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Preface

The Lie method (the terminology “the Lie symmetry analysis” and “the group
analysis” are also used) is based on finding Lie’s symmetries of a given dif-
ferential equation and using the symmetries obtained for the construction of
exact solutions. The method was created by the prominent Norwegian mathe-
matician Sophus Lie in the 1880s. It should be pointed out that Lie’s works on
application Lie groups for solving PDEs were almost forgotten during the first
half of the 20th century. In the end of the 1950s, L.V. Ovsiannikov, inspired
by Birkhoff’s works devoted to application of Lie groups in hydrodynamics,
rewrote Lie’s theory using modern mathematical language and published a
monograph in 1962, which was the first book (after Lie’s works) devoted fully
to this subject. The Lie method was essentially developed by L.V. Ovsian-
nikov, W.F. Ames, G. Bluman, W.I. Fushchych, N. Ibragimov, P. Olver, and
other researchers in the 1960s–1980s. Several excellent textbooks devoted to
the Lie method were published during the last 30 years; therefore one may
claim that it is the well-established theory at the present time. Notwithstand-
ing the method still attracts the attention of many researchers and new results
are published on a regular basis. In particular, solving the so-called problem
of group classification (Lie symmetry classification) still remains a highly non-
trivial task and such problems are not solved for several classes of PDEs arising
in real world applications.

Fractional calculus is an emerging field with ramifications and excellent
applications in several fields of science and engineering. During the first
attempt to think about what is derivative of order 1/2, stated by Leibniz
in 1695, it was considered as a paradox as mentioned by L’Hopital. Since then
the trajectory of the fractional calculus passed by several periods of intensive
development both in pure and applied sciences. During the last few decades
the fractional calculus has been associated with the power law effects and its
various applications. It is a natural question to ask if the fractional calculus,
as a non-local one, can produce new results within the well-established field
of Lie symmetries and their applications. In fact the fractional calculus was
associated with the dissipative phenomena; therefore it is a delicate question:
can we have conservation laws for fractional differential equations associated
to real world models?

In our book we try to answer to this vital question by analyzing, mainly,
some different aspects of fractional Lie symmetries and related conservation
laws. Also, finding the exact solutions of a given fractional partial differential

xi



xii Preface

equation is not an easy task but we present this issue in our book. The
book includes also a generalization of Lie symmetries for fractional integro-
differential equations. Nonclassical Lie symmetries are discussed for fractional
differential equations. Moreover, the invariant subspace method is considered
to find the exact solutions of some fractional differential equations. In the
present book, we assume the reader to be familiar with preliminaries of Lie
symmetries for integer order differential equations.

The structure of the book is as follows. The book consists of five chapters
as it is given below. In order to make the readers understand easily the topic
of Lie symmetries and their applications, in Chapter 1, we show briefly the
classical, nonclassical symmetries and the conservation laws of some specific
problems with integer order. Next, in Chapter 2, we discuss the Lie symmetries
of fractional differential equations and exact solutions with invariant subspace
methods. Chapter 3 focuses on Lie symmetries of fractional integro-differential
equations. The nonclassical Lie symmetry analysis of fractional differential
equations is described in Chapter 4. The self-adjointness and conservation
laws of fractional differential equations are considered in Chapter 5.

We believe that our book will be useful for PhD and postdoc graduates as
well as for all mathematicians and applied researchers who use the powerful
concept of Lie symmetries.
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Chapter 1

Lie symmetry analysis of integer
order differential equations

This chapter deals with the classical and nonclassical Lie symmetry analysis
of some integer order differential equations. Finding the exact solutions of
differential equations is an interesting field of many researchers. The Lie sym-
metry method is one of the most powerful and popular ones which can analyze
different types of differential equations. In the last decade, various interesting
textbooks have discussed the Lie symmetry analysis of integer order differ-
ential and integro-differential equations, e.g., [59, 94, 131, 150, 29]. Various
classical concerns about Lie symmetries are discussed in these textbooks; so
we avoid the preliminaries of the Lie symmetries. This chapter discusses the
application of the Lie symmetry method and conservation laws for some inte-
ger order differential equations. However, some new and different approaches
such as the Nucci’s method [143, 89, 13, 129] are investigated. Among ana-
lytical methods for differential equations, the invariant subspace method is
a very close one to the invariance theory, which plays an important role in
the Lie symmetry analysis. We refer the interested readers to this topic in
[60, 166, 80, 40, 12, 65, 122].

1.1 Classical Lie symmetry analysis

Various types of Lie symmetry method have been introduced up to now,
e.g., classical [63, 120, 123, 42, 189, 153, 159, 158, 39, 91], nonclassical [32,
140, 139, 88] and approximate [58, 46, 93] Lie symmetries. Moreover, there
are some numerical methods which are based upon Lie groups [76, 168, 10, 9,
82, 73, 4, 2, 70, 78, 79, 86, 74]. Briefly, a symmetry of a differential equation
is a transformation which maps every solution of the differential equation to
another solution of the same equation.

Here, we present some preliminaries of Lie Groups and Transformation
Groups. The main ingredients for this section are the algebraic concept of a
group and the differential-geometric notion of a smooth manifold. The term
smooth constrains the overlap functions of any coordinate chart to be C∞

1



2 Lie Symmetry Analysis of Fractional Differential Equations

functions. The following definition is the foundation of Lie symmetry methods
for differential equations.

Definition 1 (Lie group) A set G is called a Lie Group if there is given a
structure on G satisfying the following three axioms.
i) G is a group.
ii) G is a smooth manifold.
iii) The group operations

G×G→ G
(g,h)→g.h

, G→ G
g→g−1

,

are smooth functions.

When the dimension of G is r, we call this group an r-parameter Lie group.

Definition 2 (Lie Transformation Groups) Let M be a n-dimensional
smooth manifold and G a Lie group. An action T of the group G on M
is a smooth mapping

T : G×M→M
T (g,x)≡gx→x̄

with the following properties:

T (e, x) = x, T (a, T (b, x)) = T (ab, x)

for any x ∈ M, g, a, b ∈ G, e ∈ G the unit element. Then G is called a Lie
transformation group of the manifold M.

It is well known that the applications of symmetry groups to differential
equations include:

• mapping solutions to other solutions

• integration of ordinary differential equations in formulas

• constructing invariant (similarity) solutions, that is, solutions which are
invariant under the action of a subgroup of the admitted group

• detection of linearizing transformations.

To carry out any of these, a true technique for finding symmetries of differential
equations is needed. As a general idea, one could insert an arbitrary change
of variables into the equation and then impose the new variables to satisfy
the same differential equation. This earns a number of differential equations
(determining equations) to be satisfied by the transformation. This direct
approach is too drastic to be of much use: determining equations may be
derived, but solving such a large system of nonlinear equations is usually out
of the question. The crucial understanding of Lie was that this problem could
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prevail by considering the ‘infinitesimal’ action of the group. In order to define
the infinitesimals, we defined a one-parameter Lie group of the form

x̄ = F (x; ε), (1.1)

where ε is the group parameter, which, without loss of generality, will be
assumed to be defined in such a way that the identity element ε0 = 0. Hence

x = F (x; ε)|ε=0. (1.2)

Definition 3 (Infinitesimal Transformation) Given a one parameter Lie
group of transformation (1.1), we expand x̄ = F (x; ε) into its Taylor series in
the parameter ε in a neighborhood of ε = 0. Then, making use of the fact (1.2),
we obtain what is called the infinitesimal transformations of the Lie group of
transformation (1.1):

x̄ = x+ εξ(x) +O(ε2), (1.3)

where

ξ(x) =
∂x̄

∂ε
|ε=0. (1.4)

The components of the vector ξ(x) = (ξ1(x), ξ2(x), . . . , ξn(x)) are called the
infinitesimals of (1.1).

Definition 4 (Infinitesimal generator) The operator

V =

n∑
i=1

ξi(x)
∂

∂xi
(1.5)

is called the infinitesimal generator (operator) of the one-parameter Lie group
of transformations (1.1), where x = (x1, x2, . . . , xn) ∈ Rn and ξ(x) =
(ξ1(x), ξ2(x), . . . , ξn(x)) are the infinitesimals of (1.1)

Besides, each constant in a one-parameter Lie group of transformations leads
to a symmetry generator (which is a linear operator). These symmetry gen-
erators belong to a one-dimensional linear vector space in which any linear
combination of generators is also a linear operator and the way of ordering
generators is not important, that is, the symmetry group of transformation
commutes, and this leads to the additional structure in the mentioned vector
space called the commutator.

Definition 5 Let G be the one-parameter Lie group of transformations (1.1)
with the symmetry generators Vi, i = 1, 2, . . . , r given by (1.5). The commu-
tator (Lie bracket) [., .] of two symmetry generators Vi, Vj is the first order
operator generated as follows

[Vi, Vj ] = ViVj − VjVi.
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Definition 6 (Lie algebra) A Lie algebra L is a vector space over a field F
with a given bilinear commutation law (the commutator) satisfying the prop-
erties

1. Closure:
For X,Y ∈ L it follows that [X,Y ] ∈ L.

2. Bilinearity:
[X,αY + βZ] = α[X,Y ] + β[X,Z], α, β ∈ F, X, Y, Z ∈ L.

3. Skew-symmetry:
[X,Y ] = −[Y,X].

4. Jacobi identity:
[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0.

Now, after brief preliminaries of the Lie symmetry method, we illustrate this
technique by different integer order differential equations.

1.1.1 Lie symmetries of the Fornberg-Whitham equation

The Fornberg-Whitham equation (FWE)[53, 84],

ut − uxxt + ux + uux = 3uxuxx + uuxxx , (1.6)

has appeared in the study of qualitative behaviors of wave breaking, which is a
nonlinear dispersive wave equation. In 1978, Fornberg and Whitham obtained
a peaked solution of the form u(x, t) = A exp{−1

2 |x −
4
3 t|}, where A is an

arbitrary constant. Zhou et al. [190] have found the implicit form of a type of
traveling wave solution called kink-like wave solutions and antikink-like wave
solutions. After that, they found the explicit expressions for the exact traveling
wave solutions, peakons and periodic cusp wave solutions for the FWE [191].
Tian et al. [173], under the periodic boundary conditions, have studied the
global existence of solutions to the viscous FWE in L2. The limit behavior
of all periodic solutions as the parameters trend to some special values was
studied in [186]. F. Abidi et al. [5] have successfully applied the homotopy
analysis method to obtain the approximate solution of FWE and compared
those to the solutions given by Adomian decomposition method.
The symmetry groups of the FWE will be generated by the vector field of the
form

X = ξ1(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ φ(t, x, u)

∂

∂u
. (1.7)

The result shows that the symmetry of Eq. (1.6) is expressed by a finite
three-dimensional point group containing translation in the independent vari-
ables and scaling transformations. The group parameters are denoted by ki for
i = 1, 2, 3 and characterize the symmetry of equation. Actually, we find that



Lie symmetry analysis of integer order differential equations 5

Eq. (1.6) admits a three-dimensional Lie algebra L3 of its classical infinitesimal
point symmetries generated by the following vector fields:

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = t

∂

∂x
+

∂

∂u
.

Obviously, the Lie algebra of (1.6) is solvable and from the adjoint represen-
tation of the symmetry Lie algebra the optimal system of one-dimensional
subalgebras corresponds to (1.6) which can be expressed by

X1, X2, αX1 +X3,

where α ∈ {−1, 0, 1}.

1.1.1.1 Similarity reductions and exact solutions

In order to reduce PDE (1.6) to a system of ODEs with one independent
variable, we construct similarity variables and similarity forms of field vari-
ables. Using a straightforward analysis, the characteristic equations used to
find similarity variables are:

dt

ξ1
=
dx

ξ2
=
du

φ
. (1.8)

Integration of first order differential equations corresponding to pairs of equa-
tions involving only independent variables of (1.8) leads to similarity variables.
We distinguish four cases:
Case 1: For the generator X1, we have:

u(t, x) = S(ζ), ζ = x,

where S(ζ) satisfies the following ODE:

S′ + SS′ − 3S′S′′ − SS(3) = 0, (1.9)

that admits the only Lie symmetry operator ∂
∂ζ . Instead of using the usual

method based on invariants we apply a more direct method, namely the reduc-
tion method [143, 142, 145, 146, 128, 89]. Obtaining the first integrals of ODEs
is often sophisticated work as shown in [137]. However, using the mentioned
reduction method, the first integrals of the reduced ODEs are easily obtained.
Equation (1.9) can be written as an autonomous system of three ODEs of first
order, i.e., 

w′1 = w2,
w′2 = w3,

w′3 =
w2 + w1w2 − 3w2w3

w1
,

(1.10)

using the obvious change of dependent variables

w1(ζ) = S(ζ), w2(ζ) = S′(ζ), w3(ζ) = S′′(ζ).
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Since this system is autonomous, we can choose w1 as a new independent
variable. Then system (1.10) becomes the following nonautonomous system of
two ODEs of first order: 

dw2

dw1
=
w3

w2
,

dw3

dw1
=

1 + w1 − 3w3

w1
.

(1.11)

We can integrate from the second equation:

w3 =
12a1 + 3w4

1 + 4w3
1

12w3
1

, (1.12)

with a1 an arbitrary constant. This solution obviously corresponds to the
following first integral of equation (1.9):

S(ζ)3

12

(
12S′′(ζ)− 3S(ζ)− 4

)
= a1.

Substituting (1.12) into (1.11) yields

dw2

dw1
=

12a1 + 3w4
1 + 4w3

1

12w3
1w2

;

that is a separable first order equation too. Therefore, the general solution is

w2 =

√
−12a1 + 12a2w2

1 + 3w4
1 + 8w3

1

18w2
1

, (1.13)

with a2 an arbitrary constant. Replacing a1 into this expression in terms of
the original variables S and ζ yields another first integral of equation (1.9):

2S(ζ)S′′(ζ) + 2 (S′(ζ))
2 − S2(ζ)− 2S(ζ)

2
= a2.

Finally, we replace (1.13) from (1.10) into the first equation of system (1.10)
that becomes the following separable first-order equation

r′1 = p

√
−2a1 + a2(p+ q − 2a1)r1 − (p+ q)r2

1

pr1
,

and its general solution is implicitly expressed by∫ √
18w2

1

−12a1 + 12a2w2
1 + 3w4

1 + 8w3
1

dw1 = ζ + a3,

and replacing w1 with S(ζ) yields the general solution of (1.9).
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An explicit subclass of solutions can be obtained if one assumes a1 = 0.
Thus

u(t, x) =
16− 36a2 + e±(x+a3) − 8e±( x+a32 )

6e±( x+a32 )
.

Case 2: The solution obtained from generator X2 is trivial. Thus, we find
the traveling wave solution which is achievable from generator X1 +X2. The
similarity variable related to X1 +X2 is

u(t, x) = S(ζ), ζ = x− t,

where S(ζ) satisfies the following equation:

(1− S)S′′′ + SS′ − 3S′S′′ = 0. (1.14)

Eq. (1.14) admits the only generator ∂
∂ζ . Therefore it is not possible to

solve it by current Lie symmetry methods and we apply the reduction method.
This equation transforms into the following autonomous system of first order
equations, i.e., 

w′1 = w2,
w′2 = w3,

w′3 =
(3w3 − w1)w2

1− w1
,

(1.15)

by the change of dependent variables

w1(ζ) = S(ζ), w2(ζ) = S′(ζ), w3(ζ) = S′′(ζ).

Similar to Case 1, let us choose w1 as the new independent variable. Then
(1.15) yields: 

dw2

dw1
=
w3

w2
,

dw3

dw1
=

(3w3 − w1)

1− w1
.

(1.16)

The second equation of (1.16) is linear and therefore we have

w3 =
12a1 + 3w4

1 − 8w8
1 + 6w2

1

12w3
1 − 36w2

1 + 36w1 − 12
, (1.17)

and substituting in the other equation of (1.16) yields:

dw2

dw1
=

12a1 + 3w4
1 − 8w3

1 + 6w2
1

12w2 (w3
1 − 3w2

1 + 3w1 − 1)
. (1.18)

Replacing a1 into this expression in terms of the original variables S and
ζ yields a first integral of equation (1.14) as:

S′′
(
12S3 − 36S2 + 36S − 12

)
− 3S4 + 8S3 − 6S2

12
= a1.
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Eq. (1.18) is separable and the solution is given by

w2 =

√
−12a1 + 12a2w2

1 − 24a2w1 + 12a2 + 3w4
1 − 4w3

1 − w2
1 + 2w1 − 1

12 (w1 − 1)
2 ,

(1.19)
where a2 is another first integral of equation (1.14) as following:

SS′′ − S′′ + (S′)2 +
1− 6S2

12
= a2.

An implicit solution of Eq. (1.14) can be obtained from substituting (1.19) into
the first equation of (1.15) and one time integration. However, in a special case,
taking a1 = 0 and a2 = 1

12 we have

S
[√

3(4− 3S) + 4
√
S(3S − 4) ln

(
6
√
S + 2

√
9S − 12

)]
√
S3(3S − 4)

= ζ + a3.

Back substitution of variables yields another solution of the Eq. (1.6).

Case 3: For the linear combination X = αX1 + X3, we are just able to
find the invariant solution with respect to α = 0. Similarity variables of X3

are:
u(t, x) =

x

t
+ S(ζ), ζ = t, (1.20)

where S(ζ) admits the following equation:

ζS′ + S + 1 = 0; (1.21)

therefore,

S(ζ) = −1 +
c

ζ
;

thus, we get

u(t, x) =
x− t+ c

t
. (1.22)

1.1.2 Lie symmetries of the modified generalized
Vakhnenko equation

Now, we apply the Lie group analysis to the so-called modified generalized
Vakhnenko equation (mGVE) [89]:

∂

∂x

(
D2u+

1

2
pu2 + βu

)
+ qDu = 0,

(
D :=

∂

∂t
+ u

∂

∂x

)
, (1.23)

where p, q and β are arbitrary nonzero constants. This equation was introduced
by Morrison and Parkes in 2003 [135]. There the N-soliton solution of the
mGVE1 was found if p = 2q.

1Actually Morrison and Parkes introduced equation (1.23) but they named it mGVE in
the case p = 2q only.
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TABLE 1.1: Commutator table of Eq. (1.23)

[., .] V1 V2 V3

V1 0 0 pV1 − 2βV2

V2 0 0 −pV2

V3 −pV1 + 2βV2 pV2 0

The Vakhnenko equation (VE) can be obtained from the mGVE if p = q =
1 and β = 0, while the generalized Vakhnenko equation (GVE) corresponds
to p = q = 1 and β arbitrary. We consider a one-parameter Lie group of
infinitesimal transformations with independent variables t, x and dependent
variable u 

t∗ = t+ εξ1(t, x, u) +O(ε2),

x∗ = x+ εξ2(t, x, u) +O(ε2),

u∗ = u+ εφ(t, x, u) +O(ε2),

where ε is the group parameter. The associated Lie algebra of infinitesimal
symmetries is the set of vector fields of the form

V = ξ1(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ φ(t, x, u)

∂

∂u
. (1.24)

If Pr(3)V denotes the third prolongation of V then the invariance condition

Pr(3)V (F )|F=0 = 0,

with

F :=
∂

∂x

(
D2u+

1

2
pu2 + βu

)
+ qDu,

yields an overdetermined system of linear PDEs in ξ1, ξ2 and φ. We found that
equation (1.23) admits a three-dimensional Lie symmetry algebra L spanned
by the following generators:

V1 =
∂

∂t
, V2 =

∂

∂x
, V3 = pt

∂

∂t
− (px+ 2βt)

∂

∂x
− (2β + 2pu)

∂

∂u

with commutator Table 1.1. This algebra corresponds2 to A3,4 in the classifi-
cation by Patera and Winternitz [155] with the following identification:

e1 = −β
2
V2, e2 = pV1 − βV2, e3 = −1

p
V3.

2Although as early as 1897 Bianchi [27] gave the classification of all solvable and non-
solvable real algebras of vector fields in the real space as it was stressed in [35], and in 1963
[138] Mubarakzjanov classified the subalgebras of solvable three- and four-dimensional Lie
algebras – a paper that regretfully has never been translated into English – we related our
notation to a widely available and more cited paper by Patera and Winternitz [155], that
also contains the classification of the subalgebras of nonsolvable three- and four-dimensional
Lie algebras.
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Then the nonzero conjugacy classes of its subalgebras are:
• two-dimensional

L1,2 = 〈e1, e3〉, L2,2 = 〈e2, e3〉, L3,2 = 〈e1, e2〉.

• one-dimensional

L1,1 = 〈e1〉, L2,1 = 〈e2〉, L3,1 = 〈e3〉, L4,1(ε) = 〈e1 + εe2〉, with ε = ±1.

Each one-dimensional subalgebras reduce equation (1.23) to an ODE as we
show next.
• Subalgebra L1,1

This subalgebra is spanned by

e1 = −β
2

∂

∂x

and the corresponding invariant surface condition is ux = 0. Therefore sub-
stituting u(t, x) = F (t) in (1.23) yields

F ′(t) = 0⇒ u(t, x) = C,

namely a trivial solution.
• Subalgebra L2,1

This subalgebra is spanned by

e2 = p
∂

∂t
− β ∂

∂x
.

The reduced equation for this subalgebra is

(β + pF )
2
F ′′′ + 2p (β + pF )F ′F ′′ + p2(p+ q)FF ′ + pβ(p+ q)F ′ = 0, (1.25)

with similarity independent variable ξ = x + β
p t and similarity dependent

variable F such that u(t, x) = F (ξ).
Equation (1.25) admits a two-dimensional Lie symmetry algebra spanned by
the following operators

X1 =
∂

∂ξ
, X2 = ξ

∂

∂ξ
+ 2(F +

β

p
)
∂

∂F
,

and consequently it can be reduced to a first-order ODE. Instead of using the
usual method based on invariants we apply a more direct method, namely
the Nucci’s reduction method [142]. Equation (1.25) can be written as an
autonomous system of three ODEs of first order, i.e.,

w′1 = w2,
w′2 = w3,

w′3 = −2pw2w3 + p(p+ q)w2

β + pw1
,
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by means of the obvious change of dependent variables

w1(ξ) = F (ξ), w2(ξ) = F ′(ξ), w3(ξ) = F ′′(ξ).

In order to simplify the third equation we introduce the new dependent vari-
able r1(ξ) = β + pw1(ξ) such that the system becomes

r′1 = pw2,
w′2 = w3,

w′3 = −2pw2w3 + p(p+ q)w2

r1
.

(1.26)

Since this system is autonomous we can choose r1 as a new independent
variable. Then system (1.26) becomes the following nonautonomous system of
two ODEs of first order: 

dw2

dr1
=

w3

pw2
,

dw3

dr1
= −p+ q + 2w3

r1
.

(1.27)

The second equation is independent from the first equation in (1.27) and also
separable: therefore we can integrate it, i.e.,

w3 =
a1

r2
1

− (p+ q), (1.28)

with a1 an arbitrary constant. This solution obviously corresponds to the
following first integral of equation (1.25):

ξ2
(
F ′′(ξ) +

p+ q

2

)
= a1.

Substituting (1.28) into (1.27) yields

dw2

dr1
=

2a1 − (p+ q)r2
1

2pr2
1w2

.

That is a separable first-order equation too and therefore the general solution
is

w2 =

√
−2a1 + a2(p+ q − 2a1)r1 − (p+ q)r2

1

pr1
, (1.29)

with a2 an arbitrary constant. Replacing a1 into this expression in terms of
the original variables F and ξ yields another first integral of equation (1.25):

2ξ2F ′′(ξ) + p
(
β + pF (ξ)

)
F ′2(ξ) + (p+ q)

(
p2F 2(ξ) + 2pβF (ξ) + ξ2 + β2

)(
β + pF (ξ)

)(
2ξ2F ′′(ξ) + (p+ q)ξ2 − (p+ q)

) = a2.
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Lastly, we replace (1.29) from (1.26) into the first equation of system (1.26)
that becomes the following separable first-order equation

r′1 = p

√
−2a1 + a2(p+ q − 2a1)r1 − (p+ q)r2

1

pr1
,

and its general solution is implicitly expressed by3

√
(p+ q)(Θ2 −Ψ2)r1

(p+ q)2
√
−pr1Ψ (2a1a2r1 + 2a1 + (p+ q)(r2

1 − a2r1))
×[

2Ψ× EllipticE

(√
Θ + Ψ

Λ + Ψ
,

√
Λ + Ψ

2Ψ

)
+

(2a1a2 − (p+ q)a2 −Ψ)× EllipticF

(√
Θ + Ψ

Λ + Ψ
,

√
Λ + Ψ

2Ψ

)]
= ξ + a3,

where

Λ = 2a1a2 − (p+ q)a2,

Θ = (p+ q)(2r1 − a2) + 2a1a2,

Ψ =
√

4a2
1a

2
2 − 4(p+ q)a1a2

2 + (p+ q)2a2
2 − 8(p+ q)a1,

and replacing r1 with β + pF (ξ) yields the general solution of (1.25).
An explicit subclass of solutions can be obtained if one assumes a1 = 0.

Thus

F (ξ) =
4(a2 − β)− p(p+ q)(ξ + a3)2

4p
,

and consequently the following is a class of solutions of (1.23),

u(t, x) =
4p(a2 − β)− (p+ q)(px+ pa3 + βt)2

4p2
.

• Subalgebra L3,1

This subalgebra is spanned by

e3 = −1

p
V3 = −t ∂

∂t
+
(
x+ 2

β

p
t
) ∂
∂x

+ 2
(
u+

β

p

) ∂
∂u
,

3Here we use the MAPLE elliptic integral notations defined by:

EllipticE(z, k) =

∫ z

0

√
1− k2t2
√

1− t2
dt, EllipticF(z, k) =

∫ z

0

1
√

1− t2
√

1− k2t2
dt.
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and its corresponding invariant surface condition,

−tut +
(
x+ 2

β

p
t
)
ux = 2

(
u+

β

p

)
,

yields

ξ = tx+
β

p
t2, u(t, x) =

F (ξ)

t2
− β

p
, (1.30)

as similarity variables.
Substituting (1.30) into (1.23) gives rise to the following third-order ODE

(ξ+F )2F ′′′+2(−ξ+ξF ′+FF ′)F ′′−2(F ′)2+2F ′+(p+q)FF ′+qξF ′−2qF = 0,
(1.31)

that does not possess any Lie point symmetry.
Yet two particular solutions can be found if we assume that F is a second-
degree polynomial in ξ. In fact the two solutions are

F1(ξ) =
q

p+ q
ξ − 2

q

(p+ q)2
, F2(ξ) = −p+ q

4
ξ2 − p+ q

p
ξ − (p+ q)2

p2q
,

which yield the following two solutions of (1.23):

u1(t, x) =
txpq + txq2 − βt2q − 2q − βt2p

(p+ q)2t2
,

and

u2(t, x) = − (p+ q)(β2qt4 + 2pqxβt3 + 4pqxt+ 4(p+ q)

4qp2t2

− x2p3 + 8pβ + qx2p2 + 4qβ

4p2
,

respectively.
• Subalgebras L4,1

Since these two subalgebras are spanned by

e1 + εe2 = εp
∂

∂t
− β(

1

2
+ ε)

∂

∂x
, (ε = ±1),

two cases have to be considered:

1. ε = −1
In this case the invariant surface condition yields the similarity variables
u(t, x) = F (ξ) with ξ = x + β

2p t that, substituted into (1.23), generates the
following autonomous third-order ODE:

(β+2pF )2F ′′′+4p(β+2pF )F ′F ′′+4p2(p+q)FF ′+2pβ(2p+q)F ′ = 0, (1.32)

that admits the Lie symmetry operator ∂
∂ξ only.
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We apply the reduction method to the equation (1.32) by considering the
following system of three first-order ODEs

w′1 = w2,
w′2 = w3,

w′3 = −4p(β + 2pw1)w2w3 + 4p2(p+ q)w1w2 + 2pβ(2p+ q)w2

(β + 2pw1)2
,

with
w1(ξ) = F (ξ), w2(ξ) = F ′(ξ), w3(ξ) = F ′′(ξ).

A simplification can be obtained by introducing the transformation r1(ξ) =
β + 2pw1(ξ) so that

r′1 = 2pw2,
w′2 = w3,

w′3 = −2βp2w2 + 2p2r1w2 + 2pqr1w2 + 4pr1w2w3

r2
1

.
(1.33)

If we choose r1 as the new independent variable, then (1.33) becomes a system
of two nonautonomous first-order ODEs, i.e.,

dw2

dr1
=

w3

2pw2
,

dw3

dr1
= −pβ + (p+ q)r1 + 2w3r1

r2
1

.
(1.34)

The second equation of (1.34) can immediately be solved, i.e.,

w3 =
2a1 − 2pβr1 − (p+ q)r2

1

2r2
1

, (1.35)

with a1 an arbitrary constant. This corresponds to the following first integral
of equation (1.32):(

F ′′(ξ) +
p+ q

2

)
(β + 2pF (ξ))2 + pβ(β + 2pF (ξ)) = const.

Substituting (1.35) into (1.34) yields:

dw2

dr1
=

2(a1 − pβr1)− (p+ q)r2
1

4pr2
1w2

,

that is easily solved to give

w2 =

√
2pβr1 (a2 − log(r1))− 2a1(1 + a2r1) + (p+ q)(a2r1 − r2

1)

2pr1
,
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with a2 an arbitrary constant. This corresponds to another first integral of
equation (1.32), i.e.,(
β

2
+ pF (ξ)

)(
3pβ + qβ + 2p(p+ q)F (ξ) +

(
β

2
+ pF (ξ)

)
F ′′(ξ)

)
= const.

Finally, replacing w2 into the first equation of system (1.33) yields the follow-
ing first-order ODE

r′1 = 2

√
p ((p+ q + 2pβ)a2 − (p+ q)r1) r1 − 2p(1 + a2r1)a1 − 2p2βr1 log(r1)

2r1
,

(1.36)
and therefore the last quadrature∫ √

2r1dr1√
p ((p+ q + 2pβ)a2 − (p+ q)r1) r1 − 2p(1 + a2r1)a1 − 2p2βr1 log(r1)

=
√

2ξ + a3.

If we assume β = 0 then an elliptic function is obtained.

2. ε = 1
In this case the invariant surface condition yields the similarity variables
u(t, x) = F (ξ) with ξ = x + 3β

2p t that, substituted into (1.23), yields the
following autonomous third-order ODE:

(3β + 2pF )2F ′′′ + 4p(3β + 2pF )F ′F ′′ + 4p2(p+ q)FF ′ + 2pβ(2p+ 3q)F ′ = 0,
(1.37)

that admits the Lie symmetry operator ∂
∂ξ only.

We apply the reduction method to equation (1.37) by considering the
following system of three first-order ODEs

w′1 = w2,
w′2 = w3,

w′3 = −4p(3β + 2pw1)w2w3 + 4p2(p+ q)w1w2 + 2pβ(2p+ 3q)w2

(3β + 2pw1)2
,

with
w1(ξ) = F (ξ), w2(ξ) = F ′(ξ), w3(ξ) = F ′′(ξ).

A simplification can be obtained by introducing the transformation r1(ξ) =
3β + 2pw1(ξ) so that

r′1 = 2pw2,
w′2 = w3,

w′3 =
2βp2w2 − 2p(p+ q)r1w2 − 4pr1w2w3

r2
1

.
(1.38)
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If we choose r1 as the new independent variable, then (1.38) becomes a system
of two nonautonomous first-order ODEs

dw2

dr1
=

w3

2pw2
,

dw3

dr1
=
pβ − (p+ q)r1 − 2w3r1

r2
1

.

(1.39)

The second equation of (1.39) can immediately be solved, i.e.,

w3 =
2a1 + 2pβr1 − (p+ q)r2

1

2r2
1

, (1.40)

with a1 an arbitrary constant. This corresponds to the following first integral
of equation (1.37) as:

F ′′(ξ)(3β + 2pF (ξ))2 + (3β + 2pF (ξ))(pβ + 3qβ + 2p(p+ q)F (ξ)) = const.

Substituting (1.40) into (1.39) concludes:

dw2

dr1
=

2(a1 + pβr1)− (p+ q)r2
1

4pr2
1w2

,

which is easily solved to give

w2 =

√
((p+ q − 2pβ)a2 − (p+ q)r1) r1 − 2a1(1 + a2r1) + 2pβr1 log(r1)

2pr1
,

with a2 an arbitrary constant. This corresponds to another first integral of
equation (1.37), i.e.,

−2
(
2p(p+ q)F − pβln(3β + 2pF ) + pF ′2 + (2p+ 3q)β + (3β + 2pF )F ′′

)
2(3β + 2pF )2F ′′ + (p+ q)(4p2F 2 − 1) + 3β2(p+ 3q) + 2pβ(1 + 4pF + 6qF )

= const.

Finally, replacing w2 into the first equation of system (1.38) yields the follow-
ing first-order ODE

r′1 = 2

√
p ((p+ q − 2pβ)a2 − (p+ q)r1) r1 − 2p(1 + a2r1)a1 + 2p2βr1 log(r1)

2r1
,

and therefore the last quadrature∫ √
r1dr1√

((p+ q − 3pβ)a2 − (p+ q)r1) r1 − 2(1 + a2r1)a1 + 2pβr1 log(r1)

=
√

2pξ + a3,
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which cannot be explicitly evaluated. If we assume β = 0, then an elliptic
function is obtained, i.e.,√

(p+ q)(Θ2 −Ψ2)r1

(p+ q)2
√
−pr1Ψ (2a1a2r1 + 2a1 + (p+ q)(r2

1 − a2r1))
×[

2Ψ× EllipticE

(√
Θ + Ψ

Λ + Ψ
,

√
Λ + Ψ

2Ψ

)
+

(2a1a2 − (p+ q)a2 −Ψ)× EllipticF

(√
Θ + Ψ

Λ + Ψ
,

√
Λ + Ψ

2Ψ

)]
= − 4√

2
ξ + a3,

where

Λ = 2a1a2 − (p+ q)a2,

Θ = (p+ q)(2r1 − a2) + 2a1a2,

Ψ =
√

4a2
1a

2
2 − 4(p+ q)a1a2

2 + (p+ q)2a2
2 − 8(p+ q)a1 .

1.1.3 Lie symmetries of the Magneto-electro-elastic
circular rod equation

The nonlinear Magneto-electro-elastic circular rod equation (MEE) circu-
lar rod [183, 87] reads:

utt − c2uxx −
c2

2
u2
xx −Nuttxx = 0, (1.41)

where c is the linear longitudinal wave velocity for a MEE circular rod and
N is the dispersion variable, both turning on the substance features as well
as the geometry of the rod. It is also assumed that the infinite homogeneous
MEE circular rod is made of composite BaTiO3-CoFe2O4 with different vol-
ume fractions of BaTiO3. The rod has a radius R = 0.05m. The material
features of the composite are approximated using the simple rule of mixture
according to the volume fraction. Some authors acquired traveling wave and
solitary wave solutions by using the different methods [105, 187].

Let us to consider a one-parameter Lie group of infinitesimal transforma-
tions (1.1.2) and associated vector field of the form (1.24).
If Pr(4)V denotes the fourth prolongation of V then the invariance condition
is

Pr(4)V (∆)|∆=0 = 0,

where ∆ := utt−c2uxx− c2

2 u
2
xx−Nuttxx, and yields the following determining

equations, which, from solving these equations, we get

ξ1 = C2 + tC7, ξ2 = C1, φ = C3 + xC4 + tC5 + xtC6 − (c2t2 + 2u+ x2)C7,
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where Ci, (i = 1, . . . , 7) are arbitrary constants. Thus the Lie symmetry
algebra admitted by Eq. (1.41) is spanned by the following five infinitesimal
generators

V1 =
∂

∂x
, V2 =

∂

∂t
, V3 =

∂

∂u
, V4 = x

∂

∂u
, V5 = t

∂

∂u
,

V6 = tx
∂

∂u
, V7 = t

∂

∂t
− (c2t2 + 2u+ x2)

∂

∂u
. (1.42)

Reduction 1. Similarity variables related to cV1 + V2 = c ∂∂x + ∂
∂t are

u(t, x) = F (ξ), where ξ = x− ct and satisfies the following equation:

(F ′′(ξ))2 + 2NF (4)(ξ) = 0. (1.43)

To find the exact solutions of Eq. (1.43), we first use G(ξ) = F ′′(ξ) to reduce
it in the following form:

G2(ξ) + 2NG′′(ξ) = 0. (1.44)

Here we want to apply the Nucci’s reduction method to Eq. (1.44). More
details of the reduction method can be found in [146, 128, 89, 84]. This equa-
tion transforms into the following autonomous system of first order, i.e.,

w′1 = w2,

w′2 = − w
2
1

2N
,

(1.45)

by the change of dependent variables

w1(ξ) = G(ξ), w2(ξ) = G′(ξ).

Let us choose w1 as the new independent variable. Then (1.45) yields:

dw2

dw1
= − w2

1

2Nw2
. (1.46)

From one time integration of (1.46) we have

w2 =

√
6Na1 − w3

1

3N
. (1.47)

In this step we return the w1 as a dependent variable, i.e., w1 = w1(ξ). There-
fore by putting (1.47) in (1.45) we have a separable first order equation

w′1 =

√
6Na1 − w3

1

3N
,

from which its implicit solution is easily obtainable. In a special case, by
supposition a1 = 0 an explicit solution can be obtained as follows:

w1(ξ) = − 12N

ξ2 + 2
√

3a2ξ + 3a2
2

,
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or

F ′′(ξ) = − 12N

ξ2 + 2
√

3a2ξ + 3a2
2

,

which leads to
F (ξ) = a3 + a4ξ + 12N ln(3a2 +

√
3ξ),

and hence

u(t, x) = a3 + a4(x− ct) + 12N ln
(

3a2 +
√

3(x− ct)
)
.

Reduction 2. In this case we consider the generator

V1 + V2 + V3 =
∂

∂t
+

∂

∂x
+

∂

∂u
, (1.48)

with corresponding similarity variables:

u(t, x) = t+ F (ξ), ξ = x− t. (1.49)

After substituting the similarity variables into (1.41) we find

2(1− c2)F ′′(ξ)− c2(F ′′(ξ))2 − 2NF (4)(ξ) = 0.

Similar to the previous case, after substituting F ′′(ξ) = G(ξ) in the above
ODE, we obtain

2(1− c2)G(ξ)− c2G2(ξ)− 2NG′′(ξ) = 0. (1.50)

Equation (1.50) transforms into the following autonomous system of first
order, namely 

w′1 = w2,

w′2 =
2(1− c2)w1 − c2w2

1

2N
,

(1.51)

by the change of dependent variables

w1(ξ) = G(ξ), w2(ξ) = G′(ξ).

Let us choose w1 as the new independent variable. Then (1.51) yields:

dw2

dw1
=

2(1− c2)w1 − c2w2
1

2Nw2
. (1.52)

From one time integration of (1.52) we have

w2 = ±
√

3w2
1 − 3c2w2

1 + 6Na1 − c2w3
1

3N
. (1.53)
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In this step we return the w1 as a dependent variable, i.e., w1 = w1(ξ). There-
fore by putting (1.53) in (1.51) we have a separable first order equation

w′1 = ±
√

3w2
1 − 3c2w2

1 + 6Na1 − c2w3
1

3N
,

from which its implicit solution is easily obtainable. In a special case, by
supposition a1 = 0 an explicit solution can be obtained as follows:

w1(ξ) = 3

(
1− 1

c2

)−1− tan

[
1

2

(
−
√
c2 − 1

N
ξ −

√
3 (c2 − 1)a2

)]2
 ,

or

F ′′(ξ) = 3

(
1− 1

c2

)−1− tan

[
1

2

(
−
√
c2 − 1

N
ξ −

√
3 (c2 − 1)a2

)]2
 ,

and owing to this fact we obtain

F (ξ) = a3 + a4ξ +
12N

c2
ln

[
cos

(
−
√
c2 − 1

N

(√
3Na2 − ξ

))]
.

Hence from (1.49) we obtain a general solution

u(t, x) = t+ a3 + a4(x− t) +
12N

c2
ln

[
cos

(
−
√
c2 − 1

N

(√
3Na2 − x+ t

))]
.

Reduction 3.
Now, we consider the generator

V1 + V2 + V4 =
∂

∂t
+

∂

∂x
+ x

∂

∂u
. (1.54)

Similarity variables related to (1.54) are

u(t, x) =
1

2

(
−t2 + 2tx+ 2F (ξ)

)
, ξ = x− t, (1.55)

where
2(1− c2)F ′′(ξ)− c2(F ′′(ξ))2 − 2

(
1 +NF (4)(ξ)

)
= 0.

If we take F ′′(ξ) = G(ξ) in the above ODE, we obtain

2(1− c2)G(ξ)− c2G2(ξ)− 2 (1 +NG′′(ξ)) = 0. (1.56)
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Equation (1.56) transforms into the following autonomous system of first
order, i.e., 

w′1 = w2,

w′2 =
2(1− c2)w1 − c2w2

1 − 2

2N
,

(1.57)

by the change of dependent variables

w1(ξ) = G(ξ), w2(ξ) = G′(ξ).

Let us choose w1 as the new independent variable. Then (1.57) yields:

dw2

dw1
=

2(1− c2)w1 − c2w2
1 − 2

2Nw2
. (1.58)

One time integration of (1.58) produces

w2 = ±
√

3w2
1 − 3c2w2

1 + 6Na1 − c2w3
1

3N
. (1.59)

In this step we return the w1 as a dependent variable, i.e., w1 = w1(ξ). There-
fore by putting (1.59) in (1.57) we have a separable first order equation

w′1 = ±
√

3w2
1 − 3c2w2

1 + 6Na1 − c2w3
1

3N
,

from which its implicit solution is easily obtainable as follows:

ξ − 3

∫ √
N

−18w1 + 9 (1− c2)w2
1 + 18Na1 − 3c2w3

1

dw1 = a2.

Reduction 4.

Now, we consider the generator

V1 + V5 + V6 =
∂

∂t
+ t

∂

∂u
+ tx

∂

∂u
.

Corresponding similarity variables are

u(t, x) = t

(
x+

x2

2

)
+ F (ξ), ξ = t,

where
−c2ξ (2 + ξ) + 2F ′′(ξ) = 0. (1.60)

Equation (1.60) is a linear ODE and its solution can be written as follows:

F (ξ) =
1

4
c2ξ (2 + ξ)x2 + a1x+ a2,
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or equivalently:

u(t, x) = t

(
x+

x2

2

)
+

1

4
c2t (2 + t)x2 + a1x+ a2.

Reduction 5.
Suppose the generator

V2 + V3 + V4 =
∂

∂t
+

∂

∂u
+ x

∂

∂u
. (1.61)

Similarity variables related to (1.61) are

u(t, x) = t (1 + x) + F (ξ), ξ = t, (1.62)

where
c2F ′′(ξ) (2 + F ′′(ξ)) = 0. (1.63)

Solving Eq. (1.63) and (1.62) yields the exact solution:

u(t, x) = t (1 + x)− x2 + a1x+ a2.

Reduction 6.

Finally, we consider the generator

V1 + V4 + V5 + V6 =
∂

∂x
+ (x+ t+ xt)

∂

∂u
,

with corresponding similarity variables

u(t, x) = tx+ (1 + t)
x2

2
+ F (ξ), ξ = t, (1.64)

where
−c2

(
3 + 4ξ + ξ2

)
+ 2F ′′(ξ) = 0. (1.65)

Solving Eq. (1.65) and (1.64) concludes the exact solution:

u(t, x) = tx+ (1 + t)
x2

2
+
c2

4

(
3 + 4t+ t2

)
x2 + a1x+ a2.

1.1.4 Lie symmetries of the couple stress fluid-filled thin
elastic tubes

In most theoretical investigations on arterial pulse wave transmission
through a thin elastic walled tube, blood thickening due to rise in red blood
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cells has been assumed to be insignificant [171]. Many researchers have dis-
cussed and presented new models about flow in fluid-filled thin elastic tubes.
Adesanya and co-workers have presented an investigation about the equa-
tions governing the fluid flow. They have used some assumptions and variable
transformations to reduce the fluid flow equation to a new style of an evolution
equation [6, 85]:

uτ + a1uuξ − a2uξξ + a3uξξξ + a4uξξξξ = 0. (1.66)

Equation (1.66) in the limiting case as a2, a3, a4 → 0 gives the invis-
cid Burger’s equation. Also, a3, a4 → 0 gives the viscous Burger’s equation,
a4 → 0 is the KdV-Burger’s equation, while a3 = 0, a2 = −1 gives the
Kuramoto-Sivashinsky (KS) equation.

Let us consider a one-parameter Lie group of infinitesimal transformations: τ∗ = τ + εζ1(τ, ξ, u) +O(ε2),
ξ∗ = ξ + εζ2(τ, ξ, u) +O(ε2),
u∗ = u+ εφ(τ, ξ, u) +O(ε2),

where ε is the group parameter. The associated Lie algebra of infinitesimal
symmetries is the set of the vector field of the form

V = ζ1(τ, ξ, u)
∂

∂τ
+ ζ2(τ, ξ, u)

∂

∂ξ
+ φ(τ, ξ, u)

∂

∂u
.

If Pr(4)V denotes the fourth prolongation of V then the invariance condition
is

Pr(4)V (∆)|∆=0 = 0,

where ∆ := uτ+a1uuξ−a2uξξ+a3uξξξ+a4uξξξξ, and yields an overdetermined
system of linear PDEs in ζ1, ζ2 and φ, the so-called determining equations,
from which solving these equations in different cases we get:

Case 1: a1a4 6= 0, a3 = 0, a2 = −1.
This case is related to the KS equation and we have

ζ1 = C1, ζ2 = a1τC2 + C3, φ = C2,

where C1, C2 and C3 are arbitrary constants. Thus the Lie symmetry alge-
bra admitted by Eq. (1.66) is spanned by the following three infinitesimal
generators

V1 =
∂

∂τ
, V2 =

∂

∂ξ
, V3 = a1τ

∂

∂ξ
+

∂

∂u
. (1.67)

We present below a reduction and related solution with some different gener-
ators:



24 Lie Symmetry Analysis of Fractional Differential Equations

Reduction 1.1. Similarity variables related to V1+νV2 are u(τ, ξ) = Φ(θ),
where θ = ξ − ντ and satisfies the following equation:

(a1Φ(θ)− ν) Φ′(θ) + Φ′′(θ) + a4Φ(4)(θ) = 0. (1.68)

Eq. (1.68) has the following soliton solution

Φ(θ) =
1

19a1

[
30 + 19v − 3(30 + 19v)

2 (1 + cosh θ + sinh θ)
2 +

120

(1 + cosh θ + sinh θ)
3

]
.

Case 2: a1a2a3a4 6= 0.
This case is a more general one and we can get

ζ1 = C2, ζ2 = a1τC1 + C3, φ = C1,

where C1, C2 and C3 are arbitrary constants. Thus, the Lie symmetry alge-
bra admitted by Eq. (1.66) is spanned by the following three infinitesimal
generators

V1 =
∂

∂τ
, V2 =

∂

∂ξ
, V3 = a1τ

∂

∂ξ
+

∂

∂u
. (1.69)

We present below a reduction and related solutions with some different gen-
erators:

Reduction 2.1. Similarity variables related to V1+νV2 are u(τ, ξ) = Φ(θ),
where θ = ξ − ντ and satisfies the following equation:

(a1Φ(θ)− ν) Φ′(θ)− a2Φ′′(θ) + a3Φ′′′(θ) + a4Φ(4)(θ) = 0. (1.70)

Eq. (1.70) has the following soliton solution of Eq. (1.66):
Family 2.1.

Φ(θ) =
120a4

a1

[
1

2
+

v

120a4
− 1

(1 + cosh θ + sinh θ)
3

]
.

Family 2.2.

Φ(θ) = c

[
1

(1 + cosh θ + sinh θ)
3 +

i− 3

2 (1 + cosh θ + sinh θ)
2

+
1− i

2 (1 + cosh θ + sinh θ)
− (48− 4i) a4 + v

120a4

]
.
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Family 2.3.

Φ(θ) = c

[
1

(1 + cosh θ + sinh θ)
3 +

1

(1 + cosh θ + sinh θ)
2

+
1

(1 + cosh θ + sinh θ)
+
v − 45a4

120a4

]
.

Family 2.4.

Φ(θ) = c

[
1

(1 + cosh θ + sinh θ)
3 −

1

(1 + cosh θ + sinh θ)
2 −

v − 6a4

120a4

]
.

Case 3: a1 = 0, a2a3 6= 0, a4 = − 3a23
8a2

.
This case is a more general one and we can get

ζ1 = C1 + τC2, ζ2 =
ξC2

4
− 3a3

3τC2

64a2
4

+ C4, φ = −a3ξuC2

16a4
+ uC3 + g(τ, ξ),

where C1, C2, C3 and C4 are arbitrary constants and g(τ, ξ) satisfies the fol-
lowing equation:

3a2
3gξξ + 8a3a4gξξξ + 8a2

4gξξξξ + 8a4gτ = 0.

Thus the Lie symmetry algebra admitted by Eq. (1.66) is spanned by the
following infinitesimal generators

V1 =
∂

∂τ
, V2 =

∂

∂ξ
, V3 = u

∂

∂u
,

V4 = 64τ
∂

∂τ
+

(
16ξ − 3a3

3τ

a2
4

)
∂

∂ξ
− 4a3ξu

a4

∂

∂u
, V∞ = g(τ, ξ)

∂

∂u
.

We present below a reduction and related solutions with some different gen-
erators:

Reduction 3.1. Similarity variables related to V1 + V2 + V3 are u(τ, ξ) =
eτΦ(θ), where θ = ξ − τ and satisfies the following equation:

8a2Φ(θ)− 8a2Φ′(θ)− 8a2
2Φ′′(θ) + 8a2a3Φ′′′(θ)− 3a2

3Φ(4)(θ) = 0. (1.71)

The reduced Eq. (1.71) is linear so the solutions can be easily seen.
Case 4: a4 = 0, a1a2a3 6= 0.

This case is corresponding to the KdV-Burger’s equation and we have

ζ1 = C2, ζ2 = a1τC1 + C3, φ = C1,
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where C1, C2 and C3 are arbitrary constants. Thus, the Lie symmetry alge-
bra admitted by Eq. (1.66) is spanned by the following three infinitesimal
generators

V1 =
∂

∂τ
, V2 =

∂

∂ξ
, V3 = a1τ

∂

∂ξ
+

∂

∂u
,

We present below a reduction and related solutions with some different gen-
erators:

Reduction 4.1. Similarity variables related to V1+νV2 are u(τ, ξ) = Φ(θ),
where θ = ξ − ντ and satisfy the following equation:

(a1Φ(θ)− ν) Φ′(θ)− a2Φ′′(θ) + a3Φ′′′(θ) = 0. (1.72)

Eq. (1.72) has the following soliton solution

Φ(θ) =
1

a1

[
− 12a3

(1 + cosh θ + sinh θ)
2 +

24a3

1 + cosh θ + sinh θ
+ v − 6a3

]
.

Case 5: a3 = a4 = 0, a1a2 6= 0.
This case is corresponding to the viscous Burger’s equation and we have

ζ1 = −τ2C1 + C3 + τC4, ζ2 = a1τC2 +
1

2
ξ(C4 − 2τC1) + C5,

φ = −ξC1

a1
+ τuC1 + C2 −

uC4

2
,

where Ci, (i = 1, . . . , 5) are arbitrary constants. Thus, the Lie symmetry
algebra admitted by Eq. (1.66) is spanned by the following five infinitesimal
generators

V1 =
∂

∂τ
, V2 =

∂

∂ξ
, V3 = a1τ

∂

∂ξ
+

∂

∂u
,

V4 = 2τ
∂

∂τ
+ ξ

∂

∂ξ
− u ∂

∂u
, V5 = −τ2 ∂

∂τ
− τξ ∂

∂ξ
+

(
τu− ξ

a1

)
∂

∂u
.

We list below some reductions and related solutions with some different gen-
erators:

Reduction 5.1. Similarity variables related to V5 are u(τ, ξ) = ξ+a1Φ(θ)
a1τ

,

where θ = ξ
τ and satisfies the following equation:

a1Φ(θ)Φ′(θ)− a2Φ′′(θ) = 0. (1.73)

Eq. (1.73) has the following soliton solutions of Eq. (1.66) :
Family 5.1.1.

Φ(θ) =
a2

a1

[
1− 2

1 + cosh θ + sinh θ

]
,
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so the solution of Eq. (1.66) is as follows

u(τ, ξ) =
1

a1τ

(
ξ + a2 −

2a2

1 + cosh ξ
τ + sinh ξ

τ

)
.

Family 5.1.2.

Φ(θ) = c tanh

(
−a1c

2a2
θ

)
,

so the solution of the Eq. (1.66) is as follows

u(τ, ξ) =
ξ + a1c tanh

(
−a1c
2a2

(
ξ
τ

))
a1τ

.

Reduction 5.2. Similarity variables related to V1+νV2 are u(τ, ξ) = Φ(θ),
where θ = ξ − ντ and satisfy the following equation:

(a1Φ(θ)− ν) Φ′(θ)− a2Φ′′(θ) = 0. (1.74)

Eq. (1.74) has the following soliton solutions of Eq. (1.66) :
Family 5.2.1.

Φ(θ) = − 1

a1

[
a2 + v +

2a2

1 + cosh θ + sinh θ

]
.

Family 5.2.2.

Φ(θ) =
1

a1

[
v − c tanh

(
a1c

2a2
θ

)]
.

1.1.5 Lie symmetries of the generalized Kadomtsev-
Petviashvili-modified equal width equation

The Kadomtsev-Petviashvili (KP) equation [102] is one of the familiar 2-
dimensional generalizations of the KdV equation which describes the evolution
of a weakly nonlinear and weakly dispersive wave, where it appears in the form
[83]:

(ut + auux + uxxx)x + uyy = 0.

Waves in ferromagnetic media and shallow water waves with weakly nonlinear
restoring forces and many significant physical phenomena are described by the
KP equation.
The generalized form of the modified equal width (MEW) equation [178, 49,
50]:

ut + a
(
u3
)
x
− buxxt = 0,
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which appears in many physical applications, is considered by Wazwaz [177]
in the KP sense given by

(ut + a(un)x + buxxt)x + ruyy = 0. (1.75)

In this section, we consider the time variable version of the generalized KP-
MEW equation (1.75) as follows:

(ut + a(t)(un)x + b(t)uxxt)x + r(t)uyy = 0. (1.76)

Let us consider the Lie symmetries of (1.76) for some special cases which pass
the Painlevè test.

Case (a): n = 2.

The vector field corresponding to the mentioned group has the following
form:

V = ξ(x, y, t, u)
∂

∂x
+ η(x, y, t, u)

∂

∂y
+ τ(x, y, t, u)

∂

∂t
+ φ(x, y, t, u)

∂

∂u
. (1.77)

Applying the fourth prolongation Pr(4)(V ) to Eq. (1.76) with n = 2, we find

ξ = a1x+ b1, η = a3y + b3, τ = p(t), φ = ua2 + (yh1(t) + h2(t)),

where a1, a2, a3, b1 and b3 are arbitrary constants and a(t), b(t) and r(t)
have the following forms:

a(t) = c3e
∫ t
1

a1−a2
p(s)

ds, b(t) = c2e
∫ t
1

2a1
p(s)

ds, r(t) = c1e
∫ t
1

2a3−a1
p(s)

dsa(t)b(t)
(
yh1(t) + h2(t)

)
= 0,

a(t)r(t)
(
yh1(t) + h2(t)

)
= 0.

The infinitesimal generators of the corresponding Lie algebra are given by the
following cases.

Case (a.1)

For a(t), b(t), r(t) 6= 0 and yh1(t) + h2(t) = 0, we have

V1 = x ∂
∂y , V2 = u ∂

∂u , V3 = y ∂∂t ,

V4 = ∂
∂y , V5 = ∂

∂t , V6 = p(t) ∂
∂x .

In the special case, we consider the invariant solution of Eq. (1.76) for the
vector field

V2 + V4 + V5 + V6 =
∂

∂y
+
∂

∂t
+ p(t)

∂

∂x
+ u

∂

∂u
,
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and p(t) = 1 for which corresponding characteristic equations are

dx

1
=
dy

1
=
dt

1
=
du

u
; (1.78)

by solving (1.78) we obtain

ρ = x− t, ψ = y − t, u(x, y, t) = et+H(ρ,ψ). (1.79)

Substituting (1.79) in (1.76), we have

− et+H(ρ,ψ)
(

(Hρ)
2 +Hρρ +HρHψ +Hρψ −Hρ

)
+ 2a(t)(Hρ)

2e2t+2H(r,s)

+ 2a(t)e2t+2H(ρ,ψ)
(

(Hρ)
2 +Hρρ

)
− b(t)et+H(r,s)

(
(Hρ)

4 + 6Hρρ(Hρ)
2

+ (Hρ)
3Hψ + 4HρρρHρ + 3(Hρρ)

2 + 3HρρHρHψ + 3Hρψ(Hρ)
2 − (Hρ)

3

+Hρρρρ +HρρρHψ + 3HρρψHρ + 3HρρHρψ − 3HρρHρ +Hρρρψ −Hρρρ

)
+ r(t)et+H(ρ,ψ)

(
(Hψ)2 +Hψψ

)
= 0.

Then we obtain
H(ρ, ψ) = ln (F1(ρ)ψ + F2(ρ)) ,

where F1(ρ) and F2(ρ) are arbitrary functions. Hence, an exact solution of
Eq. (1.76), extracted from this case, is:

u(x, y, t) = et
[
(y − t)×F1(x− t) + F2(x− t)

]
. (1.80)

Obtained solution (1.80) is a general class of solutions for the Eq. (1.76),
which to the best of our knowledge can be obtained only by the Lie symmetry
method.

Case (a.2)

For the case a(t) = 0, i.e.,(
ut + b(t)uxxt

)
x

+ r(t)uyy = 0, (1.81)

we obtain

ξ = b1 + a1x, τ =
a4

p(t)
−
∫ t

1
a1p(τ)dτ

p(t)
+

2
∫ t

1
b3p(τ)dτ

p(t)
,

η = c3 + b3y, φ = u(d1 +
1

2
b3 + a1) + g(x, y, t),

and a1, a4, b1, b3, c3, d1 are arbitrary constants. Moreover, in this case r(t) is
an arbitrary function, but b(t) has the following form:

b(t) = a5

(
a4 +

∫ t

1

−(a1 − 2b3)p(τ)dτ
) −2a1
a1−2b3

.
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Therefore, we get

V1 = u
∂

∂u
−
(∫ t

1
p(τ)dτ

p(t)

) ∂
∂x

+ x
∂

∂y
, V2 =

∂

∂y
,

V3 =
u

2

∂

∂u
+ 2
(∫ t

1
p(τ)dτ

p(t)

) ∂
∂x

+ y
∂

∂t
, V4 =

1

p(t)

∂

∂x
,

V5 = u
∂

∂u
, V6 =

∂

∂t
, V7 = g(x, y, t)

∂

∂u
,

where g(x, y, t) is an arbitrary function satisfying Eq. (1.81). From the vector
field

V2 + V4 + V5 + V6 =
∂

∂y
+

1

p(t)

∂

∂x
+ u

∂

∂u
+
∂

∂t
,

we obtain the similarity variables as follows:

ρ = y − t, ψ = x−
∫

dt

p(t)
, u = et+H(ρ,ψ). (1.82)

Substituting (1.82) in (1.76) yields

(Hρ)3Hψb(t)p(t) + (Hρ)4b(t)− (Hρ)3b(t)p(t) + 3(Hρ)2Hρψb(t)p(t)

+ 6(Hρ)2Hρρb(t)− 3HρHρρb(t)p(t) + 3Hρb(t)Hρρψp(t)− (Hψ)2r(t)p(t)

+Hψb(t)Hρρρp(t) + 3HρψHρρb(t)p(t) +HρHψp(t) + 4Hρb(t)Hρρρ + 3(Hρρ)2b(t)

− b(t)Hρρρp(t) + b(t)Hρρρψp(t)− r(t)Hψψp(t) + (Hρ)2 −Hρp(t) +Hρψp(t)

+ b(t)Hρρρρ +Hρρ + 3HρHψHρρb(t)p(t) = 0.

From assuming

H(ρ, ψ) = F (ξ), ξ = ρ,

which reduces to
r(t)et+F (ξ)

(
F
′
(ξ)2 + F

′′
(ξ)
)

= 0,

with the exact solution F (ξ) = −t− ln(− 1
b1+b0(y−t) ), we obtain

H(ρ, ψ) = −t− ln(− 1

b1 + b0(y − t)
),

where b0, b1 are real constants. Thus, the exact solution of (1.81) can be
evaluated as

u(x, y, t) = −b1 − b0(y − t).
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Case (a.3)

For the case r(t) = 0 and yh1(t) + h2(t) = 0 we have(
ut + a(t)(u2)x + b(t)uxxt

)
x

= 0, (1.83)

which satisfies the symmetry condition, namely

ξ = p(y), η = w(y), τ = 0, φ = uk(y).

Hence, the related infinitesimal generators are given by

V1 =
∂

∂t
, Vp = p(y)

∂

∂x
, Vw = w(y)

∂

∂y
, Vk = uk(y)

∂

∂u
,

where the similarity variables can be extracted as follows:

ρ = x−
∫
g(y)dy, ψ = t−

∫
dy

w(y)
, u = e

∫
s(y)dy+H(ρ,ψ), (1.84)

where g(y) = p(y)
w(y) and s(y) = k(y)

w(y) .

Substituting (1.84) in (1.76) yields

e
∫
s(y)dt+H(ρ,ψ)

(
HρHψ +Hρ,ψ

)
+ 2a(t)(Hρ)

2e2
∫
s(y)dy+2H(ρ,ψ)

+ 2a(t)e2
∫
s(y)dy+2H(ρ,ψ)

(
(Hρ)

2 +Hρρ
)

+ b(t)e
∫
s(y)dy+H(ρ,ψ)

(
(Hρ)

3Hψ

+ 3(Hρ)
2Hρψ + 3HρHψHρρ + 3HρρψHρ +HρρρHψ + 3HρρHρψ +Hρρρψ

)
= 0.

(1.85)

To reduce PDE (1.85), assume

H(ρ, ψ) = F (ξ), ξ = ρ,

which reduces (1.85) to

4a(t)F
′
(ξ)2e2

∫
s(y)dy+2F (ξ) − b(t)e

∫
s(y)dy+F (ξ)F

′
(ξ)3

+ 2a(t)e2
∫
s(y)dy+2F (ξ)F

′′
(ξ)− 3b(t)e

∫
s(y)dy+F (ξ)F

′′
(ξ)F

′
(ξ)

− b(t)e
∫
s(y)dy+F (ξ)F

′′′
(ξ)− e

∫
s(y)dy+F (ξ)F

′
(ξ) = 0. (1.86)

The solution of (1.86) is F (ξ) = − 1
2 ln

(
− 1

b1+b0(x−
∫
g(y)dy)

)
. So we have

H(ρ, ψ) = −1

2
ln
(
− 1

b1 + b0(x−
∫
g(y)dy)

)
,

where b0, b1 is a real constant. Thus, the exact solution of (1.83) can be eval-
uated as

u(x, y, t) = e

∫
s(y)dy− 1

2 ln

(
− 1
b1+b0(x−

∫
g(y)dy)

)
.
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Case (b): n = 3. In this case, let us to consider the following equation(
ut + a(t)(u3)x + b(t)uxxt

)
x

+ r(t)uyy = 0. (1.87)

The symmetry group of Eq.(1.87) will be generated by the vector field of the
form (1.77). Applying the fourth prolongation Pr(4) to Eq.(1.87), we find

ξ = b1, η = a3 + b3y + 2y2,

τ = 0, φ = u(b2 + 2y + b1) + x(ya4 + b4) + k(y, t),

where b1, b2, b3, a3, a4, b4 are arbitrary constants. The infinitesimal generators
can be considered by the following cases.

Case (b.1)

For a(t) = 0 we have(
ut + b(t)uxxt

)
x

+ r(t)uyy = 0, (1.88)

with the symmetry condition

ξ = b1 + a1x, τ =
a4

r(t)
−
∫ t

1
a1r(τ)dτ

r(t)
+

2
∫ t

1
b3t(τ)dτ

r(t)
,

η = c3 + b3y, φ = u(d1 +
1

2
b3 + a1) + g(x, y, t),

where a1, a4, b1, b3, c3, d1 are arbitrary constants. So, the functions b(t) and
r(t) are given by the following conditions:

b(t) = a5

(
a4 +

∫ t

1

−(a1 − 2b3)r(τ)dτ
) −2a1
a1−2b3

.

The infinitesimal generators are given by

V1 = u
∂

∂u
−
(∫ t

1
r(τ)dτ

r(t)

) ∂
∂x

+ x
∂

∂y
, V2 =

∂

∂y
,

V3 =
u

2

∂

∂u
+ 2
(∫ t

1
r(τ)dτ

r(t)

) ∂
∂x

+ y
∂

∂t
, V4 =

1

r(t)

∂

∂x
,

V5 = u
∂

∂u
, V6 =

∂

∂t
, V7 = g(x, y, t)

∂

∂u
,

where g is an arbitrary function satisfying Eq. (1.88). For the vector field

V2 + V4 + V5 + V6 =
∂

∂y
+

1

r(t)

∂

∂x
+ u

∂

∂u
+
∂

∂t
,

we obtain

ρ = y − t, ψ = x−
∫

dt

r(t)
, u = et+H(ρ,ψ),



Lie symmetry analysis of integer order differential equations 33

from which similar to previous cases the exact solution of (1.88) can be eval-
uated as

u(x, y, t) = −b1 − b0(y − t),

where b0, b1 are real constants.

Case (b.2)

For a(t) = r(t) = 0 we conclude(
ut + b(t)uxxt

)
x

= 0. (1.89)

A one-parameter Lie group of infinitesimal transformation of Eq. (1.89) is:

V1 = u
∂

∂u
+

∂

∂x
, V2 = u

∂

∂u
, V3 = 2uy

∂

∂u
, V4 = xy

∂

∂u
,

V5 = x
∂

∂u
, V6 =

∂

∂x
, V7 =

∂

∂y
, V8 = y

∂

∂y
,

V9 = 2y2 ∂

∂y
, Vk = k(y, t)

∂

∂u
,

where k(y, t) is an arbitrary function satisfying Eq. (1.89). For the vector field

V5 + V6 + V7 = x
∂

∂u
+

∂

∂x
+

∂

∂y
,

we have
dx

1
=
dy

1
=
dt

0
=
du

x
, (1.90)

and by solving Eq. (1.90) we obtain

ρ = x− y, ψ = t, u =
1

2
x2 +H(ρ, ψ). (1.91)

Substituting (1.91) into (1.89) yields

Hρψ + b(t)Hρρρψ = 0;

therefore,

H(ρ, ψ) = F1(ρ) + F2(ψ),

where F1 and F2 are arbitrary functions with respect to ρ and ψ, respectively.
Thus, the exact solution of (1.89) can be evaluated as

u(x, y, t) =
1

2
x2 + F1(x− y) + F2(t).
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1.1.6 Lie symmetries of the mKdV-KP equation

In this section, we briefly discuss the symmetries of the mKdV-KP equation
[172, 179] (

ut −
3

2
ux + 6u2ux + uxxx

)
x

+ uyy = 0. (1.92)

Let us consider a one-parameter Lie group of infinitesimal transformations:
t∗ = t+ εξ1(t, x, y, u) +O(ε2),
x∗ = x+ εξ2(t, x, y, u) +O(ε2),
y∗ = y + εξ3(t, x, y, u) +O(ε2),
u∗ = u+ εφ(t, x, y, u) +O(ε2),

where ε is the group parameter. The associated Lie algebra of infinitesimal
symmetries is the set of the vector field of the form

V = ξ1(t, x, y, u)
∂

∂t
+ ξ2(t, x, y, u)

∂

∂x
+ ξ3(t, x, y, u)

∂

∂y
+ φ(t, x, y, u)

∂

∂u
.

If Pr(4)V denotes the fourth prolongation of V then the invariance condition

Pr(4)V (∆)|∆=0 = 0,

where ∆ :=
(
ut − 3

2ux + 6u2ux + uxxx
)
x

+ uyy is equivalent to

φtx +

(
6u2 − 3

2

)
φxx + 12

(
u2
x + uuxx

)
φ+ 24uuxφ

x + φxxxx + φyy = 0,

whenever ∆ = 0. Solving determining equations yields

ξ1 = C1−3tC5, ξ
2 = C2 +yC4 +(3t−x)C5, ξ

3 = C3−2tC4−2yC5, φ = uC5,

where Ci, (i = 1, . . . , 5) are arbitrary constants. Thus, the Lie symmetry alge-
bra admitted by Eq. (1.92) is spanned by the following five infinitesimal gen-
erators

V1 =
∂

∂t
, V2 =

∂

∂x
, V3 =

∂

∂y
, V4 = y

∂

∂x
− 2t

∂

∂y
,

V5 = −3t
∂

∂t
+ (3t− x)

∂

∂x
− 2y

∂

∂y
+ u

∂

∂u
.

Also, corresponding generators of the optimal system of one-dimensional
subalgebras are:
(1) L1,1 = 〈V1〉,
(2) L2,1 = 〈αV1 + V2〉,
(3) L3,1 = 〈αV1 + V4〉,
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(4) L4,1 = 〈αV1 + βV2 + V3〉,
(5) L5,1 = 〈αV1 + βV2 + V5〉,
where α, β ∈ R are arbitrary.

In the following, we list the corresponding similarity variables and similar-
ity solutions as well as the reduced PDEs obtained from the generators of the
optimal system.

Reduction 1. Similarity variables related to L1,1 are u(t, x, y) = F (x, y),
where F satisfies the following equation:

2Fyy + 24FF 2
x − 3Fxx + 12F 2Fxx + 2Fxxxx = 0. (1.93)

Reduction 2. Using the subalgebra L2,1, we obtain the similarity variables
and similarity solutions u(t, x, y) = F (ξ, η), ξ = αx−t

α , η = y, and reduced
PDE is:

24αFF 2
ξ − (2 + 3α)Fξξ + 12αF 2Fξξ + 2α(Fηη + Fξξξξ) = 0. (1.94)

Reduction 3. Similarity variables and similarity solutions relating to L3,1

are u(t, x, y) = F (ξ, η), ξ = αy+t2

α , η = 3α2x−2t3−3αty
3α2 , where

24αFF 2
η − (2ξ + 3α)Fηη + 12αF 2Fηη + 2α(Fξξ + Fηηηη) = 0. (1.95)

Reduction 4. Using the subalgebra L4,1, we obtain the similarity variables

and similarity solutions u(t, x, y) = F (ξ, η), ξ = αy−t
α , η = αx−βt

α , and
reduced PDE is:

24αFF 2
η − (2β + 3α)Fηη + 12αF 2Fηη + 2(αFξξ − Fξη + αFηηηη) = 0. (1.96)

Reduction 5. From the subalgebra L5,1, we have the similarity variables

and similarity solutions u(t, x, y) = F (ξ,η)
3
√

3t−α , ξ = y
3
√

(3t−α)2
, η = 2x+3t−3α−2β

2 3
√

3t−α ,

where

(η − 6F 2)Fηη + 2Fη + 2ξFξη − 12FF 2
η − Fξξ − Fηηηη = 0. (1.97)

• Solutions of reduced equations

Here, we consider some reduced equations (1.93)-(1.97) of the previous
section.

Eq. (1.93) admits two generators Γ1 = ∂
∂x and Γ2 = ∂

∂y . Applying Γ1 +Γ2,
the similarity variables are obtainable as follows:

F (x, y) = h(ξ), ξ = −x+ y,

where
2h(4) + (12h2 − 1)h′′ + 24h(h′)2 = 0. (1.98)
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Eq. (1.98) admits the only generator ∂
∂ξ . Therefore it is not possible to solve

it by current Lie symmetry methods. Here we want to apply the Nucci’s
reduction method to Eq. (1.98). This equation transforms into the following
autonomous system of first order, i.e.,

w′1 = w2,
w′2 = w3,
w′3 = w4,

w′4 =
(1− 12w2

1)w3 − 24w1w
2
2

2
,

(1.99)

by the change of dependent variables

w1(ξ) = h(ξ), w2(ξ) = h′(ξ), w3(ξ) = h′′(ξ), w4(ξ) = h′′′(ξ).

Let us choose w1 as the new independent variable. Then (1.99) yields:

dw2

dw1
=
w3

w2
,

dw3

dw1
=
w4

w2
,

dw4

dw1
=

(1− 12w2
1)w3 − 24w1w

2
2

2w2
.

(1.100)

From the first equation of (1.100) we have

w3 = w2
dw2

dw1
,

which substituting into other equations of (1.100) yields:
w2
d2w2

dw2
1

+

(
dw2

dw1

)2

=
w4

w2
,

(12w2
1 − 1)

dw2

dw1
+ 2

dw4

dw1
= 24w1w2.

(1.101)

From the first equation we conclude:

w4 = w2
2

d2w2

dw2
1

+ w2

(
dw2

dw1

)2

,

which by substituting in the second equation of (1.101) we have

2w2
2

d3w2

dw3
1

+ 8w2
dw2

dw1

d2w2

dw2
1

+ 2

(
dw2

dw1

)3

+ (12w2
1 − 1)

dw2

dw1
+ 24w1w2 = 0.

One time integration of obtained equation leads to

w2
2

d2w2

dw2
1

+ 6w2
1w2 −

1

2
w2 + w2

(
dw2

dw1

)2

+ c1 = 0.
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This equation doesn’t admit any infinitesimal generators. It is possible to find
the solution by supposition c1 = 0. In this case we obtain:

w2 =

√
2w2

1 − 4w4
1 − 8c2w1 + 8c3

2
. (1.102)

In this step, we return the w1 as a dependent variable, i.e., w1 = w1(ξ).
Therefore, by putting (1.102) in (1.99) we have a separable first order equation

w′1 =

√
2w2

1 − 4w4
1 − 8c2w1 + 8c3

2
,

from which its implicit solution is easily obtainable. In a special case, by
supposition c2 = 0 an elliptic type of solution can be obtained as:√(

16− 2(−1+
√

32c3+1)w2
1

c3

)(
16 +

2(1+
√

32c3+1)w2
1

c3

)
√
−1+

√
32c3+1
c3

(2w2
1 − 4w4

1 + 8c3)
×

EllipticF

√2w1

√
−1+

√
32c3+1
c3

4
,

√
−16− 1+

√
32c3+1
c3

4

 = 2
√

2ξ + c4.

Also, more restriction c3 = 0 yields to an implicit form of solution:

w1

√
2− 4w2

1√
2w2

1 − 4w4
1

arctanh

(√
1

1− 2w2
1

)
= − 1√

2
ξ + c4, (1.103)

which setting w1 = u(t, x, y) and ξ = −x + y in (1.103) gives a solution of
Eq. (1.92) as:

u(t, x, y)
√

2− 4u(t, x, y)2√
2u(t, x, y)2 − 4u(t, x, y)4

arctanh

(√
2

2− 4u(t, x, y)2

)
=
x− y√

2
+ c4.

Eq. (1.94) admits two infinitesimal generators Γ1 = ∂
∂ξ and Γ2 = ∂

∂η .

Also in the special case α = − 2
3 , Eq. (1.94) admits another generator Γ3 =

−2ξ ∂∂ξ − η ∂
∂η + F ∂

∂F in which here we just discuss the case α ∈ R\{− 2
3}.

Invariance surface condition for Γ1 + Γ2 is Fξ + Fη = 0; therefore similarity
variables are

F (ξ, η) = h(γ), γ = −ξ + η,

where h(γ) satisfies the equation

2αh(4) +
(
12αh2 − α− 2

)
h′′ + 24αh(h′)2 = 0. (1.104)

Two times integration of (1.104) yields:

h′′ + 2h3 − (2 + α)h

2α
+ c1 + c2γ = 0,
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which by substituting c1 = c2 = 0 we obtain:

h(γ) = c3

√
2 + α

2− α+ 2c23α

× JacobiSN
(

(

√
α− 2

2α
γ + c4)

√
2 + α

2− α+ 2c23α
, c3

√
2α(2− α)

α− 2

)
.

Back substituting of similarity variables yields:

u(t, x, y) = c3

√
2 + α

2− α+ 2c23α
×

JacobiSN

(
(

√
α− 2

2α
× t+ α(y − x)

α
+ c4)

√
2 + α

2− α+ 2c23α
, c3

√
2α(2− α)

α− 2

)
.

In a special case, by taking

c3 =
α− 2√

2α(2− α)
,

we obtain:

u(t, x, y) = −1

2

√
2 + α

α
tanh


√

2α+4
2−α

(√
2α(α− 2)× t+α(y−x)

α + 2c4α
)

4α

 .

The third reduced PDE, i.e., Eq. (1.95), admits the only symmetry Γ = ∂
∂η .

Using Γ we get the similarity variables and solutions of (1.95) as follows:

F (ξ, η) = h(γ), γ = ξ,

and substituting h(γ) in (1.95) we obtain:

h′′(γ) = 0,

which two times integration leads to

h(γ) = c1γ + c2.

Thus, by back substituting the similarity variables we get

u(t, x, y) = c1

(
αy + t2

α

)
+ c2.

Also, the following special solutions are obtainable:

F (ξ, η) = c4 ±
√

3c5sech (c3 + c2η + c1ξ) + c5 tanh (c3 + c2η + c1ξ) .
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Back substituting the similarity variables gives the other solutions of Eq. (1.92)
as follows:

u(t, x, y) = c4 ±
√

3c5sech

(
c3 + c2

3α2x− 2t3 − 3αty

3α2
+ c1

αy + t2

α

)
+ c5 tanh

(
c3 + c2

3α2x− 2t3 − 3αty

3α2
+ c1

αy + t2

α

)
.

Eq. (1.96) for α(1 + 6α2 + 4αβ) 6= 0 admits two generators Γ1 = ∂
∂η and

Γ2 = 2 ∂
∂ξ−

1
α
∂
∂η . Invariance surface condition for Γ1+Γ2 is 2Fξ+(1− 1

α )Fη = 0;
therefore similarity variables are

F (ξ, η) = h(γ), γ =
(1− α)ξ + 2αη

2α
,

where h(γ) satisfies the following equation

4α2h(4) +
(
24α2h2 − 1− 5α2 − 4αβ

)
h′′ + 48α2h(h′)2 = 0. (1.105)

Two times integration of (1.105) yields:

h′′ + 2h3 − (1 + 5α2 + 4αβ)h

4α2
+ c1 + c2γ = 0,

from which by substituting c1 = c2 = 0 we obtain:

h(γ) = c3

√
1 + 5α2 + 4αβ

1 + (1 + 4c23)α2 + 4αβ
×

JacobiSN

(
(

√
−α2 − 4αβ − 1

2α
γ + c4)

√
1 + 5α2 + 4αβ

1 + (1 + 4c23)α2 + 4αβ
,

2c3α√
α2 + 4αβ + 1

)
.

Back substituting of the similarity variables yields:

u(t, x, y) = c3

√
1 + 5α2 + 4αβ

1 + (1 + 4c23)α2 + 4αβ
×

JacobiSN

(
(

√
−α2 − 4αβ − 1

2α
Θ + c4)

√
1 + 5α2 + 4αβ

1 + (1 + 4c23)α2 + 4αβ
,

2c3α√
α2 + 4αβ + 1

)
,

where

Θ = x+
α(1− α)

2α2
y − 1− α+ 2αβ

2α2
t.

In a special case, by taking

c3 =

√
α2 + 4αβ

2α
,
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we obtain another solution of Eq. (1.92) as follows:

u(t, x, y) =

√
2(5α2 + 4αβ + 1)

4α
×

tanh


(

2αc4 +
(
x+ α(1−α)

2α2 y − 1−α+2αβ
2α2 t

)√
−1− α− 4αβ

)√
2(5α2+4αβ+1)
α2+4αβ+1

4α

 .

Finally, Eq. (1.97) does not admit the Lie symmetries and here we consider
the translation in η, i.e.,

F (ξ, η) = h(γ), γ = ξ,

where h(γ) satisfies
h′′(γ) = 0. (1.106)

Therefore
h(γ) = c1γ + c2,

from which back substitution of variables yields the following solution

u(t, x, y) =
c1y

3t− α
+

c2
3
√

3t− α
.

1.2 Nonclassical Lie symmetry analysis

In this section, we discuss a class of the point transformation groups which
can lead to exact solutions of differential equations but are not symmetries.
For some differential equations this method leads to new invariant solutions
that cannot be extracted from the classical point symmetries. There are some
different approaches to get the nonclassical Lie symmetries. Here, we introduce
the nonclassical Lie symmetries by the heir-equations method.

1.2.1 Nonclassical symmetries for a class of
reaction-diffusion equations

In [25, 88, 38] a class of reaction-diffusion equations, i.e.,

ut = uxx + cux +R(u, x), (1.107)

with R(u, x) arbitrary function of u and x, was introduced as a model that
incorporates climate shift, population dynamics and migration for a popu-
lation of individuals u(t, x) that reproduce, disperse and die within a patch
of favorable habitat surrounded by unfavorable habitat. It is assumed that
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due to a shifting climate, the patch moves with a fixed speed c > 0 in a
one-dimensional universe.4

Motivated by this study here we look for nonclassical symmetries of equa-
tion (1.107) with the purpose of finding explicit expressions of the function
R(u, x) and deriving nonclassical symmetry solutions when feasible.

Nonclassical symmetries were introduced in 1969 in a seminal paper by
Bluman and Cole [14].

One should be aware that some authors call nonclassical symmetries Q-
conditional symmetries5 of the second type, e.g., [37], while others call them
reduction operators, e.g., [157].

The nonclassical symmetry method can be viewed as a particular instance
of the more general differential constraint method that, as stated by Kruglikov
[115], dates back at least to the time of Lagrange... and was introduced into
practice by Yanenko [184]. The method was set forth in details in Yanenko’s
monograph [170] that was not published until after his death [48]. A more
recent account and generalization of Yanenko’s work can be found in [131].

Among the papers dedicated to the application of the nonclassical sym-
metry method to diffusion-convection equations with source, we single out
[32] where some nonclassical symmetries solutions were determined for the
equation:

ut = uxx + k(x)u2(1− u). (1.108)

In particular nonclassical symmetries of the type V (t, x) ∂∂x + ∂
∂t

were found
in the following three instances:

(i) k(x) = a2x2, (ii) k(x) = a2 tanh2 x, (iii) k(x) = a2 tan2 x,
(1.109)

with a arbitrary constant.

In the next section, we introduce the concept of heir-equations [141] and
their link to nonclassical symmetries [144].

1.2.1.1 Heir-equations and nonclassical symmetries

Let us consider an evolution equation in two independent variables and
one dependent variable of second order:

ut = H(t, x, u, ux, uxx). (1.110)

4Actually equation (1.107) corresponds to the original model

ut = uzz + R(u, z − ct)

rewritten in terms of a moving coordinate system with x = z − ct [25].
5In [59] this name was introduced for the first time.
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If

Γ = V1(t, x, u)
∂

∂t
+ V2(t, x, u)

∂

∂x
− F (t, x, u)

∂

∂u
(1.111)

is a generator of a Lie point symmetry6 of equation (1.110) then the invariant
surface condition is given by:

V1(t, x, u)ut + V2(t, x, u)ux = F (t, x, u). (1.112)

Let us take the case with V1 = 0 and V2 = 1, so that (1.112) becomes:7

ux = G(t, x, u). (1.113)

Then, an equation for G is easily obtained. We call this equation G-equation
[140]. Its invariant surface condition is given by:

ξ1(t, x, u,G)Gt + ξ2(t, x, u,G)Gx + ξ3(t, x, u,G)Gu = η(t, x, u,G). (1.114)

Let us consider the case ξ1 = 0, ξ2 = 1, and ξ3 = G, so that (1.114) becomes:

Gx +GGu = η(t, x, u,G).

Then, an equation for η is derived. We call this equation η-equation. Clearly:

Gx +GGu ≡ uxx ≡ η.

We could keep iterating to obtain the Ω-equation, which corresponds to:

ηx +Gηu + ηηG ≡ uxxx ≡ Ω(t, x, u,G, η),

the ρ-equation, which corresponds to:

Ωx +GΩu + ηΩG + ΩΩη ≡ uxxxx ≡ ρ(t, x, u,G, η,Ω),

and so on. Each of these equations inherits the symmetry algebra of the
original equation, with the right prolongation: first prolongation for the G-
equation, second prolongation for the η-equation, and so on. Therefore, these
equations were named heir-equations in [141]. This implies that even in the
case of few Lie point symmetries many more Lie symmetry reductions can
be performed by using the invariant symmetry solution of any of the possible
heir-equations, as it was shown in [141, 13, 129].

We recall that the heir-equations are just some of the many possible n-
extended equations as defined by Guthrie in [69].

In [68] Goard has shown that Nucci’s method of constructing heir-
equations by iterating the nonclassical symmetries method is equivalent to
the generalized conditional symmetries method.

6The minus sign in front of F (t, x, u) was put there for the sake of simplicity; it could
be replaced with a plus sign without affecting the following results.

7We have replaced F (t, x, u) with G(t, x, u) in order to avoid any ambiguity in the fol-
lowing discussion.
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The difficulty in applying the method of nonclassical symmetries consists
in solving nonlinear determining equations in contrast with the linearity of
the determining equations in the case of classical symmetries.

The concept of Gröbner basis has been used [41] for this purpose.
In [144] it was shown that one can find the nonclassical symmetries of

any evolution equations of any order by using a suitable heir-equation and
searching for a given particular solution among all its solutions, thus avoiding
any complicated calculations. We recall the method as applicable to equation
(1.110).

We derive ut from (1.110) and replace it into (1.112), with the condition
V1 = 1, i.e.,

H(t, x, u, ux, uxx) + V2(t, x, u)ux = F (t, x, u). (1.115)

Then, we generate the η-equation with η = η(x, t, u,G), and replace ux = G,
uxx = η into (1.115), i.e.,

H(t, x, u,G, η) = F (t, x, u)− V2(t, x, u)G. (1.116)

For Dini’s theorem, we can isolate η in (1.116), e.g.,

η = [h1(t, x, u,G) + F (t, x, u)− V2(t, x, u)G]h2(t, x, u,G), (1.117)

where hi(t, x, u,G)(i = 1, 2) are known functions. Thus, we have obtained a
particular solution of η which must yield an identity if replaced into the η-
equation. The only unknowns are V2 = V2(t, x, u) and F = F (t, x, u). If any
such solution is singular, i.e., does not form a group then we have found the
nonclassical symmetries; otherwise one obtains the classical symmetries [144].

We use a simple MAPLE program to derive the heir-equations. In partic-
ular the G-equation of (1.107) is

Gt +RGu −Gxx − 2GGxu −G2Guu − cGx −RuG−Rx = 0,

and the η-equation is

ηt +Rηu +RuGηG − ηxx − 2Gηxu − 2ηηxG −G2ηuu − 2GηηuG

− η2ηGG − cηx −RuuG2 −Ruη − 2GRxu +RxηG −Rxx = 0. (1.118)

The particular solution of the η-equation that we are looking for is

η(t, x, u,G) = −R(u, x)− cG+ F (t, x, u)− V2(t, x, u)G, (1.119)

that replaced into (1.140) yields an overdetermined system in the unknowns
F , V2 and R(u, x). Since we obtain a polynomial of third degree in G then we
let MAPLE evaluate the four coefficients that we call di, i = 0, 1, 2, 3 where
i stands for the corresponding power of u. We impose all of them to be zero.
From d3, we obtain

V2(t, x, u) = ss1(t, x)u+ ss2(t, x),
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while d2 yields

F (t, x, u) = −1

3
ss2

1u
3 +

1

2

(
∂ss1

∂x
− 2css1 − 2ss1ss2

)
+ ss3(t, x)u+ ss4(t, x),

with ssj(t, x), j = 1, . . . , 4 arbitrary functions of t and x. Then after differ-
entiating d1 four times with respect to u we obtain

∂4R(u, x)

∂u4
= 0, (1.120)

which implies that R(u, x) must be a polynomial in u of third degree at most,
i.e.,

R(u, x) = −a
2
3(x)

6
u3 +

a2(x)

2
u2 + a1(x)u+ a0(x),

where ai(x), i = 0, 1, 2, 3 are arbitrary functions of x. Since none of the
remaining arbitrary functions depends on u, and d1 has now become a poly-
nomial of degree 3 in u, we have to annihilate all the four coefficients, i.e.,
d1,i, i = 0, 1, 2, 3. From d1,3 we have that ss1(t, x) must be a constant, and
two cases arise:

Case 1. ss1 = ±
√

3

2
a3(x),

Case 2. ss1 = 0.

We discuss the two cases,8 separately. We remark that a3(x) = 0 corresponds
to a subcase of Case 2, and consequently in Case 1 we assume a3(x) 6= 0.

Interestingly enough in Case 2 nonclassical symmetries exist for

R(u, x) =
f(u)

k2(x)

with f(u) any arbitrary function of u, and k(x) either of the following three
particular functions of x, i.e.,

k(x) = −cx+ 2

2x
, k(x) =

c

ec(b0−x) − 1
, k(x) =

1

b1
tan

(
x+ b2
b1

)
− c

2
.

(1.121)

Case 1. R(u, x) = −a
2
3(x)
6 u3 + a2(x)

2 u2 + a1(x)u+ a0(x).

From coefficients d1,2, d1,1, d1,0 we obtain ss2, ss3 and ss4, respectively.
All of them are functions of x only, e.g.,

ss2 = − 1

2a3(x)

(
−4a′3(x) +

√
3a2(x) + 2ca3(x)

)
,

8In Case 1, one can choose either the plus or minus sign indifferently.
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where ′ denotes differentiation with respect to x. Now the only remaining coef-
ficient is d0 which has become a linear polynomial in u. Therefore, we are left
with two expressions to annihilate, namely the following undetermined system
of two equations that contain the derivative of a3(x) up to fifth order, and
fourth order, respectively, and lower derivatives of the other three functions
a2(x), a1(x) and a0(x)

− a3
3a

(iv)
3 − 4a3

3a
′′
3a1 − c2a3

3a
′′
3 − 5a2

2a3a
′′
3 + 3a2a

2
3a
′′
2 + a3

3

√
3a′′′2 − 36a3(a′3)2a′′3

− 2a3
3a
′′′
3 c+ 8a2

3a
′
3a
′′′
3 + a′0

√
3a5

3 − 2a′3a
3
3a
′
1 − 18a′33

√
3a2 + ca4

3a
′
1 + 4a2

3a
′2
3 a1

− a3
2

√
3a′3 − 2a2

√
3a2

3a
′′
3c+ 16a3a

′
3a
′′
3

√
3a2 + 14a2

3a
′
3a
′′
3c+ 3a2

3a
′2
2 + 5a2

3a
′′2
3

+ ca3
3

√
3a′′2 − 5a2

3a
′
3

√
3a′′2 − 6a2

3a
′′
3

√
3a′2 − 2a2

√
3a2

3a
′′′
3 + 13a′23 a

2
2 + a′1a

3
3

√
3a2

+ a3
3

√
3a′2a1 + 14a3a

′2
3

√
3a′2 − a2

2a3ca
′
3 + a0

√
3a4

3a
′
3 + a2

2

√
3a3a

′
2

− 12a3a
′3
3 c+ c2a2

3a
′2
3 + 4a3a

′2
3 c
√

3a2 − a2
3a
′
3

√
3a2a1 − 3a2

3ca
′
3

√
3a′2

+ 24a′43 − 14a3a
′
3a2a

′
2 + a2a

2
3ca
′
2 + 3a4

3a
′′
1 = 0, (1.122)

6√
3
a4

3a
(v)
3 + 7c

√
3a2

3a
′
3a
′
2a2 − ca6

3a
′
0 − 3a′23 a

3
2 + 192

√
3a′53 − 26c

√
3a3

3a
′′′
3 a
′
3

+ 2c
√

3a4
3a
′
1a
′
3 − 264a′43 a2 + 5a3

3a
(iv)
3 a2 + 104

√
3a′23 a

2
3a
′′′
3 − 18

√
3a3

3a
(iv)
3 a′3

+ 2c2
√

3a4
3a
′′′
3 + 4c

√
3a4

3a
(iv)
3 − 2c

√
3a5

3a
′′
1 − 26c

√
3a3

3a
′′2
3 + 19ca3

3a
′′
2a
′
3

+ 27ca3
3a
′
2a
′′
3 + 6ca3

3a
′′′
3 a2 + c2a3

3a
′′
3a2 − 416

√
3a′33 a3a

′′
3 + 10

√
3a4

3a
′′
3a
′
1

+ 178
√

3a2
3a
′′2
3 a′3 − 42

√
3a3

3a
′′
3a
′′′
3 − 6a3

3

√
3a′2a

′′
2 +
√

3a2
3a
′′′
3 a

2
2 −
√

3a3
3a
′′′
2 a2

+ 350a′23 a3a
′′
3a2 − 204a2

3a
′′
3a
′
2a
′
3 − 56a′3a2a

2
3a
′′′
3 + 2a1

√
3a4

3a
′′′
3 + 5a1a

3
3a
′′
3a2

− 54ca2
3a
′
3a
′′
3a2 − c2a4

3a
′′
2 − 4ca4

3a
′′′
2 − 2

√
3a5

3a
′′′
1 + 3a0a

5
3a
′′
3 − 88a′23 a

2
3a
′′
2

+ 39a3
3a
′′
3a
′′
2 − 55a2

3a
′′2
3 a2 + 24a3

3a
′
2a
′′′
3 + 20a3

3a
′′′
2 a
′
3 − 3a1a

4
3a
′′
2 − 4a′0a

5
3a
′
3

+ 34
√

3a′33 a
2
2 − 4a′23 a

4
3a0 + 232a′33 a3a

′
2 − 6a4

3a
′
2a
′
1 − 3a2

3a
′2
2 a2 − a1a

4
3ca
′
2

+ 6c2
√

3a2
3a
′3
3 − 2c

√
3a3

3a
′2
2 − 64c

√
3a3a

′4
3 + 3c2a3

3a
′
3a
′
2 − 3c2a2

3a
′2
3 a2

− 56ca2
3a
′2
3 a
′
2 + 62ca3a

′3
3 a2 − 12

√
3a′23 a

3
3a
′
1 + 16a2

3

√
3a′22 a

′
3 − a0a

5
3a
′
3c

+ a′0a
5
3

√
3a2 + 6a3a

′
2a
′
3a

2
2 + 6a′3a2a

3
3a
′
1 + a1a

3
3ca
′
3a2 − 50a3

√
3a′2a

′2
3 a2

− 5c
√

3a3a
′2
3 a

2
2 + a′3

√
3a2a

4
3a0 − 2a1

√
3a5

3a
′
1 + 8a1

√
3a2

3a
′3
3 + 8a1a

3
3a
′
2a
′
3

− 10a1a
2
3a
′2
3 a2 − a1

√
3a3

3a
′
2a2 − 2a1

√
3a3

3ca
′2
3 + a1

√
3a2

3a
′
3a

2
2 − 3a6

3a
′′
0

− 3a4
3a

(iv)
2 − c

√
3a3

3a
′′
2a2 + 11a′3

√
3a2a

2
3a
′′
2 + 16

√
3a2

3a
′′
3a
′
2a2 − 8c2

√
3a3

3a
′
3a
′′
3

+ 112c
√

3a2
3a
′2
3 a
′′
3 + c

√
3a2

3a
′′
3a

2
2 − 21

√
3a3a

′′
3a
′
3a

2
2 − 10a1

√
3a3

3a
′′
3a
′
3

+ 2a1

√
3a4

3ca
′′
3 + 4

√
3a4

3a
′′
1a
′
3 = 0. (1.123)

Since this system has infinite solutions we look for some particular ones.
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1.2.1.2 R(u, x) = − 1
2x

2u3 + 3u2 + 1
2c

2u

If we assume a3(x) =
√

3x, and a2(x), a1(x), a0(x) to be constants then
from system (1.122)-(1.123) we obtain that

R(u, x) = −1

2
x2u3 + 3u2 +

1

2
c2u, (1.124)

and

ss1(t, x) =
3x

2
, ss2(t, x) = −1 + cx

x
, ss3(t, x) = c

−2 + 3cx

4x
, ss4(t, x) = 0.

Thus, (1.119) becomes

η = −x
3u3 + 2cu− c2xu+ 6x2uG− 4G

4x
,

namely

uxx = −x
3u3 + 2cu− c2xu+ 6x2uux − 4ux

4x
,

that can be solved in closed form, i.e.,

u(t, x) =
c2R2(t)e

cx
2 − c2(1 + cx)e

−cx
2

R1(t) + (cx− 2)R2(t)e
cx
2 + (10 + 5cx+ c2x2)e

−cx
2

, (1.125)

with Rk(t), k = 1, 2 arbitrary functions of t. Substituting (1.125) into (1.107)
yields the following nonclassical symmetry solution

u(t, x) =
c2c1e

c2t+ cx
2 − c2(1 + cx)e

−cx
2

c2e
−c2t

4 + c1(cx− 2)ec
2t+ cx

2 + (10 + 5cx+ c2x2)e
−cx
2

, (1.126)

with ck, k = 1, 2 arbitrary constants. We observe that

lim
t→∞

u(t, x) =
c2

cx− 2
, lim

x→±∞
u(t, x) = 0,

and that u(t, x) < 0 for t > 0, x < 0. This means that the solution (1.126) is
not defined at x = 2/c and is positive9 if x ≥ 0.

1.2.1.3 R(u, x) = −1

2
ecxu3 +

c2

4
u+ e

cx
2

If we assume a3(x) =
√

3ecx, a2(x) = 0, and a1(x) = b1, a0(x) = b0, i.e.,
constants, then from system (1.122)-(1.123) we obtain that

R(u, x) = −1

2
ecxu3 + b1u+ b0e

cx
2 , [b1, b0 = const.] (1.127)

9It depends also on the values given to the arbitrary constants.
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and thus η becomes

η = −1

8

(
2ecxu3 + (3c2 − 4b1)u+ 8cG+ 6e

cx
2 cu2 + 12e

cx
2 uG− 4b0e

− cx2
)
,

namely

uxx = −1

8

(
2ecxu3 + (3c2 − 4b1)u+ 8cux + 6e

cx
2 cu2 + 12e

cx
2 uux − 4b0e

− cx2
)
,

(1.128)
that can be solved in closed form, although the solution is very lengthy. If we
assume

b1 =
c2

4
, b0 = 1,

then the solution of (1.128) becomes:

u(t, x) =
3
√

2

2

(
R1(t)e

3√2x
2 −R2(t)e−

3√2x
4 sin

(
3√2
√
3x

4

)
+ e−

3√2x
4 cos

(
3√2
√
3x

4

))
e
cx
2

×
[
2R1(t)e

3√2x
2 +R2(t)e

− 3√2x
4

(
sin

(
3
√

2
√

3x

4

)
−
√

3 cos

(
3
√

2
√

3x

4

))
−e
− 3√2x

4

(√
3 sin

(
3
√

2
√

3x

4

)
+ cos

(
3
√

2
√

3x

4

))]
,

which if replaced into (1.107) yields

R1(t) = 0, R2(t) = − tan

(
3
√

3 3
√

4

8
(t+ c1)

)
.

This solution oscillates between negative and positive values. Consequently, it
is not a valid solution for the biological model set in [25]. However, equation

ut = uxx + cux −
1

2
ecxu3 +

c2

4
u+ e

cx
2

may be of interest for other biological or physical models.
As the special case for Case1, we suppose

R(u, x) = −u
3

6
−
√

3u2

x
+
c2u

6
+

√
3c2

3x
.

Then, if we assume a3(x) = b3, a1(x) = b1 and substitute them into system
(1.122)-(1.123), after some further simplifications such as b1 = c2/6 and having
to impose that10 b3 = −1, then we obtain

R(u, x) = −u
3

6
−
√

3u2

x
+
c2u

6
+

√
3c2

3x
.

10It is also possible to have b3 = 1 although it leads to very lengthy calculations.
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Thus, (1.119) becomes

η =
36xG− 36u+ 6

√
3Gux2 − u3x2 − 6

√
3u2x+ c2ux2 + 12

√
3c+ 2

√
3c2x

12x2
,

namely

uxx =
36xux − 36u+ 6

√
3uxux

2 − u3x2 − 6
√

3u2x+ c2ux2 + 12
√

3c+ 2
√

3c2x

12x2
.

If we assume c = 0 then we find that its solution is

u(t, x) = − 2
√

3(4R2(t)x3 + 2x)

R1(t) +R2(t)x4 + x2
,

which substituted into (1.107) yields the following solution

u(t, x) =
4
√

3x(2x2 + c1 + 12t)

6c1t+ 36t2 − c2 − x4 − x2c1 − 12tx2
. (1.129)

Although this solution is not valid for the biological problem set in [25] since
c = 0, we are reporting it since equation

ut = uxx +
u2(xu+ 6

√
3)

6x

may be of interest for other biological or physical problems. We observe that
solution (1.129) obeys

lim
t→∞

u(t, x) = 0, lim
x→±∞

u(t, x) = 0.

Moreover (1.129) is not defined for the following set of values of x and t:{
x =

1

2

√
−2c1 − 24t+ 2

√
c12 + 48c1t+ 288t2 − 4c2,∀t

}
,{

x = −1

2

√
−2c1 − 24t+ 2

√
c12 + 48c1t+ 288t2 − 4c2,∀t

}
,{

x =
1

2

√
−2c1 − 24t− 2

√
c12 + 48c1t+ 288t2 − 4c2,∀t

}
,{

x = −1

2

√
−2c1 − 24t− 2

√
c12 + 48c1t+ 288t2 − 4c2,∀t

}
.

Also, if we suppose

R(u, x) = −u3 + 6
u

x2
+ 6

√
2

x3
, [c = 0]

then we impose a3(x) = b3, a2(x) = 0, and c = 0, so we obtain

R(u, x) = −u3 + 6
u

x2
+ 6

√
2

x3
. (1.130)
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Thus (1.119) becomes

η = −6
√

2− 6xu+ 3
√

2x3uG+ x3u3

2x3
,

namely

uxx = −6
√

2− 6xu+ 3
√

2x3uux + x3u3

2x3
.

We find its solution, i.e.,

u(t, x) =

√
2(−R1(t) + 3R2(t)x4 + x2)

x(R1(t) +R2(t)x4 + x2)
,

which substituted into (1.107) yields the following solution

u(t, x) = −
3
√

2
(
12c22 + 24c2t+ 4c2x

2 + 4c1 + 12t2 + 4tx2 + x4
)

x (36c22 + 72c2t− 12c2x2 + 12c1 + 36t2 − 12tx2 − x4)
. (1.131)

Although this solution is not valid for the biological problem set in [25] since
c = 0, we report it here because the equation

ut = uxx − u3 + 6
u

x2
+ 6

√
2

x3
, (1.132)

may prove to be of interest for other biological or physical complex problems.
We observe that solution (1.131) is such that

lim
t→∞

u(t, x) = −
√

2

x
, lim

x→±∞
u(t, x) = 0,

and that u(t, x) < 0 for t > 0, x < 0. Moreover (1.131) is not defined for the
following set of values of x and t:

x = 0,{
x =

√
−6t− 6c2 + 2

√
18t2 + 36tc2 + 18c22 + 3c1,∀t

}
,{

x = −
√
−6t− 6c2 + 2

√
18t2 + 36tc2 + 18c22 + 3c1,∀t

}
,{

x =

√
−6t− 6c2 − 2

√
18t2 + 36tc2 + 18c22 + 3c1,∀t

}
,{

x = −
√
−6t− 6c2 − 2

√
18t2 + 36tc2 + 18c22 + 3c1,∀t

}
,{

∀x, t =
1

6
x2 − c2 +

1

6

√
2x4 − 12c1

}
,{

∀x, t =
1

6
x2 − c2 −

1

6

√
2x4 − 12c1

}
.
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Case 2. R(u, x) =
f(u)

k2(x)
.

If we assume ss1 = 0 then V2(t, x, u) = ss2(t, x) and d0 yields that

R(u, x) =
f(u)

k2(x)
, ss2(t, x) = k(x).

Following [32] we impose F (t, x, u) = 0; thus the annihilation of d1 imposes
that k(x) is either one of the three particular functions of x in (1.121) and
their nonclassical symmetry operators are

∂

∂t
− cx+ 2

2x

∂

∂x
,
∂

∂t
+

c

ec(b0−x) − 1

∂

∂x
,
∂

∂t
+

(
1

b1
tan

(
x+ b2
b1

)
− c

2

)
∂

∂x
,

respectively. In each case we can solve the corresponding invariant surface con-
dition (1.112) and reduce the original diffusion equation (1.107) to an ordinary
differential equation that involves an arbitrary function of the unknown due to
the arbitrariness of f(u). We consider some instances where f(u) has a given
expression in order to derive the nonclassical symmetry solution of equation
(1.107).

For the Case 2, we assume k(x) = −cx+ 2

2x
. We solve the invariant surface

equation (1.112), i.e.,

ut −
cx+ 2

2x
ux = 0,

and derive its complete solution as

u(t, x) = H(ξ), ξ =
4 log(cx+ 2)− 2cx− c2t

c2
,

where H(ξ) is an arbitrary function of ξ. After substituting this solution into
the equation (1.107), i.e.,

ut = uxx + cux +
4x2

(cx+ 2)2
f(u), (1.133)

we obtain the following ordinary differential equation

4
d2H

dξ2
− c2 dH

dξ
+ 4f(H) = 0. (1.134)

Let us consider f(u) = 1/u. In this instance the equation (1.134) admits a two-
dimensional non-Abelian transitive Lie point symmetry algebra11 generated
by

∂

∂ξ
, e

c2ξ
4

(
4
∂

∂ξ
+ c2H

∂

∂H

)
,

11We recall that the classification of real two-dimensional Lie symmetry algebra and
derivation of corresponding canonical variables were done by Lie himself [119], retold in
Bianchi’s 1918 textbook [26] and also in more recent textbooks, e.g., [94].
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and equation (1.134) can be integrated by quadrature. In fact taking a canoni-
cal representation of the generators of the two-dimensional Lie point symmetry
algebra, i.e.,

4e
c2ξ
4

(
4
∂

∂ξ
+ c2H

∂

∂H

)
, − 4

c2
∂

∂ξ
+ 4e

c2ξ
4

(
4
∂

∂ξ
+ c2H

∂

∂H

)
,

we can derive the corresponding canonical variables, i.e.,

ξ̃ = He
−c2ξ

4 , H̃ = 1 + e
−c2ξ

4

(
− 1

4c2
+H

)
.

These variables transform the equation (1.134) into its canonical form, i.e.,

d2H̃

dξ̃2
=

1

ξ̃

256

(
dH̃

dξ̃

)3

− 3

(
dH̃

dξ̃

)2

+ 3
dH̃

dξ̃
− 1

 ,

that can be solved by two quadratures and, thus, its general solution is

H̃ = ξ̃ + c2 ± 16

∫
d ξ̃√

2c1 − 2 log(ξ̃)
.

The last integral cannot be expressed in finite terms.
If we assume c = 0 then (1.133) becomes

ut = uxx + x2f(u).

In [32] the same nonclassical symmetry was determined if f(u) = u2(1− u) –
(i) in(1.109). We found that this is true for any f(u).

Also, we assume k(x) =
c

ec(b0−x) − 1
. We solve the invariant surface equa-

tion (1.112), i.e.,

ut +
c

ec(b0−x) − 1
ux = 0,

and derive its complete solution as

u(t, x) = H(γ), γ = −cx+ c2t+ ec(b0−x)

c2
,

where H(γ) is an arbitrary function of γ. After substituting this solution into
equation (1.107), i.e.,

ut = uxx + cux +

(
ec(b0−x) − 1

)2
c2

f(u), (1.135)

we obtain the following ordinary differential equation

d2H

dγ2
+ f(H) = 0. (1.136)
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Its general solution in implicit form is

±
∫

dH√
c1 − 2

∫
f(H)dH

− γ − c2 = 0.

Let us consider some instances:

(A) f(u) = u2 =⇒ u(t, x) = −6WeierstrassP(γ + c1, 0, c2),

where WeierstrassP represents the Weierstrass elliptic function.

(B) f(u) = u3 =⇒ u(t, x) = c2JacobiSN

((
γ√
2

+ c1

)
c2,
√
−1

)
,

where JacobiSN(z, k) = sin(JacobiAM(z, k)) and JacobiAM represents
the Jacobi amplitude function AM.

(C) f(u) = u2(1− u) =⇒
∫ 6 dH√

18H4 − 24H3 + 36c1
− γ − c2 = 0.

Let us consider two particular values of c1.

If we assume c1 =
1

6
then we obtain

u(t, x) =
(1−H)

√
18H2 + 12H + 6√

18H4 − 24H3 + 6
arctanh

(
2(1 + 2H)√

18H2 + 12H + 6

)
−γ−c2 = 0,

although still an implicit solution of (1.135);
instead c1 = 0 yields

u(t, x) = − 12

4c2γ + 2c22 + 2γ2 − 9
,

a nonclassical symmetry solution of equation (1.135), i.e.,

ut = uxx + cux +

(
ec(b0−x) − 1

)2
c2

u2(1− u).

This solution tends to zero when t (or x) goes to infinity. Also it blows
up in finite time if

t =
1

2c2

(
2c2c

2 − 2cx− 2ec(b0−x) ± c2
√

18
)
, ∀x.

Moreover, we can assume in Case 2, as k(x) =
1

b1
tan

(
x+ b2
b1

)
− c

2
. Then,

we solve the invariant surface equation (1.112), i.e.,

ut +

(
1

b1
tan

(
x+ b2
b1

)
− c

2

)
ux = 0,
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and derive its complete solution as

u(t, x) = H(%),

% = t+
2b1

4 + b21c
2

[
c(x+ b2) + log

(
1 + tan2

(
x+ b2
b1

))
−2 log

(
2 tan

(
x+ b2
b1

)
− b1c

)]
,

where H(%) is an arbitrary function of %. After substituting this solution into
equation (1.107), i.e.,

ut = uxx + cux +
4b21(

2 tan
(
x+b2
b1

)
− b1c

)2 f(u), (1.137)

we obtain the following ordinary differential equation

4b21
d2H

d%2
+ (4 + b21c

2)
dH

d%
+ 4b21f(H) = 0. (1.138)

If f(u) = u, namely if equation (1.137) is linear, then we obtain that the
general solution is

u(t, x) = c1e
−

4 + b21c
2 − %

√
(b21c

2 + 4)2 − 64b41
8b21

+ c2e
−

4 + b21c
2 + %

√
(b21c

2 + 4)2 − 64b41
8b21 .

1.2.2 Nonclassical symmetries of the Black-Scholes
equation

Now, we discuss the nonclassical symmetries of the Black-Scholes equation
given by [72]

ut +
1

2
A2x2uxx +Bxux −Bu = 0, (1.139)

where A, B are arbitrary constants.

The G-equation of (1.139) is:

Gt +BuGu +A2x (Gx +GGu) +
1

2
A2x2Gxx = 0,

and the η-equation is written as

A2x2 (GηηuG +Gηxu + ηηxG) + ηt +Bη +A2η

+
A2x2

2

(
G2ηuu + ηxx + η2ηGG

)
+Bxηx +Buηu

+A2x (ηηG + 2Gηu + 2ηx) = 0. (1.140)
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The particular solution of the η-equation becomes

η(t, x, u,G) =
2 (V2G−BxG+Bu− F )

A2x2
(1.141)

that replaced into (1.140) yields an overdetermined system in the unknowns
F , V2. Since we obtain a polynomial of third degree in G then we let MAPLE
evaluate the four coefficients that we call di, i = 0, 1, 2, 3 where i stands for
the corresponding power of G. We impose all of them to be zero. From d3 = 0,
we obtain

V2(t, x, u) = Θ1(t, x)u+ Θ2(t, x),

while d2 yields

F (t, x, u) =
1

A2x2

(
2Θ2

1u
3

3
+ 2Θ1Θ2u

2 − 2BΘ1u
2

)
+
∂Θ1

∂x
u2

+ Θ3(t, x)u+ Θ4(t, x),

with Θj(t, x), j = 1, . . . , 4 arbitrary functions of t and x. Since d1 is a poly-
nomial of order 3 with respect to u we set ej , j = 0, . . . , 3 as the coefficients
of uj , j = 0, . . . , 3. From e3 = 0 we get

Θ1(t, x) = 0, (1.142)

which implies also e1 = e2 = 0. Finally, we have

e0 = −3A2x3

[
− xΘ2

(
B + 4

∂Θ2

∂x

)
+ 2Bx2 ∂Θ2

∂x
+A3x3

(
2
∂Θ3

∂x
− ∂2Θ2

∂x2

)
− 2x

∂Θ2

∂t
+ 4Θ2

2

]
.

We consider the following special cases:

Case 1. Θ2(t, x) = Θ̃2(t).

Case 2. Θ2(t, x) = Θ̃2(x).

Case 1.
In this case by setting e0 equals zero, one can obtain:

Θ̃2(t) = c1e
−Bt, Θ3(t, x) =

c21e
−2Bt

A2x2
+ Θ̃3(t).

One time differentiation of d0 and setting it equal to zero yields

Θ̃3(t) = c2, c1 = 0.

By using these values we can write d0 as follows:

d0 = −A2x3

[
A2x2 ∂

2Θ4

∂x2
+ 2

∂Θ4

∂t
+ 2Bx

∂Θ4

∂x
− 2BΘ4

]
. (1.143)
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From d0 = 0 some subcases are considerable.

Subcase 1.1. Θ4(t, x) = Θ̃4(x)
In this subcase by using d0 = 0 we get

Θ̃4(x) = c3x+ c4x
−2B

A2 ,

where c3, c4 are arbitrary constants. In this step all of the unknowns are
determined and we have

V2(t, x, u) = 0, F (t, x, u) = c2u+ c3x+ c4x
−2B

A2 ,

and Eq. (1.141) becomes

η =
2
(
−BxG+Bu− c2u− c3x− c4x

−2B

A2

)
A2x2

,

namely

uxx =
2
(
−Bxux +Bu− c2u− c3x− c4x

−2B

A2

)
A2x2

. (1.144)

Eq. (1.144) is a linear ordinary differential equation with respect to x and its
solution is given by:

u(t, x) = Ψ1(t)x
A2−2B+λ

2A2 + Ψ2(t)x
A2−2B−λ

2A2 − c3x
2 + c4x

A2−2B

A2

c2x
, (1.145)

where λ =
√
A4 + 4B2 + 4BA2 − 8c2A2. Substituting (1.145) into (1.139)

yields the following nonclassical symmetry solution

u(t, x) = c5e
c2tx

A2−2B+λ

2A2 + c6e
c2tx

A2−2B−λ
2A2 − c3x

2 + c4x
A2−2B

A2

c2x
,

with ck, k = 2, . . . , 6 arbitrary constants.

Subcase 1.2. Θ4(t, x) = Θ̃4(t)
From d0 = 0 we get

Θ̃4(t) = c3e
Bt.

Therefore
V2(t, x, u) = 0, F (t, x, u) = c2u+ c3e

Bt,

and from (1.119), η-equation is as follows:

η =
2
(
Bu−BxG− c2u− c3eBt

)
A2x2

,
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which is equivalent to

uxx =
2
(
Bu−Bxux − c2u− c3eBt

)
A2x2

.

Obtained equation is an ODE with respect to x and its solution is given by

u(t, x) = Ψ1(t)x
B+1−λ

2 + Ψ2(t)x
B+λ

2 +
c3e

Bt

B − c2
, (1.146)

where λ =
√

(B − 1)2 + 4c2. Substituting (1.146) into (1.139) yields another
nonclassical symmetry solution of (1.139) with

Ψ1(t) = c4e
−
t((2+A2)(B2−Bλ−B)+2A2c2)

4 , Ψ2(t) = c5e
−
t((2+A2)(B2+Bλ−B)+2A2c2)

4 ,

where ck, k = 2, . . . , 5 are arbitrary constants and λ is defined as before.

Case 2.
In this case e0 = 0 becomes as follows:

e0 = 3A2x3
[
− 2A2x3

∂Θ3

∂x
+A2x3

d2Θ̃2

dx2
+ (4xΘ̃2− 2Bx2)

dΘ̃2

dx
− 4Θ̃2

2 + 2BxΘ̃2

]
= 0.

(1.147)

To solve this equation, we consider the following subcases.

Subcase 2.1. Θ3(t, x) = 1
2
dΘ̃2(x)
dx

Eq. (1.147) yields Θ̃2(x) = c1x and therefore (1.143) becomes

d0 = x

[
A2x2 ∂

2Θ4

∂x2
+ 2Bx

∂Θ4

∂x
+ 2

∂Θ4

∂t
− 2BΘ4

]
. (1.148)

By setting Θ4(t, x) = Θ̃4(x) in (1.148), and solving d0 = 0 we get

Θ̃4(x) = A1x+A2x
− 2B
A2 .

Therefore

V2(t, x, u) = c1x, F (t, x, u) =
1

2
c1u+A1x+A2x

− 2B
A2 ,

and η-equation becomes

η =
2(c1 −B)xG+ 2Bu− c1u− 2A1x− 2A2x

− 2B
A2

A2x2
;

in other words:

uxx =
2(c1 −B)xux + 2Bu− c1u− 2A1x− 2A2x

− 2B
A2

A2x2
. (1.149)
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Eq. (1.144) is obtainable from Eq. (1.149) by setting c1 = B
2 = 2c2. Thus we

escape from the calculation of solutions for this case.
However, setting Θ4(t, x) = Θ̃4(t) in (1.148), and solving d0 = 0 yields

Θ̃4(t) = A1e
Bt.

Therefore

V2(t, x, u) = c1x, F (t, x, u) =
1

2
c1u+A1e

Bt.

Thus, η-equation becomes

η =
2(c1 −B)xG+ 2Bu− c1u− 2A1e

Bt

A2x2
;

in other words:

uxx =
2(c1 −B)xux + (2B − c1)u− 2A1e

Bt

A2x2
. (1.150)

Solving the obtained ODE yields:

u(t, x) = Ψ1(t)x
2c1−2B+A2−λ

2A2 + Ψ2(t)x
2c1−2B+A2+λ

2A2 +
2A1e

Bt

2B − c1
, (1.151)

where λ =
√

4(c1 −B)2 + 4A2B +A4. Another nonclassical symmetry solu-
tion of (1.139) is obtainable as follows, by substituting (1.151) into (1.139)

Ψ1(t) = A2e
c1t( 2B−2c1+λ

2A2 ),

Ψ2(t) = A3e
c1t( 2B−2c1+λ

2A2 ) + ec1t(
2B−2c1+λ

2A2 )

× 4A1B(2B − 2c1 + λ)x
2B−2c1−λ−A

2

2A2 e
t

(
2BA2−2Bc1+2c21+c1λ

2A2

)
c1(4B +A2)(2B − c1)

,

where Ak, k = 1, 2, 3 and c1 are arbitrary constants and λ is defined as before.

Subcase 2.2. Θ3(t, x) = Θ̃3(x)
From Eq. (1.147) we have

Θ̃3(x) =
Θ̃2(x)2 −BΘ̃2(x)

A2x2
+

1

2

dΘ̃2(x)

dx
+A1.

By this value of Θ̃3(x), equation d0 = 0 becomes a polynomial of order one
with respect to u. A special solution of coefficient of u in d0 = 0 is

Θ̃2(x) =
x
(
A2 +

√
A4 + 8A2B + 8B2 − 16A2A1

)
4

.
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Thus d0 = 0 becomes an equation without u, which by setting Θ4(t, x) = Θ̃4(t)
we get

Θ̃4(t) = k1e
Bt.

Therefore

V2(t, x, u) =
(A2 + λ)x

4
,

F (t, x, u) =
(A2B +A4 + 2B2)u− λ(Bu−A2u2) + 4k1A

2eBt

4A2
,

where λ =
√
A4 + 8A2B + 8B2 − 16A1A2 and η-equation becomes

η =
A4xG+ λ(A2xG+Bu−A2u)− 4A2BxG

2A4x2

+
3A2Bu−A4u− 2B2u− 4k1A

2eBt

2A4x2
,

or equivalently

uxx =
A4xux + λ(A2xux +Bu−A2u)− 4A2Bxux

2A4x2

+
3A2Bu−A4u− 2B2u− 4k1A

2eBt

2A4x2
. (1.152)

Another nonclassical symmetry solution of Eq. (1.139) can be found by solving
Eq. (1.152) which is as follows:

u(t, x) = Ψ1(t)x
A2−2B+λ

2A2 + Ψ2(t)x
A2−B
A2 − 4k1A

2eBt

(A2 −B)(A2 − 2B + λ)
,

where

Ψ1(t) = e
t

(
4A1A

2−A2B−B2

2A2

)
, Ψ2(t) = e

tB
(
A2+B

2A2

)
,

and λ =
√
A4 + 8A2B + 8B2 − 16A1A2.

Also, if in d0 = 0 we set Θ4(t, x) = Θ̃4(x), then

Θ̃4(x) = k1x+ k2x
− 2B
A2 ,

and therefore

V2(t, x, u) =
x
(
A2 + λ

)
4

,

F (t, x, u) =
A2Bx2u− λ(Bx2 −A2X2)u+A4x2u

4A2x2

+
4k1A

2x3 + 2B2x2u+ 4k2A
2x

2
(
A2−B
A2

)
4A2x2

,
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where λ =
√
A4 + 8A2B + 8B2 − 16A1A2. Hence, the η-equation is as follows:

η =
A4x3G+ λ(A2x3G+Bux2 −A2ux2)− 4A2Bx3G

2A4x4

+
3A2Bux2 −A4ux2 − 2B2ux2 − 4k1A

2x3 − 4k2A
2x

2
(
A2−B
A2

)
2A4x2

;

in other words

uxx =
A4x3ux + λ(A2x3ux +Bux2 −A2ux2)− 4A2Bx3ux

2A4x4

+
3A2Bux2 −A4ux2 − 2B2ux2 − 4k1A

2x3 − 4k2A
2x

2A2−2B

A2

2A4x2
,

from which its solution is given by

u(t, x) = Ψ1(t)x
A2−2B+λ

2A2 + Ψ2(t)x
A2−B
A2

+
2A2(A2 +B)(k1x

A2+2B

A2 µ− λB(k1x
A2+2B

A2 + k2))

x
2B
A2 (4A1A2 −A2B −B2)(λ−A2)(A2B +B2)

+
k2B(5A2B + 4B2 +A4 − 8A1A

2)

x
2B
A2 (4A1A2 −A2B −B2)(λ−A2)(A2B +B2)

,

where µ = 8A2A1 − 3A2B − 4B2 and similar to previous

Ψ1(t) = k3e
t

(
4A1A

2−A2B−B2

2A2

)
, Ψ2(t) = k4e

tB
(
A2+B

2A2

)
.

Comparison of presented solutions of Eq. (1.139) in literature with non-
classical solutions shows that reported solutions in this section are new.

1.3 Self-adjointness and conservation laws

In this section, after some preliminaries, conservation laws by using the
new conservation theorem introduced in [95] will be considered for different
problems.

Consider a kth-order PDE of n independent variables x = (x1, x2, . . . , xn)
and dependent variable u, viz.,

F (x, u, u, u(1), . . . , u(k)) = 0, (1.153)

where u(1) = {ui}, u(2) = {uij}, . . . and ui = Di(u), uij = DjDi(u), where

Di =
∂

∂xi
+ ui

∂

∂u
+ uij

∂

∂uj
+ · · · , i = 1, 2, . . . , n,
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are the total derivative operators with respect to xis.
The Euler-Lagrange operator, by formal sum, is given by

δ

δu
=

∂

∂u
+
∑
s≥1

(−1)sDi1 · · · Dis
∂

∂ui1···is
. (1.154)

Also, if A be the set of all differential functions of all finite orders, and ξi, η ∈
A, then Lie-Bäcklund operator is

X = ξi
∂

∂xi
+ η

∂

∂u
+ ζi

∂

∂ui
+ ζi1i2

∂

∂ui1i2
+ · · · , (1.155)

where

ζi = Di
(
η
)
− ujDi

(
ξj
)
,

ζi1...is = Dis
(
ζi1...is−1

)
− uji1...is−1

Dis
(
ξj
)
, s > 1.

One can write the Lie-Bäcklund operator (1.155) in characteristic form

X = ξiDi +W
∂

∂u
+
∑
s≥1

Di1 . . .Dis(W )
∂

∂ui1i2...is
,

where
W = η − ξjuj (1.156)

is the characteristic function.
Euler-Lagrange operators with respect to derivatives of u are obtained by
replacing u and the corresponding derivatives in (1.154), e.g.,

δ

δui
=

∂

∂ui
+
∑
s≥1

(−1)sDj1 · · · Djs
∂

∂uij1···js
. (1.157)

There is a connection between the Euler-Lagrange, Lie-Bäcklund and the asso-
ciated operators by the following identity:

X +Di(ξi) = W
δ

δu
+DiN i,

where

N i = ξi +W
δ

δui
+
∑
s≥1

Di1 · · · Dis(W )
δ

δuii1···is
, i = 1, . . . , n,

are the Noether operators associated with a Lie-Bäcklund symmetry operator.
The n-tuple vector T = (T 1, T 2, . . . , Tn), T i ∈ A, i = 1, . . . , n, is a conserved
vector of Eq. (1.153) if

Di(T i) = 0 (1.158)

on the solution space of (1.153). The expression (1.158) is a local conservation
law of Eq. (1.153) and T i ∈ A are called the fluxes of the conservation law.



Lie symmetry analysis of integer order differential equations 61

Definition 7 A local conservation law (1.158) of the PDE (1.153) is trivial
if its fluxes are of the form T i = M i +Hi, where M i and Hi are functions of
x, u and derivatives of u such that M i vanishes on the solutions of the system
(1.153), and DiHi = 0 is identically divergence-free.

In particular, a trivial conservation law contains no information about a given
PDE (1.153) and arises in two cases:
1. Each of its fluxes vanishes identically on the solutions of the given PDE.
2. The conservation law vanishes identically as a differential identity. In partic-
ular, this second type of trivial conservation law is simply an identity holding
for arbitrary fluxes. These T = (T 1, T 2, ..., Tn) are called null divergences.

The adjoint equation to the kth-order differential Eq. (1.153) is defined by

F ∗(x, u, v, u(1), v(1), . . . , u(k), v(k)) = 0, (1.159)

where

F ∗(x, u, v, u(1), v(1), . . . , u(k), v(k)) =
δ(vβFβ)

δu
, v = v(x),

and v = (v1, v2, . . . , vm) are new dependent variables.
We recall here the following results as given in Ibragimov’s paper [95].

Definition 8 [95] Eq. (1.153) is said to be self-adjoint if the substitution of
v = u into adjoint Eq. (1.159) yields the same Eq. (1.153).

Definition 9 [96] Eq. (1.153) is said to be quasi self-adjoint if the equation
obtained from the adjoint Eq. (1.159) by the substitution v = h(u), with a
certain function h(u) such that h′(u) 6= 0 is identical to the original equation.

Definition 10 [61] Eq. (1.153) is said to be weakly self-adjoint if the equation
obtained from the adjoint Eq. (1.159) by the substitution v = h(t, x, u), with
a certain function h(t, x, u) such that ht(t, x, u) 6= 0, (or hx(t, x, u) 6= 0) and
hu(t, x, u) 6= 0 is identical to the original equation.

Definition 11 [98] Eq. (1.153) is said to be nonlinearly self-adjoint if
the equation obtained from the adjoint Eq. (1.159) by the substitution
v = h(x, u, u(1), . . .), with a certain function h(x, u, u(1), . . .) such that
h(x, u, u(1), . . .) 6= constant is identical to the original equation (1.153).

The main theorem which is used to construct the conservation laws is given
as follows:

Theorem 1 [95] Every Lie point, Lie-Bäcklund and nonlocal symmetry
admitted by the Eq. (1.153) gives rise to a conservation law for the system
consisting of the Eq. (1.153) and the adjoint Eq. (1.159) where the compo-
nents T i of the conserved vector T = (T 1, . . . , Tn) are determined by

T i = ξiL+W
δL
δui

+
∑
s≥1

Di1 . . .Dis(W )
δL

δuii1i2...is
, i = 1, . . . n, (1.160)
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with Lagrangian given by

L = vF (x, u, . . . , u(k)).

1.3.1 Conservation laws of the Black-Scholes equation

Here, we obtain the conservation laws of the Black-Scholes equation
(1.139). The adjoint equation for Eq. (1.139) is as follows:

F ∗ =
δ(vF )

δu
=
δ
(
v
[
ut + 1

2A
2x2uxx +Bxux −Bu

])
δu

,

which by some simplifications we get

F ∗ = −2Bv − vt −Bxvx +A2v + 2A2xvx +
1

2
A2x2vxx = 0. (1.161)

By setting t = x1 and x = x2, the conservation law will be written

Dt(T ti ) +Dx(T xi ) = 0, i = 1, . . . , 7.

Now, we discuss self-adjointness of Eq. (1.139) by the following theorem.

Theorem 2 Eq. (1.139) is neither quasi self-adjoint nor weakly self-adjoint;
however Eq. (1.139) is nonlinearly self-adjoint for

h(t, x, u) = ec1t
(
c2x

2B−3A2+χ

2A2 + c3x
2B−3A2−χ

2A2

)
, (1.162)

where χ =
√

4B2 + 4BA2 +A4 + 8A2c1.

Proof: By a few computations we can show that Eq. (1.139) is neither
quasi self-adjoint nor weakly self-adjoint. To demonstrate the nonlinear self-
adjointness, setting v = h(t, x, u) in Eq. (1.167) we get

− 2Bh+A2h−Bx(hx + huux) + 2A2x (hx + huux)− ht − huut

+
1

2
A2x2(hxx + 2hxuux + huuu

2
x + huuxx) = 0,

which yields:

F ∗ − λ
(
ut +

1

2
A2x2uxx +Bxux −Bu

)
= −λut − λBxux + λBu− 2hB

− ht +A2h− huut +
1

2
A2x2(hxx + huuu

2
x + huuxx − λuxx + 2hxuux)

−Bxhx −Bxhuux + 2A2x(hx + huux) = 0. (1.163)
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Comparing the coefficients for the different derivatives of u we obtain some
conditions, one of which is λ + hu = 0. Thus, by setting λ = −hu in (1.169)
we get

A2x2(huuxx + hxuux)−Bhuu− 2Bh− ht −Bxhx +A2h

+ 2A2x(hx + huux) +
1

2
A2x2(hxx + huuu

2
x) = 0. (1.164)

As previously, comparing the coefficients for the different derivatives of u, we
have the following condition:

A2x2

2
hxx + (2A2 −B)xhx + (A2 − 2B)h− ht = 0, (1.165)

which by solving this system completes the proof.

Here infinite dimensional Lie algebras of Eq. (1.139) presented in [121] are
used to construct the infinite number of conservation laws.

Eq. (1.139) admits six-dimensional Lie algebras; thus we consider the fol-
lowing seven cases:

(i) We first consider the Lie point symmetry generator X1 = ∂
∂t . The

components of the conserved vector are given by

T t1 =
1

2
A2x2vuxx +Bxvux −Bvu,

T x1 =−Bxvut +A2xvut +
1

2
A2x2(utvx − vutx).

By setting c1 = c3 = 0 and c2 = 1 in Theorem 9, we get

T t1 |v= 1
x2

=
A2

2
uxx +

B

x
ux −

B

x2
u = Dx

(
A2

2
ux +

B

x
u

)
,

T x1 |v= 1
x2

=− A2

2
utx −

B

x
ut = −Dt

(
A2

2
ux +

B

x
u

)
.

Then transferring the terms Dx(· · · ) from T t1 to T x1 provides the null diver-
gence T1 = (T t1 , T

x
1 ) = (0, 0).

(ii) Using the Lie point symmetry generator X2 = x ∂
∂x , the components

of the conserved vector are given by

T t2 =− xvux,

T x2 =xvut −Bxvu+
1

2
A2x2(vux + xuxvx).

Setting v = h(t, x, u) = 1
x2 into T t2 , T

x
2 and after reckoning, we have

T t2 |v= 1
x2

=− u

x2
+Dx

(
−u
x

)
,

T x2 |v= 1
x2

=− B

x
u− A2

2
ux −Dt

(
−u
x

)
.
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Therefore T2 = (T t2 , T
x
2 ) = (− u

x2 ,−Bx u−
A2

2 ux).

(iii) Using the Lie point symmetry generator X3 = u ∂
∂u , one can obtain

the conserved vector whose components are

T t3 =uv,

T x3 =
1

2
A2x2(vux − uvx) +Bxvu−A2xuv.

Setting v = 1
x2 concludes the previous conserved vectors; however c1 = c2 = 0

and c3 = 1 in (1.168) yields

T t3 |
v=x(

2B
A2 −1) =x( 2B

A2−1)u,

T x3 |
v=x(

2B
A2 −1) =

A2

2

(
x( 2B

A2 +1)ux − x( 2B
A2 )u

)
.

(iv) Utilizing the Lie point symmetry generator X4 = 2tx ∂
∂x +(

tu− 2Btu
A2 + 2u ln(x)

A2

)
∂
∂u , one can obtain the conserved vector whose com-

ponents are

T t4 =
(
A2tu− 2Btu+ 2u ln(x)− 2A2txux

)
v,

T x4 = −1

2
x

(
− 4A2tvut + 2A2Btxvux − 2A2Btvu− 2A2vu− 2BA2xtuvx

+A4t(2uv + xuvx − 2x2uxvx − 3xuxv) + 4B2tuv

+ ln(x)(4A2uv − 4Buv + 2A2xuvx − 2A2xvux)

)
.

Substituting v = 1
x2 into the components above, we obtain

T t4 |v= 1
x2

=

(
2 ln(x)−A2t− 2Bt

x2

)
u+Dx

(
−2A2tu

x

)
,

T x4 |v= 1
x2

=
−2A2Btxux − 2A2Btu− 4B2tu+ 4Bu ln(x)−A4txux

2x

+
2A2x ln(x)ux − 2A2u

2x
−Dt

(
−2A2tu

x

)
.

Then transferring the terms Dx(· · · ) from T t4 to T x4 provides

T t4 |v= 1
x2

=

(
2 ln(x)−A2t− 2Bt

x2

)
u,

T x4 |v= 1
x2

=
−2A2Btxux − 2A2Btu− 4B2tu+ 4Bu ln(x)−A4txux

2x

+
2A2x ln(x)ux − 2A2u

2x
. (1.166)
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(v) Using the Lie point symmetry generator

X5 = 8t
∂

∂t
+ 4x ln(x)

∂

∂x

+

(
A2tu+ 4Btu+

4B2tu

A2
+ 2u ln(x)− 4Bu ln(x)

A2

)
∂

∂u
,

one can obtain the conserved vector whose components are

T t5 = v

(
4A4tx2uxx + 8A2Btxux − 4A2Btu+A4tu+ 4B2tu

+ ln(x)(2A2u− 4Bu− 4A2xux)

)
,

T x5 = −1

2
x

(
6A4Btuv +A6tx(uvx − vux) + 16A2Btvut + 4B2A2txuvx

+ 2A6tuv +A4tx(8vutx − 8utvx − 4Bvux + 4Buvx)

+A4 ln(x)(2xuvx − 6xvux − 4x2uxvx + 4uv)− 4A2Bvu ln(x)

− 4A2B2txvux + 4A2Bx ln(x)(vux − uvx)− 8A2 ln(x)vut − 16A4tutv

− 8B3tuv + 4A2Bvu+ 4A4xvux + 8B2u ln(x)v − 2A4vu

)
,

which by setting v = 1
x2 we get

T t5 |v= 1
x2

=
4A2Bt+ 4A2 − 2A2 ln(x) +A4t+ 4B2t− 4B ln(x)

x2
u

+Dx
(

4A4tux + (8A2Bt− 4A2 ln(x))
u

x

)
,

T x5 |v= 1
x2

=
1

2x

(
12A2Bu+ 4A4xux +A6txux + 2A4Btu− 4A2B ln(x)u

− 2A4x ln(x)ux + 8A2B2tu+ 4A4Btxux + 4A2B2txux

− 4A2Bx ln(x)ux + 2A4u+ 8B3tu− 8B2 ln(x)u

)
−Dt

(
4A4tux + (8A2Bt− 4A2 ln(x))

u

x

)
;

therefore

T t5 |v= 1
x2

=
4A2Bt+ 4A2 − 2A2 ln(x) +A4t+ 4B2t− 4B ln(x)

x2
u,

T x5 |v= 1
x2

=
1

2x

(
12A2Bu+ 4A4xux +A6txux + 2A4Btu− 4A2B ln(x)u

− 2A4x ln(x)ux + 8A2B2tu+ 4A4Btxux + 4A2B2txux

− 4A2Bx ln(x)ux + 2A4u+ 8B3tu− 8B2 ln(x)u

)
.
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(vi) Using the Lie point symmetry generator

X6 =8t2
∂

∂t
+ 8tx ln(x)

∂

∂x
+

(
A2t2u− 4tu+ 4Bt2u+ 4tu ln(x)

+
4B2t2u

A2
− 8Btu ln(x)

A2
+

4u ln2(x)

A2

)
∂

∂u
,

one can obtain the conserved vector whose components are

T t6 = v

(
4A4t2x2uxx + 8A2Bt2xux − 4A2Bt2u+A4t2u− 4A2tu+ 4B2t2u

+ ln(x)(4A2tu− 8Btu− 8A2txux) + 4u ln(x)2
)
,

T x6 = −1

2
x

(
16A2Btvu− 4A4txuvx + 12A4txuxv + 8A4tu ln(x)v − 16A2t ln(x)vut

+A4t2(6Buv − 8xutvx + 8xvutx−16utv− 4Bxvux) + 16A2Bt2utv − 4A2B2xt2vux

+ ln(x)2(4A2xuvx + 8A2uv − 4A2xvux − 8Buv) +A6t2xuvx + 16B2tu ln(x)v

+ ln(x)(−8A2Btvu+ 4A4txuvx − 12A4txuxv)− 8A4tx2 ln(x)uxvx + 4A4Bxt2uvx

+4A2B2t2xuvx + ln(x)(8A2Bxtvux − 8A2Bxtuvx − 8A2uv) + 2A6t2uv

−12A4tuv − 8B3t2uv −A6t2xvux

)
.

Setting v = 1
x2 into the components of T t6 and T x6 we get

T t6 |v= 1
x2

=
4A2Bt2 +A4t2 + 4A2t+ 4B2t2 − 4A2t ln(x)− 8Bt ln(x) + 4 ln2(x)

x2
u

+Dx
(

4A4t2ux + (8A2Bt2 − 8A2t ln(x))
u

x

)
,

T x6 |v= 1
x2

=
1

2x

(
− 8A2Btx ln(x)ux +A6t2xux + 16A2Btu+ 4A4txux + 2A4Bt2u

− 16B2t ln(x)u+ 4A2x ln2(x)ux + 8A2B2t2u+ 4A4Bt2xux + 4A2B2t2xux

− 8A2Bt ln(x)u− 4A4tx ln(x)ux + 4A4tu− 8A2 ln(x)u+ 8B3t2u

+ 8B ln2(x)u

)
−Dt

(
4A4t2ux + (8A2Bt2 − 8A2t ln(x))

u

x

)
;

thus

T t6 |v= 1
x2

=
4A2Bt2 +A4t2 + 4A2t+ 4B2t2 − 4A2t ln(x)− 8Bt ln(x) + 4 ln2(x)

x2
u,

T x6 |v= 1
x2

=
1

2x

(
− 8A2Btx ln(x)ux +A6t2xux + 16A2Btu+ 4A4txux + 2A4Bt2u

− 16B2t ln(x)u+ 4A2x ln2(x)ux + 8A2B2t2u+ 4A4Bt2xux + 4A2B2t2xux

− 8A2Bt ln(x)u− 4A4tx ln(x)ux + 4A4tu− 8A2 ln(x)u+ 8B3t2u

+ 8B ln2(x)u

)
.
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(vii) Using the Lie point symmetry generatorX7 = ϕ(t, x) ∂
∂u where ϕ(t, x)

satisfies the following equation:

2ϕt − 2Bϕ+ 2Bxϕx +A2x2ϕxx = 0,

one can obtain the conserved vector whose components are

T t7 =vϕ,

T x7 =
1

2
x

(
(2Bv − 2A2v −A2xvx)ϕ+A2xvϕx

)
.

Substituting v = 1
x2 into the components above, we obtain

T t7 |v= 1
x2

=
ϕ

x2
,

T x7 |v= 1
x2

=
2Bϕ+A2xϕx

2x
.

Since

Dt
( ϕ
x2

)
+Dx

(
2Bϕ+A2xϕx

2x

)
= 0,

it follows that the vector T7 = (T t7 , T
x
7 ) is a local conserved vector for equation

(1.139).

1.3.2 Conservation laws of the couple stress fluid-filled thin
elastic tubes

The adjoint equation for the Eq. (1.66) is as follows:

F ∗ =
δ(vF )

δu
=
δ
(
v
[
uτ + a1uuξ − a2uξξ + a3uξξξ + a4uξξξξ

])
δu

,

which by some simplifications we get

F ∗ = −vτ − a1vξu− a2vξξ − a3vξξξ + a4vξξξξ = 0. (1.167)

By setting τ = x1 and ξ = x2, the conservation law will be written

Dτ (T τi ) +Dξ(T ξi ) = 0, i = 1, . . . , 3,

and

T τi =ζ1L+W

[
∂L
∂uτ

]
,

T ξi =ζ2L+W

[
∂L
∂uξ
−Dξ

(
∂L
∂uξξ

)
+D2

ξ

(
∂L
∂uξξξ

)
−D3

ξ

(
∂L

∂uξξξξ

)]
+Dξ(W )

[
∂L
∂uξξ

−Dξ
(

∂L
∂uξξξ

)
+D2

ξ

(
∂L

∂uξξξξ

)]
+D2

ξ(W )

[
∂L
∂uξξξ

−Dξ
(

∂L
∂uξξξξ

)]
+D3

ξ(W )

[
∂L

∂uξξξξ

]
,
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where
L = v (uτ + a1uuξ − a2uξξ + a3uξξξ + a4uξξξξ) .

Now, we discuss about the self-adjointness of Eq. (1.66) by the following
theorem.

Theorem 3 Eq. (1.66) is neither quasi self-adjoint nor weakly self-adjoint;
however Eq. (1.66) is nonlinearly self-adjoint for every solution of

∂h(τ, ξ, u)

∂τ
+ a1u

∂h(τ, ξ, u)

∂ξ
+ a2

∂2h(τ, ξ, u)

∂ξ2
+ a3

∂3h(τ, ξ, u)

∂ξ3
− a4

∂4h(τ, ξ, u)

∂ξ4
= 0.

(1.168)

Proof: By few computations we can show that Eq. (1.66) is neither quasi self-
adjoint nor weakly self-adjoint. To demonstrate the nonlinear self-adjointness,
setting v = h(t, x, u) in Eq. (1.167) we get

− hτ − uτhu − a1uhξ − a1uuξhu − a2hξξ − a2u
2
ξhuu − 2a2uξhξu − a2uξξhu

− a3hξξξ − a3u
3
ξhuuu − a3uξξξhu − 3a3u

2
ξhξuu − 3a3uξhξξu − 3a3uξξhξu

− 3a3uξuξξhuu + a4hξξξξ + a4uξξξξhu + 6a4u
2
ξhξξuu + a4u

4
ξhuuuu

+ 4a4u
3
ξhξuuu + 3a4u

2
ξξhuu + 4a4uξξξhξu + 6a4uξξhξξu + 4a4uξhξξξu

+ 6a4u
2
ξuξξhuuu + 12a4uξuξξhξuu + 4a4uξuξξξhuu = 0,

which yields:

F ∗ − λ (uτ + a1uuξ − a2uξξ + a3uξξξ + a4uξξξξ) = −λuτ − λa1uuξ + λa2uξξ

− λa3uξξξ − λa4uξξξξ − hτ − uτhu − a1uhξ − a1uuξhu − a2hξξ − a2u
2
ξhuu

− 2a2uξhξu − a2uξξhu − a3hξξξ − a3u
3
ξhuuu − a3uξξξhu − 3a3u

2
ξhξuu

− 3a3uξhξξu − 3a3uξξhξu − 3a3uξuξξhuu + a4hξξξξ + a4uξξξξhu + 6a4u
2
ξhξξuu

+ a4u
4
ξhuuuu + 4a4u

3
ξhξuuu + 3a4u

2
ξξhuu + 4a4uξξξhξu + 6a4uξξhξξu

+ 4a4uξhξξξu + 6a4u
2
ξuξξhuuu + 12a4uξuξξhξuu + 4a4uξuξξξhuu. (1.169)

Comparing the coefficients for the different derivatives of u we obtain some
conditions of which one of them is λ + hu = 0. Thus, by setting λ = −hu in
(1.169) we get

− hτ − a1uhξ − a2hξξ − a2u
2
ξhuu − 2a2uξhξu − 2a2uξξhu − a3hξξξ

− a3u
3
ξhuuu − 3a3u

2
ξhξuu − 3a3uξhξξu − 3a3uξξhξu − 3a3uξuξξhuu

+ a4hξξξξ + 2a4uξξξξhu + 6a4u
2
ξhξξuu + a4u

4
ξhuuuu + 4a4u

3
ξhξuuu

+ 3a4u
2
ξξhuu + 4a4uξξξhξu + 6a4uξξhξξu + 4a4uξhξξξu + 6a4u

2
ξuξξhuuu

+ 12a4uξuξξhξuu + 4a4uξuξξξhuu = 0. (1.170)

As previously, comparing the coefficients for the different derivatives of u, we
have the following condition:

hτ + a1uhξ + a2hξξ + a3hξξξ − a4hξξξξ = 0, (1.171)

which by solving this system completes the proof.
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Here the infinite dimensional Lie algebras of Eq. (1.66) are used to con-
struct the corresponding conservation laws.

Eq. (1.66) admits three-dimensional Lie algebras for nonzero coefficients.
Thus, we consider the following three cases:

(i) We first consider the Lie point symmetry generator X1 = ∂
∂τ . Compo-

nents of the conserved vector are given by

T τ1 =a1vuuξ − a2vuξξ + a3vuξξξ + a4vuξξξξ,

T ξ1 =− a1vuuτ − a2vξuτ + a2vuτξ − a3uτvξξ − a3vξuτξ − a3vuτξξ

+ a4vξξξuτ − a4vξξuτξ + a4vξuτξξ − a4vuτξξξ.

Let

T τ1 |v=1 =a1uuξ − a2uξξ + a3uξξξ + a4uξξξξ

= Dξ
(

1

2
a1u

2 − a2uξ + a3uξξ + a4uξξξ

)
,

T ξ1 |v=1 =− a1uuτ + a2uτξ − a3uτξξ − a4uτξξξ

= −Dτ
(

1

2
a1u

2 − a2uξ + a3uξξ + a4uξξξ

)
.

Then transferring the terms Dξ(· · · ) from T τ1 to T ξ1 provides the null diver-

gence T1 = (T τ1 , T
ξ
1 ) = (0, 0).

(ii) Using the Lie point symmetry generator X2 = ∂
∂ξ , the components of

the conserved vector are given by

T τ2 =− vuξ,

T ξ2 =vuτ − a2vξuξ − a3vξξuξ + a3vξuξξ + a4vξξξuξ − a4vξξuξξ + a4vξuξξξ.

Setting v = h(τ, ξ, u) = 1 into T τ2 , T
ξ
2 and after reckoning, we have

T τ2 |v=1 =− uξ = Dξ (−u) ,

T ξ2 |v=1 =uτ = −Dτ (−u) .

Therefore T2 = (T τ2 , T
ξ
2 ) = (0, 0).

(iii) Using the Lie point symmetry generator X3 = a1τ
∂
∂ξ + ∂

∂u , one can
obtain the conserved vector whose components are

T τ3 =v − a1τvuξ,

T ξ3 =− a1a2τuξvξ − a1a3τvξξuξ + a1a3τvξuξξ + a1a4τuξvξξξ

− a1a4τvξξuξξ + a1a4τvξuξξξ + a1τvuτ + a1uv + a2vξ + a3vξξ − a4vξξξ.
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Setting v = 1 concludes the previous conserved vectors:

T τ3 |v=1 =1− a1τuξ = Dξ (ξ − a1τu) ,

T ξ3 |v=1 =a1u+ a1τuτ = −Dτ (ξ − a1τu) .

Therefore T3 = (T τ3 , T
ξ
3 ) = (0, 0).

1.3.3 Conservation laws of the Fornberg-Whitham equation

For the Fornberg-Whitham equation (1.6) we have

L = v
[
ut −

1

3
(utxx + uxtx + uxxt) + ux + uux − 3uxuxx − uuxxx

]
.

The adjoint equation for Eq. (1.6) is as follows:

F ∗ =
δ(L)

δu
=
δ
(
v
[
ut − 1

3 (utxx + uxtx + uxxt) + ux + uux − 3uxuxx − uuxxx
])

δu
,

which by some simplifications we get

F ∗ = −vt − vx − uvx + uvxxx + vtxx = 0. (1.172)

Now, we discuss about the self-adjointness of Eq. (1.6) by the following theo-
rem.

Theorem 4 Eq .(1.6) is neither quasi self-adjoint nor weak self-adjoint; how-
ever Eq. (1.6) is nonlinearly self-adjoint with h = χ ∈ R.

Proof: A straightforward computation shows that Eq. (1.6) is neither quasi
self-adjoint nor weak self-adjoint. In order to demonstrate the nonlinear self-
adjointness, by setting v = h(t, x, u) in Eq. (1.172) we conclude

− uthu − uxhu + uhxxx + 2utuxhxuu + utu
2
xhuuu + utuxxhuu + 3uuxhxxu

+ 3uu2
xhxuu + uu3

xhuuu − uhx − ht − hx − uuxhu + 3uuxxhxu + uuxxxhu

+ 3uuxuxxhuu + htxx + 2uxhtxu + uthxxu + 2uxutxhuu + huutxx

+ 2utxhxu + htuuu
2
x + htuuxx = 0,

which yields:

F ∗ − λ (ut − uxxt + ux + uux − 3uxuxx − uuxxx) = −uthu − uxhu + uhxxx

− λut + λutxx − λux + 2utuxhxuu + utu
2
xhuuu + utuxxhuu − λuux

+ λuuxxx + 3λuxuxx + 3uuxhxxu + 3uu2
xhxuu + uu3

xhuuu − uhx − ht
− hx − uuxhu + 3uuxxhxu + uuxxxhu + 3uuxuxxhuu + htxx + 2uxhtxu

+ uthxxu + 2uxutxhuu + huutxx + 2utxhxu + u2
xhtuu + htuuxx = 0. (1.173)
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Comparing the coefficients for the different derivatives of u we obtain some
conditions of which one of them is λ + hu = 0. Thus, by setting λ = −hu in
(1.173) we get

htuuxx + 2htxuux + htuuu
2
x + uthxxu + 2hxuutx − hxu+ hxxxu− 3huuxuxx

+ 2hxuuutux + huuuutu
2
x + huuutuxx + 2huuuxutx + 3hxxuuux + 3hxuuuu

2
x

+ 3hxuuuxx + huuuuu
3
x − ht − hx + htxx + 3huuuuxuxx = 0. (1.174)

From the coefficient of uxuxx we have hu = 0, which concludes that the
function h is independent of u, in other words h = h(t, x). Also, comparing
the coefficients for the different derivatives of u in Eq. (1.174), we have the
following conditions:

hxxx − hx = 0, −ht − hx + htxx = 0,

which by solving them we have h = χ ∈ R.�

Setting t = x1 and x = x2, the conservation law will be written

Dt(T ti ) +Dx(T xi ) = 0, i = 1, 2, 3.

We recall that Eq. (1.6) admits a three-dimensional Lie algebra; thus we con-
sider the following three cases:

(i) We first consider the Lie point symmetry generator X1 = ∂
∂t . The

components of the conserved vector are given by

T t1 =− 2

3
vutxx + vux + vuux − 3vuxuxx − vuuxxx +

1

3
(utvxx − utxvx),

T x1 =− vut − vuut + vutuxx − vxutux + vxxuut +
2

3
(utvtx + vuttx)

− 1

3
(vxutt + vtutx) + 2vuxutx − vxuutx + vuutxx.

Therefore

T t1 |v=1 =Dx
(

1

2
(u2 − u2

x)− 2

3
utx + u− uuxx

)
,

T x1 |v=1 =−Dt
(

1

2
(u2 − u2

x)− 2

3
utx + u− uuxx

)
.

Then transferring the terms Dx(· · · ) from T t1 to T x1 provides the null diver-
gence T1 = (T t1 , T

x
1 ) = (0, 0).

(ii) Using the Lie point symmetry generator X2 = ∂
∂x , the components of

the conserved vector are given by

T t2 =− vux +
1

3
(uxvxx − vxuxx + vuxxx),

T x2 =vut −
1

3
(vutxx + vxutx + vtuxx)− vxu2

x + vxxuux − vxuuxx +
2

3
vtxux.

(1.175)
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Setting v = 1 into (1.175) and after reckoning, we have

T t2 |v=1 =Dx
(
−u+

1

3
uxx

)
,

T x2 |v=1 =−Dt
(
−u+

1

3
uxx

)
,

from where we can obtain the conserved current T2 = (T t2 , T
x
2 ) = (0, 0).

(iii) Using the Lie point symmetry generator X3 = t ∂∂x + ∂
∂u , one can

obtain the conserved vector whose components are

T t3 =v − tuxv −
1

3
(vxx − tvxxux + tvxuxx − tvuxxx),

T x3 =v + vu− uvxx + tuuxvxx − tuvxuxx − tvxu2
x + tvut

− 1

3
(vuxx + tvutxx + tvxutx + tvtuxx) +

2

3
(vxux − vtx + tuxvtx).

Substituting v = 1 into the components above, we obtain

T t3 |v=1 =Dx
(
x− tu+

1

3
tuxx

)
,

T x3 |v=1 =1−Dt
(
x− tu+

1

3
tuxx

)
,

which provides the nontrivial components T t3 = 0 and T x3 = 1.

1.3.4 Conservation laws of the mKdV-KP equation

Here, we try to obtain the conservation laws of the mKdV-KP equation.
The adjoint equation for Eq. (1.92) is as follows:

F ∗(t, x, u, v, u(1), v(1), u(2), v(2), u(3), v(3), u(4), v(4)) =
δ(vF )

δu

=
δ
(
v
[(
ut − 3

2ux + 6u2ux + uxxx
)
x

+ uyy
])

δu
,

from which by some simplifications we can obtain

F ∗ = vtx −
3

2
vxx + 6u2vxx + vxxxx + vyy = 0.

Here we recall that Eq. (1.92) admits five-dimensional Lie algebras; thus we
consider the following five cases.
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(i) We first consider the vector field V1 = ∂
∂t for Eq. (1.92). The conserved

vector is given by

T t1 =− 3

2
vuxx + 12vuu2

x + 6vu2uxx + vuxxxx + vuyy + utvx,

T x1 =− 12vuutux −
3

2
utvx + 6u2utvx + utvt + utvxxx − vutt

+
3

2
vutx − 6vu2utx + utxvxx + utxxvx − vutxxx,

T y1 =utvy − vuty.

(ii) Using the Lie point symmetry generator V2 = ∂
∂x , the components of

the conserved vector are given by

T t2 =uxvx − vuxx,

T x2 =vuyy −
3

2
uxvx + 6u2uxvx + uxvt + uxvxxx + uxxvxx + vxuxxx,

T y2 =uxvy − vuxy.

(iii) Using V3 = ∂
∂y , one can obtain the conserved vector with the following

components:

T t3 =uyvx − vuxy,

T x3 =− 12uvuxuy −
3

2
uyvx + 6u2uyvx + uyvt + uyvxxx − vuty

+
3

2
vuxy − 6vu2uxy + uxyvxx + vxuxxy − vuxxxy,

T y3 =vutx −
3

2
vuxx + 12uvu2

x + 6vu2uxx + vuxxxx + uyvy.

(iv) The Lie point symmetry generator V4 = y ∂
∂x − 2t ∂∂y yields the con-

served vector with components:

T t4 =yuxvx − 2tvxuy − yvuxx + 2tvuxy,

T x4 =24tuvuxuy + 2vuy + yvuyy + yuxvt + yuxvxxx − 2tuyvt − 2tuyvxxx

+ 2tvuty + yuxxvxx − 2tuxyvxx − 2tvxuxxy + yvxuxxx + 2tvuxxxy

+ 3tuyvx −
3

2
yuxvx − 3tvuxy + 6yu2uxvx − 12tu2uyvx + 12tvu2uxy,

T y4 =− 2tvutx + 3tvuxx − 24tvuu2
x − 12tvu2uxx

− 2tvuxxxx + yuxvy − 2tvyuy − yvuxy − vux.
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(v) Finally, making the same procedures to V5 = −3t ∂∂t + (3t − x) ∂
∂x −

2y ∂
∂y + u ∂

∂u , we obtain the following conserved quantities

T t5 =
3

2
tvuxx − 36tuvu2

x − 18tvu2uxx − 3tvuxxxx − 3tvuyy − uvx − 3tutvx

+ 3tuxvx − xuxvx − 2yuyvx + xvuxx + 2yvuxy + 2vux,

T x5 =− 6vux +
3

2
uvx + 36tuvutux + 24yuvuxuy − 6u3vx − uvt − uvxxx

+ 4vut − 2uxvxx − 3vxuxx + 4vuxxx − xvuyy + 24vu2ux − 3tutvt

+ 3tuxvt + 3tuxvxxx − xuxvt − xuxvxxx − 2yuyvt − 2yuyvxxx

+ 3tvutt + 2yvuty + 3tuxxvxx − xuxxvxx − 3tutxvxx − 2yuxyvxx

− 3tvxutxx − 2yvxuxxy + 3tvxuxxx − xvxuxxx + 3tvutxxx + 2yvuxxxy

− 9

2
tvutx − 3yvuxy +

9

2
tutvx −

9

2
tuxvx +

3

2
xuxvx + 3yuyvx + 3tvuyy

− 18tu2utvx + 18tu2uxvx − 6xu2uxvx − 12yu2uyvx + 18tvu2utx

+ 12yvu2uxy,

T y5 =− 2yvutx + 3yvuxx − 24yuvu2
x − 12yu2vuxx − 2yvuxxxx − uvy − 3tutvy

+ 3tuxvy − xuxvy − 2yuyvy − 3tvuxy + xvuxy + 3tvuty + 3vuy.



Chapter 2

Group analysis and exact solutions
of fractional partial differential
equations

The basic idea of the Lie symmetry analysis is the consideration of the tangent
structural equations under one or several parameter transformation groups in
conjunction with the system of differential equations. It is appropriate to
mention here that for nonlinear partial differential equations (PDEs) with
two independent variables exhibiting solitons, the Lie symmetry analysis not
only helps to study their group theoretical properties but also to derive sev-
eral mathematical characteristics related with their complete integrability
[117, 52, 133].

In recent years, the study of fractional ordinary differential equations
(FODEs) and fractional partial differential equations (FPDEs) has attracted
much attention due to an exact description of nonlinear phenomena in fluid
mechanics, viscoelasticity, biology, physics, engineering and other areas of sci-
ence. In reality, a physical phenomenon may depend not only on the time
instant but also on the previous time history, which can be successfully mod-
eled by using the theory of derivatives and integrals of fractional order. The
time and space FPDEs are obtained by replacing the integer order time and
space derivatives in PDEs by the fractional derivative of order α > 0.

2.1 Basic theory of fractional differential equations

This section deals with the preliminaries about the problems arising in
the area of fractional calculus – a branch of mathematics that is, in a certain
sense, as old as classical calculus as we know it today.

The basic idea behind fractional calculus is intimately related to a classical
standard result from (classical) differential and integral calculus, the funda-
mental theorem [163].

75
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Theorem 5 (Fundamental Theorem of Classical Calculus) Let f ∈
C[a, b], Df(x) := f ′(x), aJxf(x) :=

∫ x
a
f(s)ds and F : [a, b] → R be defined

by
F (x) := aJxf(x).

Then, F is differentiable and
DF = f.

Therefore, we have a very close relation between differential operators and
integral operators. It is one of the goals of fractional calculus to retain this
relation in a suitably generalized sense. Hence there is also a need to deal with
fractional integral operators, and actually it turns out to be useful to discuss
these first before coming to fractional differential operators.

For n ∈ N we use the symbols Dn and aJ
n
x to denote the n-fold iterates of

D and aJx, respectively, i.e., we set D1 := D, aJ
1
x := aJx, and Dn := DDn−1

and aJ
n
x := aJx aJ

n−1
x for n ≥ 2.

Following the outline given above, we begin with the integral operator
Jna . In the case n ∈ N, it is well known (and easily proved by induction)
[107, 185] that we can replace the recursive definition of integral operator by
the following explicit formula.

Theorem 6 Let f be Riemann integrable on [a, b]. Then, for a ≤ x ≤ b and
n ∈ N, we have

aJ
n
x f(x) =

1

(n− 1)!

∫ x

a

(x− s)n−1f(s)ds.

In this book, we also frequently use Euler’s gamma function Γ : (0,∞) → R,
defined by

Γ(x) :=

∫ ∞
0

tx−1e−tdt,

which has a useful property

Γ(n+ 1) = n!,

for n ∈ N, and
Γ(n+ 1) = nΓ(n),

for n ∈ R. Moreover, like the exponential function in the theory of integer-
order differential equations, the Mittag-Leffler function plays a very important
role in the theory of fractional differential equations.

Definition 12 [47, 1] Let n > 0. The function En defined by

En(z) :=
∞∑
j=0

zj

Γ(jn+ 1)
,

whenever the series converges, is called the Mittag-Leffler function of order n.
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We immediately notice that

E1(z) =
∞∑
j=0

zj

Γ(j + 1)
=
∞∑
j=0

zj

j!
= exp(z).

In view of the above considerations, the following concept seems rather
natural.

Definition 13 [47, 109, 156] Let n ∈ R+. The operator aJ
n
x , defined on

L1[a, b] by

aJ
n
x f(x) :=

1

Γ(n)

∫ x

a

(x− s)n−1f(s)ds,

for a ≤ x ≤ b, is called the Riemann-Liouville fractional integral operator of
order n.

For n = 0, we set aJ
0
x := I, the identity operator.

In the special case when f(x) = (x− a)β , for some β > −1 and n > 0 we
have

aJ
n
x f(x) =

Γ(β + 1)

Γ(n+ β + 1)
(x− a)n+β .

In view of the well known corresponding result in the case n ∈ N, this result is
precisely what one would expect from a sensible generalization of the integral
operator.

Theorem 7 [47] Let f be analytic in (a − h, a + h) for some h > 0, and let
n > 0. Then

aJ
n
x f(x) =

∞∑
k=0

(−1)k(x− a)k+n

k!(n+ k)Γ(n)
Dkf(x),

for x ∈ [a, a+ h
2 ), and

aJ
n
x f(x) =

∞∑
k=0

(x− a)k+n

Γ(k + n+ 1)
Dkf(a),

for x ∈ [a, a+ h).

Having established these fundamental properties of Riemann-Liouville integral
operators, we now come to the corresponding differential operators.

Definition 14 [47] Let n ∈ R+ and m = dne. The operator RL
a Dn

x , defined
by

RL
a Dn

xf := Dm
aJ

m−n
x f,

is called the Riemann-Liouville fractional differential operator of order n.

For n = 0, we set RLa D0
x := I, the identity operator.
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Lemma 2.1.1 [47] Let n ∈ R+ and let m ∈ N such that m > n. Then,

RL
a Dn

x = Dm
aJ

m−n
x .

Proof 1 Our assumption on m concludes that m ≥ n. Thus,

Dm
aJ

m−n
x = DdneDm−dne

aJ
m−dne
x aJ

dne−n
x = Ddne aJ

dne−n
x = RL

a Dn
x ,

in view of the semigroup property of fractional integration.

Therefore, when f(x) = (x− a)β , for some β > −1 and n > 0 we have

RL
a Dn

xf(x) = Ddne aJ
dne−n
x f(x) =

Γ(β + 1)

Γ(dne − n+ β + 1)
Ddne(x− a)dne−n+β .

Specifically, if n− β ∈ N then dne − (n− β) ∈ {0, 1, . . . , dne − 1}, and so

Ddne(x− a)dne−n+β = 0.

On the other hand, if n− β /∈ N, we obtain

RL
a Dn

x (x− a)β =
Γ(β + 1)

Γ(β + 1− n)
(x− a)β−n.

Moreover, for n > 0 we have

RL
a Dn

xC =
C

Γ(1− n)
(x− a)−n.

Theorem 8 [47] Let n ≥ 0. Then, for every f ∈ L1[a, b],

RL
a Dn

x aJ
n
x f = f,

almost everywhere.

Theorem 9 [47] Let f be analytic in (a − h, a + h) for some h > 0, and let
n > 0, n /∈ N. Then

RL
a Dn

xf(x) =
∞∑
k=0

(
n

k

)
(x− a)k−n

Γ(k + 1− n)
Dkf(x),

for x ∈ [a, a+ h
2 ), and

RL
a Dn

xf(x) =
∞∑
k=0

(x− a)k−n

Γ(k + 1− n)
Dkf(a),

for x ∈ [a, a+ h).
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Theorem 10 [47] Let f1 and f2 be two functions defined on [a, b] such that
RL
a Dn

xf1(x) and RL
a Dn

xf2(x) exist almost everywhere. Moreover, let c1, c2 ∈ R.
Then, RLa Dn

x (c1f1 + c2f2) exists almost everywhere, and

RL
a Dn

x (c1f1 + c2f2) = c1
RL
a Dn

xf1 + c2
RL
a Dn

xf2.

When it comes to products of functions, the situation is completely different.
In the classical case, if n ∈ N and f, g ∈ Cn[a, b] we have

Dn(fg) =
n∑
k=0

(
n

k

)
(Dkf)(Dn−kg),

which is well known as Leibniz’s formula. We point out two special properties
of this result: The formula is symmetric, i.e., we may interchange f and g on
both sides of the equation without altering the expression, and in order to
evaluate the nth derivative of the product fg, we only need derivatives up to
the order n of both factors. In particular, none of the factors needs to have an
(n+ 1)st derivative. The following theorem transfers Leibniz’s formula to the
fractional setting, and it is immediately evident that both these properties are
lost.

Theorem 11 [47, 156] Let n > 0, and assume that f and g are analytic on
(a− h, a+ h) with some h > 0. Then,

RL
a Dn

x (fg)(x) =

bnc∑
k=0

(
n

k

)
(RLa Dk

xf)(x)(RLa Dn−k
x g)(x)

+
∞∑

k=bnc+1

(
n

k

)
(RLa Dk

xf)(x)(aJ
k−n
x g)(x),

for a < x < a+ h
2 .

In spite of all these differences we recover the classical result from the fractional
result by using an integer value for n because then the binomial coefficients(
n
k

)
are zero for k > n, so that the second sum (the one that causes all the

differences) vanishes.
Let, n ≥ 0 and m = dne. Then, we define the Caputo fractional derivative

by [156]
C
aD

n
xf(x) = aJ

m−n
x Dmf(x),

whenever Dmf ∈ L1[a, b].
In general, the Caputo and the Riemann-Liouville fractional derivatives do
not coincide. The connections between them are given as [156]

C
aD

n
xf(x) = RL

a Dn
x

f(x)−
bnc∑
k=0

(x− a)k

k!
Dkf(a)

 .

Note that the Caputo derivative of a constant function is zero.
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For the Caputo derivative, if f(x) = (x− a)β and β ≥ 0, then

C
aD

n
xf(x) =


0; if β ∈ {0, 1, 2, . . . , bnc},

Γ(β+1)
Γ(β+1−n) (x− a)β−n; if β ∈ N and β ≥ dne

or β /∈ N and β ≥ bnc.

Another fractional derivative which we use in this book is the Erdélyi-Kober
fractional differential operator defined by

(
Pτ,αβ F

)
(ζ) :=

n−1∏
j=0

(
τ + j − 1

β
ζ
d

dζ

)(
Kτ+α,n−α
β F

)
(ζ), (2.1)

where

n =

{
dαe, α /∈ N
α, α ∈ N (2.2)

and(
Kτ,αβ F

)
(ζ) :=

{
1

Γ(α)

∫∞
1

(s− 1)α−1s−(τ+α)F(ζs
1
β )ds, α > 0,

F(ζ), α = 0,
(2.3)

denotes the Erdélyi-Kober fractional integral operator.

2.2 Group analysis of fractional differential equations

In this section, we discuss the Lie symmetry analysis to FPDEs. Consider
a FPDE having the form [18, 71, 77]:

∂αt u = F (x, t, u, ux, uxx), (2.4)

where ∂αt u := RLDα
t u stands for Riemann-Liouville derivative of order

α ∈ (0, 1). One-parameter Lie group of infinitesimal transformations of this
equation is:  t̄ = t̄(x, t, u; ε),

x̄ = x̄(x, t, u; ε),
ū = ū(x, t, u; ε),

(2.5)

where ε is the group parameter and its associated Lie algebra is spanned by

V = ξ1(x, t, u)
∂

∂t
+ ξ2(x, t, u)

∂

∂x
+ φ(x, t, u)

∂

∂u
, (2.6)

where

ξ1 =
dt̄

dε
|ε=0, ξ2 =

dx̄

dε
|ε=0, φ =

dū

dε
|ε=0.



Group analysis and exact solutions of FPDEs 81

If the vector field (2.6) generates a symmetry of (2.4), then V must satisfy
the Lie symmetry condition

Pr(α,2)V (∆)|∆=0 = 0, ∆ = ∂αt u− F.

The prolongation operator Pr(α,2)V takes the form

Pr(α,2)V = V + φ0
α

∂

∂αt u
+ φx

∂

∂ux
+ φxx

∂

∂uxx
,

where

φx = Dx(φ)− uxDx(ξ2)− utDx(ξ1),

φxx = Dx(φx)− uxtDx(ξ1)− uxxDx(ξ2),

φ0
α = Dα

t (φ) + ξ2Dα
t (ux)−Dα

t (ξ2ux) +Dα
t (Dt(ξ

1)u)

−Dα+1
t (ξ1u) + ξ1Dα+1

t (u).

The invariance condition

ξ1(x, t, u)|t=0 = 0 (2.7)

is necessary to the transformations (2.5), because of the conservative property
of fractional derivative operator (2.7).
The αth extended infinitesimal has the form:

φ0
α = Dα

t (φ) + ξ2Dα
t (ux)−Dα

t (ξ2ux) +Dα
t (Dt(ξ

1)u)

−Dα+1
t (ξ1u) + ξ1Dα+1

t (u), (2.8)

where the operator Dα
t expresses the total fractional derivative operator. The

generalized Leibniz rule in the fractional sense is given by

Dα
t

[
u(t)v(t)

]
=
∞∑
n=0

(
a
n

)
Dα−n
t u(t)Dn

t v(t), α > 0, (2.9)

where (
a
n

)
=

(−1)n−1αΓ(n− α)

Γ(1− α)Γ(n+ 1)
. (2.10)

Thus from (2.9) we can rewrite (2.8) as follows:

φ0
α =Dα

t (φ)− αDt(ξ
1)
∂αu

∂tα
−
∞∑
n=1

(
a
n

)
Dn
t (ξ2)Dα−n

t (ux)

−
∞∑
n=1

(
a

n+ 1

)
Dn+1
t (ξ1)Dα−n

t (u). (2.11)

Also from the chain rule we have

dmf(g(t))

dtm
=

m∑
k=0

k∑
r=0

(
k
r

)
1

k!
[−g(t)]r

dm

dtm
[g(t)k−r]

dkf(g)

dgk
, (2.12)
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and setting f(t) = 1, one can get

Dα
t (φ) =

∂αφ

∂tα
+ φu

∂αu

∂tα
− u∂

αφu
∂tα

+
∞∑
n=1

(
a
n

)
∂nφu
∂tn

Dα−n
t (u) + µ, (2.13)

where

µ =
∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
a
n

)(
n
m

)(
k
r

)
1

k!

× tn−α

Γ(n+ 1− α)
[−u]r

∂m

∂tm
[uk−r]

∂n−m+kφ

∂tn−m∂uk
. (2.14)

Therefore

φ0
α =

∂αφ

∂tα
+
(
φu − αDt(ξ

1)
) ∂αu
∂tα
− u∂

αφu
∂tα

+ µ

+

∞∑
n=1

[( a
n

)
∂αφu
∂tα

−
(

a
n+ 1

)
Dn+1
t (ξ1)

]
Dα−n
t (u)

−
∞∑
n=1

(
a
n

)
Dn
t (ξ2)Dα−n

t (ux).

2.3 Group analysis of time-fractional Fokker-Planck
equation

One of the widely used equations of statistical physics is the Fokker-Planck
(FP) equation (named after Adriaan Fokker and Max Planck) which describes
the time evolution of the probability density function of position and velocity
of a particle.

The general fractional FP equation for the motion of a concentration field
u(x, t) of one space variable x at time t has the form

∂αt u(x, t) =
[ ∂
∂x
V1(x) +

∂2

∂x2
V2(x)

]
u(x, t), (2.15)

where V1(x) > 0 is the diffusion coefficient and V2(x) > 0 is the drift coeffi-
cient. Note that the drift and diffusion coefficients may also depend on time.
There is a more general form of FP equation which is called nonlinear FP
equation [54, 55] and has important applications in various areas such as neu-
roscience, plasma physics, surface physics, population dynamic, biophysics,
neuroscience, nonlinear hydrodynamics, polymer physics, laser physics, pat-
tern formation, psychology, engineering and marketing. A more general case
of Eq. (2.15) has the form

∂αt u(x, t) =
[ ∂
∂x
V1(x, t, u) +

∂2

∂x2
V2(x, t, u)

]
u(x, t), (2.16)
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which arise in modeling of anomalous diffusive and subdiffusive systems, con-
tinuous time random walks, unification of diffusion and wave propagation
phenomenon. Eq. (2.16) is solvable using the Lie group analysis, but it should
be considered many subcases for different values of V1(x, t, u) and V2(x, t, u).
Thus, in this paper we focus on the Lie group analysis of time-fractional FP
equation [71] with cases V1(x, t, u) = uκ(x, t) and V2(x, t, u) = uν(x, t), being
used to characterize subdiffusion [71]

∂αt u(x, t) =
[ ∂
∂x
uκ(x, t) +

∂2

∂x2
uν(x, t)

]
u(x, t), (2.17)

where u(x, t) is the probability density and ∂αt u := RLDα
t u stands for

Riemann-Liouville derivative.
The FP equation with fractional derivatives has been investigated by some
authors. Deng in [45] developed the finite element method for the numerical
resolution of the space and time-fractional FP equation and then proved that
the convergent order is O(k2−α + hµ), where k is the time step size and h
the space step size. In [44], first the time-fractional FP equation (Riemann-
Liouville derivative) is converted into a time FODE. Then a combination
of predictor-corrector approach and method of lines is utilized for numer-
ically solving FODE with the numerical error O

(
kmin{1+2α,2}) + O

(
h2
)
.

Chen et al. [36] examined the finite difference approximation and energy
method to solve a class of initial-boundary value problems for the frac-
tional FP equation on a finite domain. Odibat and Momani [147] have solved
the space- and time-fractional FP equation using the variational iteration
method and the Adomian decomposition method with the fractional deriva-
tives described in the Caputo sense. Mousa and Kaltayev [136] have applied
the He’s homotopy perturbation method for solving fractional FP equations
effectively.

According to the Lie theory, applying the prolongation Pr(α,2)V to
Eq. (2.17), we can get the following invariance criterion:

φ0
α − (κ+ 1)uκφx − (κ+ 1)κuκ−1φux − (ν2 + ν)(ν − 1)φuν−2u2

x

− 2(ν2 + ν)uν−1uxφ
x − ν(ν + 1)uν−1φuxx − (ν + 1)uνφxx = 0. (2.18)

Therefore, we obtain

ξ1 = (ν − 2κ)tc2, ξ2 = c1 + α(ν − κ)xc2, φ = αuc2,

where c1 and c2 are arbitrary constants. Thus, the Lie algebra g of infinitesimal
symmetry of Eq. (2.17) is spanned by the two vector fields:

V1 =
∂

∂x
, V2 = (ν − 2κ)t

∂

∂t
+ α(ν − κ)x

∂

∂x
+ αu

∂

∂u
.
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For the symmetry of V2, corresponding characteristic equation is

dt

(ν − 2κ)t
=

dx

α(ν − κ)x
=
du

αu
,

from which its solving yields the similarity variables

ζ = xt
α(κ−ν)
ν−2κ , u(x, t) = t

α
ν−2κF(ζ). (2.19)

Now, from the following theorem we reduce the FPDE (2.17) to an FODE.

Theorem 12 The transformation (2.19) reduces (2.17) to the following non-
linear ordinary differential equation of fractional order:(
P1−α+ α

ν−2κ ,α
ν−2κ
α(ν−κ)

F
)

(ζ) = (κ+ 1)FκF ′ + (ν2 + ν)Fν−1 (F ′)2
+ (ν + 1)FνF ′′

with the Erdélyi-Kober fractional differential operator Pτ,αβ of order:

(
Pτ,αβ F

)
:=

n−1∏
j=0

(
τ + j − 1

β
ζ
d

dζ

)(
Kτ+α,n−α
β F

)
(ζ), n =

{
[α] + 1, α /∈ N
α, α ∈ N

where (
Kτ,αβ F

)
(ζ) :=

{
1

Γ(α)

∫∞
1

(u− 1)α−1u−(τ+α)F(ζu
1
β )du,

F(ζ), α = 0,

is the Erdélyi-Kober fractional integral operator.

Proof: Let n − 1 < α < n, n = 1, 2, 3, .... Based on the Riemann-Liouville
fractional derivative, one can have

∂αu

∂tα
=

∂n

∂tn
[ 1

Γ(n− α)

∫ t

0

(t− s)n−α−1s
α

ν−2κF
(
xs

α(κ−ν)
ν−2κ

)
ds
]
. (2.20)

Letting v = t
s , one can get ds = − t

v2 dv; therefore (2.20) can be written as

∂αu

∂tα
=

∂n

∂tn
[
t
(n−α)(ν−2κ)+α

ν−2κ

(
K1+ α

ν−2κ ,n−α
ν−2κ
α(ν−κ)

F
)

(ζ)
]
.

Taking into account the relation (ζ = xt
α(κ−ν)
ν−2κ ), we can obtain

t
∂

∂t
φ(ζ) = t

∂ζ

∂t

dφ(ζ)

dζ
=
α(κ− ν)

ν − 2κ
ζ
dφ(ζ)

dζ
.
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Therefore one can get

∂n

∂tn
[
t
(n−α)(ν−2κ)+α

ν−2κ

(
K

1+ α
ν−2κ

,n−α
ν−2κ
α(ν−κ)

F
)

(ζ)
]

=
∂n−1

∂tn−1

[ ∂
∂t

(
tn−α+

α
ν−2κ

(
K

1+ α
ν−2κ

,n−α
ν−2κ
α(ν−κ)

F
)

(ζ)

)]
=

∂n−1

∂tn−1

[
tn−α+

α
ν−2κ

−1

(
n− α+

α

ν − 2κ
+
α(κ− ν)

ν − 2κ
ζ
d

dζ

)(
K

1+ α
ν−2κ

,n−α
ν−2κ
α(ν−κ)

F
)

(ζ)
]

= ... = t−α+
α

ν−2κ

n−1∏
j=0

(
1− α+

α

ν − 2κ
+ j +

α(κ− ν)

ν − 2κ
ζ
d

dζ

)(
K

1+ α
ν−2κ

,n−α
ν−2κ
α(ν−κ)

F
)

(ζ)

= t−α+
α

ν−2κ

(
P

1−α+ α
ν−2κ

,α

ν−2κ
α(ν−κ)

F
)

(ζ).

This completes the proof.

2.3.1 Exact solutions of time-fractional Fokker-Planck
equation by invariant subspace method

From now on we make the assumption that the fractional derivative is
Caputo one. We briefly describe the invariant subspace method applicable to
the time FPDEs of the form [192, 40]:

CDα
t (u) = Ξ[u], α ∈ R+. (2.21)

Definition 15 A finite dimensional linear space Wn = span{ω1(x), ω2(x),
. . . , ωn(x)} is said to be an invariant subspace with respect to Ξ, if Ξ[Wn] ⊆
Wn.

Suppose that the Eq. (2.21) admits an invariant subspace Wn. Then
from the above definition, there exist the expansion coefficient functions
ψ1, ψ2, . . . , ψn such that

Ξ

[ n∑
i=1

λiωi(x)

]
=

n∑
i=1

ψi(λ1, λ2, . . . , λn)ωi(x), λi ∈ R. (2.22)

Hence

u(x, t) =
n∑
i=1

λi(t)ωi(x) (2.23)

is the solution of Eq. (2.21), if the expansion coefficients λi(t), i = 1, . . . , n,
satisfy a system of FODEs:

CDα
t (λ1(t)) = ψ1(λ1(t), λ2(t), . . . , λn(t)),

...
CDα

t (λn(t)) = ψn(λ1(t), λ2(t), . . . , λn(t)).

(2.24)
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Now, in order to find the invariant subspace Wn of a given fractional equation,
one can use the following theorem [80].

Theorem 13 Let functions ωi, i = 1, . . . , n form the fundamental set of
solutions of a linear nth order ODE

L[y] ≡ y(n) + a1(x)y(n−1) + · · ·+ an−1(x)y′ + an(x)y = 0, (2.25)

and let Ξ be a smooth enough function. Then the subspace Wn =
span{ω1(x), ω2(x), . . . , ωn(x)} is invariant with respect to the operator Ξ of
order k ≤ n− 1 if and only if

L(Ξ[y])|L[y]=0 = 0. (2.26)

Moreover, dimension of the invariant subspace Wn for the kth order nonlinear
ODE operator Ξ[y] satisfies n ≤ 2k + 1.

Let us consider some certain cases:

• κ = 1, ν = 0:
In this case, Eq. (2.17) reduces into

CDα
t (u) = 2uux + uxx. (2.27)

After some calculations, we can find that W2 = span{1, x} is the invariant
subspace of Ξ[u] = 2uux + uxx, because

Ξ[λ1 + λ2x] = 2λ1λ2 + 2λ2
2x ∈W2. (2.28)

This results in an exact solution of the form:

u(x, t) = λ1(t) + λ2(t)x, (2.29)

that is sufficient to solve the system of FODEs{
CDα

t (λ2(t)) = 2λ2
2(t),

CDα
t (λ1(t)) = 2λ1(t)λ2(t).

(2.30)

Solving these equations implies

λ1(t) = t−α, λ2(t) =
Γ(1− α)

2Γ(1− 2α)
t−α. (2.31)

Therefore, from Eq. (2.29) we obtain

u(x, t) = t−α +
Γ(1− α)

2Γ(1− 2α)
t−αx. (2.32)
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• κ = −1, ν = 1:
In this case, Eq. (2.17) reduces into

CDα
t (u) = 2u2

x + 2uuxx. (2.33)

After some calculations, we can find that W2 = span{1, x2} is the invariant
subspace of Ξ[u] = 2uux + uxx, because

Ξ[λ1 + λ2x
2] = 4λ1λ2 + 12λ2

2x
2 ∈W2. (2.34)

This results in an exact solution of the form:

u(x, t) = λ1(t) + λ2(t)x2, (2.35)

that is sufficient to solve the system of FODEs{
CDα

t (λ2(t)) = 12λ2
2(t),

CDα
t (λ1(t)) = 4λ1(t)λ2(t).

(2.36)

Solving these equations implies

λ1(t) = t−α, λ2(t) =
Γ(1− α)

12Γ(1− 2α)
t−α. (2.37)

Therefore, from Eq. (2.35) we obtain

u(x, t) = t−α +
Γ(1− α)

12Γ(1− 2α)
t−αx2. (2.38)

2.4 Lie symmetries of time-fractional Fisher equation

The Fisher equation suggested in [51] is a model for the spatial and tem-
poral propagation of a virile gene in an infinite medium. This equation has
many applications in flame propagation [104], nuclear reaction theory [34],
chemical kinetics [126], autocatalytic chemical reaction [15], neurophysiology
[174] and branching Brownian motion process [33]. The Fisher equation with
fractional derivative in time sense [160] is as follows [77]:

∂αt u = uxx + u(1− un), n = 0, 1, 2, . . . , (2.39)

where ∂αt u := RLDα
t u stands for Riemann-Liouville derivative of order

α ∈ (0, 1).

According to the Lie theory, applying the prolongation Pr(α,2)V to
Eq. (2.39), we can get the following invariance criterion:

φ0
α − φxx − φ (1− (n+ 1)un) = 0. (2.40)
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Substituting the expressions for φ0
α and φxx into (2.40) and equating various

powers of derivatives of u to zero we obtain an overdetermined system of linear
equations as follows:

ξ1x = ξ1u = ξ2t = ξ2u = φuu = 0,

2ξ2x − αξ1t = 0,

ξ2xx − 2φxu = 0,

(1− α)ξ1tt + 2φtu = 0,

(2− α)ξ1ttt + 3φttu = 0,

− φxx + un(n+ 1)φ+ (u− 1− un+1)φu + α(un+1 − u)ξ1t − u∂αt φu + ∂αt φ = 0,
∞∑
k=3

(
α
k

)
∂k+1

∂tk∂u
φ×Dtα−ku+

∞∑
k=3

1

1 + k

[(
k

(
α
k

)
− α

)
Dtα−ku

×Dt1+kξ
1 − (k + 1)Dtα−kux ×Dtkξ

2] = 0.

Solving these determining equations, obtained from (2.40), yields:

ξ1 = 4tc2, ξ2 = c1 + 2αxc2, φ = c3u+ (3α− 2)uc2 + C(x, t),

where c1, c2 and c3 are arbitrary constants and C(x, t) is an arbitrary solution
of (2.39). Thus, the Lie algebra g of infinitesimal symmetries of Eq. (2.39) is
spanned by the vector fields:

V1 =
∂

∂x
, V2 = 4t

∂

∂t
+ 2αx

∂

∂x
+ (3α− 2)u

∂

∂u
, V3 = u

∂

∂u
, V∞ = C(x, t) ∂

∂u
.

Now, we are ready to use the obtained vector fields to reduce Eq. (2.39) into
FODEs. To do this, we consider some special cases as follows:

Case 1: V = V2.

In this case, the characteristic equation corresponding to V2 is:

dt

4t
=

dx

2αx
=

du

(3α− 2)u
,

which yields the similarity variables

u(x, t) = t
3α−2

4 F(ζ), ζ = xt
−α
2 . (2.41)

Now, from the following theorem we reduce the time-fractional Fisher (TFF)
equation (2.39) to an FODE.

Theorem 14 Using (2.41), Eq. (2.39) is reduced to the following nonlinear
FODE: (

P−
α
4 + 1

2 ,α
2
α

F
)

(ζ) = F ′′ + F (1−Fn) .
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Proof: Based on the Riemann-Liouville fractional derivative and similarity
variables related to V2, one can have

∂αu

∂tα
=

∂n

∂tn
[ 1

Γ(n− α)

∫ t

0

(t− s)n−α−1s
3α−2

4 F
(
xs
−α
2

)
ds
]
. (2.42)

Letting ρ = t
s , one can get ds = − t

ρ2 dρ, therefore

∂αu

∂tα
=

∂n

∂tn
[
tn−

α
4−

1
2

(
K

3α+2
4 ,n−α

2
α

F
)

(ζ)
]
. (2.43)

Taking into account the relation (ζ = xt
−α
2 ), we can obtain

t
∂

∂t
φ(ζ) = t

∂ζ

∂t

dφ(ζ)

dζ
= −α

2
ζ
dφ(ζ)

dζ
. (2.44)

Therefore by setting Φ(ζ) =
(
K

3α+2
4 ,n−α

2
α

F
)

(ζ) one can get

∂n

∂tn
[
tn−

α
4−

1
2 Φ(ζ)

]
=

∂n−1

∂tn−1

[ ∂
∂t

(
tn−

α
4−

1
2 Φ(ζ)

) ]
=

∂n−1

∂tn−1

[
tn−

α
4−

3
2

(
n− α

4
− 1

2
− α

2
ζ
d

dζ

)
Φ(ζ)

]
= ...

= t−
α
4−

1
2

n−1∏
j=0

(
−α

4
+

1

2
+ j − α

2
ζ
d

dζ

)
Φ(ζ) = t−

α
4−

1
2

(
P−

α
4 + 1

2 ,α
2
α

F
)

(ζ).

(2.45)

This completes the proof.
Case 2: V = V1 + V2 + V3.

For the symmetry of V1 + V2 + V3, corresponding characteristic equation is

dt

4t
=

dx

2αx+ 1
=

du

(3α− 1)u
,

which yields the similarity variables

u(x, t) = t
3α−1

4 F(ζ), ζ =

(
2αx+ 1

2α

)
t
−α
2 . (2.46)

As shown in previous theorem, another reduction of Eq. (2.39) to an FODE
can be written as follows:

Theorem 15 Eq. (2.39) is reducible into a nonlinear fractional ordinary dif-
ferential equation of the form:(

P
3−α
4 ,α

2
α

F
)

(ζ) = F ′′ + F (1−Fn) , (2.47)

using the transformation (2.46).
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Proof: Similar to the previous case, we have

∂αu

∂tα
=

∂n

∂tn
[ 1

Γ(n− α)

∫ t

0

(t− s)n−α−1s
3α−1

4 F
(

2αx+ 1

2α
s
−α
2

)
ds
]
.

With the same change of variable in the previous theorem, we find the follow-
ing equality:

∂αu

∂tα
=

∂n

∂tn
[
tn−

α−1
4

(
K

3α+1
2 ,n−α

2
α

F
)

(ζ)
]
.

From (2.46) we obtain

t
∂

∂t
φ(ζ) = t

∂ζ

∂t

dφ(ζ)

dζ
= −α

2
ζ
dφ(ζ)

dζ
.

Therefore by setting Φ(ζ) =
(
K

3α+1
2 ,n−α

2
α

F
)

(ζ) and keeping on the similar

process of the previous theorem we find the desired result.
Case 3: V = V1 + ρV3.

Characteristic equation in this case can be written as

dt

0
=
dx

1
=
du

ρu
,

from which solving them concludes the similarity variables of the form

u(x, t) = eρxF(t),

where F(t) satisfies the following equation:

RLDα
t F(t) = ρ2F(t) + F(t) (1− enρxFn(t)) . (2.48)

The trivial solution of Eq. (2.48) can be derived for ρ 6= 0, but for ρ = 0
Eq. (2.48) reduces to

RLDα
t F(t) = F(t) (1−Fn(t)) .

Finding the exact solution of the above equation is cumbersome but for n = 0
for which we have

RLDα
t F(t) = 0,

the invariant solution is
u(x, t) = C1t

α−1.

Also, for n = 0 and ρ 6= 0 that Eq. (2.39) reduces to the linear anomalous
diffusion equation, we have transformed the form of Eq. (2.48) as follows:

RLDα
t F(t) = ρ2F(t). (2.49)

The solution of Eq. (2.49) can be written as

F(t) = tα−1Eα,α(ρ2tα).

Therefore an invariant solution of Eq. (2.39) with n = 0 can be written as

u(x, t) = eρxtα−1Eα,α(ρ2tα).
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2.5 Lie symmetries of time-fractional K(m,n) equation

This section mainly focuses on the Lie group analysis of time-fractional
K(m,n) equation [176, 148]:

∂αt u− a (un)x + b (um)xxx = 0. (2.50)

The well-known K(m,n) equation, which is a generalization of the KdV equa-
tion, describes the evolution of weakly nonlinear and weakly dispersive waves
used in various fields such as solid-state physics, plasma physics, fluid physics
and quantum field theory. After Odibat [148], which introduced the Eq. (2.50)
and considered three special cases K(2, 2), K(3, 3) and K(n, n), Koçak et al.
in [113] considered the nonlinear dispersive K(m,n, 1) equations with frac-
tional time derivatives by using the homotopy perturbation method.

According to the Lie theory, applying the prolongation Pr(α,3)V to
Eq. (2.50), we can get the following invariance criterion:

φ0
α − an(n− 1)φun−2ux − anun−1φx + bm(m− 1)(m− 2)(m− 3)um−4φu3

x

+ 3bm(m− 1)(m− 2)um−3u2
xφ

x + 3bm(m− 1)(m− 2)um−3φuxuxx

+ 3bm(m− 1)um−2φxuxx + 3bm(m− 1)um−2uxφ
xx

+ bm(m− 1)um−2φuxxx + bmum−1φxxx = 0. (2.51)

Then, we obtain the following forms of the coefficient functions:

ξ1 = (m+ 2− 3n)tc2, ξ2 = c1 + α(m− n)xc2, φ = 2αuc2,

where c1 and c2 are arbitrary constants. Thus, the Lie algebra g of infinitesimal
symmetry of Eq. (2.50) is spanned by the two vector fields:

V1 =
∂

∂x
, V2 = (m+ 2− 3n)t

∂

∂t
+ α(m− n)x

∂

∂x
+ 2αu

∂

∂u
.

For the symmetry of V2, corresponding characteristic equation is

dt

(m+ 2− 3n)t
=

dx

α(m− n)x
=

du

2αu
,

from which its solving yields the similarity variables

ζ = xt
α(n−m)
m+2−3n , u(x, t) = t

2α
m+2−3nF(ζ). (2.52)

Now, from the following theorem we reduce the FPDE (2.50) to an FODE.
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Theorem 16 The transformation (2.52) reduces (2.50) to the following non-
linear ODE of fractional order:(

P1−α+ 2α
m+2−3n ,α

m+2−3n
α(m−n)

F
)

(ζ) = anFn−1F ′ − bmFm−1F ′′′

− bm(m− 1)(m− 2)Fm−3 (F ′)3 − 3bm(m− 1)Fm−2F ′F ′′.

Proof: Let k − 1 < α < k, k = 1, 2, 3, .... Based on the Riemann-Liouville
fractional derivative, one can have

∂αu

∂tα
=

∂k

∂tk

[
1

Γ(k − α)
×
∫ t

0

(t− s)k−α−1s
2α

m+2−3nF
(
xs

α(n−m)
m+2−3n

)
ds

]
. (2.53)

Letting v = t
s , one can get ds = − t

v2 dv; therefore (2.53) can be written as

∂αu

∂tα
=

∂k

∂tk
[
tk−α+ 2α

m+2−3n

(
K1+ 2α

m+2−3n ,k−α
m+2−3n
α(m−n)

F
)

(ζ)
]
.

Taking into account the relation (ζ = xt
α(n−m)
m+2−3n ), we can obtain

t
∂

∂t
φ(ζ) = t

∂ζ

∂t

dφ(ζ)

dζ
=

α(n−m)

m+ 2− 3n
ζ
dφ(ζ)

dζ
.

Therefore one can get

∂k

∂tk
[
tk−α+ α

m+2−3n

(
K1+ 2α

m+2−3n ,k−α
m+2−3n
α(m−n)

F
)

(ζ)
]

=
∂k−1

∂tk−1

[ ∂
∂t

(
tk−α+ 2α

m+2−3n

(
K1+ 2α

m+2−3n ,k−α
m+2−3n
α(m−n)

F
)

(ζ)

)]
=

∂k−1

∂tk−1

[
tk−α+ 2α

m+2−3n−1

(
k − α+

2α

m+ 2− 3n

+
α(n−m)

m+ 2− 3n
ζ
d

dζ

)(
K1+ 2α

m+2−3n ,k−α
m+2−3n
α(m−n)

F
)

(ζ)
]

= ...

= t−α+ 2α
m+2−3n

k−1∏
j=0

(
1− α+

2α

m+ 2− 3n
+ j

+
α(n−m)

m+ 2− 3n
ζ
d

dζ

)(
K1+ 2α

m+2−3n ,k−α
m+2−3n
α(m−n)

F
)

(ζ)

= t−α+ 2α
m+2−3n

(
P1−α+ 2α

m+2−3n ,α
m+2−3n
α(m−n)

F
)

(ζ).

This ends the proof.
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2.6 Lie symmetries of time-fractional gas dynamics
equation

The time-fractional gas dynamics (TFGD) equation [75] has the form

∂αt u+
1

2

(
u2
)
x
− u (1− u) = 0, 0 < α ≤ 1, (2.54)

where u(x, t) is the probability density and ∂αt u := RLDα
t u stands for

Riemann-Liouville derivative of order α. When α = 1, the TFGD equation
reduces to the classical gas dynamics equation which is considered as a case
study for solving hyperbolic conservation laws because it depicts the next level
of complexity after the Burger’s equation.

According to the Lie theory, applying the prolongation Pr(α,1)V to
Eq. (2.54), we can get the following invariance criterion:

φ0
α − φux + uφx − φ+ 2φu = 0. (2.55)

Substituting (2.8) into (2.55), and equating the coefficients of the various
monomials in partial derivatives with respect to x and various powers of u,
one can find the determining equations for the symmetry group of Eq. (2.54).
Solving these equations, we obtain the following forms of the coefficient func-
tions:

ξ1 = tc2, ξ2 = c1 + 2αxc2, φ = αuc2, (2.56)

where c1 and c2 are arbitrary constants. Thus, the Lie algebra g of infinitesimal
symmetry of Eq. (2.54) is spanned by the two vector fields:

V1 =
∂

∂x
, V2 = t

∂

∂t
+ 2αx

∂

∂x
+ αu

∂

∂u
. (2.57)

For the symmetry of V2, corresponding characteristic equation is

dt

t
=

dx

2αx
=
du

αu
, (2.58)

from which its solving yields the similarity variables

ζ = xt−2α, u(x, t) = tαF(ζ). (2.59)

Now, from the following theorem we reduce the TFGD (2.54) to an FODE.

Theorem 17 The transformation (2.59) reduces (2.54) to the following non-
linear ordinary differential equation of fractional order:(

P1,α
1
2α

F
)

(ζ)−F(F ′ + F − 1) = 0. (2.60)



94 Lie Symmetry Analysis of Fractional Differential Equations

Proof: Let n − 1 < α < n, n = 1, 2, 3, .... Based on the Riemann-Liouville
fractional derivative, one can have

∂αu

∂tα
=

∂n

∂tn
[ 1

Γ(n− α)

∫ t

0

(t− s)n−α−1sαF
(
xs−2α

)
ds
]
. (2.61)

Letting v = t
s , one can get ds = − t

v2 dv; therefore (2.61) can be written as

∂αu

∂tα
=

∂n

∂tn
[
tn
(
K1+α,n−α

1
2α

F
)

(ζ)
]
.

Taking into account the relation (ζ = xt−2α), we can obtain

t
∂

∂t
φ(ζ) = t

∂ζ

∂t

dφ(ζ)

dζ
= −2αζ

dφ(ζ)

dζ
.

Therefore one can get

∂n

∂tn
[
tn
(
K1+α,n−α

1
2α

F
)

(ζ)
]

=
∂n−1

∂tn−1

[ ∂
∂t

(
tn
(
K1+α,n−α

1
2α

F
)

(ζ)
) ]

=
∂n−1

∂tn−1

[
tn−1

(
n− 2αζ

d

dζ

)(
K1+α,n−α

1
2α

F
)

(ζ)
]

= ... =
n−1∏
j=0

(
1 + j − 2αζ

d

dζ

)(
K1+α,n−α

1
2α

F
)

(ζ) =
(
P1,α

1
2α

F
)

(ζ).

This finishes the proof.

2.7 Lie symmetries of time-fractional
diffusion-absorption equation

A pioneering investigation of localization-extinction phenomena nonlinear
degenerate parabolic PDEs was first performed by Kersner in the 1960s-70s.
Key results about these PDEs, including equations from diffusion-absorption
theory, are reflected by Kalashnikov in [103]. Among the discussed models
of Kalashnikov, the diffusion-absorption equation with the critical absorption
exponent:

vt = (vσvx)x − v
1−σ (2.62)

is a famous one, where σ is a positive parameter. It is well known in filtration
theory that the terms −v1−σ show the absorption and describe the seepage on
a permeable bed. Some explicit localized solutions of Eq. (2.62) were reported
in [167]. From the filtration theory, by introducing u = vσ, as a pressure
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variable, we obtain a PDE with quadratic differential operator and constant
sink

ut = uuxx +
1

σ
(ux)2 − σ. (2.63)

Time-fractional version of Eq. (2.63) has the following form [81]:

∂αt u = uuxx +
1

σ
(ux)2 − σ, α ∈ (0, 1). (2.64)

An overdetermined system of partial linear differential equations can be
extracted from applying Pr(α,2)V to Eq. (2.64) as follows:

ξ1
u = ξ1

x = ξ2
t = ξ2

u = φuu = 0,

− φ+ 2uξ2
x − αuξ1

t = 0,

2σuφxu − σuξ2
xx + 2φx = 0,

(1− α)ξ1
tt + 2φtu = 0,

(2− α)ξ1
ttt + 3φttu = 0,

φu + αξ1
t − 2ξ2

x = 0,

− uφxx − σφu + ασξ1
t − u∂αt φu + ∂αt φ = 0,

∞∑
k=3

(
α
k

)
∂k+1

∂tk∂u
φ×Dtα−ku−

∞∑
k=3

(
α
k

)
1 + k

[
(k − α)Dtα−ku

×Dt1+kξ
1 + (k + 1)Dtα−kux ×Dtkξ

2

]
= 0. (2.65)

Solving Eqs. (2.65), we obtain the following infinitesimals:

ξ1 = c1 + tc2, ξ2 = c3 + xc4, φ = 2uc4 − αuc2,

where c1, c2, c3 and c4 are arbitrary constants and therefore:

V1 =
∂

∂x
, V2 = t

∂

∂t
− αu ∂

∂u
, V3 = x

∂

∂x
+ 2u

∂

∂u
. (2.66)

Let us to consider the invariant solution of Eq. (2.64) corresponding to the
third vector field V3. The similarity variable and similarity transformation
corresponding to V3 take the following form:

u(x, t) = x2F(ζ), ζ = t, (2.67)

where the function F(ζ) satisfies the following FODE:

x2

(
∂αt F(ζ)− 2F2(ζ)− 4

σ
F2(ζ)

)
= −σ. (2.68)
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Obviously, finding a general solution for Eq. (2.68) is not possible and we
have to solve it in a restricted domain. To do this, we impose the following
condition to Eq. (2.67):

∂αt F(ζ)−
(

2 +
4

σ

)
F2(ζ) = −ζ−2α. (2.69)

Corresponding exact solution of Eq. (2.69) has the following form:

F(ζ) =
σΓ(1− α) +

√
σ2Γ(1− α)2 + (8σ2 + 16σ)Γ(1− 2α)2

(σ + 2)Γ(1− 2α)
ζ−α.

Therefore, the invariant solution of Eq. (2.64) is

u(x, t) =
σΓ(1− α) +

√
σ2Γ(1− α)2 + (8σ2 + 16σ)Γ(1− 2α)2

(σ + 2)Γ(1− 2α)
t−αx2,

provided that
x2t−2α = σ.

2.7.1 Exact solutions of time-fractional diffusion-absorption
by invariant subspace method

Now, from Eqs. (2.64), (2.21) and Theorem 13 one can find that the
dimension of invariant subspace Wn for the operator Ξ[u], corresponding to
Eq. (2.64), satisfies n ≤ 2(2) + 1 = 5. After some calculations, we can find
that W2 = span{1, x2} is the invariant subspace of Ξ[u] = uuxx+ 1

σ (ux)2−σ,
because

Ξ[λ1 +λ2x
2] = ψ1(λ1, λ2)+ψ2(λ1, λ2)x2 = 2λ1λ2−σ+2

(
1 +

2

σ

)
λ2

2x
2 ∈W2.

Therefore, in order to find the exact solution of the form:

u(x, t) = λ1(t) + λ2(t)x2, (2.70)

it is sufficient to solve the system of FODEs{
∂αt λ1(t) = ψ1(λ1(t), λ2(t)) = 2λ1(t)λ2(t)− σ,
∂αt λ2(t) = ψ2(λ1(t), λ2(t)) = 2

(
1 + 2

σ

)
λ2

2(t).
(2.71)

Solving the second equation of (2.71) concludes

λ2(t) =
Γ(1− α)t−α

2
(
1 + 2

σ

)
Γ(1− 2α)

.

Substituting λ2(t) in the first equation of (2.71) and solving the obtained
equation yields

λ1(t) =
σ(σ + 2)Γ(1− 2α)tα

σΓ(1− α)− (σ + 2)Γ(α+ 1)Γ(1− 2α)
.
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Therefore, from Eq. (2.70) we obtain

u(x, t) =
σ(σ + 2)Γ(1− 2α)tα

σΓ(1− α)− (σ + 2)Γ(α+ 1)Γ(1− 2α)
+

Γ(1− α)t−α

2
(
1 + 2

σ

)
Γ(1− 2α)

x2.

2.8 Lie symmetries of time-fractional Clannish Random
Walker’s parabolic equation

The time-fractional Clannish Random Walker’s (CRW) parabolic equation
[43, 180]:

∂αt u− ux + 2uux + uxx = 0, (2.72)

where ∂αt u := RLDα
t u stands for Riemann-Liouville derivative with α ∈ (0, 1),

is formulated for the motion of the two interacting populations which tend to
be clannish, which means they want to live near those of their own kind.
Some numerical and analytical methods have been utilized for this equation
by many authors in literature, e.g. [175].

Now, we utilize the developed Lie symmetry method to the time-fractional
CRW equation. According to the Lie theory, determining equations of the
time-fractional CRW equation can be extracted from applying Pr(α,2)V to
Eq. (2.72) as follows:

ξ1
u = ξ1

x = ξ2
t = ξu = φuu = 0,

(1− α)ξ1
tt + 2φtu = 0,

(2− α)ξ1
ttt + 3φttu = 0,

αξ1
t − 2ξ2

x = 0,

(1− 2u)ξ2
x − ξ2

xx − (1− 2u)αξ1
t + 2φ+ 2φxu = 0,

φxx − (1− 2u)φx − u∂αt φu + ∂αt φ = 0,

∞∑
k=3

(
α
k

)
∂k+1

∂tk∂u
φ×Dtα−ku+

∞∑
k=3

(
α
k

)
1 + k

[
(k − α)Dtα−ku×Dt1+kξ

1

+(k + 1)Dtα−kux ×Dtkξ
2

]
= 0. (2.73)

Solving Eqs. (2.73) and applying the condition (2.8), we obtain the following
infinitesimals:

ξ1 = c1 + 4tc2, ξ2 = c3 + 2αxc2, φ = c2α(1− 2u), (2.74)
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where c1, c2, c3 and c4 are arbitrary constants. Hence, the Lie algebra g of
infinitesimal symmetries of Eq. (2.72) by utilizing

ξ1(x, t, u)|t=0 = 0

is spanned by the vector fields:

V1 =
∂

∂x
, V2 = 4t

∂

∂t
+ 2αx

∂

∂x
+ α(1− 2u)

∂

∂u
.

These obtained generators will help us to construct the conserved vectors of
the time-fractional CRW equation.

2.8.1 Exact solutions of time-fractional Clannish Random
Walker’s equation by invariant subspace method

Let us consider the exact solution of Eq. (2.72) by the invariant subspace
method.

From Eq. (2.72) and Theorem 13 one can find that the dimension of invari-
ant subspace Wn for the operator Ξ[u], corresponding to Eq. (2.72), satisfies
n ≤ 2(2) + 1 = 5. After some calculations, we can find that W2 = span{1, x}
is the invariant subspace of Ξ[u] = uxx + 2uux − ux, because

Ξ[λ1 + λ2x] = ψ1(λ1, λ2) + ψ2(λ1, λ2)x = 2λ1λ2 − λ2 + 2λ2
2x ∈W2.

Therefore, in order to find the exact solution of

u(x, t) = λ1(t) + λ2(t)x, (2.75)

it is sufficient to solve the system of FODEs{
∂αt λ1(t) = ψ1(λ1(t), λ2(t)) = 2λ1(t)λ2(t)− λ2(t),

∂αt λ2(t) = ψ2(λ1(t), λ2(t)) = 2λ2
2(t).

(2.76)

Solving the second equation of (2.76) yields

λ2(t) =
(2α− 1)Γ(1− α)t−α

2Γ(2− 2α)
.

Substituting λ2(t) in the first equation of (2.76) and solving the obtained
equation yields

λ1(t) =
(2α− 1)Γ(1− α)2

2Γ(2− 2α)− 2(2α− 1)Γ(1− α)2
.

Therefore, from Eq. (2.75) we obtain

u(x, t) =
(2α− 1)Γ(1− α)2

2Γ(2− 2α)− 2(2α− 1)Γ(1− α)2
+

(2α− 1)Γ(1− α)t−α

2Γ(2− 2α)
x.

Also, in Eq. (2.76), if we consider the integer order differential equations, then
we can find corresponding exact solution.
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2.9 Lie symmetries of the time-fractional Kompaneets
equation

In this section, we consider four time-fractional generalizations of the Kom-
paneets equation [64]. In a dimensionless form, the classical Kompaneets equa-
tion derived by Kompaneets [114] and Weymann [181] can be written as

ft =
1

x2
Dx

[
x4
(
fx + f + f2

)]
. (2.77)

This equation describes the evolution of the density function f of the energy of
photons due to Compton scattering in the homogeneous fully ionized plasma.

The time-fractional generalizations of the Kompaneets equation have the
following form

ft =
1

x2
Jαt Dx

[
x4
(
fx + f + f2

)]
, (2.78)

ft =
1

x2
D1−α
t Dx

[
x4
(
fx + f + f2

)]
, (2.79)

ft =
1

x2
Dx

[
x4
(
Jαt fx + Jαt f + (Jαt f)2

)]
, (2.80)

ft =
1

x2
Dx

[
x4
(
D1−α
t fx +D1−α

t f + (D1−α
t f)2

)]
. (2.81)

All these equations can be rewritten so that their right-hand sides will be
exactly the same as the right-hand side of the classical Kompaneets Eq. (2.77).
Indeed, if we act on the Eq. (2.78) by the operator Dα

t of fractional differen-
tiation and denote the dependent variable f by u, then we get the equation

Dα
t ut =

1

x2
Dx

[
x4
(
ux + u+ u2

)]
. (2.82)

Integrating the Eq. (2.79) with respect to t we obtain

f(t, x)− f(0, x) =
1

x2
Jαt Dx

[
x4
(
fx + f + f2

)]
. (2.83)

As above, we act on both sides of this equation by the same operator Dα
t of

fractional differentiation and denote the dependent variable f by u. Then we
get the equation

cDα
t u =

1

x2
Dx

[
x4
(
ux + u+ u2

)]
, (2.84)
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where
cDα

t u = J1−α
t ut =

1

Γ(1− α)

∫ t

0

uτ (τ, x)

(t− τ)α
dτ

is the left-sided time-fractional derivative of the Caputo type of order α ∈
(0, 1) [110, 108].

In the Eq. (2.80) we can introduce a new nonlocal dependent variable
u = Jαt f . Then this equation takes the form

D
(1+α)
t u =

1

x2
Dx

[
x4
(
ux + u+ u2

)]
. (2.85)

Finally, we make in the Eq. (2.81) the nonlocal change of the dependent vari-

able by setting f = J
(1−α)
t u. Since D1−α

t J1−α
t u = u, this equation can be

rewritten as

Dα
t u =

1

x2
Dx

[
x4
(
ux + u+ u2

)]
. (2.86)

We can formally rewrite the Eqs. (2.82)-(2.86) as

F (t, x, u,Dγ(α)
t u, ux, uxx) = Dγ(α)

t u− x2Dxh(u, ux)− 4xh(u, ux) = 0. (2.87)

Here we denote by Dγ(α)
t any time-fractional differential operator in Eqs.

(2.82)-(2.86), and the function h is

h(u, ux) = ux + u+ u2. (2.88)

Every term in the function h(u, ux) describes a certain physical effect.
Ibragimov in [97] demonstrated that the only vector field generator of the

Kompaneets Eq. (2.77) is the time-translations

V =
∂

∂t
.

The time-fractional generalizations of the Kompaneets equation do not admit
the translation in time. The calculation shows that the Eqs. (2.82)-(2.86) have
no Lie point symmetries. Nevertheless, the physically relevant approximations
of these equations have nontrivial Lie point symmetries.

Lemma 2.9.1 [64] Let the Eq. (2.87) be a diffusion-type time-fractional equa-
tion, i.e., the function h has the term ux. Then the following approximations
of this equation have the nontrivial Lie point symmetries:
• the Eq. (2.87) with h = ux admits

V1 = u
∂

∂u
, V2 = x

∂

∂x
, Vg = g(t, x)

∂

∂u
; (2.89)

• the Eq. (2.87) with h = ux + u admits

V1 = u
∂

∂u
, Vg = g(t, x)

∂

∂u
; (2.90)
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• the Eq. (2.87) with h = ux + u2 admits

V3 = V2 − V1 = x
∂

∂x
− u ∂

∂u
, (2.91)

where the function g(t, x) is a solution of the equation

Dγ(α)
t g = x2Dxh(g, gx) + 4xh(g, gx).

The above symmetries are valid for all considered types of the time-fractional

derivatives D
γ(α)
t u.

We can construct invariant solutions only for two types of approximations of
the time-fractional Kompaneets equations that correspond to the following
types of the function h = ux and h = ux + u2.

• h = ux.

Then we can find the invariant solutions of Eq. (2.87) using a linear com-
bination of the operators V1 and V2:

V = βV1 + V2 = βu
∂

∂u
+ x

∂

∂x
.

The corresponding invariant solution has the form

u(t, x) = xβ(t).

Substituting this expression in the Eq. (2.87), we obtain the ordinary fractional
differential equation for the function z(t):

Dγ(α)
t z = β(β + 3)z. (2.92)

For β = 0 or β = −3 this equation takes a very simple form

Dγ(α)
t z = 0. (2.93)

For different time-fractional differential operators, the Eq. (2.93) has the fol-
lowing common solutions:

Dγ(α)
t = Dα

t Dt : z(t) = c1t
α + c2;

Dγ(α)
t = CDα

t : z(t) = c1;

Dγ(α)
t = D1+α

t : z(t) = c1t
α + c2t

α−1;

Dγ(α)
t = Dα

t : z(t) = c1t
α−1, (2.94)
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where c1 and c2 are arbitrary constants. Then, we get the following invariant
solutions:
• for the approximation of the Eq. (2.82)

u = c1t
α + c2, u = x−3(c1t

α + c2);

• for the approximation of the Eq. (2.84)

u = c1, u = x−3c1;

• for the approximation of the Eq. (2.85)

u = tα−1(c1t+ c2), u = x−3tα−1(c1t+ c2)

• for the approximation of the Eq. (2.86)

u = c1t
α−1, u = c1x

−3tα−1.

Remark 2.9.1 To give a physical interpretation of the obtained solutions, it
is necessary to make the inverse change of variables u→ f in accordance with
the definitions of u for different generalizations of the Kompaneets equation.
It is easy to show that after such inverse change of variables, for all obtained
solutions we have f(t) = 0, i.e., these solutions are the stationary solutions
of the corresponding approximations of the Eqs. (2.78)-(2.81).
Now we consider the Eq. (2.92) with β 6= 0, β 6= −3, and denote λ = β(β+3).
The common solutions of the Eq. (2.92) for different time-fractional differen-
tial operators can be obtained using the Laplace transform. As a result, we
arrive at the following invariant solutions:
• For the approximation of the Eq. (2.82)

u = xβ(c1E1+α,1(λt1+α) + c2t
αE1+α,1+α(λt1+α)).

• For the approximation of the Eq. (2.84)

u = c1x
βEα,1(λtα).

• For the approximation of the Eq. (2.85)

u = xβtα−1(c1E1+α,α(λtα+1) + c2tEα+1,α+1(λtα)).

• For the approximation of the Eq. (2.86)

u = c1x
βtα−1Eα,α(λtα).

Remark 2.9.2 To give a physical interpretation, we note that after inverse
change of variables u → f in these solutions, one can conclude that these
solutions describe the dynamic regimes in which the width of the corresponding
diffusion packets increases according to the power law.
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Now let us consider another case when h = ux + u2. The invariant solution
corresponding to the operator

V = x
∂

∂x
− u ∂

∂u

has the form
u = x−1z(t).

Substituting it into the Eq. (2.87), we get the following ordinary fractional
differential equation for the function f(t):

Dγ(α)
t z = 2(z2 − z). (2.95)

We cannot present here any exact solution of this nonlinear equation for any
time-fractional differential operators considered in this paper. Note that the
Eq. (2.95) does not have Lie point symmetries.

2.10 Lie symmetry analysis of the time-fractional
variant Boussinesq and coupled
Boussinesq-Burger’s equations

A completely integrable variant of the Boussinesq (VB) system is consid-
ered by Sachs [165, 62] as:{

ut + vx + uux = 0,
vt + (uv)x + uxxx = 0.

(2.96)

This system models the water waves; u is velocity and v is the total depth.
So physical solutions ought to have v > 0.
Another interesting model which arises in the study of fluids flow in a dynamic
system, is the Boussinesq-Burger’s (BB) equation [116]. Moreover, this equa-
tion describes the propagation of shallow water waves and can be written as:{

ut − 1
2vx + 2uux = 0,

vt − 1
2uxxx + 2(uv)x = 0.

(2.97)

In general, it is difficult to find exact solutions of differential equations with
fractional derivatives and we remember that investigation of some properties
of fractional derivatives are much harder than the classical ones. Therefore,
there is a strong motivation to find the exact solutions and Lie symmetries of
famous equations like the Eqs. (2.96)-(2.97).
The time-fractional versions of Eqs. (2.96) and (2.97) have the following forms:{

∂αt u+ vx + uux = 0,
∂αt v + (uv)x + uxxx = 0,

(2.98)
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and {
∂αt u− 1

2vx + 2uux = 0,
∂αt v − 1

2uxxx + 2(uv)x = 0,
(2.99)

respectively, where ∂αt u := RLDα
t u stands for Riemann-Liouville derivative.

Let us consider the Lie symmetry analysis of system of FPDEs [71, 67, 77,
176]: {

Π1 := ∂αt u− F1(x, t, u, v, ux, vx, . . .) = 0,
Π2 := ∂αt v − F2(x, t, u, v, ux, vx, . . .) = 0,

0 < α < 1. (2.100)

The infinitesimal operator of the local point transformations Lie group which
are admitted by Eq. (2.100) is:

X = τ(x, t, u, v)
∂

∂t
+ ξ(x, t, u, v)

∂

∂x
+ uφ(x, t, u, v)

∂

∂u
+ vφ(x, t, u, v)

∂

∂v
.

Applying the Lie theorem to an invariance condition yields:

Pr(α,3)X(Π1 ∧Π2)|Π1=0, Π2=0 = 0, (2.101)

where

Pr(α,3)X = X + uφ0
α

∂

∂αt u
+ vφ0

α

∂

∂αt v
+ uφx

∂

∂ux
+ vφx

∂

∂vx

+ uφxx
∂

∂uxx
+ uφxxx

∂

∂uxxx
,

and

uφx = Dx(uφ)− uxDx(ξ)− utDx(τ),
vφx = Dx(vφ)− vxDx(ξ)− vtDx(τ),
uφxx = Dx(uφx)− uxtDx(τ)− uxxDx(ξ),
uφxxx = Dx(uφxx)− uxxtDx(τ)− uxxxDx(ξ),
uφ0

α =Dα
t (uφ) + ξDα

t (ux)−Dα
t (ξux) +Dα

t (Dt(τ)u)−Dα+1
t (τu) + τDα+1

t (u),
vφ0

α = Dα
t (vφ) + ξDα

t (vx)−Dα
t (ξvx) +Dα

t (Dt(τ)v)−Dα+1
t (τv) + τDα+1

t (v).

Since the lower limit of integral in Riemann-Liouville fractional derivative
is a unchanging value, so it should be invariant with respect to the point
transformations:

τ(x, t, u, v)|t=0 = 0. (2.102)

The αth prolonged infinitesimal has the following form:

uφ0
α = Dα

t (uφ) + ξDα
t (ux)−Dα

t (ξux) +Dα
t (Dt(τ)u)−Dα+1

t (τu) + τDα+1
t (u),
(2.103)
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where Dα
t denotes the total fractional derivative. Let us remember the Leibniz

rule in the fractional case:

Dα
t

[
f(t)g(t)

]
=
∞∑
n=0

(
α
n

)
Dα−n
t f(t)Dn

t g(t),

where (
α
n

)
=

(−1)n−1αΓ(n− α)

Γ(1− α)Γ(n+ 1)
.

Thus from (2.10) we can rewrite (2.103) as follows

uφ0
α = Dα

t (uφ)− αDt(τ)
∂αu

∂tα
−
∞∑
n=1

(
α
n

)
Dn
t (ξ)Dα−n

t (ux)

−
∞∑
n=1

(
α

n+ 1

)
Dn+1
t (τ)Dα−n

t (u). (2.104)

Also from the chain rule and setting f(t) = 1, we get

Dα
t (uφ) =

∂α(uφ)

∂tα
+

(
uφu

∂αu

∂tα
− u∂

α(uφu)

∂tα

)
+

(
uφv

∂αv

∂tα
− v ∂

α(uφv)

∂tα

)
+
∞∑
n=1

(
α
n

)
∂n(uφu)

∂tn
Dα−n
t (u) +

∞∑
n=1

(
α
n

)
∂n(uφv)

∂tn
Dα−n
t (v) + χ1 + χ2,

(2.105)

where

χ1 =

∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α
n

)(
n
m

)(
k
r

)
1

k!

× tn−α

Γ(n+ 1− α)
[−u]r

∂m

∂tm
[uk−r]

∂n−m+k(uφ)

∂tn−m∂uk
,

and

χ2 =
∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α
n

)(
n
m

)(
k
r

)
1

k!

× tn−α

Γ(n+ 1− α)
[−v]r

∂m

∂tm
[vk−r]

∂n−m+k(uφ)

∂tn−m∂vk
.
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Therefore

uφ0
α =

∂α(uφ)

∂tα
+ (uφu − αDt(τ))

∂αu

∂tα
− u∂

α(uφu)

∂tα
+ χ1 + χ2

+

(
uφv

∂αv

∂tα
− v ∂

α(uφv)

∂tα

)
+
∞∑
n=1

(
α
n

)
∂n(uφv)

∂tn
Dα−n
t (v)

+
∞∑
n=1

[( α
n

)
∂n(uφu)

∂tn
−
(

α
n+ 1

)
Dn+1
t (τ)

]
Dα−n
t (u)

−
∞∑
n=1

(
α
n

)
Dn
t (ξ)Dα−n

t (ux).

Similarly, we can obtain

vφ0
α =

∂α(vφ)

∂tα
+ (vφv − αDt(τ))

∂αv

∂tα
− v ∂

α(vφv)

∂tα
+ χ3 + χ4

+

(
vφu

∂αu

∂tα
− u∂

α(vφu)

∂tα

)
+

∞∑
n=1

(
α
n

)
∂n(vφu)

∂tn
Dα−n
t (u)

+
∞∑
n=1

[( α
n

)
∂n(vφv)

∂tn
−
(

α
n+ 1

)
Dn+1
t (τ)

]
Dα−n
t (v)

−
∞∑
n=1

(
α
n

)
Dn
t (ξ)Dα−n

t (vx),

where

χ3 =
∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α
n

)(
n
m

)(
k
r

)
1

k!

× tn−α

Γ(n+ 1− α)
[−u]r

∂m

∂tm
[uk−r]

∂n−m+k(vφ)

∂tn−m∂uk
,

and

χ4 =
∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α
n

)(
n
m

)(
k
r

)
1

k!

× tn−α

Γ(n+ 1− α)
[−v]r

∂m

∂tm
[vk−r]

∂n−m+k(vφ)

∂tn−m∂vk
.

Now, we utilize the developed Lie symmetry method to the Eqs. (2.98)-
(2.99) and then we obtain the corresponding reductions of these equations.
According to the Lie theory, determining equations of the time-fractional VB
equation (2.98) can be extracted from applying Pr(α,3)X to Eq. (2.98) as
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follows:

τu = τv = τx = ξt = ξu = ξv = uφv = uφuu = vφvv = 0,
uφxu − ξxx = 0,

−v φv − 3ξx + ατt +u φu = 0,
vφu − uξx + αuτt +u φv = 0,

(1− α)τtt + 2 vφtv = 0, (1− α)τtt + 2 uφtu = 0,

(2− α)τttt + 3 vφttv = 0, (2− α)τttt + 3 uφttu = 0,

ατt − ξx − uφu + vφv = 0,

αuτt − uξx + v uφv + 3 uφxxv + uφ = 0,

αvτt − vξx − ξxxx − v vφv + 3 uφxxu + vφ+ v uφu + u vφu = 0,

u uφx + vφx − u∂αt (uφu) + ∂αt (uφ) = 0,

v uφx + u vφx − v∂αt (vφv) + ∂αt (vφ) + uφxxx = 0,

∞∑
k=3

(
α
k

)
∂k+1

∂tk∂u
(uφ)×Dtα−ku−

∞∑
k=3

(
α
k

)
1 + k

[
(α− k)Dtα−ku×Dt1+kτ

+ (k + 1)Dtα−kux ×Dtkξ
]

= 0,

∞∑
k=3

(
α
k

)
∂k+1

∂tk∂v
(vφ)×Dtα−kv −

∞∑
k=3

(
α
k

)
1 + k

[
(α− k)Dtα−kv ×Dt1+kτ

+ (k + 1)Dtα−kvx ×Dtkξ
]

= 0. (2.106)

Solving Eqs. (2.106) and applying the condition (2.102), we obtain the follow-
ing infinitesimals:

τ = 2tc2, ξ = c1 + αxc2,
uφ = −αuc2, vφ = −2αvc2, (2.107)

where c1 and c2 are arbitrary constants and therefore:

X1 =
∂

∂x
, X2 = 2t

∂

∂t
+ αx

∂

∂x
− αu ∂

∂u
− 2αv

∂

∂v
. (2.108)

Let us consider the reduction of Eq. (2.98) corresponding to the second vector
field X2. The similarity variables and similarity transformations corresponding
to X2 take the following form:{

u(x, t) = t−
α
2 F(ζ),

v(x, t) = t−αG(ζ),
ζ = xt−

α
2 . (2.109)

Theorem 18 Using (2.112), the time-fractional VB equation (2.98) is
reduced to the following nonlinear system of FODEs:

(
P1− 3α

2 ,α
2
α

F
)

(ζ) + G′(ζ) + F(ζ)F ′(ζ) = 0,(
P1−α,α

2
α

G
)

(ζ) + F(ζ)G′(ζ) + F ′(ζ)G(ζ) + F ′′′(ζ) = 0.
(2.110)
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Proof: From the definition of Riemann-Liouville fractional derivative and
similarity variables related to X2, we have

∂αu

∂tα
=

∂n

∂tn
[ 1

Γ(n− α)

∫ t

0

(t− s)n−α−1s−
α
2 F
(
xs
−α
2

)
ds
]
. (2.111)

If we take the change of variable ρ = t
s , then ds = − t

ρ2 dρ, so from (2.111) we
have

∂αu

∂tα
=

∂n

∂tn
[
tn−

3α
2

(
K1−α2 ,n−α

2
α

F
)

(ζ)
]
.

Moreover ζ = xt
−α
2 concludes

t
∂

∂t
φ(ζ) = t

∂ζ

∂t

dφ(ζ)

dζ
= −α

2
ζ
dφ(ζ)

dζ
.

Therefore by setting Φ(ζ) =
(
K1−α2 ,n−α

2
α

F
)

(ζ) one can get

∂n

∂tn
[
tn−

3α
2 Φ(ζ)

]
=

∂n−1

∂tn−1

[ ∂
∂t

(
tn−

3α
2 Φ(ζ)

) ]
=

∂n−1

∂tn−1

[
tn−

3α
2 −1

(
n− 3α

2
− α

2
ζ
d

dζ

)
Φ(ζ)

]
= · · · = t−

3α
2

n−1∏
j=0

(
1− 3α

2
+ j − α

2
ζ
d

dζ

)
Φ(ζ) = t−

3α
2

(
P1− 3α

2 ,α
2
α

F
)

(ζ).

Therefore
∂αu

∂tα
= t−

3α
2

(
P1− 3α

2 ,α
2
α

F
)

(ζ).

In a similar way, we can obtain

∂αv

∂tα
= t−2α

(
P1−α,α

2
α

G
)

(ζ),

which completes the proof. �

Now, similarly to the time-fractional VB equation, by applying Pr(α,3)X
to Eq. (2.99), we can find a system of an overdetermined system of PDEs and
FPDEs, from which by solving them we obtain the following infinitesimals:

τ = 2tc2, ξ = c1 + αxc2,
uφ = −αuc2, vφ = −2αvc2,

where c1 and c2 are arbitrary constants and therefore:

X1 =
∂

∂x
, X2 = 2t

∂

∂t
+ αx

∂

∂x
− αu ∂

∂u
− 2αv

∂

∂v
.

Let us consider the reduction of Eq. (2.99) corresponding to the second vector
field X2. The similarity variables and similarity transformations corresponding
to X2 take the following form:{

u(x, t) = t−
α
2 F(ζ),

v(x, t) = t−αG(ζ),
ζ = xt−

α
2 . (2.112)
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Theorem 19 Using (2.112), the time-fractional BB equation (2.99) is
reduced to the following nonlinear system of FODEs:

(
P1− 3α

2 ,α
2
α

F
)

(ζ)− 1

2
G′(ζ) + 2F(ζ)F ′(ζ) = 0,(

P1−α,α
2
α

G
)

(ζ) + 2F(ζ)G′(ζ) + 2F ′(ζ)G(ζ)− 1

2
F ′′′(ζ) = 0.

(2.113)

Proof: Similar to proof of Theorem 18 �

2.10.1 Exact solutions of time-fractional VB and BB
equations by invariant subspace method

In this section, we briefly describe the invariant subspace method applica-
ble to the coupled time FPDEs of the form:{

∂αt u = Ξ1[u, v],
∂αt v = Ξ2[u, v],

α ∈ R+, (2.114)

where Ξ1[u, v] and Ξ2[u, v] are differential operators of u and v with respect
to the independent variable x.

Definition 16 Finite dimensional linear spaces

Wq
nq = span{ωq1(x), ωq2(x), · · · , ωqnq (x)}, q = 1, 2,

are said to be invariant subspaces with respect to the system of (2.114), if
Ξ1[W1

n1
×W2

n2
] ⊆ W1

n1
×W2

n2
and Ξ2[W1

n1
×W2

n2
] ⊆ W1

n1
×W2

n2
.

Suppose that the Eqs. (2.114) admit an invariant subspace W1
n1
× W2

n2
.

Then from the above definition, there exist the expansion coefficient functions
ψ1

1 , ψ
1
2 , · · · , ψ1

n1
and ψ2

1 , ψ
2
2 , · · · , ψ2

n2
such that

Ξq

[ n1∑
i=1

λ1
iω

1
i (x),

n2∑
i=1

λ2
iω

2
i (x)

]
=

nq∑
i=1

ψqi (λ
1
1, λ

1
2, · · · , λ1

n1
, λ2

1, λ
2
2, · · · , λ2

n2
)ωqi (x),

λqi ∈ R, i = 1, · · · , nq, q = 1, 2. (2.115)

Hence 
u(x, t) =

n1∑
i=1

λ1
i (t)ω

1
i (x),

v(x, t) =

n2∑
i=1

λ2
i (t)ω

2
i (x),

(2.116)

is the solution of Eq. (2.114), if the expansion coefficients λqi (t), q = 1, 2,
satisfy a system of FODEs:

∂αt λ
q
i (t) = ψqi (λ

1
1(t), λ1

2(t), . . . , λ1
n1

(t), λ2
1(t), λ2

2(t), . . . , λ2
n2

(t)),

i = 1, . . . , nq, q = 1, 2. (2.117)

Now, in order to find the invariant subspace W1
n1
×W2

n2
of a given fractional

equation, one can use the following theorem [60].
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Theorem 20 Let functions ωq1(x), . . . , ωqnq (x), q = 1, 2 form the fundamental
set of solutions of a linear nq-th order ODEs

Lq[yq] ≡ y(nq)
q + aq1(x)y(nq−1)

q + · · ·+ aqnq−1(x)y′q + aqn(x)yq = 0, q = 1, 2

(2.118)
and let Ξ1, Ξ2 be smooth enough functions. Then the subspace W1

n1
×W2

n2
is

invariant with respect to the operators Ξ1 and Ξ2 if and only if

Lq(Ξq[u, v])|L1[u]=0∧L2[v]=0 = 0, q = 1, 2. (2.119)

Let us assume{
∂αu
∂tα = Ξ1[u, v] = − ∂v

∂x − u
∂u
∂x ,

∂αv
∂tα = Ξ2[u, v] = − ∂v

∂xu−
∂u
∂xv −

∂3u
∂x3 ,

α ∈ (0, 1). (2.120)

In order to find the invariant subspace, we consider n1 = 2, n2 = 2. In this
case, the invariant subspace W1

2 ×W2
2 is defined by two second order linear

ODEs

W1
2 = {y|L1[y] = y′′ + a1y

′ + a0y = 0},
W2

2 = {z|L2[z] = z′′ + b1z
′ + b0z = 0},

where a0, a1, b0 and b1 are constants to be determined. The corresponding
invariance conditions read as

(D2Ξ1 + a1DΞ1 + a0Ξ1)|(u,v)∈W1
2×W2

2
= 0, (2.121)

(D2Ξ2 + b1DΞ2 + b0Ξ2)|(u,v)∈W1
2×W2

2
= 0, (2.122)

where D is a differentiation operator with respect to x.
Eqs. (2.121) yields an overdetermined system of algebraic equations as follows:

2a1b1 − b21 − a0 + b0 = 0,

2a1 = 0,

3a0 = 0,

a1b0 − b0b1 = 0,

3a0 = 0,

3a1 + b1 = 0,

− a2
1 + a1b1 + a0 + 2b0 = 0,

− a4
1 + a3

1b1 + 3a0a
2
1 − 2a0a1b1 − a2

1b0 − a2
0 + a0b0 = 0,

− a0a1 + a0b1 = 0,

− a0a
3
1 + a0a

2
1b1 + 2a2

0a1 − a2
0b1 − a0a1b0 = 0,

which can be solved in general and we obtain just the trivial solution a0 =
a1 = b0 = b1 = 0. Therefore

L1[y] = y′′ = 0, L2[z] = z′′ = 0. (2.123)



Group analysis and exact solutions of FPDEs 111

Thus, W1
2 = span{1, x} and W2

2 = span{1, x} and so

W1
2 ×W2

2 = span ({1, x} × {1, x}) . (2.124)

This invariant subspace takes the exact solution of time-fractional VB equa-
tion as {

u(x, t) = λ1
1(t) + λ1

2(t)x,
v(x, t) = λ2

1(t) + λ2
2(t)x,

(2.125)

where λ1
1(t), λ1

2(t), λ2
1(t) and λ2

2(t) are unknown functions to be determined.
Substituting (2.125) in to the system (2.120) we obtain the following system
of FODEs: 

∂αλ1
1(t)

∂tα
= −λ1

1(t)λ1
2(t)− λ2

2(t),

∂αλ1
2(t)

∂tα
= −(λ1

2(t))2,

∂αλ2
1(t)

∂tα
= −λ1

1(t)λ2
2(t)− λ1

2(t)λ2
1(t),

∂αλ2
2(t)

∂tα
= −2λ1

2(t)λ2
2(t).

(2.126)

Second and fourth equations of above system yield:

λ1
2(t) =

−Γ(1− α)

Γ(1− 2α)
t−α,

and
λ2

2(t) = 0.

Proceeding further, from the first and third equations, we find

λ1
1(t) = λ2

1(t) = t−α.

Thus, the obtained exact solution for time-fractional VB equation by invariant
subspace method can be written as: u(x, t) = t−α − Γ(1− α)

Γ(1− 2α)
t−αx,

v(x, t) = t−α,

α ∈ (0, 1)− {1/2}. (2.127)

Similarly, let us assume{
∂αu
∂tα = Ξ1[u, v] = 1

2
∂v
∂x − 2u∂u∂x ,

∂αv
∂tα = Ξ2[u, v] = −2 ∂v∂xu− 2∂u∂xv + 1

2
∂3u
∂x3 ,

α ∈ (0, 1). (2.128)

For this equation, we can find that the invariant subspace has the form:

W1
2 ×W2

2 = span ({1, x} × {1, x}) .
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Thus, we look for an exact solution of the form

u(x, t) = λ1
1(t) + λ1

2(t)x, v(x, t) = λ2
1(t) + λ2

2(t)x,

where the coefficients are functions satisfying the following system of FODEs:

∂αλ1
1(t)

∂tα
=

1

2
λ2

2(t)− 2λ1
1(t)λ1

2(t),

∂αλ1
2(t)

∂tα
= −2(λ1

2(t))2,

∂αλ2
1(t)

∂tα
= −2λ1

1(t)λ2
2(t)− 2λ1

2(t)λ2
1(t),

∂αλ2
2(t)

∂tα
= −4λ1

2(t)λ2
2(t).

(2.129)

By solving the system of (2.129) we obtain the final exact solution of Eq. (2.99)
in the following form: u(x, t) = t−α − 1

2

Γ(1− α)

Γ(1− 2α)
t−αx,

v(x, t) = t−α,

α ∈ (0, 1)− {1/2}.



Chapter 3

Analytical Lie group approach for
solving the fractional
integro-differential equations

In addition to the differential equations, analysis of the symmetry groups
for integro-differential equations were also investigated previously. The Lie-
Bäcklund type operators are used to investigate the solutions of nonlocal
determining equations in [30, 130, 99, 151]. Also, the Lie point groups are
utilized by some authors [162, 151, 11, 188]. The symmetry group analysis of
nonlocal differential equations is introduced by Özer [152] which is different
from the Lie-Bäcklund type group of transformations.

Recently, the symmetry group analysis was developed for some special
classes of fractional differential equations. The major difference between the
developed Lie symmetry method and other ones is the prolongation for-
mula, first derived by Gazizov et al. [66]. This method was applied for some
time-fractional differential equations in [71, 77, 75]. Beside the Lie symmetry
method, some other analytical and semi-analytical approaches are investi-
gated for the solutions of fractional integro-differential equations (FIDEs) in
literature [168, 3, 134, 182, 106].

In the current chapter, a new class of Lie symmetry methods is developed
for dealing with the FIDEs. In our presented analytical method which is based
upon the symmetry groups, the nonlocal variables of an equation are taken
into account as independent variables. The determining equations of differen-
tial equations with nonlocal structure contain some extra nonlocal variables
that differ from nonlocal variables of the original equation. A point symmetry
group extension of the original equation is determined based on the nonlocal
variables and this makes it difficult to solve the derived equations. Therefore,
a new method is discussed for solving derived determining equations.

113
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3.1 Lie groups of transformations for FIDEs

Consider a FIDE of the form [154]

Dαxy(x) = F (x, y(x), T (y)(x)), (3.1)

with

T (y)(x) =

∫
Ω

f(x, t, y(t))dt, (3.2)

where f and F are sufficiently smooth functions, Ω is a given interval of real
line R and x, y(x) are independent and dependent variables, respectively. In
Eq. (3.1), Dαx := RLDα

x denotes the fractional differential operator of order
α > 0 in the Riemann-Liouville sense. For the Eq. (3.1), consider the point
transformations group

x̃ = exp(εV )(x) = x+ εξ(x, y) +O(ε2),

ỹ = exp(εV )(y) = y + εη(x, y) +O(ε2), (3.3)

with infinitesimal generator

V = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
, (3.4)

where the coefficients are sufficiently smooth functions. Moreover, a transfor-
mation for the integration variable t can be written as:

t̃ = t+ εξ(t, y(t)) +O(ε2). (3.5)

According to the Lie theory, construction of the symmetry group is equivalent
to determine the infinitesimal transformations (3.3), i.e., ξ(x, y) and η(x, y).

Definition 17 Eq. (3.1) is invariant under the group of transformations
(3.3), if

Dα
x̃ ỹ(x̃) = F (x̃, ỹ(x̃), T̃ (ỹ)(x̃)), T̃ (ỹ)(x̃) =

∫
Ω̃

f(x̃, t̃, ỹ(t̃))dt̃, (3.6)

whenever Eq. (3.1) holds and Ω̃ is the image of Ω under the transformation
t→ t̃ given by (3.5). This group of transformations is called a point symmetry
group for the Eq. (3.1).

3.2 The invariance criterion for FIDEs

In this section, we introduce a systematic way to obtain the invariant
condition of Eq. (3.1) and corresponding solutions of a nonlocal determining
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equation. To do this, we first determine a prolongation on T (y) and Dαxy
with infinitesimal generators (3.3). Moreover, differentiation of the integration
variable t and its corresponding transformation can be calculated as

J(t) := (t̃)′ = 1 + εDtξ(t, y(t)) +O(ε2), (3.7)

where Dt denotes the total derivative with respect to t. Then, by changing
the variable of integration in (3.6), we obtain

T̃ (ỹ)(x̃) =

∫
Ω

f(x̃, t̃, ỹ(t̃))J(t)dt, (3.8)

and using the Taylor expansion, the integrand in (3.6) can be represented as
follows:

f(x̃, t̃, ỹ(t̃)) = f(x, t, y(t)) + ε(Qmf)(x, t, y(t)) +O(ε2), (3.9)

where

Qm = ξ(x, y(x))
∂

∂x
+ ξ(t, y(t))

∂

∂t
+ η(t, y(t))

∂

∂y(t)
. (3.10)

Substituting Eqs. (3.7) and (3.9) into (3.8) yields

T̃ (ỹ)(x̃) = T (y)(x) + εPT (y)(x) +O(ε2), (3.11)

in which the nonlinear operator PT is defined by

PT (y)(x) =

∫
Ω

[
Qm +Dtξ(t, y(t))

]
f(x, t, y(t))dt. (3.12)

The prolongation of point transformations group (3.3) on the nonlocal variable
A = T (y) is defined by using (3.11). Therefore, we can consider the modified
prolongation as:

PrT V = V + PT (y)
∂

∂(T (y))
, (3.13)

where V is defined by (3.4).
By extending the transformations (3.3) to the Riemann-Liouville operator
Dαxy, we can determine the infinitesimal transformation of fractional deriva-
tives as

Dα
x̃ ỹ(x̃) = Dαxy(x) + εηα +O(ε2), (3.14)

where ηα is given by the prolongation formula:

ηα = Dαxη +Dαx (Dx(ξ)y) + ξDα+1
x y −Dα+1

x (ξy). (3.15)

Now, we are ready to introduce a new infinitesimal generator containing both
integral and fractional terms as follows:

PrT ,αV = PrT V + ηα
∂

∂Dαxy
. (3.16)



116 Lie Symmetry Analysis of Fractional Differential Equations

According to the infinitesimal criterion, Eq. (3.1) admits the transformation
group (3.3) iff the prolonged vector field PrT ,αV annihilates (3.1) on its solu-
tion manifold, i.e.,

PrT ,αV (∆)
∣∣∣
∆=0

= 0, ∆ = Dαxy − F (x, y, T (y)). (3.17)

In order to determine the vector fields (3.4) admitted by Eq.(3.1), it is neces-
sary to obtain the concrete expression for PrT ,αV . Since we obtain the explicit
expression for PrT V in (3.13), here we concentrate on the expression for ηα.
Using the generalized Leibniz rule

Dαx (f(x)g(x)) =
∞∑
n=0

(
α

n

)
Dα−nx f(x)Dnxg(x),

with(
α

n

)
=

(−1)n−1αΓ(n− α)

Γ(1− α)Γ(n+ 1)
, D0

xf(x) = f(x), Dn+1
x f(x) = Dx(Dnxf(x)),

and
(
α
0

)
= 1,

(
α+1

1

)
= α+ 1, we obtain

ηα = Dαx η +

∞∑
n=0

(
α

n

)
Dα−nx yDnx (Dx(ξ)) + ξDα+1

x y −
∞∑
n=0

(
α+ 1

n

)
Dα−n+1
x yDnx (ξ)

= Dαx η +

∞∑
n=0

(
α

n

)
Dα−nx yDn+1

x (ξ) + ξDα+1
x y −

∞∑
n=−1

(
α+ 1

n+ 1

)
Dα−nx yDn+1

x (ξ)

= Dαx η +

∞∑
n=1

(
α

n

)
Dα−nx yDn+1

x (ξ) + ξDα+1
x y +

(
α

0

)
Dαx yDx(ξ)

−
∞∑
n=1

(
α+ 1

n+ 1

)
Dα−nx yDn+1

x (ξ)−

(
α

0

)
ξDα+1

x y −

(
α+ 1

1

)
Dαx yDx(ξ)

= Dαx η − αDαx yDx(ξ) +

∞∑
n=1

[(
α

n

)
−

(
α+ 1

n+ 1

)]
Dα−nx yDn+1

x (ξ). (3.18)

Thus, the rest task is to determine the first term Dαxη. In view of the gener-
alized chain rule

dmg(y(x))

dxm
=

m∑
k=0

k∑
r=0

(
k

r

)
1

k!
[−y(x)]r

dm

dxm
[
(y(x))k−r

] dkg(y)

dyk
, (3.19)

and the generalized Leibnitz rule with f(x) = f(x, y(x)) and g(x) = 1, we
have

Dαx [f(x, y(x))] =

∞∑
n=0

n∑
m=0

m∑
k=0

k∑
r=0

(
α

n

)(
n

m

)(
k

r

)
1

k!

xn−α

Γ(n+ 1− α)

× [−y(x)]r
dm

dxm
[
(y(x))k−r

] ∂n−m+kf(x, y)

∂xn−m∂yk
. (3.20)
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Some calculations on (3.20) and rearrangement of the resulting terms yields
(see [154] for details of the proof)

Dαx (f) = ∂αx (f) + ∂αx (yfy)− y∂αx (fy) + g, (3.21)

where

∂αx (f) := ∂αx [f(x, y)] =
1

Γ(1− α)

∂

∂x

∫ x

0

f(t, y)

(x− t)α
dt, (3.22)

and

g(x, y) =
∞∑
n=0

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α

n

)(
n

m

)(
k

r

)
1

k!

xn−α

Γ(n+ 1− α)

× [−y(x)]r
dm

dxm
[
(y(x))k−r

] ∂n−m+kf(x, y)

∂xn−m∂yk
. (3.23)

As a consequence, for k ≥ 2, we have

g|fyy=0 = 0. (3.24)

Similar to (3.21), one can write

Dαx (η) = ∂αx (η) + ∂αx (yηy)− y∂αx (ηy) + µ,

(3.25)

Dn+1
x (ξ) =

∂n+1

∂xn+1
+

n+1∑
m=1

(
n+ 1

m

)
y(m) ∂

n−m+1

∂xn−m+1
ξy + νn, n = 1, 2, ...,

where

µ =

∞∑
n=0

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α

n

)(
n

m

)(
k

r

)
1

k!

xn−α

Γ(n+ 1− α)

× [−y(x)]r
dm

dxm
[
(y(x))k−r

] ∂n−m+kη(x, y)

∂xn−m∂yk
, (3.26)

νn =
∞∑
i=0

i∑
j=2

j∑
k=2

k−1∑
r=0

(
n+ 1

i

)(
i

j

)(
k

r

)
1

k!

xi−(n+1)

Γ(i+ 1− (n+ 1))

× [−y(x)]r
dj

dxj
[
(y(x))k−r

] ∂i−j+kξ(x, y)

∂xi−j∂yk
, n = 1, 2, ... , (3.27)

with the results

µ|ηyy=0 = 0, νn|ξyy=0 = 0, n = 1, 2, .... (3.28)
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If we rewrite (3.18) by using the Eqs. (3.25), then we obtain an explicit form
of ηα as:

ηα = ∂αx (η) + ∂αx (yηy)− y∂αx (ηy) + µ− αDαxy(ξx + y′ξy)

+

[(
α

1

)
−
(
α+ 1

2

)]
Dα−1
x yD2

xξ +
∞∑
n=2

[(
α

n

)
−
(
α+ 1

n+ 1

)]

×Dα−nx y

[
∂n+1

∂xn+1
ξ +

n+1∑
m=1

(
n+ 1

m

)
y(m) ∂

n−m+1

∂xn−m+1
ξy + νn

]

= ∂αx (η) +
∞∑
n=0

(
α

n

)
Dα−nx yDnxηy − y∂αx (ηy) + µ− αξxDαxy − αy′ξyDαxy

+

[
α− α(α+ 1)

2

]
Dα−1
x yDx(ξx + y′ξy) +

∞∑
n=2

[(
α

n

)
−
(
α+ 1

n+ 1

)]

×Dα−nx y

[
∂n+1

∂xn+1
ξ +

n+1∑
m=1

(
n+ 1

m

)
y(m) ∂

n−m+1

∂xn−m+1
ξy + νn

]

= ∂αx (η) + ηyDαxy − y∂αx (ηy) + αDα−1
x yDxηy + µ+

∞∑
n=2

(
α

n

)
Dα−nx yDnxηy

− αξxDαxy − αy′ξyDαxy −
α(α− 1)

2
Dα−1
x y

[
y′2ξyy + 2y′ξxy + y′′ξy + ξxx

]
+

∞∑
n=2

[(
α

n

)
−
(
α+ 1

n+ 1

)]

×Dα−nx y

[
∂n+1

∂xn+1
ξ +

n+1∑
m=1

(
n+ 1

m

)
y(m) ∂

n−m+1

∂xn−m+1
ξy + νn

]
,

(3.29)

where

Dxηy = ηxy + y′ηyy,

Dnxηy = ∂nxηy +
n∑

m=1

(
n

m

)
y(m)∂n−mx ηyy + ωn, n = 2, 3, ... (3.30)

and

ωn =
∞∑
i=0

i∑
j=2

j∑
k=2

k−1∑
r=0

(
n

i

)(
i

j

)(
k

r

)
1

k!

xi−n

Γ(i+ 1− n)

× [−y(x)]r
dj

dxj
[
(y(x))k−r

] ∂i−j+kηy(x, y)

∂xi−j∂yk
, n = 2, 3, ... . (3.31)
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3.3 Symmetry group of FIDEs

In this section, we analyze the symmetry group of a FIDE of the form

∆ := Dαxy(x)− f(x, y(x))− T (y)(x) = 0, (3.32)

where

T (y)(x) =

∫ x

0

K(x, t)y(t)dt, (3.33)

x and y are independent and dependent variables, respectively, and the func-
tions f and K are given smooth functions. According to the subjects of the pre-
vious section, the infinitesimal generator and its prolongation for the Eq.(3.32)
can be written as

V = ξ
∂

∂x
+ η

∂

∂y
, (3.34)

and

PrT ,αV = ξ
∂

∂x
+ η

∂

∂y
+ ηα

∂

∂Dαxy
+ PT (y)

∂

∂T (y)
. (3.35)

If we apply the prolongation (3.35) to (3.32) then we have

PrT ,αV (∆) = ηα − PT (y)− fxξ − fyη = 0, (3.36)

where PT (y) is defined by (3.12), i.e.,

PT (y)(x) =

∫ x

0

{[
∂K
∂x

ξ[x] +
∂K
∂t
ξ[t]

]
y(t) +Kη[t] +Ky(t)Dtξ[t]

}
dt (3.37)

with ξ[x] := ξ(x, y(x)) and η[t] := η(t, y(t)).
It is necessary to mention that the point transformations may change an inte-
gral equation to another integral equation. Thus, for some arbitrary function
c(x), the left side of Eq. (3.36) may be written as:

ηα − PT (y)− fxξ − fyη = c(x) (Dαxy − f(x, y(x))− T (y)(x)) . (3.38)

Now, we assume that there are the functions b(x) and ϕ(x) such that

PT (y) = b(x)T (y) + ϕ(x). (3.39)

Then Eq. (3.38) can be rewritten as

ηα − ϕ− fxξ − fyη = c(x)(Dαxy − f) + (b(x)− c(x))T (y), (3.40)
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or equivalently, from (3.29):

∂αx (η) + ηyDαxy − y∂αx (ηy) + αDα−1
x y(ηxy + y′ηyy) + µ

+
∞∑
n=2

(
α

n

)
Dα−nx y

[
∂nxηy +

n∑
m=1

(
n

m

)
y(m)∂n−mx ηyy + ωn

]

− αξxDαxy − αy′ξyDαxy −
α(α− 1)

2
Dα−1
x y

[
y′2ξyy + 2y′ξxy + y′′ξy + ξxx

]
+
∞∑
n=2

[(
α

n

)
−
(
α+ 1

n+ 1

)]
Dα−nx y

×

[
∂n+1

∂xn+1
ξ +

n+1∑
m=1

(
n+ 1

m

)
y(m) ∂

n−m+1

∂xn−m+1
ξy + νn

]
− ϕ− fxξ − fyη = c(x)(Dαxy − f) + (b(x)− c(x))T (y). (3.41)

By equating the coefficients of T (y), Dαxy, Dα−1
x y, Dα−nx y, y′Dαxy, y′Dα−1

x y,
y′′Dα−1

x y, y′2Dα−1
x y, ..., with zero in (3.41), we obtain the following overde-

termined system of equations which are called determining equations:

(A1) ξy = 0,

(A2) ηyy = 0,

(A3) ηy − αξx = c(x),

(A4) αηxy −
α(α−1)

2 ξxx = 0,

(A5)
(
α
n

)
∂nxηy +

[(
α
n

)
−
(
α+1
n+1

)]
∂n+1

∂xn+1 ξ = 0, n = 2, 3, ...,

(A6) b(x)− c(x) = 0,

(A7) ∂αx η − y∂αx ηy − fxξ − fyη − ϕ+ cf = 0.

Eq.(A1) implies that ξ = ξ(x). So according to (3.28) all terms of νn vanish.
Also, Eq. (A2) implies that all terms of µ and ωn in (3.26) and (3.31) must
be vanished. Solving ηyy = 0 yields

η(x, y) = e(x)y + h(x), (3.42)

where e(x) and h(x) are unknown functions to be determined.
From (A4) and (3.42), we have

ηy = e(x) =
α− 1

2
ξx + q, (3.43)
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where q is a constant. Substituting this into (A5) yields(
α

n

)
∂nx e(x) +

[(
α

n

)
−
(
α+ 1

n+ 1

)]
∂n+1

∂xn+1
ξ

=

(
α

n

)
∂nx

[
α− 1

2
ξx + q

]
+

[(
α

n

)
−
(
α+ 1

n+ 1

)]
∂n+1

∂xn+1
ξ

=

(
α

n

)
∂nx

[
α− 1

2
ξx

]
+

[(
α

n

)
−
(
α+ 1

n+ 1

)]
∂n+1

∂xn+1
ξ

=
α− 1

2

(
α

n

)
∂n+1

∂xn+1
ξ +

[(
α

n

)
−
(
α+ 1

n+ 1

)]
∂n+1

∂xn+1
ξ

=

[
α+ 1

2

(
α

n

)
−
(
α+ 1

n+ 1

)]
∂n+1

∂xn+1
ξ = 0, n = 2, 3, ..., (3.44)

and so for n = 2, we have ξ′′′(x) = 0, which has the general solution

ξ(x) = c1x
2 + c2x+ c3, (3.45)

where c1, c2 and c3 are arbitrary constants. By substituting (3.45) into (3.43),
we find

e(x) = c1(α− 1)x+ c4, c4 =
α− 1

2
c2 + q. (3.46)

Now, substituting η(x, y) = e(x)y + h(x) in (A7) implies

ξfx + ηfy = cf + ∂αxh− ϕ. (3.47)

On the other hand, from (3.37), (3.42) and (3.39) it can be written:

PT (y) =

∫ x

0

{[
∂K(x, t)

∂x
ξ[x] +

∂K(x, t)

∂t
ξ[t]

]
y(t) +K(x, t)η[t] +K(x, t)y(t)ξ′(t)

}
dt

=

∫ x

0

[
∂K(x, t)

∂x
ξ[x] +

∂K(x, t)

∂t
ξ[t] +K(x, t)e(t) +K(x, t)ξ′(t)

]
y(t)dt

+

∫ x

0

K(x, t)h(t)dt. (3.48)

Then, due to (3.39), we set ϕ(x) =
∫ x

0
K(x, t)h(t)dt and determine the func-

tions ξ(x) and e(x) in such a way that

∂K(x, t)

∂x
ξ[x] +

∂K(x, t)

∂t
ξ[t] +K(x, t)e(t) +K(x, t)ξ′(t) = K(x, t)b(x). (3.49)

By using (3.48), Eq.(3.47) can be rewritten as follows:

ξfx + ηfy = cf + ∂αxh−
∫ x

0

K(x, t)h(t)dt. (3.50)
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From Eq. (A6), we have b(x) = c(x). Substituting ηy and ξx from (3.43) and
(3.45) in Eq. (A3), we get

b(x) = c(x) = −c1(α+ 1)x− α+ 1

2
c2 + q. (3.51)

Eventually, we achieve the general point transformation group which are
infinitesimals of the infinitesimal generator V (3.34), determined by the fol-
lowing relations:

ξ = c1x
2 + c2x+ c3,

η =
(
c1(α− 1)x+

α− 1

2
c2 + q

)
y + h(x), (3.52)

where c1, c2, c3 and q are arbitrary constants and h(x) is an arbitrary function.
In addition to the results (3.52), we obtain two main differential equations
depending on the symmetries analysis for the equation (3.32). The first one
is a partial differential equation obtained from (3.49) in terms of the kernel
function K(x, t):

(c1x
2+c2x+c3)

∂K
∂x

+(c1t
2+c2t+c3)

∂K
∂t

+(α+1)(c1(t+x)+c2)K = 0, (3.53)

and the second one is the fractional integro-differential equation in terms of
f(x, y(x)):

(c1x
2 + c2x+ c3)fx +

[(
c1(α− 1)x+

α− 1

2
c2 + q

)
y + h(x)

]
fy

+

[
c1(α+ 1)x+

α+ 1

2
c2 − q

]
f = ∂αxh−

∫ x

0

K(x, t)h(t)dt. (3.54)

3.4 Kernel function, free term and related symmetry
group of the FIDEs

In this section, we present the symmetries of the FIDE (3.32) based on the
kernel function and free term.

3.4.1 General conditions for K and f

The general conditions for the kernel function and free term, according to
the Eqs. (3.53) and (3.54), are given by:

c1 = c2 = c3 = q = 0, (3.55)



Analytical Lie group approach for solving the FIDEs 123

and the generator is:

V = h(x)
∂

∂y
, (3.56)

where h(x) is the solution of the following equation:

h(x)fy(x, y) = ∂αxh(x)−
∫ x

0

K(x, t)h(t)dt. (3.57)

3.4.2 Some special cases

1. If we set
c1 = c2 = q = 0, h = c3 6= 0, (3.58)

then from Eq. (3.53), we have

∂K
∂x

+
∂K
∂t

= 0, (3.59)

and Eq. (3.54) yields:
∂f

∂x
+
∂f

∂y
= l(x), (3.60)

where

l(x) =
1

Γ(1− α)xα
−
∫ x

0

K(x, t)dt. (3.61)

By solving the above equations, we get

K(x, t) = F1(t− x), (3.62)

f(x, y) = F2(y − x) +

∫
l(x)dx. (3.63)

As an example, for K(x, t) = t− x and α = 1/2 we have

f(x, y) = F2(y − x) +
2√
π

√
x+

x3

6
. (3.64)

In this case, we find

ξ(x) = c3, η(x, y) = c3 (3.65)

and the corresponding generator

V =
∂

∂x
+

∂

∂y
. (3.66)
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2. Set c1 = c3 = h = q = 0 and c2 6= 0. Then for α = 1
2 , we obtain from

(3.53) and (3.54) the following equation:

x
∂K
∂x

+ t
∂K
∂t

+
3

2
K = 0, (3.67)

x
∂f

∂x
− 1

4
y
∂f

∂y
+

3

4
f = 0. (3.68)

Solutions of Eqs. (3.67)-(3.68) are in the form:

K(x, t) =
F1( tx )

x3/2
, f(x, y) =

F2(yx1/4)

x3/4
, (3.69)

with infinitesimals:

ξ(x) = c2x, η(x, y) = −1

4
c2y (3.70)

and the corresponding generator:

V = x
∂

∂x
− 1

4
y
∂

∂y
. (3.71)

3. Similar to the previous cases, for c1 = c2 = 0 and c3 = q = h 6= 0, from
(3.53) we obtain

∂K
∂x

+
∂K
∂t

= 0. (3.72)

Hence, the kernel function can be written as:

K(x, t) = F1(t− x) (3.73)

and Eq. (3.54) concludes:

∂f

∂x
+ (y + 1)

∂f

∂y
− f = l(x), (3.74)

with

l(x) =
1

Γ(1− α)xα
−
∫ x

0

K(x, t)dt, (3.75)

which has the solution

f(x, y) =

(∫
l(x) exp(−x)dx+ F2((y + 1) exp(−x))

)
exp(x). (3.76)

As an example, for K(x, t) = t− x and α = 1/2, we have

f(x, y) = −x
2

2
−x−1+

exp(x)
√
π

Γ(1/2)
erf(
√
x)+exp(x)F2((y+1) exp(−x)),

(3.77)
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where erf(
√
x) is the error function defined by

erf(x) =
2
∫ x

0
exp(−t2)dt
√
π

. (3.78)

In this case, the infinitesimal functions take the form

ξ(x) = c3, η(x, y) = c3(y + 1) (3.79)

with corresponding generator:

V =
∂

∂x
+ (y + 1)

∂

∂y
. (3.80)

4. For c1 = c3 = q = 0, c2 = h 6= 0 and α = 1
2 , from (3.53) we obtain

x2 ∂K
∂x

+ t2
∂K
∂t

+
3

2
(t+ x)K = 0, (3.81)

with the solution

K(x, t) =
F1(− t−xtx )(− t−xt + 1)

3
2

x3
. (3.82)

From (3.54), we have

x
∂f

∂x
+

[
−1

4
y + 1

]
∂f

∂y
+

3

4
f = l(x), (3.83)

where

l(x) =
1

Γ(1/2)
√
x
−
∫ x

0

K(x, t)dt, (3.84)

and solution

f(x, y) =

∫ l(x)
x1/4 dx+ F2

(
yx1/4 − 4x1/4

)
x3/4

. (3.85)

As an example, for K(x, t) =
(− t−xtx )(− t−xt +1)

3
2

x3 and

f(x, y) =
−2 + 4√

π√
x

+
F2(yx1/4 − 4x1/4)

x3/4
, (3.86)

the infinitesimal functions take the form

ξ(x) = c2x, η(x, y) = −1

4
c2y + c2, (3.87)

with the corresponding generator

V = x
∂

∂x
+ (−1

4
y + 1)

∂

∂y
. (3.88)
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5. For the continuous kernel K := K(x, t), we consider

c1 = c2 = c3 = 0, h = q 6= 0. (3.89)

Substituting in Eq. (3.54) yields the differential equation

(y + 1)fy − f =
1

Γ(1− α)
√
x
− ρ(x), (3.90)

where ρ(x) =
∫ x

0
K(x, t)dt. The exact solution of Eq. (3.90) has the

following form:

f(x, y) = F (x)y + F (x) + ρ(x)− 1

Γ(1− α)
√
x
, (3.91)

where F (x) is an arbitrary function.
In this case, the infinitesimal functions are

ξ(x) = 0, η(x, y) = q(y + 1), (3.92)

and the corresponding generator:

V = (y + 1)
∂

∂y
. (3.93)

Now, we consider some examples of FIDEs with corresponding invariant
solutions.

Example 1: Consider a FIDE as follows:

D1/2
x y(x) = −x

2

2
− x+ exp(x)erf(

√
x) + y(x) +

∫ x

0

(t− x)y(t)dt. (3.94)

From the previous section, corresponding infinitesimal generator is:

V =
∂

∂x
+ (y + 1)

∂

∂y
. (3.95)

From the characteristics equation dx
1 = dy

y+1 , we obtain the invariant

y = exp(x)− 1, (3.96)

which satisfies the Eq. (3.94).
Example 2: Let us to consider another FIDE of the form

D1/2
x y(x) =

−2 + 4√
π√

x
+

7Γ(3/4)

11Γ(1/4)

y(x)√
x

+

∫ x

0

t

x5/2
y(t)dt. (3.97)

From previous sections, it can be obtained:

V = x
∂

∂x
+

(
1− 1

4
y

)
∂

∂y
. (3.98)



Analytical Lie group approach for solving the FIDEs 127

The characteristic equation dx
x = dy

−(1/4)y+1 concludes the solution of

Eq. (3.97) as
y(x) = 4(1− x−1/4). (3.99)

Example 3: Assuming

D1/2
x y(x) = 2x− x cos(x)− 1√

π
√
x

+ yx+

∫ x

0

x sin(t)y(t)dt, (3.100)

and according to the fifth case, its symmetry group is

V = (y + 1)
∂

∂y
. (3.101)

The characteristic equation dx
0 = dy

y+1 gives

y = −1, (3.102)

which is also a solution of Eq. (3.100).
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Chapter 4

Nonclassical Lie symmetry analysis
to fractional differential equations

This chapter deals with the improvement of nonclassical Lie symmetries to
fractional differential equations. In previous chapters the classical Lie symme-
tries were considered for fractional differential and integro-differential equa-
tions. But, here, we discuss the vector fields which are not accessible from
classical ones.

Let us introduce the notation, concepts and lemmas which are important
in this chapter.

Proposition 4.0.1 [139] (Fractional Taylor’s expansions) Let f be analytical
in (−h, h) for some h > 0, and let α > 0, α 6∈ N. Then

Iαf(t) =
∞∑
n=0

(−1)ntn+α

n!(α+ n)Γ(α)
f (n)(t),

and

Dα
t f(t) =

∞∑
n=0

(
α

n

)
tn−α

Γ(n+ 1− α)
f (n)(t), (4.1)

for 0 < t < h/2 where f (n)(t) denotes the n-th derivative of f at t and
Dα
t := RLDα

t is the Riemann–Liouville fractional derivative of order α > 0.

Proposition 4.0.2 [139] (Leibniz’s formula for Riemann–Liouville fractional
operator) Let α > 0 and assume that f and g are analytical on (−h, h) with
some h > 0. Then,

Dα
t [fg](t) =

∞∑
n=0

(
α

n

)
f (n)(t)Dα−n

t g(t),

for 0 < t < h/2.

Remark 4.0.1 In the case that the function f is multi-variable, f(x, t, u),
Dα
t f(x, t, u) stands for the partial fractional derivative of f w.r.t. t where the

other variables, x and u, are constant. In this stage, if u = u(x, t), Dαt f and
Dtf denote the total fractional derivative and the total derivative of f , w.r.t.
t, respectively.

129
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Now we give a brief review of the Lie symmetry analysis concerning the
fractional differential operator which is a nonlocal operator. Let

x̄ = x+ εξ(x, t, u) +O(ε2),

t̄ = t+ ετ(x, t, u) +O(ε2),

ū = u+ εϕ(x, t, u) +O(ε2), (4.2)

be a one-parameter group of transformations G on an open subset M ⊂ X ×
U ' R3 with coordinate (x, t, u) where ε is the group parameter. Then its
infinitesimal generator has the following form

V = ξ(x, t, u)
∂

∂x
+ τ(x, t, u)

∂

∂t
+ ϕ(x, t, u)

∂

∂u
. (4.3)

To obtain invariance of a differential equation involving a fractional derivative
operator, we have to give the prolongation of these operators under the group
of transformations. Now we have some results of [66, 139].

Theorem 21 Let u(·, ·) be an analytical function, and let α > 0, α 6∈ N,
m− 1 < α ≤ m. Then

Dα
t̄ ū(x̄, t̄) = Dα

t u(x, t) + εϕ(α,t)(x, t, u) +O(ε2),

where
ϕ(α,t) =Dαt ϕ+ ξDα

t ux −Dαt (ξux)−Dα+1
t (τu)

+Dαt (Dt(τ)u) + τDα+1
t u.

To keep the lower limit of integral in the Riemann-Liouville operator, invariant
under the group of transformations (4.2), we have to suppose

τ(x, t, u(x, t))|t=0 = 0.

Theorem 22 Let α > 0 and suppose

F (x, t, u, ux, uxx, . . . , D
α
t u) = 0 (4.4)

is a time-fractional differential equation defined over M ⊂ X × U ' R3. Let
G be a local group of transformations acting on M as in (4.2), and

Pr(α,t)V (F ) = 0,

whenever F (x, t, u, ux, uxx, . . . , D
α
t u) = 0, for every infinitesimal generator V

of G, where

Pr(α,t)V = V + ϕx
∂

∂ux
+ ϕxx

∂

∂uxx
+ · · ·+ ϕ(α,t) ∂

∂Dα
t u
,
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with ϕ(α,t) as in Theorem 21 and

ϕx = Dxϕ−Dx(ξ)ux −Dx(τ)ut,

ϕxx = Dx(ϕx)−Dx(ξ)uxx −Dx(τ)uxt,

ϕxxx = Dx(ϕxx)−Dx(ξ)uxxx −Dx(τ)uxxt,

· · ·

Then G is a symmetry group of (4.4).

Remark 4.0.2 Using the Leibniz’s formula for Riemann–Liouville fractional
operator, we can write

ϕ(α,t) =Dαt ϕ−
∞∑
n=1

(
α
n

)
Dnt ξDα−n

t ux

−
∞∑
n=1

(
α
n

)
Dnt τDα+1−n

t u, (4.5)

where for α > 0, Dαt ϕ can be computed using (4.1) and the chain rule,

Dαt ϕ(x, t, u(x, t)) =
∞∑
n=0

(
α

n

)
tn−α

Γ(n+ 1− α)

×Dnt ϕ(x, t, u(x, t)) = Dα
t ϕ+ ϕuD

α
t u− uDα

t ϕu

+
∞∑
n=1

(
α

n

)
Dn
t ϕuD

α−n
t u+ µ,

with

µ =
∞∑
n=2

(
α
n

)
tn−α

Γ (n+ 1− α)

n∑
m=2

m∑
k=2

k−1∑
r=0

(
n
m

)(
k
r

)
× 1

k!
(−u)rDm

t u
k−rDn−m

t

(
Dk
uϕ
)
, (4.6)

where ϕu = ∂ϕ
∂u and Dm

t = ∂m

∂tm .

4.1 General solutions extracted from invariant surfaces
to fractional differential equations

Theorem 22, when it is coupled with formula (4.5), provides an effective
computational procedure for obtaining invariance of a fractional differential
equation of the form (4.4). Due to the prolongation formula of the fractional
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derivative operators, the resulting determining equation is too complicated to
be solved for infinitesimal and the classical method is obtained by setting the
coefficients of ux, u

2
x, etc., to zero. In this way, we lose some invariance. The

nonclassical method of reduction was devised originally by Bluman and Cole
in 1969, to find new exact solutions of the heat equation. Here we provide a
brief conceptual background of nonclassical methods to fractional differential
equation to obtain more symmetries. The main idea behind this method is
to insert a surface invariant condition such that by combining this equation
with the original determining equation, we deduce a nonlinear determining
equation for infinitesimals. A new determining equation can be solved for
infinitesimals too.
Let (4.4) be a time-fractional differential equation defined over M ⊂ X×U '
R3. Let G be a local group of transformations acting on M as in (4.2). To
derive the solutions u = u(x, t) of Eq. (4.4) such that they are invariant under
group transformation (4.2), we have to set

Λ : ξux + τut − ϕ = 0.

For the nonclassical method, we seek invariance of both the original equations
together with the invariant surface condition. Then we have

Pr(α)V (F )|F=0,Λ=0 = 0, (4.7)

Pr(α)V (Λ)|F=0,Λ=0 = 0. (4.8)

In this case for every ξ, τ and ϕ the Eq. (4.8) is identically satisfied when
Λ = 0. Indeed, we only consider the condition

Λ : ξ(x, t, u)ux + τ(x, t, u)ut − ϕ(x, t, u) = 0, (4.9)

along with Eq. (4.7). Without loss of generality, in practice we consider the
cases ξ = 1 and ξ = 0. We notice that for time-fractional differential equations
the infinitesimals with τ(x, t, u(x, t))|t=0 6= 0 are omitted.
At the end of this section we give an idea for construction of the solutions to an
equation using a new invariant condition. For a given invariance to a fractional
partial differential equation, reduction to a solvable fractional ordinary differ-
ential equation is not straightforward to capture invariant solutions. We are
now ready to state the idea of finding the structure of solutions to fractional
differential equations for which the invariance has been found. Let Eq. (4.4)
admit the group of transformation (4.2) with infinitesimal generator (4.3). If
the solution g(x, t, u) = u(x, t)−u = 0 is invariant, then it satisfies the surface
condition (4.9). However, if there exists a class of solutions g(x, t, u) = c to
Eq. (4.4) admitting group (4.2), and g(x̄, t̄, ū) = c̄ defines a solution too, then
we have

V g(x, t, u) = 1. (4.10)

We merge this equation and the original equation to obtain the invariant class
of solutions. For instance we have the following example.
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Example 1 Consider the fractional diffusion equation

Dα
t u+ buxx = 0, 0 < α ≤ 1, (4.11)

where b is constant, and let V = tα−1 ∂
∂u be the infinitesimal generator of

(4.11). Then, according to (4.10), we can write

tα−1gu = 1.

The solution of this equation can be written in the form

g(x, t, u) = t1−αu+ t1−αw(x, t) = c1,

so

u = c1t
α−1 − w(x, t).

For example if w(x, t) = h(x)f(t), therefore

u = c1t
α−1 − h(x)f(t).

Substituting this solution into Eq. (4.11) and letting h′′(x)+kh(x) = 0 where
k is arbitrary constant, the reduced FODE is

Dα
t f(t)− bkf(t) = 0.

The solution of this equation can be written in terms of Mittag–Leffler func-
tions

f(t) = c2t
α−1Eα,α(bktα),

thus

u(x, t) = c1t
α−1 − h(x)tα−1Eα,α(bktα)

is a family of solutions (4.11). As an example

u(x, t) = c1t
α−1 + (c2 cosx+ c3 sinx)tα−1Eα,α(bktα)

is a family of solutions (4.11).

Now, let us study the following nonlinear equation

∆ : Dα
t u+ auux + buxx + cuxxx + du(1− u) = 0, (4.12)

where a, b, c, d are constants and 0 < α ≤ 1. Let V (4.3) be an infinitesimal
generator of the group G. It is prolonged as follows:

Pr(α,t)V =V + ϕx
∂

∂ux
+ ϕxx

∂

∂uxx
+ ϕxxx

∂

∂uxxx

+ ϕ(α,t) ∂

∂Dα
t u
.
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A one-parameter Lie group of transformations is admitted by Eq. (4.12) if
and only if

Pr(α,t)V (∆)|∆=0 = 0.

We find that ξ, τ and ϕ must satisfy the symmetry conditions

ϕ(α,t) + aϕux + aϕxu+ bϕxx + cϕxxx + dϕ(1− 2u) = 0,

whenever u satisfies (4.12). After substituting ϕx, ϕxx, ϕxxx, ϕ(α,t) and replac-
ing Dα

t u by −auux − buxx − cuxxx − du(1− u), we have the following

aϕxu+ bϕxx + cϕxxx + d[ϕ+ (ατt − 2ϕ− ϕu)u

+ (ϕu − ατt)u2] + [a(ϕ+ (ατt − ξx)u) + b(2ϕxu − ξxx)

+ c(3ϕxxu − ξxxx)]ux + [−aξuu+ b(ϕuu − 2ξxu)

+ 3c(ϕxuu − ξxxu)]u2
x + [−bξuu + c(ϕuuu − 3ξxuu)]u3

x

− cξxxxu4
x − [aτxu+ bτxx + cτxxx − dατuu(1− u)]ut

+ [a(α− 1)τuu− 2bτxu − 3cτxxu]uxut − cτuuuu3
xut

− [bτuu + 3cτxuu]u2
xut + [−3bξu + 3c(ϕuu − 3ξxu)]uxuxx

+ [b(ατt − 2ξx) + 3c(ϕxu − ξxx)]uxx − 6cξuuu
2
xuxx

+ [b(α− 1)τu − 3cτxu]uxxut − [2bτx + 3cτxx]uxt

− [2bτu + 6cτxu]uxtux + c(ατt − 3ξx)uxxx − 3cτxuxxt

− 3cτuuu
2
xuxt − 3cξuu

2
xx − 3cτuuxxtux − 3cτuuxtuxx

− 3cτuuuxxuxut − 4cξuuxxxux + c(α− 1)τuuxxxut

+Dα
t ϕ− uDα

t ϕu −
∞∑
n=1

(
α

n

)
Dnt ξDα−n

t ux + µ

−
∞∑
n=1

[

(
α

n+ 1

)
Dn+1
t τ −

(
α

n

)
Dn
t ϕu]Dα−n

t u = 0,

(4.13)
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where µ is defined as (4.6). We obtain the determining equations for the
classical symmetry group as follows:

aϕxu+ bϕxx + cϕxxx + d[ϕ+ (ατt − 2ϕ− ϕu)u

+ (ϕu − ατt)u2] = 0,

a(ϕ+ (ατt − ξx)u) + b(2ϕxu − ξxx)

c(3ϕxxu − ξxxx) = 0,

− aξuu+ b(ϕuu − 2ξxu) + 3c(ϕxuu − ξxxu) = 0,

− bξuu + c(ϕuuu − 3ξxuu) = 0, cξxxx = 0,

aτxu+ bτxx + cτxxx − dατuu(1− u) = 0,

a(α− 1)τuu− 2bτxu − 3cτxxu = 0, cτuuu = 0,

bτuu + 3cτxuu = 0, −3bξu + 3c(ϕuu − 3ξxu) = 0,

b(ατt − 2ξx) + 3c(ϕxu − ξxx) = 0, cξuu = 0,

b(α− 1)τu − 3cτxu = 0, 2bτx + 3cτxx = 0,

2bτu + 6cτxu = 0, c(ατt − 3ξx) = 0,

cτx = 0, cτuu = 0, cξu = 0, cτu = 0,

Dα
t ϕ− uDα

t ϕu = 0,

Dnt ξ = 0, n ∈ N,(
α

n+ 1

)
Dn+1
t τ −

(
α

n

)
Dn
t ϕu = 0, n ∈ N. (4.14)

Now, we provide the details of the nonclassical determining equations for
Eq. (4.12) using (4.7) and (4.9). To obtain the determining equations we
reconsider (4.13) and invariant surface condition ξux + τut − ϕ = 0.
We can distinguish two different cases: ξ 6= 0 and ξ = 0.
In the case ξ 6= 0, without loss of generality, we may assume that ξ = 1 and
so we have the two situations: τ = 0 and τu = 0.
If τ = 0, then ux = ϕ and differentiating with respect to x yields

uxx =ϕx + ϕϕu,

uxxx =ϕxx + 2ϕϕxu + ϕxϕu + ϕ2
uϕ+ ϕ2ϕuu.

Substituting these results into (4.13), we get a reduced set of determining
equations

aϕ2 + aϕxu+ bϕxx + 2bϕϕxu + bϕ2ϕuu + 3cϕϕxxu

+ cϕxxx + 3cϕxϕxu + 3cϕϕuϕxu + 3cϕ2ϕxuu + cϕ3ϕuuu

+ 3cϕϕxϕuu + 3cϕ2ϕuϕuu + d[ϕ− (ϕu + 2ϕ)u+ ϕuu
2]

+Dα
t ϕ− uDα

t ϕu +
∞∑
n=1

(
α

n

)
Dn
t ϕuD

α−n
t u+ µ = 0. (4.15)
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If τ 6= 0 and τu = 0, hence ux = ϕ− τut. Differentiating w.r.t. t and x, we see
that

uxt = ϕt + (ϕu − τt)ut − τutt,

uxtt = ϕtt + (2ϕtu − τtt)ut + ϕuuu
2
t + (ϕu − 2τt)utt − τuttt,

uxx = ϕx + ϕϕu − τϕt − (2τϕu + τx − ττt)ut + τ2utt,

uxxt = ϕxt + ϕϕtu + ϕtϕu − τtϕt − τϕtt + [ϕxu + ϕ2
u

+ ϕϕuu − 3τϕtu − 2τtϕu − τxt + τ2
t + ττtt]ut − 2τϕuuu

2
t

+ [−2τϕu − τx + 3ττt]utt + τ2uttt,

uxxx = ϕxx + 2ϕϕxu + ϕxϕu + ϕϕ2
u + ϕ2ϕuu

− 2τϕtϕu − τϕϕtu − τϕxt − 2τxϕt + ττtϕt + τ2ϕtt

+ [−3τϕxu − 3τϕ2
u − 3τϕϕuu + 3τ2ϕtu − 3τxϕu − τxx

+ 2τxτt + ττxt + 3ττtϕu − ττ2
t − τ2τtt]ut + 3τ2ϕuuu

2
t

+ [3τ2ϕu + 3ττx − 3τ2τt]utt − τ3uttt.
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We then substitute these expressions into (4.13) and obtain

aϕ2 + aϕxu+ aατtϕu+ bϕxx + 2bϕϕxu + bϕ2ϕuu

+ bατtϕx + bατtϕϕu − bαττtϕt − 2bτxϕt + 3cϕϕxxu

+ cϕxxx + 3cϕ2ϕxuu + cϕ3ϕuuu + 3cϕxϕxu + 3cϕϕuϕxu

− 3cτϕtϕxu + 3cϕϕxϕuu + 3cϕ2ϕuϕuu − 3cτϕϕtϕuu

+ 2cατtϕϕxu + cατtϕxϕu + cατtϕ
2ϕuu − 2cαττtϕtϕu

− 3cτxxϕt + cατtϕxx + cατtϕϕ
2
u + cαττ2

t ϕt − 3cτxϕxt

− cαττtϕϕtu − cαττtϕxt − 2cατtτxϕt + cατ2τtϕtt

− 3cτxϕϕtu − 3cτxϕtϕu + 3cτtτxϕt + 3cττxϕtt

+ d[ϕ− (ϕu + 2ϕ− ατt)u+ (ϕu − ατt)u2] + [−aτϕ
− aαττtu− aτxu− 2bτϕxu − 2bτϕϕuu − 2bαττtϕu

− bτxx − bατxτt + bαττ2
t − 2bτxϕu + 2bτtτx − cτxxx

− 3cτϕxxu − 6cτϕϕxuu − 3cτϕ2ϕuuu − 6cτϕϕuϕuu

+ 3cττtϕϕuu + 3cττtϕxu − 3cτxϕϕuu − 6cτϕuϕxu

− 3cτxϕxu − 3cτϕxϕuu − 3cτϕϕuϕuu − 3cαττtϕxu

− 3cαττtϕϕuu − 3cτxxϕu + 3cτtτxx − 3cαττtϕ
2
u

+ 3cτ2ϕtϕuu + 3cατ2τtϕtu − 3cατtτxϕu − cατtτxx
+ 2cατ2

t τx + cαττtτxt − 3cτxϕxu − 3cτxϕ
2
u − cαττ3

t

− cατ2τtτtt + 3cαττ2
t ϕu − 3cτxϕϕuu + 9cττxϕtu

+ 6cτtτxϕu + 3cτxτxt − 3cτ2
t τx − 3cττxτtt]ut+

+ [bτ2ϕuu + 3cτ2ϕxuu + 3cτ2ϕϕuuu + 6cτ2ϕuϕuu

+ 3cττxϕuu − 3cτ2τtϕuu + 3cατ2τtϕuu + 6cττxϕuu]u2
t

− cτ3ϕuuuu
3
t + [bατ2τt + 2bττx + 3cτ2ϕxu + 3cτ2ϕϕuu

+ 3cττxx + 3cατ2τtϕu + 3cαττtτx − 3cατ2τ2
t + 3cτ2

x

+ 6cττxϕu − 9cττtτx]utt − 3cτ3ϕuuututt − [cατ3τt

+ 3cτ2τx]uttt +Dα
t ϕ− uDα

t ϕu + µ

+
∞∑
n=1

[

(
α

n

)
Dn
t ϕu −

(
α

n+ 1

)
Dn+1
t τ ]Dα−n

t u = 0.

(4.16)
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In the case ξ = 0 and τ 6= 0, we obtain the equation τut = ϕ. Differentiating
this equation w.r.t. x, we find

uxt =
1

τ2
[(τϕx − τxϕ) + (τϕu − τuϕ)ux],

uxxt =
1

τ3
[(τ2ϕxx − ττxxϕ− 2ττxϕx + 2τ2

xϕ) + (2τ2ϕxu

− 2ττxuϕ− 2ττxϕu − 2ττuϕx + 4τxτuϕ)ux + (τ2ϕuu

− ττuuϕ− 2ττuϕu + 2τ2
uϕ)u2

x + (τ2ϕu − ττuϕ)uxx].

Now to get a nonclassical infinitesimal generator, we substitute ξ, ut, uxt and
uxxt into (4.13), which reduces to

a

τ
(τϕx − τxϕ)u+

b

τ2
(τ2ϕxx − ττxxϕ− 2ττxϕx + 2τ2

xϕ)

+
c

τ3
(τ3ϕxxx − τ2τxxxϕ− 3τ2τxxϕx + 6ττxτxxϕ− 6τ3

xϕ

+ 6ττ2
xϕx − 3τ2τxϕxx) + dϕ+

d

τ
(αττt + ατuϕ− τϕu

− 2τϕ)u− d

τ
(αττt + ατuϕ− τϕu)u2 + [

a

τ
(τϕ+ αττtu

+ (α− 1)τuϕu) +
2b

τ2
(τ2ϕxu − ττxuϕ− ττxϕu + 2τxτuϕ

− ττuϕx) +
3c

τ3
(τ3ϕxxu − τ2τxxuϕ− τ2τxxϕu − 2τ2τxuϕx

− 2τ2τxϕxu − τ2τuϕxx + 2ττuτxxϕ+ 4ττxτxuϕ+ 2ττ2
xϕu

+ 4ττxτuϕx − 6τ2
xτuϕ)]ux + [

b

τ2
(τ2ϕuu − ττuuϕ+ 2τ2

uϕ

− 2ττuϕu) +
3c

τ3
(τ3ϕxuu − τ2τxuuϕ− 2τ2τxuϕu − τ2τxϕuu

− τ2τuuϕx − 2τ2τuϕxu + 4ττuτxuϕ+ 2ττxτuu + 2ττ2
uϕxϕ

+ 4ττxτuϕu − 6τxτ
2
uϕ)]u2

x +
c

τ3
[τ3ϕuuu − 3τ2τuuϕu

− τ2τuuuϕ+ 6ττuτuuϕ− 3τ2τuϕuu + 6ττ2
uϕu − 6τ3

uϕ]u3
x

+
1

τ2
[bατ2τt + 6cτxτuϕ− 3cττuϕx − 3cττxϕu − 3cττxuϕ

+ b(α− 1)ττuϕ+ 3cτ2ϕxu]uxx +
3c

τ2
[τ2ϕuu − 2ττuϕu

− ττuuϕ+ 2τ2
uϕ]uxuxx +

c

τ
[αττu + (α− 1)τuϕ]uxxx

−
∞∑
n=1

[

(
α

n+ 1

)
Dn+1
t τ −

(
α

n

)
Dn
t ϕu]Dα−n

t u

+Dα
t ϕ− uDα

t ϕu + µ = 0.

(4.17)
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Now, we obtain the infinitesimal generators of classical and nonclassical
Lie symmetry analysis for fractional diffusion, Burger’s, Airy’s and Korteweg-
de Vries equations; then, we shall discuss the application of these infinitesimal
generators.

4.1.1 Fractional diffusion equation

Consider the fractional diffusion equation [with a = c = d = 0 and b 6= 0
at (4.12)]

Dα
t u+ buxx = 0, 0 < α ≤ 1, (4.18)

where b is constant. After solving the resulting system of determining equa-
tions in (4.14) for ξ, τ and ϕ, we find the infinitesimal generators for the
classical symmetry group of Eq. (4.18) to be the following:

V1 =
α

2
x
∂

∂x
+ t

∂

∂t
, V2 =

∂

∂x
, V3 = u

∂

∂u
,

V4 = xtα−1 ∂

∂u
, V5 = tα−1 ∂

∂u
.

Moreover, equating the coefficients of the various monomials in the first-,
second- and fractional-order partial derivatives of u w.r.t t with zero and
solving them in (4.15) and (4.16) for ξ, τ and ϕ, we obtain the infinitesimal
generators for the nonclassical symmetry group of Eq. (4.18) as follows:

V6 = (x+ ρ)
∂

∂x
+ u

∂

∂u
,

V7 = (αx+ ρ)
∂

∂x
+ 2t

∂

∂t
,

V8 = (αx+ ρ)
∂

∂x
+ 2t

∂

∂t
+ u

∂

∂u
,

V9 = (αx+ ρ)
∂

∂x
+ 2t

∂

∂t
+ tα−1 ∂

∂u
,

V10 = (αx+ ρ)
∂

∂x
+ 2t

∂

∂t
+ (αx+ ρ)tα−1 ∂

∂u
,

where ρ is an arbitrary constant. (Notice that determining Eq. (4.17) is
difficult to solve for ξ and ϕ in general.)
To obtain a classical invariant solution of Eq. (4.18), we consider the one-
parameter group generated by V = V2 + βV3 with invariant solution

u1(x, t) = eβxf(t),

where β 6= 0 is an arbitrary constant, and substituting this solution into
Eq. (4.18), the reduced fractional ordinary differential equation is

Dα
t f(t) + bβ2f(t) = 0.
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The solution of this equation can be written in terms of Mittag–Leffler func-
tions

f(t) = tα−1Eα,α(−bβ2tα),

thus

u1(x, t) = eβxtα−1Eα,α(−bβ2tα). (4.19)

We notice that for α = 1, this is exactly the solution of diffusion equation
with integer order.
Now if u = u(x, t) is an arbitrary solution of Eq. (4.18), by taking the infinites-
imal generator

V = λ1V8 + λ2V9 + λ3V10,

with ρ = 0 and λ1 + λ2 + λ3 = 1, we deduce

V = αx
∂

∂x
+ 2t

∂

∂t
+ (λ1u+ λ2t

α−1 + λ3αxt
α−1)

∂

∂u
.

Then, the one-parameter group of transformations G generated by V is given
as follows:

x̄ = eαεx,

t̄ = e2εt,

ū = eλ1εu+
λ2

λ1 + 2− 2α
(eλ1ε − e(2α−2)ε)tα−1

+
λ3α

λ1 + 2− 3α
(eλ1ε − e(3α−2)ε)xtα−1,

and we immediately conclude that

u2(x, t) =
λ2

λ1 + 2− 2α
(e(λ1+2−2α)ε − 1)tα−1

+
λ3α

λ1 + 2− 3α
(e(λ1+2−3α)ε − 1)xtα−1

+ eλ1εu(e−αεx, e−2εt) (4.20)

is a solution too, where ε is the group parameter. We used the fact that for
any given solution u of the equation and for the group of transformations G,
(4.20) is a solution of the equation. So, by using the exact solution (4.19), we
can write another exact solution as follows:

u(x, t) =
λ2

λ1 + 2− 2α
[(
β

c
)
λ1+2−2α

α − 1]tα−1

+
λ3α

λ1 + 2− 3α
[(
β

c
)
λ1+2−3α

α − 1]xtα−1

+ (
β

c
)
λ1+2−2α

α ecxtα−1Eα,α(−bc2tα),

with c := βe−αε.
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We now consider the one-parameter group generated by nonclassical infinites-
imal generator V8 = (αx+ ρ) ∂

∂x + 2t ∂∂t + u ∂
∂u , in which ρ is a fixed constant.

New variables of this group are

y = (αx+ ρ)2t−α, ν = t−
1
2u. (4.21)

Theorem 23 The transformation (4.21) reduces the FPDE (4.18) to the
FODE of the form(

P
3
2−α,α
1
α

ν
)

(y) + 2bα2[ν′(y) + 2yν′′(y)] = 0.

Proof: We use the definition of the Riemann–Liouville differential operator,
transformation (4.21) and 0 < α ≤ 1. This yields

Dα
t u =

∂

∂t

1

Γ (1− α)

∫ t

0

(t− s)−αs 1
2 ν[(αx+ ρ)2s−α]ds,

the substitution r = t
s , and we have

Dα
t u =

∂

∂t
t−α+ 3

2 (K
3
2 ,1−α
1
α

ν)(y)

= t−α+ 1
2 (−α+

3

2
− αy d

dy
)(K

3
2 ,1−α
1
α

ν)(y)

= t−α+ 1
2 (P

3
2−α,α
1
α

ν)(y).

On the other hand, according to (4.21) we find that

uxx = 2α2t−α+ 1
2 [ν′(y) + 2yν′′(y)],

which completes the proof.

At this stage, we recall the Example 1 for the one-parameter group gener-
ated by V5 = tα−1∂u. We derive

u(x, t) = c1t
α−1 − h(x)tα−1Eα,α(bktα),

which is a family of solutions for (4.18) where h′′(x) + kh(x) = 0 and k is
arbitrary constant.

4.1.2 Fractional Burger’s equation

Consider the fractional Burger’s equation [with a 6= 0, b 6= 0 and c = d = 0
at (4.12)]

Dα
t u+ auux + buxx = 0, 0 < α ≤ 1, (4.22)
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where a, b are arbitrary constants. This equation appears in a wide variety of
physical applications.
Classical generators of Eq. (4.22) can be found as

V1 =
α

2
x
∂

∂x
+ t

∂

∂t
− α

2
u
∂

∂u
, V2 =

∂

∂x
;

also isolating the coefficients of the various monomials in the first-, second- and
fractional-order partial derivatives of u w.r.t t in (4.15) and (4.16) and solving
them for ξ, τ and ϕ, we obtain the nonclassical infinitesimal symmetries of
(4.22) as follows:

V3 =(x+ ρ)
∂

∂x
+ u

∂

∂u
,

V4 =(αx+ ρ)
∂

∂x
+ 2t

∂

∂t
− αu ∂

∂u
,

where ρ is arbitrary constant.
Using the nonclassical infinitesimal generator V3 with invariant solution
u(x, t) = (x + ρ)f(t), in this case Eq. (4.22) is reduced to the following
fractional ordinary differential equation

Dα
t f(t) + af2(t) = 0;

the solution of this equation has the form

f(t) = − Γ (1− α)

aΓ (1− 2α)
t−α.

Then the invariant solution of Eq. (4.22) is

u(x, t) = − Γ (1− α)

aΓ (1− 2α)
(x+ ρ)t−α.

We now consider the nonclassical infinitesimal generator V4, and by the change
of variables

y = (αx+ ρ)t−
α
2 , ν = t

α
2 u,

Eq. (4.22) is transformed to the fractional ordinary differential equation(
P1− 3

2α,α
2
α

ν
)

(y) + aαν(y)ν′(y) + bα2ν′′(y) = 0.

4.1.3 Fractional Airy’s equation

Consider the fractional Airy’s equation [with a = b = d = 0 and c 6= 0 at
(4.12)]

Dα
t u+ cuxxx = 0, 0 < α ≤ 1, (4.23)
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where c is fixed constant. Solving overdetermined system of (4.14) in ξ, τ and
ϕ, we find that the Eq. (4.23) admits a six-dimensional classical Lie symmetry
algebra spanned by the following generators:

V1 =
α

3
x
∂

∂x
+ t

∂

∂t
, V2 =

∂

∂x
, V3 = u

∂

∂u
,

V4 =x2tα−1 ∂

∂u
, V5 = xtα−1 ∂

∂u
, V6 = tα−1 ∂

∂u
,

and equating the coefficients of the various monomials in partial derivatives
of u w.r.t t and various powers of u in (4.15) and (4.16), we can find the
determining equations for the symmetry group of Eq. (4.23). Solving these
equations, we obtain the nonclassical infinitesimal symmetries of (4.23) as
follows

V7 =(x+ ρ)
∂

∂x
+ u

∂

∂u
,

V8 =(αx+ ρ)
∂

∂x
+ 3t

∂

∂t
,

V9 =(αx+ ρ)
∂

∂x
+ 3t

∂

∂t
+ u

∂

∂u
,

V10 =(αx+ ρ)
∂

∂x
+ 3t

∂

∂t
+ tα−1 ∂

∂u
,

V11 =(αx+ ρ)
∂

∂x
+ 3t

∂

∂t
+ (αx+ ρ)tα−1 ∂

∂u
,

V12 =(αx+ ρ)
∂

∂x
+ 3t

∂

∂t
+ x(αx+ ρ)tα−1 ∂

∂u
,

where ρ is arbitrary constant.
Classical vector field V = V2 +V3 + c1V4 + c2V5 + c3V6 with invariant solution

u(x, t) =− [c1x
2 + (2c1 + c2)x

+ 2c1 + c2 + c3]tα−1 − exf(t)

reduces Eq. (4.23) to the following fractional ordinary differential equation

Dα
t f(t) + cf(t) = 0,

with solution

f(t) = tα−1Eα,α(−ctα).

Thus
u(x, t) =− [c1x

2 + (2c1 + c2)x+ 2c1 + c2 + c3]tα−1

− extα−1Eα,α(−ctα)

is a solution of the Eq. (4.23).
Now, by using the nonclassical infinitesimal generator V12, and the change of
variables

y = (αx+ ρ)t−
α
3 , ν = u− x2

2
tα−1,
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Eq. (4.23) is reduced to the fractional ordinary differential equation as follows:

(P1−α,α
3
α

ν)(y) + cα3ν′′′(y) = 0.

4.1.4 Fractional KdV equation

Consider the fractional KdV equation [with a 6= 0, c 6= 0 and b = d = 0 at
(4.12)]

Dα
t u+ auux + cuxxx = 0, 0 < α ≤ 1, (4.24)

where a, c are arbitrary constants. This equation arises in the theory of long
waves in shallow water and other physical systems in which both nonlinear
and dispersive effects are relevant.
To obtain the classical infinitesimal symmetries of (4.24), solving the overde-
termined system of differential equations in (4.14) for ξ, τ, ϕ, we find that

V1 =
α

3
x
∂

∂x
+ t

∂

∂t
− 2α

3
u
∂

∂u
, V2 =

∂

∂x
;

also isolating the coefficients of the various monomials in the first-, second- and
fractional-order partial derivatives of u w.r.t t in (4.15) and (4.16) and solving
them for ξ, τ and ϕ, we obtain the nonclassical infinitesimal symmetries of
(4.24)

V3 = (x+ ρ)
∂

∂x
+ u

∂

∂u
,

V4 = (αx+ ρ)
∂

∂x
+ 3t

∂

∂t
− 2αu

∂

∂u
,

where ρ is arbitrary constant. Considering the nonclassical infinitesimal gen-
erator V3, the invariant solution u(x, t) = (x + ρ)f(t) reduces Eq. (4.24) to
fractional ordinary differential equation

Dα
t f(t) + af2(t) = 0.

Then the invariant solution of Eq. (4.24) is

u(x, t) = − Γ(1− α)

aΓ(1− 2α)
(x+ ρ)t−α.

By taking the nonclassical infinitesimal generator V4 and the change of vari-
ables

y = (αx+ ρ)t−
α
2 , ν = t

α
2 u,

Eq. (4.22) is reduced to the fractional ordinary differential equation(
P1− 5

3α,α
3
α

ν
)

(y) + aαν(y)ν′(y) + cα3ν′′′(y) = 0.
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4.1.5 Fractional gas dynamic equation

Consider the fractional gas dynamic equation [with b = c = 0 at (4.12)]

Dα
t u+ auux + du(1− u) = 0, 0 < α ≤ 1, (4.25)

where a 6= 0, d 6= 0 are arbitrary constants. Solving determining equations in
(4.13) for ξ, τ and ϕ, the fractional gas dynamic equation (4.25) is known to
admit a three-dimensional classical symmetry group of transformations, with
infinitesimal generators

V1 =
∂

∂x
, V2 = e

d
ax(a

∂

∂x
+ du

∂

∂u
).

After equating the coefficients of the various monomials in the first-, second-
and fractional-order partial derivatives of u w.r.t x and t with zero and solving
the resulting system of determining equations in (4.15) and (4.16) for ξ, τ and
ϕ, we find the infinitesimal generators for the nonclassical symmetry group of
Eq. (4.25) to be the following:

V3 =
(
a− ρe

−d
a x
) ∂

∂x
+ du

∂

∂u
,

V4 =
(
aρ− e

−d
a x
) ∂

∂x
+ dρu

∂

∂u
,

where ρ is arbitrary constant.
Eq. (4.25) is invariant under the group of transformations generated by clas-

sical infinitesimal generator V2 = e
d
ax(a ∂

∂x + du ∂
∂u ) with invariant solution

u = e
d
axf(t).

We find the reduced fractional ordinary differential equation as follows:

Dα
t f(t) + df(t) = 0.

The solution of this equation is

f(t) = tα−1Eα,α(−dtα),

and, thus, the exact solution of Eq. (4.25) is

u(x, t) = e
d
axtα−1Eα,α(−dtα). (4.26)

Employing the nonclassical infinitesimal generator V3, invariant solution has
the form u(x, t) = (ae

d
ax−ρ)f(t) and Eq. (4.25) is converted to the following

fractional ordinary differential equation

Dα
t f(t) + df(t) + ρdf2(t) = 0.
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4.2 Lie symmetries of space fractional diffusion
equations

In this section we consider the space fractional diffusion equation

∆1 : ut − c2Dα
xu = 0, 1 < α ≤ 2, (4.27)

and seek invariance under the Lie group of transformations given in (4.2).
Employing Theorem 22, invariance is given by

Pr(α,x)V (∆1) = 0,

whenever ∆1 = 0 where

Pr(α,x)V = V + ϕt
∂

∂ut
+ ϕx

∂

∂ux
+ ϕxx

∂

∂uxx
+ · · ·+ ϕ(α,x) ∂

∂Dα
xu
.

Now we wish to determine all possible coefficient functions ξ, τ and ϕ so
that the corresponding one-parameter group is a symmetry group of (4.27).
Applying Pr(α,x)V to Eq.(4.27), we find infinitesimal criterion

ϕt − c2ϕ(α,x) = 0, (4.28)

which must be satisfied whenever Eq.(4.27) holds. We substitute the formulas
ϕt and ϕ(α,x) into (4.28) and obtain

ϕt + (ϕu − τt)ut − τuu2
t − ξtux − ξuuxut − c2Dα

xϕ− c2ϕuDα
xu

+ c2uDα
xϕu + c2

∞∑
n=1

(
α

n

)
DnxτDα−n

x ut + c2αDxξDα
xu− c2µ

+ c2
∞∑
n=1

[

(
α

n+ 1

)
Dn+1
x ξ −

(
α

n

)
Dn
xϕu]Dα−n

x u = 0. (4.29)

By replacing c2Dα
xu with ut, we deduce

ϕt + (αξx − τt)ut − τuu2
t − ξtux + (α− 1)ξuuxut + c2(uDα

xϕu −Dα
xϕ)

+ c2
∞∑
n=1

(
α

n

)
DnxτDα−n

x ut − c2µ+ c2
∞∑
n=1

[(
α

n+ 1

)
Dn+1
x ξ −

(
α

n

)
Dn
xϕu

]
×Dα−n

x u = 0. (4.30)



Nonclassical Lie symmetry analysis to fractional differential equations 147

We find the determining equations for the symmetry group of Eq. (4.27) as
follows:

ϕt = 0, τu = 0, ξt = 0, ξu = 0,

αξx − τt = 0,

uDα
xϕu −Dα

xϕ = 0,

Dnxτ = 0, n = 1, 2, 3, ...(
α

n+ 1

)
Dn+1
x ξ −

(
α

n

)
Dn
xϕu = 0. n = 1, 2, 3, ....

We conclude that the most general infinitesimal symmetry of Eq. (4.27) has
coefficient functions of the form

ξ = xc1, τ = αtc1 + c2, ϕ = uc3 + xα−2(xc4 + c5),

where c1, · · · , c5 are arbitrary constants. Thus the Lie algebra of infinitesimal
symmetries of Eq. (4.27) is spanned by the five vector fields

V1 = x
∂

∂x
+ αt

∂

∂t
, V2 =

∂

∂t
, V3 = u

∂

∂u
,

V4 = xα−1 ∂

∂u
, V5 = xα−2 ∂

∂u
. (4.31)

4.2.1 Nonclassical method

Let (4.27) be a space fractional diffusion equation defined over M ⊂ X ×
U ' R3. Let G be a local group of transformations acting on M as in (4.2).
To derive the solutions u = u(t, x) of the equation (4.27) such that they are
invariant under group transformation (4.2), we have to set

∆2 : ξux + τut − ϕ = 0.

For the nonclassical method, we seek invariance of both the original equations
together with the invariant surface condition. Then we have

Pr(α)V (∆1)|∆1=0,∆2=0 = 0, (4.32)

Pr(α)V (∆2)|∆1=0,∆2=0 = 0. (4.33)

In this case for every ξ, τ and ϕ the Eq. (4.32) is identically satisfied when
∆2 = 0. Indeed, we only consider the condition

∆2 : ξ(x, t, u)ux + τ(x, t, u)ut = ϕ(x, t, u) (4.34)

along with the Eq. (4.33). We can recognize two cases: τ 6= 0 and τ = 0. If
τ 6= 0, without loss of generality, we can put τ = 1; thus the equation (4.30)
(with replacing τ) implies

ϕt + ϕuut − ξtux − ξuuxut − c2Dα
xϕ− c2ϕuDα

xu+ c2uDα
xϕu + c2αDxξDα

xu

− c2µ+ c2
∞∑
n=1

[

(
α

n+ 1

)
Dn+1
x ξ −

(
α

n

)
Dn
xϕu]Dα−n

x u = 0.
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Substituting the invariant surface condition ut = ϕ − ξux and also c2Dα
xu =

ϕ− ξux in the upper equation, we have

ϕt + αξxϕ− [ξt − (α− 1)ξuϕ+ αξξx]ux − (α− 1)ξξuu
2
x + c2[uDα

xϕu −Dα
xϕ]

− c2µ+ c2
∞∑
n=1

[

(
α

n+ 1

)
Dn+1
x ξ −

(
α

n

)
Dn
xϕu]Dα−n

x u = 0.

We show the determining equations for the nonclassical symmetry group of
Eq. (4.27) to be the following:

ϕt + αξxϕ = 0,

ξt − (α− 1)ξuϕ+ αξξx = 0,

(α− 1)ξξu = 0,

uDα
xϕu −Dα

xϕ = 0,(
α

n+ 1

)
Dn+1
x ξ −

(
α

n

)
Dn
xϕu = 0, n = 1, 2, 3, ....

It is clear that the above relations lead to µ = 0. Then this implies that the
infinitesimals are

ξ = 0, ϕ = uc1 + xα−1c2 + xα−2c3,

or

ξ =
x

αt+ ν
, ϕ =

c1
αt+ ν

u+
c2

αt+ ν
xα−1 +

c3
αt+ ν

xα−2,

where c1, · · · , c3 and ν are arbitrary constants.
If τ = 0, according to (4.34), we can set ux = ϕ

ξ ; by replacing this amount in

(4.30) we have

ϕt − ξt(
ϕ

ξ
)− ξu(

ϕ

ξ
)ut + c2[uDα

xϕu −Dα
xϕ] + αDxξut

−c2µ+ c2
∞∑
n=1

[

(
α

n+ 1

)
Dn+1
x ξ −

(
α

n

)
Dn
xϕu]Dα−n

x u = 0.

We show the determining equations for the nonclassical symmetry group of
the equation (4.27) to be the following:

ξϕt − ξtϕ = 0,

αξξx + (α− 1)ξuϕ = 0,

uDα
xϕu −Dα

xϕ = 0,(
α

n+ 1

)
Dn+1
x ξ −

(
α

n

)
Dn
xϕu = 0. n = 1, 2, 3, ...
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The equations are difficult to solve for ξ and ϕ in general.
Comparing with the infinitesimal generator obtained by classical method as
in (4.31), we derive additional vector fields as follows:

V6 = x
∂

∂x
+ (αt+ ν)

∂

∂t
, V7 = x

∂

∂x
+ (αt+ ν)

∂

∂t
+ λu

∂

∂u
,

V8 = x
∂

∂x
+ (αt+ ν)

∂

∂t
+ γxα−1 ∂

∂u
, V9 = x

∂

∂x
+ (αt+ ν)

∂

∂t
+ ρxα−2 ∂

∂u
,

where ν, λ, γ, ρ are arbitrary constants.

4.3 Lie symmetries of time-fractional diffusion equation

In this section we derive the symmetries of the time-fractional diffusion
equation

∆3 : Dβ
t u− c2uxx = 0, 0 < β < 1. (4.35)

Employing the same argument given in Theorem 22 for ∆3, the determining
equations for classical symmetry are obtained by

Pr(β,t)V (∆3) = 0,

whenever ∆3 = 0, where infinitesimal generator V is given by (4.3) and

Pr(β,t)V = V + ϕt
∂

∂ut
+ ϕx

∂

∂ux
+ ϕxx

∂

∂uxx
+ ϕ(β,t) ∂

∂Dβ
t u
,

where

ϕ(β,t) = Dβt ϕ+ ξDβ
t ux −D

β
t (ξux)−Dβ+1

t (τu) +Dβt (Dt(τ)u) + τDβ+1
t u.

Now we wish to determine all possible coefficient functions ξ, τ and ϕ so
that the corresponding one-parameter group is a symmetry group of (4.35).
Applying Pr(β,t)V to Eq.(4.35), we find infinitesimal criterion

ϕ(β,t) − c2ϕxx = 0, (4.36)

which must be satisfied whenever Eq.(4.35) holds. We substitute the formulas
ϕxx and ϕ(β,t) into (4.36) and we derive

Dβ
t ϕ+ ϕuD

β
t u− uD

β
t ϕu +

∞∑
n=1

[

(
β

n

)
Dn
t ϕu −

(
β

n+ 1

)
Dn+1
t τ ]Dβ−n

t u

−
∞∑
n=1

(
β

n

)
Dnt ξD

β−n
t ux − βDtτDβ

t u+ µ− c2ϕxx − c2(2ϕxu − ξxx)ux

+ c2τxxut − c2(ϕuu − 2ξxu)u2
x + 2c2τxuuxut + c2ξuuu

3
x + c2τuuu

2
xut − c2(ϕu

− 2ξx)uxx + 2c2τxuxt + 3c2ξuuxuxx + c2τuuxxut + 2c2τuuxuxt = 0. (4.37)
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By replacing Dβ
t u with c2uxx, we find the determining equations for the sym-

metry group of the equation (4.35) to be the following:

ϕxx = 0, τxx = 0, τxu = 0, τuu = 0, τx = 0, τu = 0,

ξuu = 0, ξu = 0,

2ϕxu − ξxx = 0, ϕuu − 2ξxu = 0, βτt − 2ξx = 0,

Dβ
t ϕ− uD

β
t ϕu = 0,

Dnt ξ = 0, n = 1, 2, 3, ...(
β

n

)
Dn
t ϕu −

(
β

n+ 1

)
Dn+1
t τ = 0, n = 1, 2, 3, ....

We conclude that the most general infinitesimal symmetry of the equation
(4.35) has coefficient functions of the form

ξ =
β

2
xc1 + c2, τ = tc1, ϕ = uc3 + tβ−1(xc4 + c5),

where c1, · · · , c5 arbitrary constants. We notice that τ(x, t, u(x, t))|t=0 = 0.

4.3.1 Nonclassical method

To apply the nonclassical method to the time-fractional equation, ∆3, the
following symmetry condition needs to satisfy

Pr(β,t)V (∆3) = 0,

whenever ∆2 = 0,∆3 = 0, where ∆2 is the invariant surface condition.
We can recognize two cases: ξ 6= 0 and ξ = 0. If ξ 6= 0, without loss of
generality, we can put ξ = 1, thus ux = ϕ − τut. Differentiating w.r.t. t and
x, we see that

uxt = ϕt + (ϕu − τt)ut − τuu2
t − τutt,

uxx = ϕx + ϕϕu − τϕt − (2τϕu + τx + τuϕ− ττt)ut + 2ττuu
2
t + τ2utt.

Substituting ξ = 1 and also ux, uxx and uxt in Eq. (4.40), we have

Dβ
t ϕ− uD

β
t ϕu +

∞∑
n=1

[

(
β

n

)
Dn
t ϕu −

(
β

n+ 1

)
Dn+1
t τ ]Dβ−n

t u+ µ

− c2[βτtϕx + βτtϕϕu − βττtϕt + ϕxx + 2ϕϕxu + ϕ2ϕuu − 2τxϕt − 2τuϕϕt]

+ c2[2βττtϕu + βτtτx + βτtτuϕ− βττ2
t − βτuϕx − βτuϕϕu + βττuϕt + 2τϕxu

+ τxx + 2τϕϕuu + 2τxuϕ+ τuuϕ
2 + 2τxϕu − 2τtτx + τuϕx + τuϕϕu − ττuϕt

+ 2τuϕϕu − 2τtτuϕ− 2ττuϕt]ut − c2[2βττtτu − 2βττuϕu − βτxτu − βτ2
uϕ

+ βττtτu + τ2ϕuu + 2ττxu + 2ττuuϕ+ 2τxτu + 2ττuϕu + τxτu + τ2
uϕ− ττtτu

+ 2τ2
uϕ+ 2ττuϕu − 2ττtτu]u2

t + c2[τ2τuu + (4− 2β)ττ2
u ]u3

t − c2[βτ2τt + 2ττx

+ 2ττuϕ]utt − c2[(β − 3)τ2τu]ututt = 0.
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We can equate the coefficients to zero, with the attendant simplification in
the formulae, and show the determining equations for the nonclassic symme-
try group of the equation (4.35) to be the following:

• τ = 0

Dβ
t ϕ− uD

β
t ϕu = 0,

Dn
t ϕu = 0, n = 1, 2, 3, ...

ϕxx + 2ϕϕxu + ϕ2ϕuu = 0.

• τ 6= 0

τu = 0,

Dβ
t ϕ− uD

β
t ϕu = 0,(

β

n

)
Dn
t ϕu −

(
β

n+ 1

)
Dn+1
t τ = 0, n = 1, 2, 3, ...

βτtϕx + βτtϕϕu + ϕxx + 2ϕϕxu = 0,

− 2τxϕu + βτtτx + 2τϕxu + τxx = 0,

ϕuu = 0,

βττt + 2τx = 0.

Then this implies that the infinitesimals are

• τ = 0

ϕ =
u

x+ ν
+ [

c1
x+ ν

+ c2(x+ ν)2]tβ−1,

or

ϕ = uc1 + (xc2 + c3)tβ−1.

• τ 6= 0

τ =
2t

βx+ ν
, ϕ =

c1
βx+ ν

u+ [
c2

βx+ ν
+ c3]tβ−1,
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where c1, · · · , c3 and ν are arbitrary constants.
If ξ = 0, thus ut = ϕ

τ . Differentiating w.r.t. x, we have

uxt =
(τϕx − τxϕ) + (τϕu − τuϕ)

τ2
.

By replacing this amount in (4.40), we obtain

Dβ
t ϕ− uD

β
t ϕu +

∞∑
n=1

[

(
β

n

)
Dn
t ϕu −

(
β

n+ 1

)
Dn+1
t τ ]Dβ−n

t u+ µ

+ c2[βττt + (β − 1)τuϕ]uxx − c2(τ2ϕxx − ττxxϕ− 2ττxϕx + 2τ2
xϕ)

− c2(2τ2ϕxu − 2ττxuϕ− 2ττxϕu + 4τxτuϕ− 2ττuϕx)ux

− c2(τ2ϕuu − ττuuϕ− 2ττuϕu + 2τ2
uϕ)u2

x = 0.

We achieve the determining equations for the nonclassic symmetry group of
the equation (4.35) to be the following:

Dβ
t ϕ− uD

β
t ϕu = 0,(

β

n

)
Dn
t ϕu −

(
β

n+ 1

)
Dn+1
t τ = 0, n = 1, 2, 3, ...

βττt + (β − 1)τuϕ = 0,

τ2ϕxx − ττxxϕ− 2ττxϕx + 2τ2
xϕ = 0,

2τ2ϕxu − 2ττxuϕ− 2ττxϕu + 4τxτuϕ− 2ττuϕx = 0,

τ2ϕuu − ττuuϕ− 2ττuϕu + 2τ2
uϕ = 0.

The equations are difficult to solve for ξ and ϕ in general.
Infinitesimal generators obtained by the nonclassical method of time-fractional
diffusion equation are as follows:

V1 = (x+ ν)
∂

∂x
+ u

∂

∂u
, V2 = (x+ ν)

∂

∂x
+ (u+ λtβ−1)

∂

∂u
,

V3 = (x+ ν)
∂

∂x
+ [u+ ρ(x+ ν)3tβ−1]

∂

∂u
, V4 = (βx+ ν)

∂

∂x
+ 2t

∂

∂t
,

V5 = (βx+ ν)
∂

∂x
+ 2t

∂

∂t
+ u

∂

∂u
, V6 = (βx+ ν)

∂

∂x
+ 2t

∂

∂t
+ tβ−1 ∂

∂u
,

V7 = (βx+ ν)
∂

∂x
+ 2t

∂

∂t
+ (βx+ ν)tβ−1 ∂

∂u
,

where λ, ν, ρ are arbitrary constants.
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4.4 General solutions to fractional diffusion equations
by invariant surfaces

In this section we give an idea of construction of the solutions to an equa-
tion using a new invariant condition. For a given invariance to a fractional
partial differential equation, reduction to a solvable fractional ordinary differ-
ential equation is not straightforward to capture invariant solutions. We are
now ready to state the idea of finding the structure of solutions to fractional
differential equations for which the invariance has been found. Let the Eq.
(4.4) admit the group of transformation (4.2) with infinitesimal generator

V = ξ(x, t, u)
∂

∂x
+ τ(x, t, u)

∂

∂t
+ ϕ(x, t, u)

∂

∂u
.

If the solution g(x, t, u) = u(x, t) − u = 0 is invariant, then it satisfies the
surface condition 4.34. However, if there exists a class of solutions g(x, t, u) = c
to the Eq. (4.4) admitting group (4.2), g(x̄, t̄, ū) = c̄ defining a solution too,
then by Theorem (2.2.7-3) in [28], we have

V g(x, t, u) = 1. (4.38)

We merge this equation and the original equation to obtain the invariant class
of solutions. For instance we have the following example.

Example 2 Consider the one-parameter group generated by infinitesimal
generator V = (k1x

α−1 + k2x
α−2) ∂

∂u of the Eq. (4.27), where k1, k2 are con-
stants. Then according to (4.38), we can write

(k1x
α−1 + k2x

α−2)gu = 1.

The solution of this equation can be written of the form

g(x, t, u) =
u+ w(x, t)

k1xα−1 + k2xα−2
= c1,

so

u = a1x
α−1 + a2x

α−2 − w(x, t),

where a1 := c1k1, a2 := c1k2. For example if w(x, t) = f(x)h(t), then

u(x, t) = a1x
α−1 + a2x

α−2 − f(x)h(t).

Substituting this solution into the Eq. (4.27) and letting h′(t)−c2h(t) = 0, the
reduced fractional ordinary differential equation is

f(x)−Dα
xf(x) = 0.
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The solution of this equation can be written in terms of Mittag-Leffler func-
tions

f(x) = a3x
α−1Eα,α(xα);

thus

u(x, t) = a1x
α−1 + a2x

α−2 + a3e
c2txα−1Eα,α(xα)

is a family of solutions (4.27).

Now, by using some of the vector fields obtained from the classical and
nonclassical Lie symmetries, we represent exact solutions of fractional diffusion
equations.

Example 3 Equation (4.27) with infinitesimal generator

V =
∂

∂t
+ δu

∂

∂u

has invariant solution

u(x, t) = eδtf(x),

where δ is an arbitrary constant; substituting this solution into Eq. (4.27), the
reduced fractional ordinary differential equation is

Dα
xf(x) =

δ

c2
f(x).

The solution of this equation can be written in terms of Mittag-Leffler func-
tions

f(x) = c1x
α−1Eα,α(

δ

c2
xα),

where c1 is an arbitrary constant; thus

u(x, t) = c1e
δtxα−1Eα,α(

δ

c2
xα). (4.39)

We notice that for α = 2, u(x, t) = c√
λ
eλtsinh

(√
λ
c x
)

is an exact solution

of diffusion equation with integer order. Now if u = u(x, t) is an arbitrary
solution of the Eq. (4.27), by taking the nonclassical infinitesimal generator
V = V7 + V8 + V9 with ν = 0, we deduce the one-parameter group of transfor-
mations G generated by V is given as follows:

x̄ = e3εx,

t̄ = e3αεt,

ū = eλεu+
γ

3α− 3− λ (e(3α−3)ε − eλε)xα−1 +
ρ

3α− 6− λ (e(3α−6)ε − eλε)xα−2,
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and we immediately conclude that

u2(x, t) =
γ

λ+ 3− 3α
(e(λ+3−3α)ε − 1)xα−1

+
ρ

λ+ 6− 3α
(e(λ+6−3α)ε − 1)xα−2 + eλεu(e−3εx, e−3αεt) (4.40)

is a solution too, where ε is the group parameter. We used the fact that for any
given solution u of equation and for the group of transformations G, (4.40) is
a solution of the equation. So by using the exact solution (4.39), we can write
another exact solution as follows:

u2(x, t) = c2x
α−1 + c3x

α−2 + c4e
ktxα−1Eα,α(

k

c2
xα),

where c2 := γ
λ+3−3α (e(λ+3−3α)ε − 1), c3 := ρ

λ+6−3α (e(λ+6−3α)ε − 1), c4 :=

c1e
(λ+3−3α)ε and k := δe−3αε.

Example 4 We now consider the one-parameter group generated by nonclas-
sical infinitesimal generator V7 = x ∂

∂x + (αt+ ν) ∂∂t + λu ∂
∂u of the Eq. (4.27),

in which ν and λ are fixed constants. New variables of this group are

y = (αt+ ν)x−α, F = x−λu. (4.41)

Theorem 24 The transformation (4.41) reduces the FPDE (4.27) to the
FODE of the form

αF ′(y)− c2(Pλ+1−α,α
1
α

F)(y) = 0.

Proof: We use the definition of the Riemann-Liouville differential operator,
and 1 < α ≤ 2. This yields

Dα
xu =

∂2

∂x2

1

Γ(2− α)

∫ x

0

(x− s)1−αsλF [(αt+ ν)s−α]ds,

and using the substitution r = x
s , we have

Dα
xu =

∂2

∂x2
x2+λ−α(Kλ+1,2−α

1
α

F)(y)

= xλ−α(λ− α+ 1− αy d
dy

)(λ− α+ 2− αy d
dy

)(Kλ+1,2−α
1
α

F)(y)

= xλ−α(Pλ+1−α,α
1
α

F)(y).

On the other hand, we find that

ut = αxλ−αF ′(y),

which completes the proof.
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Example 5 Equation (4.27) is invariant under the group of transformations
generated by

V =
∂

∂t
+ xα−1 ∂

∂u
,

with invariant solution

u(x, t) = xα−1t+ f(x).

Substituting this solution into Eq. (4.27), we find the reduced fractional ordi-
nary differential equation

Dα
xf(x) =

1

c2
xα−1.

The solution of this equation is

f(x) =
Γ(α)

c2Γ(2α)
x2α−1 + k1x

α−1 + k2x
α−2,

where k1, k2 are arbitrary constants; then

u(x, t) = xα−1t+
Γ(α)

c2Γ(2α)
x2α−1 + k1x

α−1 + k2x
α−2.

Example 6 Equation (4.35) with infinitesimal generator

V =
∂

∂x
+ (λ1u+ λ2xt

β−1 + λ3t
β−1)

∂

∂u

has invariant solution

u(x, t) = eλ1xf(t)− λ2

λ1
(x+

1

λ1
)tβ−1 − λ3

λ1
tβ−1,

where λ1, · · · , λ3 are arbitrary constants. Substituting this solution into Eq.
(4.35), the reduced fractional ordinary differential equation is

Dβ
t f(t) = λ2

1c
2f(t).

The solution of this equation can be written in terms of Mittag-Leffler func-
tions

f(t) = tβ−1Eβ,β(λ2
1c

2tβ),

thus

u(x, t) = eλ1xtβ−1Eβ,β(λ2
1c

2tβ)− λ2

λ1
(x+

1

λ1
)tβ−1 − λ3

λ1
tβ−1.
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Example 7 Equation (4.35) is invariant under the group of transformations
generated by

V = (x+ ν)
∂

∂x
+ (u+ λtβ−1)

∂

∂u

with invariant solution

u(x, t) = −λtβ−1 − (x+ ν)f(t),

where ν, λ are arbitrary constants. Substituting this solution into Eq. (4.27),
we find the reduced fractional ordinary differential equation

Dβ
t f(t) = 0.

The solution of this equation is

f(t) = k1t
β−1,

where k1 is an arbitrary constant; then

u(x, t) = −λtβ−1 − k1(x+ ν)tβ−1.
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Chapter 5

Conservation laws of the fractional
differential equations

A new technique for constructing conservation laws for fractional differen-
tial equations not having a Lagrangian is proposed. The technique is based
on the methods of Lie group analysis and employs the concept of nonlin-
ear self-adjointness which is enhanced to the certain class of fractional evo-
lution equations. The proposed approach is demonstrated on subdiffusion
and diffusion-wave equations with the Riemann−Liouville and Caputo time-
fractional derivatives. It is shown that these equations are nonlinearly self-
adjoint, and, therefore, desired conservation laws can be calculated using the
appropriate formal Lagrangians. The explicit forms of fractional generaliza-
tions of the Noether operators are also proposed for the equations with the
Riemann-Liouville and Caputo time-fractional derivatives of order α ∈ (0, 2).
Using these operators and formal Lagrangians, new conservation laws are con-
structed for the linear and nonlinear time-fractional subdiffusion and diffusion-
wave equations by their Lie point symmetries. Recently, it was shown in
[92, 17] that conservation laws can be also efficiently used for constructing
the particular solutions of PDEs and its systems.

In 1996, Riewe [161] introduced a Lagrangian depending on fractional
derivatives. During the last two decades, many fractional generalizations of
the Euler–Lagrange equations with different types of fractional derivatives
were derived [7, 24, 23, 19, 90, 118, 8]. Using these results, several fractional
generalizations of Noether’s theorem were proved [56, 16, 127, 149, 31], and
some number of fractional conservation laws were calculated for equations and
systems having different fractional Lagrangians [57, 169].

However, conservation laws still are not widely used for investigation of
the properties of fractional differential equations. The main reason is the fact
that most fractional partial differential equations such as fractional diffusion
and transport equations, fractional kinetic equations and fractional relaxation
equations (see, e.g., [132, 164, 112, 124, 111, 20, 185] and references therein)
do not have a Lagrangian. Thus, Noether’s theorem and its fractional gener-
alizations cannot be used for obtaining conservation laws for such equations.

In this section, a new technique for constructing conservation laws is
applied for fractional differential equations not having a Lagrangian in a

159
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classical sense. The technique uses the modern methods of Lie group analysis
of fractional differential equations developed in [66, 67, 22, 21, 101, 125] and
employs the concept of nonlinear self-adjointness proposed for inter-order dif-
ferential equations. This concept is based on the notion of formal Lagrangian
and provides to construct conservation laws for nonlinearly self-adjoint differ-
ential equations using classical algorithms.

5.1 Description of approach

We describe here the mentioned method by some well-known equations.

5.1.1 Time-fractional diffusion equations

Let us consider a nonlinear time-fractional diffusion equation (TFDE)

Dαt u = (k(u)ux)x, α ∈ (0, 2). (5.1)

Here, u is a function of the independent variables t ∈ (0, T ](T ≤ ∞) and
x ∈ Ω ⊂ R, Dαt u is a fractional derivative of function u with respect to t of
order α, and k is a diffusion coefficient which is considered as a function of
the dependent variable u.

We consider two different types of fractional derivatives Dαt u in Eq. (5.1):
one is the Riemann-Liouville left-sided time-fractional derivative RL

0 Dα
t u, and

the other is the Caputo left-sided time-fractional derivative C
0 D

α
t u. Equation

(5.1) is known as the subdiffusion equation for α ∈ (0, 1) and as the diffusion-
wave equation for α ∈ (1, 2).

The symmetry properties of Eq. (5.1) have been investigated in [67], and
Lie point symmetries for this equation with the Riemann-Liouville and Caputo
time-fractional derivatives have been obtained there. These symmetries will
be used here to construct the conservation laws for Eq. (5.1).

5.1.2 Conservation laws and nonlinear self-adjointness

Let us define a conservation law for Eq. (5.1) in the same manner as it is
defined for the classical diffusion and wave equations. Namely, a vector field
C = (Ct, Cx) where Ct = Ct(t, x, u, ...), Cx = Cx(t, x, u, ...) is called a conserved
vector for Eq. (5.1) if it satisfies the conservation equation

DtCt +DxCx = 0, (5.2)

on all solutions of Eq. (5.1). Equation (5.2) is called a conservation law for
Eq. (5.1).
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A conserved vector is called a trivial conserved vector for Eq. (5.1) if its
components Ct and Cx vanish on the solution of this equation.

Note that Eq. (5.1) with the Riemann−Liouville fractional derivative can
be rewritten in the form of conservation law (5.2) with

Ct = Dn−1
t

(
0I
n−α
t u

)
, Cx = −k(u)ux, n = 1, 2. (5.3)

It is important to point out that the order n−α of fractional integral in (5.3)
is the same as the one used in Eqs. (5.1) with (5.2).

In the case of the Caputo fractional derivative, Eq. (5.1) can also be rewrit-
ten in the form of conservation law (5.2) with

Ct = 0I
n+1−α
t (Dn

t u) , Cx = −k(u)ux, n = 1, 2. (5.4)

Contrary to the previous case, the order of fractional integral in (5.4) has been
increased by one. In other words, the coordinate Ct now depends on a new
integral variable which is lacking in Eq. (5.1).
In accordance with the concept of nonlinear self-adjointness [44], a formal
Lagrangian for this equation can be introduced as

L = v(t, x)
[
Dαt u− k′(u)u2

x − k(u)uxx
]
, (5.5)

where v is a new dependent variable. In view of this formal Lagrangian, an
action integral is ∫ t

0

∫
Ω

L(t, x, u, v,Dαt u, ux, uxx)dxdt. (5.6)

Assume that variable v in the action (5.6) is not varied. Then, using frac-
tional variational approach developed by Agrawal [16], one can find the Euler-
Lagrange operator with respect to u corresponding to the action (5.6) as

δ

δu
=

∂

∂u
+ (Dαt u)

∗ ∂

∂Dαt u
−Dx

∂

∂ux
+D2

x

∂

∂uxx
. (5.7)

Here, (Dαt )
∗

is the adjoint operator ofDαt . The corresponding adjoint operators
are (

RL
0 Dα

t

)∗
= (−1)ntI

n−α
T (Dn

t ) ≡ C
t D

α
T ,(

C
0 D

α
t

)∗
= (−1)nDn

t

(
tI
n−α
T

)
≡ RL

t Dα
T .

Here, tI
n−α
T is the right-sided operator of fractional integration of order n−α

defined by

(
0I
n−α
T f

)
(t, x) =

1

Γ(n− α)

∫ T

t

f(τ, x)

(τ − t)α+1−n dτ.
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Similar to the case of integer-order nonlinear differential equations, the adjoint
equation to the nonlinear TFDE (5.1) can be defined as Euler– Lagrange
equation

∂L
∂u

= 0, (5.8)

where L is the formal Lagrangian (5.5) and δ
δu is the Euler–Lagrange operator

(5.7). After calculations, Eq. (5.8) takes the form

(Dαt )
∗
v − k(u)vxx = 0, n = [α] + 1, α ∈ (0, 2). (5.9)

Eq. (5.1) will be called nonlinearly self-adjoint if the adjoint Eq. (5.9) is
satisfied for all solutions u of Eq. (5.1) upon a substitution v = ϕ(t, x, u) such
that ϕ(t, x, u) 6= 0.

5.1.3 Fractional Noether operators

It is unwieldy to construct the conserved vectors by direct use of Noether’s
theorem. A more convenient approach for integer-order differential equations
was proposed in [100]. In this approach, the components of conserved vectors
are obtained by applying the so-called Noether operators to the Lagrangian.
These Noether operators can be found from the fundamental operator identity,
also known as the Noether identity. For the considered case of two independent
variables t, x, and one dependent variable u(t, x), this fundamental identity
can be written as

X +Dt(ξ
1)I +Dx(ξ2)I =W δ

δu
+DtN t +DxN x. (5.10)

Here, I is the identity operator, δ
δu is the Euler–Lagrange operator, N t and

N x are the Noether operators, X is an appropriate prolongation for the Lie
point group generator

X = ξ1(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ φ(t, x, u)

∂

∂u
(5.11)

to all derivatives (integer and/or fractional order) of the dependent variable
u(t, x) which are contained in the considered equation, and W = φ − ξ1ut −
ξ2ux.
The prolongation of the generator (5.11) for Eq. (5.1) has the form

X =ξ1 ∂

∂t
+ ξ2 ∂

∂x
+ φ

∂

∂u

+ ζ0
α

∂

∂(D∂t u)
+ ζ1

1

∂

∂ux
+ ζ1

2

∂

∂uxx

(5.12)

where ζ0
α, ζ

1
1 , ζ

1
2 are given by the prolongation formulae
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ζ0
α = Dαt (W) + ξ1Dt(Dαt u) + ξ2Dx(Dαt u),

ζ1
1 = Dx(W) + ξ1utx + ξ2uxx,

ζ1
2 = D2

x(W) + ξ1utxx + ξ2uxxx.

For given operators (5.7) and (5.12), one can verify that the equality (5.10)
is fulfilled if the Noether operators are defined as follows. For the case when the
Riemann–Liouville time-fractional derivative is used in Eq. (5.1), the operator
N t is

N t =ξ1I +

n−1∑
k=0

(−1)k0D
α−1−k
t (W)Dk

t

∂

∂(RL0 Dα
t u)

− (−1)nJ

(
W, Dn

t

∂

∂(RL0 Dα
t u)

)
.

(5.13)

For an other case when the Caputo time-fractional derivative is used in Eq.
(5.1), this operator takes the form

N t =ξ1I +

n−1∑
k=0

Dk
t (W)tD

α−1−k
T

∂

∂(C0 D
α
t u)

− J

(
Dn
t (W),

∂

∂(C0 D
α
t u)

)
.

(5.14)

The operator N x in both cases is

N x = ξ2I +W
(

∂

∂ux
−Dx

∂

∂uxx

)
+Dx(W)

∂

∂uxx
. (5.15)

In (5.13) and (5.14), J is the integral

J(f, g) =
1

Γ(n− α)

∫ t

0

∫ T

t

f(τ, x)g(µ, x)

(µ− τ)α+1−n dµdτ. (5.16)

Now assume that Eq. (5.1) is nonlinearly self-adjoint. This means that a
function v = ϕ(t, x, u) exists such that Eq. (5.9) is satisfied for any solution of
Eq. (5.1). Then, the explicit formulae for the components of conserved vectors
associated with the symmetries of Eq. (5.1) can be established.

We act on the formal Lagrangian (5.5) by both sides of the Noether identity
(5.10). For any generator X admitted by Eq. (5.1) and any solution of this
equation, the left-hand side of this equality is equal to zero:(

XL+Dt(ξ
1)L+Dx(ξ2)L

) ∣∣∣∣
(5.1)

= 0.
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For nonlinearly self-adjoint equations, the Euler-Lagrange Eq. (5.8) is identi-
cally zero. Therefore, the right-hand side of the equality under consideration
leads to the conservation law

Dt(N tL) +Dx(N xL) = 0, (5.17)

where the operator N t is defined by (5.13) or (5.14), and operator N x is
defined by (5.15).

From the comparison of (5.2) and (5.17), it is easy to conclude that any
Lie point symmetry of Eq. (5.1) gives the conserved vector for this equation
with components defined by the explicit formulae

Ct = N t(L), Cx = N x(L). (5.18)

In the following sections, it is proved that Eq. (5.1) is nonlinearly self-
adjoint and conserved vectors associated with different symmetries of this
equation are constructed.

5.1.4 Nonlinear self-adjointness of linear TFDE

With no loss of generality, one can set k = 1 in (5.1). It was shown in [67]
that, for both considered types of fractional derivatives and all α ∈ (0, 2), the
corresponding Lie algebra of point symmetries is infinite and is spanned by
generators

X1 =
∂

∂x
, X2 = 2t

∂

∂t
+ αx

∂

∂x
,

X3 = u
∂

∂u
, X∞ = h

∂

∂u
,

(5.19)

where h = h(t, x) is an arbitrary solution of the equation Dαt h = hxx.
In the considered linear case, the adjoint Eq. (5.9) takes the form

(Dαt )∗v = vxx. (5.20)

It can be seen that this equation is also linear and does not contain the function
u.

Let v = ϕ(t, x) 6= 0 be an arbitrary nontrivial solution of this adjoint
equation. Because (5.20) is satisfied upon the substitution v = ϕ(t, x) for
all u(t, x) then in accordance with the definition of nonlinear self-adjointness
given in the previous section, the linear Eq. (5.1) is nonlinearly self-adjoint
with such a function ϕ(t, x). The adjoint Eq. (5.20) has nontrivial solutions.
For example, particular nontrivial solutions of this equation are v(t, x) =
ctα−1x for Dαt = RL

0 Dα
t , and v(t, x) = ctx for Dαt = C

0 D
α
t (here, c is an

arbitrary constant).
The formal Lagrangian (5.5) for the linear Eq. (5.1) has the form

L = ϕ(t, x) [Dαt u− uxx] . (5.21)
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Using this Lagrangian, one can find the conserved vectors for linear Eq.
(5.1) corresponding to the symmetries (5.19) by the formulae (5.18) with the
Noether operators defined by (5.13)–(5.15).

5.1.5 Conservation laws for TFDE with the
Riemann−Liouville fractional derivative

Calculations by (5.18) give the following results for the components of con-
served vectors for Eq. (5.1) with the Riemann−Liouville fractional derivative.

For the subdiffusion equation when α ∈ (0, 1) the components of conserved
vectors are given by

Cti = ϕ0I
1−α
t (Wi) + J(Wi, ϕt),

Cxi = ϕxWi − ϕWix.

Here, subscript i coincides with the number of appropriate symmetry from
(5.19) (i = 1, 2, 3 and ∞), and functions Wi have the form

W1 = ux, W2 = 2tut + αxux,

W3 = u, W∞ = h.
(5.22)

In the same way as for the diffusion-wave equation when α ∈ (1, 2), the
components of conserved vectors are given by

Cti = ϕ 0I
α−1
t (Wi)− ϕt 0I

2−α
t (Wi)− J(Wi, ϕtt),

Cxi = ϕxWi − ϕWix, i = 1, 2, 3,∞.

Because operators Dx and RL
0 Dα

t commute with each other then the conserved
vectors corresponding to generators X1 and X2 can be rewritten in another
form. Define

w = 2tϕt + αxϕx. (5.23)

Case 1 Subdiffusion equation (0 < α < 1)

X1 : Ct1 = ϕx 0I
1−α
t u+ J(u, ϕtx),

Cx1 = −ϕxux + ϕxxu;

X2 : Ct2 = w 0I
1−α
t u− 2t

[
ϕt 0I

1−α
t u− u tI1−α

T ϕt
]

+ 2J(tut − (α− 1)u, ϕt)− αxJ(u, ϕtx),

Cx2 = −wux + wxu.
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Case 2 Diffusion-wave equation (1 < α < 2)

X1 : Ct1 = ϕx
RL
0 Dα−1

t u− ϕtx 0I
2−α
t u− J(u, ϕttx),

Cx1 = −ϕxux + ϕxxu;

X2 : Ct2 = w RL
0 Dα−1

t u− wt 0I
2−α
t u

+ 2t
[
ϕtt 0I

2−α
t u− u tI2−α

T ϕtt
]

+ 2J(tut − (α− 1)u, ϕtt)− αxJ(u, ϕttx),

Cx2 = −wux + wxu.

5.1.6 Conservation laws for TFDE with the Caputo
fractional derivative

For the subdiffusion equation when α ∈ (0, 1), one can find

Cti =Wi tI
1−α
T (ϕ)− J(Wit, ϕ),

Cxi = ϕxWi − ϕWix, i = 1, 2, 3,∞.

For the diffusion-wave equation when α ∈ (1, 2), the components of conserved
vectors can be written as

Cti =Wi
RL
t Dα−1

T ϕ+Wit tI
2−α
T ϕ− J(Witt, ϕ),

Cxi = ϕxWi − ϕWix, i = 1, 2, 3,∞.

As previously, the functionsWi are defined by (5.22). Similar to the case of the
Riemann−Liouville fractional derivative, the conserved vectors corresponding
to generators X1 and X2 can be presented in another form.
Case 1 Subdiffusion equation (0 < α < 1)

X1 : Ct1 = u tI
1−α
T ϕx − J(ut, ϕx),

Cx1 = −ϕxux + ϕxxu;

X2 : CT2 = − 2T

Γ(1− α)

uϕ(T, x)

(T − t)α

+ u tI
1−α
T w − 2t

[
ut tI

1−α
T ϕ− ϕ 0I

1−α
t ut

]
+ 2J(tutt − (α− 2)ut, ϕ)− αxJ(ut, ϕx),

Cx2 = −wux + wxu.
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Case 2 Diffusion-wave equation (1 < α < 2)

X1 : Ct1 = u RL
t Dα−1

T ϕx + ut tI
2−α
T ϕx − J(utt, ϕx),

Cx1 = −ϕxux + ϕxxu;

X2 : CT2 = − 2T

Γ(1− α)

uϕ(T, x)

(T − t)α

− 2T

Γ(2− α)

utϕ(T, x)

(T − t)α

+ ut tI
2−α
T w + u RL

t Dα−1
T w

− 2t
[
utt tI

2−α
T ϕ− ϕ 0I

2−α
t utt

]
+ 2J(tuttt − (α− 3)utt, ϕ)− αxJ(utt, ϕx),

Cx2 = −wux + wxu.

Here, w is defined by (5.23).

5.1.7 Symmetries and nonlinear self-adjointness of
nonlinear TFDE

Now, let us consider a general case when the diffusion coefficient k(u) 6=
const. As it was shown in [67], in both cases of the Riemann−Liouville and
Caputo time-fractional derivatives of order α ∈ (0, 2) and for arbitrary k(u),
Eq. (5.1) has a two-dimensional Lie algebra of point symmetries spanned by
generators

X1 =
∂

∂x
, X2 = 2t

∂

∂t
+ αx

∂

∂x
. (5.24)

This algebra extends in some special cases of k(u). If k(u) = uβ (β 6= 0), then
Eq. (5.1) has an additional symmetry

X
(1)
3 = βx

∂

∂x
+ 2u

∂

∂u
(5.25)

for any α ∈ (0, 2) . If β = − 4
3 , i.e., k(u) = u−

4
3 , there is an additional

extension

X
(1)
4 = x2 ∂

∂x
− 3xu

∂

∂u
. (5.26)

Equation (5.1) with the Riemann−Liouville fractional derivative also
admits the generator

X
(2)
4 = t2

∂

∂t
+ (α− 1)tu

∂

∂u
(5.27)

for k(u) = uβ with β = −2α/(α− 1), α ∈ (0, 2).
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Finally, if k(u) = eu, Eq. (5.1) with the Caputo fractional derivative of
order α ∈ (0, 2) has the symmetry

X
(2)
3 = x

∂

∂x
+ 2

∂

∂u
. (5.28)

Contrary to the case of k = const, for the considered case of k = k(u), the
adjoint Eq. (5.9) depends on the function u. Nevertheless, there are specific
solutions of this equation that do not depend on this function.

If Eq. (5.1) with the Riemann−Liouville fractional derivative is considered,
then the right-sided Caputo fractional derivative is used in the corresponding
adjoint Eq. (5.9). The particular solutions of this adjoint equation, which are
valid for any solution u of Eq.(5.1), have the form

v(t, x) = c1 + c2x for α ∈ (0, 1), (5.29)

v(t, x) = c1 + c2x+ (c3 + c4x)t for α ∈ (1, 2). (5.30)

Here, ci(i = 1, 2, 3, 4) are arbitrary constants. If Eq. (5.1) with the Caputo
fractional derivative is considered, then the right-sided Riemann−Liouville
fractional derivative is used in the corresponding adjoint Eq. (5.9). This
adjoint equation has the following particular solutions:

v(t, x) = (T − t)α−1(c1 + c2x) for α ∈ (0, 1), (5.31)

v(t, x) = (T − t)α−2 × [c1 + c3x+ (T − t)(c2 + c4x)]

for α ∈ (1, 2). (5.32)

These solutions are also valid for every solution u of Eq. (5.1) with the Caputo
time-fractional derivative.

Contrary to the solutions (5.29) and (5.30), the solutions (5.31) and (5.32)
depend on the right time boundary T .

So, one can declare that nonlinear time-fractional subdiffusion and
diffusion-wave equations with the Riemann−Liouville and Caputo fractional
derivatives are nonlinearly self-adjoint. Therefore, the solutions (5.29)–(5.32)
can be substituted into the formal Lagrangian (5.5) which then can be used
for constructing conservation laws.

5.1.8 Conservation laws for nonlinear TFDE with the
Riemann−Liouville fractional derivative

Using the Noether operators (5.13) and (5.15), the symmetries
(5.24)–(5.26) and the formal Lagrangian (5.5) with the function v(t, x) given
by (5.29), only one new conserved vector has been found for Eq. (5.1) with
the Riemann–Liouville time-fractional derivative of order α ∈ (0, 1). This con-
served vector has the components

Ct = x 0I
1−α
t u, Cx = K(u)− xk(u)ux, (5.33)
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where K(u) is an arbitrary function such that K ′(u) = k(u). Note that the
operator X1 produces the trivial conserved vector for the constant c1 from
(5.29), and the conserved vector (5.3) for the constant c2. The operators X2

and X3 give (5.3) for the constant c1, and (5.33) for the constant c2. The

operator X
(1)
4 gives (5.33) for the constant c1 and the trivial conserved vector

for the constant c2.
In the case of k(u) = u

2α
1−α , using the symmetry (28), two new conservation

laws have been found. Corresponding conserved vectors have the components

Ct = t 0I
1−α
t u− 0I

2−α
t u, Cx = −tu

2α
1−αux (5.34)

and

Ct = x
(
t 0I

1−α
t u− 0I

2−α
t u

)
Cx = tu

2α
1−α

(
1− α
1 + α

u− xux
)
.

(5.35)

The conserved vector (5.34) corresponds to the constant c1, and the conserved
vector (5.35) corresponds to the constant c2 from (5.29).

For the nonlinear diffusion-wave equation with the Riemann−Liouville
time-fractional derivative, five new conservation laws have been found. The
components of corresponding conserved vectors are presented in Table 5.1,
where the conserved vector number 1 is the known conserved vector (5.3). As
previously, in this table, K(u) is an arbitrary function such that K ′(u) = k(u).

The correspondence between the symmetries (5.24)− (5.27), the constants
ci(i = 1, 2, 3, 4) from (5.30) and the conserved vectors numbers from Table 5.1
is established by Table 5.2. In this table, index 0 corresponds to the trivial
conserved vectors.

It is interesting to note that contrary to the linear case, the conserved vec-
tors for the nonlinear TFDE (5.1) with the Riemann−Liouville time-fractional
derivative do not involve the integral (5.16). Moreover, the obtained conserved
vectors for the nonlinear TFDE do not depend on the right time boundary T .

5.1.9 Conservation laws for nonlinear TFDE with the
Caputo fractional derivative

Using the Noether operators (5.14) and (5.15), the symmetries
(5.24)−(5.26), (5.28), and the formal Lagrangian (5.5) with the function v(t, x)
given by (5.31), four new conservation laws have been found for the subdiffu-
sion equation (5.1) with the Caputo fractional derivative. The corresponding
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TABLE 5.1: Conserved vectors for the diffusion-wave equation with the
Riemann−Liouville fractional derivative

No. Components of the conserved vectors

1. Ct = RL
0 Dα−1

t u
Cx = −k(u)ux

2. Ct = t RL0 Dα−1
t u− 0I

2−α
t u

Cx = −tk(u)ux
3. Ct = x RL

0 Dα−1
t u

Cx = K(u)− xk(u)ux
4. Ct = tx RL

0 Dα−1
t u− x 0I

2−α
t u

Cx = tK(u)− txk(u)ux
5. Ct = t2 RL

0 Dα−1
t u− 2t 0I

2−α
t u+ 2 0I

3−α
t u

Cx = −t2k(u)ux
6. Ct = t2x RL

0 Dα−1
t u− 2tx 0I

2−α
t u+ 2x 0I

3−α
t u

Cx = t2K(u)− t2xk(u)ux

TABLE 5.2: The correspondence between symmetries and conserved vectors
numbers for the diffusion-wave equation with the Riemann−Liouville frac-
tional derivative

X1 X2 X
(1)
3 X

(1)
4 X

(2)
4

c1 0 1 1 3 2
c2 1 3 3 0 4
c3 0 2 2 4 5
c4 2 4 4 0 6
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TABLE 5.3: Conserved vectors for the subdiffusion equation with the Caputo
fractional derivative

No. Components of the conserved vectors

1. Ct = u(0, x)Φ(t) + (T − t)α0I
1−α
t

(
u
T−t

)
Cx = −(T − t)α−1k(u)ux

2. Ct = (T − t)α−1
0I

2−α
t

(
ut
T−t

)
Cx = −(T − t)α−2k(u)ux

3. Ct = xu(0, x)Φ(t) + x(T − t)α0I
1−α
t

(
u
T−t

)
Cx = (T − t)α−1[K(u)− xk(u)ux]

4. Ct = x(T − t)α−1
0I

2−α
t

(
ut
T−t

)
Cx = (T − t)α−2[K(u)− xk(u)ux]

TABLE 5.4: The correspondence between symmetries and conserved vectors
numbers for the subdiffusion equation with the Caputo fractional derivative

X1 X2 X
(1)
3 X

(2)
3 X

(1)
4

c1 0 1, 2 1 1 3
c2 1 3, 4 3 3 0

conserved vectors are presented in Table 5.3, where the function Φ(t) is

Φ(t) =
1

αΓ(1− α)

(
1− t

T

)α
× 2F1

(
α, α;α+ 1; 1− t

T

)
.

Here, 2F1( , ; ; ) is the Gauss hypergeometric function. The correspondence
between the symmetries (5.24)−(5.26), (5.28), the constants c1 and c2 from
(5.30), and the conserved vectors numbers from Table 5.3 is established by
Table 5.4. Thus, the symmetry X2 produces all four conservation laws. The
trivial conserved vectors are produced by the operator X1 for the constant c1
and by the operator X

(1)
4 for the constant c2. In Table 5.4, the trivial conserved

vectors are denoted by 0.
For nonlinear diffusion-wave equation with the Caputo time-fractional

derivative, six new conserved vectors have been found. The components
of these vectors are presented in Table 5.5. As previously, in this table
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TABLE 5.5: Conserved vectors for the diffusion-wave equation with the
Caputo time-fractional derivative

No. Components of the conserved vectors

1. Ct = (T − t)α−2
0I

3−α
t

(
utt
T−t

)
Cx = −(T − t)α−3k(u)ux

2. Ct = Φ(t)ut(0, x) + (T − t)α−1
0I

2−α
t

(
ut
T−t

)
Cx = −(T − t)α−2k(u)ux

3. Ct = Ψ(t)ut(0, x) + (T − t)αF0 I2−α
t

(
ut
T−t

)
Cx = −(T − t)α−1k(u)ux

4. Ct = x(T − t)α−2
0I

3−α
t

(
utt
T−t

)
Cx = (T − t)α−3(K(u)− xk(u)ux)

5. Ct = xΦ(t)ut(0, x) + x(T − t)α−1
0I

2−α
t

(
ut
T−t

)
Cx = (T − t)α−2(K(u)− xk(u)ux)

6. Ct = xΨ(t)ut(0, x) + x(T − t)αF0 I2−α
t

(
ut
T−t

)
Cx = (T − t)α−1(K(u)− xk(u)ux)

K ′(u) = k(u). Also, the following notations are used in Table 5.5:

Φ(t) =
1

(α− 1)Γ(2− α)

(
1− t

T

)α−1

× 2F1

(
α− 1, α− 1;α; 1− t

T

)
,

Ψ(t) =
1

αΓ(2− α)

(
1− t

T

)α
× 2F1

(
α− 1, α;α+ 1; 1− t

T

)
,

(
F
0 I

2−α
t f

)
(t) =

1

Γ(2− α)

∫ t

0

f(τ)

(t− τ)α−1

× 2F1

(
1, 1; 2− α;

t− τ
T − τ

)
dτ

(here, 1 < α < 2).
The correspondence between the symmetries (5.24)−(5.26), (5.28), the

constants ci (i = 1, 2, 3, 4) from (5.32), and the conserved vectors numbers
from Table 5.5 is established by Table 5.6. Thus, the symmetry X2 produces
all six conservation laws. The trivial conserved vectors are produced by the

operator X1 for the constants c1 and c2, and by the operator X
(1)
4 for the con-

stants c3 and c4. In Table 5.6, the trivial conserved vectors are denoted by 0.
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TABLE 5.6: The correspondence between symmetries and conserved vectors
numbers for the diffusion-wave equation with the Caputo fractional derivative

X1 X2 X
(1)
3 X

(2)
3 X

(1)
4

c1 0 1, 2 2 2 5
c2 0 2, 3 3 3 6
c3 2 4, 5 5 5 0
c4 3 5, 6 6 6 0

Finally, one additional remark should be made. If ut(0, x) = 0, then the

operator X
(2)
4 given by (5.27) is admitted by Eq. (5.1) with the Caputo time-

fractional derivative of order α ∈ (1, 2) and k(u) = u
2α

1−α . So, this operator
can be considered as a conditional symmetry for this equation. This operator
produces all six conserved vectors from Table 5.5: vectors 1, 2, 3 for the con-
stant c1, vectors 2, 3 for the constant c2, vectors 4, 5, 6 for the constant c3
and vectors 5, 6 for the constant c4.

5.2 Conservation laws of fractional diffusion-absorption
equation

Time-fractional version of the diffusion-absorption (TFDA) equation has
the following form:

∂αt u = uuxx +
1

σ
(ux)2 − σ, α ∈ (0, 1). (5.36)

Similar to the previous section, we use the Ibragimov method [95] for con-
structing the conservation laws of Eq. (5.36). Formal Lagrangian of the TFDA
equation can be written as:

L = v(x, t)
[
∂αt u− uuxx −

1

σ
u2
x + σ

]
, (5.37)

where v(x, t) denotes the dependent nonlocal variable. We can construct the
adjoint equation to the TFDA equation as Euler-Lagrange equation:

δL
δu

= (Dα
t )
∗
v − uvxx −

(
2

σ
− 2

)
(vux)x = 0. (5.38)
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The components of the conserved vectors for Eq. (5.36) are

Cti = vDα−1
t (Wi) + J (Wi, vt) , (5.39)

Cxi =Wi

(
vxu+ (1− 2

σ
)vux

)
− vuDx(Wi), i = 1, 2, 3, (5.40)

where
W1 = −ux, W2 = −αu− tut, W3 = 2u− xux. (5.41)

That is

Ct1 = vDα−1
t (−ux) + J (−ux, vt) ,

Cx1 = −ux
(
vxu+ (1− 2

σ
)vux

)
+ vuuxx,

Ct2 = −αvDα−1
t (u)− tvDα−1

t (ut)− (α− 1)vDα−2
t (ut)− αJ (u, vt)− J (tut, vt) ,

Cx2 = −(αu+ tut)

(
vxu+ (1− 2

σ
)vux

)
+ vu(αux − tutx), (5.42)

and

Ct3 = 2vDα−1
t (u)− xvDα−1

t (ux) + 2J (u, vt)− J (xux, vt) ,

Cx3 = (2u− xux)

(
vxu+ (1− 2

σ
)vux

)
− vuux + xvuuxx. (5.43)

5.3 Nonlinear self-adjointness of the Kompaneets
equations

In the same manner as it was done for the equations of integer orders, we
define the formal Lagrangian L for the Eq. (2.87) by

L = vF (t, x, u,Dγ(α)
t u, ux, uxx). (5.44)

The adjoint equation to the Eq. (2.87) is defined by

F ∗
(
t, x, u, v,Dγ(α)

t u,
(
Dγ(α)
t

)∗
v, ux, vx, uxx, vxx

)
≡ ∂L
∂u

= 0. (5.45)

Here
(
Dγ(α)
t

)∗
denotes the adjoint operator to D

γ(α)
t . It is defined below for

each particular case of fractional differential operators used in the Eq. (2.87).
If we consider the Eq. (2.87) for a finite time interval t ∈ [0, T ], then the
corresponding Euler-Lagrange operator ∂

∂u in (5.45) has the form

∂

∂u
=

∂

∂u
−Dx

∂

∂ux
+D2

x

∂

∂uxx
+
(
Dγ(α)
t

)∗ ∂

∂(Dαt u)
, (5.46)
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where (
Dγ(α)
t

)∗
≡ (Dα

t Dt)
∗

= tD
α
TDt

for the Eq. (2.82), (
Dγ(α)
t

)∗
≡
(
CDα

t

)∗
= tD

α
T

for the Eq. (2.84), (
Dγ(α)
t

)∗
≡
(
D1+α
t

)∗
= C

t D
1+α
T

for the Eq. (2.85) and (
Dγ(α)
t

)∗
≡ (Dα

t )
∗

= C
t D

α
T

for the Eq. (2.86). Here

tD
β
Tu =

(−1)n

Γ(n− β)

∂n

∂tn

∫ τ

t

u(τ, x)

(τ − t)β−n+1
dτ

is the right-sided Riemann-Liouville time-fractional derivative of order β ∈
R+, n = [β] + 1, and

C
t D

β
Tu =

(−1)n

Γ(n− β)

∫ τ

t

Dn
τ u(τ, x)

(τ − t)β−n+1
dτ

is the right-sided Caputo time-fractional derivative of order β ∈ R+, n =
[β] + 1.
After simple calculations in (5.45), we obtain the following adjoint time-
fractional Kompaneets equation(

Dγ(α)
t

)∗
v − x2vxx + x2(1 + 2u)vx + 2(1− x− 2xu)v = 0 (5.47)

for the Eq. (2.87).
The definition of the nonlinear self-adjointness can be extended to the time-
fractional Kompaneets equations. Namely, the Eq. (2.87) is said to be nonlin-
early self-adjoint if the adjoint Eq. (5.47) is satisfied for all solutions u of the
Eq. (2.87) upon a substitution

v = ϕ(t, x, u) (5.48)

satisfying the condition ϕ(t, x, u) 6= 0.
We find all substitutions (5.48) that provide the nonlinear self-adjointness of
the time-fractional Kompaneets Eqs. (2.82)-(2.86) and their approximations,
and arrive at the following result.
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Lemma 5.3.1 The time-fractional Kompaneets Eq. (2.87) and their diffusion-
type approximations are all nonlinearly self-adjoint and the substitution (5.48)
has the form

ϕ = Θ(t)Ψ(x). (5.49)

Here the function Φ(t) depends on the type of fractional differential operator

D
γ(α)
t , namely

Dγ(α)
t = Dα

t Dt : Φ(t) = φ1(T − t)α + φ2; (5.50)

Dγ(α)
t =C Dα

t Dt : Φ(t) = φ1(T − t)α−1; (5.51)

Dγ(α)
t = D1+α

t : Φ(t) = φ1t+ φ2; (5.52)

Dγ(α)
t = Dα

t : Φ(t) = φ1, (5.53)

where φ1 and φ2 are arbitrary constants. The function Ψ(x) depends on the
approximation of the function h(u, ux) defined by (2.88), namely

h = ux + u+ u2, h = ux + u2 : Ψ(x) = ψ1x
2; (5.54)

h = ux : Ψ(x) = ψ1x
2 + ψ2x

−1; (5.55)

h = ux + u : Ψ(x) = ψ1x
2 + ψ2Θ(x), (5.56)

where ψ1 and w2 are arbitrary constants, and the function Θ(x) is

Θ(x) = exx−1
[
e−xx3Ei(x)− x2 − x− 2

]
. (5.57)

Remark 5.3.1 We do not present here the derivation of the substitutions
(5.49). Instead, we note that the term ψ1x

2 in each substitution is precisely
the similar substitution for the classical Kompaneets Eq. (2.77). The func-
tions Θ(t) defined by (5.50)-(5.53) are the solutions of the fractional equation

D
γ(α)
t ϕ = 0. The functions Ψ(x) defined by (5.54)-(5.56) are the solutions of

the equation
x2Ψ′′ − x2huΨ′ + 2(xhu − 1)Ψ = 0

for arbitrary function u.

Now, we extend the usual notion of a conserved vector to the time-fractional
Eq. (2.87). A vector C = (Ct, Cx) is called a conserved vector for the Eq. (2.87)
if it satisfies the conservation equation[

Dt(Ct) +Dx(Cx)
]
(2.9)

= 0.

Let the Eq. (2.87) be nonlinearly self-adjoint and admit a one-parameter point
transformation group with the generator

X = ξ1(t, x, u)
∂

∂t
+ ξ2(t, x, u)

∂

∂x
+ φ(t, x, u)

∂

∂u
.
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Since the Eq. (2.87) does not involve the fractional derivatives with respect
to x, the x-component of the conserved vector can be found by the general
formula for calculating conserved vectors associated with symmetries. This
formula gives

Cx =W
(
∂L
∂ux

−Dx
∂L
∂uxx

)
+Dx(W)

∂L
∂uxx

. (5.58)

Here
W = φ− ξ1ut − ξ2ux,

and L is the formal Lagrangian (5.44) where the variable v is eliminated by
using a suitable substitution v = ϕ(t, x, u).
The formula for the t-component of conserved vector depends on the type of
time-fractional derivative in the Eq. (2.87):

Ct = I1−α
t Dt(W)

∂L
∂(Dα

t ut)
−WI1−α

T Dt
∂L

∂(Dα
t ut)

+ J

(
Dt(W), Dt

∂L
∂(Dα

t ut)

)
(5.59)

for the Eq. (2.82),

Ct =WI1−α
T

∂L
∂(CDα

t u)
− J

(
Dt(W),

∂L
∂(CDα

t u)

)
(5.60)

for the Eq. (2.84),

Ct = Dα
t (W)

∂L
∂(D1+α

t u)
− I1−α

t (W)Dt
∂L

∂(D1+α
t u)

− J

(
W, D2

t

∂L
∂(D1+α

t u)

)
(5.61)

for the Eq. (2.85) and

Ct = I1−α
t (W)

∂L
∂(Dα

t u)
+ J

(
W, Dt

∂L
∂(Dα

t u)

)
(5.62)

for the Eq. (2.86).
Now we consider separately each of the Eqs. (2.82)-(2.86).

5.3.1 Conservation laws for approximations of the
Eq. (2.82)

In this case we substitute Dγ
t (α) = Dα

t Dt in the Eq. (2.87). Then this
equation has the conservation form with the conserved vector having the com-
ponents

Ct = x2I1−α
t ut, Cx = −x4h(u, ux). (5.63)

The formal Lagrangian (5.44) upon the substitution v = ϕ(t, x), with the
function ϕ(t, x) defined by (5.49),(5.50), takes the form

L = (φ1(T − t)α + φ2)Ψ(x)(Dα
t ut − x2Dx(h)− 4xh). (5.64)
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Substituting the formal Lagrangian (5.64) and the symmetries (2.89)-(2.91)
in (5.58) and (5.59) we find new conservation laws.
For h = ux, h = ux + u, h = ux + u2 we obtain the conserved vector

Ct = x2
[
(T − t)αI1−α

t ut + Γ(1 + α)u− αJ(ut, (T − t)α−1)
]
,

Cx = −x4(T − t)αh(u, ux). (5.65)

The conserved vector (5.65) corresponds to the product φ1ψ1 of the constants
φ1 and ψ1 in the substitution (5.49) with (5.50),(5.54). The conserved vector
corresponding to the product φ2ψ1 of the constants φ2 and ψ1 in (5.49) coin-
cides with the conserved vector (5.63).
For h = ux, using the symmetry X1 from (2.89), we find two additional con-
served vectors:

Ct = x−1
[
(T − t)αI1−α

t ut + Γ(1 + α)u− αI(ut, (T − t)α−1)
]
,

Cx = −(T − t)α(xux + 3u), (5.66)

Ct = x−1J1−α
t ut, Cx = −(xux + 3u). (5.67)

The conserved vector (5.66) corresponds to the product φ1ψ2 of the constants
φ1 and ψ2 in (5.49) with (5.50), (5.55), and conserved vector (5.67) corresponds
to the product φ2ψ2 of the constants φ2 and ψ2. Note that the symmetry X2

from (2.89) provides the trivial conservation law only.
For h = ux+u, using the symmetry X1 from (2.90), we also find two additional
conserved vectors:

Ct = Θ(x)
[
(T − t)αI1−α

t ut + Γ(1 + α)u− αJ(ut, (T − t)α−1)
]
,

Cx = −(T − t)αx2
[
Θ(x)ux + (Θ(x) + 2x−1Θ(x)−Θ(x))u

]
, (5.68)

Ct = Θ(x)I1−α
t ut,

Cx = −x2
[
Θ(x)ux + (Θ(x) + 2x−1Θ(x)−Θ; (x))u

]
, (5.69)

where the function Θ(x) is defined by (5.57). The conserved vector (5.68)
corresponds to the product φ1ψ2 of the constants φ1 and ψ2 in (5.49) with
(5.50), (5.56), and conserved vector (5.69) corresponds to the product φ2ψ2

of the constants φ2 and ψ2.

5.3.2 Conservation laws for approximations of the
Eq. (2.84)

In this case we substitute D
γ(α)
t = CDα

t in the Eq. (2.87). Unlike the
previous case, the equation under consideration does not have a conservation
form. The formal Lagrangian (5.44) upon the substitution v = ϕ(t, x), with
the function ϕ(t, x) defined by (5.49), (5.51), takes the form

L = φ1(T − t)α−1Ψ(x)( CDα
t u− x2Dx(h)− 4xh). (5.70)
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Substituting the formal Lagrangian (5.70) and the symmetries (2.89)-(2.91)
in (5.58) and (5.60) we find new conservation laws.
For h = ux, h = ux + u, h = ux + u2 we obtain the conserved vector

Ct = x2
[
Γ(α)u− J(ut, (T − t)α−1)

]
,

Cx = −x4(T − t)α−1h(u, ux). (5.71)

The conserved vector (5.71) corresponds to the product φ1ψ1 of the constants
φ1 and ψ1 in the substitution (5.49) with (5.51), (5.54).
For h = ux, using the symmetry X1 from (2.89), we find the conserved vector

Ct = x−1
[
Γ(α)u− J(ut, (T − t)α−1)

]
,

Cx = −(T − t)α(xux + 3u). (5.72)

The conserved vector (5.72) corresponds to the product φ1ψ2 of the constants
φ1 and ψ2 in (5.49) with (5.51), (5.55). The symmetry X2 from (2.89) provides
the trivial conservation law only.
For h = ux+u, using the symmetry X1 from (2.90), we also find an additional
conserved vector, namely:

Ct = Θ(x)
[
Γ(α)u− J(ut, (T − t)α−1)

]
,

Cx = −(T − t)αx2
[
Θ(x)ux + (Θ(x) + 2x−1Θ(x)−Θ′(x))u

]
, (5.73)

where the function Θ(x) is defined by (5.57). The conserved vector (5.73)
corresponds to the product φ1ψ2 of the constants φ1 and ψ2 in (5.49) with
(5.51), (5.56).

5.3.3 Conservation laws for approximations of the
Eq. (2.85)

Now we consider the Eq. (2.85) upon substitution D
γ(α)
t . Then this equa-

tion has the conservation form with the conserved vector having the compo-
nents

Ct = x2Dα
t u, Cx = −x4h(u, ux). (5.74)

The formal Lagrangian (5.44) upon the substitution v = ϕ(t, x), with the
function ϕ(t, x) defined by (5.49), (5.52), takes the form

L = (φ1t+ φ2)Ψ(x)(D1+α
t u− x2Dx(h)− 4xh). (5.75)

Substituting the formal Lagrangian (5.75) and the symmetries (2.89)-(2.91) in
(5.58) and (5.61), we find new conserved vectors for all three particular types
of the function h(u, ux).
For h = ux, h = ux + u, h = ux + u2 we obtain the conserved vector

Ct = x2
[
tDα

t u− I1−α
t u

]
,

Cx = −tx4h(u, ux). (5.76)
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The conserved vector (5.76) corresponds to the product φ1ψ1 of the constants
φ1 and ψ1 in (5.49) with (5.52), (5.54). The conserved vector corresponds to
the product φ2ψ1 of the constants φ2 and ψ1 in (5.49) coinciding with the
conserved vector (5.64).
For h = ux, using the symmetry X1, we find two additional conserved vectors:

Ct = x−1
[
tDα

t u− I1−α
t u

]
,

Cx = −t(xux + 3u), (5.77)

Ct = x−1Dα
t u, Cx = −(xux + 3u). (5.78)

The conserved vector (5.77) corresponds to the product φ1ψ2 of the constants
φ1 and ψ2 in (5.49) with (5.52), (5.55), and conserved vector (5.78) corresponds
to the product φ2ψ2 of the constants φ2 and ψ2. As previously, the symmetry
X2 from (2.89) provides the trivial conservation law only.
For h = ux + u, using the symmetry X1 from (2.90), we also construct two
additional conserved vectors:

Ct = Θ(x)
[
tDα

t u− I1−α
t u

]
,

Cx = −tx2
[
Θ(x)ux + (Θ(x) + 2x−1Θ(x)−Θ′(x))u

]
; (5.79)

Ct = Θ(x)Dα
t u,

Cx = −x2
[
Θ(x)ux + (Θ(x) + 2x−1Θ(x)−Θ′(x))u

]
, (5.80)

where the function Θ(x) is defined by (5.57). The conserved vector (5.79)
corresponds to the product φ1ψ2 of the constants φ1 and ψ2 in (5.49) with
(5.52), (5.56), and conserved vector (5.80) corresponds to the product φ2ψ2

of the constants φ2 and ψ2.

5.3.4 Conservation laws for approximations of the
Eq. (2.86)

Now we substitute Dαt = Dα
t in the Eq. (2.87). Then this equation has the

conservation form with the conserved vector having the components

Ct = x2I1−α
t u, Cx = −x4h(u, ux). (5.81)

The formal Lagrangian (5.44) upon the substitution v = ϕ(t, x), with the
function ϕ(t, x) defined by (5.49), (5.53), takes the form

L = φ1Ψ(x)(Dα
t u− x2Dx(h)− 4xh). (5.82)

Substituting the formal Lagrangian (5.82) and the symmetries (2.89)-(2.91)
in (5.58) and (5.62) we construct two new conservation laws.
For h = ux, using the symmetry X1 from (2.89), we find a conserved vector

Ct = x−1I1−α
t u, Cx = −(xux + 3u). (5.83)
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The conserved vector (5.83) corresponds to the product φ1ψ2 of the constants
φ1 and ψ2 in (5.49) with (5.53), (5.55). The symmetry X2 from (2.89) provides
the trivial conservation law only.
For h = ux + u, using the symmetry X1 from (2.90), we also construct two
additional conserved vectors:

Ct = Θ(x)I1−α
t u,

Cx = −x2
[
Θ(x)ux + (Θ(x) + 2x−1Θ(x)−Θ′(x))u

]
, (5.84)

where the function Θ(x) is defined by (5.57). The conserved vector (5.84)
corresponds to the product φ1ψ2 of the constants φ1 and ψ2 in (5.49) with
(5.53), (5.56).
It is interesting to note that for all three particular types of the function
h(u, ux), i.e., h = ux, h = ux + u2, the symmetries (2.89)-(2.91) give the
conserved vector with the components (5.81) that correspond to the product
φ1ψ1 of the constants φ1 and ψ1 in the substitution (5.49) with (5.53), (5.54).

5.3.5 Noninvariant particular solutions

One can use the method of conservation laws (see [92], chapter 2) for con-
structing the particular solutions for the diffusion-type approximations of the
time-fractional Kompaneets equation. According to this method, a particular
solution is obtained by letting

Ct = p(x), Cx = q(t),

where Ct and Cx are the components of a conserved vector. The calculations
lead to the following results.
Calculations show that solutions of any approximation of the Eq. (2.87),
obtained by using conservation laws presented in the previous section and
corresponding this approximation, coincide.
For all approximations of the time-fractional Kompaneets Eqs. (2.87) with
h = ux, this approach gives the linear combinations of the invariant solutions
corresponding to β = 0 and β = −3 that have been presented in the previous
subsection. For h = ux and h = ux + u2, using the method of conservation
laws, we obtain the following solutions:
• for the approximation of the Eq. (2.82)

u = z(x, c1, c2)tα + z(x, c3, c4),

• for the approximation of the Eq. (2.84)

u = z(x, c1, c2),

• for the approximation of the Eq. (2.85)

u = (x, c1, c2)tα−1 + z(x, c3, c4)tα,
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• for the approximation of the Eq. (2.86)

u = z(x, c1, c2)tα−1,

where c1; c2; c3; c4 are arbitrary constants. The function z depends on the
function h : for h = ux + u we have

z(x, a, b) = e−x
[
ax−2Θ(x) + b

]
,

where the function Θ(x) is defined by (5.57). For h = ux + u2 we find two
types of the function f :

z(x, a, b) =
1

x
+

a

x2
tanh

(
b− a

x

)
, z(x, a, b) =

a

x
− a

x2
tan

(
b− a

x

)
.

5.4 Conservation laws of the time-fractional CRW
equation

Like the above section, the formal Lagrangian of the time-fractional CRW
equation (2.72) can be investigated as:

L = v(x, t)
[
∂αt u+ uxx − ux + 2uux

]
, (5.85)

where v(x, t) denotes a dependent nonlocal variable. Moreover, we can con-
struct the adjoint equation as the Euler-Lagrange equation:

δL
δu

= (Dα
t )
∗
v + (1− 2u)vx + vxx = 0. (5.86)

Therefore, the components of the conserved vectors for Eq. (2.72) are

Cti = vDα−1
t (Wi) + J (Wi, vt) , (5.87)

Cxi =Wi (v(1− 2u)− vx) + vDx(Wi), i = 1, 2, (5.88)

where
W1 = −ux, W2 = α(1− 2u)− 4tut − 2αxux. (5.89)

That is

Ct1 = vDα−1
t (−ux) + J (−ux, vt) ,

Cx1 = −ux (v(1− 2u)− vx)− vuxx,
Ct2 = −2αDα−1

t (u)− 4vDα−1
t (tut)− 2αvDα−1

t (xux)

+αJ (1− 2u, vt)− 4J (tut, vt)− 2αJ (xux, vt) ,

Cx2 = (α(1− 2u)− 4tut − 2αxux) (v(1− 2u)− vx)

−v (4αux + 4tutx + 2αxuxx) . (5.90)
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5.5 Conservation laws of the time-fractional VB
equation and time-fractional BB equation

In this section, after some preliminaries we obtain the conservation laws
[95, 80] for the equations{

∂αt u+ vx + uux = 0,

∂αt v + (uv)x + uxxx = 0,
(5.91)

and {
∂αt u− 1

2vx + 2uux = 0,

∂αt v − 1
2uxxx + 2(uv)x = 0,

(5.92)

respectively.
Consider a time-fractional kth-order PDE of two independent variables

x, t and dependent variables u, v, viz.:{
F1(x, t, u, v, ∂αt u, ∂

α
t v, ux, . . . , ukx, vx, . . . , vkx) = 0,

F2(x, t, u, v, ∂αt u, ∂
α
t v, ux, . . . , ukx, vx, . . . , vkx) = 0

, α ∈ (0, 1). (5.93)

The formal Lagrangian of system (5.93) can be written as

L = ψ(x, t)F1 + θ(x, t)F2, (5.94)

where ψ(x, t) = Ψ(x, t, u, v) and θ(x, t) = Θ(x, t, u, v) are new dependent
variables. Corresponding system of adjoint equations is defined as follows:{

F∗1 ≡ δL
δu = 0,

F∗2 ≡ δL
δv = 0,

(5.95)

where the Euler-Lagrange operators are given by the formal sums:

δ

δu
=

∂

∂u
+ (∂αt )∗

∂

∂(∂αt u)
+
∑
s≥1

(−1)sDx · · · Dx
∂

∂usx
, (5.96)

and
δ

δv
=

∂

∂v
+ (∂αt )∗

∂

∂(∂αt v)
+
∑
s≥1

(−1)sDx · · · Dx
∂

∂vsx
, (5.97)

with

Dx =
∂

∂x
+ ux

∂

∂u
+ vx

∂

∂v
+ uxx

∂

∂ux
+ vxx

∂

∂vx
+ · · · (5.98)

being the total derivative operators with respect to x.
Moreover, (∂αt )∗ is the adjoint operator defined by

(∂αt )∗ = −I1−α
C

(
d

dt

)
= C

t D
α
C , (5.99)
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with I1−α
C being the right fractional integral operator and C

t D
α
C being the right

Caputo fractional derivative.
The time-fractional system (5.93) is called nonlinearly self-adjoint if [80]{

δL
δu = µ1F1 + µ2F2,

δL
δv = µ3F1 + µ4F2,

(5.100)

where µi, i = 1, . . . , 4 are unknowns to be determined.
Also, if A is the set of all differential functions of all finite orders, and
ξ, uφ, vφ ∈ A, then Lie-Bäcklund operator is

X = τ
∂

∂t
+ ξ

∂

∂x
+ uφ

∂

∂u
+ vφ

∂

∂v
+ uζ

∂

∂ux
+ vζ

∂

∂vx
+ · · · , (5.101)

where

uζ = Dx
(u
φ
)
− uxDx

(
ξ
)
− utDtτ,

vζ = Dx
(v
φ
)
− vxDx

(
ξ
)
− vtDtτ.

One can write the Lie-Bäcklund operator (5.101) in characteristic form

X = τDt + ξDx + uW ∂

∂u
+ vW ∂

∂v
+
∑
s≥1

Dx . . .Dx(uW)
∂

∂usx

+
∑
s≥1

Dx . . .Dx(vW)
∂

∂vsx
, (5.102)

where uW = uφ− ξux− τut and vW = vφ− ξvx− τvt are the characteristic
functions.
The two-tuple vector T = (T t, T x), T t, T x ∈ A is a conserved vector of
Eq. (5.93) if

Dt(T t) +Dx(T x) = 0, (5.103)

on the solution space of (5.93).

Theorem 25 Every Lie point, Lie-Bäcklund and nonlocal symmetry admitted
by the Eq. (5.93) gives rise to a conservation law for the system consisting of
the Eq. (5.93) and the adjoint Eq. (5.95) where the components T t and T x of
the conserved vector T = (T t, T x) are determined by

T t = Dα−1
t (uW)

∂L
∂(∂αt u)

+Dα−1
t (vW)

∂L
∂(∂αt v)

+ J

(
uW, Dt

∂L
∂(∂αt u)

)
+ J

(
vW, Dt

∂L
∂(∂αt v)

)
, (5.104)

and

T x = uW δL
δux

+ vW δL
δvx

+
∑
s≥1

Dx . . .Dx(uW)
δL

δu(s+1)x

+
∑
s≥1

Dx . . .Dx(vW)
δL

δv(s+1)x
, (5.105)



Conservation laws of the fractional differential equations 185

where

J(f, g) =
1

Γ(1− α)

∫ t

0

∫ T

t

f(τ, x)g(µ, x)

(µ− τ)α
dµdτ. (5.106)

5.5.1 Construction of conservation laws for Eq. (5.91)

The formal Lagrangian for the system of (5.91) can be written as

L = ψ(x, t) (∂αt u+ vx + uux) + θ(x, t) (∂αt v + (uv)x + uxxx) , (5.107)

which admits the adjoint equation{
F∗1 = (∂αt )∗ψ − ψxu− θxv − θxxx,

F∗2 = (∂αt )∗θ − ψx − θxu,
(5.108)

where

ψx = Ψx + Ψuux + Ψvvx,

θx = Θx + Θuux + Θvvx,

θxxx = Θxxx + 3Θuuvu
2
xvx + 3Θuvvuxv

2
x + 3Θuuuxuxx + 3Θuvuxvxx

+ 3Θuvuxxvx + 3Θvvvxvxx + 6Θxuvuxvx + 3Θxxuux + 3Θxxvvx + 3Θxuuxx

+ 3Θxvvxx + Θuuxxx + Θvvxxx + 3Θxuuu
2
x + 3Θxvvv

2
x + Θuuuu

3
x + Θvvvv

3
x.

Therefore, the nonlinear self-adjoint condition (5.100) can be written as

(∂αt )∗ψ − (Ψx + Ψuux + Ψvvx)u− (Θx + Θuux + Θvvx) v −Θxxx

− 3Θuuvu
2
xvx − 3Θuvvuxv

2
x − 3Θuuuxuxx − 3Θuvuxvxx − 3Θuvuxxvx

− 3Θvvvxvxx − 6Θxuvuxvx − 3Θxxuux − 3Θxxvvx − 3Θxuuxx

− 3Θxvvxx −Θuuxxx −Θvvxxx − 3Θxuuu
2
x − 3Θxvvv

2
x −Θuuuu

3
x

−Θvvvv
3
x = µ1 (∂αt u+ vx + uux) + µ2 (∂αt v + (uv)x + uxxx) , (5.109)

and

(∂αt )∗θ − (Ψx + Ψuux + Ψvvx)− (Θx + Θuux + Θvvx)u

= µ3 (∂αt u+ vx + uux) + µ4 (∂αt v + (uv)x + uxxx) . (5.110)

Solving Eqs. (5.109)-(5.110) yields

µi = 0, i = 1, . . . , 4,

Ψ(x, t, u, v) = A, Θ(x, t, u, v) = B, A,B ∈ R.

Therefore, if we suppose A = B = 1, then

L = ∂αt u+ ∂αt v + vx + uux + (uv)x + uxxx. (5.111)
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We recall that Eq. (5.91) admits a two-dimensional Lie algebras; thus we con-
sider the following two cases:
(i) We first consider the Lie point symmetry generator X1 = ∂

∂x . Correspond-
ing characteristic functions are

uW = −ux, vW = −vx. (5.112)

By using the Theorem 25, the components of the conserved vector are given
by

T t =− Iα−1
t (ux + vx),

T x =− ux(u+ v)− vx(1 + u)− uxxx.

(ii) Using Lie point symmetry generator X2 = 2t ∂∂t + αx ∂
∂x − αu

∂
∂u − 2αv ∂

∂v
and Theorem 25, one can obtain the conserved vector whose components are

T t =− αI1−α
t (u+ 2v)− αxI1−α

t (ux + vx)− 2I1−α
t (tut + tvt),

T x =− (αu+ αxux + 2tut)(u+ v)− (2αv + αxvx + 2tvt)(1 + u)

− α(3uxx + xuxxx)− 2tutxx.

In this case, the corresponding characteristic functions are

uW = −αu− αxux − 2tut,
vW = −2αv − αxvx − 2tvt. (5.113)
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nonlinear self-adjointness of

Kompaneets equations,
174–182

nonlinear self-adjointness of
linear TFDE, 164–165

for nonlinear TFDE with
Caputo fractional
derivative, 169–173

for nonlinear TFDE with
Riemann–Liouville
fractional derivative,
168–169

self-adjointness and, 59–62
symmetries and nonlinear

self-adjointness of nonlinear
TFDE, 167–168

TFDE, 160
for TFDE with Caputo

fractional derivative,
166–167

for TFDE with
Riemann–Liouville
fractional derivative,
165–166

of time-fractional CRW
equation, 182

of time-fractional VB equation
and time-fractional BB
equation, 183–186

Conserved vector, 160–161
Couple stress fluid-filled thin elastic

tubes
conservation laws of, 67–70
Lie symmetries of, 22–27

CRW parabolic equation, see
Clannish Random Walker’s
parabolic equation

D
Differential equations, 1
Diffusion-wave equations, 159, 166

E
Erdélyi-Kober fractional differential

operator, 80, 84
Euler-Lagrange operator, 60
Euler-Lagrange equations, 159, 162,

173
Euler’s gamma function, 76

F
FIDEs, see Fractional

integro-differential
equations

Fisher equation, 87
FODEs, see Fractional ordinary

differential equations
Fokker-Planck equation (FP

equation), 82
Fornberg-Whitham equation

(FWE), 4
conservation laws of, 70–72
Lie symmetries of, 4–8

FPDEs, see Fractional partial
differential equations

FP equation, see Fokker-Planck
equation

Fractional Airy’s equation, 142–144
Fractional Burger’s equation,

141–142
Fractional differential equations,

133–141
fractional Airy’s equation,

142–144
fractional Burger’s equation,

141–142
fractional gas dynamic equation,

145
fractional KdV equation, 144
general solutions extracted from

invariant surfaces to, 131
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by invariant surfaces, 153–157
Lie symmetries of space

fractional diffusion
equations, 146–149

prolongation formula of, 131–132
Fractional diffusion-absorption

equation, conservation laws
of, 173–174

Fractional gas dynamic equation, 145
Fractional integro-differential

equations (FIDEs), 113
invariance criterion for, 114–118
kernel function, free term and

related symmetry group of,
122–127

symmetry group of, 119–122
Fractional KdV equation, 144
Fractional Noether operators,

162–164
Fractional ordinary differential

equations (FODEs), 75
Fractional partial differential

equations (FPDEs), 75
basic theory of fractional

differential equations, 75
Erdélyi-Kober fractional

differential operator, 80
fundamental theorem of classical

calculus, 76
group analysis of fractional

differential equations,
80–82

group analysis of time-fractional
Fokker-Planck equation,
82–87

Mittag-Leffler function, 76–77
Riemann-Liouville fractional

integral operator, 77–79
time-fractional CRW parabolic

equation, Lie symmetries
of, 97–98

time-fractional
diffusion-absorption
equation, Lie symmetries
of, 94–97

time-fractional Fisher equation,
Lie symmetries of, 87–90

time-fractional gas dynamics
equation, Lie symmetries
of, 93–94

time-fractional K(m; n)
equation, Lie symmetries
of, 91–92

time-fractional Kompaneets
equation, Lie symmetries
of, 99–103

time-fractional VB and coupled
BB equations, Lie
symmetries analysis of,
103–112

Fractional Taylor’s expansions, 129
Free term of FIDEs, 122–127
Fundamental operator identity, 162
FWE, see Fornberg-Whitham

equation

G
Generalized Leibniz rule, 81
Generalized Vakhnenko equation

(GVE), 9
Group analysis

of fractional differential
equations, 80–82

of time-fractional Fokker-Planck
equation, 82–87

GVE, see Generalized Vakhnenko
equation

H
Heir-equations

method, 40
and nonclassical symmetries,

41–45

I
Infinitesimal generator, 3
Initesimal transformation, 3
Integer order differential equations,

53
Invariance criterion, 87

for FIDEs, 114–118
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Invariant subspace method, 1
exact solutions of time-fractional

CRW equation by, 98
exact solutions of time-fractional

Fokker-Planck equation by,
85–87

exact solutions of time-fractional
VB and BB equations by,
109–112

K
Kadomtsev-Petviashvili equation

(KP equation), 27
KdV-Burger’s equation, 23
Kernel function of FIDEs, 122–127
Kink-like wave solutions, 4
Kompaneets equations

conservation equation, 176–177
conservation laws for

approximations of
time-fractional derivative,
177–181

fractional differential operators,
174–175

noninvariant particular
solutions, 181–182

nonlinear self-adjointness of, 174
time-fractional, 176

KP equation, see
Kadomtsev-Petviashvili
equation

KS equation, see
Kuramoto-Sivashinsky
equation

Kuramoto-Sivashinsky equation (KS
equation), 23

L
Leibniz rule, 105
Leibniz’s formula, 79

for Riemann–Liouville fractional
operator, 129, 131

Lie-Bäcklund operator, 60, 113, 184
Lie algebra, 4
Lie group, 2

analysis, 159

Lie point
groups, 113
symmetries, 159

Lie symmetries
analysis of time-fractional VB

and coupled BB equations,
103–112

of space fractional diffusion
equations, 146–149

of time-fractional CRW
parabolic equation, 97–98

of time-fractional
diffusion-absorption
equation, 94–97

of time-fractional diffusion
equation, 149–152

of time-fractional Fisher
equation, 87–90

of time-fractional gas dynamics
equation, 93–94

of time-fractional K(m; n)
equation, 91–92

of time-fractional Kompaneets
equation, 99–103

Lie symmetry analysis, 1, 75; see
also Nonclassical Lie
symmetry analysis

Black-Scholes equation,
conservation laws of,
62–67

classical Lie symmetry analysis,
1–40

couple stress fluid-filled thin
elastic tubes, conservation
laws of, 67–70

Fornberg-Whitham equation,
conservation laws of,
70–72

mKdV-KP equation,
conservation laws of, 72–74

nonclassical lie symmetry
analysis, 40–59

self-adjointness and conservation
laws, 59–62

Lie symmetry method, 113
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Lie transformation groups, 2–3
Linear TFDE, 164–165; see also

Nonlinear TFDE

M
Magneto-electro-elastic circular rod

equation (MEE), 17
Lie symmetries of, 17–22

MAPLE program, 43
MEE, see Magneto-electro-elastic

circular rod equation
MEW, see Modified equal width
mGVE, see Modified generalized

Vakhnenko equation
Mittag–Leffler functions, 76–77, 140,

154, 156
mKdV-KP equation

conservation laws of, 72–74
Lie symmetries of, 34–40

Modified equal width (MEW), 27
Modified generalized Vakhnenko

equation (mGVE), 8
Lie symmetries of, 8–17

N
Noether identity, see Fundamental

operator identity
Noether operators, 162
Noether’s theorem, 159, 162
Nonclassical Lie symmetry analysis,

40; see also Classical Lie
symmetry analysis

general solutions to fractional
diffusion equations, 153–157

Leibniz’s formula for
Riemann–Liouville
fractional operator, 129–131

Lie symmetries of space
fractional diffusion
equations, 146–149

Lie symmetries of
time-fractional diffusion
equation, 149–152

nonclassical symmetries for class
of reaction-diffusion
equations, 40–53

nonclassical symmetries of
Black-Scholes equation,
53–59

solutions extracted from
invariant surfaces to
fractional differential
equations, 131–145

Nonclassical symmetry method, 41
Nonlinear FP equation, 82
Nonlinearly self-adjoint, 184
Nonlinear PDEs, 75
Nonlinear self-adjointness, 159,

160–162
of Kompaneets equations,

174–182
of linear TFDE, 164–165
of nonlinear TFDE, 167–168

Nonlinear TFDE, 160
conservation laws for nonlinear

TFDE with Caputo
fractional derivative,
169–173

conservation laws for with
Riemann–Liouville
fractional derivative,
168–169

nonlinear self-adjointness of,
167–168

Nucci’s method, 1
Nucci’s reduction method, 10, 18

P
Partial differential equations (PDEs),

75
Point symmetry group, 113

R
Reaction-diffusion equations class,

nonclassical symmetries for,
40–53

Riemann-Liouville fractional
derivative, 161; see also
Caputo time-fractional
derivative

conservation laws for nonlinear
TFDE with, 168–169
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Riemann-Liouville fractional
derivative (Continued)

conservation laws for TFDE
with, 165–166

Riemann-Liouville fractional integral
operator, 77–79

Riemann-Liouville left-sided
time-fractional derivative,
160

Riemann–Liouville fractional
operator, 141

Riemann–Liouville time-fractional
derivative, 163

S
Self-adjointness, 59–74
Space fractional diffusion equations

Lie symmetries of, 146–147
nonclassical method, 147–149

Subdiffusion equations, 159–160, 165
Symmetries of nonlinear TFDE,

167–168
Symmetry group

analysis, 113
of FIDEs, 119–122, 122–127

T
TFDA, see Time-fractional version of

diffusion-absorption
TFDE, see Time-fractional diffusion

equations
TFF equation, see Time-fractional

Fisher equation
Three-dimensional Lie algebras, 69
Time-fractional BB equation,

conservation laws of and,
183–186

Time-fractional CRW equation
conservation laws of, 182
Lie symmetries of, 97–98

Time-fractional differential equation,
132

Time-fractional diffusion-absorption
equation, Lie symmetries
of, 94–97

Time-fractional diffusion equations
(TFDE), 160

conservation laws for TFDE
with Caputo fractional
derivative, 166–167

conservation laws for TFDE
with Riemann–Liouville
fractional derivative,
165–166

Lie symmetries of, 149–150
nonclassical method, 150–152

Time-fractional Fisher equation
(TFF equation), 88

Lie symmetries of, 87–90
Time-fractional Fokker-Planck

equation, group analysis of,
82–87

Time-fractional gas dynamics
equation, Lie symmetries
of, 93–94

Time-fractional Kompaneets
equation, Lie symmetries
of, 99–103

Time-fractional VB and coupled BB
equations, Lie symmetry
analysis of, 103–112

Time-fractional VB equation,
conservation laws of and,
183–186

Time-fractional version of
diffusion-absorption
(TFDA), 173

Two-dimensional non-Abelian
transitive Lie point
symmetry algebra,
50–51

V
Vakhnenko equation (VE), 9
Variant of Boussinesq equation (VB

equation), 103
Lie symmetry analysis of

time-fractional, 103–112
VB equation, see Variant of

Boussinesq equation
VE, see Vakhnenko equation

W
Weierstrass elliptic function, 52
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