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Preface

The goal of this book is to provide a modern, systematic, and thorough theoretical
background for the study of the dynamics and control of robotic systems. The presen-
tation of the material emphasizes the underlying principles of dynamics and control
that can be employed in a host of contemporary applications. Consequently, at its core,
the goal of this book is quite ambitious. Not only do we seek to give a detailed pre-
sentation of the precepts of robotics, but also we aim to provide methodologies that
are applicable to realistic robotic systems. These robotic systems include the following
well known examples: classical industrial manipulators, humanoid robots, autonomous
ground vehicles, autonomous air vehicles, autonomous marine vehicles, robotic surgical
assistants, space vehicles, and computer controlled milling machines. Modern robotic
systems are inherently complex, and the representation of their dynamics and the syn-
thesis of their control can be unavoidably complicated.

One of the principal reasons for creating this book has been to show how modern
computational and analytical tools expand and enhance our ability to address problems
in robotics. Even a few years ago, the complexity of modern robotic systems rendered
intractable the solution by hand of all but the most simple examples. The formulation
of dynamic models of common robotic systems was once too tedious for the classroom.
The advent of symbolic, numeric, and general purpose computational engines over the
past few decades is particularly relevant to the problems addressed in this book. With
higher level computing environments such as MATLAB, Mathematica, Maple and sim-
ilar programs, the envelope of problems that can be addressed by undergraduate and
graduate students has expanded dramatically. These tools enable students to focus on
principles and theory, and free them from tedious exercises in algebraic gymnastics that
merely distract from the technical foundations. It is critical, in our opinion, that the
student concentrates on the systematic application of the underlying principles.

This text evolved from class notes and problem assignments for courses in dynam-
ics, control, and robotics taught by the authors over a period of several years. These
courses have been taught at several top tier universities in the United States, and our
approach in presenting the material has continuously evolved during this time. This
material is suitable for a two semester sequence in dynamics, control, and robotics at
the senior undergraduate or first year graduate student level. A course intended for the
senior year of an undergraduate curriculum can focus on the fundamentals of kinemat-
ics and dynamics as applied to robotic systems. This first semester can be built primarily
from topics extracted from Chapters 2, 3, and 4, and to a lesser degree from Chapter 5. A
second semester can concentrate on the techniques of analytical mechanics in Chapter 5
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Preface

and control theory in Chapter 6. Specific advanced topics such as the recursive order N
formulation in Chapters 3 and 4, or the vision-based control methodologies in Chapter 7
can also be covered in the second semester.

The authors have worked hard to demonstrate that a wide array of design and analysis
problems for robotic systems are made tractable through the use of modern computa-
tional and analytical tools. To this end, an extensive collection of examples and problems
are included in the text. The solutions of many of the examples or problems have been
carried out using either MATLAB, Simulink or Mathematica, or a combination of both.
It is important that the students who use this book realize that the authors are not
advocating the use of a particular computational tool, but rather espousing a common
philosophy. For nearly every problem in this book, the computational tools are inter-
changeable: a student can use whatever software package with which he or she is most
familiar. The theoretical foundations, however, are irreplaceable and constitute the com-
mon language for addressing any specific problem.

September 2019 Andrew J. Kurdila
Pinhas Ben-Tzvi
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Chapter 1

Introduction

In this chapter the collection of robotic systems that are studied in this book are intro-
duced. The field of robotics embraces topics requiring expertise in a number of technical
disciplines including mechanical engineering, electrical engineering, computer science,
applied mathematics, industrial engineering, cognitive science, psychology, biology,
bio-inspired design, and software engineering. Moreover, the family of robotic systems
that can be designed and fabricated today is growing rapidly. Reasons for this trend are
based in economics and the maturity of the technological infrastructure supporting
robotics. A wide variety of sensing and actuation technologies that are portable,
compact, and inexpensive are now readily available. These building blocks can be used
to construct a plethora of robotic systems using commercial off-the-shelf technology.
The broad scope of the robotics field precludes a comprehensive theoretical summary
of the disciplines relevant to all of these diverse systems being given. Instead, this text
specifically deals with the construction of models of the kinematics and dynamics of
typical robotic systems, and the derivation of control strategies for these systems. Upon
completion of this chapter, the student should be able to:

Discuss a variety of definitions of a robotic system and explain their key attributes.
Discuss the general structure and components of robotic systems.

Describe a variety of methods for classifying robotic systems.

Describe the classical robotic manipulators, including the Cartesian, cylindrical,
spherical, SCARA, PUMA, and articulated robotic manipulators.

Describe other common, contemporary robotic systems.

e Describe the fundamental problems of forward kinematics, inverse kinematics,
forward dynamics, and control synthesis for robotic systems.

1.1 Motivation

Over the past few decades, the robotic systems that undergraduate and graduate
students are expected to be able to design and analyze has expanded dramatically. It is
now commonplace in varying engineering disciplines to ask relatively inexperienced
engineers and researchers to design, analyze, and construct prototypical robotic
systems. Students may encounter such challenges in either undergraduate or graduate
design projects, or immediately upon taking a job in industry or at a national laboratory.
Projects may be as varied as the development of a computer controlled, multi-axis
stage for positioning of laser Doppler vibration measurements, the development of a

Dynamics and Control of Robotic Systems, First Edition. Andrew J. Kurdila and Pinhas Ben-Tzvi.
© 2020 John Wiley & Sons Ltd. Published 2020 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/kurdila/robotic-systems
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flapping wing autonomous flight vehicle, the modification of a commercial vehicle for
autonomous operation, or the development of a humanoid robot. The diversity and
complexity of this list continues to grow every year.

While the study of robotics has been popular for several decades, the recent rapid
expansion of robotic systems in commercial markets can be attributed in part to the
fact that sensors and actuators have become increasingly cost effective, modular, and
portable. This trend has lead to the emergence of the field of mechatronics, which has
played a key role in the spread of robotics technologies. Mechatronics is a multidis-
ciplinary field of study that integrates aspects of mechanisms, electronics, computer
hardware/software, systems theory, and information technologies into a unified practi-
cal design methodology. The fusion of these topical areas that define the study of mecha-
tronics is depicted in Figure 1.1. A key feature of mechatronic systems is that they often
feature built-in intelligence that is applied to the task for which they are designed.

Although the range of mechatronic systems is vast, there are features common to
most, if not all, such systems. Figure 1.2 illustrates a schematic drawing of signal flow
for a typical mechatronic system. Computer systems connect the mechatronic system
to sources of intelligence, be it user inputs/outputs to include humans in the opera-
tion and/or algorithms to interpret sensor data and make decisions for the mechatronic
systems. The electrical system conditions signals passing between the computer and
mechanical systems, along with regulating the electrical power provided to the mecha-
tronic system. The mechanical systems consist of the physical system(s) that interact
with their environment. Commands from the digital computer systems to the analog
electrical systems pass through a digital-to-analog converter, and these commands are
implemented on actuators connecting the electrical and mechanical systems. Sensors

Digital-to-
Analog
P Converter >

A 4

Actuators g

Mechanical
Systems

Electrical
Systems |
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Figure 1.2 Structure of a typical mechatronic system.



1.1 Motivation

integrated into the mechanical systems generate signals passed to the electrical sys-
tems, and these signals (after conditioning) are communicated to the computer systems
through an analog-to-digital converter.

Mechatronics is elevated to a field distinct from its contributing fields by the need
to balance consideration of mechanical, electrical and information technology factors
when designing an overall system. Assessing the signal processing and algorithmic
requirements for operating a physical system, and meeting these requirements
intelligently and efficiently, distinguishes mechatronics as a unique discipline and
not simply an exercise in hardware connectivity. While some systems may require
complex multi-core processors to operate in real time, others may simply require a
simple embedded controller. Interested readers can refer to the following textbooks
for a more in-depth study of mechatronics as an integrating approach to engineering
design [1, 8, 11].

As the robotics infrastructure has matured, expectations of students in the field of
robotics has correspondingly increased. A decade ago a beginning student might have
been asked to create a simple two-dimensional model of a robotic system. Older text-
books are filled with such introductory problems that serve to familiarize students with
the fundamentals. However, technical tools and analytical skills are now required that
facilitate modeling of robot kinematics and dynamics in three spatial dimensions.

Fortunately, the tools that are applicable throughout the design and analysis process
have also evolved and matured. A few years ago, the computational tools available for
the systematic design, analysis, and study of complex robotic systems were limited in
number. At that time a student faced with the creation of a detailed model of a realistic
robotic system was confronted with a daunting task. The determination of the kine-
matics and dynamics of robotic systems via hand calculation was a lengthy and tedious
job for all but the simplest cases. Once the heroic effort of deriving a formulation was
complete, the student was faced with coding the governing equations in a low level pro-
gramming language such as C or Fortran. It is no exaggeration that the time involved in
this task could be measured in months, or worse, years, of effort.

Now, two separate and complementary collections of commercial software packages
make this problem much more manageable. First, there is an ever expanding list of spe-
cialized three dimensional modeling programs such as

Autodesk Inventor
SolidWorks

Pro Engineer
MSC Adams
LabView

that are available for building highly detailed and general models of the kinematics,
dynamics, and control of robotic systems. These packages vary in the generality of their
simulation capabilities, but all allow numerical approximation of the solutions of the
forward kinematics and dynamics problems. Some also incorporate programming inter-
faces for the introduction of user-defined controls. These software packages can be
expensive to purchase. However, most universities have software contracts with the

3
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vendors of these packages. Most large engineering firms or government laboratories
also have licenses for a portfolio of these analysis programs. Many of the more complex
examples in this book have been modeled by students under an academic license for
Autodesk Inventor.

As useful as the programs above can be, sometimes greater flexibility is needed in
formulating the governing equations of dynamics or in deriving a control architecture
for a robotic system. As an example, when a model is created for the purpose of
constructing a controller for a specific robot system, a symbolic set of equations
for hardware implementation is often required. Some programs have the option of
explicitly generating symbolic code that is suitable for hardware implementation. It
should be noted that the packages listed above vary dramatically in the ways that they
handle code generation. There is currently a highly competitive market of software
tools to download controller equations to specific hardware platforms. Still, it is often
the case that a standard commercially available software simulation tool, such as those
listed above, does not allow the flexibility that a practicing control engineer requires. It
can also be the case that an analyst wants to implement a controller in terms of a highly
efficient algorithm, like the recursive formulations discussed in Chapters 3 or 4. These
algorithms may not be supported by a specific commercial software package. It should
come as no surprise that no matter how well a commercial package is designed, a user
will often desire some functionality that is not available.

In such cases, the software packages that support symbolic computation can be used
to great advantage. These are general purpose, object-oriented, high level programs that
define their own computing languages. Examples include:

e MATLAB

e Mathematica
e Mathcad

e Maple

Each of these software programs has developed its own object oriented, high level
language that performs calculations on a large number of different types of mathemat-
ical objects. For example, they usually have a large library of operators based on linear
algebra, signal processing, and calculus. The mathematical objects may be matrices and
vectors, or they can be discrete dynamical systems, or they might take the form of
systems of ordinary differential equations. A few lines of code in the language of these
packages can replace thousands of lines of code in a low level programming language
like C, C++ or Fortran. Perhaps most importantly for this text, each of these programs
has a syntax that enables symbolic computation. This is a computing engine that incor-
porates most well known operations defined in differential or integral calculus. For the
most part, tedious operations can be performed using these symbolic variables with
minimal input from the analyst. Both public domain and commercial packages designed
expressly for the study of robotic systems have been written in several of these comput-
ing languages. This text makes extensive use of some of these packages in solving the
examples in the text and the problems at the end of each chapter. In many cases the solu-
tions of the problems are carried out by writing general purpose programs that address
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fundamental robotics problems; a family of high level functions that solve core robotics
problems are provided with the solutions for this text.

1.2 Origins of Robotic Systems

Robotic systems have been traced historically to efforts by early artists, artisans,
craftsmen, engineers, and scientists to create machines that mimic humans in action
or reasoning. The modern notion of a robotic system emerged as society sought to
create surrogates that can replace human labor in jobs that are menial, tiresome or
even dangerous. Even before industrial robots became commonplace, the potentially
transformative role of automatons in the workplace was imagined. The role of robots as
factory workers has been noted repeatedly over the years. The word “robot” was coined
by the Czech writer Karel Capek in the play Rossum’s Universal Robots published in
1920. Capek wanted to describe the repetitive and boring nature of robotic tasks. The
word “robot” originates from the Czech word “robota” which means “work” or “forced
labor”. The play studied moral questions arising in the creation and use of digitally
programmed slaves. This has been a recurring theme in novels, plays, and movies. For
example, the novelist Kurt Vonnegut explores the angst and disillusionment of a society
with the displacement of human workers by automation in the more recent novel
Player Piano.

Despite these cautionary tales, robots have proliferated as a means of replacing human
labor in adverse environments. The first reprogrammable digitally controlled robot was
created in 1954 by George Devol. This robot, Unimate, was an industrial manipulator
having a spherical workspace and was used to lift and move heavy production parts in
a factory setting. It was purchased by General Motors in 1960 and was the forerunner
of the large collection of industrial robots that are now commonplace along modern
factory assembly lines. Demands on performance have been a driving force in the use
of robotics in industry. The load capacity, repeatability, precision, and speed afforded by
modern robotic systems far exceed the capabilities of man.

Current definitions of what constitutes a robotic system vary dramatically, but
all definitions convey the idea that robots perform menial or repetitive tasks.
Merriam-Webster’s Dictionary defines a robot as

e a machine that looks like a human being and performs various complex tasks, or
e a device that automatically performs complicated often repetitive tasks.

The first definition above requires that robots appear to be humanoid, and while some
robotic systems do indeed have a humanoid appearance, this definition would exclude
many of the robotic systems in this book. A critical attribute of robotic systems that this
definition omits, one that is important to engineers and scientists who actually build
robotic systems, is that robots are controlled by computers. This fact is made explicit in
the Cambridge Dictionary which defines a robot as

e a machine used to perform jobs automatically, which is controlled by a computer.
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Some definitions of robots have arisen in view of the historical concentration of
robots in factories and along assembly lines. The Robotics Institute of America defines
arobot as

e a reprogrammable, multi-functional manipulator designed to move material, parts,
tools, or specialized devices through various programmed motions for the perfor-
mance of a variety of tasks.

This definition focuses on the robot as a multifunctional manipulator or robotic arm,
but neglects a wide range of mobile robots designed to explore and map environments
without the need for a manipulator to interact with these environments.

All of the definitions of robots above are accurate in some contexts, but do not describe
the breadth of systems that will be considered in this book. The definition of a robotic
system that will be used in this book is given below.

Definition 1.1 (Robotic System) A robotic system is a reprogrammable,
computer-controlled mechanical system that may sense and react to attributes of
its surroundings as it performs assigned tasks with some degree of autonomy.

This definition expands those previously introduced and is broad enough to encom-
pass the examples encountered in this book. A robot need not have humanoid form, and
it does not necessarily have the form of a multi-functional manipulator. The above defi-
nition emphasizes that robotic systems exhibit some level of autonomy. They operate, to
varying degrees, independent of human intervention. They have sensors such as cam-
eras, laser ranging sensors, acoustic proximity sensors, or force transducers that allow
them to sense their environment via measurements. This data is subsequently used by
the robot to react to its environment. For example, an autonomous ground, air, marine,
or space vehicle may change course to avoid obstructions or debris; a dexterous manip-
ulator may change the pressure with which a tool is gripped based on force transducer
measurements; a robotic manipulator may use camera measurements to position a tool
in the workspace. Finally, the definition makes explicit that a robot is a mechanical sys-
tem, one that is built from the interconnection of components.

In summary, a robotic system is made possible through the synthesis of theory and
techniques from many fields, perhaps most notably mechanical engineering, electri-
cal engineering, and information technology. The field of mechatronics facilitates and
enables the development of complex robotic systems from standard sub-systems and
has accelerated the maturation of the robotics field in recent years. This relationship
among some of the primary fields contributing to robotics is depicted in Figure 1.3.

Mechatronics

Mechanisms ) ( Electronics Computing

Mechanical MotorDrivers, Automation,
Design, Signal Software

Dynamics Conditioning Design
I

Figure 1.3 Fields contributing to robotics.




1.3 General Structure of Robotic Systems
1.3 General Structure of Robotic Systems

As will be discussed in the following sections, there are a diverse population of robots
that have been developed over the years, ranging from robotic manipulators to mobile
robots that traverse the air, land, or sea. These robots may emulate humans or animals,
or have novel topologies to accomplish desired tasks. However, despite these differ-
ences, there are some common features that many robots share that are discussed in
this section.

Figure 1.4 depicts several components of a typical robotic system. Nearly all robotic
systems feature actuators. The actuators serve as the muscles of the system and produce
motion. Their power is usually supplied electrically, pneumatically, or by hydraulics.
Since many robots are either controlled remotely or make provision for interruptions
to their autonomous operation from outside agents, many robots include a communica-
tor of some sort. The communicator is a unit that transmits information to a host and/or
receives instructions from a remote operator. As noted earlier, an essential feature of any
robot is that it exhibit some level of autonomy or intelligence. A control unit is a vital
component of nearly all robotic systems. It may consist of a single processor, or may be a
central computer that integrates the activities of several microprocessors. Many robotic
manipulator systems, underwater autonomous vehicles, or space robots must directly
mechanically manipulate their environment. An end effector that consists of a gripping
device at the end of a manipulator arm can therefore be essential to the operation of

Manipulator

Communication

—_

Locomotion

Figure 1.4 Typical mobile robotic system components [4-6].
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the robot. The end effector can be used to make intentional contact with an object or to
produce the robot’s final effect on its surroundings. In some cases there may be several
manipulator arms or gripping mechanisms. Since a robot must interact with its envi-
ronment, and usually lacks much information about its surroundings, many robots also
include sensor suites that include a variety of sensing modalities. Each sensor is usually a
transducer of some kind whose inputs are physical phenomena and whose outputs con-
sist of electronic signals. Finally, since mobility, sensing and actuation require energy
expenditure, a robot must have a power supply of some type. Most frequently this is an
energy storage device such as a battery. In some instances the robot may be tethered to
a fixed power supply. For example, a military or industrial exoskeleton may require so
much power that it is only feasible to connect to a remote local power supply while the
suit is worn in a warehouse to move heavy payloads.

Any particular robotic system may include many of these components, or simply a few
in each category. An autonomous military ground vehicle will usually host a wide vari-
ety of vision sensors, motion sensors including a ground positioning system (GPS) and
compass, thermal sensors, and chemical sensors. A simple table top robotic manipulator
in a laboratory might only have joint encoders to sense motion. Figure 1.5 illustrates a
typical robotic manipulator that might be suitable for a laboratory benchtop. The figure
emphasizes the data flow within the robotic system. In this system, the robot is usu-
ally equipped with rotary encoders that return measurements of angular motion at the
joints to the controller and computer. In this particular system, a vision or laser track-
ing sensor is also configured to provide measurements of the end effector position and
velocity. This measurement is returned to the computer to assist controlling the posi-
tion tracking of the end effector along a desired trajectory. It should also be noted that
this figure, while giving a general picture of the topology and connectivity of a robotic
system, lacks many details that are necessary for a real robotic system. For example, the

Vision or Laser
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Figure 1.5 Typical robotic manipulator system components.
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motor controllers are not shown in the figure, nor are the amplifiers or signal condition-
ers that may be required between the primary components.

1.4 Robotic Manipulators

An important type of robotic system that is studied often in this text is the robotic
manipulator or robotic arm. Robotic systems of this kind were some of the first to
achieve widespread use in industry. As noted in the previous section, robotic mani-
pulators have become a standard feature of modern assembly lines. They perform a host
of tasks including welding, spraying, pick and place operations, drilling, cutting, and lift-
ing. Many of the analytical techniques, modeling methodologies, and control strategies
introduced in this text are demonstrated on examples that treat robotic manipulators.
The reasons for this choice are numerous. Robotic manipulators are some of the simplest
examples of practical robotic systems. Their study helps clarify the underlying princi-
ples and problems encountered when studying more complex systems. Although an
autonomous marine vehicle may not resemble a robot on an assembly line, the gen-
eral form of the mathematical problem that must be solved to control these two types
of systems can be surprisingly similar. The same is true for modeling and control of
autonomous ground or air vehicles. General methodologies applicable to one system
can often be a starting point for the development of models and controllers for oth-
ers. Moreover, it is often the case that a sub-system of an autonomous robotic system
can be modeled or controlled using techniques developed for robotic manipulators. For
example, the arms or legs of a humanoid robot or an imaging payload that actively con-
trols the line of sight of a camera on an autonomous air vehicle may be modeled using
techniques from robotic manipulators.

1.4.1 Typical Structure of Robotic Manipulators

Many robots consist of a number of individual bodies or links that are connected by
joints. The individual bodies that make up the robot are often treated as rigid bodies, and
that is the assumption throughout this text. However, for high speed or highly loaded
mechanisms, elastic effects of the material body become significant and should be taken
into consideration. The joints that connect the links in the robot can be quite complex
and may themselves exhibit highly non-trivial mechanics including flexibility, hystere-
sis, backlash, or friction. An ideal joint is an interconnection between rigid bodies of a
robotic system that allows only specific, predefined relative motions such as translation
or rotation. Mathematically, an ideal joint imposes a kinematic constraint on the motion
between rigid bodies that is based on the joint geometry. Common types of ideal joints
include revolute, prismatic, universal, spherical or screw joints. Figure 1.6 depicts a few
of these ideal joints and summarizes some of their properties.

The two simplest types are the prismatic joint or revolute joint. Nearly all of the robotic
systems studied in this text consist of these two types. Many of the other types of ideal
joints can be modeled by combining these two. For example, a universal joint consists
of a pair of revolute joints with their joint axes orthogonal to one another. A prismatic
joint allows only relative translation between two links along a prescribed axis, while the
revolute joint permits only relative rotation about a prescribed axis.

9
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Name of Pair | Geometric Form |Schematic Representation|Degrees of Freedom
Revolute Planar  Spatial ]
Prismatic . Planar  Spatial ;

AV Y

Screw/Helix Spatial ;

Universal Spatial 5
Cylindrical Spatial »
Spherical Spatial 3

Figure 1.6 ldeal joints and their properties.

An independent variable that is used to describe the motion of a robot, or the relative
motion allowed by an ideal joint, is often called a degree of freedom. The number of
degrees of freedom of an ideal joint is the number of independent variables required
to model the relative motion that the joint permits. A robot has N degrees of freedom
if it requires N independent variables to describe all of its possible configurations. The
revolute and prismatic joints are consequently single degree of freedom joints. If the joint
constraints are independent of one another, the number of degrees of freedom N for a
general mechanism can be calculated as

k
N=in-1)- Y (A1) (1.1)

i=1

where 7 is then number oflinks, k is the number of joints, and f; is the number of degrees
of freedom for joint i. For planar mechanisms A = 3 and for spatial mechanisms 4 = 6.
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Example 1.1 Consider the pantograph mechanism depicted in Figure 1.7.

Figure 1.7 Pantograph mechanism.

When Equation (1.1) is applied to the pantograph in Figure 1.7, the values A = 3,n =7
(including the ground link), k = 8, and f; = 1 for i = 1, ..., 8 are determined. It follows
that the number of degrees of freedom N = 2.

More details on the properties of the ideal joints are presented in Chapters 3 and 4.
Precise mathematical definitions of the degrees of freedom for mechanical systems, and
robots in particular, are discussed in Chapter 5.

1.4.2 Classification of Robotic Manipulators

Now that the basic definitions of links, joints, and degrees of freedom for typical robotic
manipulators have been defined, a summary of different ways in which robots are classi-
fied is provided. Again, although this discussion focuses on robotic manipulators, some
of the classifications are pertinent to other classes of robots. For example, classification
of robots by driver technology and drive power applies equally well to all types of mobile
robots whether they operate in the air, on land, under water, or on the water’s surface.

1.4.2.1 Classification by Motion Characteristics
One of the most common means of differentiating among different robot architectures
considers motion characteristics. A planar manipulator is one in which all the moving
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links in the mechanism perform planar motions that are parallel to one another.
In contrast, a spatial manipulator is one in which at least one of the moving links
demonstrates a general spatial motion. In other words A = 6 in Equation (1.1). In some
cases the manipulator is constructed so that only very specific kinds of motion are
possible. A spherical manipulator is constructed so that the moving links perform
spherical motions about a common stationary point. A cylindrical manipulator is
constructed so that the end effector travels on the surface of a cylinder. More details of
these two types of manipulators are discussed in Sections 1.4.3.2 and 1.4.3.4.

1.4.2.2 Classification by Degrees of Freedom

Another means of classifying robots is based on the number and type of degrees of free-
dom. A general purpose robot possesses A = 3 degrees of freedom if it is a planar robot
or A = 6 degrees of freedom if it is spatial robot. A robot is redundant if it posses more
than A degrees of freedom. A redundant robot can be used to move around obstacles
and operate in tightly confined spaces. A robot is deficient if it has less than 4 degrees
of freedom.

1.4.2.3 Classification by Driver Technology and Drive Power

Robots are often characterized by the nature and type of their drive technology. An elec-
tric robot employs DC servo motors or stepper motors. These robots have the advantage
that they are clean and relatively easy to control. A hydraulic robot is preferred for tasks
that require a large load carrying capacity. Care and maintenance is required to han-
dle leaks and fluid compressibility problems. For high speed applications, a pneumatic
robot is often preferred. These robots are generally clean, but can be hard to control due
to challenges associated with air compressibility.

A direct drive manipulator is one in which each joint is driven directly by an actua-
tor without any torque transmission mechanism. These drives can be bulky and heavy
but do not exhibit backlash or drive flexibility, which can render robotic control more
difficult. Finally, a conventional manipulator generates a driver torque that is magni-
fied by a transmission mechanism. Usually this is achieved via gear reduction or by a
harmonic drive unit. This design allows the use of smaller actuators. However, the gear
mechanisms suffer from backlash, and the harmonic drives inherently exhibit flexibility
effects.

1.4.2.4 Classification by Kinematic Structure

Kinematic structure is a topic of great importance to robotics and is yet another means
that can be used to classify different types of robots. The kinematic structure of a robot
results from its system connectivity. This topic has been studied extensively in multibody
dynamics and has had a profound impact on robotics. The study of multibody dynamics
is closely related to robotics, and strong references for the basic theory can be found in
[14, 24, 46]. Many of the results discussed in this book can be considered as special cases
within the general study of multibody dynamics. Generally speaking, the field of robotics
is usually more concerned with problems of forward kinematics, inverse kinematics,
or control synthesis, and the field of multibody dynamics tends to focus more on the
study of numerical methods for approximations of the solution of the forward dynamics
problem. It has been known for some time in the field of multibody dynamics that the
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connectivity topology of a system can have a dramatic influence on the complexity of
simulating or deriving a control strategy for a system.

A robotic system is said to have the connectivity of a kinematic chain if there is one
and only one connected path that traverses a system from the first to the last link. Such
a robot is also often referred to as a serial manipulator or as a open loop manipulator
in the robotics literature. A single arm or leg of a humanoid robot is a good example
of a kinematic chain. Multibody systems that form a kinematic chain have the simplest
connectivity topology. It is this class of robotic systems for which the richest collection
of formulations and control strategies have been derived. The kinematics of chains is
studied carefully in Chapter 3, their dynamics is studied in Chapters 4 and 5, and their
control is the topic of Chapters 6 and 7.

A multibody system is said to have tree topology connectivity when it is built from an
assembly of kinematic chains and no closed loops are formed by their interconnection.
A full body humanoid robot or a space station in orbit are two familiar examples of
systems having a tree topology connectivity. It is relatively straightforward to extend
the techniques for modeling and control of kinematic chains to treat systems that have
tree topology connectivity, although such methods must often be extended to account
for the rigid body motion of the robotic system as a whole.

Finally, a robotic system is said to have closed loop connectivity whenever it is possible
to construct a continuous path that starts at one link, traverses several other links, and
finally connects to the original link. The multibody model of an autonomous ground
vehicle is an example of a system that has closed loop topology if its suspension system
has closed loops. Two robotic manipulators that cooperate in the task of lifting a large
payload also form a system that has closed loop topology. The Stewart platform depicted
in Figure 1.8 is a common robotic platform that has closed loop connectivity.

Robotic manipulator systems with closed loop connectivity are commonly referred
to as parallel manipulators in the field of robotics. General robotic systems that have
closed loop topology are not addressed in this introductory book.

Of course, some systems are constructed from sub-systems that constitute both open
and closed loop chains. In some industrial manipulators, such as the Fanuc S-900W,
a four-bar push-rod linkage is used to drive the intermediate joints, which in turn are

Figure 1.8 Industrial Stewart platforms.
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mounted on the robot base or waist. This design reduces the inertia of the manipulator.
Such a system, which contains both open and closed loop chains as sub-systems, is
known as a hybrid manipulator.

In summary, robotic systems that have the form of a kinematic chain are the most
basic; other more complicated robotic systems can be assembled from them. Meth-
ods for analyzing, simulating, or synthesizing a controller for kinematic chains can be
applied to sub-systems having more complex connectivity. Robotic manipulators serve
as prototypical examples of robots that form kinematic chains.

1.4.2.5 Classification by Workspace Geometry

The last method for classifying the robots discussed looks at their workspace geometry.
The manipulator workspace is the volume of space that the end effector can reach. The
set of points where every point can be reached by the end effector in at least one ori-
entation or pose is the reachable workspace. The set of points where every point can
be reached by the end effector in all possible orientations or poses is called the dex-
trous workspace. By definition, it follows that the dexterous workspace is a subset of
the reachable workspace. It should be noted that most industrial serial manipulators
are designed with their first three moving links longer than the remaining links. These
inner links are used primarily for controlling the end effector position. The remaining
outboard links are used typically for controlling the end effector pose or orientation.
Often, the sub-assembly associated with the first three links is denoted the arm, and the
remaining outboard links constitute the wrist. Figure 1.9 shows four common types of
workspaces.

1.4.3 Examples of Robotic Manipulators

In the next few sections a few of the most common robotic manipulators are described.
All of these examples consist of a few links joined by either prismatic joints or revolute
joints. These joints can be either driven or passive.

A driven joint is one in which an actuator directly generates motion, either translation
(prismatic joint) or rotation (revolute joint). In a driven joint, a linear or rotational motor

Cartesian Cylindrical Spherical Articulated

Figure 1.9 Various workspace geometries.
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is connected to each link constrained by the joint. If a joint is not driven by an actuator, it
is said to be a passive joint. For example, in the pantograph shown in Figure 1.7, assume
the two prismatic joints (J1 and J2) are controlled by linear actuators. These are thus
driven joints. The remaining revolute joints (J3—]8) are now passive joints, as the motion
between the bodies at these joints is prescribed by the motion of the two active joints.

Usually, the manipulators are designated by a sequence such as PPP or RPP that indi-
cate the type and ordering of the prismatic (P) and revolute (R) joints that make up
the robot. For example, a PPP robotic manipulator is constructed from three prismatic
joints, while an RPP robot is built from a revolute joint that is followed by two succes-
sive prismatic joints. This designation is often a good indicator, in broad terms, of the
general geometry and functionality of a robotic manipulator.

1.4.3.1 Cartesian Robotic Manipulator

A Cartesian robot is a PPP manipulator defined by three mutually orthogonal prismatic
joints. Figure 1.10 depicts a typical example. The PPP arm is one of the simplest robotic
manipulators. This type of multi-functional arm is sometimes called a gantry or a tra-
verse, depending on the context in which it is used. A gantry is usually a suspended
version of a Cartesian robot used for positioning large industrial payloads. A traverse
is often used for positioning optical experiments or surgical tools. A PPP manipula-
tor has several advantages owing to its simple geometry. Models for PPP robots are
easy to derive, as are the control laws that are used to position and move these robots.
The simplest models for PPP manipulators have equations of translational motion along
three perpendicular directions that are decoupled. Since no rotational degrees of free-
dom are included in a Cartesian robot, these systems tend to be rigid or structurally
stiff. They can sustain and deliver large loads and achieve high precision in position-
ing. One drawback of this robot is that it requires a large area in which to operate, and
the workspace is smaller than the robot itself (Figure 1.9). Another drawback is that

Figure 1.10 Cartesian robot by the Sepro Group. http://www.sepro-group.com.
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Figure 1.11 Cylindrical robot by ST Robotics. http://www.strobotics.com/index.htm.

the guides for the prismatic joints must be sealed from foreign substances, which can
complicate maintenance.

1.4.3.2 Cylindrical Robotic Manipulator

Suppose the first prismatic joint in the Cartesian robot is replaced with a revolute joint.
By making a judicious choice of the direction of the axis of rotation, the resulting RPP
robot is an example of a cylindrical robot. One example of a cylindrical robot that is
analyzed in this text is depicted in Figure 1.11. It is easy to see that the location of the
end of the horizontal arm in the cylindrical robot can be expressed in terms of cylin-
drical coordinates, which gives this robot its name. Its workspace takes the form of a
hollow cylinder. Again, this manipulator has several advantages owing to its structural
simplicity. While the kinematic and dynamic models of a cylindrical manipulator are
more complex than that of a Cartesian robot, they are still simple to derive. The associ-
ated control laws are likewise quite straightforward to determine. The topology of the
RPP manipulator makes it well suited for reaching into work pieces that have cavities
or other similar complex geometries. It can achieve high precision and is used for pick
and place operations on an assembly line. One disadvantage of this type of robot is that
the back of the robot can protrude into the workspace in some configurations. This can
cause interference with the workspace and complicates path planning and control. As
in any robot that uses prismatic joints with external guides, the guide surfaces must be
clean and free of debris. This can make upkeep and maintenance more difficult.

1.4.3.3 SCARA Robotic Manipulator

The SCARA (selective compliance articulated robot arm) RRP robot was introduced as
a compromise between highly rigid robots such as the Cartesian robotic manipulator
and robots that can access geometrically complex workspace s such as the spherical
manipulator. One example of this robot is shown in Figure 1.12. Since the axes of the
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Figure 1.12 Epson Synthis™ T3 all-in-one SCARA robot. http://www.epsonrobots.com.

two revolute joints are parallel in a SCARA robot, this robot is relatively compliant in
motion that occurs in the horizontal plane and relatively stiff in motion normal to this
plane. The variation in compliance between these two modes of motion gives this robot
its name. The workspace of this robot is highly structured. The SCARA manipulator can
be an attractive robot for precision pick and place operations, for example.

1.4.3.4 Spherical Robotic Manipulator

The RRP spherical robotic manipulator is formed from two perpendicular revolute
joints and a prismatic joint. For some choices of the fixed offset dimensions between
the joints, the motion of the tool or tip of the manipulator arm can be expressed in
terms of spherical coordinates, which gives this robot its name. Some of the most
famous robotic manipulators that have appeared over the years have been of this type.
The Unimate robot discussed in Section 1.2 and shown in Figure 1.13 is an example of
a spherical manipulator.

The primary advantage of this robot architecture is its suitability to a wide range of
tasks that must be carried out over complex geometries. The spherical workspace acces-
sible by this robot is large compared to the robot size. Unfortunately, this flexibility
comes at a cost. The kinematic and dynamic models of the spherical robot are more

Figure 1.13 Unimate spherical robot.
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Figure 1.14 PUMA Robot.

complicated than those for Cartesian or cylindrical manipulators, which leads to control
laws that are likewise more complex. The introduction of an additional perpendicular
axis of rotation yields a robot that is less rigid and more compliant than the Cartesian
manipulator. The result is that the spherical robot can be less precise in positioning.
Generally speaking, a spherical robot can be more appropriate for tasks such as weld-
ing or painting that require somewhat less precision than pick and place operations, but
require accessibility over a large and complex workspace.

1.4.3.5 PUMA Robotic Manipulator

Historically, one of the most widely used robotic manipulators on assembly lines is the
PUMA (Programmable Universal Machine for Assembly) RRR robot. An example of a
PUMA robot is depicted in Figure 1.14. The first revolute joint of this robot is about the
vertical axis, and the next two parallel revolute joints are perpendicular to the vertical
axis. The widespread use of the PUMA robot can be attributed to the fact that it has a
rich kinematics and can access a large hemispherical workspace. With the introduction
of three rotational axes along two perpendicular directions, however, the PUMA is less
rigid than the Cartesian robot. It is well suited to applications that require a large and
highly reconfigurable workspace.

1.4.4 Spherical Wrist

The previous section presented variants of the PPP, RPP, RRP, and RRR robotic arms
and gave an overview of some of their advantages. The spherical wrist is an RRR robotic
component that often appears as a sub-system that is attached to these more com-
plex manipulators. Figure 1.15 illustrates the spherical wrist in detail. The wrist is built
from three revolute joints whose axes of rotation intersect at a common point, the wrist
center. The anthropomorphic arm in Figure 1.16 is similar: a spherical wrist sub-system
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Figure 1.15 Spherical wrist.

Figure 1.16 Articulated robotic arm. http://www.kuka-robotics.com.
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is connected to the end of the arm. Not only does this design resemble human anatomy,
it has an important pragmatic implication for control design. This common geometry is
attractive in that it makes it possible to decouple the task of positioning the wrist center
and orienting the tool at the end of the spherical wrist. This topic is discussed in Chapter
3 when inverse kinematics is covered.

1.4.5 Articulated Robot

The articulated robot arm or anthropomorphic robot arm is a manipulator that is able
to achieve motions that resemble those of the human arm. All anthropomorphic robot
arms have at least three revolute joints, and it is common that they have five, six, or
more, revolute joints. A typical configuration is depicted in Figure 1.16 where a spheri-
cal wrist has been attached to an RRR robotic arm. Note that the first three degrees of
freedom resemble that of the PUMA robot studied in Section 1.4.3.5. The first, vertical
revolute joint permits the motion that is sometimes known as the arm sweep. The next
two joints are referred to as the shoulder and elbow joints, respectively. The result is an
arm that can access a large workspace, and it can pose the tool located at its tip at an
arbitrary orientation. The anthropomorphic arm finds widespread use in welding and
spraying on assembly lines. In comparison to the other robotic manipulators discussed,
this arm does have a complicated geometry. The corresponding equations that describe
the kinematics and dynamics of this robotic system are complicated in form, as are the
control laws derived from these models.

1.5 Mobile Robotics

In the last section several of the most common multi-functional robotic arms were
described. It was noted that they can can vary dramatically in form, operation,
and application. This section summarizes another major subset of robotics: mobile
robots, including humanoid or full-body anthropomorphic robot, and autonomous
air/ground/marine vehicles.

1.5.1 Humanoid Robots

It was shown in Section 1.4.5 that anthropomorphic or humanoid arms have reached a
point of maturity in the robotics field: they are ubiquitous in factories throughout the
world. The creation of full-body humanoid robots, in comparison, remains an area of
active research. From the earliest stages in the emergence of the robotics field, designers
have dreamed of creating robots that resemble humans in both appearance and function.
Early craftsmen and artisans, as well as artists and inventors, sought to create mechan-
ical systems that would emulate human actions. These early researchers included such
notables as Leonardo Da Vinci. His early efforts, and those of others, while visionary,
met with limited success due to the lack of technological infrastructure. Today, the
infrastructure has evolved to the point where current anthropomorphic robots are eval-
uated in the performance of sometimes surprisingly complex tasks. A good example is
the RoboCup international autonomous soccer competition. Since the inception of the
humanoid league in 2002, teams that create humanoid robots have come from all over
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Figure 1.17 Humanoid robot for RoboCup soccer competition. Created by students at Virginia Tech
under the direction of Professor Dennis Hong, currently of UCLA.

the world to this annual event. Figure 1.17 illustrates one such robot created by student
researchers at Virginia Tech under the direction of Professor Dennis Hong, who is now
a professor at the University of California, Los Angeles (UCLA).

The complexity of these humanoid soccer players is impressive. Each robotic player
must be able to run, walk, kick, and block shots, which are difficult mobility challenges
for two legged robots. Each robot must also be capable of image based perception and
feature recognition during the course of a match. Finally, the robots must have the
onboard processing hardware and software that enables them to predict and react to
the play of the game in a strategic and coordinated fashion. Full scale humanoid robots
are also currently under development by researchers around the world. While the
potential applications are diverse, it is hoped that these full scale robots will have roles
in the care of the elderly or in the design and testing of prosthetics. Figure 1.18 shows
CHARLI, a full scale humanoid robot also created by students under the supervision of
Professor Dennis Hong.

The full complexity of humanoid robot design, analysis, and fabrication far exceeds
the scope of this text. This text does, however, show how to develop kinematic mod-
els, dynamic models, and control schemes that are applicable to typical subsystems that
make up such a humanoid robot. Examples and problems related to the arm or leg
assemblies of humanoid robots can be found in Chapters 2, 3, 4, 5, 6, and 7. Typical
research topics for this class of robot that continues to fascinate researchers include the
study of the dynamics and control of bipedal locomotion, perception, vision based con-
trol, vision based perception, dexterous manipulation, and human-machine interaction.
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Figure 1.18 Humanoid robot CHARLI. Created by students at Virginia Tech under the direction of
Professor Dennis Hong, currently of UCLA.

1.5.2 Autonomous Ground Vehicles

The design, analysis, and fabrication of robotic ground vehicles, or autonomous
ground vehicles (AGV) has been carried out in this country and around the world
for several years. Most of the autonomous ground vehicles that have appeared over
the years fall within the class of research vehicles that have been designed to establish
the feasibility of a solution for some specific technical problem in the field of mobile
robotics.

Only recently has it become clear that the field of AGV robotics has matured to the
point where it is reasonable to expect the appearance of reliable, high performance
commercial and military robots in the near future. One reason for optimism is the spec-
tacular success of the DARPA (Defense Advanced Research Projects Agency) Grand
Challenge and Urban Challenge competitions that were held between 2004 and 2008.
The DARPA Grand Challenge was first held in 2004. After a series of qualification events,
robot developers from across the country met at a 142 mile test track in the California
desert. While no team completed the entire course in the first year that the event was
held, four teams finished the race in 2005. In 2007 the DARPA Urban Challenge was
held. This contest required that entry vehicles operate autonomously in an urban envi-
ronment, reacting to other vehicles in traffic. Figure 1.19 illustrates the AGV Odin. This
vehicle was created by students under the direction of Dr. Al Wicks of Virginia Tech and
full time researchers at TORC, a company specializing in the creation of autonomous
ground vehicles. The vehicle Odin was one of three robotic cars that successfully com-
pleted the DARPA Urban Challenge.

Figure 1.20 depicts examples of military ground vehicles, also created by Dr. Al Wicks
and TORC, that evolved from the technology derived from the vehicle Odin. The use
of autonomous ground vehicles by the military reduces the risk to troops. Contempo-
rary research topics pertinent to AGVs can include autonomous guidance, navigation
and control, autonomous exploration and mapping, sensor fusion, estimation and fil-
tering techniques, hybrid AGV design, and active energy management for increased
endurance.



1.5 Mobile Robotics

Team VictorTango’s autonomous
vehicle ‘Odin’ for the DARPA
Urban Challenge.

Figure 1.19 Autonomous ground vehicle Odin. Created by students directed by Dr. Alfred Wicks of
Virginia Tech and researchers from TORC, www.torctech.com.

ARCH

Figure 1.20 The autonomous remote controlled HMMWYV, ARCH. Created by students directed by
Dr. Alfred Wicks of Virginia Tech and researchers from TORC, www.torctech.com.

1.5.3 Autonomous Air Vehicles

Over the past five years, it has become commonplace to encounter news on the
radio, television, or internet that describes military operations that feature the use
of autonomous air vehicles (AAVs). Since, as noted earlier, robots have proliferated
historically in jobs that are dirty, dull, or dangerous, it should come as no surprise that
they have become a critical part of the military air vehicle inventory.

While present generation drones are remotely piloted and do not make decisions to
engage targets autonomously, the do exhibit some autonomy. They react to their envi-
ronment, for example, as they sense their orientation, heading and position, and as
they correct for navigational errors via an autopilot. In this sense, every commercial
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Figure 1.21 Autonomous rotorcraft for radiation sensing. Created by students under the direction of
Professor Kevin Kochersberger of Virginia Tech.

or military aircraft with an autopilot can be considered a robotic system. By convention,
however, AAVs are usually classified as those air vehicles that do not contain a pilot
and exhibit some level of mission-level autonomy. The degree of autonomy exhibited by
AAVs increases with each passing year. Current strategic plans make provision for AAVs
that engage targets autonomously in the next few decades.

By their nature, AAVs are necessarily more complex than their ground based coun-
terparts. With this complexity comes an increased cost that limits the routine use of
autonomous flight vehicles, at least presently. Most examples of AAVs have been fielded
by the military of governments all over the world. Despite their expense, applications
of robotic air vehicles continue to expand in the commercial sector. Many applications
have been identified by government agencies other than the military. Autonomous
flight vehicles have been proposed for applications in agriculture, disaster relief, police
surveillance, and border security. Figure 1.21 depicts an autonomous helicopter that is
being used to conduct geophysical mapping of radioactive sources. This research effort
is under the direction of Dr. Kevin Kochersberger of the Unmanned System Laboratory
at Virginia Tech.

One noteworthy trend in this segment of the robotic industry is the increasing number
of small air vehicles, or even micro air vehicles, that have been introduced over the past
few years. It is now common to find examples of small, fixed wing robotic air vehicles that
have a wing span measuring from a few inches to a few feet in length. Figure 1.22 shows

Figure 1.22 Fleet of SPAARO AAVs. Used in the research program of Professor Craig Woolsey of
Virginia Tech.
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the fleet of SPAARO autonomous aircraft that Professor Craig Woolsey at Virginia Tech
uses in a variety of research activities. These vehicles support research in applications
ranging from automation of commercial agriculture and remote sensing of airborne
pathogens to coordinated control of autonomous vehicle teams.

1.5.4 Autonomous Marine Vehicles

Just as there are significant differences in the design and fabrication of AGVs and AAVs,
the development of an autonomous marine vehicle poses its own special challenges. The
nature of these obstacles is illustrated in a number of the autonomous surface vehicles
(ASVs) and autonomous underwater vehicles (AUVs) that have been developed over the
past few years. Consider the task of operating a robotic surface marine vehicle along a
river or a coastal region.

Often, some notion of the overall path to be taken is known, but littoral waters can
have numerous unforeseen hazards. They must be sensed and avoided during any
mission. Obstacles and hazards can be on the surface, at the waterline, or under the
surface. For military vehicles, the ability to attack or flee at high speeds is an important
capability to have. The task of navigating a vehicle along a partially unknown course,
at high speed, defines a control problem of exceptional difficulty. As difficult as is
the control of an AAV such as the Predator, it does not have to operate routinely in
close proximity to collision hazards. The reaction time and computational time for
deciding contingent actions is very short when obstacles loom immediately ahead or
below a marine vehicle. Figure 1.23 depicts one example of an ASV that was created
by student researchers under the direction of Dr. Dan Stilwell of Virginia Tech. These
researchers have concentrated on the creation of robotic marine vehicles that operate
autonomously, potentially at high speeds, in riverine environments. Of course, the
deployment of autonomous marine vehicles is further complicated by the fact that
the vehicles may be limited to travel on the surface of a body of water, or they can be
designed for undersea travel. Figure 1.24 depicts an AUV created at Virginia Tech by
Professor Dan Stilwell.

Figure 1.23 ASV. Created by students under the direction of Dr. Dan Stilwell of Virginia Tech.
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Figure 1.24 AUV Javelin. Created by students under the direction of Professor Dan Stilwell of
Virginia Tech.

1.6 An Overview of Robotics Dynamics and Control Problems

The overview in Sections 1.2, 1.4, and 1.5 mentions some of the disciplines that influ-
ence the study of robotic systems. This book studies several classical problems that arise
in the dynamics and control of nearly all robotic systems. These are the problems of for-
ward kinematics, inverse kinematics, forward dynamics, and inverse dynamics/feedback
control of robotic systems. The essential features of these problems will be described in
Sections 1.6.1,1.6.2, 1.6.3, and 1.6.4 and these sections discuss how they arise for typical
robotic systems. The presentation uses the flapping wing robot depicted in Figure 1.25
as a case study to illustrate the underlying principles. Section 1.6.5 discusses how,
despite their apparent dissimilarity, these same problems arise in the control of mobile
robots.

Figure 1.25 Flapping wing robot.
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1.6.1 Forward Kinematics

Just as researchers have sought to design and build robots that mimic humans in form
and action, so too have designers striven to build robots that resemble animals. Efforts
to create bio-inspired flapping wing robots are one particularly challenging example.
These designs represent a significant departure from that of most existing commercial
flying vehicles. A successful design of a flapping wing robot is difficult in part due to
a lack of understanding of the inherently complex nonlinear and unsteady aerodynam-
ics surrounding the vehicle. This area continues to be an active topic of research. In
this section we discuss various robotic analysis problems for a robot that drives a flap-
ping wing for wind tunnel testing. The task of building a flapping wing vehicle, while
exceptionally difficult, provides an excellent example of how the classical problems of
forward kinematics, inverse kinematics, forward dynamics, and feedback control can
arise in applications.

One of the first considerations in building a model of a robot of the type depicted
in Figure 1.25 is the choice of the variables that will be used in its representation. This
topic is discussed in general terms in Chapter 2, and a summary of the more common
representations for articulated robotic systems is presented in Chapter 3. While there
are exceptions, the most popular choice of variables for articulated mechanical systems
is joint variables that define how the bodies of a robotic system move relative to one
another. If the entire robotic system also undergoes rigid body motion with respect to a
defined ground reference (instead of being fixed to that reference), as seen in the study
of the space robotics or full body humanoids, the joint variables must be supplemented
with additional variables to represent the net motion.

In Figure 1.26, the robot is fixed rigidly to the ground. Therefore, the use of joint vari-
ables alone suffices to represent the dynamics. The joint variables in this example are
the joint angles 6,,0,, 6;, and 6, that determine the relative rotations of the bodies at
individual revolute joints. It is also frequently the case that joint variables are selected
to be the relative displacements between the bodies when a robot includes prismatic
joints that permit translation. In general, a generic set of joint variables is denoted by

Trajectory of
point s ‘2

Figure 1.26 Robotic flapping using robot and joint variables 6,,6,, 6;, and 6,.
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by q,(t) for i =1, ..., N where N is the number of degrees of freedom. The problem of
forward kinematics studies how the configuration of the robot changes as the joint vari-
ables are varied. For example, for the flapping wing robot, it is desired to design a system
such that the wings trace out motions that resemble as closely as possible the motion of
actual birds. The problem of forward kinematics seeks to find the position, velocity, and
acceleration of typical points like s on the robot in Figure 1.25 given the time histories
q,(t) of the joint variables fori = 1, ... ,N.

This problem can be stated succinctly: let r,, (¢), v, ((t) and a, ((¢) be the position, veloc-
ity and acceleration of the point s relative to the ground, or 0, frame; find the mapping
from the joint variables and their derivatives to the position, velocity and acceleration
of point s on the robot.

q(t)’ q(t)’ ‘I(t) = rO,s(t)! vO,s(t)’ aO,s(t)-

Itis important to realize that this problem must be solved as part of nearly all modeling
or control tasks. The specific choice of joint angles used in Figure 1.26 are defined using
the Denavit—Hartenberg convention, one of the most commonly used general strategies
for describing articulated robots that form kinematic chains. This topic is covered in
detail in Chapter 3.

1.6.2 Inverse Kinematics

While solving the problem of forward kinematics is an important first step in many mod-
eling and control problems, it does not answer all the important questions regarding the
motion of a given robot. In the case at hand of the flapping wing robot, the wings should
be able to trace out trajectories that mimic those of real birds, or as close as possible
given the robot geometry. By taking video recordings of birds in flight, it is possible to
generate estimates of the trajectories that certain points on the wings trace out as a func-
tion of time. Suppose these experimentally collected trajectories of point s on the wings
are treated as input data. That is, suppose the position, velocity and acceleration of the
point s as a function of time are given. The problem of inverse kinematics seeks to find
the joint variables and their derivatives given the position, velocity, and acceleration of
a point s on the robotic system. In other words the mapping from the positions, veloci-
ties, and accelerations of point s on the robot to the joint variables and their derivatives
should be found.

rO,s(t)’ VO,s(t)’ aO,s(t) = (I(t), Q(t), ‘I(t)

It is evident that this problem seeks to find the inverse of the mapping studied in the
forward kinematics problem. It is well known that the inverse kinematics problem can
be much more difficult to solve than the forward kinematics problem. The inverse kine-
matics problem can have no solutions or multiple solutions, depending on the robot
geometry and design objectives. Chapter 3 discusses some of the difficulties encoun-
tered in the solution of inverse kinematic problems.

1.6.3 Forward Dynamics

The problems of forward kinematics and inverse kinematics are purely geometric in
nature. There is no provision for or consideration of the forces or moments that must
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be applied to achieve a specific motion. For many of the robotic systems studied in this
book, the governing equations can be written in the form

M(q(£)4(2) = n(q(2). q(1)) + 7(2)

where M(q) is an N X N nonlinear generalized mass or inertia matrix, n(q, q) is an
N X 1 vector of nonlinear functions including Coriolis and centripetal terms, and 7 is
an N X 1 vector of forces or torques applied to the robot by actuators. This is a nonlin-
ear, second-order system of coupled ordinary differential equations (ODEs). A common
general strategy for studying these equations introduces the state variables x that stacks
the generalized coordinates q and their derivatives q in the form

L x@® . q®
W”‘{ém}"{«w}

and rewrites the governing system of equations as

M~ (x; () (n(x, (8), X,(1)) + u(t))

where u(¢) := 7(¢) is the set of control inputs.

The problem of forward dynamics seeks to solve these equations for the state x(t),
thereby obtaining the joint variables q(¢) and their derivatives q(¢), given the input forces
and torques in 7(t). The solution procedure may be analytic or numerical, but the models
of most practical robots are so complex that analytic solutions are not usually feasi-
ble. The numerical approximate solution of these equations utilizes the rich and well
developed collection of time stepping numerical algorithms for nonlinear ordinary dif-
ferential equations. Specific algorithms that are commonly used to generate numerical
approximations of the solutions include the popular family of Runge—Kutta techniques,
linear multi-step methods, and specialized schemes that are tailored to stiff systems. The
solution of the forward dynamics problem can be used in many facets of robotic design
and analysis.

xm=ﬂmmmm:={ X(5) } (1.2)

1.6.4 Inverse Dynamics and Feedback Control

The problem of forward dynamics can be solved to understand how a specific set of
input forces and torques in 7(£) induce a corresponding time history of the joint vari-
ables q(¢) for t > 0. The solution of the forward dynamics problem can be described as
finding the dynamic behavior of the system given an input actuation time history (),
t > 0. Similar to the relationship between forward and inverse kinematics, the problem
of inverse dynamics of a robotic system can be thought of as asking a converse ques-
tion: what must the control input history z(¢), £ > 0, be as a function of the generalized
coordinates 7(¢) := 7(q;(?), ..., q,(t), t) to yield a specific dynamic behavior?

However, when considering practical systems, there is often a disconnect between
the prescribed desired state vector q, and the estimated state vector q, from sensors
associated with the robotic system, internal (e.g., joint encoders) or external (e.g.,
workspace cameras. By incorporating techniques from control theory alongside inverse
dynamic analysis, feedback control laws may be designed to calculate appropriate
actuation inputs trajectories 7(f) as a function of the desired and estimated states q
and q,.
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While there are numerous specific control problems that make sense for a robotic
system, a tracking control problem is easy to pose for the flapping wing robot. Suppose
again that video post-processing methods have been used to identify the trajectories
of points on the wings of actual birds in flight. One example of a trajectory tracking
problem seeks to find the input torques and forces z(¢) as a function of time that will
drive the robot so that the points on the wing approach the experimentally collected
trajectories as time ¢ increases. Many variants of this problem can be defined depend-
ing on the type of measurements and the metric used to define how closely the robot
follows the desired trajectories. Mathematically, many of these control problems can
be interpreted as a constrained optimization problem where some cost or performance
functional J is minimized. The optimization problem is solved for the best input u* in
the set of admissible controls U in the sense that

u’ =argmin J(x,u) (1.3)
uev
subject to the constraint that the state x satisfies the equations of motion in
Equation (1.2).

1.6.5 Dynamics and Control of Robotic Vehicles

The fundamental dynamics and control problems for robotics, and their role in the
study of a typical flapping wing robot, were discussed in Sections 1.6.1, 1.6.2, 1.6.3, and
1.6.4. The example used for illustration in these sections could just as well have been
selected to be any of the robotic manipulators. The structural similarity among these sys-
tems is striking. Perhaps surprisingly, each of the fundamental problems of robotics and
dynamics — forward kinematics, inverse kinematics, forward dynamics, and feedback
control synthesis — can also be stated when robotic systems that are autonomous vehi-
cles are considered. In many cases the language used to describe the variants of these
problems is different depending on the type of vehicle, even though the underlying
problems are structurally similar in form. For example, the trajectory tracking or path
following problem that seeks to position a tool mounted on a robotic arm is mathemati-
cally similar to that of guidance and navigation of autonomous vehicles. In addition, it is
also common that robotic manipulators are mounted on autonomous vehicles, as shown
in Figure 1.27. Another example of this latter type includes the combined space shuttle

Figure 1.27 AGYV, iRobot PackBot, with manipulator arm.
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and remote manipulator system. It is possible to speak of the guidance and navigation of
the vehicle and the control of the robotic manipulator. These problems are in fact cou-
pled, and the solution of dynamics and control problems for the coupled system can be
substantially more difficult than that associated with only the base vehicle or only the
manipulator.

While the study of robotic manipulators provides a foundation that can be used to
help formulate and solve dynamics and control problems for autonomous systems, there
remain many substantial differences between methodologies for autonomous vehicles.
One of the principal differences between formulations of the dynamics of AGVs, AAVs,
ASVs, or AUVs is that the set of variables used to describe motion must be capable
of representing rigid body motion. While the general study of kinematics in Chapter 2
covers many of the topics needed to study this problem, the specific methodologies for
robots having the form of kinematic chains in Chapter 3 are not sufficient to represent
the rigid body motion of an autonomous vehicle. Fortunately, for many of the differ-
ent types of autonomous vehicles, it is the case that governing equations have the form
shown in Equation (1.2). Many problems of vehicle control are solved by casting the
control problem as one of optimization, as summarized in Equation (1.3).

1.7 Organization of the Book

The study of robotic systems begins with an exposition of the fundamental principles
of kinematics in Chapter 2. The chapter constitutes a self-contained introduction to the
field of kinematics in three spatial dimensions and establishes notation and conventions
for common mathematical expressions used throughout the book. Particular empha-
sis is placed on the foundations of kinematics in three spatial dimensions, including
the study of vectors, coordinate systems, and rotation matrices. General definitions of
linear position, velocity, and acceleration with respect to different frames of reference
are introduced, as well as angular velocity and angular acceleration. The chapter con-
cludes with a collection of some of the most commonly used theorems of kinematics.
These include the theorems that introduce relative velocity (Theorem 2.16) and relative
acceleration (Theorem 2.17), the derivative theorem (Theorem 2.12) and the addition
theorem (Theorem 2.15) for angular velocity.

Chapter 3 introduces refinements of the principles of kinematics that are tailored to
specific types of robotic systems. The chapter introduces homogeneous transformations
that are used to relate rigid body motions of links in a robotic system. Mathematical
models of ideal joints between the links that comprise the system are discussed. In addi-
tion to these general topics in kinematics of robotic systems, the chapter discusses two
popular methods (Denavit—Hartenberg and recursive) for the representation of robotic
systems that form kinematic chains. In the presentation of the Denavit—Hartenberg
convention, explicit constructions of the homogeneous transforms associated with the
bodies in a kinematic chain are derived. A general procedure is detailed for defining
the link parameters that determine the kinematics of a serial chain. The recursive
formulation of the forward kinematics problem, in contrast to the Denavit—Hartenberg
formulation, has been specifically based on efficiency in calculation. This formulation
notes the highly structured nature of the kinematic relationship between successive
bodies in a kinematic chain, and it exploits this structure to derive algorithms for
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recursive calculation of the kinematics. The chapter closes with a discussion of inverse
kinematics.

Chapter 4 discusses the strategy for deriving the equations of motion of robotic
systems using Newton—Euler formulations. General definitions of linear and angular
momentum of rigid bodies are introduced. The inertia matrix of a rigid body is
introduced to facilitate the calculation of the angular momentum of components in a
robotic system. The Newton—Euler equations are introduced as a means for deriving
the equations of motion of general robotic systems. This chapter further extends the
recursive formulation first studied in Chapter 3, and the resulting approach is used for
the derivation of the equations of motion of robotic systems. It is demonstrated that the
equations of motion of kinematic chains can be derived recursively by exploiting the
structure of the same matrices that arise in the kinematics formulation. The equations
of motion derived via the Newton—Euler formulation have the form of nonlinear
differential-algebraic equations, or DAEs. It is demonstrated in the chapter that these
equations can be re-cast as a set of nonlinear ordinary differential equations, or ODEs.

Methods of analytical mechanics, as they are used to derive the equations of motion of
robotic systems, are introduced in Chapter 5. The chapter begins with the statement of
Hamilton’s principle and explains how it can be interpreted as a problem of variational
calculus. Its solution yields the equations of motion for the robotic system. Since the
kinetic energy and potential energy of many robotic systems have the same functional
form, it is possible to derive Lagrange’s equations from the variational calculus prob-
lem generated by Hamilton’s principle. Hamilton’s extended principle is presented as a
means of incorporating contributions due to the presence of non-conservative forces in
the equations of motion. A standard form for the governing equations for a large class of
robotic systems is derived using Lagrange’s equations. Finally, the chapter presents the
method of Lagrange’s equations with Lagrange multipliers that is appropriate for deriv-
ing governing equations in terms of redundant collections of variables. This approach
results in a system of nonlinear DAEs, in general.

Methods of feedback control of robotic systems are presented in Chapter 6. The
general form and structure of control problems are discussed, and an overview of
stability theory is given. The fundamental principles of stability theory are presented,
and the use of the Lyapunov functions to establish stability for practical robotic systems
is discussed. These techniques are critical to modern approaches of control synthesis
for robotic systems. Lyapunov’s direct method and LaSalle’s invariance principle
are applied to establish stability and convergence of typical set point and tracking
controllers. Feedback controllers based on exact feedback linearization or computed
torque control, approximate dynamic inversion, and passivity principles are derived.
The chapter finishes with an introduction to actuator models, emphasizing electric
motors and electromechanical linear actuators.

The final chapter of this book, Chapter 7, discusses techniques of image-based control
for robotic systems. The ideal pinhole camera model is discussed in detail, which enables
a succinct presentation of image based visual servo (IBVS) control strategies. Stability
and asymptotic stability of IBVS control methods is established, as well as the role of
singular configurations in the performance of these methods. The general approach of
task space control formulations, in contrast to the joint space methods described in
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Chapter 6, is presented. Task space formulations of visual control objectives is the final
topic in Chapter 7.

1.8 Problems for Chapter 1
Problem 1.1. Briefly summarize the origins of the word “robot”.

Problem 1.2. Define what is meant by a robotic system in this book. How does this
definition differ from other common definitions?

Problem 1.3. Define the following terms that commonly appear in the study of robotics:
Actuator

Sensor

Workspace

Ideal joint

Joint variable

Passive joint

Driven joint

Precision, accuracy, and resolution
Repeatability

Tool frame

End effector.

Problem 1.4. Define the following robotic manipulators, describe their general features,
and find commercially available examples of each.

Cartesian robot

Cylindrical robot

Spherical robot

SCARA robot

PUMA robot

Anthropomorphic arm.

Problem 1.5. Define the fundamental problems of

Forward kinematics

Inverse kinematics

Forward dynamics

Feedback control

for robotic systems. Find and describe an explicit example of each problem for a com-
mercially available robotic system.

Problem 1.6. Discuss examples of how the fundamental problems of the dynamics
and control of robots (forward kinematics, inverse kinematics, forward dynamics, and
feedback control) may arise in the development of humanoid robots. Describe specific
sub-problems for each of the fundamental problems in this application area.
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Problem 1.7. Discuss examples of how the fundamental problems of the dynamics and
control of robots (forward kinematics, inverse kinematics, forward dynamics, and feed-
back control) may arise in the development of autonomous ground vehicles. Describe
specific sub-problems for each of the fundamental problems in this application area.

Problem 1.8. Discuss examples of how the fundamental problems of the dynamics and
control of robots (forward kinematics, inverse kinematics, forward dynamics, and feed-
back control) may arise in the development of autonomous air vehicles. Describe specific
sub-problems for each of the fundamental problems in this application area.



Chapter 2

Fundamentals of Kinematics

The study of dynamics is comprised of the fields of kinematics and kinetics. Kinematics
is the study of the geometry of motion and does not consider the forces and moments
that give rise to that motion. Kinetics studies the causality between the applied forces or
moments and the motion that they generate. This chapter focuses on kinematics, while
Chapters 4 and 5 introduce kinetics. Chapter 3 applies the general results of this chapter
to obtain formulations specific to robotic systems. Upon the completion of this chapter,
the student should be able to:

Define different frames of reference or coordinate systems.

Define rotation matrices and use them to change coordinate representations.
Parameterize rotation matrices in terms of angles that measure rotation.
Calculate the angular velocity and acceleration of frames in mechanical systems.
Calculate the position, velocity and acceleration of points in mechanical systems.

2.1 Bases and Coordinate Systems

It is now commonplace to employ a number of bases, or frames of reference, or coordi-
nate systems, to describe the motion of engineering systems. The remote manipulator
system in Figure 2.1, the autonomous vehicle in Figure 2.2, or the humanoid robot in
Figure 2.3 are just a few of the robotic systems that require numerous frames of ref-
erence to describe their motion. To aid in definition of these frames and the rotation
matrices defined between these frames for mechanical systems, a few preliminaries are
in order.

2.1.1 N-Tuples and M x N Arrays

First, a few comments on notation. Throughout this text the notation R will be used to
denote the set of real numbers, and C will be used to denote the set of complex numbers.
Integers will typically be referred to using the lower case letters i,j, k, [, m, n ... when the
integer is an index and capital letters /,],K,L, M,N ... when the integer is the upper
limit or lower limit of a sequence of integers. An N-tuple is defined as an ordered col-
lection of N real or complex numbers; no other properties are implied when referring to
an N-tuple of numbers. The domain of an N-tuple of real numbers is RV, and N-tuples

Dynamics and Control of Robotic Systems, First Edition. Andrew J. Kurdila and Pinhas Ben-Tzvi.
© 2020 John Wiley & Sons Ltd. Published 2020 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/kurdila/robotic-systems
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Figure 2.1 Space station with remote manipulator system.

d3

ag

a, a,

Figure 2.2 MULE autonomous vehicle, orientation.

will be denoted by lowercase bold letters, such as u, and, by chosen convention, will be
arranged in columns:

Uy

where 1, is the nth element of the N-tuple u. In addition, : = should be read as “is defined
to be” and not simply as “equals.” The norm ||u|| of an N-tuple u is given by the square
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Figure 2.3 Humanoid robot.

root of the sum of the squares of its elements, such that

N 1/2
lall:= § X o
n=1

This definition of the norm || e || is actually a specific example of a more general group
of operations: it is the 2-norm or Euclidean norm of the N-tuple. In later chapters,
for example, when numerical methods are addressed, or Chapter (5) when methods of
analytical mechanics are introduced, the more general p-norm for p = 1, ..., oo will be
introduced. If u, v are two N-tuples, their dot product is defined as

N
u-v.= Z u,v,.
n=1

By definition, ||u||*> =u - u.

The set of M X N real matrices, that is, arrays of real numbers having M rows and N
columns, will be denoted by RN Uppercase bold letters such as A are used to repre-
sent arrays, while the matrix element in the ith row and jth column of A is denoted by
the lowercase a;. For an M x N matrix A, the transpose A" is defined to be the N x M
array obtained by interchanging rows and columns, such that

AT=B & a4,=5b 1<m<M, 1<n<N. (2.1)

nm
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Suppose that A € R™, B € R”*X, and C € R™K, Recall that matrix multiplication is
defined for the matrices A, B, C via

C:= AB,

where the entry c; of C is given by the formula

J
Cix* = Z az’jbjk
j=1

fori=1...1, k=1...K.This definition is meaningful only if the number of columns
of A is equal to the number of rows of B. The result of multiplying matrices A and B is a
matrix C that has the same number of rows as A and the same number of columns as B.

The previously stated convention that N-tuples are interpreted as columns means that
an N-tuple may also be interpreted as an N X 1 array. This fact has many implications.
In particular, it means that the product v:= Au is sensible whenever the number of
columns of the M X N array A is equal to the length of the N-tuple u. By definition,
the vector v is an M-tuple,

mn-"n

vi=Au & v = Za u, for m=1,...,M.
n=1

An array is said to be a sparse matrix if the number of zero elements overwhelmingly
exceeds the number of non-zero elements. Otherwise, it is called a full matrix. An array
is a square matrix if it has the same number of rows and columns. The main diagonal or
principal diagonal of a matrix A € RV is the collection of elements a;forj=1...N.
An array is a diagonal matrix if its elements are equal to zero except on the main diag-
onal.

The identity matrix is the unique matrix denoted [ such that Al = [A = A for every
square matrix A. The identity matrix is a diagonal matrix with ones for each element
of its principal diagonal. The identity matrix will be used to help describe the matrix
inverse in the following definition.

Definition 2.1 (Matrix inverse) A square matrix A € R js invertible if and
only if there is a matrix B such that

AB=BA =1

where [ is the identity matrix. When such a matrix B exists, the inverse matrix is
unique and denoted as

A~l.=B.

The matrix inverse arises in a natural way when solving a set of linear matrix
equations. Given a set of equations having the matrix form

Au=v,

and the matrix A is invertible, both sides of the above equation can be multiplied by A~}
to obtain a solution for u:

A Au=lu=u=A"v.
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A discussion of the existence and uniqueness of solutions to such systems of linear
matrix equations can be found in the Appendix. This inverse A~! may be calculated
in closed form analytically or approximately using a numerical solver. Both cases are
important in the dynamics and control of autonomous systems. Another consequence
of identifying an M-tuple as an M X 1 array is the ability to partition an M X N array A
into its columns

A:= [a1 a, a; ... ay ] (2.2)

By definition, each of the columns a, for » = 1... N is an M-tuple, or M X 1 array. It is
also possible to partition a matrix by rows by observing that the transpose of an M x 1
array is a 1 X M array. Since the convention is that any M-tuple u corresponds to a col-
umn, the 1 X M array is denoted by u”. As a result, the N x M matrix obtained by taking
the transpose AT of the matrix A in (2.2) is just

Finally, suppose that AT € R and B € R, so that the product A”B is valid. This
matrix product can be calculated by the conformal partition of the matrices AT and B
into rows, and columns, respectively.

al ab, a/b, ... alby
al alb, alb, ... alb

ATB=| > |[b by by .. b ] =] 2 TR (23)
al a/b; a/b, ... a’by

Each of the entries a’b, = a;, - b, is the dot product of the J-tuples a; and by, for
i=1...] and k=1...K. Other examples of conformal partitions of products of
matrices are discussed in the problems.

2.1.2 Vectors, Bases and Frames

In the previous section, N-tuples and M X N arrays were defined, and techniques for
manipulating them were discussed. In this section, vectors in R are introduced. While
not every 3-tuple is a vector in R3, all vectors in R are 3-tuples. As a result, the methods
for organizing and manipulating 3-tuples discussed in Section 2.1.1 will be applied to
the representation of vectors.

However, a vector is a much more general construct than an N-tuple. A vector is
defined to be an element of a vector space, which can contain abstract mathemati-
cal objects. For example, in the discussion of analytical mechanics in Chapter 5, more
general notions of vectors are introduced. The directions or variations that arise in state-
ments of variational calculus can be construed as vectors that exist in a suitably defined
vector space. Section A.1 of the appendix summarizes some of the most fundamental
properties of vector spaces. Some texts do not distinguish between N-tuples of numbers
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and vectors. See for example [18]. However, the distinction between N-tuples and vec-
tors in a general setting can be considerably more abstract, and the interested reader
can study [34] or [9] for details.

The level of rigor and abstraction introduced in [9] is an important tool in graduate
treatments of dynamics and control: topics including differential geometry or Lie algebra
can provide important insights into the structure of different robotics problems. These
topics require substantially more preparation in the mathematics that underlie vector
spaces, tensor analysis, and the foundations of manifolds. An example of the applications
of these foundations in robotics can be found in [36].

In this text, only those properties of vectors that will aid in solving specific problems in
the dynamics and control of robotic systems at an undergraduate or beginning graduate
level are introduced. In this chapter, it is important to note the following differences
between an N-tuple and vector in RV,

e Vectors are mathematical entities characterized by a direction and length. An N-tuple
is just an ordered collection of numbers.

o Physically observable, or measurable, quantities such as velocity, angular velocity, and
momentum are idealized as vectors.

e Vectors obey transformation laws or change of basis formulae. The physically observ-
able quantities they represent also transform according to these rules.

e A vector has an infinite number of different yet equivalent representations.

e Each representation of a vector specifies the coordinates or components of the vector
with respect to a specific basis or frame.

This presentation of vectors will proceed with a review of their basic properties in
Section 2.1.2.1, followed by a discussion of the transformation laws used in the change
of basis formulae in Sections 2.1.2.2 and 2.2.

2.1.2.1 Vectors
A vector v in R? is represented by a 3-tuple and is characterized by its direction and
length. The length of a vector v € R? is given by the norm of the 3-tuple

3
length(v) = ||v|| = {Z |Vi|2}
i=1

while its direction is given by the unit vector u

1
2
b

v
lIvll

It is immediate that the length of a unit vector length(u) = 1. In Section 2.1.1 the dot
product of two N-tuples u, v is defined to be

direction(v) = u =

UV =V + Uy + UgVs. (2.4)

It is well known from introductory calculus that the dot product of u and v can also be
written as

w-v = |lull|v]|cos b, (2.5)
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where cos 6, , is the cosine of the angle 6, , between the vectors u and v. Finally, the cross
product w of two vectors u, v in R® is defined by

w=uxyv (2.6)
where
W UyVs — U3y
W= W, 0 =1 UV — UV
W3 UyVy — Vil

Note that the dot product yields a scalar, whereas the cross product defines a vector. The
length of the cross product of two vectors satisfies a formula similar to Equation (2.5).

lux ]| = |laf|lv]| sin6,,.

There are many alternatives that are commonly used to represent the cross product in
Equation (2.6). One that will be used frequently in this text, particularly in applications
to robotics, makes use of the skew operator S(-). The skew operator S(-) assigns to a
vector u the matrix

0 —u; u,
Smy:=|u; 0 —uy
—u, u; O
The cross product w = u X v is then expressed as the action of a matrix on the vector v
in
w=uxy,
= S(w)v,
0 —u; u, v
= u3; 0 -—u; |4V,

—uy, u; 0 Vg

2.1.2.2 Bases and Frames
A coordinate system or frame X for a vector in R? is defined by a right handed (dextral),
orthonormal collection of three vectors x; € R? where i = 1,2, 3. The set of vectors x;
fori = 1,2, 3 is called the basis for the frame X.

Saying x;,X,,X; is a dextral, orthonormal collection of vectors is a compact way of
describing three properties of this set of vectors:

e each is a unit vector,
e each vector is perpendicular to the other two, and
e the vectors permute cyclically under the cross product.

The first property enforces three independent constraints on the magnitude of the three
basis vectors x;, such that

Ix]l=1 i=1,2,3.
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The second property enforces three additional independent constraints on the dot prod-
ucts of pairs of the three basis vectors, such that

x;-x; =0 when i#j.

The third property dictates the relative directions of the vectors (positive or negative)
along the axes specified by the first two properties.

Sets of vectors that satisfy the first two of these conditions (mutually orthogonal unit
vectors) are said to be orthonormal. A more concise way of stating the orthonormality
condition is

X;  X; = 6y (2.7)
where 5, is the Kronecker delta function,
0if i#j,
8, = (2.8)
1if i=j.

This definition takes advantage of the fact that the norm of a unit vector is the same as
the dot product of the unit vector with itself.

Saying these vectors define a right-handed or dextral basis means that the basis vectors
permute cyclically under the cross product. Vectors that permute cyclically under the
cross product satisfy

Xl-XXj=Xk

where {i,j,k} =1{1,2,3},{2,3,1} or {3,1,2}. Since the sign of the cross product
changes if the order of the vectors in the cross product is changed, it follows that
X; X X; = =X whenever {i,j, k} ={2,1,3},{3,2,1} or {1, 3,2}. Figure 2.4 is a graphic
representation of how vectors permute cyclically under the cross product.

These observations are summarized in the following definition.

Definition 2.2 (Vector basis/frame) A basis or frame X in R? is defined by a set
{x{,X,,X;} of orthonormal vectors that permute cyclically under the cross product
according to the right hand rule.

Another common approach used both in this textbook and the broader literature is to
denote the three orthogonal basis vectors as x;, y; and z, for frame i. In this notation, the

X1
X5 = X1 X X3 X1 X Xp = X3
X3 X2
X5 X X3 = Xq

Figure 2.4 Cyclic permutations for vectors x,, X,, X;.
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vector denotes the specific basis vector, and the subscript denotes the associated frame
(as opposed to the vector specifying the frame, and the subscript specifying the basis
vector as defined earlier in this section). This approach is particularly useful when using
numbers to name frames, as in Example 2.8.

The next example shows the need models for practical robotic systems have for
numerous frames of reference and emphasizes the need for systematic techniques to
model these systems.

Example 2.1 Consider the humanoid robot depicted in Figure 2.3. Create a detailed
figure of one leg and its connectivity to the pelvis. Define a collection of frames or bases,
each of which moves with a particular rigid body in the leg sub-assembly. This set is a
collection of body fixed frames for the mechanical system. Describe how each pair of
adjacent frames in the leg assembly move relative to one another as the leg undergoes
general motion.

Solution: Figures 2.5 and 2.6 depict the model representing the humanoid robot.
There are many choices of individual frames that make sense for this problem.
Specific conventions for defining frames for robotic systems are studied in Chapter
3. The detailed definitions of the body fixed frames in this example are shown in
Figure 2.6.

Figure 2.5 Detailed model of humanoid robot.
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Figure 2.6 Detailed model of leg assembly.

The frames are denoted as A through G, having bases (a;, a,, a;) through (g;, g,, 85),
respectively. Each frame is fixed in a particular rigid body, as shown in Table 2.1 for this

example.
Table 2.1 Frames assignment for the detailed model of the leg assembly
illustrated in Figure 2.6.
Frame Description Frame color
A Fixed in rigid body A that models the pelvis Red
B Fixed in rigid body B that models the upper hip Blue
C Fixed in rigid body C that models the lower hip Orange
D Fixed in rigid body C that models the thigh Green
E Fixed in rigid body E that models the shin Red
F Fixed in rigid body F that models the ankle Blue
G Fixed in rigid body G that models the foot Orange

For this set of frames, there is a single frame fixed to each rigid body. However, this
need not be the case. It is often convenient to have multiple frames fixed to a single body.
For example, a frame may be included for each joint, along with a frame at the center of
mass. This portion of the robot is constructed of eight rigid bodies that are connected
to each other by seven revolute joints. Each pair of frames that are fixed to adjacent rigid
bodies rotate relative to one another about a common axis. While the net motion of
the leg assembly can be complex, the relative motion of each pair of adjacent frames is
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simple. The seven joints between adjacent pairs of rigid bodies are detailed in Table 2.2,
including the axes in each frame parallel to the revolute joint axis.

Table 2.2 The seven joints between adjacent pairs of rigid bodies
illustrated in Figure 2.6.

Rigid Rigid Axes parallel to

body 1 body 2 revolute joint axis
A B a, and b,

B C b, and ¢,

C D c,and d,

D E d,ande,

D F e, and f,

F G f and g,

l |

Given a basis {x;,X,, X3}, any vector v in R® can be expressed uniquely in terms of the
basis vectors,
3
_ X X Xy _ X
V=vX VX, +VyXg = Zvl. X;, (2.9
i=1
where the coefficients v¥:= {v}', v\, v} T are the components or coordinates of the vec-

tor v with respect to the {x;,x,,X;} basis vectors. If u = 21'3:1 uXx; is another vector
expressed in the same basis X, then the dot product is defined to be

Using the orthonormality of the basis vector X, a direct calculation shows that

and ”ZX =u-X,.

1

VX:V')L
i i

These facts are summarized in Theorem 2.1.

Theorem 2.1 (Vector coordinates) Let x,,X,,X; be the basis for the frame X in
R3. For any vector v € R3, there is a unique expansion v = E?:l v?‘xi. The coefficients
vy, vy, vy are the coordinates or components of the vector v with respect to the X
frame. The coordinates v* of the vector v with respect to the X frame are defined as

X
v v-X;

X, ) x| _

V= vy p=4VeX,
X
vy VX5

45



46

2 Fundamentals of Kinematics

Suppose that the vectors u and v are defined as above and that w = Z?zl lexi. The
vector w is the cross product of u and v, that is w = u X v, if the components of these
vectors satisfy the equation

wy 0 —uy w ||vS

wie=|uy 0 —uf|qvie & w=SmHv~
X XX X

w, uy, u 0 A

There is an infinite number of bases or frames for R3. Suppose two frames with different
sets of basis vectors in R? are given: frame X with basis {x;, x,,X;}, and frame Y with
basis {y;.Y,,¥;}. For any arbitrary vector v € R? there is a unique expansion having the
form in Equation (2.9). There is also a unique expansion for the vector v in terms of the

basis {y;,¥,,y3}

3
v=rvi vy vy = D (2.10)

i=1

Given the orthonormality of the two sets of basis vectors, a matrix relationship between
the two vector representations, and by extension the two frames, may be defined. The
following theorem provides a concise solution to the problem of relating v* and v"¥.

Theorem 2.2 (Changing vector frame) Let X and Y be two frames in R? and let
vX and v¥ be the coordinate representations of a fixed vector v with respect to the
frames X and V, respectively. The coordinate representations v and vY are related
by the matrix equations

vE=R3vY (2.11)
vY =R{v* (2.12)

where the matrices R and R, are defined as

(x1 - y1) (Xq-¥,) (X1 -¥3)
R?yg = (X -y) (X3-¥2) (X5 Y3)
(x3-y1) (X3°Y,) (X3-Y3)

(y1 - x1) (y1 - Xy) (y; - X3)
R =| (v X)) (127 %) (¥2-X5)
(y3 - xp) (y3-Xy) (y3-X3)

Proof: Given that Equations (2.9) and (2.10) are both equal to v, they may be set equal
to one another. By taking the dot product of both sides of these equations with x,, x,
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and x,, the following three equations are obtained
VX X)) + V(X - Xy) 4 V(X - Xg)
VX, - X)) + vy (Xy - Xy) 4 V(X - X3)
VE(Xs - X)) + Vi (Xg - Xy) + V3 (X5 - X3)
VT(Xl Yo+ V;/(xl Vo) + Vz(xl “Y3)
= VY(X2 YD+ Vg(xz ‘Y2 + Vgx(xz “Ys)
V(X3 y) 4+ vy (X3 - y,) + V;T(xa “Ys)
By orthonormality of the X basis, all of the dot products on the left hand side of these
equations are either zero or one. These equations can be written as a matrix relationship
between the X basis and Y basis coefficients:
vy (X yD) (% ¥2) (xpoys) | [ vy
vie =] (X yp) (Xp-¥,) (X5-y3) 30 ¢ (2.13)
sz (%3 Y1) (X3°Y2) (X3-Y3) V§
Alternatively, the dot product on both sides of these equations may be taken with y;, y,
and y; to construct a matrix expression that explicitly solves for the Y frame coefficients:
Vi{ (y1-x1) (y1 - Xp) (y1 - X3) Vig
v o= vy X)) (¥2-Xy) (5 - X3) |3 v (2.14)
vy (¥s X)) (Y3 %) (y3-%3) | (v
Equations (2.13) and (2.14) give a complete description of how the coefficients of
any vector that is expressed with respect to the two different frames X and Y can be
related. O
Note that the above definitions of Ry and R} satisfy the equation
R)T =Ry,
As discussed in the next section, this property that the matrix associated with an inverse
transformation is simply the transpose of the original transformation matrix is of fun-
damental importance in kinematics. Section 2.2 will show that R?é and R;Y{ are examples
of rotation matrices or direction cosine matrices and play a key role in spatial robot
kinematics.
| |

Example 2.2 Consider a pair of frames A and B that share a common origin and have
a single common basis vector a; = b;. From an initial alignment with frame A, the B
frame is rotated 30° counter clockwise about the a; axis in relation to the A frame, as
shown in Figure 2.7. The coordinates V* of vector v relative to the A frame is defined
as vA = {1 1.2 1.5}T. Calculate the representation of vector v in relation to frame B,
or v&.
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Figure 2.7 Frames A and B and vector v for Example 2.2.

Solution: The matrix R} is used to change the basis from the A frame to the B frame

using the equation v® = R}v*. This matrix R} may be constructed using the expression
in Theorem 2.2

b, -a; b, -a, b, -a;
R} =[b,-a, b,-a, b,-a,
b;-a; by-a, by-a,

The basis vectors are unit vectors, which implies that the dot products reduce to the

cosine of the angle between each pair of unit vectors. For the geometry described in this
problem,

[ cos30° cos60° 0
R} =| cos120° cos30° 0 |,
0 0 1

which may be further simplified into a form that only utilized the rotation angle 30° as
the trigonometric argument

[ cos30° sin30° 0
R} =| —sin30° cos30° 0
0 0 1

Using this form of RY, v may be calculated as

0866 5 0] 1 1.466
V=RV =| -5 866 0| 12p=4 538
0o o0 115 1.5
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2.2 Rotation Matrices

In the last section equations were derived that relate the components v* and v¥ of a
vector v expressed in frames X and Y, respectively. In this section, the relationships in
Equations (2.13) and (2.14) will be demonstrated as rotation matrices. Since these are
used extensively throughout the book, they will be studied in detail.

Definition 2.3 (Rotation matrix) A rotation matrix, or orthogonal matrix, is a
matrix R for which its inverse R™! is equal to its transpose R7, that is

R =R".

A rotation matrix R corresponds to a right hand, or dextral, basis if det(R) = +1. A
rotation matrix R corresponds to a left hand, or sinister, basis if det(R) = —1.

Recalling the notation introduced in Theorem 2.2, if X and Y are frames, then the
coordinate representations vX and v¥ of a vector v with respect to these two frames are
related via the formulae

vi=RvY, (2.15)

vY =RV, (2.16)

The matrix R?é maps the vY frame components into the X frame components. Con-
versely, the matrix Rl maps the vX frame components into the Y frame components.
Thus, this pair of equations defines a change of basis formula.

Theorem 2.3 (Rotation matrix as change of basis) The matrices R and R, in
the change of basis formulae (2.11) and (2.12) are rotation matrices, and

R)™ =R =R

Proof: Begin by substituting Equation (2.15) into (2.16), and factoring out vY,
(I-RIRY)V' =0.
Since this equation must hold for arbitrary v¥, it must be true that
I =RJR. (2.17)
By the same reasoning, substituting Equation (2.16) into (2.15), and factoring out v*,
I-RIR)V* =0
from which it likewise follows that
I = RYR). (2.18)
Equations (2.17) and (2.18) yield
| = R¥RY, = RYRY
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from which it may be observed that the matrices are inverses of one another,
Ry =R)™.

By inspection of Equations (2.13) and (2.14), these matrices are also transposes of one
another. These two properties

R =R)", R =RYT,

together show that the two matrices under consideration are rotation matrices. O

The definition of a rotation matrix in Definition 2.3 might not be intuitive at first
glance, but the columns (or rows) of a rotation matrix have a simple interpretation.
The columns (or rows) of an orthogonal matrix form a basis for R3. If they permute
cyclically under the cross product, the rotation matrix corresponds to a right handed
basis.

Theorem 2.4 (Rotation matrix properties) Suppose that R=[r; r, r;] is a
rotation matrix. Then

(1) The columns {r;},_, , ; are a basis for R>.
(2) The determinant det(R) = det(R”) = +1.
(3) The cross product r; X r, = #r5.

(4) The following statements are equivalent:

(4.1)  The cross product r; X r, = +r,.
(4.2) The determinant det(R) = +1.
(4.3) The columns (or rows) of R form a right handed basis.

Proof: First, partition Ras R = [r; r, r3] and its transpose RT as

rT

—

Ri=|r

iy

The product R7R can then be written (see Equation (2.3)) as

T T Ty o7
) I Ir, I 100
TR = | +T = +T¢r. +Tr. Tr. | =
R'R=|rf |[r; 0y 5] =|xlr, elr, xiry |=[010]. (2.19)
T T Ty o7
Iy I I I;T) I;Ig 001

The last equality on the right hand side follows from the definition of an orthogonal
matrix. Recall that for any i, j, the product rl.Trj is just the matrix multiplication ofal x 3
vector and a 3 X 1 vector. That is, rl.Tr, =1, -1, for i,j = 1,2, 3. The off-diagonal entries
of the matrix equation in (2.19) yield r; - r, = r, - r; = ry - r; = 0. This shows that each

of the columns is orthogonal to the others. The diagonal entries of this matrix equation
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yield the scalar equations r; - r; =r, - r, =13 - r; = 1. Hence, each of the columns is a
unit vector. Moreover, recall that the determinant det(R) is given by

det(R) =r; Xr, - 13,

the scalar triple product (see Problem 2.12). It is already established that the columns
are mutually orthogonal. Hence, sin(f, , ) =1 where 6, , is the angle between r,
and r,. From the identity |[r; X r,|| = [[r,[ll|r,[| sin(f, , ) =1, it is seen that r; Xr,
is a unit vector. Since the direction of r; X r, is always perpendicular to the plane
spanned by r; and r,, it follows that r; X r, must equal +r;. The dot product of r; X r,
with ry will be +1 if the vectors permute cyclically under the cross product, and —1
otherwise. m]

Now consider the structure of the matrices RY and RY in the light of Theorem 2.4.
The columns of R are precisely the representations of the basis X,,X,,X; in terms of
the Y-basis. The columns of RY are precisely the representations of the basis y;,y,, y5 in
terms of the X-basis.

Theorem 2.5 (Rotation matrices from basis vectors) Let {x;,X,,X;} be a basis
for the frame X and {y,,y,,ys} be a basis for the frame Y. The rotation matrices R}
and R}, are given by

RY = [y} vS vy

Proof: For any vector v, based on the construction of the matrix R?Y‘, it is true that

vE=RIVY (2.20)

where vX is the representation v with respect to the X frame, and v" is the representa-
tion of v with respect to the Y frame. Assume v = y,. By definition, this vector y, has a
straightforward expansion in terms of the Y-basis:

1
Y =10
0
When this representation is substituted into Equation (2.20), it results in
1
Y, =Ry =Rj{ 0
0
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Since multiplication of the matrix RY by the vector {1 0 O}T isolates the first column
of RY, the first column of RY must be equal to y;'. This process may be repeated for
columns 2 and 3 for R?é, and a similar argument can be made for Rl. ]

2.3 Parameterizations of Rotation Matrices

For the next step, the definition of a general rotation matrix will be connected to
physically meaningful quantities such as angles of rotation that define the relative
orientation between two frames. This is the problem of determining rotation matrix
parameterizations. The parameters that define the rotation matrix are usually selected
to be different angles that measure rotation; however, the choice of the type of rotation
angle can be made in a variety of ways.

Each rotation matrix contains 9 entries, which are the direction cosines that relate
the bases of the two frames that are associated with the rotation matrix. By definition,
these entries are not independent; there are 6 constraints that are implied in the defini-
tion of any rotation matrix. The dot product of any column/row of the rotation matrix
with itself must be equal to 1 since each column/row is a unit vector. The dot product
of any column/row with a different column/row must equal zero since they constitute
an orthogonal set of basis vectors. This means that in the most general case 3=9—-6
independent variables are required to parameterize a given rotation matrix.

There do exist parameterizations of a general rotation matrix that use more than three
variables. One example is the axis-angle parameterization that utilizes a unit vector
along the direction of rotation and a rotation angle about that axis. A total of four scalar
variables are therefore used in this case. However, they are not independent variables.
There is a single constraint equation that relates these four variables, the requirement
that the norm of the unit vector entries is equal to one. Any parameterization of a rota-
tion matrix using more than 3 variables is necessarily redundant, and there must be
constraint equations that imply the variables are dependent.

In summary, a minimal parameterization of a general rotation matrix defines 3 inde-
pendent variables. For some important special geometries, a rotation matrix can be
parameterized with fewer than 3 parameters. For example, the relative pose between two
bodies connected by a universal joint may be defined by only 2 rotation angles. How-
ever, the simplest examples of rotation matrix parameterizations are those associated
with single axis rotations.

2.3.1 Single Axis Rotations

Single axis rotations play a central role in the study of kinematics. Not only are
they of interest in their own right in a variety of problems, they are also used as the
building blocks for more general constructions in three dimensions. Figures 2.8a,
2.8b, and 2.8c depict the canonical single axis rotations about the 1,2 and 3 axes,
respectively.

In the ith single axis rotation, the frame rotates by angle a; about the axis x; = y,. The
frame X is interpreted as the initial frame, which is mapped into the final frame Y. The
following theorem establishes the structure of the single axis rotation matrices.
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Figure 2.8 Canonical single axis rotations. (a) About 1 axis. (b) About 2 axis. (c) About 3 axis.

Theorem 2.6 (Single axis rotations) The single axis rotation matrices associ-
ated with rotation «;, as shown in Figures 2.8a, 2.8b and 2.8c, respectively, are

1 0 0

R} =R(a;) =| 0 cosa; —sina,
| 0 sina; cosa; |
[ cosa, O sina, ]

X _ —

R = Ry(ay) = 0 1 0

| —sina, 0 cosa, |
cosa; —sinag 0
R} =Ry(a;) =| sina; cosa; 0

0 0 1

Proof: The case for i = 3 will be proven, and the other cases will be left as exercises.
Begin by projecting the basis vectors for frame Y onto the basis vectors for frame X,
such that

Y1 = COS a3X; + sin a3X,,
Y, = —sinazX; + Cos a3X,,
Y3 = X3.
: P : X X X,
These equations lead to definitions for the representations y;',y;’,y5:
COS ttg —sinas 0
X_J) X _ X _
Yy =1 sinaz ¢, Yy, =4 cosaz ¢, y; =490

0 0 1
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Theorem 2.5 gives the rotation matrix RY in terms of these representations
cosaz —sinag 0
Ry(a) = [y} v) vy 1=| sina; cosa; O |. (2.21)
0 0 1
Alternatively, from Theorem 2.2
2SI SERSTD FIDST £1
R§ Sl XY XY X0 Y3
X3:¥1 X3°Y, X3°Y3
However, since the single axis rotation about the 3 axis is under consideration, by defini-

tionx; -y; =land X; - y3 =X, - Y3 = X3 ¥; = X5+ Y, = 0. Moreover, X; - y; =X, -y, =
cos . Finally, trigonometric identities yield

X; + ¥, = €0s(90° + a3) = cos 90° cos az — sin 90° sina; = —sin aj,

X, +y; = €0s(90° — a3) = c0s 90° cos a; + sin 90° sin a; = sin a;. i
| |
Example 2.3 The form of the rotation matrices derived in Theorem 2.6 was deter-

mined by drawing the two dimensional rotation of bases and using the geometry to
express one set of bases in terms of another. In Theorem 2.3 the change of basis formulae
is expressed in terms of rotation matrices that satisfy

RY™ = ®RY" =R},

Show that the rotation matrices in Theorem 2.6 satisfy the conditions of Theorem 2.3.

Solution: R(«,) will be considered, since the other matrices associated with single axis
rotations can be treated in a similar way. Recall that the inverse of a general, invertible
2 X 2 matrix is

ab 1 d —b
cd " (ad - be) —C a

where (ad — bc) is the determinant of the matrix. This formula can be used to calculate
the inverse of a 3 X 3 matrix that has the special form

1 1 0 0
100
0 d -b
Oab| = ad —bc ad - bc
Ocd - a

0 (ad — bc) (ad — bc)
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The rotation matrix RY(e;) in Theorem 2.3 has the form
1 0 0
R§(al) =] 0 cosa; —sina, |,
0 sina; cosay

and the inverse is calculated using the expression above, resulting in

1 0 0
0 cosay sina; 10 0
X -1 : ; .
Ry (@)™ = cos?a, +sin’a;  cos?e; +sin’a, |=[0 cosa; sing
0 —sina, cos a, 0 —sina; cosay
cosa; +sin*a;  cos?a, + sin’a,
— (RX T
=Ry ()"

When using principal or canonical rotation matrices in Theorem 2.6 in applications,
the product of two or more of these matrices is often needed. If a rotation matrix R, is
followed by the rotation R,, the resulting matrix R given by

R = R,R,

is always a rotation matrix. This is evident from the fact that det(AB) = det(A) det(B) for
any two matrices A and B. Since the determinants of R, and R, are both +1 by definition,
so too is the determinant of R. This line of reasoning can be extended to show that the
product of any finite number of rotation matrices is itself a rotation matrix.

However, for the general case, the product of rotation matrices does not commute.
If R; and R, are two rotation matrices, then the products R;R, and R,R; do not in
general represent the same change in pose or relative orientation. The following example
illustrates this fact.

Example 2.4  Consider a pair of canonical rotations: a rotation R, about the x; axis
through angle 90°, and a rotation R, about the x; axis through angle 90°. Show the
product of the rotations does not commute.

Solution: Figure 2.9 illustrate the two sequences of rotations under consideration:
R;R, (top pair) and R R, (bottom pair). As the final configurations do not match for
this specific sequence of rotations, rotations matrices do not commute.

55



56

2 Fundamentals of Kinematics

X

Figure 2.9 General non-commutation of rotation matrix multiplication.

2.3.2 Cascades of Rotation Matrices

While the geometries to which the principal or canonical rotations in Theorem 2.6 are
applicable are limited, standard methods are available to combine these rotation matri-
ces to construct more general rotation matrices. These techniques generate what are
known as cascade or concatenated rotations.

2.3.2.1 Cascade Rotations about Moving Axes

First, the construction of cascades of rotation matrices about moving axes will be consid-
ered. Starting from an initial frame A, an axis a, is selected and the associated canonical
rotation R,(e;) in Theorem 2.6 is applied to map the original A frame into the new B
frame. As a result

b =R/(a)a,

where a:= [a1 a, a3] " and b:= [bl b, b3] ’. Next, choose an axis b; of the B frame and
apply the associated canonical rotation R(«;) to the B frame to generate a new frame C
so that

c= RjT(a/)b = R}T(a/)RiT(ai)a.

This process can be repeated an arbitrary number of times, but often it is applied three
times to create a general rotation matrix in three dimensions defined by the chosen axes
of rotation and parameterized by the three rotation angles. With a final rotation Ry (a;)
applied about the c; axis, the mapping from the origninal A to the final D frame is

d= R,f((xk)RjT(aj)RiT(ai)a.

/

'g

R}

In robotics applications (and particularly for autonomous vehicles), the D frame is often
fixed to the moving body and the A frame is fixed to the ground. The B and C frames are
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used only for intermediate calculations and often do not appear explicitly in a problem
formulation. Conversely, the rotation matrix R} that maps the vehicle fixed frame into
the ground frame is given by

R = R,(2)R(a)R,(@). (2.22)

2.3.2.2 Cascade Rotations about Fixed Axes
Another strategy for building cascades of rotation matrices applies a sequence of rota-
tions defined with reference to the original, fixed frame A.

Recall that in the last section, the frame first rotated by the angle a; about a,, then the
second frame by a; about bj, and then the third frame by a; about c,. In this section, the
sequence of rotations is applied in the reverse order about basis vectors of the original
A frame. First, the B frame is created by rotating by @, about the a, axis,

Next, a rotation matrix is created for a rotation by angle @; about the a; axis and maps
the B frame into the C frame:

c= RjT(a].)b.

Finally, a rotation matrix is created for a rotation by angle @; about the a; axis and maps
the C frame into the D frame:

d =R/ (a))c.

As in the last section, this process can be repeated any number of times, but three rota-
tions is sufficient to construct a general spatial rotation defined by three parameters.
The rotation matrix that maps the original A frame into the final D frame is given by the
formula

d= RZ(ak)RjT(aj)RiT(ai). (2.23)

Equations (2.22) and (2.23) result in the same final rotation matrix. In other words, when
rotations about moving axis are applied in the sequence

a; about a, = «a; about b, = a; about ¢,

the same overall rotation matrix is obtained when rotations about the fixed frame A are
applied in the sequence

a; about a; => @; about a;, = «; about a,

2.3.3 Euler Angles

To define a general spatial rotation matrix that maps the frame A into the frame D, as
shown in Figures 2.2 or 2.10, Section 2.3 noted that three parameters are required. A
common method to define these three parameters concatenates three single axis rota-
tions about a known sequence of basis vectors to generate a spatial rotation matrix. This
approach leads to the family of Euler angle methods.
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The Euler angle approach defines three parameters, such as a, #, 7, to be single axis
rotation angles applied in succession. A first axis #; is selected, and the original frame A
is rotated about the i; axis by the angle a. A new axis i,(# i,) is selected from the rotated
frame, and the frame is rotated about this axis i, by the angle f. This process is repeated
a final time by choosing a third axis i;(# i,) from the second rotated frame, and rotating
the frame about this axis by angle y. The above construction defines the (i, — i, — i;)
Euler angles «, f, 7. The order of the axis in this notation is critical; for example, the
(3 — 2 — 1) Euler angles are not the same as the (2 — 1 — 3) Euler angles.

For a mathematically precise definition, let A denote the original frame, B denote the
frame resulting from the @ angle rotation of frame A, C denote the frame resulting from
the f angle rotation of frame B, and D denote the frame resulting from the y angle rota-
tion of frame C. Introduce the single axis rotation matrices R@(a), R%(ﬂ), and Rg(y)
corresponding to the rotations associated with angles a, f, and y that map one frame
into the next. For an arbitrary vector v, its representations vA, vB vC P may be related
in terms of these frames by

vh = RE(a)V?, (2.24)
vE = RE(BIVE, (2.25)
vE =RE()VP. (2.26)

The desired rotation matrix R that relates the frames A and D is obtained by substitut-
ing (2.25) into (2.24), and subsequently substituting (2.26) into that result. This sequence
of substitutions yields

v = RE@RE(ARS (V.

Since this equation holds for an arbitrary vector v, the desired matrix Ry is given by the
equation

R;(a, B,7) = Rg(ORZ(DRG (7). (2:27)

The most common sequences of Euler angles utilized in applications are discussed in
the next few sections.

2.3.3.1 The 3-2-1 Yaw-Pitch-Roll Euler Angles
One of the most common sequences of Euler angles is the (3-2-1) Euler angles, more
commonly known as the yaw-pitch-roll angles and sometimes as Tait—Bryan angles.
The yaw angle y, pitch angle 6 and roll angle ¢ are illustrated in Figure 2.10 for an
autonomous air vehicle. In this figure, the final frame D is fixed rigidly to the air vehicle,
and the initial frame A is fixed to Earth. Often in navigation problems, the ground fixed
basis vectors a,, a,, and a, are aligned with true north, true east and point toward the
center of gravity of the earth, respectively, but this is not necessary. See Problem 2.27
for a related problem. For the vehicle fixed frame D, the d, axis points out the nose of
the aircraft, the d, axis is oriented along the right wing, and the d; axis completes the
right handed frame.

First, the intermediate frame B will be defined. As a starting point, assume frames B
and A are aligned. For all time, the vectors a; and b, will remain coincident, but vectors
b, and b, may rotate in the a;,a, plane while preserving their dextral orthogonality.
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ag, ds

Figure 2.10 Orientation of an autonomous air vehicle, yaw-pitch-roll Euler angles.

The yaw angle y is defined as the rotation about the axis a; = b, that maps the a, basis
vector into the b, basis vector. An isometric view of the yaw angle and frames A and B
is shown in Figure 2.11. The single axis rotation matrix associated with yaw y is given
in Theorem 2.6 and is

cosy —siny 0
R@(w) =| siny cosy O |. (2.28)
0 0 1

Next, the second intermediate frame C will be defined. Assuming the frames B and D
are known, let ¢, = b, and and c¢; = d,. Complete the right handed frame by defining
¢; = ¢; X ¢,. The pitch angle 6 is defined as the rotation about axis ¢, = b, that maps the
b, basis vector into the ¢, basis vector. An isometric view of the pitch angle and frames
B and C is shown in Figure 2.12. The single axis rotation matrix associated with the pitch

b,

ay
ap

az= b,
v

Figure 2.11 Yaw angle definition.
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Figure 2.12 Pitch angle definition.

angle 6 is defined in Theorem 2.6 to be

cosf O sind
B(g) —
RE(0) = 0o 1 o0 | (2.29)
—sin@ 0 cosé
The roll angle ¢ is the angle about the ¢; = d, axis that maps the ¢, basis vector onto
the d, basis vector, and by orthogonality, the c; basis vector onto the d; vector. An iso-

metric view of the roll angle and frames C and D is shown in Figure 2.13. The single axis
rotation matrix associated with the pitch angle 6 is defined in Theorem 2.6 to be

1 0 0
Rg(qb) =| 0 cos¢p —sing |. (2.30)
0 sin¢g cos¢
a
by
a4

Figure 2.13 Roll angle definitions, 3D and 2D.
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The single axis rotations in Equations (2.28), (2.29), and (2.30) are combined to obtain
the general rotation matrix in Equation (2.27).

R5(w, 0, ¢) = REWIRE(ORG(9),

cosy —siny 0 I cos9 0 sin@ |[1 0O 0
=| siny cosy O 0O 1 0 0 cos¢p —sing |,
0 0 1 || —sin® 0 cos® |[ O singp cos¢

[ cos 6 cos w (cosy sin@sin ¢ — cos ¢ siny) (sin ¢ siny + cos ¢ cos y sin 0)
=| cosOsiny (cos¢cosy + sinf sin ¢ siny) (cos ¢ sin b siny — cosy sin ¢)

—sinf cos 0 sin ¢ cos 6 cos ¢

See Examples 2.1 and 2.2 of the MATLAB Workbook for DCRS.

Example 2.5 It has been stated that the order in which the finite rotations are defined
in an Euler angle sequence is critical to the definition. If the order of the axes about which
the rotations are defined is changed, the resulting rotation matrices can be different.
Show that this is true even in a simple case.

Suppose that the yaw angle y = 0, but that the order of the pitch rotation about the 2
axis and the roll rotation about the 1 axis are switched. Sometimes it is observed that a
rotation matrix associated with (infinitesimally) small yaw y, pitch 6 and roll ¢ angles
does not depend on the order in which the rotations are carried out. This conflicts with
the situation where the rotations are finite. Linearize the derived 3-2-1 Euler angle rota-
tion matrices but now assume that § and ¢ are small. Linearize the rotation matrix
obtained when the order in which the rotation are performed is reversed. Show that
the linearized rotation matrices are the same.

Solution: The rotation matrix for pitch and roll, if performed in the order described in
Section 2.3.3.1 is

[ cos® 0 sin6 1 0 0

RS: 0O 1 O 0 cos¢ —sing |,

—sin@ 0 cos@ [LO sing cos¢

cosf sinfsing¢g sinf cos ¢

= 0 cos ¢ —sing

—sin@ cos@sin¢ cosb cosp
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If the order is reversed, the rotation matrix relating the A and D frames is

[1 0 0 cos® 0 sin@
(R} reversed = | 0 cosp —sin o 1 0 |,
| 0 sing cos¢ —sinf 0 cos@
cos 0 0 sin 6
=| sinfsin¢g cos¢ —cosfsing
| —sinfcos¢ sing cosfcosp

Obviously, these two matrices are not the same. If the matrices are linearized above
for small angles using the approximations sin =~ 0,sin¢ = ¢, cos @ ~ 1, cos ¢ =~ 1, the
matrices simplify to

1 64 6 10 6
RS = 0 1 _d) s (Rﬁ)reversed = 0¢ 1 _d)
-0 ¢ 1 -0 ¢ 1

Given that § and ¢ are assumed to be small angles, their product may be as approximated
as ¢f ~ 0. As a result, the final approximation of both matrices for small angles 6 and ¢
are both

1 0 @
Rg = (Rg)reversed = 01 _¢
9 ¢ 1
l ]

2.3.3.2 The 3-1-3 Precession-Nutation-Spin Euler Angles

Another well known sets of Euler angles are the 3-1-3 Euler angles that define precession
a, nutation # and spin y in the study of gyroscopics. These were originally defined by
Leonhard Euler (1707-1783) in the study of rigid body kinematics. Figures 2.14a, 2.14b,
and 2.14c depict one common, compact way of visualizing this set of Euler angles. The
initial frame A is, as in the last section, fixed to ground (i.e. Earth), and the final frame D
is fixed to the body under consideration. For this sequence of Euler angles, the a; = b,
axis is given a special name: the line of nodes.

Figure 2.14 Euler angles: precession, nutation, spin. (a) Precession. (b) Nutation. (c) Spin.



2.3 Parameterizations of Rotation Matrices

The first intermediate frame B initially aligns with the A frame and is rotated by the
angle @ about the a; = b axis. The second intermediate frame C initially aligns with the
B frame and is rotated about the b; = ¢, axis through the angle § until the c, basis vector
is aligned with the body fixed d, basis vector. The final frame D is reached by rotating
about the ¢; = d; axis by the angle y until the ¢, and c, basis vectors are mapped onto
the d; and d, basis vectors. The three single axis rotation matrices R@(a), Rg(ﬁ), and
Rg(y), associated with the precession a, nutation f and spin y, are

[ cosa —sina 0] 1 0 0
Ri(a)=| sina cosa 0|, RE(P)=]|0 cosp —sinp |,

0 0 1] 0 sinff cospf

[ cosy —siny 0]
Rg(y)= siny cosy O
0 0 1

These rotation matrices may be verified using Theorem 2.6. The rotation matrix
RS (a, B, ) is given by the product

Ry (@, 6,7)
[ cosa —sina O][1 © 0 cosy —siny 0
=| sina cosa O || O cosf —sinf || siny cosy O],
0 0 1|0 sinf cosp 0 0 1
[ (cos a cosy — cos fisinasiny) (—cosasiny —cos fcosysina) sinfsina
=| (cosysina + cos fcosasiny) (cosfcosacosy —sinasiny) —cosasinf

sin fsiny cosy sin f§ cos f

See Example 2.3 of the MATLAB Workbook for DCRS for an example of a MATLAB
function to calculate the rotation matrix generated by the 3-1-3 Euler angles.

Example 2.6  Figures 2.15a, 2.15b, and 2.15c¢ depict the geometry that can be used to
define the kinematics of an autonomous satellite system. It will be shown that the frames
used in this example correspond to a set of 3-1-3 Euler angles. The E frame is fixed at
the center of the Earth, and the e; — e, plane coincides with the equatorial plane. The
orientation of an orbit of the satellite is defined in terms of the inclination y and the
right ascension ¢ of the orbit.

The orbital plane of the satellite around the Earth intersects the e;—e, plane along
the line of nodes, which coincides with the vector a,. The A frame is defined with a
single axis rotation by the angle ¢ about the e, axis. The right ascension ¢ measures this
angle between the e, and a; axes. A second frame B is introduced using a single axis
rotation by angle y about the a; axis from an initial alignment with the A frame. The
angle y is the inclination of the orbital plane relative to the equatorial plane. The C frame
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e;= aST Tas b
2
bs
W
A
a
e, 2 a

e
31\’ 2 \'a1 = by
(@) (b) ()

Figure 2.15 Kinematic model of a satellite orbit around Earth. (a) Precession, (b) nutation, (c) spin.
corresponding to the satellite’s orientation relative to Earth is obtained from the B frame
by rotating by the angle @ about the b, axis. The ¢, axis is along the position vector from
the Earth to the satellite/frame C origin, and ¢, is perpendicular to the orbital plane.

Calculate the rotation matrix that maps the basis for the Earth frame E to the basis for
the C frame.

Solution: Asbefore, the rotation matrix RE is a composition of three single axis rotation
matrices
RC = REROR.
By inspection of geometry, the basis for A can be written in terms of the basis for E as
a, = cos ¢e; + sin e,,
a, = —sin ¢e; + cos ¢e,,
a; =e;.
Similarly, the basis for B can be written in terms of the basis for A as
b, =a,
b, = cosya, + sinya,,
b; = —sinya, + cosya,.
The basis for C is expressed in terms of the basis for B in the equations
¢, = cosab,; + sinab,,
¢, = —sinab; + cosab,,
c; =bs.
The corresponding rotation matrices are
cos¢ sing O 1 0 0 cosa sina 0
RY=| —singp cosp 0 |, RE=| 0 cosy siny [, RS =| —sina cosa O |
0 0 1 0 —siny cosy 0 0 1
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The final expression for the composite rotation matrix is Rt = RJRERZ, and we can
write

cosa sina O |1 O 0 cos¢ sing 0
Rg: —sina cosa 0 [| O cosy siny || —sing cos¢ O
0 0 1|0 —siny cosy 0 0 1

The transpose RE = (R)” of this rotation matrix is identical to that generated by the
3-1-3 Euler angles. See Example 2.3 in the MATLAB Workbook.

2.3.4 Axis Angle Parameterization

Sections 2.3.3.1 and 2.3.3.2 address two of the most common examples of concatenated,
body fixed rotations that define particular Euler angle sequences. This section focuses
on another common approach to representing general rotation matrices in three dimen-
sions, the axis angle parameterization. This technique differs substantially from the
family of Euler angle methods discussed in Section 2.3.3. This case utilizes the property
of rotation matrices that states that any generalized rotation matrix may be reached by
a single rotation by angle ¢ about an axis of rotation u. The geometry and definition
of the variables ¢ and u are shown in Figure 2.16. The following theorems give a con-
cise description of the rotation matrix R for the transformation shown in Figure 2.16
parameterized by ¢ and u.

ag

)

a

>

A

Figure 2.16 Definition of direction of rotation u and angle of rotation ¢.
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Theorem 2.7 (Rotation matrix exponential) The matrix exponential e5®¥ is a
rotation matrix for any scalar ¢ and unit vector u and is given by

eSO = cos (1 — uu’) + sin pS(u) + uu’, (2.31)
=1+ (1 — cos ¢)S%(u) + sin PpS(u).

Conversely, any rotation matrix can be written as e3*® for some choice of ¢ and unit
vector u.

Theorem 2.8 (Axis angle parameterization) Suppose the frame A is mapped to
the frame B in Figure 2.16 via rotation ¢ about the unit vector u. The rotation matrix
R} is given by the matrix exponential

RE = &S0 (2.32)

where S(-) is the skew operator.

Proof: The proof of these two theorems is lengthy; as such, it will only be shown that
the formula in Equation (2.31) holds for any scalar ¢ and unit vector u. The proof that
the matrix exponential 5% is a rotation matrix is addressed in Problem 2.34. The proof
that e5@¥ is the rotation matrix associated specifically with rotation through an angle
¢ about the u direction is addressed in Problem 2.29. The derivation of a few of the
identities used in the proof that follows are addressed in Problems 2.15 and 2.16.

The matrix exponential for any matrix A is defined via the infinite series

o]

A _ Al 1,2, 1,3
e _Z(;F_HA-'_ﬂA + A

and for the axis-angle parameterization, €5V expands as
S = 1+ S(gu) + S (W + S-S (P + ...,
=1+ ¢pS(u) + %qﬁZSz(u) + %(]BSS(u) +...,
since S(¢pu) = ¢S(u) for any scalar ¢. Problems 2.16 and 2.17 show that for any @ in R®

S’ (@) = - ||@|*l + oo,
$’(@) = - ||@|*S(@).
Using these identities, it is determined that
S’(w) = —(1 — uu’),
S*(w) = —S(w),
S*u) = (1 = uuH)( — uu?) = 1 — uu?,

S°(w) = S(w)(! — uu’) = S(u),
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since (uu”)S(u) = S(u)uu’? = 0. The following expression is obtained when these iden-
tities are substituted into the series expression for the matrix exponential

SO — [ 4 pS(u) — %qf;z(ﬂ —uu’) - %fbss(u)
+ -+ S8
=|]+(1—%2+%L— (g—f+...)(ﬂ—uuT)—(ﬂ—uuT)
FG= b+ 2+ IS W),

= cos ¢(1 — uu’) + sin ¢S(u) + uu’.

Example 2.7 Let the rotation matrix R be given by

cosf sinf 0O
R=| —siné cosf 0O
0 0 1

Use the equation
e’ := [ + (1 — cos ¢)S*(n) + sin $pS(u)

derived in Theorem 2.8 to show that this rotation matrix corresponds to rotation about
the 3 axis through the angle 6.

Solution: For this solution, the rotation matrix R and unit vector u will be parameter-
ized by r; and u;, respectively. First, the expression for S*(u) will be expanded in terms
of u;, such that

—(ud+u3)  uu, Uy Uy

S’(w) = —l+uu’ = upuy  —( 4+ u3) Uyl
2, .2
Uslhy usu,  —(uj +u;)

Using this expression to expand e?* results in

100 —(ud+u3)  uu, Uylly
e =1010([+1-cosg)| wuy —(+ud) uyu,
001 Usu, usu,  —(u + ul)

0 —u; u,
+sing| u; 0 —u
—uy, u; O
In parallel, the rotation matrix may be expanded such that
T tio T3 cosf sind 0
R=|ry Fy rys | =| —siné cos6 0 |. (2.33)

T3 T3 T33 0 0 1
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An equation for ¢ may be found by taking the traces of e’ and R and setting them equal
to one another, resulting in

3—2(1—cos¢p)=2cosf+1,
1+2cos¢p=2cosf +1,
cos f = cos ¢.

This equation is true provided 6 = +¢. By convention, it is assumed that 6 = ¢; if the
converse assumption was made, the resulting axis of rotation would be —u. Next, expand
the off-diagonal entries r, and r,; to see that

sinf@ = r;, = (1 — cos @)u,u, + sin p(—u,),
—sin@ =ry = (1 — cos Puyu, + sin p(us),
and subtract the first equation from the second to obtain
2sin @ = —2 sin ¢u,,
sin 0
],[3 = —— =
sin ¢
Because u is a unit vector, #; = u, = 0. Substituting the expressions for ¢» and u into the
expression for e?® results in the expected form of the rotation matrix.

100 -1 00 010 cosf sinf 0
e =[010|+1—-cos®)| 0 =10 |+sinf|100|=|—-sind cosd 0
001 0 00 000 0 0 1

See Example 2.4 in the MATLAB Workbook for DCRS for an m-file that can be used to
construct the rotation matrix e?™ for any rotation angle ¢ and unit vector u.

2.4 Position, Velocity, and Acceleration

The study of kinematics is based on the definitions of position, velocity, and accelera-
tions of points on rigid bodies that make up mechanical systems. As already discussed,
in applications related to robotics there can be numerous frames of reference in a sin-
gle mechanical system. As a result, a systematic methodology is required for utilizing
these numerous frames of reference. This framework for a systematic treatment of com-
plex systems, one that accommodates numerous frames of reference, distinguishes the
approach in this text from an introductory account. As a starting point, definitions are
presented that capture the behavior of one frame varying with respect to another, and
subsequently define the total time derivative of a vector.

Definition 2.4 (Timevarying representation) Suppose Xand Y are frames with
bases x;,X,, X; and y,,Y,, Y3, respectively. The frame Y is time varying with respect
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to X if the representation y), y), y; has the form

=Y, v =n0 v =y
When the background frame X is understood, the frame Y may be written with time
varying bases y,(t),y,(t), y;(2).

The above definition agrees with intuition. In addition, this definition is symmetric
in the sense that if Y varies with respect to X, X also varies with respect to Y, since
RX() = (RY(1)".

In addition, the fact that one frame varies with respect to another is often implicit,
rather than explicit, in the description of a problem. It is often simply stated that the
frame Y has a time varying basis y, (¢), y,(¢), y5(£) without explicitly discussing the rep-
resentations y)(¢), y; (£), y5 (¢).

Example 2.8 A cylindrical robotic manipulator is depicted in Figure 2.17, along with
frames chosen for each of its rigid bodies. Frame 0 is fixed to the ground link, frame 1 is
fixed in the vertical link, frame 2 is fixed in the horizontal link, and frame 3 is attached
to the tool. Using Definition 2.4, determine whether the following pairs of frames vary
with respect to one another: (i) frames 0 and 1, (ii) frames 1 and 2, (iii) frames 2 and 3.

Solution: From inspection of Figure 2.17, the basis vectors of frame 1 can be repre-
sented with respect to the basis vectors of frame 0, such that

X; = cos 0,x, + sin 6,y,,

Y, = —siné,x, + cos 0,y,,

Z, =1,

Link 1

Figure 2.17 Cylindrical robot, frames.
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which implies that the rotation matrix R} is given as

cosf; sin6; 0
R, =| —sin6, cos6; 0 |= [x(l) Yo zl]‘

0
0 0 1

In other words, when the joint angles are written as explicit functions of time

cos 0,(¢) sin 0, () 0
xy(t) =12 —sinf,(¢) ¢, yot) =13 cosO,(t) ¢, zy(t)=130¢,
0 0 1

and since the inverse relationship may be found by taking the transpose of R} and iso-
lating the columns

cos 6,(t) —sin 6, (¥) 0
X)) =1 sin6,(8) ¢, YI@) =4 cosb(t) ¢, z2)=40r¢,
0 0 1

the frames 0 and 1 are shown to vary with respect to one another, according to Defini-
tion 2.4. However, for frames 1 and 2, for all time ¢,

X3 = Y1,
Yo =17y,
Z, =X,

or equivalently

010
RiI=|001
100

The following unit vectors can be extracted from the columns of R}

0
xf=< 0>, yf=< 05, zf=< 15,
0

L J L J L J

and the columns of Ré can likewise be written as

C 3 - 3 a
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These representations are constant with respect to time, so by Definition 2.5, frame 2
does not vary with respect to frame 1. By a similar argument, since the rotation matrix
100
3 _
R=|00 1
0-10

is constant, frames 2 and 3 do not vary with respect to one another.

For the definitions of velocity and acceleration, vector derivatives are required This
task is made more difficult by the fact that there may be many frames of reference in
a given system. The derivative of a vector v must always be defined, either explicitly
or implicitly, with respect to some background frame, as the following theorem makes
clear.

Definition 2.5 (Total time derivative) Suppose that the frame Y is time-varying
relative to the frame X, and denote the basis for the frame Y as y,(¥), y,(¢), y;(¢).
The total time derivative with respect to the frame X of a vector v(¢) = v,(¢)y,(¢) +
Vo ()Y, (2) + v5(2)y5(8) is given by the chain rule

. 6(0) = B OV + OYO) + 55Oy (2:34)

d d d
+ v, (1) T X(YI(t)) +v,(t) T X(Yz(t)) +v3(®) T X(Ya(t))- (2.35)

There is a common structure to the total time derivative of the vector v(¢) in
Definition 2.5 that occurs in many of the problems discussed in this book. The first
three terms in the total derivative involve the derivatives of the coefficients that
multiply the unit vectors y, (¢), y,(¢), y5(¢). These three terms constitute the basis fixed
derivative in frame Y or the derivative with respect to an observer fixed in the Y frame.
The last three terms in the total time derivative involve the derivative of unit vectors; it
will be shown that these three terms can be expressed in terms of angular velocity in
Section 2.5 in Theorem 2.12.

Definition 2.6 (Basis fixed derivative) Let Y and v be as in Definition 2.5. The
basis fixed derivative in frame Y is defined as

d% VO HO¥O + B0 + 150y (2.36)

The derivative in Equation (2.36) is also known as the derivative with respect to an
observer fixed in the Y frame.
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If the direction and length of a coordinate vector with respect to a particular basis is
constant, then the derivative of the vector while holding that basis fixed is equal to zero.
Because this property is used so frequently, the following theorem is introduced.

Theorem 2.9 (Derivative of fixed basis frame) Lety,,y,,y; be a basis for the Y
frame and suppose that

V(2) = v1y1(8) + voy,(8) + v3y3(2)
where v, v, and v, are constants. By definition

d

dt|y
In particular, it is always the case that
d
—| v.(&)=0
de VYI( )
fori=1,2,3.

v(t) = 0.

Proof: This theorem follows directly from Definition 2.6. O

The next example illustrates how Definitions 2.5 and 2.6 and Theorem 2.9 are used
directly in problems.

Example 2.9  Consider again the cylindrical robot studied in Example 2.8 and
depicted in Figure 2.17. Let the vector u(t) be defined as

u(t) = Intx; (¢) + e'y, (¢) + (£ + sin Qt)z,(?) (2.37)
where x, (£), y;(£), z,(¢) are the basis vectors of the frame 1. What is the derivative of u(¢)

with respect to the 0 frame?

Solution: By Definition 2.5,

% O(U(t)) = i, ()X, (£) + 1, (DY, () + 130z, ()

d

d d
0(x1(t)) + Uy E‘O(Yﬂt)) + Uy T O(ZI(t)).

The first three terms on the right are obtained by differentiating the coefficients of x, (¢),
xX,(¢) and x,(¢) in Equation (2.37).

i, %, (8) + iy, (t) + 132, () = %xl(t) + 'y, (t) + (3t* + Q cos 1)z, (t).

The time derivatives of x,(¢),y,(¢) and z,(¢) relative to the 0O frame are calculated by
expanding the basis vectors that define the 0 frame and differentiating the resulting
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expressions

d
de

(x,(2) = % (cos 0,(t)x, + sin 0, (t)y,) = 6(t)(— sin 0,(t)x, + cos 0,(t)y,)
0 0
= 9Y1(t),

%‘O(yl(t)) = % 0(— sin 0, (t)x, + cos 0,(t)y,) = —é(t)(cos 0,(t)x, + sin,(t)y,)

= —0x, (1),
d d
Llz,=%]z=0.
ail, T dr),

Implict in the above differentiation is that

Cd) A
(x,) = 5’0@0) = Gl@=o

d
dt |y
from Theorem 2.9 above. Combining these two halves of the total time derivative results

in

d
de

(u@) = %xl(t) + ely, (£) + (3t* + 2 cos 2t)z, () + In tdy, (t) — e'dx,(t),
0

- (% - efe'l) X,() + (¢ + In £0,)y,(6) + (32 + 2 cos Qt)z, (t).

See Example 2.5 of the MATLAB Workbook for DCRS for this problem.
l |

Finally, the primary focus of this section: the definition of the position, velocity,
and acceleration of points p in a mechanical system that contains multiple frames of
reference.

Definition 2.7 (Position, velocity, and acceleration) Suppose that frame X has
basis x;,X,, x;. The position vector ry ,(t) of particle p in the X frame is the vector
that connects the origin of the X frame to the particle p for all time ¢.

The velocity vy ,(¢) of particle p with respect to the X frame is the derivative of the
position ry ,(¢) of the point p with the X basis held fixed

rx,p(t)

d
de [x

The acceleration ay ,(¢) of the point p with respect to the frame X is the derivative
of the velocity vy ,(¢) of the point p with the X basis held fixed

vx’p(t) =

d
axp(t) = d_

Vy (¢
7| Ve ®
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Example 2.10 Return again to the robotic system studied in Examples 2.8 and 2.9, and
depicted in Figure 2.17. What is the position vector in frame 0 of the point s? Express
your answer in terms of the basis for frames 2, 1 and 0. What is the position vector in
frame 1 of the point s? Express your answer in terms of the basis for frames 1 and 0.

Solution: The position vector r of the point s in frame 0 is the vector that connects
the origin of frame 0 to the point s. This vector can be written

To dyg2o +d,, (2, +d, (D)z,.

— = =

from p to g from g to r fromr tos

E

This expression can be recast in any of a number of equivalent ways by a simple change
of basis. The representations relative to the 2 frame and 1 frame are, respectively,

vy, =(d,, +d, @)y, +d, (t)z,,
=d, (Ox, +(d,, +d,,(0)z,.

The representation in terms of the basis for the 0 frame is given by

d, () cosf; —sinf; 0 d, (t)
rg,s = R(l) 0 =| sinf; cosf, O 0
d,,+d, () 0 0 1)4,,+d,,®
d,(t)cos 0,
=4 d,(t)sin6,
d,,+d,(t)

The position vector ry ; of the point s in frame 1 is the vector that connects the origin of
frame 1 to the point s. This vector is written in terms of the basis for frame 1 as

1, =d, (X, +d,, Oz,

In terms of the basis for frame 0, its components are given by

cosf, —sin6, 0 | [ d,(2)
1) =Rr; =| sin6, cos6, 03 O ¢,
0 o 1]ld,®
cos 6, 0)
—d, ()] sinf, t+d,O]0}.
0 1)

This Example can be found in the MATLAB Workbook for DCRS in example 2.6.
l |
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Example 2.11  Consider the robot depicted in Figure 2.17. What is the velocity in the
0 frame of point s? What is the acceleration in the 0 frame of point s?

Solution: By definition, the velocity in the 0 frame of point s is given by

d
Vos = 5

In Example 2.10, the position vector r  is determined to be

rO,s'
0

ry, =d, (t)cos O xy,+d, (t)sin 0y, + (dpyq + dqyr(t))zo.

Direct application of the definition yields

_d
s 5 OrO,s’

= (d,,cos0, —d, 0, sin0,)x, + (d, sin 6, +d, 0, cos0,)y, + Hz,

Vo

+d, cos 0, % X +d,sinf, % Yo + (dm + dq’,(t)) % Z,,
0 0 0
—— —— ——

0 0 0
= (d,’s cos; — dr’sél sin ;)x, + (d,’s sinf; + d,,sél cos 0,)y, + a'iq’rzo.

The acceleration a,  is obtained in a similar manner:

L
S dt]y *
=(d,,cos0, —d, 0, sin0, —d, bsin6, —d, 0% cosb)x,
+(d,,sin6, +d, 0, cos 0, +d, 0, cos0, +d, b cosb, —d, 67sinb),)y,
+ ﬂq’,zo.

N

It should be noted that the components of the velocity and acceleration expressions
above can also be rewritten in terms of the cylindrical coordinate system, as described
in Theorem 2.18,

cos 6, [ —sing, 0
vo,=d, 4 sin6, ¢+d, 0,1 cosb ¢+d, ,q0¢,
0 0 1
cos, —sin6, 0
a), =(d,,—d, 0] sind, ¢+(d,.0 +2d,0,)] cosb, ¢+d,, {0
0 | 0 1

The velocity v, ; and acceleration a, are calculated using MATLAB in Example 2.7 of
the MATLAB Workbook for DCRS.
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Example 2.12  Consider the robot depicted in Figure 2.17 again. What is the velocity
in the 1 frame of point s? What is the acceleration in the 1 frame of point s?

Solution: The definition of the velocity v, ; in the 1 frame of point s asserts that

_d
S dt

where r,  is the position in the 1 frame of point s. From Example 2.10, r;  is defined as

Vi

rl,s
1

r, =d, (Ox, +d,,(Dz,,

and the velocity v,  is

. ) d
Vi, =d. X + a,’qJZ1 = a‘lafm(t)x1 + dq,,(t)zl,

= dr’sxl +d Z,

d . d
s 5 1x1 + dqmzl + qu E .

~—— ~——
0 0

=d, x, + dq,,zl.

For the acceleration a,

d . ,
al,s = a lvl,s = E 1dr,sx1 + dq,rzl’
. o d . . d
=d. x;, +d.,—|x,+d,,z, +d, ., —| z;,
r.s s dt ) q.r @r qr
—— ——
0 0

=d, x;+d,,z,.

Note that the velocities and acceleration above are not obtained from the velocity and
acceleration in the 0 frame as calculated in Example 2.11 and subsequently changing
basis. The position vectors that are used to define v, ; and v, ; are not the same.

This calculation is also carried out in Example 2.8 of the MATLAB Workbook
for DCRS.

In many problems the notation (-)| is omitted since the background frame should be
clear. However, it is crucial to note that ry , and ry , are not representations of the same
vector in different frames; they are different vectors from different frame origins to the
same point. The following definition emphasizes this fact by introducing the notion of
the relative position dy y, of the frames X and V.

Definition 2.8 (Relative position) Suppose that frame X has basis x;, x,, X;, and
suppose that frame Y with basis y, (¢), y,(£), y;(¢) varies with respect to X as depicted
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in Figure 2.18. The relative position dy () of frame Y with respect to frame X is the
vector from the origin of the X frame to the origin of the Y frame. The position ry ,(¢)
of the particle p with respect to the X frame, the position r, , of the particle p with
respect to the Y frame, and the relative position dy y(¢) of the frame Y with respect
to the frame X satisfy the equation

1y, () = dygy (8) + 1y, (0).

Figure 2.18 Position Vectors.

2.5 Angular Velocity and Angular Acceleration

The calculation of velocity and acceleration in Definition 2.7 often requires differentia-
tion of unit vectors or differentiation of rotation matrices. These two topics are closely
related and are often defined using the angular velocity between two different frames of
reference. If the expressions for the velocity in Definition 2.7 are further differentiated
to obtain the acceleration, the derivative of angular velocity, or angular acceleration is
also required. Angular velocity is defined in Section 2.5.1, while Section 2.5.2 discusses
angular acceleration.

2.5.1 Angular Velocity

Angular velocity is a fundamental quantity in kinematics. Its definition for two dimen-
sional or planar motion is trivial, as shown in Theorem 2.13, and is easy to interpret
geometrically. However, the definition of angular velocity in three dimensions does not
lend itself to a simple geometric interpretation. The definition that follows shows that
at a fundamental level the definition of angular velocity is connected to the calculation
of the time derivative of rotation matrices.

Definition 2.9 (Aungular velocity) Let frame Y rotate relative to frame X and
suppose that the rotation matrix R?é(t) is a differentiable function of time ¢. The angu-
lar velocity vector @y, of the Y frame with respect to the X frame is the unique vec-
tor such that the linear operator @, ,, X (e) has the matrix representation RY(RY)”
with respect to the basis for the X frame.
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Before proceeding to some applications and problems, this definition should be
shown to be self-consistent. At least a few points should be noted about Definition 2.9.
For any possible angular velocity vector @y y, the operator @y y X (®) acts on vectors
in R3. Since this operator is a linear operator on vectors, it has a representation that
depends on the basis chosen for R3. If x;,x,, X; are chosen for the vectors in R3, the
action of the operator @y y, X (®) on vectors expanded in this basis is given by the usual
expression

S(@y ) (2.38)

where, again, S(e) is the skew operator.

This last expression can be expanded to emphasize the point. Suppose that the com-
ponents of the angular velocity @y y are abbreviated in terms of the basis for the X frame
as w,, ®,, @;. That is, the following shorthand is introduced

@,
@5y =9 @ (2.39)
w3

for the explicit expression
wiyv = w;X; + ©,X, + W5X,. (2.40)

With these conventions and assumptions, the matrix representation of the operator
oy X () acting on vectors that have been expanded in terms of the basis for the X
frame is

0 -w; w,
S@y, )= @ 0 - | (2.41)
-w, ®; 0
As a result, this matrix is given by the relationship
S(@} ) = RY(RY). (2.42)

These comments are summarized in the following theorem.

Theorem 2.10 (Rotation matrix derivative) Let X and Y be two frames, and
let the rotation matrix that relates them be time varying, RY(#). The time derivative
d pX . .
R (¢) is given by

d

TR = @], (ORS()

where S(e) is the skew symmetric operator and a)§ y is the representation with
respect to the X basis of the angular velocity vector @y y, of the frame Y with respect
to the frame X.
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Proof: This theorem follows from Definition 2.9 and the preceding comments after not-
ing that

(@xy X () = S(@5 ) = RERY)". m

While Definition 2.9 is not intuitive, it has a host of applications to practical problems.
Considerable effort can sometimes be saved in particular examples through the careful
use of angular velocity. The definition of the angular velocity is motivated by considering
the velocity of a point that is fixed on a rigid body.

Theorem 2.11 (Velocity of point fixed bodies) Suppose that the point p is fixed
in frame B with basis b, b,, b; that moves relative to the X frame. As shown in
Figure 2.19, assume that the origin of the B and X frames coincide for all time. The
velocity vy, of the point p in the X frame is given by

Vxp = @xp X Ixp (2.43)

where @y g is the angular velocity of the B frame relative to the X frame.

X3 A

bg

M P

X4

b,

Figure 2.19 A Point p Fixed in Frame B.

Proof: First note that the position vector ry , with respect to the frame X is identical
to the position vector rp, with respect to the frame B because the origins of the two
frames coincide for all time. The velocity of the point p in the frame X is defined to be
the derivative of the position vector Iy, with the basis for the frame X held fixed,

d

Vo T qg|, e

(2.44)
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The fact that the basis for the frame X is held constant is noted by omitting time depen-
dence when writing X, , X,, X;, whereas the basis for frame B is written as b, (£), b, (£), b5(¢)
to emphasize that it changes with respect to frame X. The vector ry , can be expressed
in either the B-basis as

Iy, = a;’b, () + a7’ by() + ag'by(2), (2.45)
or the X-basis,
Iy, = @ (OX; + @ (D)X, + oy (£)x;. (2.46)

There are two important observations to be made regarding the expansions in
Equations (2.45) and (2.46). Since the point p is fixed with respect to frame B, it
does not move relative to the frame B. This means that the coefficients a?, a2, a2 in
Equation (2.45) are constants: they do not depend on time. By contrast, the coefficients
@ (£), @) (t), ay () of the point p with respect to the frame X do vary with time. In fact,

the relationship between these two sets of coefficients is known to be
(xf{(t) aP

X _ RX
ay () ¢ =Ry(H){ «

a; () a

1
> (2.47)
B
3

This equation can also be written as

X _ pX.B
rg, = RBrX’p.

Both sides of the 3-tuples of coordinates in the above equation can be differentiated to
obtain

ar(t) af

. d

0 § = RS af (2.48)
@y () ay

and by the orthogonality of the rotation matrix, the product (R%)”RY may be inserted
into the equation

(a}(2) ) a
AGRES %(RE)(RE)TRE al b (2.49)
L& t
Next, the definition of the angular velocity vector is introduced, resulting in
[(a(2) ) a? @ (t)
&) =S )R { a5 ¢ =S(@x5)q @) ¢ (2.50)
d;g(t) agﬂ ai‘(t)

This last equation provides the desired result: the left hand side of the equality contains
the coefficients of the velocity vector vy, with respect to the X basis, while the right
ha]r;d side of the equality is the matrix representation for @y g X ry , with respect to the
X basis. O
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Theorem 2.11 provides a physical interpretation for the angular velocity definition in
three dimensions. The velocity of a point on a rigid body that has a single point fixed in
the inertial frame can be expressed in terms of the cross product of the angular veloc-
ity of the body and a vector that connects the point fixed in the inertial frame to the
point p.

The following theorem shows that the angular velocity for two frames X and Y can also
be used to relate derivatives %|X(-) and i v(-). In addition, this theorem is equivalent
to Theorem 2.10; Theorem 2.12 can be derived from Theorem 2.10, or vice versa.

Theorem 2.12 (Derivative theorem) Let X and Y be two frames of reference,
and let a be an arbitrary vector. The derivative of a holding the basis for the frame
X fixed and the derivative of a holding the basis for the frame Y fixed satisfy the
equation

d

T at+oygy Xa. (2.51)

Y

a=
X dt

Proof: The vector a can be written in terms of either the basis for the X frame, or the

basis for the Y frame, as shown below.

_ X X X
a=oa; X, +ayX, + o5 X,

—_ Y Y Y
—a1y1+a2y2+a3y3.

By definition,
s X
@
1 X
ol (4],
2 dt |«
- X
a3
and
Y
al v
ar b4,
2 dely /-
Y
a3
The coordinates a* and a¥ relative to these two frames are related by the change of basis
formula
X %
o o
X _ ) x U _pX,aY _ px)J v
a” =4 a, r=Rja’ =R{q a,
X Y
a3 o3
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When the coordinates above are differentiated,

X '.V‘
* 1
XU px ) sy i Xy,Y
ay =Ry a4, >+dt(Rv)a ,
X Y
a3 [ %3 )

Y%
1
_RpXJ LY X XY
=R{q &, >+S(mx,V)Rva s
Y%
3

Y
1
_pXJ v Xy, X
=Ryq @, ¢+ S(@y)a".
Y
3

J

The left hand side of the expression above is just the derivative of the vector a holding
the basis for X fixed, expressed in terms of the X basis. The first term on the right above
is the derivative of the vector a holding the basis for Y fixed, expressed in terms of the X
basis. The second term on the right above is @y y X a expressed in terms of the X basis.
In other words, this equation can be rewritten

X
d xf d
fhal =RX( =
<dtxa> Y<dtV

al) Z(4
dt |« \ de

which shows the expected relationship between these two derivatives. O

\
a> + (@yy X ),

X
a) + (@5 y X )~
Y

Several important theorems that are used frequently in applications follow from these
definitions. Some of the most important are summarized in Section 2.6, and particu-
larly in Theorems 2.16 and 2.17. This section is closed by focusing on the study of two
dimensional, single axis rotations. For example, the angular velocity vector for a single
axis rotation can be viewed as the rate of rotation about a unit vector determined by the
right hand rule.

Theorem 2.13  (Axis angle rotation angular velocity) Suppose that the frame
B and the frame X have a common origin, and that the frame B rotates relative to
the frame X through the angle 6(¢) about the unit vector u. The angular velocity @y
of the B frame relative to the X frame is given by

Oy = f()u.

The following theorem shows that it is particularly easy to verify the structure of the
matrices in Theorem 2.10 in the event that the motion corresponds to a single axis
rotation.
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Theorem 2.14 (Time derivative of rotation matrix) Let R§(ai(t)) be the single
axis rotation matrix associated with a rotation of a;(t) about the x; =y, axis for i =
1,2 or 3. The time derivative %(Ré(ai(t))) is given by the product

da,(t) x
T ei> R§
where S(e) is the 3 X 3 skew operator and e, is the ground frame i direction unit vector
(e.g. e;:=[00 1]).

d
E(Rif(%(t))) =S (

Proof: It will be shown that this identify holds when i = 3, and the other cases will be
left for exercises. For i = 3, Theorem 2.6 gives an explicit formula for Rif, such that

cos asg(t) —sinag(¢) 0
R (a3() = | sinay(t) cosas(t) O
0 0 1

Differentiating this matrix explicitly results in the expected form of the equation.

[ ® da; ® da, 0
) sin a3(£) " —cos ()
S (RX = d
dt(RV(ag(t))) cosag(t)% —sinag(t)f ol
0 0 1
[ dag
0 T 0 cos ag(t) —sinas(t) 0
= % 0 0 sinas(¢) cosas(t) O |,
dt 0 0o 1
0 0 0
da
=S <d—;’e3> R (a5(2)). o

2.5.2 Angular Acceleration

In Definition 2.7, the velocity and acceleration of a point p in the X frame was intro-
duced. The acceleration of the point p in the X frame is the time derivative of the velocity
with respect to the X frame with the basis for the X frame held fixed. Similarly, the angu-
lar acceleration of the Y frame with respect to the X frame is the derivative of the angular
velocity @y y with the basis X held fixed.

Definition 2.10 (Angular acceleration) Suppose that X and VY are two frames.
The angular acceleration of the Y frame with respect to the X frame is defined to be

(Continued)

83



84

2 Fundamentals of Kinematics

the time derivative of the angular velocity @y  with respect to an observer in the X
frame.

OxY = gl Xy

Llx

2.6 Theorems of Kinematics

The definitions of velocity, acceleration, angular velocity and angular acceleration are
sufficient to solve any problem of three dimensional kinematics. Still, considerable work
can be avoided in some problems by using one or more of the theorems discussed in this
section.

2.6.1 Addition of Angular Velocities

One of the most powerful theorems studied in this chapter is the addition theorem for
angular velocities.

Theorem 2.15 (Addition theorem for angular velocities) Let X,Y, Z be three
arbitrary frames:

Dy 7 = Oxy + Dy 7. (2.52)

Proof: The proof of this theorem follows from the identity
S(@y ;) = RZ(RY).

Since R} = RYRY,

d
S(@ ;) = $(R§R§)(R§R§)T.
Expanding the derivative on the right hand side results in the expected form of the
equation
S(@% ;) = RIRYRY (R + RYRY(RY)T(RY)T,
= RIR)” + RiS(@Y ,)(RY)",
= S(@y ) + RyS(oy ,)(RY)",
= S(a)i’y) + S(coif,z),

where the last line follows since S(Rw) = RS(w)RT for any rotation matrix R and arbi-
trary vector w (see Problem 2.33). O
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Example 2.13  In this example the angular velocities of the links that make up the leg
assembly of the humanoid robot first discussed in Example 2.1 are studied. As depicted
in Figure 2.20, frames are fixed in the links corresponding to the pelvis (A, red), upper
hip (B, blue), lower hip (C, orange), upper leg (D, green), lower leg (E, red), ankle (F,
blue), and foot (G, orange). The upper hip B rotates relative to the pelvis A through the
angle 6 about an axis parallel to the a; and b, axes, where 8y is measured from the a,
to the b, axis. The lower hip C rotates relative to the upper hip B through the angle 6
about an axis parallel to the b; and c; axes, where 6. is measured from the b, to the
c, axis. Find the angular velocity @, ¢ and angular acceleration e, ¢ of the upper leg C
relative to hips A of the leg assembly. Express these answers first in terms of the basis
for the A frame, and then in terms of the basis for the B frame.

Figure 2.20 Definition of frames for leg assembly.

Solution: The addition Theorem 2.15 relates the @, ¢ to the sum of @, y and @y,
Opc=0xp+ Opc,
= Oga; + Ocbs,
= 0gb, + Occs.
The rotation matrices that relate the A, B and C frames are
1 0 0 cosf: sinf: 0
R} =|0 cosfy sinfy |, RS =| —sinf cosfc 0
0 —sinfy cosfy 0 0 1
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The expression for the angular velocity @, ¢ in terms of the basis for the A frame is

(6 0
a)Q!C =20 p+R34q 0 ¢,
[0 Oc
6] [1 o© 0 0 0
=1 0 ¢+|0cosfy —sinf [§ 0 + =3 —O.sinby
| O 0 sinfy cosfy 0 O cos Oy

The expression for the angular velocity @, ¢ in terms of the C basis is

O 0
c _RC
Ofc = R;q 0 ¢+ 0 R
Oc
cosf- sinfe 0 || b 0 O cos O
=| —sinf: cosf: 0 0 ¢42 0 t=19 —0ysinb,
0 0 1f]o Oc Oc

Shifting to considering the angular acceleration, by definition, the angular acceleration
a, ¢ is calculated using the identity

Oy = —| @pc-
AC A,C
dz|a

Since

( o
g
o =4 0.sind

A.C C B (>

O cos Oy
\
these coordinates can be differentiated to see
- éIH&

A . .
ay o =9 —0Ocsinbfy — 00 cos Oy

B¢ cos O — 00, sin O

Alternatively, the derivative Theorem 2.12 can be applied directly to the definition to
compute

d
Xpc = T ‘A(wA,C)’

d| d|
= E‘A(%al) + &’A(ﬂcbs),
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R dl . .
= Oga; + E (Ocbs) + @up X (0cbs),
B ——
dgb,
= bya, + 0by — 640.b,.

This result is identical to the first calculation.

O 0 0
ag,c =3 0 ¢+3 —sinfy 0. —3 cosby ¢00.
0 cos O sin O

As demonstrated, the algebraic manipulations become complicated in even this rela-
tively simple case where only the first few frames A, B, C are considered. In Example
2.9 of the MATLAB Workbook for DCRS, these calculations are carried out efficiently
using a symbolic manipulation program.

2.6.2 Relative Velocity

The following theorem relates the velocity of two points in the X frame when these two
points are fixed in a frame B that moves in X.

Theorem 2.16 (Velocities of two points on a single body) Let p and g be two
points fixed in a frame B that moves in the frame X. The velocity of the point p in
the frame X and the velocity of the point g in the frame X satisfy

Vx,

» = Vg T Oxp X dq’p

where @, j, is the angular velocity of the frame B in the frame X. The term oy, X d,,
is referred to as the relative velocity of the point p with respect to the point g.

Proof: As shown in Figure 2.21 the positions of points p and point g in the frame X can
be related to one another according to

Iy, =TIy, + dq’p.

Figure 2.21 Points p and g on the Same Rigid Body.
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When the derivative of both sides of this equation are taken with respect to an observer
in the X frame

i T —_ i T + i

defs 7 de|x 7 delx 7
d

Vip = Vxg t E‘qu’p.

The derivative Theorem 2.12 can be used to calculate the last term in this expression.
Since the vector d,, , does not change magnitude or direction with respect to an observer
fixed in the B frame, the derivative becomes

d
det
—

0 (m}

q.p
B

Vxp = Vxg t + oy g X dq,p.

2.6.3 Relative Acceleration

Just as the velocities of two points fixed in one frame can be expressed succinctly in
terms of the angular velocity of that frame, their accelerations can be written in terms
of angular acceleration.

Theorem 2.17 (Accelerations of two points on a single body) Letp and g be two
points fixed in the frame B that moves in the frame X. The acceleration of the point
p in the frame X and the acceleration of the point g in the frame X satisfy

ay, = ay, + Ay Xd,, +Oxp X (0x5Xxd, )

The terms ay g X d,, + Oy p X (@y 5 X d,,) are referred to as the relative accelera-
tion of the point p with respect to the point g.

Proof: Direct calculation shows that

d d d
A, = | Vxp= 5| Vgt 33| @xpXd,,
k de|x ™ de|x ™1 defx ™ k
d d
= ax,q + E‘X(OXB X dq,p + a)X,[EB X E‘qu’p.

The required result is obtained when the definition ay 5 = i'xwxﬂ is introduced and
m]
the derivative theorem is employed to calculate i|xd‘w'

Example 2.14 The robotic arm and torso assembly is shown in Figure 2.22.

The frames are fixed in the torso (A), shoulder (B), upper arm (C), lower arm (D) and
hand (E). The distances between the points a, b, c,d, and eared,, ;. d,, ., d. 4, and d; .. The
angle 0 measures the rotation of the B frame relative to the A frame about the a; axis.
The angle 6. measures the rotation of the C frame relative to the B frame about the b,
axis. The angle 6, measures the rotation of the D frame relative to the C frame about the
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Figure 2.22 Robotic arm and torso assembly.

c; axis. The angle 6 measures the rotation of the E frame relative to the D frame about
the d, axis.

Calculate the velocity of point d (the origin of frame D) in the A frame. Calculate the
acceleration of point 4 in the A frame. Express these answers in terms of the basis for
the A frame.

Solution: First, the angular velocities of frames B, C, D and E with respect to frame A
are calculated using the addition theorem

wpp = Ogbs,

Opc =Opp +0cC,

Dpp = Oy +0pd;.
The position of point b in the A frame is observed to not change as a function of time,
due to the alignment of the A, and B, axes, such that

Tap = Ay,

vA,b == 0,

aA’b = 0.

In the shoulder (with respect to frame B), points b and ¢ are fixed in relation to one
another. Therefore, their velocities satisfy the equation

Va Vap t+ Opp X d,, =0

M~ Y= =~

0 Ogb, dy by

< =

This is due to the fact that point ¢, like point , lies on the vector a;. Taking the derivative
of this expression results in the relative acceleration of point c as a, . = 0. The points ¢
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and d are fixed on the upper arm C. The relative velocity equation for this pair of points
is

Vag= Va. * @xc X dg4
—— S — N
0 (Bgbs+6cc,) (d.qc3)

= dc’deBbg X C3 - dc,deccz.
Since ¢; = —sin §cb, + cos §:b;, this equation can be rewritten as
Vag =d, 05sin0cb, —d, 0cc,.

The expression for the velocity in terms of the basis for the A frame is

d, 4,05 sin O 0
Vaa=Rj 0 —RGRE 4, ,0c
0 0
where
cosfy sinfy O 1 0 0
RR =| —sinfy cosfy O |, Rg =0 cosf: sinf.
0 0 1 0 —sinf. cosf¢

The accelerations of the points ¢ and d satisfy the equation
Ay = A, +0nc X (@yc Xdg) +aycxdy

This expression will be built term-by-term. The angular acceleration is defined to be

d

04 = —| @Oy
A,C dt‘A A,C

%‘ Oubs + by + @, 5 X (Ocb, + Ogby),
B

= Oyb, + Ocb, + 050.b,.
Next, expanding the terms that involve cross products
bl b2 b3
apeXdeg =0 Oplc Oy )
0 —d, 4sin0c d_,cosfc

=d, ,((0g0c cos ¢ + O sin Oc)b, — B cos Ocb, — B¢ sin Ocby).
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bl bZ b3
OpcX(@pcXd,g) =05 X | 0c 0 O ,
0 —d, ,sinf; d_,cosbc
b, b, b,
¢ 0 0y

(d, 405 sin0¢) (=d, 40c cosbc) (—d, 0 cosfc) |

= c’d(éﬂéc cos Ocb, + (0, sin O+ 02 cos O )b, — 62 cos O:bs).

The expression for the acceleration of point d relative to frame A, expressed in terms of
the basis for the A frame, is obtained by collecting these terms

Og sin O + 2 cos 000

ay , =d, Ry q 07 sin O + 62 cos O — b cos ¢ + 2p¢0 cos ¢

—62 cos 0 — O sin 6
The calculations above can also be found in Example 2.10 of the MATLAB Workbook

for DCRS.
| |

2.6.4 Common Coordinate Systems

Before closing this chapter on kinematics, some common coordinate systems that occur
frequently in applications are summarized. Each of the rotational coordinate systems
may be viewed as defining at least one rotating frame that moves with respect to the
background frame. The definition of angular velocity in Section 2.5.1, the addition
theorem for angular velocity in Section 2.6.1, and the relative velocity and relative
acceleration theorems in Sections 2.6.2 and 2.6.3 all provide insight into the structure
of the velocity and acceleration expressions in terms of these coordinate systems.

2.6.4.1 Cartesian Coordinates

The simplest coordinate system is the Cartesian system. In this construction there is a
single frame of reference X with basis x;, X,,X;. The basis for the frame X is assumed
to be stationary. The position, velocity and acceleration of a point p that follows some
time-varying trajectory are given by

Iy, (1) = x(0)x; + y()x, + z(¢)Xs,
Vi p(8) = %(0)X; + J(0)x, + 2(2)Xs,
ay ,(£) = X()x; + ()X, + Z(£)x;.
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“xg

X
\‘2 .,

Y1

Figure 2.23 Frame definitions for cylindrical coordinates.

2.6.4.2 Cylindrical Coordinates

Cylindrical coordinates can be constructed by introducing a frame Y that rotates rela-
tive to the stationary frame X. In this construction the position vector ry , is projected
onto the x; — x, plane, as shown in Figure 2.23, and the vector y, is oriented along this
projection. The angle 8 measures the angle from the x; basis vector to the y, basis vec-
tors. The unit vector vy, lies in the x; — X, plane, is perpendicular to y,, and is oriented
in the direction of increasing 6, as shown in Figure 2.23. The unit vector y, is selected so
that the Y defines a dextral, orthonormal frame. The bases for the frames X and Y are
related by the rotation matrix

cosf —sinf 0
R§ =| sinf cosf O |. (2.53)
0 0 1
The position vector ry , = x(£)x; + y(£)X, + z(£)X; can now be written as
£y p = rOY(0) + 2(O)(0) (2.54)

where the radius r(¢) is always measured along the projection of the position vector
onto the x; — X, plane (r > 0). The cylindrical coordinate system uses the parameters
(r, 0, z) to characterize position, velocity, and acceleration of the particle p instead of the
parameters (x, y, z) used in the Cartesian coordinate system. The purpose of introduc-
ing the additional frame Y is to obtain the position, velocity, and acceleration vectors
Iy, Vx,» and ay , with respect to the background frame X in terms of (r, 6, z) and the
basis for the Y frame.

Theorem 2.18 (Cylindrical coordinate position, velocity and acceleration)
The position ry ,, velocity vy , and acceleration ay , of the point p with respect to the
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X frame is given in terms of the cylindrical coordinates (r, 0, z) and cylindrical basis
Y by the expressions

Iy, =Ty T 2Ys, (2.55)
Vxp =Ty + r@y2 + zy,, (2.56)
ay, = (F = 6y, + (20 + rd)y, + zy,. (2.57)

Proof: There are several ways to derive the above equations. It is possible to change coor-
dinates between the Cartesian coordinates (x, y, z) and cylindrical coordinates (7, 6, z) by
using the change of variables that are given by the functional relationships

x =rcosb, (2.58)
y =rsind,
z=2z,

or the inverse of these relationships,

r=/x+y*+ 2%,
0 = Atan(y/x),

z=z
For example, since the velocity vy, in Cartesian coordinates is given by

Vi p = XXy + Xy + 2X3. (2.59)
%, 9, z can be calculated from above, substituted the into Equation (2.59), and substitute
the rotation matrix in Equation (2.53) to obtain a velocity expression in terms of (7, 8, z)
and y,,Y,,y;. This approach is tedious and is left as an exercise in favor of illustrating
the effectiveness of the theorems introduced in Section 2.5.1.

These theorems greatly simplify this calculation. By construction, the angular velocity
of the cylindrical coordinate frame Y with respect to the X frame is just

oy = 0x; = Oy, (2.60)

according to Theorem 2.13. The derivative of the position vector ry , can be obtained
with the X basis held fixed as

_d _d
p 5 XI'X’p = a er’p +a)X,V er’p,
=7y, +5Y3+9.Y3X("Y1 + zy3),
= iy, + 10y, + zy;.

Vx
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The derivative can be calculated a second time to obtain the acceleration
d d

ax’p = 5 XVX’p = 5 Y

Vx p + @Dy y X Vx p»

= iy, + (70 + rb)y, + Zy,
+ Oy, X (iy, + by, + zys),
= (- ré’z)y1 +(2r6 + r@)y2 + 2y;,.

2.6.4.3 Spherical Coordinates

The definition of spherical coordinates is achieved with the introduction of two rotating
frames of reference, in contrast to the single rotating frame introduced for cylindrical
coordinate systems. The definition of these two rotating frames is discussed in Problem
2.26, and this construction is briefly reviewed here. First, the position vector Iy , is pro-
jected onto the x, —x, plane, and this projected vector defines the direction of the z, unit
vector. The angle 6 measures the rotation of the vector z, from the x; axis. The z, unit
vector is defined so that it lies in the x, —x, plane, is perpendicular to the vector y,, and
points in the direction of increasing angle 6. The unit vector z, is defined such that the
frame Z is a dextral, orthonormal basis.

Next, the second rotating frame Y is introduced defined by a right handed, orthonor-
mal set of unit vectors denoted by y,, y,,y, so that they are initially coincident with the
basis for the Z frame. Then, the vectors y,, y,y, are rotated about the y, = x, axis until
the y, unit vector aligns with the position vector ry ,.

The frame Z is obtained by rotating the original frame X through an angle of  about
the x; = z, axis, and the frame Y is constructed by subsequently rotating through an
angle of ¢ about the z, =y, axis. When these two rotations have been performed, the
position vector of the point p can be written in terms of the distance p from the point
p to the origin. The goal of this construction is to write the position ry ,, velocity vy,
and acceleration vy, with respect to the stationary frame X in terms of the spherical
coordinates (p, ¢, 0) and spherical basis Y5 Yo Yo-

Theorem 2.19 (Spherical coordinate position, velocity, and acceleration) The
position ry ,, velocity vy, and acceleration ay ,, of the point p with respect to the
X frame is given in terms of the spherical coordinates (p, ¢, #) and spherical basis
Y,»¥¢> Yo by the expressions

s, = Py,
Vi, = Py, + p0 sin dy, + pdy,,
ay, = (5 — pf’sin’¢p — pg?)y,

+ (260 sin ¢ + pb sin Py,

+ (pd + 2¢pp — p6* sin ¢ cos )
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Proof: As in the discussion of cylindrical coordinates, it is possible to derive the conclu-
sions in this theorem several different ways. The most direct method uses the definition
of angular velocity in Section 2.5 and the derived theorems in that section. The angular
velocity of the Y frame in the X frame follows from Theorem 2.15

Dy y = 0z; + y,.

The time derivative of the position with respect to an observer fixed in the X frame can
be calculated as

d

VX,p = a

d

Iy, = —
< 7 dt

Iy, + @y X (rx,p),
Y

= py, + (023 + dy,) X py,,,
(z3xy,) (Yo XY,
sin ¢y, Yo
= py, + p0 sin Py, + py,.

The acceleration can evaluated by calculating the derivative of the velocity. The calcula-
tion of the cross product @y y X ry , is evaluated using the expression @y y = 0z; + ¢y,
directly. An alternative approach is taken in this case. The angular velocity in terms of
the Y basis is expressed as

oy = 025 + Py, = 0(cos ¢y, — sin ¢y,) + Py,
With this expression, the acceleration of the point p can be calculated as
d

Ay, = —| Vit Oxy X Vy
dt |y

= py, + (b + pP)y, + (p0 sin § + pdb cos ¢ + pf sin )y,
Yo Yo Y,
+|—0sing ) Ocosg|.
pp  phsing  p
The cross product is expanded to yield
Yo Yo Y,
—-0sing §  Ocosg|=(pd — pb”sin cos P)y,
pp  phsing p
+ (pp cos d + pf sin p)y, — (p0°sin’*¢ + pd)y,,.
Terms are collected to get the final expression for the acceleration
ay, = (p — pb’sin’*p — pd*)y, + (250 sin ¢ + 2pd6 cos ¢ + pb sin P)y,

+ (25 + pd — pb® sin ¢ cos P)y,. g

The final form of the velocity and acceleration in spherical coordinates are also calcu-
lated in Example 2.11 of the MATLAB Workbook for DCRS.
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2.7 Problems for Chapter 2, Kinematics

2.7.1 Problems on N-tuples and M x N Arrays

Problem 2.1. Consider the matrix product ATBA where A € R and B € RM*M,
Derive an expression for element in the ith row and jth column of this product in terms
of the rows al.T of AT, the columns a of A and the matrix B.

Problem 2.2. Consider the transpose (AB)” of the product AB where A € R”/ and B €
R/*K, Show that the transpose (AB) is given by

(AB)Y = BTAT,
Problem 2.3. Generalize the results of Problem 2.2. Show that for any finite sequence
of consistently dimensioned matrices A, A, --- A

(AA, - An—lAn)T = AZAZ—1 o 'AzTAlT'

n

Problem 2.4. The identity matrix of order N is the unique matrix [ such that
IA=Al=A
holds for all A € RV, Show that the identity matrix is equal to a diagonal matrix
of ones.
Problem 2.5. The inverse matrix A~! is defined for a matrix A whenever
A HA=AAH =1
Note that this equation can hold true only for square matrices. Show that not every
matrix has an inverse.
Problem 2.6. When a matrix A € RNV has an inverse, it is unique. Prove this fact.
Problem 2.7. The definition of the inverse A~! of a sguare matrix A was stated in terms
of the two conditions
A7'A =1,
and
AAT =1

Each of these conditions can be generalized so that they apply to non-square matrices.
A matrix B, € RV s the left inverse of a matrix A € R provided

B,A=1,

where [, is the identify matrix on RN. A matrix By € RV s the right inverse of a
matrix A € RM™¥ provided

AB, =1,

where [, is the identity matrix on RM.
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It is clear from these definitions that a square matrix is invertible if and only if it has a
left inverse and a right inverse and these two matrices are identical. Find a matrix that
has a left inverse, but does not have a right inverse. Find a matrix that has a right inverse,
but does not have a left inverse.

Problem 2.8. Suppose that the matrix equation
Au=0

holds for any arbitrary N-tuple u € RN, where A € RMN. Argue that it must be the
case that the matrix A is identically equal to zero,

A =0e RN,

Why must u be emphasized as any arbitrary N-tuple? Construct a counterexample
where

Au=0
for some specific u, but it holds that A # 0.

Problem 2.9. An orthogonal matrix is a matrix A for which the inverse exists and is
equal to its transpose.

A =AT.
Show that multiplying a vector v € R® by an orthogonal matrix A € R¥*3 does not
change its length.

Problem 2.10. A square matrix A is diagonalizable if there is an invertible matrix P such
that

P'AP =D

where D is a diagonal matrix. Show that every diagonalizable matrix is invertible.

2.7.2 Problems on Vectors, Bases, and Frames

Problem 2.11. Derive Equation (2.5) from Equation (2.4).

Problem 2.12. The scalar triple product of three vectors u, v, w is given by
uxv-w.

Show that the the scalar triple product is equal to the volume of the parallelepiped
spanned by the vectors u, v, w.

Problem 2.13. Prove that the following properties hold for the scalar triple product
u X v - w of three vectors u, v, w.
(i) The value of u X v - w changes sign if any pair of the three vectors u, v, w are inter-
changed. That is,

UXV-W=—-vXU-w,
=—-uXw-v,

=-—-wXV-u
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(ii) The value of u X v -w does not change if the dot and cross products are inter-
changed. That is,

UXV-W=Uu-VXW.

Problem 2.14. Show that the determinant of a 3 X 3 matrix is equal to the scalar triple
product of its columns, that is,

det(A) =a, Xa, - a,
where

A=[a; a, a5].
Problem 2.15. Show that the cross product w = u X v can be written as the product of
a matrix S(u) (whose elements depend on u) and the 3-tuple that represents v in

Wy
w =4 w, = S(uv.

W3

Problem 2.16. Show that
S (w) = —||w||*l + ww?

for any w € R3.

Problem 2.17. Show that
S*(w) = —[|w||*S(w)

for any w € R3.

2.7.3 Problems on Rotation Matrices

Problem 2.18. Show that the product of any finite number of rotation matrices R;, for
i=1...N,

R1R2 : RN

is a rotation matrix. If the product RyR, ... R, maps representations of a vector v with
respect to the frame Y into the frame X via the relationship

v¥=(RR, - -Ry)Vv",
what is the inverse transformation that maps the representation v* into v¥?
Problem 2.19. The following problem has been submitted by Professor Joseph Vignola
of the Catholic University of America. Figures 2.24, 2.25, and 2.26 depict the popular

puzzle Rubik’s Cube. Devise a system that could be used to describe the steps taken in
solving the puzzle using the concepts of frames.
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Figure 2.25 First sequence of rotations.

Rotations
R1
03
B1
—» G3 —
W1
Y3
o1
R3

Figure 2.26 Second sequence of rotations.

Problem 2.20. Derive the single axis rotation matrix RY(a; ) in Theorem 2.6 by carrying
out the following two steps: project the y,,y; axes onto the axes x,, X,, and then use
Theorem 2.5.

Problem 2.21. Derive the single axis rotation matrix RY}(a,) in Theorem 2.6 by carrying
out the following two steps: project the y,,y; axes onto the axes x;,X;, and then use
Theorem 2.5.
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Problem 2.22. Derive the single axis rotation matrix RY (,) in Theorem 2.6 two differ-
ent ways. In the first approach, project the axes x,, x; onto the axes y,, y;, and then use
Theorem 2.5. In the second approach, use the results of Problem 2.20 and Theorem 2.3.

Problem 2.23. Derive the single axis rotation matrix R} («,) two different ways. In the
first approach, project the axes x,, x; onto the axes y,, y;, and then use Theorem 2.5. In
the second approach, use the results of Problem 2.21 and Theorem 2.3.

Problem 2.24. Derive the single axis rotation matrix R (a;) two different ways. In the
first approach, project the axes x,, x, onto the axes y,,y,, and then use Theorem 2.5. In
the second approach, use the results of Theorem 2.6 and Theorem 2.3.

Problem 2.25. Let RY be the rotation matrix that relates the frames Y and X. Show
that +1 is an eigenvalue of the matrix RY. What is the physical interpretation of the
eigenvector v corresponding to the eigenvalue +1?

Problem 2.26. The classical definition of spherical coordinates from calculus is shown
in Figure 2.27. The change of basis from rectangular Cartesian coordinates to spherical
coordinates is a simple application of the techniques derived in this section: two single
axis rotations are used. The first rotation matrix R;(@) maps the X basis x;, X,, X, into
the intermediate Z frame, which has the basis z,, z,, z;, and the second rotation matrix
R$ (¢p) maps the intermediate Z frame into the frame Y with spherical coordinates basis
Y4 Yo Y, First, define the rotation matrix R;(G) associated with rotation through the
angle 0 about the common x; = z,. Next, define the rotation matrix R7(¢) generated by
rotation through the angle ¢ about the common z, =y, axis. Finally, any vector v can
be written in rectangular Cartesian coordinates as

Figure 2.27 Spherical Coordinates.
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The representation of the same vector with respect to the Y frame is just

0

P

where p* = x7 + x5 + 2. Use the change of basis relationship
Ve = R;(@)R\Z{(d))vv

to obtain the classical spherical coordinate definitions of x;, x,, x5 in terms of p, 0, ¢.

Problem 2.27. Azimuth 6 and elevation ¢ angles are a common pair of angles
used to determine the line-of-sight (LOS) of celestial observations. The defini-
tions of these two angles is depicted in Figure 2.28. The symbol X denotes the
local-vertical-local-horizontal (LVLH) frame with basis x;, X,, X;. In a flat world model
it is reasonable to take x; aligned with true north, to take x, aligned with true east,
and to take x; to point toward the center of gravity of the earth. The angle § measures
the rotation about the x; axis from x; to the projection of the LOS direction y; o5 onto
the local horizontal plane. The elevation ¢ is measured from (the projection of the
LOS direction onto) the local horizontal plane to the LOS direction y; . Determine
the rotation matrix RY as the product of two single axis rotations by introducing an
intermediate frame.

Problem 2.28. Define a sequence of frames of reference that are attached to the rigid
bodies that make up the two-arm subsystem shown in Figures 2.29 through 2.32. The
frame Y rotates through the angle 0, about the x; = —y, axis. The frame Z rotates
through the angle 6, about the y, = z; axis. The frame A rotates through the angle 6,
about the a; = —z; axis. What are the rotation matrices R, R}, R%, and R}?

X3

-

Figure 2.28 Azimuth (6) and elevation (¢) angles relative to an LVLH frame.
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Figure 2.29 Detail illustration of a two arm model.

Figure 2.30 Definition of frames A, B.

Problem 2.29. Derive the expression in Theorem 2.8 for the axis-angle parameter-
ization of a rotation matrix that maps the A frame into the B frame as depicted in
Figure 2.16. Use a graphical procedure to carry out the proof.

2.7.4 Problems on Position, Velocity, and Acceleration

Problem 2.30. The frame Y rotates with respect to the frame X, and the rotation matrix
that relates these two frames is given by

cos(2xt) sin(2zt) 0
RY(t) = | —sin(2xt) cos(2xt) O
0 0 1
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F 9
bs, c5

Figure 2.32 Definition of frames C, D.

The vector v can be expressed in terms of the Y frame as
v = 8y, — 13y, + 17y,.

Find each of the following:

1. Calculate the derivative of the vector v with the Y basis held fixed.
2. Calculate the derivative of the vector v with the X basis held fixed.
3. Interpret the motion of the Y frame relative to the X frame.
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Problem 2.31. The frame Y rotates with respect to the frame X, and the rotation matrix
that relates these two frames is given by

cos(40xt) 0 —sin(40xt)
RY(H) = 0 1 0
sin(40xt) 0 cos(40xt)
The vector v can be expressed in terms of the X frame as
v =3x; +7x, — 11x;.

Find each of the following:

1. Calculate the derivative of the vector v with the Y basis held fixed.
2. Calculate the derivative of the vector v with the X basis held fixed.
3. Interpret the motion of the Y frame relative to the X frame.

Problem 2.32. A compact disk with body fixed frame B rotates relative to the hous-

ing that has body fixed frame X. A bug crawls on the surface of the compact disk.

The location of the bug as a function of time relative to the compact disk is given by

rg,(t) = 8°b; + (9t + )b,

1. Calculate the velocity of the bug vi, , with respect to the B frame. Express your answer
in the B basis. Express your answer in the X basis.

2. Calculate the velocity of the bug vy, with respect to the X frame. Express your answer
in the B basis. Express your answer in the X basis.

3. Calculate the acceleration of the bug ag , with respect to the B frame. Express your
answer in the B-basis. Express your answer in the X-basis.

4. Calculate the acceleration of the bug ay , with respect to the X frame. Express your
answer in the B basis. Express your answer in the X basis.

2.7.5 Problems on Angular Velocity
Problem 2.33. Show that
S(Rw) = RS(®)(R)”

for any rotation matrix R and any 3-tuple @.

Problem 2.34. Show that the matrix e5® is a rotation matrix for any 3-tuple .

2.7.6 Problems on the Theorems of Kinematics

2.7.6.1 Problems on the Addition of Angular Velocities
Problem 2.35. Let the orientation of the D frame relative to the A frame be given by the
3-2-1 Euler angles. Show that
cosfcosy —siny 0] ( ¢
wQ,D =| cosf@siny cosy O 0

—sinf 0 1 s
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Problem 2.36. Let the orientation of the D frame relative to the A frame be given by the
3-2-1 Euler angles. Show that

1 0 —sinf )
wRD =|0 cos¢ cosOsing 0
0 —sing cosfcos ¢ 11/

Problem 2.37. Let the orientation of the D frame relative to the A frame be given by the
3-1-3 Euler angles. Show that

0 cosa sinasinf a

A . . 3
Oy = 0 sina —cosasinf p
1 0 cos f y

Problem 2.38. Let the orientation of the D frame relative to the A frame be given by the
3-1-3 Euler angles. Show that

sinfisiny cosy O a
@), =| cosysinp —siny 0[] p

cos f 0 1 y

Problem 2.39. Consider the construction of spherical coordinates in terms of two suc-
cessive rotation matrices discussed in Problem 2.26. What are the angular velocities
@y 7, W7y, ®xy? Express your answer in terms of the X basis. Express your answer in
terms of the Y basis.

Problem 2.40. Consider the construction of the frame Y that is used for determining the
line of sight in Problem 2.27. What is the angular velocity wy ,, ? Express your answer in
terms of the X frame. Express your answer in terms of the Y frame.

2.7.7 Problems on Relative Velocity and Acceleration

Problem 2.41. The PUMA robot shown in Figure 2.33 is modeled via frames 1,2 and 3
that are fixed in links 1, 2, and 3, respectively. The ground frame is denoted the 0 frame
in the figure. The angle 6, measures the rotation of frame i relative to frame i — 1 for
i =1,2,3is measured from x;,_, to x; about the z,_, axis. Find the velocity in the ground
frame of the point r using the theorem on the relative velocity of two points on the same
rigid body. Express your answer in terms of the basis for the 1 frame and the 2 frame.

Problem 2.42. Calculate the acceleration in the 0 frame of the point r on the PUMA
robot studied in Problem 2.41 and shown in Figure 2.33. Use the relative acceleration
formula to calculate your solution. Express your answer in terms of the basis for the 1
frame.

Problem 2.43. The SCARA robot shown in Figure 2.34 is modeled via frames 1, 2 and
3 that are fixed in links 1, 2, and 3, respectively. The ground frame is denoted as frame
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Figure 2.33 Definition of frames for PUMA robot.

Figure 2.34 Definition of frames and points for the SCARA robot in Problem 2.43.

0 in the figure. The angle 6, measures the rotation of frame i relative to the frame i — 1
about the z,_; axis for i = 1,2, 3. Each angle 6, is measured from the x;_; axis to the x;
about the z,_; axis for i = 1, 2, 3. Find the velocity in the 0 frame of the point ¢. Express
your answer in terms of the basis for the 0 frame and the 2 frame.

Problem 2.44. Calculate the acceleration in the 0 frame of the point ¢ on the SCARA
robot studied in Problem 2.43 and depicted in Figure 2.34. Use the relative acceleration
formula to calculate your solution. Express your answer in terms of the basis for the 1
frame.

Problem 2.45. The spherical wrist depicted in Figure 2.35 has four links numbered 0,
1,2, and 3. Frame i is fixed in link i for i = 0, 1, 2, 3. The angle y measures the rotation
of the 2 frame about the z, = z, axis. The angle § measures the rotation of the 2 frame
relative to the 1 frame about the y, =y, axis. The angle ¢ measures the rotation of the
3 frame relative to the 2 frame about the x, = x; axis. Find the velocity v, , using the
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Figure 2.35 Definition of frames for Problem 2.45.

relative velocity formula by noting that the points p and g have fixed positions relative
to frame 2. Express your answer in terms of the basis for the 0 and 2 frames.

Problem 2.46. Using the relative acceleration formula for two points on the same rigid
body, calculate the acceleration in the 0 frame of the point g on the spherical wrist stud-
ied in Problem 2.45 and depicted in Figure 2.35. Express your answer in terms of the
basis for the 1 frame.

Problem 2.47. What are the velocities in the ground frame of the masses m, and m, in
Figure 5.17?

Problem 2.48. What is the velocity in the ground frame of the midpoint of the bar in
Figure 5.18?

Problem 2.49. What are the velocities in the ground frame of the link mass centers in
Figure 5.24?

Problem 2.50. What is the velocity in the ground frame of point s of the PUMA robot
studied in Problem 2.41? Write your answer in terms of the basis of the 1 frame.

Problem 2.51. What are the velocities in the ground frame of the link mass centers of
the PUMA robot in Problem 2.41?

Problem 2.52. What are the velocities in the ground frame of the link mass centers of
the Cartesian robot in Problem 5.24? Express your answer in terms of the basis for the
0 frame.

Problem 2.53. What are the velocities in the ground frame of the link mass centers of
the spherical wrist studied in Problem 2.45 and depicted in Figure 2.35? Express your
answer in terms of the basis for the 2 frame.
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Problem 2.54. What are the velocities in the ground frame of the link mass centers of
the SCARA robot in Problem 5.26 and depicted in Figure 5.31? Express your answer in
terms of the basis for the 1 frame.

Problem 2.55. What are the velocities in the ground frame of the link mass centers of
the cylindrical robot studied in Problem 5.28 and depicted in Figure 5.33? Express your
answer in terms of the basis for the 1 frame.

2.7.8 Problems on Common Coordinate Systems

Problem 2.56. Consider the construction of position, velocity and acceleration within
the cylindrical coordinate system in Theorem 2.18. Derive the expressions in Equations
(2.55), (2.56) and (2.57) by following the alternative strategy discussed at the beginning
of the proof of Theorem 2.18. That is, directly use the change of variables that are given
by the functional relationships

x=rcos0, (2.61)
y =rsin, (2.62)
z=1z. (2.63)

Specifically, carry out the following steps:

1. Calculate %, j, z from Equations (2.61)—(2.63) in terms of (r,0,z) and their time
derivatives.

2. Substitute these results into Equation (2.59).

3. Finally, use the rotation matrix in Equation (2.53) to eliminate the basis vec-
tors X;,X,,X; to obtain a final expression in terms on (r(¢), 8(t), z(¢)), their time
derivatives, and y;, ¥,, 3.

Problem 2.57. Consider the construction of position, velocity and acceleration
expressed in terms of the spherical coordinate system in Theorem 2.19. Use the results
of Problem 2.26 and the strategy outlined in Problem 2.56 to verify the expressions in
Theorem 2.19. Specifically, carry out the following steps:

1. Calculate p, ¢, § from the solution of Problem 2.26 in terms of (p, ¢, 8) and their time
derivatives.

2. Substitute these results into Equation (2.59).

3. Finally, use the rotation matrix Rfé that relates the basis y,, y,, y, of the spherical
coordinates to the basis for the Cartesian coordinates to eliminate the basis vec-
tors X;, X,, X5, and thereby obtain a final expression for velocities and accelerations
in terms on (p(?), ¢(£), 0(2)), their time derivatives, and y,, y,, Yo-



Chapter 3

Kinematics of Robotic Systems

In this chapter, the general principles of kinematics in Chapter 2 are applied to robotics
to help model their geometry and enable the construction of dynamic models. Applica-
tions of these principles are diverse and include the study of industrial robotic manipula-
tors, the design and analysis of ground vehicles, the creation of models of flight vehicles,
and the development of models of space vehicles. This chapter introduces the special
structure that the principles of kinematics can take in the study of robotic systems that
have the form of a kinematic chain or are constructed from assemblies of kinematic
chains that do not form closed loops. Robotic systems having a tree topology are an
example of the latter class. Upon the completion of this chapter, the student should be
able to:

Define and use homogeneous transformations to represent rigid body motion.
Define and use homogeneous coordinates to represent position vectors.

Define the assumptions underlying the Denavit—Hartenberg convention.

Use the Denavit—Hartenberg convention to model a kinematic chain.

Derive the Jacobian matrix relating derivatives of the generalized coordinates to the
velocity and angular velocity.

e Derive and use the recursive O(N) formulation of kinematics.

3.1 Homogeneous Transformations and Rigid Motion

Sections 2.1 and 2.4 in Chapter 2 discuss the fundamental properties of rotation
matrices and their use in change of basis formulae. In applications to robotics, however,
information about both the rotation and the translation of coordinate systems is often
required. This section will show that homogeneous transformations are a succinct way
of describing these rigid body motions.

Suppose there are two bodies with body fixed frames X and YV, respectively, as shown
in Figure 3.1. The location of a generic point p with respect to the two different frames
X and Y is defined through the vector identity

Iy, = Iy, +dyy, 3.1)

which is defined in Figure 3.1. In this equation ry , is the position of the point p relative
to the frame X, while ry , is the position of the point p with respect to the frame Y. The
vector dy y is the relative offset between the origin of the X frame and the Y frame.

Dynamics and Control of Robotic Systems, First Edition. Andrew J. Kurdila and Pinhas Ben-Tzvi.
© 2020 John Wiley & Sons Ltd. Published 2020 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/kurdila/robotic-systems
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Y2
R V&
Xz

— Vi

X3 X4

Figure 3.1 Two rigid bodies, body fixed frames, and position vectors.

No particular basis is implied in Equation (3.1): it is an equation in terms of vectors. If
the vectors that appear in Equation (3.1) are expressed in terms of coordinates relative
to their respective body fixed frames,

X _ XY X
Isp ™= erv,p +dgy,

(3.2)

where RY is the rotation matrix relating the frames. This identity follows from the fun-
damental definitions and properties of rotation matrices.

Note that the position ry , is expressed in terms of the X basis, and the position ry ,
is expressed in terms of the Y basis. This convention is common in robotics and is the
foundation of many of the approaches in this chapter that are tailored to the study of
robotics. It is desirable to relate the coordinate representations ri’p and r?p, so the
4 x 4 homogeneous transformation matrix H§ is introduced in Equation (3.3) to cast
Equation (3.2) in the form of a matrix equation.

I’X RX dX I’Y
xp | _ |y Sxy v | (33)
1 0 1 1

———

Hy

In contrast to the techniques associated with 3 X 3 rotation matrices and the change
of basis formulae introduced in Chapter 2, the homogeneous transformation operates
on 4-tuples of homogeneous coordinates p* and p" of the point p, such that

X Y
pt = s and pY:= R .
1 1

It is a standard convention in robotics literature to suppress all the subscripts in the
definition of the homogeneous coordinates. However, it is important to keep in mind
that the homogeneous coordinates are implicitly associated with a specific choice of
both the origin of position vectors and basis. In this text, although the notation is
cumbersome, the subscripts and superscripts will be retained to make explicit the
origins and bases used.
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The final form of the transformation that represents a rigid body motion can be
expressed as

RX X
Y X,Y
pf= p’,
| |
————

X
HY

or more succinctly as,

pt= H?épv. (3.4)
The notation in Equation (3.4) closely resembles the matrix equation that relates the
coordinates v* and v¥ of a vector v under a rotation of basis,

V<= RV (3.5)

While notation has been chosen such that Equations (3.4) and (3.5) have the same
appearance, there is a substantial difference between the matrices HYY and RY. A
homogeneous transformation is not an orthogonal transformation. That is, in general,
(Hfé)‘1 # (Hif)T. Instead, the inverse of a homogeneous transformation is explicitly
derived in Theorem 3.1.

Theorem 3.1 (Homogeneous transformation inverse) The inverse (HY)™' of
any homogeneous transformation HY defined as

HX - lR§ di,\/‘|
Y T
0 1

is given by

~ RO —RN)Tdyy
(™ = l 0r 1 )

Proof: The coordinates of the point p with respect to the X frame and Y frame satisfy

X _ pX.Y X
I, = erw + dx,v

Y

Yo relative to the frame Y and obtain

This equation may be solved for the coordinates r
Y _ XY T X X\T qY
ry, =Ry 1y, —(RY) dy .
This last expression can be put in matrix form and the theorem is proved. O

The following example shows how the use of homogeneous transformations and homo-
geneous coordinates can facilitate the study of typical robotic subsystems.
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Example 3.1 This example studies a robotic system designed to expand the workspace
of a planar laser rangefinder, shown in Figure 3.2a into a spatial workspace. As shown
in Figure 3.2b, this sensor payload mounts the laser scanner from Figure 3.2a onto a
robotic platform capable of yaw-angle motion. Within the scanner, a laser sweeps in
a planar motion to make range measurements along the line of sight of the laser. In
Figure 3.2b, frame A is fixed to the base of the sensor payload, frame B is fixed to the
motorized carriage that rotates relative to the fixed base, frame C is fixed to the casing
of the scanner unit, and frame D is fixed to the laser moving within the scanner unit.
The line of sight of the laser is always along the x, axis of the frame D.

(a)

Figure 3.2 Articulating laser ranging sensor. (a) Commercial laser rangefinder. (b) System frames.

The angle # measures the rotation of the carriage frame C relative to the base frame
D about the positive z, = zg axis, from the positive x, axis to the positive xj axis. The
scanner housing is rigidly attached to the carriage, therefore frames B and C do not
rotate relative to one another. The angle ¢ measure the rotation of the laser frame D
relative to the housing frame C about the positive zp, = —y axis, from the positive x
axis to the positive yp, axis.

The relative positioning of the frames A, B, C and D is shown in Figure 3.3. Use homo-
geneous transformations to represent the kinematics of this robotic subsystem and show
how laser ranging measurements made in frame D may represented in frame A.

Solution: The problem statement aims to represent a point p defined by a known posi-

tion vector known in the D frame p® with respect to the A frame, or p*. This is done by

constructing the homogeneous transformation Hy), such that

p* = HApP.
By definition, HY is given by

. lRé‘i dg,@]
HE = :
0 1
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Figure 3.3 Relative positioning of frames A, B, C, D.

Since the sensor frame C does not rotate relative to the carriage frame B, the rotation
matrix R¢ is the identity matrix. The vector that connects the origin of the B frame to
the origin of the C frame is

dgc = dqq,xB + dp’qu.

The homogeneous transformation H is then

1 0 0] (d,
. |lo 10 0
HE =
oo 1| 4,
{o o o}

The homogeneous transformation Hj is calculated in a similar fashion. As before,

A A
RB dA,B

Hf =
S (A

The basis vectors of frames A and B may be related such that
X = COS 0X, + sin Oy,,
Yg = —sin0x, + cos Oy,,
Zp =1Z,.

From these expressions it is seen that the rotation matrix that relates the A and B frames
is a single axis rotation about the common z, = zy axis, such that

cos 6 sind 0
R} =|—sin@ cos® Of.

0 0 1
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The vector that connects the origin of the A frame to the origin of the B frame is
dyp = doypzA.

When this rotation matrix and vector offset are substituted into the homogeneous trans-
formation, H@ is determined to be

cosf —sinfd O 0
A sin@ cosf® O 0
Hy = 0 o 1| |4
o.p
{o 0 0} 1

These two homogeneous transformations transformations satisfy the equations

p® = HEPC and p" = H@pB.

It follows that
pA — HQHE C’
[[cos6 —sing 0 oY|[r10o0 dy, |
sin @ cosf O 0 010 0
= pC'
0 0 1 do!p 001 dpqq
{o o o} 1 [[{o0o0} 1

The measurement made by the sensor returns a range r(¢) along the line of sight of the
laser at time ¢,

Ip, = r(t)Xg.

The line of sight of the laser rotates relative to the frame C that is fixed in the casing of
the scanner unit. Based on the frame representations in Figure 3.2b, the basis vectors
of frames C and D may be related and used to create a rotation matrix between the two
frames, such that

Xp = sin ¢x- — cos Pz, sing 0 —cos¢
cos¢p 0 sing

-1 0

Yo = cCospxc +singze, and RP =
Zp = ~Yeo 0

The range measurement in the line of sight frame can be related to the ground frame by
the expressions

r(t) singg cos¢p O 0

p* = HYHEH¢ 0 and  H¢ = 0 o 0
S ) P —cos¢g sing O 0

1 {o 0 0} 1
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In summary, the kinematic relation that gives the coordinates of the image point rela-
tive to the A frame, in terms of the range reading r : = r(¢) and the rotation angles 6 and
¢, is the matrix product

[[cos® —sin® 0O 0 1 00 d,,
sinf cosf O 0 010 0

p' =
o o 1] (d,][lo o 1] L4,

[ {0 0o o0} 1 [{{o oo} 1

sing cos¢p O 0 r
0 0 -1 0 0
—cos¢ sing O 0 of’

R 0 0} 1|1
[cos@sing cosgpcosd  sind d,,cos0 | (r
singgsinf cos¢gsinfd —cosf dq’, sinf |0
|- cos ¢ sin ¢ 0 d,,+d,,||0
0 0 0 1 1

Example 3.1 of the MATLAB Workbook for DCRS solves this problem using symbolic
computation.

3.2 Ideal Joints

Before introducing some specific conventions and algorithms for studying the kine-
matics of robotic systems, a few preliminaries are required that go beyond the funda-
mental theorems of kinematics introduced in Chapter 2. The specialized principles of
kinematics and dynamics employed for robotic systems fall within the broader study
of multibody dynamics. Multibody dynamics is the study of the dynamics of mechan-
ical systems that are comprised of several interconnected bodies. The most common
assumption in classical multibody dynamics is that the bodies are rigid, but generaliza-
tions that consider flexible bodies have also been developed. An account of the funda-
mentals of multibody dynamics can be found in [45]. In this book, the bodies under
consideration are assumed to be rigid.

Just as models for the individual bodies can vary in their complexity, so too can the
nature of the mathematical constraints that relate their motion. Later in Chapter 5,
a common, general form for constraints on permissible motions will be defined. This
chapter will focus on specific constraints induced by ideal joints (e.g., Figure 1.6 from
Chapter 1) that connect two rigid bodies.

Suppose there are two rigid bodies denoted A and B undergoing independent
motions. From prior study of rigid motions, it is known that for the most general

115



116

3 Kinematics of Robotic Systems

Figure 3.4 Two rigid bodies with joint coordinate systems prior to constraint.

motions of the rigid bodies A and B, three translation variables and three angles are
required to define the location and orientation of each body. 12 variables in total are
required to describe the kinematics of the two independent bodies. However, when
considering robotic systems, bodies will be interconnected. When the two bodies
are interconnected, the number of variables required to describe the location and
orientation of both bodies is reduced in number. For example, suppose the bodies are
“welded” together. If the position and orientation of one of the bodies is prescribed as
a function of time, the location and orientation of the other body is also known as a
function of time. In this case, only six variables that depend on time are required to
describe the constrained motion of the system that consists of two rigid bodies.

It is possible to expand on this idea and study more complicated notions of the ways
the two bodies can interact with one another. The discussion of constraints between
bodies will describe how different frames A and B that are fixed in each rigid body can
move relative to each other. The frames A and B will be referred to as joint coordinate
systems or joint frames since they will be used to define precisely the manner in which the
two bodies can interact. The joint coordinate systems are used to relate how the joint
frames A and B may rotate relative to one another, or how the origins of the the two
frames can translate relative to one another. A schematic figure of the two bodies with
their joint coordinate systems before enforcing any constraints is given in Figure 3.4.

3.2.1 The Prismatic Joint

A prismatic joint is an ideal joint that only allows relative translation along a single direc-
tion that is fixed in each of the joint frames A and B. Schematics of a typical prismatic
joint are shown in Figures 3.5a and 3.5b, with the direction of translation along the z axis
of the two coordinate frames A and B. This joint does not allow change in the relative
orientation of the two bodies. The direction of relative translation is fixed and constant
relative to each of the bodies A and B. Since no change in the relative orientation is
permitted between the two bodies, the rotation matrix R} relating the joint coordinate
systems is constant.
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Figure 3.5 Ideal prismatic joint. (a) Line drawing. (b) CAD example.

This constraint is equivalent to requiring that the three relative rotation angles that
parameterize the relative rotation matrix are held constant. Frequently, the two joint
coordinate systems are chosen such that they are aligned, making R} the identity matrix.

Suppose that z, is the direction of relative translation permitted by body A and that
zy, is the direction of relative translation permitted by body B. The relative offset vector
relating the origins of the joint frames must satisfy

dpp(t) =dyg()zy = dpg(0)Z. (3.6)

The definitions above imply that the homogeneous transform H} relating the joint
coordinate systems A and B is given by

1 0 0] O
. 0 1 0/4 0
Ha(0) = 0 0 1|ldug®] | 3.7)
{o o0} 1

for all time ¢t € R*. Analogous expressions can be derived if the 1 or 2 axes are used to
define the degree of freedom. The task of deriving the homogeneous transforms in these
cases is an exercise.

Altogether, there are five independent scalar conditions implied by Equation (3.7) and
the requirement that RY is a constant matrix. Three constraints arise from the require-
ment that the frames do not rotate relative to one another, and two more constraints
enforce the condition that no translation perpendicular to the z, = z; axis occurs. Since
there are five constraints imposed on the motion of the two bodies, the prismatic joint is
a single degree of freedom ideal joint. The homogeneous transformation that character-
izes the relationship between the two joint coordinate systems can be written in terms of
asingle time varying parameter, d, 5(¢). The relative translation, or displacement, d, (%)
is the joint variable for the prismatic joint.

3.2.2 The Revolute Joint

In the last section, the prismatic joint was seen to constrain the motion of two bodies
so that only translation along a single direction is possible. The revolute joint is an
analogous single degree of freedom ideal joint that constrains the motion of two bodies
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Figure 3.6 Ideal revolute joint. (a) Line drawing. (b) CAD example.

so that only rotation about a single axis is possible. A schematic of a typical revolute
joint is given in Figures 3.6a and 3.6b with the axis of rotation fixed along the z axis of
frames A and B.

The mathematical relationships that describe this physical constraint can, again, be
expressed in terms of the joint coordinate frames A and B. The revolute joint restricts
the translational motion of the two bodies by requiring that the origin of the joint frames
A and B differ by a constant vector, which is often selected to be zero. In the case that
the origins coincide for all time, d, 5(£) = 0.

d,(t) =0. (3.8)

The bodies are able to rotate relative to one another about a single, common joint axis.
Suppose that the common axis of rotation is z, = z. The rotation matrix R} that maps
the joint frame A into the joint frame B must have the form

cosf(t) sinf(t) 0
R (1) = | —sin0(t) cosb(t) 0|, (3.9)
0 0 1

for all times ¢ € R*. Again, similar expressions can be derived if the axis of rotation is
selected to be the 1 or 2 axes. These derivations are left as an exercise.

Equation (3.9) and the fact that d g(¢) = 0 imply that the homogeneous transform
that relates the joint coordinate systems is given by

cosfO(t) sinf(t) O 0

5 —sinf(t) cosf(t) O 0

HE(r) =
A 0 0 1| o
{o 0 0} 1

Equation (3.9) and the condition d 5(¢) = 0 induce a total of five scalar constraints on
the motion of bodies A and B. Three of the scalar constraints result from the condition
d, 5(¢) = 0, which prevents relative translation. The rotational restraint in Equation (3.9)
imposes two additional scalar relationships. The revolute joint is a one degree of freedom
ideal joint. The angle 0(¢) is the joint variable for the single degree of freedom revolute
joint.
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3.2.3 Other ldeal Joints

In this book, the robotic systems that are considered are constructed from collections
of rigid bodies, or links, that are connected by either prismatic joints or revolute
joints. It is possible to construct other ideal joints using these two joint primitives by
introducing one or more “zero length links” that are connected by revolute and/or
prismatic joints. Any ideal joint having between 1 and 6 degrees of freedom can be
derived in this way. Alternatively, it is also possible to derive directly the form of the
homogeneous transformation that represents an ideal joint. The next example carries
this out for the universal joint.

Example 3.2 A universal joint is a common ideal mechanical joint and is depicted in
Figure 3.7. Let frames A and B be fixed in the links that are connected by the universal
joint in Figure 3.7. The frames are defined such that a rotation about the axis a; induces
a rotation about the b, axis.

Figure 3.7 Universal joint frames.

What are the constraints imposed on the motion of links A and B by the univer-
sal joint? Find the homogeneous transformation that represents the rigid body motion
between frames A and B.

Solution: The universal joint restricts the motion so that the position of the point 0 on
body A coincides with the position of point 0 on body B for all time. In other words, it
must be true that

Loy — dr,oa3 =TIy, — dq,ob'a‘

for any motion of the bodies that is consistent with the constraints imposed by the uni-
versal joint. The three entries of this vector equation impose 3 scalar constraints on the
motion of the bodies.
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Angles 6, and 6 may be chosen such that the rotation matrices that relate the A, B,
and C frames are

cosf, 0 —sinf, 0 1 0
RK =| 0 1 0 and Rg =|sinfg 0 cosby |,
sinf, 0 cosf, cosfp 0 —sinfy

and the angular velocities of frame C with respect to frames A and B satisfy
Opc =0,c, and g = by¢,.

Combining these two equations into a single condition with respect to c; results in
(wpc —@gc)-c;=0.

This equation is a fourth scalar constraint on the motion of the system, and the number
of degrees of freedom of the joint is 6 — 4 = 2.

The homogeneous transform that represents the rigid body motion between frames A
and B can be expressed in terms of the two angles 6, and 6. The homogeneous trans-
formation H} that relates the homogeneous coordinates p* and p® of some arbitrary
point p is, by definition,

RY d*
B A,B
p' = p°.
0" 1
— ——

B
HA

From the definitions of Rg and Rg above,

0 sinfy cosfy |J[cosf, O —sinfy

R, =1 0 0 0 1 0 ,
0 cosfy —sinfy] sinf, O cosf,
R? RS

C A

cosfysinf, sinfy  cosfpcosl,

cosf, 0 —sinfy
—sinf,sinfy cosfy —cosf,sinfy
From inspection of Figure 3.7,
dyp =-d,,a;+d, b

Defining this with respect to the A basis results in

0 —sin 0, sin —d, ,sin 0y sin by
dyg=1 0 p+d,, cos O = d,, cos O
—d,, —Cos 0, sin O —(d,, +d,, cos 8, sin )
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As a result, the homogeneous transformation that relates motion of the A and B
frames is given by

HA _ [R@ dQ,B‘|
B — s

07 1
cosfpsinf, cosf, —sinf,sinby —d,,sinfy sin by
sin O 0 cos O d,, cos by
" || cos 6 cos 6, —sinf, —cos b, sin by —(d,,+d,,cos 8, sinfy)
{o 0 0} 1

It is evident that Hj) :=H7(6,,6p); that is, the homogeneous transformation Hy that

relates the joint frames is a function of two time varying parameters, 6, and 6. As a

result, as noted earlier, the universal joint is a two degree of freedom ideal joint.
Example 3.2 in the MATLAB Workbook solves this problem using MATLAB.

3.3 The Denavit-Hartenberg Convention

Section 3.1 introduced homogeneous transformations and showed that they can be
used to represent rigid body motion. Each homogeneous transformation is specified
in terms of a rotation matrix describing the orientation and a vector describing the
translation of a rigid body motion. No particular framework was introduced for the
selection of the frames of reference that are implicit in the definition of a homogeneous
transform. It is always possible to choose the orientation and origin of the frames to fit
the problem at hand.

This section describes the Denavit—Hartenberg (DH) convention, one of the most pop-
ular conventions for the construction of homogeneous transformations associated with
robotic systems. This convention is used to model robots that have the structure of
kinematic chains. A wide variety of robotic systems are included in this class, including
the SCARA robot (Problem 3.1), cylindrical robots (Problem 3.2), and modular robots
(Problem 3.3).

Even if the robotic system under consideration does not have the form of a kinematic
chain, it is often possible to analyze subsystems of the robotic system using the DH
convention. If the system has the connectivity of a topological tree, the DH convention
can be used without modification to model the kinematics of any of the branches of the
tree relative to the core body. The anthropomorphic robot in Figure 2.3 is an example of
a robotic system that has the connectivity of a topological tree.

3.3.1 Kinematic Chains and Numbering in the DH Convention

The description of the connectivity of general robotic systems can be complex. Con-
nectivity of robotic systems is often categorized into three classes of systems: those that
(1) form kinematic chains, (2) form topological trees, and (3) contain closed loops. It is
possible to define connectivity in abstract form via the introduction of the connectivity

121



122

3 Kinematics of Robotic Systems

graph of the system. The interested reader is referred to [46] for a detailed account. In
this book, the following definition will suffice.

Definition 3.1 (Kinematic chains) A mechanical system comprised of N + 1
rigid bodies that are interconnected by N ideal joints is a kinematic chain provided:

1) Exactly two of the bodies are connected to only one other body. These are the first
and last bodies in the kinematic chain. All of the remaining bodies are connected
to two different rigid bodies.

2) It is possible to traverse the mechanical system from the first to the last body
visiting every body in the system exactly one time.

In the DH convention we number the rigid bodies, or links, in the kinematic chain
starting with O for the first body and ending with N for the last body. We number the
ideal joints starting with 1 and ending with N.

In practice, there should not be a problem identifying a kinematic chain. However,
there are a few other conventions that are followed for describing the kinematics of a
chain. In the DH convention, each body i has a body fixed frame designated simply by i
fori=0,...,N. Frame 0 is denoted the root frame, core frame or the base frame of the
kinematic chain. Often the root frame is identified with the ground or inertial frame, as is
the case for a robotic manipulator that is located along an assembly line. However, there
are some common exceptions to this rule. In the case of a system having connectivity
of a topological tree, the frame 0 is often identified with the central body. The anthro-
pomorphic robot is an example of this case. Frame 0 may also not be fixed in an inertial
frame. For example, when constructing a model of the space shuttle remote manipulator
system (RMS), the shuttle is usually selected as the base frame. For the RMS, the shuttle
would be denoted the root frame.

Another convention followed in this book is based on the assumption that each joint
in the kinematic chain shown in Figure 3.8 is either a revolute joint or a prismatic joint.
The generic symbol ¢,(¢) for i =1, ..., N is used to denote the joint variable. In other
words,

® 0,(t) ifjoint i is a prismatic joint,
P77 \d(¢)  ifjoint i is a revolute joint.

By definition, joint variable g,(t) describes how frame i is articulated, or actuated, for
i=1,...,N. For example, if joint i is a revolute joint, the joint variable g,(t) = 6,(¢)
defines how frame i rotates relative to frame i — 1. Joint variable ¢,(¢) is said to actuate
frame i or link i.

Finally, the vectors z;_; are defined in the basis for frame i — 1 as the direction associ-
ated with the degree of freedom associated with joint i, for i = 1, ..., N. For example, z,
is the direction of the degree of freedom ¢, in joint 1, z, is the direction of the degree of
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Figure 3.8 Body and joint numbering of a kinematic chain for the DH convention.

freedom g, in joint z,, etc. The numbering of joints, links or bodies, frames and axes of
the degrees of freedom for a kinematic chain is depicted in Figure 3.8.

3.3.2 Definition of Frames in the DH Convention

The definition of a homogeneous transformation associated with some arbitrary rigid
body motion generally requires six parameters. If the frame under consideration is
located with an arbitrary origin position with an arbitrary orientation with respect to a
base frame, it will require in general three independent translational variables and three
independent rotational angles to map the frame onto the base frame, or vice versa. The
DH convention defines a specific set of criteria followed when selecting the frames that
are used to describe a kinematic chain. Between a given pair of bodies, two successive
frames in the chain are oriented as depicted in Figure 3.9. With these restrictions on the

Figure 3.9 Geometry of the DH convention.
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choice of the relative origin positions and relative orientations of the successive frames,
the DH convention uses four parameters to characterize the homogeneous transform
between pairs of frames.

Definition 3.2 (DH convention) A set of N + 1 frames that describe a kine-
matic chain satisfy the assumptions of the DH convention provided that the basis
vector x; of frame i/ intersects and is perpendicular to the basis vector z,_; for all
i=1...N. For such kinematic chains, for the ith link, the rotation 6,, the twist a;,
the displacement d,, and the offset a; of the ith link are defined in Figure 3.9. These
parameters are described below:

1) The link rotation 6, is the angle from the positive x;_; axis to the positive x; axis
about the z,_, axis.

2) The link twist a, is the angle from the positive z;_; axis to the positive z; axis about
the x; axis.

3) The link displacement d; is the perpendicular distance from x;_; to the x; axis.

4) The link offset a, is the perpendicular distance from z,_, to the z; axis.

The DH convention relates each pair of body fixed frames i — 1 and i in the kinematic
chain using a homogeneous transform with a specific structure. The frames in the kine-
matic chain are selected so that they take the configuration shown in Figure 3.9. The
basis vector x; is chosen so that it intersects and is perpendicular to the basis vector
z,_,. This is the fundamental assumption underlying the DH convention.

3.3.3 Homogeneous Transforms in the DH Convention

If the frames i = 0, ..., N satisfy the DH convention in Definition 3.2, it is possible to
derive the corresponding transformation that maps homogeneous coordinates in frame
i onto the homogeneous coordinates in frame i — 1. Consider Figure 3.11 in which the
position vectors r;, and r;_,; , are shown, along with the relative offset d,_, ; between
the origin of frames i — 1 and i. The homogeneous transformation that relates these two
frames follows from the general definitions discussed in Section 3.1. The homogeneous
transformation H:™" is defined such that

R-1 d-!
-1 _ | i-Li

H™ = . (3.10)
0 1

The following theorem gives a succinct expression for the homogeneous transform Hﬁ‘l
between two consecutive frames in a kinematic chain that are constructed according to

the DH convention.
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Theorem 3.2 (DH convention homogeneous transformation) Suppose that
frames i — 1 and i are two consecutive frames in a kinematic chain that satisfies the
assumptions of the DH convention. The homogeneous transformation that relates
the homogeneous coordinates in the frames i — 1 and i is given by

i—1 i—1
R~ d7,

H ™' =
0o 1

with the rotation matrix Rﬁ‘l defined as

cosf;, —sinf;cosq; sinf;sina;
Rj._l =|sinfd; cosf;cosq; —cosf;sing,|,
0 sina; cos q;

and the relative offset d,_, ; given by

a;cos b,
-1 _ :
di_), ={asing;
d.

1

The parameters 0,, a;, d;, and a; are the rotation, twist, displacement, and offset of
link i, respectively.

Proof: The conclusions of Theorem 3.2 are drawn using the principles of kinematics
derived in Chapter 2. Introduce the auxiliary A frame depicted in Figure 3.10. The

Vi1

Figure 3.10 Intermediate frame A in the DH convention.
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Figure 3.11 Construction of the Homogeneous Transform in the DH Convention

matrices that relate the i — 1, A and i frames are the single axis rotation matrices

cosd; sinf;, 0 1 0 0
Rf\_l =|—sinf; cosd; 0| and Rf& =[0 cose; sing;
0 0 1 0 —sina; cosaq;

The rotation matrix from the i — 1 to the i frame is constructed from the cascade of
single axis rotations, such that

1 0 0 cosf;, sinf;, 0O
R =R,R' =|0 cosa; sing, ||—sin6, cosd; 0,
|0 —sing; cosa 0 0 1
cos 0, sin 0, 0
=|—cosq;sinf; cosa;cosB; sina;
| sina;sinf; —sina;cos6; cosa;

The vector from the origin of the i — 1 frame to the i frame is

d_,;, =ax;+ dz; ;.

This vector can be written in terms components relative to the basis for the i — 1 frame as
cos 0, 0 a; cos 0,
-1 _ . _ .
d_,=a;(sinb, p+d; 40 =14a;sinb,

0 1 d,

4
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The homogeneous coordinates p’ and p~!

related via the identity

B[R] )
1 0" 1 1
———— N—— e A

i1 i1 i
P H; P O

of an arbitrary point p are consequently

Example 3.3 in the MATLAB Workbook for DCRS creates a function that calculates
homogeneous transformations that map between adjacent frames in a kinematic chain
using the DH convention.

3.3.4 The DH Procedure

The DH Convention can form the foundation for a systematic procedure for determining
the model of a kinematic chain. Suppose a kinematic chain is under consideration in
which the bodies are numbered from 0 to N, and the joints are numbered from 1 to N
as described in Definition 3.1. The first step in the procedure assigns the unit vectors z,
through z,;_, to the axes of the degrees of freedom for each of the joints. If the ith joint
is a revolute joint, z,_; is assigned to the axis of rotation of the joint. If the ith joint is a
prismatic joint, z,_, is assigned to the direction of translation in the joint.

After axes z,, through z,,_; have been assigned to the directions of the degrees of free-
dom, the origins of the frames are selected. The origin of frame 0 can be chosen to be
any convenient point along the z; axis. The origin of each of the remaining frames for
i=1... N must be selected so that successive pairs of frames are configured as illus-
trated in Figure 3.9.

The remaining origins are selected recursively, starting from z, using the previously
defined z,, then z, using z,, and continuing through z,_,. The origin of the frame i
must be selected so that the vector x; intersects and is perpendicular to z,_,. Carefully
adhering to this procedure ensures that the kinematic model is consistent with the DH
convention. The selection of x; and the origin of the i frame depends on the relative
orientation of the vectors z;_; and z,.

If z,_, and z; are not coplanar, there is a unique direction normal to both vectors. The
origin of frame i must be chosen so that x; aligns with this unique normal. Frame i is
then completed by defining y;, = z;, X X; to ensure the frame is dexterous.

If the vectors z;_; and z, are coplanar, there are two cases to consider, leading to two
possibilities for the choice of the origin. The first case is when the coplanar vectors z;
and z; are parallel. In this case there are an infinite number of vectors that intersect and
are perpendicular to both z;_; and z,. In principle, it is possible to choose the origin of
frame i in this case so that the x; axis aligns with any of the infinite number of common
normals. The second case is when the coplanar vectors z;_; and z; intersect at a single
point. In this case the vector x; is defined to be normal to the plane spanned by z,_; and
z,, and the origin of frame i is chosen as point of intersection of z,_, and z;.

The procedure above is summarized in procedure shown in Figure 3.12.

The DH procedure, as summarized in Figure 3.12, is not a simple process, and the
frames generated by the procedure can be counter intuitive. An experienced analyst
might choose frames in a completely different manner. However, the advantage of the

127



128

3 Kinematics of Robotic Systems

1) Number the links in the kinematic chain from 0, ..., N, and number the joints in the kinematic
chain from 1, ..., N.
2) Assign the unit vectors z,,z,, ..., zy_, to the axes of the degrees of freedom for joints 1,...,N.
3) Choose the origin of the 0 frame along the z; axis.
4) Repeat the following fori=1,...,N — 1:
4.1) If the vectors z,_; and z; are not coplanar, select the origin of frame i so that x; is aligned
with the common normal to z,_, and z,.
4.2) If the vectors z,_; and z; are parallel, choose the origin i at any convenient location along
the z; axis. Choose x; along one of the infinite number of common normals to z,_, and z,.
4.3) If the vectors z,_; and z, intersect, choose the origin i at the point of intersection. Select x,
to be perpendicular to the plane spanned by z,_, and z,.
4.4) Choose the axis y, to satisfy the right hand rule given z, and x; selected above.
5) Choose the last frame so that x,; intersects and is perpendicular to z,,_,. Otherwise, choose the
frame so that it is aligned with the problem at hand.

Figure 3.12 DH procedure for kinematic chains.

DH procedure is that it facilitates communication: anyone familiar with the procedure
can reconstruct how the unknowns have been selected from a simple table of link
parameters. The following examples show how the procedure can be used in practical
problems with a simple model that utilizes two body fixed frames.

| |
Example 3.3  Derive a kinematic model for the 3D laser ranging sensor depicted in
Figure 3.13 using the DH convention.

Solution: Figure 3.14 depicts the DH compliant frames selected to model the three
bodies and two joints. First, the two joint axes z, and z, were assigned to the axes of
rotation of the two joints. The origin of frame 0 is chosen to lie within the horn of the
servo motor used to rotate the first joint. Since z, and z, intersect, the origin of frame 1
is chosen to be the point of intersection.

Figure 3.13 A laser ranging sensor assembly.
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e »l

N

Figure 3.14 Assignment of frames to the scanner assembly.

The vector X, is chosen as an arbitrary perpendicular vector to z; starting from the
frame 0 origin. The vector x; is chosen to be normal to the plane spanned by vectors
z, and z; and starting from the frame 1 origin. The vectors y, and y, both start at their
respective frame origins and are defined by z, X x, and z, X x;, respectively. The link
rotation 6, is measured about the positive z, axis from the x, to the x; axis. The link
twista; = g is measured about the positive x, axis from z, and z,. The link displacement
d, = d,, is the distance from the x, axis to the x; axis measured along the z, direction.
The link offset a; = 0 because the z;, and z, axis intersect. For frame 2, the z, axis is cho-
sen to align with z,. Since z, and z, are parallel, the origin of frame 2 may be arbitrarily
chosen along z,; for convenience, the frame 2 origin is chosen to coincide with the frame
1 origin. The axis x, is chosen to be orthogonal to z, = z, and pass through point p. The
frame is then completed by setting y, = z, X x,. The link rotation is measured about the
z, axis from the x; to the x, axis. The link twist a, = 0 since the z, and z, axes coincide.
The link displacement d, = 0 and link offset a4, = 0 because the origin of the 1 and 2
frames coincide.

In summary, the link parameters for the scanner assembly is shown in Table 3.1 below.

Table 3.1 DH parameters for the laser ranging scanner.

Joint Rotation 0 Twist a Displacement d Offseta
V4

1 6, 92 op 0

2 0. 0 0 0

Example 3.4 in the MATLAB Workbook for DCRS solves for homogeneous trans-
forms that map between successive frames in this kinematic chain using MATLAB.
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The last example required only two frames, but it is not uncommon that dozens of
frames are required in models of realistic robotic systems. The next example considers
a single leg of a humanoid robot model that utilizes five different frames.

Example 3.4 Define a set of frames 0 through 6 for the leg assembly depicted in
Figure 3.15 that is consistent with the DH convention. Choose frame 0 to be fixed in
the link that corresponds to the pelvis.

Figure 3.15 Leg assembly of the humanoid robot.

Solution: First, label the links and joints, assign the basis vectors z,, z,, Z,, 25, 2,, and z;
to the revolute joints of the leg assembly and select the origin for frame 0, as shown in
Figure 3.16. Choose z, = z for the foot link frame.

Figure 3.16 Definitions of degree of freedom axes z,, z,, z,,2;,2,, Z;.
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Next, the frame i origins and basis vectors x; are chosen so that x; intersects and is
perpendicular to z;_; for joints 1 through 6. In the following analysis, the variable d,;
represents the unsigned distance from point i to point ;.

Joint 1 is shown in Figure 3.17a. Since z, and z, are are not coplanar, the direction of
the unit vector x; = z, X z, is defined as the normal of the plane spanned by z, and z,,
and the origin of frame 1 is defined at point g such that x; intersects z, at point p. The
link displacement d;, = d, , is the distance between the X, and x; axes measured along
the z,, direction. The link rotation ¢, is measured about the positive z axis, from x; to x;.

The link offset a; = —d,, , is the distance between the z, and z; axes measured along the
x, direction. The link twist a; = —% is measured about the positive x, axis, from z; to z,.

Figure 3.17 Leg assembly joint 1 (a) and 2 (b) definitions.

Joint 2 is shown in Figure 3.17b. The z, and z, axes intersect at point r. Since x, must
be perpendicular to and intersect both of these vectors, it passes through point r and
is perpendicular to the plane spanned by z, and z,. The link displacement d, = —d,_,
is the distance between the x; and x, axes measured along the z, direction. The link
rotation 6, is measured about the positive z, axis, from x; to x,. The link offset a, = 0
because axes z, and z, intersect. The link twist a, = % is measured about the positive
X, axis, from z, to z,.

Joint 3 is shown in Figure 3.18a. The z, and z, axes are parallel, allowing the origin
of frame 3 to be chosen at any point along z;; the origin of frame 3 is chosen as the
intersection of z; and the plane spanned by x, and y,. X, is chosen as the unit vector
from the frame 2 origin to the frame 3 origin. The link displacement d; = 0 because x,
and x, intersect. The link rotation 0, is measured about the positive z, axis, from x, to
x3. The link offset a; = d, ; is the distance between the z, and z; axes measured along
the x; direction. The link twist a; = 0 because axes z, and z; are parallel.

Joint 4 is shown in Figure 3.18b. The z; and z, axes are parallel, allowing the origin
of frame 4 to be chosen at any point along z,; the origin of frame 4 is chosen as the
intersection of z, and the plane spanned by x; and y;. x, is chosen as the unit vector
from the frame 3 origin to the frame 4 origin. The link displacement d, = 0 because x,
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Figure 3.18 Leg assembly joint 3 (a) and 4 (b) definitions.

and x, intersect. The link rotation 6, is measured about the positive z, axis, from x; to
x,. The link offset a, = d,, is the distance between the z; and z, axes measured along
the x,, direction. The link twist a, = 0 because axes z, and z, are parallel.

Joint 5 is shown in Figure 3.19a. The z, and z; axes intersect at point ¢. Since x; must
be perpendicular to and intersect both of these vectors, it passes through point ¢ and is
perpendicular to the plane spanned by z, and z.. The link displacement d; = 0 because
axes x; and x,, intersect. The link rotation 6, is measured about the positive z, axis, from
X, to X;. The link offset a5 = 0 because axes z, and z; intersect. The link twist a; = % is
measured about the positive x; axis, from z, to z;.

Figure 3.19 Leg assembly joint 5 (a) and 6 (b) definitions.

Joint 6 is shown in Figure 3.19b. Since z; and z, axes are parallel, the origin of frame 6
may be set at any point along z; the point u is chosen to position the foot frame origin
in the motor actuating the foot. x, is chosen orthogonal to z, = z; such that x; = x;
when 6, = 0. The link displacement d; = —d, , is the distance between the x; and x;
axes measured along the z; direction. The link rotation 6, is measured about the positive



z; axis, from x; to x,. The link offset a, = 0 because axes z, and z; intersect. The link
twist a; = 0 is measured about the positive x, axis, from z; to z.. In summary, the link
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parameters for the leg assembly are given in Table 3.2.

Table 3.2 DH parameters for a humanoid leg.

Joint

Displacement d Rotation 6 Offseta

A s W N =

d,, 0,(t) -d,,
-d,, 0,(0)
05(t)
0,
05(t)

- tu 06 (t)

QA O

>

S

(I} y,&._

CrlNe Py

Example 3.5 in the MATLAB Workbook solves for the homogeneous transforms that

describe the rigid body motion between each pair of frames in this example.

3.3.5 Angular Velocity and Velocity in the DH Convention

So far in Chapter , general principles of kinematics for three dimensional, complex sys-

tems have been introduced. This section adapts some of these principles to the analysis
of robotic systems that form kinematic chains and for which the DH convention applies.
This section introduces the Jacobian matrices that relate the velocity of specific points

of interest and the angular velocity of the bodies on which they lie to the time derivative

of the joint variables.

derivatives of the joint variables g, ..., gy
91
Vg’p 0. ]3 .
0 =Va= |, :
Don Jol |,
N

The 3 X N submatrix J? is given by

0 0 .0 . .0 0
Jo = [plzo PoZy p3Zy - /’NZN—l] )

= [Ples PzRgeB p3R(2)e3 pNR?\[_1e3] >

Theorem 3.3 (DH convention Jacobian matrix) Suppose there is an N link
kinematic chain whose bodies, joints and degrees of freedom are numbered consis-
tent with the DH convention. The 6 X N Jacobian matrix J° relates the velocity of
point p fixed on body N and angular velocity of body N in the 0 frame to the time

(Continued)
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where p; is equal to 1 if joint i is a revolute joint and is equal to O if joint i is a prismatic
joint.
The 3 X N submatrix J? is given by
o=t 5 - -
If joint i is a prismatic joint, the ith column j? is defined by the equation
i = Z?—l = R?—le'o"
If joint i is a revolute joint, the ith column j? is defined by the equation

0 _ .0 0 0
J; =2 X (xy, =15, ).

Proof: The derivation of the form of the sub-matrix J9 follows directly from the addition
theorem for angular velocities. @, ,; can be written expanded such that

@Dy N = B, + @, + ...+ @Dyn_jN-

The angular velocity between a pair of bodies depends on whether the joint between
those bodies is prismatic or revolute. If joint i is prismatic, there will be no relative angu-
lar velocity and @,_, ; = 0. If joint i is revolute, the angular velocity between the bodies is
solely about the z,_, axis at an angular speed of 6;. As a result, the angular velocity ®;_;
is defined as p;0,z, ,, where p, = 0 for prismatic joints and p; = 1 for revolute joints.

Collecting these into the formulation for @, 5 results in
@0y = p1012g + 030,21 + -+ pybyzyy.

The form of J stated in the theorem results when these vectors are expressed with
respect to the frame 0 basis.

The form of the matrix J9 can be determined by first noting that each column j? con-
tains the coordinates of the velocity of point p in the 0 frame when all of the derivatives
of the joint variables are equal to zero except the ith, which is set to one. In this case,

ro\
0
Vo, =i =0 ag i)
0
0

If the ith joint is a prismatic joint, g, = d; = 1, and the other joint variable derivatives
are equal to zero, the velocity of the point p is d;z, | = z; ,.

If the ith joint is a revolute joint, Theorem 2.16 can be applied to determine the velocity
in the 0 frame of the point p.

Vop = Vo1 t+ @y X(ry, =Ty 1) =0;_;; XXy, =T, 1),
—_—— ——

0 ®;

i1,

=0z, X (xg, —Ty; 1) =2,y X(Fy, =T, 1)
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Recall that the calculation above assumes that all of the derivatives of the joint vari-
ables g; for j # i are set equal to zero, and g; = 6, = 1. The conclusion of the theorem is
obtained when these vectors are expressed in terms of coordinates relative to the basis
for the 0 frame. O

The superscript on J* is used to denote that the velocity v, , and angular velocity @, , are
expressed in components relative to the k frame, such that

k
\r '
{ kp } = qu-
D N

By extension, the change of basis operation for the Jacobian may be defined as
0
po | My
0 R

Example 3.5  Calculate the Jacobian matrix J° that relates the velocity v, of point r
and the angular velocity @, , of frame 2 in the 0 frame to the derivatives of the general-
ized coordinates q of the leg assembly in Example 3.4. Since the required velocities only
depend on 6, and 6, and their derivatives, the 6 X 2 Jacobian matrix J° may be expressed
concisely as

Gt {h
0)0,2 9>

Calculate the matrix J° in two ways: (1) find the velocities and angular velocities from
first principles and identify the Jacobian matrix from these expressions, and (2) use
Theorem 3.3 to calculate the Jacobian matrix directly.

Solution: As a first steps, the rotation matrices R(l) and Rf are calculated, such that

cosf, sinf; O cosf, sinf, O
R) = 0 0 -1| and R}=[ O 0 1].
—sinf;, cosf; O sinf, —cosf, 0

Next, the angular velocity @, is derived using the addition Theorem 2.15 from
Chapter 2, ®,, = 0,z, + 0,z,. The angular velocity may be expressed with respect to
frame 0 using R}, such that

0 cosf; 0 —sinf,| |O 0 —sin 6,
@), = 0¢ 6, +|[sing, 0 cosf [40p 6,=30¢6, +9 cos, ¢6,.
1 0 -1 0 1 1 0
N—— ~ ~ AN——

0
e R €
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Collecting these expressions into matrix form results in

0 0 -—sinf, g
o, =J° =0 cos 8, Y
’ 0, 0,
1 0
The velocity of the origin of the 2 frame (point r) is computed from the relative velocity

Theorem 2.16 in Chapter 2, due to the fact that points r and p have constant positioning
with respect to the upper hip basis (frame 1).

Vo, = Vo, tT@; X (—de1 - dq,rzl),

=l o -6, o |,
~d,, 0 -d,

= dq’,élx1 - dpqqé’lzl.
Evaluating the velocity in terms of the basis for the 0 frame results in

cosf; 0 —sinb, dqﬂl

Vo, =|sind, 0 cos6, 0 ¢,
0o -1 o0 ||-d,.6
d,,cos0; +d,, sinb, 0
=1d,,sin6, —d, cos0, 6,+40¢0,.
0 0
5 (d,,cos0, +d,, sin0;) 0 4
v{,=104 ' b =|,sin0, —d, cos0) 0|1 ' 5.
’ 0, ’ 0 ’ 0 0,

The full Jacobian matrix with respect to frame 0 can be constructed by concatenating
these two sub-matrices, such that

v8,2 ] v 91
mg,z ]w 92 ’

_(dq’, cost; +d, , sinb,) 0
d,,sinb, —d, , cos0,) 0
0 0 6,
= Cop. (3.11)
0 —siné, | | 0,
0 cos 6,
- 1 O B
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For the second part of this solution, the same quantity will be computed using
Theorem 3.3. For this system every joint is revolute; thus,
pp=py=1
The unit vectors z) and z{ are obtained from the formulations of the rotation matrices
R? and R} = RR}, such that

1727

0 —sin6,;
zg=40p, 2z)=1 cosb,
1 0

Combining these into the submatrix J, results in

0 —sin6,;
Jo = [pz) 1zl =|0 cosh,
1 0

For the calculation of ], calculations are required for the two columns vectors
0 _ 0 0 0
Ji =2y X (g, — 15, 4)

fori=1,2.Fori=1,

X1 Y1 z
j1=2yX (@, —0)=| O -1 0 |=d,x —d,.z.
_dp,q _doqp _dq,r

Representing this vector with respect to frame 0 results in

cosf, 0 —sind || d,, d,,cos0, +d,, sin,
j9=|sin6, 0 coso, 0 p=1d,,sin0, —d, cosb, ¢. (3.12)
0o -1 0 -d,, 0

Fori =2,
X 1oz
jo =2y X(ry, —1,)={0 0 1 |=0.
0 0 -4,
This vector remains 0 regardless of frame representation. The resulting Jacobian
sub-matrix J? is given by
d,,cos0;, +d,, sinf; 0
=1 i) =|d,,sin6, —d,, cos6, 0].
0 0

As a result, the full Jacobian matrix calculated as

N
=i

yields the same Jacobian matrix found in Equation (3.11).
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3.4 Recursive O(N) Formulation of Forward Kinematics

The DH procedure is one of many strategies that can be used to formulate the kinematics
of robotic systems. This section will introduce an alternative approach for modeling the
kinematics of robot systems. This technique is an example of a recursive formulation
of the kinematics of a robotic system. Numerous variants of these formulations have
appeared in the literature. The text [14] gives a comprehensive account of this approach
by one of the early developers of the method. The specific variant presented in this text
of this family of methods is based on the family of papers [38], [37], [22], [39], [16], [25],
[26] because they provide a unified approach to both kinematics and dynamics.

These papers deduce the recursive algorithms for kinematics and dynamics of robots
by employing the similar structure of techniques in estimation and filtering theory. For
example, [38] explains that recursive formulations can be interpreted in the framework
of Kalman filtering and smoothing. Kalman filtering is a well known procedure in esti-
mation theory that derives recursive updates of estimates, as well as associated efficient
numerical techniques for their computation. One of the major contributions of the fam-
ily of papers inspired by [38], and its immediate successors in [22], [23], [39], [25], and
[26] has been to show how certain factorizations that appear in the context of Kalman
filtering can be used directly to solve problems in dynamics and control of multi-body
systems. This chapter covers the recursive formulations of forward kinematics, while
Chapter 4 discusses the extension of these techniques to forward dynamics.

Figure 3.20 depicts a kinematic chain for which the kinematic equations will be
derived. This kinematic chain is comprised of N + 1 links numbered from N + 1 to 1,
which are connected with N joints numbered N to 1.

In contrast to the DH convention, the links and joints are numbered from the tip of
the kinematic chain to the root. This section and Chapter 4 will show that this method-
ology of numbering the bodies and joints yields system matrices that can be factored
as products of block lower triangular, diagonal and upper triangular factors. It is the
special structure of these matrices that enables fast and recursive solution procedures
to be devised. The numbering of consecutive joints in the kinematic chain is shown
in Figure 3.21. The notation b := N + 1 will be used to refer to the base body, that is
link N + 1.

Body 3——~s—y.ho
Joint3 — h;"_;"\@“\“'\:‘- Joint 1

B h,

: /AN
i Joint Body \ )
Jointn-2 .+ 2 2 Body
// Pz 1
Joint é;i" Body n—1
n—1:
.-"; ..'" hn—1
.l"l -"II
/ / Bodyn

Ao

hn —Jointn
) Body n+1

Figure 3.20 Body and joint numbering of a kinematic chain for the recursive formulation.



3.4 Recursive O(N) Formulation of Forward Kinematics

Joint k-1 Joint k
(k-1)~ (k-1)* k= k*

Figure 3.21 Joint side labeling of a kinematic chain for the recursive formulation.

The two sides of joint k are denoted by k~ and k*. Specifically, the notation k™ refers
the point at joint k fixed on body k. By definition, point k™ is on the outboard side of
joint k, toward the free end of the kinematic chain. The notation k* refers to the point
at joint k fixed on body k + 1. The point k* is on the inboard side of joint k, toward the
base body of the kinematic chain.

Each joint & is defined by a vector h; that describes the direction of the degree of free-
dom at joint k. For a revolute joint, h, is along the rotational axis, while for a prismatic
joint, h, is along the translational axis. In the following discussion, it will be assumed
that all joints under consideration are revolute. Modifications for prismatic joints are
discussed in Problem 3.3.

The velocities and angular velocities are collected in 6 X 1 vectors V,_ and V., and the
derivatives of the velocities and angular velocities are collected in the vectors 4, and
A,.. This section will address the evaluation of V_ and V,., whereas A,_ and A;. will be
treated in Section 3.4.3. In this convention the superscript + or — denotes on which side
of joint k the quantity is calculated. The subscript is used to specify the joint at which
the velocities or their derivatives are calculated. These velocity vectors are defined as

vk ) yitl
) bk ) bk
V- = f and V. = w1 (-
o, )
bk bk

By definition v, ;- is the velocity vector of point k™ in the base frame b = N + 1, and
®,,,- is the angular velocity vector of the body that contains point k™ relative to the
base frame b = N + 1. The term v'b"k, contains the components relative to the basis for
frame k of the velocity vector v, ;. The term w’;’kf contains the components relative to
the basis for frame k of the angular velocity vector @, ;. While this notation may seem
unnecessarily complex, the following observations may help make it easier to interpret
the entries in V,- and V..

o The velocity and angular velocity vectors that are contained in V,. and V., refer to
the points k~ and k%, respectively.

e The components of the velocity and angular velocity vectors that are contained in V-
are given with respect to the frame k in which the point k™ is fixed. The components

of the vectors in V,. are given with respect to frame k + 1 in which the point k* is
fixed.

Finally, it should be noted that the notation @, ;- and @, ;. is somewhat misleading.
In general, the vector @, g is defined in Definition 2.9 as the angular velocity vector of
the frame B in the frame A. Because the frames A and B are often fixed in some rigid
body, @, is often described as the angular velocity of body B relative to body A. The
vectors @, ;- and @, ;. are the angular velocities of “the frame containing point k=" or
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“the frame containing point k*” relative to the base frame. That is
Dy j- = Op -1+ = Dp and Dy (k+1y- = Opjr = Op fey1-

Since this notation is common in the literature, this convention will be utilized when
describing recursive formulations of kinematics and dynamics in Sections 3.4 and 4.8.

3.4.1 Recursive Calculation of Velocity and Angular Velocity

The following theorem summarizes the matrix equation that enables recursive calcula-
tion of velocities and angular velocities based on the numbering of bodies from the tip
to the base of the chain.

Theorem 3.4 (Recursive velocity and angular velocity) The velocities and
angular velocities { V- };_; _, of the N link kinematic chain depicted in Figures 3.20
and 3.21 satisfy the equation

(V- ) [0 Rl 0 0 0 1( v )

V,- 0 0 Ri,p5, -+ 0 0 Y,

V- 0 0 0 e 0 0 V-
'l P L : 1. G13)
Vo-n-| |00 0 0 Ry nProrw | | Viv-1r
SRZYE I ) 0 0 0 0 UV

(1, 0 0 0 o1( 6 )
0 M, 0 0 0 6,
0 0 H; -~ 0 0 0,

i P b B ¢ (3.14)
0 0 0 - Hy, 0|6,

[0 0 0 -+ 0  Hy|| 6y

where (plf_l . is given in Equation (3.21), R,_; ; is given in Equation (3.25), and H, is
given in Equation (3.25) fork =1, ..., N.

Proof: Assuming that every joint is revolute, Theorem 2.17 ensures

bek_ = vh,k*" (315)

Vi k=1 = Vi T Opp- Xy 3y (3.16)
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In addition, the angular velocities of adjacent links are written using the addition
theorem for angular velocities in Theorem 2.15, resulting in

@Dy - = Op (f_1)+> (3.17)
@ = @y + h.6,. (3.18)

Equation (3.18) implies that the rotation angle 6, about joint k defines the rotation of
the outboard link & relative to the inboard link k + 1. Equations (3.15) through (3.18)
are vector equations, and the most convenient basis for computing solutions may be
chosen. Equation (3.16) and (3.17) may be expressed in terms of the basis for frame k
fixed in link & as

k

Vb tk—1)+ - « k K k
I =S(d;, ) Vok- IS, ) Vo
o* = ’ = ’ (3.19)
b,(k=1)* k k
_0 0 O, 0 0 ),
(1 S@d*, )T (vE.
— kok-1 l/’(”‘ (3.20)
0 I ©pk-

where S(-) is the skew operator defined in Chapter 2. Recall that the 6 X 1 vectors V-
and V,. are defined as

k k
v v
) b _ by(k=1)*
Vk7 " { . } and V(k_1)+ " { y } .
By - By, -1y

Defining the transposed transition operator ¢Zk—1 as

¢£k_1 - l[l S(d’]ik_l)T] _ lﬂ —S(d’]:’k_l)] _ ll] S(df_l‘k)] (321)
0 [ 0 [ 0 [

allows Equation (3.19) to be written as
V(k_1)+ = (p]zjk_Ika. (3.22)

Next, the vector equations from Equations (3.15) and (3.18) are cast as a single matrix
equation by expressing these equations in terms of their components relative to the basis
for either frame k or k + 1. By convention, it is assumed that V,_ contains components
relative to the basis for the frame in which point k~ fixed, which is the k frame basis.
Similarly, V. contains components relative to the basis for the frame in which point k*
is fixed, which is the k + 1 frame basis. It follows that

vk K 0 vkl 0
{ l/’(”‘ }=l e ]{ Zil}+{ k}ék. (3.23)
Dy 0 R, Dy hy

This equation can be written in the form

Vi = Risnt Ve + Hiby (3.24)

141



142

3 Kinematics of Robotic Systems

by introducing the notation

H 0 d R R 0 (3.25)
k = k an k,k+1 = & . .
hk 0 Rk+1

The matrix R, ,, is a rotation matrix: it satisfies the equation R ;,, = RZH x since its
constituent submatrices R; ;, are rotation matrices. Equations (3.22) and (3.24) may be
combined to obtain

V- = Rk,k+1¢/{+1,kv(k+1)f + H; 6, (3.26)
which may also be written as

Vi = ¢/€k_1v<k+1>— + Hy Oy,
if ¢, _, is defined such that

T _ T T
i1 = Ris1aProrn (3.27)

Equation (3.13) results when Equation (3.26) is expressed for each of the joints k = 1...N
and organized in matrix form. It is assumed in the theorem that Vy,,,- = 0, although
the modification for a prescribed base motion is straightforward. O

The structure of Equation (3.13) facilitates a recursive algorithm for the solution of
velocities and angular velocities in the kinematic chain. Suppose the joint angular rates
0,, 0,,... 0 are given for each of the joints in the kinematic chain. From Equation (3.13),
V- can be computed from the last row as

va = HNGN
Next, from the (N — 1) row, V,y,_;,- may be calculated as
Vin-ty = GnoanVn- + Hyafyors
= dn_ i nHnbx + Hy_10x_1-

Continuing this process from the inboard joints to the outboard joints provides a solu-
tion for all the velocities and angular velocities in the kinematic chain. These steps are
summarized in Figure 3.22.

1) Number the joints and links in the kinematic chain from N, ..., 1 starting at the base and moving
to the tip.
2) Assign the unit vectors h, to the joint degrees of freedom for k = 1,...,N.

3) Define the relative position vectors ko(Jrl fork=1,...,N—1.
4) Iterate from inboard to outboard joints for k = N,N —1,...,2,1.
4.1) Form the transposed transition operator

T _pT T
Prk1 = Rip14Prsrie
4.2) Calculate the velocity and angular velocity

V- = ¢I€k—1v(k+l)* +H,6,.

Figure 3.22 Table Recursive algorithm for velocities and angular velocities.
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3.4.2 Efficiency and Computational Cost

It is not necessary to form the entire matrix appearing in Equation (3.13) in practice.
The recursive algorithm can be used in either symbolic or numerical calculations. It is
efficient and fast. To help gauge the efficiency of the above algorithm in general terms, a
few standard metrics of computational workload for typical tasks in linear algebra will
be reviewed. One common unit of computational work is the floating point operation,
or flop, which is defined as the computational work required to perform a multiplication
of two real numbers and addition of two real numbers. Suppose that ¢(XN) is the compu-
tational cost of a given algorithm measured in flops. An algorithm is said to require on
the order of the function f(N), or O(f(N)), flops whenever

lim @ = constant. (3.28)
N=e f(N)

For many common numerical tasks the function f(N) is some polynomial of N.
For example, it is easy to show that the dot product of two N-tuples requires on the
order of N flops. The multiplication of a general, full N X N matrix times an N-tuple
requires on the order of N? floating point operations. The solution of a set of N linear
matrix equations, in comparison, requires on the order of N® floating point operations
when the associated coefficient matrix is full. Additional discussion of computational
workload can be found in [18], as well as specifications of cost for various common
numerical algorithms.

This description gives information about the asymptotic cost of an algorithm as N
becomes large. The value of the constant is of interest when making finer comparisons
of the computational workload. The recursive algorithm above requires on the order of
N floating point operations. In other words, the computational cost grows like a lin-
ear function of the number of unknowns. This algorithm is one of the several variants
of recursive O(N) formulations of kinematics and dynamics for robotic systems. The
reduction in computational workload that is afforded via recursive O(N) formulations,
in comparison to alternatives that require either the multiplication or inversion of full
matrices, can be critical in applications involving the robotic system control. This topic
will be discussed in further detail in Chapter 4.

Example 3.6  Use the recursive formulation summarized in Figure 3.23 to calculate
the velocities and angular velocities of the two link robot shown in Figure 3.23 with link
lengths of L.

Y1 A
ut

2R E!

Link 2

Joint2 02
Joint 1

X3
Link 3 (ground)

Figure 3.23 Two link robotic arm.
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Solution: From Figure 3.23 the rotation matrices that relate the bases for the frames
1,2 and 3 are

X; cosf; sinf; Of [x, X, cosf, sinf, Of[x;
Yi¢=|—sind;, cosf; O0<y,, and 4y, =|—sinf, cosf, 0|Jy;
Z, 0 0 1]z, Z, 0 0 1|z
< ~- >y o ~ 7
R, R

Since all of the revolute joints are along the common z, = z, = z, axis,

-

0
10,
0
0 0
hi= 0 and H, := ek PR s
. h; 0
10,
14
(0
10,
0
0 KOJ
hl =40 and  Hy =4 ¢ =1 <
. hJ 0
10,
L1

The offset vectors that describe the relative position of the joints are obtained by
inspection as

L 0
d;, =40 and dg’z =<0
0 0

These definitions aid in the construction of the constituent matrices that form the recur-
sive equations. The transposed transition operator (pg , and rotation matrix RZT | are
given by

[[100] [0 0 O

010| [0 0L

, I S(d7,) 001 |o-LoO
Pr1 = =1 _

0 1 000][1 0 O

000[|0 1 0

[000]]0 0 1]]
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R _ l(Rf)T 0 ] ~ lR; o]
2,1 - s
0 [RHT 0 R}

cosf; sinf; 0 0 0 0]
—sin#; cos6;, 0 0 0 0
0 0 1 0 0 0
- 0 0 0 cosf;, sinf; 0
0 0 0 —sinf, cosfd; 0
10 0 0 0 0 1

For the two link system shown, N = 2. The resulting recursive equations for the veloci-
ties are

R TN R
Y, 0 0 Y, 0 H,| |6,

From the last block of this set of equations, it can be seen that

N

0
0
VT =< 8 >92.
0
1
Likewise, expressions for ¢}, V,- and R} ¢}, V,- may be calculated as
0 Lsin 6,
L Lcos#,
1y, =40, and RIpIv, =1 O L
P21V =P AN 21921 Vo =1 0 >0,
0 0
1 1

Using these expression, the velocities and angular velocities in V;- may be calculated as

L, sin 6, 0) L, sin 6,
L0, cos 6, 0 Lb, cos 6,
0 of . 0
V- =4 S 0 =1 -
0 0 0
0 0 0
L 92 J (1) L 91 + 02 J
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For this example, these calculations may be easily verified geometrically. Joint 2 does
not move in the ground frame, therefore v;,- = 0 and @, ,- = 0z,, leading to

' 3

0

N

Il
—
wem f'°<'\‘
NN
——

Il

o o o o

0,
which matches the solution of the Equation (3.29) derived from the last row of the matrix
equation.

From Theorem 2.16, the velocity of joint 1 is given by

V3- = V3p- t@35- X Lx, = LO,y,.
——

0

Using the rotation matrix R} to calculate the components of this velocity in terms of the
basis for the 1 frame results in

sin 0,
v;lf = 16,4 cos b,
0
From the addition Theorem 2.15, the angular velocity of link 1 is given by
W3,- = 0,2, + 6,2,
=0, +0,)z,,

and it has components relative to the basis for the 1 frame given by

a);17= -0
0,+0,

Assembling these two expressions into V,- results in

Lé,sin 6,
L, cos 6,
eyt O
;- 0
0
0, +90,

which matches the solution to Equation (3.29) for the vector V- associated with the
first link.
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3.4.3 Recursive Calculation of Acceleration and Angular Acceleration

This section derives recursive algorithms for calculating the acceleration and angular
acceleration of the bodies in a robot that form a kinematic chain. In Section 3.4.1 the
velocities and angular velocities have been collected in the 6 X 1 arrays

vk ) vI<+1
bk b+
V- = and V. =
a)k wk+1
bk bk*

In this section the following derivatives of the velocities with respect to the link frame k
will be considered as the unknowns in the recursive formulation

d

— V - I A\ +

de|, o de |y 2
Ay = d and A = d

77| Poi- | Poie

defe ™ df g1

It is assumed that the vectors A, and A;. have been written in terms of components
relative to the frames k and k + 1, respectively. The (-)f and (-)*! notation that describes
the basis used to define the components is suppressed in these definitions.

The entries in the vectors A, and Aj;. do not contain the linear accelerations
a,;- and a,;. of the points k<~ and k* in the base frame. In most applications these
accelerations a, ;- and a, ;. in the base frame are the primary focus of the analysis, not
the accelerations in the body fixed frames. However, the linear accelerations in the base
frame can be calculated from the entries in .4, and A;.. The derivative Theorem 2.12
results in

d d
A ;- = —| V- = —| V- +@ - XV, 1,
bk dtl, bk dt |, bk bk bk
a = d \Y% = d vV, + o XV,
b.k+ dtl, b.k+ dt |y b+ bkt b.k+*

However, the vectors A,- and A;. do contain the angular accelerations in the base
frame of the links k and k + 1, since by definition

d d

a,, =—|o,. = —| o, k+w,, X0,
bk dt‘b bk dr | Pk bk bk

k ——

0

def, > 7 dr

O jer T O v X Op -

k+1 \ )
0

&y jr =

These calculations can be organized into a pair of 6 X 1 vectors as follows once the
derivatives of velocities A, and .A;. are known

k k k

e | A+ Dy X Vi k-
= A, ,

a’; . 0

k+1 k+1 k+1
A O i XV i

P ::¢4k+'+
at 0

bk*
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A set of matrix equations analogous to those presented in Theorem 3.4 can be obtained
for the derivatives of the velocities and angular velocities of a kinematic chain. These
algorithms can be derived using the matrix equation given in the following theorem.

derivatives of the velocities { A, };_;
Figures 3.20 and 3.21 satisfy the equation

A,- ) A
! ORI @I, 0 -0 0 !
A,- A,-
0 0 RLeI ---0 0
As- C As-
3 b= : : R : 1 ¢
0 0 0 -0 RL T '
NN-17"N,N-1
AN—I’ AN—I’
0 o0 0 0 0 |
L AN’ J L AN’
(7, 0 0 --- 0 O(6,) (M)
0 M, 0 0 0 b, N,
0 0 Hy--- 0 0 b, N,

+ < >+ < >

0 0 0 ---Hy, 0|6, Ny
[0 0 0 -+ 0 HMy|| 6y Ny

\ J

in Equation (3.25), and N, is given in Equation (3.41) fork=1... N.

Theorem 3.5 (Recursive velocity and angular velocity derivatives)
~ Of the N link kinematic chain depicted in

(3.30)

(3.31)

where ¢/, | is given in Equation (3.21), R;_, ; is given in Equation (3.25), H, is given

The

Proof: The derivative while holding the basis for frame k constant of the velocity

Vi k1)t = Vpi- + @pp- X iy

is equal to
d d
— v +:—V,+—(0,Xd_,
dt |, b,(k—1) de [, bk dt‘k b.k kk—1
d d d
= —| v, —d X —| @pp- +@p - X —| (dy_)-
dz |, bk k-1 dt‘k bk b= X g k( kk-1)
——

0
A similar calculation starting with the angular velocity
Opje = Opper + Op o = Op e + Dpeyy g = Op e + Wy 6y
yields
del, 2K 7 de|y T e

hkék-
k

(3.32)

(3.33)

(3.34)

(3.35)
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This last equation is needed in recursive form. The derivative i @b O the right hand

side of Equation (3.35) needs to be replace with with %

oy Db These two derivatives
+1

may be related by the expression

d .
(wbq]ﬁ-) + wk’k+1 X wb,k+ = & ((Db'k»,) + (_hkgk) X wb’k+. (3.36)
k+1 k+1

Combining Equations (3.34) and (3.36) yields

d d
€ ‘k(wb,k‘f) T

d i . .
(@,-) = & . l(a’b,k+) +h 0, + (=6 ) X (@, - — i 0)),
+

d
de |,
T dr
All of the Equations (3.32) through (3.37) are vector equations; any convenient basis
to represent the vectors in these equations may be used. By convention in the recur-
sive formulation, the basis for the frame & is used for terms labeled (k — 1)* or k™. This
implies that the basis for the frame k + 1 is used for terms labeled k*. When Equations
(3.33) and (3.37) are assembled, the result is

@ + 0+ (b)) X @ - (3.37)
k+1

i Vv, k i v
de |, & I =S, D] | del, 2%
k _ k-1 k (3.38)
4|, 0 ﬂ di,
dt x b,(k—1)* dt ‘ bk~
Introducing the vectors A _;). and A, results in
d d
M T ka,(k—1>+ 4 a €& k"b,k—
iy = an .= ,
(k1) d k d
T k“’b,(k—1)+ & k“’b,k—
and this equation becomes
Aoy = Ppp g Aie (3.39)
An equation that relates A_;). and A, requires the additional derivatives
d d d
P k(vb,k*) =% k(vh,k+) =1 k+1(vh,k+) T Op 1 X Vi v
= V) + () X vy e (3.40)
de k+1 ’ ’
Equations (3.37) and (3.40) may be combined to obtain
i Vv i A\
defe _ lRlliﬂ 0 dt e
d lo K
—| ®; ;- k+1 —_ ;.
def, dt [

0 ” _h/]iék X vb,k*
+ gk + . 5
h} —h}6, X @,
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which may be written in compact matrix form as
Ap- = RipsrArs + Hilb + N,
where
—hkg, x v | —hkg, x vk —S(h%6,) 0
Nk={ y ’Zk}={ y i’k}=l g k.]vk_. (3.41)
-hio, x @, . -ho, xw, 0 =S(h; 6,)

Equations (3.39) and (3.41) may be combined to obtain

o )
A = Ry, P s + Hilb + N,

or equivalently
Akf = ¢/Zw+l,kA(k+1)7 + Hkék + Nk' (34:2)

Equation (3.30) results when Equation (3.42) is expressed for each joint k =1,... N
and the equations are collected in matrix form. Finally, once the derivatives of the veloc-
ity and angular velocity have been calculated, the accelerations and angular accelerations
of the links in the base frame may be determined from the following identities,

d
A - = a

Vo>
b

— | Vet @, XV,
|, bk bk X Vb

%ok = g ba’b,k—,

= 7| Opp- T Op - X Op g
K

= @y -
b.k
dt k m}

It is important to note that the coefficient matrix

0 RzT,l(pzT,l 0
0 0 RB,T,Z(pE‘,T’2
0 0 0
(3.43)
0 0 0 e 0 RIJ\-J,N—quIJ\-[,N—l
0 0 0 oo 0 0

on the right side of Equation (3.43) is identical to that in Equation (3.13). It is the struc-
ture of this matrix that enables a recursive calculation of the derivatives of the velocities.
Suppose the joint rates 8,,0, ... 8, and the joint accelerations 8,,, ... 6, are given; the
associated velocities and angular velocities for the kinematic chain may be calculated
using the recursive algorithm from Figure 3.21. Then, using these results, the deriva-
tives of the velocity may be calculated. The last row in Equation (3.30) does not depend
on the other rows, enabling the solution of the equation A, = Hy 0y, + N}, for Ay.-.
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1) Find the velocities and angular velocities using the algorithm in Section 3.4.1.
2) Iterate from inboard to outboard joints for k = N,N — 1...2, 1, do the following:

2.1) Form the transposed position operator
T _pT T
Bir-1 = Ricko1Pii

2.2) Calculate the bias acceleration

Vo= —h 6, X v, . B —S(hf6,) 0 v
7] -h, x @ B 0 -Smhfa)| *
k- k b.k+ ik

2.3) Calculate the derivative of the velocity
A = ¢kT+1,k'A(k+1)* +H b, + N,

2.4) Calculate the accelerations and angular accelerations in the base frame.

k 3 k
{ab,k } A {wb,k XV }
x = At
a, 0

Figure 3.24 Recursive algorithm for calculation of accelerations and angular accelerations.

All of the terms on the right hand side of this equation are known. For example, the
equation

N —hNy X v, —S(hYéy) 0 Vil
N — R = R
~-h}6, X o, \- 0 -S(Doy | | @)y

may be evaluated immediately since the velocity of the base body is assumed to be given;
it is equal to zero when the base b = N + 1 is stationary.
Next, A_;)- is calculated from the equation A_;- = d’;],N_lAN— + Hy_10y_; +
Ny_1» so that
N-1j -1
_thleN—l X VZ,[(N—1>+

N-1 N-1
hN—lgN—l X wb,(N—1)+

r )
An-1- = by An- + Hy10 +

As before, the right hand side of this equation is known since the velocities and angu-
lar velocities have already been solved for, along with A,.. The algorithm continues
recursively from the inboard to the outboard joints, until all the derivatives of velocity
Apn-rAp-1)---A;- are known. These steps are summarized in Figure 3.24.

Example 3.7  Use the recursive algorithm to solve for the derivative of the velocities
for the two link robotic arm depicted in Figure 3.23 with a link length of L. Check the
solutions by direct calculation from first principles.

Solution: Example 3.6 already derives (pg ,and RZT’ .- The general form of the equations
of recursion for the derivatives of the velocities can be written as
A\ _ [0 R [A L0 91 AN (3.44)
Ay 0 0 Ay 0 H, 0, N,
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Each of the vectors Nk for k = 1,2 is defined to be
N, = { (—hf6,) X vy } _ { (—hf6,) X vy } _ l—S(h’;ék) 0 ] v,
(—hf6,) X @5 (—hf6,) X @5 0 —S(h%6,)
The validity of these equations may be verified by deriving the derivative of the velocities
directly. Starting at the joint nearest the root, for which k = 2, by definition

d | (V3o-) + @53 X V3,
— - dt . . '
A e dt 2(V3’2 ) _ly } _ 33,2- N w%,g x V%,z*
2 d (@) &' (@35-) + @y 3 X @3- a, 0 '
dt ) 3,2 3 \ )

0

However, az,- = v3,- = 0 for all time since joint 2 is fixed in the base frame. Also, it

is known that @;,- = 6,z, = 6,z; from which it follows that a;,- = d%L(a)B’Z-) = 0,z,.
Collecting these into .A,- results in
[ (0
0
0
A, =3 - (3.45)
0
0
- éz 7

This is precisely the solution of the last row of the matrix Equation (3.44). To illustrate
this, for k = 2 the vector WV, is given by

(-h20,) X v;,
——

N,=0= , oL (3.46)
(—h28,) x (h26,)
——

0

and the following solution is obtained for A,- when W, = 0 is substituted from above,
such that

A )

~ o o o o o

N

A,y = Hy0, + N, =3 - 0 + 4

J

o o o o o o

which is Equation (3.45).
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Next, the derivatives of the velocity and angular velocity for k = 1 will be calculated.
By definition,

d
E I(Vs,l-)
A~ =
4 @,
def; !
The velocity of joint 1 has been calculated in Example 3.6 as
V31- = LézYz-
The derivative Theorem in 2.12 can be used to obtain
dl . dl .. .
T Loy, = T Loy, + @5, X(Lbyy,),
1 2 N ,
(_9111)

= Li,y, + L6,0,x,.

The rotation matrix R} can be used to calculate the components of this vector relative
to the basis for the 1 frame,

d 1 cos 6, sin 0,
< P v3’1-> =L16,0,4—sin6, ¢ + L, cos b,
th 0 0

The angular velocity @; ;- can be differentiated directly to get

dl . . .
(ngl-) = d_ 0, +0,)z,) = (0, +0,)z,,
1 AR

d
de

1 0
d
<5‘ w3,1—> =1, 9.
1 0, +0,

Collecting these results into the formulation for A;- results in

or

-

cos 6, sin 0,
L0,06,4—sin®, ¢ + L, 4 cos b,
0 0
A = 0
0
o, +0,

It will be shown that this expression for A,- follows from the general form in Equation
(3.44). In Equation (3.44), the top row can be extracted to yield

Ay =R} 05, Vs + Hy 0, + N
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The nonlinear term W] is evaluated to be

A
—h;0, Xv; -

LA
—h;0, X @5 ;-

|

Substituting the expression for V] into A;- results in

cos 0,
—sin 6,

0

(e}

S ©O O o o+
S ©O o o ~ O

0

=N}

:
[\

—_

S © O

L, sin b,
Lé, cos 6,

sin 0,
cos 6,
0

S O O

oS o O

oS O =

b+ <

S O ©O o O

:
_

N

0 sin 0, cos 6
—30¢6, xqcosb, ¢LO, L6,0,3 —sin@
1 0 0
= =< ) 5
0 0 0
—10¢6, x 0 Lo, 10
e 6, + 0, 0
000 |
0 000
000
cosf;, sinf; O
—sin 91 cos 91 0
1 B
0 0][(0) 0
0 L 0 0
-L 0 0 0
3 r+e N,
00 0 0
10| [[© 0
o 1| ) |4
L,6,cos0, | (Ld,sin6, + L6,0, cos b,
—L6,6,sin 6, Lé, cos @, — LO,0,sin 6,
0 0
>+ 4 b= 3
0 0
0 0
0 L 0, +6,

The same result was obtained when A} was calculated from first principles.

As noted in the discussion of recursive accelerations, the entries in .4, are not usually
of interest in applications themselves, but can be used in the calculation of quantities
of practical interest. Next, the accelerations and angular accelerations of interest will be
calculated First, the accelerations of the points 17 and 2~ can be calculated from first
principles. Since the point 27 does not move with respect to the base frame, a;,- = 0.
Alternatively, the angular acceleration in the base frame of the 2 frame is

d
|,

®3o- =

0,25, = 0,2, = 0,z,.
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The acceleration and angular accelerations for link 2 are consequently

(o1
0
{ag’z_} _JOr (3.47)
“%,2- 0
0
0,) |

\

The acceleration of point 17 is
a;,- = —L9§x2 + Lézyz,

and the angular acceleration of link 1 is
a,- = 0, +0,)z,.

The following expressions are obtained when these equations are cast in terms of com-
ponents relative to the basis for frame 1:

cos 0, sin 0,

—L623—sin6, ¢ + L6, { cos 6,

as - 0 0
> =3 > . (3.48)
as - 0

0
6,+40,

L J

The accelerations and angular accelerations in Equations (3.47) and (3.48) are cal-
culated using the recursive formulation and the quantities .A,- computed earlier. The
entries in A, are used to calculate the accelerations in the base frame from the identity

k k k
A @5 X V3 e
k = ’Ak‘ + .
o 0

For the inboard link k = 2, the last term on the right is

s A
0) 0
0+x%x10
0)%2_XV§2_ OZJ 0
’ ’ =1 >=07
0 (0
10
L0
L J
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while for the outboard link k = 1

1
X V3,

1
{cog’1

0

}:<

f 0 L0, sin 6,
0 x 3 L, cos b,
0, +90, 0
0
0
0
cos 0,

(=L2 — L6,6,)4 sin 6,
0

S\

—L0,(8, + 6,) cos b,

3 e

LO,(0, + 6,)sin 6,

oS o O O

The acceleration in the ground frame of link k = 2 is

3,27

2
3,27

o)

and the acceleration

-

\

-

\

0
0
0

(0
0

0,

in the ground frame of the first link is

N

= A,- +0,

J

—L2 cos 0, + L, sin 6,
L62sin 0, + LB, cos 0,
0

1 1
@3 1- X V3,
c=A;- + .
0
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The recursive O(N) formulation does not impose restrictions on the selection of
the degrees of freedom as does the DH convention. For example, while it is always
the case that the axes z,z,,z, ... z,_, define the directions of the degrees of freedom
in the DH convention, the directions of the degrees of freedom h;,h,,h; ... hy in
the recursive O(N) formulation can be any axes. In fact, it is an easy matter to solve
for the velocities, accelerations or forces using the recursive O(N) formulation for
a system whose kinematic variables have been selected in accordance with the DH
convention; the only modification required is to reorder the degrees of freedom and
the frames used in the recursive order N formulation. This is shown in the next
example.

Example 3.8 Use the DH procedure to define the degrees of freedom for the arm
assembly shown in Figure 3.25. Solve for the velocities of the joints and angular velocities
of the links using the recursive O(NN) formulation.

Figure 3.25 Humanoid arm.

Solution: Figure 3.26 illustrates a set of frames 0, 1, 2, 3 and 4 shown in the solution of
Problem 3.10 to satisfy the requirements of the DH convention.

Figure 3.26 Definition of frames consistent with the DH convention.

157



158 | 3 Kinematics of Robotic Systems

The rotation matrices that relate the 0, 1, 2, 3 and 4 frames of the DH convention are

shown in Problem 3.10 to be

cos®; sinf; O cos®, sinf, 0]

Ry=| O 0 1|, Ri=| 0 0o -1,
sinf; —cosf;, O —sinf, cosf, O |
cosf; sinf; O cosf, sinf, O]

R=( 0 0 1{, R}=|-sin6, cosd, O].
sinf; —cosf; O 0 0 1]

with the link rotations 6,, 0,, 6; and 6, defined about the z,, z,, z, and z, axes.

Using these frames, the joint velocities and link angular velocities will be formulated
in terms of the DH convention variables 6|, 6,, and 8, by employing the recursive O(N)
formulation. The ordering of the joints and links in the recursive O(N) formulation starts
at the outer most bodies and increases towards the base. The joint angles (g, (£), g,(?),
and ¢g;(¢)) for the recursive O(N) formulation are just the angles defined in the DH con-
vention in reverse order; that is

q,(t) 05(2)
q(t) = 1 g,(2) ¢ =1 0,(2)
q3(®) 0,(®)

Similarly, the frames used in the recursive O(N) formulation are also numbered in
reverse order. The frames 1,2, 3,4, 5 used in the recursive O(N) formulation, moving
from the outer to the inner bodies, are the frames 4, 3,2, 1,0 of the DH formulation.
This fact implies that the rotation matrices that relate the frames 1, 2, 3,4 and 5 of the
recursive O(N) formulation are

cosf, sinf;, O cosf, sinf, O
Ri=| O 0 1|, Rj=| 0 0o -1,
sinf; —cosf; O —sin@, cosf, O |
cosf; sinf; O cosf, sinf, O]
Ri=| O 0 1|, R,=|-sind, cos6, Of.
sinf; —cosf; O 0 0 1]

This ordering of the degrees of freedom and the frames in the recursive O(N) formula-
tion are depicted in Figure 3.27.

It only remains to define the offsets d,,, ; between joint i + 1 and joint i and the direc-
tions of the degrees of freedom h; for i = 1,2, 3,4. The directions of the degrees of
freedom can be obtained directly from the figures, such that

0 0 0 0
hj=40¢, hi=41p, hi=<{-1¢, hj=11
1 0 0 0
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Figure 3.27 Definition of frames in recursive O(N) formulation of arm assembly.

The offset vectors that connect joints i + 1 and i may also be determined from the figures

0 0 0 0
d;,=40¢, dg,g =< 0 %, dgA =4q0¢, d;. =1 0
0 —d,, 0 —d,,

When a symbolic mathematics computer program is used to carry out the recursive
O(N) formulation of this system, V;-, V,-, and V,- are determined to be

0 0 —dpqéz cos 0,
0 0 —d, 0, sin 6,
0 0 0
Vi-=94 ¢ Vs =1 e Vy =9 . -
0 0 —0, sin 0,
6, -0, 0, + 0, cos 0,
[0 -0, A

dpqé’z sin 6, sin 6, — quQZ cos 8, cos b,
—d, 0, cos 0;sin 0, — d,, 0, cos 6, sin 0,
0
—sin0,(0; + 6, cos 0;) — 6, cos 0, sin 0,
cos 0,(0; + 0, cos 0,) — 6, sin B, sin b,

0, = 6,
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3.5 Inverse Kinematics

The general tools in Chapter 2 and the early sections of this chapter can be employed to
derive fast and systematic methods for the analysis of problems of forward kinematics.
As discussed in Chapter 1, however, applications abound in which problems of inverse
kinematics must also be solved. The synthesis of the flapping motion based on camera
measurement of the wings of a bird is an example of a problem of inverse kinematics.
There are several reasons why problems of inverse kinematics can be significantly more
difficult to solve than those of forward kinematics for a kinematic chain. First, it can
be difficult to determine if there exists any solution at all to some inverse kinematics
problems. Second, even if there is a solution, the solution may not be unique. Third, it is
not uncommon that the solution of an inverse kinematics problem is determined by the
roots of a transcendental, nonlinear set of algebraic equations for which the determina-
tion of the roots of these equations is far from trivial. Fourth, many inverse kinematics
problems arise as part of a more complex task. If a controller must be designed to drive a
robotic arm so that the tool follows some prescribed trajectory, corresponding perhaps
to a weld on an automotive frame, it may be necessary to solve the inverse kinematics
problem every few milliseconds. The solution of the tracking control problem uses the
solution of the inverse kinematics problem. In fact, the solution of the inverse kinematics
problem is also often used during the robotic design process. These optimization based
techniques can be used effectively in design studies, where the solution of the inverse
kinematics problem need not be solved in real time.

Because of these considerations, two general approaches, analytical and numerical, to
the solution of inverse kinematics problems will be studied in this section. The advan-
tages of analytical methods are that they are faster to execute and are therefore amenable
to applications, wherein the inverse kinematics problem has to be solved in real time.
These applications include problems of tracking control in which the inner loop defines
a set of joint variables that must be tracked, and the outer loop induces feedback that
depends on the tracking error. This control architecture is quite common in robotic
applications and is discussed in some detail in Chapter 5. However, an analytical solution
cannot be guaranteed in the general case for a kinematic chain. In contrast, numer-
ical techniques are significantly more general than analytical techniques, but can be
much more time consuming than the analytical methods owing to the use of an iterative
approach to estimate the solution, as opposed to a deterministic approach to calculate
the solution.

3.5.1 Solvability

In the study of inverse kinematics, the goal is to determine the values of the joint vari-
ables defining a manipulator configuration that will place the end effector at a desired
position and orientation. If the manipulator arm is a kinematic chain, the solution is
usually given relative to the base. In particular, if the DH parameterization is used, the
solution is specified in terms of the link displacements, offsets, twist, and rotation angles,
and by the location of the base frame in the world coordinate system.

In considering a general inverse kinematics problem, it may always be the case that no
solution exists for a specified target end effector location and orientation. For example,
suppose the kinematic chain is constructed solely of revolute joints and has a maximum
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total length while “stretched out” of 1 m. Now imagine that the target location and ori-
entation of the end effector is sought at a distance 2 m from the base of the robotic arm.
There is no choice of joint variables that can attain the desired end effector location and
pose due to the geometric limitations of the robotic arm. In this case the desired, or
target, position and orientation of the end effector is not feasible or consistent for the
robot arm under consideration. Clearly, the desired pose of the end effector must lie
in the workspace of the robotic arm, or the inverse kinematics problem is inconsistent
or unfeasible. The general study of which end effector poses yields well posed inverse
kinematics problems that can be quite subtle and falls under the topic of accessibility,
attainability, or controllability in nonlinear control theory [10, 33, 41].

Suppose an N degree of freedom kinematic chain is under consideration that consists
of revolute and prismatic joints. The inverse kinematics problem seeks to determine the
values of joint rotations or displacements for i = 1, ..., N, given the numerical value of
the homogeneous transformation matrix Hg\f . If the dimension of the task space is M,
then there are M independent equations with N unknown joint variables in this formu-
lation. Any of the following three situations may arise:

e M = N: There are enough equations to solve for the unknowns, if they are consistent.
However, these equations are nonlinear. Hence, there may be one or more solutions
to the inverse kinematics problem. The number of solutions is finite.

e M > N: The number of robot degrees of freedom is not sufficient to account for all
possibilities of end effector position and orientation. Hence, the inverse kinematics
problem may or may not have a solution.

e M < N: There are more degrees of freedom than required to provide the desired end
effector position and orientation. Hence, there may be an infinite collection of solu-
tions to the inverse kinematics problem. In this case the robotic arm is said to be
redundant.

The cases discussed above are illustrated in the following example, which clarifies the
qualitative differences between the three cases.

Example 3.9 Consider the planar manipulators shown in Figures 3.28a, 3.28b, and
3.28c.

Suppose that the lengths of the intermediate links are equal to 1 m, and that the end
effector frame # has its origin at (i) the end of link 2 for 3.28a, (ii) the joint between links
2 and 3 for 3.28b, and (iii) the joint between links 3 and 4 for 3.28c.

(a) (b) ()

Figure 3.28 Solvability for a planar workspace end effector (m = 3). (@) n = 2DOF:m > n. (b) n = 3
DOF:m =n.(c)n=4DOF:m < n.
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While many choices of joint variables are possible, the DH convention is employed
for the arms. The ground frame is therefore frame 0 and the end effector is frame N,
where N = 21in (a), N = 3in (b), and N = 4 in (c). The link rotation §, fori = 1, ... ,N is
measured from the frame fixed in link i — 1 to the frame fixed in link i. Since the manip-
ulators are constrained to lie in the plane, the pose of the end effector is determined by
the location of the origin of the end effector frame and the rotation of the end effec-
tor frame relative to its inboard neighboring link. Hence, the workspace has dimension
M = 3 for the manipulators shown in (a), (b), and (c).

For the manipulator in (a), the end effector is missing, and the number of degrees of
freedom is N = 2 < M = 3. The first two links are sufficient to position what would be
the base of the end effector frame, but the robot lacks the end effector to rotate into the
desired orientation. An alternative structure could have been to have a single link and
the end effector; the end effector could rotate to any desired orientation, but could only
be positioned along a circle of radius matching the distance between the two joints.

For the manipulator in (b), there are three degrees of freedom N = M = 3. According
to the above discussion, there may be one or more solutions to the inverse kinematics
problem; however, there will be a finite number of solutions.

For the manipulator in (c), there are N = 4 > 3 = M degrees of freedom. Because the
manipulator has more degrees of freedom than end effector constraints, it is possible
that there are an infinite number of solutions in this case. This can be visualized by
fixing the end effector to the desired position and orientation and observing the four
bar mechanism that results in the three intermediate links. This mechanism may be
adjusted into an infinite number of different configurations for the fixed end effector
configuration (assuming the end effector is not fixed at its outer workspace boundary.

The inverse kinematics problem studied in this chapter can be developed in terms of
homogeneous transforms. It is assumed that a robotic manipulator that has the form of
an N degree of freedom kinematic chain is given. The goal is to position the terminal
(or tool) frame of the arm at a prescribed position and orientation in the workspace.
The position and orientation of the tool frame in the ground frame is represented by the
usual product of homogeneous transforms

H?\[ = Hg,(ql, e qy) = H‘l’(ql)Hé(qz) H%_l(qN).

Each homogeneous transform H!™' is a function of one of the joint variables
(41,95, --- »4qx), and the composite transform H?\] that maps the tool frame N to the
ground frame 0 is a function of all N joint variables. Each joint variable g; is either a
rotation angle or displacement, depending on whether it corresponds to a revolute or
prismatic joint.

The inverse kinematics problem assumes that a desired location and orientation of
the tool frame is given that is represented by a homogeneous transformation H. A solu-
tion (g,, 4, --- q,) of the inverse kinematics problem therefore must satisfy the matrix
equation

H?\[(qlv e gy) = H(l)(%)Hé(fh) H%_I(QN) =H.

Since the last row of this matrix is identically equal to 0 or 1, there are 12 scalar
equations in this matrix equation. There are N unknowns. Nine of these scalar
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equations arise from the rotation matrix that appears as a submatrix of the homoge-
neous transformation, and three of these scalar equations that arise from the offset
vector contained in the homogeneous transform. As discussed in Chapter 2, a general
rotation matrix is characterized by three independent angles; therefore, six of the
nine scalar equations arising from the rotation matrix six are redundant. This matrix
equation can generates at most six independent scalar equations that relate the joint
variables to the pose of the end effector.

Two general strategies will be studied to solve this inverse kinematics problem: analyt-
ical and computational methods. Analytical methods are investigated in Section 3.5.2,
while the computational approaches are presented in Section 3.5.3.

3.5.2 Analytical Methods

Analytical methods for solving inverse kinematics problems often are tailored to a par-
ticular problem at hand, and a specific strategy adopted for one robot may not be appli-
cable to a different robot. However, general templates have been developed to guide the
construction of analytical solutions based on algebraic or geometric strategies. These
approaches are discussed in Section 3.5.2.1 and 3.5.3, respectively.

3.5.2.1 Algebraic Methods
This section presents an algebraic method for generating a solution of an inverse kine-
matics problem based on a guideline that loosely applies to all robots. Although it does
not prescribe a specific answer for a given problem, it guides the process by which an
analytical solution is developed.

For an N degree of freedom manipulator, the steps for constructing an analytic solu-
tion of an inverse kinematics problem are as follows:

1) Solve the forward kinematics problem: (i) assign the DH parameters and link coordi-
nate frames, (ii) derive the homogeneous transformation matrices H?, H;, s H%‘l,
and (iii) obtain H?\[ as a function of joint variables.

2) Symbolically compute the following matrix equation:

0\—1pq0 _ 2 N-
(H1) HN_HéHB'”HN g

and equate corresponding elements of the matrices on both sides of the above
equation to search for “simpler” trigonometric equations for solving joint variables.

3) Ifrequired, continue repeating this process (multiplying each side by the next joint’s
inverse homogenous transform), until the joint variables are solved:

()~ ), = HG - HY
(H2)™ (ML) ' (H)'HY, = HGHY - - HY

As discussed, the algebraic approach summarized above does not prescribe a specific
set of equations that must be solved at each step of the procedure. The structure and
sparsity of the homogeneous matrix equations in each step must be studied carefully
to determine specific relationships between joint variables and end effector pose. This
process is illustrated in the next two examples that illustrate the use of the methodology
for simple robotic manipulators.
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In addition, given the large number of trigonometric functions present in many of
these examples, a shorthand is used. The functions sin 6, and cos 6, will instead be rep-
resented as s6, and cf,, respectively.

Example 3.10  For the three degree of freedom, the planar manipulator shown in
Figure 3.29a with DH parameters defined in Table 3.3, the location (p,, p,) and the ori-
entation y of the end effector is given.

Y1

0, _—

A 1
| H = *

Figure 3.29 Three degrees of freedom robotic arm. (a) Frames and coordinates. (b) Configurations.

Table 3.3 DH parameters for the planar manipulator.

Joint Displacement d Rotation 6 Offseta Twist
1 0 0, L, 0
2 0 0, L, 0
3 0 0, 0 0

Calculate the joint angles 6,, 6, and 6, associated with this configuration.

Solution: By inspection of the geometry, the kinematics equations are obtained as
Py =1L, cos0, +L,cos(0, +0,),
py=Lysind, + L, sin(0; + 6,),
y=0,+0,+6;.
Given that the first two equations are only a function of 8, and 6,, they may be solved

for these two angles. The third equation may then be used to calculate 6;. As shown in
Figure 3.29b, two solutions exist for the inverse kinematics problem.
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Example 3.11 Consider the three degree of freedom robotic arm shown schematically
in Figure 3.30 with the DH parameters given in Table 3.4.

Figure 3.30 Schematic of a three degrees of freedom robotic arm.

Table 3.4 DH parameters for the robotic arm.

Joint Displacement d Rotation 6 Offseta Twist
0 0, 0 -90°
2 0 0, d, 4 0
q.r 3 rp 0

Let the point p be the origin of the 3 frame, and p’ the homogeneous coordinates of p
in the i frame for i = 1, 2, 3. The forward kinematics can be solved for this choice of DH
parameters to obtain the homogeneous transformations

o, 0 -s6, 0 ct, —s6, 0 d, b, ct; —sb; 0 d,,c,
HO - s, 0 B, O H - s, cb, 0 d,,s0, 2 |$05 b3 O d, ,s05
o -1 0 of o o1 o [ o 0o 1 4,/
0 0 0 1 0 0 O 1 0o 0 0 1
and

c6,c0,cl; — c0,50,50; —cb,cl,s0; — cO,50,c0; —sb, p(l)
$6,c0,c0; — s0,50,50;  —s0,c0,505 — s0,50,c0, O, pg

° —s0,c0, — 0,50, 50,505 — cO,c0, 0 p
0 0 0 1
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with
P = d, ,(ct,c0,c05 — c8,50,505) — d, 50, +d, ,c0,c0,,
Py = d, ,(s0,c0,c0; — s8,50,s0;) + d, ,c0, + d, ,50,c0,,
P = d, ,(—s0,c03 — c0,503) — d, ,50,.
The solution of the inverse kinematics problem begins by solving the equation
p® = HOHZp® — (HO)'p° = H2p?
given
0 7
p’ = 0 , and p’= v .
0 pg
1 1

The inverse transformation (H9) ™ is given by

ctyct, s6,c0, —s0, —d,,
—c,s6, —s0,s6, —c6, 0
—50, ch, 0 0

0 0 0 1

(H)™ = (HHY) ™! =

s

which results in

c0,c0, s0,c0, —s6, —d cf3 —s0; 0 d, ,co,

0.q
—cO,s6, —s0,s0, —cf, O o s03 by O d,,s0,
P =
—s6, b, 0 0 o 0 1 4,
0 0 0 1 0 0 0 1

When terms on both sides are equated, three scalar equations are obtained

0,c0,p° + s0,c0,p — s0,p3 — dy, =4, ,c;, (3.49)
—c0,50,p) — 50,50,p3 — c0,p) = d, ,s0s, (3.50)
6,0 + c0,py —d,, = 0. (3.51)

Iterating again leads to the equation
(H)™'p” = Hyp’.
Repeating this procedure results in three additional equations
celp(l) + selpg = d,’pc23 + qucez,
—selp(l) + c@lpg = dq’,,
P(s) = _dr,pSZS - da,qSGZ’

where

Cy3 = C08(6, +6;) and s,; = sin(0, + 6).
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From Equation 3.51, #; may be calculated as

0 d
6, = tan™! (‘n—é> +tan™! 2
& Vo + ot -d,’

Next, summing the squares of Equations (3.49) through (3.51) results in

O+ @Y + @) =d, ) +d,,’ +d,,’ +2d,,d, 0,

0,q%rp
It follows that

o, = (p(l))z + (pg)z + (p(3))2 B d"qu B dqu B dr,pz
3 2d, d

0.47°1p

with s6; = /1 — (cf;)? and tan 6, = (ﬂ) If d is defined such that

cOy
d* = ) + P9 + W) - d,,”
then

0.2 = @~ doaqz - dr.p2)2 s, = \/(Zd"’qd’ﬁ)z - (@ - dosqz - dr,p2)2
T Qd,d ) 2 2d, d ’

0q%rp 0q%rp

and

V@, 7~ (@~ d, )}~ d,
&2-d, S -d,.,’

tan 6, =

>

@y, + = dy P d,, 0y yd,, — &+ dy o+ d,D
&2-d, ) -d.,

[l

\/ @ —1d,, - d,,PN~d +[d,, +d,,I?)
= 2 2 :
&#-d,—d,,

Finally, from Equations (3.49) and (3.50), P and Q can be defined via the identities as

P = (cb,c0,1) + 56, 0,05 — s0,05)p3+

g

1(a)

(—c0,50,p9 — 50,50,p5 — c0,p3)(cO,p + s6,p)).

1(b)

= ((p3)* + (c0,p) + 50,p3))sb,,

= —pg(d,!pcﬁ3 + do’q) - drqps93(c€1p(l) + selpg),
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and

Q = (cb,c0,p9 + 50,c0,p5 — s0,p3)(cO,p + s6,p))

3
v

v

1(a)

+ (—091502[0(1) - 591502[03 - C9gpg)(—l9(3))

1(b)
(P + (c0,p° + s6,p5)*)ch,
= - pg(d,’pses) + (d,’pct93 + do,q)(wlp? + selpg).

Asaresult, 0, = tan™! <g)

The analytical techniques employed in this book are based on the fact that many
commercially available robotic manipulators terminate in a spherical wrist that carries
a payload or tool. This general topology allows the inverse kinematics problem to be
decomposed into two sub-problems: (i) positioning the wrist center, and (ii) orienting
the end effector through the wrist. The decomposition of the general inverse kinematics
problem into the independent problems of locating the wrist center and orienting the
tool frame is known as kinematic decoupling.

The following two examples illustrates this process for six degree of freedom robotic
manipulators.

Example 3.12 This example shows how kinematic decoupling can substantially sim-
plify the solution of an inverse kinematics problem. While the analytical solution for a
general six degrees of freedom robot is difficult to construct, the decomposition into
two independent three degrees of freedom problems makes the problem tractable.

The position of the wrist point w in Figure 3.31, which has homogeneous coordi-
nates w' in the frame i, does not depend on the rotation angles of the last three joints.
Therefore,

0
0
0 0y,,3 0
w =H =H s
3 3 d4
1
with
p(l) 0 p(l)_déax W(l)
0 0 0 0
P R)| O Y, —dea w
w0=p0_dw,p = wl = i - 6 = (2) 4 = (2) .
24 d6 p3_d6“z wy
1 1 1 1

By equating the above two equations, three scalar equations will be obtained that can
be solved for three unknowns 6,, 0, , and 8, . However, by premultiplying by the inverse
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Figure 3.31 FANUC robot.

of HY, simpler equations can be obtained. Starting from
(H)'w® = Hiw?,
yields
wicl + wisl — a; = ayc2 + a;c23 + d,;s23,
WY = 4,52 + a,523 — d,c23,
wisl — wgcl =0.
First, by solving the third equation, 6, is obtained as
w0
) = Atan2 (W—§>, and 67 =6, +180°.
1

The angle 0] is the front reach solution and 6? is the back reach solution. Due to mechan-
ical constraints the second solution is not feasible for this manipulator.
Next, by solving the first two equations, 6, and 6, will be obtained from the expression

d, + \/ d? + a2 ((W?61+W‘z’sl—ﬂ1)2+(W§)Z—ﬂ§—ﬂ§—4i >2
4+ 4 3

2a,

0, = 2Atan2

W)cl+wysl—a, 2+(w3)?—aZ—a3—d:

as + o

The two solutions of 6, arise from the fully stretched and folded back configurations. In
case of no real root, the assigned wrist point position is not reachable. Then,

sin 6,
0, = Atan2 )
cos b,
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with
(Wl + wisl — a,)(a, + asc3 + dys3) + wi(ass3 — dyc3)
(a, + asc3 + ds3)? + (a;s3 — dyc3)?

cosf, =

b}

w9 — (a3s3 — d,yc3) cos 6,
(a, + asc3 + d,s3)

sinf, =

Given the wrist point location, mathematically there are at most four possible arm con-
figurations. Due to the mechanical constraints, only 2 of them are feasible.

Next, when solving for the final three joints, H? is known and the forward kinematics
equation can be transformed into the equation

H? = (H))'HY.

Equating the (3,3) elements of the matrices on each side of the equality above, it
follows that

cos 05 = (a,c1s23 + a,s1s23 — a,c23),

sin 0, = i\/l —(a,c1s23 + a,s1523 — a,c23)%.

Therefore, in general for each set of 8,, 8,, 65, two solutions exist for 0, via the expression
0. = + Atan2 (é) .
c5

Equating the (1, 3) and (2, 3) elements of the homogeneous transforms on either side
of the equality gives

a,c1c23 + a,51c23 + a,523
s5
a,sl —a,cl
s5

Hence, corresponding to each set of solutions for 6,, 6,, 65, and 65, a unique solution
of 6, can be obtained from

cosf, =

)

sinf, =

0, = Atan2 <ﬁ> .
c4

Similarly, equating the elements (3, 1) and elements (3, 2) yields
n.c1s23 + n,s1s23 — n,c23

cos by = — = )
s
0,c1s23 + 051523 — 0,c23
Sin 06 = 5 s
s

and for each set of 6,, 6,, 65, and 0, a unique solution of 6§, is obtained from

0, = Atan2 <é) .
c6
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When 6, = 0 or z, the sixth joint axis z, aligns with the fourth joint axis z,, making 6,
and 6, not independent (this is an example of kinematic degeneracy). In this case, one
of them can be arbitrarily set to zero. For example, set 8, = 0 and 6, can be uniquely
obtained from elements (1, 1) and (2, 1) in the equations

(c1c23) cos B¢ + sl sin by = n,,

(s1c23) cos O — cl sin Oy = n,.

In conclusion, for each solution set of the first three joints, there are two possible
wrist configurations. Hence, mathematically a total of eight configurations are possible.
However, due to physical limitations, only four of them are feasible. When 6, = 0 or =,
the wrist is in a singular configuration and only the sum or difference of , and 6, can
be computed.

Example 3.13 This example solves the inverse kinematics problem for the spherical
robotic manipulator shown in Figure 3.46 with a spherical wrist added to the initial
three links. Assume the desired position and orientation of the tool frame is defined in
terms of the prescribed homogeneous transform H given by

m T T3 d;
R d Ty Ty Tog d,

Ho(q,...qy)=H= l . ] =
0 T3 T T33 dy

0 0 0 1

When the DH convention is used to represent the kinematics of the robot, the homo-
geneous transform from the 3 frame to the O frame is given by

RO d°
Hg _ [0% %3] , (3.52)

while that from the tool frame to the 3 frame

R &
H] = [076" ié]

The composite transform HY from the tool frame to the 0 frame is given by the
product

HO — HOH3 — Rg d8,3 Rg dg,ﬁ
S [ L O N (!

R ®E ][R &,
07 1 o 1|
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By inspection of the robotic manipulator, it can be seen that d3 , = 0. It follows that

d, cos0, sinf, d,

p.q

0 _ 0 _ . . _
dyg =dy;=1d,,sin0,sinb, o ={d,
d,,—d,, cosb, ds

when p = ¢g. The magnitude of the vector dg ¢ can be used to calculate to find
(711/2,’qcoszt‘)1sin292 + 673;’(17sin20151n292 + d;’qcosze2 =d; +d; +(ds—d, ).

Thus, the axial extension d,, , is calculated in terms of the given parameters as

d, = \/df +d2+(dy —d, )
The angle 6, can consequently be calculated from the third entry as
0, = COS_l((do’p —-dy)/d, ).

The angle 6, is computed from the first component of the vector dJ  using the
expression

0, = cos'(d,/(d,, sin6,)).

This completes the solution of the sub-problem that locates the wrist center, which
coincides with origin of frame 3. Next is the task of determining the joint angles that
orient the tool frame in the desired pose. It is required that

RIR? = R. (3.53)

However, since this problem is kinematically decoupled, the rotation matrix Rg isa func-
tion of only 6, and 6,

R} =R36,,06,),
and the matrix R? is function of 6,, 65, 6,
R} :=R(0,,0;,0,).
Since 6, and 0, have already been determined, Equation (3.53) can be premultiplied by
the matrix (R3)” to obtain
Ty Tip Tig
R = R)TR :=R :=|7y 7y 7y .
T3y T3 T's
A new rotation matrixR := (Rg)TR has been defined in this equation, and all the entries
in the matrix R are known. By definition the matrix equation can be factored as
R} = R}(0,)R:(6;)R>(0,) = R,
with
cosf, 0 —sind, cosf; 0 sin6; cos @, —sinfg 0
R} =([sinf, 0 cosd, |, R:=|sinf; 0 —cosb;|, R}
0o -1 0 0 1 0 0 0 1

=|sinfy; cosf; O].
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Premultipling each side of this equation by (R?)” results in

cos O cos, —cosb;sinf; sinb; cosd, sin6, O [[r;; ry 713

sinf; cosf; —sinf;sinf; —cosb;|= 0 0 —1|[ry ry 7y

sin 6, cos 6 0 —sinf, cosf, 0 [|ry 73y 733
(3.54)

(ry1cosf, + 1y sinf,) (riycos, +7ysinb,) (r15c0860, +7yysind,)
- _;31 _;32 _;33
(=711 8in6, + 7, cos0,) (—ry,sinb, + 7,y cos,) (—ri;3sinb, +r,; cosb,)
(3.55)
The angle 6 may be solved for from the (2, 3) entry of the matrix Equation (3.54)
05 = cos™ ' (rs3),
and then used to determine the angle 8, from the (2, 1) entry

0, = cos (=75, / sin ;).

The angle 6, may be found by postmultiplying Equation (3.54) by I_{T, which gives

cosf;cosfy —cosfysinfy sinf; ||ry 1y T3 cosf, sinf, O
sinf; cosO; —sinf;sinf; —cosO; || 1y 1y T3 |= 0 0 -1].
sin 6 cos O 0 Ti3 Ty3 T3z —sinf, cosf, O

When the product of the matrices on the left is calculated, the (1, 1) entry of the resulting
matrix product yields
2N
0, = cos™" [ [cos 65 cos 6, — cos O, sin b sin ;| 7, ||,
13
= cos™!(r,; cos @ cos O, — 7y, cos O sin O, + 7,5 sin O sin 6;).

This step completes the sub-problem of finding the joint angles that orient the tool
frame at a specified pose. The above procedure shows that the solution procedure is
not unique. It is possible to derive other, equally valid, expressions for the kinematic
variables. For example, the angle , could have instead been calculated from the (2, 2)
entry of the matrix Equation (3.54)

0, = sin"'(r5,/ sin 6;).

This is a common feature of analytical solution procedures for inverse kinematics
problems.
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3.5.2.2 Geometric Methods

An alternative approach for generating the analytical model for a kinematic chain’s
inverse kinematics is the geometric approach. In many kinematic chains, equations
for one or more of the kinematic variables may be found using geometric and/or
trigonometric identities based on the structure of the robot. Common identities used in
this process include the laws of sines and cosines and the Pythagorean theorem. How-
ever, this approach depends entirely on the geometry of a given kinematic chain and
cannot be generalized into a systematic algorithm for automated analysis. The following
provides an example of geometric analysis on a three degree of freedom kinematic chain.

Example 3.14  Use a geometric approach to determine the inverse kinematics of the
three degrees of freedom robotic manipulator shown in Figure 3.32. Assume the end
effector coordinates (x,,y,,z,) are given.

Figure 3.32 Elbow manipulator.

Solution: First, §; may be calculated by the projection of the end effector point onto the
x,y plane, as shown in Figure 3.33. The x and y coordinates of the end effector position
may be represented by the parametric equations

X, =T, c080;, (3.56)

Ve =Ty, sin 0y, (3.57)

Figure 3.33 x, y-plane projection for calculating 0.



3.5 Inverse Kinematics
where 7, = (x2 + y2)*° is the magnitude of the x, y plane projection. The four-quadrant
solution of these parametric equations is represented by

0, = Atan2(y,, x,) (3.58)

where Atan?2 is the four-quadrant arctangent function. This function utilizes the signs of
v, and x, to determine the appropriate quadrant for the angle satisfying the arctangent
of the quotient. A second solution for #; may also be found as

0, = 180° + Atan2(y,. x,). (3.59)

As seen in Figure 3.33, doing this requires an appropriately large 6, to revolve the arm
past 90° to point in the proper direction. This observation also indicates that the further
solutions of 8, and €, depend on the value of 6,. As a result, for the remainder of the
solution, the two cases must be considered separately. To determine the values of 6, and
0, associated with a given value of 6.

A special case is observed if x, = y, = 0. Neither solution above is valid in this case,
meaning that the inverse kinematics cannot be solved. This is a case of a singularity,
discussed in Section 3.5.4.1.

Assuming two valid values of 8, are calculated, the solution continues by considering
the planar kinematic chain created by joints 2 and 3, as shown in Figure 3.34. In this
plane, the end effector must reach point (7., z,). As shown in Figure 3.34, there are two
possible configurations that place the end effector at the desired point.

Figure 3.34 Planar kinematic chain for calculating 6, and 6.

Figure 3.35 shows the trigonometric analysis used to calculate the two sets of angles
(0, ,,05,),and (0,4, 05 ) for a given 0, that reach the desired end effector position. First,
the distance r,,,, and angle y are calculated using the expressions

Taye = (1% +22)%°, (3.60)

y = Atan2(z,,1,,). (3.61)
Then, the angle g is found using the law of cosines, such that

2_ .2 2
Ly=ry, +L;—2r,,L,cosp,

xyz

27, Ly

xyz

r2,+12— L
cosf=—>——- =
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Oop Opq 7

Figure 3.35 Trigonometric analysis for 6, and 0.

Using the cosine, an appropriate value for f given the geometry of the system may be
determined. Using y and g, the two 6, values may be calculated such that

0,=yxp. (3.62)
To calculate 65, the angle « may be calculated using the law of sines, such that

sina _ sin (3.63)
r Ly’ '

xyz

Using the sine, an appropriate value for f given the geometry of the system may be
determined. Then, depending on the specific 8, chosen, 6, may be calculated such that

0, = +(180° — a). (3.64)

3.5.3 Optimization Methods

The last example showed that kinematic decoupling can be used to derive the solution of
inverse kinematics problems via analytical methods. Still there exist many other robotic
system and inverse kinematics problems that are not amenable to analytic solution. Such
problems can often be tackled by using numerical techniques for the approximate solu-
tion of optimization problems. There is an extensive literature that studies these tech-
niques, and most introductory numerical methods courses taught in an undergraduate
curriculum include some discussion of the fundamentals. The details of the underly-
ing numerical algorithms will not be covered in this book, but rather concentrate on
casting the inverse kinematics problem in a canonical form. Any of a variety of stan-
dard approaches can then be used to approximate the solution of the inverse kinematics
problem.

The classical problem of optimization theory that concerns this book seeks to find the
extremum of a real valued function J : RN — R over some admissible subset Q C RV,
The extrema of the function J are the set of points at which the function has a local
minima or local maxima, or at which it has an inflection point. The vector q* € Q is
said to be a local minimizer of ] if there is a neighborhood N containing q* such that

J(q") <J(q) (3.65)
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for all ¢ € N C Q. If the neighborhood N can be taken to be all of Q, q* is a global
minimizer of J over Q. The form

q = argmin ¢ ,/(q) (3.66)

can be used to designate the minimizer of J over the neighborhood N'. Equations (3.65)
or (3.66) state a problem of constrained optimization. It is required that the optimal
q* exists in the admissible set Q@ C RY. If the admissible set Q = R¥, the problem is
an unconstrained optimization problem. The general conditions that dictate when the
extrema of a given function J exist and when they are unique can be very complex. The
derivation of equations that characterize the solutions of such optimization problems
can also be found in the literature. The interested student is referred to the large number
of good references on this subject, typical ones being [35] or [47]. This book aims to
cast the problems of inverse kinematics into the form of the problem in Equation (3.65)
or (3.66).

The first step in posing the inverse kinematics problems as an optimization problem
consists of defining an appropriate error or cost functional that must be optimized. For
example, to solve an inverse kinematics problem and find the joint variables ¢, ..., gy
that locate a point p fixed on the robot at some desired point p, in the inertial frame,
the cost functional J could be defined to be

1 0 0
J(@ = S, - o, 117,
_ 1 0 0 T (.0 0
= S, @ =1, @, (@~ 1,

In this expression the position r0 = r° ,(@ of the point p on the robot depends on the
value of the joint variables q, but the posmon of the desired point rj = does not. This
quadratic function is common in applications, but many alternative functlons could also
be used. In general, a good cost functional is constructed so that

(1) it is a differentiable function of the unknowns q,
(2) itis non-negative, and
(3) it has a minimum value at the desired configuration.

Ideally, the minimum value is unique, but many problems of inverse kinematics are
structured such that there are many possible solutions. Example 3.15 discussed below
is of this type. Differentiable cost functions are chosen, if possible, because many algo-
rithms have been developed that can exploit derivatives in approximating the solution
of the extremization problem. Generally speaking, smooth cost functions lead to more
efficient solution techniques. Both the theory and collection of numerical methods for
optimization of smooth functionals are more mature and well developed than that for
non-smooth functions. In addition, the cost functional can often be expressed efficiently
in terms of the specialized kinematics formulations already developed for robotic sys-
tems. If pV are the homogeneous coordinates of point p in the tool frame N and pg are
the given homogeneous coordinates of the desired point p, in the ground frame, the
cost functional / can be written as

J(@) := —(H (@p" - p) HY(@p" - p).
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For this choice of the cost functional, the problem of inverse kinematics is that of
finding q* € Q where

q" = argmin . ,/J(q)

for some neighborhood N C Q where Q is the set of admissible joint variables.

Example 3.15  This example examines some of the inherent difficulties associated
with solving the inverse kinematic problem using standard numerical techniques for
optimization problems for complex robotic systems. Consider again the flapping wing
robotic system in Figure 1.25. Suppose that the trajectories of photoreflective markers
fixed to the wings of birds in flight have been experimentally collected using high speed
cameras. Derive an optimization problem whose solution could yield the joint angles
that induce the measured motion of the wings. Discuss any potential difficulties that
might be encountered in the numerical solution of this inverse kinematics problem.

Solution: When the DH convention is used to represent the kinematics of the flap-
ping wing robot, the following four homogeneous transformations relate the body fixed
frames 0, 1, 2, 3, 4:

[ cos 6, 0 sin6, 0
sinf, 0 —cos#f, 0
H @) = 0 1 0 d |l
| op
0 0 0 1
[ cos 0, —sinb, 0] (cos 6’2611,,,(1w |
sinf, cosf, O 4sinb,d,, ¢
H}(©,) = rafl,
0 0 1 0
0 0 0 1
[ cos 0, —sinf, 0] (cos 0;d,, |
sinf; cosf; O] qsinéyd,_, ¢
H3(0,) = “1.
0 0 1 0
0 0 0 1
[ cos 0, —sind, 0] (cos 6’4dm‘ |
sinf, cosf, 0| {sinb,d, ¢
H;(0,) =
0 0 1 0
0 0 0 1
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An error function may be defined to measure how close the positions fixed on the
wings are to the desired, experimentally measured, positions. Suppose that these points
observed in the experiment are the origins of the 2, 3, and 4 frames, or points ¢, r, and
s. It is known that

q’ = H%(6,)H.(0,)q* = H2(6,)H}(6,)

= o O O

r° = HO(6, H;(0,)H2(0;)r> = HY(6, ) H}(6,)H2(6,)

_ O O O

s = H(0,)HL(6,) H2(0,)H3(0,)s* = H(0,)HL(6,)H2(6,)H3(6,)

— o O O

where q°,1%,s° are the homogeneous coordinates of the points g,r,s in the 0
frame and q2,r3,s* are the homogeneous coordinates of g,7,s in the 2,3,4 frames,
respectively. By inspection, points g, 7,s have straightforward representations in the
frames 2, 3, 4,

N
w
S
_ o O O

Suppose that the locations of the points g, r, s in the 0 frame that have been collected
in the experiments are denoted by q°, r%, s0. The tracking error can be written as

() 0
eq’_q _qe’
e_ 40 _ L0
e .=r r,,
0 _ 0
€ .=S S..

One possible and commonly used measure of error is the weighted quadratic cost

1 T
ei=g Zwieiei

i=q.rs

where the summation is carried out over the points i = ¢, r, s and w, is a positive weight-
ing for each point i = g, r, s. Because the error measure is a sum of real quadratic terms,
the error measure is always non-negative and is equal to zero only when the positions
of points g, r,s exactly match the experimentally measured positions. The weights w,
for i = g, r, s enable the analyst to emphasize the contributions to the total error of the
error in matching the positions of g, r or s. When the definitions of the homogeneous
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transformations is substituted in the total error equation,

0, 0 0
ei=e||.=Lu HY(6,)H,(6,) 0 —-q |- |HY(0)H}(0)] ¢ —qC
0,17 271 1o 10 ¢
0, 1 1
0 0
1 0 0 0 0 1 2 0 0
+ sz H (0, )H 6, )H 65) 0 —r, |- | H(6,)H,(6,)H;(0;) 0 -r,
1 1
0
1 0 0 0
+ 2w H; (6, )H (02)H (03)H (6,)4 0 F—S,
1
0
0 2 0 0
[HIODH O)H;(0:)H(0,) 4 o = s¢ |-
1

J

Some insight into the qualitative features of the solution of the minimization problem
can be gained by considering a few simple examples. First, suppose that

do,p = dp,q = dq,r = dr,s = 005m,

W, =w, = 0,
0.1512
0
s0 =
¢ 0.0512
1

The choice of w, = w, = 0 means that the total error does not depend on the relative
error between the points s, 7 and the experimentally observed values of these points.
Solving the optimization problem with this set of parameters will find a set of joint angles
that position the terminal point s close to the experimentally observed value. As is typical
for redundant manipulators, this problem does not have a unique set of joints angles
that minimize the error measure. Two such minimizers, designated as configurations A
and B, are

07,05,05,0)) = (—3.14,-1.99,-2.45,8.18) rad,
(07,05,02,05) = (0,.819, —2.54,1.48) rad.
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These two minimizers both yield a measure of error e that is equal to zero to machine
precision. Both choices of joint angles induce a tip position of point s that coincides,
within machine accuracy, with the experimentally observed position as shown in
Figure 3.36.

q
/ Configuration B

r

\ Configuration A

X 0.10

Figure 3.36 Two minimizers of the error functional, configurations A and B.

It is difficult to visualize the complexity of even this simple case because the joint
angles vary in a four dimensional set. Figures 3.37 and 3.38 depict the contours of the
error function that is “sliced” along a plane that passes through the optimum value

eA(027 04) = e(gA’ 925 0?9 04.)’
€%(0,,0,) = e(0°,0,,02,0,).

In other words e*(0,, 6,) depicts the error contours as 6, and 6, are varied, but 6, and 6,
are fixed at the optimum values for configuration A. The function e?(6,, 8,) is similar, but
0, and 0, are fixed at their optimal values in configuration B. Clearly the optimal values
are located at different relative minima of the error functions. Even more importantly,
as shown in Figure 3.39, these local optima are not unique. There are an infinite number
of relative minima.

Figure 3.39 depicts a plot of the function e#(6,, 8,) to convey the complexity of the
error function being extremized.

The first study simplified the form of the error function so that w, = w, = 0, and the
value of error in the first example case does not depend on the location of the points ¢, r.
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( Point A

10
- Point B
5
04rad 0
-5
.\__\
B —
_10-%\§111111111111111.]
- 4 2 0 2 4 6

0, rad

Figure 3.37 Error contours of e4(6,,6,).

Now consider a more interesting example. Suppose that the experimentally observed
trajectories of g, r, s obey the following laws as a function of time ¢,

(0.05) 0.075
0 0
0y — 0(p) —
©LO=9005(™  F=O=3005 (™
(1) 1
(0.1 cos a(t)
0 0.05 0
00y —
@ =1005(* 2 )sina®
[ 1 0
where a(t) = %%, i is the index of time step ¢, and there are N, samples. The

experimentally observed trajectory of point 7 in this case is a fixed point located at
(0.075, 0, 0.05). The experimentally observed trajectory of point s lies on the arc of the
circle in the x,—z, plane with a center at (0.1,0,0.05). It is observed that point g is
fixed at point (0.05,0,0.05) during the experiment. Figure 3.40 depicts the sequence
of configurations of the robot as a function of time that solves the inverse kinematics
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Figure 3.39 Plot of €5(6,,6,).
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Figure 3.40 Configurations of the flapping wing robot for a time varying observed trajectory.

problem at each time step when w, = w, = w; = 1 are selected. Note that the solution
of the inverse kinematics problem yields a set of joint angles that minimizes the error
between the points g, , s on the robot and their experimentally observed values. Also
note that, in general, this does not guarantee that the points g, r, s match exactly the
experimentally observed values.

3.5.4 Inverse Velocity Kinematics

Just as inverse kinematics allows the calculation of joint angles given an end effector
position and orientation, inverse velocity kinematics allows for the calculation of joint
angle velocities based on a given end effector velocity and angular velocity. The solvabil-
ity of the inverse velocity kinematics problem depends on the number of specified task
space velocity parameters m and the number of # joint velocities to be calculated. As
with the inverse kinematics problem, there are three cases to consider:

e m > n, where the robot does not have a sufficient number of independent joint vari-
ables to provide all possible end effector movements. As a result, the inverse velocity
kinematics problem may not have a solution.

e m < n, where the robot possesses more degrees of freedom than are required to gen-
erate the desired end effector solutions. As a result, there are infinite solutions to the
inverse differential kinematics problem. As before, this case is called redundancy.
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e m = n, where the robot possesses equal numbers of degrees of freedom and end effec-
tor workspace.

Unlike inverse kinematics, the mapping from the joint angle velocities into the end
effector velocity and angular velocity is known to be linear. As discussed in Section
3.3.5, this mapping is called the Jacobian matrix. When m = n, the Jacobian matrix is
square. If the determinant of this matrix is non-zero, the matrix is invertible, providing
a straightforward solution for the joint angle velocities, such that

L Yo
= (0" {wo } .
an o

The Jacobian matrix represents the geometry of the robotic arm at a given configu-
ration. At some configurations, the determinant of the Jacobian may become zero. By
definition, the inverse of a matrix does not exist if that matrix’s determinant is zero. The
geometric cause of a Jacobian’s determinant becoming zero is singularity.

T

3.5.4.1 Singularity

At a singular configuration, there is at least one velocity or angular velocity coordinate
along or about which it is impossible to translate or rotate the end effector, regardless of
the joint velocities selected. Mathematically, the Jacobian matrix determinant becomes
zero at a singular configuration because the matrix is no longer full rank and one or
more of its columns becomes linearly dependent on the other columns. Singularities
can be categorized into two groups: workspace boundary singularities and workspace
interior singularities.

Workspace boundary singularities occur when the robot is fully stretched out or
folded back onto itself such that the end effector is at the boundary of its workspace.
Since the end effector’s motion is restricted to the subset of direction pointing tangen-
tial to the workspace boundary or within it, it has lost its full mobility and the Jacobian
reflects that.

Workspace interior singularities occur within the workspace and are typically due to
one or more joint axes lining up along the kinematic chain. When two joint axes align,
their impact on the motion of the end effector is identical. This creates a linear depen-
dence between the two columns corresponding to these joints in the Jacobian, reducing
the rank of the matrix.

Singular configurations should usually be avoided since most manipulators are
designed for tasks in which all degrees of freedom are required. Furthermore, near
singular configurations, the joint velocities required to maintain the desired end
effector velocity in certain directions may become extremely large.

For common six degree of freedom manipulators, the most common singular config-
urations are listed below.

1. Two collinear revolute joint axes: this type is most common in spherical wrist assem-
blies that have three mutually perpendicular axes intersecting at a single point. As the
second joint rotates, the first and third joints may align, creating two linearly inde-
pendent columns in the Jacobian. Mechanical restrictions are usually imposed on the
wrist design to prevent the wrist axes from generating a wrist singularity.
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2. Three parallel coplanar revolute joint axes: this type occurs in an elbow manipulator
with a spherical wrist when it is fully extended or fully retracted.

. Four revolute joint axes intersecting at one point.

. Four coplanar revolute joints.

. Six revolute joints intersecting along a line.

. A prismatic joint axis perpendicular to two parallel coplanar revolute joints.

N UL W

In addition to the Jacobian singularities, the motion of a manipulator is restricted if
the joint variables are constrained with upper and lower bounds. When a joint reaches
its boundary, this effectively removes a degree of freedom.

3.6 Problems for Chapter 3, Kinematics of Robotic Systems

3.6.1 Problems on Homogeneous Transformations

Problem 3.1. Consider the SCARA robot shown in Figure 3.41.
(i) Derive the homogeneous transform H@.
(ii) Derive the homogeneous transform H?;.
(iii) Derive the homogeneous transform Hg.

(iv) What are the homogeneous coordinates p* of the origin of the D frame in the
frame A?
(v) Write a program that calculates H@ and p” using the results (i)—(iv) above.

Figure 3.41 SCARA robot and frame definitions.

Problem 3.2. Consider the cylindrical robot shown in Figure 3.42.
(i) Derive the homogeneous transform Hj.
(ii) Derive the homogeneous transform HE.

(iii) Derive the homogeneous transform Hg.
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Figure 3.42 Cylindrical robot and frame definitions.

(iv) What are the homogeneous coordinates p* of the origin of the E frame in the
frame A?
(v) Write a program that calculates HS and p” using the results in (i)—(iv) above.

Problem 3.3. Consider the modular robot shown in Figure 3.43. The frames B, C, D, E
are body fixed frames of reference. Each cube has dimensions 24 X 24 x 2A. The short
links having body fixed frames C and D, which are constructed from two such blue
cubes, have a length that is D as measured to the center of each end cube. The link
to which the body fixed B frame is attached has a length L measured from the faces of
the cubes at each end.
(i) Suppose that the angle 6 measures rotation about the positive y, =y, axis, as
measured from the positive z, axis to the positive zy axis. Derive the homoge-
neous transform HJ.

Figure 3.43 Modular robot and frame definitions.
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(ii)

(i)

(iv)

(vi)

Suppose that the angle 6. measures the angle about the positive z; = z: axis, as
measured from the positive x; axis to the positive x. axis. Derive the homoge-
neous transform H¢.

Suppose that the angle 6, measures the angle about the positive y. = yp, axis, as
measured from the positive z: axis to the positive zy axis. Derive the homoge-
neous transform HB.

Suppose that the angle 6 measures the angle about the positive x;, = xg axis, as
measured from the positive y, axis to the positive y; axis. Derive the homoge-
neous transform HE.

What are the homogeneous coordinates p* of the origin of the E frame in the
frame A?

Find the homogeneous transformation Hé and p” using the results in (i)—(v)
above.

3.6.2 Problems on Ideal Joints and Constraints

Problem 3.4. Consider the spherical joint depicted in Figure 3.44. Derive the homoge-
neous transform that relates the joint coordinates systems of the spherical joint when
the 3-2-1 Euler angles are used to parameterize the rotation matrix R} for the system
shown.

Figure 3.44 Spherical joint.

Problem 3.5. Derive another definition of the universal joint shown in Figure 3.45,
different from that given in Example 3.2, by selecting different angles of rotation
that map the A frame into the B frame. Derive the corresponding homogeneous
transformation.

3.6.3 Problems on the DH Convention

Problem 3.6. Derive a kinematic model for the SCARA robotic manipulator in Problem
3.1 using the DH convention.
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Figure 3.45 Universal Joint.

Problem 3.7. Derive a kinematic model for the cylindrical robotic manipulator in Prob-
lem 3.2 using the DH convention.

Problem 3.8. Derive a kinematic model for the modular robotic arm in Problem 3.3
using the DH convention.

Problem 3.9. Derive a kinematic model for the spherical robotic manipulator depicted
in Figure 3.46 using the DH convention.

Problem 3.10. Derive a kinematic model for the arm assembly depicted in Figure 3.47
using the DH convention.

Problem 3.11. The Space Shuttle Remote Manipulator System (SSRMS) is shown
in 3.48. Use the DH convention to derive a kinematic model of the end effector frame
position. What are the homogeneous transformations that characterize the rigid body
motion of each adjacent pair of frames?

Figure 3.46 Spherical robot.
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Figure 3.48 Space Shuttle Remote Manipulator System (SSRMS).

Problem 3.12. A six degree of freedom industrial robot is depicted in Figure 3.49.

A set of body fixed frames is introduced as shown in Figure 3.50.

Verify that this collection of frames satisfies the underlying assumptions of the DH con-
vention. Define the link rotation, twist, offset and displacement associated with this
definition of frames. Determine the homogeneous transformations that relate each pair
of consecutive frames.

3.6.4 Problems on Angular Velocity and Velocity for Kinematic Chains

Problem 3.13. Consider the schematic of the PUMA robot in Figure 3.51. Define
the link parameters of the DH convention for this robot. Derive homogeneous
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Figure 3.50 Industrial robot frames labeled.

transformation that maps the end frame 3 into the inertial frame 0 using the DH
Convention. Derive the Jacobian matrix

v _ H .
% f Ul
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Figure 3.52 The spherical wrist.

Problem 3.14. Consider the spherical wrist which is shown in Figure 3.52.
Find the Jacobian matrix that relates the velocities and angular velocities to the joint
variables in the equation

v
vg,S []V] A
o (T 0
®o3 Jo é
Problem 3.15. Repeat Problem 3.14 using the DH convention. Find the Jacobian matrix.

6
{Vg,s}_[lv] s
0 - 2
@3 Jo 6,
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Compare the results with those from Problem 3.14.

Problem 3.16. Calculate the Jacobian matrix J° that relates the velocity of the point p
and the angular velocity @, to the derivatives of the joint angles in the laser scanner in
Example 3.3. In other words, find the Jacobian matrix J in the equation

o .
VO,r _ ]0 { 91 }
0 = o
®, 0,
Calculate the Jacobian matrix J° two ways. First, find the velocities and angular velocities

from first principles and identify the Jacobian matrix from these expressions. Second,
use Theorem 3.3 to calculate the Jacobian directly.

Problem 3.17. Calculate the Jacobian matrix J° that relates the velocity of the origin of
frame 4 and the angular velocity @, , to the derivatives of the joint angles in the arm
assembly in Problem 3.15. In other words, find the Jacobian J° in the matrix equation

2
{v8,4}_[9] 0,
a)gA o1 ]6;
6,

Problem 3.18. Derive the homogeneous transform that maps the 4 frame to the 0 frame
for the robotic flapping wing shown in Figure 3.53.

Problem 3.19. Use the DH procedure to define the joint angles 6,, 0, and 6, for the
PUMA robot discussed in Problem 3.13. Use the recursive order (N) formulation to
solve for the velocities of the joints and the angular velocities of the links in the PUMA
robot.

Figure 3.53 Flapping wing robot.
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Problem 3.20. Use the DH procedure to define the joint angles 6,, 6, and 6, for the
spherical wrist studied in Problem 3.15. Renumber the frames and joints consistent with
the recursive order (N) formulation, but keep the definition of the joint angles. Use the
recursive order (V) formulation to solve for the velocities of the joints and the angular
velocities of the links.

Problem 3.21. A three degrees of freedom Cartesian robot is shown in Figure 3.54. The
system is comprised of a frame that moves along the z, direction, a crossbar that moves
relative to the frame in the z, direction, and a tool assembly that moves relative to the the
crossbar in the z, direction. The motion of the frame relative to the ground is measured
by the coordinate z(¢), the motion of the crossbar relative to the frame is measured by
x(t), and the motion of the tool assembly relative to the crossbar is measured by y(z). Sup-
pose that the spherical wrist studied in Problem 3.15 is rigidly attached to the end of the
tool assembly on the Cartesian robot. Find the Jacobian matrix for this robotic system.

)

J
vg,S — |:L:| q — |:L»:| J z 4
m8,6 ]w ]a) 91 .

Figure 3.54 Cartesian robot frames and coordinates.
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3.6.5 Problems on Inverse Kinematics

Problem 3.22. Suppose that a spherical wrist sub-assembly is attached at frame D of the
SCARA robot in Problem 3.1. Find an analytical solution using kinematic decoupling
for the inverse kinematics problem of locating and orienting the terminal frame using
kinematic decoupling.

Problem 3.23. Suppose that a spherical wrist sub-assembly is attached to the cylindrical
robot in Problem 3.1. Find an analytical solution for the inverse kinematics problem of
locating and orienting the terminal frame.

Problem 3.24. Suppose that a spherical wrist sub-assembly is attached to point ¢ of the
PUMA robot in Problem 3.13. Find an analytical solution using kinematic decoupling
for the inverse kinematics problem of locating and orienting the terminal frame.

Problem 3.25. Suppose that a spherical wrist sub-assembly is attached at the origin of
the 3 frame of the Cartesian robot, as discussed in Problem 3.21. Find an analytical
solution using kinematic decoupling for the inverse kinematics problem of locating and
orienting the terminal frame.
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Chapter 4

Newton-Euler Formulations

The field of dynamics consists of the study of kinematics and kinetics. Chapter 2 of
this book discusses the foundations of kinematics, and Chapter 3 presents specific for-
mulations for kinematics of spatial robotic systems. The study of kinematics provides
the language used to describe the geometry of motion. The field of kinetics studies
the connection between the forces and moments that act on a mechanical system and
its resulting motion. Two general approaches to the study of kinetics are covered in
this chapter and the next. This chapter discusses the collection of methods known as
Newton—Euler formulations of the dynamics of robotic systems. Chapter 5 presents an
alternative approach, those methods based on techniques of analytical mechanics. Upon
the completion of this chapter, the student should be able to

Define and calculate the linear momentum of a rigid body.

Define and calculate the angular momentum of a rigid body.

Define and calculate the center of mass and inertia matrix of a rigid body.

State and employ Euler’s laws for the motion of rigid bodies in a robotic system.
Employ recursive order N formulations to study robotic system dynamics.

4.1 Linear Momentum of Rigid Bodies

Elementary principles that describe the dynamics of a point mass or particle define the
linear momentum as the product of the mass of the particle and its velocity. The linear
momentum of a system of particles is the sum of the linear momenta of the individual
particles in the system. As highlighted in the following definition, the linear momentum
of a rigid body can be viewed as a limiting case of the definition for a system of particles.
The linear momentum of a rigid body is the integral of the velocity over all the differential
mass elements that make up the rigid body.

Definition 4.1 The linear momentum py, of a rigid body in the frame X is defined

to be
Px = /vdm,

where v 1= vy 4, is the velocity of the differential mass element dm in the frame X,
as shown in Figure 4.1.

Dynamics and Control of Robotic Systems, First Edition. Andrew J. Kurdila and Pinhas Ben-Tzvi.
© 2020 John Wiley & Sons Ltd. Published 2020 by John Wiley & Sons Ltd.
Companion website: www.wiley.com/go/kurdila/robotic-systems
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X3

X4 Xo
Figure 4.1 Rigid body with differential mass element.

Definition 4.1 is given in terms of the velocity of each of the infinite collection of points
that make up the rigid body under consideration. The center of mass is introduced to
obtain an expression for linear momentum that depends on the velocity of a single point.
As aresult, the center of mass is used to describe the motion of a mechanical system in
terms of a finite set of variables.

Definition 4.2 'The position r, := ry_ in the frame X of the center of mass of a
rigid body is defined by the equation

rc=i/rdm
M

where M = [ dm is the total mass of the rigid body and r :=ry 4, is the position
vector of the differential mass dm in the frame X.

The above definition of the center of mass can be used to derive an expression for
the linear momentum of a rigid body in terms of the center of mass velocity. The linear
momentum of a rigid body is the product of the rigid body center of mass velocity and
the total rigid body mass.

Theorem 4.1 The linear momentum of a rigid body in the frame X is given by
px = Mvy,

where M is the mass of the rigid body and vy is the velocity of the center of mass in
the X frame.

Proof: By definition the linear momentum is given by

Px = /vdm.

The center of mass velocity may be calculated by taking the time derivative of ry 4, and
utilizing Definition 4.2, such that

d 1d 1 d
WA TRt

Vx,e = iT XrX,c = Mde

erm = A—l/[ /vdm = %px.
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The equation above relies on the fact that in this case “the derivative of the integral” is
equal to the “integral of the derivative,” which can be written as

R
dels /) ) delx

This is a special case of the Leibnitz integral rule that assumes there is no flux of linear
momentum across the domain of integration. O

Applications to robotic systems often introduce numerous frames of reference to for-
mulate the equations of motion. The next example uses the definition of the center of
mass to calculate its location for a link in a typical robotic system.

Example 4.1 For the SCARA robot shown in Figure 4.2, calculate the location of the
center of mass r, :=ry, of the outer arm (link 2), shown in Figure 4.3a, relative to
the B frame. Construct this approximation by using the geometric primitive shown in
Figure 4.3a constructed of two rectangular prisms with dimensions labeled. Also assume
that the mass distribution within the link is uniform.

(a) Actual link 2 geometry (b) Link 2 geometric primitive

Figure 4.3 SCARA robot link 2 inertia estimation.
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Solution: By definition, the location of the center of mass in the B frame satisfies

r, =1y, = A—l/[/rdm,

where the vector r :=ry 4, connects the origin of the B frame to the differential mass
element dm. From introductory dynamics, it is known that when the body is comprised
of N discrete sub-components this equation can be written as

N
Z Mirc‘
i=1

c— T o >

N
XM,
i=1

where M; is the mass of sub-component i and r, :=rg_  is the location of the cen-
ter of mass of body i in the B frame. The locations of the center of mass of each sub-
component are defined as

r, = %b1b2 + %clb3, r, = (d+ %b2> by + (e + %CZ) b,

The final expression for the location of the center of mass of the composite rigid body is
consequently

%Mlbl + M, (d2 + %b2> Mie, + M, (cl + %cz)

2
r =r = b, +
c Be M, + M, 2 M, + M,

b,.

It will be shown later in this chapter that the initial step in deriving the equations of
motion for a robot often requires the evaluation of the linear momentum of its links. The
next examples illustrate how the calculation of the linear momentum for realistic three
dimensional solids, such as the links of robotic systems, is simplified when the location
and velocity of the mass center are known.

Example 4.2 Calculate the linear momentum for the outer arm show in Figure 4.3a
of the SCARA robot depicted in Figure 4.2 using Theorem 4.1 and the results of
Example 4.1. Assume that the velocity of the point p vy, and angular velocity @y g of
the body are given as

Vxp = v;b; + v,b, +v3b,
@y g = 0b; + w,by + wsb;.
Assume that at the moment under consideration, the B frame and X frames are aligned

(i.e. R§ is the identity matrix). Express the answer in terms of the basis for the B frame.

Solution: From Theorem 4.1 the linear momentum is given by p; = Mvy . The veloc-
ity of the center of mass can be calculated using the relative velocity Theorem 2.16 in
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Chapter 2 as
Vi = Vxp T Oxp X dpgc,
=Vxyp + Oy g X1,

wherer, := rg_ in the instant shown. From Example 4.1, the components relative to the
basis for B of the vector r, are given by

( 0 )
| | Saiby+ My (dy+ 30, )
r?: Y, ¢ =1 MM, -
1 1
Ze S My + M, (cl + 562)
M +M, J

\

The linear momentum in the X frame expressed in terms of the basis for the B frame is
therefore given by

0
" 0 —w5 o |[ Ly Lo <d2 + lbz)
2 2

Pg =M+ M) vy ¢+ M+ M) w3 0 —wp (4 M, +M,

V3 —w, @ 0 %Mlc1 +M, (cl + %62)

L M, +M, J

| ]
| |

Example 4.3 A rectangular prism with uniform density and a body fixed frame B
moves relative to the frame X as shown in Figure 4.4. Calculate the linear momentum of
the body in the frame X at the instant shown. At this instant assume that the velocity vy,

X3

X4

Figure 4.4 Rectangular Prism.
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of point p and the angular velocity @y ; are given by

Vi, = V1b; + v,b, + v5bs,

P
@y g = 0;b; + w,by + w3b;.

Use Definition 4.1 to calculate the answer, and then check the result using
Theorem 4.1.

Solution: As specified, the solution for this problem will first be generated by integrat-
ing over the domain of the rigid body. Then, the same solution will be calculated by
considering the velocity of the center of mass and invoking Theorem 4.1. In addition the
B frame defined at point p in the problem statement, an additional frame C is defined
parallel to B with its origin at the center of mass ¢,. The velocity of a differential mass
element can be written using Theorem 2.16 in Chapter 2 as

V I=Vxdm = Vxp + Oy p XTI,
where the vector r .= ry 4, is given by
r = xb;, + yb, + zb,.

The linear momentum, by Definition 4.1, can be written as

Px = /vdm = /(VX,I, + @y 3 X r)dm.

The only term in the integrand that varies over the body is the vector r. Thus, the terms
vy, and @y g may be factored out of the integrand to obtain

Px = Vx, / dm + @y 5 X / rdm.

From the definitions of the rigid body and the center of mass position, it is known that

M:/dm and r, 3=1'B,c=]\1_4/1'd””-

Substituting these expressions into the formulation for py results in
Px = Mvy, + @y g X (Mr,), (4.1)
= M(Vy ), + Oy p XT1,).

The location of the center of massisr, = —%bl + gbz + §b3. Whenr,, vy ,, and @y p are
substituted into Equation (4.1), the final expression is obtained as

a 3

v+ %(cw2 - bws)

pg =M{ v, + %(—aa)3 —cw;)

2'g

vy + %(bco1 + aw,)

Alternatively, Theorem 4.1 specifies that
Px = Mvy,. (4.2)
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The velocity of the center of mass may be derived using Theorem 2.16 as
Ve = Vxp + @x g XTI,

where r, is the vector that connects the point p to the center of mass. Substituting this
into Equation (4.2) results in

Px = M(vx, + @y 5 X 1,), (4.3)

which is identical to Equation (4.1), showing that both approaches yield the same answer.

4.2 Angular Momentum of Rigid Bodies

4.2.1 First Principles

The angular momentum about a point p of a single particle in motion is equal to the
“moment of momentum.” That is, the angular momentum is the cross product of the
position vector that connects the point p to the particle and the linear momentum of
the particle. The angular momentum of a system of particles is the sum of the angular
momenta of the individual particles. As with the linear momentum of a rigid body, the
definition of the angular momentum of a rigid body can be interpreted as a limiting
case as the number of particles increases. The summation over all the particles in the
system is replaced by an integral over all the differential mass elements that make up
the rigid body.

Definition 4.3 'The angular momentum hy , of a rigid body in the frame X about
point p is given by

hx,p=/r><vdm

wherer :=r1, 4, is the vector connecting the point p to the differential mass dm and
V = Vy 4, is the velocity of the differential mass dm in the frame X.

There is no restriction on the point p about which the angular momentum may be
calculated in Definition 4.3. In practice, it is often convenient to calculate the angular
momentum about an arbitrary point p by relating it to the angular momentum about
the center of mass. Theorem 4.2 describes this relationship.

Theorem 4.2 The angular momentum in the frame X of a rigid body about the
arbitrary point p is given by

hy, =hy +d, X Mvy,)

where hy  is the angular momentum in the frame X of the rigid body about its center
of mass ¢, M is mass of the rigid body, d,, . is the vector connecting the point p to the
center of mass ¢, and vy is the velocity of the center of mass c in the frame X.
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Proof: The proof of Theorem 4.2 relies on a decomposition of the vectorr :=r, 4, that
locates the differential mass element dm into the sum of a vector d,, . from the point p to
the center of mass c and the vector p from the center of mass to the differential mass ele-
ment dm. This decomposition is illustrated in Figure 4.1. Applying this decomposition
to the definition of hy , results in

hy, = /r X vdm = /(dp,c + p) X vdm.

Since the vector d,, . does not vary over the mass integral, it may be removed from the
integral and

hy,=d, x /vdm + / p X vdm.

Based on prior analysis, the two integrals in this expression may be represented as

h, = /p Xvdm and /vdm = Mvy,
resulting in the desired final formulation of hx’p, such that

hy,=d, . X (Mvy,)+hy,. -

The next two examples show that the angular momentum of realistic three dimen-
sional bodies, such as the rigid links of a robotic system, can be calculated directly from
their definition. As when calculating linear momentum, the task of calculating the angu-
lar momentum can be facilitated by utilizing the knowledge of the position and velocity
of the center of mass.

An important qualitative observation will also be made in these examples: the calcu-
lation of angular momentum for rigid bodies often introduces some common integrals
over the body, namely the cross products of inertia and the moments of inertia. These
integrals appear so frequently that they are discussed in detail in Sections 4.2.2 and 4.2.3
of this chapter. The cross products of inertia and moments of inertia also appear fre-
quently in calculations of the kinetic energy of a robotic system; hence their important
role in the analytical mechanics formulations that are presented in Chapter 5.

Example 4.4 A rectangular prism with body fixed frame B is shown in Figure 4.5. It
rotates about the x; = b, axis at the angular rate 6, .

X3, b3

X4

Figure 4.5 Rectangular prism.
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Calculate the angular momentum hy, in the X frame about the point o using
Definition 4.3.
Solution: The velocity in X of the differential mass element dm is given by
VI=Vygm = Oxp XT

where r :=ry 4, is the position vector of the differential mass element. The vector r is
represented in terms of the basis for the b frame as

r = xb; + yb, + zb,

where (x,y,z) are the coordinates along the by, b,, b, directions. The velocity v of the
differential mass of (x, y, z) is consequently

b, b, b,
v=|0 0 6 [=-yfb, +x6b,.

x ¥y z

The definition of angular momentum results in

hx,p=/rxvdm= x y z |dm (4.4)

= <—/xzdm> 0b, + (—/yzdm) b, + (/(x2 +y2)dm> 6b,

where the fact that 8, b, , b, and b, do not vary with the integration over the body allowed
those variables to be removed from the integrals. To evaluate the integrals, the single
integration over the mass of the body can be re-cast as a volumetric integral. Assum-
ing p is the uniform density of the solid, the differential mass dm may be defined as
dm = pdxdydz. along the three basis vectors b;, b,, and b;. Using this expansion, it can
be seen that the integrals (— / xzdm) and (— / yzdm) are equal to zero. For the first,

/xzdm=p/2/2/xzdxdydz=/zzdz/zdy/ xdx.
SR 0 2
——

0

A similar result holds for [ yzdm. The third integral may be evaluated as

/(x2+y2)dm:p/2/2/ (& + y*)dxdydz, (4.5)
= J== Jo
=p/2dz</2dy/ x2dx+/2y2dy/ dx),
= 2 T 27 o

3
= 1 2 é = 1o, 1,9\ _ 1,, 1,
_<pcb3ﬂ +u3<2> >—pabc(3a +12b)—m<3u +12b ),
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where m = pabc, based on the definitions of the prism density and the geometry in
Figure 4.5. It is concluded that the angular momentum can be written in the form

_ l 2 i 2 : _ i 2 2 l 2 A
hxyp_M<3tz + b )0b3—<12M(a +5)+ 3Ma >0b3,

a\2\ . .
= (133# +M(5) > 6b, = I, ,0bs,

where I3; , is the b; axis moment of inertia of the body with respect to the center of mass
and I3 , is the b; axis moment of inertia of the body with respect to point o.

It will be shown in the sections that follow that the quantities (— / xzdm) and
(- [/ yzdm) are examples of the cross products of inertia of a rigid body that measure
of the symmetry of a rigid body. The integral [ (y* + z2)dm is an example of a moment
of inertia of a rigid body. It measures the resistance of a rigid body to rotation.

Example 4.5 Calculate the angular momentum in X of the rectangular prism studied
in Example 4.4 using Theorem 4.2.

Solution: First, the angular momentum hy of the body is evaluated about its center
of mass. For this example, the origin of the body fixed frame B is fixed at the center of
mass, as shown in Figure 4.6. The position of a differential mass dm with respect to this
frame is defined as

r = ab, + pb, + ybs,

where (a, §,7) are the coordinates along the b;, b,, b; directions. By following the same
essential steps as in Example 4.4, it can be shown that

h, = <—/aydm> b, + <—/ﬂydm> b, + /(oc2 + *)dmbb,.

x3“

X4

Figure 4.6 Rectangular Prisms with Body Fixed Frame at Center of Mass.
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A critical observation here is that the limits of integration in these three integrals differ
from the corresponding expression in Equation (4.5). As a result,

/aydm:p/z/z/zaydadﬁdyzo,
/ﬁydm=p/2/2 " pydadpdy =0,

[@emr=o [" [ [ @+ prdadsay = S+

The first two integrals, / aydm and [ fydm, can be shown to be zero simply by virtue
of the fact that

3 1.1
dy = =p*
[ rar= 57

2 2

appears as a factor in both expressions. The last integral to be expanded is

/(a2+ﬂ2)dm=p/zdy</2dﬁ/zazd(x+/zﬁzdﬂ/zda>

2 2 2

2/a\*  2(b\’
—”C<b§<§) +“§(5> >
- Loeileyo L2+
—pabc(lza +12b> 12M( +07).
The final expression for hy  is therefore

hy, = M@ + b)6b,.
“ 12
Theorem 4.2 gives the following expression for the angular momentum about the point o
hX,o = hX,c + do,c X (MVX,C)'

For this example, d,,, = (a/2)b, and vy, = (a/2)0b,, resulting in

hy, 11—2m(a2 + b%)0b, + (%%1) x (Mgéb2>

<1—12Wl(ﬂ2 +b7) + ZILMﬂz) 0b,; = <133,c +M<§)2>9b3‘

— —

=l

This is the same result as in Example 4.4. It will also be shown that the coefficient I5; ,
defined in the equation as

2
L5, 1= 13, + M(g)

can also be obtained via the application of the parallel axis theorem for inertia discussed
in Section 4.2.3.3.
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Theorem 4.2 states a general relationship between the angular momentum about an
arbitrary point p and about the center of mass c of a rigid body. The theorem was derived
by decomposing the position vector into the sum r = d,, . + p. Another useful form for
the angular momentum can be achieved by decomposing the velocity vector instead of
the position vector. The next theorem makes use of this strategy. The resulting form for
the angular momentum will be critical in the discussions of the inertia matrix in the
following sections.

Theorem 4.3 The angular momentum hy, of a rigid body in the frame X about
the point p is given by

hX,p = dp’c X (va’p) + / r X (@y g X r)dm

where M is the total mass of the body, the vector d,,, connects the point p to the
center of mass c, vy, is the velocity of the point p in the frame X, @y g is the angular
velocity of the body frame B in the frame X, and r := is the vector from the
point p to the differential mass dm.

p.dm

Proof: From the definition of the angular momentum for a rigid body,

hx’pz/rxvdm.

Because the point p and the differential mass are on the same body, the velocity v may
be defined with respect to the velocity of point p using Theorem 2.16 in Chapter 2,

hy, = / I X (Vy, + @y g X r)dm.

The velocity of the point p does not vary over the integral, and the first term may be
simplified by noting that

/r X vy ,dm = </ rdm> X Vs, =d, X (Mvy ).

Combining these expressions results in

hy,=d, X Mvy,)+ / r X (@y g X r)dm.

4.2.2 Angular Momentum and Inertia

The last section introduced the definition of angular momentum for rigid bodies
and derived theorems that can be used for its calculation. As shown in Examples 4.4
and 4.5, the calculation of angular momentum can require the evaluation of integrals
over the body that have the form (- [ xzdm), (- [ yzdm) and [(x* + y*)dm. The
integrals (— [ xzdm) and (- [ yzdm) are examples of the cross products of inertia,
and the integral /(x> + y?)dm is an example of a moment of inertia of a rigid body.
The cross products and moments of inertia are used to construct the inertia matrix
for a rigid body. These definitions are important because most commonly encountered
expressions for angular momentum in applications are cast in terms of the inertia
matrix.
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Definition 4.4 Let Y be a frame whose origin is located at the point p. Suppose
the position vector r :=ry 4, of a differential mass element dm in the rigid body is
expressed in terms of the Y basis as

I =Xy; + ¥ +2y;.

The inertial matrix I/ of the rigid body about the point p relative to the frame Y is
given by

Iy Iy I /0’2 + z%)dm —fxydm —fxzdm
IE = 112 122 [23 = —fxydm f(xZ +Zz)d}’}’l —/_)/Zdn’l
[13 123 133 _fodm —fyzdm f(xZ +y2)dm

The diagonal terms I}, I,,, I35 are the moments of inertia, and the off-diagonal entries
I,,, 1,5, 1,5 are the products of inertia, about the point p with respect to the Y basis.

The inertia matrix I;/ about the point p relative to the frame Y utilizes the Y super-
script to denote the basis vectors for which the matrix is defined. As in earlier chapters,
the convention that a superscript denotes the coordinates of a vector relative to a specific
choice of frame is used. For example, if a is an arbitrary vector, a¥ denotes the compo-
nents of the vector a as expressed in terms of the Y basis. The inertia matrix about a
point p relative to a frame Y contains the components of the inertia tensor expressed in
terms of the tensor basis Y @ Y. A vector is a first order tensor, and the inertia tensor
is a second order tensor. Appendix A contains a detailed discussion of tensors for the
interested reader.

The point p used to define the angular momentum hy, in Definition 4.3 can be any
point in the mechanical system. The most general form for the angular momentum in
terms of the inertia matrix that will be used is derived in the following theorem.

Theorem 4.4 Suppose that a body with fixed frame B moves relative to the frame
X. The components h;zp of the angular momentum in X relative to the basis of the
frame Y are given by

by, = Lok, +(d, X (Mvy,)" (4.6)

where @, 5 is the angular velocity of the B frame in the X frame, I is the inertia
matrix about the point p relative to the frame VY, d,,  is the vector connectmg the
point p to the center of mass ¢, and vy, is the velocity of the point p in the frame X.

This theorem will be proven while carrying out the proof of Theorem 4.5.
Equation (4.6) is useful in many applications because of its generality. For example, this
theorem will constitute the technical foundation for the most general variant of Euler’s
second law of motion for rigid bodies presented in Section 4.3 of this chapter. This form
of Euler’s second law serves as the foundation for the numerically efficient recursive
order (N) formulations of kinematics and dynamics of robotic systems.
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Still, despite its generality, Theorem 4.4 is frequently modified so that it is easier to
use in direct application to individual problems. It is most common to select the point p
in applications so that the term (d,,, X Mvy,)" is identically equal to zero. This is most
easily accomplished by choosing the point p to be either fixed in the frame X, or by
selecting the point p to be the center of mass of the rigid body.

Theorem 4.5 Suppose that a body with fixed frame B moves relative to the frame
X, and that the point p is either the center of mass of the rigid body or is a point of
the rigid body that is fixed in the frame X. Then the components h;ygyp of the angular
momentum in X relative to the basis for a frame Y are given by the matrix product

Y _ Y Y
hy, =L oxg

where @y g is the angular velocity of the B frame in the X frame and I] is the inertia
matrix about the point p relative to the frame V.

Proof: First, the conclusion reached in Theorem 4.5 will be expanded upon. Suppose
that the angular velocity vector @y y, position vectorr :=r,, 4, and angular momentum
vector hy , are expressed in terms of the basis for the Y frame as
Oy p - = O1Y] T O¥; + @3Y3,
I i=Xy; +)y; +2y;,
hy, 1=y, + by, + hyys.

: : Y YV
The matrix equation hX,p =1, ®, z becomes

h Ly Ly I wy
hy ¢ =\ 1Ly I Ins W,
h I3 Iy I 3

The proof of this theorem follows from Theorem 4.3 when it is noted that the point p is
by hypothesis either the center of mass or a point that is fixed in the ground frame. In
the former case dp’c = 0, and in the latter case Vxp = 0. Theorem 4.3 implies that

hy , =d, xMvy, + / r X (0y g X r)dm.
—_——

=0
Since each of the vectors is assumed to be given in terms of their components relative
to the same basis Y, it can be directly computed that

Y1 Y2 Y3

hx’p = x y z dm,

(zw, — yw3) (x5 — zw,) (Yo, — xW,)
(0? + 2w, — xyw, — xzw0,)y;
= +(—xyw; + (&% + 2%)w, — yzw,)y, ¢dm.
+H—xzw, — yzmw, + (%2 + y?)w,)y;
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This equation can be rewritten as

hy [O0*+22dm — [xydm - [ xzdm N
by, =3h =~ xdm [P +2)dm — [ yzdm ,
hy —[xzdm = [yzdm = [(x*+y))dm || o,
. ~ e
1Y o)y

The steps above also prove Theorem 4.5, where the term d,,. X (Mvy,) is not equal to

zero in general. In that case, it has been shown that hl’p = I}ja);zﬂ +(d, X (Mv,,)".0

Theorem 4.5 will be used in numerous applications, and it is vital to note the different
roles of the frames X, B and Y in the theorem. The body fixed frame is B, which is
assumed to move relative to the frame X. In the next section Euler’s laws will be stated,
which hold in an inertial frame. The inertial frame will be chosen to be X. In other words,
the frames X and B are connected to the physics of the problem at hand. The frame Y
can be any frame whatsoever, and is used to provide a basis to conveniently express the
components of the physical vectors oy p and hy ,.

Example 4.6 The inertia matrix I? of a satellite depicted in the configuration shown
in Figure 4.7 about its own center of mass is given by

L; 0 0
°=| 0L, 0 |. (4.7)
0 0 I

YA
AN
AR

Figure 4.7 Satellite with body fixed frame.
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Suppose that the satellite is traveling in an orbit as described in Example 2.6 in
Chapter 2. Figure 4.8 depicts the right ascension ¢ and inclination y of the orbit.
The inclination of the orbital plane is y and the right ascension is ¢. Assume that
at the instant shown the distance from the center of the earth to the center of mass of
the satellite is R and that the velocity of the center of mass of the satellite is

Ve, = V(coséb, +sinéb,) = Vd,, (4.8)

~
unit vector tangent to path

where V is the speed and & measures the angle of rotation of the velocity vector with
respect to the b, axis. The unit vector d, is along the direction of flight of the satellite
and is depicted in Figure 4.9. Calculate the angular momentum in the E frame of the
satellite about the center of the earth. Express the answer in terms of the basis for the E
frame.

a1 = b1
(a) Right Ascension (b) Inclination

Figure 4.8 Orbital plane definition.

Figure 4.9 Frame definitions in the orbital plane.

Solution: Theorem 4.2 can be used to relate the angular momentum of the satellite
about the center of the earth and about its own center of mass

hﬂf,o = h[E,c + do,c X (MVIE,C)' (49)
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The angular momentum of the vehicle about its own center of mass is calculated using

Theorem 4.5 to be
D _ DD
h[E’C =1 O

The angular velocity of the satellite in the earth frame is

Qpp = @Opy + Op ,
N~ Y=
0 éd,
=£b3=éd3’
so that
I, 0 07(0 0
hy =01, 0 |0¢r=3 0 ;. (4.10)
0 0 Ly||é I;¢

The vector that connects the center of the earth to the mass center of the satellite is
r, :=ry where
r, = Rc, = R(cos ab; + sin ab,).
The second term in Equation (4.9) can be expanded as
bl b2 b3
d,. XMvg,=MVR|cosa sina 0O |, (4.11)

cosé siné 0O
= MVR(cos asiné — cos £ sina)bs,

= MVRsin(§ — a)b,.

The sum of terms in Equation (4.10) and (4.11) gives the desired result if these two terms
are represented in a common basis. The relationship between the frame D and B is given
by the rotation matrix

cosé siné 0

Rg =| —siné cosé 0
0 0 1
The angular momentum is
[0 cosé siné 0 0
hEO=< 0 p+]| —siné& cosé 0 0 ,
L I,¢ 0 0 1]||mVRsin( - a)
( 0
=4 0
| 1;5¢ + mVRsin(é — a)
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The expression for the components relative to the basis for the E frame can be
obtained by premultiplying this equation by the rotation matrix Rj; from Example 2.6 in
Chapter 2,

E _ RERARBRKD
hﬂE,o - RAR[H% RDh[E,o'
As a result, the angular momentum of the satellite about the center of the earth is
given by

cos¢p —singp 0 || 1 O 0 cosé —siné 0 0
hEo =] sing cos¢ O || O cosy —siny || siné cosé 0O 0
0 0 1] 0siny cosy 0 0 1]||hy
R, R; R}
where i, = I;;¢ + mVRsin(é — ).
l ]

4.2.3 Calculation of the Inertia Matrix

The integrals that appear in the Definition 4.4 depend on the choice of the frame Y.
With all the possible choices available for the frame Y in Theorem 4.5, it is important
that efficient techniques are available for calculating inertia matrices relative to different
coordinate frames. This section describes several theorems and techniques that facilitate
the calculation of the inertia matrix in typical applications.

Sections 4.2.3.1 and 4.2.3.3 discuss the inertia rotation transformation law and the
parallel axis theorem. The inertia rotation transformation law describes how to relate
inertia matrices calculated with respect to two frames with the same origin but different
orientations. The parallel axis theorem describes how to relate inertia matrices calcu-
lated with respect to two frames having parallel orientations, but with origins at the
center of mass and an arbitrary point p. By combining these two results, the inertia
matrix relative to any arbitrary frame can be calculated if the inertia matrix relative to a
given frame is known.

Section 4.2.3.2 summarizes the construction of principal axes with respect to which
the inertia matrix assumes a diagonal form. When possible, it is convenient to cast
problems in terms of the principal axes, as it reduces the number of parameters in the
equations of motion.

Section 4.2.3.4 details the role of symmetry in the calculation of the inertia matrix. It
will be shown that by identifying coordinate planes of symmetry it is often possible to
conclude that certain products of inertia in the inertia matrix are zero, without having
to calculate them explicitly.

4.23.1 The Inertia Rotation Transformation Law

This section derives the equation used to relate rotation matrices that are defined from
frames that have a common origin, but are rotated relative to one another. The equations
derived in Theorem 4.6 are a special case of the tensor transformation laws familiar in
tensor analysis. A comprehensive treatment can be found in [7]. The theorem below
summarizes the transformation laws that relate the inertia matrices associated with
frames that are rotated relative to one another.
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Theorem 4.6 Let I} and I be the inertia matrices of a rigid body relative to the

frames Y and Z, respectively, which have a common origin at p. These inertia matri-
ces satisfy

1 = R = KR

Iy =RJIZ(R))" = RJI'RY.

These expressions should be compared and contrasted to the trnasformation laws for
the components of a vector u,
7 _ DZ.,Y
u” =R{u".

The coordinate change for a vector, which is a first order tensor, premultiplies the
components by a rotation matrix. The coordinate transformation for the inertia matrix,
which is a second order tensor, premultiplies and postmultiplies the components by a
rotation matrix and its transpose, respectively. See Appendix A for a detailed discussion.

Proof: The inertia matrices satisfies the equation that relates the angular momentum
and the angular velocity vectors in Theorem 4.5,
YooY,V z _yz,Z
hy ,=Log, and hy =T 6,
But the angular momentum hy , and angular velocity @y ; are themselves vectors whose
components transform via the application of the rotation matrices R$ or R;, such that
Y _ pYhZ Y _pY,Z
hy , =Ryhi , and o5 =R;0 ;.
If these are substituted into the equations above, the formulation results in
YRZ  _ pYRY W2
R;h; , = LRy 05 5,
7 _ RZyY(RZ\T 7
hi , =RyL (RY) o5 5.

——
1Z
,,

The second equation in the theorem follows from the first when the first is premultiplied
by R} and postmultiplied by (R})”. i

Example 4.7 The inertia matrix of the rigid body shown in Figure 4.10 relative to the
body fixed frame B that has its origin at the point p is given by

I, 0 0
;=] 01,0
0 0 Iy

The link is fixed with respect to the ground frame Y that shares an origin with frame
B at point p. Frame Y is mapped into frame B by a 30° rotation about y;. Calculate the
inertia matrix about the point p relative to the Y frame shown in Figure 4.10.
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Y3, b3

Y1

Figure 4.10 Single link rotated with respect to ground frame.

Solution: The transformation law for the inertia matrix yields the following theorem
that relates the inertia matrices I}’ and I}

I} = RgI)(RY)".

The change of basis between the frames B and Y can be derived by inspection of the
geometry and is determined by the rotation matrices

1
o N M|<|
w

RV

1y

2

\/§O and RY =
2

0 1_

V31,
2 2
13
2 2
_O 01_

Putting these results together yields the desired inertia matrix

V31 ERE R
2 2 Ly 0.0 fI 5 2
1 \/g 0 01, 0 1 \/5 ol
2 2 0 0 I 2 2
0 O 1_ | 0 O 1_
3. 1 V3. /3
st gl - o, 0
V3 V3 1 3
Tlu - lez 1111 + 1122 0
0 0 Iy |
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Example 4.8 The inertia matrix of the satellite shown in Figure 4.11a about its center
of mass relative to the D frame is given by the sum

I, 00 K; 0 0
P=(01L, 0 |+| 0 Ky, O
0 0 I 0 0 Ky

where I},, I,,, I;; are the moments of inertia of the central body about the system center
of mass and K|, K,,, K;; are the moments of inertia of the solar arrays about the system
center of mass.

(a) 0° Solar Panel Rotation (b) 90° Solar Panel Rotation

Figure 4.11 Satellite with central body and solar panel fixed frames.

Use the inertia rotation transformation law to derive the system inertia matrix when
the solar arrays are rotated by 90° about the d; axis as depicted in Figure 4.11b.

Solution: Let the C frame be a set of axes fixed relative to the solar arrays. The origin of
the C frame is located at the system center of mass, and the C frame is parallel to the d
frame as shown in Figure 4.11a. In Figure 4.11b the solar arrays have been rotated by 90°.
The rotation matrix that relates the C frame and the D frame depicted in Figure 4.11b is
given by

100
RZ=[00-1
010

By the inertia rotation transformation law, the inertia matrix of the solar arrays about
the system center of mass relative to the D frame depicted in Figure 4.11a is given by

I? = RPICRE,
1001[k; 0 o100 K, 0 0
=[{00-1]] 0 K, 0 [JO O 1|=| 0 K; O
01 0] 0 0 Ky|lO-10 0 0 Ky
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The inertia matrix for the satellite about its center of mass is consequently given by the
sum

Iy+K, 0 0
0 Iy+Ky O
0 0 Iz+K,

Note that the rotation transformation in this case agrees with intuition: the new inertia
matrix is just obtained by permuting the entries of the original inertia matrix of the solar
arrays.

4.2.3.2 Principal Axes of Inertia

Theorem 4.6 provides a direct way to calculate the inertia matrix relative to some rotated
frame from the inertia matrix associated with a given frame, provided the two frames
have a common origin. In general, the inertia matrix is a full 3 X 3 matrix. There are
certain choices of the frame that simplify the form of the inertia matrix. The definition
of the principal axes, given below, describes a choice of coordinates that yields a diagonal
inertia matrix.

Definition 4.5 The frame Y having origin at p defines a set of principal axes at the
point p for a rigid body whenever the inertia matrix L, is diagonal,

I, 0 0
I)=| 01, 0
0 0 I

The diagonal terms I}, I,,, I35 are the principal moments of inertia associated with
the basis Y.

For rigid bodies with complex geometry, it may not be evident that there is any special
structure of the inertia matrix. However, for any point in a rigid body there is always a set
of axes at the point relative to which the inertia matrix is diagonal. That is, there exists a
set of principal axes at every point in the rigid body. The following theorem summarizes
this fact.

Theorem 4.7 Let p be a point in a rigid body. There is a set of principal axes fixed
in the body that have their origin at point p.

Proof: This theorem will be proven in detail because the procedure is constructive and
provides a way of directly solving practical problems. Background material for this
section can be found in Appendix A. Suppose an inertia matrix If relative to the basis
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of the frame Z is given. First, the eigenvectors ¢, ¢,, ¢ and eigenvalues A,, 4,, 1, are
calculated from the solution of the algebraic eigenvalue problem

IZ ¢ = 19,
From Theorem A.11 in Appendix A, since IE‘ is real and symmetric, it is always possible

to scale the eigenvectors so that the modal matrix @ = [¢1 ¢, ¢3]has the properties
that

100 4 0 0
@'®=[010| and ®'Ld=|0 4, 0
001 0 0 4

From this, it is concluded that it is possible to choose the eigenvectors so that the matrix
@ is orthogonal. In fact, the eigenvectors in the columns of @ may always be ordered
and scaled so that they correspond to a right hand basis. Define the frame Y via the
introduction of the rotation matrix R§ := @. As aresult,

A, 00

L =RIUR) =o' o=| 0 4, 0

0 0 A,
The frame Y defines a set of principal axes at p for the rigid body. The principal moments
of inertia are the eigenvalues 4;, 4,, 4. O

Example 4.9 Find a set of principal axes of the inertia matrix

3 -10
Y _
LL=]1-130

0 05

Solution: The characteristic polynomial is
B-4 -1 0
p(A) = detlIZ —AM=det] -1 (B-4 0 |[=6G-HA-4HA-2).
0 0 5-1

The eigenvalues, or principal moments of inertia, are the roots of the characteristic
polynomial 4, =2, 4, =4, and A; =5. The principal axes are determined from the
eigenvectors associated with each of these roots. For 1, =5, the eigenvector must
satisfy

(I} - Anlgp = 0,
—2-10](¢, 0
=[-1-20[3¢,+=20
0 0o0]||e, 0
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From the first two equations, it must be the case that ¢, = ¢, = 0, while the third
equation allows for ¢, to be arbitrary. A unit eigenvector associated with A; = 5 may
then be defined as

0
$;=40
1
Repeating this procedure for A; = 2 results in
1 -107(¢, 0
-110[{¢,r=40
0 0 4|, 0

The last equation yields ¢; = 0, while the first two equations require that ¢»; = ¢,. Asa
result, a unit eigenvector ¢, associated with 4, = 2 is

r 3

¢, =1

o %l Tl
[\*) N
v

L J

Repeating this procedure for 4, = 4 results in

-1-107(¢, 0
-1-10|3¢, p =40
0 0 1]|¢s 0

As before, the third equation specifies that ¢, = 0 and the first two equations require
that ¢, = —¢,. A unit eigenvector ¢, corresponding to A = 4 is defined as

r 3

1

V2
¢, =1 -1 e
0
To obtain the desired rotation matrix, the unit eigenvectors must be assembled into a
rotation matrix R, taking care to make sure that det(R) = +1. This may be facilitated by
multiplying the unit vector by —1.

\]

L 1]

Vi
R=[¢1 _¢2¢3]= L L 0

V2 VA

| O 0 1]
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It may be verified that this matrix satisfies the relationships
200
R'R=RR"=1 and R'IR=|040
005

4.2.3.3 The Parallel Axis Theorem

Theorem 4.6 summarizes how the inertia relative to one set of axes may be used to cal-
culate the inertia relative to a rotated basis. The two frames must have the same origin
when applying Theorem 4.6. The parallel axis theorem, in contrast, relates the inertia
matrix about a point p in terms of the inertia matrix about the center of mass. In this
case the frames are not rotated relative to each other; they are parallel.

Theorem 4.8 Let the position of a differential mass element in a rigid body be
given by the coordinates (x, y, z) relative to a basis whose origin is at p, and by the
coordinates (a, f, y) relative to a parallel frame whose origin is at the center of mass.
Suppose the two coordinates systems are related by the equations

x=a+x, y=p+y, z=y+z
The moments of inertia relative to these two frames satisfy
—2 -2 —2 =2 —2 =2
Ill,p =D, +MQy +2z°), 122,1, =l +Mx +2), 133# =I5, +ME +5).

Inthese equations I}, ,, I, ., I3 , and [}, ., I, ., I35 . are the moments of inertia relative
to the frame that has its origin at point p and point ¢, respectively. The cross products
of inertia relative to the two frames satisfy

[12,p =Ip.— Mxy, ]13,p =130~ Mxz, 123,p =gz~ Myz.

In these equations I, . I3 ,, I3 , and I, .. I3 ., I3 . are the cross products of inertia
relative to the frame that has its origin at points p and point ¢, respectively.

Proof: As all of the equations for the moments of inertia are similar, the equation is only
derived for [, ,,. By definition,

Iy, = /(y2 +22)dm = /((ﬂ +3)? + (v +2)*)dm,

=/(ﬁ2+y2)dm+@2+zz)/dm+2y/ﬁdm+2z/ydm.
—— N—— ——

Iy, =0 =0

The first term on the right is equal by definition to the moment of inertia about the
center of mass. The last two terms on the right are equal to zero by the definition of the
center of mass, which is located at the origin of the (a, #, y) coordinate system.
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The analysis of the cross products of inertia is similar; only the equation for [, is
derived. By definition,

Ly, = —/xydm = - /(a +x)(f + y)dm,

=—/aﬁdm—x_y/dm—a_c/ﬂdm—)_//adm.

—— —_——  N——

I, =0 =0
The first term on the right is by definition the cross product of inertia I, .. The last two
terms are zero by the definition of the center of mass, which is located at the origin of
the (a, f, y) coordinate system. O

The parallel axis theorem is lengthy, as written in Theorem 4.8. The following theorem
expresses the parallel axis theorem in matrix form and can be useful in programming
implementations.

Theorem 4.9 The parallel axis theorem in theorem 4.8 can be written in matrix
form as

I =17 — MS*(r) (4.12)

where M is the mass of the rigid body, I} is the inertia matrix about the point p
relative to the frame B, I is the inertia matrix relative to a frame that is parallel
to B and that has its origin at the center of mass, S(-) is the skew operator, and
r:=Y,2).

Proof: The proof stems directly from the expansion of the term S%(r), which is

$*(r) = S()S(x),

- +7z2) xy xz
= xy ~&+7) yz
7 Z o =G+

By inspection, Equation (4.12) is identical to the collection of scalar equations in the
conclusion of Theorem 4.8. O
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| |
Example 4.10 This problem calculates the inertia matrix for the horizontal arm of the
cylindrical robot shown in Figure 4.12. Use the inertia rotation transformation law and
the parallel axis theorem to calculate the inertia matrix I)¢ for the horizontal arm with
respect to the frame X with origin at point o from the inertia matrix

I, 0 0
=01, 0
0 0 Iy

of the horizontal arm about its own center of mass at point ¢. Note that b, is not parallel
tox, fori=1,2,3.

Figure 4.12 Cylindrical Robot.

Solution: First, a virtual frame C will be defined at the horizontal link center of mass
that is parallel with frame X. The rotation matrix

010
C _
R(=|001

100
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maps the basis for the B frame into the C frame. The inertia matrix with respect to the
C frame is then

010][7, 0 0][oo01 I, 0 0
ICL=RIPR) " =[001]|| 01, 0 |[100]|=|0 I O
100f] 0 0 z;flo10 0 0 I,

The inertia rotation transformation law yields the inertia IS that corresponds to the
reordering of the principal moments of inertia I, I,,, I5;. Let @, f, y be the coordinates
located at the center of mass along the ¢, ¢,, ¢; directions, respectively. The coordinates
x,7,z are along the x,, X,, X, directions. In general,

x=a+x, y=p+y, z=y+z (4.13)

The constants x,y,z may be calculated by evaluating these equations at a particular
point. For example, the origin of the C frame has coordinates («, f, ) = (0,0, 0) with
respect to the C frame, and it has coordinates (x,y, z) = (a4, b, ¢) with respect to the X
frame. When these values are substituted into Equation (4.13),

a=0+x, b=0+y, ¢c=0+z
By the parallel axis theorem, the moments of inertia are
Lyo=1+ MG’Z + 22) =L, + M(b* + %),
Ly, =1+ M(9_CZ + 52) = L; + M(a* + ),
Ly, =Ly +ME +5°) = I, + M(@® + b,
and the cross products of inertia are
I,, =1, — Mxy = —=M(a)(b) = —Mab,
I3, = I3, — Mxz = —M(a)(c) = —Mac,
123,0 = 123,c - M}’_Z = —Mbc.

Collecting these into L results in

M? +c®) —Mab —Mac
I¥=| —-Mab M(@*>+c* —Mbc
—Mac —Mbc  M(a® + b?)
| |

4.2.3.4 Symmetry and Inertia

The explicit calculation of the integrals that appear in the inertia matrix can be difficult
to calculate analytically. In cases of complex geometry, the calculation of closed form
expressions can be intractable. Numerical techniques to estimate the inertia matrix are
now a standard feature of solid modeling and computer aided design software. The algo-
rithms involved in such calculations are not complex, and require implementation of
numerical quadrature formulae to estimate the integrals as a weighted sum of functional
evaluations. The most difficult task in implementing this approximation procedure is the
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characterization of the geometry of the rigid body, but this is precisely the job at which
solid modeling and computer aided design programs excel.

Still, even for the most complex geometric models, it is often possible to reduce the
work required to evaluate the inertia matrix by utilizing the body’s symmetry. The identi-
fication of a specific coordinate plane of symmetry implies that cross products of inertia
involving the coordinate perpendicular to the plane of symmetry are equal to zero.
Before stating this theorem, the mathematical definition of a coordinate plane of sym-
metry will be presented.

Definition 4.6 Suppose that x,,x,,x; are coordinates along the basis vectors
X, X,, X3 of the frame X. The x; — x, plane of the frame X is a plane of symmetry of
a rigid body if for each differential mass element in the body located at (x4, x5, x3)
there is a differential mass element located at (x;, x,, —x;). In other words,

p(xy, %y, x5)dx, dxyds = p(xy, %y, —x5)dx, dxydx,

for all x,, x,, %, in the body where the density of the rigid body is p. Similar definitions
of the 1-3 and 2-3 planes of symmetry hold.

This definition specifies that a plane of symmetry splits the body into two pieces that
are reflections of each other across the plane of symmetry. The importance of identifying
a plane of symmetry in applications is demonstrated in the following theorem.

Theorem 4.10  Suppose that the x,—x; plane of the X frame is a plane of symmetry
of the rigid body. Then the cross products of inertia

X —
Iy =0,
X —
=0

for k # i and k # j. If there exist at least two planes of symmetry relative to the frame
X, the frame X defines a set of principal axes for the rigid body.

Proof: The proof of this theorem is built on a few fundamental facts from calculus. O

Definition 4.7 A functionf : R — R is an odd function if and only if

—f(x) = f(—x)
forallx € R.

Building on this definition for a single variable function, a multivariable function
f RN = Risan odd function in the i argument if the function x; — f(x;, ..., %;, ..., xy)
is a an odd function when the other variables are held fixed. In addition, there is a
special property of odd functions related to integration.
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Proposition 4.1 The integral of an odd function over a symmetric domain is equal
to zero.

Proof: The proof of this proposition will be presented in enough detail that the same
sequence of arguments can be used to prove Theorem 4.8. Suppose that f is an odd
function. The integration over the symmetric domain will be performed by extending f
to be equal to zero for all x that are not in the domain. The integral of f over the domain

is then
© 0 ©
/ fx)dx / fx)dx + / f(x)dx,
—o0 —00 0
— / f)dx + / fx)dx,
0 0
—/ f(—i)(—d§)+/ S(x)dx,
0 0
- / —f(&)(=dé) + / Sfx)dx,
0 0

—/ f(f)dr§+/ Sx)dx,
0 0

=0,

which proves the proposition. O

The proof of Theorem 4.10 has the same structure. Suppose that the x,—x, plane of
the frame X is a plane of symmetry of the rigid body. By definition,

I;= —/xlxgdm.

By using the fact that the density p(x;, x,,%;) = 0 outside of the body, this integral can
be written as

Iz = —/xlxgdm,
=‘/ / </ "3”("1’%7%)%)xldxldxz,
_%o '
:—// (/ P(xl,xz,xg)dx3+/ P(xl,xz,xg,)da%) x,dx, dx,,
o o
== [ [ ([ et [ stseanits ) mtngn,
0 0
=- / / (— / (=G, 2y, —E)(—dE) + / xgp(xl,xz,xg)dx3> 2y,
0 0
:—// <_/ ép(xl,x%é)dé"'/ x3p(x1,x2,x3)dx3> xldxlde»
0 0

=0.

The integrand in /;5 is an odd function of x, that is integrated over a symmetric domain,
and is equal to zero. O
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Example 4.11 Suppose that link 1 of a PUMA robot is oriented relative to the X
frame as shown in Figure 4.13. Use symmetry arguments to deduce the form of its
inertia matrix. Calculate the inertia matrix assuming that the base is the union of two
cylindrical bodies having a common uniform density. Use symmetry arguments to
confirm that the individual inertia matrices calculated as intermediate results have the
correct form.

Cylinder 2
Ry, L,

| Cylinder 1
Ry Ly

Figure 4.13 PUMA link 1 with single plane of symmetry.

Solution: From the figure it is apparent that the x, —x; coordinate plane of the X frame
is a plane of symmetry. Theorem 4.10 implies that all of the cross products of inertia are
zero that involve the coordinate along the x, direction that is perpendicular to the plane
of symmetry. Therefore,

I, =0 and I,,=0,

which results in an inertia matrix I?f of the form

113 0 133

The inertia for the composite body will be calculated with respect to the X frame about
the point o by calculating the inertia of each cylinder and summing the result. First, the
vertical cylinder will be considered. Fix a frame C at the center of mass c; of the vertical
cylinder, with each of its axes c,, c,, c; parallel to the corresponding axes x;, X,,X;. The
inertia matrix of the vertical cylinder with respect to the C frame located at its center of
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mass is given by

1—12M1(3R§ +L%) 0 0
1
I = 0 EM1(3R§ +1) 0
Lorp2
0 0 SMR]

This inertia matrix must be diagonal since the x;—x; and x,—x; coordinate planes of the
C frame are planes of symmetry of the vertical cylinder. All the cross products of inertia
with respect to coordinates perpendicular to these planes must vanish, which implies
that all the cross products are zero.

Next, the parallel axis theorem is used to calculate the inertia I} of the vertical cylinder
about the point o with respect to the X frame. Let a, #, y be the coordinates along the
;. C,, ¢ axes, respectively, and let x, y, z be the coordinates along the x;, x,, X, axes. The
coordinates are related by the equations

y=p+y,
The offsets (x,y, z) may be calculated by evaluating the coordinates of some fixed point
in the C and X frames. The origin of the C frame has coordinates (0, 0, 0) with respect

to the C frame, while its coordinates are (0, 0, %) relative to the X frame. We substitute
these values and obtain

x=a+x, z=y+z

_ _ L —

0=0+x, 0=0+y, ?1 =0+z

The parallel axis theorem then yields the inertia I of the vertical cylinder about the
point o relative to the X frame as

1
ﬁM1 (4L% + 3R?) 0 0
1
= 0 E1\/11(4L§ +3R) 0 (4.14)
1
0 0 EMlRf

Again, this inertia matrix has the anticipated form. The x;—x; and x,—x; coordinate
planes of the X frame are planes of symmetry of the vertical cylinder, and it follows
that all the cross products of inertia are zero by Theorem 4.10.

The inertia matrix of the horizontal cylinder will now be calculated about the point
o with respect to the X frame. Let the B frame define a set of axes parallel to the X
frame, but whose origin ¢, is located at the center of mass of the horizontal cylinder.
The inertia matrix I?; of the horizontal cylinder about its center of mass ¢, with respect

to the B frame is given by
[ 1

§M2R§ 0 0
I, = 0 1—12M2(3R§ +13) 0
0 0 1—12M2(3R§ +12)
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The B axes are known to be principal axes of the cylinder since each of the coordinate
planes of the B frame are a plane of symmetry for the horizontal cylinder. As before, the
parallel axis theorem is used to derive the inertia matrix I’ of the horizontal cylinder
about the the point o with respect to the X axes. Let a, ff, y now be the coordinates of
a chosen point along the b,, b,, b, basis vectors, and let v, y, z be the coordinates along
the x;, X,, x; basis vectors. The location of point c, is (0, 0, 0) relative to the B frame and
(-D,,0, %‘ + D)) relative to the X frame. When we introduce these two expressions in
the change of coordinates, we find that

%Wl—W2=O+§

0=0+y
H =0+z
The parallel axis theorem guarantees that we have for the horizontal cylinder that
L\ 1 2 L
M,| D, + - + §M2R2 0 M,D, | D, + -
= 0 K 0 (4.15)
L 2 1 2 2
M,D, | D, + > 0 M,D;+ ﬁMz(Lz +3R3))

where K = M,D3 + M,(D, + %‘)2 + 11—2M2(L§ +3R3). Only the x;—x; plane of the X
frame is a plane of symmetry for the the composite body. Theorem 4.10 asserts that
the cross products I;, and I,, are equal to zero for the inertia matrix of this body
about the point o relative to the X frame. The final solution for the inertia matrix of

the composite body is obtained by summing the inertia matrices in Equations (4.14)
and (4.15).

4.3 The Newton-Euler Equations

A first course in dynamics introduces Newton’s laws of motion, which are applicable to
bodies that are idealized as point masses. Newton’s first law holds that in the absence of
applied external forces, a mass at rest remains at rest, or if it is in motion it travels along a
straight line with constant velocity. Newton’s second law maintains that the sum of forces
acting on a point mass is equal to the time rate of change of the linear momentum of the
point mass. A critical feature of the Newton’s laws of motion is that they are stated with
respect to observations made in an inertial reference frame.

Robotic systems are most often comprised of collections of rigid bodies whose mass is
distributed spatially. While it is sometimes possible to create reasonable approximations
of robotic systems using lumped mass or point mass approximations, this is frequently
not the case. The required generalization of Newton’s laws of motion for rigid bodies
having distributed mass are given by Euler’s laws of motion.
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Theorem 4.11 (Euler’s first law) The resultant force f acting on a rigid body is

equal to the time rate of change in an inertial frame X of the linear momentum py
d
dt

px =f.
X

Theorem 4.12 (Euler’s second law) Let p be a point that is fixed in the inertial
frame X. The resultant moment m,, about point p acting on a rigid body is equal to
the time rate of change in an inertial frame X of the angular momentum h, , about
the point p.

d

—| hy, =m_.
dely P~ F

Theorems 4.11 and 4.12 can be used in applications, but it is often the case that alter-
native forms are sought. Euler’s first law can also be stated as the fact that the resultant
force acting on a rigid body is equal to the mass of the rigid body multiplied by the
acceleration of the center of mass of the body in an inertial frame.

Theorem 4.13 The resultant force f acting on a rigid body is equal to the mass
multiplied by the acceleration in an inertial frame X of the center of mass of the
rigid body.

May , =f.

Proof: The time rate of change in the inertial frame X of the linear momentum is

—i' '/vdm—i
2T @ T ode

The form of Euler’s second law stated in Theorem 4.12 requires that the point p is fixed
in the inertial frame X. This restriction can be a serious drawback in many applications.
For example, in space robotics it is not convenient to impose this condition. However,
a suitable alternative form may be derived. Euler’s second law can also be stated for the
case when the point p is selected to be the center of mass of the rigid body.

d
a XMVX’C = Maxyc. .

Theorem 4.14 The resultant moment m, acting on a rigid body about the center
of mass c is equal to the time rate of change in the inertial frame X of the angular
momentum hy  about the center of mass.

d

Sl he =
de |y € m

c*
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Proof: Theorem 4.2 defines the relationship between the angular momentum about a
point p and the center of mass to be
hy, =hy +d, X Mvy,).

Suppose that p is some point fixed in the inertial frame X. Substituting this expression
into Euler’s second law results in

d d d

—| hy, = —| hy,+ —| d,. X (Mvy,),
dt X Xp dt X X.e dt’x b ( VX'C)
d d d
= E‘th’c + a Xdp’c X va,c + dp,c X M a XVX’C.
N—— N——

£ Axc

The second term on the right is equal to zero, and Euler’s first law used to substitute in
the third term on the right to obtain

d d
m,= — = —| hy, +d,  xf.
PTde] T de]y e
This equation can be rearranged as
d
I th,c =m,—-d, xf.
m, O

The above proof illustrates that Theorems 4.12 and 4.14 are equivalent; either form
could be selected as Euler’s second law. As a final topic in this section, alternative laws
are presented that are derived from Euler’s second law that relate angular momentum
and moments about an arbitrary point p that is fixed on a rigid body.

Theorem 4.15 Let point p be fixed on a rigid body, but otherwise arbitrary. The
resultant moment m,, about p of the external forces and moments acting on a rigid
body and the angular momentum about p of the rigid body satisfy the three following
equivalent equations:

d

m, = | by +d, X (May,), (4.16)
X
d
m, = I hy, +(d, X oxp), X Mvy (4.17)
X
d
m, = T Loyg+d, X (May,). (4.18)
X

In these equations hy . and hy , are the angular momentum in the X frame about
the center of mass ¢ and point p, respectively, d,, . is the vector connecting the point
p to the center of mass ¢ of the rigid body, 1, is the inertia tensor relative to the point
P, Ox g is the angular velocity of the B frame in the X frame, ay , is the acceleration
of the point p in the X frame, ay _ is the acceleration of the center of mass in the X
frame, and vy is the velocity of the center of mass in the X frame.

231



232

4 Newton-Euler Formulations

Proof: Euler’s second law for the center of mass of the body states

d
m,= —| hy,. 4.19
c dt X X,c ( )
The resultant moment about the point p can be written in terms of the resultant
moment about the center of mass ¢ as

m,=m +d, Xf (4.20)

where f is the resultant force acting on the rigid body. The proof of Equation (4.16)
utilizes Equations (4.19) and (4.20) to show that

m,—-d, xf= % th,m
m,= 4 X
4 hy . +d, X (May).
de|x ™ P :
For the proof of Equation (4.17), Theorem 4.2 states that
hy, =hy +d, X Mvy,). (4.21)
Substituting Equation (4.21) into Equation (4.19) yields
m,—-d, Xf= %‘ hy, —d, XMvy,,
jt ‘ (d, . X Mvy ).

This equation can be rewritten using the identity

d d
=l @d xMvy, )=~
dt 'X( e X M) ( de

= —(d, X 0y ) X Mvy +d, X May_, (4.23)

d,,) + oy g X dpyc> X Mvy . +d, X May, (4.22)
B

to show that

m,—d, xf= dit‘ hy, +(d,, X 0y ) X My, —d, X May.

The mass multiplied by the acceleration ay  of the center of mass is equal to the resul-
tant applied force from Euler’s first law, which shows that Equation (4.17) holds

m = i
Poode|x
The angular momentum about the point p and the inertia matrix I, have been related in
Theorem 4.4 via the identity

hy, +(d, X 0y g) X Mvy . (4.24)

hx’p =Loyg+ dp’c X Mvsy .

The proof of Equation (4.18) begins by substituting in the above expression for angu-
lar momentum into Equation (4.24), and expanding the velocity vy , using the relative
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velocity Theorem 2.16 in terms of point ¢, such that

m, = % leww + dp’c X vayp + (dp,c X @y g) X Mvy .,
d d
=% Ia)XBX+d d, X Mvy,

d
+ P de XM(d, Xoyg)+(d, X o) X Mvy .

Equation (4.23) may be used to replace the second term in the above equation and cancel
out the final term, resulting in

my— 4 d
Poodt|x de
The derivative in the second term of the above equation may be expanded and the third
term expressed in terms of the velocity vy ., such that

Loyg+ — d XM, X o) +d, X May,.

d d
m, = — lea)x,[Hs + X xdp’c XM(d, X oxp) +d, X May,,
d
=% Lo g+ (v, —Vx,) X M(d, X & p)
X o J
=0
d d
+ dp,c X M I de X @y g + dp,c X M 7 x(vx’c)'

Combining the final two equations and applying the derivative results in the desired
equation from Equation (4.18)

mpzi Loyg+d,, de Vxtd, . X0y,

dt |x dt |x

—ila) +d dev+w x d
d X,B d x X,¢ X,B c.p’
d d

= & XIPwX’B + dp,c X M & va’p,
d

= I leww + dpyc X May . O

4.4 Euler’s Equation for a Rigid Body

Euler’s first and second laws as stated in Theorems 4.11 and 4.12 can be used to derive
the equations of motion for mechanical systems comprised of rigid bodies. When treat-
ing complex mechanical systems that consist of rigid bodies connected by ideal joints,
the choice of kinematic variables and frames of reference can be quite complicated. The
choice of kinematic variables is often tailored to the problem at hand to simplify cal-
culations. The following theorem discusses one of the most common such applications
of Euler’s first and second laws, Euler’s equations of rotational motion for a single rigid
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body. It is assumed in these equations that the body fixed frame defines a set of principal
axes that have their origin at the center of mass.

Theorem 4.16 Suppose that a rigid body with body fixed frame B moves in the
inertial frame X. Let the origin of the B frame be located in the center of mass, and
let the B frame define a set of principal axes for the rigid body. Euler’s equations for
the rotational motion of the rigid body are given by

m,; Lo, + w055 — 1)
my ¢ =1 Lo, + w051, —I3)
My Lo + w0, — 1)

where the applied moment about the center of mass and the angular velocity are
given by, respectively,

m, = m;b, + m,b, + m;b,,
@y g = wb; + w,b, + wsb;,

where b,, b,, b, are a basis for the B frame and I}, I,, I; are the principal moments of
inertia relative to the B frame.

Proof: Let the principal moments of inertia with respect to the B frame be I;, I, and .
The components in B of the angular momentum in X about the center of mass of the
body is given by Theorem 4.5 as

b, =P, (4.25)
L, 00 oN 1w,
=101, 0[], =1 Lo, ,
001 ||, Lo,

where w;, w, and w; are the components of the angular velocity vector with respect to
the body frame. Euler’s second law in Theorem 4.14 can be written

d d

mc=$ _—

hy  + @y g X hy (4.26)
B

x ¢ dt
using the derivative Theorem 2.12 in Chapter 2 above to obtain the expression in
terms of the derivative §|B-. It is straightforward to expand Equation (4.26) using

Equation (4.25), which is given in terms of the basis for the B frame. The cross product
term is

b, b, b,
oxpXhy, =| o o, 5 |,

Lo, Lw, L0,

= w,0;(I; — 1,)b; + 0,05, — I3)b, + w,0,(I, — I,)b,.
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The final equations of motion are consequently

my Lo, + w055 — 1)
m? =1 m, t =1 Lo, + w05, —1;)
my Lios + w,0,(I, — 1)) O

4.5 Equations of Motion for Mechanical Systems

Euler’s first law in Theorem 4.11 and Euler’s second law in Theorem 4.12 give a com-
plete description of the dynamics of mechanical systems that consist of rigid bodies.
This section discusses the use of these principles in realistic problems that arise when
studying robotic systems.

4.5.1 The General Strategy

A general outline of the steps used to derive the equations of motion from Euler’s laws for
mechanical systems is given in Figure 4.14. The set of steps that appear in Figure 4.14 can
be difficult to apply in practice, and experience is required to become adept at deriving
the equations of motion for complex systems. The complexity of the resulting equations
can vary dramatically based on the selection of the kinematic variables, or, depending
on the choice of frames, in a particular problem.

The successful application of the steps in Figure 4.14 requires numerous theorems
and principles that have been introduced in Chapters 2, 3, and 4. The calculation of the
acceleration of the center of mass builds on the foundations developed in Chapter 2
and on the specific formulations of kinematics for robotics summarized in Chapter 3.

1. Derive the equations of motion for each body, k =1, ... ,N

1.1 Create a free body diagram for body k.
1.2 Formulate Euler’s first law for body k.
1.2.1 Calculate the acceleration of the center of mass of body k.
1.2.2 Sum forces equal to the derivative of the linear momentum.
1.3 Formulate Euler’s second law for body k.
1.3.1 Calculate the derivative of the angular momentum.
1.3.2 Sum moments equal to derivative of the angular momentum.

2. Assemble the collection of equations above into a governing set of differential-algebraic
equations, or DAE’s, having the form

V() = Ft, Y(t), At))

3. Eliminate algebraic unknowns 4 and write the governing equations as a system of ordinary dif-
ferential equations, or ODE’s, having the form

@) =f(£, Y(5)

Figure 4.14 Methodology to derive the equations of motion.
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The determination of the derivative of the angular momentum in Steps 2.2.1 or 2.3.1
of Figure 4.14 requires a working knowledge of the use of angular velocities introduced
in Chapter 2 in Section 2.5.1 and the derivative theorem in Theorem 2.12. Even with a
strong understanding of these definitions and underlying principles, practice will guide
the careful selection of the kinematic variables and frames in a particular problem.

4.5.2 Free Body Diagrams

The creation of an accurate free body diagram is essential in the sequence of steps in
Figure 4.14. The free body diagram releases a rigid body from all external constraints
on the body and represents the effect of these constraints by unknown reaction forces
and moments that act between the bodies. The representation of constraint forces and
moments that act between bodies in a mechanical system connected by ideal joints can
be treated systematically. The sum of the number of degrees of freedom of an ideal joint
and the number of constraint reaction forces and moments that act between the bodies
connected by that joint is always equal to six. In fact, much more can be said about the
complementary nature of the kinematic constraints introduced by an ideal joint and the
associated reaction forces and moments. This complementarity is the subject of the next
theorem.

Theorem 4.17 'The number of degrees of freedom N of an ideal joint that con-
nects two rigid bodies and the number of reaction forces and moments Ny that act
between these bodies at the joint satisfies the equation

Npop + Ny = 6.

If the ideal joint prevents relative translation along k mutually orthogonal direc-
tions, there are in general k reaction forces that act on the adjacent bodies along these
directions. The reaction forces serve to constrain the relative translation. If the ideal
joint prevents relative rotation between the two bodies about k mutually orthogonal
directions there are in general k constraint reaction moments. The reaction moments
that act along these directions serve to constrain the relative rotation. The internal
reaction forces and moments acting on each body have the same magnitude, but
opposite directions.

Before applying this theorem in a number of examples, it must be emphasized that
the statement of the theorem concludes that there are in general k reaction forces or
moments. It can occur that the value of some of the components of these reaction forces
or moments are equal to zero. Strictly speaking, it is perhaps more accurate to say that
the joint in question can support k reaction forces or moments, but that some of these
reactions may be equal to zero. The next few examples will show how to create free
body diagrams for some typical mechanical systems. Each example has been selected to
emphasize the practical implications of Theorem 4.17 and the methodology outlined in
Figure 4.14
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Example 4.12 The base, vertical column and inner arm of a PUMA robot are depicted
in Figure 4.15. In this example the ground frame is denoted as X, the frame A is fixed in
the revolving vertical column, and the inner arm has body fixed frame B. The revolute
joint 1 defines a single axis rotation of the vertical column through the angle 8, about the
X; = &, axis at point o. The revolute joint 2 defines a single axis rotation of the the inner
arm through the angle 6, about the a, = b, axis at point g. Create free body diagrams
for bodies 1 and 2 in this robotic system.

Figure 4.15 Base body and inner arm of a PUMA robot.

Solution: There is a revolute joint at point o, and its joint variable is ;. There must be
three orthogonal reaction forces that constrain the relative displacement between the
base link 0 and link 1 at point o. There must also be two orthogonal reaction moments
that prevent rotation of link 1 relative to the x;—x, plane of the X frame. These forces
and moments that act on link 1 are represented in terms of the basis for the X frame, so
they have the form

8 = g1X; T £X, + g3Xs,
n = n,x; + n,X,.

In addition to the forces and moments due to the joint constraints, an actuator is
included in the robotic system to move the joint through its degree of freedom. In a
revolute joint, the actuator will supply a torque along the joint axis. For joint 1, this
torque t is applied about the x; = a, axis, such that

t = t,x; = Lya;.
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The revolute joint at point g allows only relative rotation between link 1 and link 2 about
the a, = b, axis. There must be three orthogonal reaction forces that prevent relative
displacement between these two bodies, and there must be two orthogonal reaction
moments that constrain rotation relative to the plane perpendicular to the a, = b, axis.
The constraint reaction forces f and moments m that act on link 1 at point g in terms of
the basis for the A frame are

f =fia, + Ha, +fra,,
m = m,a, + m,a,.

A second actuator also controls the relative rotation between the inner arm and verti-
cal column by supplying a second torque along the revolute joint 2 axis. For joint 2, this
torque 7 is applied about the a, = b, axis and is given by

T = T,a, = T,b,.

By convention, free body diagrams are constructed from the terminal link to the base.
Therefore, as shown in Figure 4.16b, the forces and moments for joint 2 are applied
without modification to point g on link 2. However, the loading acting on link 1 due
to joint 2 must have equal magnitude but opposite direction in relation to the loading
acting on link 2 due to joint 2, as shown in Figure 4.16b. Figure 4.16b also includes the
loading on link 1 due to joint 1.

Figure 4.16 Link free body diagrams. (a) Link 1. (b) Link 2.

Example 4.13 Two solar arrays are to the base body of a satellite by two revolute joints,
as shown in Figure 4.17. The frame C is fixed in the base body of the satellite, and frames
A and B are fixed in the solar arrays. Create free body diagrams of each body in this
mechanical system.
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Figure 4.17 Satellite with two solar arrays.

Solution: For this example, all of the reaction forces and moments are represented
in terms of the basis for the frame C that is fixed in the core body. The revolute joint
between bodies A and C prevents all relative motion except rotation about the ¢; = a;
axis. The constraint forces and moments at this joint that act on the satellite body are
shown in Figure 4.18b and are given by

f=fic, +/6 + /¢,
m = m,C, + M;Cy.

Figure 4.18 Satellite free body diagrams. (a) Satellite body. (b) Solar panels.
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The actuation torque t acts on the satellite body and drives the relative motion about
the degree of freedom axis ¢; = a,;. It is written

t=1t,c, =ta,.

Similarly, the constraint forces and torques that act on the satellite body due to the solar
array B are expressed as

g =481¢; +£,C) +43C3,
n = 1,¢, + 15C;.

and the actuation moment that drives relative motion is
T =1,¢; = 1;b;.

These reaction forces and moments, as well as the actuation torque, are also depicted in
Figure 4.18b.

For the free body diagram of the satellite body shown in Figure 4.18a, the loading equal
and opposite to the loading applied on each solar panel array is applied on the satellite
body at the shared point between each pairs of bodies.

The free body diagrams developed in Examples 4.12 and 4.13 are prototypical of
those derived in a host of mechanical systems encountered in applications. Additional
examples are considered in the problems at the end of this chapter. The goal in creating
free body diagrams is to enable the determination of the equations of motion from
Euler’s first and second laws. The following examples use the free body diagram to
cast the equations of motion in simple case studies. In Example 4.14, the mass and
inertia matrix that appear in Euler’s laws are assumed to be negligible, and the force and
moment summations take a particularly simple form. We use this analysis to confirm
that the composite joint satisfies Theorem 4.17.

Example 4.14 The composite joint shown in Figure 4.19 is constructed from a rectan-
gular bar, collar, and yoke that have body fixed frames A, B, and C, respectively. Relative
displacement is allowed between the rectangular bar and the collar along the a; = b,
axis, and relative rotation is allowed between the collar and yoke about the ¢; = b, axis.
Create free body diagrams for the rectangular bar, collar and yoke. If the collar shown in
Figure 4.20b has negligible mass and inertia, determine equivalent free body diagrams
for the loading transmission directly between the rectangular bar and the yoke.

Solution: The revolute joint between the collar and yoke permits only relative rotation
about the ¢; = b, axis, so there must be three perpendicular forces that restrain relative
translation between these two bodies. There must also be two perpendicular moments
acting between the two bodies that prevent relative rotation. The reaction forces f and
moments m acting on the yoke are represented in terms of the basis for the C frame as

f = fic; +fo¢5 + f365,
m = m,C, + M3Cs.
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Figure 4.20 Composite joint free body diagrams. (a) Yoke. (b) Collar.

Equal and opposite reaction forces —f and moments —m act on the collar due to this
joint.

The prismatic joint between the collar and the rectangular bar permits relative dis-
placement along the a; = b, axis. There are two perpendicular forces that prevent rela-
tive displacement orthogonal to the a; = b, axis, and there are three moments that act
between the bodies to constrain relative rotation. The reaction forces and moments that
act on the collar are denoted g and n, respectively, and are represented in terms of the
basis for the B frame as

g=gb; + &by,
n = mb, + n,b, + n5bs.

Equal and opposite reaction forces —g and moments —n act on the rectangular bar due
to this joint.

Figures 4.20a, 4.20b and 4.21 illustrate the three free body diagrams for the yoke, collar,
and rectangular bar, respectively, which include the reaction forces and moments due
to these two joints.
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Figure 4.21 Composite joint rectangular bar free body diagram.

Next, the composite joint is analyzed assuming that the collar has negligible mass and
inertia. Given that the collar has neither mass nor inertia, it is unnecessary to create
a free body diagram for that component and to consider it as a purely geometric entity
(instead of mechanical) that enforces the pair of joint constraints. The simplest approach
for deriving the loading between these two bodies connected by a pair of ideal joints is
to utilize a set of basis vectors that align with the two axes of the ideal joints. In this case,
frame B aligns with both the prismatic and revolute joints.

The prismatic joint does not permit a force along b,, and the revolute joint does not
permit a moment about b;. The remaining four components of force and moment may
be non-zero. As a result, the internal forces g and moments n acting on the yoke may be
defined as

g =gb; +&b,,
n = n,b, + n;b,.

As before, an equal and opposite reactive force —g and moment —n act on the rectan-
gular bar.

Figures 4.22a and 4.22b illustrate the free body diagrams for the yoke and rectangular
bar acting under the assumption that the dynamics of the collar may be ignored.

Figure 4.22 Composite joint free body diagrams assuming massless collar. (a) Yoke.
(b) Rectangular bar.
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Example 4.15 The composite joint shown in Figure 4.23 is constructed from a
cylindrical shaft, collar, and yoke that have body fixed frames A, B, and C, respectively.
Relative displacement and rotation is allowed between the rectangular bar and the
collar along/about the a; = b, axis, and relative rotation is allowed between the collar
and yoke about the b; = ¢; axis. Create free body diagrams for the cylindrical rod,
collar, and yoke. If the collar shown in Figure 4.24b has negligible mass and inertia,
determine equivalent free body diagrams for the loading transmission directly between
the cylindrical rod and the yoke.

(a) (b)

Figure 4.24 Composite joint free body diagrams. (a) Yoke. (b) Collar.

Solution: Asin Example 4.14, the revolute joint between the collar and yoke allows only
relative rotation. There are consequently three perpendicular forces and two perpendic-
ular moments acting between these two bodies. The reaction forces f and moments m
acting on the yoke can be expressed in terms of the C basis as

f =fic, + /56, + f363,
m = m,c, + mM;C,.
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The cylindrical joint between the cylindrical shaft and collar permits rotation about
and translation along the a; = b, axis. It follows that there are two perpendicular reac-
tion forces and two perpendicular reaction moments that act between these two bodies.
The reaction forces g and moments n that act on the collar defined in terms of the basis
for the B frame are

g = &b, +gb,.
n =n,b, +n,b,.

Figures 4.24a,4.24b and 4.25 illustrate the three free body diagrams for the yoke, collar,
and cylindrical rod, respectively, that include the reaction forces and moments due to
these two joints. As before, the revolute joint loading is applied directly to the yoke, and
the equal and opposite loading is applied to the collar. Likewise, the cylindrical joint
loading is applied directly to the collar, and the equal and opposite loading is applied to
the cylindrical rod.

Next, the composite joint is analyzed assuming that the collar has negligible mass and
inertia. As before, a set of basis vectors aligning with the to joint axes will be utilized;
in this case, B aligns with both the cylindrical and revolute joints. The cylindrical joint
does not permit a force along b, or a moment about b, and the revolute joint does not
permit a moment about b,. The remaining three components of force and moment may

Figure 4.26 Composite joint free body diagrams assuming massless collar. (a) Yoke. (b) Cylindrical rod.
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be non-zero. As a result, the internal forces g and moments n acting on the yoke may be
defined as

g =gb; +&b,,
n = n,b,.
Figures 4.26a and 4.26b illustrate the free body diagrams for the yoke and cylindrical
rod acting under the assumption that the dynamics of the collar may be ignored. As

before, the composite joint loading is applied directly to the yoke, and the equal and
opposite loading is applied to the cylindrical rod.

The last few examples have derived the appropriate free body diagrams that are
associated with rigid bodies connected by ideal joints. Euler’s first and second laws
have been applied in the case where the mass and inertia matrix of one of the bodies
are negligible; the resulting equations of motion resemble those obtained in elementary
statics problems of engineering. The next two examples study robotic systems in three
spatial dimensions. First, a single degree of freedom of motion is considered, followed
by the generalization to the two degree of freedom case. The resulting equations of
motion significantly increase in complexity as the number of degrees of freedom
increase.

Example 4.16 This example studies the two link robot described in Example 4.12.
In this example, revolute joint 1 between the base and vertical cylinder is fixed
(6, = constant), and revolute joint 2 between the vertical cylinder and inner arm is
allowed to rotate through angle 6,. Derive the equations of motion of the arm using
Euler’s first and second laws. The location of the mass centers in this system are depicted
in Figure 4.27.

Figure 4.27 Links 0-2 of a PUMA robotic arm.
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Solution: The free body diagram for the arm has already been constructed in
Figure 4.16b. The acceleration of the center of mass of the arm is given by

Ay, =y, toOxp X (0xpXd, )+ aygXxd, ,

where in this problem ay, =0, oyp= 6,a, = ,b,, ayp = ,a, = 6,b,, and
d,. =x,. b, since 0, is a constant and the vertical column is held fixed. Note
that one does not simply differentiate 0, in @y 5 = 0,a, to conclude that the angular
acceleration ay g = 6,a,. The definition of the angular acceleration and the derivative
Theorem 2.12 in Chapter 2 should always be used to obtain the correct expression. For
example, in this problem,
Ay = —| Oxg = | Oxp+ Oxp X Oxg = 6,b,.
XB = g ‘x XB = g ‘B XxB T Oxp X Oxp = VD)
——
0

However, in the next Example 4.17, it will be shown that it is not always the case that
ay g is “merely” a vector having magnitude equal to 6. Upon substitution, it can be seen

that
6,b,.

— 2 _
aX,cz - ‘xq,cz szl xq,cz

Euler’s first law yields
Mz(xlmégbl - xq,czézbs) =/fib; +£2b, + f3bs,

which can be rewritten as in terms of the components as

Xg.c, 9% A
md o bt=lgl (4.27)
_xq,c2 92 f?)

The x,-x5 and x, —x, planes of the B frame are planes of symmetry of the arm, so that
the angular momentum in X of the arm about its own center of mass is

I, 0 07](0 0
hy, =| 0 I, 0 |6, p=1q1nb,
0 0 1I;]||0 0

Euler’s second law can be written as

4
dt |«

Since the cross product can be expanded as

hy, = mb, +7,b, + myby +d, , X £.

b, b, by
dcz,qxf= —Xge, 0 0],
h Lk

= xq,czf?:bz ~ X4, f2b3’
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it is possible to use the derivative Theorem 2.12 in Chapter 2 to obtain

m,; 0 0
T A S A S N (4.28)
my =%, fo 0 0
—— ——
from :Tl hy., from @y gxhy .,

The final system of governing equations for this problem include Equation (4.27) and
(4.28). There is one set of three equations governing translation and one set of three
equations governing rotation. The unknowns in these equations include 6, and its
derivatives, as well as the reaction forces and torques fi,f,. f5, #,, m;. Note that there
are exactly six equations and six unknowns in the final form of the governing equations.
The variable 0, is known as a differential unknown since derivatives of this variable
appear in the governing equations. The variables g,, g,, g3, 71, 1; are known as algebraic
unknowns because their derivatives do not appear in the governing equations.

Example 4.17 Derive the equations of motion for the two link robotic system shown
in Figures 4.27, 4.16a, and 4.16b, and studied in Examples 4.12 and 4.16. In contrast to
Example 4.16, both of the joint variables 8, and 6, are unknown in the discussion that
follows.

Solution: First, the kinematics of the two links will be defined to facilitate calculation
of the dynamic model during the link-by-link analysis. The rotation matrices between
the three bodies are defined as

cosf, —sinf; 0 cosf, 0 sin6,
R; =| sing, cosf, 0| and Rj = 0 1 0
0 0 1 —siné@, 0 cos¥d,

Next, the angular velocities and accelerations between the links will be defined. The
angular velocity of link 1 may be defined with respect to frame X as

oy 4 = 0,x; = 0,2,
The angular velocity of link 2 is determined by the addition Theorem 2.15 in
Chapter 3, so that
Oxp = Oxp T Opp;
= 0,a, + 0,a,.

The angular acceleration of these bodies may be found by taking the derivative of these
angular velocities with respect to the X frame. For link 1, this results in

Axp = & Oy 5 = 0,X; = 0,2,.
X
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However, for the angular acceleration of link 2, the derivative Theorem 2.12 of Chapter
2 must be used to reformulate the X frame derivative in terms of frame A,

d d

Xxp = T Dxp = 5‘
X A

= —919231 + éZaz + 91a3.

Wy g+ Ox p X Ox g,

As noted in the previous example, the angular acceleration is not generally the time
derivative of the joint angle coefficients (as was the case in link 1); the derivative theorem
also accounts for the time rate of change of the basis vectors as well.

Next, the velocities points ¢, and ¢, will be calculated. Within link 1, the relative veloc-
ity Theorem 2.16 will be used to calculate the velocities of points ¢; and g. (In the next
step, the velocity of point g will be used to calculate the velocity of point c,.) For point
1)

VX,CI = VX,o + wXA X do,c] = 9133 X (yp,cl a, + (do,p - Zp,gl )33),
N——

=0

==Y, 012;.
Likewise, the velocity of point ¢ is

Vig = Vxo FTOxuxd,, = 6,25 x d, 2, +d, ),
——
=0
=-d,0a;.
As points g and c, are both fixed on body 2, the relative velocity theorem may also be

used to determine the velocity of point ¢, from the velocity of point g, such that

Ve, = Vxq T @xp X dq’C2 = —dp,q@la1 + (0,a, + 6,a5) X quczbl,

= —dM@la1 + (6,2, + 0,a;) X (%4, cosbha; —x, , sinb,a;),

q.c.
a; 53 as
=—d, 0,a; + 0 0, 0, ,

Xge, €086y 0 —x,  sinb,

= (=d, 0, —x,. 0,sin0,)a; +x, 0, cosba, —x, 0, cos0,a.

Next, this kinematic analysis will be used to construct the equations of motion for links
1 and 2, starting with link 2. Based on the free body diagram of link 2 in Figure 4.16b,
Euler’s first law for link 2 can be written as

d d
Jiby +f3by + f3bs = 5’XPX =M, (&

where

d ) . "
R =(—d, 0, — x,.,0,sin0, —x, 0, cosb,)a,
A

Vi, T Oxa X Vx,c2> )
A

+ (xq,czt@1 cosf, — xq,czéléz sin6,)a,

" .
— (%,0,cos 0, —x, . 0;sin0,)a;
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and
q Lol a3
Oy p XV = 0 0 0, ,
(=d, 0, — %, 0,sin0,) x, 0, cos, —x, 0, cosb,

= —x,, 07 cosOya, + (=d, 07 —x,_0,0,sin06,)a,.

Combining these expressions into a single equation results in

cos, 0 —sinb, | [ f; —Myd,, 0, — Myx, . 0, sin 0, — Myx, . (07 + 63) cos 0,
0 1 0 fop=9 —M,yd, 07 + Myx, 6, cosb, —2M,x, 6,0, sin0,
sinf, 0 cosf, ||f —Myx, 0, cos 0, +x,, 05 sin6,
(4.29)

Despite it being link 2 being under consideration, because the simplest representation
of vy, is with respect to the A frame, the equation of motion is analyzed with respect to
this frame. When evaluating this vector equation, either these components will need to
be mapped into the B frame to match the force components, or the force components
will need to be mapped into the A frame.

Euler’s second law applied to link 2 results in

d
dt
The left hand side may be solved by utilizing the derivative theorem to formulate the
derivative in terms of the B frame, and utilizing the angular momentum representation

hy . = mb; + 7,b, + msb; +d, , X (fib; + f2b, + f3bs).
X

B
X,¢,”
d d
At |y =1 th,c2 + oy xhy
d| .o _ d

- = IPo®  + 0 xIEeP
&t |y e = qe|y 2 Pxe T Oxs X o Oxe
B

_ 1B B B
= Iczax,[a + oy X I

B
wX,[ES’

2
The angular velocity @ ;, may be determined from the formulation of @y g above using
a change of basis,

cosf, 0 —sinb, 0 -6, sin 6,
co;B;’B = RR&)Q’B = 0 1 0 0, v= 0,
sing, 0 cos®, ||4, 6, cos 6,

By a similar transformation, a3, , may be determined to be
—6,0, cos0, — 0, sin6,
B .
Ay = 0,

—0,0,sin 0, + 0, cos 6,
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The load acting on link 2 may be evaluated by noting thatd, , = -«
m;b; + 7,b, + m3bs + dcz’q X (fib; + fyb, + f3b3),
= m;b; + 7,b, + m;b; — xmb1 X (fib; +f;b, + f3bs),
= m;b, + (7, + xq’czfc,;)b2 + (mgy — qu]”z)bs.
Representing Euler’s second law for link 2 with respect to the B frame results in
I, 00 —6,0, cos6, — 6, siné,
0 I, 0 0,
0 0 L || —6,0,sin0,+8, cosb,

.21, resulting in

0 —6,cos0, 6, —I,,6,sin 6, m
+| 6, coso, 0 6, sin 0, 1,6, =9 T, +%,0f ¢,
-0, —0,sin6, 0 15,0, cos 6, ms = %, ofy
or
I,;(=0,0, cos 0, — 0, sin 0,) + (I3 — L,,)0,6, cos 0, m,
1,0, + (I3 — 1,,)0? sin 6, cos 0, =9 T, +%,0f ¢ (4.30)
I;5(=0,0,sin 0, + 8, cos 0,) + (I}, — L,,)0,0, sin 6, My = X, of>

Next, the equations of motion for link 1 will be calculated. Based on the free body
diagram of link 1 in Figure 4.16a, Euler’s first law for link 1 can be written as

d
&ia; + g, + &ag — fiby — /b, — fiby = & XPX’
d
= M, ( I AVX’CI + @y 5 X Vx,cl)’
where
d
& Vx C yp,c1 0131
and
4, 2, a
O X Vo = 0 0 6’1 = _yp,cléfaZ‘
~Ype,00 0 0
Representing Euler’s first law for link 1 with respect to the A frame results in
& cosf, 0 sind, |(f Ype b1
% ¢ — 0 1 0 fp =M 9,65 ¢ (4.31)

ts —sinf, 0 cosO, || f3 0
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Euler’s second law applied to link 2 results in

d he - —mb, — 1,b, = mzby —d, X (fib; +f,b, + f3b3)

de |y +ma; + ma, + t;a; +d; , X (g b; + &b, +¢g;bs) .
As before, the left hand side may be solved by utilizing the derivative theorem to for-
mulate the derivative in terms of the A frame and utilizing the angular momentum

representation h? in
X,c;

d d
= —| hy, + @ Xhy,

—| h
de |y 9 dt|a

d| va d| (a A

T th,cl = &, L ("XA\""DXA XTI, ("XA’
Aol A A
I +coXA I O 4

The angular velocity “’x, », and acceleration “x, , may be determined from the formula-

tions of wy 4 and ay 4 above, with

0 0
wQA ={0 and aQA =<{0
6, b,

In addition, for the inertia matrix, because there is only a single plane of symmetry,
the (2, 3) and (3, 2) entries of the inertia matrix will be non-zero. It follows that

K, 0 o07(o 0
Lal,+0l XLy, =| 0 Ky Ky |30 64+40
0 Ky Ky | |6 6,

x| o K22 Ky
0 K, K

={ Kb, ++4 0 ¢ x4 K0,
K3, Ky,

={ Kb,

| Ky38, — K307
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The load acting on link 2 may be evaluated by representing it in terms of frame A.
Noting that d, , = (d,, —¥,.)a, +2,,a; and d, , = -y, a, —(d,, — 2, )a;, it is

written as
cos@, 0 sind, [f 0 cosf, 0 sinf, ||f
- 0 1 0 Ty 0= Bpg — Ve, (X 0 1 0 5
—sinf, 0 cosf, || "3 Zye, —siné, 0 cos, || f5
n 0 &
+4 71y o+ Ve, X4 & 0>
Ly —(do,p - zp,cl) g
( m, cos 8, + m sin 0, ( 0 fi cos 6, — f; sin 6,
= -3 7, L — 61’1,,{]—)/‘&61 X 5
| —mysinb, +mycos0, ||z, fisin6, + f; cos 6,
( n 0 ] rgl
+9 4y ¢+ Vpee, ¢ X34 (>
I3 _(do,p —2Z,.) ) g3
(1, cos 0, + m, sin 6, + (g = Vpe)f15i00, +f3c080,) — 2, fr
= -3 7 +2,, (fi cos 0, — fy5in6,)
—m, sin @, + mz cos 0, — (d, , — ¥, . )(f, cos 0, — f;sin 6,)
( n = Ype &3+ (do,p 2y, P
+ < n, — (do’p -2z, g,
I3+ Y81

\

Combining the angular momentum derivative and loading into Euler’s second law for
link 1 results in
0
K30,

K50, — 1(239?
[ m, cos 0, + my sin 6, + (g = Vpe)fi5in0, + fyc080,) — 2, f
= —1 7 +2,, (fi cos 0, — f35in6,)

—my sin @, + m;z cos 0, — (d, , — v, . ), cos 0, — f; sin 6,)

L

n — yp,clg'a‘ + (do,p - Zp,c1 )g2
+ 9 ny = (d,, = 2,.)8 : (4.32)

t3 + yp,clgl
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In summary, the complete set of governing equations for this example includes
Equations (4.29), (4.30), (4.31), and (4.32). There is one set of three equations gov-
erning translation and one set of three equations governing rotation for each body.
The unknowns in these equations include the geometric variables 6,,6, and their
derivatives, and the forces and moments fi,f,.,fs, g1, 2,83, M1, My, 11, n3. Thus there
are twelve unknowns and twelve equations in this problem. As in the last example, 6,
and 6, are differential unknowns and the constraint forces and torques are algebraic
unknowns.

The equations of motion for mechanical systems in realistic problems with three
dimensional kinematics can be quite complicated in form. The next example studies
another two link robotic system. Because of the symmetry of the bodies with respect
to the selected frames of reference, and the restriction of motion so that only 6, varies,
the equations of motion take a familiar form in Example 4.18.

Example 4.18 The inner arm (link 1) of the SCARA robot shown in Figure 4.28 is
locked in place relative to the base, and the outer arm (link 2) is articulated through
the angle 6,. Derive the equations of motion for the outer arm using Euler’s first and
second laws.

Figure 4.28 Links 0-2 of a SCARA robotic arm.

Solution: First, three frames X, A, and B are defined at points o, p, and g, respectively,
as shown in Figure 4.28. Frame X is the inertial frame, frame A is fixed in the inner arm,
and frame B is fixed in the outer arm. The vertical column is denoted link 0, the inner
arm is link 1 and the outer arm is link 2 in this example. The location of the center of
mass of the outer arm is defined as

Iy, = quc2b1 +z,.b,

g,y
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in terms of the body fixed basis. The inertia matrix I? with respect to a frame that has
its origin at the center of mass and that is parallel to the B frame is

111 0 113
=01, 0

113 0 133

Since the 1-3 plane of the B frame is a plane of symmetry for the outer arm, it is known
that I;, = I,; = 0. The acceleration of the center of mass of the outer arm in the inertial
frame is given by
ay, =ay, +oxp X (@xpXd, ) +aypxd,.
. .
=0-x,. 0,b, +x, 6,b,,

when 0, is constant. A free body diagram of the outer arm is depicted in Figure 4.29.
Euler’s first law yields the components relative to the B frame

fi %, 6?
fit=md %, 0, b (4.33)
fs 0

Euler’s second law is written m, = % X(hx,c)» and the applied moment about the center
of mass is given by

b, b, b,
m, = m;b, + m,b, + b, + —Xge, 0 =
h LS
The angular momentum about the center of mass is
I, 0 Lz |[O 136,
hi =| 01, 0 0p=4 0
Ly 0 Ly || 6, I336,

———

Figure 4.29 Free body diagram of the outer arm.
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since @y 5 = 0,b; when the inner arm is stationary. The derivative theorem from
Chapter 2 is used to simplify the calculation in Euler’s second law. The moment m, is

d d
m = — = —| hy. +® X hy .
c dt ‘X X,c dt ‘B X, ¢ X,B X, ¢

Combination of the moment equations above yields

my+2z,. [ 1,50, 0
my—z, fi+x,.fy p =3 0 p+91;02 . (4.34)
T— xq’csz 13392 0

In summary, a complete set of governing equations is obtained by collecting the six
Equations (4.33) and (4.34) to solve for the six unknowns. These unknowns include the
angle 6, and its derivatives, and the reaction forces and moments f,, f;, f;, 1, and m,.

The equations of motion derived in Example 4.18 assumed a particularly simple form
due to symmetry and the fact that there is but a single degree of freedom. In general,
however, the equations of motion can be quite complex. In this next example it is shown
that by allowing the joint variable 8, in Example 4.18 to vary in time as an unknown, the
resulting equations of motion for the system again become increasingly more compli-
cated.

Example 4.19 Consider again the SCARA robot studied in Example 4.18. In this
example, derive the equations of motion for the two degrees of freedom system, where
0, and 0, vary in time.

Solution: First, the outer arm, link 2, will be considered. Note the changes to the gov-
erning equations from Example 4.18 when both 8, and 6, vary with time. The angular
velocity of the B frame in the X frame is now given by

Oy = Ox p +@Onp = (0) +0,)bs.

The form of the angular acceleration follows from this definition and the application of
the derivative theorem

d

Axp = €&

d

Oy g = @ Dxp+ Oxp X Oxp = (0, + 6,)byn
X

B ——
0

The acceleration of the center of mass of the outer arm is now given by

Ay, = Ay, + Oy p X (Oxp X dq’cz) +ayp X dq’cz,

= —dp’qéfal + dp’q@la2 - xq,cz(@1 +6,)’b, + xq,cz(lg1 +8,)b,.

. /
g

ay,
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The force summation for the free body diagram depicted in Figure 4.29 yields the

equations
£ (=%, (60; +6,)*) ~d, 60?
fop=My|q %0, +6,) t+R:S d,.0, ¢| (4.35)
S ; 0 0
(=%, (0, +0,) [ cos6, sin6, 0] (—d, 0}
=M,|J xq’cz(é1 +8,) ¢++| —siné, cosd, 0 dp’qél
L 0 J | © 0 1 0

The angular momentum of the outer arm about its own center of mass becomes
I, 0 I, 0 150, + 6,)
hy, =[0I, 0 0 =3 0

Iy O I; [ | 6, +6, k133(91 +0,)

The moment summation is now given by

m +z,. [, 1,56, + 6,) 0
My =2z, fi+ %, ¢= 0 +2 150, +6,)% ¢. (4.36)
t—x,. [y I;5(6, + 6s) 0

The free body diagram of the inner arm is shown in Figure 4.30. The acceleration of
the center of mass of the inner arm is given by

B . ..
Axe, = Ay Xy 0ra, + %, 0,a,,

——
0

and the angular momentum about the center of mass is given by

K, 0 Kj;l(o0 K50,
hy, =| 0 Ky 0 0¢=2 0
Ky 0 Kg |6, Ky,6,

Figure 4.30 Free body diagram of the inner arm.
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The force summation for the free body diagram shown in Figure 4.30 yields

(4] —h Xpey 9%
18 (+Ryq —h e =M3 x,.0, ¢,
&3 —f 0
or
& [cos, —sing, 0]( £ —x, . 07
18 ¢ +|sinb, cos, 0§ —f p=Mq x,.0, . (4.37)
g 0 0 1 —f; 0

The applied moments about the center of mass can be computed from the expression

m, = na, +n,a, + ta; — m;b; —m,b, — 7b,
4 3 a
+| %, 02z, |+ ((dp,q =X, )8 + 2, a3) X (—fib; — fob, — f3bs).
& & 8
This expression may be simplified and written in terms of frame A as
n —=z,.&
mﬁ =9 M +2,, 8 +%,. 8
=%, 9

my+z, fo +(d,, =%, )f;sin0,
A
+ Ry -my, =z, fi +(d,, —x,. )f;cosb, ,
-7 = (d,, — %, )isinb, - (d,, —x, ), cos0,

n—=2z,.8%
=q4Mmt+z,. 8 +%,.8 (4.38)
t— Xp.c,82
cosf, —siné, 0 -m, +z, f, +(d,, —x, )f;sinb,
+| sinf, cosf, 0 -my, =2z, f +(d,, —x,. )f;cosb,
0 0 1]l-r-W,,—x, ) sin0,—(d,, —x, )f,cosb,
(4.39)
The moment summation for the free body diagram in Figure 4.30 is consequently
K36, 0
mg\l = 0 ¢+14 K36? (4.40)
K330, 0

where mﬁ is given in Equation (4.38).
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The final system of governing equations for this example includes Equations (4.35),
(4.36), (4.37), and (4.40). There is one set of three equations governing transla-
tion for each body, and there is one set of three equation governing rotation for
each body. The differential unknowns in the governing equations include 6,6,
and their derivatives. The algebraic unknowns are the reaction forces and torques
fi:Sos S50 815825 830 111, o, M4, M1, There are a total of 12 unknowns and 12 equations.

4.6 Structure of Governing Equations: Newton-Euler
Formulations

Examples 4.16—4.18, and 4.19 demonstrate that the system of equations obtained via the
application of Euler’s first and second law to robotics applications is unavoidably com-
plicated. An essential step in the study of Newton—Euler formulations casts the derived
equations into one of a few possible canonical mathematical forms. This step is impor-
tant from a theoretical standpoint since in many cases analysts have developed a theory
that can be consulted to study existence, uniqueness, or stability of solutions for general
classes of problems. From a practical viewpoint, once the equations are written in a stan-
dard from, it is possible to employ common and well understood numerical techniques
for their study. While there are many possible structural forms in which the governing
equations can be cast, two standard forms will be considered in this book. The equations
of motion will be written as a system of differential algebraic equations or DAEs, or as a
set of ordinary differential equations or ODEs.

4.6.1 Differential Algebraic Equations (DAEs)

There are two types of variables that appear in the governing equations in Newton—Euler
formulations of dynamics, as shown in Examples 4.16—4.18, and 4.19. One set of vari-
ables are explicitly differentiated with respect to time, while others are not. The subset
of variables that are differentiated with respect to time are referred to as differential
unknowns, while those that are not differentiated are known as algebraic unknowns. A
collection of equations that couples both types of variables constitutes a system of DAEs.
The form of DAEs that will be used in this text have the structure

x(t) = £(¢,x(2), y(2)), (4.41)

0 = g(z,x(2), y(¥)),
where x(t) € RY is the collections of differential variables, y(#) € R is the collection
of algebraic variables, the function f : R* X R¥N X RM — RN and g : R* x RN x R1
— RM, There are a total of N x M variables in the above N X M equations. It is

straightforward to express the equations derived via Newton—Euler methods in this
form, as shown in the next examples.
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Example 4.20 Write the governing equations in Example 4.16 as a set of DAEs that
have the structure shown in Equation (4.41).

Solution: The unknown variables that appear in Equations (4.27) and (4.41) are
0,, fi, fo» f3» my, and m;. Define the differential variables and algebraic variables as,
respectively,

x={x xz}T={02 02}T,

YZ{)’1 Yo V3 Va ys}Tz{fngfs m, ma}T-

The differential subset of equations becomes

P’ *
x= { ! } =f(t,x,y) = ) (4.42)

1
X9 _(TZ + xq,c y3)
122 ?

The algebraic subset of equations is

2
Yy — szq,czxz

-

Y

g

(4.43)

Ja

Ys — xq,czyZ

With the functions f : R* X R2 X R®> - R? and g : Rt X R2 x R> — R® defined in
Equations (4.42) and (4.43), the governing equations have the form of the DAEs in
Equation (4.41).

0)
0

40 ¢=g(tXxy) =13)s +M2xq’czé(rz +%40,93)
0
O J

Example 4.21 Write the governing equations in Example 4.18 as a set of DAEs that
have the structure shown in Equation (4.34).

Solution: The unknown variables that appear in Equations (4.33) and (4.34) are 0,, f;,
[y f5» my, and m,. Define the differential and algebraic variables as, respectively,

x={x xz}T={02 02}T,

YZ{}’1 Yo V3 Va ys}Tz{fngfs my V”‘z}T-
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The subset of differential equations becomes

&, *2
x=4 b =fEx@ye) =1
X Myx,,, Va2

The subset of algebraic equations is

2
Y+ szqqczx2

Js3

Y
o= gt x(0),y() ={ YT Fae)2 Tl 0

2
Vs = Zge Y1+ %03 — L15%;

A
o O o o ©

1
T—X — Iy ——
q,cZyZ 33 My, V2

With the functions f : R* x R2X R®> - R? and g : R* X R? x R®> - R® defined in
Equations (4.42) and (4.43), the governing equations have the form of the DAEs in
Equation (4.41).

4.6.2 Ordinary Differential Equations (ODEs)

In most applications of Newton—Euler formulations to realistic robotic systems, the
resulting equations contain both differential and algebraic variables. As discussed in the
last section, it is natural to study these systems as a collection of DAEs. Still, it is most
common in the literature to eliminate the algebraic unknowns via algebraic manipula-
tion. There are technical conditions, expressed in terms of the Jacobian of the algebraic
constraint equations in Equation (4.41), that guarantee that it is possible to solve the
last M equations in (4.41) for the algebraic unknowns y in terms of (¢,x). The expres-
sions for y in terms of (¢, x) can then be substituted into the first line of Equation (4.41),
thereby eliminating the algebraic unknowns. The interested reader should consult [27]
or [2] for the complete description. When this procedure is feasible, the resulting form
of the governing equations is a collection of ODEs of the form

x(t) = f(z, x(¢)) (4.44)

where x(£) € RN and f : R* x RY — RN, It must be emphasized that although the pro-
cedure discussed above to reformulate a set of DAEs in the form of Equation (4.41) into
Equation (4.44) is easy to describe in principle, it can be difficult to achieve in practice.
This is certainly the case for complex robotic systems. Despite the difficulty of the task,
there are several reasons that motivate the attempt.

(1) Order reduction. For any system, the number of N + M DAEs is always larger than
the reduced number of N ODEs. The difference in complexity can be substantial for
robotic systems. In fact, most of the unknowns in a kinematic chain are associated with
the algebraic variables. If it is desired to construct a feedback law that must be updated
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in real time, the cost in estimation of the solution of a set of DAEs can be prohibitive.
For example, for an L link kinematic chain having one degree of freedom at each joint,
N ~2Land M ~ 5L.

(2) Theoretical foundations. The study of ODEs and their numerical approximation is
much more mature than the corresponding state of affairs for DAEs. The study of DAEs
is continuously evolving. Furthermore, the current theoretical framework for DAEs is
more difficult to state and has more restrictions on its applicability. Broad statements
about the existence, stability, convergence and stability of DAEs are less common. Again,
references [2] and [27] can be consulted for advanced presentations.

(3) Control theoretic issues. It has already been noted in (1) above that the computa-
tional cost associated with the numerical solution of DAEs can be prohibitive in control
applications. Just as importantly, nearly all of the supporting theory and algorithms for
the control of robotic systems has been derived for systems of ordinary differential or
discrete difference equations. This body of research is impressive and represents decades
of research and development. The study of the control of DAEs does not have as mature
a theoretical and computational infrastructure.

The next two examples illustrate how the algebraic unknowns can be eliminated for
relatively simple problems.

Example 4.22 Obtain a governing ordinary differential equation from the DAEs in
Example 4.16 by eliminating the algebraic unknowns.

Solution: The formulation of the DAEs for Example 4.16 presented in Example 4.20 will
be used to obtain the desired ordinary differential equation form. The second differential
equation in this example states

Ly =75+ %, 95 (4.45)

The desired ordinary differential equation is obtained by eliminating the algebraic vari-
able y, from this equation. This can be done by considering the sole algebraic equation
with y, as a factor,

0=y;+Myx, 0,
Combining these two equations results in

(yy + Myx2 )0, = 1,

q:¢y

This equation is the familiar equation in terms of the moment of inertia about the 2 axis
through point g. The moment of inertia about the 2 axis through point g is given by the
parallel axis theorem

2
q:¢y°

Ly, , =1y + Myx
and the final form of the governing equation is

122492 =T,.
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Example 4.23 Obtain a governing ordinary differential equation from the DAEs in
Example 4.18 by eliminating the algebraic unknowns.

Solution: Combining the equations from the second row in the Equation (4.33) and the
third row of Equation (4.34) results in

Iz + Myx; )0, = 7

for the rotational equation of motion about the vertical axis. This equation can be written
in a simpler form by observing that the parallel axis theorem states that

2
q,¢y°

133’17 = I3y + Myx

where /33, is the moment of inertia about the 3 axis passing through point p. As a
result,

1334792 =7

is the moment equation about this axis.

4.7 Recursive Newton-Euler Formulations

Recursive Calculation of Forces and Moments

In Chapter 3 recursive algorithms for determining velocities and derivatives of veloci-
ties have been derived for the kinematic chain depicted in Figure 3.20 or Figure 3.21. The
joints are numbered from N to 1 starting at the joint nearest the base body and decreas-
ing toward the tip. The recursive algorithms developed in Sections 3.4.1 and 3.4.3 start
with the joint connected to the base body, and then solve for velocities or derivatives of
velocities as we move from inboard to outboard joints.

This section will show that the calculation of joint forces and torques can be
carried out starting at joint 1 toward the tip of the kinematic chain and proceeding
inward toward the base. As in the study of velocities and accelerations, a recursive
method is possible because of the special structures of the matrices that relates
joint forces and torques, acceleration, and angular acceleration. The reason that the
recursion in this section progresses from tip to base is because the coefficient matrix
in Theorem 4.18 is exactly equal to the transpose of the coefficient matrix that appears
in either Theorem 3.4 or Theorem 3.5. The following theorem summarizes this matrix
equation.
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Py

S\

0 0
1R, 0

0 @32R;5, 0

M

0 0

0 0
(M, 0 0

0 M, O

0 0 M,

+
0O 0 O
0O 0 O

L

0 0

0 0

0 0

0 0

" Onn-1RNn-1 O
0 o || 4
0 0 A;
0 0 A3

D,

My, O A
0 My || Ay

>+ <

J \

Theorem 4.18 The forces and moments in 7~ for the kinematics chain depicted
in Figure 3.20 and Figure 3.21 satisfy the equation

(4.46)

L (4.47)

where ¢, ,_; is given in Equation (4.50), 7" is defined in Equation (4.50), A
is defined in Equation (4.51), M, is given in Equation (4.56), and P, is given in
Equation (4.57) for k =1, ..., N.

Proof: Recall that in this convention the links of the kinematic chain are numbered from
the outer most body to the root or base body b. The acceleration in the base frame of
the center of mass ¢; of body k is given by

a,, =, oy Xd + 0, X (@, Xdg ),

where a, ; is the acceleration in the base frame of the origin of frame k, a,, ; is the angular
acceleration in the base frame of frame k, @, is the angular velocity in the base frame
of frame k, and d; , is the vector from the origin of frame k to the center of mass ¢; of

link k.
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_Joint k-1 Jointk_
fis Mgy £

_\ -
Mt fiq mi

Figure 4.31 Joint loading convention.

Applying Euler’s first law to body &, as shown in Figure 4.31, results in
fk_ + f/-:—l = Mk(ab!k + ab’k X dk,ck X a)b’k X (a)b!k X dk,ck))' (4.4‘8)

For Euler’s second law, the form given in Theorem 4.15 in which moments acting on
body k are summed about point k7,

d
2 m= — (Ika)b’k,) + dk,c X MkabJ(,
dt|,
is used to obtain the equation
- d
m;  +m +d X = P k(Ikwb,kf) + 0, X (Lo, ) +d, X May,, .
The derivative Theorem 2.12 is applied to obtain the familiar form

m:_l +m; +d;, X f]:“_l = Loty + @y X Loy ) +di . X My(ay,,-). (4.49)

Equation (4.48) and Equation (4.49) give a complete description of the dynamics of body
k; however, they must be expressed in terms of the vectors

L)
Fri=4 X (4.50)
m,

and
i‘ v
_ de |, P°
A = . (4.51)
4l
dt k bk
The desired form can be achieved by recalling that the acceleration a, ;- is defined as
ahk_=i (v _)=i V) + @ - XV, o (4.52)
: |, vk az |, ek bk bk
and the angular acceleration a,, ;- is defined as
abk_=iw_=—w_+w_xw _=i‘w_. (4.53)
: a|, % T qr | Pk bk T R

Substituting Equations (4.52) and (4.53) into (4.48) and (4.49) results in
£, =—f  +M,

k
d
dt

d
(Vpi) + @p g XV y + P kwb,lr Xdp,, + @4 X (@ X dg )

k
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and
m =—m" —-d £+ 1 i 1
" 1 k-1 XL, + 1 a4 kwb,lr + @y - X Loy )

d
d M, (—
+di . X M( g

(Vi) + a);k X Vy i)
k

This pair of equations can be written as a single matrix equation

f 0 0 —ff
Foi=3 b= k_l (4.54)
ml: S(dk,k—l) l _ml-:—l

(Vh,k— )
k

Ml —MkS(d’,;Ek) %
MS@,) I %’k("’"’k')
Moy, - X (@ - X dy )+ M@y - XV 1)
- { @y X L@y, ) + Midy X (@, X V) } ‘
This equation may be written in the compact form

F, = gok’k_lf’,:r_l + M AL+ Py (4.55)

where the generalized mass or inertia matrix M, is defined as

MO M kS(di,ck)

M, = ) (4.56)
MSE ) L

and the inertial force vector is given as

{ M@y, - X (@) 4~ X dy ) + M@y j- X V) }

P, =
@ - X oy ) + Mydy X (@4 X V1)

(4.57)

Internal forces have equal magnitude and opposite direction, which implies that

{m )

It follows that 7, and 7 satisfy the equation 7,” = R ;,, F;". The rotation matrix R s,
appears since, by definition, the entries in 7" are the components of the forces f;. and
moments my, in terms of the basis for the k 4 1 frame. The final form of the recursive
equation for the forces is obtained by substituting this equation into Equation (4.55),
which results in

7:.](_ = (pk,k—le,k—IFk_—l + MkA]: + p/(' (4‘.58)

Equation (4.46) is obtained when Equation (4.58) is expressed for each joint
k=1,...,N. O
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The coefficient matrix that appears in Equation (4.46)

0 0 0--- 0 0]
®y1R 1 0 0--- 0 0
0 @35R35 0 - -+ 0 0
0 0 0--- 0 0
0 0 0 @oyna RN O

is the transpose of the coefficient matrix that appears in the recursive calculation of
the velocity and acceleration in Equations (3.13) in Theorem 3.4 and (3.30) in Theorem
3.5. In both of those cases, the structure of the coefficient matrix enables a recursive
procedure that starts with the last row, which corresponds to the root of the kinematic
chain. In the current case, for solving the forces and moments, the structure of the lead
coefficient matrix makes it possible to solve the first equation for the forces and moments
in Fy
Fl =M AT +P,.

Suppose that all of the velocities and angular velocities have been solved for using the
recursive algorithm described in Section 3.4.1, and that all of the derivatives of velocities

1. Solve for the velocities and angular velocities using the recursive algorithm in Section 3.4.1.

2. Solve for the derivatives of the velocities and angular velocities using the recursive algorithm in
Section 3.4.3.

3. Iterate from outboard joints to inboard joints. For k = 1,2,... ,N
3.1 Form the bias inertial force P,.

3 k k 3 k
Mo, X (@ xdk’ck)+Mk(cob4’k_><vb’k_)

bk bk~
P = K k k k k
o, % (Ika)b’k_) +Mkdk’ck X (a)h’k_ XV, )

3.2 Form the transition operator

Diek-1 = Prcg1 Rkt

3.3 Form the generalized inertia and mass matrix
MJI  —MS(d;,
= k
M, S(d k’ck) I,
3.4 Calculate the forces and moments

Fe = aaaResr Froy + MyAL + Py (4.59)

Figure 4.32 Recursive algorithm for calculating forces and moments.
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and angular velocities have been solved for using the recursive algorithm summarized
in Section 3.4.3. When this is the case, it is possible to evaluate all of the terms on the
right side of the above equation immediately and obtain 7. With this, the solution can
proceed to the second row in Equation (4.46) and solve for 7 as

Fy =@ Ry F1 + My A, + Py

Since all the terms required to evaluate the right side of this equation are known, ¥,
may be calculated. This process is continued until all the joints k = 1, ..., N have been
processed. The following table summarizes this recursive algorithm for the calculation
of the reaction forces and moments.

Example 4.24  Use the recursive order (N) algorithm to solve for the joint forces and
torques for link 1 of the two link robotic arm presented in Example 3.6 and shown in
Figure 4.33.

Y4

yg XB

Link 2

Joint2 62

Link 3 (ground)

Figure 4.33 Two link robotic arm.

Solution: First, the joint forces and moments will be computed directly from first prin-
ciples for body 1, and it will be shown that the same results are computed using the
recursive algorithm. The free body diagrams for the two bodies that comprise the kine-
matic chain are shown in Figures 4.34a and 4.34b. Euler’s first law for body 1 yields

f- = Ma,, ,
= Ml(ab’lf + ab’lf X dl,Cl + a)b!lf X (a)b’l— X dl’c1 )).

fi

-G mi T ms
(a) (b)

Figure 4.34 Free body diagrams for a two link robotic arm. (a) Link 1. (b) Link 2.
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The following quantities have been derived in Examples 3.6 and 3.7:

@p1- = (0, + 0z, (4.60)
ay,- =0, +0,)z,, (4.61)
d, = %lep (4.62)
a,,- = —L,09%, + Ly0,Y,. (4.63)

We transform the equations to obtain the force components relative to the frame that is
fixed in body 1 using the rotation matrix R} in Example 3.6,

S\

cos 0, sin 6,

f; =M, |-L,03] —sinf ¢+ L,0,3 cosf

g

0 0
0 1
1. . . 1. . -
+ 5L +0,)9 1 = SLB +6,°1 0 ¢ f, (4.64)
0 0

—L,0% cos 0, + L,0,sin6; — %Ll(é1 + 0,)*
=M\ L,62sin6, + L,b, cos 6, + %Ll(é1 +d) [ (4.65)

0

The summation of moments acting on body 1 about the point 1~ is given by

d
m,- d—‘ (- @,,) +d; X Ma, ;-
Ly

d
a‘l(llﬂ’b,r) + o, X ([-0,,-) + Md;, Xa,-
A change of basis for the point 1~ acceleration yields a, _ as

cos 6, sin 0,

)

a, =—L,054 —sin6, ¢+L,0,{ cosb,

0 0
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which in turn is used to compute the cross product

X1 Y1 z
1
(dy,, Xa,,-) = §L1 0 0|,

(=L,6% cos 0, + L,0,sin 0,) (L,62 sin 6, + L,0, cos6;) 0
= %Ll(Lzég sin @, + L,0, cos ,)z,.
The final expression for moment acting on body 1 is
m, =10, +0,)z, + %MILILZ(‘?% sin @, + 0, cos 6,)z,. (4.66)

Equations (4.64) and (4.66) may be assembled to reach the final expression for the 6 x 1
vector of joint forces and torques acting at point 1~ on body 1.

—M,L,0% cos 8, + M,L,0,sin 6, — %MILI(G'1 + 0,)?

M, L,62 sin 0, + M, L,0, cos 0, + %MlLl(éi1 +0,)

0
}=< ;.
0

0

156, + 6,) + %MlLleég sin@, + %M1L1L252 cos 6,

(4.67)

As previously stated, the goal is to verify that the recursive algorithm yields the same
result as in (4.67), via an efficient, systematic, programmable procedure. The first row of
the system equations for the forces and moments yields

f-
m;-

For k = 1, the generalized mass matrix is found to be

} =F = M, AT +P;.

(M, 0 o o o 0
0 M o |0 o %MILI
0 0 M, |0 —imL, o

2
Mlz s

0 0 0 |, O
0 0 —%MILI 0 I,
o fmz, o |o o L
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T
since dicl = { %Ll 0 O} . The product M, A7 is expanded directly as

L,0,0, cos 0, + L,0,sin 6,
—L,0,0,sin 0, + L,0, cos 6,
0
MAT = M, 4 0 T
0

6, + 0,

M, (L,0,0, cos 0; + L,0,sin6),)
d M,(=L,0,0,sin 6, + L,6, cos 6,) + %MlLl(él +d, ¢

0
= 9 (4.68)
) 0 X
0

| %MlLl(—Lzéléz sin @, + L,0, cos 0,) + L;(0, + 0,) )

\

The inertial force P, is defined to be

» { le;l,yl— X (w;r X dicl) + Ml(a’zlz,r X Vé,r) }
1= )

= 1 1 1 1 1
o, X Imb’l, +M1d1,cl X (mb’l, X vb’l,)

This complex expression can be evaluated quickly if the termwise expressions are com-
puted and substituted, such that

1. . .
@1~ X dLC1 = §L1(191 + 0,)y;,

1. . .
@y X (@,,- Xd; )= _ELI(GI +60,)*x,,
@y - XVp1- = —L,0,(6; + 6,)x,,

X Y1 Z,

. . 1
Ay X (@, XVy) = (Lo @ +6,)| ZL 0 0],

cosf;, —sinf; 0

= %L1L292(91 + 0,)sin 0,z,.

This calculation employs the fact that @, - = (0, + 6,)z; = (0, + 0,)z,, v;,;- = L,0,Y,,

and d; = élel. The inertial force P takes its final form upon substitution of these
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immediate results,

—%MILI(GI 1 0,)2 — M, L,0,(0, + 0,) cos 0,
M, L,0,(0, + 6,)sin 6,

0
P, = - (4.69)
0

0

%M1L1L292(91 +0,)sin 0,
Finally, Equations (4.68) and Equation (4.69) are added. After cancelling like terms, the
result

a 3

—M,L,0? cos 0, + M,L,0,sin 6, — %MILI(QI +6,)*

M,L,62 sin 0, + M,L,0, cos 0, + %MlLl(é1 +0,)
0

MAT + P =S >

0

0

L0, + 0,) + %M1L1L29§ sin @, + %M1L1L2é2 cos 6,

(4.70)

is the same expression as the one derived via direct application of first principles in
Equation (4.67).

4.8 Recursive Derivation of the Equations of Motion

Sections 3.3.5, 3.4.3, and 4.7.1 have shown that the forward kinematics problem for
either velocities or accelerations, as well as the calculation of joint forces or torques,
can be solved efficiently via recursive order (N) algorithms. This section will show that
the equations of motion for robotic systems that form a kinematic chain as depicted in
Figure 3.20 and 3.21 can be written in terms of constituent matrices that were introduced
in Sections 3.4.1, 3.4.3, and 4.7.1. Reference [24] gives a comprehensive account of this
formulation, or see [14] for a similar discussion. The velocities and angular velocities for
the kinematic chain are collected in the 6 X 1 vector

v_ B { VbJ( }
k= k
Dy i
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where point k™ is attached to body k on the outward side of joint k. The terms v’; . arethe

components relative to the basis for the frame k of the velocity vector v, ;. The terms
a)’b‘ . are the components relative to the basis for the frame k of the angular velocity

vector @, ;-. Equation (3.13) can be written in terms of system vectors of unknowns as

V- =rTv-+H6, (4.71)
where the assembled system vectors V'~ and @ are defined as
vy 0,
v, 6
2 2 y 0 := ’ B
Vy Oy
and the system matrices I'” and H are defined as
[0 RZTJgozT’1 o ---0 0 i
0 o R§2¢£2 -2 0 0 H, 0 0
0 o0 o -0 0 0 H,--- 0
r’= . H:=
0 o0 o ---0 R;_Ln(p{[_LN 0 0 ---Hy
|0 O o ---0 0 i

The matrix I'” and its transpose I" will appear repeatedly in the derivatives that follow.
A similar equation can be obtained from Theorem 3.5 for the derivatives of the velocities
and angular velocities. The vectors A, that are used to formulate the kinematic problem
for the accelerations are defined to be

dt
d
—| (®
dt k( i)

The primary result in Section 3.4.3 as made explicit in Theorem 3.5 is that the deriva-
tives of the velocity and angular velocities satisfy the system equation

A =TTA +HO+ N,

where the system vectors A~ and N are defined as

(Vb,k)
A; = g

(4.72)

A7 N
A-

A = .2 and N := 2
A5 Ny

Finally, recall the definition of the 6 X 1 vector

fr
Fk_z{ : }

k

m;
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which contains the components relative to frame k of the force vectors f,_ and moments
m,_ that are applied at point k<~ on body k at the joint k. Equation (4.48) in Theorem
4.18 holds that the joint forces and moments satisfy the system equation

F-=TF +MA +P, (4.73)
where the system vectors 7~ and P, and system matrix M, are defined to be
Fr P, M, 0 - 0
Fy P, 0 M,--- 0
Fo=3 "¢, P=4 "0 and M=
Fy Py 0 0 -+ My

The determination of the equations of motion for the kinematic chain depicted in
Figures 3.20 and 3.21 is straightforward once Equations (4.71), (4.72), and (4.73) are
derived. Equations (4.72) and (4.73) may be solved for A~ and F~, respectively, to obtain

A" =0-THYHI+ N), (4.74)

F-=10-I)"MA +P). (4.75)

Equation (4.74) is then substituted into (4.75) to obtain an expression for the joint forces
and torques

F =(0=I)*MU=THTHOI+ U= D) MU=TDHIN +P). (4.76)

In this equation, the vector 7~ contains the joint forces and moments acting on each
body in the kinematic chain.

The final equations of motion for the kinematic chain are obtained by noting that all of
the forces and moments that act on the individual joints of the body can be decomposed
into constraint forces and moments ¥ and actuation torques as

H, 0 -~ 0](T,
0 H,--- 0 [|T,
=l _ ST (4.77)

0 0 - Hy |l T

=HT +F],
where T}, is the actuation torque generated about the axish, fork = 1, ..., M. The system
vector of actuation torques has been introduced into this equation as
Tl
T,
T =
Ty

By definition, the constraint forces and moments 7 are orthogonal to the actuation

torques. Since the direction of the k”* actuation torque is given by h,, the condition
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that the constraint forces are perpendicular to the actuation forces and moments can be
written as

HTF =0.
Equation (4.77) can be premultiplied by H7 to utilize this orthogonality condition and

obtain the equation

T=HHT+H'F, =H"F". (4.78)
—— )
! 0
This equation calculates the projection of all of the joint forces and moments along the
direction of the actuation torques. Recall that each h; is a unit vector by definition, which
guarantees that

HIH =1,

with [ an appropriately dimensioned identity matrix. The final equations of motion for
the robotic system can be obtained by combining Equations (4.76) and (4.78) to attain

HIO-T)y " MU-T)yTHO+ HTQ - T " MU - ITNTP)=T.

4.9 Problems for Chapter 4, Newton-Euler Equations

4.9.1 Problems on Linear Momentum

Problems (4.1), (4.2), and (4.3) refer to the robotic manipulator shown in Figures 4.35
and 4.36. This robot has revolute joints about the z,, z,, and z, axes. The joint variables
0,, 6,, and 6, are measured about the z,, z,, and z, axes, respectively. In each case the
angle 6, is measured from the positive x;_; axis to the positive x; axis, fori = 1,2, 3.

Xo Yo

Figure 4.35 PUMA robot frame definitions.
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Z3

- Xp Yo

Figure 4.36 PUMA robot joint and mass center offsets.

Problem 4.1. Compute the linear momentum in the 0 frame of link 1, the shoulder, for
the robot shown in Figures 4.35 and 4.36. Express your answer in terms of the basis for
the 1 frame and 0 frame.

Problem 4.2. Compute the linear momentum in the 0 frame of link 2, the inner arm, for
the robot shown in Figures 4.35 and 4.36. Express your answer in terms of the basis for
the 2, 1 and O frames.

Problem 4.3. Compute the linear momentum in the 0 frame of link 3, the outer arm, for
the robot shown in Figures 4.35 and 4.36. Express your answer in terms of the basis for
the 3, 2, 1 and the 0 frames.

Problems (4.4), (4.5), and (4.6) refer to the SCARA robot shown in Figures 4.37 and
4.38. This robotic manipulator has two revolute joints about the z, and z, directions
and a prismatic joint along the z, direction. The joint variables 6, and 6, are measured

Figure 4.37 SCARA robot frame definitions.
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Ly

Xo Yo
Figure 4.38 SCARA robot joint and mass center offsets.

about the z, and z, axes, respectively. In each case the angle 0, is measured from the
positive x;_; axis to the positive x; axis, for i = 1, 2.

Problem 4.4. Compute the linear momentum in the 0 frame of link 1, the inner arm, for
the robot shown in Figures 4.37 and 4.38. Express your answer in terms of the basis for
the 1 frame and 0 frame.

Problem 4.5. Compute the linear momentum in the 0 frame of link 2, the outer arm, for
the robot shown in Figures 4.37 and 4.38. Express your answer in terms of the basis for
the 2, 1, and O frames.

Problem 4.6. Compute the linear momentum in the 0 frame of link 3, the tool carriage,
for the robot shown in Figures 4.37 and 4.38. Express your answer in terms of the basis
for the 3, 2, 1, and 0 frames.

Problems (4.7), (4.8), and (4.9) refer to the robotic manipulator shown in Figures 4.39
and 4.40. This robotic manipulator has a revolute joint along the z, direction, and it has a

z, W;ZL

23’ Z,

Figure 4.39 Cylindrical robot frame definitions.
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2 L(t)

e ~~~~~
Hs V& d
Ya X4
23,24

Figure 4.40 Cylindrical robot joint and mass center offsets.

prismatic joints along the z,, z,, and z, directions. The tool carriage, which is not shown,
has its center of mass located at point . The joint variable 6, is measured about the z,
axis. The angle 6, is measured from the positive x, axis to the positive x, axis. The height
H(¢) from the point g to the point r is the joint variable measuring displacement along
the z, axis, the length L(¢) from the point r to the point s is the joint variable measuring
displacement along the z, direction, and the distance d(£) from the point s to the point
t is the joint variable along the z, axis.

Problem 4.7. Compute the linear momentum in the 0 frame of link 1, the vertical arm,
for the robot shown in Figures 4.39 and 4.40. Express your answer in terms of the basis
for the 1 and 0 frames.

Problem 4.8. Compute the linear momentum in the 0 frame of link 2, the horizontal
arm, for the robot shown in Figures 4.39 and 4.40. Express your answer in terms of the
basis for the 2, 1, and O frames.

Problem 4.9. Compute the linear momentum in the 0 frame of link 3, the tool carriage,
for the robot shown in Figures 4.39 and 4.40. Express your answer in terms of the basis
for the 4, 3,2, 1, and O frames.

4.9.2 Problems on the Center of Mass

Problem 4.10. Figure 4.41a depicts the terminal component in an industrial robot.
Assume that the mass density is uniform and that the body can be approximated as the
union of two cylinders having radii and lengths (R, L,) and (R,, L,). The location of the
center of mass of each cylinder is shown in the figure. Find the mass center of this
composite rigid body.

Problem 4.11. Figure 4.42a depicts the fixed base of a robotic assembly. Assume
that the mass density is uniform and can be approximated as the union of a cylinder
with radius and length (R,,L,) and a rectangular prism of dimensions (L,, W,, H,),
as shown in 4.42b. The location of the center of mass of each cylinder is also shown
in Figure 4.42b. Find the mass center of this composite rigid body relative to the X
frame.
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Cylinder
R‘]! L1

Figure 4.42 Industrial robot fixed base component. (a) Detailed design. (b) Geometric primative.

Problem 4.12. Figure 4.43a depicts the mounting bracket for an industrial robot.
Assume that the mass density is uniform and can be approximated as the union of three
rectangular prisms. The location of the center of mass of each is shown in Figures 4.43a
and 4.43b. Find the mass center of this composite rigid body.

Problems (4.13) and (4.14) study a two link robot that consists of link 1 and 2, as shown
in Figures 4.44a and 4.44b. The center of mass coordinates of link 1 with respect to frame
1 are (-« Y, ,0), and the center of mass coordinates of link 2 with respect to frame 2
are (—xcz, 0, Zc2)~

Problem 4.13. The two link robot in Figure 4.44a is locked in the horizontal configura-
tion shown. At the instant shown, assume that §; = 0°, or x, = x;. Calculate the location
of the center of mass of the robot in this configuration in terms of the frame 1.
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Figure 4.43 Industrial robot mounting bracket component. (a) Detailed design. (b) Geometric
primative.

Figure 4.44 Links 1 and 2 of an industrial robot. (a) Horizontal configuration. (b) Vertical configuration.

Problem 4.14. The two link robot in Figure 4.44b is locked in the vertical configuration
shown. As the instant shown, assume that §; = 90°, or x, = —y, at the instant shown.

Calculate the location of the center of mass of the robot in this configuration in terms
of frame 1.

4.9.3 Problems on the Inertia Matrix

Problem 4.15. Consider the rigid body studied in Problem (4.10). Assume the origin
of frame X (point x) is located along the axis of cylinder 2 and x, is parallel to the axis
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of cylinder 1. Use symmetry arguments to show that the form of the inertia matrix about
the point x relative to the X frame is given by

I, 00
'=|01, 0
0 0 I

In other words, use symmetry arguments to show that the X frame defines a set of prin-
cipal axes for the composite body. Derive the entries of this matrix by using the parallel
axis theorem for each of the components of this composite body.

Problem 4.16. Consider the rigid body studied in Problems (4.10) and (4.15). Calculate
the inertia matrix relative to axes parallel to the X frame but whose origin is at the center
of mass of the composite body.

Problem 4.17. Consider the rigid body studied in Problem (4.12). Use symmetry argu-
ments to show that the form of the inertia matrix about the point x (the origin of frame
X) relative to frame X is given by

I, 00
'=|01,0
0 0 I

In other words, use symmetry arguments to show that the X frame defines a set of prin-
cipal axes for the composite body. Derive the entries of this matrix by using the parallel
axis theorem for each of the components of this composite body.

Problem 4.18. Consider the rigid body studied in Problems (4.12) and (4.17). Calculate
the inertia matrix relative to axes parallel to the X frame but whose origin