.1.55 with λ = 3 and µ = 1.

32. y(x) +
∫∫ x

a

((
ABx3 – ABx2t – Ax2 – B

))
y(t) dt = f (x).

This is a special case of equation 2.9.7 with g(x) = Ax2 and λ = B.
Solution:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x, t) = (Ax2 + B) exp
[

1
3 A(x3 – t3)

]
+ B2

∫ x

t

exp
[

1
3 A(s3 – t3) + B(x – s)

]
ds.

33. y(x) +
∫∫ x

a

((
ABxt2 – ABt3 + At2 + B

))
y(t) dt = f (x).

This is a special case of equation 2.9.8 with g(t) = At2 and λ = B.
Solution:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x, t) = –(At2 + B) exp
[

1
3 A(t3 – x3)

]
+ B2

∫ x

t

exp
[

1
3 A(s3 – x3) + B(t – s)

]
ds.

2.1-4. Kernels Containing Higher-Order Polynomials in x and t.

34. y(x) + A

∫∫ x

a

(x – t)ny(t) dt = f (x), n = 1, 2, . . .

1◦. Differentiating the equation n + 1 times with respect to x yields an (n + 1)st-order linear
ordinary differential equation with constant coefficients for y = y(x):

y(n+1)
x + An! y = f (n+1)

x (x).

This equation under the initial conditions y(a) = f (a), y′
x(a) = f ′

x(a), . . . , y(n)
x (a) = f (n)

x (a)
determines the solution of the original integral equation.
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2◦. Solution:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x) =
1

n + 1

n∑
k=0

exp(σkx)
[
σk cos(βkx) – βk sin(βkx)

]
,

where the coefficients σk and βk are given by

σk = |An!|
1

n+1 cos
( 2πk

n + 1

)
, βk = |An!|

1
n+1 sin

( 2πk

n + 1

)
for A < 0,

σk = |An!|
1

n+1 cos
( 2πk + π

n + 1

)
, βk = |An!|

1
n+1 sin

( 2πk + π

n + 1

)
for A > 0.

35. y(x) + A

∫∫ ∞

x

(t – x)ny(t) dt = f (x), n = 1, 2, . . .

The Picard–Goursat equation. This is a special case of equation 2.9.62 with K(z) = A(–z)n.

1◦. A solution of the homogeneous equation (f ≡ 0) is

y(x) = Ce–λx, λ =
(
–An!

) 1
n+1 ,

where C is an arbitrary constant and A < 0. This is a unique solution for n = 0, 1, 2, 3.
The general solution of the homogeneous equation for any sign of A has the form

y(x) =
s∑

k=1

Ck exp(–λkx). (1)

Here Ck are arbitrary constants and λk are the roots of the algebraic equation λn+1 + An! = 0
that satisfy the condition Re λk > 0. The number of terms in (1) is determined by the inequality
s ≤ 2

[
n
4

]
+ 1, where [a] stands for the integral part of a number a. For more details about the

solution of the homogeneous Picard–Goursat equation, see Subsection 11.11-1 (Example 1).

2◦. For f (x) =
m∑

k=1
ak exp(–βkx), where βk > 0, a solution of the equation has the form

y(x) =
m∑

k=1

akβn+1
k

βn+1
k + An!

exp(–βkx), (2)

where βn+1
k + An! ≠ 0. For A > 0, this formula can also be used for arbitrary f (x) expandable

into a convergent exponential series (which corresponds to m = ∞).

3◦. For f (x) = e–βx
m∑

k=1
akxk , where β > 0, a solution of the equation has the form

y(x) = e–βx
m∑
k=0

Bkxk , (3)

where the constants Bk are found by the method of undetermined coefficients. The solution
can also be constructed using the formulas given in item 3◦, equation 2.9.55.
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4◦. For f (x) = cos(βx)
m∑

k=1
ak exp(–µkx), a solution of the equation has the form

y(x) = cos(βx)
m∑

k=1

Bk exp(–µkx) + sin(βx)
m∑

k=1

Ck exp(–µkx), (4)

where the constants Bk and Ck are found by the method of undetermined coefficients. The
solution can also be constructed using the formulas given in 2.9.60.

5◦. For f (x) = sin(βx)
m∑

k=1
ak exp(–µkx), a solution of the equation has the form

y(x) = cos(βx)
m∑

k=1

Bk exp(–µkx) + sin(βx)
m∑

k=1

Ck exp(–µkx), (5)

where the constants Bk and Ck are found by the method of undetermined coefficients. The
solution can also be constructed using the formulas given in 2.9.61.

6◦. To obtain the general solution in item 2◦–5◦, the solution (1) of the homogeneous equation
must be added to each right-hand side of (2)–(5).

36. y(x) + A

∫∫ x

a

(x – t)tny(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 2.1.49 with λ = n.

37. y(x) + A

∫∫ x

a

(xn – tn)y(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 2.1.52 with λ = n.

38. y(x) +
∫∫ x

a

((
ABxn+1 – ABxnt – Axn – B

))
y(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 2.9.7 with g(x) = Axn and λ = B.
Solution:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x, t) = (Axn +B) exp

[
A

n + 1

(
xn+1 –tn+1

)]
+B2

∫ x

t

exp

[
A

n + 1

(
sn+1 –tn+1

)
+B(x–s)

]
ds.

39. y(x) +
∫∫ x

a

((
ABxtn – ABtn+1 + Atn + B

))
y(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 2.9.8 with g(t) = Atn and λ = B.
Solution:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x, t) = –(Atn+B) exp

[
A

n + 1

(
tn+1 –xn+1

)]
+B2

∫ x

t

exp

[
A

n + 1

(
sn+1 –xn+1

)
+B(t–s)

]
ds.
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2.1-5. Kernels Containing Rational Functions.

40. y(x) + x–3
∫∫ x

a

t
[[
2Ax + (1 – A)t

]]
y(t) dt = f (x).

This equation can be obtained by differentiating the equation∫ x

a

[
Ax2t + (1 – A)xt2

]
y(t) dt = F (x), F (x) =

∫ x

a

t3f (t) dt,

which has the form 1.1.17:
Solution:

y(x) =
1
x

d

dx

[
x–A

∫ x

a

tA–1ϕ′
t(t) dt

]
, ϕ(x) =

1
x

∫ x

a

t3f (t) dt.

41. y(x) – λ

∫∫ x

0

y(t) dt

x + t
= f (x).

Dixon’s equation. This is a special case of equation 2.1.62 with a = b = 1 and µ = 0.

1◦. The solution of the homogeneous equation (f ≡ 0) is

y(x) = Cxβ (β > –1, λ > 0). (1)

Here C is an arbitrary constant, and β = β(λ) is determined by the transcendental equation

λI(β) = 1, where I(β) =
∫ 1

0

zβ dz

1 + z
. (2)

2◦. For a polynomial right-hand side,

f (x) =
N∑

n=0

Anxn

the solution bounded at zero is given by

y(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

N∑
n=0

An

1 – (λ/λn)
xn for λ < λ0,

N∑
n=0

An

1 – (λ/λn)
xn + Cxβ for λ > λ0 and λ ≠ λn,

λn =
1

I(n)
, I(n) = (–1)n

[
ln 2 +

n∑
m=1

(–1)m

m

]
,

where C is an arbitrary constant, and β =β(λ) is determined by the transcendental equation (2).
For special λ = λn (n = 1, 2, . . . ), the solution differs in one term and has the form

y(x) =
n–1∑
m=0

Am

1 – (λn/λm)
xm +

N∑
m=n+1

Am

1 – (λn/λm)
xm – An

λ̄n

λn
xn ln x + Cxn,

where λ̄n = (–1)n+1

[
π2

12
+

n∑
k=1

(–1)k

k2

]–1

.
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Remark. For arbitrary f (x), expandable into power series, the formulas of item 2◦ can
be used, in which one should set N = ∞. In this case, the radius of convergence of the
solution y(x) is equal to the radius of convergence of f (x).

3◦. For logarithmic-polynomial right-hand side,

f (x) = ln x

( N∑
n=0

Anxn

)
,

the solution with logarithmic singularity at zero is given by

y(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ln x

N∑
n=0

An

1 – (λ/λn)
xn +

N∑
n=0

AnDnλ

[1 – (λ/λn)]2
xn for λ < λ0,

ln x

N∑
n=0

An

1 – (λ/λn)
xn +

N∑
n=0

AnDnλ

[1 – (λ/λn)]2
xn + Cxβ for λ > λ0 and λ ≠ λn,

λn =
1

I(n)
, I(n) = (–1)n

[
ln 2 +

n∑
k=1

(–1)k

k

]
, Dn = (–1)n+1

[
π2

12
+

n∑
k=1

(–1)k

k2

]
.

4◦. For arbitrary f (x), the transformation

x = 1
2 e2z , t = 1

2 e2τ , y(x) = e–zw(z), f (x) = e–zg(z)

leads to an integral equation with difference kernel of the form 2.9.51:

w(z) – λ

∫ z

–∞

w(τ ) dτ

cosh(z – τ )
= g(z).

42. y(x) – λ

∫∫ x

a

x + b

t + b
y(t) dt = f (x).

This is a special case of equation 2.9.1 with g(x) = x + b.
Solution:

y(x) = f (x) + λ

∫ x

a

x + b

t + b
eλ(x–t)f (t) dt.

43. y(x) =
2

(1 – λ2)x2

∫∫ x

λx

t

1 + t
y(t) dt.

This equation is encountered in nuclear physics and describes deceleration of neutrons in
matter.

1◦. Solution with λ = 0:

y(x) =
C

(1 + x)2 ,

where C is an arbitrary constant.

2◦. For λ ≠ 0, the solution can be found in the series form

y(x) =
∞∑
n=0

Anxn.

Reference: I. Sneddon (1995).
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2.1-6. Kernels Containing Square Roots and Fractional Powers.

44. y(x) + A

∫∫ x

a

(x – t)
√

t y(t) dt = f (x).

This is a special case of equation 2.1.49 with λ = 1
2 .

45. y(x) + A

∫∫ x

a

((√
x –

√
t
))
y(t) dt = f (x).

This is a special case of equation 2.1.52 with λ = 1
2 .

46. y(x) + λ

∫∫ x

a

y(t) dt√
x – t

= f (x).

Abel’s equation of the second kind. This equation is encountered in problems of heat and
mass transfer.

Solution:

y(x) = F (x) + πλ2
∫ x

a

exp[πλ2(x – t)]F (t) dt,

where

F (x) = f (x) – λ

∫ x

a

f (t) dt√
x – t

.

References: H. Brakhage, K. Nickel, and P. Rieder (1965), Yu. I. Babenko (1986).

47. y(x) – λ

∫∫ x

0

y(t) dt√
ax2 + bt2

= f (x), a > 0, b > 0.

1◦. The solution of the homogeneous equation (f ≡ 0) is

y(x) = Cxβ (β > –1, λ > 0). (1)

Here C is an arbitrary constant, and β = β(λ) is determined by the transcendental equation

λI(β) = 1, where I(β) =
∫ 1

0

zβ dz√
a + bz2

. (2)

2◦. For a polynomial right-hand side,

f (x) =
N∑

n=0

Anxn

the solution bounded at zero is given by

y(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

N∑
n=0

An

1 – (λ/λn)
xn for λ < λ0,

N∑
n=0

An

1 – (λ/λn)
xn + Cxβ for λ > λ0 and λ ≠ λn,

λ0 =

√
b

Arsinh
(√

b/a
) , λn =

1
I(n)

, I(n) =
∫ 1

0

zn dz√
a + bz2

.

Here C is an arbitrary constant, and β = β(λ) is determined by the transcendental equation (2).
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3◦. For special λ = λn (n = 1, 2, . . . ), the solution differs in one term and has the form

y(x) =
n–1∑
m=0

Am

1 – (λn/λm)
xm +

N∑
m=n+1

Am

1 – (λn/λm)
xm – An

λ̄n

λn
xn ln x + Cxn,

where λ̄n =

[∫ 1

0

zn ln z dz√
a + bz2

]–1

.

4◦. For arbitrary f (x), expandable into power series, the formulas of item 2◦ can be used, in
which one should set N = ∞. In this case, the radius of convergence of the solution y(x) is
equal to the radius of convergence of f (x).

48. y(x) + λ

∫∫ x

a

y(t) dt

(x – t)3/4
= f (x).

This equation admits solution by quadratures (see equation 2.1.60 and Example 2 in Subsection
11.4-2).

2.1-7. Kernels Containing Arbitrary Powers.

49. y(x) + A

∫∫ x

a

(x – t)tλy(t) dt = f (x).

This is a special case of equation 2.9.4 with g(t) = Atλ.
Solution:

y(x) = f (x) +
A

W

∫ x

a

[
y1(x)y2(t) – y2(x)y1(t)

]
tλf (t) dt,

where y1(x), y2(x) is a fundamental system of solutions of the second-order linear homo-
geneous ordinary differential equation y′′

xx + Axλy = 0; the functions y1(x) and y2(x) are
expressed in terms of Bessel functions or modified Bessel functions, depending on the sign
of A:

For A > 0,

W =
2q

π
, y1(x) =

√
xJ 1

2q

(√
A

q
xq

)
, y2(x) =

√
xY 1

2q

(√
A

q
xq

)
, q =

λ + 2
2

,

For A < 0,

W = –q, y1(x) =
√

x I 1
2q

(√
|A|
q

xq

)
, y2(x) =

√
xK 1

2q

(√
|A|
q

xq

)
, q =

λ + 2
2

.

50. y(x) + A

∫∫ x

a

xλtµy(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –Axλ and h(t) = tµ (λ and µ are arbitrary
numbers).

Solution:

y(x) = f (x) –
∫ x

a

R(x, t)f (t) dt,

R(x, t) =

⎧⎨⎩Axλtµ exp
[ A

λ + µ + 1

(
tλ+µ+1 – xλ+µ+1

)]
for λ + µ + 1 ≠ 0,

Axλ–Atµ+A for λ + µ + 1 = 0.
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51. y(x) + A

∫∫ x

a

(x – t)xλtµy(t) dt = f (x).

The substitution u(x) = x–λy(x) leads to an equation of the form 2.1.49:

u(x) + A

∫ x

a

(x – t)tλ+µu(t) dt = f (x)x–λ.

52. y(x) + A

∫∫ x

a

(xλ – tλ)y(t) dt = f (x).

This is a special case of equation 2.9.5 with g(x) = Axλ.
Solution:

y(x) = f (x) +
1
W

∫ x

a

[
u′

1(x)u′
2(t) – u′

2(x)u′
1(t)
]
f (t) dt,

where the primes denote differentiation with respect to the argument specified in the paren-
theses, and u1(x), u2(x) is a fundamental system of solutions of the second-order linear ho-
mogeneous ordinary differential equation u′′

xx + Aλxλ–1u = 0; the functions u1(x) and u2(x)
are expressed in terms of Bessel functions or modified Bessel functions, depending on the
sign of A:

For Aλ > 0,

W =
2q

π
, u1(x) =

√
xJ 1

2q

(√
Aλ

q
xq

)
, u2(x) =

√
xY 1

2q

(√
Aλ

q
xq

)
, q =

λ + 1
2

,

For Aλ < 0,

W = –q, u1(x) =
√

x I 1
2q

(√
|Aλ|
q

xq

)
, u2(x) =

√
xλK 1

2q

(√
|Aλ|
q

xq

)
, q =

λ + 1
2

.

53. y(x) –
∫∫ x

a

((
Axλtλ–1 + Bt2λ–1))y(t) dt = f (x).

The transformation
z = xλ, τ = tλ, y(x) = Y (z)

leads to an equation of the form 2.1.6:

Y (z) –
∫ z

b

(
A

λ
z +

B

λ
τ

)
Y (τ ) dτ = F (z), F (z) = f (x), b = aλ.

54. y(x) –
∫∫ x

a

((
Axλ+µtλ–µ–1 + Bxµt2λ–µ–1))y(t) dt = f (x).

The substitution y(x) = xµw(x) leads to an equation of the form 2.1.53:

w(x) –
∫ x

a

(
Axλtλ–1 + Bt2λ–1

)
w(t) dt = x–µf (x).

55. y(x) + A

∫∫ x

a

[[
λxλ–1tµ – (λ + µ)xλ+µ–1]] y(t) dt = f (x).

This equation can be obtained by differentiating equation 1.1.52:∫ x

a

[
1 + A(xλtµ – xλ+µ)

]
y(t) dt = F (x), F (x) =

∫ x

a

f (x) dx.

Solution:

y(x) =
d

dx

{
xλ

Φ(x)

∫ x

a

[
t–λF (t)

]′
t
Φ(t) dt

}
, Φ(x) = exp

(
–

Aµ

µ + λ
xµ+λ

)
.
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56. y(x) +
∫∫ x

a

((
ABxλ+1 – ABxλt – Axλ – B

))
y(t) dt = f (x).

This is a special case of equation 2.9.7.
Solution:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x, t) = (Axλ +B) exp

[
A

λ + 1

(
xλ+1 – tλ+1

)]
+B2

∫ x

t

exp

[
A

λ + 1

(
sλ+1 – tλ+1

)
+B(x–s)

]
ds.

57. y(x) +
∫∫ x

a

((
ABxtλ – ABtλ+1 + Atλ + B

))
y(t) dt = f (x).

This is a special case of equation 2.9.8.
Solution:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x, t) = –(Atλ +B) exp

[
A

λ + 1

(
tλ+1 –xλ+1)]+B2

∫ x

t

exp

[
A

λ + 1

(
sλ+1 –xλ+1)+B(t–s)

]
ds.

58. y(x) – λ

∫∫ x

a

((x + b

t + b

))µ

y(t) dt = f (x).

This is a special case of equation 2.9.1 with g(x) = (x + b)µ.
Solution:

y(x) = f (x) + λ

∫ x

a

( x + b

t + b

)µ

eλ(x–t)f (t) dt.

59. y(x) – λ

∫∫ x

a

xµ + b

tµ + b
y(t) dt = f (x).

This is a special case of equation 2.9.1 with g(x) = xµ + b.
Solution:

y(x) = f (x) + λ

∫ x

a

xµ + b

tµ + b
eλ(x–t)f (t) dt.

60. y(x) – λ

∫∫ x

0

y(t) dt

(x – t)α
= f (x), 0 < α < 1.

Generalized Abel equation of the second kind.

1◦. Assume that the number α can be represented in the form

α = 1 –
m

n
, where m = 1, 2, . . . , n = 2, 3, . . . (m < n).

In this case, the solution of the generalized Abel equation of the second kind can be written
in closed form (in quadratures):

y(x) = f (x) +
∫ x

0
R(x – t)f (t) dt,
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where

R(x) =
n–1∑
ν=1

λν
Γ

ν(m/n)
Γ(νm/n)

x(νm/n)–1 +
b

m

m–1∑
µ=0

εµ exp
(
εµbx

)
+

b

m

n–1∑
ν=1

λν
Γ

ν(m/n)
Γ(νm/n)

[m–1∑
µ=0

εµ exp
(
εµbx

) ∫ x

0
t(νm/n)–1 exp

(
–εµbt

)
dt

]
,

b = λn/m
Γ

n/m(m/n), εµ = exp
( 2πµi

m

)
, i2 = –1, µ = 0, 1, . . . , m – 1.

2◦. Solution with any α from 0 < α < 1:

y(x) = f (x) +
∫ x

0
R(x – t)f (t) dt, where R(x) =

∞∑
n=1

[
λΓ(1 – α)x1–α

]n
xΓ
[
n(1 – α)

] .

References: H. Brakhage, K. Nickel, and P. Rieder (1965), V. I. Smirnov (1974).

61. y(x) –
λ

xα

∫∫ x

0

y(t) dt

(x – t)1–α
= f (x), 0 < α ≤ 1.

1◦. The solution of the homogeneous equation (f ≡ 0) is

y(x) = Cxβ (β > –1, λ > 0). (1)

Here C is an arbitrary constant, and β = β(λ) is determined by the transcendental equation

λB(α, β + 1) = 1, (2)

where B(p, q) =
∫ 1

0 zp–1(1 – z)q–1 dz is the beta function.

2◦. For a polynomial right-hand side,

f (x) =
N∑

n=0

Anxn

the solution bounded at zero is given by

y(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

N∑
n=0

An

1 – (λ/λn)
xn for λ < α,

N∑
n=0

An

1 – (λ/λn)
xn + Cxβ for λ > α and λ ≠ λn,

λn =
(α)n+1

n!
, (α)n+1 = α(α + 1) . . . (α + n).

Here C is an arbitrary constant, and β = β(λ) is determined by the transcendental equation (2).
For special λ = λn (n = 1, 2, . . . ), the solution differs in one term and has the form

y(x) =
n–1∑
m=0

Am

1 – (λn/λm)
xm +

N∑
m=n+1

Am

1 – (λn/λm)
xm – An

λ̄n

λn
xn ln x + Cxn,

where λ̄n =

[∫ 1

0
(1 – z)α–1zn ln z dz

]–1

.
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3◦. For arbitrary f (x), expandable into power series, the formulas of item 2◦ can be used, in
which one should set N = ∞. In this case, the radius of convergence of the solution y(x) is
equal to the radius of convergence of f (x).

4◦. For

f (x) = ln(kx)
N∑

n=0

Anxn,

a solution has the form

y(x) = ln(kx)
N∑

n=0

Bnxn +
N∑

n=0

Dnxn,

where the constants Bn and Dn are found by the method of undetermined coefficients. To
obtain the general solution we must add the solution (1) of the homogeneous equation.

In Mikhailov (1966), solvability conditions for the integral equation in question were
investigated for various classes of f (x).

62. y(x) –
λ

xµ

∫∫ x

0

y(t) dt

(ax + bt)1–µ
= f (x).

Here a > 0, b > 0, and µ is an arbitrary number.

1◦. The solution of the homogeneous equation (f ≡ 0) is

y(x) = Cxβ (β > –1, λ > 0). (1)

Here C is an arbitrary constant, and β = β(λ) is determined by the transcendental equation

λI(β) = 1, where I(β) =
∫ 1

0
zβ(a + bz)µ–1 dz. (2)

2◦. For a polynomial right-hand side,

f (x) =
N∑

n=0

Anxn

the solution bounded at zero is given by

y(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

N∑
n=0

An

1 – (λ/λn)
xn for λ < λ0,

N∑
n=0

An

1 – (λ/λn)
xn + Cxβ for λ > λ0 and λ ≠ λn,

λn =
1

I(n)
, I(n) =

∫ 1

0
zn(a + bz)µ–1 dz.

Here C is an arbitrary constant, and β = β(λ) is determined by the transcendental equation (2).

3◦. For special λ = λn (n = 1, 2, . . . ), the solution differs in one term and has the form

y(x) =
n–1∑
m=0

Am

1 – (λn/λm)
xm +

N∑
m=n+1

Am

1 – (λn/λm)
xm – An

λ̄n

λn
xn ln x + Cxn,

where λ̄n =

[∫ 1

0
zn(a + bz)µ–1 ln z dz

]–1

.

4◦. For arbitrary f (x) expandable into power series, the formulas of item 2◦ can be used, in
which one should set N = ∞. In this case, the radius of convergence of the solution y(x) is
equal to the radius of convergence of f (x).
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2.2. Equations Whose Kernels Contain Exponential
Functions

2.2-1. Kernels Containing Exponential Functions.

1. y(x) + A

∫∫ x

a

eλ(x–t)y(t) dt = f (x).

Solution:

y(x) = f (x) – A

∫ x

a

e(λ–A)(x–t)f (t) dt.

2. y(x) + A

∫∫ x

a

eλx+βty(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –Aeλx and h(t) = eβt. For β = –λ, see
equation 2.2.1.

Solution:

y(x) = f (x) –
∫ x

a

R(x, t)f (t) dt, R(x, t) = Aeλx+βt exp

{
A

λ + β

[
e(λ+β)t – e(λ+β)x

]}
.

3. y(x) + A

∫∫ x

a

[[
eλ(x–t) – 1

]]
y(t) dt = f (x).

1◦. Solution with D ≡ λ(λ – 4A) > 0:

y(x) = f (x) –
2Aλ√

D

∫ x

a

R(x – t)f (t) dt, R(x) = exp
(

1
2 λx
)

sinh
(

1
2

√
D x
)
.

2◦. Solution with D ≡ λ(λ – 4A) < 0:

y(x) = f (x) –
2Aλ√

|D|

∫ x

a

R(x – t)f (t) dt, R(x) = exp
(

1
2 λx
)

sin
(

1
2

√
|D| x

)
.

3◦. Solution with λ = 4A:

y(x) = f (x) – 4A2
∫ x

a

(x – t) exp
[
2A(x – t)

]
f (t) dt.

4. y(x) +
∫∫ x

a

[[
Aeλ(x–t) + B

]]
y(t) dt = f (x).

This is a special case of equation 2.2.10 with A1 = A, A2 = B, λ1 = λ, and λ2 = 0.

1◦. The structure of the solution depends on the sign of the discriminant

D ≡ (A – B – λ)2 + 4AB (1)

of the square equation
µ2 + (A + B – λ)µ – Bλ = 0. (2)

2◦. If D > 0, then equation (2) has the real different roots

µ1 = 1
2 (λ – A – B) + 1

2

√
D, µ2 = 1

2 (λ – A – B) – 1
2

√
D.
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In this case, the original integral equation has the solution

y(x) = f (x) +
∫ x

a

[
E1e

µ1(x–t) + E2e
µ2(x–t)

]
f (t) dt,

where

E1 = A
µ1

µ2 – µ1
+ B

µ1 – λ

µ2 – µ1
, E2 = A

µ2

µ1 – µ2
+ B

µ2 – λ

µ1 – µ2
.

3◦. If D < 0, then equation (2) has the complex conjugate roots

µ1 = σ + iβ, µ2 = σ – iβ, σ = 1
2 (λ – A – B), β = 1

2

√
–D.

In this case, the original integral equation has the solution

y(x) = f (x) +
∫ x

a

{
E1e

σ(x–t) cos[β(x – t)] + E2e
σ(x–t) sin[β(x – t)]

}
f (t) dt,

where

E1 = –A – B, E2 =
1
β

(–Aσ – Bσ + Bλ).

5. y(x) + A

∫∫ x

a

(eλx – eλt)y(t) dt = f (x).

This is a special case of equation 2.9.5 with g(x) = Aeλx.
Solution:

y(x) = f (x) +
1
W

∫ x

a

[
u′

1(x)u′
2(t) – u′

2(x)u′
1(t)
]
f (t) dt,

where the primes denote differentiation with respect to the argument specified in the paren-
theses, and u1(x), u2(x) is a fundamental system of solutions of the second-order linear
homogeneous ordinary differential equation u′′

xx +Aλeλxu = 0; the functions u1(x) and u2(x)
are expressed in terms of Bessel functions or modified Bessel functions, depending on the
sign of A:

For Aλ > 0,

W =
λ

π
, u1(x) = J0

(
2
√

Aλ

λ
eλx/2

)
, u2(x) = Y0

(
2
√

Aλ

λ
eλx/2

)
,

For Aλ < 0,

W = –
λ

2
, u1(x) = I0

(
2
√

|Aλ|
λ

eλx/2

)
, u2(x) = K0

(
2
√

|Aλ|
λ

eλx/2

)
.

6. y(x) +
∫∫ x

a

((
Aeλx + Beλt

))
y(t) dt = f (x).

This is a special case of equation 2.9.6 with g(x) = Aeλx and h(t) = Beλt. For B = –A, see
equation 2.2.5.

Differentiating the original integral equation followed by substituting Y (x) =
∫ x

a

y(t) dt

yields the second-order linear ordinary differential equation

Y ′′
xx + (A + B)eλxY ′

x + AλeλxY = f ′
x(x) (1)
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under the initial conditions
Y (a) = 0, Y ′

x(a) = f (a). (2)

A fundamental system of solutions of the homogeneous equation (1) with f ≡ 0 has the
form

Y1(x) = Φ

( A

m
, 1; –

m

λ
eλx
)

, Y2(x) = Ψ

( A

m
, 1; –

m

λ
eλx
)

, m = A + B,

where Φ
(
α, β; x

)
and Ψ

(
α, β; x

)
are degenerate hypergeometric functions.

Solving the homogeneous equation (1) under conditions (2) for an arbitrary function
f = f (x) and taking into account the relation y(x) = Y ′

x(x), we thus obtain the solution of the
integral equation in the form

y(x) = f (x) –
∫ x

a

R(x, t)f (t) dt,

R(x, t) =
Γ(A/m)

λ

∂2

∂x∂t

{
exp
(m

λ
eλt
)[

Y1(x)Y2(t) – Y2(x)Y1(t)
]}

.

7. y(x) + A

∫∫ x

a

[[
eλ(x+t) – e2λt

]]
y(t) dt = f (x).

The transformation z = eλx, τ = eλt leads to an equation of the form 2.1.4.

1◦. Solution with Aλ > 0:

y(x) = f (x) – λk

∫ x

a

eλt sin
[
k(eλx – eλt)

]
f (t) dt, k =

√
A/λ.

2◦. Solution with Aλ < 0:

y(x) = f (x) + λk

∫ x

a

eλt sinh
[
k(eλx – eλt)

]
f (t) dt, k =

√
|A/λ|.

8. y(x) + A

∫∫ x

a

[[
eλx+µt – e(λ+µ)t]] y(t) dt = f (x).

The transformation z = eµx, τ = eµt, Y (z) = y(x) leads to an equation of the form 2.1.52:

Y (z) +
A

µ

∫ z

b

(zk – τk)Y (τ ) dτ = F (z), F (z) = f (x),

where k = λ/µ, b = eµa.

9. y(x) + A

∫∫ x

a

[[
λeλx+µt – (λ + µ)e(λ+µ)x]] y(t) dt = f (x).

This equation can be obtained by differentiating an equation of the form 1.2.22:∫ x

a

[
1 + Aeλx(eµt – eµx)

]
y(t) dt = F (x), F (x) =

∫ x

a

f (t) dt.

Solution:

y(x) =
d

dx

{
eλx

Φ(x)
∫ x

a

[
F (t)
eλt

]′
t

dt

Φ(t)

}
, Φ(x) = exp

[
Aµ

λ + µ
e(λ+µ)x

]
.



2.2. EQUATIONS WHOSE KERNELS CONTAIN EXPONENTIAL FUNCTIONS 147

10. y(x) +
∫∫ x

a

[[
A1e

λ1(x–t) + A2e
λ2(x–t)]]y(t) dt = f (x).

1◦. Introduce the notation

I1 =
∫ x

a

eλ1(x–t)y(t) dt, I2 =
∫ x

a

eλ2(x–t)y(t) dt.

Differentiating the integral equation twice yields (the first line is the original equation)

y + A1I1 + A2I2 = f , f = f (x), (1)

y′
x + (A1 + A2)y + A1λ1I1 + A2λ2I2 = f ′

x, (2)

y′′
xx + (A1 + A2)y′

x + (A1λ1 + A2λ2)y + A1λ
2
1I1 + A2λ

2
2I2 = f ′′

xx. (3)

Eliminating I1 and I2, we arrive at the second-order linear ordinary differential equation with
constant coefficients

y′′
xx + (A1 + A2 – λ1 – λ2)y′

x + (λ1λ2 – A1λ2 – A2λ1)y = f ′′
xx – (λ1 + λ2)f ′

x + λ1λ2f . (4)

Substituting x = a into (1) and (2) yields the initial conditions

y(a) = f (a), y′
x(a) = f ′

x(a) – (A1 + A2)f (a). (5)

Solving the differential equation (4) under conditions (5), we can find the solution of the
integral equation.

2◦. Consider the characteristic equation

µ2 + (A1 + A2 – λ1 – λ2)µ + λ1λ2 – A1λ2 – A2λ1 = 0 (6)

which corresponds to the homogeneous differential equation (4) (with f (x) ≡ 0). The structure
of the solution of the integral equation depends on the sign of the discriminant

D ≡ (A1 – A2 – λ1 + λ2)2 + 4A1A2

of the quadratic equation (6).
If D > 0, the quadratic equation (6) has the real different roots

µ1 = 1
2 (λ1 + λ2 – A1 – A2) + 1

2

√
D, µ2 = 1

2 (λ1 + λ2 – A1 – A2) – 1
2

√
D.

In this case, the solution of the original integral equation has the form

y(x) = f (x) +
∫ x

a

[
B1e

µ1(x–t) + B2e
µ2(x–t)

]
f (t) dt,

where

B1 = A1
µ1 – λ2

µ2 – µ1
+ A2

µ1 – λ1

µ2 – µ1
, B2 = A1

µ2 – λ2

µ1 – µ2
+ A2

µ2 – λ1

µ1 – µ2
.

If D < 0, the quadratic equation (6) has the complex conjugate roots

µ1 = σ + iβ, µ2 = σ – iβ, σ = 1
2 (λ1 + λ2 – A1 – A2), β = 1

2

√
–D.

In this case, the solution of the original integral equation has the form

y(x) = f (x) +
∫ x

a

{
B1e

σ(x–t) cos[β(x – t)] + B2e
σ(x–t) sin[β(x – t)]

}
f (t) dt,

where

B1 = –A1 – A2, B2 =
1
β

[
A1(λ2 – σ) + A2(λ1 – σ)

]
.
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11. y(x) +
∫∫ x

a

[[
Aeλ(x+t) – Ae2λt + Beλt

]]
y(t) dt = f (x).

The transformation z = eλx, τ = eλt, Y (z) = y(x) leads to an equation of the form 2.1.5:

Y (z) +
∫ z

b

[
B1(z – τ ) + A1

]
Y (τ ) dτ = F (z), F (z) = f (x),

where A1 = B/λ, B1 = A/λ, b = eλa.

12. y(x) +
∫∫ x

a

[[
Aeλ(x+t) + Be2λt + Ceλt

]]
y(t) dt = f (x).

The transformation z = eλx, τ = eλt, Y (z) = y(x) leads to an equation of the form 2.1.6:

Y (z) –
∫ z

b

(A1z + B1τ + C1)Y (τ ) dτ = F (z), F (z) = f (x),

where A1 = –A/λ, B1 = –B/λ, C1 = –C/λ, b = eλa.

13. y(x) +
∫∫ x

a

[[
λeλ(x–t) + A

((
µeµx+λt – λeλx+µt

))]]
y(t) dt = f (x).

This is a special case of equation 2.9.23 with h(t) = A.
Solution:

y(x) =
1

eλx

d

dx

{
Φ(x)

∫ x

a

[
F (t)
eλt

]′
t

e2λt

Φ(t)
dt

}
,

Φ(x) = exp

[
A

λ – µ

λ + µ
e(λ+µ)x

]
, F (x) =

∫ x

a

f (t) dt.

14. y(x) –
∫∫ x

a

[[
λe–λ(x–t) + A

((
µeλx+µt – λeµx+λt

))]]
y(t) dt = f (x).

This is a special case of equation 2.9.24 with h(x) = A.
Assume that f (a) = 0. Solution:

y(x) =
∫ x

a

w(t) dt, w(x) = e–λx d

dx

{
e2λx

Φ(x)

∫ x

a

[
f (t)
eλt

]′
t

Φ(t) dt

}
,

Φ(x) = exp

[
A

λ – µ

λ + µ
e(λ+µ)x

]
.

15. y(x) +
∫∫ x

a

[[
λeλ(x–t) + Aeβt

((
µeµx+λt – λeλx+µt

))]]
y(t) dt = f (x).

This is a special case of equation 2.9.23 with h(t) = Aeβt.
Solution:

y(x) = e–(λ+β)x d

dx

{
Φ(x)

∫ x

a

[
F (t)
eλt

]′
t

e(2λ+β)t

Φ(t)
dt

}
,

Φ(x) = exp

[
A

λ – µ

λ + µ + β
e(λ+µ+β)x

]
, F (x) =

∫ x

a

f (t) dt.
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16. y(x) –
∫∫ x

a

[[
λe–λ(x–t) + Aeβx

((
µeλx+µt – λeµx+λt

))]]
y(t) dt = f (x).

This is a special case of equation 2.9.24 with h(x) = Aeβx.
Assume that f (a) = 0. Solution:

y(x) =
∫ x

a

w(t) dt, w(x) = e–λx d

dx

{
e(2λ+β)x

Φ(x)

∫ x

a

[
f (t)

e(λ+β)t

]′
t

Φ(t) dt

}
,

Φ(x) = exp

[
A

λ – µ

λ + µ + β
e(λ+µ+β)x

]
.

17. y(x) +
∫∫ x

a

[[
ABe(λ+1)x+t – ABeλx+2t – Aeλx+t – Bet

]]
y(t) dt = f (x).

The transformation z = ex, τ = et, Y (z) = y(x) leads to an equation of the form 2.1.56:

Y (z) +
∫ z

b

(
ABzλ+1 – ABzλτ – Azλ – B

)
Y (τ ) dτ = F (z),

where F (z) = f (x) and b = ea.

18. y(x) +
∫∫ x

a

[[
ABex+λt – ABe(λ+1)t + Aeλt + Bet

]]
y(t) dt = f (x).

The transformation z = ex, τ = et, Y (z) = y(x) leads to an equation of the form 2.1.57 (in
which λ is substituted by λ – 1):

Y (z) +
∫ z

b

(
ABzτλ–1 – ABτλ + Aτλ–1 + B

)
Y (τ ) dτ = F (z),

where F (z) = f (x) and b = ea.

19. y(x) +
∫∫ x

a

[[ n∑
k=1

Akeλk(x–t)
]]

y(t) dt = f (x).

1◦. This integral equation can be reduced to an nth-order linear nonhomogeneous ordinary
differential equation with constant coefficients. Set

Ik(x) =
∫ x

a

eλk(x–t)y(t) dt. (1)

Differentiating (1) with respect to x yields

I ′k = y(x) + λk

∫ x

a

eλk(x–t)y(t) dt, (2)

where the prime stands for differentiation with respect to x. From the comparison of (1)
with (2) we see that

I ′k = y(x) + λkIk, Ik = Ik(x). (3)

The integral equation can be written in terms of Ik(x) as follows:

y(x) +
n∑

k=1

AkIk = f (x). (4)
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Differentiating (4) with respect to x and taking account of (3), we obtain

y′
x(x) + σny(x) +

n∑
k=1

AkλkIk = f ′
x(x), σn =

n∑
k=1

Ak. (5)

Eliminating the integral In from (4) and (5), we find that

y′
x(x) +

(
σn – λn)y(x) +

n–1∑
k=1

Ak(λk – λn)Ik = f ′
x(x) – λnf (x). (6)

Differentiating (6) with respect to x and eliminating In–1 from the resulting equation with
the aid of (6), we obtain a similar equation whose left-hand side is a second-order linear

differential operator (acting on y) with constant coefficients plus the sum
n–2∑
k=1

A1
kIk . If we

proceed with successively eliminating In–2, In–3, . . . , I1 with the aid of differentiation and
formula (3), then we will finally arrive at an nth-order linear nonhomogeneous ordinary
differential equation with constant coefficients.

The initial conditions for y(x) can be obtained by setting x = a in the integral equation
and all its derivative equations.

2◦. The solution of the equation can be represented in the form

y(x) = f (x) +
∫ x

a

[ n∑
k=1

Bkeµk(x–t)

]
f (t) dt. (7)

The unknown constants µk are the roots of the algebraic equation

n∑
k=1

Ak

z – λk
+ 1 = 0, (8)

which is reduced (by separating the numerator) to the problem of finding the roots of an
nth-order characteristic polynomial.

After the µk have been calculated, the coefficients Bk can be found from the following
linear system of algebraic equations:

n∑
k=1

Bk

λm – µk
+ 1 = 0, m = 1, . . . , n. (9)

Another way of determining the Bk is presented in item 3◦ below.
If all the roots µk of equation (8) are real and different, then the solution of the original

integral equation can be calculated by formula (7).
To a pair of complex conjugate roots µk,k+1 = α± iβ of the characteristic polynomial (8)

there corresponds a pair of complex conjugate coefficients Bk,k+1 in equation (9). In this case,
the corresponding terms Bkeµk(x–t) + Bk+1e

µk+1(x–t) in solution (7) can be written in the form
Bkeα(x–t)

[
cos β(x – t)

]
+ Bk+1e

α(x–t)
[
sin β(x – t)

]
, where Bk and Bk+1 are real coefficients.

3◦. For a = 0, the solution of the original integral equation is given by

y(x) = f (x) –
∫ x

0
R(x – t)f (t) dt, R(x) = L–1[R(p)

]
, (10)
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where L–1[R(p)
]

is the inverse Laplace transform of the function

R(p) =
K(p)

1 + K(p)
, K(p) =

n∑
k=1

Ak

p – λk
. (11)

The transform R(p) of the resolvent R(x) can be represented as a regular fractional
function:

R(p) =
Q(p)
P (p)

, P (p) = (p – µ1)(p – µ2) . . . (p – µn),

where Q(p) is a polynomial in p of degree < n. The roots µk of the polynomial P (p) coincide
with the roots of equation (8). If all µk are real and different, then the resolvent can be
determined by the formula

R(x) =
n∑

k=1

Bkeµkx, Bk =
Q(µk)
P ′(µk)

,

where the prime stands for differentiation.

2.2-2. Kernels Containing Power-Law and Exponential Functions.

20. y(x) + A

∫∫ x

a

xeλ(x–t)y(t) dt = f (x).

Solution:

y(x) = f (x) – A

∫ x

a

x exp
[

1
2 A(t2 – x2) + λ(x – t)

]
f (t) dt.

21. y(x) + A

∫∫ x

a

teλ(x–t)y(t) dt = f (x).

Solution:

y(x) = f (x) – A

∫ x

a

t exp
[

1
2 A(t2 – x2) + λ(x – t)

]
f (t) dt.

22. y(x) + A

∫∫ x

a

(x – t)eλty(t) dt = f (x).

This is a special case of equation 2.9.4 with g(t) = Aeλt.
Solution:

y(x) = f (x) +
A

W

∫ x

a

[
u1(x)u2(t) – u2(x)u1(t)

]
eλtf (t) dt,

where u1(x), u2(x) is a fundamental system of solutions of the second-order linear homo-
geneous ordinary differential equation u′′

xx + Aeλxu = 0; the functions u1(x) and u2(x) are
expressed in terms of Bessel functions or modified Bessel functions, depending on sign A:

W =
λ

π
, u1(x) = J0

(
2
√

A

λ
eλx/2

)
, u2(x) = Y0

(
2
√

A

λ
eλx/2

)
for A > 0,

W = –
λ

2
, u1(x) = I0

(
2
√

|A|
λ

eλx/2

)
, u2(x) = K0

(
2
√

|A|
λ

eλx/2

)
for A < 0.
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23. y(x) + A

∫∫ x

a

(x – t)eλ(x–t)y(t) dt = f (x).

1◦. Solution with A > 0:

y(x) = f (x) – k

∫ x

a

eλ(x–t) sin[k(x – t)]f (t) dt, k =
√

A.

2◦. Solution with A < 0:

y(x) = f (x) + k

∫ x

a

eλ(x–t) sinh[k(x – t)]f (t) dt, k =
√

–A.

24. y(x) + A

∫∫ x

a

(x – t)eλx+µty(t) dt = f (x).

The substitution u(x) = e–λxy(x) leads to an equation of the form 2.2.22:

u(x) + A

∫ x

a

(x – t)e(λ+µ)tu(t) dt = f (x)e–λx.

25. y(x) –
∫∫ x

a

(Ax + Bt + C)eλ(x–t)y(t) dt = f (x).

The substitution u(x) = e–λxy(x) leads to an equation of the form 2.1.6:

u(x) –
∫ x

a

(Ax + Bt + C)u(t) dt = f (x)e–λx.

26. y(x) + A

∫∫ x

a

x2eλ(x–t)y(t) dt = f (x).

Solution:

y(x) = f (x) – A

∫ x

a

x2 exp
[

1
3 A(t3 – x3) + λ(x – t)

]
f (t) dt.

27. y(x) + A

∫∫ x

a

xteλ(x–t)y(t) dt = f (x).

Solution:

y(x) = f (x) – A

∫ x

a

xt exp
[

1
3 A(t3 – x3) + λ(x – t)

]
f (t) dt.

28. y(x) + A

∫∫ x

a

t2eλ(x–t)y(t) dt = f (x).

Solution:

y(x) = f (x) – A

∫ x

a

t2 exp
[

1
3 A(t3 – x3) + λ(x – t)

]
f (t) dt.

29. y(x) + A

∫∫ x

a

(x – t)2eλ(x–t)y(t) dt = f (x).

Solution:

y(x) = f (x) –
∫ x

a

R(x – t)f (t) dt,

R(x) = 2
3 ke(λ–2k)x – 2

3 ke(λ+k)x
[
cos
(√

3 kx
)

–
√

3 sin
(√

3 kx
)]

, k =
(

1
4 A
)1/3

.
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30. y(x) + A

∫∫ x

0
(x2 – t2)eλ(x–t)y(t) dt = f (x).

The substitution u(x) = e–λxy(x) leads to an equation of the form 2.1.11:

u(x) + A

∫ x

0
(x2 – t2)u(t) dt = f (x)e–λx.

31. y(x) + A

∫∫ x

a

(x – t)neλ(x–t)y(t) dt = f (x), n = 1, 2, . . .

Solution:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x) =
1

n + 1
eλx

n∑
k=0

exp(σkx)
[
σk cos(βkx) – βk sin(βkx)

]
,

where

σk = |An!|
1

n+1 cos
( 2πk

n + 1

)
, βk = |An!|

1
n+1 sin

( 2πk

n + 1

)
for A < 0,

σk = |An!|
1

n+1 cos
( 2πk + π

n + 1

)
, βk = |An!|

1
n+1 sin

( 2πk + π

n + 1

)
for A > 0.

32. y(x) + b

∫∫ x

a

exp[λ(x – t)]√
x – t

y(t) dt = f (x).

Solution:

y(x) = eλx

{
F (x) + πb2

∫ x

a

exp[πb2(x – t)]F (t) dt

}
,

where

F (x) = e–λxf (x) – b

∫ x

a

e–λtf (t)√
x – t

dt.

33. y(x) + A

∫∫ x

a

(x – t)tkeλ(x–t)y(t) dt = f (x).

The substitution u(x) = e–λxy(x) leads to an equation of the form 2.1.49:

u(x) + A

∫ x

a

(x – t)tku(t) dt = f (x)e–λx.

34. y(x) + A

∫∫ x

a

(xk – tk)eλ(x–t)y(t) dt = f (x).

The substitution u(x) = e–λxy(x) leads to an equation of the form 2.1.52:

u(x) + A

∫ x

a

(xk – tk)u(t) dt = f (x)e–λx.

35. y(x) – λ

∫∫ x

0

eµ(x–t)

(x – t)α
y(t) dt = f (x), 0 < α < 1.

Solution:

y(x) = f (x) +
∫ x

0
R(x – t)f (t) dt, where R(x) = eµx

∞∑
n=1

[
λΓ(1 – α)x1–α

]n
xΓ
[
n(1 – α)

] .
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36. y(x) + A

∫∫ x

a

exp
[[
λ(x2 – t2)

]]
y(t) dt = f (x).

Solution:

y(x) = f (x) – A

∫ x

a

exp
[
λ(x2 – t2) – A(x – t)

]
f (t) dt.

37. y(x) + A

∫∫ x

a

exp
((
λx2 + βt2))y(t) dt = f (x).

In the case β = –λ, see equation 2.2.36. This is a special case of equation 2.9.2 with
g(x) = –A exp

(
λx2) and h(t) = exp

(
βt2
)
.

38. y(x) + A

∫∫ ∞

x

exp
((
–λ

√
t – x

))
y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = A exp
(
–λ

√
–x
)
.

39. y(x) + A

∫∫ x

a

exp
[[
λ(xµ – tµ)

]]
y(t) dt = f (x), µ > 0.

This is a special case of equation 2.9.2 with g(x) = –A exp
(
λxµ
)

and h(t) = exp
(
–λtµ

)
.

Solution:

y(x) = f (x) – A

∫ x

a

exp
[
λ(xµ – tµ) – A(x – t)

]
f (t) dt.

40. y(x) + k

∫∫ x

0

1

x
exp
((

–λ
t

x

))
y(t) dt = g(x).

This is a special case of equation 2.9.71 with f (z) = ke–λz.

For a polynomial right-hand side, g(x) =
N∑

n=0
Anxn, a solution is given by

y(x) =
N∑

n=0

An

1 + kBn
xn, Bn =

n!
λn+1

– e–λ
n∑

k=0

n!
k!

1
λn–k+1

.

2.3. Equations Whose Kernels Contain Hyperbolic
Functions

2.3-1. Kernels Containing Hyperbolic Cosine.

1. y(x) – A

∫∫ x

a

cosh(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cosh(λx) and h(t) = 1.
Solution:

y(x) = f (x) + A

∫ x

a

cosh(λx) exp
{A

λ

[
sinh(λx) – sinh(λt)

]}
f (t) dt.
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2. y(x) – A

∫∫ x

a

cosh(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = cosh(λt).
Solution:

y(x) = f (x) + A

∫ x

a

cosh(λt) exp
{A

λ

[
sinh(λx) – sinh(λt)

]}
f (t) dt.

3. y(x) + A

∫∫ x

a

cosh[λ(x – t)] y(t) dt = f (x).

This is a special case of equation 2.9.28 with g(t) = A. Therefore, solving the original integral
equation is reduced to solving the second-order linear nonhomogeneous ordinary differential
equation with constant coefficients

y′′
xx + Ay′

x – λ2y = f ′′
xx – λ2f , f = f (x),

under the initial conditions

y(a) = f (a), y′
x(a) = f ′

x(a) – Af (a).

Solution:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x) = exp
(
– 1

2 Ax
)[A2

2k
sinh(kx) – A cosh(kx)

]
, k =

√
λ2 + 1

4 A2.

4. y(x) +
∫∫ x

a

{{ n∑
k=1

Ak cosh[λk(x – t)]
}}

y(t) dt = f (x).

This equation can be reduced to an equation of the form 2.2.19 by using the identity
cosh z ≡ 1

2

(
ez + e–z

)
. Therefore, the integral equation in question can be reduced to a

linear nonhomogeneous ordinary differential equation of order 2n with constant coefficients.

5. y(x) – A

∫∫ x

a

cosh(λx)

cosh(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) cosh(λx)
cosh(λt)

f (t) dt.

6. y(x) – A

∫∫ x

a

cosh(λt)

cosh(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) cosh(λt)
cosh(λx)

f (t) dt.

7. y(x) – A

∫∫ x

a

coshk(λx) coshm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A coshk(λx) and h(t) = coshm(µt).
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8. y(x) + A

∫∫ x

a

t cosh[λ(x – t)] y(t) dt = f (x).

This is a special case of equation 2.9.28 with g(t) = At.

9. y(x) + A

∫∫ x

a

tk coshm(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –A coshm(λx) and h(t) = tk.

10. y(x) + A

∫∫ x

a

xk coshm(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –Axk and h(t) = coshm(λt).

11. y(x) –
∫∫ x

a

[[
A cosh(kx) + B – AB(x – t) cosh(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A cosh(kx).
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [A cosh(kx) + B]
G(x)
G(t)

+
B2

G(t)

∫ x

t

eB(x–s)G(s) ds, G(x) = exp

[
A

k
sinh(kx)

]
.

12. y(x) +
∫∫ x

a

[[
A cosh(kt) + B + AB(x – t) cosh(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A cosh(kt).
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = –[A cosh(kt) + B]
G(t)
G(x)

+
B2

G(x)

∫ x

t

eB(t–s)G(s) ds, G(x) = exp

[
A

k
sinh(kx)

]
.

13. y(x) + A

∫∫ ∞

x

cosh
((
λ

√
t – x

))
y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = A cosh
(
λ
√

–x
)
.

2.3-2. Kernels Containing Hyperbolic Sine.

14. y(x) – A

∫∫ x

a

sinh(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A sinh(λx) and h(t) = 1.
Solution:

y(x) = f (x) + A

∫ x

a

sinh(λx) exp

{
A

λ

[
cosh(λx) – cosh(λt)

]}
f (t) dt.
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15. y(x) – A

∫∫ x

a

sinh(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = sinh(λt).
Solution:

y(x) = f (x) + A

∫ x

a

sinh(λt) exp

{
A

λ

[
cosh(λx) – cosh(λt)

]}
f (t) dt.

16. y(x) + A

∫∫ x

a

sinh[λ(x – t)] y(t) dt = f (x).

This is a special case of equation 2.9.30 with g(x) = A.

1◦. Solution with λ(A – λ) > 0:

y(x) = f (x) –
Aλ

k

∫ x

a

sin[k(x – t)]f (t) dt, where k =
√

λ(A – λ).

2◦. Solution with λ(A – λ) < 0:

y(x) = f (x) –
Aλ

k

∫ x

a

sinh[k(x – t)]f (t) dt, where k =
√

λ(λ – A).

3◦. Solution with A = λ:

y(x) = f (x) – λ2
∫ x

a

(x – t)f (t) dt.

17. y(x) + A

∫∫ x

a

sinh3[λ(x – t)] y(t) dt = f (x).

Using the formula sinh3 β = 1
4 sinh 3β – 3

4 sinh β, we arrive at an equation of the form 2.3.18:

y(x) +
∫ x

a

{
1
4 A sinh

[
3λ(x – t)

]
– 3

4 A sinh[λ(x – t)]
}
y(t) dt = f (x).

18. y(x) +
∫∫ x

a

{{
A1 sinh[λ1(x – t)] + A2 sinh[λ2(x – t)]

}}
y(t) dt = f (x).

1◦. Introduce the notation

I1 =
∫ x

a

sinh[λ1(x – t)] y(t) dt, I2 =
∫ x

a

sinh[λ2(x – t)] y(t) dt,

J1 =
∫ x

a

cosh[λ1(x – t)] y(t) dt, J2 =
∫ x

a

cosh[λ2(x – t)] y(t) dt.

Successively differentiating the integral equation four times yields (the first line is the original
equation)

y + A1I1 + A2I2 = f , f = f (x), (1)

y′
x + A1λ1J1 + A2λ2J2 = f ′

x, (2)

y′′
xx + (A1λ1 + A2λ2)y + A1λ

2
1I1 + A2λ

2
2I2 = f ′′

xx, (3)

y′′′
xxx + (A1λ1 + A2λ2)y′

x + A1λ
3
1J1 + A2λ

3
2J2 = f ′′′

xxx, (4)

y′′′′
xxxx + (A1λ1 + A2λ2)y′′

xx + (A1λ
3
1 + A2λ

3
2)y + A1λ

4
1I1 + A2λ

4
2I2 = f ′′′′

xxxx. (5)
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Eliminating I1 and I2 from (1), (3), and (5), we arrive at a fourth-order linear ordinary
differential equation with constant coefficients:

y′′′′
xxxx – (λ2

1 + λ2
2 – A1λ1 – A2λ2)y′′

xx + (λ2
1λ

2
2 – A1λ1λ

2
2 – A2λ

2
1λ2)y =

f ′′′′
xxxx – (λ2

1 + λ2
2)f ′′

xx + λ2
1λ

2
2f .

(6)

The initial conditions can be obtained by setting x = a in (1)–(4):

y(a) = f (a), y′
x(a) = f ′

x(a),

y′′
xx(a) = f ′′

xx(a) – (A1λ1 + A2λ2)f (a),

y′′′
xxx(a) = f ′′′

xxx(a) – (A1λ1 + A2λ2)f ′
x(a).

(7)

On solving the differential equation (6) under conditions (7), we thus find the solution of the
integral equation.

2◦. Consider the characteristic equation

z2 – (λ2
1 + λ2

2 – A1λ1 – A2λ2)z + λ2
1λ

2
2 – A1λ1λ

2
2 – A2λ

2
1λ2 = 0, (8)

whose roots, z1 and z2, determine the solution structure of the integral equation.
Assume that the discriminant of equation (8) is positive:

D ≡ (A1λ1 – A2λ2 – λ2
1 + λ2

2)2 + 4A1A2λ1λ2 > 0.

In this case, the quadratic equation (8) has the real (different) roots

z1 = 1
2 (λ2

1 + λ2
2 – A1λ1 – A2λ2) + 1

2

√
D, z2 = 1

2 (λ2
1 + λ2

2 – A1λ1 – A2λ2) – 1
2

√
D.

Depending on the signs of z1 and z2 the following three cases are possible.
Case 1. If z1 > 0 and z2 > 0, then the solution of the integral equation has the form

(i = 1, 2):

y(x) = f (x) +
∫ x

a

{B1 sinh[µ1(x – t)] + B2 sinh
[
µ2(x – t)

]}
f (t) dt, µi =

√
zi,

where

B1 = A1
λ1(µ2

1 – λ2
2)

µ1(µ2
2 – µ2

1)
+ A2

λ2(µ2
1 – λ2

1)
µ1(µ2

2 – µ2
1)

, B2 = A1
λ1(µ2

2 – λ2
2)

µ2(µ2
1 – µ2

2)
+ A2

λ2(µ2
2 – λ2

1)
µ2(µ2

1 – µ2
2)

.

Case 2. If z1 < 0 and z2 < 0, then the solution of the integral equation has the form

y(x) = f (x) +
∫ x

a

{B1 sin[µ1(x – t)] + B2 sin
[
µ2(x – t)

]}
f (t) dt, µi =

√
|zi|,

where the coefficients B1 and B2 are found by solving the following system of linear algebraic
equations:

B1µ1

λ2
1 + µ2

1

+
B2µ2

λ2
1 + µ2

2

+ 1 = 0,
B1µ1

λ2
2 + µ2

1

+
B2µ2

λ2
2 + µ2

2

+ 1 = 0.

Case 3. If z1 > 0 and z2 < 0, then the solution of the integral equation has the form

y(x) = f (x) +
∫ x

a

{B1 sinh[µ1(x – t)] + B2 sin
[
µ2(x – t)

]}
f (t) dt, µi =

√
|zi|,

where B1 and B2 are determined from the following system of linear algebraic equations:

B1µ1

λ2
1 – µ2

1

+
B2µ2

λ2
1 + µ2

2

+ 1 = 0,
B1µ1

λ2
2 – µ2

1

+
B2µ2

λ2
2 + µ2

2

+ 1 = 0.
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19. y(x) +
∫∫ x

a

{{ n∑
k=1

Ak sinh[λk(x – t)]
}}

y(t) dt = f (x).

1◦. This equation can be reduced to an equation of the form 2.2.19 with the aid of the formula
sinh z = 1

2

(
ez – e–z

)
. Therefore, the original integral equation can be reduced to a linear

nonhomogeneous ordinary differential equation of order 2n with constant coefficients.

2◦. Let us find the roots zk of the algebraic equation

n∑
k=1

λkAk

z – λ2
k

+ 1 = 0. (1)

By reducing it to a common denominator, we arrive at the problem of determining the roots
of an nth-degree characteristic polynomial.

Assume that all zk are real, different, and nonzero. Let us divide the roots into two groups

z1 > 0, z2 > 0, . . . , zs > 0 (positive roots);

zs+1 < 0, zs+2 < 0, . . . , zn < 0 (negative roots).

Then the solution of the integral equation can be written in the form

y(x) =f (x)+
∫ x

a

{ s∑
k=1

Bk sinh
[
µk(x–t)

]
+

n∑
k=s+1

Ck sin
[
µk(x–t)

]}
f (t) dt, µk =

√
|zk|. (2)

The coefficients Bk and Ck are determined from the following system of linear algebraic
equations:

s∑
k=0

Bkµk

λ2
m – µ2

k

+
n∑

k=s+1

Ckµk

λ2
m + µ2

k

+ 1 = 0, µk =
√

|zk|, m = 1, . . . , n. (3)

In the case of a nonzero root zs = 0, we can introduce the new constant D = Bsµs and
proceed to the limit µs → 0. As a result, the term D(x – t) appears in solution (2) instead of
Bs sinh

[
µs(x – t)

]
and the corresponding terms Dλ–2

m appear in system (3).

20. y(x) – A

∫∫ x

a

sinh(λx)

sinh(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) sinh(λx)
sinh(λt)

f (t) dt.

21. y(x) – A

∫∫ x

a

sinh(λt)

sinh(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) sinh(λt)
sinh(λx)

f (t) dt.

22. y(x) – A

∫∫ x

a

sinhk(λx) sinhm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A sinhk(λx) and h(t) = sinhm(µt).
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23. y(x) + A

∫∫ x

a

t sinh[λ(x – t)] y(t) dt = f (x).

This is a special case of equation 2.9.30 with g(t) = At.
Solution:

y(x) = f (x) +
Aλ

W

∫ x

a

t
[
u1(x)u2(t) – u2(x)u1(t)

]
f (t) dt,

where u1(x), u2(x) is a fundamental system of solutions of the second-order linear ordinary
differential equation u′′

xx + λ(Ax – λ)u = 0, and W is the Wronskian.
The functions u1(x) and u2(x) are expressed in terms of Bessel functions or modified

Bessel functions, depending on the sign of Aλ, as follows:
if Aλ > 0, then

u1(x) = ξ1/2J1/3

(
2
3

√
Aλ ξ3/2

)
, u2(x) = ξ1/2Y1/3

(
2
3

√
Aλξ3/2

)
,

W = 3/π, ξ = x – (λ/A);

if Aλ < 0, then

u1(x) = ξ1/2I1/3

(
2
3

√
–Aλξ3/2

)
, u2(x) = ξ1/2K1/3

(
2
3

√
–Aλξ3/2

)
,

W = – 3
2 , ξ = x – (λ/A).

24. y(x) + A

∫∫ x

a

x sinh[λ(x – t)] y(t) dt = f (x).

This is a special case of equation 2.9.31 with g(x) = Ax and h(t) = 1.
Solution:

y(x) = f (x) +
Aλ

W

∫ x

a

x
[
u1(x)u2(t) – u2(x)u1(t)

]
f (t) dt,

where u1(x), u2(x) is a fundamental system of solutions of the second-order linear ordinary
differential equation u′′

xx + λ(Ax – λ)u = 0, and W is the Wronskian.
The functions u1(x), u2(x), and W are specified in 2.3.23.

25. y(x) + A

∫∫ x

a

tk sinhm(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –A sinhm(λx) and h(t) = tk.

26. y(x) + A

∫∫ x

a

xk sinhm(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –Axk and h(t) = sinhm(λt).

27. y(x) –
∫∫ x

a

[[
A sinh(kx) + B – AB(x – t) sinh(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A sinh(kx).
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [A sinh(kx) + B]
G(x)
G(t)

+
B2

G(t)

∫ x

t

eB(x–s)G(s) ds, G(x) = exp

[
A

k
cosh(kx)

]
.
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28. y(x) +
∫∫ x

a

[[
A sinh(kt) + B + AB(x – t) sinh(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A sinh(kt).
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = –[sinh(kt) + B]
G(t)
G(x)

+
B2

G(x)

∫ x

t

eB(t–s)G(s) ds, G(x) = exp

[
A

k
cosh(kx)

]
.

29. y(x) + A

∫∫ ∞

x

sinh
((
λ

√
t – x

))
y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = A sinh
(
λ
√

–x
)
.

2.3-3. Kernels Containing Hyperbolic Tangent.

30. y(x) – A

∫∫ x

a

tanh(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A tanh(λx) and h(t) = 1.
Solution:

y(x) = f (x) + A

∫ x

a

tanh(λx)

[
cosh(λx)
cosh(λt)

]A/λ

f (t) dt.

31. y(x) – A

∫∫ x

a

tanh(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = tanh(λt).
Solution:

y(x) = f (x) + A

∫ x

a

tanh(λt)

[
cosh(λx)
cosh(λt)

]A/λ

f (t) dt.

32. y(x) + A

∫∫ x

a

[[
tanh(λx) – tanh(λt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.5 with g(x) = A tanh(λx).
Solution:

y(x) = f (x) +
1
W

∫ x

a

[
Y ′

1 (x)Y ′
2 (t) – Y ′

2 (x)Y ′
1 (t)
]
f (t) dt,

where Y1(x), Y2(x) is a fundamental system of solutions of the second-order linear ordinary
differential equation cosh2(λx)Y ′′

xx + AλY = 0, W is the Wronskian, and the primes stand for
the differentiation with respect to the argument specified in the parentheses.

As shown in A. D. Polyanin and V. F. Zaitsev (2003), the functions Y1(x) and Y2(x) can
be represented in the form

Y1(x) = F
(
α, β, 1;

eλx

1 + eλx

)
, Y2(x) = Y1(x)

∫ x

a

dξ

Y 2
1 (ξ)

, W = 1,

where F (α, β, γ; z) is the hypergeometric function, in which α and β are determined from
the algebraic system α + β = 1, αβ = –A/λ.
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33. y(x) – A

∫∫ x

a

tanh(λx)

tanh(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) tanh(λx)
tanh(λt)

f (t) dt.

34. y(x) – A

∫∫ x

a

tanh(λt)

tanh(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) tanh(λt)
tanh(λx)

f (t) dt.

35. y(x) – A

∫∫ x

a

tanhk(λx) tanhm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A tanhk(λx) and h(t) = tanhm(µt).

36. y(x) + A

∫∫ x

a

tk tanhm(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –A tanhm(λx) and h(t) = tk.

37. y(x) + A

∫∫ x

a

xk tanhm(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –Axk and h(t) = tanhm(λt).

38. y(x) + A

∫∫ ∞

x

tanh[λ(t – x)] y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(z) = A tanh(–λz).

39. y(x) + A

∫∫ ∞

x

tanh
((
λ

√
t – x

))
y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(z) = A tanh
(
λ
√

–z
)
.

40. y(x) –
∫∫ x

a

[[
A tanh(kx) + B – AB(x – t) tanh(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A tanh(kx).

41. y(x) +
∫∫ x

a

[[
A tanh(kt) + B + AB(x – t) tanh(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A tanh(kt).

2.3-4. Kernels Containing Hyperbolic Cotangent.

42. y(x) – A

∫∫ x

a

coth(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A coth(λx) and h(t) = 1.
Solution:

y(x) = f (x) + A

∫ x

a

coth(λx)
[ sinh(λx)

sinh(λt)

]A/λ

f (t) dt.
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43. y(x) – A

∫∫ x

a

coth(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = coth(λt).
Solution:

y(x) = f (x) + A

∫ x

a

coth(λt)
[ sinh(λx)

sinh(λt)

]A/λ

f (t) dt.

44. y(x) – A

∫∫ x

a

coth(λt)

coth(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) coth(λt)
coth(λx)

f (t) dt.

45. y(x) – A

∫∫ x

a

coth(λx)

coth(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) coth(λx)
coth(λt)

f (t) dt.

46. y(x) – A

∫∫ x

a

cothk(λx) cothm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cothk(λx) and h(t) = cothm(µt).

47. y(x) + A

∫∫ x

a

tk cothm(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –A cothm(λx) and h(t) = tk.

48. y(x) + A

∫∫ x

a

xk cothm(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –Axk and h(t) = cothm(λt).

49. y(x) + A

∫∫ ∞

x

coth[λ(t – x)] y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(z) = A coth(–λz).

50. y(x) + A

∫∫ ∞

x

coth
((
λ

√
t – x

))
y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(z) = A coth
(
λ
√

–z
)
.

51. y(x) –
∫∫ x

a

[[
A coth(kx) + B – AB(x – t) coth(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A coth(kx).

52. y(x) +
∫∫ x

a

[[
A coth(kt) + B + AB(x – t) coth(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A coth(kt).
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2.3-5. Kernels Containing Combinations of Hyperbolic Functions.

53. y(x) – A

∫∫ x

a

coshk(λx) sinhm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A coshk(λx) and h(t) = sinhm(µt).

54. y(x) –
∫∫ x

a

{{
A + B cosh(λx) + B(x – t)[λ sinh(λx) – A cosh(λx)]

}}
y(t) dt = f (x).

This is a special case of equation 2.9.32 with b = B and g(x) = A.

55. y(x) –
∫∫ x

a

{{
A + B sinh(λx) + B(x – t)[λ cosh(λx) – A sinh(λx)]

}}
y(t) dt = f (x).

This is a special case of equation 2.9.33 with b = B and g(x) = A.

56. y(x) – A

∫∫ x

a

tanhk(λx) cothm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A tanhk(λx) and h(t) = cothm(µt).

2.4. Equations Whose Kernels Contain Logarithmic
Functions

2.4-1. Kernels Containing Logarithmic Functions.

1. y(x) – A

∫∫ x

a

ln(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A ln(λx) and h(t) = 1.
Solution:

y(x) = f (x) + A

∫ x

a

ln(λx)e–A(x–t) (λx)Ax

(λt)At
f (t) dt.

2. y(x) – A

∫∫ x

a

ln(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = ln(λt).
Solution:

y(x) = f (x) + A

∫ x

a

ln(λt)e–A(x–t) (λx)Ax

(λt)At
f (t) dt.

3. y(x) + A

∫∫ x

a

(ln x – ln t)y(t) dt = f (x).

This is a special case of equation 2.9.5 with g(x) = A ln x.
Solution:

y(x) = f (x) +
1
W

∫ x

a

[
u′

1(x)u′
2(t) – u′

2(x)u′
1(t)
]
f (t) dt,

where the primes denote differentiation with respect to the argument specified in the paren-
theses; and u1(x), u2(x) is a fundamental system of solutions of the second-order linear
homogeneous ordinary differential equation u′′

xx +Ax–1u = 0, with u1(x) and u2(x) expressed
in terms of Bessel functions or modified Bessel functions, depending on the sign of A:

W = 1
π , u1(x) =

√
xJ1
(
2
√

Ax
)
, u2(x) =

√
xY1
(
2
√

Ax
)

for A > 0,

W = – 1
2 , u1(x) =

√
x I1
(
2
√

–Ax
)
, u2(x) =

√
xK1

(
2
√

–Ax
)

for A < 0.
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4. y(x) – A

∫∫ x

a

ln(λx)

ln(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) ln(λx)
ln(λt)

f (t) dt.

5. y(x) – A

∫∫ x

a

ln(λt)

ln(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) ln(λt)
ln(λx)

f (t) dt.

6. y(x) – A

∫∫ x

a

lnk(λx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A lnk(λx) and h(t) = lnm(µt).

7. y(x) + a

∫∫ ∞

x

ln(t – x)y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = a ln(–x).

For f (x) =
m∑

k=1
Ak exp(–λkx), where λk > 0, a solution of the equation has the form

y(x) =
m∑
k=1

Ak

Bk
exp(–λkx), Bk = 1 –

a

λk
(ln λk + C),

where C = 0.5772 . . . is the Euler constant.

8. y(x) + a

∫∫ ∞

x

ln2(t – x)y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = a ln2(–x).

For f (x) =
m∑

k=1
Ak exp(–λkx), where λk > 0, a solution of the equation has the form

y(x) =
m∑

k=1

Ak

Bk
exp(–λkx), Bk = 1 +

a

λk

[
1
6 π2 + (ln λk + C)2

]
,

where C = 0.5772 . . . is the Euler constant.

2.4-2. Kernels Containing Power-Law and Logarithmic Functions.

9. y(x) – A

∫∫ x

a

xk lnm(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = Axk and h(t) = lnm(λt).

10. y(x) – A

∫∫ x

a

tk lnm(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A lnm(λx) and h(t) = tk.
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11. y(x) –
∫∫ x

a

[[
A ln(kx) + B – AB(x – t) ln(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A ln(kx).

12. y(x) +
∫∫ x

a

[[
A ln(kt) + B + AB(x – t) ln(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A ln(kt).

13. y(x) + a

∫∫ ∞

x

(t – x)n ln(t – x)y(t) dt = f (x), n = 1, 2, . . .

For f (x) =
m∑

k=1
Ak exp(–λkx), where λk > 0, a solution of the equation has the form

y(x) =
m∑

k=1

Ak

Bk
exp(–λkx), Bk = 1 +

an!
λn+1

k

(
1 + 1

2 + 1
3 + · · · + 1

n – ln λk – C
)
,

where C = 0.5772 . . . is the Euler constant.

14. y(x) + a

∫∫ ∞

x

ln(t – x)√
t – x

y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(–x) = ax–1/2 ln x.

For f (x) =
m∑

k=1
Ak exp(–λkx), where λk > 0, a solution of the equation has the form

y(x) =
m∑
k=1

Ak

Bk
exp(–λkx), Bk = 1 – a

√
π

λk

[
ln(4λk) + C

]
,

where C = 0.5772 . . . is the Euler constant.

2.5. Equations Whose Kernels Contain Trigonometric
Functions

2.5-1. Kernels Containing Cosine.

1. y(x) – A

∫∫ x

a

cos(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cos(λx) and h(t) = 1.
Solution:

y(x) = f (x) + A

∫ x

a

cos(λx) exp
{A

λ

[
sin(λx) – sin(λt)

]}
f (t) dt.

2. y(x) – A

∫∫ x

a

cos(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = cos(λt).
Solution:

y(x) = f (x) + A

∫ x

a

cos(λt) exp
{A

λ

[
sin(λx) – sin(λt)

]}
f (t) dt.
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3. y(x) + A

∫∫ x

a

cos[λ(x – t)] y(t) dt = f (x).

This is a special case of equation 2.9.34 with g(t) = A. Therefore, solving this integral
equation is reduced to solving the following second-order linear nonhomogeneous ordinary
differential equation with constant coefficients:

y′′
xx + Ay′

x + λ2y = f ′′
xx + λ2f , f = f (x),

with the initial conditions

y(a) = f (a), y′
x(a) = f ′

x(a) – Af (a).

1◦. Solution with |A| > 2|λ|:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x) = exp
(
– 1

2 Ax
)[A2

2k
sinh(kx) – A cosh(kx)

]
, k =

√
1
4 A2 – λ2.

2◦. Solution with |A| < 2|λ|:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x) = exp
(
– 1

2 Ax
)[A2

2k
sin(kx) – A cos(kx)

]
, k =

√
λ2 – 1

4 A2.

3◦. Solution with λ = ± 1
2 A:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt, R(x) = exp
(
– 1

2 Ax
)(

1
2 A2x – A

)
.

4. y(x) +
∫∫ x

a

{{ n∑
k=1

Ak cos[λk(x – t)]
}}

y(t) dt = f (x).

This integral equation is reduced to a linear nonhomogeneous ordinary differential equation
of order 2n with constant coefficients. Set

Ik(x) =
∫ x

a

cos[λk(x – t)] y(t) dt. (1)

Differentiating (1) with respect to x twice yields

I ′k = y(x) – λk

∫ x

a

sin[λk(x – t)] y(t) dt,

I ′′k = y′
x(x) – λ2

k

∫ x

a

cos[λk(x – t)] y(t) dt,
(2)

where the primes stand for differentiation with respect to x. Comparing (1) and (2), we see
that

I ′′k = y′
x(x) – λ2

kIk, Ik = Ik(x). (3)
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With the aid of (1), the integral equation can be rewritten in the form

y(x) +
n∑

k=1

AkIk = f (x). (4)

Differentiating (4) with respect to x twice taking into account (3) yields

y′′
xx(x) + σny′

x(x) –
n∑

k=1

Akλ2
kIk = f ′′

xx(x), σn =
n∑

k=1

Ak. (5)

Eliminating the integral In from (4) and (5), we obtain

y′′
xx(x) + σny′

x(x) + λ2
ny(x) +

n–1∑
k=1

Ak(λ2
n – λ2

k)Ik = f ′′
xx(x) + λ2

nf (x). (6)

Differentiating (6) with respect to x twice followed by eliminating In–1 from the resulting
expression with the aid of (6) yields a similar equation whose left-hand side is a fourth-

order differential operator (acting on y) with constant coefficients plus the sum
n–2∑
k=1

BkIk .

Successively eliminating the terms In–2, In–3, . . . using double differentiation and formula (3),
we finally arrive at a linear nonhomogeneous ordinary differential equation of order 2n with
constant coefficients.

The initial conditions for y(x) can be obtained by setting x = a in the integral equation
and all its derivative equations.

5. y(x) – A

∫∫ x

a

cos(λx)

cos(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) cos(λx)
cos(λt)

f (t) dt.

6. y(x) – A

∫∫ x

a

cos(λt)

cos(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) cos(λt)
cos(λx)

f (t) dt.

7. y(x) – A

∫∫ x

a

cosk(λx) cosm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cosk(λx) and h(t) = cosm(µt).

8. y(x) + A

∫∫ x

a

t cos[λ(x – t)] y(t) dt = f (x).

This is a special case of equation 2.9.34 with g(t) = At.

9. y(x) + A

∫∫ x

a

tk cosm(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –A cosm(λx) and h(t) = tk.
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10. y(x) + A

∫∫ x

a

xk cosm(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –Axk and h(t) = cosm(λt).

11. y(x) –
∫∫ x

a

[[
A cos(kx) + B – AB(x – t) cos(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A cos(kx).
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [A cos(kx) + B]
G(x)
G(t)

+
B2

G(t)

∫ x

t

eB(x–s)G(s) ds, G(x) = exp

[
A

k
sin(kx)

]
.

12. y(x) +
∫∫ x

a

[[
A cos(kt) + B + AB(x – t) cos(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A cos(kt).
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = –[A cos(kt) + B]
G(t)
G(x)

+
B2

G(x)

∫ x

t

eB(t–s)G(s) ds, G(x) = exp

[
A

k
sin(kx)

]
.

13. y(x) + A

∫∫ ∞

x

cos
((
λ

√
t – x

))
y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = A cos
(
λ
√

–x
)
.

2.5-2. Kernels Containing Sine.

14. y(x) – A

∫∫ x

a

sin(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A sin(λx) and h(t) = 1.
Solution:

y(x) = f (x) + A

∫ x

a

sin(λx) exp
{A

λ

[
cos(λt) – cos(λx)

]}
f (t) dt.

15. y(x) – A

∫∫ x

a

sin(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = sin(λt).
Solution:

y(x) = f (x) + A

∫ x

a

sin(λt) exp
{A

λ

[
cos(λt) – cos(λx)

]}
f (t) dt.
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16. y(x) + A

∫∫ x

a

sin[λ(x – t)] y(t) dt = f (x).

This is a special case of equation 2.9.36 with g(t) = A.

1◦. Solution with λ(A + λ) > 0:

y(x) = f (x) –
Aλ

k

∫ x

a

sin[k(x – t)]f (t) dt, where k =
√

λ(A + λ).

2◦. Solution with λ(A + λ) < 0:

y(x) = f (x) –
Aλ

k

∫ x

a

sinh[k(x – t)]f (t) dt, where k =
√

–λ(λ + A).

3◦. Solution with A = –λ:

y(x) = f (x) + λ2
∫ x

a

(x – t)f (t) dt.

17. y(x) + A

∫∫ x

a

sin3[λ(x – t)] y(t) dt = f (x).

Using the formula sin3 β = – 1
4 sin 3β + 3

4 sin β, we arrive at an equation of the form 2.5.18:

y(x) +
∫ x

a

{
– 1

4 A sin[3λ(x – t)] + 3
4 A sin[λ(x – t)]

}
y(t) dt = f (x).

18. y(x) +
∫∫ x

a

{{
A1 sin[λ1(x – t)] + A2 sin[λ2(x – t)]

}}
y(t) dt = f (x).

This equation can be solved by the same method as equation 2.3.18, by reducing it to a
fourth-order linear ordinary differential equation with constant coefficients.

Consider the characteristic equation

z2 + (λ2
1 + λ2

2 + A1λ1 + A2λ2)z + λ2
1λ

2
2 + A1λ1λ

2
2 + A2λ

2
1λ2 = 0, (1)

whose roots, z1 and z2, determine the solution structure of the integral equation.
Assume that the discriminant of equation (1) is positive:

D ≡ (A1λ1 – A2λ2 + λ2
1 – λ2

2)2 + 4A1A2λ1λ2 > 0.

In this case, the quadratic equation (1) has the real (different) roots

z1 = – 1
2 (λ2

1 + λ2
2 + A1λ1 + A2λ2) + 1

2

√
D, z2 = – 1

2 (λ2
1 + λ2

2 + A1λ1 + A2λ2) – 1
2

√
D.

Depending on the signs of z1 and z2 the following three cases are possible.
Case 1. If z1 > 0 and z2 > 0, then the solution of the integral equation has the form

(i = 1, 2):

y(x) = f (x) +
∫ x

a

{B1 sinh[µ1(x – t)] + B2 sinh
[
µ2(x – t)

]}
f (t) dt, µi =

√
zi,

where the coefficients B1 and B2 are determined from the following system of linear algebraic
equations:

B1µ1

λ2
1 + µ2

1

+
B2µ2

λ2
1 + µ2

2

– 1 = 0,
B1µ1

λ2
2 + µ2

1

+
B2µ2

λ2
2 + µ2

2

– 1 = 0.
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Case 2. If z1 < 0 and z2 < 0, then the solution of the integral equation has the form

y(x) = f (x) +
∫ x

a

{B1 sin[µ1(x – t)] + B2 sin
[
µ2(x – t)

]}
f (t) dt, µi =

√
|zi|,

where B1 and B2 are determined from the system

B1µ1

λ2
1 – µ2

1

+
B2µ2

λ2
1 – µ2

2

– 1 = 0,
B1µ1

λ2
2 – µ2

1

+
B2µ2

λ2
2 – µ2

2

– 1 = 0.

Case 3. If z1 > 0 and z2 < 0, then the solution of the integral equation has the form

y(x) = f (x) +
∫ x

a

{B1 sinh[µ1(x – t)] + B2 sin
[
µ2(x – t)

]}
f (t) dt, µi =

√
|zi|,

where B1 and B2 are determined from the system

B1µ1

λ2
1 + µ2

1

+
B2µ2

λ2
1 – µ2

2

– 1 = 0,
B1µ1

λ2
2 + µ2

1

+
B2µ2

λ2
2 – µ2

2

– 1 = 0.

Remark. The solution of the original integral equation can be obtained from the solution
of equation 2.3.18 by performing the following change of parameters:

λk → iλk, µk → iµk, Ak → –iAk, Bk → –iBk, i2 = –1 (k = 1, 2).

19. y(x) +
∫∫ x

a

{{ n∑
k=1

Ak sin[λk(x – t)]
}}

y(t) dt = f (x).

1◦. This integral equation can be reduced to a linear nonhomogeneous ordinary differential
equation of order 2n with constant coefficients. Set

Ik(x) =
∫ x

a

sin[λk(x – t)] y(t) dt. (1)

Differentiating (1) with respect to x twice yields

I ′k = λk

∫ x

a

cos[λk(x – t)] y(t) dt, I ′′k = λky(x) – λ2
k

∫ x

a

sin[λk(x – t)] y(t) dt, (2)

where the primes stand for differentiation with respect to x. Comparing (1) and (2), we see
that

I ′′k = λky(x) – λ2
kIk, Ik = Ik(x). (3)

With aid of (1), the integral equation can be rewritten in the form

y(x) +
n∑

k=1

AkIk = f (x). (4)

Differentiating (4) with respect to x twice taking into account (3) yields

y′′
xx(x) + σny(x) –

n∑
k=1

Akλ2
kIk = f ′′

xx(x), σn =
n∑

k=1

Akλk. (5)
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Eliminating the integral In from (4) and (5), we obtain

y′′
xx(x) + (σn + λ2

n)y(x) +
n–1∑
k=1

Ak(λ2
n – λ2

k)Ik = f ′′
xx(x) + λ2

nf (x). (6)

Differentiating (6) with respect to x twice followed by eliminating In–1 from the resulting
expression with the aid of (6) yields a similar equation whose left-hand side is a fourth-

order differential operator (acting on y) with constant coefficients plus the sum
n–2∑
k=1

BkIk .

Successively eliminating the terms In–2, In–3, . . . using double differentiation and formula (3),
we finally arrive at a linear nonhomogeneous ordinary differential equation of order 2n with
constant coefficients.

The initial conditions for y(x) can be obtained by setting x = a in the integral equation
and all its derivative equations.

2◦. Let us find the roots zk of the algebraic equation

n∑
k=1

λkAk

z + λ2
k

+ 1 = 0. (7)

By reducing it to a common denominator, we arrive at the problem of determining the roots
of an nth-degree characteristic polynomial.

Assume that all zk are real, different, and nonzero. Let us divide the roots into two groups

z1 > 0, z2 > 0, . . . , zs > 0 (positive roots);

zs+1 < 0, zs+2 < 0, . . . , zn < 0 (negative roots).

Then the solution of the integral equation can be written in the form

y(x) =f (x)+
∫ x

a

{ s∑
k=1

Bk sinh
[
µk(x–t)

]
+

n∑
k=s+1

Ck sin
[
µk(x–t)

]}
f (t) dt, µk =

√
|zk|. (8)

The coefficients Bk and Ck are determined from the following system of linear algebraic
equations:

s∑
k=0

Bkµk

λ2
m + µ2

k

+
n∑

k=s+1

Ckµk

λ2
m – µ2

k

– 1 = 0, µk =
√

|zk| m = 1, 2, . . . , n. (9)

In the case of a nonzero root zs = 0, we can introduce the new constant D = Bsµs and
proceed to the limit µs → 0. As a result, the term D(x – t) appears in solution (8) instead of
Bs sinh

[
µs(x – t)

]
and the corresponding terms Dλ–2

m appear in system (9).

20. y(x) – A

∫∫ x

a

sin(λx)

sin(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) sin(λx)
sin(λt)

f (t) dt.

21. y(x) – A

∫∫ x

a

sin(λt)

sin(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) sin(λt)
sin(λx)

f (t) dt.
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22. y(x) – A

∫∫ x

a

sink(λx) sinm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A sink(λx) and h(t) = sinm(µt).

23. y(x) + A

∫∫ x

a

t sin[λ(x – t)] y(t) dt = f (x).

This is a special case of equation 2.9.36 with g(t) = At.
Solution:

y(x) = f (x) +
Aλ

W

∫ x

a

t
[
u1(x)u2(t) – u2(x)u1(t)

]
f (t) dt,

where u1(x), u2(x) is a fundamental system of solutions of the second-order linear ordinary
differential equation u′′

xx + λ(Ax + λ)u = 0, and W is the Wronskian.
Depending on the sign of Aλ, the functions u1(x) and u2(x) are expressed in terms of

Bessel functions or modified Bessel functions as follows:
if Aλ > 0, then

u1(x) = ξ1/2J1/3

(
2
3

√
Aλ ξ3/2

)
, u2(x) = ξ1/2Y1/3

(
2
3

√
Aλξ3/2

)
,

W = 3/π, ξ = x + (λ/A);

if Aλ < 0, then

u1(x) = ξ1/2I1/3

(
2
3

√
–Aλξ3/2

)
, u2(x) = ξ1/2K1/3

(
2
3

√
–Aλξ3/2

)
,

W = – 3
2 , ξ = x + (λ/A).

24. y(x) + A

∫∫ x

a

x sin[λ(x – t)] y(t) dt = f (x).

This is a special case of equation 2.9.37 with g(x) = Ax and h(t) = 1.
Solution:

y(x) = f (x) +
Aλ

W

∫ x

a

x
[
u1(x)u2(t) – u2(x)u1(t)

]
f (t) dt,

where u1(x), u2(x) is a fundamental system of solutions of the second-order linear ordinary
differential equation u′′

xx + λ(Ax + λ)u = 0, and W is the Wronskian.
The functions u1(x), u2(x), and W are specified in 2.5.23.

25. y(x) + A

∫∫ x

a

tk sinm(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –A sinm(λx) and h(t) = tk.

26. y(x) + A

∫∫ x

a

xk sinm(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –Axk and h(t) = sinm(λt).

27. y(x) –
∫∫ x

a

[[
A sin(kx) + B – AB(x – t) sin(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A sin(kx).
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [A sin(kx) + B]
G(x)
G(t)

+
B2

G(t)

∫ x

t

eB(x–s)G(s) ds, G(x) = exp

[
–

A

k
cos(kx)

]
.
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28. y(x) +
∫∫ x

a

[[
A sin(kt) + B + AB(x – t) sin(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A sin(kt).
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = –[A sin(kt) + B]
G(t)
G(x)

+
B2

G(x)

∫ x

t

eB(t–s)G(s) ds, G(x) = exp

[
–

A

k
cos(kx)

]
.

29. y(x) + A

∫∫ ∞

x

sin
((
λ

√
t – x

))
y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = A sin
(
λ
√

–x
)
.

2.5-3. Kernels Containing Tangent.

30. y(x) – A

∫∫ x

a

tan(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A tan(λx) and h(t) = 1.
Solution:

y(x) = f (x) + A

∫ x

a

tan(λx)
∣∣∣ cos(λt)

cos(λx)

∣∣∣A/λ

f (t) dt.

31. y(x) – A

∫∫ x

a

tan(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = tan(λt).
Solution:

y(x) = f (x) + A

∫ x

a

tanh(λt)
∣∣∣ cos(λt)

cos(λx)

∣∣∣A/λ

f (t) dt.

32. y(x) + A

∫∫ x

a

[[
tan(λx) – tan(λt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.5 with g(x) = A tan(λx).
Solution:

y(x) = f (x) +
1
W

∫ x

a

[
Y ′

1 (x)Y ′
2 (t) – Y ′

2 (x)Y ′
1 (t)
]
f (t) dt,

where Y1(x), Y2(x) is a fundamental system of solutions of the second-order linear ordinary
differential equation cos2(λx)Y ′′

xx + AλY = 0, W is the Wronskian, and the primes stand for
the differentiation with respect to the argument specified in the parentheses.

As shown in A. D. Polyanin and V. F. Zaitsev (2003), the functions Y1(x) and Y2(x) can
be expressed via the hypergeometric function.

33. y(x) – A

∫∫ x

a

tan(λx)

tan(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) tan(λx)
tan(λt)

f (t) dt.
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34. y(x) – A

∫∫ x

a

tan(λt)

tan(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) tan(λt)
tan(λx)

f (t) dt.

35. y(x) – A

∫∫ x

a

tank(λx) tanm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A tank(λx) and h(t) = tanm(µt).

36. y(x) + A

∫∫ x

a

tk tanm(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –A tanm(λx) and h(t) = tk.

37. y(x) + A

∫∫ x

a

xk tanm(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –Axk and h(t) = tanm(λt).

38. y(x) –
∫∫ x

a

[[
A tan(kx) + B – AB(x – t) tan(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A tan(kx).

39. y(x) +
∫∫ x

a

[[
A tan(kt) + B + AB(x – t) tan(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A tan(kt).

2.5-4. Kernels Containing Cotangent.

40. y(x) – A

∫∫ x

a

cot(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cot(λx) and h(t) = 1.
Solution:

y(x) = f (x) + A

∫ x

a

cot(λx)
∣∣∣ sin(λx)

sin(λt)

∣∣∣A/λ

f (t) dt.

41. y(x) – A

∫∫ x

a

cot(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = cot(λt).
Solution:

y(x) = f (x) + A

∫ x

a

coth(λt)
∣∣∣ sin(λx)

sin(λt)

∣∣∣A/λ

f (t) dt.

42. y(x) – A

∫∫ x

a

cot(λx)

cot(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) cot(λx)
cot(λt)

f (t) dt.
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43. y(x) – A

∫∫ x

a

cot(λt)

cot(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) cot(λt)
cot(λx)

f (t) dt.

44. y(x) + A

∫∫ x

a

tk cotm(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –A cotm(λx) and h(t) = tk.

45. y(x) + A

∫∫ x

a

xk cotm(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = –Axk and h(t) = cotm(λt).

46. y(x) –
∫∫ x

a

[[
A cot(kx) + B – AB(x – t) cot(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A cot(kx).

47. y(x) +
∫∫ x

a

[[
A cot(kt) + B + AB(x – t) cot(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A cot(kt).

2.5-5. Kernels Containing Combinations of Trigonometric Functions.

48. y(x) – A

∫∫ x

a

cosk(λx) sinm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cosk(λx) and h(t) = sinm(µt).

49. y(x) –
∫∫ x

a

{{
A + B cos(λx) – B(x – t)[λ sin(λx) + A cos(λx)]

}}
y(t) dt = f (x).

This is a special case of equation 2.9.38 with b = B and g(x) = A.

50. y(x) –
∫∫ x

a

{{
A + B sin(λx) + B(x – t)[λ cos(λx) – A sin(λx)]

}}
y(t) dt = f (x).

This is a special case of equation 2.9.39 with b = B and g(x) = A.

51. y(x) – A

∫∫ x

a

tank(λx) cotm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A tank(λx) and h(t) = cotm(µt).

2.6. Equations Whose Kernels Contain Inverse
Trigonometric Functions

2.6-1. Kernels Containing Arccosine.

1. y(x) – A

∫∫ x

a

arccos(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A arccos(λx) and h(t) = 1.
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2. y(x) – A

∫∫ x

a

arccos(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = arccos(λt).

3. y(x) – A

∫∫ x

a

arccos(λx)

arccos(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) arccos(λx)
arccos(λt)

f (t) dt.

4. y(x) – A

∫∫ x

a

arccos(λt)

arccos(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) arccos(λt)
arccos(λx)

f (t) dt.

5. y(x) –
∫∫ x

a

[[
A arccos(kx) + B – AB(x – t) arccos(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A arccos(kx).

6. y(x) +
∫∫ x

a

[[
A arccos(kt) + B + AB(x – t) arccos(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A arccos(kt).

2.6-2. Kernels Containing Arcsine.

7. y(x) – A

∫∫ x

a

arcsin(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A arcsin(λx) and h(t) = 1.

8. y(x) – A

∫∫ x

a

arcsin(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = arcsin(λt).

9. y(x) – A

∫∫ x

a

arcsin(λx)

arcsin(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) arcsin(λx)
arcsin(λt)

f (t) dt.

10. y(x) – A

∫∫ x

a

arcsin(λt)

arcsin(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) arcsin(λt)
arcsin(λx)

f (t) dt.
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11. y(x) –
∫∫ x

a

[[
A arcsin(kx) + B – AB(x – t) arcsin(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A arcsin(kx).

12. y(x) +
∫∫ x

a

[[
A arcsin(kt) + B + AB(x – t) arcsin(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A arcsin(kt).

2.6-3. Kernels Containing Arctangent.

13. y(x) – A

∫∫ x

a

arctan(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A arctan(λx) and h(t) = 1.

14. y(x) – A

∫∫ x

a

arctan(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = arctan(λt).

15. y(x) – A

∫∫ x

a

arctan(λx)

arctan(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) arctan(λx)
arctan(λt)

f (t) dt.

16. y(x) – A

∫∫ x

a

arctan(λt)

arctan(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) arctan(λt)
arctan(λx)

f (t) dt.

17. y(x) + A

∫∫ ∞

x

arctan[λ(t – x)] y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = A arctan(–λx).

18. y(x) –
∫∫ x

a

[[
A arctan(kx) + B – AB(x – t) arctan(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A arctan(kx).

19. y(x) +
∫∫ x

a

[[
A arctan(kt) + B + AB(x – t) arctan(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A arctan(kt).

2.6-4. Kernels Containing Arccotangent.

20. y(x) – A

∫∫ x

a

arccot(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A arccot(λx) and h(t) = 1.
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21. y(x) – A

∫∫ x

a

arccot(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = arccot(λt).

22. y(x) – A

∫∫ x

a

arccot(λx)

arccot(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) arccot(λx)
arccot(λt)

f (t) dt.

23. y(x) – A

∫∫ x

a

arccot(λt)

arccot(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) arccot(λt)
arccot(λx)

f (t) dt.

24. y(x) + A

∫∫ ∞

x

arccot[λ(t – x)] y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = A arccot(–λx).

25. y(x) –
∫∫ x

a

[[
A arccot(kx) + B – AB(x – t) arccot(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = A arccot(kx).

26. y(x) +
∫∫ x

a

[[
A arccot(kt) + B + AB(x – t) arccot(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = A arccot(kt).

2.7. Equations Whose Kernels Contain Combinations
of Elementary Functions

2.7-1. Kernels Containing Exponential and Hyperbolic Functions.

1. y(x) + A

∫∫ x

a

eµ(x–t) cosh[λ(x – t)] y(t) dt = f (x).

Solution:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x) = exp
[
(µ – 1

2 A)x
][A2

2k
sinh(kx) – A cosh(kx)

]
, k =

√
λ2 + 1

4 A2.
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2. y(x) + A

∫∫ x

a

eµ(x–t) sinh[λ(x – t)] y(t) dt = f (x).

1◦. Solution with λ(A – λ) > 0:

y(x) = f (x) –
Aλ

k

∫ x

a

eµ(x–t) sin[k(x – t)]f (t) dt, where k =
√

λ(A – λ).

2◦. Solution with λ(A – λ) < 0:

y(x) = f (x) –
Aλ

k

∫ x

a

eµ(x–t) sinh[k(x – t)]f (t) dt, where k =
√

λ(λ – A).

3◦. Solution with A = λ:

y(x) = f (x) – λ2
∫ x

a

(x – t)eµ(x–t)f (t) dt.

3. y(x) +
∫∫ x

a

eµ(x–t){{A1 sinh[λ1(x – t)] + A2 sinh[λ2(x – t)]
}}
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 2.3.18:

w(x) +
∫ x

a

{
A1 sinh[λ1(x – t)] + A2 sinh[λ2(x – t)]

}
w(t) dt = e–µxf (x).

4. y(x) + A

∫∫ x

a

teµ(x–t) sinh[λ(x – t)] y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 2.3.23:

w(x) + A

∫ x

a

t sinh[λ(x – t)]w(t) dt = e–µxf (x).

2.7-2. Kernels Containing Exponential and Logarithmic Functions.

5. y(x) – A

∫∫ x

a

eµt ln(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A ln(λx) and h(t) = eµt.

6. y(x) – A

∫∫ x

a

eµx ln(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = Aeµx and h(t) = ln(λt).

7. y(x) – A

∫∫ x

a

eµ(x–t) ln(λx)y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

e(µ–A)(x–t) ln(λx)
(λx)Ax

(λt)At
f (t) dt.
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8. y(x) – A

∫∫ x

a

eµ(x–t) ln(λt)y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

e(µ–A)(x–t) ln(λt)
(λx)Ax

(λt)At
f (t) dt.

9. y(x) + A

∫∫ x

a

eµ(x–t)(ln x – ln t)y(t) dt = f (x).

Solution:

y(x) = f (x) +
1
W

∫ x

a

eµ(x–t)
[
u′

1(x)u′
2(t) – u′

2(x)u′
1(t)
]
f (t) dt,

where the primes stand for the differentiation with respect to the argument specified in the
parentheses, and u1(x), u2(x) is a fundamental system of solutions of the second-order linear
homogeneous ordinary differential equation u′′

xx +Ax–1u = 0, with u1(x) and u2(x) expressed
in terms of Bessel functions or modified Bessel functions, depending on the sign of A:

W = 1
π , u1(x) =

√
x J1
(
2
√

Ax
)
, u2(x) =

√
xY1
(
2
√

Ax
)

for A > 0,

W = – 1
2 , u1(x) =

√
x I1
(
2
√

–Ax
)
, u2(x) =

√
xK1

(
2
√

–Ax
)

for A < 0.

10. y(x) + a

∫∫ ∞

x

eλ(x–t) ln(t – x)y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = aeλx ln(–x).

2.7-3. Kernels Containing Exponential and Trigonometric Functions.

11. y(x) – A

∫∫ x

a

eµt cos(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cos(λx) and h(t) = eµt.

12. y(x) – A

∫∫ x

a

eµx cos(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = Aeµx and h(t) = cos(λt).

13. y(x) + A

∫∫ x

a

eµ(x–t) cos[λ(x – t)] y(t) dt = f (x).

1◦. Solution with |A| > 2|λ|:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x) = exp
[
(µ – 1

2 A)x
][A2

2k
sinh(kx) – A cosh(kx)

]
, k =

√
1
4 A2 – λ2.

2◦. Solution with |A| < 2|λ|:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt,

R(x) = exp
[
(µ – 1

2 A)x
][A2

2k
sin(kx) – A cos(kx)

]
, k =

√
λ2 – 1

4 A2.

3◦. Solution with λ = ± 1
2 A:

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt, R(x) =
(

1
2 A2x – A

)
exp
[(

µ – 1
2 A
)
x
]
.
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14. y(x) –
∫∫ x

a

eµ(x–t)[[A cos(kx) + B – AB(x – t) cos(kx)
]]
y(t) dt = f (x).

Solution:

y(x) = f (x) +
∫ x

a

eµ(x–t)M (x, t)f (t) dt,

M (x, t) = [A cos(kx) + B]
G(x)
G(t)

+
B2

G(t)

∫ x

t

eB(x–s)G(s) ds, G(x) = exp

[
A

k
sin(kx)

]
.

15. y(x) +
∫∫ x

a

eµ(x–t)[[A cos(kt) + B + AB(x – t) cos(kt)
]]
y(t) dt = f (x).

Solution:

y(x) = f (x) +
∫ x

a

eµ(x–t)M (x, t)f (t) dt,

M (x, t) = –[A cos(kt) + B]
G(t)
G(x)

+
B2

G(x)

∫ x

t

eB(t–s)G(s) ds, G(x) = exp

[
A

k
sin(kx)

]
.

16. y(x) – A

∫∫ x

a

eµt sin(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A sin(λx) and h(t) = eµt.

17. y(x) – A

∫∫ x

a

eµx sin(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = Aeµx and h(t) = sin(λt).

18. y(x) + A

∫∫ x

a

eµ(x–t) sin[λ(x – t)] y(t) dt = f (x).

1◦. Solution with λ(A + λ) > 0:

y(x) = f (x) –
Aλ

k

∫ x

a

eµ(x–t) sin[k(x – t)]f (t) dt, where k =
√

λ(A + λ).

2◦. Solution with λ(A + λ) < 0:

y(x) = f (x) –
Aλ

k

∫ x

a

eµ(x–t) sinh[k(x – t)]f (t) dt, where k =
√

–λ(λ + A).

3◦. Solution with A = –λ:

y(x) = f (x) + λ2
∫ x

a

(x – t)eµ(x–t)f (t) dt.

19. y(x) + A

∫∫ x

a

eµ(x–t) sin3[λ(x – t)] y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 2.5.17:

w(x) + A

∫ x

a

sin3[λ(x – t)]w(t) dt = e–µxf (x).
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20. y(x) +
∫∫ x

a

eµ(x–t){{A1 sin[λ1(x – t)] + A2 sin[λ2(x – t)]
}}
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 2.5.18:

w(x) +
∫ x

a

{
A1 sin[λ1(x – t)] + A2 sin[λ2(x – t)]

}
w(t) dt = e–µxf (x).

21. y(x) +
∫∫ x

a

eµ(x–t)
{{ n∑

k=1

Ak sin[λk(x – t)]
}}

y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 2.5.19:

w(x) +
∫ x

a

{ n∑
k=1

Ak sin[λk(x – t)]

}
w(t) dt = e–µxf (x).

22. y(x) + A

∫∫ x

a

teµ(x–t) sin[λ(x – t)] y(t) dt = f (x).

Solution:

y(x) = f (x) +
Aλ

W

∫ x

a

teµ(x–t)
[
u1(x)u2(t) – u2(x)u1(t)

]
f (t) dt,

where u1(x), u2(x) is a fundamental system of solutions of the second-order linear ordinary
differential equation u′′

xx + λ(Ax + λ)u = 0, and W is the Wronskian.
Depending on the sign of Aλ, the functions u1(x) and u2(x) are expressed in terms of

Bessel functions or modified Bessel functions as follows:
if Aλ > 0, then

u1(x) = ξ1/2J1/3

(
2
3

√
Aλ ξ3/2

)
, u2(x) = ξ1/2Y1/3

(
2
3

√
Aλξ3/2

)
,

W = 3/π, ξ = x + (λ/A);

if Aλ < 0, then

u1(x) = ξ1/2I1/3

(
2
3

√
–Aλξ3/2), u2(x) = ξ1/2K1/3

(
2
3

√
–Aλξ3/2),

W = – 3
2 , ξ = x + (λ/A).

23. y(x) + A

∫∫ x

a

xeµ(x–t) sin[λ(x – t)] y(t) dt = f (x).

Solution:

y(x) = f (x) +
Aλ

W

∫ x

a

xeµ(x–t)
[
u1(x)u2(t) – u2(x)u1(t)

]
f (t) dt,

where u1(x), u2(x) is a fundamental system of solutions of the second-order linear ordinary
differential equation u′′

xx + λ(Ax + λ)u = 0, and W is the Wronskian.
The functions u1(x), u2(x), and W are specified in 2.7.22.

24. y(x) + A

∫∫ ∞

x

eµ(t–x) sin
((
λ

√
t – x

))
y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = Ae–µx sin
(
λ
√

–x
)
.
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25. y(x) –
∫∫ x

a

eµ(x–t)[[A sin(kx) + B – AB(x – t) sin(kx)
]]
y(t) dt = f (x).

Solution:

y(x) = f (x) +
∫ x

a

eµ(x–t)M (x, t)f (t) dt,

M (x, t) = [A sin(kx) + B]
G(x)
G(t)

+
B2

G(t)

∫ x

t

eB(x–s)G(s) ds, G(x) = exp

[
–

A

k
cos(kx)

]
.

26. y(x) +
∫∫ x

a

eµ(x–t)[[A sin(kt) + B + AB(x – t) sin(kt)
]]
y(t) dt = f (x).

Solution:

y(x) = f (x) +
∫ x

a

eµ(x–t)M (x, t)f (t) dt,

M (x, t) = –[A sin(kt) + B]
G(t)
G(x)

+
B2

G(x)

∫ x

t

eB(t–s)G(s) ds, G(x) = exp

[
–

A

k
cos(kx)

]
.

27. y(x) – A

∫∫ x

a

eµt tan(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A tan(λx) and h(t) = eµt.

28. y(x) – A

∫∫ x

a

eµx tan(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = Aeµx and h(t) = tan(λt).

29. y(x) + A

∫∫ x

a

eµ(x–t)[[tan(λx) – tan(λt)
]]
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 2.5.32:

w(x) + A

∫ x

a

[
tan(λx) – tan(λt)

]
w(t) dt = e–µxf (x).

30. y(x) –
∫∫ x

a

eµ(x–t)[[A tan(kx) + B – AB(x – t) tan(kx)
]]
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 2.9.7 with λ = B and
g(x) = A tan(kx):

w(x) –
∫ x

a

[
A tan(kx) + B – AB(x – t) tan(kx)

]
w(t) dt = e–µxf (x).

31. y(x) +
∫∫ x

a

eµ(x–t)[[A tan(kt) + B + AB(x – t) tan(kt)
]]
y(t) dt = f (x).

The substitution w(x) = e–µxy(x) leads to an equation of the form 2.9.8 with λ = B and
g(t) = A tan(kt):

w(x) +
∫ x

a

[
A tan(kt) + B + AB(x – t) tan(kt)

]
w(t) dt = e–µxf (x).
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32. y(x) – A

∫∫ x

a

eµt cot(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cot(λx) and h(t) = eµt.

33. y(x) – A

∫∫ x

a

eµx cot(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = Aeµx and h(t) = cot(λt).

2.7-4. Kernels Containing Hyperbolic and Logarithmic Functions.

34. y(x) – A

∫∫ x

a

coshk(λx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A coshk(λx) and h(t) = lnm(µt).

35. y(x) – A

∫∫ x

a

coshk(λt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A lnm(µx) and h(t) = coshk(λt).

36. y(x) – A

∫∫ x

a

sinhk(λx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A sinhk(λx) and h(t) = lnm(µt).

37. y(x) – A

∫∫ x

a

sinhk(λt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A lnm(µx) and h(t) = sinhk(λt).

38. y(x) – A

∫∫ x

a

tanhk(λx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A tanhk(λx) and h(t) = lnm(µt).

39. y(x) – A

∫∫ x

a

tanhk(λt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A lnm(µx) and h(t) = tanhk(λt).

40. y(x) – A

∫∫ x

a

cothk(λx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cothk(λx) and h(t) = lnm(µt).

41. y(x) – A

∫∫ x

a

cothk(λt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A lnm(µx) and h(t) = cothk(λt).
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2.7-5. Kernels Containing Hyperbolic and Trigonometric Functions.

42. y(x) – A

∫∫ x

a

coshk(λx) cosm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A coshk(λx) and h(t) = cosm(µt).

43. y(x) – A

∫∫ x

a

coshk(λt) cosm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cosm(µx) and h(t) = coshk(λt).

44. y(x) – A

∫∫ x

a

coshk(λx) sinm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A coshk(λx) and h(t) = sinm(µt).

45. y(x) – A

∫∫ x

a

coshk(λt) sinm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A sinm(µx) and h(t) = coshk(λt).

46. y(x) – A

∫∫ x

a

sinhk(λx) cosm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A sinhk(λx) and h(t) = cosm(µt).

47. y(x) – A

∫∫ x

a

sinhk(λt) cosm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cosm(µx) and h(t) = sinhk(λt).

48. y(x) – A

∫∫ x

a

sinhk(λx) sinm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A sinhk(λx) and h(t) = sinm(µt).

49. y(x) – A

∫∫ x

a

sinhk(λt) sinm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A sinm(µx) and h(t) = sinhk(λt).

50. y(x) – A

∫∫ x

a

tanhk(λx) cosm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A tanhk(λx) and h(t) = cosm(µt).

51. y(x) – A

∫∫ x

a

tanhk(λt) cosm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cosm(µx) and h(t) = tanhk(λt).

52. y(x) – A

∫∫ x

a

tanhk(λx) sinm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A tanhk(λx) and h(t) = sinm(µt).

53. y(x) – A

∫∫ x

a

tanhk(λt) sinm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A sinm(µx) and h(t) = tanhk(λt).



2.8. EQUATIONS WHOSE KERNELS CONTAIN SPECIAL FUNCTIONS 187

2.7-6. Kernels Containing Logarithmic and Trigonometric Functions.

54. y(x) – A

∫∫ x

a

cosk(λx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cosk(λx) and h(t) = lnm(µt).

55. y(x) – A

∫∫ x

a

cosk(λt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A lnm(µx) and h(t) = cosk(λt).

56. y(x) – A

∫∫ x

a

sink(λx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A sink(λx) and h(t) = lnm(µt).

57. y(x) – A

∫∫ x

a

sink(λt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A lnm(µx) and h(t) = sink(λt).

58. y(x) – A

∫∫ x

a

tank(λx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A tank(λx) and h(t) = lnm(µt).

59. y(x) – A

∫∫ x

a

tank(λt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A lnm(µx) and h(t) = tank(λt).

60. y(x) – A

∫∫ x

a

cotk(λx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A cotk(λx) and h(t) = lnm(µt).

61. y(x) – A

∫∫ x

a

cotk(λt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A lnm(µx) and h(t) = cotk(λt).

2.8. Equations Whose Kernels Contain Special
Functions

2.8-1. Kernels Containing Bessel Functions.

1. y(x) – λ

∫∫ x

0
J0(x – t)y(t) dt = f (x).

Solution:

y(x) = f (x) +
∫ x

0
R(x – t)f (t) dt,

where

R(x) = λ cos
(√

1–λ2 x
)

+
λ2

√
1–λ2

sin
(√

1–λ2 x
)

+
λ√

1–λ2

∫ x

0
sin
[√

1–λ2 (x– t)
] J1(t)

t
dt.

Reference: V. I. Smirnov (1974).
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2. y(x) – A

∫∫ x

a

Jν (λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = AJν (λx) and h(t) = 1.

3. y(x) – A

∫∫ x

a

Jν (λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = Jν (λt).

4. y(x) – A

∫∫ x

a

Jν (λx)

Jν(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) Jν(λx)
Jν (λt)

f (t) dt.

5. y(x) – A

∫∫ x

a

Jν(λt)

Jν (λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) Jν (λt)
Jν(λx)

f (t) dt.

6. y(x) + A

∫∫ ∞

x

Jν (λ(t – x)) y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = AJν(–λx).

7. y(x) –
∫∫ x

a

[[
AJν (kx) + B – AB(x – t)Jν (kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = AJν (kx).

8. y(x) +
∫∫ x

a

[[
AJν (kt) + B + AB(x – t)Jν(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = AJν(kt).

9. y(x) – λ

∫∫ x

0
eµ(x–t)J0(x – t)y(t) dt = f (x).

Solution:

y(x) = f (x) +
∫ x

0
R(x – t)f (t) dt,

where

R(x) = eµx

{
λ cos

(√
1 – λ2 x

)
+

λ2

√
1 – λ2

sin
(√

1 – λ2 x
)
+

λ√
1 – λ2

∫ x

0
sin
[√

1 – λ2 (x – t)
] J1(t)

t
dt

}
.

10. y(x) – A

∫∫ x

a

Yν(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = AYν (λx) and h(t) = 1.
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11. y(x) – A

∫∫ x

a

Yν(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = Yν (λt).

12. y(x) – A

∫∫ x

a

Yν(λx)

Yν(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) Yν (λx)
Yν (λt)

f (t) dt.

13. y(x) – A

∫∫ x

a

Yν(λt)

Yν(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) Yν (λt)
Yν(λx)

f (t) dt.

14. y(x) + A

∫∫ ∞

x

Yν(λ(t – x)) y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = AYν (–λx).

15. y(x) –
∫∫ x

a

[[
AYν(kx) + B – AB(x – t)Yν(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = AYν (kx).

16. y(x) +
∫∫ x

a

[[
AYν(kt) + B + AB(x – t)Yν (kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = AYν (kt).

2.8-2. Kernels Containing Modified Bessel Functions.

17. y(x) – A

∫∫ x

a

Iν (λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = AIν (λx) and h(t) = 1.

18. y(x) – A

∫∫ x

a

Iν (λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = Iν (λt).

19. y(x) – A

∫∫ x

a

Iν (λx)

Iν(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) Iν (λx)
Iν (λt)

f (t) dt.

20. y(x) – A

∫∫ x

a

Iν(λt)

Iν (λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) Iν (λt)
Iν(λx)

f (t) dt.
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21. y(x) + A

∫∫ ∞

x

Iν (λ(t – x)) y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = AIν (–λx).

22. y(x) –
∫∫ x

a

[[
AIν (kx) + B – AB(x – t)Iν (kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = AIν (kx).

23. y(x) +
∫∫ x

a

[[
AIν (kt) + B + AB(x – t)Iν(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = AIν (kt).

24. y(x) – A

∫∫ x

a

Kν(λx)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = AKν (λx) and h(t) = 1.

25. y(x) – A

∫∫ x

a

Kν(λt)y(t) dt = f (x).

This is a special case of equation 2.9.2 with g(x) = A and h(t) = Kν(λt).

26. y(x) – A

∫∫ x

a

Kν(λx)

Kν(λt)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) Kν(λx)
Kν(λt)

f (t) dt.

27. y(x) – A

∫∫ x

a

Kν(λt)

Kν(λx)
y(t) dt = f (x).

Solution:

y(x) = f (x) + A

∫ x

a

eA(x–t) Kν(λt)
Kν(λx)

f (t) dt.

28. y(x) + A

∫∫ ∞

x

Kν(λ(t – x)) y(t) dt = f (x).

This is a special case of equation 2.9.62 with K(x) = AKν(–λx).

29. y(x) –
∫∫ x

a

[[
AKν(kx) + B – AB(x – t)Kν(kx)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.7 with λ = B and g(x) = AKν(kx).

30. y(x) +
∫∫ x

a

[[
AKν(kt) + B + AB(x – t)Kν(kt)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.8 with λ = B and g(t) = AKν(kt).
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2.9. Equations Whose Kernels Contain Arbitrary
Functions

2.9-1. Equations with Degenerate Kernel: K(x, t) = g1(x)h1(t) + · · · + gn(x)hn(t).

1. y(x) – λ

∫∫ x

a

g(x)

g(t)
y(t) dt = f (x).

Solution:

y(x) = f (x) + λ

∫ x

a

eλ(x–t) g(x)
g(t)

f (t) dt.

2. y(x) –
∫∫ x

a

g(x)h(t)y(t) dt = f (x).

Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt, where R(x, t) = g(x)h(t) exp

[∫ x

t

g(s)h(s) ds

]
.

3. y(x) +
∫∫ x

a

(x – t)g(x)y(t) dt = f (x).

This is a special case of equation 2.9.11.

1◦. Solution:

y(x) = f (x) +
1
W

∫ x

a

[
Y1(x)Y2(t) – Y2(x)Y1(t)

]
g(x)f (t) dt, (1)

where Y1 = Y1(x) and Y2 = Y2(x) are two linearly independent solutions (Y1/Y2 /≡ const) of
the second-order linear homogeneous differential equation Y ′′

xx + g(x)Y = 0. In this case, the
Wronskian is a constant: W = Y1(Y2)′x – Y2(Y1)′x ≡ const.

2◦. Given only one nontrivial solution Y1 = Y1(x) of the linear homogeneous differential
equation Y ′′

xx + g(x)Y = 0, one can obtain the solution of the integral equation by formula (1)
with

W = 1, Y2(x) = Y1(x)
∫ x

b

dξ

Y 2
1 (ξ)

,

where b is an arbitrary number.

4. y(x) +
∫∫ x

a

(x – t)g(t)y(t) dt = f (x).

This is a special case of equation 2.9.12.

1◦. Solution:

y(x) = f (x) +
1
W

∫ x

a

[
Y1(x)Y2(t) – Y2(x)Y1(t)

]
g(t)f (t) dt, (1)

where Y1 = Y1(x) and Y2 = Y2(x) are two linearly independent solutions (Y1/Y2 /≡ const) of
the second-order linear homogeneous differential equation Y ′′

xx + g(x)Y = 0. In this case, the
Wronskian is a constant: W = Y1(Y2)′x – Y2(Y1)′x ≡ const.

2◦. Given only one nontrivial solution Y1 = Y1(x) of the linear homogeneous differential
equation Y ′′

xx + g(x)Y = 0, one can obtain the solution of the integral equation by formula (1)
with

W = 1, Y2(x) = Y1(x)
∫ x

b

dξ

Y 2
1 (ξ)

,

where b is an arbitrary number.
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5. y(x) +
∫∫ x

a

[[
g(x) – g(t)

]]
y(t) dt = f (x).

1◦. Differentiating the equation with respect to x yields

y′
x(x) + g′x(x)

∫ x

a

y(t) dt = f ′
x(x). (1)

Introducing the new variable Y (x) =
∫ x

a
y(t) dt, we obtain the second-order linear ordinary

differential equation
Y ′′

xx + g′x(x)Y = f ′
x(x), (2)

which must be supplemented by the initial conditions

Y (a) = 0, Y ′
x(a) = f (a). (3)

Conditions (3) follow from the original equation and the definition of Y (x).
For exact solutions of second-order linear ordinary differential equations (2) with vari-

ous f (x), see E. Kamke (1977), G. M. Murphy (1960), and A. D. Polyanin and V. F. Zaitsev
(2003).

2◦. Let Y1 = Y1(x) and Y2 = Y2(x) be two linearly independent solutions (Y1/Y2 /≡ const) of
the second-order linear homogeneous differential equation Y ′′

xx + g′x(x)Y = 0, which follows
from (2) for f (x) ≡ 0. In this case, the Wronskian is a constant:

W = Y1(Y2)′x – Y2(Y1)′x ≡ const .

Solving the nonhomogeneous equation (2) under the initial conditions (3) with arbitrary
f = f (x) and taking into account y(x) = Y ′

x(x), we obtain the solution of the original integral
equation in the form

y(x) = f (x) +
1
W

∫ x

a

[
Y ′

1 (x)Y ′
2 (t) – Y ′

2 (x)Y ′
1 (t)
]
f (t) dt, (4)

where the primes stand for the differentiation with respect to the argument specified in the
parentheses.

3◦. Given only one nontrivial solution Y1 = Y1(x) of the linear homogeneous differential
equation Y ′′

xx + g′x(x)Y = 0, one can obtain the solution of the nonhomogeneous equation (2)
under the initial conditions (3) by formula (4) with

W = 1, Y2(x) = Y1(x)
∫ x

b

dξ

Y 2
1 (ξ)

,

where b is an arbitrary number.

6. y(x) +
∫∫ x

a

[[
g(x) + h(t)

]]
y(t) dt = f (x).

1◦. Differentiating the equation with respect to x yields

y′
x(x) +

[
g(x) + h(x)

]
y(x) + g′x(x)

∫ x

a

y(t) dt = f ′
x(x).
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Introducing the new variable Y (x) =
∫ x

a
y(t) dt, we obtain the second-order linear ordinary

differential equation
Y ′′

xx +
[
g(x) + h(x)

]
Y ′

x + g′x(x)Y = f ′
x(x), (1)

which must be supplemented by the initial conditions

Y (a) = 0, Y ′
x(a) = f (a). (2)

Conditions (3) follow from the original equation and the definition of Y (x).
For exact solutions of second-order linear ordinary differential equations (1) with vari-

ous f (x), see E. Kamke (1977), G. M. Murphy (1960), and A. D. Polyanin and V. F. Zaitsev
(2003).

2◦. Let Y1 = Y1(x) and Y2 = Y2(x) be two linearly independent solutions (Y1/Y2 /≡ const) of the
second-order linear homogeneous differential equation Y ′′

xx +
[
g(x) + h(x)

]
Y ′

x + g′x(x)Y = 0,
which follows from (1) for f (x) ≡ 0.

Solving the nonhomogeneous equation (1) under the initial conditions (2) with arbitrary
f = f (x) and taking into account y(x) = Y ′

x(x), we obtain the solution of the original integral
equation in the form

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) =
∂2

∂x∂t

[
Y1(x)Y2(t) – Y2(x)Y1(t)

W (t)

]
, W (x) = Y1(x)Y ′

2 (x) – Y2(x)Y ′
1 (x),

where W (x) is the Wronskian and the primes stand for the differentiation with respect to the
argument specified in the parentheses.

7. y(x) –
∫∫ x

a

[[
g(x) + λ – λ(x – t)g(x)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.16 with h(x) = λ.
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [g(x) + λ]
G(x)
G(t)

+
λ2

G(t)

∫ x

t

eλ(x–s)G(s) ds, G(x) = exp

[∫ x

a

g(s) ds

]
.

8. y(x) +
∫∫ x

a

[[
g(t) + λ + λ(x – t)g(t)

]]
y(t) dt = f (x).

Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = –[g(t) + λ]
G(t)
G(x)

+
λ2

G(x)

∫ x

t

eλ(t–s)G(s) ds, G(x) = exp

[∫ x

a

g(s) ds

]
.

9. y(x) –
∫∫ x

a

[[
g1(x) + g2(x)t

]]
y(t) dt = f (x).

This equation can be rewritten in the form of equation 2.9.11 with g1(x) = g(x) + xh(x) and
g2(x) = –h(x).
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10. y(x) –
∫∫ x

a

[[
g1(t) + g2(t)x

]]
y(t) dt = f (x).

This equation can be rewritten in the form of equation 2.9.12 with g1(t) = g(t) + th(t) and
g2(t) = –h(t).

11. y(x) –
∫∫ x

a

[[
g(x) + h(x)(x – t)

]]
y(t) dt = f (x).

1◦. The solution of the integral equation can be represented in the form y(x) = Y ′′
xx, where

Y = Y (x) is the solution of the second-order linear nonhomogeneous ordinary differential
equation

Y ′′
xx – g(x)Y ′

x – h(x)Y = f (x), (1)

under the initial conditions
Y (a) = Y ′

x(a) = 0. (2)

2◦. Let Y1 = Y1(x) and Y2 = Y2(x) be two nontrivial linearly independent solutions of the
second-order linear homogeneous differential equation Y ′′

xx–g(x)Y ′
x–h(x)Y =0, which follows

from (1) for f (x) ≡ 0. Then the solution of the nonhomogeneous differential equation (1)
under conditions (2) is given by

Y (x) =
∫ x

a

[
Y2(x)Y1(t) – Y1(x)Y2(t)

] f (t)
W (t)

dt, W (t) = Y1(t)Y ′
2 (t) – Y2(t)Y ′

1 (t), (3)

where W (t) is the Wronskian and the primes denote the derivatives.
Substituting (3) into (1), we obtain the solution of the original integral equation in the

form

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt, R(x, t) =
1

W (t)
[Y ′′

2 (x)Y1(t) – Y ′′
1 (x)Y2(t)]. (4)

3◦. Let Y1 = Y1(x) be a nontrivial particular solution of the homogeneous differential equa-
tion (1) (with f ≡ 0) satisfying the initial condition Y1(a) ≠ 0. Then the function

Y2(x) = Y1(x)
∫ x

a

W (t)
[Y1(t)]2

dt, W (x) = exp

[∫ x

a

g(s) ds

]
(5)

is another nontrivial solution of the homogeneous equation. Substituting (5) into (4) yields
the solution of the original integral equation in the form

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = g(x)
W (x)
Y1(x)

Y1(t)
W (t)

+ [g(x)Y ′
1 (x) + h(x)Y1(x)]

Y1(t)
W (t)

∫ x

t

W (s)
[Y1(s)]2

ds,

where W (x) = exp

[∫ x

a

g(s) ds

]
.

12. y(x) –
∫∫ x

a

[[
g(t) + h(t)(t – x)

]]
y(t) dt = f (x).

Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = g(t)
Y (x)W (x)
Y (t)W (t)

+ Y (x)W (x)[g(t)Y ′
t (t) + h(t)Y (t)]

∫ t

x

ds

W (s)[Y (s)]2
,

W (t) = exp

[∫ t

b

g(t) dt

]
,
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where Y = Y (x) is an arbitrary nontrivial solution of the second-order homogeneous differ-
ential equation

Y ′′
xx + g(x)Y ′

x + h(x)Y = 0

satisfying the condition Y (a) ≠ 0.

13. y(x) +
∫∫ x

a

(x – t)g(x)h(t)y(t) dt = f (x).

The substitution y(x) = g(x)u(x) leads to an equation of the form 2.9.4:

u(x) +
∫ x

a

(x – t)g(t)h(t)u(t) dt = f (x)/g(x).

14. y(x) –
∫∫ x

a

{{
g(x) + λxn + λ(x – t)xn–1[n – xg(x)]

}}
y(t) dt = f (x).

This is a special case of equation 2.9.16 with h(x) = λxn.
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [g(x) + λxn]
G(x)
G(t)

+ λ(λx2n + nxn–1)
H(x)
G(t)

∫ x

t

G(s)
H(s)

ds,

where G(x) = exp

[∫ x

a

g(s) ds

]
and H(x) = exp

( λ

n + 1
xn+1

)
.

15. y(x) –
∫∫ x

a

{{
g(x) + λ + (x – t)[g′

x(x) – λg(x)]
}}
y(t) dt = f (x).

This is a special case of equation 2.9.16.
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [g(x) + λ]eλ(x–t) +
{

[g(x)]2 + g′x(x)
}
G(x)

∫ x

t

eλ(s–t)

G(s)
ds,

where G(x) = exp

[∫ x

a

g(s) ds

]
.

16. y(x) –
∫∫ x

a

{{
g(x) + h(x) + (x – t)[h′

x(x) – g(x)h(x)]
}}
y(t) dt = f (x).

Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [g(x) + h(x)]
G(x)
G(t)

+ {[h(x)]2 + h′
x(x)}

H(x)
G(t)

∫ x

t

G(s)
H(s)

ds,

where G(x) = exp

[∫ x

a

g(s) ds

]
and H(x) = exp

[∫ x

a

h(s) ds

]
.
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17. y(x) +
∫∫ x

a

{{
ϕ′

x(x)

ϕ(t)
+
[[
ϕ(t)g′

x(x) – ϕ′
x(x)g(t)

]]
h(t)
}}

y(t) dt = f (x).

1◦. This equation is equivalent to the equation

∫ x

a

{
ϕ(x)
ϕ(t)

+
[
ϕ(t)g(x) – ϕ(x)g(t)

]
h(t)

}
y(t) dt = F (x), F (x) =

∫ x

a

f (x) dx, (1)

obtained by differentiating the original equation with respect to x. Equation (1) is a special
case of equation 1.9.15 with

g1(x) = g(x), h1(t) = ϕ(t)h(t), g2(x) = ϕ(x), h2(t) =
1

ϕ(t)
– g(t)h(t).

2◦. Solution:

y(x) =
1

ϕ(x)h(x)
d

dx

{
Ξ(x)

∫ x

a

[
F (t)
ϕ(t)

]′
t

ϕ2(t)h(t)
Ξ(t)

dt

}
,

F (x) =
∫ x

a

f (x) dx, Ξ(x) = exp

{
–
∫ x

a

[
g(t)
ϕ(t)

]′
t

ϕ2(t)h(t) dt

}
.

18. y(x) –
∫∫ x

a

{{
ϕ′

t(t)

ϕ(x)
+
[[
ϕ(x)g′

t(t) – ϕ′
t(t)g(x)

]]
h(x)

}}
y(t) dt = f (x).

1◦. Let f (a) = 0. The change

y(x) =
∫ x

a

w(t) dt (1)

followed by the integration by parts leads to the equation

∫ x

a

{
ϕ(t)
ϕ(x)

+
[
ϕ(x)g(t) – ϕ(t)g(x)

]
h(x)

}
w(t) dt = f (x), (2)

which is a special case of equation 1.9.15 with

g1(x) =
1

ϕ(x)
– g(x)h(x), h1(t) = ϕ(t), g2(x) = ϕ(x)h(x), h2(t) = g(t).

The solution of equation (2) is given by

y(x) =
1

ϕ(x)
d

dx

{
ϕ2(x)h(x)Φ(x)

∫ x

a

[
f (t)

ϕ(t)h(t)

]′
t

dt

Φ(t)

}
,

Φ(x) = exp

{∫ x

a

[
g(t)
ϕ(t)

]′
t

ϕ2(t)h(t) dt

}
.

2◦. Let f (a) ≠ 0. The substitution y(x) = ȳ(x) + f (a) leads to the integral equation ȳ(x) with
the right-hand side f̄ (x) satisfying the condition f̄ (a) = 0. Thus we obtain case 1◦.
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19. y(x) –
∫∫ x

a

[[ n∑
k=1

gk(x)(x – t)k–1
]]

y(t) dt = f (x).

The solution can be represented in the form

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt. (1)

Here the resolvent R(x, t) is given by

R(x, t) = w(n)
x , w(n)

x =
dnw

dxn
, (2)

where w is the solution of the nth-order linear homogeneous ordinary differential equation

w(n)
x – g1(x)w(n–1)

x – g2(x)w(n–2)
x – 2g3(x)w(n–3)

x – · · · – (n – 1)! gn(x)w = 0 (3)

satisfying the following initial conditions at x = t:

w
∣∣
x=t

= w′
x

∣∣
x=t

= · · · = w(n–2)
x

∣∣
x=t

= 0, w(n–1)
x

∣∣
x=t

= 1. (4)

Note that the differential equation (3) implicitly depends on t via the initial conditions (4).

References: E. Goursat (1923), A. F. Verlan’ and V. S. Sizikov (1987).

20. y(x) –
∫∫ x

a

[[ n∑
k=1

gk(t)(t – x)k–1
]]

y(t) dt = f (x).

The solution can be represented in the form

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt. (1)

Here the resolvent R(x, t) is given by

R(x, t) = –u(n)
t , u(n)

t =
dnu

dtn
, (2)

where u is the solution of the nth-order linear homogeneous ordinary differential equation

u(n)
t + g1(t)u(n–1)

t + g2(t)u(n–2)
t + 2g3(t)u(n–3)

t + · · · + (n – 1)! gn(t)u = 0, (3)

satisfying the following initial conditions at t = x:

u
∣∣
t=x

= u′
t

∣∣
t=x

= · · · = u(n–2)
t

∣∣
t=x

= 0, u(n–1)
t

∣∣
t=x

= 1. (4)

Note that the differential equation (3) implicitly depends on x via the initial conditions (4).

References: E. Goursat (1923), A. F. Verlan’ and V. S. Sizikov (1987).

21. y(x) +
∫∫ x

a

((
eλx+µt – eµx+λt

))
g(t)y(t) dt = f (x).

Let us differentiate the equation twice and then eliminate the integral terms from the resulting
relations and the original equation. As a result, we arrive at the second-order linear ordinary
differential equation

y′′
xx – (λ + µ)y′

x +
[
(λ – µ)e(λ+µ)xg(x) + λµ

]
y = f ′′

xx(x) – (λ + µ)f ′
x(x) + λµf (x),

which must be supplemented by the initial conditions y(a) = f (a), y′
x(a) = f ′

x(a).
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22. y(x) +
∫∫ x

a

[[
eλxg(t) + eµxh(t)

]]
y(t) dt = f (x).

Let us differentiate the equation twice and then eliminate the integral terms from the resulting
relations and the original equation. As a result, we arrive at the second-order linear ordinary
differential equation

y′′
xx +

[
eλxg(x) + eµxh(x) – λ – µ

]
y′

x +
[
eλxg′x(x) + eµxh′

x(x)

+ (λ – µ)eλxg(x) + (µ – λ)eµxh(x) + λµ
]
y = f ′′

xx(x) – (λ + µ)f ′
x(x) + λµf (x),

which must be supplemented by the initial conditions

y(a) = f (a), y′
x(a) = f ′

x(a) –
[
eλag(a) + eµah(a)

]
f (a).

Example. The Arutyunyan equation,

y(x) –
∫ x

a
ϕ(t)

∂

∂t

{
1

ϕ(t)
+ ψ(t)

[
1 – e–λ(x–t)

]}
y(t) dt = f (x),

can be reduced to the above equation. The former is encountered in the theory of viscoelasticity for aging solids.
The solution of the Arutyunyan equation is given by

y(x) = f (x) –
∫ x

a

1

ϕ(t)

∂

∂t

[
ϕ(t) – λψ(t)ϕ2(t)eη(t)

∫ x

t
e–η(s) ds

]
f (t) dt,

where

η(x) =

x∫
a

{
λ
[
1 + ψ(t)ϕ(t)

]
–

ϕ′(t)
ϕ(t)

}
dt.

Reference: N. Kh. Arutyunyan (1966).

23. y(x) +
∫∫ x

a

[[
λeλ(x–t) +

((
µeµx+λt – λeλx+µt

))
h(t)
]]
y(t) dt = f (x).

This is a special case of equation 2.9.17 with ϕ(x) = eλx and g(x) = eµx.
Solution:

y(x) =
1

eλxh(x)
d

dx

{
Φ(x)

∫ x

a

[
F (t)
eλt

]′
t

e2λth(t)
Φ(t)

dt

}
,

F (x) =
∫ x

a

f (t) dt, Φ(x) = exp

[
(λ – µ)

∫ x

a

e(λ+µ)th(t) dt

]
.

24. y(x) –
∫∫ x

a

[[
λe–λ(x–t) +

((
µeλx+µt – λeµx+λt

))
h(x)

]]
y(t) dt = f (x).

This is a special case of equation 2.9.18 with ϕ(x) = eλx and g(x) = eµx.
Assume that f (a) = 0. Solution:

y(x) =
∫ x

a

w(t) dt, w(x) = e–λx d

dx

{
e2λxh(x)

Φ(x)

∫ x

a

[
f (t)

eλth(t)

]′
t

Φ(t) dt

}
,

Φ(x) = exp

[
(λ – µ)

∫ x

a

e(λ+µ)th(t) dt

]
.
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25. y(x) –
∫∫ x

a

{{
g(x) + beλx + b(x – t)eλx[λ – g(x)]

}}
y(t) dt = f (x).

This is a special case of equation 2.9.16 with h(x) = beλx.
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [g(x) + beλx]
G(x)
G(t)

+ (b2e2λx + bλeλx)
H(x)
G(t)

∫ x

t

G(s)
H(s)

ds,

where G(x) = exp

[∫ x

a

g(s) ds

]
and H(x) = exp

(
b

λ
eλx

)
.

26. y(x) +
∫∫ x

a

{{
λeλ(x–t) +

[[
eλtg′

x(x) – λeλxg(t)
]]
h(t)
}}
y(t) dt = f (x).

This is a special case of equation 2.9.17 with ϕ(x) = eλx.

27. y(x) –
∫∫ x

a

{{
λe–λ(x–t) +

[[
eλxg′

t(t) – λeλtg(x)
]]
h(x)

}}
y(t) dt = f (x).

This is a special case of equation 2.9.18 with ϕ(x) = eλx.

28. y(x) +
∫∫ x

a

cosh[λ(x – t)]g(t)y(t) dt = f (x).

Differentiating the equation with respect to x twice yields

y′
x(x) + g(x)y(x) + λ

∫ x

a

sinh[λ(x – t)]g(t)y(t) dt = f ′
x(x), (1)

y′′
xx(x) +

[
g(x)y(x)

]′
x

+ λ2
∫ x

a

cosh[λ(x – t)]g(t)y(t) dt = f ′′
xx(x). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the second-order linear ordinary differential equation

y′′
xx +

[
g(x)y

]′
x

– λ2y = f ′′
xx(x) – λ2f (x). (3)

By setting x = a in the original equation and (1), we obtain the initial conditions for y = y(x):

y(a) = f (a), y′
x(a) = f ′

x(a) – f (a)g(a). (4)

Equation (3) under conditions (4) determines the solution of the original integral equation.

29. y(x) +
∫∫ x

a

cosh[λ(x – t)]g(x)h(t)y(t) dt = f (x).

The substitution y(x) = g(x)u(x) leads to an equation of the form 2.9.28:

u(x) +
∫ x

a

cosh[λ(x – t)]g(t)h(t)u(t) dt = f (x)/g(x).
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30. y(x) +
∫∫ x

a

sinh[λ(x – t)]g(t)y(t) dt = f (x).

1◦. Differentiating the equation with respect to x twice yields

y′
x(x) + λ

∫ x

a

cosh[λ(x – t)]g(t)y(t) dt = f ′
x(x), (1)

y′′
xx(x) + λg(x)y(x) + λ2

∫ x

a

sinh[λ(x – t)]g(t)y(t) dt = f ′′
xx(x). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the second-order linear ordinary differential equation

y′′
xx + λ

[
g(x) – λ

]
y = f ′′

xx(x) – λ2f (x). (3)

By setting x = a in the original equation and (1), we obtain the initial conditions for y = y(x):

y(a) = f (a), y′
x(a) = f ′

x(a). (4)

For exact solutions of second-order linear ordinary differential equations (3) with vari-
ous g(x), see E. Kamke (1977), G. M. Murphy (1960), and A. D. Polyanin and V. F. Zaitsev
(2003).

2◦. Let y1 = y1(x) and y2 = y2(x) be two linearly independent solutions (y1/y2 /≡ const) of
the homogeneous differential equation y′′

xx + λ
[
g(x) – λ

]
y = 0, which follows from (3) for

f (x) ≡ 0. In this case, the Wronskian is a constant:

W = y1(y2)′x – y2(y1)′x ≡ const .

The solution of the nonhomogeneous equation (3) under conditions (4) with arbitrary f = f (x)
has the form

y(x) = f (x) +
λ

W

∫ x

a

[
y1(x)y2(t) – y2(x)y1(t)

]
g(t)f (t) dt (5)

and determines the solution of the original integral equation.

3◦. Given only one nontrivial solution y1 = y1(x) of the linear homogeneous differential
equation y′′

xx+λ
[
g(x)–λ

]
y =0, one can obtain the solution of the nonhomogeneous equation (3)

under the initial conditions (4) by formula (5) with

W = 1, y2(x) = y1(x)
∫ x

b

dξ

y2
1(ξ)

,

where b is an arbitrary number.

31. y(x) +
∫∫ x

a

sinh[λ(x – t)]g(x)h(t)y(t) dt = f (x).

The substitution y(x) = g(x)u(x) leads to an equation of the form 2.9.30:

u(x) +
∫ x

a

sinh[λ(x – t)]g(t)h(t)u(t) dt = f (x)/g(x).
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32. y(x) –
∫∫ x

a

{{
g(x) + b cosh(λx) + b(x – t)[λ sinh(λx) – cosh(λx)g(x)]

}}
y(t) dt = f (x).

This is a special case of equation 2.9.16 with h(x) = b cosh(λx).
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [g(x) + b cosh(λx)]
G(x)
G(t)

+
[
b2 cosh2(λx) + bλ sinh(λx)

]H(x)
G(t)

∫ x

t

G(s)
H(s)

ds,

where G(x) = exp

[∫ x

a

g(s) ds

]
and H(x) = exp

[
b

λ
sinh(λx)

]
.

33. y(x) –
∫∫ x

a

{{
g(x) + b sinh(λx) + b(x – t)[λ cosh(λx) – sinh(λx)g(x)]

}}
y(t) dt = f (x).

This is a special case of equation 2.9.16 with h(x) = b sinh(λx).
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [g(x) + b sinh(λx)]
G(x)
G(t)

+
[
b2 sinh2(λx) + bλ cosh(λx)

]H(x)
G(t)

∫ x

t

G(s)
H(s)

ds,

where G(x) = exp

[∫ x

a

g(s) ds

]
and H(x) = exp

[
b

λ
cosh(λx)

]
.

34. y(x) +
∫∫ x

a

cos[λ(x – t)]g(t)y(t) dt = f (x).

Differentiating the equation with respect to x twice yields

y′
x(x) + g(x)y(x) – λ

∫ x

a

sin[λ(x – t)]g(t)y(t) dt = f ′
x(x), (1)

y′′
xx(x) +

[
g(x)y(x)

]′
x

– λ2
∫ x

a

cos[λ(x – t)]g(t)y(t) dt = f ′′
xx(x). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the second-order linear ordinary differential equation

y′′
xx +

[
g(x)y

]′
x

+ λ2y = f ′′
xx(x) + λ2f (x). (3)

By setting x = a in the original equation and (1), we obtain the initial conditions for y = y(x):

y(a) = f (a), y′
x(a) = f ′

x(a) – f (a)g(a). (4)

35. y(x) +
∫∫ x

a

cos[λ(x – t)]g(x)h(t)y(t) dt = f (x).

The substitution y(x) = g(x)u(x) leads to an equation of the form 2.9.34:

u(x) +
∫ x

a

cos[λ(x – t)]g(t)h(t)u(t) dt = f (x)/g(x).
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36. y(x) +
∫∫ x

a

sin[λ(x – t)]g(t)y(t) dt = f (x).

1◦. Differentiating the equation with respect to x twice yields

y′
x(x) + λ

∫ x

a

cos[λ(x – t)]g(t)y(t) dt = f ′
x(x), (1)

y′′
xx(x) + λg(x)y(x) – λ2

∫ x

a

sin[λ(x – t)]g(t)y(t) dt = f ′′
xx(x). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the second-order linear ordinary differential equation

y′′
xx + λ

[
g(x) + λ

]
y = f ′′

xx(x) + λ2f (x). (3)

By setting x = a in the original equation and (1), we obtain the initial conditions for y = y(x):

y(a) = f (a), y′
x(a) = f ′

x(a). (4)

For exact solutions of second-order linear ordinary differential equations (3) with vari-
ous f (x), see E. Kamke (1977) and A. D. Polyanin and V. F. Zaitsev (2003).

2◦. Let y1 = y1(x) and y2 = y2(x) be two linearly independent solutions (y1/y2 /≡ const) of
the homogeneous differential equation y′′

xx + λ
[
g(x) – λ

]
y = 0, which follows from (3) for

f (x) ≡ 0. In this case, the Wronskian is a constant:

W = y1(y2)′x – y2(y1)′x ≡ const .

The solution of the nonhomogeneous equation (3) under conditions (4) with arbitrary f = f (x)
has the form

y(x) = f (x) +
λ

W

∫ x

a

[
y1(x)y2(t) – y2(x)y1(t)

]
g(t)f (t) dt (5)

and determines the solution of the original integral equation.

3◦. Given only one nontrivial solution y1 = y1(x) of the linear homogeneous differential equa-
tion y′′

xx + λ
[
g(x) + λ

]
y = 0, one can obtain the solution of the nonhomogeneous equation (3)

under the initial conditions (4) by formula (5) with

W = 1, y2(x) = y1(x)
∫ x

b

dξ

y2
1(ξ)

,

where b is an arbitrary number.

37. y(x) +
∫∫ x

a

sin[λ(x – t)]g(x)h(t)y(t) dt = f (x).

The substitution y(x) = g(x)u(x) leads to an equation of the form 2.9.36:

u(x) +
∫ x

a

sin[λ(x – t)]g(t)h(t)u(t) dt = f (x)/g(x).
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38. y(x) –
∫∫ x

a

{{
g(x) + b cos(λx) – b(x – t)[λ sin(λx) + cos(λx)g(x)]

}}
y(t) dt = f (x).

This is a special case of equation 2.9.16 with h(x) = b cos(λx).
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [g(x) + b cos(λx)]
G(x)
G(t)

+
[
b2 cos2(λx) – bλ sin(λx)

]H(x)
G(t)

∫ x

t

G(s)
H(s)

ds,

where G(x) = exp

[∫ x

a

g(s) ds

]
and H(x) = exp

[
b

λ
sin(λx)

]
.

39. y(x) –
∫∫ x

a

{{
g(x) + b sin(λx) + b(x – t)[λ cos(λx) – sin(λx)g(x)]

}}
y(t) dt = f (x).

This is a special case of equation 2.9.16 with h(x) = b sin(λx).
Solution:

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

R(x, t) = [g(x) + b sin(λx)]
G(x)
G(t)

+
[
b2 sin2(λx) + bλ cos(λx)

]H(x)
G(t)

∫ x

t

G(s)
H(s)

ds,

where G(x) = exp

[∫ x

a

g(s) ds

]
and H(x) = exp

[
–

b

λ
cos(λx)

]
.

2.9-2. Equations with Difference Kernel: K(x, t) = K(x – t).

40. y(x) +
∫∫ x

a

K(x – t)y(t) dt = f (x).

Renewal equation.

1◦. To solve this integral equation, direct and inverse Laplace transforms are used.
The solution can be represented in the form

y(x) = f (x) –
∫ x

a

R(x – t)f (t) dt. (1)

Here the resolvent R(x) is expressed via the kernel K(x) of the original equation as follows:

R(x) =
1

2πi

∫ c+i∞

c–i∞
R̃(p)epx dp,

R̃(p) =
K̃(p)

1 + K̃(p)
, K̃(p) =

∫ ∞

0
K(x)e–px dx.

References: R. Bellman and K. L. Cooke (1963), M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971),
V. I. Smirnov (1974).

2◦. Let w = w(x) be the solution of the simpler auxiliary equation with a = 0 and f ≡ 1:

w(x) +
∫ x

0
K(x – t)w(t) dt = 1. (2)

Then the solution of the original integral equation with arbitrary f = f (x) is expressed via the
solution of the auxiliary equation (2) as

y(x) =
d

dx

∫ x

a

w(x – t)f (t) dt = f (a)w(x – a) +
∫ x

a

w(x – t)f ′
t(t) dt.

Reference: R. Bellman and K. L. Cooke (1963).
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41. y(x) +
∫∫ x

–∞
K(x – t)y(t) dt = 0.

Eigenfunctions of this integral equation are determined by the roots of the following tran-
scendental (algebraic) equation for the parameter λ:∫ ∞

0
K(z)e–λz dz = –1. (1)

The left-hand side of this equation is the Laplace transform of the kernel of the integral
equation.

1◦. For a real simple root λk of equation (1) there is a corresponding eigenfunction

yk(x) = exp(λkx).

2◦. For a real root λk of multiplicity r there are corresponding r eigenfunctions

yk1(x) = exp(λkx), yk2(x) = x exp(λkx), . . . , ykr(x) = xr–1 exp(λkx).

3◦. For a complex simple root λk = αk + iβk of equation (1) there is a corresponding
eigenfunction pair

y(1)
k (x) = exp(αkx) cos(βkx), y(2)

k (x) = exp(αkx) sin(βkx).

4◦. For a complex root λk = αk +iβk of multiplicity r there are corresponding r eigenfunction
pairs

y(1)
k1 (x) = exp(αkx) cos(βkx),

y(1)
k2 (x) = x exp(αkx) cos(βkx),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(1)
kr(x) = xr–1 exp(αkx) cos(βkx),

y(2)
k1 (x) = exp(αkx) sin(βkx),

y(2)
k2 (x) = x exp(αkx) sin(βkx),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(2)
kr(x) = xr–1 exp(αkx) sin(βkx).

The general solution is the combination (with arbitrary constants) of the eigenfunctions
of the homogeneous integral equation.

� For equations 2.9.42–2.9.51, only particular solutions are given. To obtain the general solu-
tion, one must add the general solution of the corresponding homogeneous equation 2.9.41 to the
particular solution.

42. y(x) +
∫∫ x

–∞
K(x – t)y(t) dt = Axn, n = 0, 1, 2, . . .

This is a special case of equation 2.9.44 with λ = 0.

1◦. A solution with n = 0:

y(x) =
A

B
, B = 1 +

∫ ∞

0
K(z) dz.

2◦. A solution with n = 1:

y(x) =
A

B
x +

AC

B2
, B = 1 +

∫ ∞

0
K(z) dz, C =

∫ ∞

0
zK(z) dz.

3◦. A solution with n = 2:

y2(x) =
A

B
x2 + 2

AC

B2
x + 2

AC2

B3
–

AD

B2
,

B = 1 +
∫ ∞

0
K(z) dz, C =

∫ ∞

0
zK(z) dz, D =

∫ ∞

0
z2K(z) dz.

4◦. A solution with n = 3, 4, . . . is given by:

yn(x) = A

{
∂n

∂λn

[ eλx

B(λ)

]}
λ=0

, B(λ) = 1 +
∫ ∞

0
K(z)e–λz dz.
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43. y(x) +
∫∫ x

–∞
K(x – t)y(t) dt = Aeλx.

A solution:

y(x) =
A

B
eλx, B = 1 +

∫ ∞

0
K(z)e–λz dz.

The integral term in the expression for B is the Laplace transform of K(z), which may be
calculated using tables of Laplace transforms (e.g., see Supplement 5).

44. y(x) +
∫∫ x

–∞
K(x – t)y(t) dt = Axneλx, n = 1, 2, . . .

1◦. A solution with n = 1:

y1(x) =
A

B
xeλx +

AC

B2
eλx,

B = 1 +
∫ ∞

0
K(z)e–λz dz, C =

∫ ∞

0
zK(z)e–λz dz.

It is convenient to calculate B and C using tables of Laplace transforms.

2◦. A solution with n = 2:

y2(x) =
A

B
x2eλx + 2

AC

B2
xeλx +

(
2

AC2

B3
–

AD

B2

)
eλx,

B = 1 +
∫ ∞

0
K(z)e–λz dz, C =

∫ ∞

0
zK(z)e–λz dz, D =

∫ ∞

0
z2K(z)e–λz dz.

3◦. A solution with n = 3, 4, . . . is given by:

yn(x) =
∂

∂λ
yn–1(x) = A

∂n

∂λn

[
eλx

B(λ)

]
, B(λ) = 1 +

∫ ∞

0
K(z)e–λz dz.

45. y(x) +
∫∫ x

–∞
K(x – t)y(t) dt = A cosh(λx).

A solution:

y(x) =
A

2B–
eλx +

A

2B+
e–λx =

1
2

( A

B–
+

A

B+

)
cosh(λx) +

1
2

( A

B–
–

A

B+

)
sinh(λx),

B– = 1 +
∫ ∞

0
K(z)e–λz dz, B+ = 1 +

∫ ∞

0
K(z)eλz dz.

46. y(x) +
∫∫ x

–∞
K(x – t)y(t) dt = A sinh(λx).

A solution:

y(x) =
A

2B–
eλx –

A

2B+
e–λx =

1
2

( A

B–
–

A

B+

)
cosh(λx) +

1
2

( A

B–
+

A

B+

)
sinh(λx),

B– = 1 +
∫ ∞

0
K(z)e–λz dz, B+ = 1 +

∫ ∞

0
K(z)eλz dz.
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47. y(x) +
∫∫ x

–∞
K(x – t)y(t) dt = A cos(λx).

A solution:

y(x) =
A

B2
c + B2

s

[
Bc cos(λx) – Bs sin(λx)

]
,

Bc = 1 +
∫ ∞

0
K(z) cos(λz) dz, Bs =

∫ ∞

0
K(z) sin(λz) dz.

48. y(x) +
∫∫ x

–∞
K(x – t)y(t) dt = A sin(λx).

A solution:

y(x) =
A

B2
c + B2

s

[
Bc sin(λx) + Bs cos(λx)

]
,

Bc = 1 +
∫ ∞

0
K(z) cos(λz) dz, Bs =

∫ ∞

0
K(z) sin(λz) dz.

49. y(x) +
∫∫ x

–∞
K(x – t)y(t) dt = Aeµx cos(λx).

A solution:

y(x) =
A

B2
c + B2

s
eµx
[
Bc cos(λx) – Bs sin(λx)

]
,

Bc = 1 +
∫ ∞

0
K(z)e–µz cos(λz) dz, Bs =

∫ ∞

0
K(z)e–µz sin(λz) dz.

50. y(x) +
∫∫ x

–∞
K(x – t)y(t) dt = Aeµx sin(λx).

A solution:

y(x) =
A

B2
c + B2

s
eµx
[
Bc sin(λx) + Bs cos(λx)

]
,

Bc = 1 +
∫ ∞

0
K(z)e–µz cos(λz) dz, Bs =

∫ ∞

0
K(z)e–µz sin(λz) dz.

51. y(x) +
∫∫ x

–∞
K(x – t)y(t) dt = f (x).

1◦. For a polynomial right-hand side, f (x) =
n∑

k=0
Akxk , a solution has the form

y(x) =
n∑

k=0

Bkxk ,

where the constants Bk are found by the method of undetermined coefficients. One can also
make use of the formula given in item 4◦ of equation 2.9.42 to construct the solution.
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2◦. For f (x) = eλx
n∑

k=0
Akxk, a solution of the equation has the form

y(x) = eλx
n∑

k=0

Bkxk ,

where the Bk are found by the method of undetermined coefficients. One can also make use
of the formula given in item 3◦ of equation 2.9.44 to construct the solution.

3◦. For f (x) =
n∑

k=0
Ak exp(λkx), a solution of the equation has the form

y(x) =
n∑

k=0

Ak

Bk
exp(λkx), Bk = 1 +

∫ ∞

0
K(z) exp(–λkz) dz.

4◦. For f (x) = cos(λx)
n∑

k=0
Akxk, a solution of the equation has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck are found by the method of undetermined coefficients.

5◦. For f (x) = sin(λx)
n∑

k=0
Akxk, a solution of the equation has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck are found by the method of undetermined coefficients.

6◦. For f (x) =
n∑

k=0
Ak cos(λkx), the solution of a equation has the form

y(x) =
n∑

k=0

Ak

B2
ck + B2

sk

[
Bck cos(λkx) – Bsk sin(λkx)

]
,

Bck = 1 +
∫ ∞

0
K(z) cos(λkz) dz, Bsk =

∫ ∞

0
K(z) sin(λkz) dz.

7◦. For f (x) =
n∑

k=0
Ak sin(λkx), a solution of the equation has the form

y(x) =
n∑

k=0

Ak

B2
ck + B2

sk

[
Bck sin(λkx) + Bsk cos(λkx)

]
,

Bck = 1 +
∫ ∞

0
K(z) cos(λkz) dz, Bsk =

∫ ∞

0
K(z) sin(λkz) dz.

8◦. For f (x) = cos(λx)
n∑

k=0
Ak exp(µkx), a solution of the equation has the form

y(x) = cos(λx)
n∑

k=0

AkBck

B2
ck + B2

sk

exp(µkx) – sin(λx)
n∑

k=0

AkBsk

B2
ck + B2

sk

exp(µkx),

Bck = 1 +
∫ ∞

0
K(z) exp(–µkz) cos(λz) dz, Bsk =

∫ ∞

0
K(z) exp(–µkz) sin(λz) dz.
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9◦. For f (x) = sin(λx)
n∑

k=0
Ak exp(µkx), a solution of the equation has the form

y(x) = sin(λx)
n∑

k=0

AkBck

B2
ck + B2

sk

exp(µkx) + cos(λx)
n∑

k=0

AkBsk

B2
ck + B2

sk

exp(µkx),

Bck = 1 +
∫ ∞

0
K(z) exp(–µkz) cos(λz) dz, Bsk =

∫ ∞

0
K(z) exp(–µkz) sin(λz) dz.

52. y(x) +
∫∫ ∞

x

K(x – t)y(t) dt = 0.

Eigenfunctions of this integral equation are determined by the roots of the following tran-
scendental (algebraic) equation for the parameter λ:∫ ∞

0
K(–z)eλz dz = –1. (1)

The left-hand side of this equation is the Laplace transform of the function K(–z) with
parameter –λ.

1◦. For a real simple root λk of equation (1) there is a corresponding eigenfunction

yk(x) = exp(λkx).

2◦. For a real root λk of multiplicity r there are corresponding r eigenfunctions

yk1(x) = exp(λkx), yk2(x) = x exp(λkx), . . . , ykr(x) = xr–1 exp(λkx).

3◦. For a complex simple root λk = αk + iβk of equation (1) there is a corresponding
eigenfunction pair

y(1)
k (x) = exp(αkx) cos(βkx), y(2)

k (x) = exp(αkx) sin(βkx).

4◦. For a complex root λk = αk +iβk of multiplicity r there are corresponding r eigenfunction
pairs

y(1)
k1 (x) = exp(αkx) cos(βkx),

y(1)
k2 (x) = x exp(αkx) cos(βkx),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(1)
kr(x) = xr–1 exp(αkx) cos(βkx),

y(2)
k1 (x) = exp(αkx) sin(βkx),

y(2)
k2 (x) = x exp(αkx) sin(βkx),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(2)
kr(x) = xr–1 exp(αkx) sin(βkx).

The general solution is the combination (with arbitrary constants) of the eigenfunctions
of the homogeneous integral equation.

� For equations 2.9.53–2.9.62, only particular solutions are given. To obtain the general solu-
tion, one must add the general solution of the corresponding homogeneous equation 2.9.52 to the
particular solution.

53. y(x) +
∫∫ ∞

x

K(x – t)y(t) dt = Axn, n = 0, 1, 2, . . .

This is a special case of equation 2.9.55 with λ = 0.
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1◦. A solution with n = 0:

y(x) =
A

B
, B = 1 +

∫ ∞

0
K(–z) dz.

2◦. A solution with n = 1:

y(x) =
A

B
x –

AC

B2
, B = 1 +

∫ ∞

0
K(–z) dz, C =

∫ ∞

0
zK(–z) dz.

3◦. A solution with n = 2:

y2(x) =
A

B
x2 – 2

AC

B2
x + 2

AC2

B3
–

AD

B2
,

B = 1 +
∫ ∞

0
K(–z) dz, C =

∫ ∞

0
zK(–z) dz, D =

∫ ∞

0
z2K(–z) dz.

4◦. A solution with n = 3, 4, . . . is given by:

yn(x) = A

{
∂n

∂λn

[ eλx

B(λ)

]}
λ=0

, B(λ) = 1 +
∫ ∞

0
K(–z)eλz dz.

54. y(x) +
∫∫ ∞

x

K(x – t)y(t) dt = Aeλx.

A solution:

y(x) =
A

B
eλx, B = 1 +

∫ ∞

0
K(–z)eλz dz = 1 + L{K(–z), –λ}.

The integral term in the expression for B is the Laplace transform of K(–z) with parameter –λ,
which may be calculated using tables of Laplace transforms (e.g., see H. Bateman and
A. Erdélyi (vol. 1, 1954), V. A. Ditkin and A. P. Prudnikov (1965), and Supplement 5).

55. y(x) +
∫∫ ∞

x

K(x – t)y(t) dt = Axneλx, n = 1, 2, . . .

1◦. A solution with n = 1:

y1(x) =
A

B
xeλx –

AC

B2
eλx,

B = 1 +
∫ ∞

0
K(–z)eλz dz, C =

∫ ∞

0
zK(–z)eλz dz.

It is convenient to calculate B and C using tables of Laplace transforms (with parameter –λ).

2◦. A solution with n = 2:

y2(x) =
A

B
x2eλx – 2

AC

B2
xeλx +

(
2

AC2

B3
–

AD

B2

)
eλx,

B = 1 +
∫ ∞

0
K(–z)eλz dz, C =

∫ ∞

0
zK(–z)eλz dz, D =

∫ ∞

0
z2K(–z)eλz dz.

3◦. A solution with n = 3, 4, . . . is given by

yn(x) =
∂

∂λ
yn–1(x) = A

∂n

∂λn

[
eλx

B(λ)

]
, B(λ) = 1 +

∫ ∞

0
K(–z)eλz dz.
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56. y(x) +
∫∫ ∞

x

K(x – t)y(t) dt = A cosh(λx).

A solution:

y(x) =
A

2B+
eλx +

A

2B–
e–λx =

1
2

( A

B+
+

A

B–

)
cosh(λx) +

1
2

( A

B+
–

A

B–

)
sinh(λx),

B+ = 1 +
∫ ∞

0
K(–z)eλz dz, B– = 1 +

∫ ∞

0
K(–z)e–λz dz.

57. y(x) +
∫∫ ∞

x

K(x – t)y(t) dt = A sinh(λx).

A solution:

y(x) =
A

2B+
eλx –

A

2B–
e–λx =

1
2

( A

B+
–

A

B–

)
cosh(λx) +

1
2

( A

B+
+

A

B–

)
sinh(λx),

B+ = 1 +
∫ ∞

0
K(–z)eλz dz, B– = 1 +

∫ ∞

0
K(–z)e–λz dz.

58. y(x) +
∫∫ ∞

x

K(x – t)y(t) dt = A cos(λx).

A solution:

y(x) =
A

B2
c + B2

s

[
Bc cos(λx) + Bs sin(λx)

]
,

Bc = 1 +
∫ ∞

0
K(–z) cos(λz) dz, Bs =

∫ ∞

0
K(–z) sin(λz) dz.

59. y(x) +
∫∫ ∞

x

K(x – t)y(t) dt = A sin(λx).

A solution:

y(x) =
A

B2
c + B2

s

[
Bc sin(λx) – Bs cos(λx)

]
,

Bc = 1 +
∫ ∞

0
K(–z) cos(λz) dz, Bs =

∫ ∞

0
K(–z) sin(λz) dz.

60. y(x) +
∫∫ ∞

x

K(x – t)y(t) dt = Aeµx cos(λx).

A solution:

y(x) =
A

B2
c + B2

s
eµx
[
Bc cos(λx) + Bs sin(λx)

]
,

Bc = 1 +
∫ ∞

0
K(–z)eµz cos(λz) dz, Bs =

∫ ∞

0
K(–z)eµz sin(λz) dz.

61. y(x) +
∫∫ ∞

x

K(x – t)y(t) dt = Aeµx sin(λx).

A solution:

y(x) =
A

B2
c + B2

s
eµx
[
Bc sin(λx) – Bs cos(λx)

]
,

Bc = 1 +
∫ ∞

0
K(–z)eµz cos(λz) dz, Bs =

∫ ∞

0
K(–z)eµz sin(λz) dz.
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62. y(x) +
∫∫ ∞

x

K(x – t)y(t) dt = f (x).

1◦. For a polynomial right-hand side, f (x) =
n∑

k=0
Akxk , a solution has the form

y(x) =
n∑

k=0

Bkxk ,

where the constants Bk are found by the method of undetermined coefficients. One can also
make use of the formula given in item 4◦ of equation 2.9.53 to construct the solution.

2◦. For f (x) = eλx
n∑

k=0
Akxk, a solution of the equation has the form

y(x) = eλx
n∑

k=0

Bkxk ,

where the constants Bk are found by the method of undetermined coefficients. One can also
make use of the formula given in item 3◦ of equation 2.9.55 to construct the solution.

3◦. For f (x) =
n∑

k=0
Ak exp(λkx), a solution of the equation has the form

y(x) =
n∑

k=0

Ak

Bk
exp(λkx), Bk = 1 +

∫ ∞

0
K(–z) exp(λkz) dz.

4◦. For f (x) = cos(λx)
n∑

k=0
Akxk a solution of the equation has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck are found by the method of undetermined coefficients.

5◦. For f (x) = sin(λx)
n∑

k=0
Akxk, a solution of the equation has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the Bk and Ck are found by the method of undetermined coefficients.

6◦. For f (x) =
n∑

k=0
Ak cos(λkx), a solution of the equation has the form

y(x) =
n∑

k=0

Ak

B2
ck + B2

sk

[
Bck cos(λkx) + Bsk sin(λkx)

]
,

Bck = 1 +
∫ ∞

0
K(–z) cos(λkz) dz, Bsk =

∫ ∞

0
K(–z) sin(λkz) dz.
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7◦. For f (x) =
n∑

k=0
Ak sin(λkx), a solution of the equation has the form

y(x) =
n∑

k=0

Ak

B2
ck + B2

sk

[
Bck sin(λkx) – Bsk cos(λkx)

]
,

Bck = 1 +
∫ ∞

0
K(–z) cos(λkz) dz, Bsk =

∫ ∞

0
K(–z) sin(λkz) dz.

8◦. For f (x) = cos(λx)
n∑

k=0
Ak exp(µkx), a solution of the equation has the form

y(x) = cos(λx)
n∑

k=0

AkBck

B2
ck + B2

sk

exp(µkx) + sin(λx)
n∑

k=0

AkBsk

B2
ck + B2

sk

exp(µkx),

Bck = 1 +
∫ ∞

0
K(–z) exp(µkz) cos(λz) dz, Bsk =

∫ ∞

0
K(–z) exp(µkz) sin(λz) dz.

9◦. For f (x) = sin(λx)
n∑

k=0
Ak exp(µkx), a solution of the equation has the form

y(x) = sin(λx)
n∑

k=0

AkBck

B2
ck + B2

sk

exp(µkx) – cos(λx)
n∑

k=0

AkBsk

B2
ck + B2

sk

exp(µkx),

Bck = 1 +
∫ ∞

0
K(–z) exp(µkz) cos(λz) dz, Bsk =

∫ ∞

0
K(–z) exp(µkz) sin(λz) dz.

10◦. In the general case of arbitrary right-hand side f = f (x), the solution of the integral
equation can be represented in the form

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̃ (p)

1 + k̃(–p)
epx dp,

f̃ (p) =
∫ ∞

0
f (x)e–px dx, k̃(–p) =

∫ ∞

0
K(–z)epz dz.

To calculate f̃ (p) and k̃(–p), it is convenient to use tables of Laplace transforms, and to
determine y(x), tables of inverse Laplace transforms.

2.9-3. Other Equations.

63. y(x) +
∫∫ x

0

1

x
f

((
t

x

))
y(t) dt = 0.

Eigenfunctions of this integral equation are determined by the roots of the following tran-
scendental (algebraic) equation for the parameter λ:∫ 1

0
f (z)zλ dz = –1. (1)

1◦. For a real simple root λk of equation (1) there is a corresponding eigenfunction

yk(x) = xλk .
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2◦. For a real root λk of multiplicity r there are corresponding r eigenfunctions

yk1(x) = xλk , yk2(x) = xλk ln x, . . . , ykr(x) = xλk lnr–1 x.

3◦. For a complex simple root λk = αk + iβk of equation (1) there is a corresponding
eigenfunction pair

y(1)
k (x) = xαk cos(βk ln x), y(2)

k (x) = xαk sin(βk ln x).

4◦. For a complex root λk = αk +iβk of multiplicity r there are corresponding r eigenfunction
pairs

y(1)
k1 (x) = xαk cos(βk ln x),

y(1)
k2 (x) = xαk ln x cos(βk ln x),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(1)
kr(x) = xαk lnr–1 x cos(βk ln x),

y(2)
k1 (x) = xαk sin(βk ln x),

y(2)
k2 (x) = xαk ln x sin(βk ln x),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(2)
kr(x) = xαk lnr–1 x sin(βk ln x).

The general solution is the combination (with arbitrary constants) of the eigenfunctions
of the homogeneous integral equation.

� For equations 2.9.64–2.9.71, only particular solutions are given. To obtain the general solu-
tion, one must add the general solution of the corresponding homogeneous equation 2.9.63 to the
particular solution.

64. y(x) +
∫∫ x

0

1

x
f

((
t

x

))
y(t) dt = Ax + B.

A solution:

y(x) =
A

1 + I1
x +

B

1 + I0
, I0 =

∫ 1

0
f (t) dt, I1 =

∫ 1

0
tf (t) dt.

65. y(x) +
∫∫ x

0

1

x
f

((
t

x

))
y(t) dt = Axβ.

A solution:

y(x) =
A

B
xβ , B = 1 +

∫ 1

0
f (t)tβ dt.

66. y(x) +
∫∫ x

0

1

x
f

((
t

x

))
y(t) dt = A ln x + B.

A solution:
y(x) = p ln x + q,

where

p =
A

1 + I0
, q =

B

1 + I0
–

AIl

(1 + I0)2
, I0 =

∫ 1

0
f (t) dt, Il =

∫ 1

0
f (t) ln t dt.

67. y(x) +
∫∫ x

0

1

x
f

((
t

x

))
y(t) dt = Axβ ln x.

A solution:
y(x) = pxβ ln x + qxβ ,

where

p =
A

1 + I1
, q = –

AI2

(1 + I1)2
, I1 =

∫ 1

0
f (t)tβdt, I2 =

∫ 1

0
f (t)tβ ln t dt.
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68. y(x) +
∫∫ x

0

1

x
f

((
t

x

))
y(t) dt = A cos(ln x).

A solution:

y(x) =
AIc

I2
c + I2

s
cos(ln x) +

AIs

I2
c + I2

s
sin(ln x),

Ic = 1 +
∫ 1

0
f (t) cos(ln t) dt, Is =

∫ 1

0
f (t) sin(ln t) dt.

69. y(x) +
∫∫ x

0

1

x
f

((
t

x

))
y(t) dt = A sin(ln x).

A solution:

y(x) = –
AIs

I2
c + I2

s
cos(ln x) +

AIc

I2
c + I2

s
sin(ln x),

Ic = 1 +
∫ 1

0
f (t) cos(ln t) dt, Is =

∫ 1

0
f (t) sin(ln t) dt.

70. y(x) +
∫∫ x

0

1

x
f

((
t

x

))
y(t) dt = Axβ cos(ln x) + Bxβ sin(ln x).

A solution:
y(x) = pxβ cos(ln x) + qxβ sin(ln x),

where

p =
AIc – BIs

I2
c + I2

s
, q =

AIs + BIc

I2
c + I2

s
,

Ic = 1 +
∫ 1

0
f (t)tβ cos(ln t) dt, Is =

∫ 1

0
f (t)tβ sin(ln t) dt.

71. y(x) +
∫∫ x

0

1

x
f

((
t

x

))
y(t) dt = g(x).

1◦. For a polynomial right-hand side,

g(x) =
N∑

n=0

Anxn

a solution bounded at zero is given by

y(x) =
N∑

n=0

An

1 + fn
xn, fn =

∫ 1

0
f (z)zn dz.

Here it is assumed that f0 < ∞ and fn ≠ –1 (n = 0, 1, 2, . . . ).
If for some n the relation fn = –1 holds, then a solution differs from the above case in

one term and has the form

y(x) =
n–1∑
m=0

Am

1 + fm
xm +

N∑
m=n+1

Am

1 + fm
xm +

An

f̄n
xn ln x, f̄n =

∫ 1

0
f (z)zn ln z dz.

For arbitrary g(x) expandable into power series, the formulas of item 1◦ can be used, in
which one should set N =∞. In this case, the convergence radius of the obtained solution y(x)
is equal to that of the function g(x).



2.10. SOME FORMULAS AND TRANSFORMATIONS 215

2◦. For g(x) = ln x
n∑

k=0
Akxk, a solution has the form

y(x) = ln x

n∑
k=0

Bkxk +
n∑

k=0

Ckxk ,

where the constants Bk and Ck are found by the method of undetermined coefficients.

3◦. For g(x) =
n∑

k=0
Ak

(
ln x)k, a solution of the equation has the form

y(x) =
n∑

k=0

Bk

(
ln x)k,

where the Bk are found by the method of undetermined coefficients.

4◦. For g(x) =
n∑

k=1
Ak cos(λk ln x), a solution of the equation has the form

y(x) =
n∑

k=1

Bk cos(λk ln x) +
n∑

k=1

Ck sin(λk ln x),

where the Bk and Ck are found by the method of undetermined coefficients.

5◦. For g(x) =
n∑

k=1
Ak sin(λk ln x) a solution of the equation has the form

y(x) =
n∑

k=1

Bk cos(λk ln x) +
n∑

k=1

Ck sin(λk ln x),

where the Bk and Ck are found by the method of undetermined coefficients.

6◦. For arbitrary right-hand side g(x), the transformation

x = e–z , t = e–τ , y(x) = ezw(z), f (ξ) = F (ln ξ), g(x) = ezG(z)

leads to an equation with difference kernel of the form 2.9.62:

w(z) +
∫ ∞

z

F (z – τ )w(τ ) dτ = G(z).

7◦. For arbitrary right-hand side g(x), the solution of the integral equation can be expressed
via the inverse Mellin transform (see Example 2 in Subsection 11.6-4).

2.10. Some Formulas and Transformations
Let the solution of the integral equation

y(x) +
∫ x

a

K(x, t)y(t) dt = f (x) (1)

have the form

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt. (2)
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Then the solution of the more complicated integral equation

y(x) +
∫ x

a

K(x, t)
g(x)
g(t)

y(t) dt = f (x) (3)

has the form

y(x) = f (x) +
∫ x

a

R(x, t)
g(x)
g(t)

f (t) dt. (4)

Below are formulas for the solutions of integral equations of the form (3) for some specific func-
tions g(x). In all cases, it is assumed that the solution of equation (1) is known and is given
by (2).

1◦. The solution of the equation

y(x) +
∫ x

a

K(x, t)(x/t)λy(t) dt = f (x)

has the form

y(x) = f (x) +
∫ x

a

R(x, t)(x/t)λf (t) dt.

2◦. The solution of the equation

y(x) +
∫ x

a

K(x, t)eλ(x–t)y(t) dt = f (x)

has the form

y(x) = f (x) +
∫ x

a

R(x, t)eλ(x–t)f (t) dt.



Chapter 3

Linear Equations of the First Kind
with Constant Limits of Integration

� Notation: f = f (x), g = g(x), h = h(x), K = K(x), and M = M (x) are arbitrary functions (these
may be composite functions of the argument depending on two variables x and t); A, B, C, a, b, c,
k, α, β, γ, λ, and µ are free parameters; and n is a nonnegative integer.

3.1. Equations Whose Kernels Contain Power-Law
Functions

3.1-1. Kernels Linear in the Arguments x and t.

1.
∫∫ 1

0
|x – t| y(t) dt = f (x).

1◦. Let us remove the modulus in the integrand:∫ x

0
(x – t)y(t) dt +

∫ 1

x

(t – x)y(t) dt = f (x). (1)

Differentiating (1) with respect to x yields∫ x

0
y(t) dt –

∫ 1

x

y(t) dt = f ′
x(x). (2)

Differentiating (2) yields the solution

y(x) = 1
2 f ′′

xx(x). (3)

2◦. Let us demonstrate that the right-hand side f (x) of the integral equation must satisfy

certain relations. By setting x = 0 and x = 1 in (1), we obtain two corollaries
∫ 1

0
ty(t) dt = f (0)

and
∫ 1

0
(1 – t)y(t) dt = f (1), which can be rewritten in the form

∫ 1

0
ty(t) dt = f (0),

∫ 1

0
y(t) dt = f (0) + f (1). (4)

In Section 3.1, we mean that kernels of the integral equations discussed may contain power-law functions or modulus of
power-law functions.

217
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Substitute y(x) of (3) into (4). Integration by parts yields f ′
x(1) = f (1)+f (0) and f ′

x(1)–f ′
x(0) =

2f (1) + 2f (0). Hence, we obtain the desired constraints for f (x):

f ′
x(1) = f (0) + f (1), f ′

x(0) + f ′
x(1) = 0. (5)

Conditions (5) make it possible to find the admissible general form of the right-hand side
of the integral equation:

f (x) = F (x) + Ax + B,

A = – 1
2

[
F ′

x(1) + F ′
x(0)
]
, B = 1

2

[
F ′

x(1) – F (1) – F (0)
]
,

where F (x) is an arbitrary bounded twice differentiable function with bounded first derivative.

2.
∫∫ b

a

|x – t| y(t) dt = f (x), 0 ≤ a < b < ∞.

This is a special case of equation 3.8.3 with g(x) = x.
Solution:

y(x) = 1
2 f ′′

xx(x).

The right-hand side f (x) of the integral equation must satisfy certain relations. The
general form of f (x) is as follows:

f (x) = F (x) + Ax + B,

A = – 1
2

[
F ′

x(a) + F ′
x(b)
]
, B = 1

2

[
aF ′

x(a) + bF ′
x(b) – F (a) – F (b)

]
,

where F (x) is an arbitrary bounded twice differentiable function (with bounded first deriva-
tive).

3.
∫∫ a

0
|λx – t| y(t) dt = f (x), λ > 0.

Here 0 ≤ x ≤ a and 0 ≤ t ≤ a.

1◦. Let us remove the modulus in the integrand:∫ λx

0
(λx – t)y(t) dt +

∫ a

λx

(t – λx)y(t) dt = f (x). (1)

Differentiating (1) with respect to x, we find that

λ

∫ λx

0
y(t) dt – λ

∫ a

λx

y(t) dt = f ′
x(x). (2)

Differentiating (2) yields 2λ2y(λx) = f ′′
xx(x). Hence, we obtain the solution

y(x) =
1

2λ2
f ′′

xx

( x

λ

)
. (3)

2◦. Let us demonstrate that the right-hand side f (x) of the integral equation must satisfy
certain relations. By setting x = 0 in (1) and (2), we obtain two corollaries∫ a

0
ty(t) dt = f (0), λ

∫ a

0
y(t) dt = –f ′

x(0). (4)

Substitute y(x) from (3) into (4). Integrating by parts yields the desired constraints for f (x):

(a/λ)f ′
x(a/λ) = f (0) + f (a/λ), f ′

x(0) + f ′
x(a/λ) = 0. (5)

Conditions (5) make it possible to establish the admissible general form of the right-hand
side of the integral equation:

f (x) = F (z) + Az + B, z = λx;

A = – 1
2

[
F ′

z(a) + F ′
z(0)
]
, B = 1

2

[
aF ′

z(a) – F (a) – F (0)
]
,

where F (x) is an arbitrary bounded twice differentiable function (with bounded first deriva-
tive).
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4.
∫∫ a

0
|x – λt| y(t) dt = f (x), λ > 0.

Here 0 ≤ x ≤ a and 0 ≤ t ≤ a.
Solution:

y(x) = 1
2 λf ′′

xx(λx).

The right-hand side f (x) of the integral equation must satisfy the relations

aλf ′
x(aλ) = f (0) + f (aλ), f ′

x(0) + f ′
x(aλ) = 0.

Hence, it follows the general form of the right-hand side:

f (x) = F (x) + Ax + B, A = – 1
2

[
F ′

x(λa) + F ′
x(0)
]
, B = 1

2

[
aλF ′

x(aλ) – F (λa) – F (0)
]
,

where F (x) is an arbitrary bounded twice differentiable function (with bounded first deriva-
tive).

3.1-2. Kernels Quadratic in the Arguments x and t.

5.
∫∫ a

0

∣∣∣∣Ax + Bx2 – t
∣∣∣∣ y(t) dt = f (x), A > 0, B > 0.

This is a special case of equation 3.8.5 with g(x) = Ax + Bx2.

6.
∫∫ a

0

∣∣∣∣x – At – Bt2
∣∣∣∣ y(t) dt = f (x), A > 0, B > 0.

This is a special case of equation 3.8.6 with g(x) = At + Bt2.

7.
∫∫ b

a

∣∣∣∣xt – t2
∣∣∣∣ y(t) dt = f (x), 0 ≤ a < b < ∞.

The substitution w(t) = ty(t) leads to an equation of the form 3.1.2:∫ b

a

|x – t|w(t) dt = f (x).

8.
∫∫ b

a

∣∣∣∣x2 – t2
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = x2.

Solution: y(x) =
d

dx

[
f ′

x(x)
4x

]
. The right-hand side f (x) of the equation must satisfy

certain constraints, given in 3.8.3.

9.
∫∫ a

0

∣∣∣∣x2 – βt2
∣∣∣∣ y(t) dt = f (x), β > 0.

This is a special case of equation 3.8.4 with g(x) = x2 and β = λ2.

10.
∫∫ a

0

∣∣∣∣Ax + Bx2 – Aλt – Bλ2t2
∣∣∣∣ y(t) dt = f (x), λ > 0.

This is a special case of equation 3.8.4 with g(x) = Ax + Bx2.
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3.1-3. Kernels Containing Integer Powers of x and t or Rational Functions.

11.
∫∫ b

a

∣∣∣∣x – t
∣∣∣∣3y(t) dt = f (x).

Let us remove the modulus in the integrand:∫ x

a

(x – t)3y(t) dt +
∫ b

x

(t – x)3y(t) dt = f (x). (1)

Differentiating (1) twice yields

6
∫ x

a

(x – t)y(t) dt + 6
∫ b

x

(t – x)y(t) dt = f ′′
xx(x).

This equation can be rewritten in the form 3.1.2:∫ b

a

|x – t| y(t) dt = 1
6 f ′′

xx(x). (2)

Therefore the solution of the integral equation is given by

y(x) = 1
12 y′′′′

xxxx(x). (3)

The right-hand side f (x) of the equation must satisfy certain conditions. To obtain these
conditions, one must substitute solution (3) into (1) with x = a and x = b and into (2) with
x = a and x = b, and then integrate the four resulting relations by parts.

12.
∫∫ b

a

∣∣∣∣x3 – t3
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = x3.

13.
∫∫ b

a

∣∣∣∣xt2 – t3
∣∣∣∣ y(t) dt = f (x) 0 ≤ a < b < ∞.

The substitution w(t) = t2y(t) leads to an equation of the form 3.1.2:∫ b

a

|x – t|w(t) dt = f (x).

14.
∫∫ b

a

∣∣∣∣x2t – t3
∣∣∣∣ y(t) dt = f (x).

The substitution w(t) = |t| y(t) leads to an equation of the form 3.1.8:∫ b

a

∣∣x2 – t2
∣∣w(t) dt = f (x).

15.
∫∫ a

0

∣∣∣∣x3 – βt3
∣∣∣∣ y(t) dt = f (x), β > 0.

This is a special case of equation 3.8.4 with g(x) = x3 and β = λ3.
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16.
∫∫ b

a

∣∣∣∣x – t
∣∣∣∣2n+1

y(t) dt = f (x), n = 0, 1, 2, . . .

Solution:

y(x) =
1

2(2n + 1)!
f (2n+2)

x (x). (1)

The right-hand side f (x) of the equation must satisfy certain conditions. To obtain these
conditions, one must substitute solution (1) into the relations∫ b

a

(t – a)2n+1y(t) dt = f (a),
∫ b

a

(t – a)2n–ky(t) dt =
(–1)k+1

Ak
f (k+1)

x (a),

Ak = (2n + 1)(2n) . . . (2n + 1 – k); k = 0, 1, . . . , 2n,

and then integrate the resulting equations by parts.

17.
∫∫ ∞

0

y(t) dt

x + t
= f (x).

The left-hand side of this equation is the Stieltjes transform.

1◦. By setting

x = ez , t = eτ , y(t) = e–τ/2w(τ ), f (x) = e–z/2g(z),

we obtain an integral equation with difference kernel of the form 3.8.15:∫ ∞

–∞

w(τ ) dτ

2 cosh
[

1
2 (z – τ )

] = g(z),

whose solution is given by

w(z) =
1√
2π3

∫ ∞

–∞
cosh(πu) g̃(u)eiux du, g̃(u) =

1√
2π

∫ ∞

–∞
g(z)e–iuz dz, i2 = –1.

2◦. Solution:

y(x) =
1

2πi
lim

ε→+0

[
f (–x – iε) – f (–x + iε)

]
=

1
π
√

x

∞∑
k=0

(–1)k

(2k)!

(
π

x

d

dx

)2k[√
x f (x)

]
.

3◦. Under some assumptions, the solution of the original equation can be represented in the
form

y(x) = lim
n→∞

(–1)n

(n + 1)!(n – 1)

[
x2n+1f (n)

x (x)
](n+1)

x
, (1)

which is the real inversion of the Stieltjes transform.
An alternative form of the solution is

y(x) = lim
n→∞

(–1)n

2π

( e

n

)2n[
x2nf (n)

x (x)
](n)

x
. (2)

To obtain an approximate solution of the integral equation, one restricts oneself to a
specific value of n in (1) or (2) instead of taking the limit.

References: E. A. C. Paley and N. Wiener (1934), D. V. Widder (1939, 1971), I. I. Hirschman and D. V. Widder
(1955), P. P. Zabreyko, A. I. Koshelev, et al. (1975), E. C. Titchmarsh (1986), Yu. A. Brychkov and A. P. Prudnikov
(1989), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 428).
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3.1-4. Kernels Containing Square Roots.

18.
∫∫ a

0

∣∣∣∣√x –
√

t
∣∣∣∣ y(t) dt = f (x), 0 < a < ∞.

This is a special case of equation 3.8.3 with g(x) =
√

x.
Solution:

y(x) =
d

dx

[√
x f ′

x(x)
]
.

The right-hand side f (x) of the equation must satisfy certain conditions. The general
form of the right-hand side is

f (x) = F (x) + Ax + B, A = –F ′
x(a), B = 1

2

[
aF ′

x(a) – F (a) – F (0)
]
,

where F (x) is an arbitrary bounded twice differentiable function (with bounded first deriva-
tive).

19.
∫∫ a

0

∣∣∣∣√x – β
√

t
∣∣∣∣ y(t) dt = f (x), β > 0.

This is a special case of equation 3.8.4 with g(x) =
√

x and β =
√

λ.

20.
∫∫ a

0

∣∣∣∣√x – t
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.5 with g(x) =
√

x (see item 3◦ of 3.8.5).

21.
∫∫ a

0

∣∣∣∣x –
√

t
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.6 with g(t) =
√

t (see item 3◦ of 3.8.6).

22.
∫∫ a

0

y(t)√
|x – t|

dt = f (x), 0 < a ≤ ∞.

This is a special case of equation 3.1.30 with k = 1
2 .

Solution:

y(x) = –
A

x1/4

d

dx

[∫ a

x

dt

(t – x)1/4

∫ t

0

f (s) ds

s1/4(t – s)1/4

]
, A =

1√
8π Γ2(3/4)

.

23.
∫∫ ∞

–∞

y(t)√
|x – t|

dt = f (x).

This is a special case of equation 3.1.35 with λ = 1
2 .

Solution:

y(x) =
1

4π

∫ ∞

–∞

f (x) – f (t)
|x – t|3/2

dt.

24.
∫∫ 1

–1

y(t) dt√
1 + x2 – 2xt

= f (x).

Solution:

y(x) =
1
2

∞∑
n=0

2n + 1
n!

f (n)
x (0)Pn(x),

where Pn(x) are the Legendre polynomials (see Supplement 11.11-1)

Pn(x) =
1

n! 2n

dn

dxn
(x2 – 1)n.

P. M. Morse and H. Feshbach (1953).
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3.1-5. Kernels Containing Arbitrary Powers.

25.
∫∫ a

0
|xk – tk | y(t) dt = f (x), 0 < k < 1, 0 < a < ∞.

1◦. Let us remove the modulus in the integrand:∫ x

0
(xk – tk)y(t) dt +

∫ a

x

(tk – xk)y(t) dt = f (x). (1)

Differentiating (1) with respect to x yields

kxk–1
∫ x

0
y(t) dt – kxk–1

∫ a

x

y(t) dt = f ′
x(x). (2)

Let us divide both sides of (2) by kxk–1 and differentiate the resulting equation. As a result,
we obtain the solution

y(x) =
1

2k

d

dx

[
x1–kf ′

x(x)
]
. (3)

2◦. Let us demonstrate that the right-hand side f (x) of the integral equation must satisfy

certain relations. By setting x=0 and x=a, in (1), we obtain two corollaries
∫ a

0
tky(t) dt=f (0)

and
∫ a

0
(ak – tk)y(t) dt = f (a), which can be rewritten in the form

∫ a

0
tky(t) dt = f (0), ak

∫ a

0
y(t) dt = f (0) + f (a). (4)

Substitute y(x) of (3) into (4). Integrating by parts yields the relations af ′
x(a) = kf (a) +kf (0)

and af ′
x(a) = 2kf (a) + 2kf (0). Hence, the desired constraints for f (x) have the form

f (0) + f (a) = 0, f ′
x(a) = 0. (5)

Conditions (5) make it possible to find the admissible general form of the right-hand side
of the integral equation:

f (x) = F (x) + Ax + B, A = –F ′
x(a), B = 1

2

[
aF ′

x(a) – F (a) – F (0)
]
,

where F (x) is an arbitrary bounded twice differentiable function with bounded first derivative.
The first derivative may be unbounded at x = 0, in which case the conditions

[
x1–kF ′

x

]
x=0

= 0
must hold.

26.
∫∫ a

0
|xk – βtk | y(t) dt = f (x), 0 < k < 1, β > 0.

This is a special case of equation 3.8.4 with g(x) = xk and β = λk .

27.
∫∫ a

0
|xktm – tk+m | y(t) dt = f (x), 0 < k < 1, 0 < a < ∞.

The substitution w(t) = tmy(t) leads to an equation of the form 3.1.25:∫ a

0
|xk – tk |w(t) dt = f (x).
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28.
∫∫ 1

0
|xk – tm| y(t) dt = f (x), k > 0, m > 0.

The transformation

z = xk, τ = tm, w(τ ) = τ
1–m
m y(t)

leads to an equation of the form 3.1.1:∫ 1

0
|z – τ |w(τ ) dτ = F (z), F (z) = mf (z1/k).

29.
∫∫ b

a

|x – t|1+λy(t) dt = f (x), 0 ≤ λ < 1.

For λ = 0, see equation 3.1.2. Assume that 0 < λ < 1.

1◦. Let us remove the modulus in the integrand:∫ x

a

(x – t)1+λy(t) dt +
∫ b

x

(t – x)1+λy(t) dt = f (x). (1)

Let us differentiate (1) with respect to x twice and then divide both the sides by λ(λ + 1). As
a result, we obtain∫ x

a

(x – t)λ–1y(t) dt +
∫ b

x

(t – x)λ–1y(t) dt =
1

λ(λ + 1)
f ′′

xx(x). (2)

Rewrite equation (2) in the form∫ b

a

y(t) dt

|x – t|k
=

1
λ(λ + 1)

f ′′
xx(x), k = 1 – λ. (3)

See 3.1.30 and 3.1.31 for the solutions of equation (3) for various a and b.

2◦. The right-hand side f (x) of the integral equation must satisfy certain relations. By setting
x = a and x = b in (1), we obtain two corollaries∫ b

a

(t – a)1+λy(t) dt = f (a),
∫ b

a

(b – t)1+λy(t) dt = f (b). (4)

On substituting the solution y(x) of (3) into (4) and then integrating by parts, we obtain the
desired constraints for f (x).

30.
∫∫ a

0

y(t)

|x – t|k
dt = f (x), 0 < k < 1, 0 < a ≤ ∞.

1◦. Solution:

y(x) = –Ax
k–1

2
d

dx

[∫ a

x

t
1–2k

2 dt

(t – x)
1–k

2

∫ t

0

f (s) ds

s
1–k

2 (t – s)
1–k

2

]
,

A =
1

2π
cos
( πk

2

)
Γ(k)

[
Γ

(
1 + k

2

)]–2

,

where Γ(k) is the gamma function.

2◦. The transformation x = z2, t = ξ2, w(ξ) = 2ξy(t) leads to an equation of the form 3.1.32:∫ √
a

0

w(ξ)
|z2 – ξ2|k

dξ = f
(
z2
)
.
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31.
∫∫ b

a

y(t)

|x – t|k
dt = f (x), 0 < k < 1.

It is assumed that |a| + |b| < ∞. Solution:

y(x) =
1

2π
cot( 1

2 πk)
d

dx

∫ x

a

f (t) dt

(x – t)1–k
–

1
π2

cos2( 1
2 πk)

∫ x

a

Z(t)F (t)
(x – t)1–k

dt,

where

Z(t) = (t – a)
1+k

2 (b – t)
1–k

2 , F (t) =
d

dt

[∫ t

a

dτ

(t – τ )k

∫ b

τ

f (s) ds

Z(s)(s – τ )1–k

]
.

Reference: F. D. Gakhov (1977).

32.
∫∫ a

0

y(t)

|x2 – t2|k
dt = f (x), 0 < k < 1, 0 < a ≤ ∞.

Solution:

y(x) = –
2Γ(k) cos

(
1
2 πk
)

π
[
Γ
(

1+k
2

)]2 xk–1 d

dx

∫ a

x

t2–2kF (t) dt

(t2 – x2)
1–k

2

, F (t) =
∫ t

0

skf (s) ds

(t2 – s2)
1–k

2

.

Reference: P. P. Zabreyko, A. I. Koshelev, et al. (1975).

33.
∫∫ b

a

y(t)

|xλ – tλ|k
dt = f (x), 0 < k < 1, λ > 0.

1◦. The transformation

z = xλ, τ = tλ, w(τ ) = τ
1–λ
λ y(t)

leads to an equation of the form 3.1.31:∫ B

A

w(τ )
|z – τ |k

dτ = F (z),

where A = aλ, B = bλ, F (z) = λf (z1/λ).

2◦. Solution with a = 0:

y(x) = –Ax
λ(k–1)

2
d

dx

[∫ b

x

t
λ(3–2k)–2

2 dt

(tλ – xλ)
1–k

2

∫ t

0

s
λ(k+1)–2

2 f (s) ds

(tλ – sλ)
1–k

2

]
,

A =
λ2

2π
cos

(
πk

2

)
Γ(k)

[
Γ

(
1 + k

2

)]–2

,

where Γ(k) is the gamma function.

34.
∫∫ 1

0

y(t)

|xλ – tm|k
dt = f (x), 0 < k < 1, λ > 0, m > 0.

The transformation

z = xλ, τ = tm, w(τ ) = τ
1–m
m y(t)

leads to an equation of the form 3.1.31:∫ 1

0

w(τ )
|z – τ |k

dτ = F (z), F (z) = mf (z1/λ).
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35.
∫∫ ∞

–∞

y(t)

|x – t|1–λ
dt = f (x), 0 < Re λ < 1.

Solution:

y(x) =
λ

2π
tan
( πλ

2

)∫ ∞

–∞

f (x) – f (t)
|x – t|1+λ

dt

=
λ

2π
tan
( πλ

2

)∫ ∞

0

2f (x) – f (x + t) – f (x – t)
t1+λ

dt.

It is assumed that the condition
∫ ∞

–∞
|f (x)|pdx < ∞ is satisfied for some p, 1 < p < 1/λ.

The integral equation and its solution form the Riesz transform pair (the Riesz potential).

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 428), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

36.
∫∫ ∞

–∞

y(t)

|x3 – t|1–λ
dt = f (x), 0 < λ < 1.

The substitution z = x3 leads to an equation of the form 3.1.35:∫ ∞

–∞

y(t)
|z – t|1–λ

dt = f
(
z1/3
)
.

37.
∫∫ ∞

–∞

y(t)

|x3 – t3|1–λ
dt = f (x), 0 < λ < 1.

The transformation
z = x3, τ = t3, w(τ ) = τ –2/3y(t)

leads to an equation of the form 3.1.35:∫ ∞

–∞

w(τ )
|z – τ |1–λ

dτ = F (z), F (z) = 3f
(
z1/3
)
.

38.
∫∫ ∞

–∞

sign(x – t)

|x – t|1–λ
y(t) dt = f (x), 0 < Re λ < 1.

Solution:

y(x) =
λ

2π
cot
( πλ

2

) ∫ ∞

–∞

f (x) – f (t)
|x – t|1+λ

sign(x – t) dt

=
λ

2π
cot
( πλ

2

) ∫ ∞

0

f (x + t) – f (x – t)
t1+λ

dt

=
λ

2π
cot
( πλ

2

) d

dx

∫ ∞

–∞

f (t)
|x – t|λ

dt.

The integral equation and its solution form the Feller transform pair (the Feller potential).

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 428), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

39.
∫∫ ∞

–∞

a + b sign(x – t)

|x – t|1–λ
y(t) dt = f (x), 0 < Re λ < 1.

Solution:

y(x) = Cλ

∫ ∞

–∞

a + b sign(x – t)
|x – t|1+λ

[
f (x) – f (t)

]
dt

= Cλ

∫ ∞

0
t–1–λ

[
2af (x) – (a + b)f (x – t) – (a – b)f (x + t)

]
dt

= C
d

dx

∫ ∞

–∞

b + a sign(x – t)
|x – t|λ

f (t) dt,
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where

C =
sin(πλ)

4π
[
a2 cos2

(
1
2 πλ
)

+ b2 sin2
(

1
2 πλ
)] .

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 431), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

40.
∫∫ ∞

0

y(t) dt

(ax + bt)k
= f (x), a > 0, b > 0, k > 0.

By setting

x =
1

2a
e2z , t =

1
2b

e2τ , y(t) = be(k–2)τ w(τ ), f (x) = e–kzg(z),

we obtain an integral equation with the difference kernel of the form 3.8.15:∫ ∞

–∞

w(τ ) dτ

coshk(z – τ )
= g(z).

41.
∫∫ ∞

0
tz–1y(t) dt = f (z).

The left-hand side of this equation is the Mellin transform of y(t) (z is treated as a complex
variable).

Solution:

y(t) =
1

2πi

∫ c+i∞

c–i∞
t–zf (z) dz, i2 = –1.

For specific f (z), one can use tables of Mellin and Laplace integral transforms to calculate
the integral.

References: H. Bateman and A. Erdélyi (vol. 2, 1954), V. A. Ditkin and A. P. Prudnikov (1965).

3.1-6. Equations Containing the Unknown Function of a Complicated Argument.

42.
∫∫ 1

0
y(xt) dt = f (x).

Solution:
y(x) = xf ′

x(x) + f (x).

The function f (x) is assumed to satisfy the condition
[
xf (x)

]
x=0

= 0.

43.
∫∫ 1

0
tλy(xt) dt = f (x).

The substitution ξ = xt leads to equation
∫ x

0
ξλy(ξ) dξ = xλ+1f (x). Differentiating with

respect to x yields the solution

y(x) = xf ′
x(x) + (λ + 1)f (x).

The function f (x) is assumed to satisfy the condition
[
xλ+1f (x)

]
x=0

= 0.
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44.
∫∫ 1

0

((
Axk + Btm)y(xt) dt = f (x).

The substitution ξ = xt leads to an equation of the form 1.1.51:∫ x

0

(
Axk+m + Bξm

)
y(ξ) dξ = xm+1f (x).

45.
∫∫ 1

0

y(xt) dt√
1 – t

= f (x).

The substitution ξ = xt leads to Abel’s equation 1.1.36:∫ x

0

y(ξ) dξ√
x – ξ

=
√

x f (x).

46.
∫∫ 1

0

y(xt) dt

(1 – t)λ
= f (x), 0 < λ < 1.

The substitution ξ = xt leads to the generalized Abel equation 1.1.47:∫ x

0

y(ξ) dξ

(x – ξ)λ
= x1–λf (x).

47.
∫∫ 1

0

tµy(xt)

(1 – t)λ
dt = f (x), 0 < λ < 1.

The transformation ξ = xt, w(ξ) = ξµy(ξ) leads to the generalized Abel equation 1.1.47:∫ x

0

w(ξ) dξ

(x – ξ)λ
= x1+µ–λf (x).

48.
∫∫ ∞

0

y(x + t) – y(x – t)

t
dt = f (x).

Solution:

y(x) = –
1
π2

∫ ∞

0

f (x + t) – f (x – t)
t

dt.

References: V. A. Ditkin and A. P. Prudnikov (1965), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 427).

3.1-7. Singular Equations.

In this subsection, all singular integrals are understood in the sense of the Cauchy principal value.

49.
∫∫ ∞

–∞

y(t) dt

t – x
= f (x).

Solution:

y(x) = –
1
π2

∫ ∞

–∞

f (t) dt

t – x
.

The integral equation and its solution form a Hilbert transform pair (in the asymmetric
form).

References: V. A. Ditkin and A. P. Prudnikov (1965), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 427).
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50.
∫∫ ∞

0

y(t) dt

t – x
= f (x).

Solution:

y(x) = –

√
x

π2

∫ ∞

0

f (t)√
t (t – x)

dt.

The integral equation and its solution form a Hilbert transform pair on the semiaxis (in
the asymmetric form).

References: D. Hilbert (1953), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 427), I. K. Lifanov,
L. N. Poltavskii, and G. M. Vainikko (2004, p. 8).

51.
∫∫ b

a

y(t) dt

t – x
= f (x).

This equation is encountered in hydrodynamics in solving the problem on the flow of an ideal
inviscid fluid around a thin profile (a ≤ x ≤ b). It is assumed that |a| + |b| < ∞.

1◦. The solution bounded at the endpoints is

y(x) = –
1
π2

√
(x – a)(b – x)

∫ b

a

f (t)√
(t – a)(b – t)

dt

t – x
,

provided that ∫ b

a

f (t) dt√
(t – a)(b – t)

= 0.

2◦. The solution bounded at the endpoint x = a and unbounded at the endpoint x = b is

y(x) = –
1
π2

√
x – a

b – x

∫ b

a

√
b – t

t – a

f (t)
t – x

dt.

3◦. The solution unbounded at the endpoints is

y(x) = –
1

π2
√

(x – a)(b – x)

[∫ b

a

√
(t – a)(b – t)

t – x
f (t) dt + C

]
,

where C is an arbitrary constant. The formula
∫ b

a
y(t) dt = C/π holds.

Solutions that have a singularity point x = s inside the interval [a, b] can be found in
Subsection 14.4-3.

Reference: F. D. Gakhov (1977).

52.
∫ 1

–1

((
1

t – x
+

1

x + t + 2

))
y(t) dt = f (x), –1 < x < 1.

Solution for f (x) = πq = const:

y(t) = q
1 + t√

(1 – t)(3 + t)
.

Reference: H. F. Bueckner (1966).
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53.
∫∫ 1

0

((
1

t – x
+

λ

t + x

))
y(t) dt = f (x), 0 < x < 1.

Solution for f (x) = πq = const:

y(x) =
q

2 sin( 1
2 πβ)

[(
x

1 +
√

1 – x2

)β(
β√

1 – x2
+ 1

)
+

(
x

1 +
√

1 – x2

)–β(
β√

1 – x2
– 1

)]
,

where β is given by
cos(πβ) = –λ, 0 < β < 1.

We assume that the following necessary condition holds

∫ 1

0
y(t) dt = 0.

References: H. F. Bueckner (1966), P. S. Theocaric and N. I. Ioakimidis (1977).

54.
1

πi

∫∫ a

–a

((
1

t – x
–

λx

xt – a2

))
y(t) dt = f (x), –a < x < a (i2 = –1).

1◦. Solution:

y(x) =

(
a – x

–a – x

)β 1
2πi

∫ a

–a

(
a – t

–a – t

)–β( 1
t – x

–
x

xt – a2

)
f (t) dt

+

(
a – x

–a – x

)–β 1
2πi

∫ a

–a

(
a – t

–a – t

)β( 1
t – x

–
x

xt – a2

)
f (t) dt,

where λ = cos θ and β = 1 –
θ

π
. We assume that the following necessary condition holds

1
2πi

∫ a

–a

[
e–πiβ

(
a – t

–a – t

)β

– eπiβ

(
a – t

–a – t

)–β]
f (t)
t

dt = 0.

2◦. Solution for f (x) ≡ 0:

y(x) = C1Λ1(x) + C2Λ2(x) + C3Λ3(x),

where C1, C2, and C3 are arbitrary constants, and

Λ1(x) = (1 + λ)eiπβ

(
a – t

–a – t

)1–β

+ (1 – λ)e–iπβ

(
a – t

–a – t

)β

,

Λ2(x) = (1 + λ)e–iπβ

(
a – t

–a – t

)–1+β

+ (1 – λ)eiπβ

(
a – t

–a – t

)–β

,

Λ3(x) = eiπβ

(
a – t

–a – t

)1–β

+ e–iπβ

(
a – t

–a – t

)–1+β

.

Reference: D. I. Sherman (1969).
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55.
∫ b

a

y(t)

(x – t)2
dt = f (x), a ≤ x ≤ b.

The simple hypersingular equation of the first kind with Cauchy-type kernel. This equation
governs circulation-free flow of an ideal incompressible fluid past the segment [a, b].

Let the conditions y(a) = y(b) = 0 be satisfied. Then the solution is

y(x) =
1
π2

∫ b

a

ln

∣∣∣∣√(b – t)(x – a) –
√

(b – x)(t – a)√
(b – t)(x – a) +

√
(b – x)(t – a)

∣∣∣∣f ′
t(t) dt.

This equation is discussed in Subsection 14.6-3 in detail.

Reference: I. K. Lifanov, L. N. Poltavskii, and G. M. Vainikko (2004, p. 7).

56.
1

π2

∫∫ 1

–1

∫∫ 1

–1

u(x, y) dx dy

(x0 – x)(y0 – y)
= f (x0, y0).

A two-dimensional singular equation.
A solution, which is bounded on the lines x = ±1 and y = ±1 but which is unbounded on

the line x = q (–1 < q < 1), is given by the formula

u(x0, y0) =

√
(1 – x2

0)(1 – y2
0)

π2

∫ 1

–1

∫ 1

–1

f (x, y) dx dy√
(1 – x2)(1 – y2) (x – x0)(y – y0)

–

√
(1 – x2

0)(1 – y2
0)

π2(q – x0)

∫ 1

–1

dx√
1 – x2

(
1
π2

∫ 1

–1

f (x, y) dy√
1 – y2 (y – y0)

)
,

provided that ∫ 1

–1

f (x0, y) dy√
1 – y2

= 0, –1 ≤ x0 ≤ 1.

Reference: I. K. Lifanov, L. N. Poltavskii, and G. M. Vainikko (2004, pp. 16–20).

3.2. Equations Whose Kernels Contain Exponential
Functions

3.2-1. Kernels Containing Exponential Functions of the Form eλ|x–t|.

1.
∫∫ ∞

–∞
e–λ|x–t|y(t) dt = f (x), f (±∞) = 0.

Solution:

y(x) =
1

2λ

[
λ2f (x) – f ′′

xx(x)
]
.

References: I. I. Hirschman and D. V. Widder (1955), F. D. Gakhov and Yu. I. Cherskii (1978), A. P. Prudnikov,
Yu. A. Brychkov, and O. I. Marichev (1992, p. 433).

2.
∫∫ ∞

0
e–λ|x–t|y(t) dt = f (x), f (∞) = 0.

1◦. Solution:

y(x) =
1

2λ
e–λx d

dx
e2λx d

dx
e–λxf (x).

2◦. If f ′
x(0) – λf (0) = 0 then

y(x) =
1

2λ

[
λ2f (x) – f ′′

xx(x)
]
.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 433).
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3.
∫∫ b

a

eλ|x–t|y(t) dt = f (x), –∞ < a < b < ∞.

1◦. Let us remove the modulus in the integrand:∫ x

a

eλ(x–t)y(t) dt +
∫ b

x

eλ(t–x)y(t) dt = f (x). (1)

Differentiating (1) with respect to x twice yields

2λy(x) + λ2
∫ x

a

eλ(x–t)y(t) dt + λ2
∫ b

x

eλ(t–x)y(t) dt = f ′′
xx(x). (2)

By eliminating the integral terms from (1) and (2), we obtain the solution

y(x) =
1

2λ

[
f ′′

xx(x) – λ2f (x)
]
. (3)

2◦. The right-hand side f (x) of the integral equation must satisfy certain relations. By setting
x = a and x = b in (1), we obtain two corollaries∫ b

a

eλty(t) dt = eλaf (a),
∫ b

a

e–λty(t) dt = e–λbf (b). (4)

On substituting the solution y(x) of (3) into (4) and then integrating by parts, we see that

eλbf ′
x(b) – eλaf ′

x(a) = λeλaf (a) + λeλbf (b),

e–λbf ′
x(b) – e–λaf ′

x(a) = λe–λaf (a) + λe–λbf (b).

Hence, we obtain the desired constraints for f (x):

f ′
x(a) + λf (a) = 0, f ′

x(b) – λf (b) = 0. (5)

The general form of the right-hand side satisfying conditions (5) is given by

f (x) = F (x) + Ax + B,

A =
1

bλ – aλ – 2

[
F ′

x(a) + F ′
x(b) + λF (a) – λF (b)

]
, B = –

1
λ

[
F ′

x(a) + λF (a) + Aaλ + A
]
,

where F (x) is an arbitrary bounded, twice differentiable function.

4.
∫∫ b

a

((
Aeλ|x–t| + Beµ|x–t|))y(t) dt = f (x), –∞ < a < b < ∞.

Let us remove the modulus in the integrand and differentiate the resulting equation with
respect to x twice to obtain

2(Aλ + Bµ)y(x) +
∫ b

a

(
Aλ2eλ|x–t| + Bµ2eµ|x–t|)y(t) dt = f ′′

xx(x). (1)

Eliminating the integral term with eµ|x–t| from (1) with the aid of the original integral equation,
we find that

2(Aλ + Bµ)y(x) + A(λ2 – µ2)
∫ b

a

eλ|x–t|y(t) dt = f ′′
xx(x) – µ2f (x). (2)

For Aλ+Bµ = 0, this is an equation of the form 3.2.3, and for Aλ+Bµ ≠ 0, this is an equation
of the form 4.2.15.

The right-hand side f (x) must satisfy certain relations, which can be obtained by setting
x = a and x = b in the original equation (a similar procedure is used in 3.2.3).
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5.
∫∫ b

a

[[ n∑
k=1

Ak exp
((
λk|x – t|

))]]
y(t) dt = f (x), –∞ < a < b < ∞.

1◦. Let us remove the modulus in the kth summand of the integrand:

Ik(x) =
∫ b

a

exp
(
λk |x – t|

)
y(t) dt =

∫ x

a

exp[λk(x – t)]y(t) dt +
∫ b

x

exp[λk(t – x)]y(t) dt. (1)

Differentiating (1) with respect to x twice yields

I ′k = λk

∫ x

a

exp[λk(x – t)]y(t) dt – λk

∫ b

x

exp[λk(t – x)]y(t) dt,

I ′′k = 2λky(x) + λ2
k

∫ x

a

exp[λk(x – t)]y(t) dt + λ2
k

∫ b

x

exp[λk(t – x)]y(t) dt,

(2)

where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2),
we find the relation between I ′′k and Ik:

I ′′k = 2λky(x) + λ2
kIk , Ik = Ik(x). (3)

2◦. With the aid of (1), the integral equation can be rewritten in the form

n∑
k=1

AkIk = f (x). (4)

Differentiating (4) with respect to x twice and taking into account (3), we obtain

σ1y(x) +
n∑

k=1

Akλ2
kIk = f ′′

xx(x), σ1 = 2
n∑

k=1

Akλk. (5)

Eliminating the integral In from (4) and (5) yields

σ1y(x) +
n–1∑
k=1

Ak(λ2
k – λ2

n)Ik = f ′′
xx(x) – λ2

nf (x). (6)

Differentiating (6) with respect to x twice and eliminating In–1 from the resulting equation
with the aid of (6), we obtain a similar equation whose right-hand side is a second-order

linear differential operator (acting on y) with constant coefficients plus the sum
n–2∑
k=1

BkIk. If

we successively eliminate In–2, In–3, . . . , I1 with the aid of double differentiation, then we
finally arrive at a linear nonhomogeneous ordinary differential equation of order 2(n – 1) with
constant coefficients.

3◦. The right-hand side f (x) must satisfy certain conditions. To find these conditions, one
must set x = a in the integral equation and its derivatives. (Alternatively, these conditions can
be found by setting x = a and x = b in the integral equation and all its derivatives obtained by
means of double differentiation.)
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3.2-2. Kernels Containing Exponential Functions of the Forms eλx and eµt.

6.
∫∫ b

a

|eλx – eλt| y(t) dt = f (x), λ > 0.

This is a special case of equation 3.8.3 with g(x) = eλx.
Solution:

y(x) =
1

2λ

d

dx

[
e–λxf ′

x(x)
]
.

The right-hand side f (x) of the integral equation must satisfy certain relations (see item 2◦

of equation 3.8.3).

7.
∫∫ a

0
|eβx – eµt| y(t) dt = f (x), β > 0, µ > 0.

This is a special case of equation 3.8.4 with g(x) = eβx and λ = µ/β.

8.
∫∫ b

a

y(t) dt

|eλx – eλt|k
= f (x), 0 < k < 1.

The transformation z = eλx, τ = eλt, w(τ ) = e–λty(t) leads to an equation of the form 3.1.31:∫ B

A

w(τ )
|z – τ |k

dτ = F (z),

where A = eλa, B = eλb, F (z) = λf
(

1
λ ln z

)
.

9.
∫∫ ∞

0

y(t) dt

(eλx + eλt)k
= f (x), λ > 0, k > 0.

This equation can be rewritten as an equation with difference kernel in the form 3.8.16:∫ ∞

0

w(t) dt

coshk
[

1
2 λ(x – t)

] = g(x),

where w(t) = 2–k exp
(
– 1

2 λkt
)
y(t) and g(x) = exp

(
1
2 λkx

)
f (x).

3.2-3. Kernels Containing Exponential Functions of the Form eλxt.

10.
∫∫ ∞

–∞
e–xty(t) dt = f (x).

Solution:

y(t) =
1

2πi

∫ c+i∞

c–i∞
estf (s) ds

=
1√
2π3

∫ ∞

0
e–ξ2/2dξ

∫ ∞

–∞
e–x2/2 cos

(
ξ(x + t)

)
f (x) dx.

The integral equation and its solution form a two-side Laplace transform pair.

References: B. Van der Pol and H. Bremmer (1955), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 433).
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11.
∫∫ ∞

–∞
eλxty(t) dt = f (x), λ ≠ 0.

1◦. The transformation

x = –
1
λ

z, f (x) = F (z)

leads to an equation of the form 3.2.10:∫ ∞

–∞
e–zty(t) dt = F (z).

2◦. The transformation

y(t) = exp(–t2)Y (t), x =
2
λ

ζ, f (x) = exp(ζ2)Φ(ζ)

leads to an equation of the form 3.2.17:∫ ∞

–∞
e–(ζ–t)2

Y (t) dt = Φ(ζ).

12.
∫ ∞

–∞
e–ixty(t) dt = f (x), i2 = –1.

Solution:

y(t) =
1

2π

∫ ∞

–∞
eixtf (x) dx.

Up to constant factors, the function f (x) and the solution y(t) are the Fourier transform
pair.

References: V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles (1971), B. Davis (1978), F. Oberhettinger
(1980), Yu. A. Brychkov and A. P. Prudnikov (1989), W. H. Beyer (1991), I. Sneddon (1995), A. Pinkus and
S. Zafrany (1997), R. Bracewell (1999), A. D. Poularikas (2000), R. J. Beerends, H. G. ter Morschem, and J. C. van
den Berg (2003), L. Debnath and D. Bhatta (2007).

13.
∫∫ ∞

0
e–zty(t) dt = f (z).

The left-hand side of the equation is the Laplace transform of y(t) (z is treated as a complex
variable).

1◦. Solution:

y(t) =
1

2πi

∫ c+i∞

c–i∞
eztf (z) dz, i2 = –1.

For specific functions f (z), one may use tables of inverse Laplace transforms to calculate
the integral (e.g., see Supplement 6).

2◦. For real z = x, under some assumptions the solution of the original equation can be
represented in the form

y(x) = lim
n→∞

(–1)n

n!

(n

x

)n+1
f (n)

x

(n

x

)
,

which is the real inversion of the Laplace transform. To calculate the solution approximately,
one should restrict oneself to a specific value of n in this formula instead of taking the limit.

References: G. Doetsch (1950, 1956, 1958, 1974), H. Bateman and A. Erdélyi (vol. 1, 1954), I. I. Hirschman
and D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles (1971), F. Oberhettinger (1973),
B. Davis (1978), W. R. LePage (1980), R. Bellman and R. Roth (1984), Yu. A. Brychkov and A. P. Prudnikov (1989),
W. H. Beyer (1991), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, Vols 4 and 5), R. J. Beerends,
H. G. ter Morschem, and J. C. van den Berg (2003).
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3.2-4. Kernels Containing Power-Law and Exponential Functions.

14.
∫∫ a

0

∣∣∣∣keλx – k – t
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.5 with g(x) = keλx – k.

15.
∫∫ a

0

∣∣∣∣x – keλt – k
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.6 with g(t) = keλt + k.

16.
∫∫ ∞

–∞
t–ix–1/2 exp

((
2x – i

4
π

))
y(t) dt = f (x), i2 = –1.

Solution:

y(x) =
1

4π

∫ ∞

–∞
xit–1/2 exp

(
2t + i

4
π

)
f (t)

cosh(πt)
dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 463).

3.2-5. Kernels Containing Exponential Functions of the Form eλ(x±t)2
.

17.
∫∫ ∞

–∞
e–(x–t)2

y(t) dt = f (x).

1◦. The transformation

Y (t) = exp(–t2)y(t), z = –2x, F (z) = exp(x2)f (x)

leads to an equation of the form 3.2.10:∫ ∞

–∞
e–ztY (t) dt = F (z).

2◦. Solution:

y(t) =
1

π3/2

∫ ∞

0
es2/4 ds

∫ ∞

–∞
cos
(
s(t – x)

)
f (x) dx

= exp

[
–

1
4
√

π

d2

dt2
f (t)

]
≡

∞∑
k=0

1
k!

(
–

1
4
√

π

)k
d2kf (t)
dt2k

.

(See equation 3.2.18 for λ = 1.)

3◦. Solution:

y(x) =
1√
π

∞∑
n=0

f (n)
x (0)
2nn!

Hn(x),

where Hn(x) are the Hermite polynomials (see Supplement 11.17-3)

Hm(x) = (–1)m exp
(
x2
) dm

dxm
exp
(
–x2
)
.

References: P. M. Morse and H. Feshbach (1953), I. I. Hirschman and D. V. Widder (1955), P. G. Rooney (1963),
M. L. Krasnov (1975).
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18.
1√
πλ

∫∫ ∞

–∞
exp
[[

–
(x – t)2

λ

]]
y(t) dt = f (x).

It is the Gauss transform (the Weierstrass transform for λ = 4).
Solution:

y(t) =
1
π

∫ ∞

0
eλs2/4 ds

∫ ∞

–∞
cos
(
s(t – x)

)
f (x) dx

= exp

[
–

λ

4
d2

dt2 f (t)

]
≡

∞∑
k=0

1
k!

(
–

λ

4

)k
d2kf (t)
dt2k

.

References: I. I. Hirschman and D. V. Widder (1955), P. G. Rooney (1963), A. P. Prudnikov, Yu. A. Brychkov,
and O. I. Marichev (1992, p. 435).

19.
∫∫ ∞

–∞
ei(x+t)2

y(t) dt = f (x), i2 = –1.

Solution:

y(x) =
1
π

∫ ∞

–∞
e–i(x+t)2

f (t) dt.

References: E. A. C. Paley and N. Wiener (1934), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992,
p. 435).

3.2-6. Other Kernels.

20.
∫∫ b

a

∣∣∣∣exp(λx2) – exp(λt2)
∣∣∣∣y(t) dt = f (x), λ > 0.

This is a special case of equation 3.8.3 with g(x) = exp(λx2).
Solution:

y(x) =
1

4λ

d

dx

[
1
x

exp(–λx2)f ′
x(x)

]
.

The right-hand side f (x) of the integral equation must satisfy certain relations (see item 2◦

of equation 3.8.3).

21.
1√
πx

∫∫ ∞

0
exp
((

–
t2

4x

))
y(t) dt = f (x).

Applying the Laplace transformation to the equation, we obtain

ỹ(
√

p )
√

p
= f̃ (p), f̃ (p) =

∫ ∞

0
e–ptf (t) dt.

Substituting p by p2 and solving for the transform ỹ, we find that ỹ(p) = pf̃ (p2). The inverse
Laplace transform provides the solution of the original integral equation:

y(t) = L–1{pf̃ (p2)}, L–1{g(p)} ≡
1

2πi

∫ c+i∞

c–i∞
eptg(p) dp.
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3.3. Equations Whose Kernels Contain Hyperbolic
Functions

3.3-1. Kernels Containing Hyperbolic Cosine.

1.
∫∫ b

a

∣∣∣∣cosh(λx) – cosh(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = cosh(λx).
Solution:

y(x) =
1

2λ

d

dx

[
f ′

x(x)
sinh(λx)

]
.

The right-hand side f (x) of the integral equation must satisfy certain relations (see item 2◦

of equation 3.8.3).

2.
∫∫ a

0

∣∣∣∣cosh(βx) – cosh(µt)
∣∣∣∣ y(t) dt = f (x), β > 0, µ > 0.

This is a special case of equation 3.8.4 with g(x) = cosh(βx) and λ = µ/β.

3.
∫∫ b

a

∣∣∣∣ coshk x – coshk t| y(t) dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.3 with g(x) = coshk x.
Solution:

y(x) =
1

2k

d

dx

[
f ′

x(x)

sinh x coshk–1 x

]
.

The right-hand side f (x) of the integral equation must satisfy certain relations (see item 2◦

of equation 3.8.3).

4.
∫∫ b

a

y(t)

|cosh(λx) – cosh(λt)|k
dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.7 with g(x) = cosh(λx) + β, where β is an arbitrary
number.

3.3-2. Kernels Containing Hyperbolic Sine.

5.
∫∫ b

a

sinh
((
λ|x – t|

))
y(t) dt = f (x), –∞ < a < b < ∞.

1◦. Let us remove the modulus in the integrand:∫ x

a

sinh[λ(x – t)]y(t) dt +
∫ b

x

sinh[λ(t – x)]y(t) dt = f (x). (1)

Differentiating (1) with respect to x twice yields

2λy(x) + λ2
∫ x

a

sinh[λ(x – t)]y(t) dt + λ2
∫ b

x

sinh[λ(t – x)]y(t) dt = f ′′
xx(x). (2)
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Eliminating the integral terms from (1) and (2), we obtain the solution

y(x) =
1

2λ

[
f ′′

xx(x) – λ2f (x)
]
. (3)

2◦. The right-hand side f (x) of the integral equation must satisfy certain relations. By setting
x = a and x = b in (1), we obtain two corollaries∫ b

a

sinh[λ(t – a)]y(t) dt = f (a),
∫ b

a

sinh[λ(b – t)]y(t) dt = f (b). (4)

Substituting solution (3) into (4) and integrating by parts yields the desired conditions for f (x):

sinh[λ(b – a)]f ′
x(b) – λ cosh[λ(b – a)]f (b) = λf (a),

sinh[λ(b – a)]f ′
x(a) + λ cosh[λ(b – a)]f (a) = –λf (b).

(5)

The general form of the right-hand side is given by

f (x) = F (x) + Ax + B, (6)

where F (x) is an arbitrary bounded twice differentiable function, and the coefficients A and B
are expressed in terms of F (a), F (b), F ′

x(a), and F ′
x(b) and can be determined by substituting

formula (6) into conditions (5).

6.
∫∫ b

a

{{
A sinh

((
λ|x – t|

))
+ B sinh

((
µ|x – t|

))}}
y(t) dt = f (x), –∞ < a < b < ∞.

Let us remove the modulus in the integrand and differentiate the equation with respect to x
twice to obtain

2(Aλ + Bµ)y(x) +
∫ b

a

{
Aλ2 sinh

(
λ|x – t|

)
+ Bµ2 sinh

(
µ|x – t|

)}
y(t) dt = f ′′

xx(x). (1)

Eliminating the integral term with sinh
(
µ|x – t|

)
from (1) yields

2(Aλ + Bµ)y(x) + A(λ2 – µ2)
∫ b

a

sinh
(
λ|x – t|

)
y(t) dt = f ′′

xx(x) – µ2f (x). (2)

For Aλ+Bµ = 0, this is an equation of the form 3.3.5, and for Aλ+Bµ ≠ 0, this is an equation
of the form 4.3.26.

The right-hand side f (x) must satisfy certain relations, which can be obtained by setting
x = a and x = b in the original equation (a similar procedure is used in 3.3.5).

7.
∫∫ b

a

∣∣∣∣sinh(λx) – sinh(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = sinh(λx).
Solution:

y(x) =
1

2λ

d

dx

[
f ′

x(x)
cosh(λx)

]
.

The right-hand side f (x) of the integral equation must satisfy certain relations (see item 2◦

of equation 3.8.3).
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8.
∫∫ a

0

∣∣∣∣sinh(βx) – sinh(µt)
∣∣∣∣ y(t) dt = f (x), β > 0, µ > 0.

This is a special case of equation 3.8.4 with g(x) = sinh(βx) and λ = µ/β.

9.
∫∫ b

a

sinh3 ((λ|x – t|
))
y(t) dt = f (x).

Using the formula sinh3 β = 1
4 sinh 3β – 3

4 sinh β, we arrive at an equation of the form 3.3.6:∫ b

a

[
1
4 A sinh

(
3λ|x – t|

)
– 3

4 A sinh
(
λ|x – t|

)]
y(t) dt = f (x).

10.
∫∫ b

a

[[ n∑
k=1

Ak sinh
((
λk|x – t|

))]]
y(t) dt = f (x), –∞ < a < b < ∞.

1◦. Let us remove the modulus in the kth summand of the integrand:

Ik(x) =
∫ b

a

sinh
(
λk |x– t|

)
y(t) dt =

∫ x

a

sinh[λk(x– t)]y(t) dt+
∫ b

x

sinh[λk(t–x)]y(t) dt. (1)

Differentiating (1) with respect to x twice yields

I ′k = λk

∫ x

a

cosh[λk(x – t)]y(t) dt – λk

∫ b

x

cosh[λk(t – x)]y(t) dt,

I ′′k = 2λky(x) + λ2
k

∫ x

a

sinh[λk(x – t)]y(t) dt + λ2
k

∫ b

x

sinh[λk(t – x)]y(t) dt,

(2)

where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2),
we find the relation between I ′′k and Ik:

I ′′k = 2λky(x) + λ2
kIk , Ik = Ik(x). (3)

2◦. With the aid of (1), the integral equation can be rewritten in the form
n∑

k=1

AkIk = f (x). (4)

Differentiating (4) with respect to x twice and taking into account (3), we find that

σ1y(x) +
n∑

k=1

Akλ2
kIk = f ′′

xx(x), σ1 = 2
n∑

k=1

Akλk. (5)

Eliminating the integral In from (4) and (5) yields

σ1y(x) +
n–1∑
k=1

Ak(λ2
k – λ2

n)Ik = f ′′
xx(x) – λ2

nf (x). (6)

Differentiating (6) with respect to x twice and eliminating In–1 from the resulting equation
with the aid of (6), we obtain a similar equation whose right-hand side is a second-order

linear differential operator (acting on y) with constant coefficients plus the sum
n–2∑
k=1

BkIk .

If we successively eliminate In–2, In–3, . . . , with the aid of double differentiation, then we
finally arrive at a linear nonhomogeneous ordinary differential equation of order 2(n – 1) with
constant coefficients.

3◦. The right-hand side f (x) must satisfy certain conditions. To find these conditions, one
should set x = a in the integral equation and its derivatives. (Alternatively, these conditions
can be found by setting x = a and x = b in the integral equation and all its derivatives obtained
by means of double differentiation.)
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11.
∫∫ b

0

∣∣∣∣sinhk x – sinhk t
∣∣∣∣ y(t) dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.3 with g(x) = sinhk x.
Solution:

y(x) =
1

2k

d

dx

[
f ′

x(x)

cosh x sinhk–1 x

]
.

The right-hand side f (x) must satisfy certain conditions. As follows from item 3◦ of equation
3.8.3, the admissible general form of the right-hand side is given by

f (x) = F (x) + Ax + B, A = –F ′
x(b), B = 1

2

[
bF ′

x(b) – F (0) – F (b)
]
,

where F (x) is an arbitrary bounded twice differentiable function (with bounded first deriva-
tive).

12.
∫∫ b

a

y(t)

|sinh(λx) – sinh(λt)|k
dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.7 with g(x) = sinh(λx) + β, where β is an arbitrary
number.

13.
∫∫ a

0

∣∣∣∣k sinh(λx) – t
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.5 with g(x) = k sinh(λx).

14.
∫∫ a

0

∣∣∣∣x – k sinh(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.6 with g(x) = k sinh(λt).

3.3-3. Kernels Containing Hyperbolic Tangent.

15.
∫∫ b

a

∣∣∣∣tanh(λx) – tanh(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = tanh(λx).
Solution:

y(x) =
1

2λ

d

dx

[
cosh2(λx)f ′

x(x)
]
.

The right-hand side f (x) of the integral equation must satisfy certain relations (see item 2◦ of
equation 3.8.3).

16.
∫∫ a

0

∣∣∣∣tanh(βx) – tanh(µt)
∣∣∣∣ y(t) dt = f (x), β > 0, µ > 0.

This is a special case of equation 3.8.4 with g(x) = tanh(βx) and λ = µ/β.
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17.
∫∫ b

0
|tanhk x – tanhk t| y(t) dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.3 with g(x) = tanhk x.
Solution:

y(x) =
1

2k

d

dx

[
cosh2 x cothk–1 x f ′

x(x)
]
.

The right-hand side f (x) must satisfy certain conditions. As follows from item 3◦ of equation
3.8.3, the admissible general form of the right-hand side is given by

f (x) = F (x) + Ax + B, A = –F ′
x(b), B = 1

2

[
bF ′

x(b) – F (0) – F (b)
]
,

where F (x) is an arbitrary bounded twice differentiable function (with bounded first deriva-
tive).

18.
∫∫ b

a

y(t)

|tanh(λx) – tanh(λt)|k
dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.7 with g(x) = tanh(λx) + β, where β is an arbitrary
number.

19.
∫∫ a

0

∣∣∣∣k tanh(λx) – t
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.5 with g(x) = k tanh(λx).

20.
∫∫ a

0

∣∣∣∣x – k tanh(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.6 with g(x) = k tanh(λt).

3.3-4. Kernels Containing Hyperbolic Cotangent.

21.
∫∫ b

a

∣∣∣∣coth(λx) – coth(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = coth(λx).

22.
∫∫ b

0

∣∣∣∣cothk x – cothk t
∣∣∣∣ y(t) dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.3 with g(x) = cothk x.

3.4. Equations Whose Kernels Contain Logarithmic
Functions

3.4-1. Kernels Containing Logarithmic Functions.

1.
∫∫ b

a

∣∣∣∣ln(x/t)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = ln x.
Solution:

y(x) =
1
2

d

dx

[
xf ′

x(x)
]
.

The right-hand side f (x) of the integral equation must satisfy certain relations (see item 2◦ of
equation 3.8.3).
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2.
∫∫ b

a

ln |x – t| y(t) dt = f (x).

Carleman’s equation.

1◦. Solution with b – a ≠ 4:

y(x) =
1

π2
√

(x – a)(b – x)

[∫ b

a

√
(t – a)(b – t) f ′

t(t) dt

t – x
+

1

ln
[

1
4 (b – a)

] ∫ b

a

f (t) dt√
(t – a)(b – t)

]
.

2◦. If b – a = 4, then for the equation to be solvable, the condition∫ b

a

f (t)(t – a)–1/2(b – t)–1/2 dt = 0

must be satisfied. In this case, the solution has the form

y(x) =
1

π2
√

(x – a)(b – x)

[∫ b

a

√
(t – a)(b – t) f ′

t(t) dt

t – x
+ C

]
,

where C is an arbitrary constant.

Reference: F. D. Gakhov (1977).

3.
∫∫ b

a

((
ln |x – t| + β

))
y(t) dt = f (x).

By setting
x = e–βz, t = e–βτ , y(t) = Y (τ ), f (x) = e–βg(z),

we arrive at an equation of the form 3.4.2:∫ B

A

ln |z – τ | Y (τ ) dτ = g(z), A = aeβ , B = beβ .

4.
∫∫ a

–a

((
ln

A

|x – t|

))
y(t) dt = f (x), –a ≤ x ≤ a.

This is a special case of equation 3.4.3 with b = –a. Solution with 0 < a < 2A:

y(x) =
1

2M ′(a)

[
d

da

∫ a

–a

w(t, a)f (t) dt

]
w(x, a)

–
1
2

∫ a

|x|
w(x, ξ)

d

dξ

[
1

M ′(ξ)
d

dξ

∫ ξ

–ξ

w(t, ξ)f (t) dt

]
dξ

–
1
2

d

dx

∫ a

|x|

w(x, ξ)
M ′(ξ)

[∫ ξ

–ξ

w(t, ξ) df (t)

]
dξ,

where

M (ξ) =

(
ln

2A

ξ

)–1

, w(x, ξ) =
M (ξ)

π
√

ξ2 – x2
,

and the prime stands for the derivative.

Reference: I. C. Gohberg and M. G. Krein (1967).
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5.
∫∫ a

0
ln

∣∣∣∣∣∣∣∣x + t

x – t

∣∣∣∣∣∣∣∣ y(t) dt = f (x).

Solution:

y(x) = –
2
π2

d

dx

∫ a

x

F (t) dt√
t2 – x2

, F (t) =
d

dt

∫ t

0

sf (s) ds√
t2 – s2

.

Reference: P. P. Zabreyko, A. I. Koshelev, et al. (1975).

6.
∫∫ b

a

∣∣∣∣∣∣∣∣ln 1 + λx

1 + λt

∣∣∣∣∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = ln(1 + λx).
Solution:

y(x) =
1

2λ

d

dx

[
(1 + λx)f ′

x(x)
]
.

The right-hand side f (x) of the integral equation must satisfy certain relations (see item 2◦

of equation 3.8.3).

7.
∫∫ b

a

∣∣∣∣lnβ x – lnβ t
∣∣∣∣ y(t) dt = f (x), 0 < β < 1.

This is a special case of equation 3.8.3 with g(x) = lnβ x.

8.
∫∫ b

a

y(t)

|ln(x/t)|β
dt = f (x), 0 < β < 1.

This is a special case of equation 3.8.7 with g(x) = ln x + A, where A is an arbitrary number.

3.4-2. Kernels Containing Power-Law and Logarithmic Functions.

9.
∫∫ 1

0

((
ln |x – t| + βtk

))
y(t) dt = f (x).

See Example 3 in Subsection 12.6-2 with ψ(t) = βtk .

10.
∫∫ a

0

∣∣∣∣k ln(1 + λx) – t
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.5 with g(x) = k ln(1 + λx).

11.
∫∫ a

0

∣∣∣∣x – k ln(1 + λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.6 with g(x) = k ln(1 + λt).

12.
∫∫ ∞

0

1

t
ln

∣∣∣∣∣∣∣∣x + t

x – t

∣∣∣∣∣∣∣∣ y(t) dt = f (x).

Solution:

y(x) =
x

π2

d

dx

∫ ∞

0

df (t)
dt

ln

∣∣∣∣1 –
x2

t2

∣∣∣∣ dt.

Reference: P. P. Zabreyko, A. I. Koshelev, et al. (1975).
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13.
∫∫ ∞

0

ln x – ln t

x – t
y(t) dt = f (x).

The left-hand side of this equation is the iterated Stieltjes transform.
Under some assumptions, the solution of the integral equation can be represented in the

form

y(x) =
1

4π2
lim

n→∞

( e

n

)4n

Dnx2nD2nx2nDnf (x), D =
d

dx
.

To calculate the solution approximately, one should restrict oneself to a specific value of n in
this formula instead of taking the limit.

Reference: I. I. Hirschman and D. V. Widder (1955).

14.
∫∫ b

a

ln |xβ – tβ | y(t) dt = f (x), β > 0.

The transformation
z = xβ , τ = tβ , w(τ ) = t1–βy(t)

leads to Carleman’s equation 3.4.2:∫ B

A

ln |z – τ |w(τ ) dτ = F (z), A = aβ , B = bβ ,

where F (z) = βf
(
z1/β

)
.

15.
∫∫ 1

0
ln |xβ – tµ| y(t) dt = f (x), β > 0, µ > 0.

The transformation
z = xβ , τ = tµ, w(τ ) = t1–µy(t)

leads to an equation of the form 3.4.2:∫ 1

0
ln |z – τ |w(τ ) dτ = F (z), F (z) = µf

(
z1/β

)
.

16.
∫∫ ∞

0

1√
xt ln(xt)

y(t) dt = f (x).

Solution:

y(x) = –
1
π2

∫ ∞

0

1√
xt ln(xt)

f (t) dt.

References: E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 450).

17.
d

dx

∫∫ ∞

–∞
ln
∣∣∣∣∣∣1 –

x

t

∣∣∣∣∣∣y(t) dt = f (x).

Solution:

y(x) = –
1
π2

d

dx

∫ ∞

–∞
ln
∣∣∣1 –

x

t

∣∣∣f (t) dt.

References: E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 450).

18.
∫∫ ∞

0
(xt)–[1+i ln(xt)]/2y(t) dt = f (x), i2 = –1.

Solution:

y(x) =
1

2π

∫ ∞

0
(xt)–[1–i ln(xt)]/2f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 452).
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3.4-3. Equation Containing the Unknown Function of a Complicated Argument.

19.
∫∫ 1

0

((
A ln t + B)y(xt) dt = f (x).

The substitution ξ = xt leads to an equation of the form 1.9.3 with g(x) = –A ln x:∫ x

0

(
A ln ξ – A ln x + B

)
y(ξ) dξ = xf (x).

3.5. Equations Whose Kernels Contain Trigonometric
Functions

3.5-1. Kernels Containing Cosine.

1.
∫∫ ∞

0
cos(xt)y(t) dt = f (x).

Solution: y(x) =
2
π

∫ ∞

0
cos(xt)f (t) dt.

Up to constant factors, the function f (x) and the solution y(t) are the Fourier cosine
transform pair.

References: E. A. C. Paley and N. Wiener (1934), S. Bochner and K. C. Chandrasekharan (1949), G. N. Watson
(1952), H. Bateman and A. Erdélyi (Vol. 1, 1954), S. Bochner (1959), V. A. Ditkin and A. P. Prudnikov (1965),
B. Davis (1978), F. Oberhettinger (1980), E. C. Titchmarsh (1986), Ya. A. Brychkov and A. P. Prudnikov (1989),
A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 440), I. Sneddon (1995), A. D. Poularikas (2000).

2.
∫∫ b

a

cos(xt)y(t) dt = f (x), 0 ≤ x < ∞.

Solution:

y(t) =

{
2
π

∫ ∞

0
cos(xt)f (x) dx if a < t < b,

0 if 0 < t < a or t > b,

where 0 ≤ a ≤ b ≤ ∞.

3.
∫∫ b

a

∣∣∣∣cos(λx) – cos(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = cos(λx).
Solution:

y(x) = –
1

2λ

d

dx

[
f ′

x(x)
sin(λx)

]
.

The right-hand side f (x) of the integral equation must satisfy certain relations (see item 2◦ of
equation 3.8.3).

4.
∫∫ a

0

∣∣∣∣cos(βx) – cos(µt)
∣∣∣∣ y(t) dt = f (x), β > 0, µ > 0.

This is a special case of equation 3.8.4 with g(x) = cos(βx) and λ = µ/β.
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5.
∫∫ b

a

∣∣∣∣cosk x – cosk t
∣∣∣∣ y(t) dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.3 with g(x) = cosk x.
Solution:

y(x) = –
1

2k

d

dx

[
f ′

x(x)
sin x cosk–1 x

]
.

The right-hand side f (x) of the integral equation must satisfy certain relations (see item 2◦ of
equation 3.8.3).

6.
∫∫ b

a

y(t)

|cos(λx) – cos(λt)|k
dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.7 with g(x) = cos(λx) + β, where β is an arbitrary
number.

7.
∫∫ ∞

0
t–ix–1/2 cos

((
1 + 2ix

4
π

))
y(t) dt = f (x), i2 = –1.

Solution:

y(t) =
1
π

∫ ∞

–∞
tix–1/2 cos

(
1 – 2ix

4
π

)
f (x)

cosh(πx)
dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 463).

3.5-2. Kernels Containing Sine.

8.
∫∫ ∞

0
sin(xt)y(t) dt = f (x).

Solution: y(x) =
2
π

∫ ∞

0
sin(xt)f (t) dt.

Up to constant factors, the function f (x) and the solution y(t) are the Fourier sine
transform pair.

References: E. A. C. Paley and N. Wiener (1934), S. Bochner and K. C. Chandrasekharan (1949), G. N. Watson
(1952), H. Bateman and A. Erdélyi (Vol. 1, 1954), S. Bochner (1959), V. A. Ditkin and A. P. Prudnikov (1965),
B. Davis (1978), F. Oberhettinger (1980), E. C. Titchmarsh (1986), Ya. A. Brychkov and A. P. Prudnikov (1989),
A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 440), I. Sneddon (1995), A. D. Poularikas (2000).

9.
∫∫ b

a

sin(xt)y(t) dt = f (x), 0 ≤ x < ∞.

Solution:

y(t) =

{ 2
π

∫ ∞

0
sin(xt)f (x) dx if a < t < b,

0 if 0 < t < a or t > b,

where 0 ≤ a ≤ b ≤ ∞.

10.
∫∫ ∞

–∞
sin
((
λ|x – t|

))
y(t) dt = f (x), f (±∞) = 0.

Solution:

y(x) =
1

2λ

[
f ′′

xx(x) + λ2f (x)
]
.
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11.
∫∫ b

a

sin
((
λ|x – t|

))
y(t) dt = f (x), –∞ < a < b < ∞.

1◦. Let us remove the modulus in the integrand:∫ x

a

sin[λ(x – t)]y(t) dt +
∫ b

x

sin[λ(t – x)]y(t) dt = f (x). (1)

Differentiating (1) with respect to x twice yields

2λy(x) – λ2
∫ x

a

sin[λ(x – t)]y(t) dt – λ2
∫ b

x

sin[λ(t – x)]y(t) dt = f ′′
xx(x). (2)

Eliminating the integral terms from (1) and (2), we obtain the solution

y(x) =
1

2λ

[
f ′′

xx(x) + λ2f (x)
]
. (3)

2◦. The right-hand side f (x) of the integral equation must satisfy certain relations. By setting
x = a and x = b in (1), we obtain two corollaries∫ b

a

sin[λ(t – a)]y(t) dt = f (a),
∫ b

a

sin[λ(b – t)]y(t) dt = f (b). (4)

Substituting solution (3) into (4) followed by integrating by parts yields the desired conditions
for f (x):

sin[λ(b – a)]f ′
x(b) – λ cos[λ(b – a)]f (b) = λf (a),

sin[λ(b – a)]f ′
x(a) + λ cos[λ(b – a)]f (a) = –λf (b).

(5)

The general form of the right-hand side of the integral equation is given by

f (x) = F (x) + Ax + B, (6)

where F (x) is an arbitrary bounded twice differentiable function, and the coefficients A and B
are expressed in terms of F (a), F (b), F ′

x(a), and F ′
x(b) and can be determined by substituting

formula (6) into conditions (5).

12.
∫∫ b

a

{{
A sin

((
λ|x – t|

))
+ B sin

((
µ|x – t|

))}}
y(t) dt = f (x), –∞ < a < b < ∞.

Let us remove the modulus in the integrand and differentiate the equation with respect to x
twice to obtain

2(Aλ + Bµ)y(x) –
∫ b

a

{
Aλ2 sin

(
λ|x – t|

)
+ Bµ2 sin

(
µ|x – t|

)}
y(t) dt = f ′′

xx(x). (1)

Eliminating the integral term with sin
(
µ|x – t|

)
from (1) with the aid of the original equation,

we find that

2(Aλ + Bµ)y(x) + A(µ2 – λ2)
∫ b

a

sin
(
λ|x – t|

)
y(t) dt = f ′′

xx(x) + µ2f (x). (2)

For Aλ + Bµ = 0, this is an equation of the form 3.5.11 and for Aλ + Bµ ≠ 0, this is an
equation of the form 4.5.29.

The right-hand side f (x) must satisfy certain relations, which can be obtained by setting
x = a and x = b in the original equation (a similar procedure is used in 3.5.11).



3.5. EQUATIONS WHOSE KERNELS CONTAIN TRIGONOMETRIC FUNCTIONS 249

13.
∫∫ b

a

∣∣∣∣sin(λx) – sin(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = sin(λx).
Solution:

y(x) =
1

2λ

d

dx

[
f ′

x(x)
cos(λx)

]
.

The right-hand side f (x) of the integral equation must satisfy certain relations (see item 2◦ of
equation 3.8.3).

14.
∫∫ a

0

∣∣∣∣sin(βx) – sin(µt)
∣∣∣∣ y(t) dt = f (x), β > 0, µ > 0.

This is a special case of equation 3.8.4 with g(x) = sin(βx) and λ = µ/β.

15.
∫∫ b

a

sin3 ((λ|x – t|
))
y(t) dt = f (x).

Using the formula sin3 β = – 1
4 sin 3β + 3

4 sin β, we arrive at an equation of the form 3.5.12:∫ b

a

[
– 1

4 A sin
(
3λ|x – t|

)
+ 3

4 A sin
(
λ|x – t|

)]
y(t) dt = f (x).

16.
∫∫ b

a

[[ n∑
k=1

Ak sin
((
λk|x – t|

))]]
y(t) dt = f (x), –∞ < a < b < ∞.

1◦. Let us remove the modulus in the kth summand of the integrand:

Ik(x) =
∫ b

a

sin
(
λk |x – t|

)
y(t) dt =

∫ x

a

sin[λk(x – t)]y(t) dt +
∫ b

x

sin[λk(t – x)]y(t) dt. (1)

Differentiating (1) with respect to x yields

I ′k = λk

∫ x

a

cos[λk(x – t)]y(t) dt – λk

∫ b

x

cos[λk(t – x)]y(t) dt,

I ′′k = 2λky(x) – λ2
k

∫ x

a

sin[λk(x – t)]y(t) dt – λ2
k

∫ b

x

sin[λk(t – x)]y(t) dt,

(2)

where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2),
we find the relation between I ′′k and Ik:

I ′′k = 2λky(x) – λ2
kIk, Ik = Ik(x). (3)

2◦. With the aid of (1), the integral equation can be rewritten in the form

n∑
k=1

AkIk = f (x). (4)

Differentiating (4) with respect to x twice and taking into account (3), we find that

σ1y(x) –
n∑

k=1

Akλ2
kIk = f ′′

xx(x), σ1 = 2
n∑

k=1

Akλk. (5)
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Eliminating the integral In from (4) and (5) yields

σ1y(x) +
n–1∑
k=1

Ak(λ2
n – λ2

k)Ik = f ′′
xx(x) + λ2

nf (x). (6)

Differentiating (6) with respect to x twice and eliminating In–1 from the resulting equation
with the aid of (6), we obtain a similar equation whose left-hand side is a second-order

linear differential operator (acting on y) with constant coefficients plus the sum
n–2∑
k=1

BkIk .

If we successively eliminate In–2, In–3, . . . , with the aid of double differentiation, then we
finally arrive at a linear nonhomogeneous ordinary differential equation of order 2(n – 1) with
constant coefficients.

3◦. The right-hand side f (x) must satisfy certain conditions. To find these conditions, one
should set x = a in the integral equation and its derivatives. (Alternatively, these conditions
can be found by setting x = a and x = b in the integral equation and all its derivatives obtained
by means of double differentiation.)

17.
∫∫ b

0

∣∣∣∣sink x – sink t
∣∣∣∣ y(t) dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.3 with g(x) = sink x.
Solution:

y(x) =
1

2k

d

dx

[
f ′

x(x)
cos x sink–1 x

]
.

The right-hand side f (x) must satisfy certain conditions. As follows from item 3◦ of equation
3.8.3, the admissible general form of the right-hand side is given by

f (x) = F (x) + Ax + B, A = –F ′
x(b), B = 1

2

[
bF ′

x(b) – F (0) – F (b)
]
,

where F (x) is an arbitrary bounded twice differentiable function (with bounded first deriva-
tive).

18.
∫∫ b

a

y(t)

|sin(λx) – sin(λt)|k
dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.7 with g(x) = sin(λx)+β, where β is an arbitrary number.

19.
∫∫ a

0

∣∣∣∣k sin(λx) – t
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.5 with g(x) = k sin(λx).

20.
∫∫ a

0

∣∣∣∣x – k sin(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.6 with g(t) = k sin(λt).

21.
∫∫ ∞

0

sin t

t2
[y(x + t) – y(x – t)] dt = f (x).

Solution:

y(x) =
1
π

∫ ∞

0

[
cos t

t
+ Si(t)

]
[f (x – t) – f (x + t)] dt,

where Si(t) is sine integral (see Supplement 11.3-1).
The integral equation and its solution form the Boas transform pair.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 442).
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22.
∫∫ ∞

0
t–ix–1/2 sin

((
1 + 2ix

4
π

))
y(t) dt = f (x), i2 = –1.

Solution:

y(t) =
1
π

∫ ∞

–∞
tix–1/2 sin

(
1 – 2ix

4
π

)
f (x)

cosh(πx)
dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 463).

3.5-3. Kernels Containing Tangent.

23.
∫∫ b

a

∣∣∣∣tan(λx) – tan(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = tan(λx).
Solution:

y(x) =
1

2λ

d

dx

[
cos2(λx)f ′

x(x)

]
.

The right-hand side f (x) of the integral equation must satisfy certain relations (see item 2◦ of
equation 3.8.3).

24.
∫∫ a

0

∣∣∣∣tan(βx) – tan(µt)
∣∣∣∣ y(t) dt = f (x), β > 0, µ > 0.

This is a special case of equation 3.8.4 with g(x) = tan(βx) and λ = µ/β.

25.
∫∫ b

0

∣∣∣∣tank x – tank t
∣∣∣∣ y(t) dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.3 with g(x) = tank x.
Solution:

y(x) =
1

2k

d

dx

[
cos2 x cotk–1 xf ′

x(x)

]
.

The right-hand side f (x) must satisfy certain conditions. As follows from item 3◦ of equation
3.8.3, the admissible general form of the right-hand side is given by

f (x) = F (x) + Ax + B, A = –F ′
x(b), B = 1

2

[
bF ′

x(b) – F (0) – F (b)
]
,

where F (x) is an arbitrary bounded twice differentiable function (with bounded first deriva-
tive).

26.
∫∫ b

a

y(t)

|tan(λx) – tan(λt)|k
dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.7 with g(x) = tan(λx)+β, where β is an arbitrary number.

27.
∫∫ a

0

∣∣∣∣k tan(λx) – t
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.5 with g(x) = k tan(λx).

28.
∫∫ a

0

∣∣∣∣x – k tan(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.6 with g(t) = k tan(λt).
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3.5-4. Kernels Containing Cotangent.

29.
∫∫ b

a

∣∣∣∣cot(λx) – cot(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = cot(λx).

30.
∫∫ b

a

∣∣∣∣cotk x – cotk t
∣∣∣∣ y(t) dt = f (x), 0 < k < 1.

This is a special case of equation 3.8.3 with g(x) = cotk x.

3.5-5. Kernels Containing a Combination of Trigonometric Functions.

31.
∫∫ ∞

–∞

[[
cos(xt) + sin(xt)

]]
y(t) dt = f (x).

Solution:

y(x) =
1

2π

∫ ∞

–∞

[
cos(xt) + sin(xt)

]
f (t) dt.

Up to constant factors, the function f (x) and the solution y(t) are the Hartley transform pair.

Reference: D. Zwillinger (1989).

32.
∫∫ ∞

0

[[
sin(xt) – xt cos(xt)

]]
y(t) dt = f (x).

This equation can be reduced to a special case of equation 3.7.17 with ν = 3
2 .

Solution:

y(x) =
2
π

∫ ∞

0

sin(xt) – xt cos(xt)
x2t2

f (t) dt.

33.
∫∫ ∞

0
[sin(xt) + xt cos(xt)]y(t) dt = f (x).

Solution:

y(x) = –
2
π

∫ ∞

0
si(xt)y(t) dt,

where si(z) is the sine integral (see Supplement 11.3-1).

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 457).

34.
∫ ∞

0
[1 – cos(xt) + xt sin(xt)]y(t) dt = f (x).

Solution:

y(x) =
2
π

∫ ∞

0
ci(xt)f (t) dt,

where ci(z) is the cosine integral (see Supplement 11.3-2).

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 457).
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35.
∫∫ ∞

0
(xt)1/2

[[
sin(xt)

xt
+ 2 cos(xt)

]]
y(t) dt = f (x).

Solution:

y(x) =

√
2
π

∫ ∞

0

[
1
2

– S(xt)

]
f (t) dt.

where S(z) is the Fresnel sine integral (see Supplement 11.3-3).

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 459).

36.
∫∫ ∞

0
(xt)1/2

[[
cos(xt) – 1

xt
– 2 sin(xt)

]]
y(t) dt = f (x).

Solution:

y(x) =

√
2
π

∫ ∞

0

[
1
2

– C(xt)

]
f (t) dt,

where C(z) is the Fresnel cosine integral (see Supplement 11.3-3).

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 460).

37.
∫∫ ∞

0

(1 – ν) sin(xt) + xt cos(xt)

(xt)ν
y(t) dt = f (x).

Solution:

y(x) =
2
π

∫ ∞

0
S(xt, ν)f (t) dt,

where S(z, ν) is the generalized Fresnel sine integral (see Supplement 11.3-3).

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 461).

38.
∫∫ ∞

0

(1 – ν) cos(xt) – xt sin(xt)

(xt)ν
y(t) dt = f (x).

Solution:

y(x) =
2
π

∫ ∞

0
C(xt, ν)y(t) dt,

where C(z, ν) is the generalized Fresnel cosine integral (see Supplement 11.3-3).

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 461).

39.
∫∫ π

0

[[
a sin(x + t)

1 – 2a cos(x + t) + a2
+

a sin(x – t)

1 – 2a cos(x – t) + a2

]]
y(t) dt = f (x), 0 < a < 1.

Solution:

y(x) = C +
2
π2

∞∑
n=1

fn

an
cos(nx), fn =

∫ π

0
f (x) sin(nx) dx,

where C is an arbitrary constant.

Remark. The kernel of the integral equation can be represented as a series in powers of a:

K(x, t) =
a sin(x + t)

1 – 2a cos(x + t) + a2
+

a sin(x – t)
1 – 2a cos(x – t) + a2

= 2
∞∑
n=1

an sin(nx) cos(nt).

References: W. Schmeidler (1950, p. 169), S. Fenyö and H. W. Stolle (1984, pp. 18–19).
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3.5-6. Equations Containing the Unknown Function of a Complicated Argument.

40.
∫∫ π/2

0
y(ξ) dt = f (x), ξ = x sin t.

Schlömilch equation.
Solution:

y(x) =
2
π

[
f (0) + x

∫ π/2

0
f ′

ξ(ξ) dt

]
, ξ = x sin t.

References: E. T. Whittaker and G. N. Watson (1958), F. D. Gakhov (1977).

41.
∫∫ π/2

0
y(ξ) dt = f (x), ξ = x sink t.

Generalized Schlömilch equation.
This is a special case of equation 3.5.43 for λ = 0 and m = 0.
Solution:

y(x) =
2k

π
x

k–1
k

d

dx

[
x

1
k

∫ x

0
sin t f (ξ) dt

]
, ξ = x sink t.

42.
∫∫ π/2

0
sinλ t y(ξ) dt = f (x), ξ = x sink t.

This is a special case of equation 3.5.43 for m = 0.
Solution:

y(x) =
2k

π
x

k–λ–1
k

d

dx

[
x

λ+1
k

∫ x

0
sinλ+1 t f (ξ) dt

]
, ξ = x sink t.

43.
∫∫ π/2

0
sinλ t cosm t y(ξ) dt = f (x), ξ = x sink t.

1◦. Let λ > –1, m > –1, and k > 0. The transformation

z = x
2
k , ζ = z sin2 t, w(ζ) = ζ

λ–1
2 y
(
ζ

k
2
)

leads to an equation of the form 1.1.44:∫ z

0
(z – ζ)

m–1
2 w(ζ) dζ = F (z), F (z) = 2z

λ+m
2 f

(
z

k
2
)
.

2◦. Solution with –1 < m < 1:

y(x) =
2k

π
sin
[ π(1 – m)

2

]
x

k–λ–1
k

d

dx

[
x

λ+1
k

∫ π/2

0
sinλ+1 t tanm t f (ξ) dt

]
,

where ξ = x sink t.
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3.5-7. Singular Equations.

44.
∫∫ 2π

0
cot
(( t – x

2

))
y(t) dt = f (x), 0 ≤ x ≤ 2π.

Here the integral is understood in the sense of the Cauchy principal value and the right-hand

side is assumed to satisfy the condition
∫ 2π

0
f (t) dt = 0.

Solution:

y(x) = –
1

4π2

∫ 2π

0
cot
( t – x

2

)
f (t) dt + C,

where C is an arbitrary constant.

It follows from the solution that
∫ 2π

0
y(t) dt = 2πC.

The equation and its solution form a Hilbert transform pair (in the asymmetric form).

Reference: F. D. Gakhov (1977).

45.
∫∫ π

–π

[[
1 + cot

((x – t

2

))]]
y(t) dt = f (x), –π ≤ x ≤ π.

Hilbert–Plessner equation.
Solution:

y(x) =
1

4π2

∫ π

–π

[
1 + cot

( x – t

2

)]
f (t) dt.

Reference: S. Fenyö and H. W. Stolle (1984, pp. 36–38).

46.
∫ 2π

0

[[
sin
(( ξ – x

2

))]]–2
y(ξ) dξ = f (x), 0 ≤ x ≤ 2π.

The simple hypersingular equation of the first kind with Hilbert-type kernel.
Let the periodic conditions y(0) = y(2π) be satisfied. Then the solution is

y(x) = –
1

4π2

∫ 2π

0
f (ξ) ln

∣∣∣sin
( ξ – x

2

)∣∣∣ dξ + C,

where C is an arbitrary constant.
This equation is discussed in Subsection 14.6-4 in detail.

Reference: I. K. Lifanov, L. N. Poltavskii, and G. M. Vainikko (2004, p. 8).

3.6. Equations Whose Kernels Contain Combinations of
Elementary Functions

3.6-1. Kernels Containing Hyperbolic and Logarithmic Functions.

1.
∫∫ b

a

ln
∣∣∣∣cosh(λx) – cosh(λt)

∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.9 with g(x) = cosh(λx).

2.
∫∫ b

a

ln
∣∣∣∣sinh(λx) – sinh(λt)

∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.9 with g(x) = sinh(λx).
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3.
∫∫ a

–a

ln
[[

sinh
(( 1

2 A
))

2 sinh
(( 1

2 |x – t|
)) ]]y(t) dt = f (x), –a ≤ x ≤ a.

Solution with 0 < a < A:

y(x) =
1

2M ′(a)

[
d

da

∫ a

–a

w(t, a)f (t) dt

]
w(x, a)

–
1
2

∫ a

|x|
w(x, ξ)

d

dξ

[
1

M ′(ξ)
d

dξ

∫ ξ

–ξ

w(t, ξ)f (t) dt

]
dξ

–
1
2

d

dx

∫ a

|x|

w(x, ξ)
M ′(ξ)

[∫ ξ

–ξ

w(t, ξ) df (t)

]
dξ,

where the prime stands for the derivative with respect to the argument and

M (ξ) =

[
ln

(
sinh
(

1
2 A
)

sinh
(

1
2 ξ
) )]–1

, w(x, ξ) =
cosh

(
1
2 x
)
M (ξ)

π
√

2 cosh ξ – 2 cosh x
.

Reference: I. C. Gohberg and M. G. Krein (1967).

4.
∫∫ b

a

ln
∣∣∣∣tanh(λx) – tanh(λt)

∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.9 with g(x) = tanh(λx).

5.
∫∫ a

–a

ln
[[
coth

(( 1
4 |x – t|

))]]
y(t) dt = f (x), –a ≤ x ≤ a.

Solution:

y(x) =
1

2M ′(a)

[
d

da

∫ a

–a

w(t, a)f (t) dt

]
w(x, a)

–
1
2

∫ a

|x|
w(x, ξ)

d

dξ

[
1

M ′(ξ)
d

dξ

∫ ξ

–ξ

w(t, ξ)f (t) dt

]
dξ

–
1
2

d

dx

∫ a

|x|

w(x, ξ)
M ′(ξ)

[∫ ξ

–ξ

w(t, ξ) df (t)

]
dξ,

where the prime stands for the derivative with respect to the argument and

M (ξ) =
P–1/2(cosh ξ)

Q–1/2(cosh ξ)
, w(x, ξ) =

1

πQ–1/2(cosh ξ)
√

2 cosh ξ – 2 cosh x
,

and P–1/2(cosh ξ) and Q–1/2(cosh ξ) are the Legendre functions of the first and second kind,
respectively.

Reference: I. C. Gohberg and M. G. Krein (1967).

3.6-2. Kernels Containing Logarithmic and Trigonometric Functions.

6.
∫∫ b

a

ln
∣∣∣∣cos(λx) – cos(λt)

∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.9 with g(x) = cos(λx).
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7.
∫∫ b

a

ln
∣∣∣∣sin(λx) – sin(λt)

∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.9 with g(x) = sin(λx).

8.
∫∫ π

0
ln

1 – cos(x + t)

1 – cos(x – t)
y(t) dt = f (x), 0 ≤ x ≤ π.

Solution:

y(x) =
2
π2

∞∑
n=1

nfn sin(nx), fn =
∫ π

0
f (x) sin(nx) dx.

Reference: S. Fenyö and H. W. Stolle (1984, p. 44).

9.
∫∫ a

–a

ln
[[

sin
(( 1

2 A
))

2 sin
(( 1

2 |x – t|
)) ]]y(t) dt = f (x), –a ≤ x ≤ a.

Solution with 0 < a < A:

y(x) =
1

2M ′(a)

[
d

da

∫ a

–a

w(t, a)f (t) dt

]
w(x, a)

–
1
2

∫ a

|x|
w(x, ξ)

d

dξ

[
1

M ′(ξ)
d

dξ

∫ ξ

–ξ

w(t, ξ)f (t) dt

]
dξ

–
1
2

d

dx

∫ a

|x|

w(x, ξ)
M ′(ξ)

[∫ ξ

–ξ

w(t, ξ) df (t)

]
dξ,

where the prime stands for the derivative with respect to the argument and

M (ξ) =

[
ln

(
sin
(

1
2 A
)

sin
(

1
2 ξ
) )]–1

, w(x, ξ) =
cos
(

1
2 ξ
)
M (ξ)

π
√

2 cos x – 2 cos ξ
.

Reference: I. C. Gohberg and M. G. Krein (1967).

10.
d

dx

∫∫ π

–π

ln
((

2

∣∣∣∣∣∣∣∣sin
x – t

2

∣∣∣∣∣∣∣∣))y(t) dt = f (x).

Solution:

y(x) = –
1
π2

d

dx

∫ π

–π

ln

(
2

∣∣∣∣sin
x – t

2

∣∣∣∣)f (t) dt,
∫ π

–π

y(t) dt = 0.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 452).

3.6-3. Kernels Containing Combinations of Exponential and Other Elementary Functions.

11.
∫∫ b

a

((
ln |x – t| + Ae–αx–βt

))
y(t) dt = f (x).

This is a special case of equation 3.8.28 with ϕ(x) = Ae–αx and ψ(t) = e–βt.

12.
∫∫ ∞

0
[sin(xt) + Ae–αx–βt]y(t) dt = f (x).

This is a special case of equation 3.8.29 with ϕ(x) = Ae–αx and ψ(t) = e–βt.

13.
∫∫ ∞

0
[cos(xt) + Ae–αx–βt]y(t) dt = f (x).

This is a special case of equation 3.8.30 with ϕ(x) = Ae–αx and ψ(t) = e–βt.
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3.7. Equations Whose Kernels Contain Special
Functions∗

3.7-1. Kernels Containing Error Function, Exponential Integral or Logarithmic Integral.

1.
∫∫ ∞

0

[[
exp(i(x + t)2) erf(eπi/4(x + t)) + exp(i(x – t)2) erf(eπi/4(x – t))

]]
y(t) dt = f (x).

Here erf z is the error function (see Supplement 11.2-1) and i2 = –1.
Solution:

y(x) = –
1
π

∫ ∞

0

[
exp(–i(t + x)2) erf(e3πi/4(t + x)) + exp(–i(t – x)2) erf(e3πi/4(t – x))

]
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 459).

2.
∫∫ ∞

0
e–ixt Ei(ixt)y(t) dt = f (x), i2 = –1.

Here Ei(z) is the exponential integral (see Supplement 11.2-2).
Solution:

y(t) =
1

2π2

∫ ∞

–∞

[
eixt erf(eπi/4

√
xt) –

1 + i√
2πxt

]
f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 456).

3.
∫∫ ∞

1
li
((

x

t

))
y(t) dt = f (x), f (1) = f ′(1) = 0.

Here li(z) is the logarithmic integral (see Supplement 11.2-3).
Solution:

y(t) = –
∫ x

1
t–2ν
(

ln
t

x

)[(
t

d

dt

)2

– t
d

dt

]
f (t) dt,

where ν(z) =
∫ ∞

0

zξ dξ

Γ(ξ + 1)
.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 457).

3.7-2. Kernels Containing Sine Integrals, Cosine Integrals, or Fresnel Integrals.

4.
∫∫ ∞

0
si(xt)y(t) dt = f (x).

Here si(z) is the sine integral (see Supplement 11.3-1).
Solution:

y(x) = –
2
π

∫ ∞

0
[sin(xt) + xt cos(xt)]f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 457).

* For notation and properties of special functions, see Supplement 11.
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5.
∫∫ ∞

0
ci(xt)y(t) dt = f (x).

Here ci(z) is the cosine integral (see Supplement 11.3-2).
Solution:

y(x) =
2
π

∫ ∞

0
[1 – cos(xt) + xt sin(xt)]f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 457).

6.
∫∫ ∞

0

[[
1

2
– S(xt)

]]
y(t) dt = f (x).

Here S(z) is the Fresnel sine integral (see Supplement 11.3-3).
Solution:

y(x) =

√
2
π

∫ ∞

0
(xt)1/2

[
sin(xt)

xt
+ 2 cos(xt)

]
f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 459).

7.
∫∫ ∞

0

[[
1

2
– C(xt)

]]
y(t) dt = f (x).

Here C(z) is the Fresnel cosine integral (see Supplement 11.3-3).
Solution:

y(x) =

√
2
π

∫ ∞

0
(xt)1/2

[
cos(xt) – 1

xt
– 2 sin(xt)

]
f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 460).

8.
∫∫ ∞

0
S(xt, ν)y(t) dt = f (x).

Here S(z, ν) is the generalized Fresnel sine integral (see Supplement 11.3-3).
Solution:

y(x) =
2
π

∫ ∞

0

(1 – ν) sin(xt) + xt cos(xt)
(xt)ν

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 461).

9.
∫∫ ∞

0
C(xt, ν)y(t) dt = f (x).

Here C(z, ν) is the generalized Fresnel cosine integral (see Supplement 11.3-3).
Solution:

y(x) =
2
π

∫ ∞

0

(1 – ν) cos(xt) – xt sin(xt)
(xt)ν

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 461).
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3.7-3. Kernels Containing Gamma Functions.

10.
∫∫ ∞

0
(xt)–(π+1)/2Γ(±i ln(xt))y(t) dt = f (x), i2 = –1.

Here Γ(z) is the incomplete gamma function (see Supplement 11.4-1).
Solution:

y(x) =
1

4π2

∫ ∞

0
(xt)–(π+1)/2

Γ(∓i ln(xt))f (t) dt.

The integral equation and its solution form a Paley–Wiener transform pair (in the asym-
metric form).

References: E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 453).

11.
∫∫ ∞

–∞
e–π(x+t)/2Γ(±i(x + t))y(t) dt = f (x).

Solution:

y(x) =
1

4π2

∫ ∞

–∞
e–π(x+t)/2

Γ(∓i(x + t))f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 453).

12.
∫∫ ∞

–∞
Γ(α + i(x + t))Γ(α – i(x + t))y(t) dt = f (x).

Solution:

y(x) = –
α sin(2πα)

2π3

∫ ∞

–∞
Γ(–α + i(x + t))Γ(–α – i(x + t))f (t) dt,

where Re α < 0 (2α ≠ –1, –2, . . . ).

References: J. Wimp (1971), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 453).

3.7-4. Kernels Containing Incomplete Gamma Functions.

13.
∫∫ ∞

–∞
(t – x)α–1γ(1 – α, 2i(t – x))y(t) dt = f (x), i2 = –1.

Here γ(ν, z) is the incomplete gamma function (see Supplement 11.5-1).
Solution:

y(x) = –
1

4π2

∫ ∞

–∞
(t – x)–α–1γ(1 + α, 2i(t – x))f (t) dt,

where –1/2 < Re α ≤ 0.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 462).

14.
∫∫ ∞

–∞

[[
exp
((

2x – i

4
π

))
t–ix–1/2 + (b – a)aix–1/2eiatΓ

((
1

2
– ix, iat

))]]
y(t) dt = f (x).

Solution:

y(x) =
1

4π

∫ ∞

–∞

[
exp

(
2t + i

4
π

)
xit–1/2 + (a – b)b–it–1/2e–ibx

Γ

(
1
2

+ it, –ibx

)]
f (t)

cosh(πt)
dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 463).
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15.
∫∫ ∞

0

{{
t–ix–1/2 sin

((
1 + 2ix

4
π

))
+

i

2
(b – a)aix–1/2

[[
e–iatΓ

((
1

2
– ix, –iat

))
– eiatΓ

((
1

2
– ix, iat

))]]}}
y(t) dt = f (x).

Solution:

y(t) =
1
π

∫ ∞

–∞

{
tix–1/2 sin

(
1 – 2ix

4
π

)
+

i

2
(a – b)b–ix–1/2

[
e–ibt

Γ

(
1
2

+ ix, –ibt

)
– eibt

Γ

(
1
2

+ ix, ibt

)]}
f (x)

cosh(πx)
dx,

where a, b ∉ (–∞, 0) are complex numbers.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 463).

16.
∫∫ ∞

0

{{
t–ix–1/2 cos

((
1 + 2ix

4
π

))
+

1

2
(b – a)aix–1/2

[[
e–iatΓ

((
1

2
– ix, –iat

))
+ eiatΓ

((
1

2
– ix, iat

))]]}}
y(t) dt = f (x).

Solution:

y(t) =
1
π

∫ ∞

–∞

{
tix–1/2 cos

(
1 – 2ix

4
π

)
+

1
2

(a – b)b–ix–1/2

[
e–ibt

Γ

(
1
2

+ ix, –ibt

)
+ eibt

Γ

(
1
2

+ ix, ibt

)]}
f (x)

cosh(πx)
dx,

where a, b ∉ (–∞, 0) are complex numbers.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 463).

3.7-5. Kernels Containing Bessel Functions of the First Kind.

17.
∫∫ ∞

0
tJν (xt)y(t) dt = f (x).

Here Jν (z) is the Bessel function of the first kind (see Supplement 11.6-1).
Solution:

y(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∫ ∞

0
tJν(xt)f (t) dt if Re ν ≥ –1 or ν = –2, –3, . . . ,∫ ∞

0
t

[
Jν(xt) –

n–1∑
k=0

(–1)k(xt/2)2k+ν

k!Γ(ν + k + 1)

]
f (t) dt if Re ν < –1 and ν ≠ –2, –3, . . . ,

where – n – 1 < Re ν < –n, n = 1, 2, . . .

The functions f (x) and y(x) are the Hankel transform pair.

References: E. C. Titchmarsh (1923), J. L. Griffith (1958), V. A. Ditkin and A. P. Prudnikov (1965), F. Oberhet-
tinger (1972), I. Sneddon (1972), H. M. Srivastava and R. G. Buschman (1977), B. Davis (1978), A. P. Prudnikov,
Yu. A. Brychkov, and O. I. Marichev (1992, p. 468), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993), I. Sneddon
(1995).
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18.
∫∫ b

a

tJν (xt)y(t) dt = f (x), 0 ≤ x < ∞.

Solution:

y(t) =

{∫ ∞

0
xJν (xt)f (x) dx if a < t < b,

0 if 0 < t < a or t > b,

where 0 ≤ a ≤ b ≤ ∞ and Re ν > –1.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 468), I. N. Sneddon (1995).

19.
∫∫ ∞

0
tJ0(xt)y(t) dt = 0, a ≤ x < ∞.

Homogeneous integral equation of the first kind.
Solution:

y(t) =
∫ a

0
cos(xt)ϕ(x) dx,

where ϕ(x) is an arbitrary continuously differentiable function.

Reference: Ya. S. Uflyand (1977).

20.
∫∫ ∞

0
tJν (xt)y(t) dt = 0, a ≤ x < ∞.

Homogeneous integral equation of the first kind, Re ν > –1/2.
Solution:

y(t) =

√
πt

2

∫ a

0

√
x Jν–1/2(xt)ϕ(x) dx,

where ϕ(x) is an arbitrary continuously differentiable function.

Reference: Ya. S. Uflyand (1977).

21.
∫∫ b

a

∣∣∣∣Jν (λx) – Jν (λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = Jν (λx), where Jν (z) is the Bessel function
of the first kind.

22.
∫∫ ∞

0
Jν (λ(x – t))y(t) dt = f (x).

1◦. If | Re ν| < 1 and f (0) = f ′(0) = 0 then

y(x) =
∫ x

0
J–ν(λ(x – t))

(
d2

dt2
+ λ2

)
f (t) dt.

2◦. If ν = n is a positive integer number and f (0) = f ′(0) = · · · = f (n+1)(0) = 0 then

y(x) =
1
λn

[(n–1)/2]∑
k=0

C2k+1
n

(
d

dx

)n–2k–1(
d2

dx2
+ λ2

)k+1

f (x)

+
1
λn

∫ x

0
J0(λ(x – t))

[n/2]∑
k=0

C2k
n

(
d

dt

)n–2k(
d2

dt2
+ λ2

)k+1

f (t) dt,

where [A] stands for the integer part of the number A and Ck
n =

n!
k! (n – k)!

are binomial

coefficients (0! = 1).
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3◦. If ν is not an integer, m – 1 < Re ν < m (m = 0, 1, 2, . . . ), and f (0) = f ′(0) = · · · =
f (m+1)(0) = 0 then

y(x) =
m – ν

λm

∫ x

0

Jm–ν(λ(x – t))
x – t

[(m–1)/2]∑
k=0

C2k+1
m

(
d

dt

)m–2k–1(
d2

dt2
+ λ2

)k+1

f (t) dt

+
1

λm

∫ x

0
Jm–ν(λ(x – t))

[m/2]∑
k=0

C2k
m

(
d

dt

)m–2k(
d2

dt2
+ λ2

)k+1

f (t) dt.

References: H. M. Srivastava and R. G. Buschman (1977), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 470), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

23.
∫∫ ∞

–∞
|x – t|νJν(λ|x – t|)y(t) dt = f (x).

Solution:

y(x) = –
λ cos(νπ)
4 sin2(νπ)

∫ ∞

–∞

sign(t – x)
|t – x|2ν+1

d

dt

[
|t – x|ν+1J–ν–1(λ|t – x|)f (t)

]
dt,

where 0 < Re ν < 1/2.

References: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 469), S. G. Samko, A. A. Kilbas,
and O. I. Marichev (1993).

24.
∫∫ ∞

0
Jn/2–1(2πxt)G(x, t)y(t) dt = f (x), G(x, t) = 2πx(t/x)n/2, n = 1, 2, . . .

Solution:

y(x) =
∫ ∞

0
Jn/2–1(2πxt)G(x, t)f (t) dt.

The functions f (x) and y(t) are the Bochner transform pair.

Reference: Yu. A. Brychkov and A. P. Prudnikov (1979).

25.
∫∫ ∞

0

d

dx

[[
xJ2

ν (xt)
]]
ty(t) dt = f (x).

Solution:

y(x) = –2π

∫ ∞

0
tJν (x, t)Yν(xt)f (t) dt

= π

∫ ∞

0
t
{

sin(2νπ)[J2
–ν(xt) – Y 2

ν (xt)] – 2 cos(2νπ)J–ν(xt)Y–ν (xt)
}
f (t) dt.

References: I. I. Hirschman and D. V. Widder (1955), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev
(1992, p. 474).

26.
∫∫ ∞

0
t
[[
J–µ(xt)J–ν(xt) ± Jµ(xt)Jν(xt)

]]
y(t) dt = f (x).

Solution:

y(x) =
π

2 cos
[

π
2 (ν ± µ)

]
sin
[

π
2 (ν ∓ µ)

] ∫ ∞

0
t

d

dt

[
t
(
Jµ(xt)J–ν(xt)∓J–µ(xt)Jν(xt)

)]
f (t) dt,

where Re(µ + ν) < 3/2.

References: I. I. Hirschman and D. V. Widder (1955), E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov,
and O. I. Marichev (1992, p. 475).
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27.
∫∫ ∞

0
[Jix(t) + J–ix(t)]y(t) dt = f (x), i2 = –1.

Solution:

y(x) =
1

2x

∫ ∞

0

t[Jit(x) + J–it(x)]
sinh(πt)

f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 469).

28.
∫∫ ∞

0
[Jit(x) + J–it(x)]y(t) dt = f (x), i2 = –1.

Solution:

y(x) =
x

2 sinh(πx)

∫ ∞

0

Jix(t) + J–ix(t)
t

f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 469).

3.7-6. Kernels Containing Bessel Functions of the Second Kind.

29.
∫∫ ∞

0
tYν (xt)y(t) dt = f (x).

Here Yν (z) is the Bessel function of the second kind (see Supplement 11.6-1).

1◦. If | Re ν| < 1 then

y(x) =
∫ ∞

0
tHν(xt)f (t) dt,

where Hν(x) is the Struve function, which is defined as

Hν(x) =
∞∑
j=0

(–1)j(x/2)ν+2j+1

Γ
(
j + 3

2

)
Γ
(
ν + j + 3

2

) .

The function f (x) and the solution y(x) are the Yν -transform pair.

2◦. If 1 < | Re ν| < 3 then

y(x) =
∫ ∞

0
t

[
Hν(xt) –

(xt)ν–1

2ν–1
√

π Γ(ν + 1/2)

]
f (t) dt.

References: E. C. Titchmarsh (1948), G. N. Watson (1952), J. L. Griffith (1958), F. Oberhettinger (1972),
A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 475).

30.
∫∫ b

a

∣∣∣∣Yν(λx) – Yν(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = Yν(λx), where Yν (z) is the Bessel function
of the second kind.
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3.7-7. Kernels Containing Combinations of the Bessel Functions.

31.
∫ ∞

0
[cos(pπ)Jν(xt) + sin(pπ)Yν(xt)]ty(t) dt = f (x).

Solution:

y(x) =
∫ ∞

0
Φ(xt)tf (t) dt, Φ(z) =

∞∑
n=0

(–1)n(z/2)ν+2p+2n

Γ(p + n + 1)Γ(ν + p + n + 1)
.

The functions f (x) and y(x) are the Hardy transform pair.

Reference: Yu. A. Brychkov and A. P. Prudnikov (1989).

32.
∫∫ ∞

0
tJν (xt)Yν(xt)y(t) dt = f (x).

Solution:

y(x) = 2π

∫ ∞

0
t

d

dt

[
tJ2

ν (xt)
]
f (t) dt,

where Re ν > –1/4.

References: E. C. Titchmarsh (1948), I. I. Hirschman and D. V. Widder (1955), A. P. Prudnikov, Yu. A. Brychkov,
and O. I. Marichev (1992, p. 476).

33.
∫∫ ∞

a

t[Jν (ax)Yν(xt) – Yν(ax)Jν(xt)]y(t) dt = f (x).

Solution:

y(x) =
∫ ∞

0

t[Jν(at)Yν(xt) – Yν(at)Jν(xt)]
J2

ν(at) + Y 2
ν (at)

f (t) dt.

The function f (x) and the solution y(x) are the Weber transform pair.

References: G. N. Watson (1952), Yu. A. Brychkov and A. P. Prudnikov (1979, 1989), A. P. Prudnikov,
Yu. A. Brychkov, and O. I. Marichev (1992, p. 477).

34.
∫∫ ∞

0
t[Jν (at)Yν(xt) – Yν(at)Jν(xt)]y(t) dt = f (x).

Solution:

y(x) =
x

J2
ν(ax) + Y 2

ν (ax)

∫ ∞

0
t[Jν(ax)Yν(xt) – Yν (ax)Jν(xt)]f (t) dt.

References: G. N. Watson (1952), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 477).

35.
∫∫ ∞

–∞
e±π(x–t)/2H (1)

i(t–x)(a)y(t) dt = f (x), i2 = –1.

Here H (1)
ν (z) = Jν(z)+ iYν(z) is the Hankel function of the first kind (see Supplement 11.6-5).

Solution:

y(x) =
1
4

∫ ∞

–∞
e±π(t–x)/2H (1)

i(t–x)(a)f (t) dt,

where a > 0.

References: Vu Kim Tuan (1988), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 479).
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36.
∫∫ ∞

–∞
e±π(x–t)/2H (2)

i(t–x)(a)y(t) dt = f (x).

Here H (2)
ν (z) = Jν (z) – iYν(z) is the Hankel function of the second kind (see Supplement

11.6-5).
Solution:

y(x) =
1
4

∫ ∞

–∞
e±π(t–x)/2H (2)

i(t–x)(a)f (t) dt,

where a > 0.

References: Vu Kim Tuan (1988), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 479).

3.7-8. Kernels Containing Modified Bessel Functions of the First Kind.

37.
∫∫ b

a

∣∣∣∣Iν (λx) – Iν (λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = Iν (λx), where Iν (z) is the modified Bessel
function of the first kind (see Supplement 11.7-1).

38.
∫∫ ∞

0

d

dx
I2

it(x)y(t) dt = f (x), i2 = –1.

Solution:

y(x) =
2i

π
x

∫ ∞

0
K2

ix(t)f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 485).

39.
∫∫ ∞

–∞
Ai(x + t)y(t) dt = f (x).

Here Ai(x) = 1
3

√
x
[
I–1/3(z) – I1/3(z)

]
is the Airy function (see Supplement 11.8-1).

Solution:

y(x) =
∫ ∞

–∞
Ai(x + t)f (t) dt.

References: Vu Kim Tuan (1988), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 485).

3.7-9. Kernels Containing Modified Bessel Functions of the Second Kind.

40.
∫∫ ∞

–∞
K0
((
|x – t|

))
y(t) dt = f (x).

Here K0(z) is the modified Bessel function of the second kind (the MacDonald function), see
Supplement 11.7-1.

Solution:

y(x) = –
1
π2

(
d2

dx2
– 1

)∫ ∞

–∞
K0
(
|x – t|

)
f (t) dt.

Reference: D. Naylor (1986).

41.
∫∫ b

a

∣∣∣∣Kν(λx) – Kν(λt)
∣∣∣∣ y(t) dt = f (x).

This is a special case of equation 3.8.3 with g(x) = Kν(λx).
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42.
∫∫ ∞

0

√
zt Kν(zt)y(t) dt = f (z).

Here Kν(z) is the modified Bessel function of the second kind.
Up to a constant factor, the left-hand side of this equation is the Meijer transform of y(t)

(z is treated as a complex variable).
Solution:

y(t) =
1
πi

∫ c+i∞

c–i∞

√
zt Iν (zt)f (z) dz.

For specific f (z), one may use tables of Meijer integral transforms to calculate the integral.

Reference: V. A. Ditkin and A. P. Prudnikov (1965).

43.
∫∫ ∞

0
Kix(t)y(t) dt = f (x), i2 = –1.

Solution:

y(x) =
2

π2x

∫ ∞

0
t sinh(πt)Kit(x)f (t) dt.

The function f (x) and the solution y(x) are the Kontorovich-Lebedev transform pair.

References: V. A. Ditkin and A. P. Prudnikov (1965), F. Oberhettinger (1972), Yu. A. Brychkov and A. P. Prud-
nikov (1989), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 487).

44.
∫∫ ∞

0
Kit(x)y(t) dt = f (x).

Solution:

y(x) =
2x sinh(πx)

π2

∫ ∞

0

Kix(t)
t

f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 487).

45.
∫∫ ∞

0
K2

it(x)y(t) dt = f (x).

Solution:

y(x) =
4x sinh(πx)

π2

∫ ∞

0

d

dt

{
[Iix(t) + I–ix(t)]Kix(t)

}
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 492).

46.
∫∫ ∞

0
Re Kix+1/2(t)y(t) dt = f (x).

Solution:

y(x) =
4
π2

∫ ∞

0
cosh(πt) Re Kit+1/2(x)f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 488).

47.
∫∫ ∞

0
Im Kix+1/2(t)y(t) dt = f (x).

Solution:

y(x) =
4
π2

∫ ∞

0
cosh(πt) Im Kit+1/2(x)f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 488).
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48.
∫∫ ∞

0
Re Kit+1/2(x)y(t) dt = f (x).

Solution:

y(x) =
4
π2

cosh(πx)
∫ ∞

0
Re Kix+1/2(t)f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 488).

49.
∫∫ ∞

0
Im Kit+1/2(x)y(t) dt = f (x).

Solution:

y(x) =
4
π2

cosh(πx)
∫ ∞

0
Im Kix+1/2(t)f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 488).

50.
∫∫ ∞

–∞
eπ(x+t)/2Ki(x+t)(a)y(t) dt = f (x).

Solution:

y(x) =
1
π2

∫ ∞

–∞
eπ(x+t)/2Ki(x+t)(a)f (t) dt,

where a > 0. The function f (x) and the solution y(x) are a Crum transform pair (in the
asymmetric form).

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 488).

51.
∫∫ ∞

–∞
Ki(x+t)(±ia)y(t) dt = f (x).

Solution:

y(x) =
1
π2

∫ ∞

–∞
Ki(x+t)(∓ia)f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 488–489).

52.
∫∫ ∞

–∞
t– 1

4 (2ix+1)K 1
2 +ix

((
2iλ

√
t
))
y(t) dt = f (x).

Solution:

y(x) =
λ

π2

∫ ∞

–∞
x

1
4 (2it–1)K 1

2 –it

(
2iλ

√
x
)
f (t) dt,

where λ > 0 and
√

x = –i
√

|x| for x < 0.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 489).

53.
∫∫ ∞

0

[[
(a + t)– 1

4 (2ix+1)K 1
2 +ix(2iλ

√
a + t)

+ (a – t)– 1
4 (2ix+1)K 1

2 +ix(2iλ
√

a – t)
]]
y(t) dt = f (x).

Solution:

y(t) =
λ

π2

∫ ∞

–∞

[
(a+ t)

1
4 (2ix–1)K 1

2 –ix(–2iλ
√

a + t) + (a– t)
1
4 (2ix–1)K 1

2 –ix(–2iλ
√

a – t)
]
f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 489).
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54.
∫∫ ∞

–∞
x

1
4 (2it–1)K 1

2 –it

((
2iλ

√
x
))
y(t) dt = f (x), λ > 0.

Solution:

y(x) =
λ

π2

∫ ∞

–∞
t– 1

4 (2ix+1)K 1
2 +ix

(
2iλ

√
t
)
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 489).

55.
∫∫ ∞

–∞

[[
(a + t)

1
4 (2it–1)K 1

2 –it(–2iλ
√

a + x)

+ (a – t)
1
4 (2it–1)K 1

2 –it(–2iλ
√

a – x)
]]
y(t) dt = f (x).

Solution:

y(t) =
λ

π2

∫ ∞

0

[
(a+x)– 1

4 (2it+1)K 1
2 +it(2iλ

√
a + x)+(a–x)– 1

4 (2it+1)K 1
2 +it(2iλ

√
a – x)

]
f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 490).

56.
∫∫ ∞

–∞
exp
((πx

2
sign t

))
Kix(|t|)y(t) dt = f (x).

Solution:

y(x) =
1

π2x

∫ ∞

–∞
t exp

( πt

2
sign x

)
Kit(|x|)f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 490).

3.7-10. Kernels Containing a Combination of Bessel and Modified Bessel Functions.

57.
∫∫ ∞

0
[Iix(t) + I–ix(t)]Kix(t)y(t) dt = f (x).

Solution:

y(x) = –
4
π2

d

dx

∫∫ ∞

0
t sinh(πt)K2

it(x)f (t) dt.

The integral equation and its solution form the Lebedev transform pair.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 493).

58.
∫∫ ∞

0
[Kit(a)Iit(x) – Iit(a)Kit(x)]y(t) dt = f (x), 0 < x < a.

Solution:

y(t) =
2t sinh(πt)
π2|Iia(a)|2

∫∫ a

0
x–1[Kit(a)Iit(x) – Iit(a)Kit(x)]f (x) dx, t > 0.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 494).

59.
∫∫ ∞

0
t

[[
Y0(xt) –

2

π
K0(xt)

]]
y(t) dt = f (x).

Solution:

y(x) =
∫∫ ∞

0
t

[
Y0(xt) –

2
π

K0(xt)

]
f (t) dt.

The integral equation and its solution form the divisor transform pair.

References: F. Oberhettinger (1973), E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and
O. I. Marichev (1992, p. 492).
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60.
∫∫ ∞

0
t

[[
Y2n+1(xt) ± 2

π
K2n+1(xt)

]]
y(t) dt = f (x), n = 1, 2, . . .

Solution:

y(x) =
∫∫ ∞

0
t

[
Y2n+1(xt) ∓ 2

π
K2n+1(xt)

]
f (t) dt.

References: E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 493).

61.
∫∫ ∞

0
t

[[
Y2n(xt) +

2

π
K2n(xt)

]]
y(t) dt = f (x), n = 1, 2, . . .

Solution:

y(x) =
∫∫ ∞

0
t

[
Y2n(xt) +

2
π

K2n(xt)

]
f (t) dt.

References: E. C. Titchmarsh (1986), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 493).

3.7-11. Kernels Containing Legendre Functions.

62.
∫ ∞

1
P– 1

2 +ix(t)y(t) dt = f (x), 0 ≤ x < ∞.

Here Pν (x) is the Legendre function of the first kind (see Supplement 11.11-3) and i2 = –1.
Solution:

y(t) =
∫ ∞

0
x tanh(πx)Pix–1/2(t)f (x) dx.

The functions f (x) and y(t) are the Mehler–Fock transform pair.

Remark. The Legendre function of the first kind can be represented in the form

P– 1
2 +ix(t) =

2
π

cosh(πx)
∫ ∞

0

cos(xs) ds√
2(t + cosh s)

, 1 ≤ t < ∞.

References: N. N. Lebedev (1965), V. A. Ditkin and A. P. Prudnikov (1965), Yu. A. Brychkov and A. P.
Prudnikov (1989), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 512).

63.
∫ ∞

0
P– 1

2 +it(x)y(t) dt = f (x), 1 ≤ x < ∞.

Solution:

y(t) = t tanh(πt)
∫ ∞

1
P– 1

2 +it(x)f (x) dx.

References: N. N. Lebedev (1965), V. A. Ditkin and A. P. Prudnikov (1965), Yu. A. Brychkov and A. P.
Prudnikov (1989), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 513).

64.
∫ ∞

0
[P– 1

2 +ix(it) ± P– 1
2 +ix(–it)]y(t) dt = f (x).

Solution:

y(t) =
1
2

∫ ∞

0

sinh(πx)

cosh2(πx)
[P– 1

2 +ix(–it) ± P– 1
2 +ix(it)]f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 513).
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65.
∫ ∞

0
[P– 1

2 +it(ix) ± P– 1
2 +it(–ix)]y(t) dt = f (x).

Solution:

y(t) =
t sinh(πt)

2 cosh2(πt)

∫ ∞

0
[P– 1

2 +it(–ix) ± P– 1
2 +it(ix)]f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 514).

66.
∫ ∞

–∞
[ie–iπxP– 1

2 +x(cos t) + P– 1
2 +x(– cos t)]y(t) dt = f (x).

Solution:

y(t) =
1
2

sin t

∫ ∞

–∞

x

sinh(2πx)
[ieiπxP– 1

2 +x(cos t) + P– 1
2 +x(– cos t)]f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 513).

67.
∫ ∞

0
[P– 1

2 +it(x)]2y(t) dt = f (x), 1 ≤ x < ∞.

Solution:

y(t) = t tanh(πt)
∫ ∞

1
P– 1

2 +it(x)
[
Q– 1

2 +it(x) + Q– 1
2 –it(x)

]
(x2 – 1)1/2 d

dx

[
(x2 – 1)1/2f (x)

]
dx,

where Qν(x) is the Legendre function of the second kind.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 514).

68.
∫ ∞

1
P– 1

2 +ix(t)
[[
Q– 1

2 +ix(t) + Q– 1
2 –ix(t)

]]
y(t) dt = f (x), 0 ≤ x < ∞.

Here Qν(x) is the Legendre function of the second kind.
Solution:

y(t) = (t2 – 1)1/2 d

dt

[
(t2 – 1)1/2

∫ ∞

0
x tanh(πx)[P– 1

2 +ix(t)]2f (x) dx

]
.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 519).

3.7-12. Kernels Containing Associated Legendre Functions.

69.
∫ ∞

1
P µ

– 1
2 +ix

(t)y(t) dt = f (x), 0 ≤ x < ∞.

Here P µ
ν (x) is the associated Legendre function of the first kind (see Supplement 11.11-3)

and i2 = –1.
Solution:

y(t) =
1
π

∫ ∞

0
x sinh(πx)Γ

(
1
2 – µ + ix

)
Γ
(

1
2 – µ – ix

)
Pµ

ix–1/2(t)f (x) dx.

The functions f (x) and y(t) are the generalized Mehler–Fock transform pair.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 518).
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70.
∫ ∞

0
P µ

– 1
2 +it

(x)y(t) dt = f (x), 1 ≤ x < ∞.

Solution:

y(t) =
1
π

t sinh(πt)Γ
(

1
2 – µ + it

)
Γ
(

1
2 – µ – it

) ∫ ∞

1
Pµ

it–1/2(x)f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 519).

71.
∫ 1

–1
P ix

– 1
2 +ia

(±t)y(t) dt = f (x), –∞ < x < ∞.

Solution:

y(t) =
1

2πi(1 – t)

∫ ∞

–∞
xΓ
(

1
2 + ia – ix

)
Γ
(

1
2 – ia – ix

)
P ix

– 1
2 +ia(∓t)f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 518).

72.
∫ ∞

0

[[
(x + t – 1)2 – 4xt

]]–1/2
Q1

ν– 1
2

((
x + t – 1

2
√

xt

))
y(t) dt = f (x), Re ν > –1.

Here Qµ
ν (x) is the associated Legendre function of the second kind (see Supplement 11.11-3).

Solution:

y(t) =
1

4π2

∫ ∞

0
(xt)–1/2

[
(x + t – 1)2 – 4xt

]–1/2
Q1

ν– 1
2

(
x + t – 1

2
√

xt

)
f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 520).

3.7-13. Kernels Containing Kummer Confluent Hypergeometric Functions.

73.
∫∫ ∞

0
F (a, b; ixt)y(t) dt = f (x).

Here F (a, b; x) is the Kummer confluent hypergeometric function (see Supplement 11.9-1)
and i2 = –1.

Let Re(b – a) < n < Re b – 1/2. Then the solution is

y(t) =
Γ(a)

2πΓ(b)
tb–1

(
d

dt

)n[
tn–b+1

∫ ∞

–∞
e–ixt

Ψ(n + a – b, n – b + 2; ixt)f (x) dx

]
.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 530).

74.
∫∫ ∞

0
F
(( 1

2 b ± ix, b; –it
))
y(t) dt = f (x).

Solution:

y(t) =
tb–1

2πΓ2(b)

∫ ∞

–∞
e∓πx

Γ
(

1
2 b + ix

)
Γ
(

1
2 b – ix

)
F
(

1
2 b ∓ ix, b; it

)
f (x) dx,

where Re b > 0.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 531).
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75.
∫∫ ∞

0
tixF

(( 1
2 + ix, b + ix; iαt

))
y(t) dt = f (x).

Solution:

y(t) =
tb–1

2π

(
–

d

dt

)n ∫ ∞

–∞
tn–b–ixe–iαt Γ

(
1
2 + ix

)
Γ
(
b + ix

) Ψ
(
n – b + 1

2 , n – b + 1 – ix; iαt
)
f (x) dx,

where Im α = 0 and 0 < Re b – 1/2 < n < Re b.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 531).

76.
∫∫ ∞

–∞
F
((
a, b; iβ(x – t)

))
y(t) dt = f (x).

Solution:

y(t) =
β2(a – 1)(a – b + 1) sin(πb)

4π(b – 1)(b – 2)(b – 3) sin(πa) sin[π(b – a)]

∫ ∞

–∞
F
(
2 – a, b – a – 1; iβ(x – t)

)
f (x) dx,

where 1 < Re a < 3/2 and –1 < Re(b – a) < –1/2.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 531).

77.
∫∫ ∞

–∞
F
(( 1

2 ± ia, 1
2 ; ±i(x – t)2))y(t) dt = f (x), a > 0.

Solution:

y(t) =
eπa

π cosh(πa)

∫ ∞

–∞
F
(

1
2 ∓ ia, 1

2 ;∓i(x – t)2
)
f (x) dx.

References: Vu Kim Tuan (1988), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 532).

78.
∫∫ ∞

–∞
F
(( 1

2 b ± it, b; ix
))
y(t) dt = f (x), Re b > 0.

Solution:

y(t) =
e±πt

2πΓ2(b)
Γ
(

1
2 b + it

)
Γ
(

1
2 b – it

) ∫ ∞

0
xb–1F

(
1
2 b ∓ it, b; –ix

)
f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 532).

79.
∫∫ ∞

–∞
F
(( 1

2 b ± it, b; –ix
))
y(t) dt = f (x), Re b > 0.

Solution:

y(t) =
e∓πt

2πΓ2(b)
Γ
(

1
2 b + it

)
Γ
(

1
2 b – it

) ∫ ∞

0
xb–1F

(
1
2 b ∓ it, b; ix

)
f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 532).

80.
∫∫ ∞

–∞
x–itF

(( 1
2 – it, b – it; iβx

))
y(t) dt = f (x).

Solution:

y(t) =
Γ
(

1
2 (1 – it)

)
2πΓ
(
b – 1

2 it
) ∫ ∞

0
xn–b+ite–iβx

Ψ
(
n + 1

2 – b, n + 1 – b + it; iβx
)( d

dx

)n[
xb–1f (x)

]
dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 533).
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3.7-14. Kernels Containing Tricomi Confluent Hypergeometric Functions.

81.
∫∫ ∞

0
tixΨ(a + ix, 2ix + 1; t)y(t) dt = f (x).

Here Ψ(a, b; x) is the Tricomi confluent hypergeometric function (see Supplement 11.9-1)
and i2 = –1.

Solution:

y(t) =
e–t

π2t

∫ ∞

0
x sinh(2πx)Γ(a – ix)Γ(a + ix)tixΨ(a + ix, 2ix + 1; t)f (x) dx.

References: J. Wimp (1971), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 534).

82.
∫∫ ∞

0
xitΨ(a + it, 2ix + 1; t)y(t) dt = f (x).

Solution:

y(t) =
t

π2
sinh(2πt)Γ(a – it)Γ(a + it)

∫ ∞

0
x–1+ite–x

Ψ(a + it, 2it + 1; x)f (x) dx.

References: J. Wimp (1971), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 535).

83.
∫∫ ∞

–∞
Ψ
(( 1

2 + ix, 3
2 – iβ + ix; ±it

))
y(t) dt = f (x), Im β = 0.

Solution:

y(t) =
1

4π

∫ ∞

–∞

1
cosh(πx)

Ψ
(

1
2 – ix, 3

2 + iβ – ix;∓it
)
f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 536).

3.7-15. Kernels Containing Whittaker Confluent Hypergeometric Functions.

84.
∫∫ ∞

0
M±ix,ν(it)y(t) dt = f (x), Re ν > –

1

2
.

Here Mµ,ν(z) is the Whittaker confluent hypergeometric function (see Supplement 11.9-3)
and i2 = –1.

Solution:

y(t) =
1

2πΓ2(2ν + 1) t

∫ ∞

–∞
e∓πx

Γ
(

1
2 + ν + ix

)
Γ
(

1
2 + ν – ix

)
M±ix,ν(–it)f (x) dx.

The integral equation and its solution form the Buchholz transform pair.

References: H. Buchholz (1969), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 523).

85.
∫∫ ∞

0
M±ix,ν(–it)y(t) dt = f (x), Re ν > –

1

2
.

Solution:

y(t) =
1

2πΓ2(2ν + 1) t

∫ ∞

–∞
e±πx

Γ
(

1
2 + ν + ix

)
Γ
(

1
2 + ν – ix

)
M∓ix,ν(it)f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 523–524).
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86.
∫∫ ∞

–∞
M±it,ν (ix)y(t) dt = f (x), Re ν > –

1

2
.

Solution:

y(t) =
e∓πt

2πΓ2(2ν + 1)
Γ
(

1
2 + ν + it

)
Γ
(

1
2 + ν – it

) ∫ ∞

0
x–1M∓it,ν(–ix)f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 524).

87.
∫∫ ∞

–∞
M±it,ν (–ix)y(t) dt = f (x), Re ν > –

1

2
.

Solution:

y(t) =
e±πt

2πΓ2(2ν + 1)
Γ
(

1
2 + ν + it

)
Γ
(

1
2 + ν – it

) ∫ ∞

0
x–1M∓it,ν(ix)f (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 524–525).

88.
∫∫ ∞

–∞
Γ
(( 1

2 + ν + ix – it
))
Γ
(( 1

2 + ν – ix + it
))
Mit–ix,ν (a)y(t) dt = f (x).

Solution:

y(t) =
(2ν + 1) sin(2πν)

4π3

∫ ∞

–∞
Γ
(
– 1

2 – ν + ix – it
)
Γ
(
– 1

2 – ν – ix + it
)
Mit–ix,–ν–1(a)f (x) dx.

References: J. Wimp (1971), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 526).

89.
∫∫ ∞

0
Wµ,ix(t)y(t) dt = f (x).

Here Wµ,ν (z) is the Whittaker confluent hypergeometric function (see Supplement 11.9-3).
Solution:

y(t) =
1

π2t2

∫ ∞

0
x sinh(2πx)Γ

(
1
2 – µ – ix

)
Γ
(

1
2 – µ + ix

)
Wµ,ix(t)f (x) dx.

References: J. Wimp (1971), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 527).

90.
∫∫ ∞

0
Wµ,it(x)y(t) dt = f (x).

Solution:

y(t) =
t

π2
sinh(2πt)Γ

(
1
2 – µ – it

)
Γ
(

1
2 – µ + it

) ∫ ∞

0
x–2Wµ,it(x)f (x) dx.

References: J. Wimp (1971), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 527).

91.
∫∫ ∞

–∞
e–ixt/2Wµ,ν (ixt)y(t) dt = f (x).

Solution:

y(t) =
Γ
(

3
2 – µ – ν

)
2πΓ(1 + n – 2ν)

(it)–n/2–1

×
∫ ∞

0
x(n–1)/2–νeixt/2Wµ+n/2–1,n/2–ν (ixt)

(
d

dx

)n[
xν–1/2f (x)

]
dx,

where Re µ < Re ν + 1/2 < 3/4.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 528).
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3.7-16. Kernels Containing Gauss Hypergeometric Functions.

92.
∫∫ a

0
F

((
β

2
,

β + 1

2
, µ;

4x2t2

(x2 + t2)2

))
y(t) dt

(x2 + t2)β
= f (x).

Here 0 < a ≤ ∞, 0 < β < µ < β + 1, and F (a, b, c; z) is the Gauss hypergeometric function
(see Supplement 11.10-1).

1◦. Solution:

y(x) =
x2µ–2

Γ(1 + β – µ)
d

dx

∫ a

x

tg(t) dt

(t2 – x2)µ–β
,

g(t) =
2 Γ(β) sin[(β – µ)π]

πΓ(µ)
t1–2β d

dt

∫ t

0

s2µ–1f (s) ds

(t2 – s2)µ–β
.

2◦. If a = ∞ and f (x) is a differentiable function, then the solution can be represented in the
form

y(x) = A
d

dt

∫ ∞

0

(xt)2µf ′
t(t)

(x2 + t2)2µ–β
F

(
µ –

β

2
, µ +

1 – β

2
, µ + 1;

4x2t2

(x2 + t2)2

)
dt,

where A =
Γ(β) Γ(2µ – β) sin[(β – µ)π]

πΓ(µ) Γ(1 + µ)
.

Reference: P. P. Zabreyko, A. I. Koshelev, et al. (1975).

93.
∫∫ ∞

0
F (a + ix, a – ix, c; –t)y(t) dt = f (x), a, c > 0.

Solution:

y(t) =
tc–1(1 + t)2a–c

π2Γ2(c)

∫ ∞

0
x sinh(2πx)|Γ(a + ix)Γ(c – a + ix)|2F (a + ix, a – ix, c; –t)f (x) dx.

The integral equation and its solution form the Olevskii transform pair.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 538).

3.7-17. Kernels Containing Parabolic Cylinder Functions.

94.
∫∫ ∞

–∞
D–ix–1/2(±e–πi/4t)y(t) dt = f (x), i2 = –1.

Here Dν(z) is the parabolic cylinder function (see Supplement 11.12-1).
Solution:

y(x) =
1

4π

∫ ∞

–∞

e–πt/2

cosh(πt)
Dit–1/2(±eπi/4x)f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 467).

95.
∫∫ ∞

–∞
exp
[[
± i(x – t)2

4

]][[
D±iα(e∓πi/4(t – x)) – D±iα(e∓πi/4(x – t))

]]
y(t) dt = f (x).

Solution:

y(x) =
eπα/2

8π cosh2(πα/2)

∫ ∞

–∞
exp

[
∓ i(x – t)2

4

][
D∓iα(e±πi/4(t – x))

+ D∓iα(e±πi/4(x – t))
]
f (t) dt,

where α > 0.
Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 466).
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96.
∫∫ ∞

0

{{
exp
[[

i(x + t)2

4

]][[
D2iα(e3πi/4(x + t)) – D2iα(e–πi/4(x + t))

]]
+ exp

[[
i(x – t)2

4

]][[
D2iα(e3πi/4(x – t)) – D2iα(e–πi/4(x – t))

]]}}
y(t) dt = f (x).

Solution:

y(x) =
eπα

8π sinh2(πα)

∫ ∞

0

{
exp

[
–

i(x + t)2

4

][
D–2iα(–eπi/4(x + t)) – D–2iα(eπi/4(x + t))

]
+ exp

[
–

i(t – x)2

4

][
D–2iα(–eπi/4(t – x)) – D–2iα(eπi/4(t – x))

]}
f (t) dt.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, pp. 465–466).

3.7-18. Kernels Containing Other Special Functions.

97.
∫∫ a

0
K
((

2
√

xt

x + t

))
y(t) dt

x + t
= f (x).

Here K(z) =
∫ 1

0

dt√
(1 – t2)(1 – z2t2)

is the complete elliptic integral of the first kind (see

Supplement 11.13-1).
Solution:

y(x) = –
4
π2

d

dx

∫ a

x

tF (t) dt√
t2 – x2

, F (t) =
d

dt

∫ t

0

sf (s) ds√
t2 – s2

.

Reference: P. P. Zabreyko, A. I. Koshelev, et al. (1975).

98.
∫∫ ∞

0

[[
ζ

((
1

2
+ ix, it

))
– ζ

((
1

2
+ ix,

1

2
+ it

))]]
y(t) dt = f (x).

Here ζ(z, v) =
∞∑
k=0

1
(v + k)z

is the generalized Riemann zeta function (Re z > 1; v ≠

0, –1, –2, . . . ).
Solution:

y(t) =
eπi/4

4π
√

t

∫ ∞

–∞

eπx/2

cosh(πx)

[
1 +

(
1 +

i

2t

)ix–1/2]
tixf (x) dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 454).

99.
∫∫ ∞

0

{{
t–ix–1/2 sin

(1 + 2ix)π

4
+ 2–ix–3/2eπx

[[
ζ

((
1

2
+ ix,

1 – it

2

))
– ζ

((
1

2
+ ix,

1 + it

2

))
– ζ

((
1

2
+ ix, –

it

2

))
+ ζ

((
1

2
+ ix,

it

2

))]]}}
y(t) dt = f (x).

Here ζ(z, v) is the generalized Riemann zeta function (see Eq. 3.7.98).
Solution:

y(t) =
1
π

∫ ∞

–∞

{
tix–1/2 sin

(1 – 2ix)π
4

+sin

[(
1
2

– ix

)
arctan t

]
(t2 +1)ix/2–1/4

}
f (x)

cosh(πx)
dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 454).
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100.
∫∫ ∞

0

{{
t–ix–1/2 cos

(1 + 2ix)π

4
– i2–ix–3/2eπx

[[
ζ

((
1

2
+ ix,

1 – it

2

))
+ ζ

((
1

2
+ ix,

1 + it

2

))
– ζ

((
1

2
+ ix, –

it

2

))
– ζ

((
1

2
+ ix,

it

2

))]]}}
y(t) dt = f (x).

Here ζ(z, v) is the generalized Riemann zeta function (see Eq. 3.7.98).
Solution:

y(t) =
1
π

∫ ∞

–∞

{
tix–1/2 cos

(1 – 2ix)π
4

+cos

[(
1
2

–ix

)
arctan t

]
(t2 +1)ix/2–1/4

}
f (x)

cosh(πx)
dx.

Reference: A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 455).

3.8. Equations Whose Kernels Contain Arbitrary
Functions

3.8-1. Equations with Degenerate Kernel.

1.
∫∫ b

a

[[
g1(x)h1(t) + g2(x)h2(t)

]]
y(t) dt = f (x).

This integral equation has solutions only if its right-hand side is representable in the form

f (x) = A1g1(x) + A2g2(x), A1 = const, A2 = const . (1)

In this case, any function y = y(x) satisfying the normalization type conditions

∫ b

a

h1(t)y(t) dt = A1,
∫ b

a

h2(t)y(t) dt = A2 (2)

is a solution of the integral equation. Otherwise, the equation has no solutions.

2.
∫∫ b

a

[[ n∑
k=0

gk(x)hk(t)
]]
y(t) dt = f (x).

This integral equation has solutions only if its right-hand side is representable in the form

f (x) =
n∑

k=0

Akgk(x), (1)

where the Ak are some constants. In this case, any function y = y(x) satisfying the normal-
ization type conditions

∫ b

a

hk(t)y(t) dt = Ak (k = 1, . . . , n) (2)

is a solution of the integral equation. Otherwise, the equation has no solutions.
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3.8-2. Equations Containing Modulus.

3.
∫∫ b

a

|g(x) – g(t)| y(t) dt = f (x).

Let a ≤ x ≤ b and a ≤ t ≤ b; it is assumed in items 1◦ and 2◦ that 0 < g′x(x) < ∞.

1◦. Let us remove the modulus in the integrand:∫ x

a

[
g(x) – g(t)

]
y(t) dt +

∫ b

x

[
g(t) – g(x)

]
y(t) dt = f (x). (1)

Differentiating (1) with respect to x yields

g′
x(x)

∫ x

a

y(t) dt – g′x(x)
∫ b

x

y(t) dt = f ′
x(x). (2)

Divide both sides of (2) by g′x(x) and differentiate the resulting equation to obtain the solution

y(x) =
1
2

d

dx

[
f ′

x(x)
g′x(x)

]
. (3)

2◦. Let us demonstrate that the right-hand side f (x) of the integral equation must satisfy
certain relations. By setting x = a and x = b, in (1), we obtain two corollaries∫ b

a

[
g(t) – g(a)

]
y(t) dt = f (a),

∫ b

a

[
g(b) – g(t)

]
y(t) dt = f (b). (4)

Substitute y(x) of (3) into (4). Integrating by parts yields the desired constraints for f (x):

[
g(b) – g(a)

] f ′
x(b)

g′x(b)
= f (a) + f (b),

[
g(a) – g(b)

] f ′
x(a)

g′x(a)
= f (a) + f (b).

(5)

Let us point out a useful property of these constraints: f ′
x(b)g′x(a) + f ′

x(a)g′x(b) = 0.
Conditions (5) make it possible to find the admissible general form of the right-hand side

of the integral equation:
f (x) = F (x) + Ax + B, (6)

where F (x) is an arbitrary bounded twice differentiable function (with bounded first deriva-
tive), and the coefficients A and B are given by

A = –
g′x(a)F ′

x(b) + g′x(b)F ′
x(a)

g′x(a) + g′x(b)
,

B = – 1
2 A(a + b) – 1

2

[
F (a) + F (b)

]
–

g(b) – g(a)
2g′x(a)

[
A + F ′

x(a)
]
.

3◦. If g(x) is representable in the form g(x) = O(x – a)k with 0 < k < 1 in the vicinity of
the point x = a (in particular, the derivative g′x is unbounded as x → a), then the solution of
the integral equation is given by formula (3) as well. In this case, the right-hand side of the
integral equation must satisfy the conditions

f (a) + f (b) = 0, f ′
x(b) = 0. (7)
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As before, the right-hand side of the integral equation is given by (6), with

A = –F ′
x(b), B = 1

2

[
(a + b)F ′

x(b) – F (a) – F (b)
]
.

4◦. For g′x(a) = 0, the right-hand side of the integral equation must satisfy the conditions

f ′
x(a) = 0,

[
g(b) – g(a)

]
f ′

x(b) =
[
f (a) + f (b)

]
g′x(b).

As before, the right-hand side of the integral equation is given by (6), with

A = –F ′
x(a), B = 1

2

[
(a + b)F ′

x(a) – F (a) – F (b)
]

+
g(b) – g(a)

2g′x(b)

[
F ′

x(b) – F ′
x(a)
]
.

4.
∫∫ a

0

∣∣∣∣g(x) – g(λt)
∣∣∣∣ y(t) dt = f (x), λ > 0.

Assume that 0 ≤ x ≤ a, 0 ≤ t ≤ a, and 0 < g′
x(x) < ∞.

1◦. Let us remove the modulus in the integrand:∫ x/λ

0

[
g(x) – g(λt)

]
y(t) dt +

∫ a

x/λ

[
g(λt) – g(x)

]
y(t) dt = f (x). (1)

Differentiating (1) with respect to x yields

g′x(x)
∫ x/λ

0
y(t) dt – g′x(x)

∫ a

x/λ

y(t) dt = f ′
x(x). (2)

Let us divide both sides of (2) by g′x(x) and differentiate the resulting equation to obtain
y(x/λ) = 1

2 λ
[
f ′

x(x)/g′x(x)
]′
x
. Substituting x by λx yields the solution

y(x) =
λ

2
d

dz

[
f ′

z(z)
g′z(z)

]
, z = λx. (3)

2◦. Let us demonstrate that the right-hand side f (x) of the integral equation must satisfy
certain relations. By setting x = 0 in (1) and (2), we obtain two corollaries∫ a

0

[
g(λt) – g(0)

]
y(t) dt = f (0), g′x(0)

∫ a

0
y(t) dt = –f ′

x(0). (4)

Substitute y(x) of (3) into (4). Integrating by parts yields the desired constraints for f (x):

f ′
x(0)g′x(λa) + f ′

x(λa)g′x(0) = 0,[
g(λa) – g(0)

] f ′
x(λa)

g′x(λa)
= f (0) + f (λa).

(5)

Conditions (5) make it possible to find the admissible general form of the right-hand side
of the integral equation:

f (x) = F (x) + Ax + B, (6)

where F (x) is an arbitrary bounded twice differentiable function (with bounded first deriva-
tive), and the coefficients A and B are given by

A = –
g′x(0)F ′

x(λa) + g′x(λa)F ′
x(0)

g′x(0) + g′x(λa)
,

B = – 1
2 Aaλ – 1

2

[
F (0) + F (λa)

]
–

g(λa) – g(0)
2g′x(0)

[
A + F ′

x(0)
]
.
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3◦. If g(x) is representable in the form g(x) = O(x)k with 0 < k < 1 in the vicinity of the
point x = 0 (in particular, the derivative g′x is unbounded as x → 0), then the solution of
the integral equation is given by formula (3) as well. In this case, the right-hand side of the
integral equation must satisfy the conditions

f (0) + f (λa) = 0, f ′
x(λa) = 0. (7)

As before, the right-hand side of the integral equation is given by (6), with

A = –F ′
x(λa), B = 1

2

[
aλF ′

x(λa) – F (0) – F (λa)
]
.

5.
∫∫ a

0

∣∣∣∣g(x) – t
∣∣∣∣ y(t) dt = f (x).

Assume that 0 ≤ x ≤ a, 0 ≤ t ≤ a; g(0) = 0, and 0 < g′
x(x) < ∞.

1◦. Let us remove the modulus in the integrand:

∫ g(x)

0

[
g(x) – t

]
y(t) dt +

∫ a

g(x)

[
t – g(x)

]
y(t) dt = f (x). (1)

Differentiating (1) with respect to x yields

g′x(x)
∫ g(x)

0
y(t) dt – g′x(x)

∫ a

g(x)
y(t) dt = f ′

x(x). (2)

Let us divide both sides of (2) by g′x(x) and differentiate the resulting equation to obtain
2g′x(x)y

(
g(x)
)

=
[
f ′

x(x)/g′x(x)
]′
x

. Hence, we find the solution:

y(x) =
1

2g′z(z)
d

dz

[
f ′

z(z)
g′z(z)

]
, z = g–1(x), (3)

where g–1 is the inverse of g.

2◦. Let us demonstrate that the right-hand side f (x) of the integral equation must satisfy
certain relations. By setting x = 0 in (1) and (2), we obtain two corollaries∫ a

0
ty(t) dt = f (0), g′x(0)

∫ a

0
y(t) dt = –f ′

x(0). (4)

Substitute y(x) of (3) into (4). Integrating by parts yields the desired constraints for f (x):

f ′
x(0)g′x(xa) + f ′

x(xa)g′x(0) = 0, xa = g–1(a);

g(xa)
f ′

x(xa)
g′x(xa)

= f (0) + f (xa).
(5)

Conditions (5) make it possible to find the admissible general form of the right-hand side
of the integral equation in question:

f (x) = F (x) + Ax + B, (6)
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where F (x) is an arbitrary bounded twice differentiable function (with bounded first deriva-
tive), and the coefficients A and B are given by

A = –
g′x(0)F ′

x(xa) + g′x(xa)F ′
x(0)

g′x(0) + g′x(xa)
, xa = g–1(a),

B = – 1
2 Axa – 1

2

[
F (0) + F (xa)

]
–

g(xa)
2g′x(0)

[
A + F ′

x(0)
]
.

3◦. If g(x) is representable in the vicinity of the point x = 0 in the form g(x) = O(x)k with
0 < k < 1 (i.e., the derivative g′x is unbounded as x → 0), then the solution of the integral
equation is given by formula (3) as well. In this case, the right-hand side of the integral
equation must satisfy the conditions

f (0) + f (xa) = 0, f ′
x(xa) = 0. (7)

As before, the right-hand side of the integral equation is given by (6), with

A = –F ′
x(xa), B = 1

2

[
xaF ′

x(xa) – F (0) – F (xa)
]
.

6.
∫∫ a

0

∣∣∣∣x – g(t)
∣∣∣∣ y(t) dt = f (x).

Assume that 0 ≤ x ≤ a, 0 ≤ t ≤ a; g(0) = 0, and 0 < g′
x(x) < ∞.

1◦. Let us remove the modulus in the integrand:∫ g–1(x)

0

[
x – g(t)

]
y(t) dt +

∫ a

g–1(x)

[
g(t) – x

]
y(t) dt = f (x), (1)

where g–1 is the inverse of g. Differentiating (1) with respect to x yields∫ g–1(x)

0
y(t) dt –

∫ a

g–1(x)
y(t) dt = f ′

x(x). (2)

Differentiating the resulting equation yields 2y
(
g–1(x)

)
= g′x(x)f ′′

xx(x). Hence, we obtain the
solution

y(x) = 1
2 g′z(z)f ′′

zz(z), z = g(x). (3)

2◦. Let us demonstrate that the right-hand side f (x) of the integral equation must satisfy
certain relations. By setting x = 0 in (1) and (2), we obtain two corollaries∫ a

0
g(t)y(t) dt = f (0),

∫ a

0
y(t) dt = –f ′

x(0). (4)

Substitute y(x) of (3) into (4). Integrating by parts yields the desired constraints for f (x):

xaf ′
x(xa) = f (0) + f (xa), f ′

x(0) + f ′
x(xa) = 0, xa = g(a). (5)

Conditions (5) make it possible to find the admissible general form of the right-hand side
of the integral equation:

f (x) = F (x) + Ax + B,

A = – 1
2

[
F ′

x(0) + F ′
x(xa)

]
, B = 1

2

[
xaF ′

x(0) – F (xa) – F (0)
]
, xa = g(a),

where F (x) is an arbitrary bounded twice differentiable function (with bounded first deriva-
tive).
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7.
∫∫ b

a

y(t)

|g(x) – g(t)|k
dt = f (x), 0 < k < 1.

Let g′x ≠ 0. The transformation

z = g(x), τ = g(t), w(τ ) =
1

g′t(t)
y(t)

leads to an equation of the form 3.1.31:∫ B

A

w(τ )
|z – τ |k

dτ = F (z), A = g(a), B = g(b),

where F = F (z) is the function which is obtained from z = g(x) and F = f (x) by eliminating x.

8.
∫∫ 1

0

y(t)

|g(x) – h(t)|k
dt = f (x), 0 < k < 1.

Let g(0) = 0, g(1) = 1, g′x > 0; h(0) = 0, h(1) = 1, and h′
t > 0.

The transformation

z = g(x), τ = h(t), w(τ ) =
1

h′
t(t)

y(t)

leads to an equation of the form 3.1.30:∫ 1

0

w(τ )
|z – τ |k

dτ = F (z),

where F = F (z) is the function which is obtained from z = g(x) and F = f (x) by eliminating x.

9.
∫∫ b

a

y(t) ln |g(x) – g(t)| dt = f (x).

Let g′
x ≠ 0. The transformation

z = g(x), τ = g(t), w(τ ) =
1

g′t(t)
y(t)

leads to Carleman’s equation 3.4.2:∫ B

A

ln |z – τ |w(τ ) dτ = F (z), A = g(a), B = g(b),

where F = F (z) is the function which is obtained from z = g(x) and F = f (x) by eliminating x.

10.
∫∫ 1

0
y(t) ln |g(x) – h(t)| dt = f (x).

Let g(0) = 0, g(1) = 1, g′
x > 0; h(0) = 0, h(1) = 1, and h′

t > 0.
The transformation

z = g(x), τ = h(t), w(τ ) =
1

h′
t(t)

y(t)

leads to an equation of the form 3.4.2:∫ 1

0
ln |z – τ |w(τ ) dτ = F (z),

where F = F (z) is the function which is obtained from z = g(x) and F = f (x) by eliminating x.
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3.8-3. Equations with Difference Kernel: K(x, t) = K(x – t).

11.
∫∫ ∞

–∞
K(x – t)y(t) dt = Axn, n = 0, 1, 2, . . .

1◦. Solution with n = 0:

y(x) =
A

B
, B =

∫ ∞

–∞
K(x) dx.

2◦. Solution with n = 1:

y(x) =
A

B
x +

AC

B2
, B =

∫ ∞

–∞
K(x) dx, C =

∫ ∞

–∞
xK(x).

3◦. Solution with n ≥ 2:

y(x) =

{
dn

dλn

[
Aeλx

B(λ)

]}
λ=0

, B(λ) =
∫ ∞

–∞
K(x)e–λx dx.

12.
∫∫ ∞

–∞
K(x – t)y(t) dt = Aeλx.

Solution:

y(x) =
A

B
eλx, B =

∫ ∞

–∞
K(x)e–λx dx.

13.
∫∫ ∞

–∞
K(x – t)y(t) dt = Axneλx, n = 1, 2, . . .

1◦. Solution with n = 1:

y(x) =
A

B
xeλx +

AC

B2
eλx,

B =
∫ ∞

–∞
K(x)e–λx dx, C =

∫ ∞

–∞
xK(x)e–λx dx.

2◦. Solution with n ≥ 2:

y(x) =
dn

dλn

[
Aeλx

B(λ)

]
, B(λ) =

∫ ∞

–∞
K(x)e–λx dx.

14.
∫∫ ∞

–∞
K(x – t)y(t) dt = A cos(λx) + B sin(λx).

Solution:

y(x) =
AIc + BIs

I2
c + I2

s
cos(λx) +

BIc – AIs

I2
c + I2

s
sin(λx),

Ic =
∫ ∞

–∞
K(z) cos(λz) dz, Is =

∫ ∞

–∞
K(z) sin(λz) dz.
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15.
∫∫ ∞

–∞
K(x – t)y(t) dt = f (x).

The Fourier transform is used to solve this equation.

1◦. Solution:

y(x) =
1

2π

∫ ∞

–∞

f̃ (u)

K̃(u)
eiux du,

f̃ (u) =
1√
2π

∫ ∞

–∞
f (x)e–iux dx, K̃(u) =

1√
2π

∫ ∞

–∞
K(x)e–iux dx.

The following statement is valid. Let f (x) ∈ L2(–∞,∞) and K(x) ∈ L1(–∞,∞). Then
for a solution y(x) ∈L2(–∞,∞) of the integral equation to exist, it is necessary and sufficient
that f̃ (u)/K̃(u) ∈ L2(–∞,∞).

2◦. Let the function P (s) defined by the formula

1
P (s)

=
∫ ∞

–∞
e–stK(t) dt

be a polynomial of degree n with real roots of the form

P (s) =
(

1 –
s

a1

)(
1 –

s

a2

)
. . .
(

1 –
s

an

)
.

Then the solution of the integral equation is given by

y(x) = P (D)f (x), D =
d

dx
.

References: I. I. Hirschman and D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965).

16.
∫∫ ∞

0
K(x – t)y(t) dt = f (x).

The Wiener–Hopf equation of the first kind. This equation is discussed in Subsection 12.8-1
in detail.

3.8-4. Other Equations of the Form
∫ b

a K(x, t)y(t) dt = F (x).

17.
∫∫ ∞

–∞
K(ax – t)y(t) dt = Aeλx.

Solution:

y(x) =
A

B
exp
(λ

a
x
)

, B =
∫ ∞

–∞
K(z) exp

(
–

λ

a
z
)

dz.

18.
∫∫ ∞

–∞
K(ax – t)y(t) dt = f (x).

The substitution z = ax leads to an equation of the form 3.8.15:∫ ∞

–∞
K(z – t)y(t) dt = f (z/a).
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19.
∫∫ ∞

–∞
K(ax + t)y(t) dt = Aeλx.

Solution:

y(x) =
A

B
exp
(

–
λ

a
x
)

, B =
∫ ∞

–∞
K(z) exp

(
–

λ

a
z
)

dz.

20.
∫∫ ∞

–∞
K(ax + t)y(t) dt = f (x).

The transformation τ = –t, z = ax, y(t) = Y (τ ) leads to an equation of the form 3.8.15:∫ ∞

–∞
K(z – τ )Y (τ ) dt = f (z/a).

21.
∫∫ ∞

–∞
[eβtK(ax + t) + eµtM (ax – t)]y(t) dt = Aeλx.

Solution:

y(x) = A
Ik(q)epx – Im(p)eqx

Ik(p)Ik(q) – Im(p)Im(q)
, p = –

λ

a
– β, q =

λ

a
– µ,

where

Ik(q) =
∫ ∞

–∞
K(z)e(β+q)z dz, Im(q) =

∫ ∞

–∞
M (z)e–(µ+q)z dz.

22.
∫∫ ∞

0
g(xt)y(t) dt = f (x).

By setting

x = ez , t = e–τ , y(t) = eτw(τ ), g(ξ) = G(ln ξ), f (ξ) = F (ln ξ),

we arrive at an integral equation with difference kernel of the form 3.8.15:∫ ∞

–∞
G(z – τ )w(τ ) dτ = F (z).

23.
∫∫ ∞

0
g
((x

t

))
y(t) dt = f (x).

By setting

x = ez , t = eτ , y(t) = e–τw(τ ), g(ξ) = G(ln ξ), f (ξ) = F (ln ξ),

we arrive at an integral equation with difference kernel of the form 3.8.15:∫ ∞

–∞
G(z – τ )w(τ ) dτ = F (z).

24.
∫∫ ∞

0
g
((
xβtλ

))
y(t) dt = f (x), β > 0, λ > 0.

By setting

x = ez/β , t = e–τ/λ, y(t) = eτ/λw(τ ), g(ξ) = G(ln ξ), f (ξ) = 1
λ F (β ln ξ),

we arrive at an integral equation with difference kernel of the form 3.8.15:∫ ∞

–∞
G(z – τ )w(τ ) dτ = F (z).
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25.
∫∫ ∞

0
g

((
xβ

tλ

))
y(t) dt = f (x), β > 0, λ > 0.

By setting

x = ez/β , t = eτ/λ, y(t) = e–τ/λw(τ ), g(ξ) = G(ln ξ), f (ξ) = 1
λ F (β ln ξ),

we arrive at an integral equation with difference kernel of the form 3.8.15:∫ ∞

–∞
G(z – τ )w(τ ) dτ = F (z).

26.
∫∫ a

0

[[
1

|x – t|k
+ ϕ(x)ψ(t)

]]
y(t) dt = f (x), 0 < k < 1.

The solution can be obtained by the methods described in Subsection 12.6-2; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.1.30.

27.
∫∫ ∞

0
exp[–g(x)t2]y(t) dt = f (x).

Assume that g(0) = ∞, g(∞) = 0, and g′x < 0.

The substitution z =
1

4g(x)
leads to equation 3.2.21:

1√
πz

∫ ∞

0
exp

(
–

t2

4z

)
y(t) dt = F (z),

where the function F (z) is determined by the relations F =
2√
π

f (x)
√

g(x) and z =
1

4g(x)
by means of eliminating x.

28.
∫∫ b

a

[[
ln |x – t| + ϕ(x)ψ(t)

]]
y(t) dt = f (x).

The solution can be obtained by the methods described in Subsection 12.6-2; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.4.2. See
also Example 3 in Subsection 12.6-2.

29.
∫∫ ∞

0
[sin(xt) + ϕ(x)ψ(t)]y(t) dt = f (x).

The solution can be obtained by the methods described in Subsection 12.6-2; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.5.8.

Solution:
y(t) = yf (t) + Ayϕ(t),

where

yf (t) =
2
π

∫ ∞

0
sin(xt)f (x) dx, yϕ(t) =

2
π

∫ ∞

0
sin(xt)ϕ(x) dx, A = –

∫ ∞

0
ψ(t)yf (t) dt

1 +
∫ ∞

0
ψ(t)yϕ(t) dt

.
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30.
∫∫ ∞

0
[cos(xt) + ϕ(x)ψ(t)]y(t) dt = f (x).

The solution can be obtained by the methods described in Subsection 12.6-2; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.5.1.

Solution:

y(t) = yf (t) + Ayϕ(t),

where

yf (t) =
2
π

∫ ∞

0
cos(xt)f (x) dx, yϕ(t) =

2
π

∫ ∞

0
cos(xt)ϕ(x) dx, A= –

∫ ∞

0
ψ(t)yf (t) dt

1 +
∫ ∞

0
ψ(t)yϕ(t) dt

.

31.
∫∫ ∞

0
ta–1 cos

[[
ϕ(x)ta

]]
y(t) dt = f (x), a > 0.

Transformation

z = ϕ(x), τ = ta, Y (τ ) = y(t), F (z) = af (x)

leads to an equation of the form 3.5.1:∫∫ ∞

0
cos(zτ )Y (τ ) dτ = F (z).

32.
∫∫ ∞

0
ta–1 sin

[[
ϕ(x)ta

]]
y(t) dt = f (x), a > 0.

Transformation

z = ϕ(x), τ = ta, Y (τ ) = y(t), F (z) = af (x)

leads to an equation of the form 3.5.8:∫∫ ∞

0
sin(zτ )Y (τ ) dτ = F (z).

33.
∫∫ ∞

0
[tJν (xt) + ϕ(x)ψ(t)]y(t) dt = f (x), ν > –1.

Here Jν (z) is the Bessel function of the first kind. The solution can be obtained by the methods
described in Subsection 12.6-2; it must be taken into account that the truncated equation, with
ϕ(x) = 0, coincides with equation 3.7.17.

Solution:

y(t) = yf (t) + Ayϕ(t),

where

yf (t) =
∫ ∞

0
xJν (xt)f (x) dx, yϕ(t) =

∫ ∞

0
xJν (xt)ϕ(x) dx, A = –

∫ ∞

0
ψ(t)yf (t) dt

1 +
∫ ∞

0
ψ(t)yϕ(t) dt

.
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3.8-5. Equations of the Form
∫ b

a
K(x, t)y(· · ·) dt = F (x).

34.
∫∫ b

a

f (t)y(xt) dt = Ax + B.

Solution:

y(x) =
A

I1
x +

B

I0
, I0 =

∫ b

a

f (t) dt, I1 =
∫ b

a

tf (t) dt.

35.
∫∫ b

a

f (t)y(xt) dt = Axβ.

Solution:

y(x) =
A

B
xβ , B =

∫ b

a

f (t)tβ dt.

36.
∫∫ b

a

f (t)y(xt) dt = A ln x + B.

Solution:
y(x) = p ln x + q,

where

p =
A

I0
, q =

B

I0
–

AIl

I2
0

, I0 =
∫ b

a

f (t) dt, Il =
∫ b

a

f (t) ln t dt.

37.
∫∫ b

a

f (t)y(xt) dt = Axβ ln x.

Solution:
y(x) = pxβ ln x + qxβ ,

where

p =
A

I1
, q = –

AI2

I2
1

, I1 =
∫ b

a

f (t)tβdt, I2 =
∫ b

a

f (t)tβln t dt.

38.
∫∫ b

a

f (t)y(xt) dt = A cos(ln x).

Solution:

y(x) =
AIc

I2
c + I2

s
cos(ln x) +

AIs

I2
c + I2

s
sin(ln x),

Ic =
∫ b

a

f (t) cos(ln t) dt, Is =
∫ b

a

f (t) sin(ln t) dt.

39.
∫∫ b

a

f (t)y(xt) dt = A sin(ln x).

Solution:

y(x) = –
AIs

I2
c + I2

s
cos(ln x) +

AIc

I2
c + I2

s
sin(ln x),

Ic =
∫ b

a

f (t) cos(ln t) dt, Is =
∫ b

a

f (t) sin(ln t) dt.
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40.
∫∫ b

a

f (t)y(xt) dt = Axβ cos(ln x) + Bxβ sin(ln x).

Solution:

y(x) = pxβ cos(ln x) + qxβ sin(ln x),

where

p =
AIc – BIs

I2
c + I2

s
, q =

AIs + BIc

I2
c + I2

s
,

Ic =
∫ b

a

f (t)tβ cos(ln t) dt, Is =
∫ b

a

f (t)tβ sin(ln t) dt.

41.
∫∫ b

a

f (t)y(x – t) dt = Ax + B.

Solution:

y(x) = px + q,

where

p =
A

I0
, q =

AI1

I2
0

+
B

I0
, I0 =

∫ b

a

f (t) dt, I1 =
∫ b

a

tf (t) dt.

42.
∫∫ b

a

f (t)y(x – t) dt = Aeλx.

Solution:

y(x) =
A

B
eλx, B =

∫ b

a

f (t) exp(–λt) dt.

43.
∫∫ b

a

f (t)y(x – t) dt = A cos(λx).

Solution:

y(x) = –
AIs

I2
c + I2

s
sin(λx) +

AIc

I2
c + I2

s
cos(λx),

Ic =
∫ b

a

f (t) cos(λt) dt, Is =
∫ b

a

f (t) sin(λt) dt.

44.
∫∫ b

a

f (t)y(x – t) dt = A sin(λx).

Solution:

y(x) =
AIc

I2
c + I2

s
sin(λx) +

AIs

I2
c + I2

s
cos(λx),

Ic =
∫ b

a

f (t) cos(λt) dt, Is =
∫ b

a

f (t) sin(λt) dt.
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45.
∫∫ b

a

f (t)y(x – t) dt = eµx(A sin λx + B cos λx).

Solution:
y(x) = eµx(p sin λx + q cos λx),

where

p =
AIc – BIs

I2
c + I2

s
, q =

AIs + BIc

I2
c + I2

s
,

Ic =
∫ b

a

f (t)e–µt cos(λt) dt, Is =
∫ b

a

f (t)e–µt sin(λt) dt.

46.
∫∫ b

a

f (t)y(x – t) dt = g(x).

1◦. For g(x) =
n∑

k=1
Ak exp(λkx), the solution of the equation has the form

y(x) =
n∑

k=1

Ak

Bk
exp(λkx), Bk =

∫ b

a

f (t) exp(–λkt) dt.

2◦. For a polynomial right-hand side, g(x) =
n∑

k=0
Akxk , the solution has the form

y(x) =
n∑

k=0

Bkxk ,

where the constants Bk are found by the method of undetermined coefficients.

3◦. For g(x) = eλx
n∑

k=0
Akxk, the solution has the form

y(x) = eλx
n∑

k=0

Bkxk ,

where the constants Bk are found by the method of undetermined coefficients.

4◦. For g(x) =
n∑

k=1
Ak cos(λkx), the solution has the form

y(x) =
n∑

k=1

Bk cos(λkx) +
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck are found by the method of undetermined coefficients.

5◦. For g(x) =
n∑

k=1
Ak sin(λkx), the solution has the form

y(x) =
n∑

k=1

Bk cos(λkx) +
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck are found by the method of undetermined coefficients.
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6◦. For g(x) = cos(λx)
n∑

k=0
Akxk, the solution has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck are found by the method of undetermined coefficients.

7◦. For g(x) = sin(λx)
n∑

k=0
Akxk, the solution has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck are found by the method of undetermined coefficients.

8◦. For g(x) = eµx
n∑

k=1
Ak cos(λkx), the solution has the form

y(x) = eµx
n∑

k=1

Bk cos(λkx) + eµx
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck are found by the method of undetermined coefficients.

9◦. For g(x) = eµx
n∑

k=1
Ak sin(λkx), the solution has the form

y(x) = eµx
n∑

k=1

Bk cos(λkx) + eµx
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck are found by the method of undetermined coefficients.

10◦. For g(x) = cos(λx)
n∑

k=1
Ak exp(µkx), the solution has the form

y(x) = cos(λx)
n∑

k=1

Bk exp(µkx) + sin(λx)
n∑

k=1

Bk exp(µkx),

where the constants Bk and Ck are found by the method of undetermined coefficients.

11◦. For g(x) = sin(λx)
n∑

k=1
Ak exp(µkx), the solution has the form

y(x) = cos(λx)
n∑

k=1

Bk exp(µkx) + sin(λx)
n∑

k=1

Bk exp(µkx),

where the constants Bk and Ck are found by the method of undetermined coefficients.

47.
∫∫ b

a

f (t)y(x + βt) dt = Ax + B.

Solution:
y(x) = px + q,

where

p =
A

I0
, q =

B

I0
–

AI1β

I2
0

, I0 =
∫ b

a

f (t) dt, I1 =
∫ b

a

tf (t) dt.
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48.
∫∫ b

a

f (t)y(x + βt) dt = Aeλx.

Solution:

y(x) =
A

B
eλx, B =

∫ b

a

f (t) exp(λβt) dt.

49.
∫∫ b

a

f (t)y(x + βt) dt = A sin λx + B cos λx.

Solution:
y(x) = p sin λx + q cos λx,

where

p =
AIc + BIs

I2
c + I2

s
, q =

BIc – AIs

I2
c + I2

s
,

Ic =
∫ b

a

f (t) cos(λβt) dt, Is =
∫ b

a

f (t) sin(λβt) dt.

50.
∫∫ 1

0
y(ξ) dt = f (x), ξ = g(x)t.

Assume that g(0) = 0, g(1) = 1, and g′
x ≥ 0.

1◦. The substitution z = g(x) leads to an equation of the form 3.1.42:
∫ 1

0
y(zt) dt = F (z),

where the function F (z) is obtained from z = g(x) and F = f (x) by eliminating x.

2◦. Solution y = y(z) in the parametric form:

y(z) =
g(x)
g′x(x)

f ′
x(x) + f (x), z = g(x).

51.
∫∫ 1

0
tλy(ξ) dt = f (x), ξ = g(x)t.

Assume that g(0) = 0, g(1) = 1, and g′
x ≥ 0.

1◦. The substitution z = g(x) leads to an equation of the form 3.1.43:
∫ 1

0
tλy(zt) dt = F (z),

where the function F (z) is obtained from z = g(x) and F = f (x) by eliminating x.

2◦. Solution y = y(z) in the parametric form:

y(z) =
g(x)
g′x(x)

f ′
x(x) + (λ + 1)f (x), z = g(x).

52.
∫∫ b

a

f (t)y(ξ) dt = Axβ, ξ = xϕ(t).

Solution:

y(x) =
A

B
xβ , B =

∫ b

a

f (t)
[
ϕ(t)
]β

dt. (1)
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53.
∫∫ b

a

f (t)y(ξ) dt = g(x), ξ = xϕ(t).

1◦. For g(x) =
n∑

k=0
Akxk, the solution of the equation has the form

y(x) =
n∑

k=0

Ak

Bk
xk , Bk =

∫ b

a

f (t)
[
ϕ(t)
]k

dt.

2◦. For g(x) =
n∑

k=0
Akxλk , the solution has the form

y(x) =
n∑

k=0

Ak

Bk
xλk , Bk =

∫ b

a

f (t)
[
ϕ(t)
]λk dt.

3◦. For g(x) = ln x
n∑

k=0
Akxk, the solution has the form

y(x) = ln x

n∑
k=0

Bkxk +
n∑

k=0

Ckxk ,

where the constants Bk and Ck are found by the method of undetermined coefficients.

4◦. For g(x) =
n∑

k=0
Ak

(
ln x)k, the solution has the form

y(x) =
n∑

k=0

Bk

(
ln x)k,

where the constants Bk are found by the method of undetermined coefficients.

5◦. For g(x) =
n∑

k=1
Ak cos(λk ln x), the solution has the form

y(x) =
n∑

k=1

Bk cos(λk ln x) +
n∑

k=1

Ck sin(λk ln x),

where the constants Bk and Ck are found by the method of undetermined coefficients.

6◦. For g(x) =
n∑

k=1
Ak sin(λk ln x), the solution has the form

y(x) =
n∑

k=1

Bk cos(λk ln x) +
n∑

k=1

Ck sin(λk ln x),

where the constants Bk and Ck are found by the method of undetermined coefficients.
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54.
∫∫ b

a

f (t)y(ξ) dt = g(x), ξ = x + ϕ(t).

1◦. For g(x) =
n∑

k=1
Ak exp(λkx), the solution of the equation has the form

y(x) =
n∑

k=1

Ak

Bk
exp(λkx), Bk =

∫ b

a

f (t) exp
[
λkϕ(t)

]
dt.

2◦. For a polynomial right-hand side, g(x) =
n∑

k=0
Akxk , the solution has the form

y(x) =
n∑

k=0

Bkxk ,

where the constants Bk are found by the method of undetermined coefficients.

3◦. For g(x) = eλx
n∑

k=0
Akxk, the solution has the form

y(x) = eλx
n∑

k=0

Bkxk ,

where the constants Bk are found by the method of undetermined coefficients.

4◦. For g(x) =
n∑

k=1
Ak cos(λkx) the solution has the form

y(x) =
n∑

k=1

Bk cos(λkx) +
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck are found by the method of undetermined coefficients.

5◦. For g(x) =
n∑

k=1
Ak sin(λkx), the solution has the form

y(x) =
n∑

k=1

Bk cos(λkx) +
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck are found by the method of undetermined coefficients.

6◦. For g(x) = cos(λx)
n∑

k=0
Akxk, the solution has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck are found by the method of undetermined coefficients.

7◦. For g(x) = sin(λx)
n∑

k=0
Akxk, the solution has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck are found by the method of undetermined coefficients.
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8◦. For g(x) = eµx
n∑

k=1
Ak cos(λkx), the solution has the form

y(x) = eµx
n∑

k=1

Bk cos(λkx) + eµx
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck are found by the method of undetermined coefficients.

9◦. For g(x) = eµx
n∑

k=1
Ak sin(λkx), the solution has the form

y(x) = eµx
n∑

k=1

Bk cos(λkx) + eµx
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck are found by the method of undetermined coefficients.

10◦. For g(x) = cos(λx)
n∑

k=1
Ak exp(µkx), the solution has the form

y(x) = cos(λx)
n∑

k=1

Bk exp(µkx) + sin(λx)
n∑

k=1

Bk exp(µkx),

where the constants Bk and Ck are found by the method of undetermined coefficients.

11◦. For g(x) = sin(λx)
n∑

k=1
Ak exp(µkx), the solution has the form

y(x) = cos(λx)
n∑

k=1

Bk exp(µkx) + sin(λx)
n∑

k=1

Bk exp(µkx),

where the constants Bk and Ck are found by the method of undetermined coefficients.

3.9. Dual Integral Equations of the First Kind
3.9-1. Kernels Containing Trigonometric Functions.

1.
∫∫ ∞

0
cos(xt)y(t) dt = f (x) for 0 < x < 1,∫∫ ∞

0
sin(xt)y(t) dt = 0 for 1 < x < ∞.

Solution:

y(x) =
2x

π

∫ 1

0
tJ0(xt)

[∫ t

0

f (s) ds√
t2 – s2

]
dt.

References: C. Nasim and B. D. Aggarwala (1984), B. N. Mandal and N. Mandal (1999, pp. 134–136).

2.
∫∫ ∞

0
cos(xt)y(t) dt = 0 for 0 < x < 1,∫∫ ∞

0
sin(xt)y(t) dt = f (x) for 1 < x < ∞.

Solution:

y(x) =
2x

π

∫ ∞

1
tJ0(xt)

[∫ ∞

t

f (s) ds√
s2 – t2

]
dt.

References: C. Nasim and B. D. Aggarwala (1984), B. N. Mandal and N. Mandal (1999, pp. 136–137).
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3.
∫∫ ∞

0
cos(xt)y(t) dt = f (x) for 0 < x < 1,∫∫ ∞

0
t cos(xt)y(t) dt = 0 for 1 < x < ∞.

Solution:

y(x) =
2x

π

∫ 1

0
tJ0(xt)

[∫ t

0

f (s) ds√
t2 – s2

]
dt –

2
π

J1(x)
∫ 1

0

f (s) ds√
1 – s2

.

References: I. W. Busbridge (1938), B. N. Mandal and N. Mandal (1999, pp. 138–139).

4.
∫∫ ∞

0
t cos(xt)y(t) dt = f (x) for 0 < x < 1,∫∫ ∞

0
cos(xt)y(t) dt = 0 for 1 < x < ∞.

Solution:

y(x) =
2
π

∫ 1

0
tJ0(xt)

[∫ t

0

f (s) ds√
t2 – s2

]
dt.

References: I. W. (1937, p. 339), B. N. Mandal and N. Mandal (1999, pp. 139–140).

5.
∫∫ ∞

0
sin(xt)y(t) dt = f (x) for 0 < x < 1,∫∫ ∞

0
t sin(xt)y(t) dt = 0 for 1 < x < ∞.

It is assumed that f (0) = 0.
Solution:

y(x) =
2
π

∫ 1

0
tJ0(xt)

[∫ t

0

f ′
s (s) ds√
t2 – s2

]
dt.

References: I. W. Busbridge (1938), B. N. Mandal and N. Mandal (1999, pp. 140–141).

6.
∫∫ ∞

0
t sin(xt)y(t) dt = f (x) for 0 < x < 1,∫∫ ∞

0
sin(xt)y(t) dt = 0 for 1 < x < ∞.

Solution:

y(x) =
2
π

∫ 1

0
J1(xt)

[∫ t

0

sf (s) ds√
t2 – s2

]
dt.

References: B. Noble (1963), B. N. Mandal and N. Mandal (1999, pp. 141–142).

7.
∫∫ ∞

0
[a sin(xt) + t cos(xt)]y(t) dt = f (x) for 0 < x < 1,∫∫ ∞

0
t[a sin(xt) + t cos(xt)]y(t) dt = 0 for 1 < x < ∞.

Solution:

y(x) =
∫ 1

0
tJ0(xt)F (t) dt +

F (1)
K0(a)

∫ ∞

1
tJ0(xt)

[∫ ∞

t

e–as ds√
s2 – t2

]
dt,
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where

F (t) =
2
π

d

dt

∫ t

0

zϕ(z) dz√
t2 – z2

=
2
π

∫ t

0

ϕ′
z(z) dz√
t2 – z2

, ϕ(z) = e–az

∫ z

0
easf (s) ds (0 < z < 1),

and K0(x) is the modified Bessel functions of the second kind.

References: B. D. Aggarwala and C. Nasim (1996), B. N. Mandal and N. Mandal (1999, pp. 143–145).

8.
∫∫ ∞

0
t[a sin(xt) + t cos(xt)]y(t) dt = f (x) for 0 < x < 1,∫∫ ∞

0
[a sin(xt) + t cos(xt)]y(t) dt = g(x) for 1 < x < ∞.

Solution for a ≠ 0:

y(x) =
∫ 1

0
J1(xt)F (t) dt–

∫ ∞

1
tJ1(xt)G(t) dt+

2Da

π

∫ ∞

t

J1(xt)K1(at) dt, D =
F (1) + G(1)

aK1(a)
,

where

F (t) =
2
π

∫ t

0

zϕ(z) dz√
t2 – z2

, ϕ(z) = e–az

∫ z

0
easf (s) ds (0 < z < 1),

G(t) =
2
π

d

dt

∫ ∞

t

ψ(z) dz√
z2 – t2

, ψ(z) = e–az

∫ z

1
easg(s) ds (1 < z < ∞),

and K0(x) is the modified Bessel functions of the second kind.

References: B. D. Aggarwala and C. Nasim (1996), B. N. Mandal and N. Mandal (1999, pp. 143, 147–148).

3.9-2. Kernels Containing Bessel Functions of the First Kind.

9.
∫∫ ∞

0
J0(xt)y(t) dt = f (x) for 0 < x < a,∫∫ ∞

0
tJ0(xt)y(t) dt = 0 for a < x < ∞.

Solution:

y(x) =
2
π

∫ a

0
cos(xt)

[
d

dt

∫ t

0

sf (s) ds√
t2 – s2

]
dt.

10.
∫∫ ∞

0
tJ0(xt)y(t) dt = f (x) for 0 < x < a,∫∫ ∞

0
J0(xt)y(t) dt = 0 for a < x < ∞.

Solution:

y(x) =
2
π

∫ a

0
sin(xt)

[
d

dt

∫ t

0

sf (s) ds√
t2 – s2

]
dt.

11.
∫∫ ∞

0
tJµ(xt)y(t) dt = f (x) for 0 < x < a,∫∫ ∞

0
Jµ(xt)y(t) dt = 0 for a < x < ∞.

Solution:

y(x) =

√
2x

π

∫ a

0
t3/2Jµ+ 1

2
(xt)

[∫ π/2

0
sinµ+1 θf (t sin θ) dθ

]
dt.
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12.
∫∫ ∞

0
Jµ(xt)y(t) dt = f (x) for 0 < x < 1,∫∫ ∞

0
t2Jµ(xt)y(t) dt = 0 for 1 < x < ∞.

Solution:

y(x) = f (1)Jµ–1(x) + x

∫ 1

0
tJµ(xt)f (t) dt.

Reference: B. N. Mandal and N. Mandal (1999, p. 31).

13.
∫∫ ∞

0
t2βJµ(xt)y(t) dt = f (x) for 0 < x < 1,∫∫ ∞

0
Jµ(xt)y(t) dt = 0 for 1 < x < ∞.

1◦. Solution for β > 0:

y(x) =
(2x)1–β

Γ(β)

∫ 1

0
t1+βJµ+β(xt)F (t) dt, F (t) =

∫ 1

0
f (tζ)ζµ+1(1 – ζ2)β–1 dζ. (1)

2◦. Solution for β > –1:

y(x) =
(2x)–β

Γ(1 + β)

[
x1+βJµ+β(x)

∫ 1

0
tµ+1(1 – t2)βf (t) dt +

∫ 1

0
tµ+1(1 – t2)βΦ(x, t) dt

]
, (2)

Φ(x, t) =
∫ 1

0
(xξ)2+βJµ+β+1(xξ)f (ξt) dξ.

Formula (2) holds for β > –1 and for –µ – 1
2 < 2β < µ + 3

2 . It can be shown that for β > 0 the
solution of Eq. (2) can be reduced to the form (1).

14.
∫∫ ∞

0
t–2αJµ(xt)y(t) dt = f (x) for 0 < x < 1,∫∫ ∞

0
t–2βJµ(xt)y(t) dt = g(x) for 1 < x < ∞.

Solution for 0 < β – α < 1:

y(x) =
21+α–βx1+α+β

Γ(β – α)

∫ 1

0
t1+α–β–µJµ+β–α(xt)

[∫ t

0
s1+µ(t2 – s2)β–α–1f (s) ds

]
dt

–
2β–α

Γ(1 + α – β)
x1+α+β

∫ ∞

1
tµ+β–αJµ+β–α(xt)

[
d

dt

∫ ∞

t

s1–µ(s2 – t2)α–βg(s) ds

]
dt.

References: C. Nasim and B. D. Aggarwala (1984), B. N. Mandal and N. Mandal (1999, pp. 40–44).

15.
∫∫ ∞

0
J0(xt)y(t) dt = f (x) for 0 < x < a,∫∫ ∞

0
cos(xt)y(t) dt = g(x) for a < x < ∞.

Solution:

y(x) =
2
π

∫ a

0
cos(xt)

[
d

dt

∫ t

0

sf (s) ds√
t2 – s2

]
dt +

2
π

∫ ∞

a

cos(xt)g(t) dt.

Reference: B. N. Mandal and N. Mandal (1999, pp. 194–195).
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16.
∫∫ ∞

0
tJ0(xt)y(t) dt = f (x) for 0 < x < a,∫∫ ∞

0
sin(xt)y(t) dt = g(x) for a < x < ∞.

Solution:

y(x) =
2
π

∫ a

0
sin(xt)

[∫ t

0

sf (s) ds√
t2 – s2

]
dt +

2
π

∫ ∞

a

sin(xt)g(t) dt.

Reference: B. N. Mandal and N. Mandal (1999, pp. 195–196).

3.9-3. Kernels Containing Bessel Functions of the Second Kind.

17.
∫∫ ∞

0
t–2αYµ(xt)y(t) dt = f (x) for 0 < x < 1,∫∫ ∞

0
t–2βYν(xt)y(t) dt = g(x) for 1 < x < ∞.

Let 2(α – β) = ν – µ > 0, |µ| < 1
2 , |ν | < 1

2 .

1◦. Solution for 0 < ν – µ < 1:

y(x) = –
2ν–µ

Γ(1 + µ – ν)
x2β+1

∫ 1

0
tνHν(xt)

[
d

dt

∫ 1

t

s1–µ(s2 – t2)µ–νf (s) ds

]
dt

+
2µ–ν

Γ(µ – ν)

∫ ∞

1
t1+µHµ(xt)

[∫ ∞

t

s1–ν (s2 – t2)ν–µ–1g(s) ds

]
dt,

where Hµ(x) is the Struve function, which is defined as

Hµ(x) =
∞∑
j=0

(–1)j(x/2)µ+2j+1

Γ
(
j + 3

2

)
Γ
(
µ + j + 3

2

) .

2◦. Solution for –1 < ν – µ < 0:

y(x) =
21–ν–µ

Γ(µ – ν)
x2β+1

∫ 1

0
tν+1Hν(xt)

[∫ 1

t

s1–µ(s2 – t2)µ–ν–1f (s) ds

]
dt

+
2µ–ν

Γ(1 – µ + ν)
x2α+1

∫ ∞

1
tµHµ(xt)

[∫ ∞

t

s1–ν(s2 – t2)ν–µg(s) ds

]
dt.

References: C. Nasim and B. D. Aggarwala (1984), B. N. Mandal and N. Mandal (1999, pp. 58–59).

3.9-4. Kernels Containing Legendre Spherical Functions of the First Kind, i2 = –1.

18.
∫∫ ∞

0
tP– 1

2 +it(cosh x)y(t) dt = f (x) for 0 < x < a,∫∫ ∞

0
tanh(πt)P– 1

2 +it(cosh x)y(t) dt = 0 for a < x < ∞.

Solution:

y(x) =

√
2

π

∫ a

0
sin(xt)

[∫ t

0

f (s) sinh s√
cosh t – cosh s

ds

]
dt.

Note that

P– 1
2 +it(cosh x) =

√
2

π

∫ x

0

cos(ts)√
cosh x – cosh s

ds, x > 0,

where the integral on the right-hand side is called the Meler integral.



Chapter 4

Linear Equations of the Second Kind
with Constant Limits of Integration

� Notation: f = f (x), g = g(x), h = h(x), v = v(x), w = w(x), K = K(x) are arbitrary functions;
A, B, C, D, E, a, b, c, l, α, β, γ, δ, µ, and ν are arbitrary parameters; n is a nonnegative integer;
and i is the imaginary unit.

� Preliminary remarks. A number λ is called a characteristic value of the integral equation

y(x) – λ

∫ b

a

K(x, t)y(t) dt = f (x)

if there exist nontrivial solutions of the corresponding homogeneous equation (with f (x) ≡ 0). The
nontrivial solutions themselves are called the eigenfunctions of the integral equation corresponding to
the characteristic value λ. If λ is a characteristic value, the number 1/λ is called an eigenvalue of the
integral equation. A value of the parameter λ is said to be regular if for this value the homogeneous
equation has only the trivial solution. Sometimes the characteristic values and the eigenfunctions
of a Fredholm integral equation are called the characteristic values and the eigenfunctions of the
kernel K(x, t). In the above equation, it is usually assumed that a ≤ x ≤ b.

4.1. Equations Whose Kernels Contain Power-Law
Functions

4.1-1. Kernels Linear in the Arguments x and t.

1. y(x) – λ

∫∫ b

a

(x – t)y(t) dt = f (x).

Solution:
y(x) = f (x) + λ(A1x + A2),

where

A1 =
12f1 + 6λ (f1∆2 – 2f2∆1)

λ2∆4
1 + 12

, A2 =
–12f2 + 2λ (3f2∆2 – 2f1∆3)

λ2∆4
1 + 12

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

xf (x) dx, ∆n = bn – an.

301
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2. y(x) – λ

∫∫ b

a

(x + t)y(t) dt = f (x).

The characteristic values of the equation:

λ1 =
6(b + a) + 4

√
3(a2 + ab + b2)

(a – b)3
, λ2 =

6(b + a) – 4
√

3(a2 + ab + b2)
(a – b)3

.

1◦. Solution with λ ≠ λ1,2:
y(x) = f (x) + λ(A1x + A2),

where

A1 =
12f1 – 6λ(f1∆2 – 2f2∆1)

12 – 12λ∆2 – λ2∆4
1

, A2 =
12f2 – 2λ(3f2∆2 – 2f1∆3)

12 – 12λ∆2 – λ2∆4
1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

xf (x) dx, ∆n = bn – an.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x),

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1:

y1(x) = x +
1

λ1(b – a)
–

b + a

2
.

3◦. Solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in which
one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. The equation has no multiple characteristic values.

3. y(x) – λ

∫∫ b

a

(Ax + Bt)y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
3(A + B)(b + a) ±

√
9(A – B)2(b + a)2 + 48AB(a2 + ab + b2)

AB(a – b)3
.

1◦. Solution with λ ≠ λ1,2:
y(x) = f (x) + λ(A1x + A2),

where the constants A1 and A2 are given by

A1 =
12Af1 – 6ABλ(f1∆2 – 2f2∆1)
12 – 6(A + B)λ∆2 – ABλ2∆4

1

, A2 =
12Bf2 – 2ABλ(3f2∆2 – 2f1∆3)
12 – 6(A + B)λ∆2 – ABλ2∆4

1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

xf (x) dx, ∆n = bn – an.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x),

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1:

y1(x) = x +
1

λ1A(b – a)
–

b + a

2
.

3◦. Solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in which
one must replace λ1 and y1(x) by λ2 and y2(x), respectively.
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4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that A ≠±B, where the characteristic

value λ∗ =
4

(A + B)(b2 – a2)
is double:

y(x) = f (x) + Cy∗(x),

where C is an arbitrary constant and y∗(x) is an eigenfunction of the equation corresponding
to λ∗:

y∗(x) = x –
(A – B)(b + a)

4A
.

The equation has no multiple characteristic values if A = ±B.

4. y(x) – λ

∫∫ b

a

[A + B(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = 1.
Solution:

y(x) = f (x) + λ(A1 + A2x),

where A1 and A2 are the constants determined by the formulas presented in 4.9.8.

5. y(x) – λ

∫∫ b

a

(Ax + Bt + C)y(t) dt = f (x).

This is a special case of equation 4.9.7 with g(x) = x and h(t) = 1.
Solution:

y(x) = f (x) + λ(A1x + A2),

where A1 and A2 are the constants determined by the formulas presented in 4.9.7.

6. y(x) + A

∫∫ b

a

|x – t| y(t) dt = f (x).

This is a special case of equation 4.9.36 with g(t) = A.

1◦. The function y = y(x) obeys the following second-order linear nonhomogeneous ordinary
differential equation with constant coefficients:

y′′
xx + 2Ay = f ′′

xx(x). (1)

The boundary conditions for (1) have the form (see 4.9.36)

y′
x(a) + y′

x(b) = f ′
x(a) + f ′

x(b),

y(a) + y(b) + (b – a)y′
x(a) = f (a) + f (b) + (b – a)f ′

x(a).
(2)

Equation (1) under the boundary conditions (2) determines the solution of the original
integral equation.

2◦. For A < 0, the general solution of equation (1) is given by

y(x) = C1 cosh(kx) + C2 sinh(kx) + f (x) + k

∫ x

a

sinh[k(x – t)]f (t) dt, k =
√

–2A, (3)

where C1 and C2 are arbitrary constants.
For A > 0, the general solution of equation (1) is given by

y(x) = C1 cos(kx) + C2 sin(kx) + f (x) – k

∫ x

a

sin[k(x – t)]f (t) dt, k =
√

2A. (4)

The constants C1 and C2 in solutions (3) and (4) are determined by conditions (2).



304 LINEAR EQUATIONS OF THE SECOND KIND WITH CONSTANT LIMITS OF INTEGRATION

3◦. In the special case a = 0 and A > 0, the solution of the integral equation is given by
formula (4) with

C1 = k
Is(1 + cos λ) – Ic(λ + sin λ)

2 + 2 cos λ + λ sin λ
, C2 = k

Is sin λ + Ic(1 + cos λ)
2 + 2 cos λ + λ sin λ

,

k =
√

2A, λ = bk, Is =
∫ b

0
sin[k(b – t)]f (t) dt, Ic =

∫ b

0
cos[k(b – t)]f (t) dt.

4.1-2. Kernels Quadratic in the Arguments x and t.

7. y(x) – λ

∫∫ b

a

(x2 + t2)y(t) dt = f (x).

The characteristic values of the equation:

λ1 =
1

1
3 (b3 – a3) +

√
1
5 (b5 – a5)(b – a)

, λ2 =
1

1
3 (b3 – a3) –

√
1
5 (b5 – a5)(b – a)

.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1x
2 + A2),

where the constants A1 and A2 are given by

A1 =
f1 – λ

(
1
3 f1∆3 – f2∆1

)
λ2
(

1
9 ∆

2
3 – 1

5 ∆1∆5
)

– 2
3 λ∆3 + 1

, A2 =
f2 – λ

(
1
3 f2∆3 – 1

5 f1∆5
)

λ2
(

1
9 ∆

2
3 – 1

5 ∆1∆5
)

– 2
3 λ∆3 + 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

x2f (x) dx, ∆n = bn – an.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = x2 +

√
b5 – a5

5(b – a)
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. Solution with λ = λ2 ≠ λ1 and f1 = f2 = 0:

y(x) = f (x) + Cy2(x), y2(x) = x2 –

√
b5 – a5

5(b – a)
,

where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding
to the characteristic value λ2.

4◦. The equation has no multiple characteristic values.
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8. y(x) – λ

∫∫ b

a

(x2 – t2)y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 = ± 1√
1
9 (b3 – a3)2 – 1

5 (b5 – a5)(b – a)
.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1x
2 + A2),

where the constants A1 and A2 are given by

A1 =
f1 + λ

(
1
3 f1∆3 – f2∆1

)
λ2
(

1
5 ∆1∆5 – 1

9 ∆2
2

)
+ 1

, A2 =
–f2 + λ

(
1
3 f2∆3 – 1

5 f1∆5
)

λ2
(

1
5 ∆1∆5 – 1

9 ∆2
2

)
+ 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

x2f (x) dx, ∆n = bn – an.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = x2 +
3 – λ1(b3 – a3)

3λ1(b – a)
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. The equation has no multiple characteristic values.

9. y(x) – λ

∫∫ b

a

(Ax2 + Bt2)y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
1
3 (A + B)∆3 ±

√
1
9 (A – B)2∆2

3 + 4
5 AB∆1∆5

2AB
(

1
9 ∆

2
3 – 1

5 ∆1∆5
) , ∆n = bn – an.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1x
2 + A2),

where the constants A1 and A2 are given by

A1 =
Af1 – ABλ

(
1
3 f1∆3 – f2∆1

)
ABλ2

(
1
9 ∆

2
3 – 1

5 ∆1∆5
)

– 1
3 (A + B)λ∆3 + 1

,

A2 =
Bf2 – ABλ

(
1
3 f2∆3 – 1

5 f1∆5
)

ABλ2
(

1
9 ∆

2
3 – 1

5 ∆1∆5
)

– 1
3 (A + B)λ∆3 + 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

x2f (x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = x2 +
3 – λ1A(b3 – a3)

3λ1A(b – a)
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.
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3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that A ≠ ±B, where λ∗ =
6

(A + B)(b3 – a3)
is the double characteristic value:

y(x) = f (x) + C1y∗(x),

where C1 is an arbitrary constant and y∗(x) is an eigenfunction of the equation corresponding
to λ∗:

y∗(x) = x2 –
(A – B)(b3 – a3)

6A(b – a)
.

The equation has no multiple characteristic values if A = ±B.

10. y(x) – λ

∫∫ b

a

(xt – t2)y(t) dt = f (x).

This is a special case of equation 4.9.8 with A = 0, B = 1, and h(t) = t.
Solution:

y(x) = f (x) + λ(A1 + A2x),

where A1 and A2 are the constants determined by the formulas presented in 4.9.8.

11. y(x) – λ

∫∫ b

a

(x2 – xt)y(t) dt = f (x).

This is a special case of equation 4.9.10 with A = 0, B = 1, and h(x) = x.
Solution:

y(x) = f (x) + λ(E1x
2 + E2x),

where E1 and E2 are the constants determined by the formulas presented in 4.9.10.

12. y(x) – λ

∫∫ b

a

(Bxt + Ct2)y(t) dt = f (x).

This is a special case of equation 4.9.9 with A = 0 and h(t) = t.
Solution:

y(x) = f (x) + λ(A1 + A2x),

where A1 and A2 are the constants determined by the formulas presented in 4.9.9.

13. y(x) – λ

∫∫ b

a

(Bx2 + Cxt)y(t) dt = f (x).

This is a special case of equation 4.9.11 with A = 0 and h(x) = x.
Solution:

y(x) = f (x) + λ(A1x
2 + A2x),

where A1 and A2 are the constants determined by the formulas presented in 4.9.11.

14. y(x) – λ

∫∫ b

a

(Axt + Bx2 + Cx + D)y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = Bx2 + Cx + D, h1(t) = 1, g2(x) = x,
and h2(t) = At.

Solution:
y(x) = f (x) + λ[A1(Bx2 + Cx + D) + A2x],

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.
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15. y(x) – λ

∫∫ b

a

(Ax2 + Bt2 + Cx + Dt + E)y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = Ax2 + Cx, h1(t) = 1, g2(x) = 1, and
h2(t) = Bt2 + Dt + E.

Solution:
y(x) = f (x) + λ[A1(Ax2 + Cx) + A2],

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

16. y(x) – λ

∫∫ b

a

[Ax + B + (Cx + D)(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = Cx2 + (A + D)x + B, h1(t) = 1,
g2(x) = Cx + D, and h2(t) = –t.

Solution:

y(x) = f (x) + λ[A1(Cx2 + Ax + Dx + B) + A2(Cx + D)],

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

17. y(x) – λ

∫∫ b

a

[At + B + (Ct + D)(t – x)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = 1, h1(t) = Ct2 + (A+ D)t+ B, g2(x) = x,
and h2(t) = –(Ct + D).

Solution:
y(x) = f (x) + λ(A1 + A2x),

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

18. y(x) – λ

∫∫ b

a

(x – t)2y(t) dt = f (x).

This is a special case of equation 4.9.19 with g(x) = x, h(t) = –t, and m = 2.

19. y(x) – λ

∫∫ b

a

(Ax + Bt)2y(t) dt = f (x).

This is a special case of equation 4.9.19 with g(x) = Ax, h(t) = Bt, and m = 2.

4.1-3. Kernels Cubic in the Arguments x and t.

20. y(x) – λ

∫∫ b

a

(x3 + t3)y(t) dt = f (x).

The characteristic values of the equation:

λ1 =
1

1
4 (b4 – a4) +

√
1
7 (b7 – a7)(b – a)

, λ2 =
1

1
4 (b4 – a4) –

√
1
7 (b7 – a7)(b – a)

.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1x
3 + A2),
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where the constants A1 and A2 are given by

A1 =
f1 – λ

(
1
4 f1∆4 – f2∆1

)
λ2
(

1
16 ∆

2
4 – 1

7 ∆1∆7
)

– 1
2 λ∆4 + 1

, A2 =
f2 – λ

(
1
4 f2∆4 – 1

7 f1∆7
)

λ2
(

1
16 ∆

2
4 – 1

7 ∆1∆7
)

– 1
2 λ∆4 + 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

x3f (x) dx, ∆n = bn – an.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = x3 +

√
b7 – a7

7(b – a)
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. Solution with λ = λ2 ≠ λ1 and f1 = f2 = 0:

y(x) = f (x) + Cy2(x), y2(x) = x3 –

√
b7 – a7

7(b – a)
,

where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding
to the characteristic value λ2.

4◦. The equation has no multiple characteristic values.

21. y(x) – λ

∫∫ b

a

(x3 – t3)y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 = ± 1√
1
4 (a4 – b4)2 – 1

7 (a7 – b7)(b – a)
.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1x
3 + A2),

where the constants A1 and A2 are given by

A1 =
f1 + λ

(
1
4 f1∆4 – f2∆1

)
λ2
(

1
7 ∆1∆7 – 1

16 ∆2
4

)
+ 1

, A2 =
–f2 + λ

(
1
4 f2∆4 – 1

7 f1∆7
)

λ2
(

1
7 ∆1∆7 – 1

16 ∆2
4

)
+ 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

x3f (x) dx, ∆n = bn – an.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = x3 +
4 – λ1(b4 – a4)

4λ1(b – a)
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. The equation has no multiple characteristic values.
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22. y(x) – λ

∫∫ b

a

(Ax3 + Bt3)y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
1
4 (A + B)∆4 ±

√
1
16 (A – B)2∆2

4 + 4
7 AB∆1∆7

2AB
(

1
16 ∆

2
4 – 1

7 ∆1∆7
) , ∆n = bn – an.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1x
3 + A2),

where the constants A1 and A2 are given by

A1 =
Af1 – ABλ

(
1
4 f1∆4 – f2∆1

)
ABλ2

(
1
16 ∆2

4 – 1
7 ∆1∆7

)
– 1

4 λ(A + B)∆4 + 1
,

A2 =
Bf2 – ABλ

(
1
4 f2∆4 – 1

7 f1∆7
)

ABλ2
(

1
16 ∆

2
4 – 1

7 ∆1∆7
)

– 1
4 λ(A + B)∆4 + 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

x3f (x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = x3 +
4 – λ1A(b4 – a4)

4λ1A(b – a)
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that A ≠ ±B, where λ∗ =
8

(A + B)(b4 – a4)
is the double characteristic value:

y(x) = f (x) + Cy∗(x), y∗(x) = x3 –
(A – B)(b4 – a4)

8A(b – a)
,

where C is an arbitrary constant and y∗(x) is an eigenfunction of the equation corresponding
to λ∗.

The equation has no multiple characteristic values if A = ±B.

23. y(x) – λ

∫∫ b

a

(xt2 – t3)y(t) dt = f (x).

This is a special case of equation 4.9.8 with A = 0, B = 1, and h(t) = t2.
Solution:

y(x) = f (x) + λ(A1 + A2x),

where A1 and A2 are the constants determined by the formulas presented in 4.9.8.
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24. y(x) – λ

∫∫ b

a

(Bxt2 + Ct3)y(t) dt = f (x).

This is a special case of equation 4.9.9 with A = 0 and h(t) = t2.
Solution:

y(x) = f (x) + λ(A1 + A2x),

where A1 and A2 are the constants determined by the formulas presented in 4.9.9.

25. y(x) – λ

∫∫ b

a

(Ax2t + Bxt2)y(t) dt = f (x).

This is a special case of equation 4.9.17 with g(x) = x2 and h(x) = x.
Solution:

y(x) = f (x) + λ(A1x
2 + A2x),

where A1 and A2 are the constants determined by the formulas presented in 4.9.17.

26. y(x) – λ

∫∫ b

a

(Ax3 + Bxt2)y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = x3, h1(t) = A, g2(x) = x, and h2(t) = Bt2.
Solution:

y(x) = f (x) + λ(A1x
3 + A2x),

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

27. y(x) – λ

∫∫ b

a

(Ax3 + Bx2t + Cx2 + D)y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = Ax3 + Cx2 + D, h1(t) = 1, g2(x) = x2,
and h2(t) = Bt.

Solution:
y(x) = f (x) + λ[A1(Ax3 + Cx2 + D) + A2x

2],

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

28. y(x) – λ

∫∫ b

a

(Axt2 + Bt3 + Ct2 + D)y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = x, h1(t) = At2, g2(x) = 1, and h2(t) =
Bt3 + Ct2 + D.

Solution:
y(x) = f (x) + λ(A1x + A2),

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

29. y(x) – λ

∫∫ b

a

(x – t)3y(t) dt = f (x).

This is a special case of equation 4.9.19 with g(x) = x, h(t) = –t, and m = 3.

30. y(x) – λ

∫∫ b

a

(Ax + Bt)3y(t) dt = f (x).

This is a special case of equation 4.9.19 with g(x) = Ax, h(t) = Bt, and m = 3.
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4.1-4. Kernels Containing Higher-Order Polynomials in x and t.

31. y(x) – λ

∫∫ b

a

(xn + tn)y(t) dt = f (x), n = 1, 2, . . .

The characteristic values of the equation:

λ1,2 =
1

∆n ±
√

∆0∆2n

, where ∆n =
1

n + 1
(bn+1 – an+1).

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1x
n + A2),

where the constants A1 and A2 are given by

A1 =
f1 – λ(f1∆n – f2∆0)

λ2(∆2
n – ∆0∆2n) – 2λ∆n + 1

, A2 =
f2 – λ(f2∆n – f1∆2n)

λ2(∆2
n – ∆0∆2n) – 2λ∆n + 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

xnf (x) dx, ∆n =
1

n + 1
(bn+1 – an+1).

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = xn +
√

∆2n/∆0,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. Solution with λ = λ2 ≠ λ1 and f1 = f2 = 0:

y(x) = f (x) + Cy2(x), y2(x) = xn –
√

∆2n/∆0,

where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding
to the characteristic value λ2.

4◦. The equation has no multiple characteristic values.

32. y(x) – λ

∫∫ b

a

(xn – tn)y(t) dt = f (x), n = 1, 2, . . .

The characteristic values of the equation:

λ1,2 = ±
[

1
(n + 1)2

(bn+1 – an+1)2 –
1

2n + 1
(b2n+1 – a2n+1)(b – a)

]–1/2

.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1x
n + A2),

where the constants A1 and A2 are given by

A1 =
f1 + λ(f1∆n – f2∆0)
λ2(∆0∆2n – ∆2

n) + 1
, A2 =

–f2 + λ(f2∆n – f1∆2n)
λ2(∆0∆2n – ∆2

n) + 1
,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

xnf (x) dx, ∆n =
1

n + 1
(bn+1 – an+1).

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = xn +
1 – λ1∆n

λ1∆0
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. The equation has no multiple characteristic values.
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33. y(x) – λ

∫∫ b

a

(Axn + Btn)y(t) dt = f (x), n = 1, 2, . . .

The characteristic values of the equation:

λ1,2 =
(A + B)∆n ±

√
(A – B)2∆2

n + 4AB∆0∆2n

2AB(∆2
n – ∆0∆2n)

, ∆n =
1

n + 1
(bn+1 – an+1).

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1x
n + A2),

where the constants A1 and A2 are given by

A1 =
Af1 – ABλ(f1∆n – f2∆0)

ABλ2(∆2
n – ∆0∆2n) – (A + B)λ∆n + 1

,

A2 =
Bf2 – ABλ(f2∆n – f1∆2n)

ABλ2(∆2
n – ∆0∆2n) – (A + B)λ∆n + 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

xnf (x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = xn +
1 – Aλ1∆n

Aλ1∆0
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that A ≠±B, where the characteristic
value λ∗ = 2/[(A + B)∆n] is double:

y(x) = f (x) + Cy∗(x), y∗(x) = xn –
(A – B)∆n

2A∆0
.

Here C is an arbitrary constant and y∗(x) is an eigenfunction of the equation corresponding
to λ∗.

The equation has no multiple characteristic values if A = ±B.

34. y(x) – λ

∫∫ b

a

(x – t)tmy(t) dt = f (x), m = 1, 2, . . .

This is a special case of equation 4.9.8 with A = 0, B = 1, and h(t) = tm.
Solution:

y(x) = f (x) + λ(A1 + A2x),

where A1 and A2 are the constants determined by the formulas presented in 4.9.8.

35. y(x) – λ

∫∫ b

a

(x – t)xmy(t) dt = f (x), m = 1, 2, . . .

This is a special case of equation 4.9.10 with A = 0, B = 1, and h(x) = xm.
Solution:

y(x) = f (x) + λ(A1x
m+1 + A2x

m),

where A1 and A2 are the constants determined by the formulas presented in 4.9.10.
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36. y(x) – λ

∫∫ b

a

(Axm+1 + Bxmt + Cxm + D)y(t) dt = f (x), m = 1, 2, . . .

This is a special case of equation 4.9.18 with g1(x) = Axm+1 +Cxm +D, h1(t) = 1, g2(x) = xm,
and h2(t) = Bt.

Solution:
y(x) = f (x) + λ[A1(Axm+1 + Cxm + D) + A2x

m],

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

37. y(x) – λ

∫∫ b

a

(Axtm + Btm+1 + Ctm + D)y(t) dt = f (x), m = 1, 2, . . .

This is a special case of equation 4.9.18 with g1(x) = x, h1(t) = Atm, g2(x) = 1, and
h2(t) = Btm+1 + Ctm + D.

Solution:
y(x) = f (x) + λ(A1x + A2),

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

38. y(x) – λ

∫∫ b

a

(Axntn + Bxmtm)y(t) dt = f (x), n, m = 1, 2, . . . , n ≠ m.

This is a special case of equation 4.9.14 with g(x) = xn and h(t) = tm.
Solution:

y(x) = f (x) + λ(A1x
n + A2x

m),

where A1 and A2 are the constants determined by the formulas presented in 4.9.14.

39. y(x) – λ

∫∫ b

a

(Axntm + Bxmtn)y(t) dt = f (x), n, m = 1, 2, . . . , n ≠ m.

This is a special case of equation 4.9.17 with g(x) = xn and h(t) = tm.
Solution:

y(x) = f (x) + λ(A1x
n + A2x

m),

where A1 and A2 are the constants determined by the formulas presented in 4.9.17.

40. y(x) – λ

∫∫ b

a

(x – t)my(t) dt = f (x), m = 1, 2, . . .

This is a special case of equation 4.9.19 with g(x) = x and h(t) = –t.

41. y(x) – λ

∫∫ b

a

(Ax + Bt)my(t) dt = f (x), m = 1, 2, . . .

This is a special case of equation 4.9.19 with g(x) = Ax and h(t) = Bt.

42. y(x) + A

∫∫ b

a

|x – t|tky(t) dt = f (x).

This is a special case of equation 4.9.36 with g(t) = Atk. Solving the integral equation
is reduced to solving the ordinary differential equation y′′

xx + 2Axky = f ′′
xx(x), the general

solution of which can be expressed via Bessel functions or modified Bessel functions (the
boundary conditions are given in 4.9.36).
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43. y(x) + A

∫∫ b

a

|x – t|2n+1y(t) dt = f (x), n = 0, 1, 2, . . .

Let us remove the modulus in the integrand:

y(x) + A

∫ x

a

(x – t)2n+1y(t) dt + A

∫ b

x

(t – x)2n+1y(t) dt = f (x). (1)

The k-fold differentiation of (1) with respect to x yields

y(k)
x (x) + ABk

∫ x

a

(x – t)2n+1–ky(t) dt + (–1)kABk

∫ b

x

(t – x)2n+1–ky(t) dt = f (k)
x (x),

Bk = (2n + 1)(2n) . . . (2n + 2 – k), k = 1, 2, . . . , 2n + 1.

(2)

Differentiating (2) with k = 2n + 1, we arrive at the following linear nonhomogeneous
differential equation with constant coefficients for y = y(x):

y(2n+2)
x + 2(2n + 1)! Ay = f (2n+2)

x (x). (3)

Equation (3) must satisfy the initial conditions which can be obtained by setting x = a in (1)
and (2):

y(a) + A

∫ b

a

(t – a)2n+1y(t) dt = f (a),

y(k)
x (a) + (–1)kABk

∫ b

a

(t – a)2n+1–ky(t) dt = f (k)
x (a), k = 1, 2, . . . , 2n + 1.

(4)

These conditions can be reduced to a more habitual form containing no integrals. To this end,
y must be expressed from equation (3) in terms of y(2n+2)

x and f (2n+2)
x and substituted into (4),

and then one must integrate the resulting expressions by parts (sufficiently many times).

4.1-5. Kernels Containing Rational Functions.

44. y(x) – λ

∫∫ b

a

((
1

x
+

1

t

))
y(t) dt = f (x).

This is a special case of equation 4.9.2 with g(x) = 1/x.
Solution:

y(x) = f (x) + λ

(
A1

x
+ A2

)
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.2.

45. y(x) – λ

∫∫ b

a

((
1

x
–

1

t

))
y(t) dt = f (x).

This is a special case of equation 4.9.3 with g(x) = 1/x.
Solution:

y(x) = f (x) + λ

(
A1

x
+ A2

)
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.3.
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46. y(x) – λ

∫∫ b

a

((
A

x
+

B

t

))
y(t) dt = f (x).

This is a special case of equation 4.9.4 with g(x) = 1/x.
Solution:

y(x) = f (x) + λ

(
A1

x
+ A2

)
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.4.

47. y(x) – λ

∫∫ b

a

((
A

x + α
+

B

t + β

))
y(t) dt = f (x).

This is a special case of equation 4.9.5 with g(x) =
A

x + α
and h(t) =

B

t + β
.

Solution:

y(x) = f (x) + λ

(
A1

A

x + α
+ A2

)
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.5.

48. y(x) – λ

∫∫ b

a

((
x

t
–

t

x

))
y(t) dt = f (x).

This is a special case of equation 4.9.16 with g(x) = x and h(t) = 1/t.
Solution:

y(x) = f (x) + λ

(
A1x +

A2

x

)
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.16.

49. y(x) – λ

∫∫ b

a

((
Ax

t
+

Bt

x

))
y(t) dt = f (x).

This is a special case of equation 4.9.17 with g(x) = x and h(t) = 1/t.
Solution:

y(x) = f (x) + λ

(
A1x +

A2

x

)
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.17.

50. y(x) – λ

∫∫ b

a

((
A

x + α

t + β
+ B

t + α

x + β

))
y(t) dt = f (x).

This is a special case of equation 4.9.17 with g(x) = x + α and h(t) =
1

t + β
.

Solution:

y(x) = f (x) + λ

[
A1(x + α) +

A2

x + β

]
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.17.

51. y(x) – λ

∫∫ b

a

[[
A

(x + α)n

(t + β)m
+ B

(t + α)n

(x + β)m

]]
y(t) dt = f (x), n, m = 0, 1, 2, . . .

This is a special case of equation 4.9.17 with g(x) = (x + α)n and h(t) = (t + β)–m.
Solution:

y(x) = f (x) + λ

[
A1(x + α)n +

A2

(x + β)m

]
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.17.
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52. y(x) – λ

∫∫ ∞

1

y(t)

x + t
dt = f (x), 1 ≤ x < ∞, –∞ < πλ < 1.

Solution:

y(x) =
∫ ∞

0

τ sinh(πτ ) F (τ )
cosh(πτ ) – πλ

P– 1
2 +iτ (x) dτ ,

F (τ ) =
∫ ∞

1
f (x)P– 1

2 +iτ (x) dx,

where Pν (x) = F
(
–ν, ν + 1, 1; 1

2 (1 – x)
)

is the Legendre spherical function of the first kind,
for which the integral representation

P– 1
2 +iτ (cosh α) =

2
π

∫ α

0

cos(τs) ds√
2(cosh α – cosh s)

(α ≥ 0)

can be used.
Reference: V. A. Ditkin and A. P. Prudnikov (1965).

53. (x2 + b2)y(x) =
λ

π

∫∫ ∞

–∞

a3y(t)

a2 + (x – t)2
dt.

This equation is encountered in atomic and nuclear physics.
We seek the solution in the form

y(x) =
∞∑

m=0

Amx

x2 + (am + b)2
. (1)

The coefficients Am obey the equations

mAm

(
m + 2b

a

)
+ λAm–1 = 0,

∞∑
m=0

Am = 0. (2)

Using the first equation of (2) to express all Am via A0 (A0 can be chosen arbitrarily),
substituting the result into the second equation of (2), and dividing by A0, we obtain

1 +
∞∑

m=1

(–λ)m

m!
1

(1 + 2b/a)(2 + 2b/a) . . . (m + 2b/a)
= 0. (3)

It follows from the definitions of the Bessel functions of the first kind that equation (3)
can be rewritten in the form

λ–b/aJ2b/a

(
2
√

λ
)

= 0. (4)

In this sort of problem,a and λ are usually assumed to be given and b,which is proportional
to the system energy, to be unknown. The quantity b can be determined by tables of zeros of
Bessel functions. In some cases, b and a are given and λ is unknown.

Reference: I. Sneddon (1995).

54.
∫∫ 1

–1

y(x) – y(t)

|x – t|
dt = λy(x).

The characteristic values of the equation:

λn = 2
(

1 +
1
2

+ · · · +
1
n

)
, where n = 1, 2, . . .

The eigenfunctions of the equation:

yn(x) = Pn(x), where n = 1, 2, . . .

Here Pn(x) =
1

n! 2n

dn

dxn
(x2 – 1)n are the Legendre polynomials.

Reference: A. G. Petrov (1986).
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4.1-6. Kernels Containing Arbitrary Powers.

55. y(x) – λ

∫∫ b

a

(x – t)tµy(t) dt = f (x).

This is a special case of equation 4.9.8 with A = 0, B = 1, and h(t) = tµ.
Solution:

y(x) = f (x) + λ(A1 + A2x),

where A1 and A2 are the constants determined by the formulas presented in 4.9.8.

56. y(x) – λ

∫∫ b

a

(x – t)xνy(t) dt = f (x).

This is a special case of equation 4.9.10 with A = 0, B = 1, and h(x) = xν .
Solution:

y(x) = f (x) + λ(E1x
ν+1 + E2x

ν ),

where E1 and E2 are the constants determined by the formulas presented in 4.9.10.

57. y(x) – λ

∫∫ b

a

(xµ – tµ)y(t) dt = f (x).

This is a special case of equation 4.9.3 with g(x) = xµ.
Solution:

y(x) = f (x) + λ(A1x
µ + A2),

where A1 and A2 are the constants determined by the formulas presented in 4.9.3.

58. y(x) – λ

∫∫ b

a

(Axν + Btν )tµy(t) dt = f (x).

This is a special case of equation 4.9.6 with g(x) = xν and h(t) = tµ.
Solution:

y(x) = f (x) + λ(A1x
ν + A2),

where A1 and A2 are the constants determined by the formulas presented in 4.9.6.

59. y(x) – λ

∫∫ b

a

(Dxν + Etµ)xγy(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = xν+γ , h1(t) = D, g2(x) = xγ , and
h2(t) = Etµ.

Solution:
y(x) = f (x) + λ(A1x

ν+γ + A2x
γ),

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

60. y(x) – λ

∫∫ b

a

(Axνtµ + Bxγtδ)y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = xν , h1(t) = Atµ, g2(x) = xγ , and
h2(t) = Btδ.

Solution:
y(x) = f (x) + λ(A1x

ν + A2x
γ),

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.
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61. y(x) – λ

∫∫ b

a

(A + Bxtµ + Ctµ+1)y(t) dt = f (x).

This is a special case of equation 4.9.9 with h(t) = tµ.
Solution:

y(x) = f (x) + λ(A1 + A2x),

where A1 and A2 are the constants determined by the formulas presented in 4.9.9.

62. y(x) – λ

∫∫ b

a

(Atα + Bxβtµ + Ctµ+γ)y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = 1, h1(t) = Atα + Ctµ+γ , g2(x) = xβ , and
h2(t) = Btµ.

Solution:

y(x) = f (x) + λ(A1 + A2x
β),

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

63. y(x) – λ

∫∫ b

a

(Axαtγ + Bxβtγ + Cxµtν)y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = Axα + Bxβ , h1(t) = tγ , g2(x) = xµ, and
h2(t) = Ctν .

Solution:

y(x) = f (x) + λ[A1(Axα + Bxβ) + A2x
µ],

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

64. y(x) – λ

∫∫ b

a

[[
A

(x + p1)β

(t + q1)γ
+ B

(x + p2)µ

(t + q2)δ

]]
y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = (x + p1)β , h1(t) = A(t + q1)–γ , g2(x) =
(x + p2)µ, and h2(t) = B(t + q2)–δ .

Solution:

y(x) = f (x) + λ
[
A1(x + p1)β + A2(x + p2)µ

]
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

65. y(x) – λ

∫∫ b

a

((
A

xµ + a

tν + b
+ B

xγ + c

tδ + d

))
y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = xµ + a, h1(t) =
A

tν + b
, g2(x) = xγ + c,

and h2(t) =
B

tδ + d
.

Solution:

y(x) = f (x) + λ[A1(xµ + a) + A2(xγ + c)],

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.
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4.1-7. Singular Equations.

In this subsection, all singular integrals are understood in the sense of the Cauchy principal value.

66. Ay(x) +
B

π

∫∫ 1

–1

y(t) dt

t – x
= f (x), –1 < x < 1.

Here A and B are real numbers such that B ≠ 0, A ± B ≠ 0, and A2 + B2 = 1.

1◦. The solution bounded at the endpoints:

y(x) = Af (x) –
B

π

∫ 1

–1

g(x)
g(t)

f (t) dt

t – x
, g(x) = (1 + x)α(1 – x)1–α, (1)

where α is the solution of the trigonometric equation

A + B cot(πα) = 0 (2)

on the interval 0 < α < 1. This solution y(x) exists if and only if
∫ 1

–1

f (t)
g(t)

dt = 0.

2◦. The solution bounded at the endpoint x = 1 and unbounded at the endpoint x = –1:

y(x) = Af (x) –
B

π

∫ 1

–1

g(x)
g(t)

f (t) dt

t – x
, g(x) = (1 + x)α(1 – x)–α, (3)

where α is the solution of the trigonometric equation (2) on the interval –1 < α < 0.

3◦. The solution unbounded at the endpoints:

y(x) = Af (x) –
B

π

∫ 1

–1

g(x)
g(t)

f (t) dt

t – x
+ Cg(x), g(x) = (1 + x)α(1 – x)–1–α, (4)

where C is an arbitrary constant and α is the solution of the trigonometric equation (2) on the
interval –1 < α < 0.

References: N. I. Muskhelishvili (1992), I. K. Lifanov, L. N. Poltavskii, and G. M. Vainikko (2004, pp. 6–7).

67. y(x) – λ

∫∫ ∞

–∞

y(t) dt

t – x
= f (x).

Solution:

y(x) =
1

1 + π2λ2

[
f (x) + λ

∫ ∞

–∞

f (t) dt

t – x

]
.

Reference: M. L. Krasnov (1975).

68. y(x) – λ

∫∫ 1

0

((
1

t – x
–

1

x + t – 2xt

))
y(t) dt = f (x), 0 < x < 1.

Tricomi’s equation.
Solution:

y(x) =
1

1 + λ2π2

[
f (x) +

∫ 1

0

tα(1 – x)α

xα(1 – t)α

(
1

t – x
–

1
x + t – 2xt

)
f (t) dt

]
+

C(1 – x)β

x1+β
,

α =
2
π

arctan(λπ) (–1 < α < 1), tan
βπ

2
= λπ (–2 < β < 0),

where C is an arbitrary constant.

References: P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. G. Tricomi (1985).
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69. y(x) + λ

∫∫ 1

–1

((
1 + t

1 + x

)) 2
n+2
((

1

t – x
–

1

1 – xt

))
y(t) dt = f (x), 0 < x < 1.

Tricomi–Gellerstedt equation.
In the class of functions y(x) for which integrals

∫ 1
–1 |y(x)| ln |x ± 1| dx are finite the

unique solution of the equation has the form

y(x) =
1

1 + λ2π2

[
f (x) – λ

∫ 1

–1

(
1 – t2

1 – x2

) 1
n+2
(

1
t – x

–
1

1 – xt

)
f (t) dt

]
.

Reference: S. G. Mikhlin (1967).

4.2. Equations Whose Kernels Contain Exponential
Functions

4.2-1. Kernels Containing Exponential Functions.

1. y(x) – λ

∫∫ b

a

(eβx + eβt)y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
β

eβb – eβa ±
√

1
2 β(b – a)(e2βb – e2βa)

.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1e
βx + A2),

where the constants A1 and A2 are given by

A1 =
f1 – λ

[
f1∆β – (b – a)f2

]
λ2
[
∆

2
β – (b – a)∆2β

]
– 2λ∆β + 1

, A2 =
f2 – λ(f2∆β – f1∆2β)

λ2
[
∆

2
β – (b – a)∆2β

]
– 2λ∆β + 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

f (x)eβx dx, ∆β =
1
β

(eβb – eβa).

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = eβx +

√
e2βb – e2βa

2β(b – a)
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. Solution with λ = λ2 ≠ λ1 and f1 = f2 = 0:

y(x) = f (x) + Cy2(x), y2(x) = eβx –

√
e2βb – e2βa

2β(b – a)
,

where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding
to the characteristic value λ2.

4◦. The equation has no multiple characteristic values.
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2. y(x) – λ

∫∫ b

a

(eβx – eβt)y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 = ± β√
(eβb – eβa)2 – 1

2 β(b – a)(e2βb – e2βa)
.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1e
βx + A2),

where the constants A1 and A2 are given by

A1 =
f1 + λ

[
f1∆β – (b – a)f2

]
λ2
[
(b – a)∆2β – ∆2

β

]
+ 1

, A2 =
–f2 + λ(f2∆β – f1∆2β)

λ2
[
(b – a)∆2β – ∆2

β

]
+ 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

f (x)eβx dx, ∆β =
1
β

(eβb – eβa).

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = eβx +
1 – λ1∆β

λ1(b – a)
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. The equation has no multiple characteristic values.

3. y(x) – λ

∫∫ b

a

(Aeβx + Beβt)y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
(A + B)∆β ±

√
(A – B)2∆2

β + 4AB(b – a)∆2β

2AB
[
∆2

β – (b – a)∆2β

] , ∆β =
1
β

(eβb – eβa).

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1e
βx + A2),

where the constants A1 and A2 are given by

A1 =
Af1 – ABλ

[
f1∆β – (b – a)f2

]
ABλ2

[
∆2

β – (b – a)∆2β

]
– (A + B)λ∆β + 1

,

A2 =
Bf2 – ABλ(f2∆β – f1∆2β)

ABλ2
[
∆2

β – (b – a)∆2β

]
– (A + B)λ∆β + 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

f (x)eβx dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = eβx +
1 – Aλ1∆β

A(b – a)λ1
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.
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3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that A ≠±B, where the characteristic

value λ∗ =
2

(A + B)∆β
is double:

y(x) = f (x) + Cy∗(x), y∗(x) = eβx –
(A – B)∆β

2A(b – a)
,

where C is an arbitrary constant and y∗(x) is an eigenfunction of the equation corresponding
to λ∗.

The equation has no multiple characteristic values if A = ±B.

4. y(x) – λ

∫∫ b

a

[[
Aeβ(x–t) + B

]]
y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = eβx, h1(t) = Ae–βt, g2(x) = 1, and
h2(t) = B.

Solution:
y(x) = f (x) + λ(A1e

βx + A2),

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

5. y(x) – λ

∫∫ b

a

[[
Aeβx+µt + Be(β+µ)t]]y(t) dt = f (x).

This is a special case of equation 4.9.6 with g(x) = eβx and h(t) = eµt.
Solution:

y(x) = f (x) + λ(A1e
βx + A2),

where A1 and A2 are the constants determined by the formulas presented in 4.9.6.

6. y(x) – λ

∫∫ b

a

[[
Aeα(x+t) + Beβ(x+t)]]y(t) dt = f (x).

This is a special case of equation 4.9.14 with g(x) = eαx and h(t) = eβt.
Solution:

y(x) = f (x) + λ(A1e
αx + A2e

βx),

where A1 and A2 are the constants determined by the formulas presented in 4.9.14.

7. y(x) – λ

∫∫ b

a

((
Aeαx+βt + Beβx+αt

))
y(t) dt = f (x).

This is a special case of equation 4.9.17 with g(x) = eαx and h(t) = eβt.
Solution:

y(x) = f (x) + λ(A1e
αx + A2e

βx),

where A1 and A2 are the constants determined by the formulas presented in 4.9.17.

8. y(x) – λ

∫∫ b

a

[[
De(γ+µ)x + Eeνt+µx

]]
y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = e(γ+µ)x, h1(t) = D, g2(x) = eµx, and
h2(t) = Eeνt.

Solution:
y(x) = f (x) + λ[A1e

(γ+µ)x + A2e
µx],

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.
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9. y(x) – λ

∫∫ b

a

(Aeαx+βt + Beγx+δt)y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = eαx, h1(t) = Aeβt, g2(x) = eγx, and
h2(t) = Beδt.

Solution:

y(x) = f (x) + λ(A1e
αx + A2e

γx),

where A1 and A2 are the constants determined by the formulas presented in 4.9.18.

10. y(x) – λ

∫∫ b

a

[[ n∑
k=1

Akeγk(x–t)
]]
y(t) dt = f (x).

This is a special case of equation 4.9.20 with gk(x) = eγkx and hk(t) = Ake–γkt.

11. y(x) –
1

2

∫∫ ∞

0
e–|x–t|y(t) dt = Aeµx, 0 < µ < 1.

Solution:

y(x) = C(1 + x) + Aµ–2
[
(µ2 – 1)eµx – µ + 1

]
,

where C is an arbitrary constant.

Reference: P. P. Zabreyko, A. I. Koshelev, et al. (1975).

12. y(x) + λ

∫∫ ∞

0
e–|x–t|y(t) dt = f (x).

Solution:

y(x) = f (x) –
λ√

1 + 2λ

∫ ∞

0
exp
(
–
√

1 + 2λ |x – t|
)
f (t) dt

+

(
1 –

λ + 1√
1 + 2λ

)∫ ∞

0
exp
[
–
√

1 + 2λ (x + t)
]
f (t) dt,

where λ > – 1
2 .

Reference: F. D. Gakhov and Yu. I. Cherskii (1978).

13. y(x) – λ

∫∫ ∞

–∞
e–|x–t|y(t) dt = 0, λ > 0.

The Lalesco–Picard equation.
Solution:

y(x) =

⎧⎪⎨⎪⎩
C1 exp

(
x
√

1 – 2λ
)

+ C2 exp
(
–x

√
1 – 2λ

)
for 0 < λ < 1

2 ,

C1 + C2x for λ = 1
2 ,

C1 cos
(
x
√

2λ – 1
)

+ C2 sin
(
x
√

2λ – 1
)

for λ > 1
2 ,

where C1 and C2 are arbitrary constants.

Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971).



324 LINEAR EQUATIONS OF THE SECOND KIND WITH CONSTANT LIMITS OF INTEGRATION

14. y(x) + λ

∫∫ ∞

–∞
e–|x–t|y(t) dt = f (x).

1◦. Solution with λ > – 1
2 :

y(x) = f (x) –
λ√

1 + 2λ

∫ ∞

–∞
exp
(
–
√

1 + 2λ |x – t|
)
f (t) dt.

2◦. If λ ≤ – 1
2 , for the equation to be solvable the conditions∫ ∞

–∞
f (x) cos(ax) dx = 0,

∫ ∞

–∞
f (x) sin(ax) dx = 0,

where a =
√

–1 – 2λ, must be satisfied. In this case, the solution has the form

y(x) = f (x) –
a2 + 1

2a

∫ ∞

0
sin(at)f (x + t) dt, (–∞ < x < ∞).

In the class of solutions not belonging to L2(–∞,∞), the homogeneous equation (with
f (x) ≡ 0) has a nontrivial solution. In this case, the general solution of the corresponding
nonhomogeneous equation with λ ≤ – 1

2 has the form

y(x) = C1 sin(ax) + C2 cos(ax) + f (x) –
a2 + 1

4a

∫ ∞

–∞
sin(a|x – t|)f (t) dt.

Reference: F. D. Gakhov and Yu. I. Cherskii (1978).

15. y(x) + A

∫∫ b

a

eλ|x–t|y(t) dt = f (x).

This is a special case of equation 4.9.37 with g(t) = A.

1◦. The function y = y(x) obeys the following second-order linear nonhomogeneous ordinary
differential equation with constant coefficients:

y′′
xx + λ(2A – λ)y = f ′′

xx(x) – λ2f (x). (1)

The boundary conditions for (1) have the form (see 4.9.37)

y′
x(a) + λy(a) = f ′

x(a) + λf (a),

y′
x(b) – λy(b) = f ′

x(b) – λf (b).
(2)

Equation (1) under the boundary conditions (2) determines the solution of the original
integral equation.

2◦. For λ(2A – λ) < 0, the general solution of equation (1) is given by

y(x) = C1 cosh(kx) + C2 sinh(kx) + f (x) –
2Aλ

k

∫ x

a

sinh[k(x – t)] f (t) dt,

k =
√

λ(λ – 2A),

(3)

where C1 and C2 are arbitrary constants.
For λ(2A – λ) > 0, the general solution of equation (1) is given by

y(x) = C1 cos(kx) + C2 sin(kx) + f (x) –
2Aλ

k

∫ x

a

sin[k(x – t)] f (t) dt,

k =
√

λ(2A – λ).

(4)

For λ = 2A, the general solution of equation (1) is given by

y(x) = C1 + C2x + f (x) – 4A2
∫ x

a

(x – t)f (t) dt. (5)

The constants C1 and C2 in solutions (3)–(5) are determined by conditions (2).



4.2. EQUATIONS WHOSE KERNELS CONTAIN EXPONENTIAL FUNCTIONS 325

3◦. In the special case a = 0 and λ(2A – λ) > 0, the solution of the integral equation is given
by formula (4) with

C1 =
A(kIc – λIs)

(λ – A) sin µ – k cos µ
, C2 = –

λ

k

A(kIc – λIs)
(λ – A) sin µ – k cos µ

,

k =
√

λ(2A – λ), µ = bk, Is =
∫ b

0
sin[k(b – t)]f (t) dt, Ic =

∫ b

0
cos[k(b – t)]f (t) dt.

16. y(x) +
∫∫ b

a

[[ n∑
k=1

Ak exp(λk|x – t|)
]]
y(t) dt = f (x), –∞ < a < b < ∞.

1◦. Let us remove the modulus in the kth summand of the integrand:

Ik(x) =
∫ b

a

exp(λk |x – t|)y(t) dt =
∫ x

a

exp[λk(x – t)]y(t) dt +
∫ b

x

exp[λk(t – x)]y(t) dt. (1)

Differentiating (1) with respect to x twice yields

I ′k = λk

∫ x

a

exp[λk(x – t)]y(t) dt – λk

∫ b

x

exp[λk(t – x)]y(t) dt,

I ′′k = 2λky(x) + λ2
k

∫ x

a

exp[λk(x – t)]y(t) dt + λ2
k

∫ b

x

exp[λk(t – x)]y(t) dt,

(2)

where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2),
we find the relation between I ′′k and Ik:

I ′′k = 2λky(x) + λ2
kIk , Ik = Ik(x). (3)

2◦. With the aid of (1), the integral equation can be rewritten in the form

y(x) +
n∑

k=1

AkIk = f (x). (4)

Differentiating (4) with respect to x twice and taking into account (3), we find that

y′′
xx(x) + σny(x) +

n∑
k=1

Akλ2
kIk = f ′′

xx(x), σn = 2
n∑

k=1

Akλk. (5)

Eliminating the integral In from (4) and (5) yields

y′′
xx(x) + (σn – λ2

n)y(x) +
n–1∑
k=1

Ak(λ2
k – λ2

n)Ik = f ′′
xx(x) – λ2

nf (x). (6)

Differentiating (6) with respect to x twice and eliminating In–1 from the resulting equation
with the aid of (6), we obtain a similar equation whose left-hand side is a second-order linear

differential operator (acting on y) with constant coefficients plus the sum
n–2∑
k=1

BkIk. If we

successively eliminate In–2, In–3, . . . , with the aid of double differentiation, then we finally
arrive at a linear nonhomogeneous ordinary differential equation of order 2n with constant
coefficients.

3◦. The boundary conditions for y(x) can be found by setting x = a in the integral equation
and all its derivatives. (Alternatively, these conditions can be found by setting x = a and x = b
in the integral equation and all its derivatives obtained by means of double differentiation.)
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4.2-2. Kernels Containing Power-Law and Exponential Functions.

17. y(x) – λ

∫∫ b

a

(x – t)eγty(t) dt = f (x).

This is a special case of equation 4.9.8 with A = 0, B = 1, and h(t) = eγt.

18. y(x) – λ

∫∫ b

a

(x – t)eγxy(t) dt = f (x).

This is a special case of equation 4.9.10 with A = 0, B = 1, and h(x) = eγx.

19. y(x) – λ

∫∫ b

a

(x – t)eγx+µty(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = xeγx, h1(t) = eµt, g2(x) = eγx, and
h2(t) = –teµt.

20. y(x) – λ

∫∫ b

a

[A + (Bx + Ct)eγx]y(t) dt = f (x).

This is a special case of equation 4.9.11 with h(x) = eγx.

21. y(x) – λ

∫∫ b

0
(x2 + t2)eγ(x+t)y(t) dt = f (x).

This is a special case of equation 4.9.15 with g(x) = x2eγx and h(t) = eγt.

22. y(x) – λ

∫∫ b

0
(x2 – t2)eγ(x–t)y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = x2eγx, h1(t) = e–γt, g2(x) = eγx, and
h2(t) = –t2e–γt.

23. y(x) – λ

∫∫ b

0
(Axn + Btn)eαx+βty(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 4.9.18 with g1(x) = xneαx, h1(t) = Aeβt, g2(x) = eαx, and
h2(t) = Btneβt.

24. y(x) – λ

∫∫ b

a

[[ n∑
k=1

Aktνkeαkx+βkt

]]
y(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 4.9.20 with gk(x) = eαkx and hk(t) = Aktνkeβkt.

25. y(x) – λ

∫∫ b

a

[[ n∑
k=1

Akxνkeαkx+βkt

]]
y(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 4.9.20 with gk(x) = Akxνkeαkx and hk(t) = eβkt.

26. y(x) – λ

∫∫ b

a

(x – t)neγ(x–t)y(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 4.9.20.
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27. y(x) – λ

∫∫ b

a

(x – t)neαx+βty(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 4.9.20.

28. y(x) – λ

∫∫ b

a

(Ax + Bt)neαx+βty(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 4.9.20.

29. y(x) + A

∫∫ b

a

teλ|x–t|y(t) dt = f (x).

This is a special case of equation 4.9.37 with g(t) = At. The solution of the integral equation
can be written via the Bessel functions (or modified Bessel functions) of order 1/3.

30. y(x) +
∫∫ ∞

0
(a + b|x – t|) exp(–|x – t|)y(t) dt = f (x).

Let the biquadratic polynomial P (k) = k4 + 2(a – b + 1)k2 + 2a + 2b + 1 have no real roots and
let k = α + iβ be a root of the equation P (k) = 0 such that α > 0 and β > 0. In this case, the
solution has the form

y(x) = f (x) + ρ

∫ ∞

0
exp(–β|x – t|) cos(θ + α|x – t|)f (t) dt

+
[α + (β – 1)2]2

4α2β

∫ ∞

0
exp[–β(x + t)] cos[α(x – t)]f (t) dt

+
R

4α2

∫ ∞

0
exp[–β(x + t)] cos[ψ + α(x + t)]f (t) dt,

where the parameters ρ, θ, R, and ψ are determined from the system of algebraic equations
obtained by separating real and imaginary parts in the relations

ρeiθ =
µ

β – iα
, Reiψ =

(β – 1 – iα)4

8α2(β – iα)
.

Reference: F. D. Gakhov and Yu. I. Cherskii (1978).

4.3. Equations Whose Kernels Contain Hyperbolic
Functions

4.3-1. Kernels Containing Hyperbolic Cosine.

1. y(x) – λ

∫∫ b

a

cosh(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cosh(βx) and h(t) = 1.

2. y(x) – λ

∫∫ b

a

cosh(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = cosh(βt).
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3. y(x) – λ

∫∫ b

a

cosh[β(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.13 with g(x) = cosh(βx) and h(t) = sinh(βt).
Solution:

y(x) = f (x) + λ
[
A1 cosh(βx) + A2 sinh(βx)

]
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.13.

4. y(x) – λ

∫∫ b

a

cosh[β(x + t)]y(t) dt = f (x).

This is a special case of equation 4.9.12 with g(x) = cosh(βx) and h(t) = sinh(βt).
Solution:

y(x) = f (x) + λ
[
A1 cosh(βx) + A2 sinh(βx)

]
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.12.

5. y(x) – λ

∫∫ b

a

{{ n∑
k=1

Ak cosh[βk(x – t)]
}}

y(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 4.9.20.

6. y(x) – λ

∫∫ b

a

cosh(βx)

cosh(βt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cosh(βx) and h(t) =
1

cosh(βt)
.

7. y(x) – λ

∫∫ b

a

cosh(βt)

cosh(βx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

cosh(βx)
and h(t) = cosh(βt).

8. y(x) – λ

∫∫ b

a

coshk(βx) coshm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = coshk(βx) and h(t) = coshm(µt).

9. y(x) – λ

∫∫ b

a

tk coshm(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = coshm(βx) and h(t) = tk.

10. y(x) – λ

∫∫ b

a

xk coshm(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = coshm(βt).

11. y(x) – λ

∫∫ b

a

[A + B(x – t) cosh(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = cosh(βx).
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12. y(x) – λ

∫∫ b

a

[A + B(x – t) cosh(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = cosh(βt).

13. y(x) + λ

∫∫ ∞

–∞

y(t) dt

cosh[b(x – t)]
= f (x).

Solution with b > π|λ|:

y(x) = f (x) –
2λb√

b2 – π2λ2

∫ ∞

–∞

sinh[2k(x – t)]
sinh[2b(x – t)]

f (t) dt, k =
b

π
arccos

( πλ

b

)
.

Reference: F. D. Gakhov and Yu. I. Cherskii (1978).

4.3-2. Kernels Containing Hyperbolic Sine.

14. y(x) – λ

∫∫ b

a

sinh(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sinh(βx) and h(t) = 1.

15. y(x) – λ

∫∫ b

a

sinh(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = sinh(βt).

16. y(x) – λ

∫∫ b

a

sinh[β(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.16 with g(x) = sinh(βx) and h(t) = cosh(βt).
Solution:

y(x) = f (x) + λ
[
A1 sinh(βx) + A2 cosh(βx)

]
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.16.

17. y(x) – λ

∫∫ b

a

sinh[β(x + t)]y(t) dt = f (x).

This is a special case of equation 4.9.15 with g(x) = sinh(βx) and h(t) = cosh(βt).
Solution:

y(x) = f (x) + λ
[
A1 sinh(βx) + A2 cosh(βx)

]
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.15.

18. y(x) – λ

∫∫ b

a

{{ n∑
k=1

Ak sinh[βk(x – t)]
}}

y(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 4.9.20.

19. y(x) – λ

∫∫ b

a

sinh(βx)

sinh(βt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sinh(βx) and h(t) =
1

sinh(βt)
.
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20. y(x) – λ

∫∫ b

a

sinh(βt)

sinh(βx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

sinh(βx)
and h(t) = sinh (βt).

21. y(x) – λ

∫∫ b

a

sinhk(βx) sinhm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sinhk (βx) and h(t) = sinhm(µt).

22. y(x) – λ

∫∫ b

a

tk sinhm(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sinhm (βx) and h(t) = tk.

23. y(x) – λ

∫∫ b

a

xk sinhm(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = sinhm(βt).

24. y(x) – λ

∫∫ b

a

[A + B(x – t) sinh(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = sinh(βt).

25. y(x) – λ

∫∫ b

a

[A + B(x – t) sinh(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = sinh(βx).

26. y(x) + A

∫∫ b

a

sinh(λ|x – t|)y(t) dt = f (x).

This is a special case of equation 4.9.38 with g(t) = A.

1◦. The function y = y(x) obeys the following second-order linear nonhomogeneous ordinary
differential equation with constant coefficients:

y′′
xx + λ(2A – λ)y = f ′′

xx(x) – λ2f (x). (1)

The boundary conditions for (1) have the form (see 4.9.38)

sinh[λ(b – a)]ϕ′
x(b) – λ cosh[λ(b – a)]ϕ(b) = λϕ(a),

sinh[λ(b – a)]ϕ′
x(a) + λ cosh[λ(b – a)]ϕ(a) = –λϕ(b),

ϕ(x) = y(x) – f (x). (2)

Equation (1) under the boundary conditions (2) determines the solution of the original
integral equation.

2◦. For λ(2A – λ) = –k2 < 0, the general solution of equation (1) is given by

y(x) = C1 cosh(kx) + C2 sinh(kx) + f (x) –
2Aλ

k

∫ x

a

sinh[k(x – t)]f (t) dt, (3)

where C1 and C2 are arbitrary constants.
For λ(2A – λ) = k2 > 0, the general solution of equation (1) is given by

y(x) = C1 cos(kx) + C2 sin(kx) + f (x) –
2Aλ

k

∫ x

a

sin[k(x – t)]f (t) dt. (4)

For λ = 2A, the general solution of equation (1) is given by

y(x) = C1 + C2x + f (x) – 4A2
∫ x

a

(x – t)f (t) dt. (5)

The constants C1 and C2 in solutions (3)–(5) are determined by conditions (2).
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27. y(x) + A

∫∫ b

a

t sinh(λ|x – t|)y(t) dt = f (x).

This is a special case of equation 4.9.38 with g(t) = At. The solution of the integral equation
can be written via the Bessel functions (or modified Bessel functions) of order 1/3.

28. y(x) + A

∫∫ b

a

sinh3(λ|x – t|)y(t) dt = f (x).

Using the formula sinh3 β = 1
4 sinh 3β – 3

4 sinh β, we arrive at an equation of the form 4.3.29
with n = 2:

y(x) +
∫ b

a

[
1
4 A sinh(3λ|x – t|) – 3

4 A sinh(λ|x – t|)
]
y(t) dt = f (x).

29. y(x) +
∫∫ b

a

[[ n∑
k=1

Ak sinh(λk|x – t|)
]]
y(t) dt = f (x), –∞ < a < b < ∞.

1◦. Let us remove the modulus in the kth summand of the integrand:

Ik(x) =
∫ b

a

sinh(λk |x– t|)y(t) dt =
∫ x

a

sinh[λk(x– t)]y(t) dt+
∫ b

x

sinh[λk(t–x)]y(t) dt. (1)

Differentiating (1) with respect to x twice yields

I ′k = λk

∫ x

a

cosh[λk(x – t)]y(t) dt – λk

∫ b

x

cosh[λk(t – x)]y(t) dt,

I ′′k = 2λky(x) + λ2
k

∫ x

a

sinh[λk(x – t)]y(t) dt + λ2
k

∫ b

x

sinh[λk(t – x)]y(t) dt,

(2)

where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2),
we find the relation between I ′′k and Ik:

I ′′k = 2λky(x) + λ2
kIk , Ik = Ik(x). (3)

2◦. With the aid of (1), the integral equation can be rewritten in the form

y(x) +
n∑

k=1

AkIk = f (x). (4)

Differentiating (4) with respect to x twice and taking into account (3), we find that

y′′
xx(x) + σny(x) +

n∑
k=1

Akλ2
kIk = f ′′

xx(x), σn = 2
n∑

k=1

Akλk. (5)

Eliminating the integral In from (4) and (5) yields

y′′
xx(x) + (σn – λ2

n)y(x) +
n–1∑
k=1

Ak(λ2
k – λ2

n)Ik = f ′′
xx(x) – λ2

nf (x). (6)

Differentiating (6) with respect to x twice and eliminating In–1 from the resulting equation
with the aid of (6), we obtain a similar equation whose left-hand side is a second-order linear

differential operator (acting on y) with constant coefficients plus the sum
n–2∑
k=1

BkIk. If we

successively eliminate In–2, In–3, . . . , with the aid of double differentiation, then we finally
arrive at a linear nonhomogeneous ordinary differential equation of order 2n with constant
coefficients.

3◦. The boundary conditions for y(x) can be found by setting x = a in the integral equation
and its derivatives. (Alternatively, these conditions can be found by setting x = a and x = b
in the integral equation and all its derivatives obtained by means of double differentiation.)
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4.3-3. Kernels Containing Hyperbolic Tangent.

30. y(x) – λ

∫∫ b

a

tanh(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tanh(βx) and h(t) = 1.

31. y(x) – λ

∫∫ b

a

tanh(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = tanh(βt).

32. y(x) – λ

∫∫ b

a

[A tanh(βx) + B tanh(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.4 with g(x) = tanh(βx).

33. y(x) – λ

∫∫ b

a

tanh(βx)

tanh(βt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tanh(βx) and h(t) =
1

tanh(βt)
.

34. y(x) – λ

∫∫ b

a

tanh(βt)

tanh(βx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

tanh(βx)
and h(t) = tanh(βt).

35. y(x) – λ

∫∫ b

a

tanhk(βx) tanhm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tanhk(βx) and h(t) = tanhm(µt).

36. y(x) – λ

∫∫ b

a

tk tanhm(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tanhm(βx) and h(t) = tk.

37. y(x) – λ

∫∫ b

a

xk tanhm(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = tanhm(βt).

38. y(x) – λ

∫∫ b

a

[A + B(x – t) tanh(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = tanh(βt).

39. y(x) – λ

∫∫ b

a

[A + B(x – t) tanh(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = tanh(βx).
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4.3-4. Kernels Containing Hyperbolic Cotangent.

40. y(x) – λ

∫∫ b

a

coth(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = coth(βx) and h(t) = 1.

41. y(x) – λ

∫∫ b

a

coth(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = coth(βt).

42. y(x) – λ

∫∫ b

a

[A coth(βx) + B coth(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.4 with g(x) = coth(βx).

43. y(x) – λ

∫∫ b

a

coth(βx)

coth(βt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = coth(βx) and h(t) =
1

coth(βt)
.

44. y(x) – λ

∫∫ b

a

coth(βt)

coth(βx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

coth(βx)
and h(t) = coth(βt).

45. y(x) – λ

∫∫ b

a

cothk(βx) cothm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cothk(βx) and h(t) = cothm(µt).

46. y(x) – λ

∫∫ b

a

tk cothm(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cothm(βx) and h(t) = tk.

47. y(x) – λ

∫∫ b

a

xk cothm(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = cothm(βt).

48. y(x) – λ

∫∫ b

a

[A + B(x – t) coth(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = coth(βt).

49. y(x) – λ

∫∫ b

a

[A + B(x – t) coth(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = coth(βx).
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4.3-5. Kernels Containing Combination of Hyperbolic Functions.

50. y(x) – λ

∫∫ b

a

coshk(βx) sinhm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = coshk(βx) and h(t) = sinhm(µt).

51. y(x) – λ

∫∫ b

a

[A sinh(αx) cosh(βt) + B sinh(γx) cosh(δt)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = sinh(αx), h1(t) = A cosh(βt), g2(x) =
sinh(γx), and h2(t) = B cosh(δt).

52. y(x) – λ

∫∫ b

a

tanhk(γx) cothm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tanhk(γx) and h(t) = cothm(µt).

53. y(x) – λ

∫∫ b

a

[A tanh(αx) coth(βt) + B tanh(γx) coth(δt)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = tanh(αx), h1(t) = A coth(βt), g2(x) =
tanh(γx), and h2(t) = B coth(δt).

4.4. Equations Whose Kernels Contain Logarithmic
Functions

4.4-1. Kernels Containing Logarithmic Functions.

1. y(x) – λ

∫∫ b

a

ln(γx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = ln(γx) and h(t) = 1.

2. y(x) – λ

∫∫ b

a

ln(γt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = ln(γt).

3. y(x) – λ

∫∫ b

a

(ln x – ln t)y(t) dt = f (x).

This is a special case of equation 4.9.3 with g(x) = ln x.

4. y(x) – λ

∫∫ b

a

ln(γx)

ln(γt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = ln(γx) and h(t) =
1

ln(γt)
.

5. y(x) – λ

∫∫ b

a

ln(γt)

ln(γx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

ln(γx)
and h(t) = ln(γt).
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6. y(x) – λ

∫∫ b

a

lnk(γx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = lnk(γx) and h(t) = lnm(µt).

4.4-2. Kernels Containing Power-Law and Logarithmic Functions.

7. y(x) – λ

∫∫ b

a

tk lnm(γx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = lnm(γx) and h(t) = tk.

8. y(x) – λ

∫∫ b

a

xk lnm(γt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = lnm(γt).

9. y(x) – λ

∫∫ b

a

[A + B(x – t) ln(γt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = ln(γt).

10. y(x) – λ

∫∫ b

a

[A + B(x – t) ln(γx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = ln(γx).

11. y(x) – λ

∫∫ b

a

[A + (Bx + Ct) ln(γt)]y(t) dt = f (x).

This is a special case of equation 4.9.9 with h(t) = ln(γt).

12. y(x) – λ

∫∫ b

a

[A + (Bx + Ct) ln(γx)]y(t) dt = f (x).

This is a special case of equation 4.9.11 with h(x) = ln(γx).

13. y(x) – λ

∫∫ b

a

[Atn lnm(βx) + Bxk lnl(γt)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = lnm(βx), h1(t) = Atn, g2(x) = xk, and
h2(t) = B lnl(γt).

4.5. Equations Whose Kernels Contain Trigonometric
Functions

4.5-1. Kernels Containing Cosine.

1. y(x) – λ

∫∫ b

a

cos(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cos(βx) and h(t) = 1.
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2. y(x) – λ

∫∫ b

a

cos(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = cos(βt).

3. y(x) – λ

∫∫ b

a

cos[β(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.12 with g(x) = cos(βx) and h(t) = sin(βt).
Solution:

y(x) = f (x) + λ
[
A1 cos(βx) + A2 sin(βx)

]
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.12.

4. y(x) – λ

∫∫ b

a

cos[β(x + t)]y(t) dt = f (x).

This is a special case of equation 4.9.13 with g(x) = cos(βx) and h(t) = sin(βt).
Solution:

y(x) = f (x) + λ
[
A1 cos(βx) + A2 sin(βx)

]
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.13.

5. y(x) – λ

∫∫ ∞

0
cos(xt)y(t) dt = 0.

Characteristic values: λ = ±
√

2/π. For the characteristic values, the integral equation has
infinitely many linearly independent eigenfunctions.

Eigenfunctions for λ = +
√

2/π have the form

y+(x) = f (x) +

√
2
π

∫ ∞

0
f (t) cos(xt) dt, (1)

where f = f (x) is any continuous function absolutely integrable on the interval [0,∞).
Eigenfunctions for λ = –

√
2/π have the form

y–(x) = f (x) –

√
2
π

∫ ∞

0
f (t) cos(xt) dt, (2)

where f = f (x) is any continuous function absolutely integrable on the interval [0,∞).
In particular, from (1) and (2) with f (x) = e–ax we obtain

y+(x) = e–ax +

√
2
π

a

a2 + x2
for λ = +

√
2
π

,

y–(x) = e–ax –

√
2
π

a

a2 + x2
for λ = –

√
2
π

,

where a is any positive number.

Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971).

6. y(x) – λ

∫∫ ∞

0
cos(xt)y(t) dt = f (x).

Solution:

y(x) =
f (x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
cos(xt)f (t) dt,

where λ ≠ ±
√

2/π.

Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971).
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7. y(x) – λ

∫∫ b

a

{{ n∑
k=1

Ak cos[βk(x – t)]
}}

y(t) dt = f (x), n = 1, 2, . . .

This equation can be reduced to a special case of equation 4.9.20; the formula cos[β(x – t)] =
cos(βx) cos(βt) + sin(βx) sin(βt) must be used.

8. y(x) – λ

∫∫ b

a

cos(βx)

cos(βt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cos(βx) and h(t) =
1

cos(βt)
.

9. y(x) – λ

∫∫ b

a

cos(βt)

cos(βx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

cos(βx)
and h(t) = cos(βt).

10. y(x) – λ

∫∫ b

a

cosk(βx) cosm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cosk(βx) and h(t) = cosm(µt).

11. y(x) – λ

∫∫ b

a

tk cosm(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cosm(βx) and h(t) = tk.

12. y(x) – λ

∫∫ b

a

xk cosm(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = cosm(βt).

13. y(x) – λ

∫∫ b

a

[A + B(x – t) cos(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = cos(βx).

14. y(x) – λ

∫∫ b

a

[A + B(x – t) cos(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = cos(βt).

4.5-2. Kernels Containing Sine.

15. y(x) – λ

∫∫ b

a

sin(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sin(βx) and h(t) = 1.

16. y(x) – λ

∫∫ b

a

sin(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = sin(βt).
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17. y(x) – λ

∫∫ b

a

sin[β(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.16 with g(x) = sin(βx) and h(t) = cos(βt).
Solution:

y(x) = f (x) + λ
[
A1 sin(βx) + A2 cos(βx)

]
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.16.

18. y(x) – λ

∫∫ b

a

sin[β(x + t)]y(t) dt = f (x).

This is a special case of equation 4.9.15 with g(x) = sin(βx) and h(t) = cos(βt).
Solution:

y(x) = f (x) + λ
[
A1 sin(βx) + A2 cos(βx)

]
,

where A1 and A2 are the constants determined by the formulas presented in 4.9.15.

Example. Let us consider the case of a = 0, b = π, β = 1 in detail.

1◦ . Solution for λ ≠ ±2/π:
y(x) = f (x) + λA sin x + λB cos x, (1)

where

A =
f1 + 1

2 πλf2

1 – 1
4 π2λ2

, B =
1
2 πλf1 + f2

1 – 1
4 π2λ2

, f1 =
∫ π

0
f (t) cos t dt, f2 =

∫ π

0
f (t) sin t dt. (2)

2◦ . Characteristic values and normed eigenfunctions of the homogeneous equation for f (x) ≡ 0 are given by the
formulas

λ1 = –
2

π
, y1(x) =

1√
π

(sin x – cos x);

λ2 =
2

π
, y2(x) =

1√
π

(sin x + cos x).

3◦ . If λ = –2/π and f1 = f2 (values of f1 and f2 can be found using formulas of Item 1◦). In this case the solution
can be obtained with the help of formula (1) in which B = f1 – A where A is an arbitrary constant.

If λ = 2/π and f1 = –f2 then the solution can be found using formula (1) in which B = A – f1 where A is an
arbitrary constant.

4◦ . If λ = –2/π and f1 ≠ f2 or λ = 2/π and f1 ≠ –f2, then the equation under consideration has no solutions.

19. y(x) – λ

∫∫ ∞

0
sin(xt)y(t) dt = 0.

Characteristic values: λ = ±
√

2/π. For the characteristic values, the integral equation has
infinitely many linearly independent eigenfunctions.

Eigenfunctions for λ = +
√

2/π have the form

y+(x) = f (x) +

√
2
π

∫ ∞

0
f (t) sin(xt) dt,

where f = f (x) is any continuous function absolutely integrable on the interval [0,∞).
Eigenfunctions for λ = –

√
2/π have the form

y–(x) = f (x) –

√
2
π

∫ ∞

0
f (t) sin(xt) dt,

where f = f (x) is any continuous function absolutely integrable on the interval [0,∞).

Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971).
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20. y(x) – λ

∫∫ ∞

0
sin(xt)y(t) dt = f (x).

Solution:

y(x) =
f (x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
sin(xt)f (t) dt,

where λ ≠ ±
√

2/π.

References: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971), F. D. Gakhov and Yu. I. Cherskii (1978).

21. y(x) – λ

∫∫ b

a

{{ n∑
k=1

Ak sin[βk(x – t)]
}}

y(t) dt = f (x), n = 1, 2, . . .

This equation can be reduced to a special case of equation 4.9.20; the formula sin[β(x – t)] =
sin(βx) cos(βt) – sin(βt) cos(βx) must be used.

22. y(x) – λ

∫∫ b

a

sin(βx)

sin(βt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sin(βx) and h(t) =
1

sin(βt)
.

23. y(x) – λ

∫∫ b

a

sin(βt)

sin(βx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

sin(βx)
and h(t) = sin (βt).

24. y(x) – λ

∫∫ b

a

sink(βx) sinm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sink (βx) and h(t) = sinm(µt).

25. y(x) – λ

∫∫ b

a

tk sinm(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sinm (βx) and h(t) = tk.

26. y(x) – λ

∫∫ b

a

xk sinm(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = sinm(βt).

27. y(x) – λ

∫∫ b

a

[A + B(x – t) sin(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = sin(βt).

28. y(x) – λ

∫∫ b

a

[A + B(x – t) sin(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = sin(βx).
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29. y(x) + A

∫∫ b

a

sin(λ|x – t|)y(t) dt = f (x).

This is a special case of equation 4.9.39 with g(t) = A.

1◦. The function y = y(x) obeys the following second-order linear nonhomogeneous ordinary
differential equation with constant coefficients:

y′′
xx + λ(2A + λ)y = f ′′

xx(x) + λ2f (x). (1)

The boundary conditions for (1) have the form (see 4.9.39)

sin[λ(b – a)]ϕ′
x(b) – λ cos[λ(b – a)]ϕ(b) = λϕ(a),

sin[λ(b – a)]ϕ′
x(a) + λ cos[λ(b – a)]ϕ(a) = –λϕ(b),

ϕ(x) = y(x) – f (x). (2)

Equation (1) under the boundary conditions (2) determines the solution of the original
integral equation.

2◦. For λ(2A + λ) = –k2 < 0, the general solution of equation (1) is given by

y(x) = C1 cosh(kx) + C2 sinh(kx) + f (x) –
2Aλ

k

∫ x

a

sinh[k(x – t)] f (t) dt, (3)

where C1 and C2 are arbitrary constants.
For λ(2A + λ) = k2 > 0, the general solution of equation (1) is given by

y(x) = C1 cos(kx) + C2 sin(kx) + f (x) –
2Aλ

k

∫ x

a

sin[k(x – t)] f (t) dt. (4)

For λ = 2A, the general solution of equation (1) is given by

y(x) = C1 + C2x + f (x) + 4A2
∫ x

a

(x – t)f (t) dt. (5)

The constants C1 and C2 in solutions (3)–(5) are determined by conditions (2).

30. y(x) + A

∫∫ b

a

t sin(λ|x – t|)y(t) dt = f (x).

This is a special case of equation 4.9.39 with g(t) = At. The solution of the integral equation
can be written via the Bessel functions (or modified Bessel functions) of order 1/3.

31. y(x) + A

∫∫ b

a

sin3(λ|x – t|)y(t) dt = f (x).

Using the formula sin3 β = – 1
4 sin 3β + 3

4 sin β, we arrive at an equation of the form 4.5.32
with n = 2:

y(x) +
∫ b

a

[
– 1

4 A sin(3λ|x – t|) + 3
4 A sin(λ|x – t|)

]
y(t) dt = f (x).
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32. y(x) +
∫∫ b

a

[[ n∑
k=1

Ak sin(λk|x – t|)
]]
y(t) dt = f (x), –∞ < a < b < ∞.

1◦. Let us remove the modulus in the kth summand of the integrand:

Ik(x) =
∫ b

a

sin(λk |x – t|)y(t) dt =
∫ x

a

sin[λk(x – t)]y(t) dt +
∫ b

x

sin[λk(t – x)]y(t) dt. (1)

Differentiating (1) with respect to x twice yields

I ′k = λk

∫ x

a

cos[λk(x – t)]y(t) dt – λk

∫ b

x

cos[λk(t – x)]y(t) dt,

I ′′k = 2λky(x) – λ2
k

∫ x

a

sin[λk(x – t)]y(t) dt – λ2
k

∫ b

x

sin[λk(t – x)]y(t) dt,

(2)

where the primes denote the derivatives with respect to x. By comparing formulas (1) and (2),
we find the relation between I ′′k and Ik:

I ′′k = 2λky(x) – λ2
kIk, Ik = Ik(x). (3)

2◦. With the aid of (1), the integral equation can be rewritten in the form

y(x) +
n∑

k=1

AkIk = f (x). (4)

Differentiating (4) with respect to x twice and taking into account (3), we find that

y′′
xx(x) + σny(x) –

n∑
k=1

Akλ2
kIk = f ′′

xx(x), σn = 2
n∑

k=1

Akλk . (5)

Eliminating the integral In from (4) and (5) yields

y′′
xx(x) + (σn + λ2

n)y(x) +
n–1∑
k=1

Ak(λ2
n – λ2

k)Ik = f ′′
xx(x) + λ2

nf (x). (6)

Differentiating (6) with respect to x twice and eliminating In–1 from the resulting equation
with the aid of (6), we obtain a similar equation whose left-hand side is a second-order linear

differential operator (acting on y) with constant coefficients plus the sum
n–2∑
k=1

BkIk. If we

successively eliminate In–2, In–3, . . . , with the aid of double differentiation, then we finally
arrive at a linear nonhomogeneous ordinary differential equation of order 2n with constant
coefficients.

3◦. The boundary conditions for y(x) can be found by setting x = a in the integral equation
and all its derivatives. (Alternatively, these conditions can be found by setting x = a and x = b
in the integral equation and all its derivatives obtained by means of double differentiation.)

33. y(x) – λ

∫∫ ∞

–∞

sin(x – t)

x – t
y(t) dt = f (x).

Solution:

y(x) = f (x) +
λ√

2π – πλ

∫ ∞

–∞

sin(x – t)
x – t

f (t) dt, λ ≠
√

2
π

.

Reference: F. D. Gakhov and Yu. I. Cherskii (1978).
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4.5-3. Kernels Containing Tangent.

34. y(x) – λ

∫∫ b

a

tan(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tan(βx) and h(t) = 1.

35. y(x) – λ

∫∫ b

a

tan(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = tan(βt).

36. y(x) – λ

∫∫ b

a

[A tan(βx) + B tan(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.4 with g(x) = tan(βx).

37. y(x) – λ

∫∫ b

a

tan(βx)

tan(βt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tan(βx) and h(t) =
1

tan(βt)
.

38. y(x) – λ

∫∫ b

a

tan(βt)

tan(βx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

tan(βx)
and h(t) = tan(βt).

39. y(x) – λ

∫∫ b

a

tank(βx) tanm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tank(βx) and h(t) = tanm(µt).

40. y(x) – λ

∫∫ b

a

tk tanm(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tanm(βx) and h(t) = tk.

41. y(x) – λ

∫∫ b

a

xk tanm(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = tanm(βt).

42. y(x) – λ

∫∫ b

a

[A + B(x – t) tan(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = tan(βt).

43. y(x) – λ

∫∫ b

a

[A + B(x – t) tan(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = tan(βx).
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4.5-4. Kernels Containing Cotangent.

44. y(x) – λ

∫∫ b

a

cot(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cot(βx) and h(t) = 1.

45. y(x) – λ

∫∫ b

a

cot(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = cot(βt).

46. y(x) – λ

∫∫ b

a

[A cot(βx) + B cot(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.4 with g(x) = cot(βx).

47. y(x) – λ

∫∫ b

a

cot(βx)

cot(βt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cot(βx) and h(t) =
1

cot(βt)
.

48. y(x) – λ

∫∫ b

a

cot(βt)

cot(βx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

cot(βx)
and h(t) = cot(βt).

49. y(x) – λ

∫∫ b

a

cotk(βx) cotm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cotk(βx) and h(t) = cotm(µt).

50. y(x) – λ

∫∫ b

a

tk cotm(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cotm(βx) and h(t) = tk.

51. y(x) – λ

∫∫ b

a

xk cotm(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = cotm(βt).

52. y(x) – λ

∫∫ b

a

[A + B(x – t) cot(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = cot(βt).

53. y(x) – λ

∫∫ b

a

[A + B(x – t) cot(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = cot(βx).
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4.5-5. Kernels Containing Combinations of Trigonometric Functions.

54. y(x) – λ

∫∫ b

a

cosk(βx) sinm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cosk(βx) and h(t) = sinm(µt).

55. y(x) – λ

∫∫ b

a

[A sin(αx) cos(βt) + B sin(γx) cos(δt)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x)=sin(αx), h1(t)=A cos(βt), g2(x)=sin(γx),
and h2(t) = B cos(δt).

56. y(x) – λ

∫∫ b

a

tank(γx) cotm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tank(γx) and h(t) = cotm(µt).

57. y(x) – λ

∫∫ b

a

[A tan(αx) cot(βt) + B tan(γx) cot(δt)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x)= tan(αx), h1(t)=A cot(βt), g2(x)= tan(γx),
and h2(t) = B cot(δt).

4.5-6. Singular Equation.

58. Ay(x) –
B

2π

∫∫ 2π

0
cot
(( t – x

2

))
y(t) dt = f (x), 0 ≤ x ≤ 2π.

Here the integral is understood in the sense of the Cauchy principal value. Without loss of
generality we may assume that A2 + B2 = 1.

Solution:

y(x) = Af (x) +
B

2π

∫ 2π

0
cot
( t – x

2

)
f (t) dt +

B2

2πA

∫ 2π

0
f (t) dt.

Reference: I. K. Lifanov (1996).

4.6. Equations Whose Kernels Contain Inverse
Trigonometric Functions

4.6-1. Kernels Containing Arccosine.

1. y(x) – λ

∫∫ b

a

arccos(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arccos(βx) and h(t) = 1.

2. y(x) – λ

∫∫ b

a

arccos(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = arccos(βt).
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3. y(x) – λ

∫∫ b

a

arccos(βx)

arccos(βt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arccos(βx) and h(t) =
1

arccos(βt)
.

4. y(x) – λ

∫∫ b

a

arccos(βt)

arccos(βx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

arccos(βx)
and h(t) = arccos(βt).

5. y(x) – λ

∫∫ b

a

arccosk(βx) arccosm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arccosk(βx) and h(t) = arccosm(µt).

6. y(x) – λ

∫∫ b

a

tk arccosm(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arccosm(βx) and h(t) = tk.

7. y(x) – λ

∫∫ b

a

xk arccosm(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = arccosm(βt).

8. y(x) – λ

∫∫ b

a

[A + B(x – t) arccos(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = arccos(βx).

9. y(x) – λ

∫∫ b

a

[A + B(x – t) arccos(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = arccos(βt).

4.6-2. Kernels Containing Arcsine.

10. y(x) – λ

∫∫ b

a

arcsin(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arcsin(βx) and h(t) = 1.

11. y(x) – λ

∫∫ b

a

arcsin(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = arcsin(βt).

12. y(x) – λ

∫∫ b

a

arcsin(βx)

arcsin(βt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arcsin(βx) and h(t) =
1

arcsin(βt)
.
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13. y(x) – λ

∫∫ b

a

arcsin(βt)

arcsin(βx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

arcsin(βx)
and h(t) = arcsin (βt).

14. y(x) – λ

∫∫ b

a

arcsink(βx) arcsinm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arcsink (βx) and h(t) = arcsinm(µt).

15. y(x) – λ

∫∫ b

a

tk arcsinm(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arcsinm (βx) and h(t) = tk.

16. y(x) – λ

∫∫ b

a

xk arcsinm(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = arcsinm(βt).

17. y(x) – λ

∫∫ b

a

[A + B(x – t) arcsin(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = arcsin(βt).

18. y(x) – λ

∫∫ b

a

[A + B(x – t) arcsin(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = arcsin(βx).

4.6-3. Kernels Containing Arctangent.

19. y(x) – λ

∫∫ b

a

arctan(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arctan(βx) and h(t) = 1.

20. y(x) – λ

∫∫ b

a

arctan(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = arctan(βt).

21. y(x) – λ

∫∫ b

a

[A arctan(βx) + B arctan(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.4 with g(x) = arctan(βx).

22. y(x) – λ

∫∫ b

a

arctan(βx)

arctan(βt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arctan(βx) and h(t) =
1

arctan(βt)
.
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23. y(x) – λ

∫∫ b

a

arctan(βt)

arctan(βx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

arctan(βx)
and h(t) = arctan(βt).

24. y(x) – λ

∫∫ b

a

arctank(βx) arctanm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arctank(βx) and h(t) = arctanm(µt).

25. y(x) – λ

∫∫ b

a

tk arctanm(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arctanm(βx) and h(t) = tk.

26. y(x) – λ

∫∫ b

a

xk arctanm(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = arctanm(βt).

27. y(x) – λ

∫∫ b

a

[A + B(x – t) arctan(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = arctan(βt).

28. y(x) – λ

∫∫ b

a

[A + B(x – t) arctan(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = arctan(βx).

4.6-4. Kernels Containing Arccotangent.

29. y(x) – λ

∫∫ b

a

arccot(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arccot(βx) and h(t) = 1.

30. y(x) – λ

∫∫ b

a

arccot(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = arccot(βt).

31. y(x) – λ

∫∫ b

a

[A arccot(βx) + B arccot(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.4 with g(x) = arccot(βx).

32. y(x) – λ

∫∫ b

a

arccot(βx)

arccot(βt)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arccot(βx) and h(t) =
1

arccot(βt)
.
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33. y(x) – λ

∫∫ b

a

arccot(βt)

arccot(βx)
y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) =
1

arccot(βx)
and h(t) = arccot(βt).

34. y(x) – λ

∫∫ b

a

arccotk(βx) arccotm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arccotk(βx) and h(t) = arccotm(µt).

35. y(x) – λ

∫∫ b

a

tk arccotm(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = arccotm(βx) and h(t) = tk.

36. y(x) – λ

∫∫ b

a

xk arccotm(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = xk and h(t) = arccotm(βt).

37. y(x) – λ

∫∫ b

a

[A + B(x – t) arccot(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = arccot(βt).

38. y(x) – λ

∫∫ b

a

[A + B(x – t) arccot(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = arccot(βx).

4.7. Equations Whose Kernels Contain Combinations
of Elementary Functions

4.7-1. Kernels Containing Exponential and Hyperbolic Functions.

1. y(x) – λ

∫∫ b

a

eµ(x–t) cosh[β(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = eµx cosh(βx), h1(t) = e–µt cosh(βt),
g2(x) = eµx sinh(βx), and h2(t) = –e–µt sinh(βt).

2. y(x) – λ

∫∫ b

a

eµ(x–t) sinh[β(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = eµx sinh(βx), h1(t) = e–µt cosh(βt),
g2(x) = eµx cosh(βx), and h2(t) = –e–µt sinh(βt).

3. y(x) – λ

∫∫ b

a

teµ(x–t) sinh[β(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = eµx sinh(βx), h1(t) = te–µt cosh(βt),
g2(x) = eµx cosh(βx), and h2(t) = –te–µt sinh(βt).
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4.7-2. Kernels Containing Exponential and Logarithmic Functions.

4. y(x) – λ

∫∫ b

a

eµt ln(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = ln(βx) and h(t) = eµt.

5. y(x) – λ

∫∫ b

a

eµx ln(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = eµx and h(t) = ln(βt).

6. y(x) – λ

∫∫ b

a

eµ(x–t) ln(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = eµx ln(βx) and h(t) = e–µt.

7. y(x) – λ

∫∫ b

a

eµ(x–t) ln(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = eµx and h(t) = e–µt ln(βt).

8. y(x) – λ

∫∫ b

a

eµ(x–t)(ln x – ln t)y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = eµx ln x, h1(t) = e–µt, g2(x) = eµx, and
h2(t) = –e–µt ln t.

9. y(x) +
b2 – a2

2a

∫∫ ∞

0

1

t
exp
((

–a
∣∣∣∣∣∣ln x

t

∣∣∣∣∣∣ ))y(t) dt = f (x).

Solution with a > 0, b > 0, and x > 0:

y(x) = f (x) +
a2 – b2

2b

∫ ∞

0

1
t

exp
(

–b
∣∣∣ln x

t

∣∣∣ )f (t) dt.

Reference: F. D. Gakhov and Yu. I. Cherskii (1978).

4.7-3. Kernels Containing Exponential and Trigonometric Functions.

10. y(x) – λ

∫∫ b

a

eµt cos(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cos(βx) and h(t) = eµt.

11. y(x) – λ

∫∫ b

a

eµx cos(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = eµx and h(t) = cos(βt).

12. y(x) – λ

∫∫ ∞

0
eµ(x–t) cos(xt)y(t) dt = f (x).

Solution:

y(x) =
f (x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
eµ(x–t) cos(xt)f (t) dt, λ ≠ ±

√
2/π.
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13. y(x) – λ

∫∫ b

a

eµ(x–t) cos[β(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = eµx cos(βx), h1(t) = e–µt cos(βt),
g2(x) = eµx sin(βx), and h2(t) = e–µt sin(βt).

14. y(x) – λ

∫∫ b

a

eµt sin(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sin(βx) and h(t) = eµt.

15. y(x) – λ

∫∫ b

a

eµx sin(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = eµx and h(t) = sin(βt).

16. y(x) – λ

∫∫ ∞

0
eµ(x–t) sin(xt)y(t) dt = f (x).

Solution:

y(x) =
f (x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
eµ(x–t) sin(xt)f (t) dt, λ ≠ ±

√
2/π.

17. y(x) – λ

∫∫ b

a

eµ(x–t) sin[β(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = eµx sin(βx), h1(t) = e–µt cos(βt),
g2(x) = eµx cos(βx), and h2(t) = –e–µt sin(βt).

18. y(x) – λ

∫∫ b

a

eµ(x–t)
{{ n∑

k=1

Ak sin[βk(x – t)]
}}

y(t) dt = f (x), n = 1, 2, . . .

This is a special case of equation 4.9.20.

19. y(x) – λ

∫∫ b

a

teµ(x–t) sin[β(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = eµx sin(βx), h1(t) = te–µt cos(βt),
g2(x) = eµx cos(βx), and h2(t) = –te–µt sin(βt).

20. y(x) – λ

∫∫ b

a

xeµ(x–t) sin[β(x – t)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = xeµx sin(βx), h1(t) = e–µt cos(βt),
g2(x) = xeµx cos(βx), and h2(t) = –e–µt sin(βt).

21. y(x) – λ

∫∫ b

a

eµt tan(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tan(βx) and h(t) = eµt.

22. y(x) – λ

∫∫ b

a

eµx tan(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = eµx and h(t) = tan(βt).
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23. y(x) – λ

∫∫ b

a

eµ(x–t)[tan(βx) – tan(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.18 with g1(x) = eµx tan(βx), h1(t) = e–µt, g2(x) = eµx,
and h2(t) = –e–µt tan(βt).

24. y(x) – λ

∫∫ b

a

eµt cot(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cot(βx) and h(t) = eµt.

25. y(x) – λ

∫∫ b

a

eµx cot(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = eµx and h(t) = cot(βt).

4.7-4. Kernels Containing Hyperbolic and Logarithmic Functions.

26. y(x) – λ

∫∫ b

a

coshk(βx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = coshk(βx) and h(t) = lnm(µt).

27. y(x) – λ

∫∫ b

a

coshk(βt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = lnm(µx) and h(t) = coshk(βt).

28. y(x) – λ

∫∫ b

a

sinhk(βx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sinhk(βx) and h(t) = lnm(µt).

29. y(x) – λ

∫∫ b

a

sinhk(βt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = lnm(µx) and h(t) = sinhk(βt).

30. y(x) – λ

∫∫ b

a

tanhk(βx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tanhk(βx) and h(t) = lnm(µt).

31. y(x) – λ

∫∫ b

a

tanhk(βt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = lnm(µx) and h(t) = tanhk(βt).

32. y(x) – λ

∫∫ b

a

cothk(βx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cothk(βx) and h(t) = lnm(µt).

33. y(x) – λ

∫∫ b

a

cothk(βt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = lnm(µx) and h(t) = cothk(βt).
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4.7-5. Kernels Containing Hyperbolic and Trigonometric Functions.

34. y(x) – λ

∫∫ b

a

coshk(βx) cosm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = coshk(βx) and h(t) = cosm(µt).

35. y(x) – λ

∫∫ b

a

coshk(βt) cosm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cosm(µx) and h(t) = coshk(βt).

36. y(x) – λ

∫∫ b

a

coshk(βx) sinm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = coshk(βx) and h(t) = sinm(µt).

37. y(x) – λ

∫∫ b

a

coshk(βt) sinm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sinm(µx) and h(t) = coshk(βt).

38. y(x) – λ

∫∫ b

a

sinhk(βx) cosm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sinhk(βx) and h(t) = cosm(µt).

39. y(x) – λ

∫∫ b

a

sinhk(βt) cosm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cosm(µx) and h(t) = sinhk(βt).

40. y(x) – λ

∫∫ b

a

sinhk(βx) sinm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sinhk(βx) and h(t) = sinm(µt).

41. y(x) – λ

∫∫ b

a

sinhk(βt) sinm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sinm(µx) and h(t) = sinhk(βt).

42. y(x) – λ

∫∫ b

a

tanhk(βx) cosm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tanhk(βx) and h(t) = cosm(µt).

43. y(x) – λ

∫∫ b

a

tanhk(βt) cosm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cosm(µx) and h(t) = tanhk(βt).

44. y(x) – λ

∫∫ b

a

tanhk(βx) sinm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tanhk(βx) and h(t) = sinm(µt).
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45. y(x) – λ

∫∫ b

a

tanhk(βt) sinm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sinm(µx) and h(t) = tanhk(βt).

4.7-6. Kernels Containing Logarithmic and Trigonometric Functions.

46. y(x) – λ

∫∫ b

a

cosk(βx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cosk(βx) and h(t) = lnm(µt).

47. y(x) – λ

∫∫ b

a

cosk(βt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = lnm(µx) and h(t) = cosk(βt).

48. y(x) – λ

∫∫ b

a

sink(βx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = sink(βx) and h(t) = lnm(µt).

49. y(x) – λ

∫∫ b

a

sink(βt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = lnm(µx) and h(t) = sink(βt).

50. y(x) – λ

∫∫ b

a

tank(βx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = tank(βx) and h(t) = lnm(µt).

51. y(x) – λ

∫∫ b

a

tank(βt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = lnm(µx) and h(t) = tank(βt).

52. y(x) – λ

∫∫ b

a

cotk(βx) lnm(µt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = cotk(βx) and h(t) = lnm(µt).

53. y(x) – λ

∫∫ b

a

cotk(βt) lnm(µx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = lnm(µx) and h(t) = cotk(βt).

4.8. Equations Whose Kernels Contain Special
Functions

4.8-1. Kernels Containing Bessel Functions.

1. y(x) – λ

∫∫ b

a

Jν(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = Jν (βx) and h(t) = 1.
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2. y(x) – λ

∫∫ b

a

Jν(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = Jν (βt).

3. y(x) + λ

∫∫ ∞

0
tJν (xt)y(t) dt = 0, ν > –1.

Characteristic values: λ =±1. For the characteristic values, the integral equation has infinitely
many linearly independent eigenfunctions.

Eigenfunctions for λ = +1 have the form

y+(x) = f (x) –
∫ ∞

0
tJν(xt)f (t) dt,

where f = f (x) is an arbitrary function.
Eigenfunctions for λ = –1 have the form

y–(x) = f (x) +
∫ ∞

0
tJν(xt)f (t) dt,

where f = f (x) is an arbitrary function.

4. y(x) + λ

∫∫ ∞

0
tJν (xt)y(t) dt = f (x), ν > –1.

Solution:

y(x) =
f (x)

1 – λ2
–

λ

1 – λ2

∫ ∞

0
tJν(xt)f (t) dt, λ ≠ ±1.

5. y(x) + λ

∫∫ ∞

0
Jν

((
2
√

xt
))
y(t) dt = f (x).

By setting x = 1
2 z2, t = 1

2 τ 2, y(x) = Y (z), and f (x) = F (z), we arrive at an equation of the
form 4.8.4:

Y (z) + λ

∫ ∞

0
τJν (zτ )Y (τ ) dτ = F (z).

6. y(x) – λ

∫∫ b

a

[A + B(x – t)Jν(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = Jν (βt).

7. y(x) – λ

∫∫ b

a

[A + B(x – t)Jν(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = Jν (βx).

8. y(x) – λ

∫∫ b

a

[AJµ(αx) + BJν(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.5 with g(x) = AJµ(αx) and h(t) = BJν(βt).

9. y(x) – λ

∫∫ b

a

[AJµ(x)Jν(t) + BJν(x)Jµ(t)]y(t) dt = f (x).

This is a special case of equation 4.9.17 with g(x) = Jµ(x) and h(t) = Jν(t).
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10. y(x) – λ

∫∫ b

a

Yν(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = Yν (βx) and h(t) = 1.

11. y(x) – λ

∫∫ b

a

Yν(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = Yν (βt).

12. y(x) – λ

∫∫ b

a

[A + B(x – t)Yν(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = Yν (βt).

13. y(x) – λ

∫∫ b

a

[A + B(x – t)Yν(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = Yν (βx).

14. y(x) – λ

∫∫ b

a

[AYµ(αx) + BYν(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.5 with g(x) = AYµ(αx) and h(t) = BYν (βt).

15. y(x) – λ

∫∫ b

a

[AYµ(x)Yµ(t) + BYν(x)Yν(t)]y(t) dt = f (x).

This is a special case of equation 4.9.14 with g(x) = Yµ(x) and h(t) = Yν(t).

16. y(x) – λ

∫∫ b

a

[AYµ(x)Yν(t) + BYν(x)Yµ(t)]y(t) dt = f (x).

This is a special case of equation 4.9.17 with g(x) = Yµ(x) and h(t) = Yν(t).

4.8-2. Kernels Containing Modified Bessel Functions.

17. y(x) – λ

∫∫ b

a

Iν(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = Iν (βx) and h(t) = 1.

18. y(x) – λ

∫∫ b

a

Iν(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = Iν (βt).

19. y(x) – λ

∫∫ b

a

[A + B(x – t)Iν(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = Iν (βt).

20. y(x) – λ

∫∫ b

a

[A + B(x – t)Iν(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = Iν (βx).
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21. y(x) – λ

∫∫ b

a

[AIµ(αx) + BIν(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.5 with g(x) = AIµ(αx) and h(t) = BIν (βt).

22. y(x) – λ

∫∫ b

a

[AIµ(x)Iµ(t) + BIν (x)Iν(t)]y(t) dt = f (x).

This is a special case of equation 4.9.14 with g(x) = Iµ(x) and h(t) = Iν (t).

23. y(x) – λ

∫∫ b

a

[AIµ(x)Iν(t) + BIν(x)Iµ(t)]y(t) dt = f (x).

This is a special case of equation 4.9.17 with g(x) = Iµ(x) and h(t) = Iν (t).

24. y(x) – λ

∫∫ b

a

Kν(βx)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = Kν(βx) and h(t) = 1.

25. y(x) – λ

∫∫ b

a

Kν(βt)y(t) dt = f (x).

This is a special case of equation 4.9.1 with g(x) = 1 and h(t) = Kν(βt).

26. y(x) – λ

∫∫ b

a

[A + B(x – t)Kν(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.8 with h(t) = Kν(βt).

27. y(x) – λ

∫∫ b

a

[A + B(x – t)Kν(βx)]y(t) dt = f (x).

This is a special case of equation 4.9.10 with h(x) = Kν(βx).

28. y(x) – λ

∫∫ b

a

[AKµ(αx) + BKν(βt)]y(t) dt = f (x).

This is a special case of equation 4.9.5 with g(x) = AKµ(αx) and h(t) = BKν(βt).

29. y(x) – λ

∫∫ b

a

[AKµ(x)Kµ(t) + BKν(x)Kν(t)]y(t) dt = f (x).

This is a special case of equation 4.9.14 with g(x) = Kµ(x) and h(t) = Kν(t).

30. y(x) – λ

∫∫ b

a

[AKµ(x)Kν(t) + BKν(x)Kµ(t)]y(t) dt = f (x).

This is a special case of equation 4.9.17 with g(x) = Kµ(x) and h(t) = Kν(t).



4.9. EQUATIONS WHOSE KERNELS CONTAIN ARBITRARY FUNCTIONS 357

4.9. Equations Whose Kernels Contain Arbitrary
Functions

4.9-1. Equations with Degenerate Kernel: K(x, t) = g1(x)h1(t) + · · · + gn(x)hn(t).

1. y(x) – λ

∫∫ b

a

g(x)h(t)y(t) dt = f (x).

1◦. Assume that λ ≠
(∫ b

a
g(t)h(t) dt

)–1
.

Solution:

y(x) = f (x) + λkg(x), where k =

(
1 – λ

∫ b

a

g(t)h(t) dt

)–1 ∫ b

a

h(t)f (t) dt.

2◦. Assume that λ =
(∫ b

a
g(t)h(t) dt

)–1
.

For
∫ b

a
h(t)f (t) dt = 0, the solution has the form

y = f (x) + Cg(x),

where C is an arbitrary constant.

For
∫ b

a
h(t)f (t) dt ≠ 0, there is no solution.

The limits of integration may take the values a = –∞ and/or b = ∞, provided that the
corresponding improper integral converges.

2. y(x) – λ

∫∫ b

a

[g(x) + g(t)]y(t) dt = f (x).

The characteristic values of the equation:

λ1 =
1

g1 +
√

(b – a)g2
, λ2 =

1

g1 –
√

(b – a)g2
,

where

g1 =
∫ b

a

g(x) dx, g2 =
∫ b

a

g2(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g(x) + A2],

where the constants A1 and A2 are given by

A1 =
f1 – λ[f1g1 – (b – a)f2]

[g2
1 – (b – a)g2]λ2 – 2g1λ + 1

, A2 =
f2 – λ(f2g1 – f1g2)

[g2
1 – (b – a)g2]λ2 – 2g1λ + 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

f (x)g(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = g(x) +

√
g2

b – a
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.
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3◦. Solution with λ = λ2 ≠ λ1 and f1 = f2 = 0:

y(x) = f (x) + Cy2(x), y2(x) = g(x) –

√
g2

b – a
,

where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding
to the characteristic value λ2.

4◦. The equation has no multiple characteristic values.

3. y(x) – λ

∫∫ b

a

[g(x) – g(t)]y(t) dt = f (x).

The characteristic values of the equation:

λ1 =
1√

g2
1 – (b – a)g2

, λ2 = –
1√

g2
1 – (b – a)g2

,

where

g1 =
∫ b

a

g(x) dx, g2 =
∫ b

a

g2(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g(x) + A2],

where the constants A1 and A2 are given by

A1 =
f1 + λ[f1g1 – (b – a)f2]
[(b – a)g2 – g2

1]λ2 + 1
, A2 =

–f2 + λ(f2g1 – f1g2)
[(b – a)g2 – g2

1]λ2 + 1
,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

f (x)g(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = g(x) +
1 – λ1g1

λ1(b – a)
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. The equation has no multiple characteristic values.

4. y(x) – λ

∫∫ b

a

[Ag(x) + Bg(t)]y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
(A + B)g1 ±

√
(A – B)2g2

1 + 4AB(b – a)g2

2AB[g2
1 – (b – a)g2]

,
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where

g1 =
∫ b

a

g(x) dx, g2 =
∫ b

a

g2(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g(x) + A2],

where the constants A1 and A2 are given by

A1 =
Af1 –λAB[f1g1 – (b–a)f2]

AB[g2
1 – (b–a)g2]λ2 – (A+B)g1λ+1

, A2 =
Bf2 –λAB(f2g1 –f1g2)

AB[g2
1 – (b–a)g2]λ2 – (A+B)g1λ+1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

f (x)g(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = g(x) +
1 – λ1Ag1

λ1A(b – a)
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that A ≠±B, where the characteristic

value λ∗ =
2

(A + B)g1
is double:

y(x) = f (x) + Cy∗(x), y∗(x) = g(x) –
(A – B)g1

2A(b – a)
.

Here C is an arbitrary constant and y∗(x) is an eigenfunction of the equation corresponding
to λ∗.

The equation has no multiple characteristic values if A = ±B.

5. y(x) – λ

∫∫ b

a

[g(x) + h(t)]y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
s1 + s3 ±

√
(s1 – s3)2 + 4(b – a)s2

2[s1s3 – (b – a)s2]
,

where

s1 =
∫ b

a

g(x) dx, s2 =
∫ b

a

g(x)h(x) dx, s3 =
∫ b

a

h(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g(x) + A2],

where the constants A1 and A2 are given by

A1 =
f1 – λ[f1s3 – (b – a)f2]

[s1s3 – (b – a)s2]λ2 – (s1 + s3)λ + 1
, A2 =

f2 – λ(f2s1 – f1s2)
[s1s3 – (b – a)s2]λ2 – (s1 + s3)λ + 1

,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

f (x)h(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = g(x) +
1 – λ1s1

λ1(b – a)
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.
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3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that s1 ≠±s3, where the characteristic

value λ∗ =
2

s1 + s3
is double:

y(x) = f (x) + Cy∗(x), y∗(x) = g(x) –
s1 – s3

2(b – a)
.

Here C is an arbitrary constant and y∗(x) is an eigenfunction of the equation corresponding
to λ∗.

The equation has no multiple characteristic values if s1 = ±s3.

6. y(x) – λ

∫∫ b

a

[Ag(x) + Bg(t)]h(t) y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
(A + B)s1 ±

√
(A – B)2s2

1 + 4ABs0s2

2AB(s2
1 – s0s2)

,

where

s0 =
∫ b

a

h(x) dx, s1 =
∫ b

a

g(x)h(x) dx, s2 =
∫ b

a

g2(x)h(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g(x) + A2],

where the constants A1 and A2 are given by

A1 =
Af1 – ABλ(f1s1 – f2s0)

AB(s2
1 – s0s2)λ2 – (A + B)s1λ + 1

, A2 =
Bf2 – ABλ(f2s1 – f1s2)

AB(s2
1 – s0s2)λ2 – (A + B)s1λ + 1

,

f1 =
∫ b

a

f (x)h(x) dx, f2 =
∫ b

a

f (x)g(x)h(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = g(x) +
1 – λ1As1

λ1As0
,

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that A ≠±B, where the characteristic

value λ∗ =
2

(A + B)s1
is double:

y(x) = f (x) + Cy∗(x),

where C is an arbitrary constant and

y∗(x) = g(x) –
(A – B)s1

2As0

is an eigenfunction of the equation corresponding to λ∗.
The equation has no multiple characteristic values if A = ±B.
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7. y(x) – λ

∫∫ b

a

[Ag(x) + Bg(t) + C]h(t) y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
(A + B)s1 + Cs0 ±

√
(A – B)2s2

1 + 2(A + B)Cs1s0 + C2s2
0 + 4ABs0s2

2AB(s2
1 – s0s2)

,

where

s0 =
∫ b

a

h(x) dx, s1 =
∫ b

a

g(x)h(x) dx, s2 =
∫ b

a

g2(x)h(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g(x) + A2],

where the constants A1 and A2 are given by

A1 =
Af1 – ABλ(f1s1 – f2s0)

AB(s2
1 – s0s2)λ2 – [(A + B)s1 + Cs0]λ + 1

,

A2 =
C1f1 + Bf2 – ABλ(f2s1 – f1s2)

AB(s2
1 – s0s2)λ2 – [(A + B)s1 + Cs0]λ + 1

,

f1 =
∫ b

a

f (x)h(x) dx, f2 =
∫ b

a

f (x)g(x)h(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + C̃y1(x), y1(x) = g(x) +
1 – λ1As1

λ1As0
,

where C̃ is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that (A ± B)s1 ± Cs0 =≠ 0, where

the characteristic value λ∗ =
2

(A + B)s1 + Cs0
is double:

y(x) = f (x) + C̃y∗(x),

where C̃ is an arbitrary constant and

y∗(x) = g(x) –
(A – B)s1 – Cs0

2As0

is an eigenfunction of the equation corresponding to λ∗.
The equation has no multiple characteristic values if (A ± B)s1 ± Cs0 = 0.
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8. y(x) – λ

∫∫ b

a

[A + B(x – t)h(t)]y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
A(b – a) ±

√
[A(b – a) – 2Bh1]2 + 2Bh0[A(b2 – a2) – 2Bh2]

B
{
A(b – a)[2h1 – (b + a)h0] – 2B(h2

1 – h0h2)
} ,

where

h0 =
∫ b

a

h(x) dx, h1 =
∫ b

a

xh(x) dx, h2 =
∫ b

a

x2h(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1 + A2x),

where the constants A1 and A2 are given by

A1 =
f1 – λ

[
B(f1h1 + f2h2) – 1

2 Af2(b2 – a2)
]

B
{
A(b – a)

[
h1 – 1

2 (b + a)h0
]

– B(h2
1 – h0h2)

}
λ2 + A(b – a)λ + 1

,

A2 =
f2 – λ[A(b – a)f2 – B(f1h0 + f2h1)]

B
{
A(b – a)

[
h1 – 1

2 (b + a)h0
]

– B(h2
1 – h0h2)

}
λ2 + A(b – a)λ + 1

,

f1 = A

∫ b

a

f (x) dx – B

∫ b

a

xf (x)h(x) dx, f2 = B

∫ b

a

f (x)h(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = 1 +
2 – 2λ1[A(b – a) – Bh1]
λ1[A(b2 – a2) – 2Bh2]

x,

where C is an arbitrary constant, and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that A ≠ 0 or 2Bh1 – A(b – a) ≠ 0,

where the characteristic value λ∗ =
2

A(b – a)
is double:

y(x) = f (x) + Cy∗(x),

where C is an arbitrary constant, and

y∗(x) = 1 –
A(b – a) – 2Bh1

A(b2 – a2) – 2Bh2
x

is an eigenfunction of the equation corresponding to λ∗.
The equation has no multiple characteristic values if A = 0 or 2Bh1 – A(b – a) = 0.
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9. y(x) – λ

∫∫ b

a

[A + (Bx + Ct)h(t)]y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
A(b – a) + (C + B)h1 ±

√
D

B
{
A(b – a)[2h1 – (b + a)h0] + 2C(h2

1 – h0h2)
} ,

D = [A(b – a) + (C – B)h1]2 + 2Bh0[A(b2 – a2) + 2Ch2],

where

h0 =
∫ b

a

h(x) dx, h1 =
∫ b

a

xh(x) dx, h2 =
∫ b

a

x2h(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ(A1 + A2x),

where the constants A1 and A2 are given by

A1 = ∆
–1
{
f1 – λ

[
Bf1h1 – Cf2h2 – 1

2 A(b2 – a2)f2
]}

,

A2 = ∆
–1
{
f2 – λ

[
A(b – a)f2 – Bf1h0 + Cf2h1

]}
,

∆ = B
{
A(b – a)

[
h1 – 1

2 (b + a)h0
]

+ C(h2
1 – h0h2)

}
λ2 + [A(b – a) + (B + C)h1]λ + 1,

f1 = A

∫ b

a

f (x) dx + C

∫ b

a

xf (x)h(x) dx, f2 = B

∫ b

a

f (x)h(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + C̃y1(x), y1(x) = 1 +
2 – 2λ1[A(b – a) + Ch1]
λ1[A(b2 – a2) + 2Ch2]

x,

where C̃ is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that ±A(b – a) + (B ± C)h1 ≠ 0,

where the characteristic value λ∗ =
2

A(b – a) + (B + C)h1
is double:

y(x) = f (x) + C̃y∗(x),

where C̃ is an arbitrary constant and

y∗(x) = 1 –
A(b – a) + (C – B)h1

A(b2 – a2) + 2Ch2
x

is an eigenfunction of the equation corresponding to λ∗.
The equation has no multiple characteristic values if ±A(b – a) + (B ± C)h1 = 0.
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10. y(x) – λ

∫∫ b

a

[A + B(x – t)h(x)]y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
A(b – a) ±

√
[A(b – a) + 2Bh1]2 – 4Bh0[A(b – a) + Bh2]

2B{h0[A(b – a) + Bh2] – h1[A(b – a) + Bh1]}
,

where

h0 =
∫ b

a

h(x) dx, h1 =
∫ b

a

xh(x) dx, h2 =
∫ b

a

x2h(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ
[
AE1 + (BE1x + E2)h(x)

]
,

where the constants E1 and E2 are given by

E1 = ∆
–1
[
f1 + λB(f1h1 – f2h0)

]
,

E2 = ∆
–1
{
f2 – λf2

[
A(b – a) + Bh1

]
– λf1

[
A(b – a) + Bh2

]}
,

∆ = B {h0 [A(b – a) + Bh2] – h1[A(b – a) + Bh1]} λ2 – A(b – a)λ + 1,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

xf (x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = A + Bxh(x) +
1 – λ1[A(b – a) + Bh1]

λ1h0
h(x),

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that A ≠ 0 or A(b – a) + 4Bh1 ≠ 0,

where the characteristic value λ∗ =
2

A(b – a)
is double:

y(x) = f (x) + Cy∗(x),

where C is an arbitrary constant and

y∗(x) = A + Bxh(x) –
A(b – a) + 2Bh1

2h0
h(x)

is an eigenfunction of the equation corresponding to λ∗.
The equation has no multiple characteristic values if A = 0 or A(b – a) + 4Bh1 = 0.
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11. y(x) – λ

∫∫ b

a

[A + (Bx + Ct)h(x)]y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
A(b – a) + (B + C)h1 ±

√
D

2C{h1[A(b – a) + Bh1] – h0[A(b – a) + Bh2]}
,

D = [A(b – a) + (B – C)h1]2 + 4Ch0[A(b – a) + Bh2],

where

h0 =
∫ b

a

h(x) dx, h1 =
∫ b

a

xh(x) dx, h2 =
∫ b

a

x2h(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ
[
AE1 + (BE1x + E2)h(x)

]
,

where the constants E1 and E2 are given by

E1 = ∆
–1[f1 – λC(f1h1 – f2h0)],

E2 = C∆
–1
{
f2 – λf2

[
A(b – a) + Bh1

]
– λf1

[
A(b – a) + Bh2

]}
,

∆ = C
{
h1[A(b – a) + Bh1] – h0

[
A(b – a) + Bh2

]}
λ2 – [A(b – a) + (B + C)h1]λ + 1,

f1 =
∫ b

a

f (x) dx, f2 =
∫ b

a

xf (x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + C̃y1(x), y1(x) = A + Bxh(x) +
1 – λ1[A(b – a) + Bh1]

λ1h0
h(x),

where C̃ is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that A(b – a) + (B±C)h1 ≠ 0, where

the characteristic value λ∗ =
2

A(b – a) + (B + C)h1
is double:

y(x) = f (x) + C̃y∗(x),

where C̃ is an arbitrary constant and

y∗(x) = A + Bxh(x) –
A(b – a) + (B – C)h1

2h0
h(x)

is an eigenfunction of the equation corresponding to λ∗.
The equation has no multiple characteristic values if A(b – a) + (B ± C)h1 = 0.



366 LINEAR EQUATIONS OF THE SECOND KIND WITH CONSTANT LIMITS OF INTEGRATION

12. y(x) – λ

∫∫ b

a

[g(x)g(t) + h(x)h(t)]y(t) dt = f (x).

The characteristic values of the equation:

λ1 =
s1 + s3 +

√
(s1 – s3)2 + 4s2

2

2(s1s3 – s2
2)

, λ2 =
s1 + s3 –

√
(s1 – s3)2 + 4s2

2

2(s1s3 – s2
2)

,

where

s1 =
∫ b

a

g2(x) dx, s2 =
∫ b

a

g(x)h(x) dx, s3 =
∫ b

a

h2(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g(x) + A2h(x)],

where the constants A1 and A2 are given by

A1 =
f1 – λ(f1s3 – f2s2)

(s1s3 – s2
2)λ2 – (s1 + s3)λ + 1

, A2 =
f2 – λ(f2s1 – f1s2)

(s1s3 – s2
2)λ2 – (s1 + s3)λ + 1

,

f1 =
∫ b

a

f (x)g(x) dx, f2 =
∫ b

a

f (x)h(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = g(x) + (1 – λ1s1)h(x)/(λ1s2),

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that s1 ≠±s3, where the characteristic
value λ∗ = 1/s1 is double:

y(x) = f (x) + C̃1g(x) + C̃2h(x),

where C̃1 and C̃2 are arbitrary constants.
The equation has no multiple characteristic values if s1 = ±s3.

13. y(x) – λ

∫∫ b

a

[g(x)g(t) – h(x)h(t)]y(t) dt = f (x).

The characteristic values of the equation:

λ1 =
s1 – s3 +

√
(s1 + s3)2 – 4s2

2

2(s2
2 – s1s3)

, λ2 =
s1 – s3 –

√
(s1 + s3)2 – 4s2

2

2(s2
2 – s1s3)

,

where

s1 =
∫ b

a

g2(x) dx, s2 =
∫ b

a

g(x)h(x) dx, s3 =
∫ b

a

h2(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g(x) + A2h(x)],
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where the constants A1 and A2 are given by

A1 =
f1 + λ(f1s3 – f2s2)

(s2
2 – s1s3)λ2 – (s1 – s3)λ + 1

, A2 =
–f2 + λ(f2s1 – f1s2)

(s2
2 – s1s3)λ2 – (s1 – s3)λ + 1

,

f1 =
∫ b

a

f (x)g(x) dx, f2 =
∫ b

a

f (x)h(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = g(x) +
1 – λ1s1

λ1s2
h(x),

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that s1 ≠±s3, where the characteristic

value λ∗ =
2

s1 – s3
is double:

y(x) = f (x) + Cy∗(x), y∗(x) = g(x) –
s1 + s3

2s2
h(x),

where C is an arbitrary constant and y∗(x) is an eigenfunction of the equation corresponding
to λ∗.

The equation has no multiple characteristic values if s1 = ±s3.

14. y(x) – λ

∫∫ b

a

[Ag(x)g(t) + Bh(x)h(t)]y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
As1 + Bs3 ±

√
(As1 – Bs3)2 + 4ABs2

2

2AB(s1s3 – s2
2)

,

where

s1 =
∫ b

a

g2(x) dx, s2 =
∫ b

a

g(x)h(x) dx, s3 =
∫ b

a

h2(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g(x) + A2h(x)],

where the constants A1 and A2 are given by

A1 =
Af1 – λAB(f1s3 – f2s2)

AB(s1s3 – s2
2)λ2 – (As1 + Bs3)λ + 1

, A2 =
Bf2 – λAB(f2s1 – f1s2)

AB(s1s3 – s2
2)λ2 – (As1 + Bs3)λ + 1

,

f1 =
∫ b

a

f (x)g(x) dx, f2 =
∫ b

a

f (x)h(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = g(x) +
1 – λ1As1

λ1As2
h(x),

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.
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3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that As1 ≠ ±Bs3, where the

characteristic value λ∗ =
2

As1 + Bs3
is double:

y(x) = f (x) + Cy∗(x),

where C is an arbitrary constant and

y∗(x) = g(x) –
As1 – Bs3

2As2
h(x)

is an eigenfunction of the equation corresponding to λ∗.
The equation has no multiple characteristic values if As1 = ±Bs3.

15. y(x) – λ

∫∫ b

a

[g(x)h(t) + h(x)g(t)]y(t) dt = f (x).

The characteristic values of the equation:

λ1 =
1

s1 +
√

s2s3
, λ2 =

1
s1 –

√
s2s3

,

where

s1 =
∫ b

a

h(x)g(x) dx, s2 =
∫ b

a

h2(x) dx, s3 =
∫ b

a

g2(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g(x) + A2h(x)],

where the constants A1 and A2 are given by

A1 =
f1 – λ(f1s1 – f2s2)

(s2
1 – s2s3)λ2 – 2s1λ + 1

, A2 =
f2 – λ(f2s1 – f1s3)

(s2
1 – s2s3)λ2 – 2s1λ + 1

,

f1 =
∫ b

a

f (x)h(x) dx, f2 =
∫ b

a

f (x)g(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = g(x) +

√
s3

s2
h(x),

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. Solution with λ = λ2 ≠ λ1 and f1 = f2 = 0:

y(x) = f (x) + Cy2(x), y2(x) = g(x) –
√

s3

s2
h(x),

where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding
to the characteristic value λ2.

4◦. The equation has no multiple characteristic values.
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16. y(x) – λ

∫∫ b

a

[g(x)h(t) – h(x)g(t)]y(t) dt = f (x).

The characteristic values of the equation:

λ1 =
1√

s2
1 – s2s3

, λ2 = –
1√

s2
1 – s2s3

,

where

s1 =
∫ b

a

h(x)g(x) dx, s2 =
∫ b

a

h2(x) dx, s3 =
∫ b

a

g2(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g(x) + A2h(x)],

where the constants A1 and A2 are given by

A1 =
f1 + λ(f1s1 – f2s2)
(s2s3 – s2

1)λ2 + 1
, A2 =

–f2 + λ(f2s1 – f1s3)
(s2s3 – s2

1)λ2 + 1
,

f1 =
∫ b

a

f (x)h(x) dx, f2 =
∫ b

a

f (x)g(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = g(x) +

√
s2

1 – s2s3 – s1

s2
h(x),

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. Solution with λ = λ2 ≠ λ1 and f1 = f2 = 0:

y(x) = f (x) + Cy2(x), y2(x) = g(x) –

√
s2

1 – s2s3 + s1

s2
h(x),

where C is an arbitrary constant and y2(x) is an eigenfunction of the equation corresponding
to the characteristic value λ2.

4◦. The equation has no multiple characteristic values.

17. y(x) – λ

∫∫ b

a

[Ag(x)h(t) + Bh(x)g(t)]y(t) dt = f (x).

The characteristic values of the equation:

λ1,2 =
(A + B)s1 ±

√
(A – B)2s2

1 + 4ABs2s3

2AB(s2
1 – s2s3)

,

where

s1 =
∫ b

a

h(x)g(x) dx, s2 =
∫ b

a

h2(x) dx, s3 =
∫ b

a

g2(x) dx.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g(x) + A2h(x)],
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where the constants A1 and A2 are given by

A1 =
Af1 – λAB(f1s1 – f2s2)

AB(s2
1 – s2s3)λ2 – (A + B)s1λ + 1

, A2 =
Bf2 – λAB(f2s1 – f1s3)

AB(s2
1 – s2s3)λ2 – (A + B)s1λ + 1

,

f1 =
∫ b

a

f (x)h(x) dx, f2 =
∫ b

a

f (x)g(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x), y1(x) = g(x) +
1 – λ1As1

λ1As2
h(x),

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1.

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.

4◦. Solution with λ = λ1,2 = λ∗ and f1 = f2 = 0 provided that A ≠±B, where the characteristic

value λ∗ =
2

(A + B)s1
is double:

y(x) = f (x) + Cy∗(x), y∗(x) = g(x) –
(A – B)s1

2As2
h(x).

Here C is an arbitrary constant and y∗(x) is an eigenfunction of the equation corresponding
to λ∗.

The equation has no multiple characteristic values if A = ±B.

18. y(x) – λ

∫∫ b

a

[g1(x)h1(t) + g2(x)h2(t)]y(t) dt = f (x).

The characteristic values of the equation λ1 and λ2 are given by

λ1,2 =
s11 + s22 ±

√
(s11 – s22)2 + 4s12s21

2(s11s22 – s12s21)
,

provided that the integrals

s11 =
∫ b

a

h1(x)g1(x) dx, s12 =
∫ b

a

h1(x)g2(x) dx, s21 =
∫ b

a

h2(x)g1(x) dx, s22 =
∫ b

a

h2(x)g2(x) dx

are convergent.

1◦. Solution with λ ≠ λ1,2:

y(x) = f (x) + λ[A1g1(x) + A2g2(x)],

where the constants A1 and A2 are given by

A1 =
f1 – λ(f1s22 – f2s12)

(s11s22 – s12s21)λ2 – (s11 + s22)λ + 1
, A2 =

f2 – λ(f2s11 – f1s21)
(s11s22 – s12s21)λ2 – (s11 + s22)λ + 1

,

f1 =
∫ b

a

f (x)h1(x) dx, f2 =
∫ b

a

f (x)h2(x) dx.

2◦. Solution with λ = λ1 ≠ λ2 and f1 = f2 = 0:

y(x) = f (x) + Cy1(x),

where C is an arbitrary constant and y1(x) is an eigenfunction of the equation corresponding
to the characteristic value λ1:

y1(x) = g1(x) +
1 – λ1s11

λ1s12
g2(x) = g1(x) +

λ1s21

1 – λ1s22
g2(x).

3◦. The solution with λ = λ2 ≠ λ1 and f1 = f2 = 0 is given by the formulas of item 2◦ in
which one must replace λ1 and y1(x) by λ2 and y2(x), respectively.
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4◦. Solution with λ= λ1,2 = λ∗ and f1 = f2 = 0 provided that s11 ≠±s22, where the characteristic

value λ∗ =
2

s11 + s22
is double:

y(x) = f (x) + Cy∗(x),

where C is an arbitrary constant and

y∗(x) = g1(x) –
s11 – s22

2s12
g2(x)

is an eigenfunction of the equation corresponding to λ∗.
The equation has no multiple characteristic values if s11 = ±s22.

19. y(x) – λ

∫∫ b

a

[g(x) + h(t)]m y(t) dt = f (x), m = 1, 2, . . .

This is a special case of equation 4.9.20 with gk(x) = gk(x), hk(t) = Ck
mhm–k(t), and

k = 1, . . . , m.
Solution:

y(x) = f (x) + λ

m∑
k=0

Akgk(x),

where the Ak are constants that can be determined from 4.9.20.

20. y(x) – λ

∫∫ b

a

[[ n∑
k=1

gk(x)hk(t)
]]

y(t) dt = f (x), n = 2, 3, . . .

The characteristic values of the integral equation (counting the multiplicity, we have exactly
n of them) are the roots of the algebraic equation

∆(λ) = 0,

where

∆(λ) =

∣∣∣∣∣∣∣∣∣∣

1 – λs11 –λs12 –λs13 · · · –λs1n

–λs21 1 – λs22 –λs23 · · · –λs2n

–λs31 –λs32 1 – λs33 · · · –λs3n
...

...
...

. . .
...

–λsn1 –λsn2 –λsn3 · · · 1 – λsnn

∣∣∣∣∣∣∣∣∣∣

= (–λ)n

∣∣∣∣∣∣∣∣∣∣∣

s11 – λ–1 s12 s13 · · · s1n

s21 s22 – λ–1 s23 · · · s2n

s31 s32 s33 – λ–1 · · · s3n
...

...
...

. . .
...

sn1 sn2 sn3 · · · snn – λ–1

∣∣∣∣∣∣∣∣∣∣∣
,

and the integrals

smk =
∫ b

a

hm(x)gk(x) dx; m, k = 1, . . . , n,

are assumed to be convergent.
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Solution with regular λ:

y(x) = f (x) + λ

n∑
k=1

Akgk(x),

where the constants Ak form the solution of the following system of algebraic equations:

Am – λ

n∑
k=1

smkAk = fm, fm =
∫ b

a

f (x)hm(x) dx, m = 1, . . . , n.

The Ak can be calculated by Cramer’s rule:

Ak = ∆k(λ)/∆(λ),

where

∆k(λ) =

∣∣∣∣∣∣∣
1 – λs11 · · · –λs1k–1 f1 –λs1k+1 · · · –λs1n

–λs21 · · · –λs2k–1 f2 –λs2k+1 · · · –λs2n

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
–λsn1 · · · –λsnk–1 fn –λsnk+1 · · · 1 – λsnn

∣∣∣∣∣∣∣ .
For solutions of the equation in the case in which λ is a characteristic value, see Subsec-

tion 13.2-2.
Reference: S. G. Mikhlin (1960).

4.9-2. Equations with Difference Kernel: K(x, t) = K(x – t).

21. y(x) = λ

∫∫ π

–π

K(x – t)y(t) dt, K(x) = K(–x).

Characteristic values:

λn =
1

πan
, an =

1
π

∫ π

–π

K(x) cos(nx) dx (n = 0, 1, 2, . . . ).

The corresponding eigenfunctions are

y0(x) = 1, y(1)
n (x) = cos(nx), y(2)

n (x) = sin(nx) (n = 1, 2, . . . ).

For each value λn with n ≠ 0, there are two corresponding linearly independent eigenfunctions
y(1)

n (x) and y(2)
n (x).

Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971).

22. y(x) +
∫∫ ∞

–∞
K(x – t)y(t) dt = Aeλx.

Solution:

y(x) =
A

1 + q
eλx, q =

∫ ∞

–∞
K(x)e–λx dx.

23. y(x) +
∫∫ ∞

–∞
K(x – t)y(t) dt = A cos(λx) + B sin(λx).

Solution:

y(x) =
AIc + BIs

I2
c + I2

s
cos(λx) +

BIc – AIs

I2
c + I2

s
sin(λx),

Ic = 1 +
∫ ∞

–∞
K(z) cos(λz) dz, Is =

∫ ∞

–∞
K(z) sin(λz) dz.
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24. y(x) –
∫∫ ∞

–∞
K(x – t)y(t) dt = f (x).

Here –∞ < x < ∞, f (x) ∈ L1(–∞,∞), and K(x) ∈ L1(–∞,∞).
For the integral equation to be solvable (in L1), it is necessary and sufficient that

1 –
√

2π K̃(u) ≠ 0, –∞ < u < ∞, (1)

where K̃(u) = 1√
2π

∫ ∞

–∞
K(x)e–iux dx is the Fourier transform of K(x). In this case, the

equation has a unique solution, which is given by

y(x) = f (x) +
∫ ∞

–∞
R(x – t)f (t) dt,

R(x) =
1√
2π

∫ ∞

–∞
R̃(u)eiux du, R̃(u) =

K̃(u)

1 –
√

2π K̃(u)
.

Reference: V. A. Ditkin and A. P. Prudnikov (1965).

25. y(x) –
∫∫ ∞

0
K(x – t)y(t) dt = f (x).

The Wiener–Hopf equation of the second kind.*
Here 0 ≤ x < ∞, K(x) ∈ L1(–∞,∞), f (x) ∈ L1(0,∞), and y(x) ∈ L1(0,∞).
For the integral equation to be solvable, it is necessary and sufficient that

Ω(u) = 1 – Ǩ(u) ≠ 0, –∞ < u < ∞, (1)

where Ǩ(u) =
∫ ∞

–∞
K(x)eiux dx is the Fourier transform (in the asymmetric form) of K(x).

In this case, the index of the equation can be introduced,

ν = –ind Ω(u) = –
1

2π

[
arg Ω(u)

]∞
–∞.

1◦. Solution with ν = 0:

y(x) = f (x) +
∫ ∞

0
R(x, t)f (t) dt,

where

R(x, t) = R+(x – t) + R–(t – x) +
∫ ∞

0
R+(x – s)R–(t – s) ds,

and the functions R+(x) and R–(x) satisfy the conditions R+(x) = 0 and R–(x) = 0 for x < 0
and are uniquely defined by their Fourier transforms as follows:

1 +
∫ ∞

0
R±(t)e±iut dt = exp

[
–

1
2

ln Ω(u) ∓ 1
2πi

∫ ∞

–∞

ln Ω(t)
t – u

dt

]
.

Alternatively, R+(x) and R–(x) can be obtained by constructing the solutions of the
equations

R+(x) +
∫ ∞

0
K(x – t)R+(t) dt = K(x), 0 ≤ x ≤ ∞,

R–(x) +
∫ ∞

0
K(t – x)R–(t) dt = K(–x), 0 ≤ x ≤ ∞.

* A comprehensive discussion of this equation is given in Subsection 13.10-1, Section 13.11, and Section 13.12.
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2◦. Solution with ν > 0:

y(x) = f (x) +
ν∑

m=1

Cmxm–1e–x +
∫ ∞

0
R◦(x, t)

[
f (t) +

ν∑
m=1

Cmtm–1e–t

]
dt,

where the Cm are arbitrary constants,

R◦(x, t) = R(0)
+ (x – t) + R(1)

– (t – x) +
∫ ∞

0
R(0)

+ (x – s)R(1)
– (t – s) ds,

and the functions R(0)
+ (x) and R(1)

– (x) are uniquely defined by their Fourier transforms:

1 +
∫ ∞

0
R(1)

± (t)e±iut dt =

(
u – i

u + i

)ν [
1 +
∫ ∞

0
R(0)

± (t)e±iut dt

]
,

1 +
∫ ∞

0
R(0)

± (t)e±iut dt = exp

[
–

1
2

ln Ω
◦(u) ∓ 1

2πi

∫ ∞

–∞

ln Ω
◦(t)

t – u
dt

]
,

Ω
◦(u)(u + i)ν = Ω(u)(u – i)ν .

3◦. For ν < 0, the solution exists only if the conditions∫ ∞

0
f (x)ψm(x) dx = 0, m = 1, 2, . . . , –ν,

are satisfied. Here ψ1(x), . . . , ψν (x) is the system of linearly independent solutions of the
transposed homogeneous equation

ψ(x) –
∫ ∞

0
K(t – x)ψ(t) dt = 0.

Then

y(x) = f (x) +
∫ ∞

0
R∗(x, t)f (t) dt,

where

R∗(x, t) = R(1)
+ (x – t) + R(0)

– (t – x) +
∫ ∞

0
R(1)

+ (x – s)R(0)
– (t – s) ds,

and the functions R(1)
+ (x) and R(0)

– (x) are uniquely defined in item 2◦ by their Fourier trans-
forms.

References: V. I. Smirnov (1974), F. D. Gakhov and Yu. I. Cherskii (1978), I. M. Vinogradov (1979).

4.9-3. Other Equations of the Form y(x) +
∫ b

a K(x, t)y(t) dt = F (x).

26. y(x) –
∫∫ ∞

–∞
K(x + t)y(t) dt = f (x).

The Fourier transform is used to solve this equation.
Solution:

y(x) =
1√
2π

∫ ∞

–∞

f̃ (u) +
√

2π f̃ (–u)K̃(u)

1 –
√

2π K̃(u)K̃(–u)
eiux du,

where

f̃ (u) =
1√
2π

∫ ∞

–∞
f (x)e–iux dx, K̃(u) =

1√
2π

∫ ∞

–∞
K(x)e–iux dx.

Reference: V. A. Ditkin and A. P. Prudnikov (1965).
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27. y(x) +
∫∫ ∞

–∞
eβtK(x + t)y(t) dt = Aeλx.

Solution:

y(x) =
eλx – k(λ)e–(β+λ)x

1 – k(λ)k(–β – λ)
, k(λ) =

∫ ∞

–∞
K(x)e(λ+β)x dx.

28. y(x) +
∫∫ ∞

–∞
[eβtK(x + t) + M (x – t)]y(t) dt = Aeλx.

Solution:

y(x) = A
Ik(λ)epx – [1 + Im(p)]eλx

Ik(λ)Ik(p) – [1 + Im(λ)][1 + Im(p)]
, p = –λ – β,

where

Ik(λ) =
∫ ∞

–∞
K(z)e(β+λ)z dz, Im(λ) =

∫ ∞

–∞
M (z)e–λz dz.

29. y(x) –
∫∫ ∞

0
K(xt)y(t) dt = f (x).

The solution can be obtained with the aid of the inverse Mellin transform:

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̃ (s) + K̃(s)f̃ (1 – s)

1 – K̃(s)K̃(1 – s)
x–s ds,

where f̃ and K̃ stand for the Mellin transforms of the right-hand side and of the kernel of the
integral equation,

f̃ (s) =
∫ ∞

0
f (x)xs–1 dx, K̃(s) =

∫ ∞

0
K(x)xs–1 dx.

Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971).

30. y(x) –
∫∫ ∞

0
K(xt)tβy(t) dt = Axλ.

Solution:

y(x) = A
xλ + Iβ+λx–β–λ–1

1 – Iβ+λI–λ–1
, Iµ =

∫ ∞

0
K(ξ)ξµ dξ.

It is assumed that all improper integrals are convergent.

31. y(x) –
∫∫ ∞

0
K(xt)tβy(t) dt = f (x).

The solution can be obtained with the aid of the inverse Mellin transform as follows:

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̃ (s) + K̃(s)f̃ (1 + β – s)

1 – K̃(s)K̃(1 + β – s)
x–s ds,

where f̃ and K̃ stand for the Mellin transforms of the right-hand side and of the kernel of the
integral equation,

f̃ (s) =
∫ ∞

0
f (x)xs–1 dx, K̃(s) =

∫ ∞

0
K(x)xs–1 dx.
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32. y(x) –
∫∫ ∞

0
g(xt)xλtµy(t) dt = f (x).

This equation can be rewritten in the form of equation 4.9.31 by setting K(z) = zλg(z) and
β = µ – λ.

33. y(x) –
∫∫ ∞

0

1

t
K
((x

t

))
y(t) dt = 0.

Eigenfunctions of this integral equation are determined by the roots of the following tran-
scendental (algebraic) equation for the parameter λ:

∫ ∞

0
K
( 1

z

)
zλ–1 dz = 1. (1)

1◦. For a real simple root λn of equation (1), there is a corresponding eigenfunction

yn(x) = xλn .

2◦. For a real root λn of multiplicity r, there are corresponding r eigenfunctions

yn1(x) = xλn , yn2(x) = xλn ln x, . . . , ynr(x) = xλn lnr–1 x.

3◦. For a complex simple root λn = αn + iβn of equation (1), there is a corresponding pair
of eigenfunctions

y(1)
n (x) = xαn cos(βn ln x), y(2)

n (x) = xαn sin(βn ln x).

4◦. For a complex root λn = αn+iβn of multiplicity r, there are correspondingr eigenfunction
pairs

y(1)
n1(x) = xαn cos(βn ln x),

y(1)
n2(x) = xαn ln x cos(βn ln x),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(1)
nr(x) = xαn lnr–1 x cos(βn ln x),

y(2)
n1(x) = xαn sin(βn ln x),

y(2)
n2(x) = xαn ln x sin(βn ln x),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(2)
nr(x) = xαn lnr–1 x sin(βn ln x).

The general solution is the linear combination (with arbitrary constants) of the eigenfunc-
tions of the homogeneous integral equation.

34. y(x) –
∫∫ ∞

0

1

t
K
((x

t

))
y(t) dt = Axb.

A solution:

y(x) =
A

B
xb, B = 1 –

∫ ∞

0
K
( 1

ξ

)
ξb–1 dξ.

It is assumed that the improper integral is convergent and B ≠ 0. The general solution of
the integral equations is the sum of the above solution and the solution of the homogeneous
equation 4.9.33.
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35. y(x) –
∫∫ ∞

0

1

t
K
((x

t

))
y(t) dt = f (x).

The solution can be obtained with the aid of the inverse Mellin transform:

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̃ (s)

1 – K̃(s)
x–s ds,

where f̃ and K̃ stand for the Mellin transforms of the right-hand side and the kernel of the
integral equation,

f̃ (s) =
∫ ∞

0
f (x)xs–1 dx, K̃(s) =

∫ ∞

0
K(x)xs–1 dx.

Example. For f (x) = Ae–λx and K(x) = 1
2 e–x, the solution of the integral equation has the form

y(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
4A

(3 – 2C)(λx)3
for λx > 1,

–2A
∞∑
k=1

1

(λx)skψ(sk)
for λx < 1.

Here C = 0.5772 . . . is the Euler constant, ψ(z) = [ln Γ(z)]′z is the logarithmic derivative of the gamma function,
and the sk are the negative roots of the transcendental equation Γ(sk) = 2, where Γ(z) is the gamma function.

Reference: M. L. Krasnov, A. I. Kisilev, and G. I. Makarenko (1971).

36. y(x) +
∫∫ b

a

|x – t|g(t)y(t) dt = f (x), a ≤ x ≤ b.

1◦. Let us remove the modulus in the integrand,

y(x) +
∫ x

a

(x – t)g(t)y(t) dt +
∫ b

x

(t – x)g(t)y(t) dt = f (x). (1)

Differentiating (1) with respect to x yields

y′
x(x) +

∫ x

a

g(t)y(t) dt –
∫ b

x

g(t)y(t) dt = f ′
x(x). (2)

Differentiating (2), we arrive at a second-order ordinary differential equation for y = y(x),

y′′
xx + 2g(x)y = f ′′

xx(x). (3)

2◦. Let us derive the boundary conditions for equation (3). We assume that the limits of
integration satisfy the conditions –∞ < a < b < ∞. By setting x = a and x = b in (1), we
obtain two consequences

y(a) +
∫ b

a

(t – a)g(t)y(t) dt = f (a),

y(b) +
∫ b

a

(b – t)g(t)y(t) dt = f (b).

(4)

Let us express g(x)y from (3) via y′′
xx and f ′′

xx and substitute the result into (4). Integrating
by parts yields the desired boundary conditions for y(x),

y(a) + y(b) + (b – a)[f ′
x(b) – y′

x(b)] = f (a) + f (b),

y(a) + y(b) + (a – b)[f ′
x(a) – y′

x(a)] = f (a) + f (b).
(5)

Note a useful consequence of (5),

y′
x(a) + y′

x(b) = f ′
x(a) + f ′

x(b), (6)

which can be used together with one of conditions (5).
Equation (3) under the boundary conditions (5) determines the solution of the original

integral equation. Conditions (5) make it possible to calculate the constants of integration
that occur in the solution of the differential equation (3).
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37. y(x) +
∫∫ b

a

eλ|x–t|g(t)y(t) dt = f (x), a ≤ x ≤ b.

1◦. Let us remove the modulus in the integrand:

y(x) +
∫ x

a

eλ(x–t)g(t)y(t) dt +
∫ b

x

eλ(t–x)g(t)y(t) dt = f (x). (1)

Differentiating (1) with respect to x twice yields

y′′
xx(x) + 2λg(x)y(x) + λ2

∫ x

a

eλ(x–t)g(t)y(t) dt + λ2
∫ b

x

eλ(t–x)g(t)y(t) dt = f ′′
xx(x). (2)

Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary
differential equation for y = y(x),

y′′
xx + 2λg(x)y – λ2y = f ′′

xx(x) – λ2f (x). (3)

2◦. Let us derive the boundary conditions for equation (3). We assume that the limits of
integration satisfy the conditions –∞ < a < b < ∞. By setting x = a and x = b in (1), we
obtain two consequences

y(a) + e–λa

∫ b

a

eλtg(t)y(t) dt = f (a),

y(b) + eλb

∫ b

a

e–λtg(t)y(t) dt = f (b).

(4)

Let us express g(x)y from (3) via y′′
xx and f ′′

xx and substitute the result into (4). Integrating
by parts yields the conditions

eλbϕ′
x(b) – eλaϕ′

x(a) = λeλaϕ(a) + λeλbϕ(b),

e–λbϕ′
x(b) – e–λaϕ′

x(a) = λe–λaϕ(a) + λe–λbϕ(b),
ϕ(x) = y(x) – f (x).

Finally, after some manipulations, we arrive at the desired boundary conditions for y(x):

ϕ′
x(a) + λϕ(a) = 0, ϕ′

x(b) – λϕ(b) = 0; ϕ(x) = y(x) – f (x). (5)

Equation (3) under the boundary conditions (5) determines the solution of the original
integral equation. Conditions (5) make it possible to calculate the constants of integration
that occur in solving the differential equation (3).

38. y(x) +
∫∫ b

a

sinh(λ|x – t|)g(t)y(t) dt = f (x), a ≤ x ≤ b.

1◦. Let us remove the modulus in the integrand:

y(x) +
∫ x

a

sinh[λ(x – t)]g(t)y(t) dt +
∫ b

x

sinh[λ(t – x)]g(t)y(t) dt = f (x). (1)

Differentiating (1) with respect to x twice yields

y′′
xx(x) + 2λg(x)y(x) + λ2

∫ x

a

sinh[λ(x – t)]g(t)y(t) dt

+ λ2
∫ b

x

sinh[λ(t – x)]g(t)y(t) dt = f ′′
xx(x). (2)
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Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary
differential equation for y = y(x),

y′′
xx + 2λg(x)y – λ2y = f ′′

xx(x) – λ2f (x). (3)

2◦. Let us derive the boundary conditions for equation (3). We assume that the limits of
integration satisfy the conditions –∞ < a < b < ∞. By setting x = a and x = b in (1), we
obtain two corollaries

y(a) +
∫ b

a

sinh[λ(t – a)]g(t)y(t) dt = f (a),

y(b) +
∫ b

a

sinh[λ(b – t)]g(t)y(t) dt = f (b).

(4)

Let us express g(x)y from (3) via y′′
xx and f ′′

xx and substitute the result into (4). Integrating
by parts yields the desired boundary conditions for y(x),

sinh[λ(b – a)]ϕ′
x(b) – λ cosh[λ(b – a)]ϕ(b) = λϕ(a),

sinh[λ(b – a)]ϕ′
x(a) + λ cosh[λ(b – a)]ϕ(a) = –λϕ(b); ϕ(x) = y(x) – f (x).

(5)

Equation (3) under the boundary conditions (5) determines the solution of the original
integral equation. Conditions (5) make it possible to calculate the constants of integration
that occur in solving the differential equation (3).

39. y(x) +
∫∫ b

a

sin(λ|x – t|)g(t)y(t) dt = f (x), a ≤ x ≤ b.

1◦. Let us remove the modulus in the integrand:

y(x) +
∫ x

a

sin[λ(x – t)]g(t)y(t) dt +
∫ b

x

sin[λ(t – x)]g(t)y(t) dt = f (x). (1)

Differentiating (1) with respect to x twice yields

y′′
xx(x) + 2λg(x)y(x) – λ2

∫ x

a

sin[λ(x – t)]g(t)y(t) dt

– λ2
∫ b

x

sin[λ(t – x)]g(t)y(t) dt = f ′′
xx(x). (2)

Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary
differential equation for y = y(x),

y′′
xx + 2λg(x)y + λ2y = f ′′

xx(x) + λ2f (x). (3)

2◦. Let us derive the boundary conditions for equation (3). We assume that the limits of
integration satisfy the conditions –∞ < a < b < ∞. By setting x = a and x = b in (1), we
obtain two consequences

y(a) +
∫ b

a

sin[λ(t – a)]g(t)y(t) dt = f (a),

y(b) +
∫ b

a

sin[λ(b – t)]g(t)y(t) dt = f (b).

(4)

Let us express g(x)y from (3) via y′′
xx and f ′′

xx and substitute the result into (4). Integrating
by parts yields the desired boundary conditions for y(x),

sin[λ(b – a)]ϕ′
x(b) – λ cos[λ(b – a)]ϕ(b) = λϕ(a),

sin[λ(b – a)]ϕ′
x(a) + λ cos[λ(b – a)]ϕ(a) = –λϕ(b); ϕ(x) = y(x) – f (x).

(5)

Equation (3) under the boundary conditions (5) determines the solution of the original
integral equation. Conditions (5) make it possible to calculate the constants of integration
that occur in solving the differential equation (3).
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40. y(x) +
∫∫ ∞

–∞

[[
λe–|x–t| + ϕ(x)ψ(t)]y(t) dt = f (x).

The solutions can be obtained by the methods described in Subsection 13.2-3; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 4.2.14.

Solution:
y(x) = Yf (x) + AYϕ(x),

where

Yf (x) = f (x) –
λ√

1 + 2λ

∫ ∞

–∞
exp
(
–
√

1 + 2λ |x – t|
)
f (t) dt,

Yϕ(x) = ϕ(x) –
λ√

1 + 2λ

∫ ∞

–∞
exp
(
–
√

1 + 2λ |x – t|
)
ϕ(t) dt,

A = –

∫ ∞

0
ψ(t)Yf (t) dt

1 +
∫ ∞

0
ψ(t)Yϕ(t) dt

, λ > –
1
2

.

41. y(x) –
∫∫ ∞

0
[λ sin(xt) + ϕ(x)ψ(t)]y(t) dt = f (x).

The solution can be obtained by the methods described in Subsection 13.2-3; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 4.5.20.

Solution:
y(x) = Yf (x) + AYϕ(x),

where

Yf (x) =
f (x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
sin(xt)f (t) dt,

Yϕ(x) =
ϕ(x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
sin(xt)ϕ(t) dt,

A =

∫ ∞

0
ψ(t)Yf (t) dt

1 –
∫ ∞

0
ψ(t)Yϕ(t) dt

, λ ≠ ±
√

2
π

.

42. y(x) –
∫∫ ∞

0
[λ cos(xt) + ϕ(x)ψ(t)]y(t) dt = f (x).

The solution can be obtained by the methods described in Subsection 13.2-3; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 4.5.6.

Solution:
y(x) = Yf (x) + AYϕ(x),

where

Yf (x) =
f (x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
cos(xt)f (t) dt,

Yϕ(x) =
ϕ(x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
cos(xt)ϕ(t) dt,

A =

∫ ∞

0
ψ(t)Yf (t) dt

1 –
∫ ∞

0
ψ(t)Yϕ(t) dt

, λ ≠ ±
√

2
π

.
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43. y(x) +
∫∫ ∞

0
[λtJν (xt) + ϕ(x)ψ(t)]y(t) dt = f (x), ν > –1.

Here Jν (z) is the Bessel function of the first kind. The solution can be obtained by the methods
described in Subsection 13.2-3; it must be taken into account that the truncated equation, with
ϕ(x) = 0, coincides with equation 4.8.4.

Solution:
y(x) = Yf (x) + AYϕ(x),

where

Yf (x) =
f (x)

1 – λ2 –
λ

1 – λ2

∫ ∞

0
tJν(xt)f (t) dt,

Yϕ(x) =
ϕ(x)

1 – λ2
–

λ

1 – λ2

∫ ∞

0
tJν(xt)ϕ(t) dt,

A = –

∫ ∞

0
ψ(t)Yf (t) dt

1 +
∫ ∞

0
ψ(t)Yϕ(t) dt

, λ ≠ ±1.

4.9-4. Equations of the Form y(x) +
∫ b

a
K(x, t)y(· · ·) dt = F (x).

44. y(x) +
∫∫ b

a

f (t)y(x – t) dt = 0.

Eigenfunctions of this integral equation* are determined by the roots of the following char-
acteristic (transcendental or algebraic) equation for µ:∫ b

a

f (t) exp(–µt) dt = –1. (1)

1◦. For a real (simple) root µk of equation (1), there is a corresponding eigenfunction

yk(x) = exp(µkx).

2◦. For a real root µk of multiplicity r, there are corresponding r eigenfunctions

yk1(x) = exp(µkx), yk2(x) = x exp(µkx), . . . , ykr(x) = xr–1 exp(µkx).

3◦. For a complex (simple) root µk = αk + iβk of equation (1), there is a corresponding pair
of eigenfunctions

y(1)
k (x) = exp(αkx) cos(βkx), y(2)

k (x) = exp(αkx) sin(βkx).

4◦. For a complex root µk = αk + iβk of multiplicity r, there are corresponding r pairs of
eigenfunctions

y(1)
k1 (x) = exp(αkx) cos(βkx),

y(1)
k2 (x) = x exp(αkx) cos(βkx),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(1)
kr(x) = xr–1 exp(αkx) cos(βkx),

y(2)
k1 (x) = exp(αkx) sin(βkx),

y(2)
k2 (x) = x exp(αkx) sin(βkx),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(2)
kr(x) = xr–1 exp(αkx) sin(βkx).

The general solution is the linear combination (with arbitrary constants) of the eigenfunc-
tions of the homogeneous integral equation.

* In the equations below that contain y(x – t) in the integrand, the arguments can have, for example, the domain
(a) –∞ < x < ∞, –∞ < t < ∞ for a = –∞ and b = ∞ or (b) a ≤ t ≤ b, –∞ ≤ x < ∞, for a and b such that –∞ < a < b < ∞.
Case (b) is a special case of (a) if f (t) is nonzero only on the interval a ≤ t ≤ b.
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� For equations 4.9.45–4.9.50, only particular solutions are given. To obtain the general solution,
one must add the particular solution to the general solution of the corresponding homogeneous
equation 4.9.44.

45. y(x) +
∫∫ b

a

f (t)y(x – t) dt = Ax + B.

A solution:
y(x) = px + q,

where the coefficients p and q are given by

p =
A

1 + I0
, q =

AI1

(1 + I0)2
+

B

1 + I0
, I0 =

∫ b

a

f (t) dt, I1 =
∫ b

a

tf (t) dt.

46. y(x) +
∫∫ b

a

f (t)y(x – t) dt = Aeλx.

A solution:

y(x) =
A

B
eλx, B = 1 +

∫ b

a

f (t) exp(–λt) dt.

The general solution of the integral equation is the sum of the specified particular solution
and the general solution of the homogeneous equation 4.9.44.

47. y(x) +
∫∫ b

a

f (t)y(x – t) dt = A sin(λx).

A solution:

y(x) =
AIc

I2
c + I2

s
sin(λx) +

AIs

I2
c + I2

s
cos(λx),

where the coefficients Ic and Is are given by

Ic = 1 +
∫ b

a

f (t) cos(λt) dt, Is =
∫ b

a

f (t) sin(λt) dt.

48. y(x) +
∫∫ b

a

f (t)y(x – t) dt = A cos(λx).

A solution:

y(x) = –
AIs

I2
c + I2

s
sin(λx) +

AIc

I2
c + I2

s
cos(λx),

where the coefficients Ic and Is are given by

Ic = 1 +
∫ b

a

f (t) cos(λt) dt, Is =
∫ b

a

f (t) sin(λt) dt.

49. y(x) +
∫∫ b

a

f (t)y(x – t) dt = eµx(A sin λx + B cos λx).

A solution:
y(x) = eµx(p sin λx + q cos λx),

where the coefficients p and q are given by

p =
AIc – BIs

I2
c + I2

s
, q =

AIs + BIc

I2
c + I2

s
,

Ic = 1 +
∫ b

a

f (t)e–µt cos(λt) dt, Is =
∫ b

a

f (t)e–µt sin(λt) dt.
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50. y(x) +
∫∫ b

a

f (t)y(x – t) dt = g(x).

1◦. For g(x) =
n∑

k=1
Ak exp(λkx), the equation has a solution

y(x) =
n∑

k=1

Ak

Bk
exp(λkx), Bk = 1 +

∫ b

a

f (t) exp(–λkt) dt.

2◦. For polynomial right-hand side of the equation, g(x) =
n∑

k=0
Akxk , a solution has the form

y(x) =
n∑

k=0

Bkxk ,

where the constants Bk can be found by the method of undetermined coefficients.

3◦. For g(x) = eλx
n∑

k=0
Akxk, a solution of the equation has the form

y(x) = eλx
n∑

k=0

Bkxk ,

where the constants Bk can be found by the method of undetermined coefficients.

4◦. For g(x) =
n∑

k=1
Ak cos(λkx), a solution of the equation has the form

y(x) =
n∑

k=1

Bk cos(λkx) +
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

5◦. For g(x) =
n∑

k=1
Ak sin(λkx), a solution of the equation has the form

y(x) =
n∑

k=1

Bk cos(λkx) +
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

6◦. For g(x) = cos(λx)
n∑

k=0
Akxk, a solution of the equation has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck can be found by the method of undetermined coefficients.

7◦. For g(x) = sin(λx)
n∑

k=0
Akxk, a solution of the equation has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck can be found by the method of undetermined coefficients.
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8◦. For g(x) = eµx
n∑

k=1
Ak cos(λkx), a solution of the equation has the form

y(x) = eµx
n∑

k=1

Bk cos(λkx) + eµx
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

9◦. For g(x) = eµx
n∑

k=1
Ak sin(λkx), a solution of the equation has the form

y(x) = eµx
n∑

k=1

Bk cos(λkx) + eµx
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

10◦. For g(x) = cos(λx)
n∑

k=1
Ak exp(µkx), a solution of the equation has the form

y(x) = cos(λx)
n∑

k=1

Bk exp(µkx) + sin(λx)
n∑

k=1

Bk exp(µkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

11◦. For g(x) = sin(λx)
n∑

k=1
Ak exp(µkx), a solution of the equation has the form

y(x) = cos(λx)
n∑

k=1

Bk exp(µkx) + sin(λx)
n∑

k=1

Bk exp(µkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

51. y(x) +
∫∫ b

a

f (t)y(x + βt) dt = Ax + B.

A solution:*
y(x) = px + q,

where

p =
A

1 + I0
, q =

B

1 + I0
–

AI1β

(1 + I0)2
, I0 =

∫ b

a

f (t) dt, I1 =
∫ b

a

tf (t) dt.

52. y(x) +
∫∫ b

a

f (t)y(x + βt) dt = Aeλx.

A solution:

y(x) =
A

B
eλx, B = 1 +

∫ b

a

f (t) exp(λβt) dt.

* In the equations below that contain y(x + βt), β > 0, in the integrand, the arguments can have, for example, the domain
(a) 0 ≤ x < ∞, 0 ≤ t < ∞ for a = 0 and b = ∞ or (b) a ≤ t ≤ b, 0 ≤ x < ∞ for a and b such that 0 ≤ a < b < ∞. Case (b) is
a special case of (a) if f (t) is nonzero only on the interval a ≤ t ≤ b.
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53. y(x) +
∫∫ b

a

f (t)y(x + βt) dt = A sin λx + B cos λx.

A solution:
y(x) = p sin λx + q cos λx,

where the coefficients p and q are given by

p =
AIc + BIs

I2
c + I2

s
, q =

BIc – AIs

I2
c + I2

s
,

Ic = 1 +
∫ b

a

f (t) cos(λβt) dt, Is =
∫ b

a

f (t) sin(λβt) dt.

54. y(x) +
∫∫ b

a

f (t)y(x + βt) dt = g(x).

1◦. For g(x) =
n∑

k=1
Ak exp(λkx), a solution of the equation has the form

y(x) =
n∑

k=1

Ak

Bk
exp(λkx), Bk = 1 +

∫ b

a

f (t) exp(βλkt) dt.

2◦. For polynomial right-hand side of the equation, g(x) =
n∑

k=0
Akxk , a solution has the form

y(x) =
n∑

k=0

Bkxk ,

where the constants Bk can be found by the method of undetermined coefficients.

3◦. For g(x) = eλx
n∑

k=0
Akxk, a solution of the equation has the form

y(x) = eλx
n∑

k=0

Bkxk ,

where the constants Bk can be found by the method of undetermined coefficients.

4◦. For g(x) =
n∑

k=1
Ak cos(λkx), a solution of the equation has the form

y(x) =
n∑

k=1

Bk cos(λkx) +
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

5◦. For g(x) =
n∑

k=1
Ak sin(λkx), a solution of the equation has the form

y(x) =
n∑

k=1

Bk cos(λkx) +
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.
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6◦. For g(x) = cos(λx)
n∑

k=0
Akxk, a solution of the equation has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck can be found by the method of undetermined coefficients.

7◦. For g(x) = sin(λx)
n∑

k=0
Akxk, a solution of the equation has the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck can be found by the method of undetermined coefficients.

8◦. For g(x) = eµx
n∑

k=1
Ak cos(λkx), a solution of the equation has the form

y(x) = eµx
n∑

k=1

Bk cos(λkx) + eµx
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

9◦. For g(x) = eµx
n∑

k=1
Ak sin(λkx), a solution of the equation has the form

y(x) = eµx
n∑

k=1

Bk cos(λkx) + eµx
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

10◦. For g(x) = cos(λx)
n∑

k=1
Ak exp(µkx), a solution of the equation has the form

y(x) = cos(λx)
n∑

k=1

Bk exp(µkx) + sin(λx)
n∑

k=1

Bk exp(µkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

11◦. For g(x) = sin(λx)
n∑

k=1
Ak exp(µkx), a solution of the equation has the form

y(x) = cos(λx)
n∑

k=1

Bk exp(µkx) + sin(λx)
n∑

k=1

Bk exp(µkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.
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55. y(x) +
∫∫ b

a

f (t)y(xt) dt = 0.

Eigenfunctions of this integral equation* are determined by the roots of the following tran-
scendental (or algebraic) equation for λ:∫ b

a

f (t)tλ dt = –1. (1)

1◦. For a real (simple) root λk of equation (1), there is a corresponding eigenfunction

yk(x) = xλk .

2◦. For a real root λk of multiplicity r, there are corresponding r eigenfunctions

yk1(x) = xλk , yk2(x) = xλk ln x, . . . , ykr(x) = xλk lnr–1 x.

3◦. For a complex (simple) root λk = αk + iβk of equation (1), there is a corresponding pair
of eigenfunctions

y(1)
k (x) = xαk cos(βk ln x), y(2)

k (x) = xαk sin(βk ln x).

4◦. For a complex root λk = αk + iβk of multiplicity r, there are corresponding r pairs of
eigenfunctions

y(1)
k1 (x) = xαk cos(βk ln x),

y(1)
k2 (x) = xαk ln x cos(βk ln x),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(1)
kr(x) = xαk lnr–1 x cos(βk ln x),

y(2)
k1 (x) = xαk sin(βk ln x),

y(2)
k2 (x) = xαk ln x sin(βk ln x),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(2)
kr(x) = xαk lnr–1 x sin(βk ln x).

The general solution is the linear combination (with arbitrary constants) of the eigenfunc-
tions of the homogeneous integral equation.

� For equations 4.9.56–4.9.62, only particular solutions are given. To obtain the general solution,
one must add the particular solution to the general solution of the corresponding homogeneous
equation 4.9.55.

56. y(x) +
∫∫ b

a

f (t)y(xt) dt = Ax + B.

A solution:

y(x) =
A

1 + I1
x +

B

1 + I0
, I0 =

∫ b

a

f (t) dt, I1 =
∫ b

a

tf (t) dt.

57. y(x) +
∫∫ b

a

f (t)y(xt) dt = Axβ.

A solution:

y(x) =
A

B
xβ , B = 1 +

∫ b

a

f (t)tβ dt.

* In the equations below that contain y(xt) in the integrand, the arguments can have, for example, the domain (a) 0 ≤ x ≤ 1,
0 ≤ t ≤ 1 for a = 0 and b = 1, (b) 1 ≤ x < ∞, 1 ≤ t < ∞ for a = 1 and b = ∞, (c) 0 ≤ x < ∞, 0 ≤ t < ∞ for a = 0 and b = ∞,
or (d) a ≤ t ≤ b, 0 ≤ x < ∞ for a and b such that 0 ≤ a < b ≤ ∞. Case (d) is a special case of (c) if f (t) is nonzero only on
the interval a ≤ t ≤ b.
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58. y(x) +
∫∫ b

a

f (t)y(xt) dt = A ln x + B.

A solution:
y(x) = p ln x + q,

where

p =
A

1 + I0
, q =

B

1 + I0
–

AIl

(1 + I0)2
, I0 =

∫ b

a

f (t) dt, Il =
∫ b

a

f (t) ln t dt.

59. y(x) +
∫∫ b

a

f (t)y(xt) dt = Axβ ln x.

A solution:
y(x) = pxβ ln x + qxβ ,

where

p =
A

1 + I1
, q = –

AI2

(1 + I1)2
, I1 =

∫ b

a

f (t)tβdt, I2 =
∫ b

a

f (t)tβ ln t dt.

60. y(x) +
∫∫ b

a

f (t)y(xt) dt = A cos(ln x).

A solution:

y(x) =
AIc

I2
c + I2

s
cos(ln x) +

AIs

I2
c + I2

s
sin(ln x),

Ic = 1 +
∫ b

a

f (t) cos(ln t) dt, Is =
∫ b

a

f (t) sin(ln t) dt.

61. y(x) +
∫∫ b

a

f (t)y(xt) dt = A sin(ln x).

A solution:

y(x) = –
AIs

I2
c + I2

s
cos(ln x) +

AIc

I2
c + I2

s
sin(ln x),

Ic = 1 +
∫ b

a

f (t) cos(ln t) dt, Is =
∫ b

a

f (t) sin(ln t) dt.

62. y(x) +
∫∫ b

a

f (t)y(xt) dt = Axβ cos(λ ln x) + Bxβ sin(λ ln x).

A solution:
y(x) = pxβ cos(λ ln x) + qxβ sin(λ ln x),

where

p =
AIc – BIs

I2
c + I2

s
, q =

AIs + BIc

I2
c + I2

s
,

Ic = 1 +
∫ b

a

f (t)tβ cos(λ ln t) dt, Is =
∫ b

a

f (t)tβ sin(λ ln t) dt.
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63. y(x) +
∫∫ b

a

f (t)y(ξ) dt = 0, ξ = xϕ(t).

Eigenfunctions of this integral equation are determined by the roots of the following tran-
scendental (or algebraic) equation for λ:∫ b

a

f (t)[ϕ(t)]λ dt = –1. (1)

1◦. For a real (simple) root λk of equation (1), there is a corresponding eigenfunction

yk(x) = xλk .

2◦. For a real root λk of multiplicity r, there are corresponding r eigenfunctions

yk1(x) = xλk , yk2(x) = xλk ln x, . . . , ykr(x) = xλk lnr–1 x.

3◦. For a complex (simple) root λk = αk + iβk of equation (1), there is a corresponding pair
of eigenfunctions

y(1)
k (x) = xαk cos(βk ln x), y(2)

k (x) = xαk sin(βk ln x).

4◦. For a complex root λk = αk + iβk of multiplicity r, there are corresponding r pairs of
eigenfunctions

y(1)
k1 (x) = xαk cos(βk ln x),

y(1)
k2 (x) = xαk ln x cos(βk ln x),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(1)
kr(x) = xαk lnr–1 x cos(βk ln x),

y(2)
k1 (x) = xαk sin(βk ln x),

y(2)
k2 (x) = xαk ln x sin(βk ln x),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

y(2)
kr(x) = xαk lnr–1 x sin(βk ln x).

The general solution is the linear combination (with arbitrary constants) of the eigenfunc-
tions of the homogeneous integral equation.

64. y(x) +
∫∫ b

a

f (t)y(ξ) dt = Axβ, ξ = xϕ(t).

A solution:

y(x) =
A

B
xβ , B = 1 +

∫ b

a

f (t)[ϕ(t)]βdt.

It is assumed that B ≠ 0. A linear combination of eigenfunctions of the corresponding
homogeneous equation (see 4.9.63) can be added to this solution.

65. y(x) +
∫∫ b

a

f (t)y(ξ) dt = g(x), ξ = xϕ(t).

1◦. For g(x) =
n∑

k=0
Akxk, a solution of the equation has the form

y(x) =
n∑

k=0

Ak

Bk
xk, Bk = 1 +

∫ b

a

f (t)[ϕ(t)]kdt. (1)

2◦. For g(x) = ln x
n∑

k=0
Akxk, a solution has the form

y(x) = ln x

n∑
k=0

Bkxk +
n∑

k=0

Ckxk , (2)

where the constants Bk and Ck can be found by the method of undetermined coefficients.
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3◦. For g(x) =
n∑

k=0
Ak(ln x)k, a solution of the equation has the form

y(x) =
n∑

k=0

Bk(ln x)k, (3)

where the constants Bk can be found by the method of undetermined coefficients.

4◦. For g(x) =
n∑

k=1
Ak cos(λk ln x), a solution of the equation has the form

y(x) =
n∑

k=1

Bk cos(λk ln x) +
n∑

k=1

Ck sin(λk ln x), (4)

where the constants Bk and Ck can be found by the method of undetermined coefficients.

5◦. For g(x) =
n∑

k=1
Ak sin(λk ln x), a solution of the equation has the form

y(x) =
n∑

k=1

Bk cos(λk ln x) +
n∑

k=1

Ck sin(λk ln x), (5)

where the constants Bk and Ck can be found by the method of undetermined coefficients.

Remark. A linear combination of eigenfunctions of the corresponding homogeneous
equation (see 4.9.63) can be added to solutions (1)–(5).

4.10. Some Formulas and Transformations
Let the solution of the integral equation

y(x) +
∫ b

a

K(x, t)y(t) dt = f (x) (1)

have the form

y(x) = f (x) +
∫ b

a

R(x, t)f (t) dt. (2)

Then the solution of the more complicated integral equation

y(x) +
∫ b

a

K(x, t)
g(x)
g(t)

y(t) dt = f (x) (3)

has the form

y(x) = f (x) +
∫ b

a

R(x, t)
g(x)
g(t)

f (t) dt. (4)

Below are formulas for the solutions of integral equations of the form (3) for some specific func-
tions g(x). In all cases, it is assumed that the solution of equation (1) is known and is given
by (2).



4.10. SOME FORMULAS AND TRANSFORMATIONS 391

1◦. The solution of the equation

y(x) +
∫ b

a

K(x, t)(x/t)λy(t) dt = f (x)

has the form

y(x) = f (x) +
∫ b

a

R(x, t)(x/t)λf (t) dt.

2◦. The solution of the equation

y(x) +
∫ b

a

K(x, t)eλ(x–t)y(t) dt = f (x)

has the form

y(x) = f (x) +
∫ b

a

R(x, t)eλ(x–t)f (t) dt.





Chapter 5

Nonlinear Equations of the First Kind
with Variable Limit of Integration

� Notation: f , g, h, and K are arbitrary functions of an argument specified in the parentheses
(the argument can depend on t, x, and y); A, B, a, b, k, β, λ, and µ are arbitrary parameters.

5.1. Equations with Quadratic Nonlinearity That Contain
Arbitrary Parameters

5.1-1. Equations of the Form
∫ x

0 y(t)y(x – t) dt = f (x).

1.
∫∫ x

0
y(t)y(x – t) dt = Ax + B, A, B > 0.

Solutions:

y(x) = ±
√

B

[
1√
πx

exp
(

–
A

B
x
)

+

√
A

B
erf

(√
A

B
x

)]
,

where erf z =
2√
π

∫ z

0
exp
(
–t2) dt is the error function.

2.
∫∫ x

0
y(t)y(x – t) dt = A2xλ.

Solutions:

y(x) = ±A

√
Γ(λ + 1)

Γ
(

λ+1
2

) x
λ–1

2 ,

where Γ(z) is the gamma function.

3.
∫∫ x

0
y(t)y(x – t) dt = Axλ–1 + Bxλ, λ > 0.

Solutions:

y(x) = ±
√

AΓ(λ)
Γ(λ/2)

x
λ–2

2 exp
(

–λ
B

A
x
)
Φ

(λ + 1
2

,
λ

2
; λ

B

A
x
)

,

where Φ(a, c; x) is the degenerate hypergeometric function (Kummer’s function).

4.
∫∫ x

0
y(t)y(x – t) dt = A2eλx.

Solutions: y(x) = ± A√
πx

eλx.

393
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5.
∫∫ x

0
y(t)y(x – t) dt = (Ax + B)eλx, A, B > 0.

Solutions:

y(x) = ±
√

B eλx

[
1√
πx

exp
(

–
A

B
x
)

+

√
A

B
erf

(√
A

B
x

)]
,

where erf z =
2√
π

∫ z

0
exp
(
–t2
)
dt is the error function.

6.
∫∫ x

0
y(t)y(x – t) dt = A2xµeλx.

Solutions:

y(x) = ±A
√

Γ(µ + 1)

Γ
(

µ+1
2

) x
µ–1

2 eλx.

7.
∫∫ x

0
y(t)y(x – t) dt =

((
Axµ–1 + Bxµ

))
eλx.

Solutions:

y(x) = ±
√

AΓ(µ)
Γ(µ/2)

x
µ–2

2 exp
[(

λ – µ
B

A

)
x
]
Φ

(µ + 1
2

,
µ

2
; µ

B

A
x
)

,

where Φ(a, c; x) is the degenerate hypergeometric function (Kummer’s function).

8.
∫∫ x

0
y(t)y(x – t) dt = A2 cosh(λx).

Solutions: y(x) = ± A√
π

d

dx

∫ x

0

I0(λt) dt√
x – t

, where I0(z) is the modified Bessel function.

9.
∫∫ x

0
y(t)y(x – t) dt = A sinh(λx).

Solutions: y = ±
√

AλI0(λx), where I0(z) is the modified Bessel function.

10.
∫∫ x

0
y(t)y(x – t) dt = A sinh(λ

√
x ).

Solutions: y = ±
√

A π1/42–7/8λ3/4x–1/8I–1/4

(
λ
√

1
2 x
)

, where I–1/4(z) is the modified

Bessel function.

11.
∫∫ x

0
y(t)y(x – t) dt = A2 cos(λx).

Solutions: y(x) = ± A√
π

d

dx

∫ x

0

J0(λt) dt√
x – t

, where J0(z) is the Bessel function.

12.
∫∫ x

0
y(t)y(x – t) dt = A sin(λx).

Solutions: y = ±
√

AλJ0(λx), where J0(z) is the Bessel function.
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13.
∫∫ x

0
y(t)y(x – t) dt = A sin(λ

√
x ).

Solutions: y = ±
√

Aπ1/42–7/8λ3/4x–1/8J–1/4

(
λ
√

1
2 x
)

, where J–1/4(z) is the Bessel func-
tion.

14.
∫∫ x

0
y(t)y(x – t) dt = A2eµx cosh(λx).

Solutions: y(x) = ± A√
π

eµx d

dx

∫ x

0

I0(λt) dt√
x – t

, where I0(z) is the modified Bessel function.

15.
∫∫ x

0
y(t)y(x – t) dt = Aeµx sinh(λx).

Solutions: y = ±
√

AλeµxI0(λx), where I0(z) is the modified Bessel function.

16.
∫∫ x

0
y(t)y(x – t) dt = A2eµx cos(λx).

Solutions: y(x) = ± A√
π

eµx d

dx

∫ x

0

J0(λt) dt√
x – t

, where J0(z) is the Bessel function.

17.
∫∫ x

0
y(t)y(x – t) dt = Aeµx sin(λx).

Solutions: y = ±
√

AλeµxJ0(λx), where J0(z) is the Bessel function.

5.1-2. Equations of the Form
∫ x

0 K(x, t)y(t)y(x – t) dt = f (x).

18.
∫∫ x

0
tky(t)y(x – t) dt = Axλ, A > 0.

Solutions:

y(x) = ±
[

AΓ(λ + 1)

Γ
(

λ+1+k
2

)
Γ
(

λ+1–k
2

) ]1/2

x
λ–k–1

2 ,

where Γ(z) is the gamma function.

19.
∫∫ x

0
tky(t)y(x – t) dt = Aeλx.

Solutions:

y(x) = ±
[

A

Γ
(

k+1
2

)
Γ
(

1–k
2

) ]1/2

x– k+1
2 eλx,

where Γ(z) is the gamma function.

20.
∫∫ x

0
tky(t)y(x – t) dt = Axµeλx.

Solutions:

y(x) = ±
[

AΓ(µ + 1)

Γ
(

µ+k+1
2

)
Γ
(

µ–k+1
2

) ]1/2

x
µ–k–1

2 eλx,

where Γ(z) is the gamma function.
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21.
∫∫ x

0

y(t)y(x – t)

ax + bt
dt = Axλ.

Solutions:

y(x) = ±
√

A

I
xλ/2, I =

∫ 1

0
zλ/2(1 – z)λ/2 dz

a + bz
.

22.
∫∫ x

0

y(t)y(x – t)

ax + bt
dt = Aeλx.

Solutions:

y(x) = ±
√

A

I
eλx, I =

1
b

ln
(

1 +
b

a

)
.

23.
∫∫ x

0

y(t)y(x – t)

ax + bt
dt = Axµeλx.

Solutions:

y(x) = ±
√

A

I
xµ/2eλx, I =

∫ 1

0
zµ/2(1 – z)µ/2 dz

a + bz
.

24.
∫∫ x

0

y(t)y(x – t)√
ax2 + bt2

dt = Axλ.

Solutions:

y(x) = ±
√

A

I
xλ/2, I =

∫ 1

0
zλ/2(1 – z)λ/2 dz√

a + bz2
.

25.
∫∫ x

0

y(t)y(x – t)√
ax2 + bt2

dt = Aeλx.

Solutions:

y(x) = ±
√

A

I
eλx, I =

∫ 1

0

dz√
a + bz2

.

26.
∫∫ x

0

y(t)y(x – t)√
ax2 + bt2

dt = Axµeλx.

Solutions:

y(x) = ±
√

A

I
xµ/2eλx, I =

∫ 1

0
zµ/2(1 – z)µ/2 dz√

a + bz2
.

5.1-3. Equations of the Form
∫ x

0 y(t)y(· · ·) dt = f (x).

27.
∫∫ x

0
y(t)y(ax + bt) dt = Axλ.

Solutions:

y(x) = ±
√

A

I
x

λ–1
2 , I =

∫ 1

0
z

λ–1
2 (a + bz)

λ–1
2 dz.
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28.
∫∫ x

0
y(t)y(ax – t) dt = Aeλx, a ≥ 1.

Solutions:

y(x) = ±
√

A

I

exp(λx/a)√
x

, I =
∫ 1

0

dz√
z(a – z)

.

29.
∫∫ x

0
y(t)y(ax – t) dt = Axµeλx, a ≥ 1.

Solutions:

y(x) = ±
√

A

I
x

µ–1
2 exp(λx/a), I =

∫ 1

0
z

µ–1
2 (a – z)

µ–1
2 dz.

30.
∫∫ x

0
y(t)y(xt) dt = Axµ.

Solutions:

y(x) = ±
√

1
3

A(2µ + 1) x
µ–1

3 (A > 0, µ ≥ 0).

5.2. Equations with Quadratic Nonlinearity That Contain
Arbitrary Functions

5.2-1. Equations of the Form
∫ x

a
K(x, t)[Ay(t) + By2(t)] dt = f (x).

1.
∫∫ x

a

(x – t)[Ay(t) + By2(t)] dt = f (x), f (a) = f ′(a) = 0.

Solution in implicit form:
Ay + By2 – f ′′

xx(x) = 0.

2.
∫∫ x

a

(x – t)n[Ay(t) + By2(t)] dt = f (x), f (a) = f ′
x(a) = · · · = f (n)

x (a) = 0.

Here n = 1, 2, . . . Solution in implicit form:

n! (Ay + By2) – f (n+1)
x (x) = 0.

3.
∫∫ x

a

eλ(x–t)[Ay(t) + By2(t)] dt = f (x), f (a) = 0.

Solution in implicit form:

Ay + By2 + λf (x) – f ′
x(x) = 0.

4.
∫∫ x

a

sinh[λ(x – t)][Ay(t) + By2(t)] dt = f (x), f (a) = f ′(a) = 0.

Solution in implicit form:

λ(Ay + By2) + λ2f (x) – f ′′
xx(x) = 0.
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5.
∫∫ x

a

cosh[λ(x – t)][Ay(t) + By2(t)] dt = f (x), f (a) = 0.

Solution in implicit form:

Ay + By2 + λ2
∫ x

a

f (t) dt – f ′
x(x) = 0.

6.
∫∫ x

a

sin[λ(x – t)][Ay(t) + By2(t)] dt = f (x), f (a) = f ′(a) = 0.

Solution in implicit form:

λ(Ay + By2) – λ2f (x) – f ′′
xx(x) = 0.

7.
∫∫ x

a

cos[λ(x – t)][Ay(t) + By2(t)] dt = f (x).

Solution in implicit form:

Ay + By2 – λ2
∫ x

a

f (t) dt – f ′
x(x) = 0.

8.
∫∫ x

a

[g(x) – g(t)][Ay(t) + By2(t)] dt = f (x).

It is assumed that f (a) = f ′
x(a) = 0 and f ′

x/g′x ≠ const.
Solution in implicit form:

Ay + By2 =
d

dx

[
f ′

x(x)
g′x(x)

]
.

9.
∫∫ x

a

K(x, t)[Ay(t) + By2(t)] dt = f (x).

The substitution w(t) = Ay(t) + By2(t) leads to the linear integral equation of the first kind∫ x

a

K(x, t)w(t) dt = f (x).

For the exact solutions of the equation with various K(x, t) and f (x), see Chapter 1.

5.2-2. Equations of the Form
∫ x

a
K(x, t)y(t)y(ax + bt) dt = f (x).

10.
∫∫ x

a

K(t)y(x)y(t) dt = f (x).

Solutions:

y(x) = ±f (x)

[
2
∫ x

a

K(t)f (t) dt

]–1/2

.

11.
∫∫ x

0
f

((
t

x

))
y(t)y(x – t) dt = Axλ.

Solutions:

y(x) = ±
√

A

I
x

λ–1
2 , I =

∫ 1

0
f (z)z

λ–1
2 (1 – z)

λ–1
2 dz.
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12.
∫∫ x

0
f

((
t

x

))
y(t)y(x – t) dt = Aeλx.

Solutions:

y(x) = ±
√

A

I

eλx

√
x

, I =
∫ 1

0

f (z) dz√
z(1 – z)

.

13.
∫∫ x

0
f

((
t

x

))
y(t)y(x – t) dt = Axµeλx.

Solutions:

y(x) = ±
√

A

I
x

µ–1
2 eλx, I =

∫ 1

0
f (z)z

µ–1
2 (1 – z)

µ–1
2 dz.

14.
∫∫ x

0
f

((
t

x

))
y(t)y(ax + bt) dt = Axλ.

Solutions:

y(x) = ±
√

A

I
x

λ–1
2 , I =

∫ 1

0
f (z)z

λ–1
2 (a + bz)

λ–1
2 dz.

15.
∫∫ x

0
f

((
t

x

))
y(t)y(ax – t) dt = Aeλx, a ≥ 1.

Solutions:

y(x) = ±
√

A

I

exp(λx/a)√
x

, I =
∫ 1

0

f (z) dz√
z(a – z)

.

16.
∫∫ x

0
f

((
t

x

))
y(t)y(ax – t) dt = Axµeλx, a ≥ 1.

Solutions:

y(x) = ±
√

A

I
x

µ–1
2 exp(λx/a), I =

∫ 1

0
f (z)z

µ–1
2 (a – z)

µ–1
2 dz.

5.3. Equations with Nonlinearity of General Form

5.3-1. Equations of the Form
∫ x

a K(x, t)f (t, y(t)) dt = g(x).

1.
∫∫ x

a

f
((
t, y(t)

))
dt = g(x), g(a) = 0.

Solution in implicit form:
f (x, y) – g′

x(x) = 0.

2.
∫∫ x

a

(x – t)f
((
t, y(t)

))
dt = g(x), g(a) = g′(a) = 0.

Solution in implicit form:
f (x, y) – g′′xx(x) = 0.
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3.
∫∫ x

a

(x – t)nf
((
t, y(t)

))
dt = g(x), g(a) = g′

x(a) = · · · = g(n)
x (a) = 0.

Here n = 1, 2, . . . Solution in implicit form:

n! f (x, y) – g(n+1)
x (x) = 0.

4.
∫∫ x

a

eλ(x–t)f
((
t, y(t)

))
dt = g(x), g(a) = 0.

Solution in implicit form:
f (x, y) + λg(x) – g′

x(x) = 0.

5.
∫∫ x

a

sinh[λ(x – t)]f
((
t, y(t)

))
dt = g(x), g(a) = g′(a) = 0.

Solution in implicit form:

λf (x, y) + λ2g(x) – g′′xx(x) = 0.

6.
∫∫ x

a

cosh[λ(x – t)]f
((
t, y(t)

))
dt = g(x), g(a) = 0.

Solution in implicit form:

f (x, y) + λ2
∫ x

a

g(t) dt – g′x(x) = 0.

7.
∫∫ x

a

sin[λ(x – t)]f
((
t, y(t)

))
dt = g(x), g(a) = g′(a) = 0.

Solution in implicit form:

λf (x, y) – λ2g(x) – g′′xx(x) = 0.

8.
∫∫ x

a

cos[λ(x – t)]f
((
t, y(t)

))
dt = g(x).

Solution in implicit form:

f (x, y) – λ2
∫ x

a

g(t) dt – g′x(x) = 0.

9.
∫∫ x

a

[h(x) – h(t)]f
((
t, y(t)

))
dt = g(x).

It is assumed that g(a) = g′
x(a) = 0 and g′x/h′

x ≠ const.
Solution in implicit form:

f (x, y) =
d

dx

[
g′x(x)
h′

x(x)

]
.

10.
∫∫ x

a

K(x, t)f
((
t, y(t)

))
dt = g(x).

The substitution w(t) = f
(
t, y(t)

)
leads to the linear integral equation of the first kind∫ x

a

K(x, t)w(t) dt = g(x).

For the exact solutions of the equation with various K(x, t) and g(x), see Chapter 1.
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5.3-2. Other Equations.

11.
∫∫ x

0
f

((
t

x
, y(t), y(x)

))
dt = Ax.

A solution: y(x) = λ, where λ is a root of the algebraic (or transcendental) equation

F (λ) – A = 0, F (λ) =
∫ 1

0
f (z, λ, λ) dz.

12.
∫∫ x

0
f

((
t

x
,

y(t)

y(x)

))
dt = Ax.

A solution: y(x) = Cxλ, where C is an arbitrary constant and λ is a root of the algebraic (or
transcendental) equation

F (λ) – A = 0, F (λ) =
∫ 1

0
f (z, zλ) dz.

13.
∫∫ x

0
f

((
t

x
,

y(t)

y(x)

))
yα(t) dt = Axβ, α ≠ 0.

A solution:

y(x) = A1/αxλ, λ =
β – 1

α
,

where λ is a root of the algebraic (or transcendental) equation

F (λ) – 1 = 0, F (λ) =
∫ 1

0
f (z, zλ)zαλ dz.

14.
∫∫ x

0
f

((
t

x
,

y(t)

t
,

y(x)

x

))
dt = Ax.

A solution: y(x) = λx, where λ is a root of the algebraic (or transcendental) equation

F (λ) – A = 0, F (λ) =
∫ 1

0
f (z, λ, λ) dz.

15.
∫∫ ∞

x

f
((
t – x, y(t – x)

))
y(t) dt = Ae–λx.

Solutions: y(x) = bke–λx, where bk are roots of the algebraic (or transcendental) equation

bI(b) = A, I(b) =
∫ ∞

0
f (z, be–λz)e–λz dz.





Chapter 6

Nonlinear Equations of the Second Kind
with Variable Limit of Integration

� Notation: f , g, and h are arbitrary functions of an argument specified in the parentheses (the
argument can depend on t, x, and y); A, B, C, a, b, k, β, λ, and µ are arbitrary parameters.

6.1. Equations with Quadratic Nonlinearity That Contain
Arbitrary Parameters

6.1-1. Equations of the Form y(x) +
∫ x

a
K(x, t)y2(t) dt = F (x).

1. y(x) + A

∫∫ x

a

y2(t) dt = Bx + C.

By differentiation, this integral equation can be reduced to a separable ordinary differential
equation.

1◦. Solution with AB > 0:

y(x) = k
(k + ya) exp[2Ak(x – a)] + ya – k

(k + ya) exp[2Ak(x – a)] – ya + k
, k =

√
B

A
, ya = aB + C.

2◦. Solution with AB < 0:

y(x) = k tan
[
Ak(a – x) + arctan

ya

k

]
, k =

√
–

B

A
, ya = aB + C.

3◦. Solution with B = 0:

y(x) =
C

AC(x – a) + 1
.

2. y(x) + k

∫∫ x

a

(x – t)y2(t) dt = Ax2 + Bx + C.

This is a special case of equation 6.8.3 with f (y) = ky2.
Solution in an implicit form:∫ y

y0

[
4Au – 2kF (u) + B2 – 4AC

]–1/2
du = ±(x – a),

F (u) = 1
3

(
u3 – y3

0

)
, y0 = Aa2 + Ba + C.

403
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3. y(x) + A

∫∫ x

a

tλy2(t) dt = Bxλ+1 + C.

This is a special case of equation 6.8.4 with f (y) = Ay2. By differentiation, this integral
equation can be reduced to a separable ordinary differential equation.

Solution in an implicit form:

(λ + 1)
∫ y

ya

du

Au2 – B(λ + 1)
+ xλ+1 – aλ+1 = 0, ya = Baλ+1 + C.

4. y(x) + A

∫∫ x

0
x–λ–1y2(t) dt = Bxλ, λ > – 1

2 .

Solutions: y1(x) = β1x
λ and y2(x) = β2x

λ, where β1,2 are the roots of the quadratic equation
Aβ2 + (2λ + 1)β – B(2λ + 1) = 0.

5. y(x) +
∫∫ x

0

y2(t) dt

ax + bt
= A.

Solutions: y1(x) = λ1 and y2(x) = λ2, where λ1,2 are the roots of the quadratic equation

ln
(

1 +
b

a

)
λ2 + bλ – Ab = 0.

6. y(x) + A

∫∫ x

0

y2(t) dt

x2 + t2
= Bx.

Solutions: y1(x) = λ1x and y2(x) = λ2x, where λ1,2 are the roots of the quadratic equation(
1 – 1

4 π
)
Aλ2 + λ – B = 0.

7. y(x) +
∫∫ x

0

y2(t) dt√
ax2 + bt2

= A.

Solutions: y1(x) = λ1 and y2(x) = λ2, where λ1,2 are the roots of the quadratic equation

Iλ2 + λ – A = 0, I =
∫ 1

0

dz√
a + bz2

.

8. y(x) + A

∫∫ x

0

((
axn + btn

))– λ+1
n y2(t) dt = Bxλ.

Solutions: y1(x) = β1x
λ and y2(x) = β2x

λ, where β1,2 are the roots of the quadratic equation

AIβ2 + β – B = 0, I =
∫ 1

0
z2λ
(
a + bzn

)– λ+1
n dz.

9. y(x) + A

∫∫ x

a

eλty2(t) dt = Beλx + C.

This is a special case of equation 6.8.9 with f (y) = Ay2. By differentiation, this integral
equation can be reduced to a separable ordinary differential equation.

Solution in an implicit form:

λ

∫ y

y0

du

Au2 – Bλ
+ eλx – eλa = 0, y0 = Beλa + C.



6.1. EQUATIONS WITH QUADRATIC NONLINEARITY THAT CONTAIN ARBITRARY PARAMETERS 405

10. y(x) + A

∫∫ x

a

eλ(x–t)y2(t) dt = B.

This is a special case of equation 6.8.10. By differentiation, this integral equation can be
reduced to the separable ordinary differential equation

y′
x + Ay2 – λy + λB = 0, y(a) = B.

Solution in an implicit form:∫ y

B

du

Au2 – λu + λB
+ x – a = 0.

11. y(x) + k

∫∫ x

a

eλ(x–t)y2(t) dt = Aeλx + B.

Solution in an implicit form:∫ y

y0

du

λu – ku2 – λB
= x – a, y0 = Aeλa + B.

12. y(x) + k

∫∫ x

a

sinh[λ(x – t)]y2(t) dt = Aeλx + Be–λx + C.

This is a special case of equation 6.8.12 with f (y) = ky2.
Solution in an implicit form:∫ y

y0

[
λ2u2 – 2λ2Cu – 2kλF (u) + λ2(C2 – 4AB)

]–1/2
du = ±(x – a),

F (u) = 1
3

(
u3 – y3

0

)
, y0 = Aeλa + Be–λa + C.

13. y(x) + k

∫∫ x

a

sinh[λ(x – t)]y2(t) dt = A cosh(λx) + B.

This is a special case of equation 6.8.13 with f (y) = ky2.
Solution in an implicit form:∫ y

y0

[
λ2u2 – 2λ2Bu – 2kλF (u) + λ2(B2 – A2)

]–1/2
du = ±(x – a),

F (u) = 1
3

(
u3 – y3

0

)
, y0 = A cosh(λa) + B.

14. y(x) + k

∫∫ x

a

sinh[λ(x – t)]y2(t) dt = A sinh(λx) + B.

This is a special case of equation 6.8.14 with f (y) = ky2.
Solution in an implicit form:∫ y

y0

[
λ2u2 – 2λ2Bu – 2kλF (u) + λ2(A2 + B2)

]–1/2
du = ±(x – a),

F (u) = 1
3

(
u3 – y3

0

)
, y0 = A sinh(λa) + B.

15. y(x) + k

∫∫ x

a

sin[λ(x – t)]y2(t) dt = A sin(λx) + B cos(λx) + C.

This is a special case of equation 6.8.15 with f (y) = ky2.
Solution in an implicit form:∫ y

y0

[
λ2D – λ2u2 + 2λ2Cu – 2kλF (u)

]–1/2
du = ±(x – a),

y0 = A sin(λa) + B cos(λa) + C, D = A2 + B2 – C2, F (u) = 1
3

(
u3 – y3

0

)
.
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6.1-2. Equations of the Form y(x) +
∫ x

a
K(x, t)y(t)y(x – t) dt = F (x).

16. y(x) + A

∫∫ x

0
y(t)y(x – t) dt = AB2x + B.

A solution: y(x) = B.

17. y(x) + A

∫∫ x

0
y(t)y(x – t) dt = (AB2x + B)eλx.

A solution: y(x) = Beλx.

18. y(x) +
λ

2β

∫∫ x

0
y(t)y(x – t) dt = 1

2 β sinh(λx).

A solution: y(x) = βI1(λx), where I1(x) is the modified Bessel function.

19. y(x) –
λ

2β

∫∫ x

0
y(t)y(x – t) dt = 1

2 β sin(λx).

A solution: y(x) = βJ1(λx), where J1(x) is the Bessel function.

20. y(x) + A

∫∫ x

0
x–λ–1y(t)y(x – t) dt = Bxλ.

Solutions: y1(x) = β1x
λ and y2(x) = β2x

λ, where β1,2 are the roots of the quadratic equation

AIβ2 + β – B = 0, I =
∫ 1

0
zλ(1 – z)λdz =

Γ
2(λ + 1)

Γ(2λ + 2)
.

6.2. Equations with Quadratic Nonlinearity That Contain
Arbitrary Functions

6.2-1. Equations of the Form y(x) +
∫ x

a
K(x, t)y2(t) dt = F (x).

1. y(x) +
∫∫ x

a

f (t)y2(t) dt = A.

Solution:

y(x) = A

[
1 + A

∫ x

a

f (t) dt

]–1

.

2. y(x) +
∫∫ x

a

eλ(x–t)g(t)y2(t) dt = f (x).

Differentiating the equation with respect to x yields

y′
x + g(x)y2 + λ

∫ x

a

eλ(x–t)g(t)y2(t) dt = f ′
x(x). (1)

Eliminating the integral term from (1) with the aid of the original equation, we arrive at a
Riccati ordinary differential equation,

y′
x + g(x)y2 – λy + λf (x) – f ′

x(x) = 0, (2)

under the initial condition y(a) = f (a). Equation (2) can be reduced to a second-order linear
ordinary differential equation. For the exact solutions of equation (2) with various specific
functions f and g, see, for example, E. Kamke (1977) and A. D. Polyanin and V. F. Zaitsev
(2003).
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3. y(x) +
∫∫ x

a

g(x)h(t)y2(t) dt = f (x).

Differentiating the equation with respect to x yields

y′
x + g(x)h(x)y2 + g′x(x)

∫ x

a

h(t)y2(t) dt = f ′
x(x). (1)

Eliminating the integral term from (1) with the aid of the original equation, we arrive at a
Riccati ordinary differential equation,

y′
x + g(x)h(x)y2 –

g′x(x)
g(x)

y = f ′
x(x) –

g′x(x)
g(x)

f (x), (2)

under the initial condition y(a) = f (a). Equation (2) can be reduced to a second-order linear
ordinary differential equation. For the exact solutions of equation (2) with various specific
functions f , g, and h, see, for example, E. Kamke (1977) and A. D. Polyanin and V. F. Zaitsev
(2003).

4. y(x) +
∫∫ x

0
x–λ–1f

((
t

x

))
y2(t) dt = Axλ.

Solutions: y1(x) = β1x
λ and y2(x) = β2x

λ, where β1,2 are the roots of the quadratic equation

Iβ2 + β – A = 0, I =
∫ 1

0
f (z)z2λ dz.

5. y(x) –
∫∫ x

–∞
eλt+βxf (x – t)y2(t) dt = 0.

This is a special case of equation 6.3.19 with k = 2.

6. y(x) –
∫∫ ∞

x

eλt+βxf (x – t)y2(t) dt = 0.

A solution:

y(x) =
1
A

e–(λ+β)x, A =
∫ ∞

0
e–(λ+2β)zf (–z) dz.

6.2-2. Other Equations.

7. y(x) +
∫∫ x

0

1

x
f

((
t

x

))
y(t)y(x – t) dt = Aeλx.

Solutions:
y1(x) = B1e

λx, y2(x) = B2e
λx,

where B1 and B2 are the roots of the quadratic equation

IB2 + B – A = 0, I =
∫ 1

0
f (z) dz.
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8. y(x) + A

∫∫ x

0
x–λ–1f

((
t

x

))
y(t)y(x – t) dt = Bxλ.

Solutions: y1(x) = β1x
λ and y2(x) = β2x

λ, where β1,2 are the roots of the quadratic equation

AIβ2 + β – B = 0, I =
∫ 1

0
f (z)zλ(1 – z)λdz.

9. y(x) +
∫∫ ∞

x

f (t – x)y(t – x)y(t) dt = ae–λx.

Solutions: y(x) = bke–λx, where bk (k = 1, 2) are the roots of the quadratic equation

b2I + b – a = 0, I =
∫ ∞

0
f (z)e–2λz dz.

To calculate the integral I , it is convenient to use tables of Laplace transforms (with parameter
p = 2λ).

6.3. Equations with Power-Law Nonlinearity

6.3-1. Equations Containing Arbitrary Parameters.

1. y(x) = a

∫∫ x

0
yk(t) dt + b, a > 0, b > 0, k > 0.

Solution:

y(x) =

⎧⎪⎨⎪⎩
[b1–k + a(1 – k)x]

1
1–k if 0 < k < 1,

beax if k = 1,

[b1–k – a(k – 1)x]
1

1–k if k > 1.

If 0 < k ≤ 1, the solution exists for all x ≥ 0. If k > 1, the continuous solution exists only in a
limited interval of argument variation

0 ≤ x < x∗ =
b1–k

a(k – 1)
.

2. y(x) + A

∫∫ x

a

tλyk(t) dt = Bxλ+1 + C.

By differentiation, this integral equation can be reduced to a separable ordinary differential
equation.

Solution in an implicit form:

(λ + 1)
∫ y

y0

du

Auk – B(λ + 1)
+ xλ+1 – aλ+1 = 0, y0 = Baλ+1 + C.

3. y(x) +
∫∫ x

0

yk(t)

ax + bt
dt = A.

A solution: y(x) = λ, where λ is a root of the algebraic (or transcendental) equation

ln
(

1 +
b

a

)
λk + bλ – Ab = 0.
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4. y(x) + Ax

∫∫ x

0

yk(t) dt

x2 + t2
= B.

A solution: y(x) = λ, where λ is a root of the algebraic (or transcendental) equation

λ + 1
4 Aπλk = B.

5. y(x) +
∫∫ x

0

yk(t) dt√
ax2 + bt2

= A.

A solution: y(x) = λ, where λ is a root of the algebraic (or transcendental) equation

Iλk + λ – A = 0, I =
∫ 1

0

dz√
a + bz2

.

6. y(x) + A

∫∫ x

a

((
axn + btn

)) λ–kλ–1
n yk(t) dt = Bxλ.

A solution: y = βxλ, where β is a root of the algebraic (or transcendental) equation

AIβk + β – B = 0, I =
∫ 1

0
zkλ
(
a + bzn

) λ–kλ–1
n dz.

7. y(x) + A

∫∫ x

a

eλtyµ(t) dt = Beλx + C.

By differentiation, this integral equation can be reduced to a separable ordinary differential
equation.

Solution in an implicit form:

λ

∫ y

y0

du

Auµ – Bλ
+ eλx – eλa = 0, y0 = Beλa + C.

8. y(x) + k

∫∫ x

a

eλ(x–t)yµ(t) dt = Aeλx + B.

Solution in an implicit form:∫ y

y0

dt

λt – ktµ – λB
= x – a, y0 = Aeλa + B.

9. y(x) + k

∫∫ x

a

sinh[λ(x – t)]yµ(t) dt = Aeλx + Be–λx + C.

This is a special case of equation 6.8.12 with f (y) = kyµ.
Solution in an implicit form:∫ y

y0

[
λ2u2 – 2λ2Cu – 2kλF (u) + λ2(C2 – 4AB)

]–1/2
du = ±(x – a),

F (u) =
1

µ + 1

(
uµ+1 – yµ+1

0

)
, y0 = Aeλa + Be–λa + C.
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10. y(x) + k

∫∫ x

a

sinh[λ(x – t)]yµ(t) dt = A cosh(λx) + B.

This is a special case of equation 6.8.13 with f (y) = kyµ.
Solution in an implicit form:∫ y

y0

[
λ2u2 – 2λ2Bu – 2kλF (u) + λ2(B2 – A2)

]–1/2
du = ±(x – a),

F (u) =
1

µ + 1

(
uµ+1 – yµ+1

0

)
, y0 = A cosh(λa) + B.

11. y(x) + k

∫∫ x

a

sinh[λ(x – t)]yµ(t) dt = A sinh(λx) + B.

This is a special case of equation 6.8.14 with f (y) = kyµ.
Solution in an implicit form:∫ y

y0

[
λ2u2 – 2λ2Bu – 2kλF (u) + λ2(A2 + B2)

]–1/2
du = ±(x – a),

F (u) =
1

µ + 1

(
uµ+1 – yµ+1

0

)
, y0 = A sinh(λa) + B.

12. y(x) + k

∫∫ x

a

sin[λ(x – t)]yµ(t) dt = A sin(λx) + B cos(λx) + C.

This is a special case of equation 6.8.15 with f (y) = kyµ.
Solution in an implicit form:∫ y

y0

[
λ2D – λ2u2 + 2λ2Cu – 2kλF (u)

]–1/2
du = ±(x – a),

y0 = A sin(λa) + B cos(λa) + C, D = A2 + B2 – C2, F (u) =
1

µ + 1

(
uµ+1 – yµ+1

0

)
.

6.3-2. Equations Containing Arbitrary Functions.

13. y(x) +
∫∫ x

a

f (t)yk(t) dt = A.

Solution:

y(x) =

[
A1–k + (k – 1)

∫ x

a

f (t) dt

] 1
1–k

.

14. y(x) –
∫∫ x

a

f (x)g(t)yk(t) dt = 0.

1◦. Differentiating the equation with respect to x and eliminating the integral term (using the
original equation), we obtain the Bernoulli ordinary differential equation

y′
x – f (x)g(x)yk –

f ′
x(x)
f (x)

y = 0, y(a) = 0.

2◦. Solution with k < 1:

y(x) = f (x)

[
(1 – k)

∫ x

a

fk(t)g(t) dt

] 1
1–k

.

Additionally, for k > 0, there is the trivial solution y(x) ≡ 0.
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15. y(x) +
∫∫ x

0
xλ–kλ–1f

((
t

x

))
yk(t) dt = Axλ.

A solution: y(x) = βxλ, where β is a root of the algebraic equation

Iβk + β – A = 0, I =
∫ 1

0
f (z)zkλ dz.

16. y(x) +
∫∫ x

0
f

((
t

x

))√
y(t) dt = Ax2.

Solutions: yk(x) = B2
kx2, where Bk (k = 1, 2) are the roots of the quadratic equations

B2 ± IB – A = 0, I =
∫ 1

0
zf (z) dz.

17. y(x) –
∫∫ x

0
taf

((
t

x

))
yk(t) dt = 0, k ≠ 1.

A solution:

y(x) = Ax
1+a
1–k , A1–k =

∫ 1

0
z

a+k
1–k f (z) dz.

18. y(x) –
∫∫ ∞

x

eλt+βxf (x – t)yk(t) dt = 0, k ≠ 1.

A solution:

y(x) = A exp
( λ + β

1 – k
x
)

, A1–k =
∫ ∞

0
exp
(λ + βk

1 – k
z
)
f (–z) dz.

19. y(x) –
∫∫ x

–∞
eλt+βxf (x – t)yk(t) dt = 0, k ≠ 1.

A solution:

y(x) = A exp
( λ + β

1 – k
x
)

, A1–k =
∫ ∞

0
exp
(

–
λ + βk

1 – k
z
)
f (z) dz.

6.4. Equations with Exponential Nonlinearity

6.4-1. Equations Containing Arbitrary Parameters.

1. y(x) + A

∫∫ x

a

exp[λy(t)] dt = B.

Solution:

y(x) = –
1
λ

ln
[
Aλ(x – a) + e–Bλ

]
.

2. y(x) + A

∫∫ x

a

exp[λy(t)] dt = Bx + C.

For B = 0, see equation 6.4.1.
Solution with B ≠ 0:

y(x) = –
1
λ

ln

[
A

B
+
(
e–λy0 –

A

B

)
eλB(a–x)

]
, y0 = aB + C.
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3. y(x) + k

∫∫ x

a

(x – t) exp[λy(t)] dt = Ax2 + Bx + C.

1◦. This is a special case of equation 6.8.3 with f (y) = keλy . The solution of this integral
equation is determined by the solution of the second-order autonomous ordinary differential
equation

y′′
xx + keλy – 2A = 0

under the initial conditions

y(a) = Aa2 + Ba + C, y′
x(a) = 2Aa + B.

2◦. Solution in an implicit form:∫ y

y0

[
4Au – 2F (u) + B2 – 4AC

]–1/2
du = ±(x – a),

F (u) =
k

λ

(
eλu – eλy0

)
, y0 = Aa2 + Ba + C.

4. y(x) + A

∫∫ x

a

tλ exp[βy(t)] dt = Bxλ+1 + C.

By differentiation, this integral equation can be reduced to a separable ordinary differential
equation.

Solution in an implicit form:

(λ + 1)
∫ y

y0

du

Aeβu – B(λ + 1)
+ xλ+1 – aλ+1 = 0, y0 = Baλ+1 + C.

5. y(x) +
∫∫ x

0

exp[λy(t)]

ax + bt
dt = A.

A solution: y(x) = β, where β is a root of the transcendental equation

ln
(

1 +
b

a

)
eλβ + bβ – Ab = 0.

6. y(x) +
∫∫ x

0

exp[λy(t)]√
ax2 + bt2

dt = A.

A solution: y(x) = β, where β is a root of the transcendental equation

keλβ + β – A = 0, k =
∫ 1

0

dz√
a + bz2

.

7. y(x) + A

∫∫ x

a

exp
[[
λt + βy(t)

]]
dt = Beλx + C.

By differentiation, this integral equation can be reduced to a separable ordinary differential
equation.

Solution in an implicit form:

λ

∫ y

y0

du

Aeβu – Bλ
+ eλx – eλa = 0, y0 = Beλa + C.
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8. y(x) + k

∫∫ x

a

exp
[[
λ(x – t) + βy(t)

]]
dt = A.

Solution in an implicit form: ∫ y

A

dt

λt – keβt – λA
= x – a.

9. y(x) + k

∫∫ x

a

exp
[[
λ(x – t) + βy(t)

]]
dt = Aeλx + B.

Solution in an implicit form:∫ y

y0

dt

λt – keβt – λB
= x – a, y0 = Aeλa + B.

10. y(x) + k

∫∫ x

a

sinh[λ(x – t)] exp[βy(t)] dt = Aeλx + Be–λx + C.

This is a special case of equation 6.8.12 with f (y) = keβy.

11. y(x) + k

∫∫ x

a

sinh[λ(x – t)] exp[βy(t)] dt = A cosh(λx) + B.

This is a special case of equation 6.8.13 with f (y) = keβy.

12. y(x) + k

∫∫ x

a

sinh[λ(x – t)] exp[βy(t)] dt = A sinh(λx) + B.

This is a special case of equation 6.8.14 with f (y) = keβy.

13. y(x) + k

∫∫ x

a

sin[λ(x – t)] exp[βy(t)] dt = A sin(λx) + B cos(λx) + C.

This is a special case of equation 6.8.15 with f (y) = keβy.

6.4-2. Equations Containing Arbitrary Functions.

14. y(x) +
∫∫ x

a

f (t) exp[λy(t)] dt = A.

Solution:

y(x) = –
1
λ

ln

[
λ

∫ x

a

f (t) dt + e–Aλ

]
.

15. y(x) +
∫∫ x

a

g(t) exp[λy(t)] dt = f (x).

1◦. By differentiation, this integral equation can be reduced to the first-order ordinary differ-
ential equation

y′
x + g(x)eλy = f ′

x(x) (1)

under the initial condition y(a) = f (a). The substitution w = e–λy reduces (1) to the linear
equation

w′
x + λf ′

x(x)w – λg(x) = 0, w(a) = exp
[
–λf (a)

]
.

2◦. Solution:

y(x) = f (x) –
1
λ

ln

{
1 + λ

∫ x

a

g(t) exp
[
λf (t)

]
dt

}
.
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16. y(x) +
1

x

∫∫ x

0
f

((
t

x

))
exp[λy(t)] dt = A.

A solution: y(x) = β, where β is a root of the transcendental equation

β + Ieλβ – A = 0, I =
∫ 1

0
f (z) dz.

6.5. Equations with Hyperbolic Nonlinearity

6.5-1. Integrands with Nonlinearity of the Form cosh[βy(t)].

1. y(x) + k

∫∫ x

a

cosh[βy(t)] dt = A.

This is a special case of equation 6.8.1 with f (y) = k cosh(βy).

2. y(x) + k

∫∫ x

a

cosh[βy(t)] dt = Ax + B.

This is a special case of equation 6.8.2 with f (y) = k cosh(βy).

3. y(x) + k

∫∫ x

a

(x – t) cosh[βy(t)] dt = Ax2 + Bx + C.

This is a special case of equation 6.8.3 with f (y) = k cosh(βy).

4. y(x) + k

∫∫ x

a

tλ cosh[βy(t)] dt = Bxλ+1 + C.

This is a special case of equation 6.8.4 with f (y) = k cosh(βy).

5. y(x) +
∫∫ x

a

g(t) cosh[βy(t)] dt = A.

This is a special case of equation 6.8.5 with f (y) = cosh(βy).

6. y(x) +
∫∫ x

0

cosh[βy(t)]

ax + bt
dt = A.

This is a special case of equation 6.8.6 with f (y) = cosh(βy).

7. y(x) +
∫∫ x

0

cosh[βy(t)]√
ax2 + bt2

dt = A.

This is a special case of equation 6.8.7 with f (y) = cosh(βy).

8. y(x) + k

∫∫ x

a

eλt cosh[βy(t)] dt = Beλx + C.

This is a special case of equation 6.8.9 with f (y) = k cosh(βy).

9. y(x) + k

∫∫ x

a

eλ(x–t) cosh[βy(t)] dt = A.

This is a special case of equation 6.8.10 with f (y) = k cosh(βy).
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10. y(x) + k

∫∫ x

a

eλ(x–t) cosh[βy(t)] dt = Aeλx + B.

This is a special case of equation 6.8.11 with f (y) = k cosh(βy).

11. y(x) + k

∫∫ x

a

sinh[λ(x – t)] cosh[βy(t)] dt = Aeλx + Be–λx + C.

This is a special case of equation 6.8.12 with f (y) = k cosh(βy).

12. y(x) + k

∫∫ x

a

sinh[λ(x – t)] cosh[βy(t)] dt = A cosh(λx) + B.

This is a special case of equation 6.8.13 with f (y) = k cosh(βy).

13. y(x) + k

∫∫ x

a

sinh[λ(x – t)] cosh[βy(t)] dt = A sinh(λx) + B.

This is a special case of equation 6.8.14 with f (y) = k cosh(βy).

14. y(x) + k

∫∫ x

a

sin[λ(x – t)] cosh[βy(t)] dt = A sin(λx) + B cos(λx) + C.

This is a special case of equation 6.8.15 with f (y) = k cosh(βy).

6.5-2. Integrands with Nonlinearity of the Form sinh[βy(t)].

15. y(x) + k

∫∫ x

a

sinh[βy(t)] dt = A.

This is a special case of equation 6.8.1 with f (y) = k sinh(βy).

16. y(x) + k

∫∫ x

a

sinh[βy(t)] dt = Ax + B.

This is a special case of equation 6.8.2 with f (y) = k sinh(βy).

17. y(x) + k

∫∫ x

a

(x – t) sinh[βy(t)] dt = Ax2 + Bx + C.

This is a special case of equation 6.8.3 with f (y) = k sinh(βy).

18. y(x) + k

∫∫ x

a

tλ sinh[βy(t)] dt = Bxλ+1 + C.

This is a special case of equation 6.8.4 with f (y) = k sinh(βy).

19. y(x) +
∫∫ x

a

g(t) sinh[βy(t)] dt = A.

This is a special case of equation 6.8.5 with f (y) = sinh(βy).

20. y(x) +
∫∫ x

0

sinh[βy(t)]

ax + bt
dt = A.

This is a special case of equation 6.8.6 with f (y) = sinh(βy).
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21. y(x) +
∫∫ x

0

sinh[βy(t)]√
ax2 + bt2

dt = A.

This is a special case of equation 6.8.7 with f (y) = sinh(βy).

22. y(x) + k

∫∫ x

a

eλt sinh[βy(t)] dt = Beλx + C.

This is a special case of equation 6.8.9 with f (y) = k sinh(βy).

23. y(x) + k

∫∫ x

a

eλ(x–t) sinh[βy(t)] dt = A.

This is a special case of equation 6.8.10 with f (y) = k sinh(βy).

24. y(x) + k

∫∫ x

a

eλ(x–t) sinh[βy(t)] dt = Aeλx + B.

This is a special case of equation 6.8.11 with f (y) = k sinh(βy).

25. y(x) + k

∫∫ x

a

sinh[λ(x – t)] sinh[βy(t)] dt = Aeλx + Be–λx + C.

This is a special case of equation 6.8.12 with f (y) = k sinh(βy).

26. y(x) + k

∫∫ x

a

sinh[λ(x – t)] sinh[βy(t)] dt = A cosh(λx) + B.

This is a special case of equation 6.8.13 with f (y) = k sinh(βy).

27. y(x) + k

∫∫ x

a

sinh[λ(x – t)] sinh[βy(t)] dt = A sinh(λx) + B.

This is a special case of equation 6.8.14 with f (y) = k sinh(βy).

28. y(x) + k

∫∫ x

a

sin[λ(x – t)] sinh[βy(t)] dt = A sin(λx) + B cos(λx) + C.

This is a special case of equation 6.8.15 with f (y) = k sinh(βy).

6.5-3. Integrands with Nonlinearity of the Form tanh[βy(t)].

29. y(x) + k

∫∫ x

a

tanh[βy(t)] dt = A.

This is a special case of equation 6.8.1 with f (y) = k tanh(βy).

30. y(x) + k

∫∫ x

a

tanh[βy(t)] dt = Ax + B.

This is a special case of equation 6.8.2 with f (y) = k tanh(βy).

31. y(x) + k

∫∫ x

a

(x – t) tanh[βy(t)] dt = Ax2 + Bx + C.

This is a special case of equation 6.8.3 with f (y) = k tanh(βy).
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32. y(x) + k

∫∫ x

a

tλ tanh[βy(t)] dt = Bxλ+1 + C.

This is a special case of equation 6.8.4 with f (y) = k tanh(βy).

33. y(x) +
∫∫ x

a

g(t) tanh[βy(t)] dt = A.

This is a special case of equation 6.8.5 with f (y) = tanh(βy).

34. y(x) +
∫∫ x

0

tanh[βy(t)]

ax + bt
dt = A.

This is a special case of equation 6.8.6 with f (y) = tanh(βy).

35. y(x) +
∫∫ x

0

tanh[βy(t)]√
ax2 + bt2

dt = A.

This is a special case of equation 6.8.7 with f (y) = tanh(βy).

36. y(x) + k

∫∫ x

a

eλt tanh[βy(t)] dt = Beλx + C.

This is a special case of equation 6.8.9 with f (y) = k tanh(βy).

37. y(x) + k

∫∫ x

a

eλ(x–t) tanh[βy(t)] dt = A.

This is a special case of equation 6.8.10 with f (y) = k tanh(βy).

38. y(x) + k

∫∫ x

a

eλ(x–t) tanh[βy(t)] dt = Aeλx + B.

This is a special case of equation 6.8.11 with f (y) = k tanh(βy).

39. y(x) + k

∫∫ x

a

sinh[λ(x – t)] tanh[βy(t)] dt = Aeλx + Be–λx + C.

This is a special case of equation 6.8.12 with f (y) = k tanh(βy).

40. y(x) + k

∫∫ x

a

sinh[λ(x – t)] tanh[βy(t)] dt = A cosh(λx) + B.

This is a special case of equation 6.8.13 with f (y) = k tanh(βy).

41. y(x) + k

∫∫ x

a

sinh[λ(x – t)] tanh[βy(t)] dt = A sinh(λx) + B.

This is a special case of equation 6.8.14 with f (y) = k tanh(βy).

42. y(x) + k

∫∫ x

a

sin[λ(x – t)] tanh[βy(t)] dt = A sin(λx) + B cos(λx) + C.

This is a special case of equation 6.8.15 with f (y) = k tanh(βy).
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6.5-4. Integrands with Nonlinearity of the Form coth[βy(t)].

43. y(x) + k

∫∫ x

a

coth[βy(t)] dt = A.

This is a special case of equation 6.8.1 with f (y) = k coth(βy).

44. y(x) + k

∫∫ x

a

coth[βy(t)] dt = Ax + B.

This is a special case of equation 6.8.2 with f (y) = k coth(βy).

45. y(x) + k

∫∫ x

a

(x – t) coth[βy(t)] dt = Ax2 + Bx + C.

This is a special case of equation 6.8.3 with f (y) = k coth(βy).

46. y(x) + k

∫∫ x

a

tλ coth[βy(t)] dt = Bxλ+1 + C.

This is a special case of equation 6.8.4 with f (y) = k coth(βy).

47. y(x) +
∫∫ x

a

g(t) coth[βy(t)] dt = A.

This is a special case of equation 6.8.5 with f (y) = coth(βy).

48. y(x) +
∫∫ x

0

coth[βy(t)]

ax + bt
dt = A.

This is a special case of equation 6.8.6 with f (y) = coth(βy).

49. y(x) +
∫∫ x

0

coth[βy(t)]√
ax2 + bt2

dt = A.

This is a special case of equation 6.8.7 with f (y) = coth(βy).

50. y(x) + k

∫∫ x

a

eλt coth[βy(t)] dt = Beλx + C.

This is a special case of equation 6.8.9 with f (y) = k coth(βy).

51. y(x) + k

∫∫ x

a

eλ(x–t) coth[βy(t)] dt = A.

This is a special case of equation 6.8.10 with f (y) = k coth(βy).

52. y(x) + k

∫∫ x

a

eλ(x–t) coth[βy(t)] dt = Aeλx + B.

This is a special case of equation 6.8.11 with f (y) = k coth(βy).

53. y(x) + k

∫∫ x

a

sinh[λ(x – t)] coth[βy(t)] dt = Aeλx + Be–λx + C.

This is a special case of equation 6.8.12 with f (y) = k coth(βy).
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54. y(x) + k

∫∫ x

a

sinh[λ(x – t)] coth[βy(t)] dt = A cosh(λx) + B.

This is a special case of equation 6.8.13 with f (y) = k coth(βy).

55. y(x) + k

∫∫ x

a

sinh[λ(x – t)] coth[βy(t)] dt = A sinh(λx) + B.

This is a special case of equation 6.8.14 with f (y) = k coth(βy).

56. y(x) + k

∫∫ x

a

sin[λ(x – t)] coth[βy(t)] dt = A sin(λx) + B cos(λx) + C.

This is a special case of equation 6.8.15 with f (y) = k coth(βy).

6.6. Equations with Logarithmic Nonlinearity

6.6-1. Integrands Containing Power-Law Functions of x and t.

1. y(x) + k

∫∫ x

a

ln[λy(t)] dt = A.

This is a special case of equation 6.8.1 with f (y) = k ln(λy).

2. y(x) + k

∫∫ x

a

ln[λy(t)] dt = Ax + B.

This is a special case of equation 6.8.2 with f (y) = k ln(λy).

3. y(x) + k

∫∫ x

a

(x – t) ln[λy(t)] dt = Ax2 + Bx + C.

This is a special case of equation 6.8.3 with f (y) = k ln(λy).

4. y(x) + k

∫∫ x

a

tλ ln[µy(t)] dt = Bxλ+1 + C.

This is a special case of equation 6.8.4 with f (y) = k ln(µy).

5. y(x) +
∫∫ x

0

ln[λy(t)]

ax + bt
dt = A.

This is a special case of equation 6.8.6 with f (y) = ln(λy).

6. y(x) +
∫∫ x

0

ln[λy(t)]√
ax2 + bt2

dt = A.

This is a special case of equation 6.8.7 with f (y) = ln(λy).

6.6-2. Integrands Containing Exponential Functions of x and t.

7. y(x) + k

∫∫ x

a

eλt ln[µy(t)] dt = Beλx + C.

This is a special case of equation 6.8.9 with f (y) = k ln(µy).
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8. y(x) + k

∫∫ x

a

eλ(x–t) ln[µy(t)] dt = A.

This is a special case of equation 6.8.10 with f (y) = k ln(µy).

9. y(x) + k

∫∫ x

a

eλ(x–t) ln[µy(t)] dt = Aeλx + B.

This is a special case of equation 6.8.11 with f (y) = k ln(µy).

6.6-3. Other Integrands.

10. y(x) +
∫∫ x

a

g(t) ln[λy(t)] dt = A.

This is a special case of equation 6.8.5 with f (y) = ln(λy).

11. y(x) + k

∫∫ x

a

sinh[λ(x – t)] ln[µy(t)] dt = Aeλx + Be–λx + C.

This is a special case of equation 6.8.12 with f (y) = k ln(µy).

12. y(x) + k

∫∫ x

a

sinh[λ(x – t)] ln[µy(t)] dt = A cosh(λx) + B.

This is a special case of equation 6.8.13 with f (y) = k ln(µy).

13. y(x) + k

∫∫ x

a

sinh[λ(x – t)] ln[µy(t)] dt = A sinh(λx) + B.

This is a special case of equation 6.8.14 with f (y) = k ln(µy).

14. y(x) + k

∫∫ x

a

sin[λ(x – t)] ln[µy(t)] dt = A sin(λx) + B cos(λx) + C.

This is a special case of equation 6.8.15 with f (y) = k ln(µy).

6.7. Equations with Trigonometric Nonlinearity

6.7-1. Integrands with Nonlinearity of the Form cos[βy(t)].

1. y(x) + k

∫∫ x

a

cos[βy(t)] dt = A.

This is a special case of equation 6.8.1 with f (y) = k cos(βy).

2. y(x) + k

∫∫ x

a

cos[βy(t)] dt = Ax + B.

This is a special case of equation 6.8.2 with f (y) = k cos(βy).

3. y(x) + k

∫∫ x

a

(x – t) cos[βy(t)] dt = Ax2 + Bx + C.

This is a special case of equation 6.8.3 with f (y) = k cos(βy).
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4. y(x) + k

∫∫ x

a

tλ cos[βy(t)] dt = Bxλ+1 + C.

This is a special case of equation 6.8.4 with f (y) = k cos(βy).

5. y(x) +
∫∫ x

a

g(t) cos[βy(t)] dt = A.

This is a special case of equation 6.8.5 with f (y) = cos(βy).

6. y(x) +
∫∫ x

0

cos[βy(t)]

ax + bt
dt = A.

This is a special case of equation 6.8.6 with f (y) = cos(βy).

7. y(x) +
∫∫ x

0

cos[βy(t)]√
ax2 + bt2

dt = A.

This is a special case of equation 6.8.7 with f (y) = cos(βy).

8. y(x) + k

∫∫ x

a

eλt cos[βy(t)] dt = Beλx + C.

This is a special case of equation 6.8.9 with f (y) = k cos(βy).

9. y(x) + k

∫∫ x

a

eλ(x–t) cos[βy(t)] dt = A.

This is a special case of equation 6.8.10 with f (y) = k cos(βy).

10. y(x) + k

∫∫ x

a

eλ(x–t) cos[βy(t)] dt = Aeλx + B.

This is a special case of equation 6.8.11 with f (y) = k cos(βy).

11. y(x) + k

∫∫ x

a

sinh[λ(x – t)] cos[βy(t)] dt = Aeλx + Be–λx + C.

This is a special case of equation 6.8.12 with f (y) = k cos(βy).

12. y(x) + k

∫∫ x

a

sinh[λ(x – t)] cos[βy(t)] dt = A cosh(λx) + B.

This is a special case of equation 6.8.13 with f (y) = k cos(βy).

13. y(x) + k

∫∫ x

a

sinh[λ(x – t)] cos[βy(t)] dt = A sinh(λx) + B.

This is a special case of equation 6.8.14 with f (y) = k cos(βy).

14. y(x) + k

∫∫ x

a

sin[λ(x – t)] cos[βy(t)] dt = A sin(λx) + B cos(λx) + C.

This is a special case of equation 6.8.15 with f (y) = k cos(βy).



422 NONLINEAR EQUATIONS OF THE SECOND KIND WITH VARIABLE LIMIT OF INTEGRATION

6.7-2. Integrands with Nonlinearity of the Form sin[βy(t)].

15. y(x) + k

∫∫ x

a

sin[βy(t)] dt = A.

This is a special case of equation 6.8.1 with f (y) = k sin(βy).

16. y(x) + k

∫∫ x

a

sin[βy(t)] dt = Ax + B.

This is a special case of equation 6.8.2 with f (y) = k sin(βy).

17. y(x) + k

∫∫ x

a

(x – t) sin[βy(t)] dt = Ax2 + Bx + C.

This is a special case of equation 6.8.3 with f (y) = k sin(βy).

18. y(x) + k

∫∫ x

a

tλ sin[βy(t)] dt = Bxλ+1 + C.

This is a special case of equation 6.8.4 with f (y) = k sin(βy).

19. y(x) +
∫∫ x

a

g(t) sin[βy(t)] dt = A.

This is a special case of equation 6.8.5 with f (y) = sin(βy).

20. y(x) +
∫∫ x

0

sin[βy(t)]

ax + bt
dt = A.

This is a special case of equation 6.8.6 with f (y) = sin(βy).

21. y(x) +
∫∫ x

0

sin[βy(t)]√
ax2 + bt2

dt = A.

This is a special case of equation 6.8.7 with f (y) = sin(βy).

22. y(x) + k

∫∫ x

a

eλt sin[βy(t)] dt = Beλx + C.

This is a special case of equation 6.8.9 with f (y) = k sin(βy).

23. y(x) + k

∫∫ x

a

eλ(x–t) sin[βy(t)] dt = A.

This is a special case of equation 6.8.10 with f (y) = k sin(βy).

24. y(x) + k

∫∫ x

a

eλ(x–t) sin[βy(t)] dt = Aeλx + B.

This is a special case of equation 6.8.11 with f (y) = k sin(βy).

25. y(x) + k

∫∫ x

a

sinh[λ(x – t)] sin[βy(t)] dt = Aeλx + Be–λx + C.

This is a special case of equation 6.8.12 with f (y) = k sin(βy).
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26. y(x) + k

∫∫ x

a

sinh[λ(x – t)] sin[βy(t)] dt = A cosh(λx) + B.

This is a special case of equation 6.8.13 with f (y) = k sin(βy).

27. y(x) + k

∫∫ x

a

sinh[λ(x – t)] sin[βy(t)] dt = A sinh(λx) + B.

This is a special case of equation 6.8.14 with f (y) = k sin(βy).

28. y(x) + k

∫∫ x

a

sin[λ(x – t)] sin[βy(t)] dt = A sin(λx) + B cos(λx) + C.

This is a special case of equation 6.8.15 with f (y) = k sin(βy).

6.7-3. Integrands with Nonlinearity of the Form tan[βy(t)].

29. y(x) + k

∫∫ x

a

tan[βy(t)] dt = A.

This is a special case of equation 6.8.1 with f (y) = k tan(βy).

30. y(x) + k

∫∫ x

a

tan[βy(t)] dt = Ax + B.

This is a special case of equation 6.8.2 with f (y) = k tan(βy).

31. y(x) + k

∫∫ x

a

(x – t) tan[βy(t)] dt = Ax2 + Bx + C.

This is a special case of equation 6.8.3 with f (y) = k tan(βy).

32. y(x) + k

∫∫ x

a

tλ tan[βy(t)] dt = Bxλ+1 + C.

This is a special case of equation 6.8.4 with f (y) = k tan(βy).

33. y(x) +
∫∫ x

a

g(t) tan[βy(t)] dt = A.

This is a special case of equation 6.8.5 with f (y) = tan(βy).

34. y(x) +
∫∫ x

0

tan[βy(t)]

ax + bt
dt = A.

This is a special case of equation 6.8.6 with f (y) = tan(βy).

35. y(x) +
∫∫ x

0

tan[βy(t)]√
ax2 + bt2

dt = A.

This is a special case of equation 6.8.7 with f (y) = tan(βy).

36. y(x) + k

∫∫ x

a

eλt tan[βy(t)] dt = Beλx + C.

This is a special case of equation 6.8.9 with f (y) = k tan(βy).
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37. y(x) + k

∫∫ x

a

eλ(x–t) tan[βy(t)] dt = A.

This is a special case of equation 6.8.10 with f (y) = k tan(βy).

38. y(x) + k

∫∫ x

a

eλ(x–t) tan[βy(t)] dt = Aeλx + B.

This is a special case of equation 6.8.11 with f (y) = k tan(βy).

39. y(x) + k

∫∫ x

a

sinh[λ(x – t)] tan[βy(t)] dt = Aeλx + Be–λx + C.

This is a special case of equation 6.8.12 with f (y) = k tan(βy).

40. y(x) + k

∫∫ x

a

sinh[λ(x – t)] tan[βy(t)] dt = A cosh(λx) + B.

This is a special case of equation 6.8.13 with f (y) = k tan(βy).

41. y(x) + k

∫∫ x

a

sinh[λ(x – t)] tan[βy(t)] dt = A sinh(λx) + B.

This is a special case of equation 6.8.14 with f (y) = k tan(βy).

42. y(x) + k

∫∫ x

a

sin[λ(x – t)] tan[βy(t)] dt = A sin(λx) + B cos(λx) + C.

This is a special case of equation 6.8.15 with f (y) = k tan(βy).

6.7-4. Integrands with Nonlinearity of the Form cot[βy(t)].

43. y(x) + k

∫∫ x

a

cot[βy(t)] dt = A.

This is a special case of equation 6.8.1 with f (y) = k cot(βy).

44. y(x) + k

∫∫ x

a

cot[βy(t)] dt = Ax + B.

This is a special case of equation 6.8.2 with f (y) = k cot(βy).

45. y(x) + k

∫∫ x

a

(x – t) cot[βy(t)] dt = Ax2 + Bx + C.

This is a special case of equation 6.8.3 with f (y) = k cot(βy).

46. y(x) + k

∫∫ x

a

tλ cot[βy(t)] dt = Bxλ+1 + C.

This is a special case of equation 6.8.4 with f (y) = k cot(βy).

47. y(x) +
∫∫ x

a

g(t) cot[βy(t)] dt = A.

This is a special case of equation 6.8.5 with f (y) = cot(βy).
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48. y(x) +
∫∫ x

0

cot[βy(t)]

ax + bt
dt = A.

This is a special case of equation 6.8.6 with f (y) = cot(βy).

49. y(x) +
∫∫ x

0

cot[βy(t)]√
ax2 + bt2

dt = A.

This is a special case of equation 6.8.7 with f (y) = cot(βy).

50. y(x) + k

∫∫ x

a

eλt cot[βy(t)] dt = Beλx + C.

This is a special case of equation 6.8.9 with f (y) = k cot(βy).

51. y(x) + k

∫∫ x

a

eλ(x–t) cot[βy(t)] dt = A.

This is a special case of equation 6.8.10 with f (y) = k cot(βy).

52. y(x) + k

∫∫ x

a

eλ(x–t) cot[βy(t)] dt = Aeλx + B.

This is a special case of equation 6.8.11 with f (y) = k cot(βy).

53. y(x) + k

∫∫ x

a

sinh[λ(x – t)] cot[βy(t)] dt = Aeλx + Be–λx + C.

This is a special case of equation 6.8.12 with f (y) = k cot(βy).

54. y(x) + k

∫∫ x

a

sinh[λ(x – t)] cot[βy(t)] dt = A cosh(λx) + B.

This is a special case of equation 6.8.13 with f (y) = k cot(βy).

55. y(x) + k

∫∫ x

a

sinh[λ(x – t)] cot[βy(t)] dt = A sinh(λx) + B.

This is a special case of equation 6.8.14 with f (y) = k cot(βy).

56. y(x) + k

∫∫ x

a

sin[λ(x – t)] cot[βy(t)] dt = A sin(λx) + B cos(λx) + C.

This is a special case of equation 6.8.15 with f (y) = k cot(βy).

6.8. Equations with Nonlinearity of General Form

6.8-1. Equations of the Form y(x) +
∫ x

a K(x, t)G
(
y(t)
)
dt = F (x).

1. y(x) +
∫∫ x

a

f
((
y(t)
))

dt = A.

This is a special case of equation 6.8.16.
Solution in an implicit form: ∫ y

A

du

f (u)
+ x – a = 0.
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2. y(x) +
∫∫ x

a

f
((
y(t)
))

dt = Ax + B.

Solution in an implicit form:∫ y

y0

du

A – f (u)
= x – a, y0 = Aa + B.

3. y(x) +
∫∫ x

a

(x – t)f
((
y(t)
))

dt = Ax2 + Bx + C.

1◦. This is a special case of equation 6.8.17. The solution of this integral equation is
determined by the solution of the second-order autonomous ordinary differential equation

y′′
xx + f (y) – 2A = 0

under the initial conditions

y(a) = Aa2 + Ba + C, y′
x(a) = 2Aa + B.

2◦. Solutions in an implicit form:∫ y

y0

[
4Au – 2F (u) + B2 – 4AC

]–1/2
du = ±(x – a),

F (u) =
∫ u

y0

f (t) dt, y0 = Aa2 + Ba + C.

4. y(x) +
∫∫ x

a

tλf
((
y(t)
))

dt = Bxλ+1 + C.

By differentiation, this integral equation can be reduced to a separable ordinary differential
equation.

Solution in an implicit form:

(λ + 1)
∫ y

ya

du

f (u) – B(λ + 1)
+ xλ+1 – aλ+1 = 0, ya = Baλ+1 + C.

5. y(x) +
∫∫ x

a

g(t)f
((
y(t)
))

dt = A.

Solution in an implicit form: ∫ y

A

du

f (u)
+
∫ x

a

g(t) dt = 0.

6. y(x) +
∫∫ x

0

f
((
y(t)
))

ax + bt
dt = A.

A solution: y(x) = λ, where λ is a root of the algebraic (or transcendental) equation

ln
(

1 +
b

a

)
f (λ) + bλ – Ab = 0.
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7. y(x) +
∫∫ x

0

f
((
y(t)
))

√
ax2 + bt2

dt = A.

A solution: y(x) = λ, where λ is a root of the algebraic (or transcendental) equation

kf (λ) + λ – A = 0, k =
∫ 1

0

dz√
a + bz2

.

8. y(x) + x

∫∫ x

0
f
((
y(t)
)) dt

x2 + t2
= A.

A solution: y(x) = λ, where λ is a root of the algebraic (or transcendental) equation

λ + 1
4 πf (λ) = A.

9. y(x) +
∫∫ x

a

eλtf
((
y(t)
))

dt = Beλx + C.

By differentiation, this integral equation can be reduced to a separable ordinary differential
equation.

Solution in an implicit form:

λ

∫ y

y0

du

f (u) – Bλ
+ eλx – eλa = 0, y0 = Beλa + C.

10. y(x) +
∫∫ x

a

eλ(x–t)f
((
y(t)
))

dt = A.

This is a special case of equation 6.8.19.
Solution in an implicit form:∫ y

A

du

λu – f (u) – λA
= x – a.

11. y(x) +
∫∫ x

a

eλ(x–t)f
((
y(t)
))

dt = Aeλx + B.

This is a special case of equation 6.8.19.
Solution in an implicit form:∫ y

y0

du

λu – f (u) – λB
= x – a, y0 = Aeλa + B.

12. y(x) +
∫∫ x

a

sinh[λ(x – t)]f
((
y(t)
))

dt = Aeλx + Be–λx + C.

1◦. This is a special case of equation 6.8.21. The solution of this integral equation is
determined by the solution of the second-order autonomous ordinary differential equation

y′′
xx + λf (y) – λ2y + λ2C = 0

under the initial conditions

y(a) = Aeλa + Be–λa + C, y′
x(a) = Aλeλa – Bλe–λa.

2◦. Solution in an implicit form:∫ y

y0

[
λ2u2 – 2λ2Cu – 2λF (u) + λ2(C2 – 4AB)

]–1/2
du = ±(x – a),

F (u) =
∫ u

y0

f (t) dt, y0 = Aeλa + Be–λa + C.
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13. y(x) +
∫∫ x

a

sinh[λ(x – t)]f
((
y(t)
))

dt = A cosh(λx) + B.

This is a special case of equation 6.8.12.
Solution in an implicit form:∫ y

y0

[
λ2u2 – 2λ2Bu – 2λF (u) + λ2(B2 – A2)

]–1/2
du = ±(x – a),

F (u) =
∫ u

y0

f (t) dt, y0 = A cosh(λa) + B.

14. y(x) +
∫∫ x

a

sinh[λ(x – t)]f
((
y(t)
))

dt = A sinh(λx) + B.

This is a special case of equation 6.8.21.
Solution in an implicit form:∫ y

y0

[
λ2u2 – 2λ2Bu – 2λF (u) + λ2(A2 + B2)

]–1/2
du = ±(x – a),

F (u) =
∫ u

y0

f (t) dt, y0 = A sinh(λa) + B.

15. y(x) +
∫∫ x

a

sin[λ(x – t)]f
((
y(t)
))

dt = A sin(λx) + B cos(λx) + C.

1◦. This is a special case of equation 6.8.23. The solution of this integral equation is
determined by the solution of the second-order autonomous ordinary differential equation

y′′
xx + λf (y) + λ2y – λ2C = 0

under the initial conditions

y(a) = A sin(λa) + B cos(λa) + C, y′
x(a) = Aλ cos(λa) – Bλ sin(λa).

2◦. Solution in an implicit form:∫ y

y0

[
λ2D – λ2u2 + 2λ2Cu – 2λF (u)

]–1/2
du = ±(x – a),

y0 = A sin(λa) + B cos(λa) + C, D = A2 + B2 – C2, F (u) =
∫ u

y0

f (t) dt.

6.8-2. Equations of the Form y(x) +
∫ x

a
K(x – t)G

(
t, y(t)

)
dt = F (x).

16. y(x) +
∫∫ x

a

f
((
t, y(t)

))
dt = g(x).

The solution of this integral equation is determined by the solution of the first-order ordinary
differential equation

y′
x + f (x, y) – g′x(x) = 0

under the initial condition y(a) = g(a). For the exact solutions of the first-order differential
equations with various f (x, y) and g(x), see E. Kamke (1977) and A. D. Polyanin and
V. F. Zaitsev (2003).
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17. y(x) +
∫∫ x

a

(x – t)f
((
t, y(t)

))
dt = g(x).

Differentiating the equation with respect to x yields

y′
x +
∫ x

a

f
(
t, y(t)

)
dt = g′x(x). (1)

In turn, differentiating this equation with respect to x yields the second-order nonlinear
ordinary differential equation

y′′
xx + f (x, y) – g′′xx(x) = 0. (2)

By setting x = a in the original equation and equation (1), we obtain the initial conditions for
y = y(x):

y(a) = g(a), y′
x(a) = g′x(a). (3)

Equation (2) under conditions (3) defines the solution of the original integral equation. For
the exact solutions of the second-order differential equation (2) with various f (x, y) and g(x),
see A. D. Polyanin and V. F. Zaitsev (2003).

18. y(x) +
∫∫ x

a

(x – t)nf
((
t, y(t)

))
dt = g(x), n = 1, 2, . . .

Differentiating the equation n+1 times with respect to x, we obtain an (n+1)st-order nonlinear
ordinary differential equation for y = y(x):

y(n+1)
x + n! f (x, y) – g(n+1)

x (x) = 0.

This equation under the initial conditions

y(a) = g(a), y′
x(a) = g′x(a), . . . , y(n)

x (a) = g(n)
x (a),

defines the solution of the original integral equation.

19. y(x) +
∫∫ x

a

eλ(x–t)f
((
t, y(t)

))
dt = g(x).

Differentiating the equation with respect to x yields

y′
x + f

(
x, y(x)

)
+ λ

∫ x

a

eλ(x–t)f
(
t, y(t)

)
dt = g′x(x).

Eliminating the integral term with the aid of the original equation, we obtain the first-order
nonlinear ordinary differential equation

y′
x + f (x, y) – λy + λg(x) – g′x(x) = 0.

The unknown function y = y(x) must satisfy the initial condition y(a) = g(a). For the exact
solutions of the first-order differential equations with various f (x, y) and g(x), see E. Kamke
(1977) and A. D. Polyanin and V. F. Zaitsev (2003).
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20. y(x) +
∫∫ x

a

cosh[λ(x – t)]f
((
t, y(t)

))
dt = g(x).

Differentiating the equation with respect to x twice yields

y′
x(x) + f

(
x, y(x)

)
+ λ

∫ x

a

sinh[λ(x – t)]f
(
t, y(t)

)
dt = g′x(x), (1)

y′′
xx(x) +

[
f
(
x, y(x)

)]′
x

+ λ2
∫ x

a

cosh[λ(x – t)]f
(
t, y(t)

)
dt = g′′xx(x). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the second-order nonlinear ordinary differential equation

y′′
xx +

[
f (x, y)

]′
x

– λ2y + λ2g(x) – g′′xx(x) = 0. (3)

By setting x = a in the original equation and in (1), we obtain the initial conditions for y = y(x):

y(a) = g(a), y′
x(a) = g′x(a) – f

(
a, g(a)

)
. (4)

Equation (3) under conditions (4) defines the solution of the original integral equation.

21. y(x) +
∫∫ x

a

sinh[λ(x – t)]f
((
t, y(t)

))
dt = g(x).

Differentiating the equation with respect to x twice yields

y′
x(x) + λ

∫ x

a

cosh[λ(x – t)]f
(
t, y(t)

)
dt = g′x(x), (1)

y′′
xx(x) + λf

(
x, y(x)

)
+ λ2

∫ x

a

sinh[λ(x – t)]f
(
t, y(t)

)
dt = g′′xx(x). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the second-order nonlinear ordinary differential equation

y′′
xx + λf (x, y) – λ2y + λ2g(x) – g′′xx(x) = 0. (3)

By setting x = a in the original equation and in (1), we obtain the initial conditions for y = y(x):

y(a) = g(a), y′
x(a) = g′x(a). (4)

Equation (3) under conditions (4) defines the solution of the original integral equation. For
the exact solutions of the second-order differential equation (3) with various f (x, y) and g(x),
see A. D. Polyanin and V. F. Zaitsev (2003).

22. y(x) +
∫∫ x

a

cos[λ(x – t)]f
((
t, y(t)

))
dt = g(x).

Differentiating the equation with respect to x twice yields

y′
x(x) + f

(
x, y(x)

)
– λ

∫ x

a

sin[λ(x – t)]f
(
t, y(t)

)
dt = g′x(x), (1)

y′′
xx(x) +

[
f
(
x, y(x)

)]′
x

– λ2
∫ x

a

cos[λ(x – t)]f
(
t, y(t)

)
dt = g′′xx(x). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the second-order nonlinear ordinary differential equation

y′′
xx +

[
f (x, y)

]′
x

+ λ2y – λ2g(x) – g′′xx(x) = 0. (3)

By setting x = a in the original equation and in (1), we obtain the initial conditions for y = y(x):

y(a) = g(a), y′
x(a) = g′x(a) – f

(
a, g(a)

)
. (4)

Equation (3) under conditions (4) defines the solution of the original integral equation.
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23. y(x) +
∫∫ x

a

sin[λ(x – t)]f
((
t, y(t)

))
dt = g(x).

Differentiating the equation with respect to x twice yields

y′
x(x) + λ

∫ x

a

cos[λ(x – t)]f
(
t, y(t)

)
dt = g′x(x), (1)

y′′
xx(x) + λf

(
x, y(x)

)
– λ2

∫ x

a

sin[λ(x – t)]f
(
t, y(t)

)
dt = g′′xx(x). (2)

Eliminating the integral term from (2) with the aid of the original equation, we arrive at
the second-order nonlinear ordinary differential equation

y′′
xx + λf (x, y) + λ2y – λ2g(x) – g′′xx(x) = 0. (3)

By setting x = a in the original equation and in (1), we obtain the initial conditions for y = y(x):

y(a) = g(a), y′
x(a) = g′x(a). (4)

Equation (3) under conditions (4) defines the solution of the original integral equation. For
the exact solutions of the second-order differential equation (3) with various f (x, y) and g(x),
see A. D. Polyanin and V. F. Zaitsev (2003).

6.8-3. Other Equations.

24. y(x) +
1

x

∫∫ x

0
f

((
t

x
, y(t), y(x)

))
dt = A.

A solution: y(x) = λ, where λ is a root of the algebraic (or transcendental) equation

λ + F (λ) – A = 0, F (λ) =
∫ 1

0
f (z, λ, λ) dz.

25. y(x) +
∫∫ x

0
f

((
t

x
,

y(t)

t
,

y(x)

x

))
dt = Ax.

A solution: y(x) = λx, where λ is a root of the algebraic (or transcendental) equation

λ + F (λ) – A = 0, F (λ) =
∫ 1

0
f (z, λ, λ) dz.

26. y(x) +
∫∫ ∞

x

f
((
t – x, y(t – x)

))
y(t) dt = ae–λx.

Solutions: y(x) = bke–λx, where bk are roots of the algebraic (or transcendental) equation

b + bI(b) = a, I(b) =
∫ ∞

0
f (z, be–λz)e–λz dz.





Chapter 7

Nonlinear Equations of the First Kind
with Constant Limits of Integration

� Notation: f , g, ϕ, and ψ are arbitrary functions of an argument specified in the parentheses (the
argument can depend on t, x, and y); and A, B, a, b, c, β, γ, λ, and µ are arbitrary parameters.

7.1. Equations with Quadratic Nonlinearity That Contain
Arbitrary Parameters

7.1-1. Equations of the Form
∫ b

a K(t)y(x)y(t) dt = F (x).

1.
∫∫ 1

0
y(x)y(t) dt = Axλ, A > 0, λ > –1.

This is a special case of equation 7.2.1 with f (t) = 1, g(x) = Axλ, a = 0, and b = 1.
Solutions: y(x) = ±

√
A(λ + 1) xλ.

2.
∫∫ 1

0
y(x)y(t) dt = Aeβx, A > 0.

This is a special case of equation 7.2.1 with f (t) = 1, g(x) = Aeβx, a = 0, and b = 1.

Solutions: y(x) = ±
√

Aβ

eβ – 1
eβx.

3.
∫∫ 1

0
y(x)y(t) dt = A cosh(βx), A > 0.

This is a special case of equation 7.2.1 with f (t) = 1, g(x) = A cosh(βx), a = 0, and b = 1.

Solutions: y(x) = ±
√

Aβ

sinh β
cosh(βx).

4.
∫∫ 1

0
y(x)y(t) dt = A sinh(βx), Aβ > 0.

This is a special case of equation 7.2.1 with f (t) = 1, g(x) = A sinh(βx), a = 0, and b = 1.

Solutions: y(x) = ±
√

Aβ

cosh β – 1
sinh(βx).

433
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5.
∫∫ 1

0
y(x)y(t) dt = A tanh(βx), Aβ > 0.

This is a special case of equation 7.2.1 with f (t) = 1, g(x) = A tanh(βx), a = 0, and b = 1.

Solutions: y(x) = ±
√

Aβ

ln cosh β
tanh(βx).

6.
∫∫ 1

0
y(x)y(t) dt = A ln(βx), A(ln β – 1) > 0.

This is a special case of equation 7.2.1 with f (t) = 1, g(x) = A ln(βx), a = 0, and b = 1.

Solutions: y(x) = ±
√

A

ln β – 1
ln(βx).

7.
∫∫ 1

0
y(x)y(t) dt = A cos(βx), A > 0.

This is a special case of equation 7.2.1 with f (t) = 1, g(x) = A cos(βx), a = 0, and b = 1.

Solutions: y(x) = ±
√

Aβ

sin β
cos(βx).

8.
∫∫ 1

0
y(x)y(t) dt = A sin(βx), Aβ > 0.

This is a special case of equation 7.2.1 with f (t) = 1, g(x) = A sin(βx), a = 0, and b = 1.

Solutions: y(x) = ±
√

Aβ

1 – cos β
sin(βx).

9.
∫∫ 1

0
y(x)y(t) dt = A tan(βx), Aβ > 0.

This is a special case of equation 7.2.1 with f (t) = 1, g(x) = A tan(βx), a = 0, and b = 1.

Solutions: y(x) = ±
√

–Aβ

ln |cos β|
tan(βx).

10.
∫∫ 1

0
tµy(x)y(t) dt = Axλ, A > 0, µ + λ > –1.

This is a special case of equation 7.2.1 with f (t) = tµ, g(x) = Axλ, a = 0, and b = 1.
Solutions: y(x) = ±

√
A(µ + λ + 1) xλ.

11.
∫∫ 1

0
eµty(x)y(t) dt = Aeβx, A > 0.

This is a special case of equation 7.2.1 with f (t) = eµt, g(x) = Aeβx, a = 0, and b = 1.

Solutions: y(x) = ±
√

A(µ + β)
eµ+β – 1

eβx.
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7.1-2. Equations of the Form
∫ b

a
K(t)y(t)y(xt) dt = F (x).

12.
∫∫ 1

0
y(t)y(xt) dt = A, 0 ≤ x ≤ 1.

This is a special case of equation 7.2.2 with f (t) = 1, a = 0, and b = 1.

1◦. Solutions:

y1(x) =
√

A,

y3(x) =
√

A (3x – 2),

y5(x) =
√

A (10x2 – 12x + 3),

y2(x) = –
√

A,

y4(x) = –
√

A (3x – 2),

y6(x) = –
√

A (10x2 – 12x + 3).

2◦. The integral equation has some other solutions; for example,

y7(x) =

√
A

C

[
(2C + 1)xC – C – 1

]
,

y9(x) =
√

A (ln x + 1),

y8(x) = –

√
A

C

[
(2C + 1)xC – C – 1

]
,

y10(x) = –
√

A (ln x + 1),

where C is an arbitrary constant.

3◦. See 7.2.2 for some other solutions.

13.
∫∫ 1

0
y(t)y(xtβ) dt = A, β > 0.

1◦. Solutions:

y1(x) =
√

A,

y3(x) =
√

B
[
(β + 2)x – β – 1

]
,

y2(x) = –
√

A,

y4(x) = –
√

B
[
(β + 2)x – β – 1

]
,

where B =

√
2A

β(β + 1)
.

2◦. The integral equation has some other (more complicated solutions) of the polynomial

form y(x) =
n∑

k=0
Bkxk , where the constants Bk can be found from the corresponding system

of algebraic equations.

14.
∫∫ ∞

1
y(t)y(xt) dt = Ax–λ, λ > 0, 1 ≤ x < ∞.

This is a special case of equation 7.2.3 with f (t) = 1, a = 1, and b = ∞.

1◦. Solutions:

y1(x) = Bx–λ, y2(x) = –Bx–λ, λ > 1
2 ;

y3(x) = B
[
(2λ – 3)x – 2λ + 2

]
x–λ, y4(x) = –B

[
(2λ – 3)x – 2λ + 2

]
x–λ, λ > 3

2 ;

where B =
√

A(2λ – 1).

2◦. For sufficiently large λ, the integral equation has some other (more complicated) solutions

of the polynomial form y(x) =
n∑

k=0
Bkxk , where the constants Bk can be found from the

corresponding system of algebraic equations.
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15.
∫∫ ∞

0
e–λty(t)y(xt) dt = A, λ > 0, 0 ≤ x < ∞.

This is a special case of equation 7.2.2 with f (t) = e–λt, a = 0, and b = ∞.

1◦. Solutions:

y1(x) =
√

Aλ,

y3(x) =
√

1
2 Aλ (λx – 2),

y2(x) = –
√

Aλ,

y4(x) = –
√

1
2 Aλ (λx – 2).

2◦. The integral equation has some other (more complicated) solutions of the polynomial

form y(x) =
n∑

k=0
Bkxk , where the constants Bk can be found from the corresponding system

of algebraic equations. See 7.2.2 for some other solutions.

7.1-3. Other Equations.

16.
∫∫ 1

0
y(t)y(x + λt) dt = A, 0 ≤ x < ∞.

This is a special case of equation 7.2.7 with f (t) ≡ 1, a = 0, and b = 1.
Solutions:

y1(x) =
√

A,

y3(x) =
√

3A/λ (1 – 2x),

y2(x) = –
√

A,

y4(x) = –
√

3A/λ (1 – 2x).

17.
∫∫ ∞

0
y(t)y(x + λt) dt = Ae–βx, A, λ, β > 0, 0 ≤ x < ∞.

This is a special case of equation 7.2.9 with f (t) ≡ 1, a = 0, and b = ∞.
Solutions:

y1(x) =
√

Aβ(λ + 1) e–βx,

y3(x) = B
[
β(λ + 1)x – 1

]
e–βx,

y2(x) = –
√

Aβ(λ + 1) e–βx,

y4(x) = –B
[
β(λ + 1)x – 1

]
e–βx,

where B =
√

Aβ(λ + 1)/λ.

18.
∫∫ 1

0
y(t)y(x – t) dt = A, –∞ < x < ∞.

This is a special case of equation 7.2.10 with f (t) ≡ 1, a = 0, and b = 1.

1◦. Solutions with A > 0:

y1(x) =
√

A,

y3(x) =
√

5A(6x2 – 6x + 1),

y2(x) = –
√

A,

y4(x) = –
√

5A(6x2 – 6x + 1).

2◦. Solutions with A < 0:

y1(x) =
√

–3A (1 – 2x), y2(x) = –
√

–3A (1 – 2x).

The integral equation has some other (more complicated) solutions of the polynomial

form y(x) =
n∑

k=0
Bkxk , where the constants Bk can be found from the corresponding system

of algebraic equations.

19.
∫∫ ∞

0
e–λty

((x

t

))
y(t) dt = Axb, λ > 0.

Solutions: y(x) = ±
√

Aλxb.
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7.2. Equations with Quadratic Nonlinearity That Contain
Arbitrary Functions

7.2-1. Equations of the Form
∫ b

a
K(t)y(t)y(· · ·) dt = F (x).

1.
∫∫ b

a

f (t)y(x)y(t) dt = g(x).

Solutions:

y(x) = ±λg(x), λ =

[∫ b

a

f (t)g(t) dt

]–1/2

.

2.
∫∫ b

a

f (t)y(t)y(xt) dt = A.

1◦. Solutions:*
y1(x) =

√
A/I0,

y3(x) = q(I1x – I2),

y2(x) = –
√

A/I0,

y4(x) = –q(I1x – I2),

where

Im =
∫ b

a

tmf (t) dt, q =

(
A

I0I2
2 – I2

1 I2

)1/2

, m = 0, 1, 2.

The integral equation has some other (more complicated) solutions of the polynomial

form y(x) =
n∑

k=0
Bkxk , where the constants Bk can be found from the corresponding system

of algebraic equations.

2◦. Solutions:

y5(x) = q(I1x
C – I2), y6(x) = –q(I1x

C – I2),

q =

(
A

I0I2
2 – I2

1 I2

)1/2

, Im =
∫ b

a

tmCf (t) dt, m = 0, 1, 2,

where C is an arbitrary constant.

The equation has more complicated solutions of the form y(x) =
n∑

k=0
BkxkC , where C is

an arbitrary constant and the coefficients Bk can be found from the corresponding system of
algebraic equations.

3◦. Solutions:

y7(x) = p(J0 ln x – J1), y8(x) = –p(J0 ln x – J1),

p =

(
A

J2
0 J2 – J0J2

1

)1/2

, Jm =
∫ b

a

(ln t)mf (t) dt.

The equation has more complicated solutions of the form y(x) =
n∑

k=0
Ek(ln x)k, where the

constants Ek can be found from the corresponding system of algebraic equations.

* The arguments of the equations containing y(xt) in the integrand can vary, for example, within the following intervals:
(a) 0 ≤ t ≤ 1, 0 ≤ x ≤ 1 for a = 0 and b = 1; (b) 1 ≤ t < ∞, 1 ≤ x < ∞ for a = 1 and b = ∞; (c) 0 ≤ t < ∞, 0 ≤ x < ∞ for
a = 0 and b = ∞; or (d) a ≤ t ≤ b, 0 ≤ x < ∞ for arbitrary a and b such that 0 ≤ a < b ≤ ∞. Case (d) is a special case of (c)
if f (t) is nonzero only on the interval a ≤ t ≤ b.
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3.
∫∫ b

a

f (t)y(t)y(xt) dt = Axβ.

1◦. Solutions:
y1(x) =

√
A/I0 xβ ,

y3(x) = q(I1x – I2) xβ ,

y2(x) = –
√

A/I0 xβ ,

y4(x) = –q(I1x – I2) xβ ,

where

Im =
∫ b

a

t2β+mf (t) dt, q =

√
A

I2(I0I2 – I2
1 )

, m = 0, 1, 2.

2◦. The substitution y(x) = xβw(x) leads to an equation of the form 7.2.2:∫ b

a

g(t)w(t)w(xt) dt = A, g(x) = f (x)x2β .

Therefore, the integral equation in question has more complicated solutions.

4.
∫∫ b

a

f (t)y(t)y(xt) dt = A ln x + B.

This equation has solutions of the form y(x) = p ln x+q. The constants p and q are determined
from the following system of two second-order algebraic equations:

I1p
2 + I0pq = A, I2p

2 + 2I1pq + I0q
2 = B,

where

Im =
∫ b

a

f (t)(ln t)m dt, m = 0, 1, 2.

5.
∫∫ b

a

f (t)y(t)y(xt) dt = Axλ ln x + Bxλ.

The substitution y(x) = xλw(x) leads to an equation of the form 7.2.4:∫ b

a

g(t)w(t)w(xt) dt = A ln x + B, g(t) = f (t)t2λ.

6.
∫∫ ∞

0
f (t)y(t)y

((x

t

))
dt = Axλ.

Solutions:

y1(x) =

√
A

I
xλ, y2(x) = –

√
A

I
xλ, I =

∫ ∞

0
f (t) dt.

7.
∫∫ b

a

f (t)y(t)y(x + λt) dt = A, λ > 0.

1◦. Solutions*
y1(x) =

√
A/I0,

y3(x) = q(I0x – I1),

y2(x) = –
√

A/I0,

y4(x) = –q(I0x – I1),

* The arguments of the equations containing y(x+λt) in the integrand can vary within the following intervals: (a) 0 ≤ t<∞,
0 ≤ x < ∞ for a = 0 and b = ∞ or (b) a ≤ t ≤ b, 0 ≤ x < ∞ for arbitrary a and b such that 0 ≤ a < b < ∞. Case (b) is a
special case of (a) if f (t) is nonzero only on the interval a ≤ t ≤ b.
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where

Im =
∫ b

a

tmf (t) dt, q =

√
A

λ(I2
0 I2 – I0I2

1 )
, m = 0, 1, 2.

2◦. The integral equation has some other (more complicated) solutions of the polynomial

form y(x) =
n∑

k=0
Bkxk , where the constants Bk can be found from the corresponding system

of algebraic equations.

8.
∫∫ b

a

f (t)y(t)y(x + λt) dt = Ax + B, λ > 0.

A solution: y(x) = βx + µ, where the constants β and µ are determined from the following
system of two second-order algebraic equations:

I0βµ + I1β
2 = A, I0µ

2 + (λ + 1)I1βµ + λI2β
2 = B, Im =

∫ b

a

tmf (t) dt. (1)

Multiplying the first equation by B and the second by –A and adding the resulting equations,
we obtain the quadratic equation

AI0z
2 +
[
(λ + 1)AI1 – BI0

]
z + λAI2 – BI1 = 0, z = µ/β. (2)

In general, to each root of equation (2) two solutions of system (1) correspond. Therefore,
the original integral equation can have at most four solutions of this form. If the discriminant
of equation (2) is negative, then the integral equation has no such solutions.

The integral equation has some other (more complicated) solutions of the polynomial

form y(x) =
n∑

k=0
βkxk , where the constants βk can be found from the corresponding system

of algebraic equations.

9.
∫∫ b

a

f (t)y(t)y(x + λt) dt = Ae–βx, λ > 0.

1◦. Solutions:

y1(x) =
√

A/I0 e–βx,

y3(x) = q(I0x – I1)e–βx,

y2(x) = –
√

A/I0 e–βx,

y4(x) = –q(I0x – I1)e–βx,

where

Im =
∫ b

a

tme–β(λ+1)tf (t) dt, q =

√
A

λ(I2
0 I2 – I0I2

1 )
, m = 0, 1, 2.

2◦. The equation has more complicated solutions of the form y(x) = e–βx
n∑

k=0
Bkxk, where

the constants Bk can be found from the corresponding system of algebraic equations.

3◦. The substitution y(x) = e–βxw(x) leads to an equation of the form 7.2.7:∫ b

a

e–β(λ+1)tf (t)w(t)w(x + λt) dt = A.
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10.
∫∫ b

a

f (t)y(t)y(x – t) dt = A.

1◦. Solutions*
y1(x) =

√
A/I0,

y3(x) = q(I0x – I1),

y2(x) = –
√

A/I0,

y4(x) = –q(I0x – I1),

where

Im =
∫ b

a

tmf (t) dt, q =

√
A

I0I2
1 – I2

0 I2
, m = 0, 1, 2.

2◦. The integral equation has some other (more complicated) solutions of the polynomial

form y(x) =
n∑

k=0
λkxk , where the constants λk can be found from the corresponding system

of algebraic equations. For n = 3, such a solution is presented in 7.1.18.

11.
∫∫ b

a

f (t)y(t)y(x – t) dt = Ax + B.

A solution: y(x) = λx + µ, where the constants λ and µ are determined from the following
system of two second-order algebraic equations:

I0λµ + I1λ
2 = A, I0µ

2 – I2λ
2 = B, Im =

∫ b

a

tmf (t) dt, m = 0, 1, 2. (1)

Multiplying the first equation by B and the second by –A and adding the results, we obtain
the quadratic equation

AI0z
2 – BI0z – AI2 – BI1 = 0, z = µ/λ. (2)

In general, to each root of equation (2) two solutions of system (1) correspond. Therefore,
the original integral equation can have at most four solutions of this form. If the discriminant
of equation (2) is negative, then the integral equation has no such solutions.

The integral equation has some other (more complicated) solutions of the polynomial

form y(x) =
n∑

k=0
λkxk , where the constants λk can be found from the corresponding system

of algebraic equations.

12.
∫∫ b

a

f (t)y(t)y(x – t) dt =
n∑

k=0

Akxk.

This equation has solutions of the form

y(x) =
n∑

k=0

λkxk, (1)

where the constants λk are determined from the system of algebraic equations obtained by
substituting solution (1) into the original integral equation and matching the coefficients of
like powers of x.

* The arguments of the equations containing y(x–t) in the integrand can vary within the following intervals: (a) –∞<t<∞,
–∞ < x < ∞ for a = –∞ and b = ∞ or (b) a ≤ t ≤ b, –∞ ≤ x < ∞, for arbitrary a and b such that –∞ < a < b < ∞.
Case (b) is a special case of (a) if f (t) is nonzero only on the interval a ≤ t ≤ b.



7.2. EQUATIONS WITH QUADRATIC NONLINEARITY THAT CONTAIN ARBITRARY FUNCTIONS 441

13.
∫∫ b

a

f (t)y(x – t)y(t) dt = Aeλx.

Solutions:
y1(x) =

√
A/I0 eλx,

y3(x) = q(I0x – I1)eλx,

y2(x) = –
√

A/I0 eλx,

y4(x) = –q(I0x – I1)eλx,

where

Im =
∫ b

a

tmf (t) dt, q =

√
A

I0I2
1 – I2

0 I2
, m = 0, 1, 2.

The integral equation has more complicated solutions of the form y(x) = eλx
n∑

k=0
Bkxk, where

the constants Bk can be found from the corresponding system of algebraic equations.

14.
∫∫ b

a

f (t)y(t)y(x – t) dt = A sinh λx.

A solution:
y(x) = p sinh λx + q cosh λx. (1)

Here p and q are roots of the algebraic system

I0pq + Ics(p2 – q2) = A, Iccq
2 – Issp

2 = 0, (2)

where the notation

I0 =
∫ b

a

f (t) dt, Ics =
∫ b

a

f (t) cosh(λt) sinh(λt) dt,

Icc =
∫ b

a

f (t) cosh2(λt) dt, Iss =
∫ b

a

f (t) sinh2(λt) dt

is used. Different solutions of system (2) generate different solutions (1) of the integral
equation.

It follows from the second equation of (2) that q = ±
√

Iss/Icc p. Using this expression to
eliminate q from the first equation of (2), we obtain the following four solutions:

y1,2(x) = p
(
sinh λx ± k cosh λx

)
, y3,4(x) = –p

(
sinh λx ± k cosh λx

)
,

k =

√
Iss

Icc
, p =

√
A

(1 – k2)Ics ± kI0
.

15.
∫∫ b

a

f (t)y(t)y(x – t) dt = A cosh λx.

A solution:
y(x) = p sinh λx + q cosh λx. (1)

Here p and q are roots of the algebraic system

I0pq + Ics(p2 – q2) = 0, Iccq
2 – Issp

2 = A, (2)

where we use the notation introduced in 7.2.14. Different solutions of system (2) generate
different solutions (1) of the integral equation.
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16.
∫∫ b

a

f (t)y(t)y(x – t) dt = A sin λx.

A solution:
y(x) = p sin λx + q cos λx. (1)

Here p and q are roots of the algebraic system

I0pq + Ics(p
2 + q2) = A, Iccq

2 – Issp
2 = 0, (2)

where

I0 =
∫ b

a

f (t) dt, Ics =
∫ b

a

f (t) cos(λt) sin(λt) dt,

Icc =
∫ b

a

f (t) cos2(λt) dt, Iss =
∫ b

a

f (t) sin2(λt) dt.

It follows from the second equation of (2) that q = ±
√

Iss/Icc p. Using this expression to
eliminate q from the first equation of (2), we obtain the following four solutions:

y1,2(x) = p
(
sin λx ± k cos λx

)
, y3,4(x) = –p

(
sin λx ± k cos λx

)
,

k =

√
Iss

Icc
, p =

√
A

(1 + k2)Ics ± kI0
.

17.
∫∫ b

a

f (t)y(t)y(x – t) dt = A cos λx.

A solution:
y(x) = p sin λx + q cos λx. (1)

Here p and q are roots of the algebraic system

I0pq + Ics(p2 + q2) = 0, Iccq
2 – Issp

2 = A, (2)

where we use the notation introduced in 7.2.16. Different solutions of system (2) generate
different solutions (1) of the integral equation.

18.
∫∫ 1

0
y(t)y(ξ) dt = A, ξ = f (x)t.

1◦. Solutions:

y1(t) =
√

A,

y3(t) =
√

A (3t – 2),

y5(t) =
√

A (10t2 – 12t + 3),

y2(t) = –
√

A,

y4(t) = –
√

A (3t – 2),

y6(t) = –
√

A (10t2 – 12t + 3).

2◦. The integral equation has some other (more complicated) solutions of the polynomial

form y(t) =
n∑

k=0
Bktk, where the constants Bk can be found from the corresponding system of

algebraic equations.

3◦. The substitution z = f (x) leads to an equation of the form 7.1.12.
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7.2-2. Equations of the Form
∫ b

a
[K(x, t)y(t) + M (x, t)y2(t)] dt = F (x).

19.
∫∫ a

0

[[
1

|x – t|k
y(t) + ϕ(x)ψ(t)y2(t)

]]
dt = f (x), 0 < k < 1.

The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.1.30.

20.
∫∫ b

a

[[
ln |x – t|y(t) + ϕ(x)ψ(t)y2(t)

]]
dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.4.2.

21.
∫∫ ∞

0
[sin(xt)y(t) + ϕ(x)ψ(t)y2(t)] dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.5.8.

Solutions:

y1,2(t) = Yf (t) + A1,2Yϕ(t),

where

Yf (t) =
2
π

∫ ∞

0
sin(xt)f (x) dx, Yϕ(t) =

2
π

∫ ∞

0
sin(xt)ϕ(x) dx,

and A1,2 are roots of the quadratic equation

pA2 + qA + r = 0,

p =
∫ ∞

0
ψ(t)Y 2

ϕ(t) dt, q = 1 + 2
∫ ∞

0
ψ(t)Yf (t)Yϕ(t) dt, r =

∫ ∞

0
ψ(t)Y 2

f (t) dt.

Reference: A. D. Polyanin and A. I. Zhurov (2007).

22.
∫∫ ∞

0
[cos(xt)y(t) + ϕ(x)ψ(t)y2(t)] dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.5.1.

Solutions:

y1,2(t) = Yf (t) + A1,2Yϕ(t),

where

Yf (t) =
2
π

∫ ∞

0
cos(xt)f (x) dx, Yϕ(t) =

2
π

∫ ∞

0
cos(xt)ϕ(x) dx,

and A1,2 are roots of the quadratic equation

pA2 + qA + r = 0,

p =
∫ ∞

0
ψ(t)Y 2

ϕ(t) dt, q = 1 + 2
∫ ∞

0
ψ(t)Yf (t)Yϕ(t) dt, r =

∫ ∞

0
ψ(t)Y 2

f (t) dt.
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23.
∫∫ ∞

0
[tJν (xt)y(t) + ϕ(x)ψ(t)y2(t)] dt = f (x), ν > –1.

Here Jν(z) is the Bessel function of the first kind. The solutions can be obtained by the
methods described in Subsection 16.4-4; it must be taken into account that the truncated
equation, with ϕ(x) = 0, coincides with equation 3.7.17.

Solutions:
y1,2(t) = Yf (t) + A1,2Yϕ(t),

where

Yf (t) =
∫ ∞

0
xJν (xt)f (x) dx, Yϕ(t) =

∫ ∞

0
xJν(xt)ϕ(x) dx,

and A1,2 are roots of the quadratic equation

pA2 + qA + r = 0,

p =
∫ ∞

0
ψ(t)Y 2

ϕ(t) dt, q = 1 + 2
∫ ∞

0
ψ(t)Yf (t)Yϕ(t) dt, r =

∫ ∞

0
ψ(t)Y 2

f (t) dt.

7.3. Equations with Power-Law Nonlinearity That Contain
Arbitrary Functions

7.3-1. Equations of the Form
∫ b

a
K(t)yµ(x)yγ(t) dt = F (x).

1.
∫∫ b

a

tλyµ(x)yγ(t) dt = g(x).

A solution:

y(x) = A
[
g(x)
] 1

µ , A =

{∫ b

a

tλ
[
g(t)
] γ

µ dt

}– 1
µ+γ

.

2.
∫∫ b

a

eλtyµ(x)yγ(t) dt = g(x).

A solution:

y(x) = A
[
g(x)
] 1

µ , A =

{∫ b

a

eλt
[
g(t)
] γ

µ dt

}– 1
µ+γ

.

7.3-2. Equations of the Form
∫ b

a K(t)yγ(t)y(xt) dt = F (x).

3.
∫∫ b

a

f (t)yγ(t)y(xt) dt = A.

This is a special case of equation 7.4.4.

4.
∫∫ b

a

f (t)yγ(t)y(xt) dt = Ax + B.

This is a special case of equation 7.4.5.
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5.
∫∫ b

a

f (t)yγ(t)y(xt) dt = Axβ.

This equation has solutions of the form y(x) = kxβ , where k is a constant.

6.
∫∫ b

a

f (t)yγ(t)y(xt) dt = A ln x + B.

This equation has solutions of the form y(x) = p ln x + q, where p and q are some constants.

7.
∫∫ b

a

f (t)yγ(t)y(xt) dt = Axβ ln x.

This equation has solutions of the form y(x) = pxβ ln x + qxβ , where p and q are some
constants.

8.
∫∫ b

a

f (t)yγ(t)y(xt) dt = A cos(β ln x).

This equation has solutions of the form y(x) = p cos(β ln x) + q sin(β ln x), where p and q are
some constants.

9.
∫∫ b

a

f (t)yγ(t)y(xt) dt = A sin(β ln x).

This equation has solutions of the form y(x) = p cos(β ln x) + q sin(β ln x), where p and q are
some constants.

7.3-3. Equations of the Form
∫ b

a
K(t)yγ(t)y(x + βt) dt = F (x).

10.
∫∫ b

a

f (t)yγ(t)y(x + βt) dt = Ax + B.

This is a special case of equation 7.4.16.

11.
∫∫ b

a

f (t)yγ(t)y(x + βt) dt = Ae–λx.

This is a special case of equation 7.4.17.

12.
∫∫ b

a

f (t)yγ(t)y(x + βt) dt = A cos λx.

This equation has solutions of the form y(x) = p sin λx + q cos λx, where p and q are some
constants.

13.
∫∫ b

a

f (t)yγ(t)y(x + βt) dt = A sin λx.

This equation has solutions of the form y(x) = p sin λx + q cos λx, where p and q are some
constants.

14.
∫∫ b

a

f (t)yγ(t)y(x + βt) dt = e–µx(A cos λx + B sin λx).

This equation has solutions of the form y(x) = e–µx(p sin λx + q cos λx), where p and q are
some constants.
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7.3-4. Equations of the Form
∫ b

a
[K(x, t)y(t) + M (x, t)yγ(t)] dt = f (x).

15.
∫∫ a

0

[[
1√

|x – t|
y(t) + ϕ(x)ψ(t)yγ(t)

]]
dt = f (x), 0 < a ≤ ∞.

The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.1.22.

16.
∫∫ a

0

[[
1

|x – t|k
y(t) + ϕ(x)ψ(t)yγ(t)

]]
dt = f (x), 0 < k < 1.

The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.1.30.

17.
∫∫ b

a

[[
ln |x – t|y(t) + ϕ(x)ψ(t)yγ(t)

]]
dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.4.2.

18.
∫∫ ∞

0
[sin(xt)y(t) + ϕ(x)ψ(t)yγ(t)] dt = f (x).

This is a special case of equation 7.4.24.

19.
∫∫ ∞

0
[cos(xt)y(t) + ϕ(x)ψ(t)yγ(t)] dt = f (x).

This is a special case of equation 7.4.25.

7.3-5. Other Equations.

20.
∫∫ ∞

0
f (xat)tbyγ(t)y

((
xkt
))

dt = Axc.

A solution:

y(x) =
(A

I

) 1
γ+1

xλ, λ =
a + c + ab

k – a – aγ
,

I =
∫ ∞

0
f (t)tβ dt, β =

a + c + aγ + bk + cγ

k – a – aγ
.

21.
∫∫ 1

0
[y(xt) + ϕ(x)ψ(t)yγ(t)] dt = f (x).

This is a special case of equation 7.4.27.

22.
∫∫ π/2

0
[y(x sin t) + ϕ(x)ψ(t)yγ(t)] dt = f (x).

This is a special case of equation 7.4.28.
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7.4. Equations with Nonlinearity of General Form

7.4-1. Equations of the Form
∫ b

a ϕ
(
y(x)
)
K
(
t, y(t)

)
dt = F (x).

1.
∫∫ b

a

y(x)f
((
t, y(t)

))
dt = g(x).

A solution: y(x) = λg(x), where λ is determined by the algebraic (or transcendental) equation

λ
∫ b

a
f
(
t, λg(t)

)
dt = 1.

2.
∫∫ b

a

yk(x)f
((
t, y(t)

))
dt = g(x).

A solution: y(x) = λ[g(x)]1/k, where λ is determined from the algebraic (or transcendental)

equation λk
∫ b

a
f
(
t, λg1/k(t)

)
dt = 1.

3.
∫∫ b

a

ϕ
((
y(x)

))
f
((
t, y(t)

))
dt = g(x).

A solution in an implicit form:

λϕ
(
y(x)
)

– g(x) = 0, (1)

where λ is determined by the algebraic (or transcendental) equation

λ – F (λ) = 0, F (λ) =
∫ b

a

f
(
t, y(t)

)
dt. (2)

Here the function y(x) = y(x, λ) obtained by solving (1) must be substituted into (2).
The number of solutions of the integral equation is determined by the number of the

solutions obtained from (1) and (2).

7.4-2. Equations of the Form
∫ b

a y(xt)K
(
t, y(t)

)
dt = F (x).

4.
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = A.

1◦. Solutions: y(x) = λk, where λk are roots of the algebraic (or transcendental) equation

λ
∫ b

a
f (t, λ) dt = A.

2◦. Solutions: y(x) = px + q, where p and q are roots of the following system of algebraic
(or transcendental) equations:∫ b

a

tf (t, pt + q) dt = 0, q

∫ b

a

f (t, pt + q) dt = A.

In the case f
(
t, y(t)

)
= f̄ (t)y(t), see 7.2.2 for solutions of this system.

2◦. The integral equation has some other (more complicated) solutions of the polynomial

form y(x) =
n∑

k=0
Bkxk , where the constants Bk can be found from the corresponding system

of algebraic (or transcendental) equations.

4◦. The integral equation can have logarithmic solutions similar to those presented in item 3◦

of equation 7.2.2.
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5.
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = Ax + B.

1◦. A solution:
y(x) = px + q, (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p

∫ b

a

tf (t, pt + q) dt – A = 0, q

∫ b

a

f (t, pt + q) dt – B = 0. (2)

Different solutions of system (2) generate different solutions (1) of the integral equation.

2◦. The integral equation has some other (more complicated) solutions of the polynomial

form y(x) =
n∑

k=0
Bkxk , where the constants Bk can be found from the corresponding system

of algebraic (or transcendental) equations.

6.
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = Axβ.

A solution:
y(x) = kxβ , (1)

where k is a root of the algebraic (or transcendental) equation

kF (k) – A = 0, F (k) =
∫ b

a

tβf
(
t, ktβ

)
dt. (2)

Each root of equation (2) generates a solution of the integral equation which has the form (1).

7.
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = A ln x + B.

A solution:
y(x) = p ln x + q, (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p

∫ b

a

f (t, p ln t + q) dt – A = 0,
∫ b

a

(p ln t + q)f (t, p ln t + q) dt – B = 0. (2)

Different solutions of system (2) generate different solutions (1) of the integral equation.

8.
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = Axβ ln x.

This equation has solutions of the form y(x) = pxβ ln x + qxβ , where p and q are some
constants.

9.
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = A cos(β ln x).

This equation has solutions of the form y(x) = p cos(β ln x) + q sin(β ln x), where p and q are
some constants.
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10.
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = A sin(β ln x).

This equation has solutions of the form y(x) = p cos(β ln x) + q sin(β ln x), where p and q are
some constants.

11.
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = Axβ cos(β ln x) + Bxβ sin(β ln x).

This equation has solutions of the form y(x) = pxβ cos(β ln x)+qxβ sin(β ln x), where p and q
are some constants.

7.4-3. Equations of the Form
∫ b

a y(x + βt)K
(
t, y(t)

)
dt = F (x).

12.
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = Ax + B.

This equation has solutions of the form y(x) = px + q, where p and q are some constants.

13.
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = Aeλx.

This equation has solutions of the form y(x) = peλx, where p is some constant.

14.
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = A cos λx.

This equation has solutions of the form y(x) = p sin λx + q cos λx, where p and q are some
constants.

15.
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = e–µx(A cos λx + B sin λx).

This equation has solutions of the form y(x) = e–µx(p sin λx + q cos λx), where p and q are
some constants.

16.
∫∫ b

a

y(x + βt)f
((
t, y(t)

))
dt = Ax + B, β > 0.

A solution:
y(x) = px + q, (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p

∫ b

a

f (t, pt + q) dt – A = 0,
∫ b

a

(βpt + q)f (t, pt + q) dt – B = 0. (2)

Different solutions of system (2) generate different solutions (1) of the integral equation.

17.
∫∫ b

a

y(x + βt)f
((
t, y(t)

))
dt = Ae–λx, β > 0.

Solutions:
y(x) = kne–λx,

where kn are roots of the algebraic (or transcendental) equation

kF (k) – A = 0, F (k) =
∫ b

a

f
(
t, ke–λt

)
e–βλt dt.
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18.
∫∫ b

a

y(x + βt)f
((
t, y(t)

))
dt = A cos λx, β > 0.

This equation has solutions of the form y(x) = p sin λx + q cos λx, where p and q are some
constants.

19.
∫∫ b

a

y(x + βt)f
((
t, y(t)

))
dt = A sin λx, β > 0.

This equation has solutions of the form y(x) = p sin λx + q cos λx, where p and q are some
constants.

20.
∫∫ b

a

y(x + βt)f
((
t, y(t)

))
dt = e–µx(A cos λx + B sin λx), β > 0.

This equation has solutions of the form y(x) = e–µx(p sin λx + q cos λx), where p and q are
some constants.

7.4-4. Equations of the Form
∫ b

a
[K(x, t)y(t) + ϕ(x)Ψ(t, y(t))] dt = F (x).

21.
∫∫ a

0

[[
1√

|x – t|
y(t) + ϕ(x)Ψ(t, y(t))

]]
dt = f (x), 0 < a ≤ ∞.

The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.1.22.

22.
∫∫ a

0

[[
1

|x – t|k
y(t) + ϕ(x)Ψ(t, y(t))

]]
dt = f (x), 0 < k < 1.

The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.1.30.

23.
∫∫ b

a

[[
ln |x – t|y(t) + ϕ(x)Ψ(t, y(t))

]]
dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.4.2.

24.
∫∫ ∞

0
[sin(xt)y(t) + ϕ(x)Ψ(t, y(t))] dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.5.8.

Solutions:
ym(t) = Yf (t) + AmYϕ(t),

where

Yf (t) =
2
π

∫ ∞

0
sin(xt)f (x) dx, Yϕ(t) =

2
π

∫ ∞

0
sin(xt)ϕ(x) dx,

and Am are roots of the algebraic (transcendental) equation

A +
∫ b

a

Ψ(t, Yf (t) + AYϕ(t)) dt = 0.
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25.
∫∫ ∞

0
[cos(xt)y(t) + ϕ(x)Ψ(t, y(t))] dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-4; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 3.5.1.

Solutions:
ym(t) = Yf (t) + AmYϕ(t),

where

Yf (t) =
2
π

∫ ∞

0
cos(xt)f (x) dx, Yϕ(t) =

2
π

∫ ∞

0
cos(xt)ϕ(x) dx,

and Am are roots of the algebraic (transcendental) equation

A +
∫ b

a

Ψ(t, Yf (t) + AYϕ(t)) dt = 0.

26.
∫∫ ∞

0
[tJν (xt)y(t) + ϕ(x)Ψ(t, y(t))] dt = f (x), ν > –1.

Here Jν(z) is the Bessel function of the first kind. The solutions can be obtained by the
methods described in Subsection 16.4-4; it must be taken into account that the truncated
equation, with ϕ(x) = 0, coincides with equation 3.7.17.

Solutions:
ym(t) = Yf (t) + AmYϕ(t),

where

Yf (t) =
∫ ∞

0
xJν (xt)f (x) dx, Yϕ(t) =

∫ ∞

0
xJν(xt)ϕ(x) dx,

and Am are roots of the algebraic (transcendental) equation

A +
∫ b

a

Ψ(t, Yf (t) + AYϕ(t)) dt = 0.

7.4-5. Other Equations.

27.
∫∫ 1

0
[y(xt) + ϕ(x)Ψ(t, y(t))] dt = f (x).

Solutions:
ym(t) = Yf (t) + AmYϕ(t),

where
Yf (t) = tf ′

t(t) + f (t), Yϕ(t) = tϕ′
t(t) + ϕ(t),

and Am are roots of the algebraic (transcendental) equation

A +
∫ b

a

Ψ(t, Yf (t) + AYϕ(t)) dt = 0.

The functions f (x) and ϕ(x) are assumed to satisfy the conditions
[
xf (x)

]
x=0

=
[
xϕ(x)

]
x=0

=0.
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28.
∫∫ π/2

0
[y(x sin t) + ϕ(x)Ψ(t, y(t))] dt = f (x).

For ϕ(x) = 0, it is the Schlömilch equation, see Eq. 3.5.40.
Solutions:

ym(z) = Yf (z) + AmYϕ(z),

where

Yf (z) =
2
π

[
f (0) + z

∫ π/2

0
f ′

ξ(ξ) dτ

]
, Yϕ(z) =

2
π

[
ϕ(0) + z

∫ π/2

0
ϕ′

ξ(ξ) dτ

]
, ξ = z sin τ ,

and Am are roots of the algebraic (transcendental) equation

A +
∫ b

a

Ψ(t, Yf (t) + AYϕ(t)) dt = 0.

Reference: A. D. Polyanin and A. I. Zhurov (2007).



Chapter 8

Nonlinear Equations of the Second Kind
with Constant Limits of Integration

� Notation: f , g, h, ϕ, Ψ, and ψ are arbitrary functions of an argument specified in the parentheses
(the argument can depend on t, x, and y); and A, B, C, a, b, β, γ, λ, and µ are arbitrary parameters.

8.1. Equations with Quadratic Nonlinearity That Contain
Arbitrary Parameters

8.1-1. Equations of the Form y(x) +
∫ b

a
K(x, t)y2(t) dt = F (x).

1. y(x) + A

∫∫ b

a

xλy2(t) dt = 0.

Solutions:

y1(x) = 0, y2(x) = –
2λ + 1

A(b2λ+1 – a2λ+1)
xλ.

2. y(x) + A

∫∫ b

a

xλtµy2(t) dt = 0.

Solutions:

y1(x) = 0, y2(x) = –
2λ + µ + 1

A(b2λ+µ+1 – a2λ+µ+1)
xλ.

3. y(x) + A

∫∫ b

a

e–λxy2(t) dt = 0.

Solutions:

y1(x) = 0, y2(x) =
2λ

A(e–2λb – e–2λa)
e–λx.

4. y(x) + A

∫∫ b

a

e–λx–µty2(t) dt = 0.

Solutions:

y1(x) = 0, y2(x) =
2λ + µ

A[e–(2λ+µ)b – e–(2λ+µ)a]
e–λx.

453
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5. y(x) + A

∫∫ b

a

xλe–µty2(t) dt = 0.

This is a special case of equation 8.2.2 with f (x) = Axλ and g(t) = e–µt.

6. y(x) + A

∫∫ b

a

e–µxtλy2(t) dt = 0.

This is a special case of equation 8.2.2 with f (x) = Ae–µx and g(t) = tλ.

7. y(x) + A

∫∫ 1

0
y2(t) dt = Bxµ, µ > –1.

This is a special case of equation 8.2.4 with g(t) = A, f (x) = Bxµ, a = 0, and b = 1.
A solution: y(x) = Bxµ + λ, where λ is determined by the quadratic equation

λ2 +
1
A

(
1 +

2AB

µ + 1

)
λ +

B2

2µ + 1
= 0.

8. y(x) + A

∫∫ b

a

tβy2(t) dt = Bxµ.

This is a special case of equation 8.2.4 with g(t) = Atβ and f (x) = Bxµ.

9. y(x) + A

∫∫ b

a

eβty2(t) dt = Beµx.

This is a special case of equation 8.2.4 with g(t) = Aeβt and f (x) = Beµx.

10. y(x) + A

∫∫ b

a

xβy2(t) dt = Bxµ.

This is a special case of equation 8.2.5 with g(x) = Axβ and f (x) = Bxµ.

11. y(x) + A

∫∫ b

a

eβxy2(t) dt = Beµx.

This is a special case of equation 8.2.5 with g(x) = Aeβx and f (x) = Beµx.

8.1-2. Equations of the Form y(x) +
∫ b

a
K(x, t)y(x)y(t) dt = F (x).

12. y(x) + A

∫∫ b

a

tβy(x)y(t) dt = Bxµ.

This is a special case of equation 8.2.7 with g(t) = Atβ and f (x) = Bxµ.

13. y(x) + A

∫∫ b

a

eβty(x)y(t) dt = Beµx.

This is a special case of equation 8.2.7 with g(t) = Aeβt and f (x) = Beµx.

14. y(x) + A

∫∫ b

a

xβy(x)y(t) dt = Bxµ.

This is a special case of equation 8.2.8 with g(x) = Axβ and f (x) = Bxµ.

15. y(x) + A

∫∫ b

a

eβxy(x)y(t) dt = Beµx.

This is a special case of equation 8.2.8 with g(x) = Aeβx and f (x) = Beµx.
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8.1-3. Equations of the Form y(x) +
∫ b

a
K(t)y(t)y(· · ·) dt = F (x).

16. y(x) + A

∫∫ 1

0
y(t)y(xt) dt = 0.

This is a special case of equation 8.2.16 with f (t) = A, a = 0, and b = 1.

1◦. Solutions:

y1(x) = –
1
A

(2C + 1)xC , y2(x) =
(I1 – I0)x + I1 – I2

I0I2 – I2
1

xC ,

Im =
A

2C + m + 1
, m = 0, 1, 2,

where C is an arbitrary nonnegative constant.

There are more complicated solutions of the form y(x) = xC
n∑

k=0
Bkxk, where C is an

arbitrary constant and the coefficients Bk can be found from the corresponding system of
algebraic equations.

2◦. A solution:

y3(x) =
(I1 – I0)xβ + I1 – I2

I0I2 – I2
1

xC , Im =
A

2C + mβ + 1
, m = 0, 1, 2,

where C and β are arbitrary constants.

There are more complicated solutions of the form y(x) = xC
n∑

k=0
Dkxkβ , where C and β

are arbitrary constants and the coefficients Dk can be found from the corresponding system
of algebraic equations.

3◦. A solution:

y4(x) =
xC (J1 ln x – J2)

J0J2 – J2
1

, Jm =
∫ 1

0
t2C (ln t)mdt, m = 0, 1, 2,

where C is an arbitrary constant.

There are more complicated solutions of the form y(x) = xC
n∑

k=0
Ek(ln x)k, where C is

an arbitrary constant and the coefficients Ek can be found from the corresponding system of
algebraic equations.

17. y(x) + A

∫∫ ∞

1
y(t)y(xt) dt = 0.

This is a special case of equation 8.2.16 with f (t) = A, a = 1, and b = ∞.

18. y(x) + λ

∫∫ ∞

1
y(t)y(xt) dt = Axβ.

This is a special case of equation 8.2.17 with f (t) = λ, a = 0, and b = 1.
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19. y(x) + A

∫∫ 1

0
y(t)y(x + λt) dt = 0.

This is a special case of equation 8.2.21 with f (t) ≡ A, a = 0, and b = 1.

1◦. A solution:

y(x) =
C(λ + 1)

A[1 – eC(λ+1)]
eCx,

where C is an arbitrary constant.

2◦. There are more complicated solutions of the form y(x) = eCx
n∑

m=0
Bmxm, where C is an

arbitrary constant and the coefficients Bm can be found from the corresponding system of
algebraic equations.

20. y(x) + A

∫∫ ∞

0
y(t)y(x + λt) dt = 0, λ > 0, 0 ≤ x < ∞.

This is a special case of equation 8.2.21 with f (t) ≡ A, a = 0, and b = ∞.
A solution:

y(x) = –
C(λ + 1)

A
e–Cx,

where C is an arbitrary positive constant.

21. y(x) + A

∫∫ ∞

0
e–λty

((x

t

))
y(t) dt = 0, λ > 0.

A solution: y(x) = –
λ

A
xC , where C is an arbitrary constant.

22. y(x) + A

∫∫ ∞

0
e–λty

((x

t

))
y(t) dt = Bxb, λ > 0.

Solutions:
y1(x) = β1x

b, y2(x) = β2x
b,

where β1 and β2 are the roots of the quadratic equation Aβ2 + λβ – Bλ = 0.

8.2. Equations with Quadratic Nonlinearity That Contain
Arbitrary Functions

8.2-1. Equations of the Form y(x) +
∫ b

a
K(x, t)y2(t) dt = F (x).

1. y(x) +
∫∫ b

a

f (x)y2(t) dt = 0.

Solutions: y1(x) = 0 and y2(x) = λf (x), where λ = –
[∫ b

a
f 2(t) dt

]–1
.

2. y(x) +
∫∫ b

a

f (x)g(t)y2(t) dt = 0.

This is a special case of equation 8.8.9.

Solutions: y1(x) = 0 and y2(x) = λf (x), where λ = –
[∫ b

a
f 2(t)g(t) dt

]–1
.
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3. y(x) + A

∫∫ b

a

y2(t) dt = f (x).

This is a special case of equation 8.8.7.
A solution: y(x) = f (x) + λ, where λ is determined by the quadratic equation

A(b – a)λ2 + (1 + 2AI1)λ + AI2 = 0, where I1 =
∫ b

a

f (t) dt, I2 =
∫ b

a

f 2(t) dt.

4. y(x) +
∫∫ b

a

g(t)y2(t) dt = f (x).

This is a special case of equation 8.8.9.
A solution: y(x) = f (x) + λ, where λ is determined by the quadratic equation

I0λ
2 + (1 + 2I1)λ + I2 = 0, where Im =

∫ b

a

fm(t)g(t) dt, m = 0, 1, 2.

5. y(x) +
∫∫ b

a

g(x)y2(t) dt = f (x).

Solution: y(x) = λg(x) + f (x), where λ is determined by the quadratic equation

Iggλ2 + (1 + 2Ifg)λ + Iff = 0,

Igg =
∫ b

a

g2(t) dt, Ifg =
∫ b

a

f (t)g(t) dt, Iff =
∫ b

a

f 2(t) dt.

6. y(x) +
∫∫ b

a

[[
g1(x)h1(t) + g2(x)h2(t)

]]
y2(t) dt = f (x).

A solution: y(x) = λ1g1(x) + λ2g2(x) + f (x), where the constants λ1 and λ2 can be found
from a system of two second-order algebraic equations (this system can be obtained from the
more general system presented in 8.8.19).

8.2-2. Equations of the Form y(x)+
∫ b

a

∑
Knm(x, t)yn(x)ym(t) dt = F (x), n+m ≤ 2.

7. y(x) +
∫∫ b

a

g(t)y(x)y(t) dt = f (x).

Solutions:
y1(x) = λ1f (x), y2(x) = λ2f (x),

where λ1 and λ2 are the roots of the quadratic equation

Iλ2 + λ – 1 = 0, I =
∫ b

a

f (t)g(t) dt.

8. y(x) +
∫∫ b

a

g(x)y(x)y(t) dt = f (x).

A solution:

y(x) =
f (x)

1 + λg(x)
,

where λ is a root of the algebraic (or transcendental) equation

λ –
∫ b

a

f (t) dt

1 + λg(t)
= 0.

Different roots generate different solutions of the integral equation.
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9. y(x) +
∫∫ b

a

[[
g1(t)y2(x) + g2(x)y(t)

]]
dt = f (x).

Solution in an implicit form:

y(x) + Iy2(x) + λg2(x) – f (x) = 0, I =
∫ b

a

g1(t) dt, (1)

where λ is determined by the algebraic equation

λ =
∫ b

a

y(t) dt. (2)

Here the function y(x) = y(x, λ) obtained by solving the quadratic equation (1) must be
substituted in the integrand of (2).

10. y(x) +
∫∫ b

a

[[
g1(t)y2(x) + g2(x)y2(t)

]]
dt = f (x).

Solution in an implicit form:

y(x) + Iy2(x) + λg2(x) – f (x) = 0, I =
∫ b

a

g1(t) dt, (1)

where λ is determined by the algebraic equation

λ =
∫ b

a

y2(t) dt. (2)

Here the function y(x) = y(x, λ) obtained by solving the quadratic equation (1) must be
substituted into the integrand of (2).

11. y(x) +
∫∫ b

a

[[
g11(x)h11(t)y2(x) + g12(x)h12(t)y(x)y(t) + g22(x)h22(t)y2(t)

+ g1(x)h1(t)y(x) + g2(x)h2(t)y(t)
]]
dt = f (x).

This is a special case of equation 8.8.49.

12. y(x) +
∫∫ ∞

–∞

[[
λe–|x–t|y(t) + ϕ(x)ψ(t)y2(t)] dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-5; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 4.2.14.

Solutions for λ > – 1
2 :

y1,2(x) = Yf (x) + A1,2Yϕ(x),

where

Yf (x) = f (x) –
λ√

1 + 2λ

∫ ∞

–∞
exp
(
–
√

1 + 2λ |x – t|
)
f (t) dt,

Yϕ(x) = ϕ(x) –
λ√

1 + 2λ

∫ ∞

–∞
exp
(
–
√

1 + 2λ |x – t|
)
ϕ(t) dt,

and A1,2 are roots of the quadratic equation

pA2 + qA + r = 0,

p =
∫ ∞

0
ψ(t)Y 2

ϕ(t) dt, q = 1 + 2
∫ ∞

0
ψ(t)Yf (t)Yϕ(t) dt, r =

∫ ∞

0
ψ(t)Y 2

f (t) dt.
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13. y(x) –
∫∫ ∞

0
[λ sin(xt)y(t) + ϕ(x)ψ(t)y2(t)] dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-5; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 4.5.20.

Solutions for λ ≠ ±
√

2
π :

y1,2(x) = Yf (x) + A1,2Yϕ(x),

where

Yf (x) =
f (x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
sin(xt)f (t) dt,

Yϕ(x) =
ϕ(x)

1 – π
2 λ2 +

λ

1 – π
2 λ2

∫ ∞

0
sin(xt)ϕ(t) dt,

and A1,2 are roots of the quadratic equation

pA2 + qA + r = 0,

p =
∫ ∞

0
ψ(t)Y 2

ϕ (t) dt, q = 2
∫ ∞

0
ψ(t)Yf (t)Yϕ(t) dt – 1, r =

∫ ∞

0
ψ(t)Y 2

f (t) dt.

14. y(x) –
∫∫ ∞

0
[λ cos(xt)y(t) + ϕ(x)ψ(t)y2(t)] dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-5; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 4.5.6.

Solutions for λ ≠ ±
√

2
π :

y1,2(x) = Yf (x) + A1,2Yϕ(x),

where

Yf (x) =
f (x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
cos(xt)f (t) dt,

Yϕ(x) =
ϕ(x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
cos(xt)ϕ(t) dt,

and A1,2 are roots of the quadratic equation

pA2 + qA + r = 0,

p =
∫ ∞

0
ψ(t)Y 2

ϕ (t) dt, q = 2
∫ ∞

0
ψ(t)Yf (t)Yϕ(t) dt – 1, r =

∫ ∞

0
ψ(t)Y 2

f (t) dt.

15. y(x) +
∫∫ ∞

0
[λtJν (xt)y(t) + ϕ(x)ψ(t)y2(t)] dt = f (x), ν > –1.

Here Jν(z) is the Bessel function of the first kind. The solutions can be obtained by the
methods described in Subsection 16.4-5; it must be taken into account that the truncated
equation, with ϕ(x) = 0, coincides with equation 4.8.4.

Solutions for λ ≠ ±1:
y1,2(x) = Yf (x) + A1,2Yϕ(x),

where

Yf (x) =
f (x)

1 – λ2
–

λ

1 – λ2

∫ ∞

0
tJν(xt)f (t) dt,

Yϕ(x) =
ϕ(x)

1 – λ2
–

λ

1 – λ2

∫ ∞

0
tJν(xt)ϕ(t) dt,
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and A1,2 are roots of the quadratic equation

pA2 + qA + r = 0,

p =
∫ ∞

0
ψ(t)Y 2

ϕ(t) dt, q = 1 + 2
∫ ∞

0
ψ(t)Yf (t)Yϕ(t) dt, r =

∫ ∞

0
ψ(t)Y 2

f (t) dt.

8.2-3. Equations of the Form y(x) +
∫ b

a
K(t)y(t)y(· · ·) dt = F (x).

16. y(x) +
∫∫ b

a

f (t)y(t)y(xt) dt = 0.

1◦. Solutions:

y1(x) = –
1
I0

xC , y2(x) =
(I1 – I0)x + I1 – I2

I0I2 – I2
1

xC ,

Im =
∫ b

a

f (t)t2C+m dt, m = 0, 1, 2,

where C is an arbitrary constant.

There are more complicated solutions of the form y(x) = xC
n∑

k=0
Bkxk, where C is an

arbitrary constant and the coefficients Bk can be found from the corresponding system of
algebraic equations.

2◦. A solution:

y3(x) =
(I1 – I0)xβ + I1 – I2

I0I2 – I2
1

xC ,

Im =
∫ b

a

f (t)t2C+mβ dt, m = 0, 1, 2,

where C and β are arbitrary constants.

There are more complicated solutions of the form y(x) = xC
n∑

k=0
Dkxkβ , where C and β

are arbitrary constants and the coefficients Dk can be found from the corresponding system
of algebraic equations.

3◦. A solution:

y4(x) =
xC (J1 ln x – J2)

J0J2 – J2
1

,

Jm =
∫ b

a

f (t)t2C(ln t)mdt, m = 0, 1, 2,

where C is an arbitrary constant.

There are more complicated solutions of the form y(x) = xC
n∑

k=0
Ek(ln x)k, where C is

an arbitrary constant and the coefficients Ek can be found from the corresponding system of
algebraic equations.

4◦. The equation also has the trivial solution y(x) ≡ 0.

5◦. The substitution y(x) = xβw(x) leads to an equation of the same form,

w(x) +
∫ b

a

g(t)w(t)w(xt) dt = 0, g(x) = f (x)x2β .
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17. y(x) +
∫∫ b

a

f (t)y(t)y(xt) dt = Axβ.

1◦. Solutions:
y1(x) = k1x

β , y2(x) = k2x
β ,

where k1 and k2 are the roots of the quadratic equation

Ik2 + k – A = 0, I =
∫ b

a

f (t)t2β dt.

2◦. Solutions:
y(x) = xβ(λx + µ),

where λ and µ are determined from the following system of two algebraic equations (this
system can be reduced to a quadratic equation):

I2λ + I1µ + 1 = 0, I1λµ + I0µ
2 + µ – A = 0

where Im =
∫ b

a

f (t)t2β+m dt, m = 0, 1, 2.

3◦. There are more complicated solutions of the form y(x) = xβ
n∑

m=0
Bmxm, where the Bm

can be found from the corresponding system of algebraic equations.

18. y(x) +
∫∫ b

a

f (t)y(t)y(xt) dt = A ln x + B.

This equation has solutions of the form y(x) = p ln x + q, where the constants p and q can be
found from a system of two second-order algebraic equations.

19. y(x) +
∫∫ ∞

0
f (t)y(t)y

((x

t

))
dt = 0.

1◦. A solution:

y(x) = –kxC , k =

[∫ ∞

0
f (t) dt

]–1

,

where C is an arbitrary constant.

2◦. The equation has the trivial solution y(x) ≡ 0.

3◦. The substitution y(x) = xβw(x) leads to an equation of the same form,

w(x) +
∫ ∞

0
f (t)w(t)w

( x

t

)
dt = 0.

20. y(x) +
∫∫ ∞

0
f (t)y(t)y

((x

t

))
dt = Axb.

Solutions:
y1(x) = λ1x

b, y2(x) = λ2x
b,

where λ1 and λ2 are the roots of the quadratic equation

Iλ2 + λ – A = 0, I =
∫ ∞

0
f (t) dt.
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21. y(x) +
∫∫ b

a

f (t)y(t)y(x + λt) dt = 0, λ > 0.

1◦. Solutions:

y1(x) = –
1
I0

exp(–Cx), y2(x) =
I2 – I1x

I2
1 – I0I2

exp(–Cx),

Im =
∫ b

a

tm exp
[
–C(λ + 1)t

]
f (t) dt, m = 0, 1, 2,

where C is an arbitrary constant.

2◦. There are more complicated solutions of the form y(x) = exp(–Cx)
n∑

k=0
Akxk, where C

is an arbitrary constant and the coefficients Ak can be found from the corresponding system
of algebraic equations.

3◦. The equation also has the trivial solution y(x) ≡ 0.

4◦. The substitution y(x) = eβxw(x) leads to a similar equation:

w(x) +
∫ b

a

g(t)w(t)w(x + λt) dt = 0, g(t) = eβ(λ+1)tf (t).

22. y(x) +
∫∫ b

a

f (t)y(x + λt)y(t) dt = Ae–µx, λ > 0.

1◦. Solutions:
y1(x) = k1e

–µx, y2(x) = k2e
–µx,

where k1 and k2 are the roots of the quadratic equation

Ik2 + k – A = 0, I =
∫ b

a

e–µ(λ+1)tf (t) dt.

2◦. There are more complicated solutions of the form y(x) = e–µx
n∑

m=0
Bmxm, where the Bm

can be found from the corresponding system of algebraic equations.

3◦. The substitution y(x) = eβxw(x) leads to an equation of the same form,

w(x) +
∫ b

a

g(t)w(t)w(x – t) dt = Ae(λ–β)x, g(t) = f (t)eβ(λ+1)t.

23. y(x) +
∫∫ b

a

f (t)y(t)y(x – t) dt = 0.

1◦. Solutions:

y1(x) = –
1
I0

exp(Cx), y2(x) =
I2 – I1x

I2
1 – I0I2

exp(Cx), Im =
∫ b

a

tmf (t) dt,

where C is an arbitrary constant and m = 0, 1, 2.

2◦. There are more complicated solutions of the form y(x) = exp(Cx)
n∑

k=0
Akxk, where C is

an arbitrary constant and the coefficients Ak can be found from the corresponding system of
algebraic equations.

3◦. The equation also has the trivial solution y(x) ≡ 0.

4◦. The substitution y(x) = exp(Cx)w(x) leads to an equation of the same form:

w(x) +
∫ b

a

f (t)w(t)w(x – t) dt = 0.
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24. y(x) +
∫∫ b

a

f (t)y(x – t)y(t) dt = Aeλx.

1◦. Solutions:
y1(x) = k1e

λx, y2(x) = k2e
λx,

where k1 and k2 are the roots of the quadratic equation

Ik2 + k – A = 0, I =
∫ b

a

f (t) dt.

2◦. The substitution y(x) = eβxw(x) leads to an equation of the same form,

w(x) +
∫ b

a

f (t)w(t)w(x – t) dt = Ae(λ–β)x.

25. y(x) +
∫∫ b

a

f (t)y(t)y(x – t) dt = A sinh λx.

A solution:
y(x) = p sinh λx + q cosh λx. (1)

Here p and q are roots of the algebraic system

p + I0pq + Ics(p2 – q2) = A, q + Iccq
2 – Issp

2 = 0, (2)

where

I0 =
∫ b

a

f (t) dt, Ics =
∫ b

a

f (t) cosh(λt) sinh(λt) dt,

Icc =
∫ b

a

f (t) cosh2(λt) dt, Iss =
∫ b

a

f (t) sinh2(λt) dt.

Different solutions of system (2) generate different solutions (1) of the integral equation.

26. y(x) +
∫∫ b

a

f (t)y(t)y(x – t) dt = A cosh λx.

A solution:
y(x) = p sinh λx + q cosh λx. (1)

Here p and q are roots of the algebraic system

p + I0pq + Ics(p2 – q2) = 0, q + Iccq
2 – Issp

2 = A, (2)

where we use the notation introduced in 8.2.25. Different solutions of system (2) generate
different solutions (1) of the integral equation.

27. y(x) +
∫∫ b

a

f (t)y(t)y(x – t) dt = A sin λx.

A solution:
y(x) = p sin λx + q cos λx. (1)

Here p and q are roots of the algebraic system

p + I0pq + Ics(p
2 + q2) = A, q + Iccq

2 – Issp
2 = 0, (2)

where

I0 =
∫ b

a

f (t) dt, Ics =
∫ b

a

f (t) cos(λt) sin(λt) dt,

Icc =
∫ b

a

f (t) cos2(λt) dt, Iss =
∫ b

a

f (t) sin2(λt) dt.

Different solutions of system (2) generate different solutions (1) of the integral equation.
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28. y(x) +
∫∫ b

a

f (t)y(t)y(x – t) dt = A cos λx.

A solution:
y(x) = p sin λx + q cos λx. (1)

Here p and q are roots of the algebraic system

p + I0pq + Ics(p2 + q2) = 0, q + Iccq
2 – Issp

2 = A, (2)

where we use the notation introduced in 8.2.27. Different solutions of system (2) generate
different solutions (1) of the integral equation.

8.3. Equations with Power-Law Nonlinearity

8.3-1. Equations of the Form y(x) +
∫ b

a K(x, t)yβ(t) dt = F (x).

1. y(x) + A

∫∫ b

a

tλyβ(t) dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = Atλyβ .

2. y(x) + A

∫∫ b

a

eµtyβ(t) dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = Aeµtyβ .

3. y(x) + A

∫∫ b

a

eλ(x–t)yβ(t) dt = g(x).

This is a special case of equation 8.8.8 with f (t, y) = Ayβ .

4. y(x) –
∫∫ b

a

g(x)yβ(t) dt = 0.

A solution:

y(x) = λg(x), λ =

[∫ b

a

gβ(t) dt

] 1
1–β

.

For β > 0, the equation also has the trivial solution y(x) ≡ 0.

5. y(x) –
∫∫ b

a

g(x)yβ(t) dt = h(x).

This is a special case of equation 8.8.9 with f (t, y) = –yβ .

6. y(x) + A

∫∫ b

a

cosh(λx + µt)yβ(t) dt = h(x).

This is a special case of equation 8.8.11 with f (t, y) = Ayβ .

7. y(x) + A

∫∫ b

a

sinh(λx + µt)yβ(t) dt = h(x).

This is a special case of equation 8.8.12 with f (t, y) = Ayβ .
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8. y(x) + A

∫∫ b

a

cos(λx + µt)yβ(t) dt = h(x).

This is a special case of equation 8.8.13 with f (t, y) = Ayβ .

9. y(x) + A

∫∫ b

a

sin(λx + µt)yβ(t) dt = h(x).

This is a special case of equation 8.8.14 with f (t, y) = Ayβ .

10. y(x) +
∫∫ ∞

0
f

((
t

x

))√
y(t) dt = Ax2.

Solutions: yk(x) = β2
kx2, where βk (k = 1, 2) are the roots of the quadratic equations

β2 ± Iβ – A = 0, I =
∫ ∞

0
zf (z) dz.

11. y(x) –
∫∫ ∞

0
tλf

((
t

x

))
yβ(t) dt = 0, β ≠ 1.

A solution:

y(x) = Ax
1+λ
1–β , A1–β =

∫ ∞

0
z

λ+β
1–β f (z) dz.

12. y(x) –
∫∫ ∞

–∞
eλtf (ax + bt)yβ(t) dt = 0, b ≠ 0, aβ ≠ –b.

A solution:

y(x) = A exp
(

–
aλ

aβ + b
x
)

, A1–β =
∫ ∞

–∞
exp
( λb

aβ + b
z
)
f (bz) dz.

8.3-2. Other Equations.

13. y(x) + A

∫∫ b

a

yβ(x)yµ(t) dt = f (x).

Solution in an implicit form:

y(x) + Aλyβ(x) – f (x) = 0, (1)

where λ is determined by the algebraic (or transcendental) equation

λ =
∫ b

a

yµ(t) dt. (2)

Here the function y(x) = y(x, λ) obtained by solving the quadratic equation (1) must be
substituted in the integrand of (2).

14. y(x) +
∫∫ b

a

g(t)y(x)yµ(t) dt = f (x).

A solution: y(x) = λf (x), where λ is determined from the algebraic (or transcendental)
equation

Iλµ+1 + λ – 1 = 0, I =
∫ b

a

g(t)fµ(t) dt.
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15. y(x) +
∫∫ b

a

g(x)y(x)yµ(t) dt = f (x).

A solution:

y(x) =
f (x)

1 + λg(x)
,

where λ is a root of the algebraic (or transcendental) equation

λ –
∫ b

a

fµ(t) dt

[1 + λg(t)]µ
= 0.

Different roots generate different solutions of the integral equation.

16. y(x) +
∫∫ b

a

[[
g1(t)y2(x) + g2(x)yµ(t)

]]
dt = f (x).

Solution in an implicit form:

y(x) + Iy2(x) + λg2(x) – f (x) = 0, I =
∫ b

a

g1(t) dt, (1)

where λ is determined by the algebraic (or transcendental) equation

λ =
∫ b

a

yµ(t) dt. (2)

Here the function y(x) = y(x, λ) obtained by solving the quadratic equation (1) must be
substituted in the integrand of (2).

17. y(x) +
∫∫ b

a

[[
g1(x)h1(t)yk(x)ys(t) + g2(x)h2(t)yp(x)yq(t)

]]
dt = f (x).

This is a special case of equation 8.8.49.

18. y(x) + A

∫∫ b

a

f (t)y(xt)yβ(t) dt = 0.

This is a special case of equation 8.8.25 with f (t, y) = Af (t)yβ.

19. y(x) +
∫∫ ∞

–∞

[[
λe–|x–t|y(t) + ϕ(x)ψ(t)yβ(t)] dt = f (x).

This is a special case of equation 8.8.21. The solutions can be obtained by the methods
described in Subsection 16.4-5; it must be taken into account that the truncated equation, with
ϕ(x) = 0, coincides with equation 4.2.14.

20. y(x) –
∫∫ ∞

0
[λ sin(xt)y(t) + ϕ(x)ψ(t)yβ(t)] dt = f (x).

This is a special case of equation 8.8.22. The solutions can be obtained by the methods
described in Subsection 16.4-5; it must be taken into account that the truncated equation, with
ϕ(x) = 0, coincides with equation 4.5.20.
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21. y(x) –
∫∫ ∞

0
[λ cos(xt)y(t) + ϕ(x)ψ(t)yβ(t)] dt = f (x).

This is a special case of equation 8.8.23. The solutions can be obtained by the methods
described in Subsection 16.4-5; it must be taken into account that the truncated equation, with
ϕ(x) = 0, coincides with equation 4.5.6.

22. y(x) +
∫∫ ∞

0
[λtJν (xt)y(t) + ϕ(x)ψ(t)yβ(t)] dt = f (x).

Here Jν (z) is the Bessel function of the first kind. This is a special case of equation 8.8.24.

8.4. Equations with Exponential Nonlinearity
8.4-1. Integrands with Nonlinearity of the Form exp[βy(t)].

1. y(x) + A

∫∫ b

a

exp[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A exp(βy).

2. y(x) + A

∫∫ b

a

tµ exp[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = Atµ exp(βy).

3. y(x) + A

∫∫ b

a

exp
[[
µt + βy(t)

]]
dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A exp(µt) exp(βy).

4. y(x) + A

∫∫ b

a

exp
[[
λ(x – t) + βy(t)

]]
dt = g(x).

This is a special case of equation 8.8.8 with f (t, y) = A exp(βy).

5. y(x) +
∫∫ b

a

g(x) exp[βy(t)] dt = h(x).

This is a special case of equation 8.8.9 with f (t, y) = exp(βy).

6. y(x) + A

∫∫ b

a

cosh(λx + µt) exp[βy(t)] dt = h(x).

This is a special case of equation 8.8.11 with f (t, y) = A exp(βy).

7. y(x) + A

∫∫ b

a

sinh(λx + µt) exp[βy(t)] dt = h(x).

This is a special case of equation 8.8.12 with f (t, y) = A exp(βy).

8. y(x) + A

∫∫ b

a

cos(λx + µt) exp[βy(t)] dt = h(x).

This is a special case of equation 8.8.13 with f (t, y) = A exp(βy).

9. y(x) + A

∫∫ b

a

sin(λx + µt) exp[βy(t)] dt = h(x).

This is a special case of equation 8.8.14 with f (t, y) = A exp(βy).
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8.4-2. Other Integrands.

10. y(x) + A

∫∫ b

a

exp
[[
βy(x) + γy(t)

]]
dt = h(x).

This is a special case of equation 8.8.48 with g(x, y) = A exp(βy) and f (t, y) = exp(γy).

11. y(x) + A

∫∫ b

a

y(xt) exp[βy(t)] dt = 0.

This is a special case of equation 8.8.25 with f (t, y) = A exp(βy).

8.5. Equations with Hyperbolic Nonlinearity
8.5-1. Integrands with Nonlinearity of the Form cosh[βy(t)].

1. y(x) + A

∫∫ b

a

cosh[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A cosh(βy).

2. y(x) + A

∫∫ b

a

tµ coshk[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = Atµ coshk(βy).

3. y(x) + A

∫∫ b

a

cosh(µt) cosh[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A cosh(µt) cosh(βy).

4. y(x) + A

∫∫ b

a

eλ(x–t) cosh[βy(t)] dt = g(x).

This is a special case of equation 8.8.8 with f (t, y) = A cosh(βy).

5. y(x) +
∫∫ b

a

g(x) cosh[βy(t)] dt = h(x).

This is a special case of equation 8.8.9 with f (t, y) = cosh(βy).

6. y(x) + A

∫∫ b

a

cosh(λx + µt) cosh[βy(t)] dt = h(x).

This is a special case of equation 8.8.11 with f (t, y) = A cosh(βy).

7. y(x) + A

∫∫ b

a

sinh(λx + µt) cosh[βy(t)] dt = h(x).

This is a special case of equation 8.8.12 with f (t, y) = A cosh(βy).

8. y(x) + A

∫∫ b

a

cos(λx + µt) cosh[βy(t)] dt = h(x).

This is a special case of equation 8.8.13 with f (t, y) = A cosh(βy).

9. y(x) + A

∫∫ b

a

sin(λx + µt) cosh[βy(t)] dt = h(x).

This is a special case of equation 8.8.14 with f (t, y) = A cosh(βy).
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8.5-2. Integrands with Nonlinearity of the Form sinh[βy(t)].

10. y(x) + A

∫∫ b

a

sinh[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A sinh(βy).

11. y(x) + A

∫∫ b

a

tµ sinhk[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = Atµ sinhk(βy).

12. y(x) + A

∫∫ b

a

sinh(µt) sinh[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A sinh(µt) sinh(βy).

13. y(x) + A

∫∫ b

a

eλ(x–t) sinh[βy(t)] dt = g(x).

This is a special case of equation 8.8.8 with f (t, y) = A sinh(βy).

14. y(x) +
∫∫ b

a

g(x) sinh[βy(t)] dt = h(x).

This is a special case of equation 8.8.9 with f (t, y) = sinh(βy).

15. y(x) + A

∫∫ b

a

cosh(λx + µt) sinh[βy(t)] dt = h(x).

This is a special case of equation 8.8.11 with f (t, y) = A sinh(βy).

16. y(x) + A

∫∫ b

a

sinh(λx + µt) sinh[βy(t)] dt = h(x).

This is a special case of equation 8.8.12 with f (t, y) = A sinh(βy).

17. y(x) + A

∫∫ b

a

cos(λx + µt) sinh[βy(t)] dt = h(x).

This is a special case of equation 8.8.13 with f (t, y) = A sinh(βy).

18. y(x) + A

∫∫ b

a

sin(λx + µt) sinh[βy(t)] dt = h(x).

This is a special case of equation 8.8.14 with f (t, y) = A sinh(βy).

8.5-3. Integrands with Nonlinearity of the Form tanh[βy(t)].

19. y(x) + A

∫∫ b

a

tanh[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A tanh(βy).
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20. y(x) + A

∫∫ b

a

tµ tanhk[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = Atµ tanhk(βy).

21. y(x) + A

∫∫ b

a

tanh(µt) tanh[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A tanh(µt) tanh(βy).

22. y(x) + A

∫∫ b

a

eλ(x–t) tanh[βy(t)] dt = g(x).

This is a special case of equation 8.8.8 with f (t, y) = A tanh(βy).

23. y(x) +
∫∫ b

a

g(x) tanh[βy(t)] dt = h(x).

This is a special case of equation 8.8.9 with f (t, y) = tanh(βy).

24. y(x) + A

∫∫ b

a

cosh(λx + µt) tanh[βy(t)] dt = h(x).

This is a special case of equation 8.8.11 with f (t, y) = A tanh(βy).

25. y(x) + A

∫∫ b

a

sinh(λx + µt) tanh[βy(t)] dt = h(x).

This is a special case of equation 8.8.12 with f (t, y) = A tanh(βy).

26. y(x) + A

∫∫ b

a

cos(λx + µt) tanh[βy(t)] dt = h(x).

This is a special case of equation 8.8.13 with f (t, y) = A tanh(βy).

27. y(x) + A

∫∫ b

a

sin(λx + µt) tanh[βy(t)] dt = h(x).

This is a special case of equation 8.8.14 with f (t, y) = A tanh(βy).

8.5-4. Integrands with Nonlinearity of the Form coth[βy(t)].

28. y(x) + A

∫∫ b

a

coth[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A coth(βy).

29. y(x) + A

∫∫ b

a

tµ cothk[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = Atµ cothk(βy).

30. y(x) + A

∫∫ b

a

coth(µt) coth[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A coth(µt) coth(βy).
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31. y(x) + A

∫∫ b

a

eλ(x–t) coth[βy(t)] dt = g(x).

This is a special case of equation 8.8.8 with f (t, y) = A coth(βy).

32. y(x) +
∫∫ b

a

g(x) coth[βy(t)] dt = h(x).

This is a special case of equation 8.8.9 with f (t, y) = coth(βy).

33. y(x) + A

∫∫ b

a

cosh(λx + µt) coth[βy(t)] dt = h(x).

This is a special case of equation 8.8.11 with f (t, y) = A coth(βy).

34. y(x) + A

∫∫ b

a

sinh(λx + µt) coth[βy(t)] dt = h(x).

This is a special case of equation 8.8.12 with f (t, y) = A coth(βy).

35. y(x) + A

∫∫ b

a

cos(λx + µt) coth[βy(t)] dt = h(x).

This is a special case of equation 8.8.13 with f (t, y) = A coth(βy).

36. y(x) + A

∫∫ b

a

sin(λx + µt) coth[βy(t)] dt = h(x).

This is a special case of equation 8.8.14 with f (t, y) = A coth(βy).

8.5-5. Other Integrands.

37. y(x) + A

∫∫ b

a

cosh[βy(x)] cosh[γy(t)] dt = h(x).

This is a special case of equation 8.8.48 with g(x, y) = A cosh(βy) and f (t, y) = cosh(γy).

38. y(x) + A

∫∫ b

a

y(xt) cosh[βy(t)] dt = 0.

This is a special case of equation 8.8.25 with f (t, y) = A cosh(βy).

39. y(x) + A

∫∫ b

a

sinh[βy(x)] sinh[γy(t)] dt = h(x).

This is a special case of equation 8.8.48 with g(x, y) = A sinh(βy) and f (t, y) = sinh(γy).

40. y(x) + A

∫∫ b

a

y(xt) sinh[βy(t)] dt = 0.

This is a special case of equation 8.8.25 with f (t, y) = A sinh(βy).

41. y(x) + A

∫∫ b

a

tanh[βy(x)] tanh[γy(t)] dt = h(x).

This is a special case of equation 8.8.48 with g(x, y) = A tanh(βy) and f (t, y) = tanh(γy).
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42. y(x) + A

∫∫ b

a

y(xt) tanh[βy(t)] dt = 0.

This is a special case of equation 8.8.25 with f (t, y) = A tanh(βy).

43. y(x) + A

∫∫ b

a

coth[βy(x)] coth[γy(t)] dt = h(x).

This is a special case of equation 8.8.48 with g(x, y) = A coth(βy) and f (t, y) = coth(γy).

44. y(x) + A

∫∫ b

a

y(xt) coth[βy(t)] dt = 0.

This is a special case of equation 8.8.25 with f (t, y) = A coth(βy).

8.6. Equations with Logarithmic Nonlinearity

8.6-1. Integrands with Nonlinearity of the Form ln[βy(t)].

1. y(x) + A

∫∫ b

a

ln[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A ln(βy).

2. y(x) + A

∫∫ b

a

tµ lnk[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = Atµ lnk(βy).

3. y(x) + A

∫∫ b

a

ln(µt) ln[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A ln(µt) ln(βy).

4. y(x) + A

∫∫ b

a

eλ(x–t) ln[βy(t)] dt = g(x).

This is a special case of equation 8.8.8 with f (t, y) = A ln(βy).

5. y(x) +
∫∫ b

a

g(x) ln[βy(t)] dt = h(x).

This is a special case of equation 8.8.9 with f (t, y) = ln(βy).

6. y(x) + A

∫∫ b

a

cosh(λx + µt) ln[βy(t)] dt = h(x).

This is a special case of equation 8.8.11 with f (t, y) = A ln(βy).

7. y(x) + A

∫∫ b

a

sinh(λx + µt) ln[βy(t)] dt = h(x).

This is a special case of equation 8.8.12 with f (t, y) = A ln(βy).
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8. y(x) + A

∫∫ b

a

cos(λx + µt) ln[βy(t)] dt = h(x).

This is a special case of equation 8.8.13 with f (t, y) = A ln(βy).

9. y(x) + A

∫∫ b

a

sin(λx + µt) ln[βy(t)] dt = h(x).

This is a special case of equation 8.8.14 with f (t, y) = A ln(βy).

8.6-2. Other Integrands.

10. y(x) + A

∫∫ b

a

ln[βy(x)] ln[γy(t)] dt = h(x).

This is a special case of equation 8.8.48 with g(x, y) = A ln(βy) and f (t, y) = ln(γy).

11. y(x) + A

∫∫ b

a

y(xt) ln[βy(t)] dt = 0.

This is a special case of equation 8.8.25 with f (t, y) = A ln(βy).

8.7. Equations with Trigonometric Nonlinearity

8.7-1. Integrands with Nonlinearity of the Form cos[βy(t)].

1. y(x) + A

∫∫ b

a

cos[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A cos(βy).

2. y(x) + A

∫∫ b

a

tµ cosk[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = Atµ cosk(βy).

3. y(x) + A

∫∫ b

a

cos(µt) cos[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A cos(µt) cos(βy).

4. y(x) + A

∫∫ b

a

eλ(x–t) cos[βy(t)] dt = g(x).

This is a special case of equation 8.8.8 with f (t, y) = A cos(βy).

5. y(x) +
∫∫ b

a

g(x) cos[βy(t)] dt = h(x).

This is a special case of equation 8.8.9 with f (t, y) = cos(βy).

6. y(x) + A

∫∫ b

a

cosh(λx + µt) cos[βy(t)] dt = h(x).

This is a special case of equation 8.8.11 with f (t, y) = A cos(βy).
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7. y(x) + A

∫∫ b

a

sinh(λx + µt) cos[βy(t)] dt = h(x).

This is a special case of equation 8.8.12 with f (t, y) = A cos(βy).

8. y(x) + A

∫∫ b

a

cos(λx + µt) cos[βy(t)] dt = h(x).

This is a special case of equation 8.8.13 with f (t, y) = A cos(βy).

9. y(x) + A

∫∫ b

a

sin(λx + µt) cos[βy(t)] dt = h(x).

This is a special case of equation 8.8.14 with f (t, y) = A cos(βy).

8.7-2. Integrands with Nonlinearity of the Form sin[βy(t)].

10. y(x) + A

∫∫ b

a

sin[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A sin(βy).

11. y(x) + A

∫∫ b

a

tµ sink[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = Atµ sink(βy).

12. y(x) + A

∫∫ b

a

sin(µt) sin[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A sin(µt) sin(βy).

13. y(x) + A

∫∫ b

a

eλ(x–t) sin[βy(t)] dt = g(x).

This is a special case of equation 8.8.8 with f (t, y) = A sin(βy).

14. y(x) +
∫∫ b

a

g(x) sin[βy(t)] dt = h(x).

This is a special case of equation 8.8.9 with f (t, y) = sin(βy).

15. y(x) + A

∫∫ b

a

cosh(λx + µt) sin[βy(t)] dt = h(x).

This is a special case of equation 8.8.11 with f (t, y) = A sin(βy).

16. y(x) + A

∫∫ b

a

sinh(λx + µt) sin[βy(t)] dt = h(x).

This is a special case of equation 8.8.12 with f (t, y) = A sin(βy).

17. y(x) + A

∫∫ b

a

cos(λx + µt) sin[βy(t)] dt = h(x).

This is a special case of equation 8.8.13 with f (t, y) = A sin(βy).

18. y(x) + A

∫∫ b

a

sin(λx + µt) sin[βy(t)] dt = h(x).

This is a special case of equation 8.8.14 with f (t, y) = A sin(βy).
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8.7-3. Integrands with Nonlinearity of the Form tan[βy(t)].

19. y(x) + A

∫∫ b

a

tan[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A tan(βy).

20. y(x) + A

∫∫ b

a

tµ tank[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = Atµ tank(βy).

21. y(x) + A

∫∫ b

a

tan(µt) tan[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A tan(µt) tan(βy).

22. y(x) + A

∫∫ b

a

eλ(x–t) tan[βy(t)] dt = g(x).

This is a special case of equation 8.8.8 with f (t, y) = A tan(βy).

23. y(x) +
∫∫ b

a

g(x) tan[βy(t)] dt = h(x).

This is a special case of equation 8.8.9 with f (t, y) = tan(βy).

24. y(x) + A

∫∫ b

a

cosh(λx + µt) tan[βy(t)] dt = h(x).

This is a special case of equation 8.8.11 with f (t, y) = A tan(βy).

25. y(x) + A

∫∫ b

a

sinh(λx + µt) tan[βy(t)] dt = h(x).

This is a special case of equation 8.8.12 with f (t, y) = A tan(βy).

26. y(x) + A

∫∫ b

a

cos(λx + µt) tan[βy(t)] dt = h(x).

This is a special case of equation 8.8.13 with f (t, y) = A tan(βy).

27. y(x) + A

∫∫ b

a

sin(λx + µt) tan[βy(t)] dt = h(x).

This is a special case of equation 8.8.14 with f (t, y) = A tan(βy).

8.7-4. Integrands with Nonlinearity of the Form cot[βy(t)].

28. y(x) + A

∫∫ b

a

cot[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A cot(βy).
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29. y(x) + A

∫∫ b

a

tµ cotk[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = Atµ cotk(βy).

30. y(x) + A

∫∫ b

a

cot(µt) cot[βy(t)] dt = g(x).

This is a special case of equation 8.8.7 with f (t, y) = A cot(µt) cot(βy).

31. y(x) + A

∫∫ b

a

eλ(x–t) cot[βy(t)] dt = g(x).

This is a special case of equation 8.8.8 with f (t, y) = A cot(βy).

32. y(x) +
∫∫ b

a

g(x) cot[βy(t)] dt = h(x).

This is a special case of equation 8.8.9 with f (t, y) = cot(βy).

33. y(x) + A

∫∫ b

a

cosh(λx + µt) cot[βy(t)] dt = h(x).

This is a special case of equation 8.8.11 with f (t, y) = A cot(βy).

34. y(x) + A

∫∫ b

a

sinh(λx + µt) cot[βy(t)] dt = h(x).

This is a special case of equation 8.8.12 with f (t, y) = A cot(βy).

35. y(x) + A

∫∫ b

a

cos(λx + µt) cot[βy(t)] dt = h(x).

This is a special case of equation 8.8.13 with f (t, y) = A cot(βy).

36. y(x) + A

∫∫ b

a

sin(λx + µt) cot[βy(t)] dt = h(x).

This is a special case of equation 8.8.14 with f (t, y) = A cot(βy).

8.7-5. Other Integrands.

37. y(x) + A

∫∫ b

a

cos[βy(x)] cos[γy(t)] dt = h(x).

This is a special case of equation 8.8.48 with g(x, y) = A cos(βy) and f (t, y) = cos(γy).

38. y(x) + A

∫∫ b

a

y(xt) cos[βy(t)] dt = 0.

This is a special case of equation 8.8.25 with f (t, y) = A cos(βy).

39. y(x) + A

∫∫ b

a

sin[βy(x)] sin[γy(t)] dt = h(x).

This is a special case of equation 8.8.48 with g(x, y) = A sin(βy) and f (t, y) = sin(γy).
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40. y(x) + A

∫∫ b

a

y(xt) sin[βy(t)] dt = 0.

This is a special case of equation 8.8.25 with f (t, y) = A sin(βy).

41. y(x) = λ

∫ 1

0
f (x)g(t) sin

((
y(t)

f (t)

))
y(t) dt.

Solutions are sought in the form y(x) = Af (x), where the constant A is determined from the
transcendental equation (the trivial solution corresponding to A = 0 is not taken into account):

1 = λσ sin A, σ =
∫ 1

0
f (t)g(t) dt.

For |λ| < 1/|σ|, the integral equation has no real solutions (the case σ = 0 is included).
For any λ satisfying the inequality |λ| > 1/|σ|, the integral equation has infinitely many

real solutions.

42. y(x) + A

∫∫ b

a

tan[βy(x)] tan[γy(t)] dt = h(x).

This is a special case of equation 8.8.48 with g(x, y) = A tan(βy) and f (t, y) = tan(γy).

43. y(x) + A

∫∫ b

a

y(xt) tan[βy(t)] dt = 0.

This is a special case of equation 8.8.25 with f (t, y) = A tan(βy).

44. y(x) + A

∫∫ b

a

cot[βy(x)] cot[γy(t)] dt = h(x).

This is a special case of equation 8.8.48 with g(x, y) = A cot(βy) and f (t, y) = cot(γy).

45. y(x) + A

∫∫ b

a

y(xt) cot[βy(t)] dt = 0.

This is a special case of equation 8.8.25 with f (t, y) = A cot(βy).

8.8. Equations with Nonlinearity of General Form

8.8-1. Equations of the Form y(x) +
∫ b

a K(|x – t|)G
(
y(t)
)
dt = F (x).

1. y(x) +
∫∫ b

a

|x – t|f
((
y(t)
))

dt = Ax2 + Bx + C.

This is a special case of equation 8.8.15 with f (t, y) = f (y) and g(x) = Ax2 + Bx + C.
The function y = y(x) obeys the second-order autonomous differential equation

y′′
xx + 2f (y) = 2A,

whose solution can be represented in an implicit form:∫ y

ya

du√
w2

a + 4A(u – ya) – 4F (u, ya)
= ±(x – a), F (u, v) =

∫ u

v

f (t) dt, (1)
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where ya = y(a) and wa = y′
x(a) are constants of integration. These constants, as well as

the unknowns yb = y(b) and wb = y′
x(b), are determined by the algebraic (or transcendental)

system
ya + yb – (a – b)wa = (b2 + 2ab – a2)A + 2bB + 2C,

wa + wb = 2(a + b)A + 2B,

w2
b = w2

a + 4A(yb – ya) – 4F (yb, ya),∫ yb

ya

du√
w2

a + 4A(u – ya) – 4F (u, ya)
= ±(b – a).

(2)

Here the first equation is obtained from the second condition of (5) in 8.8.15, the second
equation is obtained from condition (6) in 8.8.15, and the third and fourth equations are
consequences of (1).

Each solution of system (2) generates a solution of the integral equation.

2. y(x) +
∫∫ b

a

eλ|x–t|f
((
y(t)
))

dt = A + Beλx + Ce–λx.

This is a special case of equation 8.8.16 with f (t, y) = f (y) and g(x) = A + Beλx + Ce–λx.
The function y = y(x) satisfies the second-order autonomous differential equation

y′′
xx + 2λf (y) – λ2y = –λ2A, (1)

whose solution can be written in an implicit form:∫ y

ya

du√
w2

a +λ2(u2 –y2
a)–2Aλ2(u–ya)–4λF (u, ya)

= ±(x–a), F (u, v) =
∫ u

v

f (t) dt, (2)

where ya = y(a) and wa = y′
x(a) are constants of integration. These constants, as well as

the unknowns yb = y(b) and wb = y′
x(b), are determined by the algebraic (or transcendental)

system
wa + λya = Aλ + 2Bλeλa,

wb – λyb = –Aλ – 2Cλe–λb,

w2
b = w2

a + λ2(y2
b – y2

a) – 2Aλ2(yb – ya) – 4λF (yb, ya),∫ yb

ya

du√
w2

a + λ2(u2 – y2
a) – 2Aλ2(u – ya) – 4λF (u, ya)

= ±(b – a).

(3)

Here the first and second equations are obtained from conditions (5) in 8.8.16, and the third
and fourth equations are consequences of (2).

Each solution of system (3) generates a solution of the integral equation.

3. y(x) +
∫∫ b

a

eλ|x–t|f
((
y(t)
))

dt = β cosh(λx).

This is a special case of equation 8.8.2 with A = 0 and B = C = 1
2 β.

4. y(x) +
∫∫ b

a

eλ|x–t|f
((
y(t)
))

dt = β sinh(λx).

This is a special case of equation 8.8.2 with A = 0, B = 1
2 β, and C = – 1

2 β.
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5. y(x) +
∫∫ b

a

sinh
((
λ|x – t|

))
f
((
y(t)
))

dt = A + B cosh(λx) + C sinh(λx).

This is a special case of equation 8.8.17 with f (t, y) = f (y) and g(x) = A + B cosh(λx) +
C sinh(λx).

The function y = y(x) satisfies the second-order autonomous differential equation

y′′
xx + 2λf (y) – λ2y = –λ2A,

whose solution can be represented in an implicit form:∫ y

ya

du√
w2

a + λ2(u2 – y2
a) – 2Aλ2(u – ya) – 4λF (u, ya)

= ±(x – a), F (u, v) =
∫ u

v

f (t) dt,

where ya = y(a) and wa = y′
x(a) are constants of integration, which can be determined from

the boundary conditions (5) in 8.8.17.

6. y(x) +
∫∫ b

a

sin
((
λ|x – t|

))
f
((
y(t)
))

dt = A + B cos(λx) + C sin(λx).

This is a special case of equation 8.8.18 with f (t, y)=f (y) and g(x)=A+B cos(λx)+C sin(λx).
The function y = y(x) satisfies the second-order autonomous differential equation

y′′
xx + 2λf (y) + λ2y = λ2A,

whose solution can be represented in an implicit form:∫ y

ya

du√
w2

a – λ2(u2 – y2
a) + 2Aλ2(u – ya) – 4λF (u, ya)

= ±(x – a), F (u, v) =
∫ u

v

f (t) dt,

where ya = y(a) and wa = y′
x(a) are constants of integration, which can be determined from

the boundary conditions (5) in 8.8.18.

8.8-2. Equations of the Form y(x) +
∫ b

a K(x, t)G
(
t, y(t)

)
dt = F (x).

7. y(x) +
∫∫ b

a

f
((
t, y(t)

))
dt = g(x).

A solution: y(x) = g(x) + λ, where λ is determined by the algebraic (or transcendental)
equation

λ + F (λ) = 0, F (λ) =
∫ b

a

f
(
t, g(t) + λ

)
dt.

8. y(x) +
∫∫ b

a

eλ(x–t)f
((
t, y(t)

))
dt = g(x).

A solution: y(x) = βeλx + g(x), where λ is determined by the algebraic (or transcendental)
equation

β + F (β) = 0, F (β) =
∫ b

a

e–λtf
(
t, βeλt + g(t)

)
dt.
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9. y(x) +
∫∫ b

a

g(x)f
((
t, y(t)

))
dt = h(x).

A solution: y(x) = λg(x) + h(x), where λ is determined by the algebraic (or transcendental)
equation

λ + F (λ) = 0, F (λ) =
∫ b

a

f
(
t, λg(t) + h(t)

)
dt.

10. y(x) +
∫∫ b

a

(Ax + Bt)f
((
t, y(t)

))
dt = g(x).

A solution: y(x) = g(x) + λx + µ, where the constants λ and µ are determined from the
algebraic (or transcendental) system

λ + A

∫ b

a

f
(
t, g(t) + λt + µ

)
dt = 0, µ + B

∫ b

a

tf
(
t, g(t) + λt + µ

)
dt = 0.

11. y(x) +
∫∫ b

a

cosh(λx + µt)f
((
t, y(t)

))
dt = h(x).

Using the formula cosh(λx + µt) = cosh(λx) cosh(µt) + sinh(µt) sinh(λx), we arrive at an
equation of the form 8.8.19:

y(x) +
∫ b

a

[
cosh(λx)f1

(
t, y(t)

)
+ sinh(λx)f2

(
t, y(t)

)]
dt = h(x),

f1
(
t, y(t)

)
= cosh(µt)f

(
t, y(t)

)
, f2

(
t, y(t)

)
= sinh(µt)f

(
t, y(t)

)
.

12. y(x) +
∫∫ b

a

sinh(λx + µt)f
((
t, y(t)

))
dt = h(x).

Using the formula sinh(λx + µt) = cosh(λx) sinh(µt) + cosh(µt) sinh(λx), we arrive at an
equation of the form 8.8.19:

y(x) +
∫ b

a

[
cosh(λx)f1

(
t, y(t)

)
+ sinh(λx)f2

(
t, y(t)

)]
dt = h(x),

f1
(
t, y(t)

)
= sinh(µt)f

(
t, y(t)

)
, f2

(
t, y(t)

)
= cosh(µt)f

(
t, y(t)

)
.

13. y(x) +
∫∫ b

a

cos(λx + µt)f
((
t, y(t)

))
dt = h(x).

Using the formula cos(λx + µt) = cos(λx) cos(µt) – sin(µt) sin(λx), we arrive at an equation
of the form 8.8.19:

y(x) +
∫ b

a

[
cos(λx)f1

(
t, y(t)

)
+ sin(λx)f2

(
t, y(t)

)]
dt = h(x),

f1
(
t, y(t)

)
= cos(µt)f

(
t, y(t)

)
, f2

(
t, y(t)

)
= – sin(µt)f

(
t, y(t)

)
.

14. y(x) +
∫∫ b

a

sin(λx + µt)f
((
t, y(t)

))
dt = h(x).

Using the formula sin(λx + µt) = cos(λx) sin(µt) + cos(µt) sin(λx), we arrive at an equation
of the form 8.8.19:

y(x) +
∫ b

a

[
cos(λx)f1

(
t, y(t)

)
+ sin(λx)f2

(
t, y(t)

)]
dt = h(x),

f1
(
t, y(t)

)
= sin(µt)f

(
t, y(t)

)
, f2

(
t, y(t)

)
= cos(µt)f

(
t, y(t)

)
.
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15. y(x) +
∫∫ b

a

|x – t|f
((
t, y(t)

))
dt = g(x), a ≤ x ≤ b.

1◦. Let us remove the modulus in the integrand:

y(x) +
∫ x

a

(x – t)f
(
t, y(t)

)
dt +

∫ b

x

(t – x)f
(
t, y(t)

)
dt = g(x). (1)

Differentiating (1) with respect to x yields

y′
x(x) +

∫ x

a

f
(
t, y(t)

)
dt –

∫ b

x

f
(
t, y(t)

)
dt = g′x(x). (2)

Differentiating (2), we arrive at a second-order ordinary differential equation for y = y(x):

y′′
xx + 2f (x, y) = g′′xx(x). (3)

2◦. Let us derive the boundary conditions for equation (3). We assume that –∞ < a < b < ∞.
By setting x = a and x = b in (1), we obtain the relations

y(a) +
∫ b

a

(t – a)f
(
t, y(t)

)
dt = g(a),

y(b) +
∫ b

a

(b – t)f
(
t, y(t)

)
dt = g(b).

(4)

Let us solve equation (3) for f (x, y) and substitute the result into (4). Integrating by parts
yields the desired boundary conditions for y(x):

y(a) + y(b) + (b – a)
[
g′x(b) – y′

x(b)
]

= g(a) + g(b),

y(a) + y(b) + (a – b)
[
g′x(a) – y′

x(a)
]

= g(a) + g(b).
(5)

Let us point out a useful consequence of (5):

y′
x(a) + y′

x(b) = g′x(a) + g′x(b), (6)

which can be used together with one of conditions (5).
Equation (3) under the boundary conditions (5) determines the solution of the original

integral equation (there may be several solutions). Conditions (5) make it possible to calculate
the constants of integration that occur in solving the differential equation (3).

16. y(x) +
∫∫ b

a

eλ|x–t|f
((
t, y(t)

))
dt = g(x), a ≤ x ≤ b.

1◦. Let us remove the modulus in the integrand:

y(x) +
∫ x

a

eλ(x–t)f
(
t, y(t)

)
dt +

∫ b

x

eλ(t–x)f
(
t, y(t)

)
dt = g(x). (1)

Differentiating (1) with respect to x twice yields

y′′
xx(x)+2λf

(
x, y(x)

)
+λ2

∫ x

a

eλ(x–t)f
(
t, y(t)

)
dt+λ2

∫ b

x

eλ(t–x)f
(
t, y(t)

)
dt = g′′xx(x). (2)



482 NONLINEAR EQUATIONS OF THE SECOND KIND WITH CONSTANT LIMITS OF INTEGRATION

Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary
differential equation for y = y(x):

y′′
xx + 2λf (x, y) – λ2y = g′′xx(x) – λ2g(x). (3)

2◦. Let us derive the boundary conditions for equation (3). We assume that –∞ < a < b < ∞.
By setting x = a and x = b in (1), we obtain the relations

y(a) + e–λa

∫ b

a

eλtf
(
t, y(t)

)
dt = g(a),

y(b) + eλb

∫ b

a

e–λtf
(
t, y(t)

)
dt = g(b).

(4)

Let us solve equation (3) for f (x, y) and substitute the result into (4). Integrating by parts
yields

eλbϕ′
x(b) – eλaϕ′

x(a) = λeλaϕ(a) + λeλbϕ(b), ϕ(x) = y(x) – g(x);

e–λbϕ′
x(b) – e–λaϕ′

x(a) = λe–λaϕ(a) + λe–λbϕ(b).

Hence, we obtain the boundary conditions for y(x):

ϕ′
x(a) + λϕ(a) = 0, ϕ′

x(b) – λϕ(b) = 0; ϕ(x) = y(x) – g(x). (5)

Equation (3) under the boundary conditions (5) determines the solution of the original
integral equation (there may be several solutions). Conditions (5) make it possible to calculate
the constants of integration that occur in solving the differential equation (3).

17. y(x) +
∫∫ b

a

sinh
((
λ|x – t|

))
f
((
t, y(t)

))
dt = g(x), a ≤ x ≤ b.

1◦. Let us remove the modulus in the integrand:

y(x) +
∫ x

a

sinh[λ(x – t)]f
(
t, y(t)

)
dt +

∫ b

x

sinh[λ(t – x)]f
(
t, y(t)

)
dt = g(x). (1)

Differentiating (1) with respect to x twice yields

y′′
xx(x) + 2λf

(
x, y(x)

)
+ λ2

∫ x

a

sinh[λ(x – t)]f
(
t, y(t)

)
dt

+ λ2
∫ b

x

sinh[λ(t – x)]f
(
t, y(t)

)
dt = g′′xx(x). (2)

Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary
differential equation for y = y(x):

y′′
xx + 2λf (x, y) – λ2y = g′′xx(x) – λ2g(x). (3)

2◦. Let us derive the boundary conditions for equation (3). We assume that –∞ < a < b < ∞.
By setting x = a and x = b in (1), we obtain the relations

y(a) +
∫ b

a

sinh[λ(t – a)]f
(
t, y(t)

)
dt = g(a),

y(b) +
∫ b

a

sinh[λ(b – t)]f
(
t, y(t)

)
dt = g(b).

(4)

Let us solve equation (3) for f (x, y) and substitute the result into (4). Integrating by parts
yields

sinh[λ(b – a)]ϕ′
x(b) – λ cosh[λ(b – a)]ϕ(b) = λϕ(a), ϕ(x) = y(x) – g(x);

sinh[λ(b – a)]ϕ′
x(a) + λ cosh[λ(b – a)]ϕ(a) = –λϕ(b).

(5)

Equation (3) under the boundary conditions (5) determines the solution of the original
integral equation (there may be several solutions). Conditions (5) make it possible to calculate
the constants of integration that occur in solving the differential equation (3).
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18. y(x) +
∫∫ b

a

sin(λ|x – t|) f
((
t, y(t)

))
dt = g(x), a ≤ x ≤ b.

1◦. Let us remove the modulus in the integrand:

y(x) +
∫ x

a

sin[λ(x – t)]f
(
t, y(t)

)
dt +

∫ b

x

sin[λ(t – x)]f
(
t, y(t)

)
dt = g(x). (1)

Differentiating (1) with respect to x twice yields

y′′
xx(x) + 2λf

(
x, y(x)

)
– λ2

∫ x

a

sin[λ(x – t)]f
(
t, y(t)

)
dt

– λ2
∫ b

x

sin[λ(t – x)]f
(
t, y(t)

)
dt = g′′xx(x). (2)

Eliminating the integral terms from (1) and (2), we arrive at a second-order ordinary
differential equation for y = y(x):

y′′
xx + 2λf (x, y) + λ2y = g′′xx(x) + λ2g(x). (3)

2◦. Let us derive the boundary conditions for equation (3). We assume that –∞ < a < b < ∞.
By setting x = a and x = b in (1), we obtain the relations

y(a) +
∫ b

a

sin[λ(t – a)] f
(
t, y(t)

)
dt = g(a),

y(b) +
∫ b

a

sin[λ(b – t)] f
(
t, y(t)

)
dt = g(b).

(4)

Let us solve equation (3) for f (x, y) and substitute the result into (4). Integrating by parts
yields

sin[λ(b – a)] ϕ′
x(b) – λ cos[λ(b – a)] ϕ(b) = λϕ(a), ϕ(x) = y(x) – g(x);

sin[λ(b – a)] ϕ′
x(a) + λ cos[λ(b – a)] ϕ(a) = –λϕ(b).

(5)

Equation (3) under the boundary conditions (5) determines the solution of the original
integral equation (there may be several solutions). Conditions (5) make it possible to calculate
the constants of integration that occur in solving the differential equation (3).

8.8-3. Equations of the Form y(x) +
∫ b

a
G
(
x, t, y(t)

)
dt = F (x).

19. y(x) +
∫∫ b

a

[[
g1(x)f1

((
t, y(t)

))
+ g2(x)f2

((
t, y(t)

))]]
dt = h(x).

A solution:
y(x) = h(x) + λ1g1(x) + λ2g2(x),

where the constants λ1 and λ2 are determined from the algebraic (or transcendental) system

λ1 +
∫ b

a

f1
(
t, h(t) + λ1g1(t) + λ2g2(t)

)
dt = 0,

λ2 +
∫ b

a

f2
(
t, h(t) + λ1g1(t) + λ2g2(t)

)
dt = 0.
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20. y(x) +
∫∫ b

a

[[ n∑
k=1

gk(x)fk

((
t, y(t)

))]]
dt = h(x).

A solution:

y(x) = h(x) +
n∑

k=1

λkgk(x),

where the coefficients λk are determined from the algebraic (or transcendental) system

λm +
∫ b

a

fm

(
t, h(t) +

n∑
k=1

λkgk(t)
)

dt = 0; m = 1, . . . , n.

Different roots of this system generate different solutions of the integral equation.

Reference: A. F. Verlan’ and V. S. Sizikov (1986).

21. y(x) +
∫∫ ∞

–∞

[[
λe–|x–t|y(t) + ϕ(x)Ψ(t, y(t))] dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-5; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 4.2.14.

Solutions for λ > – 1
2 :

ym(x) = Yf (x) + AmYϕ(x),

where

Yf (x) = f (x) –
λ√

1 + 2λ

∫ ∞

–∞
exp
(
–
√

1 + 2λ |x – t|
)
f (t) dt,

Yϕ(x) = ϕ(x) –
λ√

1 + 2λ

∫ ∞

–∞
exp
(
–
√

1 + 2λ |x – t|
)
ϕ(t) dt,

and Am are roots of the algebraic (transcendental) equation

A +
∫ b

a

Ψ(t, Yf (t) + AYϕ(t)) dt = 0.

Reference: A. D. Polyanin and A. I. Zhurov (2007).

22. y(x) –
∫∫ ∞

0
[λ sin(xt)y(t) + ϕ(x)Ψ(t, y(t))] dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-5; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 4.5.20.

Solutions for λ ≠ ±
√

2
π :

ym(x) = Yf (x) + AmYϕ(x),

where

Yf (x) =
f (x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
sin(xt)f (t) dt,

Yϕ(x) =
ϕ(x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
sin(xt)ϕ(t) dt,

and Am are roots of the algebraic (transcendental) equation

A –
∫ b

a

Ψ(t, Yf (t) + AYϕ(t)) dt = 0.
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23. y(x) –
∫∫ ∞

0
[λ cos(xt)y(t) + ϕ(x)Ψ(t, y(t))] dt = f (x).

The solutions can be obtained by the methods described in Subsection 16.4-5; it must be taken
into account that the truncated equation, with ϕ(x) = 0, coincides with equation 4.5.6.

Solutions for λ ≠ ±
√

2
π :

ym(x) = Yf (x) + AmYϕ(x),

where

Yf (x) =
f (x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
cos(xt)f (t) dt,

Yϕ(x) =
ϕ(x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
cos(xt)ϕ(t) dt,

and Am are roots of the algebraic (transcendental) equation

A –
∫ b

a

Ψ(t, Yf (t) + AYϕ(t)) dt = 0.

24. y(x) +
∫∫ ∞

0
[λtJν (xt)y(t) + ϕ(x)Ψ(t, y(t))] dt = f (x), ν > –1.

Here Jν(z) is the Bessel function of the first kind. The solutions can be obtained by the
methods described in Subsection 16.4-5; it must be taken into account that the truncated
equation, with ϕ(x) = 0, coincides with equation 4.8.4.

Solutions for λ ≠ ±1:
ym(x) = Yf (x) + AmYϕ(x),

where

Yf (x) =
f (x)

1 – λ2
–

λ

1 – λ2

∫ ∞

0
tJν(xt)f (t) dt,

Yϕ(x) =
ϕ(x)

1 – λ2
–

λ

1 – λ2

∫ ∞

0
tJν(xt)ϕ(t) dt,

and Am are roots of the algebraic (transcendental) equation

A +
∫ b

a

Ψ(t, Yf (t) + AYϕ(t)) dt = 0.

8.8-4. Equations of the Form y(x) +
∫ b

a
y(xt)G

(
t, y(t)

)
dt = F (x).

25. y(x) +
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = 0.

1◦. A solution:
y(x) = kxC , (1)

where C is an arbitrary constant and the dependence k = k(C) is determined by the algebraic
(or transcendental) equation

1 +
∫ b

a

tCf
(
t, ktC

)
dt = 0. (2)

Each root of equation (2) generates a solution of the integral equation which has the form (1).

2◦. The integral equation can have some other solutions similar to those indicated in items
1◦–3◦ of equation 8.2.16.
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26. y(x) +
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = Ax + B.

A solution:
y(x) = px + q, (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p + p

∫ b

a

tf (t, pt + q) dt – A = 0,

q + q

∫ b

a

f (t, pt + q) dt – B = 0.

(2)

Different solutions of system (2) generate different solutions (1) of the integral equation.

27. y(x) +
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = Axβ.

A solution:
y(x) = kxβ , (1)

where k is a root of the algebraic (or transcendental) equation

k + kF (k) – A = 0, F (k) =
∫ b

a

tβf
(
t, ktβ

)
dt. (2)

Each root of equation (2) generates a solution of the integral equation which has the form (1).

28. y(x) +
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = A ln x + B.

A solution:
y(x) = p ln x + q, (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p + p

∫ b

a

f (t, p ln t + q) dt – A = 0,

q +
∫ b

a

(p ln t + q)f (t, p ln t + q) dt – B = 0.

(2)

Different solutions of system (2) generate different solutions (1) of the integral equation.

29. y(x) +
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = Axβ ln x.

A solution:
y(x) = pxβ ln x + qxβ , (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p + p

∫ b

a

tβf (t, ptβ ln t + qtβ) dt = A,

q +
∫ b

a

(ptβ ln t + qtβ)f (t, ptβ ln t + qtβ) dt = 0.

(2)

Different solutions of system (2) generate different solutions (1) of the integral equation.
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30. y(x) +
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = A cos(ln x).

A solution:
y(x) = p cos(ln x) + q sin(ln x),

where p and q are roots of the following system of algebraic (or transcendental) equations:

p +
∫ b

a

[
p cos(ln t) + q sin(ln t)

]
f
(
t, p cos(ln t) + q sin(ln t)

)
dt = A,

q +
∫ b

a

[
q cos(ln t) – p sin(ln t)

]
f
(
t, p cos(ln t) + q sin(ln t)

)
dt = 0.

31. y(x) +
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = A sin(ln x).

A solution:
y(x) = p cos(ln x) + q sin(ln x),

where p and q are roots of the following system of algebraic (or transcendental) equations:

p +
∫ b

a

[
p cos(ln t) + q sin(ln t)

]
f
(
t, p cos(ln t) + q sin(ln t)

)
dt = 0,

q +
∫ b

a

[
q cos(ln t) – p sin(ln t)

]
f
(
t, p cos(ln t) + q sin(ln t)

)
dt = A.

32. y(x) +
∫∫ b

a

y(xt)f
((
t, y(t)

))
dt = Axβ cos(ln x) + Bxβ sin(ln x).

A solution:
y(x) = pxβ cos(ln x) + qxβ sin(ln x), (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p +
∫ b

a

tβ
[
p cos(ln t) + q sin(ln t)

]
f
(
t, ptβ cos(ln t) + qtβ sin(ln t)

)
dt = A,

q +
∫ b

a

tβ
[
q cos(ln t) – p sin(ln t)

]
f
(
t, ptβ cos(ln t) + qtβ sin(ln t)

)
dt = B.

(2)

Different solutions of system (2) generate different solutions (1) of the integral equation.

8.8-5. Equations of the Form y(x) +
∫ b

a
y(x + βt)G

(
t, y(t)

)
dt = F (x).

33. y(x) +
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = 0.

1◦. A solution:
y(x) = keCx, (1)

where C is an arbitrary constant and the dependence k = k(C) is determined by the algebraic
(or transcendental) equation

1 +
∫ b

a

f
(
t, keCt

)
e–Ct dt = 0. (2)

Each root of equation (2) generates a solution of the integral equation which has the form (1).

2◦. The equation has solutions of the form y(x) =
n∑

m=0
Emxm, where the constants Em can

be found by the method of undetermined coefficients.
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34. y(x) +
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = Ax + B.

A solution:
y(x) = px + q, (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p + p

∫ b

a

f (t, pt + q) dt – A = 0,

q +
∫ b

a

(q – pt)f (t, pt + q) dt – B = 0.

(2)

Different solutions of system (2) generate different solutions (1) of the integral equation.

35. y(x) +
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = Aeλx.

Solutions:
y(x) = kneλx,

where kn are roots of the algebraic (or transcendental) equation

k + kF (k) – A = 0, F (k) =
∫ b

a

f
(
t, keλt

)
e–λt dt.

36. y(x) +
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = A sinh λx.

A solution:
y(x) = p sinh λx + q cosh λx, (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p +
∫ b

a

(p cosh λt – q sinh λt)f
(
t, p sinh λt + q cosh λt

)
dt = A,

q +
∫ b

a

(q cosh λt – p sinh λt)f
(
t, p sinh λt + q cosh λt

)
dt = 0.

(2)

Different solutions of system (2) generate different solutions (1) of the integral equation.

37. y(x) +
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = A cosh λx.

A solution:
y(x) = p sinh λx + q cosh λx,

where p and q are roots of the following system of algebraic (or transcendental) equations:

p +
∫ b

a

(p cosh λt – q sinh λt)f
(
t, p sinh λt + q cosh λt

)
dt = 0,

q +
∫ b

a

(q cosh λt – p sinh λt)f
(
t, p sinh λt + q cosh λt

)
dt = A.
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38. y(x) +
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = A sin λx.

A solution:
y(x) = p sin λx + q cos λx, (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p +
∫ b

a

(p cos λt + q sin λt)f
(
t, p sin λt + q cos λt

)
dt = A,

q +
∫ b

a

(q cos λt – p sin λt)f
(
t, p sin λt + q cos λt

)
dt = 0.

(2)

Different solutions of system (2) generate different solutions (1) of the integral equation.

39. y(x) +
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = A cos λx.

A solution:
y(x) = p sin λx + q cos λx,

where p and q are roots of the following system of algebraic (or transcendental) equations:

p +
∫ b

a

(p cos λt + q sin λt)f
(
t, p sin λt + q cos λt

)
dt = 0,

q +
∫ b

a

(q cos λt – p sin λt)f
(
t, p sin λt + q cos λt

)
dt = A.

40. y(x) +
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = eµx(A sin λx + B cos λx).

A solution:
y(x) = eµx(p sin λx + q cos λx), (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p +
∫ b

a

(p cos λt + q sin λt)e–µtf
(
t, peµt sin λt + qeµt cos λt

)
dt = A,

q +
∫ b

a

(q cos λt – p sin λt)e–µtf
(
t, peµt sin λt + qeµt cos λt

)
dt = B.

(2)

Different solutions of system (2) generate different solutions (1) of the integral equation.

41. y(x) +
∫∫ b

a

y(x – t)f
((
t, y(t)

))
dt = g(x).

1◦. For g(x) =
n∑

k=1
Ak exp(λkx), the equation has a solution of the form

y(x) =
n∑

k=1

Bk exp(λkx),

where the constants Bk are determined from the nonlinear algebraic (or transcendental) system

Bk + BkFk( �B) – Ak = 0, k = 1, . . . , n,

�B = {B1, . . . , Bn}, Fk( �B) =
∫ b

a

f

(
t,

n∑
m=1

Bm exp(λmt)

)
exp(–λkt) dt.

Different solutions of this system generate different solutions of the integral equation.
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2◦. For a polynomial right-hand side, g(x) =
n∑

k=0
Akxk, the equation has a solution of the

form

y(x) =
n∑

k=0

Bkxk ,

where the constants Bk can be found by the method of undetermined coefficients.

3◦. For g(x) = eλx
n∑

k=0
Akxk, the equation has a solution of the form

y(x) = eλx
n∑

k=0

Bkxk ,

where the constants Bk can be found by the method of undetermined coefficients.

4◦. For g(x) =
n∑

k=1
Ak cos(λkx), the equation has a solution of the form

y(x) =
n∑

k=1

Bk cos(λkx) +
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

5◦. For g(x) =
n∑

k=1
Ak sin(λkx), the equation has a solution of the form

y(x) =
n∑

k=1

Bk cos(λkx) +
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

6◦. For g(x) = cos(λx)
n∑

k=0
Akxk, the equation has a solution of the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck can be found by the method of undetermined coefficients.

7◦. For g(x) = sin(λx)
n∑

k=0
Akxk, the equation has a solution of the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck can be found by the method of undetermined coefficients.

8◦. For g(x) = eµx
n∑

k=1
Ak cos(λkx), the equation has a solution of the form

y(x) = eµx
n∑

k=1

Bk cos(λkx) + eµx
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.
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9◦. For g(x) = eµx
n∑

k=1
Ak sin(λkx), the equation has a solution of the form

y(x) = eµx
n∑

k=1

Bk cos(λkx) + eµx
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

10◦. For g(x) = cos(λx)
n∑

k=1
Ak exp(µkx), the equation has a solution of the form

y(x) = cos(λx)
n∑

k=1

Bk exp(µkx) + sin(λx)
n∑

k=1

Bk exp(µkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

11◦. For g(x) = sin(λx)
n∑

k=1
Ak exp(µkx), the equation has a solution of the form

y(x) = cos(λx)
n∑

k=1

Bk exp(µkx) + sin(λx)
n∑

k=1

Bk exp(µkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

42. y(x) +
∫∫ b

a

y(x + βt)f
((
t, y(t)

))
dt = Ax + B.

A solution:
y(x) = px + q, (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p + p

∫ b

a

f (t, pt + q) dt – A = 0,

q +
∫ b

a

(βpt + q)f (t, pt + q) dt – B = 0.

(2)

Different solutions of system (2) generate different solutions (1) of the integral equation.

43. y(x) +
∫∫ b

a

y(x + βt)f
((
t, y(t)

))
dt = Aeλx.

Solutions:
y(x) = kneλx,

where kn are roots of the algebraic (or transcendental) equation

k + kF (k) – A = 0, F (k) =
∫ b

a

f
(
t, keλt

)
eβλt dt.
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44. y(x) +
∫∫ b

a

y(x + βt)f
((
t, y(t)

))
dt = A sin λx + B cos λx.

A solution:
y(x) = p sin λx + q cos λx, (1)

where p and q are roots of the following system of algebraic (or transcendental) equations:

p +
∫ b

a

[
p cos(λβt) – q sin(λβt)

]
f
(
t, p sin λt + q cos λt

)
dt = A,

q +
∫ b

a

[
q cos(λβt) + p sin(λβt)

]
f
(
t, p sin λt + q cos λt

)
dt = B.

(2)

Different solutions of system (2) generate different solutions (1) of the integral equation.

45. y(x) +
∫∫ b

a

y(x + βt)f
((
t, y(t)

))
dt = g(x).

1◦. For g(x) =
n∑

k=1
Ak exp(λkx), the equation has a solution of the form

y(x) =
n∑

k=1

Bk exp(λkx),

where the constants Bk are determined from the nonlinear algebraic (or transcendental) system

Bk + BkFk( �B) – Ak = 0, k = 1, . . . , n,

�B = {B1, . . . , Bn}, Fk( �B) =
∫ b

a

f

(
t,

n∑
m=1

Bm exp(λmt)

)
exp(λkβt) dt.

Different solutions of this system generate different solutions of the integral equation.

2◦. For a polynomial right-hand side, g(x) =
n∑

k=0
Akxk, the equation has a solution of the

form

y(x) =
n∑

k=0

Bkxk ,

where the constants Bk can be found by the method of undetermined coefficients.

3◦. For g(x) = eλx
n∑

k=0
Akxk, the equation has a solution of the form

y(x) = eλx
n∑

k=0

Bkxk ,

where the constants Bk can be found by the method of undetermined coefficients.

4◦. For g(x) =
n∑

k=1
Ak cos(λkx), the equation has a solution of the form

y(x) =
n∑

k=1

Bk cos(λkx) +
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.
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5◦. For g(x) =
n∑

k=1
Ak sin(λkx), the equation has a solution of the form

y(x) =
n∑

k=1

Bk cos(λkx) +
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

6◦. For g(x) = cos(λx)
n∑

k=0
Akxk, the equation has a solution of the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck can be found by the method of undetermined coefficients.

7◦. For g(x) = sin(λx)
n∑

k=0
Akxk, the equation has a solution of the form

y(x) = cos(λx)
n∑

k=0

Bkxk + sin(λx)
n∑

k=0

Ckxk,

where the constants Bk and Ck can be found by the method of undetermined coefficients.

8◦. For g(x) = eµx
n∑

k=1
Ak cos(λkx), the equation has a solution of the form

y(x) = eµx
n∑

k=1

Bk cos(λkx) + eµx
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

9◦. For g(x) = eµx
n∑

k=1
Ak sin(λkx), the equation has a solution of the form

y(x) = eµx
n∑

k=1

Bk cos(λkx) + eµx
n∑

k=1

Ck sin(λkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

10◦. For g(x) = cos(λx)
n∑

k=1
Ak exp(µkx), the equation has a solution of the form

y(x) = cos(λx)
n∑

k=1

Bk exp(µkx) + sin(λx)
n∑

k=1

Ck exp(µkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

11◦. For g(x) = sin(λx)
n∑

k=1
Ak exp(µkx), the equation has a solution of the form

y(x) = cos(λx)
n∑

k=1

Bk exp(µkx) + sin(λx)
n∑

k=1

Ck exp(µkx),

where the constants Bk and Ck can be found by the method of undetermined coefficients.
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8.8-6. Other Equations.

46. y(x) +
∫∫ b

a

y(x)f
((
t, y(t)

))
dt = g(x).

A solution: y(x) = λg(x), where λ is determined by the algebraic (or transcendental) equation

λ + λF (λ) – 1 = 0, F (λ) =
∫ b

a

f
(
t, λg(t)

)
dt.

47. y(x) +
∫∫ b

a

g(x)y(x)f
((
t, y(t)

))
dt = h(x).

A solution: y(x) =
h(x)

1 + λg(x)
, where λ is determined from the algebraic (or transcendental)

equation

λ – F (λ) = 0, F (λ) =
∫ b

a

f

(
t,

h(t)
1 + λg(t)

)
dt.

48. y(x) +
∫∫ b

a

g
((
x, y(x)

))
f
((
t, y(t)

))
dt = h(x).

Solution in an implicit form:

y(x) + λg
(
x, y(x)

)
– h(x) = 0, (1)

where λ is determined from the algebraic (or transcendental) equation

λ – F (λ) = 0, F (λ) =
∫ b

a

f
(
t, y(t)

)
dt. (2)

Here the function y(x) = y(x, λ) obtained by solving (1) must be substituted into (2).
The number of solutions of the integral equation is determined by the number of the

solutions obtained from (1) and (2).

49. f
((
x, y(x)

))
+
∫∫ b

a

[[ n∑
k=1

gk

((
x, y(x)

))
hk

((
t, y(t)

))]]
dt = 0.

Solution in an implicit form:

f
(
x, y(x)

)
+

n∑
k=1

λkgk

(
x, y(x)

)
= 0, (1)

where the λk are determined from the algebraic (or transcendental) system

λk – Hk(�λ) = 0, k = 1, . . . , n;

Hk(�λ) =
∫ b

a

hk

(
t, y(t)

)
dt, �λ = {λ1, . . . , λn}.

(2)

Here the function y(x) = y(x,�λ) obtained by solving (1) must be substituted into (2).
The number of solutions of the integral equation is determined by the number of the

solutions obtained from (1) and (2).
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50. y(x) +
∫∫ b

a

y
((
xtβ
))
f
((
t, y(t)

))
dt = g(x), β > 0.

1◦. For g(x) =
n∑

k=1
Akxk, the equation has a solution of the form

y(x) =
n∑

k=1

Bkxk ,

where Bk are roots of the algebraic (or transcendental) equations

Bk + BkFk( �B) – Ak = 0, Fk( �B) =
∫ b

a

tkβf

(
t,

n∑
m=1

Bmtm
)

dt.

Different roots of this system generate different solutions of the integral equation.

2◦. For g(x) = ln x
n∑

k=0
Akxk, the equation has a solution of the form

y(x) = ln x

n∑
k=0

Bkxk +
n∑

k=0

Ckxk ,

where the constants Bk and Ck can be found by the method of undetermined coefficients.

3◦. For g(x) =
n∑

k=0
Ak

(
ln x)k, the equation has a solution of the form

y(x) =
n∑

k=0

Bk

(
ln x)k,

where the constants Bk can be found by the method of undetermined coefficients.

4◦. For g(x) =
n∑

k=1
Ak cos(λk ln x), the equation has a solution of the form

y(x) =
n∑

k=1

Bk cos(λk ln x) +
n∑

k=1

Ck sin(λk ln x),

where the constants Bk and Ck can be found by the method of undetermined coefficients.

5◦. For g(x) =
n∑

k=1
Ak sin(λk ln x), the equation has a solution of the form

y(x) =
n∑

k=1

Bk cos(λk ln x) +
n∑

k=1

Ck sin(λk ln x),

where the constants Bk and Ck can be found by the method of undetermined coefficients.
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51. y(x) +
∫∫ b

a

y(ξ)f
((
t, y(t)

))
dt = 0, ξ = xϕ(t).

1◦. A solution:
y(x) = kxC , (1)

where C is an arbitrary constant and the dependence k = k(C) is determined by the algebraic
(or transcendental) equation

1 +
∫ b

a

[
ϕ(t)
]C

f
(
t, ktC

)
dt = 0. (2)

Each root of equation (2) generates a solution of the integral equation which has the form (1).

2◦. The equation has solutions of the form y(x) =
n∑

m=0
Emxm, where the constants Em can

be found by the method of undetermined coefficients.

52. y(x) +
∫∫ b

a

y(ξ)f
((
t, y(t)

))
dt = g(x), ξ = xϕ(t).

1◦. For g(x) =
n∑

k=1
Akxk, the equation has a solution of the form

y(x) =
n∑

k=1

Bkxk ,

where Bk are roots of the algebraic (or transcendental) equations

Bk + BkFk( �B) – Ak = 0, k = 1, . . . , n,

�B = {B1, . . . , Bn}, Fk( �B) =
∫ b

a

[
ϕ(t)
]k

f

(
t,

n∑
m=1

Bmtm
)

dt.

Different roots generate different solutions of the integral equation.

2◦. A form of solutions for some other functions g(x) can be found in items 2◦–5◦ of
equation 8.8.50.

53. y(x) +
∫∫ b

a

y(ξ)f
((
t, y(t)

))
dt = 0, ξ = x + ϕ(t).

1◦. A solution:
y(x) = keCx, (1)

where C is an arbitrary constant and the dependence k = k(C) is determined by the algebraic
(or transcendental) equation

1 +
∫ b

a

eCϕ(t)f
(
t, keCt

)
dt = 0. (2)

Each root of equation (2) generates a solution of the integral equation which has the form (1).

2◦. The equation has a solution of the form y(x) =
n∑

m=0
Emxm, where the constants Em can

be found by the method of undetermined coefficients.
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54. y(x) +
∫∫ b

a

y(ξ)f
((
t, y(t)

))
dt = g(x), ξ = x + ϕ(t).

1◦. For g(x) =
n∑

k=1
Ak exp(λkx) the equation has a solution of the form

y(x) =
n∑

k=1

Bk exp(λkx),

where the constants Bk are determined from the nonlinear algebraic (or transcendental) system

Bk + BkFk( �B) – Ak = 0, k = 1, . . . , n,

�B = {B1, . . . , Bn}, Fk( �B) =
∫ b

a

f

(
t,

n∑
m=1

Bm exp(λmt)

)
exp
[
λkϕ(t)

]
dt.

2◦. A form of solutions for some other functions g(x) can be found in items 2◦–11◦ of
equation 8.8.45.





Part II

Methods for Solving
Integral Equations





Chapter 9

Main Definitions and Formulas.
Integral Transforms

9.1. Some Definitions, Remarks, and Formulas

9.1-1. Some Definitions.

A function f (x) is said to be square integrable on an interval [a, b] if f 2(x) is integrable on [a, b].
The set of all square integrable functions is denoted by L2(a, b) or, briefly, L2.* Likewise, the set of
all integrable functions on [a, b] is denoted by L1(a, b) or, briefly, L1.

Let us list the main properties of functions from L2.

1◦. The sum of two square integrable functions is a square integrable function.

2◦. The product of a square integrable function by a constant is a square integrable function.

3◦. The product of two square integrable functions is an integrable function.

4◦. If f (x) ∈ L2 and g(x) ∈ L2, then the following Cauchy–Schwarz–Bunyakovsky inequality
holds:

(f , g)2 ≤ ‖f‖2‖g‖2,

(f , g) =
∫ b

a

f (x)g(x) dx, ‖f‖2 = (f , f ) =
∫ b

a

f 2(x) dx.

The number (f , g) is called the inner product of the functions f (x) and g(x) and the number ‖f‖ is
called the L2-norm of f (x).

5◦. For f (x) ∈ L2 and g(x) ∈ L2, the following triangle inequality holds:

‖f + g‖ ≤ ‖f‖ + ‖g‖.

6◦. Let functions f (x) and f1(x), f2(x), . . . , fn(x), . . . be square integrable on an interval [a, b]. If

lim
n→∞

∫ b

a

[
fn(x) – f (x)

]2
dx = 0,

then the sequence f1(x), f2(x), . . . is said to be mean-square convergent to f (x).
Note that if a sequence of functions {fn(x)} from L2 converges uniformly to f (x), then f (x)∈L2

and {fn(x)} is mean-square convergent to f (x).

* In the most general case the integral is understood as the Lebesgue integral of measurable functions (see Supplement 12.3).
As usual, two equivalent functions (i.e., equal everywhere, or distinct on a negligible set (of zero measure)) are regarded as
one and the same element of L2.
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The notion of an integrable function of several variables is similar. For instance, a function f (x, t)
is said to be square integrable in a domain S = {a ≤ x ≤ b, a ≤ t ≤ b} if f (x, t) is measurable and

‖f‖2 ≡
∫ b

a

∫ b

a

f 2(x, t) dx dt < ∞.

Here ‖f‖ denotes the norm of the function f (x, t), as above.

9.1-2. Structure of Solutions to Linear Integral Equations.

A linear integral equation with variable integration limit has the form

βy(x) +
∫ x

a

K(x, t)y(t) dt = f (x), (1)

where y(x) is the unknown function.
A linear integral equation with constant integration limits has the form

βy(x) +
∫ b

a

K(x, t)y(t) dt = f (x). (2)

For β = 0, Eqs. (1) and (2) are called linear integral equations of the first kind, and for β ≠ 0,
linear integral equations of the second kind.*

Equations of the form (1) and (2) with specific conditions imposed on the kernels and the
right-hand sides form various classes of integral equations (Volterra equations, Fredholm equations,
convolution equations, etc.), which are considered in detail in Chapters 10–14.

For brevity, we shall sometimes represent the linear equations (1) and (2) in the operator form

L [y] = f (x). (3)

A linear operator L possesses the properties

L [y1 + y2] = L [y1] + L [y2],

L [σy] = σL [y], σ = const .

A linear equation is called homogeneous if f (x) ≡ 0 and nonhomogeneous otherwise.
An arbitrary homogeneous linear integral equation has the trivial solution y ≡ 0.
If y1 = y1(x) and y2 = y2(x) are particular solutions of a linear homogeneous integral equation,

then the linear combination C1y1 + C2y2 with arbitrary constants C1 and C2 is also a solution (in
physical problems, this property is called the linear superposition principle).

The general solution of a linear nonhomogeneous integral equation (3) is the sum of the general
solution Y = Y (x) of the corresponding homogeneous equation L [Y ] = 0 and an arbitrary particular
solution ȳ = ȳ(x) of the nonhomogeneous equation L [ȳ] = f (x), that is,

y = Y + ȳ. (4)

If the homogeneous integral equation has only the trivial solution Y ≡ 0, then the solution of the
corresponding nonhomogeneous equation is unique (if it exists).

Let ȳ1 and ȳ2 be solutions of nonhomogeneous linear integral equations with the same left-hand
sides and different right-hand sides, L [ȳ1] = f1(x) and L [ȳ2] = f2(x). Then the function ȳ = ȳ1 + ȳ2

is a solution of the equation L [ȳ] = f1(x) + f2(x).
The transformation

x = g(z), t = g(τ ), y(x) = ϕ(z)w(z) + ψ(z), (5)

where g(z), ϕ(z), and ψ(z) are arbitrary continuous functions (g′
z ≠ 0), reduces Eqs. (1) and (2) to

linear equations of the same form for the unknown function w = w(z). Such transformations are
frequently used for constructing exact solutions of linear integral equations.

* In Chapters 1–4, which deal with equations with variable and constant limits of integration, we sometimes consider
more general equations in which the integrand contains the unknown function y(z), where z = z(x, t), instead of y(t).
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9.1-3. Integral Transforms.

Integral transforms have the form

f̃ (λ) =
∫ b

a

ϕ(x, λ)f (x) dx.

The function f̃ (λ) is called the transform of the function f (x) and ϕ(x, λ) is called the kernel of
the integral transform. The function f (x) is called the inverse transform of f̃ (λ). The limits of
integration a and b are real numbers (usually, a = 0, b = ∞ or a = –∞, b = ∞).

In Subsections 9.2–9.6, the most popular (Laplace, Mellin, Fourier, etc.) integral transforms,
applied in this book to the solution of specific integral equations, are described. These subsections
also describe the corresponding inversion formulas, which have the form

f (x) =
∫
L

ψ(x, λ)f̃ (λ) dλ

and make it possible to recover f (x) if f̃ (λ) is given. The integration path L can lie either on the
real axis or in the complex plane.

Integral transforms are used in the solution of various differential and integral equations (see,
for example, Sections 10.4, 11.3, 11.6, 12.5, and 13.9). Figure 1 outlines the overall scheme
of solving some special classes of linear integral equations by means of integral transforms (by
applying appropriate integral transforms to this sort of integral equations, one obtains first-order
linear algebraic equations for f̃ (λ)).

Solution of the equation for the transform

Original integral equation for a function ( )y y x�

Application of an integral transform

Algebraic equation for the transform y y� �( )

Derivation of an explicit form of the function y y� �( )

Application of the inverse integral transform

Derivation of a solution to the original integral equation

Figure 1. Principal scheme of applying integral transforms for solving integral equations.

In many cases, to calculate definite integrals, in particular, to find the inverse Laplace, Mellin,
and Fourier transforms, methods of the theory of functions of a complex variable can be applied,
including the residue theorem and the Jordan lemma, which are presented below in Subsections 9.1-4
and 9.1-5.
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9.1-4. Residues. Calculation Formulas. Cauchy’s Residue Theorem.

1◦. The residue of a function f (z) holomorphic in a deleted neighborhood of a point z = a (thus,
a is an isolated singularity of f ) of the complex plane z is the number

res
z=a

f (z) =
1

2πi

∫
cε

f (z) dz, i2 = –1,

where cε is a circle of sufficiently small radius ε described by the equation |z – a| = ε.
If the point z = a is a pole of order n* of the function f (z), then we have

res
z=a

f (z) =
1

(n – 1)!
lim
z→a

dn–1

dxn–1

[
(z – a)nf (z)

]
.

For a simple pole, which corresponds to n = 1, this implies

res
z=a

f (z) = lim
z→a

[
(z – a)f (z)

]
.

If f (z) =
ϕ(z)
ψ(z)

, where ϕ(a) ≠ 0 and ψ(z) has a simple zero at the point z = a, i.e., ψ(a) = 0 and

ψ′
z(a) ≠ 0, then

res
z=a

f (z) =
ϕ(a)
ψ′

z(a)
.

2◦. A function f (z) is said to be continuous on the boundary C of the domain D if for each boundary
point z0 there exists a limit lim

z→z0

f (z) = f (z0) as z → z0, z ∈ D.

CAUCHY’S RESIDUE THEOREM. Let f (z) be a function continuous on the boundary C of
a domain D and analytic in the interior of D everywhere except for finitely many points
a1,. . . ,an. Then ∫

C

f (z) dz = 2πi

n∑
k=1

res f (ak),

where the integral is taken in the positive sense of C.
The residue of a function f (z) at infinity is defined as

res f (∞) =
1

2πi

∮
Γ

f (z) dz,

where Γ is a circle of sufficiently large radius |z| = ρ and the integral is taken in the clockwise sense
(so that the neighborhood of the point z = ∞ remains to the left of the contour, just as in the case of
a finite point).

Note that
res f (∞) = lim

z→∞[– zf (z)],

provided that this limit exists.

THEOREM. If a function f (z) has finitely many singular points a1,. . . ,an in the extended complex
plane, then the sum of all its residues, including the residue at infinity, is zero:

res f (∞) +
n∑

k=1

res f (ak) = 0.

* In a neighborhood of this point we have f (z) ≈ const (z – a)–n.
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9.1-5. Jordan Lemma.

JORDAN LEMMA. If a function f (z) is continuous in the domain |z| ≥ R0, Im z ≥ α, where α is
a chosen real number, and if lim

z→∞ f (z) = 0, then

lim
R→∞

∫
CR

eiλzf (z) dz = 0

for any λ > 0, where CR is the arc of the circle |z| = R that lies in this domain.
If a function f (z) is analytic for |z| > R0 and zf (z) → 0 as |z| → ∞ for y ≥ 0 (or x ≥ 0), then

lim
R→∞

∫
CR

f (z) dz = 0,

where CR is the arc of the circle |z| = R in the upper half-plane (or right half-plane).

References for Section 9.1: A. G. Sveshnikov and A. N. Tikhonov (1970), M. L. Krasnov, A. I. Kiselev, and
G. I. Makarenko (1971), W. R. LePage (1980), A. D. Polyanin and A. V. Manzhirov (1998), A. N. Kolmogorov and
S. V. Fomin (1999), S. G. Krantz (1999).

9.2. Laplace Transform
9.2-1. Definition. Inversion Formula.

The Laplace transform of an arbitrary (complex-valued) function f (x) of a real variable x (x ≥ 0) is
defined by

f̃ (p) =
∫ ∞

0
e–pxf (x) dx, (1)

where p = s + iσ is a complex variable.
The Laplace transform exists for any continuous or piecewise-continuous function satisfying the

condition |f (x)| < Meσ0x with some M > 0 and σ0 ≥ 0. In the following, σ0 often means the greatest
lower bound of the possible values of σ0 in this estimate; this value is called the growth exponent of
the function f (x).

For any f (x), the transform f̃ (p) is defined in the half-plane Re p > σ0 and is analytic there.
For brevity, we shall write formula (1) as follows:

f̃ (p) = L
{
f (x)

}
, or f̃ (p) = L

{
f (x), p

}
.

Given the transform f̃ (p), the function can be found by means of the inverse Laplace transform

f (x) =
1

2πi

∫ c+i∞

c–i∞
f̃ (p)epx dp, i2 = –1, (2)

where the integration path is parallel to the imaginary axis and lies to the right of all singularities
of f̃ (p), which corresponds to c > σ0.

The integral in (2) is understood in the sense of the Cauchy principal value:∫ c+i∞

c–i∞
f̃ (p)epx dp = lim

ω→∞

∫ c+iω

c–iω

f̃ (p)epx dp.

In the domain x < 0, formula (2) gives f (x) ≡ 0.
Formula (2) holds for continuous functions. If f (x) has a (finite) jump discontinuity at a point

x = x0 > 0, then the left-hand side of (2) is equal to 1
2 [f (x0 – 0) + f (x0 + 0)] at this point (for x0 = 0,

the first term in the square brackets must be omitted).
For brevity, we write the Laplace inversion formula (2) as follows:

f (x) = L–1{f̃ (p)
}

, or f (x) = L–1{f̃ (p), x
}

.
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9.2-2. Inverse Transforms of Rational Functions.

Consider the important case in which the transform is a rational function of the form

f̃ (p) =
R(p)
Q(p)

, (3)

where Q(p) and R(p) are polynomials in the variable p and the degree of Q(p) exceeds that of R(p).
Assume that the zeros of the denominator are simple, i.e.,

Q(p) ≡ const (p – λ1)(p – λ2) . . . (p – λn).

Then the inverse transform can be determined by the formula

f (x) =
n∑

k=1

R(λk)
Q′(λk)

exp(λkx), (4)

where the primes denote the derivatives.
If Q(p) has multiple zeros, i.e.,

Q(p) ≡ const (p – λ1)s1(p – λ2)s2 . . . (p – λm)sm ,

then

f (x) =
m∑

k=1

1
(sk – 1)!

lim
p→sk

dsk–1

dpsk–1

[
(p – λk)sk f̃ (p)epx

]
. (5)

Example 1. The transform

f̃ (p) =
b

p2 – a2
(a, b real numbers)

can be represented as the fraction (3) with R(p) = b and Q(p) = (p – a)(p + a). The denominator Q(p) has two simple roots,
λ1 = a and λ2 = –a. Using formula (4) with n = 2 and Q′(p) = 2p, we obtain the inverse transform in the form

f (x) =
b

2a
eax –

b

2a
e–ax =

b

a
sinh(ax).

Example 2. The transform

f̃ (p) =
b

p2 + a2
(a, b real numbers)

can be written as the fraction (3) with R(p) = b and Q(p) = (p – ia)(p + ia), i2 = –1. The denominator Q(p) has two simple
pure imaginary roots, λ1 = ia and λ2 = –ia. Using formula (4) with n = 2, we find the inverse transform:

f (x) =
b

2ia
eiax –

b

2ia
e–iax = –

bi

2a

[
cos(ax) + i sin(ax)

]
+

bi

2a

[
cos(ax) – i sin(ax)

]
=

b

a
sin(ax).

Example 3. The transform
f̃ (p) = ap–n,

where n is a positive integer, can be written as the fraction (3) with R(p) = a and Q(p) = pn. The denominator Q(p) has one
root of multiplicity n, λ1 = 0. By formula (5) with m = 1 and s1 = n, we find the inverse transform:

f (x) =
a

(n – 1)!
xn–1.

� Fairly detailed tables of inverse Laplace transforms can be found in Supplement 6.
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9.2-3. Inversion of Functions with Finitely Many Singular Points.

If the function f̃ (p) has finitely many singular points, p1, p2, . . . , pn, and tends to zero as p → ∞,
then the integral in the Laplace inversion formula (2) may be evaluated using the residue theory by
applying the Jordan lemma (see Subsection 9.1-5). In this case

f (x) =
n∑

k=1

res
p=pk

[f̃ (p)epx]. (6)

Formula (6) can be extended to the case where f̃ (p) has infinitely many singular points. In this case,
f (x) is represented as an infinite series.

9.2-4. Convolution Theorem. Main Properties of the Laplace Transform.

1◦. The convolution of two functions f (x) and g(x) is defined as an integral
∫ x

0
f (t)g(x – t) dt, and

is usually denoted by f (x) ∗ g(x),

f (x) ∗ g(x) =
∫ x

0
f (t) g(x – t) dt.

By performing substitution x – t = u, we see that the convolution is symmetric with respect to the
convolved functions: f (x) ∗ g(x) = g(x) ∗ f (x).

The convolution theorem states that

L
{
f (x) ∗ g(x)

}
= L

{
f (x)

}
L
{
g(x)
}

and is frequently applied to solve Volterra equations with kernels depending on the difference of the
arguments.

2◦. The main properties of the correspondence between functions and their Laplace transforms are
gathered in Table 1.

3◦. The Laplace transforms of some functions are listed in Table 2; for more detailed tables of direct
and inverse Laplace transforms, see Supplements 5–6 and the list of references at the end of this
section.

9.2-5. Limit Theorems.

THEOREM 1. Let 0 ≤ x < ∞ and f̃ (p) = L
{
f (x)

}
be the Laplace transform of f (x). If a limit

of f (x) as x → 0 exists, then
lim
x→0

f (x) = lim
p→∞

[
pf̃ (p)

]
.

THEOREM 2. If a limit of f (x) as x → ∞ exists, then

lim
x→∞ f (x) = lim

p→0

[
pf̃ (p)

]
.
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TABLE 1
Main properties of the Laplace transform

No. Function Laplace transform Operation

1 af1(x) + bf2(x) af̃ 1(p) + bf̃ 2(p) Linearity

2 f (x/a), a > 0 af̃ (ap) Scaling

3
f (x – a),

f (ξ) ≡ 0 for ξ < 0 e–apf̃ (p)
Shift of

the argument

4 xnf (x); n = 1, 2, . . . (–1)nf̃ (n)
p (p) Differentiation

of the transform

5
1
x

f (x)
∫ ∞

p
f̃ (q) dq Integration

of the transform

6 eaxf (x) f̃ (p – a)
Shift in

the complex plane

7 f ′
x(x) pf̃ (p) – f (+0) Differentiation

8 f (n)
x (x) pnf̃ (p) –

n∑
k=1

pn–kf (k–1)
x (+0) Differentiation

9 xmf (n)
x (x), m = 1, 2, . . . (–1)m

dm

dpm

[
pnf̃ (p) –

n∑
k=1

pn–kf (k–1)
x (+0)

]
Differentiation

10
dn

dxn

[
xmf (x)

]
, m ≥ n (–1)mpn dm

dpm
f̃ (p) Differentiation

11
∫ x

0
f (t) dt

f̃ (p)
p

Integration

12
∫ x

0
f1(t)f2(x – t) dt f̃ 1(p)f̃2(p) Convolution

TABLE 2
The Laplace transforms of some functions

No. Function, f (x) Laplace transform, f̃ (p) Remarks

1 1 1/p

2 xn
n!

pn+1 n = 1, 2, . . .

3 xa Γ(a + 1)p–a–1 a > –1

4 e–ax (p + a)–1

5 xae–bx Γ(a + 1)(p + b)–a–1 a > –1

6 sinh(ax)
a

p2 – a2

7 cosh(ax)
p

p2 – a2

8 ln x –
1
p

(ln p + C) C = 0.5772 . . .
is the Euler constant

9 sin(ax)
a

p2 + a2

10 cos(ax)
p

p2 + a2

11 erfc
(

a

2
√

x

)
1
p

exp
(

–a
√

p
)

a ≥ 0

12 J0(ax)
1√

p2 + a2
J0(x) is the Bessel

function
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9.2-6. Representation of Inverse Transforms as Convergent Series.

THEOREM 1. Suppose the transform f̃ (p) can be expanded into series in negative powers of p,

f̃ (p) =
∞∑
n=1

an

pn
,

convergent for |p| > R, where R is an arbitrary positive number; note that the transform tends to zero
as |p| → ∞. Then the inverse transform can be obtained by the formula

f (x) =
∞∑
n=1

an

(n – 1)!
xn–1,

where the series on the right-hand side is convergent for all x.

THEOREM 2. Suppose the transform f̃ (p), |p| > R, is represented by an absolutely convergent
series,

f̃ (p) =
∞∑
n=0

an

pλn
, (7)

where {λn} is any positive increasing sequence, 0 < λ0 < λ1 < · · · → ∞. Then it is possible to
proceed termwise from series (7) to the following inverse transform series:

f (x) =
∞∑
n=0

an

Γ(λn)
xλn–1, (8)

where Γ(λ) is the Gamma function. Series (8) is convergent for all real and complex values of x
other than zero (if λ0 ≥ 1, the series is convergent for all x).

9.2-7. Representation of Inverse Transforms as Asymptotic Expansions as x → ∞.

1◦. Let p = p0 be a singular point of the Laplace transform f̃ (p) with the greatest real part (it is
assumed there is only one such point). If f̃ (p) can be expanded near p = p0 into an absolutely
convergent series,

f̃ (p) =
∞∑
n=0

cn(p – p0)λn (λ0 < λ1 < · · · → ∞) (9)

with arbitrary λn, then the inverse transform f (x) can be expressed in the form of the asymptotic
expansion

f (x) ∼ ep0x
∞∑
n=0

cn

Γ(–λn)
x–λn–1 as x → ∞.

The terms corresponding to nonnegative integer λn must be omitted from the summation, since
Γ(0) = Γ(–1) = Γ(–2) = · · · = ∞.

2◦. If the transform f̃ (p) has several singular points, p1, . . . , pm, with the same greatest real part,
Re p1 = · · · = Re pm, then expansions of the form (9) should be obtained for each of these points
and the resulting expressions must be added together.
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9.2-8. Post–Widder Formula.

In applications, one can find f (x) if the Laplace transform f̃ (t) on the real semiaxis is known for
t = p ≥ 0. To this end, one uses the Post–Widder formula

f (x) = lim
n→∞

[
(–1)n

n!

(n

x

)n+1
f̃ (n)

t

(n

x

)]
. (10)

Approximate inversion formulas are obtained by taking sufficiently large positive integer n in (10)
instead of passing to the limit.

References for Section 9.2: G. Doetsch (1950, 1956, 1958, 1974), H. Bateman and A. Erdélyi (1954), I. I. Hirschman
and D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles (1971), F. Oberhettinger (1973), B. Davis
(1978), W. R. LePage (1980), R. Bellman and R. Roth (1984), Yu. A. Brychkov and A. P. Prudnikov (1989), W. H. Beyer
(1991), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, Vols 4 and 5), R. J. Beerends, H. G. ter Morschem, and
J. C. van den Berg (2003).

9.3. Mellin Transform

9.3-1. Definition. Inversion Formula.

Suppose that a function f (x) is defined for positive x and satisfies the conditions

∫ 1

0
|f (x)|xσ1–1 dx < ∞,

∫ ∞

1
|f (x)|xσ2–1 dx < ∞

for some real numbers σ1 and σ2, σ1 < σ2.
The Mellin transform of f (x) is defined by

f̂ (s) =
∫ ∞

0
f (x)xs–1 dx, (1)

where s = σ + iτ is a complex variable (σ1 < σ < σ2).
For brevity, we rewrite formula (1) as follows:

f̂ (s) = M{f (x)}, or f̂ (s) = M{f (x), s}.

Given f̂ (s), the function can be found by means of the inverse Mellin transform

f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds, (σ1 < σ < σ2) (2)

where the integration path is parallel to the imaginary axis of the complex plane s and the integral
is understood in the sense of the Cauchy principal value.

Formula (2) holds for continuous functions. If f (x) has a (finite) jump discontinuity at a point
x = x0 > 0, then the left-hand side of (2) is equal to 1

2

[
f (x0 – 0) + f (x0 + 0)

]
at this point (for x0 = 0,

the first term in the square brackets must be omitted).
For brevity, we rewrite formula (2) in the form

f (x) = M–1{f̂ (s)}, or f (x) = M–1{f̂ (s), x}.
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9.3-2. Main Properties of the Mellin Transform.

1◦. The integral relations ∫ ∞

0
f (xt)g(t) dt = M–1{f̂ (s)ĝ(1 – s)}, (3)∫ ∞

0
f
( x

t

)
g(t)

dt

t
= M–1{f̂ (s)ĝ(s)} (4)

hold for fairly general assumptions about the integrability of the functions involved (see Ditkin and
Prudnikov, 1965).

2◦. The main properties of the correspondence between the functions and their Mellin transforms
are gathered in Table 3.

TABLE 3
Main properties of the Mellin transform

No Function Mellin Transform Operation

1 af1(x) + bf2(x) af̂1(s) + bf̂2(s) Linearity

2 f (ax), a > 0 a–s f̂ (s) Scaling

3 xaf (x) f̂ (s + a)
Shift of the argument

of the transform

4 f (x2) 1
2 f̂
(

1
2 s
)

Squared argument

5 f (1/x) f̂ (–s)
Inversion

of the argument
of the transform

6 xλf
(
axβ
)

, a > 0, β ≠ 0
1
β

a
– s+λ

β f̂

(
s + λ

β

)
Power law
transform

7 f ′
x(x) –(s – 1)f̂ (s – 1) Differentiation

8 xf ′
x(x) –sf̂ (s) Differentiation

9 f (n)
x (x) (–1)n

Γ(s)
Γ(s – n)

f̂ (s – n) Multiple
differentiation

10
(

x
d

dx

)n

f (x) (–1)nsnf̂ (s)
Multiple

differentiation

11 xα
∫ ∞

0
tβf1(xt)f2(t) dt f̂1(s + α)f̂2(1 – s – α + β) Complicated integration

12 xα
∫ ∞

0
tβf1

(
x

t

)
f2(t) dt f̂1(s + α)f̂2(s + α + β + 1) Complicated integration

9.3-3. Relation Among the Mellin, Laplace, and Fourier Transforms.

There are tables of direct and inverse Mellin transforms (see Supplements 9 and 10), which are
useful in solving specific integral and differential equations. The Mellin transform is related to the
Laplace and Fourier transforms as follows:

M{f (x), s} = L{f (ex), –s} + L{f (e–x), s} = F{f (ex), is},

which makes it possible to apply much more common tables of direct and inverse Laplace and
Fourier transforms.

References for Section 9.3: V. A. Ditkin and A. P. Prudnikov (1965), F. Oberhettinger (1974), Yu. A. Brychkov and
A. P. Prudnikov (1989).
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9.4. Fourier Transform
9.4-1. Definition. Inversion Formula.

The Fourier transform is defined as follows:

f̃ (u) =
1√
2π

∫ ∞

–∞
f (x)e–iux dx. (1)

For brevity, we rewrite formula (1) as follows:

f̃ (u) = F{f (x)}, or f̃ (u) = F{f (x), u}.

Given f̃ (u), the function f (x) can be found by means of the inverse Fourier transform

f (x) =
1√
2π

∫ ∞

–∞
f̃ (u)eiux du. (2)

Formula (2) holds for continuous functions. If f (x) has a (finite) jump discontinuity at a point
x = x0, then the left-hand side of (2) is equal to 1

2

[
f (x0 – 0) + f (x0 + 0)

]
at this point.

For brevity, we rewrite formula (2) as follows:

f (x) = F–1{f̃ (u)}, or f (x) = F–1{f̃ (u), x}.

9.4-2. Asymmetric Form of the Transform.

Sometimes it is more convenient to define the Fourier transform by

f̌ (u) =
∫ ∞

–∞
f (x)e–iux dx. (3)

For brevity, we rewrite formula (3) as follows: f̌ (u) = F{f (x)} or f̌ (u) = F{f (x), u}.
In this case, the Fourier inversion formula reads

f (x) =
1

2π

∫ ∞

–∞
f̌ (u)eiux du, (4)

and we use the following symbolic notation for relation (4): f (x) = F–1{f̌ (u)}, or f (x) =
F–1{f̌ (u), x}.

9.4-3. Alternative Fourier Transform.

Sometimes, for instance, in the theory of boundary value problems, the alternative Fourier transform
is used (and called merely the Fourier transform) in the form

F (u) =
1√
2π

∫ ∞

–∞
f (x)eiux dx. (5)

For brevity, we rewrite formula (5) as follows:

F (u) = F{f (x)}, or F (u) = F{f (x), u}.

For given F (u), the function f (x) can be found by means of the inverse transform

f (x) =
1√
2π

∫ ∞

–∞
F (u)e–iux du. (6)
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TABLE 4
Main properties of the Fourier transform

No. Function Fourier transform Operation

1 af1(x) + bf2(x) af̃ 1(u) + bf̃ 2(u) Linearity

2 f (x/a), a > 0 af̃ (au) Scaling

3 xnf (x); n = 1, 2, . . . inf̃ (n)
u (u)

Differentiation
of the transform

4 f ′′
xx(x) –u2f̃ (u) Differentiation

5 f (n)
x (x) (iu)nf̃ (u) Differentiation

6
∫ ∞

–∞
f1(ξ)f2(x – ξ) dξ f̃ 1(u)f̃2(u) Convolution

For brevity, we rewrite formula (6) as follows:

f (x) = F–1{F (u)}, or f (x) = F–1{F (u), x}.

The function F (u) is also called the Fourier integral of f (x).
We can introduce an asymmetric form for the alternative Fourier transform similarly to that of

the Fourier transform:

F̌ (u) =
∫ ∞

–∞
f (x)eiux dx, f (x) =

1
2π

∫ ∞

–∞
F̌ (u)e–iux du, (7)

where the direct and the inverse transforms (7) are briefly denoted by F̌ (u) = F̌
{
f (x)

}
and f (x) =

F̌–1
{
F̌ (u)

}
, or by F̌ (u) = F̌

{
f (x), u

}
and f (x) = F̌–1

{
F̌ (u) x

}
.

9.4-4. Convolution Theorem. Main Properties of the Fourier Transforms.

1◦. The convolution of two functions f (x) and g(x) is defined as

f (x) ∗ g(x) ≡
1√
2π

∫ ∞

–∞
f (x – t)g(t) dt.

By performing substitution x – t = u, we see that the convolution is symmetric with respect to the
convolved functions: f (x) ∗ g(x) = g(x) ∗ f (x).

The convolution theorem states that

F
{
f (x) ∗ g(x)

}
= F
{
f (x)

}
F
{
g(x)
}

. (8)

For the alternative Fourier transform, the convolution theorem reads

F
{
f (x) ∗ g(x)

}
= F
{
f (x)

}
F
{
g(x)
}

. (9)

Formulas (8) and (9) will be used in Chapters 12 and 13 for solving linear integral equations
with difference kernel.

2◦. The main properties of the correspondence between functions and their Fourier transforms are
gathered in Table 4.

References for Section 9.4: V. A. Ditkin and A. P. Prudnikov (1965), J. W. Miles (1971), B. Davis (1978), F. Oberhettinger
(1980), Yu. A. Brychkov and A. P. Prudnikov (1989), W. H. Beyer (1991), I. Sneddon (1995), A. Pinkus and S. Zafrany
(1997), R. Bracewell (1999), A. D. Poularikas (2000), R. J. Beerends, H. G. ter Morschem, J. C. van den Berg (2003),
L. Debnath and D. Bhatta (2007).
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9.5. Fourier Cosine and Sine Transforms
9.5-1. Fourier Cosine Transform.

1◦. Let a function f (x) be integrable on the semiaxis 0 ≤ x < ∞. The Fourier cosine transform is
defined by

f̃c(u) =

√
2
π

∫ ∞

0
f (x) cos(xu) dx, 0 < u < ∞. (1)

For given f̃c(u), the function can be found by means of the Fourier cosine inversion formula

f (x) =

√
2
π

∫ ∞

0
f̃c(u) cos(xu) du, 0 < x < ∞. (2)

The Fourier cosine transform (1) is denoted for brevity by f̃c(u) = Fc

{
f (x)

}
.

2◦. It follows from formula (2) that the Fourier cosine transform has the property F2
c = 1.

Some other properties of the Fourier cosine transform:

Fc

{
x2nf (x)

}
= (–1)n

d2n

du2n
Fc

{
f (x)

}
, n = 1, 2, . . . ;

Fc

{
f ′′(x)

}
= –u2Fc

{
f (x)

}
.

Here f (x) is assumed to vanish sufficiently rapidly (exponentially) as x → ∞. For the second
formula, the condition f ′(0) = 0 is assumed to hold.

Parseval’s relation for the Fourier cosine transform:∫ ∞

0
Fc

{
f (x)

}
Fc

{
g(x)
}

du =
∫ ∞

0
f (x)g(x) dx.

There are tables of the Fourier cosine transform (see Supplement 7 and the references listed at
the end of the current section) which prove useful in the solution of specific integral equations.

3◦. Sometimes the asymmetric form of the Fourier cosine transform is applied, which is given by
the pair of formulas

f̌c(u) =
∫ ∞

0
f (x) cos(xu) dx, f (x) =

2
π

∫ ∞

0
f̌c(u) cos(xu) du. (3)

The direct and inverse Fourier cosine transforms (3) are denoted by f̌c(u) = Fc
{
f (x)

}
and f (x) =

F–1
c

{
f̌c(u)

}
, respectively.

9.5-2. Fourier Sine Transform.

1◦. Let a function f (x) be integrable on the semiaxis 0 ≤ x < ∞. The Fourier sine transform is
defined by

f̃s(u) =

√
2
π

∫ ∞

0
f (x) sin(xu) dx, 0 < u < ∞. (4)

For given f̃s(u), the function f (x) can be found by means of the inverse Fourier sine transform

f (x) =

√
2
π

∫ ∞

0
f̃s(u) sin(xu) du, 0 < x < ∞. (5)

The Fourier sine transform (4) is briefly denoted by f̃s(u) = Fs

{
f (x)

}
.
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2◦. It follows from formula (5) that the Fourier sine transform has the property F2
s = 1.

Some other properties of the Fourier sine transform:

Fs

{
x2nf (x)

}
= (–1)n

d2n

du2n
Fs

{
f (x)

}
, n = 1, 2, . . . ;

Fs

{
f ′′(x)

}
= –u2Fs

{
f (x)

}
.

Here f (x) is assumed to vanish sufficiently rapidly (exponentially) as x → ∞. For the second
formula, the condition f (0) = 0 is assumed to hold.

Parseval’s relation for the Fourier sine transform:∫ ∞

0
Fs

{
f (x)

}
Fs

{
g(x)
}

du =
∫ ∞

0
f (x)g(x) dx.

There are tables of the Fourier sine transform (see Supplement 8 and the references listed at the
end of the current section), which are useful in solving specific integral equations.

3◦. Sometimes it is more convenient to apply the asymmetric form of the Fourier sine transform
defined by the following two formulas:

f̌s(u) =
∫ ∞

0
f (x) sin(xu) dx, f (x) =

2
π

∫ ∞

0
f̌s(u) sin(xu) du. (6)

The direct and inverse Fourier sine transforms (6) are denoted by f̌s(u) = Fs
{
f (x)

}
and f (x) =

F–1
s

{
f̌s(u)

}
, respectively.

References for Section 9.5: E. A. C. Paley and N. Wiener (1934), S. Bochner and K. C. Chandrasekharan (1949),
G. N. Watson (1952), H. Bateman and A. Erdélyi (Vol. 1, 1954), S. Bochner (1959), V. A. Ditkin and A. P. Prudnikov (1965),
J. W. Miles (1971), B. Davis (1978), F. Oberhettinger (1980), E. C. Titchmarsh (1986), Ya. A. Brychkov and A. P. Prudnikov
(1989), W. H. Beyer (1991), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992, p. 440), I. Sneddon (1995),
A. D. Poularikas (2000).

9.6. Other Integral Transforms

9.6-1. Hankel Transform.

The Hankel transform is defined as follows:

f̃ν(u) =
∫ ∞

0
xJν(ux)f (x) dx, 0 < u < ∞, (1)

where ν > –1 and Jν(x) is the Bessel function of the first kind of order ν (see Supplement 11.6).
For given f̃ν(u), the function f (x) can be found by means of the Hankel inversion formula

f (x) =
∫ ∞

0
uJν(ux)f̃ν(u) du, 0 < x < ∞. (2)

Note that if f (x) = O(xα) as x → 0, where α + ν + 2 > 0, and f (x) = O(xβ ) as x → ∞, where
β + 3

2 < 0, then the integral (1) is convergent.
The inversion formula (2) holds for continuous functions. If f (x) has a (finite) jump discontinuity

at a point x = x0, then the left-hand side of (2) is equal to 1
2 [f (x0 – 0) + f (x0 + 0)] at this point.

For brevity, we denote the Hankel transform (1) by f̃ν(u) = Hν

{
f (x)

}
. It follows from

formula (2) that the Hankel transform has the property H2
ν = 1.

Parseval’s relation for the Hankel transform:∫ ∞

0
uHν

{
f (x)

}
Hν

{
g(x)
}

du =
∫ ∞

0
xf (x)g(x) dx, ν > –

1
2

.
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9.6-2. Meijer Transform.

The Meijer transform is defined as follows:

f̂µ(s) =

√
2
π

∫ ∞

0

√
sxKµ(sx)f (x) dx, 0 < s < ∞,

where Kµ(x) is the modified Bessel function of the second kind (the Macdonald function) of order µ
(see Supplement 11.7).

For given f̃µ(s), the function f (x) can be found by means of the Meijer inversion formula

f (x) =
1

i
√

2π

∫ c+i∞

c–i∞

√
sx Iµ(sx)f̂µ(s) ds, 0 < x < ∞,

where Iµ(x) is the modified Bessel function of the first kind of order µ (see Supplement 11.7). For
the Meijer transform, a convolution is defined and an operational calculus is developed.

9.6-3. Kontorovich–Lebedev Transform.

The Kontorovich–Lebedev transform is introduced as follows:

F (τ ) =
∫ ∞

0
Kiτ (x)f (x) dx, 0 < τ < ∞,

where Kµ(x) is the modified Bessel function of the second kind (the Macdonald function) of order µ

(see Supplement 11.7) and i =
√

–1.
For given F (τ ), the function can be found by means of the Kontorovich–Lebedev inversion

formula

f (x) =
2

π2x

∫ ∞

0
τ sinh(πτ )Kiτ (x)F (τ ) dτ , 0 < x < ∞.

Parseval’s relation for the Kontorovich–Lebedev transform:∫ ∞

0
F1(τ )F2(τ ) dτ =

∫ ∞

0
f1(x)f2(x) dx.

9.6-4. Y -transform.

The Y -transform is defined by

Fν (u) =
∫ ∞

0

√
uxYν(ux)f (x) dx,

where Yν (x) is the Bessel function of the second kind of order ν.
Given a transform Fν (u), the inverse Y -transform f (x) is found by the inversion formula

f (x) =
∫ ∞

0

√
ux Hν(ux)Fν(u) du,

where Hν(x) is the Struve function, which is defined as

Hν(x) =
∞∑
j=0

(–1)j(x/2)ν+2j+1

Γ
(
j + 3

2

)
Γ
(
ν + j + 3

2

) .
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9.6-5. Summary Table of Integral Transforms.

Table 5 summarizes the integral transforms considered above and also lists some other integral
transforms; for the constraints imposed on the functions and parameters occurring in the integrand,
see the references given at the end of this section.

TABLE 5
Main integral transforms

Integral
transform

Definition Inversion formula

Laplace
transform

f̃ (p)=
∫ ∞

0
e–pxf (x) dx f (x)=

1
2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

Laplace-
Carlson
transform

f̃ (p)=p
∫ ∞

0
e–pxf (x) dx f (x)=

1
2πi

∫ c+i∞

c–i∞
epx f̃ (p)

p
dp

Two-sided
Laplace
transform

f̃∗(p)=
∫ ∞

–∞
e–pxf (x) dx f (x)=

1
2πi

∫ c+i∞

c–i∞
epxf̃∗(p) dp

Fourier
transform

f̃ (u)=
1√
2π

∫ ∞

–∞
e–iuxf (x) dx f (x)=

1√
2π

∫ ∞

–∞
eiuxf̃ (u) du

Fourier sine
transform f̃s(u)=

√
2
π

∫ ∞

0
sin(xu)f (x) dx f (x)=

√
2
π

∫ ∞

0
sin(xu)f̃s(u) du

Fourier cosine
transform f̃c(u)=

√
2
π

∫ ∞

0
cos(xu)f (x) dx f (x)=

√
2
π

∫ ∞

0
cos(xu)f̃c(u) du

Hartley
transform

f̃h(u)=
1√
2π

∫ ∞

–∞
(cos xu + sin xu)f (x) dx f (x)=

1√
2π

∫ ∞

–∞
(cos xu + sin xu)f̃h(u) du

Mellin
transform

f̂ (s)=
∫ ∞

0
xs–1f (x) dx f (x)=

1
2πi

∫ c+i∞

c–i∞
x–sf̂ (s) ds

Hankel
transform

f̂ν(w)=
∫ ∞

0
xJν(xw)f (x) dx f (x)=

∫ ∞

0
wJν(xw)f̂ν(w) dw

Y -transform Fν(u)=
∫ ∞

0

√
ux Yν(ux)f (x) dx f (x)=

∫ ∞

0

√
ux Hν(ux)Fν(u) du

Meijer
transform
(K-transform)

f̂ (s)=

√
2
π

∫ ∞

0

√
sx Kν(sx)f (x) dx f (x)=

1

i
√

2π

∫ c+i∞

c–i∞

√
sx Iν(sx)f̂ (s) ds

Bochner
transform

f̃ (r)=
∫ ∞

0
Jn/2–1(2πxr)G(x, r)f (x) dx,

G(x, r)=2πr(x/r)n/2, n=1, 2, . . .
f (x)=

∫ ∞

0
Jn/2–1(2πrx)G(r, x)f̃ (r) dr

Weber
transform

Fa(u)=
∫ ∞

a
Wν(xu, au)xf (x) dx,

Wν(β, µ)≡Jν(β)Yν(µ) – Jν(µ)Yν(β)
f (x)=

∫ ∞

0

Wν(xu, au)
J2

ν(au) + Y 2
ν (au)

uFa(u) du

Hardy
transform

F (u)=
∫ ∞

0
Cν(xu)xf (x) dx,

Cν(z)≡cos(πp)Jν(z) + sin(πp)Yν(z)

f (x)=
∫ ∞

0
Φ(xu)uF (u) du,

Φ(z)=
∞∑
n=0

(–1)n(z/2)ν+2p+2n

Γ(p + n + 1)Γ(ν + p + n + 1)

Kontorovich–
Lebedev
transform

F (τ )=
∫ ∞

0
Kiτ(x)f (x) dx f (x)=

2
π2x

∫ ∞

0
τ sinh(πτ )Kiτ(x)F (τ ) dτ
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TABLE 5 (continued)
Main integral transforms

Integral
transform

Definition Inversion formula

Mehler–Fock
transform

F (x)=
∫ ∞

0
P– 1

2 +iτ(x)f (τ ) dτ , 1≤x<∞ f (τ )=τ tanh(πτ )
∫ ∞

1
P– 1

2 +iτ(x)F (x) dx

Euler
transform of
the 1st kind

F (x)=
1

Γ(µ)

∫ x

a

f (t) dt

(x – t)1–µ
,

0<µ<1, x>a
f (x)=

1
Γ(1 – µ)

d

dx

∫ x

a

F (t) dt

(x – t)µ

Euler
transform of
the 2nd kind

F (x)=
1

Γ(µ)

∫ a

x

f (t) dt

(t – x)1–µ
,

0<µ<1, x<a
f (x)=–

1
Γ(1 – µ)

d

dx

∫ a

x

F (t) dt

(t – x)µ

Gauss
transform F (x)=

1√
πa

∫ ∞

–∞
exp
[

–
(x – t)2

a

]
f (t) dt f (x)=exp

(
–

a

4
d2

dx2

)
F (x)

Hilbert
transform F̂ (s)=

1
π

∫ ∞

–∞

f (x)
x – s

dx f (x)=–
1
π

∫ ∞

–∞

F̂ (s)
s – x

ds

Notations for Table 5: i =
√

–1, Jµ(x) and Yµ(x) are the Bessel functions of the first and the second
kind, respectively; Iµ(x) and Kµ(x) are the modified Bessel functions of the first and the second
kind, respectively; Pµ(x) is the Legendre spherical function of the first kind; and Hµ(x) is the Struve
function (see Subsection 9.6-4).

Remark 1. The Euler transform of the first kind is also known as Riemann–Liouville integral
(the left fractional integral of order µ or, for short, the fractional integral), see Section 10.5. The
Euler transform of the second kind is also called the right fractional integral of order µ.

Remark 2. If a = 4, the Gauss transform is called the Weierstrass transform. In the inversion

formula, the exponential is represented by an operator series: exp
(
k

d2

dx2

)
≡ 1 +

∞∑
n=1

kn

n!
d2n

dx2n
.

Remark 3. In the direct and inverse Hilbert transforms, the integrals are understood in the sense
of the Cauchy principal value.

Remark 4. Some other integral transforms are described in Chapter 3.

References for Section 9.6: H. Bateman and A. Erdélyi (1954, Vols 1 and 2), J. L. Griffith (1958), V. A. Ditkin and
A. P. Prudnikov (1965), J. W. Miles (1971), F. Oberhettinger (1972), I. Sneddon (1972), H. M. Srivastava and R. G. Buschman
(1977), B. Davis (1978), D. Zwillinger (1989), Yu. A. Brychkov and A. P. Prudnikov (1989), W. H. Beyer (1991), M. Ya. An-
timirov (1993), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993), A. D. Polyanin and A. V. Manzhirov (1998, 2007),
A. D. Poularikas (2000), L. Debnath and D. Bhatta (2007).



Chapter 10

Methods for Solving Linear Equations
of the Form

∫∫ x

a
K(x, t)y(t) dt = f (x)

10.1. Volterra Equations of the First Kind

10.1-1. Equations of the First Kind. Function and Kernel Classes.

In this chapter we present methods for solving Volterra linear equations of the first kind. These
equations have the form ∫ x

a

K(x, t)y(t) dt = f (x), (1)

where y(x) is the unknown function (a ≤ x ≤ b), K(x, t) is the kernel of the integral equation, and
f (x) is a given function, the right-hand side of Eq. (1). The functions y(x) and f (x) are usually
assumed to be continuous or square integrable on [a, b]. The kernel K(x, t) is usually assumed
either to be continuous on the square S = {a ≤ x ≤ b, a ≤ t ≤ b} or to satisfy the condition∫ b

a

∫ b

a

K2(x, t) dx dt = B2 < ∞, (2)

where B is a constant, that is, to be square integrable on this square. It is assumed in (2) that
K(x, t) ≡ 0 for t > x.

The kernel K(x, t) is said to be degenerate if it can be represented in the form

K(x, t) = g1(x)h1(t) + · · · + gn(x)hn(t).

The kernel K(x, t) of an integral equation is called difference kernel if it depends only on the
difference of the arguments, K(x, t) = K(x – t).

Polar kernels

K(x, t) =
L(x, t)
(x – t)β

+ M (x, t), 0 < β < 1, (3)

and logarithmic kernels (kernels with logarithmic singularity)

K(x, t) = L(x, t) ln(x – t) + M (x, t), (4)

where L(x, t) and M (x, t) are continuous on S and L(x, x) /≡ 0, are often considered as well.
Polar and logarithmic kernels form a class of kernels with weak singularity. Equations containing

such kernels are called equations with weak singularity.
The following generalized Abel equation is a special case of Eq. (1) with the kernel of the

form (3): ∫ x

a

y(t)
(x – t)β

dt = f (x), 0 < β < 1.

519
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∫ x
a K(x, t)y(t)dt = f (x)

In case the functions K(x, t) and f (x) are continuous, the right-hand side of Eq. (1) must satisfy
the following conditions:

1◦. If K(a, a) ≠ 0, then f (x) must be constrained by f (a) = 0.

2◦. If K(a, a) = K ′
x(a, a) = · · · = K (n–1)

x (a, a) = 0, 0 <
∣∣K (n)

x (a, a)
∣∣ < ∞, then the right-hand side

of the equation must satisfy the conditions

f (a) = f ′
x(a) = · · · = f (n)

x (a) = 0.

3◦. If K(a, a) = K ′
x(a, a) = · · · = K (n–1)

x (a, a) = 0, K (n)
x (a, a) = ∞, then the right-hand side of the

equation must satisfy the conditions

f (a) = f ′
x(a) = · · · = f (n–1)

x (a) = 0.

For polar kernels of the form (3) or (4) and continuousf (x), no additional conditions are imposed
on the right-hand side of the integral equation.

Remark 1. Generally, the case in which the integration limit a is infinite is not excluded.

10.1-2. Existence and Uniqueness of a Solution.

Assume that in Eq. (1) the functions f (x) and K(x, t) are continuous together with their first
derivatives on [a, b] and on S, respectively. If K(x, x) ≠ 0 (x ∈ [a, b]) and f (a) = 0, then there exists
a unique continuous solution y(x) of Eq. (1).

Remark 2. The problem of existence and uniqueness of a solution to a Volterra equation of
the first kind is closely related to conditions under which this equation can be reduced to Volterra
equations of the second kind (see Section 10.3).

Remark 3. A Volterra equation of the first kind can be treated as a Fredholm equation of the
first kind whose kernel K(x, t) vanishes for t > x (see Chapter 12).

10.1-3. Some Problems Leading to Volterra Integral Equations of the First Kind.

1◦. Abel problem (generalization of the tautochrone problem*).
Statement of the problem. Suppose a point mass (a bead) can move along a curve in the vertical

plane (ξ, η) under the gravitational force. Determine the curve if the bead, initially having an
ordinate x and zero velocity, must reach the Oξ axis in a time t = f1(x), where f1(x) is a given
function.

Derivation of the integral equation. The absolute value of the bead velocity is expressed as

v =
√

2g(x – η).

Let β = β(η) denote the angle between the tangent to the curve and the Oξ axis, as shown in Fig. 2.
Then the η-component of the velocity is found as

dη

dt
= –
√

2g(x – η) sin β.

It follows that

dt = –
dη√

2g(x – η) sin β
.

* Find the curve down which a heavy bead having zero initial velocity and placed anywhere will fall to the bottom in the same
amount of time.
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Integrating over η from 0 to x and setting
1

sin β
= y(η), one arrives at the Abel equation

∫ x

0

y(η)√
x – η

dη = –
√

2g f1(x).

Denoting –
√

2g f1(x) = f (x) yields ∫ x

0

y(η)√
x – η

dη = f (x).

Here y(x) is the unknown function and f (x) is a given function.
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Figure 2. Curve along which the bead moves in the Abel problem.

Having found y(η), one readily obtains the equation of the desired curve. Indeed, since y(η) =
1/sin β, we have η = Φ(β). Further,

dξ =
dη

tan β
=

Φ
′(β) dβ

tan β
,

and therefore

ξ =
∫

Φ
′(β)

tan β
dβ = Ψ(β).

Hence, the desired curve is determined parametrically by the equations

ξ = Ψ(β), η = Φ(β).

In particular, if f (x) = C = const, the desired curve is a cycloid.

2◦. A model problem on buying and selling goods.
Statement of the problem. There is a shop that buys and sells various types of goods. It is

assumed that:
1) buying and selling are continuous processes and the goods bought are put on sale immediately;
2) any type of goods is purchased by the shop in consignments, the quantity of goods in each

consignment equal to the quantity sold by the shop for a time T , the same for all types of goods;
3) each new consignment is sold uniformly over the time T .
The shop starts selling a new consignment the cost of which is equal to unity. Find the law y(t)

according to which the goods should be bought, in order that the cost of the goods present in the
shop remains constant.
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∫ x
a K(x, t)y(t)dt = f (x)

Derivation of the integral equation. The cost of the initially bought goods remaining in the shop
by an instant t is equal to

K(t) =

{
1 –

t

T
if t ≤ T ,

0 if t > T .

Suppose that on the time interval from τ to τ + dτ the cost of the goods bought is equal to y(τ ) dτ .
This stock of the goods is decreased through selling, so that by the instant t > τ the cost of the
remainder is K(t – τ )y(τ ) dτ . Therefore, by the time t, the cost of the unsold portion of the goods
purchased by the shop will be equal to ∫ t

0
K(t – τ )y(τ ) dτ .

On the other hand, the cost of the unsold portion of the goods bought by the shop is equal to 1 –K(t).
Equating these two expressions gives

1 – K(t) =
∫ t

0
K(t – τ )y(τ ) dτ .

This is a convolution integral equation of the first kind for the unknown function y(t).

References for Section 10.1: E. Goursat (1923), H. M. Müntz (1934), F. G. Tricomi (1957), V. Volterra (1959),
S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), J. A. Cochran (1972), C. Corduneanu (1973),
V. I. Smirnov (1974), P. P. Zabreyko, A. I. Koshelev, et al. (1975), A. J. Jerry (1985), A. F. Verlan’ and V. S. Sizikov (1986),
P. Linz (1987).

10.2. Equations with Degenerate Kernel:
K(x, t) = g1(x)h1(t) + · · · + gn(x)hn(t)

10.2-1. Equations with Kernel of the Form K(x, t) = g1(x)h1(t) + g2(x)h2(t).

Any equation of this type can be rewritten in the form

g1(x)
∫ x

a

h1(t)y(t) dt + g2(x)
∫ x

a

h2(t)y(t) dt = f (x). (1)

It is assumed that g1(x) ≠ const g2(x), h1(t) ≠ const h2(t), 0 < g2
1(a) + g2

2(a) < ∞, and f (a) = 0.
The change of variables

u(x) =
∫ x

a

h1(t)y(t) dt (2)

followed by the integration by parts in the second integral in (1) with regard to the relation u(a) = 0
yields the following Volterra equation of the second kind:

[g1(x)h1(x) + g2(x)h2(x)]u(x) – g2(x)h1(x)
∫ x

a

[
h2(t)
h1(t)

]′
t

u(t) dt = h1(x)f (x). (3)

The substitution

w(x) =
∫ x

a

[
h2(t)
h1(t)

]′
t

u(t) dt (4)

reduces Eq. (3) to the first-order linear ordinary differential equation

[g1(x)h1(x) + g2(x)h2(x)]w′
x – g2(x)h1(x)

[
h2(x)
h1(x)

]′
x

w = f (x)h1(x)

[
h2(x)
h1(x)

]′
x

. (5)
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1◦. In the case g1(x)h1(x) + g2(x)h2(x) /≡ 0, the solution of equation (5) satisfying the condition
w(a) = 0 (this condition is a consequence of the substitution (4)) has the form

w(x) = Φ(x)
∫ x

a

[
h2(t)
h1(t)

]′
t

f (t)h1(t) dt

Φ(t)[g1(t)h1(t) + g2(t)h2(t)]
, (6)

Φ(x) = exp

{∫ x

a

[
h2(t)
h1(t)

]′
t

g2(t)h1(t) dt

g1(t)h1(t) + g2(t)h2(t)

}
. (7)

Let us differentiate relation (4) and substitute the function (6) into the resulting expression. After
integrating by parts with regard to the relations f (a) = 0 and w(a) = 0, for f /≡ const g2 we obtain

u(x) =
g2(x)h1(x)Φ(x)

g1(x)h1(x) + g2(x)h2(x)

∫ x

a

[
f (t)
g2(t)

]′
t

dt

Φ(t)
.

Using formula (2), we find a solution of the original equation in the form

y(x) =
1

h1(x)
d

dx

{
g2(x)h1(x)Φ(x)

g1(x)h1(x) + g2(x)h2(x)

∫ x

a

[
f (t)
g2(t)

]′
t

dt

Φ(t)

}
, (8)

where the function Φ(x) is given by (7).
If f (x) ≡ const g2(x), the solution is given by formulas (8) and (7) in which the subscript 1 must

be changed by 2 and vice versa.

2◦. In the case g1(x)h1(x) + g2(x)h2(x) ≡ 0, the solution has the form

y(x) =
1
h1

d

dx

[
(f/g2)′x
(g1/g2)′x

]
= –

1
h1

d

dx

[
(f/g2)′x
(h2/h1)′x

]
.

10.2-2. Equations with General Degenerate Kernel.

A Volterra equation of the first kind with general degenerate kernel has the form
n∑

m=1

gm(x)
∫ x

a

hm(t)y(t) dt = f (x). (9)

Using the notation

wm(x) =
∫ x

a

hm(t)y(t) dt, m = 1, . . . , n, (10)

we can rewrite Eq. (9) as follows:
n∑

m=1

gm(x)wm(x) = f (x). (11)

On differentiating formulas (10) and eliminating y(x) from the resulting equations, we arrive at the
following linear differential equations for the functions wm = wm(x):

h1(x)w′
m = hm(x)w′

1, m = 2, . . . , n, (12)

(the prime stands for the derivative with respect to x) with the initial conditions

wm(a) = 0, m = 1, . . . , n.

Any solution of system (11), (12) determines a solution of the original integral equation (9) by each
of the expressions

y(x) =
w′

m(x)
hm(x)

, m = 1, . . . , n,

which can be obtained by differentiating formula (10).
System (11), (12) can be reduced to a linear differential equation of order n – 1 for any

function wm(x) (m = 1, . . . , n) by multiple differentiation of Eq. (11) with regard to (12).

References for Section 10.2: E. Goursat (1923), A. F. Verlan’ and V. S. Sizikov (1986).



524 METHODS FOR SOLVING LINEAR EQUATIONS OF THE FORM
∫ x
a K(x, t)y(t)dt = f (x)

10.3. Reduction of Volterra Equations of the First Kind
to Volterra Equations of the Second Kind

10.3-1. First Method.

Suppose that the kernel and the right-hand side of the equation∫ x

a

K(x, t)y(t) dt = f (x), (1)

have continuous derivatives with respect to x and that the condition K(x, x) /≡ 0 holds. In this case,
after differentiating relation (1) and dividing the resulting expression by K(x, x) we arrive at the
following Volterra equation of the second kind:

y(x) +
∫ x

a

K ′
x(x, t)

K(x, x)
y(t) dt =

f ′
x(x)

K(x, x)
. (2)

Equations of this type are considered in Chapter 11. If K(x, x) ≡ 0, then, on differentiating Eq. (1)
with respect to x twice and assuming that K ′

x(x, t)|t=x /≡ 0, we obtain the Volterra equation of the
second kind

y(x) +
∫ x

a

K ′′
xx(x, t)

K ′
x(x, t)|t=x

y(t) dt =
f ′′

xx(x)
K ′

x(x, t)|t=x
.

If K ′
x(x, x) ≡ 0, we can again apply differentiation, and so on. If the first m – 2 partial derivatives

of the kernel with respect to x are identically zero and the (m – 1)st derivative is nonzero, then the
m-fold differentiation of the original equation gives the following Volterra equation of the second
kind:

y(x) +
∫ x

a

K (m)
x (x, t)

K (m–1)
x (x, t)|t=x

y(t) dt =
f (m)

x (x)

K (m–1)
x (x, t)|t=x

.

10.3-2. Second Method.

Let us introduce the new variable

Y (x) =
∫ x

a

y(t) dt

and integrate the right-hand side of Eq. (1) by parts taking into account the relation f (a) = 0. After
dividing the resulting expression by K(x, x), we arrive at the Volterra equation of the second kind

Y (x) –
∫ x

a

K ′
t(x, t)

K(x, x)
Y (t) dt =

f (x)
K(x, x)

,

for which the condition K(x, x) /≡ 0 must hold.

References for Section 10.3: E. Goursat (1923), V. Volterra (1959).

10.4. Equations with Difference Kernel: K(x, t) = K(x – t)

10.4-1. Solution Method Based on the Laplace Transform.

Volterra equations of the first kind with kernel depending on the difference of the arguments have
the form ∫ x

0
K(x – t)y(t) dt = f (x). (1)
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To solve these equations, the Laplace transform can be used (see Section 9.2). In what follows
we need the transforms of the kernel and the right-hand side; they are given by the formulas

K̃(p) =
∫ ∞

0
K(x)e–px dx, f̃ (p) =

∫ ∞

0
f (x)e–px dx. (2)

Applying the Laplace transform L to Eq. (1) and taking into account the fact that an integral
with kernel depending on the difference of the arguments is transformed to the product by the rule
(see Subsection 9.2-4)

L

{∫ x

0
K(x – t)y(t) dt

}
= K̃(p)ỹ(p),

we obtain the following equation for the transform ỹ(p):

K̃(p)ỹ(p) = f̃ (p). (3)

The solution of Eq. (3) is given by the formula

ỹ(p) =
f̃ (p)

K̃(p)
. (4)

On applying the Laplace inversion formula (if it is applicable) to (4), we obtain a solution of Eq. (1)
in the form

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̃ (p)

K̃(p)
epx dp. (5)

When applying formula (5) in practice, the following two technical problems occur:

1◦. Finding the transform K̃(p) =
∫ ∞

0
K(x)e–px dx for a given kernel K(x).

2◦. Finding the resolvent (5) whose transform R̃(p) is given by formula (4).
To calculate the corresponding integrals, tables of direct and inverse Laplace transforms can be

applied (see Supplements 5 and 6), and, in many cases, to find the inverse transform, methods of the
theory of functions of a complex variable are applied, including the Cauchy residue theorem (see
Subsection 9.1-4).

Remark. If the lower limit in the integral of a Volterra equation with difference kernel is a, then
this equation can be reduced to Eq. (1) by means of the change of variables x = x̄ – a, t = t̄ – a.

10.4-2. Case in Which the Transform of the Solution is a Rational Function.

Consider the important special case in which the transform (4) of the solution is a rational function
of the form

ỹ(p) =
f̃ (p)

K̃(p)
≡

R(p)
Q(p)

,

where Q(p) and R(p) are polynomials in the variable p and the degree of Q(p) exceeds that of R(p).
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∫ x
a K(x, t)y(t)dt = f (x)

If the zeros of the denominator Q(p) are simple, i.e.,

Q(p) ≡ const (p – λ1)(p – λ2) . . . (p – λn),

and λi ≠ λj for i ≠ j, then the solution has the form

y(x) =
n∑

k=1

R(λk)
Q′(λk)

exp(λkx),

where the prime stands for the derivatives.
Example 1. Consider the Volterra integral equation of the first kind∫ x

0
e–a(x–t)y(t) dt = A sinh(bx).

We apply the Laplace transform to this equation and obtain (see Supplement 5)

1

p + a
ỹ(p) =

Ab

p2 – b2
.

This implies

ỹ(p) =
Ab(p + a)

p2 – b2
=

Ab(p + a)

(p – b)(p + b)
.

We have Q(p) = (p – b)(p + b), R(p) = Ab(p + a), λ1 = b, and λ2 = –b. Therefore, the solution of the integral equation has
the form

y(x) = 1
2 A(b + a)ebx + 1

2 A(b – a)e–bx = Aa sinh(bx) + Ab cosh(bx).

10.4-3. Convolution Representation of a Solution.

In solving Volterra integral equations of the first kind with difference kernel K(x – t) by means of
the Laplace transform, it is sometimes useful to apply the following approach.

Let us represent the transform (4) of a solution in the form

ỹ(p) = Ñ (p)M̃(p)f̃ (p), Ñ (p) ≡
1

K̃(p)M̃ (p)
. (6)

If we can find a function M̃ (p) for which the inverse transforms

L–1{M̃ (p)
}

= M (x), L–1{Ñ (p)
}

= N (x) (7)

exist and can be found in a closed form, then the solution can be written as the convolution

y(x) =
∫ x

0
N (x – t)F (t) dt, F (t) =

∫ t

0
M (t – s)f (s) ds. (8)

Example 2. Consider the equation∫ x

0
sin
(
λ
√

x – t
)
y(t) dt = f (x), f (0) = 0. (9)

Applying the Laplace transform, we obtain (see Supplement 5)

ỹ(p) =
2√
π λ

p3/2 exp(α/p)f̃ (p), α = 1
4 λ2. (10)

Let us rewrite the right-hand side of (10) in the equivalent form

ỹ(p) =
2√
π λ

p2[p–1/2 exp(α/p)
]
f̃ (p), α = 1

4 λ2, (11)

where the factor in the square brackets corresponds to M̃ (p) in formula (6) and Ñ (p) = const p2.
By applying the Laplace inversion formula according to the above scheme to formula (11) with regard to the relation

(see Supplement 6)

L–1{
p2ϕ̃(p)

}
=

d2

dx2
ϕ(x), L–1{

p–1/2 exp(α/p)
}

=
1√
πx

cosh
(
λ
√

x
)
,

we find the solution

y(x) =
2

πλ

d2

dx2

∫ x

0

cosh
(
λ
√

x – t
)

√
x – t

f (t) dt.
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10.4-4. Application of an Auxiliary Equation.

Consider the equation ∫ x

a

K(x – t)y(t) dt = f (x), (12)

where the kernel K(x) has an integrable singularity at x = 0.
Let w = w(x) be the solution of the simpler auxiliary equation with f (x) ≡ 1 and a = 0,∫ x

0
K(x – t)w(t) dt = 1. (13)

Then the solution of the original equation (12) with arbitrary right-hand side can be expressed as
follows via the solution of the auxiliary equation (13):

y(x) =
d

dx

∫ x

a

w(x – t)f (t) dt = f (a)w(x – a) +
∫ x

a

w(x – t)f ′
t(t) dt. (14)

Example 3. Consider the generalized Abel equation∫ x

a

y(t) dt

(x – t)µ
= f (x), 0 < µ < 1. (15)

We seek a solution of the corresponding auxiliary equation∫ x

0

w(t) dt

(x – t)µ
= 1, 0 < µ < 1, (16)

by the method of indeterminate coefficients in the form

w(x) = Axβ . (17)

Let us substitute (17) into (16) and then perform the change of variable t = xξ in the integral. Taking into account the
relationship

B(p, q) =
∫ 1

0
ξp–1(1 – ξ)1–q dξ =

Γ(p)Γ(q)

Γ(p + q)

between the beta and gamma functions, we obtain

A
Γ(β + 1)Γ(1 – µ)

Γ(2 + β – µ)
xβ+1–µ = 1.

From this relation we find the coefficients A and β:

β = µ – 1, A =
1

Γ(µ)Γ(1 – µ)
=

sin(πµ)

π
. (18)

Formulas (17) and (18) define the solution of the auxiliary equation (16) and make it possible to find the solution of the
generalized Abel equation (15) by means of formula (14) as follows:

y(x) =
sin(πµ)

π

d

dx

∫ x

a

f (t) dt

(x – t)1–µ
=

sin(πµ)

π

[
f (a)

(x – a)1–µ
+
∫ x

a

f ′
t(t) dt

(x – t)1–µ

]
. (19)

10.4-5. Reduction to Ordinary Differential Equations.

Consider the special case in which the transform of the kernel of the integral equation (1) can be
represented in the form

K̃(p) =
M (p)
N (p)

, (20)
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a K(x, t)y(t)dt = f (x)

where M (p) and N (p) are some polynomials of degrees m and n, respectively:

M (p) =
m∑

k=0

Akpk, N (p) =
n∑

k=0

Bkpk. (21)

In this case, the solution of the integral equation (1) (if it exists) satisfies the following linear
nonhomogeneous ordinary differential equation of order m with constant coefficients:

m∑
k=0

Aky(k)
x (x) =

n∑
k=0

Bkf (k)
x (x). (22)

We can rewrite Eq. (22) in the operator form

M (D)y(x) = N (D)f (x), D ≡
d

dx
.

The initial data for the differential equation (22), as well as the conditions that must be imposed on
the right-hand side of the integral equation (1), can be obtained from the relation

m∑
k=0

Ak

k–1∑
s=0

pk–1–sy(s)
x (0) –

n∑
k=0

Bk

k–1∑
s=0

pk–1–sf (s)
x (0) = 0 (23)

by matching the coefficients of like powers of the parameter p.
The proof of this assertion can be given by applying the Laplace transform to the differential

equation (22) followed by comparing the resulting expression with Eq. (3) with regard to (20).

10.4-6. Reduction of a Volterra Equation to a Wiener–Hopf Equation.

A Volterra equation of the first kind with difference kernel of the form∫ x

0
K(x – t)y(t) dt = f (x), 0 < x < ∞, (24)

can be reduced to the following Wiener–Hopf equation of the first kind:∫ ∞

0
K+(x – t)y(t) dt = f (x), 0 < x < ∞, (25)

where the kernel K+(x – t) is given by

K+(s) =
{

K(s) for s > 0,
0 for s < 0.

Methods for solving Eq. (25) are presented in Section 12.8.

References for Section 10.4: G. Doetsch (1956), V. A. Ditkin and A. P. Prudnikov (1965), M. L. Krasnov, A. I. Kiselev,
and G. I. Makarenko (1971), V. I. Smirnov (1974), P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. D. Gakhov and
Yu. I. Cherskii (1978).
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10.5. Method of Fractional Differentiation

10.5-1. Definition of Fractional Integrals.

A function f (x) is said to be absolutely continuous on a closed interval [a, b] if for each ε > 0 there
exists a δ > 0 such that for any finite system of disjoint intervals [ak, bk] ⊂ [a, b], k = 1, . . . , n, such

that
n∑

k=1
(bk – ak) < δ the inequality

n∑
k=1

|f (bk) – f (ak)| < ε holds. The class of all these functions is

denoted by AC.
Let ACn, n = 1, 2, . . . , be the class of functions f (x) that are continuously differentiable on [a, b]

up to the order n – 1 and for which f (n–1)(x) ∈ AC.
Let ϕ(x) ∈ L1(a, b). The integrals

Iµ
a+ϕ(x) ≡

1
Γ(µ)

∫ x

a

ϕ(t)
(x – t)1–µ

dt, x > a, (1)

Iµ
b–ϕ(x) ≡

1
Γ(µ)

∫ b

x

ϕ(t)
(t – x)1–µ

dt, x < b, (2)

where µ > 0, are called the integrals of fractional order µ. Sometimes the integral (1) is called
left-sided and the integral (2) is called right-sided. The operators Iµ

a+ and Iµ
b– are called the operators

of fractional integration.
The integrals (1) and (2) are usually called the Riemann–Liouville fractional integrals.
The following formula holds:

∫ b

a

ϕ(x)Iµ
a+ψ(x) dx =

∫ b

a

ψ(x)Iµ
b–ϕ(x) dx, (3)

which is sometimes called the formula of fractional integration by parts.
Fractional integration has the property

Iµ
a+Iβ

a+ϕ(x) = Iµ+β
a+ ϕ(x), Iµ

b–Iβ
b–ϕ(x) = Iµ+β

b– ϕ(x), µ > 0, β > 0. (4)

Property (4) is called the semigroup property of fractional integration.

10.5-2. Definition of Fractional Derivatives.

It is natural to introduce fractional differentiation as the operation inverse to fractional integration.
For a function f (x) defined on a closed interval [a, b], the expressions

Dµ
a+f (x) =

1
Γ(1 – µ)

d

dx

∫ x

a

f (t)
(x – t)µ

dt, (5)

Dµ
b–f (x) = –

1
Γ(1 – µ)

d

dx

∫ b

x

f (t)
(t – x)µ

dt (6)

are called the left and the right fractional derivative of order µ, respectively. It is assumed here that
0 < µ < 1.

The fractional derivatives (5) and (6) are usually called the Riemann–Liouville derivatives.
Note that the fractional integrals are defined for any order µ > 0, but the fractional derivatives

are so far defined only for 0 < µ < 1.
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If f (x) ∈ AC, then the derivatives Dµ
a+f (x) and Dµ

b–f (x), 0 < µ < 1, exist almost everywhere,
and we have Dµ

a+f (x) ∈ Lr(a, b) and Dµ
b–f (x) ∈ Lr(a, b), 1 ≤ r < 1/µ. These derivatives have the

representations

Dµ
a+f (x) =

1
Γ(1 – µ)

[
f (a)

(x – a)µ
+
∫ x

a

f ′
t(t)

(x – t)µ
dt

]
, (7)

Dµ
b–f (x) =

1
Γ(1 – µ)

[
f (b)

(b – x)µ
–
∫ b

x

f ′
t(t)

(t – x)µ
dt

]
. (8)

Finally, let us pass to the fractional derivatives of order µ ≥ 1. We shall use the following
notation: [µ] stands for the integral part of a real number µ and {µ} is the fractional part of µ,
0 ≤ {µ} < 1, so that

µ = [µ] + {µ}. (9)

If µ is an integer, then by the fractional derivative of order µ we mean the ordinary derivative

Dµ
a+ =

(
d

dx

)µ

, Dµ
b– =

(
–

d

dx

)µ

, µ = 1, 2, . . . (10)

However, if µ is not integral, then Dµ
a+f and Dµ

b–f are introduced by the formulas

Dµ
a+f (x) ≡

(
d

dx

)[µ]

D{µ}
a+ f (x) =

(
d

dx

)[µ]+1

I1–{µ}
a+ f (x), (11)

Dµ
b–f (x) ≡

(
–

d

dx

)[µ]

D{µ}
b– f (x) =

(
–

d

dx

)[µ]+1

I1–{µ}
b– f (x). (12)

Thus,

Dµ
a+f (x) =

1
Γ(n – µ)

(
d

dx

)n ∫ x

a

f (t)
(x – t)µ–n+1

dt, n = [µ] + 1, (13)

Dµ
b–f (x) =

(–1)n

Γ(n – µ)

(
d

dx

)n ∫ b

x

f (t)
(t – x)µ–n+1

dt, n = [µ] + 1. (14)

A sufficient condition for the existence of the derivatives (13) and (14) is as follows:∫ x

a

f (t) dt

(x – t){µ} ∈ AC[µ].

This sufficient condition holds whenever f (x) ∈ AC[µ].

Remark. The definitions of the fractional integrals and fractional derivatives can be extended to
the case of complex µ (e.g., see S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993)).

10.5-3. Main Properties.

Let Iµ
a+(L1), µ > 0, be the class of functions f (x) that can be represented by the left fractional integral

of order µ of an integrable function: f (x) = Iµ
a+ϕ(x), ϕ(x) ∈ L1(a, b), 1 ≤ p < ∞.

For the relation f (x) ∈ Iµ
a+(L1), µ > 0, to hold, it is necessary and sufficient that

fn–µ(x) ≡ In–µ
a+ f ∈ ACn, (15)
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where n = [µ] + 1, and*
f (k)

n–µ(a) = 0, k = 0, 1, . . . , n – 1. (16)

Let µ > 0. We say that a function f (x) ∈ L1 has an integrable fractional derivative Dµ
a+f if

In–µ
a+ f (x) ∈ ACn, where n = [µ] + 1.

In other words, this definition introduces a notion involving only the first of the two condi-
tions (15) and (16) describing the class Iµ

a+(L1).
Let µ > 0. In this case the relation

Dµ
a+Iµ

a+ϕ(x) = ϕ(x) (17)

holds for any integrable function ϕ(x), and the relation

Iµ
a+Dµ

a+f (x) = f (x) (18)

holds for any function f (x) such that

f (x) ∈ Iµ
a+(L1). (19)

If we replace (19) by the condition that the function f (x) ∈ L1(a, b) has an integrable deriva-
tive Dµ

a+f (x), then relation (18) fails in general and must be replaced by the formula

Iµ
a+Dµ

a+f (x) = f (x) –
n–1∑
k=0

(x – a)µ–k–1

Γ(µ – k)
f (n–k–1)

n–µ (a), (20)

where n = [µ] + 1 and fn–µ(x) = In–µ
a+ f (x). In particular, for 0 < µ < 1 we have

Iµ
a+Dµ

a+f (x) = f (x) –
f1–µ(a)
Γ(µ)

(x – a)µ–1. (21)

10.5-4. Solution of the Generalized Abel Equation.

Consider the Abel integral equation ∫ x

a

y(t)
(x – t)µ

dt = f (x), (22)

where 0 < µ < 1. Suppose that x ∈ [a, b], f (x) ∈ AC, and y(t) ∈ L1, and apply the technique of
fractional differentiation. We divide Eq. (22) by Γ(1 – µ), and, by virtue of (1), rewrite this equation
as follows:

I1–µ
a+ y(x) =

f (x)
Γ(1 – µ)

, x > a. (23)

Let us apply the operator of fractional differentiation D1–µ
a+ to (23). Using the properties of the

operators of fractional integration and differentiation, we obtain

y(x) =
D1–µ

a+ f (x)
Γ(1 – µ)

, (24)

or, in the detailed notation,

y(x) =
1

Γ(µ)Γ(1 – µ)

[
f (a)

(x – a)1–µ
+
∫ x

a

f ′
t(t)

(x – t)1–µ
dt

]
. (25)

Taking into account the relation
1

Γ(µ)Γ(1 – µ)
=

sin(πµ)
π

,

we now arrive at the solution of the generalized Abel equation in the form

y(x) =
sin(πµ)

π

[
f (a)

(x – a)1–µ
+
∫ x

a

f ′
t(t) dt

(x – t)1–µ

]
, (26)

which coincides with that obtained above in Subsection 10.4-4.

* From now on in Section 10.5, by f (n)(x) we mean the nth derivative of f (x) with respect to x and f (n)(a) ≡ f (n)(x)
∣∣
x=a

.
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10.5-5. Erdélyi–Kober Operators.

Generalized Erdélyi–Kober operators are defined by the relations

Iβ,α[f ] ≡
2

Γ(α)
x–2(α+β)

∫ x

a

t2β+1(x2 – t2)α–1f (t) dt if 0 < α < ∞ (27)

and

Kβ,α[f ] ≡
2

Γ(α)
x2β

∫ b

x

t1–2β–2α(t2 – x2)α–1f (t) dt if 0 < α < ∞.

The following identities hold:

Iβ,αIα+β,γ = Iβ,α+γ ,

Iβ,α[t2γf (t)] = x2γIβ+γ,α[f (t)],

Kβ,αIα+β,γ = Kβ,α+γ ,

Kβ,α[t2γf (t)] = x2γKβ–γ,α[f (t)].

Defining the inverse operators, one can show that

I–1
β,α = Iα+β,–α,

K–1
β,α = Kα+β,–α.

(28)

Generalized Erdélyi–Kober operators (27) and inversion formulas (28) are used for solving some
dual integral equations.

References for Section 10.5: K. B. Oldham and J. Spanier (1974), C. Nasim and B. D. Aggarwala (1984), Yu. I. Babenko
(1986), S. G. Samko, A. A. Kilbas, and O. I. Marichev (1993).

10.6. Equations with Weakly Singular Kernel
10.6-1. Method of Transformation of the Kernel.

Consider the Volterra integral equation of the first kind with polar kernel

K(x, t) =
L(x, t)
(x – t)α

, 0 < α < 1. (1)

The integral equation in question can be represented in the form∫ x

0

L(x, t)
(x – t)α

y(t) dt = f (x), (2)

where we assume that the functions L(x, t) and ∂L(x, t)/∂x are continuous and bounded. To solve
Eq. (2), we multiply it by dx/(ξ – x)1–α and integrate from 0 to ξ, thus obtaining∫ ξ

0

[∫ x

0

L(x, t)
(x – t)α

y(t) dt

]
dx

(ξ – x)1–α
=
∫ ξ

0

f (x) dx

(ξ – x)1–α
.

By setting

K∗(ξ, t) =
∫ ξ

t

L(x, t) dx

(ξ – x)1–α(x – t)α
,

ϕ(ξ) =
∫ ξ

0

f (x) dx

(ξ – x)1–α
, ϕ(0) = 0,

we obtain another integral equation of the first kind with the unknown function y(t):∫ ξ

0
K∗(ξ, t)y(t) dt = ϕ(ξ), (3)

in which the kernel K∗(ξ, t) has no singularities.
It can be shown that any solution of Eq. (3) is a solution of Eq. (2). Thus, after transforming

Eq. (2) to the form (3), we can apply any methods available for continuous kernels to the latter
equation.
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10.6-2. Kernel with Logarithmic Singularity.

Consider the equation ∫ x

0
ln(x – t)y(t) dt = f (x), f (0) = 0. (4)

Let us apply the Laplace transform to solve this equation. Note that

L
{
xν
}

=
∫ ∞

0
e–pxxν dx =

Γ(ν + 1)
pν+1

, ν > –1. (5)

Let us differentiate relation (5) with respect to ν. We obtain

L
{
xν ln x

}
=

Γ(ν + 1)
pν+1

[
Γ
′
z(ν + 1)

Γ(ν + 1)
+ ln

1
p

]
. (6)

From Supplement 11.4-2, it follows that

Γ
′
z(1)

Γ(1)
= –C,

where C = 0.5772. . . is the Euler constant. With regard to the last relation, formula (6) with ν = 0
becomes

L
{

ln x
}

= –
ln p + C

p
. (7)

Applying the Laplace transform to Eq. (4) and taking into account (7), we obtain

–
ln p + C

p
ỹ(p) = f̃ (p),

and hence

ỹ(p) = –
pf̃ (p)

ln p + C . (8)

Now let us express ỹ(p) in the form

ỹ(p) = –
p2f̃ (p) – f ′

x(0)
p(ln p + C)

–
f ′

x(0)
p(ln p + C)

. (9)

Since f (0) = 0, it follows that

L
{
f ′′

xx(x)
}

= p2f̃ (p) – f ′
x(0). (10)

Let us rewrite formula (5) as

L

{
xν

Γ(ν + 1)

}
=

1
pν+1 (11)

and integrate (11) with respect to ν from 0 to ∞. We obtain

L

{∫ ∞

0

xν

Γ(ν + 1)
dν

}
=
∫ ∞

0

dν

pν+1
=

1
p ln p

.

Applying the scaling formula for the Laplace transform (see Table 1 in Subsection 9.2-5) we see
that

L

{∫ ∞

0

(x/a)ν

Γ(ν + 1)
dν

}
=

1
p ln ap

=
1

p (ln p + ln a)
.
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We set a = eC and obtain

L

{∫ ∞

0

xνe–Cν

Γ(ν + 1)
dν

}
=

1
p (ln p + C)

. (12)

Let us proceed with relation (9). By (12), we have

f ′
x(0)

p (ln p + C)
= L

{
f ′

x(0)
∫ ∞

0

xνe–Cν

Γ(ν + 1)
dν

}
. (13)

Taking into account (10) and (12), we can regard the first summand on the right-hand side in (9) as
a product of transforms. To find this summand itself we apply the convolution theorem:

p2f̃ (p) – f ′
x(0)

p (ln p + C)
= L

{∫ x

0
f ′′

tt(t)
∫ ∞

0

(x – t)νe–Cν

Γ(ν + 1)
dν dt

}
. (14)

On the basis of relations (9), (13), and (14) we obtain the solution of the integral equation (4) in
the form

y(x) = –
∫ x

0
f ′′

tt(t)
∫ ∞

0

(x – t)νe–Cν

Γ(ν + 1)
dν dt – f ′

x(0)
∫ ∞

0

xνe–Cν

Γ(ν + 1)
dν. (15)

References for Section 10.6: V. Volterra (1959), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971).

10.7. Method of Quadratures
10.7-1. Quadrature Formulas.

The method of quadratures is a method for constructing an approximate solution of an integral
equation based on the replacement of integrals by finite sums according to some formula. Such
formulas are called quadrature formulas and, in general, have the form∫ b

a

ψ(x) dx =
n∑

i=1

Aiψ(xi) + εn[ψ], (1)

where xi (i = 1, . . . , n) are the abscissas of the partition points of the integration interval [a, b], or
quadrature (interpolation) nodes, Ai (i = 1, . . . , n) are numerical coefficients independent of the
choice of the function ψ(x), and εn[ψ] is the remainder (the truncation error) of formula (1). As a

rule, Ai ≥ 0 and
n∑

i=1
Ai = b – a.

There are quite a few quadrature formulas of the form (1). The following formulas are the
simplest and most frequently used in practice.

Rectangle rule:
A1 = A2 = · · · = An–1 = h, An = 0,

h =
b – a

n – 1
, xi = a + h(i – 1) (i = 1, . . . , n).

(2)

Trapezoidal rule:

A1 = An = 1
2 h, A2 = A3 = · · · = An–1 = h,

h =
b – a

n – 1
, xi = a + h(i – 1) (i = 1, . . . , n).

(3)

Simpson’s rule (or prismoidal formula):

A1 = A2m+1 = 1
3 h, A2 = · · · = A2m = 4

3 h, A3 = · · · = A2m–1 = 2
3 h,

h =
b – a

n – 1
, xi = a + h(i – 1) (n = 2m + 1, i = 1, . . . , n),

(4)

where m is a positive integer.
In formulas (2)–(4), h is a constant integration step.
The quadrature formulas due to Chebyshev and Gauss with various numbers of interpolation

nodes are also widely applied. Let us illustrate these formulas by an example.
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Example. For the interval [–1, 1], the parameters in formula (1) acquire the following values:
Chebyshev’s formula (n = 6):

A1 = A2 = · · · =
2

n
=

1

3
,

x2 = –x5 = –0.4225186538,

x1 = –x6 = –0.8662468181,

x3 = –x4 = –0.2666354015.
(5)

Gauss’s formula (n = 7):

A1 = A7 = 0.1294849662,

A3 = A5 = 0.3818300505,

x1 = –x7 = –0.9491079123,

x3 = –x5 = –0.4058451514,

A2 = A6 = 0.2797053915,

A4 = 0.4179591837,

x2 = –x6 = –0.7415311856,

x4 = 0.

(6)

Note that a vast literature is devoted to quadrature formulas, and the reader can find books of
interest (e.g., see G. A. Korn and T. M. Korn (1968), N. S. Bakhvalov (1973), S. M. Nikol’skii
(1979)).

10.7-2. General Scheme of the Method.

Let us solve the Volterra integral equation of the first kind∫ x

a

K(x, t)y(t) dt = f (x), f (a) = 0, (7)

on an interval a ≤ x ≤ b by the method of quadratures. The procedure of constructing the solution
involves two stages:

1◦. First, we determine the initial value y(a). To this end, we differentiate Eq. (7) with respect to x,
thus obtaining

K(x, x)y(x) +
∫ x

a

K ′
x(x, t)y(t) dt = f ′

x(x).

By setting x = a, we find that

y1 = y(a) =
f ′

x(a)
K(a, a)

=
f ′

x(a)
K11

.

2◦. Let us choose a constant integration step h and consider the discrete set of points xi = a+h(i–1),
i = 1, . . . , n. For x = xi, Eq. (7) acquires the form∫ xi

a

K(xi, t)y(t) dt = f (xi), i = 2, . . . , n, (8)

Applying the quadrature formula (1) to the integral in (8) and choosing xj (j = 1, . . . , i) to be the
nodes in t, we arrive at the system of equations

i∑
j=1

AijK(xi, xj)y(xj) = f (xi) + εi[y], i = 2, . . . , n, (9)

where the Aij are the coefficients of the quadrature formula on the interval [a, xi] and εi[y] is the
truncation error. Assume that the εi[y] are small and neglect them; then we obtain a system of linear
algebraic equations in the form

i∑
j=1

AijKijyj = fi, i = 2, . . . , n, (10)
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where Kij = K(xi, xj) (j = 1, . . . , i), fi = f (xi), and yj are approximate values of the unknown
function at the nodes xi.

Now system (10) permits one, provided that AiiKii ≠ 0 (i = 2, . . . , n), to successively find the
desired approximate values by the formulas

y1 =
f ′

x(a)
K11

, y2 =
f2 – A21K21y1

A22K22
, . . . , yn =

fn –
n–1∑
j=1

AnjKnjyj

AnnKnn
,

whose specific form depends on the choice of the quadrature formula.

10.7-3. Algorithm Based on the Trapezoidal Rule.

According to the trapezoidal rule (3), we have

Ai1 = Aii = 1
2 h, Ai2 = · · · = Ai,i–1 = h, i = 2, . . . , n.

The application of the trapezoidal rule in the general scheme leads to the following step algorithm:

y1 =
f ′

x(a)
K11

, f ′
x(a) =

–3f1 + 4f2 – f3

2h
,

yi =
2

Kii

(
fi

h
–

i–1∑
j=1

βjKijyj

)
, βj =

{ 1
2 for j = 1,

1 for j > 1,
i = 2, . . . , n,

where the notation coincides with that introduced in Subsection 10.7-2. The trapezoidal rule is quite
simple and effective and frequently used in practice for solving integral equations with variable limit
of integration.

On the basis of Subsections 10.7-1 and 10.7-2, one can write out similar expressions for other
quadrature formulas. However, they must be used with care. For example, the application of
Simpson’s rule must be alternated, for odd nodes, with some other rule, e.g., the rectangle rule or
the trapezoidal rule. For equations with variable integration limit, the use of Chebyshev’s formula
or Gauss’s formula also has some difficulties as well.

10.7-4. Algorithm for an Equation with Degenerate Kernel.

A general property of the algorithms of the method of quadratures in the solution of the Volterra
equations of the first kind with arbitrary kernel is that the amount of computational work at each
step is proportional to the number of the step: all operations of the previous step are repeated with
new data and another term in the sum is added.

However, if the kernel in Eq. (7) is degenerate, i.e.,

K(x, t) =
m∑

k=1

pk(x)qk(t), (11)

or if the kernel under consideration can be approximated by a degenerate kernel, then an algorithm can
be constructed for which the number of operations does not depend on the index of the digitalization
node. With regard to (11), Eq. (7) becomes

m∑
k=1

pk(x)
∫ x

a

qk(t)y(t) dt = f (x). (12)
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By applying the trapezoidal rule to (12), we obtain recurrent expressions for the solution of the
equation (see formulas in Subsection 10.7-3):

y(a) =
f ′

x(a)
m∑

k=1
pk(a)qk(a)

, yi =
2

m∑
k=1

pkiqki

[
fi

h
–

m∑
k=1

pki

i–1∑
j=1

βjqkjyj

]
,

where yi are approximate values of y(x) at xi, fi = f (xi), pki = pk(xi), and qki = qk(xi).

References for Section 10.7: G. A. Korn and T. M. Korn (1968), N. S. Bakhvalov (1973), V. I. Krylov, V. V. Bobkov,
and P. I. Monastyrnyi (1984), A. F. Verlan’ and V. S. Sizikov (1986).

10.8. Equations with Infinite Integration Limit
Integral equations of the first kind with difference kernel in which one of the limits of integration is
variable and the other is infinite are of interest. Sometimes the kernels and the functions of these
equations do not belong to the classes described in the beginning of the chapter. The investigation
of these equations can be performed by the method of model solutions (see Section 11.6) or by
the method of reducing to equations of the convolution type. Let us consider these methods for an
example of an equation of the first kind with variable lower limit of integration.

10.8-1. Equation of the First Kind with Variable Lower Limit of Integration.

Consider the equation of the first kind with difference kernel∫ ∞

x

K(x – t)y(t) dt = f (x). (1)

Equation (1) cannot be solved by direct application of the Laplace transform, because the convolution
theorem cannot be used here. According to the method of model solutions whose detailed exposition
can be found in Section 11.6, we consider the auxiliary equation with exponential right-hand side∫ ∞

x

K(x – t)y(t) dt = epx. (2)

The solution of (2) has the form

Y (x, p) =
1

K̃(–p)
epx, K̃(–p) =

∫ ∞

0
K(–z)epz dz. (3)

On the basis of these formulas and formula (11) from Section 11.6, we obtain the solution of Eq. (1)
for an arbitrary right-hand side f (x) in the form

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̃ (p)

K̃(–p)
epx dp, (4)

where f̃ (p) is the Laplace transform of the function f (x).
Example. Consider the following integral equation of the first kind with variable lower limit of integration:∫ ∞

x
ea(x–t)y(t) dt = A sin(bx), a > 0. (5)

According to (3) and (4), we can write out the expressions for f̃ (p) (see Supplement 5) and K̃(–p),

f̃ (p) =
Ab

p2 + b2
, K̃(–p) =

∫ ∞

0
e(p–a)z dz =

1

a – p
, (6)

and the solution of Eq. (5) in the form

y(x) =
1

2πi

∫ c+i∞

c–i∞
Ab(a – p)

p2 + b2
epx dp. (7)

Now using the tables of inverse Laplace transforms (see Supplement 6), we obtain the exact solution

y(x) = Aa sin(bx) – Ab cos(bx), a > 0, (8)
which can readily be verified by substituting (8) into (5) and using the tables of integrals in Supplement 3.
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10.8-2. Reduction to a Wiener–Hopf Equation of the First Kind.

Equation (1) can be reduced to a first-kind one-sided equation∫ ∞

0
K–(x – t)y(t) dt = –f (x), 0 < x < ∞, (9)

where the kernel K–(x – t) has the following form:

K–(s) =

{
0 for s > 0,
–K(s) for s < 0.

Methods for studying Eq. (9) are described in Chapter 12.

References for Section 10.8: F. D. Gakhov and Yu. I. Cherskii (1978), A. D. Polyanin and A. V. Manzhirov (1997).



Chapter 11

Methods for Solving Linear Equations
of the Form y(x) –

∫∫ x

a
K(x, t)y(t) dt = f (x)

11.1. Volterra Integral Equations of the Second Kind

11.1-1. Preliminary Remarks. Equations for the Resolvent.

In this chapter we present methods for solving Volterra integral equations of the second kind, which
have the form

y(x) –
∫ x

a

K(x, t)y(t) dt = f (x), (1)

where y(x) is the unknown function (a ≤ x ≤ b), K(x, t) is the kernel of the integral equation, and
f (x) is the right-hand side of the integral equation. The function classes to which y(x), f (x), and
K(x, t) can belong are defined in Subsection 10.1-1. In these function classes, there exists a unique
solution of the Volterra integral equation of the second kind.

Equation (1) is said to be homogeneous if f (x) ≡ 0 and nonhomogeneous otherwise.
The kernel K(x, t) is said to be degenerate if it can be represented in the form

K(x, t) = g1(x)h1(t) + · · · + gn(x)hn(t).

The kernel K(x, t) of an integral equation is called difference kernel if it depends only on the
difference of the arguments,

K(x, t) = K(x – t).

Remark 1. A homogeneous Volterra integral equation of the second kind has only the trivial
solution.

Remark 2. The existence and uniqueness of the solution of a Volterra integral equation of the
second kind hold for a much wider class of kernels and functions.

Remark 3. A Volterra equation of the second kind can be regarded as a Fredholm equation of
the second kind whose kernel K(x, t) vanishes for t > x (see Chapter 13).

Remark 4. The case in which a = –∞ and/or b = ∞ is not excluded, but in this case the square
integrability of the kernel K(x, t) on the square S = {a ≤ x ≤ b, a ≤ t ≤ b} is especially significant.

The solution of Eq. (1) can be presented in the form

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt, (2)

where the resolvent R(x, t) is independent of f (x) and the lower limit of integration a and is
determined by the kernel of the integral equation alone.

539
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The resolvent of the Volterra equation (1) satisfies the following two integral equations:

R(x, t) = K(x, t) +
∫ x

t

K(x, s)R(s, t) ds, (3)

R(x, t) = K(x, t) +
∫ x

t

K(s, t)R(x, s) ds, (4)

in which the integration is performed with respect to different pairs of variables of the kernel and
the resolvent.

11.1-2. Relationship Between Solutions of Some Integral Equations.

Let us present two useful formulas that express the solution of one integral equation via the solutions
of other integral equations.

1◦. Assume that the Volterra equation of the second kind with kernel K(x, t) has a resolvent R(x, t).
Then the Volterra equation of the second kind with kernel K∗(x, t) = –K(t, x) has the resolvent
R∗(x, t) = –R(t, x).

2◦. Assume that two Volterra equations of the second kind with kernels K1(x, t) and K2(x, t) are
given and that resolvents R1(x, t) and R2(x, t) correspond to these equations. In this case the Volterra
equation with kernel

K(x, t) = K1(x, t) + K2(x, t) –
∫ x

t

K1(x, s)K2(s, t) ds (5)

has the resolvent

R(x, t) = R1(x, t) + R2(x, t) +
∫ x

t

R1(s, t)R2(x, s) ds. (6)

Note that in formulas (5) and (6), the integration is performed with respect to different pairs of
variables.

References for Section 11.1: E. Goursat (1923), H. M. Müntz (1934), V. Volterra (1959), S. G. Mikhlin (1960),
M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), J. A. Cochran (1972), V. I. Smirnov (1974), P. P. Zabreyko,
A. I. Koshelev, et al. (1975), A. J. Jerry (1985), F. G. Tricomi (1985), A. F. Verlan’ and V. S. Sizikov (1986), P. Linz (1987),
G. Gripenberg, S.-O. Londen, and O. Staffans (1990), C. Corduneanu (1991), R. Gorenflo and S. Vessella (1991), A. C. Pipkin
(1991).

11.2. Equations with Degenerate Kernel:
K(x, t) = g1(x)h1(t) + · · · + gn(x)hn(t)

11.2-1. Equations with Kernel of the Form K(x, t) = ϕ(x) + ψ(x)(x – t).

The solution of a Volterra equation (see Subsection 11.1-1) with kernel of this type can be expressed
by the formula

y = w′′
xx, (1)

where w = w(x) is the solution of the second-order linear nonhomogeneous ordinary differential
equation

w′′
xx – ϕ(x)w′

x – ψ(x)w = f (x), (2)

with the initial conditions
w(a) = w′

x(a) = 0. (3)
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Let w1 = w1(x) be a nontrivial particular solution of the corresponding homogeneous linear differ-
ential equation (2) for f (x) ≡ 0. Assume that w1(a) ≠ 0. In this case, the other nontrivial particular
solution w2 = w2(x) of this homogeneous linear differential equation has the form

w2(x) = w1(x)
∫ x

a

Φ(t)
[w1(t)]2

dt, Φ(x) = exp
[∫ x

a

ϕ(s) ds
]
.

The solution of the nonhomogeneous equation (2) with the initial conditions (3) is given by the
formula

w(x) = w2(x)
∫ x

a

w1(t)
Φ(t)

f (t) dt – w1(x)
∫ x

a

w2(t)
Φ(t)

f (t) dt. (4)

On substituting expression (4) into formula (1) we obtain the solution of the original integral equation
in the form

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt,

where

R(x, t) = [w′′
2 (x)w1(t) – w′′

1 (x)w2(t)]
1

Φ(t)

= ϕ(x)
Φ(x)
w1(x)

w1(t)
Φ(t)

+ [ϕ(x)w′
1(x) + ψ(x)w1(x)]

w1(t)
Φ(t)

∫ x

t

Φ(s)
[w1(s)]2

ds.

Here Φ(x) = exp
[∫ x

a

ϕ(s) ds
]

and the primes stand for x-derivatives.

For a degenerate kernel of the above form, the resolvent can be defined by the formula

R(x, t) = u′′
xx,

where the auxiliary function u is the solution of the homogeneous linear second-order ordinary
differential equation

u′′
xx – ϕ(x)u′

x – ψ(x)u = 0 (5)

with the following initial conditions at x = t:

u
∣∣
x=t

= 0, u′
x

∣∣
x=t

= 1. (6)

The parameter t occurs only in the initial conditions (6), and Eq. (5) itself is independent of t.

Remark 1. The kernel of the integral equation in question can be rewritten in the form K(x, t) =
G1(x) + tG2(x), where G1(x) = ϕ(x) + xψ(x) and G2(x) = –ϕ(x).

11.2-2. Equations with Kernel of the Form K(x, t) = ϕ(t) + ψ(t)(t – x).

For a degenerate kernel of the above form, the resolvent is determined by the expression

R(x, t) = –v′′tt, (7)

where the auxiliary function v is the solution of the homogeneous linear second-order ordinary
differential equation

v′′tt + ϕ(t)v′t + ψ(t)v = 0 (8)

with the following initial conditions at t = x:

v
∣∣
t=x

= 0, v′t
∣∣
t=x

= 1. (9)

The point x occurs only in the initial data (9) as a parameter, and Eq. (8) itself is independent of x.
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Assume that v1 = v1(t) is a nontrivial particular solution of Eq. (8). In this case, the general
solution of this differential equation is given by the formula

v(t) = C1v1(t) + C2v1(t)
∫ t

a

ds

Φ(s)[v1(s)]2
, Φ(t) = exp

[∫ t

a

ϕ(s) ds
]
.

Taking into account the initial data (9), we find the dependence of the integration constants C1

and C2 on the parameter x. As a result, we obtain the solution of problem (8), (9):

v = v1(x)Φ(x)
∫ t

x

ds

Φ(s)[v1(s)]2
. (10)

On substituting the expression (10) into formula (7) and eliminating the second derivative by means
of Eq. (8) we find the resolvent:

R(x, t) = ϕ(t)
v1(x)Φ(x)
v1(t)Φ(t)

+ v1(x)Φ(x)[ϕ(t)v′t(t) + ψ(t)v1(t)]
∫ t

x

ds

Φ(s)[v1(s)]2
.

Remark 2. The kernel of the integral equation under consideration can be rewritten in the form
K(x, t) = G1(t) + xG2(t), where G1(t) = ϕ(t) + tψ(t) and G2(t) = –ϕ(t).

11.2-3. Equations with Kernel of the Form K(x, t) =
∑n

m=1 ϕm(x)(x – t)m–1.

To find the resolvent, we introduce an auxiliary function as follows:

u(x, t) =
1

(n – 1)!

∫ x

t

R(s, t)(x – s)n–1 ds +
(x – t)n–1

(n – 1)!
;

at x = t, this function vanishes together with the first n – 2 derivatives with respect to x, and the
(n – 1)st derivative at x = t is equal to 1. Moreover,

R(x, t) = u(n)
x (x, t), u(n)

x =
dnu(x, t)

dxn
. (11)

On substituting relation (11) into the resolvent equation (3) of Subsection 11.1-1, we see that

u(n)
x (x, t) = K(x, t) +

∫ x

t

K(x, s)u(n)
s (s, t) ds. (12)

Integrating by parts the right-hand side in (12), we obtain

u(n)
x (x, t) = K(x, t) +

n–1∑
m=0

(–1)mK (m)
s (x, s)u(n–m–1)

s (s, t)
∣∣s=x

s=t
. (13)

On substituting the expressions for K(x, t) and u(x, t) into (13), we arrive at a linear homogeneous
ordinary differential equation of order n for the function u(x, t).

Thus, the resolvent R(x, t) of the Volterra integral equation with degenerate kernel of the above
form can be obtained by means of (11), where u(x, t) satisfies the following differential equation
and initial conditions:

u(n)
x – ϕ1(x)u(n–1)

x – ϕ2(x)u(n–2)
x – 2ϕ3(x)u(n–3)

x – · · · – (n – 1)! ϕn(x)u = 0,

u
∣∣
x=t

= u′
x

∣∣
x=t

= · · · = u(n–2)
x

∣∣
x=t

= 0, u(n–1)
x

∣∣
x=t

= 1.

The parameter t occurs only in the initial conditions, and the equation itself is independent of t
explicitly.

Remark 3. A kernel of the form K(x, t) =
n∑

m=1
φm(x)tm–1 can be reduced to a kernel of the

above type by elementary transformations.
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11.2-4. Equations with Kernel of the Form K(x, t) =
∑n

m=1 ϕm(t)(t – x)m–1.

Let us represent the resolvent of this degenerate kernel in the form

R(x, t) = –v(n)
t (x, t), v(n)

t =
dnv(x, t)

dtn
,

where the auxiliary function v(x, t) vanishes at t = x together with n – 2 derivatives with respect to t,
and the (n – 1)st derivative with respect to t at t = x is equal to 1. On substituting the expression for
the resolvent into Eq. (3) of Subsection 11.1-1, we obtain

v(n)
t (x, t) =

∫ x

t

K(s, t)v(n)
s (x, s) ds – K(x, t).

Let us apply integration by parts to the integral on the right-hand side. Taking into account the
properties of the auxiliary function v(x, t), we arrive at the following Cauchy problem for an
nth-order ordinary differential equation:

v(n)
t + ϕ1(t)v(n–1)

t + ϕ2(t)v(n–2)
t + 2ϕ3(t)v(n–3)

t + · · · + (n – 1)! ϕn(t)v = 0,

v
∣∣
t=x

= v′t
∣∣
t=x

= · · · = v(n–2)
t

∣∣
t=x

= 0, v(n–1)
t

∣∣
t=x

= 1.

The parameter x occurs only in the initial conditions, and the equation itself is independent of x
explicitly.

Remark 4. A kernel of the form K(x, t) =
n∑

m=1
φm(t)xm–1 can be reduced to a kernel of the

above type by elementary transformations.

11.2-5. Equations with Degenerate Kernel of the General Form.

In this case, the Volterra equation of the second kind can be represented in the form

y(x) –
n∑

m=1

gm(x)
∫ x

a

hm(t)y(t) dt = f (x). (14)

Let us introduce the notation

wj(x) =
∫ x

a

hj(t)y(t) dt, j = 1, . . . , n, (15)

and rewrite Eq. (14) as follows:

y(x) =
n∑

m=1

gm(x)wm(x) + f (x). (16)

On differentiating the expressions (15) with regard to formula (16), we arrive at the following system
of linear differential equations for the functions wj = wj(x):

w′
j = hj(x)

[ n∑
m=1

gm(x)wm + f (x)
]
, j = 1, . . . , n,

with the initial conditions
wj (a) = 0, j = 1, . . . , n.

Once the solution of this system is found, the solution of the original integral equation (14) is defined
by formula (16) or any of the expressions

y(x) =
w′

j(x)

hj(x)
, j = 1, . . . , n,

which can be obtained from formula (15) by differentiation.

References for Section 11.2: E. Goursat (1923), H. M. Müntz (1934), A. F. Verlan’ and V. S. Sizikov (1986),
A. D. Polyanin and A. V. Manzhirov (1998).



544 METHODS FOR SOLVING LINEAR EQUATIONS OF THE FORM y(x) –
∫ x
a K(x, t)y(t)dt = f (x)

11.3. Equations with Difference Kernel: K(x, t) = K(x – t)

11.3-1. Solution Method Based on the Laplace Transform.

Volterra equations of the second kind with kernel depending on the difference of the arguments have
the form

y(x) –
∫ x

0
K(x – t)y(t) dt = f (x). (1)

Applying the Laplace transform L to Eq. (1) and taking into account the fact that by the
convolution theorem (see Subsection 9.2-4) the integral with kernel depending on the difference of
the arguments is transformed into the product K̃(p)ỹ(p), we arrive at the following equation for the
transform of the unknown function:

ỹ(p) – K̃(p)ỹ(p) = f̃ (p). (2)

The solution of Eq. (2) is given by the formula

ỹ(p) =
f̃ (p)

1 – K̃(p)
, (3)

which can be written equivalently in the form

ỹ(p) = f̃ (p) + R̃(p)f̃ (p), R̃(p) =
K̃(p)

1 – K̃(p)
. (4)

On applying the Laplace inversion formula to (4), we obtain the solution of Eq. (1) in the form

y(x) = f (x) +
∫ x

0
R(x – t)f (t) dt,

R(x) =
1

2πi

∫ c+i∞

c–i∞
R̃(p)epx dp.

(5)

When applying formula (5) in practice, the following two technical problems occur:

1◦. Finding the transform K̃(p) =
∫ ∞

0
K(x)e–px dx for a given kernel K(x).

2◦. Finding the resolvent (5) whose transform R̃(p) is given by formula (4).
To calculate the corresponding integrals, tables of direct and inverse Laplace transforms can be

applied (see Supplements 5 and 6), and, in many cases, to find the inverse transform, methods of the
theory of functions of a complex variable are applied, including the Cauchy residue theorem (see
Subsection 9.1-4).

Remark. If the lower limit of the integral in the Volterra equation with kernel depending on the
difference of the arguments is equal to a, then this equation can be reduced to Eq. (1) by the change
of variables x = x̄ – a, t = t̄ – a.

Figure 3 depicts the principal scheme of solving Volterra integral equations of the second kind
with difference kernel by means of the Laplace integral transform.
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Solution of the equation for the transform

Figure 3. Scheme of solving Volterra integral equations of the second kind with difference kernel by means of the Laplace

integral transform, R(x) is the inverse transform of the function R̃(p) =
K̃(p)

1 – K̃(p)
.

Example 1. Consider the equation

y(x) + A

∫ x

0
sin
[
λ(x – t)

]
y(t) dt = f (x), (6)

which is a special case of Eq. (1) for K(x) = –A sin(λx).
We first apply the table of Laplace transforms (see Supplement 5) and obtain the transform of the kernel of the integral

equation in the form

K̃(p) = –
Aλ

p2 + λ2
.

Next, by formula (4) we find the transform of the resolvent:

R̃(p) = –
Aλ

p2 + λ(A + λ)
.

Furthermore, applying the table of inverse Laplace transforms (see Supplement 6) we obtain the resolvent:

R(x) =

⎧⎪⎨⎪⎩
–

Aλ

k
sin(kx) for λ(A + λ) > 0,

–
Aλ

k
sinh(kx) for λ(A + λ) < 0,

where k = |λ(A + λ)|1/2.

Moreover, in the special case λ = –A, we have R(x) = A2x. On substituting the expressions for the resolvent into formula (5),
we find the solution of the integral equation (6). In particular, for λ(A + λ) > 0, this solution has the form

y(x) = f (x) –
Aλ

k

∫ x

0
sin
[
k(x – t)

]
f (t) dt, k =

√
λ(A + λ). (7)

The Laplace transformation can also be used for finding solutions of integro-differential equa-
tions with difference kernel.
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Example 2. Consider the Cauchy problem for the integro-differential equation

dy

dx
+
∫ x

0
K(x – t)y(t) dt = f (x) (0 ≤ x < ∞) (8)

with the initial condition
y = a at x = 0. (9)

Let us multiply equation (8) by e–px and integrate the result with respect to x from zero to infinity. Using properties
7 and 12 of the Laplace transform (Table 1, Subsection 9.2-4) and taking into account the initial condition (9), we obtain a
linear algebraic equation for the transform ỹ(p):

pỹ(p) – a + K̃(p)ỹ(p) = f̃ (p).

It follows that

ỹ(p) =
f̃ (p) + a

p + K̃(p)
.

By the inversion formula (see formula (2) of Subsection 9.2-1), the solution to the original problem (8)–(9) is found in the
form

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̃ (p) + a

p + K̃(p)
epx dp, i2 = –1. (10)

Consider the special case of a = 0 and K(x) = cos(bx). From row 10 of Table 2 it follows that K̃(p) =
p

p2 + b2
.

Rearranging the integrand in (10), we get

f̃ (p)

p + K̃(p)
=

p2 + b2

p(p2 + b2 + 1)
f̃ (p) =

(
1

p
–

1

p(p2 + b2 + 1)

)
f̃ (p).

In order to invert this expression, let us use the convolution theorem (see row 12 of Table 1) as well as formulas 1 and 28 for
the inversion of rational functions, Supplement 6.2. As a result, we arrive at the solution in the form

y(x) =
∫ x

0

b2 + cos
(
t
√

b2 + 1
)

b2 + 1
f (x – t) dt.

11.3-2. Method Based on the Solution of an Auxiliary Equation.

Consider the integral equation

Ay(x) + B

∫ x

a

K(x – t)y(t) dt = f (x). (11)

Let w = w(x) be a solution of the simpler auxiliary equation with f (x) ≡ 1 and a = 0,

Aw(x) + B

∫ x

0
K(x – t)w(t) dt = 1. (12)

In this case, the solution of the original equation (11) with an arbitrary right-hand side can be
expressed via the solution of the auxiliary equation (12) by the formula

y(x) =
d

dx

∫ x

a

w(x – t)f (t) dt = f (a)w(x – a) +
∫ x

a

w(x – t)f ′
t(t) dt. (13)

Let us prove this assertion. We rewrite expression (13) (in which we first redenote the integration parameter t by s) in
the form

y(x) =
d

dx
I(x), I(x) =

∫ x

a
w(x – s)f (s) ds (14)

and substitute it into the left-hand side of Eq. (11). After some algebraic manipulations and after changing the order of
integration in the double integral with regard to (12), we obtain

d

dx
AI(x) + B

∫ x

a
K(x – t)

d

dt
I(t) dt =

d

dx
AI(x) +

d

dx
B

∫ x

a
K(x – t)I(t) dt

=
d

dx

[
A

∫ x

a
w(x – s)f (s) ds + B

∫ x

a

∫ t

a
K(x – t)w(t – s)f (s) ds dt

]
=

d

dx

{∫ x

a
f (s)
[
Aw(x – s) + B

∫ x

s
K(x – t)w(t – s) dt

]
ds
}

=
d

dx

{∫ x

a
f (s)
[
Aw(x – s) + B

∫ x–s

0
K(x – s – λ)w(λ) dλ

]
ds
}

=
d

dx

∫ x

a
f (s) ds = f (x),

which proves the desired assertion.
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11.3-3. Reduction to Ordinary Differential Equations.

Consider the special case in which the transform of the kernel of the integral equation (1) can be
expressed in the form

1 – K̃(p) =
Q(p)
R(p)

, (15)

where Q(p) and R(p) are polynomials of degree n:

Q(p) =
n∑

k=0

Akpk, R(p) =
n∑

k=0

Bkpk. (16)

In this case, the solution of the integral equation (1) satisfies the following linear nonhomogeneous
ordinary differential equation of order n with constant coefficients:

n∑
k=0

Aky(k)
x (x) =

n∑
k=0

Bkf (k)
x (x). (17)

Equation (17) can be rewritten in the operator form

Q(D)y(x) = R(D)f (x), D ≡
d

dx
.

The initial conditions for Eq. (17) can be found from the relation

n∑
k=0

Ak

k–1∑
s=0

pk–1–sy(s)
x (0) –

n∑
k=0

Bk

k–1∑
s=0

pk–1–sf (s)
x (0) = 0 (18)

by matching the coefficients of like powers of the parameter p.
The proof of this assertion can be performed by applying the Laplace transform to the differential

equation (17) and by the subsequent comparison of the resulting expression with Eq. (2) with regard
to (15).

Another method of reducing an integral equation to an ordinary differential equation is described
in Section 11.7.

11.3-4. Reduction to a Wiener–Hopf Equation of the Second Kind.

A Volterra equation of the second kind with the difference kernel of the form

y(x) +
∫ x

0
K(x – t)y(t) dt = f (x), 0 < x < ∞, (19)

can be reduced to the Wiener–Hopf equation

y(x) +
∫ ∞

0
K+(x – t)y(t) dt = f (x), 0 < x < ∞, (20)

where the kernel K+(x – t) is given by

K+(s) =
{

K(s) for s > 0,
0 for s < 0.

Methods for studying Eq. (20) are described in Chapter 13, where an example of constructing
a solution of a Volterra equation of the second kind with difference kernel by means of con-
structing a solution of the corresponding Wiener–Hopf equation of the second kind is presented
(see Subsection 13.10-3).
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11.3-5. Method of Fractional Integration for the Generalized Abel Equation.

Consider the generalized Abel equation of the second kind

y(x) – λ

∫ x

a

y(t)
(x – t)µ

dt = f (x), x > a, (21)

where 0 < µ < 1. Let us assume that x ∈ [a, b], f (x) ∈ AC, and y(t) ∈ L1, and apply the technique
of the fractional integration (see Section 10.5). We set

µ = 1 – β, 0 < β < 1, λ =
ν

Γ(β)
, (22)

and use formula (8) from Subsection 10.5-1 to rewrite Eq. (21) in the form(
1 – νIβ

a+

)
y(x) = f (x), x > a. (23)

Now the solution of the generalized Abel equation of the second kind can be symbolically written
as follows:

y(x) =
(
1 – νIβ

a+

)–1
f (x), x > a. (24)

On expanding the operator expression in the parentheses in a series in powers of the operator by
means of the formula for a geometric progression, we obtain

y(x) =

[
1 +

∞∑
n=1

(
νIβ

a+

)n]
f (x), x > a. (25)

Taking into account the relation (Iβ
a+)n = Iβn

a+ , we can rewrite formula (25) in the expanded form

y(x) = f (x) +
∞∑
n=1

νn

Γ(βn)

∫ x

a

(x – t)βn–1f (t) dt, x > a. (26)

Let us transpose the integration and summation in the expression (26). Note that

∞∑
n=1

νn(x – t)βn–1

Γ(βn)
=

d

dx

∞∑
n=1

νn(x – t)βn

Γ(1 + βn)
.

In this case, taking into account the change of variables (22), we see that a solution of the generalized
Abel equation of the second kind becomes

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt, x > a, (27)

where the resolvent R(x – t) is given by the formula

R(x – t) =
d

dx

∞∑
n=1

[
λΓ(1 – µ)(x – t)(1–µ)

]n
Γ[1 + (1 – µ)n]

. (28)

In some cases, the sum of the series in the representation (28) of the resolvent can be found, and a
closed-form expression for this sum can be obtained.
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Example 3. Consider the Abel equation of the second kind (we set µ = 1
2 in Eq. (21))

y(x) – λ

∫ x

a

y(t)√
x – t

dt = f (x), x > a. (29)

By virtue of formula (28), the resolvent for Eq. (29) is given by the expression

R(x – t) =
d

dx

∞∑
n=1

[
λ
√

π(x – t)
]n

Γ
(
1 + 1

2 n
) . (30)

We have ∞∑
n=1

xn/2

Γ
(
1 + 1

2 n
) = ex erf

√
x, erf x ≡

2√
π

∫ x

0
e–t2

dt, (31)

where erf x is the error function. By (30) and (31), in this case the expression for the resolvent can be rewritten in the form

R(x – t) =
d

dx

{
exp[λ2π(x – t)] erf

[
λ
√

π(x – t)
]}

. (32)

Applying relations (27) and (32), we obtain the solution of the Abel integral equation of the second kind (29) in the form

y(x) = f (x) +
d

dx

∫ x

a

{
exp[λ2π(x – t)] erf

[
λ
√

π(x – t)
]}

f (t) dt, x > a. (33)

Note that in the case under consideration, the solution is constructed in the closed form.

11.3-6. Systems of Volterra Integral Equations.

The Laplace transform can be applied to solve systems of Volterra integral equations of the form

ym(x) –
n∑

k=1

∫ x

0
Kmk(x – t)yk(t) dt = fm(x), m = 1, . . . , n. (34)

Let us apply the Laplace transform to system (34). We obtain the relations

ỹm(p) –
n∑

k=1

K̃mk(p)ỹk(p) = f̃m(p), m = 1, . . . , n. (35)

On solving this system of linear algebraic equations, we find ỹm(p), and the solution of the system
under consideration becomes

ym(x) =
1

2πi

∫ c+i∞

c–i∞
ỹm(p)epx dp. (36)

The Laplace transform can be applied to construct a solution of systems of Volterra equations
of the first kind and of integro-differential equations as well.

References for Section 11.3: V. A. Ditkin and A. P. Prudnikov (1965), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko
(1971), V. I. Smirnov (1974), K. B. Oldham and J. Spanier (1974), P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. D. Gakhov
and Yu. I. Cherskii (1978), Yu. I. Babenko (1986), R. Gorenflo and S. Vessella (1991), S. G. Samko, A. A. Kilbas, and
O. I. Marichev (1993).

11.4. Operator Methods for Solving Linear Integral
Equations

11.4-1. Application of a Solution of a “Truncated” Equation of the First Kind.

Consider the linear equation of the second kind

y(x) + L [y] = f (x), (1)

where L is a linear (integral) operator.
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Assume that the solution of the auxiliary “truncated” equation of the first kind,

L [u] = g(x), (2)

can be represented in the form
u(x) = M

[
L[g]

]
, (3)

where M is a known linear operator. Formula (3) means that

L–1 = ML.

Let us apply the operator L–1 to Eq. (1). The resulting relation has the form

M
[
L[y]

]
+ y(x) = M

[
L[f ]

]
. (4)

On eliminating y(x) from (1) and (4) we obtain the equation

M [w] – w(x) = F (x), (5)

in which the following notation is used:

w = L [y], F (x) = M
[
L[f ]

]
– f (x).

In some cases, Eq. (5) is simpler than the original equation (1). For example, this is the case if
the operator M is a constant (see Section 13.8) or a differential operator:

M = anDn + an–1D
n–1 + · · · + a1D + a0, D ≡

d

dx
.

In the latter case, Eq. (5) is an ordinary linear differential equation for the function w.
If a solution w = w(x) of Eq. (5) is obtained, then a solution of Eq. (1) is given by the formula

y(x) = M
[
L[w]

]
.

Example 1. Consider the Abel equation of the second kind

y(x) + λ

∫ x

a

y(t) dt√
x – t

= f (x). (6)

To solve this equation, we apply a slight modification of the above scheme, which corresponds to the case M ≡ const
d

dx
.

Let us rewrite Eq. (6) as follows: ∫ x

a

y(t) dt√
x – t

=
f (x) – y(x)

λ
. (7)

Let us assume that the right-hand side of Eq. (7) is known and treat Eq. (7) as an Abel equation of the first kind. Its solution
can be written in the following form (see Example 3 in Subsection 10.4-4):

y(x) =
1

π

d

dx

∫ x

a

f (t) – y(t)

λ
√

x – t
dt

or

y(x) +
1

πλ

d

dx

∫ x

a

y(t) dt√
x – t

dt =
1

πλ

d

dx

∫ x

a

f (t) dt√
x – t

. (8)

Let us differentiate both sides of Eq. (6) with respect to x, multiply Eq. (8) by –πλ2, and add the resulting expressions term
by term. We eventually arrive at the following first-order linear ordinary differential equation for the function y = y(x):

y′
x – πλ2y = F ′

x(x), (9)

where

F (x) = f (x) – λ

∫ x

a

f (t) dt√
x – t

. (10)

We must supplement Eq. (9) with initial condition
y(a) = f (a), (11)

which is a consequence of (6).
The solution of problem (9)–(11) has the form

y(x) = F (x) + πλ2
∫ x

a
exp[πλ2(x – t)]F (t) dt, (12)

and defines the solution of the Abel equation of the second kind (6).
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11.4-2. Application of the Auxiliary Equation of the Second Kind.

The solution of the Abel equation of the second kind (6) can also be obtained by another method,
presented below.

Consider the linear equation
y(x) – L [y] = f (x), (13)

where L is a linear operator. Assume that the solution of the auxiliary equation

w(x) – Ln[w] = Φ(x), Ln[w] ≡ L
[
Ln–1[w]

]
, (14)

which involves the nth power of the operator L, is known and is defined by the formula

w(x) = M [Φ(x)]. (15)

In this case, the solution of the original equation (13) has the form

y(x) = M [Φ(x)], Φ(x) = Ln–1[f ] + Ln–2[f ] + · · · + L [f ] + f (x). (16)

This assertion can be proved by applying the operator Ln–1 + Ln–2 + · · · + L + 1 to Eq. (13), with
regard to the operator relation(

1 – L
)(

Ln–1 + Ln–2 + · · · + L + 1
)

= 1 – Ln

together with formula (16) for Φ(x). In Eq. (14) we may write y(x) instead of w(x).

Example 2. Let us apply the operator method (for n = 2) to solve the generalized Abel equation with exponent 3/4:

y(x) – b

∫ x

0

y(t) dt

(x – t)3/4
= f (x). (17)

We first consider the integral operator with difference kernel

L [y(x)] ≡
∫ x

0
K(x – t)y(t) dt.

Let us find L2:

L2 [y] ≡ L
[
L [y]

]
=
∫ x

0

∫ t

0
K(x – t)K(t – s)y(s) ds dt

=
∫ x

0
y(s) ds

∫ x

s
K(x – t)K(t – s) dt =

∫ x

0
K2(x – s)y(s) ds,

K2(z) =
∫ z

0
K(ξ)K(z – ξ) dξ.

(18)

In the proof of this formula, we have reversed the order of integration and performed the change of variables ξ = t – s.
For the power-law kernel

K(ξ) = bξµ,

we have

K2(z) = b2 Γ2(1 + µ)

Γ(2 + 2µ)
z1+2µ. (19)

For Eq. (17) we obtain

µ = –
3

4
, K2(z) = A

1√
z

, A =
b2

√
π

Γ2( 1
4 ).

Therefore, the auxiliary equation (14) corresponding to n = 2 has the form

y(x) – A

∫ x

0

y(t) dt√
x – t

= Φ(x), (20)

where

Φ(x) = f (x) + b

∫ x

0

f (t) dt

(x – t)3/4
.

After the substitution A → –λ and Φ → f , relation (20) coincides with Eq. (6), and the solution of Eq. (20) can be obtained
by formula (12).
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Remark. It follows from (19) that the solution of the generalized Abel equation with exponent β

y(x) + λ

∫ x

0

y(t) dt

(x – t)β
= f (x)

can be reduced to the solution of a similar equation with the different exponent β1 = 2β – 1. In
particular, the Abel equation (6), which corresponds to β = 1

2 , is reduced to the solution of an
equation with degenerate kernel for β1 = 0.

11.4-3. Method for Solving “Quadratic” Operator Equations.

Suppose that the solution of the linear (integral, differential, etc.) equation

y(x) – λL [y] = f (x) (21)

is known for an arbitrary right-hand side f (x) and for any λ from the interval (λmin, λmax). We
denote this solution by

y = Y (f , λ). (22)

Let us construct the solution of the more complicated equation

y(x) – aL [y] – bL2 [y] = f (x), (23)

where a and b are some numbers and f (x) is an arbitrary function. To this end, we represent the
left-hand side of Eq. (23) by the product of operators(

1 – aL – bL2
)
[y] ≡

(
1 – λ1L

)(
1 – λ2L

)
[y], (24)

where λ1 and λ2 are the roots of the quadratic equation

λ2 – aλ – b = 0. (25)

We assume that λmin < λ1, λ2 < λmax.
Let us solve the auxiliary equation

w(x) – λ2L [w] = f (x), (26)

which is the special case of Eq. (21) for λ = λ2. The solution of this equation is given by the formula

w(x) = Y (f , λ2). (27)

Taking into account (24) and (26), we can rewrite Eq. (23) in the form(
1 – λ1L

)(
1 – λ2L

)
[y] =

(
1 – λ2L

)
[w],

or, in view of the identity (1 – λ1L)(1 – λ2L) ≡ (1 – λ2L)(1 – λ1L), in the form(
1 – λ2L

){(
1 – λ1L

)
[y] – w(x)

}
= 0.

This relation holds if the unknown function y(x) satisfies the equation

y(x) – λ1L [y] = w(x). (28)

The solution of this equation is given by the formula

y(x) = Y (w, λ1), where w = Y (f , λ2). (29)
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If the homogeneous equation y(x) – λ2L[y] = 0 has only the trivial* solution y ≡ 0, then
formula (29) defines the unique solution of the original equation (23).

Example 3. Consider the integral equation

y(x) –
∫ x

0

( A√
x – t

+ B
)
y(t) dt = f (x).

It follows from the results of Example 2 that this equation can be written in the form of Eq. (23):

y(x) – AL [y] – 1
π

BL2 [y] = f (x), L [y] ≡
∫ x

0

y(t) dt√
x – t

.

Therefore, the solution (in the form of antiderivatives) of the integral equation can be given by the formulas

y(x) = Y (w, λ1), w = Y (f , λ2),

Y (f , λ) = F (x) + πλ2
∫ x

0
exp
[
πλ2(x – t)

]
F (t) dt, F (x) = f (x) + λ

∫ x

0

f (t) dt√
x – t

,

where λ1 and λ2 are the roots of the quadratic equation λ2 – Aλ – 1
π

B = 0.
This method can also be applied to solve (in the form of antiderivatives) more general equations of the form

y(x) –
∫ x

0

[ A

(x – t)β
+

B

(x – t)2β–1

]
y(t) dt = f (x),

where β is a rational number satisfying the condition 0 < β < 1 (see Example 2 and Eq. 2.1.60 from the first part of the book).

11.4-4. Solution of Operator Equations of Polynomial Form.

The method described in Subsection 11.4-3 can be generalized to the case of operator equations of
polynomial form. Suppose that the solution of the linear nonhomogeneous equation (21) is given
by formula (22) and that the corresponding homogeneous equation has only the trivial solution.

Let us construct the solution of the more complicated equation with polynomial left-hand side
with respect to the operator L:

y(x) –
n∑

k=1

AkLk [y] = f (x), Lk ≡ L
(
Lk–1

)
, (30)

where Ak are some numbers and f (x) is an arbitrary function.
We denote by λ1, . . . , λn the roots of the characteristic equation

λn –
n∑

k=1

Akλn–k = 0. (31)

The left-hand side of Eq. (30) can be expressed in the form of a product of operators:

y(x) –
n∑

k=1

AkLk [y] ≡
n∏

k=1

(
1 – λkL

)
[y]. (32)

The solution of the auxiliary equation (26), in which we use the substitution w → yn–1 and λ2 → λn,
is given by the formula yn–1(x) = Y (f , λn). Reasoning similar to that in Subsection 11.4-3 shows
that the solution of Eq. (30) is reduced to the solution of the simpler equation

n–1∏
k=1

(
1 – λkL

)
[y] = yn–1(x), (33)

* If the homogeneous equation y(x) – λ2L[y] = 0 has nontrivial solutions, then the right-hand side of Eq. (28) must
contain the function w(x) + y0(x) instead of w(x), where y0 is the general solution of the homogeneous equation.
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whose degree is less by one than that of the original equation with respect to the operator L. We can
show in a similar way that Eq. (33) can be reduced to the solution of the simpler equation

n–2∏
k=1

(
1 – λkL

)
[y] = yn–2(x), yn–2(x) = Y (yn–1, λn–1).

Successively reducing the order of the equation, we eventually arrive at an equation of the form (28)
whose right-hand side contains the function y1(x) = Y (y2, λ2). The solution of this equation is given
by the formula y(x) = Y (y1, λ1).

The solution of the original equation (30) is defined recursively by the following formulas:

yk–1(x) = Y (yk, λk); k = n, . . . , 1, where yn(x) ≡ f (x), y0(x) ≡ y(x).

Note that here the decreasing sequence k = n, . . . , 1 is used.

11.4-5. Some Generalizations.

Suppose that the left-hand side of a linear (integral) equation

y(x) – Q [y] = f (x) (34)

can be represented in the form of a product

y(x) – Q [y] ≡
n∏

k=1

(
1 – Lk

)
[y], (35)

where the Lk are linear operators. Suppose that the solutions of the auxiliary equations

y(x) – Lk [y] = f (x), k = 1, . . . , n (36)

are known and are given by the formulas

y(x) = Yk

[
f (x)

]
, k = 1, . . . , n. (37)

The solution of the auxiliary equation (36) for k = n, in which we apply the substitution y→ yn–1,
is given by the formula yn–1(x) = Yn

[
f (x)

]
. Reasoning similar to that used in Subsection 11.4-3

shows that the solution of Eq. (34) can be reduced to the solution of the simpler equation

n–1∏
k=1

(
1 – Lk

)
[y] = yn–1(x).

Successively reducing the order of the equation, we eventually arrive at an equation of the form (36)
for k = 1, whose right-hand side contains the function y1(x) = Y2

[
y2(x)

]
. The solution of this

equation is given by the formula y(x) = Y1
[
y1(x)

]
.

The solution of the original equation (35) can be defined recursively by the following formulas:

yk–1(x) = Yk

[
yk(x)

]
; k = n, . . . , 1, where yn(x) ≡ f (x), y0(x) ≡ y(x).

Note that here the decreasing sequence k = n, . . . , 1 is used.

Reference for Section 11.4: A. D. Polyanin and A. V. Manzhirov (1998).
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11.5. Construction of Solutions of Integral Equations
with Special Right-Hand Side

In this section we describe some approaches to the construction of solutions of integral equations
with special right-hand side. These approaches are based on the application of auxiliary solutions
that depend on a free parameter.

11.5-1. General Scheme.

Consider a linear equation, which we shall write in the following brief form:

L [y] = fg(x, λ), (1)

where L is a linear operator (integral, differential, etc.) that acts with respect to the variable x and is
independent of the parameter λ, and fg(x, λ) is a given function that depends on the variable x and
the parameter λ.

Suppose that the solution of Eq. (1) is known:

y = y(x, λ). (2)

Let M be a linear operator (integral, differential, etc.) that acts with respect to the parameter λ
and is independent of the variable x. Consider the (usual) case in which M commutes with L. We
apply the operator M to Eq. (1) and find that the equation

L [w] = fM (x), fM (x) = M
[
fg(x, λ)

]
, (3)

has the solution
w = M

[
y(x, λ)

]
. (4)

By choosing the operator M in a different way, we can obtain solutions for other right-hand
sides of Eq. (1). The original function fg(x, λ) is called the generating function for the operator L.

11.5-2. Generating Function of Exponential Form.

Consider a linear equation with exponential right-hand side

L [y] = eλx. (5)

Suppose that the solution is known and is given by formula (2). In Table 6 we present solutions
of the equation L [y] = f (x) with various right-hand sides; these solutions are expressed via the
solution of Eq. (5).

Remark 1. When applying the formulas indicated in the table, we need not know the left-hand
side of the linear equation (5) (the equation can be integral,differential, etc.) provided that a particular
solution of this equation for exponential right-hand side is known. It is only of importance that the
left-hand side of the equation is independent of the parameter λ.

Remark 2. When applying formulas indicated in the table, the convergence of the integrals
occurring in the resulting solution must be verified.
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TABLE 6
Solutions of the equation L [y] = f (x) with generating function of the exponential form

No Right-Hand Side f (x) Solution y Solution Method

1 eλx y(x, λ) Original Equation

2 A1e
λ1x + · · · + Aneλnx A1y(x, λ1) + · · · + Any(x, λn) Follows from linearity

3 Ax + B A
∂

∂λ

[
y(x, λ)

]
λ=0

+ By(x, 0) Follows from linearity
and the results of row No 4

4
Axn,

n = 0, 1, 2, . . .
A

{
∂n

∂λn

[
y(x, λ)

]}
λ=0

Follows from the results
of row No 6 for λ = 0

5
A

x + a
, a > 0 A

∫ ∞

0
e–aλy(x, –λ) dλ

Integration with respect
to the parameter λ

6 Axneλx,
n = 0, 1, 2, . . .

A
∂n

∂λn

[
y(x, λ)

]
Differentiation with respect

to the parameter λ

7 ax y(x, ln a) Follows from row No 1

8 A cosh(λx) 1
2 A[y(x, λ) + y(x, –λ)

] Linearity and relations
to the exponential

9 A sinh(λx) 1
2 A[y(x, λ) – y(x, –λ)

] Linearity and relations
to the exponential

10
Axm cosh(λx),
m = 1, 3, 5, . . .

1
2 A

∂m

∂λm
[y(x, λ) – y(x, –λ)

] Differentiation with respect
to λ and relation

to the exponential

11
Axm cosh(λx),
m = 2, 4, 6, . . .

1
2 A

∂m

∂λm
[y(x, λ) + y(x, –λ)

] Differentiation with respect
to λ and relation

to the exponential

12
Axm sinh(λx),
m = 1, 3, 5, . . .

1
2 A

∂m

∂λm
[y(x, λ) + y(x, –λ)

] Differentiation with respect
to λ and relation
to the exponential

13
Axm sinh(λx),
m = 2, 4, 6, . . .

1
2 A

∂m

∂λm
[y(x, λ) – y(x, –λ)

] Differentiation with respect
to λ and relation
to the exponential

14 A cos(βx) A Re
[
y(x, iβ)

] Selection of the real
part for λ = iβ

15 A sin(βx) A Im
[
y(x, iβ)

] Selection of the imaginary
part for λ = iβ

16
Axn cos(βx),

n = 1, 2, 3, . . .
A Re
{

∂n

∂λn

[
y(x, λ)

]}
λ=iβ

Differentiation with respect
to λ and selection of the real

part for λ = iβ

17
Axn sin(βx),

n = 1, 2, 3, . . .
A Im
{

∂n

∂λn

[
y(x, λ)

]}
λ=iβ

Differentiation with respect
to λ and selection of the

imaginary part for λ = iβ

18 Aeµx cos(βx) A Re
[
y(x, µ + iβ)

] Selection of the real
part for λ = µ + iβ

19 Aeµx sin(βx) A Im
[
y(x, µ + iβ)

] Selection of the imaginary
part for λ = µ + iβ

20
Axneµx cos(βx),
n = 1, 2, 3, . . .

A Re
{

∂n

∂λn

[
y(x, λ)

]}
λ=µ+iβ

Differentiation with respect
to λ and selection of the real

part for λ = µ + iβ

21
Axneµx sin(βx),
n = 1, 2, 3, . . .

A Im
{

∂n

∂λn

[
y(x, λ)

]}
λ=µ+iβ

Differentiation with respect
to λ and selection of the

imaginary part for λ = µ + iβ
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Example 1. We seek a solution of the equation with exponential right-hand side

y(x) +
∫ ∞

x
K(x – t)y(t) dt = eλx (6)

in the form y(x, λ) = keλx by the method of indeterminate coefficients. Then we obtain

y(x, λ) =
1

B(λ)
eλx, B(λ) = 1 +

∫ ∞

0
K(–z)eλz dz. (7)

It follows from row 3 of Table 6 that the solution of the equation

y(x) +
∫ ∞

x
K(x – t)y(t) dt = Ax (8)

has the form

y(x) =
A

D
x –

AC

D2
,

where

D = 1 +
∫ ∞

0
K(–z) dz, C =

∫ ∞

0
zK(–z) dz.

For such a solution to exist, it is necessary that the improper integrals of the functions K(–z) and zK(–z) exist. This
holds if the function K(–z) decreases more rapidly than z–2 as z → ∞. Otherwise a solution can be nonexistent. It is of
interest that for functions K(–z) with power-law growth as z → ∞ in the case λ < 0, the solution of Eq. (6) exists and is
given by formula (7), whereas Eq. (8) does not have a solution. Therefore, we must be careful when using formulas from
Table 6 and verify the convergence of the integrals occurring in the solution.

It follows from row 15 of Table 6 that the solution of the equation

y(x) +
∫ ∞

x
K(x – t)y(t) dt = A sin(λx) (9)

is given by the formula

y(x) =
A

B2
c + B2

s

[
Bc sin(λx) – Bs cos(λx)

]
,

where

Bc = 1 +
∫ ∞

0
K(–z) cos(λz) dz, Bs =

∫ ∞

0
K(–z) sin(λz) dz.

11.5-3. Power-Law Generating Function.

Consider the linear equation with power-law right-hand side

L [y] = xλ. (10)

Suppose that the solution is known and is given by formula (2). In Table 7, solutions of the equation
L [y] = f (x) with various right-hand sides are presented which can be expressed via the solution of
Eq. (10).

Example 2. We seek a solution of the equation with power-law right-hand side

y(x) +
∫ x

0

1

x
K
( t

x

)
y(t) dt = xλ

in the form y(x, λ) = kxλ by the method of indeterminate coefficients. We finally obtain

y(x, λ) =
1

1 + B(λ)
xλ, B(λ) =

∫ 1

0
K(t)tλ dt.



558 METHODS FOR SOLVING LINEAR EQUATIONS OF THE FORM y(x) –
∫ x
a K(x, t)y(t)dt = f (x)

It follows from row 3 of Table 7 that the solution of the equation with logarithmic right-hand side

y(x) +
∫ x

0

1

x
K
( t

x

)
y(t) dt = A ln x

has the form

y(x) =
A

1 + I0
ln x –

AI1

(1 + I0)2
,

where

I0 =
∫ 1

0
K(t) dt, I1 =

∫ 1

0
K(t) ln t dt.

TABLE 7
Solutions of the equation L [y] = f (x) with generating function of power-law form

No Right-Hand Side f (x) Solution y Solution Method

1 xλ y(x, λ) Original Equation

2
n∑

k=0

Akxk
n∑

k=0

Aky(x, k) Follows from linearity

3 A ln x + B A
∂

∂λ

[
y(x, λ)

]
λ=0

+ By(x, 0) Follows from linearity and
from the results of row No 4

4
A lnn x,

n = 0, 1, 2, . . .
A

{
∂n

∂λn

[
y(x, λ)

]}
λ=0

Follows from the results
of row No 5 for λ = 0

5 Axλ lnn x,
n = 0, 1, 2, . . .

A
∂n

∂λn

[
y(x, λ)

]
Differentiation

with respect to the parameter λ

6 A cos(β ln x) A Re
[
y(x, iβ)

] Selection of the real
part for λ = iβ

7 A sin(β ln x) A Im
[
y(x, iβ)

] Selection of the imaginary
part for λ = iβ

8 Axµ cos(β ln x) A Re
[
y(x, µ + iβ)

] Selection of the real
part for λ = µ + iβ

9 Axµ sin(β ln x) A Im
[
y(x, µ + iβ)

] Selection of the imaginary
part for λ = µ + iβ

11.5-4. Generating Function Containing Sines and Cosines.

Consider the linear equation

L [y] = sin(λx). (11)

We assume that the solution of this equation is known and is given by formula (2). In Table 8,
solutions of the equation L [y] = f (x) with various right-hand sides are given, which are expressed
via the solution of Eq. (11).

Consider the linear equation

L [y] = cos(λx). (12)

We assume that the solution of this equation is known and is given by formula (2). In Table 9,
solutions of the equation L [y] = f (x) with various right-hand sides are given, which are expressed
via the solution of Eq. (12).
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TABLE 8
Solutions of the equation L [y] = f (x) with sine-shaped generating function

No Right-Hand Side f (x) Solution y Solution Method

1 sin(λx) y(x, λ) Original Equation

2
n∑

k=1

Ak sin(λkx)
n∑

k=1

Aky(x, λk) Follows from linearity

3
Axm,

m = 1, 3, 5, . . .
A(–1)

m–1
2

[
∂m

∂λm
y(x, λ)

]
λ=0

Follows from the results
of row 5 for λ = 0

4
Axm sin(λx),

m = 2, 4, 6, . . .
A(–1)

m
2

∂m

∂λm
y(x, λ)

Differentiation
with respect to the parameter λ

5
Axm cos(λx),

m = 1, 3, 5, . . .
A(–1)

m–1
2

∂m

∂λm
y(x, λ)

Differentiation with respect
to the parameter λ

6 sinh(βx) –iy(x, iβ)
Relation to the hyperbolic

sine, λ = iβ

7
xm sinh(βx),

m = 2, 4, 6, . . .
i(–1)

m+2
2

[
∂m

∂λm
y(x, λ)

]
λ=iβ

Differentiation with respect
to λ and relation to the
hyperbolic sine, λ = iβ

TABLE 9
Solutions of the equation L [y] = f (x) with cosine-shaped generating function

No Right-Hand Side f (x) Solution y Solution Method

1 cos(λx) y(x, λ) Original Equation

2
n∑

k=1

Ak cos(λkx)
n∑

k=1

Aky(x, λk) Follows from linearity

3
Axm,

m = 0, 2, 4, . . .
A(–1)

m
2

[
∂m

∂λm
y(x, λ)

]
λ=0

Follows from the results
of row 4 for λ = 0

4
Axm cos(λx),

m = 2, 4, 6, . . .
A(–1)

m
2

∂m

∂λm
y(x, λ)

Differentiation
with respect to the parameter λ

5
Axm sin(λx),

m = 1, 3, 5, . . .
A(–1)

m+1
2

∂m

∂λm
y(x, λ)

Differentiation
with respect to the parameter λ

6 cosh(βx) y(x, iβ)
Relation to the hyperbolic

cosine, λ = iβ

7
xm cosh(βx),

m = 2, 4, 6, . . .
(–1)

m
2

[
∂m

∂λm
y(x, λ)

]
λ=iβ

Differentiation with respect
to λ and relation to the

hyperbolic cosine, λ = iβ

11.6. Method of Model Solutions
11.6-1. Preliminary Remarks∗.

Consider a linear equation, which we briefly write out in the form

L [y(x)] = f (x), (1)

where L is a linear (integral) operator, y(x) is an unknown function, and f (x) is a known function.
We first define arbitrarily a test solution

y0 = y0(x, λ), (2)

* Before reading this section, it is useful to look over Section 11.5.
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which depends on an auxiliary parameter λ (it is assumed that the operator L is independent of λ
and y0 /≡ const). By means of Eq. (1) we define the right-hand side that corresponds to the test
solution (2):

f0(x, λ) = L [y0(x, λ)].

Let us multiply Eq. (1), for y = y0 and f = f0, by some function ϕ(λ) and integrate the resulting
relation with respect to λ over an interval [a, b]. We finally obtain

L [yϕ(x)] = fϕ(x), (3)

where

yϕ(x) =
∫ b

a

y0(x, λ)ϕ(λ) dλ, fϕ(x) =
∫ b

a

f0(x, λ)ϕ(λ) dλ. (4)

It follows from formulas (3) and (4) that, for the right-hand side f = fϕ(x), the function y = yϕ(x)
is a solution of the original equation (1). Since the choice of the function ϕ(λ) (as well as of the
integration interval) is arbitrary, the function fϕ(x) can be arbitrary in principle. Here the main
problem is how to choose a function ϕ(λ) to obtain a given function fϕ(x). This problem can be
solved if we can find a test solution such that the right-hand side of Eq. (1) is the kernel of a known
inverse integral transform (we denote such a test solution by Y (x, λ) and call it a model solution).

11.6-2. Description of the Method.

Indeed, let P be an invertible integral transform that takes each function f (x) to the corresponding
transform F (λ) by the rule

F (λ) = P{f (x)}. (5)

Assume that the inverse transform P–1 has the kernel ψ(x, λ) and acts as follows:

P–1{F (λ)} = f (x), P–1{F (λ)} ≡
∫ b

a

F (λ)ψ(x, λ) dλ. (6)

The limits of integration a and b and the integration path in (6) may well lie in the complex plane.
Suppose that we succeeded in finding a model solution Y (x, λ) of the auxiliary problem for

Eq. (1) whose right-hand side is the kernel of the inverse transform P–1:

L [Y (x, λ)] = ψ(x, λ). (7)

Let us multiply Eq. (7) by F (λ) and integrate with respect to λ within the same limits that stand in
the inverse transform (6). Taking into account the fact that the operator L is independent of λ and
applying the relation P–1 {F (λ)} = f (x), we obtain

L
[∫ b

a

Y (x, λ)F (λ) dλ
]

= f (x).

Therefore, the solution of Eq. (1) for an arbitrary function f (x) on the right-hand side is expressed
via a solution of the simpler auxiliary equation (7) by the formula

y(x) =
∫ b

a

Y (x, λ)F (λ) dλ, (8)

where F (λ) is the transform (5) of the function f (x).
For the right-hand side of the auxiliary equation (7) we can take, for instance, exponential, power-

law, and trigonometric function, which are the kernels of the Laplace, Mellin, and sine and cosine
Fourier transforms (up to a constant factor). Sometimes it is rather easy to find a model solution
by means of the method of indeterminate coefficients (by prescribing its structure). Afterwards, to
construct a solution of the equation with arbitrary right-hand side, we can apply formulas written
out below in Subsections 11.6-3–11.6-6.
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11.6-3. Model Solution in the Case of an Exponential Right-Hand Side.

Assume that we have found a model solution Y = Y (x, λ) that corresponds to the exponential
right-hand side:

L [Y (x, λ)] = eλx. (9)

Consider two cases:

1◦. Equations on the semiaxis, 0 ≤ x < ∞. Let f̃ (p) be the Laplace transform of the function f (x):

f̃ (p) = L{f (x)}, L{f (x)} ≡
∫ ∞

0
f (x)e–px dx. (10)

The solution of Eq. (1) for an arbitrary right-hand side f (x) can be expressed via the solution of the
simpler auxiliary equation with exponential right-hand side (9) for λ = p by the formula

y(x) =
1

2πi

∫ c+i∞

c–i∞
Y (x, p)f̃ (p) dp. (11)

2◦. Equations on the entire axis, –∞ < x < ∞. Let f̃ (u) denote the Fourier transform of the
function f (x):

f̃ (u) = F{f (x)}, F{f (x)} ≡
1√
2π

∫ ∞

–∞
f (x)e–iux dx. (12)

The solution of Eq. (1) for an arbitrary right-hand side f (x) can be expressed via the solution of the
simpler auxiliary equation with exponential right-hand side (9) for λ = iu by the formula

y(x) =
1√
2π

∫ ∞

–∞
Y (x, iu)f̃ (u) du. (13)

In the calculation of the integrals on the right-hand sides in (11) and (13), methods of the theory of
functions of a complex variable are applied, including the Cauchy residue theorem and the Jordan
lemma (see Subsections 9.1-4 and 9.1-5).

Remark 1. The structure of a model solution Y (x, λ) can differ from that of the kernel of the
Laplace or Fourier inversion formula.

Remark 2. When applying the method under consideration, the left-hand side of Eq. (1) need
not be known (the equation can be integral, differential, functional, etc.) if a particular solution of
this equation is known for the exponential right-hand side. Here only the most general information is
important, namely, that the equation is linear, and its left-hand side is independent of the parameter λ.

Remark 3. The above method can be used in the solution of linear integral (differential, integro-
differential, and functional) equations with composed argument of the unknown function.

Example 1. Consider the following Volterra equation of the second kind with difference kernel:

y(x) +
∫ ∞

x
K(x – t)y(t) dt = f (x). (14)

This equation cannot be solved by direct application of the Laplace transform because the convolution theorem cannot be
used here.

In accordance with the method of model solutions, we consider the auxiliary equation with exponential right-hand side

y(x) +
∫ ∞

x
K(x – t)y(t) dt = epx. (15)

Its solution has the form (see Example 1 of Section 11.5)

Y (x, p) =
1

1 + K̃(–p)
epx, K̃(–p) =

∫ ∞

0
K(–z)epz dz. (16)

This, by means of formula (11), yields a solution of Eq. (14) for an arbitrary right-hand side,

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̃ (p)

1 + K̃(–p)
epx dp, (17)

where f̃ (p) is the Laplace transform (10) of the function f (x) (see also Section 11.11).
Note that a solution to Eq. (12) was obtained in the book of M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971)

in a more complicated way.
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11.6-4. Model Solution in the Case of a Power-Law Right-Hand Side.

Suppose that we have succeeded in finding a model solution Y = Y (x, s) that corresponds to a
power-law right-hand side of the equation:

L [Y (x, s)] = x–s , λ = –s. (18)

Let f̂ (s) be the Mellin transform of the function f (x):

f̂ (s) = M{f (x)}, M{f (x)} ≡
∫ ∞

0
f (x)xs–1 dx. (19)

The solution of Eq. (1) for an arbitrary right-hand side f (x) can be expressed via the solution of the
simpler auxiliary equation with power-law right-hand side (18) by the formula

y(x) =
1

2πi

∫ c+i∞

c–i∞
Y (x, s)f̂ (s) ds. (20)

In the calculation of the corresponding integrals on the right-hand side of formula (20), one can
use tables of inverse Mellin transforms (e.g., see Supplement 10), as well as methods of the theory
of functions of a complex variable, including the Cauchy residue theorem and the Jordan lemma
(see Subsections 9.1-4 and 9.1-5).

Example 2. Consider the equation

y(x) +
∫ x

0

1

x
K
( t

x

)
y(t) dt = f (x). (21)

In accordance with the method of model solutions, we consider the following auxiliary equation with power-law right-hand
side:

y(x) +
∫ x

0

1

x
K
( t

x

)
y(t) dt = x–s . (22)

Its solution has the form (see Example 2 for λ = –s in Section 11.5)

Y (x, s) =
1

1 + B(s)
x–s , B(s) =

∫ 1

0
K(t)t–s dt. (23)

This, by means of formula (20), yields the solution of Eq. (21) for an arbitrary right-hand side:

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̂ (s)

1 + B(s)
x–s ds, (24)

where f̂ (s) is the Mellin transform (19) of the function f (x).

11.6-5. Model Solution in the Case of a Sine-Shaped Right-Hand Side.

Suppose that we have succeeded in finding a model solution Y = Y (x, u) that corresponds to the
sine on the right-hand side:

L [Y (x, u)] = sin(ux), λ = u. (25)

Let f̌s(u) be the asymmetric sine Fourier transform of the function f (x):

f̌s(u) = Fs{f (x)}, Fs{f (x)} ≡
∫ ∞

0
f (x) sin(ux) dx. (26)

The solution of Eq. (1) for an arbitrary right-hand side f (x) can be expressed via the solution of the
simpler auxiliary equation with sine-shape right-hand side (25) by the formula

y(x) =
2
π

∫ ∞

0
Y (x, u)f̌s(u) du. (27)
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11.6-6. Model Solution in the Case of a Cosine-Shaped Right-Hand Side.

Suppose that we have succeeded in finding a model solution Y = Y (x, u) that corresponds to the
cosine on the right-hand side:

L [Y (x, u)] = cos(ux), λ = u. (28)

Let f̌c(u) be the asymmetric Fourier cosine transform of the function f (x):

f̌c(u) = Fc{f (x)}, Fc{f (x)} ≡
∫ ∞

0
f (x) cos(ux) dx. (29)

The solution of Eq. (1) for an arbitrary right-hand side f (x) can be expressed via the solution of the
simpler auxiliary equation with cosine right-hand side (28) by the formula

y(x) =
2
π

∫ ∞

0
Y (x, u)f̌c(u) du. (30)

11.6-7. Some Generalizations.

Just as above we assume that P is an invertible transform taking each function f (x) to the corre-
sponding transform F (λ) by the rule (5) and that the inverse transform is defined by formula (6).

Suppose that we have succeeded in finding a model solution Y (x, λ) of the following auxiliary
problem for Eq. (1):

Lx [Y (x, λ)] = Hλ [ψ(x, λ)]. (31)

The right-hand side of Eq. (31) contains an invertible linear operator (which is integral, differential,
or functional) that is independent of the variable x and acts with respect to the parameter λ on the
kernel ψ(x, λ) of the inverse transform, see formula (6). For clarity, the operator on the left-hand
side of Eq. (31) is labeled by the subscript x (it acts with respect to the variable x and is independent
of λ).

Let us apply the inverse operator H–1
λ to Eq. (31). As a result, we obtain the kernel ψ(x, λ) on

the right-hand side. On the left-hand side we intertwine the operators by the rule H–1
λ Lx = Lx H–1

λ

(this is as a rule possible because the operators act with respect to different variables). Furthermore,
let us multiply the resulting relation by F (λ) and integrate with respect to λ within the limits that
stand in the inverse transform (6). Taking into account the relation P–1 {F (λ)} = f (x), we finally
obtain

Lx

[∫ b

a

F (λ)H–1
λ [Y (x, λ)] dλ

]
= f (x). (32)

Hence, a solution of Eq. (1) with an arbitrary function f (x) on the right-hand side can be expressed
via the solution of the simpler auxiliary equation (31) by the formula

y(x) =
∫ b

a

F (λ)H–1
λ [Y (x, λ)] dλ, (33)

where F (λ) is the transform of the function f (x) obtained by means of the transform P (5).
Since the choice of the operator Hλ is arbitrary, this approach extends the abilities of the method

of model solutions.

References for Section 11.6: A. D. Polyanin and A. V. Manzhirov (1997, 1998).
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11.7. Method of Differentiation for Integral Equations
In some cases, the differentiation of integral equations (once, twice, and so on) with the subsequent
elimination of integral terms by means of the original equation makes it possible to reduce a given
equation to an ordinary differential equation. Sometimes by differentiating we can reduce a given
equation to a simpler integral equation whose solution is known. Below we list some classes of
integral equations that can be reduced to ordinary differential equations with constant coefficients.

11.7-1. Equations with Kernel Containing a Sum of Exponential Functions.

Consider the equation

y(x) +
∫ x

a

[ n∑
k=1

Akeλk(x–t)

]
y(t) dt = f (x). (1)

In the general case, this equation can be reduced to a linear nonhomogeneous ordinary differential
equation of nth order with constant coefficients (see equation 2.2.19 of the first part of the book).

In a wide range of the parameters Ak and λk, the solution can be represented as follows:

y(x) = f (x) +
∫ x

a

[ n∑
k=1

Bkeµk(x–t)

]
f (t) dt, (2)

where the parameters Bk and µk of the solution are related to the parameters Ak and λk of the
equation by algebraic relations.

For the solution of Eq. (1) with n = 2, see Section 2.2 of the first part of the book (equation 2.2.10).

11.7-2. Equations with Kernel Containing a Sum of Hyperbolic Functions.

By means of the formulas cosh β = 1
2 (eβ +e–β) and sinh β = 1

2 (eβ –e–β), any equation with difference
kernel of the form

y(x) +
∫ x

a

K(x – t)y(t) dt = f (x),

K(x) =
m∑

k=1

Ak cosh(λkx) +
s∑

k=1

Bk sinh(µkx),
(3)

can be represented in the form of Eq. (1) with n = 2m+2s, and hence these equations can be reduced
to linear nonhomogeneous ordinary differential equations with constant coefficients.

11.7-3. Equations with Kernel Containing a Sum of Trigonometric Functions.

Equations with difference kernel of the form

y(x) +
∫ x

a

K(x – t)y(t) dt = f (x), K(x) =
m∑
k=1

Ak cos(λkx), (4)

y(x) +
∫ x

a

K(x – t)y(t) dt = f (x), K(x) =
m∑
k=1

Ak sin(λkx), (5)

can also be reduced to linear nonhomogeneous ordinary differential equations of order 2m with
constant coefficients (see equations 2.5.4 and 2.5.19 in the first part of the book).
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In a wide range of the parameters Ak and λk, the solution of Eq. (5) can be represented in the
form

y(x) = f (x) +
∫ x

a

R(x – t)f (t) dt, R(x) =
m∑

k=1

Bk sin(µkx), (6)

where the parameters Bk and µk of the solution are related to the parameters Ak and λk of the
equation by algebraic relations.

Equations with difference kernels containing both cosines and sines can also be reduced to linear
nonhomogeneous ordinary differential equations with constant coefficients.

11.7-4. Equations Whose Kernels Contain Combinations of Various Functions.

Any equation with difference kernel that contains a linear combination of summands of the form

(x – t)m (m = 0, 1, 2, . . .), exp
[
α(x – t)

]
,

cosh
[
β(x – t)

]
, sinh

[
γ(x – t)

]
, cos

[
λ(x – t)

]
, sin

[
µ(x – t)

]
,

(7)

can also be reduced by differentiation to a linear nonhomogeneous ordinary differential equation
with constant coefficients, where exponential, hyperbolic, and trigonometric functions can also be
multiplied by (x – t)n (n = 1, 2, . . . ).

Remark. The method of differentiation can be successfully used to solve more complicated
equations with nondifference kernel to which the Laplace transform cannot be applied (see, for
instance, Eqs. 2.9.5, 2.9.28, 2.9.30, 2.9.34, and 2.9.36 in the first part of the book).

11.8. Reduction of Volterra Equations of the Second
Kind to Volterra Equations of the First Kind

The Volterra equation of the second kind

y(x) –
∫ x

a

K(x, t)y(t) dt = f (x) (1)

can be reduced to a Volterra equation of the first kind in two ways.

11.8-1. First Method.

We integrate Eq. (1) with respect to x from a to x and then reverse the order of integration in the
double integral. We finally obtain the Volterra equation of the first kind∫ x

a

M (x, t)y(t) dt = F (x), (2)

where M (x, t) and F (x) are defined as follows:

M (x, t) = 1 –
∫ x

t

K(s, t) ds, F (x) =
∫ x

a

f (t) dt. (3)
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11.8-2. Second Method.

Assume that the condition f (a) = 0 is satisfied. In this case Eq. (1) can be reduced to a Volterra
equation of the first kind for the derivative of the unknown function,∫ x

a

N (x, t)y′
t(t) dt = f (x), y(a) = 0, (4)

where

N (x, t) = 1 –
∫ x

t

K(x, s) ds. (5)

Indeed, on integrating by parts the right-hand side of formula (4) with regard to formula (5), we
arrive at Eq. (1).

Remark. For f (a) ≠ 0, Eq. (1) implies the relation y(a) = f (a). In this case the substitution
z(x) = y(x) – f (a) yields the Volterra equation of the second kind

z(x) –
∫ x

a

K(x, t)z(t) dt = Φ(x),

Φ(x) = f (x) – f (a) + f (a)
∫ x

a

K(x, t) dt,

whose right-hand side satisfies the condition Φ(a) = 0, and hence this equation can be reduced by
the second method to a Volterra equation of the first kind.

References for Section 11.8: V. Volterra (1959), A. F. Verlan’ and V. S. Sizikov (1986).

11.9. Successive Approximation Method

11.9-1. General Scheme.

1◦. Consider a Volterra integral equation of the second kind

y(x) –
∫ x

a

K(x, t)y(t) dt = f (x). (1)

Assume that f (x) is continuous on the interval [a, b] and the kernel K(x, t) is continuous for a ≤ x ≤ b
and a ≤ t ≤ x.

Let us seek the solution by the successive approximation method. To this end, we set

y(x) = f (x) +
∞∑
n=1

ϕn(x), (2)

where the ϕn(x) are determined by the formulas

ϕ1(x) =
∫ x

a

K(x, t)f (t) dt,

ϕ2(x) =
∫ x

a

K(x, t)ϕ1(t) dt =
∫ x

a

K2(x, t)f (t) dt,

ϕ3(x) =
∫ x

a

K(x, t)ϕ2(t) dt =
∫ x

a

K3(x, t)f (t) dt, etc.
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Here

Kn(x, t) =
∫ x

a

K(x, z)Kn–1(z, t) dz, (3)

where n = 2, 3, . . . , and we have the relations K1(x, t) ≡ K(x, t) and Kn(x, t) = 0 for t > x.
The functions Kn(x, t) given by formulas (3) are called iterated kernels. These kernels satisfy the
relation

Kn(x, t) =
∫ x

a

Km(x, s)Kn–m(s, t) ds, (4)

where m is an arbitrary positive integer less than n.

2◦. The successive approximations can be implemented in a more general scheme:

yn(x) = f (x) +
∫ x

a

K(x, t)yn–1(t) dt, n = 1, 2, . . . , (5)

where the function y0(x) is continuous on the interval [a, b]. The functions y1(x), y2(x), . . . which
are obtained from (5) are also continuous on [a, b].

Under the assumptions adopted in item 1◦ for f (x) and K(x, t), the sequence {yn(x)} converges,
as n → ∞, to the continuous solution y(x) of the integral equation. A successful choice of the
“zeroth” approximation y0(x) can result in a rapid convergence of the procedure.

Note that in the special case y0(x) = f (x), this method becomes that described in item 1◦.

Remark 1. If the kernel K(x, t) is square integrable on the square S = {a ≤ x ≤ b, a ≤ t ≤ b}
and f (x) ∈ L2(a, b), then the successive approximations are mean-square convergent to the solution
y(x) ∈ L2(a, b) of the integral equation (1) for any initial approximation y0(x) ∈ L2(a, b).

Example. Consider the integral equation

y(x) +
∫ x

0
(x – t)y(t) dt = 1

and use the method of successive approximations for finding its solution. To that end, we take f (x) = 1, K(x, t) = –(x – t)
in (5) and choose the initial function y0(x) = 0. As a result, we get

y1(x) = 1,

y2(x) = 1 –
x2

2!
,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,

yn(x) = 1 –
x2

2!
+ · · · + (–1)n–1 x2n–2

(2n – 2)!
.

It follows that

y(x) = lim
n→∞ yn(x) = 1 –

x2

2!
+

x4

4!
–

x6

6!
+ · · · = cos x.

It is easy to check that y(x) = cos x is an exact solution of the integral equation under consideration.

11.9-2. Formula for the Resolvent.

The resolvent of the integral equation (1) is determined via the iterated kernels by the formula

R(x, t) =
∞∑
n=1

Kn(x, t), (6)

where the convergent series on the right-hand side is called the Neumann series of the kernel K(x, t).
Now the solution of the Volterra equation of the second kind (1) can be rewritten in the traditional
form

y(x) = f (x) +
∫ x

a

R(x, t)f (t) dt. (7)
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Remark 2. In the case of a kernel with weak singularity, the solution of Eq. (1) can be obtained
by the successive approximation method. In this case the kernels Kn(x, t) are continuous starting
from some n. For α < 1

2 , even the kernel K2(x, t) is continuous.

References for Section 11.9: W. V. Lovitt (1950), V. Volterra (1959), S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev,
and G. I. Makarenko (1971), V. I. Smirnov (1974).

11.10. Method of Quadratures

11.10-1. General Scheme of the Method.

Let us consider the linear Volterra integral equation of the second kind

y(x) –
∫ x

a

K(x, t)y(t) dt = f (x), (1)

on an interval a ≤ x ≤ b. Assume that the kernel and the right-hand side of the equation are continuous
functions.

From Eq. (1) we find that y(a) = f (a). Let us choose a constant integration step h and consider
the discrete set of points xi = a + h(i – 1), i = 1, . . . , n. For x = xi, Eq. (1) acquires the form

y(xi) –
∫ xi

a

K(xi, t)y(t) dt = f (xi), i = 1, . . . , n. (2)

Applying the quadrature formula (see Subsection 10.7-1) to the integral in (2) and choosing xj

(j = 1, . . . , i) to be the nodes in t, we arrive at the system of equations

y(xi) –
i∑

j=1

AijK(xi, xj)y(xj) = f (xi) + εi[y], i = 2, . . . , n, (3)

where εi[y] is the truncation error and Aij are the coefficients of the quadrature formula on the
interval [a, xi] (see Subsection 10.7-1). Suppose that εi[y] are small and neglect them; then we
obtain a system of linear algebraic equations in the form

y1 = f1, yi –
i∑

j=1

AijKijyj = fi, i = 2, . . . , n, (4)

where Kij = K(xi, xj), fi = f (xi), and yi are approximate values of the unknown function y(x) at
the nodes xi.

From (4) we obtain the recurrent formula

y1 = f1, yi =

fi +
i–1∑
j=1

AijKijyj

1 – AiiKii
, i = 2, . . . , n, (5)

valid under the condition
1 – AiiKii ≠ 0, (6)

which can always be ensured by an appropriate choice of the nodes and by guaranteeing that the
coefficients Aii are sufficiently small.
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11.10-2. Application of the Trapezoidal Rule.

According to the trapezoidal rule (see Subsection 10.7-1), we have

Ai1 = Aii = 1
2 h, Ai2 = · · · = Ai,i–1 = h, i = 2, . . . , n.

The application of the trapezoidal rule in the general scheme leads to the following step algorithm:

y1 = f1, yi =

fi + h
i–1∑
j=1

βjKijyj

1 – 1
2 hKii

, i = 2, . . . , n,

xi = a + (i – 1)h, n =
b – a

h
+ 1, βj =

{ 1
2 for j = 1,

1 for j > 1,

where the notation coincides with that introduced in Subsection 11.10-1. The trapezoidal rule
is quite simple and effective, and frequently used in practice. Some peculiarities of using the
quadrature method for solving integral equations with variable limits of integration are indicated in
Subsection 10.7-3.

11.10-3. Case of a Degenerate Kernel.

When solving a Volterra integral equation of the second kind with arbitrary kernel, the amount
of calculations increases as the index of the integration step increases. However, if the kernel is
degenerate, then it is possible to construct algorithms with a constant amount of calculations at each
step. Indeed, for a degenerate kernel

K(x, t) =
m∑

k=1

pk(x)qk(t),

we can rewrite Eq. (1) in the form

y(x) =
m∑

k=1

pk(x)
∫ x

a

qk(t)y(t) dt + f (x).

The application of the trapezoidal rule makes it possible to obtain the following recurrent expression
(see Subsection 11.10-2):

y1 = f1, yi =

fi + h
m∑
k=1

pki

i–1∑
j=1

βjqkjyj

1 – 1
2 h

m∑
k=1

pkiqki

,

where yi are approximate values of the unknown function y(x) at the nodes xi, fi =f (xi), pki =pk(xi),
and qki = qk(xi), and this expression shows that the amount of calculations is the same at each step.

References for Section 11.10: S. G. Mikhlin and K. L. Smolitskiy (1967), G. A. Korn and T. M. Korn (1968), V. I. Krylov,
V. V. Bobkov, and P. I. Monastyrnyi (1984), A. F. Verlan’ and V. S. Sizikov (1986), H. Brunner (2004).

11.11. Equations with Infinite Integration Limit
Integral equations of the second kind with difference kernel and with a variable limit of integration
for which the other limit is infinite are also of interest. Kernels and functions in such equations need
not belong to the classes described in the beginning of the chapter. In this case their investigation can
be performed by the method of model solutions (see Section 11.6) or by the reduction to equations
of convolution type. We consider the latter method by an example of an equation of the second kind
with variable lower limit.
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11.11-1. Equation of the Second Kind with Variable Lower Integration Limit.

Integral equations of the second kind with variable lower limit, in the case of a difference kernel,
have the form

y(x) +
∫ ∞

x

K(x – t)y(t) dt = f (x), 0 < x < ∞. (1)

This equation substantially differs from Volterra equations of the second kind studied above for
which a solution exists and is unique. A solution of the corresponding homogeneous equation

y(x) +
∫ ∞

x

K(x – t)y(t) dt = 0 (2)

can be nontrivial.
The eigenfunctions of the integral equation (2) are determined by the roots of the following

transcendental (or algebraic) equation for the parameter λ:∫ ∞

0
K(–z)e–λz dz = –1. (3)

The left-hand side of this equation is the Laplace transform of the function K(–z) with parameter λ.
To a real simple root λk of Eq. (3) there corresponds an eigenfunction

yk(x) = exp(–λkx).

The general solution is the linear combination (with arbitrary constants) of the eigenfunctions
of the homogeneous integral equation (2).

For solutions of Eq. (2) in the case of multiple or complex roots, see equation 52 in Section 2.9
(see also Example 1 below).

The general solution of the integral equation (1) is the sum of the general solution of the
homogeneous equation (2) and a particular solution of the nonhomogeneous equation (1).

Example 1. Consider the homogeneous Picard–Goursat equation

y(x) + A

∫ ∞

x
(t – x)ny(t) dt = 0, n = 0, 1, 2, . . . , (4)

which is a special case of Eq. (1) with K(z) = A(–z)n.
The general solution of the homogeneous equation has the form

y(x) =
m∑
k=1

Ck exp(–λkx), (5)

where Ck are arbitrary constants and λk are the roots of the algebraic equation

λn+1 + An! = 0 (6)

that satisfy the condition Re λk > 0 (m is the number of the roots of Eq. (6) that satisfy this condition). Equation (6) is a
special case of Eq. (3) with K(z) = A(–z)n. The roots of Eq. (6) such that Re λk ≤ 0 must be dropped out, since for them
the integral in (3) is divergent.

Equation (6) has complex roots. Consider two cases that correspond to different signs of A.

1◦. Let A < 0. A solution of the Eq. (4) is

y(x) = Ce–λx, λ =
(
–An!

) 1
n+1 , (7)

where C is an arbitrary constant. This solution is unique for n = 0, 1, 2, 3.



11.11. EQUATIONS WITH INFINITE INTEGRATION LIMIT 571

For n ≥ 4, taking the real and the imaginary part in (5), one arrives at the general solution of the homogeneous
Picard–Goursat equation in the form

y(x) = Ce–λx +
[n/4]∑
k=1

exp(–αkx)
[
C(1)

k cos(βkx) + C(2)
k sin(βkx)

]
, (8)

where C(1)
k and C(2)

k are arbitrary constants, [a] stands for the integral part of a number a, λ is defined in (7), and the
coefficients αk and βk are given by

αk = |An!|
1

n+1 cos
( 2πk

n + 1

)
, βk = |An!|

1
n+1 sin

( 2πk

n + 1

)
.

Note that Eq. (8) contains an odd number of terms.

2◦. Let A > 0. By taking the real and the imaginary part in (5), one obtains the general solution of the homogeneous
Picard–Goursat equation in the form

y(x) =

[
n+2

4

]∑
k=0

exp(–αkx)
[
C(1)

k cos(βkx) + C(2)
k sin(βkx)

]
, (9)

where C(1)
k and C(2)

k are arbitrary constants, and the coefficients αk and βk are given by

αk = (An!)
1

n+1 cos
( 2πk + π

n + 1

)
, βk = (An!)

1
n+1 sin

( 2πk + π

n + 1

)
.

Note that Eq. (9) contains an even number of terms. In the special cases of n = 0 and n = 1, Eq. (9) gives the trivial solution
y(x) ≡ 0.

Example 2. Consider the nonhomogeneous Picard–Goursat equation

y(x) + A

∫ ∞

x
(t – x)ny(t) dt = Be–µx , n = 0, 1, 2, . . . , (10)

which is a special case of Eq. (1) with K(z) = A(–z)n and f (x) = Be–µx.
Let µ > 0. Consider two cases.

1◦. Let µn+1 + An! ≠ 0. A particular solution of the nonhomogeneous equation is

ȳ(x) = De–µx, D =
Bµn+1

µn+1 + An!
. (11)

For A < 0, the general solution of the nonhomogeneous Picard–Goursat equation is the sum of solutions (8) and (11).
For A > 0, the general solution of the Eq. (10) is the sum of solutions (9) and (11).

2◦. Let µn+1 +An! = 0. Since µ is positive, it follows that A must be negative. A particular solution of the nonhomogeneous
equation is

ȳ(x) = Exe–µx, E =
Bµn+2

A(n + 1)!
. (12)

The general solution of the nonhomogeneous Picard–Goursat equation is the sum of solutions (8) and (12).

11.11-2. Reduction to a Wiener–Hopf Equation of the Second Kind.

Equation (1) can be reduced to a one-sided equation of the second kind of the form

y(x) –
∫ ∞

0
K–(x – t)y(t) dt = f (x), 0 < x < ∞, (13)

where the kernel K–(x – t) has the form

K–(s) =

{
0 for s > 0,
–K(s) for s < 0.

Methods for studying Eq. (13) are described in Chapter 13, where equations of the second kind
with constant limits are considered. In the same chapter, in Subsection 13.10-3, an equation of the
second kind with difference kernel and variable lower limit is studied by means of reduction to a
Wiener–Hopf equation of the second kind.

Reference for Section 11.11: F. D. Gakhov and Yu. I. Cherskii (1978), A. D. Polyanin and A. V. Manzhirov (1998).





Chapter 12

Methods for Solving Linear Equations
of the Form

∫∫ b

a
K(x, t)y(t) dt = f (x)

12.1. Some Definition and Remarks

12.1-1. Fredholm Integral Equations of the First Kind.

Linear integral equations of the first kind with constant limits of integration have the form∫ b

a

K(x, t)y(t) dt = f (x), (1)

where y(x) is the unknown function (a ≤ x ≤ b), K(x, t) is the kernel of the integral equation, and
f (x) is a given function, which is called the right-hand side of Eq. (1). The functions y(x) and f (x)
are usually assumed to be continuous or square integrable on [a, b]. If the kernel of the integral
equation (1) is continuous on the square S = {a ≤ x ≤ b, a ≤ t ≤ b} or at least square integrable on
this square, i.e., ∫ b

a

∫ b

a

K2(x, t) dx dt = B2 < ∞, (2)

where B is a constant, then this kernel is called a Fredholm kernel. Equations of the form (1) with
constant integration limits and Fredholm kernel are called Fredholm equations of the first kind.

The kernel K(x, t) of an integral equation is said to be degenerate if it can be represented in the
form K(x, t) = g1(x)h1(t) + · · · + gn(x)hn(t).

The kernel K(x, t) of an integral equation is called a difference kernel if it depends only on the
difference of the arguments: K(x, t) = K(x – t).

The kernel K(x, t) of an integral equation is said to be symmetric if it satisfies the condition
K(x, t) = K(t, x).

The integral equation obtained from (1) by replacing the kernel K(x, t) by K(t, x) is said to be
transposed to (1).

Remark 1. The variables t and x in Eq. (1) may vary within different intervals (e.g., a ≤ t ≤ b
and c ≤ x ≤ d).

It is important to observe that integral equations of the first kind (1), even with very smooth
kernels and right-hand sides, may have no solutions at all or have several (infinitely many) solutions.

Example 1. The equation ∫ 1

0
y(t) dt = 1 + t

has no solutions.

573
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Example 2. The equation ∫ 1

0
y(t) dt = 1

has the solutions y(x) = 1 and y(x) = 1 + C(2x – 1), where C is an arbitrary constant. Moreover, this equation has the
solution

y(x) =

{
ϕ(x)/A if A ≠ 0,
1 + Cϕ(x) if A = 0,

A =
∫ 1

0
ϕ(x) dx,

where ϕ(x) is an arbitrary function.

It should also be mentioned that Fredholm integral equations of the first kind belong to the class
of ill-posed problems (for details see Section 12.12).

12.1-2. Integral Equations of the First Kind with Weak Singularity.

If the kernel of the integral equation (1) is polar, i.e., if

K(x, t) =
L(x, t)
|x – t|α

+ M (x, t), 0 < α < 1, (3)

or logarithmic, i.e.,
K(x, t) = L(x, t) ln |x – t| + M (x, t), (4)

where L(x, t) and M (x, t) are continuous on S and L(x, x) /≡ 0, then K(x, t) is called a kernel with
weak singularity, and the equation itself is called an equation with weak singularity.

Remark 2. Kernels with logarithmic singularity and polar kernels with 0 < α < 1
2 are Fredholm

kernels.

Remark 3. In general, the case in which the limits of integration a and/or b can be infinite is not
excluded, but in this case the validity of condition (2) must be verified with special care.

12.1-3. Integral Equations of Convolution Type.

The integral equation of the first kind with difference kernel on the entire axis (this equation is
sometimes called an equation of convolution type of the first kind with a single kernel) has the form∫ ∞

–∞
K(x – t)y(t) dt = f (x), –∞ < x < ∞, (5)

where f (x) and K(x) are the right-hand side and the kernel of the integral equation and y(x) is the
unknown function (in what follows we use the above notation).

An integral equation of the first kind with difference kernel on the semiaxis has the form∫ ∞

0
K(x – t)y(t) dt = f (x), 0 < x < ∞. (6)

Equation (6) is also called a one-sided equation of the first kind or a Wiener–Hopf integral equation
of the first kind.

An integral equation of convolution type with two kernels of the first kind has the form∫ ∞

0
K1(x – t)y(t) dt +

∫ 0

–∞
K2(x – t)y(t) dt = f (x), –∞ < x < ∞, (7)

where K1(x) and K2(x) are the kernels of the integral equation (7).
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Recall that a function g(x) satisfies the Hölder condition on the real axis if for any real x1 and x2

we have the inequality

|g(x2) – g(x1)| ≤ A|x2 – x1|λ, 0 < λ ≤ 1,

and for any x1 and x2 sufficiently large in absolute value we have

|g(x2) – g(x1)| ≤ A

∣∣∣∣ 1
x2

–
1
x1

∣∣∣∣λ , 0 < λ ≤ 1,

where A and λ are positive (the latter inequality is the Hölder condition in the vicinity of the point
at infinity).

Assume that the functions y(x) and f (x) and the kernels K(x), K1(x), and K2(x) are such that
their Fourier transforms belong to L2(–∞,∞) and, moreover, satisfy the Hölder condition.

For a function y(x) to belong to the above function class it suffices to require y(x) to belong to
L2(–∞,∞) and xy(x) to be absolutely integrable on (–∞,∞).

12.1-4. Dual Integral Equations of the First Kind.

A dual integral equation of the first kind with difference kernels (of convolution type) has the form∫ ∞

–∞
K1(x – t)y(t) dt = f (x), 0 < x < ∞,∫ ∞

–∞
K2(x – t)y(t) dt = f (x), –∞ < x < 0,

(8)

where the notation and the classes of functions and kernels coincide with those introduced above for
equations of convolution type.

In the general case, a dual integral equation of the first kind has the form∫ ∞

a

K1(x, t)y(t) dt = f1(x), a < x < b,∫ ∞

a

K2(x, t)y(t) dt = f2(x), b < x < ∞,

where f1(x) and f2(x) are the right-hand sides, K1(x, t) and K2(x, t) are the kernels of Eq. (8), and
y(x) is the unknown function. Various forms of this equation are considered in Subsections 12.9-3
and 12.9-4.

The integral equations obtained from (5)–(8) by replacing the kernel K(x – t) with K(t – x) are
called transposed equations.

Remark 3. Some equations whose kernels contain the product or the ratio of the variables x
and t can be reduced to equations of the form (5)–(8).

Remark 4. Equations (5)–(8) of the convolution type are sometimes written in the form in which
the integrals are multiplied by the coefficient 1/

√
2π.

12.1-5. Some Problems Leading to Integral Equations of the First Kind.

1◦. Historically, one of the first problems that can be associated with integral equations was that of
inverting the integral

g(t) =
1√
2π

∫ ∞

–∞
f (x)eixt dx,
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∫ b
a K(x, t)y(t)dt = f (x)

i.e., finding a function f (x) from a given g(t). This problem was solved in 1811 by Fourier, who
obtained its solution in the form

f (x) =
1√
2π

∫ ∞

–∞
g(t)e–ixt dt.

2◦. Making an elastic string acquire a given shape under the action of a distributed force.
Suppose there is a weightless elastic string of length l that resists tension but does not resist

changing its shape. Assume that the string obeys Hooke’s law in tension, so that the force required
to extend the string by ∆l is equal to γ ∆l, where γ is some constant.

Let the ends of the string be fixed at points A and B (Fig. 4) and let the string position coincide
with the segment AB of the Ox axis when acted upon by only a horizontal tensile force T0, very
large compared to any other force under consideration.

P

C

A B

y

x

A1 C0

C1

x ��
�


� x

Figure 4. Shape of an elastic string fixed at points A and B and acted upon by a force P at a point C0.

Suppose that a force P is applied to the string at a point C0 with x = ξ. Then the string will take
the shape of a broken line ACB. Assume that the displacement CC0 = δ is small compared to AC0

and C0B, which results from the assumption that P is small compared to T0. Also assume that the
tension of the string remains equal to T0. Projecting the tensile forces at C and the force P onto the
vertical, we write down the equilibrium condition to obtain

T0 sin α + T0 sin β = P .

Since δ is considered to be small, we have

sin α ≈
δ

ξ
, sin β ≈

δ

l – ξ
.

Then the equilibrium condition can be rewritten as

T0
δ

ξ
+ T0

δ

l – ξ
= P .

It follows that

δ(ξ) = P
(l – ξ)ξ

T0l
.

Let y(x) denote the amount of sag of the string at the point with abscissa x. Then

y(x) = PG(x, ξ),

where

G(x, ξ) =

⎧⎪⎪⎨⎪⎪⎩
x(l – ξ)

T0l
if 0 ≤ x ≤ ξ,

(l – ξ)ξ
T0l

if ξ ≤ x ≤ l.
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Indeed, for x < ξ, from the similarity of the triangles AC0C and AA1C1 (Fig. 4) it follows that

y(x)
δ(ξ)

=
x

ξ
, or

PG(x, ξ)
δ(ξ)

=
x

ξ
.

Hence,

G(x, ξ) =
xδ(ξ)
Pξ

=
x(l – ξ)

T0l
.

The case of ξ < x is treated similarly. It is apparent that G(x, ξ) = G(ξ, x).
If the string is acted upon by a continuously distributed force with line density p(ξ), then the

small segment between ξ and ξ + ∆ξ is subjected to the force approximately equal to p(ξ) ∆ξ and is
displaced by the distance G(x, ξ) p(ξ) ∆ξ. Since the displacements caused by the elementary forces
p(ξ) ∆ξ are summed (according to the principle of superposition), the total amount of sag y(x) is
approximately equal to ∑

(ξ)

G(x, ξ) p(ξ) ∆ξ.

On passing to the limit as ∆ξ → 0, one arrives at a Fredholm integral equation of the first kind:

y(x) =
∫ l

0
G(x, ξ) p(ξ) dξ.

This equation serves to determine the force density p(x) under the action of which the string will
take the given shape y = y(x). The function G(x, ξ) is called an influence function.

References for Section 12.1: B. Noble (1958), S. G. Mikhlin (1960), I. C. Gohberg and M. G. Krein (1967),
L. Ya. Tslaf (1970), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), P. P. Zabreyko, A. I. Koshelev, et al. (1975),
Ya. S. Uflyand (1977), F. D. Gakhov and Yu. I. Cherskii (1978), A. J. Jerry (1985), A. F. Verlan’ and V. S. Sizikov (1986),
I. Sneddon (1995), A. V. Bitsadze (1995), L. A. Sakhnovich (1996).

12.2. Integral Equations of the First Kind with Symmetric
Kernel

12.2-1. Solution of an Integral Equation in Terms of Series in Eigenfunctions of Its Kernel.

Suppose K(x, t) is a real symmetric kernel defined on a segment [a, b]. Let us write out the system
of characteristic values and eigenfunctions of this kernel* as the sequences

λ1, λ2, . . . , λn, . . . ;

y1(x), y2(x), . . . , yn(x), . . . ,
(1)

where

yn(x) – λn

∫ b

a

K(x, t)yn(t) dt = 0.

It is assumed that the following conditions hold:
1) The values λn are ordered so that their moduli form a nondecreasing sequence, i.e., |λn–1| ≤

|λn|.
2) Each characteristic value appears as many times as its multiplicity (rank), so that one and the

same value λ in (1) may occur several times, each corresponding to only one eigenfunction.
3) Eigenfunctions yn(x) are normalized and mutually orthogonal in L2[a, b] (for details, see

Subsection 13.6-1).

* For definitions of characteristic values and eigenfunctions of a kernel K(x, t), see Subsection 13.1-1.
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∫ b
a K(x, t)y(t)dt = f (x)

A symmetric kernel K(x, t) defined on [a, b] is called complete (or closed), if the system of the
corresponding eigenfunctions is complete in L2[a, b]); otherwise, the kernel is called incomplete.

Consider a nonhomogeneous integral equation of the first kind∫ b

a

K(x, t)y(t) dt = f (x) (2)

with a real symmetric kernel and f ∈ L2[a, b].
PICARD THEOREM. Equation (2) has a solution if and only if f (x) can be expanded into

a mean-square convergent series with respect to eigenfunctions of the kernel K(x, t):

f (x) =
∞∑
k=1

fkyk(x), fk =
∫ b

a

f (x)yk(x) dx, (3)

and the series ∞∑
k=1

λ2
k |fk|2 (4)

is convergent. In this case, the general solution of equation (2) has the form

y(x) = y0(x) +
∞∑
k=1

λkfkyk(x),

where y0(x) is an arbitrary solution of the homogeneous equation (2) for f (x) ≡ 0. If the
kernel K(x, t) is complete, then y0(x) ≡ 0, and equation (2) has only one solution,

y(x) =
∞∑
k=1

λkfkyk(x). (5)

Example. Consider the integral equation∫ 1

0
K(x, t)y(t) dt = sin3(πx) (6)

with the real symmetric kernel

K(x, t) =
{ (1 – x)t if 0 ≤ t ≤ x,

(1 – t)x if x ≤ t ≤ 1. (7)

Let us use the Picard theorem to find its solution. First, we find the characteristic values and the corresponding normalized
eigenfunctions of the kernel (7):

λ1 = π2, λ2 = (2π)2, . . . , λn = (nπ)2, . . . ;

y1(x) =
√

2 sin(πx), y2(x) =
√

2 sin(2πx), . . . , yn(x) =
√

2 sin(nπx), . . .
(8)

Then we express the right-hand side of (6) in terms of the eigenfunctions:

f (x) ≡ sin3(πx) =
3

4
sin(πx) –

1

4
sin(3πx) =

3

4
√

2
y1(x) –

1

4
√

2
y3(x)

and write out the corresponding coefficients in the expansion of f (x):

f1 =
3

4
√

2
, f2 = 0, f3 = –

1

4
√

2
, fm = 0 for m = 4, 5, . . .

The series (4) in this case reduces to the finite sum
∞∑
k=1

λ2
k |fk |2 = (π2)2

( 3

4
√

2

)2
+ (9π2)2

(
–

1

4
√

2

)2
=

45

16
π4

and is therefore convergent. The system of eigenfunctions (8) is a complete orthonormal system on [0, 1], i.e., the kernel is
complete. By the Picard theorem, equation (6)–(7) has the unique solution

y(x) = λ1f1y1(x) + λ3f3y3(x),

which can be written in the form

y(x) =
3

4
π2[sin(πx) – 3 sin(3πx)].
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12.2-2. Method of Successive Approximations.

THEOREM. Let K(x, t) be a symmetric positive kernel and suppose that the equation∫ b

a

K(x, t)y(t) dt = f (x), f (x) ∈ L2[a, b], (9)

admits one and only one solution. Then the sequence of functions { yn(x)} defined by the recurrent
relation

yn(x) = yn–1(x) + λ

[
f (x) –

∫ b

a

K(x, t)yn–1(t) dt

]
, n = 1, 2, . . . , (10)

where
y0(x) ∈ L2[a, b], 0 < λ < 2λ1, (11)

λ1 is the smallest characteristic value of the kernel K(x, t), is mean-square convergent to the solution
of equation (9).

Remark. If there is no information about the solution of equation (9), one can take y0(x) = 0 as
the zero approximation. If the smallest characteristic value λ1 is unknown, then λ should be chosen
sufficiently small and one should check (control) the convergence of the process (10).

Example. Consider the integral equation ∫ 1

0
K(x, t)y(t) dt = sin(πx), (12)

where
K(x, t) =

{ (1 – x)t if 0 ≤ t ≤ x,
(1 – t)x if x ≤ t ≤ 1.

(13)

Let us construct successive approximations by formulas (10), taking y0(x) = 0 and imposing no constraints on λ so far.
We have

y1(x) = λ sin(πx),

y2(x) = λ sin(πx) + λ

(
1 –

λ

π2

)
sin(πx),

y3(x) = λ sin(πx) + λ

(
1 –

λ

π2

)
sin(πx) + λ

(
1 –

λ

π2

)2

sin(πx),

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

yn(x) = λ

[
1 +

(
1 –

λ

π2

)
+

(
1 –

λ

π2

)2

+ · · · +

(
1 –

λ

π2

)n–1]
sin(πx),

(14)

The square brackets contain the finite sum of a geometrical progression with ratio q = 1 – λ
π2 . This sum is calculated by the

formula
n–1∑
m=0

qm =
1 – qn

1 – q
, q = 1 –

λ

π2
.

For n → ∞, this sum has a finite limit equal to 1
1–q

, provided that |q| < 1, which yields the following constraint on the
coefficient λ:

0 < λ < 2π2. (15)
Passing to the limit in (14) as n → ∞, under the condition (15), we find that

lim
n→∞ yn(x) =

λ

1 – q
sin(πx) = π2 sin(πx). (16)

It is easy to check that the limit solution (16) coincides with the exact solution of the integral equation (12)–(13). It can be
shown that the smallest characteristic value of the kernel (13) is λ1 = π2. Therefore, condition (11), in this case, turns into
(15).

References for Section 12.2: M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), M. L. Krasnov (1975),
P. P. Zabreyko, A. I. Koshelev et al. (1975).
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∫ b
a K(x, t)y(t)dt = f (x)

12.3. Integral Equations of the First Kind with
Nonsymmetric Kernel

12.3-1. Representation of a Solution in the Form of Series. General Description.

Consider an integral equation ∫ b

a

K(x, t)y(t) dt = f (x) (1)

with an arbitrary (symmetric or nonsymmetric) kernel. Let us seek its solution in the form of a sum

y(t) =
N∑

n=1

Anϕn(x), (2)

where ϕn(x) is a (complete) system of functions on the interval (a, b), the upper limit of the sum, N ,
can be either finite or infinite. It is important to mention that in some cases it is possible to obtain
an exact solution of the integral equation (1) in the form of series (2) for N = ∞ (see Examples 1
and 2 in Subsection 12.3-2).

Substituting (2) into (1), we get

f (x) =
N∑

n=1

Angn(x), (3)

where gn(x) are known functions,

gn(x) =
∫ b

a

K(x, t)ϕn(t) dt. (4)

In order to find the coefficients An in the right-had side of (3), different methods can be used,
depending on the structure of the functions gn(x). Some basic methods are described below.

12.3-2. Special Case of a Kernel That is a Generating Function.

For power-type functions gn(x) = bnxn, the right hand side of (3) is a polynomial or a power series
(for N = ∞). The coefficients An of that series can be found by way of comparison with the
corresponding coefficients in the expansion of f (x) in powers of x. This case takes place if the
kernel of the integral equation is a generating function for a system of orthogonal polynomials.
Recall that G(x, t) is called a generating function for a system of functions

h0(t), h1(t), . . . , hm(t), . . .

if G(x, t) admits the following expansion in powers of x:

G(x, t) =
∞∑

m=0

cmhm(t)xm (cm ≠ 0).

Example 1. Consider the equation ∫ 1

–1

y(t) dt√
1 + x2 – 2xt

= f (x). (5)

Its kernel is a generating function for the Legendre polynomials (see Supplement 11.11-1):

1√
1 + x2 – 2xt

=
∞∑

m=0

Pm(t)xm, Pm(x) =
1

m! 2m

dm

dxm
(x2 – 1)m. (6)
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Let us seek a solution of equation (5) in the form

y(x) =
∞∑
n=0

AnPn(x). (7)

Substituting (6) and (7) into equation (5) and taking into account the orthogonality conditions for the Legendre polynomials,

∫ 1

–1
Pn(x)Pm(x) dx =

{ 0 if n ≠ m,
2

2n + 1
if n = m,

we find that

2
∞∑
n=0

An

2n + 1
xn = f (x).

Expanding the right-hand side into a Maclaurin series and equating the coefficients of equal powers of x, we obtain

An =
2n + 1

2n!
f (n)

x (0).

Inserting these coefficients into (7), we obtain a solution of the integral equation (5) in the form

y(x) =
1

2

∞∑
n=0

2n + 1

n!
f (n)

x (0)Pn(x). (8)

It is easy to see that if the right-hand side of equation (5) is a polynomial, then its solution (8) is a polynomial of the
same degree.

Example 2. Consider the equation ∫ ∞

–∞
e–(x–t)2

y(t) dt = f (x) (9)

whose kernel is a generating function for the Hermitian polynomials (see Supplement 11.17-3)

e–(x–t)2
=

∞∑
m=0

1

m!
e–t2

Hm(t)xm, Hm(x) = (–1)m exp
(
x2) dm

dxm
exp
(
–x2). (10)

Let us seek a solution of equation (9) in the form of expansion

y(x) =
∞∑
n=0

AnHn(x). (11)

Substituting (10) and (11) into (9) and taking into account the orthogonality of the Hermitian polynomials, together with the
relations ∫ ∞

–∞
e–t2

H2
n(t) dt = 2nn!

√
π,

we obtain

f (x) =
√

π
∞∑
n=0

An2nxn.

Hence, we find the coefficients An:

An =
f (n)

x (0)

2nn!
√

π
.

Substituting these into (11), we obtain a solution of the original integral equation (9):

y(x) =
1√
π

∞∑
n=0

f (n)
x (0)

2nn!
Hn(x).
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∫ b
a K(x, t)y(t)dt = f (x)

12.3-3. Special Case of the Right-Hand Side Represented in Terms of Orthogonal Functions.

Suppose that the functions gn(x) in the right-hand side of (3) form an orthogonal, with some weight
ρ(x), system on the interval (a, b):∫ b

a

ρ(x)gn(x)gm(x) dx = 0 if n ≠ m.

Then the coefficients An are obtained by multiplying (3) by ρ(x)gm(x) with subsequent integration
in x over the segment [a, b]. As a result, we get

An =
1
βn

∫ b

a

f (x)ρ(x)gn(x) dx, βn =
∫ b

a

ρ(x)g2
n(x) dx.

12.3-4. General Case. Galerkin’s Method.

In the general case, one chooses a sequence of functions ψm(x), m = 1, . . . , n, multiplies the
relation (3) by these in successive order, and then integrates in x over the segment [a, b]. The result
is a system of linear algebraic equations for the coefficients An:

N∑
n=1

σnmAn = Bm, m = 1, . . . , n;

σnm =
∫ b

a

gn(x)ψm(x) dx, Bm =
∫ b

a

f (x)ψm(x) dx.

Finding the coefficients An from this system and substituting these in (3), one obtains an approximate
solution of the integral equation (1).

Remark. The Galerkin method and its modifications, when applied to the solution of integral
equations of the second kind, may result in large errors (connected with the instability of solutions
with respect to small perturbations of the right-hand side of the equation; see Section 12.12). For
this reason the said methods are rarely used in practice.

12.3-5. Utilization of the Schmidt Kernels for the Construction of Solutions of Equations.

Let K(x, t) be a real (or complex) nonsymmetric kernel, K(x, t) ≠ K(t, x), such that∫ b

a

∫ b

a

|K(x, t)|2dx dt < ∞.

The kernels K(x, t) and K∗(x, t) = K(t, s) are called conjugate.
Consider auxiliary functions

K1(x, t) =
∫ b

a

K∗(x, s)K(s, t) ds =
∫ b

a

K(s, x)K(s, t) ds, (12)

K2(x, t) =
∫ b

a

K(x, s)K∗(s, t) ds =
∫ b

a

K(x, s)K(t, s)ds, (13)

representing symmetric positive kernels called the Schmidt kernels corresponding to K(x, t). It can
be shown that the system of characteristic values of the kernels (12) and (13) coincide.
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Denote by µn (n = 1, 2, . . . ) the characteristic values of the Schmidt kernels, by un(x) the
orthonormalized eigenfunctions corresponding to K2(x, t), and by vn(x) orthonormalized eigen-
functions corresponding to K1(x, t). Each un(x) and vn(x) can be multiplied by an arbitrary
constant coefficient whose absolute value is equal to unity. These coefficients can be chosen such
that the following formulas hold:

K(x, t) =
∞∑
n=1

un(x)vn(t)√
µn

, K∗(x, t) =
∞∑
n=1

vn(x)un(t)√
µn

. (14)

These series are mean-square convergent on [a, b] (with respect to the variables x and t jointly). The
following inequality holds:

∞∑
n=1

1
µn

≤
∫ b

a

∫ b

a

|K(x, t)|2dx dt.

For a nonhomogeneous equation of the first kind∫ b

a

K(x, t)y(t) dt = f (x), f ∈ L2[a, b], (15)

with nonsymmetric kernel to have a solution it is necessary and sufficient that the free term f (x)
could be expanded into a mean-square convergent series in terms of eigenfunctions un:

f (x) =
∞∑
n=1

fnun(x), fn =
∫ b

a

f (x)un(x) dx,

and that the series ∞∑
n=1

µn|fn|2

be convergent. Under these conditions, the general solution of equation (15) has the form

y(x) = y0(x) +
∞∑
n=1

√
µnfnvn(x),

where y0(x) is any solution of the homogeneous equation (15) with f (x) ≡ 0. If the Schmidt kernel
K1(x, t) is complete, then y0(x) ≡ 0, and equation (15) has only one solution,

y(x) =
∞∑
n=1

√
µnfnvn(x).

References for Section 12.3: P. M. Morse and H. Feshbach (1953), L. Ya. Tslaf (1970), M. L. Krasnov, A. I. Kiselev,
and G. I. Makarenko (1971), V. I. Smirnov (1974), P. P. Zabreyko, A. I. Koshelev et al. (1975).

12.4. Method of Differentiation for Integral Equations

12.4-1. Equations with Modulus.

In some cases, differentiation of integral equations (once, twice, etc.) with subsequent elimination
of integral terms by means of the original equation makes it possible to find solutions of the latter.
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∫ b
a K(x, t)y(t)dt = f (x)

The class of integral equations whose solutions can be obtained by the method of differentiation
includes integral equations of the first kind with difference kernel,∫ b

a

K(|x – t|)y(t) dt = f (x), (1)

for the following types of K(z):

K(z) =
n∑

m=1

Amzm, (2)

K(z) =
n∑

m=1

Am exp(λmz), (3)

K(z) =
n∑

m=1

Am sinh(λmz), (4)

K(z) =
n∑

m=1

Am sin(λmz). (5)

Example 1. Consider the equation ∫ 1

0
|x – t| y(t) dt = f (x), (6)

which is a special case of (1), (2) for n = 1.

1◦. Let us remove the modulus in the integrand:∫ x

0
(x – t)y(t) dt +

∫ 1

x
(t – x)y(t) dt = f (x). (7)

Differentiating (7) in x yields ∫ x

0
y(t) dt –

∫ 1

x
y(t) dt = f ′

x(x). (8)

Differentiating (8) in x yields the solution
y(x) = 1

2 f ′′
xx(x). (9)

2◦. The right-hand side f (x) of the integral equation (6) must satisfy certain additional relations. In order to obtain these,
let us substitute the solution (9) into the transformed original equation (7). Integrating by parts, we get∫ x

0
(x – t)y(t) dt =

1

2

∫ x

0
(x – t)f ′′

tt(t) dt =
1

2

[
–xf ′(0) + f (x) – f (0)],∫ 1

x
(t – x)y(t) dt =

1

2

∫ 1

x
(t – x)f ′′

tt(t) dt =
1

2

[
–xf ′(1) + f (x) + f ′(1) – f (1)].

Substituting these integrals into the left-hand side of equation (7) and reducing the result by f (x), we obtain

–
1

2
x[f ′(0) + f ′(1)] +

1

2
[f ′(1) – f (1) – f (0)] = 0.

Since this relation must hold for all x, we obtain the following two conditions:

f ′(0) + f ′(1) = 0,

f ′(1) – f (1) – f (0) = 0,

which should be satisfied by the right-hand side of the integral equation (6).

Example 2. Consider the equation ∫ b

a
eλ|x–t|y(t) dt = f (x), (10)

which is a special case of (1) with kernel (3) for n = 1.
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Let us remove the modulus in the integrand:∫ x

a
eλ(x–t)y(t) dt +

∫ b

x
eλ(t–x)y(t) dt = f (x). (11)

Differentiating (11) with respect to x twice yields

2λy(x) + λ2
∫ x

a
eλ(x–t)y(t) dt + λ2

∫ b

x
eλ(t–x)y(t) dt = f ′′

xx(x). (12)

Eliminating the integral terms from (11) and (12), we obtain the solution

y(x) =
1

2λ

[
f ′′

xx(x) – λ2f (x)
]
. (13)

The right-hand side f (x) of the integral equation (10) must satisfy certain additional relations. In order to obtain these,
one should substitute the solution (13) into the original equation (10) or its corollary (11). Another method of finding
additional conditions on f (x) is described in Section 3.2 (see Eq. 3, Item 2◦).

Other examples of solutions of such equations can be found in Section 3.1 (equations 2, 8,
11, and 16), Section 3.2 (equations 3, 4, and 6), Section 3.3 (equations 5, 6, and 10), Section 3.5
(equations 10, 11, 12, and 16).

In a similar way, one can find solutions of the equation∫ b

a

|g(x) – h(t)|y(t) dt = f (x).

Some equations of this type are considered in 3.8 (see equations 4–6).

12.4-2. Other Equations. Some Generalizations.

1◦. Sometimes, differentiation helps to reduce a given equation∫ b

a

K(x, t)y(t) dt = f (x) (14)

to a simpler integral equation ∫ b

a

K ′
x(x, t)y(t) dt = f ′

x(x) (15)

whose solution is known.
Note that equations (14) and (15) may be nonequivalent. Thus, if y(t) is a solution of (14), it is

also a solution of (15) (provided that the integral on the left-hand side of the equation exists). On
the other hand, if y(t) is a solution of (15), it will satisfy equation (14) only under the additional
condition ∫ b

a

K(c, t)y(t) dt = f (c) (a < c < b), (16)

which is obtained by taking x = c in the original equation (14).

Example 3. Consider the equation∫ 1

–1
ln

∣∣∣∣tanh
λ(t – x)

2

∣∣∣∣y(t) dt = –f (x), –1 ≤ x ≤ 1. (17)

Differentiating this equation in x, we obtain the following singular equation:

λ

∫ 1

–1

y(t) dt

sinh[λ(t – x)]
= f ′

x(x). (18)
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∫ b
a K(x, t)y(t)dt = f (x)

Equations (18) and (17) are equivalent under the additional condition∫ 1

–1
ln

∣∣∣∣tanh
λt

2

∣∣∣∣y(t) dt = –f (0). (19)

Let us rewrite (18) as follows:

λ

∫ 1

–1

y(t) dt

cosh(λt)[tanh(λt) – tanh(λx)]
= cosh(λx)f ′

x(x),

and make the transformation

z = tanh(λx), τ = tanh(λt), Y (τ ) = cosh(λt)y(t), h(z) = cosh(λx)f ′
x(x). (20)

As a result, we obtain a much simpler equation,∫ a

–a

Y (τ ) dτ

τ – z
= h(z) (a = tanh λ, |z| ≤ a),

whose solution is given in Section 3.1 (see equation 51). Using this solution and going back to the original variables by
formulas (20), one can find a solution of the original equation (17).

2◦. As a preliminary step, one can multiply equation (14) by a function ϕ(x), and then integrate the
result in x. Thus, one obtains the equation∫ b

a

∂

∂x

[
ϕ(x)K(x, t)]y(t) dt = [ϕ(x)f (x)]′x.

If one can find a solution of the last equation, its solution should be inserted into the original equation
(14) or into (16) for verification.

Remark 1. Instead of differentiation,one can multiply equation (14) by a function ϕ(x), integrate
the result in x from a to x, and try to find a solution of the equation thus obtained.

Remark 2. If equation (14) does not depend on the parameter µ, it can be multiplied by a
function ϕ(x, µ) and then integrated with respect to µ from α to β.

References for Section 12.4: I. I. Vorovich, V. M. Aleksandrov, and V. A. Babeshko (1974), A. D. Polyanin and
A. V. Manzhirov (1998).

12.5. Method of Integral Transforms
The method of integral transforms enables one to reduce some integral equations on the entire axis
and on the semiaxis to algebraic equations for transforms. These algebraic equations can readily
be solved for the transform of the desired function. The solution of the original integral equation is
then obtained by applying the inverse integral transform.

12.5-1. Equation with Difference Kernel on the Entire Axis.

Consider the integral equation∫ ∞

–∞
K(x – t)y(t) dt = f (x), –∞ < x < ∞, (1)

where f (x), y(x) ∈ L2(–∞,∞) and K(x) ∈ L1(–∞,∞).
Let us apply the Fourier transform to Eq. (1). In this case, taking into account the convolution

theorem (see Subsection 9.4-4), we obtain

√
2π K̃(u)ỹ(u) = f̃ (u). (2)
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Thus, by means of the Fourier transform we have reduced the solution of the original integral
equation (1) to the solution of the algebraic equation (2) for the Fourier transform of the desired
solution. The solution of the latter equation has the form

ỹ(u) =
1√
2π

f̃ (u)

K̃(u)
, (3)

where the function f̃ (u)/K̃(u) must belong to the space L2(–∞,∞).
Thus, the Fourier transform of the solution of the original integral equation is expressed via the

Fourier transforms of known functions, namely, the kernel and the right-hand side of the equation.
The solution itself can be expressed via its Fourier transform by means of the Fourier inversion
formula:

y(x) =
1√
2π

∫ ∞

–∞
ỹ(u)eiux du =

1
2π

∫ ∞

–∞

f̃ (u)

K̃(u)
eiux du. (4)

12.5-2. Equations with Kernel K(x, t) = K(x/t) on the Semiaxis.

The integral equation of the first kind∫ ∞

0
K(x/t)y(t) dt = f (x), 0 ≤ x < ∞, (5)

can be reduced to the form (1) by the change of variables x = eξ, t = eτ , w(τ ) = ty(t). The solution
to this equation can also be obtained by straightforward application of the Mellin transform, and this
method is applied in a similar situation in the next section.

12.5-3. Equation with Kernel K(x, t) = K(xt) and Some Generalizations.

1◦. We first consider the equation∫ ∞

0
K(xt)y(t) dt = f (x), 0 ≤ x < ∞. (6)

By changing variables x = eξ and t = e–τ this equation can be reduced to the form (1), but it is more
convenient here to apply the Mellin transform (see Section 9.3). On multiplying Eq. (6) by xs–1 and
integrating with respect to x from 0 to ∞, we obtain∫ ∞

0
y(t) dt

∫ ∞

0
K(xt)xs–1 dx =

∫ ∞

0
f (x)xs–1 dx.

We make the change of variables z = xt in the inner integral of the double integral. This implies the
relation

K̂(s)
∫ ∞

0
y(t)t–s dt = f̂ (s). (7)

Taking into account the formula ∫ ∞

0
y(t)t–s dt = ŷ(1 – s),

we can rewrite Eq. (7) in the form
K̂(s)ŷ(1 – s) = f̂ (s). (8)
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∫ b
a K(x, t)y(t)dt = f (x)

Replacing 1 – s by s in (8) and solving the resulting relation for ŷ(s), we obtain the transform

ŷ(s) =
f̂ (1 – s)

K̂(1 – s)
(9)

of the desired solution.
Applying the Mellin inversion formula, we obtain the solution of the integral equation (6) in the

form

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̂ (1 – s)

K̂(1 – s)
x–s ds.

2◦. Now we consider the more complicated equation∫ ∞

0
K
(
ϕ(x)ψ(t)

)
g(t)y(t) dt = f (x). (10)

Assume that the conditions ϕ(0) = 0, ϕ(∞) = ∞, ϕ′
x > 0, ψ(0) = 0, ψ(∞) = ∞, and ψ′

x > 0 are
satisfied.

The transform

z = ϕ(x), τ = ψ(t), y(t) =
g(t)
ψ′

t(t)
w(τ )

takes (10) to the following equation of the form (6):∫ ∞

0
K(zτ )w(τ ) dτ = F (z),

where the function F (z) is defined parametrically by F = f (x), z = ϕ(x). In many cases, on
eliminating x from these relations, we obtain the dependence F = F (z) in an explicit form.

References for Section 12.5: V. A. Ditkin and A. P. Prudnikov (1965), M. L. Krasnov, A. I. Kiselev, and G. I. Maka-
renko (1971).

12.6. Krein’s Method and Some Other Exact Methods for
Integral Equations of Special Types

12.6-1. Krein’s Method for an Equation with Difference Kernel with a Weak Singularity.

1◦. Here we describe a method for constructing exact closed-form solutions of linear integral
equations of the first kind with weak singularity and with arbitrary right-hand side. The method is
based on the construction of the auxiliary solution of the simpler equation whose right-hand side is
equal to one. The auxiliary solution is then used to construct the solution of the original equation
for an arbitrary right-hand side.

Consider the equation ∫ a

–a

K(x – t)y(t) dt = f (x), –a ≤ x ≤ a. (1)

Suppose that the kernel of the integral equation (1) is polar or logarithmic and that K(x) is an even
positive definite function that can be expressed in the form

K(x) = β|x|–µ + M (x), 0 < µ < 1,

K(x) = β ln
1
|x|

+ M (x),

respectively, where β > 0, –2a ≤ x ≤ 2a, and M (x) is a sufficiently smooth function.



12.6. KREIN’S METHOD AND SOME OTHER EXACT METHODS FOR INTEGRAL EQUATIONS OF SPECIAL TYPES 589

Along with (1), we consider the following auxiliary equation containing a parameter ξ (0 ≤ ξ ≤ a):∫ ξ

–ξ

K(x – t)w(t, ξ) dt = 1, –ξ ≤ x ≤ ξ. (2)

2◦. For any continuous function f (x), the solution of the original equation (1) can be expressed via
the solution of the auxiliary equation (2) by the formula

y(x) =
1

2M ′(a)

[ d

da

∫ a

–a

w(t, a)f (t) dt
]
w(x, a)

–
1
2

∫ a

|x|
w(x, ξ)

d

dξ

[ 1
M ′(ξ)

d

dξ

∫ ξ

–ξ

w(t, ξ)f (t) dt
]
dξ

–
1
2

d

dx

∫ a

|x|

w(x, ξ)
M ′(ξ)

[∫ ξ

–ξ

w(t, ξ) df (t)
]
dξ,

(3)

where M (ξ) =
∫ ξ

0 w(x, ξ) dx, the prime stands for the derivative, and the last inner integral is treated
as a Stieltjes integral.

Formula (3) permits one to obtain some exact solutions of integral equations of the form (1)
with arbitrary right-hand side, see Section 3.6 of the first part of the book.

Example 1. The solution of the integral equation∫ a

–a
ln

(
A

|x – t|

)
y(t) dt = f (x),

which arises in elasticity, is given by formula (3), where

M (ξ) =
(

ln
2A

ξ

)–1
, w(t, ξ) =

M (ξ)

π
√

ξ2 – t2
.

Example 2. Consider the integral equation∫ a

–a

y(t) dt

|x – t|µ
= f (x), 0 < µ < 1,

which arises in the theory of elasticity. The solution is given by formula (3), where

M (ξ) =
2
√

π

µ Γ
( µ

2

)
Γ
( 1 – µ

2

) ξµ, w(t, ξ) =
1

π
cos
( πµ

2

)(
ξ2 – t2) µ–1

2 .

12.6-2. Kernel is the Sum of a Nondegenerate Kernel and an Arbitrary Degenerate Kernel.

1◦. Consider the Fredholm equation of the first kind∫ b

a

K(x, t)y(t) dt = f (x). (4)

Suppose equation (4) can be solved for any f (x) from some class of functions LF . Let yf (x)
denote the corresponding solution.

Now consider the more complex integral equation∫ b

a

[K(x, t) + ϕ(x)ψ(t)]u(t) dt = f (x) (5)
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∫ b
a K(x, t)y(t)dt = f (x)

with its kernel containing an additional term ϕ(x)ψ(t). A solution to equation (5) will be sought in
the form

u(x) = yf (x) + Ayϕ(x), (6)

where yϕ(x) is the solution to equation (4) in which f (x) must be replaced with ϕ(x). Substituting
(6) into (5) results in the coefficient A:

A = –

∫ b

a
ψ(t)yf (t) dt

1 +
∫ b

a
ψ(t)yϕ(t) dt

. (7)

Formulas (6)–(7) define a solution to equation (5), provided the integrals in the numerator and
denominator exist, with

∫ b
a ψ(t)yϕ(t) dt ≠ –1. In addition, the condition ϕ(x) ∈ LF must be

satisfied.

Example 3. The solution of Carleman’s equation∫ 1

0
ln |x – t| y(t) dt = f (x) (8)

is expressed as

yf (x) =
1

π2
√

x(1 – x)

[∫ 1

0

√
t(1 – t) f ′

t(t) dt

t – x
–

1

ln 4

∫ 1

0

f (t) dt√
t(1 – t)

]
. (9)

Now consider the more complex integral equation∫ 1

0

[
ln |x – t| + ψ(t)] u(t) dt = f (x) (10)

with its kernel containing an arbitrary additive function ψ(t). In terms of equation (5), we have ϕ(x) = 1 in (10). The
corresponding solution (9) to equation (8) with f (x) = 1 is written as

y1(x) = –
1

π ln 4
√

x(1 – x)
. (11)

Hence, equation (10) has the solution

u(x) = yf (x) + Ay1(x), A = –

∫ 1
0 ψ(t)yf (t) dt

1 +
∫ 1

0 ψ(t)y1(t) dt
.

Example 4. Consider the integral equation∫ ∞

0
[cos(xt) + ϕ(x)ψ(t)]y(t) dt = f (x).

Its solution can be obtained by the methods described in Subsection 12.6-2; it must be taken into account that the truncated
equation, with ϕ(x) = 0, coincides with equation 3.5.1 from Section 3.5. Therefore the solution is

y(t) = yf (t) + Ayϕ(t),

where

yf (t) =
2

π

∫ ∞

0
cos(xt)f (x) dx, yϕ(t) =

2

π

∫ ∞

0
cos(xt)ϕ(x) dx, A = –

∫∞
0 ψ(t)yf (t) dt

1 +
∫∞

0 ψ(t)yϕ(t) dt
.

2◦. The integral equation ∫ b

a

[
K(x, t) +

n∑
m=1

ϕm(x)ψm(t)

]
u(t) dt = f (x) (12)

whose kernel is the sum of the kernel of equation (4) and an arbitrary degenerate kernel can be
solved in a similar manner. The solution is sought in the additive form

u(x) = yf (x) +
n∑

m=1

Amyϕm(x), (13)
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where yϕm(x) is the solution to equation (4) in which f (x) must be replaced with ϕm(x). Substituting
(13) into (12) results in the following linear algebraic system of equations for the coefficients Am:

Am +
n∑

j=1

Ajσmj = –σm0, m = 1, . . . , n;

σmj =
∫ b

a

ψm(t)yϕj (t) dt, σm0 =
∫ b

a

ψm(t)yf (t) dt.

(14)

Corollary. Given a solution to the integral equation (4) with a difference kernel K(x, t) =K(x–t),
one can obtain a solution to the integral equation with a difference kernel of the form

K(x – t) + Pn(x – t),

where Pn(x) is an arbitrary polynomial of any (finite) degree n.

3◦. Let a function y(x) solve equation (4) and let the condition∫ b

a

K(x, t) dt = 0

be satisfied. Then the function
y(x) + C,

with C an arbitrary constant, also solves equation (4).

12.6-3. Reduction of Integral Equations of the First Kind to Equations of the Second Kind.

In some cases it is possible to reduce integral equations of the first kind with constant limits of
integration to integral equations of the second kind.

In order to be definite, let us consider an integral equation of the first kind on semiaxis∫ ∞

0
[K(x, t)g(t) + L(x, t)]y(t) dt = f (x). (15)

Suppose the truncated linear equation∫ ∞

0
K(x, t)u(t) dt = f (x) (16)

obtained from (15) by setting L(x, t)=0 and g(t)=1, to be an integral transform (see Subsections 9.1-3
and 9.6-5) with the following inverse formula:

u(x) =
∫ ∞

0
M (x, s)f (s) ds. (17)

Let us rewrite (15) in such a way, that its left-hand side coincides with (16):∫ ∞

0
K(x, t)u(t) dt = f (x) –

∫ ∞

0
L(x, t)y(t) dt, u(t) = g(t)y(t). (18)

Applying the inverse formula (17) to (18), provided that the function f (x) must be substituted for
f (x) –

∫∞
0 L(x, t)y(t) dt, and changing the integration order, we obtain an integral equation of the

second kind with constant limits of integration

y(x) +
∫ ∞

0
N (x, t)y(t) dt = F (x), (19)

where

N (x, t) =
1

g(x)

∫ ∞

0
M (x, s)L(s, t) ds, F (x) =

1
g(x)

∫ ∞

0
M (x, s)f (s) ds.

Here, all integrals are supposed to converge.
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∫ b
a K(x, t)y(t)dt = f (x)

Example 5. Consider the integral equation of the first kind∫ ∞

0
[sin(xt) + L(x, t)]y(t) dt = f (x). (20)

The solution of the truncated linear integral equation∫ ∞

0
sin(xt)u(t) dt = f (x) (21)

is expressed as (see equation 3.5.8 in Section 3.5)

u(x) =
2

π

∫ ∞

0
sin(xs)f (s) ds. (22)

Up to constant factors, the function f (x) and the solution u(x) in (21)–(22) are the Fourier sine transform pair.
In accordance with the method described, the integral equation of the first kind with constant limits of integration (20)

can be reduced to the integral equation of the second kind with constant limits of integration (19) where

N (x, t) =
2

π

∫ ∞

0
sin(xs)L(s, t) ds, F (x) =

2

π

∫ ∞

0
sin(xs)f (s) ds.

References for Section 12.6: N. Kh. Arutyunyan (1959), I. C. Gohberg and M. G. Krein (1967), F. D. Gakhov (1977,
1990), S. Fenyö and H. W. Stolle (1984, pp. 236–237), A. D. Polyanin and A. I. Zhurov (2007).

12.7. Riemann Problem for the Real Axis
The Riemann boundary value problem is one of the main tools for constructing solutions of integral
equations provided that various integral transforms can be applied to a given equation and the
corresponding convolution-type theorems can be applied. This problem is investigated by an
example of the Fourier integral transform.

12.7-1. Relationships Between the Fourier Integral and the Cauchy Type Integral.

Let Y(τ ) be a function integrable on a closed or nonclosed contour L on the complex plane of the
variable z = u + iv (τ is the complex coordinate of the contour points). Consider the integral of the
Cauchy type (see Section 14.2):

1
2πi

∫
L

Y(τ )
τ – z

dτ .

This integral defines a function that is analytic on the complex plane with a cut along the contour L.
If L is a closed curve, then the integral is a function that is analytic on each of the connected parts
of the plane bounded by L. If the contour L is the real axis, then we have

1
2πi

∫ ∞

–∞

Y(τ )
τ – z

dτ =

{
Y+(z) if Im z > 0,
Y–(z) if Im z < 0.

(1)

Moreover, there exist limit values of the functions Y±(z) on the real axis, and these values are
related to the density Y of the integral by the Sokhotski–Plemelj formulas

Y+(u) =
1
2
Y(u) +

1
2πi

∫ ∞

–∞

Y(τ )
τ – u

dτ ,

Y–(u) = –
1
2
Y(u) +

1
2πi

∫ ∞

–∞

Y(τ )
τ – u

dτ ,
(2)

or

Y+(u) – Y–(u) = Y(u), Y+(u) + Y–(u) =
1
πi

∫ ∞

–∞

Y(τ )
τ – u

dτ . (3)
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In the latter formulas, the integral is understood as a singular integral in the sense of the Cauchy
principal value.

In the Fourier integral*

Y(u) =
1√
2π

∫ ∞

–∞
y(x)eiux dx,

the real parameter u occurs in an analytic function, and therefore we can replace u in this integral
by a complex variable z. The function Y(z) defined by the integral

Y(z) =
1√
2π

∫ ∞

–∞
y(x)eizx dx (4)

is analytic in the part of the complex plane of the variable z = u + iv in which the integral (4) is
absolutely convergent. If this is a domain indeed, i.e., if it is not reduced to the real axis, then
the integral (4) gives an analytic continuation of the Fourier integral into the complex plane. The
integral (4) will also be called the Fourier integral.

Let us establish a relationship between this integral and the integral of the Cauchy type with
density Y(u) taken along the entire axis. We have

1
2πi

∫ ∞

–∞

Y(τ )
τ – z

dτ =
1√
2π

∫ ∞

0
y(x)eizx dx,

1
2πi

∫ ∞

–∞

Y(τ )
τ – z

dτ = –
1√
2π

∫ 0

–∞
y(x)eizx dx,

Im z > 0,

Im z < 0.

(5)

(6)

12.7-2. One-Sided Fourier Integrals.

If Y(z) = Y+(z) is an analytic function in the upper half-plane whose limit value on the real axis
is given by the function Y(u) = Y+(u) ∈ L2(–∞,∞), then the function Y+(z) can be expressed by
means of the Cauchy integral. Hence, by virtue of (5) we have

Y+(z) =
1√
2π

∫ ∞

0
y(x)eizx dx,

and, since the integral defines a continuous function, the limit values on the axis can be obtained
from the last relation merely by setting z = u:

Y+(u) =
1√
2π

∫ ∞

0
y(x)eiux dx,

where, according to (5), y(x) the inverse transform of Y(u). The right-hand side can be regarded as
the Fourier integral of a function that is identically zero for negative x. Hence, by the uniqueness of
the representation of the function Y+(u) by a Fourier integral, it follows that y(x) ≡ 0 on the negative
semiaxis.

Conversely, if y ≡ 0 for x < 0, then the Fourier integral of this function becomes

Y(u) =
1√
2π

∫ ∞

0
y(x)eiux dx.

* In Sections 12.7–12.9, the alternative Fourier transform is used (see Subsection 9.4-3).
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∫ b
a K(x, t)y(t)dt = f (x)

If we replace the parameter u by a complex number z belonging to the upper half-plane, then the
integral will converge even better. This implies the analyticity of the function

Y(z) =
1√
2π

∫ ∞

0
y(x)eizx dx

in the upper half-plane.
The case of the lower half-plane can be treated in a similar way.
The integrals

Y+(z) =
1√
2π

∫ ∞

0
y(x)eizx dx, Y–(z) = –

1√
2π

∫ 0

–∞
y(x)eizx dx (7)

are called one-sided Fourier integrals, namely, the right and the left Fourier integral, respectively.
As well as in formula (1), the symbols ± over symbols of functions mean that the corresponding
function is analytic in the upper or lower half-plane, respectively.

Let us introduce the functions

y+(x) =

{
y(x) for x > 0,
0 for x < 0,

y–(x) =

{
0 for x > 0,
–y(x) for x < 0.

(8)

These functions are said to be one-sided functions for y(x), namely, the right function and the left
function, respectively. Obviously, the following relation holds:

y(x) = y+(x) – y–(x). (9)

Applying the well-known function sign x defined by

sign x =

{
1 for x > 0,
–1 for x < 0,

(10)

we can express y± in terms of y as follows:

y±(x) = 1
2 (±1 + sign x)y(x). (11)

The symbols ± on symbols of one-sided functions will be always subscripts.
The Fourier integrals of the right and left one-sided functions are the boundary values of functions

that are analytic on the upper and lower half-planes, respectively.
Let us indicate the following analogs of the Sokhotski–Plemelj formulas (3) in the Fourier

integrals:

Y(u) =
1√
2π

∫ ∞

–∞
y(x)eiux dx

=
1√
2π

∫ ∞

0
y(x)eiux dx +

1√
2π

∫ 0

–∞
y(x)eiux dx = Y+(u) – Y–(u),

1
πi

∫ ∞

–∞

Y(τ )
τ – u

dτ = Y+(u) + Y–(u)

=
1√
2π

∫ ∞

0
y(x)eiux dx –

1√
2π

∫ 0

–∞
y(x)eiux dx =

1√
2π

∫ ∞

–∞
y(x) sign x eiux dx.

(12)

Thus, in this setting, the first Sokhotski–Plemelj formula (a representation of an arbitrary function
in the form of the difference of boundary values of analytic functions) is an obvious consequence of
the decomposition of a Fourier integral into the right and the left integral. The second formula can
also be rewritten as follows:

F{y(x) sign x} =
1
πi

∫ ∞

–∞

Y(τ )
τ – u

dτ , F–1

{
1
πi

∫ ∞

–∞

Y(τ )
τ – u

dτ

}
= y(x) sign x. (13)
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12.7-3. Analytic Continuation Theorem and the Generalized Liouville Theorem.

Below is the analytic continuation theorem and the generalized Liouville theorem combined into a
single statement, which will be used in Chapters 12 and 13.

Let functions Y1(z) and Y2(z) be analytic in the upper and lower half-planes, respectively,
possibly except for a point z∗ ≠ ∞, at which these functions have a pole. If Y1(z) and Y2(z) are
bounded at infinity, the principal parts of their expansions in a neighborhood of z∗ have the form

c1

z – z∗
+

c2

(z – z∗)2
+ · · · +

cm

(z – z∗)m
≡

Pm–1(z)
(z – z∗)m

,

and if the functions themselves coincide on the real axis, then these functions represent a single
rational function on the entire plane:

Y(z) = c0 +
Pm–1(z)
(z – z∗)m

,

where c0 is a constant. The pole z∗ can belong either to the open half-planes or to the real axis.
Let us also give a more general version of the above statement.

If functions Y1(z) and Y2(z) are analytic in the upper and lower half-planes, respectively, possibly except for finitely
many points z0 = ∞, zk (k = 1, . . . , n), at which these functions can have poles if the principal parts of the expansions of
these functions in a neighborhood of a pole have the form

c0
1z + c0

2z
2 + · · · + c0

m0
zm0 ≡ P0(z)

ck
1

z – zk
+

ck
2

(z – zk)2
+ · · · +

ck
mk

(z – zk)mk
≡

Pmk–1(z)

(z – zk)mk

at the point z0,

at the points zk ,

and if the functions themselves coincide on the real axis, then these functions represent a single rational function on the entire
plane:

Y(z) = C + P0(z) +
n∑

k=1

Pmk–1(z)

(z – zk)mk

where C is a constant. The poles zk can belong either to the open half-planes or to the real axis.

12.7-4. Riemann Boundary Value Problem.

The solution of the Riemann problem in this section differs from the traditional one, because it is
expressed not by means of integrals of the Cauchy type (see Subsection 14.3-8) but by means of
Fourier integrals. To solve equations of convolution type under consideration, the Fourier integral
technique is more convenient.

By the index of a continuous complex-valued nonvanishing function M(u) (M(u) = M1(u) +
iM2(u), –∞ < u < ∞, M(–∞) = M(∞)) we mean the variation of the argument of this function
on the real axis expressed in the number of full rotations:

IndM(u) =
1

2π

[
argM(u)

]∞
–∞ =

1
2πi

[
lnM(u)

]∞
–∞ =

1
2πi

∫ ∞

–∞
d lnM(u).

If M(u) is not differentiable but is of bounded variation, then the last integral must be understood
as the Stieltjes integral.

If an analytic function Y(z) has a representation of the form

Y(z) = (z – z0)mY1(z)

in a neighborhood of some point z0, where Y1(z) is analytic and Y1(z0) ≠ 0, then the integer m
(which can be positive, negative, or zero) is called the order of the function Y(z) at the point z0.
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If m > 0, then the order of the function is the order of its zero, and if m < 0, then the order of the
function is minus the order of its pole. If the order of the function at z0 is zero, then at this point
the function takes a finite nonzero value. When considering the point at infinity we must replace the
difference z – z0 by 1/z.

Let us pose the Riemann problem. Let two functions be given on the real axis, namely,D(u), the
coefficient of the problem, and H(u), the right-hand side, and let the following normality condition
hold: D(u) ≠ 0. The functions H(u) and D(u) – 1 belong to L2(–∞,∞) and simultaneously satisfy
the Hölder condition. The problem is to find two functions Y±(z) that are analytic in the upper
and the lower half-plane, respectively,* whose limit values on the real axis satisfy the following
boundary condition:

Y+(u) = D(u)Y–(u) + H(u). (14)

It follows from the representation of D(u) that D(∞) = 1. The last condition implies no loss of
generality of subsequent reasoning because by dividing the boundary condition (14) by D(∞) we
can always obtain the necessary form of the problem.**

If D(u) ≡ 1, then the Riemann problem is called the jump problem. For H(u) ≡ 0, the Riemann
problem is said to be homogeneous. The index ν of the coefficient D(u) of the boundary value
problem is called the index of the Riemann problem.

Consider the jump problem, i.e., the problem of finding Y±(z) from the boundary condition

Y+(u) – Y–(u) = H(u). (15)

The solution of this problem is given by the first formula in (12):

Y+(z) =
1√
2π

∫ ∞

0
H(x)eizx dx, Y–(z) = –

1√
2π

∫ 0

–∞
H(x)eizx dx, (16)

where

H(x) =
1√
2π

∫ ∞

–∞
H(u)e–iux du. (17)

Let us construct a particular solution X (z) of the homogeneous Riemann problem (14), which
we need in what follows:

X +(u) = D(u)X –(u), D(∞) = 1, (18)

where X (z) is assumed to be nonzero on the real axis with the additional condition X±(∞) = 1.
Denote by N+ and N– the numbers of zeros of the functionsX +(z) and X –(z) in the upper and lower
half-planes, respectively. On calculating the index of both sides of the boundary condition (18) and
applying the properties of the index, we obtain

N+ + N– = IndD(u) = ν. (19)

We first assume that ν = 0. In this case, lnD(u) is a single-valued function. It follows from
relation (19) that N+ = N– = 0, i.e., the solution has no zeros on the entire plane. Therefore,
the functions lnX +(z) and lnX –(z) are analytic in the corresponding half-planes, and hence are
single-valued together with their boundary values lnX +(u) and lnX –(u). Taking the logarithm of
the boundary condition (18), we obtain

lnX +(u) – lnX –(u) = lnD(u). (20)

* A couple of functions Y±(z) can be treated as a single function Y(z) piecewise analytic in the entire complex plane. In
some cases, we use the latter notation.
** Since the boundary condition is the main analytic expression of the Riemann problem, in references to the corresponding

problem we shall often indicate its boundary condition only and write, for instance, “Riemann problem (14).”
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On choosing a branch of lnD(u) such that lnD(∞) = 0 (it can be shown that the final result does
not depend on the choice of the branch) we arrive at a jump problem. In this case, on the basis
of (15)–(17) and (20), the solution of problem (18) can be represented in the form

X +(z) = eG
+(z), X –(z) = eG

–(z),

G+(z) =
1√
2π

∫ ∞

0
g(x)eizx dx, G–(z) = –

1√
2π

∫ 0

–∞
g(x)eizx dx,

g(x) =
1√
2π

∫ ∞

–∞
lnD(u) e–iux du.

(21)

Relations (21) imply the following important fact: a functionD(u) of zero index that is nonvanishing
on the real axis and satisfies the condition D(∞) = 1 can be represented as the ratio of functions
that are the boundary values of nonzero analytic functions in the upper and the lower half-plane,
respectively.

Let us pass to the case in which the index of the homogeneous Riemann problem (18) is arbitrary.
By a canonical function X (z) (of the homogeneous Riemann problem) we mean a function that
satisfies the boundary condition (18) and the condition X±(∞) = 1 and has zero order everywhere
possibly except for the point –i, at which the order of X (z) is equal to the index ν of the Riemann
problem. Such a function can be constructed by reducing the homogeneous Riemann problem to
the above case of zero index. Indeed, let us write out the boundary condition of the homogeneous
Riemann problem (18) in the form

X +(u) =

[(
u – i

u + i

)–ν

D(u)

][(
u – i

u + i

)ν

X –(u)

]
. (22)

In this case, the function in the first square brackets has zero index and can be represented as the
ratio of the boundary values of functions that are analytic in the upper and the lower half-plane.
This, together with the boundary condition (22), gives the following expression for the canonical
function:

X +(z) = eG
+(z), X –(z) =

(
z – i

z + i

)–ν

eG
–(z),

G+(z) =
1√
2π

∫ ∞

0
g(x)eizx dx, G–(z) = –

1√
2π

∫ 0

–∞
g(x)eizx dx,

g(x) =
1√
2π

∫ ∞

–∞
ln

[(
u – i

u + i

)–ν

D(u)

]
e–iux du,

(23)

where, at the point –i, X –(z) has a zero of order ν for ν > 0 and a pole of order |ν| for the case ν < 0.
The coefficient D(u) of the Riemann boundary value problem can be represented as the ratio of

the boundary values of the canonical function (see (22) and (23)):

D(u) =
X +(u)
X –(u)

. (24)

Such a representation of D(u) in the form of the ratio of boundary values of the canonical function
is often called a factorization.

Now we consider the homogeneous Riemann problem with the boundary condition

Y+(u) = D(u)Y–(u), D(∞) = 1. (25)

On substituting the expression (24) for D(u) into (25) we reduce the boundary condition to the form

Y+(u)
X +(u)

=
Y–(u)
X –(u)

. (26)
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According to formulas (23) for X (z), the left- and the right-hand sides of Eq. (26) contain the
boundary values of functions that are analytic on the upper and lower half-planes, respectively,
possibly except for the point –i at which the order is equal to ν. In the chosen function class, each
function vanishes at infinity. In this case, it follows from the analytic continuation theorem and the
generalized Liouville theorem (see Subsection 12.7-3) that for ν > 0 we have

Y+(z)
X +(z)

=
Y–(z)
X –(z)

=
Pν–1(z)
(z + i)ν

, (27)

where Pν–1(z) is an arbitrary polynomial of degree ν – 1 (the degree of the numerator is less than
that of the denominator because Y(∞) = 0). Hence,

Y(z) = X (z)
Pν–1(z)
(z + i)ν

. (28)

For ν ≤ 0, it follows from Y(∞) = 0 that Y(z) ≡ 0 by the generalized Liouville theorem.
Hence, for ν > 0, the homogeneous Riemann boundary value problem has precisely ν linearly

independent solutions of the form

zk–1X (z)
(z + i)ν

, k = 1, 2, . . . , ν,

and for ν ≤ 0, there are no nontrivial solutions.
The right-hand side of Eq. (28) has exactly ν zeros on the entire plane, including the zero at

infinity. These zeros can lie at arbitrary points of the upper and lower half-plane or on the real axis.
Denote the number of zeros on the real axis by N0. In the general case (without the requirement that
there are no zeros on the real axis), formula (19) is replaced by the relation

N+ + N– + N0 = IndD(u) = ν. (29)

Let us pass to the solution of the nonhomogeneous Riemann problem with the boundary condi-
tion (14). We apply relation (24) and reduce the boundary condition to the form

Y+(u)
X +(u)

=
Y–(u)
X –(u)

+
H(u)
X +(u)

. (30)

Let us express the last summand as the difference of the boundary values of functions that are
analytic in the upper and the lower half-plane (see the jump problem), that is,

W+(u) – W–(u) =
H(u)
X +(u)

, (31)

where

W+(z) =
1√
2π

∫ ∞

0
w(x)eizx dx, W–(z) = –

1√
2π

∫ 0

–∞
w(x)eizx dx,

w(x) =
1√
2π

∫ ∞

–∞

H(u)
X +(u)

e–iux du.

(32)

On substituting (31) into (30), we obtain

Y+(u)
X +(u)

– W+(u) =
Y–(u)
X –(u)

– W–(u). (33)
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For ν > 0, it follows from the analytic continuation theorem and the generalized Liouville theorem
that

Y+(z)
X +(z)

– W+(z) =
Y–(z)
X –(z)

– W–(z) =
Pν–1(z)
(z + i)ν

.

Hence, for ν > 0 we have

Y(z) = X (z)

[
W(z) +

Pν–1(z)
(z + i)ν

]
. (34)

The right-hand side of formula (34) contains the general solution (28) of the homogeneous problem
as a summand, and hence the general solution of the nonhomogeneous problem is obtained.

For ν ≤ 0 we must set Pν–1(z) ≡ 0, and the desired solution becomes

Y(z) = X (z)W(z). (35)

However, formula (35) gives a solution that satisfies all conditions for ν = 0 only. For ν < 0, the
function X (z) has a pole of order |ν| at the point –i. In this case, for the existence of a solution in
the chosen class of functions it is necessary that the second factor have a zero of the corresponding
order at the point –i. On the basis of relations (6) and (32), we represent the function W–(z) in the
form

W–(z) =
1

2πi

∫ ∞

–∞

H(τ )
X +(τ )

dτ

τ – z
.

On expanding the last integral in series in powers of z + i and equating the coefficients of (z + i)k–1

(k = 1, 2, . . . , |ν |) with zero, we obtain the solvability conditions for the problem in the form∫ ∞

–∞

H(u)
X +(u)

du

(u + i)k
= 0, k = 1, 2, . . . , |ν |. (36)

Figure 5 depicts a scheme of the above method for solving the Riemann problem on the real
axis.

Let us state the results concerning the solution of the Riemann problem in the final form. If the
index ν of the problem satisfies the condition ν > 0, then the homogeneous and the nonhomogeneous
Riemann problems are unconditionally solvable, and their solutions

Y±(z) = X±(z)
Pν–1(z)
(z + i)ν

(the homogeneous problem), (37)

Y±(z) = X±(z)

[
W±(z) +

Pν–1(z)
(z + i)ν

]
(the nonhomogeneous problem) (38)

depend on ν arbitrary complex constants, where Pν–1(z) is a polynomial of degree ν – 1. If ν ≤ 0,
then the homogeneous problem has only the trivial zero solution, and the nonhomogeneous problem
has the unique solution

Y±(z) = X±(z)W±(z) (39)

provided that |ν | conditions (36) hold. Here we have

g(x) =
1√
2π

∫ ∞

–∞
ln

[(
u – i

u + i

)–ν

D(u)

]
e–iux du, (40)

G+(z) =
1√
2π

∫ ∞

0
g(x)eizx dx, G–(z) = –

1√
2π

∫ 0

–∞
g(x)eizx dx, (41)

X +(z) = eG
+(z), X –(z) =

(
z – i

z + i

)–ν

eG
–(z), (42)

w(x) =
1√
2π

∫ ∞

–∞

H(u)
X +(u)

e–iux du, (43)

W+(z) =
1√
2π

∫ ∞

0
w(x)eizx dx, W–(z) = –

1√
2π

∫ 0

–∞
w(x)eizx dx. (44)
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Application of the theorem on analytical
continuation and the Liouville theorem

Figure 5. Scheme of solving the Riemann boundary value problem for the functions Y+(z) and Y–(z) that are analytic,
respectively, in the upper and the lower half-plane of the complex plane z = u + iv. It is assumed that D(u) ≠ 0 and
Pν–1(z) ≡ 0 for ν ≤ 0.

The sequence of operations to construct a solution can be described as follows.

1◦. By virtue of formula (40) we find g(x), and then, with the help of (41), for the given g(x) we
find G±(z).

2◦. By formulas (42) the canonical function X±(z) is determined.

3◦. By formula (43) we determine w(x), and then apply formula (44) to find W±(z).
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After this, solutions of the homogeneous and nonhomogeneous problems can be found by
formulas (37)–(39) and (42). For the case ν < 0, it is also necessary to verify the solvability
conditions (36).

12.7-5. Problems with Rational Coefficients.

The solution of the Riemann problem thus obtained requires evaluation of several Fourier integrals.
This can also be readily expressed by means of integrals of the Cauchy type. As a rule, the integrals
cannot be evaluated in the closed form and are calculated by various approximate methods. This
process is rather cumbersome, and therefore it is of interest to select cases in which the solution can
be obtained directly from the boundary condition by applying the method of analytic continuation
without using the antiderivatives.

Assume that in the boundary condition (14) we have

D(u) =
R+(u)
Q+(u)

R–(u)
Q–(u)

.

Here R+(u) and Q+(u) (R–(u) and Q–(u)) are polynomials whose zeros belong to the upper (lower)
half-plane (we must avoid confusing these polynomials with the one-sided functions introduced
above, which have similar notation). Denote the degrees of the polynomials P+, R–, Q+, and Q–

by m+, m–, n+, and n–, respectively. Since, by the assumption of the problem, the value D(∞) can
be neither zero nor infinity, it follows that the relation m+ + m– = n+ + n– holds. The index of the
problem can be expressed by the formula

ν = IndD(u) = m+ – n+ = –(m– – n–).

On multiplying the boundary condition by Q–(u)/P–(u) we obtain

Q–(u)
R–(u)

Y+(u) –
R+(u)
Q+(u)

Y–(u) =
Q–(u)
R–(u)

H(u).

If H(u) is a rational function as well, then the jump problem can readily be solved:

W+(u) – W–(u) =
Q–(u)
R–(u)

H(u). (45)

To this end, it suffices to decompose the right-hand side into the sum of partial fractions. ThenW+(u)
and W–(u) are the sums of the partial fractions with poles in the lower and the upper half-planes,
respectively. We can directly apply the continuity principle (the analytic continuation theorem) and
the generalized Liouville theorem to the resulting relation

Q–(u)
R–(u)

Y+(u) – W+(u) =
R+(u)
Q+(u)

Y–(u) – W–(u).

The only exceptional point at which the analytic function, which is the same on the entire complex
plane, can have a nonzero order is the point at infinity, at which the order of the function is equal to
ν – 1 = m+ – n+ – 1 = n– – m– – 1.

For ν > 0, the solution can be written in the form

Y+(z) =
R–(z)
Q–(z)

[W+(z) + Pν–1(z)], Y–(z) =
Q+(z)
R+(z)

[W–(z) + Pν–1(z)].

For ν ≤ 0 we must set Pν–1 ≡ 0; moreover, for ν < 0 we must also write out the solvability
conditions that can be obtained by equating with zero the first |ν| terms of the expansion of the
rational function W(z) in a series (in powers of 1/z) in a neighborhood of the point at infinity.
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The solution of the jump problem (45) can be obtained either by applying the method of
indeterminate coefficients, as is usually performed in the integration of rational functions, or using
the theory of residuals of analytic functions. Let zk be a pole, of multiplicity m, of the function[
Q–(z)/R–(z)

]
H(z). Then the coefficients of the principal part of the decomposition of this function

in a neighborhood of the point zk, which has the form

ck
1

z – zk
+ · · · +

ck
m

(z – zk)m
,

can be found by the formula

ck
j =

1
(j – 1)!

dj–1

dzj–1

[Q–(z)
R–(z)

H(z)

]
z=zk

.

The above case is not only of independent interest, as it frequently occurs in practice, but also of
importance as a possible way of solving the problem under general assumptions. The approximation
of arbitrary coefficients of the class under consideration by rational functions is a widespread method
of approximate solution of the Riemann boundary value problem.

12.7-6. Exceptional Cases. The Homogeneous Problem.

Assume that the coefficientD(u) of a Riemann boundary value problem has zeros of ordersα1, . . . , αr

at points a1, . . . , ar, respectively, and poles* of the orders β1, . . . , βs at points b1, . . . , bs (α1, . . . , αr

and β1, . . . , βs are positive integers). Thus, the coefficient can be represented in the form

D(u) =

r∏
i=1

(u – ai)
αi

s∏
j=1

(u – bj)βj

D1(u), D1(u) ≠ 0, –∞ < u < ∞,
r∑

i=1

αi = m,
s∑

j=1

βj = n. (46)

In turn, we represent the function D1(u) (see Subsection 12.7-5) in the form

D1(u) =
R+(u)R–(u)
Q+(u)Q–(u)

D2(u), (47)

where, as above, R+(u) and Q+(u) (R–(u) and Q–(u)) are polynomials of degrees m+ and n+ (m–

and n–) whose zeros belong to the upper (lower) half-plane. The function D2(u) satisfies the Hölder
condition, has zero index, and nowhere vanishes on the real axis. Moreover, this function can be
subjected to some differentiability conditions in neighborhoods of the points ai and bj and possibly
in a neighborhood of the point at infinity.

The boundary condition of the homogeneous Riemann problem can be rewritten in the form

Y+(u) =

r∏
i=1

(u – ai)αiR+(u)R–(u)

s∏
j=1

(u – bj)βjQ+(u)Q–(u)

D2(u)Y–(u). (48)

* For the case in which the function D(u) is not analytic, the term “pole” will be used for points at which the function tends to
infinity with integer order.
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We seek a solution in the class of functions that are bounded on the real axis and vanish at infinity:

Y(∞) = 0. (49)

The coefficient D(u) has the order

η = n + n+ + n– – m – m+ – m– (50)

at infinity. The number
ν = m+ – n+ (51)

is called the index of the problem. Let us introduce the notation

h = n– – m–. (52)

Then the order at infinity is expressed by the formula

η = h – ν + n – m. (53)

Now let us proceed with the solution of problem (48). Applying general methods, we set

D2(u) =
eG

+(u)

eG–(u)
, g(x) =

1√
2π

∫ ∞

–∞
lnD2(u)e–iux du,

G+(z) =
1√
2π

∫ ∞

0
g(x)eizx dx, G–(z) = –

1√
2π

∫ 0

–∞
g(x)eizx dx

(54)

and rewrite the boundary condition in the form

Q–(u)Y+(u)
r∏

i=1

(u – ai)
αiR–(u)eG

+(u)

=
R+(u)Y–(u)

s∏
j=1

(u – bj)βjQ+(u)eG
–(u)

. (55)

As above, we can apply the analytic continuation and the generalized Liouville theorem and
obtain a pole at infinity as the only possible singularity.

Two cases are possible:

1◦. Let the order η of the coefficient of the boundary value problem at infinity satisfy the condition
η ≥ 0, i.e., let D(u) have a zero of order η at infinity. It follows from (53) that n – ν ≥ m – h. On
equating the left- and right-hand sides of relation (55) with a polynomial Pν–n–1(z), we obtain the
solution of the boundary value problem in the form

Y+(z) =
r∏

i=1

(z – ai)αi
R–(z)
Q–(z)

eG
+(z)Pν–n–1(z),

Y–(z) =
s∏

j=1

(z – bj)βj
Q+(z)
R+(z)

eG
–(z)Pν–n–1(z).

(56)

This problem has ν – n linearly independent solutions for ν – n > 0 and only the trivial zero
solution for ν – n ≤ 0.

2◦. Let η < 0, i.e., let D(u) have a pole of order –η at infinity. In this case, m – h > n – ν, and we
can obtain the general solution from (56) by replacing Pν–n–1(z) by Ph–m–1(z) in this expression.
In this case, the problem has h – m solutions for h – m > 0 and only the trivial zero solution for
h – m ≤ 0.

According to (53), we have
h – m = ν – n + η. (57)

Thus, in both cases under consideration, the number of linearly independent solutions is equal to
the index minus the total number of the poles (including the pole at infinity) of the coefficient D(u).
Hence, we have the following law: the number of linearly independent solutions of a homogeneous
Riemann problem is not affected by the number of zeros of the coefficient and is reduced by the
total number of its poles.
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12.7-7. Exceptional Cases. The Nonhomogeneous Problem.

Assume that the right-hand side has the same poles as the coefficient. The boundary condition can
be rewritten as follows:

Y+(u) =

r∏
i=1

(u – ai)αiR+(u)R–(u)

s∏
j=1

(u – bj)βjQ+(u)Q–(u)

D2(u)Y–(u) +
H1(u)

s∏
j=1

(u – bj)βj

, (58)

where D2(u) and H1(u) satisfy the Hölder condition and some additional differentiability conditions
near the points ai, bj , and ∞.

1◦. Assume that the order η at infinity of the coefficient of the boundary value problem satisfies
the condition η ≥ 0. Since the first two terms of relation (58) vanish at infinity, it follows that the
minimal possible order of H1(u) at infinity is equal to 1 – n. Just as in the homogeneous problem,
we replace D2(u) by the ratio of two functions (54) and write out the boundary condition in the
following form (under the braces, the orders of the functions at infinity are indicated):

s∏
j=1

(u – bj)βjQ–(u)Y+(u)

R–(u)eG+(u)︸ ︷︷ ︸
1–n–h

=

r∏
i=1

(u – ai)
αiR+(u)Y–(u)

Q+(u)eG–(u)︸ ︷︷ ︸
1–m–ν

+
H1(u)Q–(u)
R–(u)eG+(u)︸ ︷︷ ︸

1–n–h

.

Assume that a polynomial S(u) of the degree n + h – 1 represents the principal part of the decompo-
sition of the last term in a neighborhood of the point at infinity (for the case in which n + h – 1 ≥ 0):

H1(u)Q–(u)
R–(u)eG+(u)

= S(u) + W(u), W(∞) = 0.

On replacing the function W(u) by the difference of boundary values of analytic functions

W(u) = W+(u) – W–(u), (59)

where

w(x) =
1√
2π

∫ ∞

–∞
W(u)e–iux du,

W+(u) =
1√
2π

∫ ∞

0
w(x)eiux dx, W–(u) = –

1√
2π

∫ 0

–∞
w(x)eiux dx,

(60)

we reduce the boundary condition to the form
s∏

j=1

(u – bj)βjQ–(u)Y+(u)

R–(u)eG+(u)
– S(u) – W+(u) =

r∏
i=1

(u – ai)αiR+(u)Y–(u)

Q+(u)eG–(u)
– W–(u).

On applying the analytic continuation theorem and the generalized Liouville theorem and taking
into account the fact that the only possible singular point of the function under consideration is the
point at infinity, while we have the relation –n – h ≤ –m – ν (η ≥ 0), we obtain the expressions

Y+(z) =
R–(z)eG

+(z)

s∏
j=1

(z – bj)βjQ–(z)

[W+(z) + S(z) + Pν+m–1(z)],

Y–(z) =
Q+(z)eG

–(z)

r∏
i=1

(z – ai)αiR+(z)

[W–(z) + Pν+m–1(z)].

(61)
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The last formulas define a solution that has pole singularities at the points ai and bj . To obtain
a bounded solution, we apply the canonical function of the nonhomogeneous problem.

By a canonical function V(z) of the nonhomogeneous Riemann problem in the exceptional case
we mean a piecewise analytic function that satisfies the boundary condition (58), has the zero order
on the entire finite part of the complex plane, including the points ai and bj , and has the least possible
order at infinity.

Let Up(z) be the Hermite interpolation polynomial with interpolation nodes of orders αi and βj

at the points ai and bj , respectively. Such a polynomial of degree p = m + n – 1 exists and is
determined uniquely (see Subsection 14.3-2). The functions D1(u) and H1(u) must be subjected to
the additional condition that in neighborhoodsof the points ai and bj these functions have derivatives
of the orders αi and βj , respectively, and these derivatives satisfy the Hölder condition. Then the
canonical function of the nonhomogeneous problem can be represented in the form

V+(z) =
R–(z)eG

+(z)

s∏
j=1

(z – bj)βjQ–(z)

[W+(z) + S(z) – Up(z)],

V–(z) =
Q+(z)eG

–(z)

r∏
i=1

(z – ai)αiR+(z)

[W–(z) – Up(z)].

(62)

Adding V(z) to the above general solution of the homogeneous problem, we find the general
solution of the nonhomogeneous problem under consideration:

Y+(z) = V+(z) +
r∏

i=1

(z – ai)
αi

R–(z)
Q–(z)

eG
+(z)Pν–n–1(z),

Y–(z) = V–(z) +
s∏

j=1

(z – bj)βj
Q+(z)
R+(z)

eG
–(z)Pν–n–1(z).

(63)

For ν – n > 0, the problem has ν – n linearly independent solutions. In the case ν – n ≤ 0 we must set
Pν–n–1(z) ≡ 0. For ν – n < 0, the canonical function V(z) has the order ν – n < 0 at infinity and hence
is no longer a solution of the nonhomogeneous problem. However, on subjecting the right-hand side
to n – ν conditions we can increase the order of the function V(u) at infinity by n – ν and thus make
the canonical function V(z) be a solution of the nonhomogeneous problem again.

To make the above operations possible, it suffices to require that the functions ukH1(u) and
D2(u) have derivatives of order ≤ n – ν at infinity, and these derivatives satisfy the Hölder condition.

2◦. Let η < 0. The least possible order at infinity of H1(u) is h – ν – m + 1. In this case, the function
[H1(u)Q–(u)]/[R–(u)eG

+(u)] in the boundary condition (58) has the order 1 – m – ν at infinity. After
selecting the principal part of the expansion of [H1(u)Q–(u)]/[R–(u)eG

+(u)] in a neighborhood of
the point at infinity for m + ν – 1 > 0, the boundary condition can be rewritten in the form

s∏
j=1

(u – bj)βjQ–(u)Y+(u)

R–(u)eG+(u)
– W+(u) =

r∏
i=1

(u – ai)
αiR+(u)Y–(u)

Q+(u)eG–(u)
– W–(u) + S(u).

The canonical function of the nonhomogeneous problem can be expressed via the interpolation
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polynomial as follows:

V+
1 (z) =

R–(z)eG
+(z)

s∏
j=1

(z – bj)βjQ–(z)

[W+(z) – Up(z)],

V–
1 (z) =

Q+(z)eG
–(z)

r∏
i=1

(z – ai)
αiR+(z)

[W–(z) – S(z) – Up(z)].

(64)

The general solution of problem (58) becomes

Y+(z) = V+
1 (z) +

r∏
i=1

(z – ai)αi
R–(z)
Q–(z)

eG
+(z)Ph–m–1(z),

Y–(z) = V–
1 (z) +

s∏
j=1

(z – bj)βj
Q+(z)
R+(z)

eG
–(z)Ph–m–1(z).

(65)

For h – m > 0, the problem has h – m linearly independent solutions. In the case h – m ≤ 0,
we must set the polynomial Ph–m–1(z) to be identically zero and, for the case in which h – m < 0,
impose m–h conditions of the same type as in the previous case on the right-hand side. Under these
conditions, the nonhomogeneous problem (58) has a unique solution.

Remark. In Section 12.8 we consider equations that can be reduced to the problem by applying
the convolution theorem for the Fourier transform. Equations to which the convolution theorems for
other integral transforms can be applied, for instance, for the Mellin transform, can be investigated
in a similar way.

References for Section 12.7: F. D. Gakhov and Yu. I. Cherskii (1978), S. G. Mikhlin and S. Prössdorf (1986), A. V. Bit-
sadze (1995), N. I. Muskhelishvili (1992).

12.8. Carleman Method for Equations of the Convolution
Type of the First Kind

By the Carleman method we mean the method of reducing an integral equation to a boundary value
problem of the theory of analytic functions, in particular, to the Riemann problem. For equations
of convolution type, this reduction can be performed by means of the integral transforms. After
solving the boundary value problem, the desired function can be obtained by applying the inverse
integral transform.

12.8-1. Wiener–Hopf Equation of the First Kind.

Consider the Wiener–Hopf equation of the first kind

1√
2π

∫ ∞

0
K(x – t)y(t) dt = f (x), 0 < x < ∞, (1)

which is frequently encountered in applications. Let us extend its domain to the negative semiaxis
by introducing one-sided functions,

y+(x) =

{
y(x) for x > 0,
0 for x < 0,

f+(x) =

{
f (x) for x > 0,
0 for x < 0,

y–(x) = 0 for x > 0.
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Using these one-sided functions, we can rewrite Eq. (1) in the form

1√
2π

∫ ∞

–∞
K(x – t)y+(t) dt = f+(x) + y–(x), –∞ < x < ∞. (2)

The auxiliary function y–(x) is introduced to compensate for the left-hand side of Eq. (2) for x < 0.
Note that y–(x) is unknown in the domain x < 0 and is to be found in solving the problem.

Let us now apply the alternative Fourier transform to Eq. (2). Then we obtain the boundary
value problem

Y+(u) =
1

K(u)
Y–(u) +

F+(u)
K(u)

. (3)

If σ is the order of K(u) at infinity, then the order of the coefficient of the boundary value problem
at infinity is η = –σ < 0. The general solution of problem (3) can be obtained on the basis of
relations (65) from Subsection 12.7-7 by replacing Ph–m–1(z) with Pν–n+η–1(z) there. The solution
of the original equation (1) can be obtained from the solution of problem (3) by means of the
inversion formula

y(x) = y+(x) =
1√
2π

∫ ∞

–∞
Y+(u)e–iux du, x > 0. (4)

Note that in formula (4), only the function Y+(u) occurs explicitly, which is related to the
function Y–(u) by (3).

12.8-2. Integral Equations of the First Kind with Two Kernels.

Consider the integral equation of the first kind

1√
2π

∫ ∞

0
K1(x – t)y(t) dt +

1√
2π

∫ 0

–∞
K2(x – t)y(t) dt = f (x), –∞ < x < ∞. (5)

The Fourier transform of Eq. (5) results in the following boundary value problem:

Y+(u) =
K2(u)
K1(u)

Y–(u) +
F (u)
K1(u)

, –∞ < u < ∞. (6)

The coefficient of this problem is the ratio of functions that vanish at infinity, and hence, in contrast
to the preceding case, it can have a zero or a pole of some order at infinity.

Let K1(u) = T1(u)/uλ and K2(u) = T2(u)/uµ, where the functions T1(u) and T2(u) have zero
order at infinity. In the dependence of the sign of the difference η = µ – λ, two cases can occur. For
generality, we assume that there are exceptional points at finite distances as well. Let the functions
K1(u) and K2(u) have the representations

K1(u) =
s∏

j=1

(u – bj)βj

p∏
k=1

(u – ck)γkK11(u),

K2(u) =
r∏

i=1

(u – ai)αi

p∏
k=1

(u – ck)γkK12(u).

Along with the common zeros at points ck of multiplicity γk, the functions K1(u) and K2(u)
have a common zero of order min(λ, µ) at infinity.
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The coefficient of the Riemann problem can be represented in the form

D(u) =

r∏
i=1

(u – ai)αiR+(u)R–(u)

s∏
j=1

(u – bj)βjQ+(u)Q–(u)

D2(u).

It follows from (6) that this problem and the integral equation (5) are solvable if at any point ck that
is a common zero of the functions K1(u) and K2(u), the function F (u) has zero of order γk, i.e.,
F (u) has the form

F (u) =
p∏

k=1

(u – ck)γkF1(u).

To this end, the following γ1 + · · · + γp = l conditions must hold:[
F (jk)

u (u)
]
u=ck

= 0, jk = 0, 1, . . . , γk – 1, (7)

or, which is the same, the conditions∫ ∞

–∞
f (x)xjkeickx dx = 0. (8)

For the case under consideration in which the equation is of the first kind, we must add other
d conditions, where

d = min(λ, µ) + 1, (9)

that are imposed on the behavior of F (u) at infinity because the functions K1(u) and K2(u) have a
common zero of order min(λ, µ) at infinity. Hence, F (u) must satisfy the conditions (8) and have at
least the order d at infinity.

If these conditions are satisfied, then the boundary value problem (6) becomes

Y+(u) =

r∏
i=1

(u – ai)
αiR+(u)R–(u)

s∏
j=1

(u – bj)βjQ+(u)Q–(u)

D2(u)Y–(u) +
H1(u)

s∏
j=1

(u – bj)βj

.

The solution was given above in Subsection 12.7-7. For the case in which η ≥ 0 (µ ≥ λ), this solution
can be rewritten in the form

Y+(z) = V+(z) +
r∏

i=1

(z – ai)αi
R–(z)
Q–(z)

eG
+(z)Pν–n+1(z),

Y–(z) = V–(z) +
s∏

j=1

(z – bj)βj
Q+(z)
R+(z)

eG
–(z)Pν–n+1(z).

(10)

For the case in which η < 0 (µ < λ), this solution becomes

Y+(z) = V+
1 (z) +

r∏
i=1

(z – ai)αi
R–(z)
Q–(z)

eG
+(z)Ph–m–1(z),

Y–(z) = V–
1 (z) +

s∏
j=1

(z – bj)βj
Q+(z)
R+(z)

eG
–(z)Ph–m–1(z).

(11)
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In both cases, the solution of the original integral equation can be obtained by substituting the
expressions (10) and (11) into the formula

y(x) =
1√
2π

∫ ∞

–∞
[Y+(u) – Y–(u)]e–iux du. (12)

Example. Consider the following equation of the first kind:

1√
2π

∫ ∞

0
K1(x – t)y(t) dt +

1√
2π

∫ 0

–∞
K2(x – t)y(t) dt = f (x),

where

K1(x) =
{ 0 for x > 0,√

2π (e3x – e2x) for x < 0, K2(x) =

{
–
√

2π ie–2x for x > 0,
0 for x < 0,

f (x) =
{ 0 for x > 0,√

2π (e3x – e2x) for x < 0. (13)

Applying the Fourier transform to the functions in (13), we obtain

K1(u) =
1

(u – 2i)(u – 3i)
, K2(u) =

1

u + 2i
, F (u) =

1

(u – 2i)(u – 3i)
.

Here the boundary value problem (6) becomes

Y+(u) =
(u – 2i)(u – 3i)

u + 2i
Y–(u) + 1.

The coefficient D(u) has a first-order pole at infinity (ν = –1). In this case

m+ = 2, n+ = 0, ν = m+ – n+ = 2, min(λ, µ) = 1, d = 2.

The function F (u) has second-order zero at infinity, and hence the necessary condition for the solvability is satisfied.
In the class of functions that vanish at infinity, the homogeneous problem

Y+(u) =
(u – 2i)(u – 3i)

u + 2i
Y–(u)

has the following solution:

Y+(z) =
C

z + 2i
, Y–(z) =

C

(z – 2i)(z – 3i)
,

where C is an arbitrary constant.
The number of linearly independent solutions of problem (13) is less by one than the index, because D(u) has a first-order

pole at infinity.
The solution of the nonhomogeneous problem in the class of functions vanishing at infinity has the form

Y+(z) =
C

z + 2i
, Y–(z) =

C – 2i – z

(z – 2i)(z – 3i)
,

y(x) =

{
–
√

2π iCe–2x for x > 0,√
2π C(e2x – e3x) – 4i

√
2π e2x + 5i

√
2π e3x for x < 0.

For the chosen right-hand side, the equation turns out to be solvable. However, if we take, for instance,

f (x) =

{
0 for x > 0,√

2π i(5e3x – 4e2x) for x < 0,
(14)

then we have F (u) = (u + 2i)/[(u – 2i)(u – 3i)]. The corresponding Riemann boundary value problem has the form

Y+(u) =
(u – 2i)(u – 3i)

u + 2i
Y–(u) + u + 2i.

In the class of functions bounded at infinity, its solution can be represented in the form

Y+(z) =
C – z

z + 2i
, Y–(z) =

C – z – (z + 2i)2

(z – 2i)(z – 3i)
. (15)

For no choice of the constant C the solution vanishes at infinity, and hence the equation with the right-hand side defined
by (14) has no solutions integrable on the real axis.

References for Section 12.8: F. D. Gakhov and Yu. I. Cherskii (1978), S. G. Mikhlin and S. Prössdorf (1986), N. I. Muskhe-
lishvili (1992).
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12.9. Dual Integral Equations of the First Kind

12.9-1. Carleman Method for Equations with Difference Kernels.

Consider the following dual integral equation of convolution type:

1√
2π

∫ ∞

–∞
K1(x – t)y(t) dt = f (x), 0 < x < ∞,

1√
2π

∫ ∞

–∞
K2(x – t)y(t) dt = f (x), –∞ < x < 0,

(1)

in which the function y(x) is to be found.
In order to apply the Fourier transform technique (see Subsections 9.4-3, 12.7-1, and 12.7-2),

we extend the domain of both conditions in Eq. (1) by formally rewriting them for all real values
of x. This can be achieved by introducing new unknown functions into the right-hand sides. These
functions must be chosen so that the conditions given on the semiaxis are not violated. Hence, the
first condition in (1) must be complemented by a summand that vanishes on the positive semiaxis
and the second by a summand that vanishes on the negative semiaxis. Thus, the dual equation can
be written in the form

1√
2π

∫ ∞

–∞
K1(x – t)y(t) dt = f (x) + ξ–(x),

1√
2π

∫ ∞

–∞
K2(x – t)y(t) dt = f (x) + ξ+(x),

– ∞ < x < ∞,

where the ξ±(x) are some right and left one-sided functions so far unknown.
On applying the Fourier integral transform, we have

K1(u)Y(u) = F (u) + Ξ
–(u), K2(u)Y(u) = F (u) + Ξ

+(u). (2)

Here the three functions Y(u), Ξ
+(u), and Ξ

–(u) are unknown.
Let us eliminate Y(u) from relations (2). We obtain the Riemann boundary value problem in

the form

Ξ
+(u) =

K2(u)
K1(u)

Ξ
–(u) +

K2(u) – K1(u)
K1(u)

F (u), –∞ < u < ∞.

In the present case, the coefficient of the boundary condition is the ratio of functions that vanish
at infinity, and hence this coefficient can have a zero or a pole of some order at infinity. The solution
of the Riemann boundary value problem can be constructed on the basis of Subsections 12.7-6
and 12.7-7, and the solution of the integral equation (1) can be defined by the formula

y(x) =
1√
2π

∫ ∞

–∞

Ξ
+(u) + F (u)
K2(u)

e–iux du =
1√
2π

∫ ∞

–∞

Ξ
–(u) + F (u)
K1(u)

e–iux du. (3)

Example 1. Let us solve the dual equation (1), where

K1(x) =

{√
2π (e3x – e2x) for x < 0,

0 for x > 0,
K2(x) =

{ 0 for x < 0,
–
√

2π ie–2x for x > 0,
f (x) =

{
1
4

√
2π e2x for x < 0,

– 1
4

√
2π e–2x for x > 0.

We find the Fourier integrals

K1(u) =
1

(u – 2i)(u – 3i)
, K2(u) =

1

u + 2i
, F (u) =

1

u2 + 4
.
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In this case, the boundary value problem (2) corresponding to this equation becomes

Ξ+(u) =
(u – 2i)(u – 3i)

u + 2i
Ξ–(u) +

u – 3i

(u + 2i)2
–

1

u2 + 4
. (4)

The coefficient D(u) has a first-order pole at infinity (with index ν = –1). The functions K1(u) and K2(u) have a
common zero of the first order at infinity. We find that

m+ = 2, n+ = 0, ν = m+ – n+ = 2.

On representing the boundary condition in the form

(u + 2i)Ξ+(u) –
u – 3i

u + 2i
= (u – 2i)(u – 3i)Ξ–(u) –

1

u – 2i

and applying the analytic continuation and the generalized Liouville theorem, we see that the general solution of problem (4)
in the class of functions vanishing at infinity is given by

Ξ+(z) =
1

z + 2i

(
z – 3i

z + 2i
+ C

)
, Ξ–(z) =

1

(z – 2i)(z – 3i)

(
1

z – 2i
+ C

)
, (5)

where C is an arbitrary constant.
The solution of the integral equation in question is given by the expression

y(x) =
1√
2π

∫ ∞

–∞
Ξ+(u) + F (u)

K2(u)
e–iux du.

Since the function K2(u) has a first-order zero at infinity, it follows that the function Ξ+(u) + F (u) must have a zero at
infinity whose order is at least two. This condition implies the relation C = –1.

For C = –1, formulas (5) become

Ξ+(z) =
–5i

(z + 2i)2
, Ξ–(z) =

1 + 2i – z

(z – 2i)2(z – 3i)
, y(x) =

{
i
√

2π e2x for x < 0,
5
√

2π e–2x for x > 0.

Thus, we have succeeded in satisfying the solvability condition, which follows from the existence of a common zero of
the functions K1(u) and K2(u), by choosing an appropriate constant that enters the general solution, and the integral equation
turns out to be unconditionally and uniquely solvable.

12.9-2. General Scheme of Finding Solutions of Dual Integral Equations.

In applications (for example, in elasticity, thermal conduction, and electrostatics), one encounters
dual integral equations of the form∫ ∞

0
K(x, t)y(t) dt = f (x) if 0 ≤ x ≤ a,∫ ∞

0
M (x, t)y(t) dt = g(x) if a < x < ∞,

(6)

where K(x, t), M (x, t), f (x), and g(x) are known functions and y(x) is the function to be found.
Methods for solving various types of these equations are described, for instance, in the books

mentioned in the references at the end of this section. Below we outline the general scheme of
finding solutions of such equations.

A solution of equation (6) can be represented as the sum

y(x) = y1(x) + y2(x),

where y1(x) and y2(x) are solutions of simpler auxiliary dual equations∫ ∞

0
K(x, t)y1(t) dt = f (x) if 0 ≤ x ≤ a,∫ ∞

0
M (x, t)y1(t) dt = 0 if a < x < ∞

(7)
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∫ b
a K(x, t)y(t)dt = f (x)

and ∫ ∞

0
K(x, t)y2(t) dt = 0 if 0 ≤ x ≤ a,∫ ∞

0
M (x, t)y2(t) dt = g(x) if a < x < ∞.

(8)

For instance, consider dual equation (7) [dual equation (8) can be considered in a similar manner].
Let us supplement the second equation by the relation∫ ∞

0
M (x, t)y1(t) dt = ϕ(x) if 0 ≤ x ≤ a, (9)

where ϕ(x) is an auxiliary function to be determined. Suppose that the integral transformation∫ ∞

0
M (x, t)y(t) dt = z(x) (0 ≤ x < ∞)

can be inverted in the form∫ ∞

0
M1(x, t)z(t) dt = y(x) (0 ≤ x < ∞). (10)

Then, from (7), (9), and (10), using the relation z(x) =

{
ϕ(x) if 0 ≤ x ≤ a,
0 if a < x < ∞,

we obtain

y1(x) =
∫ a

0
M1(x, t)ϕ(t) dt (0 ≤ x < ∞). (11)

Substituting this expression into the first equation in (7) and changing the integration order, we
obtain Fredholm integral equations of the first kind for the auxiliary function ϕ(x):∫ a

0
N (x, s)ϕ(s) ds = f (x), N (x, s) =

∫ ∞

0
K(x, t)M1(t, s) dt. (12)

After finding a solution of equation (12), one can use formula (11) to obtain a solution of the dual
integral equation. In some cases, it is possible to find a solution of equation (12) in closed form
(see Example 2, Subsection 12.9-3, and Section 3.9).

In a number of cases the kernel of integral equation (12) can be presented in the form of sum of the
kernel of integral transform and some function. Then, using method described in Subsection 12.6-3,
one can reduce integral equation of the first kind with constant limits of integration (12) to an integral
equation of the second kind (see Subsection 12.9-4).

Example 2. Consider the dual integral equations∫ ∞

0
cos(xt)y(t) dt = f (x) if 0 < x < 1,∫ ∞

0
sin(xt)y(t) dt = 0 if 1 < x < ∞,

(13)

which arises in crack problems in the classical theory of elasticity.
The second equation in (13) can be written as√

2

π

∫ ∞

0
sin(xt)y(t) dt =

{
ϕ(x) if 0 < x < 1,
0 if 1 < x < ∞,

(14)

where ϕ(x) is an auxiliary function. The right-hand side of equation (14) is the Fourier sine transform. Applying the Fourier
sine inversion formula (see Subsection 9.5-2) to (14), we get

y(t) =

√
2

π

∫ 1

0
sin(xt)ϕ(x) dx. (15)
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Using the integral representation (see Supplement 4.6-2, integral 3)

sin(xt) = t

∫ x

0

uJ0(ut)√
x2 – u2

du,

one can transform equation (15) (after changing the integration order) to

y(t) =

√
2

π
t

∫ 1

0
ϕ(x)

[∫ x

0

uJ0(ut)√
x2 – u2

du

]
dx

=

√
2

π
t

∫ 1

0
uJ0(ut)

[∫ 1

u

ϕ(x) dx√
x2 – u2

]
du = t

∫ 1

0
J0(ut)uψ(u) du,

(16)

where

ψ(u) =

√
2

π

∫ 1

u

ϕ(x) dx√
x2 – u2

. (17)

Let us rewrite the first equation in (13) as follows:

f (x) =
d

dx

∫ ∞

0

1

t
sin(xt)y(t) dt (0 < x < 1). (18)

Substituting y(t) from (16) into (18), we have

f (x) =
d

dx

∫ ∞

0
sin(xt)

[∫ 1

0
J0(ut)uψ(u) du

]
dt

=
d

dx

∫ 1

0
uψ(u)

[∫ ∞

0
sin(xt)J0(ut) dt

]
du.

(19)

The last integral in square brackets can be calculated (see Supplement 4.6-1, integral 3). As a result, equation (19) becomes

f (x) =
d

dx

∫ x

0

uψ(u) du√
x2 – u2

(0 < x < 1). (20)

To within obvious changes of notation, the right-hand side of equation (20) coincides with the inverse Abel-type integral
equation 41 from Subsection 1.1-6. Therefore, the solution of equation (20) has the form

ψ(u) =
2

π

∫ u

0

f (x) dx√
u2 – x2

.

Substituting this function into (16), we find a solution of the original dual integral equation (13):

y(t) =
2

π
t

∫ 1

0
uJ0(ut)

[∫ u

0

f (x) dx√
u2 – x2

]
du. (21)

Below we give solutions for some classes of dual integral equations that occur most frequently
in applications.

12.9-3. Exact Solutions of Some Dual Equations of the First Kind.

Below we present solutions of some classes of dual integral equations that occur most frequently in
applications.

1◦. Consider the following dual integral equation:∫ ∞

0
J0(xt)y(t) dt = f (x)∫ ∞

0
tJ0(xt)y(t) dt = 0

for 0 < x < a,

for a < x < ∞,
(22)

where J0(x) is the Bessel function of zero order. We can obtain the solution of Eqs. (22) by applying
the Hankel transform. This solution is given by

y(x) =
2
π

∫ a

0
cos(xt)

[
d

dt

∫ t

0

sf (s) ds√
t2 – s2

]
dt. (23)
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∫ b
a K(x, t)y(t)dt = f (x)

2◦. The exact solution of the dual integral equation∫ ∞

0
tJ0(xt)y(t) dt = f (x)∫ ∞

0
J0(xt)y(t) dt = 0

for 0 < x < a,

for a < x < ∞,
(24)

where J0(x) is the Bessel function of zero order, can be constructed by means of the Hankel
transform,

y(x) =
2
π

∫ a

0
sin(xt)

[
d

dt

∫ t

0

sf (s) ds√
t2 – s2

]
dt. (25)

3◦. The exact solution of the dual integral equation∫ ∞

0
tJµ(xt)y(t) dt = f (x)∫ ∞

0
Jµ(xt)y(t) dt = 0

for 0 < x < a,

for a < x < ∞,
(26)

where Jµ(x) is the Bessel function of order µ, can be defined by the following expression (here the
calculation also involves the Hankel transform):

y(x) =

√
2x

π

∫ a

0
t3/2Jµ+ 1

2
(xt)

[∫ π/2

0
sinµ+1 θf (t sin θ) dθ

]
dt. (27)

4◦. Consider the dual integral equation∫ ∞

0
t2βJµ(xt)y(t) dt = f (x)∫ ∞

0
Jµ(xt)y(t) dt = 0

for 0 < x < 1,

for 1 < x < ∞,
(28)

where Jµ(x) is the Bessel function of order µ.
The solution of Eq. (28) can be obtained by applying the Mellin transform. For β > 0, this

solution is defined by the formulas

y(x) =
(2x)1–β

Γ(β)

∫ 1

0
t1+βJµ+β(xt)F (t) dt, F (t) =

∫ 1

0
f (tζ)ζµ+1(1 – ζ2)β–1 dζ. (29)

For β > –1, the solution of the dual equation (28) has the form

y(x) =
(2x)–β

Γ(1 + β)

[
x1+βJµ+β(x)

∫ 1

0
tµ+1(1 – t2)βf (t) dt +

∫ 1

0
tµ+1(1 – t2)βΦ(x, t) dt

]
, (30)

Φ(x, t) =
∫ 1

0
(xξ)2+βJµ+β+1(xξ)f (ξt) dξ.

Formula (30) holds for β > –1 and for –µ – 1
2 < 2β < µ + 3

2 . It can be shown that for β > 0 the
solution of Eq. (30) can be reduced to the form (29).
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5◦. The exact solution of the dual integral equation∫ ∞

0
tP– 1

2 +it(cosh x)y(t) dt = f (x)∫ ∞

0
tanh(πt)P– 1

2 +it(cosh x)y(t) dt = 0

for 0 < x < a,

for a < x < ∞,
(31)

where Pµ(x) is the Legendre spherical function of the first kind (see Supplement 11.11) and i2 = –1,
can be constructed by means of the Meler–Fock integral transform (see Section 9.6) and is given by
the formula

y(x) =

√
2

π

∫ a

0
sin(xt)

[∫ t

0

f (s) sinh s√
cosh t – cosh s

ds

]
dt. (32)

Note that

P– 1
2 +it(cosh x) =

√
2

π

∫ x

0

cos(ts)√
cosh x – cosh s

ds, x > 0,

where the integral on the right-hand side is called the Meler integral.

12.9-4. Reduction of Dual Equations to a Fredholm Equation.

One of the most effective methods for the approximate solution of dual integral equations of the
first kind is the method of reducing these equations to Fredholm integral equations of the second
kind (see Chapter 13). In what follows, we present some dual equations encountered in problems of
mechanics and physics and related Fredholm equations of the second kind.

1◦. The solution of the dual integral equation of the first kind∫ ∞

0
g(t)J0(xt)y(t) dt = f (x)∫ ∞

0
tJ0(xt)y(t) dt = 0

for 0 < x < a,

for a < x < ∞,
(33)

where g(x) is a given function and J0(x) is the Bessel function of zero order, has the form

y(x) =
∫ a

0
ϕ(t) cos(xt) dt, (34)

where the function ϕ(x) to be found from the following Fredholm equation of the second kind:

ϕ(x) –
1
π

∫ a

0
K(x, t)ϕ(t) dt = ψ(x), 0 < x < a, (35)

where the symmetric kernel K(x, t) and the right-hand side ψ(x) are given by

K(x, t) = 2
∫ ∞

0
[1 – g(s)] cos(xs) cos(ts) ds, ψ(x) =

2
π

d

dx

∫ x

0

tf (t)√
x2 – t2

dt. (36)

Methods for the investigation of these equations are presented in Chapter 13.



616 METHODS FOR SOLVING LINEAR EQUATIONS OF THE FORM
∫ b
a K(x, t)y(t)dt = f (x)

2◦. The solution of the dual integral equation of the first kind∫ ∞

0
tg(t)J0(xt)y(t) dt = f (x)∫ ∞

0
J0(xt)y(t) dt = 0

for 0 < x < a,

for a < x < ∞,
(37)

where g(x) is a given function and J0(x) is the Bessel function of zero order, has the form

y(x) =
∫ a

0
ϕ(t) sin(xt) dt, (38)

where the function ϕ(x) is to be found from the Fredholm equation (35) of the second kind with

K(x, t) = 2
∫ ∞

0
[1 – g(s)] sin(xs) sin(ts) ds, ψ(x) =

2
π

∫ x

0

tf (t)√
x2 – t2

dt.

Note that the kernel K(x, t) is symmetric.

3◦. The solution of the dual integral equation of the first kind∫ ∞

0
g(t)Jµ(xt)y(t) dt = f (x)∫ ∞

0
tJµ(xt)y(t) dt = 0

for 0 < x < a,

for a < x < ∞,
(39)

where g(x) is a given function and Jµ(x) is the Bessel function of order µ, has the form

y(x) =

√
πx

2

∫ a

0

√
t Jµ– 1

2
(xt)ϕ(t) dt, (40)

where the function ϕ(x) is to be found from the Fredholm equation (35) of the second kind with

K(x, t) = π
√

xt

∫ ∞

0
[1 – g(s)]s Jµ– 1

2
(xs)Jµ– 1

2
(ts) ds,

ψ(x) =
2
π

{
f (0) +

∫ π/2

0

[
µ(sin θ)µ–1f (x sin θ) + x(sin θ)µf ′(x sin θ)

]
dθ

}
.

Note that f ′(x sin θ) = f ′
ξ(ξ)
∣∣
ξ=x sin θ

, and the kernel K(x, t) is symmetric.

4◦. The solution of the integral equation of the first kind∫ ∞

0
tg(t)Jµ(xt)y(t) dt = f (x)∫ ∞

0
Jµ(xt)y(t) dt = 0

for 0 < x < a,

for a < x < ∞,
(41)

where g(x) is a given function and Jµ(x) is the Bessel function of order µ, has the form

y(x) =

√
πx

2

∫ a

0

√
t Jµ+ 1

2
(xt)ϕ(t) dt, (42)

where the function ϕ(x) is to be found by solving the Fredholm equation (35) of the second kind
with

K(x, t) = π
√

xt

∫ ∞

0
[1 – g(s)]s Jµ+ 1

2
(xs)Jµ+ 1

2
(ts) ds, ψ(x) =

2x

π

∫ π/2

0
f (x sin θ)(sin θ)µ+1 dθ,

and the kernel K(x, t) is symmetric.
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5◦. The solution of the dual integral equation of the first kind∫ ∞

0
g(t)Jµ(xt)y(t) dt = f (x)∫ ∞

0
Jµ(xt)y(t) dt = 0

for 0 < x < a,

for a < x < ∞,
(43)

where g(x) is a given function and Jµ(x) is the Bessel function of order µ, has the form

y(x) = x

√
πx

2

∫ a

0

√
t Jµ– 1

2
(xt)ϕ(t) dt, (44)

and the function ϕ(x) is to be found from the Fredholm equation (35) of the second kind with

K(x, t) = xµ
√

2πt

∫ a

x

ρ1–µ√
ρ2 – x2

∫ ∞

0
[1 – g(s)]s3/2Jµ(ρs)Jµ– 1

2
(ts) ds dρ,

ψ(x) =
2
π

xµ

∫ a

x

ρ1–µ√
ρ2 – x2

dρ.

6◦. The solution of the dual integral equation of the first kind∫ ∞

0
t2βg(t)Jµ(xt)y(t) dt = f (x)∫ ∞

0
Jµ(xt)y(t) dt = 0

for 0 < x < a,

for a < x < ∞,
(45)

where 0 < β < 1, g(x) is a given function, and Jµ(x) is the Bessel function of order µ, has the form

y(x) =

√
π

2
x1–β

∫ a

0

√
t Jµ+β(xt)ϕ(t) dt, (46)

and the function ϕ(x) is to be found from the Fredholm equation (35) of the second kind with

K(x, t) = π
√

xt

∫ ∞

0
[1 – g(s)]s Jµ+β(xs)Jµ+β(ts) ds,

ψ(x) =
21–β

Γ(β)

√
2x

π
xβ

∫ π/2

0
f (x sin θ)(sin θ)µ+1(cos θ)2β–1 dθ,

and the kernel K(x, t) is symmetric.

7◦. The solution of the dual integral equation of the first kind∫ ∞

0
g(t)P– 1

2 +it(cosh x)y(t) dt = f (x)∫ ∞

0
t tanh(πt)P– 1

2 +it(cosh x)y(t) dt = 0

for 0 < x < a,

for a < x < ∞,
(47)

where Pµ(x) is the Legendre spherical function of the first kind (see Supplement 11.11), i2 = –1,
and g(x) is a given function, is determined by the formula

y(x) =
∫ a

0
cos(xt)ϕ(t) dt, (48)

and the function ϕ(x) is to be found from the Fredholm equation (35) of the second kind in which

K(x, t) =
∫ ∞

0
[1 – g(s)]{cos[(x + t)s] + cos[(x – t)s]} ds,

ψ(x) =

√
2

π

d

dx

∫ x

0

f (s) sinh s√
cosh x – cosh s

ds. (49)

On the basis of relations (49), we can readily see that the kernel K(x, t) is symmetric.
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∫ b
a K(x, t)y(t)dt = f (x)

8◦. The solution of the dual integral equation of the first kind∫ ∞

0
tg(t)P– 1

2 +it(cosh x)y(t) dt = f (x)∫ ∞

0
tanh(πt)P– 1

2 +it(cosh x)y(t) dt = 0

for 0 < x < a,

for a < x < ∞,
(50)

where Pµ(x) is the spherical Legendre function of the first kind (see Supplement 11.11), i2 = –1,
and g(x) is a given function, is determined by the formula

y(x) =
∫ a

0
sin(xt)ϕ(t) dt, (51)

and the function ϕ(x) is to be found from the Fredholm equation (35) of the second kind in which

K(x, t) =
∫ ∞

0
[1 – g(s)]{cos[(x – t)s] – cos[(x + t)s]} ds,

ψ(x) =

√
2

π

∫ x

0

f (s) sinh s√
cosh x – cosh s

ds. (52)

On the basis of relations (52), we can readily see that the kernel K(x, t) is symmetric.

References for Section 12.9: Ya. S. Uflyand (1977), F. D. Gakhov and Yu. I. Cherskii (1978), C. Nasim and B. D. Ag-
garwala (1984), E. C. Titchmarsh (1986), I. Sneddon (1995), B. N. Mandal and N. Mandal (1999, pp. 134–136).

12.10. Asymptotic Methods for Solving Equations
with Logarithmic Singularity

12.10-1. Preliminary Remarks.

Consider the Fredholm integral equation of the first kind of the form∫ 1

–1
K

(
x – t

λ

)
y(t) dt = f (x), –1 ≤ x ≤ 1, (1)

with parameter λ (0 < λ < ∞).
We assume that the kernel K = K(x) is an even function continuous for x ≠ 0 which has a

logarithmic singularity as x → 0 and exponentially decays as x →∞. Equations with such a kernel
arise in solving various problems of continuum mechanics with mixed boundary conditions.

Let f (x) belong to the space of functions whose first derivatives satisfy the Hölder condition
with exponent α > 1

2 on [–1, 1]. In this case, the solution of the integral equation (1) in the class
of functions satisfying the Hölder condition exists and is unique for any λ ∈ (0,∞) and has the
structure

y(x) =
ω(x)√
1 – x2

, (2)

where ω(x) is a continuous function that does not vanish at x = ±1.*
It follows from formula (2) that the solution of Eq. (1) is unbounded as x →±1. This important

circumstance will be taken into account in Subsection 12.10-3 in constructing the asymptotic solution
in the case λ → 0.

Note that more general equations with difference kernel and arbitrary finite limits of integration
can always be reduced to Eq. (1) by a change of variables. The form (1) is taken here for further
convenience.

* The situation ω(±1) = 0 is only possible in exceptional cases for special values of λ.



12.10. ASYMPTOTIC METHODS FOR SOLVING EQUATIONS WITH LOGARITHMIC SINGULARITY 619

12.10-2. Solution for Large λ.

Let the representation

K(x) = ln |x|
∞∑
n=0

an|x|n +
∞∑
n=0

bn|x|n, (3)

where a0 ≠ 0, be valid for the kernel of the integral equation (1) as x → 0.
It is obvious from (3) that two different-scale large parameters λ and ln λ occur in Eq. (1) as

λ →∞. The latter, “quasiconstant” parameter grows much slower than the former (for instance, for
λ = 100 and λ = 1000 we have ln λ ≈ 4.6 and ln λ ≈ 6.9, respectively).

Let us drop out all terms decaying as λ → ∞ in Eq. (1). In view of (3), for the main (zeroth)
approximation we have

∫ 1

–1

(
a0 ln |x – t| – a0 ln λ + b0

)
y0(t) dt = f (x), –1 ≤ x ≤ 1. (4)

It should be noted that one cannot retain in the integrand only one term proportional to ln λ (since the
corresponding “truncated” equation is unsolvable). The constant b0 must also be included in (4) for
the main-approximation equation to be invariant with respect to the scaling parameter λ in Eq. (1).

The exact closed-form solution of Eq. (4) is given in Section 3.4 (see equations 3 and 4).
To construct an asymptotic solution of Eq. (1) as λ → ∞, it is convenient to do the following.

First, we consider the auxiliary integral equation

∫ 1

–1
K(x – t, β, λ)y(t) dt = f (x), –1 ≤ x ≤ 1,

K(x, β, λ) =
(
ln |x| – β

) ∞∑
n=0

an

λn
|x|n +

∞∑
n=0

bn

λn
|x|n,

(5)

with two parameters λ and β. We seek its solution in the form of a regular asymptotic expansion in
negative powers of λ (for fixed β). That is, we have

y(x, β, λ) =
N∑

n=0

λ–nyn(x, β) + o
(
λ–N
)
. (6)

Substituting (6) into (5) yields a recurrent chain of integral equations of the form (4):

∫ 1

–1

(
a0 ln |x – t| – a0β + b0

)
yn(t, β) dt = gn(x, β), –1 ≤ x ≤ 1, (7)

from which the functions yn(x, β) can be successively calculated. The right-hand sides gn(x, β)
depend only on the previously determined functions y0, y1, . . . , yn–1.

Note that for β = ln λ the auxiliary equation (5) coincides with the original equation (1) into
which the expansion (3) is substituted. Therefore, the asymptotic solution of Eq. (1) can be obtained
with the aid of (6) and (7) with β = ln λ.

Some contact problems of elasticity can be reduced to Eq. (1), in which the kernel can be
represented in the form (3) with an = 0 for all n > 0 and b2m+1 = 0 for m = 0, 1, 2, . . . In this case,
one must set yn(x, β) ≡ 0 (n = 1, 3, 5, . . . ) in the solution (6). In practice, it usually suffices to
retain the terms up to λ–4.
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∫ b
a K(x, t)y(t)dt = f (x)

12.10-3. Solution for Small λ.

In analyzing the limit case λ → 0, we take into account the singularities of the solution at the
endpoints of the interval –1 ≤ x ≤ 1 (see formula (2)). Consider the following auxiliary system of
two integral equations:∫ ∞

–1
K

(
x – t

λ

)
y1(t) dt = f1(x) +

∫ –1

–∞
K

(
x – t

λ

)
y2(t) dt, –1 ≤ x < ∞,∫ 1

–∞
K

(
x – t

λ

)
y2(t) dt = f2(x) +

∫ ∞

1
K

(
x – t

λ

)
y1(t) dt, –∞ < x ≤ 1.

(8)

The former equation provides for selecting the singularity at x = –1 and the latter for selecting the
singularity at x = +1.

The functions f1(x) and f2(x) are such that

f1(x) + f2(x) = f (x), –1 ≤ x ≤ 1,

f1(x) = O
(
e–α1x

)
as x → ∞,

f2(x) = O
(
eα2x

)
as x → –∞,

(9)

where α1 > 0 and α2 > 0.
The first condition in (9) makes it possible to seek the solution of the integral equation (1) as the

sum of the solutions of the integral equations (8), that is,

y(x) = y1(x) + y2(x), –1 ≤ x ≤ 1. (10)

Note that by virtue of the last two conditions in (9), the relations

y1(x) = O
(
e–β1x

)
as x → ∞,

y2(x) = O
(
eβ2x
)

as x → –∞,
(11)

where β1 > 0 and β2 > 0, are valid.
Recall that the kernel K(x) is an even function. Therefore, if f (x) in Eq. (1) is an even or odd

function, then one must set

f1(x) = ±f2(–x), y1(x) = ±y2(–x) (12)

in system (8).*
In both cases, system (8) can be reduced by changes of variables to the same integral equation∫ ∞

0
K(z – τ )w(τ ) dτ = F (z) ±

∫ ∞

2/λ

K(2/λ – z – τ )w(τ ) dτ , 0 ≤ z < ∞, (13)

in which the following notation is used:

z =
x + 1

λ
, τ =

t + 1
λ

, w(τ ) = y(t), F (z) =
1
λ

f1(x). (14)

In view of the properties of the kernel K(x) (see Subsection 12.10-1) and the first relation in (11),
the asymptotic estimate

I(w) ≡
∫ ∞

2/λ

K(2/λ – z – τ )w(τ ) dτ = O
(
e–2β1/λ

)
(15)

can be obtained, which is uniform with respect to τ .

* In formulas (12), (13), (16), and (17), the plus sign corresponds to even f (x) and the minus sign to odd f (x).
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According to (15), for small λ the iterative scheme∫ ∞

0
K(z – τ )wn(τ ) dτ = F (z) ± I

(
wn–1

)
, n = 1, 2, . . . , (16)

can be used to solve the integral equation (13) by the method of successive approximations. In
the main approximation, the integral I(w0) can be omitted on the right-hand side. Equations (16)
are Wiener–Hopf integral equations of the first kind, which can be solved in a closed form (see
Subsection 12.8-1).

It follows from formulas (10), (12), and (14) that, as λ → 0, the leading term of the asymptotic
expansion of the solution of the integral equation (1) has the form

y(x) = w1

(
1 + x

λ

)
± w1

(
1 – x

λ

)
, (17)

where w1 = w1(τ ) is the solution of Eq. (16) with n = 1 and w0 ≡ 0.
For practical purposes, formula (17) is usually sufficient.

12.10-4. Integral Equation of Elasticity.

The integral equation (1) whose kernel is given via the Fourier cosine transform,

K(x) =
∫ ∞

0

L(u)
u

cos(ux) du, (18)

frequently occurs in contact problems of elasticity. The function L(u) in (18) is continuous and
positive for 0 < u < ∞ and satisfies the asymptotic relations

L(u) = Au + O(u3) as u → 0,

L(u) =
N–1∑
n=0

Bnu–n + O
(
u–N
)

as u → ∞,
(19)

where A > 0 and B0 > 0.
Formula (18) implies that the kernel is an even function: K(x) = K(–x).
It is usually assumed that L(u)u–1 and u[L(u)]–1, treated as functions of the complex variable

w = u + iv, are regular at the pole |v| ≤ γ1 and the pole |v| ≤ γ2, respectively. It follows in particular
that the kernel K(x) decays at least as exp(–γ1|t|) at infinity.

Formulas (18) and (19) imply that K(x) has a logarithmic singularity at x = 0. Moreover, the
representation (3) is valid with an = 0 for n = 1, 3, 5, . . .

Thus, the kernel given by (18) has the same characteristic features as those inherent by assumption
in the kernel of the integral equation (1). Therefore, the results of Subsections 12.10-2 and 12.10-3
can be used for the asymptotic analysis of Eq. (1) with kernel (18) as λ → ∞ and λ → 0.

References for Section 12.10: I. I. Vorovich, V. M. Aleksandrov, and V. A. Babeshko (1974), V. M. Aleksandrov and
E. V. Kovalenko (1986), V. M. Aleksandrov (1993).

12.11. Regularization Methods

12.11-1. Lavrentiev Regularization Method.

Consider the Fredholm equation of the first kind∫ b

a

K(x, t)y(t) dt = f (x), a ≤ x ≤ b, (1)
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∫ b
a K(x, t)y(t)dt = f (x)

where f (x) ∈ L2(a, b) and y(x) ∈ L2(a, b). The kernel K(x, t) is square integrable, symmetric, and
positive definite (see Subsection 13.6-2), that is, for all ϕ(x) ∈ L2(a, b), we have∫ b

a

∫ b

a

K(x, t)ϕ(x)ϕ(t) dx dt ≥ 0,

where the equality is attained only for ϕ(x) ≡ 0.
In the above classes of functions and kernels, the problem of finding a solution of Eq. (1) is

ill-posed, i.e., unstable with respect to small variations in the right-hand side of the integral equation.
Following the Lavrentiev regularization method, along with Eq. (1) we consider the regularized

equation

εyε(x) +
∫ b

a

K(x, t)yε(t) dt = f (x), a ≤ x ≤ b, (2)

where ε > 0 is the regularization parameter. This equation is a Fredholm equation of the second
kind, so it can be solved by the methods presented in Chapter 13, whence the solution exists and is
unique.

On taking a sufficiently small ε in Eq. (2), we find a solution yε(x) of the equation and substitute
this solution into Eq. (1), thus obtaining∫ b

a

K(x, t)yε(t) dt = fε(x), a ≤ x ≤ b. (3)

If the function fε(x) thus obtained differs only slightly from f (x), that is,

‖f (x) – fε(x)‖ ≤ δ, (4)

where δ is a prescribed small positive number, then the solution yε(x) is regarded as a sufficiently
good approximate solution of Eq. (1).

The parameter δ usually defines the error of the initial data provided that the right-hand side of
Eq. (1) is defined or determined by an experiment with some accuracy.

For the case in which, for a given ε, condition (4) fails, we must choose another value of the
regularization parameter and repeat the above procedure.

The next subsection describes the regularization method suitable for equations of the first kind
with arbitrary square-integrable kernels.

12.11-2. Tikhonov Regularization Method.

Consider the Fredholm integral equation of the first kind∫ b

a

K(x, t)y(t) dt = f (x), c ≤ x ≤ d. (5)

Assume that K(x, t) is any function square-integrable in the domain {a ≤ t ≤ b, c ≤ x ≤ d},
f (x) ∈ L2(c, d), and y(x) ∈ L2(a, b). The problem of finding the solution of Eq. (5) is also ill-posed
in the above sense.

Following the Tikhonov (zero-order) regularization method, along with (5) we consider the
following Fredholm integral equation of the second kind (see Chapter 13):

εyε(x) +
∫ b

a

K∗(x, t)yε(t) dt = f∗(x), a ≤ x ≤ b, (6)



12.12. FREDHOLM INTEGRAL EQUATION OF THE FIRST KIND AS AN ILL-POSED PROBLEM 623

where

K∗(x, t) = K∗(t, x) =
∫ d

c

K(s, x)K(s, t) ds, f∗(x) =
∫ d

c

K(s, x)f (s) ds, (7)

and the positive number ε is the regularization parameter. Equation (6) is said to be a regularized
integral equation, and its solution exists and is unique.

Taking a sufficiently small ε in Eq. (6), we find a solution yε(x) of the equation and substitute
this solution into Eq. (5), thus obtaining

∫ b

a

K(x, t)yε(t) dt = fε(x), c ≤ x ≤ d. (8)

By comparing the right-hand side with the given f (x) using formula (4), we either regard fε(x)
as a satisfactory approximate solution obtained in accordance with the above simple algorithm, or
continue the procedure for a new value of the regularization parameter.

Presented above are the simplest principles of finding an approximate solution of the Fredholm
equation of the first kind. More perfect and complex algorithms can be found in the references cited
below.

References for Section 12.11: M. M. Lavrentiev (1967), A. N. Tikhonov and V. Ya. Arsenin (1979), M. M. Lavrentiev,
V. G. Romanov, and S. P. Shishatskii (1980), A. F. Verlan’ and V. S. Sizikov (1986), R. Kress (1999).

12.12. Fredholm Integral Equation of the First Kind as
an Ill-Posed Problem

12.12-1. General Notions of Well-Posed and Ill-Posed Problems.

To solve a quantitative mathematical problem usually means to find an element y, called a “solution
of the problem”, from a given element f , called “data of the problem”. Assume that y and f are
elements of some metric spaces Y (space of solutions) and F (space of data) with the respective
distances between their elements ρY (y1, y2) and ρF (f1, f2).

A solution y corresponding to f is called stable, if for any ε > 0 there is δ(ε) > 0 such that for
any f1 ∈ F such that ρF (f , f1) ≤ δ(ε) we have ρY (y, y1) ≤ ε, where y1 is a solution corresponding
to f1. In other words, if small variations of data cause a small variation of solutions.

Such a problem is called well-posed on a pair of metrics spaces (Y , F ), if the following conditions
hold:

1) for each f ∈ F , there is a solution y ∈ Y ;
2) the solution is unique;
3) the solution is stable.
Problems that do not satisfy one of these requirements are called ill-posed.

Remark. The metrics in the spaces Y and F determine in what sense small variations of y and
f are understood. The choice of these metrics determines whether a solution y is stable or not under
the variation of f , and therefore, a particular problem may be well-posed or ill-posed, depending on
the metrics.

Now, for definiteness, assume that y and f are elements of the space of continuous functions on
an interval [a, b] with the metrics

ρY (y1, y2) = sup
a≤x≤b

|y1(x) – y2(x)|, ρF (f1, f2) = sup
a≤x≤b

|f1(x) – f2(x)|. (1)



624 METHODS FOR SOLVING LINEAR EQUATIONS OF THE FORM
∫ b
a K(x, t)y(t)dt = f (x)

12.12-2. Integral Equation of the First Kind is an Ill-Posed Problem.

Consider the Fredholm equation of the first kind∫ b

a

K(x, t)y(t) dt = f (x), a ≤ x ≤ b, (2)

with continuous kernel K(x, t), and assume that y and f are elements of the space of continuous
functions with the metrics (1).

It is easy to see that the continuity of f (x), in general, does not guarantee the existence of
a continuous solution. Indeed, suppose that the function f (x) is continuous, but its derivative is
discontinuous at some points x ∈ (a, b), and the kernel is continuously differentiable in x. Then for
any continuous y(x) the left-hand side of (2) has a continuous derivative at all points of (a, b), while
the derivative of the right-hand side has discontinuities on (a, b). Therefore, relation (2) can hold for
no continuous function y(x), which means that equation (2) has no solutions.

Consider the problem of stability of a solution. Assume that the kernel K(x, t) is continuous,
together with its derivative in t. Let y(x) be a solution of equation (2). Take z(x) = y(x) + cos(ωx),
where ω is a parameter. We have∫ b

a

K(x, t)[z(t) – cos(ωt)] dt = f (x).

After elementary transformations, we get∫ b

a

K(x, t)z(t) dt = g(x) ≡ f (x) +
∫ b

a

K(x, t) cos(ωt) dt

= f (x) + K(x, t)
sin(ωt)

ω

∣∣∣∣b
a

–
∫ b

a

K ′
t(x, t) cos(ωt)

sin(ωt)
ω

dt.

This relation, for a finite interval [a, b], implies the estimate

sup
a≤x≤b

|f (x) – g(x)| ≤
C

ω
,

where C is a constant that does not depend on ω. Therefore, for sufficiently large ω, the value

ρF (f , g) = sup
a≤x≤b

|f (x) – g(x)|

becomes arbitrarily small, ρF (f , g) → 0. On the other hand, we have

ρY (y, z) = sup
a≤x≤b

|y(x) – z(x)| = sup
a≤x≤b

| cos(ωx)| = 1,

and this quantity is not small. Hence, an important conclusion can be made: the Fredholm integral
equation of the first kind (2) admits a solution which is unstable with respect to perturbations of the
right-hand side f (x). Thus, equation (2) belongs to the class of ill-posed problems.

This instability of solutions of integral equations of the first kind causes great difficulties when
using such equations for practical purposes, since small errors in input data may cause large variations
of a solution. For this reason, there existed a widespread opinion that Fredholm equations of the first
kind (as well as other ill-posed problems) are unsuitable for the description of physical processes.
At present this view has changed drastically due to the development of the general theory of ill-
posed problems and the corresponding regularization methods (see Section 12.11 and the references
below).

References for Section 12.12: M. M. Lavrentiev (1967), A. N. Tikhonov and V. Ya. Arsenin (1979), M. M. Lavrentiev,
V. G. Romanov, and S. P. Shishatskii (1980), A. B. Vasilieva and A. N. Tikhonov (1989), R. Kress (1999).



Chapter 13

Methods for Solving Linear Equations
of the Form y(x) –

∫∫ b

a
K(x, t)y(t) dt = f (x)

13.1. Some Definition and Remarks

13.1-1. Fredholm Equations and Equations with Weak Singularity of the Second Kind.

Linear integral equations of the second kind with constant limits of integration have the form

y(x) – λ

∫ b

a

K(x, t)y(t) dt = f (x), (1)

where y(x) is the unknown function (a ≤ x ≤ b), K(x, t) is the kernel of the integral equation,
and f (x) is a given function, which is called the right-hand side of Eq. (1). For convenience
of analysis, a number λ is traditionally singled out in Eq. (1), which is called the parameter of
integral equation. The classes of functions and kernels under consideration were defined above in
Subsections 12.1-1 and 12.1-2. Note that equations of the form (1) with constant limits of integration
and with Fredholm kernels or kernels with weak singularity are called Fredholm equations of the
second kind and equations with weak singularity of the second kind, respectively.

A number λ is called a characteristic value of the integral equation (1) if there exist nontrivial
solutions of the corresponding homogeneous equation (with f (x) ≡ 0). The nontrivial solutions
themselves are called the eigenfunctions of the integral equation corresponding to the characteristic
value λ. If λ is a characteristic value, the number 1/λ is called an eigenvalue of the integral
equation (1). A value of the parameter λ is said to be regular if for this value the above homogeneous
equation has only the trivial solution. Sometimes the characteristic values and the eigenfunctions
of a Fredholm integral equation are called the characteristic values and the eigenfunctions of the
kernel K(x, t).

The kernel K(x, t) of the integral equation (1) is called a degenerate kernel if it has the form
K(x, t) = g1(x)h1(t) + · · · + gn(x)hn(t), a difference kernel if it depends on the difference of the
arguments (K(x, t) = K(x– t)), and a symmetric kernel if it satisfies the condition K(x, t) = K(t, x).

The transposed integral equation is obtained from (1) by replacing the kernel K(x, t) by K(t, x).

Remark 1. The variables t and x may vary in different ranges (e.g., a ≤ t ≤ b and c ≤ x ≤ d).
To be specific, from now on we assume that c = a and d = b (this can be achieved by the linear
substitution x = αx̄ + β with the aid of an appropriate choice of the constants α and β).

Remark 2. In general, the case in which the limits of integration a and/or b can be infinite is
not excluded; however, in this case, the validity of the condition that the kernel K(x, t) is square
integrable on the square S = {a ≤ x ≤ b, a ≤ t ≤ b} is especially significant.

625
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∫ b
a K(x, t)y(t)dt = f (x)

13.1-2. Structure of the Solution.

The solution of Eq. (1) can be presented in the form

y(x) = f (x) + λ

∫ b

a

R(x, t; λ)f (t) dt,

where the resolvent R(x, t; λ) is independent of f (x) and is determined by the kernel of the integral
equation.

The resolvent of the Fredholm equation (1) satisfies the following two integral equations:

R(x, t; λ) = K(x, t) +
∫ b

a

K(x, s)R(s, t; λ) ds,

R(x, t; λ) = K(x, t) +
∫ b

a

K(s, t)R(x, s; λ) ds,

in which the integration is performed with respect to different pairs of arguments of the kernel and
the resolvent.

13.1-3. Integral Equations of Convolution Type of the Second Kind.

By the integral equations of convolution type (see also Subsection 12.1-3) we mean the integral
equations that can be reduced, by applying some integral transform and the convolution theorem
for this transform, to an algebraic equation for the transforms or to boundary value problems of the
theory of analytic functions. Consider equations of convolution type of the second kind related to
the Fourier transform.

An integral equation of the second kind with difference kernel on the entire axis (this equation
is sometimes called an equation of convolution type of the second kind with a single kernel) has the
form

y(x) +
∫ ∞

–∞
K(x – t)y(t) dt = f (x), –∞ < x < ∞, (2)

where f (x) and K(x) are the right-hand side and the kernel of the integral equation and y(x) is the
function to be found.

An integral equation of the second kind with difference kernel on the semiaxis has the form

y(x) +
∫ ∞

0
K(x – t)y(t) dt = f (x), 0 < x < ∞. (3)

Equation (3) is also called a one-sided equation of the second kind or a Wiener–Hopf integral
equation of the second kind.

An integral equation of convolution type of the second kind with two kernels has the form

y(x) +
∫ ∞

0
K1(x – t)y(t) dt +

∫ 0

–∞
K2(x – t)y(t) dt = f (x), –∞ < x < ∞, (4)

where K1(x) and K2(x) are the kernels of the integral equation (4). The class of functions and
kernels for equations of convolution type was introduced above in Subsection 12.1-3.
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13.1-4. Dual Integral Equations of the Second Kind.

A dual integral equation of the second kind with difference kernels (of convolution type) has the
form

y(x) +
∫ ∞

–∞
K1(x – t)y(t) dt = f (x), 0 < x < ∞,

y(x) +
∫ ∞

–∞
K2(x – t)y(t) dt = f (x), –∞ < x < 0,

(5)

where the notation and the class of the functions and kernels coincide with those introduced for the
equations of convolution type in Subsection 12.1-3.

In a sufficiently general case, a dual integral equation of the second kind has the form

y(x) +
∫ ∞

a

K1(x, t)y(t) dt = f1(x), a < x < b,

y(x) +
∫ ∞

a

K2(x, t)y(t) dt = f2(x), b < x < ∞,
(6)

where f1(x) and f2(x) (and K1(x, t) and K2(x, t)) are the known right-hand sides (and the kernels)
of Eq. (6) and y(x) is the function to be found. These equations can be studied by the methods
of various integral transforms with reduction to boundary value problems of the theory of analytic
functions and also by other methods developed for dual integral equations of the first kind (e.g., see
I. Sneddon (1995) and Ya. S. Uflyand (1977)).

The integral equations obtained from (2)–(5) by replacing the kernel K(x – t) by K(t – x) are
said to be transposed to the original equations.

If the right-hand sides of Eqs. (1)–(6) are identically zero, then these equations are said to be
homogeneous. For the case in which the right-hand side of an equation of the type (1)–(6) does not
vanish on the entire domain, the corresponding equation is said to be nonhomogeneous.

Remark 3. Some equations whose kernel contains the product or the ratio of the variables x and
t can be reduced to Eqs. (2)–(5).

Remark 4. Sometimes equations of convolution type of the form (2)–(5) are written in the form
in which the integrals are multiplied by the coefficient 1/

√
2π.

Remark 5. The cases in which the class of functions and kernels for equations of convolution
type (in particular, for Wiener–Hopf equations) differs from those introduced in Subsections 12.1-3
are always mentioned explicitly (see Sections 13.11 and 13.12).

References for Section 13.1: E. Goursat (1923), F. Riesz and B. Sz.-Nagy (1955), I. G. Petrovskii (1957), B. Noble
(1958), M. G. Krein (1958), S. G. Mikhlin (1960), L. V. Kantorovich and G. P. Akilov (1964), A. N. Kolmogorov and
S. V. Fomin (1970), L. Ya. Tslaf (1970), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), J. A. Cochran (1972),
V. I. Smirnov (1974), P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. D. Gakhov and Yu. I. Cherskii (1978), A. G. Butkovskii
(1979), L. M. Delves and J. L. Mohamed (1985), F. G. Tricomi (1985), A. J. Jerry (1985), A. F. Verlan’ and V. S. Sizikov (1986),
A. Golberg (1990), D. Porter and D. S. G. Stirling (1990), C. Corduneanu (1991), J. Kondo (1991), S. Prössdorf and
B. Silbermann (1991), W. Hackbusch (1995), R. P. Kanwal (1996).

13.2. Fredholm Equations of the Second Kind with
Degenerate Kernel. Some Generalizations

13.2-1. Simplest Degenerate Kernel.

Consider Fredholm integral equations of the second kind with the simplest degenerate kernel:

y(x) – λ

∫ b

a

g(x)h(t)y(t) dt = f (x), a ≤ x ≤ b. (1)
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∫ b
a K(x, t)y(t)dt = f (x)

We seek a solution of Eq. (1) in the form

y(x) = f (x) + λAg(x). (2)

On substituting the expressions (2) into Eq. (1), after simple algebraic manipulations we obtain

A

[
1 – λ

∫ b

a

h(t)g(t) dt

]
=
∫ b

a

f (t)h(t) dt. (3)

Both integrals occurring in Eq. (3) are supposed to exist. On the basis of (1)–(3) and taking into
account the fact that the unique characteristic value λ1 of Eq. (1) is given by the expression

λ1 =

[∫ b

a

h(t)g(t) dt

]–1

, (4)

we obtain the following results.

1◦. If λ ≠ λ1, then for an arbitrary right-hand side there exists a unique solution of Eq. (1), which
can be written in the form

y(x) = f (x) +
λλ1f1

λ1 – λ
g(x), f1 =

∫ b

a

f (t)h(t) dt. (5)

2◦. If λ = λ1 and f1 = 0, then any solution of Eq. (1) can be represented in the form

y = f (x) + Cy1(x), y1(x) = g(x), (6)

where C is an arbitrary constant and y1(x) is an eigenfunction that corresponds to the characteristic
value λ1.

3◦. If λ = λ1 and f1 ≠ 0, then there are no solutions.

13.2-2. Degenerate Kernel in the General Case.

In the general case, a Fredholm integral equation of the second kind with degenerate kernel has the
form

y(x) – λ

∫ b

a

[
n∑

k=1

gk(x)hk(t)

]
y(t) dt = f (x), n = 2, 3, . . . (7)

Let us rewrite Eq. (7) in the form

y(x) = f (x) + λ

n∑
k=1

gk(x)
∫ b

a

hk(t)y(t) dt, n = 2, 3, . . . (8)

We assume that Eq. (8) has a solution and introduce the notation

Ak =
∫ b

a

hk(t)y(t) dt. (9)

In this case we have

y(x) = f (x) + λ

n∑
k=1

Akgk(x), (10)
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and hence the solution of the integral equation with degenerate kernel is reduced to the definition of
the constants Ak.

Let us multiply Eq. (10) by hm(x) and integrate with respect to x from a to b. We obtain the
following system of linear algebraic equations for the coefficients Ak:

Am – λ

n∑
k=1

smkAk = fm, m = 1, . . . , n, (11)

where

smk =
∫ b

a

hm(x)gk(x) dx, fm =
∫ b

a

f (x)hm(x) dx; m, k = 1, . . . , n. (12)

In the calculation of the coefficients smk and fm for specific degenerate kernels, the tables of integrals
can be applied; see Supplements 3 and 4, as well as I. S. Gradshtein and I. M. Ryzhik (1980),
A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1986).

Once we construct a solution of system (11), we obtain a solution of the integral equation with
degenerate kernel (7) as well. The values of the parameter λ at which the determinant of system (11)
vanishes are characteristic values of the integral equation (7), and it is clear that there are just n such
values counted according to their multiplicities.

Now we can state the main results on the solution of Eq. (7).

1◦. If λ is a regular value, then for an arbitrary right-hand side f (x), there exists a unique solution
of the Fredholm integral equation with degenerate kernel and this solution can be represented in the
form (10), in which the coefficients Ak make up a solution of system (11). The constants Ak can be
determined, for instance, by Cramer’s rule (see equation 4.9.20, Chapter 4).

2◦. If λ is a characteristic value and f (x) ≡ 0, then every solution of the homogeneous equation
with degenerate kernel has the form

y(x) =
p∑

i=1

Ciyi(x), (13)

where the Ci are arbitrary constants and the yi(x) are linearly independent eigenfunctions of the
kernel corresponding to the characteristic value λ:

yi(x) =
n∑

k=1

Ak(i)gk(x). (14)

Here the constants Ak(i) form p (p ≤ n) linearly independent solutions of the following homogeneous
system of algebraic equations:

Am(i) – λ

n∑
k=1

smkAk(i) = 0; m = 1, . . . , n, i = 1, . . . , p. (15)

3◦. If λ is a characteristic value and f (x) ≠ 0, then for the nonhomogeneous integral equation (7) to
be solvable, it is necessary and sufficient that the right-hand side f (x) is such that the p conditions

n∑
k=1

Bk(i)fk = 0, i = 1, . . . , p, p ≤ n, (16)
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are satisfied. Here the constants Bk(i) form p linearly independent solutions of the homogeneous
system of algebraic equations which is the transpose of system (15). In this case, every solution of
Eq. (7) has the form

y(x) = y0(x) +
p∑

i=1

Ciyi(x), (17)

where y0(x) is a particular solution of the nonhomogeneous equation (7) and the sum represents the
general solution of the corresponding homogeneous equation (see item 2◦). In particular, if f (x) ≠ 0
but all fk are zero, we have

y(x) = f (x) +
p∑

i=1

Ciyi(x). (18)

Remark. When studying Fredholm equations of the second kind with degenerate kernel, it is
useful for the reader to be acquainted with equations 4.9.18 and 4.9.20 of the first part of the book.

Example 1. Let us solve the integral equation

y(x) – λ

∫ π

–π
(x cos t + t2 sin x + cos x sin t)y(t) dt = x, –π ≤ x ≤ π. (19)

Let us denote

A1 =
∫ π

–π
y(t) cos t dt, A2 =

∫ π

–π
t2y(t) dt, A3 =

∫ π

–π
y(t) sin t dt, (20)

where A1, A2, and A3 are unknown constants. Then Eq. (19) can be rewritten in the form

y(x) = A1λx + A2λ sin x + A3λ cos x + x. (21)

On substituting the expression (21) into relations (20), we obtain

A1 =
∫ π

–π
(A1λt + A2λ sin t + A3λ cos t + t) cos t dt,

A2 =
∫ π

–π
(A1λt + A2λ sin t + A3λ cos t + t)t2 dt,

A3 =
∫ π

–π
(A1λt + A2λ sin t + A3λ cos t + t) sin t dt.

On calculating the integrals occurring in these equations, we obtain the following system of algebraic equations for the
unknowns A1, A2, and A3:

A1 – λπA3 = 0,

A2 + 4λπA3 = 0,

–2λπA1 – λπA2 + A3 = 2π.

(22)

The determinant of this system is

∆(λ) =

∣∣∣∣∣ 1 0 –λπ
0 1 4λπ

–2λπ –λπ 1

∣∣∣∣∣ = 1 + 2λ2π2 ≠ 0.

Thus, system (22) has the unique solution

A1 =
2λπ2

1 + 2λ2π2
, A2 = –

8λπ2

1 + 2λ2π2
, A3 =

2π

1 + 2λ2π2
.

On substituting the above values of A1, A2, and A3 into (21), we obtain the solution of the original integral equation:

y(x) =
2λπ

1 + 2λ2π2
(λπx – 4λπ sin x + cos x) + x.
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13.2-3. Kernel is the Sum of a Nondegenerate Kernel and an Arbitrary Degenerate Kernel.

1◦. Consider a linear integral equation of the second kind

y(x) +
∫ b

a

K(x, t)y(t) dt = f (x). (23)

Suppose equation (23) can be solved for any f (x) from some class of functions LF . Let yf (x)
denote the corresponding solution.

Now consider the more complex integral equation

u(x) +
∫ b

a

[K(x, t) + ϕ(x)ψ(t)]u(t) dt = f (x), (24)

with its kernel containing an additional term ϕ(x)ψ(t). A solution to equation (24) will be sought in
the form

u(x) = yf (x) + Ayϕ(x), (25)

where yϕ(x) is the solution to equation (23) in which f (x) must be replaced with ϕ(x). Substituting
(25) into (24) results in the coefficient A:

A = –

∫ b

a
ψ(t)yf (t) dt

1 +
∫ b

a
ψ(t)yϕ(t) dt

. (26)

Formulas (25)–(26) define a solution to equation (24), provided the integrals in the numerator and
denominator exist, with

∫ b
a ψ(t)yϕ(t) dt ≠ –1. In addition, the condition ϕ(x)∈LF must be satisfied.

Example 2. The solution of the integral equation

y(x) – λ

∫ ∞

0
sin(xt)y(t) dt = f (x) (27)

is expressed as (see Eq. 4.5.20)

yf (x) =
f (x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
sin(xt)f (t) dt, (28)

where λ ≠ ±√2/π.
Now consider the more complex integral equation

u(x) – λ

∫ ∞

0
[sin(xt) + ϕ(x)ψ(t)]u(t) dt = f (x) (29)

with its kernel containing an arbitrary additive function ϕ(x)ψ(t). The corresponding solution (28) to equation (27) with
f (x) = ϕ(x) is written as

yϕ(x) =
ϕ(x)

1 – π
2 λ2

+
λ

1 – π
2 λ2

∫ ∞

0
sin(xt)ϕ(t) dt.

Hence, equation (29) has the solution

u(x) = yf (x) + Ayϕ(x), A = –

∫ 1
0 ψ(t)yf (t) dt

1 +
∫ 1

0 ψ(t)y1(t) dt
.

2◦. The integral equation

u(x) +
∫ b

a

[
K(x, t) +

n∑
m=1

ϕm(x)ψm(t)

]
u(t) dt = f (x), (30)
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with its kernel being the sum of the kernel of equation (23) and an arbitrary degenerate kernel, can
be solved in a similar manner. The solution is sought in the additive form

u(x) = yf (x) +
n∑

m=1

Amyϕm(x), (31)

where yϕm(x) is the solution to equation (23) in which f (x) must be replaced with ϕm(x). Substitut-
ing (31) into (30) results in the following linear algebraic system of equations for the coefficients Am:

Am +
n∑

j=1

Ajσmj = –σm0, m = 1, . . . , n;

σmj =
∫ b

a

ψm(t)yϕj (t) dt, σm0 =
∫ b

a

ψm(t)yf (t) dt.

References for Section 13.2: S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971),
P. P. Zabreyko, A. I. Koshelev, et al. (1975), A. J. Jerry (1985), A. F. Verlan’ and V. S. Sizikov (1986), A. D. Polyanin and
A. I. Zhurov (2007).

13.3. Solution as a Power Series in the Parameter.
Method of Successive Approximations

13.3-1. Iterated Kernels.

Consider the Fredholm integral equation of the second kind:

y(x) – λ

∫ b

a

K(x, t)y(t) dt = f (x), a ≤ x ≤ b. (1)

We seek the solution in the form of a series in powers of the parameter λ:

y(x) = f (x) +
∞∑
n=1

λnψn(x). (2)

Substitute series (2) into Eq. (1). On matching the coefficients of like powers of λ, we obtain a
recurrent system of equations for the functions ψn(x). The solution of this system yields

ψ1(x) =
∫ b

a

K(x, t)f (t) dt,

ψ2(x) =
∫ b

a

K(x, t)ψ1(t) dt =
∫ b

a

K2(x, t)f (t) dt,

ψ3(x) =
∫ b

a

K(x, t)ψ2(t) dt =
∫ b

a

K3(x, t)f (t) dt, etc.

Here

Kn(x, t) =
∫ b

a

K(x, z)Kn–1(z, t) dz, (3)

where n = 2, 3, . . . , and we have K1(x, t) ≡ K(x, t). The functions Kn(x, t) defined by formulas (3)
are called iterated kernels. These kernels satisfy the relation

Kn(x, t) =
∫ b

a

Km(x, s)Kn–m(s, t) ds, (4)

where m is an arbitrary positive integer less than n.
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The iterated kernels Kn(x, t) can be directly expressed via K(x, t) by the formula

Kn(x, t) =
∫ b

a

∫ b

a

· · ·
∫ b

a︸ ︷︷ ︸
n–1

K(x, s1)K(s1, s2) . . .K(sn–1, t) ds1 ds2 . . . dsn–1.

All iterated kernels Kn(x, t), beginning with K2(x, t), are continuous functions on the square
S = {a ≤ x ≤ b, a ≤ t ≤ b} if the original kernel K(x, t) is square integrable on S.

If K(x, t) is symmetric, then all iterated kernels Kn(x, t) are also symmetric.

13.3-2. Method of Successive Approximations.

The results of Subsection 13.3-1 can also be obtained by means of the method of successive
approximations. To this end, one should use the recurrent formula

yn(x) = f (x) + λ

∫ b

a

K(x, t)yn–1(t) dt, n = 1, 2, . . . ,

with the zeroth approximation y0(x) = f (x).

13.3-3. Construction of the Resolvent.

The resolvent of the integral equation (1) is defined via the iterated kernels by the formula

R(x, t; λ) =
∞∑
n=1

λn–1Kn(x, t), (5)

where the series on the right-hand side is called the Neumann series of the kernel K(x, t). It
converges to a unique square integrable solution of Eq. (1) provided that

|λ| <
1
B

, B =

√∫ b

a

∫ b

a

K2(x, t) dx dt. (6)

If, in addition, we have ∫ b

a

K2(x, t) dt ≤ A, a ≤ x ≤ b,

where A is a constant, then the Neumann series converges absolutely and uniformly on [a, b].
A solution of a Fredholm equation of the second kind of the form (1) is expressed by the formula

y(x) = f (x) + λ

∫ b

a

R(x, t; λ)f (t) dt, a ≤ x ≤ b. (7)

Inequality (6) is essential for the convergence of the series (5). However, a solution of Eq. (1)
can exist for values |λ| > 1/B as well.

Remark 1. A solution of the equation

y(x) – λ

∫ b

a

K(x, t)y(t) dt = f (x), a ≤ x ≤ b,
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with weak singularity, where the kernel K(x, t) has the form

K(x, t) =
L(x, t)
|x – t|α

, 0 < α < 1,

and L(x, t) is a function continuous on the square S = {a ≤ x ≤ b, a ≤ t ≤ b}, can be obtained by the
successive approximation method provided that

|λ| <
1 – α

2B∗(b – a)1–α
, B∗ = sup |L(x, t)|.

The equation itself can be reduced to a Fredholm equation of the form

y(x) – λn

∫ b

a

Kn(x, t)y(t) dt = F (x), a ≤ x ≤ b,

F (x) = f (x) +
n–1∑
p=1

λp

∫ b

a

Kp(x, t)f (t) dt,

where Kp(x, t) (p = 1, . . . , n) is the pth iterated kernel, with Kn(x, t) being a Fredholm kernel for
n > 1

2 (1 – α)–1 and bounded for n > (1 – α)–1.

Example 1. Let us solve the integral equation

y(x) – λ

∫ 1

0
xty(t) dt = f (x), 0 ≤ x ≤ 1,

by the method of successive approximations. Here we have K(x, t) = xt, a = 0, and b = 1. We successively define

K1(x, t) = xt, K2(x, t) =
∫ 1

0
(xz)(zt) dz =

xt

3
, K3(x, t) =

1

3

∫ 1

0
(xz)(zt) dz =

xt

32
, . . . , Kn(x, t) =

xt

3n–1
.

According to formula (5) for the resolvent, we obtain

R(x, t; λ) =
∞∑
n=1

λn–1Kn(x, t) = xt
∞∑
n=1

(
λ

3

)n–1

=
3xt

3 – λ
,

where |λ| < 3, and it follows from formula (7) that the solution of the integral equation can be rewritten in the form

y(x) = f (x) + λ

∫ 1

0

3xt

3 – λ
f (t) dt, 0 ≤ x ≤ 1, λ ≠ 3.

In particular, for f (x) = x we obtain

y(x) =
3x

3 – λ
, 0 ≤ x ≤ 1, λ ≠ 3.

13.3-4. Orthogonal Kernels.

For some Fredholm equations, the Neumann series (5) for the resolvent is convergent for all values
of λ. Let us establish this fact.

Assume that two kernels K(x, t) and L(x, t) are given. These kernels are said to be orthogonal
if the following two conditions hold:∫ b

a

K(x, z)L(z, t) dz = 0,
∫ b

a

L(x, z)K(z, t) dz = 0 (8)

for all admissible values of x and t.
There exist kernels that are orthogonal to themselves. For these kernels we have K2(x, t) ≡ 0,

where K2(x, t) is the second iterated kernel. It is clear that in this case all the subsequent iterated
kernels also vanish, and the resolvent coincides with the kernel K(x, t).
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Example 2. Let us find the resolvent of the kernel K(x, t) = sin(x – 2t), 0 ≤ x ≤ 2π, 0 ≤ t ≤ 2π.
We have ∫ 2π

0
sin(x – 2z) sin(z – 2t) dz = 1

2

∫ 2π

0
[cos(x + 2t – 3z) – cos(x – 2t – z)] dz =

= 1
2

[
– 1

3 sin(x + 2t – 3z) + sin(x – 2t – z)
]z=2π

z=0 = 0.

Thus, in this case the resolvent of the kernel is equal to the kernel itself:

R(x, t; λ) ≡ sin(x – 2t),

so that the Neumann series (5) consists of a single term and clearly converges for any λ.

Example 3. The kernel

K(x, t) =
∞∑
n=1

an sin(nx) cos(nt), 0 ≤ x, t ≤ 2π,

with a convergent series
∞∑
n=1

|an | is orthogonal to itself.

Remark 2. If the kernels M (1)(x, t), . . . , M (n)(x, t) are pairwise orthogonal, then the resolvent
corresponding to the sum

K(x, t) =
n∑

m=1

M (m)(x, t)

is equal to the sum of the resolvents corresponding to each of the summands.

References for Section 13.3: S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971),
J. A. Cochran (1972), V. I. Smirnov (1974), A. J. Jerry (1985).

13.4. Method of Fredholm Determinants

13.4-1. Formula for the Resolvent.

A solution of the Fredholm equation of the second kind

y(x) – λ

∫ b

a

K(x, t)y(t) dt = f (x), a ≤ x ≤ b, (1)

is given by the formula

y(x) = f (x) + λ

∫ b

a

R(x, t; λ)f (t) dt, a ≤ x ≤ b, (2)

where the resolvent R(x, t; λ) is defined by the relation

R(x, t; λ) =
D(x, t; λ)

D(λ)
, D(λ) ≠ 0. (3)

Here D(x, t; λ) and D(λ) are power series in λ,

D(x, t; λ) =
∞∑
n=0

(–1)n

n!
An(x, t)λn, D(λ) =

∞∑
n=0

(–1)n

n!
Bnλn, (4)
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with coefficients defined by the formulas

A0(x, t) = K(x, t), An(x, t) =
∫ b

a

· · ·
∫ b

a︸ ︷︷ ︸
n

∣∣∣∣∣∣∣∣
K(x, t) K(x, t1) · · · K(x, tn)
K(t1, t) K(t1, t1) · · · K(t1, tn)

...
...

. . .
...

K(tn, t) K(tn, t1) · · · K(tn, tn)

∣∣∣∣∣∣∣∣ dt1 . . . dtn, (5)

B0 = 1, Bn =
∫ b

a

· · ·
∫ b

a︸ ︷︷ ︸
n

∣∣∣∣∣∣∣∣
K(t1, t1) K(t1, t2) · · · K(t1, tn)
K(t2, t1) K(t2, t2) · · · K(t2, tn)

...
...

. . .
...

K(tn, t1) K(tn, t2) · · · K(tn, tn)

∣∣∣∣∣∣∣∣ dt1 . . . dtn; n = 0, 1, 2, . . . (6)

The function D(x, t; λ) is called the Fredholm minor and D(λ) the Fredholm determinant. The
series (4) converge for all values of λ and hence define entire analytic functions of λ. The resolvent
R(x, t; λ) is an analytic function of λ everywhere except for the values of λ that are roots of D(λ).
These roots coincide with the characteristic values of the equation and are poles of the resolvent
R(x, t; λ).

Example 1. Consider the integral equation

y(x) – λ

∫ 1

0
xety(t) dt = f (x), 0 ≤ x ≤ 1, λ ≠ 1.

We have

A0(x, t) = xet, A1(x, t) =
∫ 1

0

∣∣∣∣ xet xet1

t1e
t t1e

t1

∣∣∣∣ dt1 = 0, A2(x, t) =
∫ 1

0

∫ 1

0

∣∣∣∣∣∣
xet xet1 xet2

t1e
t t1e

t1 t1e
t2

t2e
t t2e

t1 t2e
t2

∣∣∣∣∣∣ dt1 dt2 = 0,

since the determinants in the integrand are zero. It is clear that the relation An(x, t) = 0 holds for the subsequent coefficients.
Let us find the coefficients Bn:

B1 =
∫ 1

0
K(t1, t1) dt1 =

∫ 1

0
t1e

t1 dt1 = 1, B2 =
∫ 1

0

∫ 1

0

∣∣∣∣ t1e
t1 t1e

t2

t2e
t1 t2e

t2

∣∣∣∣ dt1 dt2 = 0.

It is clear that Bn = 0 for all subsequent coefficients as well.
According to formulas (4), we have

D(x, t; λ) = K(x, t) = xet; D(λ) = 1 – λ.

Thus,

R(x, t; λ) =
D(x, t; λ)

D(λ)
=

xet

1 – λ
,

and the solution of the equation can be represented in the form

y(x) = f (x) + λ

∫ 1

0

xet

1 – λ
f (t) dt, 0 ≤ x ≤ 1, λ ≠ 1.

In particular, for f (x) = e–x we obtain

y(x) = e–x +
λ

1 – λ
x, 0 ≤ x ≤ 1, λ ≠ 1.

13.4-2. Recurrent Relations.

In practice, the calculation of the coefficients An(x, t) and Bn of the series (4) by means of
formulas (5) and (6) is seldom possible. However, formulas (5) and (6) imply the following
recurrent relations:

An(x, t) = BnK(x, t) – n

∫ b

a

K(x, s)An–1(s, t) ds, (7)

Bn =
∫ b

a

An–1(s, s) ds. (8)
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Example 2. Let us use formulas (7) and (8) to find the resolvent of the kernel K(x, t) = x – 2t, where 0 ≤ x ≤ 1 and
0 ≤ t ≤ 1.

Indeed, we have B0 = 1 and A0(x, t) = x – 2t. Applying formula (8), we see that

B1 =
∫ 1

0
(–s) ds = – 1

2 .

Formula (7) implies the relation

A1(x, t) = –
x – 2t

2
–
∫ 1

0
(x – 2s)(s – 2t) ds = –x – t + 2xt + 2

3 .

Furthermore, we have

B2 =
∫ 1

0

(
–2s + 2s2 + 2

3

)
ds = 1

3 ,

A2(x, t) =
x – 2t

3
– 2
∫ 1

0
(x – 2s)

(
–s – t + 2st + 2

3

)
ds = 0,

B3 = B4 = · · · = 0, A3(x, t) = A4(x, t) = · · · = 0.

Hence,
D(λ) = 1 + 1

2 λ + 1
6 λ2; D(x, t; λ) = x – 2t + λ

(
x + t – 2xt – 2

3

)
.

The resolvent has the form

R(x, t; λ) =
x – 2t + λ

(
x + t – 2xt – 2

3

)
1 + 1

2 λ + 1
6 λ2

.

References for Section 13.4: S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971),
V. I. Smirnov (1974).

13.5. Fredholm Theorems and the Fredholm Alternative

13.5-1. Fredholm Theorems.

THEOREM 1. If λ is a regular value, then both the Fredholm integral equation of the second kind
and the transposed equation are solvable for any right-hand side, and both the equations have unique
solutions. The corresponding homogeneous equations have only the trivial solutions.

THEOREM 2. For the nonhomogeneous integral equation to be solvable, it is necessary and
sufficient that the right-hand side f (x) satisfies the conditions∫ b

a

f (x)ψk(x) dx = 0, k = 1, . . . , n,

where ψk(x) is a complete set of linearly independent solutions of the corresponding transposed
homogeneous equation.

THEOREM 3. If λ is a characteristic value, then both the homogeneous integral equation and the
transposed homogeneous equation have nontrivial solutions. The number of linearly independent
solutions of the homogeneous integral equation is finite and is equal to the number of linearly
independent solutions of the transposed homogeneous equation.

THEOREM 4. A Fredholm equation of the second kind has at most countably many characteristic
values, whose only possible accumulation point is the point at infinity.

Example. To illustrate the Fredholm theorems, consider the degenerate integral equation

y(x) – λ

∫ π

0
sin(x + t)y(t) dt = f (x). (1)
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Using the trigonometric formula
sin(x + t) = sin x cos t + cos x sin t,

we transform equation (1) to

y(x) = λA sin x + λB cos x + f (x), (2)

A =
∫ π

0
cos t y(t) dt, B =

∫ π

0
sin t y(t) dt. (3)

Substituting (2) into (3), we come to the system of linear algebraic equations for the coefficients A and B:

A – 1
2 πλB = f1,

– 1
2 πλA + B = f2,

(4)

where

f1 =
∫ π

0
f (t) cos t dt, f2 =

∫ π

0
f (t) sin t dt.

The determinant of this system ∣∣∣∣ 1 – 1
2 πλ

– 1
2 πλ 1

∣∣∣∣ = 1 – 1
4 π2λ2

has the roots
λ1 = –2/π, λ2 = 2/π, (5)

which coincide with the characteristic values of equation (1); the other values λ ≠ ±2/π are regular.
If λ differs from the characteristic values (5), then the determinant of system (4) differs from zero and the coefficients

A and B are uniquely defined by

A =
f1 + 1

2 πλf2

1 – 1
4 π2λ2

, B =
1
2 πλf1 + f2

1 – 1
4 π2λ2

and yield the unique solution (2) of the nonhomogeneous integral equation (1). For these values λ ≠ ±2/π, the corresponding
homogeneous integral equation (1) with f (x) ≡ 0 has only the trivial solution y(x) ≡ 0. (This illustrates Theorem 1.)

Now, suppose that λ = λ1,2 is one of the characteristic values (5). In this case, both equations of the homogeneous
system (4) with f (x) ≡ 0 are proportional and one can take A = 1

2 πλB, where B is an arbitrary constant. The corresponding
eigenfunctions have the form

y1,2(x) =
2

π
B(sin x ∓ cos x). (6)

The constant B can be chosen, for instance, from the following normalization condition for eigenfunctions:

‖y1,2‖2 =
∫ π

0
|y1,2(x)|2 dx = 1,

which yields B = 1
2

√
π.

If we take λ = λ1 = –2/π in the nonhomogeneous equation (1), then the algebraic system (4) takes the form

A + B = f1, A + B = f2;

and for its solvability it is necessary and sufficient that f1 = f2. This condition means that the right-hand side f (x) is
orthogonal to the eigenfunction y1(x). Similarly, for λ = λ2 = 2/π, system (4) has a solution if and only if f1 = –f2, i.e.,
the functions f (x) and y2(x) are orthogonal. The eigenfunctions obtained in this example and the orthogonality conditions
illustrate the statements of Theorems 2 and 3 (in the case under consideration, the kernel K(x, t) coincides with its conjugate).

13.5-2. Fredholm Alternative.

The Fredholm theorems imply the so-called Fredholm alternative, which is most frequently used in
the investigation of integral equations.

THE FREDHOLM ALTERNATIVE. Either the nonhomogeneous equation is solvable for any right-
hand side or the corresponding homogeneous equation has nontrivial solutions.

The first part of the alternative holds if the given value of the parameter is regular and the second
if it is characteristic.

Remark. The Fredholm theory is also valid for integral equations of the second kind with weak
singularity.

References for Section 13.5: S. G. Mikhlin (1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971),
J. A. Cochran (1972), V. I. Smirnov (1974), A. J. Jerry (1985), D. Porter and D. S. G. Stirling (1990), C. Corduneanu (1991),
J. Kondo (1991), W. Hackbusch (1995), R. P. Kanwal (1996), R. Kress (1999).
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13.6. Fredholm Integral Equations of the Second Kind
with Symmetric Kernel

13.6-1. Characteristic Values and Eigenfunctions.

Integral equations whose kernels are symmetric, that is, satisfy the condition K(x, t) = K(t, x), are
called symmetric integral equations.

Each symmetric kernel that is not identically zero has at least one characteristic value.
For any n, the set of characteristic values of the nth iterated kernel coincides with the set of nth

powers of the characteristic values of the first kernel.
The eigenfunctions of a symmetric kernel corresponding to distinct characteristic values are

orthogonal, i.e., if

ϕ1(x) = λ1

∫ b

a

K(x, t)ϕ1(t) dt, ϕ2(x) = λ2

∫ b

a

K(x, t)ϕ2(t) dt, λ1 ≠ λ2,

then

(ϕ1, ϕ2) = 0, (ϕ, ψ) ≡
∫ b

a

ϕ(x)ψ(x) dx.

The characteristic values of a symmetric kernel are real.
The eigenfunctions can be normalized; namely, we can divide each characteristic function by its

norm. If several linearly independenteigenfunctions correspond to the same characteristic value, say,
ϕ1(x), . . . , ϕn(x), then each linear combination of these functions is an eigenfunction as well, and
these linear combinations can be chosen so that the corresponding eigenfunctions are orthonormal.

Indeed, the function

ψ1(x) =
ϕ1(x)
‖ϕ1‖

, ‖ϕ1‖ =
√

(ϕ1, ϕ1),

has the norm equal to one, i.e., ‖ψ1‖ = 1. Let us form a linear combination αψ1 + ϕ2 and choose α
so that

(αψ1 + ϕ2, ψ1) = 0,

i.e.,

α = –
(ϕ2, ψ1)
(ψ1, ψ1)

= –(ϕ2, ψ1).

The function

ψ2(x) =
αψ1 + ϕ2

‖αψ1 + ϕ2‖
is orthogonal to ψ1(x) and has the unit norm. Next, we choose a linear combination αψ1 + βψ2 + ϕ3,
where the constants α and β can be found from the orthogonality relations

(αψ1 + βϕ2 + ϕ3, ψ1) = 0, (αψ1 + βψ2 + ϕ3, ψ2) = 0.

For the coefficients α and β thus defined, the function

ψ3 =
αψ1 + βψ2 + ϕ2

‖αψ1 + βϕ2 + ϕ3‖

is orthogonal to ψ1 and ψ2 and has the unit norm, and so on.
As was noted above, the eigenfunctions corresponding to distinct characteristic values are

orthogonal. Hence, the sequence of eigenfunctions of a symmetric kernel can be made orthonormal.



640 METHODS FOR SOLVING LINEAR EQUATIONS OF THE FORM y(x) –
∫ b
a K(x, t)y(t)dt = f (x)

In what follows we assume that the sequence of eigenfunctions of a symmetric kernel is or-
thonormal.

We also assume that the characteristic values are always numbered in the increasing order of
their absolute values. Thus, if

λ1, λ2, . . . , λn, . . . (1)

is the sequence of characteristic values of a symmetric kernel, and if a sequence of eigenfunctions

ϕ1, ϕ2, . . . , ϕn, . . . (2)

corresponds to the sequence (1) so that

ϕn(x) – λn

∫ b

a

K(x, t)ϕn(t) dt = 0, (3)

then ∫ b

a

ϕi(x)ϕj(x) dx =

{
1 for i = j,
0 for i ≠ j,

(4)

and
|λ1| ≤ |λ2| ≤ · · · ≤ |λn| ≤ · · · . (5)

If there are infinitely many characteristic values, then it follows from the fourth Fredholm
theorem that their only accumulation point is the point at infinity, and hence λn → ∞ as n → ∞.

The set of all characteristic values and the corresponding normalized eigenfunctions of a sym-
metric kernel is called the system of characteristic values and eigenfunctions of the kernel. The
system of eigenfunctions is said to be incomplete if there exists a nonzero square integrable function
that is orthogonal to all functions of the system. Otherwise, the system of eigenfunctions is said to
be complete.

13.6-2. Bilinear Series.

Assume that a kernel K(x, t) admits an expansion in a uniformly convergent series with respect to
the orthonormal system of its eigenfunctions:

K(x, t) =
∞∑
k=1

ak(x)ϕk(t) (6)

for all x in the case of a continuous kernel or for almost all x in the case of a square integrable
kernel.

We have

ak(x) =
∫ b

a

K(x, t)ϕk(t) dt =
ϕk(x)
λk

, (7)

and hence

K(x, t) =
∞∑
k=1

ϕk(x)ϕk(t)
λk

. (8)

Conversely, if the series
∞∑
k=1

ϕk(x)ϕk(t)
λk

(9)
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is uniformly convergent, then

K(x, t) =
∞∑
k=1

ϕk(x)ϕk(t)
λk

.

The following assertion holds: the bilinear series (9) converges in mean-square to the ker-
nel K(x, t).

If a symmetric kernel K(x, t) has finitely many characteristic values, then it is degenerate,
because in this case we have

K(x, t) =
n∑

k=1

ϕk(x)ϕk(t)
λk

. (10)

A kernel K(x, t) is said to be positive definite if for all functions ϕ(x) that are not identically
zero we have ∫ b

a

∫ b

a

K(x, t)ϕ(x)ϕ(t) dx dt > 0,

and the above quadratic functional vanishes for ϕ(x)=0 only. Such a kernel has positive characteristic
values only. A negative definite kernel is defined similarly.

Each symmetric positive definite (or negative definite) continuous kernel can be decomposed in
a bilinear series in eigenfunctions that is absolutely and uniformly convergent with respect to the
variables x, t.

The assertion remains valid if we assume that the kernel has finitely many negative (positive,
respectively) characteristic values.

If a kernel K(x, t) is symmetric, continuous on the square S = {a ≤ x ≤ b, a ≤ t ≤ b}, and has
uniformly bounded partial derivatives on this square, then this kernel can be expanded in a uniformly
convergent bilinear series in eigenfunctions.

13.6-3. Hilbert–Schmidt Theorem.

If a function f (x) can be represented in the form

f (x) =
∫ b

a

K(x, t)g(t) dt, (11)

where the symmetric kernel K(x, t) is square integrable and g(t) is a square integrable function,
then f (x) can be represented by its Fourier series with respect to the orthonormal system of
eigenfunctions of the kernel K(x, t):

f (x) =
∞∑
k=1

akϕk(x), (12)

where

ak =
∫ b

a

f (x)ϕk(x) dx, k = 1, 2, . . .

Moreover, if ∫ b

a

K2(x, t) dt ≤ A < ∞, (13)

then the series (12) is absolutely and uniformly convergent for any function f (x) of the form (11).

Remark 1. In the Hilbert–Schmidt theorem, the completeness of the system of eigenfunctions
is not assumed.
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13.6-4. Bilinear Series of Iterated Kernels.

By the definition of the iterated kernels, we have

Km(x, t) =
∫ b

a

K(x, z)Km–1(z, t) dz, m = 2, 3, . . . (14)

The Fourier coefficients ak(t) of the kernel Km(x, t), regarded as a function of the variable x, with
respect to the orthonormal system of eigenfunctions of the kernel K(x, t) are equal to

ak(t) =
∫ b

a

Km(x, t)ϕk(x) dx =
ϕk(t)
λm

k

. (15)

On applying the Hilbert–Schmidt theorem to (14), we obtain

Km(x, t) =
∞∑
k=1

ϕk(x)ϕk(t)
λm

k

, m = 2, 3, . . . (16)

In formula (16), the sum of the series is understood as the limit in mean-square. If in addition to the
above assumptions, inequality (13) is satisfied, then the series in (16) is uniformly convergent.

13.6-5. Solution of the Nonhomogeneous Equation.

Let us represent an integral equation

y(x) – λ

∫ b

a

K(x, t)y(t) dt = f (x), a ≤ x ≤ b, (17)

where the parameter λ is not a characteristic value, in the form

y(x) – f (x) = λ

∫ b

a

K(x, t)y(t) dt (18)

and apply the Hilbert–Schmidt theorem to the function y(x) – f (x):

y(x) – f (x) =
∞∑
k=1

Akϕk(x),

Ak =
∫ b

a

[y(x) – f (x)]ϕk(x) dx =
∫ b

a

y(x)ϕk(x) dx –
∫ b

a

f (x)ϕk(x) dx = yk – fk.

Taking into account the expansion (8), we obtain

λ

∫ b

a

K(x, t)y(t) dt = λ

∞∑
k=1

yk

λk
ϕk(x),

and thus

λ
yk

λk
= yk – fk, yk =

λkfk

λk – λ
, Ak =

λfk

λk – λ
. (19)

Hence,

y(x) = f (x) + λ

∞∑
k=1

fk

λk – λ
ϕk(x). (20)
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However, if λ is a characteristic value, i.e.,

λ = λp = λp+1 = · · · = λq , (21)

then, for k ≠ p, p + 1, . . . , q, the terms (20) preserve their form. For k = p, p + 1, . . . , q, formula (19)
implies the relation fk = Ak(λ – λk)/λ, and by (21) we obtain fp = fp+1 = · · · = fq = 0. The last
relation means that ∫ b

a

f (x)ϕk(x) dx = 0

for k = p, p+1, . . . , q, i.e., the right-hand side of the equation must be orthogonal to the eigenfunctions
that correspond to the characteristic value λ.

In this case, the solutions of Eqs. (17) have the form

y(x) = f (x) + λ

∞∑
k=1

fk

λk – λ
ϕk(x) +

q∑
k=p

Ckϕk(x), (22)

where the terms in the first of the sums (22) with indices k = p, p + 1, . . . , q must be omitted (for
these indices, fk and λ – λk vanish in this sum simultaneously). The coefficients Ck in the second
sum are arbitrary constants.

Remark 2. On the basis of the bilinear expansion (8) and the Hilbert–Schmidt theorem, the
solution of the symmetric Fredholm integral equation of the first kind∫ b

a

K(x, t)y(t) dt = f (x), a ≤ x ≤ b,

can be constructed in a similar way in the form

y(x) =
∞∑
k=1

fkλkϕk(x),

and the necessary and sufficient condition for the existence and uniqueness of such a solution
in L2(a, b) is the completeness of the system of the eigenfunctions ϕk(x) of the kernel K(x, t) together

with the convergenceof the series
∞∑
k=1

f 2
kλ2

k, where the λk are the corresponding characteristic values.

It should be noted that the verification of the last condition for specific equations is quite
complicated. In the solution of Fredholm equations of the first kind, the methods presented in
Chapter 12 are usually applied.

13.6-6. Fredholm Alternative for Symmetric Equations.

The above results can be unified in the following alternative form.
A symmetric integral equation

y(x) – λ

∫ b

a

K(x, t)y(t) dt = f (x), a ≤ x ≤ b, (23)

for a given λ, either has a unique square integrable solution for an arbitrarily given function
f (x) ∈ L2(a, b), in particular, y = 0 for f = 0, or the corresponding homogeneous equation has
finitely many linearly independent solutions Y1(x), . . . , Yr(x), r > 0.

For the second case, the nonhomogeneous equation has a solution if and only if the right-hand
side f (x) is orthogonal to all the functions Y1(x), . . . , Yr(x) on the interval [a, b]. Here the solution
is defined only up to an arbitrary additive linear combination A1Y1(x) + · · · + ArYr(x).
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13.6-7. Resolvent of a Symmetric Kernel.

The solution of a Fredholm equation of the second kind (23) can be written in the form

y(x) = f (x) + λ

∫ b

a

R(x, t; λ)f (t) dt, (24)

where the resolvent R(x, t; λ) is given by the series

R(x, t; λ) =
∞∑
k=1

ϕk(x)ϕk(t)
λk – λ

. (25)

Here the collections ϕk(x) and λk form the system of eigenfunctions and characteristic values of
Eqs. (23). It follows from formula (25) that the resolvent of a symmetric kernel has only simple
poles.

13.6-8. Extremal Properties of Characteristic Values and Eigenfunctions.

Let us introduce the notation

(u, w) =
∫ b

a

u(x)w(x) dx, ‖u‖2 = (u, u),

(Ku, u) =
∫ b

a

∫ b

a

K(x, t)u(x)u(t) dx dt,

where (u, w) is the inner product of functions u(x) and w(x), ‖u‖ is the norm of a function u(x),
and (Ku, u) is the quadratic form generated by the kernel K(x, t).

Let λ1 be the characteristic value of the symmetric kernel K(x, t) with minimum absolute value
and let y1(x) be the eigenfunction corresponding to this value. Then

1
|λ1|

= max
y /≡0

|(Ky, y)|
‖y‖2

; (26)

in particular, the maximum is attained, and y = y1 is a maximum point.
Let λ1, . . . , λn be the first n characteristic values of a symmetric kernel K(x, t) (in the ascending

order of their absolute values) and let y1(x), . . . , yn(x) be orthonormal eigenfunctions corresponding
to λ1, . . . , λn, respectively. Then the formula

1
|λn+1|

= max
|(Ky, y)|
‖y‖2

(27)

is valid for the characteristic value λn+1 following λn. The maximum is taken over the set of
functions y which are orthogonal to all y1, . . . , yn and are not identically zero, that is, y ≠ 0

(y, yj) = 0, j = 1, . . . , n; (28)

in particular, the maximum in (27) is attained, and y = yn+1 is a maximum point, where yn+1 is any
eigenfunction corresponding to the characteristic value λn+1 which is orthogonal to y1, . . . , yn.

Remark 3. For a positive definite kernel K(x, t), the symbol of modulus on the right-hand sides
of (27) and (28) can be omitted.
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13.6-9. Kellog’s Method for Finding Characteristic Values in the Case of Symmetric Kernel.

Let K(x, t) be a symmetric positive kernel (a ≤ x, t ≤ b). For an arbitrary function ϕ0(x) ∈ L2(a, b),
let us construct a sequence of functions by the recurrent formula

ϕn(x) =
∫ b

a

K(x, t)ϕn–1(t) dt, n = 1, 2, . . .

and consider the numerical sequence { ‖ϕn–1‖
‖ϕn‖

}
, (29)

where ‖ϕn‖ =

√∫ b

a
|ϕn(x)|2dx. Let y1(x), y2(x), . . . be orthonormal eigenfunctions of the kernel

K(x, t), and λ1 ≤ λ2 ≤ · · · the corresponding characteristic values. Suppose that the initial function
ϕ0(x) has been chosen orthogonal to the functions y1(x), . . . , yk–1(x), but nonorthogonal to the
eigenfunction yk(x). Then the limit of the sequence (29) is equal to the kth characteristic value λk.
The sequence {

1
n
√
‖ϕn‖

}
(30)

has the same limit as (29). In this case, the sequence of functions{
ϕn(x)
‖ϕn‖

}
converges to a function which is a linear combination of eigenfunctions corresponding to the
characteristic value λk.

Suppose that the functions y1(x) and ϕ0(x) are nonorthogonal,
∫ b

a
y1(x)ϕ0(x) dx ≠ 0. Then,

from (29) and (30) we obtain the following two approximation formulas for the smallest characteristic
value:

λ1 ≈ ‖ϕn–1‖/‖ϕn‖, (31)

λ1 ≈ (‖ϕn‖)–1/n. (32)

Formula (31) yields an upper bound for λ1. For a suitably chosen initial function ϕ0(x), the Kellog
method is relatively simple with regard to calculations.

Example 1. Let us apply the Kellog method for the calculation of the smallest characteristic value of the kernel
K(x, t) = x2t2, 0 ≤ x, t ≤ 1.

Taking ϕ0(x) = x as the initial function, we find that

ϕ1(x) =
∫ 1

0
x2t2t dt =

∫ 1

0
x2t3 dt =

1

4
x2,

ϕ2(x) =
∫ 1

0
x2t2 1

4
t2 dt =

1

4

∫ 1

0
x2t4 dt =

1

4 × 5
x2,

ϕ3(x) =
∫ 1

0
x2t2 1

4 × 5
t2 dt =

1

4 × 5

∫ 1

0
x2t4 dt =

1

4 × 52
x2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ϕn(x) =
∫ 1

0
x2t2 1

4 × 5n–2
t2 dt =

1

4 × 5n–2

∫ 1

0
x2t4 dt =

1

4 × 5n–1
x2.

Now, we define the norm

‖ϕn‖ =
1

4 × 5n–1

√∫ 1

0
|x4dx =

1

4 × 5n–1
√

5
.
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According to (31), we find the first characteristic value:

λ1 ≈
‖ϕn–1‖
‖ϕn‖

= 5.

It is easy to check that λ1 = 5 is the exact characteristic value.

If the kernel K(x, t) is not positive definite, then formulas (31) and (32) yield approximations
for the smallest absolute value of the corresponding characteristic values.

13.6-10. Trace Method for the Approximation of Characteristic Values.

The m-trace of the kernel K(x, t) is defined by

Am =
∫ b

a

Km(t, t) dt,

where Km(x, t) is the mth iterated kernel (see Subsection 13.3-1).
Formula (16) for a symmetric kernel implies that

Am =
∞∑
n=1

1
λm

n

(m = 2, 3, . . .).

For sufficiently large m, the leading term in this expression is 1/λm
1 , and therefore, we obtain the

approximate relations

A2m ≈
1

λ2m
1

, A2m+2 ≈
1

λ2m+2
1

.

It follows that for the smallest characteristic value λ1, for large enough m, the following approxi-
mation formula holds:

|λ1| ≈
√

A2m

A2m+2
, (33)

which is an upper bound for |λ1|.
In order to calculate the second characteristic value, one can use the approximation formulas

|λ2| ≈
1

|λ1|

√
B2m

B2m+2
, |λ2| ≈

1
|λ1|

(
2

B2m

)1/(2m)

,

where B2m = A2
2m – A4m.

Traces of even orders for a symmetric kernel are calculated by the formula

A2m =
∫ b

a

∫ b

a

K2
m(x, t) dx dt = 2

∫ b

a

∫ x

a

K2
m(x, t) dt dx. (34)

Example 2. Let us use the trace method to find the first characteristic value of the kernel

K(x, t) =
{

x if 0 ≤ x ≤ t ≤ 1,
t if 0 ≤ t ≤ x ≤ 1.

Since K(x, t) is symmetric, it suffices to find K2(x, t) for t < x. We have

K2(x, t) =
∫ 1

0
K(x, z)K(z, t) dz =

∫ t

0
z2 dz +

∫ x

t
zt dz +

∫ 1

x
xt dt = xt –

1

2
x2t –

1

6
t3.
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Now, using (34) for m = 1 and m = 2, we find that

A2 = 2
∫ 1

0
dx

∫ x

0
K2

1 (x, t) dt = 2
∫ 1

0
dx

∫ x

0
t2 dt = 2

∫ 1

0

x3

3
dx =

1

6
,

A4 = 2
∫ 1

0
dx

∫ x

0
K2

2 (x, t) dt

= 2
∫ 1

0
dx

∫ x

0

(
x2t2 +

x4t2

4
+

t6

36
– x3t2 –

xt4

3
+

x2t4

6

)
dt

= 2
∫ 1

0

(
x2t3

3
+

x4t3

12
+

t7

7 × 36
–

x3t3

3
–

xt5

15
+

x2t5

30

)∣∣∣∣t=x

t=0
dx

= 2
∫ 1

0

(
x5

3
+

x7

12
+

x7

7 × 36
–

x6

3
–

x6

15
+

x7

30

)
dx =

17

630
.

By (33) we obtain an approximation for the smallest characteristic value,

λ1 ≈

√
A2

A4
=

√
1
6

17
630

≈ 2.485.

This is in good agreement with the exact value λ1 = 1
4 π2 ≈ 2.467 (the error is less than 1%).

13.6-11. Integral Equations Reducible to Symmetric Equations.

An equation of the form

y(x) – λ

∫ b

a

K(x, t)ρ(t)y(t) dt = f (x), (35)

where K(x, t) is a symmetric kernel and ρ(t) > 0 is a continuous function on [a, b], can be reduced to
a symmetric equation. Indeed, on multiplying Eq. (35) by

√
ρ(x) and introducing the new unknown

function z(x) =
√

ρ(x) y(x), we arrive at the integral equation

z(x) – λ

∫ b

a

L(x, t)z(t) dt = f (x)
√

ρ(x), L(x, t) = K(x, t)
√

ρ(x)ρ(t), (36)

where L(x, t) is a symmetric kernel.

13.6-12. Skew-Symmetric Integral Equations.

By a skew-symmetric integral equation we mean an equation whose kernel is skew-symmetric, i.e.,
an equation of the form

y(x) – λ

∫ b

a

K(x, t)y(t) dt = f (x) (37)

whose kernel K(x, t) has the property

K(t, x) = –K(x, t). (38)

Equation (37) with the skew-symmetric kernel (38) has at least one characteristic value, and all
its characteristic values are purely imaginary.

13.6-13. Remark on Nonsymmetric Kernels.

An integral equation with a nonsymmetric kernel (i.e., such that K(x, t) ≠ K(t, x) for some x, t) may
happen to have no characteristic values.
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Example. Consider the homogeneous integral equation with nonsymmetric degenerate kernel

y(x) = λ

∫ π

0
cos x sin t y(t) dt, (1)

which can be written in the form

y(x) = A cos x, A = λ

∫ π

0
sin t y(t) dt. (2)

Substituting (2) into (1) and dividing the result by cos x, we get

A = λ

∫ π

0
sin tA cos t dt = 0.

Therefore, equation (1) has only the trivial solution for any λ.

References for Section 13.6: E. Goursat (1923), G. Wiarda (1930), R. Courant and D. Hilbert (1931), S. G. Mikhlin
(1960), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), J. A. Cochran (1972), V. I. Smirnov (1974), P. P. Zabreyko,
A. I. Koshelev, et al. (1975), A. J. Jerry (1985), F. G. Tricomi (1985), D. Porter and D. S. G. Stirling (1990), C. Corduneanu
(1991), J. Kondo (1991), W. Hackbusch (1995), R. P. Kanwal (1996).

13.7. Integral Equations with Nonnegative Kernels

13.7-1. Positive Principal Eigenvalues. Generalized Jentzch Theorem.

In this section, we consider nonnegative kernels K(x, t) ≥ 0 that are either continuous or square-
summable in the domain a ≤ x, t ≤ b.

Such kernels, under minimal additional assumptions, admit nonnegative eigenfunctions. The
associated eigenvalues µ (resp., characteristic values λ = 1/µ) will be called positive principal
eigenvalues (resp., positive principal characteristic values). Each positive principal eigenvalue is
obviously nonzero. Under fairly general conditions, a nonnegative eigenfunction is unique (up to a
constant coefficient) and the corresponding positive principal eigenvalue is an upper bound for the
modulus of any other eigenvalue.

THEOREM 1 (GENERALIZED JENTZCH THEOREM). If a continuous or polar kernel K(x, t) is
positive, then its characteristic values λ0 with the smallest modulus is positive and simple, and the
corresponding eigenfunction y0(x) does not change sign on the interval a ≤ x ≤ b.

Remark 1. The generalized Jentzch theorem holds for a symmetric, as well as a nonsymmetric,
polar positive kernel. It is allowed that the kernel may vanish at isolated points (on a set of zero
measure) of the domain a ≤ x, t ≤ b.

THEOREM 2. Suppose a nonnegativekernel K(x, t) has at least one (real or complex) eigenvalue.
Then it has a nonnegative eigenvalue µ0.

Remark 2. Not every nonnegative kernel has a nonnegative eigenfunction.

Example. Any nonnegative kernel K(x, t) ≥ 0 (a ≤ x, t ≤ b) satisfying the condition K(x, t) ≡ 0 for t ≥ x has no
eigenfunctions corresponding to nonzero eigenvalues.

THEOREM 3. Let K(x, t) be a nonnegative kernel. Suppose that there is a function u0(x) which
is positive on a set of nonzero measure and satisfies the inequality∫ b

a

Kn(x, t)u0(t) dt ≥ βu0(x) (a ≤ x ≤ b),

where β > 0 and Kn(x, t) is an iterated kernel of some order n. Then the kernel K(x, t) has at least
one positive principal eigenvalue µ0. This eigenvalue satisfies the inequality µ0 ≥ β1/n.

THEOREM 4. All (real and complex) eigenvalues µ of the nonnegative kernel K(x, t) satisfy the
inequality |µ| < ∆, where ∆ is the largest positive principal eigenvalue.
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13.7-2. Positive Solutions of a Nonhomogeneous Integral Equation.

Consider a nonhomogeneous integral equation with a parameter µ:

µy(x) =
∫ b

a

K(x, t)y(t) dt + f (x) (a ≤ x ≤ b), (1)

where the kernel K(x, t) ≥ 0 is either continuous or square-summable. The functions y(t) and f (x)
are also assumed either continuous or square-summable.

THEOREM 1. Let µ > ∆, where ∆ is the largest positive principal eigenvalue of the kernel
K(x, t). Then, for any nonnegative function f (x), equation (1) has one and only one nonnegative
solution y(x), which can be obtained by the method of successive approximations based on the
formula

µyn+1(x) =
∫ b

a

K(x, t)yn(t) dt + f (x) (n = 0, 1, . . .) (2)

with any initial approximation y0(x).

For y0(x) = 0, the solution can be represented as the series

y(x) =
∞∑
n=0

K(n)[f (x)]
µn+1

, K[f (x)] =
∫ b

a

K(x, t)f (t) dt, K(n)[f (x)] = K[K(n–1)[f (x)]].

Under the assumptions of Theorem 1, the rate of convergence of the successive approximations
to the solution of equation (1) is characterized by the inequality

‖y – yn‖ ≤ C(µ)

(
∆

µ

)n

(n = 1, 2, . . .),

where C(µ) is a constant. If the kernel K(x, t) and the function f (x) are continuous, then the norm
is introduced by ‖y‖ = max

a≤x≤b
|y(x)|. If K(x, t) and f (x) are square-summable, then one takes the

norm ‖y‖ =
[∫ b

a

y2(x) dx
]1/2

.

THEOREM 2. If equation (1) admits a positive solution for at least one positive function f0(x),
then µ > ∆, and therefore, equation (1) has a nonnegative solution for any nonnegative function
f (x).

13.7-3. Estimates for the Spectral Radius.

1◦. The greatest among the moduli of the eigenvalues of the kernel K(x, t) is called the spectral
radius of the kernel or spectral radius of the integral operator

K[y(x)] =
∫ b

a

K(x, t)y(t) dt

and is denoted ρ(K).
The role of the spectral radius can be characterized, for instance, by the fact that the integral

equation (1) with a continuous kernel and a continuous free term has a continuous solution that can
be obtained by the method of successive approximations (2) if and only if |µ| > ρ(K). Theorem 4
of Subsection 13.7-1 implies that the spectral radius of the nonnegative kernel K(x, t) ≥ 0 is either
equal to zero or coincides with its largest positive principal eigenvalue. Therefore, estimates for the



650 METHODS FOR SOLVING LINEAR EQUATIONS OF THE FORM y(x) –
∫ b
a K(x, t)y(t)dt = f (x)

spectral radius in the case of a nonnegative kernel coincide with estimates for the largest positive
principal eigenvalue.

Estimates for spectral radii of nonnegative kernels can be used for studying kernels of alternating
sign, since the spectral radius of a nonnegative kernel K(x, t) is an upper bound for the spectral
radius of any kernel M (x, t) such that

|M (x, t)| ≤ K(x, t) (a ≤ x ≤ b).

In the following statements, it is assumed that all functions are either continuous or square-
summable and K(x, t) ≥ 0.

2◦. The simplest upper bounds for the spectral radius have the form

ρ(K) ≤ max
a≤x≤b

∫ b

a

K(x, t) dt,

ρ(K) ≤
[∫ b

a

∫ b

a

K2(x, t) dx dt

]1/2

.

More precise estimates are obtained in terms of iterations of the kernel:

ρ(K) ≤
[

max
a≤x≤b

∫ b

a

Kn(x, t) dt

]1/n

,

ρ(K) ≤
[∫ b

a

∫ b

a

K2
n(x, t) dx dt

]1/(2n)

.

Let us give two more estimates.
Suppose that for some β1 > 0, the following inequality holds:∫ b

a

K(x, t)

[
β1 –

∫ b

a

Kn(t, τ ) dτ

]
dt ≥ 0.

Then ρ(K) ≤ β
1/n
1 .

Suppose that for some β2 > 0, we have∫ b

a

Kn(x, t)

[
β2 –

∫ b

a

K(t, τ ) dτ

]
dt ≥ 0.

Then ρ(K) ≤ β2.

THEOREM 1. Suppose that for some β1 > 0 and some nonnegative function u1(x) taking positive
values on a set of nonzero measure, the following inequality holds:∫ b

a

K(x, t)u1(t) dt ≥ β1u1(x) (a ≤ x ≤ b).

Then ρ(K) ≥ β1.

THEOREM 2. Suppose that for some β2 > 0 and some nonnegative function u2(x) taking zero
values only on a set of zero measure (say, at finitely many points), the following inequality holds:∫ b

a

Kn(x, t)u2(t) dt ≤ β2u2(x) (a ≤ x ≤ b).
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Then ρ(K) ≤ β
1/n
2 .

3◦. Consider a continuous kernel K(x, t) defined on the square a ≤ x, t ≤ b. Let us split the segment
[a, b] into n parts:

a = x0 < x1 < . . . < xn–1 < xn = b.

Setting

mij = max
xi–1≤x≤xi

∫ xj

xj–1

|K(x, t)| dt (i, j = 1, . . . , n), (3)

let us construct the matrix

S ≡

⎛⎜⎜⎝
m11 m12 · · · m1n

m21 m22 · · · m2n
...

...
. . .

...
mn1 mn2 · · · mnn

⎞⎟⎟⎠ . (4)

THEOREM 3. The spectral radius ρ(K) does not exceed the largest eigenvalue of the matrix S.

The likewise is true if, instead of (3), the elements of the matrix (4) are defined by

mij =

(∫ xi

xi–1

∫ xj

xj–1

K2(x, t) dx dt

)1/2

. (5)

Example. Consider the kernel K(x, t) that coincides with the Green function G(x, t) for the equation of vibrations of
a string with fixed ends,

K(x, t) = G(x, t) =
{

x(1 – t) if 0 ≤ x ≤ t ≤ 1,
t(1 – x) if 0 ≤ t ≤ x ≤ 1.

Let us construct the matrix (4), taking n = 5, xi = 1
5 i (i = 0, 1, . . . , 5). The elements of this matrix are calculated as in (5).

The largest eigenvalue of the matrix S in this case is equal to 0.10216. This gives the estimate ρ(K) ≤ 0.10216. The
exact largest eigenvalue is 1/π2 ≈ 0.10132.

13.7-4. Basic Definition and Theorems for Oscillating Kernels.

1◦. A continuous function of two variables K(x, t) (a ≤ x, t ≤ b) is called an oscillation kernel, if
the following inequalities hold:

(a) K(x, t) > 0, a < x < b, a < t < b;

(b) det K(xi, tj) ≥ 0, a < x1 < x2 < · · · < xn < b, a < t1 < t2 < · · · < tn < b;

(c) det K(xi, xj) > 0, a < x1 < x2 < · · · < xn < b,

where n is an arbitrary positive integer and the points xi, tj that satisfy the above inequalities are
otherwise selected arbitrarily.

It can be shown that the product of two (or finitely many) oscillation kernels is an oscillating
kernel.

THEOREM 1. Consider an integral equation of the form

y(x) = λ

∫ b

a

K(x, t)σ(t)y(t) dt, (6)

where K(x, t) is an oscillation kernel and σ(t) > 0 is a continuous function. Then the following
statements hold:

1. All characteristic values (6) are positive and simple; 0 < λ0 < λ1 < · · · .
2. The eigenfunction y0(x) corresponding to λ0 has no zeros on the interval a < x < b.
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3. The eigenfunction yk(x) corresponding to λk has precisely k nodes (yk(x) changes
sign at each node) and has no other zeros.

4. For arbitrary integers k and m (0 ≤ k ≤ m) and real ck, ck+1, . . . , cm (
m∑
i=k

c2
i > 0), the

linear combination

y(x) =
m∑
i=k

ciyi(x)

has at least k nodes and at most m zeros.
5. The nodes of neighboring eigenfunctions alternate.

In order to apply the theory of integral equations with oscillation kernels to the investigation
of ordinary differential equations, one has to reduce the latter to the former with the help of the
Green’s function, and it is necessary to answer the question whether the Green’s function represents
an oscillation kernel. Next, we give some results that suggest an answer to this question.

2◦. Consider a differential operator

L[y] =
n∑

s=0

γs(x)
dsy

dxs
, n ≥ 2, (7)

on the interval a ≤ x ≤ b with positive coefficients

γs(x) > 0

and the homogeneous boundary conditions

n–1∑
m=0

αimy(m)
x = 0 for x = a (i = 1, . . . , p),

n–1∑
m=0

βimy(m)
x = 0 for x = b (i = 1, . . . , q),

(8)

where p + q = 1.

THEOREM 2. Suppose that the system of boundary conditions (8) corresponds to the Green’s
function G(x, t) of the differential operator (7) such that (–1)qG(x, t) is an oscillation kernel. Then
the same property holds for the following simpler system of boundary conditions:

y(a) = y′
x(a) = · · · = y(p–1)

x (a) = 0,

y(b) = y′
x(b) = · · · = y(q–1)

x (b) = 0,
(9)

where p + q = n, i.e., (–1)qGp,q(x, t) is an oscillation kernel, where Gp,q(x, t) is the Green’s function
of the operator (7) with the boundary conditions (9).

THEOREM 3. The system of boundary conditions (9) (1 ≤ p < n) of the operator (7) corresponds
to an oscillation kernel (–1)qGp,q(x, t) if and only if the following two conditions hold:

1. The differential equation with the truncated system of boundary conditions

L[y] = 0; y(b) = y′
x(b) = · · · = y(q–1)

x (b) = 0

has p solutions y1 = y1(x), . . . , yp = yp(x) such that

y1 > 0, W (y1, y2) > 0, . . . , W (y1, . . . , yp) > 0 for a < x < b,
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where W (y1, . . . , yk) is the Wronskian determinant

W (y1, . . . , yk) =

∣∣∣∣∣∣∣
y1(x) · · · yk(x)
y′

1(x) · · · y′
k(x)

· · · · · · · · ·
y(k–1)

1 (x) · · · y(k–1)
k (x)

∣∣∣∣∣∣∣ .
2. The differential equation with the truncated system of boundary conditions

L[y] = 0; y(a) = y′
x(a) = · · · = y(p–1)

x (a) = 0

has q = n – p solutions yp+1 = y1(x), . . . , yn = yn(x) such that

W (y1, . . . , yp, yp+1) > 0, . . . , W (y1, . . . , yp, . . . , yn) > 0 for a < x < b.

THEOREM 4. Conditions 1 and 2 of Theorem 3, under the assumption that the Green’s function
exists, are equivalent to the condition that the differential operator L[y] admits a representation of
the form

L[y] = µ0(x)
d

dx
µ1(x)

d

dx
µ2(x) . . .

d

dx
µn(x)y, (10)

where µk(x) are positive weight functions with k continuous derivatives on (a, b).

If the differential operator L[y] admits the representation (10), then the equation L[y] = 0 has a
particular solution y = const /µn(x).

THEOREM 5 (KREIN’S CRITERION). The condition that for each p (1 ≤ p < n), the differen-
tial operator (7) with the boundary conditions (9) admits a Green’s function Gp,q(x, t) such that
(–1)qGp,q(x, t) is an oscillation kernel, is equivalent to the condition that the operator L[y] on the in-
terval (a, b) admits the representation (10) with strictly positive functions µk(x) having k continuous
derivatives on (a, b).

Remark. Suppose that the operator (10) with the boundary conditions (8) admits a Green’s
function G(x, t) (it is assumed that µk(x) > 0 and have k continuous derivatives). Then the function
(–1)qG(x, t) is an oscillation kernel.

Example 1. Consider the second-order linear differential operator

L[y] = f (x)y′′
xx + g(x)y′

x, (11)

where f (x) > 0 and g(x) > 0 for x ∈ [a, b], with the homogeneous boundary conditions of the first kind

y(a) = 0, y(b) = 0. (12)

The differential operator (11) can be represented as an iterated operator (10) with positive weights:

L[y] = µ0(x)
d

dx
µ1(x)

d

dx
µ2(x)y,

µ0(x) = f (x) exp

[∫
g(x)

f (x)
dx

]
, µ1(x) = exp

[∫
g(x)

f (x)
dx

]
, µ2(x) = 1.

Boundary conditions (12) represent a special case of (9) for p = q = 1. It is not difficult to show that the operator (11) with
the conditions (12) has the following Green’s function [constructed with the help of formulas (12) from Subsection 18.3-3]:

G(x, t) = –

⎧⎪⎪⎨⎪⎪⎩
Y (a, x)Y (t, b)

f (t)Φ(t)Y (a, b)
if a ≤ x ≤ t,

Y (a, t)Y (x, b)

f (t)Φ(t)Y (a, b)
if t ≤ x ≤ b,
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where

Φ(t) = exp

[
–
∫ t

0

g(τ )

f (τ )
dτ

]
, Y (a, b) =

∫ b

a
Φ(z) dz.

Krein’s criterion ensures that the function K(x, t) = –G(x, t) is an oscillation kernel.

Example 2. Consider the third-order differential operator

L[y] = y′′′
xxx (13)

with the boundary conditions
y′

x = 0 for x = 0,

y = y′′
xx = 0 for x = 1.

(14)

It is easy to check that the operator (13) with the boundary conditions (14) has the Green’s function

G(x, t) =

{
t – 1

2 (x2 + t2) for 0 ≤ x ≤ t ≤ 1,
t – xt for 0 ≤ t ≤ x ≤ 1.

(15)

Here p = 1 and q = 2. Therefore, it follows from Theorem 5 (see the remark) that G(x, t) is an oscillation kernel.
Now, let us examine the eigenvalue problem for the third-order equation

y′′′
xxx = λσ(x)y, σ(x) > 0,

with boundary conditions (14). With the help of the Green’s function (15), this problem is reduced to the integral equation

y(x) = λ

∫ 1

0
G(x, t)σ(t)y(t) dt. (16)

Since G(x, t) is an oscillation kernel and σ(x) > 0, the results of Theorem 1 can be applied to equation (16).

13.7-5. Stochastic Kernels.

1◦. A nonnegative continuous kernel K(x, t) in the domain a ≤ x, t ≤ b is called a stochastic kernel,
if ∫ b

a

K(x, t) dt ≡ 1 (a ≤ x ≤ b).

Obviously, for any integral operator with a stochastic kernel K(x, t),

y0(x) ≡ 1 (a ≤ x ≤ b)

is an eigenfunction corresponding to the characteristic value λ0 = 1. The other characteristic values
λ satisfy the inequality |λ| ≥ 1. Integral operators with stochastic kernels may have characteristic
values λ ≠ 1 such that |λ| = 1. The corresponding eigenvalues µ = 1/λ are called permutators.

2◦. Properties of stochastic kernels:
1. All eigenvalues µ of an integral operator with stochastic kernel such that |µ| = 1 are integer

roots of unity.
2. The set of all eigenfunctions of an integral operator with stochastic kernel corresponding to

an eigenvalue µ = 1/λ = 1 contains a basis that consists of nonnegative functions y1(x), . . . , ym(x)
with the following properties:

(a) for every yj(x) (j = 1, . . . , m), there is at least one point at which this function is positive
and all other functions of the basis are equal to zero;

(b) for each x ∈ [a, b], there is at least one function of the basis that is positive at x.

References for Section 13.7: M. G. Krein (1939), F. P. Gantmakher and M. G. Krein (1950), S. Karlin (1968), J. M. Karon
(1969), P. P. Zabreyko, A. I. Koshelev, et al. (1975), D. D. Joseph (1976), R. P. Agarwal, D. O’Regan, and P. J. Y. Wong
(1998).
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13.8. Operator Method for Solving Integral Equations of
the Second Kind

13.8-1. Simplest Scheme.

Consider a linear equation of the second kind of the special form

y(x) – λL [y] = f (x), (1)

where L is a linear (integral) operator such that L2 = k, k = const.
Let us apply the operator L to Eq. (1). We obtain

L [y] – kλy(x) = L [f (x)]. (2)

On eliminating the term L [y] from (1) and (2), we find the solution

y(x) =
1

1 – kλ2

{
f (x) + λL [f ]

}
. (3)

Remark. In Section 11.4, various generalizations of the above method are described.

13.8-2. Solution of Equations of the Second Kind on the Semiaxis.

1◦. Consider the equation

y(x) – λ

∫ ∞

0
cos(xt)y(t) dt = f (x). (4)

In this case, the operator L coincides, up to a constant factor, with the Fourier cosine transform:

L [y] =
∫ ∞

0
cos(xt)y(t) dt =

√
π

2
Fc[y] (5)

and acts by the rule L2 = k, where k = π
2 (see Subsection 9.5-1).

We obtain the solution by formula (3) taking into account Eq. (5):

y(x) =
2

2 – πλ2

[
f (x) + λ

∫ ∞

0
cos(xt)f (t) dt

]
, λ ≠ ±

√
2
π

. (6)

2◦. Consider the equation

y(x) – λ

∫ ∞

0
tJν(xt)y(t) dt = f (x), (7)

where Jν (x) is the Bessel function, Re ν > –1.
Here the operator L coincides, up to a constant factor, with the Hankel transform:

L [y] =
∫ ∞

0
tJν(xt)y(t) dt (8)

and acts by the rule L2 = 1 (see Subsection 9.6-1).
We obtain the solution by formula (3), for k = 1, taking into account Eq. (8):

y(x) =
1

1 – λ2

[
f (x) + λ

∫ ∞

0
tJν(xt)f (t) dt

]
, λ ≠ ±1. (9)

Reference for Section 13.8: A. D. Polyanin and A. V. Manzhirov (1998).
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13.9. Methods of Integral Transforms and Model
Solutions

13.9-1. Equation with Difference Kernel on the Entire Axis.

Consider an integral equation of convolution type of the second kind with one kernel

y(x) +
1√
2π

∫ ∞

–∞
K(x – t)y(t) dt = f (x), –∞ < x < ∞, (1)

where f (x) and K(x) are the known right-hand side and the kernel of the integral equation and y(x)
is the unknown function. Let us apply the (alternative) Fourier transform to Eq. (1). In this case,
taking into account the convolution theorem (see Subsection 9.4-4), we obtain

Y(u)[1 + K(u)] = F (u). (2)

Thus, on applying the Fourier transform we reduce the solution of the original integral equation (1)
to the solution of the algebraic equation (2) for the transform of the unknown function. The solution
of Eq. (2) has the form

Y(u) =
F (u)

1 + K(u)
. (3)

Formula (3) gives the transform of the solution of the original integral equation in terms of the
transforms of the known functions, namely, the kernel and the right-hand side of the equation. The
solution itself can be obtained by applying the Fourier inversion formula:

y(x) =
1√
2π

∫ ∞

–∞
Y(u)e–iux du =

1√
2π

∫ ∞

–∞

F (u)
1 + K(u)

e–iux du. (4)

In fact, formula (4) solves the problem; however, sometimes it is not convenient because it
requires the calculation of the transform F (u) for each right-hand side f (x). In many cases, the
representation of the solution of the nonhomogeneous integral equation via the resolvent of the
original equation is more convenient. To obtain the desired representation, we note that formula (3)
can be transformed to the expression

Y(u) = [1 – R(u)]F (u), R(u) =
K(u)

1 + K(u)
. (5)

On the basis of (5), by applying the Fourier inversion formula and the convolution theorem (for
transforms) we obtain

y(x) = f (x) –
1√
2π

∫ ∞

–∞
R(x – t)f (t) dt, (6)

where the resolvent R(x – t) of the integral equation (1) is given by the relation

R(x) =
1√
2π

∫ ∞

–∞

K(u)
1 + K(u)

e–iux du, (7)

Thus, to determine the solution of the original integral equation (1), it suffices to find the func-
tion R(x) by formula (7).

The function R(x) is a solution of Eq. (1) for a special form of the function f (x). Indeed, it
follows from formulas (3) and (5) that for Y(u) = R(u) the function F (u) is equal to K(u). This
means that, for f (x) ≡ K(x), the function y(x) ≡ R(x) is a solution of Eq. (1), i.e., the resolvent of
Eq. (1) satisfies the integral equation

R(x) +
1√
2π

∫ ∞

–∞
K(x – t)R(t) dt = K(x), –∞ < x < ∞. (8)

Note that to calculate direct and inverse Fourier transforms, one can use the corresponding tables
from Supplements 7 and 8 and the books by H. Bateman and A. Erdélyi (1954) and by V. A. Ditkin
and A. P. Prudnikov (1965).



13.9. METHODS OF INTEGRAL TRANSFORMS AND MODEL SOLUTIONS 657

Example. Let us solve the integral equation

y(x) – λ

∫ ∞

–∞
exp
(
α|x – t|

)
y(t) dt = f (x), –∞ < x < ∞, (9)

which is a special case of Eq. (1) with kernel K(x – t) given by the expression

K(x) = –
√

2π λe–α|x|, α > 0. (10)

Let us find the function R(x). To this end, we calculate the integral

K(u) = –
∫ ∞

–∞
λe–α|x|eiux dx = –

2αλ

u2 + α2
. (11)

In this case, formula (5) implies

R(u) =
K(u)

1 + K(u)
= –

2αλ

u2 + α2 – 2αλ
, (12)

and hence

R(x) =
1√
2π

∫ ∞

–∞
R(u)e–iux du = –

√
2

π

∫ ∞

–∞

αλ

u2 + α2 – 2αλ
e–iux du. (13)

Assume that λ < 1
2 α. In this case the integral (13) makes sense and can be calculated by means of the theory of residues on

applying the Jordan lemma (see Subsections 9.1-4 and 9.1-5). After some algebraic manipulations, we obtain

R(x) = –
√

2π
αλ√

α2 – 2αλ
exp
(
–|x|

√
α2 – 2αλ

)
(14)

and finally, in accordance with (6), we obtain

y(x) = f (x) +
αλ√

α2 – 2αλ

∫ ∞

–∞
exp
(
–|x – t|

√
α2 – 2αλ

)
f (t) dt, –∞ < x < ∞. (15)

13.9-2. Equation with the Kernel K(x, t) = t–1Q(x/t) on the Semiaxis.

Here we consider the following equation on the semiaxis:

y(x) –
∫ ∞

0

1
t
Q
( x

t

)
y(t) dt = f (x). (16)

To solve this equation we apply the Mellin transform which is defined as follows (see also Sec-
tion 9.3):

f̂ (s) = M{f (x), s} ≡
∫ ∞

0
f (x)xs–1 dx, (17)

where s = σ + iτ is a complex variable (σ1 < σ < σ2) and f̂ (s) is the transform of the function f (x).
In what follows, we briefly denote the Mellin transform by M{f (x)} ≡ M{f (x), s}.

For known f̂ (s), the original function can be found by means of the Mellin inversion formula

f (x) = M–1{f̂ (s)} ≡
1

2πi

∫ c+i∞

c–i∞
f̂ (s)x–s ds, σ1 < c < σ2, (18)

where the integration path is parallel to the imaginary axis of the complex plane s and the integral
is understood in the sense of the Cauchy principal value.

On applying the Mellin transform to Eq. (16) and taking into account the fact that the integral
with such a kernel is transformed into the product by the rule (see Subsection 9.3-2)

M

{∫ ∞

0

1
t
Q
( x

t

)
y(t) dt

}
= Q̂(s)ŷ(s),
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we obtain the following equation for the transform ŷ(s):

ŷ(s) – Q̂(s)ŷ(s) = f̂ (s).

The solution of this equation is given by the formula

ŷ(s) =
f̂ (s)

1 – Q̂(s)
. (19)

On applying the Mellin inversion formula to Eq. (19) we obtain the solution of the original integral
equation

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̂ (s)

1 – Q̂(s)
x–s ds. (20)

This solution can also be represented via the resolvent in the form

y(x) = f (x) +
∫ ∞

0

1
t
N
( x

t

)
f (t) dt, (21)

where we have used the notation

N (x) = M–1{N̂ (s)}, N̂ (s) =
Q̂(s)

1 – Q̂(s)
. (22)

Under the application of this analytical method of solution, the following technical difficulties
can occur: (a) in the calculation of the transform for a given kernel K(x) and (b) in the calculation
of the solution for the known transform ŷ(s). To find the corresponding integrals, tables of direct
and inverse Mellin transforms are applied (e.g., see Supplements 9 and 10). In many cases, the
relationship between the Mellin transform and the Fourier and Laplace transforms is first used:

M{f (x), s} = F{f (ex), is} = L{f (ex), –s} + L{f (e–x), s}, (23)

and then tables of direct and inverse Fourier transforms and Laplace transforms are applied (see
Supplements 5–8).

Remark 1. The equation

y(x) –
∫ ∞

0
H
( x

t

)
xαt–α–1y(t) dt = f (x) (24)

can be rewritten in the form of Eq. (16) under the notation K(z) = zαH(z).

13.9-3. Equation with the Kernel K(x, t) = tβQ(xt) on the Semiaxis.

Consider the following equation on the semiaxis:

y(x) –
∫ ∞

0
tβQ(xt)y(t) dt = f (x). (25)

To solve this equation, we apply the Mellin transform. On multiplying Eq. (25) by xs–1 and
integrating with respect to x from zero to infinity, we obtain∫ ∞

0
y(x)xs–1 dx –

∫ ∞

0
y(t)tβ dt

∫ ∞

0
Q(xt)xs–1 dx =

∫ ∞

0
f (x)xs–1 dx. (26)
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Let us make the change of variables z = xt. We finally obtain

ŷ(s) – Q̂(s)
∫ ∞

0
y(t)tβ–s dt = f̂ (s). (27)

Taking into account the relation ∫ ∞

0
y(t)tβ–s dt = ŷ(1 + β – s),

we rewrite Eq. (27) in the form

ŷ(s) – Q̂(s)ŷ(1 + β – s) = f̂ (s). (28)

On replacing s by 1 + β – s in Eq. (28), we obtain

ŷ(1 + β – s) – Q̂(1 + β – s)ŷ(s) = f̂ (1 + β – s). (29)

Let us eliminate ŷ(1 + β – s) and solve the resulting equation for ŷ(s). We thus find the transform of
the solution:

ŷ(s) =
f̂ (s) + Q̂(s)f̂ (1 + β – s)

1 – Q̂(s)Q̂(1 + β – s)
. (30)

On applying the Mellin inversion formula, we obtain the solution of the integral equation (25)
in the form

y(x) =
1

2πi

∫ c+i∞

c–i∞

f̂ (s) + Q̂(s)f̂ (1 + β – s)

1 – Q̂(s)Q̂(1 + β – s)
x–s ds. (31)

Remark 2. The equation

y(x) –
∫ ∞

0
H(xt)xptqy(t) dt = f (x)

can be rewritten in the form of Eq. (25) under the notation Q(z) = zpH(z), where β = q – p.

13.9-4. Method of Model Solutions for Equations on the Entire Axis.

Let us illustrate the capability of a generalized modification of the method of model solutions (see
Subsection 11.6) by an example of the equation

Ay(x) +
∫ ∞

–∞
Q(x + t)eβty(t) dt = f (x), (32)

where Q = Q(z) and f (x) are arbitrary functions and A and β are arbitrary constants satisfying some
constraints.

For clarity, instead of the original equation (32) we write

L [y(x)] = f (x). (33)

For a test solution, we take the exponential function

y0 = epx. (34)
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On substituting (34) into the left-hand side of Eq. (33), after some algebraic manipulations we obtain

L [epx] = Aepx + q(p)e–(p+β)x, where q(p) =
∫ ∞

–∞
Q(z)e(p+β)z dz. (35)

The right-hand side of (35) can be regarded as a functional equation for the kernel epx of the inverse
Laplace transform. To solve it, we replace p by –p – β in Eq. (35). We finally obtain

L [e–(p+β)x] = Ae–(p+β)x + q(–p – β)epx. (36)

Let us multiply Eq. (35) by A and Eq. (36) by –q(p) and add the resulting relations. This yields

L [Aepx – q(p)e–(p+β)x] = [A2 – q(p)q(–p – β)]epx. (37)

On dividing Eq. (37) by the constant A2 – q(p)q(–p – β), we obtain the original model solution

Y (x, p) =
Aepx – q(p)e–(p+β)x

A2 – q(p)q(–p – β)
, L [Y (x, p)] = epx. (38)

Since here –∞ < x < ∞, one must set p = iu and use the formulas from Subsection 11.6-3. Then
the solution of Eq. (32) for an arbitrary function f (x) can be represented in the form

y(x) =
1√
2π

∫ ∞

–∞
Y (x, iu)f̃(u) du, f̃ (u) =

∫ ∞

–∞
f (x)e–iux dx. (39)

References for Section 13.9: M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), V. I. Smirnov (1974),
P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. D. Gakhov and Yu. I. Cherskii (1978), A. D. Polyanin and A. V. Manzhirov
(1997, 1998).

13.10. Carleman Method for Integral Equations of
Convolution Type of the Second Kind

13.10-1. Wiener–Hopf Equation of the Second Kind.

Equations of convolution type of the second kind of the form*

y(x) +
1√
2π

∫ ∞

0
K(x – t)y(t) dt = f (x), 0 < x < ∞, (1)

frequently occur in applications. Here the domain of the kernel K(x) is the entire real axis.
Let us extend the equation domain to the negative semiaxis by introducing one-sided functions,

y+(x) =

{
y(x) for x > 0,
0 for x < 0,

f+(x) =

{
f (x) for x > 0,
0 for x < 0,

y–(x) = 0 for x > 0.

Then we obtain an equation,

y+(x) +
1√
2π

∫ ∞

–∞
K(x – t)y+(t) dt = y–(x) + f+(x), –∞ < x < ∞, (2)

which coincides with (1) for x > 0.

* Prior to reading this section looking through Sections 12.7 and 12.8 is recommended.
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The auxiliary function y–(x) is introduced to compensate for the left-hand side of Eq. (2) for
x < 0. Note that y–(x) is unknown for x < 0 and is to be found in solving the problem.

Let us pass to the Fourier integrals in Eq. (2) (see Subsections 9.4-3, 12.7-1, and 12.7-2). We
obtain a Riemann problem in the form

Y+(u) =
Y–(u)

1 + K(u)
+

F+(u)
1 + K(u)

, –∞ < u < ∞. (3)

1◦. Assume that the normality condition is satisfied, i.e.,

1 + K(u) ≠ 0,

then we rewrite the Riemann problem in the usual form

Y+(u) = D(u)Y–(u) + H(u), –∞ < u < ∞, (4)

where

D(u) =
1

1 + K(u)
, H(u) =

F (u)
1 + K(u)

. (5)

The Riemann problem (4) is equivalent to Eq. (1); in particular, these equations are simulta-
neously solvable or unsolvable and have an equal number of arbitrary constants in their general
solutions. If the index ν of the Riemann problem, which is given by the relation

ν = Ind
1

1 + K(u)
(6)

(which is also sometimes called the index of the Wiener–Hopf equation of the second kind), is
positive, then the homogeneous equation (1) (f (x) ≡ 0) has exactly ν linearly independent solutions,
and the nonhomogeneousequation is unconditionally solvable and its solution depends on ν arbitrary
complex constants.

In the case ν ≤ 0, the homogeneous equation has no nonzero solutions. For ν = 0, the nonhomo-
geneous equation is unconditionally solvable, and the solution is unique. If the index ν is negative,
then the conditions ∫ ∞

–∞

F (u) du

X +(u)[1 + K(u)](u + i)k
= 0, k = 1, 2, . . . , –ν, (7)

are necessary and sufficient for the solvability of the nonhomogeneous equation (see Subsec-
tion 12.7-4).

For all cases in which the solution of Eq. (1) exists, it can be found by the formula

y(x) = y+(x) =
1√
2π

∫ ∞

–∞
Y+(u)e–iux du, x > 0, (8)

where Y+(u) is the solution of the Riemann problem (4) and (5) that is constructed by the scheme of
Subsection 12.7-4 (see Fig. 5). The last formula shows that the solution does not depend on Y–(u),
i.e., is independent of the choice of the extension of the equation to the negative semiaxis.

2◦. Now let us study the exceptional case of the integral equation (1) in which the normality
condition for the Riemann problem (3) (see Subsections 12.7-6 and 12.7-7) is violated. In this case,
the coefficient D(u) = [1 + K(u)]–1 has no zeros, and its order at infinity is η = 0. The general
solution to the boundary value problem (3) can be obtained by formulas (63) of Subsection 12.7-7
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Introduction of one-sided functions

Extension of the domain of the equation
to the negative semiaxis

Application of the inverse Fourier transform

Solution of the Riemann problem
(see Section 12.7 and Fig. 5)

Figure 6. Scheme of solving the Wiener–Hopf integral equations. For β = 0, we have the equation of the first kind, and for
β = 1, we have the equation of the second kind.

for αi = 0. The solution of the original integral equation (1) can be determined from the solution of
the boundary value problem on applying formula (8).

Figure 6 depicts a scheme of solving the Wiener–Hopf equations (see also Subsection 12.8-1).
Example. Consider the equation

y(x) +
∫ ∞

0
(a + b|x – t|)e–|x–t|y(t) dt = f (x), x > 0, (9)

where the constants a and b are real, and b ≠ 0. The kernel K(x – t) of Eq. (1) is given by the expression

K(x) =
√

2π (a + b|x|)e–|x|.

Let us find the transform of the kernel,

K(u) =
∫ ∞

–∞
(a + b|x|)e–|x|+iux dx = 2

u2(a – b) + a + b

(u2 + 1)2
.

Hence,

1 + K(u) =
P (u)

(u2 + 1)2
, P (z) = z4 + 2(a – b + 1)z2 + 2a + 2b + 1.
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On the basis of the normality condition, we assume that the constants a and b are such that the polynomial P (z) has no real
roots. Let α + iβ be a root of the biquadratic equation P (z) = 0 such that α > 0 and β > 0. Since the coefficients of the
equation are real, it is clear that (α – iβ), (–α + iβ), and (–α – iβ) are the other three roots. Since the function 1 + K(u) is
real as well, it follows that it has zero index, and hence Eq. (9) is uniquely solvable.

On factorizing, we obtain the relation 1 + K(u) = X –(u)/X +(u), where

X +(u) =
(u + i)2

(u + α + iβ)(u – α + iβ)
, X –(u) =

(u – α – iβ)(u + α – iβ)

(u – i)2
.

Applying this result, we represent the boundary condition (4), (5) in the form

Y+(u)

X +(u)
–

(u – i)2F+(u)

(u – α – iβ)(u + α – iβ)
=

Y–(u)

X –(u)
, –∞ < u < ∞. (10)

It follows from the theorem on the analytic continuation and the generalized Liouville theorem (see Subsection 12.7-3) that
both sides of the above relation are equal to

C1

u – α – iβ
+

C2

u + α – iβ
,

where the constants C1 and C2 must be defined. Hence,

Y+(u) = X +(u)

(
(u – i)2F+(u)

(u – α – iβ)(u + α – iβ)
+

C1

u – α – iβ
+

C2

u + α – iβ

)
. (11)

For the poles (α + iβ) and (–α + iβ) to be deleted, it is necessary and sufficient that

C1 = –
(α + iβ – i)2F+(α + iβ)

2α
, C2 = –

(–α + iβ – i)2F+(–α + iβ)

–2α
. (12)

Since the problem is more or less cumbersome, we pass from the transform (11) to the corresponding original function
in two stages. We first find the inverse transform of the summand

Y1(u) = X +(u)
(u – i)2F+(u)

(u – α – iβ)(u + α – iβ)
=

1

1 + K(u)
F+(u) = F+(u) + R(u)F+(u).

Here

R(u) = –
2u2(a – b) + 2a + 2b

[u2 – (α + iβ)2][u2 – (α – iβ)2]
=

µ

u2 – (α + iβ)2
+

µ̄

u2 – (α – iβ)2
, µ = i

(α + iβ)2(a – b) + a + b

2αβ
.

Let us find the inverse transform of the first fraction:

F–1
{

µ

u2 – (α + iβ)2

}
=

√
π

2

µ

β – iα
e–(β–iα)|x|.

The inverse transform of the second fraction can be found in the form

F–1
{

µ̄

u2 – (α – iβ)2

}
=

√
π

2

µ̄

β + iα
e–(β+iα)|x|. (13)

Thus,

R(x) =

√
π

2
ρ
(
eiθ+iα|x| + e–iθ–iα|x|)e–β |x| =

√
2π ρe–β |x| cos(θ + α|x|)

and

y1(x) = f (x) + ρ

∫ ∞

0
e–β |x–t| cos(θ + α|x – t|)f (t) dt, x > 0, ρeiθ =

µ

β – iα
. (14)

Note that, as a by-product, we have found the resolvent R(x – t) of the following integral equation on the entire axis:

y0(x) +
∫ ∞

–∞
(a + b|x – t|)e–|x–t|y0(t) dt = f0(x), –∞ < x < ∞.

Now consider the remaining part of the transform (11):

Y2(u) = X +(u)

(
C1

u – α – iβ
+

C2

u + α – iβ

)
.

We can calculate the integrals

F–1{Y2(u)} =
C1√
2π

∫ ∞

–∞

(u + i)2e–iux du

(u + iβ – α)(u + iβ + α)(u – α – iβ)
+

C2√
2π

∫ ∞

–∞

(u + i)2e–iux du

(u + iβ – α)(u + iβ + α)(u + α – iβ)
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by means of the residue theory (see Subsections 9.1-4 and 9.1-5) and substitute the values (12) into the constants C1 and C2.
For x > 0, we obtain

y2(x) =
[α + (β – 1)2]2

4α2β

∫ ∞

0
e–β(x+t) cos[α(x – t)]f (t) dt

+
ρ∗

4α2

∫ ∞

0
e–β(x+t) cos[ψ + α(x + t)]f (t) dt, ρ∗eiψ =

(β – 1 – iα)4

8α2(β – iα)
.

(15)

Since Y+(u) = Y1(u) + Y2(u), it follows that the desired solution is the sum of the functions (14) and (15).

13.10-2. Integral Equation of the Second Kind with Two Kernels.

Consider an integral equation of convolution type of the second kind with two kernels of the form

y(x) +
1√
2π

∫ ∞

0
K1(x – t)y(t) dt +

1√
2π

∫ 0

–∞
K2(x – t)y(t) dt = f (x), –∞ < x < ∞. (16)

Note that each of the kernels K1(x) and K2(x) is defined on the entire real axis. On representing the
desired function as the difference of one-sided functions,

y(x) = y+(x) – y–(x), (17)

we rewrite the equation in the form

y+(x) +
1√
2π

∫ ∞

–∞
K1(x – t)y+(t) dt – y–(x) –

1√
2π

∫ ∞

–∞
K2(x – t)y–(t) dt = f (x). (18)

Applying the Fourier integral transform (see Subsection 9.4-3), we obtain

[1 + K1(u)]Y+(u) – [1 + K2(u)]Y–(u) = F (u). (19)

This implies the relation

Y+(u) =
1 + K2(u)
1 + K1(u)

Y–(u) +
F (u)

1 + K1(u)
. (20)

Here K1(u), K2(u), and F (u) stand for the Fourier integrals of known functions. The unknown
transforms Y+(u) and Y–(u) are the boundary values of functions that are analytic on the upper and
lower half-planes, respectively. Thus, we have obtained a Riemann boundary value problem.

1◦. Assume that the normality conditions are satisfied, i.e.,

1 + K1(u) ≠ 0, 1 + K2(u) ≠ 0,

then we can rewrite the Riemann problem in the usual form (see Subsection 12.7-4):

Y+(u) = D(u)Y–(u) + H(u), –∞ < u < ∞, (21)

where

D(u) =
1 + K2(u)
1 + K1(u)

, H(u) =
F (u)

1 + K1(u)
. (22)

The Riemann problem (21), (22) is equivalent to Eq. (16): these problems are solvable or
unsolvable simultaneously,and have the same number of arbitrary constants in their general solutions.

If the index

ν = Ind
1 + K2(u)
1 + K1(u)

(23)
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is positive, then the homogeneous equation (16) (f (x) ≡ 0) has precisely ν linearly independent
solutions, and the nonhomogeneous equation is unconditionally solvable; moreover, the solution of
this equation depends on ν arbitrary complex constants.

In the case ν ≤ 0, the homogeneous equation has no nonzero solutions. The nonhomogeneous
equation is unconditionally solvable for ν = 0, and the solution is unique. For the case in which the
index ν is negative, the conditions∫ ∞

–∞

F (u) du

X +(u)[1 + K1(u)](u + i)k
= 0, k = 1, 2, . . . , –ν, (24)

are necessary and sufficient for the solvability of the nonhomogeneous equation.
In all cases for which the solution of Eq. (16) exists, this solution can be found by the formula

y(x) =
1√
2π

∫ ∞

–∞
[Y+(u) – Y–(u)]e–iux du, –∞ < x < ∞, (25)

where Y+(u), Y–(u) is the solution of the Riemann problem (21), (22) constructed with respect to
the scheme of Subsection 12.7-4 (see Fig. 5).

Thus, the solution of Eq. (16) is equivalent to the solution of a Riemann boundary value problem
and is reduced to the calculation of finitely many Fourier integrals.

2◦. Now let us study the exceptional case of an integral equation of the form (16). Assume that
the functions 1 + K1(u) and 1 + K2(u) can have zeros, and these zeros can be both different and
coinciding points of the contour. Let us write out the expansion of these functions on selecting the
coinciding zeros:

1 + K1(u) =
s∏

j=1

(u – bj)βj

p∏
k=1

(u – dk)γkK11(u),

1 + K2(u) =
r∏

i=1

(u – ai)αi

p∏
k=1

(u – dk)γkK12(u),
p∑

k=1

γk = l.

(26)

Here ai ≠ bj , but it is possible that some points dk (k = 1, . . . , p) coincide with either ai or bj . This
corresponds to the case in which the functions 1 + K1(u) and 1 + K2(u) have a common zero of
different multiplicity. We do not select these points especially because their presence does not affect
the solvability conditions and the number of solutions of the problem.

It follows from Eq. (19) and from the condition that a solution must be finite on the contour that,
for the solvability of the problem, and all the more for the solvability of Eq. (16), it is necessary that
the function F (u) have zero of order γk at any point dk, i.e., F (u) must have the form

F (u) =
p∏

k=1

(u – dk)γkF1(u).

To this end, the following γ1 + · · · + γp = l conditions must be satisfied:

F (jk)
u (dk) = 0, jk = 0, 1, . . . , γk – 1, (27)

or, which is the same, ∫ ∞

–∞
f (x)xjkeidkx dx = 0. (28)

Since the functions K1(u) and K2(u) vanish at infinity, it follows that the point at infinity is a
regular point of D(u).
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Assume that conditions (28) are satisfied. In this case the Riemann boundary value problem (20)
can be rewritten in the form (see Subsections 12.7-6 and 12.7-7)

Y+(u) =

r∏
i=1

(u – ai)αiR+(u)R–(u)

s∏
j=1

(u – bj)βjQ+(u)Q–(u)
D2(u)Y–(u) +

H1(u)
s∏

j=1
(u – bj)βj

. (29)

On finding its general solution in the exceptional case under consideration, we obtain the general
solution of the original equation by means of formula (25).

Let us state the conclusions on the solvability conditions and on the number of solutions of
Eq. (16). For the solvability of Eq. (16), it is necessary that the Fourier transform of the right-hand
side of the equation satisfies l conditions of the form (27). If these conditions are satisfied, then,
for ν – n > 0, problem (20) and the integral equation (16) have exactly ν – n linearly independent
solutions. For ν – n ≤ 0, we must take the polynomial Pν–n–1(z) to be identically zero, and, for
the case in which ν – n < 0, the right-hand side must satisfy another n – ν conditions. If the latter
conditions are satisfied, then the integral equation has a unique solution.

Example. Consider Eq. (16) for which

K1(x) =

{
–(1 + α)

√
2π e–x for x > 0,

0 for x < 0,
K2(x) =

{
–(1 + β)

√
2π e–x for x > 0,

0 for x < 0,
f (x) =

{
0 for x > 0,
–
√

2π ex for x < 0,

where α and β are real constants. In this case, K1(x – t) = 0 for x < t and K2(x – t) = 0 for x < t. Hence, the equation
under consideration has the form

y(x) – (1 + α)
∫ x

0
e–(x–t)y(t) dt – (1 + β)

∫ 0

–∞
e–(x–t)y(t) dt = 0,

y(x) – (1 + β)
∫ x

–∞
e–(x–t)y(t) dt = –

√
2π ex,

x > 0,

x < 0.

Let us calculate the Fourier integrals

K1(u) = –(1 + α)
∫ ∞

0
e–xeiux dx = –

i(1 + α)

u + i
, K2(u) = –

i(1 + β)

u + i
, F (u) =

i

u – i
, D(u) =

u – iβ

u – iα
.

The boundary condition can be rewritten in the form

Y+(u) =
u – iβ

u – iα
Y–(u) +

i(u + i)

(u – i)(u – iα)
. (30)

The solution of the Riemann problem depends on the signs of α and β.

1◦. Let α > 0 and β > 0. In this case we have ν = IndD(u) = 0. The left-hand side and the right-hand side of the boundary
condition contain functions that have analytic continuations to the upper and the lower half-plane, respectively. On applying
the theorem on the analytic continuation directly and the generalized Liouville theorem (Subsection 12.7-3), we see that

Y+(z) = 0,
z – iβ

z – iα
Y–(z) +

i(z + i)

(z – i)(z – iα)
= 0.

Hence,

y+(x) = 0, y(x) = –y–(x) =
1√
2π

∫ ∞

–∞

i(u + i)

(u – i)(u – iβ)
e–iux du.

On calculating the last integral, under the assumption that β ≠ 1, by the Cauchy residue theorem (see Subsections 9.1-4
and 9.1-5) we obtain

y(x) =

⎧⎨⎩
0 for x > 0,

–

√
2π

1 – β
[2ex – (1 + β)eβx] for x < 0.

In the case β = 1, we have

y(x) =
{ 0 for x > 0,

–
√

2π ex(1 + 2x) for x < 0.
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2◦. Let α < 0 and β < 0. Here we again have ν = 0, X +(z) = (z – iβ)(z – iα)–1, and X –(z) = 1. On grouping the
terms containing the boundary values of functions that are analytic in each of the half-planes and then applying the analytic
continuation theorem and the generalized Liouville theorem (Subsection 12.7-3), we see that

Y+(z)

X +(z)
+

β + 1

i(β – 1)

1

z – iβ
=

Y–(z)

X –(z)
+

2

i(β – 1)

1

z – i
= 0.

Hence,

Y+(z) =
β + 1

β – 1

i

z – iα
, Y–(z) =

2i

β – 1

1

z – i
,

y(x) =
1√
2π

∫ ∞

–∞

[Y+(u) – Y–(u)
]
e–iux du =

⎧⎪⎪⎨⎪⎪⎩
√

2π
β + 1

β – 1
eαx for x > 0,

2
√

2π

β – 1
ex for x < 0.

3◦. Let α < 0 and β > 0. In this case we have ν = 1. Let us rewrite the boundary condition (30) in the form

Y+(u) +
i(1 + α)

1 – α

1

u – iα
=

u – iβ

u – iα
Y–(u) –

2i

1 – α

1

u – i
.

On applying the analytic continuation theorem and the generalized Liouville theorem (Subsection 12.7-3), we see that

Y+(z) +
i(1 + α)

1 – α

1

z – iα
=

z – iβ

z – iα
Y–(z) –

2i

1 – α

1

z – i
=

C

z – iα
.

Therefore,

Y+(z) =

(
C – i

1 + α

1 – α

)
1

z – iα
, Y–(z) =

C

z – iβ
–

2i

1 – α

z – iα

(z – i)(z – iβ)
,

where C is an arbitrary constant. Now, by means of the Fourier inversion formula, we obtain the general solution of the
integral equation in the form

y(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
–
√

2π

(
iC +

1 + α

1 – α

)
eαx for x > 0,

–
√

2π

[
iC +

2(α – β)

(1 – α)(1 – β)

]
eβx –

2
√

2π

1 – β
ex for x < 0.

4◦. Let α > 0 and β < 0. In this case we have ν = –1. By the Liouville theorem (see Subsection 12.7-3), we obtain

Y+(z) =
z – iβ

z – iα
Y–(z) +

i(z + i)

(z – i)(z – iα)
= 0,

and hence

Y+(z) = 0, Y–(z) = –
i(z + i)

(z – i)(z – iβ)
.

It can be seen from the expression for Y–(z) that the singularity of the function Y–(z) at the point iβ disappears if we set
β = –1. The last condition is exactly the solvability condition of the Riemann problem. In this case we have the unique
solution

y(x) =
1√
2π

∫ ∞

–∞

i

u – i
e–iux du =

{
0 for x > 0,
–
√

2π ex for x < 0.

Remark 1. Some equations whose kernels contain not the difference but certain other combina-
tions of arguments, namely, the product or, more frequently, the ratio, can be reduced to equations
considered in Subsection 13.10-2. For instance, the equation

Y (ξ) +
∫ 1

0

1
τ

N1

(
ξ

τ

)
Y (τ ) dτ +

∫ ∞

1

1
τ

N2

(
ξ

τ

)
Y (τ ) dτ = g(ξ), ξ > 0, (31)

becomes a usual equation with two kernels after the following changes of the functions and their
arguments: ξ = ex, τ = et, N1(ξ) = K1(x), N2(ξ) = K2(x), g(ξ) = f (x), and Y (ξ) = y(x).
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13.10-3. Equations of Convolution Type with Variable Integration Limit.

1◦. Consider the Volterra integral equation of the second kind

y(x) +
1√
2π

∫ x

0
K(x – t)y(t) dt = f (x), 0 ≤ x < T , (32)

where the interval [0, T ) can be either finite or infinite. In contrast with Eq. (1), where the kernel is
defined on the entire real axis, here the kernel is defined on the positive semiaxis.

Equation (32) can be regarded as a special case of the one-sided equation (1) of Subsection 13.10-
1. To see this, we can rewrite Eq. (32) in the form

y(x) +
1√
2π

∫ ∞

0
K+(x – t)y(t) dt = f (x), 0 < x < ∞,

which can be reduced to the following boundary value problem:

Y+(u) =
Y–(u)

1 + K+(u)
+

F+(u)
1 + K+(u)

.

Here the coefficient [1 + K+(u)]–1 of the problem is a function that has an analytic continuation to
the upper half-plane, possibly except for finitely many poles that are zeros of the function 1 + K+(z)
(we assume that 1 + K+(z) ≠ 0 on the real axis). Therefore, the index ν of the problem is always
nonpositive, ν ≤ 0. On rewriting the problem in the form [1 + K+(u)]Y+(u) = Y–(u) + F+(u), we
see that Y–(u) ≡ 0, which implies

Y+(u) =
F+(u)

1 + K+(u)
. (33)

Consider the following cases.

1.1. The function 1 +K+(z) has no zeros on the upper half-plane (this means that ν = 0). In this
case, Eq. (32) has a unique solution for an arbitrary right-hand side f (x), and this solution can be
expressed via the resolvent:

y(x) = f (x) +
1√
2π

∫ x

0
R(x – t)f (t) dt, x > 0, (34)

where

R(x) = –
1√
2π

∫ ∞

–∞

K+(u)
1 + K+(u)

e–iux du.

1.2. The function 1 + K+(z) has zeros at the points z = a1, . . . , am of the upper half-plane (in
this case we have ν < 0, and ν is equal to the minus total order of the zeros). The following two
possibilities can occur.

(a) The function F+(z) vanishes at the points a1, . . . , am, and the orders of these zeros are not
less than the orders of the corresponding zeros of the function 1 + K+(z). In this case, the function
F+(z)[1 + K+(z)]–1 has no poles again, and thus the equation has the unique solution (34).

The assumption dkF+(aj)/dzk = 0 on the zeros of the function F+(z) is equivalent to the
conditions ∫ ∞

–∞
f (t)e–iajttk dt = 0, k = 0, . . . , ηj – 1, j = 1, . . . , m, (35)

where ηj is the multiplicity of the zero of the function 1 + K+(z) at the point aj . In this case,
conditions (35) are imposed directly on the right-hand side of the equation.

(b) The function F+(z) does not vanish at the points a1, . . . , am (or vanishes with less multi-
plicity than 1 + K+(z)). In this case, the function F+(z)[1 + K+(z)]–1 has poles, and therefore the
function (33) does not belong to the class under consideration. Equation (32) has no solutions in the
chosen class of functions. In this case, conditions (35) fail.

The last result does not contradict the well-known fact that a Volterra equation always has a
unique solution. Equation (32) belongs to the class of Volterra type equations, and therefore is also
solvable in case (b), but in a broader space of functions with exponential growth.
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2◦. Another simple special case of Eq. (1) in Subsection 13.10-1 is the following equation with
variable lower limit:

y(x) +
1√
2π

∫ ∞

x

K(x – t)y(t) dt = f (x), 0 < x < ∞. (36)

This corresponds to the case in which the function K(x) in Eq. (1) is left one-sided: K(x) = K–(x).
Under the assumption 1 + K–(u) ≠ 0, the Riemann problem becomes

Y+(u) =
Y–(u)

1 + K–(u)
+

F+(u)
1 + K–(u)

. (37)

2.1. The function 1 + K–(z) has no zeros on the lower half-plane. This means that the inverse
transform of the functionY–(u)[1 +K–(u)]–1 is left one-sided, and such a function does not influence
the relation between the inverse transforms of (37) for x > 0. Thus, if we introduce the function

R–(u) = –
K–(u)

1 + K–(u)

(for convenience of the final formula), then by applying the Fourier inversion formula to Eq. (37)
and by setting x > 0 we obtain the unique solution to Eq. (36),

y(x) = f (x) +
1√
2π

∫ ∞

x

R–(x – t)f (t) dt, x > 0.

2.2. The function 1 + K–(z) has zeros in the lower half-plane. Since this function is nonzero
both on the entire real axis and at infinity, it follows that the number of zeros is finite. The Riemann
problem (37) has a positive index which is just equal to the number of zeros in the lower half-plane
(the zeros are counted according to their multiplicities):

ν = Ind
1

1 + K–(u)
= – Ind[1 + K–(u)] = η1 + · · · + ηn > 0.

Here ηk are the multiplicities of the zeros zk of the function 1 + K–(z), k = 1, . . . , n.
Let

C1k

z – zk
+

C2k

(z – zk)2
+ · · · +

Cηkk

(z – zk)ηk

be the principal part of the Laurent series expansion of the function Y–(z)[1 +K–(z)]–1 in powers of
(z – zk), k = 1, . . . , n. In this case, Eq. (37) becomes

Y+(u) =
F+(u)

1 + K–(u)
+

n∑
k=1

ηk∑
j=1

Cjk

(z – zk)j
+ · · · , (38)

where the dots denote a function whose inverse transform vanishes for x > 0. Under the passage to
the inverse transforms in Eq. (38), for x > 0 we obtain

y(x) = f (x) +
1√
2π

∫ ∞

x

R–(x – t)f (t) dt +
n∑

k=1

Pk(x)e–izkx, x > 0. (39)

Here the Pk(x) are polynomials of degree ηk – 1. We can verify that the function (39) is a
solution of Eq. (36) for arbitrary coefficients of the polynomials. Since the number of linearly
independent solutions of the homogeneous equation (36) is equal to the index, it follows that the
above solution (39) is the general solution of the nonhomogeneous equation.
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13.10-4. Dual Equation of Convolution Type of the Second Kind.

Consider the dual integral equation of the second kind

y(x) +
1√
2π

∫ ∞

–∞
K1(x – t)y(t) dt = f (x), 0 < x < ∞,

y(x) +
1√
2π

∫ ∞

–∞
K2(x – t)y(t) dt = f (x), –∞ < x < 0,

(40)

in which the function y(x) is to be found.
In order to apply the Fourier transform technique (see Subsections 11.4-3, 12.7-1, and 12.7-2),

we extend the domain of both conditions in Eq. (40) by formally rewriting them for all real values
of x. This can be achieved by introducing new unknown functions into the right-hand sides. These
functions must be chosen so that the conditions given on the semiaxis are not violated. Hence, the
first condition in (40) must be complemented by a summand that vanishes on the positive semiaxis
and the second by a summand that vanishes on the negative semiaxis. Thus, the dual equation can
be written in the form

y(x) +
1√
2π

∫ ∞

–∞
K1(x – t)y(t) dt = f (x) + ξ–(x),

y(x) +
1√
2π

∫ ∞

–∞
K2(x – t)y(t) dt = f (x) + ξ+(x),

– ∞ < x < ∞, (41)

where the ξ±(x) are some right and left one-sided functions so far unknown.
On applying the Fourier integral transform, we arrive at the relations

[1 + K1(u)]Y(u) = F (u) + Ξ
–(u), [1 + K2(u)]Y(u) = F (u) + Ξ

+(u). (42)

Here the three functions Y(u), Ξ
+(u), and Ξ

–(u) are unknown.
Now on the basis of (42) we can find

Y(u) =
F (u) + Ξ

–(u)
1 + K1(u)

=
F (u) + Ξ

+(u)
1 + K2(u)

(43)

and eliminate the function Y(u) from relations (42) by applying formula (43). We obtain the
Riemann boundary value problem in the form

Ξ
+(u) =

1 + K2(u)
1 + K1(u)

Ξ
–(u) +

K2(u) – K1(u)
1 + K1(u)

F (u), –∞ < u < ∞. (44)

1◦. Assume that the normality conditions are satisfied, i.e.,

1 + K1(u) ≠ 0, 1 + K2(u) ≠ 0;

then we can rewrite the Riemann problem (44) in the usual form (see Subsection 12.7-4)

Ξ
+(u) = D(u)Ξ–(u) + H(u), –∞ < u < ∞, (45)

where

D(u) =
1 + K2(u)
1 + K1(u)

, H(u) =
K2(u) – K1(u)

1 + K1(u)
F (u). (46)

The Riemann problem (45), (46) is equivalent to Eq. (40); in particular, they are solvable and
unsolvable simultaneously and have the same number of arbitrary constants in the general solutions.
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If the index

ν = Ind
1 + K2(u)
1 + K1(u)

(47)

is positive, then the homogeneous equation (40) (f (x) ≡ 0) has exactly ν linearly independent
solutions, and the nonhomogeneous equation is unconditionally solvable and the solution depends
on ν arbitrary complex constants.

For the case ν ≤ 0, the homogeneous equation has no nonzero solutions. For ν = 0, the
nonhomogeneous equation is unconditionally solvable, and a solution is unique. If the index ν is
negative, then the conditions∫ ∞

–∞

K2(u) – K1(u)
X +(u)[1 + K1(u)]

F (u)
du

(u + i)k
= 0, k = 1, 2, . . . , –ν (48)

are necessary and sufficient for the solvability of the nonhomogeneous equation.
For all cases in which a solution of Eq. (40) exists, it can be found by the formula

y(x) =
1√
2π

∫ ∞

–∞

F (u) + Ξ
–(u)

1 + K1(u)
e–iux du =

1√
2π

∫ ∞

–∞

F (u) + Ξ
+(u)

1 + K2(u)
e–iux du, (49)

where Ξ
+(u), Ξ–(u) is a solution of the Riemann problem (45), (46) that is constructed by the scheme

of Subsection 12.7-4 (see Fig. 5).

2◦. Let us investigate the exceptional case of the integral equation (40). Assume that the functions
1+K1(u) and 1+K2(u) can have zeros that can be either different or coinciding points of the contour.
Take the expansions of these functions on selecting the coinciding zeros in the form of (26) and
further repeat the reasoning performed for the equations of convolution type of the second kind with
two kernels. After finding the general solution of the Riemann boundary value problem (44) in this
exceptional case (see Subsection 12.7-7), we obtain the general solution of the original equation (40)
by formula (49).

The conclusions on the solvability conditions and on the number of solutions of Eq. (40) are
similar to those made above for the equations with two kernels in Subsection 13.10-2.

Remark 2. Equations treated in Section 13.10 are sometimes called characteristic equations of
convolution type.

References for Section 13.10: F. D. Gakhov and Yu. I. Cherskii (1978), F. D. Gakhov (1990).

13.11. Wiener–Hopf Method

13.11-1. Some Remarks.

Suppose that the Fourier transform of the function y(x) exists (see Subsection 9.4-3):

Y(z) =
1√
2π

∫ ∞

–∞
y(x)eizx dx. (1)

Assume that the parameter z that enters the transform (1) can take complex values as well. Let us
study the properties of the function Y(z) regarded as a function of the complex variable z. To this
end, we represent the function y(x) in the form*

y(x) = y+(x) + y–(x), (2)

* Do not confuse the functions y±(x) and Y±(x) introduced in this section with the functions y±(x) and Y±(x) introduced
in Subsection 12.7-2 and used in solving the Riemann boundary value problem on the real axis.
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where the functions y+(x) and y–(x) are given by the relations

y+(x) =

{
y(x) for x > 0,
0 for x < 0,

y–(x) =

{
0 for x > 0,
y(x) for x < 0.

(3)

In this case the transformY(z) of the function y(x) is clearly equal to the sum of the transformsY+(z)
and Y–(z) of the functions y+(x) and y–(x), respectively. Let us clarify the analytic properties of the
function Y(z) by establishing the analytic properties of the functions Y+(z) and Y–(z). Consider the
function y+(x) given by relations (3). Its transform is equal to

Y+(z) =
1√
2π

∫ ∞

0
y+(x)eizx dx. (4)

It can be shown that if the function y+(x) satisfies the condition

|y+(x)| < Mev–x as x → ∞, (5)

where M is a constant, then the function Y+(z) given by formula (4) is an analytic function of the
complex variable z = u + iv in the domain Im z > v–, and in this domain we have Y+(z) → 0 as
|z| → ∞. We can also show that the functions y+(x) and Y+(z) are related as follows:

y+(x) =
1√
2π

∫ ∞+iv

–∞+iv

Y+(z)e–izx dz, (6)

where the integration is performed over any line Im z = v > v– in the complex plane z, which is
parallel to the real axis.

For v– < 0 (i.e., for functions y(x) with exponential decay at infinity), the real axis belongs
to the domain in which the function Y+(z) is analytic, and we can integrate over the real axis in
formula (6). However, if the only possible values of v– are positive (for instance, if the function y+(x)
has nontrivial growth at infinity, which does not exceed the exponential growth with linear exponent),
then the analyticity domain of the functionY+(z) is strictly above the real axis of the complex plane z
(and in this case, the integral (4) can be divergent on the real axis). Similarly, if the function y–(x)
in relations (3) satisfies the condition

|y–(x)| < Mev+x as x → –∞, (7)

then its transform, i.e., the function

Y–(z) =
1√
2π

∫ 0

–∞
y–(x)eizx dx, (8)

is an analytic function of the complex variable z in the domain Im z < v+. The function y–(x) can
be expressed via Y–(z) by means of the relation

y–(x) =
1√
2π

∫ ∞+iv

–∞+iv

Y–(z)e–izx dz, Im z = v < v+. (9)

For v+ > 0, the analyticity domain of the function Y–(z) contains the real axis.
It is clear that for v– < v+, the function Y(z) defined by formula (1) is an analytic function of the

complex variable z in the strip v– < Im z < v+. In this case, the functions y(x) and Y(z) are related
by the Fourier inversion formula

y(x) =
1√
2π

∫ ∞+iv

–∞+iv

Y(z)e–izx dz, (10)

where the integration is performed over an arbitrary line in the complex plane z belonging to the
strip v– < Im z < v+. In particular, for v– < 0 and v+ > 0, the function Y(z) is analytic in the strip
containing the real axis of the complex plane z.

Example 1. For α > 0, the function K(x) = e–α|x| has the transform

K(z) =
1√
2π

2α

α2 + z2
,

which is an analytic function of the complex variable z in the strip –α < Im z < α, which contains the real axis.
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13.11-2. Homogeneous Wiener–Hopf Equation of the Second Kind.

Consider a homogeneous integral Wiener–Hopf equation of the second kind in the form

y(x) =
∫ ∞

0
K(x – t)y(t) dt, (11)

whose solution can obviously be determined up to an arbitrary constant factor only. Here the domain
of the function K(x) is the entire real axis. This factor can be found from additional conditions of
the problem, for instance, from normalization conditions.

We assume that Eq. (11) defines a function y(x) for all values of the variable x, positive and
negative. Let us introduce the functions y–(x) and y+(x) by formulas (3). Obviously, we have
y(x) = y+(x) + y–(x), and Eq. (11) can be rewritten in the form

y+(x) =
∫ ∞

0
K(x – t)y+(t) dt, x > 0 (12)

y–(x) =
∫ ∞

0
K(x – t)y+(t) dt, x < 0. (13)

That is, the function y+(x) can be determined by the solution of the integral equation (12) and the
function y–(x) can be expressed via the functions y+(x) and K(x) by means of formulas (13). In
this case, we have the relation

y+(x) + y–(x) =
∫ ∞

–∞
K(x – t)y+(t) dt, (14)

which is equivalent to the original equation (11).
Let the function K(x) satisfy the condition

|K(x)| < Mev–x as x → ∞,

|K(x)| < Mev+x as x → –∞,
(15)

where v– < 0 and v+ > 0. In this case, the function

K(z) =
1√
2π

∫ ∞

–∞
K(x)eizx dx (16)

is analytic in the strip v– < Im z < v+.
Let us seek the solution of Eq. (11) satisfying the condition

|y+(x)| < M1e
µx as x → ∞, (17)

where µ < v+ (such a solution exists). In this case we can readily verify that the integrals on the
right-hand sides in (12) and (13) are convergent, and the function y–(x) satisfies the estimate

|y–(x)| < M2e
v+x as x → –∞. (18)

It follows from conditions (17) and (18) that the transforms Y+(z) and Y–(z) of the functions
y+(x) and y–(x) are analytic functions of the complex variable z for Im z > µ and Im z < v+,
respectively.

Let us pass to the solution of the integral equation (11) or of Eq. (14), which is equivalent
to (11). To this end, we apply the (alternative) Fourier transform. By the convolution theorem (see
Subsection 9.4-4), it follows from (14) that

Y+(z) + Y–(z) =
√

2πK(z)Y+(z),
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or
W(z)Y+(z) + Y–(z) = 0, (19)

where
W(z) = 1 –

√
2πK(z) ≠ 0. (20)

Thus, by means of the Fourier transform, we succeeded in the passage from the original integral
equation to an algebraic equation for the transforms. However, in this case Eq. (19) involves two
unknown functions. In general, a single algebraic equation cannot uniquely determine two unknown
functions. The Wiener–Hopf method makes it possible to solve this problem for a certain class of
functions. This method is mainly related to the study of the analyticity domains of the functions that
enter the equation and to a special representation of this equation. The main idea of the Wiener–Hopf
method is as follows.

Let Eq. (19) be representable in the form

W+(z)Y+(z) = –W–(z)Y–(z), (21)

where the left-hand side is analytic in the upper half-plane Im z > µ and the right-hand side is
analytic in the lower half-plane Im z < v+, where µ < v+, so that there exists a common analyticity
strip of these functions: µ < Im z < v+. Since the analytic continuation is unique, it follows that there
exists a unique entire function of the complex variable that coincides with the left-hand side of (21)
in the upper half-plane and with the right-hand side of (21) in the lower half-plane, respectively.
If, in addition, the functions that enter Eq. (21) have at most power-law growth with respect to z
at infinity, then it follows from the generalized Liouville theorem (see Subsection 12.7-3) that the
entire function under consideration is a polynomial. In particular, for the case of a function that is
bounded at infinity we obtain

W+(z)Y+(z) = –W–(z)Y–(z) = const . (22)

These relations uniquely determine the functions Y+(z) and Y–(z).
Thus, let us apply the above scheme to the solution of Eq. (19). It follows from the above

reasoning that the analyticity domains of the functions Y+(z), Y–(z), and W(z) = 1 –
√

2πK(z),
respectively, are the upper half-plane Im z > µ, the lower half-plane Im z < v+, and the strip
v– < Im z < v+. Therefore, this equation holds in the strip* µ < Im z < v+, which is the common
analyticity domain for all functions that enter the equation. In order to transform Eq. (19) to the
form (21), we assume that it is possible to decompose the function W(z) as follows:

W(z) =
W+(z)
W–(z)

, (23)

where the functionsW+(z) andW–(z) are analytic for Im z > µ and Im z < v+, respectively. Moreover,
we assume that, in the corresponding analyticity domains, these functions grow at infinity no faster
than zn, where n is a positive integer. A representation of an analytic function W(z) in the form (23)
is often called a factorization of W(z).

Thus, as the result of factorization, the original equation is reduced to the form (21). It follows
from the above reasoning that this equation determines an entire function of the complex variable z.

Since Y±(z) → 0 as |z| → ∞ and the growth of the functions W±(z) does not exceed that
of a power function zn, it follows that the entire function under consideration can be only a
polynomial Pn–1(z) of degree at most n – 1.

If the growth of the functions W±(z) at infinity is only linear with respect to the variable z, then
it follows from relations (22), by virtue of the Liouville theorem (see Subsection 12.7-3), that the

* To be definite, we set µ > v–. Otherwise, the common domain of analyticity is the strip v– < Im z < v+.
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corresponding entire function is a constant C. In this case we obtain the following relations for the
unknown functions Y+(z) and Y–(z):

Y+(z) =
C

W+(z)
, Y–(z) = –

C

W–(z)
, (24)

which define the transform of the solution up to a constant factor, which can be found at least from
the normalization conditions. In the general case, the expressions

Y+(z) =
Pn–1(z)
W+(z)

, Y–(z) = –
Pn–1(z)
W–(z)

, (25)

define the transform of the desired solution of the integral equation (11) up to indeterminate constants,
which can be found from the additional conditions of the problem. The solution itself is defined by
means of the Fourier inversion formula (6), (9), and (10).

Example 2. Consider the equation

y(x) = λ

∫ ∞

0
e–|x–t|y(t) dt, 0 < λ < ∞, (26)

whose kernel has the form K(x) = λe–|x|.
Let us find the transform of the function K(x):

K(z) =
λ√
2π

∫ ∞

–∞
K(x)eizx dx =

√
2

π

λ

z2 + 1
. (27)

The function K(z) is analytic with respect to the complex variable z in the strip –1 < Im z < 1. Let us represent the expression

W(z) = 1 –
√

2π K(z) =
z2 – 2λ + 1

z2 + 1
(28)

in the form (23), where

W+(z) =
z2 – 2λ + 1

z + i
, W–(z) = z – i. (29)

The function W+(z) in Eq. (29) is analytic with respect to z and nonzero in the domain Im z > Im
√

2λ – 1. For 0 < λ < 1
2 ,

this domain is defined by the condition Im z >
√

1 – 2λ, and
√

1 – 2λ ≤ µ < 1. For λ > 1
2 , the function W+(z) is analytic

and nonzero in the domain Im z > 0. It is clear that the function W–(z) is a nonzero analytic function in the domain Im z < 1.
Therefore, for 0 < λ < 1

2 both functions satisfy the required conditions in the domain µ < Im z < 1.

For λ > 1
2 , the strip 0 < Im z < 1 is the common domain of analyticity of the functions W+(z) and W–(z). Thus, we

have obtained the desired factorization of the function (28).
Consider the expressions Y±(z)W±(z). Since Y±(z) → 0 as |z| → ∞, and, according to (29), the growth of the

functions W±(z) at infinity is linear with respect to z, it follows that the entire function Pn–1(z) that coincides with
Y+(z)W+(z) for Im z > µ and with Y–(z)W–(z) for Im z < 1 can be a polynomial of zero degree only. Therefore,

Y+(z)W+(z) = C. (30)

Hence,

Y+(z) = C
z + i

z2 – 2λ + 1
, (31)

and it follows from (6) that

y+(x) =
C√
2π

∫ ∞+iv

–∞+iv

z + i

z2 – 2λ + 1
e–izx dz, (32)

where µ < v < 1.
On closing the integration contour for x > 0 by a semicircle in the lower half-plane and estimating the integral over this

semicircle by means of the Jordan lemma (see Subsections 9.1-4 and 9.1-5), after some calculations we obtain

y+(x) = C

[
cos(

√
2λ – 1 x) +

sin(
√

2λ – 1 x)√
2λ – 1

]
, (33)

where C is a constant. For 0 < λ < 1
2 , this solution has exponential growth with respect to x, and for 1

2 < λ < ∞, it is
bounded at infinity.
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13.11-3. General Scheme of the Method. The Factorization Problem.

In the general case, the problem which is solved by the Wiener–Hopf method can be reduced to the
following problem. It is required to find functions Y+(z) and Y–(z) of the complex variable z that
are analytic in the half-planes Im z > v– and Im z < v+, respectively (v– < v+), vanish as |z| → ∞ in
their analyticity domains, and satisfy the following functional equation in the strip (v– < Im z < v+):

A(z)Y+(z) + B(z)Y–(z) + C(z) = 0. (34)

Here A(z), B(z), and C(z) are given functions of the complex variable z that are analytic in the strip
v– < Im z < v+, and the functions A(z) and B(z) are nonzero in this strip.

The main idea of the solution of this problem is based on the possibility of a factorization of the
expression A(z)/B(z), i.e., of a representation in the form

A(z)
B(z)

=
W+(z)
W–(z)

, (35)

where the functions W+(z) and W–(z) are analytic and nonzero in the half-planes Im z > v′– and
Im z < v′+, and the strips v– < Im z < v+ and v′– < Im z < v′+ have a nonempty common part. In this
case Eq. (34), with regard to Eq. (35), can be rewritten in the form

W+(z)Y+(z) + W–(z)Y–(z) + W–(z)
C(z)
B(z)

= 0. (36)

If the last summand in Eq. (36) can be represented as the sum

W–(z)
C(z)
B(z)

= D+(z) + D–(z), (37)

where the functions D+(z) and D–(z) are analytic in the half-planes Im z > v′′– and Im z < v′′+ ,
respectively, and all three strips v– < Im z < v+, v′– < Im z < v′+, and v′′– < Im z < v′′+ have a nonempty
common part, for a strip v0

– < Im z < v0
+, then, in this common strip, the following functional equation

holds:
W+(z)Y+(z) + D+(z) = –W–(z)Y–(z) – D–(z). (38)

The left-hand side of Eq. (38) is a function analytic in the half-plane v0
– < Im z, and the right-hand

side is a function analytic in the domain Im z < v0
+. Since these functions coincide in the strip

v0
– < Im z < v0

+, it follows that there exists a unique entire function that coincides with the left-hand
side and the right-hand side of (38) in their analyticity domains, respectively. If the growth at infinity
of all functions that enter the right-hand sides of Eqs. (35) and (37), in their analyticity domains,
is at most that of zn, then it follows from the limit relation Y±(z) → 0 as |z| → ∞ that this entire
function is a polynomial Pn–1(z) of degree at most n – 1. Thus, the relations

Y+(z) =
Pn–1(z) – D+(z)

W+(z)
, Y–(z) =

–Pn–1(z) – D–(z)
W–(z)

(39)

determine the desired functions up to constants. These constants can be found from the additional
conditions of the problem.

The application of the Wiener–Hopf method is based on the representations (35) and (37). If a
function G(z) is analytic in the strip v– < Im z < v+ and if in this strip the function G(z) uniformly
tends to zero as |z| → ∞, then in this strip the following representation is possible:

G(z) = G+(z) + G–(z), (40)
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where the function G+(z) is analytic in the half-plane Im z > v–, the function G–(z) is analytic in the
half-plane Im z < v+, and

G+(z) =
1

2πi

∫ ∞+iv′
–

–∞+iv′
–

G(τ )
τ – z

dτ , v– < v′– < Im z < v+, (41)

G–(z) = –
1

2πi

∫ ∞+iv′
+

–∞+iv′
+

G(τ )
τ – z

dτ , v– < Im z < v′+ < v+. (42)

The integrals (41) and (42), being regarded as integrals depending on a parameter, define analytic
functions of the complex variable z under the assumption that the point z does not belong to the
integration contour.

In particular, G+(z) is an analytic function in the half-plane Im z > v′– and G–(z) in the half-plane
Im z > v′+.

Moreover, if a function H(z) is analytic and nonzero in the strip v– < Im z < v+ and if H(z) → 1
uniformly in this strip as |z| → ∞, then the following representation holds in the strip:

H(z) = H+(z)H–(z), (43)

H+(z) = exp

[
1

2πi

∫ ∞+iv′
–

–∞+iv′
–

lnH(τ )
τ – z

dτ

]
, v– < v′– < Im z < v+, (44)

H–(z) = exp

[
–

1
2πi

∫ ∞+iv′
+

–∞+iv′
+

lnH(τ )
τ – z

dτ

]
, v– < Im z < v′+ < v+, (45)

where the functions H+(z) and H–(z) are analytic and nonzero in the half-planes Im z > v– and
Im z < v+, respectively. The representation (43) is called a factorization of the function H(z).

13.11-4. Nonhomogeneous Wiener–Hopf Equation of the Second Kind.

Consider the Wiener–Hopf equation of the second kind

y(x) –
∫ ∞

0
K(x – t)y(t) dt = f (x). (46)

Suppose that the kernel K(x) of the equation and the right-hand side f (x) satisfy conditions (15).
Let us seek the solution y+(x) to Eq. (46) for which condition (17) is satisfied.

In this case, reasoning similar to that in the derivation of the functional equation (19) for a
homogeneous integral equation shows that, in the case of Eq. (46), the following functional equation
must hold on the strip µ < Im z < v+:

Y+(z) + Y–(z) =
√

2πK(z)Y+(z) + F+(z) + F–(z), (47)

or
W(z)Y+(z) + Y–(z) – F (z) = 0, (48)

where W(z) is subjected to condition (20), as well as in the case of a homogeneous equation.
We now note that Eq. (48) is a special case of Eq. (34). In the strip v– < Im z < v+, the

function W(z) is analytic and uniformly tends to 1 as |z| → ∞ because |K(z)| → 0 as |z| → ∞. In
this case, this function has the representation (see (43)–(45))

W(z) =
W+(z)
W–(z)

, (49)
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where the function W+(z) is analytic in the upper half-plane Im z > v– and W–(z) is analytic in the
lower half-plane Im z < v+, and the growth at infinity of the functions W±(z) does not exceed that
of zn.

On the basis of the representation (49), Eq. (48) becomes

W+(z)Y+(z) + W–(z)Y–(z) – W–(z)F–(z) – W–(z)F+(z) = 0. (50)

To reduce Eq. (50) to the form (38), it suffices to decompose the last summand

F+(z)W–(z) = D+(z) + D–(z) (51)

into the sum of functionsD+(z) and D–(z) that are analytic in the half-planes Im z > µ and Im z < v+,
respectively.

To establish the possibility of a representation (51), we note that the function F+(z) is analytic
in the upper half-plane Im z > v– and uniformly tends to zero as |z| → ∞. The function W–(z) is
analytic in the lower half-plane Im z < v+, and, according to the method of its construction, we can
perform the factorization (49) so that the function W–(z) remains bounded in the strip v– < Im z < v+

as |z| → ∞. Hence (see (40)–(42)), the functions F+(z)W–(z) in the strip v– < Im z < v+ satisfy all
conditions that are sufficient for the validity of the representation (51).

The above reasoning makes it possible to take into account the fact that the growth at infinity of
the functions W±(z) does not exceed that of zn, and thus to present the transform of the solution of
the nonhomogeneous integral equation (46) in the form

Y+(z) =
Pn–1(z) + D+(z)

W+(z)
, Y–(z) =

–Pn–1(z) + W–(z)F–(z) + D–(z)
W–(z)

. (52)

The solution itself can be obtained from (52) by means of the Fourier inversion formula (6), (9),
and (10).

13.11-5. Exceptional Case of a Wiener–Hopf Equation of the Second Kind.

Consider the exceptional case of a Wiener–Hopf equation of the second kind in which the func-
tion W(z) = 1 –

√
2πK(z) has finitely many zeros N (counted according to their multiplicities) in

the strip v– < Im z < v+. In this case, the factorization is also possible. To this end, it suffices to
introduce the auxiliary function

W1(z) = ln

[
(z2 + b2)N/2W(z)

∏
i

(z – zi)–αi

]
, (53)

where αi is the multiplicity of the zero zi and a positive constant b > {|v–|, |v+|} is chosen so that the
function in the square brackets has no additional zeros in the strip v– < Im z < v+.

However, in the exceptional case, the Wiener–Hopf method gives the answer only if the number
of zeros of the function W(z) is even. This restriction is due to the fact that only for the case in
which the number of zeros is even is it possible to achieve the necessary behavior at infinity (for
the application of the Wiener–Hopf method) of the function (z2 + b2)N/2 (see F. D. Gakhov and
Yu. I. Cherskii (1978)). The last restriction makes no real obstacle to the broad use of the Wiener–
Hopf method in solving applied problems in which the kernel K(x) of the corresponding integral
equation is frequently an even function, and thus the reasoning below can be applied completely.

Remark 1. The Wiener–Hopf equation of the second kind for functions vanishing at infinity
can be reduced to a Riemann boundary value problem on the real axis (see Subsection 13.10-1).
In this case, the assumption that the number of zeros of the function W(z) is even, as well as the
assumption that the kernel K(x) is even in the exceptional case, are unessential.
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Remark 2. For functions with nontrivial growth at infinity, the complete solution of Wiener–
Hopf equations of the second kind is presented in the cited book by F. D. Gakhov and Yu. I. Cherskii
(1978).

Remark 3. The Wiener–Hopf method can be applied to solve Wiener–Hopf integral equations
of the first kind under the assumption that the kernels of these equations are even.

References for Section 13.11: B. Noble (1958), A. G. Sveshnikov and A. N. Tikhonov (1970), V. I. Smirnov (1974),
F. D. Gakhov (1977, 1990), F. D. Gakhov and Yu. I. Cherskii (1978).

13.12. Krein’s Method for Wiener–Hopf Equations

13.12-1. Some Remarks. The Factorization Problem.

Consider the Wiener–Hopf equation of the second kind

y(x) –
∫ ∞

0
K(x – t)y(t) dt = f (x), 0 ≤ x < ∞, (1)

where f (x), y(x) ∈ L1(0,∞) and K(x) ∈ L1(–∞,∞). Let us use the classes of functions that
can be represented as Fourier transforms (alternative Fourier transform in the asymmetric form, see
Subsection 9.4-3), of functions from L1(–∞,∞), L1(0,∞), and L1(–∞, 0). For brevity, instead of
these symbols we simply write L, L+, and L–. Let functions h(x), h1(x), and h2(x) belong to L, L+,
and L–, respectively; in this case, their transforms can be represented in the form

Ȟ(u) =
∫ ∞

–∞
h(x)eiux dx, Ȟ1(u) =

∫ ∞

0
h1(x)eiux dx, Ȟ2(u) =

∫ 0

–∞
h2(x)eiux dx.

Let Q, Q+, and Q– be the classes of functions representable in the form

W̌(u) = 1 + Ȟ(u), W̌1(u) = 1 + Ȟ1(u), W̌2(u) = 1 + Ȟ2(u), (2)

respectively, where the functions from the classes Q+ and Q–, treated as functions of the complex
variable z = u + iv, are analytic for Im z > 0 and Im z < 0, respectively, and are continuous up to the
real axis.

Let T (x) belong to L and let Ť (u) be its transform. Assume that

1 – Ť (u) ≠ 0, Ind[1 – Ť (u)] =
1

2π

{
arg[1 – Ť (u)]

}∞
–∞

= 0, –∞ < u < ∞. (3)

In this case there exists a q(x) ∈ L such that

ln[1 – Ť (u)] =
∫ ∞

–∞
q(x)eiux dx. (4)

This formula readily implies the relation ln[1 – Ť (u)] → 0 as u → ±∞.
In what follows, we apply the factorization of functions M̌(u) of the class Q that are continuous

on the interval –∞ ≤ u ≤ ∞. Here the factorization means a representation of the function M̌(u) in
the form of a product

M̌(u) = M̌+(u)

(
u – i

u + i

)k

M̌–(u), (5)

where M̌–(z) and M̌+(z) are analytic functions in the corresponding half-planes Im z > 0 and
Im z < 0 continuous up to the real axis. Moreover,

M̌+(z) ≠ 0 for Im z ≥ 0 and M̌–(z) ≠ 0 for Im z ≤ 0. (6)
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Relation (5) implies the formula
k = IndM̌(u).

The factorization (5) is said to be canonical provided that k = 0.
In what follows we consider only functions of the form

M̌(u) = 1 – Ť (u) (7)

such that M̌(±∞) = 1. We can also assume that

M̌+(±∞) = M̌–(±∞) = 1. (8)

Let us state the main results concerning the factorization problem.
A function (7) admits a canonical factorization if and only if the following two conditions hold:

M̌(u) ≠ 0, IndM̌(u) = 0. (9)

In this case, the canonical factorization is unique. Moreover, if conditions (9) hold, then there exists
a function M (x) in the class L such that

M̌(u) = exp

[∫ ∞

–∞
M (x)eiux dx

]
, (10)

M̌+(u) = exp

[∫ ∞

0
M (x)eiux dx

]
, M̌–(u) = exp

[∫ 0

–∞
M (x)eiux dx

]
. (11)

Hence, we have M̌(u) ∈ Q and M̌±(u) ∈ Q±. The factors in the canonical factorization are also
described by the following formulas:

lnM̌+(z) =
1

2πi

∫ ∞

–∞

lnM̌(τ )
τ – z

dτ , Im z > 0, (12)

lnM̌–(z) = –
1

2πi

∫ ∞

–∞

lnM̌(τ )
τ – z

dτ , Im z < 0. (13)

In the general case of the factorization, the following assertion holds. A function (7) admits a
factorization (5) if and only if the following condition is satisfied:

M̌(u) ≠ 0, –∞ < u < ∞.

In this case, relation (5) can be rewritten in the form(
u – i

u + i

)–k

M̌(u) = M̌–(u)M̌+(u), –∞ < u < ∞.

The last relation implies the canonical factorization for the function

M̌1(u) =

(
u – i

u + i

)–k

M̌(u).

Hence, the factors M̌±(u) satisfy formulas (10)–(13) if we replace M̌(u) in these formulas
by M̌1(u).

Now we return to Eq. (1) for which

Ǩ(u) =
∫ ∞

–∞
K(x)eiux dx. (14)
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13.12-2. Solution of the Wiener–Hopf Equations of the Second Kind.

THEOREM 1. For Eq. (1) to have a unique solution of the class L+ for an arbitrary f (x) ∈ L+, it
is necessary and sufficient that the following conditions hold:

1 – Ǩ(u) ≠ 0, –∞ < u < ∞, (15)

ν = – Ind[1 – Ǩ(u)] = 0. (16)

THEOREM 2. If condition (15) holds, then the inequality ν > 0 is necessary and sufficient for the
existence of nonzero solutions in the class L+ of the homogeneous equation

y(x) –
∫ ∞

0
K(x – t)y(t) dt = 0. (17)

The set of these solutions has a basis formed by ν functions ϕk(x) (k = 1, . . . , ν) that tend to zero
as x → ∞ and that are related as follows:

ϕk(x) =
∫ x

0
ϕk+1(t) dt, k = 1, 2, . . . , ν – 1, ϕν (x) =

∫ x

0
ψ(t) dt + C, (18)

where C is a nonzero constant and the functions ϕk(t) and ψ(t) belong to L+.

THEOREM 3. If condition (15) holds and if ν > 0, then for any f (x) ∈ L+ Eq. (1) has infinitely
many solutions in L+.

However, if ν < 0, then, for a given f (x)∈L+, Eq. (1) has either no solutions from L+ or a unique
solution. For the latter case to hold, it is necessary and sufficient that the following conditions be
satisfied: ∫ ∞

0
f (x)ψk(x) dx = 0, k = 1, 2, . . . , |ν |, (19)

where ψk(x) is a basis of the linear space of all solutions of the transposed homogeneous equation

ψ(x) –
∫ ∞

0
K(t – x)ψ(t) dt = 0. (20)

1◦. If conditions (15) and (16) hold, then there exists a unique factorization

[1 – Ǩ(u)]–1 = M̌+(u)M̌–(u), (21)

and

M̌+(u) = 1 +
∫ ∞

0
R+(t)eiut dt, M̌–(u) = 1 +

∫ ∞

0
R–(t)e–iut dt. (22)

The resolvent is defined by the formula

R(x, t) = R+(x – t) + R–(t – x) +
∫ ∞

0
R+(x – s)R–(t – s) ds (23)

where 0 ≤ x < ∞, 0 ≤ t < ∞, R+(x) = 0, and R–(x) = 0 for x < 0, so that, for f (x) from L+, the
solution of the equation is determined by the expression

y(x) = f (x) +
∫ ∞

0
R(x, t)f (t) dt. (24)
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Formula (23) can be rewritten as follows:

R(x, t) = R(x – t, 0) + R(0, t – x) +
∫ ∞

0
R(x – s, 0)R(0, t – s) ds. (25)

If K(x – t) = K(t – x), then formula (25) becomes

R(x, t) = R(|x – t|, 0) +
∫ min(x,t)

0
R(x – s, 0)R(t – s, 0) ds. (26)

Note that R+(x) = R(x, 0) and R–(x) = R(0, x) are unique solutions, in the class L+, of the following
equations (0 ≤ x < ∞):

R+(x) +
∫ ∞

0
K(x – t)R+(t) dt = K(x),

R–(x) +
∫ ∞

0
K(t – x)R–(t) dt = K(–x).

(27)

2◦. Suppose that condition (15) holds, but

ν = – Ind[1 – Ǩ(u)] > 0.

In this case, the function [1 – Ǩ(u)]–1 admits the factorization

[1 – Ǩ(u)]–1 = Ǧ–(u)

(
u – i

u + i

)ν

Ǧ+(u), –∞ < u < ∞. (28)

For the functions M̌–(u) and M̌+(u) defined by the relations

M̌–(u) = Ǧ–(u) and M̌+(u) =

(
u – i

u + i

)ν

Ǧ+(u), (29)

we have the representation (22) and formula (23) for the resolvent.
Moreover, for k = 1, . . . , ν, the following representations hold:

ikM̌+(u)
(u – i)k

=
∫ ∞

0
gk(x)eiux dx, (30)

where gk(x) is the solution of the homogeneous equation (17). The solutions ϕk(x) mentioned in
Theorem 2 can also naturally be expressed via the functions gk(x).

3◦. If ν = – Ind[1 – Ǩ(u)] < 0, then the transposed equation

y(x) –
∫ ∞

0
K(t – x)y(t) dt = f (x) (31)

has the index –ν > 0. If formula (28) defines a factorization for Eq. (1), then the transposed equation
admits a factorization of the form

[1 – Ǩ(u)]–1 = M̌–(–u)M̌+(–u),

and M̌–(–u) plays the role of M̌+(u), and M̌+(–u) plays the role of M̌–(u).



13.13. METHODS FOR SOLVING EQUATIONS WITH DIFFERENCE KERNELS ON A FINITE INTERVAL 683

13.12-3. Hopf–Fock Formula.

Let us give a useful formula that allows one to express the solution of Eq. (1) with an arbitrary
right-hand side f (x) via the solution to a simpler auxiliary integral equation with an exponential
right-hand side.

Assume that in Eq. (1) we have

f (x) = eiζx, Im ζ > 0, y(x) = yζ(x), (32)

and moreover, conditions (15) and (16) hold. In this case

yζ(x) = eiζx +
∫ ∞

0
R(x, t)eiζt dt, (33)

where R(x, t) has the form (25). After some manipulations, we can see that

yζ(x) = M̌–(–ζ)

[
1 +
∫ x

0
R(t, 0)e–iζt dt

]
eiζx. (34)

On setting x = 0 in (34), we have
yζ(0) = M̌–(–ζ), (35)

and if the function K(x) describing the kernel of the integral equation is even, then

yζ(0) = M̌+(ζ). (36)

On the basis of formula (34), we can obtain the solution of Eq. (1) for a general f (x) as well
(see also Section 11.6):

y(x) =
1

2π

∫ ∞

–∞
F̌+(–ζ)yζ(x) dζ, F̌+(u) =

∫ ∞

0
f (x)eiux dx. (37)

Remark 1. All results obtained in Section 13.12 concerning Wiener–Hopf equations of the sec-
ond kind remain valid for continuous, square integrable, and some other classes of functions, which
are discussed in detail in the paper by M. G. Krein (1958) and in the book by C. Corduneanu (1973).

Remark 2. The solution of the Wiener–Hopf equation can be also obtained in other classes of
functions for the exceptional case in which 1 – Ǩ(u) = 0 (see Subsections 13.10-1 and 13.11-5).

References for Section 13.12: V. A. Fock (1942), M. G. Krein (1958), C. Corduneanu (1973), V. I. Smirnov (1974),
P. P. Zabreyko, A. I. Koshelev, et al. (1975).

13.13. Methods for Solving Equations with Difference
Kernels on a Finite Interval

13.13-1. Krein’s Method.

Consider a method for constructing exact analytic solutions of linear integral equations with an
arbitrary right-hand side. The method is based on the construction of two auxiliary solutions of
simpler equations with the right-hand side equal to 1. The auxiliary solutions are used to construct
a solution of the original equation for an arbitrary right-hand side.
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1◦. Let the equation

y(x) –
∫ b

a

K(x, t)y(t) dt = f (x), a ≤ x ≤ b, (1)

be given. Along with (1), we consider two auxiliary equations depending on a parameter ξ (a≤ ξ ≤ b):

w(x, ξ) –
∫ ξ

a

K(x, t)w(t, ξ) dt = 1,

w∗(x, ξ) –
∫ ξ

a

K(t, x)w∗(t, ξ) dt = 1,

(2)

where a ≤ x ≤ ξ. Assume that for any ξ the auxiliary equations (2) have unique continuous solutions
w(x, ξ) and w∗(x, ξ), respectively, which satisfy the condition w(ξ, ξ)w∗(ξ, ξ) ≠ 0 (a ≤ ξ ≤ b). In this
case, for any continuous function f (x), the unique continuous solution of Eq. (1) can be obtained
by the formula

y(x) = F (b)w(x, b) –
∫ b

x

w(x, ξ)F ′
ξ(ξ) dξ, F (ξ) =

1
m(ξ)

d

dξ

∫ ξ

a

w∗(t, ξ)f (t) dt, (3)

where
m(ξ) = w(ξ, ξ)w∗(ξ, ξ).

Formula (3) permits one to construct a solution of Eq. (1) with an arbitrary right-hand side f (x)
by means of solutions to the two simpler auxiliary equations (2) (depending on the parameter ξ)
with a constant right-hand side equal to 1.

2◦. Consider now an equation with the kernel depending on the difference of the arguments:

y(x) +
∫ b

a

K(x – t)y(t) dt = f (x), a ≤ x ≤ b. (4)

It is assumed that K(x) is an even function integrable on [a – b, b – a]. Along with (4) we consider
the following auxiliary equation depending on a parameter ξ (a ≤ ξ ≤ b):

w(x, ξ) +
∫ ξ

a

K(x – t)w(t, ξ) dt = 1, a ≤ x ≤ ξ. (5)

Assume that for an arbitrary ξ the auxiliary equation (5) has a unique continuous solution w(x, ξ).
In this case, for any continuous function f (x), a solution of Eq. (4) can be obtained from formula (3)
by setting w∗(x, t) = w(x, t) in this formula.

Now let us indicate another useful formula for equations whose kernel depends on the difference
of the arguments:

y(x) +
∫ a

–a

K(x – t)y(t) dt = f (x), –a ≤ x ≤ a. (6)

It is assumed that K(x) is an even function that is integrable on the segment [–2a, 2a]. Along with
(6) we consider an auxiliary equation depending on a parameter ξ (0 < ξ ≤ a):

w(x, ξ) +
∫ ξ

–ξ

K(x – t)w(t, ξ) dt = 1, –ξ ≤ x ≤ ξ. (7)
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Let the auxiliary equation (7) have a unique continuous solution w(x, ξ) for any ξ. In this case,
for an arbitrary continuous function f (x), the solution of Eq. (6) can be obtained by the following
formula:

y(x) =
1

2M (a)

[
d

da

∫ a

–a

w(t, a)f (t) dt

]
w(x, a)

–
1
2

∫ a

|x|
w(x, ξ)

d

dξ

[
1

M (ξ)
d

dξ

∫ ξ

–ξ

w(t, ξ)f (t) dt

]
dξ

–
1
2

d

dx

∫ a

|x|

w(x, ξ)
M (ξ)

[∫ ξ

–ξ

w(t, ξ) df (t)

]
dξ, (8)

where M (ξ) = w2(ξ, ξ), and the last inner integral is treated as a Stieltjes integral.

13.13-2. Kernels with Rational Fourier Transforms.

Consider an equation of the form

y(x) –
∫ T

0
K(x – t)y(t) dt = f (x), (9)

where 0 ≤ x ≤ T < ∞. If the kernel K(x) is integrable on [–T , T ], then the Fredholm theory can be
applied to this equation.

Since the equation involves the values of the kernel K(x) for the points of [–T , T ] only, it follows
that we can extend the kernel outside this interval in an arbitrary way. Assume that the kernel is
extended to the entire axis so that the extended function is integrable. In the general case, Eq. (9) in
the space L2(0, T ) can be reduced to a boundary value problem of the theory of analytic functions
(Riemann problem) for two pairs of unknown functions.

If the Fourier transform of the kernel

Ǩ(u) =
∫ ∞

–∞
K(x)eiux dx

is rational, then Eq. (9) can be solved in the closed form. Assume that 1 – Ǩ(u) ≠ 0 (–∞ < u < ∞).
In this case, the transform of the solution of the integral equation (9) is given by the formula

Y̌(u) =
1

1 – Ǩ(u)

[
F̌ (u) – W̌+(u) – e–iTuW̌–(u)

]
(10)

in which

W̌±(u) =
∑

n

p±n∑
k=1

M±
nk

(u – b±n )k
,

where the b+
n and the b–

n are poles of the functions 1 – Ǩ(u) that belong to the upper and lower
half-planes, respectively, and the p±n are their multiplicities. The constants M±

nk can be determined
from the conditions

ds

dus

[
W̌+(u) + e–iTuW̌–(u) – F̌(u)

]
u=a+

n
= 0; s = 0, 1, . . . , q+

n – 1;

ds

dus

[
W̌+(u) + e–iTu – F̌ (u)

]
u=a–

n
= 0; s = 0, 1, . . . , q–

n – 1;

where a+
n and a–

n are the zeros of the functions 1 – Ǩ(u) that belong to the upper and lower half-
planes, respectively, and q±n are their multiplicities. The constants M±

nk can also be determined by
substituting the solution into the original equation. The solution of the integral equation (9) can be
obtained by inverting formula (10).
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13.13-3. Reduction to Ordinary Differential Equations.

1◦. Consider the special case in which the Fourier transform of the kernel of the integral equation (9)
can be represented in the form

Ǩ(u) =
M̌(u)

Ň (u)
, (11)

where M̌(u) and Ň (u) are some polynomials of degrees m and n, respectively:

M̌(u) =
m∑

k=0

Akuk, Ň (u) =
n∑

k=0

Bkuk. (12)

In this case, the solution of the integral equation (9) (if it exists) satisfies the following linear
nonhomogeneous ordinary differential equation of the order m with constant coefficients:

M̌
(
i

d

dx

)
y(x) = Ň

(
i

d

dx

)
f (x), 0 < x < T . (13)

The solution of Eq. (13) contains m arbitrary constants that are defined by substituting the solution
into the original equation (9). Here a system of linear algebraic equations is obtained for these
constants.

2◦. Consider the Fredholm equation of the second kind with a difference kernel that contains a sum
of the exponential functions:

y(x) +
∫ b

a

( n∑
k=1

Akeλk |x–t|
)

y(t) dt = f (x). (14)

In the general case, this equation can be reduced to a linear nonhomogeneous ordinary differential
equation of order 2n with constant coefficients (see equation 4.2.16 in the first part of the book).

For the solution of Eq. (14) with n = 1, see equation 4.2.15 in the first part of the book.

3◦. Equations with a difference kernel that contains a sum of hyperbolic functions,

y(x) +
∫ b

a

K(x – t)y(t) dt = f (x), K(x) =
n∑

k=1

Ak sinh
(
λk |x|

)
, (15)

can be also reduced by differentiation to linear nonhomogeneous ordinary differential equations of
order 2n with constant coefficients (see equation 4.3.29 in the first part of the book).

For the solution of Eq. (15) with n = 1, see equation 4.3.26 in the first part of the book.

4◦. Equations with a difference kernel containing a sum of trigonometric functions

y(x) +
∫ b

a

K(x – t)y(t) dt = f (x), K(x) =
n∑

k=1

Ak sin
(
λk |x|

)
, (16)

can be also reduced to linear nonhomogeneous ordinary differential equations of order 2n with
constant coefficients (see equations 4.5.29 and 4.5.32 in the first part of the book).

References for Section 13.13: W. B. Davenport and W. L. Root (1958), I. C. Gohberg and M. G. Krein (1967),
P. P. Zabreyko, A. I. Koshelev, et al. (1975), A. D. Polyanin and A. V. Manzhirov (1998).
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13.14. Method of Approximating a Kernel by a
Degenerate One

13.14-1. Approximation of the Kernel.

For the approximate solution of the Fredholm integral equation of the second kind

y(x) –
∫ b

a

K(x, t)y(t) dt = f (x), a ≤ x ≤ b, (1)

where, for simplicity, the functions f (x) and K(x, t) are assumed to be continuous, it is useful to
replace the kernel K(x, t) by a close degenerate kernel

K(n)(x, t) =
n∑

k=0

gk(x)hk(t). (2)

Let us indicate several ways to perform such a change. If the kernel K(x, t) is differentiable
with respect to x on [a, b] sufficiently many times, then, for a degenerate kernel K(n)(x, t), we can
take a finite segment of the Taylor series:

K(n)(x, t) =
n∑

m=0

(x – x0)m

m!
K (m)

x (x0, t), (3)

where x0 ∈ [a, b]. A similar trick can be applied for the case in which K(x, t) is differentiable with
respect to t on [a, b] sufficiently many times.

To construct a degenerate kernel, a finite segment of the double Fourier series can be used:

K(n)(x, t) =
n∑

p=0

n∑
q=0

apq(x – x0)p(t – t0)q , (4)

where

apq =
1

p! q!
∂p+q

∂xp∂tq
K(x, t)

∣∣∣∣ x=x0
t=t0

, a ≤ x0 ≤ b, a ≤ t0 ≤ b.

A continuous kernel K(x, t) admits an approximation by a trigonometric polynomial of period 2l,
where l = b – a.

For instance, we can set

K(n)(x, t) =
1
2
a0(t) +

n∑
k=1

ak(t) cos

(
kπx

l

)
, (5)

where the ak(t) (k = 0, 1, 2, . . . ) are the Fourier coefficients

ak(t) =
2
l

∫ b

a

K(x, t) cos

(
pπx

l

)
dx. (6)

A similar decomposition can be obtained by interchanging the roles of the variables x and t. A
finite segment of the double Fourier series can also be applied by setting, for instance,

ak(t) ≈
1
2

ak0 +
n∑

m=1

akm cos

(
mπt

l

)
, k = 0, 1, . . . , n, (7)



688 METHODS FOR SOLVING LINEAR EQUATIONS OF THE FORM y(x) –
∫ b
a K(x, t)y(t)dt = f (x)

and it follows from formulas (5)–(7) that

K(n)(x, t) =
1
4

a00 +
1
2

n∑
k=1

ak0 cos

(
kπx

l

)
+

1
2

n∑
m=1

a0m cos

(
mπt

l

)

+
n∑

k=1

n∑
m=1

akm cos

(
kπx

l

)
cos

(
mπt

l

)
,

where

akm =
4
l2

∫ b

a

∫ b

a

K(x, t) cos

(
kπx

l

)
cos

(
mπt

l

)
dx dt. (8)

One can also use other methods of interpolating and approximating the kernel K(x, t).

13.14-2. Approximate Solution.

If K(n)(x, t) is an approximate degenerate kernel for a given exact kernel K(x, t) and if a func-
tion fn(x) is close to f (x), then the solution yn(x) of the integral equation

yn(x) –
∫ b

a

K(n)(x, t)yn(t) dt = fn(x) (9)

can be regarded as an approximation to the solution y(x) of Eq. (1).
Assume that the following error estimates hold:∫ b

a

|K(x, t) – K(n)(x, t)| dt ≤ ε, |f (x) – fn(x)| ≤ δ.

Next, let the resolvent Rn(x, t) of Eq. (9) satisfy the relation∫ b

a

|Rn(x, t)| dt ≤ Mn

for a ≤ x ≤ b. Finally, assume that the following inequality holds:

q = ε(1 + Mn) < 1.

In this case, Eq. (1) has a unique solution y(x) and

|y(x) – yn(x)| ≤ ε
N (1 + Mn)2

1 – q
+ δ, N = max

a≤x≤b
|f (x)|. (10)

Example. Let us find an approximate solution of the equation

y(x) –
∫ 1/2

0
e–x2t2

y(t) dt = 1. (11)

Applying the expansion in a double Taylor series, we replace the kernel

K(x, t) = e–x2t2

by the degenerate kernel
K(2)(x, t) = 1 – x2t2 + 1

2 x4t4.
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Hence, instead of Eq. (11) we obtain

y2(x) = 1 +
∫ 1/2

0

(
1 – x2t2 + 1

2 x4t4)y2(t) dt. (12)

Therefore,
y2(x) = 1 + A1 + A2x

2 + A3x
4, (13)

where

A1 =
∫ 1/2

0
y2(x) dx, A2 = –

∫ 1/2

0
x2y2(x) dx, A3 =

1

2

∫ 1/2

0
x4y2(x) dx. (14)

From (13) and (14) we obtain a system of three equations with three unknowns; to the fourth decimal place, the solution
is

A1 = 0.9930, A2 = –0.0833, A3 = 0.0007.

Hence,
y(x) ≈ y2(x) = 1.9930 – 0.0833 x2 + 0.0007 x4, 0 ≤ x ≤ 1

2 . (15)
An error estimate for the approximate solution (15) can be performed by formula (10).

References for Section 13.14: L. V. Kantorovich and V. I. Krylov (1958), S. G. Mikhlin (1960), B. P. Demidovich,
I. A. Maron, and E. Z. Shuvalova (1963), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), K. E. Atkinson (1997).

13.15. Bateman Method
13.15-1. General Scheme of the Method.

In some cases it is useful, instead of replacing a given kernel by a degenerate kernel, to represent
the given kernel approximately as the sum of a kernel whose resolvent is known and a degenerate
kernel. For the latter, the resolvent can be written out in a closed form.

Consider the Fredholm integral equation of the second kind

y(x) – λ

∫ b

a

k(x, t)y(t) dt = f (x) (1)

with kernel k(x, t) whose resolvent r(x, t; λ) is known; thus, the solution of (1) can be represented
in the form

y(x) = f (x) + λ

∫ b

a

r(x, t; λ)f (t) dt. (2)

Then, for the integral equation with kernel

K(x, t) =
1

∆(aij)

∣∣∣∣∣∣∣∣
k(x, t) g1(x) · · · gn(x)
h1(t) a11 · · · a1n

...
...

. . .
...

hn(t) an1 · · · ann

∣∣∣∣∣∣∣∣ , ∆(aij) =

∣∣∣∣∣∣∣∣
a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
an1 an2 · · · ann

∣∣∣∣∣∣∣∣ , (3)

where gk(x) and hk(t) (k = 1, . . . , n) are arbitrary functions and aij (i, j = 1, . . . , n) are arbitrary
numbers, the resolvent has the form

R(x, t; λ) =
1

∆(aij + λbij)

∣∣∣∣∣∣∣∣
r(x, t; λ) ϕ1(x) · · · ϕn(x)

ψ1(t) a11 + λb11 · · · a1n + λb1n
...

...
. . .

...
ψn(t) an1 + λbn1 · · · ann + λbnn

∣∣∣∣∣∣∣∣ , (4)

where

ϕk(x) = gk(x) + λ

∫ b

a

r(x, t; λ)gk(t) dt, ψk(x) = hk(x) + λ

∫ b

a

r(x, t; λ)hk(t) dt,

bij =
∫ b

a

gj(x)hi(x) dx, k, i, j = 1, . . . , n.

(5)
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13.15-2. Some Special Cases.

Assume that

K(x, t) = k(x, t) –
n∑

k=1

gk(x)hk(t), (6)

i.e., in formula (3) we have aij = 0 for i ≠ j and aii = 1. For this case, the resolvent is equal to

R(x, t; λ)=
1

∆∗

∣∣∣∣∣∣∣∣
r(x, t; λ) ϕ1(x) · · · ϕn(x)

ψ1(t) 1 + λb11 · · · λb1n
...

...
. . .

...
ψn(t) λbn1 · · · 1 + λbnn

∣∣∣∣∣∣∣∣ , ∆∗ =

∣∣∣∣∣∣∣∣
1 + λb11 λb12 · · · λb1n

λb21 1 + λb22 · · · λb2n
...

...
. . .

...
λbn1 λbn2 · · · 1 + λbnn

∣∣∣∣∣∣∣∣ . (7)

Moreover, assume that k(x, t) = 0, i.e., the kernel K(x, t) is degenerate:

K(x, t) = –
n∑

k=1

gk(x)hk(t). (8)

In this case it is clear that r(x, t; λ) = 0 and, by virtue of (7),

ϕk(x) = gk(x), ψk(x) = hk(x), bij =
∫ b

a

gj(x)hi(x) dx.

Therefore, the resolvent becomes

R(x, t; λ) =
1

∆∗

∣∣∣∣∣∣∣∣
0 g1(x) · · · gn(x)

h1(t) 1 + λb11 · · · λb1n
...

...
. . .

...
hn(t) λbn1 · · · 1 + λbnn

∣∣∣∣∣∣∣∣ . (9)

Now we consider an integral equation with some kernel Q(x, t). On the interval (a, b) we
arbitrarily choose points x1, . . . , xn and t1, . . . , tn, and in relation (3) we set

k(x, t) = 0, gk(x) = Q(x, tk), hk(t) = –Q(xk, t), aij = Q(xi, tj).

In this case it is clear that r(x, t; λ) = 0, and the kernel K(x, t) acquires the form

K(x, t) =
1
D

∣∣∣∣∣∣∣∣
0 Q(x, t1) · · · Q(x, tn)

Q(x1, t) Q(x1, t1) · · · Q(x1, tn)
...

...
. . .

...
Q(xn, t) Q(xn, t1) · · · Q(xn, tn)

∣∣∣∣∣∣∣∣ , D =

∣∣∣∣∣∣
Q(x1, t1) · · · Q(x1, tn)

...
. . .

...
Q(xn, t1) · · · Q(xn, tn)

∣∣∣∣∣∣ .
It is convenient to rewrite this formula in the form

K(x, t) = Q(x, t) –
1
D

∣∣∣∣∣∣∣∣
Q(x, t) Q(x, t1) · · · Q(x, tn)
Q(x1, t) Q(x1, t1) · · · Q(x1, tn)

...
...

. . .
...

Q(xn, t) Q(xn, t1) · · · Q(xn, tn)

∣∣∣∣∣∣∣∣ . (10)

The kernel K(x, t) is degenerate and, moreover, it coincides with the kernel Q(x, t) on the
straight lines x = xi, t = tj (i, j = 1, . . . , n). Indeed, if we set x = xi or t = tj , then the determinant in
the numerator of the second term has two equal rows or columns and hence vanishes, and therefore,

K(xi, t) = Q(xi, t), K(x, tj) = Q(x, tj).
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This coincidence on 2n straight lines permits us to expect that K(x, t) is close to Q(x, t) and the
solution of the equation with kernelK(x, t) is close to the solution of the equation with kernel Q(x, t).
It should be noted that if Q(x, t) is degenerate, i.e., has the form

Q(x, t) =
n∑

k=1

gk(x)hk(t), (11)

then the determinant in the numerator is identically zero, and hence in this case we have

K(x, t) ≡ Q(x, t). (12)

For the kernel K(x, t), the resolvent can be evaluated on the basis of the following relations:

r(x, t; λ) = 0, ϕi(x) = gi(x) = Q(x, ti), ψj(t) = hj(t) = –Q(xj , t),

bij = –
∫ b

a

Q(x, tj)Q(xi, x) dx = –Q2(xi, tj), i, j = 1, . . . , n,
(13)

where Q2(x, t) is the second iterated kernel for Q(x, t):

Q2(x, y) =
∫ b

a

Q(x, s)Q(s, t) ds,

and hence

R(x, t; λ) =
1

D – λD2

∣∣∣∣∣∣∣∣
0 Q(x, t1) · · · Q(x, tn)

Q(x1, t) Q(x1, t1) – λQ2(x1, t1) · · · Q(x1, tn) – λQ2(x1, tn)
...

...
. . .

...
Q(xn, t) Q(xn, t1) – λQ2(xn, t1) · · · Q(xn, tn) – λQ2(xn, tn)

∣∣∣∣∣∣∣∣ , (14)

where

D2 =

∣∣∣∣∣∣
Q2(x1, t1) · · · Q2(x1, tn)

...
. . .

...
Q2(xn, t1) · · · Q2(xn, tn)

∣∣∣∣∣∣ .
By using the resolvent R(x, t; λ), we can obtain an approximate solution of the equation with

kernel Q(x, t). In particular, approximate characteristic values λ̃ of this kernel can be found by
equating the determinant in the denominator of (14) with zero.

Example. Consider the equation

y(x) – λ

∫ 1

0
Q(x, t)y(t) dt = 0, 0 ≤ x ≤ 1, (15)

Q(x, t) =
{

x(t – 1) for x ≤ t,
t(x – 1) for x ≥ t.

Let us find its characteristic values. To this end, we apply formula (14), where for the second iterated kernel we have

Q2(x, t) =
∫ 1

0
Q(x, s)Q(s, t) ds =

{
1
6 x(1 – t)(2t – x2 – t2) for x ≤ t,
1
6 t(1 – x)(2x – x2 – t2) for x ≥ t.

We choose equidistant points xi and tj and take n = 5. This implies

x1 = t1 = 1
6 , x2 = t2 = 2

6 , x3 = t3 = 3
6 , x4 = t4 = 4

6 , x5 = t5 = 5
6 .

Let us equate the determinant in the denominator of (14) with zero. After some algebraic manipulations, we obtain the
following equation:

130µ5 – 441µ4 + 488µ3 – 206µ2 + 30µ – 1 = 0 (λ̃ = 216µ),
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which can be rewritten in the form

(µ – 1)(2µ – 1)(5µ – 1)(13µ2 – 22µ + 1) = 0. (16)

On solving (16), we obtain

λ̃1 = 10.02, λ̃2 = 43.2, λ̃3 = 108, λ̃4 = 216, λ̃5 = 355.2.

The exact values of the characteristic values of the equation under consideration are known:

λ1 = π2 = 9.869 . . . , λ2 = (2π)2 = 39.478 . . . , λ3 = (3π)2 = 88.826 . . . ,

and hence the calculation error is 2% for the first characteristic value, 9% for the second characteristic value, and 20% for
the third characteristic value.

The result can be improved by choosing another collection of points xi and ti (i = 1, . . . , 5). However, for this number
of ordinates we cannot have very high precision, because the kernel Q(x, t) itself has a singularity, namely, its derivative is
discontinuous for x = t, and thus the kernels under consideration cannot provide a good approximation of the given kernel.

References for Section 13.15: H. Bateman (1922), E. Goursat (1923), L. V. Kantorovich and V. I. Krylov (1958),
P. K. Kythe and P. Puri (2002).

13.16. Collocation Method

13.16-1. General Remarks.

Let us rewrite the Fredholm integral equation of the second kind in the form

ε[y(x)] ≡ y(x) – λ

∫ b

a

K(x, t)y(t) dt – f (x) = 0. (1)

Let us seek an approximate solution of Eq. (1) in the special form

Yn(x) = Φ(x, A1, . . . , An) (2)

with free parameters A1, . . . , An (undetermined coefficients). On substituting the expression (2)
into Eq. (1), we obtain the residual

ε[Yn(x)] = Yn(x) – λ

∫ b

a

K(x, t)Yn(t) dt – f (x). (3)

If y(x) is an exact solution, then, clearly, the residual ε[y(x)] is zero. Therefore, one tries to
choose the parameters A1, . . . , An so that, in a sense, the residual ε[Yn(x)] is as small as possible.
The residual ε[Yn(x)] can be minimized in several ways. Usually, to simplify the calculations, a
function Yn(x) linearly depending on the parameters A1, . . . , An is taken. On finding the parameters
A1, . . . , An, we obtain an approximate solution (2). If

lim
n→∞Yn(x) = y(x), (4)

then, by taking a sufficiently large number of parameters A1, . . . , An, we find that the solution y(x)
can be found with an arbitrary prescribed precision.

Now let us go to the description of a concrete method of construction of an approximate
solution Yn(x).
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13.16-2. Approximate Solution.

We set

Yn(x) = ϕ0(x) +
n∑

i=1

Aiϕi(x), (5)

where ϕ0(x), ϕ1(x), . . . , ϕn(x) are given functions (coordinate functions) and A1, . . . , An are
indeterminate coefficients, and assume that the functions ϕi(x) (i=1, . . . , n) are linearly independent.
Note that, in particular, we can take ϕ0(x) = f (x) or ϕ0(x) ≡ 0. On substituting the expression (5)
into the left-hand side of Eq. (1), we obtain the residual

ε[Yn(x)] = ϕ0(x) +
n∑

i=1

Aiϕi(x) – f (x) – λ

∫ b

a

K(x, t)

[
ϕ0(t) +

n∑
i=1

Aiϕi(t)

]
dt,

or

ε[Yn(x)] = ψ0(x, λ) +
n∑

i=1

Aiψi(x, λ), (6)

where

ψ0(x, λ) = ϕ0(x) – f (x) – λ

∫ b

a

K(x, t)ϕ0(t) dt,

ψi(x, λ) = ϕi(x) – λ

∫ b

a

K(x, t)ϕi(t) dt, i = 1, . . . , n.

(7)

According to the collocation method, we require that the residual ε[Yn(x)] be zero at the given
system of the collocation points x1, . . . , xn on the interval [a, b], i.e., we set

ε[Yn(xj )] = 0, j = 1, . . . , n,

where

a ≤ x1 < x2 < · · · < xn–1 < xn ≤ b.

It is common practice to set x1 = a and xn = b.
This, together with formula (6), implies the linear algebraic system

n∑
i=1

Aiψi(xj , λ) = –ψ0(xj , λ), j = 1, . . . , n, (8)

for the coefficients A1, . . . , An. If the determinant of system (8) is nonzero,

det[ψi(xj , λ)] =

∣∣∣∣∣∣∣∣
ψ1(x1, λ) ψ1(x2, λ) · · · ψ1(xn, λ)
ψ2(x1, λ) ψ2(x2, λ) · · · ψ2(xn, λ)

...
...

. . .
...

ψn(x1, λ) ψn(x2, λ) · · · ψn(xn, λ)

∣∣∣∣∣∣∣∣ ≠ 0,

then system (8) uniquely determines the numbers A1, . . . , An, and hence makes it possible to find
the approximate solution Yn(x) by formula (5).
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13.16-3. Eigenfunctions of the Equation.

On equating the determinant with zero, we obtain the relation

det[ψi(xj , λ)] = 0,

which, in general, enables us to find approximate values λ̃k (k = 1, . . . , n) for the characteristic
values of the kernel K(x, t).

If we set

f (x) ≡ 0, ϕ0(x) ≡ 0, λ = λ̃k,

then, instead of system (8), we obtain the homogeneous system

n∑
i=1

Ã(k)
i ψi(xj , λ̃k) = 0, j = 1, . . . , n. (9)

On finding nonzero solutions Ã(k)
i (i = 1, . . . , n) of system (9), we obtain approximate eigen-

functions for the kernel K(x, t):

Ỹ (k)
n (x) =

n∑
i=1

Ã(k)
i ϕi(x),

that correspond to its characteristic value λk ≈ λ̃k.

Example. Let us solve the equation

y(x) –
∫ 1

0

t2y(t)

x2 + t2
dt = x arctan

1

x
(10)

by the collocation method.
We set

Y2(x) = A1 + A2x.

On substituting this expression into Eq. (10), we obtain the residual

ε[Y2(x)] = –A1x arctan
1

x
+ A2

[
x –

1

2
+

x2

2
ln

(
1 +

1

x2

)]
– x arctan

1

x
.

On choosing the collocation points x1 = 0 and x2 = 1 and taking into account the relations

lim
x→0

x arctan
1

x
= 0, lim

x→0
x2 ln

(
1 +

1

x2

)
= 0,

we obtain the following system for the coefficients A1 and A2:

0 × A1 – 1
2 A2 = 0,

– π
4 A1 + 1

2 (1 + ln 2)A2 = π
4 .

This implies A2 = 0 and A1 = –1. Thus,
Y2(x) = –1. (11)

We can readily verify that the approximate solution (11) thus obtained is exact.

References for Section 13.16: L. Collatz (1960), B. P. Demidovich, I. A. Maron, and E. Z. Shuvalova (1963), A. F. Verlan’
and V. S. Sizikov (1986), K. E. Atkinson (1997), R. Kress (1998, 1999), P. K. Kythe and P. Puri (2002), H. Brunner (2004).
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13.17. Method of Least Squares

13.17-1. Description of the Method.

By analogy with the collocation method, for the equation

ε[y(x)] ≡ y(x) – λ

∫ b

a

K(x, t)y(t) dt – f (x) = 0 (1)

we set

Yn(x) = ϕ0(x) +
n∑

i=1

Aiϕi(x), (2)

where ϕ0(x), ϕ1(x), . . . , ϕn(x) are given functions, A1, . . . , An are indeterminate coefficients, and
the ϕi(x) (i = 1, . . . , n) are linearly independent.

On substituting (2) into the left-hand side of Eq. (1), we obtain the residual

ε[Yn(x)] = ψ0(x, λ) +
n∑

i=1

Aiψi(x, λ), (3)

where ψ0(x, λ) and the ψi(x, λ) (i = 1, . . . , n) are defined by formulas (7) of Subsection 13.16-2.
According to the method of least squares, the coefficients Ai (i = 1, . . . , n) can be found from

the condition for the minimum of the integral

I =
∫ b

a

{ε[Yn(x)]}2 dx =
∫ b

a

[
ψ0(x, λ) +

n∑
i=1

Aiψi(x, λ)

]2

dx. (4)

This requirement leads to the algebraic system of equations

∂I

∂Aj
= 0, j = 1, . . . , n, (5)

and hence, on the basis of (4), by differentiating with respect to the parameters A1, . . . , An under
the integral sign, we obtain

1
2

∂I

∂Aj
=
∫ b

a

ψj(x, λ)

[
ψ0(x, λ) +

n∑
i=1

Aiψi(x, λ)

]
dx = 0, j = 1, . . . , n. (6)

Using the notation

cij (λ) =
∫ b

a

ψi(x, λ)ψj(x, λ) dx, (7)

we can rewrite system (6) in the form of the normal system of the method of least squares:

c11(λ)A1 + c12(λ)A2 + · · · + c1n(λ)An = –c10(λ),

c21(λ)A1 + c22(λ)A2 + · · · + c2n(λ)An = –c20(λ),

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
cn1(λ)A1 + cn2(λ)A2 + · · · + cnn(λ)An = –cn0(λ).

(8)

Note that if ϕ0(x) ≡ 0, then ψ0(x) = –f (x). Moreover, since cij(λ) = cji(λ), the matrix of system (8)
is symmetric.
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13.17-2. Construction of Eigenfunctions.

The method of least squares can also be applied for the approximate construction of characteristic
values and eigenfunctions of the kernel K(x, s), similarly to the way in which it can be done in
the collocation method. Namely, by setting f (x) ≡ 0 and ϕ0(x) ≡ 0, which implies ψ0(x) ≡ 0, we
determine approximate values of the characteristic values from the algebraic equation

det[cij(λ)] = 0. (9)

After this, approximate eigenfunctions can be found from the homogeneous system of the form (8),
where, instead of λ, the corresponding approximate value is substituted.

Example. Let us find an approximate solution of the equation

y(x) = x2 +
∫ 1

–1
sinh(x + t)y(t) dt (10)

by the method of least squares.
For the form of an approximate solution we take Y2(x) = x2 + A2x + A1. This implies

ϕ1(x) = 1, ϕ2(x) = x, ϕ0(x) = x2.

Taking into account the relations∫ 1

–1
sinh(x + t) dt = a sinh x,

∫ 1

–1
t sinh(x + t) dt = b sinh x,

∫ 1

–1
t2 sinh(x + t) dt = c sinh x,

a = 2 sinh 1 = 2.3504, b = 2e–1 = 0.7358, c = 6 sinh 1 – 4 cosh 1 = 0.8788,

on the basis of formulas (7) of Subsection 13.16-2 we have

ψ1 = 1 – a sinh x, ψ2 = x – b cosh x, ψ0 = –c sinh x.

Furthermore, we see that (to the fourth decimal place)

c11 = 2 + a2( 1
2 sinh 2 – 1

)
= 6.4935, c22 = 2

3 + b2( 1
2 sinh 2 + 1

)
= 2.1896,

c12 = –4(ae–1 + b sinh 1) = –8e–1 sinh 1 = –3.4586, c10 = ac
( 1

2 sinh 2 – 1
)

= 1.6800, c20 = –2ce–1 = –0.6466,

and obtain the following system for the coefficients A1 and A2:

6.4935A1 – 3.4586A2 = –1.6800,

–3.4586A1 + 2.1896A2 = 0.6466.

Hence, we have A1 = –0.5423 and A2 = –0.5613. Thus,

Y2(x) = x2 – 0.5613x – 0.5423. (11)

Since the kernel
K(x, t) = sinh(x + t) = sinh x cosh t + cosh x sinh t

of Eq. (10) is degenerate, we can readily obtain the exact solution

y(x) = x2 + α sinh x + β cosh x, (12)

α =
6 sinh 1 – 4 cosh 1

2 –
( 1

2 sinh 2
)2 = –0.6821, β = α

( 1
2 sinh 2 – 1

)
= –0.5548.

On comparing formulas (11) and (12) we conclude that the approximate solution Y2(x) is close to the exact solution y(x) if
|x| is small. At the endpoints x = ±1, the discrepancy |y(x) – Y2(x)| is rather significant.

References for Section 13.17: L. V. Kantorovich and V. I. Krylov (1958), B. P. Demidovich, I. A. Maron, and E. Z. Shu-
valova (1963), M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), P. K. Kythe and P. Puri (2002).
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13.18. Bubnov–Galerkin Method
13.18-1. Description of the Method.

Let

ε[y(x)] ≡ y(x) – λ

∫ b

a

K(x, t)y(t) dt – f (x) = 0. (1)

Similarly to the above reasoning, we seek an approximate solution of Eq. (1) in the form of a finite
sum

Yn(x) = f (x) +
n∑

i=1

Aiϕi(x), i = 1, . . . , n, (2)

where the ϕi(x) (i = 1, . . . , n) are some given linearly independent functions (coordinate functions)
and A1, . . . , An are indeterminate coefficients. On substituting the expression (2) into the left-hand
side of Eq. (1), we obtain the residual

ε[Yn(x)] =
n∑

j=1

Aj

[
ϕj(x) – λ

∫ b

a

K(x, t)ϕj(t) dt

]
– λ

∫ b

a

K(x, t)f (t) dt. (3)

According to the Bubnov–Galerkin method, the coefficients Ai (i = 1, . . . , n) are defined from
the condition that the residual is orthogonal to all coordinate functions ϕ1(x), . . . , ϕn(x). This gives
the system of equations ∫ b

a

ε[Yn(x)]ϕi(x) dx = 0, i = 1, . . . , n,

or, by virtue of (3),
n∑

j=1

(αij – λβij )Aj = λγi, i = 1, . . . , n, (4)

where

αij =
∫ b

a

ϕi(x)ϕj(x) dx, βij =
∫ b

a

∫ b

a

K(x, t)ϕi(x)ϕj(t) dt dx, γi =
∫ b

a

∫ b

a

K(x, t)ϕi(x)f (t) dt dx.

If the determinant of system (4)
D(λ) = det[αij – λβij ]

is nonzero, then this system uniquely determines the coefficients A1, . . . , An. In this case, formula (2)
gives an approximate solution of the integral equation (1).

13.18-2. Characteristic Values.

The equation D(λ) = 0 gives approximate characteristic values λ̃1, . . . , λ̃n of the integral equation.
On finding nonzero solutions of the homogeneous linear system

n∑
j=1

(αij – λ̃kβij )Ã(k)
j = 0, i = 1, . . . , n,

we can construct approximate eigenfunctions Ỹ (k)
n (x) corresponding to characteristic values λ̃k:

Ỹ (k)
n (x) =

n∑
i=1

Ã(k)
i ϕ(x).

It can be shown that the Bubnov–Galerkin method is equivalent to the replacement of the
kernel K(x, t) by some degenerate kernel K(n)(x, t). Therefore, for the approximate solution Yn(x)
we have an error estimate similar to that presented in Subsection 13.14-2.



698 METHODS FOR SOLVING LINEAR EQUATIONS OF THE FORM y(x) –
∫ b
a K(x, t)y(t)dt = f (x)

Example. Let us find the first two characteristic values of the integral equation

ε[y(x)] ≡ y(x) – λ

∫ 1

0
K(x, t)y(t) dt = 0,

where
K(x, t) =

{
t for t ≤ x,
x for t > x.

(5)

On the basis of (5), we have

ε[y(x)] = y(x) – λ

{∫ x

0
ty(t) dt +

∫ 1

x
xy(t) dt

}
.

We set Y2(x) = A1x + A2x
2. In this case

ε[Y2(x)] = A1x + A2x
2 – λ

[ 1
3 A1x

3 + 1
4 A2x

4 + x
( 1

2 A1 + 1
3 A2

)
–
( 1

2 A1x
3 + 1

3 A2x
4)] =

= A1
[(

1 – 1
2 λ
)
x + 1

6 λx3] + A2
(
– 1

3 λx + x2 + 1
12 λx4).

On orthogonalizing the residual ε[Y2(x)], we obtain the system∫ 1

0
ε[Y2(x)]x dx = 0,∫ 1

0
ε[Y2(x)]x2 dx = 0,

or the following homogeneous system of two algebraic equations with two unknowns:

A1(120 – 48λ) + A2(90 – 35λ) = 0

A1(630 – 245λ) + A2(504 – 180λ) = 0.
(6)

On equating the determinant of system (6) with zero, we obtain the following equation for the characteristic values:

D(λ) ≡
∣∣∣ 120 – 48λ 90 – 35λ

630 – 245λ 504 – 180λ

∣∣∣ = 0.

Hence,
λ2 – 26.03λ + 58.15 = 0. (7)

Equations (7) imply
λ̃1 = 2.462 . . . and λ̃2 = 23.568 . . .

For comparison we present the exact characteristic values:

λ1 = 1
4 π2 = 2.467 . . . and λ2 = 9

4 π2 = 22.206 . . . ,

which can be obtained from the solution of the following boundary value problem equivalent to the original equation:

y′′
xx(x) + λy(x) = 0; y(0) = 0, y′

x(1) = 0.

Thus, the error of λ̃1 is approximately equal to 0.2% and that of λ̃2, to 6%.

References for Section 13.18: L. V. Kantorovich and V. I. Krylov (1958), B. P. Demidovich, I. A. Maron, and E. Z. Shu-
valova (1963), A. F. Verlan’ and V. S. Sizikov (1986), K. E. Atkinson (1997), R. Kress (1999).

13.19. Quadrature Method

13.19-1. General Scheme for Fredholm Equations of the Second Kind.

In the solution of an integral equation, the reduction to the solution of systems of algebraic equations
obtained by replacing the integrals with finite sums is one of the most effective tools. The method
of quadratures is related to the approximation methods. It is widespread in practice because it is
rather universal with respect to the principle of constructing algorithms for solving both linear and
nonlinear equations.
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Just as in the case of Volterra equations, the method is based on a quadrature formula (see
Subsection 10.7-1): ∫ b

a

ϕ(x) dx =
n∑

j=1

Ajϕ(xj) + εn[ϕ], (1)

where the xj are the nodes of the quadrature formula, the Aj are given coefficients that do not
depend on the function ϕ(x), and εn[ϕ] is the error of replacement of the integral by the sum (the
truncation error).

If in the Fredholm integral equation of the second kind,

y(x) – λ

∫ b

a

K(x, t)y(t) dt = f (x), a ≤ x ≤ b, (2)

we set x = xi (i = 1, . . . , n), then we obtain the following relation that is the basic formula for the
method under consideration:

y(xi) – λ

∫ b

a

K(xi, t)y(t) dt = f (xi), i = 1, . . . , n. (3)

Applying the quadrature formula (1) to the integral in (3), we arrive at the following system of
equations:

y(xi) – λ
n∑

j=1

AjK(xi, xj)y(xj) = f (xi) + λεn[y]. (4)

By neglecting the small term λεn[y] in this formula, we obtain the system of linear algebraic
equations for approximate values yi of the solution y(x) at the nodes x1, . . . , xn:

yi – λ

n∑
j=1

AjKijyj = fi, i = 1, . . . , n, (5)

where Kij = K(xi, xj), fi = f (xi).
The solution of system (5) gives the values y1, . . . , yn, which determine an approximate solution

of the integral equation (2) on the entire interval [a, b] by interpolation. Here for the approximate
solution we can take the function obtained by linear interpolation, i.e., the function that coincides
with yi at the points xi and is linear on each of the intervals [xi, xi+1]. Moreover, for an analytic
expression of the approximate solution to the equation, a function

ỹ(x) = f (x) + λ

n∑
j=1

AjK(x, xj)yj (6)

can be chosen, which also takes the values y1, . . . , yn at the points x1, . . . , xn.

13.19-2. Construction of the Eigenfunctions.

The method of quadratures can also be applied for solutions of homogeneous Fredholm equations
of the second kind. In this case, system (5) becomes homogeneous (fi = 0) and has a nontrivial
solution only if its determinant D(λ) is equal to zero. The algebraic equation D(λ) = 0 of degree n
for λ makes it possible to find the roots λ̃1, . . . , λ̃n, which are approximate values of n characteristic
values of the equation. The substitution of each value λ̃k (k = 1, . . . , n) into (5) for fi ≡ 0 leads to
the system of equations

y(k)
i – λ̃k

n∑
j=1

AjKijy
(k)
j = 0, i = 1, . . . , n,
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whose nonzero solutions y(k)
i make it possible to obtain approximate expressions for the eigenfunc-

tions of the integral equation:

ỹk(x) = λ̃k

n∑
j=1

AjK(x, xj)y(k)
j .

If λ differs from each of the roots λ̃k, then the nonhomogeneous system of linear algebraic
equations (5) has a unique solution. In the same case, the homogeneous system of equations (5) has
only the trivial solution.

13.19-3. Specific Features of the Application of Quadrature Formulas.

The accuracy of the resulting solutions essentially depends on the smoothness of the kernel and
the constant term. When choosing the quadrature formula, it is necessary to take into account that
the more accurate an applied formula is, the more serious requirements must be imposed on the
smoothness of the kernel, the solution, and the right-hand side.

If the right-hand side or the kernel have singularities, then it is reasonable to perform a preliminary
transform of the original equation to obtain a more accurate approximate solution. Here the following
methods can be applied.

If the right-hand side f (x) has singularities and the kernel is smooth, then we can introduce the
new unknown function z(x) = y(x) – f (x) instead of y(x), and the substitution of z(x) in the original
equation leads to the equation

z(x) – λ

∫ b

a

K(x, t)z(t) dt = λ

∫ b

a

K(x, t)f (t) dt,

in which the right-hand side is smoothed, and hence a solution z(x) is smoother. From the func-
tion z(x) thus obtained we can readily find the desired solution y(x).

For the cases in which the kernel K(x, t) or its derivatives with respect to t have discontinuities
on the diagonal x = t, it is useful to rewrite the equation under consideration in the equivalent form

y(x)

[
1 – λ

∫ b

a

K(x, t) dt

]
– λ

∫ b

a

K(x, t)[y(t) – y(x)] dt = f (x),

where the integrand in the second integral has no singularities because the difference y(t) – y(x)

vanishes on the diagonal x = t, and the calculation of the integral
∫ b

a
K(x, t) dt is performed without

unknown functions and is possible in the explicit form.

Example. Consider the equation

y(x) – 1
2

∫ 1

0
xty(t) dt = 5

6 x.

Let us choose the nodes x1 = 0, x2 = 1
2 , x3 = 1 and calculate the values of the right-hand side f (x) = 5

6 x and of the
kernel K(x, t) = xt at these nodes:

f (0) = 0, f
( 1

2

)
= 5

12 , f (1) = 5
6 ,

K(0, 0) = 0, K
(
0, 1

2

)
= 0, K(0, 1) = 0, K

( 1
2 , 0
)

= 0, K
( 1

2 , 1
2

)
= 1

4 ,

K
( 1

2 , 1
)

= 1
2 , K(1, 0) = 0, K

(
1, 1

2

)
= 1

2 , K(1, 1) = 1.

On applying Simpson’s rule (see Subsection 10.7-1)∫ 1

0
F (x) dx ≈ 1

6

[
F (0) + 4F

( 1
2

)
+ F (1)

]
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to determine the approximate values yi (i = 1, 2, 3) of the solution y(x) at the nodes xi we obtain the system

y1 = 0,
11
12 y2 – 1

24 y3 = 5
12 ,

– 2
12 y2 + 11

12 y3 = 5
6 ,

whose solution is y1 = 0, y2 = 1
2 , y3 = 1. In accordance with the expression (6), the approximate solution can be presented

in the form
ỹ(x) = 5

6 x + 1
2 × 1

6

(
0 + 4 × 1

2 × 1
2 x + 1 × 1 × x

)
= x.

We can readily verify that it coincides with the exact solution.

References for Section 13.19: N. S. Bakhvalov (1973), V. I. Krylov, V. V. Bobkov, and P. I. Monastyrnyi (1984),
A. F. Verlan’ and V. S. Sizikov (1986).

13.20. Systems of Fredholm Integral Equations of the
Second Kind

13.20-1. Some Remarks.

A system of Fredholm integral equations of the second kind has the form

yi(x) – λ

n∑
j=1

∫ b

a

Kij(x, t)yj(t) dt = fi(x), a ≤ x ≤ b, i = 1, . . . , n. (1)

Assume that the kernels Kij(x, t) are continuous or square integrable on the square S = {a ≤ x ≤ b,
a ≤ t ≤ b} and the right-hand sides fi(x) are continuous or square integrable on [a, b]. We also
assume that the functions yi(x) to be defined are continuous or square integrable on [a, b] as well.
The theory developed above for Fredholm equations of the second kind can be completely extended
to such systems. In particular, it can be shown that for systems (1), the successive approximations
converge in mean-square to the solution of the system if λ satisfies the inequality

|λ| <
1

B∗
, (2)

where
n∑

i=1

n∑
j=1

∫ b

a

∫ b

a

|Kij(x, t)|2 dx dt = B2
∗ < ∞. (3)

If the kernel Kij(x, t) satisfies the additional condition

∫ b

a

K2
ij(x, t) dt ≤ Aij , a ≤ x ≤ b, (4)

where Aij are some constants, then the successive approximations converge absolutely and uni-
formly.

If all kernels Kij(x, t) are degenerate, then system (1) can be reduced to a linear algebraic system.
It can be established that for a system of Fredholm integral equations, all Fredholm theorems are
satisfied.
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13.20-2. Method of Reducing a System of Equations to a Single Equation.

System (1) can be transformed into a single Fredholm integral equation of the second kind. Indeed,
let us introduce the functions Y (x) and F (x) on [a, nb – (n – 1)a] by setting

Y (x) = yi

(
x – (i – 1)(b – a)

)
, F (x) = fi

(
x – (i – 1)(b – a)

)
,

for
(i – 1)b – (i – 2)a ≤ x ≤ ib – (i – 1)a.

Let us define a kernel K(x, t) on the square {a ≤ x ≤ nb – (n – 1)a, a ≤ t ≤ nb – (n – 1)a} as
follows:

K(x, t) = Kij

(
x – (i – 1)(b – a), t – (j – 1)(b – a)

)
for

(i – 1)b – (i – 2)a ≤ x ≤ ib – (i – 1)a, (j – 1)b – (j – 2)a ≤ t ≤ jb – (j – 1)a.

Now system (1) can be rewritten as the single Fredholm equation

Y (x) – λ

∫ nb–(n–1)a

a

K(x, t)Y (t) dt = F (x), a ≤ x ≤ nb – (n – 1)a.

If the kernels Kij(x, t) are square integrable on the square S = {a ≤ x ≤ b, a ≤ t ≤ b} and the
right-hand sides fi(x) are square integrable on [a, b], then the kernel K(x, t) is square integrable on
the new square

Sn = {a < x < nb – (n – 1)a, a < t < nb – (n – 1)a},

and the right-hand side F (x) is square integrable on [a, nb – (n – 1)a].
If condition (4) is satisfied, then the kernel K(x, t) satisfies the inequality∫ b

a

K2(x, t) dt ≤ A∗, a < x < nb – (n – 1)a,

where A∗ is a constant.

Reference for Section 13.20: S. G. Mikhlin (1960).

13.21. Regularization Method for Equations with Infinite
Limits of Integration

13.21-1. Basic Equation and Fredholm Theorems.

Consider an integral equation of the second kind in the form

y(x) +
1√
2π

∫ ∞

0
K1(x – t)y(t) dt +

1√
2π

∫ 0

–∞
K2(x – t)y(t) dt +

∫ ∞

–∞
M (x, t)y(t) dt = f (x), (1)

where –∞ < x < ∞. We assume that the functions y(x) and f (x) and the kernels K1(x) and K2(x)
are such that their Fourier transforms belong to L2(–∞,∞) and satisfy the Hölder condition. We
also assume that the Fourier transforms of the kernel M (x, t) with respect to each variable belong
to L2(–∞,∞) and satisfy the Hölder condition and, in addition,∫ ∞

–∞

∫ ∞

–∞
|M (x, t)|2 dx dt < ∞.
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It should be noted that Eq. (1) with M (x, t) ≡ 0 is the convolution-type integral equation with two
kernels which was discussed in Subsection 13.10-2.

The transposed homogeneous equation has the form

ϕ(x) +
1√
2π

∫ ∞

0
K1(t – x)ϕ(t) dt +

1√
2π

∫ 0

–∞
K2(t – x)ϕ(t) dt +

∫ ∞

–∞
M (t, x)ϕ(t) dt = 0, (2)

where –∞ < x < ∞.
Assume that the normality conditions (see Subsection 13.10-2) hold, that is,

1 + K1(u) ≠ 0, 1 + K2(u) ≠ 0, –∞ < u < ∞. (3)

THEOREM 1. The number of linearly independent solutions of the homogeneous (f (x) ≡ 0)
equation (1) and that of the transposed homogeneous (g(x) ≡ 0) equation (2) are finite.

THEOREM 2. For the nonhomogeneous equation (1) to be solvable, it is necessary and sufficient
that ∫ ∞

–∞
f (t)ϕk(t) dt = 0, k = 1, . . . , N , (4)

where ϕk(x) is a complete finite set of linearly independent solutions to the transposed homogeneous
equation (2).

THEOREM 3. The difference between the number of linearly independent solutions to the ho-
mogeneous equation (1) and the number of linearly independent solutions to the homogeneous
transposed equation (2) is equal to the index

ν = Ind
1 + K2(u)
1 + K1(u)

=
1

2π

[
arg

1 + K2(u)
1 + K1(u)

]∞
–∞

. (5)

13.21-2. Regularizing Operators.

An important method for the theoretical investigation and practical solution of the integral equations
in question is a regularization of these equations, i.e., their reduction to a Fredholm equation of the
second kind.

Let us denote by K the operator determined by the left-hand side of Eq. (1):

K[y(x)] ≡ y(x)+
1√
2π

∫ ∞

0
K1(x– t)y(t) dt+

1√
2π

∫ 0

–∞
K2(x– t)y(t) dt+

∫ ∞

–∞
M (x, t)y(t) dt (6)

and introduce the similar operator

L[ω(x)] ≡ ω(x)+
1√
2π

∫ ∞

0
L1(x–t)ω(t) dt+

1√
2π

∫ 0

–∞
L2(x–t)ω(t) dt+

∫ ∞

–∞
Q(x, t)ω(t) dt. (7)

Let us find an operator L such that the product LK is determined by the left-hand side of a
Fredholm equation of the second kind with a kernel K(x, t):

LK[y(x)] ≡ y(x) +
∫ ∞

–∞
K(x, t)y(t) dt,

∫ ∞

–∞

∫ ∞

–∞
|K(x, t)|2 dx dt < ∞. (8)

The operator L is called a left regularizer.
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For the operator K of the integral equation (1) to have a left regularizer L of the form (7), it is
necessary and sufficient that the normality conditions (3) hold.

If conditions (3) are satisfied, then the left regularizer L has the form

Lω(x) ≡ ω(x) –
1√
2π

∫ ∞

0
R1(x – t)ω(t) dt –

1√
2π

∫ 0

–∞
R2(x – t)ω(t) dt +

∫ ∞

–∞
Q(x, t)ω(t) dt, (9)

where the resolvents R1(x – t) and R2(x – t) of the kernels K1(x – t) and K2(x – t) are given by (see
Subsection 13.9-1)

Rj(x) =
1√
2π

∫ ∞

–∞

Kj(u)
1 + Kj(u)

e–iux du, Kj(u) =
1√
2π

∫ ∞

–∞
Kj(x)eiux dx, j = 1, 2,

and Q(x, t) is any function such that∫ ∞

–∞

∫ ∞

–∞
|Q(x, t)|2 dx dt < ∞.

If condition (3) is satisfied, then the operator L given by formula (9) is simultaneously a right
regularizer of the operator K:

KL[y(x)] ≡ y(x) +
∫ ∞

–∞
K∗(x, t)y(t) dt, (10)

where the function K∗(x, t) satisfies the condition∫ ∞

–∞

∫ ∞

–∞
|K∗(x, t)|2 dx dt < ∞. (11)

13.21-3. Regularization Method.

Consider the equation of the form

K[y(x)] = f (x), –∞ < x < ∞, (12)

where the operator K is defined by (6).
There are several ways of regularizing this equation, i.e., of its reduction to a Fredholm equation.

First, this equation can be reduced to an equation with a Cauchy kernel. On regularizing the last
equation by a method presented in Section 15.4, we can achieve our aim. This approach can be
applied if we can find, for given functions K1(x), K2(x), M (x, t), and f (x), simple expressions
for their Fourier integrals. Otherwise it is natural to perform the regularization of Eq. (12) directly,
without passing to the inverse transforms.

A left regularization of Eq. (12) involves the application of the regularizer L constructed in the
previous subsection to both its sides:

LK[y(x)] = L[f (x)]. (13)

It follows from (8) that Eq. (13) is a Fredholm equation

y(x) +
∫ ∞

–∞
K(x, t)y(t) dt = L[f (x)]. (14)
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Thus, Eq. (12) can be transformed by left regularization to a Fredholm equation with the same
unknown function y(x) and the known right-hand side L[f (x)]. Left regularization is known to
imply no loss of solutions: all solutions of the original equation (12) are solutions of the regularized
equation. However, in the general case, a solution of the regularized equation need not be a solution
of the original equation.

The right regularization consists in the substitution of the expression

y(x) = L[ω(x)] (15)

for the desired function into Eq. (12), where ω(x) is a new unknown function. We finally arrive at
the following integral equation:

KL[ω(x)] = f (x), (16)

which is a Fredholm equation as well by virtue of (10):

KL[ω(x)] ≡ ω(x) +
∫ ∞

–∞
K∗(x, t)ω(t) dt = f (x), –∞ < x < ∞. (17)

Thus, we have passed from Eq. (12) for the unknown function y(x) to a Fredholm integral
equation for a new unknown function ω(x). On solving the Fredholm equation (17), we find a
solution of the original equation (12) by formula (15). Right regularization can give no irrelevant
solutions, but it is known that it can lead to a loss of a solution.

A solution of the problem on an equivalent regularization, for which neither the loss of solutions
nor the appearance of irrelevant “solutions” occur, is of significant theoretical and practical interest.

For Eq. (12) with an arbitrary right-hand side f (x) to admit an equivalent left regularization, it
is necessary and sufficient that the index ν given by formula (5) be nonnegative. For an equivalently
regularizing operator we can take the operator

L◦[ω(x)] ≡ ω(x) –
1√
2π

∫ ∞

0
R1(x – t)ω(t) dt –

1√
2π

∫ 0

–∞
R2(x – t)ω(t) dt.

Thus, the Fredholm equation
L◦K[y(x)] = L◦[f (x)], (18)

for the case ν ≥ 0, has those and only those solutions that are solutions to Eq. (12).
For the case in which the index ν is nonpositive, the operator L◦ performs an equivalent right

regularization of Eq. (12) for an arbitrary right-hand side f (x). In other words, for ν ≤ 0, on finding
the solution to the Fredholm equation

KL◦[ω(x)] = f (x),

we can obtain all solutions of the original equation (12) by the formula y(x) = L◦[ω(x)].
Another method of regularization is known, the so-called Carleman–Vekua regularization, which

is based on the solution of the corresponding characteristic equation. Equation (12) can formally be
rewritten as a convolution type equation with two kernels:

y(x) +
1√
2π

∫ ∞

0
K1(x – t)y(t) dt +

1√
2π

∫ 0

–∞
K2(x – t)y(t) dt = f1(x), (19)

where

f1(x) = f (x) –
∫ ∞

–∞
M (x, t)y(t) dt.

Next, the function f1(x) is provisionally assumed to be known, and Eq. (19) is solved (see Subsec-
tion 13.10-2). The analysis of the resulting formula for the function y(x) shows that, for ν = 0, this
is a Fredholm integral equation with the unknown function y(x). For the case in which ν > 0, the
resulting equation contains ν arbitrary constants. For a negative index ν, solvability conditions must
be added to the equation.

Reference for Section 13.21: F. D. Gakhov and Yu. I. Cherskii (1978).





Chapter 14

Methods for Solving Singular
Integral Equations of the First Kind

14.1. Some Definitions and Remarks
14.1-1. Integral Equations of the First Kind with Cauchy Kernel.

A singular integral equation of the first kind with Cauchy kernel has the form

1
πi

∫
L

ϕ(τ )
τ – t

dτ = f (t), i2 = –1, (1)

where L is a smooth closed or nonclosed contour in the complex plane of the variable z = x + iy,

t and τ are the complex coordinates on L, ϕ(t) is the unknown function,
1

τ – t
is the Cauchy kernel,

and f (t) is a given function, which is called the right-hand side of Eq. (1). The integral on the
left-hand side only exists in the sense of the Cauchy principal value (see Subsection 14.2-5).

A singular integral equation in which L is a smooth closed contour, as well as an equation of
the form

1
π

∫ ∞

–∞

ϕ(t)
t – x

dt = f (x), –∞ < x < ∞, (2)

on the real axis and an equation with Cauchy kernel

1
π

∫ b

a

ϕ(t)
t – x

dt = f (x), a ≤ x ≤ b, (3)

on a finite interval, are special cases of Eq. (1).
A general singular integral equation of the first kind with Cauchy kernel has the form

1
πi

∫
L

M (t, τ )
τ – t

ϕ(τ ) dτ = f (t), (4)

where M (t, τ ) is a given function. This equation can also be rewritten in a different (equivalent)
form, which is given in Subsection 14.4-4.

Assume that all functions in Eqs. (1)–(4) satisfy the Hölder condition (Subsection 14.2-2) and
the function M (t, τ ) satisfies this condition with respect to both variables.

14.1-2. Integral Equations of the First Kind with Hilbert Kernel.

The simplest singular integral equation of the first kind with Hilbert kernel has the form

1
2π

∫ 2π

0
cot

(
ξ – x

2

)
ϕ(ξ) dξ = f (x), (5)

707



708 METHODS FOR SOLVING SINGULAR INTEGRAL EQUATIONS OF THE FIRST KIND

where ϕ(x) is the unknown function (0 ≤ x ≤ 2π), cot
[

1
2 (ξ – x)

]
is the Hilbert kernel, and f (x) is

the given right-hand side of the equation (0 ≤ x ≤ 2π).
A general singular integral equation of the first kind with Hilbert kernel has the form

–
1

2π

∫ 2π

0
N (x, ξ) cot

(
ξ – x

2

)
ϕ(ξ) dξ = f (x), (6)

where N (x, ξ) is a given function. Equation (6) can often be rewritten in an equivalent form, which
is presented in Subsection 14.4-5.

Assume that all functions in Eqs. (5) and (6) also satisfy the Hölder condition (see Subsec-
tion 14.2-2) and the function N (x, ξ) satisfies this condition with respect to both variables.

If the right-hand sides of Eqs. (1)–(6) are identically zero, then the equations are said to be
homogeneous, otherwise they are said to be nonhomogeneous.

References for Section 14.1: F. D. Gakhov (1977), S. G. Mikhlin and S. Prössdorf (1986), S. Prössdorf and B. Silbermann
(1991), A. Dzhuraev (1992), N. I. Muskhelishvili (1992), I. K. Lifanov (1996), R. Estrada and R. P. Kanwal (1999),
E. G. Ladopoulos (2000).

14.2. Cauchy Type Integral

14.2-1. Definition of the Cauchy Type Integral.

Let L be a smooth closed contour* on the plane of a complex variable z = x+ iy. The domain inside
the contour L is called the interior domain and is denoted by Ω

+, and the complement of Ω
+ ∪ L,

which contains the point at infinity, is called the exterior domain and is denoted by Ω
–.

If a function f (z) is analytic in Ω
+ and continuous in Ω

+ ∪ L, then according to the familiar
Cauchy formula in the theory of functions of a complex variable we have

1
2πi

∫
L

f (τ )
τ – z

dτ =
{

f (z) for z ∈ Ω
+,

0 for z ∈ Ω
–.

(1)

If a function f (z) is analytic in Ω
– and continuous in Ω

– ∪ L, then

1
2πi

∫
L

f (τ )
τ – z

dτ =

{
f (∞) for z ∈ Ω

+,
–f (z) + f (∞) for z ∈ Ω

–.
(2)

As usual, the positive direction on L is defined as the direction for which the domain Ω
+ remains to

the left of the contour.
The Cauchy formula permits one to calculate the values of a function at any point of the domain

provided that the values on the boundary of the domain are known, i.e., the Cauchy formula solves
the boundary value problem for analytic functions. The integral on the left-hand side in (1) and (2)
is called the Cauchy integral.

Assume that L is a smooth closed or nonclosed contour that entirely belongs to the finite part of
the complex plane. Let τ be the complex coordinate on L, and let ϕ(τ ) be a continuous function of
a point of the contour. In this case the integral

Φ(z) =
1

2πi

∫
L

ϕ(τ )
τ – z

dτ , (3)

which is constructed in the same way as the Cauchy integral, is called a Cauchy type integral. The
function ϕ(τ ) is called its density and 1/(τ – z) its kernel.

* By a smooth contour we mean a simple curve (i.e., a curve without points of self-intersection) that is either closed or
nonclosed, has a continuous tangent, and has no cuspidal points.
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For a Cauchy type integral with continuous density ϕ(τ ), the only points at which the integrand
is not analytic with respect to z are the points of the integration curve L. This curve is singular for
the function Φ(z).

If L is a nonclosed contour, then Φ(z) is an analytic function on the entire plane with the
singularity curve L. Assume that L is a closed contour. In this case, Φ(z) splits into two independent
functions: a function Φ

+(z) defined on the domain Ω
+ and a function Φ

–(z) defined on the domain Ω
–.

In general, these functions are not analytic continuations of each other.
By a piecewise analytic function we mean an analytic function Φ(z) defined by two independent

expressions Φ
+(z) and Φ

–(z) on two complementary domains Ω
+ and Ω

– of the complex plane.
We note an important property of a Cauchy type integral. The function Φ(z) expressed by a

Cauchy type integral of the form (3) vanishes at infinity, i.e., Φ
–(∞) = 0. This condition is also

sufficient for the representability of a piecewise analytic function by a Cauchy type integral.

14.2-2. Hölder Condition.

Let L be a smooth curve in the complex plane z = x + iy, and let ϕ(t) be a function on this curve.
We say that ϕ(t) satisfies the Hölder condition on L if for any two points t1, t2 ∈ L we have

|ϕ(t2) – ϕ(t1)| < A|t2 – t1|λ, (4)

where A and λ are positive constants. The number A is called the Hölder constant and λ is called the
Hölder exponent. If λ > 1, then by condition (4) the derivative ϕ′

t(t) vanishes everywhere, and ϕ(t)
must be constant. Therefore, we assume that 0 < λ ≤ 1. For λ = 1, the Hölder condition is often
called the Lipschitz condition. Sometimes the Hölder condition is called the Lipschitz condition of
order λ.

If t1 and t2 are sufficiently close to each other and if the Hölder condition holds for some
exponent λ1, then this condition certainly holds for each exponent λ < λ1. In general, the converse
assertion fails. The smaller λ, the broader the class of Hölder continuous functions is. The narrowest
class is that of functions satisfying the Lipschitz condition.

It follows from the last property that if functions ϕ1(t) and ϕ2(t) satisfy the Hölder condition
with exponents λ1 and λ2, respectively, then their sum and the product, as well as their ratio provided
that the denominator is nonzero, satisfy the Hölder condition with exponent λ = min(λ1, λ2).

If ϕ(t) is differentiable and has a bounded derivative, then ϕ(t) satisfies the Lipschitz condition.
In general, the converse assertion fails.

14.2-3. Principal Value of a Singular Integral.

Consider the integral ∫ b

a

dx

x – c
, a < c < b.

Evaluating this integral as an improper integral, we obtain∫ b

a

dx

x – c
= lim

ε1→0
ε2→0

(
–
∫ c–ε1

a

dx

c – x
+
∫ b

c+ε2

dx

x – c

)
= ln

b – c

c – a
+ lim

ε1→0
ε2→0

ln
ε1

ε2
. (5)

The limit of the last expression obviously depends on the way in which ε1 and ε2 tend to zero.
Hence, the improper integral does not exist. This integral is called a singular integral. However, this
integral can be assigned a meaning if we assume that there is some relationship between ε1 and ε2.
For example, if the deleted interval is symmetric with respect to the point c, i.e.,

ε1 = ε2 = ε, (6)

we arrive at the notion of the Cauchy principal value of a singular integral.
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The Cauchy principal value of the singular integral

∫ b

a

dx

x – c
, a < c < b

is the number

lim
ε→0

(∫ c–ε

a

dx

x – c
+
∫ b

c+ε

dx

x – c

)
.

With regard to formula (5), we have

∫ b

a

dx

x – c
= ln

b – c

c – a
. (7)

Consider the more general integral ∫ b

a

ϕ(x)
x – c

dx, (8)

where ϕ(x) ∈ [a, b] is a function satisfying the Hölder condition. Let us understand this integral in
the sense of the Cauchy principal value, which we define as follows:

∫ b

a

ϕ(x)
x – c

dx = lim
ε→0

(∫ c–ε

a

ϕ(x)
x – c

dx +
∫ b

c+ε

ϕ(x)
x – c

dx

)
.

We have the identity

∫ b

a

ϕ(x)
x – c

dx =
∫ b

a

ϕ(x) – ϕ(c)
x – c

dx + ϕ(c)
∫ b

a

dx

x – c
;

moreover, the first integral on the right-hand side is convergent as an improper integral, because it
follows from the Hölder condition that∣∣∣∣ϕ(x) – ϕ(c)

x – c

∣∣∣∣ <
A

|x – c|1–λ
, 0 < λ ≤ 1,

and the second integral coincides with (7).
Thus, we see that the singular integral (8), where ϕ(x) satisfies the Hölder condition, exists in

the sense of the Cauchy principal value and is equal to

∫ b

a

ϕ(x)
x – c

dx =
∫ b

a

ϕ(x) – ϕ(c)
x – c

dx + ϕ(c) ln
b – c

c – a
.

Some authors denote singular integrals by special symbols like v.p.
∫

(valeur principale). How-
ever, this is not necessary because, on one hand, if an integral of the form (8) exists as a proper or an
improper integral, then it exists in the sense of the Cauchy principal value, and their values coincide;
on the other hand, we shall always understand a singular integral in the sense of the Cauchy principal
value. For this reason, we denote a singular integral by the usual integral sign.
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14.2-4. Multivalued Functions.

In the representation z = ρeiθ of a complex number, the modulus ρ is determined uniquely, whereas
the argument θ is only defined modulo 2π. This does not make the representation of a number
ambiguous, because the argument enters this representation via the function eiθ , which is 2π-
periodic. However, if the dependence of an analytic function on the argument θ is not 2π-periodic,
then this function turns out to be multivalued. Of the elementary functions, the logarithm and the
power function with noninteger exponent have this property:

ln(z – z0) = ln |z – z0| + i arg(z – z0) = ln ρ + iΘ, (9)

(z – z0)γ = ργeiγΘ = ρα[cos(β ln ρ) + i sin(β ln ρ)]eiγθei2πkγ , γ = α + iβ. (10)

In our reasoning, the logarithm of the modulus of a complex number is always understood as a real
number, according to the usual definition. The general representation of the argument Θ has the
form

Θ = θ + 2πk,

where k ranges over all integers (k = 0,±1,±2, . . . ) and θ is the argument with the least absolute
value.

To any k, there corresponds a branch of the multivalued function. The logarithmic function
has infinitely many branches. The same holds for the power function with an irrational or nonreal
exponent. However, if the exponent is rational, γ = p/q, with gcd(p, q) = 1, then the power function
has q branches. The branches of the logarithm differ by a constant of the form i2πm, and the
branches of a power function differ by a factor of the form ei2πmγ (m is an integer). Obviously,
to define a multivalued function, it is necessary to indicate which branch is chosen. However, in
contrast to the case of functions of a real variable, this is not sufficient for the complete definition of
a multivalued function of a complex variable. For the latter functions, there are points on the plane
with the following property: as the independent variable goes along a closed contour surrounding
this point and returns to the initial value, the chosen branch of the function changes to some other
branch. Such points are called the branching points of the multivalued function. For the functions (9)
and (10), the branching points are z0 and the point at infinity. If the variable is going along a contour
surrounding the point z0 counterclockwise or clockwise, then the argument Θ is changed by 2π or
by –2π, respectively.

Accordingly, the logarithm is increased or decreased by i2π, and the power function is multiplied
by ei2πγ or e–i2πγ . Hence, the branch corresponding to the value k = n passes to the neighboring
branch corresponding to k = n+1 or k = n–1. As usual, the study of the point at infinity is performed
by the substitution z = 1/ζ with the subsequent investigation at the point ζ = 0.

We can preserve a chosen branch of a function only if we forbid going around an arbitrary
branching point. To this end, we may use cuts joining the branching points. In the above cases of
the logarithmic and the power function, we can make a cut along a curve issuing from the point z0

and passing to infinity. A multivalued function is defined uniquely if the branch is chosen and the
cut is given.

The range of Θ is determined by the position of the cut. For example, if the cut passes along
the ray that forms an angle θ0 with the real axis, then for the principal branch (k = 0) we have
θ0 ≤ Θ ≤ θ0 + 2π. In particular, for the cut that passes along the positive real axis, we have
0 ≤ Θ ≤ 2π; and for cut along the negative real axis, we obtain –π ≤ Θ ≤ π. If the cut is curvilinear,
then the range of the argument depends on the functions of a point. The initial value of the argument
corresponds to the left edge of the cut (with respect to z0) and the final value corresponds to the
right edge. Let us denote the value of the argument on the left and on the right edge of the cut by
Θ

+ and Θ
–, respectively. Then we have

Θ
– – Θ

+ = 2π.
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For the chosen branch, the cut is a curve of discontinuity. On the edges of the cut we have

ln(z– – z0) = ln(z+ – z0) + i2π,

(z– – z0)γ = ei2πγ(z+ – z0)γ .

This discontinuity property of branches of multivalued functions on the edges of a cut is widely
used in the solution of boundary value problems with discontinuous boundary conditions. The
logarithm is applied for the case in which a discontinuous function enters the boundary condition as
a summand, and the power function corresponds to the case of a discontinuous factor in the boundary
conditions.

14.2-5. Principal Value of a Singular Curvilinear Integral.

Let L be a smooth contour and let τ and t be complex coordinates of its points. Consider the singular
curvilinear integral ∫

L

ϕ(τ )
τ – t

dτ . (11)

Let us take a circle of some radius ρ centered at the point t on the contour. Let t1 and t2 be the
points of intersection of this circle with the curve. Assume that the radius is so small that the circle
has no other points of intersection with L. Let l be the part of the contour L cut out by the circle.
Consider the integral over the remaining arc,∫

L–l

ϕ(τ )
τ – t

dτ . (12)

The limit of the integral (12) as ρ → 0 is called the principal value of the singular integral (11).
Using the representation∫

L

ϕ(τ )
τ – t

dτ =
∫

L

ϕ(τ ) – ϕ(t)
τ – t

dτ + ϕ(t)
∫

L

dτ

τ – t

and the same reasoning as above, we see that the singular integral (11) exists in the sense of the
Cauchy principal value for any function ϕ(τ ) satisfying the Hölder condition.

At any point of smoothness, this integral can be presented in two forms:∫
L

ϕ(τ )
τ – t

dτ =
∫

L

ϕ(τ ) – ϕ(t)
τ – t

dτ + ϕ(t)

(
ln

b – t

a – t
+ iπ

)
∫

L

ϕ(τ )
τ – t

dτ =
∫

L

ϕ(τ ) – ϕ(t)
τ – t

dτ + ϕ(t) ln
b – t

t – a
,

where a and b are the endpoints of L.
In particular, if the contour is closed, then by setting a = b we obtain∫

L

ϕ(τ )
τ – t

dτ =
∫

L

ϕ(τ ) – ϕ(t)
τ – t

dτ + iπϕ(t).

Throughout the following, any singular integral will be understood in the sense of the Cauchy
principal value.

Let L be a smooth contour (closed or nonclosed) and let ϕ(τ ) be a Hölder function of a point on
the contour. Then the Cauchy type integral

Φ(z) =
1

2πi

∫
L

ϕ(τ )
τ – z

dτ (13)
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has limit values Φ
+(t) and Φ

–(t) at any point of t ∈ L other than the endpoints of the contour, as
z → t from the left or from the right along any path; and these limit values can be expressed via the
density ϕ(t) of the integral and via the singular integral (13) by the Sokhotski–Plemelj formulas

Φ
+(t) =

1
2

ϕ(t) +
1

2πi

∫
L

ϕ(τ )
τ – t

dτ , Φ
–(t) = –

1
2
ϕ(t) +

1
2πi

∫
L

ϕ(τ )
τ – t

dτ . (14)

The sum and the difference of formulas (14) give the equivalent formulas

Φ
+(t) – Φ

–(t) = ϕ(t), (15)

Φ
+(t) + Φ

–(t) =
1
πi

∫
L

ϕ(τ )
τ – t

dτ , (16)

which are often used instead of (14).
The Sokhotski–Plemelj formulas for the real axis have the form

Φ
+(x) =

1
2

ϕ(x) +
1

2πi

∫ ∞

–∞

ϕ(τ )
τ – x

dτ , Φ
–(x) = –

1
2
ϕ(x) +

1
2πi

∫ ∞

–∞

ϕ(τ )
τ – x

dτ . (17)

Moreover, we have
Φ

+(∞) = 1
2 ϕ(∞), Φ

–(∞) = – 1
2 ϕ(∞).

This, together with (17), implies

Φ
+(∞) + Φ

–(∞) = 0, (18)

lim
x→∞

∫ ∞

–∞

ϕ(τ )
τ – x

dτ = 0. (19)

Any function representable by a Cauchy type integral on the real axis necessarily satisfies
condition (18). This condition is also sufficient for the representability of a piecewise analytic
function in the upper and the lower half-plane by an integral over the real axis.

Consider a Cauchy type integral over the real axis and assume that z is not real:

Φ(z) =
1

2πi

∫ ∞

–∞

ϕ(x)
x – z

dx, (20)

where ϕ(x) is a complex function of a real variable x satisfying the Hölder condition on the real
axis.

If a function ϕ(z) is analytic in the upper half-plane, is continuous in the closed upper half-plane,
and satisfies the Hölder condition on the real axis, then

1
2πi

∫ ∞

–∞

ϕ(x)
x – z

dx =

{
ϕ(z) – 1

2 ϕ(∞) for Im z > 0,

– 1
2 ϕ(∞) for Im z < 0.

(21)

We also have the formula

1
2πi

∫ ∞

–∞

ϕ(x) – ϕ(∞)
x – z

dx =

{
1
2 ϕ(∞) for Im z > 0,

–ϕ(z) + 1
2 ϕ(∞) for Im z < 0

(22)

provided that ϕ(z) is analytic in the lower half-plane, continuous in the closed lower half-plane, and
satisfies the Hölder condition on the real axis.
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14.2-6. Poincaré–Bertrand Formula.

Consider the following pair of iterated singular integrals:

N (t) =
1
πi

∫
L

dτ

τ – t

1
πi

∫
L

K(τ , τ1)
τ1 – τ

dτ1, (23)

M (t) =
1
πi

∫
L

dτ1
1
πi

∫
L

K(τ , τ1)
(τ – t)(τ1 – τ )

dτ , (24)

where L is a smooth contour and the function K(τ , τ1) satisfies the Hölder condition with respect to
both variables.

Both integrals make sense, and although N differs from M only by the order of integration, they
are not equal, as shown by the following Poincaré–Bertrand formula

1
πi

∫
L

dτ

τ – t

1
πi

∫
L

K(τ , τ1)
τ1 – τ

dτ1 = K(t, t) +
1
πi

∫
L

dτ1
1
πi

∫
L

K(τ , τ1)
(τ – t)(τ1 – τ )

dτ , (25)

which can also be rewritten in the form∫
L

dτ

τ – t

∫
L

K(τ , τ1)
τ1 – τ

dτ1 = –π2K(t, t) +
∫

L

dτ1

∫
L

K(τ , τ1)
(τ – t)(τ1 – τ )

dτ . (26)

Example. Let us evaluate the Cauchy type integral over the unit circle |z| = 1 with density ϕ(τ ) = 2/[τ (τ – 2)], i.e.,

Φ(z) =
1

2πi

∫
L

1

τ – 2

dτ

τ – z
–

1

2πi

∫
L

1

τ

dτ

τ – z
.

The function 1/(z – 2) is analytic in Ω+, and 1/z is analytic in Ω– and vanishes at infinity. By formula (1), the first integral
is equal to 1/(z – 2) for z ∈ Ω+ and is zero for z ∈ Ω–. By formula (2), the second integral is equal to –1/z for z ∈ Ω– and
is zero for z ∈ Ω+. Hence,

Φ+(z) =
1

z – 2
, Φ–(z) =

1

z
.

References for Section 14.2: F. D. Gakhov (1977), S. G. Mikhlin and S. Prössdorf (1986), N. I. Muskhelishvili (1992).

14.3. Riemann Boundary Value Problem

14.3-1. Principle of Argument. The Generalized Liouville Theorem.

THE THEOREM ON THE ANALYTIC CONTINUATION (THE PRINCIPLE OF CONTINUITY). Assume
that a domain Ω1 borders a domain Ω2 along a smooth curve L. Let analytic functions f1(z) and f2(z)
be given in Ω1 and Ω2. Assume that, as the point z tends to L, both functions tend to the same
continuous limit function on the curve L. Under these assumptions, the functions f1(z) and f2(z)
are analytic continuations of each other.

Assume that a function f (z) is analytic in a domain Ω bounded by a contour L except for finitely
many points, where it may have poles. Let us write out the power series expansion of f (z) around
some point z0:

f (z) = cn(z – z0)n + cn+1(z – z0)n+1 + · · · = (z – z0)nf1(z), f1(z0) = cn ≠ 0.

The number n is called the order of the function f (z) at the point z0. If n > 0, then the order
of the function is the order of zero; if n < 0, then the order of the function is minus the order of the
pole. If the order of a function at z0 is zero, then at z0 the function has a finite nonzero value at z0.
When considering the point at infinity, we must replace the difference z – z0 by 1/z. If z0 ∈ L, then
we define the order of the function to be equal to 1

2 n.
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Let NΩ and PΩ (NL and PL) be the numbers of zeros and poles on the domain (on the contour,
respectively), where each zero and pole is taken according to its multiplicity. Let [δ]L denote the
increment of the variable δ when going around the contour in the positive direction. As usual, by
the positive direction we mean the direction the domain under consideration remains to the left of
the contour.

THE PRINCIPLE OF ARGUMENT. Let f (z) be a single-valued analytic function in a multiply
connected domain Ω bounded by a smooth contour L = L0 + L1 + · · · + Lm except for finitely many
points at which f (z) may have poles, and let f (z) be continuous in the closed domain Ω∪L (except
for these poles) and have at most finitely many zeros of integer order on the contour. In this case,
the following formula holds:

NΩ – PΩ +
1
2

(NL – PL) =
1

2π
[arg f (z)]L.

THE GENERALIZED LIOUVILLE THEOREM. Assume that a function f (z) is analytic on the entire
complex plane except for points a0 = ∞, ak (k = 1, . . . , n), where it has poles, and that the principal
parts of the Laurent series expansions of f (z) at the poles have the form

Q0(z) = c0
1z + c0

2z
2 + · · · + c0

m0
zm0

Qk

(
1

z – ak

)
=

ck
1

z – ak
+

ck
2

(z – ak)2
+ · · · +

ck
mk

(z – ak)mk

at the point a0,

at the points ak.

Then f (z) is a rational function, and can be represented by the formula

f (z) = C + Q0(z) +
n∑

k=1

Qk

(
1

z – ak

)
,

where C is a constant. In particular, if the only singularity of f (z) is a pole of order m at infinity,
then f (z) is a polynomial of degree m,

f (z) = c0 + c1z + · · · + cmzm.

The following notation is customary:
(a) f (z) is the function conjugate to a given function f (z);
(b) f (z̄) is the function obtained from f (z) by replacing z by z̄, i.e., y by –y in f (z);
(c) f̄ (z) is the function defined by the condition f̄ (z) = f (z̄).

If z = x + iy and f (z) = u(x, y) + iv(x, y), then

f (z) = u(x, y) – iv(x, y), f (z̄) = u(x, –y) + iv(x, –y), f̄ (z) = u(x, –y) – iv(x, –y).

In particular, if f (z) is given by a series f (z) =
n∑

k=0
ckzk, then

f (z) =
n∑

k=0

c̄kz̄k, f (z̄) =
n∑

k=0

ckz̄k, f̄ (z) =
n∑

k=0

c̄kzk.

For a function represented by a Cauchy type integral

f (z) =
1

2πi

∫
L

ϕ(τ )
τ – z

dτ ,

we have

f (z) = –
1

2πi

∫
L

ϕ(τ )
τ̄ – z̄

dτ , f (z̄) =
1

2πi

∫
L

ϕ(τ )
τ – z̄

dτ , f̄ (z) = –
1

2πi

∫
L

ϕ(τ )
τ̄ – z

dτ .

Note that if a function satisfies the condition f̄ (z) = f (z), then it takes real values for all real values
of z. The converse assertion also holds.
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14.3-2. Hermite Interpolation Polynomial.

The Hermite interpolation polynomial is used for the construction of the canonical function of the
nonhomogeneous Riemann problem in Subsections 12.4-7 and 14.3-9.

Let distinct points zk (k = 1, . . . , m) be given, and a number ∆
(j)
k (j = 0, 1, . . . , nk – 1) be

assigned to each point zk, where the nk are given positive integers. It is required to construct a
polynomial Up(z) of the least possible degree such that

U (j)
p (zk) = ∆

(j)
k , k = 1, . . . , m, j = 0, 1, . . . , nk – 1,

where the U (j)
p (zk) are the values of the jth-order derivatives of the polynomial at the points zk. The

numbers zk are called the interpolation nodes and nk the interpolation multiplicities at the nodes
zk.

There exists a unique polynomial with these properties. It has the form (e.g., see V. I. Smirnov
and N. A. Lebedev (1964))

Up(z) =
m∑

k=1

ζ(z)
(z – zk)nk

nk–1∑
r=0

Ak,r(z – zk)r, p =
m∑

k=1

nk – 1,

ζ(z) =
m∏

k=1

(z – zk)nk , Ak,r =
r∑

j=0

∆
(j)
k

j! (r – j)!

[
d r–j

dzr–j

(z – zk)nk

ζ(z)

]
z=zk

,

k = 1, . . . , m, r = 0, 1, . . . , nk – 1;

and this polynomial is unique.
The interpolation polynomialUp(z) constructed for some function f (z) must satisfy the following

conditions at the points zk:

U (j)
p (zk) = ∆

(j)
k = f (j)(zk), k = 1, . . . , m, j = 0, 1, . . . , nk – 1,

where f (j)(zk) is the value of the jth-order derivative of f (z) at the point zk.

14.3-3. Notion of the Index.

Let L be a smooth closed contour, and let D(t) be a continuous nowhere vanishing function on this
contour.

The index ν of the function D(t) with respect to the contour L is the increment of the argument
of D(t) along L (traversed in the positive direction) divided by 2π:

ν = Ind D(t) =
1

2π
[arg D(t)]L. (1)

Since ln D(t) = ln |D(t)| + i arg D(t) and since after the traverse the function |D(t)| returns to its
original value, it follows that [ln D(t)]L = i[argD(t)]L, and hence

ν =
1

2πi
[ln D(t)]L. (2)

The index can be expressed in the form of an integral as follows:

ν = Ind D(t) =
1

2πi

∫
L

d ln D(t) =
1

2π

∫
L

d arg D(t). (3)

If the function D(t) is not differentiable but has bounded variation, then the integral is regarded as
the Stieltjes integral. Since D(t) is continuous, the image Γ̆ of the closed contour L is a closed
contour as well, and the increment of the argument D(t) along L is a multiple of 2π. Hence, the
following assertions hold.
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1◦. The index of a function that is continuous on a closed contour and vanishes nowhere is an integer
(possibly zero).

2◦. The index of the product of two functions is equal to the sum of the indexes of the factors. The
index of a ratio is equal to the difference of the indexes of the numerator and the denominator.

We now assume that D(t) is differentiable and is the boundary value of a function analytic in
the interior or exterior of L. In this case, the number

ν =
1

2πi

∫
L

d ln D(t) =
1

2πi

∫
L

D′
t(t)

D(t)
dt (4)

is equal to the logarithmic residue of the function D(t). The principle of argument (see Subsec-
tion 14.3-1) implies the following properties of the index:

3◦. If D(t) is the boundary value of a function analytic in the interior or exterior of the contour, then
its index is equal to the number of zeros inside the contour or minus the number of zeros outside the
contour, respectively.

4◦. If a function D(z) is analytic in the interior of the contour except for finitely many points at
which it may have poles, then the number of zeros must be replaced by the difference of the number
of zeros and the number of poles.

Here the zeros and the poles are counted according to their multiplicities. We also note that the
indexes of complex conjugate functions have opposite signs.

Let
t = t1(s) + it2(s) (0 ≤ s ≤ l)

be the equation of the contour L. On substituting the expression of the complex coordinate t into
the function D(t), we obtain

D(t) = D
(
t1(s) + it2(s)

)
= ξ(s) + iη(s). (5)

Let us regard ξ and η as Cartesian coordinates. Then

ξ = ξ(s), η = η(s)

is a parametric equation of some curve Γ. Since the function D(t) is continuous and the contour L
is closed, it follows that the curve Γ is closed as well.

The number of turns of the curve Γ around the origin, i.e., the number of full rotations of the
radius vector as the variable s varies from 0 to l, is obviously the index of the function D(t). This
number is often called the winding number of the curve Γ with respect to the origin.

If the curve Γ is successfully constructed, then the winding number can be observed directly.
There are many examples for which the index can be found by analyzing the shape of the curve Γ.
For instance, if D(t) is a real or a pure imaginary function that does not vanish, then Γ is a line
segment (traversed an even number of times), and the index D(t) is equal to zero. If the real part ξ(s)
or the imaginary part η(s) preserves its sign, then the index is obviously zero, and so on. If the
function D(t) can be represented as the product or the ratio of functions that are limit values of
functions analytic in the interior or exterior of the contour, then the index can be calculated on the
basis of properties 2◦, 3◦, and 4◦.

In the general case, the calculation of the index can be performed by formula (3). On the basis
of formula (5) we substitute the expression

d arg D(t) = d arctan
η(s)
ξ(s)
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into (3) and assume that ξ and η are differentiable. Then we obtain

ν =
1

2π

∫
Γ

ξ dη – η dξ

ξ2 + η2
=

1
2π

∫ l

0

ξ(s)η′
s(s) – η(s)ξ′s(s)

ξ2(s) + η2(s)
ds. (6)

Example 1. Let us calculate the index of D(t) = tn with respect to an arbitrary contour L surrounding the origin.
First method. The function tn is the boundary value of the function zn, which has precisely one zero of order n inside

the contour. Hence
ν = Ind tn = n.

Second method. If the argument of t is ϕ, then the argument of tn is nϕ. As the point t traverses the contour L and
returns to the original value, the argument ϕ obtains the increment 2π. Hence,

Ind tn = n.

The index can also be found numerically. Since the index is integer-valued, an approximate
value whose error is less than 1

2 can be rounded off to the nearest integer to obtain the exact value.

14.3-4. Statement of the Riemann Problem.

Let L be a simple smooth closed contour which divides the complex plane into the interior domain Ω
+

and the exterior domain Ω
–, and let two functions of points of the contours D(t) and H(t) satisfying

the Hölder condition (see Subsection 14.2-2) be given; moreover, suppose that D(t) does not vanish.
The Riemann Problem. Find two functions (or a single piecewise analytic function), namely, a

function Φ
+(z) analytic in Ω

+ and a function Φ
–(z) analytic in the domain Ω

– including z = ∞, so
that the following linear relation is satisfied on the contour L:

Φ
+(t) = D(t)Φ–(t)

or

Φ
+(t) = D(t)Φ–(t) + H(t)

(the homogeneous problem)

(the nonhomogeneous problem).

(7)

(8)

The function D(t) is called the coefficient of the Riemann problem, and the function H(t) is
called the right-hand side.

We first consider a Riemann problem of special form that is called the jump problem. Let a
function ϕ(t) defined on a closed contour L satisfy the Hölder condition. The problem is to find
a piecewise analytic function Φ(z) (Φ(z) = Φ

+(z) for z ∈ Ω
+ and Φ(z) = Φ

–(z) for z ∈ Ω
–) that

vanishes at infinity and has a jump of magnitude ϕ(t) on L, i.e., such that

Φ
+(t) – Φ

–(t) = ϕ(t).

It follows from the Sokhotski–Plemelj formulas (see Subsection 14.2-5) that the function

Φ(z) =
1

2πi

∫
L

ϕ(τ )
τ – z

dτ

is the unique solution to the above problem.
Thus, an arbitrary function ϕ(t) given on the closed contour and satisfying the Hölder condition

can be uniquely represented as the difference of functions Φ
+(t) and Φ

–(t) that are the boundary
values of analytic functions Φ

+(z) and Φ
–(z) under the additional condition Φ

–(∞) = 0.
If we neglect the additional condition Φ

–(∞) = 0, then the solution will be given by the formula

Φ(z) =
1

2πi

∫
L

ϕ(τ )
τ – z

dτ + const . (9)
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Let us seek a particular solution of the homogeneous problem (7) in the class of functions that
do not vanish on the contour. Let N+ and N– be the numbers of zeros of the desired functions in
the domains Ω

+ and Ω
–, respectively. Taking the index of both parts of Eq. (7), on the basis of

properties 2◦ and 3◦ we obtain
N+ + N– = Ind D(t) = ν. (10)

We call the index ν of the coefficient D(t) the index of the Riemann problem.
Let ν = 0. Under this condition, ln D(t) is a single-valued function. It follows from (10) that

N+ = N– = 0, i.e., the solution has no zeros on the entire plane. Therefore, the functions ln Φ
±(z)

are analytic in their domains and hence single-valued together with the boundary values ln Φ
±(t).

Taking the logarithm of the boundary condition (7), we obtain

ln Φ
+(t) – ln Φ

–(t) = ln D(t). (11)

We can choose an arbitrary branch of ln D(t) because the final result is independent of the choice of
this branch. Thus, we must find a piecewise analytic function ln Φ(z) with a prescribed jump on L.
The solution of this problem under the additional condition ln Φ

–(∞) = 0 is given by the formula

ln Φ(z) =
1

2πi

∫
L

ln D(τ )
τ – z

dτ . (12)

For brevity, we write
1

2πi

∫
L

ln D(τ )
τ – z

dτ = G(z). (13)

It readily follows from the Sokhotski–Plemelj formulas that the functions

Φ
+(z) = eG+(z) and Φ

–(z) = eG–(z) (14)

are the solution of the boundary value problem (7) with the condition Φ
–(∞) = 1.

If we neglect the additional condition Φ
–(∞) = 1, then in formula (12) we must add an arbitrary

constant, and the solution becomes

Φ
+(z) = CeG+(z), Φ

–(z) = CeG–(z), (15)

where C is an arbitrary constant. Since G–(∞) = 0, it follows that C is the value of Φ
–(z) at infinity.

Thus, in the case ν = 0 and for arbitrary Φ
–(∞) ≠ 0, the solution contains a single arbitrary

constant, and hence there is a unique linearly independent solution. If Φ
–(∞) = 0, then C = 0, and

the problem has only the trivial solution (which is identically zero), which is natural because N– = 0.
This gives an important corollary. An arbitrary function D(t) ≠ 0 on L that satisfies the Hölder

condition and has zero index can be represented as the ratio of the boundary values Φ
+(t) and Φ

–(t)
of functions that are analytic in Ω

+ and Ω
– and have no zeros in these domains. These functions are

determined modulo an arbitrary constant factor and are given by formulas (15).
On passing to the general case, we seek a piecewise analytic function satisfying the homogeneous

boundary condition (7) and having zero order on the entire plane except for the point at infinity,
where the order of the function is equal to the index of the problem.

By the canonical function (of the homogeneous Riemann problem) X(z) we mean the function
satisfying the boundary condition (7) and piecewise analytic on the entire plane except for the point
at infinity, where the order of this function is equal to the index of the problem.

This function can be constructed by reducing the problem to the case of zero index. Indeed, let
us rewrite the boundary condition (7) in the form

Φ
+(t) = t–νD(t)tνΦ

–(t).
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On representing the function t–νD(t) with zero index as the ratio of boundary values of analytic
functions,

t–νD(t) =
eG+(t)

eG–(t)
, G(z) =

1
2πi

∫
L

ln[τ –νD(τ )]
τ – z

dτ , (16)

we obtain the following expression for the canonical function:

X+(z) = eG+(z), X–(z) = z–νeG–(z). (17)

Since X+(t) = D(t)X–(t), it follows that the coefficient of the Riemann problem can be represented
as the ratio of canonical functions:

D(t) =
X+(t)
X–(t)

. (18)

The representation (18) is often called a factorization.
For ν ≥ 0, the canonical function, which has a zero of order ν at infinity, is a particular solution

of the boundary value problem (7). For ν < 0, the canonical function has a pole of order |ν | at infinity
and is not a solution, but in this case it is still used as an auxiliary function in the solution of the
nonhomogeneous problem.

14.3-5. Solution of the Homogeneous Problem.

Let ν = Ind D(t) be an arbitrary integer. On representing D(t) by formula (18), we reduce the
boundary condition (7) to the form

Φ
+(t)

X+(t)
=

Φ
–(t)

X–(t)
.

The left-hand side of the last relation contains the boundary value of a function that is analytic
in Ω

+, and the right-hand side contains the boundary value of a function that has at least the order –ν
at infinity. By the principle of continuity (see Subsection 14.3-1), the functions on the left-hand
side and on the right-hand side are analytic continuations of each other to the entire plane possibly
except for the point at infinity at which, in the case ν > 0, a pole of order ≤ ν can occur. Hence, for
ν > 0, by the generalized Liouville theorem (see Subsection 14.3-1), this single analytic function is a
polynomial of degree ≤ ν with arbitrary coefficients. For ν < 0, it follows from the Liouville theorem
that this function is constant. However, since this function must vanish at infinity, it follows that it
is identically zero. Hence, for ν < 0, the homogeneous problem has only the trivial solution (which
is identically zero). A problem that has no nontrivial solutions is said to be unsolvable. Thus, for a
negative index, the homogeneous problem (7) is unsolvable.

Let ν > 0. Let Pν (z) stand for a polynomial of degree ν with arbitrary coefficients. In this case,
we obtain a solution in the form

Φ(z) = Pν (z)X(z),

or
Φ

+(z) = Pν (z)eG+(z), Φ
–(z) = z–νPν (z)eG–(z), (19)

where G(z) is determined by formula (16).
Thus, if the index ν of the Riemann boundary value problem is nonnegative, then the homoge-

neous problem (7) has ν + 1 linearly independent solutions

Φ
+
k(z) = zkeG+(z), Φ

–
k(z) = zk–νeG–(z) (k = 0, 1, . . . , ν). (20)

The general solution contains ν + 1 arbitrary constants and is given by formula (19). For a negative
index, problem (7) is unsolvable.
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The polynomial Pν (z) has exactly ν zeros in the complex plane. It follows from formulas (19)
that the number of all zeros of a solution to the homogeneous Riemann boundary value problem is
equal to the index ν. Depending on the choice of the coefficients of the polynomial, these zeros can
occur in each of the domains Ω

± and also on the contour itself. Just as above, we denote by N± the
number of zeros in the domains Ω

± and by N0 the number of zeros on the contour L. We can see
that in the general case (without the condition that there are no zeros on the contour), formula (10)
becomes

N+ + N– + N0 = ν. (21)

14.3-6. Solution of the Nonhomogeneous Problem.

On replacing the coefficient D(t) in the boundary condition (8) by the ratio of the boundary values
of the canonical functions by formula (18), we reduce (8) to the form

Φ
+(t)

X+(t)
=

Φ
–(t)

X–(t)
+

H(t)
X+(t)

. (22)

The function H(t)/X+(t) satisfies the Hölder condition. Let us replace it by the difference of the
boundary values of analytic functions (see the jump problem in Subsection 14.3-4):

H(t)
X+(t)

= Ψ
+(t) – Ψ

–(t),

where

Ψ(z) =
1

2πi

∫
L

H(τ )
X+(τ )

dτ

τ – z
. (23)

Then the boundary condition (22) can be rewritten in the form

Φ
+(t)

X+(t)
– Ψ

+(t) =
Φ

–(t)
X–(t)

– Ψ
–(t).

Note that for ν ≥ 0 the function Φ
–(z)/X–(z) has a pole at infinity, and for ν < 0 it has a zero of

order ν.
By the same reasoning as in the solution of the homogeneous problem, we obtain the following

results.
Let ν ≥ 0. In this case,

Φ
+(t)

X+(t)
– Ψ

+(t) =
Φ

–(t)
X–(t)

– Ψ
–(t) = Pν (t).

This gives the solution
Φ(z) = X(z)[Ψ(z) + Pν(z)], (24)

where the functions X(z) and Ψ(z) are expressed by formulas (17) and (23) and Pν is a polynomial
of degree ν with arbitrary coefficients.

We can readily see that formula (24) gives the general solution of the nonhomogeneous problem
because it contains the general solution X(z)Pν(z) of the homogeneous problem as a summand.

Let ν < 0. In this case, Φ
–(z)/X–(z) vanishes at infinity and

Φ
+(t)

X+(t)
– Ψ

+(t) =
Φ

–(t)
X–(t)

– Ψ
–(t) = 0,

so that
Φ(z) = X(z)Ψ(z). (25)
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In the expression for the function Φ
–(z), the first factor has a pole of order –ν at infinity by

virtue of formula (17), and the second factor is the Cauchy type integral (23) and, in general, has a
first-order zero at infinity. Hence, Φ

–(z) has a pole of order ≤ –ν – 1 at infinity. Thus, if ν < –1,
then the nonhomogeneous problem is unsolvable in general. It is solvable only if the constant
term satisfies some additional conditions. To find these conditions, we expand the Cauchy type
integral (23) in a series in a neighborhood of the point at infinity:

Ψ
–(z) =

∞∑
k=1

ckz–k, where ck = –
1

2πi

∫
L

H(τ )
X+(τ )

τk–1 dτ .

For Φ
–(z) to be analytic at the point at infinity, it is necessary that the first –ν – 1 coefficients of

the expansion of Ψ
–(z) be zero. This means that for the solvability of the nonhomogeneous problem

in the case of negative index (ν < –1), it is necessary and sufficient that the following –ν–1 conditions
hold: ∫

L

H(τ )
X+(τ )

τk–1 dτ = 0, k = 1, 2, . . . , –ν – 1. (26)

Thus, in the case ν ≥ 0, the nonhomogeneous Riemann problem is solvable for an arbitrary
right-hand side, and the general solution is given by the formula

Φ(z) =
X(z)
2πi

∫
L

H(τ )
X+(τ )

dτ

τ – z
+ X(z)Pν(z), (27)

where the canonical function X(z) is given by (17) and Pν (z) is a polynomial of degree ν with
arbitrary complex coefficients. If ν = –1, then the nonhomogeneous problem is also solvable and
has a unique solution.

In the case ν < –1, the nonhomogeneous problem is unsolvable in general. For this problem
to be solvable, it is necessary and sufficient that the right-hand side of the problem satisfy –ν – 1
conditions (26). If these conditions are satisfied, then the solution of the problem is unique and is
given by formula (27), where we must set Pν (z) ≡ 0.

The solution with the additional condition of vanishing at infinity has important applications.
In this case, instead of a polynomial of degree ν, we must take a polynomial of degree ν – 1. For
the solvability of the problem in the case of negative index, it is necessary that the coefficient c–ν be
zero as well.

Hence, under the assumption that Φ
–(∞) = 0, the solution is given for ν ≥ 0 by the formula

Φ(z) = X(z)[Ψ(z) + Pν–1(z)], (28)

where, for ν = 0, we must set Pν–1(z) ≡ 0.
If ν < 0, then the solution is still given by formula (28) with Pν–1(z) ≡ 0 under the following –ν

solvability conditions: ∫
L

H(τ )
X+(τ )

τk–1 dτ = 0, k = 1, 2, . . . , –ν. (29)

In this case, the assertion on the solvability of the nonhomogeneous problem acquires a more
symmetric form. For ν ≥ 0, the general solution of the nonhomogeneous problem linearly depends
on ν arbitrary constants. For ν < 0, the number of the solvability conditions is equal to –ν. Note
that for ν = 0 the nonhomogeneous problem is unconditionally solvable, and the solution is unique.

On the basis of the above reasoning, the solution of the Riemann boundary value problem is
mainly reduced to the following two operations:

1◦. A representation of an arbitrary function given on the contour in the form of the difference of
boundary values of analytic functions in the domains Ω

+ and Ω
– (the jump problem).
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2◦. A representation of a nonvanishing function in the form of the ratio of boundary values of
analytic functions (factorization).

Here the second operation can be reduced to the first by taking the logarithm. Some complications
related to the case of a nonzero index are due to the multivaluedness of the logarithm only. The first
operation for arbitrary functions is equivalent to the calculation of a Cauchy type integral. In this
connection, the solution to the problem by formulas (17) and (23)–(25) is explicitly expressed (in
the closed form) via Cauchy type integrals.

14.3-7. Riemann Problem with Rational Coefficients.

Consider the Riemann boundary value problem with a contour that consists of finitely many simple
curves and with coefficient D(t) a rational function that has neither zeros nor poles on the contour.
Note that an arbitrary continuous function (and all the functions satisfying the Hölder condition) can
be approximated with arbitrary accuracy by rational functions, and the solution of problems with
rational coefficients can serve as a basis for the approximate solution in the general case. Assume
that the Riemann problem has the form

Φ
+(t) =

p(t)
q(t)

Φ
–(t) + H(t), (30)

and the polynomials p(z) and q(z) can be factorized as follows:

p(z) = p+(z)p–(z), q(z) = q+(z)q–(z), (31)

where p+(z) and q+(z) are polynomials whose roots belong to Ω
+ and p–(z) and q–(z) are polynomials

with roots in Ω
–. It readily follows from property 4◦ of the index (Subsection 14.3-3) that ν = m+–n+,

where m+ and n+ are the numbers of zeros of the polynomials p+(z) and q+(z).
Since the coefficient of the problem is a function that can be analytically continued to the

domain Ω
±, it follows that in this case it is reasonable to avoid using the general formulas and obtain

a solution directly by analytic continuation; here the role of the standard function of the type tν that

is used in the reduction of the index to zero can be played by the product
ν∏

j=1
(t–aj), where a1, . . . , aν

are arbitrary points of the domain Ω
+. On representing the boundary condition in the form

q–(t)
p–(t)

Φ
+(t) –

p+(t)
q+(t)

Φ
–(t) =

q–(t)
p–(t)

H(t),

where the canonical function is determined by the expressions

X+(z) =
p–(z)
q–(z)

, X–(z) =
q+(z)
p+(z)

, (32)

we obtain the solution by the same reasoning as in Subsection 14.3-6 in the following form:

Φ
+(z) =

p–(z)
q–(z)

[Ψ(z) + Pν–1(z)], Φ
–(z) =

q+(z)
p+(z)

[Ψ(z) + Pν–1(z)], (33)

where

Ψ(z) =
1

2πi

∫
L

q–(τ )
p–(τ )

H(τ ) dτ

τ – z
, Φ

–(∞) = 0.

If the index is negative, then we must set Pν–1(z) ≡ 0 and add the solvability conditions∫
L

q–(τ )
p–(τ )

H(τ )τk–1 dτ = 0, k = 1, 2, . . . , –ν, (34)

which agree with the general formula (29), because the canonical function has the form (32).
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Note that for the general case, in the practical solution of the Riemann problem, it can also be
convenient to express the coefficient in the form

D(t) =
p+(t)p–(t)
q+(t)q–(t)

D1(t),

where D1(t) is a function with zero index and the polynomials p±(t) and q±(t) are chosen for a
given coefficient in a special way. For an appropriate choice of such polynomials, the solution can
be obtained in the simplest possible way.

Example 2. Consider the Riemann problem

Φ+(t) =
t

t2 – 1
Φ–(t) +

t3 – t2 + 1

t3 – t

under the assumption that Φ–(∞) = 0 and L is an arbitrary smooth closed contour of one of the following forms:

1◦. The interior of the contour L contains the point z1 = 0 and does not contain the points z2 = 1 and z3 = –1.
2◦. The interior of the contour L contains the points z1 = 0 and z2 = 1 and does not contain the point z3 = –1.
3◦. The interior of the contour L contains the points z1 = 0, z2 = 1, and z3 = –1.
4◦. The interior of the contour L contains the points z2 = 1 and z3 = –1 and does not contain the point z1 = 0.

Consider cases 1◦–4◦ in order. In the solution we apply the method of Subsection 14.3-7.

1◦. We have

p+(t) = t, p–(t) = 1, q+(t) = 1, q–(t) = t2 – 1; m+ = 1, n+ = 0, ν = m+ – n+ = 1.

Let us rewrite the boundary condition in the form

(t2 – 1)Φ+(t) – tΦ–(t) =
1

t
(t3 – t2 + 1)(t + 1).

Hence,

Ψ(z) =
1

2πi

∫
L

q–(τ )

p–(τ )
H(τ )

dτ

τ – z
=

1

2πi

∫
L

τ 3 – τ + 1

τ – z
dτ +

1

2πi

∫
L

1/τ

τ – z
dτ ,

and the formulas for the Cauchy integral (see Subsection 14.2-1) imply

Ψ+(z) = z3 – z + 1, Ψ–(z) = –
1

z
.

The general solution of the problem contains a single (arbitrary) constant. By formula (33), we obtain

Φ+(z) =
1

z2 – 1
(z3 – z + 1 + C) =

z3 – z + 1

z2 – 1
+

C

z2 – 1
, Φ–(z) =

1

z

(
–

1

z
+ C

)
= –

1

z2
+

C

z
,

where C is an arbitrary constant. On replacing C by C – 1 we can rewrite the solution in the form

Φ+(z) = z +
C

z2 – 1
, Φ–(z) = –

z + 1

z2
+

C

z
.

2◦. We have

p+(t) = t, p–(t) = 1, q+(t) = t – 1, q–(t) = t + 1, m+ = n+ = 1, ν = 0,

(t + 1)Φ+(t) –
t

t – 1
Φ–(t) =

(t + 1)(t3 – t2 + 1)

t(t – 1)
,

Ψ(z) =
1

2πi

∫
L

τ 2 + τ

τ – z
dτ +

1

2πi

∫
L

(τ + 1)/[τ (τ – 1)]

τ – z
dτ =

⎧⎨⎩
z2 + z for z ∈ Ω+,

–
z + 1

z(z – 1)
for z ∈ Ω–.

The problem has the unique solution

Φ+(z) =
p–(z)

q–(z)
Φ+(z) =

1

z + 1
(z2 + z) = z,

Φ–(z) =
q+(z)

p+(z)
Φ–(z) =

z – 1

z

(
–

z + 1

z(z – 1)

)
= –

z + 1

z2
.
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3◦. We have

p+(t) = t, p–(t) = 1, q+(t) = t2 – 1, q–(t) = 1, m+ = 1, n+ = 2, ν = –1,

Ψ(z) =
1

2πi

∫
L

τ

τ – z
dτ +

1

2πi

∫
L

1/[τ (τ – 1)]

τ – z
dτ =

⎧⎨⎩
z for z ∈ Ω+,

–
1

z(z – 1)
for z ∈ Ω–.

The solution of the problem exists only under the solvability conditions (34) or, for the case in question, under the single
condition ∫

L

q–(τ )

p–(τ )
H(τ ) dτ = 0.

On calculating this integral, we obtain∫
L

τ 3 – τ 2 + 1

τ 2 – τ
dτ =

∫
L

τ dτ +
∫

L

dτ

τ – 1
–
∫

L

dτ

τ
= 0 + 2πi – 2πi = 0.

Thus, the solvability condition holds, and the unique solution of the problem is

Φ+(z) = z, Φ–(z) = –
z + 1

z2
.

4◦. We have
p+(t) = 1, p–(t) = t, q+(t) = t2 – 1, q–(t) = 1, ν = m+ – n+ = –2 < 0.

For the solvability of the problem, the following two conditions are necessary:∫
L

q–(τ )

p–(τ )
H(τ )τk–1 dτ = 0, k = 1, 2.

On calculating the last integral for k = 1, we obtain∫
L

τ 3 – τ 2 + 1

τ (τ 2 – τ )
dτ =

∫
L

(
1 –

1

τ
–

1

τ 2
+

1

τ – 1

)
dτ = 2πi ≠ 0.

Thus, the solvability condition fails, and hence the problem has no solution.
Note that if we formally calculate the function Φ(z), then it has a pole at infinity, and hence cannot be a solution of the

problem.

14.3-8. Riemann Problem for a Half-Plane.

Let the contour L be the real axis. Just as above, the Riemann problem is to find two bounded analytic
functions Φ

+(z) and Φ
–(z) in the upper and the lower half-plane, respectively (or a single piecewise

analytic function Φ(z) on the plane), whose limit values on the contour satisfy the boundary condition

Φ
+(x) = D(x)Φ–(x) + H(x), –∞ < x < ∞. (35)

The given functions D(x) and H(x) satisfy the Hölder condition both at the endpoints and in a
neighborhood of the point at infinity on the contour. We also assume that D(x) ≠ 0.

The main difference from the above case of a finite curve is that here the point at infinity and the
origin belong to the contour itself, and therefore cannot be taken as exceptional points at which the
canonical function can have a nonzero order. Instead of the auxiliary function t which was used in
the above discussion (and has the unit index with respect to L), we use the linear-fractional function
on the real axis with the same property:

x – i

x + i
.

The argument of this function

arg
x – i

x + i
= arg

(x – i)2

x2 + i
= 2 arg(x – i)
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increases by 2π as x ranges over the real axis in the positive direction. Thus,

Ind
x – i

x + i
= 1.

If Ind D(x) = ν, then the function (
x – i

x + i

)–ν

D(x)

has zero index. Its logarithm is single-valued on the real axis.
We construct the canonical function for which the point –i is the exceptional point as follows:

X+(z) = eG+(z), X–(z) =

(
z – i

z + i

)–ν

eG–(z), (36)

where

G(z) =
1

2πi

∫ ∞

–∞
ln

[(
τ – i

τ + i

)–ν

D(τ )

]
dτ

τ – z
.

Using the limit values of this function, we transform the boundary condition (35) to the form

Φ
+(x)

X+(x)
=

Φ
–(x)

X–(x)
+

H(x)
X+(x)

.

Next, introducing the analytic function

Ψ(z) =
1

2πi

∫ ∞

–∞

H(τ )
X+(τ )

dτ

τ – z
, (37)

we represent the boundary condition in the form

Φ
+(x)

X+(x)
– Ψ

+(x) =
Φ

–(x)
X–(x)

– Ψ
–(x).

Note that, in contrast with the case of a finite contour, here we have Ψ
–(∞) ≠ 0 in general. On

applying the theorem on analytic continuation and taking into account the fact that the only possible
singularity of the function under consideration is a pole at the point z = –i of order ≤ ν (for ν > 0),
on the basis of the generalized Liouville theorem we obtain (see Subsection 14.3-1)

Φ
+(z)

X+(z)
– Ψ

+(z) =
Φ

–(z)
X–(z)

– Ψ
–(z) =

Pν (z)
(z + i)ν

, ν ≥ 0,

where Pν (z) is a polynomial of degree ≤ ν with arbitrary coefficients. This gives the general solution
of the problem:

Φ(z) = X(z)

[
Ψ(z) +

Pν(z)
(z + i)ν

]
Φ(z) = X(z)[Ψ(z) + C]

for ν ≥ 0,

for ν < 0,

(38)

(39)

where C is an arbitrary constant. For ν < 0, the function X(z) has a pole of order –ν at the point
z = –i, and therefore for the solvability of the problem we must set C = –Ψ

–(–i). For ν < –1, the
following conditions must additionally hold:∫ ∞

–∞

H(x)
X+(x)

dx

(x + i)k
= 0, k = 2, 3, . . . , –ν. (40)

Thus, we obtained results similar to those for a finite contour.
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Indeed, for ν ≥ 0, the homogeneous and nonhomogeneous Riemann boundary value problems
for the half-plane are unconditionally solvable, and their solution linearly depends on ν + 1 arbitrary
constants. For ν < 0, the homogeneous problem is unsolvable. For ν < 0, the nonhomogeneous
problem is uniquely solvable; moreover, in the case ν = –1 the problem is unconditionally solvable,
and in the case ν < –1, it is solvable under –ν – 1 solvability conditions (40) only.

Let us also discuss the case of solutions vanishing at infinity. On substituting the relation
Φ

+(∞) = Φ
–(∞) = 0 into the boundary condition, we obtain H(∞) = 0. Hence, for a Riemann

problem to have a solution that vanishes at infinity, the right-hand side of the boundary condition
must vanish at infinity. Assume that this condition is satisfied. To obtain a solution for the case under
consideration, we must replace the expression Pν(z) in (38) by Pν–1(z) and equate the constant C
in (39) with zero. Thus,

Φ(z) = X(z)

[
Ψ(z) +

Pν–1(z)
(z + i)ν

]
. (41)

For ν ≤ 0, we must set Pν–1(z) ≡ 0 in this formula. We must add another condition to the solvability
conditions (40), namely, Ψ(–i) = 0, and finally we obtain the following solvability conditions:∫ ∞

–∞

H(x)
X+(x)

dx

(x + i)k
= 0, k = 1, 2, . . . , –ν. (42)

Now, for ν > 0 we have a solution that depends on ν arbitrary constants. For ν ≤ 0, a solution is
unique, and for ν < 0, a solution exists if and only if –ν conditions hold.

14.3-9. Exceptional Cases of the Riemann Problem

In the statement of the Riemann boundary value problem it was required that the coefficient D(t)
satisfies the Hölder condition (this prevents infinite values of this coefficient) and vanishes nowhere.
As can be observed from the solution (the use of ln D(t)), these restrictions are essential. Now we
assume that D(t) vanishes or tends to infinity, with an integer order, at some points of the contour.
We assume that the contour L consists of a single closed curve.

Consider the homogeneous problem. We rewrite the boundary condition of the homogeneous
Riemann problem in the form

Φ
+(t) =

µ∏
k=1

(t – αk)mk

κ∏
j=1

(t – βj)pj

D1(t)Φ–(t). (43)

Here αk (k = 1, . . . , µ) and βj (j = 1, . . . , κ) are some points of the contour, mk and pj are positive
integers, and D1(t) is a function that is everywhere nonzero and satisfies the Hölder condition. The
points αk are zeros of the function D(t). The points βj will be called the poles of this function. The
use of the term “pole” is not completely rigorous because the function D(t) is not analytic. We shall
use this term for brevity for a point at which a function (not analytic) tends to infinity with some
integer order. We write

Ind D1(t) = ν,
κ∑

j=1

pj = p,
µ∑

k=1

mk = m.

We seek the solution in the class of functions bounded on the contour.
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Let X(z) be the canonical function of the Riemann problem with coefficient D1(t). Let us
substitute the expression D1(t) = X+(t)/X–(t) into (43) and rewrite the boundary condition in the
form

Φ
+(t)

X+(t)
µ∏

k=1

(t – αk)mk

=
Φ

–(t)

X–(t)
κ∏

j=1

(t – βj)pj

. (44)

To the last relation we apply the theorem on analytic continuation and the generalized Liouville
theorem (see Subsection 14.3-1). The points αk and βj cannot be singular points of the same analytic
function because this would contradict the assumption that Φ

+(t) or Φ
–(t) be bounded. Hence, the

only possible singularity is the point at infinity. The order at infinity of X–(z) is ν, and the order of
κ∏

j=1
(z – βj)pj is equal to –p. Hence, the order at infinity of the function Φ

–(z)/
[
X–(z)

κ∏
j=1

(z – βj)pj
]

is –ν + p. For ν – p ≥ 0 it follows from the generalized Liouville theorem that

Φ
+(z)

X+(z)
µ∏

k=1

(z – αk)mk

=
Φ

–(z)

X–(z)
κ∏

j=1

(z – βj)pj

= Pν–p(z),

and hence

Φ
+(z) = X+(z)

µ∏
k=1

(z – αk)mkPν–p(z), Φ
–(z) = X–(z)

κ∏
j=1

(z – βj)pj Pν–p(z). (45)

If ν – p < 0, then we must set Pν–p(z) ≡ 0, and hence the problem has no solutions.
The boundary value problem with coefficient D1(t) is called the reduced problem. The index ν

of the reduced problem will be called the index of the original problem. Formulas (45) show that
the degree of the occurring polynomial is less by p than the index ν of the problem.

Hence, the number of solutions of problem (43) in the class of functions bounded on the contour
is independent of the number of zeros of the coefficient and is diminished by the total number of
all poles. In particular, if the index is less than the total order of the poles, then the problem is
unsolvable. If the problem is solvable, then its solution can be expressed by formulas (45) in which
the canonical function X(z) of the reduced problem can be found by formulas (16) and (17) after
replacing D(t) by D1(t) in these formulas. Under the additional condition Φ

–(∞) = 0, the number
of solutions is diminished by one, and the degree of the polynomial in (45) must be at most ν – p – 1.

Now let us extend the class of solutions by assuming that one of the desired functions Φ
+(z)

and Φ
–(z) can tend to infinity with integral order at some points of the contour, and at the same

time another function remains bounded at these points. We can readily see that this assumption
implies no modifications at nonexceptional points. Here the boundedness of one of the functions
automatically implies the boundedness of the other. This is not the case for the exceptional points.
Let us rewrite the boundary condition (43) in the form

κ∏
j=1

(t – βj)pj Φ
+(t)

X+(t)
=

µ∏
k=1

(t – αk)mkΦ
–(t)

X–(t)
. (46)

Applying the above reasoning and taking into account the fact that the right-hand side has a pole of
order ν + m at infinity, we obtain the general solution in the form

Φ
+(z) = X+(z)

µ∏
k=1

(z – αk)–mkPν+m(z), Φ
–(z) = X–(z)

κ∏
j=1

(z – βj)–pj Pν+m(z). (47)
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Formulas (47) show that in the class of solutions with admissible polar singularity for one of the
functions, the number of solutions is greater than that in the class of functions bounded on the
contour (for ν > 0) by the total order of all zeros and poles of the coefficient.

We now consider the nonhomogeneous problem. Let us write out the boundary condition in the
form

Φ
+(t) =

µ∏
k=1

(t – αk)mk

κ∏
j=1

(t – βj)pj

D1(t)Φ–(t) + H(t). (48)

We can readily see that the boundary condition cannot be satisfied by finite functions Φ
+(t) and Φ

–(t)
if we assume that H(t) has poles at points that differ from βj or if at these points, the orders of the
poles of H(t) exceed pj . Hence, we assume that H(t) can have poles at the points βj only and that
their orders do not exceed pj . To perform the subsequent reasoning, we must also assume that the

functions D1(t) and
κ∏

j=1
(t – βj)pj H(t) at the exceptional points are differentiable sufficiently many

times.
Just as in the homogeneous problem, we replace D1(t) by the ratio of the canonical functions

X+(t)/X–(t) and rewrite the boundary condition (48) in the form

κ∏
j=1

(t – βj)pj
Φ

+(t)
X+(t)

=
µ∏

k=1

(t – αk)mk
Φ

–(t)
X–(t)

+
κ∏

j=1

(t – βj)pj
H(t)
X+(t)

. (49)

On replacing the function defined by the second summand on the right-hand side in (49) by the
difference of the boundary values of analytic functions

κ∏
j=1

(t – βj)pj
H(t)
X+(t)

= Ψ
+(t) – Ψ

–(t),

where

Ψ(z) =
1

2πi

∫
L

κ∏
j=1

(τ – βj)pj
H(τ )
X+(τ )

dτ

τ – z
, (50)

we reduce the boundary condition to the form

κ∏
j=1

(t – βj)pj
Φ

+(t)
X+(t)

– Ψ
+(t) =

µ∏
k=1

(t – αk)mk
Φ

–(t)
X–(t)

– Ψ
–(t).

On applying the theorem on analytic continuation and the generalized Liouville theorem (see
Subsection 14.3-1), we obtain

Φ
+(z) =

X+(z)
κ∏

j=1

(z – βj)pj

[Ψ+(z) + Pν+m(z)], Φ
–(z) =

X–(z)
µ∏

k=1

(z – αk)mk

[Ψ–(z) + Pν+m(z)]. (51)

In general, the last formulas give solutions that can tend to infinity at the points αk and βk. For a
solution to be bounded it is necessary that the function Ψ

+(z) + Pν+m(z) have zeros of orders pj at
the points βj and the function Ψ

–(z) + Pν+m(z) have zeros of orders mk at the points αk. These
requirements form m+p conditions for the coefficients of the polynomialPν+m(z). If the coefficients
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of the polynomial Pν+m(z) are chosen in accordance with the above conditions, then formulas (51)
give a solution of the nonhomogeneous problem (48) in the class of bounded functions.

Consider another way of constructing a solution, which is more convenient and based on the
construction of a special particular solution.

By the canonical function Y (z) of the nonhomogeneous problem we mean a piecewise analytic
function that satisfies the boundary condition (48), has zero order everywhere in the finite part of
the domain (including the points αk and βj), and has the least possible order at infinity.

In the construction of the canonical function, we start from the solution given by formulas (51).
Let us construct a polynomial Un(z) that satisfies the following conditions:

U (i)
n (βj) = Ψ

+(i)(βj),

U (l)
n (αk) = Ψ

–(l)(αk),

i = 0, 1, . . . , pj – 1,

l = 0, 1, . . . , mk – 1,

j = 1, . . . , κ,

k = 1, . . . , µ,

where Ψ
+(i)(βj) and Ψ

–(l)(αk) are the values of the ith and the lth derivatives at the corresponding
points. Thus, Un(z) is the Hermite interpolation polynomial for the functions

Ψ(z) =

{
Ψ

+(z) at the points βj ,
Ψ

–(z) at the points αk

with interpolation nodes βj and αk of multiplicities pj and mk, respectively (see Subsection 14.3-2).
Such a polynomial is uniquely determined, and its degree is at most n = m + p – 1.

The canonical function of the nonhomogeneous problem can be expressed via the interpolation
polynomial as follows:

Y +(z) = X+(z)
Ψ

+(z) – Un(z)
κ∏

j=1

(z – βj)pj

, Y –(z) = X–(z)
Ψ

–(z) – Un(z)
µ∏

k=1

(z – αk)mk

. (52)

To construct the general solution of the nonhomogeneous problem (48), we use the fact that
this general solution is the sum of a particular solution of the nonhomogeneous problem and of the
general solution of the homogeneous problem. Applying formulas (47) and (52), we obtain

Φ
+(z) = Y +(z) + X+(z)

µ∏
k=1

(z – αk)mkPν–p(z),

Φ
–(z) = Y –(z) + X–(z)

κ∏
j=1

(z – βj)pj Pν–p(z).

(53)

For the case in which ν – p < 0, we must set Pν–p(z) ≡ 0. Applying formula (52), we readily find
that the order of Y –(z) at infinity is equal to ν – p + 1. If ν < p – 1, then Y –(z) has a pole at infinity,
and the canonical function is no longer a solution of the nonhomogeneous problem.

However, on subjecting the constant term H(t) to p – ν – 1 conditions, we can increase the order
of the functions Y (z) at infinity by p – ν – 1 and thus again make the canonical function Y (z) a
solution of the nonhomogeneous problem. Obviously, to this end it is necessary and sufficient that
in the expansion of the function Ψ(z) – Un(z) in a neighborhood of the point at infinity, the first
p – ν – 1 coefficients be zero. This gives just p – ν – 1 solvability conditions of the problem for
the case under consideration. Let us clarify the character of these conditions. The expansion of
Ψ(z) – Un(z) can be represented in the form

Ψ(z) – Un(z) = –anzn – an–1z
n–1 – · · · – a0 + a–1z

–1 + a–2z
–2 + · · · + a–kz–k + · · · ,
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where a0, a1, . . . , an are the coefficients of the polynomial Un(z), and the a–k are the coefficients
of the expansion of the function Ψ(z), which are given by the obvious formula

a–k = –
1

2πi

∫
L

κ∏
j=1

(τ – βj)pj
H(τ )τk–1

X+(τ )
dτ .

The solvability conditions acquire the form

an = an–1 = · · · = an–p+ν+2 = 0.

If a solution must satisfy the additional condition Φ
–(∞) = 0, then, for ν –p > 0, in formulas (53)

we must take the polynomial Pν–p–1(z), and for ν – p < 0, p – ν conditions must be satisfied.

14.3-10. Riemann Problem for a Multiply Connected Domain.

Let L = L0 + L1 + · · · + Lm be a collection of m + 1 disjoint contours, and let the interior of the
contour L0 contain the other contours. By Ω

+ we denote the (m + 1)-connected domain interior
for L0 and exterior for L1, . . . , Lm. By Ω

– we denote the complement of Ω
+ + L in the entire

complex plane. To be definite, we assume that the origin lies in Ω
+. The positive direction of the

contour L is that for which the domain Ω
+ remains to the left, i.e., the contour L0 must be traversed

counterclockwise and the contours L1, . . . , Lm, clockwise.
We first note that the jump problem

Φ
+(t) – Φ

–(t) = H(t)

is solved by the same formula

Φ(z) =
1

2πi

∫
L

H(τ ) dτ

τ – z

as in the case of a simply connected domain. This follows from the Sokhotski–Plemelj formulas,
which have the same form for a multiply connected domain as for a simply connected domain.

The Riemann problem (homogeneous and nonhomogeneous) can be posed in the same way as
for a simply connected domain.

We write νk = 1
2π [arg D(t)]Lk

(all contours are passed in the positive direction). By the index
of the problem we mean the number

ν =
m∑

k=0

νk. (54)

If νk (k = 1, . . . , m) are zero for the inner contours, then the solution of the problem has just the
same form as for a simply connected domain.

To reduce the general case to the simple one, we introduce the function

m∏
k=1

(t – zk)νk ,

where the zk are some points inside the contours Lk (k = 1, . . . , m). Taking into account the fact
that [arg(t – zk)]Lj = 0 for k ≠ j and [arg(t – zj)]Lj = –2π, we obtain

1
2π

[
arg

m∏
k=1

(t – zk)νk

]
Lj

=
1

2π

[
arg(t – zj)νj

]
Lj

= –νj , j = 1, . . . , m.
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Hence, [
arg

(
D(t)

m∏
k=1

(t – zk)νk

)]
Lj

= 0, j = 1, . . . , m.

Let us calculate the increment of the argument of the function D(t)
m∏
k=1

(t – zk)νk with respect to

the contour L0:

1
2π

[
arg

(
D(t)

m∏
k=1

(t – zk)νk

)]
L0

=
1

2π

[
arg D(t)

]
L0

+
1

2π

m∑
k=1

[νk arg(t – zk)]L0 = ν0 +
m∑
k=1

νk = ν.

Since the origin belongs to the domain Ω
+, it follows that

[arg t]Lk
= 0, k = 1, . . . , m, [arg t]L0 = 2π.

Therefore, [
arg

(
t–ν

m∏
k=1

(t – zk)νkD(t)

)]
L

= 0. (55)

1◦. The Homogeneous Problem. Let us rewrite the boundary condition

Φ
+(t) = D(t)Φ–(t) (56)

in the form

Φ
+(t) =

tν

m∏
k=1

(t – zk)νk

(
t–ν

m∏
k=1

(t – zk)νkD(t)

)
Φ

–(t). (57)

The function t–ν
m∏

k=1
(t – zk)νkD(t) has zero index on each of the contours Lk (k = 1, . . . , m),

and hence it can be expressed as the ratio

t–ν
m∏
k=1

(t – zk)νkD(t) =
eG+(t)

eG–(t) , (58)

where

G(z) =
1

2πi

∫
L

ln

(
τ–ν

m∏
k=1

(τ – zk)νkD(τ )

)
dτ

τ – z
. (59)

The canonical function of the problem is given by the formulas

X+(z) =
m∏

k=1

(z – zk)–νkeG+(z), X–(z) = z–νeG–(z). (60)

Now the boundary condition (57) can be rewritten in the form

Φ
+(t)

X+(t)
=

Φ
–(t)

X–(t)
.
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As usual, by applying the theorem on analytic continuation and the generalized Liouville theorem
(see Subsection 14.3-1), we obtain

Φ
+(z) =

m∏
k=1

(z – zk)–νkeG+(z)Pν (z), Φ
–(z) = z–νeG–(z)Pν(z). (61)

We can see that this solution differs from the above solution of the problem for a simply

connected domain only in that the function Φ
+(z) has the factor

m∏
k=1

(z – zk)–νk . Under the additional

condition Φ
–(∞) = 0, in formulas (61) we must take the polynomial Pν–1(z).

Applying the Sokhotski–Plemelj formulas, we obtain

G±(t) = ± 1
2 ln[t–ν

Π(t)D(t)] + G(t),

where G(t) is the Cauchy principal value of the integral (59) and

Π(t) =
m∏

k=1

(t – zk)νk .

On passing to the limit as z → t in formulas (60) we obtain

X+(t) =

√
D(t)

tνΠ(t)
eG(t), X–(t) =

1√
tνΠ(t)D(t)

eG(t). (62)

The sign of the root is determined by the (arbitrary) choice of a branch of the function ln[t–ν
Π(t)D(t)].

2◦. The Nonhomogeneous Problem. By the same reasoning as above, we represent the boundary
condition

Φ
+(t) = D(t)Φ–(t) + H(t) (63)

in the form
Φ

+(t)
X+(t)

– Ψ
+(t) =

Φ
–(t)

X–(t)
– Ψ

–(t),

where Ψ(z) is defined by the formula

Ψ(z) =
1

2πi

∫
L

H(τ )
X+(τ )

dτ

τ – z
.

This gives the general solution

Φ(z) = X(z)[Ψ(z) + Pν(z)] (64)

or

Φ(z) = X(z)[Ψ(z) + Pν–1(z)], (65)

if the solution satisfies the condition Φ
–(∞) = 0.

For ν < 0, the nonhomogeneous problem is solvable if and only if the following conditions are
satisfied: ∫

L

H(t)
X+(t)

tk–1 dt = 0, (66)

where k ranges from 1 to –ν – 1 if we seek solutions bounded at infinity and from 1 to –ν if we
assume that Φ

–(∞) = 0.
Under conditions (66), the solution can also be found from formulas (64) or (65) by setting

Pν ≡ 0.
If the external contour L0 is absent and the domain Ω

+ is the plane with holes, then the main
difference from the preceding case is that here the zero index with respect to all contours Lk

(k = 1, . . . , m) is attained by the function
m∏

k=1
(t – zk)νkD(t) that does not involve the factor t–ν .

Therefore, to obtain a solution to the problem, it suffices to repeat the above reasoning on omitting
this factor.
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14.3-11. Riemann Problem for Open Curves.

Let L be a curve that consists of m simple smooth open curves (arcs) Lk = akbk, k = 1, 2, . . . , m,
without common interior or endpoints. Let D(t), H(t) be two functions defined on L and satisfying
the Hölder condition on each arc Lk, and suppose that D(t) ≠ 0 for all t. On different arcs Lk the
functions D(t), H(t) can be defined by the analytical formulas:

D(t) = Dk(t), H(t) = Hk(t), t ∈ Lk, k = 1, 2, . . . , m.

The arc Lk is directed from the point ak to the point bk.
For the points ak, bk we will use a unified notation cj , so that the set of all c-points consists

of 2m ordered points c1, c2, . . . , c2m, each coinciding with some ak or bk, but their order may be
different from that of the sequences ak and bk. For instance, one can take

{c1; c2; c3; c4; . . . ; c2m–1; c2m} = {a1; b1; a2; b2; . . . ; am; bm},

or
{c1; c2; . . . ; cm; cm+1; cm+2; . . . ; c2m} = {a1; a2; . . . ; am; b1; b2; . . . ; bm},

or some other combination of ak, bk.
On each arc Lk = akbk, we fix some continuous branch of the function ln D(t) = ln Dk(t), t∈Lk

by the condition
0 ≤ Im ln D(ak) < 2π ⇐⇒ 0 ≤ arg D(ak) < 2π. (67)

Then

ln D(bk) = ln D(ak) + i
[
arg D(t)

]
Lk

= ln D(ak) + i

∫
Lk

d arg D(t). (68)

Note that a branch ln D(t) on Lk may be fixed by other conditions. For instance, instead of (67),
one can take –π < arg D(ak) ≤ π or 0 ≤ arg D(bk) < 2π, or some other condition.

For each point ck, we calculate the numbers

αk + iβk = ∓ ln D(ck)
2πi

, k = 1, 2, . . . , 2m, (69)

where the upper minus corresponds to ck coinciding with some aj and the lower plus corresponds to
ck coinciding with some bj . The points ck, as well as the corresponding endpoints aj , bj of the curve
L, for which αk are integer numbers, are called singular, while the other ck and the corresponding
endpoints of the curve L are called nonsingular. Clearly, ck is a singular point if and only if D(ck)
is real and positive.

Let us renumber the points c1, c2, . . . , c2m so that the first and the second groups of subscripts
would respectively designate nonsingular and singular points. Let c1, c2, . . . , cn (0 ≤ n ≤ 2m) be all
nonsingular endpoints of the curve L. From these points, we choose p (0 ≤ p ≤ n) points and move
them to the first p places; we may assume these to be c1, c2, . . . , cp (after renumbering, if necessary).

THE RIEMANN PROBLEM. Find a function Φ(z) which is analytic on the entire plane outside the
curve L, on which it has continuous boundary values

Φ
+(t), Φ

–(t), t ∈ L \ {endpoints},

satisfying the boundary condition (7) or (8), bounded near the nonsingular endpoints c1, c2, . . . , cp,
and admitting integrable singularities near the other nonsingular points, i.e.,

|Φ(z)| ≤
Mk

|z – ck |λk
, Mk = const, λk = const, 0 ≤ λk < 1 near ck, k = p + 1, . . . , n.



14.3. RIEMANN BOUNDARY VALUE PROBLEM 735

In this case, in contrast to the Riemann problem for closed curves, the boundary condition
(7) or (8) should hold only at the points other than the endpoints, near which the sought function
should have a prescribed behavior. Moreover, the behavior of the sought function is prescribed only
near nonsingular endpoints and is left unspecified near singular endpoints, since any solution of
the homogeneous problem (7) near a singular endpoint ck is always bounded and a solution of the
nonhomogeneous problem for βk ≠ 0 is bounded and for βk = 0 has a logarithmic singularity. If ck

is a nonsingular endpoint, then any solution of the homogeneous Riemann problem always vanishes
at the point ck, while a solution of the nonhomogeneous problem will only be bounded.

A solution of the above Riemann problem is called a solution of class hp or class h(c1, c2, . . . , cp)
if nonsingular endpoints c1, c2, . . . , cp are fixed a priori. The class h0 consists of all solutions of the
problem that admit integrable singularities near all n nonsingular points of the line L. This class
contains all other classes hp, 1 ≤ p ≤ n. The class hn belongs to all other classes hp, 0 ≤ p ≤ n– 1, and
consists of all solutions of the Riemann problem that are bounded near all nonsingular endpoints of
the line L.

As in the case of one or several closed curves, let us construct a particular solution X(z) of the
homogeneous problem (7), which, in addition, does not vanish on the entire plane including the
edges of the cuts Lk = akbk, except at the endpoints of the arcs near which its behavior is determined
by the class hp = h(c1, c2, . . . , cp). Consider the Cauchy integral

Γ(z) =
1

2πi

∫
L

ln D(τ ) dτ

τ – z
=

m∑
k=1

1
2πi

bk∫
ak

ln Dk(τ ) dτ

τ – z
, (70)

where ln Dk(t) are the logarithmic branches fixed above. This integral has a discontinuity on the
curve L with the jump

Γ
+(t) – Γ

–(t) = ln D(t), t ∈ L \ {c1, c2, . . . , c2m},

and near the endpoints ck admits the representation

Γ(z) = (αk + iβk) ln(z – ck) + Γ∗(z).

Here, ln(z – ck) is a branch which is single-valued on the plane with the cut joining the points ck

and ∞ and going along the arc Lj with an endpoint at ck; the function Γ∗(z) is analytic in a small
neighborhood of ck with the cut along Lj and tends to a certain limit as z → ck along any path.
Therefore, the function

X(z) = eΓ(z)
2m∏
k=1

(z – ck)–νk , (71)

where νk are integers such that

0 < αk – νk < 1 ⇐⇒ νk = [αk], k = 1, 2, . . . , p,

–1 < αk – νk < 0 ⇐⇒ νk = 1 + [αk], k = p + 1, . . . , n,

αk – νk = 0 ⇐⇒ νk = αk, k = n + 1, . . . , 2m

(72)

([αk] is the integer part of αk), has all the above properties of a particular solution of the homogeneous
problem (7): both functions X(z) and 1/X(z) are analytic on the plane with the cut along L, on
which X±(t) ≠ 0, X+(t) = D(t)X–(t), t ∈ L \ {ck}, and

X(z) ∼ Ak(z – ck)λk as z → ck, λk = αk – νk, k = 1, 2, . . . , n,

X(z) ∼ Ak as z → ck, k = n + 1, . . . , 2m,
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where Ak = const ≠ 0 for all k, and 0 < λk < 1 for k = 1, 2, . . . , p, and –1 < λk < 0 for k = p+1, . . . , n.
At ∞, this function is of the order

ν = ν1 + ν2 + · · · + ν2m,

i.e., X(z) ∼ Az–ν , A = const ≠ 0 as z → ∞.
The function X(z) is called a canonical function of a problem of class hp = h(c1, c2, . . . , cp),

and the integer ν is called the index of a problem of class hp.
With the help of the canonical function X(z), the Riemann problem for open curves is solved

along the same lines as in the case of a simply-connected domain.

1◦. The jump problem

Φ
+(t) – Φ

–(t) = H(t), t ∈ L \ {endpoints}

in the class of functions vanishing at ∞ (independently of the class hp) has a unique solution,

Φ(z) =
1

2πi

∫
L

H(τ ) dτ

τ – z
=

m∑
k=1

1
2πi

bk∫
ak

Hk(τ ) dτ

τ – z
.

In order to obtain a solution bounded at ∞ or with a pole at ∞ of an order ≤ µ, one should take
the sum of Φ(z) and an arbitrary constant C or an arbitrary polynomial of degree µ, respectively.

2◦. The homogeneous problem (7), with the help of the representation (18), is reduced to the
construction of a function Φ(z)/X(z) which is analytic on the entire plane and has removable
singularities at all the endpoints ck. A solution of this problem that vanishes at ∞ and belongs to
the class hp = h(c1, c2, . . . , cp), for ν ≥ 0, is given by the formula

Φ(z) = Pν (z)X(z),

where Pν (z) is an arbitrary polynomial of degree ν. For ν < 0, the homogeneous problem has no
nontrivial solutions.

3◦. The nonhomogeneous problem (8), with the help of the transformation (18), is reduced to the
jump problem (22), and its solution of class hp = h(c1, c2, . . . , cp) decaying at ∞ for ν ≥ 0 is again
given by formulas (23), (28). For ν < 0, a nontrivial solution of class hp exists and is unique,
provided that –ν solvability conditions (29) are satisfied; the solution has the form Φ(z) = X(z)Ψ(z),
where X(z) is a canonical function of class hp, and Ψ(z) is the integral (23).

In order to obtain a solution of the homogeneous or the nonhomogeneous problem bounded at
∞ or with a pole at ∞ of order < µ, one should replace ν by ν + 1 or ν + µ, respectively.

Remark. If X0(z) is a canonical function of the widest class h0, then

X(z) = (z – c1)(z – c2) . . . (z – cp)X0(z)

is a canonical function of class hp = h(c1, c2, . . . , cp). A similar relation holds for canonical functions
of any two classes hp and hq. Thus, for the construction of a canonical function of class hp, it suffices
to construct a canonical function of any other class hq , in particular, h0.

In order to obtain the canonical function Xn(z) of the narrowest class hn, one should take
νk = [αk] for all k = 1, 2, . . . , 2m in (71). This function is bounded near all endpoints of the line L,
both singular and nonsingular. In terms of Xn(z), the canonical function of class hp=h(c1, c2, . . . , cp)
is found by the formula

X(z) = (z – cp+1)–1 . . . (z – cn)–1Xn(z).
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Example 3. Let the line L consist of a segment L1 = [a; b] (a > 0) of the real axis and the segment L2 = [2πi; 3πi] of
the imaginary axis, and let

D(t) =

{
it if t ∈ L1,
et if t ∈ L2.

Let us find possible classes hp of solutions of the Riemann problem and construct the canonical function in these classes.
1) Let us fix the branches

ln D(t) = ln(it) = ln(t) +
πi

2
, t ∈ [a; b],

ln D(t) = ln(et) = t – 2πi, t ∈ [2πi; 3πi],

so that the values

ln D(a) = ln(a) +
πi

2
, ln D(2πi) = 0

satisfy condition (67). We have

ln D(b) = ln(b) +
πi

2
, ln D(3πi) = πi.

2) Taking c1 = a, c2 = b, c3 = 2πi, c4 = 3πi, let us calculate the numbers

α1 + iβ1 = –
ln D(a)

2πi
= –

1

4
+ i

ln a

2π
, α2 + iβ2 =

ln D(b)

2πi
=

1

4
– i

ln b

2π
,

α3 + iβ3 = –
ln D(2πi)

2πi
= 0, α4 + iβ4 =

ln D(3πi)

2πi
=

1

2
.

Since α3 = 0 is integer and all the other αk are noninteger, the endpoint c3 = 2πi is singular and the rest of the endpoints
c1, c2, c4 are nonsingular. In this connection, let is renumber the points ck as follows: c1 = a, c2 = b, c3 = 3πi, c4 = 2πi,
and for these we have the new

α1 = –
1

4
, α2 =

1

4
, α3 =

1

2
, α4 = 0.

3) All possible classes of solutions of the Riemann problem (and therefore, the classes of the canonical function) are
determined by the points c1, c2, c3. These classes are the following: h0, h(c1), h(c2), h(c3), h(c1, c2), h(c1, c3), h(c2, c3),
h3 = h(c1, c2, c3), with h0 being the widest class and h3 = h(a, b, 3πi) the narrowest class.

4) Let us construct the canonical function X0(z) of class h0. In view of (72), we have

ν1 = 1 + [α1] = 0, ν2 = 1 + [α2] = 1, ν3 = 1 + [α3] = 1, ν4 = α4 = 0,

and by (70) and (71),
X0(z) = eΓ(z)(z – b)–1(z – 3πi)–1,

Γ(z) =
1

2πi

b∫
a

(
ln τ +

πi

2

) dτ

τ – z
+

1

2πi

3πi∫
2πi

τ – 2πi

τ – z
dτ ,

and therefore,

X0(z) =

√
e(τ – 2πi)

(z – b)(τ – 3πi)2

(
z – b

z – a

) 1
4
(

z – 3πi

z – 2πi

) z
2πi

exp

(
1

2πi

b∫
a

ln τ

τ – z
dτ

)
,

where we have chosen branches (of the multiple-valued functions involved) which are single-valued on the plane with cuts
along the segments L1 = [a; b] and L2 = [2πi; 3πi], respectively, and take the value 1 at ∞.

5) According to the above remark, the canonical function of class h(a) is obtained from X0(z) by its multiplication by
z – a, and the canonical function of class h(b) is obtained by multiplying X0(z) by z – b, etc. These functions can be found
directly with the help of formulas (70)–(72).

4◦. The case of a piecewise constant coefficient of the problem. The canonical function of the
Riemann problem for open curves can be found explicitly, provided that its coefficient D(t) takes
constant values on the arcs Lk = akbk (the values may be different on different arcs). Let

D(t) = Dk, Dk = const ≠ 0, t ∈ akbk, k = 1, 2, . . . , m.

Then, according to (67)–(69), we have

ln D(ak) = ln D(bk) = ln Dk, αk + iβk = ∓(γk – iδk),

γk =
arg Dk

2π
, δk =

ln |Dk|
2π

, 0 ≤ arg Dk < 2π,
(73)
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where the upper sign corresponds to the initial points ak, and the lower sign corresponds to the
endpoints bk of the arcs Lk. Thus for each specific arc Lk, its endpoints ak, bk are singular or
nonsingular simultaneously, depending on whether γk is integer or noninteger, and if γk is integer, it
must be equal to zero. Therefore, the number of nonsingular endpoints, as well as of singular ones,
is always even.

Suppose that a1, b1, . . . , an, bn (0 ≤ n ≤ m) are nonsingular endpoints and an+1, bn+1, . . . , am, bm

are singular endpoints of the line L. For this distribution of nonsingular and singular endpoints, it
might be necessary to renumber the arcs Lk. According to (70)–(72), the canonical function X0(z)
of class h0 (i.e., for this function, all nonsingular endpoints are infinity points of order < 1, and this
function is bounded near all singular endpoints) is given by the formula

X0(z) = Xn(z)
n∏

k=1

1
z – bk

, Xn(z) =
n∏

k=1

( z – bk

z – ak

)γk+iδk m∏
k=n+1

(
z – bk

z – ak

)iδk

, (74)

where the multiple-valued functions in the last two products are replaced by their branches that take
the value 1 at ∞ and are single-valued on the plane along the arcs Lk = akbk. Since 0 ≤ γk < 1
for all k, it can be seen that Xn(z) is a canonical function of class h(b1, b2, . . . , bn). This function
is bounded near all endpoints bk (both singular and nonsingular); the points a1, a2, . . . , an are its
infinity points of order < 1, and near the points an+1, . . . , am (if these exist) it is also bounded.

In order to obtain a canonical function of class h(c1, c2, . . . , cp), where ck is the general notation
for aj , bj , one should multiply X0(z) by (z – c1)(z – c2) . . . (z – cp). Taking different systems ck, one
obtains, in particular, the following canonical functions:

Xn∗(z) = Xn(z)
n∏

k=1

z – ak

z – bk
=

=
m∏

k=1

(
z – ak

z – bk

)1–γk–iδk n∏
k=m+1

(
z – bk

z – ak

)iδk

, Xn∗(z) ∈ h(a1, a2, . . . , an),

X2n(z) = Xn(z)
n∏

k=1

(z – ak), X2n(z) ∈ h2n, h2n = h(a1, b1, . . . , an, bn)

(75)

etc. The last function in (75) is bounded near all endpoints of the curve L.

5◦. The case of a constant coefficient of the problem. Let

D(t) = D0, D0 = const, t ∈ akbk, k = 1, 2, . . . , m.

Then, for nonreal or negative real D0, formulas (73)–(75) yield

Xm(z) =

( m∏
k=1

z – bk

z – ak

)γ+iδ

, γ =
arg D0

2π
, δ =

ln |D0|
2π

,

0 < arg D0 < 2π, Xm(z) ∈ h(b1, b2, . . . , bn);

Xm∗(z) =

( m∏
k=1

z – ak

z – bk

)γ+iδ

, Xm∗(z) ∈ h(a1, a2, . . . , an);

X0(z) = Xm(z)
m∏

k=1

1
z – bk

, X0(z) ∈ h0;

X2m(z) = Xm(z)
m∏

k=1

(z – ak), X2m(z) ∈ h2m, h2m = h(a1, b1, . . . , am, bm).

(76)
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The function Xm(z) is bounded near all points bk, and ak are its infinity points of an order < 1.
Conversely, the function Xm∗(z) is bounded near ak, and at the points bk has integrable singularities.
For the function X0(z), the endpoints ak, bk are infinity points of integrable character. The function
X2m(z) is bounded near all endpoints ak, bk.

If D0 ≠ 1 is a real positive number, then all endpoints of the curve L are singular and different
classes hp cannot be defined for the Riemann problem. In this case, there is a single (to within a
nonzero constant coefficient) canonical function

X(z) =

( m∏
k=1

z – bk

z – ak

)iδ

, δ =
1

2π
ln |D0|,

which is bounded near all endpoints of the curve, although for z → ak and z → bk it has no limits.
In applications, one often encounters the Riemann problem with

Φ
+(t) – Φ

–(t) = H(t), t ∈ L,

the coefficient D(t) ≡ –1, and γ = 1
2 , δ = 0 in (76). In this situation,

X0(z) =
m∏

k=1

1√
(z – ak)(z – bk)

, X0(z) ∈ h0;

Xm(z) =
m∏

k=1

√
z – bk

z – ak
, Xm(z) ∈ h(b1, b2, . . . , bm);

Xm∗(z) =
m∏

k=1

√
z – ak

z – bk
, Xm∗(z) ∈ h(a1, a2, . . . , am);

X2m(z) =
m∏

k=1

√
(z – ak)(z – bk), X2m(z) ∈ h2m.

14.3-12. Riemann Problem with a Discontinuous Coefficient.

Let L be a smooth closed curve and suppose that the coefficient D(t) of the Riemann problem is
continuous on L except at finitely many points t1, t2, . . . , tm in which it has jumps of the first kind.
On each arc Lk = tktk+1, k = 1, 2, . . . , m (it is assumed that tm+1 = t1), the functions D(t), H(t)
satisfy the Hölder condition and D(t) ≠ 0 for all t.

On an arc Lk, we fix a continuous branch of the logarithmic function ln D(t). This can also be
done as in the case of an open curve L by fixing the values of ln D(t) at the initial points of the arcs:

ln D(tk + 0) = |ln D(tk + 0)| + i arg D(tk + 0),

0 ≤ arg D(tk + 0) < 2π, k = 1, 2, . . . , m,
(77)

where D(tk + 0) = lim
t→tk , t∈Lk

D(t) is the value of the function at the point tk regarded as the initial

point of the arc Lk. Then, at the finite point tk+1 of this arc, we have

ln D(tk+1 – 0) = ln D(tk + 0) + i
[
arg D(t)

]
Lk

, k = 1, 2, . . . , m.

Let us calculate the numbers

γk + iδk =
1

2πi

[
ln D(tk – 0) – ln D(tk + 0)

]
, k = 1, 2, . . . , m, (78)
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and determine nonsingular discontinuity points tk for which γk are noninteger, and singular points tk
for which γk are integer. Then we denote the points tk by cj , so that all the nonsingular points cj

occupy the first places and all singular points appear after these. Moreover, for cj = tk, the point cj

is associated with the number αj + iβj = γk + iδk.
Let c1, c2, . . . , cn (0 ≤ n ≤ m) be all the nonsingular discontinuity points of the coefficient D(t).

The Riemann problem consists in finding two functions Φ
+(t) and Φ

–(t) that are analytic in the
interior Ω

+ and the exterior Ω
– of the curve L, respectively, have boundary values Φ

+(t), Φ
–(t)

continuous on L except, possibly, the points t1, t2, . . . , tm, satisfying the boundary condition (8),
bounded near the nonsingular points c1, c2, . . . , cp (0 ≤ p ≤ n), having infinity of an order < 1
at the other nonsingular points cp+1, . . . , cn, and possibly, having logarithmic singularities at the
points cn+1, . . . , cm.

Often, the condition of logarithmic singularity of the sought functions is replaced by the more
general condition of almost boundedness:

lim
z→cj

|z – cj |εΦ±(z) = 0 for any ε > 0.

Similarly to the case of open curves, a canonical function X(z) of class hp = h(c1, c2, . . . , cp)
for this problem can be constructed in the form

X(z) = eΓ(z)
m∏

k=1

(z – cj)–νj , Γ(z) =
1

2πi

∫
L

ln D(τ ) dτ

τ – z
,

where νj = [αj] for the nonsingular points cj , j = 1, 2, . . . , p, that determine the class hp; νj = 1+[αj]
for the other nonsingular points cj , j = p+ 1, . . . , n; νj = αj for singular points cj , j = n+ 1, . . . , m.
In particular, in order to obtain a canonical function in the narrowest class hn = h(c1, c2, . . . , cn)
of functions bounded near all discontinuity points (both singular and nonsingular), one should
take νj = [αj], j = 1, . . . , m.

With the help of the canonical function X(z), the Riemann problem with a discontinuous
coefficient is solved in the same way as in Subsections 12.3-4, 12.3-10, and 12.3-11. All the results
of these subsections are valid for this problem, provided that one takes into account that the index
of the problem is equal to ν = ν1 + ν2 + · · · + νm.

In the case of a piecewise-constant coefficient

D(t) = Dk = const, t ∈ tktk+1, k = 1, 2, . . . , m,

the canonical function of the narrowest class hn, which is bounded at the discontinuity points tk,
k = 1, 2, . . . , m, has the form

Xn(z) =
m∏

k=1

(z – tk){γk}+iδk , (79)

where {γk} = γk – [γk] is the fractional part of γk, which is the real part of the complex number

γk + iδk =
1

2πi

(
ln Dk–1 – ln Dk

)
,

ln Dk = ln |Dk| + i arg Dk, 0 ≤ arg Dk < 2π, k = 1, 2, . . . , m

(it is assumed that D0 = Dm).

(80)

Note that in general the difference of logarithms in (78), (80) cannot be replaced by the logarithm
of fraction. For instance, if Dk–1 = 2 and Dk = 2i, then for the logarithmic branch fixed by the
condition 0 ≤ arg Dj < 2π, we have

ln Dk–1 – ln Dk = ln 2 –
(
ln 2 +

πi

2

)
= –

πi

2
and ln

Dk–1

Dk
= ln(–i) =

3πi

2
.
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Example 4. Let L be the unit circle t = eiϕ, 0 ≤ ϕ ≤ 2π, and let the coefficient of the Riemann problem have the form

D(t) = D(eiϕ) =

⎧⎨⎩
–i, 0 < ϕ < π

2 ,
1 + i, π

2 < ϕ < π,
–1, π < ϕ < 2π.

The function D(t) is piecewise constant with discontinuities of the first kind at the points t1 = ei0 = 1, t2 = eiπ/2 = i,
t3 = eiπ = –1. By (78), we find that

ln D1 = ln(–i) =
3πi

2
, ln D2 = ln(1 + i) = ln

√
2 +

πi

4
,

ln D3 = ln(–1) = πi, ln D0 = ln D3 = πi,

γ1 + iδ1 = –
1

4
, γ2 + iδ2 =

5

8
+ i

ln 2

4π
, γ3 + iδ3 = –

3

8
– i

ln 2

4π
.

Since all γk are noninteger, all three discontinuity points are nonsingular. Then, according to (79), the canonical func-
tion X3(z) of class h3 = h(1, i, –1) (i.e., the function bounded near all discontinuity points) has the form

X3(z) = (z – 1)3/4(z – i)5/8+iδ(z + 1)5/8–iδ , δ =
ln 2

4π
.

In order to obtain the canonical function X0(z) of the widest class h0, one should divide X3(z) by (z – 1)(z – i)(z + 1);
and to obtain the functionX(z) ∈ h(1), one should divide X3(z) by (z – i)(z + 1), etc.

14.3-13. Riemann Problem in the General Case.

Let L be the union of finitely many smooth closed and open oriented curves with finitely many
common points (L is a piecewise smooth line), and let D(t), H(t) be two functions on L that satisfy
the Hölder condition everywhere except for finitely many first kind discontinuity points, D(t) ≠ 0
everywhere on L. Denote by tk the endpoints, the nodes, the angular points of the line L, and the
discontinuity points of the function D(t). On the closed curves belonging to L, we chose arbitrary
points regarded as the initial and the ending points of these curves and include these points into the
set of tk.

Let t1, t2, . . . , tm be all the above-specified points of the line L, which is split into finitely many
oriented open arcs LJ by these points. On each arc, we fix a certain continuous branch of the
logarithmic function ln D(t), so that if tk +0 is the initial point of some arc Lj , then the value ln D(t)
at that point is found by the formula (77). Then, at the ending point tl – 0 of that arc, we have

ln D(tl – 0) = ln D(tk + 0) + i[argD(t)]Lj .

Note that one and the same tk may happen to be the initial point of some arcs Lj (one or more)
and the ending point of other arcs.

For each tk, we calculate the number

γk + iδk =
1

2πi

[∑
ln D(tk – 0) –

∑
ln D(tk + 0)

]
, k = 1, 2, . . . , m,

where the first sum is over all tk – 0 that are the endpoints of the arcs ending at the point tk, and the
second sum is over all tk + 0 that are the initial points of the arcs issuing from tk. For instance, if tk
is the initial point of the arc L1, L2, . . . , Lm1 , then the second sum has the form

∑
ln D(tk + 0) =

m1∑
j=1

ln D(tk)
∣∣∣
tk∈Lj

=
m1∑
j=1

lim
t→tk , t∈Lk

D(t).

Further, as in the previous subsection, the condition that γk is integer or noninteger determines
singular and nonsingular nodes cj of the line L, after which the Riemann problem is formulated and
solved as in Subsections 12.3-11 and 12.3-12.
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Remark. One of the crucial steps when solving the Riemann problem is the construction of a
canonical function of a given class. This function can be constructed in a simpler way.

Suppose that the line L is split by the points t1, t2, . . . , tm into (closed and open) curves
L1, L2, . . . , Ln. For each Lj , we can construct a canonical function Xj(z) of the homogeneous
Riemann problem X+

j (t) = D(t)X–
j (t), t ∈ Lj , without taking care of its specific class. Then the

function X0(z) = X1(z)X2(z) . . .Xn(z) satisfies the homogeneous boundary condition (7) and near
the points tk admits the representation

X0(z) ∼ Ak(z – tk)λk+iµk , Ak = const ≠ 0, k = 1, 2, . . . , m,

where λk + iµk are certain numbers found on the basis of the behavior of the functions Xj(z) in a
neighborhood of tk. Knowing λk, it is easy to determine singular and nonsingular points tk and find
the canonical function X(z) of a given class. This function has the form

X(z) =
n∏

j=1

Xj(z)
m∏

k=1

(z – tk)–ωk ,

where ωk are integers to be chosen such that X(z) should belong to the given class.

Example 5. Let L consist of the segment L1 = [–1; 1] on the real axis and the segment L2 = [0; i] on the imaginary
axis, and

D(t) =

⎧⎨⎩
2i, t ∈ [–1; 0),
2, t ∈ (0; 1],
–1, t ∈ (0; i].

Let us construct the canonical function of the homogeneous Riemann problem with the coefficient D(t), requiring that this
function is bounded near all endpoints of the line L and near the node t = 0. For the points t1 = –1 (the initial point of the
segment [–1; 0]), t2 = 0 (the ending point of the segment [–1; 0] and the initial point of the segments [0; 1], [0; i]), t3 = 1 (the
ending point of the segment [0; 1]) , t4 = i (the ending point of the segment [0; i]), we find the numbers

γ1 + iδ1 = –
1

2πi
ln(2i) = –

1

4
+ i

ln 2

2π
, γ2 + iδ2 =

1

2πi
[ln(2i) – ln 2 – ln(–1)] = –

1

4
,

γ3 + iδ3 =
1

2πi
ln 2 = –i

ln 2

2π
, γ4 + iδ4 =

1

2πi
ln(–1) =

1

2
.

Since γ3 = 0, the point t3 = 1 is singular, while the rest of tk are nonsingular. The canonical function that is bounded
near all endpoints is found by (79) and has the form

X3(z) = (z + 1)3/4+iδz3/4(z – 1)–iδ(z – i)1/2, δ =
ln 2

2π
.

The canonical functions of the other classes are obtained from X3(z) by its division by z + 1, z, z – i, all or some of
these, depending on the class.

14.3-14. Hilbert Boundary Value Problem.

Let a simple smooth closed contour L and real Hölder functions a(s), b(s), and c(s) of the arc length s
on the contour be given.

By the Hilbert boundary value problem we mean the following problem. Find a function

f (z) = u(x, y) + iv(x, y)

that is analytic on the domain Ω
+ and continuous on the contour for which the limit values of the

real and the imaginary part on the contour satisfy the linear relation

a(s)u(s) + b(s)v(s) = c(s). (81)

For c(s) ≡ 0 we obtain the homogeneous problem and, for nonzero c(s), a nonhomogeneous.
The Hilbert boundary value problem can be reduced to the Riemann boundary value problem. The
methods of this reduction can be found in the references cited at the end of the section.

References for Section 14.3: F. D. Gakhov (1977), N. I. Muskhelishvili (1992).
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14.4. Singular Integral Equations of the First Kind

14.4-1. Simplest Equation with Cauchy Kernel.

Consider the singular integral equation of the first kind

1
πi

∫
L

ϕ(τ )
τ – t

dτ = f (t), (1)

where L is a closed contour. Let us construct the solution. In this relation we replace the variable t

by τ1, multiply by
1
πi

dτ1

τ1 – t
, integrate along the contour L, and change the order of integration

according to the Poincaré–Bertrand formula (see Subsection 14.2-6). Then we obtain

1
πi

∫
L

f (τ1)
τ1 – t

dτ1 = ϕ(t) +
1
πi

∫
L

ϕ(τ ) dτ
1
πi

∫
L

dτ1

(τ1 – t)(τ – τ1)
. (2)

Let us calculate the second integral on the right-hand side of (2):

∫
L

dτ1

(τ1 – t)(τ – τ1)
=

1
τ – t

(∫
L

dτ1

τ1 – t
–
∫

L

dτ1

τ1 – τ

)
=

1
τ – t

(iπ – iπ) = 0.

Thus,

ϕ(t) =
1
πi

∫
L

f (τ )
τ – t

dτ . (3)

The last formula gives the solution of the singular integral equation of the first kind (1) for a closed
contour L.

14.4-2. Equation with Cauchy Kernel on the Real Axis.

Consider the following singular integral equation of the first kind on the real axis:

1
πi

∫ ∞

–∞

ϕ(t)
t – x

dt = f (x), –∞ < x < ∞. (4)

Equation (4) is a special case of the characteristic integral equation on the real axis (see Subsec-
tion 15.2-3). In the class of functions vanishing at infinity, Eq. (4) has the solution

ϕ(x) =
1
πi

∫ ∞

–∞

f (t)
t – x

dt, –∞ < x < ∞. (5)

Denoting f (x) = F (x)i–1, we rewrite Eqs. (4) and (5) in the form

1
π

∫ ∞

–∞

ϕ(t)
t – x

dt = F (x), ϕ(x) = –
1
π

∫ ∞

–∞

F (t)
t – x

dt, –∞ < x < ∞. (6)

The two formulas (6) are called the Hilbert transform pair (see Subsection 9.6-5).
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14.4-3. Equation of the First Kind on a Finite Interval.

Consider the singular integral equation of the first kind

1
π

∫ b

a

ϕ(t)
t – x

dt = f (x), a ≤ x ≤ b, (7)

on a finite interval. Its solutions can be constructed by using the theory of the Riemann boundary
value problem for a nonclosed contour (see Subsection 14.3-11). Let us present the final results.

1◦. A solution that is unbounded at both endpoints:

ϕ(x) = –
1
π

1√
(x – a)(b – x)

(∫ b

a

√
(t – a)(b – t)

t – x
f (t) dt + C

)
, (8)

where C is an arbitrary constant and ∫ b

a

ϕ(t) dt = C. (9)

2◦. A solution bounded at the endpoint a and unbounded at the endpoint b:

ϕ(x) = –
1
π

√
x – a

b – x

∫ b

a

√
b – t

t – a

f (t)
t – x

dt. (10)

3◦. A solution bounded at both endpoints:

ϕ(x) = –
1
π

√
(x – a)(b – x)

∫ b

a

f (t)√
(t – a)(b – t)

dt

t – x
, (11)

under the condition that ∫ b

a

f (t) dt√
(t – a)(b – t)

= 0. (12)

Solutions that have a singularity point s inside the interval [a, b] can also be constructed. These
solutions have the following form:

4◦. A singular solution that is unbounded at both endpoints:

ϕ(x) = –
1
π

1√
(x – a)(b – x)

(∫ b

a

√
(t – a)(b – t)

t – x
f (t) dt + C1 +

C2

x – s

)
, (13)

where C1 and C2 are arbitrary constants.

5◦. A singular solution bounded at one endpoint:

ϕ(x) = –
1
π

√
(x – a)(b – x)

(∫ b

a

√
b – t

t – a

f (t)
t – x

dt +
C

x – s

)
, (14)

where C is an arbitrary constant.

6◦. A singular solution bounded at both endpoints:

ϕ(x) = –
1
π

√
(x–a)(b–x)

(∫ b

a

f (t)√
(t–a)(b– t)

dt

t–x
+

A

x–s

)
, A =

∫ 1

–1

f (t) dt√
(t–a)(b– t)

. (15)
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14.4-4. General Equation of the First Kind with Cauchy Kernel.

Consider the general equation of the first kind with Cauchy kernel

1
πi

∫
L

M (t, τ )
τ – t

ϕ(τ ) dτ = f (t), (16)

where the integral is understood in the sense of the Cauchy principal value and is taken over a closed
or nonclosed contour L. As usual, the functions a(t), f (t), and M (t, τ ) on L are assumed to satisfy
the Hölder condition, where the last function satisfies this condition with respect to both variables.

We perform the following manipulation with the kernel:

M (t, τ )
τ – t

=
M (t, τ ) – M (t, t)

τ – t
+

M (t, t)
τ – t

and write

M (t, t) = b(t),
1
πi

M (t, τ ) – M (t, t)
τ – t

= K(t, τ ). (17)

We can rewrite Eq. (16) in the form

b(t)
πi

∫
L

ϕ(τ )
τ – t

dτ +
∫

L

K(t, τ )ϕ(τ ) dτ = f (t). (18)

It follows from formulas (17) that the function b(t) satisfies the Hölder condition on the entire
contour L and K(t, τ ) satisfies this condition everywhere except for the points with τ = t at which
this function satisfies the estimate

|K(t, τ )| <
A

|τ – t|λ
, 0 ≤ λ < 1.

The general singular integral equation of the first kind with Cauchy kernel is frequently written in
the form (18).

The general singular integral equation of the first kind is a special case of the complete singular
integral equation whose theory is treated in Chapter 15. In general, it cannot be solved in a closed
form. However, there are some cases in which such a solution is possible.

Let the function M (t, τ ) in Eq. (16), which satisfies the Hölder condition with respect to both
variables on the smooth closed contour L by assumption, have an analytic continuation to the
domain Ω

+ with respect to each of the variables. If M (t, t) ≡ 1, then the solution of Eq. (16) can
be obtained by means of the Poincaré–Bertrand formula (see Subsection 14.2-6). This solution is
given by the relation

ϕ(t) =
1
πi

∫
L

M (t, τ )
τ – t

f (τ ) dτ . (19)

Equation (16) can be solved without the assumption that the function M (t, τ ) satisfies the
condition M (t, t) ≡ 1. Namely, assume that the function M (t, τ ) has the analytic continuation to Ω

+

with respect to each of the variables and that M (z, z) ≠ 0 for z ∈ Ω+. In this case, the solution of
Eq. (16) has the form

ϕ(t) =
1
πi

1
M (t, t)

∫
L

M (t, τ )
M (τ , τ )

f (τ )
τ – t

dτ . (20)

In Section 14.5, a numerical method for solving a special case of the general equation of the first
kind is given, which is of independent interest from the viewpoint of applications.

Remark 1. The solutions of complete singular integral equations that are constructed in Sub-
section 14.4-4 can also be applied for the case in which the contour L is a collection of finitely many
disjoint smooth closed contours.
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14.4-5. Equations of the First Kind with Hilbert Kernel.

1◦. Consider the simplest singular integral equation of the first kind with Hilbert kernel

1
2π

∫ 2π

0
cot

(
ξ – x

2

)
ϕ(ξ) dξ = f (x), 0 ≤ x ≤ 2π, (21)

under the additional assumption ∫ 2π

0
ϕ(x) dx = 0. (22)

Equation (21) can have a solution only if a solvability condition is satisfied. This condition is
obtained by integrating Eq. (21) with respect to x from zero to 2π and, with regard for the relation∫ 2π

0
cot

(
ξ – x

2

)
dx = 0,

becomes ∫ 2π

0
f (x) dx = 0. (23)

To construct a solution of Eq. (21), we apply the solution of the simplest singular integral
equation of the first kind with Cauchy kernel by assuming that the contour L is the circle of unit
radius centered at the origin (see Subsection 14.4-1). We rewrite the equation with Cauchy kernel
and its solution in the form

1
π

∫
L

ϕ1(τ )
τ – t

dτ = f1(t), (24)

ϕ1(t) = –
1
π

∫
L

f1(τ )
τ – t

dτ , (25)

which is obtained by substituting the function ϕ1(t) instead of ϕ(t) and the function f1(t)i–1 instead
of f (t) into the relations of 14.4-1.

We set t = eix and τ = eiξ and find the relationship between the Cauchy kernel and the Hilbert
kernel:

dτ

τ – t
=

1
2

cot

(
ξ – x

2

)
dξ +

i

2
dξ. (26)

On substituting relation (26) into Eq. (24) and into solution (25), with regard to the change of
variables ϕ(x) = ϕ1(t) and f (x) = f1(t) we obtain

1
2π

∫ 2π

0
cot

(
ξ – x

2

)
ϕ(ξ) dξ +

i

2π

∫ 2π

0
ϕ(ξ) dξ = f (x), (27)

ϕ(x) = –
1

2π

∫ 2π

0
cot

(
ξ – x

2

)
f (ξ) dξ –

i

2π

∫ 2π

0
f (ξ) dξ. (28)

Equation (21), under the additional assumption (22), coincides with Eq. (27), and hence its
solution is given by the expression (28). Taking into account the solvability conditions (23), on the
basis of (28) we rewrite a solution of Eq. (21) in the form

ϕ(x) = –
1

2π

∫ 2π

0
cot

(
ξ – x

2

)
f (ξ) dξ. (29)

Formulas (21) and (29), together with conditions (22) and (23), are called the Hilbert inversion
formula.



14.5. MULTHOPP–KALANDIYA METHOD 747

Remark 2. Equation (21) is a special case of the characteristic singular integral equation with
Hilbert kernel (see Subsections 15.1-2 and 15.2-5).

2◦. Consider the general singular integral equation of the first kind with Hilbert kernel

1
2π

∫ 2π

0
N (x, ξ) cot

(
ξ – x

2

)
ϕ(ξ) dξ = f (x). (30)

Let us represent its kernel in the form

N (x, ξ) cot
ξ – x

2
=
[
N (x, ξ) – N (x, x)

]
cot

ξ – x

2
+ N (x, x) cot

ξ – x

2
.

We introduce the notation

N (x, x) = –b(x),
1

2π

[
N (x, ξ) – N (x, x)

]
cot

ξ – x

2
= K(x, ξ), (31)

and rewrite Eq. (30) as follows:

–
b(x)
2π

∫ 2π

0
cot

(
ξ – x

2

)
ϕ(ξ) dξ +

∫ 2π

0
K(x, ξ)ϕ(ξ) dξ = f (x). (32)

It follows from formulas (31) that the function b(x) satisfies the Hölder condition, whereas the
kernel K(x, ξ) satisfies the Hölder condition everywhere except possibly for the points x = ξ, at
which the following estimate holds:

|K(x, ξ)| <
A

|ξ – x|λ
, A = const < ∞, 0 ≤ λ < 1.

The general singular integral equation of the first kind with Hilbert kernel is frequently written in
the form (32). It is a special case of the complete singular integral equation with Hilbert kernel,
which is treated in Subsections 15.1-2 and 15.4-8.

References for Section 14.4: F. D. Gakhov (1977), F. D. Gakhov and Yu. I. Cherskii (1978), S. G. Mikhlin and S. Prössdorf
(1986), N. I. Muskhelishvili (1992), I. K. Lifanov (1996).

14.5. Multhopp–Kalandiya Method
Consider a general singular integral equation of the first kind with Cauchy kernel on the finite interval
[–1, 1] of the form

1
π

∫ 1

–1

ϕ(t) dt

t – x
+

1
π

∫ 1

–1
K(x, t)ϕ(t) dt = f (x). (1)

This equation frequently occurs in applications, especially in aerodynamics and 2D elasticity.
We present here a method of approximate solution of Eq. (1) under the assumption that this

equation has a solution in the classes indicated below.

14.5-1. Solution That is Unbounded at the Endpoints of the Interval.

According to the general theory of singular integral equations (e.g., see N. I. Muskhelishvili (1992)),
such a solution can be represented in the form

ϕ(x) =
ψ(x)√
1 – x2

, (2)
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where ψ(x) is a bounded function on [–1, 1]. Let us substitute the expression (2) into Eq. (1) and
introduce new variables θ and τ by the relations x = cos θ and t = cos τ , 0 ≤ θ ≤ π, 0 ≤ τ ≤ π. In
this case, Eq. (1) becomes

1
π

∫ π

0

ψ(cos τ ) dτ

cos τ – cos θ
+

1
π

∫ π

0
K(cos θ, cos τ )ψ(cos τ ) dτ = f (cos x). (3)

Let us construct the Lagrange interpolation polynomial for the desired function ψ(x) with the
Chebyshev nodes

xm = cos θm, θm =
2m – 1

2n
π, m = 1, . . . , n.

This polynomial is known to have the form

Ln(ψ; cos θ) =
1
n

n∑
l=1

(–1)l+1ψ(cos θl)
cos nθ sin θl

cos θ – cos θl
. (4)

Note that for each l the fraction on the right-hand side in (4) is an even trigonometric polynomial
of degree ≤ n – 1. We define the coefficients of this polynomial by means of the known relations

1
π

∫ π

0

cos nτ dτ

cos τ – cos θ
=

sin nθ

sin θ
, 0 ≤ θ ≤ π, n = 0, 1, 2, . . . (5)

and rewrite (4) in the form

Ln(ψ; cos θ) =
2
n

n∑
l=1

ψ(cos θl)
n–1∑
m=0

cos mθl cos mθ –
1
n

n∑
l=1

ψ(cos θl). (6)

On the basis of the above two relations we write out the following quadrature formula for the
singular integral:

1
π

∫ 1

–1

ϕ(t) dt

t – x
=

2
n sin θ

n∑
l=1

ψ(cos θl)
n–1∑
m=1

cos mθl sin mθ. (7)

This formula is exact for the case in which ψ(t) is a polynomial of order ≤ n – 1 in t.
To the second integral on the left-hand side of Eq. (1), we apply the formula

1
π

∫ 1

–1

P (x) dx√
1 – x2

=
1
n

n∑
l=1

P (cos θl), (8)

which holds for any polynomial P (x) of degree ≤ 2n – 1. In this case, by (8) we have

1
π

∫ 1

–1
K(x, t)ϕ(t) dt =

1
n

n∑
l=1

K(cosθ, cos θl)ψ(cos θl). (9)

On substituting relations (7) and (9) into Eq. (1), we obtain

2
n sin θ

n∑
l=1

ψ(cos θl)
n–1∑
m=1

cos mθl sin mθ +
1
n

n∑
l=1

K(cosθ, cos θl)ψ(cos θl) = f (cos θ). (10)
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By setting θ = θk (k = 1, . . . , n) and with regard to the formula

n–1∑
m=1

cos mθl sin mθk =
1
2

cot
θk ± θl

2
, (11)

where the sign “plus” is taken for the case in which |k – l| is even and “minus” if |k – l| odd, we
obtain the following system of linear algebraic equations for the approximate values ψl of the desired
function ψ(x) at the nodes:

n∑
l=1

aklψl = fk, fk = f (cosθk), k = 1, . . . , n,

akl =
1
n

[
1

sin θk
cot

θk ± θl

2
+ K(cos θk, cos θl)

]
.

(12)

After solving the system (12), the corresponding approximate solution to Eq. (1) can be found
by formulas (2) and (4).

14.5-2. Solution Bounded at One Endpoint of the Interval.

In this case we set

ϕ(x) =

√
1 – x

1 + x
ζ(x), (13)

where ζ(x) is a bounded function on [–1, 1].
We take the same interpolation nodes as in Subsection 14.5-1, replace ζ(x) by the polynomial

Ln(ζ; cos θ) =
1
n

n∑
l=1

(–1)l+1ζ(cos θl)
cos nθ sin θl

cos θ – cos θl
, (14)

and substitute the result into the singular integral that enters the expression (1). Just as above, we
obtain the following quadrature formula:

1
π

∫ 1

–1

ϕ(t) dt

t – x
= 2

1 – cos θ

n sin θ

n∑
l=1

ζ(cos θl)
n–1∑
m=1

cos mθl sin mθ –
1
n

n∑
l=1

ζ(cos θl). (15)

This formula is exact for the case in which ζ(t) is a polynomial of order ≤ n – 1 in t.
The formula for the second summand on the left-hand side of the equation becomes

1
π

∫ 1

–1
K(x, t)ϕ(t) dt =

1
n

n∑
l=1

(1 – cos θl)K(cosθ, cos θl)ζ(cos θl). (16)

This formula is exact if the integrand is a polynomial in t of degree ≤ 2n – 2.
On substituting relations (15) and (16) into Eq. (1) and on setting θ = θk (k = 1, . . . , n), with

regard to formula (11), we obtain a system of linear algebraic equations for the approximate values ζl

of the desired function ζ(x) at the nodes:

n∑
l=1

bklζl = fk, fk = f (cos θk), k = 1, . . . , n,

bkl =
1
n

[
tan

θk

2
cot

θk ± θl

2
– 1 + 2 sin2 θl

2
K(cosθk, cos θl)

]
.

(17)

After solving system (17), the corresponding approximate solution to Eq. (1) can be found by
formulas (13) and (14).
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14.5-3. Solution Bounded at Both Endpoints of the Interval.

A solution of Eq. (1) that is bounded at the endpoints of the interval vanishes at the endpoints,

ϕ(1) = ϕ(–1) = 0. (18)

Let us approximate the function ϕ(x) by an even trigonometric polynomial of θ constructed for the
interpolation nodes that are the roots of the corresponding Chebyshev polynomial of the second kind:

xk = cos θk, θk =
kπ

n + 1
, k = 1, . . . , n. (19)

This polynomial has the form

Mn(ϕ; cos θ) =
2

n + 1

n∑
l=1

ϕ(cos θl)
n∑

m=1

sin mθl sin mθ. (20)

We thus obtain the following quadrature formula:

1
π

∫ 1

–1

ϕ(t) dt

t – x
= –

2
n + 1

n∑
l=1

ϕ(cos θl)
n∑

m=1

sin mθl cos mθ. (21)

This formula holds for any odd trigonometric polynomial ϕ(x) of degree ≤ n.
To the regular integral in Eq. (1) we apply the formula∫ 1

–1

√
1 – x2 P (x) dx =

π

n + 1

n∑
l=1

sin2 θl P (cos θl), (22)

whose accuracy coincides with that of formula (8). On the basis of (22), we have

1
π

∫ 1

–1
K(x, t)ϕ(t) dt =

1
n + 1

n∑
l=1

sin θl K(cos θ, cos θl)ϕ(cos θl). (23)

On substituting relations (21) and (23) into Eq. (1) and on setting θ = θk (k = 1, . . . , n), we
obtain a system of linear algebraic equations in the form

n∑
l=1

cklϕl = fk, k = 1, . . . , n,

ckl =
sin θl

n + 1

[
2εkl

cos θl – cos θk
+ K(cosθk, cos θl)

]
, εkl =

{
0 for even |k – l|,
1 for odd |k – l|,

(24)

where fk = f (cos θk) and ϕl are approximate values of the unknown function ϕ(x) at the nodes.
After solving system (24), the corresponding approximate solution is defined by formula (20).
When solving a singular integral equation by the Multhopp–Kalandiya method, it is important

that the desired solutions have a representation

ϕ(x) = (1 – x)α(1 + x)βχ(x), (25)

where α = ± 1
2 , β = ± 1

2 , and χ(x) is a bounded function on the interval with well-defined values
at the endpoints. If the representation (25) holds, then the method can be applied to the complete
singular integral equation, which is treated in Chapter 15.

In the literature cited below, some other methods of numerical solution of singular integral
equations are discussed as well.

References for Section 14.5: A. I. Kalandiya (1973), N. I. Muskhelishvili (1992), S. M. Belotserkovskii and I. K. Lifanov
(1993), and I. K. Lifanov (1996).
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14.6. Hypersingular Integral Equations
14.6-1. Hypersingular Integral Equations with Cauchy- and Hilbert-Type Kernels.

The simplest hypersingular integral equation of the first kind with Cauchy-type kernel on a finite
interval has the form

1
π

∫ b

a

ϕ(t)
(x – t)2

dt = f ′
x(x), a ≤ x ≤ b, (1)

where ϕ(t) is the unknown function,
1

(x – t)2
is Cauchy-type kernel, f ′

x(x) is a function called the

free term or the right-hand side of equation (1). The integral on the left-hand side exists only in the
sense of Hadamard principal value (see Subsection 14.6-2).

The general hypersingular equation of the first kind with Cauchy-type kernel on a finite interval
has the form

1
π

∫ b

a

ϕ(t)
(x – t)2

dt +
1
π

∫ b

a

K ′
x(x, t)ϕ(t) dt = f ′

x(x), a ≤ x ≤ b. (2)

Assume that the functions ϕ(x), f (x) in equations (1), (2) are differentiable and K(x, t) is
differentiable in both variables everywhere except at the points x = t, near which it satisfies the
estimate

|K(x, t)| ≤
A

|x – t|λ
, A = const < ∞, 0 ≤ λ < 1.

Remark 1. The notation in (1) and (2) is meant to emphasize the fact that these equations
are obtained from equation (3) of Subsection 14.1-1 and equation (1) of Section 14.5 by their
differentiation in x.

The simplest hypersingular equation of the first kind with Hilbert-type kernel has the form

1
4π

∫ 2π

0

[
sin
( ξ – x

2

)]–2
ϕ(ξ) dξ = f ′

x(x), 0 ≤ x ≤ 2π, (3)

where ϕ(x) is the unknown function, 1/ sin2
[

1
2 (ξ – x)

]
is Hilbert-type kernel, f (x) is a given

right-hand side of the equation.
The general hypersingular equation of the first kind with Hilbert-type kernel has the form

1
4π

∫ 2π

0

[
sin
( ξ – x

2

)]–2
ϕ(ξ) dξ +

1
4π

∫ b

a

K ′
x(x, ξ)ϕ(ξ) dξ = f ′

x(x), 0 ≤ x ≤ 2π, (4)

where ϕ(x), f (x), and K(x, t) are functions with the properties specified above.
If the right-hand sides of equations (1)–(4) are identically equal to zero, the equations are called

homogeneous; otherwise, they are called nonhomogeneous.

Remark 2. Note that there is a relation between hypersingular integral equations (3), (4) and
singular integral equations (5) from Subsection 14.1-2 and (32) from Subsection 14.4-5: the latter
are obtained from the former by the integration in ξ.

14.6-2. Definition of Hypersingular Integrals.

Hypersingular integrals in equations (1)–(4) exist neither in the sense of improper integrals nor in
the sense of the Cauchy principal value. Taking as an example hypersingular integrals with the
Cauchy-type kernel, consider some definitions of such integrals.

1◦. Hypersingular integral as the derivative of an integral in the sense of the Cauchy principal value:∫ b

a

ϕ(t)
(x – t)2

dt =
d

dx

∫ b

a

ϕ(t)
t – x

dt. (5)
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2◦. Hypersingular integral in the sense of Hadamard principal value:

∫ b

a

ϕ(t)
(x – t)2

dt = lim
ε→+0

[(∫ x–ε

α

+
∫ b

x+ε

)
ϕ(t) dt

(x – t)2
–

2ϕ(x)
ε

]
. (6)

3◦. Hypersingular integral as an analytic continuation of the integral

∫ b

a

|x – t|αϕ(t) dt (7)

understood in the sense of distributions, where α = –2.

Example. Let us calculate the values of hypersingular integrals using formulas (5)–(7) for ϕ(x) ≡ 1.

1◦. Using the first definition, we have∫ b

a

dt

(x – t)2
=

d

dx

∫ b

a

dt

t – x
=

d

dx
ln

(
b – x

x – a

)
=

a – b

(x – a)(b – x)
.

2◦. For the Hadamard principal value, we have∫ b

a

dt

(x – t)2
= lim

ε→+0

[(
–

1

x – a
+

1

ε
+

1

ε
+

1

x – b

)
–

2

ε

]
=

a – b

(x – a)(b – x)
.

3◦. Using formula (3), for Re(α) > –1 we get∫ b

a
|x – t|α dt =

∫ x

a
(x – t)α dt +

∫ b

x
(t – x)α dt =

(x – a)α+1

α + 1
+

(b – x)α+1

α + 1
.

Analytic continuation of this function from the half-plane Re(α) > –1 for α = –2 yields∫ b

a

dt

(x – t)2
= lim

α→–2

[
(x – a)α+1

α + 1
+

(b – x)α+1

α + 1

]
=

a – b

(x – a)(b – x)
.

For a differentiable function ϕ(x) on the segment (a, b) the above three definitions of hypersin-
gular integrals are equivalent.

The expression(∫ x–ε

α

+
∫ b

x+ε

)
ϕ(t) – ϕ(x) – ϕ′

x(x)(t – x)
(x – t)2

dt + ϕ(x)
a – b

(x – a)(b – x)
+ ϕ′

x(x) ln
b – x

x – a
,

which is equivalent to the right-hand side of (2), shows that for a differentiable ϕ(x), x ∈ (a, b), a
finite value of the hypersingular integral

∫ b

a ϕ(t)(x – t)–2 dt exists always, since this expression has
a finite limit as ε → +0.

Remark 3. Hypersingular integrals with the Hilbert-type kernel can be defined by analogy with
the above definitions in the case of integrals with the Cauchy-type kernel. Note also that equation (26)
of Section 14.4 establishes a relation between the Cauchy and the Hilbert kernels.

Remark 4. From definition of hypersingular integral in the sense of Hadamard principal value (6)
we can see that ∫ b

a

ϕ(t)
(x – t)2

dt =
ϕ(a)
a – x

–
ϕ(b)
b – x

+
∫ b

a

ϕ′
t(t) dt

t – x
,

which means that the right-hand side of this equation can be understood as a result of formal
integration by parts.
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14.6-3. Exact Solution of the Simplest Hypersingular Equation with Cauchy-Type Kernel.

Consider the simplest hypersingular equation of the first kind with Cauchy-type kernel on a finite
interval

1
π

∫ b

a

ϕ(t)
(x – t)2

dt = f ′
x(x), a ≤ x ≤ b, (8)

where ϕ(a) = ϕ(b) = 0. Let us construct its solution by two methods.

1◦. According to definition (5) from Subsection 14.6-2, this simplest equation can be written in the
form

1
π

d

dx

∫ b

a

ϕ(t) dt

t – x
= f ′

x(x), a ≤ x ≤ b.

Integrating the last equation with respect to x, we obtain

1
π

∫ b

a

ϕ(t) dt

t – x
= f (x) + C, a ≤ x ≤ b, (9)

where C is an arbitrary constant. A bounded solution of equation (9) has been obtained in Subsec-
tion 14.4-3. This solution has the form

ϕ(x) = –
1
π

√
(x – a)(b – x)

∫ b

a

f (t)√
(t – a)(b – t)

dt

t – x
, C =

1
π

∫ b

a

f (t)√
(t – a)(b – t)

dt. (10)

2◦. Integrating by parts equation (8)(see Remark 4), we get

1
π

[ ϕ(a)
a – x

–
ϕ(b)
b – x

+
∫ b

a

ϕ′
t(t) dt

t – x

]
= f ′

x(x).

Using this relation and the conditions ϕ(a) = ϕ(b) = 0, we finally come to the equation

1
π

∫ b

a

ϕ′
t(t) dt

t – x
= f ′

x(x). (11)

Consider the solution of equation (11) given in Subsection 14.4-3:

ϕ′
x(x) = –

1
π

1√
(x – a)(b – x)

∫ b

a

√
(t – a)(b – t)

t – x
f ′

t(t) dt,
∫ b

a

ϕ′
t(t) dt = 0. (12)

Integrating (12) from a to x, we get

ϕ(x) = –
1
π

∫ x

a

1√
(τ – a)(b – τ )

∫ b

a

√
(t – a)(b – t)

t – τ
f ′

t(t) dt dτ .

Hence, changing the order of integration, we obtain

ϕ(x) =
1
π

∫ b

a

∫ x

a

1√
(τ – a)(b – τ )

dτ

τ – t
f ′

t(t)
√

(t – a)(b – t) dt. (13)

The internal integral in (6) can be calculated by the formula∫
1√

(τ – a)(b – τ )

dτ

τ – t

= –
1

2
√

(t – a)(b – t)
ln

1
2 (a + b)(t + τ ) – ab – tτ +

√
(τ – a)(b – τ )(t – a)(b – t)

1
2 (a + b)(t + τ ) – ab – tτ –

√
(τ – a)(b – τ )(t – a)(b – t)

=
1√

(t – a)(b – t)
ln

∣∣∣∣√(b – t)(τ – a) –
√

(b – τ )(t – a)√
(b – t)(τ – a) +

√
(b – τ )(t – a)

∣∣∣∣.
Thus, a solution of the simplest hypersingular equation with Cauchy-type kernel (8) can be obtained
in the form

ϕ(x) =
1
π

∫ b

a

ln

∣∣∣∣√(b – t)(x – a) –
√

(b – x)(t – a)√
(b – t)(x – a) +

√
(b – x)(t – a)

∣∣∣∣f ′
t(t) dt, (14)

which, in contrast to (10), contains no singular integrals.
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14.6-4. Exact Solution of the Simplest Hypersingular Equation with Hilbert-Type Kernel.

Consider the simplest hypersingular integral equation of the first kind with Hilbert-type kernel on
the finite interval

1
4π

∫ 2π

0

[
sin
( ξ – x

2

)]–2
ϕ(ξ) dξ = f ′

x(x), 0 ≤ x ≤ 2π (15)

with the periodic conditions ϕ(0) = ϕ(2π). Let us construct its solution by two methods.

1◦. According to definition (1) from Subsection 14.2-1, this equation can be written in the form

1
2π

d

dx

∫ 2π

0
cot
( ξ – x

2

)
ϕ(ξ) dξ = f ′

x(x), 0 ≤ x ≤ 2π. (16)

Integrating (16), we reduce the problem of finding a solution of the hypersingular equation under
consideration to that of finding a solution of the following singular integral equation with the Hilbert
kernel:

1
2π

∫ 2π

0
cot
( ξ – x

2

)
ϕ(ξ) dξ = f (x) + C, 0 ≤ x ≤ 2π, (17)

where C is an arbitrary constant. This equation is considered in Subsection 14.4-5.

2◦. Integrating (15) by parts, we obtain

1
2π

∫ 2π

0
cot
( ξ – x

2

)
ϕ′

ξ(ξ) dξ = f ′
x(x), 0 ≤ x ≤ 2π. (18)

To find a solution of equation (18), let us use the result obtained in Subsection 14.4-5 for a singular
integral equation of the first kind with the Hilbert kernel. We finally get

ϕ(x) = –
1
π

∫ 2π

0
f ′

ξ(ξ) ln
∣∣∣sin
( ξ – x

2

)∣∣∣ dξ + C,

where C is an arbitrary constant.

14.6-5. Numerical Methods for Hypersingular Equations.

1◦. Consider collocation method for the simplest equation (1). Let us partition the interval [a, b] into
n equal segments of length h = (b – a)/n with endpoints at the nodes a = t0, t1, t2, . . . , tn–1, tn = b,
t = a + jh, j = 0, 1, . . . , n. Denote the midpoints of the segments [ti–1, ti] by xi. It is easy to see
that xi = a + (i – l/2)h for i = 1, . . . , n.

Let us represent an approximate value of the integral from (1) as a finite sum. Then, for x = xi,
we have

1
π

∫ b

a

ϕ(t) dt

(xi – t)2
≈

1
π

n∑
j=0

ϕ(ti)
∫ tj

tj–1

dt

(xi – t)2
=

1
π

ϕ(ti)
∫ h/2

–h/2

dt

t2

+
1
π

∑
j≠i

ϕ(tj)

(
1

xi – tj
–

1
xi – tj–1

)
=

1
π

n∑
j=1

ϕ(tj)

(
1

xi – tj
–

1
xi – tj–1

)
.

(19)

Now, let us replace the hypersingular integral equation under consideration by an approximate
expression in the form of a system of linear algebraic equations:

1
π

n∑
j=1

ϕ(tj)

(
1

xi – tj
–

1
xi – tj–1

)
= f ′(xi), i = 1, . . . , n. (20)
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It can be shown that for a fixed x = xl ∈ (a, b), the difference of the solutions ϕ(xl) of system (20)
and equation (19) tends to zero as n → ∞, i.e.,

ϕ(xl) ∼ –
h

π

√
(xl – a)(b – xl)

n∑
m=1

f (tm)√
(tm – a)(b – tm) (xl – tm)

∼ –

√
(xl – a)(b – xl)

π

∫ b

a

f (t)√
(t – a)(b – t)

dt

t – xl
.

2◦. By analogy with the above considerations, one can obtain an approximate solution of the general
hypersingular integral equation (2) by a collocation method solving the following system of algebraic
equations:

n∑
j=1

[
1

xi – tj
–

1
xi – tj–1

+ hK ′
x(xi, tj)

]
ϕ(tj) = f ′

x(xi), i = 1, . . . , n.

3◦. Consider the general hypersingular integral equation (2) of the first kind with the Cauchy-type
kernel on a finite interval and write this equation in the form

1
π

∫ b

a

ϕ(t)
(x – t)2

dt = f ′
x(x) –

1
π

∫ b

a

K ′
x(x, t)ϕ(t) dt, a ≤ x ≤ b. (21)

A bounded solution of equation (21) can be constructed by resolving this equation with respect to
the right-hand side, and thereby reducing it to a Fredholm equation of the second kind. Indeed,

ϕ(x) –
∫ b

a

N (x, t)ϕ(t) dt = F (x), a ≤ x ≤ b,

where

N (x, t) = –

√
(x – a)(b – x)

π2

∫ b

a

K(τ , t)√
(τ – a)(b – τ )

dτ

τ – x
,

F (x) = –

√
(x – a)(b – x)

π

∫ b

a

f (τ )√
(τ – a)(b – τ )

dτ

τ – x
.

The problem of solving Fredholm equations of the second kind is considered in detail in Chapter 13.

References for Section 14.6: N. I. Muskhelishvili (1968), A. I. Kalandia (1973), F. D. Gakhov (1977, 1990), F. D. Gakhov
and Yu. I. Cherskii (1978), S. G. Mikhlin and S. Prössdorf (1986), S. Prössdorf and B. Silbermann (1991), I. K. Lifanov
(1996), S.G. Samko (2000), G. Iovane, I. K. Lifanov, and M. A. Sumbatyan (2003), M.A. I. K. Lifanov, L. N. Poltavskii, and
G. M. Vainikko (2004).





Chapter 15

Methods for Solving Complete
Singular Integral Equations

15.1. Some Definitions and Remarks
15.1-1. Integral Equations with Cauchy Kernel.

A complete singular integral equation with Cauchy kernel has the form

a(t)ϕ(t) +
1
πi

∫
L

M (t, τ )
τ – t

ϕ(τ ) dτ = f (t), i2 = –1, (1)

where the integral, which is understood in the sense of the Cauchy principal value, is taken over a
closed or nonclosed contour L and t and τ are the complex coordinates of points of the contour. It is
assumed that the functions a(t), f (t), and M (t, τ ) given on L and the unknown function ϕ(t) satisfy
the Hölder condition (see Subsection 14.2-2), and M (t, τ ) satisfies this condition with respect to
both variables.

The integral in Eq. (1) can also be written in a frequently used equivalent form. To this end, we
consider the following transformation of the kernel:

M (t, τ )
τ – t

=
M (t, τ ) – M (t, t)

τ – t
+

M (t, t)
τ – t

, (2)

where we set

M (t, t) = b(t),
1
πi

M (t, τ ) – M (t, t)
τ – t

= K(t, τ ). (3)

In this case Eq. (1), with regard to (2) and (3), becomes

a(t)ϕ(t) +
b(t)
πi

∫
L

ϕ(τ )
τ – t

dτ +
∫

L

K(t, τ )ϕ(τ ) dτ = f (t). (4)

It follows from formulas (3) that the function b(t) satisfies the Hölder condition on the entire
contour L and K(t, τ ) satisfies the Hölder condition everywhere except for the points τ = t, at which
one has the estimate

|K(t, τ )| <
A

|τ – t|λ
, A = const < ∞, 0 ≤ λ < 1.

Naturally, Eq. (4) is also called a complete singular integral equation with Cauchy kernel. The

functions a(t) and b(t) are called the coefficients of Eq. (4),
1

τ – t
is called the Cauchy kernel, and

the known function f (t) is called the right-hand side of the equation. The first and the second terms

757
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on the left-hand side of Eq. (4) form the characteristic part or the characteristic of the complete
singular equation and the third summand is called the regular part, and the function K(t, τ ) is called
the kernel of the regular part. It follows from the above estimate for the kernel of the regular part
that K(t, τ ) is a Fredholm kernel.

For Eqs. (1) and (4) we shall use the operator notation

K[ϕ(t)] = f (t), (5)

where the operator K is called a singular operator.
The equation

K◦[ϕ(t)] ≡ a(t)ϕ(t) +
b(t)
πi

∫
L

ϕ(τ )
τ – t

dτ = f (t) (6)

is called the characteristic equation corresponding to the complete equation (4), and the operator K◦

is called the characteristic operator.
For the regular part of the equation we introduce the notation

Kr[ϕ(t)] ≡
∫

L

K(t, τ )ϕ(τ ) dτ ,

where the operator Kr is called a regular (Fredholm) operator, and we rewrite the complete singular
equation in another operator form:

K[ϕ(t)] ≡ K◦[ϕ(t)] + Kr[ϕ(t)] = f (t), (7)

which will be used in what follows.
The equation

K∗[ψ(t)] ≡ a(t)ψ(t) –
1
πi

∫
L

b(τ )ψ(τ )
τ – t

dτ +
∫

L

K(τ , t)ψ(τ ) dτ = g(t), (8)

obtained from Eq. (4) by transposing the variables in the kernel, is said to be transposed to (4). The
operator K∗ is said to be transposed to the operator K.

In particular, the equation

K◦∗[ψ(t)] ≡ a(t)ψ(t) –
1
πi

∫
L

b(τ )
τ – t

ψ(τ ) dτ = g(t) (9)

is the equation transposed to the characteristic equation (6). It should be noted that the operator K◦∗

transposed to the characteristic operator K◦ differs from the operator K∗◦ that is characteristic for
the transposed equation (9). The latter is defined by the formula

K∗◦[ψ(t)] ≡ a(t)ψ(t) –
b(t)
πi

∫
L

ψ(τ )
τ – t

dτ . (10)

Throughout the following we assume that in the general case the contour L consists of m + 1
closed smooth curves L = L0 + L1 + · · · + Lm. For equations with nonclosed contours, see, for
example, the books by F. D. Gakhov (1977, 1990) and N. I. Muskhelishvili (1992).

Remark 1. The above relationship between Eqs. (1) and (4) that involves the properties of these
equations is violated if we modify the condition and assume that in Eq. (1) the function M (t, τ )
satisfies the Hölder condition everywhere on the contour except for finitely many points at which M
has jump discontinuities. In this case, the complete singular integral equation must be represented
in the form (4) with separated characteristic and regular parts in some way that differs from the
transformation (2) and (3) because the above transformation of Eq. (1) does not lead to the desired
decomposition. For equations with discontinuous coefficients, see the cited books.
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15.1-2. Integral Equations with Hilbert Kernel.

A complete singular integral equation with Hilbert kernel has the form

a(x)ϕ(x) +
1

2π

∫ 2π

0
N (x, ξ) cot

ξ – x

2
ϕ(ξ) dξ = f (x), (11)

where the real functions a(x), f (x), and N (x, ξ) and the unknown function ϕ(x) satisfy the Hölder
condition (see Subsection 14.2-2), with the function N (x, ξ) satisfying the condition with respect to
both variables.

The integral equation (11) can also be written in the following equivalent form, which is
frequently used. We transform the kernel as follows:

N (x, ξ) cot
ξ – x

2
=
[
N (x, ξ) – N (x, x)

]
cot

ξ – x

2
+ N (x, x) cot

ξ – x

2
, (12)

where we write

N (x, x) = –b(x),
1

2π

[
N (x, ξ) – N (x, x)

]
cot

ξ – x

2
= K(x, ξ). (13)

In this case, Eq. (11) with regard to (12) and (13) becomes

a(x)ϕ(x) –
b(x)
2π

∫ 2π

0
cot

ξ – x

2
ϕ(ξ) dξ +

∫ 2π

0
K(x, ξ)ϕ(ξ) dξ = f (x). (14)

It follows from formulas (13) that the function b(x) satisfies the Hölder condition, and the ker-
nel K(x, ξ) satisfies the Hölder condition everywhere except possibly for the points x = ξ at which
the following estimate holds:

|K(x, ξ)| <
A

|ξ – x|λ
, A = const < ∞, 0 ≤ λ < 1.

The equation in the form (14) is also called a complete singular integral equation with Hilbert
kernel. The functions a(x) and b(x) are called the coefficients of Eq. (14), cot

[
1
2 (ξ – x)

]
is called the

Hilbert kernel, and the known function f (x) is called the right-hand side of the equation. The first
and second summands in Eq. (14) form the so-called characteristic part or the characteristic of the
complete singular equation, and the third summand is called its regular part; the function K(x, ξ) is
called the kernel of the regular part.

The equation

a(x)ϕ(x) –
b(x)
2π

∫ 2π

0
cot

ξ – x

2
ϕ(ξ) dξ = f (x) (15)

is called the characteristic equation corresponding to the complete equation (14).
As usual, the above and the forthcoming equations whose right-hand sides are zero everywhere

on their domains are said to be homogeneous, and otherwise they are said to be nonhomogeneous.

15.1-3. Fredholm Equations of the Second Kind on a Contour.

Fredholm theory and methods for solving Fredholm integral equations of the second kind presented
in Chapter 13 remain valid if all functions and parameters in the equations are treated as complex ones
and an interval of the real axis is replaced by a contour L. Here we present only some information
and write the Fredholm integral equation of the second kind in the form that is convenient for the
purposes of this chapter.
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Consider the Fredholm integral equation

ϕ(t) + λ

∫
L

K(t, τ )ϕ(τ ) dτ = f (t), (16)

where L is a smooth contour, t and τ are complex coordinates of its points, ϕ(t) is the desired
function, f (t) is the right-hand side of the equation, and K(t, τ ) is the kernel.

If for some λ, the homogeneous Fredholm equation has a nontrivial solution (or nontrivial
solutions), then λ is called a characteristic value, and the nontrivial solutions themselves are called
eigenfunctions of the kernel K(t, τ ) or of Eq. (16).

The set of characteristic values of Eq. (16) is at most countable. If this set is infinite, then its
only limit point is the point at infinity. To each characteristic value, there are corresponding finitely
many linearly independent eigenfunctions. The set of characteristic values of an integral equation
is called its spectrum. The spectrum of a Fredholm integral equation is a discrete set.

If λ does not coincide with any characteristic value (in this case the value λ is said to be regular),
i.e., the homogeneous equation has only the trivial solution, then the nonhomogeneous equation (16)
is solvable for any right-hand side f (t).

The general solution is given by the formula

ϕ(t) = f (t) –
∫

L

R(t, τ ; λ)f (τ ) dτ , (17)

where the function R(t, τ ; λ) is called the resolvent of the equation or the resolvent of the kernel
K(t, τ ) and can be expressed via K(t, τ ).

If a value of the parameter λ is characteristic for Eq. (16), then the homogeneous integral
equation

ϕ(t) + λ

∫
L

K(t, τ )ϕ(τ ) dτ = 0, (18)

as well as the transposed homogeneous equation

ψ(t) + λ

∫
L

K(τ , t)ϕ(τ ) dτ = 0, (19)

has nontrivial solutions, and the number of solutions of Eq. (18) is finite and is equal to the number
of linearly independent solutions of Eq. (19).

The general solution of the homogeneous equation can be represented in the form

ϕ(t) =
n∑

k=1

Ckϕk(t), (20)

where ϕ1(t), . . . , ϕn(t) is a (complete) finite set of linearly independent eigenfunctions that corre-
spond to the characteristic value λ, and Ck are arbitrary constants.

If the homogeneous equation (18) is solvable, then the nonhomogeneous equation (16) is, in
general, unsolvable. This equation is solvable if and only if the following conditions hold:∫

L

f (t)ψk(t) dt = 0, (21)

where {ψk(t)} (k = 1, . . . , n) is a (complete) finite set of linearly independent eigenfunctions of the
transposed equation that correspond to the characteristic value λ.



15.2. CARLEMAN METHOD FOR CHARACTERISTIC EQUATIONS 761

If conditions (21) are satisfied, then the general solution of the nonhomogeneous equation (16)
can be given by the formula (e.g., see Subsection 15.6-5)

ϕ(t) = f (t) –
∫

L

Rg(t, τ ; λ)f (τ ) dτ +
n∑

k=1

Ckϕk(t), (22)

where Rg(t, τ ; λ) is called the generalized resolvent and the sum on the right-hand side of (22) is
the general solution of the corresponding homogeneous equation.

Now we consider an equation of the second kind with weak singularity on the contour:

ϕ(t) +
∫

L

M (t, τ )
|τ – t|α

ϕ(τ ) dτ = f (t), (23)

where M (t, τ ) is a continuous function and 0 < α < 1. By iterating we can reduce this equation
to a Fredholm integral equation of the second kind (e.g., see Remark 1 in Section 13.3). It has all
properties of a Fredholm equation.

For the above reasons, in the theory of singular integral equations it is customary to make no
difference between Fredholm equations and equations with weak singularity and use for them the
same notation

ϕ(t) + λ

∫
L

K(t, τ )ϕ(τ ) dτ = 0, K(t, τ ) =
M (t, τ )
|τ – t|α

, 0 ≤ α < 1. (24)

The integral equation (24) is called simply a Fredholm equation, and its kernel is called a Fredholm
kernel.

If in Eq. (24) the known functions satisfy the Hölder condition, and M (t, τ ) satisfies this
condition with respect to both variables, then each bounded integrable solution of Eq. (24) also
satisfies the Hölder condition.

Remark 2. By the above estimates, the kernels of the regular parts of the above singular integral
equations are Fredholm kernels.

Remark 3. The complete and characteristic singular integral equations are sometimes called
singular integral equations of the second kind.

References for Section 15.1: F. D. Gakhov (1977, 1990), F. G. Tricomi (1985), S. G. Mikhlin and S. Prössdorf (1986),
A. Dzhuraev (1992), N. I. Muskhelishvili (1992), I. K. Lifanov (1996), R. Estrada and R. P. Kanwal (1999), E. G. Ladopoulos
(2000).

15.2. Carleman Method for Characteristic Equations

15.2-1. Characteristic Equation with Cauchy Kernel.

Consider a characteristic equation with Cauchy kernel:

K◦[ϕ(t)] ≡ a(t)ϕ(t) +
b(t)
πi

∫
L

ϕ(τ )
τ – t

dτ = f (t), (1)

where the contour L consists of m + 1 closed smooth curves L = L0 + L1 + · · · + Lm.
Solving Eq. (1) can be reduced to solving a Riemann boundary value problem (see Subsec-

tion 14.3-10), and the solution of the equation can be presented in a closed form.
Let us introduce the piecewise analytic function given by the Cauchy integral whose density is

the desired solution of the characteristic equation:

Φ(z) =
1

2πi

∫
L

ϕ(τ )
τ – z

dτ . (2)
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According to the Sokhotski–Plemelj formulas (see Subsection 14.2-5), we have

ϕ(t) = Φ
+(t) – Φ

–(t),

1
πi

∫
L

ϕ(τ )
τ – z

dτ = Φ
+(t) + Φ

–(t).
(3)

On substituting (3) into (1) and solving the resultant equation for Φ
+(t), we see that the piecewise

analytic function Φ(z) must be a solution of the Riemann boundary value problem

Φ
+(t) = D(t)Φ–(t) + H(t), (4)

where

D(t) =
a(t) – b(t)
a(t) + b(t)

, H(t) =
f (t)

a(t) + b(t)
. (5)

Since the function Φ(z) is represented by a Cauchy type integral, it follows that this function must
satisfy the additional condition

Φ
–(∞) = 0. (6)

The index ν of the coefficient D(t) of the Riemann problem (4) is called the index of the integral
equation (1). On solving the boundary value problem (4), we find the solution of Eq. (1) by the first
formula in (3).

Thus, the integral equation (1) is reduced to the Riemann boundary value problem (4). To
establish the equivalence of the equation to the boundary value problem we note that, conversely,
the function ϕ(t) that is found by the above-mentioned method from the solution of the boundary
value problem necessarily satisfies Eq. (1).

We first consider the following normal (nonexceptional) case in which the coefficient D(t) of
the Riemann problem (4) admits no zero or infinite values, which amounts to the condition

a(t) ± b(t) ≠ 0 (7)

for Eq. (1). To simplify the subsequent formulas, we assume that the coefficients of Eq. (1) satisfy
the condition

a2(t) – b2(t) = 1. (8)

This can always be achieved by dividing the equation by
√

a2(t) – b2(t).
Let us write out the solution of the Riemann boundary value problem (4) under the assumption

ν ≥ 0 and then use the Sokhotski–Plemelj formulas to find the limit values of the corresponding
functions (see Subsections 14.2-5, 14.3-6, and 14.3-10):

Φ
+(t) = X+(t)

[
1
2

H(t)
X+(t)

+Ψ(t)–
1
2

Pν–1(t)

]
, Φ

–(t) = X–(t)

[
–

1
2

H(t)
X+(t)

+Ψ(t)–
1
2

Pν–1(t)

]
, (9)

where

Ψ(t) =
1

2πi

∫
L

H(τ )
X+(τ )

dτ

τ – t
. (10)

The arbitrary polynomial is taken in the form – 1
2 Pν–1(t), which is convenient for the subsequent

notation.
Hence, by formula (3) we have

ϕ(t) =
1
2

[
1 +

X–(t)
X+(t)

]
H(t) + X+(t)

[
1 –

X–(t)
X+(t)

][
Ψ(t) –

1
2
Pν–1(t)

]
.
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Representing the coefficient of the Riemann problem in the form D(t) = X+(t)/X–(t) and replacing
the function Ψ(t) by the expression on the right-hand side in (10), we obtain

ϕ(t) =
1
2

[
1 +

1
D(t)

]
H(t) + X+(t)

[
1 –

1
D(t)

][
1

2πi

∫
L

H(τ )
X+(τ )

dτ

τ – t
–

1
2

Pν–1(t)

]
.

Finally, on replacing X+(t) by the expression (62) in Subsection 14.3-10 and substituting the
expressions for D(t) and H(t) given in (5), we obtain

ϕ(t) = a(t)f (t) –
b(t)Z(t)

πi

∫
L

f (τ )
Z(τ )

dτ

τ – t
+ b(t)Z(t)Pν–1(t), (11)

where

Z(t) = [a(t) + b(t)]X+(t) = [a(t) – b(t)]X–(t) =
eG(t)

√
tνΠ(t)

,

G(t) =
1

2πi

∫
L

ln

[
τ–ν

Π(τ )
a(τ ) – b(τ )
a(τ ) + b(τ )

]
dτ

τ – t
, Π(t) =

m∑
k=1

(t – zk)νk ,
(12)

and the coefficients a(t) and b(t) satisfy condition (7). Here Π(t) ≡ 1 for the case in which L is a
simple contour enclosing a simply connected domain. Since the functions a(t), b(t), and f (t) satisfy
the Hölder condition, it follows from the properties of the limit values of the Cauchy type integral
that the function ϕ(t) also satisfies the Hölder condition.

The last term in formula (11) is the general solution of the homogeneous equation (f (t) ≡ 0),
and the first two terms form a particular solution of the nonhomogeneous equation.

The particular solution of Eq. (1) can be represented in the form R[f (t)], where R is the operator
defined by

R[f (t)] = a(t)f (t) –
b(t)Z(t)

πi

∫
L

f (τ )
Z(τ )

dτ

τ – t
.

In this case, the general solution of Eq. (1) becomes

ϕ(t) = R[f (t)] +
ν∑

k=1

ckϕk(t), (13)

where ϕk(t) = b(t)Z(t)tk–1 (k = 1, 2, . . . , ν) are the linearly independent eigenfunctions of the
characteristic equation.

If ν < 0, then the Riemann problem (4) is in general unsolvable. The solvability conditions∫
L

H(τ )
X+(τ )

τk–1 dτ = 0, k = 1, 2, . . . , –ν, (14)

for problem (4) are the solvability conditions for Eq. (1) as well.
Replacing H(τ ) and X+(τ ) by their expressions from (5) and (12), we can rewrite the solvability

conditions in the form ∫
L

f (τ )
Z(τ )

τk–1 dτ = 0, k = 1, 2, . . . , –ν. (15)

If the solvability conditions hold, then the solution of the nonhomogeneous equation (4) is given
by formula (11) for Pν–1 ≡ 0.

1.◦ If ν > 0, then the homogeneous equation K◦[ϕ(t)] = 0 has ν linearly independent solutions

ϕk(t) = b(t)Z(t)tk–1, k = 1, 2, . . . , ν.

2.◦ If ν ≤ 0, then the homogeneous equation is unsolvable (has only the trivial solution).
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3.◦ If ν ≥ 0, then the nonhomogeneous equation is solvable for an arbitrary right-hand side f (t),
and its general solution linearly depends on ν arbitrary constants.

4.◦ If ν < 0, then the nonhomogeneous equation is solvable if and only if its right-hand side f
satisfies the –ν conditions, ∫

L

ψk(t)f (t) dt = 0, ψk(t) =
tk–1

Z(t)
. (16)

The above properties of characteristic singular integral equations are essentially different from
the properties of Fredholm integral equations (see Subsection 15.1-3). With Fredholm equations, if
the homogeneous equation is solvable, then the nonhomogeneous equation is in general unsolvable,
and conversely, if the homogeneous equation is unsolvable, then the nonhomogeneous equation
is solvable. However, for a singular equation, if the homogeneous equation is solvable, then
the nonhomogeneous equation is unconditionally solvable, and if the homogeneous equation is
unsolvable, then the nonhomogeneous equation is in general unsolvable as well.

By analogy with the case of Fredholm equations, we introduce a parameter λ into the kernel of
the characteristic equation and consider the equation

a(t)ϕ(t) +
λb(t)
πi

∫
L

ϕ(τ )
τ – t

dτ = 0.

As shown above, the last equation is solvable if

ν = Ind
a(t) – λb(t)
a(t) + λb(t)

> 0.

The index of a continuous function changes by jumps and only for the values of λ such that
a(t)∓λb(t) = 0. If in the complex plane λ = λ1 + iλ2 we draw the curves λ = ±a(t)/b(t), then these
curves divide the plane into domains in each of which the index is constant. Thus, the characteristic
values of the characteristic integral equation occupy entire domains, and hence the spectrum is
continuous, in contrast with the spectrum of a Fredholm equation.

15.2-2. Transposed Equation of a Characteristic Equation.

The equation

K◦∗[ψ(t)] ≡ a(t)ψ(t) –
1
πi

∫
L

b(τ )ψ(τ )
τ – t

dτ = g(t), (17)

which is transposed to the characteristic equation K◦[ϕ(t)] = f (t), is not characteristic. However,
the substitution

b(t)ψ(t) = ω(t) (18)

reduces it to a characteristic equation for the function ω(t):

a(t)ω(t) –
b(t)
πi

∫
L

ω(τ )
τ – t

dτ = b(t)g(t). (19)

From the last equation we find ω(t), by the formula obtained by adding (17) to (18), and
determine the desired function ψ(t):

ψ(t) =
1

a(t) + b(t)

[
ω(t) +

1
πi

∫
L

ω(τ )
τ – t

dτ + g(t)

]
.
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Introducing the piecewise analytic function

Φ∗(z) =
1

2πi

∫
L

ω(τ )
τ – z

dτ , (20)

we arrive at the Riemann boundary value problem

Φ
+
∗(t) =

a(t) + b(t)
a(t) – b(t)

Φ
–
∗(t) +

b(t)g(t)
a(t) – b(t)

. (21)

The coefficient of the boundary value problem (21) is the inverse of the coefficient of the Riemann
problem (4) corresponding to the equation K◦[ϕ(t)] = f (t). Hence,

ν∗ = Ind
a(t) + b(t)
a(t) – b(t)

= – Ind
a(t) – b(t)
a(t) + b(t)

= –ν. (22)

Note that it follows from formulas (17) in Subsection 14.3-4 that the canonical function X∗(z) for
Eq. (21) and the canonical function X(z) for (4) are reciprocal:

X∗(z) =
1

X(z)
.

By analogy with the reasoning in Subsection 15.2-1, we obtain a solution of the singular integral
equation (17) for ν∗ = –ν ≥ 0 in the form

ψ(t) = a(t)g(t) +
1

πiZ(t)

∫
L

b(τ )Z(τ )g(τ )
τ – t

dτ +
1

Z(t)
Qν∗–1(t), (23)

where Z(t) is given by formula (12) and Qν∗–1(t) is a polynomial of degree at most ν∗ – 1 with
arbitrary coefficients. If ν∗ = 0, then we must set Qν∗–1(t) ≡ 0.

If ν∗ = –ν < 0, then for the solvability of Eq. (17) it is necessary and sufficient that∫
L

b(t)Z(t)g(t)tk–1 dt = 0, k = 1, 2, . . . , –ν∗, (24)

and if these conditions hold, then the solution is given by formula (23), where we must set
Qν∗–1(t) ≡ 0.

The results of simultaneous investigation of a characteristic equation and the transposed equation
show another essential difference from the properties of Fredholm equations (see Subsection 15.1-3).
Transposed homogeneous characteristic equations cannot be solvable simultaneously. Either they
are both unsolvable (ν = 0), or, for a nonzero index, only the equation with a positive index is
solvable.

We point out that the difference between the numbers of solutions of a characteristic homoge-
neous equation and the transposed equation is equal to the index ν.

Assertions 1◦ and 2◦ and assertions 3◦ and 4◦ in Subsection 15.2-1 are called, respectively,
the first Fredholm theorem and the second Fredholm theorem for a characteristic equation, and the
relationship between the index of an equation and the number of solutions of the homogeneous
equations K◦[ϕ(t)] = 0 and K◦∗[ψ(t)] = 0 is called the third Fredholm theorem.

15.2-3. Characteristic Equation on the Real Axis.

The theory of the Cauchy type integral (see Section 14.2) shows that if the density of the Cauchy
type integral taken over an infinite curve vanishes at infinity, then the properties of the integral for
the cases in which the contour is finite and infinite are essentially the same. Therefore, the theory
of singular integral equations on an infinite contour in the class of functions that vanish at infinity
coincides with the theory of equations on a finite contour.
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Just as for the case of a finite contour, the characteristic integral equation

a(x)ϕ(x) +
b(x)
πi

∫ ∞

–∞

ϕ(τ )
τ – x

dτ = f (x) (25)

can be reduced by means of the Cauchy type integral

Φ(z) =
1

2πi

∫ ∞

–∞

ϕ(τ )
τ – z

dτ (26)

and the Sokhotski–Plemelj formulas (see Subsection 14.2-5), to the following Riemann boundary
value problem for the real axis (see Subsection 14.3-8):

Φ
+(x) =

a(x) – b(x)
a(x) + b(x)

Φ
–(x) +

f (x)
a(x) + b(x)

, –∞ < x < ∞. (27)

We assume that
a2(x) – b2(x) = 1, (28)

because Eq. (25) can always be reduced to case (28) by the division by
√

a2(t) – b2(t). Note that the
index ν of the integral equation (25) is given by the formula

ν = Ind
a(x) – b(x)
a(x) + b(x)

. (29)

In this case for ν ≥ 0 we obtain

ϕ(x) = a(x)f (x) –
b(x)Z(x)

πi

∫ ∞

–∞

f (τ )
Z(τ )

dτ

τ – x
+ b(x)Z(x)

Pν–1(x)
(x + i)ν

, (30)

where

Z(x) = [a(x) + b(x)]X+(x) = [a(x) – b(x)]X–(x) =

(
x – i

x + i

)–ν/2

eG(x),

G(x) =
1

2πi

∫ ∞

–∞
ln

[(
τ – i

τ + i

)–ν
a(τ ) – b(τ )
a(τ ) + b(τ )

]
dτ

τ – x
.

For the case in which ν ≤ 0 we must set Pν–1(x) ≡ 0. For ν < 0, we must also impose the solvability
conditions ∫ ∞

–∞

f (x)
Z(x)

dx

(x + i)k
= 0, k = 1, 2, . . . , –ν. (31)

For the solution of Eq. (25) in the class of functions bounded at infinity, see F. D. Gakhov (1977,
1990).

The analog of the characteristic equation on the real axis is the equation of the form

a(x)ϕ(x) +
b(x)
πi

∫ ∞

–∞

x – z0

τ – z0

ϕ(τ )
τ – x

dτ = f (x), (32)

where z0 is a point that does not belong to the contour. For this equation, all qualitative results
obtained for the characteristic equation with finite contour are still valid together with the formulas.
In particular, the following inversion formulas for the Cauchy type integral hold:

ψ(x) =
1
πi

∫ ∞

–∞

x – z0

τ – z0

ϕ(τ )
τ – x

dτ , ϕ(x) =
1
πi

∫ ∞

–∞

x – z0

τ – z0

ψ(τ )
τ – x

dτ . (33)
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15.2-4. Exceptional Case of a Characteristic Equation.

In the study of the characteristic equation in Subsection 15.2-1, the case in which the functions
a(t) ± b(t) can vanish on the contour L was excluded. The reason was that the coefficient D(t) of
the Riemann problem to which the characteristic equation can be reduced has in the exceptional
case zeros and poles on the contour, and hence this problem is outside the framework of the general
theory. Let us perform an investigation of the above exceptional case.

We assume that the coefficients of the singular equations under consideration have properties
that provide the additional differentiability requirements that were introduced in the consideration
of exceptional cases of the Riemann problem (see 14.3-9).

Consider a characteristic equation with Cauchy kernel (1) under the assumption that the functions
a(t)–b(t) and a(t)+b(t) have zeros on the contour at the points α1, . . . , αµ and β1 . . . , βη, respectively,
of integral orders, and hence are representable in the form

a(t) – b(t) =
µ∏

k=1

(t – αk)mkr(t), a(t) + b(t) =
η∏

j=1

(t – βj)pj s(t),

where r(t) and s(t) vanish nowhere. We assume that all points αk and βj are different.
Assume that the coefficients of Eq. (1) satisfy the relation

a2(t) – b2(t) =
µ∏

k=1

(t – αk)mk

η∏
j=1

(t – βj)pj = A0(t). (34)

The equation under consideration can be reduced to the above case by dividing it by
√

s(t)r(t).
In the exceptional case, by analogy with the case studied in Subsection 15.2-1, Eq. (1) can be

reduced to the Riemann problem

Φ
+(t) =

µ∏
k=1

(t – αk)mk

η∏
j=1

(t – βj)pj

D1(t)Φ–(t) +
f (t)

η∏
j=1

(t – βj)pj s(t)

, (35)

where D1(t) = r(t)/s(t). The solution of this problem in the class of functions that satisfy the
condition Φ(∞) = 0 is given by the formulas

Φ
+(z) =

X+(z)
η∏

j=1

(z – βj)pj

[Ψ+(z) – Uρ(z) + A0(z)Pν–p–1(z)],

Φ
–(z) =

X–(z)
µ∏

k=1

(z – αk)mk

[Ψ–(z) – Uρ(z) + A0(z)Pν–p–1(z)],

(36)

where

Ψ(z) =
1

2πi

∫
L

f (τ )
s(τ )X+(τ )

dτ

τ – z
, (37)

and Uρ(z) is the Hermite interpolation polynomial (see Subsection 14.3-2) for the function Ψ(z)
of degree ρ = m + p – 1 with nodes at the points αk and βj , respectively, and of the multiplicities
mk and pj , respectively, where m =

∑
mk and p =

∑
pj .
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We regard the polynomial Uρ(z) as an operator that maps the right-hand side f (t) of Eq. (1) to
the polynomial that interpolates the Cauchy type integral (37) as above. Let us denote this operator
by

1
2 T[f (t)] = Uρ(z). (38)

Here the coefficient 1
2 is taken for the convenience of the subsequent manipulations.

Furthermore, by analogy with the normal case, from (36) we can find

Φ
+(t) =

X+(t)
η∏

j=1

(t – βj)pj

[
1
2

f (t)
s(t)X+(t)

+
1

2πi

∫
L

f (τ )
s(τ )X+(τ )

dτ

τ – t
–

1
2

T[f (t)] –
1
2

A0(t)Pν–p–1(t)

]
,

Φ
–(t) =

X–(t)
µ∏

k=1

(t – αk)mk

[
–

1
2

f (t)
s(t)X+(t)

+
1

2πi

∫
L

f (τ )
s(τ )X+(τ )

dτ

τ – t
–

1
2

T[f (t)] –
1
2

A0(t)Pν–p–1(t)

]
.

We introduced the coefficient – 1
2 in the last summands of these formulas using the fact that the

coefficients of the polynomial Pν–p–1(t) are arbitrary. Hence,

ϕ(t) = Φ
+(t)–Φ

–(t) =
∆1(t)f (t)
s(t)X+(t)

+∆2(t)

[
1
πi

∫
L

f (τ ) dτ

s(τ )X+(τ )(τ – t)
–T[f (t)]–A0(t)Pν–p–1(t)

]
, (39)

where

∆1(t) =
X+(t)

2
η∏

j=1

(t – βj)pj

+
X–(t)

2
µ∏

k=1

(t – αk)mk

, ∆2(t) =
X+(t)

2
η∏

j=1

(t – βj)pj

–
X–(t)

2
µ∏

k=1

(t – αk)mk

.

We write
Z(t) = s(t)X+(t) = r(t)X–(t), (40)

and, applying relation (34), represent formula (39) as follows:

ϕ(t) =
1

A0(t)

[
a(t)f (t) –

b(t)Z(t)
πi

∫
L

f (τ )
Z(τ )

dτ

τ – t
+ b(t)Z(t)T[f (t)]

]
+ b(t)Z(t)Pν–p–1(t).

Let us introduce the operator R1[f (t)] by the formula

R1[f (t)] ≡
1

A0(t)

[
a(t)f (t) –

b(t)Z(t)
πi

∫
L

f (τ )
Z(τ )

dτ

τ – t
+ b(t)Z(t)T[f (t)]

]
, (41)

and finally obtain
ϕ(t) = R1[f (t)] + b(t)Z(t)Pν–p–1(t). (42)

Formula (42) gives a solution of Eq. (1) for the exceptional case in which ν – p > 0. This
solution linearly depends on ν –p arbitrary constants. If ν –p < 0, then the solution exists only under
p – ν special solvability conditions imposed on f (t), which follow from the solvability conditions
for the Riemann problem (35) corresponding to this case.
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15.2-5. Characteristic Equation with Hilbert Kernel.

Consider the characteristic equation with Hilbert kernel

a(x)ϕ(x) –
b(x)
2π

∫ 2π

0
cot

ξ – x

2
ϕ(ξ) dξ = f (x). (43)

Just as the characteristic integral equation with Cauchy kernel is related to the Riemann boundary
value problem, so the characteristic equation (43) with Hilbert kernel can be analytically reduced to
a Hilbert problem in a straightforward manner. In turn, the Hilbert problem can be reduced to the
Riemann problem (see Subsection 14.3-12), and hence the solution of Eq. (43) can be constructed
in a closed form.

For ν > 0, the homogeneous equation (43) (f (x) ≡ 0) has 2ν linearly independent solutions, and
the nonhomogeneous problem is unconditionally solvable and linearly depends on 2ν real constants.

For ν < 0, the homogeneous equation is unsolvable, and the nonhomogeneous equation is
solvable only under –2ν real solvability conditions.

Taking into account the fact that any complex parameter contains two real parameters, and
a complex solvability condition is equivalent to two real conditions, we see that, for ν ≠ 0, the
qualitative results of investigating the characteristic equation with Hilbert kernel completely agree
with the corresponding results for the characteristic equation with Cauchy kernel.

15.2-6. Tricomi Equation.

The singular integral Tricomi equation has the form

ϕ(x) – λ

∫ 1

0

(
1

ξ – x
–

1
x + ξ – 2xξ

)
ϕ(ξ) dξ = f (x), 0 ≤ x ≤ 1. (44)

The kernel of this equation consists of two terms. The first term is the Cauchy kernel. The second
term is continuous if at least one of the variables x and ξ varies strictly inside the interval [0, 1];
however, for x = ξ = 0 and for x = ξ = 1, this kernel becomes infinite and is nonintegrable in the
square {0 ≤ x ≤ 1, 0 ≤ ξ ≤ 1}.

By using the function

Φ(z) =
1

2πi

∫ 1

0

(
1

ξ – z
–

1
z + ξ – 2zξ

)
ϕ(ξ) dξ,

which is piecewise analytic in the upper and the lower half-plane, we can reduce Eq. (44) to the
Riemann problem with boundary condition on the real axis. The solution of the Tricomi equation
has the form

y(x) =
1

1 + λ2π2

[
f (x) +

∫ 1

0

ξα(1 – x)α

xα(1 – ξ)α

(
1

ξ – x
–

1
x + ξ – 2xξ

)
f (ξ) dξ

]
+

C(1 – x)β

x1+β
,

α =
2
π

arctan(λπ) (–1 < α < 1), tan
βπ

2
= λπ (–2 < β < 0),

where C is an arbitrary constant.

References for Section 15.2: P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. D. Gakhov (1977, 1990), F. G. Tricomi
(1985), N. I. Muskhelishvili (1992).
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15.3. Complete Singular Integral Equations Solvable
in a Closed Form

In contrast with characteristic equations and their transposed equations, complete singular integral
equations cannot be solved in the closed form in general. However, there are some cases in which
complete equations can be solved in a closed form.

15.3-1. Closed-Form Solutions in the Case of Constant Coefficients.

Consider the complete singular integral equation with Cauchy kernel in the form (see Subsec-
tion 15.1-1)

a(t)ϕ(t) +
b(t)
πi

∫
L

ϕ(τ )
τ – t

dτ +
∫

L

K(t, τ )ϕ(τ ) dτ = f (t), (1)

where L is an arbitrary closed contour. Let us show that Eq. (1) can be solved in a closed form if
a(t) = a and b(t) = b are constants and K(t, τ ) is an arbitrary function that has an analytic continuation
to the domain Ω

+ with respect to each variable.
Under the above assumptions, Eq. (1) has the form

aϕ(t) +
1
πi

∫
L

M (t, τ )
τ – t

ϕ(τ ) dτ = f (t), (2)

where M (t, τ ) = b + πi(t – τ )K(t, τ ), so that M (t, t) = b = const. Let b ≠ 0. We write

ψ(t) =
1

bπi

∫
L

M (t, τ )
τ – t

ϕ(τ ) dτ . (3)

According to Subsection 14.4-4, the function ϕ(t) can be expressed via ψ(t) and ψ(t) can be
expressed via ϕ(t). Then we rewrite Eq. (2) as follows:

aϕ(t) + bψ(t) = f (t). (4)

On applying the operation (3) to this equation, we obtain

aψ(t) + bϕ(t) = w(t), (5)

where

w(t) =
1

bπi

∫
L

M (t, τ )
τ – t

f (τ ) dτ .

By solving system (4), (5) we find ϕ(t):

ϕ(t) =
1

a2 – b2

[
af (t) –

1
πi

∫
L

M (t, τ )
τ – t

f (τ ) dτ

]
(6)

under the assumption that a ≠ ±b.
Thus, for a ≠ ±b and for a kernel K(t, τ ) that can be analytically continued, Eq. (1) or (2) is

solvable and has the unique solution given by formula (6).
Equation (1) was studied above for b ≠ 0. This assumption is natural because, for b ≡ 0, Eq. (1)

is no longer singular. However, the Fredholm equation obtained for b = 0, that is,

aϕ(t) +
∫

L

K(t, τ )ϕ(τ ) dτ = f (t), a = const, (7)

is solvable in a closed form for a kernel K(t, τ ) that has analytic continuation.
Let a function K(t, τ ) have an analytic continuation to the domain Ω

+ with respect to each of
the variables and continuous for t, τ ∈ L. In this case, the following assertions hold.
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1◦. The function

Φ
+(t) =

∫
L

K(t, τ )ϕ(τ ) dτ

has an analytic continuation to the domain Ω
+ for any function ϕ(t) satisfying the Hölder condition.

2◦. If a function ϕ+(t) satisfying the Hölder condition has an analytic continuation to the domain Ω
+,

then ∫
L

K(t, τ )ϕ+(τ ) dτ = 0. (8)

This implies the relation ∫
L

K(t, τ )
∫

L

K(τ , τ1)ϕ(τ1) dτ1 dτ = 0 (9)

for each function ϕ(t) (satisfying the Hölder condition). Therefore, it follows from (7) that

a

∫
L

K(t, τ )ϕ(τ ) dτ =
∫

L

K(t, τ )f (τ ) dτ ,

and hence

ϕ(t) =
1
a2

[
af (t) –

∫
L

K(t, τ )f (τ ) dτ

]
. (10)

Therefore, if a kernel K(t, τ ) is analytic in the domain Ω
+ with respect to each of the variables

and continuous for t, τ ∈ L, then Eq. (7) is solvable for each right-hand side, and the solution is
given by formula (10).

15.3-2. Closed-Form Solutions in the General Case.

Let us pass to the general case of the solvability of Eq. (1) in a closed form under the condition that
a function K(t, τ )[a(t) + b(t)]–1 is analytic with respect to τ and meromorphic with respect to t in
the domain Ω

+.
For brevity, we write

Kr[ϕ(t)] =
∫

L

K(t, τ )ϕ(τ ) dτ

and note that
Kr[ϕ+(t)] = 0 (11)

for each function ϕ+(t) that has an analytic continuation to the domain Ω
+. By setting ϕ(t) =

ϕ+(t) – ϕ–(t) and with regard to (11), we reduce Eq. (1) to a relation similar to that of the Riemann
problem:

ϕ+(t) –
1

a(t) + b(t)
Kr[ϕ

–(t)] = D(t)ϕ–(t) + H(t), (12)

where

D(t) =
a(t) – b(t)
a(t) + b(t)

, H(t) =
f (t)

a(t) + b(t)
.

By assumption, we have

K(t, τ )
a(t) + b(t)

=
A+(t, τ )
Π+(t)

, Π
+(t) =

n∏
k=1

(t – zk)mk , (13)

where zk ∈ Ω
+ and mk are positive integers and the function A+(t, τ ) is analytic with respect to t

and with respect to τ on Ω
+.
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Relation (12) becomes

Π
+(t)ϕ+(t) + A+[ϕ–(t)] = Π

+(t)[D(t)ϕ–(t) + H(t)], (14)

where A+ is the integral operator with kernel A+(t, τ ). Since the function A+[ϕ–(t)] is analytic
on Ω

+, it follows that the last relation is an ordinary Riemann problem for which the functions
Π

+(t)ϕ+(t) + A+[ϕ–(t)] and ϕ–(t) can be defined in a closed form, and hence the same holds for ϕ(t).
Namely, let us rewrite the function D(t) in the form D(t) = X+(t)/X–(t), where X±(z) is the
canonical function of the Riemann problem, and reduce relation (14) to the form in which the
generalized Liouville theorem can be applied (see Subsection 14.3-1). We arrive at a polynomial

of degree at most ν – 1 +
n∑

k=1
mk with arbitrary coefficients (for the case in which ν +

n∑
k=1

mk > 0).

However, the presence of the factor Π
+(t) (on ϕ+(t)), which vanishes in Ω

+ with total order of zeros
n∑

k=1
mk, clearly reduces the number of arbitrary constants in the general solution.

Remark 1. Following the lines of the discussion in Subsection 15.3-2 we can treat the case in
which the kernel K(t, τ ) is meromorphic with respect to τ as well. In this case, Eq. (1) can be
reduced to a Riemann problem of the type (12) and a linear algebraic system.

Remark 2. The solutions of a complete singular integral equation that are constructed in Sec-
tion 15.3 can be applied for the case in which the contour L is a collection of finitely many disjoint
smooth closed contours.

Example 1. Consider the equation

λϕ(t) +
1

πi

∫
L

cos(τ – t)

τ – t
ϕ(τ ) dτ = f (t), (15)

where L is an arbitrary closed contour.
Note that the function M (t, τ ) = cos(τ – t) has the property M (t, t) ≡ 1. Therefore, it remains to apply formula (6), and

thus for (15) we have

ϕ(t) =
1

λ2 – 1

[
λf (t) –

1

πi

∫
L

cos(τ – t)

τ – t
f (τ ) dτ

]
, λ ≠ ±1.

Example 2. Consider the equation

λϕ(t) +
1

πi

∫
L

sin(τ – t)

(τ – t)2
ϕ(τ ) dτ = f (t), (16)

where L is an arbitrary closed contour.
The function M (t, τ ) = sin(τ – t)/(τ – t) has the property M (t, t) ≡ 1. Therefore, applying formula (6), for (16) we

obtain

ϕ(t) =
1

λ2 – 1

[
λf (t) –

1

πi

∫
L

sin(τ – t)

(τ – t)2
f (τ ) dτ

]
, λ ≠ ±1.

Reference for Section 15.3: F. D. Gakhov (1977, 1990).

15.4. Regularization Method for Complete Singular
Integral Equations

15.4-1. Certain Properties of Singular Operators.

Let K1 and K2 be singular operators,

K1[ϕ(t)] ≡ a1(t)ϕ(t) +
1
πi

∫
L

M1(t, τ )
τ – t

ϕ(τ ) dτ , (1)

K2[ω(t)] ≡ a2(t)ω(t) +
1
πi

∫
L

M2(t, τ )
τ – t

ω(τ ) dτ . (2)

The operator K = K2K1 defined by the formula K[ϕ(t)] = K2
[
K1[ϕ(t)]

]
is called the composition

or the product of the operators K1 and K2.
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Let us form the expression for the operator K,

K[ϕ(t)] = K2K1[ϕ(t)] ≡ a2(t)

[
a1(t)ϕ(t) +

1
πi

∫
L

M1(t, τ )
τ – t

ϕ(τ ) dτ

]
+

1
πi

∫
L

M2(t, τ )
τ – t

[
a1(τ )ϕ(τ ) +

1
πi

∫
L

M1(τ , τ1)
τ1 – τ

ϕ(τ1) dτ1

]
dτ , (3)

and select its characteristic part. To this end, we perform the following manipulations:∫
L

M1(t, τ )

τ – t
ϕ(τ ) dτ = M1(t, t)

∫
L

ϕ(τ )

τ – t
dτ +

∫
L

M1(t, τ ) – M1(t, t)

τ – t
ϕ(τ ) dτ ,∫

L

a1(τ )M2(t, τ )

τ – t
ϕ(τ ) dτ = a1(t)M2(t, t)

∫
L

ϕ(τ )

τ – t
dτ +

∫
L

a1(τ )M2(t, τ ) – a1(t)M2(t, t)

τ – t
ϕ(τ ) dτ ,∫

L

M2(t, τ )

τ – t
dτ

∫
L

M1(τ , τ1)

τ1 – τ
ϕ(τ1) dτ1 = –π2M2(t, t)M1(t, t)ϕ(t) +

∫
L

ϕ(τ1) dτ1

∫
L

M2(t, τ )M1(τ , τ1)

(τ1 – τ )(τ – t)
dτ .

(4)

Here we applied the Poincaré–Bertrand formula (see Subsection 14.2-6). We can see that all kernels
of the integrals of the last summands on the right-hand sides in (4) are Fredholm kernels.

We write
M1(t, t) = b1(t), M2(t, t) = b2(t) (5)

and see that the characteristic operator K◦ of the composition (product) K of two singular operators
K1 and K2 can be expressed by the formula

K◦[ϕ(t)] = (K2K1)◦[ϕ(t)] = [a2(t)a1(t) + b2(t)b1(t)]ϕ(t) +
a2(t)b1(t) + b2(t)a1(t)

πi

∫
L

ϕ(τ )
τ – t

dτ . (6)

Let us write out the operator K1 and K2 in the form (3) with explicitly expressed characteristic
parts:

K1[ϕ(t)] ≡ a1(t)ϕ(t) +
b1(t)
πi

∫
L

ϕ(τ )
τ – t

dτ +
∫

L

K1(t, τ )ϕ(τ ) dτ , (7)

K2[ω(t)] ≡ a2(t)ω(t) +
b2(t)
πi

∫
L

ω(τ )
τ – t

dτ +
∫

L

K2(t, τ )ω(τ ) dτ . (8)

Thus, the coefficients a(t) and b(t) of the characteristic part of the product of the operators K1

and K2 can be expressed by the formulas

a(t) = a2(t)a1(t) + b2(t)b1(t), b(t) = a2(t)b1(t) + b2(t)a1(t). (9)

These formulas do not contain regular kernels k1 and k2 and are symmetric with respect to the
indices 1 and 2. This means that the characteristic part of the product of singular operators depends
neither on their regular parts nor on the order of these operators in the product.

Thus, any change of order of the factors, as well as a change of the regular parts of the factors,
influences the regular part of the product of the operators only and preserves the characteristic part
of the product.

Let us calculate the coefficient of the Riemann problem that corresponds to the characteristic
operator (K2K1)◦:

D(t) =
a(t) – b(t)
a(t) + b(t)

=
[a2(t) – b2(t)] [a1(t) – b1(t)]
[a2(t) + b2(t)] [a1(t) + b1(t)]

= D2(t)D1(t), (10)

where we denote by

D1(t) =
a1(t) – b1(t)
a1(t) + b1(t)

, D2(t) =
a2(t) – b2(t)
a2(t) + b2(t)

(11)
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the coefficients of the Riemann problems that correspond to the operators K◦
1 and K◦

2 . This means
that the coefficient of the Riemann problem for the operator (K2K1)◦ is equal to the product of
the coefficients of the Riemann problems for the operators K◦

1 and K◦
2 , and hence the index of the

product of singular operators is equal to the sum of indices of the factors:

ν = ν1 + ν2. (12)

In its complete form, the operator K2K1 is defined by the expression

K2K1[ϕ(t)] ≡ a(t)ϕ(t) +
b(t)
πi

∫
L

ϕ(τ )
τ – t

dτ +
∫

L

K(t, τ )ϕ(τ ) dτ ,

where a(t) and b(t) are defined by formulas (9). For a regular kernel K(t, τ ), on the basis of
formulas (4) we can write out the explicit expression.

For a singular operator K and its transposed operator K∗ (see Subsection 15.1-1), the following
relations hold: ∫

L

ψ(t)K[ϕ(t)] dt =
∫

L

ϕK∗[ψ(t)] dt

for any functions ϕ(t) and ψ(t) that satisfy the Hölder condition, and

(K2K1)∗ = K∗
1K∗

2 .

15.4-2. Regularizer.

The regularization method is a reduction of a singular integral equation to a Fredholm equation. The
reduction process itself is known as regularization.

If a singular operator K2 is such that the operator K2K1 is regular (Fredholm), i.e., contains no
singular integral (b(t) ≡ 0), then K2 is called a regularizing operator with respect to the singular
operator K1 or, briefly, a regularizer. Note that if K2 is a regularizer, then the operator K1K2 is
regular as well.

Let us find the general form of a regularizer. By definition, the following relation must hold:

b(t) = a2(t)b1(t) + b2(t)a1(t) = 0, (13)

which implies that
a2(t) = g(t)a1(t), b2(t) = –g(t)b1(t), (14)

where g(t) is an arbitrary function that vanishes nowhere and satisfies the Hölder condition.
Hence, if K is a singular operator,

K[ϕ(t)] ≡ a(t)ϕ(t) +
b(t)
πi

∫
L

ϕ(τ )
τ – t

dτ +
∫

L

K(t, τ )ϕ(τ ) dτ , (15)

then, in general, the regularizer K̃ can be expressed as follows:

K̃[ω(t)] ≡ g(t)a(t)ω(t) –
g(t)b(t)

πi

∫
L

ω(τ )
τ – t

dτ +
∫

L

K̃(t, τ )ω(τ ) dτ , (16)

where K̃(t, τ ) is an arbitrary Fredholm kernel and g(t) is an arbitrary function satisfying the Hölder
condition.

Since the index of a regular operator (b(t) ≡ 0) is clearly equal to zero, it follows from the
property of the product of operators that the index of the regularizer has the same modulus as the
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index of the original operator and the opposite sign. The same fact can be established directly by
the form of a regularizer (16) from the formula

D̃(t) =
ã(t) – b̃(t)

ã(t) + b̃(t)
=

a(t) + b(t)
a(t) – b(t)

=
1

D(t)
.

Thus, for any singular operator with Cauchy kernel (15) of the normal type (a(t)±b(t) ≠ 0), there
exist infinitely many regularizers (16) whose characteristic part depends on an arbitrary function g(t)
that contains an arbitrary regular kernel K̃(t, τ ).

Since the elements g(t) and K̃(t, τ ) are arbitrary, we can choose them so that the regularizer
will satisfy some additional conditions. For instance, we can make the coefficient of ϕ(t) in the
regularized equation be normalized, i.e., equal to one. To this end we must set g(t) = [a2(t)–b2(t)]–1.
If no conditions are imposed, then it is natural to apply the simplest regularizers. These can be
obtained by setting g(t) ≡ 1 and K̃(t, τ ) ≡ 0 in formula (16), which gives the regularizer

K̃[ω(t)] = K∗◦[ω(t)] ≡ a(t)ω(t) –
b(t)
πi

∫
L

ω(τ )
τ – t

dτ , (17)

or we can set g(t) ≡ 1 and K̃(t, τ ) = –
1
πi

b(τ ) – b(t)
τ – t

and obtain

K̃[ω(t)] = K◦∗[ω(t)] ≡ a(t)ω(t) –
1
πi

∫
L

b(τ )ω(τ )
τ – t

dτ . (18)

The simplest operators K∗◦ and K◦∗ are most frequently used as regularizers.
Since the multiplication of operators is not generally commutative, one should distinguish two

forms of regularization: left regularization, which gives the operator K̃K, and right regularization
which leads to the operator KK̃. On the basis of the above remark we can claim that a right
regularizer is simultaneously a left regularizer, and vice versa. Thus, the operation of regularization
is commutative.

If an operator K̃ is a regularizer for an operator K, then, in turn, the operator K is a regularizer
for the operator K̃. The operators K1K2 and K2K1 can differ by a regular part only.

15.4-3. Methods of Left and Right Regularization.

Let a complete singular integral equation be given:

K[ϕ(t)] ≡ a(t)ϕ(t) +
b(t)
πi

∫
L

ϕ(τ )
τ – t

dτ +
∫

L

K(t, τ )ϕ(τ ) dτ = f (t). (19)

Three methods of regularization are used. The first two methods are based on the composition
of a given singular operator and its regularizer (left and right regularization). The third method
differs essentially from the first two, namely, the elimination of the singular integral is performed
by solving the corresponding characteristic equation.

1◦. Left regularization. Let us take the regularizer (16):

K̃[ω(t)] ≡ g(t)a(t)ω(t) –
g(t)b(t)

πi

∫
L

ω(τ )
τ – t

dτ +
∫

L

K̃(t, τ )ω(τ ) dτ . (20)

On replacing the function ω(t) in K̃[ω(t)] with the expression K[ϕ(t)] – f (t) we arrive at the
integral equation

K̃K[ϕ(t)] = K̃[f (t)]. (21)

By definition, K̃K is a Fredholm operator, because K̃ is a regularizer. Hence, Eq. (21) is a Fredholm
equation. Thus, we have transformed the singular integral equation (19) into the Fredholm integral
equation (21) for the same unknown function ϕ(t).

This is the first regularization method, which is called left regularization.
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2◦. Right Regularization. On replacing in Eq. (19) the desired function by the expression (20),

ϕ(t) = K̃[ω(t)], (22)

where ω(t) is a new unknown function, we arrive at the integral equation

KK̃[ω(t)] = f (t), (23)

which is a Fredholm equation as well. Thus, from the singular integral equation (19) for the unknown
function ϕ(t) we passed to the Fredholm integral equation for the new unknown function ω(t).

On solving the Fredholm equation (23), we find a solution of the original equation (19) by
formula (22). The application of formula (22) requires integration only (a proper integral and a
singular integral must be found).

This is the second method of the regularization, which is called right regularization.

15.4-4. Problem of Equivalent Regularization.

In the reduction of a singular integral equation to a regular one we perform a functional transformation
over the corresponding equation. In general, this transformation can either introduce new irrelevant
solutions that do not satisfy the original equation or imply a loss of some solutions. Therefore, in
general, the resultant equation is not equivalent to the original equation. Consider the relationship
between the solutions of these equations and find out in what cases these equations are equivalent.

1◦. Left Regularization. Consider a singular equation

K[ϕ(t)] = f (t) (24)

and the corresponding regular equation

K̃K[ϕ(t)] = K̃[f (t)]. (25)

Let us write out Eq. (25) in the form

K̃
[
K[ϕ(t)] – f (t)

]
= 0. (26)

Since the operator K̃ is homogeneous, it follows that each solution of the original equation (24)
(a function that vanishes the expression K[ϕ(t)] – f (t)) satisfies Eq. (26) as well. Hence, the left
regularization implies no loss of solutions. However, a solution of the regularized equation need not
be a solution of the original equation.

Consider the singular integral equation corresponding to the regularizer

K̃[ω(t)] = 0. (27)

Let ω1(t), . . . , ωp(t) be a complete system of its solutions, i.e., a maximal collection of linearly
independent eigenfunctions of the regularizer K̃.

We regard Eq. (26) as a singular equation of the form (27) with the unknown function ω(t) =
K[ϕ(t)] – f (t). We obtain

K[ϕ(t)] – f (t) =
p∑

j=1

αjωj(t), (28)

where the αj are some constants.
We see that the regularized equation is equivalent to Eq. (28) rather than the original equation (24).
Thus, Eq. (25) is equivalent to Eq. (28) in which αj are arbitrary or definite constants. It may

occur that Eq. (28) is solvable only under the assumption that all αj satisfy the condition αj = 0.
In this case, Eq. (25) is equivalent to the original equation (24), and the regularizer defines an
equivalent transformation. In particular, if the regularizer has no eigenfunctions, then the right-hand
side of Eq. (28) is identically zero, and it must be equivalent. This operator certainly exists for
ν ≥ 0. For instance, we can take the regularizer K∗◦, which has no eigenfunctions for the case under
consideration because the index of the regularizer K∗◦ is equal to –ν ≤ 0.
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2◦. Right Regularization. Consider Eq. (24) and the corresponding regularized equation

KK̃[ω(t)] = f (t), (29)

which is obtained by substitution
K̃[ω(t)] = ϕ(t). (30)

If ωj(t) is a solution of Eq. (29), then formula (30) gives the corresponding solution of the original
equation

ϕj(t) = K̃[ωj(t)].

Hence, the right regularization cannot lead to irrelevant solutions.
Conversely, assume that ϕk(t) is a solution of the original equation. In this case a solution of the

regularized equation (29) can be obtained as a solution of the nonhomogeneous singular equation

K̃[ω(t)] = ϕk(t);

however, this solution may be unsolvable. Thus, the right regularization can lead to loss of solutions.
We have no loss of solutions if Eq. (30) is solvable for each right-hand side. In this case the operator K̃
will be an equivalent right regularizer.

3◦. The Equivalent Regularization. The operator K̃ = K∗◦ is an equivalent regularizer for any index;
for ν ≥ 0, we must apply left regularization, while for ν ≤ 0 we must use right regularization.

In the latter case we obtain an equation for a new function ω(t), and if it is determined, then
we can construct all solutions to the original equation in antiderivatives, and it follows from the
properties of the right regularization that no irrelevant solutions can occur.

For the other methods of equivalent regularization, see the references at the end of this section.

15.4-5. Fredholm Theorems.

Let a complete singular integral equation be given:

K[ϕ(t)] = f (t). (31)

THEOREM 1. The number of solutions of the singular integral equation (31) is finite.

THEOREM 2. A necessary and sufficient solvability condition for the singular equation (31) is∫
L

f (t)ψj(t) dt = 0, j = 1, . . . , m, (32)

where ψ1(t), . . . , ψm(t) is a maximal finite set of linearly independent solutions of the transposed
homogeneous equation K∗[ψ(t)] = 0. (Since the functions under consideration are complex, it
follows that condition (32) is not the orthogonality condition for the functions f (t) and ψj(t).)

THEOREM 3. The difference between the number n of linearly independent solutions of the
singular equation K[ϕ(t)] = 0 and the number m of linearly independent solutions of the transposed
equation K∗[ψ(t)] = 0 depends on the characteristic part of the operator K only and is equal to its
index, i.e.,

n – m = ν. (33)

Corollary. The number of linearly independent solutions of characteristic equations is minimal
among all singular equations with given index ν.
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15.4-6. Carleman–Vekua Approach to the Regularization.

Let us transfer the regular part of a singular equation to the right-hand side and rewrite the equation
as follows:

a(t)ϕ(t) +
b(t)
πi

∫
L

ϕ(τ )
τ – t

dτ = f (t) –
∫

L

K(t, τ )ϕ(τ ) dτ , (34)

or, in the operator form,
K◦[ϕ(t)] = f (t) – Kr[ϕ(t)]. (35)

We regard the last equation as a characteristic one and solve it by temporarily assuming that the
right-hand side is a known function. In this case (see Subsection 15.2-1)

ϕ(t) =

[
a(t)f (t) –

b(t)Z(t)
πi

∫
L

f (τ )
Z(τ )

dτ

τ – t
+ b(t)Z(t)Pν–1(t)

]
–

[
a(t)
∫

L

K(t, τ )ϕ(τ ) dτ –
b(t)Z(t)

πi

∫
L

dτ1

Z(τ1)(τ1 – t)

∫
L

K(τ1, τ )ϕ(τ ) dτ

]
, (36)

where for ν ≤ 0 we must set Pν–1(t) ≡ 0. Let us reverse the order of integration in the iterated integral
and rewrite the expression in the last parentheses as follows:∫

L

[
a(t)K(t, τ ) –

b(t)Z(t)
πi

∫
L

K(τ1, τ )
Z(τ1)(τ1 – t)

dτ1

]
ϕ(τ ) dτ .

Since Z(t) satisfies the Hölder condition (and hence is bounded) and does not vanish and since
K(τ1, τ ) satisfies the estimate |K(τ1, τ )| < A|τ1 – τ |–λ (with 0 ≤ λ < 1) near the point τ1 = τ , we can
see that the entire integral ∫

L

K(τ1, τ )
Z(τ1)(τ1 – t)

dτ1

satisfies an estimate similar to that for K(τ1, τ ). Hence, the kernel

N (t, τ ) = a(t)K(t, τ ) –
b(t)Z(t)

πi

∫
L

K(τ1, τ )
Z(τ1)(τ1 – t)

dτ1 (37)

is a Fredholm kernel. On transferring the terms with ϕ(t) to the right-hand side, we obtain

ϕ(t) +
∫

L

N (t, τ )ϕ(τ ) dτ = f1(t), (38)

where N (t, τ ) is the Fredholm kernel defined by formula (37) and f1(t) has the form

f1(t) = a(t)f (t) –
b(t)Z(t)

πi

∫
L

f (τ )
Z(τ )

dτ

τ – t
+ b(t)Z(t)Pν–1(t). (39)

If the index of Eq. (34) ν is negative, then the function must satisfy not only the Fredholm
equation (38) but also the relations∫

L

[∫
L

K(t, τ )
Z(t)

tk–1 dt

]
ϕ(τ ) dτ =

∫
L

f (t)
Z(t)

tk–1 dt, k = 1, 2, . . . , –ν. (40)

Thus, if ν ≥ 0, then the solution of a complete singular integral equation (34) is reduced to the
solution of the Fredholm integral equation (38). If ν < 0, then Eq. (34) can be reduced to Eq. (38)
(where we must set Pν–1(t) ≡ 0) together with conditions (40), which can be rewritten in the form∫

L

ρk(τ )ϕ(τ ) dτ = fk, k = 1, 2, . . . , –ν,

ρk(τ ) =
∫

L

K(t, τ )
Z(t)

tk–1 dt, fk =
∫

L

f (t)
Z(t)

tk–1 dt,
(41)

where the ρk(τ ) are known functions and the fk are known constants.
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Relations (41) are the solvability conditions for the regularized equation (38). However, they
need not be the solvability conditions for the original singular integral equation (34). Some of them
can be the equivalence conditions for these two equations. Let us select the conditions of these two
types.

Assume that among the functions ρk(t) there are precisely h linearly independent functions. We
can choose the numbering so that these are the functions ρ1(t), . . . , ρh(t). In this case we have∫

L

ρk(t)ϕ(t) dt = fk, k = 1, 2, . . . , h. (42)

Moreover, the following η = |ν| – h linearly independent relations must hold:

αj1ρ1(t) + · · · + αj|ν |ρ|ν |(t) = 0, j = 1, 2, . . . , η.

Let us multiply the relations in (40) successively by αj1, . . . , αj|ν | and sum the products. Taking
into account the last relations, we have∫

L

f (t)ψj(t) dt = 0, ψj(t) =
1

Z(t)

|ν |∑
k=1

αjktk–1; j = 1, 2, . . . , η. (43)

These relations, which do not involve the desired function ϕ(t), are the necessary solvability
conditions on the right-hand side f (t) for the original singular equation and the regularized equation
to be solvable. Relations (42) are the equivalence conditions for the original singular equation and
the regularized equation. The solution of the Fredholm equation (38) satisfies the original singular
equation (34) if and only if it satisfies conditions (42).

Thus, for ν ≥ 0, the regularized equation (38) is equivalent to the original singular equation.
For ν < 0, the original equation is equivalent to the regularized equation (with common solvability
conditions (43)) together with conditions (42).

Remark 1. If the kernel of the regular part of a complete singular integral equation with Cauchy
kernel is degenerate, then by the Carleman–Vekua regularization this equation can be reduced to the
investigation of a system of linear algebraic equations (see, e.g., S. G. Mikhlin and K. L. Smolitskiy
(1967)).

Remark 2. The Carleman–Vekua regularization is sometimes called the regularization by solv-
ing the characteristic equation.

15.4-7. Regularization in Exceptional Cases.

Consider the complete singular equation with Cauchy kernel

K[ϕ(t)] ≡ a(t)ϕ(t) +
b(t)
πi

∫
L

ϕ(τ )
τ – t

dτ +
∫

L

K(t, τ )ϕ(τ ) dτ = f (t) (44)

under the same conditions on the functions a(t) ± b(t) as above in Subsection 15.2-4.
We represent this equation in the form

K◦[ϕ(t)] = f (t) –
∫

L

K(t, τ )ϕ(τ ) dτ ,

and apply the Carleman–Vekua regularization. In this case by formula (42) of Subsection 15.2-4 we
obtain the equation

ϕ(t) + R1

[∫
L

K(t, τ )ϕ(τ ) dτ

]
= R1[f (t)] + b(t)Z(t)Pν–p–1(t), (45)

where the operator R1 is defined by formula (41) of Subsection 15.2-4.
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In the expression for the second summand on the left-hand side in (45), the operation R1 with
respect to the variable t commutes with the operation of integration with respect to τ . Therefore,
Eq. (45) can be rewritten in the form

ϕ(t) +
∫

L

Rt
1

[
K(t, τ )

]
ϕ(τ ) dτ = R1[f (t)] + b(t)Z(t)Pν–p–1(t), (46)

where the superscript t at the symbol of the operator Rt
1 means that the operation is performed with

respect to the variable t.
Since the operator R1 is bounded, it follows that the resulting integral equation (46) is a Fredholm

equation, and hence the regularization problem for the singular equation (44) is solved.
It follows from the general theory of the regularization that Eq. (44) is equivalent to Eq. (46) for

ν – p ≥ 0 and to Eq. (46) and a system of functional equations for ν – p < 0.
In conclusion we note that for the above cases of singular integral equations, the Fredholm

theorems fail in general.

Remark 3. Exceptional cases of singular integral equations with Cauchy kernel can be reduced
to equations of the normal type.

15.4-8. Complete Equation with Hilbert Kernel.

Consider the complete singular integral equation with Hilbert kernel (see Subsection 15.1-2)

a(x)ϕ(x) –
b(x)
2π

∫ 2π

0
cot

(
ξ – x

2

)
ϕ(ξ) dξ +

∫ 2π

0
K(x, ξ)ϕ(ξ) dξ = f (x). (47)

Let us show that Eq. (47) can be reduced to a complete singular integral equation with a kernel
of the Cauchy type, and in this connection, the theory of the latter equation can be directly extended
to Eq. (47). Since the regular parts of these two types of equations have the same character, it
follows that it suffices to apply the relationship between the Hilbert kernel and the Cauchy kernel
(see Subsection 14.4-5):

dτ

τ – t
=

1
2

cot

(
ξ – x

2

)
dξ +

i

2
dξ. (48)

Hence,
1
2

cot

(
ξ – x

2

)
dξ =

dτ

τ – t
–

1
2

dτ

τ
, (49)

where t = eix and τ = eiξ are the complex coordinates of points of the contour L, that is, the unit
circle.

On replacing the Hilbert kernel in Eq. (47) with the expression (49) and on substituting x = –i ln t,
ξ = –i ln τ , and dξ = –iτ–1 dτ , after obvious manipulations we reduce Eq. (47) to a complete singular
integral equation with Cauchy kernel of the form

a1(t)ϕ1(t) –
ib1(t)
πi

∫
L

ϕ1(τ )
τ – t

dτ +
∫

L

K1(t, τ ) dτ = f1(t). (50)

The coefficient of the Riemann problem corresponding to Eq. (50) is

D(t) =
a1(t) + ib1(t)
a1(t) – ib1(t)

=
a(x) + ib(x)
a(x) – ib(x)

, (51)

and the index is expressed by the formula

Ind D(t) = 2 Ind[a(x) + ib(x)]. (52)
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Example. Let us perform the regularization of the following singular integral equations in different ways:

K[ϕ(t)] ≡ (t + t–1)ϕ(t) +
t – t–1

πi

∫
L

ϕ(τ )

τ – t
dτ –

1

2πi

∫
L

(t + t–1)(τ + τ –1)ϕ(τ ) dτ = 2t2, (53)

where L is the unit circle.
The regular part of the kernel is degenerate. Therefore, in the same way as was applied in the solution of Fredholm

equations with degenerate kernel (see Section 13.2), the equation can be reduced to the investigation of the characteristic
equation and a linear algebraic equation, and hence it can be solved in a closed form. Thus, we need no regularization.
However, the equation under consideration is useful in the illustration of general methods because all calculations can be
performed to the very end.

For convenience of the subsequent discussion, we first solve this equation. We write

1

2πi

∫
L

(τ + τ –1)ϕ(τ ) dτ = A, (54)

and write out the equation in the characteristic form:

(t + t–1)ϕ(t) +
t – t–1

πi

∫
L

ϕ(τ )

τ – t
dτ = 2t2 + A(t + t–1).

For the corresponding Riemann boundary value problem

Φ+(t) = t–2Φ–(t) + t + 1
2 A(1 + t–2), (55)

we have the index ν = –2, and the solvability conditions (see Subsection 15.2-1) hold for A = 0 only. In this case, Φ+(z) = z
and Φ–(z) = 0. This gives a solution to Eq. (53) in the form ϕ(t) = Φ+(t) – Φ–(t) = t. On substituting the last expression into
Eq. (54) we see that this relation holds for A = 0. Hence, the given equation is solvable and has a unique solution of the form

ϕ(t) = t.

1◦. Left Regularization. Since the equation index ν = –2 is negative, any regularizer of the equation has eigenfunctions (at
least two linearly independent), and hence the left regularization leads, in general, to an equation that is not equivalent to the
original one.

We first consider the left regularization by means of the simplest regularizer K∗◦. Let us find the linearly independent
eigenfunctions of the equation

K∗◦[ω(t)] ≡ (t + t–1)ω(t) –
t – t–1

πi

∫
L

ω(τ )

τ – t
dτ = 0.

The corresponding Riemann boundary value problem

Φ+(t) = t2Φ–(t)

now has the index ν = 2. We can find the eigenfunctions of the operator K∗◦ by the formulas of Subsection 15.2-1 and obtain

ω1(t) = 1 – t–2, ω2(t) = t – t–1.

On the basis of the general theory (see Subsection 15.4-4), the regular equation K∗◦K[ϕ(t)] = K∗◦[f (t)] is equivalent
to the singular equation:

K[ϕ(t)] = f (t) + α1ω1(t) + α2ω2(t), (56)
where α1 and α2 are constants that can be either arbitrary or definite. Taking into account Eq. (54), we write out Eq. (56) in
the form of a characteristic equation:

(t + t–1)ϕ(t) +
t – t–1

πi

∫
L

ϕ(τ )

τ – t
dτ = 2t2 + A(t + t–1) + α1(1 – t–2) + α2(t – t–1).

The corresponding Riemann boundary value problem has the form

Φ+(t) = t–2Φ–(t) + t + 1
2 A(1 + t–2) + 1

2 α1(t–1 + t–3) + 1
2 α2(1 – t–2).

Its solution can be represented as follows:

Φ+(z) = z + 1
2 A + 1

2 α2, Φ–(z) = 1
2 z2[α1z

–3 + (α2 – A)z–2 – α1z
–1].

The solvability conditions give α1 = 0 and α2 = A. In this case, the solution of Eq. (56) is defined by the formula

ϕ(t) = Φ+(t) – Φ–(t) = t + A.

On substituting the above expression for ϕ(t) into Eq. (54) we obtain the identity A = A. Hence, the constant α2 = A remains
arbitrary, and the regularized equation is equivalent not to the original equation but to the equation

K[ϕ(t)] = f (t) + α2ω2(t),

which has the solution ϕ(t) = t + A, where A is an arbitrary constant. The last function ϕ satisfies the original equation only
for A = 0.
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2◦. Right Regularization. For a right regularizer we take the simplest operator K∗◦. By setting

ϕ(t) = K∗◦[ω(t)] ≡ (t + t–1)ω(t) –
t – t–1

πi

∫
L

ω(τ )

τ – t
dτ , (57)

we obtain the following Fredholm equation with respect to the function ω(t):

KK∗◦[ω(t)] ≡ ω(t) –
1

4πi

∫
L

[t(τ 2 – 1 + τ –2) + 2τ –1 + t–1(τ 2 + 3 + τ –2) – 2τ –2τ –1]ω(τ ) dτ = 1
2 t2. (58)

The last equation is degenerate. On solving it we obtain

ω(t) = 1
2 t2 + α(t – t–1) + β(1 – t–2),

where α and β are arbitrary constants.
Thus, the regularized equation for ω(t) has two linearly independent solutions, while the original equation (53) has a

unique solution. On substituting the above expression for ω(t) into formula (57) we obtain

ϕ(t) = K∗◦[ 1
2 t2 + α(t – t–1) + β(1 – t–2)

]
= t,

where ϕ(t) is the (unique) solution of the original singular equation. The result agrees with the general theory because, for a
negative index, the right regularization by means of the operator K∗◦ is an equivalent regularization.

3◦. The Carleman–Vekua Regularization. This method of regularization is performed by formulas (36)–(39). However, we
must recall that these formulas can be applied only for an equation such that a2(t) – b2(t) = 1. Therefore, we must first divide
Eq. (53) by two. In this case, we have

a = 1
2 (t + t–1), b = 1

2 (t – t–1), f (t) = t2,

K(t, τ ) = –
1

4πi
(t + t–1)(τ + τ –1), X+(z) = 1, Z(t) = (a + b)X+ = t,

f1(t) = 1
2 (t + t–1)t2 –

(t – t–1)t

2πi

∫
L

τ 2

τ

dτ

τ – t
= t,

N (t, τ ) = –
1

2
(t + t–1)

1

4πi
(t + t–1)(τ + τ –1) +

(t – t–1) t (τ + τ –1)

2πi ⋅ 4πi

∫
L

τ1 + τ –1
1

τ1

dτ1

τ1 – t
= –

1

2πi
(τ + τ –1).

The regularized equation has the form

ϕ(t) –
1

2πi

∫
L

(τ + τ –1)ϕ(τ ) dτ = t. (59)

To this equation we must add conditions (41) for k = 1, 2. This equation is degenerate, and on solving it we find the general
solution ϕ(t) = t + A, where A is an arbitrary constant. Let us write out conditions (42) and (43). Here we have

ρk(τ ) =
∫

L

K(t, τ )

Z(t)
tk–1 dt = –

τ + τ –1

4πi

∫
L

(1 + t–2)tk–1 dt, k = 1, 2,

ρ1(τ ) = 0, ρ2(τ ) = – 1
2 (τ + τ –1), fk =

∫
L

f (t)

Z(t)
tk–1 dt =

∫
L

tk dt, f1 = f2 = 0.

The functions ρ1(t) and ρ2(t) are linearly dependent. The dependence αj1ρ1(t) + · · · + αj|ν|ρ|ν|(t) = 0 (see Subsec-
tion 15.4-6) has the form

α1ρ1(t) + 0 ⋅ ρ2(t) = 0.

Hence, the solvability condition (43) holds identically. The equivalence condition (42)∫
L

ρ2(τ )ϕ(τ ) dτ = – 1
2

∫
L

(τ + τ –1)(τ + A) dτ = 0

holds for A = 0 only. Hence, among the solutions to the regularized equation, ϕ(t) = t+A, only the function ϕ(t) = t satisfies
the original equation.

References for Section 15.4: F. D. Gakhov (1977, 1990), S. G. Mikhlin and S. Prössdorf (1986), N. I. Muskhelishvili
(1992).
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15.5. Analysis of Solutions Singularities for Complete
Integral Equations with Generalized Cauchy
Kernels∗

15.5-1. Statement of the Problem and Preliminary Remarks.

Consider a complete integral equation of the second kind in the form

a(t)ϕ(t) +
b(t)
πi

∫ 1

–1

ϕ(τ ) dτ

τ – t
+
∫ 1

–1
Kg(t, τ )ϕ(τ ) dτ +

∫ 1

–1
Lg(t, τ )ϕ(τ ) dτ

+
∫ 1

–1
K(t, τ )ϕ(τ ) dτ +

∫ 1

–1
L(t, τ )ϕ(τ ) dτ = f (t), –1 < t < 1, (1)

where ϕ(τ ) is an unknown function and ϕ(τ ) is its complex conjugate; f (t) is a given continuous
function on the closed interval [–1, 1]; the functions a(t), b(t) and the kernels K(t, τ ), L(t, τ ) are
bounded and continuous (or satisfy the Hölder condition in all their arguments), and the generalized
kernels Kg(t, τ ), Lg(t, τ ) have fixed singularities that are first-order poles at the endpoints of the
integration interval, as the (real) parameters τ and t simultaneously tend to either endpoint of the
interval [–1, 1] (τ = t → ±1). The kernels of equation (1), as well as the functions a(t), b(t), f (t),
may be either real- or complex-valued. Note that the method described below is suitable for the
asymptotic analysis of equations of the second as well as first kind for a(t) ≡ 0.

Assume that the solution of equation (1) belongs to the class of functions that have, at the
endpoints of the integration interval, integrable singularities (generally complex) of power type due
to both a “movable” singularity of the integral in the sense of the principal value (the first integral
in (1)) and fixed singularities of the kernels Kg(t, τ ) and Lg(t, τ ). This type of asymptotic behavior
of the unknown function can be taken into account by the introduction of a special weight function

w(τ ) = (1 – τ )α(1 + τ )β , –1 ≤ τ ≤ 1, –1 < Re α, Re β < 0, (2)

which is present as a coefficient in the unknown function, i.e.,

ϕ(τ ) = u(τ )w(τ ). (3)

Here, u(τ ) is a new unknown function satisfying the Hölder condition and different from zero at
the endpoints of the interval. The last requirement is connected with the fact that the sought weight
function (2) should reflect the leading singular asymptotics of the unknown function (3). Note
that the presence of fixed singularities in the kernels Kg(t, τ ) and Lg(t, τ ) significantly effects the
asymptotic behavior of the solution near the endpoints of the integration interval, which in this
situation usually has the form (1 ∓ τ )λ, –1 < Re λ < 0, τ → ±1 (λ = α, β), and Re λ ≠ –1/2.
(Sometimes the weight function may be bounded on one end of the integration interval, which
corresponds to Re λ ≥ 0.)

Assume that the generalized kernels can be represented in the form

Kg(t, τ ) =
∑

p,j,k,r

Ak(t)
(1 + τ )p(1 + t)j

(τ – z∗r )p+j+1 +
∑

l,m,n,s

Bl(t)
(1 – τ )m(1 – t)n

(τ – z∗∗s )m+n+1 , (4)

Lg(t, τ ) =
∑

p,j,k,r

Ck(t)
(1 + τ )p(1 + t)j

(τ – z∗r )p+j+1
+
∑

l,m,n, s

Dl(t)
(1 – τ )m(1 – t)n

(τ – z∗∗s )m+n+1
. (5)

* Section 15.5 was written by A. V. Andreev.



784 METHODS FOR SOLVING COMPLETE SINGULAR INTEGRAL EQUATIONS

Here, the indices and the power exponents p, j, k, l, m, n, r, s take the values 0, 1, 2, . . . and vary
independently in each sum; the quantities z∗r and z∗∗s depend on the variable t as follows (i2 = –1):

z∗r (t) = –1 + (1 + t)eiθr , 0 < θr < 2π;

z∗∗s (t) = 1 + (1 – t)eiθs , – π < θs < π.
(6)

It is also assumed that the functions Ak(t), Ck(t) and Bl(t), Dl(t) in (4)–(5) are finite and nonzero
at t = –1 and t = +1.

The geometrical meaning of expressions (6) is that for t → –1 (resp., t → +1) the points z∗r
(resp., z∗∗s ), on the complex plane, tend to –1 (resp., +1) along the ray obtained from the integration
line by its rotation by the angle θr (resp., θs) about the point –1 (resp., +1).

Remark. Note that in mathematical statements of some applied problems, the representations of
z∗r (t) and z∗∗s (t) in the form (6) may involve θr < 0 or θr > 2π. In view of the inequality 0 < θr < 2π
indicating that the values of the angle θr in (6) are counted counterclockwise from the positive
direction of the axis Ox, one should replace θr in each such case by a suitable equivalent value
obtained by that rule. Similarly, if θs > π or θs < –π, this value of θs should be replaced by a suitable
acute angle. Such replacements ensure fixed signs in the formulas for z∗r (t) and z∗∗s (t), which appear
in the generalized kernels (4) and (5).

15.5-2. Auxiliary Results.

Using (2) and (3), let us rewrite equation (1) in the equivalent form

u(t)

[
a(t)w(t) +

b(t)
πi

∫ 1

–1

w(τ ) dτ

τ – t
+
∫ 1

–1
Kg(t, τ )w(τ ) dτ

]
+ u(t)

∫ 1

–1
Lg(t, τ )w(τ ) dτ

+
∫ 1

–1

[
b(t)
πi

1
τ – t

+ Kg(t, τ )

][
u(τ ) – u(t)

]
w(τ ) dτ +

∫ 1

–1
Lg(t, τ )[u(τ ) – u(t)]w(τ ) dτ

+
∫ 1

–1
K(t, τ )u(τ )w(τ ) dτ +

∫ 1

–1
L(t, τ )u(τ )w(τ ) dτ = f (t), –1 < t < 1. (7)

It is easy to see from (7) that for Hölder continuous u(τ ), the characteristic part of equation (1),
which goes to infinity as t → ±1, has the form

Is(t) = u(t)

[
a(t)w(t) +

b(t)
πi

∫ 1

–1

w(τ ) dτ

τ – t
+
∫ 1

–1
Kg(t, τ )w(τ ) dτ

]
+ u(t)

∫ 1

–1
Lg(t, τ )w(τ ) dτ . (8)

The most general approach to solving an integral equation with conjugate unknown functions consists
in regarding this equation as a system of equations for two unknown functions ϕ(τ ) and ϕ(τ ), where
the second equation of the system is obtained by passing from (1) to conjugate values. Let us write
out the characteristic part of the equation conjugate to (1) (to be used in the sequel):

Is(t) = u(t)
∫ 1

–1
Lg(t, τ )w(τ ) dτ + u(t)

[
a(t)w(t) –

b(t)
πi

∫ 1

–1

w(τ ) dτ

τ – t
+
∫ 1

–1
Kg(t, τ )w(τ ) dτ

]
. (9)

Let us examine the asymptotic behavior of the characteristic part (8) and its conjugate (9) as t →±1
(z∗r → –1, z∗∗s → +1). To that end, we obtain expressions for the leading terms of the integrals in
the sense of the principal value and the integrals containing generalized kernels (4) , (5) as t → ±1.

In order to calculate the integrals in (8), we use the integral representation of the zero-order
Jacobi function of the second kind Q(α,β)

0 (z):

Q(α,β)
0 (z) =

1
w(z)

∫ 1

–1

w(τ )
τ – z

dτ , z /∈ [–1, 1]. (10)
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Using the representations of the Jacobi functions of the second kind in terms of the hypergeometric
function F (a, b, c, ϑ), functional relations for this function, and the formula for the gamma function
Γ(ζ), we obtain from (10) the following formal expressions of the Cauchy integral:∫ 1

–1

w(τ )
τ – z

dτ = –
πw(z)

(–1)β sin(πβ)
+ 2α+β Γ(α + 1)Γ(β)

Γ(α + β + 1)
F

(
1, –α – β, 1 – β,

1 + z

2

)
=

πw(z)
(–1)α sin(πα)

– 2α+β Γ(α)Γ(β + 1)
Γ(α + β + 1)

F

(
1, –α – β, 1 – α,

1 – z

2

)
, (11)

where z /∈ [–1, 1]. Since F (a, b, c, 0) = 1, the singularities of the Cauchy integral for z → ±1 are
completely determined by the first terms in the expressions (11).

We fix the multivaluedness of (–1)λ (λ = α, β) in (11) so that the resulting expressions correctly
reflect the behavior of the Cauchy integral as z →±1 from the complex plane cut along the segment
[–1, 1]. The leading terms of the asymptotic expansion of the Cauchy integral near the endpoints of
the integration interval are obtained from (11):{∫ 1

–1

w(τ )
τ – z

dτ

}
z→–1

= –
2απe–iπβ

sin(πβ)

{
(1 + z)β

}
z→–1

, z /∈ [–1, 1]; (12){∫ 1

–1

w(τ )
τ – z

dτ

}
z→+1

=
2βπeiπα

sin(πα)
{(1 – z)α}z→+1, z /∈ [–1, 1]. (13)

Here and in subsequent asymptotic formulas, we use the notation {F (x)}x→a = F (x)|x→a, and only
the leading term of the expansion is kept in the right-hand side.

From (12) and (13), using the Sokhotski–Plemelj formula 2Φ(x) = Φ
+(x) +Φ

–(x), we obtain the
following asymptotic formulas for the leading part of the integral in the sense of the principal value:{∫ 1

–1

w(τ )
τ – t

dτ

}
t→–1

= –2απ cot(πβ)
{

(1 + t)β
}

t→–1
, (14){∫ 1

–1

w(τ )
τ – t

dτ

}
t→+1

= 2βπ cot(πα){(1 – t)α}t→+1. (15)

Here, it has been taken into account that the power functions (1 + t)β and (1 – t)α acquire the
coefficients e2iπβ and e–2iπα, respectively, as one goes around the points –1 and +1.

Taking into account the explicit formulas (6) and using (12), (13), we get{∫ 1

–1

w(τ )
τ – z∗r (t)

dτ

}
t→–1

= –
2απe–iπβeiθrβ

sin(πβ)

{
(1 + t)β

}
t→–1

, (16){∫ 1

–1

w(τ )
τ – z∗∗s (t)

dτ

}
t→+1

=
2βπeiθsα

sin(πα)
{(1 – t)α}t→+1. (17)

Note that when deriving the last expression, we have chosen the value e–iπα of the multi-valued
quantity (–1)α like for (13) (see also (11)).

The representation of the integrals in (8) of the terms of the kernels (4) and (5) with denominators
of degree > 1 are obtained by differentiating the Cauchy integral in the parameter z:∫ 1

–1

w(τ ) dτ

(τ – z)s
=

1
(s – 1)!

ds–1

dzs–1

∫ 1

–1

w(τ ) dτ

τ – z
, s = 2, 3, . . . (18)
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For the weight function (2) we introduce the notation

w(τ ) = (1 – τ )α(1 + τ )β ≡ w(α,β)(τ ), w(τ ) = w(ᾱ,β̄)(τ ). (19)

Consecutively differentiating relations (12), (13) and using (18), we obtain the following expressions
for the leading terms of the expansions of the corresponding integrals (s = 2, 3, . . .):{∫ 1

–1

w(α,β)(τ ) dτ

(τ – z)s

}
z→–1

= –
2απe–iπβ

sin(πβ)
β(β – 1)...(β – s + 2)

(s – 1)!

{
(1 + z)β–s+1

}
z→–1

, (20){∫ 1

–1

w(α,β)(τ ) dτ

(τ – z)s

}
z→+1

=
2βπeiπα

sin(πα)
α(α – 1)...(α – s + 2)

(s – 1)!

{
(1 – z)α–s+1

}
z→+1

. (21)

In view of (20) and (6), for the generic term of the first series in (4) (the second series is bounded
for t → –1), we have{∫ 1

–1
Ak(t)

(1 + τ )p(1 + t)j

(τ – z∗r (t))p+j+1
w(α,β)(τ ) dτ

}
t→–1

=

{
Ak(t)(1 + t)j

∫ 1

–1

w(α,β+p)(τ )
(τ – z∗r (t))p+j+1

dτ

}
t→–1

= –Ak(–1)
2απe–iπ(β+p)

sin[π(β + p)]
(β + p)(β + p – 1)...(β – j + 1)

(p + j)!

{
(1 + t)j(1 + z∗r (t))β–j

}
t→–1

= –2αAk(–1)
πe–iπβeiθr(β–j)

sin(πβ)
(β + p)(β + p – 1)...(β – j + 1)

(p + j)!

{
(1 + t)β

}
t→–1

. (22)

In a similar way, using (21), we obtain an expression for the leading term of the integral of the
generic term of the second series in (4) that goes to infinity as t → +1:{∫ 1

–1
Bl(t)

(1 – τ )m(1 – t)n

(τ – z∗∗s (t))m+n+1
w(α,β)(τ ) dτ

}
t→+1

= 2βBl(+1)
(–1)nπeiθs(α–n)

sin(πα)
(α + m)(α + m – 1)...(α – n + 1)

(m + n)!
{(1 – t)α}t→+1. (23)

The expressions for the leading parts of the integrals of the generic terms of the series in (5) with
the weight w(τ ) (see (8)) can be obtained by replacing α (β) by ᾱ (β̄) and Ak (Bl) by Ck (Dl) in
(22) and (23):{∫ 1

–1
Ck(t)

(1 + τ )p(1 + t)j

(τ – z∗r (t))p+j+1
w(ᾱ,β̄)(τ ) dτ

}
t→–1

= –2ᾱCk(–1)
πe–iπβ̄eiθr (β̄–j)

sin(πβ̄)

(β̄ + p)(β̄ + p – 1)...(β̄ – j + 1)
(p + j)!

{
(1 + t)β̄

}
t→–1

, (24){∫ 1

–1
Dl(t)

(1 – τ )m(1 – t)n

(τ – z∗∗s (t))m+n+1
w(ᾱ,β̄)(τ ) dτ

}
t→+1

= 2β̄Dl(+1)
(–1)nπeiθs(ᾱ–n)

sin(πᾱ)
(ᾱ + m)(ᾱ + m – 1)...(ᾱ – n + 1)

(m + n)!

{
(1 – t)ᾱ

}
t→+1

. (25)

It can be seen that representations (22)–(25) of the integrals of the generic terms of the series in
(4) and (5) also cover the cases p = j = 0 and m = n = 0 (see (16) and (17)). Summation of these
representations with respect to the parameters of the corresponding series in (4) and (5), together
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with (14) and (15), allows us to obtain analytic formulas for the leading parts of all integrals in (8)
and separate the factors that go to infinity as t → ±1 (–1 < Re α, Re β < 0).

Let us examine the representation of the conjugate characteristic part (9) of equation (1). The
expression for the integral in the sense of principal value in (9) is easily obtained by the replacement
of α with ᾱ and β with β̄ in (14) and (15). In order to obtain representations for the integrals of
the generalized kernels (4) and (5) in (9), one should perform similar transformations α ↔ ᾱ and
β ↔ β̄ in (22)–(25). Moreover, it should be taken into account that passing to conjugates in these
kernels is accompanied by the replacement of the coefficients Ak, Bl, Ck, Dl and the functions
z∗r (t), z∗∗s (t) by their conjugates (see (4) and (5)), the last operation, in view of (6), being equivalent
to the replacement of θr by 2π – θr and θs by –θs. The final expressions will not be written out here,
since the comparison of the representations obtained in the above way with (22)–(25) shows that the
former can be obtained from the latter by formal passage to the conjugate quantities.

15.5-3. Equations for the Exponents of Singularity of a Solution.

In order to obtain an equation for the exponent β, we write the expressions of the characteristic
part (8) of equation (1) and its complex conjugate (9) for t → –1:

Is(t) = 2α
∆

–
11(β)

{
(1 + t)β

}
t→–1

u(–1) + 2ᾱ
∆

–
12(β̄)

{
(1 + t)β̄

}
t→–1

u(–1),

Is(t) = 2α
∆

–
21(β)

{
(1 + t)β

}
t→–1

u(–1) + 2ᾱ
∆

–
22(β̄)

{
(1 + t)β̄

}
t→–1

u(–1).
(26)

Here,
∆

–
11(β) = a(–1) + i cot(πβ)b(–1) + 2–α

{
Kg, w

}
t→–1

,

∆
–
12(β̄) = 2–ᾱ

{
Lg, w̄

}
t→–1

,

∆
–
21(β) = ∆

–
12(β̄) = 2–α

{
Lg, w

}
t→–1

,

∆
–
22(β̄) = ∆–

11(β) = a(–1) – i cot(πβ̄)b(–1) + 2–ᾱ
{
Kg , w̄

}
t→–1

,

(27)

where
{
Kg , w

}
t→–1

stands for the coefficient of the leading term of the asymptotic expansion of
the integral of kernel Kg(t, τ ) with weight w(τ ) as t → –1. In view of (4), this coefficient is a sum
of bounded factors of expressions calculated on the basis of (22), i.e.,{

Kg , w
}

t→–1
= –

2απe–iπβ

sin(πβ)

∑
p,j,k, r

[
Ak(–1)eiθr(β–j) (β + p)(β + p – 1)...(β – j + 1)

(p + j)!

]
. (28)

Using (24), we obtain a similar expression for the integral of the function Lg(t, τ )w(τ ) in (8):{
Lg, w̄

}
t→–1

= –
2ᾱπe–iπβ̄

sin(πβ̄)

∑
p,j,k, r

[
Ck(–1)eiθr(β̄–j) (β̄ + p)(β̄ + p – 1)...(β̄ – j + 1)

(p + j)!

]
. (29)

There is no need to write out the coefficients of the leading asymptotic terms of the integrals
of generalized kernels in (9), because of the above-mentioned fact that these coefficients are the
complex conjugates of the coefficients (28) and (29). This fact is reflected in the relation between
the functions ∆

–
hq(β) (h, q = 1, 2) in (27).

Let us rewrite the expression (26) in the form

Is(t) =
{

(1 + t)Re β
}

t→–1

[
2α

∆
–
11(β)

{
(1 + t)i Im β

}
t→–1

u(–1)

+ 2ᾱ
∆

–
12(β̄)

{
(1 + t)–i Im β

}
t→–1

u(–1)
]
,

Is(t) =
{

(1 + t)Re β
}

t→–1

[
2α

∆
–
21(β)

{
(1 + t)i Im β

}
t→–1

u(–1)

+ 2ᾱ
∆

–
22(β̄)

{
(1 + t)–i Im β

}
t→–1

u(–1)
]
.
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It is easy to see that the first factors in the right-hand sides go to infinity as t → –1. Since the other
terms of equations (7), not involved in (8), and the right-hand side of (7) are bounded for t → –1, it
has to be required that the second factors (those in square brackets) be equal to zero. This brings us
to a system of two homogeneous algebraic equations for the values u(–1) and u(–1):

2α
∆

–
11(β)

{
(1 + t)i Im β

}
t→–1

u(–1) + 2ᾱ
∆

–
12(β̄)

{
(1 + t)–i Im β

}
t→–1

u(–1) = 0,

2α
∆

–
21(β)

{
(1 + t)i Im β

}
t→–1

u(–1) + 2ᾱ
∆

–
22(β̄)

{
(1 + t)–i Im β

}
t→–1

u(–1) = 0.
(30)

According to the statement of the problem, the unknown function u(τ ) does not vanish at the ends
of the interval [–1, 1] (see (3)), and therefore, in order to satisfy this system it is necessary to require
that its determinant be equal to zero. Interpreting an ambiguity of the form xix(x → 0), dividing
by equal factors, and taking into account the relation between functions (27), we finally obtain the
following transcendental equation for the singularity exponent of the solution of equation (1) at the
left endpoint of the integration interval:

∆
–
11(β)∆–

11(β) – ∆
–
12(β̄)∆–

12(β̄) = 0, (31)

where

∆
–
11(β) = a(–1) + i cot(πβ)b(–1)

–
πe–iπβ

sin(πβ)

∑
p,j,k, r

[
Ak(–1)eiθr(β–j) (β + p)(β + p – 1)...(β – j + 1)

(p + j)!

]
, (32)

∆
–
12(β̄) = –

πe–iπβ̄

sin(πβ̄)

∑
p,j,k, r

[
Ck(–1)eiθr(β̄–j) (β̄ + p)(β̄ + p – 1)...(β̄ – j + 1)

(p + j)!

]
. (33)

Note that the relation between u(–1) and its conjugate u(–1) represented by either equation (30) is
actually only seeming, since for complex β (Im β ≠ 0) the limit

{
(1 + η)±i Im β

}
η→–1

does not exist.
To obtain an equation for the singularity exponent α, one should write the expressions for the

singular part (8) of equation (1) and its conjugate (9) for t → +1, and then argue as above. Omitting
intermediate calculations, we obtain the following transcendental equation for α:

∆
+
11(α)∆+

11(α) – ∆
+
12(ᾱ)∆+

12(ᾱ) = 0, (34)

where

∆
+
11(α) = a(+1) – i cot(πα)b(+1)

+
π

sin(πα)

∑
l,m,n,s

[
Bl(+1)(–1)neiθs(α–n) (α + m)(α + m – 1)...(α – n + 1)

(m + n)!

]
, (35)

∆
+
12(ᾱ) =

π

sin(πᾱ)

∑
l,m,n,s

[
Dl(+1)(–1)neiθs(ᾱ–n) (ᾱ + m)(ᾱ + m – 1)...(ᾱ – n + 1)

(m + n)!

]
. (36)

Thus, the problem of finding the exponents of the asymptotic solution of equation (1) at the endpoints
of the integration interval has been reduced to two independent transcendental equations (31) and (34)
for these exponents. The roots of these equations lying in the strip –1 < Re α, Re β < 0, are the
desired singularity exponents in the weight function (2), and the corresponding root with the minimal
real part is the leading exponent of the singularity in the solution of equation (1) at a given endpoint
of the integration interval.
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15.5-4. Analysis of Equations for Singularity Exponents.

Let us give a theoretical analysis of possible solutions of equations (31) and (34). For definiteness,
consider equation (31). Using the relations between the terms involved in that equation, we can
transform it to (

|∆–
11(β)| – |∆–

12(β̄)|
) (

|∆–
11(β)| + |∆–

12(β̄)|
)

= 0. (37)

It is easy to see that the left-hand side of the equation obtained is a real-valued function of the
complex singularity exponent β, and the zeroes of this function can be found by equating to zero its
first and its second factors, which are also real-valued functions.

Equating to zero the first factor in (37), we obtain the equation

|∆–
11(β)| – |∆–

12(β̄)| = 0, (38)

which can be considered as an (implicit) equation g(x, y) = 0 of some curve on the plane xy, where
x and y are, respectively, the real and the imaginary parts of the exponent β (x = Re β, y = Im β).
Therefore, if at least some part of this curve lies in the strip –1 < x < 0, then equation (1) allows for the
existence of infinitely many singularity exponents of its solution. In this situation, the quantity β can
be fixed only if the unique solvability of equation takes place only under an additional condition, and
this condition, in its turn, imposes certain constraints on the singularity exponents. The solvability
conditions occurring in applications impose no constraints of that kind (see the references at the end
of this section), and the theory of equation (1) with generalized kernels, which might give a definite
answer in regard to such a condition, has not been developed to a sufficient extent,* in spite of the
fact that equations of type (1) quite often occur in problems of mechanics and mathematical physics.
It is apparent from (33) (see also (5) and (7)), that it is the integral of the function Lg(t, τ )ϕ(τ ) in (1)
that is responsible for the appearance of the term |∆–

12(β̄)| in (38). If Lg(t, τ ) ≡ 0, this term is absent
and (38) reduces to the equation

∆
–
11(β) = 0, (39)

whose left-hand side is a complex-valued function. This means that in this case there is a system of
two real equations

Re
[
∆

–
11(x + iy)

]
≡ h(x, y) = 0,

Im
[
∆

–
11(x + iy)

]
≡ p(x, y) = 0

(40)

for the real and the imaginary parts of the singularity exponent. Of course, in some special cases the
curves h(x, y) = 0 and p(x, y) = 0 may have infinitely many common points (i.e., coincide on a finite
arc L). However in actual applied problems as a rule, there are finitely many points of intersection of
these curves, and therefore, finitely many solutions of system (40), which are admissible singularity
exponents β = x + iy for solutions of equation (1).

Thus, analysis of equation (38) shows that the integral (with generalized kernel) of the conjugate
of the unknown function in equation (1) leads to a qualitatively new behavior of the singularity
exponent: equation (31) defines infinitely many singularity exponents admissible for solutions of
equation (1) (provided that a finite part of the curve g(x, y) = 0 associated with equation (38) belongs
to the strip –1 < x < 0).

Equating to zero the second factor in (37) brings us to the system of equations

∆
–
11(β) = 0, ∆

–
12(β̄) = 0, (41)

whose left-hand sides are complex-valued functions. This system is overdetermined, since it
imposes four real conditions on two real unknown variables x and y (β = x + iy). Although (41) is

* One of the rare publications in this area is the monograph by Duduchava (1979) that dealt with singular equations with
generalized kernels not containing integrals of the conjugate of the unknown function.
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an overdetermined system, it cannot be excluded that there exist β in the strip –1 < x < 0 satisfying
(41), and this shows that the second factor on the left-hand side of (37) should be taken into account
when solving specific problems.

Going back to equation (31), we note that a more narrow class of its solutions can be obtained a
priori by taking a real β (Im β ≡ 0). In this case, equation (31) becomes

∆
–
11(β)∆–

11(β) – ∆
–
12(β)∆–

12(β) = 0, (42)

where the conjugation applies only to the functions (32) and (33), not to the parameter β (β̄ in (33)
must be replaced by β). This real equation serves to determine real singularity exponents admissible
for equation (1). As a rule, there are finitely many such exponents.

There is an important point that should be mentioned in connection with the a priori assumption
of β being real. By similarity with an algebraic equation with real coefficients, equation (42) may
admit (mutually conjugate) complex roots, in particular. Of course, such roots should be excluded
from consideration, since neither they nor their real parts satisfy the original equation (31), and,
therefore, are inadmissible for equation (1).

Selecting a root with the minimal real part (–1 < Re β < 0) in the solutions of equations (37)
and (42) allows us to determine the leading singularity exponent of the solution of equation (1) at
the left endpoint of the integration interval.

Prior to solving equation (31), it is convenient to perform a regularization by extracting the
factors 1/ sin(πβ) and 1/ sin(πβ̄) in (32) and (33), respectively. After the division of equation (31)
by the factor 1/| sin(πβ)|, which does not vanish in the strip –1 < Re β < 0, the left-hand side of
the equation becomes an analytic function in a finite region of the complex plane x + iy = β. This
allows us to use the methods of the theory of analytic functions for solving the equations constructed
above.

Similar arguments and remarks are valid for equation (34) for the singularity exponent α.
Table 10 summarizes the above analysis and other results known about exponents of singularity

of solutions of singular integral equations of the form (1).

TABLE 10
Singularity exponents for solutions of different cases of integral equation (1)

Functions involved in
equation (1) Singularity exponents Qualitative character of singularities

a(t)=0,
Kg(t, τ )=0,
Lg(t, τ )=0

α=β =–1/2
or
α=–β =±1/2

Real singularity,
unique in the interval
–1<α, β <0

Kg(t, τ )=0,
Lg(t, τ )=0

α=–1/2 + iω, β =–1/2 – iω
or
α=–β =±1/2 + iω,

where ω =–
1

2π
ln

b(±1) – a(±1)

b(±1) – a(±1)
(upper sign corresponds to the exponent α,
lower corresponds to β)

Complex singularity,
unique in the region
–1<Re α, Re β <0

Lg(t, τ )=0 are determined by the equations:
∆+

11(α)=0, ∆–
11(β)=0

Singularities are complex (in general)
and form a discrete set,
Re α, Re β ≠–1/2

Complete equation (1)
are determined by the equations:
∆+

11(α)∆+
11(α) – ∆+

12(ᾱ)∆+
12(ᾱ)=0,

∆–
11(β)∆–

11(β) – ∆–
12(β̄)∆–

12(β̄)=0

Complex singularities
have continuous distribution.
Under the a priori assumption
Im α=Im β =0, real singularities
form a discrete set

Remark. Singularity exponents α and β are independent of the Fredholm kernels K(t, τ ) and L(t, τ ) in the integral
equation (1).
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15.5-5. Application to an Equation Arising in Fracture Mechanics.

As an application, we use the above approach to determine singularity exponents for an equation
that arises in a two-dimensional elasticity problem for a rectilinear crack of unit half-length with a
vertex on the interface between two materials with different elastic properties (Linkov, 1999). This
problem can be reduced to the integral equation∫ 1

–1

ϕ(τ )
τ – t

dτ +
∫ 1

–1
Kg(t, τ )ϕ(τ ) dτ +

∫ 1

–1
Lg(t, τ )ϕ(τ ) dτ = f (t), –1 < t < 1, (43)

where

Kg(t, τ ) =
A0

τ – z∗0
+

A1

τ – z∗1
+ A2

1 + τ

(τ – z∗0 )2
+ A3

(1 + τ )(1 + t)
(τ – z∗0 )3

,

A0 = –
χ1

2
e2iγ , A1 =

χ2

2
e–2iγ , A2 =

χ2

2
(1 – e–2iγ)2e4iγ , A3 = 2a2e

2iγ ;

Lg(t, τ ) = C0
1 + τ

(τ – z∗0 )2
+ C1

1 + τ

(τ – z∗1 )2
, C0 = –

χ2

2
(1 – e–2iγ)e4iγ , C1 = –

χ2

2
(1 – e2iγ)e–2iγ ;

z∗0 = –1 + (1 + t)eiθ0 , 0 < θ0 = 2γ < 2π; z∗1 = –1 + (1 + t)eiθ1 , 0 < θ1 = 2(π – γ) < 2π;

χ1 ≡
κ2µ1 – κ1µ2

µ2 + κ2µ1
, χ2 ≡

µ2 – µ1

µ1 + κ1µ2
,

p(t) = f (t)/π is a self-balanced load on the crack surface, κr = 3 – 4νr for the plane-strain state,
and κr = (3 – νr)/(1 + νr) for the plane-stress state; νr is the Poisson ratio, µr is the shear modulus
(r = 1, 2). The index 2 in the last expressions refers to the upper half-plane (i.e., µ2 and ν2 are its
elastic constants), and the index 1 refers to the lower half-plane with the crack whose line forms
angle γ with the positive direction of the axis Ox associated with the interface (0 < γ < π).

Equation (43) has a unique solution in the class of functions that may go to infinity at the
endpoints of the integration interval, provided that an additional condition is satisfied. The condition
is that the displacement jump at the endpoints of the crack is zero:∫ 1

–1
ϕ(τ ) dτ = 0.

Since the kernels in (43) are bounded for τ = t → +1, the expression (36) and the last term in (35)
are equal to zero, and from (34) we obtain the equation cot(πα) = 0 (a(t) ≡ 0). The solution of this
equation with the minimal real part (Re α > –1) is the root α1 = –1/2 corresponding to the common
root singularity of the unknown function.

Calculating the expressions (32) and (33) for the kernels in (43), we have

∆
–
11(β) = F (β)

{
cos(πβ)

+ e–iπβ
[
A0e

iβθ0 + A1e
iβθ1 + A2e

iβθ0(β + 1) +
1
2
A3e

i(β–1)θ0 (β + 1)β
]}

,

∆
–
12(β̄) = F (β̄)e–iπβ̄

[
C0e

iβ̄θ0(β̄ + 1) + C1e
iβ̄θ1 (β̄ + 1)

]
,

(44)

where F (β) = –π/ sin(πβ).
The complex solution of equation (31) with the minimal real part was obtained with the help of

graphical analysis and numerical methods (the Müller method, the chord method, and the golden
section method).

Figure 7 shows the dependence of the leading complex singularity exponent β on the angle γ
within the range 0 < γ < π/2 (β(π – γ) = β̄(γ)) for ν1 = ν2 = 0.3 (plane strain) for two cases
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Figure 7. Dependence of the leading complex singular-
ity exponent β on the angle γ resulting from Eq. (38).
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Figure 8. Dependence of the leading singularity expo-
nent β on the angle γ resulting from Eq. (42).

µ1/µ2 = 0.1 and µ1/µ2 = 10 (the respective exponents are labelled by β0.1 and β10). Note that
the function g(x, y) = 0 (see the interpretation of equation (38) in Section 15.5-4) has a kink at the
point corresponding to the root with the minimal real part. Note also that for the parameters of the
problem under consideration, numerical experiments have shown that the equation ∆

–
11(β) = 0, the

first equation in system (41), has suitable roots (with –1 < Re β < 0) and the equation ∆
–
12(β) = 0

has no roots.
Figure 8 gives calculation results for the singularity exponent which were obtained using sim-

plified equation (42) with the parameters of the problem being the same. The set of roots of this
equation consists of two real values and, for some parameters of the problem, two complex-conjugate
ones. The minimal real root is always greater than the corresponding real part of the complex root
(Fig. 7), except for the points at which its imaginary part changes sign.

References for Section 15.5: F. E. Erdogan (1975), F. D. Gakhov (1977, 1990), R. Duduchava (1979), A. F. Nikiforov
and V. B. Uvarov (1988), N. I. Muskhelishvili (1992), W. H. Press et al. (1992), M. P. Savruk et al. (1999), A. M. Linkov
(2002), A. V. Andreev (2007).

15.6. Direct Numerical Solution of Singular Integral
Equations with Generalized Kernels∗

15.6-1. Preliminary Remarks.

Below, we describe some approaches to the direct numerical solution of integral equations with
generalized kernels of the Cauchy type (see Section 15.5). These approaches are based on the
method of collocation and are more or less traditional, but due to the class of equations examined
here have some specific features which require some special considerations.

The first characteristic feature of the class of equations considered here is the presence of
nontrivial (generally complex) singularities of the solution at the endpoints of the integration interval.

In order to obtain integral (nonlocal) characteristics of solutions of equations with generalized
kernels, one can adopt well-known numerical approaches that do not take into account the asymptotic
behavior of a solution near its singular points at the ends of the integration interval. On the other
hand, numerical experiments show that in some situations such methods (for instance, the method
of discrete vortices) applied to integral equations with generalized kernels give inadequate results,
even if used to find integral characteristics of a solution (see the next paragraph). Moreover, it is
of special interest to obtain a fairly accurate local distribution of solution within the framework of
the process of its numerical construction, which requires utilization of methods explicitly taking

* Section 15.6 was written by A. V. Andreev.
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into account asymptotic behavior of solutions. In particular, it is very important for construction of
correct solution asymptotics near the endpoints of the integration interval. Thus, direct numerical
solution of singular integral equations with generalized kernels presumes that one has to find a
bounded function u(τ )*, while the Jacobi weight function w(τ ) with singularities is supposed to be
known from preliminary analysis, and its asymptotic behavior at the ends of the integration interval
is explicitly taken into account in numerical approximations of integrals and other calculations.

The second characteristic feature of equations with generalized kernels is that, as a rule, the
analytic continuation of integral kernels (in the integration variable) has singularities outside the
integration line, and this fact necessitates the application of high-precision quadrature methods for
the numerical approximation of integrals with such kernels. In this connection, quadrature formulas
of the highest algebraic accuracy (like the Gauss method) are used below, and quadrature formulas
of interpolation type are used to ensure greater flexibility of the collocation method.

The material presented below can be divided into two parts: first, in Sections 15.6-2 to 15.6-4
we describe auxiliary numerical-analytical results, and then, in Sections 15.6-5, 15.6-6 we apply
them to the construction of solutions to singular integral equations; in particular, we give examples
of their numerical realization and compare its results with exact analytical solutions.

15.6-2. Quadrature Formulas for Integrals with the Jacobi Weight Function.

For the numerical approximation of a nonsingular integral with the weight function w(τ ) in the form
of a sum we use the Gauss–Jacobi quadrature formula (of the highest algebraic precision):∫ 1

–1
u(τ )w(τ ) dτ =

n∑
k=1

Wku(τk), Re α, Re β > –1. (1)

Here

q(α,β)
n (t) =

∫ 1

–1

w(τ )P (α,β)
n (τ )

τ – t
dτ , Wk =

q(α,β)
n (τk)

[P (α,β)
n (τk)]′

, (2)

and P (α,β)
n (τ ) is the Jacobi polynomial defined by

P (α,β)
n (τ ) =

(–1)n

2nn!
(1 – τ )–α(1 + τ )–β dn

dτn

[
(1 – τ )α+n(1 + τ )β+n

]
= 2–n

n∑
m=0

Cm
n+αCn–m

n+β (τ – 1)n–m(τ + 1)m,
(3)

Ca
b are binomial coefficients, and the nodes τk of the quadrature formulas form the set of roots of

this polynomial,
P (α,β)

n (τk) = 0, k = 1, 2, . . . , n. (4)

Formula (1) is exact if u(τ ) is a polynomial of a degree ≤ 2n – 1 (or briefly, u(τ ) ∈ 2n–1). In
formula (2) and below we use the notation [F (τk)]′ = dF

dτ

∣∣
τ=τk

.
For Re α > –1, Re β > –1, and Im α = Im β = 0, the roots of the Jacobi polynomial are simple and

belong to the interval τ ∈ (–1, 1). The quadrature formula (1) remains valid in the case of complex
values of α and β, but in this case the roots of the Jacobi polynomial also turn out to be complex
(Im τk ≠ 0) and lie near the interval τ ∈ (–1, 1).

* Recall that a solution of a singular integral equation is sought in the form of the product

ϕ(τ ) = u(τ )w(τ ), where w(τ ) = (1 – τ )α(1 + τ )β , –1 ≤ τ ≤ 1, Re α, Re β > –1

(see formulas (2)–(3) in Subsection 15.5-1).
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Note that the function q(α,β)
n (t) can be easily expressed through the Jacobi function of the second

kind Q(α,β)
n (t) and the weight function w(τ ):

q(α,β)
n (t) = w(t)Q(α,β)

n (t), (5)

and the zeroes of these functions coincide on the interval t ∈ (–1, 1).
For a singular integral with the Cauchy kernel, the following modification of the Gauss–Jacobi

quadrature formula holds:∫ 1

–1

u(τ )w(τ )
τ – t

dτ =
n∑

k=1

Wk
u(τk)
τk – t

+ u(t)
q(α,β)
n (t)

P (α,β)
n (t)

, –1 < t ≠ τk < 1, Re α, Re β > –1. (6)

This formula is exact if u(τ ) ∈ 2n (i.e., u(τ ) is a polynomial of degree ≤ 2n).
For a discrete set of points tm such that (see (5))

Q(α,β)
n (tm) = 0, tm ≠ τk, (7)

the quadrature formula (6) becomes similar to (1):∫ 1

–1

u(τ )w(τ )
τ – tm

dτ =
n∑

k=1

Wk
u(τk)

τk – tm
. (8)

For the restoration of the values of the unknown function u(τ ) on the entire interval τ ∈ [–1, 1]
from its values on the discrete set τk (k = 1, 2, . . . , n), one can use the Lagrange interpolation
polynomial, which it is convenient to write in the following form (since the interpolation is with
respect to the zeroes of the Jacobi polynomial):

u(τ ) = P (α,β)
n (τ )

n∑
k=1

u(τk)

(τ – τk)[P (α,β)
n (τk)]′

. (9)

This interpolation representation is exact if u(τ ) is a polynomial of a degree ≤ n – 1. Note that the
representation (9) may be useful for the approximation of the term outside the integral in a singular
equation of the second kind.

Moreover, on the basis of the approximation (9), one can construct quadrature formulas of
interpolation type for a singular integral. Substituting (9) into (6), we obtain the following quadrature
formula for the singular integral:∫ 1

–1

u(τ )w(τ )
τ – t

dτ =
n∑

k=1

W (s)
k (t)u(τk), –1 < t < 1, Re α, Re β > –1, (10)

which is precise for u(τ ) ∈ n–1. Here,

W (s)
k (t) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
q(α,β)
n (τk) – q(α,β)

n (t)

[P (α,β)
n (τk)]′(τk – t)

if t ≠ τk ,

[q(α,β)
n (τk)]′

[P (α,β)
n (τk)]′

if t = τk.

(11)

Note that the lower expression for the weight in (11) is obtained from the upper one by passing to
the limit as t → τk. It can be seen that the quadrature formula (10) for the singular integral (unlike
the similar formula (6)) holds also at t = τk. Moreover, formula (10) yields an expression which, in
contrast to (6), is an approximation based only on the density values at the nodes of the quadrature
formula (see also (8)).
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15.6-3. Approximation of Solutions in Terms of a System of Orthogonal Polynomials.

As mentioned in the previous subsection, for Im α ≠ 0 or Im β ≠ 0, the roots of the Jacobi polynomial
are complex (Im τk ≠ 0). This is an obstacle to the utilization of the above quadrature formulas
for the approximation of integrals, since it becomes necessary to find the unknown function of the
integral equation outside its domain τ ∈ [–1, 1].

To construct a solution of an equation with complex asymptotics at the endpoints of the integra-
tion interval, let us represent the unknown function u(τ ) in the form of expansion in terms of a finite
system of Jacobi polynomials which are orthogonal on the segment [–1, 1] with weight function
w(τ ):

u(τ ) =
n∑

k=0

ckP (α,β)
k (τ ). (12)

Here, ck are complex constants to be determined, and P (α,β)
k (τ ) is a Jacobi polynomial of real argu-

ment τ with complex α and β. Such a representation allows us to perform analytical integration of
the singular integral in terms of special functions on the basis of the following integral representation
of the Jacobi function of the second kind Q(α,β)

k (t) (see (2), (5)):

∫ 1

–1

w(τ )P (α,β)
k (τ )

τ – t
dτ = w(t)Q(α,β)

k (t), –1 < t < 1. (13)

When using (12) for the approximation of a solution of an integral equation, one has to deal with
integrals of the form

hk(t) ≡
1

w(t)

∫ 1

–1
k(t, τ )w(τ )P (α,β)

k (τ ) dτ , –1 < t < 1, (14)

where k(t, τ ) is a generalized kernel. In general, such a kernel (see, for instance, (4) and (5) in
Section 15.5) is nonanalytic for τ in a neighborhood of the segment τ ∈ [–1, 1] on the complex
plane. At the same time, if for a specific kernel one can separate its poles from the region of the
complex roots of the Jacobi polynomial, then a direct and fairly precise approach to the calculation
of integrals (14) can be realized by the method of mechanical Gauss–Jacobi quadratures (1). If such
an operation is impossible or entails very difficult calculations, the following technique can be used.

Let us approximate the kernel k(t, τ ) by a degenerate kernel in the form of a polynomial of
degree N with respect to τ :

k(t, τ ) =
N∑
s=0

cs(t)τ
s , t ∈ (–1, 1). (15)

Obviously, the Jacobi polynomials can be represented in a similar form

P (α,β)
k (τ ) =

k∑
l=0

g(k)
l τ l. (16)

Here, the superscript in the coefficients g(k)
l refers to the highest degree of the polynomial.

Using (15) and (16), we obtain the following expression for the integral (14):

hk(t) =
1

w(t)

N+k∑
j=0

d(k)
j (t)

∫ 1

–1
τ jw(τ ) dτ . (17)
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Here, the coefficients d(k)
j (t) can be written in the form

d(k)
j (t) =

j∑
s=0

cs(t)g
(k)
j–s , (18)

which is obtained on the basis of multiplication of the series (15) and (16). Note that in the sum
(18), one should take cs(t) = 0 for s > N and g(k)

j–s = 0 for j – s > k.
To calculate the integrals involved in (17), we use the identity

∫ 1

–1
τ jw(τ ) dτ =

∫ 1

–1

τ j+1w(τ )
τ – t∗

dτ – t∗
∫ 1

–1

τ jw(τ )
τ – t∗

dτ . (19)

Here and in what follows, –1 < t∗ < 1 is a fixed auxiliary parameter. The integrals in the right-hand
side of the last expression can be calculated with the help of (13), which, in view of (16), can be
represented in the form

Q(α,β)
m (t∗) =

1
w(t∗)

m∑
l=0

g(m)
l

∫ 1

–1

τ lw(τ )
τ – t∗

dτ

=
1

w(t∗)

[
g(m)

0

∫ 1

–1

w(τ )
τ – t∗

dτ + g(m)
1

∫ 1

–1

τw(τ )
τ – t∗

dτ + · · · + g(m)
m

∫ 1

–1

τmw(τ )
τ – t∗

dτ

]
.

The last expression implies that the integrals of the form

Im(t∗) ≡
∫ 1

–1

τmw(τ )
τ – t∗

dτ =
1

g(m)
m

[
w(t∗)Q(α,β)

m (t∗) –
m–1∑
p=0

g(m)
p Ip(t∗)

]
, (20)

I0(t∗) = w(t∗)Q(α,β)
0 (t∗)

can be calculated on the basis of the above recurrent relation (note that g(0)
0 = 1).

Let us introduce the function

Sm(t∗) ≡
Im(t∗)
w(t∗)

=
1

g(m)
m

[
Q(α,β)

m (t∗) –
m–1∑
p=0

g(m)
p Sp(t∗)

]
, (21)

S0(t∗) = Q(α,β)
0 (t∗),

calculated on the basis of a similar recurrent relation. Substituting (19) into (17) and using (20),
(21), we finally obtain

hk(t) =
w(t∗)
w(t)

N+k∑
j=0

d(k)
j (t)

[
Sj+1(t∗) – t∗Sj(t∗)

]
, –1 < t < 1. (22)

Note that the above approach to the calculation of integrals (14) based on the expansion of the
generalized kernel in power series (15) might be especially convenient if the kernel k(t, τ ) cannot
be expressed explicitly and one has to use its representation as an integral. In such a situation, the
representation (15) can be obtained with the help of the expansion of the integrand in power series
with respect to τ and subsequent analytical integration of that series.
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15.6-4. Some Special Functions and Their Calculations.

In order to implement the above methods for the approximation of integrals with the Jacobi weight
function, it is necessary to calculate special functions and their roots with great precision and
efficiency. Next, we sum up the results necessary for the implementation of the methods and
approaches proposed above (see also the references at the end of this section).

To calculate Jacobi polynomials and their set, as well as the corresponding functions of the
second kind, it is convenient to use a single recurrent procedure based on the relation

anΨ
(α,β)
n+1 (τ ) = (bn + cnτ )Ψ(α,β)

n (τ ) – dnΨ
(α,β)
n–1 (τ ), (23)

an = 2(n + 1)(n + α + β + 1)(2n + α + β),

bn = (2n + α + β + 1)(α2 – β2),

cn = (2n + α + β)(2n + α + β + 1)(2n + α + β + 2),

dn = 2(n + α)(n + β)(2n + α + β + 2).

Here and henceforth in this subsection, we use the symbol Ψ to denote the polynomial P and the
function of the second kind Q if they satisfy identical relations.

For the coefficients b(k)
l of a Jacobi polynomial of the form (16), one can construct recurrent

relations that can be used for the determination of the coefficients of a polynomial of degree n + 1
in terms of the coefficients of polynomials of smaller degrees n and n – 1. Thus, substituting (16)
into (23) and equating the coefficients of equal powers of τ , we obtain

anb(n+1)
l = bnb(n)

l +cnb(n)
l–1 –dnb(n–1)

l , anb(n+1)
n+1 = cnb(n)

n , b(n–1)
n = b(n)

–1 = 0, l = 0, 1, . . . , n. (24)

Since the derivative of a Jacobi polynomial (function of the second kind) is expressed through
two consecutive polynomials (functions) of the corresponding orders with the same parameters α,
β and argument τ :

(1 – τ 2)[Ψ(α,β)
n (τ )]′ = (ãn + b̃nτ )Ψ(α,β)

n (τ ) + c̃nΨ
(α,β)
n–1 (τ ); (25)

ãn =
n(α – β)

2n + α + β
, b̃n = –n, c̃n =

2(n + α)(n + β)
(2n + α + β)

, (26)

its calculation reduces to the calculation of coefficients (26) and their substitution into (25) on the
final stage of the recurrent procedure (23).

As the initial values in (23), one can use the Jacobi polynomials of the zero and the first orders,

P (α,β)
0 (τ ) = 1, P (α,β)

1 (τ ) = 1
2 (α – β) + 1

2 (2 + α + β)τ ,

and for a function of the second kind, use the initial values obtained from the explicit expression

Q(α,β)
n (τ ) = –

πP (α,β)
n (τ )

tan(πβ)
+

(–1)n2α+β

w(τ )
B(n + α + 1, β)F

(
n + 1, –n – α – β, 1 – β;

1 + τ

2

)
=

πP (α,β)
n (τ )

tan(πα)
–

2α+β

w(τ )
B(n + β + 1, α)F

(
n + 1, –n – α – β, 1 – α;

1 – τ

2

)
, (27)

where B(x, y) is the beta function, F (a, b, c; z) is the hypergeometric function, and –1 < τ < 1.
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For the calculation of the hypergeometric function for –1 < z = (1 ± τ )/2 < 1, one can use its
representation as the Gauss series (see Supplement 11.10)

F (a, b, c; z) = 1 +
∞∑

m=1

(a)m(b)m
(c)m

zm

m!
, (a)m = a(a + 1) . . . (a + m – 1). (28)

The beta function is related to the gamma function Γ(x) by B(x, y) = Γ(x)Γ(y)/Γ(x + y), and the
latter can be calculated quite accurately by the Lanczos approximation

Γ(z) =
√

2π
(z + C1 – 1/2)z–1/2

ez+C1–1/2

(
s1 +

m∑
k=2

sk

z + k – 2

)
, z ≠ 0, –1, –2, . . . (29)

For m = 15, the coefficients of the approximation (29) have the form

C1 = 607/128, s1 = 0.999999999999997,

s2 = 57.15623566586292, s3 = –59.59796035547549,

s4 = 14.13609797474174, s5 = –0.491913816097620,

s6 = 0.339946499848118 × 10–4, s7 = 0.465236289270485 × 10–4,

s8 = –0.983744753048795 × 10–4, s9 = 0.158088703224912 × 10–3,

s10 = –0.210264441724104 × 10–3, s11 = 0.217439618115212 × 10–3,

s12 = –0.164318106536763 × 10–3, s13 = 0.844182239838527 × 10–4,

s14 = –0.261908384015814 × 10–4, s15 = 0.368991826595316 × 10–5.

Note that the above methods for the calculation of special functions are applicable for both real and
complex parameters and arguments of these functions.

Moreover, for real values one can obtain explicit expressions for the nodes and the weights
in quadrature formulas. These expressions were obtained for large values of the discretization
parameter, n � 1. In this case, the Jacobi polynomials and the integral (2) can be written in terms
of elementary functions:

P (α,β)
n (cos θ) =

cos
{[

n + (α + β + 1)/2
]
θ – (2α + 1)π/4

}
√

πn (sin(θ/2))α+1/2(cos(θ/2))β+1/2
+ O(n–3/2), 0 < θ < π, (30)

q(α,β)
n (cos θ) = 2α+β

√
π

n

sin
{[

n + (α + β + 1)/2
]
θ – (2α + 1)π/4

}
(sin(θ/2))–α+1/2(cos(θ/2))–β+1/2

+ O(n–3/2). (31)

On the basis of these results, one obtains the following approximate expressions for the nodes and
the weights in the quadrature formulas:

τk ≈ cos θk, θk =
2α – 1 + 4k

2n + α + β + 1
π

2
, k = 1, 2, . . . , n; (32)

Wk ≈
2π

2n + α + β + 1

√
1 – τ 2

k (1 – τk)α(1 + τk)β . (33)

Note that these expressions for the nodes and weights are precise for α = ±1/2 and β = ±1/2 for
any n.

In the general case, the real roots τk of a Jacobi polynomial (or function of the second kind)
can be calculated by means of the following algorithm. Choosing a suitable initial approximation
τ (1)
k for the kth root, its value can be found, quickly enough and with given accuracy, in an iteration
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process based on the Newton method (of tangential lines), by consecutively refining the position of
a root with the help of the expression (i is the number of the iteration)

τ (i+1)
k = τ (i)

k –
Ψ

(α,β)
n (τ (i)

k )

[Ψ(α,β)
n (τ (i)

k )]′
, i = 1, 2, . . . (34)

It is possible to choose initial approximations for (real) roots of Jacobi polynomials in the form

τ (1)
1 = 1 –

(1 + α)
[
2.78/(4 + n2) + 0.768α/n2

]
1 + 1.48α/n + 0.96β/n + 0.452α2/n2 + 0.83αβ/n2

,

τ (1)
2 = τ̃1 –

(1 – τ̃1)(4.1 + α)
(1 + α)(1 + 0.156α)

[
1 +

0.06(n – 8)(1 + 0.12α)
n

][
1 +

0.012β(1 + 0.25|α|)
n

]
,

τ (1)
3 = τ̃2 – (τ̃1 – τ̃2)

1.67 + 0.28α

1 + 0.37α

[
1 +

0.22(n – 8)
n

][
1 +

8β

(6.28 + β)n2

]
,

τ (1)
k = 3τ̃k–1 – 3τ̃k–2 + τ̃k–3, 3 < k < n – 1,

τ (1)
n–1 = τ̃n–2 + (τ̃n–2 – τ̃n–3)

1 + 0.235β

0.766 + 0.119β

[
1 +

1 + 0.639(n – 4)
1 + 0.71(n – 4)

]–1[
1 +

20α

(7.5 + α)n2

]–1

,

τ (1)
n = τ̃n–1 + (τ̃n–1 – τ̃n–2)

1 + 0.37β

1.67 + 0.28β

[
1 +

0.22(n – 8)
n

]–1[
1 +

8α

(6.28 + α)n2

]–1

.

Here, the quantities marked with tilde denote approximate values of the roots of the polynomial
which were obtained as a result of previous iteration processes (as regards this process).

Initial approximations for (real) roots of a function of the second kind may be chosen in the form

t̃(1)
1 = 1 – n–5/2(α + 1/2)2(1 + τ̃1), α > –1/2;

t̃(1)
k = (τ̃k + τ̃k–1)/2, k = 2, 3, . . . , n;

t̃(1)
n+1 = –1 – n–5/2(β + 1/2)2(–1 + τ̃n), β > –1/2.

(35)

When calculating complex roots of Jacobi polynomials (Im α ≠ 0 or Im β ≠ 0), one can take as
the initial approximation τ (1)

k in (34) the roots of the real polynomial P (Re α,Re β)
n (τ ), which can be

found from the equation P (Re α,Re β)
n (τ (1)

k ) = 0, k = 1, 2, . . . , n.

15.6-5. Numerical Solution of Singular Integral Equations.

Consider a complete singular integral equation of the first kind∫ 1

–1

ϕ(τ ) dτ

τ – t
+
∫ 1

–1
k(t, τ )ϕ(τ ) dτ = f (t), –1 < t < 1. (36)

Using approximations of the integrals (1) and (6), we write it in the form

u(t)
q(α,β)
n (t)

P (α,β)
n (t)

+
n∑

k=1

Wku(τk)

[
1

τk – t
+ k(t, τk)

]
= f (t), –1 < t < 1, t ≠ τk. (37)

Next, one can realize several versions of the construction of a complete system of algebraic equations
for the values u(τk) (k = 1, 2, . . . , n) on the basis of the collocation method.
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If the function of the second kind Q(α,β)
n (t) (see (5) and (7)) has ≥ n zeroes on the interval

t ∈ (–1, 1), then, using these zeroes as collocation points (see also (8)), one can construct the
complete system of algebraic equations

n∑
k=1

Wku(τk)

[
1

τk – tm
+ k(tm, τk)

]
= f (tm), m = 1, 2, . . . , n. (38)

This situation takes place in the case of α > –1/2 or β > –1/2 (see (35)). If neither of these conditions
holds, then the function Q(α,β)

n (t) has n – 1 zeroes on the interval t ∈ (–1, 1), and one should use the
following approaches.

First of all, we note that in actual applied problems,equation (36) whose solution has singularities
in the region –1 < α, β ≤ –1/2 as a rule is accompanied by the condition∫ 1

–1
ϕ(τ ) dτ = A (39)

(A being a known constant), whose quadrature analogue (see (1))

n∑
k=1

Wku(τk) = A (40)

allows us to complete the algebraic system of equations.
At the same time, in cases not covered by this rule, one can use (9) for the interpolation of

the unknown function in the first term in (37) and the construction of a complete system of linear
equations on an arbitrary set of collocation points –1 < tm ≠ τk < 1 (m = 1, 2, . . . , n). An equivalent
approach is to use the quadrature formula (10) for the approximation of the singular integral in (36),
and in the latter case, collocation points can be chosen coincident with the nodes of the quadrature
formulas tm = τk (m, k = 1, 2, . . . , n):

n∑
k=1

u(τk)

[
W (s)

k (tm) + Wkk(tm, τk)

]
= f (tm), k, m = 1, 2, . . . , n. (41)

The last approach is especially convenient in that the special functions necessary for its realization
are calculated only for a single system of points, namely, for the nodes of the quadrature formulas.

Note that an important feature of all approaches described above and realized in the framework
of the collocation method is the utilization of a quadrature formula of the highest algebraic precision
for the approximation of an integral containing a generalized kernel k(t, τ ).

Consider the complete singular integral equation of the second kind with generalized kernel
k(t, τ ):

a(t)ϕ(t) +
b(t)
πi

∫ 1

–1

ϕ(τ ) dτ

τ – t
+
∫ 1

–1
k(t, τ )ϕ(τ ) dτ = f (t), –1 < t < 1. (42)

If the solution of this equation has real singularities at the ends of the integration interval, then a
numerical approximate solution can be constructed by quadrature-collocation methods similar to
those described above, with the interpolation polynomial (9) used for the term outside the integral.
However, in many actual applied problems, singularities of a solution of equation (42) are complex,
and this requires the approach described below.

Using the approximation (12), from (13) and (42) we get:

w(t)
n∑

k=0

ck

[
a(t)P (α,β)

k (t) +
b(t)
πi

Q(α,β)
k (t) + hk(t)

]
= f (t), –1 < t < 1. (43)
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To obtain a system of linear algebraic equations for the unknown coefficients ck (k = 0, 1, . . . , n),
the expression (43) can be written for the corresponding number of collocation points tr:

w(tr)
n∑

k=0

ck

[
a(tr)P (α,β)

k (tr) +
b(tr)
πi

Q(α,β)
k (tr) + hk(tr)

]
= f (tr), (44)

r = 0, 1, . . . , n, –1 < tr < 1.

If equation (42) is accompanied by a condition of the form (39), it is necessary to use a slightly
modified approach.

Using (12), let us rewrite the additional condition (39) in the form

n∑
k=0

ck

∫ 1

–1
w(τ )P (α,β)

k (τ ) dτ = A. (45)

From the orthogonality condition of the Jacobi polynomials on the interval τ ∈ [–1, 1] with the
weight function w(τ ), we have∫ 1

–1
w(τ )P (α,β)

k (τ ) dτ =

{
2α+β+1B(α + 1, β + 1) if k = 0,
0 if k > 0.

Thus, condition (45) immediately allows us to find one of the unknown constants:

c0 =
2–1–α–β

B(α + 1, β + 1)
A. (46)

Therefore, in this situation it is necessary to take k = 1 in the lower limit of the sum (44), decrease
the number of collocation points tr by 1, and determine the unknown constant c0 from (46).

Note that in calculating expressions (14) according to (22), when constructing system (44), it
is convenient to choose the auxiliary point t∗ ∈ (–1, 1), introduced in (19), to be coincident with
one of the points tr. This allows us to reduce calculations by using in (21) the values Q(α,β)

k (tr)
(r = 0, 1, . . . , n) obtained on the stage of calculations of the second term in the sum (44). Numerical
experiments show that the accuracy of a solution is little affected by which point tr is chosen as the
auxiliary point.

Thus, solving integral equations on the basis of the collocation method amounts to solving
of systems of linear algebraic equations, which allows us to determine the coefficients of the
approximation of the unknown function or its values on a discrete set of points. Note that the
approaches described above can be directly extended to the case of an equation also containing
an integral (with regular or generalized kernel) of the complex-conjugate of the unknown function
(see (1) in Section 15.1).

15.6-6. Numerical Solutions of Singular Integral Equations of Bueckner Type.

Example 1. Consider a singular integral equation of Bueckner type (1966):∫ 1

–1

ϕ(τ ) dτ

τ – t
+
∫ 1

–1

ϕ(τ ) dτ

τ + t + 2
= πh(t), –1 < t < 1. (47)

This equation with generalized kernel k(t, τ ) = 1/(τ + t + 2) has a unique solution, which, for h(t) = q = const, can be
expressed in terms of elementary functions,

ϕ(τ ) = q
1 + τ√

1 – τ
√

3 + τ
. (48)
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It can be seen that in this case the weight function, which reflects the asymptotic behavior of the solution at the ends of the
integration integral, has the form

w(τ ) = (1 – τ )–1/2(1 + τ ). (49)

Table 11 gives the results of numerical solution of equation (47) for h(t) = q = 1. This numerical solution was obtained
in the framework of the quadrature-collocation approach (38) on the set of ten points τk listed in the second column. The
third column lists the values of the exact analytical solution (48) calculated at these points for q = 1.

TABLE 11
Comparison of exact and numerical solutions of the Bueckner equation (47)

k Points τk Exact solution (48) Numerical solution

1 0.9893260 9.64037 9.64044

2 0.9052947 3.13291 3.13293

3 0.7443578 1.78291 1.78293

4 0.5201627 1.16966 1.16968

5 0.2517209 0.80245 0.80246

6 –0.0382037 0.54848 0.54850

7 –0.3250257 0.35852 0.35854

8 –0.5844217 0.21242 0.21246

9 –0.7943919 0.10335 0.10342

10 –0.9371120 0.03145 0.03172

As one can see from the table, the numerical solution is accurate to four or five significant digits for the first nine τk

even for only n = 10. Note that the relative error increases towards the left endpoint of the interval (–1, 1), where it reaches
εmax = 0.83%. This increase is due to the fact that as t decreases, the pole of the function g(z) = 1/(z + t + 2) approaches
the left endpoint of the interval, which worsens the quadrature approximation of the integrals.

Example 2. Now consider a more general Bueckner equation∫ 1

–1

ϕ(τ ) dτ

τ – t
+ D

∫ 1

–1

ϕ(τ ) dτ

τ + t + 2
= πh(t), –1 < t < 1, (50)

where D is a complex constant.
Numerical experiments show that, as a rule, the roots of the Jacobi polynomial (4) for complex α and β lie in the strip

| Re τk | < 1 in a small neighborhood of the segment τ ∈ [–1, 1] (|Im τk | � 1), and these roots approach this segment with
the growth of n. Only if the imaginary parts of the singularity exponents are sufficiently large, the roots can lie outside the
strip, but in this case the following estimate holds: |Re τk | < 1 + ε, 0 < ε � 1. This justifies the utilization of the first method
proposed in Subsection 15.6-2 for the calculation of integrals (14), since the (real) pole of the generalized kernel satisfies the
inequality z∗ < –1.

Note that in order to obtain a unique solution of equation (50) for D ≠ 1, an additional condition should be introduced:∫ 1

–1
ϕ(τ ) dτ = 0. (51)

For h(t) ≡ q = const, the solution of equation (50) can be written in closed form,

ϕ(τ ) =
q

π
√

2(1 + D)

[(
θ√

1 – x2 + 1

)(
x

1 +
√

1 – x2

)θ

+

(
θ√

1 – x2
– 1

)(
x

1 +
√

1 – x2

)–θ]
, (52)

where x = (1 + τ )/2 and θ = arccos(–D)/π is complex.
We see that the asymptotic behavior of the solution near the left endpoint of the integration interval has the form ρ–θ as

ρ → 0 and at the right endpoint the solution has a root singularity. This corresponds to the weight function

w(τ ) = (1 – τ )–1/2(1 + τ )–θ . (53)
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For the construction of a numerical solution of equation (50) we use two methods: (i) integrals (14) are calculated according
to the Gauss–Jacobi quadrature formulas (1):

hk(t) =
1

w(t)

s∑
k=1

Wkk(t, τk)P (α,β)
k (τk), k(t, τ ) =

1

τ + t + 2
; (54)

(ii) the method based on the expansion of this kernel into series (15). In case (ii), we use two types of polynomial
approximation: Maclaurin series

k(t, τ ) =
N∑
s=0

as(t)τ s , as(t) =
(–1)s

(t + 2)s+1
, (55)

and the expansion with respect to Chebyshev polynomials of the first kind Tn(τ ):

k(t, τ ) = –
g0(t)

2
+

N∑
m=0

gm(t)Tm(τ ), gj(t) =
2

N + 1

N+1∑
k=1

k(t, τk)Tj (τk), (56)

τk = cos

(
2k – 1

N + 1

π

2

)
, Tj(τk) = cos

(
2k – 1

N + 1

πj

2

)
.

Note that the coefficients as(t) in the expansion (15) can be obtained from the coefficients gm(t) (56) by the method used
above for the derivation of (18).

As tr (r = 1, . . . , n) we use the uniform grid

tr = (1 – δ)[2(r – 1)/(n – 1) – 1],

where 0 < δ < 1 is a small parameter that fixes the position of the minimal and the maximal collocation points (min tr = –1+δ,
max tr = 1 – δ).

Table 12 gives calculation results for equation (50) (with the additional condition (51)) obtained for the following
parameter values: D = 0.5 + 0.5i in (72), q = 1 in (52), δ = 0.2, n = 10 in (12), s = 10 in (54), N = 25 in (55) and (56).
For the given D, we have θ = 0.644 + 0.169 i, i.e., the solution has a sufficiently strong singularity near the endpoint τ = –1
(Re β < –1/2; see (53)).

TABLE 12
Comparison of exact and numerical solutions of the Bueckner

equation (50). N.s. is shorthand notation for “numerical solution”

τ Exact solution N.s. based on (54) N.s. based on (55) N.s. based on (56)

–0.875 –0.62953 – 0.00548 i –0.62870 – 0.00542 i –0.62785 – 0.00758 i –0.62870 – 0.00541 i

–0.750 –0.36772 + 0.03491 i –0.36747 + 0.03498 i –0.36711 + 0.03354 i –0.36747 + 0.03498 i

–0.625 –0.24804 + 0.04166 i –0.24791 + 0.04172 i –0.24765 + 0.04101 i –0.24791 + 0.04172 i

–0.500 –0.17148 + 0.04234 i –0.17139 + 0.04239 i –0.17118 + 0.04198 i –0.17139 + 0.04239 i

–0.375 –0.11389 + 0.04151 i –0.11383 + 0.04155 i –0.11365 + 0.04125 i –0.11383 + 0.04155 i

–0.250 –0.06598 + 0.04038 i –0.06592 + 0.04042 i –0.06577 + 0.04018 i –0.06592 + 0.04042 i

–0.125 –0.02311 + 0.03937 i –0.02306 + 0.03940 i –0.02292 + 0.03921 i –0.02306 + 0.03940 i

0.000 0.01755 + 0.03865 i 0.01759 + 0.03868 i 0.01771 + 0.03851 i 0.01759 + 0.03868 i

0.125 0.05818 + 0.03832 i 0.05821 + 0.03834 i 0.05833 + 0.03819 i 0.05821 + 0.03834 i

0.250 0.10088 + 0.03848 i 0.10091 + 0.03851 i 0.10102 + 0.03837 i 0.10091 + 0.03851 i

0.375 0.14831 + 0.03930 i 0.14834 + 0.03933 i 0.14845 + 0.03920 i 0.14834 + 0.03933 i

0.500 0.20461 + 0.04108 i 0.20464 + 0.04111 i 0.20475 + 0.04098 i 0.20464 + 0.04111 i

0.625 0.27778 + 0.04447 i 0.27781 + 0.04450 i 0.27792 + 0.04436 i 0.27781 + 0.04450 i

0.750 0.38768 + 0.05118 i 0.38771 + 0.05122 i 0.38783 + 0.05104 i 0.38771 + 0.05122 i

0.875 0.61138 + 0.06818 i 0.61140 + 0.06824 i 0.61151 + 0.06794 i 0.61140 + 0.06824 i
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As one can see, all three calculation techniques provide quite good agreement between the numerical and exact analytical
solution.

A slightly lower accuracy (to 3 or 4 significant digits) is attained using the approximation (55), while the approximation
(56), as well as the solution based on (54), provides a considerably higher accuracy (to 4 or 5 significant digits) for the same N .
This due to a higher accuracy of the approximation (56)—it is closer to the polynomial of best uniform approximation. In
particular, the maximum relative error of the approximation (56) in the rectangle {min tr ≤ t ≤ max tr , –1 ≤ τ ≤ 1} for
the above calculation parameters is max εchebyshev = 0.09%, while that of the approximation (55) is max εmaclaurin = 0.87%.
The accuracy max εmaclaurin ≈ 0.1% can be attained using the calculations based on (55) by increasing N to N = 37, while
the approximation (56) provides the same accuracy for N = 25. This means that it is not the technique but the accuracy of
approximation of the kernel that makes the main effect on the error of calculation of (14) using (22).

It is noteworthy also that the calculation error slightly increases towards the left endpoint of the integration interval. This
is due to the reason mentioned in Example 1 and, possibly, to the presence of the second asymptotic term in the expansion
near that endpoint.

As one could expect, the quantity δ has a considerable effect on the calculation error. This is because it is δ that controls
the position of the minimum and maximum points of collocation, and their positions determine the maximum error of the
approximations (55) and (56) for tr ∈ [min tr , max tr]. However, a large increase in δ may result in ill-conditioning in the
generated algebraic system.

References for Section 15.6: H. F. Bueckner (1966), F. E. Erdogan, G. D. Gupta and T. S. Cook (1973), P. S. Theocaris
and N. I. Ioakimidis (1979), M. P. Savruk et al. (1989, 1999), W. H. Press, S. A. Teukolsky et al. (1992), N. G. Moiseyev and
G. Ya. Popov (1994), S. M. Belotserkovskii and I. K. Lifanov (1993), A. M. Linkov (2002), A.V. Andreev (2005, 2006).



Chapter 16

Methods for Solving
Nonlinear Integral Equations

16.1. Some Definitions and Remarks
16.1-1. Nonlinear Equations with Variable Limit of Integration (Volterra Equations).

Nonlinear Volterra integral equations can be represented in the form∫ x

a

K
(
x, t, y(t)

)
dt = F

(
x, y(x)

)
, (1)

where K
(
x, t, y(t)

)
is the kernel of the integral equation and y(x) is the unknown function (a ≤ x ≤ b).

All functions in (1) are usually assumed to be continuous.
The form (1) does not cover all possible forms of nonlinear Volterra integral equations; however,

it includes the types of nonlinear equations which are most frequently used and studied. A nonlinear
integral equation (1) is called a Volterra integral equation in the Urysohn form.

In some cases, Eq. (1) can be rewritten in the form∫ x

a

K
(
x, t, y(t)

)
dt = f (x). (2)

Equation (2) is called a Volterra equation of the first kind in the Urysohn form. Similarly, the
equation

y(x) –
∫ x

a

K
(
x, t, y(t)

)
dt = f (x) (3)

is called a Volterra equation of the second kind in the Urysohn form.
By the substitution u(x) = y(x) – f (x), Eq. (3) can be reduced to the canonical form

u(x) =
∫ x

a

K
(
x, t, u(t)

)
dt, (4)

where K
(
x, t, u(t)

)
is the kernel* of the canonical integral equation.

The kernel K
(
x, t, y(t)

)
is said to be degenerate if

K
(
x, t, y(t)

)
=

n∑
k=1

gk(x)hk

(
t, y(t)

)
.

* There are other ways of reducing Eq. (3) to the form (4) for which the form of the function K may be different.

805
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If in Eq. (1) the kernel is K
(
x, t, y(t)

)
= Q(x, t)Φ

(
t, y(t)

)
, where Q(x, t) and Φ(t, y) are known

functions, then we obtain the Volterra integral equation in the Hammerstein form:∫ x

a

Q(x, t) Φ
(
t, y(t)

)
dt = F

(
x, y(x)

)
. (5)

In some cases Eq. (5) can be rewritten in the form∫ x

a

Q(x, t) Φ
(
t, y(t)

)
dt = f (x). (6)

Equation (6) is called a Volterra equation of the first kind in the Hammerstein form. Similarly, an
equation of the form

y(x) –
∫ x

a

Q(x, t) Φ
(
t, y(t)

)
dt = f (x), (7)

is called a Volterra equation of the second kind in the Hammerstein form.
It is possible to reduce Eq. (7) to the canonical form

u(x) =
∫ x

a

Q(x, t) Φ∗
(
t, u(t)

)
dt, (8)

where u(x) = y(x) – f (x).

Remark 1. Since a Volterra equation in the Hammerstein form is a special case of a Volterra
equation in the Urysohn form, the methods discussed below for the latter are certainly applicable to
the former.

Remark 2. Some other types of nonlinear integral equations with variable limits of integration
are considered in Chapters 5–6.

16.1-2. Nonlinear Equations with Constant Integration Limits (Urysohn Equations).

Nonlinear integral equations with constant integration limits can be represented in the form∫ b

a

K
(
x, t, y(t)

)
dt = F (x, y(x)), α ≤ x ≤ β, (9)

where K
(
x, t, y(t)

)
is the kernel of the integral equation and y(x) is the unknown function. Usually,

all functions in (9) are assumed to be continuous and the case of α = a and β = b is considered.
The form (9) does not cover all possible forms of nonlinear integral equations with constant

integration limits; however, just as the form (1) for the Volterra equations, it includes the most
frequently used and most studied types of these equations. A nonlinear integral equation (9) with
constant limits of integration is called an integral equation of the Urysohn type.

If Eq. (9) can be rewritten in the form∫ b

a

K
(
x, t, y(t)

)
dt = f (x), (10)

then (10) is called an Urysohn equation of the first kind. Similarly, the equation

y(x) –
∫ b

a

K
(
x, t, y(t)

)
dt = f (x) (11)

is called an Urysohn equation of the second kind.
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An Urysohn equation of the second kind can be rewritten in the canonical form

u(x) =
∫ b

a

K
(
x, t, u(t)

)
dt. (12)

Remark 3. Conditions for existence and uniqueness of the solution of an Urysohn equation are
discussed below in Section 16.6.

If in Eq. (9) the kernel is K
(
x, t, y(t)

)
= Q(x, t)Φ

(
t, y(t)

)
, and Q(x, t) and Φ(t, y) are given

functions, then we obtain an integral equation of the Hammerstein type:∫ b

a

Q(x, t) Φ
(
t, y(t)

)
dt = F

(
x, y(x)

)
, (13)

where, as usual, all functions in the equation are assumed to be continuous.
If Eq. (13) can be rewritten in the form∫ b

a

Q(x, t) Φ
(
t, y(t)

)
dt = f (x), (14)

then (14) is called a Hammerstein equation of the first kind. Similarly, an equation of the form

y(x) –
∫ b

a

Q(x, t) Φ
(
t, y(t)

)
dt = f (x) (15)

is called a Hammerstein equation of the second kind.
A Hammerstein equation of the second kind can be rewritten in the canonical form

u(x) =
∫ b

a

Q(x, t) Φ∗
(
t, u(t)

)
dt. (16)

The existence of the canonical forms (4), (8), (12), and (16) means that the distinction between
the inhomogeneous and homogeneous nonlinear integral equations is unessential, unlike the case of
linear equations. Another specific feature of a nonlinear equation is that it frequently has several
solutions.

Remark 4. Since a Hammerstein equation is a special case of an Urysohn equation, the methods
discussed below for the latter are certainly applicable to the former.

Remark 5. Some other types of nonlinear integral equations with constant limits of integration
are considered in Chapters 7–8.

16.1-3. Some Special Features of Nonlinear Integral Equations.

Even simplest nonlinear equations, such as those of Volterra or Hammerstein, exhibit some new
phenomena characteristic only of nonlinear equations and having no analogues in the theory of linear
integral equations.

Example 1. Consider the Volterra integral equation with power nonlinearity

y(x) = a

∫ x

0
yn(t) dt + b, a > 0, b ≥ 0, n > 0. (17)

By the differentiation in x, this equation is reduced to the Cauchy problem for the first-order ODE:

y′
x = ayn, y(0) = b. (18)
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The solution of problem (18) depends on the parameter n and, for b > 0, is defined by the formulas

y(x) =

⎧⎪⎨⎪⎩
[b1–n + a(1 – n)x]

1
1–n if 0 < n < 1,

beax if n = 1,

[b1–n – a(n – 1)x]
1

1–n if n > 1.

(19)

It is easy to see that for 0 < n ≤ 1 the solution exists for all x ≥ 0, and for 0 < n < 1 and large x, the function y has power
growth, while for n = 1 it has exponential growth. For n > 1, a continuous solution exists only on the finite interval

0 ≤ x < x∗ =
b1–n

a(n – 1)
.

Such a situation is not observed for linear Volterra equations.
Now consider the limit case b = 0. Then for any 0 < n < ∞, 0 < a < ∞, equation (17) has the trivial solution y(x) ≡ 0.

Moreover, for 0 < n < 1, 0 < a < ∞, equation (17) admits another real solution, y(x) = [a(1 – n)x]
1

1–n .

Example 2. Consider the Hammerstein integral equation with a quadratic nonlinearity

y(x) = λ

∫ 1

0
x2ty2(t) dt, (20)

where λ is a free parameter.
Setting

A =
∫ 1

0
ty2(t) dt, (21)

let us represent equation (20) in the form
y(x) = Aλx2.

Substituting this expression into (21), we obtain a quadratic equation for the determination of the constant A:

A = 1
6 A2λ2. (22)

Its solutions are A1 = 0 and A2 = 6λ–2. Therefore, the original integral equation (20) has two solutions for any λ ≠ 0:

y1(x) ≡ 0, y2(x) =
6

λ
x2.

Note that the linear homogeneous integral equation

y(x) = λ

∫ 1

0
x2ty(t) dt (23)

with the same kernel K(x, t) = x2t has a nontrivial solution only for a single value of λ, namely, λ = 4, which is a characteristic
value of the kernel K(x, t). Therefore, if we follow the terminology of linear equations and say that λ is a characteristic
value of a nonlinear equation if this equation has a nontrivial solution for that λ, it turns out that equation (23) has infinite
intervals of characteristic values (–∞, 0) and (0,∞).

Example 3. Consider another integral equation of Hammerstein’s type with a quadratic nonlinearity

y(x) = λ

∫ 1

0
y2(t) dt + 1. (24)

This equation can be written as
y(x) = Aλ + 1, (25)

where

A =
∫ 1

0
y2(t) dt. (26)

Substituting (25) into (26), we obtain the quadratic equation

λ2A2 + (2λ – 1)A + 1 = 0

with the roots

A =
1 – 2λ ±√

1 – 4λ

2λ2
.

Thus, equation (24) has real solutions only for λ ≤ 1/4. It has two solutions for λ < 1/4 and one solution for λ = 1/4
(for λ = 0 there is one bounded solution y(x) = 1).
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The corresponding equation with no free term

y(x) = λ

∫ 1

0
ty2(t) dt,

for any λ ≠ 0, admits the nontrivial solution y(x) = 1/λ. Obviously, this does not mean that equation (24) with a free term
had infinitely many solutions.

Example 4. Now consider an integral equation of Hammerstein’s type with a transcendental nonlinearity

y(x) = λ

∫ 1

0
f (x)g(t) sin

(
y(t)

f (t)

)
y(t) dt. (27)

Its solutions are sought in the form y(x) = Af (x), where the constant A is determined from the transcendental equation*

1 = λσ sin A, σ =
∫ 1

0
f (t)g(t) dt. (28)

For |λ| < 1/|σ|, equation (28), and therefore equation (27), has no real solutions (the case σ = 0 is included).
For any λ satisfying the inequality |λ| > 1/|σ|, equation (28), and therefore equation (27), has infinitely many real

solutions.

References for Section 16.1: N. S. Smirnov (1951), M. A. Krasnosel’skii (1964), M. L. Krasnov, A. I. Kiselev, and
G. I. Makarenko (1971), M. L. Krasnov (1975), P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. G. Tricomi (1985), A. F. Verlan’
and V. S. Sizikov (1986).

16.2. Exact Methods for Nonlinear Equations with
Variable Limit of Integration

16.2-1. Method of Integral Transforms.

Consider a Volterra integral equation with quadratic nonlinearity

µy(x) – λ

∫ x

0
y(x – t)y(t) dt = f (x). (1)

This equation can be solved using the Laplace transform. In doing so, one applies the convolution
theorem (see Section 9.2) to obtain a quadratic equation for the transform ỹ(p) = L{y(x)}:

µỹ(p) – λỹ2(p) = f̃ (p).

This implies

ỹ(p) =
µ ±

√
µ2 – 4λf̃ (p)
2λ

. (2)

The inverse Laplace transform y(x) = L–1{ỹ(p)}, if it exists, is a solution to Eq. (1). Note that for
the two different signs in formula (2), there are two corresponding solutions of the original equation.

Example. Consider the integral equation∫ x

0
y(x – t)y(t) dt = Axm, m > –1.

Applying the Laplace transform to this equation and taking into account the relation L{xm} = Γ(m + 1)p–m–1, we obtain

ỹ2(p) = AΓ(m + 1)p–m–1,

where Γ(m) is the Gamma function. Taking the square root of both sides of the equation, we obtain

ỹ(p) = ±
√

AΓ(m + 1)p– m+1
2 .

Applying the Laplace inversion formula, we obtain two solutions to the original integral equation

y1(x) = –

√
AΓ(m + 1)

Γ
(m + 1

2

) x
m–1

2 , y2(x) =

√
AΓ(m + 1)

Γ
(m + 1

2

) x
m–1

2 .

* The trivial solution corresponding to A = 0 is not taken into account.
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16.2-2. Method of Differentiation for Nonlinear Equations with Degenerate Kernel.

Sometimes, differentiation (possibly multiple) of a nonlinear integral equation with subsequent
elimination of the integral term using the original equation makes it possible to reduce this equation
to a nonlinear ordinary differential equation. Listed below are some equations of this type.

1◦. The equation

y(x) +
∫ x

a

f
(
t, y(t)

)
dt = g(x) (3)

can be reduced by differentiation to the nonlinear first-order equation

y′
x + f (x, y) – g′x(x) = 0 (4)

with the initial condition y(a) = g(a).

2◦. The equation

y(x) +
∫ x

a

(x – t)f
(
t, y(t)

)
dt = g(x) (5)

can be reduced by double differentiation (with the subsequent elimination of the integral term using
the original equation) to the nonlinear second-order equation:

y′′
xx + f (x, y) – g′′xx(x) = 0. (6)

The initial conditions for the function y = y(x) have the form

y(a) = g(a), y′
x(a) = g′x(a).

3◦. The equation

y(x) +
∫ x

a

eλ(x–t)f
(
t, y(t)

)
dt = g(x) (7)

can be reduced by differentiation to the nonlinear first-order equation

y′
x + f (x, y) – λy + λg(x) – g′x(x) = 0. (8)

The desired function y = y(x) must satisfy the initial condition y(a) = g(a).

Remark 1. A considerable number of exact solutions to the ordinary differential equations
(4), (6), and (8) for various functions f (x, y) and g(x) can be found in the book by Polyanin and
Zaitsev (2003).

4◦. Equations of the form

y(x) +
∫ x

a

cosh
[
λ(x – t)

]
f
(
t, y(t)

)
dt = g(x),

y(x) +
∫ x

a

sinh
[
λ(x – t)

]
f
(
t, y(t)

)
dt = g(x),

y(x) +
∫ x

a

cos
[
λ(x – t)

]
f
(
t, y(t)

)
dt = g(x),

y(x) +
∫ x

a

sin
[
λ(x – t)

]
f
(
t, y(t)

)
dt = g(x)

can also be reduced to second-order ordinary differential equations by double differentiation. For
these equations, see Section 6.8 in the first part of the book (Eqs. 20, 21, 22, and 23, respectively).
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5◦. Consider the nonlinear Volterra equation of the second kind with the general degenerate kernel

y(x) –
n∑

m=1

ϕm(x)
∫ x

a

fm(t, y(t)) dt = g(x). (9)

Let us introduce the notation

wj (x) =
∫ x

a

fj(t, y(t)) dt, j = 1, . . . , n, (10)

and rewrite Eq. (9) as follows:

y(x) = g(x) +
n∑

m=1

ϕm(x)wm(x). (11)

On differentiating the expressions (10) with regard to formula (11), we arrive at the following system
of nonlinear differential equations for the functions wj = wj(x):

w′
j = fj

(
x, g(x) +

n∑
m=1

ϕm(x)wm

)
, j = 1, . . . , n,

with the initial conditions
wj (a) = 0, j = 1, . . . , n.

Once a solution of this system is found, the corresponding solution of the original integral equation (9)
is defined by formula (11).

Remark 2. Equations (3), (5), and (7) are special cases of equation (9). The equations of Item 4◦

can be reduced to (9) using hyperbolic and trigonometric formulas (see the addition formulas in
Supplements 1.4-7 and 1.2-7, respectively).

References for Section 16.2: M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), A. F. Verlan’ and V. S. Sizikov
(1986), A. D. Polyanin and A. V. Manzhirov (1998).

16.3. Approximate and Numerical Methods for Nonlinear
Equations with Variable Limit of Integration

16.3-1. Successive Approximation Method.

1◦. In many cases, the successive approximation method can be successfully applied to solve various
types of integral equations. The principles of constructing the iteration process are the same as in
the case of linear equations. For Volterra equations of the second kind in the Urysohn form

y(x) –
∫ x

a

K
(
x, t, y(t)

)
dt = f (x), a ≤ x ≤ b, (1)

the corresponding recursive expression has the form

yn+1(x) = f (x) +
∫ x

a

K
(
x, t, yn(t)

)
dt, n = 0, 1, 2, . . . (2)

It is customary to take the initial approximation either in the form y0(x) ≡ 0 or in the form y0(x) =f (x).
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In contrast to the case of linear equations, the successive approximation method has a smaller
domain of convergence. Let us present the convergence conditions for the iteration process (2),
which are simultaneously the existence conditions for a solution of Eq. (1). To be specific, we
assume that y0(x) = f (x).

If for any z1 and z2 the relations

|K(x, t, z1) – K(x, t, z2)| ≤ ϕ(x, t)|z1 – z2|

and ∣∣∣∣∫ x

a

K
(
x, t, f (t)

)
dt

∣∣∣∣ ≤ ψ(x)

hold, with ∫ x

a

ψ2(t) dt ≤ N 2,
∫ b

a

∫ x

a

ϕ2(x, t) dt dx ≤ M 2,

where N and M are some constants, then the successive approximations converge to a unique
solution of Eq. (1) almost everywhere absolutely and uniformly.

Example 1. Let us apply the successive approximation method to solve the equation

y(x) =
∫ x

0

1 + y2(t)

1 + t2
dt.

If y0(x) ≡ 0, then

y1(x) =
∫ x

0

dt

1 + t2
= arctan x,

y2(x) =
∫ x

0

1 + arctan2 t

1 + t2
dt = arctan x + 1

3 arctan3 x,

y3(x) =
∫ x

0

1 + arctan t + 1
3 arctan3 t

1 + t2
dt = arctan x + 1

3 arctan3 x + 2
3⋅5 arctan5 x + 1

7⋅9 arctan7 x.

On continuing this process, we can observe that yn(x) → tan(arctan x) = x as n → ∞, i.e., y(x) = x. This result is
validated by substituting it into the original equation.

Example 2. For the nonlinear equation

y(x) =
∫ x

0
[ty2(t) – 1] dt,

we wish to obtain the first three approximations. If we set y0(x) = 0, then

y1(x) =
∫ x

0
(–1) dt = –x,

y2(x) =
∫ x

0
(t3 – 1) dt = –x + 1

4 x4,

y3(x) =
∫ x

0

[
t
( 1

16 t8 – 1
2 t5 + t2) – 1

]
dt = –x + 1

4 x4 – 1
14 x7 + 1

160 x10.

2◦. Suppose that in the nonlinear Volterra equation

y(x) =
∫ x

0
K(x, t, y(t)) dt,

the function K(x, t, y) and its partial derivative K ′
y(x, t, y) are continuous in the domain x, t ≥ 0,

–∞ < y < ∞, and the following inequality holds:

|K(x, t, y)| ≤ ϕ(y),



16.3. APPROXIMATE METHODS FOR NONLINEAR EQUATIONS WITH VARIABLE LIMIT OF INTEGRATION 813

where ϕ(y) is a nondecreasing function on the half-line [0,∞). If the Cauchy problem for the
differential equation

u′
x = ϕ(|u|), u(0) = 0

has a solution on the interval [0, ω], then the above Volterra equation has a solution on [0, ω]. For
y0(x) ≡ 0 as the initial function, the successive approximations

yn(x) =
∫ x

0
K(x, t, yn–1(t)) dt (n = 1, 2, . . .)

are uniformly convergent on [0, ω] to a solution of the Volterra equation.
Note that all approximations do not abandon the domain –u(x) ≤ yn(x) ≤ u(x) and satisfy the

inequality

|yn(x) – yn–1(x)| ≤
M

L

(Lt)n

n!
(n = 1, 2, . . .),

where L and M are constants such that

|K(x, t, 0)| ≤ M for 0 ≤ x, t ≤ ω,

|K(x, t, y1) – K(x, t, y2)| ≤ L|y1 – y2| for 0 ≤ x, t ≤ ω, –u(x) ≤ y1, y2 ≤ u(x).

3◦. The successive approximation method can be applied to solve other forms of nonlinear equations,
for instance, equations of the form

y(x) = F

(
x,
∫ x

a

K(x, t)y(t) dt

)
solved for y(x) in which the integral has x as the upper integration limit. This makes it possible to
obtain a numerical solution by applying small steps with respect to x and by linearization at each
step, which usually provides the uniqueness of the result of the iterations for an arbitrary initial
approximation.

4◦. The initial approximation has a substantial effect on the number of iterations required to obtain
the result with a prescribed accuracy. Therefore, when choosing this approximation, some additional
arguments are usually applied. Namely, for the equation

Ay(x) –
∫ x

0
Q(x – t) Φ

(
y(t)
)
dt = f (x),

where A is a constant, a good initial approximation y0(x) can sometimes be found from the solution
of the following (in general, transcendental) equation for ỹ0(p):

Aỹ0(p) – Q̃(p) Φ
(
ỹ0(p)

)
= f̃ (p),

where ỹ0(p), Q̃(p), and f̃ (p) are the Laplace transforms of the respective functions. If ỹ0(p) is
defined, then the initial approximation can be found by applying the Laplace inversion formula:
y0(x) = L–1{ỹ0(p)}.

16.3-2. Newton–Kantorovich Method.

A merit of the iteration methods when applied to Volterra linear equations of the second kind
is their unconditional convergence under weak restrictions on the kernel and the right-hand side.
When solving nonlinear equations, the applicability domain of the method of simple iterations is
smaller, and if the process is still convergent, then, in many cases, the rate of convergence can be
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very low. An effective method that makes it possible to overcome the indicated complications is the
Newton–Kantorovich method. The main objective of this method is the solution of nonlinear integral
equations of the second kind with constant limits of integration. Nevertheless, this method is useful
in the solution of many problems for the Volterra equations and makes it possible to significantly
increase the rate of convergence compared with the successive approximation method.

Let us apply the Newton–Kantorovich method to solve a Volterra equation of the second kind
in the Urysohn form

y(x) = f (x) +
∫ x

a

K
(
x, t, y(t)

)
dt. (3)

We obtain the following iteration process:

yn(x) = yn–1(x) + ϕn–1(x), n = 1, 2, . . . , (4)

ϕn–1(x) = εn–1(x) +
∫ x

a

K ′
y

(
x, t, yn–1(t)

)
ϕn–1(t) dt, (5)

εn–1(x) = f (x) +
∫ x

a

K
(
x, t, yn–1(t)

)
dt – yn–1(x). (6)

The algorithm is based on the solution of the linear integral equation (5) for the correction ϕn–1(x)
with the kernel and right-hand side that vary from step to step. This process has a high rate of
convergence, but it is rather complicated because we must solve a new equation at each step of
iteration. To simplify the problem, we can replace Eq. (5) by the equation

ϕn–1(x) = εn–1(x) +
∫ x

a

K ′
y

(
x, t, y0(t)

)
ϕn–1(t) dt (7)

or by the equation

ϕn–1(x) = εn–1(x) +
∫ x

a

K ′
y

(
x, t, ym(t)

)
ϕn–1(t) dt, (8)

whose kernels do not vary. In Eq. (8), m is fixed and satisfies the condition m < n – 1.
It is reasonable to apply Eq. (7) with an appropriately chosen initial approximation. Otherwise

we can stop at some mth approximation and, beginning with this approximation, apply the simplified
equation (8). The iteration process thus obtained is the modified Newton–Kantorovich method. In
principle, it converges somewhat slower than the original process (4)–(6); however, it is not so
cumbersome in the calculations.

Example 3. Let us apply the Newton–Kantorovich method to solve the equation

y(x) =
∫ x

0
[ty2(t) – 1] dt.

The derivative of the integrand with respect to y has the form

K ′
y

(
t, y(t)

)
= 2ty(t).

For the zero approximation we take y0(x) ≡ 0. According to (5) and (6) we obtain ϕ0(x) = –x and y1(x) = –x. Furthermore,
y2(x) = y1(x) + ϕ1(x). By (6) we have

ε1(x) =
∫ x

0
[t(–t)2 – 1] dt + x = 1

4 x4.

The equation for the correction has the form

ϕ1(x) = –2
∫ x

0
t2ϕ1(t) dt +

1

4
x4
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and can be solved by any of the known methods for Volterra linear equations of the second kind. In the case under
consideration, we apply the successive approximation method, which leads to the following results (the number of the step
is indicated in the superscript):

ϕ(0)
1 = 1

4 x4,

ϕ(1)
1 = 1

4 x4 – 2
∫ x

0

1
4 t6 dt = 1

4 x4 – 1
14 x7,

ϕ(2)
1 = 1

4 x4 – 2
∫ x

0
t2( 1

4 t4 – 1
14 x7) dt = 1

4 x4 – 1
14 x7 + 1

70 x10.

We restrict ourselves to the second approximation and obtain

y2(x) = –x + 1
4 x4 – 1

14 x7 + 1
70 x10

and then pass to the third iteration step of the Newton–Kantorovich method:

y3(x) = y2(x) + ϕ2(x),

ε2(x) = 1
160 x10 – 1

1820 x13 – 1
7840 x16 + 1

9340 x19 + 1
107800 x22,

ϕ2(x) = ε2(x) + 2
∫ x

0
t
(
–t + 1

4 t4 – 1
14 t7 + 1

70 t10)ϕ2(t) dt.

When solving the last equation, we restrict ourselves to the zero approximation and obtain

y3(x) = –x + 1
4 x4 – 1

14 x7 + 23
112 x10 – 1

1820 x13 – 1
7840 x16 + 1

9340 x19 + 1
107800 x22.

The application of the successive approximation method to the original equation leads to the same result at the fourth step.

As usual, in the numerical solution the integral is replaced by a quadrature formula. The main
difficulty of the implementation of the method in this case is in evaluating the derivative of the
kernel. The problem can be simplified if the kernel is given as an analytic expression that can be
differentiated in the analytic form. However, if the kernel is given by a table, then the evaluation
must be performed numerically.

16.3-3. Collocation Method.

When applied to the solution of a Volterra equation of the first kind in the Urysohn form∫ x

a

K
(
x, t, y(t)

)
dt = f (x), a ≤ x ≤ b, (9)

the collocation method is as follows. The interval [a, b] is divided into N parts on each of which the
desired solution can be presented by a function of a certain form

ỹ(x) = Φ(x, A1, . . . , Am), (10)

involving free parameters Ai, i = 1, . . . , m.
On the (k + 1)st part xk ≤ x ≤ xk+1, where k = 0, 1, . . . , N – 1, the solution can be written in the

form ∫ x

xk

K
(
x, t, ỹ(t)

)
dt = f (x) – Ψk(x), (11)

where the integral

Ψk(x) =
∫ xk

a

K
(
x, t, ỹ(t)

)
dt (12)

can always be calculated for the approximate solution ỹ(x), which is known on the interval a ≤ x ≤ xk

and was previously obtained for k – 1 parts. The initial value y(a) of the desired solution can be
found by an auxiliary method or is assumed to be given.
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To solve Eq. (11), representation (10) is applied, and the free parameters Ai (i = 1, . . . , m) can
be defined from the condition that the residuals vanish:

ε(Ai, xk,j) =
∫ xk,j

xk

K
(
xk,j , t, Φ(t, A1, . . . , Am)

)
dt – f (xk,j) – Ψk(xk,j ), (13)

where the xk,j (j = 1, . . . , m) are the nodes that correspond to the partition of the interval [xk, xk+1]
into m parts (subintervals). System (13) is a system of m equations for A1, . . . , Am.

For convenience of the calculations, it is reasonable to present the desired solution on any part
as a polynomial

ỹ(x) =
m∑
i=1

Aiϕi(x), (14)

where the ϕi(x) are linearly independent coordinate functions. For the functions ϕi(x), power and
trigonometric polynomials are frequently used; for instance, ϕi(x) = xi–1.

In applications, the concrete form of the functions ϕi(x) in formula (14), as well as the form of
the functions Φ in (10), can sometimes be given on the basis of physical reasoning or defined by the
structure of the solution of a simpler model equation.

16.3-4. Quadrature Method.

To solve a nonlinear Volterra equation, we can apply the method based on the use of quadrature
formulas. The procedure of constructing the approximate system of equations is the same as in the
linear case (see Subsection 11.10-1).

1◦. We consider the nonlinear Volterra equation of the second kind in the Urysohn form

y(x) –
∫ x

a

K
(
x, t, y(t)

)
dt = f (x) (15)

on an interval a ≤ x ≤ b. Assume that K
(
x, t, y(t)

)
and f (x) are continuous functions.

From Eq. (15) we find that y(a) = f (a). Let us choose a constant integration step h and consider
the discrete set of points xi = a + h(i – 1), where i = 1, . . . , n. For x = xi, Eq. (15) becomes

y(xi) –
∫ xi

a

K
(
xi, t, y(t)

)
dt = f (xi). (16)

Applying the quadrature formula (see Subsection 10.7-1) to the integral in (16), choosing xj

(j = 1, . . . , i) to be the nodes in t, and neglecting the truncation error, we arrive at the following
system of nonlinear algebraic (or transcendental) equations:

y1 = f1, yi –
i∑

j=1

AijKij(yj) = fi, i = 2, . . . , n, (17)

where the Aij are the coefficients of the quadrature formula on the interval [a, xi], the yi are the
approximate values of the solution y(x) at the nodes xi, fi = f (xi), and Kij(yj) = K(xi, tj , yj).

Relations (17) can be rewritten as a sequence of recursive nonlinear equations,

y1 = f1, yi – AiiKii(yi) = fi +
i–1∑
j=1

AijKij(yj), i = 2, . . . , n, (18)

for the approximate values of the desired solution at the nodes.



16.4. EXACT METHODS FOR NONLINEAR EQUATIONS WITH CONSTANT INTEGRATION LIMITS 817

2◦. When applied to the Volterra equation of the second kind in the Hammerstein form

y(x) –
∫ x

a

Q(x, t) Φ
(
t, y(t)

)
dt = f (x), (19)

the main relations of the quadrature method have the form (x1 = a)

y1 = f1, yi –
i∑

j=1

AijQijΦj(yj) = fi, i = 2, . . . , n, (20)

where Qij = Q(xi, tj) and Φj(yj) = Φ(tj , yj). These relations lead to the sequence of nonlinear
recursive equations

y1 = f1, yi – AiiQiiΦi(yi) = fi +
i–1∑
j=1

AijQijΦj(yj), i = 2, . . . , n, (21)

whose solutions give approximate values of the desired function.

Example 4. In the solution of the equation

y(x) –
∫ x

0
e–(x–t)y2(t) dt = e–x, 0 ≤ x ≤ 0.1,

where Q(x, t) = e–(x–t), Φ
(
t, y(t)

)
= y2(t), and f (x) = e–x, the approximate expression has the form

y(xi) –
∫ xi

0
e–(xi–t)y2(t) dt = e–xi .

On applying the trapezoidal rule to evaluate the integral (with step h = 0.02) and finding the solution at the nodes xi = 0,
0.02, 0.04, 0.06, 0.08, 0.1, we obtain, according to (21), the following system of computational relations:

y1 = f1, yi – 0.01 Qiiy
2
i = fi +

i–1∑
j=1

0.02 Qijy2
j , i = 2, . . . , 6.

Thus, to find an approximate solution, we must solve a quadratic equation for each value yi, which makes it possible to write
out the answer

yi = 50 ± 50

[
1 – 0.04

(
fi +

i–1∑
j=1

0.02 Qijy2
j

)]1/2

, i = 2, . . . , 6.

References for Section 16.3: M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), P. P. Zabreyko, A. I. Koshelev,
et al. (1975), A. F. Verlan’ and V. S. Sizikov (1986).

16.4. Exact Methods for Nonlinear Equations with
Constant Integration Limits

16.4-1. Nonlinear Equations with Degenerate Kernels.

1◦. Consider a Hammerstein equation of the second kind in the canonical form

y(x) =
∫ b

a

Q(x, t) Φ
(
t, y(t)

)
dt, (1)

where Q(x, t) and Φ(t, y) are given functions and y(x) is the unknown function.
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Let the kernel Q(x, t) be degenerate, i.e.,

Q(x, t) =
m∑
k=1

gk(x)hk(t). (2)

In this case Eq. (1) becomes

y(x) =
m∑

k=1

gk(x)
∫ b

a

hk(t) Φ
(
t, y(t)

)
dt. (3)

We write

Ak =
∫ b

a

hk(t) Φ
(
t, y(t)

)
dt, k = 1, . . . , m, (4)

where the constants Ak are yet unknown. Then it follows from (3) that

y(x) =
m∑
k=1

Akgk(x). (5)

On substituting the expression (5) for y(x) into relations (4), we obtain (in the general case)
m transcendental equations of the form

Ak = Ψk(A1, . . . , Am), k = 1, . . . , m, (6)

which contain m unknown numbers A1, . . . , Am.
For the case in which Φ(t, y) is a polynomial in y, i.e.,

Φ(t, y) = p0(t) + p1(t)y + · · · + pn(t)yn, (7)

where p0(t), . . . , pn(t) are, for instance, continuous functions of t on the interval [a, b], system (6)
becomes a system of nonlinear algebraic equations for A1, . . . , Am.

The number of solutions of the integral equation (3) is equal to the number of solutions of
system (6). Each solution of system (6) generates a solution (5) of the integral equation.

2◦. Consider the Urysohn equation of the second kind with the simplified degenerate kernel of the
following form:

y(x) +
∫ b

a

{ n∑
k=1

gk(x)fk

(
t, y(t)

)}
dt = h(x). (8)

Its solution has the form

y(x) = h(x) +
n∑

k=1

λkgk(x), (9)

where the constants λk can be defined by solving the algebraic (or transcendental) system of
equations

λm +
∫ b

a

fm

(
t, h(t) +

n∑
k=1

λkgk(t)
)

dt = 0, m = 1, . . . , n. (10)

To different roots of this system, there are different corresponding solutions of the nonlinear integral
equation. It may happen that (real) solutions are absent.
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A solution of an Urysohn equation of the second kind with degenerate kernel in the general form

f
(
x, y(x)

)
+
∫ b

a

{ n∑
k=1

gk

(
x, y(x)

)
hk

(
t, y(t)

)}
dt = 0 (11)

can be represented in the implicit form

f
(
x, y(x)

)
+

n∑
k=1

λkgk

(
x, y(x)

)
= 0, (12)

where the parameters λk are determined from the system of algebraic (or transcendental) equations:

λk – Hk(�λ) = 0, k = 1, . . . , n,

Hk(�λ) =
∫ b

a

hk

(
t, y(t)

)
dt, �λ = {λ1, . . . , λn}.

(13)

Into system (13), we must substitute the function y(x) = y(x,�λ), which can be obtained by solving
Eq. (12).

The number of solutions of the integral equation is defined by the number of solutions obtained
from (12) and (13). It can occur that there is no solution.

Example 1. Let us solve the integral equation

y(x) = λ

∫ 1

0
xty3(t) dt (14)

with parameter λ. We write

A =
∫ 1

0
ty3(t) dt. (15)

In this case, it follows from (14) that
y(x) = λAx. (16)

On substituting y(x) in the form (16) into relation (15), we obtain

A =
∫ 1

0
tλ3A3t3 dt.

Hence,
A = 1

5 λ3A3. (17)

For λ > 0, Eq. (17) has three solutions:

A1 = 0, A2 =
( 5

λ3

)1/2
, A3 = –

( 5

λ3

)1/2
.

Hence, the integral equation (14) also has three solutions for any λ > 0:

y1(x) ≡ 0, y2(x) =
( 5

λ3

)1/2
x, y3(x) = –

( 5

λ3

)1/2
x.

For λ ≤ 0, Eq. (17) has only the trivial solution y(x) ≡ 0.

16.4-2. Method of Integral Transforms.

1◦. Consider the following nonlinear integral equation with quadratic nonlinearity on a semi-axis:

µy(x) – λ

∫ ∞

0

1
t
y
( x

t

)
y(t) dt = f (x). (18)
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To solve this equation, the Mellin transform can be applied, which, with regard to the convolution
theorem (see Section 9.3), leads to a quadratic equation for the transform ŷ(s) = M{y(x)}:

µŷ(s) – λŷ2(s) = f̂ (s).

This implies

ŷ(s) =
µ ±

√
µ2 – 4λf̂ (s)

2λ
. (19)

The inverse transform y(x) = M–1{ŷ(s)} obtained by means of the Mellin inversion formula (if it
exists) is a solution of Eq. (18). To different signs in the formula for the images (19), there are two
corresponding solutions of the original equation.

2◦. By applying the Mellin transform, one can solve nonlinear integral equations of the form

y(x) – λ

∫ ∞

0
tβy(xt)y(t) dt = f (x). (20)

The Mellin transform (see Table 3 in Section 9.3) reduces (20) to the following functional equation
for the transform ŷ(s) = M{y(x)}:

ŷ(s) – λŷ(s)ŷ(1 – s + β) = f̂ (s). (21)

On replacing s by 1 – s + β in (21), we obtain the relationship

ŷ(1 – s + β) – λŷ(s)ŷ(1 – s + β) = f̂ (1 – s + β). (22)

On eliminating the quadratic term from (21) and (22), we obtain

ŷ(s) – f̂ (s) = ŷ(1 – s + β) – f̂ (1 – s + β).

We express ŷ(1 – s + β) from this relation and substitute it into (21). We arrive at the quadratic
equation

λŷ2(s) –
[
1 + f̂ (s) – f̂ (1 – s + β)

]
ŷ(s) + f̂ (s) = 0.

On solving this equation for ŷ(s), by means of the Mellin inversion formula we can find a solution
of the original integral equation (20).

16.4-3. Method of Differentiating for Integral Equations.

1◦. The nonlinear integral equation

y(x) +
∫ b

a

|x – t|f
(
t, y(t)

)
dt = g(x), a ≤ x ≤ b (23)

can be reduced to a nonlinear second-order equation by double differentiation.
Let us remove the modulus in the integrand:

y(x) +
∫ x

a

(x – t)f
(
t, y(t)

)
dt +

∫ b

x

(t – x)f
(
t, y(t)

)
dt = g(x). (24)

Differentiating (24) with respect to x yields

y′
x(x) +

∫ x

a

f
(
t, y(t)

)
dt –

∫ b

x

f
(
t, y(t)

)
dt = g′x(x). (25)

Differentiating (25), we arrive at a second-order ordinary differential equation for y = y(x):

y′′
xx + 2f (x, y) = g′′xx(x). (26)

For the boundary conditions for this equation, see Section 8.8 in the first part of the book (Eq. 8.8.15).
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2◦. The equation

y(x) +
∫ b

a

eλ|x–t|f
(
t, y(t)

)
dt = g(x) (27)

can also be reduced to a nonlinear second-order equation by double differentiation (with subsequent
elimination of the integral term by using the original equation):

y′′
xx + 2λf (x, y) – λ2y = g′′xx(x) – λ2g(x). (28)

For the boundary conditions for this equation, see Section 8.8 of the first part of the book (Eq. 8.8.16).

Remark. A considerable number of exact solutions to ordinary differential equations (26)
and (28) for various functions f (x, y) and g(x) can be found in the book by Polyanin and Zait-
sev (2003).

3◦. The equations

y(x) +
∫ b

a

sinh
(
λ|x – t|

)
f
(
t, y(t)

)
dt = g(x),

y(x) +
∫ b

a

sin
(
λ|x – t|

)
f
(
t, y(t)

)
dt = g(x),

can also be reduced to second-order ordinary differential equations by means of the differentiation.
For these equations, see Section 8.8 of the first part of the book (Eqs. 8.8.17 and 8.8.18).

16.4-4. Method for Special Urysohn Equations of the First Kind.

1◦. Consider the linear integral equation of the first kind

∫ b

a

K(x, t)Y (t) dt = f (x). (29)

Suppose equation (29) can be solved for any f (x) from some class of functions LF . Let Yf (t)
denote the corresponding solution.

Now consider the more complex nonlinear Urysohn equation of the first kind

∫ b

a

[K(x, t)y(t) + ϕ(x)Ψ(t, y(t))] dt = f (x) (30)

with its kernel containing an additional nonlinear term ϕ(x)Ψ(t, y(t)). A solution to equation (30)
will be sought in the form

y(t) = Yf (t) + AYϕ(t), (31)

where Yϕ(t) is the solution to equation (29) in which f (x) must be replaced with ϕ(x). Substituting
(31) into (30) we have the following algebraic (transcendental) equation for the coefficient A:

A +
∫ b

a

Ψ(t, Yf (t) + AYϕ(t)) dt = 0. (32)

Formulas (31)–(32) can define one, several, or infinitely many solutions (or even none) to
equation (30). In addition, the condition ϕ(x) ∈ LF must be satisfied.
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Example 2. The solution of the linear integral equation of the first kind∫ ∞

0
sin(xt)Y (t) dt = f (x) (33)

is expressed as (see equation 3.5.8 in Section 3.5)

Yf (t) =
2

π

∫ ∞

0
sin(xt)f (x) dx. (34)

Up to constant factors, the function f (x) and the solution Yf (t) in (33)–(34) are the Fourier sine transform pair.
Now consider the more complex integral equation with quadratic nonlinearity∫ ∞

0
[sin(xt)y(t) + ϕ(x)ψ(t)y2(t)] dt = f (x). (35)

In terms of equation (30), we have Ψ(t, y(t)) = ψ(t)y2(t) in (35). The corresponding solution (34) to equation (33) with
ϕ(x) is written as

Yϕ(t) =
2

π

∫ ∞

0
sin(xt)ϕ(x) dx. (36)

Hence, equation (35) has the two solutions
y(t) = Yf (t) + A1,2Yϕ(t),

where A1,2 are roots of the quadratic equation

pA2 + qA + r = 0,

p =
∫ ∞

0
ψ(t)Y 2

ϕ(t) dt, q = 1 + 2
∫ ∞

0
ψ(t)Yf (t)Yϕ(t) dt, r =

∫ ∞

0
ψ(t)Y 2

f (t) dt.

Here all integrals are supposed to converge.

2◦. The integral equation∫ b

a

[
K(x, t)y(t) +

n∑
m=1

ϕm(x)Ψm(t, y(t))

]
dt = f (x) (37)

whose kernel is the sum of the kernel of equation (29) and an arbitrary degenerate nonlinear kernel
can be solved in a similar manner. The solution is sought in the additive form

y(t) = Yf (t) +
n∑

m=1

AmYϕm (t), (38)

where Yϕm(x) is the solution to equation (29) in which f (x) must be replaced with ϕm(x). Substi-
tuting (38) into (37) results in the following algebraic (transcendental) system of equations for the
coefficients Am:

Am +
∫ b

a

Ψm

(
t, Yf (t) +

n∑
j=1

AjYϕj (t)

)
dt = 0, m = 1, . . . , n. (39)

16.4-5. Method for Special Urysohn Equations of the Second Kind.

1◦. Consider the linear equation of the second kind

Y (x) +
∫ b

a

K(x, t)Y (t) dt = f (x). (40)

Suppose equation (40) can be solved for any f (x) from some class of functions LF . Let Yf (x)
denote the corresponding solution.
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Now consider the more complex nonlinear Urysohn equation of the second kind

y(x) +
∫ b

a

[K(x, t)y(t) + ϕ(x)Ψ(t, y(t))] dt = f (x), (41)

with its kernel containing an additional term ϕ(x)Ψ(t, y(t)). A solution to equation (41) will be
sought in the form

y(x) = Yf (x) + AYϕ(x), (42)

where Yϕ(x) is the solution to equation (40) in which f (x) must be replaced with ϕ(x). Substituting
(42) into (41) we have the following algebraic (transcendental) equation for the coefficient A:

A +
∫ b

a

Ψ(t, Yf (t) + AYϕ(t)) dt = 0. (43)

Formulas (42)–(43) can define one, several, or infinitely many solutions (or even none) to
equation (41). In addition, the condition ϕ(x) ∈ LF must be satisfied.

Example 3. The solution of the linear integral equation of the second kind

Y (x) + λ

∫ ∞

–∞
e–|x–t|Y (t) dt = f (x), λ > –

1

2
, (44)

is expressed as (see equation 4.2.14 in Section 4.2)

Yf (x) = f (x) –
λ√

1 + 2λ

∫ ∞

–∞
exp
(
–
√

1 + 2λ |x – t|
)
f (t) dt. (45)

Now consider the more complex integral equation with quadratic nonlinearity

y(x) +
∫ ∞

–∞

[
λe–|x–t|y(t) + ϕ(x)ψ(t)y2(t)] dt = f (x). (46)

In terms of equation (41), we have Ψ(t, y(t)) = ψ(t)y2(t) in (46). The corresponding solution (45) to equation (44) with
ϕ(x) is written as

Yϕ(x) = ϕ(x) –
λ√

1 + 2λ

∫ ∞

–∞
exp
(
–
√

1 + 2λ |x – t|
)
ϕ(t) dt.

Hence, equation (46) has the two solutions
y(t) = Yf (t) + A1,2Yϕ(t),

where A1,2 are roots of the quadratic equation

pA2 + qA + r = 0,

p =
∫ ∞

0
ψ(t)Y 2

ϕ(t) dt, q = 1 + 2
∫ ∞

0
ψ(t)Yf (t)Yϕ(t) dt, r =

∫ ∞

0
ψ(t)Y 2

f (t) dt.

2◦. The integral equation

y(x) +
∫ b

a

[
K(x, t)y(t) +

n∑
m=1

ϕm(x)Ψm(t, y(t))

]
dt = f (x), (47)

with its kernel being the sum of the kernel of equation (40) and an arbitrary degenerate nonlinear
kernel, can be solved in a similar manner. The solution is sought in the additive form

y(x) = Yf (x) +
n∑

m=1

AmYϕm(x), (48)

where Yϕm(x) is the solution to equation (40) in which f (x) must be replaced with ϕm(x). Substi-
tuting (48) into (47) results in the following algebraic (transcendental) system of equations for the
coefficients Am:

Am +
∫ b

a

Ψm

(
t, Yf (t) +

n∑
j=1

AjYϕj (t)

)
dt = 0, m = 1, . . . , n. (49)

Remark 1. Formulas (38)–(39) and (48)–(49), which define solutions to the special Urysohn
equations of the first and second kind (37) and (47), respectively, are coincident (but the functions
Yf (x) and Yϕm(x) are different).
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Remark 2. The method outlined may be used for approximate solution of nonlinear integral
equations of the form

y(x) +
∫ b

a

[
K(x, t)y(t) + Ψ(x, t, y(t))

]
dt = f (x)

by appropriately selecting an approximation of the nonlinear part of the kernel, Ψ(x, t, y(t)) ≈
n∑

m=1

ϕm(x)Ψm(t, y(t)).

16.4-6. Some Generalizations.

The method presented in Subsections 16.4-4 and 16.4-5 for the special Urysohn equations of the
first and second kind admits generalizations.

Consider an abstract nonlinear equation for the function y = y(x):

L [y] +
n∑

m=1

ϕm(x)Im[y] = f (x), (50)

where L [y] is a linear operator (it can be integral, functional, differential,* or other) and Im[y] are
some nonlinear functionals (i.e., numbers for any given y(x)).

Examples of nonlinear functionals:

I1[y] = ay2(0) + by(1), I2[y] = max
0≤x≤1

|y(x)|, I3[y] =
∫ b

a
K
(
t, y(t), y′

t(t), y′′
tt(t)

)
dt.

Suppose the truncated linear equation

L [Y ] = f (x), (51)

obtained from (50) by setting ϕm(x) = 0 (m = 1, . . . , n), can be solved for any f (x) from some class
of functions LF . Let Yf (x) denote the corresponding solution.

Let the conditions ϕm(x) ∈ LF (m = 1, . . . , n) be satisfied.
Solutions to the nonlinear equation (50) are sought in the form

y(x) = Yf (x) +
n∑

m=1

AmYϕm(x), (52)

where Yϕm(x) is the solution to equation (51) in which f (x) must be replaced with ϕm(x). Substi-
tuting (52) into (50) results in the following algebraic (transcendental) system of equations for the
coefficients Am:

Am + Im

[
Yf (x) +

n∑
j=1

AjYϕj (x)

]
, m = 1, . . . , n. (53)

Formulas (52)–(53) can define one, several, or infinitely many solutions (or even none) to equa-
tion (50).

* In this case, the equation must be supplemented with appropriate homogeneous boundary conditions.
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Example 4. Consider the nonlinear functional integral equation

y(x) + λy(a – x) +
∫ a

0
ϕ(x)Ψ(t, y(t), y(a – t)) dt = f (x), λ ≠ ±1, (54)

where 0 ≤ x ≤ a, 0 ≤ t ≤ a.
The truncated linear functional equations (54), with ϕ(x) = 0, has the solution

Yf (x) =
f (x) – λf (a – x)

1 – λ2
.

Therefore, solutions to the nonlinear equation (54) are sought in the form

y(x) = Yf (x) + AYϕ(x), Yϕ(x) =
ϕ(x) – λϕ(a – x)

1 – λ2
,

where the constant A is determined from the algebraic (transcendental) equation

A +
∫ a

0
Ψ(t, Yf (t) + AYϕ(t), Yf (a – t) + AYϕ(a – t)) dt = 0.

Example 5. Consider the nonlinear integro-functional-differential equation∫ π/2

0
[y(x sin t) + ϕ(x)Ψ(t, y(t), y′

t(t))] dt = f (x). (55)

For ϕ(x) = 0, it is the Schlömilch equation. Its solution is given in Subsection 3.5 (see Eq. 3.5.40). It should be noted
that equation (50) contains the unknown function with different arguments, y(x sin t) and y(t).

Following the method described above, we look for solutions to equation (55) in the form

ym(z) = Yf (z) + AmYϕ(z),

where

Yf (z) =
2

π

[
f (0) + z

∫ π/2

0
f ′

ξ(ξ) dτ

]
, Yϕ(z) =

2

π

[
ϕ(0) + z

∫ π/2

0
ϕ′

ξ(ξ) dτ

]
, ξ = z sin τ ,

and Am are roots of the algebraic (transcendental) equation

A +
∫ b

a
Ψ(t, Yf (t) + AYϕ(t), Y ′

f (t) + AY ′
ϕ(t)) dt = 0.

Example 6. Consider a boundary value problem for the nonlinear integro-differential equation

y′′
xx + ϕ(x)

∫ 1

0
Ψ(t, y(t)) dt = f (x) (56)

with homogeneous boundary conditions
y(0) = y(1) = 0. (57)

The solution of an auxiliary linear boundary value problem

Y ′′
xx = f (x); Y (0) = Y (1) = 0

has the form

Yf (x) =
∫ 1

0
G(x, ξ)f (ξ) dξ, (58)

G(x, ξ) =

{
(ξ – 1)x for 0 ≤ x ≤ ξ ≤ 1,
(x – 1)ξ for 0 ≤ ξ ≤ x ≤ 1.

Therefore solutions of the original boundary value problem for nonlinear integro-differential equation (56) with boundary
conditions (57) can be constructed in the form

y(x) = Yf (x) + AYϕ(x), (59)

where Yϕ(x) is determined by the right-hand side of formula (58), in which function f (x) is changed by function ϕ(x).
Substitution of (59) to (56) leads to the following algebraic (transcendental) equation for determining of A:

A +
∫ b

a
Ψ(t, Yf (t) + AYϕ(t)) dt = 0. (60)

In particular case of f (x) = 0 and ϕ(x) = 1 in formulas (59)–(60) it is necessary to set Yf (x) = 0, Yϕ(x) = 1
2 x(x – 1).
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Remark. In the case of inhomogeneous boundary conditions for integro-differential equation
it is necessary to change variables using relation y(x) = ȳ(x) + g(x), where g(x) is an arbitrary
sufficiently smooth function that satisfies boundary conditions. Finally we obtain the problem
with homogeneous boundary conditions. For example, for integro-differential equation (56) with
inhomogeneous boundary conditions y(0) = a, y(1) = b one can take g(x) = a + (b – a)x.

References for Section 16.4: M. L. Krasnov, A. I. Kiselev, and G. I. Makarenko (1971), A. D. Polyanin and A. V. Manzhi-
rov (1998), A. D. Polyanin and A. I. Zhurov (2007).

16.5. Approximate and Numerical Methods for Nonlinear
Equations with Constant Integration Limits

16.5-1. Successive Approximation Method.

Consider the nonlinear Urysohn integral equation in the canonical form:

y(x) =
∫ b

a

K
(
x, t, y(t)

)
dt, a ≤ x ≤ b. (1)

The iteration process for this equation is constructed by the formula

yk(x) =
∫ b

a

K
(
x, t, yk–1(t)

)
dt, k = 1, 2, . . . (2)

If the function K(x, t, y) is jointly continuous together with the derivative K′
y(x, t, y) (with respect

to the variables x, t, and ρ, a ≤ x ≤ b, a ≤ t ≤ b, and |y| ≤ ρ) and if∫ b

a

sup
y

|K(x, t, y)| dt ≤ ρ,
∫ b

a

sup
y

|K′
y(x, t, y)| dt ≤ β < 1, (3)

then for any continuous function y0(x) of the initial approximation from the domain {|y| ≤ρ, a≤x≤b},
the successive approximations (2) converge to a continuous solution y∗(x), which lies in the same
domain and is unique in this domain. The rate of convergence is defined by the inequality

|y∗(x) – yk(x)| ≤
βk

1 – β
sup

x
|y1(x) – y0(x)|, a ≤ x ≤ b, (4)

which gives an a priori estimate for the error of the kth approximation. The a posteriori estimate
(which is, in general, more precise) has the form

|y∗(x) – yk(x)| ≤
β

1 – β
sup

x
|yk(x) – yk–1(x)|, a ≤ x ≤ b. (5)

A solution of an equation of the form (1) with an additional term f (x) on the right-hand side
can be constructed in a similar manner.

Example 1. Let us apply the successive approximation method to solve the equation

y(x) =
∫ 1

0
xty2(t) dt – 5

12 x + 1.

The recursive formula has the form

yk(x) =
∫ 1

0
xty2

k–1(t) dt – 5
12 x + 1, k = 1, 2, . . .

For the initial approximation we take y0(x) = 1. The calculation yields

y1(x) = 1 + 0.083 x,

y8(x) = 1 + 0.27 x,

y16(x) = 1 + 0.318 x,

y2(x) = 1 + 0.14 x,

y9(x) = 1 + 0.26 x,

y17(x) = 1 + 0.321 x,

y3(x) = 1 + 0.18 x,

y10(x) = 1 + 0.29 x,

y18(x) = 1 + 0.323 x,

. . . ,

. . . ,

. . .

Thus, the approximations tend to the exact solution y(x) = 1 + 1
3 x. We see that the rate of convergence of the iteration

process is fairly small.
Note that in Subsection 16.5-2, the equation in question is solved by a more efficient method.
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16.5-2. Newton–Kantorovich Method.

The solution of nonlinear integral equations is a complicated problem of computational mathematics,
which is related to difficulties of both a principal and computational character. In this connection,
methods are developed that are especially designed for solving nonlinear equations, including the
Newton–Kantorovich method, which makes it possible to provide and accelerate the convergence
of iteration processes in many cases.

We consider this method in connection with the Urysohn equation in the canonical form (1).
The iteration process is constructed as follows:

yk(x) = yk–1(x) + ϕk–1(x), k = 1, 2, . . . , (6)

ϕk–1(x) = εk–1(x) +
∫ b

a

K′
y

(
x, t, yk–1(t)

)
ϕk–1(t) dt, (7)

εk–1(x) =
∫ b

a

K
(
x, t, yk–1(t)

)
dt – yk–1(x). (8)

At each step of the algorithm, a linear integral equation for the correction ϕk–1(x) is solved. Under
some conditions, the process (6) has high rate of convergence; however, it is rather complicated,
because at each iteration we must obtain the new kernel K′

y

(
x, t, yk–1(t)

)
for Eqs. (7).

The algorithm can be simplified by using the equation

ϕk–1(x) = εk–1(x) +
∫ b

a

K′
y

(
x, t, y0(t)

)
ϕk–1(t) dt (9)

instead of (7). If the initial approximation is chosen successfully, then the difference between the
integral operators in (7) and (9) is small, and the kernel in (9) remains the same in the course of the
solution.

The successive approximation method that consists in the application of formulas (6), (8), and (9)
is called the modified Newton–Kantorovich method. In principle, its rate of convergence is less than
that of the original (unmodified) method; however, this version of the method is less complicated in
calculations, and therefore it is frequently preferable.

Let the function K(x, t, y) be jointly continuous together with the derivatives K′
y(x, t, y) and

K′′
yy(x, t, y) with respect to the variables x, t, y, where a ≤ x ≤ b and a ≤ t ≤ b, and let the following

conditions hold:

1◦. For the initial approximation y0(x), the resolvent R(x, t) of the linear integral equation (7) with
the kernel K′

y

(
x, t, y0(t)

)
satisfies the condition∫ b

a

|R(x, t)| dt ≤ A < ∞, a ≤ x ≤ b.

2◦. The residual ε0(x) of Eq. (8) for the approximation y0(x) satisfies the inequality

|ε0(x)| =

∣∣∣∣ ∫ b

a

K
(
x, t, y0(t)

)
dt – y0(x)

∣∣∣∣≤ B < ∞.

3◦. In the domain |y(x) – y0(x)| ≤ 2(1 + A)B, the following relation holds:∫ b

a

sup
y

∣∣K′′
yy(x, t, y)

∣∣dt ≤ D < ∞.

4◦. The constants A, B, and D satisfy the condition

H = (1 + A)2BD ≤ 1
2 .
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In this case, under assumptions 1◦–4◦, the process (6) converges to a solution y∗(x) of Eq. (1) in the
domain

|y(x) – y0(x)| ≤ (1 –
√

1 – 2H)H–1(1 – A)B, a ≤ x ≤ b.

This solution is unique in the domain

|y(x) – y0(x)| ≤ 2(1 + A)B, a ≤ x ≤ b.

The rate of convergence is determined by the estimate

|y∗(x) – yk(x)| ≤ 21–k(2H)2k–1(1 – A)B, a ≤ x ≤ b.

Thus, the above conditions establish the convergence of the algorithm and the existence, the position,
and the uniqueness domain of a solution of the nonlinear equation (1). These conditions impose
certain restrictions on the initial approximation y0(x) whose choice is an important independent
problem that has no unified approach. As usual, the initial approximation is determined either by
more detailed a priori analysis of the equation under consideration or by physical reasoning implied
by the essence of the problem described by this equation. Under a successful choice of the initial
approximation, the Newton–Kantorovich method provides a high rate of convergence of the iteration
process to obtain an approximate solution with given accuracy.

Remark. Let the right-hand side of Eq. (1) contain an additional term f (x). Then such an
equation can be represented in the form (1), where the integrand is K

(
x, t, y(t)

)
+ (b – a)–1f (x).

Example 2. Let us apply the Newton–Kantorovich method to solve the equation

y(x) =
∫ 1

0
xty2(t) dt – 5

12 x + 1. (10)

For the initial approximation we take y0(x) = 1. According to (8), we find the residual

ε0(x) =
∫ 1

0
xty2

0(t) dt – 5
12 x + 1 – y0(x) = x

∫ 1

0
t dt – 5

12 x + 1 – 1 = 1
12 x.

The y-derivative of the kernel K(x, t, y) = xty2(t), which is needed in the calculations, has the form K′
y(x, t, y) = 2xty(t).

According to (7), we form the following equation for ϕ0(x):

ϕ0(x) = 1
12 x + 2x

∫ 1

0
ty0(t)ϕ0(t) dt,

where the kernel turns out to be degenerate, which makes it possible to obtain the solution ϕ0(x) = 1
4 x directly.

Now we define the first approximation to the desired function:

y1(x) = y0(x) + ϕ0(x) = 1 + 1
4 x.

We continue the iteration process and obtain

ε1(x) =
∫ 1

0
xt
(
1 + 1

4 t
)

dt +
(
1 – 5

12 x
)

–
(
1 + 1

4 x
)

= 1
64 x.

The equation for ϕ1(x) has the form

ϕ1(x) = 1
64 x + 2x

∫ 1

0
t
(
1 + 1

4 t
)
dt +

(
1 – 5

12 x
)

–
(
1 + 1

4 x
)
,

and the solution is ϕ1(x) = 3
40 x. Hence, y2(x) = 1 + 1

4 x + 3
40 x = 1 + 0.325 x. The maximal difference between the exact

solution y(x) = 1 + 1
3 x and the approximate solution y2(x) is observed at x = 1 and is less than 0.5%.

This solution is not unique. The other solution can be obtained by taking the function y0(x) = 1 + 0.8 x for the initial
approximation. In this case we can repeat the above sequence of approximations and obtain the following results (the
numerical coefficient of x is rounded):

y1(x) = 1 + 0.82 x, y2(x) = 1 + 1.13 x, y3(x) = 1 + 0.98 x, . . . ,

and the subsequent approximations tend to the exact solution y(x) = 1 + x.
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We see that the rate of convergence of the iteration process performed by the Newton–Kantorovich method is significantly
higher than that performed by the method of successive approximations (see Example 1 in Subsection 16.5-1).

To estimate the rate of convergence of the performed iteration process, we can compare the above results with the
realization of the modified Newton–Kantorovich method. In connection with the latter, for the above versions of the
approximations we can obtain

yn(x) = 1 + knx;
k0 k1 k2 k3 k4 k5 k6 k7 k8 . . .

0 0.25 0.69 0.60 0.51 0.44 0.38 0.36 0.345 . . .
.

The iteration process converges to the exact solution y(x) = 1 + 1
3 x.

We see that the modified Newton–Kantorovich method is less efficient than the Newton–Kantorovich method, but more
efficient than the method of successive approximations (see Example 1 in Subsection 16.5-1).

16.5-3. Quadrature Method.

To solve an arbitrary nonlinear equation, we can apply the method based on the application of
quadrature formulas. The procedure of composing the approximating system of equations is the
same as in the linear case (see Subsection 13.19-1). We consider this procedure for an example of
the Urysohn equation of the second kind:

y(x) –
∫ b

a

K
(
x, t, y(t)

)
dt = f (x), a ≤ x ≤ b. (11)

We set x = xi (i = 1, . . . , n). Then we obtain

y(xi) –
∫ b

a

K
(
xi, t, y(t)

)
dt = f (xi), i = 1, . . . , n, (12)

On applying the quadrature formula from Subsection 13.19-1 and neglecting the approximation
error, we transform relations (12) into the system of nonlinear equations

yi –
n∑

j=1

AjKij(yj) = fi, i = 1, . . . , n, (13)

for the approximate values yi of the solution y(x) at the nodes x1, . . . , xn, where fi = f (xi) and
Kij(yj) = K(xi, tj , yj), and Aj are the coefficients of the quadrature formula.

The solution of the nonlinear system (13) gives values y1, . . . , yn for which by interpolation
we find an approximate solution of the integral equation (11) on the entire interval [a, b]. For the
analytic expression of an approximate solution, we can take the function

ỹ(x) = f (x) +
n∑

j=1

AjK(x, xj , yj). (14)

16.5-4. Tikhonov Regularization Method.

In connection with the nonlinear Urysohn integral equation of the first kind

∫ b

a

K
(
x, t, y(t)

)
dt = f (x), c ≤ x ≤ d, (15)
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where f (x) ∈L2(c, d) and y(t) ∈ L2(a, b), the Tikhonov regularization method leads to a regularized
nonlinear integral equation in the form

αyα(x) +
∫ b

a

M
(
t, x, yα(t), yα(x)

)
dt = F

(
x, yα(x)

)
, a ≤ x ≤ b, (16)

M
(
t, x, y(t), y(x)

)
=
∫ d

c

K
(
s, t, y(t)

)
K ′

y

(
s, x, y(x)

)
ds, (17)

F
(
x, y(x)

)
=
∫ d

c

K ′
y

(
t, x, y(x)

)
f (t) dt, (18)

where α is a regularization parameter.
For instance, by applying the quadrature method on the basis of the trapezoidal rule, we can

reduce Eq. (16) to a system of nonlinear algebraic equations. An approximate solution of (15) is
constructed by the principle described above for linear equations (see Section 12.11).

References for Section 16.5: N. S. Smirnov (1951), P. P. Zabreyko, A. I. Koshelev, et al. (1975), F. G. Tricomi (1985),
A. F. Verlan’ and V. S. Sizikov (1986).

16.6 Existence and Uniqueness Theorems for Nonlinear
Equations

16.6-1. Hammerstein Equations.

1◦. Consider the Hammerstein equation

y(x) =
∫ b

a

K(x, t) Φ(t, y(t)) dt, a ≤ x ≤ b. (1)

Assume that the function Φ(t, y) is continuous, and the kernel K(x, t) is positive definite, continuous,
and symmetric, K(x, t) = K(t, x).

THEOREM 1. Suppose that the inequality

|Φ(t, y)| ≤ C1|y| + C2

holds with some positive constants C1 and C2 such that C1 < λ1, and λ1 is the smallest characteristic
value of the kernel K(x, t). Then the nonlinear integral equation (1) has at least one continuous
solution.

THEOREM 2. If for any fixed t ∈ [a, b], the function Φ(t, y) is nondecreasing with respect to y,
then the nonlinear integral equation (1) has at most one solution.

THEOREM 3. The nonlinear integral equation (1) has at most one solution if the function Φ(t, y)
satisfies the uniform Lipschitz condition

|Φ(t, y2) – Φ(t, y1)| ≤ σ|y2 – y1|,

where 0 < σ < λ1, λ1 is the smallest characteristic value of the kernel K(x, t).

THEOREM 4 (ON NONEXISTENCE OF SOLUTIONS). Suppose that K(x, t) ≥ 0, K(x, t) /≡ 0, and the
eigenfunction y1(x) of the kernel K(x, t) corresponding to the smallest characteristic value λ1 does
not change sign in the domain a ≤ x, t ≤ b. Then the condition

Φ(t, y(t)) > λ1y(t) (for all t ∈ [a, b])

ensures that equation (1) has no solutions.

2◦. Assume now that the kernel K(x, t) of equation (1) is continuous and positive definite (possibly,
nonsymmetric, K(x, t) ≠ K(t, x)), and the function Φ(t, y) is continuous.
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THEOREM 5. Suppose that the inequality∫ y

0
Φ(t, y) dy ≤

1
2

Ay2 + B (t ∈ Ω, |y| < ∞) (2)

holds with a constant A < λ1, where λ1 is the smallest characteristic value of the kernel K(x, t).
Then equation (1) has at least one continuous solution.

Now consider the case of an unbounded positive-definite kernel K(x, t). Then the following
result holds.

THEOREM 6. Suppose that the kernel K(x, t) satisfies the condition∫ b

a

∫ b

a

|K(x, t)|p dx dt < ∞, p ≥ 2,

and the function Φ(t, y) satisfies the inequality (2) and the condition

|Φ(t, y)| ≤ a + b|u|p–1 (a ≤ x, t ≤ b, |y| < ∞).

Then equation (1) has at least one solution.

THEOREM 7. Let K(x, t) be positive and continuous in the domain a ≤ x, t ≤ b. Suppose that
the function Φ(t, y) is continuous in the domain a ≤ t ≤ b, y > 0, nonnegative for y ≥ 0 and strictly
positive for y > 0 and almost all t. Suppose also that one of the following conditions holds:

1) Φ(t, y) does not decrease in y, and y–β
Φ(t, y) does not increase in y, where β is a

point from the interval (0, 1);
2) Φ(t, y) does not increase in y, and yβ

Φ(t, y) increases in y, where β is a point from
the interval.
Then equation (1) has one and only one positive solution. This solution is the uniform limit
of the successive approximations

yn(x) =
∫ b

a

K(x, t) Φ(t, yn–1(t)) dt (n = 1, 2, . . .),

where y0(x) is an arbitrary nonzero nonnegative initial function.

3◦. Consider a system of integral equations of Hammerstein’s type

yi(x) =
∫ b

a

Ki(x, t) Φi(t, y1(t), . . . , yn(t)) dt (i = 1, . . . , n) (3)

with continuous symmetric positive-definite kernels Ki(x, t), where Φi(t, y1, . . . , yn) are continuous
functions in all their arguments.

THEOREM 8. Suppose that the functions Φi(t, y1, . . . , yn) satisfy the inequality

n∑
i=1

yiΦi(t, y1, . . . , yn) ≤ A
n∑

i=1

y2
i + B,

where A < λ0 and λ0 is the smallest characteristic value of the kernels Ki(x, t). Then system (3)
has at least one continuous solution.
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16.6-2. Urysohn Equations.

Consider the nonlinear Urysohn equation

y(x) = λ

∫ b

a

K(x, t, y(t)) dt + f (x). (4)

THEOREM 1. Let K(x, t, y) and f (x) be continuous functions of their arguments a ≤ x, t ≤ b,
–∞ < y < ∞, and suppose that K(x, t, y) satisfies the Lipschitz condition in y,

|K(x, t, y2) – K(x, t, y1)| ≤ L|y2 – y1|,

where L is a constant independent of y1 and y2. Then the condition

λ <
b – a

L

ensures that equation (4) has one and only one continuous solution. This solution can be found by
the method of successive approximations

yn+1(x) = λ

∫ b

a

K(x, t, yn(t)) dt + f (x), n = 0, 1, . . . ,

with an arbitrary continuous function y0(x).

Remark. If the function K(x, t, y) has a bounded partial derivative in y:∣∣∣∣ ∂K

∂y

∣∣∣∣ ≤ Λ (a ≤ x, t ≤ b, –∞ < y < ∞),

then K(x, y, t) satisfies the Lipschitz condition in y with a constant L ≤ Λ.

THEOREM 2. Let f (x) ∈ L2(a, b) and suppose that

|K(x, t, y1) – K(x, t, y2)| ≤ M (x, t)|y1 – y2| (a ≤ x, t ≤ b, –∞ < y < ∞),

where ∫ b

a

∫ b

a

|M (x, t)|2dx dt = B2 < ∞.

Then, for λ <
1
B

, equation (4) has one and only one solution in L2(a, b).

THEOREM 3. Suppose that the function K(x, t, y) is continuous in y and satisfies the inequality

|K(x, t, y)| ≤ M (x, t)(A + B|u|p) (a ≤ x, t ≤ b, –∞ < y < ∞),

where A, B, p > 0, and ∫ b

a

∫ b

a

|M (x, t)|p+1dx dt < ∞.

Then, for any sufficiently small |λ| and any f (x) ∈ Lp+1(a, b), equation (4) has a solution y(x) ∈
Lp+1(a, b). If p < 1, then a solution exists for any λ.

THEOREM 4. Suppose that the function K(x, t, y) is continuous in the domain Ω = {a ≤ x ≤ b,
a ≤ t ≤ b, |y| ≤ ρ} and its partial derivative in y is bounded,∣∣∣∣ ∂K

∂y

∣∣∣∣ ≤ C (x, t, y ∈ Ω).
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Then the equation

y(x) = λ

∫ b

a

K(x, t, y(t)) dt, (5)

where
|λ|C |b – a| < 1,

|λ| max
a≤x≤b

∫ b

a

max
|y|≤ρ

|K(x, t, y)| dt ≤ ρ,

has one and only one continuous solution y(x) (a ≤ x ≤ b) satisfying the inequality |y(x)| ≤ ρ.

If y0(x) is an arbitrary continuous function satisfying the inequality |y0(x)| ≤ ρ (a ≤ x ≤ b),
then the successive approximations

yn+1(x) = λ

∫ b

a

K(x, t, yn(t)) dt (n = 0, 1, . . .)

are uniformly convergent on [a, b] to this solution.

THEOREM 5. Suppose that the function K(x, t, y) is continuous in the domain Ω = {a ≤ x ≤ b,
a ≤ t ≤ b, |y| ≤ ρ}. Then the condition

|λ| ≤
ρ

(b – a) max
x,t,y∈Ω

|K(x, t, y)|

ensures that the integral equation (5) has at least one continuous solution satisfying the inequality
|y(x)| ≤ ρ.

THEOREM 6. Let K(x, t, y) be continuous in the domain Ω = {a ≤ x ≤ b, a ≤ t ≤ b, –∞ < y < ∞}
and let

ϕ(r) = max
a≤x,t≤b, y≤r

|K(x, t, y)|,

Λ = sup
0<r<∞

r

(b – a)ϕ(r)
.

Then, for |λ| < Λ, the integral equation (5) has at least one continuous solution.

In particular, if

lim
r→∞

ϕ(r)
r

= 0,

then the integral equation (5) has a solution for any λ. In this case, equation (4), too, has a solution
for any λ and any continuous f (x).

THEOREM 7. Suppose a function K(x, t, y) is continuous in x, t, y and satisfies the inequalities

0 ≤ K(x, t, y) ≤ a + L(x, t)y (a ≤ x, t ≤ b, y ≥ 0),

where L(x, t) is a nonnegative kernel the smallest characteristic value of which satisfies the condition
λ > 1. Then the equation

y(x) =
∫ b

a

K(x, t, y(t)) dt

has at least one continuous nonnegative solution.

References for Section 16.6: M. A. Krasnosel’skii (1964), M. L. Krasnov (1975), P. P. Zabreyko, A. I. Koshelev, et
al. (1975), R. Precup (2006).
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16.7. Nonlinear Equations with a Parameter:
Eigenfunctions, Eigenvalues, Bifurcation Points

16.7-1. Eigenfunctions and Eigenvalues of Nonlinear Integral Equations.

Consider a nonlinear integral equation
y = λA[y] (1)

with a parameter λ. An example of such an equation is provided by the Urysohn equation (5) from
Subsection 16.6-2, which has a solution for sufficiently small λ (this solution tends to zero as λ→ 0).
Of most importance for applications are nontrivial solutions corresponding to finite values of λ. By
analogy with the theory of linear integral equations, nontrivial solutions of the nonlinear equation
(1) are called eigenfunctions of the corresponding nonlinear operator A (or eigenfunctions of the
nonlinear equation (1)), and λ for which such solutions exist are called characteristic values (and
the numbers µ = 1/λ are called eigenvalues).

For nonlinear integral equations (1) with a parameter (1), a typical situation is the existence
of nontrivial solutions for all λ from some interval (α, β) (thus, there is a continuous spectrum of
characteristic values corresponding to a continuum of eigenfunctions; see Section 16.1-3 for relevant
examples), which is in harsh contrast with the situation typical for linear integral equations with a
discrete spectrum of characteristic values.

THEOREM 1. Suppose that Φ(t, y) is continuous and the kernel K(x, t) is continuous, symmetric,
and positive definite. Then the Hammerstein equation

y(x) = λ

∫ b

a

K(x, t) Φ(t, y(t)) dt, a ≤ x ≤ b, (2)

has a continuum of eigenfunctions.

THEOREM 2. Let K(x, t) be symmetric, positive definite, and satisfying the inequality∫ b

a

∫ b

a

|K(x, t)|pdx dt < ∞, p ≥ 2,

and suppose that Φ(t, y) is continuous and satisfies the inequality

|Φ(t, y)| ≤ C1 + C2|y|p–1.

Then the Hammerstein equation (2) has a continuum of eigenfunctions.

THEOREM 3. Suppose that the kernel K(x, t) is continuous, symmetric, and has finitely many
negative characteristic values. Suppose also that Φ(t, y) is continuous and satisfies the inequality

yΦ(t, y) ≥ Ay2 – B (a ≤ x, t ≤ b, –∞ < y < ∞),

for A > 0. Then the Hammerstein equation (2) has a continuum of eigenfunctions.

THEOREM 4. Suppose that K(x, t, y) is continuous and satisfies the inequality

K(x, t, y) ≥ L(x, t)y (a ≤ x, t ≤ b, y > 0),

where L(x, t) is a positive continuous kernel. Then the Urysohn equation

y(x) = λ

∫ b

a

K(x, t, y(t)) dt

has a continuum of eigenfunctions.
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16.7-2. Local Solutions of a Nonlinear Integral Equation with a Parameter.

Consider the Urysohn equation

y(x) =
∫ b

a

K(x, t, y(t); λ) dt (a ≤ x ≤ b) (3)

with the integrand depending on the parameter λ in an arbitrary manner. Assume that a function
y0(x) is a solution of equation (3) for λ = λ0. It is important to know the conditions under which
equation (3) has solutions y(x) close to y0(x) for λ close to λ0.

THEOREM. Suppose that the function K(x, t, y; λ) and its partial derivative K ′
y(x, t, y; λ) are

continuous in all their arguments and a continuous function y0(x) is a solution of equation (3) for
λ = λ0,

y0(x) =
∫ b

a

K(x, t, y0(t); λ0) dt (a ≤ x ≤ b). (4)

If Λ = 1 is not a characteristic value of the kernel K ′
y(x, t, y0(t); λ0), then equation (3) has one and

only one continuous solution y = y(x, λ) close to y0(x) for λ close to λ0.

Remark. The solution of equation (3) can be sought in the form of expansion in powers of
(λ – λ0):

y(x, λ) = y0(x) + (λ – λ0)y1(x) + (λ – λ0)2y2(x) + · · · .

For yk(x) one obtains the triangular system of linear integral equations

yk(x) =
∫ b

a

K ′
y(x, t, y0(t); λ0)yk(t) dt +

∫ b

a

Fk(x, t, y0(t), . . . , yk–1(t); λ0) dt, k = 1, 2, . . . ,

which can be solved in consecutive manner with y0(x) being the solution of equation (4).

16.7-3. Bifurcation Points of Nonlinear Integral Equations.

Here it is assumed that for all values of the parameter λ, the integral equation (3) admits the trivial
solution y(x) ≡ 0, i.e., K(x, t, 0; λ) = 0.

A value λ∗ is called a bifurcation point for equation (3) if for any ε > 0 there is λ∈ (λ∗ –ε, λ∗+ε)
for which the equation has a nontrivial solution y(x) = y(x, λ) that satisfies the inequality ‖y(x)‖ < ε.

In simple words, the meaning of a bifurcation point λ∗ is that the number of solutions changes
as λ crosses that point.

Example 1. Consider the linear integral equation with a continuous kernel

y(x) = λ

∫ b

a
K(x, t)y(t) dt. (5)

For any λ, this equation admits the trivial solution y(x) ≡ 0.
Let λ = λ∗ be a characteristic value of equation (1) corresponding to a nontrivial solution y∗(x). Since this solution is

defined to within a constant coefficient, it can be made arbitrarily small in the norm of C(a, b), i.e., for any ε > 0, there is a
solution y∗(x) such that

‖y∗(x)‖ = max
a≤x≤b

|y∗(x)| < ε.

Thus, for any ε > 0 there is λ ∈ (λ∗ – ε, λ∗ + ε) (in this case λ = λ∗) for which equation (5) has a nontrivial solution
y∗(x) satisfying the condition ‖y∗(x)‖ < ε. By definition, the characteristic value λ∗ of the kernel K(x, t) is a bifurcation
point of equation (5).
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Example 2. Consider the Hammerstein equation with a degenerate kernel containing a quadratic nonlinearity:

y(x) = λ

∫ 1

0
xt[y(t) + y2(t)] dt. (6)

For any value of the parameter λ, equation (6) the trivial solution y(x) ≡ 0.
Denote

A1 =
∫ 1

0
ty(t) dt, A2 =

∫ 1

0
ty2(t) dt. (7)

With this notation, equation (6) can be rewritten as

y(t) = λ(A1 + A2)x. (8)

Substituting (8) into (7), one obtains a second-order algebraic system for the determination of the coefficients A1 and A2:

A1 = 1
3 λ(A1 + A2),

A1 = 1
4 λ2(A1 + A2)2.

The solution of this system leads us to two solutions of the integral equation (6), one of which is trivial, y(x) ≡ 0, and the
other has the form

y(x) =
4(3 – λ)

3λ
x. (9)

Let us show that λ = 3 is a bifurcation point for equation (6). Indeed, for any ε > 0 there is λ ∈ (3 – ε, 3 + ε) (for
instance, any λ ≠ 3 from this interval) for which equation (6) has the nontrivial solution (9) satisfying the condition

‖y∗(x)‖ = max
0≤x≤1

∣∣∣∣ 4(3 – λ)

3λ

∣∣∣∣ < ε.

THEOREM 1. Let λ∗ be a bifurcation point for the nonlinear integral equation (3). Then 1
is a characteristic value of the kernel L(x, t) = K ′

y(x, t, 0; λ∗). (It is assumed that the integrand
K(x, t, y; λ) and its partial derivative K ′

y(x, t, y; λ) are continuous in their arguments.)

In other words, a necessary condition for the existence of a bifurcation point λ = λ∗ for equation
(3) is the existence of a nontrivial solution of the homogeneous linear integral equation

u(x) =
∫ b

a

K ′
y(x, t, 0; λ∗)u(t) dt (a ≤ x ≤ b). (10)

Theorem 1 suggests which values λ = λ∗ can be expected to be bifurcation points.

THEOREM 2. Let 1 be a characteristic value of the kernel L(x, t) = K ′
y(x, t, 0; λ∗) and let the

multiplicity of this value be equal to 1 (is odd). Then λ∗ is a bifurcation point of the nonlinear
integral equation (3).

Example 3. Consider the Nekrasov equation

y(x) = λ

∫ 2π

0

K(x, t) sin y(t)

1 +
∫ t

0 sin y(s) ds
dt, K(x, t) =

1

3

∞∑
n=1

sin(nx) sin(nt)

n
,

that describes waves on the surface of ideal incompressible fluid. For all values of the parameter λ, this equation admits the
trivial solution y(x) ≡ 0. Its bifurcation points correspond to the values λ = λ∗ for which waves are produced.

The linearized equation (10) in this case can be written as

u(x) = λ∗
∫ 2π

0
K(x, t)u(t) dt.

Its characteristic values and the corresponding eigenfunctions have the form

λn = 3n, un(x) = sin(nx).

All characteristic values are simple, and therefore, these and only these are bifurcation points of the Nekrasov equation.



16.7. NONLINEAR EQUATIONS WITH A PARAMETER: EIGENFUNCTIONS, EIGENVALUES, BIFURCATION POINTS 837

THEOREM 3. Let the kernel K(x, t) be continuous and positive definite and let the function
Φ(t, y) and its derivative Φ

′
y(t, y) be continuous, with Φ(t, 0) ≡ 0. Then the bifurcation points of

the Hammerstein equation (2) with parameter λ coincide with the characteristic values of the kernel
L(x, t) = K(x, t)Φ′

y(t, 0).

Example 4. For the Hammerstein equation with degenerate kernel (6), we have

K(x, t) = xt, Φ(t, y) = y + y2, Φ′
y(t, y) = 1 + 2y, Φ(t, 0) ≡ 0.

Therefore, the assumptions of Theorem 3 hold. Since Φ′
y(t, 0) = 1, we see that the bifurcation points of equation (6) coincide

with the characteristic values of the kernel K(x, t) = xt,

u(x) = λ∗
∫ 1

0
xtu(t) dt.

Substituting u(x) = Aλ∗x into this equation, we obtain the unique characteristic value λ∗ = 3, which is a bifurcation point
of the Hammerstein equation.

Remark. The bifurcation point λ∗ = 3 in Example 2 was obtained in a more difficult way, by
direct examination of equation (6).

References for Section 16.7: M. A. Krasnosel’skii (1964), M. G. Krein (1972), M. L. Krasnov (1975), P. P. Zabreyko,
A. I. Koshelev, et al. (1975), R. Precup (2006).





Chapter 17

Methods for Solving Multidimensional
Mixed Integral Equations

17.1. Some Definition and Remarks
17.1-1. Basic Classes of Functions.

Integral equations containing both the Volterra kernels (see Subsection 10.1-1) and the Fredholm
kernels (see Subsections 12.1-1 and 12.1-2) are called mixed integral equations. Such integral
equations arise in applications and are a fairly new object of mathematical studies. So far, no
definite classification of such equations has been given, and such a classification is likely to be vast
and ramified. Here, we consider some integral equations and related problems that have been studied
in more detail.

Mixed integral equations are multidimensional (at least two-dimensional). In the integral terms
of such equations with Volterra kernels, the unknown function of several variables is integrated in
the variable that has the meaning of the time; and in the integral terms with Fredholm kernels, the
integration of the same unknown function is over some (one- or multi-dimensional) domain.

Let us describe the main classes of multidimensional real-valued functions that appear in mixed
integral equations.

For a bounded closed domain Ω in R
n, the set L2(Ω) consists of all real-valued functions f (�x)

defined in Ω and having their squared absolute value |f (�x)|2 integrable in Ω. The set L2(Ω) is a
Hilbert space with the following scalar product and the norm (see Supplement 12.5-2):

(f , g) =
∫

Ω

f (�x)g(�x) dΩx, ‖f‖ = (f , f )1/2 =

√∫
Ω

|f (�x)|2 dΩx,

where �x = (x1, . . . , xn) ∈ R
n.

Example.

1◦. If n = 2 and Ω is the ring ω = {a ≤ r ≤ b, 0 ≤ ϕ ≤ 2π}, then

L2(Ω) ≡ L2(ω), f (�x) ≡ f (r, ϕ),
∫
Ω

≡
∫

ω
≡
∫ b

a

∫ 2π

0
, dΩ ≡ r dr dϕ.

2◦. The subspace of L2(ω) consisting of functions that depend only on the radial coordinate r is denoted by L̂2(ω). In this
case,

f (�x) ≡ f (r),
∫
Ω

f (�x) dΩ =
∫

ω
f (r) rdr dϕ = 2π

∫ b

a
rf (r) dr,

The space L̂2(ω) is a Hilbert space with the scalar product

(f , g) = 2π

∫ b

a
f (r)g(r)r dr.

839
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Frequently the space L̂2(ω) is considered as the space of functions of the form f̂ (r) =
√

2πf (r) for which the scalar
product has the like form but without factor 2π,

(f̂ , ĝ) =
∫ b

a
f̂ (r)ĝ(r)r dr.

In what follows we will use the latter definition of the scalar product. To simplify notation we will omit the hat symbol
over functions.

Let F (t) be a function of the real argument t ∈ [τ0, T ] with values in a Banach space B, i.e.,
F : [τ0, T ] → B. The function F (t) is called continuous on [τ0, T ] if for any t ∈ [τ0, T ], we have

‖F (t) – F (t1)‖B → 0 as t1 → t,

where ‖ ⋅ ‖B is the norm in B. The space of such continuous functions is denoted by C([τ0, T ], B).
For example, if B = L2(Ω) with the above norm ‖ ⋅ ‖, we can consider a function y(�x, t) such

that for each t ∈ [τ0, T ] its value belongs to L2(Ω). Regarded as a function of t with values in L2(Ω),
such a function is called continuous in t on the interval [τ0, T ] if for any t ∈ [τ0, T ], we have

‖y(�x, t) – y(�x, t1)‖ → 0 as t1 → t.

Accordingly, the space of such functions is denoted by C([τ0, T ], L2(Ω)).
For a function y(�x, t) ∈ C([τ0, T ], L2(Ω)), the following properties hold:

1) the norm ‖y(�x, t)‖ is continuous in t ∈ [τ0, T ];
2) for any f (�x) ∈ L2(Ω), the scalar product (y(�x, t), f (�x)) is continuous in t ∈ [τ0, T ];
3) y(�x, t) ∈ L2(Ω × (τ0, T )) if the interval (τ0, T ) is finite.

In what follows, we consider the cases of Ω being a finite interval, a circle, or an arbitrary closed
bounded set.

17.1-2. Mixed Equations on a Finite Interval.

1◦. For continuous functions of t ∈ [τ0, T ] with values in L2[a, b], the mixed two-dimensional
integral equation with symmetric Fredholm kernel has the form

σ(t)

[
y(x, t) –

∫ t

τ0

V1(t, τ )y(x, τ ) dτ

]
+
∫ b

a

F (x, ξ)y(ξ, t) dξ

–
∫ t

τ0

V2(t, τ )
∫ b

a

F (x, ξ)y(ξ, τ ) dξ dτ = f (x, t), a ≤ x ≤ b, τ0 ≤ t ≤ T , (1)

where σ(t) is a known continuous positive function; y(x, t) is the unknown function of class
C([τ0, T ], L2[a, b]); f (x, t)∈C([τ0, T ], L2[a, b]) is a given function; V1(t, τ ) and V2(t, τ ) are Volterra
kernels (see Subsection 10.1-1); and F (x, ξ) is a Fredholm kernel, so that∫ b

a

∫ b

a

F 2(x, ξ) dx dξ = B2 < ∞.

Assume, in addition, that the kernel F (x, ξ) is symmetric and positive definite. Such a kernel is also
called a Hilbert–Schmidt kernel (see also Subsection 13.6-2).

2◦. For functions of class C([τ0, T ], L2[a, b]), a mixed two-dimensional integral equation with a
Schmidt kernel has the form

σ(t)

[
y(x, t) –

∫ t

τ0

V1(t, τ )y(x, τ ) dτ

]
+
∫ b

a

S(x, ξ)y(ξ, t) dξ

–
∫ t

τ0

V2(t, τ )
∫ b

a

S(x, ξ)y(ξ, τ ) dξ dτ =
f (x, t)
h(x)

,

S(x, ξ) =
F (x, ξ)
h(x)

, a ≤ x ≤ b, τ0 ≤ t ≤ T ,

(2)



17.1. SOME DEFINITION AND REMARKS 841

where h(x) > 0 is a given function of class L2[a, b], and the other quantities are similar to those
introduced for equation (1). The kernel S(x, ξ) is called a Schmidt kernel. This kernel is nonsym-
metric, but has all the properties of symmetric kernels. Equation (2) is often written in the following
equivalent form:

σ(t)h(x)

[
y(x, t) –

∫ t

τ0

V1(t, τ )y(x, τ ) dτ

]
+
∫ b

a

F (x, ξ)y(ξ, t) dξ

–
∫ t

τ0

V2(t, τ )
∫ b

a

F (x, ξ)y(ξ, τ ) dξ dτ = f (x, t), a ≤ x ≤ b, τ0 ≤ t ≤ T . (3)

Together with equations (1), (2), we consider some problems that contain, in addition to (1)
or (2), some auxiliary integral conditions on the unknown function. Such conditions are introduced
in some cases if the right hand-side of the equation is not determined completely. Often, such
conditions have the form∫ b

a

y(ξ, t) dξ = M1(t),
∫ b

a

(
ξ –

a + b

2

)
y(ξ, t) dξ = M2(t). (4)

17.1-3. Mixed Equation on a Ring-Shaped (Circular) Domain.

1◦. A mixed two-dimensional integral equation with Fredholm kernel for functions of class
C
(
[τ0, T ], L̂2(ω)

)
has the form

σ(t)

[
y(r, t) –

∫ t

τ0

V1(t, τ )y(r, τ ) dτ

]
+
∫ b

a

Fω(r, ρ)y(ρ, t)ρ dρ

–
∫ t

τ0

V2(t, τ )
∫ b

a

Fω(r, ρ)y(ρ, τ )ρ dρ dτ = f (r, t), a ≤ r ≤ b, τ0 ≤ t ≤ T , (5)

where ω is the ring of internal radius a and external radius b (for a = 0, the domain ω is the circle
of radius b); σ(t) is a given positive continuous function; y(r, t) is the unknown function of class
C
(
[τ0, T ], L̂2(ω)

)
; f (r, t) is a given right-hand side of class C

(
[τ0, T ], L̂2(ω)

)
; V1(t, τ ) and V2(t, τ )

are Volterra kernels (see Subsection 10.1-1); and Fω(r, ρ) is a Fredholm kernel, so that∫ b

a

∫ b

a

F 2
ω(r, ρ)rρ dr dρ = B2

ω < ∞.

Assume, in addition, that the kernel Fω(r, ρ) is symmetric and positive definite (see also Subsec-
tion 13.6-2), i.e.,

Fω(r, ρ) = Fω(ρ, r),
∫ b

a

∫ b

a

Fω(r, ρ)ϕ(r)ϕ(ρ) dr dρ ≥ 0,

and the second relation holds as equality only for ϕ(r) = 0. As above, a symmetric positive Fredholm
kernel will be called a Hilbert–Schmidt kernel.

2◦. A mixed two-dimensional integral equation with a Schmidt kernel for functions of class
C
(
[τ0, T ], L̂2(ω)

)
has the form

σ(t)

[
y(r, t) –

∫ t

τ0

V1(t, τ )y(r, τ ) dτ

]
+
∫ b

a

Sω(r, ρ)y(ρ, t)ρ dρ

–
∫ t

τ0

V2(t, τ )
∫ b

a

Sω(r, ρ)y(ρ, τ )ρ dρ dτ =
f (r, t)
h(r)

,

Sω(r, ρ) =
Fω(r, ρ)

h(r)
, a ≤ r ≤ b, τ0 ≤ t ≤ T ,

(6)
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where h(r) > 0 is a given function in L̂2(ω), and the other notations are similar to those introduced
for equation (5). The kernel Sω(r, ρ) is a Schmidt kernel, which possesses all the properties of
Hilbert–Schmidt kernels. Equation (6) is often written in the following equivalent form:

σ(t)h(r)

[
y(r, t) –

∫ t

τ0

V1(t, τ )y(r, τ ) dτ

]
+
∫ b

a

Fω(r, ρ)y(ρ, t)ρ dρ

–
∫ t

τ0

V2(t, τ )
∫ b

a

Fω(r, ρ)y(ρ, τ )ρ dρ dτ = f (r, t), a ≤ r ≤ b, τ0 ≤ t ≤ T . (7)

Together with equations (5)–(7), we consider some problems with an auxiliary integral condition
on the unknown function. Such conditions are introduced if there is not enough information about
the right-hand side of the equation. For equations (5)–(7), this condition often has the form

∫ b

a

y(ρ, t)ρ dρ = M (t). (8)

17.1-4. Mixed Equations on a Closed Bounded Set.

1◦. A mixed multi-dimensional integral equation with a symmetric Fredholm kernel for functions
of class C([τ0, T ], L2(Ω)) has the form

σ(t)(I – V1)y(�x, t) + (I – V2)Fy(�x, t) = f (�x, t), �x ∈ Ω, τ0 ≤ t ≤ T ,

Fy(�x, t) =
∫

Ω

FΩ(�x,�ξ)y(�ξ, t) dΩξ, Vpy(�x, t) =
∫ t

τ0

Vp(t, τ )y(�x, τ ) dτ ,
(9)

where �x = (x1, . . . , xn) ∈ R
n; Ω is a closed bounded set in R

n; σ(t) is a continuous function of t
on [τ0, T ]; y(�x, t)∈C([τ0, T ], L2(Ω)) is the unknown function; f (�x, t)∈C([τ0, T ], L2(Ω)) is a given
right-hand side of the equation; I is the identity operator; Vp (p = 1, 2) are Volterra integral operators
with continuous or polar kernels Vp(t, τ ); and F is a Fredholm integral operator, which is a compact
operator from L2(Ω) to L2(Ω) (see Supplement 12.5-3). Its properties are determined by the kernel
FΩ(�x,�ξ), which is assumed to satisfy the condition∫

Ω

∫
Ω

F 2
Ω(�x,�ξ) dΩx dΩξ = B2

Ω < ∞. (10)

Relation (10) is a sufficient condition for the compactness of the integral operator F.
If the kernel of an integral operator satisfies the relation

FΩ(�x,�ξ) = FΩ(�ξ,�x), (11)

then this operator is self-adjoint.
If, moreover, ∫

Ω

∫
Ω

FΩ(�x,�ξ)ϕ(�x)ϕ(�ξ) dΩx dΩξ ≥ 0, (12)

and (12) holds as equality only for ϕ(�x) = 0, then the integral operator is called positive definite.
Compact self-adjoint positive definite operators are called Hilbert–Schmidt operators.
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2◦. A mixed multi-dimensional integral equation with a Schmidt operator for functions of class
C([τ0, T ], L2(Ω)) has the form

σ(t)(I – V1)y(�x, t) + (I – V2)Sy(�x, t) =
f (�x, t)
h(�x)

,

Sy(�x, t) =
∫

Ω

SΩ(�x,�ξ)y(�ξ, t) dΩξ, SΩ(�x,�ξ) =
FΩ(�x,�ξ)

h(�x)
,

Vpy(�x, t) =
∫ t

τ0

Vp(t, τ )y(�x, τ ) dτ , �x ∈ Ω, τ0 ≤ t ≤ T ,

(13)

where h(�x) > 0 is a given function in L2(Ω); S is a Schmidt integral operator; and the other notations
are similar to those introduced for equation (12). Equation (13) is often written in the following
equivalent form:

σ(t)h(�x)(I – V1)y(�x, t) + (I – V2)Fy(�x, t) = f (�x, t), �x ∈ Ω, τ0 ≤ t ≤ T ,

Fy(�x, t) =
∫

Ω

FΩ(�x,�ξ)y(�ξ, t) dΩξ, Vpy(�x, t) =
∫ t

τ0

Vp(t, τ )y(�x, τ ) dτ .
(14)

Together with equations (9), (13), and (14), we consider some problems with auxiliary conditions
on the unknown function. Such conditions are introduced if there is not enough information about
the right-hand side of the equation. Such conditions usually have the form∫

Ω

y(�x, t)fi(�x) dΩx = Mi(t), i = 1, . . . , N , (15)

where fi(�x) is a system of N linearly independent functions of class L2(Ω).

Remark 1. Any equation with a Schmidt kernel (integral operator) can always be reduced (by
changing the variables) to an equation with a symmetric Hilbert–Schmidt kernel (self-adjoint integral
operator).

Remark 2. A compact operator is a generalization of a Fredholm integral operator. Equations
with compact operators are studied in the framework of the Riesz–Schauder theory.

Remark 3. A compact self-adjoint operator is a generalization of a Fredholm integral operator
with a symmetric kernel. If its kernel is positive definite, then the corresponding operator is also
positive definite (see Supplement 12.5-3). Equations with compact self-adjoint and positive definite
operators are studied in the framework of the Hilbert–Schmidt theory.

References for Section 17.1: E. Goursat (1923), F. Riesz and B. Sz.-Nagy (1955), V. S. Vladimirov (1981), V. M. Alek-
sandrov and S. M. Mkhitaryan (1983), N. Kh. Arutynyan, A. V. Manzhirov, and V.E. Naumov (1991), A. N. Kolmogorov
and S. V. Fomin (1999), A. V. Manzhirov (2001, 2005).

17.2. Methods of Solution of Mixed Integral Equations
on a Finite Interval

17.2-1. Equation with a Hilbert–Schmidt Kernel and a Given Right-Hand Side.

Consider the mixed integral equation (1) of Subsection 17.1-2 with a Hilbert–Schmidt kernel. By
changing the variables, this equation can always be reduced to a similar equation with the parameters
a = –1, b = 1, τ0 = 1:

σ(t)

[
y(x, t) –

∫ t

1
V1(t, τ )y(x, τ ) dτ

]
+
∫ 1

–1
F (x, ξ)y(ξ, t) dξ

–
∫ t

τ0

V2(t, τ )
∫ 1

–1
F (x, ξ)y(ξ, τ ) dξ dτ = f (x, t), –1 ≤ x ≤ 1, 1 ≤ t ≤ T . (1)
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Suppose that the right-hand side f (x, t) of (1) is known and we have to find the function y(x, t).
Here f (x, t) and y(x, t) are functions of class C([1, T ], L2(–1, 1)).

Let us seek a solution of equation (1) in the form of a series

y(x, t) =
∞∑
k=1

yk(t)ϕk(x), (2)

where ϕk(x) are eigenfunctions of the kernel F (x, ξ) corresponding to the eigenvalues µk > 0, i.e.,∫ 1

–1
F (x, ξ)ϕk(ξ) dξ = µkϕk(x), k = 1, 2, . . . (3)

The representation of a solution in the form (2) is possible, since eigenfunctions of the kernel F (x, ξ)
form a complete orthonormal system of functions in L2[–1, 1] (a basis in L2[–1, 1]; see Subsec-
tion 13.6-1 and Supplement 12.5-3). For the same reason, the right-hand side of the equation can
be represented in the form

f (x, t) =
∞∑
k=1

fk(t)ϕk(x), fk(t) =
∫ 1

–1
f (x, t)ϕk(x) dx. (4)

Substituting (2) into (1) and taking into account (3) and (4), we obtain the following sequence
of Volterra equations for the unknown functions yk(t):

yk(t) –
∫ t

1
Vk(t, τ )yk(τ ) dτ = δk(t), δk(t) =

fk(t)
σ(t) + µk

, (5)

Vk(t, τ ) =
σ(t)V1(t, τ ) + µkV2(t, τ )

σ(t) + µk
, k = 1, 2, . . . , (6)

where Vk(t, τ ) are Volterra kernels which belong to the same class of functions as the kernels V1(t, τ ),
V2(t, τ ), since µk → 0 as k → ∞.

A solution of the infinite sequence of Volterra equations (5) can be constructed by analytical and
numerical methods of Chapter 11. This solution can be written in the form

yk(t) = δk(t) +
∫ t

1
Rk(t, τ )δk(τ ) dτ , (7)

where Rk(t, τ ) is the resolvent of the kernel Vk(t, τ ).
Thus, the desired solution has been constructed. The series (2) converges in L2[–1, 1] uniformly

in t ∈ [1, T ], and its sum is a continuous function of t ∈ [1, T ] with values in L2[–1, 1].
In order to justify the above method of constructing a solution, it remains to construct the

eigenfunctions and calculate the eigenvalues of the Hilbert–Schmidt integral operator. Let us
represent the kth eigenfunction as a series in terms of any basis pi(x) of L2[–1, 1]. For definiteness,
we take the orthonormal Legendre polynomials P ∗

i–1(x) as the basis. Then

ϕk(x) =
∞∑
i=1

ϕi(k)pi(x), pi(x) = P ∗
i–1(x). (8)

Let us expand the Hilbert–Schmidt kernel in double series with respect to the chosen basis:

F (x, ξ) =
∞∑

m=1

∞∑
i=1

Fmnpm(x)pn(ξ),

Fmn =
∫ 1

–1

∫ 1

–1
F (x, ξ)pm(x)pn(ξ) dx dξ, Fmn = Fnm.

(9)
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Substituting (8) and (9) into (3),we obtain a linear system of algebraic equations for the determination
of eigenvalues and eigenfunction expansion coefficients. This algebraic system has a symmetric
matrix and can be written as follows:

∞∑
n=1

Fmnϕn(k) = µkϕm(k), m = 1, 2, . . . (10)

Of course, for practical calculations, one has to limit the number of expansion terms. For instance,
taking N orthonormal Legendre polynomials, we obtain the N th approximation of the solution. In
this case, to construct eigenfunctions and eigenvalues of the Hilbert–Schmidt kernel, it is necessary
to find eigenvalues and orthonormal eigenvectors of the matrix

[FNN ] =

⎛⎜⎜⎜⎜⎝
F11 F12 F13 · · · F1N

F12 F22 F23 · · · F2N

F13 F23 F33 · · · F3N
...

...
...

. . .
...

F1N F2N F3N · · · FNN

⎞⎟⎟⎟⎟⎠ . (11)

Eigenvalues of the matrix (11) give approximate values of the first N eigenvalues of the Hilbert–
Schmidt kernel, and the components of orthonormal eigenvectors of the matrix give expansion
coefficients of the first N eigenfunctions of the Hilbert–Schmidt kernel with respect to N orthonormal
Legendre polynomials.

17.2-2. Equation with Hilbert–Schmidt Kernel and Auxiliary Conditions.

Consider equation (1) with the right-hand side of the form f (x, t) = α1(t) + α2(t)x – g(x, t) and two
auxiliary integral conditions of the form (4) of Subsection 17.1-2. The problem is to find a solution
of the mixed integral equation

σ(t)

[
y(x, t) –

∫ t

1
V1(t, τ )y(x, τ ) dτ

]
+
∫ 1

–1
F (x, ξ)y(ξ, t) dξ

–
∫ t

1
V2(t, τ )

∫ 1

–1
F (x, ξ)y(ξ, τ ) dξ dτ = α1(t) + α2(t)x – g(x, t),

–1 ≤ x ≤ 1, 1 ≤ t ≤ T

(12)

with the auxiliary conditions∫ 1

–1
y(ξ, t) dξ = M1(t),

∫ 1

–1
ξ y(ξ, t) dξ = M2(t), (13)

regarding y(x, t), α1(t), and α2(t) as unknown. All other functions in (12) are assumed given
and g(x, t) is of class C([1, T ], L2[–1, 1]).

Note that the Hilbert space L2[–1, 1] can be represented as the direct sum of its orthogonal
subspaces, L2[–1, 1] = L◦

2[–1, 1] ⊕ L∗
2 [–1, 1] (see Supplement 12.5-3.), where L◦

2 [–1, 1] is the
Euclidean space with the basis p1(x) = P ∗

0 (x) = 1/
√

2, p2(x) = P ∗
1 (x) =

√
3/2 x, and L∗

2[–1, 1] is
the Hilbert space with the basis pk(x) = P ∗

k–1(x) (k = 3, 4, . . . ).
Note also that the integrand and the right-hand side can be represented as a sum of functions

continuous in t ∈ [1, T ] with values in L◦
2[–1, 1] and L∗

2 [–1, 1], respectively, i.e.,

y(x, t) = y◦(x, t) + y∗(x, t), f (x, t) = f◦(x, t) + f∗(x, t), (14)
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where

y◦(x, t) = y◦
1 (t)p1(x) + y◦

2 (t)p2(x), y◦
1 (t) = 1√

2
M1(t), y◦

2 (t) =
√

3
2 M2(t)

f◦(x, t) =
[√

2α1(t) – g◦1 (t)
]
p1(x) +

[√
2
3 α2(t) – g◦2 (t)

]
p2(x), (15)

f∗(x, t) = –g∗(x, t), g(x, t) = g◦(x, t) + g∗(x, t), g◦(x, t) = g◦1 (t)p1(x) + g◦2 (t)p2(x),

g◦1 (t) = 1√
2

∫ 1

–1
g(x, t) dx, g◦2 (t) =

√
3
2

∫ 1

–1
g(x, t) dx.

Note that in the representation (14) of y(x, t), the term y◦(x, t) is known and is determined by
the auxiliary conditions; and the term y∗(x, t) is to be found. Conversely, for the right-hand side,
f◦(x, t) is the unknown and f∗(x, t) is determined by the function g(x, t). These features allow us
to classify the resulting problem as a special case of the general projection problem formulated and
solved in Subsection 17.4-3.

Applying the general method to the present case, we introduce an operator of orthogonal
projection that maps L2[–1, 1] onto L◦

2 [–1, 1]:

P◦f (x, t) =
∫ 1

–1
f (ξ, t)[p1(x)p1(ξ) + p2(x)p2(ξ)] dξ. (16)

Obviously, P∗ = I – P◦ is the orthogonal projector of L2[–1, 1] onto L∗
2[–1, 1]. Moreover, the

following relations hold:

P◦y(x, t) = y◦(x, t), P∗y(x, t) = y∗(x, t),

P◦f (x, t) = f◦(x, t), P∗f (x, t) = f∗(x, t).
(17)

Following the method of Section 17.4, let us apply the projection operator P∗ to equation (12).
As a result, for y∗(x, t) we obtain an integral equation on the space L∗

2[–1, 1] with a known right-hand
side:

σ(t)

[
y∗(x, t) –

∫ t

1
V1(t, τ )y∗(x, τ ) dτ

]
+
∫ 1

–1
F ∗(x, ξ)y∗(ξ, t) dξ –

∫ t

1
V2(t, τ )

∫ 1

–1
F ∗(x, ξ)y∗(ξ, τ ) dξ dτ

= –g∗(x, t) –
∫ 1

–1
F ∗(x, ξ)y◦(ξ, t) dξ +

∫ t

1
V2(t, τ )

∫ 1

–1
F ∗(x, ξ)y◦(ξ, τ ) dξ dτ ,

–1 ≤ x ≤ 1, 1 ≤ t ≤ T ,

(18)

where the kernel of the integral equation

F ∗(x, ξ) = F (x, ξ) –
∫ 1

–1
F (s, ξ)[p1(x)p1(s) + p2(x)p2(s)] ds (19)

is of Fredholm type and, moreover, is symmetric and positive definite. Let us construct a solution
of equation (18) in the form of a series with eigenfunctions of the kernel (19). These eigenfunction
form a basis in the Hilbert space L∗

2 [–1, 1]. We start, however, with the construction of the said
eigenfunctions.

Let ϕ∗
k(x) be eigenfunctions and µ∗

k the corresponding eigenvalues of the kernel F ∗(x, ξ). Then∫ 1

–1
F ∗(x, ξ)ϕ∗

k(ξ) dξ = µ∗
kϕ∗

k(x), k = 3, 4, . . . (20)
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Let us represent the eigenfunction ϕ∗
k(x) in the form of a series with respect to the basis pi(x)

(i ≥ 3):

ϕ∗
k(x) =

∞∑
i=3

ϕ∗
i(k)pi(x), pi(x) = P ∗

i–1(x), k = 3, 4, . . . (21)

Using (9) and (19), we obtain a double series expansion for the kernel F ∗(x, ξ):

F ∗(x, ξ) =
∞∑

m=3

∞∑
n=3

Fmnpm(x)pn(ξ) +
∞∑
n=3

F1npn(x)p1(ξ) +
∞∑
n=3

F2npn(x)p2(ξ). (22)

Note that the coefficients of the expansion of the kernel F ∗(x, ξ) in (22) coincide with the coefficients
of the expansion of the kernel F (x, ξ), which allows us to avoid recalculation of the coefficients of
the new problem and use the already available data.

Substituting (21) and (22) into (20), we obtain the following infinite system of algebraic equa-
tions (with a symmetric matrix) for the determination of eigenvalues and eigenfunction expansion
coefficients: ∞∑

n=3

Fmnϕ∗
n(k) = µ∗

kϕ∗
m(k), m = 3, 4, . . . (23)

Now, let us construct a solution of equation (18). For this purpose, we represent the func-
tions y∗(x, t) and g∗(x, t) in the form of series with respect to eigenfunctions of the kernel F ∗(x, ξ):

y∗(x, t) =
∞∑
k=3

y∗
k(t)ϕ∗

k(x), g∗(x, t) =
∞∑
k=3

g∗k(t)ϕ∗
k(x), g∗k(t) =

∫ 1

–1
g∗(x, t)ϕ∗

k(x) dx, (24)

and substitute these into (18). Then, taking into account (15), (19)–(22), we obtain the following
sequence of independent Volterra equations:

y∗
k(t) –

∫ t

1
V ∗

k (t, τ )y∗
k(τ ) dτ = f∗

k (t), V ∗
k (t, τ ) =

σ(t)V1(t, τ ) + µ∗
kV2(t, τ )

σ(t) + µ∗
k

,

f∗
k (t) = –

1
σ(t) + µ∗

k

[
g∗k(t) +

2∑
i=1

Fk(i)y
◦
i (t) –

∫ t

1
V2(t, τ )

2∑
i=1

Fk(i)y
◦
i (t) dτ

]
,

Fk(i) =
∞∑
n=3

Finϕ∗
n(k), i = 1, 2, k = 3, 4, . . .

(25)

Resolving (25) with respect to y∗
k(t) by the methods of Chapter 11, we obtain

y∗
k(t) = f∗

k (t) +
∫ t

1
R∗

k(t, τ )f∗
k (τ ) dτ , (26)

where R∗
k(t, τ ) is the resolvent of the kernel V ∗

k (t, τ ).
Now, in view of (24)–(26), the function y∗(x, t) has been determined, and therefore, the func-

tion y(x, t) has also been found, since y◦(x, t) is known by assumption (see (14) and (15)).
Before passing to the determination of the other unknown quantities of the problem, we make

some remarks that may be useful in practice.
For practical calculations one should restrict the number of expansion terms. For instance, taking

the orthonormal Legendre polynomials from the third to the N th, we obtain the N th approximation
of the desired solution. In this case, for the construction of eigenvalues and eigenfunctions of the
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Hilbert–Schmidt kernel F ∗(x, ξ) one should find the eigenvalues and orthonormal eigenvectors of
the matrix

[F ∗
NN ] =

⎛⎜⎜⎜⎜⎝
F33 F34 F35 · · · F3N

F34 F44 F45 · · · F4N

F35 F45 F55 · · · F5N
...

...
...

. . .
...

F3N F4N F5N · · · FNN

⎞⎟⎟⎟⎟⎠ . (27)

The eigenvalues of the matrix (27) give approximate values of the first N – 2 eigenvalues of the
Fredholm operator,and the components of the orthonormal eigenvectors of this matrix give expansion
coefficients for the first N – 2 eigenfunctions of the Hilgert–Schmidt operator with respect to the
chosen orthonormal Legendre polynomials. Recall that the first two terms (i.e., two terms of y◦(x, t))
of the function y(x, t) are known by assumption. Therefore, constructing the next N – 2 terms of
the expansion, we obtain the N th approximation.

It is important to emphasize the relation between the matrices (11) and (27), which, in general,
correspond to two different problems. The matrix (27) can be obtained from the matrix (11) by
deleting its first two rows and columns. This allows us to construct the expansion of the original
kernel only once, and then use that data for the examination of the new kernel arising in the problem
with auxiliary conditions.

Now, let us find the functions α1(t) and α2(t). To that end, we apply the orthogonal projection
operators P∗ to equation (12). As a result, we obtain the following formulas:

α1(t) =
1√
2

{
g◦1 (t) + σ(t)

[
y◦

1 (t) –
∫ t

1
V1(t, τ )y◦

1 (τ ) dτ

]
+ F11y

◦
1 (t) + F12y

◦
2 (t)

+
∞∑
k=3

Fk(1)y
∗
k(t) –

∫ t

1
V1(t, τ )

[
F11y

◦
1 (τ ) + F12y

◦
2 (τ ) +

∞∑
k=3

Fk(1)y
∗
k(τ )

]
dτ

}
, (28)

α2(t) =

√
3
2

{
g◦2 (t) + σ(t)

[
y◦

2 (t) –
∫ t

1
V1(t, τ )y◦

2 (τ ) dτ

]
+ F12y

◦
1 (t) + F22y

◦
2 (t)

+
∞∑
k=3

Fk(2)y
∗
k(t) –

∫ t

1
V1(t, τ )

[
F12y

◦
1 (τ ) + F22y

◦
2 (τ ) +

∞∑
k=3

Fk(2)y
∗
k(τ )

]
dτ

}
. (29)

Thus, we have obtained a complete solution of the integral equation (12) with the auxiliary
conditions (13).

17.2-3. Equation with a Schmidt Kernel and a Given Right-Hand Side on an Interval.

Consider a mixed integral equation of the form (17.1.3) with a Schmidt kernel. Changing the
variables, we can always reduce this equation to the following equation with the parameters a = –1,
b = 1, τ0 = 1:

σ(t)

[
y(x, t) –

∫ t

1
V1(t, τ )y(x, τ ) dτ

]
+
∫ 1

–1
S(x, ξ)y(ξ, t) dξ

–
∫ t

1
V2(t, τ )

∫ 1

–1
S(x, ξ)y(ξ, τ ) dξ dτ =

f (x, t)
h(x)

,

S(x, ξ) =
F (x, ξ)
h(x)

, –1 ≤ x ≤ 1, 1 ≤ t ≤ T .

(30)

Suppose that the right-hand side f (x, t) in (30) is known, and it is required to find the func-
tion y(x, t). Here, f (x, t) and y(x, t) are functions of class C([1, T ], L2[–1, 1]); σ(t) is a given
positive continuous function; h(x) > 0 is a given function in L2[a, b]; V1(t, τ ) and V2(t, τ ) are
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Volterra kernels; S(x, ξ) is a Schmidt kernel; F (x, ξ) is a symmetric positive definite Fredholm
kernel.

Let us transform the equation with the Schmidt kernel to a Hilbert–Schmidt equation. To that
end, we multiply (30) by

√
h(x) and change the variables as follows:

q(x, t) =
√

h(x)y(x, t), F h(x, ξ) =
S(x, ξ)

√
h(x)√

h(ξ)
=

F (x, ξ)√
h(x)

√
h(ξ)

. (31)

Then we have

σ(t)

[
q(x, t) –

∫ t

1
V1(t, τ )q(x, τ ) dτ

]
+
∫ 1

–1
Fh(x, ξ)q(ξ, t) dξ

–
∫ t

τ0

V2(t, τ )
∫ 1

–1
Fh(x, ξ)q(ξ, τ ) dξ dτ =

f (x, t)√
h(x)

, –1 ≤ x ≤ 1, 1 ≤ t ≤ T , (32)

where q(x, t) and f (x, t)/
√

h(x) are functions of class C([1, T ], L2[–1, 1]); Fh(x, ξ) is a symmetric
positive definite kernel of Hilbert–Schmidt type (due to the properties of Schmidt kernels); and the
other functions have been specified above.

Suppose that the right-hand side of equation (32) is known, and it is required to find the
function q(x, t).

Let us seek a solution of the mixed equation (32) in the form or a series

q(x, t) =
∞∑
k=1

qk(t)ϕh
k(x), (33)

where ϕh
k (x) are eigenfunctions of the kernel Fh(x, ξ) corresponding to eigenvalues µh

k > 0, i.e.,∫ 1

–1
Fh(x, ξ)ϕh

k(ξ) dξ = µh
kϕh

k (x), k = 1, 2, . . . (34)

The representation of a solution in the form (33) is possible, since the system of eigenfunctions of
the kernel F h(x, ξ) forms a basis in L2[–1, 1].

Here, in contrast to the above case, we construct the basis functions in the form

ϕh
k (x) =

Φ
h
k(x)√
h(x)

k = 1, 2, . . . (35)

with an explicit function h(x), where∫ 1

–1
ϕh

i (ξ)ϕh
j (ξ) dξ =

∫ 1

–1

Φ
h
i (ξ)Φh

j (ξ)

h(ξ)
dξ = δij =

{
1 for i = j,
0 for i ≠ j.

(36)

In order to construct such eigenfunctions, we first construct a certain basis pn(x) in L2[–1, 1]
for which ∫ 1

–1
ph

i (ξ)ph
j (ξ) dξ = δij , ph

n(x) =
P h

n–1(x)√
h(x)

, n = 1, 2, . . . (37)

Such a basis can be constructed with the help of the formulas

P h
0 (x) =

1√
J0

, P h
n (x) =

1√
∆n–1∆n

∣∣∣∣∣∣∣∣∣∣

J0 J1 · · · Jn

J1 J2 · · · Jn+1
...

...
. . .

...
Jn–1 Jn · · · J2n–1

1 x · · · xn

∣∣∣∣∣∣∣∣∣∣
,

∆–1 = 1, ∆0 = J0, ∆n =

∣∣∣∣∣∣∣∣
J0 J1 · · · Jn

J1 J2 · · · Jn+1
...

...
. . .

...
Jn Jn+1 · · · J2n

∣∣∣∣∣∣∣∣ , Jn =
∫ 1

–1

ξn

h(ξ)
dξ.

(38)
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Note that for h(x) = 1, the basis functions of the Hilbert space L2[–1, 1] obtained from (37) and (38)
coincide with orthonormal Legendre polynomials.

Let us represent the kth eigenfunction as a series in terms of the basis ph
i (x) of L2[–1, 1]. Then

ϕh
k (x) =

∞∑
i=1

ϕh
i(k)p

h
i (x), ph

i (x) =
P h

i–1(x)√
h(x)

, Φ
h
k(x) =

∞∑
i=1

ϕh
i(k)P

h
i–1(x). (39)

Expanding the Hilbert–Schmidt kernel Fh(x, ξ) as a double series in terms of the chosen basis, we
can write

Fh(x, ξ) =
∞∑

m=1

∞∑
i=1

Fh
mnph

m(x)ph
n(ξ),

Fh
mn =

∫ 1

–1

∫ 1

–1
Fh(x, ξ)ph

m(x)ph
n(ξ) dx dξ, F h

mn = Fh
nm.

(40)

Substituting (39) and (40) into (34), we obtain the following infinite system of linear algebraic
equations (with a symmetric matrix) for the determination of the eigenvalues and the eigenfunction
expansion coefficients:

∞∑
n=1

Fh
mnϕh

n(k) = µh
kϕh

m(k), m = 1, 2, . . . (41)

To calculate approximations of N eigenvalues and eigenfunctions of the Hilbert–Schmidt kernel,
one should find the eigenvalues and orthonormal eigenvectors of the matrix

[Fh
NN ] =

⎛⎜⎜⎜⎜⎝
Fh

11 Fh
12 Fh

13 · · · Fh
1N

Fh
12 Fh

22 Fh
23 · · · Fh

2N

Fh
13 Fh

23 Fh
33 · · · Fh

3N...
...

...
. . .

...
Fh

1N Fh
2N Fh

3N · · · Fh
NN

⎞⎟⎟⎟⎟⎠ . (42)

The eigenvalues of the matrix (42) give approximate values of the first N eigenvalues of the Hilbert–
Schmidt kernel, and the components of its orthonormal eigenvectors give the coefficients in the
expansion of the first N eigenfunctions of that kernel in terms of N orthonormal functions of the
basis.

Now, let us expand the right-hand side of equation (32) into the following series:

f (x, t)√
h(x)

=
∞∑
k=1

fh
k (t)ϕh

k(x) =
∞∑
k=1

fh
k (t)

Φ
h
k(x)√
h(x)

,

fh
k (t) =

∫ 1

–1

f (x, t)√
h(x)

ϕh
k (x) dx =

∫ 1

–1

f (x, t)
h(x)

Φ
h
k(x) dx.

(43)

Substituting (33) and (43) into (32) and taking into account (34), we obtain the following
sequence of Volterra equations for the unknown functions qk(t):

qk(t) –
∫ t

1
V h

k (t, τ )qk(τ ) dτ = δh
k (t), δh

k (t) =
fk(t)

σ(t) + µh
k

, (44)

V h
k (t, τ ) =

σ(t)V1(t, τ ) + µh
kV2(t, τ )

σ(t) + µh
k

, k = 1, 2, . . . , (45)

where V h
k (t, τ ) are Volterra kernels belonging to the same class as the kernels V1(t, τ ) and V2(t, τ ),

since µh
k → 0 as k → ∞.
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A solution of the infinite system of Volterra equations (44) can be constructed by analytical and
numerical methods of Chapter 11. This solution can be written in the form

qk(t) = δh
k (t) +

∫ t

1
Rh

k (t, τ )δh
k (τ ) dτ , (46)

where Rh
k (t, τ ) is the resolvent of the kernel V h

k (t, τ ).
The series (33) converges in L2[–1, 1] uniformly in t ∈ [1, T ], and its sum is a continuous

function of t ∈ [1, T ] with values in L2[–1, 1].
Inserting (45) into (33) and taking into account (43), one can also represent the solution in the

form

q(x, t) =
f (x)√
h(x)

+
∞∑
k=1

∫ t

1
Rh

k (t, τ )fh
k (τ ) dτ ϕh

k(x).

Finally, in view of the transformation of the variable (31) and the formula for eigenfunctions (35),
we have

y(x, t) =
1

h(x)

∞∑
k=1

qk(t)Φh
k(x). (47)

Note that the solution (47) involves the function h(x) in an explicit manner, which allows us to
solve equation (30) with great accuracy by preserving a small number of terms. In the case of a
strongly oscillating function h(x), the other known methods can hardly be used for the construction
of solutions.

17.2-4. Equation with a Schmidt Kernel and Auxiliary Conditions.

Consider equation (30) with the right-hand side of the form f (x, t) = α1(t) + α2(t)x – g(x, t) and two
auxiliary integral conditions of the form (17.1.4) on the unknown function y(x, t). The problem is
to find a solution of the mixed integral equation

σ(t)

[
y(x, t) –

∫ t

1
V1(t, τ )y(x, τ ) dτ

]
+
∫ 1

–1
S(x, ξ)y(ξ, t) dξ

–
∫ t

1
V2(t, τ )

∫ 1

–1
S(x, ξ)y(ξ, τ ) dξ dτ =

α1(t)
h(x)

+
α2(t)x
h(x)

–
g(x, t)
h(x)

,

S(x, ξ) =
F (x, ξ)
h(x)

, –1 ≤ x ≤ 1, 1 ≤ t ≤ T .

(48)

with the auxiliary conditions∫ 1

–1
y(ξ, t) dξ = M1(t),

∫ 1

–1
ξ y(ξ, t) dξ = M2(t), (49)

the unknown functions being y(x, t), α1(t), and α2(t). The other functions in (48) are assumed
given, and g(x, t) is a continuous function of t ∈ [1, T ] with values in L2[–1, 1].

Let us transform the equation with the Schmidt kernel to an equation with a Hilbert–Schmidt
kernel by changing the variables as in (31). As a result, equation (48) and the auxiliary conditions (49)
become

σ(t)

[
q(x, t) –

∫ t

1
V1(t, τ )q(x, τ ) dτ

]
+
∫ 1

–1
Fh(x, ξ)q(ξ, t) dξ

–
∫ t

τ0

V2(t, τ )
∫ 1

–1
Fh(x, ξ)q(ξ, τ ) dξ dτ =

α1(t)√
h(x)

+
α2(t)x√

h(x)
–

g(x, t)√
h(x)

, (50)∫ 1

–1

q(ξ, t)√
h(ξ)

dξ = M1(t),
∫ 1

–1

q(ξ, t)√
h(ξ)

ξ dξ = M2(t), –1 ≤ x ≤ 1, 1 ≤ t ≤ T . (51)
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In order to construct a solution of the mixed integral equation (48) with the auxiliary condi-
tions (49), we use the basis ph

n(x) in L2[–1, 1] (see (37) and (38)) and note that the space L2[–1, 1]
can be represented as a direct sum of its orthogonal subspaces, L2[–1, 1] = Lh◦

2 [–1, 1] ⊕ Lh∗
2 [–1, 1]

(see Supplement 12.5-3), where Lh◦
2 [–1, 1] is the Euclidean space with the basis ph

1 (x) and ph
2 (x),

and Lh∗
2 [–1, 1] is the Hilbert space with the basis ph

k(x) (k = 3, 4, . . . ). It can be seen that the
integrand and the right-hand side can be represented as a sum of continuous functions of t ∈ [1, T ]
with values in Lh◦

2 [–1, 1] and Lh∗
2 [–1, 1], respectively, i.e,

q(x, t) = q◦(x, t) + q∗(x, t),
f (x, t)√

h(x)
= f◦

h(x, t) + f∗
h(x, t), (52)

and the following representations hold:

q◦(x, t) = q◦1 (t)ph
1 (x) + q◦2 (t)ph

2 (x), q◦1 (t) =
M1(t)√

J0
, q◦2 (t) =

J0M2(t) – J1M1(t)√
J0(J0J2 – J2

1 )
,

f (x, t)√
h(x)

=
α1(t)√
h(x)

+
α2(t)x√

h(x)
–

g(x, t)√
h(x)

,
g(x, t)√

h(x)
= g◦h(x, t) + g∗h(x, t), (53)

f◦
h(x, t) =

[√
J0α1(t) +

J1√
J0

α2(t) – g1(t)

]
ph

1 (x) +

[√
J0J2 – J2

1√
J0

α(t) – g1

]
ph

2 (x),

f∗
h(x, t) = –g∗h(x), g◦h(x, t) = gh◦

1 (t)ph
1 (x) + gh◦

2 (t)ph
2 (x),

g◦1 (t) =
∫ 1

–1

g(x, t)√
h(x)

ph
1 (x) dx, g◦2 (t) =

∫ 1

–1

g(x, t)√
h(x)

ph
2 (x) dx.

Note that in the representation (52) for q(x, t), the function q◦(x, t) is known as determined
by the auxiliary conditions, and the term q∗(x, t) should be found. Conversely, for the right-hand
side, f◦

h(x, t) should be found and f∗
h(x, t) is determined by the function g(x, t)/

√
h(x). The facts

mentioned above allow us to classify the resulting problem as a special case of the general projection
problem whose solution is given in Subsection 17.4-3.

According to the general method, in the present case one can introduce an operator of orthogonal
projection that maps the space L2[–1, 1] onto Lh◦

2 [–1, 1]:

P◦
hφ(x, t) =

∫ 1

–1
φ(ξ, t)[ph

1 (x)ph
1 (ξ) + ph

2 (x)ph
2 (ξ)] dξ. (54)

Obviously, the projector P∗
h = I – P◦

h maps L2[–1, 1] onto Lh∗
2 [–1, 1]. Moreover, the following

relations hold:
P◦

hq(x, t) = q◦(x, t), P∗
hq(x, t) = q∗(x, t),

P◦
h

f (x, t)√
h(x)

= f◦
h(x, t), P∗

h

f (x, t)√
h(x)

= f∗
h(x, t).

(55)

According to Subsections 17.4-2 and 17.4-3, let us apply the projection operator P∗
h to equation (50).

Then, for the determination of q∗(x, t), we obtain the following integral equation in Lh∗
2 [–1, 1] with

a known right-hand side:

σ(t)

[
q∗(x, t) –

∫ t

1
V1(t, τ )q∗(x, τ ) dτ

]
+
∫ 1

–1
F ∗

h (x, ξ)q∗(ξ, t) dξ –
∫ t

τ0

V2(t, τ )
∫ 1

–1
F ∗

h (x, ξ)q∗(ξ, τ ) dξ dτ

= –g∗h(x, t) –
∫ 1

–1
F ∗

h (x, ξ)q◦(ξ, t) dξ +
∫ t

1
V2(t, τ )

∫ 1

–1
F ∗

h (x, ξ)q◦(ξ, τ ) dξ dτ ,

–1 ≤ x ≤ 1, 1 ≤ t ≤ T ,

(56)



17.2. METHODS OF SOLUTION OF MIXED INTEGRAL EQUATIONS ON A FINITE INTERVAL 853

where the kernel of the integral equation

F ∗
h (x, ξ) = Fh(x, ξ) –

∫ 1

–1
Fh(s, ξ)[ph

1 (x)ph
1 (s) + ph

2 (x)ph
2 (s)] ds (57)

is a Hilbert–Schmidt kernel. A solution of equation (56) can be constructed in the form of a series
in terms of eigenfunctions of the kernel (57). These form a basis in the Hilbert space Lh∗

2 [–1, 1].
Let us construct a system of these eigenfunctions.

For an eigenfunction ϕh∗
k (x), let µh∗

k be the corresponding eigenvalue of the kernel F ∗
p (x, ξ).

Then ∫ 1

–1
F ∗

h (x, ξ)ϕh∗
k (ξ) dξ = µh∗

k ϕh∗
k (x), k = 3, 4, . . . (58)

Let us represent the eigenfunction ϕh∗
i (x) as a series in terms of the basis functions ph

i (x) (i ≥ 3):

ϕh∗
k (x) =

∞∑
i=3

ϕh∗
i(k)p

h
i (x), k = 3, 4, . . . (59)

The double series expansion of the kernel F ∗
h (x, ξ) is obtained with the help of (40) and (57):

F ∗
h (x, ξ) =

∞∑
m=3

∞∑
n=3

Fh
mnph

m(x)ph
n(ξ) +

∞∑
n=3

Fh
1nph

n(x)ph
1 (ξ) +

∞∑
n=3

Fh
2nph

n(x)ph
2 (ξ). (60)

Note that the coefficients of the expansion of the kernel F ∗
h (x, ξ) in (60) coincide with coefficients

of the expansion of the kernel Fh(x, ξ), which allows us to avoid recalculation of the coefficients of
the new problem and use the existing data.

Substituting (59) and (60) into (58), we obtain the following infinite system of linear algebraic
equations (with a symmetric matrix) for the eigenvalues and the eigenfunction expansion coefficients:

∞∑
n=3

Fh
mnϕh∗

n(k) = µh∗
k ϕh∗

m(k), m = 3, 4, . . . (61)

Now, let us construct a solution of equation (56). To that end, we represent the functions q∗(x, t)
and g∗h(x, t) as series in terms of eigenfunctions of the kernel F ∗

h (x, ξ):

q∗(x, t) =
∞∑
k=3

q∗k(t)ϕh∗
k (x), g∗h(x, t) =

∞∑
k=3

gh∗
k (t)ϕh∗

k (x), gh∗
k (t) =

∫ 1

–1
g∗h(x, t)ϕh∗

k (x) dx. (62)

Substituting these into (56) and taking into account (53), (57)–(60), we obtain the following sequence
of independent Volterra equations of the second kind:

q∗k(t) –
∫ t

1
V h∗

k (t, τ )q∗k(τ ) dτ = δh∗
k (t), V h∗

k (t, τ ) =
σ(t)V1(t, τ ) + µh∗

k V2(t, τ )

σ(t) + µh∗
k

,

δh∗
k (t) = –

1

σ(t) + µh∗
k

[
gh∗

k (t) +
2∑

i=1

Fh
k(i)q

◦
i (t) –

∫ t

1
V2(t, τ )

2∑
i=1

Fh
k(i)q

◦
i (τ ) dτ

]
,

Fh
k(i) =

∞∑
n=3

Fh
inϕh∗

n(k), i = 1, 2, k = 3, 4, . . .

(63)
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Resolving (63) with respect to q∗k(t) by the methods of Chapter 11, we obtain

q∗k(t) = fh∗
k (t) +

∫ t

1
Rh∗

k (t, τ )fh∗
k (τ ) dτ , (64)

where Rh∗
k (t, τ ) is the resolvent of the kernel V h∗

k (t, τ ).
Now, in view of (62)–(64), the function q∗(x, t) has been determined, and therefore, we easily

find q(x, t), since q◦(x, t) is known by assumption (see (52) and (53)).
In practical calculations, the number of expansion terms is naturally limited. For instance,

taking the basis functions ph
k(x) for k = 3, . . . , N , we obtain the N th approximation of the desired

solution. In this case, for the construction of eigenvalues and eigenfunctions of the Hilbert–Schmidt
kernel F ∗

h (x, ξ), one should find the eigenvalues and orthonormal eigenvectors of the matrix

[Fh
NN ] =

⎛⎜⎜⎜⎜⎝
Fh

33 Fh
34 Fh

35 · · · Fh
3N

Fh
34 Fh

44 Fh
45 · · · Fh

4N

Fh
35 Fh

45 Fh
55 · · · Fh

5N...
...

...
. . .

...
Fh

3N Fh
4N Fh

5N · · · Fh
NN

⎞⎟⎟⎟⎟⎠ . (65)

The eigenvalues of the matrix (65) give approximations for the first N – 2 eigenvalues if the Hilbert–
Schmidt operator and the components of the orthonormal eigenvectors of the matrix give expansion
coefficients of the first N – 2 eigenfunctions of this operator in terms of the chosen orthonormal
Legendre polynomials. Recall that the first two terms of the expansion (i.e., two terms of q◦(x, t))
of the function q(x, t) are known by assumption. Therefore, constructing the next N – 2 terms of
the expansion, we obtain the N th approximation of the solution.

It is important to keep in mind the relation between the matrices (42) and (65). The matrix (65)
can be obtained from (42) by deleting its first two rows and columns. This allows us to construct
the expansion of the original series only once, and then use this information for studying the new
kernel in the problem with auxiliary conditions.

Now, let us find the functions α1(t), and α2(t). To this end, we apply the projection operator P◦
h

to equation (56). As a result, we obtain the following formulas:

α1(t) =
1√
J0

{
gh◦

1 (t) –
J1√
J0

α2(t) + σ(t)
[
q◦1 (t) –

∫ t

1
V1(t, τ )q◦1 (τ ) dτ

]
+ Fh

11q
◦
1 (t)

+Fh
12q

◦
2 (t)+

∞∑
k=3

Fh
k(1)q

∗
k(t) –

∫ t

1
V1(t, τ )

[
Fh

11q
◦
1 (τ )+Fh

12q
◦
2 (τ )+

∞∑
k=3

Fh
k(1)q

∗
k(τ )
]
dτ
}

, (66)

α2(t) =

√
J0

J0J2 – J2
1

{
gh◦

2 (t) + σ(t)
[
q◦2 (t) –

∫ t

1
V1(t, τ )q◦2 (τ ) dτ

]
+ Fh

12q
◦
1 (t)

+F h
22q

◦
2 (t) +

∞∑
k=3

Fh
k(2)q

∗
k(t) –

∫ t

1
V1(t, τ )

[
Fh

12q
◦
1 (τ ) + Fh

22q
◦
2 (τ ) +

∞∑
k=3

Fh
k(2)q

∗
k(τ )
]
dτ
}

. (67)

Note that relations (66) and (67) form a system of two linear algebraic equations (with a triangular
matrix) for the determination of the unknown quantities α1(t) and α2(t).

Thus, we have constructed a solution of the integral equation (48) with the auxiliary condi-
tions (49).

References for Section 17.2: E. Goursat (1923), G. Szegö (1975), V. M. Aleksandrov and S. M. Mkhitaryan (1983),
V. M. Aleksandrov and A. V. Manzhirov (1987), A. V. Manzhirov (2001, 2005), A. V. Manzhirov and K. E. Kazakov (2006).
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17.3. Methods of Solving Mixed Integral Equations on a
Ring-Shaped Domain

17.3-1. Equation with a Hilbert–Schmidt Kernel and a Given Right-Hand Side.

Consider a mixed integral equation with a Hilbert–Schmidt kernel on a ring-shape domain (see
Subsection 17.1-3). By a suitable transformation of the variables, this equation can be reduced to a
similar equation with the parameters a = 0, b = 1, τ0 = 1:approximation of the solution

σ(t)
[
y(r, t) –

∫ t

1
V1(t, τ )y(r, τ ) dτ

]
+
∫ 1

0
G(r, ρ)y(ρ, t)ρ dρ

–
∫ t

1
V2(t, τ )

∫ 1

0
G(r, ρ)y(ρ, τ )ρ dρ dτ = f (r, t), 0 ≤ r ≤ 1, 1 ≤ t ≤ T . (1)

Suppose that the right-hand side f (r, t) of equation (1) is known and it is required to find the
function y(r, t). Here, f (r, t), y(r, t) are supposed to be continuous functions of t ∈ [1, T ] with
values in L̂2(ω).

Let us seek a solution of equation (1) in the form of a series

y(x, t) =
∞∑
k=1

yk(t)ψk(r), (2)

where ψk(r) are eigenfunctions of the kernel F (r, ρ) corresponding to eigenvalues νk > 0, i.e.,∫ 1

0
G(r, ρ)ψk(ρ)ρ dρ = νkψk(r), k = 1, 2, . . . (3)

The representation (2) is justified by the fact that the system of eigenfunctions of the kernel F (r, ρ)
forms a complete orthonormal system in L̂2(ω), in other words, an orthonormal basis in L̂2(ω) (see
Subsection 13.6-1 and Supplement 12.5-3). This fact also allows us to represent the right-hand side
of the equation in the form

f (r, t) =
∞∑
k=1

fk(t)ψk(r), fk(t) =
∫ 1

0
f (ρ, t)ψk(ρ) ρ dρ. (4)

Substituting (2) into (1) and taking into account (3) and (4), we obtain the following sequence
of Volterra equations of the second kind for the unknown functions yk(t):

yk(t) –
∫ t

1
Vk(ν)(t, τ )yk(τ ) dτ = γk(t), γk(t) =

fk(t)
σ(t) + νk

, (5)

Vk(ν)(t, τ ) =
σ(t)V1(t, τ ) + νkV2(t, τ )

σ(t) + νk
, k = 1, 2, . . . , (6)

where V ν
k (t, τ ) are Volterra kernels of the same class as V1(t, τ ) and V2(t, τ ), since νk → 0 as k →∞.

A solution of the sequence of Volterra equations (5) can be constructed by analytical and
numerical methods of Chapter 11. This solution can be written in the form

yk(t) = γk(t) +
∫ t

1
Rk(ν)(t, τ )γk(τ ) dτ , (6)

where Rν
k(t, τ ) is the resolvent of the kernel Vk(t, τ ).
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Thus, we have found a solution of equation (1). The series (2) converges in L̂2(ω) uniformly in
t ∈ [1, T ], and its sum is a continuous function of t with values in L̂2(ω).

Now, let us construct eigenfunctions and eigenvalues of the Hilbert–Schmidt kernel. We rep-
resent the kth eigenfunction as a series in terms of any orthonormal basis zi(r) in L̂2(ω). For
definiteness, we take

zk(r) =
√

4k + 2Pk–1(1 – 2r2), k = 1, 2, . . . , (7)

where Pn(x) are the Legendre polynomials. Now we can represent the eigenfunctions of the
kernel G(r, ρ) in the form of a series

ψk(r) =
∞∑
i=1

ψi(k)zi(r), k = 1, 2, . . . (8)

We write a double series expansion (in terns of the chosen basis) for the kernel of the equation:

G(r, ρ) =
∞∑

m=1

∞∑
i=1

Gmnzm(r)zn(ρ),

Gmn =
∫ 1

0

∫ 1

0
G(r, ρ)zm(r)zn(ρ)rρ dr dρ, Gmn = Gnm.

(9)

Substituting (8) and (9) into (3), we obtain an infinite system of linear algebraic equations (with a
symmetric matrix) for the determination of the eigenfunctions. This system has the form

∞∑
n=1

Gmnψn(k) = νkψm(k), m = 1, 2, . . . (10)

Naturally, in practical calculations one has to limit the number of expansion terms. For instance,
taking N orthonormal Legendre polynomials, we obtain the N th approximation of the solution.
And in order to construct the eigenvalues and eigenfunctions of the Hilbert–Schmidt kernel, in this
case, one should find the eigenvalues and orthonormal eigenvectors of the matrix

[GNN ] =

⎛⎜⎜⎜⎜⎝
G11 G12 G13 · · · G1N

G12 G22 G23 · · · G2N

G13 G23 G33 · · · G3N
...

...
...

. . .
...

G1N G2N G3N · · · GNN

⎞⎟⎟⎟⎟⎠ . (11)

Eigenvalues of the matrix (11) give approximations for the first N eigenvalues of the Hilbert–Schmidt
kernel, and the components of its orthonormal eigenvectors give the coefficients in the expansion
of the first N eigenfunctions of the Hilbert–Schmidt kernel in terms of N orthonormal Legendre
polynomials.

17.3-2. Equation with a Hilbert–Schmidt Kernel and Auxiliary Conditions.

Consider equation (1) with the right-hand side of the form f (r, t) = β(t) – w(r, t) and an auxiliary
condition of the form (8) of Subsection 17.1-3 for the unknown function y(r, t). The problem is to
find a solution of the mixed integral equation

σ(t)

[
y(r, t) –

∫ t

1
V1(t, τ )y(r, τ ) dτ

]
+
∫ 1

0
G(r, ρ)y(ρ, t)ρ dρ

–
∫ t

1
V2(t, τ )

∫ 1

0
G(r, ρ)y(ρ, τ )ρ dρ dτ = β(t) – w(r, t),

0 ≤ r ≤ 1, 1 ≤ t ≤ T

(12)
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with the auxiliary condition ∫ 1

0
y(ρ, t)ρ dρ = M (t), (13)

the unknown functions being y(r, t) and β(t). All other functions in (12) are assumed known, and
w(r, t) is a continuous function of t ∈ [1, T ] with values in L̂2(ω).

Note that the Hilbert space L̂2(ω) can be represented as the direct sum of its orthogonal subspaces:
L̂2(ω) = L◦

2 (ω) ⊕ L∗
2(ω) (see Supplement 12.5-3), where L̂◦

2 (ω) is the Euclidean space with the basis
z1(r) =

√
2P0(r) =

√
2 and L̂∗

2 (ω) is the Hilbert space with the basis zk(r) (k = 2, 3, . . .). Note that
the integrand and the right-hand side can be represented as a sum of functions that are continuous in
t ∈ [1, T ] and take values in L̂◦

2(ω) and L̂∗
2(ω), respectively. Thus, we can write

y(r, t) = y◦(r, t) + y∗(r, t), f (r, t) = f◦(r, t) + f∗(r, t), (14)

and the following expansions hold:

y◦(r, t) = y◦
1 (t)z1(r), y◦

1 (t) =
√

2M (t),

f◦(r, t) =

[
β(t)√

2
– w◦

1 (t)

]
z1(r), f∗(r, t) = –w∗(r, t), (15)

w(x, t) = w◦(x, t) + w∗(x, t), w◦(x, t) = w◦
1 (t)z1(r), w◦

1 (t) =
√

2
∫ 1

0
w(ρ, t)ρ dρ.

Note that in the representation (14) for y(r, t), the term y◦(r, t) is known (as defined by the
auxiliary conditions), and the term y∗(r, t) should be found. Conversely, for the right-hand side, one
should find f◦(r, t) and the term f∗(r, t) is determined by the function w(r, t). These considerations
allow us to classify the problem as a special case of the general projection problem examined in
Subsection 17.4-3.

According to the general method, in the present case we can introduce an operator of orthogonal
projection that maps the space L̂2(ω) onto L̂◦

2(ω):

Q◦f (r, t) =
∫ 1

0
f (ρ, t)z1(r)z1(ρ)ρ dρ = 2

∫ 1

0
f (ρ, t)ρ dρ. (16)

Obviously, the orthogonal projector Q∗ = I – Q◦ maps the space L̂2(ω) onto L̂∗
2 (ω). Moreover, the

following relations hold:

Q◦y(r, t) = y◦(r, t), Q∗y(r, t) = y∗(r, t),

Q◦f (r, t) = f◦(r, t), Q∗f (r, t) = f∗(r, t).
(17)

Following Section 17.4, we apply the projection operator Q∗ to equation (12). As a result, we
obtain an integral equation for y∗(r, t) in the space L̂∗

2(ω) with a known right-hand side:

σ(t)

[
y∗(r, t) –

∫ t

1
V1(t, τ )y∗(r, τ ) dτ

]
+
∫ 1

0
G∗(r, ρ)y∗(ρ, t)ρ dρ –

∫ t

1
V2(t, τ )

∫ 1

0
G∗(r, ρ)y∗(ρ, τ )ρ dρ dτ

= –w∗(r, t) –
∫ 1

0
G∗(r, ρ)y◦(ρ, t)ρ dρ +

∫ t

1
V2(t, τ )

∫ 1

0
G∗(r, ρ)y◦(ρ, τ )ρ dρ dτ ,

0 ≤ r ≤ 1, 1 ≤ t ≤ T ,

(18)
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where the kernel of the integral equation

G∗(r, ρ) = G(r, ρ) – 2
∫ 1

0
G(r, ρ)r dr (19)

is of Hilbert–Schmidt type.
Let us construct a solution of equation (18) in the form of a series in terms of eigenfunctions of

the kernel (19). These eigenfunctions form a basis in the Hilbert space L̂∗
2 (ω). Let us construct the

system of these eigenfunctions.
For an eigenfunction ψ∗

k(r) of the kernel G∗(r, ρ), let ν∗
k be the corresponding eigenvalue. Then,∫ 1

0
G∗(r, ρ)ψ∗

k(ρ)ρ dρ = ν∗
kψ∗

k(r), k = 2, 3, . . . (20)

Let us represent the eigenfunction ψ∗
k(r) as a series with respect to the basis zi(r) (i ≥ 2):

ψ∗
k(r) =

∞∑
i=2

ψ∗
i(k)zi(r), k = 2, 3, . . . (21)

For the kernel G∗(r, ρ), we construct a double series expansion with the help of (9) and (19):

G∗(r, ρ) =
∞∑

m=2

∞∑
n=2

Gmnzm(r)zn(ρ) +
∞∑
n=2

√
2G1nzn(r). (22)

Note that the coefficients in the expansion of the kernel G∗(r, ρ) in (22) coincide with those in the
expansion of G(r, ρ), and this allows us to avoid recalculating the coefficients of the new problem
and use the available information.

Substituting (21) and (22) into (20), we obtain an infinite system of linear algebraic equations for
the eigenvalues and the eigenfunction expansion coefficients. This system has a symmetric matrix
and can be written as follows:

∞∑
n=2

Gmnψ∗
n(k) = ν∗

kψ∗
m(k), m = 2, 3, . . . (23)

Now let us construct a solution of equation (18). For this purpose, we represent the func-
tions y∗(r, t) and w∗(r, t) in the form of series in terns of eigenfunctions of the kernel G∗(r, ρ):

y∗(x, t) =
∞∑
k=2

y∗
k(t)ψ∗

k(r), w∗(r, t) =
∞∑
k=2

w∗
k(t)ψ∗

k(r), w∗
k(t) =

∫ 1

0
w∗(r, t)ψ∗

k(ρ) ρdρ. (24)

Substituting these into (18) and taking into account (15), (19)–(22), we obtain the following sequence
of independent Volterra equations:

y∗
k(t) –

∫ t

1
V ∗

k(ν)(t, τ )y∗
k(τ ) dτ = γ∗

k(t), V ∗
k(ν)(t, τ ) =

σ(t)V1(t, τ ) + ν∗
kV2(t, τ )

σ(t) + ν∗
k

,

γ∗
k(t) = –

1
σ(t) + ν∗

k

[
w∗

k(t) + Gky◦
1 (t) –

∫ t

1
V2(t, τ )Gky◦

1 (τ ) dτ

]
,

Gk =
∞∑
n=1

G1nψ∗
n(k), k = 2, 3, . . .

(25)
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Resolving (25) with respect to y∗
k(t) by the methods of Chapter 11, we get

y∗
k(t) = γ∗

k(t) +
∫ t

1
R∗

k(ν)(t, τ )γ∗
k(τ ) dτ , (26)

where R∗
k(ν)(t, τ ) is the resolvent of the kernel V ∗

k(ν)(t, τ ).
Thus, in view of (24)–(26), the function y∗(r, t) has been determined, and we easily find y(r, t),

since y◦(r, t) is known by assumption (see (14) and (15)).
Before we go on to find the other unknown quantities of the problem, we make some practical

recommendations. Naturally, in practical calculations the number of expansion terms should be
limited. For instance, taking the Legendre polynomials from the second to the N th, we obtain
the N th approximation of the desired solution. In this case, for the construction of eigenvalues
and eigenfunctions of the Hilbert–Schmidt kernel G∗(r, ρ), one should find the eigenvalues and the
orthonormal eigenvectors of the matrix

[G∗
NN ] =

⎛⎜⎜⎜⎜⎝
G22 G23 G24 · · · G2N

G23 G33 G34 · · · G3N

G24 G34 G44 · · · G4N...
...

...
. . .

...
G2N G3N G4N · · · GNN

⎞⎟⎟⎟⎟⎠ . (27)

The eigenvalues of the matrix (27) give approximations of the first N eigenvalues of the Hilbert–
Schmidt kernel, and the components of its eigenvectors give the coefficients in the expansion of the
first N – 1 eigenfunctions of that kernel in terms of the chosen Legendre polynomials. Recall that
the first term y◦(x, t) of the expansion of y(x, t) is known by assumption. Therefore, constructing
the next N – 1 terms of the expansion, we obtain the N th approximation.

Note that the matrix (27) can be obtained from the matrix (11) by deleting its first two rows and
columns. This allows us to construct the expansion of the original kernel only once and then use
that data for the examination of the new kernel arising in the problem with auxiliary conditions.

Now, let us find the function β(t). To that end, we apply the orthogonal projection operator Q∗

to equation (12). As a result we obtain the following formula:

β(t) =
√

2

{
w◦

1 (t) + σ(t)

[
y◦

1 (t) –
∫ t

1
V1(t, τ )y◦

1 (τ ) dτ

]
+ G11y

◦
1 (t)

+
∞∑
k=2

Gk(1)y
∗
k(t) –

∫ t

1
V1(t, τ )

[
G11y

◦
1 (τ ) +

∞∑
k=2

Gky∗
k(τ )

]
dτ

}
. (28)

Thus, we have obtained a complete solution of the integral equation (12) with the auxiliary
conditions (13).

17.3-3. Equation with a Schmidt Kernel and a Given Right-Hand Side.

Consider a mixed integral equation of the form (6) from Subsection 17.1-3 with a Schmidt ker-
nel. Changing the variables, we can easily transform this equation to a similar equation with the
parameters a = 0, b = 1, τ0 = 1:

σ(t)
[
y(r, t) –

∫ t

1
V1(t, τ )y(ρ, τ ) dτ

]
+
∫ 1

0
Sω(r, ρ)y(ρ, t)ρ dρ

–
∫ t

1
V2(t, τ )

∫ 1

0
Sω(r, ρ)y(ρ, τ )ρ dρ dτ =

f (r, t)
h(r)

,

Sω(r, ρ) =
G(r, ρ)
h(r)

, 0 ≤ r ≤ 1, 1 ≤ t ≤ T .

(29)
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Suppose that the right-hand side f (r, t)/h(r) of (29) is known, and it is required to find the
function y(r, t). Here, f (r, t) and y(r, t) are continuous functions of t ∈ [1, T ] with values in L̂2(ω);
σ(t) is a given positive continuous function, h(r) > 0 is a given function in L̂2(ω); V1(t, τ ) and V2(t, τ )
are Volterra kernels; Sω(r, ρ) is a Schmidt kernel; G(r, ρ) is a symmetric positive definite Fredholm
kernel.

Let us transform the equation with the Schmidt kernel to a an equation with Hilbert–Schmidt
kernel. To this end, we multiply equation (28) by

√
h(r) and change the variables as follows:

q(r, t) =
√

h(r)y(r, t), Gh(r, ρ) =
S(r, ρ)

√
h(r)√

h(ρ)
=

G(r, ρ)√
h(r)h(ρ)

. (30)

Then, we have

σ(t)
[
q(r, t) –

∫ t

1
V1(t, τ )q(r, τ ) dτ

]
+
∫ 1

0
Gh(r, ρ)q(ρ, t)ρ dρ

–
∫ t

1
V2(t, τ )

∫ 1

0
Gh(r, ρ)q(ρ, τ )ρ dρ dτ =

f (r, t)√
h(r)

, 0 ≤ r ≤ 1, 1 ≤ t ≤ T , (31)

where q(r, t) and f (r, t)/
√

h(r) are continuous functions of t ∈ [1, T ] with values in L̂2(ω); Gh(r, ρ)
is a symmetric positive definite Hilbert–Schmidt kernel; and the other functions are the same as
above.

Suppose that the right hand side of equation (31) is known and it is required to find the
function q(r, t).

Let us seek a solution of the mixed equation (31) in the form of a series

q(r, t) =
∞∑
k=1

qk(t)ϕh
k(r), (32)

where ψh
k (r) are eigenfunctions of the kernel Gh(r, ρ) corresponding to eigenvalues νh

k > 0, i.e.,∫ 1

0
Gh(r, ρ)ψh

k (ρ)ρ dρ = νh
k ψh

k (r), k = 1, 2, . . . (33)

The representation (33) is possible, since the system of eigenfunctions of the kernel Gh(r, ρ) forms
a basis in L̂2(ω).

Here, in contrast to the above cases, we construct the basis in the form

ψh
k (r) =

Ψ
h
k(r)√
h(r)

k = 1, 2, . . . (34)

with explicit dependence on the function h(r), where∫ 1

0
ψh

i (ρ)ψh
j (ρ)ρ dρ =

∫ 1

0

Ψ
h
i (ρ)Ψh

j (ρ)

h(ρ)
ρ dρ = δij =

{
1 if i = j,
0 if i ≠ j.

(35)

In order to construct such eigenfunctions, we first construct a basis zh
n(r) in L̂2(ω) for which∫ 1

0
zh

i (ρ)zh
j (ρ)ρ dρ = δij , zh

n(r) =
Qh

n–1(r)√
h(r)

, n = 1, 2, . . . (36)
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Such a basis can be constructed by the formulas

Qh
0 (r) =

1√
I0

, Qh
n(r) =

1√
Dn–1Dn

∣∣∣∣∣∣∣∣∣∣

I0 I1 · · · In

I1 I2 · · · In+1...
...

. . .
...

In–1 In · · · I2n–1

1 r2 · · · r2n

∣∣∣∣∣∣∣∣∣∣
,

D–1 = 1, D0 = I0, Dn =

∣∣∣∣∣∣∣∣
I0 I1 · · · In

I1 I2 · · · In+1...
...

. . .
...

In In+1 · · · I2n

∣∣∣∣∣∣∣∣ , In =
∫ 1

0

ρ2n+1

h(ρ)
dρ.

(37)

Let us represent the kth eigenfunction as a series in terms of the basis zh
i (r) in L̂2(ω). Then

ψh
k (r) =

∞∑
i=1

ψh
i(k)z

h
i (r), zh

i (r) =
Qh

i–1(r)√
h(r)

, Ψ
h
k(r) =

∞∑
i=1

ψh
i(k)Q

h
i–1(r). (38)

For the Hilbert–Schmidt kernel Qh(r, ρ) we use the double series expansion with respect to the
chosen basis:

Qh(r, ρ) =
∞∑

m=1

∞∑
i=1

Qh
mnzh

m(r)zh
n(ρ),

Qh
mn =

∫ 1

0

∫ 1

0
Qh(r, ρ)zh

m(r)zh
n(ρ)rρ dr dρ, Qh

mn = Qh
nm.

(39)

Substituting (38) and (39) into (33), we obtain an infinite system of linear algebraic equations for
the determination of the eigenvalues and the eigenfunction expansion coefficients. This system has
a symmetric matrix and can be written in the form

∞∑
n=1

Qh
mnψh

n(k) = νh
k ψh

m(k), m = 1, 2, . . . (40)

In order to calculate approximations for N eigenvalues and eigenfunctions of the Hilbert–
Schmidt kernel, it is necessary to find the eigenvalues and orthonormal eigenvectors of the matrix

[Gh
NN ] =

⎛⎜⎜⎜⎜⎝
Gh

11 Gh
12 Gh

13 · · · Gh
1N

Gh
12 Gh

22 Gh
23 · · · Gh

2N

Gh
13 Gh

23 Gh
33 · · · Gh

3N...
...

...
. . .

...
Gh

1N Gh
2N Gh

3N · · · Gh
NN

⎞⎟⎟⎟⎟⎠ . (41)

The eigenvalues of the matrix (41) give approximations of the first N eigenvalues of the Hilbert–
Schmidt kernel, and the components of its orthonormal eigenvectors give the coefficients in the
expansion of the first N eigenfunctions of this kernel in terms of N orthonormal basis functions of
the space L̂2(ω).

Now, consider the expansion of the right-hand side of equation (31) into the following series:

f (r, t)√
h(r)

=
∞∑
k=1

fh
k (t)ψh

k (r) =
∞∑
k=1

fh
k (t)

Ψ
h
k(r)√
h(r)

,

fh
k (t) =

∫ 1

0

f (ρ, t)√
h(ρ)

ψh
k (ρ)ρ dρ =

∫ 1

0

f (ρ, t)
h(ρ)

Ψ
h
k(ρ)ρ dρ.

(42)
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Substituting (32), (42) into (31) and taking into account (33), we obtain the following sequence
of Volterra equations for the unknown functions qk(t):

qk(t) –
∫ t

1
V h

k(ν)(t, τ )qk(τ ) dτ = γh
k (t), γh

k (t) =
fh

k (t)

σ(t) + νh
k

(43)

V h
k(ν)(t, τ ) =

σ(t)V1(t, τ ) + νh
k V2(t, τ )

σ(t) + νh
k

, k = 1, 2, . . . , (44)

where V h
k(ν)(t, τ ) are Volterra kernels of the same class as V1(t, τ ) and V2(t, τ ), since νh

k → 0
as k → ∞.

A solution of the sequence of Volterra equations (44) can be constructed by analytical and
numerical methods of Chapter 11. This solution can be written in the form

qk(t) = γh
k (t) +

∫ t

1
Rh

k(ν)(t, τ )γh
k (τ ) dτ , (45)

where Rh
k(ν)(t, τ ) is the resolvent of the kernel V h

k(ν)(t, τ ).

The series (32) converges in L̂2(ω) uniformly with respect to t ∈ [1, T ], and its sum is a
continuous function of t ∈ [1, T ] with values in L̂2(ω).

Finally, in view of the transformation of the variables (30) and formula (34) for the eigenfunc-
tions, we have

y(r, t) =
1

h(r)

∞∑
k=1

qk(t)Ψh
k(r). (46)

Note that the solution (46) explicitly depends on the function h(r), which allows us to solve
equation (29) with great accuracy by keeping a small number of terms of the series. In the case
of a strongly oscillating function h(r), it is hardly possible to construct a solution by other known
methods.

17.3-4. Equation with a Schmidt Kernel and Auxiliary Conditions on Ring-Shaped Domain.

Consider equation (29) with the right-hand side of the form f (r, t) = β(t) – w(r, t) and an integral
condition of the form (8) from Subsection 17.1-3 on the unknown function y(r, t). The problem is
to find a solution of the mixed integral equation

σ(t)

[
y(r, t) –

∫ t

1
V1(t, τ )y(r, τ ) dτ

]
+
∫ 1

0
Sω(r, ρ)y(ρ, t)ρ dρ

–
∫ t

1
V2(t, τ )

∫ 1

0
Sω(r, ρ)y(ρ, τ )ρ dρ dτ =

β(t)
h(r)

–
w(r, t)
h(r)

,

Sω(r, ρ) =
G(r, ρ)
h(r)

, 0 ≤ r ≤ 1, 1 ≤ t ≤ T

(47)

with the auxiliary condition ∫ 1

0
y(ρ, t)ρ dρ = M (t), (48)

where the unknown functions are the following: y(r, t), β(t). All the other functions in (47) and (48)
are assumed known, and w(r, t) is a continuous function of t ∈ [1, T ] with values in L̂2(ω).
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Let us transform the equation with the Schmidt kernel to an equation with a Hilbert–Schmidt ker-
nel by changing the variables according to (30). Then, equation (47) and the auxiliary conditions (48)
become

σ(t)

[
q(r, t) –

∫ t

1
V1(t, τ )q(r, τ ) dτ

]
+
∫ 1

0
Gh(r, ρ)q(ρ, t)ρ dρ

–
∫ t

τ0

V2(t, τ )
∫ 1

0
Gh(r, ρ)q(ρ, τ )ρ dρ dτ =

β(t)√
h(r)

–
w(r, t)√

h(r)
, (49)∫ 1

0

q(ρ, t)√
h(ρ)

ρ dρ = M (t), 0 ≤ r ≤ 1, 1 ≤ t ≤ T . (50)

To construct a solution of the mixed integral equation (47) with the auxiliary conditions (48),
we use the basis zh

n(r) of L̂2(ω) (see (36) and (37)) and note that the space L̂2(ω) can be represented
as a direct sum of its orthogonal subspaces: L̂2(ω) = Lh◦

2 (ω) ⊕ Lh∗
2 (ω) (see Supplement 12.5-3),

where L̂h◦
2 (ω) is the Euclidean space with the basis zh

1 (r), and L̂h∗
2 (ω) is the Hilbert space with the

basis ph
k(r) (k = 2, 3, . . .). Note also that the integrand and the right-hand side can be represented

as a sum of continuous functions of t ∈ [1, T ] with values in L̂h◦
2 (ω) and L̂h∗

2 (ω), respectively, i.e.,

q(r, t) = q◦(r, t) + q∗(r, t),
f (r, t)√

h(r)
= f◦

h(r, t) + f∗
h(r, t), (51)

where the following representations hold:

q◦(r, t) = q◦1 (t)zh
1 (r), q◦1 (t) =

M (t)√
I0

,

f (r, t)√
h(r)

=
β(t)√
h(r)

–
w(r, t)√

h(r)
,

w(r, t)√
h(r)

= w◦
h(r, t) + w∗

h(r, t), (52)

f◦
h(r, t) =

[√
I0β(t) – w1(t)

]
zh

1 (r), f∗
h(r, t) = –w∗

h(r, t),

w◦
h(r, t) = wh◦

1 (t)zh
1 (r), wh◦

1 (t) =
∫ 1

0

w(ρ, t)√
h(ρ)

zh
1 (ρ)ρ dρ.

Note that in the representation (52) for q(r, t), the term q◦(r, t) is known (as determined by the
auxiliary conditions), and the term q∗(r, t) is to be found. For the right-hand side, the term f◦

h(r, t)
should be found and f∗

h(r, t) is given by g(r, t)/
√

h(r). Thus, we have come to a special case of the
general projection problem whose solution is constructed in Subsection 17.4-3.

According to the general method, in this case, one can introduce an operator of orthogonal
projection that maps L̂2(ω) onto L̂h◦

2 (ω):

Q◦
hφ(r, t) =

∫ 1

0
φ(ρ, t)zh

1 (r)zh
1 (ρ)ρ dρ. (53)

Obviously, the orthogonal projector Q∗
h = I – Q◦

h maps L̂2(ω) onto L̂h∗
2 (ω). Moreover, the following

relations hold:
Q◦

hq(r, t) = q◦(r, t), Q∗
hq(r, t) = q∗(r, t),

Q◦
h

f (r, t)√
h(r)

= f◦
h(r, t), Q∗

h

f (r, t)√
h(r)

= f∗
h(r, t).

(54)
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Following Section 17.4, we apply the projection operator Q∗
h to equation (49) and obtain an

integral equation in the space L̂h∗
2 (ω) with a known right-hand side. This is the equation for the

determination of q∗(x, t):

σ(t)

[
q∗(r, t) –

∫ t

1
V1(t, τ )q∗(r, τ ) dτ

]
+
∫ 1

0
G∗

h(r, ρ)q∗(ρ, t)ρ dρ –
∫ t

1
V2(t, τ )

∫ 1

0
G∗

h(r, ρ)q∗(ρ, τ )ρ dρ dτ

= –g∗h(r, t) –
∫ 1

0
G∗

h(r, ρ)q◦(ρ, t)ρ dρ +
∫ t

1
V2(t, τ )

∫ 1

0
G∗

h(r, ρ)q◦(ρ, τ )ρ dρ dτ ,

0 ≤ r ≤ 1, 1 ≤ t ≤ T ,

(55)

where the kernel of the integral equation

G∗
h(r, ρ) = Gh(r, ρ) –

∫ 1

0
Gh(s, ρ)zh

1 (r)zh
1 (s)s ds (56)

is of Hilbert–Schmidt type.
Let us construct a solution of equation (55) in the form of a series with respect to eigenfunctions

of the kernel (56). These eigenfunctions form a basis in the Hilbert space L̂h∗
2 (ω). Let us construct

a system of these functions.
Let ψh∗

k (r) be eigenfunctions and νh∗
k the corresponding eigenvalues of the kernel G∗

h(r, ρ), i.e.,

∫ 1

0
G∗

h(r, ρ)ψh∗
k (ρ)ρ dρ = νh∗

k ψh∗
k (r), k = 2, 3, . . . (57)

Let us represent the eigenfunction ψh∗
i (r) in the form of a series with respect to the basis zh

i (r)
(i ≥ 2):

ψh∗
k (r) =

∞∑
i=2

ψh∗
i(k)z

h
i (r), zh

i (r) =
Qh

i–1(r)√
h(r)

, Ψ
h∗
k (r) =

∞∑
i=2

ψh∗
i(k)Q

h
i–1(r). (58)

Using (39) and (56), we obtain a double series expansion for the kernel G∗
h(r, ρ):

G∗
h(x, ξ) =

∞∑
m=2

∞∑
n=2

Gh
mnzh

m(r)zh
n(ρ) +

∞∑
n=2

Gh
1nzh

n(r)zh
1 (ρ). (59)

Note that the coefficients of the expansion of G∗
h(r, ρ) in (59) coincide with those of the expansion

of Gh(r, ρ), which allows us to avoid recalculation of the coefficients of the new problem and use
the available data.

Substituting (58) and (59) into (57), we obtain an infinite system of linear algebraic equations
for the determination of the eigenvalues and eigenfunction expansion coefficients. This system has
a symmetric matrix and can be written as follows:

∞∑
n=2

Gh
mnψh∗

n(k) = νh∗
k ψh∗

m(k), m = 2, 3, . . . (60)
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Now, let us construct a solution of equation (55). For this purpose, we represent the functions
q∗(r, t) and w∗

h(r, t) in the form of series with eigenfunctions of the kernel G∗
h(r, ρ):

q∗(r, t) =
∞∑
k=2

q∗k(t)ψh∗
k (r), w∗

h(r, t) =
∞∑
k=2

wh∗
k (t)ψh∗

k (r), wh∗
k (t) =

∫ 1

0
w∗

h(ρ, t)ψh∗
k (ρ)ρ dρ, (61)

and substitute these into (55). Then, taking into account (52), (56)–(59), we obtain a sequence of
independent Volterra equations of the second kind:

q∗k(t) –
∫ t

1
V h∗

k(ν)(t, τ )q∗k(τ ) dτ = γh∗
k (t), V h∗

k(ν)(t, τ ) =
σ(t)V1(t, τ ) + νh∗

k V2(t, τ )

σ(t) + νh∗
k

,

γh∗
k (t) = –

1

σ(t) + µh∗
k

[
gh∗

k (t) + Gh
kq◦1 (t) –

∫ t

1
V2(t, τ )Gh

kq◦1 (τ ) dτ

]
,

Gh
k =

∞∑
n=2

Gh
nψh∗

n(k), k = 2, 3, . . .

(62)

Resolving (62) with respect to q∗k(t) by the methods of Chapter 11, we get

q∗k(t) = γh∗
k (t) +

∫ t

1
Rh∗

k(ν)(t, τ )γh∗
k (τ ) dτ , (63)

where Rh∗
k(ν)(t, τ ) is the resolvent of the kernel V h∗

k(ν)(t, τ ).
Now, in view of (61)–(63), the function q∗(r, t) has been found, as well as the function q(r, t),

since q◦(r, t) is known by assumption (see (51) and (52)). Hence, using (30), we finally obtain

y(r, t) =
1

h(r)

[
M (t)√

I0
Qh

0 (r) +
∞∑
k=2

q∗k(t)Ψh∗
k (r)

]
. (64)

Note that the function h(r) enters solution (64) explicitly, which allows us to solve equation (47)
with high accuracy by keeping a relatively small number of terms of the series even in the case of a
rapidly oscillating h(r).

In practical calculations, the number of terms in the series is taken finite. For instance, taking
the functions zh

k (r) of the basis with k = 2, . . . , N , we obtain the N th approximation of the desired
solution. In this case, for the construction of eigenvalues and eigenfunctions of the Hilbert–Schmidt
kernel G∗

h(r, ρ) one should find the eigenvalues and the orthonormal eigenfunctions of the matrix

[Gh
NN ] =

⎛⎜⎜⎜⎜⎝
Gh

33 Gh
34 Gh

35 · · · Gh
3N

Gh
34 Gh

44 Gh
45 · · · Gh

4N

Gh
35 Gh

45 Gh
55 · · · Gh

5N...
...

...
. . .

...
Gh

3N Gh
4N Gh

5N · · · Gh
NN

⎞⎟⎟⎟⎟⎠ . (65)

The eigenvalues of the matrix (65) give approximations for the first N – 1 eigenvalues of the
Hilbert–Schmidt operator, and the components of its orthonormal eigenvectors give the expansion
coefficients for the first N – 1 eigenfunctions of that operator. Recall that the first term q◦(r, t) in
the expansion of q(r, t) is known by assumption. Therefore, constructing the next N – 1 terms of
the expansion, we obtain the N th approximation of the solution.

It is important to keep in mind the relation between the matrices (41) and (65). The matrix (64)
is obtained from the matrix (41) by deleting its first row and column. This allows us to construct
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an expansion of the original kernel only once and then use this data for the examination of the new
kernel arising in the problem with auxiliary conditions.

Now, let us find the function β(t). To this end, we apply the projection operator Q◦
h to

equation (55). As a result, we obtain the following formulas:

β(t) =
1√
I0

{
wh◦

1 (t) + σ(t)

[
q◦1 (t) –

∫ t

1
V1(t, τ )q◦1 (τ ) dτ

]
+ Gh

11q
◦
1 (t)

+
∞∑
k=3

Gh
kq∗k(t) –

∫ t

1
V2(t, τ )

[
Gh

11q
◦
1 (τ ) +

∞∑
k=2

Gh
kq∗k(τ )

]
dτ

}
. (66)

Thus, we have constructed a complete solution of the integral equation (47) with the auxiliary
conditions (48).

References for Section 17.3: E. Goursat (1923), G. Szegö (1975), A. V. Manzhirov (1985, 2005), N. Kh. Arutynyan,
A. V. Manzhirov, and V.E. Naumov (1991), N. Kh. Arutynyan, A. V. Manzhirov (1999), A. V. Manzhirov and K. E. Kaza-
kov (2006).

17.4. Projection Method for Solving Mixed Equations on
a Bounded Set

17.4-1. Mixed Operator Equation with a Given Right-Hand Side.

Consider a mixed multi-dimensional equation of the form (10) of Subsection 17.1-4 with integral
operators of Volterra and Schmidt types:

σ(t)(I – V1)y(�x, t) + (I – V2)Sy(�x, t) =
f (�x, t)
h(�x)

,

Sy(�x, t) =
∫

Ω

S(�x,�ξ)y(�ξ, t) dΩξ, S(�x,�ξ) =
F (�x,�ξ)
h(�x)

,

Vpy(�x, t) =
∫ t

τ0

Vp(t, τ )y(�x, τ ) dτ , �x ∈ Ω, τ0 ≤ t ≤ T .

(1)

In this section, we consider some general questions of the theory of mixed equations. For this
reason we do not single out equations with the Hilbert–Schmidt integral operator of the form (9)
from Subsection 17.1-4 and only mention that this equation is a special case of equation (1) with the
Schmidt integral operator with h(�x) = 1.

Let the right-hand side f (�x, t)/h(�x) of equation (1) be known. It is required to find the
function y(�x, t). Here, f (�x, t) and y(�x, t) are continuous functions of t ∈ [1, T ] with values in L2(Ω);
σ(t) is a given positive continuous function; h(�x) > 0 is a given function of class L2(Ω); F (�x,�ξ) is
a symmetric positive definite Fredholm kernel; V1 and V2 are Volterra operators; and S is a Schmidt
operator.

Let us transform the equation with the Schmidt operator to an equation with a Hilbert–Schmidt
operator. To this end, we multiply (1) by

√
h(�x) and change the variables as follows:

q(�x, t) =
√

h(�x) y(�x, t), Fh(�x,�ξ) =
S(�x,�ξ)

√
h(�x)√

h(�ξ)
=

F (�x,�ξ)√
h(�x)h(�ξ)

. (2)

Then

σ(t)(I – V1)q(�x, t) + (I – V2)Fhq(�x, t) =
f (�x, t)√

h(�x)
,

Fhq(�x, t) =
∫

Ω

Fh(�x,�ξ)q(�ξ, t) dΩξ, �x ∈ Ω, τ0 ≤ t ≤ T .
(3)
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where q(�x, t) and f (�x, t)/
√

h(�x) are continuous functions of t ∈ [τ0, T ] with values in the Hilbert
space L2(Ω); Fh is a Hilbert–Schmidt operator; and the other functions have been specified above.

Suppose that the right-hand side of equation (3) is known and we have to find the function q(�x, t).
Let us seek a solution of the mixed equation (3) in the form of a series

q(�x, t) =
∞∑
k=1

qk(t)ϕh
k(�x), (4)

where ϕh
k (�x) are eigenfunctions of the operator Fh corresponding to eigenvalues µh

k > 0, i.e.,

Fhϕh
k(�x) dξ = µh

kϕh
k(�x), k = 1, 2, . . . (5)

The representation (4) is possible, since the system of eigenfunctions of the operator Fh forms a
basis in L2(Ω).

Let us construct the functions of the basis in the form

ϕh
k (�x) =

Φ
h
k(�x)√
h(�x)

, k = 1, 2, . . . (6)

with explicit dependence on the function h(�x), where∫
Ω

ϕh
i (�ξ)ϕh

j (�ξ) dΩξ =
∫

Ω

Φ
h
i (�ξ)Φh

j (�ξ)

h(�ξ)
dΩξ = δij =

{
1 for i = j,

0 for i ≠ j.
(7)

In order to construct such eigenfunctions, we first construct a basis ph
n(�x) in L2(Ω) for which∫

Ω

ph
i (�ξ)ph

j (�ξ) dΩξ = δij , ph
n(�x) =

P h
n (�x)√
h(�x)

, n = 1, 2, . . . (8)

Such a basis can be constructed by the formulas

P h
1 (�x) =

f1(�x)√
H11

, P h
n (�x) =

1√
∆n–1∆n

=

∣∣∣∣∣∣∣∣
H11 H12 . . . H1n

H21 H22 . . . H2n...
...

. . .
...

f1(�x), f2(�x) . . . fn(�x)

∣∣∣∣∣∣∣∣ ,

∆0 = 1, ∆1 = H11, ∆n =

∣∣∣∣∣∣∣∣
H11 H12 . . . H1n

H21 H22 . . . H2n...
...

. . .
...

Hn1 Hn2 . . . Hnn

∣∣∣∣∣∣∣∣ , Hij =
∫
Ω

fi(�ξ)fj(�ξ)

h(�ξ)
dΩξ ,

(9)

where fi(�x) is an arbitrary complete system of linearly independent function in L2(Ω).
Let us represent the kth eigenfunction in the form of a series with respect to the basis ph

i (�x)
of L2(Ω). We have

ϕh
k(�x) =

∞∑
i=1

ϕh
i(k)p

h
i (�x), ph

i (�x) =
P h

i (�x)√
h(�x)

, Φ
h
k(�x) =

∞∑
i=1

ϕh
i(k)P

h
i (�x). (10)

The Hilbert–Schmidt kernel Fh(�x,�ξ) can be expanded into double series with respect to the
chosen basis:

F h(�x,�ξ) =
∞∑

m=1

∞∑
n=1

Fh
mnph

m(�x)ph
n(�ξ),

Fh
mn =

∫
Ω

∫
Ω

Fh(�x,�ξ)ph
m(�x)ph

n(�ξ) dΩx dΩξ, Fh
mn = Fh

nm.

(11)
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Substituting (10) and (11) into (5), we obtain an infinite system of linear algebraic equations for the
determination of the eigenvalues and the eigenfunction expansion coefficients. This system has a
symmetric matrix and can be written as follows:

∞∑
n=1

Fh
mnϕh

n(k) = µh
kϕh

m(k), m = 1, 2, . . . (12)

In order to calculate approximations for N eigenvalues and eigenfunctions of the Hilbert–
Schmidt operator Fh, it is necessary to find the eigenvalues and orthonormal eigenvectors of the
matrix

[Fh
NN ] =

⎛⎜⎜⎜⎜⎝
Fh

11 Fh
12 Fh

13 · · · Fh
1N

Fh
12 Fh

22 Fh
23 · · · Fh

2N

Fh
13 Fh

23 Fh
33 · · · Fh

3N...
...

...
. . .

...
Fh

1N Fh
2N Fh

3N · · · Fh
NN

⎞⎟⎟⎟⎟⎠ . (13)

The eigenvalues of the matrix (13) give approximations for the first N eigenvalues of the Hilbert–
Schmidt operator, and the components of its orthonormal eigenvectors give approximate values of
the expansion coefficients for the first N eigenfunctions of that series with N orthonormal functions
of the basis.

Let us write the right-hand side of equation (3) in the form

f (�x, t)√
h(�x)

=
∞∑
k=1

fh
k (t)ϕh

k(�x) =
∞∑
k=1

fh
k (t)

Φ
h
k(�x)√
h(�x)

,

fh
k (t) =

∫
Ω

f (�ξ, t)√
h(�ξ)

ϕh
k(�ξ) dΩξ =

∫ 1

–1

f (�x, t)
h(�x)

Φ
h
k(�x) dx.

(14)

Substituting (4), (14) into (3) and taking into account (5), we obtain the following sequence of
Volterra equations for the unknown functions qk(t):

(I – Vh
k)qk(t) = δh

k (t), δh
k (t) =

fh
k (t)

σ(t) + µh
k

,

Vh
k =

σ(t)V1 + µh
kV2

σ(t) + µh
k

, Vh
kf (t) =

∫ t

τ0

V h
k (t, τ )f (τ ) dτ ,

V h
k =

σ(t)V1(t, τ ) + µh
kV2(t, τ )

σ(t) + µh
k

, k = 1, 2, . . . ,

(15)

where all operators Vh
k are of Volterra type, just as the operators V1 and V2, since µh

k → 0 as k →∞.
A solution of the sequence of Volterra equations (15) can be constructed by analytical and

numerical methods of Chapter 11. This solution can be written in the form

qk(t) = (I + Rh
k) δh

k (t), (I – Vh
k)–1 = (I + Rh

k), Rh
kf (t) =

∫ t

τ0

Rh
k (t, τ )f (τ ) dτ , (16)

where Rh
k is the resolvent operator for Vh

k , and Rk(t, τ ) is the resolvent of the kernel V h
k (t, τ ). The

series (13) converges in L2(Ω) uniformly in t ∈ [τ0, t], and its sum is a continuous function of t with
values in L2(Ω).

Finally, taking into account (2), (4), and (6), (16), we find that

y(�x, t) =
1

h(�x)

∞∑
k=1

(I + Rh
k) δh

k (t)Φh
k(�x). (17)

Note that the function h(�x) enters the solution (17) in explicit form, which allows us to solve
equation (1) with high accuracy, even for a rapidly oscillating function h(�x).
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17.4-2. Mixed Operator Equations with Auxiliary Conditions.

Consider equation (1) with the right-hand side f (�x, t) =
N∑
i=1

αi(t)fi(�x) – g(�x, t) and N auxiliary

integral conditions (of the form (12) from Subsection 17.1-4) on the unknown function y(x, t). The
problem is to find a solution of the operator equation

σ(t)(I – V1)y(�x, t) + (I – V2)Sy(�x, t) =
N∑
i=1

αi(t)
fi(�x)
h(�x)

–
g(�x, t)
h(�x)

, �x ∈ Ω, τ0 ≤ t ≤ T (18)

with the auxiliary conditions∫
Ω

y(�ξ, t)fi(�ξ) dΩξ = Mi(t), i = 1, . . . , N , (19)

regardingy(�x, t) and α1(t), . . . , αN (t) as unknown functions. All other functions in (18) are assumed
given, and g(�x, t) is a continuous function of t with values in L2(Ω); fi(�x) is a system of N linearly
independent functions in L2(Ω).

Let us transform the equation with the Schmidt operator to an equation with a Hilbert–Schmidt
operator by changing the variables as in (2). Then, equation (18) and the auxiliary conditions (19)
become

σ(t)(I – V1)q(�x, t) + (I – V2)Fhq(�x, t) =
N∑
i=1

αi(t)
fi(�x)√
h(�x)

–
g(�x, t)√

h(�x)
, (20)

�x ∈ Ω, τ0 ≤ t ≤ T ,∫
Ω

q(�ξ, t)
fi(�ξ)√
h(�ξ)

dΩξ = Mi(t), i = 1, . . . , N . (21)

In order to construct a solution of the mixed integral equation (18) with the auxiliary condi-
tions (19), we construct a special basis in L2(Ω) with explicit dependence on the function 1/

√
h(�x).

To this end, we complement the system of N linearly independent functions fi(�x), so as to obtain a
complete system in L2(Ω), and then use formulas (8) and (9). As a result, we obtain a basis ph

n(�x)
in L2(Ω) for which (in view of (8)and (9)) the following expansion holds:

ph
i (�x) =

P h
i (�x)√
h(�x)

=
i∑

k=1

aik
fk(�x)√
h(�x)

, i = 1, . . . , N . (22)

Resolving the system of algebraic equations (22), we obtain

fi(�x)√
h(�x)

=
i∑

k=1

bikph
k(�x), i = 1, . . . , N , (23)

the matrix of system (23) being the inverse of the matrix corresponding to system (22).
Let us represent the Hilbert space L2(Ω) as the direct sum of its orthogonal subspaces:

L2(Ω) = L◦
2 (Ω) ⊕ L∗

2(Ω), (24)

where L◦
2 (Ω) is the Euclidean space with the basis p1(�x), . . . , pN (�x), and L∗

2(Ω) is the Hilbert space
with the basis {pk(�x)} (k = N + 1, N + 2, . . . ).
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Note that any continuous function of t with values in L2(Ω) can be represented as a sum of
continuous functions of t with values in L◦

2 (Ω) and L∗
2 (Ω). Let us write such a representation for

the integrand:

q(�x, t) = q◦(�x, t) + q∗(�x, t), q◦(�x, t) =
N∑

n=1

q◦n(t)ph
n(�x). (25)

Using the auxiliary conditions (21), together with (23) and (25), we obtain the following system
of equations:

i∑
k=1

bikq◦n(t) = Mi(t), i = 1, . . . , N . (26)

The solution of this system determines the coefficients of the first term in the expansion (25)
of q◦(�x, t):

q◦i (t) =
i∑

k=1

aikMk(t), i = 1, . . . , N . (27)

In view of (23), the right-hand side of the equation can be written in the form

f (�x, t)√
h(x)

=
N∑
i=1

αi(t)
fi(�x)√
h(�x)

–
g(�x, t)√

h(�x)
= f◦

h(�x, t) + f∗
h(�x, t),

f◦
h(�x, t) =

N∑
k=1

N∑
i=k

[αi(t)bik – gh◦
k (t)]ph

k(�x), f∗
h(�x, t) = –g∗h(�x, t),

g(�x, t)√
h(�x)

= g◦h(�x, t) + g∗h(�x, t), g◦h(�x, t) =
N∑
k=1

gh◦
k (t)ph

k(�x),

gh◦
k (t) =

∫
Ω

g(�ξ, t)√
h(�ξ)

ph
k(�ξ) dΩξ, k = 1, . . . , N .

(28)

Note that in the representations (25)–(28) for q(�x, t), the function q◦(�x, t) is known (as determined
by the auxiliary conditions), and the term q∗(�x, t) is to be found. Conversely, for the right-hand side,
we should find f◦

h(�x, t), and f∗
h(�x, t) is given by g(�x, t)/

√
h(�x). The facts mentioned above allow

us to classify the resulting problem as a special case of the general projection problem considered
in Subsection 17.4-3.

According to the general method, in the present case, one can introduce an operator of orthogonal
projection that maps the space L2(Ω) onto Lh◦

2 (Ω):

P◦
hf (�x) =

∫
Ω

f (�ξ)
N∑
i=1

ph
i (�x)ph

i (�ξ) dΩξ. (29)

Obviously, the orthogonal projector P∗
h = I – P◦

h maps L2(Ω) onto Lh∗
2 (Ω). Moreover, the

following relations hold:

P◦
hq(�x, t) = q◦(�x, t), P∗

hq(�x, t) = q∗(�x, t),

P◦
h

f (�x, t)√
h(�x)

= f◦
h(�x, t), P∗

h

f (�x, t)√
h(�x)

= f∗
h(�x, t).

(30)
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Following Section 17.4, we apply the projection operator P∗
h to equation (20) and obtain an

integral equation in Lh∗
2 (Ω) (with a known right-hand side) for the determination of q∗(�x, t):

σ(t)(I – V1)q∗(�x, t) + (I – V2)P∗
hFhq∗(�x, t) = –g∗(�x, t) – (I – V2)P∗

hFhq◦(�x, t),

P∗
hFhφ(�x, t) =

∫
Ω

F ∗
h (�x,�ξ)φ(�ξ, t) dΩξ, �x ∈ Ω, τ0 ≤ t ≤ T ,

F ∗
h (�x,�ξ) = F h(�x,�ξ) –

∫
Ω

Fh(�s,�ξ)
N∑
i=1

ph
i (�x)ph

i (�s) dΩs .

(31)

The operator P∗
hFh is a Hilbert–Schmidt operator from Lh∗

2 (Ω) to Lh∗
2 (Ω). Let us construct a

solution of equation (31) in the form of a series with respect to its eigenfunctions that form a basis
in Lh∗

2 (Ω). Let us construct the system of these functions.
Let ϕh∗

k (�x) be eigenfunctions of the operator P∗
hFh and µh∗

k the corresponding eigenvalues. We
have

P∗
hFhϕh∗

k (�x) = µh∗
k ϕh∗

k (�x), k = N + 1, N + 2, . . . (32)

Let us represent the eigenfunction ϕh∗
i (�x) as a series with respect to the basis ph

i (�x) (i ≥ N + 1):

ϕh∗
k (�x) =

∞∑
i=N+1

ϕh∗
i(k)p

h
i (�x), ph

i (�x) =
P h

i (�x)√
h(�x)

, Φ
h∗
k (�x) =

∞∑
i=N+1

ϕh∗
i(k)P

h
i (�x). (33)

Using (11) and (31), we obtain the following double series expansion for the kernel F ∗
h (�x,�ξ):

F ∗
h (�x,�ξ) =

∞∑
m=N+1

∞∑
n=N+1

Fh
mnph

m(�x)ph
n(�ξ) +

N∑
i=1

∞∑
n=N+1

Fh
inph

n(�x)ph
i (�ξ). (34)

Note that the coefficients in the expansion of the kernel F ∗
h (�x,�ξ) in (34) coincide with those in the

expansion of the kernel Fh(�x,�ξ), and this allows us to use the available data instead of recalculating
the coefficients of the new problem.

Substituting (33) and (34) into (32), we obtain an infinite system of linear algebraic equations
for the determination of the eigenvalues and the eigenfunction expansion coefficients. This system
has a symmetric matrix and can be written in the form

∞∑
n=N+1

Fh
mnϕh∗

n(k) = µh∗
k ϕh∗

m(k), m = N + 1, N + 2, . . . (35)

Now, let us construct a solution of equation (31). To this end, we represent the functions q∗(�x, t)
and g∗h(�x, t) in the form of series with eigenfunctions of the operator P∗

hFh:

q∗(�x, t) =
∞∑

k=N+1

q∗k(t)ϕh∗
k (�x),

g∗h(�x, t) =
∞∑

k=N+1

gh∗
k (t)ϕh∗

k (�x), gh∗
k (t) =

∫ 1

–1
g∗h(�ξ, t)ϕh∗

k (�ξ) dΩξ,

(36)
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and substitute these into (31). Then, taking into account (25)–(28) and (30)–(34), we obtain the
following sequence of independent Volterra equations of the second kind:

(I – Vh∗
k )q∗k(t) = δh∗

k (t), Vh∗
k =

σ(t)V1 + µh∗
k V2

σ(t) + µh∗
k

,

Vh∗
k f (t) =

∫ t

τ0

V h∗
k (t, τ )f (τ ) dτ , V h∗

k (t, τ ) =
σ(t)V1(t, τ ) + µh∗

k V2(t, τ )

σ(t) + µh∗
k

,

δh∗
k (t) = –

1

σ(t) + µh∗
k

[
gh∗

k (t) + (I – V2)
N∑
i=1

Fh
k(i)q

◦
i (t)

]
,

Fh
k(i) =

∞∑
n=N+1

Fh
inϕh∗

n(k), i = 1, . . . , N , k = N + 1, N + 2, . . .

(37)

Resolving (37) with respect to q∗k(t) by the methods of Chapter 11, we get

q∗k(t) = (I + Rh∗
k ) δh∗

k (t), (I – Vh∗
k )–1 = (I + Rh∗

k ), Rh∗
k f (t) =

∫ t

τ0

Rh∗
k (t, τ )f (τ ) dτ , (38)

where Rh∗
k (t, τ ) is the resolvent of the kernel V h∗

k (t, τ ).
We see that in view of (35)–(38) the function q∗(�x, t) has been determined, and it is easy to

find q(�x, t), since q◦(�x, t) is known by assumption (see (25)–(27)). Hence, taking into account the
transformation of the variables (2), we finally obtain

y(�x, t) =
1

h(�x)

[ N∑
n=1

n∑
k=1

ankMk(t)P h
n (�x) +

∞∑
k=N+1

q∗k(t)Φh∗
k (�x)

]
. (39)

The solution (39) depends on the function h(x) in explicit manner, and this allows us to solve
equation (48) with high accuracy by keeping a relatively small number of terms in the series even
for a rapidly oscillating h(�x).

In practical calculations, the number of terms in the expansions has to be limited. For instance,
taking the basis functions ph

k(�x) with k = N + 1, . . . , M , we obtain the M th approximation of
the desired solution. In this case, for the construction of eigenvalues and eigenfunctions of the
Hilbert–Schmidt operator P∗

hFh one should find the eigenvalues and orthonormal eigenvectors of
the matrix

[F h
MM ] =

⎛⎜⎜⎜⎜⎝
Fh

N+1N+1 Fh
N+1N+2 Fh

35 · · · Fh
N+1M

Fh
N+1N+2 Fh

N+2N+2 Fh
N+2N+3 · · · Fh

N+2M

Fh
N+1N+3 Fh

N+2N+3 Fh
N+3N+3 · · · Fh

N+3M...
...

...
. . .

...
F h

N+1M Fh
N+2M Fh

N+3M · · · Fh
MM

⎞⎟⎟⎟⎟⎠ . (40)

The eigenvalues of the matrix (65) give approximations of the first M –N eigenvalues of the Hilbert–
Schmidt operator, and the components of its orthonormal eigenvectors approximate the coefficients
in the expansion of the first M –N eigenfunctions of this operator. Recall that the first N terms of the
expansion (25) of q◦(�x, t) of the function q(�x, t) are known by assumption. Therefore, constructing
the next M – N terms of the expansion (36) of q∗(�x, t), we obtain the M th approximation of the
solution q(�x, t) (see (25)).

It is important to observe that the matrix (40) can be obtained from the matrix (13) by deleting its
first N rows and columns. This allows us to construct an expansion of the original kernel only once
and then use these data for the examination of the new kernel arising in the problem with auxiliary
conditions.
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Now, in order to find the functions αi(t) (i = 1, . . . , N ), we apply the projection operator P◦
h to

equation (31). As a result, we get

αk(t) =
N∑
i=k

aik

{
gh◦

i (t) + σ(t)(I – V1)
i∑

m=1

aimMm(t)

+ (I – V2)

[ N∑
j=1

Fh
ji

j∑
m=1

ajmMm(t) +
∞∑

j=N+1

Fh
j(i)q

∗
j (t)

]}
. (41)

Note that relations (41) form a system of N linear algebraic equations (with a triangular matrix) for
the determination of the unknown quantities α1(t), . . . , αN (t).

Thus, we have constructed a complete solution of the integral equation (18) with the auxiliary
conditions (19).

17.4-3. General Projection Problem for Operator Equation.

Consider the equation
c(t)(I – V1)y(t) + (I – V2)Fy(t) = f (t), (42)

where y(t) and f (t) are continuous functions of t with values in an abstract Hilbert space H ; c(t) > 0
is a continuous scalar function of t; I is the identity operator; F is a compact self-adjoint positive
operator from H to H ; V1 and V2 are Volterra operators (with respect to t) such that the operators
(I – V1), (I – V2), and (I – (ω1(t)V1 + ω2(t)V2)) and their inverse operators preserve the class of
continuous functions, provided that ω1(t) and ω2(t) are continuous in t.

Let us represent the Hilbert space H as a sum of its orthogonal subspaces H = H◦ ⊕ H∗. For
continuous functions of t with values in H the following representations hold:

f (t) = f◦(t) + f∗(t), y(t) = y◦(t) + y∗(t), (43)

where f (t)◦, y(t)◦ are continuous functions of t with values in H◦, and f (t)∗, y(t)∗ are continuous
functions of t with values in H∗.

Consider the operator P◦ of orthogonal projection from H onto H◦. The operator P∗ = I – P◦

projects H onto H∗. Obviously,

P◦f (t) = f (t)◦, P∗f (t) = f (t)∗, P◦y(t) = y(t)◦, P∗y(t) = y(t)∗. (44)

General projection problem. Let y(t) and f (t) satisfy equation (42). For given y◦(t) and
f∗(t), it is required to find the unknown y∗(t) and f◦(t).

Let us apply the operator P∗ to equation (42). As a result, we obtain a new equation which, after
simple transformations, can be written in the form

c(t)(I – V1)y∗(t) + (I – V2)P∗Fy∗(t) = f∗(t) – (I – V2)P∗Fy◦(t). (45)

THEOREM 1. The operator P∗F is compact, self-adjoint, and positive definite as an operator
from H∗ to H∗.

Let ϕi be eigenfunctions of the operator P∗F corresponding to its eigenvalues µi, i.e.,

P∗Fϕi = µiϕi. (46)
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All these eigenfunctions form a basis in H∗. Then, for continuous functions of t with values in H∗

the following representations hold:

y∗(t) =
∑

i

ai(t)ϕi, f∗(t) =
∑

i

fi(t)ϕi,

g∗(t) = (I – V2)P∗Fy∗(t) =
∑

i

gi(t)ϕi,
(47)

where ai(t), fi(t), gi(t) are continuous in t.
Substituting (47) into (45) and taking into account (46), we get

(I – Vi)ai(t) = Φi(t), Vi =
c(t)V1 + αiV2

c(t) + αi
,

Φi(t) =
fi(t) – gi(t)
c(t) + αi

, ai(t) = (I + Ri)Φi(t),
(48)

where Ri is the resolvent Volterra operator for Vi.
Note that Vi and Φi(t) are always defined since c(t) > 0, αi > 0, and αi → 0, Vi → V1 as i →∞

(see Supplement 12.5-3). Due to the conditions imposed on the functions and the operators, the
series (47) for y∗(t) converges in H uniformly with respect to t, and its sum is a continuous function
of t with values in H∗. Equation (45) is linear and for f∗(t) = 0, y◦(t) = 0 has the trivial solutions.

THEOREM 2. In the above classes of continuous functions, equation (45) has one and only one
solution.

Thus, we have found y∗(t). In order to find f◦(t), let us apply the operator P◦ to equation (42).
Then

f◦(t) = c(t)(I – V1)y◦(t) + (I – V2)P◦F
(
y◦(t) + y∗(t)

)
, (49)

which immediately yields an expression for f◦(t), since y◦(t) is given and y∗(t) has been found.
The question about the existence and the uniqueness of the solution f◦(t) is solved simultaneously
with that of the existence and the uniqueness of the solution y∗(t).

For the justification of this method the following theorem is needed.

THEOREM 3. Functions y(t) and f (t) satisfy equation (42) for given projections P◦y(t) and
P∗f (t) if and only if relations (45) and (49) hold.

THEOREM 4. A solution of equation (42) for given y◦(t) and f∗(t) exists and is unique if and
only if equation (45) has one and only one solution.

Remark 1. For P∗ = I, the above projection problem reduces to the classical problem for an
equation with a given right-hand side. Thus, the problem considered here is a generalization of the
classical approach to more complex cases of equations with auxiliary conditions.

Remark 2. The projection method considered here can be regarded as an extension of the
Hilbert–Schmidt method to multidimensional equations with auxiliary conditions.

Remark 3. For given auxiliary conditions, the basic operator of the problem is P∗F and not F,
which makes the problem considered here essentially different from the problem with a given
right-hand side.

Remark 4. Eigenfunctions and eigenvalues of the kernels and operators can be found by various
methods described in literature, and not only those represented in Chapter 17.

References for Section 17.4: E. Goursat (1923), F. Riesz and B. Sz.-Nagy (1955), G. Szegö (1975), V. S. Vladimirov
(1981), A. N. Kolmogorov and S. V. Fomin (1999), A. V. Manzhirov (2005).



Chapter 18

Application of Integral Equations for the
Investigation of Differential Equations

� Preliminary remarks. Integral equations play an important role in the theory of ordinary
and partial differential equations and boundary value problems. The reduction of boundary value
problems to integral equations allows for the application of iteration and finite-difference methods
of solving integral equations. These methods are, as a rule, substantially simpler than those used
for solving differential equations. Moreover, many delicate proofs and qualitative results of the
theory of differential equations have been obtained by the investigation of the corresponding integral
equations.

18.1. Reduction of the Cauchy Problem for ODEs to
Integral Equations

18.1-1. Cauchy Problem for First-Order ODEs. Uniqueness and Existence Theorems.

The Cauchy problem: find a solution of the equation

y′
x = f (x, y) (1)

that satisfies the initial condition

y(x0) = y0 (2)

for given y0 and x0.
Geometrical meaning of the Cauchy problem: find an integral curve of equation (1) passing

through the point (x0, y0).

THEOREM (EXISTENCE, PEANO). Let the function f (x, y) be continuous in an open domain D
of the xy-plane. Then there is at least one integral curve of equation (1) that passes through each
point (x0, y0) ∈ D; each of these curves can be extended at both ends up to the boundary of any
closed domain D0 ⊂ D such that (x0, y0) belongs to the interior of D0.

THEOREM (UNIQUENESS). Let the function f (x, y) be continuous in an open domain D and have
a bounded partial derivative in D with respect to y (or satisfy the Lipschitz condition: |f (x, y) –
f (x, z)| ≤ M |y – z|, where M > 0 is a constant). Then there is a unique solution of equation (1)
satisfying condition (2).

875
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18.1-2. Cauchy Problem for First-Order ODEs. Method of Successive Approximations.

The method of successive approximations (the Picard method) consists of two stages. On the first
stage, the Cauchy problem (1)–(2) is reduced to the equivalent integral equation:

y(x) = y0 +
∫ x

x0

f (t, y(t)) dt. (3)

Then a solution of equation (3) is sought using the formula of successive approximations:

yn+1(x) = y0 +
∫ x

x0

f (t, yn(t)) dt; n = 0, 1, 2, . . .

The initial approximation y0(x) can be chosen arbitrarily; the simplest way is to take y0 a con-
stant. The iterative process converges as n → ∞, provided the assumptions of the theorems in
Subsection 18.1-1 are satisfied.

18.1-3. Cauchy Problem for Second-Order ODEs. Method of Successive Approximations.

The method of successive approximations is implemented in two steps. First, the Cauchy problem

y′′
xx = f (x, y, y′

x) (equation),

y(x0) = y0, y′
x(x0) = y′

0 (initial conditions)

is reduced to an equivalent system of integral equations by the introduction of the new variable
u(x) = y′

x. These integral equations have the form

u(x) = y′
0 +
∫ x

x0

f
(
t, y(t), u(t)

)
dt, y(x) = y0 +

∫ x

x0

u(t) dt. (4)

Then the solution of system (4) is sought by means of successive approximations defined by the
following recurrence formulas:

un+1(x) = y′
0 +
∫ x

x0

f
(
t, yn(t), un(t)

)
dt, yn+1(x) = y0 +

∫ x

x0

un(t) dt; n = 0, 1, 2, . . .

As the initial approximation, one can take y0(x) = y0 and u0(x) = y′
0. The iterative process converges

as n → ∞, under assumptions similar to those formulated in the theorems of Subsection 18.1-1.

Remark. In a similar way, the Cauchy problem for an nth order ODE can be reduced to a system
of integral equations.

18.1-4. Cauchy Problem for a Special n-Order Linear ODE.

Consider the Cauchy problem for the following linear nth order ODE:

y(n)
x + fn–1(x)y(n–1)

x + · · · + f1(x)y′
x + f0(x)y = g(x) (5)

with the homogeneous initial conditions at the point x = a:

y(a) = y′
x(a) = · · · = y(n–1)

x (a) = 0. (6)

Introducing a new unknown function by

y(x) =
1

(n – 1)!

∫ x

a

(x – t)n–1u(t) dt (7)
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and differentiating (7) n times, we get

y(k)
x (x) =

1
(n – k – 1)!

∫ x

a

(x – t)n–k–1u(t) dt, k = 1, . . . , n – 1;

y(n)
x (x) = u(x).

(8)

Obviously, the function (7) satisfies the initial conditions (6). Substituting (8) into the left-hand side
of equation (5), we obtain

u(x) +
∫ x

a

K(x, t)u(t) dt = g(x), (9)

where

K(x, t) = fn–1(x) + fn–2(x)
x – t

1!
+ · · · + f0(x)

(x – t)n–1

(n – 1)!
. (10)

Thus, the Cauchy problem (5)–(6) has been reduced to the integral equation (9)–(10), which is
a Volterra equation of the second kind. Finding the function u(x) from (9) and using formula (7) we
obtain the desired solution y(x).

Remark. The Cauchy problem for equation (5) with nonhomogeneous boundary conditions

y(a) = b0, y′
x(a) = b1, . . . , y(n–1)

x (a) = bn–1

can be reduced to a Cauchy problem with homogeneous boundary conditions for another function
w(x) with the help of the substitution

y(x) = w(x) +
n–1∑
k=1

bk
(x – a)k

k!
.

References for Section 18.1: W. V. Lovitt (1950), E. Kamke (1977), R. P. Kanwal (1996), A. D. Polyanin and A. V. Manzhi-
rov (2007).

18.2. Reduction of Boundary Value Problems for ODEs
to Volterra Integral Equations. Calculation of
Eigenvalues

18.2-1. Reduction of Differential Equations to Volterra Integral Equations.

1◦. Consider a linear nonhomogeneous ODE for the function y = y(x):

Ln[y] = h(x) (a < x < b), (1)

where

Ln[y] =
n∑

k=0

fk(x)y(k)
x , fn(x) ≠ 0. (2)

Let ϕ1(x), . . . , ϕn(x) be a fundamental system of solutions of the truncated homogeneous
equation

Ln[ϕ] = 0. (3)
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Denote by W (x) its Wronskian determinant

W (x) =

∣∣∣∣∣∣∣∣∣∣

ϕ1(x) · · · ϕn(x)
ϕ′

1(x) · · · ϕ′
n(x)

...
. . .

...
ϕ(n–2)

1 (x) · · · ϕ(n–2)
n (x)

ϕ(n–1)
1 (x) · · · ϕ(n–1)

n (x)

∣∣∣∣∣∣∣∣∣∣
,

and by Wν (x) the determinant obtained from W (x) by replacing the νth column by 0, . . . , 0, h(x).
The general solution of equation (1) can be written in the form

y(x) =
n∑

ν=1

ϕν(x)
∫ x

a

Wν (ξ)
fn(ξ)W (ξ)

dξ +
n∑

ν=1

Cνϕν(x), (4)

where the first sum is a particular solution of equation (1), the second sum is the general solution of
the homogeneous equation (3), and Cν are arbitrary constants.

For boundary value problems, the constants Cν are found from the corresponding boundary
conditions, and for the Cauchy problem, Cν are obtained from the initial conditions.

2◦. Consider the linear ODE for the function y = y(x) with a parameter λ:

Ln[y] = h(x) – λg(x)y (a < x < b), (5)

where Ln is the differential operator (2). Equation (5) differs from (1) only by an additional term in
the right-hand side. Therefore, replacing the function h(x) by h(x) – λg(x)y(x) in the solution (4)
and performing simple transformations, we come to the Volterra integral equation

y(x) + λ

∫ x

a

K(x, ξ)y(ξ) dξ = F (x), (6)

where

K(x, ξ) =
g(ξ)

fn(ξ)W (ξ)
D(x, ξ), F (x) =

∫ x

a

h(ξ)
fn(ξ)W (ξ)

D(x, ξ) dξ +
n∑

ν=1

Cνϕν (x), (7)

and

D(x, ξ) =

∣∣∣∣∣∣∣∣∣∣

ϕ1(ξ) · · · ϕn(ξ)
ϕ′

1(ξ) · · · ϕ′
n(ξ)

...
. . .

...
ϕ(n–2)

1 (ξ) · · · ϕ(n–2)
n (ξ)

ϕ1(x) · · · ϕn(x)

∣∣∣∣∣∣∣∣∣∣
. (8)

The Volterra integral equation (6)–(8) is equivalent to the differential equation (5).

3◦. In a similar way, one can approach nonlinear ODEs of the form

Ln[y] = h(x, y) (a < x < b) (9)

with the same differential operator (2). This equation can be reduced to the nonlinear Volterra
integral equation

y(x) =
∫ x

a

h(ξ, y(ξ))
fn(ξ)W (ξ)

D(x, ξ) dξ +
n∑

ν=1

Cνϕν (x), (10)

where the function D(x, ξ) is defined by (8).
Note that both sides of equation (9) may depend on the spectral parameter λ. The linear equation

corresponds to the right-hand side h(x, y) = h1(x)y + h0(x).
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18.2-2. Application of Volterra Equations to the Calculation of Eigenvalues.

1◦. The Volterra integral equation (6) can be used for the calculation of the smallest eigenvalue
and the corresponding eigenfunction of various boundary value problems for the ODE (5). For this
purpose, one utilizes the method of successive approximations: the first term y(x) of the integral
equation is replaced by yn(x), and y(ξ) in the integrand is replaced by yn–1(ξ). On each step, the
parameter λ is chosen such that the function yn(x) would satisfy the boundary conditions. This
procedure can be illustrated by the following example.

Example 1. Consider the equation

y′′
xx + λg(x)y = 0 (0 < x < 1) (11)

with the homogeneous boundary conditions of the first kind

y(0) = y(1) = 0. (12)

Equation (11) is a special case of (5) for n = 2, L2[y] = y′′
xx, h(x) ≡ 0, a = 0, b = 0.

The fundamental system of solutions of the truncated equation L2[ϕ] = 0 has the form

ϕ1(x) = 1, ϕ2(x) = x. (13)

Simple transformations with the help of (8) yield

W (x) = ϕ1(x)[ϕ2(x)]′x – ϕ2(x)[ϕ1(x)]′x = 1,

D(x, ξ) = ϕ1(ξ)ϕ2(x) – ϕ1(x)ϕ2(ξ) = x – ξ.
(14)

Substituting (13)–(14) into (6)–(7), we come to the Volterra equation

y(x) = C1 + C2x – λ

∫ x

0
(x – ξ)g(ξ)y(ξ) dξ. (15)

From the first boundary condition in (12), we get C1 = 0. Since eigenfunctions are defined to within a constant coefficient,
we can take C2 = 1 in (15). As a result we get

y(x) = x – λ

∫ x

0
(x – ξ)g(ξ)y(ξ) dξ. (16)

This equation can be solved by the method of successive approximations based on the formula

yn(x) = x – λ

∫ x

0
(x – ξ)g(ξ)yn–1(ξ) dξ, n = 1, 2, . . . (17)

Next, consider more closely the simplest case g(x) = 1. As the zero approximation, we take y0 = 1 and find that

y1(x) = x – λ

∫ x

0
(x – ξ) dξ = x –

1

2
λx2.

From the second boundary condition in (12), we get y1(1) = 0, and therefore, λ = λ1 = 2. It follows that

y1(x) = x – x2.

Let us insert this function into the right-hand side of (17), where g(x) = 1. We have

y2(x) = x – λ

∫ x

0
(x – ξ)(ξ – ξ2) dξ = x – λ

(
1

6
x3 –

1

12
x4
)

.

Satisfying the second boundary condition in (12), i.e., y2(1) = 0, we obtain

λ2 = 12, y2(x) = x – 2x3 + x4.

In a similar way, we find that

λ3 = 10, y2(x) = x –
5

3
x3 + 3x5 –

1

3
x6. (18)

The exact smallest eigenvalue for g(x) = 1 is equal to λ = π2 ≈ 9.87, and the corresponding eigenfunction has the form

y(x) =
1

π
sin(πx) ≈ x – 1.6x3 + 0.8x5.
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In the case under consideration, the choice of the initial approximation, y0(x) = 1, was not quite
good, since both boundary conditions in (12) do not hold for this function. The convergence rate
may be increased by taking the initial approximation of the form y0(x) = x – x2, in which case both
boundary conditions in (12) are satisfied.

For an arbitrary continuous function g(x), in the absence of information about eigenfunctions,
it is convenient to take the initial approximation in (17) of the form

y0(x) = x – x2 or y0(x) =
1
π

sin(πx),

since these functions satisfy the boundary conditions (12). In the special case of g(x) = 1, the first
initial function ensures fast convergence of the expression (17) to the exact result, and the second
yields the exact result immediately.

2◦. The Volterra integral equation (6) can be used for obtaining asymptotic expansions of eigenvalues
and eigenfunctions of the corresponding boundary value problems for the ODE (5) for large λ. Note
that in this situation, various cases are possible; for instance, the operator Ln[y] may involve the
spectral parameter λ, while the right-hand side of the differential equation is independent on λ.

Example 2. Consider the equation

y′′
xx + [f (x) + λ2]y = 0 (a < x < b) (19)

with the homogeneous boundary condition of the first kind

y(a) = y(b) = 0. (20)

The function f (x) is assumed continuous on the finite segment [a, b].
Let us write equation (19), using the notation from (9). As the differential operator and the right-hand side of the

equation we take
L2[y] = y′′

xx + λ2y,

h(x, y) = –f (x)y(x).
(21)

The fundamental system of solutions of the truncated equation L2[ϕ] = 0 has the form

ϕ1 = cos(λx), ϕ2 = sin(λx). (22)

After elementary calculations with the help of (8), we get

W (x) = ϕ1(x)[ϕ2(x)]′x – ϕ2(x)[ϕ1(x)]′x = λ,

D(x, ξ) = ϕ1(ξ)ϕ2(x) – ϕ1(x)ϕ2(ξ) = sin[λ(x – ξ)].
(23)

Substituting the second expression from (21), as well as (22) and (23), into (10), we come to the Volterra integral
equation

y(x) = –
1

λ

∫ x

a
sin[λ(x – ξ)]f (ξ)y(ξ) dξ + C1 cos(λx) + C2 sin(λx).

The first boundary condition in (20) yields C1 cos(λa) + C2 sin(λa) = 0. Therefore,

C1 cos(λx) + C2 sin(λx) = C sin[λ(x – a)].

Since eigenfunctions are defined to within an arbitrary constant coefficient, we come to the integral equation

y(x) = sin[λ(x – a)] –
1

λ

∫ x

a
sin[λ(x – ξ)]f (ξ)y(ξ) dξ. (24)

It is easy to see that the functions y(x) are uniformly bounded for sufficiently small λ > 0. From the second boundary
condition in (20), using (24), we find that

sin[λ(b – a)] =
1

λ

∫ b

a
sin[λ(x – ξ)]f (ξ)y(ξ) dξ = O

(
1

λ

)
. (25)

Hence, we obtain the following asymptotic formula for the eigenvalues λ = λn:

λn =
πn

b – a
+ O

(
1

λ

)
=

πn

b – a
+ O

(
1

n

)
, (26)
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where n is a large positive integer. The corresponding eigenfunctions are obtained by substituting the values (26) into (24):

yn(x) = sin[λn(x – a)] + O

(
1

λ

)
= sin[λn(x – a)] + O

(
1

n

)
.

Inserting this function into (25), one can refine the asymptotic formula (26), etc.
A similar approach can be taken with regard to other boundary conditions for equation (19).

References for Section 18.2: E. Kamke (1977), A. D. Polyanin and V. F. Zaitsev (2003).

18.3. Reduction of Boundary Value Problems for ODEs
to Fredholm Integral Equations with the Help of the
Green’s Function

18.3-1. Linear Ordinary Differential Equations. Fundamental Solutions.

Consider a homogeneous linear ordinary differential equation

L[y] ≡
n∑

k=0

fk(x)y(k)
x = 0 (a < x < b), (1)

where fk(x) are continuous functions on the segment a ≤ x ≤ b and fn(x) ≠ 0.
A fundamental solution of the differential equation (1) is a function of two variables g(x, ξ)

defined on the square a ≤ x, ξ ≤ b and having the following properties:
(a) in each of the triangles a ≤ x ≤ ξ ≤ b and a ≤ ξ ≤ x ≤ b, the function g(x, ξ) has partial

derivatives in x of the orders ≤ n, and these derivatives are continuous in x and ξ in each triangle;
(b) g(x, ξ), as a function of x, satisfies equation (1) in each of the triangles;
(c) on the entire square a ≤ x, ξ ≤ b, the function g(x, ξ) is continuous and has partial derivative

in x up to the order (n – 2), and these derivatives are continuous in x and ξ on that square;
(d) for a < ξ < b, the following relation holds:

∂n–1g

∂xn–1

∣∣∣
x=ξ+0

–
∂n–1g

∂xn–1

∣∣∣
x=ξ–0

=
1

fn(ξ)
. (2)

Fundamental solutions exist always. For instance, one can take

g(x, ξ) =
sign(x – ξ)

2fn(ξ)W (ξ)

∣∣∣∣∣∣∣∣∣∣

y1(ξ) · · · yn(ξ)
y′

1(ξ) · · · y′
n(ξ)

...
. . .

...
y(n–2)

1 (ξ) · · · y(n–2)
n (ξ)

y1(x) · · · yn(x)

∣∣∣∣∣∣∣∣∣∣
, W (x) =

∣∣∣∣∣∣∣∣∣∣

y1(x) · · · yn(x)
y′

1(x) · · · y′
n(x)

...
. . .

...
y(n–2)

1 (x) · · · y(n–2)
n (x)

y(n–1)
1 (x) · · · y(n–1)

n (x)

∣∣∣∣∣∣∣∣∣∣
, (3)

where y1(x), . . . , yn(x) is a fundamental system of solutions of equation (1), and W (x) is its
Wronskian determinant. This special fundamental solution has the following property:

g(ξ, ξ) = g′ξ(ξ, ξ) = · · · = g(n–2)
x (ξ, ξ) = 0.

The set of all fundamental solutions can be described by the sum

g(x, ξ) + C1(ξ)y1(x) + · · · + Cn(ξ)yn(x),

where Ck(ξ) are arbitrary continuous functions.
Fundamental solutions play an important role in the theory of linear differential equations, since

the function

y(x) =
∫ b

a

g(x, ξ)ϕ(ξ) dξ

is a particular solution of the nonhomogeneous linear ODE

L[y] = ϕ(x).



882 APPLICATION OF INTEGRAL EQUATIONS FOR THE INVESTIGATION OF DIFFERENTIAL EQUATIONS

18.3-2. Boundary Value Problems for nth Order Differential Equations. Green’s Function.

Consider a homogeneous linear boundary value problem for equation (1) with the boundary condition

Γm[y] = 0, m = 1, . . . , n. (4)

Assume that the functions fk(x) are continuous on the segment [a, b] and the left-hand sides of the
boundary conditions have the form

Γm[y] = Γm,a[y] + Γm,b[y], (5)

where Γm,a[y] and Γm,b[y] are linear differential forms of an order ≤ n–1 calculated at the endpoints
x = a and x = b.

A function G(x, ξ) defined on the square a ≤ x, ξ ≤ b is called the Green’s function or the
influence function for problem (1), (4) if it is a fundamental solution of equation (1) and for any
fixed ξ (a < ξ < b) satisfies boundary conditions (4) as a function of x.

If the boundary value problem (1), (4) admits only the trivial solution y ≡ 0, then there is only
one Green’s function for this problem. Knowing a fundamental system of solutions y1(x), . . . , yn(x)
of equation (1), one can construct the Green’s function as follows. For each ξ (a ≤ ξ ≤ b), we find a
solution c1 = c1(ξ), . . . , cn = cn(ξ) of the system of linear algebraic equations

n∑
ν=1

cνy(σ)
ν (ξ) = 0, σ = 0, . . . , n – 2,

n∑
ν=1

cνy(n–1)
ν (ξ) =

1
fn(ξ)

,

and then a solution b1 = b1(ξ), . . . , bn = bn(ξ) of another system

n∑
ν=1

bνΓm[yν] =
n∑

ν=1

cνΓm,a[yν], m = 1, . . . , n.

The Green’s function can be defined by the formula

G(x, ξ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

n∑
ν=1

aν (ξ)yν(x) for a ≤ x ≤ ξ ≤ b,

n∑
ν=1

bν(ξ)yν(x) for a ≤ ξ ≤ x ≤ b,

(6)

where aν (ξ) = bν(ξ) – cν(ξ).
The Green’s function can be expressed in terms of a fundamental system of solutions y1(x), . . . ,

yn(x) of equation (1), the fundamental solution g(x, ξ), and the differential forms (4):

G(x, ξ) =
Z(x, ξ)

∆
, Z(x, ξ) =

∣∣∣∣∣∣∣∣
g(x, ξ) y1(x) · · · yn(x)
Γ1[g] Γ1[y1] · · · Γ1[yn]

...
...

. . .
...

Γn[g] Γn[y1] · · · Γn[yn]

∣∣∣∣∣∣∣∣ , (7)

where ∆ stands for the determinant

∆ = det |Γi[yj]|, i, j = 1, . . . , n.
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Remark. For ξ = a and ξ = b, the representation (7), is not valid, in general. However, in this
case the following limit relations hold:

G(x, a) = lim
ξ→a

G(x, ξ), G(x, b) = lim
ξ→b

G(x, ξ).

The Green’s function plays an important role in the theory of linear boundary value problems,
since the function

y(x) =
∫ b

a

G(x, ξ)ϕ(ξ) dξ

is a solution of the linear nonhomogeneous differential equation L[y] = ϕ(x) with the homogeneous
boundary conditions (4).

A nonlinear boundary value problem for a nonlinear ODE of the form

n∑
k=0

fk(x)y(k)
x = Φ(x, y) (a < x < b), (8)

with the boundary conditions (4) can be reduced, with the help of the Green’s function, to the
nonlinear integral equation

y(x) =
∫ b

a

G(x, ξ)Φ(ξ, y(ξ)) dξ, (9)

whose investigation is, as a rule, much simpler than that of the original boundary value problem (8),
(4).

Remark. In applications, one often has to deal with linear eigenvalue problems in which equation
(8) is considered with

Φ(x, y) = λp(x)y,

where λ is a spectral parameter.

18.3-3. Boundary Value Problems for Second-Order Differential Equations. Green’s Function.

The Green’s function for the boundary value problem for the linear second-order equation

f2(x)y′′
xx + f1(x)y′

xx + f0(x)y = 0 (10)

with the homogeneous boundary conditions

k1y
′
x + s1y = 0 at x = a,

k2y
′
x + s2y = 0 at x = b,

(11)

can be written as

G(x, ξ) =

⎧⎪⎪⎨⎪⎪⎩
y1(x)y2(ξ)
f2(ξ)W (ξ)

if a ≤ x ≤ ξ ≤ b,

y1(ξ)y2(x)
f2(ξ)W (ξ)

if a ≤ ξ ≤ x ≤ b,
(12)

where y1(x) is any nontrivial solution of equation (10) satisfying the first boundary condition in
(11), and y2(x) is any nontrivial solution of equation (10) satisfying the second boundary condition
in (11); W (x) = y1(x)y′

2(x) – y′
1(x)y2(x) is the Wronskian determinant.

The Green’s function (12) can be used for constructing solutions of nonhomogeneous linear or
nonlinear boundary value problems for second-order ODEs.
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Example. Consider the boundary value problem for the nonlinear second-order equation

y′′
xx = Φ(x, y(x)) (13)

with the homogeneous boundary conditions of the first kind

y(0) = 0, y(1) = 0. (14)

Let us construct the Green’s function for the linear equation

y′′
xx = 0 (15)

with boundary conditions (14). Taking into account that the general solution of equation (15) has the form y = C1 + C2x,
we take in (12) the solutions y1(x) = x, y2(x) = 1 – x [each of these satisfies one of the boundary conditions from (14)] and
f2(x) = 1, W (x) = –1, a = 0, b = 1. As a result, we get

G(x, ξ) =

{
(ξ – 1)x if 0 ≤ x ≤ ξ ≤ 1,
(x – 1)ξ if 0 ≤ ξ ≤ x ≤ 1.

Regarding the right-hand side of equation (13) as known, we obtain

y(x) =
∫ 1

0
G(x, ξ)Φ(ξ, y(ξ)) dξ.

Thus, solving the boundary value problem (13)–(14) amounts to solving a nonlinear integral equation of Hammerstein type
with the kernel being the Green’s function for problem (15), (14).

Table 13 contains simplest examples of Green’s functions G(x, ξ) for some linear boundary value
problems for ODEs. In all these examples, G(x, ξ) = G(ξ, x), and therefore the Green’s function is
specified only in the domain x ≤ ξ. For equations with the operator L[y] = –[f (x)y′

x]′x, it is assumed

that f (x) > 0 and q(x) =
∫ x

0

dt

f (t)
.

18.3-4. Nonlinear Problem of Nonisothermal Flow in Plane Channel.

It is known that the dynamic viscosity of a fluid µ essentially depends on temperature T (µ decreases
as T increases) and the other physical parameters of the fluid have small variation. For high-viscosity
fluids (like glycerol, liquid oil, or petroleum) it is common to assume the exponential dependence

µ = µ0 exp[–β(T – T0)], (16)

where µ0, β, and T0 are empirical constants.
Stationary nonisothermal flows of viscous incompressible fluid are described by the following

system of equations:

3∑
j=1

(
uj

∂ui

∂Xj
–

1
ρ

∂pij

∂Xj

)
= 0, pij = –pδij + µ

(
∂ui

∂Xj
+

∂uj

∂Xi

)
, i = 1, 2, 3; (17)

∂u1

∂X1
+

∂u2

∂X2
+

∂u3

∂X3
= 0, (18)

u1
∂T

∂X1
+ u2

∂T

∂X2
+ u3

∂T

∂X3
= σ

(
∂2T

∂X2
1

+
∂2T

∂X2
2

+
∂2T

∂X2
3

)
. (19)

Here uj are fluid velocity components, Xj are Cartesian coordinates, ρ is density, p is pressure, σ is

the heat transfer coefficient, and δij =

{
1 for i = j,
0 for i ≠ j.

Stationary rectilinear flows in a plane channel correspond to solutions of the form

u1 = u2 = 0, u3 = u(X), p = p(X , Z), T = T (X , Z), (20)

where Z = X3 is the longitudinal coordinate in the channel and X = X1 is the transverse coordinate.
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TABLE 13
Green’s function for some boundary value problems for linear ODEs L[y] = 0

Differential operator, L[y] Boundary conditions Green’s function, G(x, ξ)

–y′′
xx y(0) = y(a) = 0 x

(
1 –

ξ

a

)
–y′′

xx y(0) = y′
x(a) = 0 ξ

–y′′
xx y′

x(0) = y(a) = 0 a – ξ

–y′′
xx – k2y y(0) = y(1) = 0

sin(kx) sin[k(1 – ξ)]
k sin k

–y′′
xx + k2y y(0) = y(1) = 0

sinh(kx) sinh[k(1 – ξ)]
k sinh k

–xy′′
xx – y′

x y(0) ≠ ∞, y(a) = 0 – ln
ξ

a

–(xy′
x)′x + n2

x
y y(0) ≠ ∞, y(a) = 0

1
2n

(
x

a

)n

–
(xξ)n

2na2n
(n = 1, 2, . . .)

–[f (x)y′
x]′x y(0) = y(a) = 0 q(x) –

q(x)q(ξ)
q(a)

–[f (x)y′
x]′x y(0) = y′

x(a) = 0 q(x)

–[f (x)y′
x]′x y(0) = 0, ky′

x(a) + y(a) = 0 q(x) –
f (a)q(x)q(ξ)
f (a)q(a) + k

(k > 0)

y′′′′
xxxx

y(0) = y′
x(0) = 0,

y(1) = y′
x(1) = 0

(
1
2 ξ – ξ2 + 1

2 ξ3
)
x2 –
(

1
6 ξ – 1

2 ξ2 + 1
3 ξ3
)
x3

y′′′′
xxxx

y(0) = y′
x(0) = 0,

y′′
xx(1) = y′′′

xxx(1) = 0
1
6 x2(3ξ – x)

Substituting expressions (20) into equations (17)–(19) and letting u′
X = du/dX , we obtain the

following three equations:

∂p

∂X
= u′

X

∂µ

∂Z
,

∂p

∂Z
=

∂

∂X
(µu′

X ), (21)

u(X)
∂T

∂Z
= σ

(
∂2T

∂X2
+

∂2T

∂Z2

)
. (22)

Using differentiation, we eliminate the pressure p from (21) and obtain(
∂2

∂Z2
–

∂2

∂X2

)
(µu′

X ) = 0. (23)

The general solution of equation (23) can be written in the form

µu′
X = Φ(Z + X) + Ψ(Z – X), (24)

where Φ and Ψ are arbitrary functions.
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Let X = 0 correspond to the middle line of the plane channel of width 2h, i.e., –h ≤ X ≤ h. On
the walls we have the conditions of adhesion

u = 0 for X = ±h. (25)

Moreover, assume that the temperature has linear variation on the channel walls,

T = T0 – EZ for X = ±h. (26)

Instead of the domain –h ≤ X ≤ h, we can consider its half 0 ≤ X ≤ h with the symmetry condition
on the middle line:

u′
X = TX = 0 for X = 0. (27)

Equations (22) and (24) (with the viscosity defined by (16)) and the boundary conditions (25),
(26) (for x = h), and (27) can be satisfied if one seeks a solution in the form

Φ(ζ) = –AeβEζ , Ψ(ζ) = AeβEζ , u = u(X), T = T0 – EZ +
E

σ
θ(X). (28)

As a result, we obtain a system of ODEs,

u′
X = –

A

µ0
exp

(
βE

σ
θ

)[
eβEX – e–βEX

]
,

u = –θ′′XX .

(29)

Eliminating u from these equations and taking into account (25)–(26), (28), we come to the following
nonlinear boundary value problem for the excessive temperature:

w′′′
xxx = γew sinh(εx), (30)

w′
x = 0 for x = 0, w = 0 for x = 1, w′′

xx = 0 for x = 1, (31)

where we have set

x =
X

h
, w =

βEθ

σ
, γ =

2Ah3βE

σµ0
, ε = βEh.

The last boundary condition in (31) has been derived by passing to the limit for X → h in the second
equation in (29) with the adhesion condition (25) on the walls taken into account.

Note that the volume rate of flow Q is calculated in terms of the heat flow on the walls by the
formula

Q = –2θ′X(h) = –2σ(βEh)–1w′
x(1).

Let us prove that for sufficiently large γ > 0, the boundary value problem (30)–(31) has no
solutions.

It is not difficult to show that the Green’s function for the linear boundary value problem
(30)–(31) with γ = 0 (see Subsection 18.3-2) has the form

G(x, ξ) =

{
ξ – 1

2 (x2 + ξ2) for 0 ≤ x ≤ ξ ≤ 1,

ξ – xξ for 0 ≤ ξ ≤ x ≤ 1.
(32)

Therefore, the nonlinear boundary value problem (30)–(31) is equivalent to the nonlinear integral
equation

w(x) = γ

∫ 1

0
G(x, ξ)ew(ξ) sinh(εξ) dξ. (33)
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Since G(x, ξ) ≥ 0, it follows that for γ > 0 we have w(x) > 0. This inequality has a clear physical
meaning: if the walls are cooled by the environment, the temperature in the channel is larger than
that of the walls.

Consider an auxiliary linear boundary value problem for eigenvalues:

y′′′
xxx = –λ sinh(εx)y, (34)

y = 0 for x = 0, y′′
xx = 0 for x = 0, y′

x = 0 for x = 1. (35)

This problem is equivalent to the linear Fredholm integral equation

y(x) = λ

∫ 1

0
G(ξ, x)y(ξ) sinh(εξ) dξ. (36)

Here the Green’s function G(ξ, x) corresponds to the transposition of the variables x and ξ in (32).
Since the kernel of the integral operator (33) is positive, the generalized Jentzch theorem implies

that the smallest eigenvalue is positive, λ0 > 0, and the corresponding eigenfunction y0(x) does not
change sign on the interval [0, 1]. Let us multiply both sides of equation (30) by y0(x) and integrate
the resulting expression in x from 0 to 1. Taking into account the relations

y0w
′′′
xxx = (y0w

′′
xx)′x – (y′

0xw′
x)′x + (y′′

0xxw)′x – y′′′
0xxxw,

y′′′
0xxx = –λ0 sinh(εx)y0,

and the boundary conditions (31) and (35) for the functions w and y0, we come to the relation

λ0

γ
=

∫ 1

0
y0(ξ)ew(ξ) sinh(εξ) dξ∫ 1

0
y0(ξ)w(ξ) sinh(εξ) dξ

. (37)

Since w ≥ 0, we have ew ≥ ew. This inequality, together with (37), implies the estimate λ0/γ ≥ e.
Therefore, for

γ > λ0/e,

the boundary value problem (30)–(31) has no solutions, and for the critical value γ∗ we have
γ∗ < λ0/e.

Remark. It can be shown that for 0 < γ < γ∗, the boundary value problem (30)–(31) has two
solutions (one stable and another unstable). For γ = γ∗, there is only one solution.

References for Section 18.3: P. P. Zabreyko, A. I. Koshelev, et al. (1975), E. Kamke (1977), V. I. Naidenov and
A. D. Polyanin (1990), R. P. Agarwal, D. O’Regan, and P. J. Y. Wong (1998), A. D. Polyanin and V. F. Zaitsev (2003).

18.4. Reduction of PDEs with Boundary Conditions of
the Third Kind to Integral Equations

18.4-1. Usage of Particular Solutions of PDEs for the Construction of Other Solutions.

Let
L[w] = 0 (1)

be an arbitrary homogeneous linear partial differential equation of any order in the variables x, t
with sufficiently smooth coefficients (t may stand for the time or a spatial variable).
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There is an effective way to construct solutions of this equation. Suppose that equation (1) has
a particular solution

w̃(x, t; µ) (2)

depending on a parameter µ, and the coefficients of the linear differential operator L are independent
of µ. Multiplying the particular solution (2) by an arbitrary function ϕ(µ) and integrating the result
with respect to µ over some interval [α, β], we obtain the new function

w =
∫ β

α

w̃(x, t; µ)ϕ(µ) dµ, (3)

which is also a solution of the original homogeneous linear equation (1).
Let us mention some useful facts applied for the construction of solutions of boundary value

problems with the help of integral representations like (3).
1. The domain of integration in (3) usually coincides with the domain of one of the independent

variables of the PDEs under consideration (in particular, if t is the time, one often takes α = 0 and
β = ∞).

2. Let w̃(x, t) be a particular solution of equation (1) with the coefficients independent of t.
Then, for any constant µ, the function w̃(x, t – µ) is also a solution of equation (1).

3. Suppose that the particular solution (2) satisfies one or several initial or boundary conditions
of the form

w = 0 for t = 0, wt = 0 for t = 0,

w = 0 for x = a, wx = 0 for x = b.
(4)

Then the function (3) also satisfies equation (1) with the same initial or boundary conditions.
Consider a boundary value problem for equation (1). Suppose that one of the boundary conditions

has the form (generalized boundary conditions of the third kind)

wx = F (t, w) for x = 0, (5)

and the other boundary and initial conditions are homogeneous and have the form (4).
Suppose that the special solution (2) of equation (1) satisfies all the homogeneous initial and

boundary conditions except (5). Let us seek a solution of the corresponding boundary value problem
in the form of the integral (3). Substituting this integral into the boundary condition (5), we obtain
an integral equation for the function ϕ(µ). It is important to make a proper choice of the particular
solution (2). As an illustration, consider the following example.

18.4-2. Mass Transfer to a Particle in Fluid Flow Complicated by a Surface Reaction.

Consider steady-state diffusion to a particle in laminar viscous incompressible fluid flow. Assume
that on the surface of the particle a chemical reaction occurs with rate F∗(C), where C is the mass
concentration of a reactant. In particular, for a reaction of order n we have

F∗(C) = KCn, (6)

where K is the reaction rate coefficient.
It is assumed that the velocity field in the fluid is known from the solution of the corresponding

hydrodynamic problem and can be specified in terms of a flow function ψ (a flow function can
be introduced, for instance, for plane and axisymmetric flows). In the diffusion boundary layer
approximation, the dimensionless equation of stationary convective diffusion and the boundary
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conditions in curvilinear orthogonal coordinates ξ, η, ζ associated with the body surface ξ = ξs and
the lines of flow have the form

1√
gs

(
∂ψ

∂ξ

∂w

∂η
–

∂ψ

∂η

∂w

∂ξ

)
=

1
Pe

∂2w

∂ξ2
, (7)

–
∂w

∂ξ
= F (w) for ξ = ξs , w → 0 for ξ → ∞, (8)

where
ψ = (ξ – ξs)mf (η), gs = gs(η) = (gξξgηηgζζ)|ξ=ξs ,

w =
C∞ – C

C∞
, Pe =

aU

D
, F (w) =

aF∗(C)
DC∞

,

a is the characteristic size of the particle (radius), C∞ is concentration far away from the particle, U
is the characteristic flow velocity (far away from the particle), D is the diffusion coefficient, Pe is the
Peclet number, and gξξ, gηη , gζζ are the metric tensor components; the value m = 1 corresponds to
drops or bubbles and m = 2 corresponds to solid particles. In the problem stated in terms of (7)–(8),
the boundary condition for η = 0 has been dropped [for f (0) = 0, one imposes the condition that the
solution is bounded for η = 0]. When writing equation (7) and the first boundary condition in (8),
it has been assumed that the coordinate ξ near the surface ξ = ξs is chosen such that the difference
ξ – ξs determines the distance between the point (ξs, η) on the surface of the body and the point (ξ, η)
in the flow (i.e., it is assumed that gξξ |ξ=ξs = 1).

For a reaction of order n (6), the dimensionless rate of surface chemical reaction is described by
the expression

F (w) = k(1 – w)n, k = aKCn–1
∞ /D. (9)

Further, it is assumed that the domain under consideration is specified by the inequalities
ξs ≤ ξ < ∞, 0 ≤ η ≤ η0, and also that the inequality f (η) > 0 holds for 0 < η < η0, and f (0) ≥ 0.

Introducing the new variables

t = t(η) =
1
n

∫ η

0
f 1/n(η)[gs(η)]1/2dη, x =

2
n + 1

Pe1/2ψ(n+1)/(2n), (10)

we reduce (7)–(8) to the following boundary value problem for the unknown function w(x, t):

∂w

∂t
=

∂2w

∂x2
+

1 – 2ν

x

∂w

∂x
, (11)

w = 0 for t = 0, w → 0 as x → ∞, (12)

x1–2ν ∂w

∂x
+ Pe–ν (2ν)1–2νhν(t)F (w) = 0 for x = 0, (13)

where
ν = (n + 1)–1, hν(t) = f –1/n(η(t)).

The function hν(t) in the boundary condition on the particle surface (13) is found from the parametric
relations hν = f –1/n(η), t = t(η) (see the first formula in (10)).

Simple verification shows that equation (11) admits the particular solution

w̃(x, t; µ) =

⎧⎨⎩A(t – µ)ν–1 exp

[
–

x2

4(t – µ)

]
for t > µ,

0 for t ≤ µ.
(14)

Note that for ν = 1
2 equation (11) turns into the classical heat transfer equation. In this case, the

function (14) for µ = 0 and A = 1
2 π–1/2 coincides with the fundamental solution of the heat equation.
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Let us seek a solution of problem (11)–(13) in the form of the integral (3) (for α = 0 and β = ∞),
into which the function (14) should be inserted. As a result, we obtain

w(x, t) =
22ν–1

Γ(1 – ν)

∫ t

0
(t – µ)ν–1 exp

[
–

x2

4(t – µ)

]
ϕ(µ) dµ, (15)

where Γ(ν) is the gamma function (here, for the sake of definiteness, we have taken a specific value
of the constant A). Obviously, the function (15) satisfies the initial and the boundary conditions (12).

As shown by Sutton (1943), the function (15) has the following limit properties:

lim
x→0

w =
22ν–1

Γ(1 – ν)

∫ t

0
(t – µ)ν–1ϕ(µ) dµ, lim

x→0

(
x1–2ν ∂w

∂x

)
= –ϕ(t). (16)

Substituting (15) into the boundary condition (13) and taking into account (16), we come to the
integral equation for the function ϕ(t):

ϕ(t) = Pe–ν(2ν)1–2νhν(t)F

(
22ν–1

Γ(1 – ν)

∫ t

0
(t – µ)ν–1ϕ(µ) dµ

)
. (17)

The replacement
ϕ(t) = Pe–ν(2ν)1–2νhν(t)F

(
ψ(t)
)

reduces equation (17) to a more common form (it is assumed that the function F is invertible)

ψ(t) =
ν2ν–1Pe–ν

Γ(1 – ν)

∫ t

0
(t – µ)ν–1hν(µ)F

(
ψ(µ)

)
dµ. (18)

After solving equation (17) or (18), formulas (10), (15) can be used to obtain the distribution of
concentration in the diffusive boundary layer of the particle.

18.4-3. Integral Equations for Surface Concentration and Diffusion Flux.

Instead of equation (17) for the function ϕ, it is convenient to consider directly the equations for
surface concentration or local diffusion flux—the quantities with a clear physical meaning (in most
practical problems these two are the desired quantities).

In view of (10) and (15), surface concentration is determined by the expression

ws = ws(t) ≡ w(0, t) =
22ν–1

Γ(1 – ν)

∫ t

0
(t – µ)ν–1ϕ(µ) dµ = Λν(0, t) ∗ ϕ(t). (19)

Note that the operator Λν(0, t) coincides, to within a constant coefficient, with an integral of fractional
order ν (see Subsection 10.5-1). Applying the operator Λν(0, t) to both terms of equation (17) and
using (17), we obtain the equation for surface concentration:

ws = Pe–ν(2ν)1–2ν
Λν(0, t) ∗ [hn(t)F (ws)], ws = ws(t). (20)

Applying the inverse operator Λ
–1
ν (0, t) to both sides of this equation, we come to the following

equivalent equation:

j∞(t)tνΞν(t) ∗ ws(t) = F (ws(t)), Ξν (t) ≡ Γ(ν)22ν–1
Λ

–1
ν (0, t); (21)

Ξν(t) ∗ z(t) ≡
d

dt

∫ t

0
z(λ)(t – λ)–νdλ =

z(0)
tν

+
∫ t

0

dz(λ)
dλ

(t – λ)–νdλ,
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where j∞ = j∞(t) is the local diffusion flux corresponding to the diffusion mode of the reaction on
the surface (i.e., the boundary condition w = 1 for ξ = ξs):

j∞(t) = ν2ν–1[Γ(ν)]–1Peνh–1
n (t)t–ν = ν2ν–1[Γ(ν)]–1Peνf 1/n(η)t–ν(η). (22)

From equation (20), combined with the formula

j = F (ws) (23)

and the identity Γ(ν)Γ(1 – ν) = π/ sin(πν), we obtain a relation between surface concentration and
local diffusion flux:

ws(t) =
sin(πν)

π

∫ t

0

j(λ)
j∞(λ)

λ–ν(t – λ)ν–1dλ. (24)

Substituting (24) into the right-hand side of (23), we obtain an integral equation for local
diffusion flux on the particle surface:

j = F

(
sin(πν)

π

∫ t

0

j(λ)
j∞(λ)

λ–ν (t – λ)ν–1dλ

)
. (25)

It is not difficult to show that if the limit local diffusion flux on a part of the body is constant,

j∞(t) = j∞ = const (0 ≤ t ≤ t0), (26)

then the solution of the nonlinear integral equation (25) reduces to the solution of the algebraic
(transcendental) equation

j = F (j/j∞) (0 ≤ t ≤ t0). (27)

In view of (23), (27), surface concentration, under the condition (26), is also determined by solving
an algebraic equation,

ws = j–1
∞F (ws). (28)

In the general case, for j∞ = j∞(t) ≠ 0, it is impossible to obtain an exact analytical solution of
integral equations for surface concentration and local diffusion flux (21)–(22) and (25). Therefore,
one has to resort to the methods of numerical or approximate integration of these equations.

In engineering, approximations of surface concentration and local flux are sometimes constructed
by the method of equidistant surface. The essence of this method can be described as follows. First,
formula (22) is used to determine the limit local diffusion flux j = j∞(t), and then this expression is
inserted into equations (27) and (28), i.e., instead of the original integral equations (21) and (25), one
solves algebraic (transcendental) equations. Comparison of the approximate results obtained by this
method with those of numerical analysis for many typical cases shows that the method of equidistant
surface is fairly accurate (for relatively simple reactions, the error does not exceed 20%; see the
references at the end of this section). Therefore, when using iteration methods for solving integral
equations, it is reasonable to take a solution obtained by the said method as the initial approximation.

18.4-4. Method of Numerical Integration of the Equation for Surface Concentration.

Consider more closely a method of numerical integration of the equation for surface concentration
(21)–(22); local diffusion flux in this case is found with the help of (23). Let us represent equation
(21) in the form

j∞(t)

[
ws(0) + tν

∫ t

0

dws(λ)
dλ

(t – λ)–νdλ

]
= F (ws(t)). (29)
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Numerical integration of equation (29) is carried out as follows. First, the segment [0, t0],
t0 = t(η0), is split into M equal parts

[(i – 1)∆t, i∆t] (i = 1, . . . , M )

of length ∆t = t0/M and equation (29) is transformed to

ws(0) + (m∆t)ν
m∑
i=1

∫ i∆t

(i–1)∆t

dws(λ)
dλ

(m∆t – λ)–νdλ =
F (ws)

j∞(m∆t)
. (30)

Then, the derivative dws/dλ should be approximated on every segment (i – 1)∆t ≤ λ ≤ i∆t by the
expression

dws(λ)
dλ

=
1

∆t

[
ws(i∆t) – ws((i – 1)∆t)

]
,

and then one integrates equation (30). After suitable transformations, one obtains

1 – ν

mν
ws(0) – ws(0)

{
m1–ν – (m – 1)1–ν

}
+

m–1∑
i=1

ws(i∆t)Am–i

= –ws(m∆t) +
1 – ν

mν

F (ws(m∆t))
j∞(m∆t)

, m = 1, . . . , M – 1, (31)

ν =
1

n + 1
, Am = –2m1–ν + (m + 1)1–ν + (m – 1)1–ν .

The algebraic equation (31) is solved for m = 1, 2, 3, . . . with respect to surface concentration
ws(m∆t), which corresponds to t = m∆t. The left-hand side of (31) contains the values of ws(i∆t)
for 1 ≤ i ≤ m – 1, which have already been calculated, while the right-hand side of (31) contains
the unknown quantity ws(m∆t). Numerical integration of equation (31) starts with preliminary
determination of surface concentration ws(0) at the point of diffusion boundary layer initiation (for
t = 0) by solving the auxiliary equation

ws(0) = j–1
∞(0)F (ws(0)), (32)

which coincides with (28) for t = 0. If j∞(0) = ∞, then ws(0) = 0 (this situation occurs at the front
critical point of a plate streamlined by fluid). Then the solution procedure goes on in successive
order for m = 1, 2, 3, . . . , and this process is direct in the sense that no repeated calculations are
needed. Naturally, the precision of these calculations depends on the value of ∆t.

Remark. The algebraic (transcendental) equation (32) may have several roots, depending on the
structure of the function F (w) (thus, there may exist several stationary regimes of reaction on the
particle surface). In this case, one has to examine the stability of the solutions.

References for Section 18.4: W. G. L. Sutton (1943), A. Acrivos and P. L. Shambre (1957), A. D. Polyanin and
Yu. A. Sergeev (1980), D. A. Frank-Kamenetskii (1987), Yu. P. Gupalo, A. D. Polyanin, and Yu. S. Ryazantsev (1985).

18.5. Representation of Linear Boundary Value Problems
in Terms of Potentials

18.5-1. Basic Types of Potentials for the Laplace Equation and Their Properties.

1◦. Let S be a smooth closed surface in the n-dimensional Euclidean space R
n (n ≥ 2) that

coincides with the boundary of a finite domain G = G+, and let G– be the exterior infinite domain
(G+ ∪ S ∪ G– = R

n).
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Consider the n-dimensional Laplace equation

∆w ≡
n∑

k=1

∂2w

∂x2
k

= 0. (1)

The fundamental solution of equation (1) has the form

(x, y) = (|x – y|) =

⎧⎪⎪⎨⎪⎪⎩
1

Ωn(n – 2)
1

|x – y|n–1
if n ≥ 3,

1
2π

ln
1

|x – y|
if n = 2,

(2)

where

|x – y| =

[ n∑
k=1

(xk – yk)2

]1/2

, Ωn =
2πn/2

Γ(n/2)
,

|x – y| is the distance between points x = (x1, . . . , xn) and y = (y1, . . . , yn), Ωn is the area of the unit
sphere in R

n, and Γ(z) is the gamma function.
Three integrals depending on x as a parameter define different potentials:

V (x) =
∫

S

µ(y) (x, y) dSy (single layer potential),

W (x) =
∫

S

ν(y)
∂

∂ny
(x, y) dSy (double layer potential),

Z(x) =
∫

G

ρ(y) (x, y) dy (volume potential).

(3)

Here ny is the direction of the outward (with respect to G+) normal to the surface S at the point
y ∈ S. The functions µ(y), ν(y), and ρ(y) are called densities of the respective potentials. In what
follows, these densities are always assumed absolutely integrable on S or G.

2◦. Let µ(y) ∈ C1(S). The single layer potential V (x) is a harmonic function [i.e., a function
satisfying the Laplace equation (1)] for x ∉ S, and

lim
|x|→∞

V (x)

(x, 0)
= M1, M1 =

∫
S

µ(y) dSy;

in particular, lim
|x|→∞

V (x) = 0 for n ≥ 3, but lim
|x|→∞

V (x) = 0 for n = 2, if and only if
∫
S µ(y) dSy = 0.

The single layer potential is continuous everywhere in R
n. Moreover, V (x) and its tangential

derivatives are continuous across the surface S. The normal derivative of the single layer potential
has a jump across the surface S:(

∂V

∂nx

)+

=
1
2
µ(x) +

∂V

∂nx
,

(
∂V

∂nx

)–

= –
1
2
µ(x) +

∂V

∂nx
. (4)

Here the superscripts + and – in the left-hand sides mark the limit values of the normal derivatives
from the direction of G+ and G–, respectively, i.e.,(

∂V

∂nx

)+

= lim
x′→x, x′∈G+

∂V

∂nx
,

(
∂V

∂nx

)–

= lim
x′→x, x′∈G–

∂V

∂nx
.
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And in the right-hand sides of (4), the normal derivative is calculated directly on the surface S, i.e.,
∂V

∂nx
=
∫

S

µ(y)
∂

∂nx
(x, y) dSy, x ∈ S,

which is a continuous function of x ∈ S, and the kernel has a weak singularity on S:∣∣∣∣ ∂

∂nx
(x, y)

∣∣∣∣ ≤
const

|x – y|n–2
, x, y ∈ S.

3◦. Let ν(y) ∈ C1(S). The double layer potential W (x) is a harmonic function of x ∉ S and

lim
|x|→∞

Ωn|x|n–1W (x) = M2, M2 =
∫

S

ν(y) dSy.

Across the surface S, the double layer potential has a jump:

W +(x) = –
1
2
ν(x) + W (x), W –(x) =

1
2

ν(x) + W (x), x ∈ S, (5)

where W +(x) and W –(x) are the limit values of the double layer potential in the directions from G+

and G–, i.e.,
W +(x) = lim

x′→x, x′∈G+
W (x′), W –(x) = lim

x′→x, x′∈G–
W (x′).

The right-hand sides of (5) involve the direct value of the double layer potential on the surface S,

W (x) =
∫

S

ν(y)
∂

∂ny
(x, y) dSy, x ∈ S,

which is a continuous function of x ∈ S, and the kernel has a weak singularity on S:∣∣∣∣ ∂

∂ny
(x, y)

∣∣∣∣ ≤
const

|x – y|n–2
, x, y ∈ S.

The tangential derivatives of the double layer potential also have a jump across the surface S, but its
normal derivative preserves its value across S:(

∂W

∂nx

)+

=

(
∂W

∂nx

)–

, x ∈ S.

In the case of constant density ν = 1, the Gauss formula

–
∫

S

∂

∂ny
(x, y) dSy = q(x) ≡

{
1 if x ∈ G+,
1/2 if x ∈ S,
0 if x ∈ G–

(6)

holds for the double layer potential. The integral on the left is interpreted as the solid angle, divided
by Ωn(n – 2), under which the surface S is seen from the point x.

4◦. For ρ(y) ∈ C1(G ∪ S), the volume potential and its first-order derivatives are continuous
everywhere in R

n and can be calculated by the differentiation under the sign of the integral. Thus,
Z ∈ C1(Rn). Moreover,

lim
|x|→∞

Z(x)

(x, 0)
= M3, M3 =

∫
G

ρ(y) dy.

Its second-order derivatives are continuous outside S, but have a jump on S. In the interior domain
G+ the Poisson equation holds

∆Z = ρ(x), x ∈ G+,

and in the exterior domain G– the volume potential satisfies the Laplace equation

∆Z = 0, x ∈ G–.

For a finite domain G1 in R
n with the boundary S1 = ∂G1 of class C1, the Gauss formula for

the volume potential holds: ∫
S1

∂Z

∂nx
dS1x = –

∫
G∩G1

ρ(y) dy.

The integration in the first integral is over the variable x.
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18.5-2. Integral Identities. Green’s Formula.

Let Φ(x) be a function of class C2(G ∪ S), where S is a surface of class C2. Then the following
integral identity, called the Green’s formula, holds:

–
∫

G

∆Φ(y) (x, y) dy +
∫

S

[
∂Φ(y)
∂ny

(x, y) – Φ(y)
∂

∂ny
(x, y)

]
dSy = q(x)Φ(x). (7)

Here q(x) is the function defined by (6). Formula (7) implies that in the domain G the function Φ(x)
can be represented as the sum of a single layer potential, a double layer potential, and a volume
potential with the respective densities

µ(y) =
∂Φ(y)
∂ny

, ν(y) = –Φ(y), ρ(y) = –∆Φ(y).

For a function u(x) which is harmonic in the domain G and belongs to the class C1(G∪ S), the
following identity holds:∫

S

[
∂w(y)
∂ny

(x, y) – w(y)
∂

∂ny
(x, y)

]
dSy = q(x)w(x), (8)

and thus, w(x) can be represented in G as the sum of a single layer potential and a double layer
potential with the respective densities

µ(y) =
∂w(y)
∂ny

, ν(y) = –w(y).

However, the densities in (8) cannot be chosen arbitrary on S, because they are related by the integral
identity obtained from (8) for x ∈ G+.

18.5-3. Reduction of Interior Dirichlet and Neumann Problems to Integral Equations.

1◦. Interior Dirichlet problem (first boundary value problem): find a function w(x) that satisfies
equation (1) in G+ and the boundary condition

w(x) = ϕ+(x) for x ∈ S, (9)

where ϕ+(x) is a given continuous function on S.
Problem (1), (9) has a solution.* This solution is unique and can be represented in the form of

the double layer potential

w(x) =
∫

S

ν(y)
∂

∂ny
(x, y) dSy

with density ν(y) which is found as the unique solution of the following Fredholm integral equation
of the second kind:

–
1
2
ν(x) +

∫
S

ν(y)
∂

∂ny
(x, y) dSy = ϕ+(x), x ∈ S.

2◦. Interior Neumann problem (second boundary value problem): find a function w(x) that satisfies
equation (1) in G+ and the boundary condition

∂w(x)
∂nx

= ψ+(x) for x ∈ S, (10)

* In Subsections 18.5-3 and 18.5-4 it is assumed that the surface S is sufficiently smooth.
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where ψ+(x) is a given continuous function on S. This problem has a solution if and only if the
function ψ+(x) satisfies the compatibility condition∫

S

ψ+(x) dSx = 0. (11)

A solution of problem (1), (10) with the condition (11) is defined to within an additive constant,

w(x) = V (x) + C,

where

V (x) =
∫

S

µ(y) (x, y) dSy

is the single layer potential with density µ found by solving the Fredholm integral equation of the
second kind

1
2

µ(x) +
∫

S

µ(y)
∂

∂nx
(x, y) dSy = ψ+(x), x ∈ S. (12)

The corresponding homogeneous equation (with ψ+(x) = 0) has a nontrivial solution µ0(x), and the
nonhomogeneous equation (12) has a solution if the condition (11) is satisfied. The general solution
of equation (12) has the form µ(x) + Aµ0(x), where A is an arbitrary constant.

18.5-4. Reduction of Exterior Dirichlet and Neumann Problems to Integral Equations.

1◦. Exterior Dirichlet problem (first boundary value problem): find a function w(x) that satisfies
equation (1) in G– (0 ∉ G–) and the boundary condition

w(x) = ϕ–(x) for x ∈ S, (13)

where ϕ–(x) is a given continuous function on S, and it is also required that the following regularity
condition holds at infinity:

lim
|x|→∞

|x|n–2w(x) = const . (14)

This problem has a solution; this solution is unique and can be represented in the form

w(x) = W (x) +
A

|x|n–2
, W (x) =

∫
S

ν(y)
∂

∂ny
(x, y) dSy,

where A is a constant, W (x) is a double layer potential, ν(y) its density, which is found by solving
the Fredholm integral equation of the second kind:

1
2
ν(x) +

∫
S

ν(y)
∂

∂ny
(x, y) dSy = ϕ–(x) –

A

|x|n–2
, x ∈ S. (15)

The corresponding homogeneous equation has the nontrivial solution ν̃0 = 1. For suitable A, the
solution of the nonhomogeneous equation (15) has the form

ν(y) = ν–(y) + C,

where C is an arbitrary constant, ν–(y) is a particular solution of equation (15). The constant A is
chosen of the form

A = –
∫

S

ϕ–(x)ν0(x) dSx,
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where the auxiliary density ν0(x) should satisfy the normalization condition∫
S

ν0(y)
|y|n–2

dSy = 1. (16)

The density ν0(x) is a nontrivial solution of the integral equation (12) for the interior Neumann
problem with the Neumann boundary values ψ+(x) = 0, x ∈ S, and this density satisfies the
following normalization condition equivalent to (16) for n ≥ 3:

V0(x) ≡
∫

S

ν0(y) (x, y) dSy = 1, x ∈ G+ ∪ S.

The single layer potential V0(x) with density ν0(x) is called the equilibrium potential or the Roben
potential. The density ν0(x) yields the solution of the Roben electrostatic problem for charge
distribution in a conductor S that produces an equilibrium potential which is constant in the domain
G+. A certain complexity of the solution of the external Dirichlet problem is due to the fact that a
harmonic function w(x) satisfying the regularity condition at infinity generally has a slower decay
rate (as |x| → ∞) than the double layer potential. Therefore, in the general case, w(x) cannot be
represented merely in terms of the double layer potential.

2◦. External Neumann problem (second boundary value problem): find a function w(x) that satisfies
equation (1) in G– (0 ∉ G–) and the boundary condition

∂w(x)
∂nx

= ψ–(x) for x ∈ S,

where ψ–(x) is a given continuous function on S, and it is also required that the regularity condition
(14) hold at infinity.

For n ≥ 3, a solution of this problem exists and is unique. For n = 2, a solution exists if and only
if the function ψ–(x) satisfies the compatibility condition∫

S

ψ–(x) dSx = 0; (17)

and the solution is defined to within an arbitrary additive constant. The solution of the external
Neumann problem can be represented as the single layer potential

w(x) =
∫

S

µ(y) (x, y) dSy

whose density µ(y) is determined by solving the Fredholm integral equation of the second kind:

–
1
2
µ(x) +

∫
S

µ(y)
∂

∂nx
(x, y) dSy = ψ–(x), x ∈ S. (18)

For n ≥ 3, this equation has one and only one solution. For n = 2, the corresponding homoge-
neous integral equation (with ψ–(x) = 0) admits the nontrivial solution µ0(x), and therefore, the
nonhomogeneous equation (18), with the solvability condition (17), has a unique solution µ̃(x) such
that ∫

S

µ̃(x) dSx = 0,

and its general solution has the form

µ(x) = µ̃(x) + cµ0(x),

where c is an arbitrary constant.

Remark. In a similar way, potentials can be introduced for the heat equation and other equations
of mathematical physics. These potentials can also be used for the reduction of the corresponding
stationary and nonstationary linear problems to integral equations.

References for Section 18.5: S. G. Mikhlin (1967), P. P. Zabreyko, A. I. Koshelev et al. (1975), R. Courant and D. Hilbert
(1989), A. N. Tikhonov and A. A. Samarskii (1990), I. G. Petrovsky (1991), R. B. Guenther and J. W. Lee (1996), W. McLean
(2000).
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18.6. Representation of Solutions of Nonlinear PDEs in
Terms of Solutions of Linear Integral Equations
(Inverse Scattering)

18.6-1. Description of the Zakharov–Shabat Method.

Solutions of some nonlinear PDEs can be expressed through solutions of linear integral equations.
Below we outline an approach based on the application of linear integral equations of the form*

K(x, y) = F (x, y) +
∫ ∞

x

K(x, z)N (x; z, y) dz, y ≥ x, (1)

where the functions F , N , and K may depend on some additional parameters other than the
specified arguments. In each specific case, the function N is explicitly expressed through F , and
both functions F and N are solutions of some linear PDEs.

Define an operator Ax by

Axf (y) =

{∫∞
x

f (z)N (x; z, y) dz if y ≥ x,

0 if y < x

and assume that for each chosen N , it is possible to prove that the operator I – Ax is invertible
and its inverse, (I – Ax)–1, is continuous, where I is the identity operator. The following three
steps represent an algorithm for finding a nonlinear equation that can then be solved by the inverse
scattering method.

1◦. A specific structure is chosen for the integral equation (1). To that end, one prescribes a relation
between the functions N and F (N is expressed through F ).

2◦. Two suitable linear differential (ordinary or partial) equations are introduced for the function F :

LmF = 0, m = 1, 2. (2)

3◦. The function K is related to F by equation (1), which can be rewritten as

(I – Ax)K = F . (3)

Applying the operators Lm involved in (2) to equation (3), we obtain

Lm(I – Ax)K = 0, m = 1, 2.

This equation can be rewritten in the form

(I – Ax)(LmK) = Rm, m = 1, 2,

where Rm contains all nonzero terms of the commutator [Lm, (I–Ax)]. Moreover, (1) and (2) should
be chosen so that Rm could be represented in the form

Rm = (I – Ax)Mm(K), m = 1, 2,

where Mm(K) is a nonlinear functional of K . But the operator I – Ax is invertible, and therefore,
the function K satisfies the nonlinear differential equations

LmK – Mm(K) = 0, m = 1, 2. (4)

It follows that each solution of the linear integral equation (1) is a solution of nonlinear differential
equations (4). Of most interest, as a rule, are special cases of one of the equations in (4) or equations
derived from (4).

Remark. The first two steps of the algorithm are fundamental and most difficult. Linear differ-
ential equations (2) usually correspond to a linear eigenvalue problem (for m = 1) and a problem of
time-evolution of eigenfunctions (for m = 2).

* Such equations are called integral equations of the Gel’fand–Levitan–Marchenko type.
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18.6-2. Korteweg–de Vries Equation and Other Nonlinear Equations.

To clarify basic features of the above algorithm, consider some examples.

Example 1. Let us consider the integral equation

K(x, y) = F (x, y) +
∫ ∞

x
K(x, z)F (z, y) dz (5)

and write out some identities to be used in the sequel,

∂n
x

∫ ∞

x
K(x, z)F (z, y) dz =

∫ ∞

x
F (z, y)∂n

x K(x, z) dz + An, (6)∫ ∞

x
K(x, z)∂n

x F (z, y) dz = (–1)n
∫ ∞

x
F (z, y)∂n

z K(x, z) dz + Bn, (7)

where An are defined by the recurrence relations

A1 = –K(x, x)F (x, y), An = (An–1)x – F (x, y)[∂n–1
x K(x, z)]z=x,

and
B1 = –K(x, x)F (x, y), B2 = –K(x, x)∂xF (x, y) + [∂zK(x, z)]z=xF (x, y), . . .

Let us introduce an operator L1 and require that F satisfy the linear equation

L1F ≡ (∂2
x – ∂2

y)F (x, y) = 0. (8)

Applying the operator L1 to (5) and taking into account (6), (7), we obtain

(∂2
x – ∂2

y)K(x, y) =
∫ ∞

x
F (x, z)(∂2

x – ∂2
y)K(x, z) dz – 2F (x, y)

d

dx
K(x, x).

Using the equation F = (I – Ax)K and taking into account that the operator I – Ax is invertible, we finally get

(∂2
x – ∂2

y)K(x, y) + u(x)K(x, y) = 0, (9)

where the function u(x) is defined by

u(x) = 2
d

dx
K(x, x). (10)

Let us require that F satisfy the linear equation

L2F = (∂t + (∂x + ∂y)3)F = 0 (11)

and apply the operator L2 to (5). We thus obtain

(
∂t + (∂x + ∂y)3)K(x, y) =

(
∂t + (∂x + ∂y)3) ∫ ∞

x
K(x, z)F (z, y) dz.

A procedure similar to the above calculations for the operator L1 yields

Kt + (∂x + ∂y)3K + 3u(∂x + ∂y)K = 0. (12)

For the characteristic y = x, equation (12) can be rewritten in terms of u = 2(d/dx)K(x, x). Differentiating (12) with respect
to x and rearranging terms, we arrive at the Korteweg–de Vries equation

ut + 6uux + uxxx = 0.

Any function F satisfying the linear equations (8), (11) and rapidly decaying as x → +∞ generates a solution of the
Korteweg–de Vries equation. To this end, one should solve the linear integral equation (5) for the function K and express u
through K by (10).

Example 2. Consider the integral equation

K(x, y) = F (x, y) +
σ

4

∫ ∞

x

∫ ∞

x
K(x, z)F (z, u)F (u, y) dz du, (13)

where σ = ±1. Here and in what follows, the coefficients are chosen with a view to simplifying the calculations. Let the
operator L1 have the form

L1F = (∂x – ∂y)F = 0, (14)
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which implies that

F (x, y) = F
( x + y

2

)
.

Shifting the lower limit of integration to zero, we rewrite equation (13) in the form

K(x, y) = F
( x + y

2

)
+

σ

4

∫ ∞

0

∫ ∞

0
K(x, x + ζ)F

( 2x + ζ + η

2

)
F
( x + η + y

2

)
dζ dη, (15)

or, equivalently,

[(I – σAx)K](x, y) = F
( x + y

2

)
,

where the operator Ax is defined by

Axf (y) =
1

4

∫ ∞

0

∫ ∞

0
f (ζ)F

( 2x + ζ + η

2

)
F
( x + η + y

2

)
dζ dη.

Introducing the function

K2(x, z) =
∫ ∞

0
K(x, x + ζ)F

( x + ζ + z

2

)
dζ, (16)

we can rewrite equation (13) as

K(x, y) = F
( x + y

2

)
+

σ

4

∫ ∞

0
K2(x, x + η)F

( x + η + y

2

)
dη. (17)

Applying the operator L1 of (14) to equation (17), and the operator ∂x + ∂z to (16), and taking into account the invertibility
of I – σAx , we find, after appropriate calculations, that

(∂x + ∂y)K2(x, y) = –2K(x, x)K(x, y), (18)

(∂x – ∂y)K(x, y) = –
σ

2
K(x, x)K2(x, y). (19)

Applying the operator ∂x + ∂y to (15), we get

F ′
( x + y

2

)
= (I – σAx)

[
(∂x + ∂y)K(x, y) +

σ

2
K2(x, x)K(x, y)

]
. (20)

Let us require that the function F satisfy the second linear equation

L2F = (∂t + (∂x + ∂y)3)F = 0. (21)

Applying the operator L2 to equation (15) and taking into account the above auxiliary relations (18)–(20), we ultimately find
that

[∂t + (∂x + ∂y)3]K(x, y) = 3σK(x, x)K(x, y)∂xK(x, x) + 3σK2(x, x)(∂x + ∂y)K(x, y) (22)
for y ≥ x. Now, by setting q(x, t) = K(x, x; t), we rewrite equation (22), for y = x, in terms of the dependent variable q to
obtain the modified Korteweg–de Vries equation

qt + qxxx = 6σq2qx. (23)

Thus, each solution of the equations LiF = 0, i = 1, 2, with a sufficiently fast decay rate as x → ∞ determines a solution of
equation (23). Note that we have to solve the linear integral equation (13) at an intermediate step.

Example 3. Consider the Boussinesq equation

wtt + (wwx)x + wxxxx = 0.

This equation arises in several physical applications: propagation of long waves in shallow water, one-dimensional nonlinear
lattice-waves, vibrations in a nonlinear string, and ion sound waves in plasma.

It can be shown that any rapidly decaying (as x → +∞) function F = F (x, y; t), which simultaneously satisfies the
following two linear partial differential equations:

Ft +
√

3(Fxx – Fyy) = 0,

Fxxx + Fyyy = 0,

generates a solution

w = 12
d

dx
K(x, x; t)

of the Boussinesq equation, where K(x, y; t) is a solution of the linear Gel’fand–Levitan–Marchenko integral equation

K(x, y; t) + F (x, y; t) +
∫ ∞

x
K(x, s; t)F (s, y; t) ds = 0.

Time t appears here as a parameter.
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Example 4. Consider the Kadomtsev–Petviashvili equation

(wt + wxxx – 6wwx)x + 3awyy = 0.

It can be shown that any rapidly decaying (as x → +∞) function F = F (x, z; y, t), which simultaneously satisfies the
following two linear partial differential equations:

√
a Fy + Fxx – Fzz = 0,

Ft + 4Fxxx + 4Fzzz = 0,

generates a solution

w = –2
d

dx
K(x, x; y, t)

of the Kadomtsev–Petviashvili equation, where K = K(x, z; y, t) is a solution of the linear Gel’fand–Levitan–Marchenko
integral equation

K(x, z; y, t) + F (x, z; y, t) +
∫ ∞

x
K(x, s; y, t)F (s, z; y, t) ds = 0.

Here the variables y and t are regarded as parameters.

References for Section 18.6: V. E. Zakharov and A. B. Shabat (1974), S. P. Novikov, S. V. Manakov, L. B. Pitaevskii,
and V. E. Zakharov (1984), M. J. Ablowitz and P. A. Clarkson (1991), A. D. Polyanin and V. F. Zaitsev (2004).
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Supplement 1

Elementary Functions
and Their Properties

� Throughout Supplement 1 it is assumed that n is a positive integer, unless otherwise specified.

1.1. Power, Exponential, and Logarithmic Functions

1.1-1. Properties of the Power Function.

Basic properties of the power function:

xαxβ = xα+β , (x1x2)α = xα
1 xα

2 , (xα)β = xαβ ,

for any α and β, where x > 0, x1 > 0, x2 > 0.
Differentiation and integration formulas:

(xα)′ = αxα–1,
∫

xα dx =

⎧⎨⎩ xα+1

α + 1
+ C if α ≠ –1,

ln |x| + C if α = –1.

The Taylor series expansion in a neighborhood of an arbitrary point:

xα =
∞∑
n=0

Cn
αxα–n

0 (x – x0)n for |x – x0| < |x0|,

where Cn
α =

α(α – 1) . . . (α – n + 1)
n!

are binomial coefficients.

1.1-2. Properties of the Exponential Function.

Basic properties of the exponential function:

ax1ax2 = ax1+x2 , axbx = (ab)x, (ax1)x2 = ax1x2 ,

where a > 0 and b > 0.
Number e, base of natural (Napierian) logarithms, and the function ex:

e = lim
n→∞

(
1 +

1
n

)n

= 2.718281 . . . , ex = lim
n→∞

(
1 +

x

n

)n

.
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The formula for passing from an arbitrary base a to the base e of natural logarithms:

ax = ex ln a.

The inequality

ax1 > ax2 ⇐⇒
{

x1 > x2 if a > 1,
x1 < x2 if 0 < a < 1.

The limit relations for any a > 1 and b > 0:

lim
x→+∞

ax

|x|b
= ∞, lim

x→–∞ ax|x|b = 0.

Differentiation and integration formulas:

(ex)′ = ex,
∫

ex dx = ex + C;

(ax)′ = ax ln a,
∫

ax dx =
ax

ln a
+ C.

The expansion in power series:

ex = 1 +
x

1!
+

x2

2!
+

x3

3!
+ · · · +

xn

n!
+ · · · =

∞∑
k=0

xk

k!
.

1.1-3. Properties of the Logarithmic Function.

By definition, the logarithmic function is the inverse of the exponential function. The following
equivalence relation holds:

y = loga x ⇐⇒ x = ay ,

where a > 0, a ≠ 1.
Basic properties of the logarithmic function:

aloga x = x, loga(x1x2) = loga x1 + loga x2,

loga(xk) = k loga x, loga x =
logb x

logb a
,

where x > 0, x1 > 0, x2 > 0, a > 0, a ≠ 1, b > 0, b ≠ 1.
The simplest inequality:

loga x1 > loga x2 ⇐⇒
{

x1 > x2 if a > 1,
x1 < x2 if 0 < a < 1.

For any b > 0, the following limit relations hold:

lim
x→+∞

loga x

xb
= 0, lim

x→+0
xb loga x = 0.

The logarithmic function with the base e (base of natural logarithms or Napierian base) is
denoted by

loge x = ln x,

where e = lim
n→∞

(
1 +

1
n

)n

= 2.718281 . . .
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Formulas for passing from an arbitrary base a to the Napierian base e:

loga x =
ln x

ln a
.

Differentiation and integration formulas:

(ln x)′ =
1
x

,
∫

ln xdx = x ln x – x + C.

Expansion in power series:

ln(1 + x) = x –
x2

2
+

x3

3
–

x4

4
+ · · · =

∞∑
k=1

(–1)k–1 xk

k
, |x| < 1;

ln

(
x + 1
x – 1

)
=

2
x

+
2

3x3
+

2
5x5

+ · · · = 2
∞∑
k=1

1
(2k – 1)x2k–1

, |x| > 1;

ln x = 2

(
x – 1
x + 1

)
+

2
3

(
x – 1
x + 1

)3

+
2
5

(
x – 1
x + 1

)5

+ · · · = 2
∞∑
k=1

1
2k – 1

(
x – 1
x + 1

)2k–1

, x > 0.

1.2. Trigonometric Functions

1.2-1. Simplest Relations.

sin2 x + cos2 x = 1, tan x cot x = 1,

sin(–x) = – sin x, cos(–x) = cos x,

tan x =
sin x

cos x
, cot x =

cos x

sin x
,

tan(–x) = – tan x, cot(–x) = – cot x,

1 + tan2 x =
1

cos2 x
, 1 + cot2 x =

1
sin2 x

.

1.2-2. Reduction Formulas.

sin(x ± 2nπ) = sin x,

sin(x ± nπ) = (–1)n sin x,

sin
(
x ± 2n + 1

2
π
)

= ±(–1)n cos x,

sin
(
x ± π

4

)
=

√
2

2
(sin x ± cos x),

tan(x ± nπ) = tan x,

tan
(
x ± 2n + 1

2
π
)

= – cot x,

tan
(
x ± π

4

)
=

tan x ± 1
1 ∓ tan x

,

cos(x ± 2nπ) = cos x,

cos(x ± nπ) = (–1)n cos x,

cos
(
x ± 2n + 1

2
π
)

= ∓(–1)n sin x,

cos
(
x ± π

4

)
=

√
2

2
(cos x ∓ sin x),

cot(x ± nπ) = cot x,

cot
(
x ± 2n + 1

2
π
)

= – tan x,

cot
(
x ± π

4

)
=

cot x ∓ 1
1 ± cot x

,

where n = 1, 2, . . .
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1.2-3. Relations Between Trigonometric Functions of Single Argument.

sin x = ±
√

1 – cos2 x = ± tan x√
1 + tan2 x

= ± 1√
1 + cot2 x

,

cos x = ±
√

1 – sin2 x = ± 1√
1 + tan2 x

= ± cot x√
1 + cot2 x

,

tan x = ± sin x√
1 – sin2 x

= ±
√

1 – cos2 x

cos x
=

1
cot x

,

cot x = ±
√

1 – sin2 x

sin x
= ± cos x√

1 – cos2 x
=

1
tan x

.

The sign before the radical is determined by the quarter in which the argument takes its values.

1.2-4. Addition and Subtraction of Trigonometric Functions.

sin x + sin y = 2 sin
( x + y

2

)
cos
( x – y

2

)
,

sin x – sin y = 2 sin
( x – y

2

)
cos
( x + y

2

)
,

cos x + cos y = 2 cos
( x + y

2

)
cos
( x – y

2

)
,

cos x – cos y = –2 sin
( x + y

2

)
sin
( x – y

2

)
,

sin2 x – sin2 y = cos2 y – cos2 x = sin(x + y) sin(x – y),

sin2 x – cos2 y = – cos(x + y) cos(x – y),

tan x ± tan y =
sin(x ± y)
cos x cos y

, cot x ± cot y =
sin(y ± x)
sin x sin y

,

a cos x + b sin x = r sin(x + ϕ) = r cos(x – ψ).

Here r =
√

a2 + b2, sin ϕ = a/r, cos ϕ = b/r, sin ψ = b/r, and cos ψ = a/r.

1.2-5. Products of Trigonometric Functions.

sin x sin y = 1
2 [cos(x – y) – cos(x + y)],

cos x cos y = 1
2 [cos(x – y) + cos(x + y)],

sin x cos y = 1
2 [sin(x – y) + sin(x + y)].

1.2-6. Powers of Trigonometric Functions.

cos2 x = 1
2 cos 2x + 1

2 ,

cos3 x = 1
4 cos 3x + 3

4 cos x,

cos4 x = 1
8 cos 4x + 1

2 cos 2x + 3
8 ,

cos5 x = 1
16 cos 5x + 5

16 cos 3x + 5
8 cos x,

sin2 x = – 1
2 cos 2x + 1

2 ,

sin3 x = – 1
4 sin 3x + 3

4 sin x,

sin4 x = 1
8 cos 4x – 1

2 cos 2x + 3
8 ,

sin5 x = 1
16 sin 5x – 5

16 sin 3x + 5
8 sin x,
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cos2n x =
1

22n–1

n–1∑
k=0

Ck
2n cos[2(n – k)x] +

1
22n

Cn
2n,

cos2n+1 x =
1

22n

n∑
k=0

Ck
2n+1 cos[(2n – 2k + 1)x],

sin2n x =
1

22n–1

n–1∑
k=0

(–1)n–kCk
2n cos[2(n – k)x] +

1
22n

Cn
2n,

sin2n+1 x =
1

22n

n∑
k=0

(–1)n–kCk
2n+1 sin[(2n – 2k + 1)x].

Here n = 1, 2, . . . and Ck
m =

m!
k! (m – k)!

are binomial coefficients (0! = 1).

1.2-7. Addition Formulas.

sin(x ± y) = sin x cos y ± cos x sin y,

tan(x ± y) =
tan x ± tan y

1 ∓ tan x tan y
,

cos(x ± y) = cos x cos y ∓ sin x sin y,

cot(x ± y) =
1 ∓ tan x tan y

tan x ± tan y
.

1.2-8. Trigonometric Functions of Multiple Arguments.

cos 2x = 2 cos2 x – 1 = 1 – 2 sin2 x,

cos 3x = –3 cos x + 4 cos3 x,

cos 4x = 1 – 8 cos2 x + 8 cos4 x,

cos 5x = 5 cos x – 20 cos3 x + 16 cos5 x,

sin 2x = 2 sin x cos x,

sin 3x = 3 sin x – 4 sin3 x,

sin 4x = 4 cos x (sin x – 2 sin3 x),

sin 5x = 5 sin x – 20 sin3 x + 16 sin5 x,

cos(2nx) = 1 +
n∑

k=1

(–1)k
n2(n2 – 1) . . . [n2 – (k – 1)2]

(2k)!
4k sin2k x,

cos[(2n+1)x] = cos x

{
1+

n∑
k=1

(–1)k
[(2n+1)2 –1][(2n+1)2–32] . . . [(2n+1)2 –(2k–1)2]

(2k)!
sin2k x

}
,

sin(2nx) = 2n cos x

[
sin x +

n∑
k=1

(–4)k
(n2 – 1)(n2 – 22) . . . (n2 – k2)

(2k – 1)!
sin2k–1 x

]
,

sin[(2n+1)x]=(2n+1)

{
sin x+

n∑
k=1

(–1)k
[(2n+1)2–1][(2n+1)2–32] . . . [(2n+1)2–(2k–1)2]

(2k+1)!
sin2k+1 x

}
,

tan 2x =
2 tan x

1 – tan2 x
, tan 3x =

3 tan x – tan3 x

1 – 3 tan2 x
, tan 4x =

4 tan x – 4 tan3 x

1 – 6 tan2 x + tan4 x
,

where n = 1, 2, . . .

1.2-9. Trigonometric Functions of Half Argument.

sin2 x

2
=

1 – cos x

2
, cos2 x

2
=

1 + cos x

2
,
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tan
x

2
=

sin x

1 + cos x
=

1 – cos x

sin x
, cot

x

2
=

sin x

1 – cos x
=

1 + cos x

sin x
,

sin x =
2 tan x

2

1 + tan2 x
2

, cos x =
1 – tan2 x

2

1 + tan2 x
2

, tan x =
2 tan x

2

1 – tan2 x
2

.

1.2-10. Differentiation Formulas.

d sin x

dx
= cos x,

d cos x

dx
= – sin x,

d tan x

dx
=

1
cos2 x

,
d cot x

dx
= –

1
sin2 x

.

1.2-11. Integration Formulas.

∫
sin xdx = – cosx + C,

∫
cos xdx = sin x + C,∫

tan xdx = – ln | cos x| + C,
∫

cot xdx = ln | sin x| + C,

where C is an arbitrary constant.

1.2-12. Expansion in Power Series.

cos x = 1 –
x2

2!
+

x4

4!
–

x6

6!
+ · · · + (–1)n

x2n

(2n)!
+ · · · (|x| < ∞),

sin x = x –
x3

3!
+

x5

5!
–

x7

7!
+ · · · + (–1)n

x2n+1

(2n + 1)!
+ · · · (|x| < ∞),

tan x = x +
x3

3
+

2x5

15
+

17x7

315
+ · · · +

22n(22n – 1)|B2n|
(2n)!

x2n–1 + · · · (|x| < π/2),

cot x =
1
x

–

(
x

3
+

x3

45
+

2x5

945
+ · · · +

22n|B2n|
(2n)!

x2n–1 + · · ·
)

(0 < |x| < π),

1
cos x

= 1 +
x2

2
+

5x4

24
+

61x6

720
+ · · · +

(–1)nE2n

(2n)!
x2n + · · · (|x| < π/2),

1
sin x

=
1
x

+
x

6
+

7x3

360
+ · · · +

(–1)n–12(22n–1 – 1)B2n

(2n)!
x2n–1 + · · · (0 < |x| < π),

where Bn and En are Bernoulli and Euler numbers (see Supplements 11.1-3 and 11.1-4).

1.2-13. Representation in the Form of Infinite Products.

sin x = x

(
1 –

x2

π2

)(
1 –

x2

4π2

)(
1 –

x2

9π2

)
. . .

(
1 –

x2

n2π2

)
. . .

cos x =

(
1 –

4x2

π2

)(
1 –

4x2

9π2

)(
1 –

4x2

25π2

)
. . .

(
1 –

4x2

(2n + 1)2π2

)
. . .
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1.2-14. Euler and de Moivre Formulas. Relationship with Hyperbolic Functions.

ey+ix = ey(cos x + i sin x), (cos x + i sin x)n = cos(nx) + i sin(nx), i2 = –1,

sin(ix) = i sinh x, cos(ix) = cosh x, tan(ix) = i tanh x, cot(ix) = –i cothx.

1.3. Inverse Trigonometric Functions

1.3-1. Definitions of Inverse Trigonometric Functions.

Inverse trigonometric functions (arc functions) are the functions that are inverse to the trigonometric
functions. Since the trigonometric functions sin x, cos x, tan x, cot x are periodic, the correspond-
ing inverse functions, denoted by Arcsin x, Arccos x, Arctan x, Arccot x, are multi-valued. The
following relations define the multi-valued inverse trigonometric functions:

sin
(
Arcsin x

)
= x, cos

(
Arccos x

)
= x,

tan
(
Arctan x

)
= x, cot

(
Arccot x

)
= x.

These functions admit the following verbal definitions: Arcsin x is the angle whose sine is equal
to x; Arccos x is the angle whose cosine is equal to x; Arctan x is the angle whose tangent is equal
to x; Arccot x is the angle whose cotangent is equal to x.

The principal (single-valued) branches of the inverse trigonometric functions are denoted by

arcsin x ≡ sin–1 x (arcsine is the inverse of sine),

arccos x ≡ cos–1 x (arccosine is the inverse of cosine),

arctan x ≡ tan–1 x (arctangent is the inverse of tangent),

arccot x ≡ cot–1 x (arccotangent is the inverse of cotangent)

and are determined by the inequalities

– π
2 ≤ arcsin x ≤ π

2 , 0 ≤ arccos x ≤ π (–1 ≤ x ≤ 1);

– π
2 < arctan x < π

2 , 0 < arccotx < π (–∞ < x < ∞).

The following equivalent relations can be taken as definitions of single-valued inverse trigono-
metric functions:

y = arcsin x, – 1 ≤ x ≤ 1 ⇐⇒ x = sin y, –
π

2
≤ y ≤

π

2
;

y = arccosx, – 1 ≤ x ≤ 1 ⇐⇒ x = cos y, 0 ≤ y ≤ π;

y = arctan x, – ∞ < x < +∞ ⇐⇒ x = tan y, –
π

2
< y <

π

2
;

y = arccotx, – ∞ < x < +∞ ⇐⇒ x = cot y, 0 < y < π.

The multi-valued and the single-valued inverse trigonometric functions are related by the for-
mulas

Arcsin x = (–1)n arcsin x + πn,

Arccos x = ± arccosx + 2πn,

Arctan x = arctan x + πn,

Arccot x = arccotx + πn,

where n = 0, ±1, ±2, . . .
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1.3-2. Simplest Formulas.

sin(arcsin x) = x, cos(arccosx) = x,

tan(arctan x) = x, cot(arccot x) = x.

1.3-3. Some Properties.

arcsin(–x) = – arcsin x,

arctan(–x) = – arctan x,

arccos(–x) = π – arccos x,

arccot(–x) = π – arccot x,

arcsin(sin x) =

{
x – 2nπ if 2nπ – π

2 ≤ x ≤ 2nπ + π
2 ,

–x + 2(n + 1)π if (2n + 1)π – π
2 ≤ x ≤ 2(n + 1)π + π

2 ,

arccos(cos x) =

{
x – 2nπ if 2nπ ≤ x ≤ (2n + 1)π,
–x + 2(n + 1)π if (2n + 1)π ≤ x ≤ 2(n + 1)π,

arctan(tan x) = x – nπ if nπ – π
2 < x < nπ + π

2 ,

arccot(cot x) = x – nπ if nπ < x < (n + 1)π.

1.3-4. Relations Between Inverse Trigonometric Functions.

arcsin x+arccos x = π
2 , arctan x+arccot x = π

2 ;

arcsin x =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

arccos
√

1–x2 if 0 ≤ x ≤ 1,

– arccos
√

1–x2 if –1 ≤ x ≤ 0,

arctan
x√

1–x2
if –1 < x < 1,

arccot

√
1–x2

x
–π if –1 ≤ x < 0;

arccos x =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

arcsin
√

1–x2 if 0 ≤ x ≤ 1,

π–arcsin
√

1–x2 if –1 ≤ x ≤ 0,

arctan

√
1–x2

x
if 0 < x ≤ 1,

arccot
x√

1–x2
if –1 < x < 1;

arctan x =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

arcsin
x√

1+x2
for any x,

arccos
1√

1+x2
if x ≥ 0,

– arccos
1√

1+x2
if x ≤ 0,

arccot
1
x

if x > 0;

arccotx =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

arcsin
1√

1+x2
if x > 0,

π–arcsin
1√

1+x2
if x < 0,

arctan
1
x

if x > 0,

π+arctan
1
x

if x < 0.

1.3-5. Addition and Subtraction of Inverse Trigonometric Functions.

arcsin x + arcsin y = arcsin
(
x
√

1 – y2 + y
√

1 – x2
)

for x2 + y2 ≤ 1,

arccos x ± arccos y = ± arccos
[
xy ∓

√
(1 – x2)(1 – y2)

]
for x ± y ≥ 0,

arctan x + arctan y = arctan
x + y

1 – xy
for xy < 1,

arctan x – arctan y = arctan
x – y

1 + xy
for xy > –1.
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1.3-6. Differentiation Formulas.

d

dx
arcsin x =

1√
1 – x2

,
d

dx
arccos x = –

1√
1 – x2

,

d

dx
arctan x =

1
1 + x2

,
d

dx
arccotx = –

1
1 + x2

.

1.3-7. Integration Formulas.∫
arcsin xdx = x arcsin x +

√
1 – x2 + C,

∫
arccos xdx = x arccos x –

√
1 – x2 + C,∫

arctan xdx = x arctan x –
1
2

ln(1 + x2) + C,
∫

arccot xdx = x arccot x +
1
2

ln(1 + x2) + C,

where C is an arbitrary constant.

1.3-8. Expansion in Power Series.

arcsin x = x +
1
2

x3

3
+

1 × 3
2 × 4

x5

5
+

1 × 3 × 5
2 × 4 × 6

x7

7
+ · · ·+ 1 × 3 × · · ·× (2n – 1)

2 × 4 × · · ·× (2n)
x2n+1

2n + 1
+ · · · (|x| < 1),

arctan x = x –
x3

3
+

x5

5
–

x7

7
+ · · ·+ (–1)n–1 x2n–1

2n – 1
+ · · · (|x| ≤ 1),

arctan x =
π

2
–

1
x

+
1

3x3
–

1
5x5

+ · · ·+ (–1)n
1

(2n – 1)x2n–1
+ · · · (|x| > 1).

The expansions for arccos x and arccotx can be obtained from the relations arccos x = π
2 –arcsin x

and arccot x = π
2 – arctan x.

1.4. Hyperbolic Functions

1.4-1. Definitions of Hyperbolic Functions.

Hyperbolic functions are defined in terms of the exponential functions as follows:

sinh x =
ex – e–x

2
, cosh x =

ex + e–x

2
,

tanh x =
ex – e–x

ex + e–x
, coth x =

ex + e–x

ex – e–x
.

1.4-2. Simplest Relations.

cosh2 x – sinh2 x = 1,

sinh(–x) = – sinh x,

tanh x =
sinh x

cosh x
,

tanh(–x) = – tanh x,

1 – tanh2 x =
1

cosh2 x
,

tanh x coth x = 1,

cosh(–x) = cosh x,

coth x =
cosh x

sinh x
,

coth(–x) = – coth x,

coth2 x – 1 =
1

sinh2 x
.
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1.4-3. Relations Between Hyperbolic Functions of Single Argument (x ≥ 0).

sinh x =
√

cosh2 x – 1 =
tanh x√

1 – tanh2 x
=

1√
coth2 x – 1

,

cosh x =
√

sinh2 x + 1 =
1√

1 – tanh2 x
=

coth x√
coth2 x – 1

,

tanh x =
sinh x√

sinh2 x + 1
=

√
cosh2 x – 1

cosh x
=

1
coth x

,

coth x =

√
sinh2 x + 1

sinh x
=

cosh x√
cosh2 x – 1

=
1

tanh x
.

1.4-4. Addition and Subtraction of Hyperbolic Functions.

sinh x + sinh y = 2 sinh
( x + y

2

)
cosh

( x – y

2

)
,

sinh x – sinh y = 2 sinh
( x – y

2

)
cosh

( x + y

2

)
,

cosh x + cosh y = 2 cosh
( x + y

2

)
cosh

( x – y

2

)
,

cosh x – cosh y = 2 sinh
( x + y

2

)
sinh
( x – y

2

)
,

sinh2 x – sinh2 y = cosh2 x – cosh2 y = sinh(x + y) sinh(x – y),

sinh2 x + cosh2 y = cosh(x + y) cosh(x – y),

(cosh x ± sinh x)n = cosh(nx) ± sinh(nx),

tanh x ± tanh y =
sinh(x ± y)

cosh x cosh y
, coth x ± coth y = ± sinh(x ± y)

sinh x sinh y
,

where n = 0, ±1, ±2, . . .

1.4-5. Products of Hyperbolic Functions.

sinh x sinh y = 1
2 [cosh(x + y) – cosh(x – y)],

cosh x cosh y = 1
2 [cosh(x + y) + cosh(x – y)],

sinh x cosh y = 1
2 [sinh(x + y) + sinh(x – y)].

1.4-6. Powers of Hyperbolic Functions.

cosh2 x = 1
2 cosh 2x+ 1

2 ,

cosh3 x = 1
4 cosh 3x+ 3

4 cosh x,

cosh4 x = 1
8 cosh 4x+ 1

2 cosh 2x+ 3
8 ,

cosh5 x = 1
16 cosh 5x+ 5

16 cosh 3x+ 5
8 cosh x,

sinh2 x = 1
2 cosh 2x– 1

2 ,

sinh3 x = 1
4 sinh 3x– 3

4 sinh x,

sinh4 x = 1
8 cosh 4x– 1

2 cosh 2x+ 3
8 ,

sinh5 x = 1
16 sinh 5x– 5

16 sinh 3x+ 5
8 sinh x,
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cosh2n x =
1

22n–1

n–1∑
k=0

Ck
2n cosh[2(n–k)x]+

1
22n

Cn
2n,

cosh2n+1 x =
1

22n

n∑
k=0

Ck
2n+1 cosh[(2n–2k+1)x],

sinh2n x =
1

22n–1

n–1∑
k=0

(–1)kCk
2n cosh[2(n–k)x]+

(–1)n

22n
Cn

2n,

sinh2n+1 x =
1

22n

n∑
k=0

(–1)kCk
2n+1 sinh[(2n–2k+1)x].

Here n = 1, 2, . . . and Ck
m are binomial coefficients.

1.4-7. Addition Formulas.

sinh(x ± y) = sinh x cosh y ± sinh y cosh x, cosh(x ± y) = cosh x cosh y ± sinh x sinh y,

tanh(x ± y) =
tanh x ± tanh y

1 ± tanh x tanh y
, coth(x ± y) =

coth x coth y ± 1
coth y ± coth x

.

1.4-8. Hyperbolic Functions of Multiple Argument.

cosh 2x = 2 cosh2 x– 1,

cosh 3x = –3 cosh x+ 4 cosh3 x,

cosh 4x = 1 – 8 cosh2 x+ 8 cosh4 x,

cosh 5x = 5 cosh x– 20 cosh3 x+ 16 cosh5 x,

sinh 2x = 2 sinh x cosh x,

sinh 3x = 3 sinh x+ 4 sinh3 x,

sinh 4x = 4 cosh x(sinh x+ 2 sinh3 x),

sinh 5x = 5 sinh x+ 20 sinh3 x+ 16 sinh5 x.

cosh(nx) = 2n–1 coshn x+
n

2

[n/2]∑
k=0

(–1)k+1

k + 1
Ck–2

n–k–22n–2k–2(cosh x)n–2k–2,

sinh(nx) = sinh x

[(n–1)/2]∑
k=0

2n–k–1Ck
n–k–1(cosh x)n–2k–1.

Here Ck
m are binomial coefficients and [A] stands for the integer part of the number A.

1.4-9. Hyperbolic Functions of Half Argument.

sinh
x

2
= sign x

√
cosh x – 1

2
, cosh

x

2
=

√
cosh x + 1

2
,

tanh
x

2
=

sinh x

cosh x + 1
=

cosh x – 1
sinh x

, coth
x

2
=

sinh x

cosh x – 1
=

cosh x + 1
sinh x

.
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1.4-10. Differentiation Formulas.

d sinh x

dx
= cosh x,

d cosh x

dx
= sinh x,

d tanh x

dx
=

1

cosh2 x
,

d coth x

dx
= –

1

sinh2 x
.

1.4-11. Integration Formulas.

∫
sinh xdx = cosh x + C,

∫
cosh xdx = sinh x + C,∫

tanh xdx = ln cosh x + C,
∫

coth xdx = ln | sinh x| + C,

where C is an arbitrary constant.

1.4-12. Expansion in Power Series.

cosh x = 1 +
x2

2!
+

x4

4!
+

x6

6!
+ · · ·+ x2n

(2n)!
+ · · · (|x| < ∞),

sinh x = x +
x3

3!
+

x5

5!
+

x7

7!
+ · · ·+

x2n+1

(2n + 1)!
+ · · · (|x| < ∞),

tanh x = x –
x3

3
+

2x5

15
–

17x7

315
+ · · ·+ (–1)n–1 22n(22n – 1)|B2n|x2n–1

(2n)!
+ · · · (|x| < π/2),

coth x =
1
x

+
x

3
–

x3

45
+

2x5

945
– · · ·+ (–1)n–1 22n|B2n|x2n–1

(2n)!
+ · · · (|x| < π),

1
cosh x

= 1 –
x2

2
+

5x4

24
–

61x6

720
+ · · ·+

E2n

(2n)!
x2n + · · · (|x| < π/2),

1
sinh x

=
1
x

–
x

6
+

7x3

360
–

31x5

15120
+ · · ·+ 2(22n–1 – 1)B2n

(2n)!
x2n–1 + · · · (0 < |x| < π),

where Bn and En are Bernoulli and Euler numbers (see Supplements 11.1-3 and 11.1-4).

1.4-13. Representation in the Form of Infinite Products.

sinh x = x

(
1 +

x2

π2

)(
1 +

x2

4π2

)(
1 +

x2

9π2

)
. . .

(
1 +

x2

n2π2

)
. . .

cosh x =

(
1 +

4x2

π2

)(
1 +

4x2

9π2

)(
1 +

4x2

25π2

)
. . .

(
1 +

4x2

(2n + 1)2π2

)
. . .

1.4-14. Relationship with Trigonometric Functions.

sinh(ix) = i sin x, cosh(ix) = cos x, tanh(ix) = i tan x, coth(ix) = –i cotx, i2 = –1.
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1.5. Inverse Hyperbolic Functions
1.5-1. Definitions of Inverse Hyperbolic Functions.

Inverse hyperbolic functions are the functions that are inverse to hyperbolic functions. The following
notation is used for inverse hyperbolic functions:

arcsinh x ≡ sinh–1 x (inverse of hyperbolic sine),

arccosh x ≡ cosh–1 x (inverse of hyperbolic cosine),

arctanh x ≡ tanh–1 x (inverse of hyperbolic tangent),

arccoth x ≡ coth–1 x (inverse of hyperbolic cotangent).

Inverse hyperbolic functions can be expressed in terms of logarithmic functions:

arcsinh x = ln
(
x +

√
x2 + 1

)
(x is any); arccosh x = ln

(
x +

√
x2 – 1

)
(x ≥ 1);

arctanh x =
1
2

ln
1 + x

1 – x
(|x| < 1); arccoth x =

1
2

ln
x + 1
x – 1

(|x| > 1).

Here only one (principal) branch of the function arccosh x is listed, the function itself being double-
valued. In order to write out both branches of arccosh x, the symbol ± should be placed before the
logarithm on the right-hand side of the formula.

1.5-2. Simplest Relations.

arcsinh(–x) = – arcsinh x, arctanh(–x) = – arctanh x, arccoth(–x) = – arccothx.

1.5-3. Relations Between Inverse Hyperbolic Functions.

arcsinh x = arccosh
√

x2 + 1 = arctanh
x√

x2 + 1
,

arccosh x = arcsinh
√

x2 – 1 = arctanh

√
x2 – 1
x

,

arctanh x = arcsinh
x√

1 – x2
= arccosh

1√
1 – x2

= arccoth
1
x

.

1.5-4. Addition and Subtraction of Inverse Hyperbolic Functions.

arcsinh x ± arcsinh y = arcsinh
(
x
√

1 + y2 ± y
√

1 + x2
)
,

arccosh x ± arccosh y = arccosh
[
xy ±

√
(x2 – 1)(y2 – 1)

]
,

arcsinh x ± arccosh y = arcsinh
[
xy ±

√
(x2 + 1)(y2 – 1)

]
,

arctanh x ± arctanh y = arctanh
x ± y

1 ± xy
, arctanh x ± arccoth y = arctanh

xy ± 1
y ± x

.

1.5-5. Differentiation Formulas.

d

dx
arcsinh x =

1√
x2 + 1

,

d

dx
arctanh x =

1
1 – x2

(x2 < 1),

d

dx
arccosh x =

1√
x2 – 1

,

d

dx
arccoth x =

1
1 – x2

(x2 > 1).
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1.5-6. Integration Formulas.

∫
arcsinh xdx = x arcsinh x –

√
1 + x2 + C,∫

arccosh xdx = x arccosh x –
√

x2 – 1 + C,∫
arctanh xdx = x arctanh x +

1
2

ln(1 – x2) + C,∫
arccoth xdx = x arccoth x +

1
2

ln(x2 – 1) + C,

where C is an arbitrary constant.

1.5-7. Expansion in Power Series.

arcsinh x = x –
1
2

x3

3
+

1 × 3
2 × 4

x5

5
– · · · + (–1)n

1 × 3 × · · · × (2n – 1)
2 × 4 × · · · × (2n)

x2n+1

2n + 1
+ · · · (|x| < 1),

arcsinh x = ln(2x) +
1
2

1
2x2

+
1 × 3
2 × 4

1
4x4

+ · · · +
1 × 3 × · · · × (2n – 1)

2 × 4 × · · · × (2n)
1

2nx2n
+ · · · (|x| > 1),

arccosh x = ln(2x) –
1
2

1
2x2

–
1 × 3
2 × 4

1
4x4

– · · · –
1 × 3 × · · · × (2n – 1)

2 × 4 × · · · × (2n)
1

2nx2n
– · · · (|x| > 1),

arctanh x = x +
x3

3
+

x5

5
+

x7

7
+ · · · +

x2n+1

2n + 1
+ · · · (|x| < 1),

arccoth x =
1
x

+
1

3x3
+

1
5x5

+
1

7x7
+ · · · +

1
(2n + 1)x2n+1

+ · · · (|x| > 1).

References for Supplement 1: M. Abramowitz and I. A. Stegun (1964), A. P. Prudnikov, Yu. A. Brychkov, and
O. I. Marichev (1986), D. G. Zill and J. M. Dewar (1990), M. Kline (1998), R. Courant and F. John (1999), I. S. Gradshteyn
and I. M. Ryzhik (2000), G. A. Korn and T. M. Korn (2000), C. H. Edwards and D. Penney (2002), D. Zwillinger (2002),
E. W. Weisstein (2003), I. N. Bronshtein and K. A. Semendyayev (2004), M. Sullivan (2004), H. Anton, I. Bivens, and
S. Davis (2005), R. Adams (2006).



Supplement 2

Finite Sums and Infinite Series

2.1. Finite Numerical Sums

2.1-1. Progressions.

Arithmetic progression:

1.
n–1∑
k=0

(a + bk) = an +
bn(n – 1)

2
.

Geometric progression:

2.
n∑

k=1

aqk–1 = a
qn – 1
q – 1

.

Arithmetic-geometric progression:

3.
n–1∑
k=0

(a + bk)qk =
a(1 – qn) – b(n – 1)qn

1 – q
+

bq(1 – qn–1)
(1 – q)2

.

2.1-2. Sums of Powers of Natural Numbers Having the Form
∑

km.

1.
n∑

k=1

k =
n(n + 1)

2
.

2.
n∑

k=1

k2 =
1
6

n(n + 1)(2n + 1).

3.
n∑

k=1

k3 =
1
4

n2(n + 1)2.

4.
n∑

k=1

k4 =
1
30

n(n + 1)(2n + 1)(3n2 + 3n – 1).

5.
n∑

k=1

k5 =
1
12

n2(n + 1)2(2n2 + 2n – 1).

6.
n∑

k=1

km =
nm+1

m + 1
+

nm

2
+

1
2
C1

mB2n
m–1 +

1
4

C3
mB4n

m–3 +
1
6

C5
mB6n

m–5 + · · · .

Here the Ck
m are binomial coefficients and the B2k are Bernoulli numbers (see Supplement 11.1-3);

the last term in the sum contains n or n2.

919
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2.1-3. Alternating Sums of Powers of Natural Numbers,
∑

(–1)kkm.

1.
n∑

k=1

(–1)kk = (–1)n
[n – 1

2

]
; [m] stands for the integer part of m.

2.
n∑

k=1

(–1)kk2 = (–1)n
n(n + 1)

2
.

3.
n∑

k=1

(–1)kk3 =
1
8

[
1 + (–1)n(4n3 + 6n2 – 1)

]
.

4.
n∑

k=1

(–1)kk4 = (–1)n
1
2

(n4 + 2n3 – n).

5.
n∑

k=1

(–1)kk5 =
1
4

[
–1 + (–1)n(2n5 + 5n4 – 5n2 + 1)

]
.

2.1-4. Other Sums Containing Integers.

1.
n∑

k=0

(2k + 1) = (n + 1)2.

2.
n∑

k=0

(2k + 1)2 =
1
3

(n + 1)(2n + 1)(2n + 3).

3.
n∑

k=1

k(k + 1) =
1
3

n(n + 1)(n + 2).

4.
n∑

k=1

(k + a)(k + b) =
1
6

n(n + 1)(2n + 1 + 3a + 3b) + nab.

5.
n∑

k=1

k k! = (n + 1)! – 1.

6.
n∑

k=0

(–1)k(2k + 1) = (–1)n(n + 1).

7.
n∑

k=0

(–1)k(2k + 1)2 = 2(–1)n(n + 1)2 –
1
2

[
1 + (–1)n

]
.

2.1-5. Sums Containing Binomial Coefficients.

� Throughout Supplement 2.1-5, it is assumed that m = 1, 2, 3, . . .

1.
n∑

k=0

Ck
n = 2n.

2.
n∑

k=0

Cm
m+k = Cm+1

n+m+1.

3.
n∑

k=0

(–1)kCk
m = (–1)nCn

m–1.
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4.
n∑

k=0

(k + 1)Ck
n = 2n–1(n + 2).

5.
n∑

k=1

(–1)k+1kCk
n = 0.

6.
n∑

k=1

(–1)k+1

k
Ck

n =
n∑

m=1

1
m

.

7.
n∑

k=1

(–1)k+1

k + 1
Ck

n =
n

n + 1
.

8.
n∑

k=0

1
k + 1

Ck
n =

2n+1 – 1
n + 1

.

9.
n∑

k=0

ak+1

k + 1
Ck

n =
(a + 1)n+1 – 1

n + 1
.

10.
p∑

k=0

Ck
nCp–k

m = Cp
n+m; m and p are natural numbers.

11.
n–p∑
k=0

Ck
nCp+k

n =
(2n)!

(n – p)! (n + p)!
.

12.
n∑

k=0

(Ck
n)2 = Cn

2n.

13.
2n∑
k=0

(–1)k(Ck
2n)2 = (–1)nCn

2n.

14.
2n+1∑
k=0

(–1)k(Ck
2n+1)2 = 0.

15.
n∑

k=1

k(Ck
n)2 =

(2n – 1)!
[(n – 1)!]2

.

2.1-6. Other Numerical Sums.

1.
n–1∑
k=1

sin
πk

n
= cot

π

2n
.

2.
n∑

k=1

sin2m πk

2n
=

n

22m
Cm

2m +
1
2

, m < 2n.

3.
n–1∑
k=0

(–1)k cosm πk

n
=

1
2

[
1 – (–1)m+n

]
, m = 0, 1, . . . , n – 1.

4.
n–1∑
k=0

(–1)k cosn πk

n
=

n

2n–1
.
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2.2. Finite Functional Sums
2.2-1. Sums Involving Hyperbolic Functions.

1.
n–1∑
k=0

sinh(kx + a) = sinh

(
n – 1

2
x + a

)
sinh(nx/2)
sinh(x/2)

.

2.
n–1∑
k=0

cosh(kx + a) = cosh

(
n – 1

2
x + a

)
sinh(nx/2)
sinh(x/2)

.

3.
n–1∑
k=0

(–1)k sinh(kx + a) =
1

2 cosh(x/2)

[
sinh

(
a –

x

2

)
+ (–1)n sinh

(
2n – 1

2
x + a

)]
.

4.
n–1∑
k=0

(–1)k cosh(kx + a) =
1

2 cosh(x/2)

[
cosh

(
a –

x

2

)
+ (–1)n cosh

(
2n – 1

2
x + a

)]
.

5.
n–1∑
k=1

k sinh(kx + a) = –
1

sinh2(x/2)

{
n sinh[(n – 1)x + a] – (n – 1) sinh(nx + a) – sinh a

}
.

6.
n–1∑
k=1

k cosh(kx + a) = –
1

sinh2(x/2)

{
n cosh[(n – 1)x + a] – (n – 1) cosh(nx + a) – cosh a

}
.

7.
n–1∑
k=1

(–1)kk sinh(kx + a) =
1

cosh2(x/2)

{
(–1)n–1n sinh[(n – 1)x + a]

+ (–1)n–1(n – 1) sinh(nx + a) – sinh a
}

.

8.
n–1∑
k=1

(–1)kk cosh(kx + a) =
1

cosh2(x/2)

{
(–1)n–1n cosh[(n – 1)x + a]

+ (–1)n–1(n – 1) cosh(nx + a) – cosh a
}

.

9.
n∑

k=0

Ck
n sinh(kx + a) = 2n coshn x

2
sinh

(
nx

2
+ a

)
.

10.
n∑

k=0

Ck
n cosh(kx + a) = 2n coshn x

2
cosh

(
nx

2
+ a

)
.

11.
n–1∑
k=1

ak sinh(kx) =
a sinh x – an sinh(nx) + an+1 sinh[(n – 1)x]

1 – 2a cosh x + a2
.

12.
n–1∑
k=0

ak cosh(kx) =
1 – a cosh x – an cosh(nx) + an+1 cosh[(n – 1)x]

1 – 2a cosh x + a2
.

13.
n∑

k=1

1
2k

tanh
x

2k
= coth x –

1
2n

coth
x

2n
.

14.
n–1∑
k=0

2k tanh(2kx) = 2n coth(2nx) – coth x.

2.2-2. Sums Involving Trigonometric Functions.

1.
n∑

k=1

sin(2kx) = sin[(n + 1)x] sin(nx) cosec x.
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2.
n∑

k=0

cos(2kx) = sin[(n + 1)x] cos(nx) cosec x.

3.
n∑

k=1

sin[(2k – 1)x] = sin2(nx) cosec x.

4.
n∑

k=1

cos[(2k – 1)x] = sin(nx) cos(nx) cosec x.

5.
n–1∑
k=0

sin(kx + a) = sin

(
n – 1

2
x + a

)
sin

nx

2
cosec

x

2
.

6.
n–1∑
k=0

cos(kx + a) = cos

(
n – 1

2
x + a

)
sin

nx

2
cosec

x

2
.

7.
2n–1∑
k=0

(–1)k cos(kx + a) = sin

(
2n – 1

2
x + a

)
sin(nx) sec

x

2
.

8.
n∑

k=1

(–1)k+1 sin[(2k – 1)x] = (–1)n+1 sin(2nx)
2 cos x

.

9.
n∑

k=1

(–1)k cos(2kx) = –
1
2

+ (–1)n
cos[(2n + 1)x]

2 cos x
.

10.
n∑

k=1

sin2(kx) =
n

2
–

cos[(n + 1)x] sin(nx)
2 sin x

.

11.
n∑

k=1

cos2(kx) =
n

2
+

cos[(n + 1)x] sin(nx)
2 sin x

.

12.
n–1∑
k=1

k sin(2kx) =
sin(2nx)
4 sin2 x

–
n cos[(2n – 1)x]

2 sin x
.

13.
n–1∑
k=1

k cos(2kx) =
n sin[(2n – 1)x]

2 sin x
–

1 – cos(2nx)
4 sin2 x

.

14.
n–1∑
k=1

ak sin(kx) =
a sin x – an sin(nx) + an+1 sin[(n – 1)x]

1 – 2a cos x + a2
.

15.
n–1∑
k=0

ak cos(kx) =
1 – a cos x – an cos(nx) + an+1 cos[(n – 1)x]

1 – 2a cos x + a2
.

16.
n∑

k=0

Ck
n sin(kx + a) = 2n cosn x

2
sin

(
nx

2
+ a

)
.

17.
n∑

k=0

Ck
n cos(kx + a) = 2n cosn x

2
cos

(
nx

2
+ a

)
.

18.
n∑

k=0

(–1)kCk
n sin(kx + a) = (–2)n sinn x

2
sin

(
nx

2
+

πn

2
+ a

)
.

19.
n∑

k=0

(–1)kCk
n cos(kx + a) = (–2)n sinn x

2
cos

(
nx

2
+

πn

2
+ a

)
.



924 FINITE SUMS AND INFINITE SERIES

20.
n∑

k=1

(
2k sin2 x

2k

)2

=

(
2n sin2 x

2n

)2

– sin2 x.

21.
n∑

k=0

1
2k

tan
x

2k
=

1
2n

cot
x

2n
– 2 cot(2x).

2.3. Infinite Numerical Series

2.3-1. Progressions.

1.
∞∑
k=0

aqk =
a

1 – q
, |q| < 1.

2.
∞∑
k=0

(a + bk)qk =
a

1 – q
+

bq

(1 – q)2
, |q| < 1.

2.3-2. Other Numerical Series.

1.
∞∑
n=0

(–1)n

n + 1
= ln 2.

2.
∞∑
n=0

(–1)n

2n + 1
=

π

4
.

3.
∞∑
n=1

1
n(n + 1)

= 1.

4.
∞∑
n=1

(–1)n

n(n + 1)
= 1 – 2 ln 2.

5.
∞∑
n=1

1
n(n + 2)

=
3
4

.

6.
∞∑
n=1

(–1)n

n(n + 2)
= –

1
4

.

7.
∞∑
n=1

1
(2n – 1)(2n + 1)

=
1
2

.

8.
∞∑
n=1

1
n2

=
π2

6
.

9.
∞∑
n=1

(–1)n+1

n2
=

π2

12
.

10.
∞∑
n=1

1
(2n – 1)2

=
π2

8
.

11.
∞∑
n=1

1
n2 + a2

=
π

2a
coth(πa) –

1
2a2

.
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12.
∞∑
n=1

1
n2 – a2

= –
π

2a
cot(πa) +

1
2a2

.

13.
∞∑
k=1

1
k2n

=
22n–1π2n

(2n)!
|B2n|; the B2n are Bernoulli numbers (see Supplement 11.1-3).

14.
∞∑
k=1

(–1)k+1

k2n
=

(22n–1 – 1)π2n

(2n)!
|B2n|; the B2n are Bernoulli numbers.

15.
∞∑
k=1

1
(2k – 1)2n

=
(22n–1 – 1)π2n

2(2n)!
|B2n|; the B2n are Bernoulli numbers.

16.
∞∑
k=1

1
k2k

= ln 2.

17.
∞∑
k=0

(–1)k

n2k
=

n2

n2 + 1
.

18.
∞∑
k=0

1
k!

= e = 2.71828 . . .

19.
∞∑
k=0

(–1)k

k!
=

1
e

= 0.36787 . . .

20.
∞∑
k=1

k

(k + 1)!
= 1.

2.4. Infinite Functional Series
2.4-1. Power Series.

1.
∞∑
k=0

xk =
1

1 – x
, |x| < 1.

2.
∞∑
k=1

kxk =
x

(1 – x)2
, |x| < 1.

3.
∞∑
k=1

k2xk =
x(x + 1)
(1 – x)3

, |x| < 1.

4.
∞∑
k=1

k3xk =
x(1 + 4x + x2)

(1 – x)4
, |x| < 1.

5.
∞∑
k=0

(±1)kknxk =

(
x

d

dx

)n 1
1 ∓ x

, |x| < 1.

6.
∞∑
k=1

xk

k
= – ln(1 – x), –1 ≤ x < 1.

7.
∞∑
k=1

(–1)k–1 xk

k
= ln(1 + x), |x| < 1.

8.
∞∑
k=1

x2k–1

2k – 1
=

1
2

ln
1 + x

1 – x
, |x| < 1.
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9.
∞∑
k=1

(–1)k–1 x2k–1

2k – 1
= arctan x, |x| ≤ 1.

10.
∞∑
k=1

xk

k2
= –
∫ x

0

ln(1 – t)
t

dt, |x| ≤ 1.

11.
∞∑
k=1

xk+1

k(k + 1)
= x + (1 – x) ln(1 – x), |x| ≤ 1.

12.
∞∑
k=1

xk+2

k(k + 2)
=

x

2
+

x2

4
+

1
2

(1 – x2) ln(1 – x), |x| ≤ 1.

13.
∞∑
k=0

xk

k!
= ex, x is any number.

14.
∞∑
k=0

x2k

(2k)!
= cosh x, x is any number.

15.
∞∑
k=0

(–1)k
x2k

(2k)!
= cos x, x is any number.

16.
∞∑
k=0

x2k+1

(2k + 1)!
= sinh x, x is any number.

17.
∞∑
k=0

(–1)k
x2k+1

(2k + 1)!
= sin x, x is any number.

18.
∞∑
k=0

xk+1

k! (k + 1)
= ex – 1, x is any number.

19.
∞∑
k=0

xk+2

k! (k + 2)
= (x – 1)ex + 1, x is any number.

20.
∞∑
k=0

(–1)k
x2k+1

k! (2k + 1)
=

√
π

2
erf x, x is any number.

21.
∞∑
k=0

(k + a)n

k!
xk =

[
dn

dtn
exp(at + xet)

]
t=0

, x is any number.

22.
∞∑
k=1

22k(22k – 1)|B2k|
(2k)!

x2k–1 = tan x; the B2k are Bernoulli numbers, |x| < π/2.

23.
∞∑
k=1

(–1)k–1 22k(22k – 1)|B2k|
(2k)!

x2k–1 = tanh x; the B2k are Bernoulli numbers, |x| < π/2.

24.
∞∑
k=1

22k|B2k |
(2k)!

x2k–1 =
1
x

– cot x; the B2k are Bernoulli numbers, 0 < |x| < π.

25.
∞∑
k=1

(–1)k–1 22k |B2k|
(2k)!

x2k–1 = coth x –
1
x

; the B2k are Bernoulli numbers, |x| < π.



2.4. INFINITE FUNCTIONAL SERIES 927

2.4-2. Trigonometric Series in One Variable Involving Sine.

1.
∞∑
k=1

1
k

sin(kx) =
1
2

(π – x), 0 < x < 2π.

2.
∞∑
k=1

(–1)k–1

k
sin(kx) =

1
2
x, –π < x < π.

3.
∞∑
k=1

ak

k
sin(kx) = arctan

a sin x

1 – a cos x
, 0 < x < 2π, |a| ≤ 1.

4.
∞∑
k=0

1
2k + 1

sin(kx) =
π

4
cos

x

2
– sin

x

2
ln

(
cot2

x

4

)
, 0 < x < 2π.

5.
∞∑
k=0

(–1)k

2k + 1
sin(kx) = –

1
4

cos
x

2
ln

(
cot2

x + π

4

)
–

π

4
sin

x

2
, –π < x < π.

6.
∞∑
k=1

1
k2

sin(kx) = –
∫ x

0
ln

(
2 sin

t

2

)
dt, 0 ≤ x < π.

7.
∞∑
k=1

(–1)k

k2
sin(kx) = –

∫ x

0
ln

(
2 cos

t

2

)
dt, –π < x < π.

8.
∞∑
k=1

1
k(k + 1)

sin(kx) = (π – x) sin2 x

2
+ sin x ln

(
2 sin

x

2

)
, 0 ≤ x ≤ 2π.

9.
∞∑
k=1

(–1)k

k(k + 1)
sin(kx) = –x cos2 x

2
+ sin x ln

(
2 cos

x

2

)
, –π ≤ x ≤ π.

10.
∞∑
k=1

k

k2 + a2
sin(kx) =

π

2 sinh(πa)
sinh[a(π – x)], 0 < x < 2π.

11.
∞∑
k=1

(–1)k+1 k

k2 + a2
sin(kx) =

π

2 sinh(πa)
sinh(ax), –π < x < π.

12.
∞∑
k=1

k

k2 – a2
sin(kx) =

π

2 sin(πa)
sin[a(π – x)], 0 < x < 2π.

13.
∞∑
k=1

(–1)k+1 k

k2 – a2
sin(kx) =

π

2 sin(πa)
sin(ax), –π < x < π.

14.
∞∑
k=2

(–1)k
k

k2 – 1
sin(kx) =

1
4

sin x +
1
2

x cos x, –π < x < π.

15.
∞∑
k=1

1
k2n+1

sin(kx) =
(–1)n–1(2π)2n+1

2(2n + 1)!
B2n+1

(
x

2π

)
, where 0 ≤ x ≤ 2π for n = 1, 2, . . . ;

0 < x < 2π for n = 0; and the Bn(x) are Bernoulli polynomials (see Supplement 11.18-1).

16.
∞∑
k=1

(–1)k

k2n+1
sin(kx) =

(–1)n–1(2π)2n+1

2(2n + 1)!
B2n+1

(
x + π

2π

)
, where –π < x ≤ π for n = 0, 1, . . . ;

the Bn(x) are Bernoulli polynomials.

17.
∞∑
k=1

1
k!

sin(kx) = exp(cos x) sin(sin x), x is any number.
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18.
∞∑
k=1

(–1)k

k!
sin(kx) = – exp(– cosx) sin(sin x), x is any number.

19.
∞∑
k=0

1
(2k)!

sin(kx) = sin

(
sin

x

2

)
sinh

(
cos

x

2

)
, x is any number.

20.
∞∑
k=0

(–1)k

(2k)!
sin(kx) = – sin

(
cos

x

2

)
sinh

(
sin

x

2

)
, x is any number.

21.
∞∑
k=0

ak

k!
sin(kx) = exp(k cos x) sin(k sin x), |a| ≤ 1, x is any number.

22.
∞∑
k=0

ak sin(kx) =
a sin x

1 – 2a cos x + a2
, |a| < 1, x is any number.

23.
∞∑
k=1

kak sin(kx) =
a(1 – a2) sin x

(1 – 2a cos x + a2)2
, |a| < 1, x is any number.

24.
∞∑
k=1

1
k

sin(kx + a) =
1
2

(π – x) cos a – ln

(
2 sin

x

2

)
sin a, 0 < x < 2π.

25.
∞∑
k=1

(–1)k–1

k
sin(kx + a) =

1
2
x cos a + ln

(
2 cos

x

2

)
sin a, –π < x < π.

26.
∞∑
k=1

sin[(2k – 1)x]
2k – 1

=
π

4
, 0 < x < π.

27.
∞∑
k=1

(–1)k–1 sin[(2k – 1)x]
2k – 1

=
1
2

ln tan

(
x

2
+

π

4

)
, –

π

2
< x <

π

2
.

28.
∞∑
k=1

a2k–1 sin[(2k – 1)x]
2k – 1

=
1
2

arctan
2a sin x

1 – a2
, 0 < x < 2π, |a| ≤ 1.

29.
∞∑
k=1

(–1)k–1a2k–1 sin[(2k – 1)x]
2k – 1

=
1
4

ln
1 + 2a sin x + a2

1 – 2a sin x + a2
, 0 < x < π, |a| ≤ 1.

30.
∞∑
k=1

(–1)k
sin[(k + 1)x]

k(k + 1)
= sin x –

1
2

x(1 + cos x) – sin x ln

∣∣∣∣2 cos
x

2

∣∣∣∣.
31.

∞∑
k=0

a2k+1 sin[(2k + 1)x] =
a(1 + a2) sin x

(1 + a2)2 – 4a2 cos2 x
, |a| < 1, x is any number.

32.
∞∑
k=0

(–1)ka2k+1 sin[(2k + 1)x] =
a(1 – a2) sin x

(1 + a2)2 – 4a2 sin2 x
, |a| < 1, x is any number.

33.
∞∑
k=1

sin[2(k + 1)x]
k(k + 1)

= sin(2x) – (π – 2x) sin2 x – sin x cos x ln(4 sin2 x), 0 ≤ x ≤ π.

34.
∞∑
k=1

(–1)k
sin[(2k + 1)x]

(2k + 1)2
=

{ 1
4 πx if – 1

2 π ≤ x ≤ 1
2 π,

1
4 π(π – x) if 1

2 π ≤ x ≤ 3
2 π.

2.4-3. Trigonometric Series in One Variable Involving Cosine.

1.
∞∑
k=1

1
k

cos(kx) = – ln

(
2 sin

x

2

)
, 0 < x < 2π.
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2.
∞∑
k=1

(–1)k–1

k
cos(kx) = ln

(
2 cos

x

2

)
, –π < x < π.

3.
∞∑
k=1

ak

k
cos(kx) = ln

1√
1 – 2a cos x + a2

, 0 < x < 2π, |a| ≤ 1.

4.
∞∑
k=0

1
2k + 1

cos(kx) =
π

4
sin

x

2
+ cos

x

2
ln

(
cot2

x

4

)
, 0 < x < 2π.

5.
∞∑
k=0

(–1)k

2k + 1
cos(kx) = –

1
4

sin
x

2
ln

(
cot2

x + π

4

)
+

π

4
cos

x

2
, –π < x < π.

6.
∞∑
k=1

1
k2

cos(kx) =
1
12

(3x2 – 6πx + 2π2), 0 ≤ x ≤ 2π.

7.
∞∑
k=1

(–1)k

k2
cos(kx) =

1
12

(3x2 – π2), –π ≤ x ≤ π.

8.
∞∑
k=1

1
k(k + 1)

cos(kx) =
1
2

(x – π) sin x – 2 sin2 x

2
ln

(
2 sin

x

2

)
+ 1, 0 ≤ x ≤ 2π.

9.
∞∑
k=1

(–1)k

k(k + 1)
cos(kx) = –

1
2
x sin x – 2 cos2 x

2
ln

(
2 cos

x

2

)
+ 1, –π ≤ x ≤ π.

10.
∞∑
k=1

1
k2 + a2

cos(kx) =
π

2a sinh(πa)
cosh[a(π – x)] –

1
2a2

, 0 ≤ x ≤ 2π.

11.
∞∑
k=1

1
k2 – a2

cos(kx) = –
π

2a sin(πa)
cos[a(π – x)] +

1
2a2

, 0 ≤ x ≤ 2π.

12.
∞∑
k=2

(–1)k

k2 – 1
cos(kx) =

1
2

–
1
4

cos x –
1
2

x sin x, –π ≤ x ≤ π.

13.
∞∑
k=2

k

k2 – 1
cos(kx) = –

1
2

–
1
4

cos x – cos x ln

(
2 sin

x

2

)
, 0 < x < 2π.

14.
∞∑
k=1

1
k2n

cos(kx) =
(–1)n–1(2π)2n

2(2n)!
B2n

(
x

2π

)
, where 0 ≤ x ≤ 2π for n = 1, 2, . . . ;

the Bn(x) are Bernoulli polynomials (see Supplement 11.18-1).

15.
∞∑
k=1

(–1)k

k2n
cos(kx) =

(–1)n–1(2π)2n

2(2n)!
B2n

(
x + π

2π

)
, where –π ≤ x ≤ π for n = 1, 2, . . . ;

the Bn(x) are Bernoulli polynomials.

16.
∞∑
k=0

1
k!

cos(kx) = exp(cos x) cos(sin x), x is any number.

17.
∞∑
k=0

(–1)k

k!
cos(kx) = exp(– cos x) cos(sin x), x is any number.

18.
∞∑
k=0

1
(2k)!

cos(kx) = cos

(
sin

x

2

)
cosh

(
cos

x

2

)
, x is any number.

19.
∞∑
k=0

(–1)k

(2k)!
cos(kx) = cos

(
cos

x

2

)
cosh

(
sin

x

2

)
, x is any number.
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20.
∞∑
k=0

ak

k!
cos(kx) = exp(a cos x) cos(a sin x), |a| ≤ 1, x is any number.

21.
∞∑
k=0

ak cos(kx) =
1 – a cos x

1 – 2a cosx + a2
, |a| < 1, x is any number.

22.
∞∑
k=1

kak cos(kx) =
a(1 + a2) cos x – 2a2

(1 – 2a cos x + a2)2
, |a| < 1, x is any number.

23.
∞∑
k=1

1
k

cos(kx + a) =
1
2

(x – π) sin a – ln

(
2 sin

x

2

)
cos a, 0 < x < 2π.

24.
∞∑
k=1

(–1)k–1

k
cos(kx + a) = –

1
2

x sin a + ln

(
2 cos

x

2

)
cos a, –π < x < π.

25.
∞∑
k=1

cos[(2k – 1)x]
2k – 1

=
1
2

ln cot
x

2
, 0 < x < π.

26.
∞∑
k=1

(–1)k–1 cos[(2k – 1)x]
2k – 1

=
π

4
, 0 < x < π.

27.
∞∑
k=1

a2k–1 cos[(2k – 1)x]
2k – 1

=
1
4

ln
1 + 2a cos x + a2

1 – 2a cos x + a2
, 0 < x < 2π, |a| ≤ 1.

28.
∞∑
k=1

(–1)k–1a2k–1 cos[(2k – 1)x]
2k – 1

=
1
2

arctan
2a cosx

1 – a2
, 0 < x < π, |a| ≤ 1.

29.
∞∑
k=1

cos[(2k – 1)x]
(2k – 1)2

=
π

4

(
π

2
– |x|
)

, –π ≤ x ≤ π.

30.
∞∑
k=1

(–1)k
cos[(k + 1)x]

k(k + 1)
= cos x –

1
2

x sin x – (1 + cos x) ln

∣∣∣∣2 cos
x

2

∣∣∣∣.
31.

∞∑
k=0

a2k+1 cos[(2k + 1)x] =
a(1 – a2) cos x

(1 + a2)2 – 4a2 cos2 x
, |a| < 1, x is any number.

32.
∞∑
k=0

(–1)ka2k+1 cos[(2k + 1)x] =
a(1 + a2) cos x

(1 + a2)2 – 4a2 sin2 x
, |a| < 1, x is any number.

33.
∞∑
k=1

cos[2(k + 1)x]
k(k + 1)

= cos(2x) –

(
π

2
– x

)
sin(2x) + sin2 x ln(4 sin2 x), 0 ≤ x ≤ π.

2.4-4. Trigonometric Series in Two Variables.

1.
∞∑
k=1

1
k

sin(kx) sin(ky) =
1
2

ln

∣∣∣∣sin
x + y

2
cosec

x – y

2

∣∣∣∣, x ± y ≠ 0, 2π, 4π, . . .

2.
∞∑
k=1

(–1)k

k
sin(kx) sin(ky) =

1
2

ln

∣∣∣∣cos
x + y

2
sec

x – y

2

∣∣∣∣, x ± y ≠ π, 3π, 5π, . . .

3.
∞∑
k=1

1
k2

sin(kx) sin(ky) =

{
1
2 x(π – y) if –y ≤ x ≤ y,
1
2 y(π – x) if y ≤ x ≤ 2π – y.

Here 0 < y < π.
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4.
∞∑
k=1

(–1)k+1

k2
sin(kx) sin(ky) =

1
2

xy, |x ± y| ≤ π.

5.
∞∑
k=1

ak

k
sin(kx) sin(ky) =

1
4

ln
4a sin2[(x + y)/2] + (a – 1)2

4a sin2[(x – y)/2] + (a – 1)2
, 0 < a < 1.

6.
∞∑
k=1

1
k2

sin2(kx) sin2(ky) =
1
2

πx, 0 ≤ x ≤ y ≤
π

2
.

7.
∞∑
k=1

1
k

cos(kx) cos(ky) = –
1
2

ln
∣∣2(cosx – cos y)

∣∣, x ± y ≠ 0, 2π, 4π, . . .

8.
∞∑
k=1

(–1)k

k
cos(kx) cos(ky) = –

1
2

ln
∣∣2(cos x + cos y)

∣∣, x ± y ≠ π, 3π, 5π, . . .

9.
∞∑
k=1

1
k

sin(kx) cos(ky) =

⎧⎪⎨⎪⎩
– 1

2 if 0 < x < y,
1
4 (π – 2y) if x = y,
1
2 (π – x) if y < x < π.

Here 0 < y < π.

10.
∞∑
k=1

1
k2

cos(kx) cos(ky) =

{
1
12

[
3x2 + 3(y – π)2 – π2

]
if 0 ≤ x ≤ y,

1
12

[
3y2 + 3(x – π)2 – π2

]
if y ≤ x ≤ π.

Here 0 < y < π.

11.
∞∑
k=1

(–1)k

k2
cos(kx) cos(ky) =

{
1
12

[
3(x2 +y2)–π2

]
if –(π–y) ≤ x ≤ π–y,

1
12

[
3(x–π)2 +3(y –π)2 –π2

]
if π–y ≤ x ≤ π+y.

Here 0 < y < π.

References for Supplement 2: H. B. Dwight (1961), V. Mangulis (1965), E. R. Hansen (1975), I. S. Gradshteyn and
I. M. Ryzhik (2000), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1986), D. Zwillinger (2002).





Supplement 3

Tables of Indefinite Integrals

� Throughout Supplement 3, the integration constant C is omitted for brevity.

3.1. Integrals Involving Rational Functions

3.1-1. Integrals Involving a + bx.

1.
∫

dx

a + bx
=

1
b

ln |a + bx|.

2.
∫

(a + bx)ndx =
(a + bx)n+1

b(n + 1)
, n ≠ –1.

3.
∫

xdx

a + bx
=

1
b2

(
a + bx – a ln |a + bx|

)
.

4.
∫

x2 dx

a + bx
=

1
b3

[ 1
2

(a + bx)2 – 2a(a + bx) + a2 ln |a + bx|
]
.

5.
∫

dx

x(a + bx)
= –

1
a

ln
∣∣∣ a + bx

x

∣∣∣.
6.
∫

dx

x2(a + bx)
= –

1
ax

+
b

a2
ln
∣∣∣ a + bx

x

∣∣∣.
7.
∫

xdx

(a + bx)2
=

1
b2

(
ln |a + bx| +

a

a + bx

)
.

8.
∫

x2 dx

(a + bx)2
=

1
b3

(
a + bx – 2a ln |a + bx| –

a2

a + bx

)
.

9.
∫

dx

x(a + bx)2
=

1
a(a + bx)

–
1
a2

ln
∣∣∣ a + bx

x

∣∣∣.
10.

∫
xdx

(a + bx)3
=

1
b2

[
–

1
a + bx

+
a

2(a + bx)2

]
.

3.1-2. Integrals Involving a + x and b + x.

1.
∫

a + x

b + x
dx = x + (a – b) ln |b + x|.

2.
∫

dx

(a + x)(b + x)
=

1
a – b

ln
∣∣∣ b + x

a + x

∣∣∣, a ≠ b. For a = b, see Integral 2 with n = –2 in

Supplement 3.1-1.

3.
∫

xdx

(a + x)(b + x)
=

1
a – b

(
a ln |a + x| – b ln |b + x|

)
.

933
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4.
∫

dx

(a + x)(b + x)2
=

1
(b – a)(b + x)

+
1

(a – b)2
ln
∣∣∣ a + x

b + x

∣∣∣.
5.
∫

xdx

(a + x)(b + x)2
=

b

(a – b)(b + x)
–

a

(a – b)2
ln
∣∣∣ a + x

b + x

∣∣∣.
6.
∫

x2 dx

(a + x)(b + x)2
=

b2

(b – a)(b + x)
+

a2

(a – b)2
ln |a + x| +

b2 – 2ab

(b – a)2
ln |b + x|.

7.
∫

dx

(a + x)2(b + x)2
= –

1
(a – b)2

( 1
a + x

+
1

b + x

)
+

2
(a – b)3

ln
∣∣∣ a + x

b + x

∣∣∣.
8.
∫

xdx

(a + x)2(b + x)2
=

1
(a – b)2

( a

a + x
+

b

b + x

)
+

a + b

(a – b)3
ln
∣∣∣ a + x

b + x

∣∣∣.
9.
∫

x2 dx

(a + x)2(b + x)2
= –

1
(a – b)2

( a2

a + x
+

b2

b + x

)
+

2ab

(a – b)3
ln
∣∣∣ a + x

b + x

∣∣∣.
3.1-3. Integrals Involving a2 + x2.

1.
∫

dx

a2 + x2
=

1
a

arctan
x

a
.

2.
∫

dx

(a2 + x2)2
=

x

2a2(a2 + x2)
+

1
2a3

arctan
x

a
.

3.
∫

dx

(a2 + x2)3
=

x

4a2(a2 + x2)2
+

3x

8a4(a2 + x2)
+

3
8a5

arctan
x

a
.

4.
∫

dx

(a2 + x2)n+1
=

x

2na2(a2 + x2)n
+

2n – 1
2na2

∫
dx

(a2 + x2)n
; n = 1, 2, . . .

5.
∫

xdx

a2 + x2
=

1
2

ln(a2 + x2).

6.
∫

xdx

(a2 + x2)2
= –

1
2(a2 + x2)

.

7.
∫

xdx

(a2 + x2)3 = –
1

4(a2 + x2)2 .

8.
∫

xdx

(a2 + x2)n+1
= –

1
2n(a2 + x2)n

; n = 1, 2, . . .

9.
∫

x2 dx

a2 + x2
= x – a arctan

x

a
.

10.
∫

x2 dx

(a2 + x2)2
= –

x

2(a2 + x2)
+

1
2a

arctan
x

a
.

11.
∫

x2 dx

(a2 + x2)3
= –

x

4(a2 + x2)2
+

x

8a2(a2 + x2)
+

1
8a3

arctan
x

a
.

12.
∫

x2 dx

(a2 + x2)n+1
= –

x

2n(a2 + x2)n
+

1
2n

∫
dx

(a2 + x2)n
; n = 1, 2, . . .

13.
∫

x3 dx

a2 + x2
=

x2

2
–

a2

2
ln(a2 + x2).

14.
∫

x3 dx

(a2 + x2)2
=

a2

2(a2 + x2)
+

1
2

ln(a2 + x2).

15.
∫

x3 dx

(a2 + x2)n+1
= –

1
2(n – 1)(a2 + x2)n–1

+
a2

2n(a2 + x2)n
; n = 2, 3, . . .

16.
∫

dx

x(a2 + x2)
=

1
2a2

ln
x2

a2 + x2
.



3.1. INTEGRALS INVOLVING RATIONAL FUNCTIONS 935

17.
∫

dx

x(a2 + x2)2
=

1
2a2(a2 + x2)

+
1

2a4
ln

x2

a2 + x2
.

18.
∫

dx

x(a2 + x2)3
=

1
4a2(a2 + x2)2

+
1

2a4(a2 + x2)
+

1
2a6

ln
x2

a2 + x2
.

19.
∫

dx

x2(a2 + x2)
= –

1
a2x

–
1
a3

arctan
x

a
.

20.
∫

dx

x2(a2 + x2)2
= –

1
a4x

–
x

2a4(a2 + x2)
–

3
2a5

arctan
x

a
.

21.
∫

dx

x3(a2 + x2)2
= –

1
2a4x2

–
1

2a4(a2 + x2)
–

1
a6

ln
x2

a2 + x2
.

22.
∫

dx

x2(a2 + x2)3
= –

1
a6x

–
x

4a4(a2 + x2)2
–

7x

8a6(a2 + x2)
–

15
8a7

arctan
x

a
.

23.
∫

dx

x3(a2 + x2)3
= –

1
2a6x2

–
1

a6(a2 + x2)
–

1
4a4(a2 + x2)2

–
3

2a8
ln

x2

a2 + x2
.

3.1-4. Integrals Involving a2 – x2.

1.
∫

dx

a2 – x2
=

1
2a

ln
∣∣∣ a + x

a – x

∣∣∣.
2.
∫

dx

(a2 – x2)2
=

x

2a2(a2 – x2)
+

1
4a3

ln
∣∣∣ a + x

a – x

∣∣∣.
3.
∫

dx

(a2 – x2)3
=

x

4a2(a2 – x2)2
+

3x

8a4(a2 – x2)
+

3
16a5

ln
∣∣∣ a + x

a – x

∣∣∣.
4.
∫

dx

(a2 – x2)n+1
=

x

2na2(a2 – x2)n
+

2n – 1
2na2

∫
dx

(a2 – x2)n
; n = 1, 2, . . .

5.
∫

xdx

a2 – x2
= –

1
2

ln |a2 – x2|.

6.
∫

xdx

(a2 – x2)2
=

1
2(a2 – x2)

.

7.
∫

xdx

(a2 – x2)3
=

1
4(a2 – x2)2

.

8.
∫

xdx

(a2 – x2)n+1
=

1
2n(a2 – x2)n

; n = 1, 2, . . .

9.
∫

x2 dx

a2 – x2
= –x +

a

2
ln
∣∣∣ a + x

a – x

∣∣∣.
10.

∫
x2 dx

(a2 – x2)2
=

x

2(a2 – x2)
–

1
4a

ln
∣∣∣ a + x

a – x

∣∣∣.
11.

∫
x2 dx

(a2 – x2)3
=

x

4(a2 – x2)2
–

x

8a2(a2 – x2)
–

1
16a3

ln
∣∣∣ a + x

a – x

∣∣∣.
12.

∫
x2 dx

(a2 – x2)n+1
=

x

2n(a2 – x2)n
–

1
2n

∫
dx

(a2 – x2)n
; n = 1, 2, . . .

13.
∫

x3 dx

a2 – x2
= –

x2

2
–

a2

2
ln |a2 – x2|.

14.
∫

x3 dx

(a2 – x2)2
=

a2

2(a2 – x2)
+

1
2

ln |a2 – x2|.



936 TABLES OF INDEFINITE INTEGRALS

15.
∫

x3 dx

(a2 – x2)n+1
= –

1
2(n – 1)(a2 – x2)n–1

+
a2

2n(a2 – x2)n
; n = 2, 3, . . .

16.
∫

dx

x(a2 – x2)
=

1
2a2

ln
∣∣∣ x2

a2 – x2

∣∣∣.
17.

∫
dx

x(a2 – x2)2
=

1
2a2(a2 – x2)

+
1

2a4
ln
∣∣∣ x2

a2 – x2

∣∣∣.
18.

∫
dx

x(a2 – x2)3
=

1
4a2(a2 – x2)2

+
1

2a4(a2 – x2)
+

1
2a6

ln
∣∣∣ x2

a2 – x2

∣∣∣.
3.1-5. Integrals Involving a3 + x3.

1.
∫

dx

a3 + x3
=

1
6a2

ln
(a + x)2

a2 – ax + x2
+

1

a2
√

3
arctan

2x – a

a
√

3
.

2.
∫

dx

(a3 + x3)2
=

x

3a3(a3 + x3)
+

2
3a3

∫
dx

a3 + x3
.

3.
∫

xdx

a3 + x3
=

1
6a

ln
a2 – ax + x2

(a + x)2
+

1

a
√

3
arctan

2x – a

a
√

3
.

4.
∫

xdx

(a3 + x3)2
=

x2

3a3(a3 + x3)
+

1
3a3

∫
xdx

a3 + x3
.

5.
∫

x2 dx

a3 + x3
=

1
3

ln |a3 + x3|.

6.
∫

dx

x(a3 + x3)
=

1
3a3

ln
∣∣∣ x3

a3 + x3

∣∣∣.
7.
∫

dx

x(a3 + x3)2
=

1
3a3(a3 + x3)

+
1

3a6
ln
∣∣∣ x3

a3 + x3

∣∣∣.
8.
∫

dx

x2(a3 + x3)
= –

1
a3x

–
1
a3

∫
xdx

a3 + x3
.

9.
∫

dx

x2(a3 + x3)2
= –

1
a6x

–
x2

3a6(a3 + x3)
–

4
3a6

∫
xdx

a3 + x3
.

3.1-6. Integrals Involving a3 – x3.

1.
∫

dx

a3 – x3
=

1
6a2

ln
a2 + ax + x2

(a – x)2
+

1

a2
√

3
arctan

2x + a

a
√

3
.

2.
∫

dx

(a3 – x3)2
=

x

3a3(a3 – x3)
+

2
3a3

∫
dx

a3 – x3
.

3.
∫

xdx

a3 – x3
=

1
6a

ln
a2 + ax + x2

(a – x)2
–

1

a
√

3
arctan

2x + a

a
√

3
.

4.
∫

xdx

(a3 – x3)2
=

x2

3a3(a3 – x3)
+

1
3a3

∫
xdx

a3 – x3
.

5.
∫

x2 dx

a3 – x3
= –

1
3

ln |a3 – x3|.

6.
∫

dx

x(a3 – x3)
=

1
3a3

ln
∣∣∣ x3

a3 – x3

∣∣∣.
7.
∫

dx

x(a3 – x3)2
=

1
3a3(a3 – x3)

+
1

3a6
ln
∣∣∣ x3

a3 – x3

∣∣∣.
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8.
∫

dx

x2(a3 – x3)
= –

1
a3x

+
1
a3

∫
xdx

a3 – x3
.

9.
∫

dx

x2(a3 – x3)2 = –
1

a6x
–

x2

3a6(a3 – x3)
+

4
3a6

∫
xdx

a3 – x3 .

3.1-7. Integrals Involving a4 ± x4.

1.
∫

dx

a4 + x4
=

1

4a3
√

2
ln

a2 + ax
√

2 + x2

a2 – ax
√

2 + x2
+

1

2a3
√

2
arctan

ax
√

2
a2 – x2

.

2.
∫

xdx

a4 + x4
=

1
2a2

arctan
x2

a2
.

3.
∫

x2 dx

a4 + x4 = –
1

4a
√

2
ln

a2 + ax
√

2 + x2

a2 – ax
√

2 + x2
+

1

2a
√

2
arctan

ax
√

2
a2 – x2 .

4.
∫

dx

a4 – x4
=

1
4a3

ln
∣∣∣ a + x

a – x

∣∣∣ +
1

2a3
arctan

x

a
.

5.
∫

xdx

a4 – x4
=

1
4a2

ln
∣∣∣ a2 + x2

a2 – x2

∣∣∣.
6.
∫

x2 dx

a4 – x4
=

1
4a

ln
∣∣∣ a + x

a – x

∣∣∣ –
1

2a
arctan

x

a
.

3.2. Integrals Involving Irrational Functions

3.2-1. Integrals Involving x1/2.

1.
∫

x1/2 dx

a2 + b2x
=

2
b2

x1/2 –
2a

b3
arctan

bx1/2

a
.

2.
∫

x3/2 dx

a2 + b2x
=

2x3/2

3b2
–

2a2x1/2

b4
+

2a3

b5
arctan

bx1/2

a
.

3.
∫

x1/2 dx

(a2 + b2x)2
= –

x1/2

b2(a2 + b2x)
+

1
ab3

arctan
bx1/2

a
.

4.
∫

x3/2 dx

(a2 + b2x)2
=

2x3/2

b2(a2 + b2x)
+

3a2x1/2

b4(a2 + b2x)
–

3a

b5
arctan

bx1/2

a
.

5.
∫

dx

(a2 + b2x)x1/2
=

2
ab

arctan
bx1/2

a
.

6.
∫

dx

(a2 + b2x)x3/2
= –

2
a2x1/2

–
2b

a3
arctan

bx1/2

a
.

7.
∫

dx

(a2 + b2x)2x1/2
=

x1/2

a2(a2 + b2x)
+

1
a3b

arctan
bx1/2

a
.

8.
∫

x1/2 dx

a2 – b2x
= –

2
b2

x1/2 +
2a

b3
ln
∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
9.
∫

x3/2 dx

a2 – b2x
= –

2x3/2

3b2
–

2a2x1/2

b4
+

a3

b5
ln
∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
10.

∫
x1/2 dx

(a2 – b2x)2
=

x1/2

b2(a2 – b2x)
–

1
2ab3

ln
∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
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11.
∫

x3/2 dx

(a2 – b2x)2
=

3a2x1/2 – 2b2x3/2

b4(a2 – b2x)
–

3a

2b5
ln
∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
12.

∫
dx

(a2 – b2x)x1/2
=

1
ab

ln
∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
13.

∫
dx

(a2 – b2x)x3/2
= –

2
a2x1/2

+
b

a3
ln
∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
14.

∫
dx

(a2 – b2x)2x1/2
=

x1/2

a2(a2 – b2x)
+

1
2a3b

ln
∣∣∣ a + bx1/2

a – bx1/2

∣∣∣.
3.2-2. Integrals Involving (a + bx)p/2.

1.
∫

(a + bx)p/2 dx =
2

b(p + 2)
(a + bx)(p+2)/2.

2.
∫

x(a + bx)p/2 dx =
2
b2

[
(a + bx)(p+4)/2

p + 4
–

a(a + bx)(p+2)/2

p + 2

]
.

3.
∫

x2(a + bx)p/2 dx =
2
b3

[
(a + bx)(p+6)/2

p + 6
–

2a(a + bx)(p+4)/2

p + 4
+

a2(a + bx)(p+2)/2

p + 2

]
.

3.2-3. Integrals Involving (x2 + a2)1/2.

1.
∫

(x2 + a2)1/2 dx =
1
2
x(a2 + x2)1/2 +

a2

2
ln
[
x + (x2 + a2)1/2

]
.

2.
∫

x(x2 + a2)1/2 dx =
1
3

(a2 + x2)3/2.

3.
∫

(x2 + a2)3/2 dx =
1
4
x(a2 + x2)3/2 +

3
8
a2x(a2 + x2)1/2 +

3
8
a4 ln

∣∣x + (x2 + a2)1/2
∣∣.

4.
∫

1
x

(x2 + a2)1/2 dx = (a2 + x2)1/2 – a ln
∣∣∣ a + (x2 + a2)1/2

x

∣∣∣.
5.
∫

dx√
x2 + a2

= ln
[
x + (x2 + a2)1/2

]
.

6.
∫

xdx√
x2 + a2

= (x2 + a2)1/2.

7.
∫

(x2 + a2)–3/2 dx = a–2x(x2 + a2)–1/2.

3.2-4. Integrals Involving (x2 – a2)1/2.

1.
∫

(x2 – a2)1/2 dx =
1
2

x(x2 – a2)1/2 –
a2

2
ln
∣∣x + (x2 – a2)1/2

∣∣.
2.
∫

x(x2 – a2)1/2 dx =
1
3

(x2 – a2)3/2.

3.
∫

(x2 – a2)3/2 dx =
1
4

x(x2 – a2)3/2 –
3
8
a2x(x2 – a2)1/2 +

3
8

a4 ln
∣∣x + (x2 – a2)1/2

∣∣.
4.
∫

1
x

(x2 – a2)1/2 dx = (x2 – a2)1/2 – a arccos
∣∣∣ a
x

∣∣∣.
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5.
∫

dx√
x2 – a2

= ln
∣∣x + (x2 – a2)1/2

∣∣.
6.
∫

xdx√
x2 – a2

= (x2 – a2)1/2.

7.
∫

(x2 – a2)–3/2 dx = –a–2x(x2 – a2)–1/2.

3.2-5. Integrals Involving (a2 – x2)1/2.

1.
∫

(a2 – x2)1/2 dx =
1
2

x(a2 – x2)1/2 +
a2

2
arcsin

x

a
.

2.
∫

x(a2 – x2)1/2 dx = –
1
3

(a2 – x2)3/2.

3.
∫

(a2 – x2)3/2 dx =
1
4

x(a2 – x2)3/2 +
3
8

a2x(a2 – x2)1/2 +
3
8
a4 arcsin

x

a
.

4.
∫

1
x

(a2 – x2)1/2 dx = (a2 – x2)1/2 – a ln
∣∣∣ a + (a2 – x2)1/2

x

∣∣∣.
5.
∫

dx√
a2 – x2

= arcsin
x

a
.

6.
∫

xdx√
a2 – x2

= –(a2 – x2)1/2.

7.
∫

(a2 – x2)–3/2 dx = a–2x(a2 – x2)–1/2.

3.2-6. Integrals Involving Arbitrary Powers. Reduction Formulas.

1.
∫

dx

x(axn + b)
=

1
bn

ln
∣∣∣ xn

axn + b

∣∣∣.
2.
∫

dx

x
√

xn + a2
=

2
an

ln
∣∣∣ xn/2

√
xn + a2 + a

∣∣∣.
3.
∫

dx

x
√

xn – a2
=

2
an

arccos
∣∣∣ a

xn/2

∣∣∣.
4.
∫

dx

x
√

ax2n + bxn
= –

2
√

ax2n + bxn

bnxn
.

� The parameters a, b, p, m, and n below in Integrals 5–8 can assume arbitrary values, except for
those at which denominators vanish in successive applications of a formula. Notation: w = axn + b.

5.
∫

xm(axn + b)p dx =
1

m + np + 1

(
xm+1wp + npb

∫
xmwp–1 dx

)
.

6.
∫

xm(axn + b)p dx =
1

bn(p + 1)

[
–xm+1wp+1 + (m + n + np + 1)

∫
xmwp+1 dx

]
.

7.
∫

xm(axn + b)p dx =
1

b(m + 1)

[
xm+1wp+1 – a(m + n + np + 1)

∫
xm+nwp dx

]
.

8.
∫

xm(axn + b)p dx =
1

a(m + np + 1)

[
xm–n+1wp+1 –b(m – n + 1)

∫
xm–nwp dx

]
.
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3.3. Integrals Involving Exponential Functions

1.
∫

eax dx =
1
a

eax.

2.
∫

ax dx =
ax

ln a
.

3.
∫

xeax dx = eax
( x

a
–

1
a2

)
.

4.
∫

x2eax dx = eax
( x2

a
–

2x

a2
+

2
a3

)
.

5.
∫

xneax dx=eax
[ 1
a

xn–
n

a2
xn–1+

n(n – 1)
a3

xn–2–· · ·+(–1)n–1 n!
an

x+(–1)n
n!

an+1

]
, n=1, 2, . . .

6.
∫

Pn(x)eax dx=eax
n∑

k=0

(–1)k

ak+1

dk

dxk
Pn(x), where Pn(x) is an arbitrary polynomial of degree n.

7.
∫

dx

a + bepx
=

x

a
–

1
ap

ln |a + bepx|.

8.
∫

dx

aepx + be–px
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

p
√

ab
arctan

(
epx

√
a

b

)
if ab > 0,

1

2p
√

–ab
ln

(
b + epx

√
–ab

b – epx
√

–ab

)
if ab < 0.

9.
∫

dx√
a + bepx

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

p
√

a
ln

√
a + bepx –

√
a√

a + bepx +
√

a
if a > 0,

2
p
√

–a
arctan

√
a + bepx

√
–a

if a < 0.

3.4. Integrals Involving Hyperbolic Functions

3.4-1. Integrals Involving cosh x.

1.
∫

cosh(a + bx) dx =
1
b

sinh(a + bx).

2.
∫

x cosh xdx = x sinh x – cosh x.

3.
∫

x2 cosh xdx = (x2 + 2) sinh x – 2x cosh x.

4.
∫

x2n cosh xdx = (2n)!
n∑

k=1

[
x2k

(2k)!
sinh x –

x2k–1

(2k – 1)!
cosh x

]
.

5.
∫

x2n+1 cosh xdx = (2n + 1)!
n∑

k=0

[
x2k+1

(2k + 1)!
sinh x –

x2k

(2k)!
cosh x

]
.

6.
∫

xp cosh xdx = xp sinh x – pxp–1 cosh x + p(p – 1)
∫

xp–2 cosh xdx.

7.
∫

cosh2 xdx = 1
2 x + 1

4 sinh 2x.

8.
∫

cosh3 xdx = sinh x + 1
3 sinh3 x.
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9.
∫

cosh2n xdx = Cn
2n

x

22n
+

1
22n–1

n–1∑
k=0

Ck
2n

sinh[2(n – k)x]
2(n – k)

, n = 1, 2, . . .

10.
∫

cosh2n+1 xdx =
1

22n

n∑
k=0

Ck
2n+1

sinh[(2n – 2k + 1)x]
2n – 2k + 1

=
n∑

k=0

Ck
n

sinh2k+1 x

2k + 1
, n = 1, 2, . . .

11.
∫

coshp xdx =
1
p

sinh x coshp–1 x +
p – 1

p

∫
coshp–2 xdx.

12.
∫

cosh ax cosh bx dx =
1

a2 – b2
(a cosh bx sinh ax – b cosh ax sinh bx).

13.
∫

dx

cosh ax
=

2
a

arctan
(
eax
)
.

14.
∫

dx

cosh2n x
=

sinh x

2n – 1

[
1

cosh2n–1 x

+
n–1∑
k=1

2k(n – 1)(n – 2) . . . (n – k)
(2n – 3)(2n – 5) . . . (2n – 2k – 1)

1

cosh2n–2k–1 x

]
, n = 1, 2, . . .

15.
∫

dx

cosh2n+1 x
=

sinh x

2n

[
1

cosh2n x

+
n–1∑
k=1

(2n – 1)(2n – 3) . . . (2n – 2k + 1)
2k(n – 1)(n – 2) . . . (n – k)

1

cosh2n–2kx

]
+

(2n – 1)!!
(2n)!!

arctan sinh x, n = 1, 2, . . .

16.
∫

dx

a + b cosh x
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
–

sign x√
b2 – a2

arcsin
b + a cosh x

a + b cosh x
if a2 < b2,

1√
a2 – b2

ln
a + b +

√
a2 – b2 tanh(x/2)

a + b –
√

a2 – b2 tanh(x/2)
if a2 > b2.

3.4-2. Integrals Involving sinh x.

1.
∫

sinh(a + bx) dx =
1
b

cosh(a + bx).

2.
∫

x sinh xdx = x cosh x – sinh x.

3.
∫

x2 sinh xdx = (x2 + 2) cosh x – 2x sinh x.

4.
∫

x2n sinh xdx = (2n)!

[ n∑
k=0

x2k

(2k)!
cosh x –

n∑
k=1

x2k–1

(2k – 1)!
sinh x

]
.

5.
∫

x2n+1 sinh xdx = (2n + 1)!
n∑

k=0

[
x2k+1

(2k + 1)!
cosh x –

x2k

(2k)!
sinh x

]
.

6.
∫

xp sinh xdx = xp cosh x – pxp–1 sinh x + p(p – 1)
∫

xp–2 sinh xdx.

7.
∫

sinh2 xdx = – 1
2 x + 1

4 sinh 2x.

8.
∫

sinh3 xdx = – cosh x + 1
3 cosh3 x.

9.
∫

sinh2n xdx = (–1)nCn
2n

x

22n
+

1
22n–1

n–1∑
k=0

(–1)kCk
2n

sinh[2(n – k)x]
2(n – k)

, n = 1, 2, . . .
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10.
∫

sinh2n+1 xdx =
1

22n

n∑
k=0

(–1)kCk
2n+1

cosh[(2n – 2k + 1)x]
2n – 2k + 1

=
n∑

k=0

(–1)n+kCk
n

cosh2k+1 x

2k + 1
, n = 1, 2, . . .

11.
∫

sinhp xdx =
1
p

sinhp–1 x cosh x –
p – 1

p

∫
sinhp–2 xdx.

12.
∫

sinh ax sinh bx dx =
1

a2 – b2

(
a cosh ax sinh bx – b cosh bx sinh ax

)
.

13.
∫

dx

sinh ax
=

1
a

ln
∣∣∣tanh

ax

2

∣∣∣.
14.

∫
dx

sinh2n x
=

cosh x

2n – 1

[
–

1

sinh2n–1 x

+
n–1∑
k=1

(–1)k–1 2k(n – 1)(n – 2) . . . (n – k)
(2n – 3)(2n – 5) . . . (2n – 2k – 1)

1

sinh2n–2k–1 x

]
, n = 1, 2, . . .

15.
∫

dx

sinh2n+1 x
=

cosh x

2n

[
–

1

sinh2n x

+
n–1∑
k=1

(–1)k–1 (2n–1)(2n–3) . . .(2n–2k+1)
2k(n–1)(n–2) . . . (n–k)

1

sinh2n–2k x

]
+(–1)n

(2n–1)!!
(2n)!!

ln tanh
x

2
,

n = 1, 2, . . .

16.
∫

dx

a + b sinh x
=

1√
a2 + b2

ln
a tanh(x/2) – b +

√
a2 + b2

a tanh(x/2) – b –
√

a2 + b2
.

17.
∫

Ax + B sinh x

a + b sinh x
dx =

B

b
x +

Ab – Ba

b
√

a2 + b2
ln

a tanh(x/2) – b +
√

a2 + b2

a tanh(x/2) – b –
√

a2 + b2
.

3.4-3. Integrals Involving tanh x or coth x.

1.
∫

tanh xdx = ln cosh x.

2.
∫

tanh2 xdx = x – tanh x.

3.
∫

tanh3 xdx = – 1
2 tanh2 x + ln cosh x.

4.
∫

tanh2n xdx = x –
n∑

k=1

tanh2n–2k+1 x

2n – 2k + 1
, n = 1, 2, . . .

5.
∫

tanh2n+1 xdx = ln cosh x –
n∑

k=1

(–1)kCk
n

2k cosh2k x
= ln cosh x –

n∑
k=1

tanh2n–2k+2 x

2n – 2k + 2
, n = 1, 2, . . .

6.
∫

tanhp xdx = –
1

p – 1
tanhp–1 x +

∫
tanhp–2 xdx.

7.
∫

coth xdx = ln |sinh x|.

8.
∫

coth2 xdx = x – coth x.

9.
∫

coth3 xdx = – 1
2 coth2 x + ln |sinh x|.
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10.
∫

coth2n xdx = x –
n∑

k=1

coth2n–2k+1 x

2n – 2k + 1
, n = 1, 2, . . .

11.
∫

coth2n+1 xdx = ln |sinh x|–
n∑

k=1

Ck
n

2k sinh2k x
= ln |sinh x|–

n∑
k=1

coth2n–2k+2 x

2n – 2k + 2
, n = 1, 2, . . .

12.
∫

cothp xdx = –
1

p – 1
cothp–1 x +

∫
cothp–2 xdx.

3.5. Integrals Involving Logarithmic Functions

1.
∫

ln ax dx = x ln ax – x.

2.
∫

x ln xdx = 1
2 x2 ln x – 1

4 x2.

3.
∫

xp ln ax dx =

⎧⎨⎩
1

p + 1
xp+1 ln ax –

1
(p + 1)2

xp+1 if p ≠ –1,

1
2 ln2 ax if p = –1.

4.
∫

(ln x)2 dx = x(ln x)2 – 2x ln x + 2x.

5.
∫

x(ln x)2 dx = 1
2 x2(ln x)2 – 1

2 x2 ln x + 1
4 x2.

6.
∫

xp(ln x)2 dx =

⎧⎪⎨⎪⎩
xp+1

p + 1
(ln x)2 –

2xp+1

(p + 1)2
ln x +

2xp+1

(p + 1)3
if p ≠ –1,

1
3 ln3 x if p = –1.

7.
∫

(ln x)n dx =
x

n + 1

n∑
k=0

(–1)k(n + 1)n . . . (n – k + 1)(ln x)n–k, n = 1, 2, . . .

8.
∫

(ln x)q dx = x(ln x)q – q

∫
(ln x)q–1 dx, q ≠ –1.

9.
∫

xn(ln x)m dx =
xn+1

m + 1

m∑
k=0

(–1)k

(n + 1)k+1
(m + 1)m . . . (m – k + 1)(ln x)m–k, n, m = 1, 2, . . .

10.
∫

xp(ln x)q dx =
1

p + 1
xp+1(ln x)q –

q

p + 1

∫
xp(ln x)q–1 dx, p, q ≠ –1.

11.
∫

ln(a + bx) dx =
1
b

(ax + b) ln(ax + b) – x.

12.
∫

x ln(a + bx) dx =
1
2

(
x2 –

a2

b2

)
ln(a + bx) –

1
2

(
x2

2
–

a

b
x

)
.

13.
∫

x2 ln(a + bx) dx =
1
3

(
x3 –

a3

b3

)
ln(a + bx) –

1
3

(
x3

3
–

ax2

2b
+

a2x

b2

)
.

14.
∫

ln xdx

(a + bx)2
= –

ln x

b(a + bx)
+

1
ab

ln
x

a + bx
.

15.
∫

ln xdx

(a + bx)3
= –

ln x

2b(a + bx)2
+

1
2ab(a + bx)

+
1

2a2b
ln

x

a + bx
.

16.
∫

ln xdx√
a + bx

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2
b

[
(ln x – 2)

√
a + bx +

√
a ln

√
a + bx +

√
a√

a + bx –
√

a

]
if a > 0,

2
b

[
(ln x – 2)

√
a + bx + 2

√
–a arctan

√
a + bx√

–a

]
if a < 0.
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17.
∫

ln(x2 + a2) dx = x ln(x2 + a2) – 2x + 2a arctan(x/a).

18.
∫

x ln(x2 + a2) dx = 1
2

[
(x2 + a2) ln(x2 + a2) – x2

]
.

19.
∫

x2 ln(x2 + a2) dx = 1
3

[
x3 ln(x2 + a2) – 2

3 x3 + 2a2x – 2a3 arctan(x/a)
]
.

3.6. Integrals Involving Trigonometric Functions

3.6-1. Integrals Involving cos x (n = 1, 2, . . . ).

1.
∫

cos(a + bx) dx =
1
b

sin(a + bx).

2.
∫

x cos xdx = cos x + x sin x.

3.
∫

x2 cos xdx = 2x cos x + (x2 – 2) sin x.

4.
∫

x2n cos xdx = (2n)!

[ n∑
k=0

(–1)k
x2n–2k

(2n – 2k)!
sin x +

n–1∑
k=0

(–1)k
x2n–2k–1

(2n – 2k – 1)!
cos x

]
.

5.
∫

x2n+1 cos xdx = (2n + 1)!
n∑

k=0

[
(–1)k

x2n–2k+1

(2n – 2k + 1)!
sin x +

x2n–2k

(2n – 2k)!
cos x

]
.

6.
∫

xp cos xdx = xp sin x + pxp–1 cos x – p(p – 1)
∫

xp–2 cos xdx.

7.
∫

cos2 xdx = 1
2 x + 1

4 sin 2x.

8.
∫

cos3 xdx = sin x – 1
3 sin3 x.

9.
∫

cos2n xdx =
1

22n
Cn

2nx +
1

22n–1

n–1∑
k=0

Ck
2n

sin[(2n – 2k)x]
2n – 2k

.

10.
∫

cos2n+1 xdx =
1

22n

n∑
k=0

Ck
2n+1

sin[(2n – 2k + 1)x]
2n – 2k + 1

.

11.
∫

dx

cos x
= ln
∣∣∣tan
( x

2
+

π

4

)∣∣∣.
12.

∫
dx

cos2 x
= tan x.

13.
∫

dx

cos3 x
=

sin x

2 cos2 x
+

1
2

ln
∣∣∣tan
( x

2
+

π

4

)∣∣∣.
14.

∫
dx

cosn x
=

sin x

(n – 1) cosn–1 x
+

n – 2
n – 1

∫
dx

cosn–2 x
, n > 1.

15.
∫

xdx

cos2n x
=

n–1∑
k=0

(2n–2)(2n–4) . . . (2n–2k+2)
(2n–1)(2n–3) . . . (2n–2k+3)

(2n–2k)x sin x–cos x

(2n–2k+1)(2n–2k) cos2n–2k+1 x

+
2n–1(n–1)!
(2n–1)!!

(
x tan x+ln |cos x|

)
.

16.
∫

cos ax cos bx dx =
sin
[
(b – a)x

]
2(b – a)

+
sin
[
(b + a)x

]
2(b + a)

, a ≠ ±b.
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17.
∫

dx

a + b cos x
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2√

a2 – b2
arctan

(a – b) tan(x/2)√
a2 – b2

if a2 > b2,

1√
b2 – a2

ln

∣∣∣∣
√

b2 – a2 + (b – a) tan(x/2)√
b2 – a2 – (b – a) tan(x/2)

∣∣∣∣ if b2 > a2.

18.
∫

dx

(a + b cos x)2
=

b sin x

(b2 – a2)(a + b cos x)
–

a

b2 – a2

∫
dx

a + b cos x
.

19.
∫

dx

a2 + b2 cos2 x
=

1

a
√

a2 + b2
arctan

a tan x√
a2 + b2

.

20.
∫

dx

a2 – b2 cos2 x
=

⎧⎪⎪⎨⎪⎪⎩
1

a
√

a2 – b2
arctan

a tan x√
a2 – b2

if a2 > b2,

1

2a
√

b2 – a2
ln

∣∣∣∣
√

b2 – a2 – a tan x√
b2 – a2 + a tan x

∣∣∣∣ if b2 > a2.

21.
∫

eax cos bx dx = eax

(
b

a2 + b2
sin bx +

a

a2 + b2
cos bx

)
.

22.
∫

eax cos2 xdx =
eax

a2 + 4

(
a cos2 x + 2 sin x cos x +

2
a

)
.

23.
∫

eax cosn xdx =
eax cosn–1 x

a2 + n2
(a cos x + n sin x) +

n(n – 1)
a2 + n2

∫
eax cosn–2 xdx.

3.6-2. Integrals Involving sin x (n = 1, 2, . . . ).

1.
∫

sin(a + bx) dx = –
1
b

cos(a + bx).

2.
∫

x sin xdx = sin x – x cos x.

3.
∫

x2 sin xdx = 2x sin x – (x2 – 2) cos x.

4.
∫

x3 sin xdx = (3x2 – 6) sin x – (x3 – 6x) cos x.

5.
∫

x2n sin xdx = (2n)!

[ n∑
k=0

(–1)k+1 x2n–2k

(2n – 2k)!
cos x +

n–1∑
k=0

(–1)k
x2n–2k–1

(2n – 2k – 1)!
sin x

]
.

6.
∫

x2n+1 sin xdx = (2n + 1)!
n∑

k=0

[
(–1)k+1 x2n–2k+1

(2n – 2k + 1)!
cos x + (–1)k

x2n–2k

(2n – 2k)!
sin x

]
.

7.
∫

xp sin xdx = –xp cos x + pxp–1 sin x – p(p – 1)
∫

xp–2 sin xdx.

8.
∫

sin2 xdx = 1
2 x – 1

4 sin 2x.

9.
∫

x sin2 xdx = 1
4 x2 – 1

4 x sin 2x – 1
8 cos 2x.

10.
∫

sin3 xdx = – cos x + 1
3 cos3 x.

11.
∫

sin2n xdx =
1

22n
Cn

2nx +
(–1)n

22n–1

n–1∑
k=0

(–1)kCk
2n

sin[(2n – 2k)x]
2n – 2k

,

where Ck
m =

m!
k! (m – k)!

are binomial coefficients (0! = 1).
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12.
∫

sin2n+1 xdx =
1

22n

n∑
k=0

(–1)n+k+1Ck
2n+1

cos[(2n – 2k + 1)x]
2n – 2k + 1

.

13.
∫

dx

sin x
= ln
∣∣∣tan

x

2

∣∣∣.
14.

∫
dx

sin2 x
= – cot x.

15.
∫

dx

sin3 x
= –

cos x

2 sin2 x
+

1
2

ln
∣∣∣tan

x

2

∣∣∣.
16.

∫
dx

sinn x
= –

cos x

(n – 1) sinn–1 x
+

n – 2
n – 1

∫
dx

sinn–2 x
, n > 1.

17.
∫

xdx

sin2n x
= –

n–1∑
k=0

(2n–2)(2n–4) . . . (2n–2k+2)
(2n–1)(2n–3) . . . (2n–2k+3)

sin x+(2n–2k)x cosx

(2n–2k+1)(2n–2k) sin2n–2k+1 x

+
2n–1(n–1)!
(2n–1)!!

(
ln |sin x|–x cot x

)
.

18.
∫

sin ax sin bx dx =
sin[(b – a)x]

2(b – a)
–

sin[(b + a)x]
2(b + a)

, a ≠ ±b.

19.
∫

dx

a + b sin x
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2√

a2 – b2
arctan

b + a tan x/2√
a2 – b2

if a2 > b2,

1√
b2 – a2

ln

∣∣∣∣ b –
√

b2 – a2 + a tan x/2

b +
√

b2 – a2 + a tan x/2

∣∣∣∣ if b2 > a2.

20.
∫

dx

(a + b sin x)2
=

b cos x

(a2 – b2)(a + b sin x)
+

a

a2 – b2

∫
dx

a + b sin x
.

21.
∫

dx

a2 + b2 sin2 x
=

1

a
√

a2 + b2
arctan

√
a2 + b2 tan x

a
.

22.
∫

dx

a2 – b2 sin2 x
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

a
√

a2 – b2
arctan

√
a2 – b2 tan x

a
if a2 > b2,

1

2a
√

b2 – a2
ln

∣∣∣∣
√

b2 – a2 tan x + a√
b2 – a2 tan x – a

∣∣∣∣ if b2 > a2.

23.
∫

sin xdx√
1 + k2 sin2 x

= –
1
k

arcsin
k cos x√

1 + k2
.

24.
∫

sin xdx√
1 – k2 sin2 x

= –
1
k

ln
∣∣k cos x +

√
1 – k2 sin2 x

∣∣.
25.

∫
sin x

√
1 + k2 sin2 xdx = –

cos x

2

√
1 + k2 sin2 x –

1 + k2

2k
arcsin

k cos x√
1 + k2

.

26.
∫

sin x
√

1 – k2 sin2 x dx = –
cos x

2

√
1 – k2 sin2 x –

1 – k2

2k
ln
∣∣k cos x +

√
1 – k2 sin2 x

∣∣.
27.

∫
eax sin bx dx = eax

( a

a2 + b2
sin bx –

b

a2 + b2
cos bx

)
.

28.
∫

eax sin2 xdx =
eax

a2 + 4

(
a sin2 x – 2 sin x cos x +

2
a

)
.

29.
∫

eax sinn xdx =
eax sinn–1 x

a2 + n2
(a sin x – n cos x) +

n(n – 1)
a2 + n2

∫
eax sinn–2 xdx.
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3.6-3. Integrals Involving sin x and cos x.

1.
∫

sin ax cos bx dx = –
cos[(a + b)x]

2(a + b)
–

cos
[
(a – b)x

]
2(a – b)

, a ≠ ±b.

2.
∫

dx

b2 cos2 ax + c2 sin2 ax
=

1
abc

arctan
( c

b
tan ax

)
.

3.
∫

dx

b2 cos2 ax – c2 sin2 ax
=

1
2abc

ln
∣∣∣ c tan ax + b

c tan ax – b

∣∣∣.
4.
∫

dx

cos2n x sin2m x
=

n+m–1∑
k=0

Ck
n+m–1

tan2k–2m+1 x

2k – 2m + 1
, n, m = 1, 2, . . .

5.
∫

dx

cos2n+1 x sin2m+1 x
= Cm

n+m ln |tan x| +
n+m∑
k=0

Ck
n+m

tan2k–2m x

2k – 2m
, n, m = 1, 2, . . .

3.6-4. Reduction Formulas.

� The parameters p and q below can assume any values,except for those at which the denominators
on the right-hand side vanish.

1.
∫

sinp x cosq xdx = –
sinp–1 x cosq+1 x

p + q
+

p – 1
p + q

∫
sinp–2 x cosq xdx.

2.
∫

sinp x cosq xdx =
sinp+1 x cosq–1 x

p + q
+

q – 1
p + q

∫
sinp x cosq–2 xdx.

3.
∫

sinp x cosq xdx =
sinp–1 x cosq–1 x

p + q

(
sin2 x –

q – 1
p + q – 2

)
+

(p – 1)(q – 1)
(p + q)(p + q – 2)

∫
sinp–2 x cosq–2 xdx.

4.
∫

sinp x cosq xdx =
sinp+1 x cosq+1 x

p + 1
+

p + q + 2
p + 1

∫
sinp+2 x cosq xdx.

5.
∫

sinp x cosq xdx = –
sinp+1 x cosq+1 x

q + 1
+

p + q + 2
q + 1

∫
sinp x cosq+2 xdx.

6.
∫

sinp x cosq xdx = –
sinp–1 x cosq+1 x

q + 1
+

p – 1
q + 1

∫
sinp–2 x cosq+2 xdx.

7.
∫

sinp x cosq xdx =
sinp+1 x cosq–1 x

p + 1
+

q – 1
p + 1

∫
sinp+2 x cosq–2 xdx.

3.6-5. Integrals Involving tan x and cot x.

1.
∫

tan xdx = – ln |cos x|.

2.
∫

tan2 xdx = tan x – x.

3.
∫

tan3 xdx = 1
2 tan2 x + ln |cos x|.

4.
∫

tan2n xdx = (–1)nx –
n∑

k=1

(–1)k(tan x)2n–2k+1

2n – 2k + 1
, n = 1, 2, . . .
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5.
∫

tan2n+1 xdx = (–1)n+1 ln |cos x| –
n∑

k=1

(–1)k(tan x)2n–2k+2

2n – 2k + 2
, n = 1, 2, . . .

6.
∫

dx

a + b tan x
=

1
a2 + b2

(
ax + b ln |a cos x + b sin x|

)
.

7.
∫

tan xdx√
a + b tan2 x

=
1√
b – a

arccos

(√
1 –

a

b
cos x

)
, b > a, b > 0.

8.
∫

cot xdx = ln |sin x|.

9.
∫

cot2 xdx = – cotx – x.

10.
∫

cot3 xdx = – 1
2 cot2 x – ln |sin x|.

11.
∫

cot2n xdx = (–1)nx +
n∑

k=1

(–1)k(cot x)2n–2k+1

2n – 2k + 1
, n = 1, 2, . . .

12.
∫

cot2n+1 xdx = (–1)n ln |sin x| +
n∑

k=1

(–1)k(cot x)2n–2k+2

2n – 2k + 2
, n = 1, 2, . . .

13.
∫

dx

a + b cot x
=

1
a2 + b2

(
ax – b ln |a sin x + b cos x|

)
.

3.7. Integrals Involving Inverse Trigonometric Functions

1.
∫

arcsin
x

a
dx = x arcsin

x

a
+
√

a2 – x2.

2.
∫ (

arcsin
x

a

)2
dx = x

(
arcsin

x

a

)2
– 2x + 2

√
a2 – x2 arcsin

x

a
.

3.
∫

x arcsin
x

a
dx =

1
4

(2x2 – a2) arcsin
x

a
+

x

4

√
a2 – x2.

4.
∫

x2 arcsin
x

a
dx =

x3

3
arcsin

x

a
+

1
9

(x2 + 2a2)
√

a2 – x2.

5.
∫

arccos
x

a
dx = x arccos

x

a
–
√

a2 – x2.

6.
∫ (

arccos
x

a

)2
dx = x

(
arccos

x

a

)2
– 2x – 2

√
a2 – x2 arccos

x

a
.

7.
∫

x arccos
x

a
dx =

1
4

(2x2 – a2) arccos
x

a
–

x

4

√
a2 – x2.

8.
∫

x2 arccos
x

a
dx =

x3

3
arccos

x

a
–

1
9

(x2 + 2a2)
√

a2 – x2.

9.
∫

arctan
x

a
dx = x arctan

x

a
–

a

2
ln(a2 + x2).

10.
∫

x arctan
x

a
dx =

1
2

(x2 + a2) arctan
x

a
–

ax

2
.

11.
∫

x2 arctan
x

a
dx =

x3

3
arctan

x

a
–

ax2

6
+

a3

6
ln(a2 + x2).
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12.
∫

arccot
x

a
dx = x arccot

x

a
+

a

2
ln(a2 + x2).

13.
∫

x arccot
x

a
dx =

1
2

(x2 + a2) arccot
x

a
+

ax

2
.

14.
∫

x2 arccot
x

a
dx =

x3

3
arccot

x

a
+

ax2

6
–

a3

6
ln(a2 + x2).

References for Supplement 3: H. B. Dwight (1961), I. S. Gradshteyn and I. M. Ryzhik (2000), A. P. Prudnikov,
Yu. A. Brychkov, and O. I. Marichev (1986, 1988), D. Zwillinger (2002), I. N. Bronshtein and K. A. Semendyayev (2004).





Supplement 4

Tables of Definite Integrals

� Throughout Supplement 4 it is assumed that n is a positive integer, unless otherwise specified.

4.1. Integrals Involving Power-Law Functions

4.1-1. Integrals Over a Finite Interval.

1.
∫ 1

0

xn dx

x + 1
= (–1)n

[
ln 2 +

n∑
k=1

(–1)k

k

]
.

2.
∫ 1

0

dx

x2 + 2x cos β + 1
=

β

2 sin β
.

3.
∫ 1

0

(
xa + x–a

)
dx

x2 + 2x cos β + 1
=

π sin(aβ)
sin(πa) sin β

, |a| < 1, β ≠ (2n + 1)π.

4.
∫ 1

0
xa(1 – x)1–a dx =

πa(1 – a)
2 sin(πa)

, –1 < a < 1.

5.
∫ 1

0

dx

xa(1 – x)1–a
=

π

sin(πa)
, 0 < a < 1.

6.
∫ 1

0

xa dx

(1 – x)a
=

πa

sin(πa)
, –1 < a < 1.

7.
∫ 1

0
xp–1(1 – x)q–1 dx ≡ B(p, q) =

Γ(p)Γ(q)
Γ(p + q)

, p, q > 0.

8.
∫ 1

0
xp–1(1 – xq)–p/q dx =

π

q sin(πp/q)
, q > p > 0.

9.
∫ 1

0
xp+q–1(1 – xq)–p/q dx =

πp

q2 sin(πp/q)
, q > p.

10.
∫ 1

0
xq/p–1(1 – xq)–1/p dx =

π

q sin(π/p)
, p > 1, q > 0.

11.
∫ 1

0

xp–1 – x–p

1 – x
dx = π cot(πp), |p| < 1.

12.
∫ 1

0

xp–1 – x–p

1 + x
dx =

π

sin(πp)
, |p| < 1.

951
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13.
∫ 1

0

xp – x–p

x – 1
dx =

1
p

– π cot(πp), |p| < 1.

14.
∫ 1

0

xp – x–p

1 + x
dx =

1
p

–
π

sin(πp)
, |p| < 1.

15.
∫ 1

0

x1+p – x1–p

1 – x2
dx =

π

2
cot
( πp

2

)
–

1
p

, |p| < 1.

16.
∫ 1

0

x1+p – x1–p

1 + x2
dx =

1
p

–
π

2 sin(πp/2)
, |p| < 1.

17.
∫ 1

0

dx√
(1 + a2x)(1 – x)

=
2
a

arctan a.

18.
∫ 1

0

dx√
(1 – a2x)(1 – x)

=
1
a

ln
1 + a

1 – a
.

19.
∫ 1

–1

dx

(a – x)
√

1 – x2
=

π√
a2 – 1

, 1 < a.

20.
∫ 1

0

xn dx√
1 – x

=
2 (2n)!!

(2n + 1)!!
, n = 1, 2, . . .

21.
∫ 1

0

xn–1/2 dx√
1 – x

=
π (2n – 1)!!

(2n)!!
, n = 1, 2, . . .

22.
∫ 1

0

x2n dx√
1 – x2

=
π

2
1 × 3 × . . . × (2n – 1)

2 × 4 × . . . × (2n)
, n = 1, 2, . . .

23.
∫ 1

0

x2n+1 dx√
1 – x2

=
2 × 4 × . . . × (2n)

1 × 3 × . . . × (2n + 1)
, n = 1, 2, . . .

24.
∫ 1

0

xλ–1 dx

(1 + ax)(1 – x)λ
=

π

(1 + a)λ sin(πλ)
, 0 < λ < 1, a > –1.

25.
∫ 1

0

xλ–1/2 dx

(1 + ax)λ(1 – x)λ
= 2π–1/2

Γ
(
λ + 1

2

)
Γ
(
1 – λ

)
cos2λ k

sin[(2λ – 1)k]
(2λ – 1) sin k

, k = arctan
√

a,

– 1
2 < λ < 1, a > 0.

4.1-2. Integrals Over an Infinite Interval.

1.
∫ ∞

0

dx

ax2 + b
=

π

2
√

ab
.

2.
∫ ∞

0

dx

x4 + 1
=

π
√

2
4

.

3.
∫ ∞

0

xa–1 dx

x + 1
=

π

sin(πa)
, 0 < a < 1.

4.
∫ ∞

0

xλ–1 dx

(1 + ax)2
=

π(1 – λ)
aλ sin(πλ)

, 0 < λ < 2.

5.
∫ ∞

0

xλ–1 dx

(x + a)(x + b)
=

π(aλ–1 – bλ–1)
(b – a) sin(πλ)

, 0 < λ < 2.
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6.
∫ ∞

0

xλ–1(x + c) dx

(x + a)(x + b)
=

π

sin(πλ)

(
a – c

a – b
aλ–1 +

b – c

b – a
bλ–1

)
, 0 < λ < 1.

7.
∫ ∞

0

xλ dx

(x + 1)3
=

πλ(1 – λ)
2 sin(πλ)

, –1 < λ < 2.

8.
∫ ∞

0

xλ–1 dx

(x2 + a2)(x2 + b2)
=

π
(
bλ–2 – aλ–2

)
2
(
a2 – b2

)
sin(πλ/2)

, 0 < λ < 4.

9.
∫ ∞

0

xp–1 – xq–1

1 – x
dx = π[cot(πp) – cot(πq)], p, q > 0.

10.
∫ ∞

0

xλ–1 dx

(1 + ax)n+1
= (–1)n

πCn
λ–1

aλ sin(πλ)
, 0 < λ < n + 1, Cn

λ–1 =
(λ – 1)(λ – 2) . . . (λ – n)

n!
.

11.
∫ ∞

0

xm dx

(a + bx)n+1/2
= 2m+1m!

(2n – 2m – 3)!!
(2n – 1)!!

am–n+1/2

bm+1
, a, b > 0, n, m = 1, 2, . . . ,

m < b – 1
2 .

12.
∫ ∞

0

dx

(x2 + a2)n
=

π

2
(2n – 3)!!
(2n – 2)!!

1
a2n–1

, n = 1, 2, . . .

13.
∫ ∞

0

(x + 1)λ–1

(x + a)λ+1
dx =

1 – a–λ

λ(a – 1)
, a > 0.

14.
∫ ∞

0

xa–1 dx

xb + 1
=

π

b sin(πa/b)
, 0 < a ≤ b.

15.
∫ ∞

0

xa–1 dx

(xb + 1)2
=

π(a – b)
b2 sin[π(a – b)/b]

, a < 2b.

16.
∫ ∞

0

xλ–1/2 dx

(x + a)λ(x + b)λ
=
√

π
(√

a +
√

b
)1–2λ Γ(λ – 1/2)

Γ(λ)
, λ > 0.

17.
∫ ∞

0

1 – xa

1 – xb
xc–1 dx =

π sin A

b sin C sin(A + C)
, A =

πa

b
, C =

πc

b
; a + c < b, c > 0.

18.
∫ ∞

0

xa–1 dx

(1 + x2)1–b
= 1

2 B
(

1
2 a, 1 – b – 1

2 a
)
, 1

2 a + b < 1, a > 0.

19.
∫ ∞

0

x2m dx

(ax2 + b)n
=

π(2m – 1)!! (2n – 2m – 3)!!

2 (2n – 2)!! ambn–m–1
√

ab
, a, b > 0, n > m + 1.

20.
∫ ∞

0

x2m+1 dx

(ax2 + b)n
=

m! (n – m – 2)!
2(n – 1)!am+1bn–m–1

, ab > 0, n > m + 1 ≥ 1.

21.
∫ ∞

0

xµ–1 dx

(1 + axp)ν
=

1
paµ/p

B
(µ

p
, ν –

µ

p

)
, p > 0, 0 < µ < pν.

22.
∫ ∞

0

(√
x2 + a2 – x

)n
dx =

nan+1

n2 – 1
, n = 2, 3, . . .

23.
∫ ∞

0

dx(
x +

√
x2 + a2

)n =
n

an–1(n2 – 1)
, n = 2, 3, . . .

24.
∫ ∞

0
xm
(√

x2 + a2 – x
)n

dx =
m! nan+m+1

(n – m – 1)(n – m + 1) . . . (n + m + 1)
, n, m = 1, 2, . . .,

0 ≤ m ≤ n – 2.

25.
∫ ∞

0

xm dx(
x +

√
x2 + a2

)n =
m! n

(n – m – 1)(n – m + 1) . . .(n + m + 1)an–m–1
, n = 2, 3, . . .
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4.2. Integrals Involving Exponential Functions

1.
∫ ∞

0
e–ax dx =

1
a

, a > 0.

2.
∫ 1

0
xne–ax dx =

n!
an+1 – e–a

n∑
k=0

n!
k!

1
an–k+1 , a > 0, n = 1, 2, . . .

3.
∫ ∞

0
xne–ax dx =

n!
an+1

, a > 0, n = 1, 2, . . .

4.
∫ ∞

0

e–ax

√
x

dx =

√
π

a
, a > 0.

5.
∫ ∞

0
xν–1e–µx dx =

Γ(ν)
µν

, µ, ν > 0.

6.
∫ ∞

0

dx

1 + eax
=

ln 2
a

.

7.
∫ ∞

0

x2n–1 dx

epx – 1
= (–1)n–1

( 2π

p

)2n B2n

4n
, n = 1, 2, . . . ; the Bm are Bernoulli numbers (see

Supplement 11.1-3).

8.
∫ ∞

0

x2n–1 dx

epx + 1
= (1 – 21–2n)

( 2π

p

)2n |B2n|
4n

, n = 1, 2, . . . ; the Bm are Bernoulli numbers.

9.
∫ ∞

–∞

e–px dx

1 + e–qx
=

π

q sin(πp/q)
, q > p > 0 or 0 > p > q.

10.
∫ ∞

0

eax + e–ax

ebx + e–bx
dx =

π

2b cos
( πa

2b

) , b > a.

11.
∫ ∞

0

e–px – e–qx

1 – e–(p+q)x
dx =

π

p + q
cot

πp

p + q
, p, q > 0.

12.
∫ ∞

0

(
1 – e–βx

)ν
e–µx dx =

1
β

B
( µ

β
, ν + 1

)
.

13.
∫ ∞

0
exp
(
–ax2

)
dx =

1
2

√
π

a
, a > 0.

14.
∫ ∞

0
x2n+1 exp

(
–ax2

)
dx =

n!
2an+1

, a > 0, n = 1, 2, . . .

15.
∫ ∞

0
x2n exp

(
–ax2

)
dx =

1 × 3 × . . . × (2n – 1)
√

π

2n+1an+1/2
, a > 0, n = 1, 2, . . .

16.
∫ ∞

–∞
exp
(
–a2x2 ± bx

)
dx =

√
π

|a|
exp
( b2

4a2

)
.

17.
∫ ∞

0
exp
(

–ax2 –
b

x2

)
dx =

1
2

√
π

a
exp
(
–2

√
ab
)
, a, b > 0.

18.
∫ ∞

0
exp
(
–xa
)
dx =

1
a

Γ

( 1
a

)
, a > 0.
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4.3. Integrals Involving Hyperbolic Functions

1.
∫ ∞

0

dx

cosh ax
=

π

2|a|
.

2.
∫ ∞

0

dx

a + b cosh x
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2√

b2 – a2
arctan

√
b2 – a2

a + b
if |b| > |a|,

1√
a2 – b2

ln
a + b +

√
a2 – b2

a + b –
√

a2 + b2
if |b| < |a|.

3.
∫ ∞

0

x2n dx

cosh ax
=
( π

2a

)2n+1
|E2n|, a > 0; the Em are Euler numbers (see Supplement 11.1-4).

4.
∫ ∞

0

x2n dx

cosh2 ax
=

π2n(22n – 2)
|a|(2a)2n

|B2n|, the Bm are Bernoulli numbers (see Supplement 11.1-3).

5.
∫ ∞

0

cosh ax

cosh bx
dx =

π

2b cos
( πa

2b

) , b > |a|.

6.
∫ ∞

0
x2n cosh ax

cosh bx
dx =

π

2b

d2n

da2n

1

cos
(

1
2 πa/b

) , b > |a|, n = 1, 2, . . .

7.
∫ ∞

0

cosh ax cosh bx

cosh(cx)
dx =

π

c

cos
( πa

2c

)
cos
( πb

2c

)
cos
( πa

c

)
+ cos

( πb

c

) , c > |a| + |b|.

8.
∫ ∞

0

xdx

sinh ax
=

π2

2a2
, a > 0.

9.
∫ ∞

0

dx

a + b sinh x
=

1√
a2 + b2

ln
a + b +

√
a2 + b2

a + b –
√

a2 + b2
, ab ≠ 0.

10.
∫ ∞

0

sinh ax

sinh bx
dx =

π

2b
tan
( πa

2b

)
, b > |a|.

11.
∫ ∞

0
x2n sinh ax

sinh bx
dx =

π

2b

d2n

dx2n
tan
( πa

2b

)
, b > |a|, n = 1, 2, . . .

12.
∫ ∞

0

x2n

sinh2 ax
dx =

π2n

a2n+1
|B2n|, a > 0; the Bm are Bernoulli numbers.

4.4. Integrals Involving Logarithmic Functions

1.
∫ 1

0
xa–1 lnn xdx = (–1)nn! a–n–1, a > 0, n = 1, 2, . . .

2.
∫ 1

0

ln x

x + 1
dx = –

π2

12
.

3.
∫ 1

0

xn ln x

x + 1
dx = (–1)n+1

[
π2

12
+

n∑
k=1

(–1)k

k2

]
, n = 1, 2, . . .

4.
∫ 1

0

xµ–1 ln x

x + a
dx =

πaµ–1

sin(πµ)

[
ln a – π cot(πµ)

]
, 0 < µ < 1.
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5.
∫ 1

0
|ln x|µ dx = Γ(µ + 1), µ > –1.

6.
∫ ∞

0
xµ–1 ln(1 + ax) dx =

π

µaµ sin(πµ)
, –1 < µ < 0.

7.
∫ 1

0
x2n–1 ln(1 + x) dx =

1
2n

2n∑
k=1

(–1)k–1

k
, n = 1, 2, . . .

8.
∫ 1

0
x2n ln(1 + x) dx =

1
2n + 1

[
ln 4 +

2n+1∑
k=1

(–1)k

k

]
, n = 0, 1, . . .

9.
∫ 1

0
xn–1/2 ln(1 + x) dx =

2 ln 2
2n + 1

+
4(–1)n

2n + 1

[
π –

n∑
k=0

(–1)k

2k + 1

]
, n = 1, 2, . . .

10.
∫ ∞

0
ln

a2 + x2

b2 + x2
dx = π(a – b), a, b > 0.

11.
∫ ∞

0

xp–1 ln x

1 + xq
dx = –

π2 cos(πp/q)
q2 sin2(πp/q)

, 0 < p < q.

12.
∫ ∞

0
e–µx ln xdx = –

1
µ

(C + ln µ), µ > 0, C = 0.5772 . . .

4.5. Integrals Involving Trigonometric Functions

4.5-1. Integrals Over a Finite Interval.

1.
∫ π/2

0
cos2n xdx =

π

2
1 × 3 × · · · × (2n – 1)

2 × 4 × · · · × (2n)
, n = 1, 2, . . .

2.
∫ π/2

0
cos2n+1 xdx =

2 × 4 × · · · × (2n)
1 × 3 × · · · × (2n + 1)

, n = 1, 2, . . .

3.
∫ π/2

0
x cosn xdx = –

m–1∑
k=0

(n – 2k + 1)(n – 2k + 3) . . . (n – 1)
(n – 2k)(n – 2k + 2) . . . n

1
n – 2k

+

⎧⎪⎪⎨⎪⎪⎩
π

2
(2m – 2)!!
(2m – 1)!!

if n = 2m – 1,

π2

8
(2m – 1)!!

(2m)!!
if n = 2m,

m = 1, 2, . . .

4.
∫ π

0

dx

(a+b cosx)n+1 =
π

2n(a+b)n
√

a2 –b2

n∑
k=0

(2n–2k–1)!! (2k–1)!!
(n–k)! k!

( a+b

a–b

)k

, a > |b|.

5.
∫ π/2

0
sin2n xdx =

π

2
1 × 3 × · · · × (2n – 1)

2 × 4 × · · · × (2n)
, n = 1, 2, . . .

6.
∫ π/2

0
sin2n+1 xdx =

2 × 4 × · · · × (2n)
1 × 3 × · · · × (2n + 1)

, n = 1, 2, . . .

7.
∫ π

0
x sinµ xdx =

π2

2µ+1

Γ(µ + 1)[
Γ
(
µ + 1

2

)]2 , µ > –1.
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8.
∫ π/2

0

sin xdx√
1 – k2 sin2 x

=
1

2k
ln

1 + k

1 – k
.

9.
∫ π/2

0
sin2n+1 x cos2m+1 xdx =

n! m!
2(n + m + 1)!

, n, m = 1, 2, . . .

10.
∫ π/2

0
sinp–1 x cosq–1 xdx = 1

2 B
(

1
2 p, 1

2 q
)
.

11.
∫ 2π

0
(a sin x + b cos x)2n dx = 2π

(2n – 1)!!
(2n)!!

(
a2 + b2

)n
, n = 1, 2, . . .

12.
∫ π

0

sin xdx√
a2 + 1 – 2a cos x

=

{
2 if 0 ≤ a ≤ 1,
2/a if 1 < a.

13.
∫ π/2

0
(tan x)±λ dx =

π

2 cos
(

1
2 πλ
) , |λ| < 1.

14.
∫ a

0

cos(xt) dt√
a2 – t2

=
π

2
J0(ax), J0(z) is the Bessel function (see Supplement 11.6).

15.
∫ a

0

t sin(xt) dt√
a2 – t2

=
π

2
aJ1(ax), J1(z) is the Bessel function.

4.5-2. Integrals Over an Infinite Interval.

1.
∫ ∞

0

cos ax√
x

dx =

√
π

2a
, a > 0.

2.
∫ ∞

0

cos ax – cos bx

x
dx = ln

∣∣∣ b
a

∣∣∣, ab ≠ 0.

3.
∫ ∞

0

cos ax – cos bx

x2
dx = 1

2 π(b – a), a, b ≥ 0.

4.
∫ ∞

0
xµ–1 cos ax dx = a–µ

Γ(µ) cos
(

1
2 πµ
)
, a > 0, 0 < µ < 1.

5.
∫ ∞

0

cos ax

b2 + x2
dx =

π

2b
e–ab, a, b > 0.

6.
∫ ∞

0

cos ax

b4 + x4
dx =

π
√

2
4b3

exp

(
–

ab√
2

)[
cos

(
ab√

2

)
+ sin

( ab√
2

)]
, a, b > 0.

7.
∫ ∞

0

cos ax

(b2 + x2)2
dx =

π

4b3
(1 + ab)e–ab, a, b > 0.

8.
∫ ∞

0

cos ax dx

(b2 + x2)(c2 + x2)
=

π
(
be–ac – ce–ab

)
2bc
(
b2 – c2

) , a, b, c > 0.

9.
∫ ∞

0
cos
(
ax2
)
dx =

1
2

√
π

2a
, a > 0.

10.
∫ ∞

0
cos
(
axp
)
dx =

Γ(1/p)
pa1/p

cos
π

2p
, a > 0, p > 1.

11.
∫ ∞

0

sin ax

x
dx =

π

2
sign a.
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12.
∫ ∞

0

sin2 ax

x2
dx =

π

2
|a|.

13.
∫ ∞

0

sin ax√
x

dx =

√
π

2a
, a > 0.

14.
∫ ∞

0
xµ–1 sin ax dx = a–µ

Γ(µ) sin
(

1
2 πµ
)
, a > 0, 0 < µ < 1.

15.
∫ ∞

0
sin
(
ax2
)
dx =

1
2

√
π

2a
, a > 0.

16.
∫ ∞

0
sin
(
axp
)
dx =

Γ(1/p)
pa1/p

sin
π

2p
, a > 0, p > 1.

17.
∫ ∞

0

sin x cos ax

x
dx =

⎧⎨⎩
π
2 if |a| < 1,
π
4 if |a| = 1,

0 if 1 < |a|.

18.
∫ ∞

0

tan ax

x
dx =

π

2
sign a.

19.
∫ ∞

0
e–ax sin bx dx =

b

a2 + b2
, a > 0.

20.
∫ ∞

0
e–ax cos bx dx =

a

a2 + b2
, a > 0.

21.
∫ ∞

0
exp
(
–ax2

)
cos bx dx =

1
2

√
π

a
exp
(

–
b2

4a

)
.

22.
∫ ∞

0
cos(ax2) cos bx dx =

√
π

8a

[
cos

(
b2

4a

)
+ sin

(
b2

4a

)]
, a, b > 0.

23.
∫ ∞

0
(cos ax + sin ax) cos(b2x2) dx =

1
b

√
π

8
exp

(
–

a2

2b

)
, a, b > 0.

24.
∫ ∞

0

[
cos ax + sin ax

]
sin(b2x2) dx =

1
b

√
π

8
exp
(

–
a2

2b

)
, a, b > 0.

4.6. Integrals Involving Bessel Functions
4.6-1. Integrals Over an Infinite Interval.

1.
∫ ∞

0
Jν (ax) dx =

1
a

, a > 0, Re ν > –1.

2.
∫ ∞

0
cos(xu)J0(tu) du =

{
1√

t2 – x2
if x < t,

0 if x > t.

3.
∫ ∞

0
sin(xu)J0(tu) du =

{ 0 if x < t,
1√

x2 – t2
if x > t.

4.
∫ ∞

0
cos(xu)J1(tu) du =

⎧⎪⎨⎪⎩
1
t

if x < t,

–
t√

x2 – t2(x +
√

x2 – t2 )
if x > t.

5.
∫ ∞

0

sin(tu)J0(au)
u2 + b2

du =
sinh(bt)

b
K0(ab), b > 0, 0 < t < a, K0(z) is the modified Bessel

function (see Supplement 11.7).
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6.
∫ ∞

0

u sin(tu)J0(au)
u2 + b2

du =
π

2
e–btI0(ab), b > 0, a < t < ∞, I0(z) is the modified Bessel

function.

7.
∫ ∞

0

sin(tu)J1(au)
u2 + b2

du =
π

2b
e–btI1(ab), b > 0, a < t <∞, I1(z) is the modified Bessel function.

8.
∫ ∞

0

u sin(tu)J1(au)
u2 + b2

du = sinh(bt)K1(ab), b > 0, 0 < t < a, K1(z) is the modified Bessel

function.

9.
∫ ∞

0

J1(au)√
u2 + b2

du =
1 – e–ab

ab
, a > 0, Re b > 0.

4.6-2. Other Integrals.

1.
∫ 1

0
uJ0(xu) du =

J1(x)
x

.

2.
∫ a

0

J1(bx) dx√
a2 – x2

=
1 – cos(ab)

ab
, a > 0.

3.
∫ t

0

uJ0(xu) du√
t2 – u2

=
sin(xt)

x
.

4.
∫ ∞

t

J1(xu) du√
u2 – t2

=
sin(xt)

x
, x > 0, t > 0.

References for Supplement 4: H. B. Dwight (1961), I. S. Gradshteyn and I. M. Ryzhik (2000), A. P. Prudnikov,
Yu. A. Brychkov, and O. I. Marichev (1986, 1988), D. Zwillinger (2002), I. N. Bronshtein and K. A. Semendyayev (2004).





Supplement 5

Tables of Laplace Transforms

5.1. General Formulas

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 af1(x) + bf2(x) af̃1(p) + bf̃2(p)

2 f (x/a), a > 0 af̃ (ap)

3

{
0 if 0 < x < a,
f (x – a) if a < x, e–apf̃ (p)

4 xnf (x); n = 1, 2, . . . (–1)n
dn

dpn
f̃ (p)

5
1
x

f (x)

∫ ∞

p

f̃ (q) dq

6 eaxf (x) f̃ (p – a)

7 sinh(ax)f (x) 1
2

[
f̃ (p – a) – f̃ (p + a)

]
8 cosh(ax)f (x) 1

2

[
f̃ (p – a) + f̃ (p + a)

]
9 sin(ωx)f (x) – i

2

[
f̃ (p – iω) – f̃ (p + iω)

]
, i2 = –1

10 cos(ωx)f (x) 1
2

[
f̃ (p – iω) + f̃ (p + iω)

]
, i2 = –1

11 f (x2)
1√
π

∫ ∞

0
exp
(

–
p2

4t2

)
f̃ (t2) dt

12 xa–1f
( 1

x

)
, a > –1

∫ ∞

0
(t/p)a/2Ja

(
2
√

pt
)
f̃ (t) dt

13 f (a sinh x), a > 0
∫ ∞

0
Jp(at)f̃ (t) dt

14 f (x + a) = f (x) (periodic function)
1

1 – eap

∫ a

0
f (x)e–px dx

15
f (x + a) = –f (x)
(antiperiodic function)

1
1 + e–ap

∫ a

0
f (x)e–px dx

16 f ′
x(x) pf̃ (p) – f (+0)

17 f (n)
x (x) pnf̃ (p) –

n∑
k=1

pn–kf (k–1)
x (+0)

961
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No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

18 xmf (n)
x (x), m ≥ n

(
–

d

dp

)m[
pnf̃ (p)

]
19

dn

dxn

[
xmf (x)

]
, m ≥ n (–1)mpn dm

dpm
f̃ (p)

20

∫ x

0
f (t) dt

f̃ (p)
p

21

∫ x

0
(x – t)f (t) dt

1
p2

f̃ (p)

22

∫ x

0
(x – t)νf (t) dt, ν > –1 Γ(ν + 1)p–ν–1f̃ (p)

23

∫ x

0
e–a(x–t)f (t) dt

1
p + a

f̃ (p)

24

∫ x

0
sinh
[
a(x – t)

]
f (t) dt

af̃ (p)
p2 – a2

25

∫ x

0
sin
[
a(x – t)

]
f (t) dt

af̃ (p)
p2 + a2

26

∫ x

0
f1(t)f2(x – t) dt f̃1(p)f̃2(p)

27

∫ x

0

1
t
f (t) dt

1
p

∫ ∞

p

f̃ (q) dq

28

∫ ∞

x

1
t
f (t) dt

1
p

∫ p

0
f̃ (q) dq

29

∫ ∞

0

1√
t

sin
(
2
√

xt
)
f (t) dt

√
π

p
√

p
f̃
( 1

p

)

30
1√
x

∫ ∞

0
cos
(
2
√

xt
)
f (t) dt

√
π

√
p

f̃
( 1

p

)

31

∫ ∞

0

1√
πx

exp
(

–
t2

4x

)
f (t) dt

1
√

p
f̃
(√

p
)

32

∫ ∞

0

t

2
√

πx3
exp
(

–
t2

4x

)
f (t) dt f̃

(√
p
)

33 f (x) – a

∫ x

0
f
(√

x2 – t2
)
J1(at) dt f̃

(√
p2 + a2

)
34 f (x) + a

∫ x

0
f
(√

x2 – t2
)
I1(at) dt f̃

(√
p2 – a2

)
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5.2. Expressions with Power-Law Functions

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 1
1
p

2

{
0 if 0 < x < a,
1 if a < x < b,
0 if b < x.

1
p

(
e–ap – e–bp

)
3 x

1
p2

4
1

x + a
–eap Ei(–ap)

5 xn, n = 1, 2, . . .
n!

pn+1

6 xn–1/2, n = 1, 2, . . .
1 ⋅ 3 . . . (2n – 1)

√
π

2npn+1/2

7
1√

x + a

√
π

p
eap erfc

(√
ap
)

8
√

x

x + a

√
π

p
– π

√
aeap erfc

(√
ap
)

9 (x + a)–3/2 2a–1/2 – 2(πp)1/2eap erfc
(√

ap
)

10 x1/2(x + a)–1 (π/p)1/2 – πa1/2eap erfc
(√

ap
)

11 x–1/2(x + a)–1 πa–1/2eap erfc
(√

ap
)

12 xν , ν > –1 Γ(ν + 1)p–ν–1

13 (x + a)ν , ν > –1 p–ν–1e–ap
Γ(ν + 1, ap)

14 xν (x + a)–1, ν > –1 keap
Γ(–ν, ap), k = aν

Γ(ν + 1)

15 (x2 + 2ax)–1/2(x + a) aeapK1(ap)

5.3. Expressions with Exponential Functions

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 e–ax (p + a)–1

2 xe–ax (p + a)–2

3 xν–1e–ax, ν > 0 Γ(ν)(p + a)–ν

4
1
x

(
e–ax – e–bx

)
ln(p + b) – ln(p + a)
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No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

5
1
x2

(
1 – e–ax

)2 (p + 2a) ln(p + 2a) + p ln p – 2(p + a) ln(p + a)

6 exp
(
–ax2

)
, a > 0 (πb)1/2 exp

(
bp2
)

erfc(p
√

b), a =
1
4b

7 x exp
(
–ax2

)
2b – 2π1/2b3/2p erfc(p

√
b), a =

1
4b

8 exp(–a/x), a ≥ 0 2
√

a/pK1
(
2
√

ap
)

9
√

x exp(–a/x), a ≥ 0 1
2

√
π/p3

(
1 + 2

√
ap
)

exp
(
–2

√
ap
)

10
1√
x

exp(–a/x), a ≥ 0
√

π/p exp
(
–2

√
ap
)

11
1

x
√

x
exp(–a/x), a > 0

√
π/a exp

(
–2

√
ap
)

12 xν–1 exp(–a/x), a > 0 2(a/p)ν/2Kν

(
2
√

ap
)

13 exp
(
–2

√
ax
)

p–1 – (πa)1/2p–3/2ea/p erfc
(√

a/p
)

14
1√
x

exp
(
–2

√
ax
)

(π/p)1/2ea/p erfc
(√

a/p
)

5.4. Expressions with Hyperbolic Functions

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 sinh(ax)
a

p2 – a2

2 sinh2(ax)
2a2

p3 – 4a2p

3
1
x

sinh(ax)
1
2

ln
p + a

p – a

4 xν–1 sinh(ax), ν > –1 1
2 Γ(ν)

[
(p – a)–ν – (p + a)–ν

]
5 sinh

(
2
√

ax
) √

πa

p
√

p
ea/p

6
√

x sinh
(
2
√

ax
)

π1/2p–5/2
(

1
2 p + a

)
ea/p erf

(√
a/p
)

– a1/2p–2

7
1√
x

sinh
(
2
√

ax
)

π1/2p–1/2ea/p erf
(√

a/p
)

8
1√
x

sinh2(√ax
)

1
2 π1/2p–1/2

(
ea/p – 1

)
9 cosh(ax)

p

p2 – a2
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No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

10 cosh2(ax)
p2 – 2a2

p3 – 4a2p

11 xν–1 cosh(ax), ν > 0 1
2 Γ(ν)

[
(p – a)–ν + (p + a)–ν

]
12 cosh

(
2
√

ax
) 1

p
+

√
πa

p
√

p
ea/p erf

(√
a/p
)

13
√

x cosh
(
2
√

ax
)

π1/2p–5/2
(

1
2 p + a

)
ea/p

14
1√
x

cosh
(
2
√

ax
)

π1/2p–1/2ea/p

15
1√
x

cosh2(√ax
)

1
2 π1/2p–1/2

(
ea/p + 1

)

5.5. Expressions with Logarithmic Functions

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 ln x
–

1
p

(ln p + C),

C = 0.5772 . . . is the Euler constant

2 ln(1 + ax) –
1
p

ep/a Ei(–p/a)

3 ln(x + a)
1
p

[
ln a – eap Ei(–ap)

]
4 xn ln x, n = 1, 2, . . .

n!
pn+1

(
1 + 1

2 + 1
3 + · · · + 1

n – ln p – C
)
,

C = 0.5772 . . . is the Euler constant

5
1√
x

ln x –
√

π/p
[
ln(4p) + C

]

6 xn–1/2 ln x, n = 1, 2, . . .

kn

pn+1/2

[
2 + 2

3 + 2
5 + · · · + 2

2n–1 – ln(4p) – C
]
,

kn = 1 ⋅ 3 ⋅ 5 . . . (2n – 1)

√
π

2n
, C = 0.5772 . . .

7 xν–1 ln x, ν > 0
Γ(ν)p–ν

[
ψ(ν) – ln p

]
, ψ(ν) is the logarithmic

derivative of the gamma function

8 (ln x)2 1
p

[
(ln x + C)2 + 1

6 π2], C = 0.5772 . . .

9 e–ax ln x –
ln(p + a) + C

p + a
, C = 0.5772 . . .
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5.6. Expressions with Trigonometric Functions

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 sin(ax)
a

p2 + a2

2 |sin(ax)|, a > 0
a

p2 + a2
coth
( πp

2a

)
3 sin2n(ax), n = 1, 2, . . .

a2n(2n)!

p
[
p2 + (2a)2

][
p2 + (4a)2

]
. . .
[
p2 + (2na)2

]
4 sin2n+1(ax), n = 1, 2, . . .

a2n+1(2n + 1)![
p2 + a2

][
p2 + 32a2

]
. . .
[
p2 + (2n + 1)2a2

]
5 xn sin(ax), n = 1, 2, . . .

n! pn+1(
p2 + a2

)n+1

∑
0≤2k≤n

(–1)kC2k+1
n+1

( a

p

)2k+1

6
1
x

sin(ax) arctan
( a

p

)
7

1
x

sin2(ax) 1
4 ln
(
1 + 4a2p–2

)
8

1
x2 sin2(ax) a arctan(2a/p) – 1

4 p ln
(
1 + 4a2p–2

)
9 sin

(
2
√

ax
) √

πa

p
√

p
e–a/p

10
1
x

sin
(
2
√

ax
)

π erf
(√

a/p
)

11 cos(ax)
p

p2 + a2

12 cos2(ax)
p2 + 2a2

p
(
p2 + 4a2

)
13 xn cos(ax), n = 1, 2, . . .

n! pn+1(
p2 + a2

)n+1

∑
0≤2k≤n+1

(–1)kC2k
n+1

( a

p

)2k

14
1
x

[
1 – cos(ax)

] 1
2 ln
(
1 + a2p–2)

15
1
x

[
cos(ax) – cos(bx)

] 1
2

ln
p2 + b2

p2 + a2

16
√

x cos
(
2
√

ax
)

1
2 π1/2p–5/2(p – 2a)e–a/p

17
1√
x

cos
(
2
√

ax
) √

π/p e–a/p

18 sin(ax) sin(bx)
2abp[

p2 + (a + b)2
][

p2 + (a – b)2
]

19 cos(ax) sin(bx)
b
(
p2 – a2 + b2

)[
p2 + (a + b)2

][
p2 + (a – b)2

]
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No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

20 cos(ax) cos(bx)
p
(
p2 + a2 + b2

)[
p2 + (a + b)2

][
p2 + (a – b)2

]
21

ax cos(ax) – sin(ax)
x2

p arctan
a

x
– a

22 ebx sin(ax)
a

(p – b)2 + a2

23 ebx cos(ax)
p – b

(p – b)2 + a2

24 sin(ax) sinh(ax)
2a2p

p4 + 4a4

25 sin(ax) cosh(ax)
a
(
p2 + 2a2

)
p4 + 4a4

26 cos(ax) sinh(ax)
a
(
p2 – 2a2

)
p4 + 4a4

27 cos(ax) cosh(ax)
p3

p4 + 4a4

5.7. Expressions with Special Functions

No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

1 erf(ax)
1
p

exp
(
b2p2
)

erfc(bp), b =
1

2a

2 erf
(√

ax
) √

a

p
√

p + a

3 eax erf
(√

ax
) √

a
√

p (p – a)

4 erf
(

1
2

√
a/x
) 1

p

[
1 – exp

(
–
√

ap
)]

5 erfc
(√

ax
) √

p + a –
√

a

p
√

p + a

6 eax erfc
(√

ax
) 1

p +
√

ap

7 erfc
(

1
2

√
a/x
) 1

p
exp
(
–
√

ap
)

8 Ci(x)
1

2p
ln(p2 + 1)
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No Original function, f (x) Laplace transform, f̃ (p) =
∫ ∞

0
e–pxf (x) dx

9 Si(x)
1
p

arccot p

10 Ei(–x) –
1
p

ln(p + 1)

11 J0(ax)
1√

p2 + a2

12 Jν(ax), ν > –1
aν√

p2 + a2
(
p +
√

p2 + a2
)ν

13 xnJn(ax), n = 1, 2, . . . 1 ⋅ 3 ⋅ 5 . . . (2n – 1)an
(
p2 + a2

)–n–1/2

14 xνJν(ax), ν > – 1
2 2νπ–1/2

Γ
(
ν + 1

2

)
aν
(
p2 + a2

)–ν–1/2

15 xν+1Jν(ax), ν > –1 2ν+1π–1/2
Γ
(
ν + 3

2

)
aνp
(
p2 + a2

)–ν–3/2

16 J0
(
2
√

ax
) 1

p
e–a/p

17
√

xJ1
(
2
√

ax
) √

a

p2
e–a/p

18 xν/2Jν

(
2
√

ax
)
, ν > –1 aν/2p–ν–1e–a/p

19 I0(ax)
1√

p2 – a2

20 Iν (ax), ν > –1
aν√

p2 – a2
(
p +
√

p2 – a2
)ν

21 xνIν (ax), ν > – 1
2 2νπ–1/2

Γ
(
ν + 1

2

)
aν
(
p2 – a2

)–ν–1/2

22 xν+1Iν(ax), ν > –1 2ν+1π–1/2
Γ
(
ν + 3

2

)
aνp
(
p2 – a2

)–ν–3/2

23 I0
(
2
√

ax
) 1

p
ea/p

24
1√
x

I1
(
2
√

ax
) 1√

a

(
ea/p – 1

)
25 xν/2Iν

(
2
√

ax
)
, ν > –1 aν/2p–ν–1ea/p

26 Y0(ax) –
2
π

Arsinh(p/a)√
p2 + a2

27 K0(ax)
ln
(
p +
√

p2 – a2
)

– ln a√
p2 – a2

References for Supplement 5: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), V. A. Ditkin and
A. P. Prudnikov (1965), F. Oberhettinger and L. Badii (1973), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992,
Vol. 4).



Supplement 6

Tables of Inverse Laplace Transforms

6.1. General Formulas

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1 f̃ (p + a) e–axf (x)

2 f̃ (ap), a > 0
1
a

f
( x

a

)
3 f̃ (ap + b), a > 0

1
a

exp
(

–
b

a
x
)
f
( x

a

)
4 f̃ (p – a) + f̃ (p + a) 2f (x) cosh(ax)

5 f̃ (p – a) – f̃ (p + a) 2f (x) sinh(ax)

6 e–apf̃ (p), a ≥ 0

{
0 if 0 ≤ x < a,
f (x – a) if a < x.

7 pf̃ (p)
df (x)
dx

, if f (+0) = 0

8
1
p

f̃ (p)
∫ x

0
f (t) dt

9
1

p + a
f̃ (p) e–ax

∫ x

0
eatf (t) dt

10
1
p2

f̃ (p)
∫ x

0
(x – t)f (t) dt

11
f̃ (p)

p(p + a)

1
a

∫ x

0

[
1 – ea(x–t)

]
f (t) dt

12
f̃ (p)

(p + a)2

∫ x

0
(x – t)e–a(x–t)f (t) dt

13
f̃ (p)

(p + a)(p + b)

1
b – a

∫ x

0

[
e–a(x–t) – e–b(x–t)

]
f (t) dt

14
f̃ (p)

(p + a)2 + b2

1
b

∫ x

0
e–a(x–t) sin

[
b(x – t)

]
f (t) dt

15
1
pn

f̃ (p), n = 1, 2, . . .
1

(n – 1)!

∫ x

0
(x – t)n–1f (t) dt

16 f̃1(p)f̃2(p)

∫ x

0
f1(t)f2(x – t) dt

969
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

17
1√
p

f̃
( 1

p

) ∫ ∞

0

cos
(
2
√

xt
)

√
πx

f (t) dt

18
1

p
√

p
f̃
( 1

p

) ∫ ∞

0

sin
(
2
√

xt
)

√
πt

f (t) dt

19
1

p2ν+1
f̃
( 1

p

) ∫ ∞

0
(x/t)νJ2ν

(
2
√

xt
)
f (t) dt

20
1
p

f̃
( 1

p

) ∫ ∞

0
J0
(
2
√

xt
)
f (t) dt

21
1
p

f̃
(
p +

1
p

) ∫ x

0
J0
(
2
√

xt – t2
)
f (t) dt

22
1

p2ν+1
f̃
(
p +

a

p

)
, –

1
2

< ν ≤ 0
∫ x

0

( x – t

at

)ν

J2ν

(
2
√

axt – at2
)
f (t) dt

23 f̃
(√

p
) ∫ ∞

0

t

2
√

πx3
exp
(

–
t2

4x

)
f (t) dt

24
1√
p

f̃
(√

p
) 1√

πx

∫ ∞

0
exp
(

–
t2

4x

)
f (t) dt

25 f̃
(
p +

√
p
) 1

2
√

π

∫ x

0

t

(x – t)3/2
exp
[
–

t2

4(x – t)

]
f (t) dt

26 f̃
(√

p2 + a2
)

f (x) – a

∫ x

0
f
(√

x2 – t2
)
J1(at) dt

27 f̃
(√

p2 – a2
)

f (x) + a

∫ x

0
f
(√

x2 – t2
)
I1(at) dt

28
f̃
(√

p2 + a2
)√

p2 + a2

∫ x

0
J0
(
a
√

x2 – t2
)
f (t) dt

29
f̃
(√

p2 – a2
)√

p2 – a2

∫ x

0
I0
(
a
√

x2 – t2
)
f (t) dt

30 f̃
(√

(p + a)2 – b2
)

e–axf (x) + be–ax

∫ x

0
f
(√

x2 – t2
)
I1(bt) dt

31 f̃ (ln p)

∫ ∞

0

xt–1

Γ(t)
f (t) dt

32
1
p

f̃ (ln p)
∫ ∞

0

xt

Γ(t + 1)
f (t) dt

33 f̃ (p – ia) + f̃ (p + ia), i2 = –1 2f (x) cos(ax)

34 i
[
f̃ (p – ia) – f̃ (p + ia)

]
, i2 = –1 2f (x) sin(ax)

35
df̃ (p)
dp

–xf (x)

36
dnf̃ (p)
dpn

(–x)nf (x)
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

37 pn dmf̃ (p)
dpm

, m ≥ n (–1)m
dn

dxn

[
xmf (x)

]
38

∫ ∞

p

f̃ (q) dq
1
x

f (x)

39
1
p

∫ p

0
f̃ (q) dq

∫ ∞

x

f (t)
t

dt

40
1
p

∫ ∞

p

f̃ (q) dq

∫ x

0

f (t)
t

dt

6.2. Expressions with Rational Functions

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1
1
p

1

2
1

p + a
e–ax

3
1
p2

x

4
1

p(p + a)
1
a

(
1 – e–ax

)
5

1
(p + a)2 xe–ax

6
p

(p + a)2 (1 – ax)e–ax

7
1

p2 – a2
1
a

sinh(ax)

8
p

p2 – a2 cosh(ax)

9
1

(p + a)(p + b)
1

a – b

(
e–bx – e–ax

)
10

p

(p + a)(p + b)
1

a – b

(
ae–ax – be–bx

)
11

1
p2 + a2

1
a

sin(ax)

12
p

p2 + a2 cos(ax)

13
1

(p + b)2 + a2
1
a

e–bx sin(ax)

14
p

(p + b)2 + a2 e–bx
[
cos(ax) –

b

a
sin(ax)

]
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

15
1
p3

1
2 x2

16
1

p2(p + a)
1
a2

(
e–ax + ax – 1

)
17

1
p(p + a)(p + b)

1
ab(a – b)

(
a – b + be–ax – ae–bx

)
18

1
p(p + a)2

1
a2

(
1 – e–ax – axe–ax

)
19

1
(p + a)(p + b)(p + c)

(c – b)e–ax + (a – c)e–bx + (b – a)e–cx

(a – b)(b – c)(c – a)

20
p

(p + a)(p + b)(p + c)
a(b – c)e–ax + b(c – a)e–bx + c(a – b)e–cx

(a – b)(b – c)(c – a)

21
p2

(p + a)(p + b)(p + c)
a2(c – b)e–ax + b2(a – c)e–bx + c2(b – a)e–cx

(a – b)(b – c)(c – a)

22
1

(p + a)(p + b)2

1
(a – b)2

[
e–ax – e–bx + (a – b)xe–bx

]
23

p

(p + a)(p + b)2
1

(a – b)2

{
–ae–ax + [a + b(b – a)x

]
e–bx
}

24
p2

(p + a)(p + b)2

1
(a – b)2

[
a2e–ax + b(b – 2a – b2x + abx)e–bx

]
25

1
(p + a)3

1
2 x2e–ax

26
p

(p + a)3 x
(
1 – 1

2 ax
)
e–ax

27
p2

(p + a)3

(
1 – 2ax + 1

2 a2x2
)
e–ax

28
1

p(p2 + a2)
1
a2

[
1 – cos(ax)

]
29

1

p
[
(p + b)2 + a2

] 1
a2 + b2

{
1 – e–bx

[
cos(ax) +

b

a
sin(ax)

]}
30

1
(p + a)(p2 + b2)

1
a2 + b2

[
e–ax +

a

b
sin(bx) – cos(bx)

]
31

p

(p + a)(p2 + b2)
1

a2 + b2

[
–ae–ax + a cos(bx) + b sin(bx)

]
32

p2

(p + a)(p2 + b2)
1

a2 + b2

[
a2e–ax – ab sin(bx) + b2 cos(bx)

]
33

1
p3 + a3

1
3a2

e–ax –
1

3a2
eax/2

[
cos(kx) –

√
3 sin(kx)

]
,

k = 1
2 a

√
3

34
p

p3 + a3
–

1
3a

e–ax +
1

3a
eax/2

[
cos(kx) +

√
3 sin(kx)

]
,

k = 1
2 a

√
3
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

35
p2

p3 + a3
1
3 e–ax + 2

3 eax/2 cos(kx), k = 1
2 a

√
3

36
1(

p + a)
[
(p + b)2 + c2]

e–ax – e–bx cos(cx) + ke–bx sin(cx)
(a – b)2 + c2

, k =
a – b

c

37
p(

p + a)
[
(p + b)2 + c2]

–ae–ax + ae–bx cos(cx) + ke–bx sin(cx)
(a – b)2 + c2

,

k =
b2 + c2 – ab

c

38
p2(

p + a)
[
(p + b)2 + c2]

a2e–ax +(b2 +c2 –2ab)e–bx cos(cx)+ke–bx sin(cx)
(a–b)2 +c2

,

k = –ac – bc +
ab2 – b3

c

39
1
p4

1
6 x3

40
1

p3(p + a)
1
a3

–
1
a2

x +
1

2a
x2 –

1
a3

e–ax

41
1

p2(p + a)2
1
a2

x
(
1 + e–ax

)
+

2
a3

(
e–ax – 1

)
42

1
p2(p + a)(p + b)

–
a + b

a2b2
+

1
ab

x +
1

a2(b – a)
e–ax +

1
b2(a – b)

e–bx

43
1

(p + a)2(p + b)2

1
(a – b)2

[
e–ax
(
x +

2
a – b

)
+ e–bx

(
x –

2
a – b

)]
44

1
(p + a)4

1
6 x3e–ax

45
p

(p + a)4
1
2 x2e–ax – 1

6 ax3e–ax

46
1

p2(p2 + a2)
1
a3

[
ax – sin(ax)

]
47

1
p4 – a4

1
2a3

[
sinh(ax) – sin(ax)

]
48

p

p4 – a4
1

2a2

[
cosh(ax) – cos(ax)

]
49

p2

p4 – a4

1
2a

[
sinh(ax) + sin(ax)

]
50

p3

p4 – a4

1
2

[
cosh(ax) + cos(ax)

]
51

1
p4 + a4

1

a3
√

2

(
cosh ξ sin ξ – sinh ξ cos ξ

)
, ξ =

ax√
2

52
p

p4 + a4

1
a2

sin
( ax√

2

)
sinh
( ax√

2

)
53

p2

p4 + a4

1

a
√

2

(
cos ξ sinh ξ + sin ξ cosh ξ

)
, ξ =

ax√
2
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

54
1

(p2 + a2)2
1

2a3

[
sin(ax) – ax cos(ax)

]
55

p

(p2 + a2)2
1

2a
x sin(ax)

56
p2

(p2 + a2)2

1
2a

[
sin(ax) + ax cos(ax)

]
57

p3

(p2 + a2)2
cos(ax) – 1

2 ax sin(ax)

58
1[

(p + b)2 + a2
]2 1

2a3
e–bx
[
sin(ax) – ax cos(ax)

]
59

1
(p2 – a2)(p2 – b2)

1
a2 – b2

[ 1
a

sinh(ax) –
1
b

sinh(bx)
]

60
p

(p2 – a2)(p2 – b2)
cosh(ax) – cosh(bx)

a2 – b2

61
p2

(p2 – a2)(p2 – b2)
a sinh(ax) – b sinh(bx)

a2 – b2

62
p3

(p2 – a2)(p2 – b2)
a2 cosh(ax) – b2 cosh(bx)

a2 – b2

63
1

(p2 + a2)(p2 + b2)
1

b2 – a2

[ 1
a

sin(ax) –
1
b

sin(bx)
]

64
p

(p2 + a2)(p2 + b2)
cos(ax) – cos(bx)

b2 – a2

65
p2

(p2 + a2)(p2 + b2)
–a sin(ax) + b sin(bx)

b2 – a2

66
p3

(p2 + a2)(p2 + b2)
–a2 cos(ax) + b2 cos(bx)

b2 – a2

67
1
pn

, n = 1, 2, . . .
1

(n – 1)!
xn–1

68
1

(p + a)n
, n = 1, 2, . . .

1
(n – 1)!

xn–1e–ax

69
1

p(p + a)n
, n = 1, 2, . . . a–n

[
1 – e–axen(ax)

]
, en(z) = 1 +

z

1!
+ · · · +

zn

n!

70
1

p2n + a2n
, n = 1, 2, . . .

–
1

na2n

n∑
k=1

exp(akx)
[
ak cos(bkx) – bk sin(bkx)

]
,

ak = a cos ϕk , bk = a sin ϕk, ϕk =
π(2k – 1)

2n

71
1

p2n – a2n
, n = 1, 2, . . .

1
na2n–1

sinh(ax) +
1

na2n

n∑
k=2

exp(akx)

×
[
ak cos(bkx) – bk sin(bkx)

]
,

ak = a cos ϕk , bk = a sin ϕk, ϕk =
π(k – 1)

n
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

72
1

p2n+1 + a2n+1
, n = 0, 1, . . .

e–ax

(2n + 1)a2n
–

2
(2n + 1)a2n+1

n∑
k=1

exp(akx)

×
[
ak cos(bkx) – bk sin(bkx)

]
,

ak = a cos ϕk , bk = a sin ϕk, ϕk =
π(2k – 1)

2n + 1

73
1

p2n+1 – a2n+1
, n = 0, 1, . . .

eax

(2n + 1)a2n
+

2
(2n + 1)a2n+1

n∑
k=1

exp(akx)

×
[
ak cos(bkx) – bk sin(bkx)

]
,

ak = a cos ϕk , bk = a sin ϕk, ϕk =
2πk

2n + 1

74

Q(p)
P (p)

,

P (p) = (p – a1) . . . (p – an);
Q(p) is a polynomial of degree
≤ n – 1; ai ≠ aj if i ≠ j

n∑
k=1

Q(ak)
P ′(ak)

exp
(
akx
)
,

(the prime stand for the differentiation)

75

Q(p)
P (p)

,

P (p) = (p – a1)m1 . . . (p – an)mn ;
Q(p) is a polynomial of degree
< m1 + m2 + · · · + mn – 1;
ai ≠ aj if i ≠ j

n∑
k=1

mk∑
l=1

Φkl(ak)
(mk – l)! (l – 1)!

xmk–l exp
(
akx
)
,

Φkl(p) =
dl–1

dpl–1

[
Q(p)
Pk(p)

]
, Pk(p) =

P (p)
(p – ak)mk

76

Q(p) + pR(p)
P (p)

,

P (p) = (p2 + a2
1) . . . (p2 + a2

n);
Q(p) and R(p) are polynomials
of degree ≤ 2n – 2; al ≠ aj , l ≠ j

n∑
k=1

Q(iak) sin(akx) + akR(iak) cos(akx)
akPk(iak)

,

Pm(p) =
P (p)

p2 + a2
m

, i2 = –1

6.3. Expressions with Square Roots

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1
1
√

p

1√
πx

2
√

p – a –
√

p – b
ebx – eax

2
√

πx3

3
1√

p + a

1√
πx

e–ax

4

√
p + a

p
– 1 1

2 ae–ax/2
[
I1
(

1
2 ax
)

+ I0
(

1
2 ax
)]

5

√
p + a

p + b

e–ax

√
πx

+ (a – b)1/2e–bx erf
[
(a – b)1/2x1/2

]
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

6
1

p
√

p
2

√
x

π

7
1

(p + a)
√

p + b
(b – a)–1/2e–ax erf

[
(b – a)1/2x1/2

]
8

1√
p (p – a)

1√
a

eax erf
(√

ax
)

9
1

p3/2(p – a)
a–3/2eax erf

(√
ax
)

– 2a–1π–1/2x1/2

10
1

√
p + a π–1/2x–1/2 – aea2x erfc

(
a
√

x
)

11
a

p
(√

p + a
) 1 – ea2x erfc

(
a
√

x
)

12
1

p + a
√

p
ea2x erfc

(
a
√

x
)

13
1(√

p +
√

a
)2 1 –

2√
π

(ax)1/2 + (1 – 2ax)eax
[
erf
(√

ax
)

– 1
]

14
1

p
(√

p +
√

a
)2

1
a

+
(

2x –
1
a

)
eax erfc

(√
ax
)

–
2√
πa

√
x

15
1

√
p
(√

p + a
)2 2π–1/2x1/2 – 2axea2x erfc

(
a
√

x
)

16
1(√

p + a
)3

2√
π

(a2x + 1)
√

x – ax(2a2x + 3)ea2x erfc
(
a
√

x
)

17 p–n–1/2, n = 1, 2, . . .
2n

1 ⋅ 3 . . . (2n – 1)
√

π
xn–1/2

18 (p + a)–n–1/2
2n

1 ⋅ 3 . . . (2n – 1)
√

π
xn–1/2e–ax

19
1√

p2 + a2
J0(ax)

20
1√

p2 – a2
I0(ax)

21
1√

p2 + ap + b
exp
(
– 1

2 ax
)
J0
[
(b – 1

4 a2
)1/2

x
]

22
(√

p2 + a2 – p
)1/2 1√

2πx3
sin(ax)

23
1√

p2 + a2

(√
p2 + a2 + p

)1/2
√

2√
πx

cos(ax)

24
1√

p2 – a2

(√
p2 – a2 + p

)1/2
√

2√
πx

cosh(ax)
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

25
(√

p2 + a2 + p
)–n

na–nx–1Jn(ax)

26
(√

p2 – a2 + p
)–n

na–nx–1In(ax)

27
(
p2 + a2

)–n–1/2 (x/a)nJn(ax)
1 ⋅ 3 ⋅ 5 . . . (2n – 1)

28
(
p2 – a2

)–n–1/2 (x/a)nIn(ax)
1 ⋅ 3 ⋅ 5 . . . (2n – 1)

6.4. Expressions with Arbitrary Powers

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1 (p + a)–ν , ν > 0
1

Γ(ν)
xν–1e–ax

2
[
(p + a)1/2 + (p + b)1/2

]–2ν
, ν > 0

ν

(a – b)ν
x–1 exp

[
– 1

2 (a + b)x
]
Iν

[
1
2 (a – b)x

]
3

[
(p + a)(p + b)

]–ν
, ν > 0

√
π

Γ(ν)

( x

a – b

)ν–1/2
exp
(

–
a + b

2
x
)
Iν–1/2

( a – b

2
x
)

4
(
p2 + a2

)–ν–1/2
, ν > – 1

2

√
π

(2a)νΓ(ν + 1
2 )

xνJν(ax)

5
(
p2 – a2

)–ν–1/2
, ν > – 1

2

√
π

(2a)νΓ(ν + 1
2 )

xνIν (ax)

6 p
(
p2 + a2

)–ν–1/2
, ν > 0

a
√

π

(2a)νΓ
(
ν + 1

2

)xνJν–1(ax)

7 p
(
p2 – a2

)–ν–1/2
, ν > 0

a
√

π

(2a)νΓ
(
ν + 1

2

)xνIν–1(ax)

8

[
(p2 + a2)1/2 + p

]–ν
=

a–2ν
[
(p2 + a2)1/2 – p

]ν
, ν > 0

νa–νx–1Jν(ax)

9

[
(p2 – a2)1/2 + p

]–ν
=

a–2ν
[
p – (p2 – a2)1/2

]ν
, ν > 0

νa–νx–1Iν (ax)

10 p
[
(p2 + a2)1/2 + p

]–ν
, ν > 1 νa1–νx–1Jν–1(ax) – ν(ν + 1)a–νx–2Jν (ax)

11 p
[
(p2 – a2)1/2 + p

]–ν
, ν > 1 νa1–νx–1Iν–1(ax) – ν(ν + 1)a–νx–2Iν (ax)

12

(√
p2 + a2 + p

)–ν√
p2 + a2

, ν > –1 a–νJν(ax)

13

(√
p2 – a2 + p

)–ν√
p2 – a2

, ν > –1 a–νIν (ax)
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6.5. Expressions with Exponential Functions

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1 p–1e–ap, a > 0
{

0 if 0 < x < a,
1 if a < x.

2 p–1
(
1 – e–ap

)
, a > 0

{
1 if 0 < x < a,
0 if a < x.

3 p–1
(
e–ap – e–bp

)
, 0 ≤ a < b

{
0 if 0 < x < a,
1 if a < x < b,
0 if b < x.

4 p–2
(
e–ap – e–bp

)
, 0 ≤ a < b

{
0 if 0 < x < a,
x – a if a < x < b,
b – a if b < x.

5 (p + b)–1e–ap, a > 0
{

0 if 0 < x < a,
e–b(x–a) if a < x.

6 p–νe–ap, ν > 0

{ 0 if 0 < x < a,
(x – a)ν–1

Γ(ν)
if a < x.

7 p–1
(
eap – 1

)–1
, a > 0 f (x) = n if na < x < (n + 1)a; n = 0, 1, 2, . . .

8 ea/p – 1

√
a

x
I1
(
2
√

ax
)

9 p–1/2ea/p
1√
πx

cosh
(
2
√

ax
)

10 p–3/2ea/p
1√
πa

sinh
(
2
√

ax
)

11 p–5/2ea/p

√
x

πa
cosh

(
2
√

ax
)

–
1

2
√

πa3
sinh
(
2
√

ax
)

12 p–ν–1ea/p, ν > –1 (x/a)ν/2Iν (2
√

ax
)

13 1 – e–a/p

√
a

x
J1
(
2
√

ax
)

14 p–1/2e–a/p
1√
πx

cos
(
2
√

ax
)

15 p–3/2e–a/p
1√
πa

sin
(
2
√

ax
)

16 p–5/2e–a/p 1

2
√

πa3
sin
(
2
√

ax
)

–

√
x

πa
cos
(
2
√

ax
)

17 p–ν–1e–a/p, ν > –1 (x/a)ν/2Jν(2
√

ax
)

18 exp
(
–
√

ap
)
, a > 0

√
a

2
√

π
x–3/2 exp

(
–

a

4x

)
19 p exp

(
–
√

ap
)
, a > 0

√
a

8
√

π
(a – 6x)x–7/2 exp

(
–

a

4x

)
20

1
p

exp
(
–
√

ap
)
, a ≥ 0 erfc

( √
a

2
√

x

)
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

21
√

p exp
(
–
√

ap
)
, a > 0

1
4
√

π
(a – 2x)x–5/2 exp

(
–

a

4x

)
22

1√
p

exp
(
–
√

ap
)
, a ≥ 0

1√
πx

exp
(

–
a

4x

)
23

1
p
√

p
exp
(
–
√

ap
)
, a ≥ 0

2
√

x√
π

exp
(

–
a

4x

)
–
√

a erfc
( √

a

2
√

x

)
24

exp
(
–k
√

p2 + a2
)√

p2 + a2
, k > 0

{
0 if 0 < x < k,
J0
(
a
√

x2 – k2
)

if k < x.

25
exp
(
–k
√

p2 – a2
)√

p2 – a2
, k > 0

{
0 if 0 < x < k,
I0
(
a
√

x2 – k2
)

if k < x.

6.6. Expressions with Hyperbolic Functions

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1
1

p sinh(ap)
, a > 0

f (x) = 2n if a(2n – 1) < x < a(2n + 1);
n = 0, 1, 2, . . . (x > 0)

2
1

p2 sinh(ap)
, a > 0

f (x) = 2n(x – an) if a(2n – 1) < x < a(2n + 1);
n = 0, 1, 2, . . . (x > 0)

3
sinh(a/p)√

p

1
2
√

πx

[
cosh

(
2
√

ax
)

– cos
(
2
√

ax
)]

4
sinh(a/p)

p
√

p

1
2
√

πa

[
sinh
(
2
√

ax
)

– sin
(
2
√

ax
)]

5 p–ν–1 sinh(a/p), ν > –2 1
2 (x/a)ν/2

[
Iν

(
2
√

ax
)

– Jν

(
2
√

ax
)]

6
1

p cosh(ap)
, a > 0 f (x) =

{
0 if a(4n – 1) < x < a(4n + 1),
2 if a(4n + 1) < x < a(4n + 3),

n = 0, 1, 2, . . . (x > 0)

7
1

p2 cosh(ap)
, a > 0 x – (–1)n(x – 2an) if 2n – 1 < x/a < 2n + 1;

n = 0, 1, 2, . . . (x > 0)

8
cosh(a/p)√

p

1
2
√

πx

[
cosh

(
2
√

ax
)

+ cos
(
2
√

ax
)]

9
cosh(a/p)

p
√

p

1
2
√

πa

[
sinh
(
2
√

ax
)

+ sin
(
2
√

ax
)]

10 p–ν–1 cosh(a/p), ν > –1 1
2 (x/a)ν/2

[
Iν

(
2
√

ax
)

+ Jν

(
2
√

ax
)]

11
1
p

tanh(ap), a > 0 f (x) = (–1)n–1 if 2a(n – 1) < x < 2an;
n = 1, 2, . . .
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

12
1
p

coth(ap), a > 0 f (x) = (2n – 1) if 2a(n – 1) < x < 2an;
n = 1, 2, . . .

13 Arcoth(p/a)
1
x

sinh(ax)

6.7. Expressions with Logarithmic Functions

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1
1
p

ln p
– ln x – C,
C = 0.5772 . . . is the Euler constant

2 p–n–1 ln p
(
1 + 1

2 + 1
3 + · · · + 1

n – ln x – C
)xn

n!
,

C = 0.5772 . . . is the Euler constant

3 p–n–1/2 ln p

kn

[
2 + 2

3 + 2
5 + · · · + 2

2n–1 – ln(4x) – C
]
xn–1/2,

kn =
2n

1 ⋅ 3 ⋅ 5 . . . (2n – 1)
√

π
, C = 0.5772 . . .

4 p–ν ln p, ν > 0
1

Γ(ν)
xν–1
[
ψ(ν) – ln x

]
, ψ(ν) is the logarithmic

derivative of the gamma function

5
1
p

(ln p)2 (ln x + C)2 – 1
6 π2, C = 0.5772 . . .

6
1
p2

(ln p)2 x
[
(ln x + C – 1)2 + 1 – 1

6 π2
]

7
ln(p + b)
p + a

e–ax
{

ln(b – a) – Ei
[
(a – b)x

]
}

8
ln p

p2 + a2
1
a

cos(ax) Si(ax) +
1
a

sin(ax)
[
ln a – Ci(ax)

]
9

p ln p

p2 + a2 cos(ax)
[
ln a – Ci(ax)

]
– sin(ax) Si(ax)

]
10 ln

p + b

p + a

1
x

(
e–ax – e–bx

)
11 ln

p2 + b2

p2 + a2

2
x

[
cos(ax) – cos(bx)

]
12 p ln

p2 + b2

p2 + a2

2
x

[
cos(bx) + bx sin(bx) – cos(ax) – ax sin(ax)

]
13 ln

(p + a)2 + k2

(p + b)2 + k2

2
x

cos(kx)(e–bx – e–ax
)

14 p ln
( 1

p

√
p2 + a2

) 1
x2

[
cos(ax) – 1

]
+

a

x
sin(ax)

15 p ln
( 1

p

√
p2 – a2

) 1
x2

[
cosh(ax) – 1

]
–

a

x
sinh(ax)
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6.8. Expressions with Trigonometric Functions

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1
sin(a/p)√

p

1√
πx

sinh
(√

2ax
)

sin
(√

2ax
)

2
sin(a/p)

p
√

p

1√
πa

cosh
(√

2ax
)

sin
(√

2ax
)

3
cos(a/p)√

p

1√
πx

cosh
(√

2ax
)

cos
(√

2ax
)

4
cos(a/p)

p
√

p

1√
πa

sinh
(√

2ax
)

cos
(√

2ax
)

5
1
√

p
exp
(
–
√

ap
)

sin
(√

ap
) 1√

πx
sin
( a

2x

)
6

1√
p

exp
(
–
√

ap
)

cos
(√

ap
) 1√

πx
cos
( a

2x

)
7 arctan

a

p
1
x

sin(ax)

8
1
p

arctan
a

p
Si(ax)

9 p arctan
a

p
– a 1

x2

[
ax cos(ax) – sin(ax)

]
10 arctan

2ap

p2 + b2
2
x

sin(ax) cos
(
x
√

a2 + b2
)

6.9. Expressions with Special Functions

No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

1 exp
(
ap2
)

erfc
(
p
√

a
) 1√

πa
exp
(

–
x2

4a

)
2

1
p

exp
(
ap2
)

erfc
(
p
√

a
)

erf
( x

2
√

a

)

3 erfc
(√

ap
)
, a > 0

{ 0 if 0 < x < a,√
a

πx
√

x – a
if a < x.

4 eap erfc
(√

ap
) √

a

π
√

x (x + a)

5
1√
p

eap erfc
(√

ap
) 1√

π(x + a)

6 erf
(√

a/p
) 1

πx
sin
(
2
√

ax
)
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No Laplace transform, f̃ (p) Inverse transform, f (x) =
1

2πi

∫ c+i∞

c–i∞
epxf̃ (p) dp

7
1√
p

exp(a/p) erf
(√

a/p
) 1√

πx
sinh
(
2
√

ax
)

8
1√
p

exp(a/p) erfc
(√

a/p
) 1√

πx
exp
(
–2

√
ax
)

9 p–aγ(a, bp), a, b > 0

{
xa–1 if 0 < x < b,
0 if b < x.

10 γ(a, b/p), a > 0 ba/2xa/2–1Ja

(
2
√

bx
)

11 a–pγ(p, a) exp
(
–ae–x

)
12 K0(ap), a > 0

{
0 if 0 < x < a,
(x2 – a2)–1/2 if a < x.

13 Kν(ap), a > 0

⎧⎨⎩
0 if 0 < x < a,
cosh

[
ν Arcosh(x/a)

]
√

x2 – a2
if a < x.

14 K0
(
a
√

p
) 1

2x
exp
(

–
a2

4x

)
15

1√
p

K1
(
a
√

p
) 1

a
exp
(

–
a2

4x

)
References for Supplement 6: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), I. I. Hirschman and

D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965), A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev (1992,
Vol. 5).



Supplement 7

Tables of Fourier Cosine Transforms

7.1. General Formulas

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1 af1(x) + bf2(x) af̌1c(u) + bf̌2c(u)

2 f (ax), a > 0
1
a

f̌c

( u

a

)
3 x2nf (x), n = 1, 2, . . . (–1)n

d2n

du2n
f̌c(u)

4 x2n+1f (ax), n = 0, 1, . . . (–1)n
d2n+1

du2n+1
f̌s(u), f̌s(u) =

∫ ∞

0
f (x) sin(xu) dx

5 f (ax) cos(bx), a, b > 0
1

2a

[
f̌c

( u + b

a

)
+ f̌c

( u – b

a

)]

7.2. Expressions with Power-Law Functions

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1
{

1 if 0 < x < a,
0 if a < x

1
u

sin(au)

2

{
x if 0 < x < 1,
2 – x if 1 < x < 2,
0 if 2 < x

4
u2 cos u sin2 u

2

3
1

a + x
, a > 0 – sin(au) si(au) – cos(au) Ci(au)

4
1

a2 + x2
, a > 0

π

2a
e–au (the integral is understood

in the sense of Cauchy principal value)

5
1

a2 – x2
, a > 0

π sin(au)
2u

6
a

a2 + (b + x)2
+

a

a2 + (b – x)2 πe–au cos(bu)

7
b + x

a2 + (b + x)2
+

b – x

a2 + (b – x)2 πe–au sin(bu)

8
1

a4 + x4 , a > 0
1
2 πa–3 exp

(
–

au√
2

)
sin
( π

4
+

au√
2

)

983
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No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

9
1

(a2 + x2)(b2 + x2)
, a, b > 0

π

2
ae–bu – be–au

ab(a2 – b2)

10
x2m

(x2 + a)n+1
,

n, m = 1, 2, . . . ; n + 1 > m ≥ 0
(–1)n+m π

2n!
∂n

∂an

(
a1/

√
me–u

√
a
)

11
1√
x

√
π

2u

12

{
1√
x

if 0 < x < a,

0 if a < x
2

√
π

2u
C(au), C(u) is the Fresnel integral

13

{ 0 if 0 < x < a,
1√
x

if a < x

√
π

2u

[
1 – 2C(au)

]
, C(u) is the Fresnel integral

14

{ 0 if 0 < x < a,
1√

x – a
if a < x

√
π

2u

[
cos(au) – sin(au)

]
15

1√
a2 + x2

K0(au)

16

{
1√

a2 – x2
if 0 < x < a,

0 if a < x

π

2
J0(au)

17 x–ν , 0 < ν < 1 sin
(

1
2 πν
)
Γ(1 – ν)uν–1

7.3. Expressions with Exponential Functions

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1 e–ax
a

a2 + u2

2
1
x

(
e–ax – e–bx

) 1
2

ln
b2 + u2

a2 + u2

3
√

xe–ax 1
2

√
π (a2 + u2)–3/4 cos

(
3
2 arctan

u

a

)
4

1√
x

e–ax

√
π

2

[ a + (a2 + u2)1/2

a2 + u2

]1/2

5 xne–ax, n = 1, 2, . . .
an+1n!

(a2 + u2)n+1

∑
0≤2k≤n+1

(–1)kC2k
n+1

( u

a

)2k

6 xn–1/2e–ax, n = 1, 2, . . .
knu

∂n

∂an

1
r
√

r – a
,

where r =
√

a2 + u2, kn = (–1)n
√

π/2

7 xν–1e–ax Γ(ν)(a2 + u2)–ν/2 cos
(
ν arctan

u

a

)
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No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

8
x

eax – 1
1

2u2
–

π2

2a2 sinh2(πa–1u
)

9
1
x

( 1
2

–
1
x

+
1

ex – 1

)
–

1
2

ln
(
1 – e–2πu

)
10 exp

(
–ax2

) 1
2

√
π

a
exp
(

–
u2

4a

)
11

1√
x

exp
(

–
a

x

) √
π

2u
e–

√
2au
[
cos
(√

2au
)

– sin
(√

2au
)]

12
1

x
√

x
exp
(

–
a

x

) √
π

a
e–

√
2au cos

(√
2au
)

7.4. Expressions with Hyperbolic Functions

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1
1

cosh(ax)
, a > 0

π

2a cosh
(

1
2 πa–1u

)
2

1

cosh2(ax)
, a > 0

πu

2a2 sinh
(

1
2 πa–1u

)
3

cosh(ax)
cosh(bx)

, |a| < b
π

b

[
cos
(

1
2 πab–1

)
cosh

(
1
2 πb–1u

)
cos
(
πab–1

)
+ cosh

(
πb–1u

) ]

4
1

cosh(ax) + cos b

π sinh
(
a–1bu

)
a sin b sinh

(
πa–1u

)
5 exp

(
–ax2

)
cosh(bx), a > 0

1
2

√
π

a
exp
( b2 – u2

4a

)
cos
( abu

2

)
6

x

sinh(ax)
π2

4a2 cosh2( 1
2 πa–1u

)
7

sinh(ax)
sinh(bx)

, |a| < b
π

2b

sin
(
πab–1

)
cos
(
πab–1

)
+ cosh

(
πb–1u

)
8

1
x

tanh(ax), a > 0 ln
[
coth
(

1
4 πa–1u

)]

7.5. Expressions with Logarithmic Functions

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1
{

ln x if 0 < x < 1,
0 if 1 < x

–
1
u

Si(u)
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No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

2
ln x√

x
–

√
π

2u

[
ln(4u) + C +

π

2

]
,

C = 0.5772 . . . is the Euler constant

3 xν–1 ln x, 0 < ν < 1 Γ(ν) cos
( πν

2

)
u–ν
[
ψ(ν) –

π

2
tan
( πν

2

)
– ln u

]
4 ln

∣∣∣ a + x

a – x

∣∣∣, a > 0
2
u

[
cos(au) Si(au) – sin(au) Ci(au)

]
5 ln

(
1 + a2/x2

)
, a > 0

π

u

(
1 – e–au

)
6 ln

a2 + x2

b2 + x2
, a, b > 0

π

u

(
e–bu – e–au

)
7 e–ax ln x, a > 0 –

aC + 1
2 a ln(u2 + a2) + u arctan(u/a)

u2 + a2

8 ln
(
1 + e–ax

)
, a > 0

a

2u2
–

π

2u sinh
(
πa–1u

)
9 ln

(
1 – e–ax

)
, a > 0

a

2u2
–

π

2u
coth
(
πa–1u

)

7.6. Expressions with Trigonometric Functions

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1
sin(ax)

x
, a > 0

⎧⎨⎩
1
2 π if u < a,
1
4 π if u = a,
0 if u > a

2 xν–1 sin(ax), a > 0, |ν| < 1 π
(u + a)–ν – |u + a|–ν sign(u – a)

4Γ(1 – ν) cos
(

1
2 πν
)

3
x sin(ax)
x2 + b2 , a, b > 0

{ 1
2 πe–ab cosh(bu) if u < a,
– 1

2 πe–bu sinh(ab) if u > a

4
sin(ax)

x(x2 + b2)
, a, b > 0

{ 1
2 πb–2

[
1 – e–ab cosh(bu)

]
if u < a,

1
2 πb–2e–bu sinh(ab) if u > a

5 e–bx sin(ax), a, b > 0
1
2

[ a + u

(a + u)2 + b2
+

a – u

(a – u)2 + b2

]
6

1
x

sin2(ax), a > 0
1
4

ln
∣∣∣1 – 4

a2

u2

∣∣∣
7

1
x2 sin2(ax), a > 0

{
1
4 π(2a – u) if u < 2a,
0 if u > 2a

8
1
x

sin
( a

x

)
, a > 0

π

2
J0
(
2
√

au
)
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No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

9
1√
x

sin
(
a
√

x
)

sin
(
b
√

x
)
, a, b > 0

√
π

u
sin
( ab

2u

)
sin
( a2 + b2

4u
–

π

4

)
10 sin

(
ax2
)
, a > 0

√
π

8a

[
cos
( u2

4a

)
– sin

( u2

4a

)]

11 exp
(
–ax2

)
sin
(
bx2
)
, a > 0

√
π

(A2 +B2)1/4
exp
(

–
Au2

A2 +B2

)
sin
(
ϕ–

Bu2

A2 +B2

)
,

A = 4a, B = 4b, ϕ = 1
2 arctan(b/a)

12
1 – cos(ax)

x
, a > 0

1
2

ln
∣∣∣1 –

a2

u2

∣∣∣
13

1 – cos(ax)
x2 , a > 0

{
1
2 π(a – u) if u < a,
0 if u > a

14 xν–1 cos(ax), a > 0, 0 < ν < 1 1
2 Γ(ν) cos

(
1
2 πν
)[

|u – a|–ν + (u + a)–ν
]

15
cos(ax)
x2 + b2 , a, b > 0

{ 1
2 πb–1e–ab cosh(bu) if u < a,
1
2 πb–1e–bu cosh(ab) if u > a

16 e–bx cos(ax), a, b > 0
b

2

[ 1
(a + u)2 + b2

+
1

(a – u)2 + b2

]
17

1√
x

cos
(
a
√

x
) √

π

u
sin
( a2

4u
+

π

4

)
18

1√
x

cos
(
a
√

x
)

cos
(
b
√

x
) √

π

u
cos
( ab

2u

)
sin
( a2 + b2

4u
+

π

4

)
19 exp

(
–bx2

)
cos(ax), b > 0

1
2

√
π

b
exp
(

–
a2 + u2

4b

)
cosh

( au

2b

)
20 cos

(
ax2
)
, a > 0

√
π

8a

[
cos
(

1
4 a–1u2

)
+ sin

(
1
4 a–1u2

)]
21 exp

(
–ax2

)
cos
(
bx2
)
, a > 0

√
π

(A2 +B2)1/4
exp
(

–
Au2

A2 +B2

)
cos
(
ϕ–

Bu2

A2 +B2

)
,

A = 4a, B = 4b, ϕ = 1
2 arctan(b/a)

7.7. Expressions with Special Functions

No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

1 Ei(–ax) –
1
u

arctan
( u

a

)
2 Ci(ax)

{
0 if 0 < u < a,
– π

2u if a < u

3 si(ax) –
1

2u
ln
∣∣∣ u + a

u – a

∣∣∣, u ≠ a
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No Original function, f (x) Cosine transform, f̌c(u) =
∫ ∞

0
f (x) cos(ux) dx

4 J0(ax), a > 0

{
1√

a2 – u2
if 0 < u < a,

0 if a < u

5 Jν(ax), a > 0, ν > –1

⎧⎪⎪⎨⎪⎪⎩
cos
[
ν arcsin(u/a)

]
√

a2 – u2
if 0 < u < a,

–
aν sin(πν/2)

ξ(u + ξ)ν
if a < u,

where ξ =
√

u2 – a2

6
1
x

Jν(ax), a > 0, ν > 0

⎧⎨⎩
ν–1 cos

[
ν arcsin(u/a)

]
if 0 < u < a,

aν cos(πν/2)

ν
(
u +

√
u2 – a2

)ν if a < u

7 x–νJν(ax), a > 0, ν > – 1
2

⎧⎨⎩
√

π
(
a2 – u2

)ν–1/2

(2a)νΓ
(
ν + 1

2

) if 0 < u < a,

0 if a < u

8
xν+1Jν(ax),
a > 0, –1 < ν < – 1

2

⎧⎨⎩
0 if 0 < u < a,

2ν+1√π aνu

Γ
(
–ν – 1

2

)
(u2 – a2

)ν+3/2
if a < u

9 J0
(
a
√

x
)
, a > 0 1

u
sin
( a2

4u

)
10

1√
x

J1
(
a
√

x
)
, a > 0 4

a
sin2
( a2

8u

)
11 xν/2Jν

(
a
√

x
)
, a > 0, –1 < ν < 1

2

( a

2

)ν

u–ν–1 sin
( a2

4u
–

πν

2

)
12 J0

(
a
√

x2 + b2
) ⎧⎨⎩ cos

(
b
√

a2 – u2
)

√
a2 – u2

if 0 < u < a,

0 if a < u

13 Y0(ax), a > 0

{ 0 if 0 < u < a,

–
1√

u2 – a2
if a < u

14 xνYν(ax), a > 0, |ν| < 1
2

⎧⎨⎩
0 if 0 < u < a,

–
(2a)ν

√
π

Γ
(

1
2 – ν

)
(u2 – a2

)ν+1/2
if a < u

15 K0
(
a
√

x2 + b2
)
, a, b > 0

π

2
√

u2 + a2
exp
(
–b
√

u2 + a2
)

References for Supplement 7: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), V. A. Ditkin and
A. P. Prudnikov (1965), F. Oberhettinger (1980).



Supplement 8

Tables of Fourier Sine Transforms

8.1. General Formulas

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1 af1(x) + bf2(x) af̌1s(u) + bf̌2s(u)

2 f (ax), a > 0
1
a

f̌s

( u

a

)
3 x2nf (x), n = 1, 2, . . . (–1)n

d2n

du2n
f̌s(u)

4 x2n+1f (ax), n = 0, 1, . . . (–1)n+1 d2n+1

du2n+1
f̌c(u), f̌c(u) =

∫ ∞

0
f (x) cos(xu) dx

5 f (ax) cos(bx), a, b > 0
1

2a

[
f̌s

( u + b

a

)
+ Fs

( u – b

a

)]

8.2. Expressions with Power-Law Functions

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1
{

1 if 0 < x < a,
0 if a < x

1
u

[
1 – cos(au)

]
2

{
x if 0 < x < 1,
2 – x if 1 < x < 2,
0 if 2 < x

4
u2 sin u sin2 u

2

3
1
x

π

2

4
1

a + x
, a > 0 sin(au) Ci(au) – cos(au) si(au)

5
x

a2 + x2 , a > 0
π

2
e–au

6
1

x(a2 + x2)
, a > 0

π

2a2

(
1 – e–au

)
7

a

a2 + (x – b)2
–

a

a2 + (x + b)2 πe–au sin(bu)

8
x + b

a2 + (x + b)2
–

x – b

a2 + (x – b)2 πe–au cos(bu)

989
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No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

9
x

(x2 + a2)n
, a > 0, n = 1, 2, . . . πue–au

22n–2(n – 1)! a2n–3

n–2∑
k=0

(2n – k – 4)!
k! (n – k – 2)!

(2au)k

10
x2m+1

(x2 + a)n+1
,

n, m = 0, 1, . . . ; 0 ≤ m ≤ n
(–1)n+m π

2n!
∂n

∂an

(
ame–u

√
a
)

11
1√
x

√
π

2u

12
1

x
√

x

√
2πu

13 x(a2 + x2)–3/2 uK0(au)

14

(√
a2 + x2 – a

)1/2

√
a2 + x2

√
π

2u
e–au

15 x–ν , 0 < ν < 2 cos
(

1
2 πν
)
Γ(1 – ν)uν–1

8.3. Expressions with Exponential Functions

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1 e–ax, a > 0
u

a2 + u2

2 xne–ax, a > 0, n = 1, 2, . . . n!
( a

a2 + u2

)n+1
[n/2]∑
k=0

(–1)kC2k+1
n+1

( u

a

)2k+1

3
1
x

e–ax, a > 0 arctan
u

a

4
√

xe–ax, a > 0
√

π

2
(a2 + u2)–3/4 sin

( 3
2

arctan
u

a

)
5

1√
x

e–ax, a > 0
√

π

2

(√
a2 + u2 – a)1/2

√
a2 + u2

6
1

x
√

x
e–ax, a > 0

√
2π
(√

a2 + u2 – a)1/2

7 xn–1/2e–ax, a > 0, n = 1, 2, . . . (–1)n
√

π

2
∂n

∂an

[ (√
a2 + u2 – a

)1/2

√
a2 + u2

]

8 xν–1e–ax, a > 0, ν > –1 Γ(ν)(a2 + u2)–ν/2 sin
(
ν arctan

u

a

)
9 x–2

(
e–ax – e–bx

)
, a, b > 0 u

2
ln
( u2 + b2

u2 + a2

)
+ b arctan

( u

b

)
– a arctan

( u

a

)
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No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

10
1

eax + 1
, a > 0

1
2u

–
π

2a sinh(πu/a)

11
1

eax – 1
, a > 0

π

2a
coth
( πu

a

)
–

1
2u

12
ex/2

ex – 1
– 1

2 tanh(πu)

13 x exp
(
–ax2

) √
π

4a3/2
u exp

(
–

u2

4a

)
14

1
x

exp
(
–ax2

) π

2
erf
( u

2
√

a

)
15

1√
x

exp
(

–
a

x

) √
π

2u
e–

√
2au
[
cos
(√

2au
)

+ sin
(√

2au
)]

16
1

x
√

x
exp
(

–
a

x

) √
π

a
e–

√
2au sin

(√
2au
)

8.4. Expressions with Hyperbolic Functions

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1
1

sinh(ax)
, a > 0

π

2a
tanh
(

1
2 πa–1u

)
2

x

sinh(ax)
, a > 0

π2 sinh
(

1
2 πa–1u

)
4a2 cosh2( 1

2 πa–1u
)

3
1
x

e–bx sinh(ax), b > |a| 1
2 arctan

( 2au

u2 + b2 – a2

)
4

1
x cosh(ax)

, a > 0 arctan
[
sinh
(

1
2 πa–1u

)]
5 1 – tanh

(
1
2 ax
)
, a > 0

1
u

–
π

a sinh
(
πa–1u

)
6 coth

(
1
2 ax
)

– 1, a > 0
π

a
coth
(
πa–1u

)
–

1
u

7
cosh(ax)
sinh(bx)

, |a| < b
π

2b

sinh
(
πb–1u

)
cos
(
πab–1

)
+ cosh

(
πb–1u

)
8

sinh(ax)
cosh(bx)

, |a| < b
π

b

sin
(

1
2 πab–1

)
sinh
(

1
2 πb–1u

)
cos
(
πab–1

)
+ cosh

(
πb–1u

)
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8.5. Expressions with Logarithmic Functions

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1
{

ln x if 0 < x < 1,
0 if 1 < x

1
u

[
Ci(u) – ln u – C

]
,

C = 0.5772 . . . is the Euler constant

2
ln x

x
– 1

2 π(ln u + C)

3
ln x√

x
–

√
π

2u

[
ln(4u) + C –

π

2

]
4 xν–1 ln x, |ν| < 1

πu–ν
[
ψ(ν) + π

2 cot
(

πν
2

)
– ln u

]
2Γ(1 – ν) cos

(
πν
2

)
5 ln

∣∣∣ a + x

a – x

∣∣∣, a > 0
π

u
sin(au)

6 ln
(x + b)2 + a2

(x – b)2 + a2
, a, b > 0

2π

u
e–au sin(bu)

7 e–ax ln x, a > 0 a arctan(u/a) – 1
2 u ln(u2 + a2) – eCu

u2 + a2

8
1
x

ln
(
1 + a2x2

)
, a > 0 –π Ei

(
–

u

a

)

8.6. Expressions with Trigonometric Functions

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1
sin(ax)

x
, a > 0

1
2

ln
∣∣∣ u + a

u – a

∣∣∣
2

sin(ax)
x2

, a > 0

{ 1
2 πu if 0 < u < a,
1
2 πa if u > a

3 xν–1 sin(ax), a > 0, –2 < ν < 1 π
|u – a|–ν – |u + a|–ν

4Γ(1 – ν) sin
(

1
2 πν
) , ν ≠ 0

4
sin(ax)
x2 + b2

, a, b > 0

{ 1
2 πb–1e–ab sinh(bu) if 0 < u < a,
1
2 πb–1e–bu sinh(ab) if u > a

5
sin(πx)
1 – x2

{
sin u if 0 < u < π,
0 if u > π

6 e–ax sin(bx), a > 0
a

2

[
1

a2 + (b – u)2
–

1
a2 + (b + u)2

]
7 x–1e–ax sin(bx), a > 0

1
4

ln
(u + b)2 + a2

(u – b)2 + a2

8
1
x

sin2(ax), a > 0

⎧⎨⎩
1
4 π if 0 < u < 2a,
1
8 π if u = 2a,
0 if u > 2a
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No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

9
1
x2 sin2(ax), a > 0

1
4 (u + 2a) ln |u + 2a| + 1

4 (u – 2a) ln |u – 2a|
– 1

2 u ln u

10 exp
(
–ax2

)
sin(bx), a > 0

1
2

√
π

a
exp
(

–
u2 + b2

4a

)
sinh
( bu

2a

)

11
1
x

sin(ax) sin(bx), a ≥ b > 0

{
0 if 0 < u < a – b,
π
4 if a – b < u < a + b,
0 if a + b < u

12 sin
( a

x

)
, a > 0

π
√

a

2
√

u
J1
(
2
√

au
)

13
1√
x

sin
( a

x

)
, a > 0

√
π

8u

[
sin
(
2
√

au
)

– cos
(
2
√

au
)

+ exp
(
–2

√
au
)]

14 exp
(
–a

√
x
)

sin
(
a
√

x
)
, a > 0 a

√
π

8
u–3/2 exp

(
–

a2

2u

)

15
cos(ax)

x
, a > 0

⎧⎨⎩
0 if 0 < u < a,
1
4 π if u = a,
1
2 π if a < u

16 xν–1 cos(ax), a > 0, |ν| < 1
π(u + a)–ν – sign(u – a)|u – a|–ν

4Γ(1 – ν) cos
(

1
2 πν
)

17
x cos(ax)
x2 + b2

, a, b > 0

{
– 1

2 πe–ab sinh(bu) if u < a,
1
2 πe–bu cosh(ab) if u > a

18
1 – cos(ax)

x2 , a > 0
u

2
ln
∣∣∣ u2 – a2

u2

∣∣∣ +
a

2
ln
∣∣∣ u + a

u – a

∣∣∣
19

1√
x

cos
(
a
√

x
) √

π

u
cos
( a2

4u
+

π

4

)
20

1√
x

cos
(
a
√

x
)

cos
(
b
√

x
)
, a, b > 0

√
π

u
cos
( ab

2u

)
cos
( a2 + b2

4u
+

π

4

)

8.7. Expressions with Special Functions

No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

1 erfc(ax), a > 0 1
u

[
1 – exp

(
–

u2

4a2

)]
2 ci(ax), a > 0 –

1
2u

ln
∣∣∣1 –

u2

a2

∣∣∣
3 si(ax), a > 0

{
0 if 0 < u < a,
– 1

2 πu–1 if a < u
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No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

4 J0(ax), a > 0

{ 0 if 0 < u < a,
1√

u2 – a2
if a < u

5 Jν(ax), a > 0, ν > –2

⎧⎪⎪⎨⎪⎪⎩
sin
[
ν arcsin(u/a)

]
√

a2 – u2
if 0 < u < a,

aν cos(πν/2)
ξ(u + ξ)ν

if a < u,

where ξ =
√

u2 – a2

6
1
x

J0(ax), a > 0, ν > 0

{
arcsin(u/a) if 0 < u < a,
π/2 if a < u

7
1
x

Jν(ax), a > 0, ν > –1

⎧⎪⎨⎪⎩
ν–1 sin

[
ν arcsin(u/a)

]
if 0 < u < a,

aν sin(πν/2)

ν
(
u +

√
u2 – a2

)ν if a < u

8 xνJν(ax), a > 0, –1 < ν < 1
2

⎧⎨⎩
0 if 0 < u < a,√

π(2a)ν

Γ
(

1
2 – ν

)(
u2 – a2

)ν+1/2
if a < u

9 x–1e–axJ0(bx), a > 0 arcsin

(
2u√

(u + b)2 + a2 +
√

(u – b)2 + a2

)

10
J0(ax)
x2 + b2

, a, b > 0

{
b–1 sinh(bu)K0(ab) if 0 < u < a,
0 if a < u

11
xJ0(ax)
x2 + b2

, a, b > 0

{
0 if 0 < u < a,
1
2 πe–buI0(ab) if a < u

12

√
xJ2n+1/2(ax)

x2 + b2
,

a, b > 0, n = 0, 1, 2, . . .

{
(–1)n sinh(bu)K2n+1/2(ab) if 0 < u < a,
0 if a < u

13
xνJν (ax)
x2 + b2

,

a, b > 0, –1 < ν < 5
2

{
bν–1 sinh(bu)Kν(ab) if 0 < u < a,
0 if a < u

14
x1–νJν(ax)

x2 + b2
,

a, b > 0, ν > – 3
2

{
0 if 0 < u < a,
1
2 πb–νe–buIν(ab) if a < u

15 J0
(
a
√

x
)
, a > 0 1

u
cos
( a2

4u

)
16

1√
x

J1
(
a
√

x
)
, a > 0 2

a
sin
( a2

4u

)
17

xν/2Jν

(
a
√

x
)
,

a > 0, –2 < ν < 1
2

aν

2νuν+1
cos
( a2

4u
–

πν

2

)
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No Original function, f (x) Sine transform, f̌s(u) =
∫ ∞

0
f (x) sin(ux) dx

18 Y0(ax), a > 0

⎧⎪⎪⎨⎪⎪⎩
2 arcsin(u/a)

π
√

a2 – u2
if 0 < u < a,

2
[
ln
(
u –

√
u2 – a2

)
– ln a

]
π
√

u2 – a2
if a < u

19 Y1(ax), a > 0

{
0 if 0 < u < a,
– u

a
√

u2–a2
if a < u

20 K0(ax), a > 0
ln
(
u +

√
u2 + a2

)
– ln a√

u2 + a2

21 xK0(ax), a > 0
πu

2(u2 + a2)3/2

22 xν+1Kν(ax), a > 0, ν > – 3
2

√
π (2a)νΓ

(
ν + 3

2

)
u(u2 + a2)–ν–3/2

References for Supplement 8: G. Doetsch (1950, 1956, 1958), H. Bateman and A. Erdélyi (1954), I. I. Hirschman and
D. V. Widder (1955), V. A. Ditkin and A. P. Prudnikov (1965), F. Oberhettinger (1980).





Supplement 9

Tables of Mellin Transforms

9.1. General Formulas

No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

1 af1(x) + bf2(x) af̂1(s) + bf̂2(s)

2 f (ax), a > 0 a–s f̂ (s)

3 xaf (x) f̂ (s + a)

4 f (1/x) f̂ (–s)

5 f
(
xβ
)
, β > 0

1
β

f̂
( s

β

)
6 f

(
x–β
)
, β > 0

1
β

f̂
(

–
s

β

)
7 xλf

(
axβ
)
, a, β > 0

1
β

a
– s+λ

β f̂
( s + λ

β

)
8 xλf

(
ax–β

)
, a, β > 0

1
β

a
s+λ
β f̂
(

–
s + λ

β

)
9 f ′

x(x) –(s – 1)f̂ (s – 1)

10 xf ′
x(x) –sf̂ (s)

11 f (n)
x (x) (–1)n

Γ(s)
Γ(s – n)

f̂ (s – n)

12
(
x

d

dx

)n

f (x) (–1)nsnf̂ (s)

13
( d

dx
x
)n

f (x) (–1)n(s – 1)nf̂ (s)

14 xα

∫ ∞

0
tβf1(xt)f2(t) dt f̂1(s + α)f̂2(1 – s – α + β)

15 xα

∫ ∞

0
tβf1

( x

t

)
f2(t) dt f̂1(s + α)f̂2(s + α + β + 1)

997
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9.2. Expressions with Power-Law Functions

No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

1

{
x if 0 < x < 1,
2 – x if 1 < x < 2,
0 if 2 < x

{
2(2s – 1)
s(s + 1)

if s ≠ 0,

2 ln 2 if s = 0,
Re s > –1

2
1

x + a
, a > 0

πas–1

sin(πs)
, 0 < Re s < 1

3
1

(x + a)(x + b)
, a, b > 0

π
(
as–1 – bs–1

)
(b – a) sin(πs)

, 0 < Re s < 2

4
x + a

(x + b)(x + c)
, b, c > 0

π

sin(πs)

[( b – a

b – c

)
bs–1 +

( c – a

c – b

)
cs–1
]
,

0 < Re s < 1

5
1

x2 + a2 , a > 0
πas–2

2 sin
(

1
2 πs
) , 0 < Re s < 2

6
1

x2 +2ax cos β +a2
, a > 0, |β| < π –

πas–2 sin
[
β(s – 1)

]
sin β sin(πs)

, 0 < Re s < 2

7
1

(x2 + a2)(x2 + b2)
, a, b > 0

π
(
as–2 – bs–2

)
2(b2 – a2) sin

(
1
2 πs
) , 0 < Re s < 4

8
1

(1 + ax)n+1
, a > 0, n = 1, 2, . . .

(–1)nπ

as sin(πs)
Cn

s–1, 0 < Re s < n + 1

9
1

xn + an
, a > 0, n = 1, 2, . . .

πas–n

n sin(πs/n)
, 0 < Re s < n

10
1 – x

1 – xn
, n = 2, 3, . . .

π sin(π/n)

n sin(πs/n) sin
[
π(s + 1)/n

] , 0 < Re s < n – 1

11
{

xν if 0 < x < 1,
0 if 1 < x

1
s + ν

, Re s > –ν

12
1 – xν

1 – xnν
, n = 2, 3, . . .

π sin(π/n)

nν sin
(

πs
nν

)
sin
[

π(s+ν)
nν

] , 0 < Re s < (n – 1)ν

9.3. Expressions with Exponential Functions

No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

1 e–ax, a > 0 a–s
Γ(s), Re s > 0

2

{
e–bx if 0 < x < a,
0 if a < x,

b > 0 b–sγ(s, ab), Re s > 0

3

{
0 if 0 < x < a,
e–bx if a < x,

b > 0 b–s
Γ(s, ab)

4
e–ax

x + b
, a, b > 0 eabbs–1

Γ(s)Γ(1 – s, ab), Re s > 0

5 exp
(
–axβ

)
, a, β > 0 β–1a–s/β

Γ(s/β), Re s > 0
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No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

6 exp
(
–ax–β

)
, a, β > 0 β–1as/β

Γ(–s/β), Re s < 0

7 1 – exp
(
–axβ

)
, a, β > 0 –β–1a–s/β

Γ(s/β), –β < Re s < 0

8 1 – exp
(
–ax–β

)
, a, β > 0 –β–1as/β

Γ(–s/β), 0 < Re s < β

9.4. Expressions with Logarithmic Functions

No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

1
{

ln x if 0 < x < a,
0 if a < x

s ln a – 1
s2as

, Re s > 0

2 ln(1 + ax), a > 0
π

sas sin(πs)
, –1 < Re s < 0

3 ln |1 – x|
π

s
cot(πs), –1 < Re s < 0

4
ln x

x + a
, a > 0

πas–1
[
ln a – π cot(πs)

]
sin(πs)

, 0 < Re s < 1

5
ln x

(x + a)(x + b)
, a, b > 0

π
[
as–1 ln a – bs–1 ln b – π cot(πs)(as–1 – bs–1)

]
(b – a) sin(πs)

,

0 < Re s < 1

6
{

xν ln x if 0 < x < 1,
0 if 1 < x

–
1

(s + ν)2
, Re s > –ν

7
ln2 x

x + 1

π3
[
2 – sin2(πs)

]
sin3(πs)

, 0 < Re s < 1

8

{
lnν–1 x if 0 < x < 1,
0 if 1 < x

Γ(ν)(–s)–ν , Re s < 0, ν > 0

9 ln
(
x2 + 2x cos β + 1

)
, |β| < π

2π cos(βs)
s sin(πs)

, –1 < Re s < 0

10 ln
∣∣∣ 1 + x

1 – x

∣∣∣ π

s
tan
(

1
2 πs
)
, –1 < Re s < 1

11 e–x lnn x, n = 1, 2, . . .
dn

dsn
Γ(s), Re s > 0

9.5. Expressions with Trigonometric Functions

No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

1 sin(ax), a > 0 a–s
Γ(s) sin

(
1
2 πs
)
, –1 < Re s < 1

2 sin2(ax), a > 0 –2–s–1a–s
Γ(s) cos

(
1
2 πs
)
, –2 < Re s < 0

3 sin(ax) sin(bx), a, b > 0, a ≠ b
1
2 Γ(s) cos

(
1
2 πs
)[

|b – a|–s – (b + a)–s
]
,

–2 < Re s < 1
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No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

4 cos(ax), a > 0 a–s
Γ(s) cos

(
1
2 πs
)
, 0 < Re s < 1

5 sin(ax) cos(bx), a, b > 0
Γ(s)

2
sin
( πs

2

)[
(a + b)–s + |a – b|–s sign(a – b)

]
,

–1 < Re s < 1

6 e–ax sin(bx), a > 0
Γ(s) sin

[
s arctan(b/a)

]
(a2 + b2)s/2

, –1 < Re s

7 e–ax cos(bx), a > 0
Γ(s) cos

[
s arctan(b/a)

]
(a2 + b2)s/2

, 0 < Re s

8
{

sin(a ln x) if 0 < x < 1,
0 if 1 < x

–
a

s2 + a2
, Re s > 0

9
{

cos(a ln x) if 0 < x < 1,
0 if 1 < x

s

s2 + a2
, Re s > 0

10 arctan x –
π

2s cos
(

1
2 πs
) , –1 < Re s < 0

11 arccot x
π

2s cos
(

1
2 πs
) , 0 < Re s < 1

9.6. Expressions with Special Functions

No Original function, f (x) Mellin transform, f̂ (s) =
∫ ∞

0
f (x)xs–1 dx

1 erfc x
Γ
(

1
2 s + 1

2

)
√

π s
, Re s > 0

2 Ei(–x) –s–1
Γ(s), Re s > 0

3 Si(x) –s–1 sin
(

1
2 πs
)
Γ(s), –1 < Re s < 0

4 si(x) –4s–1 sin
(

1
2 πs
)
Γ(s), –1 < Re s < 0

5 Ci(x) –s–1 cos
(

1
2 πs
)
Γ(s), 0 < Re s < 1

6 Jν(ax), a > 0
2s–1

Γ
(

1
2 ν + 1

2 s
)

asΓ
(

1
2 ν – 1

2 s + 1
) , –ν < Re s < 3

2

7 Yν (ax), a > 0 –
2s–1

πas
Γ

( s

2
+

ν

2

)
Γ

( s

2
–

ν

2

)
cos
[ π(s – ν)

2

]
,

|ν| < Re s < 3
2

8 e–axIν(ax), a > 0
Γ(1/2 – s)Γ(s + ν)√
π (2a)sΓ(1 + ν – s)

, –ν < Re s < 1
2

9 Kν(ax), a > 0 2s–2

as
Γ

( s

2
+

ν

2

)
Γ

( s

2
–

ν

2

)
, |ν| < Re s

10 e–axKν(ax), a > 0
√

π Γ(s – ν)Γ(s + ν)
(2a)sΓ(s + 1/2)

, |ν| < Re s

References for Supplement 9: H. Bateman and A. Erdélyi (1954), V. A. Ditkin and A. P. Prudnikov (1965), F. Oberhet-
tinger (1974).
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Tables of Inverse Mellin Transforms

See Section 9.1 of Supplement 9 for general formulas.

10.1. Expressions with Power-Law Functions

No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

1
1
s

, Re s > 0
{

1 if 0 < x < 1,
0 if 1 < x

2
1
s

, Re s < 0
{

0 if 0 < x < 1,
–1 if 1 < x

3
1

s + a
, Re s > –a

{
xa if 0 < x < 1,
0 if 1 < x

4
1

s + a
, Re s < –a

{
0 if 0 < x < 1,
–xa if 1 < x

5
1

(s + a)2
, Re s > –a

{
–xa ln x if 0 < x < 1,
0 if 1 < x

6
1

(s + a)2
, Re s < –a

{
0 if 0 < x < 1,
xa ln x if 1 < x

7
1

(s + a)(s + b)
, Re s > –a, –b

{
xa – xb

b – a
if 0 < x < 1,

0 if 1 < x

8
1

(s + a)(s + b)
, –a < Re s < –b

⎧⎪⎨⎪⎩
xa

b – a
if 0 < x < 1,

xb

b – a
if 1 < x

9
1

(s + a)(s + b)
, Re s < –a, –b

{
0 if 0 < x < 1,
xb – xa

b – a
if 1 < x

10
1

(s + a)2 + b2
, Re s > –a

{
1
b
xa sin

(
b ln

1
x

)
if 0 < x < 1,

0 if 1 < x

11
s + a

(s + a)2 + b2
, Re s > –a

{
xa cos(b ln x) if 0 < x < 1,
0 if 1 < x

1001
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No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

12
√

s2 – a2 – s, Re s > |a|
{

–
a

ln x
I1(–a ln x) if 0 < x < 1,

0 if 1 < x

13

√
s + a

s – a
– 1, Re s > |a|

{
aI0(–a ln x) + aI1(–a ln x) if 0 < x < 1,
0 if 1 < x

14 (s + a)–ν , Re s > –a, ν > 0

{
1

Γ(ν)
xa(– ln x)ν–1 if 0 < x < 1,

0 if 1 < x

15
s–1(s + a)–ν ,
Re s > 0, Re s > –a, ν > 0

{
a–ν
[
Γ(ν)

]–1
γ(ν, –a lnx) if 0 < x < 1,

0 if 1 < x

16 s–1(s + a)–ν ,
–a < Re s < 0, ν > 0

{
–a–ν

[
Γ(ν)

]–1
Γ(ν, –a ln x) if 0 < x < 1,

–a–ν if 1 < x

17 (s2 – a2)–ν , Re s > |a|, ν > 0

{ √
π (– ln x)ν–1/2Iν–1/2(–a ln x)

Γ(ν)(2a)ν–1/2
if 0 < x < 1,

0 if 1 < x

18 (a2 – s2)–ν , Re s < |a|, ν > 0

⎧⎪⎪⎨⎪⎪⎩
(– ln x)ν–1/2Kν–1/2(–a ln x)√

π Γ(ν)(2a)ν–1/2
if 0 < x < 1,

(ln x)ν–1/2Kν–1/2(a ln x)√
π Γ(ν)(2a)ν–1/2

if 1 < x

10.2. Expressions with Exponential and Logarithmic
Functions

No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

1 exp(as2), a > 0
1

2
√

πa
exp
(

–
ln2 x

4a

)

2 s–νe–a/s, Re s > 0; a, ν > 0

⎧⎨⎩
∣∣∣ a

ln x

∣∣∣ 1–ν
2

Jν–1
(
2
√

a|ln x|
)

if 0 < x < 1,

0 if 1 < x

3 exp
(
–
√

as
)
, Re s > 0, a > 0

⎧⎨⎩ (a/π)1/2

2|ln x|3/2
exp
(

–
a

4|ln x|

)
if 0 < x < 1,

0 if 1 < x

4
1
s

exp
(
–a

√
s
)
, Re s > 0

{
erfc
( a

2
√

|ln x|

)
if 0 < x < 1,

0 if 1 < x

5
1
s

[
exp
(
–a

√
s
)

– 1
]
, Re s > 0

{
– erf

( a

2
√

|ln x|

)
if 0 < x < 1,

0 if 1 < x
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No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

6
√

s exp
(
–
√

as
)
, Re s > 0

⎧⎨⎩
a – 2|ln x|

4
√

π|ln x|5
exp
(

–
a

4|ln x|

)
if 0 < x < 1,

0 if 1 < x

7
1√
s

exp
(
–
√

as
)
, Re s > 0

⎧⎨⎩
1√

π|ln x|
exp
(

–
a

4|lnx|

)
if 0 < x < 1,

0 if 1 < x

8 ln
s + a

s + b
, Re s > –a, –b

{
xa – xb

ln x
if 0 < x < 1,

0 if 1 < x

9 s–ν ln s, Re s > 0, ν > 0

{
|ln x|ν–1 ψ(ν) – ln |ln x|

Γ(ν)
if 0 < x < 1,

0 if 1 < x

10.3. Expressions with Trigonometric Functions

No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

1
π

sin(πs)
, 0 < Re s < 1 1

x + 1

2
π

sin(πs)
, –n < Re s < 1 – n,

n = . . . , –1, 0, 1, 2, . . .
(–1)n

xn

x + 1

3
π2

sin2(πs)
, 0 < Re s < 1

ln x

x – 1

4
π2

sin2(πs)
, n < Re s < n + 1,

n = . . . , –1, 0, 1, 2, . . .

ln x

xn(x – 1)

5
2π3

sin3(πs)
, 0 < Re s < 1

π2 + ln2 x

x + 1

6
2π3

sin3(πs)
, n < Re s < n + 1,

n = . . . , –1, 0, 1, 2, . . .

π2 + ln2 x

(–x)n(x + 1)

7 sin
(
s2/a

)
, a > 0

1
2

√
a

π
sin
(

1
4 a|ln x|2 – 1

4 π
)

8
π

cos(πs)
, – 1

2 < Re s < 1
2

√
x

x + 1

9
π

cos(πs)
, n – 1

2 < Re s < n + 1
2

n = . . . , –1, 0, 1, 2, . . .
(–1)n

x1/2–n

x + 1

10
cos(βs)
s cos(πs)

, –1 < Re s < 0, |β| < π
1

2π
ln(x2 + 2x cos β + 1)
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No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

11 cos
(
s2/a

)
, a > 0

1
2

√
a

π
cos
(

1
4 a|ln x|2 – 1

4 π
)

12 arctan
( a

s + b

)
, Re s > –b

⎧⎨⎩ xb

|ln x|
sin
(
a|ln x|

)
if 0 < x < 1,

0 if 1 < x

10.4. Expressions with Special Functions

No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

1 Γ(s), Re s > 0 e–x

2 Γ(s), –1 < Re s < 0 e–x – 1

3 sin
(

1
2 πs
)
Γ(s), –1 < Re s < 1 sin x

4
sin(as)Γ(s),
Re s > –1, |a| <

π

2
exp(–x cos a) sin(x sin a)

5 cos
(

1
2 πs
)
Γ(s), 0 < Re s < 1 cos x

6 cos
(

1
2 πs
)
Γ(s), –2 < Re s < 0 –2 sin2(x/2)

7 cos(as)Γ(s), Re s > 0, |a| <
π

2
exp(–x cos a) cos(x sin a)

8
Γ(s)

cos(πs)
, 0 < Re s <

1
2

ex erfc
(√

x
)

9
Γ(a + s)Γ(b – s),
–a < Re s < b, a + b > 0 Γ(a + b)xa(x + 1)–a–b

10
Γ(a + s)Γ(b + s),
Re s > –a, –b

2x(a+b)/2Ka–b

(
2
√

x
)

11
Γ(s)

Γ(s + ν)
, Re s > 0, ν > 0

{
(1 – x)ν–1

Γ(ν)
if 0 < x < 1,

0 if 1 < x

12
Γ(1 – ν – s)

Γ(1 – s)
,

Re s < 1 – ν, ν > 0

{ 0 if 0 < x < 1,
(x – 1)ν–1

Γ(ν)
if 1 < x

13

Γ(s)
Γ(ν – s + 1)

,

0 < Re s <
ν

2
+

3
4

x–ν/2Jν

(
2
√

x
)

14
Γ(s + ν)Γ(s – ν)

Γ(s + 1/2)
, Re s > |ν | π–1/2e–x/2Kν(x/2)
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No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

15

Γ(s + ν)Γ(1/2 – s)
Γ(1 + ν – s)

,

–ν < Re s < 1
2

π1/2e–x/2Iν(x/2)

16
ψ(s + a) – ψ(s + b),
Re s > –a, –b

{
xb – xa

1 – x
if 0 < x < 1,

0 if 1 < x

17 Γ(s)ψ(s), Re s > 0 e–x ln x

18 Γ(s, a), a > 0
{

0 if 0 < x < a,
e–x if a < x

19 Γ(s)Γ(1 – s, a), Re s > 0, a > 0 (x + 1)–1e–a(x+1)

20 γ(s, a), Re s > 0, a > 0
{

e–x if 0 < x < a,
0 if a < x

21 J0
(
a
√

b2 – s2
)
, a > 0

⎧⎪⎨⎪⎩
0 if 0 < x < e–a,
cos
(
b
√

a2 – ln2 x
)

π
√

a2 – ln2 x
if e–a < x < ea,

0 if ea < x

22 s–1I0(s), Re s > 0

{
1 if 0 < x < e–1,
π–1 arccos(ln x) if e–1 < x < e,
0 if e < x

23 Iν (s), Re s > 0

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
–

2ν sin(πν)

πF (x)
√

ln2 x – 1
if 0 < x < e–1,

cos
[
ν arccos(ln x)

]
π
√

1 – ln2 x
if e–1 < x < e,

0 if e < x,
F (x) =

(√
–1 – ln x +

√
1 – ln x

)2ν

24 s–1Iν(s), Re s > 0

⎧⎪⎪⎪⎨⎪⎪⎪⎩
2ν sin(πν)
πνF (x)

if 0 < x < e–1,

sin
[
ν arccos(ln x)

]
πν

if e–1 < x < e,

0 if e < x,
F (x) =

(√
–1 – ln x +

√
1 – ln x

)2ν

25 s–νIν(s), Re s > – 1
2

⎧⎪⎨⎪⎩
0 if 0 < x < e–1,

(1 – ln2 x)ν–1/2

√
π 2νΓ(ν + 1/2)

if e–1 < x < e,

0 if e < x

26 s–1K0(s), Re s > 0

{
Arcosh(– ln x) if 0 < x < e–1,
0 if e–1 < x

27 s–1K1(s), Re s > 0

{√
ln2 x – 1 if 0 < x < e–1,

0 if e–1 < x



1006 TABLES OF INVERSE MELLIN TRANSFORMS

No Direct transform, f̂ (s) Inverse transform, f (x) =
1

2πi

∫ σ+i∞

σ–i∞
f̂ (s)x–s ds

28 Kν(s), Re s > 0

⎧⎨⎩ cosh
[
ν Arcosh(– ln x)

]
√

ln2 x – 1
if 0 < x < e–1,

0 if e–1 < x

29 s–1Kν(s), Re s > 0

{
1
ν

sinh
[
ν Arcosh(– ln x)

]
if 0 < x < e–1,

0 if e–1 < x

30 s–νKν(s), Re s > 0, ν > – 1
2

⎧⎨⎩
√

π (ln2 x – 1)ν–1/2

2νΓ(ν + 1/2)
if 0 < x < e–1,

0 if e–1 < x

References for Supplement 10: H. Bateman and A. Erdélyi (1954), V. A. Ditkin and A. P. Prudnikov (1965).



Supplement 11

Special Functions and Their Properties

� Throughout Supplement 11 it is assumed that n is a positive integer, unless otherwise specified.

11.1. Some Coefficients, Symbols, and Numbers
11.1-1. Binomial Coefficients.

Definitions (special cases):

Ck
n =
(n

k

)
=

n!
k! (n – k)!

, where k = 1, . . . , n;

C0
a = 1, Ck

a =
(a

k

)
= (–1)k

(–a)k
k!

=
a(a – 1) . . . (a – k + 1)

k!
, where k = 1, 2, . . .

Here a is an arbitrary real number.
Definition (general case):

Cb
a =

Γ(a + 1)
Γ(b + 1)Γ(a – b + 1)

, where Γ(x) is the gamma function.

Properties:

C0
a = 1, Ck

n = 0 for k = –1, –2, . . . or k > n,

Cb+1
a =

a

b + 1
Cb

a–1 =
a – b

b + 1
Cb

a, Cb
a + Cb+1

a = Cb+1
a+1,

Cn
–1/2 =

(–1)n

22n
Cn

2n = (–1)n
(2n – 1)!!

(2n)!!
,

Cn
1/2 =

(–1)n–1

n22n–1
Cn–1

2n–2 =
(–1)n–1

n

(2n – 3)!!
(2n – 2)!!

,

C2n+1
n+1/2 = (–1)n2–4n–1Cn

2n, Cn
2n+1/2 = 2–2nC2n

4n+1,

C1/2
n =

22n+1

πCn
2n

, Cn/2
n =

22n

π
C(n–1)/2

n ,

1 + C1
n + C2

n + · · · + Cn
n = 2n,

1 – C1
n + C2

n – · · · + (–1)nCn
n = 0.

Here (2n)!! = 2 ⋅ 4 ⋅ 6 . . . (2n), (2n – 1)!! = 1 ⋅ 3 ⋅ 5 . . . (2n – 1), where n = 1, 2, 3, . . . ( 0!! = 1!! = 1).

11.1-2. Pochhammer Symbol.

Definition:

(a)n = a(a + 1) . . . (a + n – 1) =
Γ(a + n)

Γ(a)
= (–1)n

Γ(1 – a)
Γ(1 – a – n)

.
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Some properties (k = 1, 2, . . . ):

(a)0 = 1, (a)n+k = (a)n(a + n)k, (n)k =
(n + k – 1)!

(n – 1)!
,

(a)–n =
Γ(a – n)

Γ(a)
=

(–1)n

(1 – a)n
, where a ≠ 1, . . . , n;

(1)n = n!, (1/2)n = 2–2n (2n)!
n!

, (3/2)n = 2–2n (2n + 1)!
n!

,

(a + mk)nk =
(a)mk+nk

(a)mk
, (a + n)n =

(a)2n

(a)n
, (a + n)k =

(a)k(a + k)n
(a)n

.

11.1-3. Bernoulli Numbers.

The Bernoulli numbers are defined by the recurrence relation

B0 = 1,
n–1∑
k=0

Ck
nBk = 0, n = 2, 3, . . .

Numerical values:

B0 = 1, B1 = – 1
2 , B2 = 1

6 , B4 = – 1
30 , B6 = 1

42 , B8 = – 1
30 , B10 = 5

66 , . . . ,

B2m+1 = 0 for m = 1, 2, . . .

All odd-numbered Bernoulli numbers but B1 are zero; all even-numbered Bernoulli numbers have
alternating signs.

The Bernoulli numbers are the values of Bernoulli polynomials at x = 0: Bn = Bn(0).
Generating function:

x

ex – 1
=

∞∑
n=0

Bn
xn

n!
, |x| < 2π.

This relation may be regarded as a definition of the Bernoulli numbers.
The following expansions may be used to calculate the Bernoulli numbers:

tan x =
∞∑
n=1

|B2n|
22n(22n – 1)

(2n)!
x2n, |x| <

π

2
;

cot x =
∞∑
n=0

(–1)nB2n
22n

(2n)!
x2n–1, |x| < π.

11.1-4. Euler Numbers.

The Euler numbers En are defined by the recurrence relation

n∑
k=0

C2k
2nE2k = 0 (even numbered),

E2n+1 = 0 (odd numbered),

where n = 0, 1, . . .
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Numerical values:

E0 = 1, E2 = –1, E4 = 5, E6 = –61, E8 = 1385, E10 = –50251, . . . ,

E2n+1 = 0 for n = 0, 1, . . .

All Euler numbers are integer, the odd-numbered Euler numbers are zero, and the even-numbered
Euler numbers have alternating signs.

The Euler numbers are expressed via the values of Euler polynomials at x = 1/2: En =
2nEn(1/2), where n = 0, 1, . . .

Generating function:
ex

e2x + 1
=

∞∑
n=0

En
xn

n!
, |x| < 2π.

This relation may be regarded as a definition of the Euler numbers.
Representation via a definite integral:

E2n = (–1)n22n+1
∫ ∞

0

t2ndt

cosh(πt)
.

11.2. Error Functions. Exponential and Logarithmic
Integrals

11.2-1. Error Function and Complementary Error Function.

Definitions:

erf x =
2√
π

∫ x

0
exp(–t2) dt (error function, also called probability integral),

erfc x = 1 – erf x =
2√
π

∫ ∞

x

exp(–t2) dt (complementary error function).

Properties:

erf(–x) = – erf x; erf(0) = 0, erf(∞) = 1; erfc(0) = 1, erfc(∞) = 0.

Expansion of erf x into series in powers of x as x → 0:

erf x =
2√
π

∞∑
k=0

(–1)k
x2k+1

k! (2k + 1)
=

2√
π

exp
(
–x2
) ∞∑

k=0

2kx2k+1

(2k + 1)!!
.

Asymptotic expansion of erfc x as x → ∞:

erfc x =
1√
π

exp
(
–x2
)[M–1∑

m=0

(–1)m
(

1
2

)
m

x2m+1
+ O
(
|x|–2M–1

)]
, M = 1, 2, . . .

Integral: ∫ x

0
erf t dt = x erf x –

1
2

+
1
2

exp(–x2).
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11.2-2. Exponential Integral.

Definition:

Ei(x) =
∫ x

–∞

et

t
dt = –

∫ ∞

–x

e–t

t
dt for x < 0,

Ei(x) = lim
ε→+0

(∫ –ε

–∞

et

t
dt +

∫ x

ε

et

t
dt

)
for x > 0.

Other integral representations:

Ei(–x) = –e–x

∫ ∞

0

x sin t + t cos t

x2 + t2
dt for x > 0,

Ei(–x) = e–x

∫ ∞

0

x sin t – t cos t

x2 + t2
dt for x < 0,

Ei(–x) = –x

∫ ∞

1
e–xt ln t dt for x > 0,

Ei(x) = C + ln x +
∫ x

0

et – 1
t

dt for x > 0,

where C = 0.5772 . . . is the Euler constant.
Expansion into series in powers of x as x → 0:

Ei(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
C + ln(–x) +

∞∑
k=1

xk

k! k
if x < 0,

C + ln x +
∞∑
k=1

xk

k! k
if x > 0.

Asymptotic expansion as x → ∞:

Ei(–x) = e–x
n∑

k=1

(–1)k
(k – 1)!

xk
+ Rn, Rn <

n!
xn

.

11.2-3. Logarithmic Integral.

Definition:

li(x) =

⎧⎪⎪⎨⎪⎪⎩
∫ x

0

dt

ln t
if 0 < x < 1,

lim
ε→+0

(∫ 1–ε

0

dt

ln t
+
∫ x

1+ε

dt

ln t

)
if x > 1.

For small x,
li(x) ≈

x

ln(1/x)
.

For large x,

li(x) ≈
x

ln x
.

Asymptotic expansion as x → 1:

li(x) = C + ln |ln x| +
∞∑
k=1

lnk x

k! k
.

Relation to the exponential integral:

li x = Ei(ln x), x < 1;

li(ex) = Ei(x), x < 0.
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11.3. Sine Integral and Cosine Integral. Fresnel Integrals

11.3-1. Sine Integral.

Definition:

Si(x) =
∫ x

0

sin t

t
dt, si(x) = –

∫ ∞

x

sin t

t
dt = Si(x) –

π

2
.

Specific values:

Si(0) = 0, Si(∞) =
π

2
, si(∞) = 0.

Properties:

Si(–x) = – Si(x), si(x) + si(–x) = –π, lim
x→–∞ si(x) = –π.

Expansion into series in powers of x as x → 0:

Si(x) =
∞∑
k=1

(–1)k+1x2k–1

(2k – 1) (2k – 1)!
.

Asymptotic expansion as x → ∞:

si(x) = – cos x

[M–1∑
m=0

(–1)m(2m)!
x2m+1

+ O
(
|x|–2M–1

)]
+ sin x

[ N–1∑
m=1

(–1)m(2m – 1)!
x2m

+ O
(
|x|–2N

)]
,

where M , N = 1, 2, . . .

11.3-2. Cosine Integral.

Definition:

ci(x) = –
∫ ∞

x

cos t

t
dt = C + ln x +

∫ x

0

cos t – 1
t

dt,

where C = 0.5772 . . . is the Euler constant.
Expansion into series in powers of x as x → 0:

ci(x) = C + ln x +
∞∑
k=1

(–1)kx2k

2k (2k)!
.

Asymptotic expansion as x → ∞:

ci(x) = cos x

[M–1∑
m=1

(–1)m(2m – 1)!
x2m

+ O
(
|x|–2M

)]
+ sin x

[ N–1∑
m=0

(–1)m(2m)!
x2m+1

+ O
(
|x|–2N–1

)]
,

where M , N = 1, 2, . . .
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11.3-3. Fresnel Integrals and Generalized Fresnel Integrals.

Fresnel sine and cosine integrals:

S(x) =
1√
2π

∫ x

0

sin t√
t

dt =

√
2
π

∫ √
x

0
sin t2 dt,

C(x) =
1√
2π

∫ x

0

cos t√
t

dt =

√
2
π

∫ √
x

0
cos t2 dt.

Expansion into series in powers of x as x → 0:

S(x) =

√
2
π

x

∞∑
k=0

(–1)kx2k+1

(4k + 3) (2k + 1)!
,

C(x) =

√
2
π

x

∞∑
k=0

(–1)kx2k

(4k + 1) (2k)!
.

Asymptotic expansion as x → ∞:

S(x) =
1
2

–
cos x√

2πx
P (x) –

sin x√
2πx

Q(x),

C(x) =
1
2

+
sin x√

2πx
P (x) –

cos x√
2πx

Q(x),

P (x) = 1 –
1 × 3
(2x)2

+
1 × 3 × 5 × 7

(2x)4
– · · · , Q(x) =

1
2x

–
1 × 3 × 5

(2x)3
+ · · · .

Generalized Fresnel sine and cosine integrals:

S(x, ν) =
∫ ∞

x

tν–1 sin t dt, Re ν < 1;

C(x, ν) =
∫ ∞

x

tν–1 cos t dt, Re ν < 1.

11.4. Gamma Function, Psi Function, and Beta Function

11.4-1. Gamma Function.

The gamma function, Γ(z), is an analytic function of the complex argument z everywhere except for
the points z = 0, –1, –2, . . .

For Re z > 0,

Γ(z) =
∫ ∞

0
tz–1e–t dt.

For –(n + 1) < Re z < –n, where n = 0, 1, 2, . . . ,

Γ(z) =
∫ ∞

0

[
e–t –

n∑
m=0

(–1)m

m!

]
tz–1 dt.

Simplest properties:

Γ(z + 1) = zΓ(z), Γ(n + 1) = n!, Γ(1) = Γ(2) = 1.
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Fractional values of the argument:

Γ

( 1
2

)
=
√

π,

Γ

(
–

1
2

)
= –2

√
π,

Γ

(
n +

1
2

)
=

√
π

2n
(2n – 1)!!,

Γ

( 1
2

– n
)

= (–1)n
2n√π

(2n – 1)!!
.

Euler formula

Γ(z) = lim
n→∞

n! nz

z(z + 1) . . . (z + n)
(z ≠ 0, –1, –2, . . . ).

Symmetry formulas:

Γ(z)Γ(–z) = –
π

z sin(πz)
, Γ(z)Γ(1 – z) =

π

sin(πz)
,

Γ

( 1
2

+ z
)
Γ

( 1
2

– z
)

=
π

cos(πz)
.

Multiple argument formulas:

Γ(2z) =
22z–1

√
π

Γ(z)Γ
(
z +

1
2

)
,

Γ(3z) =
33z–1/2

2π
Γ(z)Γ

(
z +

1
3

)
Γ

(
z +

2
3

)
,

Γ(nz) = (2π)(1–n)/2nnz–1/2
n–1∏
k=0

Γ

(
z +

k

n

)
.

Asymptotic expansion (Stirling formula):

Γ(z) =
√

2π e–zzz–1/2
[
1 + 1

12 z–1 + 1
288 z–2 + O(z–3)

]
(|arg z| < π).

11.4-2. Psi Function (Digamma Function).

Definition:

ψ(z) =
d ln Γ(z)

dz
=

Γ
′
z(z)

Γ(z)
.

The psi function is the logarithmic derivative of the gamma function and is also called the digamma
function.

Integral representations (Re z > 0):

ψ(z) =
∫ ∞

0

[
e–t – (1 + t)–z

]
t–1 dt,

ψ(z) = ln z +
∫ ∞

0

[
t–1 – (1 – e–t)–1

]
e–tz dt,

ψ(z) = –C +
∫ 1

0

1 – tz–1

1 – t
dt,

where C = –ψ(1) = 0.5772 . . . is the Euler constant.
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Values for integer argument:

ψ(1) = –C, ψ(n) = –C +
n–1∑
k=1

k–1 (n = 2, 3, . . . ).

Functional relations:

ψ(z) – ψ(1 + z) = –
1
z

,

ψ(z) – ψ(1 – z) = –π cot(πz),

ψ(z) – ψ(–z) = –π cot(πz) –
1
z

,

ψ
(

1
2 + z

)
– ψ
(

1
2 – z

)
= π tan(πz),

ψ(mz) = ln m +
1
m

m–1∑
k=0

ψ
(
z +

k

m

)
.

Asymptotic expansion as z → ∞ (|arg z| < π):

ψ(z) = ln z –
1
2z

–
1

12z2
+

1
120z4

–
1

252z6
+ · · · = ln z –

1
2z

–
∞∑
n=1

B2n

2nz2n
,

where the B2n are Bernoulli numbers.

11.4-3. Beta Function.

Definition:

B(x, y) =
∫ 1

0
tx–1(1 – t)y–1 dt,

where Re x > 0 and Re y > 0.
Relationship with the gamma function:

B(x, y) =
Γ(x)Γ(y)
Γ(x + y)

.

Some properties:
B(x, y) = B(y, x);

B(x, y + 1) =
y

x
B(x + 1, y) =

y

x + y
B(x, y);

B(x, 1 – x) =
π

sin(πx)
, 0 < x < 1;

1
B(n, m)

= mCn–1
n+m–1 = nCm–1

n+m–1,

where n and m are positive integers.

11.5. Incomplete Gamma and Beta Functions
11.5-1. Incomplete Gamma Function.

Definitions:

γ(α, x) =
∫ x

0
e–ttα–1 dt, Re α > 0,

Γ(α, x) =
∫ ∞

x

e–ttα–1 dt = Γ(α) – γ(α, x).
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Recurrence formulas:

γ(α + 1, x) = αγ(α, x) – xαe–x,

γ(α + 1, x) = (x + α)γ(α, x) + (1 – α)xγ(α – 1, x),

Γ(α + 1, x) = αΓ(α, x) + xαe–x.

Special cases:

γ(n + 1, x) = n!

[
1 – e–x

( n∑
k=0

xk

k!

)]
, n = 0, 1, . . . ;

Γ(n + 1, x) = n! e–x
n∑

k=0

xk

k!
, n = 0, 1, . . . ;

Γ(–n, x) =
(–1)n

n!

[
Γ(0, x) – e–x

n–1∑
k=0

(–1)k
k!

xk+1

]
, n = 1, 2, . . .

Asymptotic expansions as x → 0:

γ(α, x) =
∞∑
n=0

(–1)nxα+n

n! (α + n)
,

Γ(α, x) = Γ(α) –
∞∑
n=0

(–1)nxα+n

n! (α + n)
.

Asymptotic expansions as x → ∞:

γ(α, x) = Γ(α) – xα–1e–x

[M–1∑
m=0

(1 – α)m
(–x)m

+ O
(
|x|–M

)]
,

Γ(α, x) = xα–1e–x

[M–1∑
m=0

(1 – α)m
(–x)m

+ O
(
|x|–M

)] (
– 3

2 π < arg x < 3
2 π
)
.

Asymptotic formulas as α → ∞:

γ(x, α) = Γ(α)
[
Φ
(
2
√

x –
√

α – 1
)

+ O
( 1√

α

)]
, Φ(x) =

1√
2π

∫ x

–∞
exp
(

–
1
2
t2
)

dt;

γ(x, α) = Γ(α)
[
Φ
(
3
√

α z
)

+ O
( 1

α

)]
, z =

( x

α

)1/3
– 1 +

1
9α

.

Representation of the error function, complementary error function, and exponential integral in
terms of the gamma functions:

erf x =
1√
π

γ
( 1

2
, x2
)

, erfc x =
1√
π

Γ

( 1
2

, x2
)

, Ei(–x) = –Γ(0, x).

11.5-2. Incomplete Beta Function.

Definitions:

Bx(a, b) =
∫ x

0
ta–1(1 – t)b–1 dt, Ix(a, b) =

Bx(a, b)
B(a, b)

,

where Re a > 0 and Re b > 0, and B(a, b) = B1(a, b) is the beta function.
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Symmetry property:

Ix(a, b) + I1–x(b, a) = 1.

Recurrence formulas:

Ix(a, b) = xIx(a – 1, b) + (1 – x)Ix(a, b – 1),

(a + b)Ix(a, b) = aIx(a + 1, b) + bIx(a, b + 1),

(a + b – ax)Ix(a, b) = a(1 – x)Ix(a + 1, b – 1) + bIx(a, b + 1).

11.6. Bessel Functions (Cylindrical Functions)

11.6-1. Definitions and Basic Formulas.

The Bessel function of the first kind, Jν(x), and the Bessel function of the second kind, Yν(x) (also
called the Neumann function), are solutions of the Bessel equation

x2y′′
xx + xy′

x + (x2 – ν2)y = 0

and are defined by the formulas

Jν(x) =
∞∑
k=0

(–1)k(x/2)ν+2k

k! Γ(ν + k + 1)
, Yν (x) =

Jν(x) cos πν – J–ν (x)
sin πν

. (1)

The formula for Yν (x) is valid for ν ≠ 0, ±1, ±2, . . . (the cases ν ≠ 0, ±1, ±2, . . . are discussed in
what follows).

The general solution of the Bessel equation has the form Zν(x) = C1Jν(x) + C2Yν (x) and is
called the cylinder function.

Some formulas:

2νZν(x) = x[Zν–1(x) + Zν+1(x)],
d

dx
Zν(x) =

1
2

[Zν–1(x) – Zν+1(x)] = ±
[ ν

x
Zν(x) – Zν±1(x)

]
,

d

dx
[xνZν(x)] = xνZν–1(x),

d

dx
[x–νZν(x)] = –x–νZν+1(x),(

1
x

d

dx

)n

[xνJν(x)] = xν–nJν–n(x),

(
1
x

d

dx

)n

[x–νJν (x)] = (–1)nx–ν–nJν+n(x),

J–n(x) = (–1)nJn(x), Y–n(x) = (–1)nYn(x), n = 0, 1, 2, . . .

Bessel functions for ν = ±n ± 1
2 (n = 0, 1, 2, . . . ):

J1/2(x) =

√
2
πx

sin x,

J3/2(x) =

√
2
πx

(
1
x

sin x – cos x

)
,

J–1/2(x) =

√
2

πx
cos x,

J–3/2(x) =

√
2

πx

(
–

1
x

cos x – sin x

)
,
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Jn+1/2(x) =

√
2

πx

[
sin
(
x –

nπ

2

) [n/2]∑
k=0

(–1)k(n + 2k)!
(2k)! (n – 2k)! (2x)2k

+ cos
(
x –

nπ

2

) [(n–1)/2]∑
k=0

(–1)k(n + 2k + 1)!
(2k + 1)! (n – 2k – 1)! (2x)2k+1

]
,

J–n–1/2(x) =

√
2

πx

[
cos
(
x +

nπ

2

) [n/2]∑
k=0

(–1)k(n + 2k)!
(2k)! (n – 2k)! (2x)2k

– sin
(
x +

nπ

2

) [(n–1)/2]∑
k=0

(–1)k(n + 2k + 1)!
(2k + 1)! (n – 2k – 1)! (2x)2k+1

]
,

Y1/2(x) = –

√
2

πx
cos x,

Yn+1/2(x) = (–1)n+1J–n–1/2(x),

Y–1/2(x) =

√
2
πx

sin x,

Y–n–1/2(x) = (–1)nJn+1/2(x),

where [A] is the integer part of the number A.
Let ν = n be an arbitrary integer. The relations

J–n(x) = (–1)nJn(x), Y–n(x) = (–1)nYn(x)

are valid. The function Jn(x) is given by the first formula in (1) with ν = n, and Yn(x) can be
obtained from the second formula in (1) by proceeding to the limit ν → n. For nonnegative n, Yn(x)
can be represented in the form

Yn(x) =
2
π

Jn(x) ln
x

2
–

1
π

n–1∑
k=0

(n – k – 1)!
k!

( 2
x

)n–2k

–
1
π

∞∑
k=0

(–1)k
( x

2

)n+2k ψ(k + 1) + ψ(n + k + 1)
k! (n + k)!

,

where ψ(1) = –C, ψ(n) = –C +
n–1∑
k=1

k–1, C = 0.5772 . . . is the Euler constant, and ψ(x) = [ln Γ(x)]′x is

the logarithmic derivative of the gamma function, also known as the digamma function.
Wronskians and similar formulas:

W (Jν , J–ν) = –
2
πx

sin(πν), W (Jν , Yν) =
2

πx
,

Jν (x)J–ν+1(x) + J–ν(x)Jν–1(x) =
2 sin(πν)

πx
, Jν (x)Yν+1(x) – Jν+1(x)Yν(x) = –

2
πx

.

Here the notation W (f , g) = fg′x – f ′
xg is used.

11.6-2. Integral Representations and Asymptotic Expansions.

The functions Jν (x) and Yν(x) can be represented in the form of definite integrals (for x > 0):

πJν (x) =
∫ π

0
cos(x sin θ – νθ) dθ – sin πν

∫ ∞

0
exp(–x sinh t – νt) dt,

πYν (x) =
∫ π

0
sin(x sin θ – νθ) dθ –

∫ ∞

0
(eνt + e–νt cos πν) e–x sinh t dt.
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For |ν | < 1
2 , x > 0,

Jν (x) =
21+νx–ν

π1/2Γ( 1
2 – ν)

∫ ∞

1

sin(xt) dt

(t2 – 1)ν+1/2
,

Yν (x) = –
21+νx–ν

π1/2Γ( 1
2 – ν)

∫ ∞

1

cos(xt) dt

(t2 – 1)ν+1/2
.

For ν > – 1
2 ,

Jν (x) =
2(x/2)ν

π1/2Γ( 1
2 + ν)

∫ π/2

0
cos(x cos t) sin2ν t dt (Poisson’s formula).

For ν = 0, x > 0,

J0(x) =
2
π

∫ ∞

0
sin(x cosh t) dt, Y0(x) = –

2
π

∫ ∞

0
cos(x cosh t) dt.

For integer ν = n = 0, 1, 2, . . . ,

Jn(x) =
1
π

∫ π

0
cos(nt – x sin t) dt (Bessel’s formula),

J2n(x) =
2
π

∫ π/2

0
cos(x sin t) cos(2nt) dt,

J2n+1(x) =
2
π

∫ π/2

0
sin(x sin t) sin[(2n + 1)t] dt.

Asymptotic expansions as |x| → ∞:

Jν(x) =

√
2

πx

{
cos
( 4x – 2νπ – π

4

)[M–1∑
m=0

(–1)m(ν, 2m)(2x)–2m + O(|x|–2M )

]

– sin
( 4x – 2νπ – π

4

)[M–1∑
m=0

(–1)m(ν, 2m + 1)(2x)–2m–1 + O(|x|–2M–1)

]}
,

Yν(x) =

√
2

πx

{
sin
( 4x – 2νπ – π

4

)[M–1∑
m=0

(–1)m(ν, 2m)(2x)–2m + O(|x|–2M )

]

+ cos
( 4x – 2νπ – π

4

)[M–1∑
m=0

(–1)m(ν, 2m + 1)(2x)–2m–1 + O(|x|–2M–1)

]}
,

where (ν, m) =
1

22mm!
(4ν2 – 1)(4ν2 – 32) . . . [4ν2 – (2m – 1)2] =

Γ( 1
2 + ν + m)

m! Γ( 1
2 + ν – m)

.

For nonnegative integer n and large x,

√
πx J2n(x) = (–1)n(cos x + sin x) + O(x–2),

√
πx J2n+1(x) = (–1)n+1(cos x – sin x) + O(x–2).

Asymptotic for large ν (ν → ∞):

Jν (x) � 1√
2πν

( ex

2ν

)ν

, Yν(x) � –

√
2
πν

( ex

2ν

)–ν

,
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where x is fixed, and

Jν(ν) � 21/3

32/3Γ(2/3)
1

ν1/3
, Yν (ν) � –

21/3

31/6Γ(2/3)
1

ν1/3
.

Integrals with Bessel functions:∫ x

0
xλJν(x) dx =

xλ+ν+1

2ν(λ + ν + 1) Γ(ν + 1)
F

(
λ + ν + 1

2
,

λ + ν + 3
2

, ν+1; –
x2

4

)
, Re(λ+ν) > –1,

where F (a, b, c; x) is the hypergeometric series (see Supplement 11.10.1),∫ x

0
xλYν(x) dx = –

cos(νπ)Γ(–ν)
2νπ(λ + ν + 1)

xλ+ν+1 F

(
λ + ν + 1

2
, ν + 1,

λ + ν + 3
2

; –
x2

4

)
–

2ν
Γ(ν)

λ – ν + 1
xλ–ν+1 F

(
λ – ν + 1

2
, 1 – ν,

λ – ν + 3
2

; –
x2

4

)
, Re λ > |Re ν| – 1.

11.6-3. Zeros of Bessel Functions.

Each of the functions Jν(x) and Yν(x) has infinitely many real zeros (for real ν). All zeros are
simple, except possibly for the point x = 0.

The zeros γm of J0(x), i.e., the roots of the equation J0(γm) = 0, are approximately given by

γm = 2.4 + 3.13 (m – 1) (m = 1, 2, . . . ),

with a maximum error of 0.2%.

11.6-4. Orthogonality Properties of Bessel Functions.

1◦. Let µ = µm be positive roots of the Bessel function Jν(µ), where ν > –1 and m = 1, 2, 3, . . .
Then the set of functions Jν(µmr/a) is orthogonal on the interval 0 ≤ r ≤ a with weight r:∫ a

0
Jν

(µmr

a

)
Jν

(µkr

a

)
r dr =

{
0 if m ≠ k,
1
2 a2
[
J ′

ν(µm)
]2

= 1
2 a2J2

ν+1(µm) if m = k.

2◦. Let µ = µm be positive zeros of the Bessel function derivative J ′
ν(µ), where ν > –1 and

m = 1, 2, 3, . . . Then the set of functions Jν(µmr/a) is orthogonal on the interval 0 ≤ r ≤ a with
weight r:

∫ a

0
Jν

(µmr

a

)
Jν

(µkr

a

)
r dr =

⎧⎨⎩
0 if m ≠ k,
1
2

a2

(
1 –

ν2

µ2
m

)
J2

ν(µm) if m = k.

3◦. Let µ = µm be positive roots of the transcendental equation µJ ′
ν (µ) + sJν(µ) = 0, where ν > –1

and m = 1, 2, 3, . . . Then the set of functions Jν(µmr/a) is orthogonal on the interval 0 ≤ r ≤ a
with weight r:

∫ a

0
Jν

(µmr

a

)
Jν

(µkr

a

)
r dr =

⎧⎨⎩
0 if m ≠ k,
1
2
a2

(
1 +

s2 – ν2

µ2
m

)
J2

ν (µm) if m = k.
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4◦. Let µ = µm be positive roots of the transcendental equation

Jν (λmb)Yν(λma) – Jν(λma)Yν(λmb) = 0 (ν > –1, m = 1, 2, 3, . . .).

Then the set of functions

Zν(λmr) = Jν (λmr)Yν (λma) – Jν(λma)Yν(λmr), m = 1, 2, 3, . . . ,

satisfying the conditions Zν(λma) = Zν(λmb) = 0 is orthogonal on the interval a ≤ r ≤ b with
weight r:

∫ b

a

Zν(λmr)Zν (λkr)r dr =

⎧⎨⎩
0 if m ≠ k,

2
π2λ2

m

J2
ν(λma) – J2

ν (λmb)
J2

ν (λmb)
if m = k.

5◦. Let µ = µm be positive roots of the transcendental equation

J ′
ν(λmb)Y ′

ν(λma) – J ′
ν(λma)Y ′

ν (λmb) = 0 (ν > –1, m = 1, 2, 3, . . .).

Then the set of functions

Zν(λmr) = Jν(λmr)Y ′
ν (λma) – J ′

ν(λma)Yν (λmr), m = 1, 2, 3, . . . ,

satisfying the conditions Z ′
ν(λma) = Z ′

ν(λmb) = 0 is orthogonal on the interval a ≤ r ≤ b with
weight r:

∫ b

a

Zν(λmr)Zν (λkr)r dr =

⎧⎪⎨⎪⎩
0 if m ≠ k,

2
π2λ2

m

[(
1 –

ν2

b2λ2
m

) [
J ′

ν(λma)
]2[

J ′
ν (λmb)

]2 –

(
1 –

ν2

a2λ2
m

)]
if m = k.

11.6-5. Hankel Functions (Bessel Functions of the Third Kind).

The Hankel functions of the first kind and the second kind are related to Bessel functions by

H (1)
ν (z) = Jν (z) + iYν(z),

H (2)
ν (z) = Jν (z) – iYν(z),

where i2 = –1.
Asymptotics for z → 0:

H (1)
0 (z) � 2i

π
ln z, H (1)

ν (z) � –
i

π

Γ(ν)
(z/2)ν

(Re ν > 0),

H (2)
0 (z) � –

2i

π
ln z, H (2)

ν (z) � i

π

Γ(ν)
(z/2)ν

(Re ν > 0).

Asymptotics for |z| → ∞:

H (1)
ν (z) �

√
2
πz

exp
[
i
(
z – 1

2 πν – 1
4 π
)]

(–π < arg z < 2π),

H (2)
ν (z) �

√
2
πz

exp
[
–i
(
z – 1

2 πν – 1
4 π
)]

(–2π < arg z < π).
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11.7. Modified Bessel Functions
11.7-1. Definitions. Basic Formulas.

The modified Bessel functions of the first kind, Iν (x), and the modified Bessel functions of the second
kind, Kν(x) (also called the MacDonald function), of order ν are solutions of the modified Bessel
equation

x2y′′
xx + xy′

x – (x2 + ν2)y = 0

and are defined by the formulas

Iν (x) =
∞∑
k=0

(x/2)2k+ν

k! Γ(ν + k + 1)
, Kν(x) =

π

2
I–ν (x) – Iν (x)

sin(πν)

(see below for Kν(x) with ν = 0, 1, 2, . . . ).
The modified Bessel functions possess the properties

K–ν(x) = Kν(x); I–n(x) = (–1)nIn(x), n = 0, 1, 2, . . .

2νIν(x) = x[Iν–1(x) – Iν+1(x)], 2νKν(x) = –x[Kν–1(x) – Kν+1(x)],
d

dx
Iν (x) =

1
2

[Iν–1(x) + Iν+1(x)],
d

dx
Kν(x) = –

1
2

[Kν–1(x) + Kν+1(x)].

Modified Bessel functions for ν = ±n ± 1
2 (n = 0, 1, 2, . . . ):

I1/2(x) =

√
2

πx
sinh x, I–1/2(x) =

√
2
πx

cosh x,

I3/2(x) =

√
2

πx

(
–

1
x

sinh x + cosh x

)
, I–3/2(x) =

√
2

πx

(
–

1
x

cosh x + sinh x

)
,

In+1/2(x) =
1√
2πx

[
ex

n∑
k=0

(–1)k(n + k)!
k! (n – k)! (2x)k

– (–1)ne–x
n∑

k=0

(n + k)!
k! (n – k)! (2x)k

]
,

I–n–1/2(x) =
1√
2πx

[
ex

n∑
k=0

(–1)k(n + k)!
k! (n – k)! (2x)k

+ (–1)ne–x
n∑

k=0

(n + k)!
k! (n – k)! (2x)k

]
,

K±1/2(x) =

√
π

2x
e–x, K±3/2(x) =

√
π

2x

(
1 +

1
x

)
e–x,

Kn+1/2(x) = K–n–1/2(x) =

√
π

2x
e–x

n∑
k=0

(n + k)!
k! (n – k)! (2x)k

.

If ν = n is a nonnegative integer, then

Kn(x) = (–1)n+1In(x) ln
x

2
+

1
2

n–1∑
m=0

(–1)m
( x

2

)2m–n (n – m – 1)!
m!

+
1
2

(–1)n
∞∑

m=0

( x

2

)n+2m ψ(n + m + 1) + ψ(m + 1)
m! (n + m)!

; n = 0, 1, 2, . . . ,

where ψ(z) is the logarithmic derivative of the gamma function; for n = 0, the first sum is dropped.
Wronskians and similar formulas:

W (Iν , I–ν ) = –
2

πx
sin(πν), W (Iν , Kν) = –

1
x

,

Iν (x)I–ν+1(x) – I–ν (x)Iν–1(x) = –
2 sin(πν)

πx
, Iν (x)Kν+1(x) + Iν+1(x)Kν(x) =

1
x

,

where W (f , g) = fg′x – f ′
xg.
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Modified Bessel functions can be expressed in terms of Bessel functions:

Iν(z) = e–πνi/2Jν (zeπi/2) (–π < arg z ≤ π/2);

Iν(z) = e3πνi/2Jν (ze–3πi/2) (π/2 < arg z ≤ π);

Kν(z) = 1
2 πieπνi/2H (1)

ν (zeπi/2) (–π < arg z ≤ π/2);

Kν(z) = – 1
2 πie–πνi/2H (2)

ν (ze–πi/2) (π/2 < arg z ≤ π).

11.7-2. Integral Representations and Asymptotic Expansions.

The functions Iν (x) and Kν(x) can be represented in terms of definite integrals:

Iν (x) =
xν

π1/22νΓ(ν + 1
2 )

∫ 1

–1
exp(–xt)(1 – t2)ν–1/2 dt (x > 0, ν > – 1

2 ),

Kν(x) =
∫ ∞

0
exp(–x cosh t) cosh(νt) dt (x > 0),

Kν(x) =
1

cos
(

1
2 πν
) ∫ ∞

0
cos(x sinh t) cosh(νt) dt (x > 0, –1 < ν < 1),

Kν(x) =
1

sin
(

1
2 πν
) ∫ ∞

0
sin(x sinh t) sinh(νt) dt (x > 0, –1 < ν < 1).

For integer ν = n,

In(x) =
1
π

∫ π

0
exp(x cos t) cos(nt) dt (n = 0, 1, 2, . . . ),

K0(x) =
∫ ∞

0
cos(x sinh t) dt =

∫ ∞

0

cos(xt)√
t2 + 1

dt (x > 0).

Asymptotic expansions as x → ∞:

Iν (x) =
ex

√
2πx

{
1 +

M∑
m=1

(–1)m
(4ν2 – 1)(4ν2 – 32) . . . [4ν2 – (2m – 1)2]

m! (8x)m

}
,

Kν(x) =

√
π

2x
e–x

{
1 +

M∑
m=1

(4ν2 – 1)(4ν2 – 32) . . . [4ν2 – (2m – 1)2]
m! (8x)m

}
.

The terms of the order of O(x–M–1) are omitted in the braces.
Integrals with modified Bessel functions:∫ x

0
xλIν(x) dx =

xλ+ν+1

2ν(λ + ν + 1)Γ(ν + 1)
F

(
λ + ν + 1

2
,

λ + ν + 3
2

, ν+1;
x2

4

)
, Re(λ+ν) > –1,

where F (a, b, c; x) is the hypergeometric series (see Supplement 11.10-1),∫ x

0
xλKν(x) dx =

2ν–1
Γ(ν)

λ – ν + 1
xλ–ν+1F

(
λ – ν + 1

2
, 1 – ν,

λ – ν + 3
2

;
x2

4

)
+

2–ν–1
Γ(–ν)

λ + ν + 1
xλ+ν+1F

(
λ + ν + 1

2
, 1 + ν,

λ + ν + 3
2

;
x2

4

)
, Re λ > |Re ν| – 1.
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11.8. Airy Functions

11.8-1. Definition and Basic Formulas.

The Airy function of the first kind, Ai(x), and the Airy function of the second kind, Bi(x), are solutions
of the Airy equation

y′′
xx – xy = 0

and are defined by the formulas

Ai(x) =
1
π

∫ ∞

0
cos
(

1
3 t3 + xt

)
dt,

Bi(x) =
1
π

∫ ∞

0

[
exp
(
– 1

3 t3 + xt
)

+ sin
(

1
3 t3 + xt

)]
dt.

Wronskian: W{Ai(x), Bi(x)} = 1/π.
Relation to the Bessel functions and the modified Bessel functions (x > 0):

Ai(x) = 1
3

√
x
[
I–1/3(z) – I1/3(z)

]
= π–1

√
1
3 x K1/3(z), z = 2

3 x3/2,

Ai(–x) = 1
3

√
x
[
J–1/3(z) + J1/3(z)

]
,

Bi(x) =
√

1
3 x
[
I–1/3(z) + I1/3(z)

]
,

Bi(–x) =
√

1
3 x
[
J–1/3(z) – J1/3(z)

]
.

11.8-2. Power Series and Asymptotic Expansions.

Power series expansions as x → 0:

Ai(x) = c1f (x) – c2g(x),

Bi(x) =
√

3 [c1f (x) + c2g(x)],

f (x) = 1 +
1
3!

x3 +
1 × 4

6!
x6 +

1 × 4 × 7
9!

x9 + · · · =
∞∑
k=0

3k
(

1
3

)
k

x3k

(3k)!
,

g(x) = x +
2
4!

x4 +
2 × 5

7!
x7 +

2 × 5 × 8
10!

x10 + · · · =
∞∑
k=0

3k
(

2
3

)
k

x3k+1

(3k + 1)!
,

where c1 = 3–2/3/Γ(2/3) ≈ 0.3550 and c2 = 3–1/3/Γ(1/3) ≈ 0.2588.
For large values of x, the leading terms of asymptotic expansions of the Airy functions are

Ai(x) � 1
2 π–1/2x–1/4 exp(–z), z = 2

3 x3/2,

Ai(–x) � π–1/2x–1/4 sin
(
z + π

4

)
,

Bi(x) � π–1/2x–1/4 exp(z),

Bi(–x) � π–1/2x–1/4 cos
(
z + π

4

)
,

where x > 0.
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TABLE 1
Special cases of the Kummer confluent hypergeometric function Φ(a, b; z)

a b z Φ Conventional notation

a a x ex

1 2 2x
1
x

ex sinh x

a a+1 –x ax–aγ(a, x)

Incomplete gamma function

γ(a, x) =

∫ x

0

e–tta–1 dt

1
2

3
2 –x2

√
π

2
erf x

Error function

erf x =
2√
π

∫ x

0

exp(–t2) dt

–n
1
2

x2

2

n!
(2n)!

(
–

1
2

)–n

H2n(x) Hermite polynomial

Hn(x) = (–1)nex2 dn

dxn

(
e–x2)

,

n = 0, 1, 2, . . .–n
3
2

x2

2

n!
(2n+1)!

(
–

1
2

)–n

H2n+1(x)

–n b x
n!

(b)n
L(b–1)

n (x)

Laguerre polynomial

L(α)
n (x) =

exx–α

n!
dn

dxn

(
e–xxn+α

)
,

α = b–1,
(b)n = b(b+1) . . . (b+n–1)

ν+
1
2

2ν+1 2x Γ(1+ν)ex
(

x

2

)–ν

Iν(x)
Modified Bessel function

Iν(x)
n+1 2n+2 2x Γ

(
n+

3
2

)
ex
(

x

2

)–n– 1
2

In+ 1
2
(x)

11.9. Confluent Hypergeometric Functions

11.9-1. Kummer and Tricomi Confluent Hypergeometric Functions.

The confluent hypergeometric functions Φ(a, b; x) and Ψ(a, b; x) are solutions of the degenerate
hypergeometric equation (or confluent hypergeometric equation)

xy′′
xx + (b – x)y′

x – ay = 0.

In the case b ≠ 0, –1, –2, –3, . . . , the Kummer confluent hypergeometric function Φ(a, b; x) can
be represented as Kummer’s series:

Φ(a, b; x) = 1 +
∞∑
k=1

(a)k
(b)k

xk

k!
,

where (a)k = a(a + 1) . . . (a + k – 1), (a)0 = 1.
Table 1 presents some special cases where Φ can be expressed in terms of simpler functions.
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TABLE 2
Special cases of the Tricomi confluent hypergeometric function Ψ(a, b; z)

a b z Ψ Conventional notation

1–a 1–a x exΓ(a, x)

Incomplete gamma function

Γ(a, x) =

∫ ∞

x

e–tta–1 dt

1
2

1
2 x2

√
π exp(x2) erfc x

Complementary error function

erfc x =
2√
π

∫ ∞

x

exp(–t2) dt

1 1 –x –e–x Ei(x)

Exponential integral

Ei(x) =

∫ x

–∞

et

t
dt

1 1 – ln x –x–1 li x

Logarithmic integral

li x =

∫ x

0

dt

t

1–n

2
3
2 x2 2–nx–1Hn(x)

Hermite polynomial

Hn(x) = (–1)nex2 dn

dxn

(
e–x2)

,

n = 0, 1, 2, . . .

ν+
1
2

2ν+1 2x π–1/2(2x)–νexKν(x)
Modified Bessel function

Kν(x)

–
ν

2
1
2

1
2

x2
2–ν/2ex2/4Dν(x) Weber parabolic cylinder function

Dν(x)1–ν

2
3
2

1
2

x2
2(1–ν)/2x–1ex2/4Dν (x)

The Tricomi confluent hypergeometric function Ψ(a, b; x) is defined as follows:

Ψ(a, b; x) =
Γ(1 – b)

Γ(a – b + 1)
Φ(a, b; x) +

Γ(b – 1)
Γ(a)

x1–b
Φ(a – b + 1, 2 – b; x).

Table 2 presents some special cases where Ψ can be expressed in terms of simpler functions.
Kummer transformation:

Φ(a, b; x) = ex
Φ(b – a, b; –x), Ψ(a, b; x) = x1–b

Ψ(1 + a – b, 2 – b; x).

Linear relations for Φ:

(b – a)Φ(a – 1, b; x) + (2a – b + x)Φ(a, b; x) – aΦ(a + 1, b; x) = 0,

b(b – 1)Φ(a, b – 1; x) – b(b – 1 + x)Φ(a, b; x) + (b – a)xΦ(a, b + 1; x) = 0,

(a – b + 1)Φ(a, b; x) – aΦ(a + 1, b; x) + (b – 1)Φ(a, b – 1; x) = 0,

bΦ(a, b; x) – bΦ(a – 1, b; x) – xΦ(a, b + 1; x) = 0,

b(a + x)Φ(a, b; x) – (b – a)xΦ(a, b + 1; x) – abΦ(a + 1, b; x) = 0,

(a – 1 + x)Φ(a, b; x) + (b – a)Φ(a – 1, b; x) – (b – 1)Φ(a, b – 1; x) = 0.
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Linear relations for Ψ:

Ψ(a – 1, b; x) – (2a – b + x)Ψ(a, b; x) + a(a – b + 1)Ψ(a + 1, b; x) = 0,

(b – a – 1)Ψ(a, b – 1; x) – (b – 1 + x)Ψ(a, b; x) + xΨ(a, b + 1; x) = 0,

Ψ(a, b; x) – aΨ(a + 1, b; x) – Ψ(a, b – 1; x) = 0,

(b – a)Ψ(a, b; x) – xΨ(a, b + 1; x) + Ψ(a – 1, b; x) = 0,

(a + x)Ψ(a, b; x) + a(b – a – 1)Ψ(a + 1, b; x) – xΨ(a, b + 1; x) = 0,

(a – 1 + x)Ψ(a, b; x) – Ψ(a – 1, b; x) + (a – c + 1)Ψ(a, b – 1; x) = 0.

Differentiation formulas:

d

dx
Φ(a, b; x) =

a

b
Φ(a + 1, b + 1; x),

d

dx
Ψ(a, b; x) = –aΨ(a + 1, b + 1; x),

dn

dxn
Φ(a, b; x) =

(a)n
(b)n

Φ(a + n, b + n; x),

dn

dxn
Ψ(a, b; x) = (–1)n(a)nΨ(a + n, b + n; x).

Wronskian:

W (Φ, Ψ) = ΦΨ
′
x – Φ

′
xΨ = –

Γ(b)
Γ(a)

x–bex.

The Tricomi confluent hypergeometric function for b = n + 1 (n = 0, 1, 2, . . . ):

Ψ(a, n + 1; x) =
(–1)n–1

n! Γ(a – n)

{
Φ(a, n+1; x) ln x

+
∞∑
r=0

(a)r
(n + 1)r

[
ψ(a + r) – ψ(1 + r) – ψ(1 + n + r)

] xr

r!

}
+

(n – 1)!
Γ(a)

n–1∑
r=0

(a – n)r
(1 – n)r

xr–n

r!
.

Here the last sum is dropped for n = 0, ψ(z) = [ln Γ(z)]′z is the logarithmic derivative of the gamma
function,

ψ(1) = –C, ψ(n) = –C +
n–1∑
k=1

k–1,

where C = 0.5772 . . . is the Euler constant.
If b < 0, then the formula

Ψ(a, b; x) = x1–b
Ψ(a – b + 1, 2 – b; x)

is valid for any x.
For b ≠ 0, –1, –2, –3, . . . , the general solution of the degenerate hypergeometric equation can

be represented in the form

y = C1Φ(a, b; x) + C2Ψ(a, b; x),

and for b = 0, –1, –2, –3, . . . , in the form

y = x1–b
[
C1Φ(a – b + 1, 2 – b; x) + C2Ψ(a – b + 1, 2 – b; x)

]
.
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11.9-2. Integral Representations and Asymptotic Expansions.

Integral representations:

Φ(a, b; x) =
Γ(b)

Γ(a) Γ(b – a)

∫ 1

0
extta–1(1 – t)b–a–1 dt (for b > a > 0),

Ψ(a, b; x) =
1

Γ(a)

∫ ∞

0
e–xtta–1(1 + t)b–a–1 dt (for a > 0, x > 0),

where Γ(a) is the gamma function.
Asymptotic expansion as |x| → ∞:

Φ(a, b; x) =
Γ(b)
Γ(a)

exxa–b

[ N∑
n=0

(b – a)n(1 – a)n
n!

x–n + ε

]
, x > 0,

Φ(a, b; x) =
Γ(b)

Γ(b – a)
(–x)–a

[ N∑
n=0

(a)n(a – b + 1)n
n!

(–x)–n + ε

]
, x < 0,

Ψ(a, b; x) = x–a

[ N∑
n=0

(–1)n
(a)n(a – b + 1)n

n!
x–n + ε

]
, –∞ < x < ∞,

where ε = O(x–N–1).
Integrals with confluent hypergeometric functions:∫

Φ(a, b; x) dx =
b – 1
a – 1

Ψ(a – 1, b – 1; x) + C,∫
Ψ(a, b; x) dx =

1
1 – a

Ψ(a – 1, b – 1; x) + C,∫
xn

Φ(a, b; x) dx = n!
n+1∑
k=1

(–1)k+1(1 – b)kxn–k+1

(1 – a)k(n – k + 1)!
Φ(a – k, b – k; x) + C,

∫
xn

Ψ(a, b; x) dx = n!
n+1∑
k=1

(–1)k+1xn–k+1

(1 – a)k(n – k + 1)!
Ψ(a – k, b – k; x) + C.

11.9-3. Whittaker Confluent Hypergeometric Functions.

The Whittaker confluent hypergeometric functions (or Whittaker functions) Mk,µ(x) and Wk,µ(x)
are linearly independent solutions of the Whittaker equation:

y′′
xx +

[
– 1

4 + 1
2 k +

(
1
4 – µ2

)
x–2
]
y = 0.

The Whittaker functions are expressed in terms of the Kummer and Tricomi confluent hyperge-
ometric functions as

Mk,µ(x) = xµ+1/2e–x/2
Φ
(

1
2 + µ – k, 1 + 2µ; x

)
,

Wk,µ(x) = xµ+1/2e–x/2
Ψ
(

1
2 + µ – k, 1 + 2µ; x

)
.
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11.10. Gauss Hypergeometric Functions
11.10-1. Various Representations of the Gauss Hypergeometric Function.

The Gauss hypergeometric function (or hypergeometric function) F (α, β, γ; x) is a solution of the
Gaussian hypergeometric equation

x(x – 1)y′′
xx + [(α + β + 1)x – γ]y′

x + αβy = 0.

For γ ≠ 0, –1, –2, –3, . . . , the function F (α, β, γ; x) can be expressed in terms of the hypergeo-
metric series:

F (α, β, γ; x) = 1 +
∞∑
k=1

(α)k(β)k
(γ)k

xk

k!
, (α)k = α(α + 1) . . . (α + k – 1),

which certainly converges for |x| < 1.
If γ is not an integer, then the general solution of the hypergeometric equation can be written in

the form
y = C1F (α, β, γ; x) + C2x

1–γF (α – γ + 1, β – γ + 1, 2 – γ; x).

Table 3 shows some special cases where F can be expressed in term of elementary functions.
For γ > β > 0, the hypergeometric function can be expressed in terms of a definite integral:

F (α, β, γ; x) =
Γ(γ)

Γ(β) Γ(γ – β)

∫ 1

0
tβ–1(1 – t)γ–β–1(1 – tx)–α dt,

where Γ(β) is the gamma function.

11.10-2. Basic Properties.

Linear transformation formulas:
F (α, β, γ; x) = F (β, α, γ; x),

F (α, β, γ; x) = (1 – x)γ–α–βF (γ – α, γ – β, γ; x),

F (α, β, γ; x) = (1 – x)–αF
(
α, γ – β, γ;

x

x – 1

)
,

F (α, β, γ; x) = (1 – x)–βF
(
β, γ – α, γ;

x

x – 1

)
.

Gauss’s linear relations for contiguous functions:

(β – α)F (α, β, γ; x) + αF (α + 1, β, γ; x) – βF (α, β + 1, γ; x) = 0,

(γ – α – 1)F (α, β, γ; x) + αF (α + 1, β, γ; x) – (γ – 1)F (α, β, γ – 1; x) = 0,

(γ – β – 1)F (α, β, γ; x) + βF (α, β + 1, γ; x) – (γ – 1)F (α, β, γ – 1; x) = 0,

(γ – α – β)F (α, β, γ; x) + α(1 – x)F (α + 1, β, γ; x) – (γ – β)F (α, β – 1, γ; x) = 0,

(γ – α – β)F (α, β, γ; x) – (γ – α)F (α – 1, β, γ; x) + β(1 – x)F (α, β + 1, γ; x) = 0.

Differentiation formulas:
d

dx
F (α, β, γ; x) =

αβ

γ
F (α + 1, β + 1, γ + 1; x),

dn

dxn
F (α, β, γ; x) =

(α)n(β)n
(γ)n

F (α + n, β + n, γ + n; x),

dn

dxn

[
xγ–1F (α, β, γ; x)

]
= (γ – n)nxγ–n–1F (α, β, γ – n; x),

dn

dxn

[
xα+n–1F (α, β, γ; x)

]
= (α)nxα–1F (α + n, β, γ; x),

where (α)n = α(α + 1) . . . (α + n – 1).
See Abramowitz and Stegun (1964) and Bateman and Erdélyi (1953, Vol. 1) for more detailed

information about hypergeometric functions.
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TABLE 3
Some special cases where the Gauss hypergeometric function F (α, β, γ; z)

can be expressed in terms of elementary functions

α β γ z F

–n β γ x

n∑
k=0

(–n)k(β)k
(γ)k

xk

k!
, where n = 1, 2, . . .

–n β –n – m x

n∑
k=0

(–n)k(β)k
(–n – m)k

xk

k!
, where n = 1, 2, . . .

α β β x (1 – x)–α

α α + 1
2 2α + 1 x

(
1 +

√
1 – x

2

)–2α

α α + 1
2 2α x

1√
1 – x

(
1 +

√
1 – x

2

)1–2α

α α + 1
2

3
2 x2 (1 + x)1–2α – (1 – x)1–2α

2x(1 – 2α)

α α + 1
2

1
2 x2 1

2

[
(1 + x)–2α + (1 – x)–2α

]
α α + 1

2
1
2 – tan2 x cos2α x cos(2αx)

α α – 1
2 2α x 22α–1

(
1 +

√
1 – x
)1–2α

α 1
2 α + 1 1

2 α x (1 + x)(1 – x)–α–1

α 2 – α 3
2 sin2 x

sin[(2α – 2)x]
(α – 1) sin(2x)

α 1 – α 3
2 sin2 x

sin[(2α – 1)x]
(α – 1) sin(2x)

α 1 – α 1
2 –x2

(√
1 + x2 + x

)2α–1
+
(√

1 + x2 – x
)2α–1

2
√

1 + x2

α 1 – α 1
2 sin2 x

cos[(2α – 1)x]
cos x

α –α 1
2 –x2 1

2

[(√
1 + x2 + x

)2α
+
(√

1 + x2 – x
)2α]

α –α 1
2 sin2 x cos(2αx)

1 1 2 –x
1
x

ln(x + 1)

1
2 1 3

2 x2 1
2x

ln
1 + x

1 – x

1
2 1 3

2 –x2 1
x

arctan x

1
2

1
2

3
2 x2 1

x
arcsin x

1
2

1
2

3
2 –x2 1

x
arcsinh x

n + 1 n + m + 1 n + m + l + 2 x

(–1)m(n + m + l + 1)!
n! l! (n + m)! (m + l)!

dn+m

dxn+m

{
(1 – x)m+l dlF

dxl

}
,

F = –
ln(1 – x)

x
, n, m, l = 0, 1, 2, . . .
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11.11. Legendre Polynomials, Legendre Functions, and
Associated Legendre Functions

11.11-1. Legendre Polynomials and Legendre Functions.

The Legendre polynomials Pn(x) and the Legendre functions Qn(x) are solutions of the second-order
linear ordinary differential equation

(1 – x2)y′′
xx – 2xy′

x + n(n + 1)y = 0.

The Legendre polynomials Pn(x) and the Legendre functions Qn(x) are defined by the formulas

Pn(x) =
1

n! 2n

dn

dxn
(x2 – 1)n,

Qn(x) =
1
2

Pn(x) ln
1 + x

1 – x
–

n∑
m=1

1
m

Pm–1(x)Pn–m(x).

The polynomials Pn = Pn(x) can be calculated using the formulas

P0(x) = 1, P1(x) = x, P2(x) =
1
2

(3x2 – 1),

P3(x) =
1
2

(5x3 – 3x), P4(x) =
1
8

(35x4 – 30x2 + 3),

Pn+1(x) =
2n + 1
n + 1

xPn(x) –
n

n + 1
Pn–1(x).

The first five functions Qn = Qn(x) have the form

Q0(x) =
1
2

ln
1 + x

1 – x
, Q1(x) =

x

2
ln

1 + x

1 – x
– 1,

Q2(x) =
1
4

(3x2 – 1) ln
1 + x

1 – x
–

3
2

x, Q3(x) =
1
4

(5x3 – 3x) ln
1 + x

1 – x
–

5
2

x2 +
2
3

,

Q4(x) =
1

16
(35x4 – 30x2 + 3) ln

1 + x

1 – x
–

35
8

x3 +
55
24

x.

The polynomials Pn(x) have the explicit representation

Pn(x) = 2–n

[n/2]∑
m=0

(–1)mCm
n Cn

2n–2mxn–2m,

where [A] stands for the integer part of a number A.
Integral representation of the Legendre polynomials (Laplace integral):

Pn(x) =
1
π

∫ π

0

(
x ±

√
x2 – 1 cos t

)n
dt, x > 1.

Integral representation of the Legendre polynomials (Dirichlet–Mehler integral):

Pn(cos θ) =

√
2

π

∫ θ

0

cos
[
(n + 1

2

)
ψ
]
dψ√

cos ψ – cos θ
, 0 < θ < π, n = 0, 1, . . .
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Integral representation of the Legendre functions:

Qn(x) = 2n

∫ ∞

x

(t – x)n

(t2 – 1)n+1
dt, x > 1.

Properties:
Pn(–x) = (–1)nPn(x), Qn(–x) = (–1)n+1Qn(x).

Recurrence relations:

(n + 1)Pn+1(x) – (2n + 1)xPn(x) + nPn–1(x) = 0,

(x2 – 1)
d

dx
Pn(x) = n

[
xPn(x) – Pn–1(x)

]
=

n(n + 1)
2n + 1

[
Pn+1(x) – Pn–1(x)

]
.

Values of the Legendre polynomials and their derivatives at x = 0:

P2m(0) = (–1)m
(2m – 1)!!

2mm!
, P2m+1(0) = 0, P ′

2m(0) = 0, P ′
2m+1(0) = (–1)m

(2m + 1)!!
2mm!

.

Asymptotic formula as n → ∞:

Pn(cos θ) ≈
(

2
πn sin θ

)1/2

sin

[(
n +

1
2

)
θ +

π

4

]
, 0 < θ < π.

The polynomials Pn(x) (with natural n) have exactly n real distinct zeros; all zeros lie on the
interval –1 < x < 1. The zeros of Pn(x) and Pn+1(x) alternate with each other. The function Qn(x)
has exactly n + 1 zeros, which lie on the interval –1 < x < 1.

The functions Pn(x) form an orthogonal system on the interval –1 ≤ x ≤ 1, with

∫ 1

–1
Pn(x)Pm(x) dx =

{ 0 if n ≠ m,
2

2n + 1
if n = m.

The generating function for Legendre polynomials is

1√
1 – 2sx + s2

=
∞∑
n=0

Pn(x)sn (|s| < 1).

The generating function for Legendre functions is

1√
1 – 2sx + s2

ln

[
x – s +

√
1 – 2sx + s2

√
1 – x2

]
=

∞∑
n=0

Qn(x)sn (|s| < 1, x > 1).

11.11-2. Associated Legendre Functions with Integer Indices and Real Argument.

The associated Legendre functions Pm
n (x) of order m are defined by the formulas

P m
n (x) = (1 – x2)m/2 dm

dxm
Pn(x), n = 1, 2, 3, . . . , m = 0, 1, 2, . . .

It is assumed by definition that P 0
n(x) = Pn(x).

Properties:
P m

n (x) = 0 if m > n, P m
n (–x) = (–1)n–mPm

n (x).
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The associated Legendre functions Pm
n (x) have exactly n–m real zeros, which lie on the interval

–1 < x < 1.
The associated Legendre functions Pm

n (x) with low indices:

P 1
1 (x) = (1 – x2)1/2, P 1

2 (x) = 3x(1 – x2)1/2, P 2
2 (x) = 3(1 – x2),

P 1
3 (x) = 3

2 (5x2 – 1)(1 – x2)1/2, P 2
3 (x) = 15x(1 – x2), P 3

3 (x) = 15(1 – x2)3/2.

The associated Legendre functions Pm
n (x) with n > m are solutions of the linear ordinary

differential equation

(1 – x2)y′′
xx – 2xy′

x +

[
n(n + 1) –

m2

1 – x2

]
y = 0.

The functions Pm
n (x) form an orthogonal system on the interval –1 ≤ x ≤ 1, with

∫ 1

–1
Pm

n (x)P m
k (x) dx =

⎧⎨⎩
0 if n ≠ k,

2
2n + 1

(n + m)!
(n – m)!

if n = k.

The functions P m
n (x) (with m ≠ 0) are orthogonal on the interval –1 ≤ x ≤ 1 with weight (1–x2)–1,

that is, ∫ 1

–1

Pm
n (x)P k

n (x)
1 – x2

dx =

⎧⎨⎩
0 if m ≠ k,
(n + m)!

m(n – m)!
if m = k.

11.11-3. Associated Legendre Functions. General Case.

In the general case, the associated Legendre functions of the first and the second kind, Pµ
ν (z)

and Qµ
ν (z), are linearly independent solutions of the Legendre equation

(1 – z2)y′′
zz – 2zy′

z +

[
ν(ν + 1) –

µ2

1 – z2

]
y = 0,

where the parameters ν and µ and the variable z can assume arbitrary real or complex values.
For |1 – z| < 2, the formulas

Pµ
ν (z) =

1
Γ(1 – µ)

( z + 1
z – 1

)µ/2
F
(

–ν, 1 + ν, 1 – µ;
1 – z

2

)
,

Qµ
ν (z) = A

( z – 1
z + 1

) µ
2
F
(

–ν, 1 + ν, 1 + µ;
1 – z

2

)
+ B
( z + 1

z – 1

) µ
2
F
(

–ν, 1 + ν, 1 – µ;
1 – z

2

)
,

A = eiµπ Γ(–µ) Γ(1 + ν + µ)
2 Γ(1 + ν – µ)

, B = eiµπ Γ(µ)
2

, i2 = –1,

are valid, where F (a, b, c; z) is the hypergeometric series (see Supplement 11.10).
For |z| > 1,

Pµ
ν (z) =

2–ν–1
Γ(– 1

2 – ν)√
π Γ(–ν – µ)

z–ν+µ–1(z2 – 1)–µ/2F
( 1 + ν – µ

2
,

2 + ν – µ

2
,

2ν + 3
2

;
1
z2

)
+

2ν
Γ( 1

2 + ν)

Γ(1 + ν – µ)
zν+µ(z2 – 1)–µ/2F

(
–

ν + µ

2
,

1 – ν – µ

2
,

1 – 2ν

2
;

1
z2

)
,

Qµ
ν (z) = eiπµ

√
π Γ(ν + µ + 1)

2ν+1Γ(ν + 3
2 )

z–ν–µ–1(z2 – 1)µ/2F
( 2 + ν + µ

2
,

1 + ν + µ

2
,

2ν + 3
2

;
1
z2

)
.
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The functions Pν (z) ≡ P 0
ν (z) and Qν(z) ≡ Q0

ν(z) are called the Legendre functions.
For n = 1, 2, . . . ,

Pn
ν (z) = (z2 – 1)n/2 dn

dzn
Pν (z), Qn

ν (z) = (z2 – 1)n/2 dn

dzn
Qν(z).

Relations between associated Legendre functions:

Pµ
ν (z) = P µ

–ν–1(z), P n
ν (z) =

Γ(ν + n + 1)
Γ(ν – n + 1)

P –n
ν (z), n = 0, 1, 2, . . . ,

P µ
ν+1(z) =

2ν + 1
ν – µ + 1

zPµ
ν (z) –

ν + µ

ν – µ + 1
Pµ

ν–1(z),

P µ
ν+1(z) = P µ

ν–1(z) + (2ν + 1)(z2 – 1)1/2Pµ–1
ν (z),

(z2 – 1)
d

dz
P µ

ν (z) = νzPµ
ν (z) – (ν + m)P µ

ν–1(z),

Qµ
ν (z) =

π

2 sin(µπ)
eiπµ

[
Pµ

ν (z) –
Γ(1 + ν + µ

Γ(1 + ν – µ)
P –µ

ν (z)

]
,

Qµ
ν (z) = eiπµ

( π

2

)1/2
Γ(ν + µ + 1)(z2 – 1)–1/4P

–ν–1/2
–µ–1/2

(
z√

z2 – 1

)
, Re z > 0.

Integral representation for Re(–µ) > Re ν > –1:

P µ
ν (z) =

2–ν(z2 – 1)–µ/2

Γ(ν + 1)Γ(–µ – ν)

∫ ∞

0
(z + cosh t)µ–ν–1(sinh t)2ν+1 dt,

where z does not lie on the real axis between –1 and ∞.
Integral representation for µ < 1/2:

P µ
ν (z) =

2µ(z2 – 1)–µ/2

√
π Γ( 1

2 – µ)

∫ π

0

(
z +

√
z2 – 1 cos t

)ν+µ
(sin t)–2µ dt,

where z does not lie on the real axis between –1 and 1.
Integral representation for Re ν > –1 and Re(ν + µ + 1) > 0:

Qµ
ν (z) = eπµi Γ(ν + µ + 1)(z2 – 1)–µ/2

2ν+1Γ(ν + 1)

∫ π

0

(
z + cos t

)µ–ν–1
(sin t)2ν+1 dt,

where z does not lie on the real axis between –1 and 1.
For n = 0, 1, 2, . . . ,

P n
ν (z) =

Γ(ν + n + 1)
πΓ(ν + 1)

∫ π

0

(
z +

√
z2 – 1 cos t

)ν
cos(nt) dt, Re z > 0;

Qn
ν (z) = (–1)n

Γ(ν + n + 1)
2ν+1Γ(ν + 1)

(z2 – 1)–n/2
∫ π

0
(z + cos t)n–ν–1(sin t)2ν+1 dt, Re ν > –1.

Note that z ≠ x, –1 < x < 1, in the latter formula.
The modified associated Legendre functions, on the cut z = x, –1 < x < 1, of the real axis are

defined by the formulas

Pµ
ν (x) = 1

2

[
e

1
2 iµπPµ

ν (x + i0) + e– 1
2 iµπPµ

ν (x – i0)
]

=
1

Γ(1 – µ)

( 1 + x

1 – x

)µ/2
F
(

–ν, 1 + ν, 1 – µ;
1 – x

2

)
,

Qµ
ν (x) = 1

2 e–iµπ
[
e– 1

2 iµπQµ
ν (x + i0) + e

1
2 iµπQµ

ν (x – i0)
]

=
π

2 sin(πµ)

[
cos(πµ) Pµ

ν (x) –
Γ(ν + µ + 1)
Γ(ν – µ + 1)

P–µ
ν (x)

]
.
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Notation:
Pν(x) = P0

ν(x), Qν(x) = Q0
ν (x).

For –1 < x < 1, the modified associated Legendre functions can be represented in the form of
the trigonometric series:

Pµ
ν (cos θ) =

2µ+1

√
π

Γ(ν + µ + 1)

Γ(ν + 3
2 )

(sin θ)µ
∞∑
k=0

( 1
2 + µ)k(1 + ν + µ)k

k! (ν + 3
2 )k

sin[(2k + ν + µ + 1)θ],

Qµ
ν (cos θ) =

√
π 2µ Γ(ν + µ + 1)

Γ(ν + 3
2 )

(sin θ)µ
∞∑
k=0

( 1
2 + µ)k(1 + ν + µ)k

k! (ν + 3
2 )k

cos[(2k + ν + µ + 1)θ],

where 0 < θ < π.
For 0 < x < 1,

Pµ
ν (–x) = Pµ

ν (x) cos[π(ν + µ)] – 2π–1 Qµ
ν (x) sin[π(ν + µ)],

Qµ
ν (–x) = – Qµ

ν (x) cos[π(ν + µ)] – 1
2 π Pµ

ν (x) sin[π(ν + µ)].

For –1 < x < 1,

Pµ
ν+1(x) =

2ν + 1
ν – µ + 1

x Pµ
ν (x) –

ν + µ

ν – µ + 1
Pµ

ν–1(x),

Pµ
ν+1(x) = Pµ

ν–1(x) – (2ν + 1)(1 – x2)1/2 Pµ–1
ν (x),

Pµ
ν+1(x) = x Pµ

ν (x) – (ν + µ)(1 – x2)1/2 Pµ–1
ν (x),

d

dx
Pµ

ν (x) =
νx

x2 – 1
Pµ

ν (x) –
ν + µ

x2 – 1
Pµ

ν–1(x).

Wronskian:

Pµ
ν (x)

d

dx
Qµ

ν (x) – Qµ
ν (x)

d

dx
Pµ

ν (x) =
k

1 – x2
, k = 22µ Γ

(
ν+µ+1

2

)
Γ
(

ν+µ+2
2

)
Γ
(

ν–µ+1
2

)
Γ
(

ν–µ+2
2

) .

For n = 1, 2, . . . ,

Pn
ν (x) = (–1)n(1 – x2)n/2 dn

dxn
Pν(x), Qn

ν (x) = (–1)n(1 – x2)n/2 dn

dxn
Qν(x).

11.12. Parabolic Cylinder Functions

11.12-1. Definitions. Basic Formulas.

The Weber parabolic cylinder function Dν(z) is a solution of the linear ordinary differential equation:

y′′
zz +

(
– 1

4 z2 + ν + 1
2

)
y = 0,

where the parameter ν and the variable z can assume arbitrary real or complex values. Another
linearly independent solution of this equation is the function D–ν–1(iz); if ν is noninteger, then
Dν(–z) can also be taken as a linearly independent solution.

The parabolic cylinder functions can be expressed in terms of confluent hypergeometric functions
as

Dν(z) = 21/2 exp
(
– 1

4 z2
)[ Γ

(
1
2

)
Γ
(

1
2 – ν

2

)Φ(– ν
2 , 1

2 ; 1
2 z2
)

+ 2–1/2 Γ
(
– 1

2

)
Γ
(
– ν

2

) zΦ
(

1
2 – ν

2 , 3
2 ; 1

2 z2
)]

.
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For nonnegative integer ν = n, we have

Dn(z) =
1

2n/2
exp

(
–

z2

4

)
Hn

(
z√
2

)
, n = 0, 1, 2, . . . ;

Hn(z) = (–1)n exp
(
z2
) dn

dzn
exp
(
–z2
)
,

where Hn(z) is the Hermitian polynomial of order n.
Connection with the error function:

D–1(z) =

√
π

2
exp

(
z2

4

)
erfc

(
z√
2

)
,

D–2(z) =

√
π

2
z exp

(
z2

4

)
erfc

(
z√
2

)
– exp

(
–

z2

4

)
.

11.12-2. Integral Representations, Asymptotic Expansions, and Linear Relations.

Integral representations:

Dν(z) =
√

2/π exp
(

1
4 z2
) ∫ ∞

0
tν exp

(
– 1

2 t2
)

cos
(
zt – 1

2 πν
)
dt for Re ν > –1,

Dν(z) =
1

Γ(–ν)
exp
(
– 1

4 z2
) ∫ ∞

0
t–ν–1 exp

(
–zt – 1

2 t2
)
dt for Re ν < 0.

Asymptotic expansion as |z| → ∞:

Dν(z) = zν exp
(
– 1

4 z2
)[ N∑

n=0

(–2)n
(
– ν

2

)
n

(
1
2 – ν

2

)
n

n!
1

z2n
+ O
(
|z|–2N–2

)]
for |arg z| <

3π

4
,

where (a)0 = 1, (a)n = a(a + 1) . . . (a + n – 1) for n = 1, 2, 3, . . .
Recurrence relations:

Dν+1(z) – zDν(z) + νDν–1(z) = 0,

d

dz
Dν(z) +

1
2
zDν(z) – νDν–1(z) = 0,

d

dz
Dν(z) –

1
2

zDν(z) + Dν+1(z) = 0.

11.13. Elliptic Integrals

11.13-1. Complete Elliptic Integrals.

Complete elliptic integral of the first kind:

K(k) =
∫ π/2

0

dα√
1 – k2 sin2 α

=
∫ 1

0

dx√
(1 – x2)(1 – k2x2)

.

Complete elliptic integral of the second kind:

E(k) =
∫ π/2

0

√
1 – k2 sin2 α dα =

∫ 1

0

√
1 – k2x2
√

1 – x2
dx.

The argument k is called the elliptic modulus (k2 < 1).
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Notation:
k′ =

√
1 – k2, K′(k) = K(k′), E′(k) = E(k′),

where k′ is the complementary modulus.
Properties:

K(–k) = K(k), E(–k) = E(k);

K(k) = K′(k′), E(k) = E′(k′);

E(k) K′(k) + E′(k) K(k) – K(k) K′(k) =
π

2
.

Conversion formulas for complete elliptic integrals:

K
(

1 – k′

1 + k′

)
=

1 + k′

2
K(k),

E
(

1 – k′

1 + k′

)
=

1
1 + k′

[
E(k) + k′ K(k)

]
,

K
(

2
√

k

1 + k

)
= (1 + k) K(k),

E
(

2
√

k

1 + k

)
=

1
1 + k

[
2 E(k) – (k′)2 K(k)

]
.

Representation of complete elliptic integrals in the form of series in powers of the modulus k:

K(k) =
π

2

{
1 +

(
1
2

)2

k2 +

(
1 × 3
2 × 4

)2

k4 + · · · +

[
(2n – 1)!!

(2n)!!

]2
k2n + · · ·

}
,

E(k) =
π

2

{
1 –

(
1
2

)2
k2

1
–

(
1 × 3
2 × 4

)2
k4

3
– · · · –

[
(2n – 1)!!

(2n)!!

]2
k2n

2n – 1
– · · ·

}
.

Representation of complete elliptic integrals in the form of series in powers of the complementary
modulus k′ =

√
1 – k2:

K(k) =
π

1 + k′

{
1 +

(
1
2

)2( 1 – k′

1 + k′

)2

+

(
1 × 3
2 × 4

)2( 1 – k′

1 + k′

)4

+ · · ·+
[

(2n – 1)!!
(2n)!!

]2( 1 – k′

1 + k′

)2n

+ · · ·
}

,

K(k) = ln
4
k′ +

(
1
2

)2(
ln

4
k′ –

2
1 × 2

)
(k′)2 +

(
1 × 3
2 × 4

)2(
ln

4
k′ –

2
1 × 2

–
2

3 × 4

)
(k′)4

+

(
1 × 3 × 5
2 × 4 × 6

)2(
ln

4
k′ –

2
1 × 2

–
2

3 × 4
–

2
5 × 6

)
(k′)6 + · · · ;

E(k) =
π(1 + k′)

4

{
1 +

1
22

–

(
1 – k′

1 + k′

)2

+
12

(2 × 4)2

(
1 – k′

1 + k′

)4

+ · · ·+
[

(2n – 3)!!
(2n)!!

]2( 1 – k′

1 + k′

)2n

+ · · ·
}

,

E(k) = 1 +
1
2

(
ln

4
k′ –

1
1 × 2

)
(k′)2 +

12 × 3
22 × 4

(
ln

4
k′ –

2
1 × 2

–
1

3 × 4

)
(k′)4

+
12 × 32 × 5
22 × 42 × 6

(
ln

4
k′ –

2
1 × 2

–
2

3 × 4
–

1
5 × 6

)
(k′)6 + · · · .

Differentiation formulas:

d K(k)
dk

=
E(k)
k(k′)2

–
K(k)
k

,
d E(k)

dk
=

E(k) – K(k)
k

.
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The functions K(k) and K′(k) satisfy the second-order linear ordinary differential equation

d

dk

[
k(1 – k2)

d K
dk

]
– k K = 0.

The functions E(k) and E′(k)–K′(k) satisfy the second-order linear ordinary differential equation

(1 – k2)
d

dk

(
k

d E
dk

)
+ k E = 0.

11.13-2. Incomplete Elliptic Integrals (Elliptic Integrals).

Elliptic integral of the first kind:

F (ϕ, k) =
∫ ϕ

0

dα√
1 – k2 sin2 α

=
∫ sin ϕ

0

dx√
(1 – x2)(1 – k2x2)

.

Elliptic integral of the second kind:

E(ϕ, k) =
∫ ϕ

0

√
1 – k2 sin2 α dα =

∫ sin ϕ

0

√
1 – k2x2
√

1 – x2
dx.

Elliptic integral of the third kind:

Π(ϕ, n, k) =
∫ ϕ

0

dα

(1 – n sin2 α)
√

1 – k2 sin2 α
=
∫ sin ϕ

0

dx

(1 – nx2)
√

(1 – x2)(1 – k2x2)
.

The quantity k is called the elliptic modulus (k2 < 1), k′ =
√

1 – k2 is the complementary modulus,
and n is the characteristic parameter.

Complete elliptic integrals:

K(k) = F
( π

2
, k
)

, E(k) = E
( π

2
, k
)

,

K′(k) = F
( π

2
, k′
)

, E′(k) = E
( π

2
, k′
)

.

Properties of elliptic integrals:

F (–ϕ, k) = –F (ϕ, k), F (nπ ± ϕ, k) = 2n K(k) ± F (ϕ, k);

E(–ϕ, k) = –E(ϕ, k), E(nπ ± ϕ, k) = 2n E(k) ± E(ϕ, k).

Conversion formulas for elliptic integrals (first set):

F

(
ψ,

1
k

)
= kF (ϕ, k),

E

(
ψ,

1
k

)
=

1
k

[
E(ϕ, k) – (k′)2F (ϕ, k)

]
,

where the angles ϕ and ψ are related by sin ψ = k sin ϕ, cos ψ =
√

1 – k2 sin2 ϕ.
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Conversion formulas for elliptic integrals (second set):

F

(
ψ,

1 – k′

1 + k′

)
= (1 + k′)F (ϕ, k),

E

(
ψ,

1 – k′

1 + k′

)
=

2
1 + k′

[
E(ϕ, k) + k′F (ϕ, k)

]
–

1 – k′

1 + k′ sin ψ,

where the angles ϕ and ψ are related by tan(ψ – ϕ) = k′ tan ϕ.
Transformation formulas for elliptic integrals (third set):

F

(
ψ,

2
√

k

1 + k

)
= (1 + k)F (ϕ, k),

E

(
ψ,

2
√

k

1 + k

)
=

1
1 + k

[
2E(ϕ, k) – (k′)2F (ϕ, k) + 2k

sin ϕ cos ϕ

1 + k sin2 ϕ

√
1 – k2 sin2 ϕ

]
,

where the angles ϕ and ψ are related by sin ψ =
(1 + k) sin ϕ

1 + k sin2 ϕ
.

Trigonometric expansions for small k and ϕ:

F (ϕ, k) =
2
π

K(k)ϕ – sin ϕ cos ϕ

(
a0 +

2
3

a1 sin2 ϕ +
2 × 4
3 × 5

a2 sin4 ϕ + · · ·
)

,

a0 =
2
π

K(k) – 1, an = an–1 –

[
(2n – 1)!!

(2n)!!

]2
k2n;

E(ϕ, k) =
2
π

E(k)ϕ – sin ϕ cos ϕ

(
b0 +

2
3

b1 sin2 ϕ +
2 × 4
3 × 5

b2 sin4 ϕ + · · ·
)

,

b0 = 1 –
2
π

E(k), bn = bn–1 –

[
(2n – 1)!!

(2n)!!

]2
k2n

2n – 1
.

Trigonometric expansions for k → 1:

F (ϕ, k) =
2
π

K′(k) ln tan

(
ϕ

2
+

π

4

)
–

tan ϕ

cos ϕ

(
a′

0 –
2
3
a′

1 tan2 ϕ +
2 × 4
3 × 5

a′
2 tan4 ϕ – · · ·

)
,

a′
0 =

2
π

K′(k) – 1, a′
n = a′

n–1 –

[
(2n – 1)!!

(2n)!!

]2
(k′)2n;

E(ϕ, k) =
2
π

E′(k) ln tan

(
ϕ

2
+

π

4

)
+

tan ϕ

cos ϕ

(
b′0 –

2
3
b′1 tan2 ϕ +

2 × 4
3 × 5

b′2 tan4 ϕ – · · ·
)

,

b′0 =
2
π

E′(k) – 1, b′n = b′n–1 –

[
(2n – 1)!!

(2n)!!

]2 (k′)2n

2n – 1
.

11.14. Elliptic Functions
An elliptic function is a function that is the inverse of an elliptic integral. An elliptic function is a
doubly periodic meromorphic function of a complex variable. All its periods can be written in the
form 2mω1 + 2nω2 with integer m and n, where ω1 and ω2 are a pair of (primitive) half-periods.
The ratio τ = ω2/ω1 is a complex quantity that may be considered to have a positive imaginary part,
Im τ > 0.

Throughout the rest of this section, the following brief notation will be used: K = K(k) and
K′ = K(k′) are complete elliptic integrals with k′ =

√
1 – k2.
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11.14-1. Jacobi Elliptic Functions.

When the upper limit ϕ of the incomplete elliptic integral of the first kind

u =
∫ ϕ

0

dα√
1 – k2 sin2 α

= F (ϕ, k)

is treated as a function of u, the following notation is used:

u = am ϕ.

Naming: ϕ is the amplitude and u is the argument.
Jacobi elliptic functions:

sn u = sin ϕ = sin am u (sine amplitude),

cn u = cos ϕ = cos am u (cosine amplitude),

dn u =
√

1 – k2 sin2 ϕ =
dϕ

du
(delta amlplitude).

Along with the brief notations sn u, cn u, dn u, the respective full notations are also used: sn(u, k),
cn(u, k), dn(u, k).

Simple properties:

sn(–u) = – sn u, cn(–u) = cn u, dn(–u) = dn u;

sn2 u + cn2 u = 1, k2 sn2 u + dn2 u = 1, dn2 u – k2 cn2 u = 1 – k2,

where i2 = –1.
Jacobi functions for special values of the modulus (k = 0 and k = 1):

sn(u, 0) = sin u, cn(u, 0) = cos u, dn(u, 0) = 1;

sn(u, 1) = tanh u, cn(u, 1) =
1

cosh u
, dn(u, 1) =

1
cosh u

.

Jacobi functions for special values of the argument:

sn( 1
2 K, k) =

1√
1 + k′ , cn( 1

2 K, k) =

√
k′

1 + k′ , dn( 1
2 K, k) =

√
k′;

sn(K, k) = 1, cn(K, k) = 0, dn(K, k) = k′.

Reduction formulas:

sn(u ± K) = ± cn u

dn u
, cn(u ± K) = ∓k′ sn u

dn u
, dn(u ± K) =

k′

dn u
;

sn(u ± 2 K) = – sn u, cn(u ± 2 K) = – cn u, dn(u ± 2 K) = dn u;

sn(u + i K′) =
1

k sn u
, cn(u + i K′) = –

i

k

dn u

sn u
, dn(u + i K′) = –i

cn u

sn u
;

sn(u + 2i K′) = sn u, cn(u + 2i K′) = – cn u, dn(u + 2i K′) = – dn u;

sn(u + K +i K′) =
dn u

k cn u
, cn(u + K +i K′) = –i

k′

k cn u
, dn(u + K +i K′) = ik′ sn u

cn u
;

sn(u + 2 K +2i K′) = – sn u, cn(u + 2 K +2i K′) = cn u, dn(u + 2 K +2i K′) = – dn u.
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Periods, zeros, poses, and residues (see Table 4).

TABLE 4
Periods, zeros, poles, and residues of the Jacobian elliptic functions

( m, n = 0, ±1, ±2, . . . ; i2 = –1)

Functions Periods Zeros Poles Residues

sn u 4m K +2n K′
i 2m K +2n K′

i 2m K +(2n+1) K′
i (–1)m

1
k

cn u (4m+2n) K +2n K′
i (2m+1) K +2n K′

i 2m K +(2n+1) K′
i (–1)m–1 i

k

dn u 2m K +4n K′
i (2m+1) K +(2n+1) K′

i 2m K +(2n+1) K′
i (–1)n–1i

Double-argument formulas:

sn(2u) =
2 sn u cn u dn u

1 – k2 sn4 u
=

2 sn u cn u dn u

cn2 u + sn2 u dn2 u
,

cn(2u) =
cn2 u – sn2 u dn2 u

1 – k2 sn4 u
=

cn2 u – sn2 u dn2 u

cn2 u + sn2 u dn2 u
,

dn(2u) =
dn2 u – k2 sn2 u cn2 u

1 – k2 sn4 u
=

dn2 u + cn2 u (dn2 u – 1)

dn2 u – cn2 u (dn2 u – 1)
.

Half-argument formulas:

sn2 u

2
=

1
k2

1 – dn u

1 + cn u
=

1 – cn u

1 + dn u
,

cn2 u

2
=

cn u + dn u

1 + dn u
=

1 – k2

k2

1 – dn u

dn u – cn u
,

dn2 u

2
=

cn u + dn u

1 + cn u
= (1 – k2)

1 – cn u

dn u – cn u
.

Argument addition formulas:

sn(u ± v) =
sn u cn v dn v ± sn v cn u dn u

1 – k2 sn2 u sn2 v
,

cn(u ± v) =
cn u cn v ∓ sn u sn v dn u dn v

1 – k2 sn2 u sn2 v
,

dn(u ± v) =
dn u dn v ∓ k2 sn u sn v cn u cn v

1 – k2 sn2 u sn2 v
.

Table 5 presents conversion formulas for Jacobi elliptic functions. If k > 1, then k1 = 1/k < 1.
Elliptic functions with real modulus can be reduced, using the first set of conversion formulas, to
elliptic functions with a modulus lying between 0 and 1.

Descending Landen transformations (Gauss’s transformations):

sn(u, k) =
(1 + µ) sn(v, µ2)
1 + µ sn2(v, µ2)

, cn(u, k) =
cn(v, µ2) dn(v, µ2)

1 + µ sn2(v, µ2)
, dn(u, k) =

dn2(v, µ2) + µ – 1

1 + µ – dn2(v, µ2)
,

where

µ =

∣∣∣∣ 1 – k′

1 + k′

∣∣∣∣, v =
u

1 + µ
.
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TABLE 5
Conversion formulas for Jacobi elliptic functions. Full notation is used: sn(u, k), cn(u, k), dn(u, k)

u1 k1 sn(u1, k1) cn(u1, k1) dn(u1, k1)

ku
1
k

k sn(u, k) dn(u, k) cn(u, k)

iu k′ i
sn(u, k)
cn(u, k)

1
cn(u, k)

dn(u, k)
cn(u, k)

k′u i
k

k′ k′ sn(u, k)
dn(u, k)

cn(u, k)
dn(u, k)

1
dn(u, k)

iku i
k′

k
ik

sn(u, k)
dn(u, k)

1
dn(u, k)

cn(u, k)
dn(u, k)

ik′u
1
k′ ik′ sn(u, k)

cn(u, k)
dn(u, k)
cn(u, k)

1
cn(u, k)

(1+k)u 2
√

k

1+k

(1+k) sn(u, k)
1+k sn2(u, k)

cn(u, k) dn(u, k)
1+k sn2(u, k)

1–k sn2(u, k)
1+k sn2(u, k)

(1+k′)u
1–k′

1+k′
(1+k′) sn(u, k) cn(u, k)

dn(u, k)
1–(1+k′) sn2(u, k)

dn(u, k)
1–(1–k′) sn2(u, k)

dn(u, k)

Ascending Landen transformations:

sn(u, k) = (1+σ)
sn(v, µ) cn(v, µ)

dn(v, µ)
, cn(u, k) =

1+σ

µ

dn2(v, µ)–σ

dn(v, µ)
, dn(u, k) =

1–σ

µ

dn2(v, µ)+σ

dn(v, µ)
,

where

µ =
4k

(1 + k)2
, σ =

∣∣∣ 1 – k

1 + k

∣∣∣, v =
u

1 + σ
.

Representation Jacobi functions in the form of power series in u:

sn u = u –
1
3!

(1 + k2)u3 +
1
5!

(1 + 14k2 + k4)u5 –
1
7!

(1 + 135k2 + 135k4 + k6)u7 + · · · ,

cn u = 1 –
1
2!

u2 +
1
4!

(1 + 4k2)u4 –
1
6!

(1 + 44k2 + 16k4)u6 + · · · ,

dn u = 1 –
1
2!

k2u2 +
1
4!

k2(4 + k2)u4 –
1
6!

k2(16 + 44k2 + k4)u6 + · · · ,

am u = u –
1
3!

k2u3 +
1
5!

k2(4 + k2)u5 –
1
7!

k2(16 + 44k2 + k4)u7 + · · · .

These functions converge for |u| < |K(k′)|.
Representation Jacobi functions in the form of trigonometric series:

sn u =
2π

k K
√

q

∞∑
n=1

qn

1 – q2n–1
sin

[
(2n – 1)

πu

2 K

]
,

cn u =
2π

k K
√

q

∞∑
n=1

qn

1 + q2n–1
cos

[
(2n – 1)

πu

2 K

]
,

dn u =
π

2 K
+

2π

K

∞∑
n=1

qn

1 + q2n
cos

(
nπu

K

)
,
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am u =
πu

2 K
+ 2

∞∑
n=1

1
n

qn

1 + q2n
sin

(
nπu

K

)
,

where q = exp(–π K′/ K), K = K(k), K′ = K(k′), and k′ =
√

1 – k2.
Derivatives:

d

du
sn u = cn u dn u,

d

du
cn u = – sn u dn u,

d

du
dn u = –k2 sn u cn u.

Integrals: ∫
sn u du =

1
k

ln(dn u – k cn u) = –
1
k

ln(dn u + k cn u),∫
cn u du =

1
k

arccos(dn u) =
1
k

arcsin(k sn u),∫
dn u du = arcsin(sn u) = am u.

The arbitrary additive constant C in the integrals is omitted.

11.14-2. Weierstrass Elliptic Function.

The Weierstrass elliptic function (or Weierstrass ℘-function) is defined as

℘(z) = ℘(z|ω1, ω2) =
1
z2

+
∑
m,n

[
1

(z – 2mω1 – 2nω2)2
–

1
(2mω1 + 2nω2)2

]
,

where the summation is assumed over all integer m and n, except for m = n = 0. This function is a
complex, double periodic function of a complex variable z with periods 2ω1 and 2ω1:

℘(–z) = ℘(z),

℘(z + 2mω1 + 2nω2) = ℘(z),

where m, n = 0, ±1, ±2, . . . and Im(ω2/ω1) ≠ 0. The series defining the Weierstrass ℘-function
converges everywhere except for second-order poles located at zmn = 2mω1 + 2nω2.

Argument addition formula:

℘(z1 + z2) = –℘(z1) – ℘(z2) +
1
4

[
℘′(z1) – ℘′(z2)
℘(z1) – ℘(z2)

]2

.

The Weierstrass function ℘ = ℘(z, g2, g3) = ℘(z|ω1, ω2) is defined implicitly by the elliptic
integral:

z =
∫ ∞

℘

dt√
4t3 – g2t – g3

=
∫ ∞

℘

dt

2
√

(t – e1)(t – e2)(t – e3)
.

The parameters g2 and g3 are known as the invariants.
The parameters e1, e2, e3, which are the roots of the cubic equation 4z3 – g2z – g3 = 0, are related

to the half-periods ω1, ω2 and invariants g2, g3 by

e1 = ℘(ω1), e2 = ℘(ω1 + ω2), e1 = ℘(ω2),

e1 + e2 + e3 = 0, e1e2 + e1e3 + e2e3 = – 1
4 g2, e1e2e3 = 1

4 g3.
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Homogeneity property:

℘(z, g2, g3) = λ2℘(λz, λ–4g2, λ–6g3).

The Weierstrass ℘-function can be expanded into a Laurent series:

℘(z) =
1
z2

+
g2

20
z2 +

g3

28
z4 +

g2
2

1200
z6 +

3g2g3

6160
z8 + · · · =

1
z2

+
∞∑
k=2

akz2k–2,

ak =
3

(k – 3)(2k + 1)

k–2∑
m=2

amak–m for k ≥ 4, 0 < |z| < min(|ω1|, |ω2|).

The Weierstrass ℘-function satisfies the first-order and second-order nonlinear differential equa-
tions:

(℘′
z)2 = 4℘3 – g2℘ – g3,

℘′′
zz = 6℘2 – 1

2 g2.

Direct and inverse representations of the Weierstrass elliptic function via Jacobi elliptic functions:

℘(z) = e1 + (e1 – e3)
cn2 w

sn2 w
= e2 + (e1 – e3)

dn2 w

sn2 w
= e3 +

e1 – e3

sn2 w
;

sn w =
√

e1 – e3

℘(z) – e3
, cn w =

√
℘(z) – e1

℘(z) – e3
, dn w =

√
℘(z) – e2

℘(z) – e3
;

w = z
√

e1 – e3 = K z/ω1.

The parameters are related by

k =
√

e2 – e3

e1 – e3
, k′ =

√
e1 – e2

e1 – e3
, K = ω1

√
e1 – e3, i K′ = ω2

√
e1 – e3.

11.15. Jacobi Theta Functions
11.15-1. Series Representation of the Jacobi Theta Functions. Simplest Properties.

The Jacobi theta functions (or elliptic theta functions) are defined by the following series:

ϑ1(v) = ϑ1(v, q) = ϑ1(v|τ ) = 2
∞∑
n=0

(–1)nq(n+1/2)2

sin[(2n + 1)πv] = i

∞∑
n=–∞

(–1)nq(n–1/2)2

eiπ(2n–1)v ,

ϑ2(v) = ϑ2(v, q) = ϑ2(v|τ ) = 2
∞∑
n=0

q(n+1/2)2

cos[(2n + 1)πv] =
∞∑

n=–∞
q(n–1/2)2

eiπ(2n–1)v ,

ϑ3(v) = ϑ3(v, q) = ϑ3(v|τ ) = 1 + 2
∞∑
n=0

qn2

cos(2nπv) =
∞∑

n=–∞
qn2

e2iπnv ,

ϑ4(v) = ϑ4(v, q) = ϑ4(v|τ ) = 1 + 2
∞∑
n=0

(–1)nqn2

cos(2nπv) =
∞∑

n=–∞
(–1)nqn2

e2iπnv ,

where v is a complex variable and q = eiπτ is a complex parameter (τ has a positive imaginary part).
The Jacobi theta functions are periodic entire functions that possess the following properties:

ϑ1(v) odd, has period 2, vanishes at v = m + nτ ;

ϑ2(v) even, has period 2, vanishes at v = m + nτ + 1
2 ;

ϑ3(v) even, has period 1, vanishes at v = m + (n + 1
2 )τ + 1

2 ;

ϑ4(v) even, has period 1, vanishes at v = m + (n + 1
2 )τ .

Here m, n = 0, ±1, ±2, . . .
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Remark. The theta functions are not elliptic functions. The very good convergence of their
series allows the computation of various elliptic integrals and elliptic functions using the relations
given above in Supplement 11.15-1.

11.15-2. Various Relations and Formulas. Connection with Jacobi Elliptic Functions.

Linear relations (first set):

ϑ1

(
v +

1
2

)
= ϑ2(v), ϑ2

(
v +

1
2

)
= –ϑ1(v),

ϑ3

(
v +

1
2

)
= ϑ4(v), ϑ4

(
v +

1
2

)
= ϑ3(v),

ϑ1

(
v +

τ

2

)
= ie–iπ

(
v+ τ

4

)
ϑ4(v), ϑ2

(
v +

τ

2

)
= e–iπ

(
v+ τ

4

)
ϑ3(v),

ϑ3

(
v +

τ

2

)
= e–iπ

(
v+ τ

4

)
ϑ2(v), ϑ4

(
v +

τ

2

)
= ie–iπ

(
v+ τ

4

)
ϑ1(v).

Linear relations (second set):

ϑ1(v|τ + 1) = eiπ/4ϑ1(v|τ ), ϑ2(v|τ + 1) = eiπ/4ϑ2(v|τ ),

ϑ3(v|τ + 1) = ϑ4(v|τ ), ϑ4(v|τ + 1) = ϑ3(v|τ ),

ϑ1

( v

τ

∣∣∣– 1
τ

)
=

1
i

√
τ

i
eiπv2/τϑ1(v|τ ), ϑ2

( v

τ

∣∣∣– 1
τ

)
=

√
τ

i
eiπv2/τϑ4(v|τ ),

ϑ3

( v

τ

∣∣∣– 1
τ

)
=

√
τ

i
eiπv2/τϑ3(v|τ ), ϑ4

( v

τ

∣∣∣– 1
τ

)
=

√
τ

i
eiπv2/τϑ2(v|τ ).

Quadratic relations:
ϑ2

1(v)ϑ2
2(0) = ϑ2

4(v)ϑ2
3(0) – ϑ2

3(v)ϑ2
4(0),

ϑ2
1(v)ϑ2

3(0) = ϑ2
4(v)ϑ2

2(0) – ϑ2
2(v)ϑ2

4(0),

ϑ2
1(v)ϑ2

4(0) = ϑ2
3(v)ϑ2

2(0) – ϑ2
2(v)ϑ2

3(0),

ϑ2
4(v)ϑ2

4(0) = ϑ2
3(v)ϑ2

3(0) – ϑ2
2(v)ϑ2

2(0).

Representation of the theta functions in the form of infinite products:

ϑ1(v) = 2q0q
1/4 sin(πv)

∞∏
n=1

[
1 – 2q2n cos(2πv) + q4n

]
,

ϑ2(v) = 2q0q
1/4 cos(πv)

∞∏
n=1

[
1 + 2q2n cos(2πv) + q4n

]
,

ϑ3(v) = q0

∞∏
n=1

[
1 + 2q2n–1 cos(2πv) + q4n–2

]
,

ϑ4(v) = q0

∞∏
n=1

[
1 – 2q2n–1 cos(2πv) + q4n–2

]
,

where q0 =
∞∏
n=1

(1 – q2n).

Representations of Jacobi elliptic functions in terms of the theta functions:

sn w =
ϑ3(0)
ϑ2(0)

ϑ1(v)
ϑ4(v)

, cn w =
ϑ4(0)
ϑ2(0)

ϑ2(v)
ϑ4(v)

, dn w =
ϑ4(0)
ϑ3(0)

ϑ3(v)
ϑ4(v)

, w = 2 K v.

The parameters are related by

k =
ϑ2

2(0)
ϑ2

3(0)
, k′ =

ϑ2
4(0)

ϑ2
3(0)

, K =
π

2
ϑ2

3(0), K′ = –iτ K .



11.16. MATHIEU FUNCTIONS AND MODIFIED MATHIEU FUNCTIONS 1045

TABLE 6
The Mathieu functions cen = cen(x, q) and sen = sen(x, q) (for odd n, functions

cen and sen are 2π-periodic, and for even n, they are π-periodic); definite
eigenvalues a = an(q) and a = bn(q) correspond to each value of parameter q

Mathieu functions Recurrence relations
for coefficients

Normalization
conditions

ce2n =

∞∑
m=0

A2n
2m cos 2mx

qA2n
2 = a2nA2n

0 ;

qA2n
4 = (a2n–4)A2n

2 –2qA2n
0 ;

qA2n
2m+2 = (a2n–4m2)A2n

2m

– qA2n
2m–2, m ≥ 2

(A2n
0 )2 +

∞∑
m=0

(A2n
2m)2

=
{

2 if n = 0
1 if n ≥ 1

ce2n+1 =

∞∑
m=0

A2n+1
2m+1 cos(2m+1)x

qA2n+1
3 = (a2n+1 –1–q)A2n+1

1 ;

qA2n+1
2m+3 = [a2n+1 –(2m+1)2]A2n+1

2m+1

– qA2n+1
2m–1, m ≥ 1

∞∑
m=0

(A2n+1
2m+1)2 = 1

se2n =

∞∑
m=0

B2n
2m sin 2mx,

se0 = 0

qB2n
4 = (b2n–4)B2n

2 ;

qB2n
2m+2 = (b2n–4m2)B2n

2m

– qB2n
2m–2, m ≥ 2

∞∑
m=0

(B2n
2m)2 = 1

se2n+1 =

∞∑
m=0

B2n+1
2m+1 sin(2m+1)x

qB2n+1
3 = (b2n+1 –1–q)B2n+1

1 ;

qB2n+1
2m+3 = [b2n+1 –(2m+1)2]B2n+1

2m+1

– qB2n+1
2m–1, m ≥ 1

∞∑
m=0

(B2n+1
2m+1)2 = 1

11.16. Mathieu Functions and Modified Mathieu
Functions

11.16-1. Mathieu Functions.

The Mathieu functions cen(x, q) and sen(x, q) are periodical solutions of the Mathieu equation

y′′
xx + (a – 2q cos 2x)y = 0.

Such solutions exist for definite values of parameters a and q (those values of a are referred to as
eigenvalues). The Mathieu functions are listed in Table 6.

The Mathieu functions possess the following properties:

ce2n(x, –q) = (–1)n ce2n

( π

2
–x, q

)
, ce2n+1(x, –q) = (–1)n se2n+1

( π

2
–x, q

)
,

se2n(x, –q) = (–1)n–1 se2n

( π

2
–x, q

)
, se2n+1(x, –q) = (–1)n ce2n+1

( π

2
–x, q

)
.

Selecting sufficiently large number m and omitting the term with the maximum number in the recur-
rence relations (indicated in Table 6), we can obtain approximate relations for eigenvalues an (or bn)
with respect to parameter q. Then, equating the determinant of the corresponding homogeneous
linear system of equations for coefficients An

m (or Bn
m) to zero, we obtain an algebraic equation for

finding an(q) (or bn(q)).
For fixed real q ≠ 0, eigenvalues an and bn are all real and different, while

if q > 0 then a0 < b1 < a1 < b2 < a2 < · · · ;

if q < 0 then a0 < a1 < b1 < b2 < a2 < a3 < b3 < b4 < · · · .
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The eigenvalues possess the properties

a2n(–q) = a2n(q), b2n(–q) = b2n(q), a2n+1(–q) = b2n+1(q).

Tables of the eigenvalues an = an(q) and bn = bn(q) can be found in Abramowitz and Stegun
(1964, chap. 20).

The solution of the Mathieu equation corresponding to eigenvalue an (or bn) has n zeros on the
interval 0 ≤ x < π (q is a real number).

Listed below are two leading terms of asymptotic expansions of the Mathieu functions cen(x, q)
and sen(x, q), as well as of the corresponding eigenvalues an(q) and bn(q), as q → 0:

ce0(x, q) =
1√
2

(
1 –

q

2
cos 2x

)
, a0(q) = –

q2

2
+

7q4

128
;

ce1(x, q) = cos x –
q

8
cos 3x, a1(q) = 1 + q;

ce2(x, q) = cos 2x +
q

4

(
1 –

cos 4x

3

)
, a2(q) = 4 +

5q2

12
;

cen(x, q) = cos nx +
q

4

[
cos(n + 2)x

n + 1
–

cos(n – 2)x
n – 1

]
, an(q) = n2 +

q2

2(n2 – 1)
(n ≥ 3);

se1(x, q) = sin x –
q

8
sin 3x, b1(q) = 1 – q;

se2(x, q) = sin 2x – q
sin 4x

12
, b2(q) = 4 –

q2

12
;

sen(x, q) = sin nx –
q

4

[
sin(n + 2)x

n + 1
–

sin(n – 2)x
n – 1

]
, bn(q) = n2 +

q2

2(n2 – 1)
(n ≥ 3).

Asymptotic results as q → ∞ (–π/2 < x < π/2):

an(q) ≈ –2q + 2(2n + 1)
√

q + 1
4 (2n2 + 2n + 1),

bn+1(q) ≈ –2q + 2(2n + 1)
√

q + 1
4 (2n2 + 2n + 1),

cen(x, q) ≈ λnq–1/4cos–n–1x
[
cos2n+1ξ exp(2

√
q sin x) + sin2n+1ξ exp(–2

√
q sin x)

]
,

sen+1(x, q) ≈ µn+1q
–1/4cos–n–1 x

[
cos2n+1ξ exp(2

√
q sin x) – sin2n+1ξ exp(–2

√
q sin x)

]
,

where λn and µn are some constants independent of the parameter q, and ξ = 1
2 x + π

4 .

11.16-2. Modified Mathieu Functions.

The modified Mathieu functions Cen(x, q) and Sen(x, q) are solutions of the modified Mathieu
equation

y′′
xx – (a – 2q cosh 2x)y = 0,

with a = an(q) and a = bn(q) being the eigenvalues of the Mathieu equation (see Supplement 11.16-1).
The modified Mathieu functions are defined as

Ce2n+p(x, q) = ce2n+p(ix, q) =
∞∑
k=0

A2n+p
2k+p cosh[(2k + p)x],

Se2n+p(x, q) = –i se2n+p(ix, q) =
∞∑
k=0

B2n+p
2k+p sinh[(2k + p)x],

where p may be equal to 0 and 1, and coefficients A2n+p
2k+p and B2n+p

2k+p are indicated in Supplement
11.16-1.
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11.17. Orthogonal Polynomials
All zeros of each of the orthogonal polynomialsPn(x) considered in this section are real and simple.
The zeros of the polynomials Pn(x) and Pn+1(x) are alternating.

For Legendre polynomials see Supplement 11.11-1.

11.17-1. Laguerre Polynomials and Generalized Laguerre Polynomials.

The Laguerre polynomials Ln = Ln(x) satisfy the second-order linear ordinary differential equation

xy′′
xx + (1 – x)y′

x + ny = 0

and are defined by the formulas

Ln(x) =
1
n!

ex dn

dxn

(
xne–x

)
=

(–1)n

n!

[
xn – n2xn–1 +

n2(n – 1)2

2!
xn–2 + · · ·

]
.

The first four polynomials have the form

L0(x) = 1, L1(x) = –x + 1, L2(x) = 1
2 (x2 – 4x + 2), L3(x) = 1

6 (–x3 + 9x2 – 18x + 6).

To calculate Ln(x) for n ≥ 2, one can use the recurrence formulas

Ln+1(x) =
1

n + 1

[
(2n + 1 – x)Ln(x) – nLn–1(x)

]
.

The functions Ln(x) form an orthonormal system on the interval 0 < x < ∞ with weight e–x:∫ ∞

0
e–xLn(x)Lm(x) dx =

{
0 if n ≠ m,
1 if n = m.

The generating function is

1
1 – s

exp
(

–
sx

1 – s

)
=

∞∑
n=0

Ln(x)sn, |s| < 1.

The generalized Laguerre polynomials Lα
n = Lα

n(x) (α > –1) satisfy the equation

xy′′
xx + (α + 1 – x)y′

x + ny = 0

and are defined by the formulas

Lα
n(x) =

1
n!

x–αex dn

dxn

(
xn+αe–x

)
=

n∑
m=0

Cn–m
n+α

(–x)m

m!
=

n∑
m=0

Γ(n + α + 1)
Γ(m + α + 1)

(–x)m

m! (n – m)!
.

Notation: L0
n(x) = Ln(x).

Special cases:

Lα
0 (x) = 1, Lα

1 (x) = α + 1 – x, L–n
n (x) = (–1)n

xn

n!
.

To calculate Lα
n(x) for n ≥ 2, one can use the recurrence formulas

Lα
n+1(x) =

1
n + 1

[
(2n + α + 1 – x)Lα

n(x) – (n + α)Lα
n–1(x)

]
.

Other recurrence formulas:

Lα
n(x) = Lα

n–1(x) + Lα–1
n (x),

d

dx
Lα

n(x) = –Lα+1
n–1 (x), x

d

dx
Lα

n(x) = nLα
n(x) – (n + α)Lα

n–1(x).
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The functions Lα
n(x) form an orthogonal system on the interval 0 < x < ∞ with weight xαe–x:∫ ∞

0
xαe–xLα

n(x)Lα
m(x) dx =

{
0 if n ≠ m,
Γ(α+n+1)

n! if n = m.

The generating function is

(1 – s)–α–1 exp
(

–
sx

1 – s

)
=

∞∑
n=0

Lα
n(x)sn, |s| < 1.

11.17-2. Chebyshev Polynomials and Functions.

The Chebyshev polynomials of the first kind Tn = Tn(x) satisfy the second-order linear ordinary
differential equation

(1 – x2)y′′
xx – xy′

x + n2y = 0 (1)

and are defined by the formulas

Tn(x) = cos(n arccos x) =
(–2)nn!

(2n)!

√
1 – x2 dn

dxn

[
(1 – x2)n– 1

2
]

=
n

2

[n/2]∑
m=0

(–1)m
(n – m – 1)!
m! (n – 2m)!

(2x)n–2m (n = 0, 1, 2, . . . ),

where [A] stands for the integer part of a number A.
An alternative representation of the Chebyshev polynomials:

Tn(x) =
(–1)n

(2n – 1)!!
(1 – x2)1/2 dn

dxn
(1 – x2)n–1/2.

The first five Chebyshev polynomials of the first kind are

T0(x) = 1, T1(x) = x, T2(x) = 2x2 – 1, T3(x) = 4x3 – 3x, T4(x) = 8x4 – 8x2 + 1.

The recurrence formulas:

Tn+1(x) = 2xTn(x) – Tn–1(x), n ≥ 2.

The functions Tn(x) form an orthogonal system on the interval –1 < x < 1 with weight (1–x2)–1/2:∫ 1

–1

Tn(x)Tm(x)√
1 – x2

dx =

{
0 if n ≠ m,
1
2 π if n = m ≠ 0,
π if n = m = 0.

The generating function is

1 – sx

1 – 2sx + s2
=

∞∑
n=0

Tn(x)sn (|s| < 1).

The functions Tn(x) have only real simple zeros, all lying on the interval –1 < x < 1.
The normalized Chebyshev polynomials of the first kind, 21–nTn(x), deviate from zero least

of all. This means that among all polynomials of degree n with the leading coefficient 1, it is
the maximum of the modulus max

–1≤x≤1
|21–nTn(x)| that has the least value, the maximum being equal

to 21–n.
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The Chebyshev polynomials of the second kind Un = Un(x) satisfy the second-order linear
ordinary differential equation

(1 – x2)y′′
xx – 3xy′

x + n(n + 2)y = 0

and are defined by the formulas

Un(x) =
sin[(n + 1) arccosx]√

1 – x2
=

2n(n + 1)!
(2n + 1)!

1√
1 – x2

dn

dxn
(1 – x2)n+1/2

=
[n/2]∑
m=0

(–1)m
(n – m)!

m! (n – 2m)!
(2x)n–2m (n = 0, 1, 2, . . . ).

The first five Chebyshev polynomials of the second kind are

U0(x) = 1, U1(x) = 2x, U2(x) = 4x2 – 1, U3(x) = 8x3 – 4x, U4(x) = 16x4 – 12x2 + 1.

The recurrence formulas:

Un+1(x) = 2xUn(x) – Un–1(x), n ≥ 2.

The generating function is

1
1 – 2sx + s2

=
∞∑
n=0

Un(x)sn (|s| < 1).

The Chebyshev polynomials of the first and second kind are related by

Un(x) =
1

n + 1
d

dx
Tn+1(x).

The Chebyshev functions of the second kind,

U0(x) = arcsin x,

Un(x) = sin(n arccosx) =

√
1 – x2

n

dTn(x)
dx

(n = 1, 2, . . . ),

just as the Chebyshev polynomials, also satisfy the differential equation (1).
The first five Chebyshev functions are

U0(x) = 0, U1(x) =
√

1 – x2, U2(x) = 2x
√

1 – x2,

U3(x) = (4x2 – 1)
√

1 – x2, U5(x) = (8x3 – 4x)
√

1 – x2.

The recurrence formulas:

Un+1(x) = 2x Un(x) – Un–1(x), n ≥ 2.

The functions Un(x) form an orthogonal system on the interval –1 < x< 1 with weight (1–x2)–1/2:∫ 1

–1

Un(x) Um(x)√
1 – x2

dx =

{
0 if n ≠ m or n = m = 0,
1
2 π if n = m ≠ 0.

The generating function is
√

1 – x2

1 – 2sx + s2
=

∞∑
n=0

Un+1(x)sn (|s| < 1).
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11.17-3. Hermite Polynomials and Functions.

The Hermite polynomials Hn = Hn(x) satisfy the second-order linear ordinary differential equation

y′′
xx – 2xy′

x + 2ny = 0

and are defined by the formulas

Hn(x) = (–1)n exp
(
x2
) dn

dxn
exp
(
–x2
)

=
[n/2]∑
m=0

(–1)m
n!

m! (n – 2m)!
(2x)n–2m,

where [A] stands for the integer part of a number A.
The first five polynomials are

H0(x) = 1, H1(x) = 2x, H2(x) = 4x2 – 2, H3(x) = 8x3 – 12x, H4(x) = 16x4 – 48x2 + 12.

Recurrence formulas:

Hn+1(x) = 2xHn(x) – 2nHn–1(x), n ≥ 2;

d

dx
Hn(x) = 2nHn–1(x).

Integral representation:

H2n(x) =
(–1)n22n+1

√
π

exp
(
x2
) ∫ ∞

0
exp
(
–t2
)
t2n cos(2xt) dt,

H2n+1(x) =
(–1)n22n+2

√
π

exp
(
x2
) ∫ ∞

0
exp
(
–t2
)
t2n+1 sin(2xt) dt,

where n = 0, 1, 2, . . .
The functions Hn(x) form an orthogonal system on the interval –∞ < x < ∞ with weight e–x2

:∫ ∞

–∞
exp
(
–x2
)
Hn(x)Hm(x) dx =

{
0 if n ≠ m,√

π 2nn! if n = m.

Generating function:

exp
(
–s2 + 2sx

)
=

∞∑
n=0

Hn(x)
sn

n!
.

Asymptotic formula as n → ∞:

Hn(x) ≈ 2
n+1

2 n
n
2 e

– n
2 exp

(
x2
)

cos
(√

2n + 1 x – 1
2 πn
)

.

The Hermite functions hn(x) are introduced by the formula

hn(x) = exp
(

–
1
2
x2
)
Hn(x) = (–1)n exp

( 1
2

x2
) dn

dxn
exp
(
–x2
)
, n = 0, 1, 2, . . .

The Hermite functions satisfy the second-order linear ordinary differential equation

h′′
xx + (2n + 1 – x2)h = 0.

The functions hn(x) form an orthogonal system on the interval –∞ < x < ∞, with∫ ∞

–∞
hn(x)hm(x) dx =

{
0 if n ≠ m,√
π 2nn! if n = m.
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11.17-4. Jacobi Polynomials.

The Jacobi polynomials, P (α,β)
n (x), are solutions of the second-order linear ordinary differential

equation
(1 – x2)y′′

xx +
[
β – α – (α + β + 2)x

]
y′

x + n(n + α + β + 1)y = 0

and are defined by the formulas

P (α,β)
n (x) =

(–1)n

2nn!
(1 – x)–α(1 + x)–β dn

dxn

[
(1 – x)α+n(1 + x)β+n

]
= 2–n

n∑
m=0

Cm
n+αCn–m

n+β (x – 1)n–m(x + 1)m,

where the Ca
b are binomial coefficients.

The generating function:

2α+βR–1(1 – s + R)–α(1 + s + R)–β =
∞∑
n=0

P (α,β)
n (x)sn, R =

√
1 – 2xs + s2, |s| < 1.

The Jacobi polynomials are orthogonal on the interval –1 ≤ x ≤ 1 with weight (1 – x)α(1 + x)β:∫ 1

–1
(1 –x)α(1 +x)βP (α,β)

n (x)P α,β
m (x) dx =

⎧⎨⎩
0 if n ≠ m,

2α+β+1

α + β + 2n + 1
Γ(α + n + 1)Γ(β + n + 1)

n! Γ(α + β + n + 1)
if n = m.

For α > –1 and β > –1, all zeros of the polynomial P (α,β)
n (x) are simple and lie on the interval

–1 < x < 1.

11.17-5. Gegenbauer Polynomials.

The Gegenbauer polynomials (also called ultraspherical polynomials), C(λ)
n (x), are solutions of the

second-order linear ordinary differential equation

(1 – x2)y′′
xx – (2λ + 1)xy′

x + n(n + 2λ)y = 0

and are defined by the formulas

C(λ)
n (x) =

(–2)n

n!
Γ(n + λ) Γ(n + 2λ)
Γ(λ) Γ(2n + 2λ)

(1 – x2)–λ+1/2 dn

dxn
(1 – x2)n+λ–1/2

=
[n/2]∑
m=0

(–1)m
Γ(n – m + λ)

Γ(λ) m! (n – 2m)!
(2x)n–2m.

Recurrence formulas:

C(λ)
n+1(x) =

2(n + λ)
n + 1

xC(λ)
n (x) –

n + 2λ – 1
n + 1

C(λ)
n–1(x);

C(λ)
n (–x) = (–1)nC(λ)

n (x),
d

dx
C(λ)

n (x) = 2λC(λ+1)
n–1 (x).

The generating function:

1
(1 – 2xs + s2)λ

=
∞∑
n=0

C(λ)
n (x)sn.

The Gegenbauer polynomials are orthogonal on the interval –1 ≤ x ≤ 1 with weight (1 –x2)λ–1/2:∫ 1

–1
(1 – x2)λ–1/2C(λ)

n (x)C(λ)
m (x) dx =

⎧⎨⎩
0 if n ≠ m,

πΓ(2λ + n)
22λ–1(λ + n)n! Γ2(λ)

if n = m.
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11.18. Nonorthogonal Polynomials
11.18-1. Bernoulli Polynomials.

The Bernoulli polynomials Bn(x) are introduced by the formula

Bn(x) =
n∑

k=0

Ck
nBkxn–k (n = 0, 1, 2, . . . ),

where Ck
n are the binomial coefficients and Bn are Bernoulli numbers (see Supplement 11.1-3).

The Bernoulli polynomials can be defined using the recurrence relation

B0(x) = 1,
n–1∑
k=0

Ck
nBk(x) = nxn–1, n = 2, 3, . . .

The first six Bernoulli polynomials are given by

B0(x) = 1, B1(x) = x – 1
2 , B2(x) = x2 – x + 1

6 , B3(x) = x3 – 3
2 x2 + 1

2 x,

B4(x) = x4 – 2x3 + x2 – 1
30 , B5(x) = x5 – 5

2 x4 + 5
3 x3 – 1

6 x.

Basic properties:

Bn(x + 1) – Bn(x) = nxn–1, B′
n+1(x) = (n + 1)Bn(x),

Bn(1 – x) = (–1)nBn(x), (–1)nEn(–x) = En(x) + nxn–1,

where the prime denotes a derivative with respect to x, and n = 0, 1, . . .
Multiplication and addition formulas:

Bn(mx) = mn–1
m–1∑
k=0

Bn

(
x +

k

m

)
,

Bn(x + y) =
n∑

k=0

Ck
nBk(x)yn–k,

where n = 0, 1, . . . and m = 1, 2, . . .
The generating function is expressed as

text

et – 1
≡

∞∑
n=0

Bn(x)
tn

n!
(|t| < 2π).

This relation may be used as a definition of the Bernoulli polynomials.
Fourier series expansions:

Bn(x) = –2
n!

(2π)n

∞∑
k=1

cos(2πkx – 1
2 πn)

kn
(n = 1, 0 < x < 1; n > 1, 0 ≤ x ≤ 1);

B2n–1(x) = 2(–1)n
(2n – 1)!
(2π)2n–1

∞∑
k=1

sin(2kπx)
k2n–1

(n = 1, 0 < x < 1; n > 1, 0 ≤ x ≤ 1);

B2n(x) = 2(–1)n
(2n)!

(2π)2n

∞∑
k=1

cos(2kπx)
k2n

(n = 1, 2, . . . , 0 ≤ x ≤ 1).

Integrals: ∫ x

a

Bn(t) dt =
Bn+1(x) – Bn+1(a)

n + 1
,∫ 1

0
Bm(t)Bn(t) dt = (–1)n–1 m! n!

(m + n)!
Bm+n,

where m and n are positive integers and Bn are Bernoulli numbers.
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11.18-2. Euler Polynomials.

Definition:

En(x) =
n∑

k=0

Ck
n

Ek

2n

(
x –

1
2

)n–k

(n = 0, 1, 2, . . . ),

where Ck
n are the binomial coefficients and En are Euler numbers (see Supplement 11.1-4).

The first six Euler polynomials are given by

E0(x) = 1, E1(x) = x – 1
2 , E2(x) = x2 – x, E3(x) = x3 – 3

2 x2 + 1
4 ,

E4(x) = x4 – 2x3 + x, E5(x) = x5 – 5
2 x4 + 5

2 x2 – 1
2 .

Basic properties:

En(x + 1) + En(x) = 2xn, E′
n+1 = (n + 1)En(x),

En(1 – x) = (–1)nEn(x), (–1)n+1En(–x) = En(x) – 2xn,

where the prime denotes a derivative with respect to x, and n = 0, 1, . . .
Multiplication and addition formulas:

En(mx) = mn
m–1∑
k=0

(–1)kEn

(
x +

k

m

)
, n = 0, 1, . . . , m = 1, 3, . . . ;

En(mx) = –
2

n + 1
mn

m–1∑
k=0

(–1)kEn+1

(
x +

k

m

)
, n = 0, 1, . . . , m = 2, 4, . . . ;

En(x + y) =
n∑

k=0

Ck
nEk(x)yn–k, n = 0, 1, . . .

The generating function is expressed as

2ext

et + 1
≡

∞∑
n=0

En(x)
tn

n!
(|t| < π).

This relation may be used as a definition of the Euler polynomials.
Fourier series expansions:

En(x) = 4
n!

πn+1

∞∑
k=0

sin
(
(2k + 1)πx – 1

2 πn
)

(2k + 1)n+1
(n = 0, 0 < x < 1; n > 0, 0 ≤ x ≤ 1);

E2n(x) = 4(–1)n
(2n)!
π2n+1

∞∑
k=0

sin
(
(2k + 1)πx

)
(2k + 1)2n+1

(n = 0, 0 < x < 1; n > 0, 0 ≤ x ≤ 1);

E2n–1(x) = 4(–1)n
(2n – 1)!

π2n

∞∑
k=0

cos
(
(2k + 1)πx

)
(2k + 1)2n

(n = 1, 2, . . . , 0 ≤ x ≤ 1).

Integrals: ∫ x

a

En(t) dt =
En+1(x) – En+1(a)

n + 1
,∫ 1

0
Em(t)En(t) dt = 4(–1)n(2m+n+2 – 1)

m! n!
(m + n + 2)!

Bm+n+2,
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where m, n = 0, 1, . . . and Bn are Bernoulli numbers. The Euler polynomials are orthogonal for
even n + m.

Connection with the Bernoulli polynomials:

En–1(x) =
2n

n

[
Bn

( x + 1
2

)
– Bn

( x

2

)]
=

2
n

[
Bn(x) – 2nBn

( x

2

)]
,

where n = 1, 2, . . .

References for Supplement 11: H. Bateman and A. Erdélyi (1953, 1955), N. W. McLachlan (1955), M. Abramowitz and
I. A. Stegun (1964), W. Magnus, F. Oberhettinger, and R. P. Soni (1966), H. Buchholz (1969), S. Yu. Slavyanov and W. Lay
(2000), D. Zwillinger (2002), A. D. Polyanin and V. F. Zaitsev (2003), E. W. Weisstein (2003).



Supplement 12

Some Notions of Functional Analysis

12.1. Functions of Bounded Variation
12.1-1. Definition of a Function of Bounded Variation.

1◦. Let f (x) be a function defined on a finite segment [a, b]. Consider an arbitrary partition of the
segment by the points

a = x0 < x1 < x2 < · · · < xn–1 < xn = b

and construct the sum

v =
n–1∑
k=0

∣∣f (xk+1) – f (xk)
∣∣ (1)

whose terms are absolute values of the increments of f (x) on each segment of the partition.
If, for all partitions, the sums (1) are bounded by a constant independent of the partition, one

says that the function f (x) has bounded variation on the segment [a, b]. The supremum of all such
sums over all partitions is called the total variation of the function f (x) on the segment [a, b]. The
total variation is denoted by

b

V
a

f (x) = sup{v}.

A function f (x) is said to have bounded variation on the infinite interval [a,∞) if it is a function
of bounded variation on any finite segment [a, b] and its total variation on [a, b] is bounded by a
constant independent of b. By definition,

∞

V
a

f (x) = sup
b>a

{ b

V
a

f (x)
}

.

2◦. In the above definitions, the continuity of the function f (x) is not mentioned. A continuous
function (without additional conditions) may have bounded or unbounded variation.

Example. Consider the continuous function

f (x) =

{
x cos

π

2x
if x ≠ 0,

0 if x = 0

and the partition of the segment [0, 1] by the points

0 <
1

2n
<

1

2n – 1
< · · · <

1

3
<

1

2
< 1.

Then the sums (1) corresponding to this partition have the form

vn = 1 +
1

2
+ · · · +

1

n
→ ∞ as n → ∞.

Therefore,
1

V
0

f (x) = ∞.

1055
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12.1-2. Classes of Functions of Bounded Variation.

Next, we list some common classes of functions of bounded variation.
1. Any bounded monotone function has bounded variation. Its total variation on the segment

[a, b] is defined by
b

V
a

f (x) = |f (b) – f (a)|.

Remark. The last statement is true for infinite intervals (–∞, a] and [a,∞); in the latter case,

the total variation is equal to
∞
V
a

f (x) = |f (∞) – f (a)|.

2. Suppose that f (x) is a bounded function on [a, b] and this segment can be divided into finitely
many parts

[ak, ak+1] (k = 0, 1, . . . , m – 1; a0 = a, am = b),

so that the function f (x) is monotone on each part. Then f (x) has bounded variation on [a, b].

Remark. This statement is also true for infinite segments.
3. Let f (x) be a function on a finite segment [a, b] satisfying the Lipschitz condition∣∣f (x1) – f (x2)

∣∣ ≤ L|x1 – x2|,

for any x1 and x2 in [a, b], where L is a constant. Then f (x) has bounded variation and
b

V
a

f (x) ≤

L(b – a).
4. Let f (x) be a function on a finite segment [a, b] with a bounded derivative |f ′(x)| ≤ L, where

L = const. Then, f (x) is of bounded variation and
b

V
a

f (x) ≤ L(b – a).

5. Let f (x) be a function on [a, b] or [a,∞) and suppose that f (x) can be represented as an
integral with variable upper limit,

f (x) = c +
∫ x

a
ϕ(t) dt,

where ϕ(t) is an absolutely continuous function on the interval under consideration. Then f (x) has
bounded variation and

b

V
a

f (x) =
∫ b

a
|ϕ(x)| dx.

Corollary. Suppose that ϕ(t) on a finite segment [a, b] or [a,∞) is integrable, but not absolutely
integrable. Then the total variation of f (x) is infinite.

12.1-3. Properties of Functions of Bounded Variation.

Here, all functions are considered on a finite segment [a, b].
1. Any function of bounded variation is bounded.
2. The sum, difference, or product of finitely many functions of bounded variation is a function

of bounded variation.
3. Let f (x) and g(x) be two functions of bounded variation and |g(x)| ≥ K > 0. Then the ratio

f (x)/g(x) is a function of bounded variation.
4. Let a < c < b. If f (x) has bounded variation on the segment [a, b], then it has bounded

variation on each segment [a, c] and [c, b]; and the converse statement is true. In this case, the
following additivity condition holds:

b

V
a

f (x) =
c

V
a

f (x) +
b

V
c

f (x).
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5. Let f (x) be a function of bounded variation of the segment [a, b]. Then, for a ≤ x ≤ b, the
variation of f (x) with variable upper limit

F (x) =
x

V
a

f (x)

is a monotonically increasing bounded function of x.
6. Any function f (x) of bounded variation on the segment [a, b] has a left-hand limit lim

x→x0–0
f (x)

and a right-hand limit lim
x→x0+0

f (x) at any point x0 ∈ [a, b].

12.1-4. Criteria for Functions to Have Bounded Variation.

1. A function f (x) has bounded variation on a finite segment [a, b] if and only if there is a
monotonically increasing bounded function Φ(x) such that for all x1, x2 ∈ [a, b] (x1 < x2), the
following inequality holds:

|f (x2) – f (x1)| ≤ Φ(x2) – Φ(x1).

2. A function f (x) has bounded variation on a finite segment [a, b] if and only if f (x) can be
represented as the difference of two monotonically increasing bounded functions on that segment:
f (x) = g2(x) – g1(x).

Remark. The above criteria are valid also for infinite intervals (–∞, a], [a,∞), and (–∞,∞).

12.1-5. Properties of Continuous Functions of Bounded Variation.

1. Let f (x) be a function of bounded variation on the segment [a, b]. If f (x) is continuous at a

point x0 (a < x0 < b), then the function F (x) =
x

V
a

f (x) is also continuous at that point.

2. A continuous function of bounded variation can be represented as the difference of two
continuous increasing functions.

3. Let f (x) be a continuous function on the segment [a, b]. Consider a partition of the segment

a = x0 < x1 < x2 < · · · < xn–1 < xn = b

and the sum v =
n–1∑
k=0

∣∣f (xk+1) – f (xk)
∣∣. Letting λ = max |xk+1 – xk | and passing to the limit as λ → 0,

we get

lim
λ→0

v =
b

V
a

f (x).

12.2. Stieltjes Integral

12.2-1. Basic Definitions.

Let f (x) and ϕ(x) be functions defined on an interval [a, b]. Let us partition this interval into
n elementary subintervals defined by a set of points {x0, x1, . . . , xn} such that a = x0 < x1 < · · · <
xn = b. Each subinterval [xk–1, xk] will be characterized by its length ∆xk = xk – xk–1 and an
arbitrarily chosen point ξk ∈ [xk–1, xk]. Let us make up a Stieltjes integral sum

sn =
n∑

k=1

f (ξk)∆kϕ(x),
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where ∆kϕ(x) = ϕ(xk) – ϕ(xk–1) is the increment of the function ϕ(x) on the kth elementary
subinterval.

If there exists a limit of the integral sums sn, as the number of subintervals n increases indefinitely
so that the length of every subinterval ∆xk vanishes, and this limit depends on neither the way the
interval [a, b] was partitioned nor the way the points ξk were selected, then this limit is called the
Stieltjes integral of the function f (x) with respect to the function ϕ(x) over the interval [a, b]:∫ b

a

f (x) dϕ(x) = lim
λ→0

sn

(
max
1≤k≤n

∆xk → 0 as n → ∞
)

.

Then f (x) is called an integrable function with respect to ϕ(x), and ϕ(x) is called an integrating
function.

The Stieltjes integral is a generalization of the Riemann integral; the latter corresponds to the
special case ϕ(x) = x + const.

12.2-2. Properties of the Stieltjes Integral.

The Stieltjes integral has properties analogous to those of the definite Riemann integral:

1)
∫ b

a

dϕ(x) = ϕ(b) – ϕ(a);

2)
∫ b

a

[
Af (x) ± Bg(x)

]
dϕ(x) = A

∫ b

a

f (x) dϕ(x) ± B

∫ b

a

g(x) dϕ(x);

3)
∫ b

a

f (x) d[Aϕ(x) ± Bψ(x)] = A

∫ b

a

f (x) dϕ(x) ± B

∫ b

a

f (x) dψ(x);

4)
∫ b

a

f (x) dϕ(x) =
∫ c

a

f (x) dϕ(x) +
∫ b

c

f (x) dϕ(x) (a < c < b).

It is assumed that all integrals on the left- and right-hand sides exist.

THEOREM (MEAN VALUE). If a function f (x) satisfies inequalities m ≤ f (x) ≤ M on an interval
[a, b] and is integrable with respect to an increasing function ϕ(x), then∫ b

a

f (x) dϕ(x) = µ[ϕ(b) – ϕ(a)],

where m < µ < M .

12.2-3. Existence Theorems for the Stieltjes Integral.

The existence of the Stieltjes integral and its reduction to the Riemann integral is established by the
following theorem.

THEOREM 1. If f (x) is continuous on [a, b] and ϕ(x) has a bounded variation* on [a, b], then

the integral
∫ b

a
f (x) dϕ(x) exists.

* A function ϕ(x) is said to have a bounded variation on an interval [a, b] if there exists a number M > 0 such that for

any set of points a = x0 < x1 < · · · < xn = b the inequality
n∑

k=1
|ϕ(xk+1) – ϕ(xk)| < M holds (see also Supplement 12.1).
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THEOREM 2. Let f (x) be integrable on [a, b] in the sense of Riemann and let ϕ(x) satisfy the
Lipschitz condition

|ϕ(x2) – ϕ(x1)| < K |x2 – x1|,
where x1 and x2 are arbitrary points of the interval [a, b] and K is a fixed positive constant. Then
the function f (x) is integrable with respect to the function ϕ(x).

THEOREM 3. Let f (x) be integrable on [a, b] in the sense of Riemann and let ϕ(x) be differen-
tiable and have an integrable derivative on [a, b]. Then the function f (x) is integrable with respect
to the function ϕ(x) and, moreover,∫ b

a

f (x) dϕ(x) =
∫ b

a

f (x)ϕ′(x) dx,

where the integral on the right-hand side is understood in the sense of Riemann.

Remark. If a function f (x) is integrable on an interval [a, b] with respect to a function ϕ(x),
then, vice versa, the function ϕ(x) is also integrable with respect to the function f (x) on [a, b].
Owing to this property, the functions f (x) and ϕ(x) are interchangeable in Theorems 1 and 2.

THEOREM 4. Let f (x) be continuous on [a, b] and let ϕ(x) have an absolutely integrable deriva-
tive ϕ′(x) everywhere on [a, b], except, perhaps, finitely many points. Let, in addition, the function
ϕ(x) undergo a jump discontinuity at finitely many points

a = c0 < c1 < · · · < cm = b.

Then the Stieltjes integral exists and is calculated as∫ b

a

f (x) dϕ(x) =
∫ b

a

f (x)ϕ′(x) dx + f (a)[ϕ(a + 0) – ϕ(a)]

+
m–1∑
k=1

f (ck)[ϕ(ck + 0) – ϕ(ck – 0)] + f (b)[ϕ(b) – ϕ(b – 0)],

where the right-hand side contains a Riemann integral. Note the presence of terms outside the
integral on the right-hand side, where, apart from the ordinary jumps of the function ϕ(x) at the
internal points of discontinuity, there are terms with one-sided jumps at the endpoints (if there is no
jump at either endpoint, the corresponding term vanishes).

The Stieltjes integral is useful for finding static moments, moments of inertia, and some other
distributed quantities on an interval [a, b], where, apart from continuous distributions, there are
concentrated quantities like point masses that correspond to a discontinuous function ϕ(x) with
finite jumps.

12.3. Lebesgue Integral∗

12.3-1. Riemann Integral and the Lebesgue Integral.

The space C[a, b] of continuous functions on a finite interval [a, b] is a metric space with the metric

ρ(f , g) =
∫ b

a

|f (x) – g(x)| dx,

where the integral is understood in the sense of Riemann. It is well known that this metric space
is incomplete, in the sense that there is a Cauchy sequence (with respect to this metric) that does
not converge to any element of C[a, b]. One can consider a formal completion L[a, b] of the space
C[a, b] in this metric. The space L[a, b] is wider than C[a, b] and the problem is to describe the
structure of its elements. It turns out that L[a, b] consists of the so-called summable or Lebesgue
integrable functions. Below, we briefly describe a version of the Lebesgue integration theory.

* Supplement 12.3 was written by G. A. Yosifian.



1060 SOME NOTIONS OF FUNCTIONAL ANALYSIS

12.3-2. Sets of Zero Measure. Notion of “Almost Everywhere”.

Let [a, b] be a finite interval on the real axis x.
A set A ⊂ [a, b] is called a set of zero measure if for any ε it can be covered by finitely many or

countably many intervals whose joint length is less than ε.
In particular, any finite or countable set of points on [a, b] is a set of zero measure on [a, b].
The union of finitely many (or countably many) sets of zero measure is a set of zero measure.
A set B ⊂ [a, b] is called a set of full measure on [a, b] if its complement [a, b] \ B is a set of

zero measure on [a, b].
If some property holds for all points of a segment [a, b] except points of some set of zero measure,

one says that this property holds almost everywhere on [a, b], or holds for almost all x ∈ [a, b], or
holds on a set of full measure.

A function is said to be defined almost everywhere on [a, b] if it is defined at all points of [a, b]
except points forming a set of zero measure on [a, b].

Let fn(x) be a sequence of functions defined almost everywhere on [a, b]. One says that the
sequence fn(x) converges to a function f (x) almost everywhere on [a, b] as n → ∞ if there is
pointwise convergence fn(x) → f (x) for almost all x ∈ [a, b]; in other words, if there is pointwise
convergence on a set of full measure.

12.3-3. Step Functions and Measurable Functions.

A partition of a segment [a, b] is a system of intervals (xi, xi+1), i = 0, 1, . . . k, such that a = x0 <
x1 < · · · < xk = b.

A step function on [a, b] is a function that takes a constant value on every interval (xi, xi+1) of
some partition of [a, b].

A measurable function f (x) on [a, b] is a function that is defined and finite almost everywhere
on [a, b] and can be represented as the pointwise limit (almost everywhere) of a sequence of step
functions; in other words, there is a sequence of step functions fn(x) such that fn(x) converges to
f (x) almost everywhere on [a, b] as n → ∞.

Since measurable functions are defined almost everywhere, two such functions are identified if
they coincide on a set of full measure.

Obviously, any step function is measurable. Many properties of step functions can be transferred
to measurable functions. In particular:

(i) All step functions on [a, b] form a linear space, i.e., if f , g are step functions, then their linear
combination αf + βg is a step function. It follows that all measurable functions on [a, b] form a
linear space.

(ii) The product of two step functions is a step function, and accordingly, the product of two
measurable functions is a measurable function.

(iii) The ratio of two step functions is a step function, provided that the denominator is different
from zero. The ratio of two measurable functions is a measurable function, provided that the
denominator differs from zero almost everywhere on [a, b].

(iv) The absolute value |h(x)| of a step function h(x) is a step function. The absolute value of
any measurable function is also a measurable function.

(v) Let f (x), g(x) be measurable functions, then the functions

h1(x) = max{f (x), g(x)}, h2(x) = min{f (x), g(x)}

are measurable. In particular, for any measurable function f (x), the functions

f+(x) = max{f (x), 0}, f –(x) = max{0, –f (x)}

are measurable. The functions f+ and f – are called the positive part and the negative part of f ,
respectively.

Any continuous function on [a, b] (or even a piecewise continuous function) is measurable.
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12.3-4. Definition and Properties of the Lebesgue Integral.

Let h(x) be a step function on the interval [a, b] taking constant values h1, . . . , hk on mutually
disjoint segments ∆1, . . . , ∆k into which [a, b] is divided by points a = x0 < x1 < · · · < xk = b. The
integral of such a step function h(x) is defined by

Ih =
∫

[a,b]
h(x) dx =

k∑
j=1

hj |∆j |,

where |∆j | is the length of the interval ∆j .
For a sequence of function gn(x) on [a, b], we write gn ↗ g if gn converge to a function g almost

everywhere on [a, b] and the numerical sequence gn(x) is monotonically increasing for almost all
x ∈ [a, b].

DEFINITION 1. A function f (x) on [a, b] is said to belong to the class L+ if it can be represented
as the limit (in the sense of convergence almost everywhere) of a monotonically increasing sequence
of step functions hn ↗ f and the integrals of these step functions are bounded by the same constant:
Ihn ≤ C.

Any function of class L+ is measurable. Continuous functions belong to L+.
The integral of f ∈ L+ is defined by the formula

If = lim
n→∞ Ihn,

where hn ↗ f is the sequence from Definition 1 of the class L+.
The value If for f ∈ L+ does not depend on the sequence of step functions hn ↗ f .

DEFINITION 2. A function φ(x) on [a, b] is called summable or Lebesgue integrable on [a, b],
(or simply, integrable) if it can be represented in the form

φ = f – g, for some f , g ∈ L+.

The set of all summable functions is denoted by L.

Properties of summable functions:
(i) if f , g ∈ L, then any linear combination αg + βg belongs to L; in other words, L is a linear

space;
(ii) if f ∈ L, then |f | ∈ L;
(iii) if f , g ∈ L and h1(x) = max{f (x), g(x)}, h2(x) = min{f (x), g(x)}, then h1, h2 ∈ L.

DEFINITION 3. The integral of a summable function φ ∈ L is defined by

Iφ = If – Ig, where φ = f – g, f , g ∈ L+.

The value Iφ does not depend on the representation φ = f – g.
Properties of the integral of summable functions:
(i) I(φ1 + φ2) = Iφ1 + Iφ2 for any φ1, φ2 ∈ L;
(ii) I(αφ) = αIφ for any φ ∈ L and any scalar α;
(iii) if f , g ∈ L and f (x) ≥ g(x) almost everywhere, then If ≥ Ig.
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THEOREM 1. Any Riemann integrable function on [a, b] (in particular, any continuous function
on [a, b]) is Lebesgue integrable, and its Riemann integral coincides with its Lebesgue integral.

For a sequence φn ∈ L such that φn → φ almost everywhere, it cannot be claimed, in general,
that Iφn → Iφ. For example, consider the sequence

φn(x) =

{
n sin nx for 0 ≤ x ≤ π

n ,

0 for π
n ≤ x ≤ π.

It is easy to verify that φn(x) → 0 for any x ∈ [0, π], but Iφn = 2.
An important result with regard to integrating pointwise convergent sequences is the following

theorem.
THEOREM 2 (LEBESGUE THEOREM ON DOMINATED CONVERGENCE). Let φn be a sequence of

summable functions that converges to a function φ almost everywhere and satisfies the condition

|φn(x)| ≤ φ0(x) ∈ L.

Then φ is a summable function and Iφ = lim
n→∞ Iφn. In particular, Iφ = lim

n→∞ Iφn if the functions φn

are uniformly bounded.
Some important properties of measurable and summable functions:
(i) If φ is a measurable function that satisfies (almost everywhere) the inequality

–φ0 ≤ φ ≤ φ0 ∈ L.

Then φ ∈ L.
(ii) The limit of a sequence of measurable functions that converges almost everywhere to a finite

limit is a measurable function.
(iii) (Fatou lemma.) If φn ≥ 0 is a sequence of summable functions, φn → φ almost everywhere,

and Iφn ≤ C, then φ is a summable function and 0 ≤ Iφ ≤ C.
(iv) If φ0(x) ≥ 0 is a summable function such that Iφ0 = 0, then φ0 = 0 almost everywhere.
THEOREM 3 (FISCHER–RIESZ). The space L endowed with the norm

‖φ‖ = I(|φ|)

is a Banach space.

THEOREM 4. The space L is the completion of the space C[a, b] with respect to the norm

‖f‖ =
∫ b

a

|f (x)| dx.

In other words, continuous functions form a dense set in L.

12.3-5. Measurable Sets.

A set A ⊂ [a, b] is called measurable if its characteristic function

χA(x) =

{
1 for x ∈ A,

0 for x ∈ [a, b] \ A

is measurable.
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The integral of the characteristic function of a measurable set A ⊂ [a, b] is called the measure
of A and is denoted by µ(A), i.e.,

µ(A) =
∫

[a,b]
χA(x) dx.

In particular, for a set B of zero measure, we have µ(B) = 0.
Measurable sets have the following properties:
(i) the union A =

⋃
Aj of finitely many or countably many measurable sets A1, . . . , An, . . . is

a measurable set; moreover, if the sets Aj are mutually disjoint, i.e., Aj ∩Ai = ∅ for all i ≠ j, then

µ(A) = µ(A1) + · · · + µ(An) + · · · ;

(ii) the intersection A=
⋂

Aj of finitely many or countably many measurable sets A1, . . . , An, . . .
is a measurable set;

(iii) the difference A = B \ C of measurable sets B, C is a measurable set, in particular, the
complement of B, i.e., [a, b] \ B, is a measurable set;

(iv) any interval [α, β], (α, β], (α, β), [α, β) is a measurable set and its measure is equal to its
length β – α;

(v) any open and any closed set on [a, b] is measurable.

12.3-6. Integration Over Measurable Sets.

So far, the domain of integration has been the interval [a, b]. It is easy to extend the notion of integral
to any measurable set E ⊂ [a, b].

A function φ is called summable (or integrable) on a measurable set E if the function χE(x)φ(x)
is summable on [a, b], where χE is the characteristic function of E. The integral of φ over E is
defined by ∫

E

φdx =
∫

[a,b]
χE(x)φ(x) dx = I(χEφ).

This integral has the following additive property: if φ is summable on a set E = E1 ∪ E2 ∪ · · · ,
where E1, E2, . . . are mutually disjoint measurable sets, then φ is summable on each Ej and∫

E

φdx =
∫

E1

φdx +
∫

E2

φdx + · · · .

12.3-7. Case of an Infinite Interval.

The above considerations pertain to functions defined on a finite interval [a, b]. It is not very difficult
to extend the above theory to the cases of intervals [a,∞), –(∞, b], or (–∞,∞).

In all these cases, a step function is defined as a function taking constant values on finitely many
finite intervals ∆j = (xj , xj+1) (xj < xj+1) and on the rest of the infinite interval, it is supposed to
be equal to zero. A measurable function is a function φ(x) that is the limit (almost everywhere on
every finite segment) of a sequence of step functions. The integral of a step function h(x) taking
values hj on an interval ∆j of length |∆j | (j = 1, . . . , k) is naturally defined by the formula

Ih =
k∑

j=1

hj |∆j |.

The class L+ consists of all functions f (x) that can be represented as the limit of an increasing
sequence of step functions fn(x) with bounded integrals. The class L is defined as the set of
differences φ = f – g, f , g ∈ L+. The results formulated above for a finite interval can be easily
extended to the case infinite intervals.
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12.3-8. Case of Several Variables.

We limit ourselves to functions of two variables φ(x, y) defined on a rectangle D = {a1 ≤ x ≤ b1, a2 ≤
y ≤ b2}.

A set A ⊂ D is called a set of zero measure in D if for any ε the set D can be covered by a finite
or countable system of rectangles Dj =

{
a(j)

1 ≤ x ≤ b(j)
1 , a(j)

2 ≤ y ≤ b(j)
2

}
whose joint area does not

exceed ε.
A partition of D is a system of mutually disjoint open rectangles D1, . . . , Dk ⊂ D such that

D = D1 ∪ · · · ∪ Dk, where Dj is the closure of Dj .
A step function on D is a function that takes constant values on each rectangle Dj of some

partition of D, D = D1 ∪ · · · ∪ Dk.
The integral of a step function h(x) with values hj on the rectangles Dj of some partition is

defined as

Ih =
k∑

j=1

hj |Dj |,

where |Dj | is the area the rectangle of Dj .
As in the one-dimensional case, the class L+ is the set of functions f such that f is a limit

(almost everywhere on D) of a sequence of step functions fn with uniformly bounded integrals.
The class L of summable functions is again defined as the set of differences φ = f – g, f , g ∈ L+.

The properties formulated above for the one-dimensional case are obviously modified in the case
of two dimensions. However, in the two-dimensional case, there is the question of the reduction of
an integral over a two-dimensional domain D to a double integral over linear segments, and also the
question of changing the order of double integration. The answers to these questions are given by
the following theorem.

THEOREM 5 (FUBINI THEOREM). Let φ(x, y) be a summable function on a rectangle D = {a1 ≤
x ≤ b1, a2 ≤ y ≤ b2}. Then:

(i) regarded as a function of the argument x for a fixed y, this function is integrable in x for almost
all y;

(ii) its integral over the interval a1 ≤ x ≤ b1, denoted by Ixφ(x, y), is a summable function of y on
the interval a2 ≤ y ≤ b2;

(iii) the integral over D can be reduced to a double integral in which the order of integration can be
changed:

Iφ = Iy{Ixφ(x, y)} = Ix{Iyφ(x, y)}.

As in the one-dimensional case, a set G ⊂ D is called measurable if its characteristic function
χG(x, y) is measurable and the integral of φ over G is defined by the formula∫

G

φdx dy =
∫

D

χG(x, y)φ(x, y) dx dy.

12.3-9. Spaces Lp.

For a measurable set G and p > 0, the class Lp(G) consists of all measurable functions f (x) on G
for which |f |p is summable on G, i.e., ∫

G

|f |p dx < ∞.

For any p > 0, this class of functions is a linear space.
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For p ≥ 1, the class Lp(G) is a Banach space (complete normed space) with the norm

‖f‖p =

(∫
G

|f |p
)1/p

.

The set of continuous functions is dense in the Banach space Lp(G), i.e., for any f ∈ Lp, there is a
sequence of continuous functions fn such that ‖f – fn‖p → 0 as n → ∞.

Let p > 1, q > 1 be real numbers such that p–1 + q–1 = 1. For f ∈ Lp, g ∈ Lq, the product fg is
summable on G and the Hölder inequality holds:∫

G

fg dx ≤ ‖f‖p‖g‖q.

12.4. Linear Normed Spaces

12.4-1. Linear Spaces.

A linear space or a vector space L over the field of real or complex numbers (called the field of
scalars) is a nonempty set of elements (also called vectors) for which two operations are defined:
addition of elements and their multiplication by scalars. To be more precise: for any two elements
x, y ∈ L, there is a unique element z ∈ L, called their sum and denoted by z = x + y ∈ L, and for
any scalar α (real or complex) and any element x ∈ L there is a unique element y, called the product
of α and x and denoted by y = αx, so that for these two operations the following axioms hold:

I. Axioms for addition of vectors:
1) x + y = y + x (commutative property);
2) x + (y + z) = (x + y) + z (associative property);
3) there is an element 0 ∈ L such that x + 0 = x for all x ∈ L (existence of zero);
4) for any x ∈ L, equation x + y = 0 is solvable; the element y is called the opposite of x and is

denoted by –x, so that x + (–x) = 0 (existence of an opposite element).
II. Axioms relating addition of vectors with their multiplication by scalars:
5) α(βx) = (αβ)x for any vector x ∈ L and any scalars α, β;
6) 1 ⋅ x = x for any x ∈ L;
7) (α + β)x = αx + βx for any x ∈ L and any scalars α, β;
8) α(x + y) = αx + βy for any scalar α and any vectors x, y ∈ L.
If the field of scalars is the set of real numbers, then L is called a real linear space. If the field

of scalars is the set of all complex numbers, then L is called a complex linear space.
Elements (vectors) y1, y2, . . . , yn of a linear space L are called linearly dependent if there

exist scalar coefficients α1, α2, . . . , αn such that at least one of them is different from zero and
α1y1 + α2y2 + · · · + αnyn = 0. Otherwise, vectors y1, y2, . . . , yn are called linearly independent.

A nonempty subset L̄ of a linear space L is called its subspace if for any x, y ∈ L̄ and any scalars
α, β, we have αx + βy ∈ L̄.

12.4-2. Linear Normed Spaces.

A linear space L is called a normed space if any element y ∈ L is associated with a real number
‖y‖ ≥ 0, called the norm of y, so that the following properties (axioms of a linear normed space)
hold:

1) ‖y‖ = 0 if and only if y = 0;
2) ‖λy‖ = |λ|‖y‖ for any scalar λ (homogeneity of the norm);
3) ‖y1 + y2‖ ≤ ‖y1‖ + ‖y2‖ (triangle inequality).
A sequence {yn} of elements of a normed space L is called convergent to an element y0 if

‖y0 – yn‖ → 0 as n → ∞.
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12.4-3. Space of Continuous Functions C(a, b).

The linear normed space C(a, b) consists of all continuous functions y(x) on the interval [a, b], with
the norm defined by

‖y‖ = max
a≤x≤b

|y(x)|.

The distance between two functions in this space has the form

ρ(y1, y2) = max
a≤x≤b

|y1(x) – y2(x)|.

The convergence of a sequence of functions {yn} in the space C(a, b) to an element y0(x) means
uniform convergence of the functions yn(x) to y0(x).

12.4-4. Lebesgue Space Lp(a, b).

The linear normed space Lp(a, b) (p ≥ 1) consists of all measurable functions y(x) on (a, b) such
that |y(x)|p is integrable (has finite integral) on [a, b], and the norm in Lp(a, b) is defined by

‖y‖ =

(∫ b

a

|y(x)|p dx

)1/p

.

Convergence yn → y0 in Lp(a, b) means that∫ b

a

|yn(x) – y0(x)|p dx → 0.

Remark 1. Functions y1(x) and y2(x) in Lp(a, b) that coincide almost everywhere (i.e., may
differ only on a set of zero measure) are identified.

Remark 2. With regard to the space L2(a, b), see also Subsection 9.1-1.

12.4-5. Hölder Space Cα(0, 1).

The normed linear space Cα(0, 1) is the set of all functions y(x) defined on the interval [0, 1] and
satisfying the Hölder condition with exponent α (0 < α ≤ 1):

|y(x1) – y(x2)| ≤ A|x1 – x2|α (0 ≤ x1, x2 ≤ 1).

The norm of a function y(x) in Cα(0, 1) is introduced by the formula

‖y‖ = |y(0)| + sup
0≤x1,x2≤1

|y(x1) – y(x2)|
|x1 – x2|α

.

12.4-6. Space of Functions of Bounded Variation V (0, 1).

The normed linear space V (0, 1) is the set of all functions of bounded variation (see Supplement 12.1)
on the interval [0, 1].

The norm of y(x) in V (0, 1) is introduced by

‖y‖ = |y(0)| +
1

V
0

y(x).
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12.5. Euclidean and Hilbert Spaces. Linear Operators in
Hilbert Spaces

12.5-1. Preliminary Remarks.

The mathematical concept of a Hilbert space generalizes the notion of Euclidean space in a way
that extends methods of vector algebra from the two-dimensional plane and three-dimensional space
to infinite-dimensional spaces. In more formal terms, a Hilbert space is an inner product space—
an abstract vector space in which distances and angles can be measured—which is “complete,”
meaning that if a sequence of vectors approaches a limit, then that limit is guaranteed to be in the
space as well.

Geometric intuition plays an important role in many aspects of Hilbert space theory. An element
of a Hilbert space can be uniquely specified by its coordinates with respect to an orthonormal basis,
in analogy with cartesian coordinates in the plane. This means that Hilbert space can also usefully
be thought of in terms of infinite sequences that are square-summable. Linear operators on a Hilbert
space are likewise fairly concrete objects: in good cases, they are simply transformations that stretch
the space by different factors in mutually perpendicular directions.

12.5-2. Euclidean and Hilbert Spaces.

A Euclidean space E is a (real or complex) linear space endowed with a scalar product {x, y} �→
(x, y), i.e., a mapping of E × E into the field of real or complex numbers satisfying the following
conditions:

(x, y) = (y, x) for all x, y ∈ E,

(x + y, z) = (x, z) + (y, z) for all x, y, z ∈ E,

(λx, y) = λ(x, y) for all x, y ∈ E and all (real or complex) λ,

(x, x) ≥ 0 for all x ∈ E, and x = 0 ⇐⇒ (x, x) = 0.

Here the bar over a complex number denotes its complex conjugate.
For a Euclidean space E, the formula

‖x‖ =
√

(x, x), x ∈ E,

defines a norm on E. Therefore, any Euclidean space can be regarded as a normed space. Vectors
x, y ∈ E are called orthogonal if (x, y) = 0. A set of nonzero vectors {ei, i ∈ I} ⊂ E (here I is a set
of indices) is called an orthogonal system in E if ei and ej are orthogonal for all i ≠ j, i, j ∈ I . An
orthogonal system {ei, i ∈ I} is called an orthonormal system if ‖ei‖ = 1 for any i ∈ I . A system
of vectors {ei, i ∈ I}, ei ∈ E, is called complete if any x ∈ E can be approximated in the norm of
E (with any given accuracy) by finite linear combinations of the vectors ei, i.e., for any ε > 0 there

is a finite linear combination
∑
i

ciei such that
∥∥∥x –

∑
i

ciei

∥∥∥ < ε.

A normed linear space is called a complete space or a Banach space if the Cauchy criterion
holds for that space, namely, for any sequence {xn, n ∈ N}, xn ∈ G (here N is the set of all positive
integers) the following conditions are equivalent:

a) there exists an x0 ∈ G such that lim
n→∞ ‖xn – x0‖ = 0;

b) for any ε > 0, there exists an N ∈ N such that ‖xn – xm‖ < ε for all m, n > N .
A complete Euclidean space is called a Hilbert space. An orthogonal system {ei, i ∈ I} in a

Hilbert space E is complete if and only if the only vector in E orthogonal to every vector of the
system {ei, i ∈ I} is the zero-vector. For a closed linear subspace L in a Hilbert space E, the
symbol L⊥ denotes the set of all vectors y ∈ E such that (x, y) = 0 for all x ∈ L. The set L⊥ is
a closed linear subspace of E called the orthogonal complement of L. Any vector x ∈ E can be
uniquely represented as a sum x = y + z, where y ∈ L and z ∈ L⊥. In particular, the orthogonal
complement of L⊥ coincides with L.
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THEOREM 1. Any closed subspace of a Hilbert space is either finite-dimensional or is itself a
Hilbert space.

A Hilbert space H is said to be represented as a direct sum of its orthogonal subspaces
M1, M2, . . . , Mn,

H = M1 ⊕ M2 ⊕ · · · ⊕ Mn,

if for any f ∈ H there exist h1 ∈ M1, . . . , hn ∈ Mn such that f = h1 + · · · + hn, and any element
of Mi is orthogonal to any element of Mk for i ≠ k.

THEOREM 2. Any element f ∈H can be uniquely represented in the form f = h1 +h2 + · · ·+hn,
where hj ∈ Mj .

COROLLARY. If {ϕi
n} are complete orthonormal systems in the subspaces Mi, then the union of

all {ϕi
n} is a complete orthonormal system in H .

12.5-3. Linear Operators in Hilbert Spaces.

Given two linear spaces L and L1 any mapping

y = Ax (x ∈ L, y ∈ L1)

of subset of L (possibly L itself) int L1 is called operator (from L to L1). The operator A is said to
be linear if

A(αx + βy) = αAx + βAy.

Let DA be the set of all x ∈ L for which A is defined. Then DA is called the domain (of definition)
of operator A. Although in general DA need not equal L, we will always assume that DA is a linear
subspace of L, i.e., that x, y ∈ DA implies αx + βy ∈ DA for all α and β.

The operator A is said to be continuous at the point x0 ∈ D if, given any neighborhood V of the
point y0 = Ax0, there is a neighborhood U of the point x0 such that Ax ∈ V for all x ∈ U ∩ DA.
We say that the operator A is continuous if it is continuous at every point x0 ∈ DA.

Suppose L and L1 are normed linear spaces. Then it is easy to see that A is continuous if and
only if, given any ε > 0, there is a δ > 0 such that

‖x – y‖ < δ (x, y ∈ DA)

implies
‖Ax – Ay‖ < ε.

Given a bounded linear operator mapping a normed linear space L into another linear space L1,
the number ‖A‖ = sup

‖x‖<1
‖Ax‖, equal to the least upper bound of ‖Ax‖ on the closed unit sphere

‖x‖ < 1, is called the norm of A.
The norm ‖A‖ has the following properties:

‖A‖ = sup
x≠0

‖Ax‖
‖x‖ ,

‖Ax‖ ≤ ‖A‖‖x‖ for all x ∈ L.

An eigenvalue of a linear operator A in H is defined as a scalar µ for which there is x ≠ 0
such that Ax = µx. The element x in this relation is called an eigenvector or an eigenfunction of A
corresponding to the eigenvalue µ. The set of all eigenvalues of A is called spectrum of A, and all
other values of µ are said to be regular (points).
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If H is Hilbert space, then by the adjoint of an operator A mapping H into H , we mean the
operator A∗ defined by (Ax, y) = (x, A∗y) for all x, y ∈ H .

A bounded linear operator A mapping a Hilbert space H into itself is said to be self-adjoint if
A = A∗, i.e., if (Ax, y) = (x, Ay) for all x, y ∈ H .

An operator A in H is positive definite if for all nonzero x, (Ax, x) > 0.
Let A be a linear operator mapping a Hilbert space H into itself. Then A is completely continuous

if and only if:
1) A maps every relatively compact set in the weak topology into a relatively compact set in the

strong topology;
2) A maps every weakly convergent sequence into a strongly convergent sequence.

THEOREM 3. All eigenvalues of a self-adjoint operator in H are real, and eigenvectors corre-
sponding to different eigenvalues are orthogonal.

THEOREM 4. The set of all eigenvalues of a compact operator in H is no more than countable.
Zero is the only possible limit point of this set.

THEOREM 5. All eigenvalues of a compact self-adjoint positive definite operator in H are
positive.

THEOREM 6 (HILBERT–SCHMIDT). Let A be a compact self-adjoint linear operator in a Hilbert
space H . Then there is an orthonormal system of eigenvectors {φn} corresponding to eigenvalues
{µn} (µn ≠ 0) such that each element ξ ∈ H can be uniquely represented in the form

ξ =
∑

k

ckφk + ξ′,

where ξ′ ∈ Ker A, i.e., Aξ′ = 0. Moreover,

Aξ =
∑

k

µkckφk ,

and if the system {φn} is infinite, then lim
n→∞ µn = 0.

COROLLARY. If zero is not an eigenvalue of the operator A, then the system {φn} is complete
in H . In particular, for a compact self-adjoint positive definite operator, this system forms a basis
in H .

Suppose that a Hilbert space H is represented as a direct sum of its two orthogonal closed
subspaces: H = H1 ⊕ H2. Thus each element h ∈ H can be uniquely represented in the form
h = h1 + h2 (hi ∈ Hi, i = 1, 2).

An operator Pi : H → Hi defined by the relation Pih = hi is called the orthogonal projector
of H onto Hi (i = 1, 2). Obviously P2 = I – P1, where I is the identity operator.

Any orthogonal projector is a linear continuous self-adjoint operator in H .
Orthogonal projectors have the following properties:

Pihi = hi, P1h2 = P2h1 = 0, P1P2h = 0, ‖Pi‖ = 1.

THEOREM 7. In a Hilbert space H an operator of orthogonal projection onto a subspace is
compact if and only if this subspace has a finite dimension.

THEOREM 8. A linear operator P on H is an orthogonal projector if and only if P is self-adjoint
and satisfies the condition P(Px) = Px for any x ∈ H (i.e., P2 = P).

THEOREM 9. A linear combination of compact operators is a compact operator.

THEOREM 10. If A is a compact operator and B is a bounded linear operator, then the operators
AB and BA are compact.

References for Supplement 12: L. V. Kantorovich and G. P. Akilov (1964), R. Edwards (1965), M. G. Krein (1972),
M. Reed and B. Simon (1972), W. Rudin (1973), K. Yosida (1980), A. N. Kolmogorov and S. V. Fomin (1999), B. M. Levitan
(2001), A. D. Polyanin and A. V. Manzhirov (2007), http://en.wikipedia.org/wiki/Hilbert space.
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Doetsch, G., Einführung in Theorie und Anwendung der Laplace-Transformation, Birkhäuser
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Gradshteyn, I. S. and Ryzhik, I. M., Tables of Integrals, Series, and Products, 6th Edition,

Academic Press, New York, 2000.
Griffith, J. L., On the Hankel J-, Y and H transforms, Proc. Amer. Math. Soc., Vol. 9, No. 5,

pp. 738–741, 1958.
Gripenberg, G., Londen, S.-O., and Staffans, O., Volterra Integral and Functional Equations,

Cambridge Univ. Press, Cambridge–New York, 1990.
Guenther, R. B. and Lee, J. W., Partial Differential Equations of Mathematical Physics and Integral

Equations, Dover Publications, New York, 1996.
Gupalo, Yu. P., Polyanin, A. D., and Ryazantsev, Yu. S., Mass and Heat Transfer of Reacting

Particles with the Flow [in Russian], Nauka, Moscow, 1985.
Hackbusch, W., Integral Equations: Theory and Numerical Treatment, Birkhäuser Verlag, Boston,
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kernel, 687
Lanczos, 798

approximation (continued)
method, successive, 566, 579, 632, 633, 811,

826, 876
solution, 854

arbitrary functions, 111, 191, 278, 357, 406, 410,
413, 437, 444, 456

arbitrary parameters, 408, 411, 433, 453
arbitrary powers, 12, 139, 223, 317, 939, 977
arccosine, 176, 344
arccotangent, 178, 347
arcsine, 177, 345
arctangent, 178, 346
argument, complicated, 227, 346, 254
Arutyunyan equation, 198
associated Legendre functions, 107, 271, 1031,

1032, 1033
first kind, 1032
general case, 1032
integer indices, real argument, 1031
modified, 1033
second kind, 1032

asymmetric form
Fourier cosine transform, 514
Fourier sine transform, 515
Fourier transform, 512

asymptotic expansions, 509, 1017, 1022–1024,
1035

Airy functions, 1023
Bessel functions, 1017
modified Bessel functions, 1022
parabolic cylinder functions, 1035
Tricomi confluent hypergeometric functions,

1024
asymptotic methods, 618

equations with logarithmic singularity, 618
auxiliary conditions, 843, 845, 851, 856, 862, 869,

870
auxiliary equation, 546, 550, 551, 527

application, 527
first kind, 550
second kind, 551

auxiliary integral conditions, 841–843
auxiliary results, 784
axioms for addition, vectors, 1065
axioms for addition and multiplication by scalars,

vectors, 1065
axis, real, 575, 713

Hölder condition, 575
Sokhotski–Plemelj formulas, 713

1081
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B
Banach space, 1062, 1065, 1067
base, Napierian, 906
base of Napierian logarithm, 905
base of natural logarithm, 905, 906
basis

abstract space, 844, 863
Euclidean space, 857, 869
Hilbert space, 857, 867, 869
Hilbert space, special, 869
orthonormal, 855, 856

Bateman method, 689
general scheme, 689
special cases, 690

Bernoulli numbers, 1008
Bernoulli polynomials, 1052
Bessel’s formula, 1018
Bessel equation, 1016

modified, 1021
Bessel function, 88, 187, 264, 269, 353, 958,

1016
asymptotic expansions, 1017
definitions, 1016
first kind, 261, 297, 1016
integral representations, 1017
modified, 97, 189, 269, 355, 1021
modified, first kind, 266, 1021
modified, second kind, 266, 1021
orthogonality properties, 1019
second kind, 264, 299, 1016
third kind, 1020
zeros, 1019

beta function, 1012, 1014
incomplete, 1014, 1015

bifurcation point, nonlinear integral equations,
834, 835

bilinear series, 640
iterated kernels, 642

binomial coefficients, 909, 920, 1007
Boas transform, 250
boundary conditions, 887
boundary value problem

first, 895, 896
Hilbert, 742
linear, representation, 892
nth-order differential equations, 882
ODEs, 881
ODEs, reduction to Fredholm equations, 881
ODEs, reduction to Volterra equations, 877
Riemann, 595, 714
second, 895, 897
second-order differential equations, 883

bounded closed domain, 839
bounded set, 866

closed, 842
bounded variation function, 1055, 1058

classes, 1056
criteria, 1057
definition, 1055
properties, 1056, 1057

Boussinesq equation, 900
Bubnov–Galerkin method, 697
Buchholz transform, 274
Bueckner equation, 801

C
C(a, b), space of continuous functions, 1066
Cα(0, 1), Hölder space, 1066
calculation of eigenvalues, 877
canonical factorization, 680
canonical form, 805–807

Hammerstein equation, 807
canonical function, nonhomogeneous Riemann

problem, 605
Carleman equation, 243, 590
Carleman method

characteristic equations, 761
equation, convolution type, first kind, 606
equation, convolution type, second kind, 660
equation, difference kernels, 610

Carleman–Vekua regularization, 778
Cauchy criterion, 1067
Cauchy integral, 708
Cauchy kernel, 707, 757

characteristic equation, 761
complete singular equation, 757
equation on real axis, 743
general singular equation, first kind, 745
generalized, 783
integral equation, 743, 757

Cauchy principal value, 709
Cauchy problem

first-order ODEs, 875, 876
ODEs, reduction to integral equations, 875
second-order ODEs, 876
special nth-order linear ODE, 876

Cauchy residue theorem, 504
Cauchy–Schwarz–Bunyakovsky inequality, 501
Cauchy type and Fourier integrals, 592
Cauchy type integral, 708
Cauchy-type kernel, 751, 753
characteristic equation, 758, 761

Cauchy kernel, 761
exceptional case, 767
Hilbert kernel, 769
real axis, 765
transposed, 758, 764

characteristic operator, 758
transposed, 758

characteristic value, 301, 625, 637, 639, 645, 697
approximation, 646
extremal properties, 644
system, 640

Chebyshev formula, 535
Chebyshev functions, 1049
Chebyshev nodes, 748
Chebyshev polynomial

first kind, 109, 1048
second kind, 750, 1049
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closed-form solution
case of constant coefficients, 770
general case, 771

closed bounded set, 842
closed domain, bounded, 839
closed kernel, 578
coefficient

binomial, 909, 920, 1007
discontinuous, 739
rational, 601, 723
Riemann problem, 596, 718
undetermined, 692

collocation method, 692, 693, 815
hypersingular integral equation, 755

collocation points, 693
combination

elementary functions, 73, 255
hyperbolic functions, 39
trigonometric functions, 63, 252

compact operator, 842, 843, 1069
self-adjoint, 843
self-adjoint positive, 873
self-adjoint positive definite, 1069

compact self-adjoint operator, 843
compact self-adjoint positive definite operator,

1069
eigenvalues, 1069

compact self-adjoint positive operator, 873
compactness of integral operator, sufficient

condition, 842
compatibility condition, 896, 897
complementary error function, 1009, 1025
complementary modulus, 1036, 1037
complete elliptic integral

first kind, 1035
second kind, 1035

complete equation
generalized Cauchy kernel, 783
Hilbert kernel, 780

complete kernel, 578
complete orthonormal system of functions, 844,

855
complete singular integral equation, 757, 770,

772
Cauchy kernel, 757
Hilbert kernel, 759, 780
regularization method, 772
solution methods, 757

complete space, 1067
complete system, 1067
complete system of eigenfunctions, 640
complex linear space, 1065
complicated argument, 227, 246, 254
concentration, 890

integral equation, 890
integral equation, numerical method, 891

condition
auxiliary integral, 841–843, 845, 851, 856, 862,

869, 870
boundary, 887
compatibility, 896, 897

condition (continued)
Hölder, 709, 1066
Hölder, real axis, 575
Lipschitz, 709, 1056, 1059
normality, 596
sufficient for compactness of integral operator,

842
confluent hypergeometric equation, 1024
confluent hypergeometric function, 107, 1024

Kummer, 1024
Tricomi, 1024, 1025
Tricomi, asymptotic expansions, 1024
Tricomi, integral representations, 1024
Whittaker, 1027
Wronskian, 1026

conjugate kernels, 582
connected domain, 731
constant

Euler, 533, 1013, 1017, 1026
Hölder, 709
eigenfunctions, 696, 699
resolvent, 633

continuation
analytic, 714

continuity, principle, 714
continuous function of real argument

values in Banach space, 840
values in Hilbert space, 840
values in space of functions square integrable

over a closed bounded set, 842
values in space of functions square integrable

over a ring-shaped domain, 841
values in space of square integrable functions,

840
continuous operator, 1068
contour, smooth, 708
convergence

almost everywhere, 1060
mean-square, 501

convergent series, 509
convolution theorem, 507, 513
convolution type, 574, 606, 660, 669
coordinate functions, 693, 697
cosine, 46, 166, 246, 335, 558, 928

hyperbolic, 22, 154, 238, 327
cosine integral, 87, 258, 1011
cosine transform, 514
cotangent, 62, 175, 252, 343

hyperbolic, 38, 162, 242, 333
criterion, Cauchy, 1067
Crum transform, 268
curves, open, Riemann problem, 734
cuspidal point, 708
cylinder function, 1016
cylindrical function, 1016

definitions, 1016

D
De Moivre formulas, 911
definite integrals, tables, 951
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definition
Cauchy type integral, 708
hyperbolic functions, 913

degenerate hypergeometric equation, 1024
degenerate kernel, 111, 191, 278, 357, 519, 522,

539, 540–543, 569, 573, 589, 625, 627, 631,
810, 817

general, 523, 628
simplest, 627

density, potential, 893
derivative

fractional, definition, 529
fractional, left-sided, 529
fractional, properties, 530
fractional, right-sided, 529
integrable, fractional, 531
logarithmic of gamma function, 1017, 1021
Riemann–Liouville, 529

determinant, Fredholm, 636
method, 635

difference kernel, 114, 203, 283, 372, 519, 524,
539, 544, 573, 574, 586, 625, 610, 626, 655,
683

entire axis, 655
finite interval, 683
weak singularity, 588

differential equation
nth-order, boundary value problems, 882
ordinary, 527, 547, 686, 875, 877
ordinary, linear, 881
second-order, boundary value problems, 883

differential equation and Volterra integral
equations, 877

differentiating, method for integral equations, 820
differentiation

fractional, method, 529
method, 564, 583, 810

differentiation formulas, 910, 913, 916, 917
diffusion flux, integral equations, 890
digamma function, 1013, 1017
direct sum of orthogonal subspaces, 845, 863,

869
Dirichlet–Mehler integral, 1030
Dirichlet problem

exterior, 896
interior, 895
reduction to integral equations, 895, 896

discontinuous coefficient, 739
divisor transform, 269
Dixon equation, 136
domain

bounded closed, 839
circular, 841
multidimensional, 839
one-dimensional, 839
ring-shaped, 841, 855, 862

double layer potential, 893
Gauss formula, 894

dual integral equation
first kind, 295, 575, 610
first kind, exact solutions, 613

dual integral equation (continued)
reduction to Fredholm equation, 615
second kind, 627
second kind, convolution type, 669

E
eigenfunctions, 301, 625, 639, 834, 867

construction, 696, 699
extremal properties, 644
Fredholm equation, second kind, 694
Hilbert–Schmidt kernel, 854, 856, 858, 861,

864, 865
Hilbert–Schmidt operator, 871
kernel, 844
linear operator, 1068
nonlinear equation, 834
nonlinear operator, 834
system, 640
system, complete, 640
system, incomplete, 640

eigenvalues, 301, 625, 834
calculation, 877
compact self-adjoint positive definite operator,

1069
Hilbert–Schmidt kernel, 854, 856, 858, 861,

864, 865
Hilbert–Schmidt operator, 871
kernel, 844
linear operator, 1068
matrix, 845, 848, 856, 859, 861, 868, 872
operator, 867
positive, 648
self-adjoint operator, 1069

eigenvectors of matrix, orthonormal, 845, 848,
856, 859, 868, 872

eigenvectors of self-adjoint operator, 1069
electrostatic problem, Roben, 897
elementary functions, 73, 255, 257, 348, 905

combinations, 179
properties, 905

elements
linearly dependent, 1065
linearly independent, 843, 1065

elliptic function, 1038
Jacobi, 1039
Weierstrass, 1042

elliptic integral, 1035, 1036
complete, 1035
complete, first kind, 1035
complete, second kind, 1035
first kind, 1037
incomplete, 1037
second kind, 1037
third kind, 1037

elliptic modulus, 1037
elliptic theta functions, 1043
entire axis, equation, 574, 586, 587, 626, 655
equation

Abel, first kind, 10
Abel, generalized, 519, 527
Abel, generalized, first kind, 531
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equation (continued)
Abel, generalized, second kind, 141, 548
Abel, second kind, 138
Abel type, first kind, 15
Abel type, two-dimensional, 15
Airy, 1023
Arutyunyan, 198
auxiliary, 546
auxiliary, application, 527
auxiliary, first kind, 550
auxiliary, second kind, 551
Bessel, 1016
Bessel, modified, 1021
Boussinesq, 900
Bueckner, 801
Carleman, 243, 590
Cauchy kernel, complete, 757
Cauchy kernel, first kind, 707
Cauchy kernel, first kind, real axis, 743
Cauchy kernel, general of first kind, 745
Cauchy kernel, simplest of first kind, 707, 743
Cauchy kernel, simplest of first kind, real

axis, 743
characteristic, 758, 761
characteristic, Cauchy kernel, 761
characteristic, exceptional case, 767
characteristic, Hilbert kernel, 769
characteristic, real axis, 765
characteristic, transposed, 758, 764
compact self-adjoint and positive definite

operator, 843
complete, generalized Cauchy kernels, 783
complete, Hilbert kernel, 780
complete singular, 757, 770, 772
complete singular, Cauchy kernel, 757
complete singular, regularization method, 772
confluent hypergeometric, 1024
contain arbitrary functions, 410, 413
contain arbitrary parameters, 408, 411
contain modulus, 278, 583
contain unknown function of complicated

argument, 227, 254
convolution type, first kind, 574
convolution type, first kind, Carleman method,

606
convolution type, second kind, 626, 655, 657
convolution type, second kind, Carleman

method, 660
degenerate kernel, 111, 191, 278, 357, 522,

540–543
degenerate kernel, nonlinear, method of

differentiation, 810
difference kernel, 114, 203, 283, 372, 524, 544,

574, 586, 626, 685
difference kernel, Carleman method, 610
difference kernel, entire axis, 655
difference kernel, finite interval, 683, 685
difference kernel, weak singularity, 588
differential, 875, 877
differential, nth-order, boundary value

problems, 882

equation (continued)
differential, ordinary, 527, 547, 686
differential, ordinary, linear, 881
differential, second-order, boundary value

problems, 883
diffusion flux, 890
Dixon, 136
dual, first kind, 295, 575, 610
dual, first kind, exact solutions, 613
dual, reduction to Fredholm equation, 615
dual, second kind, 627
dual, second kind, convolution type, 669
eigenfunctions, Fredholm equation, second

kind, 694
elasticity, 621
entire axis, 574, 586, 587, 626, 655
exact methods, 588–592
exact solutions, 3–500
exponential nonlinearity, 411, 467
finite interval, 683, 685
finite interval, first kind, 744
first kind, 3, 519, 591, 624
first kind, reduction to equations of second

kind, 591
first kind, weak singularity, 574
Fredholm, degenerate kernel, second kind, 627
Fredholm, first kind, 573, 623
Fredholm, second kind, 625, 685, 698, 701
Fredholm, second kind, system, 701
Fredholm, second kind on contour, 759
Fredholm, spectrum, 760
Fredholm, symmetric kernel, second kind, 639
Fredholm and dual equations, 615
Fredholm and Green’s function, 881
function of complicated argument, 246
Gaussian hypergeometric, 1028
Gelfand–Levitan–Marchenko, 900
Gelfand–Levitan–Marchenko type, 898
general degenerate kernel, 523
generalized Abel, 519, 527
generalized Abel, first kind, 531
generalized Abel, second kind, 141, 548
generalized Cauchy kernel, complete, 783
generalized Schlomilch, equation, generalized

Schlömilch 254
Hammerstein, canonical form, 807
Hammerstein, first kind, 807
Hammerstein, second kind, 807
Hammerstein, second kind, degenerate

kernel, 817
Hammerstein type, 807
Hilbert kernel, complete, 759, 780
Hilbert kernel, first kind, 707, 746
Hilbert kernel, general of first kind, 708, 747
Hilbert kernel, simplest of first kind, 707, 746
Hilbert kernel, simplest of first kind, complete,

759
Hilbert–Plessner, 255
homogeneous, 301, 502, 539, 625, 627, 637,

708, 751
hyperbolic nonlinearity, 414, 468
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equation (continued)
hypergeometric, 1028
hypergeometric, confluent, 1024
hypergeometric, degenerate, 1024
hypersingular, Cauchy-type kernel, first

kind, 751
hypersingular, Cauchy-type kernel, general of

first kind, 751
hypersingular, Cauchy-type kernel, simplest of

first kind, 231, 751, 753
hypersingular, collocation method, 755
hypersingular, Hilbert-type kernel, first

kind, 751
hypersingular, Hilbert-type kernel, general of

first kind, 751
hypersingular, Hilbert-type kernel, simplest of

first kind, 255, 754
hypersingular, numerical methods, 754
infinite integration limit, first kind, 537
infinite limits of integration, second kind, 702
Kadomtsev–Petviashvili, 901
kernel contains arbitrary functions, 111, 191,

278, 357
kernel contains arbitrary powers, 12
kernel contains combinations of elementary

functions, 73, 179, 255, 348
kernel contains combinations of various

functions, 565
kernel contains exponential functions, 15, 144,

231, 320
kernel contains higher-order polynomials in

arguments, 6
kernel contains hyperbolic functions, 22, 154,

238, 327
kernel contains inverse trigonometric functions,

66, 176, 344
kernel contains logarithmic functions, 42, 45,

164, 242, 334
kernel contains power-law functions, 4, 45, 127,

217, 301
kernel contains rational functions, 7
kernel contains special functions, 86, 187, 258,

353
kernel contains square roots, 9
kernel contains sum of exponential functions,

564
kernel contains sum of hyperbolic functions,

564
kernel contains sum of trigonometric functions,

564
kernel contains trigonometric functions, 46,

166, 246, 335
kernel cubic in arguments, 5
kernel linear in arguments, 4
kernel quadratic in arguments, 4
Korteweg–de Vries, 899
Korteweg–de Vries, modified, 900
Krein’s method, 588
Lalesco–Picard, 323
Laplace, 893
Laplace, potentials, properties, 892

equation (continued)
Laplace, potentials, types, 892
Legendre, 1032
linear, constant integration limits, 502
linear, constant integration limits, first

kind, 217, 502, 573
linear, constant integration limits, second

kind, 301, 502, 625
linear, first kind, 502
linear, operator methods, 549
linear, second kind, 502
linear, solution methods, 519, 539, 573, 625
linear, structure of solutions, 502
linear, variable integration limit, first kind, 3,

502
linear, variable integration limit, second

kind, 127, 502
linear and nonlinear PDEs, 898
logarithmic nonlinearity, 419, 472
logarithmic singularity, 618
logarithmic singularity, asymptotic methods,

618
Mathieu, 1045
Mathieu, modified, 1046
method of differentiating, 564, 583, 820
mixed multidimensional, bounded set,

projection method, 866
mixed multidimensional, closed bounded

set, 842
mixed multidimensional, Fredholm operator,

842
mixed multidimensional, Hilbert–Schmidt

operator, 869
mixed multidimensional, integral operators of

Volterra and Hilbert–Schmidt types, 866
mixed multidimensional, integral operators of

Volterra and Schmidt types, 866
mixed multidimensional, methods of solving,

839–874
mixed multidimensional, Schmidt operator, 843
mixed multidimensional, Schmidt operator,

equivalent form, 843
mixed multidimensional, symmetric Fredholm

kernel, 842
mixed operator, 866, 869
mixed operator, auxiliary conditions, 869
mixed two-dimensional, circular domain, 841
mixed two-dimensional, finite interval, 840
mixed two-dimensional, finite interval, methods

of solving, 843–854
mixed two-dimensional, Hilbert–Schmidt kernel

and auxiliary conditions, finite interval, 845
mixed two-dimensional, Hilbert–Schmidt

kernel and auxiliary conditions, ring-shaped
domain, 856

mixed two-dimensional, Hilbert–Schmidt kernel
and given right-hand side, finite interval, 843

mixed two-dimensional, Hilbert–Schmidt kernel
and given right-hand side, ring-shaped
domain, 855
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equation (continued)
mixed two-dimensional, ring-shaped domain,

841
mixed two-dimensional, ring-shaped domain,

methods of solving, 855–866
mixed two-dimensional, Schmidt kernel, 841
mixed two-dimensional, Schmidt kernel,

equivalent form, 842
mixed two-dimensional, Schmidt kernel

and auxiliary conditions, ring-shaped
domain, 862

mixed two-dimensional, Schmidt kernel and
given right-hand side, finite interval, 848

modified Bessel, 1021
modified Korteweg–de Vries, 900
modified Mathieu, 1046
Nekrasov, 836
nonhomogeneous, 502, 539, 627, 708, 751
nonhomogeneous, positive solutions, 649
nonhomogeneous, solution, 642
nonlinear, 805, 807, 834, 899
nonlinear, bifurcation points, 834, 835
nonlinear, constant integration limits, 806, 829
nonlinear, constant integration limits, approxi-

mate methods, 826
nonlinear, constant integration limits, exact

methods, 817
nonlinear, constant integration limits, first

kind, 433
nonlinear, constant integration limits, numerical

methods, 826
nonlinear, constant integration limits, second

kind, 453
nonlinear, degenerate kernels, 817
nonlinear, eigenfunctions, 834
nonlinear, existence theorems, 830
nonlinear, uniqueness theorems, 830
nonlinear, variable integration limit, 805
nonlinear, variable integration limit, approxi-

mate methods, 811
nonlinear, variable integration limit, exact

methods, 809
nonlinear, variable integration limit, first

kind, 393
nonlinear, variable integration limit, numerical

methods, 811
nonlinear, variable integration limit, second

kind, 403
nonlinear, Volterra, 805
nonlinear, with parameter, local solutions, 835
nonlinearity, general form, 399, 425, 447, 477
nonnegative kernel, 648
nonsymmetric kernel, first kind, 580
one-sided, first kind, 574
one-sided, second kind, 626
operator, general projection problem, 873
operator, mixed, 866, 869
operator, mixed with auxiliary conditions, 869
operator, “quadratic”, 552
operator, solution, 553
ordinary differential, 527, 547, 686

equation (continued)
parameter, 625
Picard–Goursat, 134
Poisson, 894
power-law nonlinearity, 408, 464
power-law nonlinearity that contains arbitrary

functions, 444
quadratic nonlinearity, 819
quadratic nonlinearity that contains arbitrary

functions, 397, 406, 437, 456
quadratic nonlinearity that contains arbitrary

parameters, 393, 403, 433, 453
“quadratic” operator, 552
reducible to symmetric equation, 647
renewal, 203
right-hand side, 519, 539, 573, 625
right-hand side, special, 555
Schlömilch, 254, 452, 825
Schlömilch, generalized, 254
Schmidt integral operator, 843
Schmidt kernel, 843, 859, 863
Schmidt kernel and auxiliary conditions, finite

interval, 851
Schmidt kernel and auxiliary conditions,

ring-shaped domain, 862
Schmidt kernel and given right-hand side, finite

interval, 848
Schmidt kernel and given right-hand side,

ring-shaped domain, 859
Schmidt operator, 869
second kind, 591
second kind, operator method, 654
semiaxis, 574, 587, 626, 657
simplest hypersingular, Cauchy-type kernel, first

kind, 231, 753
simplest hypersingular, Hilbert-type kernel, first

kind, 255, 754
single kernel, first kind, 574, 626
singular, 228, 255, 319, 344, 707
singular, Bueckner type, 801
singular, complete, 757, 770, 772
singular, first kind, 707, 743
singular, generalized kernel, 792
singular, numerical solution, 799
singular, transposed, 758
singular, two-dimensional, 231
skew-symmetric, 647
solution methods, 501–901
special right-hand side, 555
surface concentration, 890
surface concentration, numerical method, 891
symmetric, 639, 647
symmetric, Fredholm alternative, 643
symmetric kernel, 639
symmetric kernel, first kind, 577
system, 701
transposed, 573, 575, 625, 627, 637
transposed of characteristic equation, 764
Tricomi, 319, 769, 769
Tricomi–Gellerstedt, 320
trigonometric nonlinearity, 420, 473
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equation (continued)
“truncated” first kind, 549
two kernels, first kind, 574, 607
two kernels, second kind, 626, 664
Urysohn, 806, 832
Urysohn, first kind, 806, 829
Urysohn, first kind, special, method, 821
Urysohn, second kind, 806
Urysohn, second kind, degenerate kernel, 818
Urysohn, second kind, special, method, 822
Urysohn type, 806
variable integration limit, 3
variable lower integration limit, first kind, 537
variable lower integration limit, second

kind, 570
Volterra, 549, 805, 877
Volterra, first kind, 519, 524, 565
Volterra, first kind, connection with Volterra

equations of second kind, 524
Volterra, first kind, existence of solution, 519
Volterra, first kind, Hammerstein form, 806
Volterra, first kind, problems, 520
Volterra, first kind, uniqueness of solution, 519
Volterra, first kind, Urysohn form, 805, 815
Volterra, Hammerstein form, 806
Volterra, nonlinear, 805
Volterra, quadratic nonlinearity, 809
Volterra, reduction to Wiener–Hopf equation,

528
Volterra, second kind, 524, 539, 565
Volterra, second kind, connection with Volterra

equations of first kind, 524
Volterra, second kind, Hammerstein form, 816
Volterra, second kind, sequence, 855
Volterra, second kind, sequence of independent,

853, 865, 872
Volterra, second kind, Urysohn form, 805
Volterra, sequence, 844, 850, 862
Volterra, sequence of independent, 847, 858
Volterra, Urysohn form, 805, 811, 814, 816
weak singularity, 519
weak singularity, first kind, 532, 574
weak singularity, second kind, 625
weakly singular kernel, 532
Whittaker, 1027
Wiener–Hopf, 574, 626, 679
Wiener–Hopf, first kind, 285, 574, 538, 606
Wiener–Hopf, Krein’s method, 679
Wiener–Hopf, second kind, 373, 547, 571, 626,

660, 679
Wiener–Hopf, second kind, exceptional

case, 678
Wiener–Hopf, second kind, homogeneous, 672
Wiener–Hopf, second kind, index, 661
Wiener–Hopf, second kind, nonhomogeneous,

677
Wiener–Hopf, second kind, solution, 681
Wiener–Hopf, Volterra equation, 528

equidistant surface, method, 891
equilibrium potential, 897
equivalent regularization, problem, 776

Erdélyi–Kober operators, 532
error function, 86, 258, 549, 1009, 1024

complementary, 1009, 1025
estimates for spectral radius, 649
Euclidean space, 845, 857, 863, 869, 1067

basis, 857, 869
Euler constant, 533, 1013, 1017, 1026
Euler formula, 911, 1013
Euler numbers, 1008
Euler polynomials, 1053
exceptional case

characteristic equation, 767
regularization, 779
Riemann problem, 605, 727
Wiener–Hopf equation, second kind, 678

existence theorems, 875
nonlinear equations, 830
Stieltjes integral, 1058

expansion, asymptotic, 509
Airy functions, 1023
Bessel functions, 1017
modified Bessel functions, 1022
parabolic cylinder functions, 1034
Tricomi confluent hypergeometric functions,

1024
expansion in power series, 910, 913, 916, 918
exponent, growth, 505
exponential form, 555
exponential function, 15, 73, 77, 78, 144, 151,

179–181, 231, 234, 236, 257, 320, 326, 348,
349, 419, 564, 905, 940, 954, 963, 978, 984,
990, 998, 1002

properties, 905
exponential integral, 86, 258, 1009, 1010, 1025
exponential nonlinearity, 411, 467
exponents, singularity, 787, 789
expressions with

arbitrary powers, 977
exponential functions, 963, 978, 984, 990, 998,

1002
hyperbolic functions, 964, 979, 985, 991
logarithmic functions, 965, 980, 985, 992, 999,

1002
power-law functions, 963, 983, 989, 998, 1001
rational functions, 971
special functions, 967, 981, 987, 993, 1000,

1004
square roots, 975
trigonometric functions, 966, 981, 986, 992,

999, 1003
exterior Dirichlet problem, 896

reduction to integral equations, 896
exterior Neumann problem, 897

reduction to integral equations, 896

F
factorization, 597, 674, 676, 677, 679, 720, 723

canonical, 680
factorization problem, 676, 679
Feller potential, 226
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Feller transform, 226
field of scalars, 1065
finite functional sums, 922
finite interval, 683, 840, 843

equation, 683, 685
integrals, 951, 956
mixed equations, 840

finite numerical sums, 919
finite sums, 919
finitely many singular points, 507
first-order ODEs, 875, 876
first boundary value problem, 895, 896
Fischer–Riesz, theorem, 1062
flow

fluid, 888
nonisothermal in plane channel, 884

fluid flow, 888
flux, diffusion integral equations, 890
form

canonical, 805–807
canonical of Hammerstein equation, 807
equivalent of mixed multidimensional equation

with Schmidt operator, 843
equivalent of mixed two-dimensional equation

with Schmidt kernel, 842
exponential, 555
Hammerstein, for Volterra equation, 806
Hammerstein, for Volterra equation of first

kind, 806
Hammerstein, for Volterra equation of second

kind, 816
polynomial, 553
quadratic, 644
Urysohn, for Volterra equation, 805, 811, 814,

816
Urysohn, for Volterra equation of first

kind, 805, 815
Urysohn, for Volterra equation of second

kind, 805
form of infinite products, representation, 910, 916
formula

Bessel’s, 1018
Chebyshev, 535
Euler, 1013
Fourier inversion, 512
Gauss, 535
Gauss, for double layer potential, 894
Gauss, for volume potential, 894
Green’s, 895
Hilbert inversion, 746
Hopf–Fock, 683
Kontorovich–Lebedev inversion, 516
Meijer inversion, 516
Poincaré–Bertrand, 714
Poisson’s, 1018
Post–Widder, 510
quadrature, 534, 815
Sokhotski–Plemelj, 713, 785
Stirling, 1013

formulas
addition, 909, 915

formulas (continued)
calculation, 504
De Moivre, 911
differentiation, 910, 913, 916, 917
Euler, 911
integration, 910, 913, 916, 918
quadrature, 534, 793
reduction, 907, 939, 947
Sokhotski–Plemelj, for real axis, 713

Fourier cosine transform, 514, 518
asymmetric form, 514
Parseval’s relation, 514
tables, 983

Fourier integral
left, 594
one-sided, 593, 594
relationships with Cauchy type integral, 592
right, 594

Fourier inversion formula, 512
Fourier sine transform, 514, 518

asymmetric form, 515
Parseval’s relation, 515
tables, 989

Fourier transform, 235, 511, 512, 518, 658
alternative, 512
asymmetric form, 512
definition, 512
inverse, 512
inversion formula, 512
properties, 513
rational, 685

fractional derivative, 529
definition, 529
integrable, 531
left-sided, 529
properties, 530
right-sided, 529

fractional differentiation, method, 529
fractional integral

definition, 529
left-sided, 529
properties, 530
Riemann–Liouville, 529
right-sided, 529

fractional integration, 548
by parts, 529
operator, 529
semigroup property, 529

fractional order, integral, 529
fractional powers, 138
fracture mechanics, 791
Fredholm alternative, 637, 638

symmetric equations, 643
Fredholm determinant, 636

method, 635
Fredholm equation, 615, 881

degenerate kernel, second kind, 627
first kind, 573, 623
second kind, 625, 685, 698, 701
second kind, on contour, 759
second kind, system, 701
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Fredholm equation (continued)
spectrum, 760
symmetric kernel, second kind, 639

Fredholm kernel, 573, 625, 839–841
positive definite, 840
positive definite, symmetric, 866
symmetric definite, 840
symmetric positive, 841
symmetric positive definite, 866

Fredholm minor, 636
Fredholm operator, 758, 842

symmetric kernel, generalization, 843
Fredholm theorems, 637, 702, 777
Fresnel cosine integral, 1012

generalized, 1012
Fresnel integrals, 87, 258, 1011, 1012

generalized, 1012
Fresnel sine integral, 1012

generalized, 1012
Fubini theorem, 1064
full measure, set, 1060
function

absolutely continuous, 529
Airy, 1023
arccosine, 66
arccotangent, 71
arcsine, 68
arctangent, 70
associated Legendre, 107, 271, 1030–1033
associated Legendre, first kind, 1032
associated Legendre, general case, 1032
associated Legendre, integer indices and real

argument, 1031
associated Legendre, second kind, 1032
Bessel, 88, 187, 264, 269, 353, 958, 1016
Bessel, asymptotic expansions, 1017
Bessel, definitions, 1016
Bessel, first kind, 261, 297, 1016
Bessel, integral representations, 1017
Bessel, modified, 97, 189, 269, 355, 1021
Bessel, modified, first kind, 266, 1021
Bessel, modified, second kind, 266, 1021
Bessel, orthogonality properties, 1019
Bessel, second kind, 264, 299, 1016
Bessel, third kind, 1020
Bessel, zeros, 1019
beta, 1012, 1014
beta, incomplete, 1014, 1015
canonical of nonhomogeneous Riemann

problem, 605
Chebyshev, 1049
complementary error, 1009, 1025
confluent hypergeometric, 107, 1024
confluent hypergeometric, Kummer, 1024
confluent hypergeometric, Tricomi, 1024
confluent hypergeometric, Whittaker, 1027
confluent hypergeometric, Wronskian, 1026
cosine, 46
cotangent, 62
cylinder, 1016
cylindrical, 1016

function (continued)
digamma, 1013, 1017
elementary, 73, 179, 255, 257, 348
elementary, properties, 905
elliptic, 1038
elliptic, Jacobi, 1039
elliptic, Weierstrass, 1042
elliptic theta, 1043
error, 86, 258, 549, 1009, 1024
error, complementary, 1009, 1025
exponential, 15, 73, 77, 78, 144, 151, 179–181,

213, 234, 236, 257, 320, 326, 348, 349, 419,
564, 905, 940, 954, 963, 978, 984, 990, 998,
1002

exponential, properties, 905
gamma, 260, 1012
gamma, incomplete, 88, 260, 1014, 1024, 1025
gamma, logarithmic derivative, 1017, 1021
Gauss hypergeometric, 275, 1028
generalized Riemann zeta, 277
generating, 555, 580
generating, power-law, 557
generating contain cosines, 558
generating contain sines, 558
generating of exponential form, 555
Green’s, 881–883
Hankel, 1020
Hankel, first kind, 265
Hankel, second kind, 265
harmonic, 893
Hermite, 1050
hyperbolic, 22, 73, 83, 84, 154, 164, 179, 185,

186, 238, 255, 327, 334, 348, 351, 352, 564,
911, 913, 922, 940, 955, 964, 979, 985, 991

hyperbolic, inverse, 917
hyperbolic, of half argument, 915
hyperbolic, of multiple argument, 915
hypergeometric, 1028
hypergeometric, confluent, 107, 1024
hypergeometric, confluent, Wronskian, 1026
hypergeometric, Gauss, 275, 1028
hypergeometric, Kummer confluent, 272
hypergeometric, Tricomi confluent, 273, 1025
hypergeometric, Whittaker confluent, 274, 1027
incomplete beta, 1014, 1015
incomplete gamma, 88, 260, 1014, 1024, 1025
index, 595
influence, 577, 882
integrable, 501, 502, 1058
integrable, Lebesgue, 1059, 1061
inverse hyperbolic, 917
inverse trigonometric, 66, 176, 344, 911, 948
irrational, 937
Jacobi elliptic, 1039
Jacobi elliptic, connection with Jacobi theta

functions, 1044
Jacobi theta, 110, 1043
Jacobi theta, connection with Jacobi elliptic

functions, 1044
Jacobi weight, 793
Kummer confluent hypergeometric, 272, 1024
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function (continued)
Lebesgue integrable, 1059, 1061
left, 594
Legendre, 270, 1030
Legendre, associated, 107, 271, 1030–1033
Legendre, associated, first kind, 1032
Legendre, associated, second kind, 1032
Legendre, modified associated, 1033
Legendre, spherical of first kind, 299
Legendre, Wronskians, 1034
logarithmic, 42, 45, 77, 83, 85, 164, 165, 180,

185, 187, 242, 244, 255, 256, 334, 335, 349,
351, 353, 905, 943, 955, 965, 980, 985, 992,
999, 1002

logarithmic, properties, 906
MacDonald, 266, 1021
Mathieu, 1045, 1046
Mathieu, modified, 1046
measurable, 1060
modified associated Legendre, 1033
modified Bessel, 97, 189, 269, 355, 1021
modified Bessel, asymptotic expansions, 1022
modified Bessel, definitions, 1021
modified Bessel, first kind, 266, 1021
modified Bessel, integral representations, 1022
modified Bessel, second kind, 266, 1021
modified Mathieu, 1046
multivalued, 711
Neumann, 1016
of complicated argument, 227, 346, 254
one-sided, 594
parabolic cylinder, 276, 1034
parabolic cylinder, asymptotic expansions, 1035
parabolic cylinder, basic formulas, 1034
parabolic cylinder, definitions, 1034
parabolic cylinder, integral representations,

1035
parabolic cylinder, linear relations, 1035
parabolic cylinder, Weber, 1034
power, properties, 905
power-law, 4, 45, 127, 151, 165, 217, 236, 244,

301, 326, 335, 419, 951, 963, 983, 989, 998,
1001

power-law generating, 557
psi, 1012, 1013
rational, 7, 136, 220, 314, 933, 971
rational, inverse transforms, 506
Riemann zeta, generalized, 277
special, 86, 111, 187, 258, 277, 353, 967, 981,

987, 993, 1000, 1004
special, properties, 1007
spherical, Legendre of first kind, 299
square integrable, 501, 502
Struve, 264, 299, 516, 518
summable, 1059, 1061
summable, integral, 1061
tangent, 60
theta, Jacobi, 1043
total variation, 1055
Tricomi confluent hypergeometric, 273, 1024,

1025

Tricomi confluent hypergeometric, asymptotic
expansions, 1024

Tricomi confluent hypergeometric, integral
representations, 1024

trigonometric, 78, 84, 85, 166, 176, 181, 186,
187, 246, 252, 256, 295, 335, 344, 349, 352,
353, 564, 907, 922, 944, 956, 966, 981, 986,
992, 999, 1003

trigonometric, inverse, 176, 344, 911, 948
trigonometric, of half argument, 909
trigonometric, of multiple arguments, 909
trigonometric, of single argument, relations, 908
trigonometric, powers, 908
Weber, 88
Weber parabolic cylinder, 1034
Weierstrass elliptic, 1042
weight, Jacobi, 793
Whittaker, 1027
Whittaker confluent hypergeometric, 274, 1027

function of bounded variation, 1055
function of real argument

values in Banach space, continuous, 840
values in Hilbert space, continuous, 840
values in space of functions square integrable

functions, continuous, 841
values in space of functions square integrable

over closed bounded set, continuous, 842
values in space of functions square integrable

over ring-shaped domain, continuous, 841
function of several variables, 839
functional analysis, some notions, 1055
functional series, infinite, 925
functional sums, finite, 922
functions

coordinate, 693, 697
measurable, 1060
of bounded variation, 1055, 1058, 1066
orthogonal, 582
power, 905
real-valued, multidimensional, 839
with finitely many singular points, 507

fundamental solution, 881

G
Galerkin method, 582
gamma function, 260, 1012

incomplete, 88, 260, 1014, 1024, 1025
logarithmic derivative, 1017, 1021

Gauss formula, 535
for double layer potential, 894
for volume potential, 894

Gauss hypergeometric functions, 275, 1028
Gauss transform, 237
Gaussian hypergeometric equation, 1028
Gegenbauer polynomials, 1051
Gelfand–Levitan–Marchenko equation, 900
general degenerate kernel, 523
general equation of first kind with Cauchy

kernel, 745
general hypersingular equation of first kind with

Cauchy-type kernel, finite interval, 751
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general hypersingular equation of first kind with
Hilbert-type kernel, 751

general projection problem, 873
special case, 846, 852, 857, 870

general scheme
Bateman method, 689
method of quadratures, 568
quadrature method for Fredholm equations of

second kind, 698
solving of dual integral equations, 611
successive approximation method, 566

general singular equation of first kind with Hilbert
kernel, 708, 747

generalization of Fredholm integral operator with
symmetric kernel, 843

generalized Abel equation, 519, 527
first kind, 531
second kind, 141, 548

generalized Cauchy kernel, 783
generalized Fresnel cosine integral, 1012
generalized Fresnel integral, 1012
generalized Fresnel sine integral, 1012
generalized Jentzch theorem, 648
generalized kernel of integral equation, 783
generalized Laguerre polynomials, 1047
generalized Liouville theorem, 595, 714
generalized Mehler–Fock transform, 271
generalized Riemann zeta function, 277
generalized Schlömilch equation, 254
generating function, 555, 580

containing cosines, 558
containing sines, 558
exponential form, 555
power-law, 557

Green’s formula, 895
Green’s function, 881–883
growth exponent, 505

H
Hammerstein equation, 807, 817, 830

canonical form, 807
degenerate kernel, second kind, 817
first kind, 807
second kind, 807

Hammerstein form, Volterra equation, 806
first kind, 806
second kind, 816

Hankel function, 1020
first kind, 265
second kind, 265

Hankel transform, 261, 515, 518
Parseval’s relation, 515, 516

Hardy transform, 264
harmonic function, 893
Hartley transform, 252, 518
Hermite functions, 1050
Hermite interpolation polynomial, 716
Hermite polynomial, 108, 1024, 1025, 1050
Hilbert boundary value problem, 742
Hilbert inversion formula, 746

Hilbert kernel, 707, 780
characteristic equation, 769
complete singular equation, 759, 780
equation, 759
equations of first kind, 746

Hilbert–Plessner equation, 255
Hilbert problem, 742
Hilbert–Schmidt kernel, 841, 843, 845, 853, 855,

856, 860
approximate values of eigenvalues, 845
eigenfunctions, 854, 856, 858, 861, 864, 865
eigenvalues, 854, 856, 858, 861, 864, 865

Hilbert–Schmidt operator, 842, 843, 866, 871
approximation for eigenfunctions, 868, 872
approximation for eigenvalues, 868, 872
eigenfunctions, 871
eigenvalues, 871

Hilbert–Schmidt theorem, 641, 1069
Hilbert–Schmidt theory, 843
Hilbert space, 839, 845, 857, 863, 867, 869,

1067
abstract, 873
basis, 857, 867, 869
linear operators, 1067, 1068
special basis, 869

Hilbert transform, 228, 255, 518, 743
Hilbert transform on semiaxis, 229
Hilbert-type kernel, 751, 754
Hölder condition, 709, 1066
Hölder condition on real axis, 575
Hölder constant, 709
Hölder inequality, 1065
Hölder space Cα(0, 1), 1066
homogeneous integral equation, 301, 502, 539,

625, 627, 637, 708, 751
homogeneous problem, 596, 602, 742
homogeneous problem solution, 720
homogeneous Wiener–Hopf equation, second

kind, 672
Hopf–Fock formula, 683
hyperbolic cosine, 22, 154, 238, 327
hyperbolic cotangent, 38, 162, 242, 333
hyperbolic function, 22, 73, 83, 84, 154, 179, 185,

186, 238, 255, 327, 334, 348, 351, 352, 564,
911, 913, 922, 940, 955, 964, 979, 985, 991

combinations, 164
half argument, 915
multiple argument, 915

hyperbolic nonlinearity, 414, 468
hyperbolic sine, 28, 156, 238, 329
hyperbolic tangent, 36, 161, 241, 332
hypergeometric equation, 1028

confluent, 1024
degenerate, 1024

hypergeometric function, 1028
confluent, 107, 1024
confluent, Kummer, 272, 1024
confluent, Tricomi, 1024, 1025
confluent, Whittaker, 274, 1027
confluent, Wronskian, 1026
Gauss, 275, 1028
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hypergeometric function (continued)
Gauss, basic properties, 1028
Kummer confluent, 272, 1024
Tricomi confluent, 273
Whittaker confluent, 274, 1027

hypergeometric series, 1028
hypersingular equation, 751

Cauchy-type kernel, 751, 753
collocation method, 755
first kind, Cauchy-type kernel on finite

interval, 751
first kind, Hilbert-type kernel, 751
Hilbert-type kernel, 751, 754
numerical methods, 754
simplest of first kind, Cauchy-type kernel, 231,

753
simplest of first kind, Hilbert-type kernel, 255,

754
hypersingular integral

definition, 751
in sense of Hadamard principal value, 752

I
identities, integral, 895
identity operator, 842, 873
ill-posed problem, 623

general notions, 623
incomplete beta function, 1014, 1015
incomplete elliptic integrals, 1036
incomplete gamma function, 88, 260, 1014, 1024,

1025
incomplete kernel, 578
incomplete system of eigenfunctions, 640
indefinite integrals, tables, 933
independent elements, linearly, 843, 1063
index, 603, 661, 664

notion, 716
index of function, 595
index of Riemann problem, 596, 731
index of Wiener–Hopf equation, 661
inequality

Cauchy–Schwarz–Bunyakovsky, 501
Hölder, 1063
triangle, 501

infinite functional series, 925
infinite numerical series, 924
infinite products, 910, 916
infinite system of linear algebraic equations, 858,

861, 864, 868, 971
infinite system of linear algebraic equations with

symmetric matrix, 850, 853
influence function, 577, 882
inner product, 501, 644
integrable fractional derivative, 531
integrable function, 501, 502, 1056

Lebesgue, 1059
integral

Cauchy, 708
Cauchy type, 708

integral (continued)
Cauchy type, relationships with Fourier

integral, 592
complete elliptic, 1035
complete elliptic, first kind, 1035
complete elliptic, second kind, 1035
cosine, 87, 258, 1011
definite, tables, 951
Dirichlet–Mehler, 1030
elliptic, 1035, 1036
elliptic, complete, 1035
elliptic, first kind, 1036
elliptic, incomplete, 1036
elliptic, second kind, 1036
elliptic, third kind, 1036
exponential, 86, 258, 1009, 1010, 1025
Fourier, left, 594
Fourier, one-sided, 593, 594
Fourier, relationships with Cauchy type

integral, 592
Fourier, right, 594
fractional, definition, 529
fractional, left-sided, 529
fractional, properties, 530
fractional, Riemann–Liouville, 529
fractional, right-sided, 529
fractional order, 529
Fresnel, 87, 258, 1011, 1012
Fresnel, generalized, 1012
Fresnel cosine, 1012
Fresnel cosine, generalized, 1012
Fresnel sine, 1012
Fresnel sine, generalized, 1012
hypersingular, definition, 751
hypersingular, in sense of Hadamard principal

value, 752
incomplete elliptic, 1036
indefinite, tables, 933
involving arbitrary powers, 939
involving Bessel functions, 958
involving exponential functions, 940, 954
involving hyperbolic functions, 940, 955
involving inverse trigonometric functions, 948
involving irrational functions, 937
involving logarithmic functions, 943, 955
involving power-law functions, 951
involving rational functions, 933
involving trigonometric functions, 944, 956
Jacobi weight function, 793
Laplace, 1030
Lebesgue, 1057
Lebesgue, definition, 1059
Lebesgue, properties, 1059
left Fourier, 594
logarithmic, 258, 1009, 1010, 1025
Mehler, 299, 615
one-sided Fourier, 593, 594
probability, 1009
Riemann, 1057
Riemann–Liouville fractional, 529
right-sided fractional, 529
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integral (continued)
right Fourier, 594
sine, 87, 258, 1011
singular, 709
singular, principal value, 709
step-function, 1059
Stieltjes, 1055, 1056
Stieltjes, basic definitions, 1055
Stieltjes, existence theorems, 1056
Stieltjes, properties, 1056
summable function, 1059

integral conditions, auxiliary, 841–843
integral equation, see equation
integral identities, 895
integral operator

compactness, sufficient condition, 842
Fredholm, 842
Fredholm, symmetric kernel, 843
Hilbert–Schmidt, 842, 843, 866
positive definite, 842
positive definite kernel, 843
Schmidt, 843, 866
self-adjoint, 842, 843
spectral radius, 649
symmetric kernel, 843
Volterra, 842

integral representations
Bessel functions, 1017
modified Bessel functions, 1022
parabolic cylinder functions, 1034
Tricomi confluent hypergeometric functions,

1024
integral sum, Stieltjes, 1055
integral transform, see transform
integrand

contain exponential functions, 419
contain power-law functions, 419
nonlinearity, 414–416, 418, 420, 422–424,

467–470, 472–475
integration

fractional, 548
fractional, by parts, 529
fractional, operator, 529
fractional, semigroup property, 529

interior Dirichlet problem, 895
reduction to integral equations, 895

interior Neumann problem, 895
reduction to integral equations, 895

interpolation nodes, 534
interpolation polynomial

Hermite, 716
Lagrange, 748

inverse Fourier transform, 512
inverse hyperbolic functions, 917
inverse Laplace transforms, tables, 969
inverse Mellin transform, 510, 1001
inverse transform

rational functions, 506
representation as asymptotic expansions, 509
representation as convergent series, 509

inverse trigonometric function, 66, 176, 344, 911,
948

inversion formula
Hilbert, 746
Kontorovich–Lebedev, 516
Meijer, 516

inversion of functions with finitely many singular
points, 507

investigation of differential equations, 875
irrational functions, 937
iterated kernel, 566, 632

bilinear series, 642
iteration process, 811, 814

J
Jacobi elliptic function, 1038

connection with Jacobi theta functions, 1042
Jacobi polynomials, 1049
Jacobi theta function, 110, 1042

connection with Jacobi elliptic functions, 1042
properties, 1042
relations and formulas, 1042
series representation, 1042

Jacobi weight function, 793
Jentzch theorem, generalized, 648
Jordan lemma, 505
jump problem, 596

K
K-transform, 518
Kadomtsev–Petviashvili equation, 901
Kellog’s method for finding characteristic values

in case of symmetric kernel, 645
kernel

approximation, 687
Cauchy, 707, 757
Cauchy, characteristic equation, 761
Cauchy, complete singular integral equation,

757
Cauchy, generalized, 783
Cauchy, integral equations, 757
Cauchy-type, 751, 753
closed, 578
complete, 578
conjugate, 582
containing arbitrary functions, 111, 191, 278,

357
containing arbitrary powers, 12, 139, 223, 317
containing arccosine, 66, 176, 344
containing arccotangent, 71, 178, 347
containing arcsine, 68, 177, 345
containing arctangent, 70, 178, 346
containing associated Legendre functions, 107,

271
containing Bessel functions, 88, 187, 353
containing Bessel functions of first kind, 261,

297
containing Bessel functions of second kind,

264, 299
containing Chebyshev polynomials, 109
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kernel (continued)
containing combination of Bessel and modified

Bessel functions, 269
containing combination of Bessel functions, 264
containing combination of elementary functions,

179, 255, 348
containing combination of hyperbolic functions,

39, 164, 334
containing combination of trigonometric

functions, 63, 176, 252, 344
containing combination of various functions,

565
containing confluent hypergeometric functions,

107
containing cosine, 46, 166, 246, 335
containing cosine integral, 87
containing cosine integrals, 258
containing cotangent, 62, 175, 252, 343
containing elementary functions, 257
containing error function, 86, 258
containing exponential function, 15, 19, 73, 77,

78, 144, 151, 179–181, 231, 234, 236, 257,
320, 326, 348, 349

containing exponential integral, 86, 258
containing fractional powers, 138
containing Fresnel integral, 87, 258
containing gamma function, 260
containing Gauss hypergeometric function, 275
containing Hermite polynomial, 108
containing higher-order polynomial in

arguments, 6, 133, 311
containing hyperbolic cosine, 22, 154, 238, 237
containing hyperbolic cotangent, 38, 162, 242,

333
containing hyperbolic function, 22, 73, 83, 84,

154, 179, 185, 186, 238, 255, 327, 348, 351,
352

containing hyperbolic sine, 28, 156, 238, 329
containing hyperbolic tangent, 36, 161, 241,

332
containing incomplete gamma function, 88, 260
containing integer powers of arguments, 220
containing inverse trigonometric function, 66,

176, 344
containing Jacobi theta functions, 110
containing Kummer confluent hypergeometric

function, 272
containing Laguerre polynomial, 110
containing Legendre function, 270
containing Legendre polynomial, 105
containing Legendre spherical function of first

kind, 299
containing logarithmic function, 42, 45, 77, 83,

85, 164, 165, 180, 185, 187, 242, 244, 255,
256, 334, 335, 349, 351, 353

containing logarithmic integral, 258
containing modified Bessel function, 97, 189,

355
containing modified Bessel function of first

kind, 266

kernel (continued)
containing modified Bessel function of second

kind, 266
containing other special function, 111, 277
containing parabolic cylinder function, 276
containing power-law function, 4, 19, 45, 127,

151, 165, 217, 236, 244, 301, 326, 335
containing rational function, 7, 136, 220, 314
containing sine, 52, 169, 247, 337
containing sine integral, 87, 258
containing special function, 86, 187, 258, 353
containing square roots, 9, 222
containing square roots powers, 138
containing sum of exponential functions, 564
containing sum of hyperbolic functions, 564
containing sum of trigonometric functions, 564
containing tangent, 60, 174, 251, 342
containing Tricomi confluent hypergeometric

function, 273
containing trigonometric function, 46, 78, 84,

85, 166, 181, 186, 187, 246, 256, 295, 335,
349, 352, 353

containing Whittaker confluent hypergeometric
function, 274

cubic in arguments, 5, 132, 307
degenerate, 111, 191, 278, 357, 519, 522, 539,

540–543, 569, 573, 589, 625, 627, 631, 810,
817

degenerate, general, 523
degenerate, general case, 628
degenerate, simplest, 627
difference, 114, 203, 283, 372, 519, 524, 539,

544, 573, 574, 586, 610, 625, 626, 655, 683
difference, on entire axis, 655
difference, with weak singularity, 588
eigenfunction, 844
eigenvalue, 844
Fredholm, 573, 625, 839–841
Fredholm, positive definite, 840
Fredholm, positive definite, symmetric, 866
Fredholm, symmetric definite, 840, 841
general degenerate, 523
generalized, 783
Hilbert, 707, 780
Hilbert, characteristic equation, 769
Hilbert, complete singular integral equation,

759, 780
Hilbert, integral equations, 759
Hilbert–Schmidt, 841, 843, 845, 853, 855, 856,

860
Hilbert–Schmidt, approximate values of

eigenvalues, 845
Hilbert–Schmidt, eigenfunctions, 854, 856, 858,

861, 864, 865
Hilbert–Schmidt, eigenvalues, 854, 856, 858,

864, 865
Hilbert-type, 751, 754
incomplete, 578
iterated, 566, 632
iterated, bilinear series, 642
linear in arguments, 4, 127, 217, 301
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kernel (continued)
logarithmic, 519, 588
nondegenerate, 589, 631
nonnegative, 648
nonsymmetric, 580, 647
of integral equation, 519, 573, 625
of integral transform, 503
orthogonal, 634
oscillation, 651
oscillation, definition, 651
oscillation, theorems, 651
polar, 519, 532, 574, 588
positive definite, 641
quadratic in arguments, 4, 129, 219, 304
resolvent, 844
Schmidt, 582, 841, 848, 851, 859, 860, 862
simplest degenerate, 627
singular, weakly, 532
spectral radius, 649
stochastic, 654
symmetric, 573, 577, 625, 639, 645
symmetric, resolvent, 644
trace, 646
transformation, method, 532
Volterra, 839
weakly singular, 532
with logarithmic singularity, 533
with rational Fourier transforms, 685
with weak singularity, 519, 532, 574, 588, 625

Kontorovich–Lebedev inversion formula, 516
Kontorovich–Lebedev transform, 267, 516, 518
Korteweg–de Vries equation, 899

modified, 900
Krein’s method, 588, 683

for integral equations, 588
for Wiener–Hopf equations, 679

Kummer confluent hypergeometric function, 272,
1024

Kummer series, 1024
Kummer transformation, 1025

L
L2-norm, 501
Lagrange interpolation polynomial, 748
Laguerre polynomial, 110, 1024, 1045

generalized, 1045
Lalesco–Picard equation, 323
Lanczos approximation, 798
Laplace equation, 893

potentials, properties, 892
Laplace integral, 1030
Laplace transform, 235, 505, 511, 518, 524, 544,

658, 809
definition, 505
inverse, tables, 969
inversion formula, 505
properties, 507
solution method, 524
tables, 961
two-side, 234, 518

large λ, solution, 619
Lavrentiev regularization method, 621
layer potential, single, 893
least squares method, 695

description, 695
normal system, 695

Lebedev transform, 269
Lebesgue integrable function, 1059
Lebesgue integral, 1057

definition, 1059
properties, 1059

Lebesgue space Lp(a, b), 1064
Lebesgue theorem on dominated convergence,

1060
left-sided fractional derivative, 529
left-sided fractional integral, 529
left Fourier integral, 594
left function, 594
left regularization, 775

method, 775
left regularizer, 703
Legendre equation, 1032
Legendre functions, 270, 1030

associated, 107, 271, 1030
associated, first kind, 1032
associated, modified, 1033
associated, second kind, 1032
modified associated, 1033
Wronskians, 1034

Legendre polynomials, 105, 856, 1030
orthonormal, 844

Legendre spherical functions, first kind, 299
lemma, Jordan, 505
limit theorems, 507
linear algebraic equations

infinite system, 858, 861, 864, 868, 971
infinite system with symmetric matrix, 850, 853

linear boundary value problems, representation,
892

linear equation, 898
constant integration limits, 502
first kind, 502
first kind, constant integration limits, 217, 573
first kind, variable integration limit, 3
operator methods, 549
second kind, 502
second kind, constant integration limits, 301,

625
second kind, variable integration limit, 127
solution methods, 519, 539, 573, 625
structure of solutions, 502
variable integration limit, 502

linear normed spaces, 1063
linear operator, 502, 1066

eigenfunction, 1066
eigenvalue, 1066

linear operators in Hilbert spaces, 1065, 1066
linear ordinary differential equations, 881
linear relations of parabolic cylinder functions,

1034
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linear space, 1063
complex, 1063
real, 1063

linear superposition principle, 502
linearly dependent elements, 1063
linearly independent elements, 843, 1063
Liouville theorem, generalized, 714
Lipschitz condition, 709, 1054, 1057
local solutions of nonlinear integral equation with

parameter, 835
logarithm

Napierian, base, 905
natural, base, 905

logarithmic derivative of gamma function, 1017,
1021

logarithmic function, 42, 45, 77, 83, 85, 164, 165,
180, 185, 187, 242, 244, 255, 256, 334, 335,
349, 351, 353, 905, 943, 955, 965, 980, 985,
992, 999, 1002

properties, 906
logarithmic integral, 258, 1009, 1010, 1025
logarithmic kernel, 519, 588
logarithmic nonlinearity, 419, 472
logarithmic singularity, 533, 618

kernel, 533
Lp, spaces, 1062
Lp(a, b), Lebesgue space, 1064

M
MacDonald function, 266, 1021
mass transfer to particle in fluid flow complicated

by surface reaction, 888
Mathieu equation, 1043

modified, 1045
Mathieu function, 1043, 1044

modified, 1043, 1045
matrix

eigenvalues, 845, 848, 856, 859, 861, 868, 872
eigenvectors, orthonormal, 845, 848, 856, 859,

868, 872
orthonormal eigenvectors, 845, 848, 856, 859,

868, 872
mean-square convergence, 501
measurable function, 1058
measurable set, 1060

integration, 1061
measure

full, set, 1058
zero, set, 1058

measure of set, 1061
mechanics, fracture, 791
Mehler–Fock transform, 270, 518

generalized, 271
Mehler integral, 299, 615
Meijer inversion formula, 516
Meijer transform, 266, 516, 517
Mellin transform, 510, 511, 518, 587, 657, 658

definition, 510
inverse, 510
inverse, tables, 1001

Mellin transform (continued)
inversion formula, 510
properties, 511
tables, 997

method
approximation, successive, 566
Bateman, 689
Bateman, general scheme, 689
Bateman, special cases, 690
Bubnov–Galerkin, 697
Bubnov–Galerkin, description, 697
Carleman, for characteristic equations, 761
Carleman, for equations of convolution type of

first kind, 606
Carleman, for equations with difference

kernels, 610
Carleman, for integral equations of convolution

type of second kind, 660
collocation, 692, 693, 815
collocation, for solving hypersingular integral

equation, 755
exact, 588
Galerkin, 582
Kellog’s, for finding characteristic values in

case of symmetric kernel, 645
Krein’s, 588, 683
Krein’s, for integral equations, 588
Krein’s, for Wiener–Hopf equations, 679
Multhopp–Kalandiya, 747
Newton–Kantorovich, 813, 814, 827
Newton–Kantorovich, modified, 814, 827
nonlinear equations with constant integration

limits, exact, 817
nonlinear equations with variable integration

limit, exact, 809
operator, 549, 654
operator, for solving integral equations of

second kind, 654
Picard, 876
projection, for solving mixed equations on

bounded set, 866
quadrature, 698, 816 829
quadrature, general scheme, 698
regularization, 704
regularization, for complete singular integral

equations, 772
regularization, for equations with infinite limits

of integration, 702
regularization, Lavrentiev, 621
regularization, Tikhonov, 622, 829
solution, Laplace transform, 524
successive approximation, 566, 811, 826
successive approximation, general scheme, 566
successive approximation, resolvent, 566
Tikhonov regularization, 829
trace, for approximation of characteristic

values, 646
Wiener–Hopf, 671
Wiener–Hopf, scheme, 676
Zakharov–Shabat, 898
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method based on solution of auxiliary equation,
546

method for
solving “quadratic” operator equations, 552
special Urysohn equations of first kind, 821
special Urysohn equations of second kind, 822

method of
approximating kernel by degenerate one, 687
differentiating, for integral equations, 820, 564,

583
differentiation, 564, 583, 810
differentiation, for nonlinear equations with

degenerate kernel, 810
equidistant surface, 891
fractional differentiation, 529
fractional integration, for generalized Abel

equation, 548
Fredholm determinants, 635
Fredholm determinants, 635
integral transforms, 586, 655, 809, 819
least squares, 695
least squares, description, 695
least squares, normal system, 695
left regularization, 775
model solutions, 559, 655, 659
model solutions, description, 560
numerical integration of equation for surface

concentration, 891
quadratures, 534, 568, 698
quadratures, algorithm based on trapezoidal

rule, 536
quadratures, general scheme, 535, 568
quadratures, trapezoidal rule, 568
replacing kernel by degenerate kernel, 687
right regularization, 775
successive approximations, 579, 632, 633, 811,

876
successive approximations, for ODEs, 876
transformation of kernel, 532

methods
approximate, for nonlinear equations with

constant integration limits, 826
approximate, for nonlinear equations with

variable integration limit, 811
asymptotic, 618
asymptotic, for solving equations with

logarithmic singularity, 618
exact, for integral equations, 588
exact, for nonlinear equations with constant

integration limits, 817
exact, for nonlinear equations with variable

integration limit, 809
for solving complete singular integral equations,

757
for solving equations with difference kernels on

finite interval, 683
for solving integral equations, 499
for solving linear equations, 519, 539, 573, 625
for solving multidimensional mixed integral

equations, 839
for solving nonlinear integral equations, 805

methods (continued)
for solving singular integral equations of first

kind, 707
integral equations of first kind, 707
numerical, for hypersingular equations, 754
numerical, for nonlinear equations with constant

integration limits, 826
numerical, for nonlinear equations with variable

integration limit, 811
of solving mixed integral equations on finite

interval, 843
of solving mixed integral equations on

ring-shaped domain, 855
operator, for solving linear integral equations,

549
regularization, 621

minor, Fredholm, 636
mixed equation, 839

bounded set, projection method, 866
circular domain, 841
closed bounded set, 842
finite interval, 840
Hilbert–Schmidt kernel, finite interval, 843
Hilbert–Schmidt kernel, ring-shaped domain

and given right-hand side, 855
multidimensional, 839
multidimensional, solution methods, 839
on finite interval, methods of solving, 843
on ring-shaped domain, methods of solving,

855
ring-shaped domain, 841
Schmidt kernel and auxiliary conditions on

ring-shaped domain, 862
Schmidt Kernel and given right-hand side on

interval, 848
mixed multidimensional equation

Fredholm operator, 842
Schmidt operator, 843
Schmidt operator, equivalent form, 843
symmetric Fredholm kernel, 842
Volterra and Hilbert–Schmidt types operators,

866
Volterra and Schmidt types operators, 866

mixed operator equation, 866, 869
with given right-hand side, 866

mixed operator equations with auxiliary condi-
tions, 869

mixed two-dimensional equation, Schmidt
kernel, 841

Schmidt kernel, equivalent form, 842
model solution

cosine-shaped right-hand side, 563
exponential right-hand side, 561
power-law right-hand side, 562
sine-shaped right-hand side, 562
method, 559, 655, 659

modified associated Legendre functions, 1033
modified Bessel equation, 1021
modified Bessel function, 97, 189, 269, 355,

1021
asymptotic expansions, 1022
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modified Bessel function (continued)
definitions, 1021
first kind, 266, 1021
integral representations, 1022
second kind, 266, 1021

modified Korteweg–de Vries equation, 900
modified Mathieu function, 1043, 1045
modified Newton–Kantorovich method, 814, 827
modulus, 278, 583

complementary, 1036
elliptic, 1036

Multhopp–Kalandiya method, 747
multidimensional domain, 839

integration, 839
multidimensional equation, mixed, 839

Fredholm operator, 842
integral operators of Volterra and Hilbert–

Schmidt types, 866
integral operators of Volterra and Schmidt

types, 866
Schmidt operator, 843
solution methods, 839
symmetric Fredholm kernel, 842

multidimensional real-valued functions, 839
multiply connected domain, 731
multivalued functions, 711

N
Napierian base, 906
Napierian logarithms, base, 905
natural logarithms, base, 905
natural numbers, powers, sums, 919
Nekrasov equation, 836
Neumann function, 1016
Neumann problem

exterior, reduction to integral equations, 896
interior, 895
interior, reduction to integral equations, 895

Neumann series, 567, 633
Newton–Kantorovich method, 813, 814, 827

modified, 814, 827
nodes

Chebyshev, 748
interpolation, 534
quadrature, 534

nondegenerate kernel, 589, 631
nonhomogeneous equation, 502, 539, 627, 708,

751
positive solutions, 649
solution, 642

nonhomogeneous problem, 604, 742
solution, 721

nonhomogeneous Riemann problem, canonical
function, 605

nonhomogeneous Wiener–Hopf equation of second
kind, 677

nonisothermal flow in plane channel, 884
nonlinear equation, 807, 834, 899

bifurcation points, 834, 835
constant integration limits, 806, 829

nonlinear equation (continued)
constant integration limits, approximate

methods, 826
constant integration limits, exact methods, 817
constant integration limits, numerical methods,

826
degenerate kernel, 817
degenerate kernel, method of differentiation,

810
eigenfunctions, 834
existence theorems, 830
first kind with constant limits of integration,

433
parameter, local solutions, 835
second kind with variable limit of integration,

403
second kind with constant limits of integration,

453
solution methods, 805
uniqueness theorems, 830
variable limit of integration, 805
variable limit of integration, approximate

methods, 811
variable limit of integration, exact methods, 809
variable limit of integration, numerical

methods, 811
nonlinear operator, eigenfunctions, 834
nonlinear PDEs, 898
nonlinear problem of nonisothermal flow in plane

channel, 884
nonlinear Volterra integral equation, 805
nonlinearity, 414–416, 418, 467–470, 472–475

exponential, 411, 467
general form, 399, 425, 447, 477
hyperbolic, 414, 468
logarithmic, 419, 472
power-law, 408, 444, 464
quadratic, 393, 397, 403, 406, 437, 453, 456
trigonometric, 420, 473

nonnegative kernels, 648
nonorthogonal polynomials, 1050
nonsymmetric kernel, 580, 647
norm, 501, 644, 839

L2, 501
operator, 1066

normal system of method of least squares, 695
normality condition, 596
normed space, 1063

linear, 1063
notion of almost everywhere, 1058
notion of index, 716
nth-order differential equations, boundary value

problems, 882
nth-order linear ODE, 876
number e, 905, 906
numbers, 1007

Bernoulli, 1008
Euler, 1008
natural, powers, sums, 919

numerical integration, method, 891
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numerical methods for hypersingular equations,
754

numerical methods for nonlinear equations with
constant integration limits, 826

numerical methods for nonlinear equations with
variable limit of integration, 811

numerical series, 924
infinite, 924

numerical solution, singular equations, 799
generalized kernels, 792

numerical sums, 921
finite, 919

O
ODE

first-order, 875, 876
method of successive approximations, 876
nth-order, linear, 876
second-order, 876

Olevskii transform, 276
one-dimensional domain, 839

integration, 839
one-sided equation, 574, 626
one-sided Fourier integrals, 593, 594
one-sided function, 594
open curves, 734

Riemann problem, 734
operator

compact, 842, 843, 1067
compact, self-adjoint, 843
compact, self-adjoint positive, 873
compact, self-adjoint positive definite, 1067
compact, self-adjoint positive definite,

eigenvalues, 1067
Erdélyi–Kober, 532
Fredholm, 758, 842
Fredholm, symmetric kernel, generalization, 843
Hilbert–Schmidt, 842, 843, 866, 871
Hilbert–Schmidt, approximation for eigenfunc-

tions, 868, 872
Hilbert–Schmidt, approximation for eigenvalues,

868, 872
Hilbert–Schmidt, eigenfunction, 871
Hilbert–Schmidt, eigenvalues, 871
identity, 842, 873
integral, characteristic, 758
integral, characteristic, transposed, 758
integral, compactness, sufficient condition, 842
integral, continuous, 1066
integral, domain, 1066
integral, domain of definition, 1066
integral, eigenvalues, 867
integral, positive definite, 842
integral, self-adjoint, 842, 843, 1067
integral, self-adjoint, eigenvalues, 1067
integral, self-adjoint, eigenvectors, 1067
integral, spectral radius, 649
integral, spectrum, 1066
integral, transposed, 758
integral, transposed characteristic, 758

operator (continued)
integral with positive definite kernel, 843
integral with symmetric kernel, 843
linear, 502, 1066
linear, eigenfunction, 1066
linear, eigenvalue, 1066
linear in Hilbert spaces, 1065, 1066
nonlinear, eigenfunctions, 834
norm, 1066
orthogonal projection, 1067
point, continuous, 1066
positive definite, 842, 1067
regular, 758
regularizing, 703
Schmidt, 843, 866
singular, 758
singular, certain properties, 772
Volterra, 842, 873

operator equation
general projection problem, 873
general projection problem, 873
mixed, 866, 869
mixed with auxiliary conditions, 869
“quadratic”, 552
solution, 553

operator method, 549, 654
operator method for solving integral equations of

second kind, 654
operator of fractional integration, 529
operator of orthogonal projection, 846, 852, 857,

563, 870
order, fractional, integral, 529
ordinary differential equations, 527, 547, 686

linear, 881
orthogonal function, 582
orthogonal kernels, 634
orthogonal polynomials, 1045

system, 795
orthogonal projection, operator, 846, 852, 857,

563, 870, 1067
orthogonal projector, 1067
orthogonal subspaces, 873

direct sum, 845, 863, 869
orthogonal system, 1065
orthogonal vectors, 1065
orthogonality properties of Bessel functions, 1019
orthonormal basis, 855, 856
orthonormal eigenvectors of matrix, 845, 848, 856,

859, 868, 872
orthonormal Legendre polynomials, 844
orthonormal system, 1065

complete, 844, 855
oscillation kernel, 651

definition, 651
theorems, 651

P
℘-function, Weierstrass, 1041
Paley–Wiener transform, 260
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parabolic cylinder function, 276, 1034
asymptotic expansions, 1034
basic formulas, 1034
definitions, 1034
integral representations, 1034
linear relations, 1034
Weber, 1034

parameter of integral equation, 625
parameters, arbitrary, 408, 411, 433, 453
Parseval’s relation

Fourier cosine transform, 514
Fourier sine transform, 515
Hankel transform, 515, 516

particular solutions of PDEs, 887
PDEs, nonlinear, 898
PDEs with boundary conditions

third kind, 887
third kind, reduction to integral equations, 887

permutator, 654
Picard–Goursat equation, 134
Picard method, 876
Pochhammer symbol, 1007
Poincaré–Bertrand formula, 714
point

bifurcation, 835
bifurcation of nonlinear integral equations, 834,

835
collocation, 693
cuspidal, 708
regular, 1066
singular, 507

point operator, continuous, 1066
Poisson’s formula, 1018
Poisson equation, 894
polar kernel, 519, 532, 574, 588
polynomial

Bernoulli, 1050
Chebyshev, 109, 1047
Chebyshev, second kind, 750
Euler, 1051
Gegenbauer, 1050
generalized Laguerre, 1045
Hermite, 108, 1024, 1025, 1048
higher-order in arguments, 6, 133, 311
interpolation, Hermite, 716
interpolation, Lagrange, 748
Jacobi, 1049
Lagrange interpolation, 748
Laguerre, 110, 1024, 1045
Laguerre, generalized, 1045
Legendre, 105, 856, 1030
Legendre, orthonormal, 844
nonorthogonal, 1050
orthogonal, 1045
orthogonal, system, 795
orthonormal Legendre, 844
ultraspherical, 1050

polynomial form, 553
positive definite Fredholm kernel, 840

symmetric, 866
positive definite integral operator, 842

positive definite kernel, 641
positive definite operator, 1067
positive eigenvalue, 648
positive Fredholm kernel, symmetric, 841
positive solutions of nonhomogeneous integral

equation, 649
Post–Widder formula, 510
potential

density, 893
double layer, 893
double layer, Gauss formula, 894
equilibrium, 897
Feller, 226
Laplace equation, 892
Laplace equation, properties, 892
layer, single, 893
Riesz, 226
Roben, 897
single layer, 893
volume, 893
volume, Gauss formula, 894

power-law functions, 4, 45, 127, 151, 165, 217,
236, 244, 301, 326, 335, 419, 951, 963, 983,
989, 998, 1001

power-law generating function, 557
power-law nonlinearity, 408, 464
power-law nonlinearity that contain arbitrary

functions, 444
power function, 905

properties, 905
power series, 925

expansion, 910, 913, 916, 918
power series in parameter, 632
power series of Airy functions, 1023
powers, arbitrary, 139, 223, 317, 939, 977
powers, fractional, 138
powers of natural numbers, sums, 919
principal value

curvilinear integral, 712
singular curvilinear integral, 712
singular integral, 709

principle
linear superposition, 502
superposition, linear, 502

principle of argument, 714
principle of continuity, 714
probability integral, 1009
problem

Abel, 520
boundary value, first, 895, 896
boundary value, for nth-order differential

equations, 882
boundary value, for ODEs, 877, 881
boundary value, for second-order differential

equations, 883
boundary value, linear, representation, 892
boundary value, Riemann, 595
boundary value, second, 895, 897
Cauchy, for ODEs, reduction to integral

equations, 875
Cauchy, for second-order ODEs, 876
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problem (continued)
Cauchy, for special nth-order linear ODE, 876
Dirichlet, exterior, reduction to integral

equations, 896
Dirichlet, interior, 895
Dirichlet, interior, reduction to integral

equations, 895
electrostatic, Roben, 897
factorization, 676, 679
general projection, 873
general projection, for operator equation, 873
general projection, special case, 846, 852, 857,

870
Hilbert, 742
Hilbert, boundary value, 742
homogeneous, 596, 602, 742
homogeneous, solution, 720
ill-posed, 623, 624
ill-posed, general notions, 623
interior Dirichlet, 895
interior Dirichlet, reduction to integral

equations, 895
interior Neumann, 895
interior Neumann, reduction to integral

equations, 895
jump, 596
linear boundary value, representation, 892
Neumann, exterior, reduction to integral

equations, 896
Neumann, interior, 895
Neumann, interior, reduction to integral

equations, 895
nonhomogeneous, 604, 742
nonhomogeneous, solution, 721
nonhomogeneous Riemann, canonical function,

605
nonlinear of nonisothermal flow in plane

channel, 884
projection, general, for operator equation, 873
projection, general, special case, 846, 852, 857,

870
Riemann, 596, 685, 714
Riemann, boundary value, 595
Riemann, coefficient, 596, 718
Riemann, discontinuous coefficient, 739
Riemann, exceptional cases, 727
Riemann, for half-plane, 725
Riemann, for open curves, 734
Riemann, for real axis, 592
Riemann, general case, 741
Riemann, index, 596, 731
Riemann, multiply connected domain, 731
Riemann, nonhomogeneous, canonical

function, 605
Riemann, open curves, 734
Riemann, right-hand side, 596, 718
Riemann, statement, 718
Riemann, with discontinuous coefficient, 739
Riemann, with rational coefficients, 723
Roben electrostatic, 897
second boundary value, 895, 897

problem (continued)
tautochrone, 520
well-posed, 623
well-posed, general notions, 623

problem of equivalent regularization, 776
problem with rational coefficients, 601
process, iteration, 811, 814
product

infinite, 910, 916
inner, 501, 644
scalar, 839

progressions, 919, 924
projection, orthogonal, operator, 846, 852, 857,

563, 870
projection method for solving mixed equations on

bounded set, 866
projection problem

general, for operator equation, 873
general, special case, 846, 852, 857, 870

projector, orthogonal, 1067
properties

basic of Gauss hypergeometric functions, 1028
certain of singular operators, 772
orthogonality of Bessel functions, 1019

property, semigroup of fractional integration, 529
psi function, 1012, 1013

Q
quadratic form, 644
quadratic nonlinearity, 393, 397, 403, 406

containing arbitrary functions, 437, 456
containing arbitrary parameters, 433, 453

quadrature formula, 534, 793, 815
quadrature method, 698, 816, 829

general scheme, 698
quadrature nodes, 534
quadratures, method, 534, 568, 698

method, algorithm based on trapezoidal
rule, 536

method, general scheme, 535

R
radius

spectral, estimates, 649
spectral, of integral operator, 649
spectral, of kernel, 649

rational coefficients, 601, 723
rational Fourier transforms, 685
rational functions, 7, 136, 220, 314, 933, 971

inverse transforms, 506
reaction, surface, 888
real-valued functions, multidimensional, classes,

839
real axis

Hölder condition, 575
Sokhotski–Plemelj formulas, 713

real linear space, 1063
rectangle rule, 534
recurrent relations, 636
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reduction formulas, 907, 939, 947
regular operator, 758
regular points, 1066
regular value, 301, 625, 637
regularization, 774

Carleman–Vekua, 778
equivalent, problem, 776
left, 775
left, method, 775
right, 776
right, method, 775

regularization in exceptional cases, 779
regularization method, 621, 704

complete singular integral equations, 772
equations with infinite limits of integration, 702
Lavrentiev, 621
Tikhonov, 622, 829

regularizer, 774
left, 703
right, 704

regularizing operators, 703
relation

linear of parabolic cylinder functions, 1034
Parseval’s, Fourier cosine transform, 514
Parseval’s, Fourier sine transform, 515
Parseval’s, Hankel transform, 515, 516
recurrent, 636

relations between Mellin, Laplace, and Fourier
transforms, 511

remainder, 534
renewal equation, 203
representation

Bessel functions, 1017
form of infinite products, 910, 916
Gauss hypergeometric functions, 1028
inverse transforms as asymptotic expansions,

509
inverse transforms as convergent series, 509
modified Bessel functions, 1022
parabolic cylinder functions, 1034
series of Jacobi theta functions, 1042
Tricomi confluent hypergeometric functions,

1024
residual, 692
residue theorem, Cauchy, 504
residues, 504
resolvent, 539, 567, 626, 633, 635

construction, 633
kernel, 844
symmetric kernel, 644

results, auxiliary, 784
Riemann boundary value problem, 595, 714
Riemann integral, 1057
Riemann–Liouville derivatives, 529
Riemann–Liouville fractional integrals, 529
Riemann problem, 596, 685, 714

coefficient, 596, 718
exceptional cases, 727
for half-plane, 725
for multiply connected domain, 731
for open curves, 734

Riemann problem (continued)
for real axis, 592
general case, 741
index, 596, 731
nonhomogeneous, canonical function, 605
right-hand side, 596, 718
statement, 718
with discontinuous coefficient, 739
with rational coefficients, 723

Riemann zeta function, generalized, 277
Riesz potential, 226
Riesz–Schauder theory, 843
Riesz transform, 226
right-hand side, 757

equation, 519, 573, 625
integral equation, 539
Riemann problem, 596, 718
special, 555

right-sided fractional derivative, 529
right-sided fractional integral, 529
right Fourier integral, 594
right function, 594
right regularization, 776

method, 775
right regularizer, 704
ring-shaped domain, 841, 855, 862
Roben electrostatic problem, 897
Roben potential, 897
roots, square, 138, 222, 975
rule

rectangle, 534
Simpson’s, 534
trapezoidal, 534, 568

S
scalar, 1063
scalar product, 839
scalars, field, 1063
scheme

general, Bateman method, 689
general, method of quadratures, 568
general, successive approximation method, 566

Schlömilch equation, 254, 452, 825
generalized, 254

Schmidt integral operator, 843, 866
Schmidt kernel, 582, 841, 848, 851, 859, 860,

862
Schmidt operator, 866
second-order differential equations, boundary

value problems, 883
second-order ODEs, 876
second boundary value problem, 895, 897
segment, finite, equation, 683, 685
self-adjoint operator, 842, 843, 1067

eigenvalues, 1067
eigenvectors, 1067

semiaxis
equation, 574, 587, 626, 657
Hilbert transform, 229

semigroup property of fractional integration, 529
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sequence of independent Volterra equations, 847,
858

sequence of independent Volterra equations of
second kind, 853, 865, 872

sequence of Volterra equations, 844, 850, 862
sequence of Volterra equations of second

kind, 855
series

bilinear, 640
bilinear, iterated kernels, 642
convergent, 509
functional, infinite, 925
hypergeometric, 1028
infinite, 919
infinite functional, 925
infinite numerical, 924
Kummer, 1024
Neumann, 567, 633
numerical, 924
numerical, infinite, 924
power, 913, 925
power, expansion, 910, 916, 918
power in parameter, 632
power of Airy functions, 1023
trigonometric, in one variable, involving

cosine, 928
trigonometric, in one variable, involving

sine, 927
trigonometric, in two variables, 930

series representation of Jacobi theta functions,
1042

set, 866
bounded, closed, 842
closed bounded, 842
measurable, 1060
measure, 1061

set of full measure, 1058
set of zero measure, 1058
sets, measurable, 1060

measurable, integration, 1061
zero measure, 1058

several variables, function, 839
side

right-hand, 757
right-hand, of equation, 519, 573, 625
right-hand, of integral equation, 539
right-hand, of Riemann problem, 596
right-hand, of Riemann problem, 718
right-hand, special, 555

simple hypersingular equation of first kind with
Cauchy-type kernel, 231

simple hypersingular equation of first kind with
Hilbert-type kernel, 255

simplest degenerate kernel, 627
simplest equation with Cauchy kernel, 743
simplest hypersingular equation for first kind with

Hilbert-type kernel, 754
simplest singular equation of first kind with

Hilbert kernel, 707, 746
Simpson’s rule, 534

sine, 52, 169, 247, 337, 558, 927
hyperbolic, 28, 156, 238, 329

sine integral, 87, 258, 1011
sine transform, Fourier, Parseval’s relation, 515
single layer potential, 893
singular curvilinear integral, principal value, 712

228, 255, 319, 344
Bueckner type, 801
Cauchy kernel, complete, 757
Cauchy kernel, first kind, 707
complete, 757, 770, 772
first kind, 743
generalized kernels, 792
generalized kernels, direct numerical solution,

792
Hilbert kernel, 759
Hilbert kernel, complete, 759, 780
numerical solution, 799
simplest of first kind with Hilbert kernel, 707,

746
transposed, 758
two-dimensional, 231

singular equations of first kind, 707
singular integral, 709

principal value, 709, 712
singular kernel, weakly, 532
singular operator, 758
singular operators, certain properties, 772
singular points, 507
singularities, solutions, 783
singularity

logarithmic, 533, 618
logarithmic, kernel, 533
weak, 574, 588, 625
weak, kernel, 519, 532, 574, 588, 625

singularity exponents, 787, 789
skew-symmetric integral equation, 647
small λ solution, 620
smooth contour, 708
Sokhotski–Plemelj formula, 713, 785
Sokhotski–Plemelj formulas for real axis, 713
solution

approximate, 688, 693
approximation, 854
convolution representation, 526
direct numerical of singular integral equations

with generalized kernels, 792
exact of simple hypersingular equation with

Cauchy-type kernel, 753
exact of simple hypersingular equation with

Hilbert-type kernel, 754
fundamental, 881
homogeneous problem, 720
integral equations, exact, 1–500
model, cosine-shaped right-hand side, 563
model, exponential right-hand side, 561
model, power-law right-hand side, 562
model, sine-shaped right-hand side, 562
nonhomogeneous problem, 721
numerical, of singular integral equations, 799
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solution (continued)
simple hypersingular equation with Cauchy-type

kernel, exact, 753
simple hypersingular equation with Hilbert-type

kernel, exact, 754
stable, 623
trivial, 502

solution method, Laplace transform, 524
solution method based on Laplace transform, 544
solution of auxiliary equation, method, 546
solution of generalized Abel equation, 531
solution of operator equations of polynomial

form, 553
solutions

closed-form, case of constant coefficients, 770
closed-form, general case, 771
fundamental, 881
local of nonlinear integral equation with

parameter, 835
model, method, 559, 655, 659
particular of PDEs, 887
positive of nonhomogeneous integral equation,

649
solutions of dual integral equations, general

scheme, 611
solutions of nonlinear PDEs, representation

in terms of solutions of linear integral
equations, 898

solutions singularities, 783
solving linear equations, methods, 519, 539
solving “quadratic” operator equations, 552
Sonine transform, 114
space

Banach, 1065
basis, 844, 863
complete, 1065
complex linear, 1063
Euclidean, 845, 857, 863, 869, 1065
Euclidean, basis, 857, 869
Hilbert, 839, 845, 857, 863, 867, 869, 1065
Hilbert, abstract, 873
Hilbert, basis, 857, 867, 869
Hilbert, linear operators, 1065, 1066
Hilbert, special basis, 869
Hölder Cα(0, 1), 1064
Lebesgue Lp(a, b), 1064
linear, 1063
linear, complex, 1063
linear, normed, 1063
linear, real, 1063
normed, 1063
normed linear, 1063
real linear, 1063
vector, 1063

space Lp, 1062
space of continuous functions C(a, b), 1064
space of functions of bounded variation V (0, 1),

1064
special basis of Hilbert space, 869
special case of general projection problem, 846,

852, 857, 870

special functions, 86, 111, 187, 258, 277, 353,
967, 981, 987, 993, 1000, 1004

calculations, 797
properties, 1007

special right-hand side, 555
special Urysohn equations of first kind, method,

821
special Urysohn equations of second kind,

method, 822
spectral radius, estimates, 649
spectral radius of integral operator, 649
spectral radius of kernel, 649
spectrum of Fredholm integral equation, 760
spectrum of operator, 1066
spherical functions, Legendre of first kind, 299
square integrable function, 501, 502
square root, 9, 138, 222, 975
stable solution, 623
statement of Riemann problem, 718
step-function, 1058

integral, 1059
Stieltjes integral, 1055, 1056

basic definitions, 1055
existence theorems, 1056
properties, 1056

Stieltjes integral sum, 1055
Stieltjes transform, 221
Stirling formula, 1013
stochastic kernel, 654
structure of solutions to linear integral equations,

502
Struve function, 264, 299, 516, 518
subspace, 1063

orthogonal, 873
orthogonal, direct sum, 845, 863, 869

successive approximation method, 566, 579, 632,
633, 811, 826, 876

for ODEs, 876
general scheme, 566
resolvent, 566

sufficient condition for compactness of integral
operator, 842

sum
contain binomial coefficients, 920
contain integers, 920
finite, 919
finite functional, 922
finite numerical, 919
functional, finite, 922
integral, Stieltjes, 1055
involving hyperbolic functions, 922
involving trigonometric functions, 922
numerical, 921
numerical, finite, 919
of exponential functions, 564
of hyperbolic functions, 564
of orthogonal subspaces, direct, 845, 863, 869
of powers of natural numbers, 919, 920
of powers of natural numbers, alternating, 920
of trigonometric functions, 564
Stieltjes integral, 1055
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summable function, 1059
integral, 1059

superposition principle, linear, 502
surface, equidistant, method, 891
surface concentration

equation, method of numerical integration, 891
integral equations, 890

surface reaction, 888
symbol, Pochhammer, 1007
symbols, 1007
symmetric definite Fredholm kernel, 840
symmetric equation, 639, 647

Fredholm alternative, 643
symmetric kernel, 573, 577, 625, 639, 645

resolvent, 644
symmetric positive definite Fredholm kernel, 866
symmetric positive Fredholm kernel, 841
system

complete, 1065
complete orthonormal, 855
Fredholm integral equations of second

kind, 701
infinite of linear algebraic equations, 858, 861,

864, 868, 971
infinite of linear algebraic equations with

symmetric matrix, 850, 853
normal of method of least squares, 695
orthogonal, 1065
orthonormal, 1065
orthonormal, complete, 855
Volterra integral equations, 549

system of characteristic values, 640
system of eigenfunctions, 640

complete, 640
incomplete, 640

system of equations, 701
reduction to single equation, 701

system of Fredholm equations of second kind,
701

system of functions
complete orthonormal, 844
orthonormal, complete, 844

system of orthogonal polynomials, 795

T
tables of definite integrals, 951
tables of Fourier cosine transforms, 983
tables of Fourier sine transforms, 989
tables of indefinite integrals, 933
tables of inverse Laplace transforms, 969
tables of inverse Mellin transforms, 1001
tables of Laplace transforms, 961
tables of Mellin transforms, 997
tangent, 60, 174, 251, 342

hyperbolic, 36, 161, 241, 332
tautochrone problem, 520
terms of potentials, 892
theorem

analytic continuation, 595, 714
Cauchy residue, 504

theorem (continued)
convolution, 507, 513
existence, 875
existence, for nonlinear equations, 830
existence, for Stieltjes integral, 1056
Fischer–Riesz, 1060
Fredholm, 637, 702, 777
Fubini, 1062
generalized Jentzch, 648
generalized Liouville, 595, 714
Hilbert–Schmidt, 641, 1067
Jentzch, generalized, 648
Lebesgue on dominated convergence, 1060
limit, 507
residue, Cauchy, 504
uniqueness, 875
uniqueness, for nonlinear equations, 830

theory
Hilbert–Schmidt, 843
Riesz–Schauder, 843

theta functions, Jacobi, 110, 1042
Tikhonov regularization method, 622, 829
total variation of function, 1053
trace method for approximation of characteristic

values, 646
trace of kernel, 646
transform

alternative Fourier, 512
Boas, 250
Bochner, 263, 518
Buchholz, 274
cosine, Fourier, Parseval’s relation, 514
Crum, 268
divisor, 269
Feller, 226
Fourier, 235, 511, 512, 518, 658
Fourier, alternative, 512
Fourier, asymmetric form, 512
Fourier, definition, 512
Fourier, inverse, 512
Fourier, inversion formula, 512
Fourier, properties, 513
Fourier, rational, 685
Fourier cosine, 514, 518
Fourier cosine, asymmetric form, 514
Fourier cosine, Parseval’s relation, 514
Fourier cosine, tables, 983
Fourier sine, 514, 518
Fourier sine, asymmetric form, 515
Fourier sine, Parseval’s relation, 515
Fourier sine, tables, 989
Gauss, 237
generalized Mehler–Fock, 271
Hankel, 261, 515, 518
Hankel, Parseval’s relation, 515, 516
Hardy, 264
Hartley, 252, 518
Hilbert, 228, 255, 518, 743
Hilbert, on semiaxis, 229
integral, 503, 515
integral, kernel, 503
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transform (continued)
integral, method, 586, 655, 809, 819
integral, table, 517
inverse, 503
inverse, representation as asymptotic expan-

sions, 509
inverse, representation as convergent series, 509
inverse Fourier, 512
inverse Laplace, tables, 969
inverse Mellin, 510
inverse Mellin, tables, 1001
inverse of rational functions, 506
kernel, 503, 586, 655, 809, 819
Kontorovich–Lebedev, 267, 516, 518
Laplace, 235, 505, 511, 518, 524, 544, 658,

809
Laplace, definition, 505
Laplace, inverse, tables, 969
Laplace, inversion formula, 505
Laplace, properties, 507
Laplace, solution method, 524
Laplace, tables, 961
Laplace, two-side, 234, 518
Lebedev, 269
Mehler–Fock, 270, 518
Mehler–Fock, generalized, 271
Meijer, 516, 517
Mellin, 510, 511, 518, 587, 657, 658
Mellin, definition, 510
Mellin, inverse, 510
Mellin, inverse, tables, 1001
Mellin, inversion formula, 510
Mellin, properties, 511
Mellin, tables, 997
Olevskii, 276
Paley–Wiener, 260
rational Fourier, 685
Riesz, 226
sine, Fourier, Parseval’s relation, 515
Sonine, 114
Stieltjes, 221
table, 517
two-side Laplace, 234, 518
Weber, 265, 518
Weierstrass, 237, 518

transformation, Kummer, 1025
transformation of kernel, method, 532
transposed characteristic equation, 758
transposed characteristic operator, 758
transposed equation, 573, 575, 625, 627, 637
transposed equation of characteristic equation,

764
transposed operator, 758
transposed singular equation, 758
trapezoidal rule, 534, 568
triangle inequality, 501
Tricomi confluent hypergeometric function, 273,

1024, 1025
asymptotic expansions, 1024
integral representations, 1024

Tricomi equation, 319, 769

Tricomi–Gellerstedt equation, 320
trigonometric functions, 46, 78, 84, 85, 166, 181,

186, 187, 246, 252, 256, 295, 335, 344, 349,
352, 353, 564, 907, 922, 944, 956, 966, 981,
986, 992, 999, 1003

addition, 908
combinations, 176
inverse, 176, 344, 911, 948
inverse, addition, 912
inverse, relations, 912
inverse, subtraction, 912
of half argument, 909
of multiple arguments, 909
of single argument, relations, 908
powers, 908
products, 908
relationship, 916
subtraction, 908
sum, 564

trigonometric nonlinearity, 420, 473
trigonometric series

in one variable, involving cosine, 928
in one variable, involving sine, 927
in two variables, 930

trivial solution, 502
two-dimensional equation of Abel type, 15
two-dimensional integral equation, mixed with

Schmidt kernel, 841
two-dimensional singular equation, 231
two-side Laplace transform, 234, 518
type, convolution, 574, 606, 660, 669

U
ultraspherical polynomials, 1050
undetermined coefficients, 692
uniqueness theorems, 875
uniqueness theorems for nonlinear equations, 830
unknown function of complicated argument, 227,

246, 254
Urysohn equation, 806, 832

first kind, 806, 829
second kind, 806
second kind with degenerate kernel, 818
special of first kind, method, 821
special of second kind, method, 822

Urysohn form
Volterra equation, 805, 811, 814, 816
Volterra equation, first kind, 805, 815
Volterra equation, second kind, 805

V
value

approximate of eigenvalues of Hilbert–Schmidt
kernel, 845

Cauchy principal, 709
characteristic, 301, 625, 637, 639, 645, 697
characteristic, approximation, 646
characteristic, extremal properties, 644
characteristic, system, 640
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value (continued)
in Banach space, continuous function of real

argument, 840
in Hilbert space, continuous function of real

argument, 840
in space of functions square integrable over

closed bounded set, continuous function of
real argument, 842

in space of functions square integrable over
ring-shaped domain, continuous function of
real argument, 841

in space of square integrable functions,
continuous function of real argument, 840

regular, 301, 625, 637
variable integration limit, 3, 805, 809, 811
variable limit of integration, 3, 805, 809, 811
variable lower integration limit, 537, 570
variable lower limit of integration, 537, 570
variables, several, function, 839
variation, total, of function, 1053
variation function, bounded, 1056
vector, 1063

axioms for addition, 1063
axioms relating addition of vectors with their

multiplication by scalars, 1063
orthogonal, 1065

vector space, 1063
Volterra equation, 549, 805, 877

first kind, 519, 524, 565
first kind, connection with Volterra equations of

second kind, 524
first kind, existence of solution, 519
first kind, in Hammerstein form, 806
first kind, in Urysohn form, 805, 815
first kind, problems, 520
first kind, uniqueness of solution, 519
Hammerstein form, 806
nonlinear, 805
quadratic nonlinearity, 809
reduction to Wiener–Hopf equation, 528
second kind, 524, 539, 565
second kind, connection with Volterra equations

of first kind, 524
second kind, in Urysohn form, 805
second kind, of Hammerstein form, 816
second kind, reduction to Volterra equations of

first kind, 565
second kind, sequence, 855
second kind, sequence of independent, 853,

865, 872
sequence, 844, 850, 862
sequence of independent, 847, 858

Volterra equation (continued)
systems, 549
Urysohn form, 805, 811, 814, 816

Volterra integral operator, 842
Volterra kernel, 839
Volterra operator, 873
volume potential, 893

Gauss formula, 894

W
weak singularity, 574, 588, 625

kernel, 519, 532, 574, 588, 625
weakly singular kernel, 532
Weber function, 88
Weber parabolic cylinder function, 1034
Weber transform, 265, 518
Weierstrass elliptic function, 1041
Weierstrass ℘-function, 1041
Weierstrass transform, 237, 518
weight function, Jacobi, 793
well-posed problem, 623

general notions, 623
Whittaker confluent hypergeometric function, 274,

1027
Whittaker equation, 1027
Wiener–Hopf equation, 574, 626, 679

first kind, 285, 538, 574, 606
Krein’s method, 679
second kind, 373, 547, 571, 626, 660, 679
second kind, exceptional case, 678
second kind, homogeneous, 672
second kind, index, 661
second kind, nonhomogeneous, 677
second kind, solution, 681
Volterra equation, 528

Wiener–Hopf method, 671
scheme, 676

Wronskian, confluent hypergeometric function,
1026

Wronskian, Legendre function, 1034

Y
Y -transform, 516, 518
Yν -transform, 264

Z
Zakharov–Shabat method, 898
zero measure, set, 1058
zeros of Bessel functions, 1019
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