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1
Outline of spacecraft collision
warning

1.1 Distribution and characteristics of space objects
Since the launch of the first satellite in 1957, the total number of space object has reached
the order of 10 millions, and the gross mass is up to 10,000 tons, according to statistical anal-
ysis. Up to February 24, 2016, the number of space objects whose diameter is about
subsquare-decimeter and can be tracked on the ground is 17,552 in total [from NASA public
two-line element (TLE) data, excluding classified satellites of the United States and its allies].
All the space objects, whose diameters are less than subsquare-decimeter fall into the cate-
gory of space debris. Of the objects larger than subsquare-decimeter, the number of active
spacecraft with intact shape is less than 2000, and other 15,000 objects are also space debris,
or space junk. It can be seen that space debris constitutes the majority of space objects and
the number is still growing. Fig. 1�1 shows the progressive increment of space objects
tracked from the ground since 1957 to the present. As depicted in the figure, the number of
space objects, especially that of space debris, is increasing at an astonishing speed, in partic-
ular, after critical space collisions such as the collision of the US satellite and the Russian
satellite on February 11, 2009.

Although active spacecraft are not the major component of space objects, they play an
increasingly important role in today’s information society and are deployed into various
orbits according to different applications. Fig. 1�2 shows the distribution of spacecraft in
space around the Earth. From Fig. 1�2 the space over the altitude of 36,000 and below
2000 km above the equator is the main operation region for spacecraft.

Table 1�1 is the distribution of 1303 active spacecraft in terms of orbital altitude and
inclination.

In terms of orbital altitude, spacecraft at an altitude of greater than 30,000 km account for
38.14% of all, and most of them are communications satellites in GEO; spacecraft at an alti-
tude between 30,000 and 2000 km account for 8.29%, and most of them are GNSS satellite;
spacecraft at an altitude between 2000 and 500 km account for 47.35%, and most of them are
resource survey and experimental satellites; spacecraft at an altitude below 500 km account
for 6.22%, and most of them are satellites for special experiments.

In terms of orbital inclination, there are 455 satellites with an inclination less than 5 degrees,
accounting for 34.92%, and most of them are GEO satellites; there are 64 satellites with an
inclination between 5 and 40 degrees, accounting for 4.91%, and most of them are relay and
mission satellites; there are 297 satellites with an inclination between 40 and 80 degrees,
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accounting for 22.79%, and most of them are GNSS and communications satellites; there
are 468 satellites with an inclination between 80 and 120 degrees, accounting for 35.92%,
and most of them are imaging, reconnaissance, and resource survey satellites. From this
the orbital space of GEO satellites at an altitude of 36,000 km and with an inclination
around 0 degrees, that of GNSS satellites at an altitude of 20,000 km and with an inclination
between 40 and 80 degrees and that of sun-synchronous satellites at an altitude between
500 and 2000 km and with an inclination of around 90 degrees are the dominant regions
for space activities.

A large amount of space junks are created when space activities are carried out. Till 2016,
the number of space debris tracked and cataloged reaches 15,729. Table 1�2 shows the

FIGURE 1–2 Distribution of spacecraft (including defunct satellites) from various views: (A) view of Earth from
North Pole, (B) view of Earth from Equator, and (C) view of Earth in the vicinity of Earth.
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FIGURE 1–1 Increment of trackable space objects.

2 Spacecraft Collision Avoidance Technology



orbital distribution of the debris that is mainly distributed in the orbital space with an alti-
tude below 2000 km. Table 1�3 shows the volume rate in different orbital space. It can be
seen that, compared with other regions, the volume rate of detected space debris per
(100 km)3 is more than 0.01 in LEO at an altitude between 300 and 2000 km and is obviously
higher than that of space debris in MEO and GEO. The volume rate of detected space debris
per (100 km)3 is more than 0.7, especially in the space above South Pole and North Pole at
an altitude between 600 and 900 km where on-orbit satellites concentrate. Hence, this region
is the most threatening place where space debris may collide with spacecraft and collision
warning is urgent.

1.2 Characteristics and hazards of space debris
At 00:55 (Beijing Time) on February 11, 2009, the collision of the US Iridium 33 and Russia
Cosmos 2251 satellite about 790 km above Siberia (North Pole) marked the first collision of
intact satellites in the history. It is confirmed that more than 1200 detectable debris were
generated in this collision. Fig. 1�3 depicts the distribution of orbit debris created in the col-
lision. All the debris will reside in space for a long time.

In fact, five collisions on satellites by space debris causing catastrophic loss were confirmed
before this one (see Table 1�4). In December 1991, a Russia defunct navigation satellite
Cosmos 1934 was hit by a piece of space debris from the same series of satellite Cosmos 926.

Table 1–1 Distribution of active spacecraft in different orbits (%).
i (degrees)

i, 5 5# i, 40 40# i,80 80# i, 120 120# i TotalHP (km)

HP$ 30,000 33.69 3.38 0.69 0.31 0.08 38.15
2000#HP, 30,000 1.07 0.15 7.06 0.00 0.00 8.28
500#HP,2000 0.08 1.23 11.74 33.15 1.15 47.35
HP, 500 0.08 0.15 3.30 2.46 0.23 6.22
Total 34.92 4.91 22.79 35.92 1.46 100

Table 1–2 Distribution of space debris in different orbits (%).
i (degrees)

i,5 5# i, 40 40# i,80 80# i, 120 120# i TotalHP (km)

HP$ 30,000 0.19 1.75 0.03 0.01 0.00 1.98
2000#HP, 30,000 1.09 7.40 6.71 0.62 0.09 15.91
500#HP,2000 0.02 1.26 21.98 53.65 0.13 77.04
HP, 500 4.18 0.03 0.24 0.62 0.00 5.07
Total 5.48 10.44 28.96 54.90 0.22 100
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On July 24, 1996, the French ELINT satellite CERIES launched on July 7, 1995, was hit by the
debris of an Ariane rocket launched in 1986. Although the rocket debris did not hit the body
of the satellite, it broke down the gravity gradient stabilization boom which caused the satellite
attitude control failure. These are only observed and documented collisions.

Table 1–3 Distribution of space debris in main orbital regions.

Orbital altitude
(km)

Entire region Special regions

Number of space
objects moving
through the region

Space volume rate
(number of space
debris/100 km3)

Number of space
objects moving
through the region

Space volume rate
(number of space
debris/100 km3)

200�300 363 0.00658 15 0.00451
300�400 764 0.01333 78 0.02274
400�500 1327 0.02248 375 0.10613
500�600 2628 0.04319 1265 0.34777
600�700 4447 0.07121 2763 0.73812
700�800 6552 0.10202 4614 1.19827
800�900 7305 0.11076 5185 1.30956
900�1000 5906 0.08724 3586 0.88115
1000�1100 4450 0.06388 2250 0.53809
1100�1200 3566 0.04988 1390 0.32364
1200�1300 3190 0.04354 1085 0.24605
1300�1400 3112 0.04119 994 0.21962
1400�1500 3791 0.04907 1646 0.35444

18,000�22,000 1967 0.00005 61 0.00003
35,000�37,000 2067 0.00005 2066 0.00291

Note: As for certain regions at an altitude between 35,000 and 37,000 km, the area with latitude within 65 degrees will be selected;
as for certain regions at other altitudes, the area with high latitude (above 70 or below 270 degrees) will be selected.
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FIGURE 1–3 Space debris distribution created in the United States�Russian Satellite Collision in 2009: (A) the orbit
altitude distribution of debris from Iridium 33 and (B) the orbit altitude distribution of debris from Cosmos 2251.
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Besides, the sudden failure or degradation of active spacecraft (satellites or rockets) is fre-
quently observed. Due to the limitation of observation ability and device accuracy, although
it could not be confirmed that those events were caused by debris impact, the undetected
impacts by small debris are likely to be the primary reason. According to postevent estima-
tion, there are several other satellites and rocket bodies impacted. In 1997 the defunct satel-
lite NOAA 7 was collided by unknown space debris; in 2002 the defunct satellite Cosmos 539
was collided by unknown space debris; in 2007 the on-orbit active meteorological satellite-8
was collided by unknown space debris. Each collision not only caused direct damage to the
spacecraft but also produced a large amount of space debris residing in space for a long time
and further deteriorating the space environment. Fig. 1�1 shows the increment of fragments
since 1957, where each collision incident would eventually cause an abrupt increase of new
debris, and the probability of spacecraft collision would increase in turn. With the increase
of collisions the situation may drop into a malicious cascade, which would eventually threat
the security of long-term operation of spacecraft. According to the space debris evolution
model of a relative institution, if current population and increasing trend of space debris are
not controlled, the space will be too crowded to be normally utilized in just about 200 years.

The huge destruction on spacecraft by the impact of space debris is caused mainly by the
relative velocity. To remain in orbit without decaying, all space objects will fly at a velocity of
approximately 10 km/s. Since the flight directions of both objects are different during the
impact, the mean relative impact velocity will usually be greater than 10 km/s. Assuming
that the relative velocity is 10 km/s, the generated kinetic energy will be enormous.
According to the equation that kinetic energy equals to mass multiplied by the square of
velocity, the kinetic energy generated by the collision between a 10-g debris and a spacecraft
equals to that by the crash between two cars running at a speed of 100 km/h on the highway.
The consequence will be catastrophic. According to ground simulations and current
manufacturing status of space material, it is acknowledged that the number of space debris
with a diameter smaller than 1 cm is enormous and hard to be tracked; thus protection from
these tiny debris can only rely on the progress on spacecraft material to minimize the dam-
age of space debris on spacecraft. The number of space debris with a diameter between
1 and 10 cm is on the order of 100,000. The international community is expected to achieve

Table 1–4 The confirmed spacecraft collision events in history.

Number Time Site Space object 1 Space object 2

1 1991-12 Above Siberian Satellite Cosmos
1934 (Russia)

Satellite Cosmos 926 (Russia)

2 1996-07-24 � Satellite Cerise (France) Rocket debris Ariane (ESA)
3 2005-01-17 885 km above the

South Pole
Rocket Thor Burner 2A Debris from the upper stage

of CZ-4 (China)
4 2009-02-10 790 km Above Siberian Satellite Iridium 33

(United States)
Satellite Cosmos 2251 (Russia)

5 2013-05-24 Above Indian Ocean Satellite Pegasus (Ecuador) Rocket fuel tank (the Soviet Union)
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complete monitoring of this kind of debris in the next two to three decades. The possible
technical approach may be the combination of spacecraft self-protection and monitoring
and avoidance by the ground in the future. There are 10,000�20,000 pieces of space debris
with a diameter larger than 10 cm currently tracked by the international community, through
which collision warning and collision avoidance can be achieved. The tracking capabilities
are not enough to monitor all the critical objects of nearly 10 cm in diameter, and the orbits
of these objects cannot be precisely determined by all the available global observing
resources currently. Yet it is a feasible way and already in practice to mitigate the collision
risk for on-orbit spacecraft through the collision prediction by tracking space objects with a
diameter larger than 10 cm via the global tracking stations. Apparently, this technical
approach is not the optimal due to the insufficiency of the global monitoring resources and
the inadequacy of the current prediction accuracy. However, with the joint effort of the inter-
national society, solutions will become more and more mature.

1.3 Collision warning of spacecraft
Space debris avoidance has almost been a routine activity for capable space powers to
ensure the security of their spacecraft or space station. International Space Station (ISS) exe-
cuted several orbital and altitude maneuvers to avoid space debris every year. According to
statistical data, from 2008 to 2014, ISS altogether executed 14 collision avoidance maneuvers
(see Table 1�5) due to the collision threat of space object. From Table 1�5, ISS respectively

Table 1–5 Statistical data of collision avoidance maneuver of ISS in recent years.

Avoidance
time Avoidance object Action

2008-08-27 Debris from satellite Cosmos 2421 (Russia) Collision avoidance maneuver
2009-03-22 Upper stage (China) Collision avoidance maneuver
2009-07-18 Upper stage (Russia) Collision avoidance maneuver
2010-10-26 Debris from satellite UARS (United States) Collision avoidance maneuver
2011-04-02 Debris from satellite Cosmos 2251 (Russia) Collision avoidance maneuver
2011-06-28 Breakdown debris from proton rocket Astronauts entered into the Soyuz

spaceship to hide
2011-09-29 Rocket body debris from Tsyklon (Russia) Collision avoidance maneuver
2012-01-13 Debris from satellite Iridium 33 (United States) Collision avoidance maneuver
2012-01-28 Debris from satellite FY-1C (China) Collision avoidance maneuver
2012-03-24 Debris from satellite Cosmos 2251 (Russia) Astronauts entered into the Soyuz

spaceship to hide
2014-03-16 Debris from satellite Meteor 2-5 (Russia) Collision avoidance maneuver
2014-04-03 Rocket body form Ariane (ESA) Collision avoidance maneuver
2014-10-27 Debris from satellite Cosmos 2251 (Russia) Collision avoidance maneuver
2014-11-12 Debris form remote sensing satellite 12 (China) and

ATV-5 (ESA)
Collision avoidance maneuver
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executed one maneuver in 2008, two maneuvers in 2009, one maneuver in 2010, three man-
euvers in 2011, three maneuvers in 2012, and four maneuvers in 2014. It is obvious that the
increasing number of avoidance frequency shows the worsening of the operation environ-
ment of spacecraft.

However, current limited tracking resources and accuracy of orbital dynamics prediction
models lead to the unfavorable credibility of collision avoidance. With the increasing number
of space debris, spacecraft are encountering more and more enormous collision threats and
risks during on-orbit operation. In 2015 from October 1 to 10, the United States notified 21
collision warning events of LEO satellites of China (Table 1�6). These events were confirmed
to be false alarms afterward. If avoidance maneuvers were executed according to these false
alarm notices, more fuel would have been consumed and the designed lifetime of the space-
craft would have been greatly reduced. If avoidance maneuvers were frequently executed,
the normal applications would have been interrupted, and the efficiency of the spacecraft
would have been reduced. Therefore reducing false alarms and improving the credibility of
early warning is prerequisite for engineering implementation of spacecraft collision warning
and avoidance.

Table 1–6 Collision warning events of LEO satellites notified by the United States to
China (2015-10-01T00:00:00�2015-10-10T00:00:00).

Number

Satellites of
China (NORAD
code)

Space object
(NORAD
code)

Time of closest
approach (Beijing
time)

Miss
distance
(m)

R direction
(m)

T direction
(m)

N direction
(m)

1 37,167 30,694 10-01 06:57:54 703 2 127 339 603
2 38,038 30,954 10-02 00:28:04 652 2 189 2 181 598
3 37,931 30,721 10-03 16:07:10 221 29 2 211 2 67
4 36,415 29,928 10-04 00:26:10 627 2 25 223 2 586
5 28,890 35,076 10-04 10:08:46 486 133 456 105
6 31,490 35,336 10-04 17:36:32 927 2 77 2 813 440
7 39,455 29,875 10-04 19:01:04 189 2 190 2 4 2 5
8 39,209 1722 10-05 07:19:04 615 86 2 498 2 351
9 39,358 40,467 10-05 19:56:12 157 2 104 23 117
10 40,701 15,592 10-06 02:29:22 380 2 97 212 2 368
11 40,701 15,592 10-06 02:29:23 354 2 88 2 8 2 343
12 29,506 33,409 10-06 10:21:29 758 58 752 2 79
13 28,737 30,192 10-06 14:16:14 849 2 145 323 2 773
14 40,701 15,592 10-08 14:17:50 903 2 108 11 2 897
15 40,701 15,592 10-08 14:17:51 948 2 116 8 2 941
16 27,431 82,030 10-08 22:57:53 115 82 2 3 82
17 37,930 9986 10-09 05:09:14 540 190 2 133 2 488
18 33,433 39,888 10-09 11:42:27 669 162 58 2 648
19 27,431 39,603 10-09 14:21:40 630 165 1 609
20 38,861 21,423 10-09 20:40:47 308 34 4 2 307
21 38,861 15,495 10-09 23:49:13 391 2 97 344 160
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The direct reason for the high false alarm rate of spacecraft collision warning is the insuffi-
cient prediction accuracy of orbital positions of both spacecraft and the dangerous space object.
Assuming that the prediction accuracy of both orbital positions in 24 hours is within the magni-
tude of meter, the collision warning on spacecraft within meter level in 24 hours can be 100%
credible. However, at present, the quasi�real-time orbit determination accuracy of spacecraft
measured using cooperative equipment can reach the order of meters or even centimeters,
whereas the ultimate accuracy of the dangerous space object measured by noncooperative
equipment can only reach the order of 10 m. However, as an active spacecraft collision warning,
alarms should generally be sent at least 24 hours ahead. Hence, after the quasi�real-time orbit
determination, orbital position in 24 hours will be propagated using orbit dynamics extrapola-
tion method, and collision warning will be performed. Considering the accuracy of the orbital
dynamics model, especially the influence of errors in atmospheric density model, even though
no error exists in quasi�real-time orbit determination, the accuracy of predicted orbital posi-
tions for 24 hours is hard to surpass the order of 100 m. Within two big error spheres with
diameter of 100 m, the collision possibility of two objects with diameter of a few meters or even
less is very low. Limited by the global space object�detection resources, current space object
catalog system worldwide can only maintain the accuracy of quasi�real-time orbit determina-
tion for all space objects at the magnitude of kilometers and the accuracy of extrapolation pre-
dicted orbital positions for 24 hours at the magnitude of 10 km, which will lead to the collision
warning based on common space object catalog orbital system without any credibility.

In view of current ability, two types of collision warnings are defined in the collision warning
strategy in this book, that is, colorless warning and colorful warning. A colorless warning is
based on normal catalog system for space object monitor task without special requirement on
accuracy or any additional tracking task. It can be carried out by using measurement data from
devices or only TLE from an open source on the internet. Any universities, organizations, or
individuals in the world can carry out colorless warning if they are interested. This kind of colli-
sion warning cannot be used as the basis for spacecraft avoidance due to relatively higher false
alarm rate and lower credibility, whereas it can be used to filter dangerous events, select dan-
gerous objects, and schedule detection devices to execute important observations. Colorless
warning is a kind of collision warning based on normal catalog system without extra observa-
tion cost. Colorful warning is a kind of collision warning based on selected conjunction candi-
dates by colorless warning. Since colorful warning is used to determine whether or not to
perform collision avoidance, it requires real-time assessment and high orbit prediction accuracy
of space object. Therefore intensive observations on conjunction candidates need to be sched-
uled. In general, colorful warning can be divided as yellow and red warnings in terms of phase
and requirement on orbit prediction accuracy. Red warning is the precondition for spacecraft
collision avoidance and yellow warning lays the foundation for red warning and is necessary for
further reducing false alarm rate, concentrating detection devices on conjunction candidates,
and improving the credibility of red warning. In colorful warning, especially in the phase of red
warning, all-time and all-weather stable detection device is necessary to ensure the stability of
data collection, and precise orbit determination system is used to perform orbit determination
and prediction calculation to ensure the high credibility of conjunction point prediction.

8 Spacecraft Collision Avoidance Technology



The foundation of spacecraft collision warning system with no false dismissal, low false
alarm rate, and high credibility depends on enormous space object�detection network,
accurate orbit determination and prediction, reasonable detection and calculation resource
scheduling strategy, and efficient management commanding system. Space object catalog
and orbit determination system is used to continually screen numerous colorless warning
messages with possible collision risks in order to ensure no false dismissal within the space
surveillance capacity; the reasonable resource scheduling strategy is used to screen yellow
warning messages with possible collision risks and eliminate most of the false alarms; precise
orbit determination and prediction system is used to recognize important dangerous red
events and schedule spacecraft to perform collision avoidance maneuver. This is the main
task of the whole collision warning process.

This work involves fundamental technologies of space object orbit calculation, detection
data acquisition technology, precise orbit calculation theory, the space environment of space
object flight, overall planning, and other technological theories. The above fundamental
technologies, theories, and models will be successively introduced in the upcoming chapters
in this book. It is expected that this book can help readers acquire a thorough, objective, and
detailed understanding of spacecraft collision avoidance technologies.

Chapter 1 • Outline of spacecraft collision warning 9



2
Basics of orbital calculation for
spacecraft collision avoidance

The warning of spacecraft collision avoidance is essentially a warning of the risk of close
approach between two space objects, the position information of which is obtained through
collaborative and noncooperative orbit measurement and prediction. Due to different mea-
surements of two high-dynamic moving objects and different sources of measurement infor-
mation from different countries of international cooperation, it is especially important to
adopt a unified benchmark frame. In addition, the precise orbit calculation of space objects
should be carried out in space inertial system, and the measurement of space objects is
usually obtained on the basis of the fixed TT&C stations in Earth’s fixed coordinate system.
The transformation of celestial spheres and various coordinates of the Earth are involved.
This chapter gives a brief introduction to the definition of time and coordinate system and
the transformation between the systems, as well as basics of orbital dynamics.

2.1 Basic definitions and transformation in astronomy
2.1.1 Basic concepts in astronomy

The basic idea of astronomy is the basis of the inertial coordinate system of celestial sphere
that we are talking about. Fig. 2�1 is the reference ellipsoid for the celestial sphere; it shows
the horizontal plane, meridian plane, equator, ecliptic, equinox, and hour angle, and the
definitions are shown as follows:

Reference ellipsoid: A rotating ellipsoid is often defined that approximates the figure of the
Earth. This rotating ellipsoid is called the reference ellipsoid. Reference ellipsoid’s center O
coincides with the Earth’s center of mass, and the rotation axis of the ellipsoid points toward
the conventional international origin P.

Horizontal plane: It is defined as the tangent plane A-a1. . .-n with its tangent point A at
the reference ellipsoid.

Meridian plane: It is defined as the plane PA passing through any point A on the surface
and the North and South Poles.

Equator: Equatorial plane is the plane passing through the Earth’s center of mass and
perpendicular to the rotation axis. And equator is the intersection of the surface with the
equatorial plane.

11Spacecraft Collision Avoidance Technology. DOI: https://doi.org/10.1016/B978-0-12-818011-2.00002-7
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Ecliptic: The Earth rotates around the Sun. An observer on the Earth viewing the Sun will
note that the Sun orbits around the Earth. The trajectory of the apparent diurnal movement
of the center of the Sun is referred to as ecliptic.

Vernal equinox: The ecliptic and the equator intersect at two points. The point γ where
the Sun moves from the southern hemisphere into the northern hemisphere is the ascending
node, also known as the vernal equinox. The direction from the center of the Earth toward
the vernal equinox is the direction toward the vernal equinox. It is often used as a basic
direction in astronomy.

Hour angle: O is the center of the Earth, P is the North Pole, and S is the observing sta-
tion. PSG is the meridian passing S, X denotes any celestial body, PXT is a large arc passing
X, and γTG is the equator. Then the arc GT is called the hour angle of celestial X. For the
vernal equinox γ, Gγ is the hour angle of the vernal equinox.

Precession: The vernal equinox is not fixed among the stars, and actually it moves slowly
along the ecliptic westwards. This phenomenon is called precession. Precession is caused
due to the gravitation of the moon, sun, and planets. Earth’s rotation axis revolves around
the ecliptic pole, with a precession angle of 23.5 degrees, opposite to the Earth’s rotation
direction, and a period of 26,000 years. This is called lunisolar precession. It makes vernal
equinox moving westward about 50v.37 along the ecliptic each year. In addition, the gravity
of planets will cause the rotation of the Earth’s orbital plane. This will also cause movement
of the vernal equinox (but does not cause the Earth’s axis precession). This is called plane-
tary precession. It makes equinox moving 0v.13 along the equator each year.

Nutation: The orbital planes of the moon and the sun do not coincide with the equatorial
plane of the Earth. They are sometimes above the equatorial plane and sometimes under the
equatorial plane. In addition, the Moon�Earth or Sun�Earth distance is also changing.
These factors yield the changing moment of the precession of the Earth’s axis. This further

FIGURE 2–1 Space frames and basic planes.
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makes the Earth’s axis precession extremely complex. Precession trajectory can be seen as
tiny swaying in the vicinity of the average position for a short period. The tiny swaying is
called nutation. Nutation’s half amplitude is about 9v.2, with a period of about 18.6 years.

Nutation is denoted by “longitude nutation” and “obliquity nutation.” The precise formula is
very complicated, if you want to be accurate to 0v.0001, the formula will contain more than 100
items. Therefore in practical applications the formula is not directly used. Instead, Jet Propulsion
Laboratory provides “sun�moon�planet ephemeris and nutation” data for calculations.

When only the effect of precession is considered, the vernal equinox and equator are
referred to as the mean vernal equinox and mean equator. When the influence of precession
and nutation are considered together, they are called the instantaneous vernal equinox and
instantaneous equator, or true vernal equinox and true equator.

Pole shift: The Earth’s poles are the intersection of the Earth’s rotation axis with the sur-
face. Subject to complex motions of oceanic currents, tides, and Earth mantles, the instanta-
neous rotating axis of the Earth will wander within 1 as, which makes the Earth’s poles not
strictly fixed points on the surface.

The shift of the Earth’s poles on the surface is referred to as pole shift. The position of the
instantaneous pole at any time can be represented by XP and YP, Origin of the coordinate sys-
tem is the conventional international origin P0 (CIO), X-axis prime Greenwich meridian, and
Y-axis the meridian at 90-degree-west longitude. The polar change of 2012�14 is shown in
Fig. 2�2. It is shown that the variety rule of polar anniversary is obvious during the period of
3 years. The range of changes is within 10 m, and there is a significant systematic bias for P0.

FIGURE 2–2 Polar shift from 2012 to 2014.
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Pole shift is a completely different geophysical phenomenon with precession and
nutation. Precession and nutation reflect the direction change of the Earth’s rotation
axis in stellar space, but the relative position within the Earth’s interior does not
change. Thus precession and nutation only cause changes in celestial coordinate but do
not cause a change in the Earth’s surface latitude and longitude. In contrast the pole
shift shows no change in the direction of Earth’s rotation axis in stellar space, but its
relative position within the Earth’s interior does change. This leads to changes of polar
positions on the Earth’s surface and eventually causes changes of the longitude and lati-
tude on the Earth’s surface. As the topocentric coordinates are defined within Earth-
fixed coordinate systems, the pole shift correction shall be applied when the topocentric
coordinates interact with the celestial sphere. In addition, the precession and nutation
can be modeled very well, and the actual observations are consistent with the theoreti-
cal models. The formula will usually produce satisfactory precision of values. In contrast
the normalized amplitude of the pole shift on the surface is hard to coincide with the
theoretical value, though the value is only about the order of tens of meters. Thus high
precision pole shift values are based on actual observations. Currently, the shift value
(XP, YP) is accurately measured and published by the International Earth Rotation and
Reference Systems Service (IERS), so as to obtain accurate prediction value and precise
solution value.

In addition, China’s International GNSS Monitoring and Assessment System (referred
IGMAS) has been approved by the 10th Annual Meeting of the International Conference on
Genomics (ICG-10) in November 2015. The Mission of IGMAS is to provide a global real-
time tracking network with full-arc and multicoverage for BDS/GLONASS/Galileo navigation
satellites, as well as an information platform with the abilities of data collection, storage,
analysis, management, publishing, and other functions, so as to monitor and evaluate the
operation and key indicators of GNSS and to generate products such as high-quality naviga-
tion satellite ephemeris, clock, Earth’s pole shift parameters, tracking station coordinate and
velocity, global ionospheric delay model, and GNSS-integrity products. Since 2016, global
users can go to http://en.beidou.gov.cn/ for pole-shift parameters [103].

2.1.2 Time systems and major transformation formula

In orbit calculation, time is an independent variable. Yet different time systems are applied
for calculating different physics quantities. Time system is defined with the starting point
and the unit of measurement of time intervals.

2.1.2.1 Sidereal time
The time when the vernal equinox passages over the observer is the zero hour of the local
sidereal time. The local sidereal time is defined as the hour angle of the vernal equinox. As
can be seen from the definition of sidereal time, the change rate of sidereal time is that of
the apparent diurnal motion of the vernal equinox. The apparent diurnal motion rate of
vernal equinox is the composition of the Earth’s rotation rate and rate of the equinox itself.

14 Spacecraft Collision Avoidance Technology

http://en.beidou.gov.cn/


We know that the vernal equinox displacement rate is subject to precession and nutation
effects. When precession and nutation is considered, the obtained sidereal time is called true
sidereal time, denoted as θg .

2.1.2.2 Solar time
The solar time includes true solar time and mean solar time.

True solar time: The time when the apparent Sun passages over the observer’s meridian
is the zero hour, then the hour angle of the apparent Sun is the local true solar time.

Since the ecliptic and the equator do not coincide, and the Earth’s orbit around the Sun
is not a circle, the true solar time changes irregularly. Thus mean solar time is defined as
follows.

First a fictitious point is introduced in the ecliptic which moves with the mean angular
velocity of the Sun and passes the perigee apogee at the same time as the Sun. Then another
fictitious point is introduced in the equator which moves at the same speed as the fictitious
point in the ecliptic and returns to the vernal equinox at the same time as the point in the
ecliptic. This second point is called the mean sun. The relationship is given next:

Mean solar time5hour angle of mean sun1 12 hours or
Mean solar time5hour angle of mean vernal equinox—right ascension of mean
sun1 12 hours.

2.1.2.3 Universal time
Greenwich mean solar time is called Universal Time.

Since the mean Sun is a fictitious point, and is not subject to observation, Universal Time
is in fact determined by observing the diurnal motion of stars is and obtained via sidereal
time. Universal Time reflects the Earth’s rotation. Due to the uneven nature of the Earth’s
rotation and changes in the Earth’s meridian caused by pole shift, the Universal time is not
uniform. Depending on the adjustments to Universal Time, three variations of Universal
Time are defined.

UT0: Universal Time determined by direct observation of the stars is called UT0.
Due to the pole shift, the local meridians also change. So the UT0 corresponds to the

position of the observer. UT1 is obtained after pole shift correction.
UT15UT01pole shift correction.
As the Earth’s rotation presents long-term, periodic, and irregular changes, UT1 also has

the above features. After seasonal periodic correction, we get UT2:
UT25UT12periodic items.

2.1.2.4 Ephemeris time
The start point of ephemeris time is defined as the epoch when the Sun’s geometric mean
longitude is 279�4104800: 04, relative to the instantaneous mean vernal equinox. The standard
second is defined as the second length on January 0 12:00 (ET) of the tropical year 1900 (or
the fraction 1/31, 556, and 925.9747 of the tropical year).
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Ephemeris time is a uniform timescale within the solar barycentric framework, and it is
the independent variable in Newtonian equations of motion for calculating the ephemerides
of the Sun, Moon, planets, and satellites.

Definition of ephemeris time depends on the system of astronomical constants adopted.
The ephemeris time is obtained by observations of the positions of the Moon. The ephemeris
time relying on modified Brown lunar ephemeris during 1960�67 is referred to as ET0. Apart
from the modified Brown lunar ephemeris, another ephemeris time relying on astronomical
constants system of the year 1964 during 1968�71 is called ET1. The lunar ephemeris was
refined after 1972 when the new series in lunar motion were researched, and the ephemeris
time relying on the refined lunar ephemeris is called ET2. Ephemeris time used herein is
ET2, referred to as ET for short.

2.1.2.5 Atomic time
The current major International Atomic Time system, TAI, is determined by the
International Time Bureau (BIH). Take 0:00 on January 1, 1972 (UT2) as the starting point of
TAI. The length of a second is defined as 9,192,631,770 periods of the radiation correspond-
ing to the transition between the two hyperfine levels of the ground state of the Cesium 133
atoms.

2.1.2.6 Coordinated universal time
As can be seen from the definitions of Universal Time and Atomic Time, Universal Time
represents the Earth’s rotation, yet the change is not uniform. While the change in Atomic
Time is more uniform than Universal time, its definition has no connection with the Earth’s
rotation. Thus the atomic time does not reflect the Earth’s rotation. To this end, Coordinated
Universal Time, UTC, is introduced to basically synchronize with the Earth’s rotation. Epoch
of UTC is the same with the epoch of Universal Time, and the duration of a second is the
same as the definition of an atomic second. UTC is the standard time signal for tracking sta-
tions to synchronize time.

Actually, the definition of UTC changed several times in history. With an intent to make
UTC as close as possible to UT2, frequency compensation was adopted prior to January 1,
1972 to make the UTC second very close to the UT second. When |UTC-UT2| is greater than
0.1 second, the specified date is forced to a time jump of 0.1 second. After January 1, 1972,
the length of second in UTC is equal to the second of atomic time. When |UTC-UT1| is
greater than 0.9 second, a time jump is forced on 0:00 January 1 (UTC) or 0:00 July 1 (UTC).
Each jump is 1 second, which is also called leap second.

2.1.2.7 GPS time
GPS time (GPST) is an atomic timescale used in global positioning system, of which the zero
is at 0:00:00 on January 6, 1980. At the starting epoch, GPS and UTC aligned exactly, and the
two time systems give the identical time. Due to the presence of UTC leap second and the
continuity of GPST, there will always be a difference of an integer number (n) of seconds
between UTC and GPST, where n is the accumulative number of seconds to UTC in this
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duration. Yet at 0:00:00 January 6, 1980, the difference between UTC and TAI is 19 seconds,
so the difference between GPST and TAI is always 19 seconds, namely

TAI � GPST 5 19 seconds

Theoretically, TAI and GPST are both atomic timescale and have no time jumps; thus
there is a strictly fixed difference of 19 seconds between them. Yet TAI and GPST are main-
tained by different atomic clocks, and the difference C0 between TAI and GPST is measured
and published by specialized institutions. Current monitoring indicates that the value C0 is
usually kept within 10 ns. For spacecraft collision warning computation, this difference can
be completely ignored. However, as GPS is widely used in time alignment and onboard GPS
timing, UTC�GPST difference cannot be totally ignored.

2.1.2.8 BeiDou time
With the improvement of China BeiDou Navigation Satellite System, BeiDou time is also
widely used as well as GPST. Similarly, BeiDou time is an atomic timescale, of which the
zero is at 0:00:00 on January 1, 2006 (UTC). The second duration of TAI is adopted in
BeiDou time with no leap second. The longest time duration of BeiDou time is a week
(defined by 604,800 seconds), which is referred to as WN and SOW. TAI and BDT can be
transformed as follows:

TAI � BDT 5 33 seconds

By UTC (NTSC), BDT can be contacted with the international UTC. The deviation
between BDT and UTC is kept within 100 ns (1 second). The leap second information of
BDT from UTC is broadcasted in navigation message [102].

2.1.2.9 Time system conversion
For conversion from UT1 to Greenwich mean sidereal time, θ g , the following formula is
used:

θ g 5 18h:69737461 879000h:0513367TU 1 0s:093104T2
U 2 6:2s 3 1026T3

U (2.1)

where TU is the Julian centuries since 12:00 January 1, 2000 (UT1) (JD5 2451545.0).
For conversion from Gregorian date to Julian Date, assume that the year, month, day,

hour, minute, and second in the Gregorian calendar are, respectively, Y, M, D, h, m, and s.
Then

J5D2 320751 14613 ðY1 48001 ½ðM2 14Þ=12�Þ=4� �
1
�
3673 ðM2 22

�ðM2 14Þ=12�3 12Þ=12�
2 33 ðY1 49001 ½ðM2 14Þ=12�=100� �

=4
� �

(2.2)

where [X] represents the integral part of X.
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The corresponding Julian date:

JD5 J2 0:51h=241m=14401 s=86;400 (2.3)

2.1.3 Coordinate systems and major transformation formula

In orbit calculation, we have to, in a precise way, deal with a variety of observations and
orbit ephemeris conversion in different coordinate systems. Meanwhile, many quantities in
dynamic models for orbital calculation are defined in a specific coordinate system. A variety
of coordinate systems are therefore to be introduced to facilitate the processing and
calculation.

A coordinate system is defined by three elements: origin, the basic plane, and the primary
direction in the plane (usually the direction of X-axis in the Cartesian coordinate system).

2.1.3.1 2000.0 inertial coordinate system
The origin is at the center of mass of the Earth, the fundamental plane is the mean equator
of J2000.0, and the X-axis is aligned with the mean equinox of J2000.0. Z-axis is the normal
direction of the fundamental plane and is aligned with the North Pole. Y-axis and X, Z axes
make up a right-handed system.

In the 2000.0 inertial coordinate system the position vector is denoted with ~r , and the
velocity vector is denoted with _~r.

2.1.3.2 Instantaneous mean equatorial coordinate system
The origin is at the center of mass of the Earth, the fundamental plane is the mean equator
at the instant of observation, and the X-axis is aligned with the mean equinox of the observa-
tion instant. Z-axis is the normal direction of the fundamental plane and is aligned with the
North Pole. Y-axis and X, Z axes satisfy the right-handed rule.

In this coordinate system the position vector is denoted with ~rm. The velocity vector is
denoted with _~rm.

2.1.3.3 Instantaneous true equatorial coordinates system
The origin is at the center of mass of the Earth, the fundamental plane is the true equator at
the instant of observation, and the X-axis is aligned with the true equinox of the observation
instant. Z-axis is the normal direction of the fundamental plane and is aligned with the
North Pole. Y-axis and X, Z axes satisfy the right-handed rule.

In this coordinate system the position vector is denoted with ~r t , and the velocity vector
with _~rt .

2.1.3.4 Quasi Earth-fixed coordinate system
The origin is at the center of mass of the Earth, the fundamental plane is the instantaneous
equator of the Earth, and the X-axis is aligned with the Greenwich Meridian. Z-axis is aligned
with the instantaneous North Pole of the Earth’s rotation axis. Due to the pole shift effect,
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the Z-axis’ intersection with the Earth surface changes with time. X, Y, and Z axes make up a
right-handed system.

This coordinate system is fixed to the Earth and rotates with the Earth. In this coordinate
system the position vector is denoted with~r 0b, and the velocity vector with _~r0b.

2.1.3.5 International Terrestrial Reference System
International Terrestrial Reference System (ITRS) is the most accurate and widely used con-
ventional terrestrial coordinate system. In accordance with IUGG resolutions, ITRS is defined
by the IERS. The core of its definition of spatial coordinates O-XYZ is as follows: O is the cen-
ter of mass of the Earth, Z-axis points to the Celestial Intermediate Origin (CIO), X-axis is
aligned with the Greenwich meridian, and Y-axis, perpendicular to X, Z-axes, satisfies a
right-handed rule. Only such an invisible reference system definition is not enough to deter-
mine the position of a point on the surface of the Earth. In addition to the ITRS reference
system definition a group of reference stations are used, and these stations are called IERS
reference stations. The stations’ coordinates (X, Y, and Z), their velocity (WX, WY, and
WZ)/year, and the earth orientation parameters published by IERS all together constitute
the International Terrestrial Reference Frame (ITRF). With this frame of reference, you can
measure the difference between any point on Earth or in space and the reference points to
calculate the coordinates of the measured point in the ITRS. The precise pole motion para-
meters are also available to calculate the point’s coordinates in the celestial coordinate
systems.

2.1.3.6 Earth-fixed coordinate system
In order to keep fixed point’s coordinates constant, it is necessary to construct a coordinate
system completely fixed with the Earth body itself. A variety of Earth-fixed coordinate sys-
tems can be defined according to different applications. In order to facilitate the conversion
between celestial coordinates and terrestrial coordinates, space object orbital calculation
usually adopts CGCS2000 (China Geodesic Coordinate System 2000) or WGS-84 (World
Geodesic System 1984) Earth-fixed coordinate systems, which are coincident with the ITRF.
This coordinate system is fixed to the Earth and rotates with the Earth. In this coordinate sys-
tem the position vector is denoted with~rb, and the velocity vector with _~rb.

As the GPS coordinate reference system, WGS-84 coordinate system is a US-defined
global geocentric coordinate system. It is widely adopted in the world with the popularity of
GPS navigation and positioning technology. The coordinate system definition is almost con-
sistent with ITRS. The coordinates of IERS reference stations in this frame have a difference
of less than 1 cm relative to the defined ITRF coordinates in three axes.

CGCS2000 is also known as 2000 China Geodetic Coordinate System. The origin and the
three axes are consistent with ITRS reference system, and the ellipsoid geometry parameters
a5 6,378,137.0 and f5 1: 298.257222101. At the reference epoch of 2000, CGCS2000 can be
considered coincident with the ITRF and WGS-84 at the centimeter level.
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2.1.3.7 Geodetic system
The topocentric coordinates of the observer, as well as the satellite ground track, are often
expressed in geodetic coordinate system. The coordinate system uses the geodetic reference
ellipsoid as a reference surface, and the observer’s position is denoted in geodetic longitude
λ, geodetic latitude ϕ, and the height h, which is defined as follows:

The longitude is measured as the angle between the observer’s (or celestial bodies’) geo-
detic meridian plane and the prime meridian plane. It is measured eastward from the prime
meridian plane.

The geodetic latitude is the angle between the normal to the reference ellipsoid at the
observer and the equatorial plane. It is measured from the equator, with northward as posi-
tive and southward as negative.

The height is defined as the distance along the normal direction from the observer to the
reference ellipsoid. It is measured from the reference ellipsoid, with outward as positive and
inward as negative.

2.1.3.8 Topocentric coordinate system
The origin is the center of the tacking station, that is, the rotating center of the tracking
antenna. The local horizon at the station center is the fundamental plane. The primary direc-
tion is directing northward from the origin.

For station Cartesian coordinates, X-axis directs eastward in the fundamental plane, Y-
axis directs toward the primary direction, and Z-axis is perpendicular to the fundamental
plane pointing upward.

For station spherical coordinate system, range ρ is the distance from the center to the sat-
ellite, azimuth A is the angle measured clockwise from the primary direction to the satellite
position vector’s projection upon the fundamental plane, and elevation E is the angle
between the satellite position vector and the fundamental plane.

In this coordinate system the position vector is denoted with ρ, and the velocity vector
with _ρ.

2.1.3.9 Satellite coordinate system
Coordinate origin is the satellite’s center of mass. Z-axis points from the satellite center of
mass to the center of the Earth (i.e., r direction), Y-axis directs opposite of the normal to the
orbital plane, and X-axis directs toward the motion direction and is perpendicular to Z-axis
within the orbital plane. X-, Y-, and Z-axes satisfy the right-handed rule.

2.1.3.10 UNW and RTN coordinate system
2.1.3.10.1 UNW coordinate system
UNW coordinate system is defined by the followings. The origin is the center of mass of a
space object. U direction is of the direction of the velocity vector. N direction is perpendicu-
lar to U direction and points toward the orbit normal direction. W direction constitutes
right-hand system with U and N directions. The vectors of UNW coordinate system are
defined in J2000.0 inertial coordinate system as U, N, W, then there is
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U5
v
jvj W5

v3 r
jv3 rj N5W3U

where v and r are, respectively, the position and velocity vector in J2000.0 inertial coordinate
system.

2.1.3.10.2 RTN coordinate system
RTN coordinate system is defined by the followings. The origin is the satellite’s center of
mass. R radial axis coincides with direction from the center of the Earth to the satellite center
of mass. T transverse axis points toward the movement direction in the orbital plane and is
perpendicular to the R-axis. N-axis is the normal to the orbital plane and constitutes the
right-hand system with R- and T-axes. The vectors of RTN coordinate system are defined in
J2000 inertial coordinate system as R, T, N, then there is

R5
r
jrj N5

r3 v
jr3 vj T5N3R

2.1.3.11 Coordinate transformation
Ephemeris calculation is the prerequisite for satellite orbital determination and prediction.
And the integrator in this calculation requires continuous time frame of high stability and
inertial coordinate system with no rotation, so that the satellite position can be integrated.
This is why we select atomic time TAI and 2000.0 inertial coordinate frames adopted by BIH
for integration of orbital ephemeris calculation. Yet all observations for satellite tracking are
defined in Earth’s fixed coordinate system and conventional UTC. So space-time frame trans-
formations are the basics of orbital calculation. We shall be very familiar with the definitions
of abovementioned time and coordinate systems and use such parameters as time, pole
motion, precession and nutation, to compute the transformation from one frame to another.

2.2 Space object orbit: basic definitions and transformation
The trajectory of any object flying in the space can be expressed by its position and velocity
at any epoch, t, in inertial J2000 coordinate system. Space objects herein are referred to those
orbiting the Earth; they move in elliptic orbits at the first cosmic velocity, according to
Kepler theorem. At time t, three parameters depicting the shape and size of the ellipse are
mainly dependent on the object’s velocity. And the orientation of the ellipse in J2000 inertial
system and the three parameters depicting the object’s elliptic motion together give the exact
position of the object in J2000 inertial system. These six parameters are also known as six
orbital elements, which depict analytically the space object’s position and velocity in space.
Thus the space object’s trajectory can be expressed in inertial coordinate system or in orbital
elements to depict its position and velocity in space. These two expressions can be conversed
precisely with mathematical formulas and can be solved with numerical and analytical
approaches, respectively, so as to obtain the space object’s trajectory at any time t.
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2.2.1 Space object’s two-body motion in space

Space object in motion is subject to a variety of forces. Among these forces the gravity of the
Earth to the satellite is the most important and absolutely the dominant force. Meanwhile,
the space object can be treated as a point of mass as its mass and size is so small relative to
the Earth. Earth’s gravitational force upon the space object can fall into two parts: centric
gravitation and other gravitation. The centric gravitation indicates that the Earth is assumed to
be a sphere with uniform mass distribution, and the Earth is considered a point of mass with all
its mass concentrated in the barycenter. In this case the space object is moving mainly under
the influence of the Earth’s gravity, and its equation of motion can be written as:

d2~r
dt2

52μ
~r
r2

1~F (2.4)

where ~r is the object’s radial vector; μ5GðM1mÞ, G is the universal gravitational constant, M
is the mass of the Earth, and m represents the mass of the object; the first item 2μ ~r=r2

� �
is the

gravity of the center of the Earth; F
!

is the sum of all perturbations except for the gravity, including
the Earth nonspherical perturbations, atmospheric drag, solar radiation pressure, and sun and
moon gravity. It is noted that in Eq. (2.4), the length is measured in the unit of the Earth’s radius.

If you ignore other perturbations, and only consider the gravity, the motion equation
becomes:

d2~r
dt2

52μ
~r
r2

(2.5)

In celestial mechanics the motion described by the equation is called the two-body prob-
lem (or two-body motion). And two-body problem has analytical solution, see Refs. [4,9].

2.2.2 Integration of two-body problem

Analytical solutions of two-body problem equations have the following integrals:

1. Area integration

~r 3 _~r5~h (2.6)

2. Energy integration

_~r � _~r5 2μ
r

1 c (2.7)

3. Laplace integration

_~r �~h5μ
~r
r
1~e (2.8)
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where ~h and ~e are integral vectors, c is constant of the integration, and they satisfy the fol-
lowing relationship:

~h �~e5 0
~e �~e2 cð~h2~hÞ5μ2

From the above integrations, it is easy to derive the orbital equation:

r5
h2=μ

11 e cos+ð~e;~rÞ (2.9)

This is a conic equation. For space object orbiting the Earth, its velocity is less than the
second cosmic velocity; then, its orbit is elliptical, namely 0# e, 1.

The trajectory of space object in the two-body motion is transformed into a depiction of
ellipse. Thus the motion equation can be expressed with the six elements a; e; i;Ω;ω;M , see
Fig. 2�3.

In the figure, O0 is the center of the ellipse; O is a focus of the ellipse, namely the Earth’s
core; a is the semimajor axis of the ellipse; e is the eccentricity, e5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 2 b2

p
=a; i is the angle

between the ellipse and the point W where the satellite intersects the equator when flying
from south to north; Ω is the angle in equatorial plane between W and the vernal equinox;
ω is the angle in ellipse between the perigee P and W; f is the angle in the elliptical plane
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FIGURE 2–3 Six orbital elements of space object motion.
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between the line SO and the line PO, namely the true anomaly; and E is the angle in the elliptical
plane between the line SO0 and the line PO0, namely the eccentric anomaly (see Ref. [4]).

The six elements (a; e; i;Ω;ω;M) depicting the space object trajectory are also called
orbital elements of space object.

The last element f of the orbit elements is usually replaced with the mean anomaly M in
order to reflect clearly the movement rule of space objects. The Kepler equation can be
obtained based on the area integral and vis-viva equation:

E2 e sin E5M (2.10)

where E can be obtained from the following formula:

r5 að12 e cos EÞ (2.11)

M is an element depicting satellite’s location in the orbit.

M 5nðt2 τÞ (2.12)

where

n5

ffiffiffiffiffi
μ
a3

r
(2.13)

n is usually referred as mean motion and τ as the epoch of the perigee passage.
The orbital equation and energy integration are:

r5
að12 e2Þ
11 e cos f

(2.14)

v2 5μ
2

r
2

1

a

� �
(2.15)

In celestial mechanics, Eq. (2.15) is often called vis-viva equation.
Here the conversion relationship between the true anomaly f and eccentric anomaly E is

r sin f 5 a
ffiffiffiffiffiffiffiffiffiffiffiffi
12 e2

p
sin E

r cos f 5 aðcos E2 eÞ
(2.16)

f 5E1 2tg21 e sin E

11
ffiffiffiffiffiffiffiffiffiffiffiffi
12 e2

p
2 e cos E

2
4

3
5

E5 f 1 2tg21 e sin f

11
ffiffiffiffiffiffiffiffiffiffiffiffi
12 e2

p
1 e cos f

2
4

3
5

(2.17)
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Under the assumption of the two-body problem, for space object flying around the Earth,
if the epoch T0 and the six orbital elements are determined, only M is a time variable theo-
retically among the six elements at any time T.

Mt 5Mt0 1n3 t

n5

ffiffiffiffiffiffiffiffi
GM
a3

s
(2.18)

where n is the angular velocity of the satellite motion. That is, the velocity can be obtained if
the satellite position at any time T is available.

2.2.3 Basic conversion of orbital elements for space objects

2.2.3.1 Interchange between orbital elements and position/velocity in Cartesian
system

The position/velocity (x, y, z, _x, _y, _z) of space object in J2000 inertial system at time, t,
has a unique correspondence conversion relationship with the six orbital elements (a, e, i,
Ω, ω, E):

x
y
z

2
4
3
55 aðcos E2 eÞP̂1 a

ffiffiffiffiffiffiffiffiffiffiffiffi
12 e2

p
sin EQ̂

_x _y_z�52 sin E
ffiffiffiffi
μa

p
r P̂1 cos E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μað12 e2Þ

p
r Q̂

h
(2.19)

P̂5
cos Ω cos ω2 sin Ω sin ω sin i
sin Ω cos ω2 cos Ω sin ωcos i
sin ω sin i

2
4

3
5

Q̂5
2 cos Ω sin ω2 sin Ω cos ω cos i
2 sin Ω sin ω1 cos Ω cos ω cos i
cos ω sin i

2
4

3
5

r5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 1 y2 1

q
z2

2.2.3.2 Partial derivative of elements with respect to coordinates and velocity
Define

N
*

1 5
1
0
0

0
@

1
A N

*
2 5

0
1
0

0
@

1
A N

*
3 5

0
0
1

0
@

1
A;

Chapter 2 • Basics of orbital calculation for spacecraft collision avoidance 25



e
*
5

_
r
*
3 h

*
2μ

r
*

r

R
*
5

sin i sin Ω
2 sin i cos Ω

cos i

0
@

1
A5

h
*

h

A
*
5

N
*

3 3 h
*

jN*3 3 h
*j

; B
*
5

h
*
3 A

*

jh*3 A
*j

where h
*
5 r

*
3

_r
*
; h5 jh*j

1. The partial derivative of a with respect to r
*
;
_r
*

@a
@~r

5
2a2 r

*

r3
;

@a

@_~r
5

2a2
_
r
*

μ
(2.20)

2. The partial derivative of i with respect to r
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5. The partial derivative of ω with respect to r
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For derivation of these formulas, see Ref. [3].

2.2.3.4 Partial derivative of acceleration with respect to position/velocity in two-body
motion of space object

From Eq. (2.5), we have two-body motion’s acceleration:
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The acceleration in two-body problem can also be expressed in potential function.
Namely Eq. (2.30) satisfies the following relationship:
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Therefore the gravitational field is a conservative force field. For a conservative force field,
there is potential function:
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Such that:

f
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5 grad v

where grad v denotes the gradient of v.
If f

*
is taken as the force upon unit mass, grad v is the acceleration under gravity. For the

two-body problem, its potential function is:
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In the two-body problem the satellite acceleration is:
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The partial derivative of the satellite position vector is:
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Partial derivative with respect to GM:
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2.2.4 Orbital perturbations of space object

Space object in motion is by no means as simple as a two-body problem. It is affected by
many forces. Even if we take the Earth as a mass point, the Earth’s gravitational force upon
the space object can fall into two parts: (1) the Earth is assumed to be a sphere with uniform
mass distribution, and the Earth is considered as a point of mass with all its mass concen-
trated in the barycenter, which is the force in the two-body problem and (2) the Earth is in
fact not a strict sphere with uniform mass distribution, the nonspherical force upon the
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satellite shall also be considered, which is referred to the zonal and tesseral harmonic pertur-
bation force. In addition, the space object in motion is also subject to such forces as atmo-
spheric drag, N-body problem force, solar radiation pressure, Earth’s radiation pressure,
relativistic effects, attitude control force, and so on, which can be expressed uniformly by:

€r
*
5 f

*

TB 1 f
*

NB 1 f
*

NS 1 f
*

TD 1 f
*

RL 1 f
*

SR 1 f
*

AL 1 f
*

DG 1 f
*

TH (2.35)

where r
*
is the position vector of the space object in the inertial coordinate system.
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The right part of formula (2.35) indicates the force on unit mass of space object.where
f
*

TB denotes the force of two-body problem, namely the Earth is assumed to be a sphere
with uniform mass distribution, and both the Earth and the space object are considered as
points of mass. f

*

TB is the Earth’s gravitational force upon the space object. f
*

NB denotes the
gravitation force of the Moon, the Sun, and other planets except the Earth upon the space
object. f

*

NS denotes the gravitation force of the nonspherical part of the Earth upon the space
object. f

*

TD denotes change of the gravitation force of the Earth upon the space object
caused by the Earth tide (including solid tide, sea tide, and atmospheric tide). f

*

RL denotes
influence of relativistic effects on motion of the space object. f

*

SR denotes pressure of solar
radiation upon the space object. f

*

AL denotes the force of the Earth infrared radiation and
the Earth reflecting the Sun’s ray upon the space object. f

*

DG denotes the drag of the Earth
atmosphere upon the space object. f

*

TH denotes the other force upon the space object, such
as the dynamic for control of the space object attitude.

If the analytical solution of formula (2.35) can be obtained, and as long as the motion sta-
tus r

*
0 and

_
r
*
0 of the space object at some original time t0 are known, the motion status r

*

and
_
r
*

of the space object at any time of t$ t0 can be obtained. Generally speaking, the
expressions of the above forces are very complicated. The precise analytical solution of for-
mula (2.35) is not yet obtained except the two-body problem, and only some approximate
solutions can be obtained in the case of approximate suppose. As for catalogue orbit deter-
mination with precision of 100 m, the one-order approximate resolution is effective. As for
precise warning of spacecraft collision, the calculation precision of space object orbit is
required to be within meters and even better; here it is difficult to obtain the analytical solu-
tion of formula (2.35).

Along with the development of computers and application math the numerical integra-
tion method can be used to solve the numerical integration problem perfectly. In the numer-
ical integration approach, the position, velocity, and acceleration of the space object in orbit
are the uniform expressions of the numerical integration equation. So formula (2.35) can be
written as the expression of acceleration:
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In formula (2.35), effect of each perturbation force upon orbit of the space object is differ-
ent. The magnitude of perturbation force is discussed further in order to describe clearly the
primary and secondary relationship among perturbation forces. If the force of the two-body
problem is taken as 1, the force of the Earth’s zonal and tesseral harmonic terms is in the
order of 1023, the atmospheric drag for low Earth orbit satellites may be up to the magnitude
of 1025, the attitude control force is in the order of 1026 for space object in use and frequent
attitude maneuvering, the force of N-body force is in the magnitude of 1027, the solar and
Earth radiation pressure is around the magnitude of 1028, and the influence of relativistic
effects should be in the magnitude of 1029. Typically except for the two-body problem force,
all the other forces upon the space object are collectively referred to as flight perturbation
forces for space object or perturbations in short. Large perturbations are up to the magnitude
of 1023, and some are as small as 1029. With further research in orbital dynamics and con-
tinuous improvement of measurement accuracy, more perturbations are discovered and
refined in a smaller magnitude. The perturbations will change explicitly for different satellite
orbits. Tables 2�1 to 2�3 give the perturbation upon the position accuracy in 24 hours for
space objects in three different orbits at 340, 780, and 36,000 km, respectively. As shown in
Table 2�1 for orbital calculation error below the altitude of 340 km, only assuming the atmo-
spheric drag model error is 5% (actually, there is no such model in the world with an error
of less than 5%) and the atmospheric drag perturbation is considered, the 24-hour orbital
calculation error is up to the magnitude of several kilometers. Even if all other perturbations
are ignored, the influence for low Earth orbit satellite is only tens of meters in 24-hour orbit
calculation error. Of course, with the increase in satellite orbit height, Tables 2�2 and 2�3
show that the effects of atmospheric perturbation are gradually reduced, while the perturba-
tions of solar and lunar gravitational forces and solar radiation pressure are gradually

Table 2–1 Various perturbations on a LEO satellite orbit (orbital altitude of 340 km).

Items

Perturbation (within 24 h)

1 2 3 4 5 6 7 8

The sun and moon tides Y Y Y Y Y Y Y
Atmospheric drag Y 5% error Y Y Y Y Y Y
Earth reflection Y Y Y Y Y Y Y
relativity Y Y Y Y Y Y Y
N-body problem Y Y Y Y Y Y Y
Solar radiation pressure Y Y Y Y Y Y Y
Solar gravity Y Y Y Y Y Y Y
Moon’s gravity Y Y Y Y Y Y Y

Forecast 1 day error Position central error 3.528 64,114.0 0 2.662 0.0017 6.944 13.418 39.619
The maximum radial 0.159 872.4 0 0.027 0.0013 1.945 0.689 0.926
The maximum tangential 3.513 64,109.6 0 2.662 0.0016 6.944 13.417 23.011
Normal maximum 0.832 19.4 0 0.001 0.0010 0.003 0.049 33.295

Note: “Y” means this perturbation is considered, and blank means the opposite.
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increasing. As for the LEO, it is obvious that the atmosphere drag is the primary orbit
perturbation force besides the gravity force. Modeling precision of the atmosphere drag is
minimum relative to other perturbations, which results in active international research of
this field.

Table 2–2 Various perturbations on resource satellite orbit (orbital altitude of
780 km).

Items

Perturbation (within 24 h)

1 2 3 4 5 6 7 8

The solar and lunar tides Y Y Y Y Y Y Y
Atmospheric drag Y Y Y Y Y Y Y
Earth reflection Y Y Y Y Y Y Y
Relativity Y Y Y Y Y Y Y
N-body problem Y Y Y Y Y Y Y
Solar radiation pressure Y Y Y Y Y Y Y
Solar gravity Y Y Y Y Y Y Y
Moon’s gravity Y Y Y Y Y Y Y

Forecast 1 day error Position central error 1.646 27.733 0 2.382 0.0014 8.970 32.516 64.440
The maximum radial 0.132 0.484 0 0.027 0.0011 2.187 0.932 2.028
The maximum tangential 1.590 27.732 0 2.382 0.0014 8.970 29.543 62.023
Normal maximum 0.702 0.009 0 0.012 0.0009 0.277 14.333 27.339

Note: “Y” means this perturbation is considered, and blank means the opposite.

Table 2–3 Various perturbations on the geostationary satellite orbit (orbital altitude
36,000 km).

Items

Perturbation (within 24 h)

1 2 3 4 5 6 7 8

The solar and lunar tides Y Y Y Y Y Y Y
Atmospheric drag Y Y Y Y Y Y Y
Earth reflection Y Y Y Y Y Y Y
Relativity Y Y Y Y Y Y Y
N-body problem Y Y Y Y Y Y Y
Solar radiation pressure Y Y Y Y Y Y Y
Solar gravity Y Y Y Y Y Y Y
Moon’s gravity Y Y Y Y Y Y Y

Forecast 1 day error Position central error 0.118 0 0 23.1 0.007 234.2 1754 6429
The maximum radial 0.045 0 0 5.68 0.006 98.5 1224 3699
The maximum tangential 0.176 0 0 35.93 0.01 401.8 2922 1.09E4
Normal maximum 0.059 0 0 0.005 0.003 5.6 493.6 1552

Note: “Y” means this perturbation is considered, and blank means the opposite.
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In formula (2.36) the theoretical research of the first seven perturbation acceleration is
relatively perfect, whose precise formula is presented in Ref. [1], and which is not discussed
any more. The dynamics model of the eighth atmosphere perturbation will be discussed
further in Chapter 4, Space environment and object orbit. The ninth item is the cruise atti-
tude control force perturbation of the space object in operation, which is relative to the atti-
tude data. In the noncooperative measurement mode the operation attitude data cannot be
obtained by telemetry of the space object. In orbit calculation the data can only be consid-
ered together with the atmosphere density correction factor, so the perturbation force
and uncertainty of the atmosphere model will be discussed together in Chapter 4, Space
environment and object orbit.
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3
Space object detection technology

3.1 Overview
Space object detection is to detect the object entering the monitored space region in time
with certain technical equipment or means. According to the position of platforms on which
the observation equipment is deployed, there are two kinds of detection equipment, ground-
based and space-based equipment. The former is located on the surface of the Earth, while
the latter is located in space.

3.1.1 Ground-based detection

Ground-based detection uses equipment installed on the surface of the Earth to measure the
position of the space object. There are two kinds of means: radio detection and electro-
optical detection [46].

3.1.1.1 Radio detection technology
Radio detection includes mechanical tracking radar, phased array radar, and electromagnetic
fence. Ground-based radio detection is an important way to detect space objects due to its
all-weather and all-day work mode without the influence of the weather and its ability of
detecting multiple objects and discovering new objects. But with the increase of the distance,
the requirements on transmission power are getting higher and higher. As a result, radio
detection is primarily used to monitor space objects in low orbits. The detection of objects at
long range and in higher orbit requires antennae with higher transmitting power and larger
size, which will lead to low benefit�cost ratio.

1. Mechanical tracking radar
Mechanical tracking radar adopts a mechanical way to control the direction of the

beam. The space object can only be detected and measured by this type of radar when it
enters the range of the antenna beam. Hence, this type of radars is mainly for object
tracking and imaging. Since this kind of radar cannot scan electronically and its beam is
very narrow, its ability of observing multiple objects is limited and it is usually used for
tracking the single object with a field of view less than 1 degree.

2. Phased array radar
Phased array radar adopts an electronic way to control the direction of the beam and

it can simultaneously monitor multiple objects in different directions. Hence, it is usually
used for tracking and search tasks. This type of radar can track multiple objects
simultaneously due to its wide field of view.
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3. Electromagnetic fence
Electromagnetic wave emitted from the radar antenna of the electromagnetic fence is

not a narrow beam, but a thin planar field. When the space object penetrating the planar
field, the reflected electromagnetic waves are received by the receiver, and the correlation
of successive penetrating data can be used to determine the space object.

This kind of radar detects space object usually in three operating modes, tracking mode,
beam pointing mode, and mixed mode (stare-and-chase). In tracking mode the radar contin-
uously tracks one space object, so as to obtain successive data such as angle measurement,
ranging, range rate, phase, and amplitude of radar echoes. These data will further be used to
calculate the object orbital elements. Beam pointing mode means that the radar antenna is
fixed in one direction and only receives the radar echoes data through its field of view. This
method can provide statistical information such as the number and size of space objects, but
it cannot obtain a continuous tracking data. The mixed mode means that the radar begins
operating in beam pointing mode and switches to the tracking mode as soon as the object
crosses the beam. Thus continuous tracking data can be obtained. Once the required data is
collected, the radar will again return to the beam pointing mode.

This kind of radar can work in both monostatic structure (the receiver and the transmitter
are collocated in one antenna) and bistatic structure (the receiver and the transmitter are
separated by a distance in different antennae).

3.1.1.2 Electro-optical detection technology
Ground-based electro-optical measurement is a monitor method of space objects with
electro-optical telescope facilities. Electro-optical telescope facilities are an electrically
enhanced telescope, which integrates telescope and electro-optical monitoring equipment.

As the most traditional approach, electro-optical detection is featured with mature tech-
nology, low cost of construction and operation, and better performance for objects in
medium/high Earth orbit. However, due to atmospheric absorption and unavailability of
ultraviolet and infrared bands, only the visible light telescope can be used for measurement.
In addition, optical telescope is affected by the day and night, terrain, and weather condi-
tions. It is reasonable that one object is unobservable for one electro-optical facility, even if
the object is geometrically visible in clear weather. There is a possibility of more than 30%
that the object may still be affected by daylight and shadow effects.

A major role of optical measurement in space object monitoring is to provide high-
precision measurement data of space objects and to measure space object at a long distance
(deep space), which supplements the limitations of short distance for radar observations.

Ground-based detection, as the primary approach, contributes a primary source to space
object detection data. Without the limitation of volume and mass, ground observation equip-
ment may obtain higher spatial resolution with large aperture antenna and obtain a long-
distance observation ability of space objects with higher transmission power, which cannot
be realized with other detection means. Yet the ground-based detection also has the follow-
ing two disadvantages. First, ground stations cannot achieve seamless coverage of space
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domains or time domains and the construction of more stations is constrained by political
and geographical factors. Second, among current detection means, radar has active detection
ability; however, it is limited by the detection range; electro-optical approach has long detec-
tion range; however, it cannot meet requirements on all-weather and all-time.

3.1.2 Space-based detection

Space-based detection uses detection equipment installed on space-based platforms to
detect space objects. Space-based detection has higher resolution, due to the closer distance
between detection position and space object, as well as the absence of atmospheric interfer-
ence (e.g., extinction and absorption). However, its cost is usually higher than that of
ground-based detection and it is necessary to realize a balance between the performance
and the cost for space-based detection. Space-based measurements can be divided into opti-
cal measurement and radar measurement in terms of measurement method for space
objects.

Currently, ground-based detection is the primary means for space object surveillance,
while space-based detection plays a complementary role. In ground-based detection, surveil-
lance of LEO objects adopts radio detection as its primary means and electro-optical detec-
tion as the complementary one. Surveillance of MEO/HEO objects is usually dependent on
optical detection.

3.2 Radar measurement technology
At present, the main detection equipment for LEO objects is ground-based radar monitoring
system. Among the space catalog library of LEO space objects with size of larger than 10 cm
tracked by the United States Space Command (USSPACECOM), the contribution of radar
equipment accounted for 99.8%. Since ground-based radar can realize higher spatial resolu-
tion with large aperture antenna and longer detection range with large transmission power
without the limitation of volume, mass, and weather conditions, it is preferentially selected
to detect space objects in LEO.

Currently, ground-based surveillance radars mainly adopt the following three detection
methods: precision tracking mode, phased array scanning mode, and fence surveillance
mode. Radars working in precision tracking mode need to be guided by orbit prediction
information and mainly perform precise tracking, orbit determination, and even imaging of
specific single object, such as GLOBUS 11 in the United States and TIRA in Germany. Radars
working in phased array scanning mode can track multiple objects in a flexible way. For
instance, ANFPS85 phased array radar in US Eglin Air Force Base can simultaneously track
200 objects in LEO. On the other hand, it can also form a “virtual” beam barrier to achieve
universal measurement functions. For instance, GRAVES radar in France can provide a vir-
tual fence with azimuth coverage of 180 degrees in phased array scanning mode. Radars
working in fence surveillance mode can provide one or several “seamless” electronic fences
via beam dwelling or beam scanning in space, so as to get the position and velocity of space
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objects traversing the beam fence. Compared with phased array radar and optical telescope,
radar working in fence surveillance mode has favorable advantages of larger update rate and
acquisition number of space objects.

3.2.1 Radar measurement elements

Tracking radars usually refer to those that can continuously and automatically track the
object, precisely measure, and output its coordinate position parameters (such as azimuth A,
the elevation angle E, range R, and the radial velocity V).

3.2.1.1 Radar object angle measurement and tracking methods
The angle measurement of the radar can be realized with the direction of the transmission
(and receiving) antenna. When the received signals are maximum, the pointing direction of
the antenna is the angle of the object. The larger the antenna aperture is, the narrower its
beam is, the better the directional feature of its beam is and then the higher the angle mea-
surement accuracy is. However, in general, the angle measurement accuracy of the approach
of using beam maximum value is relatively low.

The direction of echo wave can also be obtained by measuring the phase difference of
signals from two separate receiving antennas, which is the working theory of angle measure-
ment in interferometer and the foundation of phase comparison monopulse angular mea-
surement. Similarly, the echo wave direction of the object can also be obtained by
measuring the amplitude difference of signals from two separate receiving antennas (or of
two tilted beams from one antenna), which lays the foundation of angle measurement in
lobe switching, conical scanning, and amplitude comparison monopulse angle measure-
ment. Since the phase difference and amplitude difference contain the object angle position,
the tracking radar can perform continuous automatic tracking.

3.2.1.2 Radar object range measurement and tracking methods
When the pulse radar works, a stream of high-frequency signal with certain invariable pulse
repeat period is transmitted by the transmitter via antenna. If there is an object within the
propagating direction of the transmitted waves, the scatter phenomenon will appear and par-
tial waves will be reflected to the receiving antenna. Hence, the time spent on the round trip
between the radar and the object can be used to calculate the distance R from the object to
radar. As for radar in single station, the relation between the distance R and the delay time
tR of echo waves relative to the transmitted signal is shown in the following equation:

tR 5
2R
c

(3.1)

R5
1

2
ctR (3.2)

where c is the propagation speed of radio waves in the homogeneous medium.
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Hence, the distance R from the object to radar can be obtained through accurate mea-
surement of the delay, which is the approach for the pulse radar to execute range
measurement.

3.2.1.3 Object velocity measurement and tracking
The following two approaches are commonly used for radars to carry out velocity
measurement:

1. Through continuous measurement of the distance to the object, the variation ratio of
distance can be obtained as well as the radial velocity of the object. This method is
relatively simple without velocity ambiguity. However, the velocity measurement
accuracy is relatively low due to the influence of range measurement accuracy.

2. The velocity of the object can be obtained with the Doppler frequency shift of the echo
waves. Assuming the object is moving at speed of v in the radial direction with respect to
the radar, compared the transmitted frequency f0, there exists Doppler frequency shift fd
in the received echo frequency fr , and

fd 5 fr 2 f0 5
2 2vf0
c1 v

� 2 2v
c

� �
f0 (3.3)

where c is the speed of light. Assume that the velocity of the object is far less than the
speed of light. In addition, when the object is moving away from the radar, the Doppler
frequency is negative and, otherwise, it is positive. Therefore the radial velocity of the
object can be obtained by measuring the Doppler frequency.

As for radar with high pulse repeat frequency, the accuracy of velocity measurement of
this approach is relatively high without velocity measurement ambiguity. However, this
approach still has the problem of range measurement ambiguity. As for radar with medium
or low pulse repeat frequency, the Doppler frequency shift of the echo waves can be used to
execute velocity measurement; however, this approach has the problem of both velocity
measurement ambiguity and range measurement ambiguity. As for the continuous echo
waves, this is the optimal velocity measurement method with higher accuracy and without
the velocity measurement ambiguity; however, there exist some problems in range
measurement.

Apparently, all the velocity measurement approaches require certain continuous observa-
tion time of the object. Theoretical analysis shows that the longer the observation time of the
object is, the higher the obtained velocity measurement accuracy is.

3.2.2 Radar measurement data modeling

In the measurement data of radar, in general, there are three types of error: systematic, ran-
dom, and gross. The system error keeps invariable or changes slowly following certain rules
during the sampling process, is predictable to some extent, and usually can be partially cor-
rected through proper calibration and compensation technology around the measurement;
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random error is introduced by various uncertain perturbations or random factors, it cannot
be corrected through calibration or compensation and however can be reduced through filter
technology; and gross error is the result of negligent operation, equipment failure, or abnor-
mal changes. This section will focus on the systematic error and random error in each radar
measurement data.

3.2.2.1 Ranging error
The ranging error occurs during the measurement of the object slant distance and can be
divided into tracking errors relative to radar (such as zero distance offset, thermal noise,
multipath); conversion errors relative to radar (such as distance quantization and Doppler
coupling); errors relative to object (such as dynamic lag and distance); and propagation
errors (such as troposphere refraction). In view of types of errors, they can be divided into
system error and random error.

• Ranging random error
Ranging random errors include receiving loop thermal noise error, pulse front edge

jitter error, servo noise error, quantization error, pulse width variation error, and
multipath error.
• Thermal noise error

Thermal noise error is related to the effective bandwidth and effective signal noise
ratio of the signal. Assuming the pulse width of the transmitted wave of one
monopulse radar is 0:8 μs, the slope of range normalization error is 1.8, the pulse
repeat frequency is 585.5 Hz, range servo bandwidth is 10 Hz, and the signal-to-noise
(S/N) ratio is set to be 12 dB. Then the thermal noise error of the receiving system is
2.2 m.

• Jitter error
The pulse front edge jitter of transmitted waves will bring perturbation error to

measurement data. For example, if the amplitude of the transmitted pulse front edge
jitter is 6 10 ns, and the jitter is assumed to be uniform distribution, then the
generated ranging random error is about 1 m.

• Servo noise error
As for pulse radar ranging system, the magnitude of servo noise error is usually

0.5�1 m.
• Quantization error

Since the code in measurement data is limited by bit, quantization error will exist
in the measurement data. For example, if the distance measurement data uses a
binary code output of 22 bits, the minimum quantization unit is 1.953125 m. Hence,
the quantization error can be up to 0.7 m.

• Transmit pulse width variation error
If the pulse width of the transmitted waves varies within 6 10 ns and follows the

uniform distribution, the generated ranging error is less than 1 m.
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• Multipath error
Echo waves reflected through multipath effect will lead to the multipath error

during ranging measurement. If the emission factor is 0.3, the pulse width of the
transmitted waves is 0:8 μs, the relative side lobe gain is 25 dB, then the multipath
errors is in the order of up to 1 m.

• Ranging system error
System error is a major part of the ranging errors in ranging systems, which may

include zero value error, delay error, wave refraction error, and dynamic lag error.
• Zero error

The distance of zero is the major determinate error item when the radar performs
tracking and measurement, and this error must be calibrated. In general, the method
of standard range marker shall be established within the radar facilities to simulate the
space object. The range marker shall be as far as possible from the radar. The distance
between the corner reflector on top of the range marker and the center of radar can
be obtained through measurement data with high accuracy. The calibration of zero
value by the use of range reference pole or marker is limited the selection of the range
marker position. Generally, the zero error residuals after calibration should be less
than 2 m.

• Delay error
Whether in pulse radar receiver or transponder, certain time will be spent in the

transmitting or receiving of signals. The delay in receiving system can be obtained by
calibration. And the error after calibration should be less than 2 m.

• Refractive error
Refractive error will be introduced when the wave propagates in the atmosphere

and ionosphere. Refractive error correction model may be used in this case, and the
residual error after correction should be less 1 m.

• Dynamic lag error
When the variable accelerated motion of the object leads to servo lead or lag, it will

eventually introduce data errors in ranging. Ranging error due to dynamic lag can be
described by the following equation:

ΔR5K21
v

€R (3.4)

From Eq. (3.4), it can be seen that the more tremendously the distance changes,
the greater the dynamic lag error is.

3.2.2.2 Angle measurement error
Angle measurement error refers to measurement error generated during the measurement of
angle coordinate of radar. Angle measurement errors includes tracking errors relative to
radar (such as thermal noise, multipath, gust, wind, and gravity torsion moment), conversion
errors relative to radar (such as shafting orthogonal, horizontal error zero, and data quantiza-
tion), errors relative to object (such as dynamic lag and angular glint), and propagation
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errors (such as refraction errors). In view of types of errors, they can be divided into system
error and random error.

• Angle random error
The receiving system thermal noise error is the main component of angle

measurement random errors.
• Receiving system thermal noise error

The thermal noise entering the receiving system of radar causes the output error of
the angle error detector, which is especially important in the case of low S/N ratio and
will lead to the tremendous disturbance on the angle of the antenna.

• Gust disturbance error
There are two kinds of winds, steady wind and gust. Gust is the component of

fluctuation in the vicinity of the steady wind and will generate variable moment on the
antenna. Gust disturbance error includes two parts, antenna deformation error and
the servo zero drift error. When the wind reaches Grade 8, set the antenna
aerodynamic constant to be 0.25 kgm/(m/s)2, the antenna elasticity coefficient to be
1024 mil/kgm and the gust rms amplitude to be 2.5 m/s, then calculation shows that
the gust can cause antenna deformation error of 0.0025 mil.

• Servo noise error
Since the servo system and the mechanical transmission system are not ideal, the

noise generated is servo noise. Due to the nonlinearity of system components, the
instability of the servo system, mechanical noise, and echo error, the servo noise error
is very difficult to be calculated; however, it can be quantitatively estimated through
the practical measurement.

• Code disk error
After the angle of the radar is outputted, errors can also be generated during

numerical read process. Code disk error includes the quantization error and
nonlinearity error. For 18-bit code disk the quantization error is
σg 5 60003 12218ð ffiffiffiffiffi

12
p Þ21 5 0:007 mil. The nonlinearity error of the code disk σf is

determined via quantitative estimations. In general, the reference value of σf for an
18-bit code disk is 0.02 mil.

• Multipath error
During the tracking process with low elevation angle, waves between the radar and

the object may be transmitted through two paths, the direct path between the radar
and the object and the path via the reflection by the ground. When the elevation is
low enough, the tracking on an object will be severely influenced.

• Angle measurement systematic error
The angle measurement systematic errors of mechanical radars include zero error,

shafting error, gravity sag error, radio wave refraction error, and dynamic lag error.
• Zero error

In engineering, when the aiming axis is in horizontal direction and toward the
direction of true north, it is considered to be the zero of the azimuth and the
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elevation. In theory, the reading of the radar encoder should be zero; however, there
is often an initial reading in code wheel in fact and that is the zero error. After
calibration the residual value of zero error should normally be less than 0.05 mil.

• Shafting error
Shafting errors are equipment systematic errors such as the nonhorizontal error of

the base, nonorthogonal error of azimuth and elevation axes, nonvertical error of
optical axis, and unmatched error of electro-optical axis.

The calibration of the base nonhorizontal error is to determine the tilt amplitude β
and the maximum tilt direction AM of the antenna base. The imaging level meter is
usually used for calibration. The nonorthogonal of the azimuth and the elevation axes
means the elevation axis is not vertical to the azimuth axis. It can only generate
azimuth angle error and cannot be adjusted after assembly. The electrical axis shall be
vertical to the elevation axis, otherwise it will generate the elevation error. Both the
electrical axis in azimuth and that in elevation shall be correctly calibrated. Since the
adjustment of electrical axis and the orientation of coordinates are not convenient, in
actual application, optical telescope mounted in the antenna is usually used as the
media. During the assembly the optical axis shall be adjusted to be consistent with the
electrical axis and to be vertical to the elevation axis. If the optical axis is not matched
with the electrical axis, the azimuth error and the elevation error will occur. After
calibration, each residual of the abovementioned errors must be less than 0.05 mil.

• Refractive error
Refractive errors can be divided into troposphere refraction and ionosphere

refraction. Wave refraction usually generates the elevation error. Ionosphere refraction
error depends on the working frequency of radar to a great extent.

If the wave refraction error is relatively large, it will have significant impact on the
orbit determination of the space object and shall be corrected with the practical space
environment parameters.

• Dynamic lag error
Dynamic lag is the index to evaluate the rapidity of the servo system. Dynamic lag

error occurs because the velocity, acceleration, or high-order derivative cannot be
tracked by the tracking system in coordinates of radar. Assuming the object angular
velocity and angular acceleration are, respectively, _θ and €θ , then the dynamic lag
error approximately satisfies the following relationship:

Δθ5K21
_θ

_θ 1K21
€θ

€θ (3.5)

where K21
_θ

and K21
€θ

are angular velocity error coefficient and angular acceleration
error coefficient of the servo system, respectively. In space TT&C engineering the
residual of the corrected dynamic lag error should be less than 0.07 mil.

• Antenna gravity sag error
The electrical axis offset will be generated by the structure distortion of radar under

the function of gravity. In general, the larger the size of the antenna is, the severer the
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distortion is. In the engineering of data processing, the corrected residual should be
less than 0.05 mil.

3.2.2.3 Velocity measurement error
Doppler velocity measurement of pulse radars uses the Doppler effect of relative motion of
object to obtain the change rate of range; hence, the accuracy of velocity measurement
depends on the measurement accuracy of Doppler frequency. In the process of measuring
the Doppler frequency shift, random and systematic errors will also be generated.

• Velocity measurement random error
Random errors of the velocity measurement system in pulse radars are generated

mainly by thermal noise, multipath, object modulation, and quantization data processing.
• Thermal noise error

Assuming the velocity measurement subsystem of the monopulse radar has an
equivalent noise bandwidth of 10 Hz, a filter bandwidth of 40 Hz, the error slope of
the loop discriminator is taken as 1.2. If the S/N ratio5 12 dB, the thermal noise error
is about 0.3 m/s. If the S/N is 20 dB, the thermal noise error is reduced to 0.01 m/s.

• Quantization error
If 20-bit codes of binary system are used to record Doppler frequency, the

quantization error of the speed is less than 0.01 m/s.
• Speed measurement systematic error

The system error of velocity measurement system of the pulse radar mainly includes
equipment zero error, zero variation error of frequency discriminator, radio wave
refraction error, and dynamic lag errors. Wherein the equipment zero error and wave
refraction error are identical with Section 3.1.2.
• Zero value error of discriminator

Discriminator’s zero value can be calibrated, but the change in temperature will
cause the change of zero value. This error should be controlled within 0.01 m/s.

• Dynamic lag error
This velocity measurement error caused by the dynamic lag is

ΔV 5K21
a

€R (3.6)

where Ka is the acceleration error coefficient of the velocity measurement system.

3.2.2.4 Mathematical model of systematic errors
Define the error of monopulse radar observation data ΔX ðX 5R;A;E; _RÞ to be the difference
between the measured data Xe and the true value of the observed object X0, that is,
ΔX 5Xe 2X0. Based on the analysis of various typical errors in pulse radar tracking process,
we can establish error correction models for ranging, angle measurement, and range rate
data.
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ΔX 5ΔXf 1ΔXp 1 εX (3.7)

where ΔXf represents the measurement data errors due to equipment fixed deviation and
shafting bias (referred to as equipment systematic error); ΔXp denotes nonrandom errors
that are generated in tracking process and can be modeled (referred to as process errors);
and εX represents the composite influence of various unmodeled minor errors and random
errors.

During the tracking process of pulse radars, the equipment systematic errors mainly con-
sist of zero value, shafting error, and delay error of transponders. For range and angle mea-
surement data, the mathematical model of equipment systematic error is as follows:

ΔRf 5R0 1Rτ
ΔAf 5A0 1 β sinðA2AM Þ1 δð Þtan E1 ðλoptical=mechanical 1λA2opticalÞðsec E2 1Þ

ΔEf 5E0 1 β cos A2AMð Þ1 kgcos E1λE2optical

8<
: (3.8)

where R0;A0, and E0 are ranging and angle measurement zero value; Rτ is transponder delay
error; β is the tilt amplitude of the base; AM is the maximum tilt azimuth of the base;
λA2optical and λE2optical are the deviation quantities of optical axis azimuth and elevation,
respectively; δ is the nonorthogonal quantity of the azimuth and elevation axes;
λoptical=mechanical is the optical/mechanical axis deviation quantity; and kg is the radar antenna
gravity sag factor.

The errors introduced during tracking process mainly include radio wave refraction error,
timing error, and radio wave propagation time error. For range and angle measurement
data, mathematical model for process errors is as follows:

ΔRp 5ΔRN 1Δt � _R1
ΔR
c

� _R

ΔAp 5Δt � _A1
ΔR
c

� _A

ΔEp 5ΔEN 1Δt � _E 1
ΔR
c

� _E

8>>>>>>>>><
>>>>>>>>>:

(3.9)

where ΔRN and ΔEN are the ranging and angle measurement errors, respectively, due to
radio wave refraction; Δt is timing error; and ΔR=c is radio wave propagation time error.

3.2.3 Typical space surveillance radar

Radar designs are different according to different functional requirements in space target
tracking and measurement. The commonly used detection and identification radars in the
world are three kinds of ground-based radars: mechanical scanning and tracking radar that
relies heavily on guidance, search radar with search and discovery function, and electromag-
netic fence, which is mainly used to find targets, especially small ones.
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3.2.3.1 Mechanical scanning tracking radar
The radar, which uses mechanical movement of the entire antenna system or a part of the
system to achieve beam scanning, is called mechanical scanning tracking radar. The advan-
tage of mechanical scanning is simple. The main disadvantages are that the mechanical iner-
tia is great, the scanning speed is not high, it is difficult to quickly capture an object, and
only a single object can be tracked and measured.

In order to achieve all-round track, the mechanical scanning tracking radars are typically
mounted on an antenna base with two-dimensional mechanical rotation (azimuth, eleva-
tion). In order to ensure dynamic performance of the antenna operation and accuracy of the
angle measurement, the antenna base of tracking radar has relatively complex mechanical
and electrical requirements. Its servo system is a typical application of automatic control the-
ory. The antenna can be controlled to track the operation object with the angle error signal
between the radar antenna and object and perform real-time accurate measurement of the
position of the mechanical axis of the radar.

The single pulse precision tracking radars are mechanical scanning tracking radars, which
are deployed on American British Indies in Antigua and Ascension Island near the equator.
Antigua Island is equipped with AN/FPQ-14 monopulse tracking radar. Operating frequency
is 5400�5900 MHz; operating distance is 1480 km; operating antenna has Cassegrain circular
parabolic diameter of 8.8 m. Ascension Island deployed two radars, and the main radar is
AN/FPQ-15 monopulse precision tracking radar. Its frequency is 5400�5900 MHz, and para-
bolic diameter is 8.5 m. Another is AN/FPQ-18 monopulse precision tracking radar. And its
frequency is 5400�5900 MHz, and the operating distance is 1100 km.

3.2.3.2 Phased array radar
Phased array radar is a phased array antenna (PAA) radar and an electronic scanning radar.
If antenna uses electronic approaches to realize the steering or scanning of antenna beam in
space, this kind of antenna is called electronic scanning antenna or electronically scanned
array antenna. In line with the beam scanning method, electronic scanning antenna can be
categorized into phase scanning and frequency scanning antennas. Both can be included in
the concept of PAA.

PAA is composed of multiple antenna elements (radiating elements) arranged in certain
order on a plane or curved surface, as well as signal power distribution/summing network
components. If the elements of PAA are distributed on a plane, it is called planar PAA. If
they are distributed on a curved surface, the antenna is called curved surface array antenna.
A phase shifter is set on each antenna to change the phase relationship between the antenna
element signals. The variation of signal amplitude between antenna elements is achieved by
unequal power distribution/summing network or attenuator. Under the control of beam
steering computers, the phase and amplitude relations between antenna elements can be
changed, so as to obtain the antenna aperture illumination function corresponding to the
required antenna pattern, and to quickly change the direction and shape of the antenna
beam.
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PAA has the following features. It can simultaneously search, detect and track multiple
objects from different directions and at different heights, and simultaneously perform multi-
object search, tracking, acquisition, identification, guiding, control, and victories evaluation.
It can reasonably manage and control the main lobe gain, which is conducive to the realiza-
tion of adaptive side lobe suppression against various disturbances. Its fast scanning capabil-
ity shortens the time required for object signal detection, admission, and information
transmission and enables the radar with high response speed. The antenna array of phased
array radars is composed of many elements. Even if one or more of the array elements can-
not transmit or receive, the performance of the radar as a whole will not be degraded.
Therefore the radar is highly reliable.

The US equipment dedicated for space target tracking is the large phased array radar AN/
FPS-85 in Florida. The radar was put to use in 1967. It is the first phased array radar used for
space surveillance. The transmitting array is a square with a side length of 30 m. The working
frequency is 442 MHz, the effective receiving beam width is 0.8 degree, the azimuth angle in
the searching space is 102 degrees, the elevation angle is 105 degrees, and the detection
range is up to 4000 km. It can simultaneously track over 200 targets and perform over 10,000
detections against thousands of space targets.

3.2.3.3 Space fence
The space fence radar system originated from the concept of continuous wave multistatic
radars. A powerful transmitter generates a large fan-shaped energy beam, commonly referred
to as space “fence.” When space objects pass through the fence, the reflected radar signals
will be received by multiple receiving stations by the use of a large antenna, which will work
as interferometers to determine the object arrival angle and angular velocity. The space
object’s position is determined by observations from several stations. The object’s orbit will
be calculated if it passes through the fence for several times.

US Navy Space Surveillance System (NAVSPASUR) was built in 1961. As a large radio
interferometer, it has nine radar stations distributed across the southern United States, form-
ing a large circle with inclination of 33.57 degrees relative to the equator. The fence has three
transmitting stations and six receiving stations, with its space monitoring fence at roughly
the level of the 33rd parallel north, crossing a longitude range of 42.5 degrees from 77.50 to
120 degrees west longitude. Such a large monitor screen can detect space debris with incli-
nation of greater than 33 degrees. 88% of low and medium Earth orbit debris with 10 cm or
larger in diameter can be detected in its everyday tracking. For a duration of 10 days,
170,000 observations will be finished, which accounts for 95% of low and medium Earth orbit
debris of 10 cm in diameter or larger.

US space fence can track objects at heights of up to 24,000 km, and its average transmit
power is up to 767 kW. The length of the antenna array is very long in the north�south
direction. Transmit beam width is only 0.02 degree in the north�south direction. Such a nar-
row beam means that the overall gain of the transmit antenna can theoretically reach 70 dB
or more. In order to enhance the effectiveness of the fence, it is under upgrade. Upgrading is
focused on the following two aspects:
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1. The frequency is raised to S-band, in order to detect space debris of 10 cm or less in
diameter.

2. Bistatic design and determination with only one pass of data.

US Air Force next-generation “space fence” project contract was signed in June 2014. The
project is the core of the US military to enhance space situational awareness capabilities, try-
ing to track smaller objects. The new “space fence” will use world’s largest S-band
(2�4 GHz) phased array radar, focusing on uninstructed detection and tracking of hundreds
of thousands of objects in low and medium Earth orbits. The first site of the new “space
fence” is located at Kwajalein Atoll in the Pacific Marshall Islands. Compared with the old
system, the new “space fence” has large improvement in coverage, object library capacity,
detection accuracy, and timeliness. The project will work to enhance the detection of space
objects to a new level.

3.3 Electro-optical detection technology
3.3.1 Principles of electro-optical detection

Space object observing can be achieved by a variety of methods of radio, radar, and optical
measurements, wherein the optical measurement method has characteristics of high accu-
racy and low cost, especially with a dominant position in the high-orbit space observation
objects. Optical observation techniques have advantages such as low operating costs, far
detection distance, stealth satellite detection, high accuracy, and environment friendly; the
optical telescope has shortcomings, including easy influence by the weather and only work-
ing in the clear night, and the low-orbit object observation is only suitable for twilight obser-
vation. With the development of optoelectronic components and image processing
technology, the optical measurement rose to a new level, and the optical observation tech-
nology is quickly becoming a primary observation mean of high-orbit space objects.

3.3.1.1 The optical structure of electro-optical telescopes
There are three typical structures of telescope optical system: refractive structure, reflective
structure, and catadioptric structure.

1. Refractive structure
Refracting telescope is one of the first telescopes designed and used by human. In

1608�09, Hans Lipperhey, Jacob Metius, and Zacharias Janssen independently invented
the refracting telescope. Galileo Galilei, an Italian scientist, first developed a telescope
system composed of objective lens and eyepiece, which magnified 30 times, and
discovered the craters on the Moon and four major moons of the Jupiter using the
system. Refracting electro-optical telescope has the following characteristics: (1) larger
field of view of surveillance, (2) stable quality of star images, and (3) little effects of
scattering light. Because of these characteristics, it is usually used in astrometry, stellar
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astronomy, and optical observation. But the shortcoming is that diameter of refracting
telescope cannot be bigger.

2. Reflective structure
According to the position of the focus, telescopes with reflective structure can be

divided into five types: main focus, Newton focus, Cassegrain focus, Nasmyth focus and
coude focus. Most horizontal reflective telescopes will use Cassegrain focus, one or two
Nasmyth focus; and equatorial reflector telescope will use Cassegrain focus and coude
focus. Reflective structure has characteristics such as no color aberration, small loss of
near-ultraviolet and near-infrared light, and the clear aperture. The current excellent
telescopes in mainstream of the world are all reflecting telescopes.

3. Catadioptric structure
Refracting telescope has large field of view, but its aperture cannot be bigger; the

aperture of reflecting telescope can be bigger and its clarity is good, but the field of view
is small. So the catadioptric telescope comes into being, namely, that both the refraction
and reflection phenomenon exist in optical system. Schmidt telescope is the most
commonly used. Its primary mirror is a spherical mirror and its corrector is a wave-
shaped lens. Generally, the aperture of the primary mirror is about 1.5 times the
correction mirror. And the corrector’s aperture is used to be its equivalent aperture,
because the light shall first pass through the corrector, and then only corrected light is
required. World’s largest Schmidt telescope having primary mirror diameter of 2 m,
1.34m diameter mirror to correct the field of view reaches 3.4 degrees.

3.3.1.2 Optical telescope’s mount structure
There are three sorts of optical telescope mounts used for space objects’ observation: equa-
torial, altitude�azimuth, and altitude�altitude, as discussed in the following:

1. Equatorial mount
Equatorial structure has two mutually perpendicular axes of rotation. One is called

pole axis that is parallel to celestial pole and pointing at the North Pole. The other is
perpendicular to the polar axis and called declination axis. Rotation about the polar and
declination axes can make the telescope point to different hour angles and declination, as
shown in Fig. 3�1A. The advantages of the equatorial mount include the following
aspects. First, the apparent motion of celestial bodies can be compensated easily by
uniform rotation of ascension axis; second, tracking area covers all zenith spot, and there
is no blind zenith spot. Yet it has the disadvantage of having blind spot in pole area,
complex mechanical structure, complicated installation, and high cost. This mount
structure is usually not used for space object observation equipment.

2. Altitude�azimuth mount
Alt�az mount has two mutually perpendicular axes. The azimuth axis (also called

vertical axis) is perpendicular to the geoid and the horizontal axis (also called elevation
axis) is parallel to the geoid. Visual axis rotating around the vertical and the horizontal
axes enables the telescope to a different azimuth and elevation, as shown in Fig. 3�1B.
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The alt�az mount has the advantages of better mechanical structure, small slewing
radius, good tracking performance, and easy field installation. The disadvantage is its
tracking blind spot in zenith. Due to the limitation of telescope rotation velocity and
acceleration, it is impossible for any alt�az telescope to achieve an instant fast change of
180 degrees in azimuth when the space object is passing the zenith. Thus the blind spot
is formed around the zenith area, which is called blind tracking spot.

3. Altitude�altitude mount
Alt�alt mount also has two mutually perpendicular axes of rotation. The longitude

axis is parallel to the north�south direction, and the other perpendicular to the longitude
axis is called latitude axis. The apparent axis’ rotation around the longitude and the
latitude axes enables the telescope point to different space areas, as shown in Fig. 3�1C.
Alt�alt mount has two advantages: (1) it has no blind spot in zenith, which is the best
observation area. (2) When the zero position of the latitude and longitude is set in the
zenith, the longitude and latitude axes work within the range of (290 degrees, 190
degrees), which can cover any moving object in the space. In contrast, the alt�az mount
will have to work in the range of 360 degrees to achieve the same result. In this case the
reliability of the device is improved. It has the disadvantage of large slewing radius and
complicated filed installation.

3.3.2 Electric-optical telescopes measurement data types and
positioning

3.3.2.1 Measurement data
1. Measurement data and positioning

Electric-optical telescope has two positioning methods, shafting positioning and
celestial positioning. The two methods have different approaches for space object
measurement. When the electric-optical telescope adopts celestial positioning mode for
tracking and observation, it uses the relative position images of the object in the same
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FIGURE 3–1 Electric-optical telescope basic structural patterns: (A) equatorial, (B) altitude�azimuth, and
(C) altitude�altitude.
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frame of the field of view with respect to the stars obtained through TV measurement
system, so as to calculate the precise position of the object, and then guide the shafting
positioning TV system to track the object. Shafting positioning measurement system
mainly uses television shafting precision positioning to complete the object tracking and
high-precision measurements.

When the electric-optical telescope adopts different positioning modes for space
object tacking, the measured data have different types. Measurement data by Alt�az
shafting positioning include azimuth A and elevation h; measurement data by celestial
positioning include right ascension α and declination δ.

2. Measurement data conversion
The following paragraph describes the method of converting the two measurements.

Assuming the longitude and latitude of the tracking site are Λ and φ; the local sidereal
time is θ; and the observed object’s range, azimuth, and elevation are ρ, A, and h,
respectively, then:

The position vector ρ, of the space object with respect to the site’s alt�az coordinate
system is as follows:

ρ,5 ρ cosh sin Aî1 ρ cosh cos Aĵ1 ρ sinh k̂ (3.10)

where î; ĵ; k̂ is the site’s basic vector. The transformation matrix from the site alt�az
coordinates to geocentric equatorial coordinates is as follows:

QxX 5
2 sin θ 2 sin φ cos θ cos φ cos θ
cos θ 2 sin φ sin θ cos φ sin θ

0 cos φ sin φ

2
4

3
5 (3.11)

Therefore the position vector of the space object in the topocentric equatorial Cartesian
coordinate system, ρ,X is as follows:

ρ,X 5QxX ρ
,
5

2 sin θ 2 sin φ cos θ cos φ cos θ
cos θ 2 sin φ sin θ cos φ sin θ

0 cos φ sin φ

2
4

3
5 ρ cosh sin A

ρ cosh cos A
ρ sin h

2
4

3
5 Î ; Ĵ ; K̂
� �

(3.12)

The relation between the observation vector in topocentric equatorial Cartesian
coordinates and the observed right ascension α and declination δ is:

,ρX 5 ρ cos δ cos αî1 ρ cos δ sin αĵ1 ρ sin δk̂ (3.13)

By comparing the above two equations, we obtain the relation between right ascension α,
declination δ, and azimuth A and elevation h:

sin δ5 ρ cos h cos A cos φ1 ρ sin h sin φ
cos δ cos α52 sin θ cos h sin A2 sin φ cos θ cos h cos A1 cos φ cos θ sin h
cos δ sin α5 cos θcos h sin A2 sin φ sin θ cos h cos A1 cos φ sin θ sin h

(3.14)
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3.3.2.2 Working mechanism and features of positioning
1. Working mechanism and features of shafting positioning

When the shafting positioning mode is adopted by the electro-optical telescope, once
the object enters the field of view of the optical system, the servo system will capture,
lock, and track the object, keeping the object always within the field of view of the optical
system. TV measurement system will record the object’s bias relative to the center of the
field of view, or miss distance. Meanwhile, angle measuring device begins to measure the
azimuth and elevation of the center of the field of view, which, together with the miss
distance, will be synthesized into the actual angular position of the object.

Characteristics of shaft positioning include shaft positioning accuracy that depends
basically on the shafting precision of the telescope, so shaft machining precision of the
telescope is high, resulting in higher development costs of the telescope, and due to the
influence of atmospheric refraction correction error, measurement accuracy will be
affected during low elevation observation; the tracked objects by shaft positioning has no
problem of prolonged star image, and the fast and slow objects does not need to be
tracked in different ways; shafting positioning calculation is simple, requirement for real-
time processing of computer is not high, which will help improve the sampling frequency
of the measured data.

2. Working principle and characteristics of astronomical positioning
Celestial positioning gives the position information of space objects by comparing the

relative position of the space object with respect to reference stars in CCD image. This
positioning approach is achieved by establishing the mapping relationship between the
ideal and the measured coordinates of the reference stars. The working procedures of the
celestial positioning include establishing measured star patterns, calculating mass center
of the star images, fast matching algorithm of star patterns, ideal coordinates of reference
stars, CCD image processing models, normalization of electro-optical telescope pointing,
and space object’s position.

The main characteristics of the celestial positioning are as follows: (1) accuracy of
celestial positioning is not subject to telescope shafting error and atmospheric refraction
correction error, thus the positioning precision of the celestial positioning is higher than
the shaft positioning; (2) this positioning approach requires larger field of view, and at
least three reference stars are required in the field of view; and (3) celestial positioning
requires higher level of computer real-time processing. Millions of star data shall be
stored in the computer, and reference stars shall be found in very short time according to
the telescope pointing and positions in CCD images, so as to output the positioning
results of the space objects.

3.3.3 Measurement models of electro-optical telescope

In the tracking of space objects by electro-optical telescopes, the telescope is controlled to
point toward the preset space area, and “stares” at the space object spot. In working mode of
shafting positioning, the telescope collects the images and extracts the miss distance of the
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objects. The miss distance will then be integrated with the telescope encoder data, and the
final position information will be output after comprehensive error correction. In working
mode of celestial positioning, the collected images are recorded in real time, where calcula-
tion is done, in consulting with the reference star library, to give the position information of
the space objects. The following section discusses the measurement models in the working
modes of shafting positioning and celestial positioning.

3.3.3.1 Measurement model of shafting positioning
The common positioning mode in an electro-optical telescope system is shafting positioning,
which is a method of absolute positioning. By assuming Telescope Imaging CCD center coor-
dinates is (x0, y0), the centroid position space object image is (xs, ys), CCD image scale is (Sx,
Sy), photoelectric telescope pointing to (A0, E0), combined with the objects of object amount
and the telescope pointing information, calculate the spatial orientation of the object As and
the pitch angle Es are as follows:

Es 5E0 6 ðys 2 y0Þ3 Sy
As 5A0 6 ðxs 2 x0Þ3 Sx=cos Es

�
(3.15)

where the selection of plus or negative signs depends on the incremental direction of the azi-
muth and elevation in the CCD image.

The conversion relation between alt�az coordinates (As, Es) and alt�alt coordinates (L,
B) is as follows:

Es 5 arcsinðcos L cos BÞ
As 5 arctanðsin L ctg BÞ

�
(3.16)

3.3.3.2 Measurement model of celestial positioning
Modern astronomical positioning method was first proposed by John and Jean and then
developed by Chris, Dustin, and so on. Celestial positioning gives the position information of
space objects by comparing the relative position of the space object with respect to reference
stars in CCD image. This positioning approach is achieved by establishing the mapping rela-
tionship between the ideal coordinates ðξ; ηÞ and the measured coordinates ðX ;Y Þ of the ref-
erence stars.

1. Star image matching
Star pattern matching is one of the vital steps to achieve high-precision celestial

positioning, including the selected catalog, the establishment of a database of star pattern
recognition, calculation of star image centroid, and star pattern matching algorithm.
a. Selection of star catalog

The accuracy of star catalog is far higher than the accuracy of the observing
equipment. The selected star catalogs shall contain sufficient and evenly distributed
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reference stars in whole space. Common used catalogs include TRC, Tycho-1, and
Tycho-2.

b. Establishment of star pattern recognition database
The number of stars in the catalog library is huge. For example, there are about

900,000 entries of stars brighter than 11 Mag in Tycho-2 catalog. If all stars in Tycho-2
catalog are selected as candidates to calculate, much time is required for computing.
This is not conducive to the rapid realization of star pattern recognition, not alone to
the star pattern calculation. In fact, this is not necessary in actual application. In
engineering practice a subcatalog of the stars is selected, which usually consists of
stars within the extreme detection of the electro-optical telescope. In addition, some
stars whose angular distance is less than certain value are deleted from the
subcatalog, so as to further reduce the retrieval time of the reference stars, to increase
the real-time performance of celestial positioning, and to further reduce measurement
error of reference stars’ coordinates.

c. Calculation of star image’s centroid
Star image’s centroid is obtained by the processing of observed CCD image, as the

CCD field of view is large for space object optical observation equipment, and the
data processing has high real-time requirements, commonly used centroid calculation
method is two-dimensional modified moment method.

d. Fast matching algorithm of star patterns
Commonly used star pattern matching algorithms include triangle matching

algorithm, polygon angular distance matching algorithm, and grid algorithm. Among
them triangle algorithm is the most adopted in engineering applications due to its
simple structure and less computing.

2. CCD image processing model
Due to the telescope aberrations, CCD installation deviation error, and other factors,

the relationship between the ideal and the actual coordinates cannot be accurately
derived. Thus this relationship is usually expressed in polynomial, that is, CCD image
processing models. CCD image processing models used in space object observations
include two-constant model, four-constant model, six-constant model, eight-constant
model, ten-constant model, twelve-constant model, and twenty-constant model, which is
used to establish the relationship between the measured coordinates and the ideal ones.

There is a one-to-one correspondence between the ideal coordinates ðξi; ηiÞ and the
equatorial coordinates ðαi; δiÞ of the reference star. The formula for calculation is:

ξi 5
cos δisin ðαi 2α0Þ

sin δi sin δ0 1 cos δi cos δ0 cos ðαi 2α0Þ

ηi 5
sin δi cos δ0 2 cos δi sin δ0 cos ðαi 2α0Þ
sin δi sin δ0 1 cos δi cos δ0 cos ðαi 2α0Þ

8>>>><
>>>>:

(3.17)

where ðα0; δ0Þ is the correspondent right ascension and declination of the CCD image
center.
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a. Two-constant model
Generally, one reference star is required in this model, the CCD image’s scales in

the x and y directions are assumed to be identical, and the angle θ between the ideal
coordinates ðξi; ηiÞ and measured coordinates ðxi; yiÞ are known.

ξi 5 a1 cos θ xi 1 sin θ yi
ηi 5d2 sin θ xi 1 cos θ yi

�
(3.18)

b. Four-constant model
Generally, two reference stars are required in this model, and the scales in both

directions are assumed to be identical.

ξi 5 a1 b xi 1 c yi
ηi 5d2 e xi 1 f yi

�
(3.19)

c. Six-constant model
Three or more reference stars are required in this model.

ξi 5 a1 b xi 1 c yi
ηi 5d2 c xi 1 b yi

�
(3.20)

The abovementioned three models primarily consider the first-order linear effect,
while eight- or ten-constant models take into account the nonlinear difference and
require multiple unknown variables. Thus more reference stars are required. It should
be noted that the final positioning accuracy of space objects obtained by using higher
order CCD image processing models is not necessarily better than the one obtained
by using lower order models. Because measurement error of each of the reference
stars will be integrated into the final measurement results. It is easy to verify that the
more the unknown variables to be solved, the lower the accuracy of the solution is, in
the case of the same conditional equations and of the same random errors of known
quantities. Besides, higher order CCD image processing models require more
computer processing overloading. Therefore we only select sufficient reference stars
within certain range of the space object image and use lower order CCD image
processing models. In this way the processing time requirements and expected
accuracy can both be met.

3. Calculation steps in real-time celestial positioning
a. Read the telescope’s encoder data in the L axis and B axis, and translate the pointing

information into the celestial coordinates of the telescope’s pointing (right ascension
and declination).

b. Around the telescope pointing (right ascension and declination) neighboring, quickly
retrieve star catalog and find the reference stars within the CCD field of view.

c. According to the telescope pointing and CCD camera’s scale, calculate the equatorial
coordinates of each measured star image.
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d. Match the theoretical equatorial coordinates with the measured equatorial
coordinates, and obtain the measured coordinates of the reference stars.

e. Obtain the measured coordinates of the space objects by CCD image processing.
f. Establish CCD image processing model by the use of reference stars.
g. Calculate the space objects’ right ascension and declination by the use of CCD image

processing model and measured coordinates of space objects.

3.3.4 Measurement errors and compensation techniques of telescopes

Measurement error of electro-optical telescope systems refers to deviation of measured
angular values from their true values in space object measurement. Overall, the factors
affecting the measurement accuracy of the telescope can be divided into static and dynamic
measurement error sources. When the telescope is in stationary state, the measurement
errors usually result from such factors as manufacturing process, installation, and adjust-
ment. When the telescope is tracking moving objects, the measurement errors are usually
larger, due to mechanical deformation and random factors. The static measurement error
sources include vertical axis tilt errors, the horizontal axis tilt errors, sighting axis error, zero
difference, directional difference, errors caused by optical system geometric distortion, and
atmospheric refraction error. The sources of dynamic measurement errors include tracking
motion error, CCD miss output lag error, the error caused by atmospheric jitter, sighting axis
swing error, and other random errors. According to the nature of the error, the previously
mentioned errors fall into system errors and random errors. The vast majority of system
errors can be adjusted or corrected, but residual errors still exist after correction. Random
errors cannot be corrected due to its randomness. Their impact can be decreased by
smoothing of measured data.

3.3.4.1 Static errors
1. Shafting error

During tracking the shaft must meet certain conditions, such as vertical axis must be
perpendicular to the horizontal, and the horizontal axis must be perpendicular to the
vertical axis. Due to constraints of manufacturing process, assembly and adjustment in
use and other factors, the instrument’s three axes, in fact, do not fully meet the
abovementioned three conditions. Therefore there are objective measurement errors
caused by inaccurate axes. This type of errors is called shafting error. It consists of
vertical axis tilt error, horizontal axis tilt error, and sighting axis error. These errors
include two parts: one is a constant systematic error caused due to the adjustment and
the other part is the amount of change in the instrument movement, namely, random
errors.

2. Encoder error
Elevation and azimuth shaft angle encoders are precision angular measurement parts

of electro-optical telescope. Encoder error here refers to the installation and adjustment
error due to the nonalignment with the optical axis after the encoders are installed on

56 Spacecraft Collision Avoidance Technology



horizontal and vertical axes. Namely, the error includes the horizontal axis encoder’s zero
difference and the vertical axis azimuth encoder’s directional difference. They affect the
authenticity of the measured values, thus affecting the measurement accuracy, and shall
be corrected.

3. TV static miss distance measurement error
TV miss distance refers to the offset of the object image point from the origin of the

object screen coordinate system. TV miss distance measurement error includes
quantization error in the CCD sensor, interpolation error, tail error, and the optical
system’s focal length error. The number of scanning lines of the CCD camera is subject to
the resolution limits of the imaging object surface, and the spacing between the scanning
lines is the smallest unit used to measure the size of the object image point. Thus the
angular resolution of the camera limits the measurement accuracy of the system.

4. TV miss distance pure lag error
When the television camera works, the image information stored in the object surface

is read out by raster scanning, pixel by pixel from top to bottom and left to right. There is
a lag of one frame from the beginning of the timing sampling to the sending out of the
miss distance. Things may differ if there are other lag factors. For instance, inertia of the
television camera itself may generate the signal transmission lag, causing the change of
time lag of the miss distance. The measurement data of TV tracking synthesizes the
encoder data and TV miss distance. Due to the pure time lag of the TV miss distance,
errors will eventually exist in the synthesized data.

5. Impact of atmosphere refraction
In observing space objects with precision electro-optical telescopes, the observed

direction of the object differs from its real direction due to the atmospheric refraction.
And this type of directional error is called refraction. The true height equals to the
observed height deducted by the atmosphere refraction. The smaller the star’s elevation
is, the greater the refraction is. The change of atmosphere pressure will lead to different
atmosphere refraction. Atmosphere refraction is an important factor affecting the
measurement accuracy of space objects. Current theoretical formula for atmosphere
refraction is based on the assumptions that the atmosphere density changes with its
distance from the ground and with other ambient environment changes. Precise
observation requires further precise correction of atmosphere refraction.

6. Other static errors
Other static errors include errors caused by inconsistent coordinates, nonalignment

error between the optical axis of the optical system and the electro-optical axis of the
CCD plane, as well as nonalignment error between the horizontal and vertical axes of
CCD plane and the optical system.

3.3.4.2 Dynamic errors
1. Instrument tracking motion error

When electro-optical telescope is tracking motion objects, rotation of the turret will
inevitably bring about structural deformation, displacement of instrument, or shaft
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bending, which will thereby generate dynamic error increment. And these errors are
random, including base adjustment error, the vertical axis swing error, the vertical axis
photoelectric encoder measurement error, the vertical axis photoelectric encoder zero
error, the vertical axis photoelectric encoder coupling error, horizontal axis swing error,
the horizontal axis optical encoder measurement error, the horizontal axis optical
encoder zero error, the horizontal axis optical encoder coupling error, sighting axis up-
down placement error, error of collimation error (swing of sighting axis azimuth), and
swing error of sighting axis elevation angle.

2. Nonsynchronized time sampling error
In real-time dynamic TV measurement systems, the object position is measured

mostly by counters in row and field directions. Nonsynchronized sampling error is
caused by the inconsistence between the time of the object image point scanning by the
electron beam and the time of system sampling. TV measurement system is a real-time
sampling system, where a variety of data, such as time information, object point
information, and position of the instrument (i.e., center position of camera tube object
surface), must be collected in a unified time. Generally, the leading edge of frame
synchronization pulse is taken as the sampling pulse to collect the previous frame of
data. This type of sampling is called frame-end sampling or frame-terminal sampling. In
the dynamic measurement system, the object image points keep moving in the camera
tube object surface. The moving distance of the point within one pulse interval is the
nonsynchronization sampling error of the dynamic measurement.

3. Boresight swing error of optical systems
Reasons for boresight swing of optical systems include (1) optical elements in motion

(such as dimming variable density disk and the focus lens). (2) Optical system barrel or
optical parts distortion or slight displacement due to thermal deformation, which is
caused by one side radiation by sunlight or different thermal expansion coefficients of
metal materials. (3) Barrel structure deformation caused by its weight redistribution when
the barrel is in elevation motion. (4) Horizontal axis random swing in horizontal plane
due to the gap between the bearings.

4. Errors caused by atmospheric jitter
Atmospheric jitter can cause diffusion of object image points and further affect the

position extraction of the object in CCD surface. Impact of atmospheric jitter on the
electro-optical telescope TV measurement system includes three aspects: random
fluctuation of image point position, random fluctuation of optical density in the image,
which may result in larger image or irregular diffusion circle in comparison with situation
without atmospheric jitter effect. Atmospheric jitter is still a complex issue, as it is heavily
affected by the natural meteorological conditions, as well as by locations, seasons, and
other environmental factors. Generally, we select an empirical value as the random error
rms value caused by the atmospheric jitter.

5. Other errors
In addition to the major errors affecting the measurement accuracy, there are other

potential minor factors, including changes of the foundation due to ambient temperature
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vibration, stability of counter pulse, random interference by ambient electrical field,
magnetic field, and thermal noises.

3.3.4.3 Angle measurement error model
When a single telescope is used to measure the space object, it can only give the radial angle
of the object relative to the telescope, that is, the included angle between each axis of the
measurement coordinate system and the line connecting the main point of the optical sys-
tem and the space object. The angle measurement errors come from various sources for dif-
ferent telescope structures. Here we only take alt�az tracking telescope as an example to
analyze the sources of the angle measurement errors and their calculation.

Telescope angle measurement error refers to the difference between the actual angular
position and the measured angular position of the measured space object at a certain
moment.

As shown in Fig. 3�2, O denotes the tracking/observing station, OP is the visual axis ori-
entation of the device, and OM is the apparent direction of the object, then σϕ represents
the error angle of the measurement for this telescope. Its components in the horizontal
direction and the height direction is δϕA and δϕE , respectively.

δϕA 5 δAcos E; δϕE 5 δE

where δA denotes the azimuth angle measurement error, and δE denotes elevation angle
measurement error. σϕA and σϕE are further composed of multiple errors.

σϕA 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXi5n

i51

KiK
0
iδAi

� 	2s

σϕE 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXj5m

j51

KjK
0
jδEj


 �2

vuut (3.21)

where δAi and δEj denote the limit values for the ith item of azimuth error and jth item of ele-
vation error, respectively; Ki, Kj, K 0

i, and K 0
j represent the probability coefficients and error

transfer coefficients for the ith item and jth item, respectively.
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FIGURE 3–2 Angle measurement error diagram.
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The mean square error of the angle measurement error is:

σφ 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
φA 1σ2

φE

q
5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXi5n
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KiK 0
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vuut (3.22)

For tracking optical measurement device, the angle measurement error σϕ consists of
static error and dynamic error.

σA 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
AS 1σ2

AD

p
σφ 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
A 1σ2

E

p
σE 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
ES 1σ2

ED

p (3.23)

where σAS, σES, σAD, and σED denote the static and dynamic errors of the azimuth (elevation)
angle, respectively.

Device’s dynamic error results from the dynamic loads in motion when the device is
tracking space objects. As it is difficult to estimate, empirical formula is generally adopted to
calculate the error.

σAD 5KAσAS

σED 5KEσES

KA ad KE are dynamic error coefficients, which generally range from 1.15 to 1.5.

σAS 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1=2ÞU tg EUσV �2 1 ½ð1= ffiffiffi

2
p ÞU tg EUσi�2 1 ðσC=cos EÞ2 1σ2

R 1 ðσP=cos EÞ2
q

σES 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1=2ÞσV �2 1σ2

CV 1σ2
R 1σ2

P

q
8<
: (3.24)

In abovementioned formulas, E is elevation angle of the equipment; σV is vertical axis
error, that is, the vertical axis’ deviation from the local plumb line.

σV 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
V1 1σ2

V2 1σ2
V3

q

σV1 is the vertical axis leveling error, σV1 5 τ=10
ffiffiffi
2

p
, τ is leveling bubble grid values. σV2 is

the vertical axis swing (for ball bearing shaft, it is the vertical axis swing of the thrust bearing
in flat rail). σV2 5K 0Δhρ=

ffiffiffi
2

p
D, Δh represents the end surface roughness of the thrust bear-

ing. K0 is the load deformation coefficient; usually K0 5 0.4�0.96, ρ is 23 105. D is the thrust
bearing’s median diameter, and σV3 is the random swing of the vertical axis. For ball bearing
shaft, it depends on the component of more than three times of ball size error, the out-of-
roundness and the roughness of thrust bearing ring. σi is horizontal axis error, that is, non-
perpendicularity between the horizontal axis and vertical axis. σi 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
i1 1σ2

i2 1σ2
i3

p
σi1

represents the nonperpendicularity of the horizontal axis with respect to the vertical axis,
and σi2 the system swing of the horizontal axis within the vertical plane. For the ball bearing
shaft, there is the following equation: σi2 5K 00ΔDρ

ffiffiffi
2

p
=L, ΔD is the out-of-roundness of the

journal; L is the distance between two fulcrums of the horizontal axis; and Kv is load
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deformation coefficient, where Kv5 0.4�0.96. σi3 represents the random swing of the hori-
zontal axis within the vertical plane. For the ball bearing shaft, there is the following equa-
tion: σi3 5 2ðΔd1ΔPÞρ=ð3LÞ, Δd is the ball size error. ΔP is the out-of-roundness of the
ball. σC is the boresight error, that is, the nonperpendicularity of the boresight axis and hori-
zontal axis within their plane. σC 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
C1 1σ2

C2 1σ2
C3 1 σ2

C4 1σ2
C5

p
, σC1 is collimation error,

which depends on its measurement error; σC2 is boresight system swing resulting from the
horizontal axis deformation. σC3 is the system swing of boresight axis within its plane with
horizontal axis; σC4 is the random swing of boresight axis within its plane with horizontal
axis; σC5 is the boresight axis deviation due to the variation of optical elements and cross
hair. σCV is swing of the boresight axis within the cross section perpendicular to the horizon-
tal axis. σR is goniometer error, namely, the error of goniometer in azimuth and elevation
directions.σR 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
R1 1σ2

R2 1 σ2
R3 1σ2

R4

p
, σR1 is the goniometer zero error; σR2 is goniometer

measurement error; σR3 is the coupling transmission error of goniometer; and σR4 is zero
error caused by coupling torsional deformation of the goniometer. σP is the miss distance
measurement error, namely, the interpretation error of the object position in the film or
CCD. When a film recorder is adopted, the miss distance measurement error is
σP 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
P1 1 σ2

P2 1σ2
P3

p
, σP1 is focusing error; and σP2 is the position measurement error of

interpretative instrument. σP3 is aiming error. When CCD is adopted in measurement, the
miss distance measurement error is σP 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
P1 1σ2

P2 1σ2
P3 1σ2

P4

p
, σP1 is focusing error; σP2

is centroid extraction origin error; σP2 5Δ00=ð2 ffiffiffi
3

p Þ, Δ00 is angular resolution of CCD pixels.
Δv5 (Δ/f)3 23 1025, σP3 is centroid extraction object position error; σP3 5Δ00=ð2 ffiffiffi

3
p Þ, σP4 is

coordinate rotation error during CCD installation.

3.3.4.4 Error compensation technology
In order to measure the position of the target accurately, it is necessary to determine the
shafting error and reading system error of the telescope system accurately. Error calculation
and compensation is completed by taking pictures for multiple stars. Common error compo-
sition techniques include least square systematic error correction and spherical harmonic
systematic error correction. Among them, the least square systematic error correction
method mainly considers several systematic errors that have a great impact on angular mea-
surement accuracy, such as shafting error, directional difference, and zero difference. The
parameters in the correction function are few in number and cannot be changed, so it is dif-
ficult to achieve a comprehensive correction of the systematic error. However, the spherical
harmonic systematic error correction method does not specifically consider the physical
meaning of each parameter and only selects the number of parameters according to the fit-
ting degree of the system error curve. Therefore in the systematic error correction of electro-
optical tracking system, as long as the parameters are reasonably selected, the systematic
error correction method of spherical harmonic function will have higher accuracy than the
least square systematic error correction method. The spherical harmonic systematic error
correction method is introduced next.
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Systematic error, as a quantity related with telescope position status, is a function of posi-
tion. We use A and E to represent the azimuth and elevation angles and use functions fA and
fB to indicate the deviation. Then

ΔA5 fAðA;EÞ
ΔE5 fBðA;EÞ (3.25)

fA and fB are pointing correction functions, which are continuous functions on the sphere.
For spherically distributed stars, if the observed positions A0 and E0 of the stars are measured
and the calculated positions AC and EC are obtained via ephemeris, then we can obtain the
pointing deviation of the telescope in each direction:

ΔA5A0 2AC

ΔE5E0 2EC

After fitting of the discrete values distributed on the semisphere, we will get the correction
function fAðA;EÞ; fBðA;EÞ, which can be represented by spherical harmonic functions.
Telescope pointing systematic errors at different elevation angles are complex functions of
the elevation change. Thus the harmonic functions shall be fitted with high-order terms.
Select a spheric harmonic function with harmonic terms of up to four orders and each order
is linear, which is expressed as follows:

Fðθ;λÞ5
XN
n50

A0
nPn cos θð Þ1

Xn
m51

Am
n cos mλ1Bm

n sin mλ
� �

Pm
n cos θð Þ

( )
(3.26)

where Pnðcos θÞ is Legendre polynomials:

Pnðcos θÞ5
1

2n 3n!
3

d00

dðcos θÞn ðcos
2θ21Þn (3.27)

Pm
n ðcos θÞ is associated Legendre polynomials

Pm
n ðcos θÞ5 ð21Þmð12cos 2θÞm=2 3

dm

d00ðcos θÞm Pnðcos θÞ (3.28)

By simplifying Fðθ;λÞ and making relevant truncating, we will obtain the systematic error
correction function of the telescope in azimuth and elevation directions:

fAðA;EÞsin E2ΔA sinθ5

A0 1A1 cos E1A2 cos A sin E1A3 sin A sin E1A4 cos 2 E1
A5 cos A sin E cos E1A6 sin A sin E cos E1A7 cos 3 E1
A8 cos A sin Ecos 2 E1A9 sin A sin E cos 2E1A10cos 4E1
A11 cos A sin Ecos 3 E1A12 sin A sin E cos 3E

fAðA;EÞ5ΔE5

B0 1B1 cos E1B2 cos A sin E1B3 sin A sin E1B4 cos 2 E1
B5 cos Asin E cos E1B6 sin A sin E cos E1B7 cos 3 E1
B8 cos A sin E cos 2 E1B9 sin A sin E cos 2 E1B10 cos 4 E1
B11 cos A sin E cos 3 E1B12 sin A sin Ecos 3 E

(3.29)
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where Ai and Bi are coefficients (i5 0, 1, 2, 3,. . ., 12).
Measurement of 30 plus stars evenly distributed in azimuth and elevation directions will

give their theoretical and observed values of the stars at the given observing time.
The observed values of the 30 plus stars constitute a set of nonlinear equations.

AXA 5 LA
AXB 5LB

(3.30)

where
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Each element in matrix A is defined as:
ai;1 5 1, ai;2 5 cos Ei,

ai;3 5 cos Ai sin Ei, ai;4 5 sin Ai sin Ei, ai;5 5 cos 2Ei, ai;6 5 cos Ai cos Ei sin Ei,

ai;7 5 sin Ai cos Ei sin Ei, ai;8 5 cos 3Ei, ai;9 5 cos Ai sin Ei cos 2Ei, ai;10 5 sin Ai sin Ei cos 2Ei,

ai;11 5 cos 4Ei, ai;12 5 cos Ai sin Ei cos 3Ei, ai;13 5 sin Ai sin Ei cos 3Ei where i5 1, 2,. . ., N, and
N is the measured number of stars.

Solving equations
AXA 5 LA
AXB 5LB

�

we will obtain the coefficients XA, XB of function fAðA;EÞ; fBðA;EÞ; then we can get the mean
square error of the observed values.

In the usage of observed data the star data shall be preprocessed so as to discard those
star data with gross errors. The mean square error of the observed values is:

δ0 5
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(3.31)
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where VAi and VEi are residuals to calculate azimuth and elevation. M is the number of avail-
able stars after the gross error is excluded. t is the number of unknowns, t5 13.

VAi 5 fAðAi;EiÞ=sin Ei 2ΔAi

VEi 5 fEðAi;EiÞ2ΔBi
(3.32)

Telescope systematic error correction with spherical harmonics has been proven to be
effective in practice. In telescope observation the pointing error with spherical harmonic cor-
rection may reach about 2 arcs (in measuring stellar).

3.4 Public correction models for measurement data
“Measurement model” is analytic expressions to establish observing geometry between
observing sites and space objects, as well as mathematical models for observed data system-
atic error correction, which will give the partial derivatives of the observed quantities with
respect to each relevant parameter. Measurement data itself is not very precise, and the data
inevitably has random and systematic errors.

3.4.1 The partial derivatives of each measurement element with respect
to the space object position

Measurement data types mainly include range measurement, angle measurement, and range
rate measurement. For radar measurement the observed quantities are t; ρ; A; E; and _ρ;
for optical measurement the observed quantities are astronomical longitude λ and latitude
ϕ. The abovementioned types of observed data can be calculated by the use of space objects’
state vectors ,r and _,r. If the theoretically calculated value of the measurement data is
denoted with C, then we have

C5Gðt; r,; _r,; R,Þ (3.33)

where ,r and _,r are motion status vectors of the space objects, and ,R is the observing
site’s position vector.

Taking into account the systematic error of the observation data, the above formula
becomes:

C5Gðt; r,; _r,; R,Þ1ΔC1ΔCc 1Δ _CcT (3.34)

where ΔC is the sum of systematic errors being considered.

ΔC5ΔCTR 1ΔCIO 1ΔCRL 1ΔCRT 1ΔCOF 1ΔCEC (3.35)

where ΔCTRis the tropospheric refraction correction; ΔCIO is the ionospheric refraction cor-
rection; ΔCRL is the impact of general relativistic effect upon the light time-of-flight, and the
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resulted range correction; ΔCRT is the range measurement correction due to the sun’s gravi-
tational potential effect and Lorentz effect of the geocentric station coordinates; ΔCOF is the
offset correction of space object transmit antenna with respect to the object centroid; and
ΔCEC is the eccentricity correction of the observing site.

The last two systematic errors in Eq. (3.34) are referred to herein as the offset error.
where Δ _Cc is part of the offset error that changes linearly with time. For arc-related para-
meters, time T commences from the start time of the arcs; for nonarc-related parameters,
time T starts from the epoch of the motion state vector of the object.

The following gives correction approaches for tropospheric refraction error, ionospheric
error, general relativistic effect error, and vertical deflection.

3.4.2 Tropospheric refraction error correction

Troposphere is the lowest level of the atmosphere with a height of 60 km or less, high atmo-
spheric density, and complex components. It is a mixture of a variety of gases (nitrogen, oxy-
gen, hydrogen, carbon dioxide, and other neutral plasma) and water vapor. The boundary of
the troposphere differs depending on temperature and vertical temperature gradients. Its
height continues to drop from the equator to the poles, but also in the immediate vicinity of
the equator there is a small discontinuity.

When the electromagnetic wave propagates through troposphere, its velocity will change
and its path will also bend, and this is the tropospheric refraction effect. When the radio
passes through troposphere, the resulted distance will deviate, and this is referred to as tro-
pospheric refraction error. In the zenith direction, distance refraction error caused by tropo-
sphere may be up to 2�3 m. At elevation of 3 degrees the error is up to 30�40 m.

There are many tropospheric refraction error correction methods, whereas commonly
used ones include the spherical stratification algorithm, the mapping function method, and
three-dimensional ray tracing method. Commonly used approaches of error correction in
engineering practice are as follows:

1. Only angle measurement data is available in troposphere:
According to the meteorological data from observation site, use simplified model of

the control center to correct the angle data in atmospheric refraction correction
processing.

Correction formula is:

E5EC 2ΔEN (3.36)

ΔEN 5N0
S ctg Ec
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Pe 5 6:10783 107:63t= 241:91tð Þ 3U

where T is the absolute temperature, T05 273.15�C. t is the ground temperature �C. U is
the ground relative humidity (%). P is the ground atmospheric pressure (hPa, mbar). Pe is
the ground water vapor pressure (hPa, mbar).

2. Both angle measurement data and ranging data are available at certain epoch in
troposphere:

According to the meteorological data from observation site, use atmospheric
refraction correction formula of the control center to correct the ranging and elevation
data. The correction formula is as follows:

R0
n 5Rn 2ΔRn (3.37)

ΔRn 5N0
S csc Ecð12 e220;000CÞ=C
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ð12 e220000CÞ
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Pe 5 6:10783 107:63t= 241:91tð Þ 3U

where refractivity C takes a statistical average 1.41423 1024 m21.

3.4.3 Ionospheric error correction

The ionosphere is a region of Earth’s upper atmosphere from 60 to 1000 km altitude. Various
radiations from the Sun and other celestial bodies upon the gas molecules in the ionosphere
produced strong ionization, which generates a large number of free electrons and positive
ions. Ionization in the ionosphere can be described in the total electron content, which is
unstable and closely related with the outbreak of solar flares, the number of sunspots, mag-
netic storms, geomagnetic and their changes, and has impact on communications, naviga-
tion, radar, and aerospace. The ionospheric delay is proportional to the total electron
content in the signal propagation path and is inversely proportional to the signal frequency.
The higher the frequency is, the smaller the ionospheric impact is.

Domestic and foreign scholars have been committed to the study of modification of ion-
ospheric propagation effects and proposed different ionospheric delay correction methods
and models. In the early 1970s it was suggested to use dual frequency for ionospheric delay
error correction. And more different ionospheric correction models have been proposed. At
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present, the adopted ionospheric delay correction approaches differ in satellite navigation
systems and differential augmentation systems. In general, differential correction method,
dual-frequency/multifrequency correction method, ionospheric empirical model method,
and IONEX global ionospheric model are most widely used.

At present, the dual-frequency correction method is the most widely used ionospheric
delay correction method. Dual-frequency correction method can achieve good correction
accuracy and can correct ionospheric effect up to about 90%. Tri-frequency correction
method is theoretically the ionospheric delay correction method precision with highest accu-
racy but requires high observation precision.

In the dual-frequency observations, the combination of dual-frequency observations can
be used for ionospheric error correction. The dual method use difference of dual observa-
tions to estimate ionospheric delay at L1 and L2 frequencies, respectively. Since code obser-
vables include:

δρl1 5
ρ2 2 ρ1
� 	

f 22
f 21 2 f 22

δρl2 5
ρ2 2 ρ1
� 	

f 21
f 21 2 f 22

(3.38)

where f1 and f2 are dual carrier frequencies; ρ1 and ρ2 are dual-frequency code observables;
and δρl1 and δρl2 are dual-frequency ionospheric delay.

For carrier observations, there is a similar formula:

δρl2 5
ρ2 2 ρ1
� 	

f 21
f 21 2 f 22

δρl2 5
ρ01 2 ρ02
� 	

f 21
f 21 2 f 22

(3.39)

where ρ01 and ρ02 are dual-frequency carrier observations.
The multifrequency observations must correct ionospheric effect through the linear com-

bination independent of ionosphere, which weakens the influence of the ionospheric delay
and at the same time magnifies the influence of the observation noise, multipath residuals,
and so on. The correction accuracy of multifrequency ionospheric delay depends on the fre-
quency number of observations, frequency values and intervals, pseudo-range accuracy, the
correction method, ionosphere higher order delay, and so on. Dual-frequency correction
tries to select two groups of data with large-interval frequency and small pseudo-range
errors. Dual-frequency correction method can correct more than 90% of the ionospheric
delay error. In this method, observation noise is smaller, and calculation is simple with low
hardware requirements. Furthermore, this method is easy to be implemented in
engineering.
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In engineering practice, GNSS observation network can be used to generate ionospheric
delay correction model based on global ionospheric real observations, where the ionospheric
model parameters αi; βiði5 0; 1; 2; 3Þ in GPS navigation message are input parameter.
Ionospheric refraction error is calculated as follows:

1. At any epoch t the ionospheric delay Tg in the zenith direction (E5 90�)

Tg 5DC1Acos ½2πðt 0 2TpÞ=P� (3.40)
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where DC5 5 ns is the evening ionospheric delay, Tp 5 50; 400 s is the local time
corresponding to the largest ionospheric delay, P is the ionospheric delay function period
(s), A is the ionospheric delay function amplitude(s). ϕm is the geomagnetic latitude of
ionosphere K 0 point (the intersection of the center ionosphere and the line connecting
the spectrum spread device K and the space object), and t 0 is the hour angle of K 0 point
at corresponding time t.

2. Geocentric angle EA between the spread spectrum device K and K 0 point

EA 5
445

E1 20
2 4 (3.42)

where E is the elevation of the spread spectrum device K in observing space objects.
3. Geocentric longitude and latitude of K 0 point

ϕK 0 5ϕK 1EA cos α
λK 0 5λK 1EA sin α=cos ϕK 0

�
(3.43)

where ϕK ;λK is the geocentric longitude and latitude of spread spectrum device K , and α
is the azimuth of the spectrum spread device K in observing space objects.

4. The local time t 0 at K 0 Point.

t 0 5 ðUT1λK 0=15Þ3 3600ðsÞ (3.44)

where UT is the corresponding UTC for the observation time t.
5. The geomagnetic latitude ϕm at K 0 point.

ϕm 5ϕK 0 1 11:6cos ðλK 0 2 291�Þ (3.45)

6. The ionospheric delay T 0
g in the direction of elevation E at any time t.
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T 0
g 5 SFUTg 5 11 2ð96�2EÞ=90�� �3n o

UTg U f 2GPSU f
22
KP (3.46)

where SF is the obliquity factor, fGPS 5 1575:42 MHz is the operating frequency of the GPS
signal, and fKP is the operating frequency of the spread spectrum device, which takes the
downlink frequency 2282.4 MHz.

For accurate correction of the postmission processed data, the global ionospheric
delay model published by IGMAS can be used [103], which is not repeated here.

3.4.4 General relativistic effect error correction

According to Einstein’s general relativity theory, light propagation will be distorted in a gravi-
tational field, and the speed will be slower. It results in longer light propagation time from
the space objects to stations than there is no gravitational field, which is called electromag-
netic wave delay effect. The ranging correction caused by this effect is called general relativ-
istic effect correction in ranging. Here we only consider the ranging general relativity effect
correction caused by the Sun and Earth’s gravitational fields.

Relativistic effect correction caused by the gravitational field of the sun is:

Δ1 5 ð11 γÞRRL1

5 ð11 γÞGMs
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1g

r1 1 r2 1 ρ
r1 1 r2 2 ρ

0
@

1
A (3.47)

where Ms: the mass of the Sun, GMs 5 1:3271243 1020; r1 is the distance from the Sun to
the space object; r2 is the distance from the Sun to the observation site; and γ is the correc-
tion factor for the relativistic effect. It can be taken as estimated quantity, and its normal
value is 1.

Relativistic effect correction caused by the gravitational field of the Earth is:

Δ2 5 ð11 γÞRRL2

5 ð11 γÞGME
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where ME is Earth’s mass, and GME 5 3:98600443 1014 m3=s2. r01 is the distance from Earth’s
core to the space object; r02 is the distance from the geocenter to the observation site.

The relativistic effect correction of the range by the Sun and Earth’s gravitational field is:

ΔρRL 5Δ1 1Δ2

5 ð11 γÞðRRL1 1RRL2Þ (3.49)
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3.4.5 Vertical deflection correction

For shafting optical data the site coordinates are expressed in astronomical coordinates,
while orbit determination uses geodetic coordinates. Thus vertical deflection correction for
shafting data is required. Correction method is as follows:

A0 5A2 λ2Lð Þsin ϕ2 ξsin A0 2 ηcos A0ð Þctg ZS

ZG 5ZS 1 ξcos A0 1 ηsin A0ð Þ (3.50)

E0 5
π
2
2ZG

where A is the raw measurement data, A0;E0 is obtained data after the vertical deflection cor-
rection, λ;ϕ are the longitude and latitude in astronomical coordinates, L is the longitude in
geodetic coordinate system, and ξ; η are the meridian and prime components of the vertical
deflection. Zs is astronomical zenith distance, that is, the angle between the vertical line of
the site and the observation direction. ZG is the zenith of the Earth.

In certain sites with large vertical deviation, dynamic correction of the error could reach
the magnitude of one minute of arc.

3.5 Relationship between detection network and orbit
accuracy

The near-Earth objects with a period of 90 minutes orbit the Earth about 16 passes a day.
For a detection network with reasonable longitude distribution (e.g., eight radar stations are
evenly laid on the equator), theoretically ascension of the object from south to north and
descension from north to south can be observed at least eight times a day. Arc length of
each observation should be a few minutes. Each country’s specific detection network can
actually observe a few liters lower, and the length of each observation arcs, according to the
country, can be laid detection equipment span longitude, latitude span and space objects’
orbital inclination and altitude may be. In general, the goal of space object cataloging is to
use minimal equipment resources to catalog as many space objects as possible. Thus in cata-
log orbit determination requirements, usually one arc of observation is required, and the
data types are mainly low precision phased array radar and optical data. For space object
collision avoidance and warning missions, precision tracking and observation of space
objects is required. For precision orbit determination, three and more arcs of observations
are generally required in space object tracking. The data types shall include high-precision
measurement radar data, in addition to the phased array radar data and optical data.

In order to better illustrate the relationship between the accuracy of orbit determination
and the amount of observation data, it is assumed that radars, deployed in different longi-
tude locations, track a Sun-synchronous object with an orbital altitude of 480 km.
Measurement data are generated by simulation. The orbit determination and extrapolation
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Table 3–1 Calculation results of orbit determination and prediction error.

Observations

One pass of
ascension
orbit

Two passes of
ascension
orbit

Three passes
of ascension
orbit

Four passes of
ascension
orbit

Five passes of
ascension
orbit

Six passes of
ascension
orbit

Seven passes
of ascension
orbit

Eight passes
of ascension
orbit

Calculation error
One pass of
descension
orbit

Two passes of
descension
orbit

Three passes
of descension
orbit

Four passes of
descension
orbit

Five passes of
descension
orbit

Six passes of
descension
orbit

Seven passes
of descension
orbit

Eight passes
of descension
orbit

Calculation items

Orbit determination
error

Rms of position (m) 113.7 12.8 4.2 1.9 1.4 1.3 1.2 1.1
Rms of velocity (m/s) 0.1151 0.0136 0.0044 0.0020 0.0013 0.0011 0.0010 0.0009

One day Direction R (m) 137.7 39.9 33.6 30.4 28.4 25.4 25.8 15.5
Direction T (m) 8363.1 383.9 210.4 197.5 132.6 121.6 114.6 13.7
Direction N (m) 2062.6 28.6 13.0 8.0 5.0 3.5 3.7 2.7
The position P (m) 8558.4 384.1 210.4 200.5 133.8 121.6 114.6 20.9

Three days Direction R (m) 137.7 49.3 38.5 35.7 35.1 29.3 28.5 28.1
Direction T (m) 26316.4 3660.3 2031.3 1637.2 1189.3 1039.4 745.1 708.8
Direction N (m) 2062.6 31.5 13.7 4.1 3.5 3.5 3.3 3.5
The position P (m) 26370.7 3660.3 2031.5 1637.2 1189.3 1039.4 745.1 709.3

Seven days Direction R (m) 272.9 64.2 54.2 62.1 47.5 41.2 39.9 15.0
Direction T (m) 62,211.1 18,620.0 10,297.8 10,981.4 8041.8 5771.7 3885.2 4001.2
Direction N (m) 2062.6 39.4 14.0 7.0 6.5 5.6 3.7 0.9
The position P (m) 62,223.9 18,620.0 10,297.9 10,981.5 8041.9 5771.7 3885.2 4001.3



prediction are implemented according to different measurement data within 24 hours.
Table 3�1 shows the orbit determination errors and prediction error of object location for 1,
3, and 7 days.

As is seen from Table 3�1, with increasing of the orbit measurement data arcs, the posi-
tion RMS error for orbit determination is reduced from 100 m to a few meters; the velocity
RMS error is reduced from decimeter/second to millimeter/second; and the position predic-
tion error for seven days is reduced from over 60 to 4 km. According to the abovementioned
simulation results and a lot of statistics, calculation of space objects’ collision warning usu-
ally needs two passes of both ascension and descension orbital data, thus the orbit predic-
tion accuracy can meet the demand that the position prediction error for 3 days is within a
magnitude of kilometers. To achieve the prediction accuracy for 24 hours that the position
error is within 100 m and error in radial or normal direction is within 10 m, measurements
should be performed for at least three passes of both ascension and descension orbits. Based
on the current level of dynamics, even if the detection equipment distributed around the
world is used intensively for measurement and orbit determination of a certain space object,
the prediction error of orbit position for 7 days is still within ten kilometers. Accordingly,
broader geological deployment of sites and more space object observation by optical and
radar equipment will bring higher orbit determination precision of space objects. This is con-
ducive to space object collision warning calculation. Therefore a reasonable plan of detection
resources scheduling, namely, the use of appropriate detection resources at the right time, is
very important for efficient completion of collision warning.

Furthermore, it should be noted that the previous calculations are performed according
to the simulation of radar equipment. If radar equipment is replaced by optical device, and
under good weather conditions and daylight and shadow requirements, the number of
observable arcs of the satellite per day is 0.6. That is, for an average of 3 days, there are two
arcs available. As the optical device’s data precision and density is less than radar devices, if
unfavorable weather results in unavailable observation by optical devices, the number of
trackable arcs will be less than normal. And this will reduce the accuracy of orbit determina-
tion. Thus to answer for the detection requirement in the colorful warning stage of collision
warning, optical detectors cannot be used as a primary warning device, but only as auxiliary
of the radar equipment.
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4
Space environment and object orbit

The natural and artificial environments when on-orbit spacecraft encounter are known as
space environments. From ground to the designed orbit, spacecraft have experienced a
number of different environments. According to the current information, all changes of
natural space environment are closely related to the change of the Sun. The Sun is not
only the source of material and radiation but also controls the changes of atmosphere and
ionosphere, cosmic rays of Earth’s adjacent area, and the orbit evolution of space objects,
and so on.

Space environment has a very significant effect on spacecraft. Thereinto, gravitational
field, upper atmosphere, and solar radiation affect the orbit and life of spacecraft; radiation
belts of the Earth, solar cosmic rays, galactic cosmic rays, and solar radiation bring radiation
damage to the materials and coatings of spacecraft; a large amount of space debris and
micrometeoroid damages optical lens and mechanical structural of spacecraft; atomic oxygen
brings chemical damage to the materials and coatings of spacecraft; magnetospheric plasma
and solar electromagnetic radiation affect the surface potential of spacecraft; solar electro-
magnetic radiation, cold dark environment, and the vacuum environment of upper atmo-
sphere affect the thermal state of spacecraft. This chapter focuses on the impact of the upper
atmosphere on the orbits of spacecraft.

4.1 Atmospheric effect on space object orbit
The on-orbit space objects will be influenced by various forces. Thereinto, atmospheric
drag is a typical nonconservative force, and the effect on orbit prediction is directly propor-
tional to time square. Because people have not completely mastered the physical mecha-
nism of upper atmospheric density variation, until now the present mode error is about
15% for almost all of the atmospheric density patterns in the inactive period of solar activi-
ties (the error is bigger in the period of intense solar activities). This will cause the same
uncertainty of atmospheric drag perturbation and bring huge impact on orbit prediction of
low on-orbit space objects. And it is directly related to the confidence coefficient of the col-
lision warning of spacecraft. This section will focus on the impact of atmospheric drag on
orbit prediction.

The calculation method of objects influenced by atmospheric drag is shown as follows:
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m

cdρv2 (4.1)
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where Am 5 ðA=mÞ is object area�mass ratio (the ratio of windward area and quality); cd is
atmospheric damping coefficient; ρ is atmospheric density of objects’ location; and v is
velocity that the centroid of the object is relative to the local atmosphere.

In the calculation of atmospheric drag, the general empirical atmospheric model is
adopted to calculate the atmospheric density. However, due to the changes, the upper atmo-
sphere becomes very complex and easily gets affected by the changes of space environment
(such as solar activities), which causes great difficulties for empirical modeling. In the calcu-
lation of atmospheric drag, the uncertainty of atmospheric density is the main error source
of the calculation. In recent years, part of satellites carries a high-precision accelerometer,
which can be adopted to perform the inversion of atmospheric density to analyze the preci-
sion of density model with the use of satellites’ acceleration data. According to the analysis
results, the model error of atmospheric density is generally 15% in the conditions of inactive
solar activities and geomagnetic quiet period, whereas it can reach 100% (even more) when
intense solar activities and geomagnetic storms occur. This will cause the same uncertainty
of atmospheric perturbation and bring huge impact on orbit prediction of low-orbit space
objects.

In the calculation of atmospheric drag, another nonnegligible error source is the area-
�mass ratio of space objects. For domestic spacecraft the geometry sizes are precisely
known. Although area�mass ratio will change with the changes of attitude during on-orbit
flight of spacecraft, the range of variation is known. For space debris, their area�mass ratio
cannot be obtained, and it is generally greater than that of spacecraft. So the impact of atmo-
spheric drag calculation is greater. Meanwhile, atmospheric damping coefficient cd is not a
fixed value. And cd is a description of parameter that free atmospheric molecules impact the
surface of objects, which is connected with factors such as the variety of atmospheric mole-
cules, the shape of objects’ surface, the capacities of ejection and adsorption for material,
and the impact angle. And these factors in space are often unpredictable. Therefore only the
estimated value of cd can be given. In the engineering practice, cd is usually fixed as 2.2, and
the deviation between the constant value 2.2 and the real value cd will be introduced into
the calculation of atmospheric drag. Taking into account the uncertainties of atmospheric
drag coefficient and effective area�mass ratio, the ballistic coefficient B� 5Amcd can be
defined in some application of engineering. If the measured data meets a certain length, the
drag error can be reduced by solving B� during the process of orbit determination. Since the
two parameters of ballistic coefficients are variable, Am should be generally fixed to solve cd.
The set value Am and calculated value cd in orbit determination are adopted in orbit
prediction.

Taking objects I, II, III, and IV in nearly circular orbit for example, the heights of which
are, respectively, 200, 400, 500, and 600 km, the uncertain impact of atmospheric drag on
orbit position prediction is introduced. The same area�mass Am 5 0:002 and space environ-
mental parameters (inactive period) are given, and the error of 24-hour orbit prediction
should be compared whether to consider the atmospheric perturbation when the simulation
is performed. And MSIS00 empirical model is adopted for atmospheric density model.
Table 4�1 shows 24-hour orbit error of different orbital prediction in the components of R
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(radial), T (lateral), and N (normal). Seen from Table 4�1, for objects I, II, III, and IV, the
position errors of 1-day atmospheric prediction are, respectively, about 270, 2.6, 0.44, and
0.09 km. Thus it can be seen, the lower altitude the orbit has the greater impact on object
orbit prediction the atmosphere has. And it will mainly influence the error along direction T.
Atmospheric perturbation has great effect on LEO object orbit prediction, and the uncer-
tainty of atmospheric density will make the whole atmospheric perturbation become the
minimum degree of perturbation in the modeling of the entire LEO space objects.

4.2 Atmospheric density model
The real-time atmospheric density often cannot be measured, and the general experience (or
semiempirical) models and physical models are adopted to calculate atmospheric density.
Empirical models are based on atmospheric diffusion balance equation to establish a mathe-
matic model of the neutral atmospheric composition density. And the distribution and
change of atmospheric density can be analyzed from the perspectives of experience and sta-
tistics. The physical model is concerned with the mechanism of interaction between the neu-
tral atmosphere and ionosphere. And the atmosphere caused by energy input, the changes
of ionospheric composition, and a series of complex physical processes can be described as
physical equations to be used in the afterward theoretical study. This section focuses on the
common empirical atmospheric model in orbit calculation of space objects.

By using abroad databases such as balloon soundings, satellite drag, mass spectrometers,
and incoherent scatter, a number of empirical atmospheric models are built, which are
divided into one-dimensional model only changing with the height, and three-dimensional
model, in which the height, longitude, latitude, season, Sunday, and other factors are consid-
ered, including the standard and reference atmosphere. Generally, the standard atmosphere
shows the cross section of Earth’s atmosphere idealized and steady-state average from
Earth’s surface to mid-latitude region (1000 km) under the medium conditions of solar activ-
ity. The typical models include US Standard Atmosphere in 1962, US Standard Atmosphere
Supplement in 1966, and US Standard Atmosphere in 1976, which represent the average
state of standard atmosphere that cannot fully meet the requirements. And in orbit determi-
nation prediction in near-Earth orbit satellite, the reference atmosphere is usually adopted.
The typical models include CIRA (International Reference Atmosphere) series, Jacchia series,
DTM series, and MSIS series. CIRA series are recommended by International Space

Table 4–1 24-Hour orbit error for different orbital height prediction.

Object no. Orbit altitude (km) Error of R (km) Error of T (km) Error of N (km)

I 200 2.2 270 0.08
II 400 0.04 2.6 0.005
III 500 0.008 0.44 0.002
IV 600 0.002 0.09 0.001
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Committee (COSPAR), which include CIRA1961, CIRA1965, CIRA1972, and CIRA1986.
Jacchia series are based on atmospheric density database of satellites’ orbit decay and inver-
sion, which includes J65, J70, J71, J77, MSFC/J70, and MET and MET V2.0. DTM series adopt
J71 model that are based on independent static thermal diffusion equilibrium assumptions
from different thermosphere composition, which include DTM78, DTM94, and DTM2000. In
the series of MSIS the measurement data of satellites, rocket-borne mass spectrometer, and
the incoherent scattering radar are fitted in the high thermosphere, which is close to the
results of the global atmospheric circulation system in the lower thermosphere. Then a series
of models are generated, including MSIS77, MSIS83, MSIS86, MSIS90 (MSIS90), and MSIS00
(NRLMSIS00). Currently, in the prediction of space objects, the frequently used atmospheric
density models include the exponential model, HP (Harris�Priester) model, J71, J77,
DTM78, DTM94, DTM2000, MSIS86, MSIS90, MSIS00, and MET-V2.

The upper atmosphere is very complex and easily influenced by space environment,
which causes many difficulties for empirical (or semiempirical) modeling. In addition, the
accuracy and the spatial and temporal resolution of modeling data are limited, which cannot
perform more comprehensive measurement for a variety of global atmospheric environment.
That will lead to lower accuracy for existing models. And it can be said that no single model
of the upper atmosphere can completely and accurately describe the upper atmosphere. In
recent years, compared the predicted atmospheric density with measured data by using vari-
ous high-precision satellite accelerometers, the differences between the predicted and mea-
sured can be found. The error of such models is generally from 15% to 30%, while it can
reach 100% or even higher during the period of space environmental disturbances.

4.2.1 Atmospheric density modeling principle

Atmospheric density model is established based on hydrostatic principle [72�74]. In order to
obtain the first-hand data, the data fitting is performed by combining theoretical analysis
with the introduction of the parameters to solve the atmospheric density model.

4.2.1.1 Hydrostatic principle
The statics equation related to the atmospheric density mainly includes the ideal gas density
equation, which is shown as follows:

ρ5
PM
gRT

(4.2)

where P is absolute pressure; M is average molecular mass composed of the entire atmo-
sphere; g is gravitational acceleration; R is general gas constant; and T is absolute
temperature.

The hydrostatic equation that pressure changes with heights is shown as follows:

dP
dh

52 ρg (4.3)
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where h denotes the height.
The widely accepted atmospheric drag equation is shown as follows:

aD 52
1

2
ρv2

cdA
m

(4.4)

where aD is acceleration caused by atmospheric drag; m is objects’ quality; v is the velocity
that objects are relative to atmosphere; A is cross-sectional area that objects are forced by
atmospheric drag; and cD is drag coefficient.

4.2.1.2 Data acquisition technology
There are two main types of data acquisition methods: direct measurement method [75,76]
and inversion method [77�80].

Direct measurement method is mainly used to obtain atmospheric density data directly
through various devices. For example, the atmospheric density detector adopts a method of
using inside gas pressure and temperature of direct detection sensor, which can obtain free
atmospheric density through the basic molecular dynamics theory.

Inversion method is the mainstream and research focus currently. Through using this
method, atmospheric density can be inverted by measuring the force of satellites. For exam-
ple, the acceleration caused by all nonconservative forces can be measured with the use of
on-board accelerometer. These forces include atmospheric drag and lift, solar radiation pres-
sure, and Earth’s albedo radiation pressure (including Earth’s reflected light pressure and
the infrared radiation pressure); and atmospheric drag is the maximum among them. The
solar radiation pressure and Earth’s albedo radiation pressure can be calculated by using a
certain model, thus the atmospheric drag and lift can be separated. Satellites’ resistance and
lift are direct ratio with the atmospheric density around a satellite. According to the relation-
ship between them, atmospheric density can be calculated.

In direct measurement method or inversion method, the data sources are from on-orbit
spacecraft. The number of on-orbit spacecraft provided with such measurements is limited.
Therefore the all-time and all-weather status of atmospheric changes cannot be overwritten
when modeling. In contrast, two-line orbital elements (TLE) of space objects have a great
advantage. According to the US space Situation Report statistics, the Surveillance Network of
the United States Space has cataloged more than 40,000 space objects, of which more than
17,000 are currently in orbit. It is an effective way to inverse atmospheric density with the
use of orbital decay TLE. In 2005 Picone et al. proposed a method of rapidly obtaining atmo-
spheric density from TLE data [81]. And Lean et al. applied this method in the study of
Starshine satellite [82].

4.2.1.3 Introduction of parameters and fitting technique
The main variables of various types of atmospheric density models include diurnal variation,
seasonal variation, semiannual changes, solar activity and geomagnetic activity, latitude,
local time, and day of year.
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As the representative of solar radiation energy, F10.7 is the main parameter of the calcula-
tion of atmospheric model. After decades of years of development, the error of parametric
model has not been improved yet. Therefore researchers have proposed new solar radiation
index such as E10.7, S10.7, M10.7, and Y10.7 to improve atmospheric models. The new radiation
index is smaller than the conventional F10.7, which can better characterize the impact of solar
radiation on atmospheric density. It requires further evaluation of the correlation with the
use of solar radiation index. In fact, without considering the physical meaning of each radia-
tion index, any kind of radiation index reflects the same change in density if the impact on
density can be characterized from a single statistical. That is one of the reasons why a large
number of models can be adopted to characterize the size of the solar radiation with the use
of accessible F10.7.

In addition to solar radiation index, geomagnetic index is another important parameter
that is used as the input of atmospheric models to characterize the impact of the status of
geomagnetic activities on upper atmosphere. Before using JB2008 model, Ap or Kp indexes
are adopted as model input parameters among various reference atmospheric models. In
2008 Bowman used Dst index in the new JB2008 model instead of Ap index [83]. From the
relationship between linear and density, Dst is more consistent with density [84].

Elements such as diurnal variation, seasonal variation, semiannual variation, latitude,
local time, and day of year have impact on atmospheric density. From the start of J64 model,
they are gradually revised and added to improve the density model accuracy
[72,74,80,83,85�90].

Cross correlation coefficient and root mean square error are usually used to evaluate the
fitting results [73].

CC5

PN21
i50 xi 2 xð Þ yi 2 yð Þ� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN21
i50 xi2xð Þ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN21
i50 yi2yð Þ2

q (4.5)

RMSE5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN21
i50 xi2yið Þ2

N

s
(4.6)

where xi is the first-hand measurement data, yi and xi correspond to the fitting results, and x
and y are, respectively, measurement results and the mean results of the fitting sequence.

Or to adopt relative proportions evaluation method [83,86].

RMS5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN21
i50 xi=yi

� �
2 x=y
� �� �2

N 2 1

s
(4.7)

4.2.2 Introduction of current atmospheric density models

After years of development, atmospheric models have developed a variety of series and
types. According to the applicative height and region of American National Standard, atmo-
spheric models can be divided into six categories, as shown in Table 4�2 [74].
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Currently, the frequently used atmospheric models mainly are Jacchia series, MET series,
DTM series, MSIS series, and CIRA series. Fig. 4�1 depicts several series of the development
process and relationships. In 1978 the first DTM model was (DTM78) published. Until now,
there are DTM94, DTM2000, DTM2009, and other models introduced, which mainly use the
observational data of satellite resistance to do modeling. In recent years, ATMOP program of
ESA launches the latest model DTM2013, which absorbs the data of high-precision on-board
accelerometer. In 1977 MSIS model is first formed, then MSIS83, MSIS86, and MSIS90 are
subsequently published, which first adopt atmospheric temperature and concentration mea-
surements. In 2000 US Naval Research Laboratory added a new “oxygen ions” in the archi-
tecture of the model, which was improved to obtain MSIS00 model. DCA (dynamic
atmospheric correction) is developed in Russia, which uses observational data to correct the
value of calculation once every 3 hours to realize the continuous calibrating model technol-
ogy. High-Accuracy Satellite Drag Model was developed in the United States on the basis of
DCA. Both of them are based on J70 model. There are more and more scholars in the study
of their correction performance on basic models [73]. Jacchia series are an atmospheric den-
sity model that was first established. And in the existing analysis assumptions, most of them
are from Jacchia series. Table 4�3 illustrates a series of atmospheric density model proper-
ties [74,80,83,85�89] in detail.

Taken together, the accuracy of DTM and MSIS model is similar, and they use a similar
model framework to, respectively, establish the atmospheric change expressions for different
densities of atmospheric composition. The model parameters are obviously more than those
in Jacchia, so the details of the density are better than Jacchia, with the average accuracy
slightly better. In the orbit determination and prediction of space objects, the different orbital
calculation of velocity and accuracy are obtained at different stages and for different pur-
poses. In order to make different accuracy match different computation speed, different

Table 4–2 Atmospheric models according to application scope.

Types Application scope Typical model

Global model Global area CIRA86 model
Suitable height: 0�2000 km

Regional model Used by some nations or
regions

Chinese national standard atmospheric model in
1980
Suitable height: 0�120 km

Middle atmospheric model Suitable for middle
atmosphere

AFGL atmospheric composition profile model in
1986
Suitable height: 0�120 km

Thermosphere atmospheric
model

Suitable for thermosphere
layer

DTM2000 model
Suitable height: 120�1500 km

Distance model Suitable height: local area RRA-2006 model
Suitable height: 0�70 km

Planetary model Applicable to other planets Mars-GRAM-2001 model
Suitable height (Mars):
0�1000 km
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atmospheric models are chosen under different requirements. The most typical and fre-
quently used models include a simple exponential model, Jacchia77 model with moderate
calculation and accuracy, MSISE00 model with higher computation and accuracy.

4.2.2.1 Index model
In order to compensate for the insufficiency of one-dimensional atmospheric models, the
maximum and minimum values of atmospheric density are used in the improved HP model
to perform diurnal variation correction. HP model can provide the maximum and minimum
values of diurnal variation of atmospheric density at various heights with different forms,
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FIGURE 4–1 Development process of atmospheric model.
Notes: (1) The intricate relationship of borrowing or citing between series of models is not shown. (2) Figure “1�”
indicates that the calculation of atmospheric density model is from the data of satellites’ drag. Figure “2�”
indicates model temperature and atmosphere form a derivation based on ground observational data and field
testing equipment [72].
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Table 4–3 Characteristics of atmospheric models.

Series
Main
models Characteristics Limitation Development direction

Jacchia J60
J64
J65
J70
J71
J77
JB2006
JB2008

1. It is the first model of the series, which
belongs to semiempirical model. And it is
the basis of other series

2. Main applicable height is 90�2500 km
3. Models are classical and reliable, and the

calculation is general. Therefore it is widely
used, especially in J71 and J77 models

1. The accuracy of the model
decreases due to lack of large
amount of data when it is in high
altitude(h. 1100 km, J71 model)

2. The smoothness of short-term
dynamic results is poor

1. The relationship between the relevant
parameters and atmospheric density should
be revised based on the observational data.
For example, the formula of outer
atmospheric density and semiannual changes
of density should be constantly revised

2. While continuing to introduce new
parameters to describe the relevant
parameters more accurately. For example,
the new solar activity index and Dst
parameters

3. To introduce more data, to optimize models,
and to continuously improve the scope of
application. For example, JB2008 has
improved the applicability of intense
geomagnetic storms, and the applicable
height is enhanced to 90�4000km

4. To improve calculation methods and
computational efficiency. For example,
Jacchia-Roberts is the version to increase the
calculation speed based on J70

MET MET88
MET99
MET02
MET07

1. Based on Jacchia model, therefore it is also
listed in Jacchia series

2. Main applicable height is 90�2500 km
3. It can be applied in afterward and real-time

prediction

1. The prediction accuracy is not high.
Because as the solar EUV of model
input, the assessment of heat
amount is inaccurate

Inherently, it belongs to Jacchia series, so the
development direction is consistent with
Jacchia series

DTM DTM78
DTM94
DTM00

1. The data foundation of model derivation is
abundant, which includes the total mass
density (Jacchia data), satellite accelerometer

1. The height is 250�900 km, and the
estimation accuracy is poor

1. A rich source of data to improve the
accuracy of the model. For example,
compared with DTM78 model, satellite

(Continued)



Table 4�3 (Continued)

Series
Main
models Characteristics Limitation Development direction

DTM03 data, exosphere temperature measurement
data, mass spectrometer data, the relative
density change by measuring the wind, and
orbit determination obtain relative density
exosphere temperature measurement data,
incoherent scattering radar data

2. Main applicable height: 120�1500 km
3. The treatment effect is better when the

height range is 250�900 km

2. The model ignores the impact of
longitude

3. The model cannot reproduce wavy
disturbances less than 3000 km,
which seriously affect the
uncertainty of the model

accelerometer data and the relative density
change data by measuring the wind are
added to the data source of DTM00

2. To introduce new parameters as input, and
to improve the model to enhance the
applicability of the model

MSIS OGO-6
MSIS77
MSIS83
MSIS86
MSIS90
MSIS00

1. The specified accuracy can be obtained by
using fewer parameters. And in China’s
manned space engineering, the atmospheric
density model is MSIS90

2. Main applicable scope is 90�2500 km
3. The prediction accuracy is stable, and

MSIS00 is the most influential upper
atmosphere density model that is widely
used

The applicability of the model is better,
only in some cases with the
resolution lower than other models

1. To optimize the data using, such as drag and
accelerometer data

2. To strengthen the role of the air component,
for example, oxygen ion contribution

3. To enhance the low-level model’s seamless
connectivity

Ion CIRA CIRA61
CIRA65
CIRA72
CIRA86
CIRA90
CIRA08

1. Directly absorb the advantages of other
models

2. The main scope is 0�2000 km. And it is the
only model in several series where the
height below 90 km is applicable

1. It is ineffective in the lower layers
because of the data

2. It is ineffective when a large air
turbulence happens

1. Continue to absorb the strengths of other
models For example, CIRA08model fully
borrowed the advantage of density models
such as JB2008, GRAM7, MSIS00, as well as
the advantage of wind model GWEM

2. Continue to improve the scope of
application For example, the height scope of
CIRA08 increased to 0�4000 km



which is based on F10.7 cm solar radiation flow. In the calculation process, first, the maximum
and minimum values of space objects situated at a certain height are used to calculate the
altitude of atmospheric density situated at a certain height. The model is applicable to calcu-
late atmospheric density at the altitude of 100 km above. Calculation process is shown as
follows:

1. Calculation of space objects’ position
The height of reference ellipsoid for space objects is shown as follows:

h5 r2
RE 12 fð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 e2E cos

2ϕ0p (4.8)

cos ϕ0 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2o 1 y2o

p
r

(4.9)

where ϕ0 is geocentric latitude of space objects; xo; yo; zo is position vector in the Earth-
fixed coordinate system for space objects.

Latitude of space objects is shown as follows:

ϕ5 arctan
zb

12 e2E
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2o 1 y2o
p (4.10)

2. Calculation of solar position
The definition of solar hour angle α is shown in Fig. 4�2, where O is geocenter; S is

the Sun; V is space object; and OA and OB are rs and r projected in equatorial plane.
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FIGURE 4–2 Positions of the Sun and space objects located on the Earth.
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The unit vector of the Sun in the Earth-fixed coordinate system is

rSb 5
x̂Sb
ŷSb
ẑSb

0
@

1
A5

cos δS cos λS

cos δS sin λS

sin δS

0
@

1
A (4.11)

δS 5 arcsin ẑSb (4.12)
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3. Calculation of atmospheric density for space objects

ρo 5 ρN 11
ρD 2 ρN

ρN
cosB

τ
2

� 	
(4.15)

where B is input constant to adjust the change rate of diurnal variation for atmospheric
density, and generally B5 4; τ, ρD, and ρN are, respectively,

τ5α2 37:0� 1 6:0� sin α1 43:0�ð Þ τA 2180�; 180�ð Þ

ρD 5 ρmin 11
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@
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(4.16)

where ρmax and ρmin are, respectively, the maximum and minimum atmospheric density
for space objects at the height h.
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The height h is between hi and hi11in the tabulated value.

ρminðhÞ5B1ρminðhiÞeððhi2hÞ=HminÞ

ρmaxðhÞ5B2ρmaxðhiÞeððhi2hÞ=Hmax Þ (4.17)

where B1 and B2 are two input constants, which can be used to adjust the amplitude of
atmospheric density diurnal variation, and generally B15 1 and B25 1. Hmin and Hmax are
shown as follows:

Hmin 5
hi 2hi11ð Þ

lg ρmin hi11ð Þ� �
= ρmin hið Þ� �� �

Hmax 5
hi 2 hi11ð Þ

lg ρmax hi11ð Þ� �
= ρmax hið Þ� �� � (4.18)
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4.2.2.2 Jacchia77 atmospheric model
Jacchia77 atmospheric model is applicable to the calculation of atmospheric density at the
height of 90 km above, which can be divided into two parts. The first part is a static atmo-
spheric model, and the second is a dynamic atmospheric model, with considering various
atmospheric changes. Based on these changes, the static atmospheric correction is
performed.

The calculation process of Jacchia77 atmospheric model is shown as follows:

1. Calculation of the related position values of the Sun and satellites
Formulas (4.8) and (4.9) are adopted to calculate height of satellites and latitude of

subsatellite point. With the use of formulas (4.11)�(4.14), Sun’s unit vector rSb in Earth-
fixed coordinate, solar declination δS and solar hour angle α are obtained.

2. Calculation of T1=2 using 10.7 cm solar radiation flow

T1=2 5 5:48F
0:8

1 101:8F0:4 (4.19)

where F is daily average value of 10.7 cm solar radiation flow. F is weighted average of F
during six solar rotation periods (164 days). And

F 5

P
WFP
W

(4.20)

where W is weight coefficient. And

W 5 e2ððt2t0Þ=τÞ2 (4.21)

where t0 is the corresponding time to the desired F . τ is taken as three solar rotation
periods or 71 days. F and F can be found in the database, and the desired value of time
(namely value t in the previous day) is obtained with the use of linear interpolation.

3. Calculation of average molecular weight M in upper atmosphere
If TN 5T1=2, average molecular weight M at height h is calculated. The computing

process can be found in Step 6 for detail. The temperature of each atmospheric
component is T .

4. Calculation of pseudo-temperature of each atmospheric component

T 0
Ni 5T1=2 11 0:15

δS
ε
sinϕ1 0:24cosϕ fiðαÞ2

1

2


 �� 
(4.22)

where i5 1�6, which is corresponding to such atmospheric components as N2, O2, O, Ar,
He, and H. And ε5 230.44�, fiðαÞ can be shown as follows:

fiðαÞ5 cosn
1

2
ðα1βiÞ1 0:08cos 3ðα1 βiÞ2 75�

� �
(4.23)
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where

n5 21 cos2
2ϕ2

π

βi 52 35� 1 27�
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β6 52 60�

5. Calculation of geoeffectiveness correction
The impact of geomagnetic thermal effects on the temperature of upper atmosphere is

shown as follows:

ΔTE 5 54:23K 0
Pð11 0:027e0:4K

0
P Þsin3Φ (4.24)

where K 0
P means KP at the time t2 τ; τ5 0d:11 0d:2cos2Φ, and Ф is magnetic latitude.

And the approximated calculation can be performed with the following formula.

sin Φ5 0:9792 sin ϕ1 0:2028 cos ϕ cosðλ2 291�Þ (4.25)

where λ is longitude of subsatellite point.
6. Calculation of particle concentration for each atmospheric component

Taken TNi 5T 0
Ni 1ΔTE as pseudo-temperature for atmospheric component i, the

particle concentration of each atmospheric component is calculated by resolving
Jacchia77 model. The calculation method is shown as follows:
1. Calculation of constant coefficients
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Ĉ0 5 28:573844
Ĉ1 52 0:471730
Ĉ2 52 0:106679
Ĉ3 5 0:047675

8>><
>>: (4.29)
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2. Calculation of coefficients correlated with TNi
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Ni 2 5:7193523 1022TNie2ðTNi=1187:417Þ 1 22:58421

Tx 5 188:01 110:5lgðY0 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:01Y 2

0

p
Þ

Y0 5 0:0045ðTNi 2 188:0Þ

8<
: (4.31)

Γ 5
TNi 2Tx

Gxð6356:7661 125:0Þ

Gx 5 1:9
Tx 2 188:0

125:02 90:0

α5
ΓD

ΓD2 1:0

8>>>>>>>><
>>>>>>>>:

(4.32)

τ0 5
Tx 1 188:0

Tx 2 188:0

τ1 5
2 2:03 188:0Tx

Tx 2 188:0

8>>><
>>>:

(4.33)

at 5
D

αðTx 2TNiÞ
bt 52 2atTx 2D
ct 5 atT2

Ni 1DTNi

8>><
>>: (4.34)

nH ð500Þ5 5:941 28:9T20:25
Ni

T500 5TN 1
αðTx 2TNÞe2DX500

e2DX500 2 11α

XN 5 lg αðTx2TNiÞ3 101411
12α

" #1=D8<
:

9=
;

8>>>>>>><
>>>>>>>:

(4.35)
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hN 5

2500:0 TNi $ 1386:5
6356:766XN 1 125:0

12XN
TNi , 1386:5

8<
: (4.36)

a�n and b�n are calculated as follows:

G�
x 5 0:4753

6356:7661 125:0

6356:7661 90:0
3

188:0

Tx

a�5 5 0:06205282lgðTN 1 213:9884Þ2 0:6286968
a�6 5 0:06555111lgðTN 2 329:6454Þ2 0:1520990

8>><
>>: (4.37)

a�1 52G�
x 1 a�5 2

Tx 1 188:0

Tx 2 188:0

a�2 52G�
x 1 a�6 1 1:5

a�3 5G�
x 2 2:0a�5

a�4 5G�
x 2 2:0a�6 2 0:5

8>>>><
>>>>:

(4.38)

b�1
b�2
b�3
b�4
b�5
b�6
b�7
b�8
b�9

2
6666666666664

3
7777777777775

T

5

C�
0

C�
1

C�
2

C�
3

2
664

3
775
T

3

a�1 a�2 a�3 a�4 a�5 a�6 0 0 0
0 a�1 a�2 a�3 a�4 a�5 a�6 0 0
0 0 a�1 a�2 a�3 a�4 a�5 a�6 0
0 0 0 a�1 a�2 a�3 a�4 a�5 a�6

2
664

3
775 (4.39)

3. Calculation of particle concentration of each atmospheric component when
h# 100 km (homogeneous layer)

hd 5min ðh; 100 kmÞ

Taken atmospheric particle concentration when h# 100 km (2) with the use of
corresponding value of TN6 in (2).

VH 5Kx
hd 2 90:0

6356:7661 hd
2 1:0 (4.40)

ρ0 5
ρ00T0

M 0
0

M 0

T

� 	
e 2ðgav=Rτ1Þ

P9

n51
b�i ðVi

H1ð21Þi21Þ
� �� �

(4.41)

where ρ00 5 3:433 1026 kg=m2; ρ00 is the unamend atmospheric density at a height of
90 km; T05 188K, which is atmospheric temperature at a height of 90 km; and M 0

0 is
the average molecular weight at a height of 90 km, which is given in formula (4.30).
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M 0

T

� 	
5

1

τ1

X9
n51

b�nV
n21
H (4.42)

Thus the particle concentration n0
Hi of each atmospheric component in the

homogeneous layer is

n0
Hi 5Av 3 103

qSi
Ms

ρ0 ði5 1; 4; 5Þ

n0
H2 5Av 3 103

11 qSE
MS 2 1

ρ0

n0
H3 5Av 3 103

2

M 0 ð12
M 0

MS
Þρ0

n0
H6 5 0:0

8>>>>>>>>>><
>>>>>>>>>>:

(4.43)

where Av is Avogadro’s constant, Av 5 6:022573 1023 mol21; qSi is gas component i
at sea level, which is the proportion of atmosphere per unit volume. The values are
shown in Table 4�4; Ms 5 28:96 is average atmospheric molecular weight at sea
level, M 0 is shown as follows:

M 0 5C�
0 1C�

1Vh 1C�
2V

2
h 1C�

3V
3
h

The temperature of homogeneous layer is

TH 5
τ1P6

n51 a
�
nV

n21
H

(4.44)

If h# 100 km, then turn to step (8) after the calculation of step (3). Otherwise,
continue with the following calculation.

4. Calculation of particle concentration and temperature (at the height of
100# h# 125 km).

According to pseudo-temperature TNi of atmospheric component I, each
corresponding value TNi is calculated with the formulas in step (2). Taken

Table 4–4 Atmospheric component coefficients of Jacchia77.

i Gas qs Mi α Ct Cs

1 N2 0.78110 28.0134 0.0 0.0 0.0
2 O2 0.20955 31.9988 0.0 1:033 1025 0.0
3 O 0.0 15.9994 0.0 25:753 1025 2 0.16
4 Ar 0.009343 39.948 0.0 3:073 1025 0.0
5 He 0.000005242 4.0026 2 0.38 26:303 1025 2 0.79
6 H 0.0 1.00797 2 0.25 0.0 0.0

Chapter 4 • Space environment and object orbit 89



hd 5min h; 125:0 kmð Þ
VT 5Kx

hd 2 90:0

6356:7661hd
2 1:0

TT 5
τ1P6

n51 a
�
nV

n21
T

8>>>>><
>>>>>:

(4.45)

The particle concentration of atmospheric component i is shown as follows:

n0
Ti
5n0

Hi

TH

TT

� 	11ai

e 2
Migav
Rτ1

X6
n51

a�n
n

Vn
T 2Vn

H

� �" #( )
(4.46)

where n0
Hi

is given by formula (4.43); TH and VH are, respectively, given by formulas
(4.44) and (4.40); Mi is molecular weight of atmospheric component i, which is given
in Table 4�4; and ai is thermal conductivity of atmospheric component i, which is
given in Table 4�4.

In the abovementioned calculation, i5 12 5. If i5 6, ion concentration of
hydrogen atom H should be calculated separately, and the calculation method is in
step (7).

If satellites’ height h is within the range of 100 km# h# 125 km, then the
concentration of hydrogen atoms can be calculated in step (7). If h. 125 km,
continue the following calculation.

5. If h. 125 km, the particle concentration of atmospheric component is calculated as
follows:

hd 5min h;hNð Þ ðThe value of hN is given in step ð2ÞÞ:

XE 5
hd 2 125:0

6356:7661hd
(4.47)

TEi 5TNi 1
α Tx 2TNið Þe2DXE

e2DXE 2 1:01α
(4.48)

n0
Ei 5n0

Ti
Tx

TEi

� 	11αi1γi atT2
Ei 1 btTEi 1 ct

atT2
x 1 btTx 1 ct

� 	
1

12α
1

α
12α

TNi2Tx

TEi2TNi

� 	
 �ribt=2D
(4.49)

where n0
Ti is given in formula (4.46). at , bt , ct , α, and Tx are calculated in step (2)

as follows:

γi 5
Miga 6356:766ð Þ2

R 6356:7661 125:0ð Þct
(4.50)

where Mi is the molecular weight of each gas (see Table 4�4). And
ga 5 9:80655 m=s2; R5 8:31432 J=ðk molÞ.
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Because the computer word length is limited, TE in formula (4.48) turns to be TN

after the height of a satellite reaches a certain limit. And in formula (4.49)

atT
2
N 1 btTE 1 ct 5 0 (4.51)

Thus in formula (4.49), the concentration of atmospheric particles has already
been close to zero before the height of a satellite tends to infinity (2500 km). This is
mainly caused by the restriction of computer word. Thus in formula (4.48), there is
an effective height hN. When h, hN, the concentration of atmospheric particles can
be calculated with formula (5.49). Provided,

TN 2T hNð Þ5 ε

when ε5 10214, the variation range of hN can be obtained with formulas (4.47)
and (4.48).

When TN 5 500K; hN 5 1366:75 km;
When TN 5 1386:5K hN 5 2500 km:

Therefore if

hN 5

2500:0 TN $ 1386:5ð Þ
6356:766XN 1 125:0

12XN
TN , 1386:5ð Þ

8<
: (4.52)

XN 5 lg
α Tx2TNð Þ3 101411

12α


 �1=D
(4.53)

when h# hN, the particle concentration of atmospheric component at the height of
h is calculated in step (5). When h. hN, the calculated particle concentration of
atmospheric component n0

Ei from step (5) is actually at the height of hN. And the
particle concentration of atmospheric component at the height of h should be
calculated in step (6).

6. Calculation of atmospheric particle concentration n0
hi when h. hN

Xh 5
h2 125:0

6256:7661h

n0
ni 5n0

Eie
2ðMiRax=RTNiÞ xh2xNð Þ½ �

(4.54)

The value i of the above calculation is 1�5.
7. Calculation of particle concentration of hydrogen atom

Each corresponding value is calculated by using TN6 in step (2). Select
hd 5min h;hNð Þ
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XE 5
hd 2 125:0

6356:7661hd
(4.55)

TE6 5TN6 1
α Tx 2TN6ð Þe2DXE

e2DXE 2 1:01α
(4.56)

n0
E6 5nH 500ð Þ T500

TE6

� 	11α61γ6 atT2
E61btTE61ct

atT2
5001btT5001ct


 �γ6=2
eðγ6bt=2Þ XE2X500ð Þ (4.57)

where nH 500ð Þ and T500 are given from step (2); X500 is given from step (1).

γ6 5
M6ga6356:7662

R 6356:7661 125:0ð Þct
(4.58)

If h# hN, the result of formula (4.41) is the particle density of hydrogen atoms at
the height of h, turning to step (8). If h. hN, the calculation should be continued.

Xh 5
h2 125:0

6356:7661 h
(4.59)

nE6 5n0
E6e

2ðMigax=RTN6Þ Xh2X500ð Þ½ � (4.60)

8. The empirical correction of particle concentration of atmospheric particles and
calculation of atmospheric density

In the previous calculations, the decomposition degree of O2 is determined with
the use of the average molecular weight of the homogeneous layer. In the
homogeneous layer above, the decomposition of the particle concentration for
oxygen molecules and oxygen atoms is revised by using empirical correction
formula. The correction coefficients are

F2 5
0:7244359601 h. 200 kmð Þ
1020:07 1:01tanh 0:18 h2111:0ð Þð Þ½ � h# 200 kmð Þ

�
(4.61)

F3 5
1:0 h. 200kmð Þ
1020:24e

20:009 h297:7ð Þ2½ �
h# 200kmð Þ

(
(4.62)

The concentration of particles for oxygen molecules and oxygen atoms are shown
as follows:

nh2 5n0
h2UF2

nh3 5n0
h3UF3

(4.63)

At the height h, the average molecular weight is shown as follows:

M 5

P6
n51 nhiMiP6
i51 nhi

(4.64)
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The static atmospheric density at the height is shown as follows:

ρ5 1:6604213 10227 3M3
X6
i51

nhi (4.65)

9. The effect of equatorial waves and top height variations in homogeneous layer.
The variations of homogeneous layer at the top level are accompanied by

geomagnetic thermal effects. The change is shown as follows:

ΔH5 5:03 103lg 0:01ΔTE 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:01 0:0001ΔT2

E

q� 	
ðmÞ (4.66)

The effect of particle concentration on the atmospheric component i is shown as
follows:

Dnið1Þ 5CtiΔH (4.67)

where the value Cti of each coefficient is given in Table 4�4.
Geomagnetic thermal effects can also cause atmospheric density wave, the

impact of which is shown as follows:

Dnið2Þ 5 5:23 1024 3 54:2Kp 1:01 0:027e0:4Kp
� �

cos2Φ (4.68)

where cosΦ5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 sin2Φ

p
, and sinΦ is given in formula (4.24).

10. Seasonal variation of latitude.
Here, the seasonal variation of latitude does not include the related latitude items

to the height in the diurnal variation. The seasonal latitude is irrelevant to the height.
A typical particle is called “winter helium outstanding.” The seasonal variation of
latitude in atmospheric component is shown as follows:

Dnið3Þ 5CSi
δS
ε
sinϕ (4.69)

where δS is solar declination; ε is the angle between the equator and the ecliptic, and
ε5 23:44�; The value of CSi is in Table 4�4.

11. Semiannual variation.
The expression of semiannual variations for atmospheric density is basically the

same as Jacchia71, which only has the change of coefficients in the expression.

Dnið4Þ 5 f hð Þg tð Þ (4.70)

where

f hð Þ5 0:43 1025h2 1 0:05
� �

e20:0025h

g tð Þ5 0:02841 0:382 1:01 0:467sin 2πτ1 4:14ð Þ½ �sin 4πτ1 4:26ð Þ
�

(4.71)
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where

τ5Φ1 0:0954
1

2
1

1

2
sin 2πΦ16:04ð Þ


 �1:65
2

1

2

( )
(4.72)

And Φ5 JD1978=365:2422.
where JD1978 is the Julian day number starting from 1978-01-00. And
JD1978 5 tMJD 2 43509:0.

12. Correction of geomagnetic effect in the heat temperature atmosphere

Dnið5Þ 5βi 3
800

TN

� 	m

3 f 0 hð Þ3 sinαð Þ21 3 0:0033ΔTEð Þ (4.73)

f 0 hð Þ52 0:861 0:6
h

100

� 	
2 0:00636

h

100

� 	2

1 0:293

"
11 1:73

h

100
21:27

� 	2

10:33223
h
100

� 	13
#21

m5 1:73 tanα3 0:0053 h2 100ð Þ½ �
(4.74)

βi in each component is shown in Table 4�5.
13. Calculation of the revised atmospheric density ρ at the height of h.

ρ5AVr 3 1023
X6
i51

Mi10
Dni (4.75)

where AVr 5 1:6604213 10224, which is the reciprocal of the Avogadro constant. Mi is
the molecular weight of atmospheric composition i, which is shown in Table 4�4.

Dni 5 lognhi 1ΔnHi 1ΔnEi 1ΔnSLi 1ΔρS 1Δlognei

nhi is static particle concentration of atmospheric composition i, obtained from step
(6). Dni(1), Dni(2), Dni(3), Dni(4), and Dni(5) are, respectively, given by formulas (4.66),
(4.67), (4.68), (4.60), and (4.70).

4.2.2.3 MSIS00 model
MSIS00 (US Naval Research Laboratory Mass Spectrometer and Incoherent Scatter Radar
Extended, referred MSIS00) atmospheric model is developed by Naval Research Laboratory
generated on the basis of MSIS90 model. With respect to MSIS90 model, MSIS00 model not
only adds new satellite data but also absorbs the database of Jacchia model.

Table 4–5 βi in each component of Jacchia77.

He Ar O2 N2 O H

βi 0.1 1.5 1.16 1.0 0.52 0.46
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Along with seven kinds of He, O, N2, O2, Ar, H, and N components in MSIS90 model, a
new component that is introduced to MSIS00 model is anomalous oxygen. It comes from the
analysis of Jacchia70 model. And in the region of high latitude and high elevation (higher
than 600 km) in summer, the atmospheric density of Jacchia70 is obviously much higher
than MSIS86 model. Hedin believes that active oxygen ions in the upper atmosphere brought
these effects [89]. In a subsequent analysis of the satellite data, this deduction also can be
corroborated.

The atmospheric density that calculated by MSIS00 model is the combined effect under
the conditions of diffusion and mixture, taking into account space environment and chemical
effects. The calculation steps of MSIS00 model are shown as follows:

1. Temperature calculation
a. The temperature calculation when Z.Za (123.435 km) is shown as follows:

T Zð Þ 5Tω 2 Tω 2TLð Þe2δ3 ε Z;ZLð Þ (4.76)

where

δ5
T 0
L

Tω 2TL
(4.77)

ε Z;ZLð Þ5 Z2ZLð Þ RP 1ZLð Þ
RP 1Z

(4.78)

Rp 5
23 980:6163 1025 3 12 0:00263733 cos 2Bð Þ½ �

3:0854623 1026 1 2:273 1029 3 cos 2Bð Þ (4.79)

T 0
L 5T 0

L 11G8 Lð Þð Þ (4.80)

Tω 5Tω 11G9 Lð Þð Þ (4.81)

TL 5TL 11G10 Lð Þð Þ (4.82)

TL 5 386K (4.83)

Tω 5 1037:14K (4.84)

T 0
L 5 16:19916K=km (4.85)

where ZL5 120 km; and Z, L, and B are, respectively, the height of calculated point,
latitude, and longitude. Gi Lð Þ is the physics parameter of location, time, and space.

b. The temperature calculation that height Z is less than Za (123.435 km) is an
interpolation process. The interpolating calculation is performed at five node heights
(Z15Za, Z25 110, Z35 100 km, Z45 90 km, and Z55 72.5 km). The node function can
be obtained via the fitting of the rocket flight data and the US Standard Atmosphere.
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T Zð Þ 5 A3TTl1B3TTh1
βh2βlð Þ2 3 A32A

� �
3YZl1 B32B

� �
3YZh

� �
6

 !21

(4.86)

A5
βh 2β
βh 2βl

B5
β2βl

βh 2βl

(4.87)

h and l are, respectively, the adjacent nodes, and height Z is in the position of five
node heights.
where

β5
ε Z;Z1ð Þ
ε Z5;Z1ð Þ (4.88)

βi 5
ε Zi;Z1ð Þ
ε Z5;Z1ð Þ (4.89)

TTi 5
1

T Zið Þ
(4.90)

T Zið Þ is calculated from (4.91)�(4.94).

T Z2ð Þ 5
12GS P11ð Þð Þ
244:999

� 	21

(4.91)

T Z3ð Þ 5
12GS P12ð Þð Þ
180:35

� 	21

(4.92)

T Z4ð Þ 5
12GS P13ð Þð Þ
181:889

� 	21

(4.93)

T Z5ð Þ 5
12GS P14ð Þð Þ
212:865

� 	21

(4.94)

The calculation process of YZi is shown as follows:

YZ5 5
UN 2 0:53U4

0:53YY4 1 1
(4.95)

YZi 5YYi 3YZi11 1Ui (4.96)

YYi 5
si 2 1ð Þ
Pi

(4.97)
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UN 5
3

β5 2 β4
3 YD2 2

TT5 2TT4

β5 2β4

� 	
(4.98)

Ui 5P21
i 3 63 βi112βi21ð Þ21 3

TTi11 2TTi

βi11 2 βi
2

TTi 2TTi21

βi 2βi21

� 	
2 Si 3Ui21

� 	
(4.99)

Si 5
βi 2βi21

βi11 2βi21
(4.100)

Pi 5 Si 3YYi21 1 2 (4.101)

YY1 52 0:5 (4.102)

U1 5
3

β2 2 β1
3

TT2 2TT1

β2 2β1
2YD1

� 	
(4.103)

YD1 52
T 0 z1ð Þ3 ε z5; z1ð Þ

T2 z1ð Þ (4.104)

YD2 52
T 0 z5ð Þ3 ε z5; z1ð Þ

T2 z5ð Þ 3
Rp1Z5

Rp1Z1

� 	2

(4.105)

T 0 Z1ð Þ is the temperature gradient of Z1.

T 0 Z1ð Þ5 Tω 2T Z1ð Þð Þ3 δ3
Rp1ZL

Rp1Z1

� 	2

(4.106)

T 0 Z5ð Þ is the temperature gradient of Z5.

T 0 Z5ð Þ5 3:82453 1025 3T2
Z5ð Þ 3 11GS P15ð Þð Þ (4.107)

P11, P12, P13, P14, and P15 are five group fitting constants that can be seen in P

coefficient table. GS Pi
� �

is the function related to time, location, and spatial

parameters. And the calculation is shown as follows:

GS Pi
� �

5
X11
J51

TJ (4.108)

The calculation of TJ is shown as follows:
T1 is the impact term of solar F10.7 cm radiation parameters. And

T1 5Pi
22ð Þ 3 F10:7 2 150

� �
(4.109)

T2 is time-independent item. And
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T2 5Pi
2ð Þ 3P 2;0ð Þ 1Pi

3ð Þ 3P 4;0ð Þ 1Pi
23ð Þ 3P 6;0ð Þ 1Pi

27ð Þ 3P 1;0ð Þ
1Pi

28ð Þ 3P 3;0ð Þ 1Pi
29ð Þ 3P 5;0ð Þ

(4.110)

T3 is anniversary even term. And

T3 5 Pi
19ð Þ 1Pi

48ð Þ 3P 2;0ð Þ 1Pi
30ð Þ 3P 4;0ð Þ

� �
3C32

1Pi
28ð Þ 3P 3;0ð Þ 1Pi

29ð Þ 3P 5;0ð Þ
(4.111)

T4 is semiannual even item. And

T4 5 Pi
16ð Þ 1Pi

17ð Þ 3P 2;0ð Þ 1Pi
31ð Þ 3P 4;0ð Þ

� �
3C18 (4.112)

T5 is anniversary odd item. And

T5 5 Pi
10ð Þ 3P 1;0ð Þ 1Pi

11ð Þ 3P 3;0ð Þ 1Pi
36ð Þ 3P 5;0ð Þ

� �
3C14 (4.113)

T6 is semiannual odd item. And

T6 5 Pi
38ð Þ 3P 1;0ð Þ

� �
3C39 (4.114)

T7 is diurnal item shown as follows:

T71 5Pi
12ð Þ 3P 2;1ð Þ 3C14 (4.115)

T72 5Pi
13ð Þ 3P 2;1ð Þ 3C14 (4.116)

T7 5 Pi
4ð Þ 3P 1;1ð Þ 3Pi

5ð Þ 3P 3;1ð Þ 1T71

� �
3CT 1 Pi

7ð Þ 3P 1;1ð Þ 3Pi
8ð Þ 3P 3;1ð Þ 1T72

� �
3 ST (4.117)

T8 is half diurnal item.

T81 5 Pi
24ð Þ 3P 3;2ð Þ 3Pi

47ð Þ 3P 5;2ð Þ
� �

3C14 (4.118)

T82 5 Pi
34ð Þ 3P 3;2ð Þ 3Pi

49ð Þ 3P 6;3ð Þ
� �

3C14 (4.119)

T8 5 Pi
6ð Þ 3P 2;2ð Þ 3Pi

42ð Þ 3P 4;2ð Þ 1T81

� �
3C2T

1 Pi
9ð Þ 3P 2;2ð Þ 3Pi

43ð Þ 3P 4;2ð Þ 1T82

� �
3 S2T

(4.120)

T9 is diurnal item of the thirds.

T9 5Pi
40ð Þ 3P 3;3ð Þ 3 S3T 3Pi

41ð Þ 3P 3;3ð Þ 3C3T (4.121)
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T10 is geomagnetic impact item.

T10 5APDF 3 Pi
33ð Þ 3Pi

46ð Þ 3P 2;0ð Þ
� �

(4.122)

T11 is longitude item.

T11 5 11Pð1;0Þ 3 Pi
ð81Þ 3 cos d2Pi

ð82Þ
� �

1Pi
ð86Þ 3 cos 23 d2Pi

ð87Þ
� �� �� �

1Pi
ð84Þ 3 cos d2Pi

ð85Þ
� �

1Pi
ð88Þ 3 cos 23 d2Pi

ð89Þ
� �� ��

3
��

Pi
ð65Þ 3Pð2;1Þ 1Pi

ð66Þ 3Pð4;1Þ 1Pi
ð67Þ 3Pð6;1Þ 1Pi

ð75Þ 3Pð1;1Þ

1Pi
ð76Þ 3Pð3;1Þ 1Pi

ð77Þ 3Pð5;1Þ
�
3CL1

�
Pi
ð91Þ 3Pð2;1Þ 1Pi

ð92Þ 3Pð4;1Þ 1Pi
ð93Þ 3Pð6;1Þ 1Pi

ð78Þ 3Pð1;1Þ

1Pi
ð79Þ 3Pð3;1Þ 1Pi

ð80Þ 3Pð5;1ÞPi
ð77Þ
�
3 SL

�
(4.123)

In the abovementioned calculations the calculation formula of each parameter is
shown as follows:

APDF 5 AP1 2 4ð Þ1 Pi
45ð Þ 2 1

� �
3 AP1 2 4ð Þ1 e2Pi

44ð Þ 3 AP124ð Þ 2 1
� �

=Pi
44ð Þ

� �� �
(4.124)

F1 5 11Pi
48ð Þ 3 F10:7 2 150

� �
1Pi

20ð Þ 3 F10:7 2 F10:7

� �
1Pi

21ð Þ 3 F10:72F10:7

� �2
(4.125)

F2 5 11Pi
50ð Þ 3 F10:7 2 150

� �
1Pi

20ð Þ 3 F10:7 2 F10:7

� �
1Pi

21ð Þ 3 F10:72F10:7

� �2
(4.126)

EXP1 5 e2 10;8003 Pi
52ð Þ

�� ��= 11Pi
139ð Þ 3 452 Bj jð Þ

� �� �
(4.127)

EXP2 5 e210;8003 Pi
54ð Þ

�� ��
(4.128)

GO Að Þ5 A2 41 Pi
26ð Þ 2 1

� �
3 A2 41 e2 Pi

25ð Þ

�� ��3 A24ð Þ 2 1

� 	
= Pi

25ð Þ
��� ���� 	� 	

(4.129)

SGO xð Þ5
�
GO AP2ð Þ1

�
GO AP3ð Þ3 x1GO AP4ð Þ3 x2 1GO AP5ð Þ3 x3

1
�
GO AP6ð Þ3 x4 1GO AP7ð Þ3 x12

�
3 12 x8
� �

= 12 xð Þ
��

= 11 x5 12 x19
� �

= 12 xð Þ� �
(4.130)

APT 1ð Þ5 SGO EXP1ð Þ (4.131)

APT 3ð Þ5 SGO EXP2ð Þ (4.132)

CL 5 cos
π
180

L
� �

(4.133)

SL 5 sin
π
180

L
� �

(4.134)
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ST 5 sin
π
180

L1UTC3 15ð Þ
� �

(4.135)

CT 5 cos
π
180

L1UTC3 15ð Þ
� �

(4.136)

S2T 5 sin 23
π
180

L1UTC3 15ð Þ
� �

(4.137)

C2T 5 cos 23
π
180

L1UTC3 15ð Þ
� �

(4.138)

S3T 5 sin 33
π
180

L1UTC3 15ð Þ
� �

(4.139)

C3T 5 cos 33
π
180

L1UTC3 15ð Þ
� �

(4.140)

C32 5 cos
2π
365

d2Pi
32ð Þ

� �� 	
(4.141)

C18 5 cos
4π
365

d2Pi
18ð Þ

� �� 	
(4.142)

C14 5 cos
2π
365

d2Pi
14ð Þ

� �� 	
(4.143)

C39 5 cos
4π
365

d2Pi
39ð Þ

� �� 	
(4.144)

where P n;mð Þ is Legendre function; d is the calculating time corresponding to the
number of the year; F10:7 is the pridian value of solar radiation of 10.7 cm; F10:7 is
the average value of 81-day solar radiation of 10.7 cm; AP1 is the geomagnetic
index value ap of the day; AP2 is the geomagnetic index value ap of current
3 hours; AP3 is the geomagnetic index value ap 3 hours before; AP4 is the
geomagnetic index value ap 6 hours before; AP5 is the geomagnetic index value ap
9 hours before; AP6 is the average value of the geomagnetic index value
12�33 hours before; and AP7 is the average value of the geomagnetic index value
36�59 hours before.

2. Calculation of atmospheric density
MSIS00 model provides two calculating results of atmospheric density. And the

first result represents the measurable atmospheric density, while the second result
represents the effective atmospheric density.

The calculation of the measurable atmospheric density is the integration for the
distribution of the diffusion and mixing, and the unit of atmospheric density ρ is
shown as follows:

ρ5 1:663 10224
X7
i51

mi 3Ni Z;mið Þð Þ ðg=cm3Þ (4.145)
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where i5 1; . . .; 7, the sequence of the corresponding atmospheric component is He,
O, N2, O2, Ar, H, N, and mi, which are, respectively, 4, 16, 28, 32, 40, 1, and 14. And
the nominal value of the molecular weight for each component is Ni Z;mið Þ. And

Ni Z;mið Þ5Ndi 11eA3 ln Nmi=Ndið Þ� �1=A
Ci
1 Zð ÞCi

2 Zð Þ (4.146)

A5
Mh

Mm 2Mi

� � (4.147)

where Ndi is diffused distribution density; Nmi is mixed distribution density; and
Ci
1 Zð Þ;Ci

2 Zð Þ are, respectively, the space environment and chemical correction factor of
the ith component.
where Mh 5 28; Mm 5 28:95; Mi is the nominal values of the molecular weight for
each component.

The effective atmospheric density is the sum of the measurable atmospheric
density and the density of active oxygen atoms.

ρe 5 ρ1 1:663 10224N8ðZÞ ðg=cm3Þ (4.148)

where N8ðZÞ is the density of the active oxygen atom at the height Z. In MSIS00 model
the density of the active oxygen atom is not isolated as the diffused and mixed
distribution density.

3. Diffusion distribution

Ndi 5NLiDi Z;mið Þ T 2Lð Þ
T Zð Þ

� 	11α

(4.149)

Di Z;mið Þ5DBi Z;mið Þ ðZ$ZαÞ (4.150)

Di Z;mið Þ5DBi Z;mið Þ3 T ZLð Þ
T Zð Þ

� 	11α

3 e2r3 3 r1 ðZ,ZαÞ (4.151)

DBi Z;mið Þ5 T ZLð Þ
T Zð Þ

� 	γ2

e2δ3 r2 3 ε Z;ZLð Þ (4.152)

r2 5
migL
δRgTω
� � (4.153)

gL 5
gs

11 ZL=RP

� �� �2 (4.154)

ga 5
gs

11 Za=RP

� �� �2 (4.155)
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NLi 5NLie
Gi Lð Þ (4.156)

gs 5 980:616 12 0:0026373cos 2Lð Þ½ � (4.157)

where Rg 5 831:4 and NLi are the average density of each component at ZL. According
to the sequence, the following values are shown. They are in the sequence of
2:5771793 107, 8:0019853 1010, 3:003893 1011, 3:07362663 1010, 1:154510493 109,
224; 553:9, and 57:35873 107.

r3 5mi 3
gs

11 ZL=RP

� �� �2 3
ε Z2 ;ZLð Þ
Rg

(4.158)

r1 5
X4
n51

�
Hn 3

�
12A2

n

� �
3

TTn

2
1B2

n 3
TTn11

2
1

��
A2
n

2
2

11A4
n

4

	
3YZn

1
B4
n

4
2

B2
n

2

� 	
3YZn11

	
3

H2
n

6

		 (4.159)

Hn 5βn11 2βn (4.160)

An 5
βn11 2XXnð Þ

Hn
(4.161)

Bn 5
XXn 2βnð Þ

Hn
(4.162)

XXn 5

βn11 βn11 #
ε Z;Z1ð Þ
ε Z5 ;Z1ð Þ

0
@

1
A

ε Z;Z1ð Þ
ε Z5 ;Z1ð Þ

βn11 .
ε Z;Z1ð Þ
ε Z5 ;Z1ð Þ

0
@

1
A

ðn, 4Þ

8>>>>>><
>>>>>>:

(4.163)

XX4 5
ε Z;Z1ð Þ
ε Z5 ;Z1ð Þ

(4.164)

Gi Lð Þ is a function fitted by of the measured atmospheric data, which is a low-order
spherical harmonic function related to the location, time, and spatial physics parameters.

Gi Lð Þ5Pi
31ð Þ 1

X13
j51

Tj (4.165)

The calculation of Tj is shown as follows:
T1 is impact item of solar F10:7 cm radiation parameters.

T1 5Pi
20ð Þ 3 F10:7 2 F10:7

� �
11Pi

60ð Þ 3 F10:7 2 150
� �� �

1Pi
21ð Þ 3 F10:72F10:7

� �2
1Pi

22ð Þ 3 F10:7 2 150
� �

1Pi
30ð Þ 3 F10:72150

� �2 (4.166)
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T2 is time-independent item.

T2 5Pi
2ð Þ 3P 2;0ð Þ 1Pi

3ð Þ 3P 4;0ð Þ 1Pi
23ð Þ 3P 6;0ð Þ 1Pi

15ð Þ 3P 2;0ð Þ 3 F10:7 2 150
� �

1Pi
27ð Þ 3P 1;0ð Þ

(4.167)

T3 is anniversary even order item.

T3 5Pi
19ð Þ 3 cos

2π
365

d2Pi
32ð Þ

� �� 	
(4.168)

T4 is semiannual even item.

T4 5 Pi
16ð Þ 1Pi

17ð Þ 3P 2;0ð Þ
� �

3 cos
4π
365

3 d2Pi
18ð Þ

� �� 	
(4.169)

T5 is anniversary odd item.

T5 5 F13 Pi
10ð Þ 3P 1;0ð Þ 1Pi

11ð Þ 3P 3;0ð Þ
� �

cos
2π
365

3 d2Pi
14ð Þ

� �� 	
(4.170)

T6 is semiannual odd item.

T6 5Pi
38ð Þ 3P 1;0ð Þ 3 cos

4π
365

3 d2Pi
39ð Þ

� �� 	
(4.171)

T7 is diurnal term.

T7 5 F2 3CT 3 Pi
4ð Þ 3P 1;1ð Þ 1Pi

5ð Þ 3P 3;1ð Þ 1Pi
28ð Þ 3P 5;1ð Þ 1Pi

12ð Þ 3P 2;1ð Þ 3 cos
2π
365

3 d2Pi
14ð Þ

� �0
@

1
A

0
@

1
A

1 F23 ST 3 Pi
7ð Þ 3P 1;1ð Þ 1Pi

8ð Þ 3P 3;1ð Þ 1Pi
29ð Þ 3P 5;1ð Þ 1Pi

13ð Þ 3P 2;1ð Þ 3 cos
2π
365

3 d2Pi
14ð Þ

� �0
@

1
A

0
@

(4.172)

T8 is semi diurnal items.

T8 5 F2 3C2T 3
�
Pi

6ð Þ 3P 2;2ð Þ 1Pi
42ð Þ 3P 4;2ð Þ 1Pi

24ð Þ 3P 3;2ð Þ 1Pi
36ð Þ 3P 5;2ð Þ

�
3 cos

2π
365

3 d2Pi
14ð Þ

� �� 		
1 F23 S2T

3

 
Pi

9ð Þ 3P 2;2ð Þ 1Pi
43ð Þ 3P 4;2ð Þ 1 Pi

34ð Þ 3P 3;2ð Þ 1Pi
37ð Þ 3P 5;2ð Þ

� �
3 cos

2π
365

3 d2Pi
14ð Þ

� �� 	!

(4.173)

T10 is three diurnal variation.
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T10 5 F2 3 S3T 3 Pi
40ð Þ 3P 3;3ð Þ 1Pi

94ð Þ 3P 4;3ð Þ 1Pi
47ð Þ 3P 6;3ð Þ

� �
3 cos

2π
365

3 d2Pi
14ð Þ

� �� 	
1 F2 3C3T 3

�
Pi

41ð Þ 3P 3;3ð Þ 1
�
Pi

95ð Þ 3P 4;3ð Þ 1Pi
49ð Þ 3P 6;3ð Þ

�

3 cos
2π
365

3 d2Pi
14ð Þ

� �� 	
(4.174)

T9 is the impact items of geomagnetic index Ap.
If Pi

52ð Þ is equal to 0, then

T9 5APDF 3

�
Pi

33ð Þ 1Pi
46ð Þ 3P 2;0ð Þ 1Pi

35ð Þ 3P 4;0ð Þ 1 Pi
101ð Þ 3P 1;0ð Þ 1Pi

102ð Þ 3P 3;0ð Þ 1Pi
103ð Þ 3P 5;0ð Þ

� �

3 cos
2π
365

3 d2Pi
14ð Þ

� �� 	
1
�
Pi

122ð Þ 3P 1;1ð Þ 1Pi
123ð Þ 3P 3;1ð Þ 1Pi

124ð Þ 3P 5;1ð Þ
�

3 cos 0:26183
L
15

1UTC2Pi
125ð Þ

� 	� 		
(4.175)

If Pi
52ð Þ is not equal to 0, then

T9 5APT 1ð Þ3
�
Pi

51ð Þ 1Pi
97ð Þ 3P 2;0ð Þ 1Pi

55ð Þ 3P 4;0ð Þ 1 Pi
126ð Þ 3P 1;0ð Þ 1Pi

127ð Þ 3P 3;0ð Þ 1Pi
128ð Þ 3P 5;0ð Þ

� �
3 cos

2π
365

3 d2Pi
14ð Þ

� �� 	
1 Pi

129ð Þ 3P 1;1ð Þ 1Pi
130ð Þ 3P 3;1ð Þ 1Pi

131ð Þ 3P 5;1ð Þ
� �

3 cos 0:26183
L
15

1UTC2Pi
132ð Þ

� 	� 	!

(4.176)

T11 is the item related to longitude.

T11 5 11Pi
81ð Þ 3 F10:7 2 150

� �� �
3

��
Pi

65ð Þ 3P 2;1ð Þ 1Pi
66ð Þ 3P 4;1ð Þ 1Pi

67ð Þ 3P 6;1ð Þ 1Pi
104ð Þ 3P 1;1ð Þ

1Pi
105ð Þ 3P 3;1ð Þ 1Pi

106ð Þ 3P 5;1ð Þ 1 Pi
110ð Þ 3P 1;1ð Þ 1Pi

111ð Þ 3P 3;1ð Þ 1Pi
112ð Þ 3P 5;1ð Þ

� �
3 cos

2π
365

3 d2Pi
14ð Þ

� �� 		
3 cos

π
180

3 L
� �

1

�
Pi

91ð Þ 3P 2;1ð Þ 1Pi
92ð Þ 3P 4;1ð Þ 1Pi

93ð Þ 3P 6;1ð Þ

1Pi
107ð Þ 3P 1;1ð Þ 1Pi

108ð Þ 3P 3;1ð Þ 1Pi
109ð Þ 3P 5;1ð Þ 1 Pi

113ð Þ 3P 1;1ð Þ 1Pi
114ð Þ 3P 3;1ð Þ 1Pi

115ð Þ 3P 5;1ð Þ
� �

3 cos
2π
365

3 d2Pi
14ð Þ

� �� 		
3 sin

π
180

3 L
� �

(4.177)
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T12 is item mixing time and longitude.

T12 5 11Pi
96ð Þ 3P 1;0ð Þ

� �
11Pi

82ð Þ 3 F10:7 2 150
� �� �

3 11Pi
120ð Þ 3P 1;0ð Þ 3 cos

2π
365

3 d2Pi
14ð Þ

� �� 	� 	

3 Pi
69ð Þ 3P 1;0ð Þ 1Pi

70ð Þ 3P 3;0ð Þ 1Pi
71ð Þ 3P 5;0ð Þ

� �
3 cos 0:0000727223 UTC3 36002Pi

72ð Þ
� �� �

1 Pi
77ð Þ 3P 3;2ð Þ 1Pi

78ð Þ 3P 5;2ð Þ 1Pi
79ð Þ 3P 7;2ð Þ

� �
3 11Pi

138ð Þ 3 F10:7 2 150
� �� �

3 cos 0:0000727223 UTC3 36002Pi
80ð Þ

� �
1 23

π
180

L
� �

(4.178)

T13 is the mixed item of time, latitude, and geomagnetic index.
If Pi

52ð Þ is equal to 0, then

T13 5APDF 3 11Pi
121ð Þ 3P 1;0ð Þ

� �
3 Pi

61ð Þ 3P 2;1ð Þ 1Pi
62ð Þ 3P 4;1ð Þ 1Pi

63ð Þ 3P 6;1ð Þ
� �

3 cos
π
180

3 L2Pi
64ð Þ

� �� �
1APDF 3 Pi

116ð Þ 3P 1;1ð Þ 1Pi
117ð Þ 3P 3;1ð Þ 1Pi

118ð Þ 3P 5;1ð Þ
� �

3 cos
2π
365

3 d2Pi
14ð Þ

� �� 	
3 cos

π
180

3 L 2Pi
119ð Þ

� �� �
1APDF

3 Pi
84ð Þ 3P 1;0ð Þ 1Pi

85ð Þ 3P 3;0ð Þ 1Pi
86ð Þ 3P 5;0ð Þ

� �
3 cos 0:0000727223 UTC3 36002Pi

76ð Þ
� �� �

(4.179)

If Pi
52ð Þ is not equal to 0, then

T13 5APT 1ð Þ3 11Pi
133ð Þ 3P 1;0ð Þ

� �
3 Pi

53ð Þ 3P 2;1ð Þ 1Pi
99ð Þ 3P 4;1ð Þ 1Pi

68ð Þ 3P 6;1ð Þ
� �

3 cos
π
180

3 L2Pi
98ð Þ

� �� �
1APT 1ð Þ3 Pi

134ð Þ 3P 1;1ð Þ 1Pi
135ð Þ 3P 3;1ð Þ 1Pi

136ð Þ 3P 5;1ð Þ
� �

3 cos
2π
365

3 d2Pi
14ð Þ

� �� 	
3 cos

π
180

3 L2Pi
137ð Þ

� �� �
1APT 1ð Þ

3 cos 0:0000727223 UTU 3 36002Pi
59ð Þ

� �� �
3 Pi

56ð Þ 3P 1;0ð Þ 1Pi
57ð Þ 3P 3;0ð Þ 1Pi

58ð Þ 3P 5;0ð Þ
� �

(4.180)

4. Mixed distribution

Nmi 5Nhi hi;mið Þ3Di Z;M0

� �
3

T ZLð Þ
T Zð Þ

� 	
(4.181)

Nhi hi;mið Þ5NLi 3Di hi;mdið Þ (4.182)

where mdi 5mi 2M0, and hi is the height of isothermal layer of each atmospheric
component.
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h1 5 100; h2 5 105; h4 5 105; h5 5 105; h6 5 95; h7 5 105

h3 5 1053 0:9627363 11 0:1409253 sinB3 cos
2π
365

d1 8:45398ð Þ
0
@

1
A

0
@

1
A

And d is the number of day in the year.
5. Space environment and chemical correction factor are shown as follows:

ln Ci
1 Zð Þ� �

5 ln
R1i 3Nh3 h3;m3ð Þ

Nhi hi;mið Þ

� 	
3 11eððZ2Zh1iÞ=h1iÞ
� �21

(4.183)

ln Ci
2 Zð Þ� �

5R2i 3 11eððZ2Zh2iÞ=h2iÞ
� �21

(4.184)

where R1i, H1i, ZH1i, R2i, H2i, and ZH2i are fitting coefficients. The functional
calculation of Gi Lð Þ and GS Pi

� �
are obtained by using the fitting constant Pi.

4.3 Systematic error and random error of atmospheric
density models

The calculation error of atmospheric density is not only connected with the precision of
atmospheric density model itself but also closely related to the space environment parameter
that can characterize the conditions of space environments. And the main space environ-
ment parameters that affect the atmospheric density are solar 10.7 cm wavelength
(2800 MHz) radio radiation flux F10.7 and geomagnetic index Ap. In the orbital calculation of
space objects, if it is the postmission processing that delays more than 2 months, the mea-
sured value of F10.7 and Ap can be directly invoked. However, in the prediction analysis of
future events such as collision warning, space object decay forecast, and TT&C station guid-
ing and tracking forecast, the predicted orbit needs to be used, to calculate the atmospheric
density; the forecast value for 2 months of solar radiation flux and geomagnetic index need
to be input. The longer the parameter prediction time span is, the larger the forecast error is.
Thus the prediction error of solar activity parameters will be introduced to the calculation of
atmospheric density error, which will cause the error of orbit calculation.

In this section, atmospheric density obtained from CHAMP on-board accelerometer data
inversion is taken as the standard to analyze the atmospheric density precision calculated by
MSIS00 model in January and April of the year 2010. Furthermore, the factors causing the
systematic error and accidental error of atmospheric density are analyzed. Fig. 4�3 shows
the variation of F10.7 of January and April in 2010. As shown here, the amplitude of variation
for F10.7 is more than 20 (changes from 70 to 90). And the radio radiation flux is in the mid-
dle level. In April 2010 F10.7 is almost less than 80. And the radio radiation flux is at a low
level. The variation every 3 hours in January and April of the year 2010 is given in Fig. 4�4.
It can be seen that a majority of Ap is less than 10 in January, 2010, and solar activities are
calmer. In April 2010 a majority of Ap is less than 20. And since a sudden huge magnetic
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storm occurred on April 5, the maximum value of Ap reached 180. Affected by this huge
storm, small storms continued the following 2 days. On April 12 a medium storm occurred.
Small storms happened on April 14 and 15. And on 23 April the magnetic field perturbation
happened. Atmospheric density systematic error and the daily average value of Ap (acciden-
tal error) calculated with the MSIS00 model are shown in Tables 4�6 and 4�7, which are
based on the inversion with CHAMP on-board accelerometer data in January and April 2010.
It can be seen from the two tables that the atmospheric density systematic error calculated
by MSIS00 model is more than 20% in January, and lower than 10% in April in most cases;
thus the systematic error of MSIS00 model is larger in January than in April. Fig. 4�3 shows
that the F10.7 is generally larger in January than in April. Fig. 4�4 shows that the average
value of Ap is generally lower in January than in April. It can be concluded that of all the
space environment parameters input to calculate the atmospheric density with the MSIS00
model, the radio radiation flux F10.7 is the main factor that brings about the systematic error.
Fig. 4�5 shows the maximum absolute value of the atmospheric density error calculated
with the MSIS00 model in January and April 2010. It can be seen that the value is at the
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Chapter 4 • Space environment and object orbit 107



magnitude of 10212 in January and mostly the same in April. In April 5�7, 12, 14, 15, and 23,
where magnetic storms and perturbations happened, the maximum value reached the mag-
nitude of 10211, while in April 5, where the huge magnetic storm took place, the accidental
error had an obvious jump. It can be seen that Ap is the main factor that affects the atmo-
spheric density calculated with MSIS00 model.

Table 4–6 MSIS00 atmospheric density model precision in January 2010.

Time Average Ap Systematic error (%) Time Average Ap Systematic error (%)

2010-01-01 0 51 2010-01-16 1 30
2010-01-02 1 47 2010-01-17 1 28
2010-01-03 4 42 2010-01-18 3 29
2010-01-04 2 29 2010-01-19 1 23
2010-01-05 1 25 2010-01-20 12 25
2010-01-06 1 25 2010-01-21 5 12
2010-01-07 0 25 2010-01-22 3 15
2010-01-08 1 25 2010-01-23 5 18
2010-01-09 1 26 2010-01-24 4 13
2010-01-10 3 29 2010-01-25 3 16
2010-01-11 6 27 2010-01-26 3 34
2010-01-12 4 24 2010-01-27 1 37
2010-01-13 7 32 2010-01-28 3 38
2010-01-14 4 28 2010-01-29 1 42
2010-01-15 4 37 2010-01-30 5 43

Table 4–7 MSIS00 atmospheric density model precision in April 2010.

Time Average Ap Systematic error (%) Time Average Ap Systematic error (%)

2010-04-01 12 9 2010-04-16 3 9
2010-04-02 13 9 2010-04-17 3 11
2010-04-03 9 9 2010-04-18 3 12
2010-04-04 13 10 2010-04-19 4 14
2010-04-05 55 20 2010-04-20 4 9
2010-04-06 44 17 2010-04-21 6 8
2010-04-07 22 12 2010-04-22 6 8
2010-04-08 12 9 2010-04-23 10 10
2010-04-09 6 9 2010-04-24 7 9
2010-04-10 3 8 2010-04-25 3 8
2010-04-11 12 11 2010-04-26 2 9
2010-04-12 19 14 2010-04-27 4 10
2010-04-13 3 10 2010-04-28 3 10
2010-04-14 10 10 2010-04-29 6 9
2010-04-15 8 10 2010-04-30 3 9
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The previous analysis shows that in the period of time in days, the atmospheric density
model calculates the average deviation of the difference between the basic presentation sys-
tem characteristics, the size of the average deviation of the day with the characterization of
the Sun 10.7 cm wavelength radio emission parameters 27 days a traffic F10.7 small cycles
and 13 years is a big cycle, as well as the validity of the model using the data changes.
Regarding month as the unit of time, a certain regular changes are presented. Regarding
year as the unit of time, the inconspicuous regular changes are presented. Thus regarding
day as the unit of time, it is still considered that the major factor causing systematic errors is
F10.7 in the short term. While the transition of the geomagnetic index Ap is short-term and
occasional changes. Regarding hour as the unit of time, many times or even dozens of times
of jump may occur. This transition causes multiple errors of the calculated values for the
atmospheric density model occur within a few hours. Therefore regarding day as the unit of
time, it is considered that the transition of geomagnetic index Ap will cause accidental errors
of the atmospheric density.

4.4 Prediction confidence level of space environment
parameters influenced atmospheric density

According to the timeliness requirement of space object surveillance capacity and collision
warning, the prediction confidence of environmental forecast parameters is analyzed from
three different time nodes with respect to 24, 72, and 168 hours.

4.4.1 Analysis of F10.7 prediction confidence level

F10.7 prediction confidence level is defined as follows. Assume the total number of samples is
M, the given error is ε, if the sum of samples which satisfy
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FIGURE 4–5 Maximum absolute value of the atmospheric density error calculated with the MSIS00 model of
2010-01 and 2010-04.
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F10:7p 2 F10:7r
F10:7r

����
����# ε (4.185)

is M, then the confidence level is

PF 5
M
N

(4.186)

where F10.7p and F10.7r are, respectively, the predicted values of F10.7 and the exact values
published afterward.

In this section, taking F10.7 published on the website (US Celestrak) for the next 3 months
as standard, large sample statistical sampling was conducted in three periods of solar activity
in nearly 10 years from 2003 to 2013, including low solar activity (F10.7, 80), normal solar
activity (80, F10.7, 120), and high solar activity (F10.7. 120); and the given error ε of F10.7
forecast of different time span in different solar activity periods when PF is greater than 90%
is analyzed. According to the statistical analysis, F10.7 change in a short term is relatively
slow, there is no strong correlation between the prediction error and the value of F10.7 itself.
That is, in low solar activity, normal solar activity, and high solar activity years, F10.7 forecast
with the same time span gives similar error, the results are shown in Table 4�8.

4.4.2 Analysis of Ap prediction confidence level

Assume the total number of samples is N, and given error ε, if

App 2Apr
Apr

����
����# ε (4.187)

The sum of its samples is M, then the confidence level is

PA 5
M
N

(4.188)

where App and Apr are, respectively, the predicted values of Ap and the exact values pub-
lished afterward.

In this section, taking Ap published every day on US Celestrak website for the next 3
months as standard, the statistical sampling of large sample is performed with three periods,
which are recent geomagnetic activity quiet period (Ap, 25), small geomagnetic disturbance
period (25,Ap, 50), and geomagnetic storm period (Ap. 50) from 2003 to 2013. When
the prediction confidence level Ap is more than 90%, the given errors ε of different days are
predicted during the period of different activities. The results are shown in Table 4�9. As is
seen from Table 4�9, during the period of quiet geomagnetic activity, Ap prediction error is
about 20%; during the period of small geomagnetic disturbance, Ap prediction error is about
60%; and during the period of geomagnetic storm, Ap prediction error is about 85%. The pre-
dicting time scale has smaller influence on Ap prediction error.
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4.4.3 Impact of environmental parameters on orbit prediction error

According to the analysis in Section 4.4.2, under different solar activities and geomagnetic
environment, the impact of the prediction error with input parameters for F10.7 and Ap atmo-
spheric density model on space object orbit prediction (using MSIS00 atmospheric density
model) at different heights can be simulated and analyzed with the addition of correspond-
ing prediction error to the device.

Table 4�10 gives the impact of a different solar radiation flux F10.7 at the height of
400�1000 km on orbit prediction error of space objects of different heights. In order to mini-
mize its impact of geomagnetic index, assume magnetic is in the magnetic quiet period and
take Ap5 7. In addition, take surface-to-mass ratio as 0.02, which is the approximation of
surface-to-mass ratio for most satellites. It can be seen from Table 4�10, for the space of dif-
ferent orbital heights, 1-day orbit prediction error caused by F10.7 is less than 1 m, mainly
because the F10.7 value input in the MSIS00 atmospheric density model is the value of the
day before and the 81-day average value. The F10.7 of the previous day has a measured value
and is not affected by the forecast error. 81 days is three solar rotation period, and the pre-
diction error of F10.7 value of some days has little influence on the 81-day average value;
therefore F10.7 error has little effect on the orbit forecast for 1 day, as the forecast time span
increases, F10.7 error cumulative effects gradually increase; for objects with an orbital altitude
of 500 km and above, the 3-day track forecast errors caused by the error of F10.7 is less than
300 m in low solar activity years and normal solar activity years, and less than 600 m in high
solar activity years; for objects with an orbital altitude of 600 km and above, the 7-day track
forecast errors caused by the error of F10.7 is less than 800 m in low solar activity years and
normal solar activity years, and less than 2 km in high solar activity years, therefore, for dan-
gerous objects within 7 days of the screening phase, when the solar activity is not high, F10.7
errors are less likely to cause missed alarm; for 1000 km high spatial goals, no matter in low,

Table 4–8 F10.7 prediction precision.

Prediction time span 1 day 3 days 7 days

ε (%) 2 5 10

Table 4–9 Ap predition precision.

Geomagnetic activity

Prediction time span

1 days 3 days 7 daysError (%)

Geomagnetic quiet ε 18.6 19.5 21.9
Magnetic disturbance ε 58.7 60.1 62.8
Magnetic storm ε 83.4 85.9 87.1
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Table 4–10 Impact of F10.7 prediction error on orbit prediction error.

Orbit
attitude
(km) F10.7

Orbit prediction error (m)

1 day 3 days 7 days

Position
error

R
direction
error

T
direction
error

N
direction
error

Position
error

R
direction
error

T
direction
error

N
direction
error

Position
error

R
direction
error

T
direction
error

N
direction
error

400 Solar minimum 0.388 0.007 0.388 0.001 490.8 3.10 490.8 0.123 5368.2 24.37 5368.1 1.308
Normal 1.017 0.016 1.017 0.001 1178.0 7.79 1178.0 0.297 12,822.6 66.40 12,822.5 3.133
Solar maximum 1.936 0.029 1.936 0.002 2055.6 13.97 2055.6 0.519 22,208.1 131.29 22,207.8 5.436

500 Solar minimum 0.068 0.002 0.068 0.001 89.0 0.53 89.0 0.022 982.9 4.01 982.9 0.230
Normal 0.221 0.004 0.221 0.001 279.4 1.72 279.4 0.069 3066.9 13.24 3066.9 0.719
Solar maximum 0.482 0.008 0.482 0.001 582.8 3.66 582.7 0.143 6331.8 29.15 6331.8 1.484

600 Solar minimum 0.015 0.001 0.015 0.001 18.7 0.11 18.7 0.005 206.9 0.82 206.9 0.048
Normal 0.054 0.002 0.054 0.001 71.9 0.43 71.9 0.018 794.5 3.23 794.5 0.182
Solar maximum 0.134 0.003 0.134 0.001 176.1 1.07 176.1 0.043 1924.1 8.03 1924.1 0.439

700 Solar minimum 0.005 0.001 0.005 0.001 5.0 0.03 5.0 0.002 54.9 0.22 54.9 0.013
Normal 0.016 0.001 0.016 0.001 20.5 0.12 20.5 0.006 226.4 0.89 226.4 0.051
Solar maximum 0.042 0.002 0.042 0.001 56.7 0.34 56.7 0.014 622.0 2.47 622.0 0.138

1000 Solar minimum 0.002 0.001 0.002 0.001 0.6 0.01 0.6 0.001 6.3 0.03 6.3 0.002
Normal 0.002 0.001 0.002 0.001 1.4 0.01 1.4 0.001 14.9 0.06 14.9 0.004
Solar maximum 0.003 0.001 0.003 0.001 3.3 0.02 3.3 0.002 36.1 0.14 36.1 0.008



normal, or high solar activity years, the track error F10.7 prediction error caused is no more
than 50 m, that is, for objects with an orbit height of more than 1000 km, F10.7 prediction
error has little effect on its track.

Further analysis, when the forecast time span is longer than 24 hours, when the average
value of 81-day F10.7 has the same error as that of the day before, the average value of 81-
day F10.7 has more impact than that of the previous day. According to analysis results in
Section 4.3, F10.7 will lead to systematic errors in atmospheric density, thereby causing sys-
tem errors in orbit determination and prediction; system error can be solved in the orbit
determination process. By prediction correction with the system error solved, the impact on
the track forecast accuracy can be greatly weakened.

Table 4�11 gives the impact of Ap under different geomagnetic conditions on different
space prediction error of space target orbits at different altitudes from 400 to 1000 km. In
order to minimize the F10.7 impact, assume that solar activity at a low level and take
F10.75 80. Meanwhile, take 0.02 as object surface-to-mass ratio. Table 4�11 shows that, for
space objects with the orbital altitude more than 700 km, the impact of Ap prediction error
on orbit prediction error is small, even in 7-day prediction in the period of magnetic storms,
the position error is about 1.5 km, which is the equal of cataloging and orbit determination.
There is little impact on the screening of dangerous objects. Table 4�11 shows that, for the
space objects with the orbital altitude less than 700 km, the impact of Ap prediction error on
orbit prediction position error increases sharply with the lower orbit altitude. At the same
time, when the position error increases rapidly with the prediction time-length increasing,
the position error in the period of geomagnetic storm is much larger than it is in the periods
of magnetic disturbance and magnetic quiet. Take 7-day prediction for example, in the geo-
magnetic quiet period, the position prediction errors of space objects are, respectively, about
3, 0.6, and 0.1 km at the orbital altitudes of 400, 500, and 600 km. In the period of magnetic
disturbance, the position prediction errors of space objects are, respectively, about 19, 4.3,
and 1.1 km at the orbital altitudes of 400, 500, and 600 km. In the period of magnetic distur-
bance, the position prediction errors of space objects are, respectively, about 63, 15, and
4 km at the orbital altitudes of 400, 500, and 600 km. For the objects at the orbital altitude
less than 700 km, whether for the stage of 7-day screening of dangerous objects, the phase of
3-day yellow alert or the phase of 1-day red alert, the impact of Ap error on its orbit cannot
be ignored.

From the above analysis, we can find that the impact of space environment parameter
error on low-orbit space object prediction is great. The statistical result in Table 4�11 shows
that when the confidence level of Ap prediction is greater than 90%, its impact on orbit pre-
diction is great. And under special circumstances, it is greater. Ref. [91] analyzed the impact
of different atmospheric density at different geomagnetic conditions on the 24-hour orbit
prediction. According to the results of the analysis, when the magnetic disturbance happens,
the 24-hour prediction error of YG1A-93 satellite reaches 10 km. When the magnetic activi-
ties are more intense or object surface-to-mass ratio increases, there is greater impact of
space environmental parameters on orbit prediction.
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Table 4–11 Impact of Ap prediction error on orbit prediction error.

Orbit
attitude
(km)

Geomagnetic
conditions

Orbit prediction error (m)

1 day 3 days 7 days

Position
error

R
direction
error

T
direction
error

N
direction
error

Position
error

R
direction
error

T
direction
error

N
direction
error

Position
error

R
direction
error

T
direction
error

N
direction
error

400 Geomagnetic
quiet

63 1.09 63 0.02 571 3.99 571 0.14 3109 14.3 3109 0.77

Magnetic
disturbance

381 6.33 381 0.12 3440 25.2 3440 0.87 18,725 109 18,725 4.63

Magnetic
storm

1277 21.0 1277 0.40 11,553 92.5 11,552 2.92 62,966 570 62,964 15.6

500 Geomagnetic
quiet

12 0.19 12 0.00 113 0.74 113 0.03 615 2.66 615 0.15

Magnetic
disturbance

87 1.43 87 0.03 790 5.46 790 0.19 4309 20.2 4309 1.03

Magnetic
storm

301 4.98 301 0.09 2733 19.7 2733 0.67 14,912 82.3 14,912 3.55

600 Geomagnetic
quiet

2.6 0.04 2.6 0.00 24 0.15 24 0.01 130 0.55 130 0.03

Magnetic
disturbance

23 0.37 23 0.01 205 1.38 205 0.05 1120 4.93 1120 0.26

Magnetic
storm

84 1.41 84 0.02 755 5.24 755 0.18 4131 19.4 4131 0.96

700 Geomagnetic
quiet

0.6 0.01 0.6 0.00 5.6 0.04 5.6 0.00 31 0.13 31 0.01

Magnetic
disturbance

6.3 0.10 6.3 0.00 57 0.38 57 0.01 314 1.35 314 0.07

Magnetic
storm

26 0.45 26 0.01 233 1.59 233 0.05 1275 5.68 1275 0.29

1000 Geomagnetic
quiet

0.05 0.00 0.05 0.00 0.5 0.004 0.5 0.00 2.5 0.01 2.5 0.002

Magnetic
disturbance

0.3 0.01 0.3 0.00 2.7 0.02 2.7 0.00 15 0.06 15 0.004

Magnetic
storm

1.3 0.02 1.3 0.00 12 0.08 12 0.00 65 0.28 65 0.01



4.5 Calculation strategy of atmospheric perturbation for
spacecraft collision avoidance warning calculation

In order to minimize the impact of space environment on space object orbit, the credibility
of spacecraft collision warning results should be enhanced. And the strategy of orbit determi-
nation in the calculation of spacecraft collision warning is particularly critical. Orbit determi-
nation strategies include the selection of orbit measurement data and dynamic models and
solution of orbital parameters; and orbit determination strategy is the key factor affecting
orbit prediction accuracy.

4.5.1 Resolving atmospheric damping coefficient and absorbing
systematic error

The accuracy of the calculation of atmospheric drag model is the largest source of the error
for low-orbit space object determination and prediction. And according to the existing level
of awareness, the error of atmospheric drag model is mainly composed by the following four
types of error. For space object windward atmospheric drag, the uncertainty of the area
causes area�mass ratio error, atmospheric density model error, F10.7 prediction error of solar
F10.7 radiation flux characterization parameter, and Ap prediction error of geomagnetic index
characterization parameter. These four errors are not the same in the phases of afterward
orbit determination and real-time orbit prediction.

The uncertainty of atmospheric drag area depends on the attitude of space objects. In the
measurement of cooperative objects, the object attitude can be obtained precisely through
internal telemetry parameters of cooperation objects. In the noncooperative object measure-
ments, the area of object windward atmospheric drag, attitude, and quality are unknown
parameters. When the attitude of the space object is stable or it changes with the law of short
cycle, the surface�mass ratio error can be regarded as systematic error of day order of mag-
nitude. In Section 4.3 the atmospheric density model error and F10.7 characterization para-
meters’ prediction error can be regarded as systematic errors of day order of magnitude. In
most times of a year, geomagnetism is calm. In the magnetic quiet period the impact of pre-
diction error for geomagnetic index characterization parameters on atmospheric model is
small, and the atmospheric density error is basically systematic errors of day order of magni-
tude. It can be seen that in the geomagnetic quiet period, the four main sources of error are
the dominant terms with systematic errors of day order of magnitude. While in a year of 365
days, the geomagnetic quiet days account for about 90%. In formula (4.1), in the calculation
of atmospheric drag fDG, four major atmospheric drag error terms such as cd are in parallel.
When the systematic biases of four major error terms is dominated, they will have strong
correlation of cd. When the orbit is determined, cd and orbital elements can be regarded as
unknown quantity and calculated using the measured data rail arc length of day order of
magnitude. And the systematic biases of atmospheric drag model can be absorbed by the
calculated cd. In the orbit prediction, when the orbit extrapolating can be performed with the
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use of the calculated orbit and cd, the systematic biases of four major atmospheric drag error
terms are effectively weakened.

In order to more directly reflect the absorption of systematic error by calculating atmo-
spheric damping cd, Table 4�12 gives whether the orbit objects of different orbit types can
resolve cd to predict the statistical results of 24-hour orbit position error (P denotes total
position error; R, T, and N are, respectively, its distribution at radial direction, lateral direc-
tion, and normal direction). Among them, the three object orbits are nearly circular orbits
with an orbital altitude of average height, and the fixed cd is nonresolving cd of the orbit
determination process. The orbit prediction is performed by using the previous calculated
value cd. It can be seen from Table 4�12, for objects 1, 2, 3, and 4, the 24-hour prediction
can be performed by using the fixed cd.

With respect to using the calculated value cd to predict orbits, the position error increase
approximately 2.5, 1.7, and 1.2 times, mainly in T direction. Moreover, with the increase of
prediction length, the error grows intensely. Therefore the accuracy of LEO orbit prediction
can be significantly improved with the use of the calculated cd.

4.5.2 Application of atmospheric damping coefficient and analysis of
orbit determination and prediction under normal geomagnetism
conditions

How to calculate atmospheric damping coefficient intensively is an engineering practice
problem. And the calculation accuracy is related to such factors as orbit measurement accu-
racy, data arc length, space environment parameters, and atmospheric density model. And
different attitudes of the object orbit are given through comparative analysis in Ref. [92].

In this section, first, a certain target is selected at the attitude of 340 km, then we use all-
time orbit measurement data of 0.5, 1, 1.5, and 2 days to analyze its orbit position error and
the component of the position error for 36-hour prediction in the radial (R), track (T), nor-
mal (N) directions. The results are shown in Table 4�13, where, during the process of orbit
determination, the object position and speed only can be calculated with the use of 0.5-day
data, while the object position, speed, and atmospheric damping cd can be calculated at the
same time by using the data of 1, 1.5, and 2 days. Table 4�13 shows that the shorter the
data arc is, the smaller the orbit determination error is. However, the orbit prediction error
is the largest using 0.5-day data and the smallest using 1.5-day data. The main reason is

Table 4–12 Position error statistics of 24-hour prediction (whether resolving cd for
space object of different types).

Object sequence Orbital altitude (km)

Position error (resolving cd) Position error (fixing cd)

P (m) R (m) T (m) N (m) P (m) R (m) T (m) N (m)

1 276 1518 24 1518 11 3882 46 3882 11
2 452 278 4 278 1. 465 7 465 1.
3 514 262 2 257 47 317 2 314 47
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because the process of orbit determination is the process of approaching measurement data.
And the shorter the arc is, the fewer the constraints are. Of course, if orbit determining preci-
sion is high, the arc cannot be too short. The concrete value is correlated with object orbit
altitude. Precise orbit prediction is not only associated with the orbit determination but also
affected by dynamic model precision. For the object at the attitude of 340 km, the atmo-
spheric model error of dynamic models plays a leading role in orbit prediction error determi-
nation. Though the precision of orbit determination is high with the use of 0.5-day data, it
cannot correctly solve the atmospheric damping coefficient cd, and the deviation of orbit
measurement data is large when using cd and cd to predict orbit. Therefore the orbit predic-
tion error spreads quickly. Compared with orbit prediction by using 1.5-day data, the data
orbit prediction error increases with the use of the data of 1 and 1.5 days. The main reason
is the resolving of cd is incorrect. And the data arc of the measured orbit data is too short, as
well as the redundant information is not enough with the use of the least square method to
perform orbit determination, which leads to the inaccurate cd. Conversely, if the arc of the
measured data is too long, given rail track use arc length is, in this process due to the space
environment, such as changes in attitude objectives, based on the order of days difference
between the system of assumptions no longer exists, cd big variations, and orbit solving a cd
value, which is considered within the entire length of the arc segment cd to a fixed value,
thus resulting prediction error increases. To solve this problem, it is suggested that a seg-
mentation solution is used to calculate cd. This method can only improve the orbit accuracy
but does not contribute to the improving of orbit prediction error.

In addition to the effect of the arc for orbit determination on the calculated accuracy of
cd, it is closely related to the atmospheric density model itself [93]. In this section, take a sat-
ellite with the orbit altitude of 600 km for example, the orbit determination is performed by
using the measurement data of 1, 2, 3, 4, 5, 6, and 7 days to predict the orbit accuracy of 1,
7, and 30 days. The statistical results are given in Table 4�14. It can be seen from
Table 4�14 that the orbit accuracy prediction is related to factors such as initial orbit accu-
racy (orbit determination with the use of the data and atmospheric density model) and the
accuracy of dynamic models (the atmospheric density model when forecasting). After calcu-
lating cd and using it to predict orbit, the effects of different atmospheric density model for
short-term orbit prediction (1-day prediction) on the accuracy is not obvious. And the short-
time prediction accuracy is affected by the use of the orbital arc. When adopting different

Table 4–13 Prediction precision with different length data for orbit determination.

Length of arc (day)

Position error (m) 36-Hour position error (m)

R T N R T N

0.5 52.1 21.2 19.6 85.2 2 6345.5 22.7
1 81.0 62.0 51.4 78.3 2 5440.7 16.4
1.5 96.1 189.2 52.6 2 17.6 1323.0 2 3.6
2 2 34.8 2 361.9 2 5.5 2 32.4 4919.6 2 7.4
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atmospheric models, the prediction accuracy is almost the same by using the measurement
data less than 6 days, while the prediction error increases significantly by using the measure-
ment data of 6 or 7 days. During the process of medium- and long-term orbit prediction (the
prediction of 7 or 30 days), MSIS and DTM78 have obvious advantages in comparison with
Jacchia77. Moreover, the prediction accuracy with the use of 6- or 7-day orbit measurement
data is better than that using short arc data. It is difficult to find a best model under any cir-
cumstances that is why various models can be used in the world at present. Under the con-
dition of quasi-real-time orbit prediction, the minimum orbit prediction error is difficult to
achieve due to the unstable accuracy of space environment parameters used.

In summary, the calculated precision of atmospheric damping coefficient cd for low-orbit
objects is related to a variety of factors. When the prediction time scale is longer than 3 days,

Table 4–14 The maximum position error with different atmospheric models unit: m.

Model

Prediction time span

1 day 7 day 30 dayOrbit determination span (day)

JACCHIA77 1 20.22 2390.56 62,104.38
2 58.83 1372.30 46,472.36
3 40.23 1701.86 51,118.44
4 37.96 1746.11 51,728.31
5 49.66 1618.22 50,160.31
6 96.77 1148.28 44,694.76
7 151.94 662.95 39,339.49

DTM78 1 46.55 1185.94 38,336.89
2 76.91 412.62 24,665.76
3 38.85 1038.38 35,010.41
4 32.81 1151.55 36,623.92
5 57.52 843.05 32,603.23
6 118.49 497.68 24,907.58
7 166.37 685.87 19,876.20

MSIS00 1 30.76 1671.20 42,608.08
2 69.53 599.36 25,349.68
3 40.92 1127.30 33,161.04
4 37.03 1202.36 34,250.88
5 58.53 937.92 30,769.91
6 116.75 444.30 23,352.17
7 172.75 657.77 17,428.52

MSIS90 1 20.20 1735.35 42,372.15
2 51.94 835.46 27,765.95
3 39.05 1074.53 31,349.93
4 40.72 1059.30 31,159.03
5 68.75 701.50 26,356.44
6 114.39 456.54 20,478.69
7 152.49 604.09 16,430.39
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DTM or MSIS atmospheric density models are generally adopted according to the statistical
results of the experiences or orbit prediction accuracy. Table 4�15 gives the suggested length
of the arc for nearly circular orbit objects at different attitudes (as to the ellipse object, espe-
cially noncooperative object, it is difficult to perform orbit measurement and determination).
In addition, the effect of space environment on the orbit determination and prediction is
large. In Table 4�15 the suggested arc is under the normal conditions for solar activity.
When the variation of space environment parameters Ap is large, cd can be calculated by
shortening the time span of orbit determination in order to improve orbit prediction
accuracy.

4.5.3 Application of atmospheric damping coefficient and analysis of
orbit determination and prediction under abnormal
geomagnetism conditions

When the quasi-real-time orbit calculation and prediction of early warning are performed,
there is no measurement value Ap. When storms occur, the value cd is abnormal by detect-
ing and calculating. But when storms occur at the first time, the suitable strategy should be
chosen to improve the track forecast accuracy. In the forecast of orbits, the determination
and predictive accuracy of orbital period change rate is directly related to the predictive
accuracy of orbits. In LEO space object orbits the semimajor axis error is 800 m, correspond-
ing to the error that the variable ratio is 1 second. Because the flight speed of space objects
is 8 km/s, the orbit prediction error in the orbital flight direction for N-pass orbit prediction
is 83N km. In Ref. [91], more details about the impact of geomagnetic index on the variabil-
ity of low-orbit satellite orbital period and orbital precision are studied. In this section, take
the magnetic storm on March 17, 2015, for example, the calculated cd of different objects is
consistent with the change of Ap.

At 00:11 p.m. March 22, 2015, Beijing time, the outbreak of large X-ray flares (X2.2 class)
in the solar active region AR2297 reached the orange alert level. Since the approach to the
solar disk for AR2297 on March 5, the frequent outbreaks produced a X2.2 class and 10 M-
level X-ray flares. On March 15 a full halo coronal mass ejection (CME) took place, which
reached the Earth at around 11:00 on March 17. And the solar wind speed increased to about
670 km/s. Meanwhile, southward interplanetary magnetic field component fell to the lowest

Table 4–15 Suitable length of orbit
determination arc at different orbit attitudes.

Orbit attitude (km) Suitable orbit span (day)

300�400 1.5�2
400�500 2�2.5
500�600 2.5�3
600�800 3�4
. 800 . 4
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around 228 nT. Affected by Earth’s magnetic field, the geomagnetic index Ap reached 117.
The reproducible coronal hole high-speed stream (CIR) reached the Earth at 21:00 on March
18. Affected by the combined effect of the high-speed fluid in the polar corona Hole and
CNE, the solar wind speed went up to 760 km/s. And the sustained geomagnetic disturbance
between March 17 and 19 occurred. Thus a total of 12 hours of disturbance means the level
of big storms. The level of moderate geomagnetic storms reached after 12 hours of distur-
bance; the level of small storms reached after 40 hours of disturbance; and the active level
reached after 15 hours of disturbance. The geomagnetic storm is the strongest storms since
entering the 24th solar cycle (starting from the year of 2008).

Fig. 4�6 gives Ap changes from March 15 to 20, 2015. And Table 4�16 shows the orbital
altitude, quality, area, attenuation amount of semimajor axis, and value of cd of four different
objects. Fig. 4�7 shows the changes of cd for four different objects from March 15 to 20,
2015. In contrast to Figs. 4�6 and 4�7, the values of cd and Ap have a very good consistency.
Namely, the error of Ap can be absorbed through calculating the atmospheric damping coef-
ficient cd. Table 4�16 shows that the atmospheric damping will cause the attenuation of
object orbits. And the magnetic storm will increase the attenuation of object orbits. But the
four goals are the maximum for the calculated cd on March 17. The attenuation is maximized
on March 18. The analysis of the reasons shows that Ap is maximized on March 17, while
the orbital decay has certain continuity.

Upon the completion of orbit determination, the calculated value of cd is detected and
found to be abnormal. So it needs to modify the orbit determination and prediction strategy
to stabilize the orbit forecast accuracy under the condition of geomagnetic anomaly. From a
large number of statistics, it can be found that, the severe transition of Ap index generally
occurs within a few hours when the geomagnetic happens. Then it quickly returns to the
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Table 4–16 Statistics of the calculation for orbital decay and atmospheric damping.

Object
sequence

Hp

(km)
Ha

(km)
Quality
(kg)

Windward
area (m2) Date (UTC)

Flat semimajor axis
attenuation (m)

Resolving
cd

1 305 334 450.0 3.6 2015-03-15 709.87 1.85
2015-03-16 690.77 1.87
2015-03-17 910.63 2.65
2015-03-18 1044.85 2.04
2015-03-19 746.43 1.77
2015-03-20 723.47 1.75

2 276 303 460.0 3.6 2015-03-15 1230.45 2.14
2015-03-16 1259.79 2.95
2015-03-17 1601.78 3.26
2015-03-18 2098.48 2.71
2015-03-19 1493.38 2.02
2015-03-20 1528.99 2.14

3 467 482 67.0 0.273 2015-03-15 75.11 2.15
2015-03-16 68.06 2.36
2015-03-17 59.69 4.75
2015-03-18 136.40 4.12
2015-03-19 73.49 2.13
2015-03-20 54.70 2.12

4 463 479 3100.0 22.1 2015-03-15 26.38 2.21
2015-03-16 31.85 2.47
2015-03-17 32.98 2.60
2015-03-18 75.82 2.38
2015-03-19 22.59 2.12
2015-03-20 45.96 2.08
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FIGURE 4–7 Variety of cd for four different objects from 2015-03-15 to 2015-03-30.
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normal value or associated with several small magnetic disturbance. And its duration is no
more than 1�2 days. When geomagnetic storms occurs, the calculation of cd is abnormal. At
the moment, there is only predicted value and no measured value in the input document of
geomagnetic index used for orbit determination. The predicted value does not reflect the
true state of geomagnetic storms according to the normal level. Therefore the value cd under
this condition will inevitably bring about huge errors for subsequent orbit prediction. In
Table 4�16, take object 2 for example, the geomagnetic index reached the extreme values on
March 17. The daily calculated value cd changed from 2.14 to 3.26 on March 15. After the
1-day change, it returned to 2.02 on March 19. The attenuation of semimajor axis for object
2 was from 1.2 to 2 km then lowered to the level of 1.5 km. It caused a 0.7-second error of
orbital period change rate. And the impact on orbit prediction is as follows. The prediction
of one pass was 5.6 km (0.73 8); the maximum error of the prediction of 1 day (16 passes)
was 90 (163 0.73 8) km. Therefore when the calculated value cd is abnormal through orbit
determination, the abnormal cd cannot be used directly to perform the orbit prediction of
postcollision warning. At this point the best way to reduce the influence of magnetic storms
on the orbit prediction accuracy is to readjust a reasonable Ap value of the artificial construct
that day and the next few days to meet the normal variation for the calculated cd based on
the latest published statistical data or Ap statistics experience. With the use of cd, the orbit
prediction of collision warning is performed to reduce the impact of storms on collision
warning credibility to some extent.

Through continuous efforts of the International Space Environment scholars, people have
a certain understanding of the cause of geomagnetic storms. According to the current level
of understanding, geomagnetic storms are associated with the intensity of solar CMEs. The
occurrence of solar CMEs after 24�48 hours produces a “shock,” which reaches the Earth
and causes geomagnetic storms. Thus through the real-time monitoring of CMEs, the occur-
rence of geomagnetic storms can be predicted 24 hours in advance. The recognition provides
the possibilities to predict geomagnetic storms, especially a direct basis of judging the credi-
bility of 24-hour collision warning. In the calculation and prediction of low-orbit space
objects, the error of atmospheric drag perturbation model is the primary item of orbit deter-
mination and prediction. Among the four factors causing error in this model, the surface-
mass ratio, the atmospheric density model and the F10.7 parameter prediction model are all
systematic errors measured in days, which can be eliminated by solving cd. Only Ap predic-
tion error cannot be controlled when a geomagnetic storm occurs. Through monitoring the
changes of sunspots, the four error items that affect atmospheric drag perturbation models
can be controlled when there are no geomagnetic storms for the next 24 hours. The days of
sunspots’ outbreaks in a year are less than 10%, even in solar maximum. This means that, in
most cases, no magnetic storms would happen for the next 24 hours. This fully shows that
the orbit forecast accuracy is controllable for low-orbit space objects within 24 hours. Based
on this, the high confidence level of collision warning can be achieved.
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5
Spacecraft collision warning orbit
calculation method

Space debris and spacecraft flight safety first need to get large quantities of space debris orbit
information, so the space debris orbit calculation and prediction is an important part of the
space debris monitoring. Space object orbit calculation refers primarily to the process that
first to obtain orbital measurement data through space surveillance network (SSN); second
to solve the value of the orbital parameters using measurement data and orbit determination
algorithm; then to store the updated orbit parameters; and finally, to quickly make short-
term, medium-term or long-term orbit prediction using the latest orbital parameters and
designated prediction model as needed.

Orbital calculations consist of precise orbit calculation and cataloged orbital calculations,
wherein the precise orbit calculation principle is to use all resources for measurement and
calculation to track, measure, and obtain the most accurate space object orbit as possible.
Principles of cataloging orbital calculation are to allocate resources rationally to maintain the
maximum amount of space on the destination catalog as possible in the case that system
resources are limited. Thus in the pursuit of the ultimate goal accuracy, precision orbital cal-
culation method of the model around the world is basically the same, which uses numerical
integration approach with the minimum truncation error, the most sophisticated dynamic
model, and the best method of valuation. As a simplified method with low accuracy, cata-
loged orbital calculations include many ways according to different simplifying ways and
objectives.

Commonly used cataloging methods include numerical, analytical, and semianalytical
methods. The space object orbital elements currently released by the US SSN mainly use the
analytical method based on SGP4/SDP4 orbit prediction model. Meanwhile, the data used
for space safety analysis and collision warning are input into JSpOC orbit extrapolation calcu-
lation model to perform the “special perturbation” calculation, here “special perturbation” is
the numerical cataloging algorithm. Every day the United States performs space object orbit
determination for several times and orbit determination information for each space object is
updated in JSpOC database (high-accuracy catalog). Russia adopts a semianalytical method,
which includes the main effect of Jmn(m,n# 5). As for the high-orbit object, the solar radia-
tion is considered, and a more complex model of the sun and moon perturbation is also
used. Purple Mountain Observatory also set up a semianalytical method based on the quasi-
mean element method, which contains a more complete mechanical model that transforms
the satellite movement calculation into mean element equations of motion and expression of
the short-period perturbations.
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5.1 Precise orbital calculation method
5.1.1 Orbital parameters optimal estimation method

Orbital parameter estimation is in fact to obtain the best estimation of the orbital parameters
under the premise of obtaining a series of observations. The best estimation can minimize
the difference between the theoretical value calculated from the observed data and mea-
sured values. The most commonly used orbital parameter estimation method is based on
the method of least squares orbit improvements, which are applicable to any dynamic mod-
els. Kalman filtering, batch least squares, least squares estimation with a priori and other
common orbit determination methods are evolved on the basis of the traditional method of
least squares according to different requirements such as timeliness and accuracy.

The dynamic model corresponding to artificial space object motion:

_X5 FðX; tÞ
Xðt0Þ5X0

(
(5.1)

where X is the state quantity to be improved. As for different orbit determination, it has a dif-
ferent meaning. It can be Kepler element of the object σ. It also can be position and velocity
vectors and other dynamic parameter vectors P�. Take near-earth-orbit object, for example,
P� is generally ballistic coefficient b�. When the state quantities are considered as position
and velocity vectors:

X5 r; _r; b�½ �T (5.2)

Eq. (5.1) is an n-dimensional first-order nonlinear equation. The form of the general solution
can be written as:

XðtÞ5XðX0; tÞ (5.3)

The observation quantity of space object monitoring equipment is a nonlinear function of
the state quantity of the object, represented by the following formula:

Yi 5GðXi; tiÞ1 εi
5 ~GðX0; t0; tiÞ1 εi; i5 1; . . .;m

(5.4)

where Yi are the actual observation quantities (observations for short, referred to as O),
when ti. ~GðX0; t0; tiÞ is the calculation observation quantities (calculations for short, referred
to as C), when the dynamic model is used to calculate ti based on the initial state X0. εi is
random noise.

In fact due to the inaccuracy of the initial state X0 the calculations and observations do
not match. The difference between the observations and calculations is called “O�C”, or
observation residuals. Orbit improvement is to estimate the optimal value X̂0 of the initial
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state quantity X0 through a series of observations, so that the weighted mean square sum of
observation residuals is minimum.

Define the vectors:

Y5
Y1

^
Ym

2
4

3
5; ~GðX0; t0; tÞ5

~G1ðX0; t0; t1Þ
^

~GmðX0; t0; tmÞ

2
4

3
5;

ε5
ε1
^
εm

2
4

3
5; W5

W1 0
&

0 Wm

2
4

3
5 (5.5)

where W is the weight matrix of m3m order, Wi is the weight coefficient of observations
every time. It is supposed that the accuracy of observations is unequal every time, so

Y5 ~GðX0; t0; tÞ1 ε (5.6)

As mentioned earlier, orbit improvement is to minimize the weighted mean square sum
of observation residuals, so

Q5 εTε5 ½Y2 ~GðX0; t0; tÞ�TW½Y2 ~GðX0; t0; tÞ� (5.7)

is minimum.
To minimize Q, supposed X̂0 is the optimal estimation value of X0, so

@Q
@X0

����
X05X̂0

522½Y2 ~GðX̂0; t0; tÞ�T W
@ ~G
@X0

����
X05X̂0

5 0 (5.8)

The previous formula includes n nonlinear functions with n unknown variants. Only an
iterative method can be used, so the process of orbit determination needs to be linearized.

It is assumed that the initial value of the state vector X�
0 is relatively close to the optimal

estimation X̂0, ~GðX0; t0; tÞ in formula (5.4) is expanded near X�
0, then

Y5 ~GðX̂�
0; t0; tÞ�1

@ ~G
@X0

����
X05X�

0

ðX̂0 5X�
0Þ1 ε (5.9)

to make

y5Y2 ~GðX�
0; t0; tÞ (5.10)

x5 X̂0 2X�
0 (5.11)

B5
@ ~G
@X0

����
X02X�

0

(5.12)
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Then formula (5.10) can form a linear system:

y5Bx 1 ε (5.13)

Formula (5.13) is the observation error equation of orbit improvement, also known as
conditional equation.

Based on formula (5.13), conditions to satisfy the optimal estimation are:

22ðy2BxÞTWB5 0 (5.14)

This solution is:

x5 ðBTWBÞ21BTWy (5.15)

The formula above is called the normal equation, where, BTWB is called method matrix.
This is the weighted least squares estimation. The whole process is actually carried out itera-
tively. Inverse ðBTWBÞ21 of the method matrix output after convergence is the covariance
matrix of the estimated parameter. Its diagonal element is the variance of the estimated
parameter error.

5.1.2 Numerical integration

There are a lot of methods to solve problems of numerical integration, which consist of the
single-step and multistep methods according to calculation relativity. The single-step method
needs only the value of one dependent variable function to obtain the value of the indepen-
dent variables corresponding to other dependent variables. The multistep process will need
function values of multiple independent variables to obtain the solution. In terms of acceler-
ation calculating times to obtain the same accuracy the multistep method is more effective
than the single-step method. Usually, the single-step method is used in the initial stage of
numerical integration and provides function values of the beginning self-variants for the
multistep method.

The multistep method consist of I and II types according to orders. The I type method is
a first-order integral; the II type method indicates direct resolution to second-order differen-
tial equation. The two methods also consist of the fixed order and step integration and the
variable order and step integration. Different from the method of the fixed order and step
integration, the method of variable order and step integration estimates the local truncation
error on each node and meets the error limits by changing the order and step size to control
the integration error. This means a lot more computation.

This section gives a widely used Runge�Kutta single-step integration method, RK7(8),
which uses nested technique to estimate local truncation error in order to control integration
step. This method can be directly used to solve a motion equation, or as a starter for other
multistep methods. This is a Runge�Kutta method presented by Fehlberg to solve the first-
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order equation y(1)5 f(t,y). This method gives two groups of formula of 7 and 8 orders simul-
taneously. The resulting difference between the two groups of formula is used to estimate
the local truncation error in order to achieve the purpose of control step. So, this is a method
to nest the 7th and 8th order formula.
The 7th-order formula is:

ŷn11 5 yn 1 h
X10
k50

ĉkf k (5.16)

The 8th-order formula is:

yn11 5 yn 1 h
X12
k50

ckf k (5.17)

where f0 5 f ðtn; ynÞ

fk 5 f tn 1αkh; yn 1 h
Xk21

j50

βk;j fk

 !
k5 1; 2; . . .; 12ð Þ (5.18)

The constant ĉk; ck;αk; βk;j is available in the relevant bibliography; the book will not
repeat them.

yn11 is the obtained resolution of the next step. The estimation formula of local trunca-
tion error is:

Tn11 5 ŷn11 2 yn11 (5.19)

Gain by calculation:

Tn11 5
41

840
ðf0 1 f10 2 f11 2 f12Þ (5.20)

If the required absolute error limit is εa the relative error limit is εr , so that:

Tr 5 max
j

jTn11ðjÞj
jyn11ðjÞj1 jynðjÞj1 εa=εr

� � (5.21)

Then there is the measurement value that decides whether integration of this step is to
be rejected or be accepted:

ηr 5
Tr

7:5εrð Þ (5.22)

If ηr . 1, integration is rejected, otherwise integration is successful.
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The step stretching factor is calculated as follows:

When ηr . 1; d5
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; ηr ,

0:9
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8>>>><
>>>>:

When ηr # 1; d5

20; ηr #
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20

�8
8>>><
>>>:

If the next step is h�, then

h � 5dh�

5.1.3 Numerical calculation of precise orbit

5.1.3.1 The elements system
The numerical calculation of precise orbit method applies mechanical model for numerical
integration during orbit extrapolation. Since the input parameters of the mechanical model are
instantaneous orbital parameters, the used radical system is close radical. According to the
parameters, elements can be further divided into the position and velocity of the satellite, the
elements of Kepler, the first-category elements without singularities, and the second-category
elements without singularities [5]. Currently the position and velocity are commonly used.
During orbit extrapolation in Section 5.1.1 with position and velocity vector required to be
solved: X5 r; _r;P�½ �T , the appropriate mechanical model is used for numerical integration. In
the case that initial orbital parameters are identical to the perturbation parameters, the more
sophisticated the used mechanical model is, the higher the extrapolation accuracy. In accor-
dance with the degree of precision of the selected mechanical model the numerical orbit deter-
mination can be divided into precise orbit determination and simple orbit determination.

5.1.3.2 Method matrix
According to Section 5.1.1, the method matrix BTWB needs to be calculated during the orbital
parameters optimization. Matrix B can be calculated by multiplication of a number of matrixes.
Then B5 @Y=@ðr; _rÞ� �

@ðr; _rÞ=@X� �
.Specific calculation includes the following two steps:

1. Calculating the partial derivative @Y=@ðr; _rÞ related to the position and velocity of
observations:

The partial derivative of velocity and position relative to the range:

@ρ
@r

5
1

ρ
ðr2RÞT @ρ

@_r
5 0 (5.23)
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where R is radial direction vector of the station.
The partial derivative of velocity and position relative to the range rate:

@_ρ
@r

5
1

ρ
ð_r2 _RÞ2 _ρ

ρ
ðr2RÞ

� �T @_ρ
@_r

5
1

ρ
ðr2RÞT (5.24)

The partial derivative of velocity and position relative to the azimuth:

ρ cos E
@A
@r

5 ða1; a2; a3ÞT
@A
@_r

5 0 (5.25)

where

a1 52 sin S cos A1 cos S sin B sin A

a2 5 cos S cos A1 sin S sin B sin A

a3 52 cos B sin A

The partial derivative of velocity and position relative to the angle of pitch:

ρ
@E
@r

5 ðe1; e2; e3ÞT
@E
@_r

5 0 (5.26)

where

e1 5 cos S cos B cos E1 sin S sin E sin A1 cos S sin B sin E cos A

e2 5 sin S cos B cos E2 cos S sin E sin A1 sin S sin B sin E cos A

e3 5 sin B cos E2 cos B sin E cos A

B and S appearing in the above formulas are the latitude of stations and local sidereal
time, respectively.

2. The variational equation is used to calculate the state transition matrix ΦðtÞ.
In orbit improvement process the partial derivative of the current state relative to

the initial state vector needs to be used. As for numerical methods, while equations of
motion are integrated, the variational equation is integrated to obtain the partial deriva-
tive that constitutes the state transition matrix. On both sides of Eq. (5.1), the partial
derivative of the argument vector is sought to obtain the second-order linear ordinary
differential equations:

€Y 5AðtÞY 1BðtÞ _Y 1CðtÞ (5.27)

This equation is called variational equation, where A tð Þ, B tð Þ, and C tð Þ are the function of
t; r; _r and P�, obtained simultaneously while calculating perturbation acceleration. Solutions
of variational equations became the state transition matrix.
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Integration of equations of motion and variation can be performed simultaneously, for
example, Y 1, Y 2, and Y 3 are used to express three row vectors of Y, respectively, namely

Y5 ð r,T
;Y1;Y2;Y3; r

,
_
T
; _Y 1; _Y 2; _Y 3ÞT

So the two equations are combined into the following initial value problem of second-
order ordinary differential equations

yð2Þ 5 f ðt; y; yð1ÞÞ (5.28)

t5 t0; y0 5 yðt0Þ; yð1Þ0 5 yð1Þðt0Þ (5.29)

To solve the problem is to obtain y tð Þ, y 1ð Þ tð Þ corresponding to t based on t0, y t0ð Þ, y 1ð Þ t0ð Þ
according to Eq. (5.28).

5.1.3.3 Dynamical modeling strategy
A key factor affecting orbit determination precision is the theoretical observations precision. The
accuracy of the theoretical observation depends on the precision of the mechanical model.
Mechanical models used for precise orbit determination include 703 70 order Earth gravity
model, a three-dimensional model of the atmosphere, sunlight pressure model (cone model of
earth shadow), the gravitational model of the third body such as the Sun and Moon, the model
of sea and solid tide and general relativity effects model. Table 5�1 describes the magnitude of
each perturbation of the LEO spacecraft:

Table 5–1 Magnitude comparison of each main perturbation.

Perturbation Magnitude Remarks

Earth gravity field J2 items 1023 �
Earth gravity field J3, J4 items 1026 �
Atmospheric drag 10261024 Area-to-mass ratio 0.002 m2/kg

Area-to-mass ratio 0.2 m2/kg
(the height is about 200 km)

Solar gravity 0.63 1027 �
Moon’s gravity 1.23 1027 �
Sunlight pressure 0.63 1028 Equivalent area-to-mass ratio 0.05

Solar radiation pressure reflection coefficient 0.5
Perturbation of Earth and ocean tide 1028 �
Deformation perturbation owing to Earth rotation 10211�10210 �
Effects of general relativity 10211�1029 �
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5.2 Cataloged orbit calculation method
5.2.1 Simple numerical method (simplified dynamic model)

Orbital parameters optimal estimation method used by simple numerical orbit determination
is the same as the method used by precise orbit determination. The dynamic model used by
the two is different. Based on the current level of research and engineering, the orbit pertur-
bation model calculations can be very easily considered as the magnitude 1029 by general
numerical integration method. It is difficult for the analytical calculation to consider the per-
turbation magnitude of 1026. The simple numerical method simplifies the dynamic models
at the expense of the orbit accuracy in order to improve computational efficiency.
Mechanical models used for LEO spacecraft include 163 16 order Earth gravity field model;
two-dimensional atmospheric model (such as Harris�Priester), and Sun/moon gravity
model (for high-orbit object, there are also sunlight pressure models). Comparison of the
models used by the simple numerical method and the precision orbital calculation method
respectively is shown in Table 5�2. The parameter estimation and orbit extrapolation used
by the simple numerical method and the precise orbital calculation method are basically the
same.

5.2.2 Cataloging orbit calculation with two-line element

5.2.2.1 The US cataloging system
Since 1957, North American Air Defense Command (NORAD) has developed an analytical
model of orbit prediction, which is combined with observations of the US Global
Observation Network (SSN) to generate the world’s largest space object catalog database and
published it in the form of TLE (two-line element). Since 1980, the US Department of
Defense (DOD) announced a mathematical model of SGP4/SDP4 model and the

Table 5–2 Comparison of perturbation models used by the simple numerical method
and the precise orbital calculation method.

Perturbation Simple numerical method
Precise orbital calculation
method

Earth’s gravitational field 16316 order 703 70 order
Atmospheric drag Two-dimensional atmospheric

model
Three-dimensional atmospheric
model

Harris�Priester; index model (MSISE-90, etc.)
Solar gravity Considered Considered
Moon’s gravity Considered Considered
Sunlight pressure Considered Considered
Perturbation of Earth and ocean tide Not considered Considered
Deformation perturbation owing to Earth
rotation

Not considered Considered

Effects of general relativity Not considered Considered
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corresponding FORTRAN code, the program code is constantly amended in actual use, and
there have been many versions. In 2006 Vallado et al. summarized all versions and offers the
latest program code which is fully compatible with the US DOD.

The SGP model, established by Hilton and Kuhlman in 1966, is mainly used for near
Earth objects. The gravitational field model mainly used the research work of Kozai
Yoshihide (1959), which considers the effect of atmosphere on flat orbit as effect of relative
time linear varieties.

Developed in 1970, SGP4 is mainly used for near Earth objects. It is the simplified model
of the analytical theory presented by Ryan and Cranford in 1969. SGP4 uses gravitational
field model proposed by Brouwer in 1959. The atmospheric model used the power density
function. The difference between the SGP and SGP4 is the different presentation of the aver-
age velocity and resistance.

SDP4 is an extension of SGP4, which is used for deep-space orbit calculation. Due to
great gravitational effects of the moon and sun on half-day and 1-day period orbits, SDP4
considers the influence of the moon and sun gravitation as well as Earth on certain sectoral
and tesseral harmonics. It mainly includes gravity potential J2�J4 and recovers the short-
period portion of the first-order J2 of O(e0). Added to half-day and 1-day numerical integra-
tion resonance term, it can approximately indicate the effects of the sun and moon particle
(P2).

The SGP8 model is used for near-Earth satellites and is obtained by the simplification of
an extensive analytical theory of Hoots that uses the same gravitational and atmospheric
models as Lane and Cranford did but integrates the differential equations in a much different
manner.

Finally, the SDP8 model is an extension of SGP8 to be used for deep-space satellites. The
deep-space effects are modeled in SDP8 with the same equations used in SDP4.

5.2.2.2 The US two-line elements
The US space object surveillance network generates TLEs based on SGP4/SDP4 model and
issues them to the public. Table 5�3 gives definition of US TLEs.

In the following take Dongfanghong-1, for example, one set of TLEs are listed:

0 DFH-1
1 04382U 70034A 15330.85908916 -.00000006 00000-0 12806-4 0 9997
204 382 68.4228 300.9240 185.4409 173.4391 13.06972537141074 1055939

As can be seen from the above two lines of elements, TLEs usually include three lines of
elements. The serial number of the first line is zero, indicating that the object is
Dongfanghong-1, named DFH-1 in the US cataloging database. The serial number of the sec-
ond line is one, which shows that the epoch corresponding to the TLEs is the 330th day of
2015. Unit of .85908916 is day. It is the time from the current epoch to zero of the 330th day
in 2015. The serial number of the third line is two, which shows the orbital inclination,
RAAN, eccentricity, perigee anomaly, and mean anomaly. It should be noted the directly
readout orbital element is the mean element under the TEME coordinate system. The SGP4/
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Table 5–3 Definition of the US TLEs.

No. Column Meaning Instructions and notes

0.1 01 Object name Character string containing up to 24 characters
1.1 01 Line number The value is 1
1.2 03�07 Satellite catalog number Expressed with five decimal numbers, up to 99,999 objects

can be cataloged
1.3 08 Satellite security category

identification
U represents a nonsecret object, S represents the secret one
(TLEs of the secret object are private)

1.4 10�11 International designator of satellite Year of launch is expressed with two decimal numbers, for
example, 03 represents 2003

1.5 12�14 Serial number of the launch is expressed with three decimal
numbers, for example, 111 represents the 111th launch of
the same year

1.6 15�17 The sequence of object generated in the launch of this time is
expressed with characters, for example, C represents the
third object generated in this launch

1.7 19�20 Epoch date Year is expressed with two decimal numbers, for example, 03
represents 2003

1.8 21�32 The number of days (day of the year), eight significant digits
are saved after the decimal point (accurate to 1 ms)

1.9 34�43 The first-order variation rate of mean
motion(1/2)

The unit is pass/day2

1.10 45�52 The second-order variation rate of
mean motion(1/6)

The unit is pass/day3, the first 6 bits are the fractional part,
and last 2 bits are exponential parts. For instance,
212,34526 represents 20.123453 1026

1.11 54�61 The ballistic coefficient denoting
atmospheric drag is B�(50.5cdS/
Mρ0)

The unit is the reciprocal of the Earth’s equatorial radius, with
the same representation as 1.10

1.12 63 Orbit determination model type Internal use, now set to 0, with SGP4 and SDP4
1.13 65�68 Element groups
1.14 69 Check digit
2.1 01 Line number The value is 2
2.2 03�07 Satellite catalog number The same as 1.2
2.3 09�16 Orbital inclination Unit: degrees, four digits after the decimal point
2.4 18�25 Orbit RAAN Unit: degrees, four digits after the decimal point
2.5 27�33 Orbital eccentricity Decimal (1234567 represents 0.1234567), seven significant

digits
2.6 35�42 Perigee argument Unit: degrees, four digits after the decimal point
2.7 44�51 Mean anomaly Unit: degrees, four digits after the decimal point
2.8 53�63 Mean velocity Unit: pass/day
2.9 64�68 Passes relative to the epoch Unit: pass, the first pass indicates that the satellite passes

through RAAN for the first time
2.10 69 Check digit

RAAN, Right ascension of the ascending node; TLE, two-line elements.
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SDP4 models need to be used for converting it into the instantaneous position and speed
under TEME coordinate system. The United States also issued various algorithms of SGP4/
SDP4 model via the Internet. If the position and speed of other coordinate systems (such as
J2000.0) need to be obtained, refer to Chapter 2, Basics of orbital calculation for spacecraft
collision avoidance.

5.2.2.3 Orbital principle of SGP4 model
The orbit element input by SGP4 is TLE. Orbital eccentricity, orbital inclination, RAAN, peri-
gee anomaly, and mean anomaly given in TLE are the initial average elements, but the initial
average element of the semimajor axis is not given directly in TLE. Before the SGP4 model is
used for orbit prediction, we first need to perform a series of calculation of TLE element
characterizing angular movement of mean motion in order to obtain the initial average ele-
ments of orbit semimajor axis [94]:

a1 5n0
22=3 (5.30)

δ1 5
3

4

J2
a21

ð3θ2 2 1Þ
β3 (5.31)

a0 5 a1 12
1

3
δ1 2 δ21 2

134

81
δ31

� �
(5.32)

δ0 5
3

4

J2
a20

ð3θ2 2 1Þ
β3 (5.33)

n00
0 5

n0

11 δ0
(5.34)

a000 5
a0

12 δ0
(5.35)

where θ5 cos i000 ; β5 12e0002
� �1=2

. Variables of the above formulas have been normalized. In
other words the unit of length is the Earth’s equatorial reference ellipsoid average radius aE ,
the mass unit is the mass of Earth ME , time unit is a3E=GME

� �1=2
, and G is Newtonian gravita-

tional constant.
After obtaining the value of a000 the next step is to calculate parameters involved in the

solution of the atmospheric perturbation. First we need to determine the s value of the
atmospheric density model expressions based on perigee altitude. When the orbit altitude at
perigee hp is more than 156 km, s5 1:01222928; when 98 km, hp , 156 km,
s � 5 a000 12 e000

� �
2 s1 1 is used to replace s; when hp # 98 km, s � 5 20=6378:1351 1 is used

to replace s. Once the value of s is obtained, other factors in the solution of the atmospheric
perturbation need to be calculated, such as the value of C1;C3;C4;C5;D2;D3;D4; ξ; η.

Next the satellite position and velocity vector at the time of t, which is obtained from
propagation of the initial mean element at the time of t0, is to be calculated.
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1. Based on the major zonal harmonic terms, the perturbation in long term is calculated
from the initial mean element, the mean element l

00
DF; g

00
DF; h

00
DF of angle variable at the

time of t is obtained (atmosphere drag effects is not considered). Angle variables are
defined as follows:

l5M

g5ω
h5Ω

8><
>: (5.36)

l00 5 l
00
0 1 11

3J2ð2 11 3cos i00Þ
4L00G003 1

3J22 ð132 78cos 2i00 1 137cos 4i00Þ
64L00G007

� �
3n

00
0ðt2 t0Þ (5.37)

g 005g
00
01 2

3J2ð125cos2i00Þ
4G004 1

3J22 ð72114cos2i001395cos4i00Þ
64G008

2
15J4ð3236cos2i00149cos4i00Þ

32G008

2
4

3
53n00

0ðt2t0Þ

(5.38)

h005h
00
01 2

3J2cos i00Þ
2G004 1

3J22 ð4219cos2i00Þ
8G008

22
15J4cos i00ð327cos2i00Þ

16G008

2
4

3
53n00

0ðt2t0Þ (5.39)

2. The analysis solution of atmosphere drag perturbation is calculated to obtain the mean
element of orbital variables at the time of t with the atmospheric drag perturbation
considered:

a00 5 a000 ½12C1ðt2t0Þ2D2ðt2t0Þ22D3ðt2t0Þ32D4ðt2t0Þ4�2 (5.40)

l00 5 l00DF 1n00
0

�
3

2
C1ðt2t0Þ2 1 ðD2 1 2C2

1 Þðt2t0Þ3

1
1

4
ð3D3 1 12C1D2 1 10C2

1 Þðt2t0Þ4

1
1

5
ð3D4 1 12C1D3 1 6D2

2 1 30C2
1D2 1 15C4

1 Þðt2t0Þ5
�

1 δlD
δlD 52

2

3
ðq02sÞτB � ξ4 a

e000η
ð11ηcos l00DFÞ3 2 ð12ηcos l000 Þ3
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8>>>>>>>>>>>>>>>>><
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(5.41)

g 00 5 g 00DF 2 δlD (5.42)

h00 5h00DF 2
21

4

n00
0J2cos i

00

a
002
0 β2

0

C1ðt2t0Þ2 (5.43)

e00 5 e000 2B � C4ðt2 t0Þ2B � C5½sin ðl00DF 1 δlDÞ2 sin l000 � (5.44)
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i00 5 i000 (5.45)

where

θ5 cos i000
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When the perigee altitude is less than 220 km, the above equation is simplified as:

a00 5 a000 ½12C1ðt2t0Þ�2 (5.46)

l00 5 l00DF 1
3

2
n00
0C1ðt2t0Þ2 (5.47)

g 00 5 g 00DF (5.48)
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h00 5h00DF 2
21

4

n00
0J2cos i

00

a002
0 β2

0

C1ðt2t0Þ2 (5.49)

e00 5 e000 2B � C4ðt2 t0Þ (5.50)

i00 5 i000 (5.51)

3. Orbit variables σ0 are calculated which take into account the long-period items.

el 52
G3Gl

L002e00

a0 5 a00

i0 5 i00

l0 1 g 0 1 h0 5 l00 1 g 00 1 h00 1 ðll 1 gl 1hlÞ

52
J3sin i00

4J2a00ð12 e002Þ ðe
00cos g 00Þ 31 5θ

11 θ

0
@

1
A

h0 5 h00

(5.52)

e0cos g 0 5 ðe00 1 elÞ cos g 00 2 e00gl sin g 00 5 e00cos g 00

e0sin g 0 5 ðe00 1 elÞ sin g 00 2 e00gl cos g 00 5 e00sin g 00 2
J3 sin i00

2J2a00ð12 e002Þ
(5.53)

The generalized Kepler equation is solved

ðE0 1 g 0Þ2 ½ðl0 1 g 0 1h0Þ2 h00�5 e0cos g 0sin ðE0 1 g 0Þ2 e0sin g 0cos ðE0 1 g 0Þ (5.54)

Newton iteration method can be used to solve E0 1 g 0ð Þ.
4. The instantaneous orbital parameters are calculated which takes into account the short-

period items.

The instantaneous value of the orbit element is obtained, and then the satellite position
and velocity at time t are obtained based on the instantaneous value of the orbit elements.
In this process the true anomaly needs to be obtained through solving the Kepler equation.
The SGP4 model eliminates solving the Kepler equation through variable conversion in order
to reduce computation (Hoots, 1981). The following is the conversion process from the old
variables to the new variables:

Old variables: a0; i0; e0cos g 0; e0sin g 0; l0 1 g 0 1 h0;h0

New variables: r0; _r0 1 r0 _f0 ; i0;h0;u0

r0 5 a0ð12 e0cos E0Þ
_r0 5

L0

r0
e0sin E0

r0 _f0 5
L0

ffiffiffiffiffiffiffiffiffiffiffiffi
12 e2

p

r0

(5.55)
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i0 5 i0

h0 5 h0

u0 5 arctan

�
sin u0

cos u0

�
;u0 5 f 0 1 g

8>><
>>: (5.56)

The variables used in above conversion are calculated as follows:

e0cos E0 5 ðe0cos g 0Þcos ðE0 1 g 0Þ1 ðe0sin g 0Þ sin ðE0 1 g 0Þ
e0sin E0 5 ðe0cos g 0Þsin ðE0 1 g 0Þ1 ðe0sin g 0Þ cos ðE0 1 g 0Þ (5.57)
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The short-period main harmonic items are calculated as follows:
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Up to now, the instantaneous value of the following six elements at time t can be
obtained:

r5 r0 1 δr
_r5 _r0

r _f 5 r0 _f0 1 δðr _f Þ
i5 i0 1 δi
h5h0 1 δh
u5 u0 1 δu

(5.62)

Therefore the position and velocity vector of space objects at time t can be calculated:

r5 rU

_r5 _rU1 ðr _f ÞV (5.63)

where

U5M sin u1N cos u

V5M cos u2N sin u
(5.64)

M5

2 sin h cos i

sin h cos i

sin i

0
B@

1
CA; N5

cos h

sin h

0

0
B@

1
CA (5.65)

5.2.2.4 Orbit determination based on SGP4 model
TLEs are a set of radicals generated by NORAD based on the general perturbation theory to
forecast the position and velocity of space objects. TLEs issued now are generated with SGP4
or SDP4. The US SSN regularly updates the TLEs of space objects but does not issue the
algorithm to determine TLEs. A set of orbit determination methods based on SGP4 model is
provided here. In this section the SDP4/SGP4 model of TLE is analyzed; orbit determination
method based on the SDP4/SGP4 Models is proposed combining with least squares orbit
determination method.

Orbit determination methods based on SGP4 model, and the mean elements catalog-
ing method to be introduced in the next section, are similar to the precise orbit calcula-
tion method in parameter estimation. The main difference between the models includes
calculation of the partial derivative matrix in addition to the different extrapolated orbit
model. The state vector X based on SGP4 model include the six orbit element σand the
trajectory coefficient B�, so B5 @Y=@ðr; _rÞ� �

@ðr; _rÞ=@σ� �
@σ=@X
� �

. How to calculate
@ðr; _rÞ=@σ and @σ=@X5 @σ=@ σ0;B�ð Þ will be expatiated in the following:
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1. To calculate the partial derivative @ r; _rð Þ=@σj of the position and velocity relative to the six
Kepler elements,
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where
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R̂5
1ffiffiffi
p

p ðr3 _rÞ (5.70)

where p5 að12 e2Þ.
2. To calculate the State transition matrix @σ=@σ0,

Take the SGP4 model, for example, long-term or long-period changes of the orbit ele-
ments are (parameters of the equations refer to related documentation):

MDF 5M0 1 11
3k2ð2 11 3θ2Þ

2a002
0 β3

0

1
3k22ð132 78θ2 1 137θ4Þ

16a004
0 β7

0

" #
n

00
0ðt2 t0Þ (5.71)

ωDF 5ω0 1 2
3k2ð12 5θ2Þ

2a
002
0 β4

0

1
3k22ð72 114θ2 1 395θ4Þ

16a
004
0 β8

0

1
5k4ð32 36θ2 1 49θ4Þ

4a
004
0 β8

0

" #
n

00
0ðt2 t0Þ (5.72)

ΩDF 5Ω0 1 2
3k2θ
a002
0 β4

0

1
3k22ð4θ2 19θ3Þ

2a004
0 β8

0

1
5k4θð32 7θ2Þ

2a004
0 β8

0

" #
n

00
0ðt2 t0Þ (5.73)

e5 e0 2B � C4ðt2 t0Þ2B � C5ðsin Mp 2 sin M0Þ (5.74)

a5 a000 ½12C1ðt2t0Þ2D2ðt2t0Þ22D3ðt2t0Þ32D4ðt2t0Þ4�2 (5.75)
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For the model SDP4, formulas (5.74) and (5.75) are simplified as:

e5 e0 2B � C4ðt2 t0Þ (5.76)

a5 a000 ½12C1ðt2t0Þ�2 (5.77)

Thus it can be obtained that:
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where

@a
@B�5 2a000
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5.2.3 The mean elements cataloging orbit calculation method

According to Chapter 2, Basics of orbital calculation for spacecraft collision avoidance, if the
equation of orbit motion only considers the two-body problem, it can be solved directly to
get six orbital elements. However, as described in Chapter 4, Space environment and object
orbit, space objects are affected by various perturbations in real circumstances, the equation
of motion performs as the perturbed two-body problem. As for the solution of perturbed
two-body problem, the classical perturbation method was used to find solution of a small
parameter power series. Since the orbit period around the Earth is shorter, the convergence
range of power series of the solution is large. As for perturbation equation of artificial celes-
tial body, an improved perturbation method was proposed by Kozai. The so-called mean ele-
ment method is a series expansion method that is deployed near the mean element σ� or
average element σ. This method uses the orbit elements as the basic variables to more
clearly reflect the geometry state of the orbit. Different from the classical perturbation
method, it divides perturbation terms into long-term, long-period, and short-period items.
Since the generated small parameter power series solution is the expansion of power series
based on consideration of the long-term mean elements, forecast accuracy and stability of
long arc is higher relatively to the classical perturbation method [4]. A small law denominator
phenomenon will appear in perturbation items of the mean elements method. As for the
problem that singularities will happen to small e or i orbit, Liu Lin proposed the quasimean
elements method, making long-period items with slow changes being saved in the mean ele-
ments, avoiding that problems happen to the long-period item of elements. It is proved that
the quasimean elements method will not bring loss of accuracy [94].

5.2.3.1 Orbit extrapolation
5.2.3.1.1 The mean element method
The perturbation motion equation in the form of element can be expressed as:

dσ
dt

5 f 0ðaÞ1
X
i

f iðσ; t; εiÞ (5.79)
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σ5 aeiΩωMð ÞT ; f 0 5 δn; δ5 ð000001ÞT (5.80)

where f 0 is part of the equation of motion with no perturbation. f i is part of the equation of
motion with perturbation and the magnitude is O εi

� �
. As for the Earth satellite, the magni-

tude of ε and the nonspherical second-order harmonics is the same.
The mean element at any time is defined as:
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σiðt2 t0Þ (5.81)
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(5.82)

where σ t0ð Þ is the original mean element.
Taylor expansion is performed on the right function of perturbation motion equation at

the mean element of the time t.
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The right functions of equations of perturbation motion can be divided into three differ-
ent types: secular item f icðσ; t; εiÞ, long-period item f ilðσ; t; εiÞ, and short-period item
f isðσ; t; εiÞ, wherein c, l, and s, represent, respectively, secular-term item, long-period item,
and short-period item.

The power and nature of each item on both sides of the equation are compared to get:
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The mean elements method, which considers main zonal harmonic terms of the Earth
nonspherical gravitational perturbations, can be used to get variation or the right ascension
Ω and the argument of perigee ω. The formula of the first-order secular term is:

Ω1 52
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p2
n cos i (5.90)

ω1 5
A2

p2
n cos i 22

5

2
sin 2i

� �
(5.91)

where A2 5 3=2
� �

J2, J2 5 1:0826363 1023, the orbit elements involved in the formula are the
mean elements.

5.2.3.1.2 The quasimean element method
Since the integral function contains the factor cos ω, during the process of obtaining long-
period item by integration, the long-term variability of the argument of perigee in the results
of integration will appear in the denominator sin ω=ω1. When ω1 ! 0, the singularity prob-
lem (normally agreed singularity) will be caused, and now i ! 63�260 or i ! 116�340, which
is also called critical inclination. The mean element method needs to be adjusted in some
degree in order to solve the critical inclination problem, and the quasimean element method
is used to construct the perturbation analysis solution to eliminate the agreed singularity
caused by small denominators. The mean element method, as described above, selects the
mean element at the time t as a reference solution for the Taylor expansion of right function
of the perturbing motion equations, while the quasimean element method selects the quasi-
mean element at the time t as a reference solution for the Taylor expansion of right function
of the perturbing motion equations. Here the quasimean element is defined as:

σðtÞ5σð0ÞðtÞ1σcðtÞ1Δσð1Þ
l ðtÞ1? (5.92)

where

σcðtÞ5σ1ðt2 t0Þ1σ2ðt2 t0Þ1? (5.93)
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ð1ÞðtÞ2σl
ð1Þðt0Þ (5.94)

σð0Þ tð Þ5σ0 1 δn0ðt2 t0Þ (5.95)
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(5.96)
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It can be seen from definition of the quasimean element that the long-period items of the
mean element method will appear in the form of long-period changing items, namely,
Δσl

ð1ÞðtÞ5σl
ð1ÞðtÞ2σl

ð1Þðt0Þ. When normally agreed singularities appear in the orbital
motion, even if σl

ð1ÞðtÞ and σl
ð1Þðt0Þ fail at the same time, the impact on the long-period

changing items is only limited. And because only the short-period items of the right function
of the perturbing equations of motion are expanded, the normally agreed singularities will
not result in ineffectiveness of the quasimean element method.

The perturbation equations of motion (5.79) are expanded at the quasimean element of
time t to get:
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The items with the same power and nature on both sides of the equation are compared:
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The related orbit elements are all quasimean elements.
Compared with the formula given by the mean element method, only the integral expres-

sion of the long-period changing items disaccords with the mean element method. In fact,
although the first-order secular integral formula of the mean element method is similar in
the form to the one of the quasimean element method, the first and 0-order secular terms
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constructed by the two methods are also different. Thus the difference of the long-period
items between the two methods is compensated by the secular items. The remaining differ-
ence exists in the third order, which can be accepted in the case that integration time is not
long.

5.2.3.2 State transition matrix
Generally speaking, the calculation of state transition matrix is realized by directly obtaining
partial derivative of the state differential equations, which is Φ t0; tð Þ5 @X=@X0

� �
. Since its

role in determining the orbit is to provide the coefficients of the correction quantity X0

obtained during iterative process, the coefficients will only affect the speed of convergence of
the iteration but generally will not affect the accuracy of the results of convergence. Thus the
state transition matrix of two-body problem is generally adopted when the mean element
method is used for orbit determination, namely,

@σ
@σ0

5
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0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

2
3

2

ffiffiffiffiffiffiffiffi
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vuut 0 0 0 0 1

2
6666666666664

3
7777777777775

where σ is the mean or quasimean element.

5.2.4 Precision analysis

Orbit precision of space objects directly affects the success rate of spacecraft surveillance and
confidence of spacecraft collision warning risk analysis. Factors affecting orbit precision
mainly include orbit measurement data quality and orbital calculation method. The orbit
measurement data and orbital calculation method together determine the initial orbit accu-
racy. This section focuses on influence of the orbital calculation method on orbit accuracy in
the case that orbit measurement data are error-free. Second, the error characteristics of the
space objects cataloging orbit have been elaborated, the relationship between the orbit error
in different forms, and the propagation with time are described in detail.

5.2.4.1 Simple numerical method accuracy analysis
According to Section 5.2.1, the simple numerical method and the precise orbit calculation
method differ mainly in the perturbation model. As for nearly circular orbit with different
altitude, the two methods are used for orbit prediction, respectively, and compared in the
case that initial orbit is the same. Table 5�4 lists statistics of the orbit prediction accuracy
based on two kinds of model strategy of orbit determination.
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Table 5–4 Relatively precise orbit prediction accuracy with the simple numerical method.

Orbit
altitude

300 km 500 km 800 km

Days for
prediction

Differences
of accuracy (m)

Time

Differences
of
accuracy (m)

Time

Differences
of accuracy (m)

Time

Simple
numerical
method (s)

Precise orbit
determination (s)

Simple
numerical
method (s)

Precise orbit
determination (s)

Simple
numerical
method (s)

Precise orbit
determination (s)

1 day 300 0.7 1.4 200 0.7 1.3 100 0.7 1.4
3 days 800 2 4 500 2 4 300 2 4
7 days 1700 4 8 1200 � 8 1000 4 8



According to Table 5�4, prediction error between the simple numerical method and pre-
cise orbit determination method is within 500 m for 1 day, 1 km for 3 days, and 2 km for 7
days. Prediction accuracy with the simple numerical methods can meet with the object guide
requirements of subsequent week and object catalog needs, greatly reducing the computing
complexity and machine-hour. But as for the collision warning, precise orbit determination
strategy is needed to meet the requirements of a low false alarm rate, which will be reflected
in Chapter 6, Spacecraft collision warning and avoidance strategy.

5.2.4.2 The US cataloging precision analysis
SGP4/SDP4 model can be adapted to objects with various types of orbits, which can be
divided into LEO (orbital altitude is less than 5000 km, e, 0.1), semisynchronous orbit
(about 20,000 km), geostationary orbit (36,000 km around), and elliptical orbit (e. 0.1)
according to orbital altitude and eccentricity [96]. Precision analytical approach is as follows:
the precision orbit prediction model is used for orbit prediction; the predicted position and
velocity are used as analog observations; and precise orbit is used to calibrate precision after
SGP4/SDP4 model is used for orbit calculation. Analog data take a point every 2 minutes,
which are the whole-arc observations. The orbit of an object, whose altitude at perigee is
less than 1500 km, is predicted for 31 7 days. Data for the first 3 days are used for orbit
determination; data for the last 7 days are compared to the orbit predicted by the model.
The orbit of an object, whose altitude at perigee is more than 1500 km, is predicted for
101 30 days.

Orbit determination method described in Section 5.2.2 is used for orbit determination;
and SGP4/SDP4 models are used for prediction. The orbit predicted by precise orbit predic-
tion software is taken as normal orbit, and the predicted and normal orbits are compared.
Suppose the number of observation data is k, positional deviation between the predicted
and normal orbits is yj, then

σ� 5

ffiffiffiffi
U
k

r
; (5.104)

U 5
Xk
j51

ðyTj WjyjÞ (5.105)

Prediction accuracy is the maximum deviation of the position between the predicted and
normal orbits within the prediction period. According to the statistics of various orbits, the
formula of orbit determination accuracy range for different space objects is given, as well as
prediction error of different space objects for n days.

1. Nearly circular LEO object
When the orbit altitude is less than or equal to 1600 km, orbit determination accuracy

is 0.3�1 km; when orbital altitude is more than 1600 km, orbit determination accuracy is
0.25�0.4 km.
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Orbit prediction accuracy of LEO objects is highly relevant to the orbit altitude. LEO
objects are divided into four categories based on the experience, as shown in Table 5�5.
Table 5�6 lists the prediction accuracy of LEO objects.

It can be concluded from the earlier.
a. If the SGP4/SDP4 models are used for processing LEO objects, orbit determination

accuracy is within 100 m. Orbit prediction accuracy is highly relevant to the orbit
altitude; the lower the altitude, the worse the orbit determination accuracy.

b. The position error of LEO objects predicted for 3 days is less than 40 km.
2. Nearly circular high-altitude objects

Nearly circular high-altitude objects are mainly in semisynchronous and geostationary
orbits. The orbit with altitude between 18,500 and 21,500 km is classified as
semigeosynchronous orbit, and the orbit with altitude between 33,000 and 38,000 km is
classified as geosynchronous orbit.

According to the statistics, orbit determination precision for semisynchronous objects
is between 0.4 and 1.5 km, and orbit determination precision for synchronous objects is
between 1.5 and 3.2 km. With the increasing of the orbit altitude, orbit determination
error is increasing. Orbit determination error of synchronous objects is more than the
one of semisynchronous objects. Prediction error of geosynchronous objects for 15 days
does not exceed 40 km nor does semisynchronous objects for 30 days.

3. The elliptical objects

Orbit determination precision of the elliptical objects is not associated with the altitude at
perigee, but is highly relevant to the eccentricity. The greater the eccentricity, the greater is
the orbit determination error. Given the eccentricity is e, orbit determination precision of the
elliptical objects decreases with increasing eccentricity, in particular.

Table 5–6 LEO objects prediction accuracy (F10.75 100).

Orbit error (km)

Types of orbits Prediction for 1 day Prediction for 3 days Prediction for 7 days

A 10 40 300
B 7 30 200
C 6 15 70
D 2 10 10

Table 5–5 LEO object classification.

Types of orbits A B C D

Orbit altitude (km) hp , 400 400# hP ,600 600# hP , 1200 hP $ 1200
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When 0:1, e# 0:6, the orbit determination error is less than 5 km; when 0:6, e# 0:8,
the error is less than 10 km; and when e. 0:8, the error is greater than 10 km.Orbit determi-
nation accuracy is within 10 km.

Orbit prediction precision of the elliptical objects is not associated with the eccentricity
but is highly relevant to the altitude at perigee. The elliptical objects are divided into four
categories according to orbit altitude at perigee based on experience, as shown in Table 5�7.

Table 5�8 shows the maximum position prediction error of various orbit objects for n
days.

It can be concluded that position prediction error of elliptical objects is less than 20 km
for 1 day and less than 100 km for 3 days. Orbit prediction precision of the elliptical objects
is highly relevant to the altitude at perigee. The lower the altitude at perigee, the greater is
the prediction error.

5.2.4.3 Precision analysis with the mean element method
This section mainly describes the orbit determination and prediction accuracy with the qua-
simean element method. Same as Section 5.2.2, precise orbit data are used as observations
in order to eliminate error caused by the observation data. Mechanical model and orbit alti-
tude classification used for precise orbit calculation is also the same as Section 5.2.4. Owing
to the low orbit of objects whose altitude is less than 400 km, precise orbit for 1 day is used
for orbit determination. As for GEO objects, precise orbit for 7 days is used for orbit determi-
nation. As for other objects in various orbits, precise orbit for 3 days is used for orbit
determination.

1. Nearly circular LEO object
Orbit determination accuracy of nearly circular LEO objects is relevant to the altitude.

When the altitude is less than 400 km, the orbit determination error is relatively unstable;

Table 5–7 Elliptical objects classification.

Types of orbits A B C D

Orbit altitude at perigee (km) hp ,400 400# hp , 600 600#hp , 1200 hP $ 1200

Table 5–8 Elliptical objects prediction accuracy.

Orbit error (km)

Types of orbits Prediction for 1 day Prediction for 3 day Prediction for 7 day

A 20 100 500
B 20 100 200
C 20 100 150
D 20 40 50
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the position error is between 800 m and 3 km, and the mean position error is about
1.5 km. When the altitude is between 400 m and 600 km, the position error is about
500 m. When the altitude is between 600 and 1200 m, the position error is about 300 m.
When the altitude is more than 1200 km, the position error is about 100 m.

The mean elements method is used for the prediction of the improved initial orbit;
the precise orbit is use for calibration of the orbit. The results are shown in Table 5�9.

It can be concluded from the earlier:
1. If the mean element method is used for processing LEO objects, orbit determination

accuracy is within 100 m. Orbit prediction accuracy is highly relevant to the orbit
altitude; the lower the altitude, the worse is the orbit determination accuracy.

2. The position error of LEO objects predicted for 3 days is less than 10 km.
2. Nearly circular high-altitude objects

According to the statistics, orbit determination precision for semisynchronous objects
is within 2 km, and orbit determination precision for synchronous objects is within 5 km.
With the increase of the orbit altitude, orbit determination error is increasing. Orbit
determination error of synchronous objects is more than the one of semisynchronous
objects. Prediction error of geosynchronous objects for 15 days does not exceed 40 km
nor does semisynchronous objects for 30 days.

3. The highly elliptical objects

According to the statistics, orbit determination precision for the elliptical objects is within
3 km. Prediction error of highly elliptical objects for 15 days does not exceed 40 km.

5.2.4.4 Space object catalog error characteristic orbital analysis
Orbit error can be expressed in the form of Kepler orbital elements, position, and velocity.
Long-term calculations and theoretical analysis shows that the expression of the position
and velocity error in RTN coordinate system is more conductive to the breakdown of the
error, thus relationship between the position and rate error and Kepler orbit element error
in RTN directions is described in detail and the variation of the orbit error with time in the
three directions is also described [97,98].

In the inertial coordinate the instantaneous element of initial orbit is set as
σða; e; i;Ω;ω;MÞ, the position is set as r; _r, the orbit element error is set as

Table 5–9 LEO objects prediction accuracy (F10.75 100).

Orbit error (km)

Types of orbits Prediction for 1 day Prediction for 3 days Prediction for 7 days

A 3 8 100
B 2 7 30
C 0.5�0.6 1�2.6 7�9
D 0.3�1.5 1.2�2.0 3.0�12
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ΔσðΔa;Δe;Δi;ΔΩ;Δω;ΔMÞ, the position and velocity error is set as Δr;Δ_r. Relationship
between the position and velocity error and the orbit element error can be derived as
follows:

Δr 5
r
a
Δa1 ðHr1K _rÞΔe1 ð_ Ω3 rÞΔi1 ð_ Z3 rÞΔΩ

1 ð_ N3 rÞΔω1
_r
n
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Δ_r 5
_r
2a

Δμpa1 ðH 0r1K 0 _rÞΔe1 ð_ Ω3 _rÞΔi1 ð_ Z3 _rÞΔΩ
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μ
n
r
r3
ΔM

(5.106)

where Ω̂5 cos Ωsin Ω0ð Þ is unit vector in the direction of orbit right ascension; Ẑ5

 0
0
1

!
is

unit vector in the Z direction of inertial coordinate system; N̂5 1=
ffiffiffiffiffiffi
μp

p ðr3 _rÞ is unit vector in
the normal direction of the orbit surface. The formulas of symbols H ;K ;H 0;K 0, μ;n are:
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μ5GM" is the Earth’s gravitational constant;

n5
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p
5 2π=T is the mean angular velocity of the satellite.

where T is the period of satellite motion; p5 að12 e2Þ; r5 jrj; and E is the eccentric
anomaly.

The position and velocity error vector in the inertial coordinate system is projected onto
RTN coordinate system to obtain:
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where sin ϕ05 sin iΔΩ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δi2 1 sin 2iΔΩ2

p
, cos ϕ05Δi=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δi2 1 sin 2iΔΩ2

p
.
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For nearly circular orbits the formula can be further simplified as:

PR � Δa2 acosfΔe
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The position and velocity error are compared to have the following relationship:
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Error relationship of orbit elements between t and t0 can be deduced approximately as
follows:

Δat � Δa0 1Δ _aUðt2 t0Þ; Δet � Δe0 1Δ_eUðt2 t0Þ; Δit � Δi0 1Δ_iUðt2 t0Þ; ΔΩt � ΔΩ0 1

Δ _ΩUðt2 t0Þ; Δωt � Δω0 1Δ _ωUðt2 t0Þ; ΔMt � ΔM0 1Δ _MUðt2 t0Þ
According to orbit perturbation basics, e; i;Ω;ω errors are small in the six orbit elements

and change slowly with time; owing to effects of atmospheric drag, error variation of the
semimajor axis a changes faster than other elements. M error changes fast with time and is
associated with the semimajor axis errors.

ΔMt � ΔM0 1Δ _MU ðt2 t0Þ5ΔM0 2
3

2

n
a
ðΔa0ðt2 t0Þ1Δ _aðt2t0Þ2Þ (5.112)
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As can be seen, T-direction position error has ΔMt items, which contain a squared term
and the first power term of time, and diverge rapidly with time delay. R-direction position
error only contain the first power term of time, initial semimajor axis error, and the eccen-
tricity error. Variation rate of the semimajor axis error Δ _a is relatively smaller than variation
rate of ΔMt , so the long-term divergence of Δat is not obvious. N-direction position error is
determined by Δit and ΔΩt and vibrate according to a sinusoid based on the orbital period.
The above theoretical analysis is highly consistent with Table 3�1 simulation in Chapter 3,
Space object detection technology. When tracking data of more than two passes of ascension
and descension orbits are used and after orbit determination accuracy is stable, the position
prediction error in both radial R and normal N directions is small and is stable based on pre-
diction duration and T-direction error is maximum and diffuses greatly based on prediction
duration.
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6
Spacecraft collision warning and
avoidance strategy

Spacecraft collision warning and avoidance strategy is closely related to the detection
capability and tracking efficiency of early warning systems. Theoretically, spacecraft collision
warning and avoidance strategy can be very simple: what is needed is only a minimum
approaching distance threshold. If the distance between the spacecraft and the space object
is within the threshold, then avoidance maneuver is needed, otherwise, the spacecraft will
be safe. However, to satisfy the abovementioned situation, detection system should meet the
following three conditions: (1) a reasonable distributed detection system network able to
track all passes and orbits of all space objects could be calculated without any error; (2) orbit
dynamics model is accurate enough that the orbit prediction precision over 1 week would be
10 m or better, with no error divergence; and (3) there is no need to consider fuel consump-
tion cost, orbit control time, and spacecraft effective working time and life span. Obviously,
to meet the abovementioned three conditions is unrealistic.

Facing with tens of thousands of space objects, based on current technology, the above
conditions could not be satisfied even using up global detection resources. Therefore in engi-
neering, in order to carry out high accurate spacecraft collision warning analytical work, a
kind of reasonable and feasible collision warning and avoidance strategy must be drawn up.

In fact, collision warning and avoidance strategy is the unification of the coordination
between the capacity and accuracy of the entire detection resources as well as the spacecraft
capacity of emergency response and feasible countermeasures. In spacecraft engineering, a
successful and implementable collision warning strategy should meet the following three
principles: (1) no missing alarm and fewer false alarms, (2) no interference to spacecraft rou-
tine work, and (3) sufficient time for avoidance maneuver with the lowest consumption.

In order to maintain the catalog integrity of tens of thousands space objects, the detection
resources should be distributed averagely so that at least one pass of tracking data of each
object (especial LEO object) can be obtained within 24 hours. As illustrated in Section 3.5,
based on 2�3 minutes of moderate-precision radar measurement data per day, the orbit pre-
cision of cataloged space objects could be at the kilometer level, the 24-hour propagated
orbit precision could be at 10-km level, and the 7-day propagated orbit precision could be at
100-km level. This is the common capacity of detection resources in the world. Using the
abovementioned orbit determination and orbit prediction for collision warning, there must
be a large number of false alarms. If the latter is applied in engineering for spacecraft avoid-
ance, a great quantity of useless maneuvers of spacecraft and lots of unnecessary fuel con-
sumption will be inevitable. Ultimately, the collision warning work loses its engineering
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value. Accordingly, the accuracy of orbit determination and orbit perdition becomes the key
factor of the engineering feasibility of collision warning.

By using the measuring data of 1 day (or more) collected by global detection resources,
the orbit precision of a space object can be more accurate than 10 m (see Section 3.5).
However, considering the error of atmospheric model (particularly in Section 4.5), the orbit
prediction precision in 24 hours could be several hundred meters, and that in 7 days could
be 10 km. Therefore the collision warning based on orbit prediction of 100 m is the best
means that current technology can achieve. To complete the orbit determination and predic-
tion with the accuracy of 100 m of a space object, 1�2 days are needed in engineering.
Considering the preparation for orbit control, a complete and feasible cycle of orbit measure-
ment, prediction, early warning, and avoidance control will take 2�3 days, generally. Though
it is not feasible for detection resources to make precision orbit determination and collision
warning of all space objects in 3 days, it can be done if only for a few potential objects that
really might be risky for collision. This chapter will discuss the following issues: how to select
reasonable objects for precision orbit determination and collision warning with no missing
alarm in 3 days ahead, as well as how to exclude false alarms and improve the reliability of
early warning after precise orbit determination.

6.1 Collision warning calculation
There are two methods for space object collision warning: the minimum distance method
(Box method) and the method based on probability of collision (Pc method). The minimum
distance method is a kind of average method. NASA is the first one who adopted the
method. If a space object enters the box area of 5 km3 25 km3 5 km in RTN direction
(radial, tangential, normal to the orbital plane), the object will be monitored with special
attention. If the object enters the box area of 2 km3 5 km3 2 km in RTN direction according
to the calculation based on the latest orbit parameters, the decision on whether to perform
avoidance maneuvers in action should be made combined with actual situations. However,
the method does not consider the uncertainties of object position and geometry, resulting in
high false alarm rate. Therefore scholars later proposed the probability of collision method
for early warning. In fact, both methods have limitations. Nevertheless, according to the dif-
ferent features of objects and prediction duration, to carry out a comprehensive work of risk
object screening, early warning and avoidance maneuvers based on the combination of the
two methods may achieve success both theoretically and in engineering.

6.1.1 Risky object screening

The total number of measurable on-orbit space objects currently is around 16,000. The pres-
ent available detection resources cannot afford to track and calculate orbits of all objects,
and the calculation is unimaginable too. In order to reduce workload and improve computa-
tion efficiency, approaching analysis and risky object screening need to be done. In other
words, before orbit prediction, the large amount of objects that will never collide with a
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spacecraft needs to be removed first. The objects that might collide with the spacecraft and
are within a certain distance to the spacecraft should be picked out for further orbit calcula-
tion and error analysis.

6.1.1.1 Screening by perigee and apogee
In order to find objects that might collide with the spacecraft in a short time, the initial
screening of large quantities of space objects is needed. The first criterion is perigee and apo-
gee. The objects whose perigee is greater than the spacecraft apogee and the objects whose
apogee is smaller than the spacecraft perigee are removed. Further analysis will be made to
the remaining objects.

Changes in perigee and apogee are mainly manifested in two aspects: one is the change
in short term and the other is long term.

6.1.1.1.1 Short-term change of perigee
According to the basic theoretical knowledge of space object orbit, it is found that perigee
can be expressed as:

Hp 5 að12 eÞ5 ða1 að1Þs Þð12 e1 eð1Þs Þ5 að12 eÞ1 aeð1Þs 1 að1Þs ð12 eÞ1 að1Þs eð1Þs : (6.1)

where Hp, a, and e are, respectively, the instantaneous perigee, semimajor axis, and eccen-
tricity of the space object; a and e are, respectively, the mean semimajor axis and mean
eccentricity; while a 1ð Þ

s and e 1ð Þ
s are, respectively, the first-order, short-term items of the mean

semimajor axis and mean eccentricity. For space objects the perigee change is mainly
decided by two items in the middle of formula Eq. (6.1). Based on the orbit characteristic,
the change of aeð1Þs is within 10 km, and the change of að1Þs ð12 eÞ is relevant with J2 by 1023,
which is usually within 10 km too. Therefore according to the characteristics of space object,
it can be estimated that the change of perigee is generally about 10 km.

The change of apogee is similar to the change of perigee in short term.

6.1.1.1.2 Long-term change of perigee
As for LEO space object, the long-term change of its perigee is mainly influenced by atmo-
spheric effects, resulting in decrease of perigee. The relationship between semimajor axis
attenuation (m/ring) and atmospheric density, surface-to-mass ratio, and the semimajor axis
is [3]:

da52 2πCD
S
M

ρa2 (6.2)

where CD is the coefficient of atmospheric drag, S/M is the surface-to-mass ratio, and ρ is
the atmospheric density.

According to the abovementioned formula and historical experience, the perigee change
in 24 hours is within a few 100 m.

The change of apogee is similar to the change of perigee in long term.
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Based on the abovementioned short-term and long-term changes, the estimation of space
orbit is generally about a dozen kilometers, or up to 20 km.

6.1.1.1.3 Calculation and analysis of space object orbit change
To support the abovementioned theoretical analysis and estimation results, some actual sat-
ellite data are calculated. The change of perigee is shown from Figs. 6�1 to 6�4.

6.1.1.2 Screening by the geocentric distance of intersection
The second criterion is the geocentric distance of intersection. For two objects on two orbital
planes, as long as the inclination or right ascension of the two objects is not equal, there will
be two intersection points theoretically. The two objects might collide with each other only
at the intersection points, so the geocentric distance of intersection becomes an important
reference for the screening for risk objects, too. Space targets are screened according to the
intersection geocentric distance, leaving targets that may pose a threat to spacecraft on-orbit
for further analysis.
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FIGURE 6–1 The perigee variation of object 25544 (Ha5 410 km, Hp5 401 km).
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FIGURE 6–2 The perigee variation of object 21393 (Ha5 1765 km, Hp5398 km).
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As shown in Fig. 6�5, i0 and i1 refer to the inclination of the spacecraft and orbit debris;
A and B refer to orbit ascending node; C refers to the intersection of orbital planes; Θ refers
to the intersection angle;

_
AB refers to the difference of ascending node ΔΩ; _AC refers to the

arc u0 from the spacecraft to the ascending node; and
_
BC refers to the arc u1 from the

ascending node to the intersection. It can be obtained the following:

cosθ5 cosi1 cosi0 1 sini1 sini0 cosΔΩ (6.3)

sinu1 5
sinΔΩ
sinθ

sini1 (6.4)

sinu0 5
sinΔΩ
sinθ

sini0 (6.5)

By using the abovementioned formula, u0 u1 can be calculated and then the geocentric
distance of intersection r0 r1 can be obtained. According to the geocentric distance of inter-
section, the space objects whose jr0 2 r1j.Δd can be removed.
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FIGURE 6–3 The perigee variation of object 28920 (Ha519,126 km, Hp5 361 km).
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FIGURE 6–4 The perigee variation of object 39774 (Ha535,513 km, Hp5 372 km).
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When calculating the geocentric distance between two objects, the time difference
between the two objects crossing the intersection point can be calculated simultaneously.
However, as the two-body model is adopted in the calculation, using the time difference as a
screening criteria will lead to a high false dismissal rate in practical engineering, thus it is
often discarded.

6.1.1.3 Screening by the minimum distance between orbital planes
The third criterion is the minimum distance between two orbital planes. According to the
criterion, the objects that may pose a threat to the spacecraft are picked out for further
analysis.

The screening by the minimum distance between two orbital planes considers the geom-
etry relationship of the two orbital planes. The intersection of two orbital planes is shown in
Fig. 6�6.

For two elliptical orbits, there must be two closest distance d1 and d2, which are near the
intersection line. d1 and d2 are called the minimum distance between two orbital planes. If
the minimum distance between two orbital planes is greater than the threshold D, then there
would be no possibility of collision for the two objects. Since the calculation of d1 and d2 is
narrated in Ref. [107], herein it is omitted.

The three methods introduced here do not need detailed orbital calculation, but only
qualitative judgment using four slow-varying parameters a,e,i, and Ω in the six elements of
orbit. As long as one of the methods is used, the target whose orbit satisfies any one of the
conditions will not collide with the primary target. Thus the calculation workload can be
reduced by an order of magnitude with the minimum amount of computation and the fastest
speed.
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FIGURE 6–5 The celestial sphere diagram of satellites and debris.
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6.1.2 The minimum distance calculation

The minimum distance and related parameters of two approaching objects is one of the
important factors to determine whether there is a risk of collision. Neglecting the orbit pre-
diction error, the factor becomes crucial for collision possibility calculation. Parameters
involved in the minimum distance method includes the minimum distance between two
objects, the distance component in UNW (or RTN) direction, the approaching velocity, the
approaching angle, etc.

6.1.2.1 The minimum distance
For the relative minimum distance between two space objects, the main factor affecting the
accuracy of the result is orbit propagation precision. Therefore for relevant objects, high-
precision dynamic model should be adopted to make orbit extrapolation calculation. The
method mainly consists of three parts that are discussed in the following subsections.

6.1.2.1.1 Space object orbit propagation
The dynamic model of space object orbit propagation is

€r5 a0 1 aε (6.6)

a0 52
GMe

r3
r (6.7)

aε 5
X6
i51

ai (6.8)

where G refers to Earth gravitational constant, a0 refers to the gravity acceleration of the cen-
ter of the particle earth, and aε refers to the total perturbation acceleration. The involving
perturbation models are as follows: Earth nonspherical perturbation, the third-body

d2

d1

FIGURE 6–6 Screening by the minimum distance between two orbital planes.
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perturbation, atmospheric damping perturbation, solar radiation pressure, earth tide, tidal
perturbation, and relativistic effects.

6.1.2.1.2 The minimum distance calculation
Suppose the spacecraft position vector is r1 5 ð x1 y1 z1 ÞT , the space object position vector
is r2 5 ð x2 y2 z2 ÞT , then the relative distance of the two objects is

D5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx12x2Þ2 1 ðy12y2Þ2 1 ðz12z2Þ2

q
(6.9)

The relative distance at all epoch between the spacecraft and the space object can be
obtained, and then find the minimum one among them.

6.1.2.1.3 The relationship between relative velocity and relative distance at minimum
distance

In J2000 geocentric inertial coordinate system, suppose the position vectors of the spacecraft
and the space object are, respectively, r1 and r2; the velocity vectors of the spacecraft and
the space object are, respectively, v1 and v2; and then the relative distance vector between
the two will be

Δr5 r1 2 r2 (6.10)

Then the approaching velocity between the two will be

Δv5 v1 2 v2 (6.11)

The square of the relative distance vector will be

jΔrj2 5 ðr1 2 r2Þ � ðr1 2 r2Þ (6.12)

Since now the minimum distance is achieved, then

d Δrj j2
dt

5 2 r1 2 r2ð Þ � d r1 2 r2ð Þ
dt

5 2 r1 2 r2ð Þ � v1 2 v2ð Þ5 0 (6.13)

It can be obtained that

Δr �Δv5 0 (6.14)

This indicates that when the distance is the minimum, the relative position vector is per-
pendicular to the relative velocity vector. This feature can be used as a modified formula for
iterative calculation of the nearest distance and greatly improves the calculation efficiency
and accuracy.
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6.1.2.2 The distance calculation in three directions
In order to describe the approaching of two space objects, besides the minimum distance,
the distance components in three directions in UNW (or RTN) coordinate are also used.

In J2000 geocentric inertial coordinate system, suppose the position vectors of the space-
craft and space object at the minimum distance are r1 and r2, the relative distance between
two objects will be

Δr5 r1 2 r2 (6.15)

Then in UNW coordinate system with the center of mass of the spacecraft as the origin,
the distance components of the minimum distance in three directions are

ΔrUNW 5MUNW �Δr (6.16)

where MUNW represents the transformation matrix from J2000 inertial coordinate system to
UNW coordinate system.

Then in RTN coordinate system with the center of mass of the spacecraft as the origin,
the distance components of the minimum distance in three directions are

ΔrRTN 5MRTN �Δr (6.17)

where MRTN represents the transformation matrix from J2000 inertial coordinate system to
RTN coordinate system.

6.1.2.3 The precision evaluation of three distance components
Among all thresholds in collision warning, the distance threshold is mainly relevant to the
error of orbit prediction, which is determined by orbit determination error and prediction
models. The orbit determination error is decided by the quality and number of data acquired
by detection resources. Orbit prediction errors of different space objects are shown from
Figs. 6�7 to 6�9.

According to Figs. 6�7 to 6�9 and the analysis in Section 5.2.4, the following conclusions
for near-circular orbit objects are listed as follows:

1. The prediction error in radical and normal direction is relatively stable and is much
smaller than that in tracking direction.

2. The prediction error is mainly in tracking direction, which is of rapid divergence over
time. The lower the orbit altitude is, the more serious the divergence is. The perdition
error in tracking direction is not of zero mean distribution. Instead, there is some
systematical deviation; the prediction error is near the side of real trajectory.

3. The prediction error in radical direction is of divergence over time (but relative slowly)
and systematical deviation. The lower the orbit altitude is, the more serious the
divergence is.
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FIGURE 6–7 Orbit prediction error of object 1.
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FIGURE 6–8 Orbit prediction error of object 2.



4. The prediction error in normal direction is smaller, most of which is under 100 m.
Usually, it is of zero mean distribution, given nice measurement data constraint.

Therefore besides the minimum distance, radical distance is also considered to be an
importance reference for collision warning threshold. Because the accuracy in radical and
normal direction is much higher than that in tracking direction, by radical error, a great
quantity of false alarms can be removed. If the velocity vectors of two objects at the
approaching epoch are parallel or near parallel, normal error can also be used for removing
false alarms.

6.1.2.4 Approaching angle and velocity calculation
In J2000 geocentric inertial coordinate system, suppose the position vectors of the spacecraft
and space object are, respectively, r1 and r2; the velocity vectors of the spacecraft and space
object are, respectively, v1 and v2; and then the approaching angle between the two objects
will be

θ5 arccos
v1Uv2
v1j j � v2j j (6.18)

Then the approaching velocity between the two objects will be

Δv5 jv1 2 v2j (6.19)
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FIGURE 6–9 Orbit prediction error of object 3.
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6.1.3 The probability of collision method

In space object collision risk analysis, the calculation of the probability of collision is one of
the foundations. The probability of collision method adopts probability of collision as the
index to describe collision risk degree. Probability of collision is defined as the probability of
collision of two space objects, the position prediction of which is of errors. The calculation of
probability of collision relies on the position, velocity, and the position covariance matrix
information of spacecraft and space debris when they come across.

6.1.3.1 Probability of collision
Probability of collision is the probability when the distance between the center of objects is
smaller than the combination of equivalent radius, which can be illustrated as Pc 5P ρ,Rð Þ
[107�109]. The distance between two objects is ρ5 ρ

�� ��5 r1 2 r2j j. The actual position of two
objects are r1 and r2, which can be expressed as the combination of the distribution center
of two objects and a random error vector, that is, r1 5 r1o 1 e1 and r2 5 r2o 1 e2.

It is demonstrated in Section 6.1.2 that when the minimum distance between the two
objects is achieved, the two objects are on a plane that is perpendicular to the relative veloc-
ity vector, and the plane is defined as the encounter plane. In this way the uncertainty of the
position of two objects is allowed to be projected to the encounter plane so that the three-
dimensional problem is simplified into a two-dimensional (2D) problem.

For the encounter plane, the function of probability of collision f(x,z) and probability of
collision Pc is calculated as the 2D Gaussian probability density function (PDF) is

f x; zð Þ5 1

2πσ0
xσ0

z

exp 2
1

2

x2μx

� �2
σ0
x2

1
z2μz

� �2
σ0
z2

 !" #
(6.20)

where σ0
x and σ0

z are components of the error, while μx and μz are the distance components
of the relative distance in the coordinate system of encounter plane. The probability of colli-
sion can be expressed as the integral of PDF in the circular domain:

Pc 5

ðð
x21z2 #R2

f x; zð Þdxdz (6.21)

The probability of collision results mainly contains the following items: object size, rela-
tive position, relative velocity, and position errors.

6.1.3.2 The maximum probability of collision
Theoretical and practical analysis show that, for a given intersection location, speed, geome-
try, and size of two objects, the probability of collision will increase with the increase of the
position error uncertainty. Under certain conditions of the positional error, the probability of
collision reaches the maximum, then the probability of collision decreases when the position
error increases. In practical engineering applications the maximum probability of collision
calculation is very important. Because the actual position error and the covariance matrix of
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spacecraft and space object are generally unknown or only the shape without the specific
size of the error ellipsoid is known, it is necessary to determine the probability of collision in
the worst case. The maximum probability of collision can be also used for prescreening of
space objects. When the maximum probability of collision is less than a threshold, it is sup-
posed that the object will not pose a threat to spacecraft [101].

2D normal distribution PDF is as follows:

f x; zð Þ5 1

2πσ0
xσ0

z

exp 2
1

2

x2μx

� �2
σ0
x2

1
z2μz

� �2
σ0
z2

 !" #
(6.22)

The probability of collision can be expressed as the integral of PDF in the circular
domain:

Pc 5

ðð
x21z2 #R2

f x; zð Þdxdz (6.23)

Because of the token independence of integral, the variable z is replaced by variable y in
the following to be convenient. The unequal variance PDF is expressed as:

f x; yð Þ5 1

2πσxσy
exp 2

1

2

x2μx

� �2
σ2
x

1
y2μy

� �2
σ2
y

0
B@

1
CA

2
64

3
75 (6.24)

The probability of collision Pc is expressed as

Pc 5
1

2πσ2

ðð
x21y2 #R2

exp 2
x2μx

� �2
1 y2μy

� �2
2σ2

2
64

3
75dxdy (6.25)

Suppose

μr 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2
x 1μ2

y

q
(6.26)

Define dimensionless variable

v5
μ2
r

2σ2
; u5

R2

2σ2
(6.27)

Probability of collision Pc can be reduced to the form of infinite series. The first item is
adopted as the approximation of Pc:

Pc 5 e2v 12 e2uð Þ (6.28)
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In order to find the maximum of Pc, differentiate Pc of σ, and suppose the partial deriva-
tive is 0, then

@Pc

@σ
5

@Pc

@v
@v
@σ

1
@Pc

@u
@u
@σ

5 e2v 12 e2uð Þμ
2
r

σ3
2 e2ve2u R

2

σ3
5 0 (6.29)

Rearranging the equation, we obtain

u5 ln 11
R2

μ2
r

� 	
(6.30)

When Pc is the maximum, σ is

σD 5
Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ln 11 R2=μ2
r

� �� �q (6.31)

The formula is substituted into the probability of collision of a first-order approximation
expression, the maximum probability of collision Pcmax is

Pcmax 5
R2

R2 1μ2
r

μ2
r

R21μ2
r

� 	μ2
r =R

2

(6.32)

Define dimensionless variable

λ5
μ2
r

R2
5

v
u

(6.33)

Then the maximum probability of collision Pcmax is

Pcmax 5
λλ

11λð Þ11λ (6.34)

6.1.3.3 Influence of related parameters on probability of collision
Because there are errors in measurement and much uncertainty in orbit trajectory, in colli-
sion warning analysis, the influence of space motion (approaching distance, approaching
angle), space orbit minimum distance, probability of collision, and other parameters must be
considered. In space rendezvous determination, the influence factors and scales on collision
warning need to be analyzed deeply.

The calculation of probability of collision comprehensively considers the geometry of ren-
dezvous, the orbit prediction error, the size of object, and other factors, which is a compre-
hensive risk assessment index. However, in collision warning engineering, approaching
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distance (and its UNW components), relative velocity, and rendezvous angle are important
risk assessment indexes too. Under some situations, Box method based on UNW distance is
more reliable, but more reliable indicates more conservative.

In such cases, it is necessary to understand the probability of collision, the UNW compo-
nents of approaching distance, and their relationship in rendezvous geometry for further
understanding of two indexes and their significance in reasonable application.

6.1.3.3.1 The Influence of distance and position error in N direction on probability of
collision

According to the explicit formulation of probability of collision, probability of collision
decreases with the distance increase in N direction. Fig. 6�10 shows the variation curve of
probability of collision Pc with the distance change in N direction.

Fig. 6�11 shows Pc variation with the distance change in N direction too. However, its
vertical coordinate axis is in logarithmic form. Fig. 6�11 shows that when N . 2 km � 4σN ,
Pc, 1028.

The influence of the overall position prediction error is the same with the influence in
each direction in the following: the probability of collision Pc increases first and then
decreases after reaching its maximum value. Suppose the distance in N direction changes
and other conditions remain unchanged. Fig. 6�12 shows Pc variation with the distance
error standard deviation variation in N direction. When σN 5 0:0315 km � N , Pc reaches its
maximum 2:9663 1024.

FIGURE 6–10 Pc variation with the distance change in N direction.
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6.1.3.3.2 The Influence of distance and position error in U and W direction on probability
of collision

According to the explicit formulation of probability of collision, probability of collision
decreases with the increase of the joint distance in U and W direction

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 1W 2

p
. In the

case where other conditions remain unchanged, Fig. 6�13 shows the variation of probability

FIGURE 6–11 Pc variation with the distance change in N direction (vertical coordinate axis in logarithmic form).

FIGURE 6–12 Pc variation with the distance error standard deviation variation in N direction.
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of collision Pc with the change of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 1W 2

p
. When

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 1W 2

p
. 10 km � 3σUW , Pc is

already very small.
Suppose the error in U and W direction changes with the scale factor k, and other condi-

tions remain unchanged. Fig. 6�14 shows the variation of probability of collision Pc with the
change of k. When k5 0:221, that is, σUW 5 0:2213 3:15545 0:6973 km, Pc reaches its maxi-
mum 8:6783 1025.

6.1.3.3.3 The influence of approaching angle on probability of collision
The influence of orbital plane angle ϕ on probability of collision depends on the shape and
the size of the joint error ellipsoid. In general, the prediction error in U direction is larger
than that in W direction. At this time, with the orbital plane angle ϕ increasing from 0 to π,
the joint error in U and W direction decreases. If the prediction error in U direction is greater
than that in W direction, with the orbital plane angle ϕ increasing from 0 to π, the joint error
in U and W direction increases. This result is derived by the following equation. The joint
error variance on horizontal plane is

σ2
UW 5σ2

Ucos
2 ϕ
2
1σ2

W sin2 ϕ
2
5σ2

U 1 σ2
W 2σ2

U

� �
sin2 ϕ

2
(6.35)

When σ2
W ,σ2

U , σ2
UW decreases with the increase of ϕ in 0;π½ �; when σ2

W .σ2
U , σ2

UW

increases with the increase of ϕ in 0;π½ �.
In most cases where the orbital error is large, probability of collision decreases with the

increase of error. When σ2
W , σ2

U , probability of collision increases with the increase of ϕ in
0;π½ �; when σ2

W .σ2
U , the probability of collision decreases with the increase of ϕ in 0;π½ �.

FIGURE 6–13 Pc variation with the change of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 1W2

p
.
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Fig. 6�15 shows Pc variation with the change of approaching angle. Because σ2
W ,σ2

U ,
σ2
UW decreases with the increase of ϕ, and the probability of collision increases first, and

then decreases after reaching its maximum.
By analyzing the factors that affect probability of collision, we can get the following

conclusions:

1. Because of the difference of the joint error ellipsoid shape, the impact of the angle
between orbital planes on probability of collision is different. When the error in T
direction is greater than that in N direction, the probability of collision increases with the
increase of the angle between orbit planes; when the error in T direction is smaller than
that in N direction, the probability of collision decreases with the increase of the angle
between orbital planes. Generally, in position prediction, the error in T direction is
always greater than that in R and N direction, so the probability of collision usually
increases with the increase of the angle between orbital planes.

2. The influence of the overall position prediction error is the same with the influence in
each direction in the following: the probability of collision increases first, and then
decreases after reaching its maximum.

6.2 The method of spacecraft avoidance
On-orbit avoidance is an important measure for the safety of space mission. Collision avoid-
ance maneuver is defined as to make sure that spacecraft do not collide with other space
objects by orbit maneuvers based on comprehensive consideration of mission constraints

FIGURE 6–14 Pc variation with the change of k.
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and orbit maintenance, according to the analysis of collision warning and information such
as collision risk and geometric relation. Based on collision risk analysis, collision avoidance
maneuver is able to give the guidelines and criteria of whether avoidance maneuver is
needed, and the calculation methods and implementation strategies of optimal collision
avoidance maneuvers, including the selection of direction and duration of thrust. Therefore
avoidance maneuver is essentially a problem of orbit maneuvers, the essence of which is
optimal transfer and mission constraints. In the choice for avoidance maneuver opportunity,
spacecraft should be under the monitoring of tracking stations, and after orbit transfer, real-
time measurement data could be obtained immediately so that the avoidance result can be
evaluated. In calculation of speed increment the performance of spacecraft engine such as
fuel and thrust needs to be considered too.

At present, many studies cast a light on impulse maneuvers for collision avoidance.
According to the duration between rendezvous collision and orbit maneuvers, two collision
avoidance strategies are offered: short-term and middle-term strategies. Short-term strategy
is realized by altitude avoidance method. Since orbit prediction is made when collision is
coming, a tangential velocity increment added by onetime pulse is adopted by this strategy
so that the distance (radial distance) between the altitudes of two objects at the time when
they approach each other is enlarged. Obviously, the required speed increment is greater.
For middle-term strategy the method of separation in tracking direction is adopted. If there
is still a long time before the rendezvous occurs, several small increments of velocity in
tracking direction is then adopted so that the tangential distance between two objects at the
approaching point will be increased. In other words, both the objects will encounter the
intersection site, but they will be there in different time instead of simultaneously.

FIGURE 6–15 Pc variation with the change of approaching angle.
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6.2.1 Altitude avoidance method

Altitude avoidance method is to pose a velocity increment along tracking direction during
n1 1=2 ðn5 0; 1; 2; . . .Þ orbit pass before potential collision, raising or lowering the altitude
of spacecraft, and therefore when the spacecraft goes through the expected intersection site,
there will be a radial distance from the risky object so as to avoid collision.

It is certain that at t1, the spacecraft may collide with an object. It is required that within
t0, orbit maneuvers should be implemented, and because the potential collision is close to
the maneuver time, altitude avoidance strategy is adopted. It can be seen that the key points
of altitude avoidance are that the position and velocity of spacecraft at the time of maneuver
and the object position are known, and orbit elements and velocity increment need to be
calculated.

Suppose when no avoidance maneuver is taken, the spacecraft orbit is σ0 and σ1 at t0
and t1. If orbit maneuver is taken at t0, then the spacecraft orbit is σ0

0 and σ0
1 at t0 and t1.

According to the theory of orbit motion and avoidance constraints, there are

σ1 5σ0 1σ1 ðt1 2 t0Þ1σs ðt1Þ2σs ðt0Þ
σ1

0
5σ0

0
1σ1

0 ðt1 2 t0Þ1σs
0 ðt1Þ2σs

0 ðt0Þ
σ0

0
5σ0 1Δσ0ðΔvÞ

rðσ1
0 Þ5 rðσ1Þ1Δr

(6.36)

where σ0 and σ1 are the instantaneous orbit elements at t0 and t1, σ1 and σs are the long-
periodic and short-periodic coefficients of the orbit elements before the orbit changes; σ0

0

and σ0
1 are the instantaneous orbit element at t0 after the orbit changes at t0 and t1; σ1

0 and
σs

0 are the long-periodic and short-periodic coefficients of the orbit elements after the orbit
changes; Δσ0ðΔvÞ represents the change of orbit elements caused by the speed variation
after the orbit changes at t0; and r is the position vector and Δr is the change of the position.

Because the energy consumption of orbit maneuver is small, the increment is small, too.
Therefore ΔσðΔa=a;Δe;Δi;ΔΩ;Δω;ΔMÞ is generally of the amount of Oð1023Þ, and the dif-
ference between σ1ðσ0 Þ and σ1

0 ðσ0
0 Þ is of OUðJ2 �Δσa;e;iÞ5Oð1026Þ. Similarly, the difference

between σs and σ0
s is of Oð1026Þ. Since the altitude avoidance method is often taken in emer-

gency when the maneuver time and collision time is relatively close (no more than one
cycle), there is Δσ5 ðσ0

1 1σ1 Þðt1 2 t0Þ1 ðσ0
sðt1Þ2σs ðt1ÞÞ2 ðσ0

sðt0Þ2 σsðt0ÞÞ, which is about the
magnitude of Oð1025Þ.

Based on the abovementioned analysis, in calculation of avoidance maneuver, two-body
computation can be adopted. Lambert Flight Time Theory is adopted by this book for calcu-
lation. The calculation steps are as follows:

1. The iterative equation of semimajor axis a is obtained by the Lambert equation:

FðaÞ5nðt2 2 t1Þ2 ððα2 sinαÞ2 ðβ2 sinβÞÞ5 0 (6.37)

The Newton iterative method is used for solving Eq. (6.37). Through Taylor expansion,
it is estimated an initial value a0, and only get to Δa,
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where n5
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Δtm is the time when the minimum energy ellipse flies from t0 to t1:

Δtm 5
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(6.41)

In formula Eq. (6.41),

S5
r1 1 r2 1 c

2
(6.42)

For the control problem where the geocentric distance r1; r2 and its angle Δf are
known, the semimajor axis can be obtained based on the relationship between Δt and
Δtm, and the value of Δf :

Δt5 t2 2 t1 (6.43)

tanΔf 5
r2 3 r1
r2Ur1

(6.44)

When Δf # 180 degrees, Δt#Δtm
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When Δf # 180 degrees, Δt$Δtm
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When Δf $ 180 degrees, Δt#Δtm
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When Δf $ 180 degrees, Δt$Δtm
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Also because

Δa52
Fða0Þ
dF=da
� �

0

(6.49)

Therefore the semimajor axis after avoidance is

a1 5 a0 1Δa (6.50)

2. Judge whether a1 meets the accuracy requirement, namely, a1 2 a0j j# ε. If not, Taylor
expansion of FðaÞ needs to be done at a1. Do it repeatedly until the required accuracy of
a is obtained.

3. For normal spacecraft, since the flight path is usually a circular orbit, the velocity
increment of orbit maneuver can be expressed as:

Δv5 v2 2 v1 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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2

1
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� 	
2

2

r1
2

1

a1

� 	� 	s
(6.51)

This method uses Lambert Flight Principles, replacing the precision orbit prediction
method by a simplified model of two-body Kepler. By the given constraints, the
avoidance maneuver velocity increment is solved.

On this basis, combined with the 2D probability of collision integration method, using
fixed-step searching method, the optimal solution of avoidance maneuver velocity
increment can be obtained.

6.2.2 Time avoidance method

Time avoidance method is to pose several velocity increments along tracking direction dur-
ing nðn$ 2Þ orbit passes before the potential collision, raising or lowering the altitude of
spacecraft, and therefore the spacecraft will not go through the intersection site at the origi-
nal time so as to avoid collision with risky object.
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It can be seen that the key point of time avoidance is the calculation of the velocity incre-
ment at the maneuver point given the position and velocity of spacecraft at the time of
maneuver and the object position. The steps of computation are as follows:

1. The orbital period before maneuver is

T1 5
2πffiffiffiffiffiffiffiffiffiffiffiffi
μ=a13

p (6.52)

2. According to the avoidance constraints, it is assumed that Δta needs to be staggered to
the expected collision time, the orbital period after maneuver is

T2 5T1 1 ð21ÞjΔta=
t1 2 t2
T1

j5 1; 2ð Þ (6.53)

3. Thus the semimajor axis of the object orbit is

a2 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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3

r
(6.54)

4. Therefore the orbit maneuver velocity increment can be expressed as

Δv5 v2 2 v1 5
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Directly by the relationship between orbit period and semimajor axis, and the given
constraints, the desired velocity increment can be obtained.

On this basis, combined with the 2D probability of collision integration method, using
fixed-step searching method, the optimal solution of velocity increment of the avoidance
maneuver can be obtained.

6.3 Collision warning strategy for spacecraft safety
operation and case studies

Due to the increasing utilization rate of space resources and increasing number of space
objects, the orbit environment of spacecraft is deteriorating, and the probability of collision
of space objects is growing. The destruction of any satellite will bring immeasurable loss to
the national economy and national security. In order to protect the safety of space missions
and reduce the costs by false alarms, it is necessary to formulate and improve organizational
procedures and construct an integrated system of collision warning and avoidance.

According to the accuracy of orbit prediction and the desired time for avoidance measures,
the procedures of spacecraft collision warning and avoidance are divided into four stages: risky
objects screening, daily warning analysis, precision collision warning, and avoidance control.
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6.3.1 Risky objects screening

Collision warning calculations of all on-orbit spacecraft in 7 days are carried out by normal
cataloging orbit data every day. If there is any approaching event entering the risky threshold
of collision warning, supplementary tracking plans will be added for those risky objects so as
to accumulate measurement data for future judgment of risky degrees.

In order to verify the feasibility of the risky objects screening algorithm, a case study of nine
on-orbit spacecraft with more than 15,000 space objects in space on August 21, 2014, is made.
The first screening is made by the altitude of perigee and apogee. The second screening is made
by the geocentric distance of intersection. The third screening is made by the minimum distance
between orbital planes. The following is the results of eight different screening conditions.

Screening condition 1:

1. Perigee is lower than 20 km, and apogee is higher than 20 km.
2. The geocentric distance of intersection is 50 km.

Screening condition 2:

1. Perigee is lower than 20 km, and apogee is higher than 20 km.
2. The minimum distance between orbital planes is 50 km.

Screening condition 3:

1. Perigee is lower than 20 km, and apogee is higher than 20 km.
2. The geocentric distance of intersection is 20 km.

Screening condition 4:

1. Perigee is lower than 20 km, and apogee is higher than 20 km.
2. The minimum distance between orbital planes is 20 km.

Screening condition 5:

1. Perigee is lower than 40 km, and apogee is higher than 40 km.
2. The geocentric distance of intersection is 50 km.

Screening condition 6:

1. Perigee is lower than 40 km, and apogee is higher than 40 km.
2. The minimum distance between orbital planes is 50 km.

Screening condition 7:

1. Perigee is lower than 40 km, and apogee is higher than 40 km.
2. The geocentric distance of intersection is 20 km.

Screening condition 8:

1. Perigee is lower than 40 km, and apogee is higher than 40 km.
2. The minimum distance between orbital planes is 20 km.
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The results show that:

1. Due to different distribution of the number of objects in different altitudes, the
percentage of risky objects for under screening conditions increases first and then
decreases with the increase of orbit altitude. According to the analysis in Tables 6�1 to
6�5, the results are influenced by the volume ratio of objects in different altitudes.

2. For the objects below 500 km the percentage of risky objects is about 10% by the
screening of perigee and apogee; for the objects from 500 to 900 km, the percentage of
risky objects is about 40% by the screening of perigee and apogee; for the objects above
900 km the percentage of risky objects is about 30% by the screening of perigee and
apogee. To some extent the influence of the threshold in the screening by perigee and
apogee is limited on the results. It is indicated that for the method of perigee and apogee
screening, the precision requirements for rendezvous time and orbit prediction are not

Table 6–2 Approaching events screening (Screening condition 2).

Object Altitude (km) Perigee (km) Apogee (km)

After first
screening

After second
screening

Number Percentage Number Percentage

Satellite1 500 or less 367 377 620 4.1 146 1.0
Satellite2 473 492 1336 8.8 468 3.1
Satellite3 500�900 581 586 2256 14.8 1004 6.6
Satellite4 620 662 3561 23.4 1836 12.1
Satellite5 684 697 3849 25.3 2103 13.8
Satellite6 786 794 5346 35.2 3147 20.7
Satellite7 816 831 5967 39.3 3425 22.5
Satellite8 900 or more 981 1196 5025 33.1 1227 8.1
Satellite9 1190 1211 2628 17.3 472 3.1

Table 6–1 Approaching events screening (Screening condition 1).

Object Altitude (km) Perigee (km) Apogee (km)

After first
screening

After second
screening

Number Percentage Number Percentage

Satellite1 500 or less 367 377 620 4.1 144 1.0
Satellite2 473 492 1336 8.8 468 3.1
Satellite3 500�900 581 586 2256 14.8 1003 6.6
Satellite4 620 662 3561 23.4 1832 12.0
Satellite5 684 697 3849 25.3 2102 13.8
Satellite6 786 794 5346 35.2 3139 20.7
Satellite7 816 831 5967 39.3 3418 22.5
Satellite8 900 or more 981 1196 5025 33.1 1220 8.0
Satellite9 1190 1211 2628 17.3 466 3.1
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Table 6–3 Approaching events screening (Screening condition 3).

Object Altitude (km) Perigee (km) Apogee (km)

After first
screening

After second
screening

Number Percentage Number Percentage

Satellite1 500 or less 367 377 620 4.1 79 0.5
Satellite2 473 492 1336 8.8 248 1.6
Satellite3 500�900 581 586 2256 14.8 542 3.6
Satellite4 620 662 3561 23.4 966 6.4
Satellite5 684 697 3849 25.3 1127 7.4
Satellite6 786 794 5346 35.2 1801 11.8
Satellite7 816 831 5967 39.3 1722 11.3
Satellite8 900 or more 981 1196 5025 33.1 503 3.3
Satellite9 1190 1211 2628 17.3 234 1.5

Table 6–4 Approaching events screening (Screening condition 4).

Object Altitude (km) Perigee (km) Apogee (km)

After first
screening

After second
screening

Number Percentage Number Percentage

Satellite1 500 or less 367 377 620 4.1 80 0.5
Satellite2 473 492 1336 8.8 248 1.6
Satellite3 500�900 581 586 2256 14.8 542 3.6
Satellite4 620 662 3561 23.4 966 6.4
Satellite5 684 697 3849 25.3 1129 7.4
Satellite6 786 794 5346 35.2 1807 11.9
Satellite7 816 831 5967 39.3 1726 11.3
Satellite8 900 or more 981 1196 5025 33.1 504 3.3
Satellite9 1190 1211 2628 17.3 235 1.6

Table 6–5 Approaching events screening (Screening condition 5).

Object Altitude (km) Perigee (km) Apogee (km)

After first
screening

After second
screening

Number Percentage Number Percentage

Satellite1 500 or less 367 377 721 4.8 180 1.2
Satellite2 473 492 1595 10.5 547 3.6
Satellite3 500�900 581 586 2713 17.8 1311 8.6
Satellite4 620 662 4078 26.9 2050 13.5
Satellite5 684 697 4512 29.7 2505 16.5
Satellite6 786 794 6340 41.8 3785 24.9
Satellite7 816 831 6859 45.2 4034 26.6
Satellite8 900 or more 981 1196 5462 36.0 1248 8.2
Satellite9 1190 1211 2784 18.3 518 3.4



high, and therefore the method is suitable for initial screening for long-term collision
warning based on cataloging orbit data.

3. For the objects below 500 km the percentage of risky objects is about 5% by the screening
of perigee and apogee combined with the geocentric distance of intersection or the
minimum distance between orbital planes; for the objects from 500 to 900 km the
percentage of risky objects is about 30% by the screening of perigee and apogee
combined with the geocentric distance of intersection or the minimum distance between
orbital planes; for the objects above 900 km the percentage of risky objects is about 15%
by the screening of perigee and apogee combined with the geocentric distance of
intersection or the minimum distance between orbital planes. The smaller the geocentric
distance of intersections or the minimum distance between orbital planes is, the smaller
the percentage is.

4. With the same screening conditions of perigee and apogee, the number of risky objects
screened by the geocentric distance of intersection is smaller than that screened by the
minimum distance between orbital planes. The screening by the geocentric distance of
intersection may cause missing alarms. Therefore the minimum distance between orbital
planes is better than the geocentric distance of intersection as a screening algorithm.

5. In actual warning calculation the screening condition of perigee and apogee is required
to be larger than 20 km, the minimum distance between orbital planes is required to be
larger than the warning threshold. It can be reasonably adjusted according to actual
situation so as to ensure screening efficiency without missing alarms.

6. By using the perigee and apogee as well as the minimum distance between orbital planes
as screening conditions, the object number that needs to be further calculated is
lessened, shortening warning calculation duration and improving warning efficiency
(Tables 6�6 and 6�7).

In the stage of risky objects screening, the screening thresholds are mainly related to the
orbit shape of space object, including perigee, apogee, the geocentric distance of

Table 6–6 Approaching events screening (Screening condition 6).

Object Altitude (km) Perigee (km) Apogee (km)

After first
screening

After second
screening

Number Percentage Number Percentage

Satellite1 500 or less 367 377 721 4.8 182 1.2
Satellite2 473 492 1595 10.5 547 3.6
Satellite3 500�900 581 586 2713 17.8 1312 8.7
Satellite4 620 662 4078 26.9 2054 13.5
Satellite5 684 697 4512 29.7 2506 16.5
Satellite6 786 794 6340 41.8 3794 25.0
Satellite7 816 831 6859 45.2 4041 26.6
Satellite8 900 or more 981 1196 5462 36.0 1255 8.3
Satellite9 1190 1211 2784 18.3 524 3.5

Chapter 6 • Spacecraft collision warning and avoidance strategy 181



intersection, and the minimum distance between orbital planes. These parameters are
related to the semimajor axis a, the eccentricity e, right ascension of ascending node Ω, and
the argument of perigee ω but have no relations to mean anomaly M, which is hard to pre-
dict. According to Section 5.2.4, in normal cataloging orbit prediction, the element M in
tracking direction is hard to predict, the forecast error of which in 7 days reaches hundreds
of kilometers, whereas the error of perigee and apogee in 7 days is less than 40 km, and the
error of the minimum distance between orbital planes is less 20 km. Therefore based on
cataloging orbit prediction and the threshold in Table 6�8, using perigee, apogee, and the
minimum distance between two orbital planes to screen the potential risky rendezvous in
the next 7 days, the number of objects that need attention can be lessened by 90% without
missing alarms, leaving good conditions for further observation on remaining 10% risky
objects and removing false alarms.

Table 6–7 Approaching events screening (Screening condition 7).

Object Altitude (km) Perigee (km) Apogee (km)

After first
screening

After second
screening

Number Percentage Number Percentage

Satellite1 500 or less 367 377 721 4.8 79 0.5
Satellite2 473 492 1595 10.5 248 1.6
Satellite3 500�900 581 586 2713 17.8 542 3.6
Satellite4 620 662 4078 26.9 966 6.4
Satellite5 684 697 4512 29.7 1127 7.4
Satellite6 786 794 6340 41.8 1801 11.8
Satellite7 816 831 6859 45.2 1722 11.3
Satellite8 900 or more 981 1196 5462 36.0 503 3.3
Satellite9 1190 1211 2784 18.3 234 1.5

Table 6–8 Approaching events screening (Screening condition 8).

Object Altitude (km) Perigee (km) Apogee (km)

After first
screening

After second
screening

Number Percentage Number Percentage

Satellite1 500 or less 367 377 721 4.8 80 0.5
Satellite2 473 492 1595 10.5 248 1.6
Satellite3 500�900 581 586 2713 17.8 542 3.6
Satellite4 620 662 4078 26.9 966 6.4
Satellite5 684 697 4512 29.7 1129 7.4
Satellite6 786 794 6340 41.8 1807 11.9
Satellite7 816 831 6859 45.2 1726 11.4
Satellite8 900 or more 981 1196 5462 36.0 504 3.3
Satellite9 1190 1211 2784 18.3 235 1.6
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Two principles are obeyed in the risky object screening stage: (1) based on the current
orbit cataloging, without adding detection resources, to screen risky objects that might col-
lide with spacecraft in 7 days and (2) on the basis of no missing alarm, to reducing the num-
ber of risky objects so that detection resources can satisfy further observation needs.

6.3.2 Daily warning analysis

In the stage of daily warning analysis, the analysis on the risky objects in the future 7 days
will be made every day, on the basis of maintaining orbit cataloging and current workload of
detection network. Though the risky objects are reduced by 90% in the first stage, most of
the remaining objects are still false alarms. According to the results, for a satellite in the orbit
of 500�1000 km, there would be two-to-three potential collision warnings, most of which
will not actually occur. False alarm rate is too high that if it is used as the guidance for space-
craft avoidance, normal work of spacecraft would be impossible, and high fuel consumption
would shorten the life span of spacecraft sharply. However, objects that might cause real col-
lision with very low probability are among those objects. We should identify them.

In order to find reliable information among the collision data with high false alarm rate,
the remaining 10% risky objects should be further monitored by detection resources.
However, the observation work of all remaining objects is still huge and impossible to com-
plete. According to Table 3�1, for a space object lower than 500 km, by using tracking data
of two passes of orbit ascension or descension, the 3-day orbit prediction accuracy will reach
the order of kilometer, and the accuracy of orbit position in radical and normal directions
will be 20�30 m. In this way the accuracy is improved by one-to-two magnitudes. From the
day of risky objects screening that is 7 days ahead of potential collision to the day that is 3
days ahead of potential collision, there are still 3 days for detection network to adjust obser-
vation plans. At the moment, what need to do is only to add more observation of an ascen-
sion or descension orbit pass to the current tracking plans, which is the lowest adjustment
for the plan. Using the additional 2�3 days tracking data, the orbit prediction could be of the
order of kilometer, and the accuracy of orbit position in radical and normal direction could
be 10 m, based on which high reliable collision analysis could be done by using reasonable
distance thresholds.

The choice of thresholds for minimum distance method is related to the precision of
detection resources, the size of space objects, the inclination and altitude of object orbit, the
computation software accuracy and calculation time. In the process of risky object screening,
due to the requirement of calculation accuracy and efficiency, the method of simple numeri-
cal orbit cataloging calculation proposed in this chapter is recommended for calculation.
However, simple numerical orbit cataloging calculation, American two-line element calcula-
tion method, average elements orbit cataloging calculation and half-numerical and half-
analysis orbit cataloging calculation all can be used for orbit calculation and collision warn-
ing in the stage of risky object screening. However, in the following stages, numerical
method with high-precision models is recommended. Generally, the collision warning of ris-
ky objects in 3 days calculated by precision orbit method after screening by risky objects
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screening stage and additional observation of two passes of orbit ascension or descension is
defined as yellow warning.

On the basis of no false dismissals, yellow warning is of high credibility, lessening the
probability of false alarms. The formulation of a proper threshold for yellow warning should
ensure that the probability of false alarm is low enough that it has no influence on the life
span and normal operation of spacecraft, and there will not be any false dismissals.
According to the current number of space objects, the capability of detection network, and
the comprehensive performance of spacecraft, there should be no more than three-to-five
false alarms of yellow warning for each spacecraft every year.

6.3.3 Precision collision warning

When yellow warning is issued and risky objects are identified, in the next 48 hours, the
countable risky objects will be observed and tracked by detection resources with concentra-
tion to acquire high-precision orbit data 24 hours before the potential collision. In the next
48 hours after yellow warning is released, five passes of orbit ascension and descension or at
least two passes of orbit ascension and descension of precision observation data should be
acquired by detection network. According to Table 3�1, based on two passes of tracking
data, orbit prediction accuracy in 24 hours will reach the order of a 100 m, satisfying very
basic collision warning analysis. Based on five passes of tracking data, orbit prediction accu-
racy in 24 hours will be within a 100 m, whose credibility is highly improved. The collision
warning of objects that cannot be removed in this stage is called red warning.

The premise and foundation of accuracy improvement of orbit prediction is to acquire
orbit measurement data as much as possible. Even for red warning, the accuracy of dynamic
models, especially atmospheric drag models is a major factor that affects the precision of
orbit prediction and the bottleneck of confidence level. In Section 4.5 the major four factors
that affect the precision of atmospheric drag model are discussed in detail. The error of area-
�mass ratio of object, atmospheric density model, and average F10.7 value in 81 days can be
determined as parameter cd in the stage of daily collision analysis together with other orbit
parameters, 2�3 days after risk object is proposed. In the stage of precision collision warn-
ing, based on more measurement orbit data, the error can be further corrected dynamically.
Meanwhile, the influence of solar F10.7 flows and its changes in 24 hours on atmospheric
density is mainly reflected in the process in atmospheric heating. Studies show that its influ-
ence on atmospheric density will be delayed in 24 hours. In the prediction of orbit determi-
nation, as long as the quasi-real-time measured data of F10.7 are acquired, its effect on orbit
position prediction in 24 hours can be ignored. Therefore the impact of the first three factors
on orbit prediction in 24 hours can be reduced to the minimum. However, for the fourth fac-
tor geomagnetic index, its impact on orbit prediction in 24 hours cannot be corrected by cd.
Especially, if there is significant geomagnetic storm in 24 hours, the accuracy of orbit predic-
tion in 24 hours will decrease by an order of magnitude.

Through researches scientists found that before geomagnetic storms, there must be an
intense solar storm erupting from sunspot 24�48 hours ahead. Therefore by observing the
sun, it can be predicted whether there will be an anomaly jump of geomagnetic index. The
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probability of the occurrence of this kind of anomaly jump in a year is no greater than 10%. That
is to say, for red warning released 24 hours before intersection, in 90% cases, orbit prediction
error caused by the uncertainty of atmospheric drag perturbation model can be controlled within
a certain range. Therefore collision warning threshold can be set according to different orbital
altitudes of space objects. In the process, special attention should be paid to the pattern that orbit
precision in radial and normal direction is higher than that in tracking direction.

With appropriate threshold in radial direction, most of the false alarms in yellow warnings
can be removed effectively. Red warning released in this case is highly credible. For space
objects of normal size, the probability of collision is generally higher than 1024 in red warn-
ing, meaning that there would be a real collision event among 10,000 times of red warning.
However, given the very serious damage of collision, to guarantee complete safety, we rec-
ommend that the work of avoidance control can be carried out for space objects with the
ability of on-orbit maneuvers, especially for manned spacecraft or spacecraft with high
values. Indicated by sunspots observation and the calculation of cd, if a geomagnetic storm
may occur in the next 24�48 hours or the red warning is in the period of a geomagnetic
storm, proving that the confidence level of the red warning is lower, then avoidance control
can be decided whether to be carried out based on the calculated probability of collision
warning and the maximum probability comprehensively.

The accuracy of orbit prediction is higher if red warning is released near the collision
point, giving a higher credibility. However, the preparation procedure of space object orbit
control requires relatively longer time. In addition, theoretically, fuel consumption will be
less if orbit control is carried out earlier, whereas the result of avoidance control is better.
Therefore from this point of view, it is better to carry out the avoidance control earlier.
Considering the controllable 24-hours atmospheric drag model errors and the feasibility of
intensive observations of detection network, red warning is suggested to be released 24 hours
in advance of a potential collision.

6.3.4 Avoidance control

The procedure of avoidance control starts 24 hours before the collision. Generally, avoidance
control should be carried out 6 hours before collision. First, based on the theoretical post-
control orbit, collision warning analysis of spacecraft orbit in the next 3 days after the avoid-
ance control will be made so that safety assessment of postcontrol could be carried out. If a
yellow warning event exists, recalculate the theoretical postcontrol orbit. Repeat the process,
until there will be no yellow warning event.

The selection of orbit avoidance strategy is related to the capacities and status of space-
craft control components in each direction, as well as the orbit control decision-making
capability of spacecraft management department. In most cases the follow-up tasks of space-
craft should also be considered in the process of the above choice. Accordingly, the selection
of orbit avoidance strategy is often a complex process. Altitude avoidance method and time
avoidance method given in Section 6.2 are two typical algorithms. For both algorithms, the
theoretical postcontrol orbit must be analyzed to ensure that there would not be any new
risks.
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K
Kalman filtering, 124
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Kepler equation, 24, 137
Kepler theorem, 21

L
Laplace integration, 22
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Leap second, 16
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state transition matrix, 146

method, 142�144
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Measurement errors of telescopes, 56�64
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dynamic errors, 57�59
error compensation technology, 61�64
static errors, 56�57
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celestial positioning, 53�56
shafting positioning, 53

Mechanical models, 130
Mechanical scanning tracking radar, 46
Mechanical tracking radar, 35
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Method matrix, 126, 128�130
Minimum distance, 156, 161�165
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Mixed distribution, 105�106
Monopulse angle measurement, 38
Monostatic structure of radar, 36
Motion equation, 22
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MSIS83 model, 79
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Multipath error, 41�42
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N
n-dimensional first-order nonlinear equation, 124
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Newton iterative method, 174�176
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On-orbit
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error, 151
extrapolation, 142�146
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Orbital calculations, 123
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space object orbit, 21�33
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Parameters, 77�78
Partial derivative of argument vector, 129
Particle concentration
of atmospheric component, 88�90
of hydrogen atom, 91�92

Pc. See Probability of collision (Pc)
PDF. See Probability density function (PDF)
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equations of motion, 145
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Phased array radar, 35, 46�47
Planetary precession, 12
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Precise orbital calculation method, 124�130.
See also Cataloged orbit calculation
method

numerical calculation, 128�130
dynamical modeling strategy, 130
elements system, 128
magnitude comparison of perturbation, 130t
method matrix, 128�130

numerical integration, 126�128
orbital parameters optimal estimation method,

124�126
Precision analysis, 146�154
with mean element method, 150�151
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146�148
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analysis, 151�154
US cataloging precision analysis, 148�150
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prediction error, 111�114, 112t, 114t
Prediction error, 71t
of solar activity parameters, 106

Probability density function (PDF), 166
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Process errors, 44�45
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tropospheric refraction error correction, 65�66
vertical deflection correction, 70
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data modeling, 39�45
angle measurement error, 41�44
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44�45
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methods, 38

radar object range measurement and
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typical space surveillance radar, 45�48
Radial distance, 173
Radio detection technology, 35�36
Radio radiation flux, 106�108
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Ranging error, 40�41
Ranging random error, 40�41
Ranging system error, 41
Real-time atmospheric density, 75
Real-time celestial positioning, 55�56
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height for space objects, 83
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Refractive error, 41, 43
Relative distance, 162
Relative error limit, 127
Relative velocity, 162
Relativistic effect correction, 69�70
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measurement model of, 53
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of space object motion, 23f
Six-constant model, 55
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Solar radiation energy, 78
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Space debris, 123
characteristics and hazards of, 3�6

Space environments, 73, 76, 106
atmospheric perturbation calculation strategy,

115�122
and chemical correction factor, 106
prediction confidence level of space

environment parameters, 109�114
systematic and random error of atmospheric

density models, 106�109
Space fence radar system, 47�48
Space object
catalog error characteristic orbital analysis,

151�154
detection technology, 35

detection network and orbit accuracy
relationship, 70�72

electro-optical detection technology, 48�64
ground-based detection, 35�37
orbit determination and prediction
error, 71t

public correction models for measurement
data, 64�70

radar measurement technology, 37�48
distribution and characteristics, 1�3
monitoring equipment, observation
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position calculation, 83
two-body motion in space, 22

Space object orbit, 21�33, 73
atmospheric density model, 75�106
atmospheric effect on, 73�75
calculation, 9, 123
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conversion of orbital elements
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integration of two-body problem, 22�25
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avoidance control, 185
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State transition matrix, 140, 146
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Telescope angle measurement error, 59
Telescope systematic error correction, 64
Temperature calculation, 95�106
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Thermal noise error, 40, 44
Thermosphere composition, 75�76
Time avoidance method, 176�177, 185
Time system
conversion, 17�18
and transformation formula, 14�18
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coordinated universal time, 16
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Topocentric coordinate system, 20
Topocentric equatorial Cartesian coordinate

system, 51
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Transmit pulse width variation error, 40
Tropospheric refraction error correction, 65�66
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True solar time, 15
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